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Chapter 1

Introduction

Computational simulation pervades science and engineering, enabling new insights about complex

physical phenomena, and the advent of exascale systems [Thi14] is expected to drive the practice to

an even greater scale. Effective utilization of exascale systems will pose new challenges, requiring

algorithms with improved resiliency and fault tolerance and, perhaps more importantly, methods

to cope with the vastly increased amounts of data generated by simulations. Today’s petascale

computing facilities are already producing data in such quantities that it is rapidly becoming infeasible,

or even impossible, to store all of the output from a leading edge simulation. For example, present day

fusion simulations typically produce around 100 PB per run [Cha17]. President Obama’s executive

order mandating the creation of a National Strategic Computing Initiative [Oba15] will only increase

the amount of data being produced. Disk performance is an attractive target for optimizations, but

nearterm improvements are expected to be too modest to alleviate the problem. The next decade’s

exascale machines are forecast to be able to write 1012 bytes to disk per second, a rate twice what is

currently possible but corresponding to a compute speed–memory speed discrepancy 50 times greater

than the present day’s [FAA+17]. The various subsystems likely to be used on exascale machines are

improving at uneven rates, causing a widening gulf between FLOPS performance and memory speed

(as measured by memory bandwidth, memory latency, and interconnect performance) [McC16], as

illustrated in Figure 1.1. The increasing computational power of modern machines therefore creates

significant difficulties that must be addressed if these machines are to be used to their full potential.

Meeting these challenges will require advances in hardware and software [Now14], including the

development and analysis of numerical algorithms that are tailored to handling data produced by

scientific simulation.
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Figure 1.1: Illustration of the ratio of computational speed (measured in MFLOP s−1) to memory
bandwidth (measured in MB s−1) for a selection of representative systems. The slope of the regression
line corresponds to a 3.2× increase every decade. Memory bandwidth is measured using the
STREAM benchmark [McC95]. The figure was reproduced from [McC16] with help from John
McCalpin [McC18].

Enter data compression and reduction methods, which trade additional computational expense

for memory savings. Compression and reduction are well-studied subjects across a wide range of

disciplines and data types [CT91, Sal07]. Most familiar to the average person are probably the

various codecs used to compress audiovisual data, among them JPEG [Wal92], MP3 [Bra99], and

MP4 [Ric04]. Unfortunately, the success of these and other, general-purpose methods [Sew10, GA13a]

on their respective domains does not automatically transfer to scientific data. Generally speaking, a

compression algorithm that is designed with a particular type of data in mind (e.g. text, images,

or audio) is unlikely to perform well on another type of data. Scientific datasets, which are stored

in high-precision formats and which exhibit structure closely tied to the phenomena they describe,

require algorithms that account for these features. Many specialized techniques have been developed,

including methods based on polynomial interpolation and extrapolation [ILRS03, DC16, LI06], Fourier

transforms paired with coefficient quantization [Wal92, Lin14], statistical methods [BGC13, BMYH16],

tensor-based methods [ABK16], hierarchical and wavelet-based methods [Dau90, GKG99, SMW+04,

MGBB00, BDY88, BY93, Osw94], and many more [ABK16, BGC13, BMYH16, LSE+11, SJS+12,

SSL+12]. Alternative approaches attempt to preprocess datasets so as to make them more amenable

to compression [LSE+11, SSL+12, SJS+12].
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Another broad class of compression algorithms are predictive coding techniques, comprising

algorithms that use past data values to generate predictions for future data values and encode the

resulting residuals. Predictive coding has seen wide use in the data compression literature. For

example, differential pulse-code modulation (DPCM), an early patented signal compression technique,

consists of simply storing first (or higher) order differences in place of the original data [Cut52].

DPCM was subsequently modified for use with nonuniformly sampled signals by replacing simple

differences with prediction errors arising from extrapolating polynomials [Eng00]. Predictive coding

schemes based on polynomial extrapolation or interpolation have been applied in a range of areas,

including mesh compression [TG00, TR98, ILS05b], volume compression [ILRS03, FY94], audio

compression [Rob94, Coa14], image compression [WSS00, Roe03, JKHM93], and floating point

compression [LI06, DC16]. Predictive coding based on statistical techniques was used in [BGC13],

while hash functions were used in [RKB06, BR07, BR10]. Despite the wealth of predictive techniques

that have been developed, there has been relatively little in the way of mathematical analysis of the

algorithms’ performance, which has in general been evaluated using ad hoc practical experiments

instead. In Chapter 2 we conduct such an analysis on an archetypal predictive coding technique

we call lossless decimation. Results on the structure of the residuals in the cases of deterministic

and random data lead to bounds on the compression ratio achieved by the technique. We then

compare these bounds with results obtained using a variety of standard compressors on a sample of

representative datasets.

Lossless decimation splits its input into two components: the decimated data, consisting of

every tenth (for example) value of the original, and the residuals, which encode the deviation of

the data from piecewise linearity. Thus the technique can be viewed as a two-level method, with

the first level (the decimated data) providing an initial approximation of the data and the second

level (the residuals) correcting the errors in the first. Chapters 3 to 5 expand on this idea with the

development of a suite of multilevel methods. Beyond their nice mathematical properties, these

methods merit study because of a correspondence between the structure of the reduced output and

the computational resources available to users of modern systems. The storage hardware of a typical

cluster consists of a heterogeneous collection of devices. Fastest but shortlived and least capacious is

the main memory of the machine. At the opposite extreme, tape media can store enormous volumes

of data for archival purposes but require weeks or months for data retrieval. In between are NVRAM,

solid state drives, hard disk drives, optical media, network storage, etc. Multilevel and hierarchical

reduction methods decompose input data into a sequence of components tailored to these types of

heterogeneous storage media. Such methods are especially appropriate when the applications for

3



which the data are to be used require varying levels of resolution. For instance, one user might

require that the reduced dataset meet a prescribed error tolerance for the calculation of some derived

quantity, while another might need it to fit in the available RAM for a responsive visualization.

Chapter 3 presents univariate algorithms designed for these two use cases of constrained loss and

constrained storage. Chapter 4 extends to the multivariate setting and introduces a loss estimator

that permits the control of pointwise errors. Chapter 5 concerns reduction while limiting distortion

in quantities of interest using a related loss estimator.

In Chapters 3 to 5 we will distinguish between compression, defined to be a decrease in filesize, and

reduction, defined to be a reduction in the number of nonzero degrees of freedom required to represent

a dataset. In the absence of a method of efficiently storing zero degrees of freedom, reduction does not

guarantee any compression. Compression is achieved in Chapter 2 by encoding of the interpolation

residuals and in the implementation of MGARD [ATWK17, ATWK18], the technique presented in

Chapters 3 to 5, in ADIOS [LKS+08, LLT+14, PLL+16] by quantization of the multilevel coefficients.

In Chapter 2, where the distinction is less relevant, we use the two terms interchangeably. Unless

defined otherwise, ‖ · ‖ will denote the L2(Ω) norm.
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Chapter 2

Lossless Decimation

2.1 Introduction

Consider data {uj : 0 ≤ j ≤ N} produced by a computational simulation of some system at a

sequence of times {tj : 0 ≤ j ≤ N}. Each datum uj may be, in the simplest case, a scalar, or,

at the opposite extreme, an array containing every state variable at every point of a spatial grid.

A crude but commonly used compression technique consists of simply retaining every sth datum

(with a value of s = 10 generally the default) and discarding the remainder. This process, known as

decimation, is described in Algorithm 2.1. Should the value of a discarded datum uj be required

following decimation, it is tacitly assumed that an approximation will be generated by simple linear

interpolation of the two nearest retained values, as in Algorithm 2.2. See Figure 2.1.

Require: s divides N .
function Decimate(uncompressed data data[0, . . . , N], stride s)

decimated← []

for m = 0, . . . , N/s do
decimated[m]← data[ms]

end for
return decimated

end function

Algorithm 2.1: Decimation. Every sth datum is retained, and the remainder are simply discarded.
As the procedure’s name suggests, s is commonly taken to be 10.

Decimation has the obvious benefit of guaranteed data reduction by a factor of 10 (s, in general),

but it is inherently lossy. While judicious use of lossy procedures can have practical benefit, in the

This chapter was previously published as [AKW17].
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function Approximate(decimated data decimated[0, . . . , N/s], stride s)
surrogate← []

for m = 0, . . . , N/s do
surrogate[ms]← decimated[m]

end for
for m = 0, . . . , N/s− 1 do

for i = 1, . . . , s− 1 do
surrogate[ms+ i]← ((s− i) ∗ decimated[m] + i ∗ decimated[m+ 1])/s

end for
end for
return surrogate

end function

Algorithm 2.2: Approximation via linear interpolation. Each discarded value is approximated by a
weighted average of the nearest retained values.

0 5 10

time tj

4

6

8

10

d
a
ta
u
j

original data

output of Algorithm 2.1

output of Algorithm 2.2

Figure 2.1: Illustration of the use of Algorithms 2.1 and 2.2 with stride s = 5. The original data
are reduced to the decimated data , giving a compression ratio of s. The discarded values are

approximated by the interpolations .
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case of decimation data are simply discarded, with complete disregard of the errors arising from

using linear interpolation to approximate the discarded values. While most practitioners are well

aware of these shortcomings, the pressing need to compress the data means that this technique and

related approaches are in widespread use nevertheless. If quizzed, the same practitioners might argue

that the approximate values are often an acceptable surrogate for the discarded values.

How is it possible for a practitioner to, on the one hand, blindly discard 90% of the data while,

on the other hand, claiming that the surrogate data are acceptable? The key lies in distinguishing

between data and information. The data {uj : 0 ≤ j ≤ N} embody information on the system

being simulated. They could, for example, be the values of an underlying function u sampled at

timesteps {tj : 0 ≤ j ≤ N}. The data generally require an enormous amount of storage irrespective

of the nature of the function u. It may, however, be possible to store u itself in relatively little space.

For instance, if u is smooth (or simple, or easily predictable, etc.), there will exist an alternative

representation of u which can be communicated by, or stored with, only a small number of parameters.

This is a classic case where the amount of data is large but the underlying information content is

small. The key to effective data compression lies in extracting the information needed to represent

the underlying function from the large volume of data containing it.

Suppose that decimation is applied to a data stream representing a smooth function u. The

smoothness of u implies that linear interpolation can be expected to produce approximations that

are in some sense close to the discarded values. In effect, the decimation procedure is seeking, albeit

crudely, to extract a subset of the full dataset which captures the underlying information content.

Viewing it in this way, one can begin to see how an ad hoc procedure such as decimation may be of

practical value.

This heuristic explanation of how decimation can function in principle is instructive, but it

invites more questions than it answers. For instance, in what circumstances does decimation used in

conjunction with linear interpolation really result in little information loss? In these circumstances,

the discrepancies between the actual values and those predicted via interpolation should, despite

constituting a large dataset, carry little information. If so, is it possible to store these discrepancies,

or residuals, with a modest amount of extra storage? One might then supplement the decimated

data with the encoded residuals, allowing for lossless reproduction of the discarded values. We will

refer to the resulting technique as lossless decimation.

The main objective in the present chapter is to fill a gap in HPC data compression by attempting

to develop an approach to quantifying expected compression ratios. To this end, we first estimate

the accuracy achieved by linear interpolation when approximating values discarded by decimation,
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obtaining both

1. deterministic bounds in terms of appropriate smoothness measures of the data and

2. probabilistic bounds in terms of statistics of the data.

Second, we investigate the effectiveness of the lossless decimation scheme as a compressor. In

particular, we bound the expected compression ratio in terms of the appropriate measures of the

data. Finally, we provide numerical illustrations of the theoretical bounds as well as the practical

performance of the algorithm on some datasets.

The arguments here are asymptotic in nature in that we assume that the dataset size N approaches

infinity. Moreover, we do not attempt to use any a priori knowledge about the nature of the data

beyond basic statistics. In practice, effective data compression algorithms often attempt to incorporate

additional information on the provenance of the data. Our main focus is on deriving bounds on

the compression ratio rather than proposing a particular predictor or method for encoding the

approximation errors. Given the widespread use of predictive coding techniques, it is perhaps rather

surprising that there is little by way of theoretical analysis of the expected performances of these

methods, even in the simple cases we consider. We hope that the present chapter will pave the way

for further work in this direction.

2.2 Deterministic Bounds on Approximation Errors

Decimation in effect replaces the original dataset {uj : 0 ≤ j ≤ N} by a surrogate dataset {ũj : 0 ≤

j ≤ N} where

ũj =


ums j = ms

(1− i
s )ums + i

sums+s j = ms+ i.

This introduces an approximation error ∆j = uj − ũj for each j ∈ {0, . . . , N}. The magnitude of the

approximation errors is of considerable practical interest and will, in general, depend on both the

stride size s and the nature of the data. Figure 2.2 illustrates the variation in the errors with the

stride s for a particular dataset. It is observed that the relation between the errors and the stride

size is rather nontrivial. In this section we seek an explanation for this behavior.

Our first result relates the approximation errors to derived quantities known as the nth order

differences. The first order differences {δ1
j : 0 ≤ j ≤ N − 1} are defined by δ1

j = uj+1 − uj , and

the second order differences {δ2
j : 1 ≤ j ≤ N − 1} are defined by δ2

j = δ1
j − δ1

j−1 [Ral01]. We
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Figure 2.2: Illustration of the effect of stride size s on approximation errors. As one may expect,
larger strides result in larger errors, but the relationship is nontrivial. There appear to be three
regimes, with transitions between them occurring near s = 24 and s = 27. The data used for this
plot are values taken by a truncated sawtooth wave on a uniform grid. For each stride s we decimate
the data with factor s, interpolate, and calculate the residuals {∆j : 0 ≤ j ≤ N}. The magnitudes of
the errors are displayed in box plots with the top whiskers marking the maxima and the bottom
whiskers marking the first percentiles. Outliers below the first percentiles are omitted. Figures 2.3
to 2.6 are generated in the same fashion.

shall on occasion refer to {uj : 0 ≤ j ≤ N} as the zeroth order differences. The relationships

between the differences and the approximation errors are most conveniently stated in matrix–

vector notation. We define processes u : {0, . . . , N/s − 1} → Rs+1, δ1 : {0, . . . , N/s − 1} → Rs,

δ2 : {0, . . . , N/s− 1} → Rs−1, and ∆ : {0, . . . , N/s− 1} → Rs−1 as follows.

um = (ums, . . . , ums+s) δ1
m = (δ1

ms, . . . , δ
1
ms+s−1)

∆m = (∆ms+1, . . . ,∆ms+s−1) δ2
m = (δ2

ms+1, . . . , δ
2
ms+s−1)

These processes simply group scalars into vectors.

Lemma 2.1. The approximation errors are related to the zeroth, first, and second order differences

as follows:

∆m = Ψ0um = Ψ1δ1
m = Ψ2δ2

m
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where Ψ0 is the (s− 1)× (s+ 1) matrix given by

Ψ0
i,j =


−(1− i

s ) j = 0

− i
s j = s

δij j 6∈ {0, s}

(2.1a)

for i ∈ {1, . . . , s− 1} and j ∈ {0, . . . , s}, Ψ1 is the (s− 1)× s matrix given by

Ψ1
i,j =


1− i

s j < i

− i
s j ≥ i

(2.1b)

for i ∈ {1, . . . , s− 1} and j ∈ {0, . . . , s− 1}, and Ψ2 is the (s− 1)× (s− 1) matrix given by

Ψ2
i,j =


−s(1− i

s ) js j ≤ i

−s(1− j
s ) is j ≥ i

(2.1c)

for i ∈ {1, . . . , s− 1} and j ∈ {1, . . . , s− 1}.

Proof. Let m ∈ {0, . . . , N/s− 1} and i ∈ {1, . . . , s− 1}. Then

∆ms+i = ums+i − ũms+i = ums+i − [(1− i
s )ums + i

sums+s]

= −(1− i
s )ums + ums+i − i

sums+s =

s∑
j=0

Ψ0
i,jums+j .

Thus, ∆m = Ψ0um. Next, we seek to express ∆m in terms of δ1
m. We can write each approximation

error as a linear combination of differences of the data:

∆ms+i = ums+i − [(1− i
s )ums + i

sums+s]

= (1− i
s )(ums+i − ums)− i

s (ums+s − ums+i). (2.2)

ums+i − ums may be written as the sum of first order differences
∑i−1
j=0 δ

1
ms+j , and similarly ums+s −

ums+i is equal to
∑s−1
j=i δ

1
ms+j . Substituting into (2.2), we find that

∆ms+i = (1− i
s )

i−1∑
j=0

δ1
ms+j − i

s

s−1∑
j=i

δ1
ms+j =

s−1∑
j=0

Ψ1
i,jδ

1
ms+j . (2.3)
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Thus, ∆m = Ψ1δ1
m. Finally, we seek to express ∆m in terms of δ2

m. This can be achieved

by writing each δ1
ms+j in (2.3) as the sum of δ1

ms+i and second order differences. For j < i,

δ1
ms+j = δ1

ms+i −
∑i
k=j+1 δ

2
ms+k; for j > i, δ1

ms+j = δ1
ms+i +

∑j
k=i+1 δ

2
ms+k. Substituting into (2.3),

we find that

∆ms+i = (1− i
s )

i−1∑
j=0

(
δ1
ms+i −

i∑
k=j+1

δ2
ms+k

)
− i

s

s−1∑
j=i

(
δ1
ms+i +

j∑
k=i+1

δ2
ms+k

)

= (1− i
s )
(i−1∑
j=0

δ1
ms+i −

i∑
k=1

k−1∑
j=0

δ2
ms+k

)
− i

s

(s−1∑
j=i

δ1
ms+i +

s−1∑
k=i+1

s−1∑
j=k

δ2
ms+k

)
.

The δ1
ms+i terms cancel, leaving

∆ms+i = −(1− i
s )

i∑
k=1

kδ2
ms+k − i

s

s−1∑
k=i+1

(s− k)δ2
ms+k =

s−1∑
k=1

Ψ2
i,kδ

2
ms+k.

Thus, ∆m = Ψ2δ2
m.

The results in Lemma 2.1 cannot be extended to third (or higher) order differences since if

the data are quadratic the approximation errors are nonzero whereas the third (and higher) order

differences vanish.

One consequence of Lemma 2.1 is that a priori information on the magnitudes of the differences

can be translated into a priori bounds on the magnitudes of the approximation errors.

Theorem 2.2. Let m ∈ {0, . . . , N/s− 1} and i ∈ {1, . . . , s− 1}. |∆ms+i| can be bounded as follows.

|∆ms+i| ≤ 2M0 where M0 = max
0≤j≤N

|uj | (2.4a)

|∆ms+i| ≤ 1
2sM

1 where M1 = max
0≤j≤N−1

|δ1
j | (2.4b)

|∆ms+i| ≤ 1
8s

2M2 where M2 = max
1≤j≤N−1

|δ2
j | (2.4c)

Moreover, the constant factors in these bounds are optimal.

Proof. |∆ms+i| ≤ ‖∆m‖∞, so it suffices to show that ‖∆m‖∞ is bounded above by 2M0, 1
2sM

1,

and 1
8s

2M2. ∆m = Ψ0um and by definition ‖um‖∞ ≤M0, so for Upper Bound (2.4a) it suffices to

show that ‖Ψ0‖∞ ≤ 2. Similarly, for Upper Bound (2.4b) it suffices to show that ‖Ψ1‖∞ ≤ s/2, and

for Upper Bound (2.4c) it suffices to show that ‖Ψ2‖∞ ≤ s2/8. The matrix norm subordinate to

the maximum vector norm is computed by finding the maximum of the absolute row sums [HJ90].
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Figure 2.3: Illustration of the bounds of Theorem 2.2. The dataset used is the same as in Figure 2.2.

Consequently,

‖Ψ0‖∞ = max
1≤i≤s−1

(1− i
s ) + 1 + i

s = 2,

‖Ψ1‖∞ = max
1≤i≤s−1

(1− i
s )i+ i

s (s− i) = max
1≤i≤s−1

2s(1− i
s ) is ≤

s
2 , and

‖Ψ2‖∞ = max
1≤i≤s−1

i∑
j=1

s(1− i
s ) js +

s−1∑
j=i+1

s(1− j
s ) is = max

1≤i≤s−1

s2

2 (1− i
s ) is ≤

s2

8 .

The bounds Upper Bounds (2.4a) to (2.4c) follow. For optimality, it suffices to find datasets for which

each bound is achieved. For data given by uj = (−1)j , Upper Bound (2.4a) is tight; for data given

by uj = |j − s/2|, Upper Bound (2.4b) is tight; and for data given by uj = j2, Upper Bound (2.4c) is

tight.

Are the inequalities in Theorem 2.2 consistent with the behavior observed in Figure 2.2? In

Figure 2.3 we plot these bounds along with the actual residuals. While no single one of the

bounds Upper Bounds (2.4a) to (2.4c) is tight for all strides used, their minimum is sharp over the

full range.

Example 2.1. Theorem 2.2 is well-suited to the case where {uj : 0 ≤ j ≤ N} are values taken by

some deterministic function at uniformly spaced times {jh : 0 ≤ j ≤ N}. Suppose uj = f(jh), with

f ∈ C([0, Nh]). M0 ≤ ‖f‖∞, so Upper Bound (2.4a) becomes

|∆ms+i| ≤ 2‖f‖∞. (2.5a)
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Figure 2.4: Illustration of the bounds of Theorem 2.2 when uj = sin(jh) with h = 2−3 and

j ∈ {0, . . . , b212π/hc}. Upper Bound (2.4c) is the tightest until sh is about half the period of
sin. This matches the behavior predicted by the bounds Upper Bounds (2.5a) to (2.5c): with
‖sin‖∞ = ‖sin′‖∞ = ‖sin′′‖∞, Upper Bound (2.4c) will be tightest whenever sh is less than 22.

We can make use of any additional smoothness of f by relating the differences of {uj : 0 ≤ j ≤ N}

to the derivatives of f . If f ∈ C1([0, Nh]), then |δ1
j | = |

∫ jh+h

jh
f ′(x) dx| ≤ h‖f ′‖∞, and Upper

Bound (2.4b) becomes

|∆ms+i| ≤ 1
2sh‖f

′‖∞. (2.5b)

If f ∈ C2([0, Nh]), then

δ2
j = (uj+1 − uj)− (uj − uj−1) =

∫ jh+h

jh

f ′(x) dx−
∫ jh

jh−h
f ′(x) dx

=

∫ h

0

f ′(jh+ y)− f ′(jh− y) dy =

∫ h

0

∫ y

−y
f ′′(jh+ z) dz dy.

Taking absolute values and integrating, we find that |δ2
j | ≤ h2‖f ′′‖∞, and Upper Bound (2.4c)

becomes

|∆ms+i| ≤ 1
8 (sh)2‖f ′′‖∞, (2.5c)

which is the well-known estimate for piecewise linear interpolation [Ral01, p. 54–55].

See Figure 2.4 for an illustration of the bounds in the case of sinusoidal data.
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Figure 2.5: Illustration of the bounds of Theorem 2.2 with {uj : 0 ≤ j ≤ N} the positions of a
Brownian motion sample path. The bounds fail to reflect the typical magnitudes of the approximation
errors.

2.3 Statistical Bounds on Approximation Errors

In the previous section we presented bounds for approximation errors and applied them to determin-

istic, smooth data. How do these bounds fare when applied to nondeterministic data?

Example 2.2. Let {uj : 0 ≤ j ≤ N} be the positions of a Brownian motion sample path at times

{jh : 0 ≤ j ≤ N} with h = 2−13 andN = 220. In this case uj+1 = uj+Xj where {Xj : 0 ≤ j ≤ N} are

independent, identically distributed N(0, h) random variables. The actual approximation errors along

with the bounds found in Theorem 2.2 are presented in Figure 2.5. All of the upper bounds Upper

Bounds (2.4a) to (2.4c) give guaranteed bounds, as expected, but none closely track the growth of

the actual errors with s. Deterministic bounds of the type presented in Theorem 2.2 will be overly

pessimistic when the most extreme differences of the data are likely to occur in isolation, since only

clusters of large differences will cause large approximation errors. Such is the case with the Brownian

motion sample path positions, since the increments of the data are independent of one another. With

smooth data, by contrast, nearby differences are correlated, so the approximation errors are more

closely related to the most extreme differences.

Datasets in which a random component is present are commonplace in both experiments and

computational simulations. For instance, if a deterministic process {fj : 0 ≤ j ≤ N} is subject to

measurement errors {Xj : 0 ≤ j ≤ N}, then observational data will take the form

uj = fj +Xj (2.6a)
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where {Xj : 0 ≤ j ≤ N} are independent and identically distributed. Equally well, if {uj : 0 ≤ j ≤ N}

are the prices of a stock over time, the change in value over a time interval can be modeled as

uj+1 − uj = fj +Xj (2.6b)

where fj is a deterministic drift and {Xj : 0 ≤ j ≤ N} are again independent, identically distributed

random variables as in (2.6a) but now representing the underlying volatility. Subequations (2.6a)

and (2.6b) correspond to the cases that the zeroth and first, respectively, order differences have a

random nature. If a numerical method is used to approximate the position of a particle under the

influence of a force undergoing random fluctuations, then one may obtain a scheme of the form

uj+1 − 2uj + uj−1 = fj +Xj (2.6c)

in which it is the second order differences that have a random nature.

As Example 2.2 shows, Theorem 2.2 can sometimes give poor bounds when applied to data having

one of the forms (2.6a) to (2.6c). Rather than an absolute bound on the maximum possible error, a

more appropriate measure of accuracy in these cases would be a statistical or probabilistic estimate

of the likely error. Without additional information on the data, no such estimate can be found. If

the mean and variance of the perturbations {Xj : 0 ≤ j ≤ N} are known, though, they can be used

to find information on the distribution of the approximation errors {∆j : 0 ≤ j ≤ N}, as in the next

result.

Theorem 2.3. Let {fj : 0 ≤ j ≤ N} be deterministic, and let {Xj : 0 ≤ j ≤ N} be independent,

identically distributed random variables with mean µ and variance σ2. Define f : {0, . . . , N/s− 1} →

Rs+1 by fm = (fms, . . . , fms+s).

(a) If uj = fj +Xj, then ∆m has mean Ψ0fm and covariance matrix σ2Ψ0Ψ0ᵀ.

(b) If δ1
j = fj +Xj, then ∆m has mean Ψ1fm and covariance matrix σ2Ψ1Ψ1ᵀ.

(c) If δ2
j = fj +Xj, then ∆m has mean Ψ2fm + µΨ2~1 and covariance matrix σ2Ψ2Ψ2ᵀ.

Proof. Define X : {0, . . . , N/s− 1} → Rs+1 by Xm = (Xms, . . . , Xms+s). We begin by calculating

the mean in the case uj = fj +Xj . Recall from Lemma 2.1 that ∆m = Ψ0um. Using the linearity of

expectation,

E∆m = EΨ0um = Ψ0 Eum = Ψ0(Efm +Xm) = Ψ0fm + µΨ0~1
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where ~1 is the vector all of whose entries are 1. Observe that each row of Ψ0 sums to 0:
∑s
j=0 Ψ0

i,j =

−(1− i
s ) + 1− i

s = 0. That is, ~1 ∈ ker(Ψ0), and so E∆m = Ψ0fm.

Next, we calculate the covariance matrix. Using the bilinearity of covariance,

Cov(∆m) = Cov(Ψ0um) = Ψ0 Cov(um)Ψ0ᵀ.

Since {Xj : 0 ≤ j ≤ N} are independent, the components of um are independent. Each has variance

σ2 (the deterministic components are constant), so Cov(um) = σ2I. Thus, Cov(∆m) = σ2Ψ0Ψ0ᵀ.

Next, suppose δ1
j = fj + Xj . By the same argument as in the previous case, we find that

E∆m = Ψ1fm+µΨ1~1. ~1 ∈ ker(Ψ1), since
∑s−1
j=0 Ψ1

i,j = i(1− i
s )−(s−i) is = 0, so E∆m = Ψ1fm. The

calculation of the covariance matrix proceeds exactly as before, and we find that Cov(∆m) = σ2Ψ1Ψ1ᵀ.

Finally, suppose δ2
j = fj +Xj . As in the previous two cases, we find that E∆m = Ψ1(fm + µ~1).

But ~1 6∈ ker(Ψ2):

s−1∑
j=1

Ψ2
i,j =

i∑
j=1

−s(1− i
s ) js +

s−1∑
j=i+1

−s(1− j
s ) is = −(1− i

s )

i∑
j=1

j − i
s

s−1∑
j=i+1

s− j

= −(1− i
s )

i∑
j=1

j − i
s

s−(i+1)∑
j=1

j = −(1− i
s ) i(i+1)

2 − i
s

(s−(i+1))(s−i)
2

= − i
2s

[
(s− i)(i+ 1)− (s− i)(s− (i+ 1))

]
= − 1

2s
2(1− i

s ) is .

If µ 6= 0, Xm contributes to um a quadratic component which will not be reproduced by the linear

interpolant. So, E∆m = Ψ2fm + µΨ2~1. The covariance calculation proceeds exactly as before, and

we find that Cov(∆m) = σ2Ψ2Ψ2ᵀ.

Let us now revisit the case of the Brownian motion data used in Example 2.2.

Example 2.2 (continued). Recall that {δ1
j : 0 ≤ j ≤ N − 1} are, as increments of a Brownian motion,

independent N(0, h) random variables. As a linear transformation of δ1
m, a Gaussian random vector,

∆m is a Gaussian random vector, with (by Theorem 2.3) mean ~0 and covariance matrix hΨ1Ψ1ᵀ. We

show in Section 2.8 that Ψ1Ψ1ᵀ = −Ψ2. Thus, each individual error ∆ms+i is normally distributed

with mean 0 and variance −hΨ2
i,i = sh(1− i

s ) is . The probability that a normal random variable falls

within three standard deviations of its mean is approximately 99.7%, and the standard deviation of

∆ms+i is [sh(1− i
s ) is ]1/2. Maximizing over i ∈ {1, . . . , s− 1}, we can use

(
− 3

2

√
sh,+ 3

2

√
sh
)

(2.7)
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Figure 2.6: Illustration of Upper Bound (2.7) and the bounds of Theorem 2.2 with {uj : 0 ≤ j ≤ N}
the positions of a Brownian motion sample path. Compare with Figure 2.5, which uses the same
data. Upper Bound (2.7), derived using Theorem 2.3, tracks the growth of the approximation errors
better than the bounds from Theorem 2.2. It is not, however, a strict bound: observe that the largest
approximation errors, marked by the top whiskers, lie outside the prediction intervals.

as a 99.7% prediction interval for each ∆ms+i. See Figure 2.6 for a comparison of Upper Bound (2.7)

with Upper Bounds (2.4a) to (2.4c) for this data.

2.4 A Lossless Compression Algorithm

Algorithms 2.1 and 2.2 together define a lossy compression procedure, with perfect approximation

achieved only for data that are piecewise linear between the values retained by decimation. The

information lost is embodied by the approximation errors {∆j : 0 ≤ j ≤ N}, meaning that the lossy

algorithm can be made lossless by the simple expedient of saving these errors in the encoding step

and using them to correct the approximations in the decoding step. Algorithms 2.3 and 2.4 give the

resulting lossless compression and decompression procedures.

The lossless algorithm is only useful, of course, if its output is smaller than its input, the original

data. The output consists of the decimated data, which will be smaller by a factor of s than the

original data, and the residuals, which are compressed by an entropy encoder. A theoretical limit on

the compression ratio achievable by an entropy encoder is given by Shannon’s source coding theorem

[Sha01]. Roughly speaking, the theorem states that a stream of symbols can be optimally encoded

so that the average number of bits used per symbol is equal to the Shannon entropy of the stream.

If X is a discrete random variable taking values in some set S, the Shannon entropy of X, denoted
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Require: s divides N .
Require: EntropyEncoder is an ideal entropy encoder.

1: function CompressLossless(uncompressed data data[0, . . . , N], stride s)
2: decimated←Decimated(data, s)
3: surrogate←Approximate(decimated, s)
4: errors← []

5: for i = 0, . . . , N do
6: errors[i]← data[i]− surrogate[i]
7: end for
8: return decimated and EntropyEncoder(errors)
9: end function

Algorithm 2.3: Lossless decimation encoding: decimation (Algorithm 2.1), approximation (Algo-
rithm 2.2), and encoding of errors. By an ideal entropy encoder we mean an encoder than can
compress its input with the maximum efficiency allowed by Shannon’s source coding theorem.

Require: EntropyDecoder is the inverse of EntropyEncoder.
function DecompressLossless(decimated data decimated[0, . . . , N/s], stride s, compressed
errors errorsCompressed)

surrogate←Approximate(decimated, s)
errors←EntropyDecoder(errorsCompressed)
data← []

for i = 0, . . . , N do
data[i]← surrogate[i] + errors[i]

end for
return data

end function

Algorithm 2.4: Lossless decimation decoding: reconstruction of original data from decimated data
and errors.
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H(X), is defined by

H(X) = −
∑
x∈S

P(X = x) log2 P(X = x). (2.8)

The compression ratio achieved by Algorithm 2.3, then, can be related to the Shannon entropy of

the residuals H(∆), as in the following result.

Theorem 2.4. Let ∆ be an Rs−1-valued process, and suppose that a dataset {uj : 0 ≤ j ≤ N} is

generated in such a way that the approximation errors {∆m : 0 ≤ m ≤ N/s− 1} are sampled from

∆. If each datum uj requires b bits of storage, then the expected compression ratio R achieved by

Algorithm 2.3 when applied to {uj : 0 ≤ j ≤ N} is

R = s
[
1 + 1

bH(∆)
]−1

(2.9)

in the limit N →∞.

Proof. The original dataset requires (1 + N)b bits of storage, and the decimated dataset requires

(1 + N
s )b bits of storage. There are N/s realizations of ∆ in {∆m : 0 ≤ m ≤ N/s− 1}, so an ideal

entropy encoder is expected (in the sense of probability) to use between N
s H(∆) and 1 + N

s H(∆)

bits to encode the approximation errors [Sha01]. So, the expected compression ratio is

(1 +N)b

(1 + N
s )b+ 1 + N

s H(∆)
,

which converges to (2.9) in the limit N →∞.

Theorem 2.4 provides a quantitative relationship between the entropy of the approximation errors

and the compression ratio achieved by Algorithm 2.3. If the entropy H(∆) is negligible (meaning that

the extra storage required for the approximation errors is small), then the limiting compression ratio

of s is achieved. Note that this is the ratio achieved by Algorithm 2.1; Algorithm 2.3 being lossless,

it is natural that its performance is limited by that of its lossy counterpart. If the approximation

errors have little structure (in the sense that H(∆) is large), then the compression ratio degenerates,

reaching its minimum when H(∆) is at its maximum. Each ∆m is a vector of length s − 1 with

each entry requiring b bits of storage, so H(∆) is at most (s− 1)b. In the worst case scenario, then,

the expected compression ratio is 1, and there is no benefit to using Algorithm 2.3.

In order to apply Theorem 2.4, we must know the value of H(∆), which may be difficult or

impossible to compute in practice. If the Shannon entropies of the components of ∆, denoted

{∆ · ei : 1 ≤ i ≤ s− 1}, can be determined instead, then they may be used to bound R according to
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Figure 2.7: Illustration of the relationship between the Shannon entropy of the residuals and the
compression ratio achieved by Algorithm 2.3. The data are constructed so that {∆ ·ei : 1 ≤ i ≤ s−2}
are independent, identically distributed random variables of known entropy and ∆ · es−1 = ∆ · es−2.

Consequently, H(∆) �
∑s−1
i=1 H(∆ · ei), and Theorem 2.4 and Corollary 2.5 give different estimates.

For each entropy value, 25 datasets of size 220 are generated and the ensemble average of the
compression ratios achieved is reported.

the following result.

Corollary 2.5. Let ∆ be an Rs−1-valued process, and suppose that a dataset {uj : 0 ≤ j ≤ N} is

generated in such a way that the approximation errors {∆m : 0 ≤ m ≤ N/s− 1} are sampled from

∆. If each datum uj requires b bits of storage, then the expected compression ratio R achieved by

Algorithm 2.3 when applied to {uj : 0 ≤ j ≤ N} satisfies

R ≥ s
[
1 + 1

b

s−1∑
i=1

H(∆ · ei)
]−1

(2.10)

in the limit N →∞.

Proof. H(∆) ≤
∑s−1
i=1 H(∆ · ei) [Sha01]. The result now follows from Theorem 2.4.

Corollary 2.5 yields an inequality instead of an equality because it, unlike Theorem 2.4, ignores

any correlation between neighboring residuals. Neither result can be applied without some means of

computing or at least estimating the entropy of the residuals. We develop a few methods of doing

this in Sections 2.5 and 2.6.

Figure 2.7 illustrates the relationship between the value for R obtained using (2.9), the bound on

R obtained using Lower Bound (2.10), and the actual compression ratio achieved by Algorithm 2.3.

Figure 2.8 shows that the linear predictor is responsible for the bulk of the achieved compression. As
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written, Algorithm 2.3 requires an ideal entropy encoder able to compress the approximation errors

to within the entropy of their generating process, whatever that process may be. Of course, no such

encoder is available for general data. We instead use three general-purpose compressors:

1. bzip2 [Sew10], which uses the Burrows–Wheeler algorithm [BW94].

2. gzip [GA13a], which uses the LZ77 algorithm [ZL77].

3. lzip [DD16], which uses LZMA [Pav15].

and four specialized floating point compressors:

1. SPDP [BC16]. SPDP is a lossless black box compressor.

2. SZ [DC16]. SZ is a lossy compressor with user-specifiable error bounds; we use it as a near-

lossless compressor by requiring that the absolute error be at most 2−149 for single-precision

and 2−1074 for double-precision data.

3. fpzip [LI06]. fpzip can compress 1D, 2D, and 3D scalar fields in lossy and lossless configura-

tions. We use the lossless 1D mode.

4. fpc [BR07]. fpc is a lossless compressor for double-precision data. When pairing fpc with

Algorithm 2.3, we will use only the encoder, not the predictor, of the former. We will refer to

the combination as Algorithm 2.3 with fpc_encode.

We could obtain compression ratios closer to (2.9) by using a compressor tailored to the structure

of our approximation errors. Similar optimizations have been taken in many previous algorithms.

One approach is to use an encoder specifically designed for floating-point residuals [ILS05a, BGC13,

SSL+12, BR07]. Another is to seed an entropy encoder with the expected distribution of the

prediction errors. This approach is often taken in image compression algorithms, since it has

been empirically observed that prediction errors in that domain are often Laplace distributed

[JKHM93, HV91, WSS00].

2.5 Deterministic Bounds on Shannon Entropy of

Approximation Errors

In this section we use the results of Section 2.2 to obtain a priori bounds on the Shannon entropy of the

approximation errors in terms of the differences of the data. In what follows we will always assume the
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Figure 2.8: Illustration of the effect of replacing the linear predictor in Algorithm 2.3 with a constant
predictor. Algorithm 2.3′ denotes the procedure obtained by replacing Line 3 in Algorithm 2.3 with
‘surrogate← [0, . . . , 0].’ The results demonstrate that the linear predictor is responsible for the
bulk of the achieved compression rates. The data used are given by uj = tan(jh) with h = 2−15 and
j ∈ {0, . . . , b2π/hc}.

existence of some Rs−1-valued process modelling the approximation errors {∆m : 0 ≤ m ≤ N/s− 1},

as in Theorem 2.4.

Suppose that the vectors of approximation errors ∆m = (∆ms+1, . . . ,∆ms+s−1) are contained in

some bounding region Ω ⊂ Rs−1. Intuitively, one might expect the volume of Ω to be related to the

Shannon entropy of ∆. This turns out not to be the case, but it is possible to relate the volume of Ω

to the differential entropy of ∆ instead. The differential entropy of an Rn-valued random variable X

with probability density p is given by

H(X) = −
∫
Rn

p(~x) log2 p(~x) d~x. (2.11)

Differential entropy is related to Shannon entropy as follows [CT91, p. 229].1

Lemma 2.6. Let X be a continuous Rn-valued random variable with Riemann integrable probability

density. If X∆ is the discretization of X with bin volume wn, then

H(X∆) + n log2 w → H(X)

1The proof given in [CT91] is restricted to the n = 1 case, but it extends to the general case without significant
modification.
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as w → 0.

Lemma 2.6 is applicable when a continuous quantity is quantized on a uniform grid, as is the

case with data stored in integer or fixed-point formats. In practice, scientific datasets are much more

frequently represented using floating-point formats, whose hallmark is precision that varies with the

magnitude of the number stored. It would appear, then, that Lemma 2.6 is of little use for most data.

However, the precision of floating-point formats is fixed within each interval of the form [±2n,±2n+1)

[IMII08], and the residuals only need to be discretized to the precision of the data, so this lemma

will still be useful for data that do not change order of magnitude too quickly relative to the stride

s. In order to make use of Lemma 2.6, in what follows we will assume that {uj : 0 ≤ j ≤ N} is

generated in such a way that we can model the approximation errors {∆m : 0 ≤ m ≤ N/s− 1} as

discretizations with bin volume ws−1 of some stochastic process with sufficiently smooth density.

The next result quantifies the relationship between differential entropy and the volume of the

bounding region Ω.

Lemma 2.7. Let X be a random variable taking values in Ω ⊂ Rn. Then H(X) ≤ log2 voln(Ω).

Proof. Of all distributions with support contained in Ω, the differential entropy is maximized by

Unif(Ω), and the differential entropy of a uniform distribution is the logarithm of the volume of its

support [Sha01].

Lemmas 2.6 and 2.7 together mean that in order to bound the Shannon entropy of ∆ it suffices

to estimate the volume of the region Ω enclosing the vectors {∆m : 0 ≤ m ≤ N/s− 1}. We can make

use of the absolute bounds on the approximation errors derived in Theorem 2.2 to bound the volume

of Ω, leading to the following bounds for the differential entropy of ∆.

Lemma 2.8. The differential entropy of ∆ can be bounded as follows.

H(∆) ≤ (s− 1)(1 + log2 M
0) + log2

[
1
6 (s+ 1)(s+ 2)

]
(2.12a)

H(∆) ≤ (s− 1)(1 + log2 M
1) (2.12b)

H(∆) ≤ (s− 1)(1 + log2 M
2)− log2 s (2.12c)

Proof. We start with Upper Bound (2.12a). By the definition of M0, u is supported inside the

(s + 1)-cube [−M0,+M0]s+1. According to Lemma 2.1, then, ∆ is supported inside the (s − 1)-

parallelepiped Ψ0[−M0,+M0]s+1. Ψ0[−M0,+M0]s+1 is a translation of Ψ0[0, 2M0]s, which is itself

a dilation by factor 2M0 of Ψ0[0, 1]s+1. Thus, the volume of Ψ0[−M0,+M0]s+1 is (2M0)s−1 times
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the volume of Ψ0[0, 1]s+1. We show in Section 2.8 that the volume of Ψ0[0, 1]s+1 is 1
6 (s+ 1)(s+ 2).

Applying Lemma 2.7, we find that

H(∆) ≤ log2

[
(2M0)s−1 · 1

6 (s+ 1)(s+ 2)
]

= (s− 1)(1 + log2 M
0) + log2

[
1
6 (s+ 1)(s+ 2)

]
.

The bounds Upper Bounds (2.12b) and (2.12c) are derived in a similar fashion. The volume of

Ψ1[−M1,+M1]s is (2M1)s−1 times the volume of Ψ1[0, 1]s, which we calculate in Section 2.8 to be 1.

So,

H(∆) ≤ log2

[
(2M1)s−1 · 1

]
= (s− 1)(1 + log2 M

1).

Similarly, the volume of Ψ2[−M2,+M2]s−1 is (2M2)s−1 times the volume of Ψ2[0, 1]s−1, which we

calculate in Section 2.8 to be 1/s. So,

H(∆) ≤ log2

[
(2M2)s−1 · 1

s

]
= (s− 1)(1 + log2 M

2)− log2 s.

Now we can combine Lemma 2.8 with Theorem 2.4 to obtain bounds on the expected compression

ratio achieved by Algorithm 2.3.

Theorem 2.9. In the limit N → ∞ and w → 0, the expected compression ratio R achieved by

Algorithm 2.3 is bounded as follows.

R ≥ s
[
1 + 1

b

(
(s− 1)(1 + log2 M

0 − log2 w) + log2[ 1
6 (s+ 1)(s+ 2)]

)]−1
(2.13a)

R ≥ s
[
1 + 1

b

(
(s− 1)(1 + log2 M

1 − log2 w)
)]−1

(2.13b)

R ≥ s
[
1 + 1

b

(
(s− 1)(1 + log2 M

2 − log2 w)− log2 s
)]−1

(2.13c)

Proof. Combine Lemmas 2.6 and 2.8 and Theorem 2.4.

Figure 2.9 illustrates the bounds in Theorem 2.9.

2.6 Statistical Bounds on Shannon Entropy of

Approximation Errors

Theorem 2.9 is based on the absolute bounds on {∆j : 0 ≤ j ≤ N} derived in Theorem 2.2. As we saw

in Example 2.2, these bounds may be overly pessimistic when applied to random data. Consequently,
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Figure 2.9: Illustration of the lower bounds on the expected compression ratio in Theorem 2.9 versus
stride s. Lower Bound (2.13) is the maximum of Lower Bounds (2.13a) to (2.13c); Lower Bound (2.16)
is the maximum of Lower Bounds (2.16a) to (2.16c). Along with the bounds are plotted the actual
compression ratios obtained using various standard compressors in lieu of an ideal entropy encoder.
For most strides tested lzip exceeds the theoretical lower bounds, whereas other compressors are
less effective. The data are given by uj = 25( 3

2 + 1
2 sin(jh)) with h = 2−7 and j ∈ {0, . . . , b26π/hc}.

we expect Theorem 2.9 to be similarly pessimistic in this case. We can obtain more realistic estimates

by deriving an analogue to Theorem 2.9 based on Theorem 2.3, the analogue to Theorem 2.2 for

random data. We begin with the following result relating variance to differential entropy [CT91,

p. 234–235]. It plays a role analogous to that of Lemma 2.7.

Lemma 2.10. Let X be an Rn-valued continuous random variable with mean ~µ ∈ Rn and covariance

matrix Σ ∈ Rn×n. Then

H(X) ≤ n
2 log2[2πe|det(Σ)|1/n] (2.14)

with equality holding iff X ∼ N(~µ,Σ).

If {uj : 0 ≤ j ≤ N} is generated from a sequence of independent, identically distributed continuous

random variables, then Lemma 2.10 can be used to bound the differential entropy of ∆ as follows.

Lemma 2.11. Let {Xj : 0 ≤ j ≤ N} be independent, identically distributed random variables with

mean µ and variance σ2.

(a) If uj = Xj, then

H(∆) ≤ s−1
2 log2(2πeσ2) + 1

2 log2

[
1

12s (s+ 1)2(s+ 2)
]
. (2.15a)
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(b) If δ1
j = Xj, then

H(∆) ≤ s−1
2 log2(2πeσ2)− 1

2 log2(s). (2.15b)

(c) If δ2
j = Xj, then

H(∆) ≤ s−1
2 log2(2πeσ2)− log2(s). (2.15c)

Proof. Begin with Upper Bound (2.15a). We found in Theorem 2.3 that if uj = Xj , then ∆ has

mean ~0 and covariance σ2Ψ0Ψ0ᵀ. Applying Lemma 2.10,

H(∆) ≤ s−1
2 log2

[
2πe|det(σ2Ψ0Ψ0ᵀ)|1/(s−1)

]
= s−1

2 log2

[
2πe|(σ2)s−1 det(Ψ0Ψ0ᵀ)|1/(s−1)

]
= s−1

2 log2

[
2πeσ2|det(Ψ0Ψ0ᵀ)|1/(s−1)

]
= s−1

2 log2(2πeσ2) + 1
2 log2

[
1

12s (s+ 1)2(s+ 2)
]

where we have used the expression for det(Ψ0Ψ0ᵀ) found in Section 2.8. The bounds Upper

Bounds (2.15b) and (2.15c) are derived in exactly the same manner.

Now we can combine Lemma 2.11 with Theorem 2.4 to obtain bounds on the expected compression

ratio achieved by Algorithm 2.3.

Theorem 2.12. Let {Xj : 0 ≤ j ≤ N} be independent, identically distributed continuous random

variables with mean µ and variance σ2. Let R be the expected compression ratio achieved by

Algorithm 2.3 when applied to {uj : 0 ≤ j ≤ N} in the limit N →∞ and w → 0.

(a) If uj = Xj, then

R ≥ s
[
1 + 1

b

(
s−1

2 log2(2πeσ2w2) + 1
2 log2

[
1

12s (s+ 1)2(s+ 2)
])]−1

. (2.16a)

(b) If δ1
j = Xj, then

R ≥ s
[
1 + 1

b

(
s−1

2 log2(2πeσ2w2)− 1
2 log2(s)

)]−1
. (2.16b)

(c) If δ2
j = Xj, then

R ≥ s
[
1 + 1

b

(
s−1

2 log2(2πeσ2w2)− log2(s)
)]−1

. (2.16c)

Proof. Combine Lemmas 2.6 and 2.11 and Theorem 2.4.

Figure 2.10 illustrates the bounds in Theorem 2.12.
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Figure 2.10: Illustration of the bounds of Theorem 2.12 when {uj : 0 ≤ j ≤ N} are the positions of a

Brownian motion with timestep 2−10. The compression ratios shown are the ensemble averages across
25 trials with 220 timesteps each. After each trial, the zeroth, first, and second order differences are
calculated, and the maxima and variances of the differences are used to generate bounds according
to Lower Bounds (2.13a) to (2.13c) and (2.16a) to (2.16c). An ensemble average is calculated for
each bound, and Lower Bounds (2.13) and (2.16) are the maxima of these averages. None of the
compressors match the optimal compression ratios, but bzip2 and lzip track Lower Bound (2.13),
achieving good performance.

2.7 Applications

In this section we evaluate the performance of Algorithm 2.3 on a selection of representative datasets.

In particular, we compare the compression ratios achieved with the ratios obtained using several

state of the art floating point compressors applied directly to the original datasets.

2.7.1 Black–Scholes Simulation

First, we consider data generated by a Black–Scholes solver [Bur16a] to simulate random fluctuations

in the price of an asset over a time interval [0, 1] with 220 timesteps. The starting price is 1, the

expected growth rate is taken to be 1, and the volatility is set to 0.25. The output is an array of 220 +1

double-precision option values, which are cast down to single precision before being compressed.

Figure 2.11 shows that reduction of the data by up to 50% is achieved.

2.7.2 Lorenz Attractor

Second, we consider data generated from the Lorenz equations, whose solutions follow deterministic

(though not easily predictable) paths. We use an ODE solver [Bur16b] to trace the trajectory of a
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Figure 2.11: Illustration of the performance of Algorithm 2.3 on an asset path evolving according to
the Black–Scholes equation.

particle with initial position (8, 1, 1) over the interval [0, 40] with 2× 105 timesteps. The parameters

used are ρ = 28, σ = 10, and β = 8/3. The double-precision x coordinate is compressed using

Algorithm 2.3. Figure 2.12 shows that a 35% reduction of the data is achieved.

2.7.3 Forced Isotropic Turbulence

Third, we consider data from a large turbulence simulation [LPW+08, PBLM07]. The data are a

29 × 29 × 29 cube of single-precision pressure values (512 MiB in total) at a single timestep (timestep

210), traversed in lexicographic order. Figure 2.13 shows that the performance of Algorithm 2.3 is

comparable to that of lzip, SPDP, and SZ. In this example fpzip gives the clear best performance,

achieving a reduction of approximately 30%.

2.7.4 Head Impact

Finally, we compare Algorithm 2.3 with the bitwise modal averaging algorithm described in [BGC13]

on a 135 MiB double-precision dataset produced by a head impact simulation [Bur16c]. Figure 2.14

shows that reductions of 8% are consistently achieved over the stride sizes [21, 25]. To facilitate a

direct comparison, we modify Algorithm 2.3 by encoding the decimated data in addition to the

approximation errors, but the algorithm is otherwise applied directly as described earlier. Our

implementation of the technique from [BGC13] gives a 7% reduction.

Note that the reductions of up to 11% reported in [BGC13] were obtained by pairing the bitwise

averaging procedure with a byte-level serialization technique [BG16].
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Figure 2.12: Illustration of the performance of Algorithm 2.3 on the x coordinate of a numerical
solution of the Lorenz system.
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Figure 2.13: Illustration of the performance of Algorithm 2.3 on a single timeslab of a 3D turbulence
simulation.

29



21 22 23 24 25 26 27 28 29 210

stride s

0.8

0.85

0.9

0.95

1

1.05

1.1

1.15

co
m

p
re

ss
io

n
ra

ti
o

Algorithm 2.3 with zlib

Algorithm from [BGC13]

zlib

Figure 2.14: Illustration of the performance of Algorithm 2.3 on a head impact simulation. The
compressor used by both methods is zlib [GA13b], which uses the same algorithm as gzip.

2.8 Properties of Ψ0, Ψ1, and Ψ2

The aim of this section is twofold: first, to compute the volumes of Ψ0[0, 1]s+1, Ψ1[0, 1]s, and

Ψ2[0, 1]s−1, and second, to compute the determinants of Ψ0Ψ0ᵀ, Ψ1Ψ1ᵀ, and Ψ2Ψ2ᵀ. We will

compute the volumes using the following lemma, which relates the volume of the unit cube under a

linear mapping to the mapping’s minors [GK10].

Lemma 2.13. Let n ≥ m, and let T : Rn → Rm be a linear transformation with full rank. The

m-volume of T [0, 1]n is the sum of the absolute m×m minors of T .

When n = m, Lemma 2.13 simplifies to the familiar statement that a linear mapping scales

volumes by its determinant.

We next establish that Lemma 2.13 can be applied to Ψ0, Ψ1, and Ψ2. Let c0
0, . . . , c

0
s, c

1
0, . . . , c

1
s−1,

and c2
1, . . . , c

2
s−1 denote the columns of Ψ0, Ψ1, and Ψ2, respectively. Denote by e1, . . . , es−1 the

standard basis of Rs−1.

Lemma 2.14. Ψ0, Ψ1, and Ψ2 have full rank.

Proof. c0
j = ej for j ∈ {1, . . . , s − 1}, so Ψ0 has full rank. Observe that c1

0 = 1
s

∑s−1
j=1

∑j
k=1 ek

and c1
j = c1

0 −
∑j
k=1 ek for j ∈ {1, . . . , s − 1}, which implies that Ψ1 has full rank. As Ψ2 is a

square matrix, it has full rank iff its determinant is nonzero. We establish that det(Ψ2) 6= 0 in

Lemma 2.15.

Denote by M0
j,k the submatrix produced by deleting c0

j and c0
k from Ψ0. Denote by M1

j the
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submatrix produced by deleting c1
j from Ψ1.

Lemma 2.15. The absolute (s− 1)× (s− 1) minors of Ψ0, Ψ1, and Ψ2 take on the following values:

(a) for Ψ0, 1 with multiplicity 1; k/s for k ∈ {1, . . . , s− 1}, each with multiplicity 2; and (k − j)/s

for 1 ≤ j < k ≤ s− 1, each with multiplicity 1.

(b) for Ψ1, 1/s with multiplicity s.

(c) for Ψ2, 1/s with multiplicity 1.

Proof. Let AbsDet : (Rs−1)s−1 → [0,∞) be the function mapping an (s− 1)-tuple of vectors in Rs−1

to the absolute value of the determinant of the matrix whose columns are those vectors. We use the

notation ( · )i for the ith component of a vector.

Begin with Ψ0. We compute |det(M0
j,k)| case by case. If j = 0 and k = s, |det(M0

0,s)| =

AbsDet(e1, . . . , es−1) = 1. If j = 0 and 1 ≤ k ≤ s− 1,

|det(M0
0,k)| = AbsDet(e1, . . . , ek−1, ek+1, . . . , es−1, c

0
s) = |(c0

s)k| = |Ψ0
k,s| = k

s .

Similarly, if 1 ≤ j ≤ s− 1 and k = s,

|det(M0
j,s)| = AbsDet(c0

0, e1, . . . , ej−1, ej+1, . . . , es−1) = |(c0
0)j | = |Ψ0

j,0| = 1− j
s .

Finally, if 1 ≤ j < k ≤ s− 1,

|det(M0
j,k)| = AbsDet(c0

0, e1, . . . , ej−1, ej+1, . . . , ek−1, ek+1, . . . , es−1, c
0
s)

= |Ψ0
j,0Ψ0

k,s −Ψ0
k,0Ψ0

j,s| =
k−j
s .

Next, consider Ψ1. For j ∈ {1, . . . , s− 1},

|det(M1
j )| = AbsDet

(
c1

0, c
1
0 −

1∑
k=1

ek, . . . , c
1
0 −

j−1∑
k=1

ek, c
1
0 −

j+1∑
k=1

ek, . . . , c
1
0 −

s−1∑
k=1

ek

)

= AbsDet
(

1
s

s−1∑
j=1

j∑
k=1

ek,

1∑
k=1

ek, . . . ,

j−1∑
k=1

ek,

j+1∑
k=1

ek, . . . ,

s−1∑
k=1

ek

)

= 1
s AbsDet

( j∑
k=1

ek,

1∑
k=1

ek, . . . ,

j−1∑
k=1

ek,

j+1∑
k=1

ek, . . . ,

s−1∑
k=1

ek

)
.

These columns can be arranged into an upper triangular matrix with 1s on the diagonal. That matrix
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has determinant 1, so |det(M1
j )| = 1/s. The remaining absolute minor has the same value:

|det(M1
0 )| = AbsDet

(
c1

0 −
1∑
k=1

ek, c
1
0 −

2∑
k=1

ek, . . . , c
1
0 −

s−1∑
k=1

ek

)
= AbsDet

(
c1

0 −
1∑
k=1

ek,−
2∑
j=2

ek, . . . ,−
s−1∑
j=2

ek

)
= AbsDet(c1

0 − e1,−e2, . . . ,−es)

= |(c1
0 − e1)1| = |(1− 1

s )− 1| = 1
s .

Finally, consider Ψ2. Ψ2 is (s − 1) × (s − 1), so the only minor is det(Ψ2). Observe that

c2
1 = − 1

s

∑s−1
j=1

∑j
k=1 ek:

Ψ2
i,1 = −s(1− i

s ) 1
s = − 1

s (s− i) = − 1
s

s−1∑
j=1

j∑
k=1

δik = − 1
s

(s−1∑
j=1

j∑
k=1

ek

)
i
.

For j ∈ {2, . . . , s− 1}, we claim that c2
j = jc2

1 +
∑j−1
k=1 (j − k)ek. Indeed, if j ≤ i,

Ψ2
i,j = −s(1− i

s ) js = jΨ2
i,1 =

(
jc2

1 +

j−1∑
k=1

(j − k)ek

)
i
,

and if j ≥ i,

Ψ2
i,j = −s(1− j

s ) is = j
[
−s(1− i

s ) 1
s

]
− s
[
(1− j

s ) is − (1− i
s ) js
]

= jΨ2
i,1 + (j − i) =

(
jc2

1 +

j−1∑
k=1

(j − k)ek

)
i
.

Thus,

|det(Ψ2)| = AbsDet
(
c2

1, 2c
2
1 +

1∑
k=1

(2− k)ek, . . . , (s− 1)c2
1 +

s−2∑
k=1

(s− 1− k)ek

)
= AbsDet

(
c2

1,

1∑
k=1

(2− k)ek, . . . ,

s−2∑
k=1

(s− 1− k)ek

)
= AbsDet(c2

1, e1, . . . , es−2) = |Ψ2
s−1,1| = 1

s .

We can now use Lemma 2.13 to prove the following result.

Theorem 2.16.

(a) The volume of Ψ0[0, 1]s+1 is 1
6 (s+ 1)(s+ 2).

32



(b) The volume of Ψ1[0, 1]s is 1.

(c) The volume of Ψ2[0, 1]s−1 is 1/s.

Proof. Begin with Ψ0. Combining Lemmas 2.13 and 2.15,

vols−1(Ψ0[0, 1]s+1) =
∑

0≤j<k≤s

|det(M0
j,k)| = 1 + 2

s−1∑
k=1

k
s +

s−2∑
j=1

s−1∑
k=j+1

k−j
s

s vols−1(Ψ0[0, 1]s+1) = s+ 2

s−1∑
k=1

k +

s−2∑
j=1

s−1∑
k=j+1

(k − j) = 1
6s(s+ 1)(s+ 2)

Next, consider Ψ1. Combining Lemmas 2.13 and 2.15, vols−1(Ψ1[0, 1]s) =
∑s−1
j=0 1/s = 1.

Finally, consider Ψ2. Ψ2 is a square matrix, so the volume of Ψ2[0, 1]s−1 is given by the absolute

value of the determinant of Ψ2, which we computed in Lemma 2.15 to be 1/s.

Next, we will compute the determinants of Ψ0Ψ0ᵀ, Ψ1Ψ1ᵀ, and Ψ2Ψ2ᵀ using the following lemma,

which relates the determinant of a linear mapping’s Gramian matrix to the mapping’s minors [GK10].

Lemma 2.17. Let n ≥ m, and let T : Rn → Rm be a linear transformation with full rank. det(T T ᵀ)

is equal to the sum of the squared m×m minors of T .

We showed in Lemma 2.14 that Ψ0, Ψ1, and Ψ2 satisfy the hypotheses of Lemma 2.17, so we may

now apply the latter to prove the following result.

Theorem 2.18.

(a) det(Ψ0Ψ0ᵀ) = 1
12s (s+ 1)2(s+ 2).

(b) det(Ψ1Ψ1ᵀ) = 1/s.

(c) det(Ψ2Ψ2ᵀ) = 1/s2.

Proof. Begin with Ψ0. Combining Lemmas 2.15 and 2.17,

det(Ψ0Ψ0ᵀ) =
∑

0≤j<k≤s

det(M0
j,k)2

= 12 + 2

s−1∑
k=1

(
k
s

)2
+

s−2∑
j=1

s−1∑
k=j+1

(
k−j
s

)2
= 1

12s (s+ 1)2(s+ 2).

Next, consider Ψ1. We claim that Ψ1Ψ1ᵀ = −Ψ2. Indeed, if i ≤ j,

(Ψ1Ψ1ᵀ)i,j =

s−1∑
k=0

Ψ1
i,kΨ1ᵀ

k,j = s(1− j
s ) is = −Ψ2

i,j .
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The case i ≥ j follows by symmetry. Thus, det(Ψ1Ψ1ᵀ) = (−1)s−1 det(Ψ2). In Lemma 2.15 we

found that |det(Ψ2)| = 1/s, so det(Ψ1Ψ1ᵀ) is either 1/s or −1/s. It must be the former, since

Gramian matrices have nonnegative determinants [GK10]. Alternatively, we can use Lemma 2.17

again: det(Ψ1Ψ1ᵀ) =
∑s−1
k=0 1/s2 = 1/s.

Finally, consider Ψ2. Using the basic properties of the determinant,

det(Ψ2Ψ2ᵀ) = det(Ψ2) det(Ψ2ᵀ) = det(Ψ2)2 = 1/s2.
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Chapter 3

Univariate Multilevel Reduction

3.1 Introduction

In this chapter we present a multilevel technique for the compression and reduction of univariate

data. Hierarchical compression techniques offer a high degree of flexibility which can be leveraged in

a number of ways. For instance, different end users may be satisfied with quite different levels of

accuracy when analyzing a dataset. A hierarchical scheme offers the flexibility to produce multiple

levels of partial decompression of the data so that each user can work with a reduced representation

that requires minimal storage while achieving the required level of tolerance. Alternatively, differing

local computational resources may constrain the amount of data that a particular user can feasibly

manage in their analysis. A hierarchical scheme is capable of providing a dataset that meets the

storage constraint while minimizing the lossiness.

In Section 3.2 we present algorithms that are designed with both of the above use cases in mind.

The performance of the algorithms is quantified in terms of the underlying Sobolev regularity of the

data and shown to be, in a sense to be made precise, quasioptimal. Importantly, the algorithms

do not require any a priori knowledge of the regularity of the data. Section 3.3 describes the

implementational details of the multilevel compression technique and, in particular, shows how the

decomposition can be performed in optimal complexity without incurring any additional storage

burden beyond that needed for the original dataset. Finally, in Section 3.4 the algorithm is applied

to the case of turbulence modelling, where the datasets are traditionally not only extremely large but

This chapter has been accepted to Computing and Visualization in Science with title Multilevel Techniques for
Compression and Reduction of Scientific Data—The Univariate Case and coauthors Mark Ainsworth, Ozan Tugluk,
and Scott Klasky.
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inherently nonsmooth and, as such, rather resistant to compression. Note that wavelet techniques

have been used successfully for modelling turbulence [SFPR05]. We apply the univariate algorithm

to the array-valued data by regarding each snapshot in time as a datum, and then compressing the

snapshots with time interpreted as the univariate index. We decompress the data for a range of

relative errors, carry out the usual analysis procedures for turbulent data, and compare the results of

the analysis on the reduced datasets to the results that would be obtained on the full dataset. The

results obtained demonstrate the promise of multilevel compression techniques for the reduction of

data arising from large scale simulations of complex phenomena such as turbulence modelling.

3.2 Algorithms for Data Reduction Based on Orthogonal

Projection

Let [a, b] be an interval on the real line partitioned into nonoverlapping intervals PL. Consider data

representing a function u defined on [a, b]. Concretely, the data will consist of the values of certain

degrees of freedom, e.g. the values taken by u at the knots NL of the intervals in PL. To reduce the

data, an alternative, smaller set of degrees of freedom must be chosen to represent the function (or

an approximation thereof), and the values of these new degrees of freedom must be determined. We

will assume that PL is the result of repeated bisection of intervals in an initial partition P0, resulting

in a hierarchy of increasingly fine partitions {P` : 0 ≤ ` ≤ L} and nodesets {N` : 0 ≤ ` ≤ L}. Each

successive partition has twice the number of intervals as the previous partition, so #P` = 2`#P0 for

` ∈ {0, . . . , L}.

Let V` denote the space of continuous piecewise linear functions with respect to the partition

P` for ` ∈ {0, . . . , L}. Then the spaces {V` : 0 ≤ ` ≤ L} are nested, in the sense that V0 ⊂ V1 ⊂

· · · ⊂ VL ⊂ L2([a, b]), and a function in V` is determined by #N` = #P` + 1 ' 2` degrees of freedom.

Let Q` : VL → V` be the L2([a, b]) projection onto V` for ` ∈ {0, . . . , L}. Given a function u ∈ VL,

we propose to select a reduced representation for u from among the projections {Q`u : 0 ≤ ` ≤ L}.

QLu = u, clearly, so no loss of accuracy is entailed in using QLu as a representation for u, although,

of course, neither is there any reduction of degrees of freedom in this case. At the opposite extreme,

using Q0u as a reduced representation uses the fewest degrees of freedom but at the same time is

the lossiest representation. Between these two extremes one can choose a reduced representation

Q`u ≈ u.

One use case that can be envisaged is a user interested in performing an analysis of a dataset
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but subject to memory constraints. In this scenario, the user wishes to have the best reconstruction

that can fit in the available storage. Algorithm 3.1 gives a procedure that generates a reduced

representation Q`u with ` the maximum possible such that the number n of degrees of freedom used

is no more than N , a prescribed storage limit.

Require: N ≥ #N0.
function Approximate(function u, number of DoFs N)

for ` = 0, 1, 2, . . . do
if #N` ≤ N and #N`+1 > N then

return Q`u
end if

end for
end function

Algorithm 3.1: Reduction given a constraint on the degrees of freedom available for the reduced
representation.

A second use case might be a user seeking the reduced representation with the fewest degrees of

freedom possible while meeting a prescribed tolerance on the relative error ε, i.e. satisfying for some

τ ≥ 0

ε =
‖u−Q`u‖
‖u‖

≤ τ

where ‖ · ‖ denotes the L2([a, b]) norm. Algorithm 3.2 gives a method for achieving this objective.

Require: τ ≥ 0.
function Approximate(function u, tolerance τ)

calculate ‖u‖
for ` = 0, 1, 2, . . . do

if ‖u−Q`u‖ ≤ τ‖u‖ then
return Q`u

end if
end for

end function

Algorithm 3.2: Reduction given a constraint on the maximum allowable error in the reduced
representation.

Observe that Algorithm 3.2 is guaranteed to terminate with ` ≤ L, since QLu = u. The

calculation of the error ‖u−Q`u‖ used in the stopping criterion can be carried out efficiently using

the Pythagorean identity ‖u − Q`u‖2 = ‖u‖2 − ‖Q`u‖2. Full details on how to compute ‖u‖ and

‖Q`u‖, as well as a description of how to compute the projections {Q`u : 0 ≤ ` ≤ L}, are presented

in Section 3.3.

The following result quantifies the performance of Algorithms 3.1 and 3.2 in terms of the Sobolev

regularity r of the data u. We emphasize that in order to apply Algorithms 3.1 and 3.2 it is not
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necessary to know the regularity of the data, i.e., the largest value of r such that u ∈ Hr([a, b]).

Theorem 3.1. Let u ∈ Hr([a, b]) for some r ∈ (0, 3/2). Suppose u 6= 0.

1. Let N ∈ N be given. Then Algorithm 3.1 gives a reduced representation using n ≤ N degrees of

freedom while achieving a relative error ε . N−r‖u‖r/‖u‖.

2. Let τ ∈ (0, 1] be given. Then Algorithm 3.2 gives a reduced representation with relative error

ε ≤ τ while requiring n . (τ‖u‖/‖u‖r)−1/r degrees of freedom.

Moreover, the L2([a, b]) projections used in Algorithms 3.1 and 3.2 are quasioptimal among linear

reductions, in the sense that: any other method using N degrees of freedom cannot guarantee relative

error below O(N−r‖u‖r/‖u‖); or, any other method guaranteeing relative error τ‖u‖r/‖u‖ must use

at least O(τ−1/r) degrees of freedom.

Proof. We begin with Item 1. With N ∈ N given, take M ∈ {0, . . . , L} so that Algorithm 3.1

returns QMu. Observe that the projection error u−QMu = (QL −QM )u can be written as the sum∑L
`=M+1 (Q` −Q`−1)u. We claim furthermore that

‖u−QMu‖2 =

L∑
`=M+1

‖(Q` −Q`−1)u‖2. (3.1)

It suffices to show that {(Q` − Q`−1)u : M < ` ≤ L} are pairwise orthogonal. Take m, ` ∈

{M + 1, . . . , L} differing. Without loss of generality, assume m < `. By the nestedness of the function

spaces, (Qm−Qm−1)u ∈ Vm ⊆ V`−1. Consequently, with ( · , · ) denoting the L2([a, b]) inner product,

(Q`u, (Qm −Qm−1)u) = (Q`−1u, (Qm −Qm−1)u),

and so (Q` −Q`−1)u ⊥ (Qm −Qm−1)u. Thus (3.1) holds.

Next we wish to relate the righthand side of (3.1) to the Hr([a, b]) norm of u. To this end we

use the following norm equivalence, which holds for r ∈ (0, 3/2) with constants independent of

u [BY93, Osw94]:

‖u‖2r '
L∑
`=0

22r`‖(Q` −Q`−1)u‖2, (3.2)

where Q−1 denotes the zero operator. The functions {(Q` −Q`−1)u : M < ` ≤ L} composing the

projection error u − QMu are exactly those that are weighted most heavily in (3.2). Multiplying
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each side of (3.1) by the least of these weights, 22r(M+1), we find that

22r(M+1)‖u−QMu‖2 =

L∑
`=M+1

22r(M+1)‖(Q` −Q`−1)u‖2

≤
L∑

`=M+1

22r`‖(Q` −Q`−1)u‖2 . ‖u‖2r.

Dividing through by 22r(M+1), we find that

‖u−QMu‖2 . 2−2r(M+1)‖u‖2r, (3.3)

again with constants independent of u (and M). As Algorithm 3.1 returns QMu, N is bounded by

#NM ≤ N < #NM+1. In particular, N < #NM+1 ' 2M+1. 2−2r(M+1) . N−2r, so ‖u−QMu‖2 .

(N−2r‖u‖2r/‖u‖2)‖u‖2, as desired.

Next, consider Item 2. With τ ∈ (0, 1] given, take M ∈ {0, . . . , L} so that Algorithm 3.2 returns

QMu, and let n be the number of degrees of freedom required to represent QMu. The case M = 0 is

trivial. If M > 0,

‖u−QMu‖2 ≤ τ2‖u‖2 < ‖u−QM−1u‖2. (3.4)

We remarked above that (3.3) holds with constants independent of u and M . That is, there exists

some constant λ > 0 independent of u and M such that λ‖u−QM−1u‖2 ≤ 2−2rM‖u‖2r. Combining

with (3.4), we find that λ−12−2rM‖u‖2r ≥ τ2‖u‖2. Rearranging, n ' 2M . (τ‖u‖/‖u‖r)−1/r, as

desired.

Finally, we consider the quasioptimality of Algorithms 3.1 and 3.2. Consider any linear reduction

operator T : Hr([a, b]) → L2([a, b]). If N degrees of freedom are required to represent Tu (i.e., if

rank(T ) = N), then ‖I − T‖ & N−r (with constant independent of N) [ET96, p. 119]. In other

words, there exists some u ∈ Hr([a, b]) such that ‖u − Tu‖ & (N−r‖u‖r/‖u‖)‖u‖, so T can only

guarantee accuracy of at best O(N−r‖u‖r/‖u‖). On the other hand, if T can guarantee accuracy of

τ‖u‖r/‖u‖ for all inputs u (i.e., if ‖u− Tu‖ ≤ τ‖u‖r for all nonzero u ∈ Hr([a, b])), we can conclude

that T must require at least O(τ−1/r) degrees of freedom: ‖I − T‖ ≤ τ and rank(T )−r . ‖I − T‖,

so rank(T ) & τ−1/r.

In order to verify the predictions of Theorem 3.1, we consider datasets corresponding to four

functions of known Sobolev regularities r ∈ {0.2, 0.6, 1.0, 1.4}. Figure 3.3 shows the dataset corre-

sponding to the case r = 0.2 along with a selection of its projections to intermediate levels. The

39



21 22 23 24 25 26 27 28 29

number of DoFs available N

2−13

2−11

2−9

2−7

2−5

2−3

2−1

re
la

ti
v
e

er
ro

r
a
ch

ie
v
ed

ε

u ∈ H0.2([0, 1])

u ∈ H0.6([0, 1])

u ∈ H1.0([0, 1])

u ∈ H1.4([0, 1])

CN−0.2

CN−0.6

CN−1.0

CN−1.4

Figure 3.1: Illustration of the error decay as Algorithm 3.1 is applied to data using increasing numbers
of degrees of freedom. As expected, the error decreases as the number of degrees of freedom used
increases, and the decay is fastest for the most regular data. The dependence of the error on the
number of degrees of freedom supplied agrees with Theorem 3.1.

performance of Algorithms 3.1 and 3.2 applied to each of the functions is illustrated in Figures 3.1

and 3.2. Observe that the dependence of the number of degrees of freedom on the error tolerance

(and vice versa) is consistent with the predictions of Theorem 3.1.

3.3 Implementation

As shown in the previous section, Algorithm 3.1 achieves quasioptimal errors when used to generate

a reduced representation given a fixed number of degrees of freedom. Likewise, Algorithm 3.2 uses a

quasioptimal number of degrees of freedom when used to generate a reduced representation achieving

a fixed error bound. In practice, though, scientists often use a dataset for multiple applications, each

requiring different accuracies or allowing for different numbers of degrees of freedom. The projection

onto a finer level may be needed to meet a prescribed tolerance. Conversely, if the data are to be

transferred across a network or onto a machine with limited storage, then the projection onto a

coarser level may be required.

In general, the accuracy needed or the number of degrees of freedom available may not be known

in advance, and in such cases one would ideally like to calculate and store the entire hierarchy of

projections {Q`u : 0 ≤ ` ≤ L}. Storing these projections näıvely, using the nodal values on N` to
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Figure 3.2: Illustration of the growth of number of degrees of freedom needed as Algorithm 3.2 is
applied to data with decreasing error tolerances. As expected, more degrees of freedom are required
to generate a reduced representation with greater accuracy, and the growth is fastest for the least
regular data. The dependence of the number of degrees of freedom needed on the error tolerance
agrees with Theorem 3.1.
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Figure 3.3: Illustration of a function u ∈ H0.2([a, b]) used in Figures 3.1 and 3.2 along with three of
its projections Q2u, Q4u, and Q6u.
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represent Q`u, will require
∑L
`=0 #N` ' 2#NL degrees of freedom. As mentioned in the introduction,

we are primarily concerned with data from extreme scale simulations which stress the available

storage media. As such, we cannot afford to double the storage requirement in order to retain the

intermediate projections. Alternatively, we could store only the original function u and recalculate

the projections {Q`u : 0 ≤ ` ≤ L} as required. The disadvantage of the latter approach is that

computing any intermediate projection Q`u would require O(#NL) operations.

In this section we adopt an approach between these two extremes. Specifically, we present data

structures and associated algorithms which enable us to reconstruct any of the projections Q`u

in O(#N`) operations without increasing the overall level of storage beyond the #NL degrees of

freedom required to store the original data u.

3.3.1 Decomposition

Let ` ∈ {0, . . . , L− 1} and suppose we have Q`+1u in hand. In particular, suppose we have an array

of the nodal values of Q`+1u on N`+1. We aim to compute Q`u, the next best reduced representation,

and to store it, together with Q`+1u, without requiring more than the #N`+1 degrees of freedom

originally needed to store Q`+1u. The key idea is based on the following decomposition:

Q`+1u = (I −Π`)Q`+1u+Q`u− (Q`u−Π`Q`+1u)︸ ︷︷ ︸
z`

, (3.5)

where Π` : VL → V` is the piecewise linear interpolant. Consider how each of the three terms above

can be represented. The first term, (I − Π`)Q`+1u, vanishes on N` and can therefore be represented

solely in terms of the values it takes on N`+1 \N`, the nodes in level P`+1 that are not present in P`.

Conversely, the second term, Q`u ∈ V`, can be represented using the values at the nodes present in

P`. The values taken by Q`u on N`+1 \ N` can be reconstructed through interpolation and as such

do not need to be stored. The third term, z`, need not be stored explicitly but can be reconstructed

from the first term thanks to the following observations:

• z` ∈ V`

• z` − (I −Π`)Q`+1u = −(Q`+1 −Q`)u ∈ V ⊥`

In other words, z` is the orthogonal projection of the first term in (3.5) onto V`:

Q`(I −Π`)Q`+1u = Q`IQ`+1u−Q`Π`Q`+1u = Q`u−Π`Q`+1u = z`.

42



xj xj+1 xj+2

Q`+1u(xj)
Q`+1u(xj+1)

Q`+1u(xj+2)

Π`Q`+1u(xj+1)
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Figure 3.4: Illustration of the calculation of (I − Π`)Q`+1u and storage of Π`Q`+1u. Here the nodes
xj and xj+2 belong to N` and the node xj+1 belongs to N`+1 \ N`. The value stored at each node
xj+1 in N`+1 \ N` is modified by subtracting the average of the values stored at the neighboring
coarse level nodes, while the values at the coarse level nodes are left unchanged. This results in the
values of (I −Π`)Q`+1u being stored on N`+1 \ N` and the values of Π`Q`+1u being stored on N`.

Hence, z` is the solution to the variational problem

find z` ∈ V` such that (z`, v`) = ((I −Π`)Q`+1u, v`) for all v` ∈ V` (3.6)

and thus it can be generated from the first term (see Subsection 3.3.3).

How can the decomposition in (3.5) be performed efficiently? The first term, (I −Π`)Q`+1u, is

constructed directly from Q`+1u by subtracting the interpolant Π`Q`+1u. Algorithmically, this can

be accomplished by simply adjusting the values stored on N`+1 \ N`, as illustrated in Figure 3.4.

Following this step, the original data has been decomposed as follows.

Q`+1u = (I −Π`)Q`+1u+ Π`Q`+1u

The next step is to replace Π`Q`+1u with Q`u. To this end, observe that

Q`u = Π`Q`+1u+ (Q`u−Π`Q`+1)u = Π`Q`+1u+ z`.

Hence, Q`u can be easily obtained given z`. Both Π`Q`+1u and z` are contained in V` and hence are

specified by their values on N`. Therefore, we can compute Q`u from Π`Q`+1u by adding the values

of z` on N`. In particular, the values stored on N`+1 \ N` are left untouched.

In summary, Q`+1u can be transformed to (I −Π`)Q`+1u and Q`u by the following procedure:
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1. Modify the nodal values of Q`+1u on N`+1 \ N` to become those of (I −Π`)Q`+1u, as shown

in Figure 3.4.

2. Compute z` by solving (3.6).

3. Add z` to Π`Q`+1u to obtain Q`u on N`.

By proceeding recursively, we can start with the nodal values of u = QLu on NL and successively

compute

(I −ΠL−1)QL︸ ︷︷ ︸
on NL\NL−1

, (I −ΠL−2)QL−1︸ ︷︷ ︸
on NL−1\NL−2

, . . . , (I −Π0)Q1︸ ︷︷ ︸
on N1\N0

, Q0u︸︷︷︸
on N0

. (3.7)

All of these functions can be represented without increasing the number of degrees of freedom that

were required to store u. We can easily reconstruct any of the projections {Q`u : 0 ≤ ` ≤ L} using

the procedure described in the next subsection.

Algorithm 3.2 requires the calculation of the approximation error ‖u−Q`u‖ when determining

whether to return a given projection Q`u. These errors can be computed during the decomposition

process. By the definition of the L2([a, b]) projection, ‖u−Q`u‖2 = ‖u‖2−‖Q`u‖2. ‖u‖2 and ‖Q`u‖2

can be calculated using Simpson’s rule. With {‖Q`u‖2 : 0 ≤ ` ≤ L} calculated once and stored,

the reduction errors {‖u − Q`u‖ : 0 ≤ ` ≤ L} can be determined in O(1) operations using O(L)

additional storage.

3.3.2 Recomposition

Let ` ∈ {0, . . . , L− 1} and suppose we have (I − Π`)Q`+1u and Q`u in hand. In particular, suppose

we have one array of the nodal values of (I −Π`)Q`+1u on N`+1 \N` and another of the nodal values

of Q`u on N`. We can recompute Q`+1u using (3.5):

Q`+1u = (I −Π`)Q`+1u+Q`u− z`. (3.8)

Algorithmically, (3.8) consists of the following steps:

1. Compute z` and then subtract it from Q`u. This leaves the nodal values of (I − Π`)Q`+1u

stored on N`+1 \ N` and the nodal values of Q`u− z` = Π`Q`+1u stored on N`.

2. Prolongate Π`Q`+1u from V` to V`+1 and add to (I −Π`)Q`+1u to obtain Q`+1u, as illustrated

in Figure 3.5.
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xj−2 xj−1 xj xj+1 xj+2

Q`+1u

Q`u− z`
(I −Π`)Q`+1u

Figure 3.5: Illustration of the recomposition of Q`+1u = (I − Π`)Q`+1u + (Q`u − z`). Here the
nodes xj−2, xj , and xj+2 belong to N` and the nodes xj−1 and xj+1 belong to N`+1 \ N`. We are
given the values of Q`u− z` on the coarse nodes N` and the values of (I −Π`)Q`+1u on the nodes
N`+1 \ N`. Hence, the values of Q`+1u are obtained by adding the averages of the values stored on
the neighboring coarse nodes to the values stored on N`+1 \ N`.

By proceeding recursively, we can start with the decomposition given in (3.7) and recompute any of

the projections {Q`u : 0 ≤ ` ≤ L} in the hierarchy given the corrections {z` : 0 ≤ ` < L}, which we

compute as described in the next subsection.

3.3.3 Computation of the Correction

The correction z` is obtained by solving (3.6). We can reformulate (3.6) as a matrix equation by

taking v` to be each of the coarse grid nodal basis functions {φ`( · ;xj) : xj ∈ N`} in turn. This

yields a matrix equation of the form M`
~ξ = ~f where M` is the mass matrix with respect to the nodal

basis on V`, ~ξ is the vector of nodal values taken by z`, and ~f is the load vector. Two issues need to

be tackled: the computation of ~f and the inversion of the mass matrix. The entries of ~f are given by

f j = ((I −Π`)Q`+1u, φ`( · ;xj)) = 1
4h`(α

−
`+1 + α+

`+1) (3.9)

where the notation is given in Figure 3.6. Finally, the system must be solved. M` is a tridiagonal

symmetric positive definite matrix, so ~ξ can be determined in O(#N`) operations [GVL96, Algo-

rithm 4.3.6]. This method requires a workspace of size O(#N`), which can be allocated once and

reused throughout the decomposition and recomposition procedures.

3.3.4 Summary

The algorithms described above are all of optimal complexity and require little by way of additional

storage. The only significant burden lies within the inversion of the mass matrix, which requires a

local workspace of size O(#N`) on level `. This necessary additional workspace can be allocated

once and then used as a temporary workspace elsewhere in the implementation. In summary, we
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Figure 3.6: Notation used in the evaluation of the righthand side (3.9) used in the computation of
the correction z`. Here xj−2, xj , and xj+2 belong to N` and xj−1 and xj+1 belong to N`+1 \ N`.
The nodal values of (I − Π`)Q`+1u on the neighboring nodes xj−1 and xj+1 are denoted by α−`+1

and α+
`+1.

have shown:

Theorem 3.2. The decomposition (3.7) requires the storage of #NL degrees of freedom and can be

computed in O(#NL) operations. Moreover, the decomposition can be used to reconstruct Q`u where

` ∈ {0, . . . , L} using O(#N`) operations.

Proof. The righthand side ~f can be computed at a cost of O(#N`) operations using (3.9), while the

cost of solving the resulting system of equations is also O(#N`). Hence, the cost of computing z` is

O(#N`). The splitting (3.5) requires the construction of {z` : 0 ≤ ` < L}, which in total costs

O(#N0) +O(#N1) + · · ·+O(#NL−1) = O(#NL)

operations since #N` ' 2`. Equally well, the computation of QMu from (3.7) also requires the

computation of {z` : 0 ≤ ` < M} at a cost of O(#N0)+ · · ·+O(#NM−1) = O(#NM ) operations.

3.4 Application to Reduction of Turbulence Data

In this section, we show how the hierarchical reduction scheme may be applied to a typical application

where large datasets are generated. We consider the pseudo-spectral simulation of forced isotropic

turbulence performed on an equispaced, periodic grid consisting of 10243 nodes over the box

[0, 2π]3 using a second-order Adams–Bashforth scheme and a Taylor-scale Reynolds number Rλ of

approximately 433 [PBLM07, LPW+08]. The simulation was performed using a simulation timestep

of size δt = 2× 10−4 over 50,280 timesteps. Constraints on the amount of data that could be

handled meant that the original simulation did not output the approximation at every timestep.
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Instead, decimation was applied and the approximation was only output at every tenth timestep. The

resulting dataset, comprising 5028 flowfield instances with a storage timestep of ∆t = 2× 10−3, is in

the public domain and available for download [PBLM07, LPW+08, Joh17b]. Even with decimation,

the total amount of data stored from the run is 60 TB. We select a subset, the velocity field on a

slice in the yz-plane consisting of 2562 gridpoints at 4097 storage timesteps, approximately 3.3 GB

in size for analysis.

Our objective is to apply the reduction algorithms described in Section 3.2 to this dataset. Using a

variety of specified relative errors, we examine the relationship between error bound and compression

ratio and the impact of the reduction on the results of postprocessing and analysis typically applied to

turbulence data. The usual quantities of interest when analyzing turbulence data are the fluctuations

of the velocity around the mean, the time evolution of the kinetic energy, the energy spectrum, and

two-point spatial and temporal correlations of velocity. It is also of interest to be able to make

qualitative examinations of contour plots of the velocity.

The levels of accuracy required for the analysis of the quantities of interest are generally higher

than the level needed to make a quick examination of the flow field at various timesteps. Moreover,

the analyst would want a significant level of data reduction when performing visualization of the

velocity fields but would set a higher relative error threshold when carrying out quantitative analysis

of the above quantities of interest. The hierarchical decomposition technique described in the previous

sections provides the flexibility to accommodate these requirements.

We apply the univariate compression procedure by regarding the data as array-valued. That is,

we take the dataset to be {u(n∆t) : 0 ≤ n ≤ 4096}, where u(n∆t) is an array of the values of u on

the spatial slice at timestep n. We generate a hierarchy of partitions {P` : 0 ≤ ` ≤ 12} of the time

interval [0, T ] over which the simulation is sampled by repeatedly pruning half of the timesteps.

For a given tolerance ε > 0, we wish to construct a reduced representation that has a relative

error of at most ε measured in the norm defined by

‖u‖2 =

∫ T

0

|u(t)|2 dt

where |u| denotes the Euclidean norm of the array-valued data (equivalent to the L2(Ω) norm over

the yz-spatial slice). Let M denote the number of nodes (here M = 2562) over the spatial slice.

Then we define an auxiliary tolerance δ = ε/
√
M‖u‖ > 0. For every node m in the yz-slice, we apply

Algorithm 3.2 to the univariate data {um(n∆t) : 0 ≤ n ≤ 4096} with the tolerance parameter δ to

select a particular projection operator, which we denote by Q(m), for the reduced approximation at
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the point. This means that the projection operator may be different at different nodes m, but in all

cases we have

‖um −Q(m)um‖ ≤ δ.

It easily follows that

‖u−Qu‖2 ≤Mδ2 = ε2‖u‖2

where Q is given by Q(m) at node m. In other words, the resulting reduced representation has

relative error at most ε.

3.4.1 Visualizations and Compression Ratios

First, we illustrate the performance of the reduction scheme when the primary interest is the

visualization of the velocity at a particular timestep. Figure 3.7 shows the contours of the component

of the velocity normal to the spatial slice along with the contours obtained when the aforementioned

reduction is performed with the choices ε = 10−2 and ε = 2.5× 10−1. The choice ε = 10−2 results in

a 4-fold reduction in the data and the reduced and original flow fields are virtually indistinguishable

to the naked eye, while the choice ε = 2.5× 10−1 results in a 200-fold reduction but still gives a

faithful representation of the true flow pattern.

Figure 3.9 presents the relationship between the error tolerance ε set and the number of degrees of

freedom used. In particular, we give the values of the compression ratio, defined to be the ratio of the

size of the original dataset to the size of the reduced representation. For instance, with a tolerance of

ε = 10−1, the compressor is able to reduce the dataset size about 30-fold, requiring around 45 s of

compute time for the decomposition of the original 3.3 GB dataset on a single processor i7-3520m

machine clocked at 2.9 GHz with 16 GB of RAM.

3.4.2 Kinetic Energy

The time evolution of the kinetic energy is an important diagnostic for turbulence simulation since

growth in kinetic energy is often the precursor to divergence of the numerical solver. The total kinetic

energy is defined as

Etot =
1

2
|u|2.

The average value of the kinetic energy is given [LPW+08] as Etot = 0.695 for the present simulation.

We wish to compare the time evolution of the kinetic energy computed using the reduced representation

with the values obtained using the full dataset. Figure 3.10 shows that the time evolution of the
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Figure 3.7: Contours of the velocity component normal to the slice at various timesteps obtained
using the original and reconstructed datasets with ε = 10−2 and ε = 2.5× 10−1. Compression ratios
of 4 and 200 are obtained with ε = 10−2 and ε = 2.5× 10−1, respectively.
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Figure 3.8: Pointwise deviation of the velocity component normal to the slice at various timesteps
obtained using reconstructed datasets with ε = 10−3, ε = 10−2, and ε = 2.5× 10−1. The compression
ratios obtained are 1.5, 4, and 200, respectively.
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Figure 3.9: Illustration of the compression ratios achieved using various levels of lossiness.

kinetic energy is virtually identical to the true energy evolution when the value of the relative error

is chosen to be ε = 10−2 and that the results obtained with ε = 10−1, while noticeably different from

the true values, may still be acceptable for practical purposes.

3.4.3 Temporal Power Spectrum

The power spectrum is used to identify the distribution of the energy across different spatial and

temporal scales of the flow. Energy accumulation in the smaller spatial scales is indicative of

underresolution in the numerical simulations. The temporal power spectrum is defined for k ∈ N by

E(k) = 〈û∗(k)û(k)〉,

where û is the Fourier transform of the velocity, û∗ is its complex conjugate, and 〈 · 〉 denotes the

spatial average.

The temporal power spectrum of a velocity flow field measures the distribution of kinetic energy

across different frequencies. For a purely random flow, the power spectrum would not vary with

frequency, signalling a uniform distribution of energy over different time scales. In fluid turbulence,

by contrast, one expects to see a cascade of energies, with lower frequencies carrying most of the

energy and higher frequency modes being less energetic.

Figure 3.11 presents the temporal power spectra for the original data and several reduced repre-
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Figure 3.10: Time histories of kinetic energy obtained using reduced representations at the error
levels ε indicated.

sentations. At low levels of lossiness, the power spectrum obtained using the reduced representation

is in good agreement with the true value. However, with ε = 10−1 the reduced spectrum differs

noticeably from the original. The discrepancies occur chiefly in the mid-high frequencies; even with

this large error, the reduced representation preserves the energy in the low and high frequency modes.

Overall, we see that using the reduced representation for the analyses does not introduce energy

into the flow and does not interfere with the distribution of the low and high frequency ranges of the

energy spectrum.

3.4.4 Temporal Autocorrelation

The final quantity that we check is the autocorrelation of the velocities. This statistic allows us

to ascertain whether any artificial correlation has been introduced into the velocity field by the

reduction procedure. Temporal autocorrelation is defined to be

R(τ) =
〈u(t)u(t+ τ)〉
〈u(t)

2〉

where 〈 · 〉 again denotes the spatial average. The autocorrelation function measures the dependence

of the flow field at time t+ τ on its state at t. In the case of turbulent flows, one expects that by

increasing τ this function should tend to zero if the simulation is well-resolved. Figure 3.12 gives a
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Figure 3.11: Temporal power spectra obtained using reduced representations at the error levels ε
indicated. For comparison, the line k−5/3 is also plotted [Kol41].

sample plot of temporal correlation of axial velocity at a particular gridpoint. Even at high lossiness,

the autocorrelation characteristics are preserved.

Overall, the results indicate that this univariate hierarchical reduction method can be effective

even when applied to traditionally challenging multivariate applications such as turbulence.

3.5 Conclusion

The present chapter is the first step in developing a new approach to data reduction based on

multilevel decomposition. The theory of multilevel decomposition is well-established – see for example

[DK92, BY93, DVDD98, Osw94, GO17] and the references therein – and it is widely used in the

linear algebra community, underpinning the convergence analysis of multigrid methods and other

related solvers. Here we are using that theory to develop data reduction algorithms instead. To the

best of our knowledge, this is the first time that multilevel decomposition has been applied to data

reduction.

The two most common multilevel decompositions are the hierarchical basis method [BDY88] and

the orthogonal decomposition. Here we select the orthogonal decomposition since the hierarchical

basis is defined in terms of interpolants and so is not stable for Sobolev regularity below d/2 (where

d is the spatial dimension of the domain over which the data are sampled). By contrast, the
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Figure 3.12: Temporal autocorrelation of the component of velocity normal to the slice at a typical
gridpoint obtained using reduced representations at the error levels ε indicated.

quasioptimality results given in Theorem 3.1 for the orthogonal decomposition hold for data in Hr(Ω)

for any r > 0. The ability to work with data of low regularity is lost if a pure hierarchical basis

approach is used.

The only problem with choosing the orthogonal basis decomposition is that it seems to require

additional memory to store all of the projections {Q`u : 0 ≤ ` ≤ L}. In Section 3.3 we show how

this can be avoided at the expense of computing certain L2([a, b]) projections. We do not regard

these projections as cost prohibitive because, as shown in Theorem 3.2, they require only O(#N`)

operations. Thus, the full hierarchy of projections may be efficiently computed and stored using no

memory beyond that originally required for u.

Compression is achieved by truncating the representation at some level according to Algorithms 3.1

or 3.2. The resulting reduced representation is defined by its values at the nodes N` of a grid P`

coarser than the original, full grid PL. It is a simple matter to generate the values at all of the nodes

NL by interpolating the values on N` if required. That is, the grid resolution is not lost when using

the multilevel technique presented in this chapter.

The final section, Section 3.4, is dedicated to an investigation of the performance of the reduction

method on a turbulence dataset. We decompress the data with a range of error tolerances, carry out

the usual analysis procedures on the reduced datasets, and compare the results to those obtained

with the original data. The results show good agreement, demonstrating the promise of multilevel
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compression techniques for the reduction of data arising from simulations of complex phenomena.
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Chapter 4

Multivariate Multilevel Reduction

with Pointwise Error Control

4.1 Introduction

In Chapter 3 we developed a hierarchical reduction method for univariate data on uniformly spaced

grids. This chapter extends these ideas to include multiple dimensions and adaptive reduction to

a user-prescribed tolerance or memory constraint. We give special attention to the case of tensor

product grids, which frequently occur in the solution of differential equations on regular domains and

in timestepping applications. Our approach permits the use of nonuniformly spaced grids, which can

prove problematic for many types of data reduction methods. Such grids arise, for example, in the

simulation of turbulent flows, where Chebyshev nodes are often used.

An important feature of our approach is the provision of guaranteed, computable bounds on

the loss incurred by the reduction of the data. Many users are leery of lossy algorithms, and will

only consider using them provided that numerical bounds on the pointwise difference between the

original and the reduced datasets are given. Accordingly, we develop techniques for bounding the

loss measured in the L∞(Ω) norm, and we show that these bounds are realistic in the sense that

they do not significantly overestimate the actual loss. The resulting loss indicators are used to

guide the adaptive reduction of the data so that the reduced dataset meets the storage or accuracy

This chapter has been submitted with title Multilevel Techniques for Compression and Reduction of Scientific
Data—The Multivariate Case and coauthors Mark Ainsworth, Ozan Tugluk, and Scott Klasky. Ozan Tugluk performed
the analyses and generated the figures for Subsections 4.4.2 and 4.4.3.
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requirements of the user.

The remainder of this chapter is organized as follows. In Section 4.2 we present the abstract

framework of the reduction technique, which is applied to the tensor product case in Section 4.3. In

Section 4.4 we present applications to datasets arising from the simulation of a nonlinear reaction–

diffusion problem, a turbulent channel flow, and a climate simulation. Section 4.5 concerns the

implementation of the core decomposition and recomposition procedures. Details regarding the

derivation of the loss indicator are given in Section 4.6.

4.2 Algorithms for Data Reduction Based on Orthogonal

Projection

Consider a function u defined on some domain Ω ⊂ Rd representing the solution to a problem of

interest. Typically u (or an approximation to u) is obtained in digital form through a discretization

consisting of the selection of a set of degrees of freedom and the determination of their values. These

degrees of freedom may be, for example,

• values taken by u (or a derivative) at certain points within Ω,

• coefficients for u with respect to some basis of functions on Ω, or

• a collection of derived quantities uniquely determining u.

In order to output or store the digital form of u, it is often necessary to create reduced representations

of u, which sacrifice some fidelity in the discretization in exchange for a reduction in filesize. To

produce a reduced representation, one may choose a smaller set of degrees of freedom to represent

an approximation to the original function. In the simplest case, this set may be a subset of the

original collection. For example, a signal stored as a collection of frequencies may be filtered by

discarding high-frequency components, or a time series may be decimated, with only a fraction of

the original datapoints retained (see Chapter 2). In general, though, the second set of degrees of

freedom may bear little or no relation to the first. In this chapter, we present a hierarchical set

of degrees of freedom which can be efficiently determined and naturally manipulated to produce

reduced representations of an input function u with no increase in storage cost. In Subsection 4.2.1

we establish the setting and define the degrees of freedom used. In Subsection 4.2.2 we develop

algorithms for generating reduced representations of arbitrary accuracy or size from these degrees of

freedom.
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4.2.1 Notation and Degrees of Freedom

Let Ω ⊂ Rd be a domain with a regular partition PL. Suppose that PL is obtained by repeatedly

refining an initial partition P0, generating a sequence of partitions {P` : 0 ≤ ` ≤ L} of Ω. Let N`

denote the set of vertices of the elements in P`, and let V` denote the space of continuous piecewise

(multi)linear functions with knots N`, so that V0 ⊆ · · · ⊆ VL. Let Q` : VL → V` denote the L2(Ω)

projection onto V`, and let Π` : VL → V` denote the piecewise linear interpolant onto V`.

As mentioned in Chapter 1, modern day storage systems are often hierarchical in nature, and data

stored in a system must be judiciously distributed across the entire hierarchy. To this end, we consider

hierarchical decompositions of the data. There are many possible hierarchical decompositions of the

data u relative to the partitioning {P` : 0 ≤ ` ≤ L}, but not all are suitable for data reduction. In

this chapter, we shall make use of a particular decomposition defined as follows. Let ∆` : VL → V` be

given by ∆`u = (I − Π`−1)Q`u. We refer to {∆`u : 0 ≤ ` ≤ L} as the multilevel components of u.

The multilevel components do not, strictly speaking, define a decomposition since they do not sum

directly to u. Nevertheless, given the multilevel components we can reconstruct the original function

u thanks to the following identity:

L∑
`=0

(I −Q`−1)∆`u =

L∑
`=0

(I −Π`−1 −Q`−1 +Q`−1Π`−1)Q`u

=

L∑
`=0

(I −Q`−1)Q`u =

L∑
`=0

(Q` −Q`−1)u = u

(4.1)

where we use the identities Q`−1Π`−1 = Π`−1 and Q`−1Q` = Q`−1. In view of this identity, we can

regard {∆`u : 0 ≤ ` ≤ L} as a splitting

VL 3 u←→ (∆0u, . . . ,∆Lu) ∈ V0 × · · · × VL. (4.2)

At first glance, it appears that it will be L+ 1 times as expensive to store the components in the

multilevel splitting (4.2) as to store the original data u. Fortunately, this proves not to be the case.

Consider how many degrees of freedom are required to store ∆`u ∈ V`. Let {φ`( · ;x) : x ∈ N`} be

the Lagrange basis for V`, defined by φ`(y;x) = δyx for x, y ∈ N`, so that we may write

∆`u(y) =
∑
x∈N`

∆`u(x)φ`(y;x) =
∑
x∈N`\N`−1

∆`u(x)φ`(y;x), (4.3)

where we have used the fact that Q`u(x) = Π`−1Q`u(x), and thus ∆`u(x) = 0, for all x ∈ N`−1. In
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other words, ∆`u can be stored using only the values ∆`u(x) at each of the ‘new’ nodes on level `,

i.e. at each x ∈ N ∗` = N` \ N`−1. Thus, the number of degrees of freedom required to store ∆`u is

not #N` but #N ∗` , the difference between #N` and #N`−1. This means that the cost of storing

all of the multilevel components {∆`u : 0 ≤ ` ≤ L} is actually identical to the cost of storing the

original function: #NL degrees of freedom.

The hierarchical basis for VL, consisting of the Lagrange functions {φ`( · ;x) : x ∈ N ∗` } on each

level `, can also be used to represent the hierarchical basis decomposition [BDY88]

VL 3 u←→ ((Π0 −Π−1)u, . . . , (ΠL −ΠL−1)u) ∈ V0 × · · · × VL.

The multilevel splitting is not the same as the hierarchical basis decomposition: as noted above, the

sum of the multilevel components is not u. In fact, as (4.1) shows, the multilevel splitting is actually

more akin to the orthogonal decomposition [BY93, Osw94]

VL 3 u←→ ((Q0 −Q−1)u, . . . , (QL −QL−1)u) ∈ V0 × · · · × VL,

which enjoys stability properties superior to those of the hierarchical basis decomposition. Storing

the orthogonal decomposition directly, in the absence of bases for {V` ∩ V ⊥`−1 : 0 ≤ ` ≤ L}, would

require
∑L
`=0 #N` degrees of freedom. The multilevel splitting, which we use in this chapter, enjoys

the best of both worlds: compact storage and superior stability.

4.2.2 Data Reduction

The splitting defined by (4.2) will form the basis of our data reduction algorithms. As shown in (4.3),

each multilevel component ∆`u can be represented by the scalars {∆`u(x) : x ∈ N ∗` }. We refer to

the collection over all levels ` ∈ {0, . . . , L} of these scalars as the multilevel coefficients for u. In

order to store the coefficients on a computer, we allocate storage u_mc and initialize it with values

u_mc[x] = ∆`u(x) = (I −Π`−1)Q`u(x) for x ∈ N ∗` and ` ∈ {0, . . . , L}.

In order to reduce the amount of storage required to represent u, we must discard some of these

multilevel coefficients. Specifically, we retain only the values of u_mc on a subset N ⊂ NL, thereby
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obtaining a set ~u_mc of reduced multilevel coefficients defined by

~u_mc[x] =


u_mc[x] x ∈ N

0 otherwise.

In order to define the corresponding reduced representation ũ, we first use (4.1) to express u in terms

of u_mc as follows:

u =

L∑
`=0

(I −Q`−1)
∑
x∈N∗`

u_mc[x]φ`( · ;x).

By analogy, the reduced coefficients ~u_mc define a function ũ ∈ VL by

ũ =
L∑
`=0

(I −Q`−1)
∑
x∈N∗`

~u_mc[x]φ`( · ;x).

Based on the above definition, Algorithm 4.4 in Subsection 4.5.4 gives an efficient implementation

for constructing the values of ũ at the nodes of the original grid from a set of reduced multilevel

coefficients ~u_mc. The resulting function ũ is a lossy reduced representation of u which requires the

storage of #N coefficients as compared with the original #NL. Ideally, we would choose the set

N to have as few entries as possible while at the same time ensuring that the overall loss satisfies

‖u− ũ‖L∞/‖u‖L∞ ≤ τ for some user-prescribed tolerance τ ≥ 0. Conversely, in some applications

hardware resources may impose a strict limit on the number N of degrees of freedom that can be

stored. In this case, we would seek to minimize the loss ‖u− ũ‖L∞ subject to the condition #N ≤ N .

Two questions naturally arise in these scenarios:

1. How should the index set N be chosen?

2. For a given index set N , how can we estimate the loss incurred?

In the latter case, we seek a loss indicator : a function η∞ : VL → [0,∞) satisfying

C1‖u− ũ‖L∞ ≤ η∞(u− ũ) ≤ C2‖u− ũ‖L∞ for all u− ũ ∈ VL

for some constants 0 < C1 ≤ C2. The lefthand bound establishes that the indicator is reliable – that

the true loss can always be guaranteed to meet a specified tolerance. The righthand bound establishes

that is efficient – that it will not indicate a large loss where none exists. The notion of a loss indicator

is analogous to the notion of an a posteriori error estimator for a numerical method [AO11].

In general, we will be able to express any linear indicator η∞(u− ũ) explicitly as a function of
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the difference between multilevel coefficients u_mc and ~u_mc. This enables us to assess the effect of

discarding coefficients in u_mc, and thereby to provide a criterion for choosing the index set N . In

the next section we will give a concrete example of a loss indicator and give algorithms for selecting

N in the case of tensor product grids on Cartesian product domains.

4.3 Multilevel Reduction on Tensor Product Grids

In this section we apply the general framework given in Section 4.2 to the specific case of tensor

product grids. Let Ω be the domain [a1, b1]× · · · × [ad, bd]. For simplicity, we will choose the initial

partition P0 to consist of the single element Ω and recursively generate P`+1 from P` by bisecting

each of the intervals, i.e. subdividing each element in P` into 2d new elements in P`+1. This results

in an increasing sequence V0 ⊂ · · · ⊂ VL of tensor product function spaces.

4.3.1 Loss Indicator

Following the general approach described in the previous section, we shall generate reduced represen-

tations for an input function u ∈ VL by discarding a subset of the multilevel coefficients u_mc. To

this end, we define a loss indicator η∞ : VL → [0,∞) as follows:

η∞(v) =

L∑
`=0

‖∆`v‖L∞ =

L∑
`=0

‖(I −Π`−1)Q`v‖L∞ .

The function η∞ is easily computable in terms of the multilevel coefficients v_mc for v:

η∞(v) =

L∑
`=0

‖∆`v‖L∞ =
L∑
`=0

∥∥∥ ∑
x∈N∗`

v_mc[x]φ`( · ;x)
∥∥∥
L∞

=

L∑
`=0

max
x∈N∗`

|v_mc[x]|. (4.4)

The following result establishes that η∞ is an efficient and reliable loss indicator.

Theorem 4.1. Let VL be the space of continuous piecewise multilinear functions on a tensor product

grid in d dimensions. Then

C1η∞(v) ≤ ‖v‖L∞ ≤ C2η∞(v) for all v ∈ VL

with C1 ≥ 3−d/2 and C2 ≤ 1 + 3d.
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Proof. We begin with the lefthand bound. For any v ∈ VL,

η∞(v) =

L∑
`=0

‖(I −Π`−1)Q`(v)‖L∞ ≤ max
`∈{0,...,L}

‖I −Π`−1‖L∞ max
`∈{0,...,L}

‖Q`‖L∞‖v‖L∞ ,

where ‖I −Π`−1‖L∞ and ‖Q`‖L∞ denote the operator norms of I −Π`−1 : L∞(V`)→ L∞(V`) and

Q` : L∞(VL)→ L∞(V`), respectively. The operator norm of Π`−1 : V` → V` is 1 for ` 6= 0 and 0 for

` = 0, so the first maximum is at most 2 by the triangle inequality. We show below, following the

proof of [CT87, Theorem 1], that ‖Q`‖L∞ ≤ 3 when d = 1. For general d, then, ‖Q`‖L∞ ≤ 3d by the

definition of the tensor product. As a result, η∞(v) ≤ C−1
1 ‖v‖L∞ with C−1

1 ≤ 2 · 3d.

We next show that ‖Q`‖L∞ ≤ 3 when d = 1. The domain in this case is simply an interval [a1, b1].

Fix a level ` in the hierarchy and enumerate N` as a1 = x1 < · · · < xn = b1, with n = #N`. Let

M be the mass matrix on V` defined by Mi,j = (φ`( · ;xi), φ`( · ;xj)). Write M = D(I +K), with I

the identity matrix, D the diagonal matrix given by Di,i = Mi,i, and K the bidiagonal matrix with

entries Ki,j equal to Mi,j/Mi,i if j ∈ {i− 1, i+ 1} and 0 otherwise. The norm of K as an operator

`∞(Rn)→ `∞(Rn), denoted ‖K‖`∞ , is calculated by taking the maximum of the row sums:

‖K‖`∞ = max
i∈{1,...,n}

n∑
j=1

|Ki,j | = max
i∈{1,...,n}

Mi,i−1 +Mi,i+1

Mi,i

with the convention that Mi,0 = Mn,n+1 = 0. Let h−i and h+
i denote the element widths xi − xi−1

and xi+1 − xi, respectively, with the convention that h−1 = h+
n = 0. Simple integrations show

that Mi,i−1 = h−i /6, Mi,i+1 = h+
i /6, and Mi,i = (h−i + h+

i )/3, so that ‖K‖`∞ = 1/2. Thus,

(I +K)−1 =
∑∞
m=0 (−K)m, and ‖(I +K)−1‖`∞ ≤

∑∞
m=0 ‖K‖m`∞ = 2, with ‖ · ‖`∞ again denoting

the `∞(Rn)→ `∞(Rn) operator norm.

Fix a function v ∈ VL and let ~α be the vector of nodal values of Q`v defined by αi = Q`v(xi).

~α solves the system M~α = (u, ~φ`), where (u, ~φ`) is the vector of inner products given by (u, ~φ`)i =

(u, φ`( · ;xi)). Thus, ~α = (I +K)−1D−1(u, ~φ`), and so, with | · |`∞ denoting the norm of a vector in

`∞(Rn),

|~α|`∞ ≤ ‖(I +K)−1‖`∞ |D−1(u, ~φ`)|`∞

≤ 2 max
i∈{1,...,n}

|D−1
i,i (u, φ`( · ;xi))|`∞

≤ 2 max
i∈{1,...,n}

(Mi,i)
−1‖u‖L∞‖φ`( · ;xi)‖L1 .

Another integration shows ‖φ`( · ;xi)‖L1 = (h−i + h+
i )/2 = 3Mi,i/2, so |~α|L∞ ≤ 3‖u‖L∞ . As
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|~α|L∞ = ‖Q`v‖L∞ , we conclude that ‖Q`‖L∞ ≤ 3. This completes the derivation of the lefthand

bound.

Now we turn to the righthand bound. Recall that v =
∑L
`=0 (I −Q`−1)∆`v for any v ∈ VL. By

the triangle inequality,

‖v‖L∞ ≤ max
`∈{0,...,L}

‖I −Q`−1‖L∞
L∑
`=0

‖∆`v‖L∞ = max
`∈{0,...,L}

‖I −Q`−1‖L∞η∞(v).

Here ‖I−Q`−1‖L∞ denotes the operator norm of I−Q`−1 : L∞(im(∆`))→ L∞(V`). As im(∆`) ⊆ V`,

we can use the triangle inequality and the previously obtained bound on ‖Q`−1‖L∞ to conclude that

‖v‖L∞ ≤ C2η∞(v) with C2 ≤ 1 + 3d.

Theorem 4.1 holds for arbitrary mesh spacings. As a consequence, the constants C1 and C2 can

be overly pessimistic in certain cases. In particular, in the case of meshes with uniform spacing, the

lefthand bound can be improved as follows.

Theorem 4.2. Let VL be the space of continuous piecewise multilinear functions on a uniform tensor

product grid in d dimensions. Then

C1η∞(v) ≤ ‖v‖L∞ ≤ C2η∞(v) for all v ∈ VL

with C1 ≥ 3−d/2 and C2 ≤ 1 + (
√

3/2)d.

This improved result follows from Theorem 4.1 and Section 4.6, where it is shown that ‖I −

Q`−1‖L∞ ≤ 1 + (
√

3/2)d in the case of uniform meshes. Alternative specializations can be obtained

when a particular mesh is in hand. For example, in Subsection 4.4.3 reductions are carried out on a

tensor product grid made of uniform elements in the x and z dimensions and Chebyshev elements

in the y dimension. Applying the general bound in the y dimension and the improved bound for

uniform grids in the x and z dimensions, we obtain the following.

Corollary 4.3. Let VL be the space of continuous piecewise multilinear functions on a tensor product

grid in three dimensions with uniform spacing in two dimensions and Chebyshev spacing in the third.

Then

C1η∞(v) ≤ ‖v‖L∞ ≤ C2η∞(v) for all v ∈ VL

with C1 ≥ 3−3/2 and C2 ≤ 1 + 32/22.
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4.3.2 Reduction Algorithms

We can now develop algorithms for the use cases of constrained loss and constrained storage. We

begin with constrained loss. Given a function u ∈ VL and some tolerance τ ≥ 0, we seek a

reduced representation ũ represented by a minimal number of nonzero degrees of freedom such that

‖u − ũ‖L∞/‖u‖L∞ ≤ τ . As in the previous section, we will generate ũ by selectively discarding

certain multilevel coefficients u_mc[x], letting the retained coefficients be indexed by N . The loss

indicator η∞(u− ũ) can be easily determined given the multilevel coefficients for u− ũ, as in (4.4).

The multilevel coefficients depend linearly on the function, so these are simply the differences between

u_mc, the coefficients for u, and ~u_mc, the coefficients for ũ. As a result,

η∞(u− ũ) =
L∑
`=0

max
x∈N∗`

|u_mc[x]− ~u_mc[x]| =
L∑
`=0

max
x∈N∗`
x 6∈N

|u_mc[x]|.

Taking the maximum over all levels `,

η∞(u− ũ) ≤ (L+ 1) max
x∈N∗L
x 6∈N

|u_mc[x]|.

Using Theorem 4.1, it suffices to find ũ such that η∞(u − ũ) ≤ τ‖u‖L∞/C2. So, if we retain

u_mc[x] for all x ∈ NL satisfying |u_mc[x]| > (τ‖u‖L∞)/(C2(L + 1)), then the resulting reduced

representation ũ will meet the prescribed bound on the relative loss. This gives rise to Algorithm 4.1.

Require: τ ≥ 0.
function Reduce(multilevel coefficients u_mc, norm ‖u‖L∞ , maximum level L, tolerance τ)

~u_mc← []

for ` = 0, . . . , L do
for x ∈ N ∗` do

if |u_mc[x]| > (τ‖u‖L∞)/(C2(L+ 1)) then
~u_mc[x]← u_mc[x]

else
~u_mc[x]← 0

end if
end for

end for
return ~u_mc

end function

Algorithm 4.1: Reduction given a constraint on the maximum allowable loss in the reduced represen-
tation.

The loss indicator may also be used to guide an algorithm for the use case of constrained storage.

Given a budget of N degrees of freedom, which multilevel coefficients should we keep? The natural
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course is to minimize the loss indicator

η∞(u− ũ) =

L∑
`=0

‖∆`(u− ũ)‖L∞ =

L∑
`=0

max
x∈N∗`
x 6∈N

|u_mc[x]|.

This knapsack problem [BT97] can be solved to give the set N of N coefficients which should be

retained. For simplicity we instead choose to minimize

(L+ 1) max
x∈NL
x 6∈N

|u_mc[x]| ≥
L∑
`=0

max
x∈N∗`
x6∈N

|u_mc[x]| = η∞(u− ũ),

giving rise to Algorithm 4.2.

Require: N ≥ 0.
function Reduce(multilevel coefficients u_mc, number of degrees of freedom N)

~u_mc← []

for ` = 0, . . . , L do
for x ∈ N ∗` do

if |u_mc[x]| is among the N greatest of u_mc then
~u_mc[x]← u_mc[x]

else
~u_mc[x]← 0

end if
end for

end for
return ~u_mc

end function

Algorithm 4.2: Reduction given a constraint on the degrees of freedom available for the reduced
representation.

4.4 Application Examples

The pair of reduction algorithms developed in Section 4.3 together constitute a MultiGrid Adaptive

Reduction of Data algorithm, which we call MGARD. We now apply MGARD to three representative

examples. In Subsection 4.4.1, we apply adaptive reduction in both space and time to the solution

of a coupled system of nonlinear PDEs on a uniform spatial mesh with uniform timestepping; in

Subsection 4.4.2, we compare the performance of MGARD with existing state-of-the-art reduction

algorithms in the context of meteorological data; and in Subsection 4.4.3, we demonstrate the

flexibility of our approach by applying it to the reduction of data with nonuniform spatial grids.
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Figure 4.1: Illustration of the effect of applying Algorithm 4.2 to the concentration of U at timestep
200. The first row shows the original dataset u alongside the reduced representations ũ obtained
using Algorithm 4.2 with N ∈ {50, 250, 1000}. The third row shows the losses u− ũ incurred in each
case. The second row depicts the index sets N used to generate the reduced representations. Each
node x ∈ NL is colored black if the corresponding multilevel coefficient was retained (x ∈ N ) and
white if it was discarded (x 6∈ N ). The adaptivity of the algorithm is on view: degrees of freedom
are preferentially allocated to the regions of the domain where the solution is least regular.

4.4.1 Brusselator Dataset

We now illustrate the performance of Algorithms 4.1 and 4.2 by applying them to the output of a

Brusselator simulation. The Brusselator is a model of a chemical oscillator [TGC99]. Two species U

and V interact according to

Ut = B + U2V − (A+ 1)U + α∇2U

Vt = AU − U2V + α∇2V.

A predictor–corrector scheme adapted from [GTAF97] is used to solve this system on a 65× 65 grid

for 1024 timesteps. The parameter values used are A = 3, B = 1, and α = 10−5, and the initial

condition is random. Figure 4.1 shows the concentration of U , the first reactant, at timestep 200

along with the reduced representations obtained by applying Algorithm 4.2 with N ∈ {50, 250, 1000}.
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Figure 4.2: Illustration of the loss incurred by
Algorithm 4.2 over time. The loss experienced
varies according to the regularity of the solution
over time, with the same pattern observed for
different storage constraints N .
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Figure 4.3: Illustration of the loss incurred by
Algorithm 4.1 with τ = 0.1% and the bounds
of Theorem 4.1. The actual loss ‖u− ũ‖L∞ is
controlled by the loss indicator η∞(u− ũ), as
desired.

Algorithm 4.2 is applied to every timestep in the solution with N ∈ {50, 250, 1000}. The resulting

reduced representation of U uses N degrees of freedom per timestep. The compression ratio achieved

is, therefore, constant across timesteps for a given N . The loss, though, depends on the character of

the solution at a given timestep. When the reaction is quiescent, little loss in incurred; when the

concentrations are in a state of flux, a greater loss is experienced. This phenomenon is illustrated in

Figure 4.2.

For some applications, this variable loss may be unacceptable. As mentioned previously, many

users will only use lossy algorithms if control of the loss can be guaranteed. For these use cases,

Algorithm 4.1 is more appropriate. Figure 4.3 illustrates the loss caused by applying Algorithm 4.1

with tolerance τ = 0.1% to each timestep of the solution.

Thus far, Algorithms 4.1 and 4.2 have been applied to the two-dimensional timeslabs of the

solution one by one. Typically, though, a timestepping application will not send each timestep to

disc separately. Instead, the output will be loaded into a cache or burst buffer, which, when full,

is dumped to disc all at once. Given that multiple timesteps will be stored together in memory

before writing, one might ask whether applying the reduction algorithms in time as well as space

could improve their performance by taking advantage of possible redundancies between timeslabs.
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Figure 4.4: Illustration of the results obtained
when applying Algorithm 4.1 (with τ = 1%
fixed) in time as well as space. The loss toler-
ance is always met, with better results achieved
when the reduction is applied to more timesteps
at once.
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Figure 4.5: Illustration of the compression ratio
achieved by Algorithm 4.2 over time. As with
the loss in Figure 4.2, the compression ratio
varies according to the regularity of the solution
over time, with the same pattern observed for
different tolerances τ .

Figure 4.4, which compares the compression ratios achieved by Algorithm 4.1 with and without

reduction in time, confirms that the algorithm can indeed take advantage of redundancies in the

data in time, resulting in better compression ratios for a given tolerance. Figure 4.5, analogous to

Figure 4.2, illustrates the compression ratios achieved when applying the reduction in space and time

and varying the tolerance τ used.

4.4.2 CESM Atmosphere Data

We now apply MGARD to data obtained from the CESM Atmosphere model (CESM-ATM) [BXD+14].

The data comprises single-precision floating point data on a uniformly spaced 1800 × 3600 grid.

Figure 4.6 shows the original data along with decompressed datasets obtained using various specified

tolerances. Table 4.1 shows the compression ratios obtained using MGARD, SZ [DC16], and zfp [Lin14].

These preliminary results show that MGARD is competitive with existing state-of-the-art compressors.
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original data τ = 0.1%

τ = 1% τ = 50%

Figure 4.6: Illustration of the effect of compression using MGARD on the CLDLOW data [BXD+14]
with indicated tolerances τ .

τ MGARD SZ zfp

0.0001% 2.03 2.32 1.76
0.1% 6.46 10.05 3.68

1% 22.62 28.23 4.38
10% 125.28 136.45 6.76
50% 999.23 1030.01 9.75

Table 4.1: Compression ratios obtained for reduction of the CLDLOW data [BXD+14]. The results
were obtained using zfp version 0.5.1 and SZ version 1.4.9.3.
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loss compression ratio

1% 5.71
5% 14.38

10% 26.14
15% 35.34

Table 4.2: Compression ratios and attained loss versus prescribed tolerance for channel flow data.

4.4.3 High Reynolds Number Channel Flow

In this subsection we consider data [PBLM07, LPW+08, Joh17a] obtained by a direct numerical

simulation [LM15] of channel flow (one of the canonical examples of turbulent flow) at Reynolds

number Reτ = 9.9935× 102. The computational domain Lx ×Ly ×Lz = 8π × 2× 3π (dimensionless

units) is discretized using a mesh of size Nx ×Ny ×Nz = 2048× 512× 1536 nodes. Each of the 4000

timeslices consists of the three velocity components at each of the 1.6 billion nodes, corresponding to

a dataset of size 18.3 GB per timeslice.

We apply MGARD to reduce the data on a single timeslice, treating each component of the velocity

across the 1536 two-dimensional z-slices (xy planes) independently. Although the mesh is equispaced

in the x and z directions, a Chebyshev grid is employed in the wall-normal direction (along the y

axis). The nonuniform grid spacing can pose difficulties for many existing compression techniques,

such as wavelets. However, MGARD is able to accommodate arbitrary spacings (see Section 4.3). The

overall reduction obtained with a range of tolerances is reported in Subsection 4.4.3. Figures 4.7

and 4.8 display the compression ratios obtained for each velocity component on each z-slice when

using loss tolerances of 1% and 10%. Figures 4.9 and 4.10 show the axial velocity fields of the reduced

and original data. We repeatedly zoom a selected region of the domain fourfold to highlight the

effects of reduction on progressively smaller scales of the flow. Scatter plots in the top right illustrate

which of the multilevel coefficients are retained in the reduced representations.

Finally, we consider the effect of reducing the data on the accuracy of some typical quantities

of interest in turbulence simulations. To this end we decompose each component of the velocity

field into the mean flow and fluctuations around the mean: ui = ui + u′i. Figures 4.11 to 4.13 show

the mean axial velocity, the variance of the turbulent velocity fluctuations 〈u′iu′i〉xz versus the wall

distance y+ = (1 + y)Reτ , and the Reynolds stress 〈u′1u′2〉xz versus y+. In all cases, we observe that

reduction with a relative error of 1% results in a negligible degradation in the quality of the quantity

of interest. For example, the position and the maximum amplitude of the variances and the Reynolds

stress is in good agreement with the location and values in the original.
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Figure 4.7: Compression ratio per z-slice for
each velocity component with 1% loss.
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Figure 4.8: Compression ratio per z-slice for
each velocity component with 10% loss.

Figure 4.9: Contours of the axial velocity at the channel center. The middle row displays contours
along the full length of the channel in the true (left) and reduced (right, using 1% tolerance) datasets.
The bottom row displays 4× zooms of selected square regions of the flows. The top row displays the
locations of the retained coefficients.
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Figure 4.10: Contours of the axial velocity at the channel center. The middle row displays contours
along the full length of the channel in the true (left) and reduced (right, using 10% tolerance) datasets.
The bottom row displays 4× zooms of selected square regions of the flows. The top row displays the
locations of the retained coefficients.
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Figure 4.11: Mean axial velocity profile versus
the wall coordinate y+.
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Figure 4.12: Reynolds stress −〈uv〉 versus the
wall coordinate y+.
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Figure 4.13: Variance of the turbulent velocity fluctuations versus the wall coordinate y+.
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Figure 4.14: Illustration of the steps in the recursive decomposition and recomposition procedures.

4.5 Implementation

The transformation of u to and from the multilevel coefficients is straightforward mathematically,

but care must be taken in practice so as not to increase the computational complexity or the

memory requirements of the overall reduction process. In this section, which primarily concerns the

tensor product case, we present recursive implementations for the decomposition and recomposition

transformations requiring O(#NL) operations and a temporary storage buffer of size O(#NL).

Figure 4.14 outlines the algorithms, which mirror one another. Decomposition requires a procedure

to transform Q`u to ∆`u and Q`−1u, while recomposition requires a procedure to combine ∆`u and

Q`−1u into Q`u.

4.5.1 Decomposition

As illustrated in Figure 4.14, the decomposition of an input function u can be achieved by repeatedly

splitting Q`u into ∆`u and Q`−1u. The first term is sent to storage, while the second is retained

for further decomposition. We aim to represent ∆`u and Q`−1u without requiring more than the

#N` degrees of freedom originally needed to represent Q`u. The key idea is based on the following

decomposition:

Q`u = (I −Π`−1)Q`u+Q`−1u− (Q`−1u−Π`−1Q`u)︸ ︷︷ ︸
z`−1

. (4.5)

Consider how each of the three righthand terms can be represented. As discussed in Subsection 4.2.1,

the first term, (I−Π`−1)Q`u = ∆`u, vanishes on N`−1 and can therefore be represented by the values

it takes on N ∗` . Conversely, the second term, Q`−1u, is contained in V`−1 and so can be represented

by the values it takes on N`−1. Its values on N ∗` can be reconstructed through interpolation and
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as such do not need to be stored. The third term, z`−1, need not be stored explicitly but can be

reconstructed by projecting the first term onto V`−1:

Q`−1(I −Π`−1)Q`u = Q`−1IQ`u−Q`−1Π`−1Q`u = Q`−1u−Π`−1Q`u = z`−1.

Hence, z`−1 is the solution to the variational problem

find z`−1 ∈ V`−1 : (z`−1, v`−1) = ((I −Π`−1)Q`u, v`−1) for all v`−1 ∈ V`−1 (4.6)

and thus it can be generated from the data (I −Π`−1)Q`u (see Subsection 4.5.3).

How can the decomposition in (4.5) be performed efficiently? The first term, (I −Π`−1)Q`u, is

constructed directly from Q`u by subtracting the interpolant Π`−1Q`u. Algorithmically, this can

be accomplished by simply adjusting the values stored on N ∗` . Following this step, Q`u has been

decomposed as follows.

Q`u = (I −Π`−1)Q`u︸ ︷︷ ︸
on N∗`

+ Π`−1Q`u︸ ︷︷ ︸
on N`−1

The next step is to replace Π`−1Q`u with Q`−1u. To this end, observe that

Q`−1u = Π`−1Q`u+ (Q`−1 −Π`−1Q`)u = Π`−1Q`u+ z`−1.

Both Π`−1Q`u and z`−1 are contained in V`−1 and hence are determined by their values on N`−1.

Therefore, we can compute Q`−1u from Π`−1Q`u and z`−1 by adding their values on N`−1. In

particular, the data stored on N ∗` are left untouched.

In summary, Q`u can be transformed to (I −Π`−1)Q`u and Q`−1u by the following procedure:

1. Modify the nodal values of Q`u on N ∗` to become those of (I −Π`−1)Q`u.

2. Compute z`−1 by solving (4.6).

3. Add z`−1 to Π`−1Q`u to obtain Q`−1u on N`−1.

After these steps, u has been transformed to

(I −ΠL−1)QLu︸ ︷︷ ︸
on N∗L

, . . . , (I −Π`−1)Q`u︸ ︷︷ ︸
on N∗`

, Q`−1u︸ ︷︷ ︸
on N`−1

.

We can complete the decomposition by proceeding recursively, as illustrated in Figure 4.15.
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Figure 4.15: Illustration of recursive procedures for the decomposition into multilevel coefficients and
the recomposition back to nodal coefficients.

4.5.2 Recomposition

The central step in the recomposition procedure is the compilation of Q`u from (I −Π`−1)Q`u and

Q`−1u. As shown in Figure 4.15, this can be accomplished by the reverse of the procedure used

in the preceding subsection to split Q`u into (I − Π`−1)Q`u and Q`−1u. We can recompute Q`u

using (4.5):

Q`u = (I −Π`−1)Q`u+Q`−1u− z`−1. (4.7)

Algorithmically, the sum in (4.7) involves the following steps:

1. Compute z`−1 and then subtract from Q`−1u. This leaves the nodal values of (I −Π`−1)Q`u

on N ∗` and the nodal values of Q`−1u− z`−1 = Π`−1Q`u on N`−1.

2. Prolongate Π`−1Q`u from V`−1 to V` and add to (I −Π`−1)Q`u to obtain Q`u.

These steps yield the partial recomposition

Q`u︸︷︷︸
on N`

, (I −Π`)Q`+1︸ ︷︷ ︸
on N∗`+1

, . . . , (I −ΠL−1)QL︸ ︷︷ ︸
on N∗L

.

Proceeding recursively, as illustrated in Figure 4.15, we can recompute the nodal values of u on

NL given the corrections {z`−1 : 0 < ` ≤ L}, which are computed as described in the following
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subsection.

4.5.3 Computation of the Correction

The correction z`−1 is obtained by solving (4.6). We can reformulate that variational problem as

a system of linear equations by taking v`−1 to be each of the coarse grid nodal basis functions

{φ`−1( · ;x) : x ∈ N`−1} in turn. The result is a matrix equation M`−1~zl-1 = ~fl-1, where M`−1 is the

mass matrix on V`−1 with respect to the nodal basis, ~zl-1 is the vector of coefficients for z`−1 with

respect to the same basis, and ~fl-1 is the load vector. Two issues need to be tackled: the inversion of

the mass matrix and the computation of ~fl-1.

The mass matrix has a special structure in the tensor product case. By the construction of the

function spaces, V`−1 is given by the tensor product V 1
`−1 ⊗ · · · ⊗ V d`−1, where V i`−1 is the space of

continuous piecewise linear functions on [ai, bi] with respect to the partition Pi`−1. Consequently,

M`−1 = M1
`−1 ⊗ · · · ⊗Md

`−1, where M i
`−1 is the mass matrix for V i`−1. The inverse of M`−1 is thus

given by M−1
`−1 = (M1

`−1)−1⊗ · · ·⊗ (Md
`−1)−1. Each M i

`−1 is a tridiagonal symmetric positive definite

matrix, so ~zl-1 can be determined using O(#N 1
`−1)× · · · ×O(#N d

`−1) = O(#N`−1) operations and

a workspace of size O(max #N i
`−1) [GVL96, Algorithm 4.3.6]. This procedure overwrites ~fl-1 with

~zl-1, so no additional buffer is required for the storage of the solution.

The entries of the load vector are given by ~fl-1[x] = ((I −Π`−1)Q`u, φ`−1( · ;x)) for x ∈ N`−1.

That is, ~fl-1 = ((I −Π`−1)Q`u, ~φ`−1). As V`−1 is a subspace of V`, there exists a transfer matrix R`

such that ~φ`−1 = R`~φ`. Let ~α be the vector of nodal values of (I −Π`−1)Q`u. Then

~fl-1 = ((I −Π`−1)Q`u, ~φ`−1) = ((I −Π`−1)Q`u,R`~φ`)

= R`((I −Π`−1)Q`u, ~φ`) = R`M`~α

because of the linearity of the inner product. Due to the tensor product structure of the function

spaces, R` is given by the tensor product of the univariate transfer matrices {Ri` : 1 ≤ i ≤ d}. As Ri`

requires O(#N i
` ) operations to apply, the matrix–vector multiplication of R` and M`~α can be carried

out in O(#N`) operations. A buffer of size #N` is required to store the intermediate vector M`~α.

4.5.4 Summary

The full decomposition and recomposition procedures are summarized in Algorithms 4.3 and 4.4.

The algorithms are of optimal complexity and require little by way of additional storage. The only
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step requiring a significant buffer is the computation of the correction ~zl-1. The workspace needed

can be allocated once and then used as a temporary buffer elsewhere in the implementation. In

summary, we have shown the following.

Theorem 4.4. Let VL be the space of continuous piecewise multilinear functions on a uniform tensor

product grid in d dimensions. The decomposition of a function u ∈ VL into multilevel coefficients

{∆`u : 0 ≤ ` ≤ L} requires the storage of #NL degrees of freedom and can be computed in O(#NL)

operations. The recomposition can be likewise computed in O(#NL) operations.

Proof. The righthand side ~fl-1 can be computed by performing matrix–vector multiplications with

M` and R` at a cost of O(#N`) operations. The cost of solving the resulting system of equations is

O(#N`−1), and hence z`−1 can be computed at a cost of O(#N`). The full decomposition requires

the construction of {z`−1 : 0 < ` ≤ L}, costing O(#N1) + · · · + O(#NL). As #N` ' 2`d, the

combined cost is O(#NL). Equally well, the reconstruction of u from the multilevel coefficients also

requires the computation of {z`−1 : 0 < ` ≤ L} at a cost of O(#NL) operations.

function Decompose(nodal coefficients &coeffs, maximum level L)
for ` = L, . . . , 0 do //coeffs[N`] now represents Q`u.

for x ∈ N ∗` do
compute Π`−1Q`u(x)
coeffs[x]← coeffs[x]−Π`−1Q`u(x)

end for //coeffs[N ∗` ] now represents (I −Π`−1)Q`u.
//coeffs[N`−1] now represents Π`−1Q`u.

~fl-1 ← R`M`coeffs[N ∗` ]
~zl-1 ←M−1

`−1
~fl-1 //~zl-1 now represents z`−1.

for x ∈ N`−1 do
coeffs[x]← coeffs[x] + ~zl-1[x]

end for //coeffs[N`−1] now represents Q`−1u.
end for
return coeffs

end function

Algorithm 4.3: Transformation from nodal to multilevel coefficients.

4.6 Estimation of ‖I −Q`−1‖L∞

The proof of Theorem 4.2 required a uniform bound on the operator norm of I −Q`−1 : L∞(im(Π` −

Π`−1))→ L∞(im(Q` −Q`−1)). The objective of this section is to obtain that bound.

Fix ` ∈ {1, . . . , L}. We begin with some notation. Let N = #N`−1 − 1. For x ∈ N`, let xL and

xR denote #{y ∈ N`−1 : y < x} and #{y ∈ N`−1 : y > x}, respectively. Set λ0 = −2 +
√

3 and

λ1 = −2 −
√

3, and let Λ0 and Λ1 denote the absolute values of λ0 and λ1, respectively. Define
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function Recompose(multilevel coefficients &coeffs, maximum level L)
for ` = 0, . . . , L do //coeffs[N`−1] now represents Q`−1u.

//coeffs[N ∗` ] now represents (I −Π`−1)Q`u.
~fl-1 ← R`M`coeffs[N ∗` ]
~zl-1 ←M−1

`−1
~fl-1 //~zl-1 now represents z`−1.

for x ∈ N`−1 do
coeffs[x]← coeffs[x]− ~zl-1[x]

end for //coeffs[N`−1] now represents Π`−1Q`u.
for x ∈ N ∗` do

compute Π`−1Q`u(x)
coeffs[x]← coeffs[x] + Π`−1Q`u(x)

end for //coeffs[N`] now represents Q`u.
end for
return coeffs

end function

Algorithm 4.4: Transformation from multilevel to nodal coefficients.

coshΛ, sinhΛ : R → R by coshΛ(n) = 1
2 (Λn1 + Λn0 ) and sinhΛ(n) = 1

2 (Λn1 − Λn0 ). As Λ0Λ1 = 1, the

addition and subtraction identities for cosh and sinh also hold for coshΛ and sinhΛ.

For all x ∈ N ∗` and y ∈ N`−1, φ`(y;x) = 0. As a result,

max
y∈N`−1

∑
x∈N∗`

|(I −Q`−1)φ`( · ;x)(y)| = max
y∈N`−1

∑
x∈N∗`

|Q`−1φ`( · ;x)(y)|.

The first step in bounding this maximum is deriving an expression for the values taken by the

projections {Q`−1φ`( · ;x) : x ∈ N ∗` } on the nodes N`−1. The following result gives such an

expression.

Lemma 4.5. For x ∈ N ∗` and y ∈ N`−1,

Q`−1φ`( · ;x)(y) =
3(−1)N+1+k0

2 sinhΛ(N) sinhΛ(1)
(coshΛ(k1)− coshΛ(k1 − 1)) coshΛ(k2)

where (k0, k1, k2) =


(xR + yL, xR, yL) y < x

(xL + yR, xL, yR) x < y.

Proof. Fix x ∈ N ∗` . We will denote by {aj : 0 ≤ j < xL} the nodal values {Q`−1φ`( · ;x)(y) :

y ∈ N`−1 and y < x}, with Q`−1φ`( · ;x)(y) = ayL . By definition, (Q`−1φ`( · ;x), φ`−1( · ; y)) =

(φ`( · ;x), φ`−1( · ; y)) for all y ∈ N`−1. Let y− and y+ denote the nodes of N`−1 to the immediate

left and right, respectively, of x. Observe that (φ`( · ;x), φ`−1( · ; y)) = 0 if y 6∈ {y−, y+}. So, the
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nodal values {aj : 0 ≤ j < xL} satisfy the linear recurrence relation


0 = 2aj + aj+1 j = 0

0 = aj−1 + 4aj + aj+1 j ∈ {1, . . . , xL − 2}.

The characteristic polynomial λ2 + 4λ+ 1 has roots λ0 = −2 +
√

3 and λ1 = −2−
√

3, so the nodal

values are given, for some coefficients α0, α1 ∈ R, by aj = α0λ
j
0 + α1λ

j
1. The boundary condition at

j = 0 implies that α0 = α1:

0 = 2α0 + 2α1 + λ0α0 + λ1α1 = (2 + λ0)α0 + (2 + λ1)α1 =
√

3(α0 − α1).

By the same token, the nodal values {Q`−1φ`( · ;x)(y) : y ∈ N`−1 and x < y}, denoted {bj : 0 ≤

j < xR} with Q`−1φ`( · ;x)(y) = byR , are given by bj = β0λ
j
0 + β0λ

j
1 for some coefficient β0 ∈ R.

Define coshλ : {0, . . . , N} → R by coshλ(n) = 1
2 (λn1 + λn0 ). Rescaling and denoting the unknown

coefficients α and β, we conclude that aj = α coshλ(j) for j ∈ {0, . . . , xL − 1} and bj = β coshλ(j)

for j ∈ {0, . . . , xR − 1}.

The final step is to determine α and β. Let h be the element size on P`−1. For y ∈ {y−, y+},

(φ`( · ;x), φ`−1( · ; y)) = 1
2 (φ`( · ;x), φ`−1( · ; y−) + φ`−1( · ; y+)) = 1

4h, so that {aj : 0 ≤ j < xL} and

{bj : 0 ≤ j < xR} are coupled by the conditions

1
4h = 1

6haxL−2 + 2
3haxL−1 + 1

6hbxR−1

1
4h = 1

6haxL−1 + 2
3hbxR−1 + 1

6hbxR−2.

Substituting in the expressions for the nodal values, the first of these equations can be written

3/2 = α coshλ(xL − 2) + 4α coshλ(xL − 1) + β coshλ(xR − 1). Observe that 0 = α coshλ(xL − 2) +

4α coshλ(xL − 1) + α coshλ(xL). Subtracting, we find that 3/2 = β coshλ(xR − 1) − α coshλ(xL).

Similarly, the second equation implies that 3/2 = α coshλ(xL − 1) − β coshλ(xR). Thus, α and β

solve the linear system

− coshλ(xL) coshλ(xR − 1)

coshλ(xL − 1) − coshλ(xR)


α
β

 =

3/2

3/2

 .
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Denote this matrix M . The determinant of M is given by

det(M) = coshλ(xL) coshλ(xR)− coshλ(xL − 1) coshλ(xR − 1)

= 1
2

(
coshλ(xL + xR) + coshλ(xL − xR)

− coshλ((xL − 1) + (xR − 1))

− coshλ((xL − 1)− (xR − 1))
)

= 1
2

(
coshλ(N + 1)− coshλ(N − 1)

)
using the addition and subtraction identities for coshλ (which hold because λ0λ1 = 1). The solution

of the system is then given by

α
β

 =
1

det(M)

− coshλ(xR) − coshλ(xR − 1)

− coshλ(xL − 1) − coshλ(xL)


3/2

3/2


= − 3

coshλ(N + 1)− coshλ(N − 1)

coshλ(xR) + coshλ(xR − 1)

coshλ(xL) + coshλ(xL − 1)

 .
Thus,

Q`−1φ`( · ;x)(y) = −
3
(
coshλ(xR) + coshλ(xR − 1)

)
coshλ(N + 1)− coshλ(N − 1)

coshλ(yL)

if y < x, and

Q`−1φ`( · ;x)(y) = −
3
(
coshλ(xL) + coshλ(xL − 1)

)
coshλ(N + 1)− coshλ(N − 1)

coshλ(yR)

if x < y. We reach the desired expression using the identities

coshλ(n) = (−1)n coshΛ(n)

coshΛ(N + 1)− coshΛ(N − 1) = 2 sinhΛ(N) sinhΛ(1).

Next we take absolute values and sum over x ∈ N ∗` .

Lemma 4.6. For y ∈ N`−1,

∑
x∈N∗`

|Q`−1φ`( · ;x)(y)| = 3

coshΛ(N) + coshΛ(yR − yL)
− coshΛ(yR)− coshΛ(yL)

2 sinhΛ(N) sinhΛ(1)
.

Proof. Fix a node y ∈ N`−1 at which to evaluate the projections. N ∗` can be partitioned into the

nodes to the left and to the right of y. Consider first those nodes to the left. We found in Lemma 4.5
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that

|Q`−1φ`( · ;x)(y)| =
3
(
coshλ(xL)− coshλ(xL − 1)

)
2 sinhΛ(N) sinhΛ(1)

coshΛ(yR)

if x < y. Summing over all such x,

∑
x∈N∗`
x<y

|Q`−1φ`( · ;x)(y)| = 3 coshΛ(yR)

2 sinhΛ(N) sinhΛ(1)

yL∑
xL=1

coshΛ(xL)
− coshΛ(xL − 1)

=
3 coshΛ(yR)

(
coshΛ(yL)− coshΛ(0)

)
2 sinhΛ(N) sinhΛ(1)

.

Equally well, for the nodes to the right of y we have

∑
x∈N∗`
x>y

|Q`−1φ`( · ;x)(y)| = 3 coshΛ(yL)

2 sinhΛ(N) sinhΛ(1)

yR∑
xR=1

coshΛ(xR)
− coshΛ(xR − 1)

=
3 coshΛ(yL)

(
coshΛ(yR)− coshΛ(0)

)
2 sinhΛ(N) sinhΛ(1)

.

Summing, we find that

∑
x∈N∗`

|Q`−1φ`( · ;x)(y)| = 3

2 coshΛ(yR) coshΛ(yL)
− coshΛ(yR)− coshΛ(yL)

2 sinhΛ(N) sinhΛ(1)
.

The desired result now follows from the identity

2 coshΛ(yR) coshΛ(yL) = coshΛ(N) + coshΛ(yR − yL).

Maximizing the expression in Lemma 4.6 over y ∈ N`−1, we obtain the following bound.

Corollary 4.7.

max
y∈N`−1

∑
x∈N∗`

|Q`−1φ`( · ;x)(y)| ≤
√

3

2
.

Proof. By Lemma 4.6,

max
y∈N`−1

∑
x∈N∗`

|Q`−1φ`( · ;x)(y)| = max
y∈N`−1

3

coshΛ(N) + coshΛ(yR − yL)
− coshΛ(yR)− coshΛ(yL)

2 sinhΛ(N) sinhΛ(1)
. (4.8)

Since yL, yR ∈ {0, . . . , N}, | 12 (yR−yL)| ≤ N/2. coshΛ(n) is increasing in |n|, so coshΛ( 1
2 (yR−yL)) ≤
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coshΛ(N/2). As a result,

2 coshΛ( 1
2 (yR − yL)) coshΛ( 1

2 (yR − yL)) ≤ 2 coshΛ(N2 ) coshΛ( 1
2 (yR − yL))

coshΛ(yR − yL) + coshΛ(0) ≤ coshΛ(yR) + coshΛ(yL).

In particular,

coshΛ(N) + coshΛ(yR − yL)− coshΛ(yR)− coshΛ(yL) ≤ coshΛ(N)− coshΛ(0).

Observe that this inequality becomes an equality when yL ∈ {0, N}. Thus,

max
y∈N`−1

∑
x∈N∗`

|Q`−1φ`( · ;x)(y)| = 3
coshΛ(N)− coshΛ(0)

2 sinhΛ(N) sinhΛ(1)
.

As sinhΛ(N/2) ≤ coshΛ(N/2),

2 sinhΛ(N/2) sinhΛ(N/2) ≤ 2 coshΛ(N/2) sinhΛ(N/2)

coshΛ(N)− coshΛ(0) ≤ sinhΛ(N)− sinhΛ(0) = sinhΛ(N).

We conclude that

max
y∈N`−1

∑
x∈N∗`

|Q`−1φ`( · ;x)(y)| ≤ 3

2 sinhΛ(1)
=

√
3

2
.

We now arrive at the bound needed for Theorem 4.2.

Corollary 4.8. Let VL be the space of continuous piecewise multilinear functions on a uniform

tensor product grid in d dimensions. Then ‖I −Q`−1‖L∞ ≤ 1 + (
√

3/2)d.

Corollary 4.8 follows from Corollary 4.7, which gives a bound for ‖Q`−1‖L∞ in the unidimensional

case; the definition of the tensor product, allowing us to bound ‖Q`−1‖L∞ ≤ (
√

3/2)d in the

multidimensional case; and the triangle inequality applied to I −Q`−1.
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Chapter 5

Multivariate Multilevel Reduction

with Control of Quantities of

Interest

5.1 Introduction

Compression methods for scientific data are a topic of interest because of the difficulty of transmitting,

storing, analyzing, and understanding the mountains of simulation and experiment data produced

each year. Though compression is typically separated from analysis as a distinct step of the scientific

workflow, the two share a common goal: to extract from a mass of raw data the essential structure

and key features of the phenomenon under study while ignoring or discarding the noise and simulation

errors that contain no information of interest. Even so, compression is often viewed as a hindrance,

begrudgingly tolerated out of practical necessity, that interferes with the project of understanding

a dataset, and practitioners commonly restrict their use of compression to lossless methods, which

make no change to the input data.

This blinkered approach to compression is ill-advised for several reasons. The first is practical:

lossless algorithms have generally been unable to achieve the high compression ratios desired by

users. More philosophically, there is noise in every measurement and error inherent to any numerical

method, so to insist on bitwise reproduction of one’s input data is to burn computational resources
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treating meaningless errors with the same reverence afforded the scientifically relevant aspects of the

data. Finally, there is the issue of how much information will realistically ever be extracted from a

given dataset. A dataset of size 1 GiB is not, in all likelihood, being used to answer 230 ‘yes or no’

questions. Instead, it was generated to answer a much smaller number of more complex questions:

the width of a boundary layer, the stability of some parameter configuration, the correlation between

two variables in a particular area of the domain, etc. Without knowing anything about the nature

of the questions to be asked, one can do little but use a lossless method on the 1 GiB and hope for

some space savings. If, though, these motivating questions are known, lossy methods can be of great

utility.

Like their lossless counterparts, lossy compression algorithms may be evaluated using various

performance metrics: execution time, memory usage, bandwidth achieved, scalability, and so on.

Principally, though, a lossy algorithm is judged by the fidelity between original dataset it is given

and the reduced dataset it returns. Fidelity and reduction are in direct competition, so it is

worthwhile to discuss what exactly is required of a reduced dataset for it serve as a scientifically

useful surrogate. Consider a typical numerical simulation outputting a representation of some field

over a spatiotemporal domain. Generally, application scientists are not primarily concerned with the

pointwise values taken by such a field – for instance, the pressure of a flow at location (x, y, z) and

time t. Rather, the quantities of interest are derived statistics computed from these pointwise values.

These quantities may be scalar-valued (for example, averages of some variable or its derivatives over

subdomains of particular sizes) or vector-valued (for example, a gradient or a vorticity).

A wide variety of quantities of interest may be written in the form Q(u), where u is the function

resulting from the numerical simulation and Q is a bounded linear functional defined on a function

space containing u. Let ũ be some reduced representation of u. Following reduction, the quantity of

interest is calculated with ũ instead of u, causing a loss Q(u)−Q(ũ). Given a particular reduced

representation ũ, we would like to estimate this loss. Equally well, we would like to use a prescribed

limit on the acceptable loss to inform the selection of ũ. In the previous chapter, we discussed a

reduction procedure allowing for control of ‖u− ũ‖L∞ , the L∞(Ω) loss in the original dataset. In

that context, the loss in the quantity of interest may be bounded as follows:

|Q(u)−Q(ũ)| = |Q(u− ũ)| ≤ CQ,L∞‖u− ũ‖L∞ (5.1)

where CQ,L∞ is a constant that depends on Q (in particular, the norm of Q as a linear functional

on an appropriately defined function space). This approach is unsatisfying. The L∞(Ω) norm is
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very exacting: a bound on ‖u− ũ‖L∞ imposes severe restrictions on the reduced representation ũ at

every point in the domain. In this chapter we will instead use a family {‖ · ‖s : |s| < 3/2} of norms,

generally more forgiving than ‖ · ‖L∞ , to measure the reduction loss u− ũ. Revisiting (5.1), we will

then bound |Q(u) − Q(ũ)| ≤ CQ,s‖u − ũ‖s where, as before, CQ,s is a constant depending on Q.

This approach allows for inexpensive reduction of u while limiting the resulting distortion in any

quantities of interest.

The remainder of this chapter is organized as follows. Section 5.2 presents a pair of algorithms

implementing a nonadaptive reduction technique, which is shown to be quasioptimal. In Section 5.3

these methods are generalized to adaptive reduction with control of quantities of interest. This step

is accomplished with the help of a family of loss estimators which we show to be equivalent to the

norms {‖ · ‖s : |s| < 3/2}. The performance of the adaptive reduction technique on a Brusselator

dataset is investigated in Section 5.4. Intermediate results required for the preceding sections are

collected in Section 5.5.

5.2 Nonadaptive Reduction

We begin by establishing the setting. Let Ω ⊂ Rd be a Cartesian product of intervals. Let uniform

initial meshes on each of these intervals be repeatedly uniformly refined, resulting in hierarchies of

increasing meshes. Tensoring together yields a hierarchy {P` : 0 ≤ `} of uniform meshes on Ω. In

practice, refinement is stopped at some maximum level L. Let V` denote the space of continuous

functions piecewise multilinear with respect to P`, and let Q` and Π` denote the L2(Ω) projection

and piecewise multilinear interpolant, respectively, onto V`. Let N` denote the set of nodes in P`,

and let N ∗` denote N` \ N`−1.

Our data will be some function u ∈ VL defined on the finest mesh in the hierarchy. It will often

be useful to think of u as the projection of a function in some Sobolev space Hr(Ω). Consider the

family of norms {‖ · ‖s : |s| < 3/2} on ∪∞`=0V` defined by

‖u‖2s =

∞∑
`=0

22s`‖(Q` −Q`−1)u‖2. (5.2)

The norms thus defined are equivalent to the usual Sobolev norms {‖ · ‖Hs : |s| < 3/2} [BY93, Osw94],1

and so we will define the Sobolev norms by these sums. Consider the problem of finding accurate (as

measured by some Sobolev norm ‖ · ‖s with s ∈ [0, r)) reduced representations of a given function

1The proof given in [BY93] assumes that the functions in question are piecewise linear, but the result may easily be
generalized to multilinear functions.
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u ∈ VL. We will show that the simple approach of choosing ũ to be one of the projections Q`u is

quasioptimal among all linear methods.

Require: N ≥ #N0.
function Approximate(function u, number of DoFs N)

for ` = 0, 1, 2, . . . do
if #N` ≤ N and #N`+1 > N then

return Q`u
end if

end for
end function

Algorithm 5.1: Reduction given a constraint on the degrees of freedom available for the reduced
representation.

Require: τ ≥ 0.
Require: u ∈ Hs(Ω).

function Approximate(function u, smoothness parameter s, tolerance τ)
calculate ‖u‖s
for ` = 0, 1, 2, . . . do

if ‖u−Q`u‖s ≤ τ‖u‖s then
return Q`u

end if
end for

end function

Algorithm 5.2: Reduction given a constraint on the maximum allowable error in the reduced
representation.

Algorithms 5.1 and 5.2 provide procedures for generating reduced representations given constraints

on the number of degrees of freedom to be used and the maximum allowable error (defined by

ε = ‖u− ũ‖s/‖u‖s), respectively. Compare with Algorithms 3.1 and 3.2 from Chapter 3. Given the

constraint that the reduced representation for u come from {Q`u : 0 ≤ ` ≤ L}, the algorithms are

perfectly straightforward: Algorithm 5.1 says we should pick the finest projection that fits in the

available space, while Algorithm 5.2 says we should pick the smallest projection that satisfies the loss

tolerance. What is notable about these procedures and the choice of {Q`u : 0 ≤ ` ≤ L} as candidate

reduced representations is that they yield quasioptimal reductions of the original data u. This claim

is made precise in the following result.

Theorem 5.1. Let u ∈ Hr(Ω) for some r ∈ (0, 3/2), and take s ∈ [0, r). Suppose u 6= 0.

1. Let N ∈ N be given. Then Algorithm 5.1 gives a reduced representation using n ≤ N degrees of

freedom while achieving a relative error ε . N−(r−s)/d‖u‖r/‖u‖s.

2. Let τ ∈ (0, 1] be given. Then Algorithm 5.2 gives a reduced representation with relative error

ε ≤ τ while requiring n . (τ‖u‖s/‖u‖r)−d/(r−s) degrees of freedom.
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Moreover, the L2(Ω) projections used in Algorithms 5.1 and 5.2 are quasioptimal among linear

reductions, in the sense that: any other method using N degrees of freedom cannot guarantee relative

error below O(N−(r−s)/d‖u‖r/‖u‖s); or, any other method guaranteeing relative error τ‖u‖r/‖u‖s

must use at least O(τ−d/(r−s)) degrees of freedom.

The proof is nearly identical to the proof of Theorem 3.1.

Proof. We first derive a simple error bound for the L2(Ω) projection. Let M ∈ {0, . . . , L}. Then

‖u−QMu‖2s =

L∑
`=0

22s`‖(Q` −Q`−1)(u−QMu)‖2 =

L∑
`=M+1

22s`‖(Q` −Q`−1)u‖2

=

L∑
`=M+1

22r`2−2(r−s)`‖(Q` −Q`−1)u‖2 ≤ 2−2(r−s)(M+1)‖u‖2r. (5.3)

Now consider Item 1. With N ∈ N given, take M ∈ {0, . . . , L} so that Algorithm 5.1 returns QMu.

Clearly, #NM ≤ N < #NM+1. In particular, N < #NM+1 ' 2(M+1)d. Substituting into (5.3),

‖u−QMu‖2s ≤ 2−2(r−s)(M+1)‖u‖2r =
(
2(M+1)d

)−2(r−s)/d‖u‖2r . N−2(r−s)/d‖u‖2r,

as desired.

Next, consider Item 2. With τ ∈ (0, 1] given, take M ∈ {0, . . . , L} so that Algorithm 5.2 returns

QMu, and let n be the number of degrees of freedom required to represent QMu. The case M = 0 is

trivial. If M > 0, ‖u−QMu‖2s ≤ τ2‖u‖2s < ‖u−QM−1u‖2s. Now apply (5.3).

2−2(r−s)M‖u‖2r ≥ ‖u−QM−1u‖2s > τ2‖u‖2s

N ' 2Md ≤ (τ‖u‖s/‖u‖r)−d/(r−s).

Finally, we consider the quasioptimality of Algorithms 5.1 and 5.2. Consider any linear reduction

operator T : Hr(Ω) → Hs(Ω). If N degrees of freedom are required to represent Tu (i.e., if

rank(T ) = N), then ‖I − T‖ & N−(r−s)/d (with constant independent of N) [ET96]. In other

words, there exists some u ∈ Hr(Ω) such that ‖u − Tu‖s & (N−(r−s)/d‖u‖r/‖u‖s)‖u‖s, so T can

only guarantee accuracy of at best O(N−(r−s)/d‖u‖r/‖u‖s). On the other hand, if T can guarantee

accuracy of τ‖u‖r/‖u‖s for all inputs u (i.e., if ‖u − Tu‖s ≤ τ‖u‖r for all nonzero u ∈ Hr(Ω)),

we can conclude that T must require at least O(τ−d/(r−s)) degrees of freedom: ‖I − T‖ ≤ τ and

rank(T )−(r−s)/d . ‖I − T‖, so rank(T ) & τ−d/(r−s).
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Figure 5.1: Illustration of the error decay as Algorithm 5.1 is applied to data using increasing numbers
of degrees of freedom. As expected, the error decreases as the number of degrees of freedom used
increases, and the decay is fastest for the most regular data. The decay rate given in Theorem 5.1 is
somewhat pessimistic for the datasets used in this figure. The fit can be improved by, for example,
replacing ‖u‖2r in (5.3) with ‖u−QMu‖2r.

In order to verify the predictions of Theorem 5.1, we conduct two numerical experiments. In

the first, four functions of known Sobolev regularities r ∈ {0.5, 0.75, 1, 1.25} in three dimensions

are reduced, with the errors measured in Hs(Ω) with s = 0.25. In the second, a single function of

known Sobolev regularity r = 1 in two dimensions is reduced, with the errors measured in Hs(Ω) for

s ∈ {0, 0.25, 0.5, 0.75}. The performance of Algorithms 5.1 and 5.2 applied to each of the functions is

presented in Figures 5.1 and 5.2. Observe that the dependence of the number of degrees of freedom

on the error tolerance (and vice versa) is consistent with the predictions of Theorem 5.1.

5.3 Adaptive Reduction and A Posteriori Loss Estimator

Let a function u ∈ VL and a bounded linear functional Q : VL → R be given. Consider the problem

of finding a reduced representation ũ ∈ VL such that the reduction loss |Q(u) −Q(ũ)| is no more

than some tolerance τ . As VL has finite dimension, Q is bounded no matter the norm imposed on

VL. In particular, there exist constants {CQ,s : |s| < 3/2} such that |Q(u)−Q(ũ)| ≤ CQ,s‖u− ũ‖s.

Here CQ,s is the norm of Q as a functional from VL with the ‖ · ‖s norm to R with the standard

norm. Thus, if ‖u − ũ‖s ≤ τ/CQ,s for any |s| < 3/2, then |Q(u) −Q(ũ)| ≤ τ . Two tasks must be

89



2−92−72−52−32−1

error tolerance τ

21

25

29

213

217

221

225

n
u

m
b

er
o
f

D
o
F

s
u

se
d
n

‖u−Q`u‖
‖u−Q`u‖0.25
‖u−Q`u‖0.50
‖u−Q`u‖0.75

Cτ−2/(1.00−0.00)

Cτ−2/(1.00−0.25)

Cτ−2/(1.00−0.50)

Cτ−2/(1.00−0.75)

Figure 5.2: Illustration of the growth of number of degrees of freedom needed as Algorithm 5.2 is
applied to data with decreasing error tolerances. As expected, more degrees of freedom are required to
generate a reduced representation with greater accuracy, and the growth is fastest in the demanding
case that s is close to r (r − s is small).

tackled: first, the computation of CQ,s, and second, the development of a procedure for generating ũ.

VL is a Hilbert space with the usual L2(Ω) inner product ( · , · ), so by the Riesz representation

theorem there exists some ψ ∈ VL such that Q(v) = (v, ψ) for all v ∈ VL. ψ may be obtained by

taking v to be each element of a basis for VL (most naturally the Lagrange basis {φL( · ;x) : x ∈ NL}),

calculating Q(v) to populate a load vector, and then solving the resulting linear system. We show in

Lemma 5.5 that CQ,s is related to ψ as follows:

CQ,s = sup
v∈VL
v 6=0

|Q(v)|
‖v‖s

= ‖ψ‖−s.

Using (5.2), ‖ψ‖−s can be computed by projecting ψ to each level {V` : 0 ≤ ` ≤ L} in the function

space hierarchy, computing norms, weighting, and summing.

It remains to develop a procedure for generating ũ. Our strategy is built around the multilevel

components of u, a collection {∆`u : 0 ≤ ` ≤ L} of functions defined by ∆`u = (I −Π`−1)Q`u. The

transformation u ↔ {∆`u : 0 ≤ ` ≤ L} is invertible (see Subsection 4.2.1). So, if an alternative

collection {∆`ũ : 0 ≤ ` ≤ L} of components can be constructed, they will uniquely define a surrogate

function ũ ∈ VL. We will generate this collection {∆`ũ : 0 ≤ ` ≤ L} by perturbing each ∆`u. In order

to bound the resulting loss, we need a result relating the magnitude of these perturbations to the
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error incurred in VL. To this end we define a family of loss indicators {ηs : VL → [0,∞) : |s| < 3/2}

by

ηs(v)2 =

L∑
`=0

22s`‖∆`v‖2.

The following result bounds ‖ · ‖s above and below by ηs.

Lemma 5.2. Let VL be the space of continuous piecewise multilinear functions on a uniform tensor

product grid in d dimensions. Then

C1ηs(v) ≤ ‖v‖s ≤ C2ηs(v) for all v ∈ VL and all s ∈ (− 3
2 ,

3
2 )

with C1 ≥ 2−d and C2 ≤ 1.

Proof. Observe that (Q` − Q`−1)∆`v = (Q` − Q`−1)v for all v ∈ VL. As Q` − Q`−1 is an L2(Ω)

projection, ‖(Q` −Q`−1)v‖ ≤ ‖∆`v‖. The righthand inequality follows:

‖v‖2s =

L∑
`=0

22s`‖(Q` −Q`−1)v‖2 ≤
L∑
`=0

22s`‖∆`v‖2 = ηs(v)2.

For the lefthand inequality, observe that

∆`v = (I −Π`−1)Q`v = (I −Π`−1)(Q` −Q`−1)v.

The result then follows from Corollary 5.8.

Next we seek a method of generating ∆`ũ close to ∆`u. Consider how ∆`u might be represented

as a set of coefficients. A natural basis is the subset {φ`( · ;x) : x ∈ N ∗` } of the Lagrange basis

that is zero on N`−1. The coefficients for ∆`u with respect to this basis are the nodal values

{∆`u(x) : x ∈ N ∗` }. We gather these values into a single data structure u_mc defined by

u_mc[x] = ∆`u(x) if x ∈ N ∗` .

We call u_mc the multilevel coefficients of u. For more details on the multilevel coefficients, including

efficient algorithms for computing them, see Chapter 4. The next result relates changes in the

multilevel coefficients to the family of estimators. Let vol(P`) denote the (uniform) volume of the

elements in P`.
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Lemma 5.3. Let v ∈ VL, and let v_mc be the multilevel coefficients for v. Then

C1

L∑
`=0

vol(P`)
∑
x∈N∗`

|v_mc[x]|2 ≤ ηs(v)2 ≤ C2

L∑
`=0

vol(P`)
∑
x∈N∗`

|v_mc[x]|2

with C1 ≥ 6−d and C2 ≤ 1.

Proof. It suffices to show that ‖∆`u‖2 ' vol(P`)|v_mc[N ∗` ]|2 with constants C1 and C2. Observe that,

by the tensor product structure of the mesh, it suffices to show this for d = 1. Let ~α = (α1, . . . , αN )

be the vector of nodal values of ∆`v on N`, with α1 and αN the values on the endpoints. Using

Simpson’s rule,

‖∆`v‖2 =
N−1∑
i=1

1
6 vol(P`)

(
α2
i + 4( 1

2αi + 1
2αi+1)2 + α2

i+1

)

= 1
6 vol(P`)

N−1∑
i=1

αi
αi+1


ᵀ 2 1

1 2


αi
αi+1

 .
The matrix has eigenvalues 1 and 3, so

‖∆`v‖2 ≥ 1
6 vol(P`)

N−1∑
i=1

1

∣∣∣∣∣∣∣
αi
αi+1


∣∣∣∣∣∣∣
2

= 1
6 vol(P`)

N∑′′

i=1

2|αi|2 ≥ 1
6 vol(P`)|~α|2

‖∆`v‖2 ≤ 1
6 vol(P`)

N−1∑
i=1

3

∣∣∣∣∣∣∣
αi
αi+1


∣∣∣∣∣∣∣
2

= 1
6 vol(P`)

N∑′′

i=1

6|αi|2 ≤ vol(P`)|~α|2.

We can now relate changes in the multilevel coefficients to loss in quantities of interest.

Theorem 5.4. Let Q be a bounded linear functional on VL. Let ψ be the Riesz representative of

Q on VL. Let u ∈ VL with multilevel coefficients u_mc. Let τ ≥ 0. Let ~u_mc be a set of multilevel

coefficients and let ũ ∈ VL be the corresponding function. If ~u_mc satisfies

L∑
`=0

22s` vol(P`)
∑
x∈N∗`

|u_mc[x]− ~u_mc[x]|2 ≤ τ2

‖ψ‖2−s
(5.4)

for any s ∈ (−3/2, 3/2), then |Q(u)−Q(ũ)| ≤ τ .

Proof. Define a set v_mc of multilevel coefficients by v_mc[x] = u_mc[x]− ~u_mc[x] for x ∈ NL. By

linearity, the corresponding function v ∈ VL is equal to u− ũ. Applying Lemma 5.3 to v_mc, we see

that ηs(u− ũ)2 ≤ τ2/‖ψ‖2−s. The result then follows from Lemma 5.2.
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Theorem 5.4 can be used to guide the generation of a reduced representation ũ of u. Various

strategies are feasible. For example, coefficients could be dropped by level `, or all coefficients could

be quantized. The simple approach taken by Algorithm 5.3 is to replace by zero as many coefficients,

ordered according to the contribution to the righthand side of (5.4), as possible.

Require: τ ≥ 0.
function Reduce(linear functional Q, multilevel coefficients u_mc, tolerance τ , smoothness
parameter s)

find Riesz representative ψ of Q
compute ‖ψ‖−s
~u_mc← u_mc

square_loss_estimate← 0
for x ∈ NL in order of increasing 22s` vol(P`)|u_mc[x]|2 do

find ` ∈ {0, . . . , L} so that x ∈ N ∗`
square_loss_estimate += 22s` vol(P`)|u_mc[x]|2
if square_loss_estimate > τ2 then

break
else

~u_mc[x]← 0
end if

end for
return ~u_mc

end function

Algorithm 5.3: Adaptive reduction to meet a loss tolerance.

5.4 Numerical Examples

In this section we apply Algorithm 5.3 while controlling, in Subsection 5.4.1, a measure of distortion,

and, in Subsection 5.4.2, two quantities of interest. In all examples we use the Brusselator dataset

from Subsection 4.4.1. That dataset comprises 1025 timesteps of the concentrations of two chemical

species, U and V , on a spatial domain discretized with a 65× 65 grid. We apply Algorithm 5.3 to

the concentration of U only.

5.4.1 Peak Signal-to-Noise Ratio Control

We first consider the simple use case of reduction without any quantities of interest known a priori.

In this scenario, a tolerance may be set on the loss induced by the reduction process so that the

reduced representation ũ can serve as a workable standin for u. One commonly used metric for

this purpose is peak signal-to-noise ratio (PSNR), which can be defined for a general dataset u and
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Figure 5.3: Illustration of results obtained when reducing timestep 300 of the Brusselator simulation
to a range of PSNR tolerances.

reduced representation ũ by

PSNR(u, ũ) = 20 log10

[max(u)−min(u)

|Ω|−1/2‖u− ũ‖

]
.

We can use Lemma 5.2 to obtain a sufficient criterion for a reduced representation ũ to meet a

prescribed PSNR bound. Choosing ũ to satisfy

|Ω|−1/2‖u− ũ‖ ≤ 10−τ/20
[
max(u)−min(u)

]
will guarantee that the PSNR is at least τ , as can be seen by simply substituting into the definition

of PSNR. Figure 5.3 shows the results of reducing one timestep of the Brusselator simulation so that

the PSNR obtained meets a range of tolerances.

5.4.2 Average Control

We now turn to reduction while preserving quantities of interest. Perhaps the most common derived

quantities are visualizations. Given a two-dimensional dataset u to be visualized, a strong condition

we might put upon a reduced representation ũ is that each pixel of the visualization produced with ũ

be within some tolerance τ of the corresponding pixel of the visualization produced with u. Assume
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that each pixel of the visualization corresponds to some subset p of the domain Ω, and that the value

of that pixel is given by the average of the function over p. The pixel fidelity condition is then written

∣∣∣∫
p

u(x) dx−
∫
p

ũ(x) dx
∣∣∣ =

∣∣∣∫
Ω

(u− ũ)(x)χp(x) dx
∣∣∣ ≤ τ

where χp is the characteristic function of p. Let P denote the partition of Ω into subsets p, and

suppose that each p ∈ P is a rectangle. Then χp ∈ Hs(Ω) for s ∈ [0, 1/2), and, applying Lemma 5.5,

∣∣∣∫
Ω

(u− ũ)(x)χp(x) dx
∣∣∣ ≤ ‖u− ũ‖−s‖χp‖s

for all s ∈ [0, 1/2). So, if ‖u− ũ‖−s ≤ τ/maxp∈P ‖χp‖−s, then

max
p∈P

∣∣∣∫
Ω

(u− ũ)(x)χp(x) dx
∣∣∣ ≤ ‖u− ũ‖−s max

p∈P
‖χp‖s ≤ τ

as desired. Figure 5.4 presents visualizations generated from a dataset reduced using this method

and from the original dataset (timestep 480 of the Brusselator simulation).

A similar need for reduction while preserving averages occurs in the context of timestepping

applications. In order to maintain stability, numerical methods for PDEs often require a simulation

timestep significantly smaller than the timestep ultimately needed to resolve the phenomenon of

interest. The output of such a simulation is a time series that may be unwieldy or impractical to

process due to its size. A frequently used solution to this problem is decimation, i.e. replacing the

original dataset with a reduced dataset consisting of every tenth (for example) timestep. As the

intervening timesteps are simply discarded, this approach leaves the user vulnerable to data loss. One

approach is to supplement the decimation process, rendering it lossless (see Chapter 2). Alternatively,

the algorithm given in Section 5.3 can be used to produce a surrogate dataset that, though reduced,

nonetheless preserves the pointwise time averages (for example) of the data. Suppose a simulation

is carried out over a spatial domain Ω and temporal domain [0, T ]. Let [0, T ] be subdivided into a

collection P of time intervals. Let χp denote the characteristic function of a subinterval p ∈ P. If

‖u(x, · )− ũ(x, · )‖H−s([0,T ]) ≤
τ

maxp∈P ‖χp‖Hs([0,T ])
,

for all x ∈ Ω, then

sup
x∈Ω
p∈P

∣∣∣∫
[0,T ]

u(x, t)χp(t) dt−
∫

[0,T ]

ũ(x, t)χp(t) dt
∣∣∣ ≤ τ,

95



Q(u) Q(ũ)
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Figure 5.4: Illustration of results obtained when reducing timestep 480 of the Brusselator simulation
using pixels of size 4× 4 with a tolerance of τ = 5× 10−2.
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τ

10−2 10−4 10−6

‖ · ‖ 4.467 1.190 1.001
‖ · ‖0.5 5.781 1.372 1.006
‖ · ‖L∞ 2.493 1.026 1.000

Table 5.1: Compression ratios obtained using a decimation stride of 24 and a variety of tolerances
and reduction norms. The compression ratios displayed are the averages over each of the 4225 time
series in the Brusselator dataset.

following the same argument as above. As χp ∈ Hs([0, T ]) for any s ∈ [0, 1/2), this inequality holds

for any s ∈ [−r, 1/2) if u(x, · ) ∈ Hr([0, T ]). We may also use other norms to measure the reduction

loss. For example, bounding

∣∣∣∫
[0,T ]

(u− ũ)(x, t)χp(t) dt
∣∣∣ ≤ ‖u(x, · )− ũ(x, · )‖L∞([0,T ])‖χp‖L1([0,T ])

leads to the condition ‖u(x, · )− ũ(x, · )‖L∞ ≤ τ/maxp∈P ‖χp‖L1 for all x ∈ Ω. Table 5.1 compares

the compression ratios achieved by this method when using ‖ · ‖, ‖ · ‖0.5, and ‖ · ‖L∞ and tolerances

τ ∈ {10−2, 10−4, 10−6}.

5.5 Helpful Norm Results

We begin with a result needed to compute the bounding constants CQ,s.

Lemma 5.5. Let X be a Hilbert space with inner product ( · , · ) and induced norm ‖ · ‖. Let

X1 ⊕ · · · ⊕ XN be an orthogonal decomposition of X with associated projections Π1, . . . ,ΠN . Let

scalars α1, . . . , αN ∈ (0,∞) be given and define a new inner product ( · , · )H : X → R by (u, v)H =∑N
i=1 α

2
i (Πiu,Πiv). Let H denote the Hilbert space with this inner product. For ψ ∈ X, let ‖ψ‖H∗

denote the operator norm of the functional ( · , ψ) : H → R. Let ||| · ||| : X → [0,∞) be the norm defined

by |||u|||2 =
∑N
i=1 α

−2
i ‖Πiu‖2. Then ||| · ||| = ‖ · ‖H∗ .

Proof. Fix ψ ∈ X. It suffices to bound ‖ψ‖H∗ above and below by |||ψ|||. We begin with the upper

bound. By the continuous and discrete Cauchy–Schwarz inequalities,

(u, ψ) =

N∑
i=1

(Πiu,Πiψ) ≤
N∑
i=1

‖Πiu‖‖Πiψ‖ ≤
( N∑
i=1

α2
i ‖Πiu‖2

)1/2( N∑
i=1

α−2
i ‖Πiψ‖2

)1/2

= ‖u‖H |||ψ|||

for all u ∈ H. As a result, ‖ψ‖H∗ ≤ |||ψ|||. For the lower bound, take u to be
∑N
i=1 α

−2
i Πiψ/|||ψ|||.
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Observe that

‖u‖2H =

N∑
i=1

α2
i

‖Πiψ‖2

α4
i |||ψ|||2

=
1

|||ψ|||2
N∑
i=1

1

α2
i

‖Πiψ‖2 = 1

and that

(u, ψ) =

N∑
i=1

(α−2
i Πiψ/|||ψ|||,Πiψ) =

N∑
i=1

‖Πiψ‖2

α2
i |||ψ|||

=
|||ψ|||2

|||ψ|||
= |||ψ|||.

As a result, ‖ψ‖H∗ ≥ |||ψ|||.

The remaining results concern the norm of I −Π`−1 as a operator L2(V`)→ L2(V`). We begin

with a general lemma about norms of projections.

Lemma 5.6. Let X be an inner product space. Let X0, X1 ⊂ X be nonempty subspaces satisfying

X = X0 ⊕X1. Let Π0 and Π1 denote the projections to X0 and X1, respectively. Then

‖Π0‖ = sup
u∈X
‖u‖=1

‖Π0u‖X = sup
u∈X
‖u‖=1

‖Π1u‖X = ‖Π1‖

where ‖ · ‖X is the norm given by the inner product ( · , · )X .

Proof. It suffices to show that for all u ∈ X with ‖u‖X = 1 there exists v ∈ X with ‖v‖X = 1 such

that ‖Π0u‖X = ‖Π1v‖X . Write u = αa + βb with a ∈ X0, b ∈ X1, and ‖a‖X = ‖b‖X = 1. Take

v = βa+ αb.2 Then ‖v‖X = 1 and ‖Π1v‖X = ‖Π0u‖X = α.

In order to compute the operator norm of I−Π`−1, we apply Lemma 5.6 with X = V`, Π0 = Π`−1,

and Π1 = I −Π`−1. We first calculate Π`−1 when d = 1.

Lemma 5.7. Suppose d = 1, and let ρ be the mesh ratio of P`. Then ‖Π`−1‖ ≤
√
ρ+

√
1/ρ, with

equality holding if ρ = 1.

Proof. Observe that

‖Π`−1‖2 = sup
v∈V`
v 6=0

‖Π`−1v‖2

‖v‖2
= sup
v∈V`
v 6=0

∑
K∈P`−1

‖Π`−1v‖2K∑
K∈P`−1

‖v‖2K
.

Consider an individual element K ∈ P`−1. Let h− and h+ be the widths of the elements into which

K is subdivided in P`. We may then, without loss of generality, assume that K = (−h−, h+). Let

2If β 6= 0, v = [(α2 − 1)/β]a+ αb will also work.
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v ∈ V` be arbitrary, and denote v(−h−), v(0), and v(h+) by a, b, and c, respectively. Then

‖Π`−1v‖2K = 1
3 (h− + h+)(a2 + ac+ c2)

=
1

3

(h− + h+)2

h−h+

[
h−a2 + h−ab+ (h− + h+)b2 + h+bc+ h+c2

]
− 1

3

h− + h+

h−h+

[
3
4 (h−a− h+c)2 + 1

4 (h−a+ 2(h− + h+)b+ h+c)2
]

≤ 1

3

(h− + h+)2

h−h+

[
h−a2 + h−ab+ (h− + h+)b2 + h+bc+ h+c2

]
(5.5)

=
(h− + h+)2

h−h+
‖v‖2K = (

√
h−/h+ +

√
h+/h−)2‖v‖2K

≤ (
√
ρ+

√
1/ρ)2‖v‖2K . (5.6)

As a result,

‖Π`−1‖2 ≤ sup
v∈V`
v 6=0

∑
K∈P`−1

(
√
ρ+

√
1/ρ)2‖v‖2K∑

K∈P`−1
‖v‖2K

= (
√
ρ+

√
1/ρ)2 (5.7)

and so ‖Π`−1‖ ≤
√
ρ+

√
1/ρ.

Finally, consider the case of uniform grids. For each K ∈ P`−1, h− = h+. As a result, the

inequality in (5.5) becomes an equality when a = −2b = c. Equality holds in (5.6) because h−/h+ =

h+/h− = ρ = 1. The inequality in (5.7) becomes an equality because a single function w ∈ V` can

maximize ‖Π`−1w‖2K/‖w‖2K on all elements K ∈ P`−1 simultaneously. Indeed, let w ∈ V` be defined

by w(x) = 2 for x ∈ N`−1 and w(x) = −1 for x ∈ N ∗` . Then

‖Π`−1‖2 = sup
v∈V`
v 6=0

‖Π`−1v‖2

‖v‖2
≥
∑
K∈P`−1

(
√

1 +
√

1)2‖w‖2K∑
K∈P`−1

‖w‖2K
= 22.

Now we can extend to the case of general dimension to obtain the desired bound.

Corollary 5.8. Let P` be the tensor product of d one-dimensional meshes {Pi` : 1 ≤ i ≤ d} with

mesh ratios {ρi : 1 ≤ i ≤ d}. Then ‖I −Π`−1‖ ≤
∏d
i=1

√
ρi +

√
1/ρi, with equality holding if ρi = 1

in each dimension.

Proof. Because P` is a tensor product mesh, the interpolation from P` to P`−1 is given by the

tensor product of the one-dimensional interpolations from Pi` to Pi`−1: Π`−1 = Π1
`−1 ⊗ · · · ⊗ Πd

`−1.

By the definition of the tensor product, then, ‖Π`−1‖ = ‖Π1
`−1‖ · · · ‖Πd

`−1‖, and the result follows

by Lemma 5.7.
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