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Abstract of “Novel optimization algorithms for evaluating solution to certain high
dimension (multi-time) Hamilton-Jacobi PDEs arising from optimal control”, by
Taewoo Kim, Ph.D., Brown University, May 2022

In this thesis, we study optimization algorithms for evaluating solutions to certain
high dimension (multi-time) Hamilton-Jacobi Partial Differential equations arising

from optimal control. There are three main chapters to cover these topics.

The first chapter describes known connections between optimal control prob-
lems and Hamilton-Jacobi PDEs and the generalized Hopf formula that corre-
sponds to the viscosity solution of certain Hamilton-Jacobi PDEs. We then focus
on an important class of optimal control problem where the control has to remain
in a full ellipsoid and the terminal cost is a convex function. We show that these
problems can be solved using standard convex optimization methods. The effi-
ciency of these optimization methods rely on the performance of computing the
projection on the Minkowsky sum of ellipsoids. We also describe connections

between the generalized Hopf formula and multi-time Hamilton-Jacobi PDEs.

The second chapter presents a novel and efficient Newton based algorithm to

compute the projection onto the Minkowski sum of full ellipsoids.

The third chapter extends the class of linear optimal control problems consid-
ered in this thesis by allowing the control to live in a degenerate ellipsoid. Several

possible algorithms to cope with these degenerate cases are presented.

Finally, the last chapter focuses on developing the algorithm for computing
the proximal point of a convex polyhedral function whose domain is a polyhedral
set. This algorithm finds applications in optimal control and multi-time Hamilton

Jacobi PDEs.
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CHAPTER ONE

Introduction



In this chapter, we first describe the main challenge of solving high dimension-
nal Hamilton-Jacobi Partial differential equations (HJ PDEs): it is known as the
“curse of dimensionality”. Then we present classical and fundamental connec-
tions between optimal control problems and viscosity solutions to H] PDEs in
section 1.2. Section 1.3 describes the class of optimal control problems that we
consider in this manuscript and its associated HJ PDE. The considered class of
optimal control problems is relevant to the US Navy [58, 60]. Following [58, 60],
we also present the generalized Hopf formula which corresponds to a variational
representation formula of the viscosity solution to these H] PDEs. Section 1.4
considers discretizations of the generalized Hopf formula which yield finite di-
mensional convex optimization problems. Section 1.5 considers standard state of
the art convex optimization methods for solving convex optimization problems
that arise from the discretization of the generalized Hopf formula associated to
the class of optimal control problems considered in this thesis. We show that the
performance of these optimization algorithms crucially depend on the efficiency
of numerical algorithms to compute the projection on the Minkowski sum of ellip-
soids. In section 1.6 we show that discretizations of the generalized Hopf formula
corresponds to solving multi-time HJ PDEs and present some numerical results.
Finally, section 1.7 describes the content and contributions of the other chapters of

this thesis.



1.1 Context and motivations: Mitigating the curse of

dimensionality

It is well known that time-dependant Hamilton-Jacobi partial differential equa-
tions (HJ PDEs), play an important role in analyzing continuous dynamic games
and control theory problems [32]. Unfortunately, standard grid-based numerical
algorithms for PDEs are generally computationally impractical when the dimen-
sion is higher than 5. Such algorithms employ grids to discretize the spatial and
time domain, and the number of grid points required to evaluate accurately solu-
tions of PDEs grows exponentially with the dimension. It is therefore essentially
impossible in practice to numerically solve PDEs in high dimension using grid-
based algorithms, even with sophisticated high-order accuracy methods for HJ
PDEs such as ENO [78], WENO [52], and DG [48]. This problem is known as the

curse of dimensionality [10].

Several numerical approaches have been proposed to overcome or mitigate the
curse of dimensionality arising from certain classes of H] PDEs. These include,
but are not limited to, max-plus algebra methods [1, 2, 30, 36, 39, 70, 71, 72, 73],
dynamic programming and reinforcement learning [3, 11], tensor decomposition
techniques [29, 47, 89], sparse grids [12, 38, 56], model order reduction [4, 62],
polynomial approximation [54, 55], optimization methods [19, 23, 25, 90] and
neural networks [22, 24, 6, 28, 51, 41, 49, 50, 66, 77, 81, 84, 86, 88].

In this thesis, we propose novel numerical algorithms for solving large classes
of high dimensional HJ PDEs that arise from certain optimal control problems
without the use of grids or numerical approximations. The class of optimal control

problems considered in this thesis are relevant to the US Navy [58, 60].



1.2 Optimal control problems and Hamilton-Jacobi

PDEs

First, we introduce some mathematical notations that will be used in this thesis.
Then, we present well-known connections between optimal control problems and

viscosity solutions to Hamilton-Jacobi PDEs.

1.2.1 Mathematical notations

We denote by IR" the n-dimensional Euclidean space. The Euclidean scalar product
and Euclidean norm on R" are denoted by (-,-) and || - ||, respectively. We also use
Il - I, Il - llo, and || - | to denote the {;-norm, {,-norm, and the norm induced by a
symmetric positive definite matrix E, respectively. They are defined as follows for

all x = (x1,...,x,) € R"

n

llx[l; = Z IxXil, lIxllo = max{lxi,i=1,...,n}, lIxllr = V{x, Ex).

i=1

We denote the set of real matrices with m rows and n columns by M,, ,(R), and
we identify any vector in R” with a matrix with 7 rows and 1 column. We also list
some common notations and definitions used throughout this thesis in Table 1.1.
Other definitions and theorems from convex analysis that are used in this thesis

are given in Appendix A.1.



Table 1.1: Notation used in this thesis. In this table, unless otherwise specified,
we use C to denote a set in IR”, f to denote a function from R” to R U {+0o0}, x to
denote a vector in R” and M to denote an m X n matrix in M, ,(R). For simplicity,
we omit the assumptions in the definition.

Notation | Meaning

\ Definition

<'/'>
[I-ll2

114

R[5

11l

dom f
Io(IR")

fx—

If (%)
f/(x;d)

cone C
conv C
CO

epi f

Euclidean scalar prod-
uct in IR”

Euclidean norm in R"
Vector norm in R”
Matrix norms in R” X IR"
induced by Euclidean
norm

Frobenius norm in R"” X
]RYZ

The domain of f

A useful and standard
class of convex func-
tions
Fenchel-Legendre
transform of f
Inf-convolution of f
and g

Matrix transpose of M
Indicator function of C

Projection of x onto C
Subdifferential of f at x

Directional derivative
of f at x along the di-
rection d

Convex cone generated
by C

Convex hull of C

Polar cone of a closed
convex cone C
Epigraph of f

(x, ]/> = 2?21 XiYi
lIxll, == V{x, x)

lIx||4 == V(Ax,x)
lAll, == sup {||Ax[l, with ||x]|, =1}

Al =

Yot i1

{x e R": f(x) < +oo}

The set containing all proper, con-
vex, lower semicontinuous func-
tions from R" to R U {+o0}

f(p) = sup . {p, %) = f(2))
ng(x) = infyegrn {f(u) + g(x —u)}

[M"];; = [M]i

If x € C, then define I-(x) := 0.
Otherwise, define I¢(x) := +co.
I¢e(x) := argmin, . ||x — u]|
peR : f(y) > fx) +{py—
x) Yy € R"}

limy o 2(f(x +hd) — £(2))

The set containing all conic com-
binations of elements of C.

The set containing all convex com-
binations of the elements of C.
Co:={yeR": (y,x) <0Vx € C}

{(x,t) e R" xR : x € dom f,t >
fx))




1.2.2 Value function in optimal control theory and Hamilton-

Jacobi PDEs

We now briefly describe classical theoretical connections between optimal control
theory and HJ PDEs [32]. Suppose we are given a fixed terminal time T € R, an
initial timet < T withaninitial datax € IR". We consider the solutiony : [t, T] — R"

of the following ordinary differential equation
dy .
26 = fye,ue) i),
y(t) = x.

where f : R" x C — R" is Lipschitz and C is a compact set of IR”. The solution
of the above ordinary differential equation depends on the measurable function
u : (oo, T] — C which is called control. For each given control u, we consider a

“running cost” along the trajectory that reads

T
f L(y(s), u(s))ds

where L : R" X C is referred to as Lagrangian and a “terminal cost” that only

depends on the final state y(T) which reads

J(y(T)).

Optimal control problems consist of finding controls u that minimize the sum of

the running cost plus the terminal cost given the initial state x € R" and initial



time t. Therefore we can define the value function V : R" X (—c0, T) — IR as follows

T
Ve =inf [ L@ ueds + ()
t N——
Terminal cost

Running cost

It is well known (see e.g. [32]) the value function V satisfies the following H] PDE

(in the viscosity sense) with a terminal condition

aa—‘t/(x, t)—H(V,V(x,t),x) =0,

V(x,T) = (),

where the Hamiltonian H(p, x) is defined by

H(p/ X) = r?eaCX (_<p/ f(x/ U)) - L(x/ El)) .

In order to consider HJ PDEs with initial data, we can “reverse” time and consider
the function S(x,t) = V(x, T —t). Then, the function S is the viscosity solution of

the following HJ PDE with initial value
% ) + HV,S(x, 8,0 = 0
5(x,0) = J(x).

Our goal is to compute the value of the viscosity solution S(x, t) and the spacial
gradient V,S(x, t) (when it exists) for each given (x,t). Then, we can recover the

optimal control at (x, t) by solving the following optimization problem

max (—(VyS(x, 1), f(x,a) — L(x,a))) = H(V,S(x, t), x).



Therefore, to numerically solve optimal control problems, we need to be able to
compute the solution of the HJ PDE but also its spatial gradient in order to recover

the optimal control.

1.3 Optimal control of certain linear dynamical sys-

tem and the generalized Hopf formula

In this thesis, we consider a special class of optimal control problems that are
relevant to the US Navy [58, 60]. It corresponds to controlling certain linear dy-
namical systems where the running cost takes a specific form. This class of optimal
control problems is associated to HJ PDEs that enjoy a variational representation
formula known as the generalized Hopf formula. We now present the class of
optimal control problems considered in this thesis and present the generalized

Hopf representation formula as described in [58, 60].

As in the previous section, we suppose we are given a fixed terminal time
T € R, an initial time t < T with an initial data x € R". Now we consider
f(y(s), u(s)) = My(s) + N(s)u(s) where M is n X n matrix with real entries and N(s)
is a n X m matrix with real entries for each s € (t, T) and is uniformly bounded, i.e,
for all s € (t, T) we have ||[N(s)|| < a for some a € R. In other words, we consider

the following ordinary differential equation

W) = Mys)+ Neus)  in (1),
s (1.1)

y(t) = x.

We also specialize the running cost so that it only depends on the control. We also



suppose that the terminal cost | is convex. Specifically, the value function reads

T
Ve = inf [ Lu)ds + [/,

where L : R" — R U {400} is a proper, lower semicontinuous, convex and its

domain of definition reads dom L = C, where we recall that C C R™ is compact.

Now we consider the following change of variable w(s) = e=My(s). Using this

change of variable, the ordinary differential equation (1.1) reads

d—w(s) = eMN(@us)  in(t,T),
e (1.2)

w(t) = My =z,

After this change of variable, the resulting value function for the optimal control

problem becomes

T
3 ™
o0 =inf [ L)s + 1)

under the constraint that the trajectory the ordinary differential equation (1.2) (and
where z denotes the initial state in (1.2)). Now define T(x) = J(e™x). Then we have

that ¢ satisfies the following HJ PDE

d
—(P(z, B+ HV.p(z,t),f) =0 in R" x (0, +0),
ot (1.3)

0(z,0) = ] (2) VzeR"

where the Hamiltonian H : R" X [0, +o0) — R U {+0o0} is defined by
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H(p,s) = - Ciér]}{f” (<e‘5MN(s)c,p> + L(c)) (1.4)
= ~min ((eN(s)e, p) + L(0)). (1.5)

where we have use the fact dom L is compact.

Recall that we assume that the terminal cost | is convex. Therefore we also have
that J is convex. Then, using [63, Section 5.3.2, p.215] we have that the viscosity

solution to (1.3) can be represented as follows

(P(x,t)=—min(7*(p)+ f H(p,s)ds —<x,p)), (1.6)
peR” 0

where we recall that T denotes the Fenchel-Legendre transform of T The above
formula is known as the generalized Hopf formula. In addition, if (1.6) has a
unique minimizer for a given (x, t), then, using variational analysis techniques [13],
it can be shown shown that ¢ is differential with respect to its first variable at (x, )

and its gradient (i.e, V(x, t)) is the minimizer of (1.6).

Following [58, 60], we now also assume that the map L that appears in the
running cost is the characteristic function Ig of the ellipsoid & which is defined as
follows

E=xx"Ex<1)

where the matrix E is symmetric positive definite. This is exactly the set up

considered in [58, 60].

We now wish to obtain a formula for the Hamiltonian H(p,s) given in (1.5)

when L is the characteristic function of an ellipsoid. Let s be given and denote by
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A the matrix e*MN(s) to shorten notations, i.e., A = e*MN(s). Let g(c) = 3(c, Ec) - 1.
Using this notations we need to solve for c the following optimization problem
min(A"p, c) under the constraint g(c) < 0 (which is non empty since E is symmetric
and positive definite). If ATp = 0 then min.c (Ac,p) = 0. Therefore if ATp = 0
then H(p,s) = 0. Now suppose that ATp # 0. Let ¢ be a global minimizer (which is
guaranteed since we are minimizing a continuous function on compact set). Using

Karush-Kuhn-Tucker (KKT) theorem, we obtain that there exist A such that

(@) ATp+ AEc=0withA >0,
p

(b) @) =3 E)-1=0.

Thereore we deduce that 1 = (¢, E¢) = <—%E‘1AT;9,E (—%E‘lATp» which implies

that the A = \[JpTAE1ATpand ¢ = ﬁE”ATp Therefore, we have
pTAE-1ATp

migl (Ac,p) = — \[PTAE1ATp.
ce

Now let the matrix Q(s) = e*MN(s)E"'N(s)Te~*™". Then the Hamiltonian reads as

follows when Afopp # 0

H(p,s) = —min (¢N(s)c, p)

= \/pTe—sMN(S)E—lN(S)Te—sMTp

= [IPlloe-

Therefore the Hamiltonian H(p, s) has an explicit formula which reads as follows

0 if (¢™MN(s))"p =0,
H(p/ s) =

lIpllos) otherwise.
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Our goal is now to leverage these formulas to create numerical algorithms for

solving these H] PDEs and associated optimal controls.

1.4 Discretization of the generalized Hopf formula

and projection on Minkowski sum of ellipsoids

So far we have obtained a variational representation formula (known as the gener-
alized Hopf formula) for the viscosity solution to certain HJ PDEs that arise from
the optimal control problems considered in this thesis. In general, the general-
ized Hopf representation formula does not have an explicit form. Therefore, in
general, we need to consider numerical approximations. Therefore we consider
discretizations of the generalized Hopf formula and resulting finite dimensional

convex optimization problems.

So, the idea is to approximate the integral involved in the generalized Hopf for-
mula using quadrature rules. It formally consists of the performing the following

approximation of ¢(x, t) as follows

- t
p(x,t) = —min|J"(p) + f H(p, s)ds — (x, p))
peR 0
k
P, Z tj] Crlr — (x,p)]
j=1

N
= —min|J'(p) + ; [ <fo>}-

peR”

N
X —min T*(p) + ZH
k=1

where ¢; € R and # > 0, such that Zszl ty = t, come from quadrature rule ap-

proximations. Let us introduce the matrix Q,;l = (cet)* Q (21;21 tj). We have that
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7|l o(%) % = 4/, Q;'x). So our approximation of ¢(x, t) reads
N

N
plx,t) ~ —min {—(x,m +T(p) + ; IIPIlel} :

1.5 Convex optimization algorithms and the projec-

tion on the Minkowski sum of ellipsoids

We now briefly describe our to compute solution the following optimization prob-

lem §
- min {—<x,p> +T'(p) + k; ||p||Q;1} (1.7)

which corresponds to a discretization of the generqalized Hopf formula. We con-

sider the standard ADMM/split-Bregman approach [25] which consists of iterating

the following

. [= A 2

Uks1 = argmin {] (v) —(x,v) + > |d — v — bk||2}, (1.8)
velR"
> A

_ : id _ _ 2
dpo = arg min {; Idllg.s + 5 11d = v bk||2}, (1.9)
bee1 = b + U1 — dpanr. (1.10)

For simplicity, we set the parameterAd = 1 and consider the following initial con-
dition vy = x, dy = x and by = 0. The sequences {v;} and {d;} both converge to the
minimizer of (1.7). We need to compute (1.8) and (1.9) to implement this algorithm.

For optimal control applications, standard initial data ] reads as follows

o ]: %””; forp = 1/21001
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e | = 3(,, A-) with a positive definite diagonal matrix A,

for which efficient algorithms to compute (1.8) are available (see [25]).

The difficult part consists of computing (1.9). We shall see below thatitamounts
to be able to compute efficiently the projection onto the Minkowsky sum of ellip-

soids.

1.5.1 Projection on Minkowski sum of ellipsoids

Note that (1.9) can be written as

deR"

N
. 1
arg min {a Z g + 5 Ild — w||§} (1.11)
j=1

for a given vector w € R" and a > 0. Using classical Fenchel-Legendre calculus

we have .
N
{Zl ||d||Qj1} = lldlly O~ Tl
]:

= T£(0,Q:)0---075(0,Qn)

=15y 600

where we recall that O denotes the infimal-convolution operator (see Tab. 1.1). Let
C be the set of Minkowski sum of ellipsoids Z;\il &(0, Q). Using this notation the

optimization problem (1.11) reads

arg min {oz]*c + % ld — wll%} (1.12)

deR"
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Then we can invoke Moreau’s identity to obtain

. . 1 2 (1 1 w2
arg min {aIC(d) + 5 lld - w||2} + aargmm{afc(d) +5 ”d — 5”2} =w

deR" deR"

Therefore to compute (1.12), itis enough to compute arg min,,_g, { 1Tc(d)+3 ||d - %Hz}

ardgeg}}in{%fc(d) w3 -2 = afgdg?i“{% -2}

-2

where we recall that [1c(%) denotes the projection of # onto C. Recall that C is
the Minkowsky sum of ellipsoids. Therefore the performance of ADMM essen-
tially relies on the efficiency of the algorithm to compute the projection onto the
Minkowski sum of ellipsoids. We will propose in chapter 2 an efficient algorithm

to compute this projection.

1.6 Connections to multi-time Hamilton-Jacobi PDEs

In this section, we draw connections between a class of multi time Hamilton-Jacobi
Partial Differential Equation and discretization of the integral that appears in the

general Hopf formula. The discretization can be written as follows

N
O(x,1) = —min['(p) + ) tHip) — x,p)
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Using [23] we can deduce that i) satisfies the following multi-time Hamilton-Jacobi

PDE
Y ;
g(x,tl,"',t]\])-i-H]‘(vxl)D) =0 .X'E]R,tl,"',tN>O,
]
‘ljb(xlol".lo) = ](X) x € R".

where % denote the partial derivative with respect to t; and V,i denote the
]

gradient vector with respect to x. Under proper assumptions (see [23]), there

exists a unique solution given by Hopf formula and Lax formula. These are Hopf

formula and Lax formula respectively [82] [69],

*

N
Pl b, ) = |+ Y HH; | () (1.13)
j=1
e
=|Jo Zt]-H]- (x). (1.14)
j=1

This representation formula for the multi-time HJ PDEs can be seen as a discretiza-

tion of the generalized Hopf formula presented in the previous subsection.

Now, we present several numerical examples that depicts the solution to these
multi-time HJ PDEs using the algorithms developed chapter two. For simplicity,

we only present two dimensional problems. The representation formula reads

l,b(x, t1, tz) = (]* + tlHl + tzHZ)* (.X') (115)

= (Jo(tHy)'O(kH)") (v). (1.16)

Define each Hamiltonian H;(x) = [{x, E;1x> for j = 1,2 where the matrices E;, E;

are defined as
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Eigenvectors of E; and E; are the basis vectors of each ellipsoid and the square

root of corresponding eigenvalues are the semi axis of each ellipsoid. Eigenvalues

1
and the corresponding eigenvectors of E; are {4, and (1, . Eigenvalues
0 1
L L
and the corresponding eigenvectors of E, are {3, V21l and {1,| V2
-1 1
2 V2

Figure 1.1 depicts the solutions for several times as well as certain level lines
of the solution for the initial data | = %II - |I2,. Figure 1.2 depicts the solutions
for several times as well as certain level lines of the solution for the initial data
= % ||-||%. Figure 1.3 depicts the solutions for several times as well as certain level
0

lines of the solution for the initial data | = %(D-, -y where D = .
0 0.25
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(c)t1=5t2=5 (d)t; =5,t, =10

Figure 1.1: Evaluation of the solution 1(x, t1, t>) of the Hamilton Jacobi PDE with initial
data | = % ||-||§O and Hamiltonians Hy(x) = /(x, Ele), Hy(x) = [{x, Eglx)
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@t =0t=0 (b)t =2.5,t, =25

(c)t1=5t2=5 (d)t; =5,t, =10

Figure 1.2: Evaluation of the solution 1(x, t1, t2) of the Hamilton Jacobi PDE with initial

data | = % ||-||% and Hamiltonians H;(x) = /(x, E11x>, Ho(x) = {[(x, Ez‘lx)



20

20 &——% B 20 0
(@)t =0t =0 (b) t = 2.5, t, = 2.5

(c)t1=5,tp=5 (d)t;1 =5, =10
Figure 1.3: Evaluation of the solution 1(x, t1, t2) of the Hamilton Jacobi PDE with initial
data | = %(D-,~) where D = [(1) 025] and Hamiltonians Hy(x) = ,/{x, Ele), Hy(x) =

\J(x E5tx)
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1.7 A brief overview of the chapters of this thesis

We now briefly present some important ideas used in this thesis. In chapter 2, we
describe a novel Newton based algorithm for the projection onto Minkowski sum
of ellipsoids. As mentioned in this chapter, this algorithm is crucial to efficiently
compute generalized Hopf formulas where the running cost function in the op-
timal problem is a characteristic function of a convex ellipsoid and the dynamics
are linear. In particular, this novel algorithm can be used for solving an important

class of optimal control problems that is used by the US Navy [58, 60, 59].

In chapter 3, we present an extension of the algorithm described in chapter 2
to cover more general optimal control problems. Indeed, while we consider non-
degenerate ellipsoids in Chapter 2, we allow the control to live in a degenerate
ellipsoids in this chapter. This extension is important because most of linear
optimal control problems in a real application yield the projection onto Minkowski

sum of degenerate ellipsoid.

In Chapter 4, we propose a novel algorithm for computing the proximal point
of a convex polyhedral function whose domain is a polyhedral set. This algorithm
serves as a building block for solving certain multi-time Hamilton-Jacobi PDEs

that arise from certain optimal control problems.



CHAPTER Two

Projection on Minkowski sum of

ellipsoids
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2.1 Introduction

As mentioned in the first chapter, variational representation formulas that solves
Hamilton-Jacobi PDEs are very appealing because it suggests that they can be
computed using optimization techniques. This chapter focuses on computing the
projection onto a Minkowski sum full ellipsoids. Several algorithms have been
proposed to compute the projection on the closed convex sets such as Gilbert
Method [40],[8] , Primal-Dual method [58],[60] and Nesterov-based algorithms
[80], [76], [75]. However, none of them are fast enough in practice to solve the
class of optimal control problems considered in the first chapter. In addition none
of them provide good enough theoretical guarantees. As mentioned in the first
chapter, we focus on computing the projection onto a Minkowski sum of full
ellipsoids. We present a Newton’s method to compute the projection. It is well
known that Newton’s method has a quadratic convergence and is one of the best
algorithms in practice. However, the initial guess has to be close to the solution to
achieve the convergence of Newton’s method. We propose to use Gilbert Method
to get a good initial guess for Newton’s Method. We also present a straightforward

parallel version of the proposed algorithm for computing the projection.

The main contribution of this chapter is the development of a fast algorithm for
real-time computing projections on a Minkowski sum of ellipsoids. We show that
it outperforms the standard Gilbert method, Primal-Dual method and Nesterov
algorithm. Our algorithm paves the way for real-time applications arising from
certain optimal control problem. Since we focus on the projection of the Minkowski
sum of full ellipsoids, we have an access to the second order information which is
used in Newton’s method. Note that other proposed methods, such Primal-Dual

method and Nesterov-based algorithm, only use first order information.
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The remainder of this chapter is as follows. In Section 2, we define the problem
and introduce several definitions and results of convex analysis. In Section 3,
we describe Gilbert method, Modified Gilbert method and Nesterov method. In
particular we show how we can leverage the Ellipsoidal Toolbox[65] to implement
efficiently Gilbert methods when the projection on the Minkowsky sum of ellipsoid
is considered. Section 4 presents our algorithm. In Section 5, we present some

numerical results.

2.2 State of the art algorithms

In this chapter, we present Gilbert Algorithm, Modified Gilbert Algorithm and
Nesterov Algorithm to compute the projection on the Minkowski sum of non-
degenerate ellipsoids. Let us first clarify what the Minkowski sum of sets is and

define our problem. The Minkowski sum A+ B of sets A and B is defined as follows
A+B={a+b:a€A,beBj.

There is no confusion for a finite Minkowski sum because A + B = B + A and
A+(B+C) = (A+B)+Cforsets, A, Band C. Now consider an ellipsoid, E(g, Q) € R”

where g € R" and Q € R" X R" is symmetric positive definite, which is defined by

&(g,Q = (xR :((x~), Q' (x~q) < 1.

Consider the Minkowski sum of non-degenerate ellipsoids E(g1, Q1), - - - , E(qx, Qk) €

R". We want to calculate projection on the Minkowski sum of non-degenerate el-
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lipsoids from the origin which corresponds to

k
arg min{||x||2 tX € Z &@qi, Qi)}~
i=1

xelR"

Here we formulate the specific projection of 0 onto the closed convex set, sum of
&(gi, Qi) There is no loss of generality since a the projection of a point z simply

corresponds to change of variable

k k
arg min{llx -zl x € Z E(qi, QZ-)} = arg min{||x||2 1X € Z S(q;, Qi)}
i=1 i=1

xeR" xeR"

where q; = q1 —z and g} = g; for i > 2. We now introduce several definitions and

results of convex analysis that will be used in this chapter.

Definition 2.2.1. Projection on the set A from the point s is defined by

IT4(s) :== argmin {||lx — ||, : x € A}
xeR"

Let A be a nonempty set in R” and K be a compact and convex set in IR”. The

following definitions are given in [40] and necessary to define Gilber algorithms.

Definition 2.2.2. A function o4(y) : R" — R" U {+00} is a support function of A
defined by

oa(y) =sup{(s,y) :s €A}

Since K is a compact, ox(y) = max{(s,y) : s € K} and ox(y) € R for any y € R".
ox(y) is a convex function on R" and this implies that ox(y) is continuous on R".
Let P(y),y # 0 be the hyperplane {x|{x,y) = ox(y)}. P(y) is the unique support
hyperplane of K because ox(y) = (s*, y) for some s* € K and (s, y) < ok(y) for any

s € K. Figure 2.1 depicts an illustration of P(y).
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Figure 2.1: Example of a set K and its hyperplane P(-y) for a given vector y € K

Definition 2.2.3. A set function S(y), defined on IR" is a contact set of K defined by

S(y) = P(y) N K.

Note that S(y) is not empty, S(y) € JK, S(wy) = S(y) for w > 0.

Definition 2.2.4. A function s(y), defined on R" is a contact function of K if s(y) €

S(y), y #0,and s(0) € K.

We now introduce convergence rates to clarify to compare algorithms.

Definition 2.2.5. A sequence {zi}ren converging to z* converges linearly, if there

exists r € (0, 1) such that

Definition 2.2.6. A sequence {zi}ten converging to z* converges quadratically, if

there exists r > 0 such that
1zer1 — 270l

lim sup —= =7
llzx — z*|l>
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2.2.1 Gilbert Algorithm

We now present Gilbert algorithm [40]. Let K be a compact and convex set and z*
be a point that satisfies z* = argmin__, ||z||,. z* is a projection of the origin onto K
and z* is unique. Let s(-) be a contact function of K which is compact and convex.

We assume that we can compute the contact function, s(-). Consider

Iz =s(=2)I,*(z,z—s(-2))  ifz—s(-2) #0,
) =
0 if z—s(-z) = 0.

lzIl,% (z,5(=z))  if |lzll, > 0,(z,5(~2)) > 0,
y(z) =
0 ifz=0or ||z, > 0,{z,s(-2)) <0,

Gilbert algorithm corresponds to the following iterative procedure

Zr1 = zk +op(s(=z) —z¢), k=0,1,2,---

where zj is an arbitrary point in K and ay is chosen arbitrarily from the interval

I5(zx) defined as follows

Is(z) = [min{6p(z), 1}, min{(2 - 0)B(z),1}], 0 <6< 1.

The sequence {zi}ren converges to z'. Since we do not have access to the

solution, z*, we can use the following stopping criterion ||z¢l|, — [1z«ll, ¥(zx). This is
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00 1‘ é :; 1‘1 5 -2 —1‘.5 —‘1 —6.5 6 0.‘5 1‘ 115 2
(a) When K doesn’t contain the origin (b) When K contains the origin

Figure 2.2: Demonstration of how Gilbert method works. zi;; is the point with
the smallest distance between the origin and blue line when 6 = 1.

a reasonable choice because

llzillz = 11z"ll2 < Nzl — 1zl y (zx)

lzilly y(zx) — lIZ°|l, as k —> oo.

For ||z*|l, > 0 and k > 1, the rate of convergence is as follows

* 2 (1#-1 s-17-1
llzell, = 11271l < 2p° lI2"l," 6k

lzi — 2°|l, < 2ud~ k712

where 11 = max, ek ||a — bll, which is the diameter of K. This is not a desirable result
because much faster algorithms are required for computing solutions to optimal
control problems in real time. However, in practice, it can perform much better

than the above rate of convergence.

Denote z = (z',2z2,--- ,z") and let 6 = 1,
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1 . .
K= {zlz1 2v+s ;(21)2)\;1,2‘ < 21/}

where v,Ay,--- , A, > 0. We getz* = (v,0,---,0) and in the neighborhood of z*, JK

is the elliptic hyperparaboloid where z' reads

Iy«
1_ < i\2 1 -1
z —v+2 ;:2(2)/\1.

The rate of convergence is

w1 4 1\
leall = 11Tl < 5v60 (1 - 560)

1 k/2
I ==l < VB (1= 568)

where the constants 6 and f§ are

2 2
o = llzoll; = llz:ll2

g = 1

- 143+ A2

where 1 = maxi-1p,.. , Ai. Since 6y > 0 and g > 0, the convergence rate is linear.
However, if f < 1, the convergence rate will be much slower. < 1 means that v

is significantly smaller than A, the biggest A;.

For many convex sets, in the neighborhood of z*, dK can be closely approx-
imated by an elliptic hyperparaboloid. Gilbert shows that if z* can be closely
approximated by an elliptic hyperparaboloid, the convergence rate is linear. How-
ever, if z* has at least one principal radius of curvature large compared with |[|z*||,,
it will converge slowly. Figure 2.3 depicts an example of the cases of slow con-
vergence. It is an ellipsoid with a bad condition number and 0 is close to the

ellipsoid.
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Figure 2.3: A two-dimensional ellipsoid which corresponds to a case where Gilbert
algorithm converges slowly. The left figure and right figure depicts the same
ellipsoid at different scale.

We now show that we can use the Ellipsoidal Toolbox[65] to define the internal
ellipsoid and compute the contact function that is need to implement Gilbert
method. Consider the Minkowski sum of non-degenerate ellipsoids, E(g1, Q1), - - -
, 6(qr, Qr) € R". It is not an ellipsoid in general, but we can approximate it by the

parameterized families of internal ellipsoids.

Let the parameter [ be a nonzero vector in R". Define g = Y%, g;. For a given

vector [ € R" \ {0}, define Q; as
1 1 N\ 1 1
Q@ =(0} +5:0} ++-5Q}) (0} +5:0} +--5:0)

where S;, i = 1,- - -k are orthogonal matrices and make the vectors Ql%l, SZQE I ---
1
S kQ]f | parallel. Note that S;,i = 1, - - k are not necessarily unique. Then the internal

matrix E;,(I) = &(g, Q;) has following properties.

Ein(l) € E(qr, Q1) + -+ + E(gk, Qx)

0g,0)(1) = 0g,00(D) + -+ + 0gg,00 (1)
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Figure 2.4 illustrates the concept of internal ellipsoids.

Remark 2.2.7. We know that &;,(I) is not the best internal ellipsoid. This means that
there may exist ellipsoids which are strictly bigger than the internal ellipsoid and

have the same properties. However, in practice, &;,(I) is a good approximation

[65].

Therefore, the contact function s(-) can be efficiently computed using the fol-

lowing formula

Qil

D=
0= an!

+4.

25 2.5
1.5
0.5

-0.5

-1.5

25 -2.5

(@ ¢=[-1,-1] (b) £ = [1;-1]

Figure 2.4: Black ball represents a Minkowski sum of two ellipsoids, Q; = [3,0;0, 1]
and Q, = [1.5,-0.5; 0.5, 1.5]. Blue ball represents the internal ellipsoid with each
L.

Gilbert algorithm works well in most cases because the boundary of Minkowski
sum of ellipsoids can be closely approximated by an elliptic hyperparaboloid. If
z* has at least one principal radius of curvature large compared with ||z*|| which
implies that at least one of ellipsoids has a bad condition number and the origin

is close to K.
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2.2.2 Modified Gilbert Algorithm

We now present modified Gilbert algorithm that improves the convergence rate
for computing the projection on an ellipsoid with a bad condition number: it
relies on using the projection of z onto the internal ellipsoid &;,(-) defined in the
previous section. The idea to improve Gilbert method is motivated by Barr [8] who
proposed modified Gilbert algorithm that converges faster than Gilbert algorithm.
Note that there is a extra computational cost which depends on the dimension of
the problem. However, this algorithm does not depend on the dimension of the

problem. This is one of the main contributions in this chapter.

Define Zxy1 = zr + ax(s(=z) — z¢), k = 0,1,2,--- which corresponds to the
general iteration of Gilbert Algorithm. The modified iterative procedure is as

follows

H(S’,-,,(—zk)(o) if ||Zk+1||2 = ||H3in(—zk)(0)
Zk+1 =

T if 12kl < [[Te, 20 ©)]], -

2/

We wish to prove that the modified Gilbert Algorithm is a convergence scheme.

The proof is motivated by the paper [40]. Let I'(z) = ||z||§ - ||z*||§. We have that
—_ . 1 _2 2 1
I'(zk) = I'(Zk+1) = min {Z p=0I(zx), El"(zk)}

where u = max, yex ”x - y||2. Since I'(Zxy1) = I'(zk41), we have that I'(z;) — I'(z411) =
[(z) = T(Zks1) = minf{;u~20I%(z,3T(zi)}. Thus, I'(z) is decreasing and bounded from

below by 0. Let lim_,o, I'(z¢) = a > 0.

0 = lim T(z) = T(z¢41) > lim min { L2y, 1r(zk)}
k—o00 k— o0 4 2 (2 1)

(Lo 21}
—mm{4y 6a,2a
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The inequality (2.1) is true because {u26T%(z) and 3T'(z¢) converges to u 204
and 1a respectively. Thus, we have a = 0 and we can conclude that our iterative

procedure is a convergence scheme.

The Modified Gilbert Algorithm described above converges at least linearly.
We do not have a proof that the modified Gilbert Algorithm is better than Gilbert
Algorithm in some cases. We expect that modified Gilbert Algorithm will converge
much faster than Gilbert Algorithm in case of ellipsoids with a bad condition
number. The intuition for this expected behavior relies on geometry. Indeed we
are using more information than Gilber algorithm and the internal ellipsoid is a
good approximation of Minkowski sum of ellipsoids if we use a normal vector
which is close to the actual vector, z—z*. We will present a numerical results which

show that modified Gilbert Algorithm is useful.

Since we know that Newton’s method converges quadratically, we expect that

algorithms based on second order information will also converge quadratically.

2.2.3 Nesterov Algorithm

We can change the problem into a dual problem by using Moreau Identity. Let
the set C = Zle &(0,Q;) and the vector g = — Zle gi. We apply a translation
T, :p — p +gon the set Yi, &@i, Q) to obtain

k k
arg min {llxll2 (X E Z &E(qi, Qi)} = arggﬁn{“x - q”z (X E Z &(0, Qi)}.
i=1 xeR i=1

xelR"
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By definition, this equals to
. (1 2
argmm{z ||x - q”2 + Ic(x)} .
xeR”
By Moreau'’s Identity, we get that the above equals to
. (1 2,
g — arg min {— Hx - ‘7”2 + Ic(x)} .
werr (2

Since we have I'.(x) = supyew{(x, v) — Ic(y)}, we have that I'.(x) = supyec{(x, .

Thus, the above equals to
. |1 2
g — arg min {— “x - q”2 + sup(x, c)} :
xeR" 2 ceC

Since we have the equation sup__-(x,c) = SUP., c£(0,01), (0 Qk)<x, Zle ¢i), we have

that sup_ - = Yk sup ce8(0,0){%, ©)- Therefore the above equals to

k
q- arxgeg’}in{% ||x - q”; + Z sup (x, c)}

= cc80,Q)

If the vector x is equal to 0, we have that sup ce8(0 Q]_)(x, c) = /xTQ;x. If the vector x

is not 0, we can achieve the supremum when the normal vector of £(0, Q;) at the

Qix

VxTQix
> which equals to /xTQ;x. Thus, the above equals to

boundary point c is the vector ax where @ > 0. Such a point c is and we get

— Qix
SUPeg(0,0) (¥ ) = <x, Vo

k
q—arg gﬁn {% ||x - q”z + Z w/xTQix} .
relR i=1

Consider the function f(x) = % ||x - q”i + Zle VxTQ;x. Itis twice differentiable

on R" \ {0}. However, it is non-smooth function on R". Now define f,(x) =
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2
] ||x = q”2 +YE SUP 50,0, {(x, c)-5 ||x||§}. It is a differentiable function and its

gradient is Lipschitz. The following holds

k||x||2 oy’ ’
fu) = 3 Je—all + - 5d|e0.Q)

i=1

Viu(x) =x— q+ZH50Q (%)

In addition the Lipschitz constant of the spacial gradient Vf, is L, = ﬁ +1.

We apply the Nesterov first-order method for the function f,(x). First, we

define in initial conditions 1y, vy and a parameter u. The procedure is as follows

1
Ups1 = O — L_ny(vk)/
\/L_ - \/_

Va1 = U1 + ————= (Uje1 + k) .

N

To get an ¢e-solution which corresponds to have u; such that f, () — f(u") < ¢,

we need to perform O (% log %) iterations when the parameter u ~ This

ZIIQ:IIZ
means that we need a small parameter u to achieve a high precision solution.
This behavior is certainly not adequate for computing the Minkowski sum of full

ellipsoids for practical applications.

2.2.4 Primal-Dual algorithm

We now present the primal-dual algorithm described [16] to solve

arg min {G(x) + F(Kx)},

xelR"
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where the matrix K € R"™*, the functions G € I')(R") and F € To(IR"). The

primal-dual algorithm is an iterative procedure which reads as follows

U1 = (I + G&F*)_l(l/lk - GKUk),
Uks1 = (I + T&G)_I(Z)k + TKTuk+1),

Tks1 = Uks1 + O(0k1 — 1),

where the parameters 7 > 0,0 > 0and 0 € [0, 1].

For the projection problem of interest, we define G(x) = 1 ||x - q”; We also

n I

. . yz k T . I
defined the function F as follows F = Y.i-1 A/Y; Qiyi and the matrix K =

Yk I

where the vectors y; € R" fori =1,- ,7{ and [ stands for a n X n identity matrix.
We can change the functions G, F and the matrix K depending on the problem. We
refer the reader to [58] for examples relevant to optimal control problems. We will

also present possible variants in chapter 3.

2.3 OurProposed Algorithm based on Newton’s Method

In this section, we propose our algorithm based on Newton’s method. First, we
introduce general Newton’s Method when the function f is twice differentiable.
We denote the spacial gradient of f by V, f(x) and the Hessian matrix of f by H(x).

Newton’s method is defined as follows
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1 Newton Method generates a sequence {zi}en by the recurrence formula,
Zir1 = Zk + di

where d; is defined as
Vf(zi) + H(zi)de = 0

To show that the sequence z; converges in a some neighborhood of x*, we need
the Hessian matrix H(zx) is non-singular on some neighborhood Q2 C R" and is

Lipschitz continuous on Q C R" [14].

2.3.1 Quadratic Convergence of Newton’s Method

In this section, we show that our Newton’s Method converges quadratically. We
2
use the dual problem in the previous section. The function, f(x) = 3 Hx - q” +

Zi-(:] VxTQ;ix is twice differentiable on IR” \ {0}. We have that on IR" \ {0}, and

Vf(x):x—q+2 xQTi;x’
-1 VX' L

We need to consider two cases.

e The point g is inside of the Minkowski sum of ellipsoids,i.e., g € Y, &0, Q)).
In this case, we know that arg min__p, {f(x)} = 0. We cannot use Newton’s
method because V f(x) does not exist at x = 0. We have to use (or modified)

Gilbert method.

e The point g is outside of the Minkowski sum of ellipsoids. g ¢ Zle &0,Q)
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In this case, we know that arg min__p, {f(x)} # 0. We wish to use Newton’s

method for this case to obtain quadratic convergence.

Since the function f(x) is 0 - coercive and continuous function, the function
f(x) has a minimizer. Since the function f(x) is strictly convex, the function f(x)
has at most one minimizer. Thus, the function f(x) has a unique minimizer x* and

the spacial gradient V f(x) is an increasing function and has only one zero.

We want to show that Newton’s method {z} is converging quadratically to
x* with an initial data zy which in a some neighborhood of x*. To show that the
sequence zi is converging in a some neighborhood of x*, we need the Hessian
matrix H(z) is non-singular on some neighborhood ) C RR" and is Lipschitz

continuous on QQ C R" [14].

First, we will show that the Hessian matrix H(x) is non-singular. Assume that

the vectors x # 0 and v € R" and we have

k

UTQi sz) %
TH(x)v_(vv+Zm ; \/xT—Qx3 ]

i (UTU oy ((vTQm) €00 7a )]

By Cauchy-Schwarz inequality, (v"Q;v) (x"Qix) — (v"Q;x)’ > 0. Thus, the Hessian

matrix H(x) is symmetric positive definite which implies that the Hessian matrix

H(x) is non-singular.

Next, we will show that the Hessian matrix H(z) is Lipschitz continuous on
Q c R". Assume that the neighborhood Q) is bounded and there exists an open

set O 3 0 such that O N Q = 0. For given vectors x,y € ), we want to show
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that there exists K > 0 such that ||H(x) - H(y)|

<K Hx - y” It is enough to show

T
that the functions g(x) = 2 _ and h(x) = 2 e Lipschitz continuous on the
VxTQx VTQx3

neighborhood Q C R" where the matrix Q is symmetric positive definite. To show

the function g(x) is Lipschitz continuous, we note that

b3

VAQx ATyl
VxTQx - y'Qy
VxTQx YT Qy

and we have that [|Q|l, and 4/xTQx /y"Qy are bounded. Thus, we have

l8() = s,

= I1QIl

7

s = gwll, < 1 il = [Jvll|-

By the triangular inequality, we get

@) = @, < &1 [|x - vll,,-

Since the matrix Q norm and 2-norm are equivalent, we have

Ig@) - s, < Ca|lx -y

2/

which completes the proof. To show that the function h(x) is Lipschitz continuous,

we break the following h(x) — h(y) into two parts,

Qx(Qx)" - Qy(Qy)T] ~ [Qy(QJ/)T ~ Qy(Qy)T].

h(x) = h(y) = [ *xTng) ,—yTan '—xTQx3
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For the first part, since we have that 1/xTQx is bounded, we have

Since we know that 2-norm is a sub-multiplicative matrix norm, we get
Qx(Qx)" - Qu(Qy)”
3

e

Since we know that Frobenius norm is greater than or equal to 2-norm,

Qx(Qx)" — Qu(Qy)"
xTQx3

<aloer -w)ar,

2

<G, ||xxT - ny”z'

2

Qx(Qx)" - Qy(Qy)"
\/xTQx3

By the definition of Frobenius norm, we have

< o e =yl

2

Qx(Qx)" - Qy(Qy)’
\/xTQx3

= Gt (T = ) (T = 7)),

2

= Co Il + [t - 26 2.

By Cauchy-Schwarz inequality, we have

Qx(Q¥)" - Qy(Qy)"
\/xTQx3

< oIl + [l + 21002 [y} - ¢, 12,

2
= ol -l e+ vl

We have that the norm ||x + y” , is bounded and we get the following,

Qx(Qx)" — Qy(Qy)”
VAT Qud

The second part uses a similar idea which we used to show that the function g(x)

< Calfe = o,
2
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is Lipschitz continuous. We have

We have that the norms ||Qy(Qy)T

\/xTQx3 - w/yTQy3
\/xTQx3 \/yTQy3

\/xTQxH2 and ||w/yTQy||2 are bounded.

Qy(Qy)"  QuQy’

= |[Qu@y)|,

2

2/

Therefore we get

QyQy)"  QuQy’
\/yTst \/xTQx3

7

< Cu Il - [,

2

< Ca|ilg ~

Similar to the function g(x) — g(y), we use the triangular inequality and the fact

that the matrix Q norm and 2-norm are equivalent to obtain

Qu(Qy)” 3 Qu(Qy)” <C H B |
yTQy3 xTQx3 s QX =Yy
V V 2
<cul- ol

We can now show that /i(x) is Lipschitz continuous. The following holds

_ Q0" - Qu@)"| | QuQy)"  QuQy)”
||h(x) h(y)Hz_ \/xT—Qx3 m:s \/xT—Qx3 ’
2
o[ @Q07-Quv@y) il | 1QuQy)”  QuQy)
< Cllx =yl

Therefore, the Hessian H(z) is Lipschitz continuous on the neighborhood Q C IR"
and we have showed that Newton’s Method converges quadratically when the
vector g ¢ Zle &(0, Qy). The problem of Newton’s Method is that the initial guess

has to be close enough to the solution and actually the maximum distance between
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the solution and the initial guess is related to the condition number of the matrix.

We propose to use Gilbert Method as an initial guess.

2.3.2 Algorithm for Newton’s method

Here we propose our algorithm which combines Gilbert-based convergent scheme

with Newton’s Method. Our algorithm works as follows

e We run (modified) Gilbert method and denote by {xi}ien its sequence. We

know that x; converges to the projection of the Minkowski sum of ellipsoids.

e We try to perform of few iterations of Newton’s method with initial guess
xr. We denote theses sequences by {yf}leN. If Newton’s method succeeds
for some starting point x; then we stop the whole procedure; if not we start

again Newton’s method with x;,4.

The following figure illustrates our proposed algorithm.

Xk Xk+1 Xk+2
k k+1 k+2
Y Y, Y

If we can find k* such that the sequence {y} },en converges, the algorithm would

be { x1, X2, -+, X, Ypops Y5, -+ ). Since it is not easy to find such k* analytically,
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we use each x; sequentially. If {f};en does not converge to z*, we keep going to

k+1

{y)

}ien. Here, we have to tell whether { yf }ien converges to z* or not.

The optimality condition reads Vf (z*) = 0. Numerically we can use the fol-

lowing stopping criteria ||V f (29|, < € since f(x) is a convex function and V£ (x) is

a continuous function. If {y¥};en does not converge to z*, |V f (y’l‘)“ > C for some
2
constant C > 0. Therefore, in practice, we choose a suitable C and [ such that if
”V f (yf)” > C, we assume that {y},en doesn’t converge to z* and move on to the
2

next step.

When the point g is inside of the Minkowski sum of ellipsoids, g € Y'X_, £(0, Q)),
we know that Newton’s method is not converging. To avoid slow convergence
of Gilbert Method, we use the inner approximation ellipsoid to tell whether g is

inside of the inner approximation ellipsoid for each step or not.

2.3.3 Parallel Algorithm

Since the sequences {xy}kennf1,-,j) and { y{ }ien are independent of each other, we can
compute the sequence {xi}icny(1,-,j) and the sequence {y{ }ien in parallel. Assume
that we have m > 2 threads. We use the main thread to calculate the sequence
{xr}kenw and m — 1 subordinate threads to compute the sequence {y’l‘}leN. If one of
k —1 threads succeeds to converges to z*, we stop the whole procedure and get the

result. If { y{ lien doesn’t converge, we get the current x; from the main thread and

the subordinate thread compute the sequence {y/}ien-

More generally our proposed algorithm can implemented parallel as follows:

one threads computes the (modified) Gilbert sequence (xx) while other threads
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perform Newton’s methods. Let {xi}ien be the convergence scheme such as Gilbert

algorithm or Modified Gilbert algorithm. Let {y}},en be a Newton’s Method with

k —
yl—xk.

2.4 Numerical Results

We now present numerical results for Gilbert method and Modified Gilbert method.
We also present numerical results for Newton’s method and Gilbert method. The
numerical experiments show the our proposed algorithm enjoy quadratic conver-

gence.

In this section, we assume that g is the point to use for the projection and the
matrix {Q;} is a set of ellipsoids centered at the origin. We did 100 times numerical
experiment for each example in Python to compare the performance of Gilbert
Algorithm, Modified Gilbert Algorithm and Newton’s method. Computations
we performed on i7-8550U CPU @ 1.80 GHz (4.0 GHz) 4 cores and 8 threads and 8
GB of RAM. Python runs in 3.7.4 and we use multiprocessing module in Python.
We use one thread for Gilbert Method and Modified Gilbert Method and two

threads for Newton’s Method for comparisons.

We consider n-dimensional random symmetric positive matrices P; sampled
from a uniform distribution taking values between -0.5 and 0.5 when i < j while

[P];i are sampled from a uniform distribution taking value between 9.5 and 10.5.
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Then the matrices Q; and Q; and the vector g are defined as follows

1000 --- 0 0

o 0 ---0 10
Q1:P1+ ) ) ) .,Q2:P2,q: .

o 0 ---0 0

Here the parameter k stands for the degeneracy of the matrix and the parameter
n stands for the dimensions of the matrices. We present the average number of
iterations performed for each algorithm for variousk when n = 5 in table 2.1. We
also present the average number of iterations performed for each algorithm for
various n when k = 7 in table 2.2. Note that modified Gilbert method works
well since the inner ellipsoid is a good approximation of Minkowski sum of

{8(01 Ql)/ 8(01 QZ)}

Table 2.1: Average number of iterations for Gilbert and modified Gilbert when
n=>5.

k | Gilbert Method | Modified Gilbert Method
1 95.3 93.3
2 101.9 94.2
3 107.8 98.9
4 132.0 113.6
5 200.0 193.5
6 375.8 180.4
7 | 889.9 (not converge) 164.1
8 | 1897.2 (not converge) 175.5
9 | 4307.7 (not converge) 242.3

Note that Gilbert method does not converge when k > 7 because of the limited
precision of double floating used in the computations. We also terminate all
algorithm if they take more that 10,000 steps to make sure that the code stops after

the certain amount of time.
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Table 2.2: Average number of iterations for Gilbert and modified Gilbert when
k=7.

n \ Gilbert Method \ Modified Gilbert Method

2 464.0 201.0
4 744.0 346.5
8 877.7 186.3
16 1678.3 447.6
32 4437.8 919.8

If the inner ellipsoid is a good approximation of Minkowski sum of ellipsoids,
Modified Gilbert generally works well. In most cases, however there is no signifi-
cant difference between Gilbert method and Modified Gilbert method since either
the inner ellipsoid is not a good approximation of Minkowski sum of ellipsoids or

Gilbert method also works well.

Let {Ki}j=1,.. » be a zero matrix and add 10 to j-th element which is randomly
selected for each [. Let Q; = P; + K; and z* be a random vector. Each element of z*
is a random value from the normal distribution N(0, 1). We have that z* is a vector

that spacial gradient V£ (z*) = 0 which means that

Vi) =z —q+Z W =0,

ZW

Since we know that the exact z* in this case, we have used the stopping criterion
for ||zxs1 — 2°|| < €. There is no significant difference between Gilbert method
and modified Gilbert method. This is because the inner ellipsoid is not a good

approximation for this example.
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For Newton’s method, we have used Gilbert Method as an initial guess and the
parallel algorithm proposed in the previous section. We have three main aspects
that we could change, the number of matrices, the dimension of the matrices and
the parameter k for making the matrix have a bad condition number. We present
the time result when the number of matrices m is 4, dimension of matrices # is
5 and we change k to compare Gilbert method and Newton’s method. We also

present the time result varying n with k = 3.5 and m = 4.

We know that ||z¢|| — [|z*|| decreases and for an extreme case like this example,

|ze+1 — z°|| could be much bigger than ||zc|| — ||z*|]|. We present a figure that shows
100 0O 0 0
such a case. This is an ellipsoid &(0, Q) where Q = ,q = and z* = | |.
0 1 3 1
-2

We plot the ellipsoid &(0, Q), g, z* and the point .
V0.96

Ellipsoid &(0, Q) with a bad condition number
4 T T T T T T T T T

-0 -8 -6 -4 -2 0 2 4 6 8 10

Let the length of red line be c, the length of blue line be b and the length of green
line be a. Since it is almost flat for this ellipsoid case, we have that ¢* ~ b? + a°.
We have thatc —b ~ ==—
smaller than a because we treat the length b is much bigger than €. This implies

. We have that when a = ¢, ¢ — b will be significantly
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that ||zs1 — 2°|| could be much bigger than [|z¢|| — [|z*]|. Thus, we might not get a
convergence of zx with € = 1078 for a double precision floating point format. We
plot the graph for Gilbert method. We truncated on 3,000 steps and the graph

clearly show that sometimes Gilbert does not converge.

Gilbert Method might not converges for k = 6, n=12 and ¢ = 1078

5 T T

= 0 m
[ 1
it
= 10| B
&0
< w

—15 H \ ,

=20

500 1,000 1,500 2,000 2,500 3,000
Steps

To clearly show what happens between 1 and 500 steps, we change the range

of the domain (Steps).

Gilbert Method might not converges for k = 6, n=12 and ¢ = 107®

5
— 0L .
|5 1
&
= -10 r\ i
g | M &
< =l N WWM |
-20 ! ! ! !
100 200 300 400 500
Steps

We now present numerical experiments using the same setting as before. Ta-
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ble 2.3 provides the average number of iterations for our proposed method and
Gilbert method for several k when n = 5. Table 2.4 provides the average number
of iterations for our proposed method and Gilbert method for several n when
k = 3.5. We truncated on 10,000 iteration for Gilbert Method because for some
cases, Gilbert Method never converges. This is because we use floating point
number system with double precision and round-off error might be significant for
some cases.

Table 2.3: Average number of iterations for Gilbert and our proposed Newton’s
based approach when n = 5.

k | Gilbert Method | Newton’s Method
3 108.4 91.7
4 110.6 92.1
5 1610.1 94.3
6 23414 95.5
7 2246.5 148.6
8 3878.0 91.3

Table 2.4: Average number of iterations for Gilbert and our proposed Newton’s
based approach when k = 3.5

n \ Gilbert Method \ Newton’s Method

16 144.8 96.8
32 261.7 117.7

To illustrate that our approach based on Newton’s method has a quadratic
convergence rate, we need to use a higher precision. This is because Newton’s
method converges in a few steps which does not show a quadratic convergence
clearly. We use Matlab function which is a symbolic method to implement the
code and make a plot for the same example above. We use log of the actual error,

|lx, — x*|| for convenience. To illustrate the quadratic convergence rate, we use the
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definition of the quadratic convergence rate,

Iz — 27l _

lim sup =T.
12
llzi = 27l

Since we are interested in the tail of the sequence {z;}, we assume that for any k

such thatk > N,
|z —2°|

lze — 11
We use the property of the log function,

log||zk+1 — 2°ll — 2log ||lzx — z7|| = log 7.

Let vy = log||zx — z*|| +1og r. We have that vi,; = 2v;. This means that for Newton’s

method, we expect the log of the error decays exponentially.

Numerical convergence rate for our proposed method.

—-100
=200
=300
—400
=500
—600
—700
—-800 -
-900 ‘

log ||z — 2|

1 2 3 4 5 6 7 8 9

Steps

Similarly, for Gilbert method, we assume that for any k such that k > N,

llzka — 271l
llzi — 27|



51

We use the property of the log function,

logllzks1 — Z°ll = logllzx — Z7|| = log .

Let vx = log||zx — z*|| . We have that v = v +logr. This means that we expect
the log of the error decay linearly. For the illustration, we use log (||z|l — |Iz*])

because we only have that ||z;|| decreases while ||zx — z*|| doesn’t.

In summary, our proposed method is less sensitive to numerical rounding
errors due to floating point compared to Gilbert method. It is clear form the
theory and numerical experiments that Newton’s method is better than Gilbert

Method in terms of the convergence rate.

2.5 Summary

In this chapter, we have explore the algorithm for computing the projection onto
the Minkowski sum of full ellipsoids. We have presented a novel algorithm with
quadratic convergence. However, our approach requires a good initial guess
which needs to be close to the solution to achieve quadratic convergence. This

initial guess is obtained from (modified) Gilbert method.

Recall that the assumption of having full ellipsoids is mandatory for our pro-
posed algorithm. In the next chapter we remove this assumption and explore

several other possible algorithm to handle these degenerate cases.



CHAPTER THREE

Linear Optimal Control Problem with

degenerate Ellipsoidal constraints
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3.1 Introduction

In this chapter, we present several algorithm to solve certain optimal control prob-
lems described in chapter 1 when the ellipsoid is not full, i.e., degenerated. Recall
that our proposed algorithm in chapter 2 cannot be applied in this setting because
it requires ellipsoids to be full. In this chapter we present several optimization

based algorithms to solve this class of optimal control problem.

The outline for the remainder of this chapter is as follows. In section 3.2,
we formulate the optimal control problems we are interested in and connection
to the Hopf representation formula. Section 3.3 describes the standard primal-
dual optimization algorithm used in [58, 60]. Section 3.4 describes non-linear
primal-dual formulations of the optimization problem. This formulation allows
for several choices that yields in practice different numerical solvers. We also
propose a regularization-based approach to efficiently compute an initial guess

using the algorithm presented in chapter 2.

3.2 Optimal control formulation

We consider certain optimal control problems with linear dynamics, which read

as follows:

T
S(x,t) = min {f L(u(s))ds + J(x(T)): x(t) = x,x'(s) = Ax(s) + Bu(s) Vs € [, T]} ,
t
(3.1)
where the running cost L : R" — R is a proper, lower semicontinuous, convex,

1-coercive function, the terminal cost ], : R” — R is convex, and A, B are matrices
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with real entries. By reversing time (i.e., let s = T —t), S solves the following

forward-time HJ PDE:

95(x,) + H,(x,V,S(x,8)) =0 x€R"s>0,
Js (3.2)

5(x,0) = Jx(x) xeRY,

whose Hamiltonian H,: R" X R" — R equals

H.(x, p) = sup(~(Ax + Bu), p) — L(u) = —(Ax,p) + L'(-B"p), (3.3)

uelR”

where A is an n X n matrix, and B is an n X m matrix.

After the change of variable z(s) = e™4x(s) (with z = e4x), the optimal control

problem (3.1) becomes

T
S(z,t) = min {f L(u(s))ds + J(e™z(T)): z(t) = z,7(s) = e Bu(s) Vs € [t, T]}.

(3.4)
Define J, by J.(z) = J:(e™z). Then, the corresponding HJ PDE reads
95,9) +H.(5,V.5(z,5) =0 zeR"s>0,
Js (3.5)
5(z,0) = J.(z) zeR,
where the Hamiltonian H, : R X R" — R equals
H.(s,p) = sup {(~e™Bu, p) - L(u)} = L'(~-B"e™'p). (3.6)

uelR”

Under some assumptions, the solution of the corresponding HJ PDE is given by
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the generalized Hopf formula, which reads

S(z,5) = sup {<z,p> - fo L'(-B"e ™ p)dr - Iz(p)} : (3.7)

peR”

Then, the optimal control ii: [t, T] — IR™ in problem (3.4) is given by

(T - 5) = arg max {(—e™Bu, p) - L(u)} = VL'(-B"e™'p), (3.8)

uelR”

where f is the maximizer in (3.7), which also equals V,5(z, s). Note that by straight-

forward computation, we have

J:(p) = sup(z, p) = J-(2) = sup(z, p) - Jx(e"2) = sup(e”™x, p) = Ju(x) = ;e p).

zelR" zelR" xelR"
(3.9)

After discretization in time, the optimization problem in (3.7) is approximated

by the following multi-time Hopf formula:

peR”

k
sup {(Z,p) - Z CjL*(—BTe_T/ATp) _ ];(P)} =— 1;;2]}?1;} EF(Kp) + G(p), (3.10)

=1

where {c;} and {7;} are the weights and quadrature points of any quadrature rule

approximating the integration over [0,s] and F, G, and K are defined, such that

k
F(Kp) = ) i’ (-B"e™p),  G(p) = J1(p) - (z,p). (311)
=1
Assume that
L'(w) = \{w,Mw), Yw e R", (3.12)

where M is a symmetric, positive definite matrix (i.e., L = Iy p-11)<1), OF in other

words, we constrain the control to lie in the matrix associated with the matrix M),
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and the terminal cost ], is a quadratic function (J,(x) = %(x, Mjx) — (bj,x) + aj).

Then, the function G is also quadratic:

1 T T
G(p) = J:p) = zp) = 54 p+ b, M (e p + b)) = (z,p) — 4y, 51
- %(p + eTATb], e'TAMj'le'TAT(p + eTATb])> —(z,p) —ay.

3.3 A standard Primal-dual formulation

We want to solve an optimization problem of the following form:

k
arg min {G(x) + Z ci V{x, Qix)), } , (3.14)
i=1

xelR"”

where G € I')(IR"), ¢; > 0 (which in [58] corresponds to the weights in the quadra-
ture rule used for discretization in time; specifically, [58] uses ¢; = At, Vi), and

Q; € R™". For our problem of interest, we have
1 -1
Gx) = 5 <x -4,V (x- q)> —(b,x) +a, (3.15)

for some vectors b, g € R", scalara € R, and symmetric positive definite matrix V €
R™". The matrices Q; are assumed to be either symmetric positive definite (SPD)
or symmetric positive semi-definite (SPSD) and to have the following structure.

LetA e R™, Be R™ M ecR™™, T>0,and t; € {1,...,k}. Then,

Qi — (_e—(T—t,')AB)M(_e—(T—ti)AB)T’

— e—(T—ti)ABMBTe—(T—t,')AT )
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As in (3.1), the matrices A and B refer to the matrices of the same name in the

dynamics of the optimal control problem
x(t) = Ax(t) + Bu(t),

where x € R" is the state vector and u is some control input defined in U c R™.
The matrix M is some transformation to give the appropriate problem-specific
control bound (i.e., to constrain the control to the ellipsoid associated with the
matrix M). In Section VI of [58], the matrix V is identified as V(0) and takes the
form

_ _ _TAT
V= €TATW_1€TA ( s V 1 = TAwe TA )’

where W € R is a symmetric positive definite matrix that is associated with the
terminal cost of the optimal control problem (or equivalently, the initial condition
of the HJ PDE). Note in Section 3.2, we identify W = Mj‘l, g=—-¢""b;, b=z and

a = —aj (e.g., see (3.13) for more details).
Problem (3.14) can be written as the following minimization problem:

arg min {G(x) + F(Kx)}, (3.16)

xelR"

where G € Tp(R") and F € I'y(R™*). For this problem, we get to pick the operator
K and the function F to use for the primal-dual algorithm. For example, we can

define
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and

k
F(lynyoromid) = ) cif<yi Q). (317)

i=1

Alternatively, we could instead choose K and F as follows:

BTE_T]AT

B'I—e—”szT

BT e—TkAT

and

k
F([yn,yor--yd) = ) iy Mys).
i=1

We discuss some possible choices of K and F more in depth later on.

3.4 Non-linear Primal-dual methods

We use the non-linear primal dual method described in [21] to solve (3.16), the
m-th iteration is

. N 1
X1 = arg min{G(x) + (§m, Kx) + =—Ix — x,l},
xeRn 2 m

, (3.18)
Y1 = argmin{F*(y) — (y, K&, 11) + g”}/ — yull*),

yEIR”Xk

where 7, (X,4+1, resp.) is some linear combination of v, and v,,—1 (Xy+1 and x,,

resp.).
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In our case, the first equation in (3.18) is equivalent to

X1 = argmin{JZ(p) + (K" § — z,p) + —IIP Xl
pe]R"I

(3.19)

1
= argmin{/;(p) + 2—||p X+ T(K o = 2)IP.
peR”

When J, is quadratic (Jx(x) = %(x, M;x) —(bj, x) + a;), it has an explicit formula

Xmi1 = (Ti +e M e “T) (—e‘“M;lbI + ’TC—’” — KT, + z)). (3.20)

If ], is not quadratic, then we need to compute the proximal point of 7,,].(-) or

*

T s

Xm+1 = prOXTm]*(xm_Tm(KTym_z)) = xm_Tm(KTgm_Z)_proxfmj(m)(xm_’[m(KTym_Z))'
(3.21)

The second equation in (3.18) is equivalent to

. 1 .
Yot = arg min{F'(y) + >—Ily = yu - OK&s1|*)- (3.22)

ye]R”Xk

There are two cases, depending on whether F is separable or not.

(a) If F is separable, i.e., F(y1,..., yx) = Zle ciV{yi, Qiyi). By straightforward

computation, F* is in I['y(R"™*) and equals

" Zj
F(zi,...,z¢) = sup E (yi, ziy—ci A/{yi, Qiyi)) = z Lizetker ) (zQ+z><1}(E)-
Y1, Yk€R" 5259 L
(3.23)

Then (3.22) can computed in parallel, i.e., Yys1 = (Yms1,1,-- -, Ym+1k), Where
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each y,,1,; € R" satisfies

1

. y -
Ym+1,j = ArGMUN{I-cgor o1+ 2 0tzp<1)(5) + o 1Y = Y,j — Om(KZa1) %) (3.24)
yEIR” ! Ci Om

In other words, y,..1,; is the projection of y,, ; + 0,,(KX,.1); on the ellipsoid
{z € (ker Q)*: (z, sz) < 1} (if Q; is not invertible, then this ellipsoid is

degenerate).

(b) If F is not separable, i.e., F(y) = c; 4 /(y, Qiley>, where the invertible matrix

Qi,e is the regularized matrix of Q; with the regularization parameter € (see

Section 3.4.3). Then, we have

F*(Z) = IZ;(:]{ZG]Rn: <Z/Q;€12>§C’2}(2), (3.25)

and hence (3.22) is the projection of y,,; + 0,,(K¥,1); onto the Minkowski
sum of ellipsoids Zi;l{z e R": (z, Qi‘/elz) < ciz}, which can be computed using

the algorithm of chapter 2.

3.4.1 Possible Choices of K and F

Note that the function G as defined by (3.13) is determined directly by J,, but we
have the freedom to choose F and K. There are some ways to do that, which are

summarized here:

(a) First choice: simple form of F. This choice (the non-accelerated version)
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corresponds to the method used in [58]. In [58], they define

—BTe—TlAT-
BTe—TzAT k
K = . and F([y1, y2,---, yx]) = Z ci v {yi, My;). (3.26)
: i=1
BTe_TkAT

Since F is separable, the second step in primal-dual method is equivalent to
doing k projections onto the same ellipsoid of different points and hence can
be computed in parallel. However, K may be very complicated. For instance,
its condition number may be bad, which will influence the convergence rate

of the primal-dual algorithm.

To obtain an accelerated algorithm, one needs to compute the appropriate

matrix norm of K. In this setting, we have that K: (R", [-|l,) — (R™,|Il17),

m k 172
2
”A”F = Az‘]‘ .
i=1 =1

To compute all the parameters needed for the primal-dual algorithm, we

where

need to compute the induced matrix norm of the operator K:

k

2 2 T ,—7;AT 1012
IKIZ, = sup [IKxi} = sup ) [IBTe™"x|},
llxllo=1 llxll,=1

j=1
) ) (3.27)
T —1AT .. |12 T tiAT |12
<Y sup BT A x 2 = ) IBTe R,
j=1 |lill,=1 j=1

Here is an alternative: We can view the operator norm K as an operator
acting on the spaces (R", ||-||,) and (R, ||I'll). In effect, we have that K is an
nkxn matrix. Then the induced matrix norm is just the largest singular value

of K. We can implement this numerically (as a first step, at least).
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(b) Second choice: simple form of K and separable function F. In order to
decrease the number of iterations in the primal-dual algorithm, we make the

matrix K simple. For instance, we choose

k
K=| and F([y1, y2,---, y«]) = Z Ci \/(BTe‘TfAT Y, MBTe~"ATy;).  (3.28)
: i=1

Since F is still separable, the second step in the primal-dual method is also
equivalent to solving k projections onto different ellipsoids (where the
matrix associated with the ith ellipsoid is given by e “BMBTe™™", i.e., Q;

on page 1).

(c) Third choice: semi-complicated form of K and simple F. This is a variant

of the the primal-dual algorithm found in [58]. We define K and F by

e
e—TzAT k
K=|  |andF([y1,ys .., yel) = ), ci[{y;, BMBTy,). (3.29)
. i=1
e—TkAT

What we have done here is push the matrix B into the sum of ellipsoids.
The main justification of this approach reads as follows: In this setting,
K: (R, ||-|l,) = (R™%* ||-||z) where |||l denotes the Frobenius norm as before.
The corresponding operator norm is

k

5 o _.AT 2
IKIP, = sup [IKxl? = sup Y [l ],
[loe][,=1 [lx[l,=1 =1



(d)

(e)
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The operator norm here can be computed explicitly if one knows the eigen-

vector of A associated to the smallest eigenvalue of A. Note that

k
2 , _or.
I = Z e~ Z e~ 2,
1 '

k
2

=

=1

llxell2=1 "= Ixll2=1 "=

K K

AT |12 _ AT

sup Z [le™4 ]|, < sup Z e~
j=1 IWlz=1 =1

where o denotes the smallest eigenvalue of A. To see why the last equality
holds, let v € R" denotes an eigenvector of the matrix A with corresponding
eigenvalue A. Then, v is also an eigenvector of the exponential matrix e?,
and its corresponding eigenvalue is e*. If v, denotes the eigenvector of A for
which o is the smallest eigenvalue in the spectrum of A, then v, becomes the
eigenvector of ¢4 with largest eigenvalue e~’. The operator norm then
becomes .
IKIZ, = Z 210
=1

J

Fourth choice: degenerate K and separable function F. In fact, the “redun-
dancy” of K and F gives us more freedom to choose K and F. For instance,
when B or M is degenerate, we modify the second choice using the methods
in Section 3.4.3. Then, the second step of the primal-dual method is similar
to before, but we compute several projections, each of which corresponds
to a non-degenerate ellipsoid (the ellipsoid in (3.26) is degenerate if M is

singular, and the ellipsoid in (3.28) is degenerate if BB is degenerate).

Fifth choice: simple form of K and non-separable F. If we put K to be the

identity matrix, then we have

k k
K=1I,and F(y) = Z Ci \/<BTe—TiAT Yy, MBTe A y) = Z ciAJ{y, Qiy).
N i (3.30)

1

However, when at least one of Q; = ¢ "BMBTe %" is degenerate, the
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second step of primal-dual method cannot be solved directly because the
algorithm 2 of chapter 2 cannot be applied to compute the projection onto
the Minkowski sum of non-full ellipsoids. Therefore, we need to use a
regularization method in Section 3.4.3, where the matrix Q; is regularized by
Qi,e = Q; + P¢ (P. converges to zero if € converges to zero and may depend on
i). Then, we will have an outer iteration with respect to €. Let €, be a positive

decreasing sequence converging to zero. The k-th step in the algorithm is

(a) Compute initialization .10 according to the optimizer y; in the previ-

ous step.

(b) Run primal-dual algorithm ([21] and algorithm of chapter 2) to get

the minimizer for SUP s {(z, p)— Zle Ci <p, Qi,€p> - ];(p)} (see Sec-
tion 3.4).

After N iterations, when €, is small, we use the minimizer yy at the N-th step

as an initialization for methods 1-4 described above.

3.4.2 Initialization Method (and A Change of Variables)

We can reformulate problem (3.14) equivalently as follows. Suppose we can write
V!l = ¢TALLTe ™", e.g., using the Cholesky decomposition of the matrix W

associated to the initial condition. Then problem (3.14) becomes equivalent to

1 . .
arg glin {E ||5c - fy”i + Z <5c, Qic)} , (3.31)
XeR" i=1
where

‘7 — LTe—TATq + L‘leTAb and Qi — CZ-ZL_letiABMBTetiAT (L_l)T'
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If ¥* denotes the unique solution to this problem, then the projection on the ellipsoid
is given by § — & or, equivalently, § — LTe""A"x* where x* denotes the solution

of (3.14).

If Q, is well-posed and SPD, then we can use the algorithm of chapter 2 to solve
(3.31) directly. Otherwise, we can use the regularization methods (see Section 3.4.3)
to approximate ill-posed or SPSD Q; with well-posed or SPD matrices and then

use the algorithm of chapter 2 to solve the resulting approximation of (3.31).

3.4.3 Regularization methods

Here we suppose that the matrices Q; are either (a) symmetric positive semi-
definite (SPSD), or (b) symmetric positive definite (SPD) and ill-conditioned. We
want to solve (3.31) to use the algorithm of chapter 2 as an initialization algorithm.
Note that we cannot directly use the algorithm of chapter 2 because the matrices Q;
are assumed to be degenerate. To solve this issue, we need to amend the matrices
Q; to make them strictly positive definite (and therefore well-conditioned). For
this case, we use the primal-dual algorithm to solve the minimization problem

(3.16), where we use the algorithm of chapter 2 to compute the prox of F".

(a) Assume Q; is SPSD and that we order the eigenvalues as follows: A; > A, >
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...Aj20=A7A;4 =---=A,. Then, Q; has the following eigendecomposition:

A

Q =UAU" =U ur.

We have several options for choosing a SPD modification of Q,. Below are two

options:

(i) Pick Q; to be:

. 0 A
Qi=UlA+e€ ur=u ur,
1 €
1 €
where € > 0. Then,
L x=y<j

K; = UAgU", where (Ag)yy =
0 otherwise.

(ii) Pick Q; to be:
Qi = U(A + e, )U",
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where € > 0. Then,

K; = UAUT, where (Ag)xy = Avt€

0 otherwise.

(iii) Pick Q; to be:

A

Qi = Qi + €lyxn- (3.32)

(b) If Q; is ill-conditioned, then we can do something similar to above to get a

better conditioned Q;.

Now we are ready to our regularization approach.Replace Q; by Q; = Q;+P, where
P is a symmetric positive definite matrix. For example, a simple case is to consider
P = el. Then, we can define K; = UMgU", where Mg solves ML(A+U"PU)Mg = A,
in order to satisfy K'Q;K; = Q;. If UTPU is diagonal (as in (i) and (ii) above), then
the equation can be solved directly (Mg is diagonal) as follows. If U'PU is a

diagonal matrix Ap with diagonal elements Ap;, then My is a diagonal matrix

/\Q,i
/\Q,i+AP,i 4

whose i-th element is where A is the i-th eigenvalue of Q.

3.5 Summary

We have proposed several numerical algorithms to solve optimal control prob-
lems with linear dynamics when the running cost is the characteristic function

of an ellipsoid (potentially degenerate). Such degenerate cases are important for
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application because it includes linear dynamics obtained by Newton mechanics.
We leave as a future work the implementation of all these numerical methods and

their performances.



CHAPTER Four

Numerical solver for certain

multi-time Hamilton-Jacobi PDEs
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41 Introduction

In this chapter, we provide an algorithm for computing the proximal point of a
convex polyhedral function whose domain is a polyhedral set. This algorithm
will be used to compute solutions to certain multi-time Hamilton-Jacobi PDEs

and certain optimal control problems with linear dynamics.

Proximal point based optimization algorithms (e.g., ADMM and primal-dual
method, among others) are often employed to solve optimal control problems
and such algorithms require the computation of proximal points, e.g., numerical

solutions to optimization problems of the form
min £(x) + £l = cl?,
xeR” 2

where p > 0,c € R", and f : R" — R is a convex function. However, in general,
computing proximal points of arbitrary convex functions f, and especially of non-
smooth convex functions f, is hard. These computations are further complicated
by the fact that optimal control applications require fast computations that are

tractable in high dimensions.

In this chapter, we present a gradient descent based algorithm for computing
the proximal point of a certain class of nonsmooth, convex functions that is com-
putationally tractable in high dimensions. In particular, we consider polyhedral
functions f with domain that is a polyhedral set, which we define more precisely

in Section 4.2.

We consider this class of functions for several reasons. Polyhedral functions

could be used to approximate more general convex functions and polyhedral
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domain allows us to consider constraints that can be represented by a finite col-
lection of affine functions. More general convex sets could be approximated by
polyhedral sets. The above two traits are significant for optimal control problems,
which often involve optimizing general convex (and nonconvex) functions with
constraints and examples of such functions are £'/¢> balls/norms, n-simplex. To
the authors” knowledge, no efficient solver for computing the proximal point of
this class of functions exists, although efficient solvers for some specific examples

of functions in this class do exist.

We show that our algorithm has comparable or faster computational runtime
than the interior-point method, which is a classical method for solving constrained
optimization problems. We also demonstrate that our algorithm is computation-
ally tractable in high dimensions (e.g., n = 16), whereas the interior-point method
suffers from memory constraints that prevent it from even computing a solution
in some high-dimensional cases. Thus, our algorithm has the potential to be used

as a building block in solvers for certain classes of optimal control problems.

The outline for the remainder of this chapter is as follows. In Section 4.2, we
present our algorithm for computing the proximal point of polyhedral functions
with polyhedral domain. Specifically, in Section 4.2.1, we describe some properties
of our algorithm, and in Section 4.2.2, we detail how the descent direction for our
algorithm can be computed. In Section 4.3, we compare the performance of our
algorithm with that of the interior-point method. In Section 4.4, we demonstrate
how our algorithm can be used for different applications. Specifically, in Section
4.4.1, we apply our algorithm to a certain class of multi-time Hamilton-Jacobi
partial differential equations, and in Section 4.4.2, we apply our algorithm to a
certain class of optimal control problems with linear dynamics. In Section 4.5,

we provide some brief concluding remarks. Finally, in Appendix A.1, we review
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some relevant definitions and theorems from convex analysis that are utilized in
this chapter, while in Appendices A.2-A.3, we provide some technical lemmas

used to prove some properties of our algorithm.

4.2 A gradient-descent-based algorithm

In this section, we provide an algorithm for computing the proximal point of a
convex polyhedral function whose domain is a polyhedral set. In our numerical

experiments, we observe that this algorithm terminates in finitely many iterations.

Let the set C C IR" be a convex (possibly unbounded) closed polyhedral set
defined by

C= ﬂ{x e R": (p;,x) <y} = {x €eR": sup {{pi,x)—a;} < O}, 4.1)
=1

: i€{1,...,m}

forsomem € N, p1,...,pm € R", and a3, ..., a, € R. Let the function ¢: R" — R

be a convex polyhedral function defined by

p(x) = sup {{q;,x) = pBj}, (4.2)

for some /1 € N, g1,...,9% € R", and B1,...,Bn € R. Our goal is to solve the

following minimization problem:

. )
min F(x) = min{ 5lx = 1 + 9} 43)
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where the function F: R" — R U {+o0} is defined by
1 2 n
F(x) := Ellx =yl +@x) + Ic(x) YxelR", (4.4)

where I¢ is the indicator function of the set C, which was defined in (4.1). In other
words, our goal is to compute the proximal point of the function ¢ +I-. We present

an algorithm for computing the proximal point of ¢ + I in Algorithm 1.

Algorithm 1: The proposed algorithm for solving the problem (4.3).

Input :The parameters py,...,pw, q1,-..,9: € R",
i, ..., 0, P1,...,Pn € R. The initialization x, € C.
Output: The minimizer ¥ of the problem (4.3).
1 fork=1,2,... do
2 | Compute the descent direction d* € R" by

d* .= ~Iixeyyrapeh)+arcety(0) = —Ha(p(xk)+alc(xk)(—xk +y) - o+ y. (45)

3 if 5 = 0 then return ¥ = x*;

4 | Compute the set S*(d*) C {1,...,m} defined by
StdY :={ief1,...,m}: (p;,d > 0}, (4.6)
and compute the set 5*(d¥) C {1, ..., 77} defined by
SHdy =i e, ... m): (g, d) > @' (F;dM). 4.7)
5 | Compute At* € R as follows:
A := min [A, A5, 1), (4.8)

where Atf € R and At: € R are defined by

. vk
At’{ = min{%: ie S+(dk)},
. 4.9)
Y 1/ (2 A A0 S
At, = 1’1’111’1{ <qu dry — (P’(xk; ) 1] eSTd) ;.

6 | Update the iterate x**! = x* + Atkdt;
7 end
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Now, we will explain the intuition behind Algorithm 1, which is a gradient-
descent-based method, step-by-step. In each iteration, we first find a descent
direction d*. The idea of gradient descent is to follow the direction of the negative
gradient. However, in our case, the objective function F in problem (4.3) is not
differentiable, and we have to use the subgradient instead of the gradient. Thus, we
follow the direction of the negative subgradient whose norm is the smallest among
all subgradients (recall that by the theoretical guarantee in [5], the derivative of the
gradient flow of a non-smooth convex function is the negative subgradient with the
smallest norm). In other words, we choose the descent direction d* = —ITypr(0),

where by straightforward computation, we have that
IF(x) = {x =y} + dp(x) + dlc(x) VxeC. (4.10)

Furthermore, the second equality in (4.5) holds since I'lx,y(0) = ITx(—x) + x holds
for any point x € R"” and for any convex set K C IR". Note that the subdifferential
sets dp(x) and dlc(x) have explicit formulas, and hence, we can rewrite (4.5) as the
explicit solution to a minimization problem as follows. Recall that for any x € C,

we have that

dlc(x) = cone {p;: i € S(x)} = {Z

api: a; > OVi € S(x)}, (4.11)
ieS(x)

where the set S(x) C {1, ...,m} is defined by

S(x):={iell,...,m}: {pi,x) = ai}. (4.12)
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Moreover, for any x € R", we also have that

Ip(x) = conv [g;: je S@)) =1 Y big;: b= 0¥jeS(), Y bj=1;,  (413)

jeSw) j€S@)

where the set S(x) C {1, ..., 7} is defined by

S():={jell,...,m}:(q;,x)— B; = p(x)}. (4.14)

Therefore, the direction d* is given by d* = —@ — ¢ — xf + y, where (@, ?) is the
minimizer of the following optimization problem:
Join, { |y —w—olf o=} apo= 3 ba,

a;,bj€R i€S(xk) jeS(xk)

(4.15)
a; > 0Vi € S(x*), b; > 0¥j € 5(x"), Z bj = 1},
jeS(xk)

which can be solved using the numerical method in Section 4.2.2.

In the next step of Algorithm 1, if the direction d* is not zero, we compute the
maximal time period At* for which the direction d* (= —ITyrur)(0)) is equivalent to
~ITypkitar(0) for all £ € [0, AtF). Therefore, we choose At* to be the minimal value
in {A#5, Ak, 1}, where At is the time until we arrive at a new face of C whose index
is given by the minimizer in the first equation in (4.9) and At’; is the time until we
arrive at a new face of epi ¢ whose index is the minimizer in the second equation
in (4.9). Note that the sets S* and 5* may be empty. If S* or 5* is empty, then
the corresponding equation in (4.9) becomes the minimum over an empty set, and
we adopt the convention that the minimum over an empty set is +c0. We set a
maximal threshold of 1.0 for At* to prevent the trajectory (i.e., the straight line

segment connecting x* and x*!) from passing the minimizer as it moves to a new
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face of C or epi . As a simple illustration of the significance of this threshold,
consider the example where ¢ is constant and the vector y is in the interior of
the set C. If we set A" = min{A#, Atk}, then the first iterate x' will be on the
intersection of the boundary of C and the ray {x° + s(y —x°): s > 0}. However, if we
set AtF = min{At’{, At’;, 1}, then the next iterate x! is y, which is the minimizer; in
other words, the trajectory terminates at the minimizer before reaching a new face
of C. Note that, unlike in linear programming problems, the quadratic term in the
objective function allows the minimizer not to be in the set of the extreme points
of C or the x-coordinate of the extreme points of epi ¢. We also note that the step
size At is almost always less than 1.0 (in Lemma A.2.1, we prove that AtF € (0,1)),
and when the step size At* equals 1.0, the algorithm will terminate in the next step

(see Lemma A.2.3).

In Section 4.2.1, we provide some theoretical guarantees for Algorithm 1 and
an interpretation of Algorithm 1 in terms of the gradient flow of the function F.
Then, in Section 4.2.2, we provide more details on computing the descent direction

d* in (4.5) numerically.

4.21 Properties of the algorithm

In this section, we show that Algorithm 1 is related to the gradient descent algo-
rithm for the function F defined by (4.4). Let At € R and xf, d* € R" be the scalars

and vectors defined in Algorithm 1. Define the trajectory x: [0, +00) — R" by

x(s) := X + (1 —exp(=s +s°)d* Vs e [sF,s5), (4.16)
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where each s* is defined by

k-1
&= Z(— log(1 — A#)), (4.17)

i=1

where we use the convention log 0 = —co. If Algorithm 1 terminates after a finite

number of iterations K, then we define
x(s) := 2K Vs € [sK, +00). (4.18)

Note thatif Algorithm 1 does not terminate in finite iterations, thenby Lemma A.2.3
we have that At € (0,1) holds for each i € IN, and hence {s* }ro, is a strictly increas-
ing sequence in R. In other words, the trajectory x(-) defined in (4.16) consists of
infinitely many line segments, where the k-th segment corresponds to the k-th it-
eration in Algorithm 1. Similarly, by Lemma A.2.3, if Algorithm 1 terminates after
a finite number of iterations K, then the trajectory x(-) defined in (4.16) consists of

K —1 line segments, where the k-th segment corresponds to the k-th iteration in

Algorithm 1.

In the following proposition, we show that the trajectory x(-) as defined by

(4.16) is the gradient flow of the function F. In this sense, each step in Algorithm 1

corresponds to a point of the gradient flow x(-) where the direction JCT(SS))” changes.

Therefore, our proposed algorithm can be seen as a gradient descent method with

certain step sizes.

Proposition 4.2.1. Let x( be a point in C. Let x: [0, +00) — IR" be the trajectory defined
in (4.16). Then, the function x(-) € C(0, +00;IR") is the unique solution to the following

differential inclusion:
x'(s) € =dF(x(s)) s>0,
(4.19)
x(0) = xo.



78

Proof. Since JF is a maximal monotone set-valued function, by [5, Chap 3.2, Thm 1]
the problem (4.19) has a unique solution, which is also the unique solution for
almost all s > 0 of the following ODE:

x'(s) = —Ioraey(0) s> 0,
(4.20)

x(0) = xo.

Thus, it suffices to prove that the function x(-) defined in (4.16) satisfies the
ODE (4.20) almost everywhere. The initial condition is satisfied by the definition
of x(-). The function x(-) is continuous and piecewise smooth, and its derivative in

each time period reads

xX'(s) = exp(—s + s")d" if s € (sF,s**). (4.21)

If Algorithm 1 terminates in the (K + 1)-th iteration, then we have that x’(s) = 0
holds for s > sX. For any s € (s",s!), by straightforward computation using the

definition of s, we have that

1 —exp(—s +5") € (0,1 — exp(—=s"! + 5)) = (0, AtH). (4.22)

Hence, Lemma A.2.4 holds for x(s), which, together with (4.10), implies

—ITorsy(0) = d*+x*—x(s) = dk+xk—(xk+(1—exp(—s+sk))dk) = exp(—s+sk)dk = x'(s).

Moreover, if Algorithm 1 terminates in the (K + 1)-th iteration, then we have d* = 0

and

0 = =TTk pprapak)+arc @) (0) = =apux)(0).
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Thus, for any s > s, we have

x'(s) = 0 = —ITjruxy (0) = —TTop(x(s) (0).

Therefore, the trajectory x(-) defined in (4.16) satisfies (4.20) almost everywhere,

and hence, it is the unique solution to (4.19). ]

Now, we present our main result in the following proposition, which shows
that Algorithm 1 converges to the unique minimizer of the problem (4.3) under

certain assumptions.

Proposition 4.2.2. Let the initial point xo be a point in C. Then, Algorithm 1 is well-
defined. Assume there exists ¢ € (0,1) such that either At* > c for any k. Then,

Algorithm 1 converges to the unique minimizer of the problem (4.3).

Proof. By Lemmas A.2.1 (c) and A.2.2 and induction on k, we have At* € (0,1]
and x* € C. Therefore, Algorithm 1 is well-defined. By straightforward checking,
the objective function F is convex, lower semi-continuous, 1-coercive, and strictly
convex in its domain. Therefore the optimization problem (4.3) has a unique
minimizer, denoted by *. By [5, Sec. 3.4, Theorem 2], the solution to the differential

inclusion (4.19) converges to the unique minimizer x.

If there exists K such that AtX = 1, then by Lemma A.2.3, Algorithm 1 terminates
at the (K + 1)-th iteration. By definition of x and s**! in (4.16) and (4.17), we have

SI<+1

= +o00 and lim,_, o x(5) = xX +dX = xX*1, Hence, the solution to the differential
inclusion (4.19) converges to xX*1. Therefore, xX*! is the unique minimizer to the

problem (4.3).

If Algorithm 1 terminates in K iterations but there does not exist K such that
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AtK = 1, then by (4.18), we have lim,_,, x(s) = xX, and hence the output x* of

Algorithm 1 is the unique minimizer to the problem (4.3).

Now, it remains to prove the results when Algorithm 1 does not terminate in
finite iterations. By assumption we have At* > ¢ for any k € N. By (4.16) and (4.17),
we get x(s*) = x* forany k € Nand s* > ¥~/ (- 1log(1-c)) = —(k—1) log(1—c), which
converges to +o0. Therefore, we obtain limy_,. x* = limy_,e x(s*) = lim,_,100 X(5) =
x¥. In other words, Algorithm 1 converges to the unique minimizer ¥ of the

optimization problem (4.3). [

Remark 4.2.3. In our numerical experiments, we observe that Algorithm 1 termi-
nates in finite iterations. If ¢ is an affine function, we provide a proof for this finite

termination property (see Proposition A.2.8).

4.2.2 Computing the descent direction

To compute the descent direction d* as defined in (4.5), we need to solve the

optimization problem in (4.15).

In this section, we only consider a numerical algorithm for solving (4.15) for
a fixed k. Thus, to simplify notation, we denote Y = —x* + y, which is a fixed
vector in R”. We also consider the vectors {p;: i € S(x*)} and gi:j € S(xM)). Using
an abuse of notation and rearranging the indices, we denote these two sets by
pi:i=1,...,I}and {g;: j =1,...,]}, respectively, to avoid the complicated index
set notation. Note that the vectors p;, q; in this section are not the same as the
vectors p;,q; in (4.1) and (4.2); rather, the vectors p;, g; in this section are a subset

of the vectors p;, q; in (4.1) and (4.2).
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With this simplified notation, the optimization problem (4.15) becomes

J J
min {uy R [ Zaipi,v - Z big;,a; > OVi, b; > ov]',Z b = 1}.

I
a,-,hjelR i=1 j:1 j:1

(4.23)
To solve (4.23), we consider two cases, depending on whether the set {g; : j =
1,...,J}islinearly independent or not. We discuss the two cases and corresponding

numerical algorithms in the following two sections.

4.2.2.1 The first case

In the first case, we assume gy, ...,q; are linearly independent, and we apply
Algorithm 2, which solves (4.23) using a splitting method by iteratively solving
for the terms w and v in (4.23). Specifically, the first iterate w*! (4.30) is equivalent
to the projection of Y — v’ onto the polyhedral cone generated by {ps, ..., p;}. We
compute (4.30) using any algorithm for computing the projection onto a polyhedral
cone. For the iterate corresponding to v in (4.23), we apply a change of variable
using an invertible matrix Q whose first | column vectors are the vectors g3, ..., q;
(such a matrix Q exists since the vectors g, ..., g; are linearly independent). With
some linear algebraic computation, the constraints v = Z;Zl big;, b; > 0V}, and

ZLl b; = 1 are equivalent to

] n

v € cone {171, s /q]}/ Q_lv = (bll sy b]/ 0)/ 1= Z b] = (Q_lv)j = <(Q_1)T1/ '0).
=1 i=1

] ] (4.24)
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Thus, we can remove the variables by, ..., b; and reformulate the update step for v

as (4.31). Note that (4.31) is an optimization problem of the following form:
minfllz - olf: v € V,(c,0) = 1}, (4.25)

where V is a polyhedral convex cone and ¢ € R". In (4.31), we have V =
cone {q1,...,q;}, z = Y —w™, and ¢ = (Q7")™1. To solve (4.31), we propose an
efficient algorithm (that terminates in finitely many steps) for solving the general

problem (4.25), which is summarized in Algorithm 3.

Next, we briefly describe the derivation of Algorithm 3. By Lemma A.3.1,
solving (4.25) is equivalent to finding the root of the function ¢: R — R defined
by

g(A) =A{c, IIy(z — Ac)) — 1, (4.26)

where A € Ris the Lagrange multiplier. Then, the minimizer ¢ in (4.25) is given by
[Ty(z — Ac), where A is the root of ¢. Since ¢ is a one-dimensional, piecewise affine,
decreasing function, by Lemma A.3.2, the root of g can be efficiently computed
using Newton’s method. The value of g in (4.26) for any A can be computed using
any algorithm which can compute the projection on a polyhedral convex cone. By

Lemma A.3.2, the directional derivatives of g are given by

&' (A1) = ~lel = ¢e, Thwey (=), &'(A;=1) = llel? = ¢, TTway(c)), (4.27)

the set W(A) is a convex polyhedral cone defined by (see (A.44))

W(A) = {y € R": (TIy(z = Ac), y) = 0,{v;,y) <0Vje T} (4.28)
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and the index set 7 is defined by

J=1{jell,...,N}: (v, Tye(z = Ac)) = O}. (4.29)

Note that the polyhedral convex cone W(A) can be numerically represented since
the vector I'ly(z — Ac) can be numerically computed using any algorithm which can
compute the projection on a polyhedral convex cone. Therefore, the directional
derivatives of g can also be computed using any algorithm which can compute

the projection on a polyhedral convex cone.

We summarize our proposed Newton’s method for solving (4.25) in Algorithm
3. First, we compute the value of g by projecting z — Afc onto the polyhedral cone
V. Since g is a decreasing function, if the value of g is negative, we decrease the
value of A to get A using (4.34), where we use the directional derivative g’(A¥; —1)
to replace the gradient term in Newton’s method; if the value of g is positive,
we increase the value of A to get A using (4.35), where we use the directional
derivative ¢’(A%; 1) to replace the gradient term in Newton’s method. To improve
the efficiency and robustness of Newton’s method, we combine it with a bisection

search. Specifically, if the updated value of A falls outside the possible range

)L[+/\“

> instead.

[A1, Ay], we throw away the Newton update and use the midpoint

Note that one special case happens when the directional derivative is zero,
which in turn will cause the next Newton step to be ill-defined. By Lemma A.3.3,
this special case only happens when the value of g(A¥) is negative. To avoid this
case, if g’(/\k,' —-1)=0and g(Ak) < 0, we increase the value of A until the projection
[Ty (x — Afc) reaches a new face of V° instead of using a Newton step. When
the projection ITy-(x — A*c) reaches a new face of V°, there exists v; such that

(v, Iy (x — Ac)) = 0 but (v, Iy (x — Akc)) # 0. After some computation, we get the
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update scheme (4.33) (the computational details for the reason behind this update
scheme is similar as in Lemma A.2.2 (a)). Since g is a piecewise affine decreasing

function, Algorithm 3 terminates in finitely many iterations.

Algorithm 2: The proposed algorithm for solving the problem (4.23),
where g3, ..., g; are linearly independent.
Input :The parameters Y,p1,...,p1,91,--.,q; € R", the initializations
w’,v° € R", and the stopping criteria tolerance € > 0.
Output: The minimizer (w",oV) of (4.23).
1 Compute the invertible matrix Q with n rows and n columns, such that its
first | column vectors are the vectors g, ..., g;.
2 for{=1,2,... do
3 | Update w! € R" by

I
R i=1

+1 . ¢ 2 :
w =aremin{||Y -0 —w|| 1 w= ap;,a; >0Vig,
S {” | Z Pur i } (4.30)
= Hcone {p1,...,p1}(Y - v’f)-

By convention, if I = 0, then we define w*l = 0.
4 | Update v"*! € R" by

J J
ol = argmin{”Y— wil — v”2 T = Zb]-qj, bj > OVj,Z bj = 1},

velR" ]:1 ]:1

= argmin{HY — 't — ZJH2 :v€cone{qy,...,q),((Q")1,0) = 1}.
velR”
(4.31)

By convention, if | = 0, then we define o1 = 0. Otherwise, compute

v"*1 by solving (4.31) using Algorithm 3, whose inputs are N = |,
z=Y-w"* c=(Q*"N 1, andv;=g;forj=1,...,].

5 | if ||w’ — w™P? < eand |0 — v*Y? < € then return (wN, vN) = (W™, v™*);
6 end

4.2.2.2 The second case

In the second case, we assume the vectors gy, ..., q; are linearly dependent, and

we solve (4.23) using Algorithm 4. Since the vectors g3, ..., q; are dependent, we
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Algorithm 3: The proposed algorithm for solving the problem (4.25).

Input :The parameters vy,...,vy,c,z € R". The initial Lagrange
multiplier A° € R.

Output: The minimizer ¢ of the problem (4.25).

Set the lower bound A; = —co0 and the upper bound A, = +oo;

fork=1,2,... do

3 | Compute the projection z* by

N

7" = Ty(z — A*¢) = Meone oy,...on) (2 = A¥C), (4.32)

and compute the function value g(A¥) = (¢, z) — 1;
4 | if g(A¥) = 0 then return 0 = Z¥;
5 | elseif ¢(A%) <0 then

6 Update the upper bound by A, = min{A,, A¥}. Compute g’(A¥; -1)
using (4.27);
7 if ¢’(AF; —1) = 0 then
8 Compute the updated Lagrange multiplier by
. (vj,z = Afc = 2F)
A=A —min{ - cje{l,... ]}
{ (v}, HW(Ak)(C)> ] J
S.t. <'U]', HW(/\k)(C)> > 0},
(4.33)
where W(AF) is the set defined in (4.28).
9 else
10 Compute the updated Lagrange multiplier by
sk |84
- |- 4.34
T 39
11 end
12 else
13 Update the lower bound by A; = max{A;, A}, and compute ¢’(A*; 1)
using (4.27). Compute the updated Lagrange multiplier by
. §(\")
A=AF : 435
Mz )
14 end

15 | If A €[A, A set AF*1 = A; Otherwise, set A" = 1(A; + A,);
16 end
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cannot apply the change of variable Q in the first case to eliminate the variables
by, ..., by in the subproblem for v. Instead of splitting the original problem (4.23)
into two subproblemes, in this case, we split it into several subproblems, including
one subproblem involving w and multiple subproblems involving v. More specif-
ically, we divide the set {q;, ..., g;} into several subsets {g;: j € J,u}, m =1,..., M,
where no two subsets intersect, the union of all subsets recovers the original set
{q91,...,q;}, and each subset {g;: j € J,} is linearly independent. Then, we apply a
change of variable (analogous to the change of variable Q in the first case) to each

subset as follows.

Let Q,, be the change of variable matrix corresponding to the m-th subset, i.e.,
Q,, is an invertible matrix with n rows and n columns, such that its first J,,, column
vectors are {g;: j € [} (Where such a matrix Q,, exists because the set {g;: j € J}
is linearly independent). Let v, = }.;cq, bjq;. Then, using similar computations
as in the first case, the constraints v = ZLl big;, b; > 0Yj, and Z§=1 bj = 1 are

equivalent to

M M
= Z Um,  Ow € cone {gj: j € Tpl¥m, 1= Z<(Q;,})T1, On)- (4.36)
m=1

m=1

Thus, the optimization problem (4.23) is equivalent to

M
min {||1/—vo||2 S0 = W+ Z U, W € W0, € Cyp
w,00, ..., ER? "

m=

N (4.37)
Ve (1,..., M), Y Q)1 0,) = 1},
m=1

where we introduce a new variable vy = w + fozl v, and we set W to be the poly-

hedral cone generated by {p, ..., pr} and C,, to be the polyhedral cone generated
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by {q;: j € Ju}, ie.,, we define W and C,, by

W =cone {py,...,pr}, Cn=conelgj:jeJn} Ym=1,..., M. (4.38)

Now, we apply an ADMM scheme to solve (4.37). ADMM is an iterative
algorithm, where each iteration consists of two steps: first, we update the primal
variables, and second, we update the dual variables. In our case, these two steps

are detailed as follows.

In the first step, we fix the dual variables ¥’ € R" and A’ € R and update the

primal variables w, vy, . .., vsm by solving the following minimization problem:

min  L(w,vy,...,0Mm, yf, A, (4.39)

w,0p, ..., ER?

where the function £ is defined by

M
1
L@,00,., 0w, 4, D) =5Y =00l + Y T, 00) + w(a)

m=1

M
P y+vo—w—va

+ i
2
m=1

2 M 2
p _
+ E [/\ + ;((le)Tll Um> - 1) 7
(4:40)

where p > 0 is a positive parameter and y € R” and A € IR are the dual variables

corresponding to the constraints vy = w + ZM v, and Zﬁf:l((Q,;l)Tl, Uy = 1,

m=1
respectively. To solve (4.39), we use a splitting method to update the variables
Vo, W, V1, . .., VM One-by-one. Since the objective function £ is quadratic in vy, the

minimizer of vy — L(w?, vy, vt ..., 0, vy, AY) has an analytical form given explicitl
1 y y g p y

<7 Oppr

by (4.46). For fixed vy = Z)g“, v = vf, e, OM = Ui/v the minimizer of £ with respect

to w is the projection of y* + v — Y/, ¢, onto the set W, which can be computed
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using any algorithm for computing the projection onto a polyhedral cone. Finally,

¢
j

{+1

foreachm =1,...,M and fixed vy = (O

,w=w" v = Uf“ for j<m,and vj = v
for j > m, computing the minimizer of £ with respect to v,, requires us to solve

the following optimization problem:

2

M
4 +1 {+1 f+1 4
y+7)0 —w — Z)i — E vi—vm
=m+

min
m€CH

m-1 M 2
- [Af £ U@ LU + Y QT o) + Qi) v) - 1] }
i=1

i=m+1

(4.41)

We solve this optimization problem as follows. Define ¢, u € R", and a € R by

c=(Q)'L
w=y + ol - Z A Z ol (4.42)
i<m >m
=AY Q)00 + ) Q)00 - 1.
i<m >m

Then, the problem (4.41) is equivalent to

min {|lu = v, + (@ + (¢, 0))?}
o€ (4.43)
= min {(vm + (I + cch) N ac—u)'(I + cch) (@ + (I + cc’) Hac - u))} .

U €Ch

We apply the change of variable ¢ = Ev,,, where the matrix E is defined by
E= VI+ccT, (4.44)

to get that the minimization problem in (4.43) is equivalent to solving the following

problem:

min{“ﬁ —E ' u- ozc)”2 ‘E'5e Cm};

PeR"?
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thatis, itis equivalent to computing the projection of E™!(1—ac) onto the polyhedral
cone C,, defined by

Cy = EC,, = cone {Eq: j € T} (4.45)

Thus, the minimizer 7,, can be computed using any algorithm for computing the

projection onto a polyhedral cone, and we recover v/,! using (4.48).

Finally, after updating all of the primal variables, the second step of ADMM
updates the dual variables y and A by (4.49).

4.3 Comparison to existing optimization methods

In this section, we compare the performance of Algorithm 1 with that of the
interior-point method [74], which is a classical approach for solving constrained
optimization problems. Specifically, we compare a simple MATLAB implemen-
tation of Algorithm 1 with the interior-point method, as implemented by MAT-
LAB’s built-in function quadprog. We note that the original optimization problem
(4.3) cannot be solved directly using the interior-point method. Thus, to use the

interior-point method, we propose the following reformulation of (4.3):

T

min F(x) = min {lllx—y||2+s}: min 1 O +< * , 7/> +1||7/||2,
xeR™ . 2 N 21s) lo of{s s| |1 2
eC’ cC’
S S

(4.50)



Algorithm 4: The proposed algorithm for solving the problem (4.23),
where ¢, ..., g are linearly dependent.

[y

N

W

10

Input :The parameters Y,p1,...,p,q1,...,4; € R" and p € R, the

initializations w®, °, ), 2),...,1%, € R", and A° € R, and the
stopping criteria tolerance € > 0.

Output: The minimizer (w",o") of (4.23).

Compute J3,..., Im (Where M > 1), which is a partition of the index set
{1,....,} (e, TiNT;#0and UV J; ={1,...,]}), such that {g;: j € T}
are linearly independent for eachm =1, ..., M.

Compute the invertible matrices Qy, ..., Qum with n rows and n columns,
such that the first J;, column vectors of Q, is {g;: j € S}

for{=1,2,... do

Update 95! € R" by

M
Y P
(+1 4 14 ¢
U =7 51 p(y w E vl]. (4.46)

M
w€+1 = 1_Icone {p1,---p1} (yf + Ug+1 - Z Uzc] . (447)

By convention, if I = 0, then we define w’*! = (;
Update v € R" form = 1,...,M iteratively by
o =E79, o =T, (E7 (- ac)), (4.48)
where u,c € R”, and a € R are defined in (4.42), the matrix E is defined

by (4.44), and the polyhedral convex cone C,, is defined in (4.45);
Update y“*1, A1 € R" by

M M
y£’+1 — y€+vg+1_wt’+l_2 ,051+1, A€+l — A€+Z<(Q;11)T1’ U£1+1>—1. (449)
m=1 m=1

{’+1||2

2 <e, Iyt — y™P < e, and

if [’ — w™? < e, maxy=1,.u oy, — v
IAE = A < € then
‘ return (wV,oN) = (w“l,zj\m/[:l vﬁjl).

end

end
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where the constraint set C’ C R"*! is defined by

x x
C .= e R": A <by,

5 5
pr 0 a1
(4.51)
Pm 0 Ay N
where A = € Mysmn1(R), b = e R™™,
g -1 p1
Gm =1 B

We present some numerical results to compare the performance of the two
methods. In each example, we set all the tolerances (corresponding to the inequal-
ities) in Algorithm 1 to 1078. We then pick the tolerances for the interior-point
method such that the average £? error of the two methods are of the same order of
magnitude. Additionally, for each example, we compute the running time as the
average time per call in seconds over 100 runs, the number of iterations as the av-
erage iteration count per call over 100 runs, and the £2 error as the average ¢* error
of the computed minimizer per call over 100 runs. To compute the ¢? errors, we
compute the true minimizer as the numerical minimizer resulting from running
Algorithm 1 with all tolerances set to 10~"° and quadprog with all tolerances set to
1071, We run all of these numerical comparisons on an 8th Gen Intel Laptop Core

15-8250U with a 1.60GHz processor.

We first test the performance of the two methods on computing the minimizer
in (4.3), where the parameters of the problem are chosen randomly. Specifically,

in (4.3), we let y be a random vector in [0,25] x [-25,25]""!, C be a random
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cone (where the support vectors p; are random vectors in [0,1] X [-1,1]"" and
a;=0,i=1,...,2n), and ¢ be a random function (where q; are random vectors in
[-2.5,2.5]" and §; are random scalars in [-1,1], j = 1,...,2n). We note that we pick
the first elements of y and each p; to be positive in order to lower the probability
that y is in the set C. We also initialize Algorithm 1 with a random vector x; in

—5-,5-]"N C. For this example, we use the following tolerances for quadprog: for
n = 8, we use a function tolerance of 107!*> and a step tolerance of 107, and for
n =16, we use a function tolerance of 107'* and a step tolerance of 107%. In Table
4.1, we see that for n = 8,16, both methods achieve average ¢ errors on the order
of 1072 in similar running times (between 2 X 10~ and 2 x 102 seconds per call on
average), although Algorithm 1 has slightly slower average running time than the
interior-point method in 16 dimensions (approximately 2 X 107 seconds versus

4 x 1073 seconds, respectively). Thus, we see that both methods have comparable

performance in this example even in high dimensions.

n Algorithm Running Time (s) Number of Iterations ¢ Error

8 Algorithm 1 7.0770e-03 7.72 2.1926e-12
Interior-Point Method 2.4851e-03 9.51 2.0896e-12

16 Algorithm 1 1.5590e-02 15.49 4.0208e-12
Interior-Point Method 4.1559e-03 12.06 1.0172e-12

Table 4.1: Computational results comparing the performance of Algorithm 1 and
the interior-point method in computing the minimizer of (4.3) with random y, C,
and ¢ and for different dimensions n. The running times, iteration counts, and 2
errors of the computed minimizer correspond to their average values per call over
100 runs.

Next, we test the performance of the two methods on a more structured prob-
lem. Specifically, in (4.3), we let y be a random vector in [0,25] X [-25,25]""!, C be
the ¢! unit ball, and ¢ be the ¢~ norm. Note that in this example, the number of
support vectors for the set C scales exponentially with the dimension n (m = 2").
We initialize Algorithm 1 randomly as in the previous example. Additionally, we

use the following tolerances for quadprog: we use a function tolerance of 107
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and a step tolerance of 1078. In Table 4.2, we see that when n = 8, on average,
Algorithm 1 achieves £2 errors on the order of 107" in less than 2.5 x 10~ seconds,
whereas the interior-point method requires approximately 3.9 x 107! seconds on
average to achieve similar ¢? errors. When n = 16, the interior-point method
runs out of memory and thus is unable to compute a minimizer for this case.
However, Algorithm 1 does not suffer from the same memory issues in this case
and is able to compute the minimizer in 7.6 x 1072 seconds on average. Thus,
in this more structured example, we see that Algorithm 1 has faster run times
than the interior-point method and does not have memory issues, whereas the

interior-point method does, when the dimension 7 is high.

n Algorithm Running Time (s) Number of Iterations  ¢> Error

8 Algorithm 1 2.4512e-03 9.73 7.3964e-15
Interior-Point Method 3.9079e-01 13.54 1.9915e-15

16 Algorithm 1 7.6073e-02 18.24 2.3438e-14
Interior-Point Method n/a n/a n/a

Table 4.2: Computational results comparing the performance of Algorithm 1 and
the interior-point method in computing the minimizer of (4.3) with C = {x € R" :
lIxll <1}, @ = - [lo, and random y for different dimensions n. The running times,
iteration counts, and ¢? errors of the computed minimizers correspond to their
average values per call over 100 runs. When n = 16, the interior-point method
runs out of memory and thus is unable to compute a minimizer.

4.4 Numerical applications to multi-time H] PDEs and

certain linear optimal control problems

In this section, we demonstrate how our algorithms can be used in different appli-
cations. We focus on optimal control problems and Hamilton—Jacobi PDEs. Opti-
mal control problems are an important class of optimization problems with many

applications, including robot manipulator control [68, 53, 57, 35, 17], humanoid
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robot control [31, 34, 61, 37, 33, 27], and trajectory planning [18, 85, 46, 26, 79, 67].
One widely used setup is when the dynamical system is a linear ODE. Under this
setup, with time discretization, the original problem may be converted to a multi-
time HJ PDE (see [25, 59, 69]). Therefore, we show the possible applications of our
proposed algorithm for solving certain multi-time HJ PDEs (see Section 4.4.1) and

certain optimal control problems with linear dynamics (see Section 4.4.2).

Forboth applications, we apply an ADMM scheme [43] to solve the correspond-
ing problem, and we use Algorithm 1 as a building block in ADMM. ADMM is an

iterative method for solving optimization problems of the following form:

min f(x) + g(x), (4.52)

where f and g are convex functions with numerically computable proximal points.

The k-th iteration of the ADMM scheme reads:

pt = argmin{£(p) + Slp - g° + 1P},

peR”
qk“ = arg min {g(q) + gllp'“rl —q+ yk||2} , (4.53)
qEIRH

k+1

yk+1 — yk +Pk+1 — g,

where p is a positive parameter. If either f or g is a convex polyhedral function
whose domain is a polyhedral set, then computing the corresponding iterate (p**!
or ¢!, respectively) is equivalent to solving an optimization problem of the form

(4.3) and hence, can be computed using Algorithm 1.
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4.4.1 Application to multi-time Hamilton-Jacobi PDEs

In this section, we consider certain multi-time Hamilton-Jacobi PDEs of the form

8V(x, tl, ..
ot

St
N) +H1(va(x,t1,...,tN)) =0 xe€ ]Rn,tl,"' ,in >0,

8V(x, t,..., tN)
o1,

+H]-(VxV(x,t1,...,tN))=O xe]R”,tl,---,tN>0,
(4.54)

8V(x, t1, ey tN)
dtn

V(x,0,---,0) = J(x) x € R",

+HN(VxV(X,t1,...,tN)) =0 XE]R”,tl,"' ,in >0,

where the Hamiltonians Hy, ..., Hy : R" — R and the initial condition | : R* — R

are convex functions. The corresponding optimal control problem reads

N Z;'=1 i N
min {Z Lil ) H;(y'(t))dt + J(y(0)): y[Z tj] = x}. (4.55)
i=1 j=1tj j=1

The optimal control in the optimal control problem (4.55) can be recovered from the
spatial gradient V,V(x, t) of the viscosity solution V to the HJ PDE (4.54) (see [7],
for instance). Under certain assumptions, the solution of (4.54) is given by the

generalized Hopf formula [69]:

N
V(x/ f,0.0, tN) = Ig;%z< {(p/ x> - ]*(p) - Zl tlHl(p)} ’
= (4.56)

N
= - rprelg{—@, x)+J(p) + Z; tz’Hi(P)}/

where | is the Fenchel-Legendre transform of the initial condition J. We assume

the objective function in the minimization problem in (4.56) can be written as f +g,
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where f,¢ : R" — R are two functions whose proximal points are numerically
computable. Then, we apply an ADMM scheme (4.53) to solve the optimization
problem in (4.56).

There are many cases for which (4.56) can be solved using the ADMM algorithm
in (4.53). We will describe one such case and illustrate how ADMM and Algorithm

1 can be applied to solve (4.56). Assume the initial condition | is defined by
: 1. 5 ;
@) = inf (Sl + v —ulh| VxR (4.57)
ueR" | 2

Then, its Fenchel-Legendre transform is J*(x) = %lell2 + Ip(x) (see [45, Chapter
X.2] for the computation of Fenchel-Legendre transform), where Iz denotes the
indicator function of the unit {.-ball B, = {x € R": ||x|lo < 1}. Assume the

Hamiltonian H; is the {,,-norm, which can be expressed in the form of (4.2). Also

assume that the remaining Hamiltonians are in the form of

Hi(p) = llplle, = \/(p, Epy VpeR", (4.58)

forany j = 2,...,N, where each E; is a positive definite symmetric matrix with n

rows and n columns. In this case, we set

F®) = W) + T'(0) = hilllle + S1P1P + T, 9),

N N
3(p) = Y tHAp) = (p,x) = ) ti\p, Eip) — (p, ).
=2 =2

(4.59)
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The minimizer p**! in (4.53) is given by

. 1
Pt = argmin {hilpll. + Enpnﬁ + 2l — ¢ + 1P}

P€B

k

N[k
v (4.60)

|

Hence, the minimizer p**! can be computed by solving (4.3), where we set C = B,

= arg min < t1||p||e + H
gm {1P p- 1+pw

t _ Pk
_arlfc;ge]r;mn{—lJr lIplle + HP 1+p(q v)

¢(p) = 1+p||;9||oo, and y = 1+p( — ). In other words, in (4.1) and (4.2), we set

m=m=2n,

(Xizl,ﬁi:(), Vizl,...,ZTl,
b,
1+p”

Pji= —Pun+j=€j, 4j = —qn+j =

where ¢; is the j-th standard basis vector in R”, and we can compute p**! using

Algorithm 1. The minimizer ! in (4.53) is given by

g! = arg min {Z ti\/{q, Eiq) — (g, x) + P — g+ ykllz}

geR”
2

arg min {Zt V{9, Eiq) + % } (4.61)
]

k+1

—g+y+

geR”

X
arg min {Z Vg, Eiq) + = Hq - -y ==

geR” P

We apply the algorithm in [20] to compute g**!

Next, we provide a 16-dimensional numerical example using the above set-up

with three Hamiltonians (N = 3), where E; and Ej; are matrices with 16 rows and
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(a) (t,t2,t3) = (0,0,0)

\\ .

.}

6 -4 2 o 2 4 s

(0) (t1, 12, t3) = (0.5,1,0.5) (d) (t1, t2, t3) = (0.5,0.5,1)

Figure 4.1: Evaluation of the value function V(x, t1, 5, t3) in (4.64) at x € [-6,6]* X
{0} and different times t,, t,, and t3. Plots for (t;, t, t3) = (0,0, 0) (initial condition),
(1,0.5,0.5), (0.5,1,0.5), and (0.5,0.5,1) are depicted in (A)-(D), respectively. Level
lines are superimposed on the plots. The two axes in each figure correspond to
the first and second components of the spatial variable x € R'®.



16 columns satisfying

E, O O E; O O
o £ O O L O
E2 = Y] E3 — 7
O O ... E O O ... E
with E, and E; defined by
- 1.001 -0.999 . 1.001 0.999
E2 = , E3 = .
-0.999 1.001 0.999 1.001

Thus, the corresponding multi-time HJ PDE is given by

aV X,t /t It

% + ”va(x; tl/ t2/ t3)||oo = 0 X e Rn’ tl' tz' t3 > 0,
1

AV (x,ty, ty, t

% + ||va(x/ tl/ tZI t3)||E2 =0 xe Rn’ tl’t2’ t3 > 0,
2

AV (x,ty,ty, t

% VAV bt o)l =0 x € R b by, 1> 0,
3

1
V(x,0,0,0) = inf {—||u||2 Fl— u||1} x€R".
uelR” 2
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(4.62)

(4.63)

(4.64)

Two-dimensional slices of the numerical solution V at times (t,,,t3) = (0,0,0),

(1,0.5,0.5), (0.5,1,0.5), and (0.5,0.5,1) are shown in Figures 4.1 (A)-(D), respec-

tively. In each figure, we show the contour plot of the two-dimensional function

(x1,x2) = V(x1,x2,0,t, 5, t3) at the corresponding time (t;, ¢, £3). From this nu-

merical experiment, we demonstrate our proposed Algorithm 1’s ability to solve

high-dimensional multi-time HJ PDEs.
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4.4.2 Application to optimal control problems with linear dynam-

ics

In this section, we consider certain optimal control problems with linear dynamics

(see [25, 59]), which read as follows:

V(z,t) = min {ftL(u(s))ds + J(z(0)): z(t) = z,2'(s) = Az(s) + B(s)u(s) Vs € [0, t]} ,
0 (4.65)
where the running cost L : R" — R U {+o0} is a proper, lower semicontinuous,
convex, 1-coercive function, the initial cost | : R" — R is convex, and A, B(s) for

all s € [0, t] are n X n matrices with real entries. The corresponding HJ PDE reads

WVCD | (42, 9.V, ) + LBOTVVE ) =0 zeRYE>0,
o (4.66)

V(z,0) = J(z) z e R".

After the change of variable x(s) = e™z(s), the optimal control problem becomes

V(x,t) = min { f L(u(s))ds + J(x(0)): x(t) = x, x'(s) = e *B(s)u(s) Vs € [0, t]} ,
0
(4.67)

where the terminal condition is x = e™4z. Then, the corresponding HJ PDE reads

VD V) =0 xR >0,
ot (4.68)

V(x,0) = J(x) x € R,

with Hamiltonian H : [0, c0) X R" — R defined by

H(s,p) = sup {<€_ASB(S)u,p> — L(u)} =L (BT(s)e_ATSp) VpeR"s>0. (4.69)

uelR”
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Under certain assumptions, the solution of the corresponding HJ PDE is given by

the generalized Hopf formula (see [64, Section 5.3.2] ):

V(z,t) = V(e 'z, t) = sup {(e‘Atz, p) — f L (BT(s)e_ATsp) ds — ]*(p)}. (4.70)
0

peR?

After discretization in time, the solution is approximated by the following multi-

time Hopf formula:

N
sup {(e—AfZ’ p> — Z ZU]L* (BT(t]')e_Athp) _ ]*(p)} —— I;;]g}{f(p) + g(p)}, (471)

PER” j=1

where {w;} and {t;} are the weights and quadrature points of any quadrature rule
approximating the integration over [0, t]. If we write the objective function in (4.71)
in the form of f + g, where f, g: R" — IRU {+00} are convex lower semi-continuous
functions whose proximal points are numerically computable, then we can solve
(4.71) using the ADMM scheme (4.53). The optimal control i(s) in the two optimal

control problems (4.65) and (4.67) can be computed by
fi(s) = VL' (B"(s)e ™" "*p), (4.72)

where p is the numerical optimizer in (4.71) resulting from ADMM. Finally, the
optimal trajectory Z(s) in the original problem (4.65) can be computed by solving

the following ODE:

Z(s) = Az(s) + B(s)VL" (B"(s)e™"*p) (4.73)

Now, we describe an example of one such optimal control problem and demon-

strate how the ADMM scheme (4.53) and Algorithm 1 can be applied to solve this
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problem. Consider the case where the initial condition | is defined by
J(x) = infllx —ull x€R, (4.74)
uebq

where B; denotes the unit £;-ball B; = {x € R": [|x|; < 1} and the running cost L is
the indicator of the ellipsoid & = {p € R": (p, E"'p) < 1}, where E is a symmetric
positive definite matrix with n rows and n columns. Then, we have (see [45,

Chapter X.2] for the computation of the Fenchel-Legendre transforms)

J'(p) = Is.(p) + IPlle, L'(p) = \{p,Ep) VYpeR", (4.75)

where B, denotes the unit {.-ball in IR". In this case, we solve (4.71) by applying
ADMM (4.53) with f(p) = J*(p) and g(p) = ZL w]-L*(BT(t]-)e‘Athp)—(e‘Atz,p>. Then,

the first line in (4.53) becomes

e : 1 1
p*! = argmin {] () + gnp —q+ y"nz} = argmin {—Ilplloo +3lp ="+ y"llz},
peRn peR”: [|plle<1 P
(4.76)
which is in the form of (4.3), where we set y = g* — ¥, C = B, and ¢(p) = %Ilplloo.

In other words, the parameters in (4.1) and (4.2) are defined by

m=1m=2n,

aizl,ﬁi:O, Vi:1,...,2n,
6]' .
P = ~Puei = € ) = e = Vi=1,...,n,

where e; is the j-th standard basis vector in IR". With these parameters, we compute
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1 using Algorithm 1. The second line in (4.53) becomes

p

N
+ . * _ATt. - p +
g*' = argmin {Z wjiL (BT(tj)e A t/q) — ez, q) + EHPk g+ y"ll2},

qER” j=1

—At

p

e 'z

N 2

= arg min{ S i, e BEBT () ) + Hq —p -y - } -
geR" =1 p

(4.77)

We assume the matrix B(s) is invertible for any s € [0, T]. Then the optimization
problem in (4.77) can be solved using the algorithm proposed in [20]. In our imple-
mentation, we apply the trapezoidal rule with a uniform grid as our quadrature

rule, i.e., we set At = W, = wy = %, w; = At forany i = 2,...,N -1, and

_t_
N-1’

ti=(j—-1)Atforanyj=1,...,N.

Next, we present a 16-dimensional example of the problem described above,

where the matrices A, B(s), E € Mi416(R) are defined by

A O ... O E O .. O
O A ... O O E ... O

A= . . K B(S):Ilél E = . . K (478)
OO0 .. A O O ... E

where [15 denotes the identity matrix in M4 16(IR) and A and E are matrices defined

by

(1 1] _ (00125 0.024
A= , E= . (4.79)
02 0.024 0.2501

We compute the function value V(z,t) in (4.65) at different times t and spatial
points z = (z1,2,0) for z;,z, € [-100,100]. The solution at t = 0.25, 0.5, 1.0, 1.5 is

shown in Figures 4.2 (A)-(D), respectively. Moreover, given a terminal point x and
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8

a1

-100 -50 0 50 100 -100 -50 0 50 100

(a) t = 0.25 (b)t=05

©t=1.0 (d)t=15

Figure 4.2: Evaluation of the value function V(z, t) in (4.65) with matrices A, B(s), E
defined in (4.78) and initial condition | defined in (4.74) and for z € [-100, 100]? x
{0}* and different times t. Plots for + = 0.25, 0.5, 1.0, and 1.5 are depicted in
(A)-(D), respectively. Level lines are superimposed on the plots. The two axes in
each figure correspond to the first and second components of the spatial variable
z € R,
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Figure 4.3: The graphs for the optimal controls (left) and optimal trajectories (right)
for the 16-dimensional optimal control problem (4.65) with matrices A, B(s), E
defined in (4.78) and initial condition | defined in (4.74) and for t = 1.5 and z =
(z1,22,0) € R'®, where z; = z, € [-100,100]. The first and second components of the
optimal controls are plotted in (A) and (C), respectively, and the first and second
components of the optimal trajectories are plotted in (B) and (D), respectively.
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time horizon ¢, we compute the optimal control and optimal trajectory using (4.72)
and (4.73). For this example, equation (4.72) becomes
EB"(s)e™"sp EeA"sp

= - , (4.80)
\/<BT(S)3_ATSI§, EBT(S)e_ATSﬁ> \/<6—AT515’ EE_ATS;?)

and equation (4.73) becomes

Ee4'sp

‘(5)= A
Z'(s) = Az(s) + Ny

(4.81)

In Figure 4.3, we plot the optimal controls and optimal trajectories for a fixed time
horizon t = 1.5 and several terminal conditions (z;,2,,0) € R'®, where z; = z, €
[-100,100]. The graphs of the first and second components of the optimal controls
are plotted in Figures 4.3 (A) and (C), respectively, and the graphs of the first and
second components of the optimal trajectories are plotted in Figures 4.3 (B) and
(D), respectively. In each figure, the x-axis corresponds to the time variable s, and
the y-axis corresponds to the value of u(s) in (4.80) or z(s) in (4.81). Additionally,
the different colors correspond to the different terminal conditions (z1, z, 0). From
this example, we observe that our proposed Algorithm 1 can be used to solve

certain high-dimensional optimal control problems with linear dynamics.

4.5 Summary

In this chapter, we proposed an algorithm for computing the proximal point of
convex polyhedral function. We show that our algorithm has comparable or faster

computational runtime than the interior-point method.

We present multi-time Hamilton Jacobi PDEs with the Hamiltonian H; is the .-
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norm, which can be expressed in the form of (4.2) and the remaining Hamiltonians
are in the form of matrix norm. The later part of the Hamiltonians can be computed
by using the algorithm in Chapter 1 and the {,,-norm part can be computed by the
algorithm we proposed in this Chapter. The purpose of this combination is that
we can handle more general applications by combining the methods have been
developed. For the next step, we will try to handle more general Hamiltonians by

combining other numerical methods.



CHAPTER FIvE

Conclusion
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In this thesis we have considered certain classes of (multi-time) Hamilton-Jacobi
partial differential equations that arise from optimal control problems. We have
proposed several efficient numerical optimization-based algorithm to efficiently
compute solutions to the H] PDEs in high dimensions. Specifically, in chapter 2, we
have proposed a novel algorithm for computing the projection on the Minkowski
sum of full ellipsoids. We have leveraged this algorithm to efficiently compute
solution to optimal control problems with linear dynamics when the running cost
is the characteristic function of a full ellipsoid and the terminal cost is quadratic.
In chapter 3, we have proposed several algorithms to compute solutions to certain
optimal control that involve degenerate ellipsoids. In chapter 4, we have proposed
anovel algorithm for computing the proximal point of a polyhedral function. This
algorithm has been used to solve optimal control considered in chapter 2 but with

more general terminal costs.

There are several possible future works. First, algorithms described in chap-
ter 3 should be implemented as numerical experiments should be performed to
decide which approach performs best. Second, modern applications require com-
puting solutions to these optimal control problems in real-time, e.g., for collision
avoidance problems. In addition, computations must be performed on low-energy
embedded system such as Field-Programmable Gate Arrays (FPGAs). It would be
of interest to study the feasibility of implementing our proposed methods on FP-
GAs. Finally, the numerical algorithms presented in this thesis could be extended
to cope with more general running and terminal costs that arise from application

in unmanned autonomous vehicles.
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A.1 Mathematical background

In this section, we review several basic definitions and theorems from convex
analysis. All of the results and notation can be found in [44, 45]. We also refer the

readers to [9, 15, 83].

First, a set Cin IR" is convex if ax+(1—-a)y € Cwheneverx,y € Cand a € [0, 1].
The relative interior of C, denoted as ri C, is the interior of C with respect to the
minimal hyperplane containing C in R". A point x € C is an extreme point of C if
there are no two points x1, x, € C, such that x; # x; and x = ’%ﬂ A face F of C is
a nonempty, convex set F C C, such that if x, y € C and ax + (1 — a)y € F for some
a € (0,1), then the segment {fx + (1 — f)y: p € [0,1]} C F. The convex hull of a set

C, denoted by conv C, consists of all the convex combinations of the elements of

C, i.e., conv Cis defined by

convC:{Zaixi: melN,aiZO,xiGCVizl,...,m,Zai:1}.

i=1 i=1

If C ¢ R" is a nonempty closed convex set, then we define the projection

operator I1c: R" — C by
(1 )
Te(x) = argmm{EHy _xPiye c}, (A1)

where || - || denotes the Euclidean norm on R”. We note that under the above
assumptions on C, the minimizer in the definition of Il (x) exists and is unique. The

following proposition provides some characterizations of the projection operator.

Proposition A.1.1. [44, Theorem 111.3.1.1, Proposition 111.3.2.3] Let C be a closed convex

set in R". Let x be a vector in R". Then, ¥ = Ilc(x) holds if and only if X is a point in C
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satisfying (x — X, u — X) < 0 for any u € C, where we use the angle bracket (-, -) to denote
the inner product operator in any Euclidean space R". Moreover, if C is a closed convex
cone, then ¥ = Ilc(x) holds if and only if X is a point in C satisfying (x — %,X) = 0 and

(x—=x,u) <0 foranyu € C.

A convex set K is a convex cone if x € K implies that ax € K for all scalars o > 0.
In particular, the polyhedral cone generated by the vectors {vy,v,, ..., v CR”, de-
noted by cone {v1, vy, ..., v}, is the set of all conical combinations of {v1, vy, ..., );

that is,

k
cone {v1,Vy, ..., 0} = {Z a;v; s a; >0,V = 1,...,k}. (A.2)

i=1

The polar cone K° of a convex cone K is defined by
K°={yeR":(y,x) <0,Vx € K}. (A.3)

In particular, if K = cone {v1, vy, ..., 0}, thenK° = {y € R" : (y,v;) <0,Vi=1,...,k}.
The projections onto a closed convex cone K and its polar cone K° can be related

by the following proposition, also known as Moreau’s identity.

Proposition A.1.2. [44, Theorem I11.3.2.5] (Moreau’s Identity) Let K be a closed convex

cone and x € R". Then, we have
x = Tg(x) + ke (x).

Moreover, there holds {TTg(x), IIg-(x)) = 0.

For any convex set C, the tangent cone of C at x € C, denoted by Tc(x), is
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characterized by

X — X

—d.
(A.4)

d € Tc(x) if and only if A{xi} C C, {tx} C R, such that xy — x,# | 0,

For any convex set C, the normal cone of C at x € C, denoted by N¢(x), can be

characterized by

g € Nc(x) if and only if (g, y —x) < O forany y € C. (A.5)

A function f : R" — R U {+o0} is said to be convex if for any a € (0,1) and any
x,y € R",
flax+ (1 -a)y) < af(x) + (1 - a)f(y).

A function f : R" — R U {+o0} is strictly convex if the above inequality is strict for
all x # y € R". A function f : R" — R is 1-coercive if it is characterized by the

following:

lim f o)

AT = +oo for any {x;} C R" such that I}im ||xk|| = +o00.
—00 k —00

The function f is called proper if it is not identically equal to +c0. The domain of
f, denoted by dom f£, is defined to be the set where f does not take the value +co.
A proper function f: R" — R U {+o0} is called lower semi-continuous if for every

sequence {x;};-; C R" with limy_,., x¢ = x € R", we have lim infi_,, f(xx) = f(x).

We denote I'y(IR") to be the set of proper, convex, and lower semi-continuous

functions from R" to RU{+oco}. A vectorp € R"is called a subgradient of f € I'j(IR")
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at x € R” if it satisfies

fy) = f)+<py-x), YyeR" (A.6)

The collection of all such subgradients is called the subdifferential of f atx, denoted

as df(x).

As a simple example, for any convex set C, define the indicator function I¢ by

0, x €C,
Ic(x) := (A.7)

+o00, x¢C.

Then, the subdifferential of the indicator function is given by

alc(X) = Nc(X). (AS)

It is easy to check that 0 € df(x) if and only if x is a minimizer of f. As a
result, one can check whether x is a minimizer of a function by computing its
subdifferential. The subdifferential operator is a (maximal) monotone operator.

To be specific,

(p—q,x—y)=0foranyp € df(x) and g € df(y). (A9)

Moreover, in most cases, the subdifferential operator commutes with summation.

Proposition A.1.3. [45, Corollary X1.3.1.2] Let f,g € T'o(IR"). Assume ridom f N
ridom g # 0. Then J(f + g)(x) = df(x) + dg(x) for any x € dom f N dom g.

Subdifferential operators also have some continuity properties.
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Proposition A.1.4. [45, Proposition X1.4.1.1] Let f be a function in T'o(IR"). Let {x,}
be a sequence in dom f converging to a point x € R", and let {p,} be a sequence in R"

converging top € R" and satisfying p, € df(x,) forany n € N. Then, we have p € df(x).

For any f € I'/(IR") and x € dom f, the directional derivative at x along any

direction d, denoted as f'(x; d), is well-defined in R U {+co} and is given by

fd) = ing D10

f t (A.10)

When f is differentiable at x, f'(x;-) = (Vf(x),-) is a linear function. In general,
when f is not differentiable, f'(x; -) is only sublinear, in which case we can consider
the linear functions dominated by it. Each normal vector of such linear functions

gives a subgradient of f at x.

Proposition A.1.5. [45, Example X.2.4.3] Let f € T')(R") and x € dom f such that
df(x) is nonempty, then we have (f'(x;-))" = lyfw). Moreover, if f is finite-valued or an
indicator function of a convex closed polyhedral set, then f'(x,-) is a function in I'y(IR"),

and hence we have f'(x;d) = I, f(x)(d) for any x € dom f and d € R".

If f € I'\(IR"), then its Fenchel-Legendre transform f* : R" — R U {+o0} is
defined by

£7(s) = sup{(s, x) — f(x)}. (A.11)

xelR"

We note that for any f € I')(IR"), we have f* € I'\(R") and (f*)* = f.
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A.2 Some technical lemmas for Section 4.2

In this section, we prove some lemmas that are used to prove the main results in
Section 4.2. In each lemma, we consider the set C defined in (4.1) and the function
@ defined in (4.2). We assume that x¥, d*,y, and At* are the vectors and scalars
defined in Algorithm 1 before the algorithm has terminated (i.e., when d* is not

Zero).

Lemma A.2.1. Let x* € C and d* # 0. Then, we have

(1) S(x) N S+(dk) = 0.
(b) 5(x*) N &*(d") = 0.

(c) AtF> 0.

Proof. To prove the conclusion, it suffices to show

kpy<a; YieSH(d) (A.12)

and

(xk, q;) — () < Bi Vije SH(d"). (A.13)

First, we show (A.12) by contrapositive. Assume there exists [ € S*(d¥) satisfying

(xX,p1) > a;. Then, by definition of C, we have
<ku pr) = aj. (A.14)

Define the function F by (4.4). By definition of d*, there holds —d* = T3z, (0),
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which, by Proposition A.1.1, implies —d* € JF(x*) and
(d,y+dy <0 YyedF(x"). (A.15)

By (A.14) and the definition of S(x) in (4.12), we obtain I € S(x*), and hence

pr € dlc(x*) by (4.11). For any z € R", we have

(=d* +pr,z — Xy + F(x*) = (=d", z = x*y + F(5) + (pr, z — &) + Ic(6h)
< F(Z) + Ic(Z)

= F(2),

where the inequality holds since we have —d* € dF(x;) and p; € dlc(x"). Thus, by
definition of subdifferential, —d* + p; is a point in dF(x*). Then, choosing y in (A.15)
to be —d* + pr, we get (dr, pry < 0, which contradicts with the assumption that

I € S*(d").

Now, we show (A.13) by contrapositive. Assume there exists | € S*(d") satis-
fying (x*, q;) — p(x*) > B;. By definition of ¢, we have (x*,q;) — p(x*) = B;, which
implies | € 5(x) by (4.14). According to (4.13), we obtain q; € dp(x*). As a result,
by Proposition A.1.5, there holds

o' (x*;d = sup (q,d) > {(q;,d"),
g€ (k)

which contradicts with the assumption | € 5*(d¥). [

Lemma A.2.2. Let x* € Cand d* # 0. Then, the following statements hold.

(a) If x = x* + td* for some t € (0, At"), we have x € C and dlc(x) C Jlc(x*). More

specifically, there holds dlc(x) = cone {pi: i€ S(x5), (p;, d*y = 0}.
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() If x = x* + td* for some t € (0, Al), we have dp(x) C Ip(x*) and @' (x;d*) =
@’ (x*; d*). More specifically, there holds dp(x) = conv {qj: j €S, ' (x5 dk) =

(3,

(c) If x = x* + td* for some t € (0, At], we have —(d* + x* — ) € dp(x) + ().

Proof. (a) Let x = x* + td* hold for some t € (0, AtY). Then, we have
(pix) = (pi, 2 + Kpi,d*)  Vie{l,... m).

If i € S*(d"), there holds (p;, d*) > 0, which implies
(pi, x) = (pi, Xy + Kpi, d) < (pi, XY + AE(py, d°Y < (pi, ) + a; = (pi, ¥°) = i, (A16)

where the second inequality holds by (4.9). If i ¢ S*(d"), there holds (p;, d*) < 0,
which implies

(pi, x) = (pi, Xy + Kp;, d°) < (pi, ¥*) < i, (A.17)

k

where the last inequality holds since x* is in C. Therefore, {p;, x) < a; holds for

eachi€ {1,...,m}, and hence x is in C.

Now, we compute the subdifferential set dIc(x). By (4.11), it suffices to compute
the index set S(x). We consider the two cases i € S*(d) and i ¢ S*(d*) discussed
above. For any i € S*(d¥), notice that the first inequality in (A.16) is a strict
inequality, which implies that i ¢ S(x). Then, we consider the case when i ¢ S*(d).
By definition, i is in S(x) if and only if both inequalities in (A.17) become equalities.
The first inequality in (A.17) becomes equality if and only if (p;, d*) = 0 holds,

and the second inequality in (A.17) becomes equality if and only if i is in S(x*).
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Therefore, we get

dlc(x) = cone {p;: i € S(x)} = cone {pi: i¢ SH(d"),ie S, (p;,d) = O}

= cone {p;: i € S(x*), (p;, d") = 0} C cone {p;: i € S(x")} = IL(),

where the third equality holds by Lemma A.2.1 (a), and the first and the last
equality holds by (4.11).

(b) Let x = x*+td* hold for some t € (0, At}). We first compute the subdifferential
set dp(x). By (4.13), it suffices to compute the index set S(x). We consider the two
cases of j € §*(d*) and j ¢ S*(d¥). On the one hand, if j € 5*(d) holds, then we

have

(@, %) = Bj = €q;, X = B; + Kq;,d")
= (q;, X" = Bj + to' (o d¥) + t((g;, &) — @’ (; d))
<{q;, %) = B + to’ (5; d¥) + Ats((g;, d¥) — @ (x; d)) (A.18)
<), X = B + L' (5 d) + (B = (9, X") + ("))

= p(x") + to'(x;d%) < p(x),

where the first inequality holds since (g;, d*) — ¢’ (x*; d¥) is positive by definition of
S*(d¥) in (4.7), the second inequality holds by (4.9), and the last inequality holds
by convexity of s > @(x* + sd¥). Since the first inequality is a strict inequality
in (A.18), we conclude that j ¢ S(x). On the other hand, if j ¢ 5*(d*) holds, then

we have (g;,d*) < ¢’(x*; d*), which implies

(q;, )= B; = {q;, XY= B;+Kq;, d°) < (q;, )=+t (5 d%) < (") +t' (x5 d%) < (),
(A.19)

where the second inequality holds by definition of ¢ in (4.2) and the last inequality
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holds by convexity of s = @(x* + sd¥). In this case, j € 5(x) holds if and only if all

three inequalities in (A.19) become equalites. In other words, we have

3(x) = {j (L, 1} j & 5, ¢ (0 d) = (g;,d°),

j € 59, () + t' (x5 d") = (P(x)}' (A.20)

= { j € 5("): @' (o d) = (g, d"), () + ' (¢ d") = (P(x)}/

c 5,

where the second equality holds by Lemma A.2.1 (b). Therefore, we have 5(x) C
S(x*) and dp(x) C dp(xF). Using Proposition A.1.5, we have

@' (x;d") = sup (q,d") < sup (p,d*) = ¢’ (x*;d"), (A.21)
q€9p(x) pedp(x¥)

where the inequality holds by dp(x) C dp(x*). Let g be an arbitrary vector in dp(x)
and p be an arbitrary vector in dp(x¥). Since the subdifferential operator dg is

monotone, by (A.9), we have
0<(g-px-x)=Kg-pd),

which implies (p, d < (q, d). As a result, we apply Proposition A.1.5 again to

conclude that

@' (x;d") = sup (q,d") > sup (p,d*) = ¢’ (*;d"). (A.22)
q€IP(x) pedp(xk)

Combining (A.21) with (A.22), we obtain ¢’(x; d*) = ¢’ (x*; d*). Note that this holds
for any point x* + td* with ¢ € (0, A#%), and hence the function ¢ is affine on the

line segment {x* + sd*: s € [0, At5)}. As a result, we have @(x*) + t¢’(x5; d¥) = p(x),
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and (A.20) becomes 5(x) = { j €S @k d¥) = (g, dk>}. Therefore, we have
dp(x) = conv {qj: j€ §(x)} = conv {qj: jeSEh: o' (K d") = (q;, dk)}.
(c) By (4.5), we have —d* — x* + y = ITy;_ o000 (—X* + 7). Hence, —d* —x* +y

is a point in dIc(x¥) + dp(xF). In other words, there exist p € dlc(x*) and g € dp(x*)

such that p + g = —d* — x* + . By Proposition A.1.5, we have
(¢ + o) (5 d") = @' (5 d") + IL(x5 d") 2 (q,d% + (p,d*) = (p+q,d").  (A23)

Moreover, since p + ¢ is the projection of —x* + y onto JIc(x*) + dp(x*), by Proposi-

tion A.1.1, for any w € Jlc(x*) + dp(x*), we have

0 > (w—(—d —x*+y), - +y—(=d" - +7)) = (w—(~d" ~x*+y),d") = (w—(p+q), d").

(A.24)
Therefore, by Proposition A.1.5 again, we have
(@ + Iy (5 d) = ' (55 d% + I.(xd%) = sup (u,d*)+ sup (v,d),
uedlc(xk) vEIP(xk) (A25)

=  sup (w,d)y<(p+gq,d),

wedlc(xF)+dqp(xk)

where the last inequality follows from (A.24). Comparing (A.23) with (A.25), we
conclude that all inequalities in (A.23) and (A.25) become equalities, and hence

we have

(q,d% = @'(5d"), (p,d =1.(d) =0, (=d"-x'+y,d") = (g+p,d*) = ¢'(x;d"),
(A.26)

where the second equality in the second formula holds because I¢ is zero at x* + td*
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for any t € [0, At]. By (a) and (b), we have g € dp(x) and p € dlc(x), which implies
that —d* — x* + y = p + g € dp(x) + Jl(x) holds. |

Lemma A.2.3. If At* = 1 and x* € C for some k € IN, then we have d*** = 0.

Proof. By Lemma A.2.2 (c), we have —(d* + x* — ) € dp(x**1) + Ilc(x*!). By

straightforward computation, we get
T = yh+ Ao + I () 3 T —y — (@ + 2 —y) = (F + AtFdY) — (@ + x5 =0,

Wthh 1mp11es dk+1 = _H{xk+1—y}+8go(xk+1)+3lc(xk+1)(0) =0. |

Lemma A.2.4. Let x* € Cand d* # 0. Let x = x* + td* hold for some t € (0, At*). Then,

there holds —T1x—y)+ap(x)+a1c0(0) = d* + xF — x.

Proof. Wehave —ITx_y)19p00+1c(x)(0) = —Iopy+o1c ) (—=x+y)—x+). Then, to prove the
statement, it suffices to prove [y a1 (—X+y) = —(@*+x*—y). By Lemma A.2.2(c),
we have —(d* + x* — ) € dp(x) + dI-(x), and hence, by Proposition A.1.1, it remains

to check
(x+y+d"+x -y, y+d+x-9) <0 Vyedpx)+dlc(x). (A.27)
4 V.Y 4 yeop

Let y be an arbitrary point in d@(x) + dlc(x). By Lemma A.2.2 (a)-(b), we have
y € dp(xk) + dlc(x¥), which, by Proposition A.1.1 and (4.5), implies

(= +y+d+x -y, y+d +x-y) <o. (A.28)
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After some computation, we have

(~x+y+d+x -y, y+d +x -y =(1-t)d, y+d*+ x5 -»)
=1 -t +y+d+x -y, y+d+x-y)

<0,

where the inequality holds since we have (A.28) and 1 —t > 1 — At > 0 by (4.8).

Therefore, the inequality (A.27) holds and the conclusion follows. ]

Lemma A.2.5. Let k be an index such that the k-th and (k + 1)-th iteration in Algorithm 1
is well-defined, and d*** # 0 holds. Then, we have d**' # (1 — At*)d*.

Proof. Since d**! # 0 holds, Algorithm 1 does not terminate in the k-th iteration,

and hence d**2 and x**2

are well-defined. By Lemmas A.2.1 and A.2.3, we have
At < 1 and A1 > 0. We prove the statement by contrapositive. Assume the
conclusion is not true, i.e., @1 = (1 — At")d*. Since we have At* < 1, by definition
of A" in (4.8), either At* = At or At* = Atf holds. Now, we consider these two

cases one by one.

Firstly, let Atf = At’l‘ . By definition of At’; in (4.9), there exists i € S*(d*) such

. vk
that Atf = S js true. As a result, for any ¢ € (0, A1), we have
(pid*) 1

a; —pi, X gy = o — (pi, ¥y — (pi, AFAE + 11 — AR
= Ap;, d*y — (A + H1 — AF))p;, d°)

= —#(1 = A)(p;, d*) <0,

where the last inequality holds by definition of S*(d*) in (4.6). Therefore, we

conclude that x**! + td**1 is not in the set C, which contradicts to Lemma A.2.2 (a).
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Then, we consider the case when At* = Att holds. By definition of At in (4.9),

Bi=(q; ") +p(xb)

fte i GH(gk k _
there exists j € 57(d*) such that At* = ) D)

is true. As a result, for any

t € (0, Ats*1), we have

ﬁj _ <qj/xk+1 + tdk+1> + (P(xk+1 + tdk+1)
:ﬁj — (q], xk + Atkdk + tdk+1> + (p(xk) + Atk(P/(xk; dk) + t(p/(xk+1;dk+1)
(A.29)
=B; — (q;, ¥y + (x*) — At (g, d*) — @’ (o d")) — t((q;, @y — @’ (T dT))

- _ t(<q;; dk+1> _ (P/(xk+1’,dk+1))’
where the first equality holds since ¢ is affine on {x* + sd*: s € [0, A#]} and {x**! +
sd*1: s € [0, At"1]} by Lemma A.2.2 (b). Applying (A.24) to the index k + 1, we
obtain
0> <w _ (_xk+1 +y - dk+1), dk+1>
= (w = (= 4y — (1 = A, d1) (A.30)
= (w— (=" +y —d),d"),

for any w € dlc(x**1) + dp(x*+1). Therefore, we have

(p’(xk+1;dk+1) — sup (ZU, dk+1> < <—Xk +y - dk, (1 _ Atk)dk>

wedl e (xF+1)+Igp(xk+1)
= (1 - At (=x" +y —d',d) = (1 - A’ (5 dY),

where the last equality follows from (A.26). Therefore, (A.29) becomes

ﬁ] _ <q], xk+1 + tdk+1> + (P(xk+1 + tdk+1)
- _ t((q]/ dk+1> _ (P/(xk+1;dk+1))

= — (1 - A (g, d* - ¢’ (x";d") <0,

where the last inequality holds since j is an index in 5*(d¥). It contradicts to the
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definition of ¢ in (4.2). [
Lemma A.2.6. Let k be an index such that the k-th and (k + 1)-th iteration in Algorithm 1
is well-defined, and d“1 £ 0 holds. Then, we have

(1= APPRIAIP = (1= AP, A1) > [P, (A31)

Moreover, we have (1 — At%)||d¥|| > ||d*.

Proof. By Lemma A.2.2 (c), we have —(d* + x* — ) € d(p + Ic)(x) for any x €
(X +sd*: s € [0, AF]} and —(d** + X1 —y) € (@ +Ic)(y) for any x € {x**1 +tdH: t €
[0, At**1]}. Since the subdifferential operator is monotone, for any s € [0, A#] and

t € [0, At*1], we have

0< <—(dk + xk _ 7/) + (dk+1 + Xk+1 _ )/),Xk + Sdk _ Xk+1>,
= (@ — (1 — AV, (s — APy,
0< <—(dk + xk _ 7/) + (dk+1 + xk+1 _ 7/), xk+1 _ (xk+1 + tdk+1)>,

— <dk+1 _ (1 _ Atk)dk, —tdk+1>.
Therefore, by straightforward computation, we have
(@, dy < (1= AR, 1P < (1= AR, dF),

which implies (A.31). As a result, we have (1 — At9)||d¥|| > ||d**}||. Now we prove
that this is a strict inequality by contrapositive. Assume there holds (1 — At*)||d"|| =

||d**1]|. Then, both inequalities in (A.31) becomes equalities, and hence we get

(1 = AEYE = AU = (1= APPIIR = 201 = AEY, A1) + [P = 0,
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which contradicts with Lemma A.2.5. Therefore, we have (1—At)||d*|| > [|d**1]]. =

Lemma A.2.7. Let f be an arbitrary function in Io(R"). Let x; € R" and x, € R" satisfy

df(x1) = df (x2). Then, we have Iy¢,)(c — x1) = [yse,)(c — x2) for any ¢ € R™.

Proof. Let v; and v, be arbitrary vectors in df(x;) = df(x2). Then, since the subdif-

ferential operator df is a monotone operator, we have

(01 — Uy, X1 — X3y > 0and (v, — vy, x1 — Xx3) >0,

which implies

(01 — 0y, X1) = (V1 — 02, Xp). (A.32)

Now, let vy equal ITf(,)(c — x1), and hence v, is a vector in df(x1). By definition of
the projection operator, we have (c—x; —vy, v—1vp) < 0 forany v € df(x;). By (A.32),

we conclude that

0>{(c—x1—00,0—0p) ={C— Xy — Vg,V — Vp) (A.33)

holds for any v € df(x;). Therefore, vy = Ilys,)(c — x2) holds by definition of the

projection operator, and the conclusion follows. |

Proposition A.2.8. Let the initial point x, be a point in C. Assume the function ¢ is
an affine function. Then, Algorithm 1 terminates in finite iteration. In other words,
there exists K € N such that d¥ is the zero vector, and xX is the unique minimizer of the

optimization problem (4.3).

Proof. Since ¢ is affine, it is differentiable. Moreover, its gradient is a constant,

denoted by v. Hence, its subdifferential equals dp(x) = {v} for any x € R". Let k be
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an index such that d* and d**! are both non-zero. Denote x(t) = x* + td* as x(t) for

any t € [0, AtY). By Lemma A.2.4, for any t € (0, AtY), we obtain

(1= t)d" = d + x* = x(t) = —TTja—yi+apee)+aicat)(©0) = —Ilixe—y+op+arc (0) (A34)

= Ty (y —v—x(t)) +y — v — x(t).

Note that this also holds for t = 0 by (4.5).

Denote Iy () — v — x) as u(x) for any x € R". By Lemma A.1.2, since dlc(x(t))

is a closed convex cone, we have (u(x(t)), (1 — t)d*) = 0, and thus there holds
Iy —o— (& + td)* = (1 = NP + llu(x* + td")* VYt € [0, Ah). (A.35)
Let t be an arbitrary number in (0, At*). According to Lemma A.2.2 (a), we have
Ilc(x(H) = cone {p;: i € S(), (p;,d*) =0},

which does not depend on t. Then, by Lemma A.2.7, u(x(t)) remains the same for

any t € (0, At). Moreover, by (A.34) and (4.5), we have
ux(t)=y+ov-x(t)-(1- Hdk = y+0-— x5 —df = u(xb). (A.36)

Therefore, we get u(x* + sd*) = u(x*) for any s € [0, At). Similarly, we have
u(x + sd* 1) = u(xk*1) for any s € [0, At**1). As a result, we have
luG)P = Lim [fu@ +td)F = Lm |y —o— @+ tdP - 1 -1
t—(AR)- t—(Atk)

= ly —o =P = (1= AFVIANP < lly — v = P = 1P = IR,
4 4

(A.37)
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where the first equality holds because u(x* + td*) = u(x*) holds, the second equality
holds by (A.35), the inequality holds by Lemma A.2.6, and the last equality holds
by applying (A.35) with index k + 1 and time ¢ = 0. Therefore, we obtain |[u(x")|| <

||lu(x**1)|| for any index k satisfying d* # 0 and d**! # 0.

Now, we prove that the algorithm will terminate at a finite step K € IN. Note
that there are only finite different sets dIc(x) for any x € C by (4.11), since the
number of different S(x)’s is at most 2. Then, by Lemma A.2.7, the set V =
{u(x): x € C}is a finite set. However, {||lu(x")||}x is a increasing sequence. Therefore,
Algorithm 1 terminates in finite iterations. Moreover, the number of iterations is

less than 2™. ]

A.3 Some technical lemmas for Section 4.2.2.1

Lemma A.3.1. Let ¢,z € R" be vectors and V be a convex subset in R". Let g: R — R
be the function defined by (4.26). Assume there exists at least one vector v € ri V such
that {c,v) = 1. Then, the minimization problem (4.25) has a unique solution. Moreover,

the vector ¥ is the minimizer of (4.25) if and only if o = Ily(z — Ac), where A € R solves

g(A) =0.

Proof. The problem (4.25) is equivalent to the following optimization problem:

1
min{—llz —olP:veVicv) = 1}, (A.38)
veRr | 2
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where we denote the objective function by F. To be specific, we have
1 2
F(v) = E”Z — 0| + Iy (v) + Ljwerr: (¢ wy=1}(0),

where I denotes the indicator function defined in (A.7). By assumption, the domain
of the minimization problem is non-empty. Note that the objective function F is
1-coercive, lower semi-continuous, and strictly convex. Therefore, the minimizer
exists and is unique. Moreover, the vector 7 is a minimizer if and only if 0 € JF(?).
By assumption, the interior of the set V intersects with the interior of the set
{w € R": {(c,w) = 1} (which equals itself). Therefore, by Proposition A.1.3, the

subdifferential of F equals
JF(v) = v —z + dly(v) + Ilern: (can=1}(V) =0 —z+ Ny(v) + {Ac: A e R}  (A.39)

for any v € dom F, where the second equality holds by (A.8). Therefore, 7 is a
minimizer if and only if o € V, {¢,0) = 1, and there exists A € IR such that there
holds

z—Ac € 0+ Ny(0). (A.40)

Note that (A.40) is equivalent to o = I'ly(z — Ac). As aresult, ¥ is a minimizer if and

only if there exists A € Rsuchthatd =Ily(z—Ac)and 1 = {c, ) = (c,ITy(z—Ac)). =

Lemma A.3.2. Let ¢,z € IR" be vectors, V be a convex cone generated by v4,...,vx € R",
g be the function defined by (4.26), and W(A) be the set defined by (4.28) for any A € R.
Then, the function g is a piecewise affine decreasing function, and the directional derivative
of g at any point A € R is well-defined and given by

A +h)—g(A) _

g1 = }}Lrgl p = —||c|I* = {c, Iwpy(=c)) <0,

g —h) - g
h

(A.41)
= |lcll” - {c, ITwy(c)) > 0.

g -1) = ;}glorg
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Proof. Since V is a convex polyhedral set, its polar cone V° is also a convex poly-

hedral set which equals

Ve={xeR": (v;,x) <0,¥i=1,...,N}. (A.42)

By [42], the directional derivative of the projection map Ily- at the point x € R”

along the direction d € R" equals

(HV° )’(x; d) = HTVo (X)NSpan(x—x)+ (d); (A43)

where we use X to denote I1y-(x) and Ty-(%) is the tangent cone of V° at X. By
straightforward computation using definition of tangent cone and Moreau’s iden-

tity (see Proposition A.1.2), we get

Tv-(®) = {y € R": (v, y) <0Vj e fi € {1,...,N}: (0, %) = O}},

Span(x —x)* ={y e R": (x — %, y) = 0} = {y € R": (I1y(x), y) = 0}.
Hence, we have

Tye(%) N Span(x — )" = {y e R": (I1y(x), y) = 0,(v;,y) <0

(A.44)
Vielie(l,...,N}: (v;, ITy(x)) = 0}}.
Note that Ty-(X) N Span(x — X)* equals W(A) if x = z — Ac holds.
By Moreau’s identity (see Proposition A.1.2), we get
g(A) =(c,z = Ac = Ilye(z — Ac)) — 1. (A.45)

Let x =z — Acand ¥ = Ily-(z — Ac). Then, the directional derivative of g at A along
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the direction 1 is given by

§'(A;1) = (¢, —c = (TTy)' (x; —0)) = —lcl* = (¢, Tz @nspang—s)- (=€)
= —lcl* = {c, TTwey(=c)) = —(—c, —c — Ty y(—c)) (A.46)

= —(Twy(=c) + ey (=), Ty (=€) = =Ty (=0)|* < 0,

where the last two equalities are given by Moreau’s identity (see Proposition A.1.2).

Similarly, the directional derivative of g at A along the direction —1 equals

g (A -1) ={c,c — (TIy=) (x; ) = llel® = {¢, Tty @ynspance—n=(€)) = llcl* = <c, Ty (c))

= (¢, c = TTwy(€)) = TTwey(c) + Mweaye (), Ty (€)) = [Twaye ()I* = 0.
(A.47)

Therefore, the function g is a decreasing function.

It remains to prove that g is piecewise affine. Let F be a face of the polyhedral

cone V and Ny (F) be the normal cone of V on face F, whose definition is given by
Ny(F) = Ny(v),

where v is any point in the relative interior of F. Note that the set Ny(F) does
not depend on the choice of the point v. For more details of the definitions and
properties, we refer readers to [87, Section 2.2]. First, let x, y be two vectors in R",
such that ITy(x) and ITy(y) are in the relative interior of a face F of V. Then, we
will prove that the function ITy(ax + (1 — a)y) is affine with respect to a € [0, 1],

i.e., we will show that

ITy(ax + (1 - a)y) = ally(x) + 1 - a)IIy(y) VYa €[0,1]. (A.48)
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Since V is a closed convex cone, Proposition A.1.1 gives us that to prove (A.48), it
suffices to check that
(ax + (1 = a)y — (ally(x) + (1 — o)1y (y)), ally(x) + (1 — )1y (y)) = 0,

(A.49)
(ax+ (1 = a)y — (ally(x) + 1 — a)Ily(y)),v) <0, VoeV.

By the characterization of ITy(x) and Ily(y) from Proposition A.1.1, we obtain

(x=TIly(x),v) <0, (y-Ily(y),v)<0, VoeV (A.50)

By straightforward computation, we have

(ax+(1=a)y— (@ Ty (x) + (1 =)y (y)), 0) = alx—TTy(x), 0)+ (1= a)y~TTy(y), 0) <O,
(A.51)
and hence the second line in (A.49) holds. Next, we check the first line in (A.49).
Denote z to be ax + (1 — a)y — (ally(x) + (1 — a)I1y(y)). By Proposition A.1.1 and the
definition of normal cones, x — I'ly(x) is in Ny(Ily(x)) = Ny(F). Similarly, we have
y —Ily(y) € Ny(Ily(x)) = Ny(F). As a result, their convex combination z is also
in Ny(F) = Ny(Ily(x)) = Ny(Ily(y)). Therefore, we have ITy(Ily(x) + z) = Iy (x),
which, by Proposition A.1.1, implies that (z, ITy(x)) = 0. Using the same argument,
we also have (z,ITy(y)) = 0. Therefore, the first line in (A.49) follows, and the
projection operator is affine on the line segment connecting x and y. Now, we
prove that ¢ is piecewise affine. For any face F of V, let Ir be the subset of R
defined by
Ir ={A e R: I1y(z — Ac) € ri F}.

By [87, Theorem 2.1.2], the relative interior of all faces of V form a disjoint de-
composition of V, and hence {Ir: F is a face of V} is a disjoint finite partition of

R (the partition is finite since the convex. polyhedral cone V has finitely many
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faces) Moreover, for any face F and any two scalars A;,A, € Ir, we have that
ITy(z — (@A + (1 — a)Ay)e) = ally(z — Aic) + (1 — a)lly(z — Ayc) € riF for any
a € [0,1] by (A.48) and the fact that ri F is convex. Thus, for any « € [0, 1], we have
aAy + (1 —a)A, € Ipand

glarr + (1 —a)Ay) = (¢, y(z — (@A + (1 — @)A2)c)) — 1
=<{c,ally(z — Ac) + (1 — a)Ty(z — Ayc)) — 1

= ag(Ar) + (1 = a)g(Ay).
Therefore, the function g is piecewise affine. |

Lemma A.3.3. Let ¢,z € IR" be vectors, V be a convex cone generated by vy, ..., vy € R",
g be the function defined by (4.26). If either g'(A;1) = 0 or §'(A; =1) = 0 holds, then we
have g(A) = —1.

Proof. Let W(A) be the set defined by (4.28) for any A € R. First, if ¢'(A;1) = 0
holds, then by (A.46) we have

0 = Iy (=c) = —c — Iy (—0).

Hence, we have —c = Ilyu)(—c) € W(A), which, by definition of W(A) in (4.28),
implies (ITy(z—Ac), —c) = 0. Asaresult, we have g(A) = —1. Similarly, if g’(A; -1) =
0 holds, then (A.47) implies

0= HW(/\)o(C) =C-— HW(/\)(C).

Hence, we have ¢ = ITy)(c) € W(A), which implies (ITy(z — Ac), c) = 0. Therefore,
we still have g(A) = 1. [
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