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Abstract of “ Geometry and Mechanics of Self-Assembled Colloidal Membranes ” by
Leroy L. Jia, Ph.D., Brown University, May 2018

Colloidal membranes are an example of a novel bioinspired soft material with rich

properties that stem from the interplay of geometry and molecular order. A colloidal

membrane is a two-dimensional monolayer composed of colloidal particles—in this

case, rod-shaped viruses roughly 1 micron long and 6 nm in diameter—that are

bound by entropic depletion forces. Because of their relatively large (micron) size,

these membranes can be manipulated directly in the laboratory, offering a promising

avenue to study other similar systems of biological importance such as lipid bilayer

membranes or the endoplasmic reticulum.

Perhaps the most notable feature of these colloidal membranes is their propensity

to bend into exotic shapes such as saddles, unduloids, helicoidal ribbons, and closed

vesicles under appropriate conditions. Strikingly, many of these shapes have zero

mean curvature and/or negative Gaussian curvature, which contrasts with the case

for other commonly encountered membranes and materials. Using a combination

of theory and experiments, we put forth a minimal model based only on geometric

quantities—such as length, curvature, and geodesic torsion—to describe these phases

mathematically and characterize the conditions under which they appear. Our ef-

fective model is most valid when the twist penetration depth of the membrane is

much smaller than the membrane length scale—if this is the case, then it provides

a way to describe membrane configurations without resorting to calculation of the

cumbersome full liquid crystal energy.
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1.1 Mathematical background

The mathematical modeling of membranes makes heavy use of tools from differential

geometry. While geometry is a very deep and comprehensive subject, we will for the

most part only require notions from one- and two-dimensions, which we outline

below. For brevity, proofs are omitted; details can be found in the reference [22].

1.1.1 Geometry of curves

Curves are the simplest nontrivial manifolds to study geometrically yet are surpris-

ingly relevant in physical models; filaments [52], flagella [11], and boundaries of open

surfaces [29] are all modeled as one-dimensional nonlinear objects. Here, we review

the basic definitions and results from the theory of curves.

Definition: A curve is a continuous function γ : I → X, where I = [a, b] is

an interval of R and X is a topological space. For our purposes, we will assume the

curve is also differentiable and that X = R3. We will also assume that curves are

parameterized in t.

Now we introduce the notion of distance or length along a curve, inspired by in-

tegrating the Eulerian distance formula. (A differentiable curve looks locally linear.)

Definition: The arc length of a curve γ : [a, b]→ R3 is defined as s =
∫ b
a
|γ′(t)|dt.

Note that the arc length of a curve is invariant under reparameterization and

therefore a differential geometric property of the curve. We can define an arc length

function s(t) that measures the arc length of γ from a to a point t ≤ b. The
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monotonicity of this function allows us to define an inverse t(s). This arc length

parameterization is very natural to use because |γ′(t(s))| = 1 (a particle traveling

along γ has unit speed in this parameterization).

Notation: In differential form, the above integral can be summarized as ds =

|γ′(t)|dt. We will use dot notation ˙(. . .) = d(...)
ds

to represent the derivative with

respect to arc length and the usual prime notation to represent differentiation with

respect to the original parameter t.

Definition: The tangent vector of a curve γ : [a, b] → R3 is defined as T̂ (s) =

dγ/ds.

Definition: The normal vector of a curve γ : [a, b] → R3 is defined as N̂(s) =

˙̂
T/| ˙̂T |, assuming the denominator is nonzero.

Note that because of the arc length parameterization, T̂ (s) is guaranteed to be

a unit vector. Also, it is easy to show N̂ is automatically orthonormal to T̂ (if they

exist). So, it makes sense to complete the triple:

Definition: The binormal vector of a curve γ : [a, b]→ R3 is defined as B̂(s) =

T̂ (s)× N̂(s).

Definition: The orthonormal basis for R3 formed by the triple of vectors

{T̂ , N̂ , B̂} is called the Frenet frame.

Now we will discuss two more essential geometric properties of curves.
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Definition: The curvature κ of a curve γ : [a, b]→ R3 with tangent vector T̂ is

κ(s) =

∣∣∣∣∣dT̂ds
∣∣∣∣∣ (1.1)

and ρ(s) = 1/κ(s) is called the radius of curvature of γ at s. As defined here, the

curvature and radius of curvature are always nonnegative.

The curvature measures the rate of rotation of the tangent vector around the

binormal. Intuitively, the curvature measures the failure of a curve to be straight

(κ = 0 everywhere if and only if γ is a straight line). If κ is small, the curve is

changing direction slowly; if κ is large, the curve is turning sharply.

Definition: The torsion τ of a curve γ : [a, b]→ R3 with normal N̂ and binormal

B̂ is defined as

τ(s) = −N̂ · dB̂
ds
. (1.2)

The torsion measures the rate of rotation of the binormal around the tangent. Intu-

itively, it measures the failure of a curve to be planar. A curve with a large torsion

is “twisitng” out of plane heavily (τ = 0 everywhere if and only if γ is planar).

Note that the torsion is a signed quantity; the sign depends on the handedness of

the twisting. Both κ and τ do not depend on the choice of parameterization, which

leads into the two most important results about the geometry of curves.

Theorem: The Frenet-Serret equations describe how the Frenet frame varies

along γ(s):


˙̂
T = κN̂

˙̂
N = −κT̂ + τB̂

˙̂
B = −τN̂

(1.3)
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Proving these equations is not difficult. The first one is a restatement of the

definition of curvature and the third is a restatement of the definition of torsion.

The second can be derived by differentiating the fact that N̂ · N̂ = 1. These three

equations lead us to the following

Theorem: The Fundamental Theorem of Curves states that given continuous

functions κ(s) and τ(s), s > 0, then there exists exactly one curve with arc length

s, curvature κ(s), and torsion τ(s), up to orientation and position in space.

This theorem is proved by integrating the system of ordinary differential equa-

tions given by the Frenet-Serret equations. Essentially, every curve in 3-dimensional

space is uniquely determined by its curvature and torsion (up to rigid rotations and

translations).

1.1.2 Geometry of surfaces

We now turn our attention to surfaces, where the goal is to measure the usual ge-

ometric quantities (lengths, areas, angles, etc.) in curved coordinates. Generally,

surfaces are more complex than curves because surfaces can carry intrinsic geome-

try ; that is, properties that can be measured within the surface itself and without

reference to the ambient space. Here is an overview of the most important definitions

and results of surfaces; again, details can be found in [22].

Definition: A surface S is a differentiable 2-manifold. We will assume our sur-

face is in R3, connected, and sufficiently smooth. We will also assume a parametriza-

tion r : D → R3 where D is an open subset of R2 and is described with parameters

(u1, u2).



6

Assuming such a parameterization, we can define at every point two tangent

vectors r1 = ∂r/∂u1 and r2 = ∂r/∂u2 (subscripts denote partial differentiation with

respect to u1 or u2). We will assume these vectors are linearly independent (but not

necessarily orthogonal) and therefore span a plane at every point p on S called the

tangent space, TpS. From this, we define

Definition: The first fundamental form (metric tensor) is defined as ds2 =

g11(du1)2 +2g12du
1du2 +g22(du2)2 where g11 = r1 ·r1, g12 = r1 ·r2, and g22 = r2 ·r2. In

index notation, gαβ = rα ·rβ and ds2 = gαβdu
αduβ. We also define g =

√
g11g22 − g2

12

(the determinant if the first fundamental form is written as a matrix).

Where does this come from? Suppose that a curve is lying on the surface so that

the coordinates of the curve can be defined by γ(t) = r(u1(t), u2(t)). By the chain

rule:

ds = |γ′(t)|dt =

∣∣∣∣r1

du1

dt
+ r2

du2

dt

∣∣∣∣ dt =
√
gαβduαduβ (1.4)

So, the differential line element for the curve is given by the first fundamental form.

This enables us to measure distances along curves on a surface

s(t0, t1) =

∫ t1

t0

√
gαβ

duα

dt

duβ

dt
dt (1.5)

Now we make contact with Euclidean geometry: the scalar product between vectors

in the tangent space at the same point p ∈ S looks like: a · b = (a1r1 + a2r2) · (b1r1 +

b2r2) = gαβa
αbβ. The magnitude of a vector is still |a| =

√
a · a =

√
gαβaαaβ. The

angle between two vectors a and b in S can be found by computing the usual formula

θ = cos−1

(
a · b
|a||b|

)
=

gαβa
αbβ√

gµνaµbν
√
gστaσbτ

(1.6)
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We can also define an area element using the fact that g = |r1 × r2|2 is related to

the area of the parallelogram spanned by vectors r1 and r2.

dA =
√
gdu1du2 (1.7)

This also allows us to define the surface normal, given by n̂ = r1 × r2/
√
g. All

of these formulas reduce to the standard Euclidean formulas for flat surfaces with

(u1, u2) = (x, y).

For a curve that lies on a surface, we can define a moving frame similar to the

Frenet-Serret frame but replaces the normal to the curve with the normal to the

surface. Let γ be a curve lying in the surface S and define ê1 = dγ/ds = T̂ and

ê3 = n̂. The orthonormal frame, called the Frenet-Darboux frame, is completed by

defining ê2 = ê3 × ê1. Note that ê1, ê2 ∈ TS.

One can compare the Frenet-Serret and Frenet-Darboux frames; since in both

cases the tangent to the curve is the same, there is a unique angle α such that a

rotation in the plane of N̂ and B̂ produces the pair ê2 and ê3.


ê1

ê2

ê3

 =


1 0 0

0 cosα sinα

0 − sinα cosα



T̂

N̂

B̂


Differentiating these equations and substituting in the Frenet-Serret equations gives

the Frenet-Darboux equations :


˙̂e1 = κgê2 + κnê3

˙̂e2 = −κgê2 + τgê3

˙̂e3 = −κnê1 − τgê2

(1.8)
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where κg = κ sinα is the geodesic curvature, κn = κ cosα is the normal curvature,

and τg = τ + α̇ is the geodesic torsion. Removing α, equivalent expressions can be

derived:

κg = T̂ ·

(
dT̂

ds
× n̂

)
(1.9)

κn = n̂ · dT̂
ds

(1.10)

τg = T̂ ·
(
n̂× dn̂

ds

)
(1.11)

Now we wish to discuss the notion of curvature of a surface. Recall that the

curvature of a curve was given by taking the magnitude of the second derivative

(w.r.t. arc length) of the curve’s coordinates. A curve lying on a surface can bend

in two ways: in the plane or out of plane (which gives rise to the idea of geodesic vs.

normal curvature). Since when we think of a curved surface we think of out of plane

bending, we only want the component of the curvature along the surface normal:

κ cosα = κN̂ · n̂, where α is the angle between the normal to the curve, N̂ , and the

normal to the surface, n̂. We calculate:

κ cos γ = κN̂ · n̂ = r̈ · n̂ = (rαβu̇
αu̇β + rαü

α) · n̂ = (rαβ · n̂)u̇αu̇β

This tells us that the normal curvature of a surface is related to the tensor of second

partials dotted with n̂, motivating

Definition: The second fundamental form is defined as b11(du1)2 +2b12du
1du2 +

b22(du2)2, where b11 = r11 · n̂, b12 = r12 · n̂, and b22 = r22 · n̂. In index notation, bαβ =

rαβ · n̂. Also define b =
√
b11b22 − b2

12 (the determinant of the second fundamental

form written as a matrix).
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Figure 1.1: Illustrations of principal curvatures for various surfaces. Signs of mean curvature H
and Gaussian curvature K are indicated by quadrant. Figure adapted from [58].

At each point p on a surface S with surface normal n̂, we can construct infinitely

many planes that contain n̂. The intersection of each such normal plane and S

forms a curve. We can ask what the minimum/maximum normal curvature at p out

of all such intersections is; this question is related to the eigenvalues of bαβ. These

are called the principal curvatures and they provide an idea of what the surface

looks like at p (i.e. is it locally parabolic, hyperbolic, flat, etc.). We note that the

principal directions are always perpendicular, as a consequence of the symmetry of

bαβ. Equivalent to the two principal curvatures are the mean and Gaussian curvatures

(Fig. ??):

Definition: The mean curvature H of a surface S at a point p is the arithmetic

average of its principal curvatures at p and is equal to H = 1
2
bαβg

αβ. A surface with

H = 0 everywhere is called minimal.

Definition: The Gaussian curvature K of a surface S at a point p is the product

of its principal curvatures at p and is equal to K = b/g. A surface with K = 0

everywhere is called developable.
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Note that H2 ≥ K. As a consequence, a minimal surface necessarily has nonpos-

itive Gaussian curvature everywhere.

We will now highlight some important theorems about surfaces.

Theorem: The Weingarten equations tell us how the surface normal changes

along a surface. The linear map that takes a vector in the tangent space at p to

the derivative of the normal in that direction is called the shape operator. The

eigenvalues of the shape operator are the principal curvatures.

∂n̂

∂uα
= −bβαrβ = −gσβbασrβ (1.12)

Theorem: Gauss’s Theorema Egregium states that the Gaussian curvature of a

surface is an intrinsic invariant. It does not change if the surface is bent without

stretching, as in the case of a rectangular piece of paper being bent into a cylinder.

There is no analogue of this theorem for curves since all curves are locally isometric

(via the arc length parameterization) and therefore the curvature and torsion depend

strongly on the embedding of the curve in R3, which makes them so-called extrinsic

quantities. Note the mean curvature is extrinsic.

Theorem: The Gauss-Bonnet theorem states that
∫
KdA = 2πχ for a closed

surface, where χ is the Euler characteristic of the surface. Hence the integral of

Gaussian curvature is a topological invariant. For open surfaces, the equality is

modified to have an edge term:

∫
KdA = 2πχ−

∫
kgds. (1.13)

Theorem: The Bonnet theorem states that if certain integrability conditions are

satisfied (the Gauss-Godazzi equations), then given two symmetric positive definite
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tensors gαβ and bαβ, there exists a unique surface (up to rigid motions) with first

fundamental form gαβ and second fundamental form bαβ. This is the surface analogue

of the Fundamental Theorem of Curves.

Finally, we wish to discuss the notion of differentiation along a surface. Consider

a vector field v = vjrj and differentiate along a basis direction given by rk:

∂v

∂uk
=
∂vj

∂uk
rj + vj

∂rj
∂uk

(1.14)

Note that the first term lies in the tangent space but the second term might not

because the basis vectors may be changing. To account for this,

Definition: The Christoffel symbols are defined as

Γkij =
∂ri
∂uj
· rk =

∂ri
∂uj
· gkmrm (1.15)

and can be expressed in terms of the metric tensor and its derivatives:

Γijk =
1

2
gim
(
∂gmk
∂xl

+
∂gml
∂xk

− ∂gkl
∂xm

)
(1.16)

We can then define

Definition: The covariant derivative of a scalar f in the direction of ri is

∇if = ri · ∇f = ri
∂f

∂ui
(1.17)
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Figure 1.2: (Left) A pair of rods in a polymer solution. There is no interaction if the rods are far
enough part. (Right) If the rods are close enough, polymer cannot enter the region between the
rods, giving rise to an effective entropic attractive force known as the depletion force.

The covariant derivative of a vector v in the direction of ri is

∇iv =

(
∂vk

∂ui
+ vjΓkij

)
rk (1.18)

This definition can be extended to handle arbitrary directions (tangent vectors) via

linearity and tensors of arbitrary type via the Leibniz rule.

1.2 Description of colloidal membranes

Surfaces that resist bending are ubiquitous in biophysics and soft condensed mat-

ter physics. The physics of enclosed cellular membranes [33, 35], organelles such as

the endoplasmic reticulum [63, 31], synthetic vesicles [56], polymersomes [21], sur-

factant interfaces [49], and microemulsions [19] is described by a simple model that

accounts for the energy cost of bending with an effective bending modulus κ [13, 33].

Furthermore, experiments have provided quantitative insight into how the bend-

ing modulus of such 2D assemblages depends on the properties of the constituent

molecules [26, 53]. However, for many processes, such as vesicle fusion in exocytosis,

trafficking of proteins, and the resealing of plasma membranes, the free energy as-

sociated with an exposed edge plays an equally important role [14]. In conventional
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Figure 1.3: (Left)2D LC-PolScope birefringence map of a colloidal membranes. The bright band
associated with the edges indicates local rod tilting. Scale bar is 5µm. (Right) Schematic of a
colloidal membrane, showing rods near the edge twisting due to surface tension. Color indicates
rod orientation relative to surface normal. Images from [27].

membranes edges are associated with transient states that quickly disappear as the

assemblage seals itself, making it difficult to experimentally study the properties of

the edges.

The colloidal membranes studied in this thesis are composed of rod-like viruses

such as fd, which are roughly 880 nm in length and 6 nm in diameter [7, 6, 27, 69]. As

the rods have a persistence length of ∼2.8 microns [23], they can be considered hard-

core particles in aqueous suspension. However, when a polymer such as Dextran is

added to the solution, attractive interactions between the rods are induced. Because

the polymer coils are not very deformable, their centers cannot come closer than one

radius of gyration from the surface of the colloidal particles, leading to a zone around

each rod depleted of polymers. When the rods are close enough, the depletion zones

overlap and the volume accessible to the polymers increases, leading to an effective

entropic attraction between the rods (Fig. 1.2); this attraction is known as the

depletion force [2].

The membranes bound by this force are one rod-length thick, fluid-like monolay-

ers and ordinarily assemble into freely suspended disks with exposed edges. When

some of the individual virus particles are labeled fluorescently, it is observed that
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they rapidly diffuse freely within the membranes with a diffusion constant of 9 ×

10−3µm2/s [6], indicating that the membrane is fluid (i.e. does not support a shear).

Furthermore, it is observed that the labeled rods stay in the membrane, indicat-

ing that there is no exchange of rods between the membranes and the surrounding

solvent on experimental time scales. The volume compressibility modulus of these

membranes has also been measured to be quite large, on the order of 104 pN/µm2 [4],

implying that their volume (or area in the thin membrane approximation) effectively

does not change during typical experiments.

Notably, the orientation of the rods in a colloidal membrane is nonuniform, as

Fig. 1.3 shows. While the rods in the bulk of the membrane point normal to the

membrane surface, rods close to the edge twist to reduce the rod-solvent interface

[42]. If the constituent rods are chiral, so that they prefer to align with a twist, this

can also contribute to the twisting phenomenon at the edge [27]. It has been shown

that the twist profile from edge to center changes exponentially [7, 51]; the length

scale of this exponential decay is called the twist penetration depth λ. The twist

penetration depth is typically small compared to the membrane length scale—for

colloidal membranes, λ is on the order of 1 micron [7, 44, 51].

It is this unique microstructure that endows colloidal membranes with a propen-

sity to form exotic shapes such as helical ribbons and unduloids. In the next few

sections, we will take a close look at how to describe these surfaces with a simple

model that still captures the essential physics.
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1.3 A mathematical model for colloidal membranes

If we make the “thin membrane” approximation and treat these membranes as two-

dimensional Riemannian manifolds with fixed area, then the energy has three main

components: the elastic bending energy, the liquid crystal energy, and, for open

membranes, the edge energy; the shapes are then calculated by finding the minima

of this energy. While our analysis is primarily focused on the mechanics, entropy also

plays a vital role in determining how the polymer depletants give rise to forces that

affect the elastic constants. We finish by describing an effective geometric theory

which is applicable when the twist penetration is small.

1.3.1 Canham-Helfrich membrane energy

In the classical theory of elasticity, energy changes in solid plates arise due to stretch-

ing, shearing, or bending. For the reasons mentioned above, stretching and shear-

ing are not relevant modes of deformation in membranes, but thin membranes are

commonly observed to bend out-of-plane, leading to substantial overall changes in

material shape without applying excess stresses. To leading order (quadratic in

the principal curvatures), the energy of such deformations can be modeled with the

Canham-Helfrich energy functional [13, 33]:

ECH =
κ

2

∫
(2H − c0)2dA+ κ̄

∫
KdA+ µ

∫
dA. (1.19)

where H is the mean curvature, K is the Gaussian curvature, and c0 is a spontaneous

curvature that is nonzero for nonuniform membranes with an intrinsic preferred

curvature. The integral is taken over the membrane surface, assumed to be a two-
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dimensional manifold. We also introduce µ as a Lagrange multiplier enforcing the

constraint of constant area; physically, µ plays the role of a surface pressure or tension

that arises to balance external forces.

The modulus κ is called the bending rigidity, and the modulus κ̄ is called the

Gaussian curvature or saddle-splay modulus; they are properties of the material

of which the membrane is made. For closed membranes (e.g. vesicles), the Gauss-

Bonnet theorem 1.13 allows one to rewrite the Gaussian curvature term as a constant,

so that only the first term enters the expression for energy [41, 61]. In general,

however, one can rewrite this term as an integral of an edge quantity.

The Euler-Lagrange equation associated with this energy is the partial differential

equation

κ(2H − c0)(2H2 − c0H − 2K) + κ∇2(2H)− 2µH = 0, (1.20)

which we refer to as the shape equation [65]. The boundary conditions that arise

naturally from the variation depend on the energy of the edge (see Section 1.3.4) and

are summarized in Appendix A for a particular lowest-order model that we will be

using. Note that when c0 = H = 0 everwhere, the equation is satisfied, meaning that

minimal surfaces are solutions to the shape equation. Indeed, if 2H = c0 everywhere,

then the equation can be solved with µ = 0. However, without such simplifications,

this equation is very challenging to solve, as there exist very few analytical solutions

beyond the ones mentioned above. Numerical methods are typically necessary to

find nontrivial solutions.

For commonly encountered systems, the moduli κ and κ̄ are expected to be similar

in magnitude, with a bound of the form −2 < κ̄/κ < −1/2 required to ensure the

continuum elastic energy is nonnegative [50]. Early work demonstrated that the
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height fluctuations of colloidal membranes scales as 1/q3 [6], leading to an estimate

of κ ≈ 150 kBT . However, these numbers are not accurate for colloidal membranes

in polymeric suspension. Recent measurements and theoretical estimates of the

Gaussian curvature modulus show that κ̄ ≈ 200 kBT in colloidal membranes [28]. The

positive value of κ̄ is in striking contrast to the case of lipid bilayer membranes, where

κ̄ is typically negative due to the compressive stress in the head groups [36, 37, 60].

However, κ̄ can be positive in smectic liquid crystals [12] and block copolymers [66].

According to recent measurements of the areal compressibility modulus (by mea-

suring area as a function of depletant concentration) [4], κ ' 1.5 × 105kBT , while

theoretical esimates suggest κ̄ ' 200kBT [28]. The reason for this is thought to be

the presence of depletants which entropically prefer surfaces with negative Gaussian

curvature; see the next section for a more thorough explanation. Since κ/κ̄ � 1,

colloidal membranes are expected to form nearly minimal surfaces in equilibrium;

indeed, this is often observed to be the case.

1.3.2 Entropy favors positive Gaussian curvature modulus

This section summarizes the argument that κ̄ > 0 in colloidal membranes, which

first appeared in [28].

For the colloidal membranes consisting of fd virus particles and stabilized by the

depletion force arising from small polymers in solution [7], membrane shapes with

negative Gaussian curvature such as helicoidal ribbons and concave unduloids are

commonly found. The implication is that the Gaussian curvature modulus in these

systems is positive. Here we argue that the effect arises from the entropy of the

polymers, since surfaces with negative Gaussian curvature have a smaller excluded
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volume for the polymers.

First we consider the sphere of radius R, the simplest surface with nonzero mean

and Gaussian curvatures. If we slightly thicken the sphere by allowing the radius to

grow outward by a small increment h� R, then the volume Vh of the shell is

Vh = Ah

(
1 +

h

R
+
h2

3R

)
= h

∫ (
1 + hH +

h2K

3

)
dA, (1.21)

where A = 4πR2 is the area of the sphere, H is the mean curvature, and K is the

Gaussian curvature. The formula 1.21 can be shown to describe the volume of any

surface thickened using this procedure, even if H and K are nonconstant.

The volume of the colloidal membrane from which polymer particles of diameter

d are excluded, Vex = DA+Vout +Vin, where Vout is the volume of the region formed

by thickening the outer surface outward by a distance d/2, Vin is the volume of the

region formed by thickening the inner surface inward by a distance d/2, D is the

membrane thickness, and A is the area of the middle surface of the membrane. Note

that since the outer and inner surfaces of the colloidal membrane are a distance D

apart, Vout and Vin will depend on D. In terms of h, Vout = VD/2+d/2 − VD/2, and

Vin = V−D/2 − V−D/2−d/2. Therefore,

Vex = (D+d)

∫
dA+

d

4

(
D2 +Dd+

d2

3

)∫
KdA ' D

∫
dA+

D2d

4

∫
KdA (1.22)

where we have used the fact that D � d. The mean curvature terms have dropped

out since the polymer particles have access to both sides of the membrane. Mem-

branes with negative Gaussian curvature have a smaller excluded volume than mem-

branes of the same area with nonnegative Gaussian curvature. Thus, there is an

entropic driving force favoring negative Gaussian curvature. To estimate the contri-
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bution of the depletion forces to the Gaussian curvature modulus, we follow Asakura

and Oosawa [3] and let

Z =

∫
dV e−w/kBT = V − Vex (1.23)

be the single-particle partition function for the polymer particles, where w is the

hard-core potential, infinitely strong in the excluded volume and vanishing elsewhere.

The free energy of the polymer particles is then Fp = −kBT logZN , or, assuming

Vex � V ,

Fp = nkBTVex (1.24)

where n = N/V is the concentration of polymer particles. Combining 1.22 and 1.24,

we see that the polymer contribution to the free energy is

Fp = µ

∫
dA+ κ̄p

∫
KdA (1.25)

where the effective interfacial energy per area is

µ = nkBTD (1.26)

and the effective Gaussian curvature modulus is

κ̄p =
1

4
nkBTD

2d (1.27)

The polymer contribution to the Gaussian curvature modulus is positive, in accord

with the reduced excluded volume for negative Gaussian curvature. There is no

polymer contribution the bending stiffness. Note, however, that if the polymers can

only access one side of a membrane, e.g. if there are polymers inside but not out side

a closed vesicle, then the depletion forces lead to a spontaneous curvature according



20

to 1.21.

There is also an intrinsic contribution to the Gaussian curvature modulus, κ̄m,

which is always negative [28]. κ̄m can be computed by analyzing the internal stresses

as follows. Because it is fluid, we assume that the membrane middle surface mem-

brane does not stretch when the membrane bends (the rods can adjust around

each other to accommodate a change in curvature without changing their equilib-

rium spacing in the midplane). However, imposing any curvature onto a mem-

brane will induce a strain that depends on z, the distance along the membrane

normal away from the midplane. This areal strain of the surface at distance z is

given by ε(z) = 2Hz + Kz2 [54]. The corresponding lateral membrane stress is

σ(z) = σ0(z)+Y ε(z), where σ0(z) is the membrane stress when it is flat and Y is the

modulus of areal compression. Because the rods are uniform along their lengths, we

take Y to be independent of z. The lateral stress is isotropic because the membrane

is fluid. There is a compressive stress in the membrane even when it is flat because

the polymer depletants squeeze the membrane [2]. The total volume excluded to the

polymers for a flat membrane of area A is V0,ex = A(D+d), leading to a contribution

to the free energy per area γ = nkBT (D+d), which can also be considered an entropic

tension [42]. To balance this tension, the rods must experience a compressive stress

σ0(Z) = −nkBT (D + d)/D. We write the free energy per unit mid-surface by inte-

grating the stress with respect to the strain as Fm =
∫ D/2
−D/2 dz

∫ ε(z)
0

dε′σ(ε′) = κ̄mK,

where κ̄m =
∫ D/2
−D/2 dzz

2σ0(z) [34, 62]. We thus conclude

κ̄m = − 1

12
nkBT (D + d)D2. (1.28)

The net Gaussian curvature modulus is then

κ̄ = κ̄p + κ̄m '
1

6
nkBTD

2d. (1.29)
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If we use n ' 40 mg/mL, D = 880 nm, and d = 30 nm for Dextran with a molecular

weight of 500,000 g/mol [57], we find that κ̄ ∼ 185 kBT , which agrees with exper-

imental measurements [28]. Note that our argument for the polymer contribution

is similar to the model put forward to explain negative Gaussian curvature modulus

for surfactant interfaces: for a saddle-splay surface with H = 0, there is less room

for the surfactant chains, which therefore must stretch and incur a higher free energy

[49].

1.3.3 Liquid crystalline energy

Figure 1.4: (a) Splay, (b) twist, and (c) bend deformations of a nematic liquid crystal, which
increase the free energy of the system.

While the energy of membrane bending is described by the Canham-Helfrich

functional, we must also account for the liquid crystalline degrees of freedom be-

stowed by the rod-like colloidal particles. If n̂ is a unit vector that denotes the local

rod orientation, then the Frank liquid crystal energy is

ELC =
1

2

∫ [
K1(∇ · n̂)2 +K2(n̂ · ∇ × n̂+ q)2 +K3(n̂× (∇× n))2 +

C

2
sin2 θ

]
dA

(1.30)

where θ is the angle between n̂ and the surface normal, and K1, K2, and K3 are

the Frank elastic constants for the splay, twist, and bend, respectively [18]. If the

liquid crystal is chiral (as in the case of a cholesteric), then a nonzero q represents

the wavenumber of the preferred twist; note that this term, unlike the terms in the

Canham-Helfrich energy, provides a way to energetically distinguish between two

solutions that are “mirror images” of each other. The first three terms penalize



22

gradients in n̂ (Fig. 1.4), while the second term expresses a preference of the rods to

align normal to the surface. Typically K1, K2, and K3 are all of the order 100kBT for

colloidal membranes [23] (in fact, it is common to employ the “one Frank constant

approximation” K1 = K2 = K3 = K for isotropic materials), and C is of the order

100kBT/µm2 [44]. The ratio of these parameters defines the previously mentioned

twist penetration depth: λ =
√
K/C ' 1µm. Note also that ELC must remain

invariant under a n̂→ −n̂ transformation since the rods are symmetric.

1.3.4 Edge energy and effective geometric theory

Colloidal membranes are commonly found to form open surfaces with edges, and we

must account for the energetic cost of having an interface. We denote the energy per

unit length of edge as Γ, the line tension. For colloidal systems, Γ is a function of

the temperature, chirality, and depletant concentration, and typically ranges from

100 to 1000 kBT/µm [27, 38].

The minimal elastic energy describing colloidal membranes is the sum of the

line tension energy, bending energy ECH , and liquid crystal energy ELC . Such an

energy has been used to calculate the equilibrium width and pitch of infinitely long

ribbons, as criterion for when force-free flat membrane disks undergo a transition

to helicoidal ribbons [44]. (Note that it was necessary in this calculation to add

a stability term quadratic in the Gaussian curvature to prevent the ribbons from

twisting excessively.)

In general, calculating the full energy with Frank energy terms is cumbersome

(see Appendix B for the case of an axisymmetric surface). Therefore, we propose

some simplifications to the liquid crstalline energy from the previous section. In



23

colloidal membranes for which the twist penetration depth is small compared to the

radius, it makes sense to treat the liquid crystal energy effectively by assuming the

bend and twist are confined to the edge (Fig. 1.5); a closely related effective theory

has been successfully used to calculate the scalloped shapes of colloidal membranes

composed of a mixture of viruses of opposite handedness [28, 43]. More concretely,

our assumption implies the simplifications

K3

2

∫
M

(n̂× (∇× n̂))2dV ' B

2

∫
∂M

k2ds, (1.31)

K2

2

∫
M

(n̂ · (∇× n̂)− q)2dV ' B′

2

∫
∂M

(τg − τ ∗g )2ds, and (1.32)

K1

2

∫
M

(∇ · n̂)2dV ' 0, (1.33)

for some appropriately defined constants B and B′, where k is the curvature of the

edge and τg is the geodesic torsion of the edge. Here, τ ∗g ' q is a preferred geodesic

torsion for the twist. Note that since we are interested in the twist relative to the

surface normal, we use the geodesic torsion instead of the usual torsion (also, the

torsion is not defined for a straight line, while the geodesic torsion has the advantage

of always being well-defined [22]). Eqn. 1.33 comes from the fact that splay is not

typically observed in colloidal membrane systems; recent studies have demonstrated

that K1 � K2 ' K3 [67].

It is convenient to define a chirality modulus c∗ = −B′τg, so that the above Frank

energy approximations, along with 1.19, yield the effective energy

E =

∫
M

[κ
2

(2H − c0)2 + κ̄K + µ
]
dA+

∫
∂M

[
Γ +

B

2
k2 +

B′

2
τ 2
g + c∗τg

]
ds, (1.34)

which we henceforth refer to as the energy of our minimal or effective model. Note

that this energy includes all of the geometric terms allowed by the symmetry of
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Figure 1.5: (Left) Top-down view of the director field n̂ in a colloidal membrane. Most of the
rods are pointing normal to the page, so they appear as dots. (Right) An approximation of the
director field for small twist penetration depth λ, where the liquid crystalline energy is confined to
the edge.

the problem, and can also be arrived at by listing all of these geometric terms,

showing that this energy does not have to be derived from the more complete liquid

crystal theory. From dimensional analysis, one can estimate that B ' K3λ and

c∗ ' K2λq, where λ is the twist penetration depth. If we make the approximation

K2 ' K3, then B ' 100 kBTµm. From this, it is convenient to assume B ' B′

from dimensional analysis to conclude c∗ ' 100kBT , although the precise value of

the chirality modulus will depend on temperature [23, 38]. In the chapters that

follow, we apply the energy 1.34 to various colloidal membrane systems and model

their shapes and phase transitions.



Chapter Two

Chiral Edge Fluctuations
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Figure 2.1: A temperature quench reduces the line tension, inducing a transition of the 2D
membrane into 1D twisted ribbons. Scale bar = 2µm

2.1 Introduction

To study the unique shapes that colloidal membranes make, we developed an ef-

fective theory based on the Canham-Helfrich membrane bending energy (a function

of mean and Gaussian curvatures) that also accounts for the finer liquid crystalline

degrees of freedom through geometric properties of the surface boundary such as

length, curvature, and geodesic torsion (Chapter 1). This effective model is most

valid when the twist penetration depth of the membrane is much smaller than the

radius. When chiral disk-shaped colloidal membranes are cooled from ∼60oC to

∼20oC, they phase transition into star-like twisted ribbons, as in Fig. 2.1. This

transition manifests itself in the form of a prominent peak in the edge’s fluctuation

spectrum. We use stability analysis and our effective theory to derive expressions

for the fluctuation spectrum near the onset of this transition. Our theory quantita-

tively captures the experimentally observed peak and demonstrates the importance

of chirality and positive Gaussian curvature modulus in coupling in- and out-of-plane

fluctuations to produce twisted shapes.
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Figure 2.2: Edge of a fluctuating membrane at 60oC, 50oC, 40oC, and 24oC, showing enhance-
ment of fluctuations due to chirality as the membrane is cooled. The membrane radius is approxi-
mately 10 µm [27].

2.2 Description of experiments

Experiments were performed by Mark Zakhary, as part of the research group of

Zvonimir Dogic.

For these experiments, colloidal membranes were assembled by mixing a dilute

isotropic suspension of monodisperse rod-like fd-wt viruses with a non-adsorbing

polymer, Dextran (M.W. 500,000, 37 mg/ml) [6]. The fd-wt filaments are 0.88µm

long and have a diameter of ≈ 6 nm. The rods are parallel to the surface normal

and to each other in the membrane interior, but they twist at the edge to minimize

the interfacial area between the rods and the enveloping polymer depletant [7, 42].

Increasing the rod chirality raises the free energy of the interior untwisted rods and

lowers the free energy of the twisted rods near the edge, leading to chiral control of

edge line tension [27]. Chirality of fd-wt increases with decreasing temperature [23],

enabling in situ control of the edge tension. With decreasing temperature the edge

tension becomes sufficiently low that a 2D membrane becomes unstable and under-
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goes a transition into 1D twisted ribbons [27] (Fig. 2.1).

Following previously published methods [70], we measured the in-plane fluctua-

tion spectrum of an exposed colloidal membrane edge. The edge fluctuations were

quantified over a range of temperatures (Fig. 2.2). For all conditions, the curves tend

to a constant value at small wavenumber q and fall off as 1/q2 at large wavenum-

ber, as in the previous measurements. However, for strongly chiral systems at lower

temperatures, a peak develops around q = 1µm−1. We note that the measured

fluctuation spectrum depends on the purity of the virus preparation as well as the

depleting polymer Dextran. Certain virus preparations do not exhibit the membrane-

to-ribbon transition. These samples also do not have a fluctuation spectrum with a

well-defined peak. The exact nature of the contaminants in these samples has not

been determined. Previous work has demonstrated that even a single actin filament

exhibits a strong tendency to dissolve at the edge, and can suppress the membrane-

to-ribbon transition [70]. In the remainder of this work we restrict our analysis to

only those sample preparations that exhibited a well-defined ribbon-to-membrane

transition and thus the anomalous peak.

2.3 Stability criteria for a flat membrane with edge

The in-plane edge fluctuations in the high-temperature achiral limit are described

by a simple model, which approximates a flat, circular membrane as a semi-infinite

membrane with an infinite straight edge [27]. For in-plane fluctuations, the effective

energy of the edge is given by

E1 =

∫
ds

[
Γ +

B

2
k2

]
, (2.1)
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Figure 2.3: (Left) Semi-infinite surface with a helix-like boundary. (Right) Same shape viewed
from above, looking down the z-axis at the xy plane

where s is the edge arclength, Γ is the line tension, B is the bending stiffness, and

k is the curvature. For a flat membrane lying in the x-y plane, we describe the

path of the edge by (u(y), y, 0), where u(y) measures the local deviation of the edge

from being perfectly straight. Expanding the energy (2.1) to second order in u and

applying the equipartition theorem yields

〈uqu−q〉 =
kBT

Bq4 + Γq2
, (2.2)

where uq is the Fourier amplitude defined by u(y) = (1/
√
L)
∑

q uq exp iqy, with the

sum running over negative and positive values of q, and we have enforced periodic

boundary conditions with period L. Fitting the high-temperature spectrum of achiral

rods to Eq. (2.2) yields Γ and B [27].

To study the stability of a flat membrane and the out-of-plane fluctuations of

its edge, we calculate the energy of a semi-infinite membrane with a rippled edge,

working to second order in the deformation. The membrane is initially flat with

mid-surface at the z = 0 plane and occupying x < 0. The y-axis is the initially
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straight edge. We perturb the surface by deforming the edge so that the position

of points on the membrane above the coordinates in the plane (x, y) are given by

R(x, y) = (x, y, ζ(x, y)), and with the edge given by RC(y) = (u(y), y, v(y)), which

implies the boundary condition ζ(u(y), y) = v(y). If u(y) and v(y) are sinusoidal

and out of phase, the edge will have a helical nature as illustrated in Fig. 2.3.

Care must be taken in calculating the edge quantities since we must expand both

the quantities themselves and their arguments. For example, to find the geodesic

torsion at the edge we expand the argument of the normal at the edge, nC(u(y), y) ≈

n(0, y) + u∂nC/∂x|x=0.

Expanding the energy to second order, we find the total energy E = E1+E2+E∗,

E =

∫
dxdy

{
κ

2
(∇2ζ)2 + κ̄

[
∂2ζ

∂x2

∂2ζ

∂y2
−
(
∂2ζ

∂x∂y

)2
]}

+

∫
dy

[
Γ

2

(
u′2 + v′2

)
+
B

2

(
u′′2 + v′′2

)]
+

∫
dy

[
B

2

(
∂2ζ

∂x∂y

)2

x=0

+ c∗u′v′′

]
, (2.3)

where the prime denotes the derivative with respect to y, e.g. u′ = du/dy. To first

order the Euler-Lagrange equation for the energy (2.3) is (∇2)2ζ = 0. Since the

horizontal and vertical positions of the edge are prescribed, we do not enforce the

force boundary conditions at the edge. The condition of zero bending moment at

the boundary to first order [46] is κ∇2ζ + κ̄∂2ζ/∂y2 = 0 at x = 0. The solution to

the Euler-Lagrange equations that satisfies this boundary condition and ζ(u(y), y) =

v(y) is

ζ(x, y) =
1√
L

∑
q

vq

(
1 +

κ̄

2κ
|q|x
)

exp (|q|x+ iqy) . (2.4)

Note that when κ � κ̄, the surface becomes a minimal surface. To keep the area

fixed, the whole surface must shift in the negative x-direction; however, this shift is
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second order in the vq and does not affect the energy to leading order.

Inserting the Fourier expansions of ζ(x, y), u(y), and v(y) into the total energy

yields

E =
∑
q

[(
−κ̄|q|3 4κ+ κ̄

4κ
+

Γ

2
q2 +

B

2

(
2κ+ κ̄

2κ

)2

q4

)
|vq|2

+

(
Γ

2
q2 +

B

2
q4

)
|uq|2 −

i

2
c∗q3 (uqv−q − u−qvq)

]
. (2.5)

Using the expression for the energy (2.5) we can study the stability of a flat semi-

infinite membrane. We first consider the achiral case, c∗ = 0, which applies at

high temperatures (T & 60◦C). The horizontal and vertical fluctuations of the edge

are decoupled, and ripples uq in the plane of the membrane always increase the

energy. However, when the Gaussian curvature modulus is larger than κ̄c, where κ̄c

solves κ̄c(4κ+ κ̄c) =
√

ΓB (4κ+ 2κ̄c), then it is energetically favorable for ripples vq

in the vertical (positive z-) direction to form. Using the typical values for B and

κ quoted above, and the value Γ ≈ 300 kBT we find from fitting the fluctuation

spectrum at high temperature (see below and Fig. 2.7), we estimate κ̄c ≈ 50 kBT .

The wavenumber of the ripple that forms just at the critical condition κ̄ = κ̄c is

qc =
√

Γ/B/(1 + κ̄c/2κ) ≈ 1µm−1.

In the chiral case, we study the stability of the flat membrane with an edge by

writing E =
∑

q(uq, vq)Mq(u−q, v−q)
T/2 and diagonalizing Mq to find its eigenvalues

σ± = Γq2+Bq4[1+(1+κ̄/2κ)2]/2−|q|3[κ̄ (1 + κ̄/4κ)∓
√
c∗2 + κ̄2 (1 + κ̄/4κ)2 (B|q|/2κ− 1)2].

In this case, either chirality or the Gaussian curvature modulus can drive an insta-

bility. The condition for a rippled edge is σ− ≥ 0, and the critical values for the

Gaussian modulus κ̄c and marginally unstable wavenumber qc are determined by the

conditions σ− = 0 and ∂σ−/∂q = 0. These equations lead to complicated expressions
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Figure 2.4: Phase diagram for flat and rippled edges of chiral membranes as a function of Gaussian
curvature modulus κ̄ and chiral modulus c∗ for various values of line tension Γ, B = 100 kBTµm,
and κ = 150 kBT . The flat edge is stable in the shaded area.

for qc and the critical values of κ̄ and c∗, which are plotted in Figure 2.4. However,

the expressions simplify in the limit B � B′, where the critical wavenumber is

qc =
√

Γ/B, and the critical values of κ̄ and c∗ satisfy

κ̄

(
4κ+ κ̄

4κ

)
+

√
c∗2 + κ̄2

(
4κ+ κ̄

4κ

)2

= 2
√

ΓB. (2.6)

Note that the factor of ic∗ in the off-diagonal components of Mq leads to a phase

difference between the x- and z- components of the eigenvectors of Mq, and thus a

preferred handedness to the edge depending on the sign of c∗.

2.4 Stability criteria for a disk

Although we approximated the disk as a semi-infinite plane in the previous section,

this is not strictly necessary. Here we outline the analysis assuming without making
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this assumption and show that we recover the same conditions for stability in the

limit of large radius.

Consider a disk with a helical ripple, so that the curve is described by r(θ) =

(a cos θ, a sin θ, 0) + h(cosmθ cos θ, cosmθ sin θ, sinmθ), where m is an integer. The

height of the fluctuation h is assumed to be much smaller than the disk radius a. As

above, in order to keep the area fixed, the projection of the edge moves inward by

some amount δa, but the effect of µ is to exactly cancel this change in area, so we

need not compute it.

We proceed to calculate

Γ

∫
ds = 2πΓa+ Γπ

h2m2

a
(2.7)

c∗
∫
τgds = c∗π

h2m(m2 − 1)

a2
(2.8)

B

2

∫
k2ds =

Bπ

a
+
B

2

1− 4m2 + 2m4

a3
πh2 (2.9)

(here, we are assuming B′ � B).

Now we consider the surface terms from the Canham-Helfrich energy. To first

order, the shape equation is

∆2ζ − µ

κ
∆ζ = 0 (2.10)

and the solution is

ζ(r, θ) = [c0r
m + c1Jm(r/λ)] sinmθ (2.11)

where λ =
√
κ/µ. The constants c0 and c1 are obtained from the boundary condi-

tions ζ(a, θ) = h sinmθ and κ(2H)+ κ̄kn = 0 (we have made the approximation that
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the projected area is a circle). From this, we obtain the system of equations


c0a

m + c1Jm(a/λ) = h

−κ c1

λ2
Jm(a/λ) +

κ̄

a

[
c0ma

m−1 +
c1

λ
J ′m(a/λ)

]
− κ̄m

2

a2
h = 0

(2.12)

whose solution is

c0 =
h

am
aκ̄λJm−1(a/λ)− (a2κ+ κ̄λ2m(m+ 1))Jm(a/λ)

aκ̄λJm−1(a/λ)− (a2κ+ 2κ̄mλ2)Jm(a/λ)
(2.13)

c1 =
hκ̄m(m− 1)λ2

aκ̄λJm−1(a/λ)− (a2κ+ 2κ̄mλ2)Jm(a/λ)
(2.14)

Note that when m = 1, c0 = h/am and c1 = 0 so that ζ = hr
a

sin θ, which is a rigid

rotation. The change in bending energy to highest order is thus the sum of

κ

2

∫
dA(2H)2 = κ

c2
1

λ4

π

4
a2
[
J2
m(a/λ)− Jm−1(a/λ)Jm+1(a/λ)

]
(2.15)

κ̄

∫
dAK = −2πaκ̄h2 2λ2(m− 1)m2 − a c1

h
Jm+1

(
a
λ

) (
a c1
h
Jm+1

(
a
λ

)
+ 2λm(m− 1)

)
4a3λ2

(2.16)

The total change in energy for the chiral perturbation compared to the flat disk

is the complicated expression

δE = πh2

(
Γ
m2

a
+

B

2a3
(1− 4m2 + 2m4) +

c∗

a2
m(m2 − 1)

+
κc2

1a
2

4h2λ4

[
J2
m

(a
λ

)
− Jm−1

(a
λ

)
Jm+1

(a
λ

)]
− κ̄

2a2λ2

[
2λ2(m− 1)m2 − ac1

h
Jm+1

(a
λ

)(
a
c1

h
Jm+1

(a
λ

)
+ 2λm(m− 1)

)])
(2.17)

Fig. 2.5 shows the phase boundaries between the flat and rippled states for mem-

branes of radius a = 5µm and a = 50µm. The agreement between the disk and
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Figure 2.5: Phase boundaries for a membrane of radius a = 5µm (left) and a = 50µm (right).
Different colors indicate different values of |c∗|/κ. From lowest curve to highest: 0 (red), 0.25
(magenta), 0.5 (yellow), 0.75 (green), 1 (blue). Dashed line indicates phase boundary for half-plane;
solid line indicates phase boundary for disk. For large radius we recover the stability condition for
a chiral half-plane (Eqn. 2.6) as indicated by the overlap of the solid and dashed lines. We assume
B′ � B.

sem-infinite plane cases converges quickly, so the approximation is justified (and

welcome, considering the complexity of Eqn. 2.17).

2.5 Expressions for the fluctuation spectrum

The energy (2.5) along with the equipartition theorem yields the power spectrum for

in-plane and out-of-plane edge fluctuations, which is valid for stable flat states:

〈uqu−q〉 =
kBT

Bq4 + Γq2 − c∗2q4/∆(q)
(2.18)

〈vqv−q〉 =
kBT

∆(q)− c∗2q4/(Bq2 + Γ)
, (2.19)

where ∆(q) = Bq4{1 + [1 + κ̄/(2κ)]2}+ Γq2 − 2κ̄|q|3[1 + κ̄/(4κ)].

Note that c∗, κ, and κ̄ only affect the fluctuations for intermediate q; the large and
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Figure 2.6: (a) Normalized power spectrum s2q ≡ q2〈uqu−q〉 in which c∗ (in units of kBT ) and Γ
(in units of kBT/µm) are fit to the data, with κ/κ̄ → ∞, B = 100 kBTµm, and κ̄ = 50 kBT . The
value of B used was found by fitting the T = 60◦ C data to the achiral formula, Eq. (2.2)

Figure 2.7: Values of c∗ obtained from fitting (left vertical axis), and values of Γ obtained from
fitting (right vertical axis)
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small q behavior is controlled by the bending stiffness and line tension, respectively,

just as in the case of an achiral membrane. Note also that the out-of-plane fluctu-

ations of the edge of an achiral membrane have a distinctly different q-dependence

than the in-plane fluctuations of Eq. (2.2): 〈vqv−q〉 = kBT/∆(q) when c∗ = 0.

As the temperature is lowered, the value of Γ decreases while chirality and thus

c∗ increases. The system therefore comes closer to fulfilling the condition (2.6) for

ripples to form, leading to a peak near qc. Figure 2.6 shows fits of the theoretical

expression (2.18) for s2
q ≡ q2〈uqu−q〉 assuming κ = 150 kBT , B = 100 kBT µm, and

κ̄ = 50 kBT , along with the values of Γ and c∗ obtained from fitting each curve. The

value of B used was found by fitting the T = 60◦C data to the achiral formula,

Eq. (2.2). Because B does not change appreciably with T , all curves collapse onto a

single line in the large q limit. Similarly, κ̄ is not expected to depend significantly on

T and was fixed for fitting. Because both κ̄ and c∗ control the size of the peak, fixing

κ̄ also allows the effect of c∗ to be assessed more accurately. The magnitude of the

κ̄ used in our fits is smaller than but still comparable in magnitude with the recent

experimental measurements and theoretical estimates that yield κ̄ ≈ 200 kBT [28].

The values of Γ and c∗ from the fitting have the expected order of magnitude and

obey the expected trend of Γ increasing and c∗ decreasing to zero as the temperature

increases (Fig. 2.7). Although the fits capture the shape of the peak well, there

is some discrepancy with the experimental data at the smallest measured values

of q. There are two main reasons for this discrepancy. First, the characteristic

widths of the peaks are fairly large, and there are not enough data points taken

at small enough q to escape the influence of the peak. Second, when q decreases,

the fluctuation relaxation time increases rapidly. The longer relaxation time leads to

poor statistics, since it reduces the number of configurations over which the data can

be averaged. Consequently, the fits tend to underestimate Γ when the temperature
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is low.

To conclude, we have measured the small-amplitude fluctuations of the edge of

a colloidal membrane, and found that as the chirality increases, a peak forms at a

characteristic wavelength. Our effective geometric theory captures the important

features of the measurement such as the formation of the peak, and shows how

the Gaussian curvature modulus affects the fluctuations when chirality couples the

undulations of the edge in and out of the plane of the membrane. We have also

calculated the power spectrum for out-of-plane fluctuations of the edge, which would

be especially interesting to measure in the achiral case, as it offers another method

of estimating the Gaussian curvature modulus κ̄.



Chapter Three

Axisymmetric Membranes
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Figure 3.1: Parameterization of an axisymmetric shape. The z-axis is the axis of revolution, φ is
the angle of revolution, and r is the radial coordinate. Arclength is denoted by s while ψ denotes
the angle between the tangent vector and the r axis. Note that s = 0 corresponds the the rightmost
endpoint.

3.1 Introduction

The shape equation (Eqn. 1.20), a nonlinear partial differential equation, is noto-

riously difficult to solve for a general system. However, by assuming axisymme-

try and our effective model that accounts for the elastic energy via edge quantities

(Eqn. 1.34), we can simplify the shape equation into a system of ordinary differential

equations that is easier to analyze. In this chapter, we detail various axisymmet-

ric colloidal membrane systems and the successes and shortcomings of our effective

theory in modeling them.
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3.2 Arclength parameterization

To analyze axisymmetric membrane problems, we first express the effective energy

1.34 in a convenient coordinate system [56, 39]. Let the surface be given in R3

by X(s, φ) = (r(s) cosφ, r(s) sinφ, z(s)), where s is the arclength starting at the

rightmost point and ending at z = 0. It is convenient to write the tangent vector

along a meridian as T̂ (s) = (rs, zs) = (cosψ,− sinψ), where ψ(s) is the angle between

T̂ and the vertical axis (Fig. 3.1). Notice that this implies the constraint

r2
s + z2

s = 1. (3.1)

From this, one can calculate that the metric tensor is

gij = X i ·Xj =

 1 0

0 r2

 , (3.2)

the unit normal of the surface is

N̂ = (sinψ cosφ, sinψ cosφ, cosψ), (3.3)

and the second fundamental form is

bij = N̂ ·X ij =

 −ψs 0

0 −r sinψ

 . (3.4)

Together, these imply that the principal curvatures are ψs and sinψ/r.

Since the boundaries of an open axismmetric surface are just a pair of circles, the

geodesic torsion at the edge vanishes, and chirality is not expected to play a role in
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determining axisymmetric surfaces using the effective energy 1.34. Meanwhile, the

geodesic and normal curvatures at the edge reduce to

kg =
cosψ

r
and kn = −sinψ

r
. (3.5)

In Appendix B, we derive the Euler-Lagrange ordinary differential equations and no

force/torque boundary conditions associated with this coordinate system for both

the full liquid crystal energy and the minimal model. These equations are then solved

numerically using MATLAB’s bvp4c routine (a boundary value problem solver) for

a variety of systems, which are detailed below.

3.3 Coalesence of saddles into unduloids

In experiments where colloidal membranes were doped with shorter rods of the same

width but roughly 75% the length of the usual fd viruses, the membranes were

observed to form metastable saddle shapes (Fig. 3.2). For low enough long rod

fractions, when two of these saddles come into contact, the membrane takes on an

axisymmetric shape with two holes. We estimate the resulting spontaneous curvature

and argue that the axisymmetric surfaces formed are the classic unduloids often

studied in the theory of droplets [45, 32, 25]. We then use our minimal model and

full liquid crystal energy models to confirm their shape.



43

Figure 3.2: (Top) Experimental formation of an unduloid from a pair of saddle-shaped membranes
doped with short rods. Left, center, and right images were taken at approximately 1 minute, 5
minutes, and 10 minutes into the experiment, respectively. (Bottom) Computer generated render
of the final axisymmetric equilibrium surface.
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3.3.1 Experimental methods

Experiments were performed by Andrew Balchunas as part of the research lab of

Zvonimir Dogic.

The two types of bacteriophage virus used in this experiment were M13-wt (wild

type) and its mutant M13-KO7, which is identical in all aspects except contour

length. M13-wt has a contour length of 880 nm, while M13-KO7 has a contour

length of 1200nm, approximately 37% longer than its unmutated relative. In order

to form the membranes, dextran (molecular weight 500,000) was used a a polymer

depletant. Uniformly mixed membranes are observed at low osmotic pressure, while

phase separation between short and long rods is observed at high osmotic pressure

(Fig. 3.3). The osmotic pressure in the system is related to the dextran concen-

tration. An “unduloid” phase arises from mixing M13-wt and M13-KO7 at specific

stoichiometric ratios and intermediate osmotic pressures. All samples were prepared

in Tris-HCl buffer (20 mM, pH 8.0) with 100 mM NaCl added to screen electrostatic

repulsion between the viruses. The final virus concentration was at 0.5 mg mL−1

regardless of the overall number ratio.

Line tension data was acquired using darkfield microscopy of the edge fluctuations

of the membrane. The line tension of the membranes in this system was measured

to be 570kBT/µm. The edge bending stiffness has been previously measured to be

around 100kBTµm and is the same for both species of virus, as they share the same

cholesteric pitch [30].

The total area of the membranes that coalesced was measured to be approxi-

mately 40µm2. The modulus κ has been reported to be roughly 1.5 × 105kBT [4],

while the Gaussian curvature modulus has been theoretically estimated at κ̄ '
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Figure 3.3: Experimental phase diagram for membranes that have been doped with shorter rods.
The horizontal axis is long rod fraction and the vertical axis is depletant concentration. Unduloids
are observed to start forming around 75% long rod fraction. Below 50% long rod fraction, the short
and long rods prefer to phase separated membranes.

200kBT [28].

3.3.2 Spontaneous curvature as a function of long rod frac-

tion

We use a simple geometric argument to estimate the value of c0 in these unduloids.

Suppose the membrane consists of Nl long rods and Ns short rods. Recall that the

long rods have length L = 1200 nm and a radius of roughly d = 3 nm (although d

does not explicitly enter our model).

For simplicity, assume that the bilayer is wrapped into a spherical vesicle so that

the inner radius is Ri and the outer radius is Ro, as in Fig. 3.4; it is thought that the
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short rods have this type of configuration by comparison with observations of similar

systems [4]. On the outer surface, if the rods are all normal to the surface, we have

Nl + Ns circles packed onto the surface of a sphere. However, on the inner surface

there are only Nl circles. If we denote the packing fractions of the inner and outer

surfaces φi and φo, respectively, the surface areas of the outer and inner spheres are

Ao =
πd2(Nl +Ns)

4φo
and Ai =

πd2Nl

4φi
(3.6)

Furthermore, we also know the separation between the radii is Ro − Ri = L, so

putting these together gives

Ri =
L√

Nl+Ns

Nl

φi
φo
− 1

(3.7)

In the case where φi ' φo, this expression simplifies further to

Ri =
L√

1/φL − 1
(3.8)

where φL is the long rod fraction. The spontaneous curvature can then be estimated

as c0 = 2H ' 2/Ri. In the case where the membrane contains no short rods, φL = 1,

and Ri → ∞, i.e. the membane has no spontaneous curvature. For 65% long rod

fraction where unduloids are observed to form, this yields a spontaneous curvature

of c0 ' 0.4 µm−1.
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Figure 3.4: Induction of spontaneous curvature by doping a membrane composed of longer rods
(blue) with shorter rods (yellow). The upper surface is an arc with radius Ro and the bottom
surface is an arc with radius Ri. The distance between the surfaces is the length of one long rod,
L.

Figure 3.5: Comparison of experimental unduloid data with theoretical profile and data fit using
c0 and the neck as free parameters. The spontaneous curvature for the blue line is c0 = 0.4µm−1,
the bending stiffness is κ = 1.5 × 105kBT , κ̄ = 200kBT , B = 100kBTµm, γ = 570kBT/µm. The
area is 55µm2.
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3.3.3 Delaunay surfaces

We use the effective energy 1.34 with c∗ and B′ set to zero, since there is no geodesic

torsion at the edge of an axisymmetric surface.

Eund =
κ

2

∫
(2H − c0)2dA+ κ̄

∫
KdA+ µ

∫
dA+ Γ

∫
ds+

B

2

∫
k2ds (3.9)

In terms of our minimal model Eqn. 3.9, the nonuniform concentration difference of

short rods throughout the monolayer can be modeled as a spontaneous curvature c0.

However, the large bending stiffness of the membrane implies the mean curvature

globally cannot deviate from this preferred value. The result is that the saddles

merge into a single axisymmetric shape with constant mean curvature. (Note that

we have checked that 2 saddles/Enneper’s surfaces each with area A/2 is always less

energy than the unduloid.)

From the classical geometric theory of surfaces, the only axisymmetric nonplanar

constant mean curvature surfaces are the sphere, cylinder, catenoid, unduloid, and

nodoid, known as the Delaunay surfaces [20, 9, 25]. We emphasize that the observed

surfaces cannot be catenoids because they have a nonzero mean curvature while

catenoids are minimal surfaces. From the remaining choices, it is a matter of selecting

the shape that minimizes the Gaussian curvature and edge energy; for an area of ∼

40µm2, this turns out to be the unduloid. Fig. 3.5 shows a comparison of the unduloid

with spontaneous curvature calculated from the model in the previous section and

an experimental height profile. The theoretical membrane profile is computed by

numerically solving the Euler-Lagrange equations associated with Eqn. 3.9 subect

to no-force and no-torque boundary conditions; details can be found in Appendix B,

Sections 1 and 2.
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Figure 3.6: Critical Gaussian curvature modulus needed for unduloid formation as a function of
long rod fraction. The bending stiffness is κ = 1.5 × 105kBT , B = 100kBTµm, γ = 570kBT/µm.
The area is 40µm2.

Although we use the terminology “unduloid” to refer to these axisymmetric

shapes with genus 2, the shapes are mathematically not unduloids, as they disagree

slightly due effects at the boundary; consequently, the mean curvature is nearly c0/2

everywhere but not exactly c0/2. Indeed, it has been shown that there do not exist

“pure” constant mean curvature solutions of the shape equation when B and κ̄ are

zero [64]. As the discrepancy between a pure unduloid and the observed membrane

shape is small on the scale of the membrane radius (Fig. 3.5), we will proceed with

this slight abuse of terminology.
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3.3.4 Critical Gaussian curvature modulus for unduloid for-

mation

As the integral of the Gaussian curvature modulus is a topological invariant for

closed surfaces, κ̄ is notoriously difficult to measure for membranes. For colloidal

membranes, which tend to assume open surfaces, theoretical estimates based on the

increase of excluded volume for the depletants for surfaces with negative Gaussian

curvature place the value of κ̄ around 200kBT [28]. Here, we will examine the critical

Gaussian curvature modulus necessary to make unduloid formation more favorable

than two disks as a function of long rod fraction, which provides another way to

estimate κ̄.

The energy of a disk with area A/2 is

Edisk =
√

2πA

(
Γ +

Bπ

A

)
(3.10)

To find the critical value of κ̄, we must identify when Eund = 2Edisk for various values

of c0, which we have related to the long rod fraction through Eqn. 3.8. Fig. 3.6

summarizes this data. Note that according to Fig. 3.3, unduloids start appearing

around 75% long rods. The corresponding critical κ̄ is ∼ 250kBT , which is close to

the previously estimated value.

3.3.5 Comparison with full liquid crystal energy

The minimal model Eqn. 1.34 relies on the assumption that the liquid crystalline

energy contributes primarily at the edges of the surface, which is most true when twist

penetration depth λ is much smaller than the membrane width w. However, with λ ∼
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1µm [51], this is not quite the case for unduloids, as evidenced by Fig 3.5. Therefore,

it is worth checking whether or not the full liquid crystal energy gives results that

differ from the ones obtained above using the minimal model. In Appendix B sections

3 and 4, we derive the Euler-Lagrange equations and no-force/no-torque boundary

conditions with the full liquid crystal energy terms, using an angle θ to represent the

tilt of the director relative to the surface normal. The equations are then solved using

MATLAB’s bvp4c in a procedure very similar to the one outlined above. Fig 3.7

shows the minimizers of the two different energy models for the same parameters.

The difference between the profiles is very small, mostly due to the fact that κ� κ̄

poses a severe constraint on the shape and forces the membrane into an unduloid-

like geometry. We emphasize that the minimal model is considerably more tractable

while giving up very little in the way of accuracy, making it the preferred energy

model whenever λ� w.

Figure 3.7: Comparison of the minimizer of the minimal model (blue) with the minimizer of the
energy with full liquid crystalline order. The bending stiffness was κ = 1.5× 105kBT , κ̄ = 200kBT ,
K = 100kBT , C = 100kBT/µm2, q = 1µm−1, A = 40µm2, c0 = 0.4µm−1, and Γ = 570kBT . For
the blue line, B = 100kBTµm and for the red line, B = 0.1kBTµm

.
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3.4 Willmore surfaces with fixed area

In mathematical literature, the Canham-Helfrich energy with µ = 0 and κ̄ = 0

is known as the Willmore functional, and its stationary immersions are known as

Willmore surfaces [68], of which minimal surfaces are a subclass. While Willmore

surfaces with Dirichlet boundary conditions (i.e. fixed ring radius and zero torque

at the boundary) have been studied [10, 16, 17], here we will study the problem with

an additional area constraint. Physically, this models the force necessary to hold an

incompressible membrane with the topology of a catenoid at a given extension.

To begin, we first consider κ̄ = 0 and study axisymmetric minimizers of the

energy

E/2π =
1

2

∫
(2H)2rds+µ

∫
rds+

∫
γ(s)(rs−cosψ)ds+

∫
η(s)(zs+sinψ)ds (3.11)

where we have dimensionlessized by κ. The Lagrange multipliers γ(s) and η(s) allow

the variations in r, ψ, and z to be taken independently. The boundary conditions are

the fixed distance between the rings Z and the fixed ring radius, which has been set

to 1 (in principle, this radius is set by the line tension Γ and edge bending stiffness

B). We will assume the area is fixed at A0 = 2π (the area enclosed by the rings)

and µ is a Lagrange multiplier enforcing this constraint.

The Euler-Lagrange equation in z leads to the realization that η is constant,

while the variations in ψ and r lead to the ordinary differential equations

ψss =
1

r

[
−ψ cosψ +

cosψ sinψ

r
+ γ sinψ + η cosψ

]
(3.12)
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and

γs =
1

2
ψ2
s −

sin2 ψ

r2
+ µ (3.13)

We have fixed endpoints, but ψ is free, so we enforce natural boundary condtions:

∂L
∂ψs

∣∣∣∣
s=0,L

= 2H|s=0,L = 0 (3.14)

where 2H = ψs+
sinψ
r

is twice the mean curvature. Physically, this is the requirement

that no external bending moments are applied.

Note that the total arclength L is still unknown. Our first-order system thus

contains the nine variables r, z, ψ, ψs, η, A, µ, γ and L and requires an equal number

of boundary conditions to solve. Let t = s/L, with t = 0 representing the right

endpoint and t = 1 representing the left endpoint. Our boundary conditions are

r(t = 0) = 1 , z(t = 0) = Z , H(t = 0) = 0 , A(t = 0) = 0

r(t = 1) = 1 , z(t = 1) = −Z , H(t = 1) = 0 , A(t = 1) = 2π

By virtue of the integrand L not depending on s explicitly, we find a conserved

quantity H = L − ψs ∂L∂ψs
− rs ∂L∂rs − zs

∂L
∂zs

. The transversality condition implies that

H = 0 (see Appendix B), so that

0 = −r
2

(
ψ2
s −

sin2 ψ

r2

)
+ µr − γ cosψ + η sinψ (3.15)

can be used as the ninth boundary condition. Note that at the midpoint of the

surface, ψ = π/2 and one can show that,

F/2π = −η = − b
2

[
ψs(s = L/2)2 − 1

b2

]
+ µb (3.16)
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Figure 3.8: Force vs. extension of a membrane with the topology of a catenoid. (Left) Various
shapes of the membrane for a given extension. The black line is a catenoid with area 2π and
ring radius 1 and represents the shape with maximum extension. (Middle) The blue line is the
dimensionless force required to hold the ends at a given half-width (note that negative force means
compression). (Right) The red line is the dimensionless surface tension µ.

where b is the neck (radius at the midpoint) and F is the force applied at the

boundaries (here we take F > 0 to mean an extensile force).

Fig. 3.8 shows the various minimal energy shapes, whose surfaces of revolution are

Willmore surfaces with area equal to 2π. Note that there is a maximum extension;

the corresponding shape at this extension is a catenoid, whose ring radius is 1.

However, if we increase the area, then there is no maximum extension; the mem-

brane has enough area to form a cylindrical “tether” that can connect the two nearly

flat rings (Fig. 3.10). The force consequently looks linear at large extensions. We

can explain this result by estimating the shape of the membrane as two circles of

area π connected by a cylinder of radius b:

A ' 2π + 4πbz. (3.17)
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which leads to the fact that z ' (A− 2π)/4πb. From the membrane shape equation

(Eqn. 1.20) and the fact that H = 1/2b and K = 0 for a cylinder, we get

2H3 = µH =⇒ µ ' 1

2b2
(3.18)

The area constraint Eqn. 3.17 provides a way to estimate µ as a function of the

extension; µ = O(z2) when z � 1. The force can be found using Eqn. 3.16 and the

fact that the cylinder is flat at the neck:

F =
π

b
+ 2πµb = O(z) (3.19)

As Fig. 3.10 shows, it is possible for a membrane with the topology of a catenoid

to have zero force and zero torque. Such a free-standing surface is typically quite

flat, with only a small variation in radius from end-to-end. For this reason, we gave

these shapes the nickname “flatenoids;” although they have not yet been observed

in experiments, they are nonetheless possible in theory, as long as κ/κ̄ is not large.

Otherwise, the membrane will prefer to form a catenoid as the catenoid is the only

axisymmetric nonplanar minimal surface.

3.5 Colloidal vesicles

Due to their extraordinarily high bending rigidity, colloidal membranes were long

thought to be unable to wrap up into vesicles as lipid bilayer membranes commonly

do. But recent experiments have shown that this is indeed possible for larger, less

stiff membranes composed of a shorter species of virus. The shapes of these sagging

vesicles are parameterized by a single dimensionless constant: a ratio of elastic bend-
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Figure 3.9: (Top) Formation of tethers for a membrane with larger area. The area is 4π. (Bottom)
The force vs. extension is linear at large z and there is no maximal extension. The tension µ vs.
extension is quadratic.
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Figure 3.10: An example of a ‘’flatenoid” (blue) which is a force-free axisymmetric equilibrium
surface. The catenoid with the same neck (red) has much larger curvature.

ing energy to gravitational energy, allowing us to estimate the bending rigidity of

these membranes. We have also begun to analyze the “vesicle with a hole” problem

in the hopes of gaining a better understanding of the process through which a large

disk wraps up into a vesicle. Tentative results indicate there is no energetic barrier

to vesicle formation if the area is large.

3.5.1 Experimental methods

Experimental procedures were done and data was collected by Joanna Robaszewski

and biological materials were provided by Mahsa Siavashpouri as part of Zvonimir

Dogic’s research group. Filamentous bacteriophage with a length of ∼ 380µm was

grown and purified following previously established biological protocols [55]. The

viruses were fluorescently labeled with Dylight 550 NHS ester dye using previously

described methods [48]. The labeled viruses were suspended in tris-HCl buffer and

mixed with dextran to induce attractive depletion forces and cause condensation of
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Figure 3.11: (Left) Image of a fully closed colloidal vesicle sagging in a gravitational field (xy-
plane). (Right) Same vesicle seen from the side (yz-plane). Scale bar is 20µm.

the viruses into monolayer membranes, along with sodium azide (NaN3) to eliminate

bacteria from the sample. Membrane growth and subsequent vesicle formation were

visualized using a confocal laser scanning microscope (Leica TCS SP8). Z-stack

images were taken of the vesicles after they formed their equilibrium structures. The

z-stacks were then used to reconstruct the three dimensional structure of the vesicles

with Leica Application Suite X software.

3.5.2 Minimal model for vesicles

Colloidal vesicles are much larger than ordinary colloidal membranes, with a radius

of ∼ 50 microns, and thus sag due to gravity (Fig 3.11). In order to analyze these

shapes, we add a gravitational term to our minimal energy. Note that the Gaussian

curvature term does not influence the energy of a closed vesicle due to the Gauss-

Bonnet theorem (Eqn. 1.13). Since the rod length is much smaller than the vesicle

radius, we continue to treat the membrane as an axisymmetric two-dimensional

shell, with areal mass density σ. If z is the height above the floor and r is the radial
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component, then in total we have

E =
κ

2

∫
(2H)2dA+σg

∫
zdA+µ

∫
dA+

∫
γ(s)(rs−cosψ)ds+

∫
η(s)(zs+sinψ)ds

(3.20)

where g = 9.8 × 106µm/s2 is the acceleration due to gravity and γ(s) and η(s) are

functional Lagrange multipliers that enforce geometric constraints at each s. Unlike

lipid bilayer vesicles, the volume is not conserved as the membrane is permeable to

water. However, we continue to assume that the total surface area is fixed.

While most of the Euler-Lagrange equations are unchanged by the addition of

the gravitational term and can be found in Appendix B, the inclusion of a term that

depends on z introduces a new equation for η(s):

ηs = σgz. (3.21)

Thus, η is the elastic response force in the z direction. Letting t = s/L, the nine

boundary conditions are

ψ(t = 1) = 0 , ψ(t = 0) = π, (3.22)

r(t = 1) = R , r(t = 0) = 0,

A(t = 0) = 0 , A(t = 1) = A− πR2,

z(t = 1) = 0 , η(0) = 0,

H(t = 0) = 0

i.e. we assume that the surface profile is continuously differentiable and that the

vesicle is in contact with the floor with an area of contact πR2. As before, we also

use that the Hamiltonian is zero (the transversality condition, Section B.3), which

is a consequence of the shape having unknown length. The radius R at the floor is
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fixed but arbitrary and must be minimized to find the true vesicle shape; however,

care must be taken to ensure that the solution does not penetrate the floor:

R = argminR̄≥0{E(R̄) : min
s
z(s) ≥ 0}. (3.23)

Note that there is no energy of adhesion with the floor because the vesicle is supported

by a polymer brush in experiments. Also, the energy is singular at t = 0 due to the

boundary condtion there; in practice, one sets r(t = 0) = 0.001 or some other positive

number small enough to not impact the solution.

The sole characteristic length scale in the problem is

l0 =

(
κ

σg

)1/3

. (3.24)

From this, we define the dimensionless parameter

α = A/l20 = A
(σg
κ

)2/3

. (3.25)

Dimensional analysis implies that the vesicle shape is solely a function of α. The

vesicle shapes for a variety of values of α are plotted in Fig. 3.12. The spherical

vesicle, α = 0, correponds to the case where there is no gravity. For α . 50, the

membrane is convex but sags due to gravity. When α ' 93, the membrane becomes

tangent to itself, indicating a complete collapse.

3.5.3 Estimating the bending rigidity

We now estimate the parameters in Eqn. 3.25 in order to estimate the bending

rigidity κ. While the viruses have a density of 1.4g/cm3, the membrane is roughly
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Figure 3.12: Dimensionless vesicle shapes as a function of α. The membrane develops a concave
center when α ' 50. At α ' 93, the membrane collapses completely.

Figure 3.13: Vesicle profiles with theoretical α = 18 curve superimposed. Scale bar is 20µm.

80% water by mass, leaving the density difference with the background fluid closer

to ∆ρ = 0.08g/cm3. To find the areal density, we multiply σ = ∆ρd, where d is the

membrane thickness, estimated as d = 380nm.

The area of the vesicle in Fig. 3.11 was measured to be around 3.3 × 104µm2.

From fitting the shape of the membrane, α ' 18 (Fig. 3.13). Using these numbers

gives the value of κ ' 6000kBT . Our estimate is the correct order of magnitude as

one would obtain from using the fact that κ ∼ d3 and the measured bending rigidity

of the 880 nm viruses is around 1.5× 105kBT .
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Figure 3.14: A spherical cap of radius r, bounded by a circle of radius a.

3.5.4 Vesicle with a hole

The formation of colloidal vesicles from disks is a relatively recent phenomenon, and

it is not quite clear how they transition from disks to closed surfaces. The exact

nature of the wrapping process is an open problem even for lipid bilayer membranes

and is believed to involve parameters of the background fluid such as viscosity as

fluid is expelled as the vesicle seals itself. While we do not have the tools to study

this dynamical problem in full detail, we can nonetheless study vesicle wrapping

by examining two simple questions: what is the energy barrier if we assume the

membrane is shaped like a spherical cap and are there axisymmetric equilibrium

solutions of Eqn. 3.20 with a hole?

To answer the first question, suppose that a is the radius of the boundary of the

cap (Fig. 3.14). If the cap subtends a polar angle θ, then the area of the cap is given

by A = 2πr2(1 − cos θ), where cos θ =
√
r2 − a2r for 0 < θ < π/2 and the negative
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for π/2 < θ < π. Solving for a in terms for r yields

a =

√
A

π

(
1− A

4πr2

)
. (3.26)

The energy of the cap is then

E = (2κ+ κ̄)
A

r2
+ 2π

(
Γa+

B

2a

)
(3.27)

where we have ignored the effect of gravity. By combining Eqns. 3.26 and 3.27, one

can verify that for large enough areas, there is no barrier to vesicle formation other

than the barrier of closing the hole.

We now discuss the possibility of axisymmetric shapes that are open on one end,

as a proxy for the shape of the membrane just before it wraps into a vesicle. In this

scenario, the Euler-Lagrange equations and general algorithm are the same as before,

but the boundary conditions will be different; now, one side will have a hole where

no-force and no-torque conditions are imposed (see Appendix B). As we saw in the

case of unduloids, the line tension Γ and edge bending stiffness B set the width of

the hole; Fig. 3.15 shows this behavior.

Notably, the radius satisfying 3.23 is essentially the same function of α for both

closed vesicles and vesicles with a hole. The energies of the minimizers of the two

problems are also comparable; we find Evesicle ' Ehole − Eedge. With edge energy,

however, Evesicle < Ehole, suggesting there is no energetic barrier to vesicle formation

from this equilibirum shape obtained by minimizing R.

Thus, in total, our crude results suggest the “lotus” wrapping pathway (Fig. 3.16),

where a disk with enough area and line tension wraps itself into one of the shapes in
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Figure 3.15: Metastable states of a vesicle with a hole. For all shapes A = 4π, κ = 1, γ = 1,
B = 0.1, κ̄ = 0. The shape parameter α varies from 10 (blue) to 50 (yellow) in increments of 10.

Figure 3.16: Theoretical pathway for the wrapping of a disk into a vesicle. The black line indicates
the flat disk. The blue line indicates spherical cap-type shapes. The green line is the metastable
state with a hole, and the red line is the final vesicle with the hole sealed.
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Fig. 3.15 by transitioning through a series of cap-like shapes, then closes its hole at

the last moment. While our model predicts a divergence of the energy as the hole

size decreases, the closing of the hole likely occurs in a regime where our assumptions

of liquid crystalline order do not apply, and so our current model cannot accurately

describe this.



Chapter Four

Force vs. Extension of Ribbons
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4.1 Introduction

In another set of experiments, optical tweezers were used to impart a stretching force

on antipodal points of a disk-shaped colloidal membrane. Under the application

of this force, the membrane not only elongates but also develops twists akin to a

helicoidal ribbon. With our effective theory, we capture the correct shape of the

nonlinear force vs. extension curve and find that chirality is necessary to transition

to the twisted phase. The effective theory works best for small deflections when the

membrane is still flat but becomes less accurate for large extensions. This is due to

the thinning of the ribbon as it is pulled, which makes the width comparable to the

twist penetration depth.

4.2 Experimental methods

Experiments were performed by Andrew Balchunas and Mark Zakhary as part of

the research laboratory of Zvonimir Dogic.

Sample Preparation. Filamentous bacteriophages fd-wt, M13-wt, and M13-KO7

were isolated from the supernatant of infected E. Coli ER2738 cells and were purified

by PEG precipitation [6, 55]. M13-KO7 is a mutant of M13-wt in which the contour

length has been altered, and has been given a gene encoding for Kanamycin resis-

tance. M13-KO7 has more copies of the major coat protein (pVIII) than M13-wt,

leading to a 37% increase in length over its parent bacteriophage [24]. All other

properties of the virus are left unchanged through the mutation.

Mixing viruses with a non-adsorbing polymer, dextran (MW 500,000, Sigma-
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Aldrich), leads to the self assembly of 2D colloidal membranes [5]. Changing the

concentration of dextran in the suspension affects the strength of virus-virus attrac-

tion and can lead to other equilibrium structures such as quasi 1D colloidal twisted

ribbons [27]. All samples were prepared in Tris-HCl buffer (20 mM, pH 8.0) with

100 mM NaCl added to screen electrostatic repulsion between the viruses. The

virus and polymer suspensions were injected into homemade chambers made from

a glass microscope slide, coverslip (Gold Seal, Fischer) and unstretched Parafilm

wax as previously published [6]. The glass slide and coverslip were coated with a

poly-acrylamide brush prior to use to prevent non-specific adsorption [47].

For stretching experiments, a chamber resembling a T was made. The virus

and polymer mixture was injected into the vertical stem of the T-junction and the

assemblage was stored overnight in a humid environment in order to allow sufficient

time for membranes to form without allowing the sample to evaporate. Just prior

to starting an experiment, a suspension of fluorescent, biotinylated bacterial flagella

(SJW 1660, straight morphology [8]) and streptavidin coated silica beads was injected

into the horizontal arm of the junction. The bacterial flagella were fluorescently

labeled with an amine reactive dye (NHS-Rhodamine). The sample was then sealed

using glue that cures under ultraviolet light (Norland Optical).

Optical Microscopy. Experiments were performed using an inverted microscope

(Nikon Eclipse Te2000-u) outfitted with a high magnification, high N.A., oil immer-

sion objective (Nikon, PlanFluor, 100x, N.A. 1.3). Images were recorded using a

cooled CCD camera (CAMERA MANUFACTURER). An LED light source (SOLA

Light Engine, Lumencor) was used to excite the fluorescent dye, and a dichroic filter

cube (Semrock) was used to collect the emitted light from the flagella.

Laser Tweezers. Focusing a high-powered 1,064 nm laser (Coherent Compass) on
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Figure 4.1: (Left) Optical tweezers are used to impart a diametric stretching force on a disk-
shaped colloildal mmebrane. The disk diameter is initially 5µm; the length of the ribbon in the
bottom figure is ∼ 20µm. (Right) Schematic of top-down view.

the focal plane of an inverted microscope (Nikon Eclipse Te2000-u), through a high

magnification, high N.A. oil immersion objective (Nikon, PlanFluor, 100x, N.A. 1.3),

produced an optical tweezer that could be used to manipulate colloidal particles. An

acousto-optical deflector (AOD) (IntraAction-276HD) was used to simultaneously

trap multiple beads. The AOD time shares a single beam across multiple positions

so quickly that the trapping appears simultaneous. The traps were controlled using

a homemade LabVIEW subroutine and motorized stage.

Position of the detection bead was measured using back focal plane interferometry

and a quadrant photodiode. A second 830 nm laser (Point Source Iflex2000) was

incorporated into the setup as the detection beam. Trap stiffness was calibrated by

analyzing the power spectrum of the bead position [1].

4.3 Small extensions of a flat membrane

It has been observed that for small extensions, the membranes do not twist, and the

force as a function of extension is approximately linear. Here, we will estimate the

spring constant ks of this linear relation.
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Figure 4.2: Force vs. extension for colloidal membranes of various radii, along with theoretical
small stretch linear lines (see Section 4.3).

Figure 4.3: Equal and opposite forces of magnitude F acting diametrically on a membrane at
locations A and B. We assume F > 0 for outward forces as shown.
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Consider an incompressible flat membrane subject to equal and opposite external

forces, as in the figure, except we will take positive force F to be outward rather than

inward. Also, we will use F for the dimensional force, and f for dimensionless force,

as described below. The membrane has an area πa2 in the absence of forces, and line

tension Γ. We will also assign a bending stiffness B to the edge of the membrane;

this stiffness represents the contribution from the bend of the tilted virus particles to

the Frank free energy. We will not consider the conformation of the virus particles,

but instead use the simpler theory of an incompressible membrane with edge tension

and edge bending stiffness. Approximating the energy in this way is appropriate

when the twist is confined to a thin annulus at the edge of the membrane.

The problem is to find the deformation of the membrane for small forces, F �

Γ; denoting by x the total displacement of B relative to A (Fig. 4.3), we seek to

calculate the spring constant ks = F/x. To find the governing equations, we first

dimensionlessize by measuring length in units of a, and force in units of Γ. The

shape is given by the radius r(φ) = 1 + ζ(φ), where ζ(φ)� 1 and −π < φ < π. The

configuration of the membrane is found by minimizing

W =

∫
ds+

b

2

∫
dsk2 − pA− fζ(0)− fζ(π), (4.1)

where the total energy W is measured in units of λa, s is the arc length of the edge, k

is the dimensionless curvature of the edge, b ≡ B/(λa2), p is the Lagrange multiplier

enforcing the area constraint, A is the area, and f ≡ F/Γ. Next, we expand W to

second order in ζ and then find the variation. We use

ds =

√
dr

dφ
· dr

dφ
dφ, (4.2)

where r = (1+ζ)ρ̂ and ρ̂ = (cosφ, sinφ) is the unit radial vector. Also, the curvature
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k is given in terms of the tangent vector T̂ = dr/ds by

k2 =
dT̂

ds
· dT̂

ds
. (4.3)

Expanding to O(ζ2) yields

W =

∫
dφ

(
1 + ζ +

1

2
ζ ′2
)

+
b

2

∫
dφ

(
1− ζ + ζ2 +

3

2
ζ ′2 − 2ζ ′′ + 4ζζ ′′ + ζ ′′2

)
− p

2

∫
dφ (1 + ζ)2 − f

∫
dφ (δ(φ) + δ(φ− π)) . (4.4)

Computing the variation yields

δW =

∫
dφδζ

[
b

(
ζ(iv) +

5

2
ζ ′′ + ζ − 1

2

)
+ (1− ζ ′′)− p (1 + ζ)− f (δ(φ) + δ(φ− π))

]
+ [δζ (−bζ ′′′ − bζ ′/2 + ζ ′)]

φ1
φ0

+ [δζ ′b (ζ ′′ + 2ζ − 1)]
φ1
φ0
, (4.5)

where φ0 and φ1 are the lower and upper endpoints of the region of integration,

respectively. From these boundary terms we deduce the first-order shearing force

fshear = −bζ ′′′ − bζ ′/2 + ζ ′ (4.6)

and the first-order bending moment

m = b(ζ ′′ + 2ζ − 1). (4.7)

Demanding δW = 0 yields

b

(
ζ(iv) +

5

2
ζ ′′ + ζ − 1

2

)
+ (1− ζ ′′)− p (1 + ζ)− f [δ(φ) + δ(φ− π)] = 0. (4.8)

The pressure p is determined by the condition A = π, which to first order in ζ is
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∫
dφζ = 0. Integrating Eqn. (4.8) over the circle yields

p = −f
π

+ 1− b

2
. (4.9)

Note that we have skipped over a subtlety here. The shearing force is not continuous

at point A and B, so it might not be immediately clear that the integral of the fourth

derivative of ζ vanishes. To see that it does, we can either (a) smooth out the delta

functions, so that none of the derivatives of ζ are discontinuous, or (b) keep track of

each of the jumps in ζ ′′′ at 0 and ±π. Either procedure shows that
∮

dφζ(iv) = 0.

Inserting the expression (4.9) into Eqn. (4.8) yields

b

(
ζ(iv) +

5

2
ζ ′′ +

3

2
ζ

)
− (ζ ′′ + ζ) +

f

π
+ f [δ(φ) + δ(φ− π)] = 0. (4.10)

We can find boundary conditions on ζ ′′′, ζ ′′ and ζ ′ by integrating (4.10) against 1,

φ, and φ2, respectively. Or we can simply say that the shear force must jump by f

at A and B but the moment is continuous along with ζ and ζ ′ (the latter because

otherwise we would have an infinite energy cost for a corner). To simplify the solution

of (4.10), we impose mirror-reflection symmetry about AB and CD (Fig. 4.3). Since

there will be discontinuities in third derivatives, let

ζ =

 ζ+ if 0 < φ < π

ζ− if − π < φ < 0,
(4.11)

where

ζ+ =
2f

(2− 3b)π
+ c1 sinφ+ c2

[
sinh

(
φ

√
1

b
− 3

2

)
+ sinh

(
(π − φ)

√
1

b
− 3

2

)]
(4.12)

ζ− =
2f

(2− 3b)π
− c1 sinφ− c2

[
sinh

(
φ

√
1

b
− 3

2

)
− sinh

(
(π + φ)

√
1

b
− 3

2

)]
.(4.13)
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We might worry that we need to turn the hyperbolic functions into circular functions

when b > 2/3, but there will be compensating roots in c2 that prevent ζ from being

complex. Imposing continuity of ζ ′ at φ = 0 and the jump in the shearing force

[bζ ′′′]
0+

0−
= f (4.14)

yields

c1 =
f

b− 2
(4.15)

c2 =
f

(b− 2)
√

1
b
− 3

2

[
cosh

(
π
√

1
b
− 3

2

)
− 1
] . (4.16)

Note that even though the coefficients diverge at certain values of b, the fundamental

solutions have compensating zeros that keep ζ finite, i.e.

lim
b→1

ζ+ = − f

2π
+

f

16
(π − 2φ) cosφ+

f

8
sinφ (4.17)

lim
b→ 2

3

ζ+ = f

(
3

2π
− π

8

)
+

3fφ

4

(
1− φ

π

)
− 3f

4
sinφ; (4.18)

or, the diverging parts are killed by rapidly vanishing parts:

lim
b→0

ζ+ = f

(
1

π
− 1

2
sinφ

)
. (4.19)

The total displacement of B relative to A is given by x = ζ(0) + ζ(π), and the

spring constant ks for the deformation is given by

ks = f/x. (4.20)



75

We find

ks =
π(2− b)(2− 3b)

8− 4b− 2π
√

4− 6b
√
b coth

(
π
√

1− 3b
2

2
√
b

) . (4.21)

For small b, we have

ks =
π

2
+
π2
√
b

4
+O(b), (4.22)

where we have dropped exponentially small terms such as exp(−1/b). In dimensional

form, the spring constant for B � Γa2 is

ks =
πΓ

2a
+
π2

4

√
ΓB

a4
+ · · · (4.23)

For large b, the spring constant is

ks = − 3πb

4 + 2
√

6π cot
(

1
2

√
3
2
π
) +O(1) (4.24)

ks ≈ 5.641b, (4.25)

Or ks ≈ 5.641B/a3 when B � Γa2.

Figure 4.4: Plot of dimensionless spring constant vs dimensionless edge bending stiffness.
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Plotting the spring constant vs edge bending stiffness (4.21) shows that the de-

pendence of ks on b is linear except for the smallest values of b (Fig. 4.4). Let’s

make some estimates using numbers from Mark Zakhary. For a membrane of radius

a = 2.2µm, with B = 150kBT µm, and Γ = 250kBT/µm, we get b = B/(Γa2) ≈

0.124, and ks ≈ 2.73Γ/a, which is significantly different from the b = 0 value of

ks = (π/2)(Γ/a) ≈ 1.57Γ/a. Fig. 4.2 compares the theoretical small stretch slopes

with experimental data.

4.4 A simplified strip model

As a first step to understanding the force for larger extensions, we can approximate

the membrane as a helicoid with fixed width (i.e. a twisted rectangular ribbon). Our

energy is

E = κ̄

∫
KdA+ κ

∫
(2H)2dA+ γ

∫
ds+

B

2

∫
dsk2 (4.26)

where we have set B′ = 0 and c∗ = 0 (Eqn. 1.34) for now. The surface is assumed

to have a helicoidal shape with length z, width ρ, and rotation rate α:

Y (ρ̄, z̄) = (ρ̄ cos(αz̄), ρ̄ sin(αz̄), z̄) , ρ̄ ∈ [−ρ, ρ] , z̄ ∈ [0, z], (4.27)

so that H = 0. Using this parameterization to evaluate the integrals, we find

E(ρ, α, z) = 4γρ+ 2γz
√

1 + α2ρ2 − 2κ̄z
α2ρ√

1 + α2ρ2
+Bz

α4ρ2

(1 + α2ρ2)3/2
(4.28)

Throughout the stretching of the membrane, the helicoid is subject to the constraint

of constant area: its surface area equals that of a disk of radius a. The constraint
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looks like

πa2 = z

[
1

α
sinh−1(αρ) + ρ

√
1 + α2ρ2

]
(4.29)

Note that Eflat = 4ργ + 2γz and Aflat = 2ρz. The energy 4.28 must be minimized

subject to the constraint 4.29. We treat the extension z as fixed but arbitrary.

We then find ρ = ρ(α, z) using 4.29. We plug this expression into 4.28 so that

E = E(α, z) and then perform a one-dimensional minimization of the energy over

α = α(z). Plugging this value of α back into E leaves E = E(z), so that the force

may be computed numerically as F = dE/dz.

4.4.1 Asymptotic formulas for large extension

Note that the area constraint implies the bound 0 ≤ ρz ≤ πa2, so that if z is large,

ρ is necessarily small. We will thus perform an expansion of the constraint in terms

of ρ. Note that in doing this, we are assuming α to be sufficiently small so αρ << 1

(in general, α depends on z and could be large). We will see later that this step is

justified.

πa2

z
=

1

α

(
ρα− (ρα)3

6
+ . . .

)
+ ρ

(
1 +

(αρ)2

2
+ . . .

)
= 2ρ+

1

3
α2ρ3 + . . . (4.30)

Inverting this series to get ρ in terms of π/z gives

ρ =
πa2

2z

[
1− α2

24

(
πa2

z

)2

+
13α4

1920

(
πa2

z

)4

+ . . .

]
(4.31)
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For αρ << 1, the energy may be expanded as

E ' 4γρ+ 2γz

(
1 +

1

2
α2ρ2

)
− 2κ̄α2ρz

(
1− 1

2
α2ρ2

)
+Bzα4ρ2

(
1− 3

2
α2ρ2

)
(4.32)

with ρ ' π/2z. The approximate solution for α to leading order is

α2 =
2κ̄z

Bπa2
+O(1) (4.33)

So, α = O(
√
z), which confirms that αρ � 1 for z � a. Also note that α has both

positive and negative roots, since the result is the same independent the chirality

of the helicoid. Adding the torsion term c∗
∫
dsτg into the energy would break this

degeneracy and give preference to one root over the other. Expanding the energy in

αρ and plugging in, we have to leading order

E =

(
2γ − κ̄2

b

)
z +O(1) =⇒ F =

dE

dz
= 2γ − κ̄2

B
+O

(
1

z2

)
(4.34)

So, the force at large z is expected to saturate to a constant value depending on

γ, κ̄, and B (but is independent of the original radius a). In the case of a membrane

that is constrained to remain flat, κ̄ = 0 and we recover the F → 2γ limit.

4.4.2 Second order strip-to-ribbon transition

From plots, we can see that the twist rate α remains zero up to a critical extension zc.

We can calculate this critical extension analytically with a Landau-type expansion:

assume the energy has a critical zc for which α = 0 when z ≤ zc and α > 0 when

z > zc and that this transition is continuous in z. Near the transition length, the

helicoid is still essentially flat so that the area constraint is that of a strip: πa2 = 2ρz.
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Expand the energy the 2nd order in α since α is small near z = zc:

Ehelicoid ' 4γρ+ 2γz

(
1 +

1

2
α2ρ2

)
− 2κ̄zα2ρ

(
1− 1

2
α2ρ2

)
+ . . .

' 4γρ+ 2γz + γzα2

(
πa2

2z

)2

− κ̄πa2α2 + . . .

= Estrip + α2πa2

(
γ
πa2

4z
− κ̄
)

+ . . .

The minimum energy is attained when

zc =
πa2γ

4κ̄
. (4.35)

Note that for a typical disk, a = 5µm, γ = 1000kBT/µm, and κ̄ = 200kBT so that

zc ' 10a; in other words, an achiral membrane is not predicted to twist in this

model unless it is pulled very far. The edge bending stiffness B does not enter this

expression because it is higher order in α. This was all done assuming c∗ = 0; see

below for comments about chiral ribbons.

Fig. 4.5 shows the energy E, force F , twist rate α, and half-width ρ as a function

of the extension z, as well as the asymptotic expressions. Notably, the force is

decreasing for z > zc. This is an indication of an instability; the ribbon wants to

wrap up indefinitely on its own to create more negative Gaussian curvature. In order

to stabilize this behavior, one could consider adding a higher order term of the form

ε
∫
K2dA, ε� κ̄a2, which discourages infinite twist.
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Figure 4.5: Energy E, Force F , twist rate α, and half-width ρ as a function of extension z. The
green curves represent asymptotic expressions 4.31 and 4.33. In the top two plots, red indicates
values for the strip while blue indicates values for the twisted ribbon.

4.4.3 Adding a chiral term

For a helicoid, the geodesic torsion is equal to the torsion. Thus,

c∗
∫
τgds = 2c∗

αz√
1 + α2ρ2

(4.36)

This term is linear in α, which breaks the ±α symmetry and selects out a ribbon

handedness as expected. However, it also invalidates the argument in the previous

section; now ribbons start twisting immediately after any nonero extension, and they

twist more than they do in the achiral case, as Fig 4.6 shows. This demonstrates the

importance of chirality in getting ribbons to twist without having to pull to extreme

lengths.
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Figure 4.6: Comparison of twist rates for chiral and achiral ribbons. For the red curve (chiral),
c∗ = −5kBT . For the blue curve (achiral), c∗ = 0. For both curves, a = 10µm, κ̄ = 100kBT ,
B = 300kBTµm, and γ = 100kBT/µm.

4.5 Effective model for a helicoid

Armed with an understanding of some simpler cases, we now analyze the problem of

a stretched membrane that is allowed to twist. Our primary assumption will be that

the surface at all extensions is a helicoid with unknown width which depends on the

length coordinate, z. This assumption is justified by the expectation that the mean

curvature is small in light of Section 1.3 and the only family of surfaces of the form

Y (u, θ) = (r(u) cos θ, r(u) sin θ, p(θ)θ) with vanishing mean curvature everywhere is

the one with p(θ) constant (i.e. the pitch of the helicoid must be constant). Note that

the disk with zero force applied is also a “helicoid” with infinite pitch and circular

boundary.
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4.5.1 Energy and Euler-Lagrange equations

Our surface thus takes the form

Y (r, θ) = (r cos θ, r sin θ, pθ) , 0 ≤ r ≤ R(θ), 0 ≤ θ ≤ Z/p (4.37)

where c is the helicoid pitch and Z is the length of the stretched shape. Note that

the surface boundary R(θ) has still not been determined. We will solve for the shape

of the boundary of the surface, which is the curve X(θ) = (R(θ) cos θ, R(θ) sin θ, pθ),

such that the boundary conditions in Appendix A.2 are satisfied. The pitch p will be

fixed but arbitrary; a numerical optimization will be used to determine the optimal

value of p;

p = argminp̄>0E(p̄, Z), (4.38)

where E(p, Z) is the full minimal model energy 1.34 without the mean curvature

term:

E(p, Z) =

∫
M

[κ̄K + µ] dA+

∫
∂M

[
γ +

B

2
k2 +

B′

2
τ 2
g + c∗τg

]
ds. (4.39)

If we use the Gauss-Bonnet theorem (Eqn. 1.13), we can write

E(p, Z) =

∫
M
µdA+

∫
∂M

[
γ − κ̄kg +

B

2
k2 +

B′

2
τ 2
g + c∗τg

]
ds (4.40)

where we have ignored the constant term. It remains to write the area element in

terms of ds. To this end, we calculate the metric tensor

gij = Y i · Y j =

 1 0

0 r2 + p2

 (4.41)
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which gives

dA =
√
r2 + p2drdθ (4.42)

Therefore, we can write

∫
dA =

∫ Z/p

0

∫ R(θ)

0

√
r2 + p2drdθ =

∫ X/p

0

1

2

[
R
√
p2 +R2 + p2 log

(
R +

√
p2 +R2

p

)]
dθ

(4.43)

The unit tangent of X(θ) is

T̂ = (Rs cos θ −R sin θθs, Rs sin θ +R cos θθs, zs) (4.44)

where we have used z = cθ. The identity T̂ · T̂ = 1 yields the constraint

R2
s + z2

s

(
1 +

R2

p2

)
= 1 (4.45)

In analogy with the ψ from axisymmetric problems, if we define ψ to be the angle

between T̂ and the r axis, then we hve

dθ =
zs
p
ds =

sinψ√
p2 +R2

ds (4.46)

Our energy thus takes the form

E(p, Z) =

∫
∂M

[
µ

2

(
R
√
p2 +R2 + p2 log

(
R +

√
p2 +R2

p

))
sinψ√
p2 +R2

(4.47)

+Γ− κ̄kg +
B

2
k2 +

B′

2
τ 2
g + c∗τg + γ(s)(rs − cosψ)

]
ds (4.48)

where we have added a local Lagrange multiplier γ(s) in order to treat the variations

in r and ψ independently, just as in previous calculations. We can then calculate
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various geometric quantities:

n̂ =

(
p sin(z/p)√
p2 +R2

,−p cos(z/p)√
p2 +R2

,
R√

p2 +R2

)
(4.49)

kg = T̂ ·

(
dT̂

ds
× n̂

)
= ψs +

R sinψ

p2 +R2
(4.50)

kn =
dT̂

ds
· n̂ = −p sin 2ψ

p2 +R2
(4.51)

k2 = k2
g + k2

n (4.52)

τg = T̂ ·
(
n̂× dn̂

ds

)
=
p(1− 2 cos2 ψ)

p2 +R2
, (4.53)

which yield the Euler-Lagrange equations

µ

2

[
1− Rp2

(p2 +R2)3/2
log

(
R +

√
p2 +R2

p

)
+

p2

p2 +R2

]
sinψ − κ̄ sinψ

p2 −R2

(p2 +R2)2

− B sinψ

(p2 +R2)3

[
R(p2(3 + 4 cos 2ψ) +R2) sinψ + (−p4 +R4)ψs

]
− B′

2

[
4Rp2 cos2(2ψ)

(p2 +R2)3

]
+ c∗

2pR cos 2ψ

p2 +R2
− γs = 0

and

µ

2
cosψ

[
R +

1√
p2 +R2

log

(
R +

√
p2 +R2

p

)]
− κ̄ R cosψ

p2 +R2

+
B

2

[
(p2(−1 + 4 cos 2ψ) + 2R2) sin 2ψ

(p2 +R2)2
− 2ψss

]
+ γ sinψ

+ c∗
2p sin 2ψ

p2 +R2
−B′ 2p

2 sin 4ψ

(p2 +R2)2
= 0

Since the energy 4.48 was written exclusively in terms of edge quantities, the

Euler-Lagrange equations are all ordinary differential equations, and they can be

solved using a numerical boundary value problem solver similar to the one presented

in previous chapters (see Appendix B). The eight boundary conditions that must be
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Figure 4.7: Stretched chiral (left, c∗ = 0) and achiral (right, c∗ = −100kBT ) membranes. In both
images, ribbon has been “unwound” so that it looks flat. Achiral membranes tend to concentrate
area at the ends while chiral membranes are more uniform and strip-like. For achiral membranes,
it is possible (although unphysical) for the top and bottom boundaries to cross.

enforced are:

r(t = 0) = 0, r(t = 1) = 0, z(t = 0) = Z, z(t = 1) = 0,

ψ(t = 0) = 0, ψ(t = 1) = π,A(t = 0) = 0, A(t = 1) = πa2/2

where t ≡ s/L ∈ [0, 1] is the reduced arclength coordinate. In words, we have fixed

endpoints, a no-torque condition at the endpoints, and the area of the helicoid must

match the area of the force-free disk.

Using the numerically computed shape, we calculate E(Z) by minimizing over

the pitch p for fixed Z. The force needed to hold the ribbon at a given extension Z

is then given by

F (Z) =
dE

dZ
. (4.54)

We plot F vs. Z and compare with experiments below.
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4.5.2 Achiral vs chiral ribbons

In the case where c∗ = 0, the stretched membrane has two distinct phases: a flat

phase and a twisted phase. The membrane second-order phase transitions from the

flat to the twisted phase after a critical extension is reached. Much like the case for

a strip, this critical stretch is quite large and not expected to be attained in typical

experiments.

However, the membrane shape does not resemble a strip; most of the area is

concentrated near the ends, and the waist is quite thin. For large stretches, it is even

possible for the top and bottom boundaries to intersect each other, as in Fig. 4.7;

note that in these images, the helicoids have been “unwound” so that the surfaces

are flat. This is because nothing in the minimal model prevents the membrane from

becoming infinitely thin in the middle. In the full liquid crystal energy, the large

rotation of the director from one end to the other is discouraged by the twist term;

in other words, our assumptions about the twist being confined to the edge break

down in this regime.

On the other hand, when c∗ 6= 0, twisting occurs after any nonzero stretch. The

unraveled membrane shape closely resembles the strip since there is now a preferred

geodesic torsion from the c∗ term. We also see that the force is somewhat lower in

the chiral case (Fig. 4.9), since the twisting means that the force is balanced by one

component of the line tension in the large stretch limit.

Our results thus show the importance of chirality in the disk-to-ribbon transition.

Stretching experiments on achiral ribbons have yet to be performed but would be a

good way to check this result.
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Figure 4.8: Helicoidal solution to the membrane shape equation. Chirality is needed to get
twisting. Line tension Γ = 1000kBT/µn, B = 100kBTµm, Gaussian curvature modulus κ̄ =
200kBT , chirality modulus c∗ = 100kBT , initial radus a = 5µm.
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Figure 4.9: Theoretical force vs. extension curve compared to experiment. a = 5µm, B = B′ =
100kBTµm, κ̄ = 200kBT , Γ = 1000kBT/µm. For the top image, the membrane is achiral c∗ = 0.
For the bottom image, c∗ = −100kBT .



Chapter Five

Conclusion
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5.1 Summary

Broadly speaking, our goal has been to investigate the diverse phases of colloidal

membranes and characterize the conditions under which they appear. We have seen

how a geometric minimal model based on the Canham-Helfrich membrane bending

energy combined with a simplified treatment of liquid crystalline order can be used

to effectively describe these shapes and transitions in membranes whose twist pen-

etration depth is small compared to the membrane length scales. In particular, we

have explored

• the role of chirality and positive Gaussian curvature modulus in producing

disk-to-ribbon transitions in colloidal membranes

• the importance of chirality in making stretched membranes twist and edge

bending stiffness in accurately predicting small deformation spring constants

• the highly nonlinear force vs. extension curve of a catenoidal membrane with

fixed area

• the sagging of a large semipermeable colloidal vesicle in the presence of a

gravitational field

• the self-assembly of axisymmetric constant mean curvature surfaces with novel

topologies

Such is but a sparse sampling of the richness of phenomena that colloidal membranes

demonstrate and, in fact, permeate the field of soft condensed matter physics.
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5.2 Future work

There is still plenty to explore about colloidal membranes. As mentioned above,

it would be interesting to study the dynamics of vesicle wrapping, the time- and

lengthscales of which are too small to accurately observe for lipid bilayer vesicles.

Our examination of the shapes of colloidal vesicles has hopefully laid the groundwork

for this problem.

Another question is whether or not other surfaces we theoretically predict like

nodoids, “flatenoids,” or convex unduloids (Fig. 5.1) are physically realizable. Or,

can we reach beyond axisymmetric shapes to create triunduloids or other constant

mean curvature surfaces of higher genus? Preliminary experiments in this area have

shown progress in the formation of these shapes, but more work is needed to deter-

mine the conditions under which they become energetically favorable compared to

unduloids. Once our understanding of these shapes is improved, the next step could

be to try to manufacture surfaces wth prescribed curvatures and topologies.

Figure 5.1: A larger unduloidal membrane formed by doping a long rod membrane with a small
fraction of shorter rods. More work is needed to determine whether or not there is a defect at the
location indicated by the arrow. Figure courtesy of Prerna Sharma (Indian Institute of Science).

While the colloidal membranes we have discussed are made of rod-shaped virus

particles, other colloidal membranes composed of shorter DNA origami bundles have

been studied as well. Interestingly, the two kinds of colloidal membranes share
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different properties (e.g. parts of their phase diagrams are reversed), for reasons

that are still unknown [59].

In the longer term, our understanding of these membranes is relevant to biological

physics, where geometry governs many ubiquitous yet not fully understood processes

like tissue formation, mitosis, cell packing, and protein folding. The theories of self-

assembly that we have elucidated here could also to be applied to the engineering of

complex soft materials. By continuing to study the mechanics of these membranes,

we will ascertain elastic response principles that may go on to inform the design of

revolutionary “living materials” capable of self-assembly and self-healing.

It is this author’s hope that the research in this thesis will have contributed, even

if only in some infinitesimal way, to paving the road to the answers to these questions

and more. What more could I ask?



Appendix A

Force- and Torque-Free Boundary

Conditions for the Minimal Model
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A.1 The membrane shape equation

The minimal model analyzed in most of this document takes the form

E =

∫
M

[κ
2

(2H − c0)2 + κ̄K + µ
]
dA+

∫
∂M

[
Γ +

B

2
k2 +

B′

2
τ 2
g + c∗τg

]
ds, (A.1)

where κ, κ̄ are elastic moduli, µ is a Lagrange multiplier enforcing the constraint of

constant area, c0 is the spontaneous curvature (zero in problems where the membrane

has a uniform composition), Γ is the line tension of the edge, B is the edge bending

stiffness, B′ is the edge torsional stiffness, and c∗ is the chirality modulus (zero for

achiral rods).

The partial differential equation governing the membrane shape is the Euler-

Lagrange equation associated with this energy:

κ(2H − c0)(2H2 − c0H − 2K) + κ∇2(2H)− 2µH = 0 (A.2)

where terms at the edge only enter in the boundary conditions (see next section).

The details of this calculation can be found in [65]. Note that the Gaussian curvature

modulus does not appear in the shape equation because its variation vanishes.

A derivation of the membrane shape equation for the special case of axisymmetric

surfaces using the coordinate system in Section 3.2 can be found in Appendix B. In

the next section, we summarize the no-force and no-torque boundary conditions that

naturally arise from taking the variation.
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A.2 Natural boundary conditions

To find the natural boundary conditions associated with the membrane shape equa-

tion, we extend the coordinate-free variational calculuations of [65] to our energy A.1.

Our notation will be the same; we assume the Frenet-Darboux frame {ê1, ê2, ê3}

where ê1 is the tangent vector of the boundary curve and ê3 is the surface normal.

The boundary curve is assumed to be parameterized with respect to arclength s. As

the derivation of these relations relies heavily on the language of differential forms,

which we opt not to review here, we simply state the three boundary conditions

without proof.

For the edge energy

Eedge =

∫
∂M

[
Γ +

B

2
k2 +

B′

2
τ 2
g + c∗τg

]
ds, (A.3)

where Γ is a line tension, B is the edge bending stiffness, B′ is the edge torsional

stiffness, c∗ is the effective chirality modulus, kn is the normal curvature, kg is the

geodesic torsion, k2 = k2
n + k2

g , and τg is the geodesic curvature, the three boundary

differential equations are

• Normal force balance:

B

[
d2kn
ds2

+ kn

(
k2
n

2
− τ 2

g

)
+ τg

dkg
ds

+
d(τgkg)

ds

]
+ κê2 · ∇(2H)− κ̄dτg

ds
− Γkn

+c∗
(

2τgkn −
dkg
ds

)
+B′

(
2τ 2
g kn −

d

ds
(τgkg)

)
= 0

(A.4)
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• In-plane force balance:

B

[
d2kg
ds2

+ kg

(
k2

2
− τ 2

g

)
− τg

dkn
ds
− d(τgkn)

ds

]
− 2

(
2κH2 + κ̄K + µ+ Γkg

)
+c∗

(
dkn
ds

+ 2kgτg

)
+B′

[
(kn − 2H)

dτg
ds

+
d

ds
(knτg) + 2kgτ

2
g

]
= 0

(A.5)

• Bending moment balance:

2κH + κ̄kn −B′
dτg
ds

= 0 (A.6)

where H is the mean curvature, K is the Gaussian curvature, κ is the bending

rigidity, κ̄ is the Gaussian curvature modulus, and µ is the surface tension. All

quantities are assumed to be evaluated at the edge.
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B.1 Euler-Lagrange equations for the minimal model

We will derive the Euler-Lagrange equations associated with the minimal model

E =

∫
M

[κ
2

(2H − c0)2 + κ̄K + µ
]
dA+

∫
∂M

[
Γ +

B

2
k2 +

B′

2
τ 2
g + c∗τg

]
ds, (B.1)

in the axisymmetric case. Denote by ECH the surface integral (Canham-Helfrich

energy) and Eedge the line integral. Here, Γ is the line tension, B is the edge bending

stiffness, B′ is the edge torsional stiffness, and c∗ is the chirality modulus. Note that

for an axisymmetric surface, the boundary curves are circles and τg is zero, so we

need not include the c∗ or B′ terms. The edge energy can thus be rewritten

Eedge = 2

(
2πΓR +

Bπ

R

)
(B.2)

where R is the radius of the boundary circles (here we have assumed the surface is

symmetric so the boundary circles are of equal size).

Using the coordinate system outlined in Section 3.2, the area element can be

rewritten as dA = rdsdφ; integrating over φ yields a factor of 2π due to axisymmetry,

which we omit.

E =

∫
M

[
κ

2

(
ψs +

sinψ

r
− c0

)2

+ κ̄ψs
sinψ

r
+ µ

]
rds+ Eedge, (B.3)

However, there is one complication. The variables r and ψ are not independent; they

are related by the constraint rs = cosψ. We can resolve this difficulty by adding a

Lagrange multiplier γ(s) that enforces this constraint:

∫
γ(s)(rs − cosψ)ds (B.4)
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Note that γ(s) is a function, not a constant, as the constraint needs to be enforced

locally as opposed to globally.

We now proceed to take the variation in ψ to derive the Euler-Lagrange equation:

δFH =

∫ [
κr

(
ψs +

sinψ

r
− c0

)(
δψs +

cosψ

r
δψ

)
+ κ̄(δψs sinψ + ψs cosψδψ) + γ sinψδψ

]
ds

=

∫ [
−κ
[
r

(
ψs +

sinψ

r
− c0

)]
s

+ κ

(
ψs +

sinψ

r
− c0

)
cosψ + γ sinψ

]
δψds

=

∫ [
−κrs

(
ψs +

sinψ

r
− c0

)
− κr

(
ψs +

sinψ

r

)
s

+ κ

(
ψs +

sinψ

r
− c0

)
cosψ + γ sinψ

]
δψds

=

∫ [
−κrψss − κ cosψψs + κ

sinψ cosψ

r
+ γ sinψ

]
δψds

The variation in r is:

δFH =

∫ [
κ

2

(
ψs +

sinψ

r
− c0

)2

δr + κr

(
ψs +

sinψ

r
− c0

)(
− sinψ

r2
δr

)
+ µδr + γδrs

]
ds

=

∫ [
κ

2
(ψs − c0)2 − κ

2

sin2 ψ

r2
+ µ− γs

]
δrds

Thus, the Euler-Lagrange equations for an axisymmetric surface (the shape equation

expressed in in r and ψ) are

−κrψss − κ cosψψs + κ
sinψ cosψ

r
+ γ sinψ = 0 (B.5)

κ

2
(ψs − c0)2 − κ

2

sin2 ψ

r2
+ µ− γs = 0 (B.6)

rs = cosψ (B.7)
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B.2 Force- and Torque-free boundary conditions

for the minimal model

The aforementioned bvp4c method requires the system to be written as a system of

first order ordinary differential equations, so we need an equal number of boundary

conditions.

From the variation in ψ in the previous section, we see that

κ(2H) + κ̄
sinψ

r

∣∣∣∣
s=0,L

= 0 (B.8)

which is the condition of vanishing bending moment at the edge (note that the

normal curvature of the boundary ring is sinψ/r, so this coincides with what is

given in [65]). On the other hand, force balance in the r-direction at the edge yields

the equation

Γ + γ − B

2r2

∣∣∣∣
s=0,L

= 0 (B.9)

The area constraint implies that

A(s = 0) = 0 (B.10)

A(s = L) = A0 (B.11)

where A0 is the area of the membrane and we have defined the cumulative area

function for an axisymmetric surface as

A(s) = 2π

∫ s

0

r(v)dv. (B.12)

The above boundary conditions are assumed to be evaluated at the edge.
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B.3 The transversality condition for problems with

unknown length

If the total length of the curve L is unknown, as it commonly is when using the

arclength parameterization, then the length can be solved for by including it as a

variable in the system of ordinary differential equations. Define the reduced arclength

t = s/L. We add a new equation

Lt = 0 (B.13)

which necessitates a new boundary condition. The extra boundary condition needed

to close this system is the transversality condition in the case of zero external force.

If we vary the geometric quantities in Eqn. B.3 [40]:

ψ(s) = ψ0(s) + δψ(s), (B.14)

r(s) = r0(s) + δψ(s),

γ(s) = γ0(s) + δγ(s),

s1 = s1,0 + δs1,

s2 = s2,0 + δs2,

then the variation of E is

δE =

∫ s2

s1

ds

[(
∂L
∂ψ
− d

ds

∂L
∂ψs

)
δψ +

(
∂L
∂r
− d

ds

∂L
∂rs

)
δr +

∂L
∂γ

δγ

]
− Hδs|s2s1 +

∂L
∂ψs

δψ

∣∣∣∣s2
s1

+
∂L
∂rs

δr

∣∣∣∣s2
s1

(B.15)
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where the “Lagrangian” L is the integrand of ECH , as written out in Eqn. B.3, and

H is the corresponding Hamiltonian

H = −L+ ψs
∂L
∂ψs

+ rs
∂L
∂rs

. (B.16)

Physically, H represents the force in the z-direction. The fact that the Hamiltonian

is constant throughout the membrane is a consequence of the energy not depending

explicitly on the variable s; in other words, H is the Noether invariant associated

with this symmetry and has the physical interpretation of the force in the z-direction.

In the absence of external forces, Eqn. B.15 yields the condition

H = 0, (B.17)

which is also known as a transversailty condition in the terminology of calculus of

variations [15].

Reworking the s equations B.5- B.7 into the t variable, so that the first point

corresponds to t = 0 and the last point of the curve corresponds to t = 1, the seven

unknowns are

u1 = ψ, u2 = ψs, u3 = r, u4 = γ, u5 = A, u6 = µ, u7 = L, (B.18)
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satisfying the seven first order autonomous ordinary differential equations

du1

dt
= u7u2

du2

dt
=

u7

κu3

[
κu2 cosu1 + κ

sinu1 cosu1

u3

+ u4 sinu1

]
du3

dt
= u7 cosu1

du4

dt
= u7

[
κ

2
(u2 − c0)2 − κ

2

sin2 u1

u2
3

+ u6

]
du5

dt
= 2πu7u3

du6

dt
= 0

du7

dt
= 0 (B.19)

The seven boundary conditions are Eqns. B.8- B.11, along with B.17. One can then

use a computational routine such as MATLAB’s bvp4c to solve the system B.19

numerically.

B.4 Euler-Lagrange equations for the full liquid

crystal energy

We now derive the Euler-Lagrange equations for the more general problem, with-

out making the simplifications of the liquid crystalline order being confined to the

edge. If we use the Frank-deGennes energy to model the liquid crystalline inter-

action, we need to find an equation for θ, the tilt angle of the rods relative to

the surface normal, as well as the contributions due to θ to the normal force bal-

ance, leading to modifications of the membrane shape equation. Let the shape of

the meridian be defined as r(z), z ∈ [−R,R] with angle of rotation φ ∈ [0, 2π).



104

Suppose the central axis the z-axis so that we can parameterize the surface as

Y (s, φ) = (r(z(s)) cosφ, r(z(s)) sinφ, z(s)), where s ∈ [0, s0] is the arclength of the

meridian. The relevant geometric quantities are the tangent vectors

Y 1 = ê1 = ∂sY = (rs cosφ, rs sinφ, zs) (B.20)

Y 2 = f ê2 = ∂sY = (−r sinφ, r cosφ, 0), (B.21)

the first fundamental form

gij =

 Y 1 · Y 1 Y 1 · Y 2

Y 1 · Y 2 Y 2 · Y 2

 =

 1 0

0 r2

 =⇒ g = r2, (B.22)

where zs = 1/
√

1 + r′(z)2. Since s is arclength, we note we have a constraint z2
s+r

2
s =

1.

Next, we calculate the Christoffel symbols (the formulas are simplified because

gij is diagonal):

Γ1
11 = g11Y 11 · Y 1 = rsrss + zszss = 0 (B.23)

Γ1
12 = g11Y 12 · Y 1 = 0 (B.24)

Γ1
22 = g11Y 22 · Y 1 = −rrs (B.25)

Γ2
11 = g22Y 11 · Y 2 = 0 (B.26)

Γ2
12 = g22Y 12 · Y 2 = rs/r (B.27)

Γ2
22 = g22Y 22 · Y 2 = 0 (B.28)

The outward unit surface normal vector is N̂ = −(Y 1×Y 2)/
√
g = (zs cosφ, zs sinφ,−rs).
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This gives the second fundamental form

bij =

 Y 11 · N̂ Y 12 · N̂

Y 12 · N̂ Y 22 · N̂

 =

 rsszs − zssrs 0

0 −rzs

 =

 rss/zs 0

0 −rzs

 =⇒ b = −rrss

(B.29)

since zszss + rsrss = 0.

Using B.22 and B.29, we find the mean and Gaussian curvatures

H =
1

2
Lijg

ij = (rrsszs − zssrrs − zs)/2r =
1

2

(
rss
zs
− zs

r

)
(B.30)

KG = b/g = −rss/r. (B.31)

Now, we calculate the terms that appear in the Frank energy. Note that due to

the unit norm constraint gijninj + cos2 θ = 1, the director field takes the form

n̂ =

(
0,

sin θ(z)
√
g22

, cos θ(z)

)
=

(
0,

sin θ

f
, cos θ

)
(B.32)

in the {Y 1, Y 2, N̂} basis.

∇ · n̂ = ∂jnj + nlΓ
j
jl − 2H cos θ = −2H cos θ = − cos θ

(
fss
zs
− zs
f

)
(B.33)

n̂ · (∇× n̂) =
ε3ji√
g

[
cos θ(gik∂jnk + gilnkΓ

l
jk)− (nknlgilLjk + gilnl∂j cos θ)

]
= − 1
√
g

[
cos θg11n2Γ1

22

]
+

1
√
g

[
cos θ(g22∂1n2 + g22n2Γ2

12)− g22n2∂1 cos θ
]

= − 1

f
[cos θ(−fs sin θ)] +

1

f

[
cos θ (f cos θθs − sin θfs + sin θfs) + f sin2 θθs

]
= θs +

fs
f

sin θ cos θ (B.34)
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∇× n̂ =
ε3ji√
g

[
(gik∂jnk + gilnkΓ

l
jk)N̂ − (nkLjk + ∂j cos θ)Y i

]
= − 1
√
g

[
g11n2Γ1

22N̂ − n2L22Y 1

]
+

1
√
g

[(
g22∂1n2 + g22n2Γ2

12

)
N̂ − ∂1 cos θY 2

]
= −zs

f
sin θY 1 +

1

f
sin θθsY 2 +

(
fs
f

sin θ + cos θθs

)
N̂ (B.35)

(∇× n̂)2 = − z
2
s

f 2
sin2 θ +

sin2 θ

f 2
θ2
s +

(
fs
f

sin θ + cos θθs

)2

= θ2
s +

sin2 θ

f 2
+
θsfs
f

sin 2θ (B.36)

Putting B.33- B.36 together, the deGennes energy density is

Fn =

∫ (
1

2
K
[
(∇ · n̂)2 − 2qn̂ · (∇× n̂) + (∇× n̂)2 + q2

]
+

1

2
C sin2 θ

)
√
gds

=

∫ (
1

2
K

[
(2H cos θ)2 − 2q

(
θs +

rs
r

sin θ cos θ
)

+ θ2
s +

sin2 θ

r2
+
θsrs
r

sin 2θ + q2

]
+

1

2
C sin2 θ

)
rds

=

∫
1

2

(
K

[
(2H cos θ)2 + (θs − q)2 + sin 2θ

rs
r

(θs − q) +
sin2 θ

r2

]
+ C sin2 θ

)
rds

where we have used an equivalent form of the deGennes energy [44].

The variation in θ is

δFn =

∫
1

2

(
K
[
−2(2H cos θ)(2H sin θδθ) + 2(θs − q)δθs + sin 2θ

rs
r
δθs + 2 cos 2θ

rs
r

(θs − q)δθ

(B.37)

+
sin 2θ

r2
δθ

]
+ C sin 2θδθ

)
rds

=

∫
1

2

(
K

[
−r(2H)2 sin 2θ − 2[r(θs − q)]s − (sin 2θrs)s + 2 cos 2θrs(θs − q) +

sin 2θ

r

]
+ Cr sin 2θ) δθds.



107

The variation in r is

δFn =

∫
1

2

(
K

[
(2H cos θ)2 − 2

r
(2H) cos2 θ sinψ + (θs − q)2 − sin2 θ

r2

]
+ C sin2 θ

)
δrds

(B.38)

The variation in ψ is

δFn = δ

∫
K

2
r cos2 θ(2H)2ds (B.39)

=

∫
Kr cos2 θ(2H)

(
δψs +

cosψ

r
δψ

)
ds

=

∫
K
(
[−r cos2 θ(2H)]s + cos2 θ(2H) cosψ

)
δψds

The three variations give us the contributions to the Euler-Lagrange equations from

the liquid crystalline energy, which give the Euler-Lagrange equations

−κrψss−κ cosψψs+κ
sinψ cosψ

r
+γ sinψ+K

(
[−r cos2 θ(2H)]s + cos2 θ(2H) cosψ

)
= 0

(B.40)

and

κ

2
(ψs − c0)2 − κ

2

sin2 ψ

r2
+ µ− γs +

1

2

(
K

[
(2H cos θ)2 − 2

r
(2H) cos2 θ sinψ + (θs − q)2 − sin2 θ

r2

]
+ C sin2 θ

)
= 0.

(B.41)

Note that when K and C are zero, we recover the equations B.5 and B.6. The new

equation governing the field θ is

−(2H)2 sin 2θ−2
1

r
[r(θs−q)]s−

1

r
(sin 2θrs)s+2 cos 2θ

rs
r

(θs−q)+
sin 2θ

r2
+

1

λ2
sin 2θ = 0.

(B.42)

where the twist penetration depth is λ =
√
K/C.
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B.5 Force- and Torque-free boundary conditions

for the full liquid crystal energy

In the process of computing the variation of Fn in the previous section, we obtain

the folloing new natural boundary conditions:

From the ψ-variation (no bending moment condition), we get

κ̄
sinψ

r
+ (κ+K cos2 θ)(2H)

∣∣∣∣
s=0,L

= 0. (B.43)

From the r-variation (radial force condition, unchanged from before),

Γ + γ − B

2r2

∣∣∣∣
s=0,L

= 0. (B.44)

Note that the constant B can be set to zero here since the bend energy is already

accounted for in the full liquid crystalline energy.

From the θ-variation, the boundary equations for the θ equation are

2(θs − q) + sin 2θ
cosψ

r

∣∣∣∣
s=0,L

= 0. (B.45)

We still have the area conditions

A(s = 0) = 0 and A(s = L) = A0 (B.46)

at the endpoints.

As above, we require an additional boundary condition to close the system. Let
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L be the integrand of the free energy.

L/2π =

[
κ

2

(
ψs +

sinψ

r

)2

+ κ̄
ψs sinψ

r
+ µ

]
r + γ(rs − cosψ)

+
1

2

(
K

[
(2H cos θ)2 + (θs − q)2 + sin 2θ

rs
r

(θs − q) +
sin2 θ

r2

]
+ C sin2 θ

)
r

(B.47)

Since ∂L/∂s = 0, we have a conserved quantity

H = −L+ ψs
∂L
∂ψs

+ rs
∂L
∂rs

+ θs
∂L
∂θs

(B.48)

We compute

H
2π

= −κ
2
r (2H)2 + κrψs(2H)− µr + γ cosψ

− 1

2
Kr

(
(2H cos θ)2 − 2ψs cos2 θ(2H) + (θs − q)2 − 2θs(θs − q)− sin 2θ

rs
r
q +

sin2 θ

r2

)
− 1

2
Cr sin2 θ

=
r

2

(
κ+K cos2 θ

)(
ψ2
s −

sin2 ψ

r2

)
− µr + γ cos θ +

K

2
r
(
θ2
s − q2

)
− K

2

sin2 θ

r

− C

2
r sin2 θ +

K

2
sin 2θ cosψθs (B.49)

Again, the transversality condition implies that

H = 0 (B.50)

is the missing boundary condition, corresponding to the unknown length L of the

curve.
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with positive Gaussian curvature and saddle-splay rigidity of smectic lα phases.
Phys. Rev. A, 46:R1743, 1992.

110



111

[13] P.B. Canham. The minimum energy of bending as a possible explanation of the
biconcave shape of the human red blood cell. J. Theor. Biol., 26:61–81, 1970.

[14] L. V. Chernomordik and M. M. Kozlov. Mechanics of membrane fusion. Nat.
Struct. Mol. Biol., 15:675, 2008.

[15] R. Courant and D. Hilbert. Methods of Mathematical Physics I. Interscience
Publishers, New York, NY, 1953.

[16] A. Dall’Acqua, K. Deckelnick, and H.-C. Grunau. Rotationally symmetric clas-
sical solutions to the dirichlet problem for willmore surfaces. Adv. Calc. Var.,
1:379, 2008.
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