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Abstract of “ Geometry and Mechanics of Self-Assembled Colloidal Membranes ” by
Leroy L. Jia, Ph.D., Brown University, May 2018

Colloidal membranes are an example of a novel bioinspired soft material with rich
properties that stem from the interplay of geometry and molecular order. A colloidal
membrane is a two-dimensional monolayer composed of colloidal particles—in this
case, rod-shaped viruses roughly 1 micron long and 6 nm in diameter—that are
bound by entropic depletion forces. Because of their relatively large (micron) size,
these membranes can be manipulated directly in the laboratory, offering a promising
avenue to study other similar systems of biological importance such as lipid bilayer

membranes or the endoplasmic reticulum.

Perhaps the most notable feature of these colloidal membranes is their propensity
to bend into exotic shapes such as saddles, unduloids, helicoidal ribbons, and closed
vesicles under appropriate conditions. Strikingly, many of these shapes have zero
mean curvature and/or negative Gaussian curvature, which contrasts with the case
for other commonly encountered membranes and materials. Using a combination
of theory and experiments, we put forth a minimal model based only on geometric
quantities—such as length, curvature, and geodesic torsion—to describe these phases
mathematically and characterize the conditions under which they appear. Our ef-
fective model is most valid when the twist penetration depth of the membrane is
much smaller than the membrane length scale—if this is the case, then it provides
a way to describe membrane configurations without resorting to calculation of the

cumbersome full liquid crystal energy.
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Introduction



1.1 Mathematical background

The mathematical modeling of membranes makes heavy use of tools from differential
geometry. While geometry is a very deep and comprehensive subject, we will for the
most part only require notions from one- and two-dimensions, which we outline

below. For brevity, proofs are omitted; details can be found in the reference [22].

1.1.1 Geometry of curves

Curves are the simplest nontrivial manifolds to study geometrically yet are surpris-
ingly relevant in physical models; filaments [52], flagella [11], and boundaries of open
surfaces [29] are all modeled as one-dimensional nonlinear objects. Here, we review

the basic definitions and results from the theory of curves.

Definition: A curve is a continuous function v : I — X, where I = [a,b] is
an interval of R and X is a topological space. For our purposes, we will assume the
curve is also differentiable and that X = R3*. We will also assume that curves are

parameterized in t.

Now we introduce the notion of distance or length along a curve, inspired by in-

tegrating the Eulerian distance formula. (A differentiable curve looks locally linear.)
Definition: The arc length of a curve 7 : [a,b] — R? is defined as s = fab |y'(t)]dt.

Note that the arc length of a curve is invariant under reparameterization and
therefore a differential geometric property of the curve. We can define an arc length

function s(t) that measures the arc length of v from a to a point ¢ < b. The



monotonicity of this function allows us to define an inverse t(s). This arc length
parameterization is very natural to use because |y'(t(s))| = 1 (a particle traveling

along 7 has unit speed in this parameterization).

Notation: In differential form, the above integral can be summarized as ds =

7' (t)|dt. We will use dot notation (. ) = dfi';) to represent the derivative with

respect to arc length and the usual prime notation to represent differentiation with

respect to the original parameter ¢.

Definition: The tangent vector of a curve v : [a,b] — R? is defined as T(s) =

dy/ds.

Definition: The normal vector of a curve v : [a,b] — R? is defined as N(s) =

T/|T|, assuming the denominator is nonzero.

Note that because of the arc length parameterization, T'(s) is guaranteed to be
a unit vector. Also, it is easy to show N is automatically orthonormal to T (if they

exist). So, it makes sense to complete the triple:

Definition: The binormal vector of a curve 7 : [a,b] — R? is defined as B(s) =

T(s) x N(s).

Definition:  The orthonormal basis for R?® formed by the triple of vectors

{T,N, B} is called the Frenet frame.

Now we will discuss two more essential geometric properties of curves.



Definition: The curvature r of a curve v : [a, b] — R® with tangent vector T is

dT

K(s) = o (1.1)

and p(s) = 1/k(s) is called the radius of curvature of v at s. As defined here, the

curvature and radius of curvature are always nonnegative.

The curvature measures the rate of rotation of the tangent vector around the
binormal. Intuitively, the curvature measures the failure of a curve to be straight
(k = 0 everywhere if and only if v is a straight line). If s is small, the curve is

changing direction slowly; if x is large, the curve is turning sharply.

Definition: The torsion 7 of a curve v : [a,b] — R* with normal N and binormal

B is defined as

. dB
7(s) =—N - a5 (1.2)

The torsion measures the rate of rotation of the binormal around the tangent. Intu-
itively, it measures the failure of a curve to be planar. A curve with a large torsion
is “twisitng” out of plane heavily (7 = 0 everywhere if and only if v is planar).
Note that the torsion is a signed quantity; the sign depends on the handedness of
the twisting. Both x and 7 do not depend on the choice of parameterization, which

leads into the two most important results about the geometry of curves.

Theorem: The Frenet-Serret equations describe how the Frenet frame varies

along 7(s):

N =T +7B (1.3)



Proving these equations is not difficult. The first one is a restatement of the
definition of curvature and the third is a restatement of the definition of torsion.
The second can be derived by differentiating the fact that N - N = 1. These three

equations lead us to the following

Theorem: The Fundamental Theorem of Curves states that given continuous
functions k(s) and 7(s), s > 0, then there exists exactly one curve with arc length

s, curvature (s), and torsion 7(s), up to orientation and position in space.

This theorem is proved by integrating the system of ordinary differential equa-
tions given by the Frenet-Serret equations. Essentially, every curve in 3-dimensional
space is uniquely determined by its curvature and torsion (up to rigid rotations and

translations).

1.1.2 Geometry of surfaces

We now turn our attention to surfaces, where the goal is to measure the usual ge-
ometric quantities (lengths, areas, angles, etc.) in curved coordinates. Generally,
surfaces are more complex than curves because surfaces can carry intrinsic geome-
try; that is, properties that can be measured within the surface itself and without
reference to the ambient space. Here is an overview of the most important definitions

and results of surfaces; again, details can be found in [22].

Definition: A surface S is a differentiable 2-manifold. We will assume our sur-
face is in R3, connected, and sufficiently smooth. We will also assume a parametriza-

tion 7 : D — R3 where D is an open subset of R? and is described with parameters

(ul, u?).



Assuming such a parameterization, we can define at every point two tangent
vectors r; = dr/du' and ry, = dr/du? (subscripts denote partial differentiation with
respect to u! or u?). We will assume these vectors are linearly independent (but not
necessarily orthogonal) and therefore span a plane at every point p on S called the

tangent space, T,,S. From this, we define

Definition: The first fundamental form (metric tensor) is defined as ds* =
gu(du')?+2g1adu’ du® + gos(dug)? where g1y = 1111, g12 = Iy Ty, and gag = 15°75. In

index notation, gos =r, sz and ds® = gapdu®du®. We also define g = \/g11922 — 9%

(the determinant if the first fundamental form is written as a matrix).

Where does this come from? Suppose that a curve is lying on the surface so that
the coordinates of the curve can be defined by v(t) = r(u'(t),u?(t)). By the chain
rule:

du! du?

ds = |'(t)|dt = nv g t

dt = y/ gapdu®duP (1.4)

So, the differential line element for the curve is given by the first fundamental form.

This enables us to measure distances along curves on a surface

t du® duP
s(to, t :/ \/ Gop—r —dt 1.5

Now we make contact with Euclidean geometry: the scalar product between vectors
in the tangent space at the same point p € S looks like: a-b = (a'r; +a’ry)- (b'r; +

b’ry) = gapa®b’. The magnitude of a vector is still |a| = \/a-a = \/gasa®a’. The

angle between two vectors a and b in S can be found by computing the usual formula

0 = cos™! (‘

b’
) - (15)
N RV

1| o

Q|2



We can also define an area element using the fact that g = |r; x ry|* is related to

the area of the parallelogram spanned by vectors r; and r,.
dA = \/gdu*du® (1.7)

This also allows us to define the surface normal, given by 7 = r; x ry/\/g. All

of these formulas reduce to the standard Euclidean formulas for flat surfaces with

(u',u?) = (x,y).

For a curve that lies on a surface, we can define a moving frame similar to the
Frenet-Serret frame but replaces the normal to the curve with the normal to the
surface. Let 7 be a curve lying in the surface S and define é; = dy/ds = T and
¢3 = n. The orthonormal frame, called the Frenet-Darbouz frame, is completed by

deﬁning ég = é3 X él. Note that él, ég eTSs.

One can compare the Frenet-Serret and Frenet-Darboux frames; since in both
cases the tangent to the curve is the same, there is a unique angle o such that a

rotation in the plane of N and B produces the pair é5 and é3.

é1 1 0 0 T
e | = | 0 cosa sina N
€3 0 —sina cosa B

Differentiating these equations and substituting in the Frenet-Serret equations gives

the Frenet-Darboux equations:

€1 = Hgég + KJnég
€y = —I{gég + Tgég (18)

€3 = —Iinél — Tgé2



where k, = rsina is the geodesic curvature, x, = K cosa is the normal curvature,
and 7, = 7 + & is the geodesic torsion. Removing «, equivalent expressions can be

derived:

. (dT
kg =T - <$ X n> (1.9)

dT
=N — 1.10
K n s ( )
n _dn

Now we wish to discuss the notion of curvature of a surface. Recall that the
curvature of a curve was given by taking the magnitude of the second derivative
(w.r.t. arc length) of the curve’s coordinates. A curve lying on a surface can bend
in two ways: in the plane or out of plane (which gives rise to the idea of geodesic vs.
normal curvature). Since when we think of a curved surface we think of out of plane
bending, we only want the component of the curvature along the surface normal:
kcosa = kN - n, where « is the angle between the normal to the curve, N , and the

normal to the surface, n. We calculate:

~

kKcosy=kKN -n=7-n= (gaﬁu%ﬁ +1,1%) = (Ths n)uu’

This tells us that the normal curvature of a surface is related to the tensor of second

partials dotted with n, motivating

Definition: The second fundamental form is defined as by; (du')? + 2bypdu' du® +
boo(du?)?, where by = 1y, -7, bia = 115+ 71, and bag = 1oy - 7. In index notation, b,s =
Top - 1. Also define b = /b11ba; — b3, (the determinant of the second fundamental

form written as a matrix).



Figure 1.1: Illustrations of principal curvatures for various surfaces. Signs of mean curvature H
and Gaussian curvature K are indicated by quadrant. Figure adapted from [58].

At each point p on a surface S with surface normal n, we can construct infinitely
many planes that contain n. The intersection of each such normal plane and S
forms a curve. We can ask what the minimum/maximum normal curvature at p out
of all such intersections is; this question is related to the eigenvalues of b,s. These
are called the principal curvatures and they provide an idea of what the surface
looks like at p (i.e. is it locally parabolic, hyperbolic, flat, etc.). We note that the
principal directions are always perpendicular, as a consequence of the symmetry of

bos. Equivalent to the two principal curvatures are the mean and Gaussian curvatures

(Fig. 77?):

Definition: The mean curvature H of a surface S at a point p is the arithmetic
average of its principal curvatures at p and is equal to H = %baggaﬁ. A surface with

H = 0 everywhere is called minimal.

Definition: The Gaussian curvature K of a surface S at a point p is the product
of its principal curvatures at p and is equal to K = b/g. A surface with K = 0

everywhere is called developable.
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Note that H? > K. As a consequence, a minimal surface necessarily has nonpos-

itive Gaussian curvature everywhere.

We will now highlight some important theorems about surfaces.

Theorem: The Weingarten equations tell us how the surface normal changes
along a surface. The linear map that takes a vector in the tangent space at p to
the derivative of the normal in that direction is called the shape operator. The
eigenvalues of the shape operator are the principal curvatures.

on
ou®

- _bgfﬂ = _ggﬁbaafﬁ (112)

Theorem: Gauss’s Theorema Egregium states that the Gaussian curvature of a
surface is an intrinsic invariant. It does not change if the surface is bent without
stretching, as in the case of a rectangular piece of paper being bent into a cylinder.
There is no analogue of this theorem for curves since all curves are locally isometric
(via the arc length parameterization) and therefore the curvature and torsion depend
strongly on the embedding of the curve in R?, which makes them so-called eztrinsic

quantities. Note the mean curvature is extrinsic.

Theorem: The Gauss-Bonnet theorem states that [ KdA = 2my for a closed
surface, where y is the Euler characteristic of the surface. Hence the integral of
Gaussian curvature is a topological invariant. For open surfaces, the equality is

modified to have an edge term:

/KdA:27rx—/kgds. (1.13)

Theorem: The Bonnet theorem states that if certain integrability conditions are

satisfied (the Gauss-Godazzi equations), then given two symmetric positive definite
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tensors g, and b,p, there exists a unique surface (up to rigid motions) with first
fundamental form g,5 and second fundamental form b,5. This is the surface analogue

of the Fundamental Theorem of Curves.

Finally, we wish to discuss the notion of differentiation along a surface. Consider

a vector field v = v/r; and differentiate along a basis direction given by r,:

ov O’ Ly or;
= —7. vV —
L Ouk

7 Du (1.14)

Note that the first term lies in the tangent space but the second term might not

because the basis vectors may be changing. To account for this,

Definition: The Christoffel symbols are defined as

or, or,
k _ Z= .k _ 4 . km
i G = Dl g Ty (1.15)

and can be expressed in terms of the metric tensor and its derivatives:

i L im (39mk Ogmi 39k1>

= — 1.1
gk 2g ox! + oxk  Ox™ (1.16)

We can then define

Definition: The covariant derivative of a scalar f in the direction of r; is

Vif=r Vi=rl

L (1.17)
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Figure 1.2: (Left) A pair of rods in a polymer solution. There is no interaction if the rods are far
enough part. (Right) If the rods are close enough, polymer cannot enter the region between the
rods, giving rise to an effective entropic attractive force known as the depletion force.

The covariant derivative of a vector v in the direction of r; is

ok
Viv = (;ﬂ + vﬂrfj) e (1.18)

This definition can be extended to handle arbitrary directions (tangent vectors) via

linearity and tensors of arbitrary type via the Leibniz rule.

1.2 Description of colloidal membranes

Surfaces that resist bending are ubiquitous in biophysics and soft condensed mat-
ter physics. The physics of enclosed cellular membranes [33] B5], organelles such as
the endoplasmic reticulum [63], BI], synthetic vesicles [56], polymersomes [21], sur-
factant interfaces [49], and microemulsions [19] is described by a simple model that
accounts for the energy cost of bending with an effective bending modulus x [13, 33].
Furthermore, experiments have provided quantitative insight into how the bend-
ing modulus of such 2D assemblages depends on the properties of the constituent
molecules [20], 53]. However, for many processes, such as vesicle fusion in exocytosis,
trafficking of proteins, and the resealing of plasma membranes, the free energy as-

sociated with an exposed edge plays an equally important role [14]. In conventional
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Figure 1.3: (Left)2D LC-PolScope birefringence map of a colloidal membranes. The bright band
associated with the edges indicates local rod tilting. Scale bar is 5um. (Right) Schematic of a
colloidal membrane, showing rods near the edge twisting due to surface tension. Color indicates
rod orientation relative to surface normal. Images from [27].

membranes edges are associated with transient states that quickly disappear as the

assemblage seals itself, making it difficult to experimentally study the properties of

the edges.

The colloidal membranes studied in this thesis are composed of rod-like viruses
such as fd, which are roughly 880 nm in length and 6 nm in diameter [7, [0, 27, [69]. As
the rods have a persistence length of ~2.8 microns [23], they can be considered hard-
core particles in aqueous suspension. However, when a polymer such as Dextran is
added to the solution, attractive interactions between the rods are induced. Because
the polymer coils are not very deformable, their centers cannot come closer than one
radius of gyration from the surface of the colloidal particles, leading to a zone around
each rod depleted of polymers. When the rods are close enough, the depletion zones
overlap and the volume accessible to the polymers increases, leading to an effective
entropic attraction between the rods (Fig. ; this attraction is known as the

depletion force [2].

The membranes bound by this force are one rod-length thick, fluid-like monolay-
ers and ordinarily assemble into freely suspended disks with exposed edges. When

some of the individual virus particles are labeled fluorescently, it is observed that
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they rapidly diffuse freely within the membranes with a diffusion constant of 9 x
1073um? /s [6], indicating that the membrane is fluid (i.e. does not support a shear).
Furthermore, it is observed that the labeled rods stay in the membrane, indicat-
ing that there is no exchange of rods between the membranes and the surrounding
solvent on experimental time scales. The volume compressibility modulus of these
membranes has also been measured to be quite large, on the order of 10* pN/um? [4],
implying that their volume (or area in the thin membrane approximation) effectively

does not change during typical experiments.

Notably, the orientation of the rods in a colloidal membrane is nonuniform, as
Fig. shows. While the rods in the bulk of the membrane point normal to the
membrane surface, rods close to the edge twist to reduce the rod-solvent interface
[42]. If the constituent rods are chiral, so that they prefer to align with a twist, this
can also contribute to the twisting phenomenon at the edge [27]. It has been shown
that the twist profile from edge to center changes exponentially [7, [51]; the length
scale of this exponential decay is called the twist penetration depth A\. The twist
penetration depth is typically small compared to the membrane length scale—for

colloidal membranes, A is on the order of 1 micron [7, 44 [51].

It is this unique microstructure that endows colloidal membranes with a propen-
sity to form exotic shapes such as helical ribbons and unduloids. In the next few
sections, we will take a close look at how to describe these surfaces with a simple

model that still captures the essential physics.
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1.3 A mathematical model for colloidal membranes

If we make the “thin membrane” approximation and treat these membranes as two-
dimensional Riemannian manifolds with fixed area, then the energy has three main
components: the elastic bending energy, the liquid crystal energy, and, for open
membranes, the edge energy; the shapes are then calculated by finding the minima
of this energy. While our analysis is primarily focused on the mechanics, entropy also
plays a vital role in determining how the polymer depletants give rise to forces that
affect the elastic constants. We finish by describing an effective geometric theory

which is applicable when the twist penetration is small.

1.3.1 Canham-Helfrich membrane energy

In the classical theory of elasticity, energy changes in solid plates arise due to stretch-
ing, shearing, or bending. For the reasons mentioned above, stretching and shear-
ing are not relevant modes of deformation in membranes, but thin membranes are
commonly observed to bend out-of-plane, leading to substantial overall changes in
material shape without applying excess stresses. To leading order (quadratic in
the principal curvatures), the energy of such deformations can be modeled with the

Canham-Helfrich energy functional [13] [33]:

where H is the mean curvature, K is the Gaussian curvature, and ¢ is a spontaneous
curvature that is nonzero for nonuniform membranes with an intrinsic preferred

curvature. The integral is taken over the membrane surface, assumed to be a two-
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dimensional manifold. We also introduce p as a Lagrange multiplier enforcing the
constraint of constant area; physically, u plays the role of a surface pressure or tension

that arises to balance external forces.

The modulus « is called the bending rigidity, and the modulus & is called the
Gaussian curvature or saddle-splay modulus; they are properties of the material
of which the membrane is made. For closed membranes (e.g. vesicles), the Gauss-
Bonnet theorem|1.13|allows one to rewrite the Gaussian curvature term as a constant,
so that only the first term enters the expression for energy [41], [61]. In general,

however, one can rewrite this term as an integral of an edge quantity.

The Euler-Lagrange equation associated with this energy is the partial differential
equation

K(2H — ¢p)(2H? — coH — 2K) + kV*(2H) — 2uH = 0, (1.20)

which we refer to as the shape equation [65]. The boundary conditions that arise
naturally from the variation depend on the energy of the edge (see Section 1.3.4) and
are summarized in Appendix A for a particular lowest-order model that we will be
using. Note that when ¢y = H = 0 everwhere, the equation is satisfied, meaning that
minimal surfaces are solutions to the shape equation. Indeed, if 2H = ¢y everywhere,
then the equation can be solved with © = 0. However, without such simplifications,
this equation is very challenging to solve, as there exist very few analytical solutions
beyond the ones mentioned above. Numerical methods are typically necessary to

find nontrivial solutions.

For commonly encountered systems, the moduli k and k are expected to be similar
in magnitude, with a bound of the form —2 < &/k < —1/2 required to ensure the

continuum elastic energy is nonnegative [50]. Early work demonstrated that the
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height fluctuations of colloidal membranes scales as 1/¢* [6], leading to an estimate
of k &~ 150 kgT. However, these numbers are not accurate for colloidal membranes
in polymeric suspension. Recent measurements and theoretical estimates of the
Gaussian curvature modulus show that & ~ 200 kg7 in colloidal membranes [28]. The
positive value of & is in striking contrast to the case of lipid bilayer membranes, where
R is typically negative due to the compressive stress in the head groups [36, 37, 60].

However, k can be positive in smectic liquid crystals [12] and block copolymers [66].

According to recent measurements of the areal compressibility modulus (by mea-
suring area as a function of depletant concentration) [4], £ ~ 1.5 x 10%kgT, while
theoretical esimates suggest & ~ 200kgT [28]. The reason for this is thought to be
the presence of depletants which entropically prefer surfaces with negative Gaussian
curvature; see the next section for a more thorough explanation. Since k/k > 1,
colloidal membranes are expected to form nearly minimal surfaces in equilibrium;

indeed, this is often observed to be the case.

1.3.2 Entropy favors positive Gaussian curvature modulus

This section summarizes the argument that £ > 0 in colloidal membranes, which

first appeared in [28].

For the colloidal membranes consisting of fd virus particles and stabilized by the
depletion force arising from small polymers in solution [7], membrane shapes with
negative Gaussian curvature such as helicoidal ribbons and concave unduloids are
commonly found. The implication is that the Gaussian curvature modulus in these
systems is positive. Here we argue that the effect arises from the entropy of the

polymers, since surfaces with negative Gaussian curvature have a smaller excluded
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volume for the polymers.

First we consider the sphere of radius R, the simplest surface with nonzero mean
and Gaussian curvatures. If we slightly thicken the sphere by allowing the radius to

grow outward by a small increment h < R, then the volume V), of the shell is

h o h? n2K
Vi=Ah(1+ 2+ ) =ph 1+hH+—-")dA 1.21
h <+R+3R) /(+ +3 ) , (1.21)

where A = 47 R? is the area of the sphere, H is the mean curvature, and K is the
Gaussian curvature. The formula can be shown to describe the volume of any

surface thickened using this procedure, even if H and K are nonconstant.

The volume of the colloidal membrane from which polymer particles of diameter
d are excluded, V., = DA+ V. + Vin, where V,; is the volume of the region formed
by thickening the outer surface outward by a distance d/2, V;, is the volume of the
region formed by thickening the inner surface inward by a distance d/2, D is the
membrane thickness, and A is the area of the middle surface of the membrane. Note
that since the outer and inner surfaces of the colloidal membrane are a distance D
apart, V,y and V;, will depend on D. In terms of h, Vouy = Vpjayae — Vpy2, and

Vz‘n - V_D/Q - V_D/Q_d/g. Therefore,
d( d? D*d
‘/em:(D+d) dA—i—Z D +Dd+§ KdA ~ D dA+T KdA (122)

where we have used the fact that D > d. The mean curvature terms have dropped
out since the polymer particles have access to both sides of the membrane. Mem-
branes with negative Gaussian curvature have a smaller excluded volume than mem-
branes of the same area with nonnegative Gaussian curvature. Thus, there is an

entropic driving force favoring negative Gaussian curvature. To estimate the contri-
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bution of the depletion forces to the Gaussian curvature modulus, we follow Asakura

and Oosawa [3] and let
7 = /dVe_w/kBT =V -V, (1.23)

be the single-particle partition function for the polymer particles, where w is the
hard-core potential, infinitely strong in the excluded volume and vanishing elsewhere.
The free energy of the polymer particles is then F, = —kgTlog Z¥, or, assuming
Voo <V,

F, =nkgTV,, (1.24)

where n = N/V is the concentration of polymer particles. Combining and [1.24]

we see that the polymer contribution to the free energy is
Fp:,u/dA—i—F;p/KdA (1.25)
where the effective interfacial energy per area is
w=nkgTD (1.26)
and the effective Gaussian curvature modulus is
_ 1 2
Ry = anBTD d (1.27)

The polymer contribution to the Gaussian curvature modulus is positive, in accord
with the reduced excluded volume for negative Gaussian curvature. There is no
polymer contribution the bending stiffness. Note, however, that if the polymers can
only access one side of a membrane, e.g. if there are polymers inside but not out side

a closed vesicle, then the depletion forces lead to a spontaneous curvature according
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to [L211

There is also an intrinsic contribution to the Gaussian curvature modulus, &,,,
which is always negative [28]. &, can be computed by analyzing the internal stresses
as follows. Because it is fluid, we assume that the membrane middle surface mem-
brane does not stretch when the membrane bends (the rods can adjust around
each other to accommodate a change in curvature without changing their equilib-
rium spacing in the midplane). However, imposing any curvature onto a mem-
brane will induce a strain that depends on z, the distance along the membrane
normal away from the midplane. This areal strain of the surface at distance z is
given by €(z) = 2Hz + K22 [54]. The corresponding lateral membrane stress is
o(z) = 0o(2)+Ye(z), where oy(z) is the membrane stress when it is flat and Y is the
modulus of areal compression. Because the rods are uniform along their lengths, we
take Y to be independent of z. The lateral stress is isotropic because the membrane
is fluid. There is a compressive stress in the membrane even when it is flat because
the polymer depletants squeeze the membrane [2]. The total volume excluded to the
polymers for a flat membrane of area A is Vj .., = A(D+d), leading to a contribution
to the free energy per area v = nkgT (D+d), which can also be considered an entropic
tension [42]. To balance this tension, the rods must experience a compressive stress
00(Z) = —nkgT(D + d)/D. We write the free energy per unit mid-surface by inte-

D/2

grating the stress with respect to the strain as F,, = Dy dz foe(z) dé'o(€') = K,

where R, = f_Dlé% dzz?0¢(z) [34,162]. We thus conclude
_ 1 2
Fm = ——nkgT (D + d)D". (1.28)

12

The net Gaussian curvature modulus is then

nkgT D?d. (1.29)

=

Ro=FRp+ Rm =~
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If we use n ~ 40 mg/mL, D = 880 nm, and d = 30 nm for Dextran with a molecular
weight of 500,000 g/mol [57], we find that & ~ 185 kgT', which agrees with exper-
imental measurements [28]. Note that our argument for the polymer contribution
is similar to the model put forward to explain negative Gaussian curvature modulus
for surfactant interfaces: for a saddle-splay surface with H = 0, there is less room
for the surfactant chains, which therefore must stretch and incur a higher free energy

[49].

1.3.3 Liquid crystalline energy

a\\ l // ®) “h"lllll"'tﬂ C)O%?C-E—S::\\@

Figure 1.4: (a) Splay, (b) twist, and (c) bend deformations of a nematic liquid crystal, which
increase the free energy of the system.

While the energy of membrane bending is described by the Canham-Helfrich
functional, we must also account for the liquid crystalline degrees of freedom be-
stowed by the rod-like colloidal particles. If n is a unit vector that denotes the local

rod orientation, then the Frank liquid crystal energy is

Eic = %/ [Kl(v-ﬁ)2+K2(ﬁ~v x 1+ q)? + Ks(h x (V xn))*+ %sinQG dA
(1.30)
where 6 is the angle between n and the surface normal, and K;, Ky, and K3 are
the Frank elastic constants for the splay, twist, and bend, respectively [18]. If the
liquid crystal is chiral (as in the case of a cholesteric), then a nonzero g represents
the wavenumber of the preferred twist; note that this term, unlike the terms in the

Canham-Helfrich energy, provides a way to energetically distinguish between two

solutions that are “mirror images” of each other. The first three terms penalize
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gradients in 7 (Fig. [L.4), while the second term expresses a preference of the rods to
align normal to the surface. Typically K7, K5, and K3 are all of the order 100kgT for
colloidal membranes [23] (in fact, it is common to employ the “one Frank constant
approximation” K; = Ky = K3 = K for isotropic materials), and C' is of the order
100kpT /pum? [44]. The ratio of these parameters defines the previously mentioned
twist penetration depth: A = \/K—/C ~ lpum. Note also that Epc must remain

invariant under a n — —n transformation since the rods are symmetric.

1.3.4 Edge energy and effective geometric theory

Colloidal membranes are commonly found to form open surfaces with edges, and we
must account for the energetic cost of having an interface. We denote the energy per
unit length of edge as I', the line tension. For colloidal systems, I' is a function of
the temperature, chirality, and depletant concentration, and typically ranges from

100 to 1000 kpT/pm [27, BY].

The minimal elastic energy describing colloidal membranes is the sum of the
line tension energy, bending energy Fcop, and liquid crystal energy Ero. Such an
energy has been used to calculate the equilibrium width and pitch of infinitely long
ribbons, as criterion for when force-free flat membrane disks undergo a transition
to helicoidal ribbons [44]. (Note that it was necessary in this calculation to add
a stability term quadratic in the Gaussian curvature to prevent the ribbons from

twisting excessively.)

In general, calculating the full energy with Frank energy terms is cumbersome
(see Appendix B for the case of an axisymmetric surface). Therefore, we propose

some simplifications to the liquid crstalline energy from the previous section. In
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colloidal membranes for which the twist penetration depth is small compared to the
radius, it makes sense to treat the liquid crystal energy effectively by assuming the
bend and twist are confined to the edge (Fig. ; a closely related effective theory
has been successfully used to calculate the scalloped shapes of colloidal membranes
composed of a mixture of viruses of opposite handedness [28] 43]. More concretely,

our assumption implies the simplifications

K. B
—3/ (A x (V x 7))%dV ~ —/ k2ds, (1.31)
2 M 2 oM
K. B
—2/ (A (V xn)—q)2dV ~ — (1, — 72)%ds, and (1.32)
2 Jm 2 Jom I
K
—1/ (V- 7)2dV ~ 0, (1.33)
2 Jm

for some appropriately defined constants B and B’, where k is the curvature of the
edge and 7, is the geodesic torsion of the edge. Here, 7, >~ ¢ is a preferred geodesic
torsion for the twist. Note that since we are interested in the twist relative to the
surface normal, we use the geodesic torsion instead of the usual torsion (also, the
torsion is not defined for a straight line, while the geodesic torsion has the advantage
of always being well-defined [22]). Eqn. comes from the fact that splay is not
typically observed in colloidal membrane systems; recent studies have demonstrated

that Kl > K2 ~ Kg [67]

It is convenient to define a chirality modulus ¢* = —B’7, so that the above Frank

energy approximations, along with [1.19] yield the effective energy

/

B B
E:/ [E(QH—CO)Q—kRK—i—M} dA+/ D+ —k*+ 12+ 1y | ds, (1.34)
m L2 M 2 29

which we henceforth refer to as the energy of our minimal or effective model. Note

that this energy includes all of the geometric terms allowed by the symmetry of
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Figure 1.5: (Left) Top-down view of the director field 7 in a colloidal membrane. Most of the
rods are pointing normal to the page, so they appear as dots. (Right) An approximation of the
director field for small twist penetration depth A\, where the liquid crystalline energy is confined to
the edge.

the problem, and can also be arrived at by listing all of these geometric terms,
showing that this energy does not have to be derived from the more complete liquid
crystal theory. From dimensional analysis, one can estimate that B ~ K3\ and
c* ~ Ky\q, where X is the twist penetration depth. If we make the approximation
Ky ~ K3, then B ~ 100 kgTpum. From this, it is convenient to assume B ~ B’
from dimensional analysis to conclude ¢* ~ 100kgT, although the precise value of
the chirality modulus will depend on temperature [23, [38]. In the chapters that
follow, we apply the energy to various colloidal membrane systems and model

their shapes and phase transitions.



CHAPTER TWwO

Chiral Edge Fluctuations
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Figure 2.1: A temperature quench reduces the line tension, inducing a transition of the 2D
membrane into 1D twisted ribbons. Scale bar = 2um

2.1 Introduction

To study the unique shapes that colloidal membranes make, we developed an ef-
fective theory based on the Canham-Helfrich membrane bending energy (a function
of mean and Gaussian curvatures) that also accounts for the finer liquid crystalline
degrees of freedom through geometric properties of the surface boundary such as
length, curvature, and geodesic torsion (Chapter 1). This effective model is most
valid when the twist penetration depth of the membrane is much smaller than the
radius. When chiral disk-shaped colloidal membranes are cooled from ~60°C to
~20°C, they phase transition into star-like twisted ribbons, as in Fig. This
transition manifests itself in the form of a prominent peak in the edge’s fluctuation
spectrum. We use stability analysis and our effective theory to derive expressions
for the fluctuation spectrum near the onset of this transition. Our theory quantita-
tively captures the experimentally observed peak and demonstrates the importance
of chirality and positive Gaussian curvature modulus in coupling in- and out-of-plane

fluctuations to produce twisted shapes.
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Figure 2.2: Edge of a fluctuating membrane at 60°C', 50°C, 40°C', and 24°C, showing enhance-
ment of fluctuations due to chirality as the membrane is cooled. The membrane radius is approxi-

mately 10 pm [27].

2.2 Description of experiments

Experiments were performed by Mark Zakhary, as part of the research group of

Zvonimir Dogic.

For these experiments, colloidal membranes were assembled by mixing a dilute
isotropic suspension of monodisperse rod-like fd-wt viruses with a non-adsorbing
polymer, Dextran (M.W. 500,000, 37 mg/ml) [6]. The fd-wt filaments are 0.88 um
long and have a diameter of ~ 6nm. The rods are parallel to the surface normal
and to each other in the membrane interior, but they twist at the edge to minimize
the interfacial area between the rods and the enveloping polymer depletant [7), 42].
Increasing the rod chirality raises the free energy of the interior untwisted rods and
lowers the free energy of the twisted rods near the edge, leading to chiral control of
edge line tension [27]. Chirality of fd-wt increases with decreasing temperature [23],
enabling in situ control of the edge tension. With decreasing temperature the edge

tension becomes sufficiently low that a 2D membrane becomes unstable and under-
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goes a transition into 1D twisted ribbons [27] (Fig. [2.1]).

Following previously published methods [70], we measured the in-plane fluctua-
tion spectrum of an exposed colloidal membrane edge. The edge fluctuations were
quantified over a range of temperatures (Fig. . For all conditions, the curves tend
to a constant value at small wavenumber ¢ and fall off as 1/¢* at large wavenum-
ber, as in the previous measurements. However, for strongly chiral systems at lower

temperatures, a peak develops around ¢ = 1pum™>.

We note that the measured
fluctuation spectrum depends on the purity of the virus preparation as well as the
depleting polymer Dextran. Certain virus preparations do not exhibit the membrane-
to-ribbon transition. These samples also do not have a fluctuation spectrum with a
well-defined peak. The exact nature of the contaminants in these samples has not
been determined. Previous work has demonstrated that even a single actin filament
exhibits a strong tendency to dissolve at the edge, and can suppress the membrane-
to-ribbon transition [70]. In the remainder of this work we restrict our analysis to

only those sample preparations that exhibited a well-defined ribbon-to-membrane

transition and thus the anomalous peak.

2.3 Stability criteria for a flat membrane with edge

The in-plane edge fluctuations in the high-temperature achiral limit are described
by a simple model, which approximates a flat, circular membrane as a semi-infinite
membrane with an infinite straight edge [27]. For in-plane fluctuations, the effective

energy of the edge is given by

E, = /ds {r + ?kQ] : (2.1)
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Figure 2.3: (Left) Semi-infinite surface with a helix-like boundary. (Right) Same shape viewed
from above, looking down the z-axis at the xy plane

where s is the edge arclength, I' is the line tension, B is the bending stiffness, and
k is the curvature. For a flat membrane lying in the z-y plane, we describe the
path of the edge by (u(y),y,0), where u(y) measures the local deviation of the edge
from being perfectly straight. Expanding the energy to second order in u and

applying the equipartition theorem yields

kT

BT 22

(uqti—g)

where u, is the Fourier amplitude defined by u(y) = (1/vL) 3. o Ug €Xpigy, with the
sum running over negative and positive values of ¢, and we have enforced periodic

boundary conditions with period L. Fitting the high-temperature spectrum of achiral

rods to Eq. (2.2)) yields I and B [27].

To study the stability of a flat membrane and the out-of-plane fluctuations of
its edge, we calculate the energy of a semi-infinite membrane with a rippled edge,
working to second order in the deformation. The membrane is initially flat with

mid-surface at the z = 0 plane and occupying x < 0. The y-axis is the initially
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straight edge. We perturb the surface by deforming the edge so that the position
of points on the membrane above the coordinates in the plane (x,y) are given by
R(z,y) = (z,y,{(z,y)), and with the edge given by Re(y) = (u(y),y,v(y)), which
implies the boundary condition ((u(y),y) = v(y). If u(y) and v(y) are sinusoidal
and out of phase, the edge will have a helical nature as illustrated in Fig. [2.3]
Care must be taken in calculating the edge quantities since we must expand both
the quantities themselves and their arguments. For example, to find the geodesic
torsion at the edge we expand the argument of the normal at the edge, ng(u(y),y) ~

n(0,y) + udne/0z|,=o.
Expanding the energy to second order, we find the total energy £ = E;+ Ey+ E*,
K 9%¢ B¢ 9%¢ \?
E = dzdy{ = (V2P 4+ R | —=— —
/ o y{Q(V O+ 5 [89&2 oy? (83:83/)
r B
+ /dy |:§ (u/Q 4 U/Q) + 5 (u//Q 4 U//Q):|
, (2.3

B [ 9 \?
+ /dy §<8C) + c*u'v”

0xdy
where the prime denotes the derivative with respect to y, e.g. v = du/dy. To first

=0

order the Euler-Lagrange equation for the energy is (V?)2¢ = 0. Since the
horizontal and vertical positions of the edge are prescribed, we do not enforce the
force boundary conditions at the edge. The condition of zero bending moment at
the boundary to first order [46] is kKV2¢ + k9*C/0y? = 0 at x = 0. The solution to

the Euler-Lagrange equations that satisfies this boundary condition and {(u(y),y) =

v(y) is
1

C(z,y) = Ni7 zq:vq (1 + %Iq@ exp (|glr +iqy) . (2.4)

Note that when x > &, the surface becomes a minimal surface. To keep the area

fixed, the whole surface must shift in the negative z-direction; however, this shift is
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second order in the v, and does not affect the energy to leading order.

Inserting the Fourier expansions of ((z,y), u(y), and v(y) into the total energy

yields

 4k+RE T B (25 +R\?
oo [(str s B 2 ()
r, B P
+ <§q2+§q4> |uq\2—§c q3(uqvq—uqvq)} (2.5)

Using the expression for the energy we can study the stability of a flat semi-
infinite membrane. We first consider the achiral case, ¢* = 0, which applies at
high temperatures (7" 2 60° C). The horizontal and vertical fluctuations of the edge
are decoupled, and ripples u, in the plane of the membrane always increase the
energy. However, when the Gaussian curvature modulus is larger than k., where k.
solves R(4k + Re) = VT B (4k + 2R.), then it is energetically favorable for ripples v,
in the vertical (positive z-) direction to form. Using the typical values for B and
k quoted above, and the value I' ~ 300 kg7 we find from fitting the fluctuation
spectrum at high temperature (see below and Fig. [2.7), we estimate &, ~ 50 kgT.

The wavenumber of the ripple that forms just at the critical condition Kk = K. is

g = /T/B/(1 + F¢/2K) = 1 um™L.

In the chiral case, we study the stability of the flat membrane with an edge by
writing E = 37 (ug, vg) My(u_q,v_4)" /2 and diagonalizing M, to find its eigenvalues

oy =L@+ Bg*[1+(14&/2k)%] /2—]q*[R (1 + /%/45):F\/c*2 + 72 (14 &/4r)* (Blq)/2k — 1)7].

In this case, either chirality or the Gaussian curvature modulus can drive an insta-
bility. The condition for a rippled edge is o > 0, and the critical values for the
Gaussian modulus k. and marginally unstable wavenumber ¢. are determined by the

conditions o = 0 and do_/0q = 0. These equations lead to complicated expressions
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Figure 2.4: Phase diagram for flat and rippled edges of chiral membranes as a function of Gaussian
curvature modulus £ and chiral modulus ¢* for various values of line tension I'; B = 100 kgT um,
and kK = 150 kgT. The flat edge is stable in the shaded area.

for g. and the critical values of & and ¢*, which are plotted in Figure 2.4 However,

the expressions simplify in the limit B > B’, where the critical wavenumber is

¢. = \/I'/B, and the critical values of k and ¢* satisfy

Ak + & Ak 4+ &\ 2
R(ZEEEY L e pme (2E5F) _ouTB, (2.6)
4K 4K

Note that the factor of ic* in the off-diagonal components of M, leads to a phase
difference between the z- and z- components of the eigenvectors of M, and thus a

preferred handedness to the edge depending on the sign of c¢*.

2.4 Stability criteria for a disk

Although we approximated the disk as a semi-infinite plane in the previous section,

this is not strictly necessary. Here we outline the analysis assuming without making
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this assumption and show that we recover the same conditions for stability in the

limit of large radius.

Consider a disk with a helical ripple, so that the curve is described by r(0) =
(acosf,asinb,0) + h(cos mb cos, cosmf sin 0, sin mf), where m is an integer. The
height of the fluctuation h is assumed to be much smaller than the disk radius a. As
above, in order to keep the area fixed, the projection of the edge moves inward by
some amount da, but the effect of y is to exactly cancel this change in area, so we

need not compute it.

We proceed to calculate

2m2

h
F/ds =2mla+T'w (2.7)
a
. . hPm(m? —1)
c /ngs =T (2.8)
B [, Br  B1—4m?*+2m*
E/I{T dS——a +§ a3 wh (29)

(here, we are assuming B’ < B).

Now we consider the surface terms from the Canham-Helfrich energy. To first

order, the shape equation is

A% — %AC —0 (2.10)

and the solution is

C(r,0) = [cor™ + c1m(r /)] sinmé (2.11)

where A = \/r/u. The constants ¢y and ¢; are obtained from the boundary condi-

tions ((a,#) = hsinmb and k(2H) + Rk, = 0 (we have made the approximation that
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the projected area is a circle). From this, we obtain the system of equations

coa™ + c1d(a/N) = h
’ 1In(a/A) 2 (2.12)

/\2 Im(a/N) + - [comam - J’( /) R =
whose solution is

hoakAT-1(a/A) = (@®k + EN’m(m + 1)) Jm(a/A)

= 2.13
O T kM1 (a)N) — (a2k + 28mN2) T (a/N) (2.13)
= _1))\2
0 = — him(m — 1)\ (2.14)
Ak AT p—1(a/X) — (@K + 2EmA?) J(a/N)

Note that when m = 1, ¢g = h/a™ and ¢; = 0 so that { = sm@ which is a rigid

rotation. The change in bending energy to highest order is thus the sum of

K c?

5 [ aaeH? = SETR 20N = uala/ N s/ N] (215)

2X3(m — 1)m? — a% Jpir (2) (a2 Jpnsr (2) + 2Am(m — 1))
4a3\?

R/dAK = —27aikh’®
(2.16)

The total change in energy for the chiral perturbation compared to the flat disk

is the complicated expression

2 *

B c
2 2
OF = 7h <I‘ - +2a3(1—4m +2m)—|—a2m(m - 1)

: Zféi 5 (5) = (5) 2 (3)]

e [2X0m =0 = (5) (oo (5) + 22mim =) )

Fig. shows the phase boundaries between the flat and rippled states for mem-

branes of radius ¢ = bum and a = 50um. The agreement between the disk and
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VB s

Figure 2.5: Phase boundaries for a membrane of radius ¢ = 5um (left) and a = 50um (right).
Different colors indicate different values of |¢*|/k. From lowest curve to highest: 0 (red), 0.25
(magenta), 0.5 (yellow), 0.75 (green), 1 (blue). Dashed line indicates phase boundary for half-plane;
solid line indicates phase boundary for disk. For large radius we recover the stability condition for
a chiral half-plane (Eqn. as indicated by the overlap of the solid and dashed lines. We assume
B' < B.

sem-infinite plane cases converges quickly, so the approximation is justified (and

welcome, considering the complexity of Eqn. [2.17)).

2.5 Expressions for the fluctuation spectrum

The energy ([2.5)) along with the equipartition theorem yields the power spectrum for

in-plane and out-of-plane edge fluctuations, which is valid for stable flat states:

kgT

Wt = BT - AW 21%)
kgT

Wil = X =[BT 219

where A(q) = Bg*{1+ [1 + &/(2x)]?} + '¢® — 2&|q’[1 + K/ (4K)].

Note that ¢*, k, and & only affect the fluctuations for intermediate ¢; the large and
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Figure 2.6: (a) Normalized power spectrum s = ¢*(ugu_q) in which ¢* (in units of kgT) and T

(in units of kgT'/um) are fit to the data, with k/F — oo, B = 100 kgTum, and & = 50 kgT. The
value of B used was found by fitting the 7' = 60° C data to the achiral formula, Eq. (2.2)
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T(°C)

Figure 2.7: Values of ¢* obtained from fitting (left vertical axis), and values of I" obtained from
fitting (right vertical axis)
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small ¢ behavior is controlled by the bending stiffness and line tension, respectively,
just as in the case of an achiral membrane. Note also that the out-of-plane fluctu-
ations of the edge of an achiral membrane have a distinctly different ¢-dependence

than the in-plane fluctuations of Eq. (2.2): (v,v_,) = kgT/A(q) when ¢* = 0.

As the temperature is lowered, the value of I" decreases while chirality and thus
¢® increases. The system therefore comes closer to fulfilling the condition for
ripples to form, leading to a peak near ¢.. Figure [2.6] shows fits of the theoretical
expression for 57 = ¢*(uqu_g) assuming x = 150 kgT', B = 100 kgT pm, and
k = 50 kgT, along with the values of I' and ¢* obtained from fitting each curve. The
value of B used was found by fitting the 7" = 60° C data to the achiral formula,
Eq. . Because B does not change appreciably with 7', all curves collapse onto a
single line in the large ¢ limit. Similarly, & is not expected to depend significantly on
T and was fixed for fitting. Because both k and ¢* control the size of the peak, fixing
k also allows the effect of ¢* to be assessed more accurately. The magnitude of the
k used in our fits is smaller than but still comparable in magnitude with the recent

experimental measurements and theoretical estimates that yield & ~ 200 kgT [28].

The values of I and ¢* from the fitting have the expected order of magnitude and
obey the expected trend of I' increasing and ¢* decreasing to zero as the temperature
increases (Fig. . Although the fits capture the shape of the peak well, there
is some discrepancy with the experimental data at the smallest measured values
of q. There are two main reasons for this discrepancy. First, the characteristic
widths of the peaks are fairly large, and there are not enough data points taken
at small enough ¢ to escape the influence of the peak. Second, when ¢ decreases,
the fluctuation relaxation time increases rapidly. The longer relaxation time leads to
poor statistics, since it reduces the number of configurations over which the data can

be averaged. Consequently, the fits tend to underestimate I" when the temperature
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is low.

To conclude, we have measured the small-amplitude fluctuations of the edge of
a colloidal membrane, and found that as the chirality increases, a peak forms at a
characteristic wavelength. Our effective geometric theory captures the important
features of the measurement such as the formation of the peak, and shows how
the Gaussian curvature modulus affects the fluctuations when chirality couples the
undulations of the edge in and out of the plane of the membrane. We have also
calculated the power spectrum for out-of-plane fluctuations of the edge, which would
be especially interesting to measure in the achiral case, as it offers another method

of estimating the Gaussian curvature modulus .



CHAPTER THREE

Axisymmetric Membranes
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4

Figure 3.1: Parameterization of an axisymmetric shape. The z-axis is the axis of revolution, ¢ is
the angle of revolution, and r is the radial coordinate. Arclength is denoted by s while 1) denotes
the angle between the tangent vector and the r axis. Note that s = 0 corresponds the the rightmost
endpoint.

3.1 Introduction

The shape equation (Eqn. , a nonlinear partial differential equation, is noto-
riously difficult to solve for a general system. However, by assuming axisymme-
try and our effective model that accounts for the elastic energy via edge quantities
(Eqn. [1.34]), we can simplify the shape equation into a system of ordinary differential
equations that is easier to analyze. In this chapter, we detail various axisymmet-
ric colloidal membrane systems and the successes and shortcomings of our effective

theory in modeling them.
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3.2 Arclength parameterization

To analyze axisymmetric membrane problems, we first express the effective energy
in a convenient coordinate system [56, 39]. Let the surface be given in R3
by X(s,¢) = (r(s)cos¢,r(s)sing,z(s)), where s is the arclength starting at the
rightmost point and ending at z = 0. It is convenient to write the tangent vector
along a meridian as T'(s) = (ry, z,) = (cos b, —sin ), where 1 (s) is the angle between

T and the vertical axis (Fig. . Notice that this implies the constraint
2422 =1 (3.1)

From this, one can calculate that the metric tensor is

1 0
gij = X; 'Xj = ) (3'2)
0 r?
the unit normal of the surface is
N = (sin ) cos ¢, sin 1 cos ¢, cos V), (3.3)
and the second fundamental form is
. — s 0
bij:N'Xij: (3.4)
0 —rsiny

Together, these imply that the principal curvatures are v, and sin/r.

Since the boundaries of an open axismmetric surface are just a pair of circles, the

geodesic torsion at the edge vanishes, and chirality is not expected to play a role in
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determining axisymmetric surfaces using the effective energy [1.341 Meanwhile, the
geodesic and normal curvatures at the edge reduce to
sin v

cosy and k, = — : (3.5)
r r

ky =

In Appendix B, we derive the Euler-Lagrange ordinary differential equations and no
force/torque boundary conditions associated with this coordinate system for both
the full liquid crystal energy and the minimal model. These equations are then solved
numerically using MATLAB’s bvp4c routine (a boundary value problem solver) for

a variety of systems, which are detailed below.

3.3 Coalesence of saddles into unduloids

In experiments where colloidal membranes were doped with shorter rods of the same
width but roughly 75% the length of the usual fd viruses, the membranes were
observed to form metastable saddle shapes (Fig. [3.2). For low enough long rod
fractions, when two of these saddles come into contact, the membrane takes on an
axisymmetric shape with two holes. We estimate the resulting spontaneous curvature
and argue that the axisymmetric surfaces formed are the classic unduloids often
studied in the theory of droplets [45], [32], 25]. We then use our minimal model and

full liquid crystal energy models to confirm their shape.
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Figure 3.2: (Top) Experimental formation of an unduloid from a pair of saddle-shaped membranes
doped with short rods. Left, center, and right images were taken at approximately 1 minute, 5
minutes, and 10 minutes into the experiment, respectively. (Bottom) Computer generated render
of the final axisymmetric equilibrium surface.
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3.3.1 Experimental methods

Experiments were performed by Andrew Balchunas as part of the research lab of

Zvonimir Dogic.

The two types of bacteriophage virus used in this experiment were M13-wt (wild
type) and its mutant M13-KO7, which is identical in all aspects except contour
length. M13-wt has a contour length of 880 nm, while M13-KO7 has a contour
length of 1200nm, approximately 37% longer than its unmutated relative. In order
to form the membranes, dextran (molecular weight 500,000) was used a a polymer
depletant. Uniformly mixed membranes are observed at low osmotic pressure, while
phase separation between short and long rods is observed at high osmotic pressure
(Fig. . The osmotic pressure in the system is related to the dextran concen-
tration. An “unduloid” phase arises from mixing M13-wt and M13-KO7 at specific
stoichiometric ratios and intermediate osmotic pressures. All samples were prepared
in Tris-HCI buffer (20 mM, pH 8.0) with 100 mM NaCl added to screen electrostatic
repulsion between the viruses. The final virus concentration was at 0.5 mg mL™*

regardless of the overall number ratio.

Line tension data was acquired using darkfield microscopy of the edge fluctuations
of the membrane. The line tension of the membranes in this system was measured
to be 570kgT /pum. The edge bending stiffness has been previously measured to be
around 100kgT pum and is the same for both species of virus, as they share the same

cholesteric pitch [30].

The total area of the membranes that coalesced was measured to be approxi-

2

mately 40pum?. The modulus x has been reported to be roughly 1.5 x 10°kgT [4],

while the Gaussian curvature modulus has been theoretically estimated at K ~
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Figure 3.3: Experimental phase diagram for membranes that have been doped with shorter rods.
The horizontal axis is long rod fraction and the vertical axis is depletant concentration. Unduloids
are observed to start forming around 75% long rod fraction. Below 50% long rod fraction, the short
and long rods prefer to phase separated membranes.

200k5T [28].

3.3.2 Spontaneous curvature as a function of long rod frac-

tion

We use a simple geometric argument to estimate the value of ¢y in these unduloids.
Suppose the membrane consists of N; long rods and N, short rods. Recall that the
long rods have length L = 1200 nm and a radius of roughly d = 3 nm (although d

does not explicitly enter our model).

For simplicity, assume that the bilayer is wrapped into a spherical vesicle so that

the inner radius is R; and the outer radius is R,, as in Fig. [3.4} it is thought that the



46

short rods have this type of configuration by comparison with observations of similar
systems [4]. On the outer surface, if the rods are all normal to the surface, we have
N; + Ny circles packed onto the surface of a sphere. However, on the inner surface
there are only N, circles. If we denote the packing fractions of the inner and outer

surfaces ¢; and ¢,, respectively, the surface areas of the outer and inner spheres are

(3.6)

Furthermore, we also know the separation between the radii is R, — R; = L, so

putting these together gives

Ri——— " (3.7)

Nl-i-Ns ﬁ - 1
N o

In the case where ¢; ~ ¢,, this expression simplifies further to

R, = L (3.8)

' V1/ér—1

where ¢, is the long rod fraction. The spontaneous curvature can then be estimated
as co = 2H ~ 2/R;. In the case where the membrane contains no short rods, ¢, = 1,
and R; — oo, i.e. the membane has no spontaneous curvature. For 65% long rod
fraction where unduloids are observed to form, this yields a spontaneous curvature

of cg ~ 0.4 um~*.
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Figure 3.4: Induction of spontaneous curvature by doping a membrane composed of longer rods
(blue) with shorter rods (yellow). The upper surface is an arc with radius R, and the bottom

surface is an arc with radius R;. The distance between the surfaces is the length of one long rod,
L.

\—/.
——Numerical solution = R °
1.5 Experimental data .

Unduloid data fit

1.4

-2 -1 0 1 2

z (pm)
Figure 3.5: Comparison of experimental unduloid data with theoretical profile and data fit using
¢ and the neck as free parameters. The spontaneous curvature for the blue line is ¢y = 0.4pm™1,

the bending stiffness is k = 1.5 x 10°kgT, & = 200kgT, B = 100kgTum, v = 570kgT/um. The
area is H5um?.
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3.3.3 Delaunay surfaces

We use the effective energy with ¢* and B’ set to zero, since there is no geodesic

torsion at the edge of an axisymmetric surface.

Eund:g/(QH—co)QdA+/{/KdA+u/dA+F/ds+g/kjds (3.9)

In terms of our minimal model Eqn. [3.9] the nonuniform concentration difference of
short rods throughout the monolayer can be modeled as a spontaneous curvature cy.
However, the large bending stiffness of the membrane implies the mean curvature
globally cannot deviate from this preferred value. The result is that the saddles
merge into a single axisymmetric shape with constant mean curvature. (Note that
we have checked that 2 saddles/Enneper’s surfaces each with area A/2 is always less

energy than the unduloid.)

From the classical geometric theory of surfaces, the only axisymmetric nonplanar
constant mean curvature surfaces are the sphere, cylinder, catenoid, unduloid, and
nodoid, known as the Delaunay surfaces [20], [0, 25]. We emphasize that the observed
surfaces cannot be catenoids because they have a nonzero mean curvature while
catenoids are minimal surfaces. From the remaining choices, it is a matter of selecting
the shape that minimizes the Gaussian curvature and edge energy; for an area of ~
40pm?, this turns out to be the unduloid. Fig. shows a comparison of the unduloid
with spontaneous curvature calculated from the model in the previous section and
an experimental height profile. The theoretical membrane profile is computed by
numerically solving the Euler-Lagrange equations associated with Eqn. subect
to no-force and no-torque boundary conditions; details can be found in Appendix B,

Sections 1 and 2.
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Figure 3.6: Critical Gaussian curvature modulus needed for unduloid formation as a function of
long rod fraction. The bending stiffness is ¥ = 1.5 x 105%kgT, B = 100kgTum, v = 570kgT/um.
The area is 40pum?.

Although we use the terminology “unduloid” to refer to these axisymmetric
shapes with genus 2, the shapes are mathematically not unduloids, as they disagree
slightly due effects at the boundary; consequently, the mean curvature is nearly ¢q/2
everywhere but not ezactly c¢y/2. Indeed, it has been shown that there do not exist
“pure” constant mean curvature solutions of the shape equation when B and & are
zero [64]. As the discrepancy between a pure unduloid and the observed membrane
shape is small on the scale of the membrane radius (Fig. , we will proceed with

this slight abuse of terminology.
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3.3.4 Critical Gaussian curvature modulus for unduloid for-

mation

As the integral of the Gaussian curvature modulus is a topological invariant for
closed surfaces, k is notoriously difficult to measure for membranes. For colloidal
membranes, which tend to assume open surfaces, theoretical estimates based on the
increase of excluded volume for the depletants for surfaces with negative Gaussian
curvature place the value of & around 200kgT" [28]. Here, we will examine the critical
Gaussian curvature modulus necessary to make unduloid formation more favorable
than two disks as a function of long rod fraction, which provides another way to

estimate K.

The energy of a disk with area A/2 is

B
Euior = V21 A (F + f) (3.10)

To find the critical value of &, we must identify when F,,,q = 2FE 4. for various values
of ¢, which we have related to the long rod fraction through Eqn. B.8 Fig.
summarizes this data. Note that according to Fig. [3.3) unduloids start appearing
around 75% long rods. The corresponding critical & is ~ 250kgT, which is close to

the previously estimated value.

3.3.5 Comparison with full liquid crystal energy

The minimal model Eqn. relies on the assumption that the liquid crystalline
energy contributes primarily at the edges of the surface, which is most true when twist

penetration depth A is much smaller than the membrane width w. However, with A ~
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Lpm [51], this is not quite the case for unduloids, as evidenced by Fig|3.5l Therefore,
it is worth checking whether or not the full liquid crystal energy gives results that
differ from the ones obtained above using the minimal model. In Appendix B sections
3 and 4, we derive the Euler-Lagrange equations and no-force/no-torque boundary
conditions with the full liquid crystal energy terms, using an angle 6 to represent the
tilt of the director relative to the surface normal. The equations are then solved using
MATLAB’s bvp4c in a procedure very similar to the one outlined above. Fig
shows the minimizers of the two different energy models for the same parameters.
The difference between the profiles is very small, mostly due to the fact that xk > &
poses a severe constraint on the shape and forces the membrane into an unduloid-
like geometry. We emphasize that the minimal model is considerably more tractable
while giving up very little in the way of accuracy, making it the preferred energy

model whenever A < w.

3r m= numerical solution using minimal model
wes numerical solution using LC order
25
2k
E
= 15T
s
1t
05T
0 1 1 1 1 1 1 1
2 15 1 -0.5 0 0.5 1 15 2

z (pm)

Figure 3.7: Comparison of the minimizer of the minimal model (blue) with the minimizer of the
energy with full liquid crystalline order. The bending stiffness was k = 1.5 x 10°kpT, & = 200kpT,
K = 100kgT, C = 100kgT/um?, ¢ = lpm~1, A = 40um?, ¢y = 0.4um~', and ' = 570kgT. For
the blue line, B = 100kgT um and for the red line, B = 0.1kgT um
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3.4 Willmore surfaces with fixed area

In mathematical literature, the Canham-Helfrich energy with 4 = 0 and & = 0
is known as the Willmore functional, and its stationary immersions are known as
Willmore surfaces [68], of which minimal surfaces are a subclass. While Willmore
surfaces with Dirichlet boundary conditions (i.e. fixed ring radius and zero torque
at the boundary) have been studied [10} [16, [17], here we will study the problem with
an additional area constraint. Physically, this models the force necessary to hold an

incompressible membrane with the topology of a catenoid at a given extension.

To begin, we first consider K = 0 and study axisymmetric minimizers of the

energy

E/2m = %/(2H)2rds—|—u/rds—l—/fy(s)(rs—cosw)ds—i—/n(s)(zs—i—sinw)ds (3.11)

where we have dimensionlessized by . The Lagrange multipliers (s) and 7(s) allow
the variations in r, ¢, and z to be taken independently. The boundary conditions are
the fixed distance between the rings Z and the fixed ring radius, which has been set
to 1 (in principle, this radius is set by the line tension I' and edge bending stiffness
B). We will assume the area is fixed at Ay = 27 (the area enclosed by the rings)

and p is a Lagrange multiplier enforcing this constraint.

The Euler-Lagrange equation in z leads to the realization that 7 is constant,

while the variations in ¢ and r lead to the ordinary differential equations

cos 1 sin ¢
r

77st3 = + v SiH’QZ) +n COSQ,D (312)

—pcos +

S | =
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and

—@/J _smw

+ (3.13)

We have fixed endpoints, but v is free, so we enforce natural boundary condtions:

oL
aws s=0,L

=2H|,_,, =0 (3.14)

where 2H = 1),+ Smw is twice the mean curvature. Physically, this is the requirement

that no external bending moments are applied.

Note that the total arclength L is still unknown. Our first-order system thus
contains the nine variables r, z, 1,19, n, A, 1,7 and L and requires an equal number
of boundary conditions to solve. Let t = s/L, with ¢ = 0 representing the right

endpoint and ¢ = 1 representing the left endpoint. Our boundary conditions are

By virtue of the integrand £ not depending on s explicitly, we find a conserved
quantity H = £ — ¢,2& 5o — Ts gf — 2 aﬁ The transversality condition implies that

H = 0 (see Appendix B), so that

=— (W s ¢> + pr —ycosyp +nsing (3.15)

can be used as the ninth boundary condition. Note that at the midpoint of the

surface, 1) = w/2 and one can show that,

F/2m = —n= —g [¢5(s =L/2)%— | +pub (3.16)



Second branch

0.9

08

07

0.6

05

0.4

03

0.2

0.1

Force vs. extension (2nd branch)

54

Tension vs. extension (2nd branch)

Tension u

200

150

2
3

@
3

05 04 03 02 01 0
z

First branch

0.7

01 02 03 04 05

Force

-30
005 01

015 02 025 03 035 04 045

Half-width

Force vs. extension (1st branch)

05 055

-50
005 041

015 02 026 03 035
Half-width

Tension vs. extension (1st branch)

04 045

05 055

-20

-40

Tension

IS

@

-

~

)

o

&

L3

-10

-180
005 041

015 02 026 03 035

Half-width

04 045

05 055

12
005 01

015 02 025 03 035

Half-width

04 045

Figure 3.8: Force vs. extension of a membrane with the topology of a catenoid. (Left) Various
shapes of the membrane for a given extension. The black line is a catenoid with area 27 and
ring radius 1 and represents the shape with maximum extension. (Middle) The blue line is the
dimensionless force required to hold the ends at a given half-width (note that negative force means
compression). (Right) The red line is the dimensionless surface tension p.

where b is the neck (radius at the midpoint) and F' is the force applied at the

boundaries (here we take F' > 0 to mean an extensile force).

Fig.[3.8shows the various minimal energy shapes, whose surfaces of revolution are
Willmore surfaces with area equal to 2w. Note that there is a maximum extension;

the corresponding shape at this extension is a catenoid, whose ring radius is 1.

However, if we increase the area, then there is no maximum extension; the mem-
brane has enough area to form a cylindrical “tether” that can connect the two nearly
flat rings (Fig. [3.10]). The force consequently looks linear at large extensions. We

can explain this result by estimating the shape of the membrane as two circles of

area m connected by a cylinder of radius b:

A~ 271 + 47bz. (3.17)

05 055
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which leads to the fact that z ~ (A — 2m)/4wb. From the membrane shape equation
(Eqn. |1.20)) and the fact that H = 1/2b and K = 0 for a cylinder, we get

2H? = pH = p~ (3.18)

20°
The area constraint Eqn. provides a way to estimate u as a function of the
extension; z = O(z?) when z > 1. The force can be found using Eqn. and the
fact that the cylinder is flat at the neck:

™

F =
b

+ 2mpb = O(z) (3.19)

As Fig. [3.10[ shows, it is possible for a membrane with the topology of a catenoid
to have zero force and zero torque. Such a free-standing surface is typically quite
flat, with only a small variation in radius from end-to-end. For this reason, we gave
these shapes the nickname “flatenoids;” although they have not yet been observed
in experiments, they are nonetheless possible in theory, as long as x/k is not large.
Otherwise, the membrane will prefer to form a catenoid as the catenoid is the only

axisymmetric nonplanar minimal surface.

3.5 Colloidal vesicles

Due to their extraordinarily high bending rigidity, colloidal membranes were long
thought to be unable to wrap up into vesicles as lipid bilayer membranes commonly
do. But recent experiments have shown that this is indeed possible for larger, less
stiff membranes composed of a shorter species of virus. The shapes of these sagging

vesicles are parameterized by a single dimensionless constant: a ratio of elastic bend-
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Figure 3.9: (Top) Formation of tethers for a membrane with larger area. The area is 47. (Bottom)
The force vs. extension is linear at large z and there is no maximal extension. The tension u vs.

extension is quadratic.
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Figure 3.10: An example of a “flatenoid” (blue) which is a force-free axisymmetric equilibrium
surface. The catenoid with the same neck (red) has much larger curvature.

ing energy to gravitational energy, allowing us to estimate the bending rigidity of
these membranes. We have also begun to analyze the “vesicle with a hole” problem
in the hopes of gaining a better understanding of the process through which a large
disk wraps up into a vesicle. Tentative results indicate there is no energetic barrier

to vesicle formation if the area is large.

3.5.1 Experimental methods

Experimental procedures were done and data was collected by Joanna Robaszewski
and biological materials were provided by Mahsa Siavashpouri as part of Zvonimir
Dogic’s research group. Filamentous bacteriophage with a length of ~ 380um was
grown and purified following previously established biological protocols [55]. The
viruses were fluorescently labeled with Dylight 550 NHS ester dye using previously
described methods [4§]. The labeled viruses were suspended in tris-HCI buffer and

mixed with dextran to induce attractive depletion forces and cause condensation of
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Figure 3.11: (Left) Image of a fully closed colloidal vesicle sagging in a gravitational field (zy-
plane). (Right) Same vesicle seen from the side (yz-plane). Scale bar is 20pm.

the viruses into monolayer membranes, along with sodium azide (NaN3) to eliminate
bacteria from the sample. Membrane growth and subsequent vesicle formation were
visualized using a confocal laser scanning microscope (Leica TCS SP8). Z-stack
images were taken of the vesicles after they formed their equilibrium structures. The
z-stacks were then used to reconstruct the three dimensional structure of the vesicles

with Leica Application Suite X software.

3.5.2 Minimal model for vesicles

Colloidal vesicles are much larger than ordinary colloidal membranes, with a radius
of ~ 50 microns, and thus sag due to gravity (Fig[3.11). In order to analyze these
shapes, we add a gravitational term to our minimal energy. Note that the Gaussian
curvature term does not influence the energy of a closed vesicle due to the Gauss-
Bonnet theorem (Eqn. . Since the rod length is much smaller than the vesicle
radius, we continue to treat the membrane as an axisymmetric two-dimensional

shell, with areal mass density o. If z is the height above the floor and r is the radial
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component, then in total we have

E= g/(2H)2dA—|—ag/sz—l—u/dA—l—/’y(s)(rs—cosw)ds—l—/n(s)(zs—irsinw)ds

(3.20)
where g = 9.8 x 10°um/s? is the acceleration due to gravity and ~(s) and n(s) are
functional Lagrange multipliers that enforce geometric constraints at each s. Unlike
lipid bilayer vesicles, the volume is not conserved as the membrane is permeable to

water. However, we continue to assume that the total surface area is fixed.

While most of the Euler-Lagrange equations are unchanged by the addition of
the gravitational term and can be found in Appendix B, the inclusion of a term that

depends on z introduces a new equation for 7(s):
Ns = 0gZ. (3.21)

Thus, 7 is the elastic response force in the z direction. Letting ¢ = s/L, the nine

boundary conditions are

Yt=1)=0, ¢t =0)=m, (3.22)

i.e. we assume that the surface profile is continuously differentiable and that the
vesicle is in contact with the floor with an area of contact 7R2. As before, we also
use that the Hamiltonian is zero (the transversality condition, Section B.3), which

is a consequence of the shape having unknown length. The radius R at the floor is
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fixed but arbitrary and must be minimized to find the true vesicle shape; however,

care must be taken to ensure that the solution does not penetrate the floor:

R = argming.({ E(R) : min z(s) > 0}. (3.23)

s

Note that there is no energy of adhesion with the floor because the vesicle is supported
by a polymer brush in experiments. Also, the energy is singular at ¢ = 0 due to the
boundary condtion there; in practice, one sets r(t = 0) = 0.001 or some other positive

number small enough to not impact the solution.

The sole characteristic length scale in the problem is

lo = <0£g>1/3_ (3.24)

From this, we define the dimensionless parameter
2/3
a=AJZ=A (0—9) . (3.25)
K

Dimensional analysis implies that the vesicle shape is solely a function of a. The
vesicle shapes for a variety of values of o are plotted in Fig. [3.12 The spherical
vesicle, &« = 0, correponds to the case where there is no gravity. For a < 50, the
membrane is convex but sags due to gravity. When a ~ 93, the membrane becomes

tangent to itself, indicating a complete collapse.

3.5.3 Estimating the bending rigidity

We now estimate the parameters in Eqn. [3.25] in order to estimate the bending

rigidity x. While the viruses have a density of 1.4g/cm?, the membrane is roughly



61

—a =10
3r —a = 30|
o =50
257 a=70|

—a =93] |

151 — / \ N 1

0.5

zll,

051 1

A5¢ ]

-3 -2 -1 0 1 2 3
r/l 0

Figure 3.12: Dimensionless vesicle shapes as a function of «. The membrane develops a concave
center when a ~ 50. At o ~ 93, the membrane collapses completely.

Figure 3.13: Vesicle profiles with theoretical a = 18 curve superimposed. Scale bar is 20um.

80% water by mass, leaving the density difference with the background fluid closer
to Ap = 0.08g/cm?. To find the areal density, we multiply o = Apd, where d is the

membrane thickness, estimated as d = 380nm.

The area of the vesicle in Fig. was measured to be around 3.3 x 10*pm?,
From fitting the shape of the membrane, o ~ 18 (Fig. [3.13)). Using these numbers
gives the value of kK >~ 6000kgT. Our estimate is the correct order of magnitude as
one would obtain from using the fact that x ~ d® and the measured bending rigidity

of the 880 nm viruses is around 1.5 x 10°kgT".
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Figure 3.14: A spherical cap of radius r, bounded by a circle of radius a.

3.5.4 Vesicle with a hole

The formation of colloidal vesicles from disks is a relatively recent phenomenon, and
it is not quite clear how they transition from disks to closed surfaces. The exact
nature of the wrapping process is an open problem even for lipid bilayer membranes
and is believed to involve parameters of the background fluid such as viscosity as
fluid is expelled as the vesicle seals itself. While we do not have the tools to study
this dynamical problem in full detail, we can nonetheless study vesicle wrapping
by examining two simple questions: what is the energy barrier if we assume the
membrane is shaped like a spherical cap and are there axisymmetric equilibrium

solutions of Eqn. [3.20| with a hole?

To answer the first question, suppose that a is the radius of the boundary of the
cap (Fig.[3.14). If the cap subtends a polar angle 6, then the area of the cap is given
by A = 27r?(1 — cosf), where cosf = v/r2 — a?r for 0 < 6 < 7/2 and the negative
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for m/2 < 6 < 7. Solving for a in terms for r yields

o= 2 (1- ). 820

The energy of the cap is then

E=(2k+ /_i)% + 27 (Fa + %) (3.27)

where we have ignored the effect of gravity. By combining Eqns. [3.26] and [3.27], one

can verify that for large enough areas, there is no barrier to vesicle formation other

than the barrier of closing the hole.

We now discuss the possibility of axisymmetric shapes that are open on one end,
as a proxy for the shape of the membrane just before it wraps into a vesicle. In this
scenario, the Euler-Lagrange equations and general algorithm are the same as before,
but the boundary conditions will be different; now, one side will have a hole where
no-force and no-torque conditions are imposed (see Appendix B). As we saw in the
case of unduloids, the line tension I' and edge bending stiffness B set the width of

the hole; Fig. [3.15 shows this behavior.

Notably, the radius satisfying [3.23] is essentially the same function of a for both
closed vesicles and vesicles with a hole. The energies of the minimizers of the two
problems are also comparable; we find Eyesicie ~ Ehote — Fedge- With edge energy,
however, Fyesicie < Ehole, Suggesting there is no energetic barrier to vesicle formation

from this equilibirum shape obtained by minimizing R.

Thus, in total, our crude results suggest the “lotus” wrapping pathway (Fig.|3.16)),

where a disk with enough area and line tension wraps itself into one of the shapes in
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Figure 3.15: Metastable states of a vesicle with a hole. For all shapes A = 47w, k =1, v = 1,
B =0.1, R = 0. The shape parameter « varies from 10 (blue) to 50 (yellow) in increments of 10.
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Figure 3.16: Theoretical pathway for the wrapping of a disk into a vesicle. The black line indicates
the flat disk. The blue line indicates spherical cap-type shapes. The green line is the metastable
state with a hole, and the red line is the final vesicle with the hole sealed.
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Fig. by transitioning through a series of cap-like shapes, then closes its hole at
the last moment. While our model predicts a divergence of the energy as the hole
size decreases, the closing of the hole likely occurs in a regime where our assumptions
of liquid crystalline order do not apply, and so our current model cannot accurately

describe this.



CHAPTER FOUR

Force vs. Extension of Ribbons
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4.1 Introduction

In another set of experiments, optical tweezers were used to impart a stretching force
on antipodal points of a disk-shaped colloidal membrane. Under the application
of this force, the membrane not only elongates but also develops twists akin to a
helicoidal ribbon. With our effective theory, we capture the correct shape of the
nonlinear force vs. extension curve and find that chirality is necessary to transition
to the twisted phase. The effective theory works best for small deflections when the
membrane is still flat but becomes less accurate for large extensions. This is due to
the thinning of the ribbon as it is pulled, which makes the width comparable to the

twist penetration depth.

4.2 Experimental methods

Experiments were performed by Andrew Balchunas and Mark Zakhary as part of

the research laboratory of Zvonimir Dogic.

Sample Preparation. Filamentous bacteriophages fd-wt, M13-wt, and M13-KO7
were isolated from the supernatant of infected E. Coli ER2738 cells and were purified
by PEG precipitation [6, 55]. M13-KO7 is a mutant of M13-wt in which the contour
length has been altered, and has been given a gene encoding for Kanamycin resis-
tance. M13-KO7 has more copies of the major coat protein (pVIII) than M13-wt,
leading to a 37% increase in length over its parent bacteriophage [24]. All other

properties of the virus are left unchanged through the mutation.

Mixing viruses with a non-adsorbing polymer, dextran (MW 500,000, Sigma-
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Aldrich), leads to the self assembly of 2D colloidal membranes [5]. Changing the
concentration of dextran in the suspension affects the strength of virus-virus attrac-
tion and can lead to other equilibrium structures such as quasi 1D colloidal twisted
ribbons [27]. All samples were prepared in Tris-HCI buffer (20 mM, pH 8.0) with
100 mM NaCl added to screen electrostatic repulsion between the viruses. The
virus and polymer suspensions were injected into homemade chambers made from
a glass microscope slide, coverslip (Gold Seal, Fischer) and unstretched Parafilm
wax as previously published [6]. The glass slide and coverslip were coated with a

poly-acrylamide brush prior to use to prevent non-specific adsorption [47].

For stretching experiments, a chamber resembling a T was made. The virus
and polymer mixture was injected into the vertical stem of the T-junction and the
assemblage was stored overnight in a humid environment in order to allow sufficient
time for membranes to form without allowing the sample to evaporate. Just prior
to starting an experiment, a suspension of fluorescent, biotinylated bacterial flagella
(SJW 1660, straight morphology [8]) and streptavidin coated silica beads was injected
into the horizontal arm of the junction. The bacterial flagella were fluorescently
labeled with an amine reactive dye (NHS-Rhodamine). The sample was then sealed

using glue that cures under ultraviolet light (Norland Optical).

Optical Microscopy. Experiments were performed using an inverted microscope
(Nikon Eclipse Te2000-u) outfitted with a high magnification, high N.A.; oil immer-
sion objective (Nikon, PlanFluor, 100x, N.A. 1.3). Images were recorded using a
cooled CCD camera (CAMERA MANUFACTURER). An LED light source (SOLA
Light Engine, Lumencor) was used to excite the fluorescent dye, and a dichroic filter

cube (Semrock) was used to collect the emitted light from the flagella.

Laser Tweezers. Focusing a high-powered 1,064 nm laser (Coherent Compass) on
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Figure 4.1: (Left) Optical tweezers are used to impart a diametric stretching force on a disk-
shaped colloildal mmebrane. The disk diameter is initially 5um; the length of the ribbon in the
bottom figure is ~ 20pm. (Right) Schematic of top-down view.

the focal plane of an inverted microscope (Nikon Eclipse Te2000-u), through a high
magnification, high N.A. oil immersion objective (Nikon, PlanFluor, 100x, N.A. 1.3),
produced an optical tweezer that could be used to manipulate colloidal particles. An
acousto-optical deflector (AOD) (IntraAction-276HD) was used to simultaneously
trap multiple beads. The AOD time shares a single beam across multiple positions
so quickly that the trapping appears simultaneous. The traps were controlled using

a homemade LabVIEW subroutine and motorized stage.

Position of the detection bead was measured using back focal plane interferometry
and a quadrant photodiode. A second 830 nm laser (Point Source Iflex2000) was
incorporated into the setup as the detection beam. Trap stiffness was calibrated by

analyzing the power spectrum of the bead position [I].

4.3 Small extensions of a flat membrane

It has been observed that for small extensions, the membranes do not twist, and the
force as a function of extension is approximately linear. Here, we will estimate the

spring constant k4 of this linear relation.
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Figure 4.2: Force vs. extension for colloidal membranes of various radii, along with theoretical
small stretch linear lines (see Section 4.3).
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Figure 4.3: Equal and opposite forces of magnitude F' acting diametrically on a membrane at
locations A and B. We assume I’ > 0 for outward forces as shown.
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Consider an incompressible flat membrane subject to equal and opposite external
forces, as in the figure, except we will take positive force F' to be outward rather than
inward. Also, we will use F' for the dimensional force, and f for dimensionless force,
as described below. The membrane has an area wa? in the absence of forces, and line
tension I'. We will also assign a bending stiffness B to the edge of the membrane;
this stiffness represents the contribution from the bend of the tilted virus particles to
the Frank free energy. We will not consider the conformation of the virus particles,
but instead use the simpler theory of an incompressible membrane with edge tension
and edge bending stiffness. Approximating the energy in this way is appropriate

when the twist is confined to a thin annulus at the edge of the membrane.

The problem is to find the deformation of the membrane for small forces, F' <
I'; denoting by x the total displacement of B relative to A (Fig. , we seek to
calculate the spring constant k, = F/z. To find the governing equations, we first
dimensionlessize by measuring length in units of a, and force in units of I'. The
shape is given by the radius r(¢) = 14 ((¢), where ((¢) < 1 and —7 < ¢ < 7. The

configuration of the membrane is found by minimizing

W = /ds+§/dsk2 — pA— f¢(0) — f¢(m), (4.1)

where the total energy W is measured in units of Aa, s is the arc length of the edge, k
is the dimensionless curvature of the edge, b = B/(\a?), p is the Lagrange multiplier
enforcing the area constraint, A is the area, and f = F/T". Next, we expand W to

second order in ¢ and then find the variation. We use

[dr dr

where r = (14¢)p and p = (cos ¢, sin ¢) is the unit radial vector. Also, the curvature



72

k is given in terms of the tangent vector T =dr /ds by

_dT dT

- . 4.3
ds ds (4.3)

k2
Expanding to O(¢?) yields
b
W= /d¢ <1+¢+%g’2) +§/d¢ (1 —<+<2+;<’2—2g"+4g¢”+g”2)
- P asaor -7 [as66) + 86— m). (4.4)

Computing the variation yields

ow = [asacp (¢4 5¢ 0= 5) 1= =pL+ O = £006) + 80~ m)

+ [0C(=bC" = ¢ 2+ D+ [0Cb (¢ +2¢ = 1) (4.5)

where ¢g and ¢, are the lower and upper endpoints of the region of integration,

respectively. From these boundary terms we deduce the first-order shearing force
fshear = _me - bg//Q + C/ (46)
and the first-order bending moment

m = b(¢"+2¢ —1). (4.7)

Demanding 6W = 0 yields
b (604 5040 =3) H A=) =p U+ O - FBO) +o0 - T =0. (4

The pressure p is determined by the condition A = 7, which to first order in ( is
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[ d¢¢ = 0. Integrating Eqn. (4.8) over the circle yields

_ fyq 0
p——w+1 5 (4.9)

Note that we have skipped over a subtlety here. The shearing force is not continuous
at point A and B, so it might not be immediately clear that the integral of the fourth
derivative of ¢ vanishes. To see that it does, we can either (a) smooth out the delta
functions, so that none of the derivatives of ¢ are discontinuous, or (b) keep track of

each of the jumps in " at 0 and £7. Either procedure shows that § d¢¢") = 0.

Inserting the expression (4.9) into Eqn. (4.8) yields

(e 504 30) - @0+ L sp@ rse-mi=0. @)
We can find boundary conditions on (", (" and (' by integrating against 1,
¢, and @2, respectively. Or we can simply say that the shear force must jump by f
at A and B but the moment is continuous along with ¢ and (' (the latter because
otherwise we would have an infinite energy cost for a corner). To simplify the solution
of , we impose mirror-reflection symmetry about AB and CD (Fig. . Since

there will be discontinuities in third derivatives, let

¢ if —m< <0,

where

7

G (2 — 3b)m

+ c1sin ¢ + ¢y [sinh (gzﬁ % - g) + sinh ((7‘(‘ — &)

[~ NI
|

DN W

\:Jg/

Jo

. = ﬁ — ¢y 8in¢ — ¢y |sinh ((b % — g) — sinh ((7? + ¢) — }}3)

:%7
TR
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We might worry that we need to turn the hyperbolic functions into circular functions
when b > 2/3, but there will be compensating roots in ¢y that prevent ¢ from being

complex. Imposing continuity of (' at ¢ = 0 and the jump in the shearing force

bl = f (4.14)
yields
o = % (4.15)

(b—2),/%—%[eosh(m/%—%) —1].

Note that even though the coefficients diverge at certain values of b, the fundamental

solutions have compensating zeros that keep ( finite, i.e.

. Y f .

ll)l_l;l%g_i_ = —%+E(W—2¢> COS¢+§SIH¢ (417)

: 3 0w 3fo ¢ 3f .

1 — _ — —— (1 -] - —= ; 4.1

bgréﬁ f<27r 8)+ n ( W) 1 Sine; (4.18)

or, the diverging parts are killed by rapidly vanishing parts:

lim¢, = f (= - Ssing (4.19)
e =1 (5 - gm0 -

The total displacement of B relative to A is given by = = ((0) + ((7), and the

spring constant ks for the deformation is given by

ks = f/x. (4.20)
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We find
(2 —b)(2 - 3b)

k, = . (4.21)
8 — 4b — 2mv/E = 6bv/b coth <“V21¢232b)
For small b, we have
2
b
ky = g + = 4\f +0(), (4.22)

where we have dropped exponentially small terms such as exp(—1/b). In dimensional

form, the spring constant for B < I'a? is

' 7% |T'B
L L Y 4.2
T AV (4.23)

For large b, the spring constant is

ky = — smb +0(1) (4.24)

4 + 2+/67 cot (%ﬁw)
ks =~ 5.641b, (4.25)

Or ks ~ 5.641B/a® when B > T'a?.

8
6
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Figure 4.4: Plot of dimensionless spring constant vs dimensionless edge bending stiffness.
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Plotting the spring constant vs edge bending stiffness shows that the de-
pendence of ks on b is linear except for the smallest values of b (Fig. . Let’s
make some estimates using numbers from Mark Zakhary. For a membrane of radius
a = 2.2 um, with B = 150kgT pm, and T' = 250kgT/pm, we get b = B/(Ta?) =~
0.124, and ks ~ 2.73T"/a, which is significantly different from the b = 0 value of
ks = (n/2)(I'/a) =~ 1.57T"/a. Fig. compares the theoretical small stretch slopes

with experimental data.

4.4 A simplified strip model

As a first step to understanding the force for larger extensions, we can approximate
the membrane as a helicoid with fixed width (i.e. a twisted rectangular ribbon). Our

energy is

B
E= n/KdA+/£/(2H)2dA+’y/ds+E/dst (4.26)

where we have set B’ = 0 and ¢* = 0 (Eqn. [1.34]) for now. The surface is assumed

to have a helicoidal shape with length z, width p, and rotation rate a:
Y(5,2) = (peos(az), psin(a2),) , p € [—p, ] , % € [0, 7], (4.27)

so that H = 0. Using this parameterization to evaluate the integrals, we find

a?p atp?

_ 2,2 _ 9%
E(p,a,z) = 4yp+ 2y2y/1 4+ a2p? — 2Rz 1+a2p2+ AT a2

(4.28)

Throughout the stretching of the membrane, the helicoid is subject to the constraint

of constant area: its surface area equals that of a disk of radius a. The constraint
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looks like

1
ma® = z | —sinh ™ (ap) + py/1 + a2p? (4.29)
a

Note that Fy, = 4py + 272z and Ajqr = 2p2z. The energy must be minimized
subject to the constraint [£.29 We treat the extension z as fixed but arbitrary.
We then find p = p(a, 2z) using We plug this expression into so that
E = E(a, z) and then perform a one-dimensional minimization of the energy over
a = «a(z). Plugging this value of a back into F leaves £ = E(z), so that the force

may be computed numerically as F' = dFE/dz.

4.4.1 Asymptotic formulas for large extension

Note that the area constraint implies the bound 0 < pz < wa?, so that if z is large,
p is necessarily small. We will thus perform an expansion of the constraint in terms
of p. Note that in doing this, we are assuming « to be sufficiently small so ap << 1
(in general, a depends on z and could be large). We will see later that this step is

justified.

2

1 3 2 1
LI (FUS V) S WP N LT L P S e SR
z Qo 6 2 3

Inverting this series to get p in terms of 7/z gives

Ta? o? [ 1ma? 2 13a* [ ma? 4
= —[1—-— 4.31
P 22[ 24(z)+1920(z>+ (4:31)
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For ap << 1, the energy may be expanded as
L ys ) Lys 4 2 3 5 9
E ~A4vp + 27z 1—1—504 p° | —2ka”pz 1—504 p~ | + Bza'p 1—504 p° )4.32)
with p ~ 7/2z. The approximate solution for « to leading order is

9 2Kz

(0% fr
Bma?

0(1) (4.33)

So, @ = O(y/z), which confirms that ap < 1 for z > a. Also note that a has both
positive and negative roots, since the result is the same independent the chirality
of the helicoid. Adding the torsion term c¢* [ ds7, into the energy would break this
degeneracy and give preference to one root over the other. Expanding the energy in
ap and plugging in, we have to leading order

K> dE K2 1

So, the force at large z is expected to saturate to a constant value depending on
v, K, and B (but is independent of the original radius a). In the case of a membrane

that is constrained to remain flat, K = 0 and we recover the F' — 2+ limit.

4.4.2 Second order strip-to-ribbon transition

From plots, we can see that the twist rate a remains zero up to a critical extension z..
We can calculate this critical extension analytically with a Landau-type expansion:
assume the energy has a critical z, for which & = 0 when 2z < 2. and o > 0 when
z > z. and that this transition is continuous in z. Near the transition length, the

helicoid is still essentially flat so that the area constraint is that of a strip: ma? = 2pz.
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Expand the energy the 2nd order in « since « is small near z = z.:

1 1
Eheticoia = 4vp + 272 (1 + §a2p2> - 2Rzoc2p (1 — §a2p2> + ...

2\ 2
~ 4yp + 2vz + yza? <7;i> — Rra*a® + ...
z

Ta®
= Estm'p -+ a271'a2 <’}/E — li) + ...

The minimum energy is attained when

(4.35)

Note that for a typical disk, a = 5um, v = 1000kgT/pm, and & = 200kgT so that
z. ~ 10a; in other words, an achiral membrane is not predicted to twist in this
model unless it is pulled very far. The edge bending stiffness B does not enter this
expression because it is higher order in a. This was all done assuming c¢* = 0; see

below for comments about chiral ribbons.

Fig. [4.5 shows the energy E, force F', twist rate o, and half-width p as a function
of the extension z, as well as the asymptotic expressions. Notably, the force is
decreasing for z > z.. This is an indication of an instability; the ribbon wants to
wrap up indefinitely on its own to create more negative Gaussian curvature. In order
to stabilize this behavior, one could consider adding a higher order term of the form

e [ K?dA, e < ka?, which discourages infinite twist.
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Figure 4.5: Energy E, Force F, twist rate o, and half-width p as a function of extension z. The
green curves represent asymptotic expressions and In the top two plots, red indicates
values for the strip while blue indicates values for the twisted ribbon.

4.4.3 Adding a chiral term

For a helicoid, the geodesic torsion is equal to the torsion. Thus,

c* /ngs Y (4.36)

1+ a?p?

This term is linear in «, which breaks the +a symmetry and selects out a ribbon
handedness as expected. However, it also invalidates the argument in the previous
section; now ribbons start twisting immediately after any nonero extension, and they
twist more than they do in the achiral case, as Fig shows. This demonstrates the

importance of chirality in getting ribbons to twist without having to pull to extreme

lengths.
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Figure 4.6: Comparison of twist rates for chiral and achiral ribbons. For the red curve (chiral),
c¢* = —5kgT. For the blue curve (achiral), ¢* = 0. For both curves, a = 10um, & = 100kgT,
B = 300kpT pm, and v = 100kpT/pum.

4.5 Effective model for a helicoid

Armed with an understanding of some simpler cases, we now analyze the problem of
a stretched membrane that is allowed to twist. Our primary assumption will be that
the surface at all extensions is a helicoid with unknown width which depends on the
length coordinate, z. This assumption is justified by the expectation that the mean
curvature is small in light of Section 1.3 and the only family of surfaces of the form
Y (u,0) = (r(u)cosf,r(u)sinf, p(#)0) with vanishing mean curvature everywhere is
the one with p(#) constant (i.e. the pitch of the helicoid must be constant). Note that
the disk with zero force applied is also a “helicoid” with infinite pitch and circular

boundary.
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4.5.1 Energy and Euler-Lagrange equations

Our surface thus takes the form
Y(r,0) = (rcosf,rsinf,ph) ,0<r < R(#),0<0<Z/p (4.37)

where c¢ is the helicoid pitch and Z is the length of the stretched shape. Note that
the surface boundary R(6) has still not been determined. We will solve for the shape
of the boundary of the surface, which is the curve X (0) = (R(0) cos 0, R(0) sin 6, pd),
such that the boundary conditions in Appendix A.2 are satisfied. The pitch p will be
fixed but arbitrary; a numerical optimization will be used to determine the optimal

value of p;

p = argmin,_,E(p, Z), (4.38)

P

where F(p, Z) is the full minimal model energy without the mean curvature

term:

E(p,Z) = /M [RK + dA+/

B B’
{7 + kP4 =2 C*Tg:| ds. (4.39)
oM

2 29

If we use the Gauss-Bonnet theorem (Eqn. [1.13]), we can write

/

B B
E(p,2Z) = / pdA + / {7 — Rk, + Ek:Q + 7792 + c*rg} ds (4.40)
M oM

where we have ignored the constant term. It remains to write the area element in

terms of ds. To this end, we calculate the metric tensor

9i; =Y, Y; = (4.41)
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which gives

dA = /7% + p?drdf (4.42)

Therefore, we can write

Zlp rR(9) X/p 1
/dA:/ / \/7“2+p2d7"d9:/ 3
0 0 0

Rt /P T I
R\/p2+R2+p210g< i §+ )]de

(4.43)
The unit tangent of X (0) is
T = (Rscosf — Rsin60,, Rysinf + R cos 00y, z) (4.44)
where we have used z = cfl. The identity T-T=1 yields the constraint
R2
R+ 22 (1 + —2) =1 (4.45)
p

In analogy with the ¢ from axisymmetric problems, if we define ¢ to be the angle

between 7" and the r axis, then we hve
df = —ds = ———ds (4.46)

Our energy thus takes the form
J ) R+ \/p*+ R? sin ¢
E(p, Z :/ = | R\/p?+ R?>+p”log 4.47
L A E ( X 7 s
!/

B B
+I' — kky + EkQ + ?ng + "1y + y(s)(rs — cos @D)} ds (4.48)

where we have added a local Lagrange multiplier v(s) in order to treat the variations

in r and v independently, just as in previous calculations. We can then calculate



various geometric quantities:

o _ (psin(z/p) peos(z/p) R
\/pz—l—RQ’ \/pz—l—RQ’ \/p2—i—R2

ky =T <d—T><ﬁ> _ g, 4 s
S

d p? + R?
I dT R psin 21
n = — ’}’L = —
s p? + R?
K=k + K
o dn p(1 —2cos? 1)
Tg—T (HXE) p2—|—R2 s

which yield the Euler-Lagrange equations

2 R 2 R2 2
ﬁ[l—R—p)mlog( +\/7§+ >+ p

2 (p2+R2 p2+R2
Bsiny ) b \ )
T [R(p*(3 +4cos2¢) + R*)sin¢) + (—p* + R*)i)y]
B' [ARp? cos?(2¢) L2pR cos 21
PR CENDE a0
and
E cos R+;log R+ PP+ R? _ Reosy
2 p2 + R2 p p2 T R?
B [(p*(—=1 + 4 cos 2¢) + 2R?) sin 24 _
2 —2
* 2 { (p? 4+ R2)2 Pgs | + ysiny
L2psin2y  2p*sin e
itk S -V alibiialich S
p? + R? (p? + R?)?
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(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

Since the energy was written exclusively in terms of edge quantities, the

Euler-Lagrange equations are all ordinary differential equations, and they can be

solved using a numerical boundary value problem solver similar to the one presented

in previous chapters (see Appendix B). The eight boundary conditions that must be
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Figure 4.7: Stretched chiral (left, ¢* = 0) and achiral (right, ¢* = —100kgT") membranes. In both
images, ribbon has been “unwound” so that it looks flat. Achiral membranes tend to concentrate
area at the ends while chiral membranes are more uniform and strip-like. For achiral membranes,
it is possible (although unphysical) for the top and bottom boundaries to cross.

enforced are:

where t = s/L € [0,1] is the reduced arclength coordinate. In words, we have fixed
endpoints, a no-torque condition at the endpoints, and the area of the helicoid must

match the area of the force-free disk.

Using the numerically computed shape, we calculate E(Z) by minimizing over

the pitch p for fixed Z. The force needed to hold the ribbon at a given extension Z

is then given by
_dE

- (4.54)

F(2)

We plot F' vs. Z and compare with experiments below.
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4.5.2 Achiral vs chiral ribbons

In the case where ¢* = 0, the stretched membrane has two distinct phases: a flat
phase and a twisted phase. The membrane second-order phase transitions from the
flat to the twisted phase after a critical extension is reached. Much like the case for
a strip, this critical stretch is quite large and not expected to be attained in typical

experiments.

However, the membrane shape does not resemble a strip; most of the area is
concentrated near the ends, and the waist is quite thin. For large stretches, it is even
possible for the top and bottom boundaries to intersect each other, as in Fig. .7}
note that in these images, the helicoids have been “unwound” so that the surfaces
are flat. This is because nothing in the minimal model prevents the membrane from
becoming infinitely thin in the middle. In the full liquid crystal energy, the large
rotation of the director from one end to the other is discouraged by the twist term;
in other words, our assumptions about the twist being confined to the edge break

down in this regime.

On the other hand, when ¢* # 0, twisting occurs after any nonzero stretch. The
unraveled membrane shape closely resembles the strip since there is now a preferred
geodesic torsion from the ¢* term. We also see that the force is somewhat lower in
the chiral case (Fig. , since the twisting means that the force is balanced by one

component of the line tension in the large stretch limit.

Our results thus show the importance of chirality in the disk-to-ribbon transition.
Stretching experiments on achiral ribbons have yet to be performed but would be a

good way to check this result.
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Figure 4.8: Helicoidal solution to the membrane shape equation. Chirality is needed to get
twisting. Line tension I' = 1000kgT/un, B = 100kgTpm, Gaussian curvature modulus & =
200kpT, chirality modulus ¢* = 100kgT, initial radus a = 5um.
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Figure 4.9: Theoretical force vs. extension curve compared to experiment. a = 5um, B = B’ =
100kpT pm, & = 200kpT, T' = 1000kpT/um. For the top image, the membrane is achiral ¢* = 0.
For the bottom image, ¢* = —100kgT.
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5.1 Summary

Broadly speaking, our goal has been to investigate the diverse phases of colloidal
membranes and characterize the conditions under which they appear. We have seen
how a geometric minimal model based on the Canham-Helfrich membrane bending
energy combined with a simplified treatment of liquid crystalline order can be used
to effectively describe these shapes and transitions in membranes whose twist pen-
etration depth is small compared to the membrane length scales. In particular, we

have explored

e the role of chirality and positive Gaussian curvature modulus in producing

disk-to-ribbon transitions in colloidal membranes

e the importance of chirality in making stretched membranes twist and edge

bending stiffness in accurately predicting small deformation spring constants

e the highly nonlinear force vs. extension curve of a catenoidal membrane with

fixed area

e the sagging of a large semipermeable colloidal vesicle in the presence of a

gravitational field

e the self-assembly of axisymmetric constant mean curvature surfaces with novel

topologies

Such is but a sparse sampling of the richness of phenomena that colloidal membranes

demonstrate and, in fact, permeate the field of soft condensed matter physics.
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5.2 Future work

There is still plenty to explore about colloidal membranes. As mentioned above,
it would be interesting to study the dynamics of vesicle wrapping, the time- and
lengthscales of which are too small to accurately observe for lipid bilayer vesicles.
Our examination of the shapes of colloidal vesicles has hopefully laid the groundwork

for this problem.

Another question is whether or not other surfaces we theoretically predict like
nodoids, “flatenoids,” or convex unduloids (Fig. are physically realizable. Or,
can we reach beyond axisymmetric shapes to create triunduloids or other constant
mean curvature surfaces of higher genus? Preliminary experiments in this area have
shown progress in the formation of these shapes, but more work is needed to deter-
mine the conditions under which they become energetically favorable compared to
unduloids. Once our understanding of these shapes is improved, the next step could

be to try to manufacture surfaces wth prescribed curvatures and topologies.

Figure 5.1: A larger unduloidal membrane formed by doping a long rod membrane with a small
fraction of shorter rods. More work is needed to determine whether or not there is a defect at the
location indicated by the arrow. Figure courtesy of Prerna Sharma (Indian Institute of Science).

While the colloidal membranes we have discussed are made of rod-shaped virus
particles, other colloidal membranes composed of shorter DNA origami bundles have

been studied as well. Interestingly, the two kinds of colloidal membranes share
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different properties (e.g. parts of their phase diagrams are reversed), for reasons

that are still unknown [59).

In the longer term, our understanding of these membranes is relevant to biological
physics, where geometry governs many ubiquitous yet not fully understood processes
like tissue formation, mitosis, cell packing, and protein folding. The theories of self-
assembly that we have elucidated here could also to be applied to the engineering of
complex soft materials. By continuing to study the mechanics of these membranes,
we will ascertain elastic response principles that may go on to inform the design of

revolutionary “living materials” capable of self-assembly and self-healing.

It is this author’s hope that the research in this thesis will have contributed, even
if only in some infinitesimal way, to paving the road to the answers to these questions

and more. What more could I ask?
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Force- and Torque-Free Boundary

Conditions for the Minimal Model
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A.1 The membrane shape equation

The minimal model analyzed in most of this document takes the form

!/

B B
E:/ [5(2H—c0)2+RK+u] dA+/ D+ =k + =712+, ds, (A1)
M L2 oM 2 2 9

where k, k are elastic moduli, p is a Lagrange multiplier enforcing the constraint of
constant area, cq is the spontaneous curvature (zero in problems where the membrane
has a uniform composition), I" is the line tension of the edge, B is the edge bending
stiffness, B’ is the edge torsional stiffness, and ¢* is the chirality modulus (zero for

achiral rods).

The partial differential equation governing the membrane shape is the Euler-

Lagrange equation associated with this energy:
k(2H — ¢o)(2H? — coH — 2K) + kV?(2H) — 2uH = 0 (A.2)

where terms at the edge only enter in the boundary conditions (see next section).
The details of this calculation can be found in [65]. Note that the Gaussian curvature

modulus does not appear in the shape equation because its variation vanishes.

A derivation of the membrane shape equation for the special case of axisymmetric
surfaces using the coordinate system in Section 3.2 can be found in Appendix B. In
the next section, we summarize the no-force and no-torque boundary conditions that

naturally arise from taking the variation.
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A.2 Natural boundary conditions

To find the natural boundary conditions associated with the membrane shape equa-
tion, we extend the coordinate-free variational calculuations of [65] to our energy[A.1]
Our notation will be the same; we assume the Frenet-Darboux frame {é;,és,é3}
where ¢€; is the tangent vector of the boundary curve and és is the surface normal.
The boundary curve is assumed to be parameterized with respect to arclength s. As
the derivation of these relations relies heavily on the language of differential forms,
which we opt not to review here, we simply state the three boundary conditions

without proof.

For the edge energy

B B’
Eedge = / |iF + Ek'Q + ?T; + C*Tg dS, (A3)
oM

where I' is a line tension, B is the edge bending stiffness, B’ is the edge torsional
stiffness, ¢ is the effective chirality modulus, k, is the normal curvature, &, is the
geodesic torsion, k? = k2 + kg, and 7, is the geodesic curvature, the three boundary

differential equations are

e Normal force balance:

L2k, K2 dk, d(r,k)] . dr.
B {dsQ + k, <7—Tg) —i—ng—;—l—%] +H62~V(2H)—/§d—;—Fkn

. dk d
+c (27'gk:n - d—;) + B (27'92]% - £(Tgk9)) =0

(A4)
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e In-plane force balance:

d*k k? dk,  d(Tgk,
B[ g+k;g(——75> ro P dly >]—2(2/<;H2+F;K+u—|—ﬂfg)

ds? 2 9 s ds
* dk:n dT d
+c (E + 2]{397'9) + B/ |:<kn - 2H>d_8g + %(l@ﬂb) + Qk’gT; =0
(A.5)
e Bending moment balance:
B ,dTy
s

where H is the mean curvature, K is the Gaussian curvature, x is the bending
rigidity, % is the Gaussian curvature modulus, and p is the surface tension. All

quantities are assumed to be evaluated at the edge.



APPENDIX B

Euler-Lagrange Equations for an

Axisymmetric Membrane
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B.1 Euler-Lagrange equations for the minimal model

We will derive the Euler-Lagrange equations associated with the minimal model

E:/M [g(2H—CO)2+RK+,u] dA+/

B B’
[F + =k + =712+ 1, ds, (B.1)
oM

2 2 9

in the axisymmetric case. Denote by Ecpy the surface integral (Canham-Helfrich
energy) and E.g44 the line integral. Here, I' is the line tension, B is the edge bending
stiffness, B’ is the edge torsional stiffness, and ¢* is the chirality modulus. Note that
for an axisymmetric surface, the boundary curves are circles and 7, is zero, so we

need not include the ¢* or B’ terms. The edge energy can thus be rewritten

B
Brgge = 2 (%m + %) (B.2)

where R is the radius of the boundary circles (here we have assumed the surface is

symmetric so the boundary circles are of equal size).

Using the coordinate system outlined in Section 3.2, the area element can be
rewritten as dA = rdsd¢; integrating over ¢ yields a factor of 27 due to axisymmetry,
which we omit.

B K sin ) S sin )
E_//\A[§(¢S+ —Co) + Rps—— +

T r

rds + Eegge, (B.3)

However, there is one complication. The variables r and v are not independent; they
are related by the constraint r, = cos. We can resolve this difficulty by adding a

Lagrange multiplier v(s) that enforces this constraint:

/'y(s)(rs — cos)ds (B.4)
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Note that y(s) is a function, not a constant, as the constraint needs to be enforced

locally as opposed to globally.

We now proceed to take the variation in ¢ to derive the Euler-Lagrange equation:

§Fy = / (¢s sy _ CO) (5% s w) + R84 sine + ¢, cos Yde) + sin waw} ds

— / _ [ <@/}S smw — c())} (77/18 siny co> cos 1) + 7y sin @/J} 0ds
= / _—m“s (ws Smw — co) — Kr (1/18 mw) (1/15 siny — Co) cos Y + 7y sin @ZJ} 0

sin v cos Y
r

= / -—m“%s — KcosYPps + K + 7 sin w] dds

The variation in r is:

2 .
5FH:/[ <"¢s Slnw—c(J) or + Kr (ws Sin Y Co) (_inwfs’f’)‘i‘ﬂ&"i"w?”s

L2
= / [f (1hs — co)? — gsn;zw +p— ’ys} ords

ds

Thus, the Euler-Lagrange equations for an axisymmetric surface (the shape equation

expressed in in r and 1) are

sin v cos 1)

—KTr)ss — K COSY)g + R— + ysiny =0 (B.5)
.9
K K Sln
L (B.)

rs = COS (B.7)
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B.2 Force- and Torque-free boundary conditions

for the minimal model

The aforementioned bvp4c method requires the system to be written as a system of
first order ordinary differential equations, so we need an equal number of boundary

conditions.

From the variation in %) in the previous section, we see that

sin ¢

r

k(2H) + R —0 (B.8)

which is the condition of vanishing bending moment at the edge (note that the
normal curvature of the boundary ring is sin/r, so this coincides with what is
given in [65]). On the other hand, force balance in the r-direction at the edge yields
the equation

B
T+7y— = =0 (B.9)
2r s=0,L

)

The area constraint implies that

A(s =0) =0 (B.10)

A(s = L) = A (B.11)

where A is the area of the membrane and we have defined the cumulative area

function for an axisymmetric surface as

A(s) =27 /OS r(v)dv. (B.12)

The above boundary conditions are assumed to be evaluated at the edge.
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B.3 The transversality condition for problems with

unknown length

If the total length of the curve L is unknown, as it commonly is when using the
arclength parameterization, then the length can be solved for by including it as a
variable in the system of ordinary differential equations. Define the reduced arclength

t =s/L. We add a new equation
Li=0 (B.13)

which necessitates a new boundary condition. The extra boundary condition needed
to close this system is the transversality condition in the case of zero external force.

If we vary the geometric quantities in Eqn. [40]:

(s) = tho(s) + 6¢(s), (B.14)
r(s) =ro(s) + 6v(s),
v(s) = 0(s) + 67(s),

81 = 810+ 051,

89 = S99 + 052,

then the variation of F is

52 oL d oL oL d oL oL
(gE:/S1 ds [(%—ans)éd)‘l—(E—Ears)(%“—f‘a&y}

or |1 ar . |
0.t an

or

— Hos|: + (B.15)

S1 S1
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where the “Lagrangian” £ is the integrand of Ecy, as written out in Eqn. [B.3] and

‘H is the corresponding Hamiltonian

oL oL
H:—E‘l'ws%‘{"l“s%. (B16)

Physically, H represents the force in the z-direction. The fact that the Hamiltonian
is constant throughout the membrane is a consequence of the energy not depending
explicitly on the variable s; in other words, H is the Noether invariant associated
with this symmetry and has the physical interpretation of the force in the z-direction.

In the absence of external forces, Eqn. yields the condition
H =0, (B.17)

which is also known as a transversailty condition in the terminology of calculus of

variations [15].

Reworking the s equations [B.7 into the ¢ variable, so that the first point
corresponds to t = 0 and the last point of the curve corresponds to ¢t = 1, the seven

unknowns are

Uy = VP, up = P, uz =1,Us = Y, Us = A, ug = p,uy = L, (B.18)
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satisfying the seven first order autonomous ordinary differential equations

dU1

— = uyu

i U2

dus Uy sin uq cos uq .

— = — |KU2C0S8U] + K———— + Uy SN U

dt Kus ug

dU‘g,

— = uycosu

It 7 1

duy K 5y K sin® uy

P {5“@ W Ty T

d’LL5 9

— = 2muqu

7 7U3

dUG

5 _p

dt

d’LL7

— =0 B.19
o (B.19)

The seven boundary conditions are Eqns. [B.11], along with [B.17 One can then
use a computational routine such as MATLAB’s bvp4c to solve the system [B.19

numerically.

B.4 Euler-Lagrange equations for the full liquid

crystal energy

We now derive the Euler-Lagrange equations for the more general problem, with-
out making the simplifications of the liquid crystalline order being confined to the
edge. If we use the Frank-deGennes energy to model the liquid crystalline inter-
action, we need to find an equation for 6, the tilt angle of the rods relative to
the surface normal, as well as the contributions due to 6 to the normal force bal-
ance, leading to modifications of the membrane shape equation. Let the shape of

the meridian be defined as r(z), z € [—R, R] with angle of rotation ¢ € [0,2m).
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Suppose the central axis the z-axis so that we can parameterize the surface as
Y(s,¢0) = (r(z2(s)) cos ¢, r(z(s))sin ¢, z(s)), where s € [0, so| is the arclength of the

meridian. The relevant geometric quantities are the tangent vectors

Y, =61 =0,Y = (rscos ¢, rssin ¢, z) (B.20)

XZ = féa = 0Y = (—T’ sin ¢, 7 cos ¢, 0)7 <B21)

the first fundamental form

Y. -
Gij = =t = = g = 7”2, <B22)

1

[<
[<

<
<
I<
<
=
ﬂm

where z, = 1/4/1 +1/(z)2. Since s is arclength, we note we have a constraint z2+r? =

1.

Next, we calculate the Christoffel symbols (the formulas are simplified because

gi; is diagonal):

Ty =g"Y Y, = raree + Zezes = 0 (B.23)
Ty =g"Y,, Y, =0 (B.24)
Do = g"' Y,y - Y, = —rr (B.25)
I =g»Y,, Y, =0 (B.26)
[y = gY,, Yy =ry/r (B.27)
3, = g%Y, Yy =0 (B.28)

The outward unit surface normal vectoris N = —(Y, xY,)/ V9 = (zscos ¢, zssin ¢, —ry).
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This gives the second fundamental form

~

Xll N XlQ ' N TssZs — ZssTs 0 T'SS/ZS 0
by = A | = = = b= —rrg
Yip N Yy N 0 —TZs 0 —TZzs
(B.29)
since z,2gs + 75755 = 0.
Using [B.22] and [B.29] we find the mean and Gaussian curvatures
1 1] 1 ss S
H = §Lijgw = (T’rsszs — ZssTTs — Zs)/2r = 5 (Z_S - Z?) (B30)
Kg=0b/g=—rs/r. (B.31)

Now, we calculate the terms that appear in the Frank energy. Note that due to

the unit norm constraint g;;n;n; + cos? f = 1, the director field takes the form

n= (0, Siil/zT(j),cos 0(2)> = (0,#,005 9> (B.32)

in the {Y,,Y,, N} basis.

V.-n=0n;+ angl —2H cos = —2H cosf = —cosf (% — %) (B.33)

€3ji

n-(Vxn)= [cos 0(gik0jni + gimkFé»k) — (nmgaLjx + gami0; cos 9)}

S

S

1
= [cos Og11maT's,] + ﬁ [c0s 0(g2201n2 + gaanal'Ty) — gaamady cosb]

= —% [cos O(— fssinf)] + % [cos O (f cos 00, — sinff, + sinbf,) + fsin® 66,]
=0, + £ sin 6 cos ¢ (B.34)

f
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V x = [(gikajnk + gilnkrgk)N — (nkLji, + 0 cos 9>XZ}

V9
1 - 1 )y e
= _ﬁ |:g11n2F22N — n2L22X1i| —+ ﬁ [(gggaﬂlg -+ 922n2F12) N — 81 COS sz

= —% sinfY, + % sin 06,Y, + (? sin @ 4 cos 995> N (B.35)

2 .92 2

(V x 7)? = —% sin? + 5”;2993 + (%sin@ + cos 998)

L2

=02 + 81}1_29 + stfs sin 26 (B.36)

Putting together, the deGennes energy density is

1 1
E, = / <§K [(V-7)? —2¢n - (V x 7) + (V x 2)? + ¢*] + 5Csin? 9) Vgds
1 s ‘ 29 63 s
= / —K |(2H cos)? — 2q (95 + 7ﬁ—sin@cos@) + 6% + T e in o + ¢
2 r 72 r
—l—%C sin? 6) rds
1 9 9 ) Ts sin? 6 . 9
=[5 K |(2H cos0) + (0s — ¢)* + sin 29?(65 —q)+ |t C'sin® 6 ) rds
where we have used an equivalent form of the deGennes energy [44].
The variation in 6 is
1 . o Ts T's
SF, = / 5 <K [—2(2H cos 0) (2H sin 669) + 2(0, — )50, + sin 26~206, + 2 cos 26-* (0, — )50
(B.37)

sin 26
r2

+

59] + C'sin 2959) rds

sin 260

1
= / 3 (K {—r(2H)2 sin 20 — 2[r(0s — q)]s — (sin 20ry), + 2 cos 20r,(0, — q) +

+ Crsin260) 06ds.
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The variation in 7 is

sin? 6

OF, = /% (K {(QH cos 0)? — 2(2H) cos® O siny + (0, — q)* — 5 } + C'sin? 0) ords
r r

(B.38)

The variation in v is

OF, = 5/%7“ cos® 0(2H)*ds (B.39)
cos Y

r

= /Kr cos® 0(2H) (5% + 51/1) ds

- /K ([—r cos? 0(2H)], + cos® 0(2H) cos LZJ) dpds

The three variations give us the contributions to the Euler-Lagrange equations from

the liquid crystalline energy, which give the Euler-Lagrange equations

—KTss—K COS Wﬁs—l—ﬁw—w sin 4K ([—rcos® 0(2H )]s + cos® 6(2H) cos ) = 0
r
(B.40)

and

.. 9 i 2
K B 2_Esm1p B 1 2_2 90 . B 2_s1r19
5 (s — co) 5,2 S R P (K {(QH cos ) r(QH) cos” Osiny + (05 — q) =

+ C'sin® 6’) =0.

(B.41)

Note that when K and C are zero, we recover the equations and [B.6] The new

equation governing the field @ is

sin260 1 .
2 +ﬁsm29:0.

1 1 s
—(2H)?sin 20—2=[r(0,—q)]s— - (sin 20r,) +2 cos 20> (0,—q)+
r r r
(B.42)
where the twist penetration depth is A = \/K/C.
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B.5 Force- and Torque-free boundary conditions

for the full liquid crystal energy

In the process of computing the variation of F), in the previous section, we obtain

the folloing new natural boundary conditions:

From the ¢-variation (no bending moment condition), we get

sin vy

r

K

+ (k + K cos? 0)(2H)

= 0. (B.43)

s=0,L

From the r-variation (radial force condition, unchanged from before),

B
T+y-=

5 = 0. (B.44)

s=0,L

Note that the constant B can be set to zero here since the bend energy is already

accounted for in the full liquid crystalline energy.

From the #-variation, the boundary equations for the 6 equation are

cos Y

2(05 — q) +sin 26 = 0. (B.45)
r s=0,L
We still have the area conditions
A(s=0)=0and A(s = L) = A (B.46)

at the endpoints.

As above, we require an additional boundary condition to close the system. Let
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L be the integrand of the free energy.

. 2 .
L/2m = [g (ws + Slmﬁ) + R% S;m/} +p| r+y(rs —cos)

”
1 9 9 ) rs sin” @ 9
+5 K |(2H cos0)* + (0s — q) +sm26?(95—q)+ > + Csin“f | r
(B.47)
Since 0L/0s = 0, we have a conserved quantity
oL oL oL
_ diad = hind B.4
H=—brvg g, T, (B43)

We compute

Cel —gr (2H)? 4 kg (2H) — pr + 7 cos )
s

.2
— %KT ((QH cos 0)? — 2, cos® O(2H) + (0, — q)* — 20,(6, — q) — sin 29%q 4 o

r2
1
— 507“ sin? 6
in’ K K sin® 60
- g (k+ K cos® ) (1/}3 — SH;;D) — ur +ycosf + 57 (02 —¢*) — gsn;
C K
— 37 sin® 6 + 5 sin 26 cos Yd, (B.49)
Again, the transversality condition implies that
H=0 (B.50)

is the missing boundary condition, corresponding to the unknown length L of the

curve.

)
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