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Abstract of “Novel optimization algorithms for evaluating solution to certain high
dimension (multi-time) Hamilton-Jacobi PDEs arising from optimal control”, by
Taewoo Kim, Ph.D., Brown University, May 2022

In this thesis, we study optimization algorithms for evaluating solutions to certain

high dimension (multi-time) Hamilton-Jacobi Partial Differential equations arising

from optimal control. There are three main chapters to cover these topics.

The first chapter describes known connections between optimal control prob-

lems and Hamilton-Jacobi PDEs and the generalized Hopf formula that corre-

sponds to the viscosity solution of certain Hamilton-Jacobi PDEs. We then focus

on an important class of optimal control problem where the control has to remain

in a full ellipsoid and the terminal cost is a convex function. We show that these

problems can be solved using standard convex optimization methods. The effi-

ciency of these optimization methods rely on the performance of computing the

projection on the Minkowsky sum of ellipsoids. We also describe connections

between the generalized Hopf formula and multi-time Hamilton-Jacobi PDEs.

The second chapter presents a novel and efficient Newton based algorithm to

compute the projection onto the Minkowski sum of full ellipsoids.

The third chapter extends the class of linear optimal control problems consid-

ered in this thesis by allowing the control to live in a degenerate ellipsoid. Several

possible algorithms to cope with these degenerate cases are presented.

Finally, the last chapter focuses on developing the algorithm for computing

the proximal point of a convex polyhedral function whose domain is a polyhedral

set. This algorithm finds applications in optimal control and multi-time Hamilton

Jacobi PDEs.
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In this chapter, we first describe the main challenge of solving high dimension-

nal Hamilton-Jacobi Partial differential equations (HJ PDEs): it is known as the

“curse of dimensionality”. Then we present classical and fundamental connec-

tions between optimal control problems and viscosity solutions to HJ PDEs in

section 1.2. Section 1.3 describes the class of optimal control problems that we

consider in this manuscript and its associated HJ PDE. The considered class of

optimal control problems is relevant to the US Navy [58, 60]. Following [58, 60],

we also present the generalized Hopf formula which corresponds to a variational

representation formula of the viscosity solution to these HJ PDEs. Section 1.4

considers discretizations of the generalized Hopf formula which yield finite di-

mensional convex optimization problems. Section 1.5 considers standard state of

the art convex optimization methods for solving convex optimization problems

that arise from the discretization of the generalized Hopf formula associated to

the class of optimal control problems considered in this thesis. We show that the

performance of these optimization algorithms crucially depend on the efficiency

of numerical algorithms to compute the projection on the Minkowski sum of ellip-

soids. In section 1.6 we show that discretizations of the generalized Hopf formula

corresponds to solving multi-time HJ PDEs and present some numerical results.

Finally, section 1.7 describes the content and contributions of the other chapters of

this thesis.
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1.1 Context and motivations: Mitigating the curse of

dimensionality

It is well known that time-dependant Hamilton-Jacobi partial differential equa-

tions (HJ PDEs), play an important role in analyzing continuous dynamic games

and control theory problems [32]. Unfortunately, standard grid-based numerical

algorithms for PDEs are generally computationally impractical when the dimen-

sion is higher than 5. Such algorithms employ grids to discretize the spatial and

time domain, and the number of grid points required to evaluate accurately solu-

tions of PDEs grows exponentially with the dimension. It is therefore essentially

impossible in practice to numerically solve PDEs in high dimension using grid-

based algorithms, even with sophisticated high-order accuracy methods for HJ

PDEs such as ENO [78], WENO [52], and DG [48]. This problem is known as the

curse of dimensionality [10].

Several numerical approaches have been proposed to overcome or mitigate the

curse of dimensionality arising from certain classes of HJ PDEs. These include,

but are not limited to, max-plus algebra methods [1, 2, 30, 36, 39, 70, 71, 72, 73],

dynamic programming and reinforcement learning [3, 11], tensor decomposition

techniques [29, 47, 89], sparse grids [12, 38, 56], model order reduction [4, 62],

polynomial approximation [54, 55], optimization methods [19, 23, 25, 90] and

neural networks [22, 24, 6, 28, 51, 41, 49, 50, 66, 77, 81, 84, 86, 88].

In this thesis, we propose novel numerical algorithms for solving large classes

of high dimensional HJ PDEs that arise from certain optimal control problems

without the use of grids or numerical approximations. The class of optimal control

problems considered in this thesis are relevant to the US Navy [58, 60].
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1.2 Optimal control problems and Hamilton-Jacobi

PDEs

First, we introduce some mathematical notations that will be used in this thesis.

Then, we present well-known connections between optimal control problems and

viscosity solutions to Hamilton-Jacobi PDEs.

1.2.1 Mathematical notations

We denote byRn the n-dimensional Euclidean space. The Euclidean scalar product

and Euclidean norm on Rn are denoted by ⟨·, ·⟩ and ∥ · ∥, respectively. We also use

∥ · ∥1, ∥ · ∥∞, and ∥ · ∥E to denote the ℓ1-norm, ℓ∞-norm, and the norm induced by a

symmetric positive definite matrix E, respectively. They are defined as follows for

all x = (x1, . . . , xn) ∈ Rn

∥x∥1 =
n∑

i=1

|xi|, ∥x∥∞ = max{|xi|, i = 1, . . . ,n}, ∥x∥E =
√
⟨x,Ex⟩.

We denote the set of real matrices with m rows and n columns by Mm,n(R), and

we identify any vector inRn with a matrix with n rows and 1 column. We also list

some common notations and definitions used throughout this thesis in Table 1.1.

Other definitions and theorems from convex analysis that are used in this thesis

are given in Appendix A.1.
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Table 1.1: Notation used in this thesis. In this table, unless otherwise specified,
we use C to denote a set in Rn, f to denote a function from Rn to R ∪ {+∞}, x to
denote a vector in Rn and M to denote an m× n matrix inMm,n(R). For simplicity,
we omit the assumptions in the definition.

Notation Meaning Definition

⟨·, ·⟩ Euclidean scalar prod-
uct in Rn

⟨x, y⟩ B
∑n

i=1 xiyi

∥·∥2 Euclidean norm in Rn
∥x∥2 B

√
⟨x, x⟩

∥·∥A Vector norm in Rn
∥x∥A B

√
⟨Ax, x⟩

∥·∥2 Matrix norms inRn
×Rn

induced by Euclidean
norm

∥A∥2 B sup {∥Ax∥2 with ∥x∥2 = 1}

∥·∥F Frobenius norm inRn
×

Rn
∥A∥F B

√∑
i, j=1,··· ,n |ai j|

2

dom f The domain of f {x ∈ Rn : f (x) < +∞}
Γ0(Rn) A useful and standard

class of convex func-
tions

The set containing all proper, con-
vex, lower semicontinuous func-
tions from Rn to R ∪ {+∞}

f ∗ Fenchel–Legendre
transform of f

f ∗(p) B supx∈Rn{⟨p, x⟩ − f (x)}

f□g Inf-convolution of f
and g

f□g(x) = infu∈Rn{ f (u) + g(x − u)}

MT Matrix transpose of M [MT]i j = [M] ji

IC Indicator function of C If x ∈ C, then define IC(x) := 0.
Otherwise, define IC(x) := +∞.

ΠC(x) Projection of x onto C ΠC(x) := arg minu∈C ∥x − u∥
∂ f (x) Subdifferential of f at x {p ∈ Rn : f (y) ⩾ f (x) + ⟨p, y −

x⟩ ∀y ∈ Rn
}

f ′(x; d) Directional derivative
of f at x along the di-
rection d

limh→0+
1
h ( f (x + hd) − f (x))

cone C Convex cone generated
by C

The set containing all conic com-
binations of elements of C.

conv C Convex hull of C The set containing all convex com-
binations of the elements of C.

C◦ Polar cone of a closed
convex cone C

C◦ := {y ∈ Rn : ⟨y, x⟩ ≤ 0∀x ∈ C}

epi f Epigraph of f {(x, t) ∈ Rn
× R : x ∈ dom f , t ≥

f (x)}
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1.2.2 Value function in optimal control theory and Hamilton-

Jacobi PDEs

We now briefly describe classical theoretical connections between optimal control

theory and HJ PDEs [32]. Suppose we are given a fixed terminal time T ∈ R, an

initial time t < T with an initial data x ∈ Rn. We consider the solution y : [t,T]→ Rn

of the following ordinary differential equation


dy
ds

(s) = f (y(s),u(s)) in (t,T),

y(t) = x.

where f : Rn
× C → Rn is Lipschitz and C is a compact set of Rm. The solution

of the above ordinary differential equation depends on the measurable function

u : (−∞,T] → C which is called control. For each given control u, we consider a

“running cost” along the trajectory that reads

∫ T

t
L(y(s),u(s))ds

where L : Rn
× C is referred to as Lagrangian and a “terminal cost” that only

depends on the final state y(T) which reads

J(y(T)).

Optimal control problems consist of finding controls u that minimize the sum of

the running cost plus the terminal cost given the initial state x ∈ Rn and initial
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time t. Therefore we can define the value function V : Rn
× (−∞,T)→ R as follows

V(x, t) = inf
u(·)

∫ T

t
L(y(s),u(s))ds︸                ︷︷                ︸

Running cost

+ J(y(T))︸ ︷︷ ︸
Terminal cost

It is well known (see e.g. [32]) the value function V satisfies the following HJ PDE

(in the viscosity sense) with a terminal condition


∂V
∂t

(x, t) −H(∇xV(x, t), x) = 0,

V(x,T) = J(x),

where the Hamiltonian H(p, x) is defined by

H(p, x) = max
v∈C

(
−⟨p, f (x, v)⟩ − L(x, a)

)
.

In order to consider HJ PDEs with initial data, we can “reverse” time and consider

the function S(x, t) = V(x,T − t). Then, the function S is the viscosity solution of

the following HJ PDE with initial value


∂S
∂t

(x, t) +H(∇xS(x, t), x) = 0

S(x, 0) = J(x).

Our goal is to compute the value of the viscosity solution S(x, t) and the spacial

gradient ∇xS(x, t) (when it exists) for each given (x, t). Then, we can recover the

optimal control at (x, t) by solving the following optimization problem

max
a∈C

(
−⟨∇xS(x, t), f (x, a) − L(x, a)⟩

)
= H(∇xS(x, t), x).
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Therefore, to numerically solve optimal control problems, we need to be able to

compute the solution of the HJ PDE but also its spatial gradient in order to recover

the optimal control.

1.3 Optimal control of certain linear dynamical sys-

tem and the generalized Hopf formula

In this thesis, we consider a special class of optimal control problems that are

relevant to the US Navy [58, 60]. It corresponds to controlling certain linear dy-

namical systems where the running cost takes a specific form. This class of optimal

control problems is associated to HJ PDEs that enjoy a variational representation

formula known as the generalized Hopf formula. We now present the class of

optimal control problems considered in this thesis and present the generalized

Hopf representation formula as described in [58, 60].

As in the previous section, we suppose we are given a fixed terminal time

T ∈ R, an initial time t < T with an initial data x ∈ Rn. Now we consider

f (y(s),u(s)) = My(s) +N(s)u(s) where M is n × n matrix with real entries and N(s)

is a n×m matrix with real entries for each s ∈ (t,T) and is uniformly bounded, i.e,

for all s ∈ (t,T) we have ∥N(s)∥ ≤ a for some a ∈ R. In other words, we consider

the following ordinary differential equation


dy
ds

(s) = My(s) +N(s)u(s) in (t,T),

y(t) = x.
(1.1)

We also specialize the running cost so that it only depends on the control. We also
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suppose that the terminal cost J is convex. Specifically, the value function reads

V(x, t) = inf
u(·)

∫ T

t
L(u(s))ds + J(y(T)),

where L : Rm
→ R ∪ {+∞} is a proper, lower semicontinuous, convex and its

domain of definition reads dom L = C, where we recall that C ⊂ Rm is compact.

Now we consider the following change of variable w(s) = e−sMy(s). Using this

change of variable, the ordinary differential equation (1.1) reads


dw
ds

(s) = e−sMN(s)u(s) in (t,T),

w(t) = etMx = z.
(1.2)

After this change of variable, the resulting value function for the optimal control

problem becomes

φ(z, t) = inf
u(·)

∫ T

t
L(u(s))ds + J(eTMz)

under the constraint that the trajectory the ordinary differential equation (1.2) (and

where z denotes the initial state in (1.2)). Now define J̃(x) = J(eTMx). Then we have

that φ satisfies the following HJ PDE


∂φ

∂t
(z, t̄) +H(∇zφ(z, t̄), t̄) = 0 in Rn

× (0,+∞),

φ(z, 0) = J̃ (z) ∀z ∈ Rn,

(1.3)

where the Hamiltonian H : Rn
× [0,+∞)→ R ∪ {+∞} is defined by
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H(p, s) = − inf
c∈Rn

(〈
e−sMN(s)c, p

〉
+ L(c)

)
(1.4)

= −min
c∈Rn

(〈
e−sMN(s)c, p

〉
+ L(c)

)
. (1.5)

where we have use the fact dom L is compact.

Recall that we assume that the terminal cost J is convex. Therefore we also have

that J̃ is convex. Then, using [63, Section 5.3.2, p.215] we have that the viscosity

solution to (1.3) can be represented as follows

φ(x, t) = −min
p∈Rn

(̃
J∗(p) +

∫ t

0
H

(
p, s

)
ds − ⟨x, p⟩

)
, (1.6)

where we recall that J̃∗ denotes the Fenchel-Legendre transform of J̃. The above

formula is known as the generalized Hopf formula. In addition, if (1.6) has a

unique minimizer for a given (x, t), then, using variational analysis techniques [13],

it can be shown shown that φ is differential with respect to its first variable at (x, t)

and its gradient (i.e, ∇φ(x, t)) is the minimizer of (1.6).

Following [58, 60], we now also assume that the map L that appears in the

running cost is the characteristic function IE of the ellipsoid E which is defined as

follows

E = {x|x⊤Ex ≤ 1}

where the matrix E is symmetric positive definite. This is exactly the set up

considered in [58, 60].

We now wish to obtain a formula for the Hamiltonian H(p, s) given in (1.5)

when L is the characteristic function of an ellipsoid. Let s be given and denote by
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A the matrix e−sMN(s) to shorten notations, i.e., A = e−sMN(s). Let g(c) = 1
2⟨c,Ec⟩− 1

2 .

Using this notations we need to solve for c the following optimization problem

minc⟨A⊤p, c⟩under the constraint g(c) ≤ 0 (which is non empty since E is symmetric

and positive definite). If A⊤p = 0 then minc∈C
〈
Ac, p

〉
= 0. Therefore if A⊤p = 0

then H(p, s) = 0. Now suppose that A⊤p , 0. Let c̄ be a global minimizer (which is

guaranteed since we are minimizing a continuous function on compact set). Using

Karush-Kuhn-Tucker (KKT) theorem, we obtain that there exist λ̄ such that

(a) A⊤p + λ̄Ec̄ = 0 with λ̄ ≥ 0 ,

(b) g(c̄) = 1
2⟨c̄,Ec̄⟩ − 1

2 = 0 .

Thereore we deduce that 1 = ⟨c̄,Ec̄⟩ =
〈
−

1
λ̄

E−1A⊤p,E
(
−

1
λ̄

E−1A⊤p
)〉

which implies

that the λ̄ =
√

p⊤AE−1A⊤p and c̄ = 1√
p⊤AE−1A⊤p

E−1A⊤p. Therefore, we have

min
c∈C

〈
Ac, p

〉
= −

√
p⊤AE−1A⊤p.

Now let the matrix Q(s) = e−sMN(s)E−1N(s)⊤e−sM⊤ . Then the Hamiltonian reads as

follows when Atopp , 0

H(p, s) = −min
c∈C

〈
e−sMN(s)c, p

〉
=

√
p⊤e−sMN(s)E−1N(s)⊤e−sM⊤p

=
∥∥∥p

∥∥∥
Q(s)

.

Therefore the Hamiltonian H(p, s) has an explicit formula which reads as follows

H(p, s) =


0 if (e−sMN(s))⊤p = 0,

∥p∥Q(s) otherwise.
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Our goal is now to leverage these formulas to create numerical algorithms for

solving these HJ PDEs and associated optimal controls.

1.4 Discretization of the generalized Hopf formula

and projection on Minkowski sum of ellipsoids

So far we have obtained a variational representation formula (known as the gener-

alized Hopf formula) for the viscosity solution to certain HJ PDEs that arise from

the optimal control problems considered in this thesis. In general, the general-

ized Hopf representation formula does not have an explicit form. Therefore, in

general, we need to consider numerical approximations. Therefore we consider

discretizations of the generalized Hopf formula and resulting finite dimensional

convex optimization problems.

So, the idea is to approximate the integral involved in the generalized Hopf for-

mula using quadrature rules. It formally consists of the performing the following

approximation of φ(x, t) as follows

φ(x, t) = −min
p∈Rn

(̃
J∗(p) +

∫ t

0
H(p, s)ds − ⟨x, p⟩

)
≈ −min

p∈Rn

̃J∗(p) +
N∑

k=1

H

p,
k∑

j=1

t j

 cktk − ⟨x, p⟩


= −min

p∈Rn

̃J∗(p) +
N∑

k=1

∥∥∥p
∥∥∥

Q
(∑k

j=1 t j
) cktk − ⟨x, p⟩

 .
where ck ∈ R and tk > 0, such that

∑N
k=1 tk = t, come from quadrature rule ap-

proximations. Let us introduce the matrix Q−1
k = (cktk)

2 Q
(∑k

j=1 t j

)
. We have that
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∥∥∥p
∥∥∥

Q( tk
N )

t
N =

√
⟨x,Q−1

k x⟩. So our approximation of φ(x, t) reads

φ(x, t) ≈ −min
p∈Rn

−⟨x, p⟩ + J̃∗(p) +
N∑

k=1

∥∥∥p
∥∥∥

Q−1
k

 .

1.5 Convex optimization algorithms and the projec-

tion on the Minkowski sum of ellipsoids

We now briefly describe our to compute solution the following optimization prob-

lem

−min
p∈Rn

−⟨x, p⟩ + J̃∗(p) +
N∑

k=1

∥∥∥p
∥∥∥

Q−1
k

 (1.7)

which corresponds to a discretization of the generqalized Hopf formula. We con-

sider the standard ADMM/split-Bregman approach [25] which consists of iterating

the following

vk+1 = arg min
v∈Rn

{̃
J∗(v) − ⟨x, v⟩ +

λ
2
∥dk − v − bk∥

2
2

}
, (1.8)

dk+1 = arg min
d∈Rn

 N∑
j=1

∥d∥Q−1
j
+
λ
2
∥d − vk+1 − bk∥

2
2

 , (1.9)

bk+1 = bk + vk+1 − dk+1. (1.10)

For simplicity, we set the parameterλ = 1 and consider the following initial con-

dition v0 = x, d0 = x and b0 = 0. The sequences {vk} and {dk} both converge to the

minimizer of (1.7). We need to compute (1.8) and (1.9) to implement this algorithm.

For optimal control applications, standard initial data J reads as follows

• J = 1
2 ∥·∥

2
p for p = 1, 2,∞,
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• J = 1
2⟨·,A·⟩with a positive definite diagonal matrix A,

for which efficient algorithms to compute (1.8) are available (see [25]).

The difficult part consists of computing (1.9). We shall see below that it amounts

to be able to compute efficiently the projection onto the Minkowsky sum of ellip-

soids.

1.5.1 Projection on Minkowski sum of ellipsoids

Note that (1.9) can be written as

arg min
d∈Rn

α N∑
j=1

∥d∥Q−1
j
+

1
2
∥d − w∥22

 (1.11)

for a given vector w ∈ Rn and α > 0. Using classical Fenchel-Legendre calculus

we have  N∑
j=1

∥d∥Q−1
j


∗

= ∥d∥∗Q−1
1
□ · · ·□ ∥d∥∗Q−1

N

= IE(0,Q1)□ · · ·□IE(0,QN)

= I∑N
j=1 E(0,Q j)

where we recall that □ denotes the infimal-convolution operator (see Tab. 1.1). Let

C be the set of Minkowski sum of ellipsoids
∑N

j=1 E(0,Q j). Using this notation the

optimization problem (1.11) reads

arg min
d∈Rn

{
αI∗C +

1
2
∥d − w∥22

}
(1.12)
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Then we can invoke Moreau’s identity to obtain

arg min
d∈Rn

{
αI∗C(d) +

1
2
∥d − w∥22

}
+ α arg min

d∈Rn

{1
α
IC(d) +

1
2

∥∥∥∥d −
w
α

∥∥∥∥2

2

}
= w

Therefore to compute (1.12), it is enough to compute arg mind∈Rn

{
1
αIC(d) + 1

2

∥∥∥d − w
α

∥∥∥2

2

}
.

arg min
d∈Rn

{1
α
IC(d) +

1
2

∥∥∥∥d −
w
α

∥∥∥∥2

2

}
= arg min

d∈C

{1
2

∥∥∥∥d −
w
α

∥∥∥∥2

2

}
= ΠC

(w
α

)
where we recall that ΠC(w

α ) denotes the projection of w
α onto C. Recall that C is

the Minkowsky sum of ellipsoids. Therefore the performance of ADMM essen-

tially relies on the efficiency of the algorithm to compute the projection onto the

Minkowski sum of ellipsoids. We will propose in chapter 2 an efficient algorithm

to compute this projection.

1.6 Connections to multi-time Hamilton-Jacobi PDEs

In this section, we draw connections between a class of multi time Hamilton-Jacobi

Partial Differential Equation and discretization of the integral that appears in the

general Hopf formula. The discretization can be written as follows

ϕ(x, t) = −min
p∈Rn

J∗(p) +
N∑
i

tiHi(p) − ⟨x, p⟩
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Using [23] we can deduce thatψ satisfies the following multi-time Hamilton-Jacobi

PDE 
∂ψ

∂t j
(x, t1, · · · , tN) +H j

(
∇xψ

)
= 0 x ∈ Rn, t1, · · · , tN > 0,

ψ(x, 0, · · · , 0) = J (x) x ∈ Rn.

where ∂ψ
∂t j

denote the partial derivative with respect to t j and ∇xψ denote the

gradient vector with respect to x. Under proper assumptions (see [23]), there

exists a unique solution given by Hopf formula and Lax formula. These are Hopf

formula and Lax formula respectively [82] [69],

ψ(x, t1, · · · , tN) =

J∗ +
N∑

j=1

t jH j


∗

(x) (1.13)

=

J□

 N∑
j=1

t jH j


∗ (x). (1.14)

This representation formula for the multi-time HJ PDEs can be seen as a discretiza-

tion of the generalized Hopf formula presented in the previous subsection.

Now, we present several numerical examples that depicts the solution to these

multi-time HJ PDEs using the algorithms developed chapter two. For simplicity,

we only present two dimensional problems. The representation formula reads

ψ(x, t1, t2) = (J∗ + t1H1 + t2H2)∗ (x) (1.15)

= (J□(t1H1)∗□(t2H2)∗) (x). (1.16)

Define each Hamiltonian H j(x) =
√
⟨x,E−1

j x⟩ for j = 1, 2 where the matrices E1, E2

are defined as

E1 =

4 0

0 1

 , E2 =

 2 −1

−1 2

 .
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Eigenvectors of E1 and E2 are the basis vectors of each ellipsoid and the square

root of corresponding eigenvalues are the semi axis of each ellipsoid. Eigenvalues

and the corresponding eigenvectors of E1 are

4,

10

 and

1,

01

. Eigenvalues

and the corresponding eigenvectors of E2 are

3,


1
√

2

−1
√

2


 and

1,


1
√

2

1
√

2


.

Figure 1.1 depicts the solutions for several times as well as certain level lines

of the solution for the initial data J = 1
2∥ · ∥

2
∞

. Figure 1.2 depicts the solutions

for several times as well as certain level lines of the solution for the initial data

J = 1
2 ∥·∥

2
1. Figure 1.3 depicts the solutions for several times as well as certain level

lines of the solution for the initial data J = 1
2⟨D·, ·⟩where D =

1 0

0 0.25

 .
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(a) t1 = 0, t2 = 0 (b) t1 = 2.5, t2 = 2.5

(c) t1 = 5, t2 = 5 (d) t1 = 5, t2 = 10

Figure 1.1: Evaluation of the solution ψ(x, t1, t2) of the Hamilton Jacobi PDE with initial

data J = 1
2 ∥·∥

2
∞ and Hamiltonians H1(x) =

√
⟨x,E−1

1 x⟩, H2(x) =
√
⟨x,E−1

2 x⟩
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(a) t1 = 0, t2 = 0 (b) t1 = 2.5, t2 = 2.5

(c) t1 = 5, t2 = 5 (d) t1 = 5, t2 = 10

Figure 1.2: Evaluation of the solution ψ(x, t1, t2) of the Hamilton Jacobi PDE with initial

data J = 1
2 ∥·∥

2
1 and Hamiltonians H1(x) =

√
⟨x,E−1

1 x⟩, H2(x) =
√
⟨x,E−1

2 x⟩
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(a) t1 = 0, t2 = 0 (b) t1 = 2.5, t2 = 2.5

(c) t1 = 5, t2 = 5 (d) t1 = 5, t2 = 10

Figure 1.3: Evaluation of the solution ψ(x, t1, t2) of the Hamilton Jacobi PDE with initial

data J = 1
2⟨D·, ·⟩ where D =

[
1 0
0 0.25

]
and Hamiltonians H1(x) =

√
⟨x,E−1

1 x⟩, H2(x) =√
⟨x,E−1

2 x⟩
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1.7 A brief overview of the chapters of this thesis

We now briefly present some important ideas used in this thesis. In chapter 2, we

describe a novel Newton based algorithm for the projection onto Minkowski sum

of ellipsoids. As mentioned in this chapter, this algorithm is crucial to efficiently

compute generalized Hopf formulas where the running cost function in the op-

timal problem is a characteristic function of a convex ellipsoid and the dynamics

are linear. In particular, this novel algorithm can be used for solving an important

class of optimal control problems that is used by the US Navy [58, 60, 59].

In chapter 3, we present an extension of the algorithm described in chapter 2

to cover more general optimal control problems. Indeed, while we consider non-

degenerate ellipsoids in Chapter 2, we allow the control to live in a degenerate

ellipsoids in this chapter. This extension is important because most of linear

optimal control problems in a real application yield the projection onto Minkowski

sum of degenerate ellipsoid.

In Chapter 4, we propose a novel algorithm for computing the proximal point

of a convex polyhedral function whose domain is a polyhedral set. This algorithm

serves as a building block for solving certain multi-time Hamilton-Jacobi PDEs

that arise from certain optimal control problems.



Chapter Two

Projection on Minkowski sum of

ellipsoids
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2.1 Introduction

As mentioned in the first chapter, variational representation formulas that solves

Hamilton-Jacobi PDEs are very appealing because it suggests that they can be

computed using optimization techniques. This chapter focuses on computing the

projection onto a Minkowski sum full ellipsoids. Several algorithms have been

proposed to compute the projection on the closed convex sets such as Gilbert

Method [40],[8] , Primal-Dual method [58],[60] and Nesterov-based algorithms

[80], [76], [75]. However, none of them are fast enough in practice to solve the

class of optimal control problems considered in the first chapter. In addition none

of them provide good enough theoretical guarantees. As mentioned in the first

chapter, we focus on computing the projection onto a Minkowski sum of full

ellipsoids. We present a Newton’s method to compute the projection. It is well

known that Newton’s method has a quadratic convergence and is one of the best

algorithms in practice. However, the initial guess has to be close to the solution to

achieve the convergence of Newton’s method. We propose to use Gilbert Method

to get a good initial guess for Newton’s Method. We also present a straightforward

parallel version of the proposed algorithm for computing the projection.

The main contribution of this chapter is the development of a fast algorithm for

real-time computing projections on a Minkowski sum of ellipsoids. We show that

it outperforms the standard Gilbert method, Primal-Dual method and Nesterov

algorithm. Our algorithm paves the way for real-time applications arising from

certain optimal control problem. Since we focus on the projection of the Minkowski

sum of full ellipsoids, we have an access to the second order information which is

used in Newton’s method. Note that other proposed methods, such Primal-Dual

method and Nesterov-based algorithm, only use first order information.
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The remainder of this chapter is as follows. In Section 2, we define the problem

and introduce several definitions and results of convex analysis. In Section 3,

we describe Gilbert method, Modified Gilbert method and Nesterov method. In

particular we show how we can leverage the Ellipsoidal Toolbox[65] to implement

efficiently Gilbert methods when the projection on the Minkowsky sum of ellipsoid

is considered. Section 4 presents our algorithm. In Section 5, we present some

numerical results.

2.2 State of the art algorithms

In this chapter, we present Gilbert Algorithm, Modified Gilbert Algorithm and

Nesterov Algorithm to compute the projection on the Minkowski sum of non-

degenerate ellipsoids. Let us first clarify what the Minkowski sum of sets is and

define our problem. The Minkowski sum A+B of sets A and B is defined as follows

A + B = {a + b : a ∈ A, b ∈ B}.

There is no confusion for a finite Minkowski sum because A + B = B + A and

A+(B+C) = (A+B)+C for sets, A, B and C. Now consider an ellipsoid,E(q,Q) ⊆ Rn

where q ∈ Rn and Q ∈ Rn
×Rn is symmetric positive definite, which is defined by

E(q,Q) B
{
x ∈ Rn :

〈
(x − q),Q−1(x − q)

〉
≤ 1

}
.

Consider the Minkowski sum of non-degenerate ellipsoidsE(q1,Q1), · · · ,E(qk,Qk) ⊆

Rn. We want to calculate projection on the Minkowski sum of non-degenerate el-
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lipsoids from the origin which corresponds to

arg min
x∈Rn

∥x∥2 : x ∈
k∑

i=1

E(qi,Qi)

 .
Here we formulate the specific projection of 0 onto the closed convex set, sum of

E(qi,Qi). There is no loss of generality since a the projection of a point z simply

corresponds to change of variable

arg min
x∈Rn

∥x − z∥2 : x ∈
k∑

i=1

E(qi,Qi)

 = arg min
x∈Rn

∥x∥2 : x ∈
k∑

i=1

E(q∗i ,Qi)


where q∗1 = q1 − z and q∗i = qi for i ≥ 2. We now introduce several definitions and

results of convex analysis that will be used in this chapter.

Definition 2.2.1. Projection on the set A from the point s is defined by

ΠA(s) B arg min
x∈Rn

{∥x − s∥2 : x ∈ A}

Let A be a nonempty set in Rn and K be a compact and convex set in Rn. The

following definitions are given in [40] and necessary to define Gilber algorithms.

Definition 2.2.2. A function σA(y) : Rn
→ Rn

∪ {+∞} is a support function of A

defined by

σA(y) B sup
{
⟨s, y⟩ : s ∈ A

}

Since K is a compact, σK(y) = max
{
⟨s, y⟩ : s ∈ K

}
and σK(y) ∈ R for any y ∈ Rn.

σK(y) is a convex function on Rn and this implies that σK(y) is continuous on Rn.

Let P(y), y , 0 be the hyperplane {x|⟨x, y⟩ = σK(y)}. P(y) is the unique support

hyperplane of K because σK(y) = ⟨s∗, y⟩ for some s∗ ∈ K and ⟨s, y⟩ ≤ σK(y) for any

s ∈ K. Figure 2.1 depicts an illustration of P(y).
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0 1 2 3 4 5 6 7 8
−1

0

1

2

3

4

y

−y

The boundary of the set K
The hyperplane P(−y)

Figure 2.1: Example of a set K and its hyperplane P(−y) for a given vector y ∈ K

Definition 2.2.3. A set function S(y), defined onRn is a contact set of K defined by

S(y) B P(y) ∩ K.

Note that S(y) is not empty, S(y) ∈ ∂K, S(wy) = S(y) for w > 0.

Definition 2.2.4. A function s(y), defined on Rn is a contact function of K if s(y) ∈

S(y), y , 0, and s(0) ∈ K.

We now introduce convergence rates to clarify to compare algorithms.

Definition 2.2.5. A sequence {zk}k∈N converging to z∗ converges linearly, if there

exists r ∈ (0, 1) such that

lim sup
∥zk+1 − z∗∥2
∥zk − z∗∥2

= r

Definition 2.2.6. A sequence {zk}k∈N converging to z∗ converges quadratically, if

there exists r > 0 such that

lim sup
∥zk+1 − z∗∥2
∥zk − z∗∥22

= r
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2.2.1 Gilbert Algorithm

We now present Gilbert algorithm [40]. Let K be a compact and convex set and z∗

be a point that satisfies z∗ = arg minz∈K ∥z∥2. z∗ is a projection of the origin onto K

and z∗ is unique. Let s(·) be a contact function of K which is compact and convex.

We assume that we can compute the contact function, s(·). Consider

β(z) =


∥z − s(−z)∥−2

2 ⟨z, z − s(−z)⟩ if z − s(−z) , 0,

0 if z − s(−z) = 0.

γ(z) =


∥z∥−2

2 ⟨z, s(−z)⟩ if ∥z∥2 > 0, ⟨z, s(−z)⟩ > 0,

0 if z = 0 or ∥z∥2 > 0, ⟨z, s(−z)⟩ ≤ 0,

Gilbert algorithm corresponds to the following iterative procedure

zk+1 = zk + αk(s(−zk) − zk), k = 0, 1, 2, · · ·

where z0 is an arbitrary point in K and αk is chosen arbitrarily from the interval

Iδ(zk) defined as follows

Iδ(z) = [min{δβ(z), 1},min{(2 − δ)β(z), 1}], 0 < δ ≤ 1.

The sequence {zk}k∈N converges to z∗. Since we do not have access to the

solution, z∗, we can use the following stopping criterion ∥zk∥2 − ∥zk∥2 γ(zk). This is
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2.5
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3.5
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(a) When K doesn’t contain the origin

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

-1.5

-1

-0.5

0

0.5

1

1.5

(b) When K contains the origin

Figure 2.2: Demonstration of how Gilbert method works. zk+1 is the point with
the smallest distance between the origin and blue line when δ = 1.

a reasonable choice because

∥zk∥2 − ∥z∗∥2 ≤ ∥zk∥2 − ∥zk∥2 γ(zk)

∥zk∥2 γ(zk) −→ ∥z∗∥2 as k −→ ∞.

For ∥z∗∥2 > 0 and k ≥ 1, the rate of convergence is as follows

∥zk∥2 − ∥z∗∥2 < 2µ2
∥z∗∥−1

2 δ−1k−1

∥zk − z∗∥2 < 2µδ−1/2k−1/2

whereµ = maxa,b∈K ∥a − b∥2 which is the diameter of K. This is not a desirable result

because much faster algorithms are required for computing solutions to optimal

control problems in real time. However, in practice, it can perform much better

than the above rate of convergence.

Denote z = (z1, z2, · · · , zn) and let δ = 1,
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K =

z|z1
≥ ν +

1
2

n∑
i=2

(zi)2λ−1
i , z

i
≤ 2ν


where ν, λ1, · · · , λn > 0. We get z∗ = (ν, 0, · · · , 0) and in the neighborhood of z∗, ∂K

is the elliptic hyperparaboloid where z1 reads

z1 = ν +
1
2

n∑
i=2

(zi)2λ−1
i

The rate of convergence is

∥zk∥2 − ∥z∗∥2 <
1
2
ν−1θ0

(
1 −

1
2 ¯
βδ

)k

∥zk − z∗∥2 <
√
θ0

(
1 −

1
2 ¯
βδ

)k/2

,

where the constants θ0 and
¯
β are

θ0 = ∥z0∥
2
2 − ∥z∗∥

2
2

¯
β =

1
1 + 5

2 λ̄ν
−1 + λ̄−2ν−2

where λ̄ = maxi=1,2,··· ,n λi. Since θ0 > 0 and
¯
β > 0, the convergence rate is linear.

However, if
¯
β≪ 1, the convergence rate will be much slower.

¯
β≪ 1 means that ν

is significantly smaller than λ̄, the biggest λi.

For many convex sets, in the neighborhood of z∗, ∂K can be closely approx-

imated by an elliptic hyperparaboloid. Gilbert shows that if z∗ can be closely

approximated by an elliptic hyperparaboloid, the convergence rate is linear. How-

ever, if z∗ has at least one principal radius of curvature large compared with ∥z∗∥2,

it will converge slowly. Figure 2.3 depicts an example of the cases of slow con-

vergence. It is an ellipsoid with a bad condition number and 0 is close to the

ellipsoid.
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Figure 2.3: A two-dimensional ellipsoid which corresponds to a case where Gilbert
algorithm converges slowly. The left figure and right figure depicts the same
ellipsoid at different scale.

We now show that we can use the Ellipsoidal Toolbox[65] to define the internal

ellipsoid and compute the contact function that is need to implement Gilbert

method. Consider the Minkowski sum of non-degenerate ellipsoids, E(q1,Q1), · · ·

, E(qk,Qk) ⊆ Rn. It is not an ellipsoid in general, but we can approximate it by the

parameterized families of internal ellipsoids.

Let the parameter l be a nonzero vector in Rn. Define q =
∑k

i=1 qi. For a given

vector l ∈ Rn
\ {0}, define Ql as

Ql =
(
Q

1
2
1 + S2Q

1
2
2 + · · · SkQ

1
2
k

)T (
Q

1
2
1 + S2Q

1
2
2 + · · · SkQ

1
2
k

)

where Si, i = 1, · · · k are orthogonal matrices and make the vectors Q
1
2
1 l, S2Q

1
2
2 l, · · ·

SkQ
1
2
k l parallel. Note that Si, i = 1, · · · k are not necessarily unique. Then the internal

matrix Ein(l) = E(q,Ql) has following properties.

Ein(l) ⊆ E(q1,Q1) + · · · + E(qk,Qk)

σEin(l)(l) = σE(q1,Q1)(l) + · · · + σE(qk,Qk)(l).
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Figure 2.4 illustrates the concept of internal ellipsoids.

Remark 2.2.7. We know that Ein(l) is not the best internal ellipsoid. This means that

there may exist ellipsoids which are strictly bigger than the internal ellipsoid and

have the same properties. However, in practice, Ein(l) is a good approximation

[65].

Therefore, the contact function s(·) can be efficiently computed using the fol-

lowing formula

s(l) =
Qll

⟨l,Qll⟩
1
2

+ q.

(a) ℓ = [−1;−1] (b) ℓ = [1;−1]

Figure 2.4: Black ball represents a Minkowski sum of two ellipsoids, Q1 = [3, 0; 0, 1]
and Q2 = [1.5,−0.5;−0.5, 1.5]. Blue ball represents the internal ellipsoid with each
ℓ.

Gilbert algorithm works well in most cases because the boundary of Minkowski

sum of ellipsoids can be closely approximated by an elliptic hyperparaboloid. If

z∗ has at least one principal radius of curvature large compared with ∥z∗∥ which

implies that at least one of ellipsoids has a bad condition number and the origin

is close to K.
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2.2.2 Modified Gilbert Algorithm

We now present modified Gilbert algorithm that improves the convergence rate

for computing the projection on an ellipsoid with a bad condition number: it

relies on using the projection of z onto the internal ellipsoid Ein(·) defined in the

previous section. The idea to improve Gilbert method is motivated by Barr [8] who

proposed modified Gilbert algorithm that converges faster than Gilbert algorithm.

Note that there is a extra computational cost which depends on the dimension of

the problem. However, this algorithm does not depend on the dimension of the

problem. This is one of the main contributions in this chapter.

Define z̄k+1 = zk + αk(s(−zk) − zk), k = 0, 1, 2, · · · which corresponds to the

general iteration of Gilbert Algorithm. The modified iterative procedure is as

follows

zk+1 =


ΠEin(−zk)(0) if ∥z̄k+1∥2 ≥

∥∥∥ΠEin(−zk)(0)
∥∥∥

2
,

z̄k+1 if ∥z̄k+1∥2 <
∥∥∥ΠEin(−zk)(0)

∥∥∥
2
.

We wish to prove that the modified Gilbert Algorithm is a convergence scheme.

The proof is motivated by the paper [40]. Let Γ(z) = ∥z∥22 − ∥z∗∥
2
2. We have that

Γ(zk) − Γ(z̄k+1) ≥ min
{1

4
µ−2δΓ2(zk),

1
2
Γ(zk)

}

where µ = maxx,y∈K

∥∥∥x − y
∥∥∥

2
. Since Γ(z̄k+1) ≥ Γ(zk+1), we have that Γ(zk) − Γ(zk+1) ≥

Γ(zk)−Γ(z̄k+1) ≥ min{14µ
−2δΓ2(z, 12Γ(zk)}. Thus, Γ(zk) is decreasing and bounded from

below by 0. Let limk→∞ Γ(zk) = a ≥ 0.

0 = lim
k→∞
Γ(zk) − Γ(zk+1) ≥ lim

k→∞
min

{1
4
µ−2δΓ2(zk),

1
2
Γ(zk)

}
= min

{1
4
µ−2δa2,

1
2

a
} (2.1)



33

The inequality (2.1) is true because 1
4µ
−2δΓ2(zk) and 1

2Γ(zk) converges to 1
4µ
−2δa2

and 1
2a respectively. Thus, we have a = 0 and we can conclude that our iterative

procedure is a convergence scheme.

The Modified Gilbert Algorithm described above converges at least linearly.

We do not have a proof that the modified Gilbert Algorithm is better than Gilbert

Algorithm in some cases. We expect that modified Gilbert Algorithm will converge

much faster than Gilbert Algorithm in case of ellipsoids with a bad condition

number. The intuition for this expected behavior relies on geometry. Indeed we

are using more information than Gilber algorithm and the internal ellipsoid is a

good approximation of Minkowski sum of ellipsoids if we use a normal vector

which is close to the actual vector, z−z∗. We will present a numerical results which

show that modified Gilbert Algorithm is useful.

Since we know that Newton’s method converges quadratically, we expect that

algorithms based on second order information will also converge quadratically.

2.2.3 Nesterov Algorithm

We can change the problem into a dual problem by using Moreau Identity. Let

the set C =
∑k

i=1 E(0,Qi) and the vector q = −
∑k

i=1 qi. We apply a translation

Tq : p→ p + q on the set
∑k

i=1 E(qi,Qi) to obtain

arg min
x∈Rn

∥x∥2 : x ∈
k∑

i=1

E(qi,Qi)

 = arg min
x∈Rn

∥∥∥x − q
∥∥∥

2
: x ∈

k∑
i=1

E(0,Qi)

 .
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By definition, this equals to

arg min
x∈Rn

{1
2

∥∥∥x − q
∥∥∥2

2
+ IC(x)

}
.

By Moreau’s Identity, we get that the above equals to

q − arg min
x∈Rn

{1
2

∥∥∥x − q
∥∥∥2

2
+ I∗C(x)

}
.

Since we have I∗C(x) = supy∈Rn{⟨x, y⟩ − IC(y)}, we have that I∗C(x) = supy∈C{⟨x, y⟩}.

Thus, the above equals to

q − arg min
x∈Rn

{
1
2

∥∥∥x − q
∥∥∥2

2
+ sup

c∈C
⟨x, c⟩

}
.

Since we have the equation supc∈C⟨x, c⟩ = supc1∈E(0,Q1),··· ,ck∈E(0,Qk)⟨x,
∑k

i=1 ci⟩, we have

that supc∈C =
∑k

i=1 supc∈E(0,Qi)
⟨x, c⟩. Therefore the above equals to

q − arg min
x∈Rn

1
2

∥∥∥x − q
∥∥∥2

2
+

k∑
i=1

sup
c∈E(0,Qi)

⟨x, c⟩


If the vector x is equal to 0, we have that supc∈E(0,Qi)

⟨x, c⟩ =
√

xTQix. If the vector x

is not 0, we can achieve the supremum when the normal vector of E(0,Qi) at the

boundary point c is the vector αx where α > 0. Such a point c is Qix√
xTQix

and we get

supc∈E(0,Qi)
⟨x, c⟩ =

〈
x, Qix√

xTQix

〉
which equals to

√
xTQix. Thus, the above equals to

q − arg min
x∈Rn

1
2

∥∥∥x − q
∥∥∥2

2
+

k∑
i=1

√
xTQix

 .

Consider the function f (x) = 1
2

∥∥∥x − q
∥∥∥2

2
+

∑k
i=1

√
xTQix. It is twice differentiable

on Rn
\ {0}. However, it is non-smooth function on Rn. Now define fµ(x) =
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1
2

∥∥∥x − q
∥∥∥2

2
+

∑k
i=1 supc∈E(0,Qi)

{
⟨x, c⟩ − µ

2 ∥x∥
2
2

}
. It is a differentiable function and its

gradient is Lipschitz. The following holds

fµ(x) =
1
2

∥∥∥x − q
∥∥∥2

2
+

k ∥x∥2
2µ

−

k∑
i=1

µ

2
d
(

x
µ

;E(0,Qi)
)2

,

∇ fµ(x) = x − q +
k∑

i=1

ΠE(0,Qi)

(
x
µ

)
.

In addition the Lipschitz constant of the spacial gradient ∇ fµ is Lµ = k
µ + 1.

We apply the Nesterov first-order method for the function fµ(x). First, we

define in initial conditions u0, v0 and a parameter µ. The procedure is as follows

uk+1 = vk −
1

Lµ
∇ fµ(vk),

vk+1 = uk+1 +

√
Lµ −

√
2√

Lµ +
√

2
(uk+1 + vk) .

To get an ε-solution which corresponds to have uk such that fµ(uk) − f (u∗) < ε,

we need to perform O
(

1
√
ε

log 1
ε

)
iterations when the parameter µ ∼ ε∑

∥Qi∥
2
2
. This

means that we need a small parameter µ to achieve a high precision solution.

This behavior is certainly not adequate for computing the Minkowski sum of full

ellipsoids for practical applications.

2.2.4 Primal-Dual algorithm

We now present the primal-dual algorithm described [16] to solve

arg min
x∈Rn

{G(x) + F(Kx)} ,
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where the matrix K ∈ Rm×k, the functions G ∈ Γ0(Rn) and F ∈ Γ0(Rmk). The

primal-dual algorithm is an iterative procedure which reads as follows

uk+1 = (I + σ∂F∗)−1(uk − σKvk),

vk+1 = (I + τ∂G)−1(vk + τK⊤uk+1),

v̄k+1 = vk+1 + θ(vk+1 − vk),

where the parameters τ > 0, σ > 0 and θ ∈ [0, 1].

For the projection problem of interest, we define G(x) = 1
2

∥∥∥x − q
∥∥∥2

2
. We also

defined the function F as follows F





y1

y2

...

yk




=

∑k
i=1

√
yT

i Qiyi and the matrix K =



I

I
...

I


where the vectors yi ∈ Rn for i = 1, · · · , k and I stands for a n × n identity matrix.

We can change the functions G, F and the matrix K depending on the problem. We

refer the reader to [58] for examples relevant to optimal control problems. We will

also present possible variants in chapter 3.

2.3 Our Proposed Algorithm based on Newton’s Method

In this section, we propose our algorithm based on Newton’s method. First, we

introduce general Newton’s Method when the function f is twice differentiable.

We denote the spacial gradient of f by ∇x f (x) and the Hessian matrix of f by H(x).

Newton’s method is defined as follows
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1 Newton Method generates a sequence {zk}k∈N by the recurrence formula,

zk+1 = zk + dk

where dk is defined as
∇ f (zk) +H(zk)dk = 0

To show that the sequence zk converges in a some neighborhood of x∗, we need

the Hessian matrix H(zk) is non-singular on some neighborhood Ω ⊂ Rn and is

Lipschitz continuous on Ω ⊂ Rn [14].

2.3.1 Quadratic Convergence of Newton’s Method

In this section, we show that our Newton’s Method converges quadratically. We

use the dual problem in the previous section. The function, f (x) = 1
2

∥∥∥x − q
∥∥∥2
+∑k

i=1

√
xTQix is twice differentiable on Rn

\ {0}. We have that on Rn
\ {0}, and

∇ f (x) = x − q +
k∑

i=1

Qix√
xTQix

,

H(x) =

I +
k∑

i=1

Qi√
xTQix

−

k∑
i=1

Qix(Qix)T√
xTQix3

 .

We need to consider two cases.

• The point q is inside of the Minkowski sum of ellipsoids,i.e., q ∈
∑k

i=1 E(0,Qi).

In this case, we know that arg minx∈Rn

{
f (x)

}
= 0. We cannot use Newton’s

method because ∇ f (x) does not exist at x = 0. We have to use (or modified)

Gilbert method.

• The point q is outside of the Minkowski sum of ellipsoids. q <
∑k

i=1 E(0,Qi)
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In this case, we know that arg minx∈Rn

{
f (x)

}
, 0. We wish to use Newton’s

method for this case to obtain quadratic convergence.

Since the function f (x) is 0 - coercive and continuous function, the function

f (x) has a minimizer. Since the function f (x) is strictly convex, the function f (x)

has at most one minimizer. Thus, the function f (x) has a unique minimizer x∗ and

the spacial gradient ∇ f (x) is an increasing function and has only one zero.

We want to show that Newton’s method {zk} is converging quadratically to

x∗ with an initial data z0 which in a some neighborhood of x∗. To show that the

sequence zk is converging in a some neighborhood of x∗, we need the Hessian

matrix H(zk) is non-singular on some neighborhood Ω ⊂ Rn and is Lipschitz

continuous on Ω ⊂ Rn [14].

First, we will show that the Hessian matrix H(x) is non-singular. Assume that

the vectors x , 0 and v ∈ Rn and we have

vTH(x)v =

vTv +
k∑

i=1

vTQiv√
xTQix

−

k∑
i=1

vTQix(Qix)Tv√
xTQix3

 ,
=

vTv +
k∑

i=1

(vTQiv
) (

xTQix
)
−

(
vTQix

)2√
xTQix3


 .

By Cauchy–Schwarz inequality,
(
vTQiv

) (
xTQix

)
−

(
vTQix

)2
≥ 0. Thus, the Hessian

matrix H(x) is symmetric positive definite which implies that the Hessian matrix

H(x) is non-singular.

Next, we will show that the Hessian matrix H(z) is Lipschitz continuous on

Ω ⊂ Rn. Assume that the neighborhood Ω is bounded and there exists an open

set O ∋ 0 such that O ∩ Ω = ∅. For given vectors x, y ∈ Ω, we want to show
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that there exists K > 0 such that
∥∥∥H(x) −H(y)

∥∥∥ ≤ K
∥∥∥x − y

∥∥∥. It is enough to show

that the functions g(x) = Q
√

xTQx
and h(x) = Qx(Qx)T

√
xTQx3

are Lipschitz continuous on the

neighborhoodΩ ⊂ Rn where the matrix Q is symmetric positive definite. To show

the function g(x) is Lipschitz continuous, we note that

∥∥∥g(x) − g(y)
∥∥∥

2
=

∥∥∥∥∥∥∥ Q√
xTQx

−
Q√

yTQy

∥∥∥∥∥∥∥
2

,

= ∥Q∥2

∣∣∣∣∣∣∣
√

xTQx −
√

yTQy√
xTQx

√
yTQy

∣∣∣∣∣∣∣ ,
and we have that ∥Q∥2 and

√
xTQx

√
yTQy are bounded. Thus, we have

∥∥∥g(x) − g(y)
∥∥∥

2
≤ C1

∣∣∣∣∥x∥Q − ∥∥∥y
∥∥∥

Q

∣∣∣∣ .
By the triangular inequality, we get

∥∥∥g(x) − g(y)
∥∥∥

2
≤ C1

∥∥∥x − y
∥∥∥

Q
.

Since the matrix Q norm and 2-norm are equivalent, we have

∥∥∥g(x) − g(y)
∥∥∥

2
≤ C2

∥∥∥x − y
∥∥∥

2
,

which completes the proof. To show that the function h(x) is Lipschitz continuous,

we break the following h(x) − h(y) into two parts,

h(x) − h(y) =

Qx(Qx)T
−Qy(Qy)T√

xTQx
3

 −
Qy(Qy)T√

yTQy
3 −

Qy(Qy)T√
xTQx

3

 .
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For the first part, since we have that
√

xTQx is bounded, we have

∥∥∥∥∥∥∥Qx(Qx)T
−Qy(Qy)T√

xTQx
3

∥∥∥∥∥∥∥
2

≤ C1

∥∥∥∥Q
(
xxT
− yyT

)
QT

∥∥∥∥
2
.

Since we know that 2-norm is a sub-multiplicative matrix norm, we get

∥∥∥∥∥∥∥Qx(Qx)T
−Qy(Qy)T√

xTQx
3

∥∥∥∥∥∥∥
2

≤ C2

∥∥∥xxT
− yyT

∥∥∥
2
.

Since we know that Frobenius norm is greater than or equal to 2-norm,

∥∥∥∥∥∥∥Qx(Qx)T
−Qy(Qy)T√

xTQx
3

∥∥∥∥∥∥∥
2

≤ C2

∥∥∥xxT
− yyT

∥∥∥
F
.

By the definition of Frobenius norm, we have

∥∥∥∥∥∥∥Qx(Qx)T
−Qy(Qy)T√

xTQx
3

∥∥∥∥∥∥∥
2

= C2

√
tr

((
xxT − yyT

)T (
xxT − yyT

))
,

= C2

√
∥x∥42 +

∥∥∥y
∥∥∥4

2
− 2⟨x, y⟩2.

By Cauchy–Schwarz inequality, we have

∥∥∥∥∥∥∥Qx(Qx)T
−Qy(Qy)T√

xTQx
3

∥∥∥∥∥∥∥
2

≤ C2

√
∥x∥42 +

∥∥∥y
∥∥∥4

2
+ 2 ∥x∥22

∥∥∥y
∥∥∥2

2
− 4⟨x, y⟩2,

= C2

√∥∥∥x − y
∥∥∥2

2

∥∥∥x + y
∥∥∥2

2
.

We have that the norm
∥∥∥x + y

∥∥∥
2

is bounded and we get the following,

∥∥∥∥∥∥∥Qx(Qx)T
−Qy(Qy)T√

xTQx3

∥∥∥∥∥∥∥
2

≤ C3

∥∥∥x − y
∥∥∥

2
.

The second part uses a similar idea which we used to show that the function g(x)
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is Lipschitz continuous. We have

∥∥∥∥∥∥∥Qy(Qy)T√
yTQy

3 −
Qy(Qy)T√

xTQx
3

∥∥∥∥∥∥∥
2

=
∥∥∥Qy(Qy)T

∥∥∥
2

∣∣∣∣∣∣∣∣
√

xTQx
3
−

√
yTQy

3√
xTQx

3 √
yTQy

3

∣∣∣∣∣∣∣∣ .
We have that the norms

∥∥∥Qy(Qy)T
∥∥∥

2
,
∥∥∥∥√

xTQx
∥∥∥∥

2
and

∥∥∥√
yTQy

∥∥∥
2

are bounded.

Therefore we get

∥∥∥∥∥∥∥Qy(Qy)T√
yTQy

3 −
Qy(Qy)T√

xTQx
3

∥∥∥∥∥∥∥
2

≤ C1

∣∣∣∣∥x∥3Q − ∥∥∥y
∥∥∥3

Q

∣∣∣∣ ,
≤ C2

∣∣∣∣∥x∥Q − ∥∥∥y
∥∥∥

Q

∣∣∣∣ .
Similar to the function g(x) − g(y), we use the triangular inequality and the fact

that the matrix Q norm and 2-norm are equivalent to obtain

∥∥∥∥∥∥∥Qy(Qy)T√
yTQy

3 −
Qy(Qy)T√

xTQx
3

∥∥∥∥∥∥∥
2

≤ C2

∥∥∥x − y
∥∥∥

Q
,

≤ C3

∥∥∥x − y
∥∥∥

2
.

We can now show that h(x) is Lipschitz continuous. The following holds

∥∥∥h(x) − h(y)
∥∥∥

2
=

∥∥∥∥∥∥∥
Qx(Qx)T

−Qy(Qy)T√
xTQx

3

 −
Qy(Qy)T√

yTQy
3 −

Qy(Qy)T√
xTQx

3


∥∥∥∥∥∥∥

2

,

≤

∥∥∥∥∥∥∥Qx(Qx)T
−Qy(Qy)T√

xTQx
3

∥∥∥∥∥∥∥
2

+

∥∥∥∥∥∥∥Qy(Qy)T√
yTQy

3 −
Qy(Qy)T√

xTQx
3

∥∥∥∥∥∥∥
2

,

≤ C
∥∥∥x − y

∥∥∥
2
.

Therefore, the Hessian H(z) is Lipschitz continuous on the neighborhood Ω ⊂ Rn

and we have showed that Newton’s Method converges quadratically when the

vector q <
∑k

i=1 E(0,Qi). The problem of Newton’s Method is that the initial guess

has to be close enough to the solution and actually the maximum distance between
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the solution and the initial guess is related to the condition number of the matrix.

We propose to use Gilbert Method as an initial guess.

2.3.2 Algorithm for Newton’s method

Here we propose our algorithm which combines Gilbert-based convergent scheme

with Newton’s Method. Our algorithm works as follows

• We run (modified) Gilbert method and denote by {xk}k∈N its sequence. We

know that xk converges to the projection of the Minkowski sum of ellipsoids.

• We try to perform of few iterations of Newton’s method with initial guess

xk. We denote theses sequences by {yk
l }l∈N. If Newton’s method succeeds

for some starting point xk then we stop the whole procedure; if not we start

again Newton’s method with xk+1.

The following figure illustrates our proposed algorithm.

xk xk+1 xk+2 . . .

yk
2 yk+1

2 yk+2
2

· · · · · · · · ·

If we can find k∗ such that the sequence {yk∗
l }l∈N converges, the algorithm would

be { x1, x2, · · · , xk∗ , yk∗
l+1, yk∗

l+2, · · · }. Since it is not easy to find such k∗ analytically,
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we use each xk sequentially. If {yk
l }l∈N does not converge to z∗, we keep going to

{yk+1
l }l∈N. Here, we have to tell whether {yk

l }l∈N converges to z∗ or not.

The optimality condition reads ∇ f (z∗) = 0. Numerically we can use the fol-

lowing stopping criteria
∥∥∥∇ f (z∗)

∥∥∥
2
< ϵ since f (x) is a convex function and ∇ f (x) is

a continuous function. If {yk
l }l∈N does not converge to z∗,

∥∥∥∥∇ f
(
yk

l

)∥∥∥∥
2
> C for some

constant C > 0. Therefore, in practice, we choose a suitable C and l̄ such that if∥∥∥∥∇ f
(
yk

l̄

)∥∥∥∥
2
> C, we assume that {yk

l }l∈N doesn’t converge to z∗ and move on to the

next step.

When the point q is inside of the Minkowski sum of ellipsoids, q ∈
∑k

i=1 E(0,Qi),

we know that Newton’s method is not converging. To avoid slow convergence

of Gilbert Method, we use the inner approximation ellipsoid to tell whether q is

inside of the inner approximation ellipsoid for each step or not.

2.3.3 Parallel Algorithm

Since the sequences {xk}k∈N\{1,··· , j} and {y j
l }l∈N are independent of each other, we can

compute the sequence {xk}k∈N\{1,··· , j} and the sequence {y j
l }l∈N in parallel. Assume

that we have m ≥ 2 threads. We use the main thread to calculate the sequence

{xk}k∈N and m − 1 subordinate threads to compute the sequence {yk
l }l∈N. If one of

k− 1 threads succeeds to converges to z∗, we stop the whole procedure and get the

result. If {y j
l }l∈N doesn’t converge, we get the current xk from the main thread and

the subordinate thread compute the sequence {yk
l }l∈N.

More generally our proposed algorithm can implemented parallel as follows:

one threads computes the (modified) Gilbert sequence (xk) while other threads
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perform Newton’s methods. Let {xk}k∈N be the convergence scheme such as Gilbert

algorithm or Modified Gilbert algorithm. Let {yk
l }l∈N be a Newton’s Method with

yk
1 = xk.

2.4 Numerical Results

We now present numerical results for Gilbert method and Modified Gilbert method.

We also present numerical results for Newton’s method and Gilbert method. The

numerical experiments show the our proposed algorithm enjoy quadratic conver-

gence.

In this section, we assume that q is the point to use for the projection and the

matrix {Qi} is a set of ellipsoids centered at the origin. We did 100 times numerical

experiment for each example in Python to compare the performance of Gilbert

Algorithm, Modified Gilbert Algorithm and Newton’s method. Computations

we performed on i7-8550U CPU @ 1.80 GHz (4.0 GHz) 4 cores and 8 threads and 8

GB of RAM. Python runs in 3.7.4 and we use multiprocessing module in Python.

We use one thread for Gilbert Method and Modified Gilbert Method and two

threads for Newton’s Method for comparisons.

We consider n-dimensional random symmetric positive matrices Pl sampled

from a uniform distribution taking values between -0.5 and 0.5 when i < j while

[Pl]ii are sampled from a uniform distribution taking value between 9.5 and 10.5.
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Then the matrices Q1 and Q2 and the vector q are defined as follows

Q1 = P1 +



10k 0 · · · 0

0 0 · · · 0
...

...
...

...

0 0 · · · 0


, Q2 = P2, q =



0

10
...

0


.

Here the parameter k stands for the degeneracy of the matrix and the parameter

n stands for the dimensions of the matrices. We present the average number of

iterations performed for each algorithm for variousk when n = 5 in table 2.1. We

also present the average number of iterations performed for each algorithm for

various n when k = 7 in table 2.2. Note that modified Gilbert method works

well since the inner ellipsoid is a good approximation of Minkowski sum of

{E(0,Q1),E(0,Q2)}.

Table 2.1: Average number of iterations for Gilbert and modified Gilbert when
n = 5.

k Gilbert Method Modified Gilbert Method

1 95.3 93.3
2 101.9 94.2
3 107.8 98.9
4 132.0 113.6
5 200.0 193.5
6 375.8 180.4
7 889.9 (not converge) 164.1
8 1897.2 (not converge) 175.5
9 4307.7 (not converge) 242.3

Note that Gilbert method does not converge when k ≥ 7 because of the limited

precision of double floating used in the computations. We also terminate all

algorithm if they take more that 10,000 steps to make sure that the code stops after

the certain amount of time.
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Table 2.2: Average number of iterations for Gilbert and modified Gilbert when
k = 7.

n Gilbert Method Modified Gilbert Method

2 464.0 201.0
4 744.0 346.5
8 877.7 186.3

16 1678.3 447.6
32 4437.8 919.8

If the inner ellipsoid is a good approximation of Minkowski sum of ellipsoids,

Modified Gilbert generally works well. In most cases, however there is no signifi-

cant difference between Gilbert method and Modified Gilbert method since either

the inner ellipsoid is not a good approximation of Minkowski sum of ellipsoids or

Gilbert method also works well.

Let {Kl}l=1,··· ,m be a zero matrix and add 10k to j-th element which is randomly

selected for each l. Let Qi = Pi + Ki and z∗ be a random vector. Each element of z∗

is a random value from the normal distribution N(0, 1). We have that z∗ is a vector

that spacial gradient ∇ f (z∗) = 0 which means that

∇ f (z∗) = z∗ − q +
k∑

i=1

Qiz∗√
z∗TQiz∗

= 0,

q = z∗ +
k∑

i=1

Qiz∗√
z∗TQiz∗

.

Since we know that the exact z∗ in this case, we have used the stopping criterion

for ∥zk+1 − z∗∥ < ϵ. There is no significant difference between Gilbert method

and modified Gilbert method. This is because the inner ellipsoid is not a good

approximation for this example.
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For Newton’s method, we have used Gilbert Method as an initial guess and the

parallel algorithm proposed in the previous section. We have three main aspects

that we could change, the number of matrices, the dimension of the matrices and

the parameter k for making the matrix have a bad condition number. We present

the time result when the number of matrices m is 4, dimension of matrices n is

5 and we change k to compare Gilbert method and Newton’s method. We also

present the time result varying n with k = 3.5 and m = 4.

We know that ∥zk∥ − ∥z∗∥ decreases and for an extreme case like this example,

∥zk+1 − z∗∥ could be much bigger than ∥zk∥ − ∥z∗∥. We present a figure that shows

such a case. This is an ellipsoid E(0,Q) where Q =

100 0

0 1

 , q =

03
 and z∗ =

01
.

We plot the ellipsoid E(0,Q), q, z∗ and the point

 −2
√

0.96

.

−10 −8 −6 −4 −2 0 2 4 6 8 10
0

1

2

3

4

z∗

q

xk

Ellipsoid E(0,Q) with a bad condition number

Let the length of red line be c, the length of blue line be b and the length of green

line be a. Since it is almost flat for this ellipsoid case, we have that c2
≈ b2 + a2.

We have that c − b ≈ a2
√

b2+a2+b
. We have that when a = ϵ, c − b will be significantly

smaller than a because we treat the length b is much bigger than ϵ. This implies
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that ∥zk+1 − z∗∥ could be much bigger than ∥zk∥ − ∥z∗∥. Thus, we might not get a

convergence of zk with ϵ = 10−8 for a double precision floating point format. We

plot the graph for Gilbert method. We truncated on 3,000 steps and the graph

clearly show that sometimes Gilbert does not converge.

500 1,000 1,500 2,000 2,500 3,000

5

0

−5

−10

−15

−20

Steps

lo
g

( ∥
z k
−

z∗
∥
)

Gilbert Method might not converges for k = 6, n=12 and ϵ = 10−8

To clearly show what happens between 1 and 500 steps, we change the range

of the domain (Steps).

100 200 300 400 500

5

0

−5

−10

−15

−20

Steps

lo
g

( ∥
z k
−

z∗
∥
)

Gilbert Method might not converges for k = 6, n=12 and ϵ = 10−8

We now present numerical experiments using the same setting as before. Ta-
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ble 2.3 provides the average number of iterations for our proposed method and

Gilbert method for several k when n = 5. Table 2.4 provides the average number

of iterations for our proposed method and Gilbert method for several n when

k = 3.5. We truncated on 10,000 iteration for Gilbert Method because for some

cases, Gilbert Method never converges. This is because we use floating point

number system with double precision and round-off error might be significant for

some cases.

Table 2.3: Average number of iterations for Gilbert and our proposed Newton’s
based approach when n = 5.

k Gilbert Method Newton’s Method

3 108.4 91.7
4 110.6 92.1
5 1610.1 94.3
6 2341.4 95.5
7 2246.5 148.6
8 3878.0 91.3

Table 2.4: Average number of iterations for Gilbert and our proposed Newton’s
based approach when k = 3.5

n Gilbert Method Newton’s Method

16 144.8 96.8
32 261.7 117.7

To illustrate that our approach based on Newton’s method has a quadratic

convergence rate, we need to use a higher precision. This is because Newton’s

method converges in a few steps which does not show a quadratic convergence

clearly. We use Matlab function which is a symbolic method to implement the

code and make a plot for the same example above. We use log of the actual error,

∥xn − x∗∥ for convenience. To illustrate the quadratic convergence rate, we use the
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definition of the quadratic convergence rate,

lim sup
∥zk+1 − z∗∥
∥zk − z∗∥2

= r.

Since we are interested in the tail of the sequence {zk}, we assume that for any k

such that k ≥ N,
∥zk+1 − z∗∥
∥zk − z∗∥2

≈ r.

We use the property of the log function,

log ∥zk+1 − z∗∥ − 2 log ∥zk − z∗∥ ≈ log r.

Let vk ≈ log ∥zk − z∗∥+ log r. We have that vk+1 ≈ 2vk. This means that for Newton’s

method, we expect the log of the error decays exponentially.

1 2 3 4 5 6 7 8 9

−100
−200
−300
−400
−500
−600
−700
−800
−900

Steps

lo
g
∥
z k
−

z∗
∥

Numerical convergence rate for our proposed method.

Similarly, for Gilbert method, we assume that for any k such that k ≥ N,

∥zk+1 − z∗∥
∥zk − z∗∥

≈ r.
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We use the property of the log function,

log ∥zk+1 − z∗∥ − log ∥zk − z∗∥ ≈ log r.

Let vk ≈ log ∥zk − z∗∥ . We have that vk+1 ≈ vk + log r. This means that we expect

the log of the error decay linearly. For the illustration, we use log (∥zk∥ − ∥z∗∥)

because we only have that ∥zk∥ decreases while ∥zk − z∗∥ doesn’t.

In summary, our proposed method is less sensitive to numerical rounding

errors due to floating point compared to Gilbert method. It is clear form the

theory and numerical experiments that Newton’s method is better than Gilbert

Method in terms of the convergence rate.

2.5 Summary

In this chapter, we have explore the algorithm for computing the projection onto

the Minkowski sum of full ellipsoids. We have presented a novel algorithm with

quadratic convergence. However, our approach requires a good initial guess

which needs to be close to the solution to achieve quadratic convergence. This

initial guess is obtained from (modified) Gilbert method.

Recall that the assumption of having full ellipsoids is mandatory for our pro-

posed algorithm. In the next chapter we remove this assumption and explore

several other possible algorithm to handle these degenerate cases.



Chapter Three

Linear Optimal Control Problem with

degenerate Ellipsoidal constraints
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3.1 Introduction

In this chapter, we present several algorithm to solve certain optimal control prob-

lems described in chapter 1 when the ellipsoid is not full, i.e., degenerated. Recall

that our proposed algorithm in chapter 2 cannot be applied in this setting because

it requires ellipsoids to be full. In this chapter we present several optimization

based algorithms to solve this class of optimal control problem.

The outline for the remainder of this chapter is as follows. In section 3.2,

we formulate the optimal control problems we are interested in and connection

to the Hopf representation formula. Section 3.3 describes the standard primal-

dual optimization algorithm used in [58, 60]. Section 3.4 describes non-linear

primal-dual formulations of the optimization problem. This formulation allows

for several choices that yields in practice different numerical solvers. We also

propose a regularization-based approach to efficiently compute an initial guess

using the algorithm presented in chapter 2.

3.2 Optimal control formulation

We consider certain optimal control problems with linear dynamics, which read

as follows:

S(x, t) = min
{∫ T

t
L(u(s))ds + Jx(x(T)) : x(t) = x, x′(s) = Ax(s) + Bu(s)∀s ∈ [t,T]

}
,

(3.1)

where the running cost L : Rm
→ R is a proper, lower semicontinuous, convex,

1-coercive function, the terminal cost Jx : Rn
→ R is convex, and A,B are matrices
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with real entries. By reversing time (i.e., let s = T − t), S solves the following

forward-time HJ PDE:


∂S(x, s)
∂s

+Hx(x,∇xS(x, s)) = 0 x ∈ Rn, s > 0,

S(x, 0) = Jx(x) x ∈ Rn,

(3.2)

whose Hamiltonian Hx : Rn
×Rn

→ R equals

Hx(x, p) = sup
u∈Rn
⟨−(Ax + Bu), p⟩ − L(u) = −⟨Ax, p⟩ + L∗(−BTp), (3.3)

where A is an n × n matrix, and B is an n ×m matrix.

After the change of variable z(s) = e−sAx(s) (with z = e−tAx), the optimal control

problem (3.1) becomes

S̃(z, t) = min
{∫ T

t
L(u(s))ds + Jx(eTAz(T)) : z(t) = z, z′(s) = e−sABu(s)∀s ∈ [t,T]

}
.

(3.4)

Define Jz by Jz(z) = Jx(eTAz). Then, the corresponding HJ PDE reads


∂S̃(z, s)
∂s

+Hz(s,∇zS̃(z, s)) = 0 z ∈ Rn, s > 0,

S̃(z, 0) = Jz(z) z ∈ Rn,

(3.5)

where the Hamiltonian Hz : R ×Rn
→ R equals

Hz(s, p) = sup
u∈Rn

{
⟨−e−sABu, p⟩ − L(u)

}
= L∗(−BTe−sAT

p). (3.6)

Under some assumptions, the solution of the corresponding HJ PDE is given by
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the generalized Hopf formula, which reads

S̃(z, s) = sup
p∈Rn

{
⟨z, p⟩ −

∫ s

0
L∗(−BTe−τAT

p)dτ − J∗z(p)
}
. (3.7)

Then, the optimal control ū : [t,T]→ Rm in problem (3.4) is given by

ū(T − s) = arg max
u∈Rn

{
⟨−e−sABu, p̄⟩ − L(u)

}
= ∇L∗(−BTe−sAT

p̄), (3.8)

where p̄ is the maximizer in (3.7), which also equals∇zS̃(z, s). Note that by straight-

forward computation, we have

J∗z(p) = sup
z∈Rn
⟨z, p⟩ − Jz(z) = sup

z∈Rn
⟨z, p⟩ − Jx(eTAz) = sup

x∈Rn
⟨e−TAx, p⟩ − Jx(x) = J∗x(e−TAT

p).

(3.9)

After discretization in time, the optimization problem in (3.7) is approximated

by the following multi-time Hopf formula:

sup
p∈Rn

⟨z, p⟩ − k∑
j=1

c jL∗(−BTe−τ jAT
p) − J∗z(p)

 = −min
p∈Rn

F(Kp) + G(p), (3.10)

where {c j} and {τ j} are the weights and quadrature points of any quadrature rule

approximating the integration over [0, s] and F,G, and K are defined, such that

F(Kp) =
k∑

j=1

c jL∗(−BTe−τ jAT
p), G(p) = J∗z(p) − ⟨z, p⟩. (3.11)

Assume that

L∗(w) =
√
⟨w,Mw⟩, ∀w ∈ Rm, (3.12)

where M is a symmetric, positive definite matrix (i.e., L = I{x:⟨x,M−1x⟩≤1}, or in other

words, we constrain the control to lie in the matrix associated with the matrix M),
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and the terminal cost Jx is a quadratic function (Jx(x) = 1
2⟨x,MJx⟩ − ⟨bJ, x⟩ + aJ).

Then, the function G is also quadratic:

G(p) = J∗z(p) − ⟨z, p⟩ =
1
2
⟨e−TAT

p + bJ,M−1
J (e−TAT

p + bJ)⟩ − ⟨z, p⟩ − aJ,

=
1
2
⟨p + eTAT

bJ, e−TAM−1
J e−TAT

(p + eTAT
bJ)⟩ − ⟨z, p⟩ − aJ.

(3.13)

3.3 A standard Primal-dual formulation

We want to solve an optimization problem of the following form:

arg min
x∈Rn

G(x) +
k∑

i=1

ci

√
⟨x,Qix⟩),

 , (3.14)

where G ∈ Γ0(Rn), ci > 0 (which in [58] corresponds to the weights in the quadra-

ture rule used for discretization in time; specifically, [58] uses ci = ∆t,∀i), and

Qi ∈ Rn×n. For our problem of interest, we have

G(x) =
1
2

〈
x − q,V−1(x − q)

〉
− ⟨b, x⟩ + a, (3.15)

for some vectors b, q ∈ Rn, scalar a ∈ R, and symmetric positive definite matrix V ∈

Rn×n. The matrices Qi are assumed to be either symmetric positive definite (SPD)

or symmetric positive semi-definite (SPSD) and to have the following structure.

Let A ∈ Rn×n, B ∈ Rn×m, M ∈ Rm×m, T > 0, and ti ∈ {1, . . . , k}. Then,

Qi = (−e−(T−ti)AB)M(−e−(T−ti)AB)⊤,

= e−(T−ti)ABMB⊤e−(T−ti)A⊤ .
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As in (3.1), the matrices A and B refer to the matrices of the same name in the

dynamics of the optimal control problem

ẋ(t) = Ax(t) + Bu(t),

where x ∈ Rn is the state vector and u is some control input defined in U ⊂ Rm.

The matrix M is some transformation to give the appropriate problem-specific

control bound (i.e., to constrain the control to the ellipsoid associated with the

matrix M). In Section VI of [58], the matrix V is identified as V(0) and takes the

form

V = eTA⊤W−1eTA ( =⇒ V−1 = e−TAWe−TA⊤),

where W ∈ Rn×n is a symmetric positive definite matrix that is associated with the

terminal cost of the optimal control problem (or equivalently, the initial condition

of the HJ PDE). Note in Section 3.2, we identify W = M−1
J , q = −eTA⊤bJ, b = z, and

a = −aJ (e.g., see (3.13) for more details).

Problem (3.14) can be written as the following minimization problem:

arg min
x∈Rn

{G(x) + F(Kx)} , (3.16)

where G ∈ Γ0(Rn) and F ∈ Γ0(Rn×k). For this problem, we get to pick the operator

K and the function F to use for the primal-dual algorithm. For example, we can

define

K =



In

In

. . .

In


,
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and

F
([

y1, y2, . . . , yk
])
=

k∑
i=1

ci

√〈
yi,Qiyi

〉
. (3.17)

Alternatively, we could instead choose K and F as follows:

K =



B⊤e−τ1A⊤

B⊤e−τ2A⊤

...

B⊤e−τkA⊤


,

and

F
([

y1, y2, . . . , yk
])
=

k∑
i=1

ci

√〈
yi,Myi

〉
.

We discuss some possible choices of K and F more in depth later on.

3.4 Non-linear Primal-dual methods

We use the non-linear primal dual method described in [21] to solve (3.16), the

m-th iteration is

xm+1 = arg min
x∈Rn

{G(x) + ⟨ỹm,Kx⟩ +
1

2τm
∥x − xm∥

2
},

ym+1 = arg min
y∈Rn×k

{F∗(y) − ⟨y,Kx̃m+1⟩ +
1

2σm
∥y − ym∥

2
},

(3.18)

where ỹm (x̃m+1, resp.) is some linear combination of ym and ym−1 (xm+1 and xm,

resp.).
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In our case, the first equation in (3.18) is equivalent to

xm+1 = arg min
p∈Rn

{J∗z(p) + ⟨KT ỹm − z, p⟩ +
1

2τm
∥p − xm∥

2
},

= arg min
p∈Rn

{J∗z(p) +
1

2τm
∥p − xm + τm(KT ỹm − z)∥2}.

(3.19)

When Jx is quadratic (Jx(x) = 1
2⟨x,MJx⟩ − ⟨bJ, x⟩ + aJ), it has an explicit formula

xm+1 =
( I
τm
+ e−TAM−1

J e−TAT
)−1 (
−e−TAM−1

J bJ +
xm

τm
− KT ỹm + z)

)
. (3.20)

If Jx is not quadratic, then we need to compute the proximal point of τmJz( ·τm
) or

τmJ∗z:

xm+1 = proxτm J∗(xm−τm(KT ỹm−z)) = xm−τm(KT ỹm−z)−proxτm J( ·τm )(xm−τm(KT ỹm−z)).

(3.21)

The second equation in (3.18) is equivalent to

ym+1 = arg min
y∈Rn×k

{F∗(y) +
1

2σm
∥y − ym − σmKx̃m+1∥

2
}. (3.22)

There are two cases, depending on whether F is separable or not.

(a) If F is separable, i.e., F(y1, . . . , yk) =
∑k

i=1 ci
√〈

yi,Qiyi
〉
. By straightforward

computation, F∗ is in Γ0(Rn×k) and equals

F∗(z1, . . . , zk) = sup
y1,...,yk∈Rn

k∑
i=1

(⟨yi, zi⟩−ci

√〈
yi,Qiyi

〉
) =

k∑
i=1

I{z∈(ker Qi)⊥ : ⟨z,Q†i z⟩≤1}(
zi

ci
).

(3.23)

Then (3.22) can computed in parallel, i.e., ym+1 = (ym+1,1, . . . , ym+1,k), where
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each ym+1, j ∈ Rn satisfies

ym+1, j = arg min
y∈Rn

{I{z∈(ker Qi)⊥ : ⟨z,Q†i z⟩≤1}(
y
ci

) +
1

2σm
∥y − ym, j − σm(Kx̃m+1) j∥

2
}. (3.24)

In other words, ym+1, j is the projection of ym, j + σm(Kx̃m+1) j on the ellipsoid

{z ∈ (ker Qi)⊥ : ⟨z,Q†i z⟩ ≤ 1} (if Qi is not invertible, then this ellipsoid is

degenerate).

(b) If F is not separable, i.e., F(y) = ci

√〈
y, Q̂i,ϵy

〉
, where the invertible matrix

Q̂i,ϵ is the regularized matrix of Qi with the regularization parameter ϵ (see

Section 3.4.3). Then, we have

F∗(z) = I∑k
i=1{z∈Rn : ⟨z,Q̂−1

i,ϵ z⟩≤c2
i }

(z), (3.25)

and hence (3.22) is the projection of ym, j + σm(Kx̃m+1) j onto the Minkowski

sum of ellipsoids
∑k

i=1{z ∈ Rn : ⟨z, Q̂−1
i,ϵ z⟩ ≤ c2

i }, which can be computed using

the algorithm of chapter 2.

3.4.1 Possible Choices of K and F

Note that the function G as defined by (3.13) is determined directly by Jx, but we

have the freedom to choose F and K. There are some ways to do that, which are

summarized here:

(a) First choice: simple form of F. This choice (the non-accelerated version)
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corresponds to the method used in [58]. In [58], they define

K =



B⊤e−τ1A⊤

B⊤e−τ2A⊤

...

B⊤e−τkA⊤


and F

([
y1, y2, . . . , yk

])
=

k∑
i=1

ci

√〈
yi,Myi

〉
. (3.26)

Since F is separable, the second step in primal-dual method is equivalent to

doing k projections onto the same ellipsoid of different points and hence can

be computed in parallel. However, K may be very complicated. For instance,

its condition number may be bad, which will influence the convergence rate

of the primal-dual algorithm.

To obtain an accelerated algorithm, one needs to compute the appropriate

matrix norm of K. In this setting, we have that K : (Rn, ∥·∥2) → (Rm×k, ∥·∥F),

where

∥A∥F =

 m∑
i=1

k∑
j=1

A2
i j


1/2

.

To compute all the parameters needed for the primal-dual algorithm, we

need to compute the induced matrix norm of the operator K:

∥K∥2op = sup
∥x∥2=1

∥Kx∥2F = sup
∥x∥2=1

k∑
j=1

∥BTe−τ jAT
x∥22,

≤

k∑
j=1

sup
∥x j∥2=1

∥BTe−τ jAT
x j∥

2
2 =

k∑
j=1

∥BTeτ jAT
∥

2
op.

(3.27)

Here is an alternative: We can view the operator norm K as an operator

acting on the spaces (Rn, ∥·∥2) and (Rnk, ∥·∥2). In effect, we have that K is an

nk×n matrix. Then the induced matrix norm is just the largest singular value

of K. We can implement this numerically (as a first step, at least).
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(b) Second choice: simple form of K and separable function F. In order to

decrease the number of iterations in the primal-dual algorithm, we make the

matrix K simple. For instance, we choose

K =



In

In

...

In


and F

([
y1, y2, . . . , yk

])
=

k∑
i=1

ci

√〈
B⊤e−τiA⊤yi,MB⊤e−τiA⊤yi

〉
. (3.28)

Since F is still separable, the second step in the primal-dual method is also

equivalent to solving k projections onto different ellipsoids (where the

matrix associated with the ith ellipsoid is given by e−τiABMB⊤e−τiA⊤ , i.e., Qi

on page 1).

(c) Third choice: semi-complicated form of K and simple F. This is a variant

of the the primal-dual algorithm found in [58]. We define K and F by

K =



e−τ1A⊤

e−τ2A⊤

...

e−τkA⊤


and F

([
y1, y2, . . . , yk

])
=

k∑
i=1

ci

√〈
yi,BMB⊤yi

〉
. (3.29)

What we have done here is push the matrix B into the sum of ellipsoids.

The main justification of this approach reads as follows: In this setting,

K : (Rn, ∥·∥2)→ (Rm×k, ∥·∥F) where ∥·∥F denotes the Frobenius norm as before.

The corresponding operator norm is

∥K∥2op = sup
∥x∥2=1

∥Kx∥2F = sup
∥x∥2=1

k∑
j=1

∥∥∥e−τ jA⊤x
∥∥∥2

2
.
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The operator norm here can be computed explicitly if one knows the eigen-

vector of A associated to the smallest eigenvalue of A. Note that

sup
∥x∥2=1

k∑
j=1

∥∥∥e−τ jA⊤x
∥∥∥2

2
⩽ sup
∥x∥2=1

k∑
j=1

∥∥∥e−τ jA⊤
∥∥∥2

2
∥x∥22 =

k∑
j=1

∥∥∥e−τ jA⊤
∥∥∥2

2
=

k∑
j=1

e−2τ jσ.

where σ denotes the smallest eigenvalue of A. To see why the last equality

holds, let v ∈ Rn denotes an eigenvector of the matrix A with corresponding

eigenvalue λ. Then, v is also an eigenvector of the exponential matrix eA,

and its corresponding eigenvalue is eλ. If vσ denotes the eigenvector of A for

which σ is the smallest eigenvalue in the spectrum of A, then vσ becomes the

eigenvector of e−τ jA with largest eigenvalue e−τ jσ. The operator norm then

becomes

∥K∥2op =

k∑
j=1

e−2τ jσ.

(d) Fourth choice: degenerate K and separable function F. In fact, the “redun-

dancy” of K and F gives us more freedom to choose K and F. For instance,

when B or M is degenerate, we modify the second choice using the methods

in Section 3.4.3. Then, the second step of the primal-dual method is similar

to before, but we compute several projections, each of which corresponds

to a non-degenerate ellipsoid (the ellipsoid in (3.26) is degenerate if M is

singular, and the ellipsoid in (3.28) is degenerate if BMBT is degenerate).

(e) Fifth choice: simple form of K and non-separable F. If we put K to be the

identity matrix, then we have

K = In and F
(
y
)
=

k∑
i=1

ci

√〈
B⊤e−τiA⊤y,MB⊤e−τiA⊤y

〉
=

k∑
i=1

ci

√〈
y,Qiy

〉
.

(3.30)

However, when at least one of Qi = e−τiABMB⊤e−τiA⊤ is degenerate, the
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second step of primal-dual method cannot be solved directly because the

algorithm 2 of chapter 2 cannot be applied to compute the projection onto

the Minkowski sum of non-full ellipsoids. Therefore, we need to use a

regularization method in Section 3.4.3, where the matrix Qi is regularized by

Q̂i,ϵ = Qi+Pϵ (Pϵ converges to zero if ϵ converges to zero and may depend on

i). Then, we will have an outer iteration with respect to ϵ. Let ϵk be a positive

decreasing sequence converging to zero. The k-th step in the algorithm is

(a) Compute initialization yk+1,0 according to the optimizer yk in the previ-

ous step.

(b) Run primal-dual algorithm ([21] and algorithm of chapter 2) to get

the minimizer for supp∈Rn

{
⟨z, p⟩ −

∑k
i=1 ci

√〈
p, Q̂i,ϵp

〉
− J∗z(p)

}
(see Sec-

tion 3.4).

After N iterations, when ϵn is small, we use the minimizer yN at the N-th step

as an initialization for methods 1-4 described above.

3.4.2 Initialization Method (and A Change of Variables)

We can reformulate problem (3.14) equivalently as follows. Suppose we can write

V−1 = e−TALL⊤e−TA⊤ , e.g., using the Cholesky decomposition of the matrix W

associated to the initial condition. Then problem (3.14) becomes equivalent to

arg min
x̃∈Rn

1
2

∥∥∥x̃ − q̃
∥∥∥2

2
+

k∑
i=1

√〈
x̃, Q̃ix̃

〉 , (3.31)

where

q̃ = L⊤e−TA⊤q + L−1eTAb and Q̃i = c2
i L−1etiABMB⊤etiA⊤(L−1)⊤.
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If x̃∗ denotes the unique solution to this problem, then the projection on the ellipsoid

is given by q̃ − x̃∗ or, equivalently, q̃ − L⊤e−TA⊤x∗ where x∗ denotes the solution

of (3.14).

If Q̃i is well-posed and SPD, then we can use the algorithm of chapter 2 to solve

(3.31) directly. Otherwise, we can use the regularization methods (see Section 3.4.3)

to approximate ill-posed or SPSD Q̃i with well-posed or SPD matrices and then

use the algorithm of chapter 2 to solve the resulting approximation of (3.31).

3.4.3 Regularization methods

Here we suppose that the matrices Qi are either (a) symmetric positive semi-

definite (SPSD), or (b) symmetric positive definite (SPD) and ill-conditioned. We

want to solve (3.31) to use the algorithm of chapter 2 as an initialization algorithm.

Note that we cannot directly use the algorithm of chapter 2 because the matrices Qi

are assumed to be degenerate. To solve this issue, we need to amend the matrices

Qi to make them strictly positive definite (and therefore well-conditioned). For

this case, we use the primal-dual algorithm to solve the minimization problem

(3.16), where we use the algorithm of chapter 2 to compute the prox of F∗.

(a) Assume Qi is SPSD and that we order the eigenvalues as follows: λ1 ≥ λ2 ≥
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. . . λ j ≥ 0 = λ j+1 = · · · = λn. Then, Qi has the following eigendecomposition:

Qi = UΛU⊤ = U



λ1

. . .

λ j

0

. . .

0


U⊤.

We have several options for choosing a SPD modification of Qi. Below are two

options:

(i) Pick Q̂i to be:

Q̂i = U


Λ + ϵ



0

. . .

0

1

. . .

1




U⊤ = U



λ1

. . .

λ j

ϵ

. . .

ϵ


U⊤,

where ϵ > 0. Then,

Ki = UΛKU⊤, where (ΛK)xy =


1 x = y ≤ j,

0 otherwise.

(ii) Pick Q̂i to be:

Q̂i = U(Λ + ϵIn×n)U⊤,
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where ϵ > 0. Then,

Ki = UΛKU⊤, where (ΛK)xy =


√

λx

λx + ϵ
x = y ≤ j,

0 otherwise.

(iii) Pick Q̂i to be:

Q̂i = Qi + ϵIn×n. (3.32)

(b) If Qi is ill-conditioned, then we can do something similar to above to get a

better conditioned Q̂i.

Now we are ready to our regularization approach.Replace Qi by Q̂i = Qi+P, where

P is a symmetric positive definite matrix. For example, a simple case is to consider

P = εI. Then, we can define Ki = UMKUT, where MK solves MT
K(Λ+UTPU)MK = Λ,

in order to satisfy KT
i Q̂iKi = Qi. If UTPU is diagonal (as in (i) and (ii) above), then

the equation can be solved directly (MK is diagonal) as follows. If UTPU is a

diagonal matrix ΛP with diagonal elements λP,i, then MK is a diagonal matrix

whose i-th element is
√

λQ,i

λQ,i+λP,i
, where λQ,i is the i-th eigenvalue of Q.

3.5 Summary

We have proposed several numerical algorithms to solve optimal control prob-

lems with linear dynamics when the running cost is the characteristic function

of an ellipsoid (potentially degenerate). Such degenerate cases are important for
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application because it includes linear dynamics obtained by Newton mechanics.

We leave as a future work the implementation of all these numerical methods and

their performances.



Chapter Four

Numerical solver for certain

multi-time Hamilton-Jacobi PDEs
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4.1 Introduction

In this chapter, we provide an algorithm for computing the proximal point of a

convex polyhedral function whose domain is a polyhedral set. This algorithm

will be used to compute solutions to certain multi-time Hamilton-Jacobi PDEs

and certain optimal control problems with linear dynamics.

Proximal point based optimization algorithms (e.g., ADMM and primal-dual

method, among others) are often employed to solve optimal control problems

and such algorithms require the computation of proximal points, e.g., numerical

solutions to optimization problems of the form

min
x∈Rn

f (x) +
ρ

2
∥x − c∥2,

where ρ > 0, c ∈ Rn, and f : Rn
→ R is a convex function. However, in general,

computing proximal points of arbitrary convex functions f , and especially of non-

smooth convex functions f , is hard. These computations are further complicated

by the fact that optimal control applications require fast computations that are

tractable in high dimensions.

In this chapter, we present a gradient descent based algorithm for computing

the proximal point of a certain class of nonsmooth, convex functions that is com-

putationally tractable in high dimensions. In particular, we consider polyhedral

functions f with domain that is a polyhedral set, which we define more precisely

in Section 4.2.

We consider this class of functions for several reasons. Polyhedral functions

could be used to approximate more general convex functions and polyhedral
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domain allows us to consider constraints that can be represented by a finite col-

lection of affine functions. More general convex sets could be approximated by

polyhedral sets. The above two traits are significant for optimal control problems,

which often involve optimizing general convex (and nonconvex) functions with

constraints and examples of such functions are ℓ1/ℓ∞ balls/norms, n-simplex. To

the authors’ knowledge, no efficient solver for computing the proximal point of

this class of functions exists, although efficient solvers for some specific examples

of functions in this class do exist.

We show that our algorithm has comparable or faster computational runtime

than the interior-point method, which is a classical method for solving constrained

optimization problems. We also demonstrate that our algorithm is computation-

ally tractable in high dimensions (e.g., n = 16), whereas the interior-point method

suffers from memory constraints that prevent it from even computing a solution

in some high-dimensional cases. Thus, our algorithm has the potential to be used

as a building block in solvers for certain classes of optimal control problems.

The outline for the remainder of this chapter is as follows. In Section 4.2, we

present our algorithm for computing the proximal point of polyhedral functions

with polyhedral domain. Specifically, in Section 4.2.1, we describe some properties

of our algorithm, and in Section 4.2.2, we detail how the descent direction for our

algorithm can be computed. In Section 4.3, we compare the performance of our

algorithm with that of the interior-point method. In Section 4.4, we demonstrate

how our algorithm can be used for different applications. Specifically, in Section

4.4.1, we apply our algorithm to a certain class of multi-time Hamilton-Jacobi

partial differential equations, and in Section 4.4.2, we apply our algorithm to a

certain class of optimal control problems with linear dynamics. In Section 4.5,

we provide some brief concluding remarks. Finally, in Appendix A.1, we review
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some relevant definitions and theorems from convex analysis that are utilized in

this chapter, while in Appendices A.2-A.3, we provide some technical lemmas

used to prove some properties of our algorithm.

4.2 A gradient-descent-based algorithm

In this section, we provide an algorithm for computing the proximal point of a

convex polyhedral function whose domain is a polyhedral set. In our numerical

experiments, we observe that this algorithm terminates in finitely many iterations.

Let the set C ⊆ Rn be a convex (possibly unbounded) closed polyhedral set

defined by

C =
m⋂

i=1

{x ∈ Rn : ⟨pi, x⟩ ≤ αi} =

x ∈ Rn : sup
i∈{1,...,m}

{⟨pi, x⟩ − αi} ≤ 0
 , (4.1)

for some m ∈ N, p1, . . . , pm ∈ Rn, and α1, . . . , αm ∈ R. Let the function φ : Rn
→ R

be a convex polyhedral function defined by

φ(x) = sup
j∈{1,...,m̃}

{⟨q j, x⟩ − β j}, (4.2)

for some m̃ ∈ N, q1, . . . , qm̃ ∈ Rn, and β1, . . . , βm̃ ∈ R. Our goal is to solve the

following minimization problem:

min
x∈Rn

F(x) = min
x∈C

{1
2
∥x − γ∥2 + φ(x)

}
, (4.3)
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where the function F : Rn
→ R ∪ {+∞} is defined by

F(x) :=
1
2
∥x − γ∥2 + φ(x) + IC(x) ∀ x ∈ Rn, (4.4)

where IC is the indicator function of the set C, which was defined in (4.1). In other

words, our goal is to compute the proximal point of the functionφ+IC. We present

an algorithm for computing the proximal point of φ + IC in Algorithm 1.

Algorithm 1: The proposed algorithm for solving the problem (4.3).
Input : The parameters p1, . . . , pm, q1, . . . , qm̃ ∈ Rn,

α1, . . . , αm, β1, . . . , βm̃ ∈ R. The initialization x0 ∈ C.
Output: The minimizer x̄ of the problem (4.3).

1 for k = 1, 2, . . . do
2 Compute the descent direction dk

∈ Rn by

dk := −Π{xk−γ}+∂φ(xk)+∂IC(xk)(0) = −Π∂φ(xk)+∂IC(xk)(−xk + γ) − xk + γ. (4.5)

3 if dk = 0 then return x̄ = xk;
4 Compute the set S+(dk) ⊆ {1, . . . ,m} defined by

S+(dk) := {i ∈ {1, . . . ,m} : ⟨pi, dk
⟩ > 0}, (4.6)

and compute the set S̃+(dk) ⊆ {1, . . . , m̃} defined by

S̃+(dk) := { j ∈ {1, . . . , m̃} : ⟨q j, dk
⟩ > φ′(xk; dk)}. (4.7)

5 Compute ∆tk
∈ R as follows:

∆tk := min
{
∆tk

1,∆tk
2, 1

}
, (4.8)

where ∆tk
1 ∈ R and ∆tk

2 ∈ R are defined by

∆tk
1 := min

{
αi − ⟨pi, xk

⟩

⟨pi, dk⟩
: i ∈ S+(dk)

}
,

∆tk
2 := min

{
β j − ⟨q j, xk

⟩ + φ(xk)
⟨q j, dk⟩ − φ′(xk; dk)

: j ∈ S̃+(dk)
}
.

(4.9)

6 Update the iterate xk+1 = xk + ∆tkdk;
7 end
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Now, we will explain the intuition behind Algorithm 1, which is a gradient-

descent-based method, step-by-step. In each iteration, we first find a descent

direction dk. The idea of gradient descent is to follow the direction of the negative

gradient. However, in our case, the objective function F in problem (4.3) is not

differentiable, and we have to use the subgradient instead of the gradient. Thus, we

follow the direction of the negative subgradient whose norm is the smallest among

all subgradients (recall that by the theoretical guarantee in [5], the derivative of the

gradient flow of a non-smooth convex function is the negative subgradient with the

smallest norm). In other words, we choose the descent direction dk = −Π∂F(xk)(0),

where by straightforward computation, we have that

∂F(x) = {x − γ} + ∂φ(x) + ∂IC(x) ∀x ∈ C. (4.10)

Furthermore, the second equality in (4.5) holds since ΠK+{x}(0) = ΠK(−x) + x holds

for any point x ∈ Rn and for any convex set K ⊆ Rn. Note that the subdifferential

sets ∂φ(x) and ∂IC(x) have explicit formulas, and hence, we can rewrite (4.5) as the

explicit solution to a minimization problem as follows. Recall that for any x ∈ C,

we have that

∂IC(x) = cone {pi : i ∈ S(x)} =

∑
i∈S(x)

aipi : ai ≥ 0∀i ∈ S(x)

 , (4.11)

where the set S(x) ⊆ {1, . . . ,m} is defined by

S(x) := {i ∈ {1, . . . ,m} : ⟨pi, x⟩ = αi}. (4.12)
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Moreover, for any x ∈ Rn, we also have that

∂φ(x) = conv {q j : j ∈ S̃(x)} =


∑
j∈S̃(x)

b jq j : b j ≥ 0∀ j ∈ S̃(x),
∑
j∈S̃(x)

b j = 1

 , (4.13)

where the set S̃(x) ⊆ {1, . . . , m̃} is defined by

S̃(x) := { j ∈ {1, . . . , m̃} : ⟨q j, x⟩ − β j = φ(x)}. (4.14)

Therefore, the direction dk is given by dk = −w̄ − v̄ − xk + γ, where (w̄, v̄) is the

minimizer of the following optimization problem:

min
w,v∈Rn

ai,b j∈R

{ ∥∥∥−xk + γ − w − v
∥∥∥2

: w =
∑

i∈S(xk)

aipi, v =
∑

j∈S̃(xk)

b jq j,

ai ≥ 0∀i ∈ S(xk), b j ≥ 0∀ j ∈ S̃(xk),
∑

j∈S̃(xk)

b j = 1
}
,

(4.15)

which can be solved using the numerical method in Section 4.2.2.

In the next step of Algorithm 1, if the direction dk is not zero, we compute the

maximal time period ∆tk for which the direction dk (= −Π∂F(xk)(0)) is equivalent to

−Π∂F(xk+tdk)(0) for all t ∈ [0,∆tk). Therefore, we choose ∆tk to be the minimal value

in {∆tk
1, ∆tk

2, 1}, where ∆tk
1 is the time until we arrive at a new face of C whose index

is given by the minimizer in the first equation in (4.9) and ∆tk
2 is the time until we

arrive at a new face of epi φ whose index is the minimizer in the second equation

in (4.9). Note that the sets S+ and S̃+ may be empty. If S+ or S̃+ is empty, then

the corresponding equation in (4.9) becomes the minimum over an empty set, and

we adopt the convention that the minimum over an empty set is +∞. We set a

maximal threshold of 1.0 for ∆tk to prevent the trajectory (i.e., the straight line

segment connecting xk and xk+1) from passing the minimizer as it moves to a new
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face of C or epi φ. As a simple illustration of the significance of this threshold,

consider the example where φ is constant and the vector γ is in the interior of

the set C. If we set ∆tk = min{∆tk
1,∆tk

2}, then the first iterate x1 will be on the

intersection of the boundary of C and the ray {x0+ s(γ−x0) : s ≥ 0}. However, if we

set ∆tk = min{∆tk
1,∆tk

2, 1}, then the next iterate x1 is γ, which is the minimizer; in

other words, the trajectory terminates at the minimizer before reaching a new face

of C. Note that, unlike in linear programming problems, the quadratic term in the

objective function allows the minimizer not to be in the set of the extreme points

of C or the x-coordinate of the extreme points of epi φ. We also note that the step

size ∆tk is almost always less than 1.0 (in Lemma A.2.1, we prove that ∆tk
∈ (0, 1]),

and when the step size ∆tk equals 1.0, the algorithm will terminate in the next step

(see Lemma A.2.3).

In Section 4.2.1, we provide some theoretical guarantees for Algorithm 1 and

an interpretation of Algorithm 1 in terms of the gradient flow of the function F.

Then, in Section 4.2.2, we provide more details on computing the descent direction

dk in (4.5) numerically.

4.2.1 Properties of the algorithm

In this section, we show that Algorithm 1 is related to the gradient descent algo-

rithm for the function F defined by (4.4). Let ∆tk
∈ R and xk, dk

∈ Rn be the scalars

and vectors defined in Algorithm 1. Define the trajectory x : [0,+∞)→ Rn by

x(s) := xk + (1 − exp(−s + sk))dk
∀s ∈ [sk, sk+1), (4.16)
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where each sk is defined by

sk :=
k−1∑
i=1

(− log(1 − ∆ti)), (4.17)

where we use the convention log 0 = −∞. If Algorithm 1 terminates after a finite

number of iterations K, then we define

x(s) := xK
∀s ∈ [sK,+∞). (4.18)

Note that if Algorithm 1 does not terminate in finite iterations, then by Lemma A.2.3

we have that ∆ti
∈ (0, 1) holds for each i ∈N, and hence {sk

}
∞

k=1 is a strictly increas-

ing sequence in R. In other words, the trajectory x(·) defined in (4.16) consists of

infinitely many line segments, where the k-th segment corresponds to the k-th it-

eration in Algorithm 1. Similarly, by Lemma A.2.3, if Algorithm 1 terminates after

a finite number of iterations K, then the trajectory x(·) defined in (4.16) consists of

K − 1 line segments, where the k-th segment corresponds to the k-th iteration in

Algorithm 1.

In the following proposition, we show that the trajectory x(·) as defined by

(4.16) is the gradient flow of the function F. In this sense, each step in Algorithm 1

corresponds to a point of the gradient flow x(·) where the direction x′(s)
∥x(s)∥ changes.

Therefore, our proposed algorithm can be seen as a gradient descent method with

certain step sizes.

Proposition 4.2.1. Let x0 be a point in C. Let x : [0,+∞)→ Rn be the trajectory defined

in (4.16). Then, the function x(·) ∈ C(0,+∞;Rn) is the unique solution to the following

differential inclusion: 
x′(s) ∈ −∂F(x(s)) s > 0,

x(0) = x0.
(4.19)
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Proof. Since ∂F is a maximal monotone set-valued function, by [5, Chap 3.2, Thm 1]

the problem (4.19) has a unique solution, which is also the unique solution for

almost all s ≥ 0 of the following ODE:


x′(s) = −Π∂F(x(s))(0) s > 0,

x(0) = x0.
(4.20)

Thus, it suffices to prove that the function x(·) defined in (4.16) satisfies the

ODE (4.20) almost everywhere. The initial condition is satisfied by the definition

of x(·). The function x(·) is continuous and piecewise smooth, and its derivative in

each time period reads

x′(s) = exp(−s + sk)dk if s ∈ (sk, sk+1). (4.21)

If Algorithm 1 terminates in the (K + 1)-th iteration, then we have that x′(s) = 0

holds for s > sK. For any s ∈ (sk, sk+1), by straightforward computation using the

definition of sk, we have that

1 − exp(−s + sk) ∈ (0, 1 − exp(−sk+1 + sk)) = (0,∆tk). (4.22)

Hence, Lemma A.2.4 holds for x(s), which, together with (4.10), implies

−Π∂F(x(s))(0) = dk+xk
−x(s) = dk+xk

−(xk+(1−exp(−s+sk))dk) = exp(−s+sk)dk = x′(s).

Moreover, if Algorithm 1 terminates in the (K+1)-th iteration, then we have dK = 0

and

0 = −Π{xK−γ}+∂φ(xK)+∂IC(xK)(0) = −Π∂F(xK)(0).
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Thus, for any s ≥ sK, we have

x′(s) = 0 = −Π∂F(xK)(0) = −Π∂F(x(s))(0).

Therefore, the trajectory x(·) defined in (4.16) satisfies (4.20) almost everywhere,

and hence, it is the unique solution to (4.19). ■

Now, we present our main result in the following proposition, which shows

that Algorithm 1 converges to the unique minimizer of the problem (4.3) under

certain assumptions.

Proposition 4.2.2. Let the initial point x0 be a point in C. Then, Algorithm 1 is well-

defined. Assume there exists c ∈ (0, 1) such that either ∆tk
≥ c for any k. Then,

Algorithm 1 converges to the unique minimizer of the problem (4.3).

Proof. By Lemmas A.2.1 (c) and A.2.2 and induction on k, we have ∆tk
∈ (0, 1]

and xk
∈ C. Therefore, Algorithm 1 is well-defined. By straightforward checking,

the objective function F is convex, lower semi-continuous, 1-coercive, and strictly

convex in its domain. Therefore the optimization problem (4.3) has a unique

minimizer, denoted by x̄. By [5, Sec. 3.4, Theorem 2], the solution to the differential

inclusion (4.19) converges to the unique minimizer x̄.

If there exists K such that∆tK = 1, then by Lemma A.2.3, Algorithm 1 terminates

at the (K + 1)-th iteration. By definition of x and sK+1 in (4.16) and (4.17), we have

sK+1 = +∞ and lims→+∞ x(s) = xK+dK = xK+1. Hence, the solution to the differential

inclusion (4.19) converges to xK+1. Therefore, xK+1 is the unique minimizer to the

problem (4.3).

If Algorithm 1 terminates in K iterations but there does not exist K such that
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∆tK = 1, then by (4.18), we have lims→+∞ x(s) = xK, and hence the output xK of

Algorithm 1 is the unique minimizer to the problem (4.3).

Now, it remains to prove the results when Algorithm 1 does not terminate in

finite iterations. By assumption we have∆tk
≥ c for any k ∈N. By (4.16) and (4.17),

we get x(sk) = xk for any k ∈N and sk
≥

∑k−1
i=1 (− log(1−c)) = −(k−1) log(1−c), which

converges to +∞. Therefore, we obtain limk→∞ xk = limk→∞ x(sk) = lims→+∞ x(s) =

x̄. In other words, Algorithm 1 converges to the unique minimizer x̄ of the

optimization problem (4.3). ■

Remark 4.2.3. In our numerical experiments, we observe that Algorithm 1 termi-

nates in finite iterations. If φ is an affine function, we provide a proof for this finite

termination property (see Proposition A.2.8).

4.2.2 Computing the descent direction

To compute the descent direction dk as defined in (4.5), we need to solve the

optimization problem in (4.15).

In this section, we only consider a numerical algorithm for solving (4.15) for

a fixed k. Thus, to simplify notation, we denote Y = −xk + γ, which is a fixed

vector in Rn. We also consider the vectors {pi : i ∈ S(xk)} and {q j : j ∈ S̃(xk)}. Using

an abuse of notation and rearranging the indices, we denote these two sets by

{pi : i = 1, . . . , I} and {q j : j = 1, . . . , J}, respectively, to avoid the complicated index

set notation. Note that the vectors pi, q j in this section are not the same as the

vectors pi, q j in (4.1) and (4.2); rather, the vectors pi, q j in this section are a subset

of the vectors pi, q j in (4.1) and (4.2).
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With this simplified notation, the optimization problem (4.15) becomes

min
w,v∈Rn

ai,b j∈R

∥Y − w − v∥2 : w =
I∑

i=1

aipi, v =
J∑

j=1

b jq j, ai ≥ 0∀i, b j ≥ 0∀ j,
J∑

j=1

b j = 1

 .
(4.23)

To solve (4.23), we consider two cases, depending on whether the set {q j : j =

1, . . . , J} is linearly independent or not. We discuss the two cases and corresponding

numerical algorithms in the following two sections.

4.2.2.1 The first case

In the first case, we assume q1, . . . , qJ are linearly independent, and we apply

Algorithm 2, which solves (4.23) using a splitting method by iteratively solving

for the terms w and v in (4.23). Specifically, the first iterate wℓ+1 (4.30) is equivalent

to the projection of Y − vℓ onto the polyhedral cone generated by {p1, . . . , pI}. We

compute (4.30) using any algorithm for computing the projection onto a polyhedral

cone. For the iterate corresponding to v in (4.23), we apply a change of variable

using an invertible matrix Q whose first J column vectors are the vectors q1, . . . , qJ

(such a matrix Q exists since the vectors q1, . . . , qJ are linearly independent). With

some linear algebraic computation, the constraints v =
∑J

j=1 b jq j, b j ≥ 0∀ j, and∑J
j=1 b j = 1 are equivalent to

v ∈ cone {q1, . . . , qJ}, Q−1v = (b1, . . . , bJ, 0), 1 =
J∑

j=1

b j =

n∑
j=1

(Q−1v) j = ⟨(Q−1)T1, v⟩.

(4.24)
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Thus, we can remove the variables b1, . . . , bJ and reformulate the update step for v

as (4.31). Note that (4.31) is an optimization problem of the following form:

min
v∈Rn
{∥z − v∥2 : v ∈ V, ⟨c, v⟩ = 1}, (4.25)

where V is a polyhedral convex cone and c ∈ Rn. In (4.31), we have V =

cone {q1, . . . , qJ}, z = Y − wℓ+1, and c = (Q−1)T1. To solve (4.31), we propose an

efficient algorithm (that terminates in finitely many steps) for solving the general

problem (4.25), which is summarized in Algorithm 3.

Next, we briefly describe the derivation of Algorithm 3. By Lemma A.3.1,

solving (4.25) is equivalent to finding the root of the function g : R → R defined

by

g(λ) := ⟨c,ΠV(z − λc)⟩ − 1, (4.26)

where λ ∈ R is the Lagrange multiplier. Then, the minimizer v̄ in (4.25) is given by

ΠV(z− λ̄c), where λ̄ is the root of g. Since g is a one-dimensional, piecewise affine,

decreasing function, by Lemma A.3.2, the root of g can be efficiently computed

using Newton’s method. The value of g in (4.26) for any λ can be computed using

any algorithm which can compute the projection on a polyhedral convex cone. By

Lemma A.3.2, the directional derivatives of g are given by

g′(λ; 1) = −∥c∥2 − ⟨c,ΠW(λ)(−c)⟩, g′(λ;−1) = ∥c∥2 − ⟨c,ΠW(λ)(c)⟩, (4.27)

the set W(λ) is a convex polyhedral cone defined by (see (A.44))

W(λ) = {y ∈ Rn : ⟨ΠV(z − λc), y⟩ = 0, ⟨v j, y⟩ ≤ 0∀ j ∈ J} (4.28)
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and the index set J is defined by

J = { j ∈ {1, . . . ,N} : ⟨v j,ΠV◦(z − λc)⟩ = 0}. (4.29)

Note that the polyhedral convex cone W(λ) can be numerically represented since

the vectorΠV(z−λc) can be numerically computed using any algorithm which can

compute the projection on a polyhedral convex cone. Therefore, the directional

derivatives of g can also be computed using any algorithm which can compute

the projection on a polyhedral convex cone.

We summarize our proposed Newton’s method for solving (4.25) in Algorithm

3. First, we compute the value of g by projecting z − λkc onto the polyhedral cone

V. Since g is a decreasing function, if the value of g is negative, we decrease the

value of λk to get λ̃ using (4.34), where we use the directional derivative g′(λk;−1)

to replace the gradient term in Newton’s method; if the value of g is positive,

we increase the value of λk to get λ̃ using (4.35), where we use the directional

derivative g′(λk; 1) to replace the gradient term in Newton’s method. To improve

the efficiency and robustness of Newton’s method, we combine it with a bisection

search. Specifically, if the updated value of λ̃ falls outside the possible range

[λl, λu], we throw away the Newton update and use the midpoint λl+λu
2 instead.

Note that one special case happens when the directional derivative is zero,

which in turn will cause the next Newton step to be ill-defined. By Lemma A.3.3,

this special case only happens when the value of g(λk) is negative. To avoid this

case, if g′(λk;−1) = 0 and g(λk) < 0, we increase the value of λ̃ until the projection

ΠV◦(x − λkc) reaches a new face of V◦ instead of using a Newton step. When

the projection ΠV◦(x − λkc) reaches a new face of V◦, there exists v j such that

⟨v j,ΠV◦(x− λ̃c)⟩ = 0 but ⟨v j,ΠV◦(x−λkc)⟩ , 0. After some computation, we get the
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update scheme (4.33) (the computational details for the reason behind this update

scheme is similar as in Lemma A.2.2 (a)). Since g is a piecewise affine decreasing

function, Algorithm 3 terminates in finitely many iterations.

Algorithm 2: The proposed algorithm for solving the problem (4.23),
where q1, . . . , qJ are linearly independent.

Input : The parameters Y, p1, . . . , pI, q1, . . . , qJ ∈ Rn, the initializations
w0, v0

∈ Rn, and the stopping criteria tolerance ϵ > 0.
Output: The minimizer (wN, vN) of (4.23).

1 Compute the invertible matrix Q with n rows and n columns, such that its
first J column vectors are the vectors q1, . . . , qJ.

2 for ℓ = 1, 2, . . . do
3 Update wℓ+1

∈ Rn by

wℓ+1 = arg min
w∈Rn

∥∥∥Y − vℓ − w
∥∥∥2

: w =
I∑

i=1

aipi, ai ≥ 0∀i

 ,
= Πcone {p1,...,pI}(Y − vℓ).

(4.30)

By convention, if I = 0, then we define wℓ+1 = 0.
4 Update vℓ+1

∈ Rn by

vℓ+1 = arg min
v∈Rn

∥∥∥Y − wℓ+1
− v

∥∥∥2
: v =

J∑
j=1

b jq j, b j ≥ 0∀ j,
J∑

j=1

b j = 1

 ,
= arg min

v∈Rn

{∥∥∥Y − wℓ+1
− v

∥∥∥2
: v ∈ cone {q1, . . . , qJ}, ⟨(Q−1)T1, v⟩ = 1

}
.

(4.31)

By convention, if J = 0, then we define vℓ+1 = 0. Otherwise, compute
vℓ+1 by solving (4.31) using Algorithm 3, whose inputs are N = J,
z = Y − wℓ+1, c = (Q−1)T1, and v j = q j for j = 1, . . . , J.

5 if ∥wℓ
−wℓ+1

∥
2
≤ ϵ and ∥vℓ − vℓ+1

∥
2
≤ ϵ then return (wN, vN) = (wℓ+1, vℓ+1);

6 end

4.2.2.2 The second case

In the second case, we assume the vectors q1, . . . , qJ are linearly dependent, and

we solve (4.23) using Algorithm 4. Since the vectors q1, . . . , qJ are dependent, we
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Algorithm 3: The proposed algorithm for solving the problem (4.25).
Input : The parameters v1, . . . , vN, c, z ∈ Rn. The initial Lagrange

multiplier λ0
∈ R.

Output: The minimizer v̄ of the problem (4.25).
1 Set the lower bound λl = −∞ and the upper bound λu = +∞;
2 for k = 1, 2, . . . do
3 Compute the projection z̄k by

z̄k = ΠV(z − λkc) = Πcone {v1,...,vN}(z − λ
kc), (4.32)

and compute the function value g(λk) = ⟨c, z̄k
⟩ − 1;

4 if g(λk) = 0 then return v̄ = z̄k;
5 else if g(λk) < 0 then
6 Update the upper bound by λu = min{λu, λk

}. Compute g′(λk;−1)
using (4.27);

7 if g′(λk;−1) = 0 then
8 Compute the updated Lagrange multiplier by

λ̃ = λk
−min

{
−
⟨v j, z − λkc − z̄k

⟩

⟨v j,ΠW(λk)(c)⟩
: j ∈ {1, . . . , J}

s.t. ⟨v j,ΠW(λk)(c)⟩ > 0
}
,

(4.33)

where W(λk) is the set defined in (4.28).
9 else

10 Compute the updated Lagrange multiplier by

λ̃ = λk
−

∣∣∣∣∣∣ g(λk)
g′(λk;−1)

∣∣∣∣∣∣ . (4.34)

11 end
12 else
13 Update the lower bound by λl = max{λl, λk

}, and compute g′(λk; 1)
using (4.27). Compute the updated Lagrange multiplier by

λ̃ = λk +

∣∣∣∣∣∣ g(λk)
g′(λk; 1)

∣∣∣∣∣∣ . (4.35)

14 end
15 If λ̃ ∈ [λl, λu], set λk+1 = λ̃; Otherwise, set λk+1 = 1

2 (λl + λu);
16 end
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cannot apply the change of variable Q in the first case to eliminate the variables

b1, . . . , bJ in the subproblem for v. Instead of splitting the original problem (4.23)

into two subproblems, in this case, we split it into several subproblems, including

one subproblem involving w and multiple subproblems involving v. More specif-

ically, we divide the set {q1, . . . , qJ} into several subsets {q j : j ∈ Jm}, m = 1, . . . ,M,

where no two subsets intersect, the union of all subsets recovers the original set

{q1, . . . , qJ}, and each subset {q j : j ∈ Jm} is linearly independent. Then, we apply a

change of variable (analogous to the change of variable Q in the first case) to each

subset as follows.

Let Qm be the change of variable matrix corresponding to the m-th subset, i.e.,

Qm is an invertible matrix with n rows and n columns, such that its firstJm column

vectors are {q j : j ∈ Jm} (where such a matrix Qm exists because the set {q j : j ∈ Jm}

is linearly independent). Let vm =
∑

j∈Jm
b jq j. Then, using similar computations

as in the first case, the constraints v =
∑J

j=1 b jq j, b j ≥ 0∀ j, and
∑J

j=1 b j = 1 are

equivalent to

v =
M∑

m=1

vm, vm ∈ cone {q j : j ∈ Jm}∀m, 1 =
M∑

m=1

⟨(Q−1
m )T1, vm⟩. (4.36)

Thus, the optimization problem (4.23) is equivalent to

min
w,v0,...,vM∈Rn

{
∥Y − v0∥

2 : v0 = w +
M∑

m=1

vm,w ∈W, vm ∈ Cm

∀m ∈ {1, . . . ,M},
M∑

m=1

⟨(Q−1
m )T1, vm⟩ = 1

}
,

(4.37)

where we introduce a new variable v0 = w+
∑M

m=1 vm and we set W to be the poly-

hedral cone generated by {p1, . . . , pI} and Cm to be the polyhedral cone generated
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by {q j : j ∈ Jm}, i.e., we define W and Cm by

W = cone {p1, . . . , pI}, Cm = cone {q j : j ∈ Jm} ∀m = 1, . . . ,M. (4.38)

Now, we apply an ADMM scheme to solve (4.37). ADMM is an iterative

algorithm, where each iteration consists of two steps: first, we update the primal

variables, and second, we update the dual variables. In our case, these two steps

are detailed as follows.

In the first step, we fix the dual variables yℓ ∈ Rn and λℓ ∈ R and update the

primal variables w, v0, . . . , vM by solving the following minimization problem:

min
w,v0,...,vM∈Rn

L(w, v0, . . . , vM, yℓ, λℓ), (4.39)

where the function L is defined by

L(w, v0, . . . , vM, y, λ) =
1
2
∥Y − v0∥

2 +

M∑
m=1

ICm(vm) + IW(w)

+
ρ

2

∥∥∥∥∥∥∥y + v0 − w −
M∑

m=1

vm

∥∥∥∥∥∥∥
2

+
ρ

2

λ + M∑
m=1

⟨(Q−1
m )T1, vm⟩ − 1


2

,

(4.40)

where ρ > 0 is a positive parameter and y ∈ Rn and λ ∈ R are the dual variables

corresponding to the constraints v0 = w +
∑M

m=1 vm and
∑M

m=1⟨(Q−1
m )T1, vm⟩ = 1,

respectively. To solve (4.39), we use a splitting method to update the variables

v0,w, v1, . . . , vM one-by-one. Since the objective function L is quadratic in v0, the

minimizer of v0 7→ L(wℓ, v0, vℓ1 . . . , v
ℓ
M, y

ℓ, λℓ) has an analytical form given explicitly

by (4.46). For fixed v0 = vℓ+1
0 , v1 = vℓ1, . . . , vM = vℓM, the minimizer ofLwith respect

to w is the projection of yℓ + vℓ+1
0 −

∑M
m=1 vℓm onto the set W, which can be computed
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using any algorithm for computing the projection onto a polyhedral cone. Finally,

for each m = 1, . . . ,M and fixed v0 = vℓ+1
0 , w = wℓ+1, v j = vℓ+1

j for j < m, and v j = vℓj

for j > m, computing the minimizer of L with respect to vm requires us to solve

the following optimization problem:

min
vm∈Cm

{ ∥∥∥∥∥∥∥yℓ + vℓ+1
0 − wℓ+1

−

m−1∑
i=1

vℓ+1
i −

M∑
i=m+1

vℓi − vm

∥∥∥∥∥∥∥
2

+

λℓ + m−1∑
i=1

⟨(Q−1
i )T1, vℓ+1

i ⟩ +

M∑
i=m+1

⟨(Q−1
i )T1, vℓi ⟩ + ⟨(Q

−1
m )T1, vm⟩ − 1


2 }
.

(4.41)

We solve this optimization problem as follows. Define c,u ∈ Rn, and α ∈ R by

c = (Q−1
m )T1,

u = yℓ + vℓ+1
0 − wℓ+1

−

∑
i<m

vℓ+1
i −

∑
i>m

vℓi ,

α = λℓ +
∑
i<m

⟨(Q−1
i )T1, vℓ+1

i ⟩ +
∑
i>m

⟨(Q−1
i )T1, vℓi ⟩ − 1.

(4.42)

Then, the problem (4.41) is equivalent to

min
vm∈Cm

{
∥u − vm∥

2 + (α + ⟨c, vm⟩)2
}

= min
vm∈Cm

{
(vm + (I + ccT)−1(αc − u))T(I + ccT)(vm + (I + ccT)−1(αc − u))

}
.

(4.43)

We apply the change of variable ṽ = Evm, where the matrix E is defined by

E =
√

I + ccT, (4.44)

to get that the minimization problem in (4.43) is equivalent to solving the following

problem:

min
ṽ∈Rn

{∥∥∥ṽ − E−1(u − αc)
∥∥∥2

: E−1ṽ ∈ Cm

}
;
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that is, it is equivalent to computing the projection of E−1(u−αc) onto the polyhedral

cone C̃m defined by

C̃m = ECm = cone
{
Eq j : j ∈ Jm

}
. (4.45)

Thus, the minimizer ṽm can be computed using any algorithm for computing the

projection onto a polyhedral cone, and we recover vℓ+1
m using (4.48).

Finally, after updating all of the primal variables, the second step of ADMM

updates the dual variables y and λ by (4.49).

4.3 Comparison to existing optimization methods

In this section, we compare the performance of Algorithm 1 with that of the

interior-point method [74], which is a classical approach for solving constrained

optimization problems. Specifically, we compare a simple MATLAB implemen-

tation of Algorithm 1 with the interior-point method, as implemented by MAT-

LAB’s built-in function quadprog. We note that the original optimization problem

(4.3) cannot be solved directly using the interior-point method. Thus, to use the

interior-point method, we propose the following reformulation of (4.3):

min
x∈Rn

F(x) = min
x

s

∈C′

{1
2
∥x − γ∥2 + s

}
= min

x

s

∈C′

1
2

x

s


T I 0

0 0


x

s

 +
〈x

s

 ,
−γ1


〉 + 1

2
∥γ∥2,

(4.50)
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Algorithm 4: The proposed algorithm for solving the problem (4.23),
where q1, . . . , qJ are linearly dependent.

Input : The parameters Y, p1, . . . , pI, q1, . . . , qJ ∈ Rn and ρ ∈ R, the
initializations w0, y0, v0

0, v
0
1, . . . , v

0
M ∈ R

n, and λ0
∈ R, and the

stopping criteria tolerance ϵ > 0.
Output: The minimizer (wN, vN) of (4.23).

1 Compute J1,. . . , JM (where M > 1), which is a partition of the index set
{1, . . . , J} (i.e., Ji ∩J j , ∅ and ∪M

m=1Ji = {1, . . . , J}), such that {q j : j ∈ Jm}

are linearly independent for each m = 1, . . . ,M.
2 Compute the invertible matrices Q1, . . . ,QM with n rows and n columns,

such that the first Jm column vectors of Qm is {q j : j ∈ Jm}.
3 for ℓ = 1, 2, . . . do
4 Update vℓ+1

0 ∈ Rn by

vℓ+1
0 =

Y
1 + ρ

−
ρ

1 + ρ

yℓ − wℓ
−

M∑
i=1

vℓi

 . (4.46)

5 Update wℓ+1
∈ Rn by

wℓ+1 = Πcone {p1,...,pI}

yℓ + vℓ+1
0 −

M∑
i=1

vℓi

 . (4.47)

By convention, if I = 0, then we define wℓ+1 = 0;
6 Update vℓ+1

m ∈ Rn for m = 1, . . . ,M iteratively by

vℓ+1
m = E−1ṽℓ+1

m , ṽℓ+1
m = ΠC̃m

(
E−1(u − αc)

)
, (4.48)

where u, c ∈ Rn, and α ∈ R are defined in (4.42), the matrix E is defined
by (4.44), and the polyhedral convex cone C̃m is defined in (4.45);

7 Update yℓ+1, λℓ+1
∈ Rn by

yℓ+1 = yℓ+vℓ+1
0 −wℓ+1

−

M∑
m=1

vℓ+1
m , λℓ+1 = λℓ+

M∑
m=1

⟨(Q−1
m )T1, vℓ+1

m ⟩−1. (4.49)

if ∥wℓ
− wℓ+1

∥
2
≤ ϵ, maxm=1,...,M ∥vℓm − vℓ+1

m ∥
2
≤ ϵ, ∥yℓ − yℓ+1

∥
2
≤ ϵ, and

∥λℓ − λℓ+1
∥

2
≤ ϵ then

8 return (wN, vN) =
(
wℓ+1,

∑M
m=1 vℓ+1

m

)
.

9 end
10 end
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where the constraint set C′ ⊆ Rn+1 is defined by

C′ :=


x

s

 ∈ Rn+1 : A

x

s

 ≤ b

 ,

where A =



p1 0
...

...

pm 0

q1 −1
...

...

qm̃ −1


∈ Mm+m̃,n+1(R), b =



α1

...

αm

β1

...

βm̃


∈ Rm+m̃.

(4.51)

We present some numerical results to compare the performance of the two

methods. In each example, we set all the tolerances (corresponding to the inequal-

ities) in Algorithm 1 to 10−8. We then pick the tolerances for the interior-point

method such that the average ℓ2 error of the two methods are of the same order of

magnitude. Additionally, for each example, we compute the running time as the

average time per call in seconds over 100 runs, the number of iterations as the av-

erage iteration count per call over 100 runs, and the ℓ2 error as the average ℓ2 error

of the computed minimizer per call over 100 runs. To compute the ℓ2 errors, we

compute the true minimizer as the numerical minimizer resulting from running

Algorithm 1 with all tolerances set to 10−15 and quadprog with all tolerances set to

10−16. We run all of these numerical comparisons on an 8th Gen Intel Laptop Core

i5-8250U with a 1.60GHz processor.

We first test the performance of the two methods on computing the minimizer

in (4.3), where the parameters of the problem are chosen randomly. Specifically,

in (4.3), we let γ be a random vector in [0, 25] × [−25, 25]n−1, C be a random
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cone (where the support vectors pi are random vectors in [0, 1] × [−1, 1]n−1 and

αi = 0, i = 1, . . . , 2n), and φ be a random function (where q j are random vectors in

[−2.5, 2.5]n and β j are random scalars in [−1, 1], j = 1, . . . , 2n). We note that we pick

the first elements of γ and each pi to be positive in order to lower the probability

that γ is in the set C. We also initialize Algorithm 1 with a random vector x0 in

[− 1
2n ,

1
2n ]n
∩C. For this example, we use the following tolerances for quadprog: for

n = 8, we use a function tolerance of 10−15 and a step tolerance of 10−8, and for

n = 16, we use a function tolerance of 10−14 and a step tolerance of 10−8. In Table

4.1, we see that for n = 8, 16, both methods achieve average ℓ2 errors on the order

of 10−12 in similar running times (between 2× 10−3 and 2× 10−2 seconds per call on

average), although Algorithm 1 has slightly slower average running time than the

interior-point method in 16 dimensions (approximately 2 × 10−2 seconds versus

4 × 10−3 seconds, respectively). Thus, we see that both methods have comparable

performance in this example even in high dimensions.

n Algorithm Running Time (s) Number of Iterations ℓ2 Error
8 Algorithm 1 7.0770e-03 7.72 2.1926e-12

Interior-Point Method 2.4851e-03 9.51 2.0896e-12
16 Algorithm 1 1.5590e-02 15.49 4.0208e-12

Interior-Point Method 4.1559e-03 12.06 1.0172e-12

Table 4.1: Computational results comparing the performance of Algorithm 1 and
the interior-point method in computing the minimizer of (4.3) with random γ, C,
and φ and for different dimensions n. The running times, iteration counts, and ℓ2

errors of the computed minimizer correspond to their average values per call over
100 runs.

Next, we test the performance of the two methods on a more structured prob-

lem. Specifically, in (4.3), we let γ be a random vector in [0, 25]× [−25, 25]n−1, C be

the ℓ1 unit ball, and φ be the ℓ∞ norm. Note that in this example, the number of

support vectors for the set C scales exponentially with the dimension n (m = 2n).

We initialize Algorithm 1 randomly as in the previous example. Additionally, we

use the following tolerances for quadprog: we use a function tolerance of 10−16
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and a step tolerance of 10−8. In Table 4.2, we see that when n = 8, on average,

Algorithm 1 achieves ℓ2 errors on the order of 10−15 in less than 2.5× 10−3 seconds,

whereas the interior-point method requires approximately 3.9 × 10−1 seconds on

average to achieve similar ℓ2 errors. When n = 16, the interior-point method

runs out of memory and thus is unable to compute a minimizer for this case.

However, Algorithm 1 does not suffer from the same memory issues in this case

and is able to compute the minimizer in 7.6 × 10−2 seconds on average. Thus,

in this more structured example, we see that Algorithm 1 has faster run times

than the interior-point method and does not have memory issues, whereas the

interior-point method does, when the dimension n is high.

n Algorithm Running Time (s) Number of Iterations ℓ2 Error
8 Algorithm 1 2.4512e-03 9.73 7.3964e-15

Interior-Point Method 3.9079e-01 13.54 1.9915e-15
16 Algorithm 1 7.6073e-02 18.24 2.3438e-14

Interior-Point Method n/a n/a n/a

Table 4.2: Computational results comparing the performance of Algorithm 1 and
the interior-point method in computing the minimizer of (4.3) with C = {x ∈ Rn :
∥x∥1 ≤ 1}, φ = ∥ · ∥∞, and random γ for different dimensions n. The running times,
iteration counts, and ℓ2 errors of the computed minimizers correspond to their
average values per call over 100 runs. When n = 16, the interior-point method
runs out of memory and thus is unable to compute a minimizer.

4.4 Numerical applications to multi-time HJ PDEs and

certain linear optimal control problems

In this section, we demonstrate how our algorithms can be used in different appli-

cations. We focus on optimal control problems and Hamilton–Jacobi PDEs. Opti-

mal control problems are an important class of optimization problems with many

applications, including robot manipulator control [68, 53, 57, 35, 17], humanoid
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robot control [31, 34, 61, 37, 33, 27], and trajectory planning [18, 85, 46, 26, 79, 67].

One widely used setup is when the dynamical system is a linear ODE. Under this

setup, with time discretization, the original problem may be converted to a multi-

time HJ PDE (see [25, 59, 69]). Therefore, we show the possible applications of our

proposed algorithm for solving certain multi-time HJ PDEs (see Section 4.4.1) and

certain optimal control problems with linear dynamics (see Section 4.4.2).

For both applications, we apply an ADMM scheme [43] to solve the correspond-

ing problem, and we use Algorithm 1 as a building block in ADMM. ADMM is an

iterative method for solving optimization problems of the following form:

min
x∈Rn

f (x) + g(x), (4.52)

where f and g are convex functions with numerically computable proximal points.

The k-th iteration of the ADMM scheme reads:



pk+1 = arg min
p∈Rn

{
f (p) +

ρ

2
∥p − qk + yk

∥
2
}
,

qk+1 = arg min
q∈Rn

{
g(q) +

ρ

2
∥pk+1

− q + yk
∥

2
}
,

yk+1 = yk + pk+1
− qk+1,

(4.53)

where ρ is a positive parameter. If either f or g is a convex polyhedral function

whose domain is a polyhedral set, then computing the corresponding iterate (pk+1

or qk+1, respectively) is equivalent to solving an optimization problem of the form

(4.3) and hence, can be computed using Algorithm 1.



95

4.4.1 Application to multi-time Hamilton-Jacobi PDEs

In this section, we consider certain multi-time Hamilton-Jacobi PDEs of the form



∂V(x, t1, . . . , tN)
∂t1

+H1(∇xV(x, t1, . . . , tN)) = 0 x ∈ Rn, t1, · · · , tN > 0,

...

∂V(x, t1, . . . , tN)
∂t j

+H j(∇xV(x, t1, . . . , tN)) = 0 x ∈ Rn, t1, · · · , tN > 0,

...

∂V(x, t1, . . . , tN)
∂tN

+HN(∇xV(x, t1, . . . , tN)) = 0 x ∈ Rn, t1, · · · , tN > 0,

V(x, 0, · · · , 0) = J(x) x ∈ Rn,

(4.54)

where the Hamiltonians H1, . . . ,HN : Rn
→ R and the initial condition J : Rn

→ R

are convex functions. The corresponding optimal control problem reads

min

 N∑
i=1

∫ ∑i
j=1 t j

∑i−1
j=1 t j

H∗i (y′(t))dt + J(y(0)) : y

 N∑
j=1

t j

 = x

 . (4.55)

The optimal control in the optimal control problem (4.55) can be recovered from the

spatial gradient ∇xV(x, t) of the viscosity solution V to the HJ PDE (4.54) (see [7],

for instance). Under certain assumptions, the solution of (4.54) is given by the

generalized Hopf formula [69]:

V(x, t1, . . . , tN) = max
p∈Rn

⟨p, x⟩ − J∗(p) −
N∑

i=1

tiHi(p)

 ,
= −min

p∈Rn

−⟨p, x⟩ + J∗(p) +
N∑

i=1

tiHi(p)

 ,
(4.56)

where J∗ is the Fenchel-Legendre transform of the initial condition J. We assume

the objective function in the minimization problem in (4.56) can be written as f + g,
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where f , g : Rn
→ R are two functions whose proximal points are numerically

computable. Then, we apply an ADMM scheme (4.53) to solve the optimization

problem in (4.56).

There are many cases for which (4.56) can be solved using the ADMM algorithm

in (4.53). We will describe one such case and illustrate how ADMM and Algorithm

1 can be applied to solve (4.56). Assume the initial condition J is defined by

J(x) = inf
u∈Rn

{1
2
∥u∥2 + ∥x − u∥1

}
∀x ∈ Rn. (4.57)

Then, its Fenchel-Legendre transform is J∗(x) = 1
2∥x∥

2 + IB∞(x) (see [45, Chapter

X.2] for the computation of Fenchel-Legendre transform), where IB∞ denotes the

indicator function of the unit ℓ∞-ball B∞ = {x ∈ Rn : ∥x∥∞ ≤ 1}. Assume the

Hamiltonian H1 is the ℓ∞-norm, which can be expressed in the form of (4.2). Also

assume that the remaining Hamiltonians are in the form of

H j(p) = ∥p∥E j =
√
⟨p,E jp⟩ ∀p ∈ Rn, (4.58)

for any j = 2, . . . ,N, where each E j is a positive definite symmetric matrix with n

rows and n columns. In this case, we set

f (p) = t1H1(p) + J∗(p) = t1∥p∥∞ +
1
2
∥p∥2 + IB∞(p),

g(p) =
N∑

i=2

tiHi(p) − ⟨p, x⟩ =
N∑

i=2

ti

√
⟨p,Eip⟩ − ⟨p, x⟩.

(4.59)



97

The minimizer pk+1 in (4.53) is given by

pk+1 = arg min
p∈B∞

{
t1∥p∥∞ +

1
2
∥p∥2 +

ρ

2
∥p − qk + yk

∥
2
}

= arg min
p∈B∞

{
t1∥p∥∞ +

1 + ρ
2

∥∥∥∥∥p −
ρ

1 + ρ
(qk
− yk)

∥∥∥∥∥2}
= arg min

p∈B∞

{
t1

1 + ρ
∥p∥∞ +

1
2

∥∥∥∥∥p −
ρ

1 + ρ
(qk
− yk)

∥∥∥∥∥2}
.

(4.60)

Hence, the minimizer pk+1 can be computed by solving (4.3), where we set C = B∞,

φ(p) = t1
1+ρ∥p∥∞, and γ = ρ

1+ρ (qk
− yk). In other words, in (4.1) and (4.2), we set


m = m̃ = 2n,

αi = 1, βi = 0, ∀i = 1, . . . , 2n,

p j = −pn+ j = e j, q j = −qn+ j =
t1

1 + ρ
e j, ∀ j = 1, . . . ,n,

where e j is the j-th standard basis vector in Rn, and we can compute pk+1 using

Algorithm 1. The minimizer qk+1 in (4.53) is given by

qk+1 = arg min
q∈Rn

 N∑
i=2

ti

√
⟨q,Eiq⟩ − ⟨q, x⟩ +

ρ

2
∥pk+1

− q + yk
∥

2


= arg min

q∈Rn

 N∑
i=2

ti

√
⟨q,Eiq⟩ +

ρ

2

∥∥∥∥∥pk+1
− q + yk +

x
ρ

∥∥∥∥∥2


= arg min
q∈Rn

 N∑
i=2

ti

ρ

√
⟨q,Eiq⟩ +

1
2

∥∥∥∥∥q − pk+1
− yk

−
x
ρ

∥∥∥∥∥2
 .

(4.61)

We apply the algorithm in [20] to compute qk+1.

Next, we provide a 16-dimensional numerical example using the above set-up

with three Hamiltonians (N = 3), where E2 and E3 are matrices with 16 rows and
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(a) (t1, t2, t3) = (0, 0, 0) (b) (t1, t2, t3) = (1, 0.5, 0.5)

(c) (t1, t2, t3) = (0.5, 1, 0.5) (d) (t1, t2, t3) = (0.5, 0.5, 1)

Figure 4.1: Evaluation of the value function V(x, t1, t2, t3) in (4.64) at x ∈ [−6, 6]2
×

{0}14 and different times t1, t2, and t3. Plots for (t1, t2, t3) = (0, 0, 0) (initial condition),
(1, 0.5, 0.5), (0.5, 1, 0.5), and (0.5, 0.5, 1) are depicted in (A)-(D), respectively. Level
lines are superimposed on the plots. The two axes in each figure correspond to
the first and second components of the spatial variable x ∈ R16.
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16 columns satisfying

E2 =



Ẽ2 O . . . O

O Ẽ2 . . . O
...

...
. . .

...

O O . . . Ẽ2


, E3 =



Ẽ3 O . . . O

O Ẽ3 . . . O
...

...
. . .

...

O O . . . Ẽ3


, (4.62)

with Ẽ2 and Ẽ3 defined by

Ẽ2 =

 1.001 −0.999

−0.999 1.001

 , Ẽ3 =

1.001 0.999

0.999 1.001

 . (4.63)

Thus, the corresponding multi-time HJ PDE is given by



∂V(x, t1, t2, t3)
∂t1

+ ∥∇xV(x, t1, t2, t3)∥∞ = 0 x ∈ Rn, t1, t2, t3 > 0,

∂V(x, t1, t2, t3)
∂t2

+ ∥∇xV(x, t1, t2, t3)∥E2 = 0 x ∈ Rn, t1, t2, t3 > 0,

∂V(x, t1, t2, t3)
∂t3

+ ∥∇xV(x, t1, t2, t3)∥E3 = 0 x ∈ Rn, t1, t2, t3 > 0,

V(x, 0, 0, 0) = inf
u∈Rn

{1
2
∥u∥2 + ∥x − u∥1

}
x ∈ Rn.

(4.64)

Two-dimensional slices of the numerical solution V at times (t1, t2, t3) = (0, 0, 0),

(1, 0.5, 0.5), (0.5, 1, 0.5), and (0.5, 0.5, 1) are shown in Figures 4.1 (A)-(D), respec-

tively. In each figure, we show the contour plot of the two-dimensional function

(x1, x2) 7→ V(x1, x2, 0, t1, t2, t3) at the corresponding time (t1, t2, t3). From this nu-

merical experiment, we demonstrate our proposed Algorithm 1’s ability to solve

high-dimensional multi-time HJ PDEs.
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4.4.2 Application to optimal control problems with linear dynam-

ics

In this section, we consider certain optimal control problems with linear dynamics

(see [25, 59]), which read as follows:

V(z, t) = min
{∫ t

0
L(u(s))ds + J(z(0)) : z(t) = z, z′(s) = Az(s) + B(s)u(s)∀s ∈ [0, t]

}
,

(4.65)

where the running cost L : Rn
→ R ∪ {+∞} is a proper, lower semicontinuous,

convex, 1-coercive function, the initial cost J : Rn
→ R is convex, and A,B(s) for

all s ∈ [0, t] are n × n matrices with real entries. The corresponding HJ PDE reads


∂V(z, t)
∂t

+ ⟨Az,∇zV(z, t)⟩ + L∗(B(t)T
∇zV(z, t)) = 0 z ∈ Rn, t > 0,

V(z, 0) = J(z) z ∈ Rn.

(4.66)

After the change of variable x(s) = e−Asz(s), the optimal control problem becomes

Ṽ(x, t) = min
{∫ t

0
L(u(s))ds + J(x(0)) : x(t) = x, x′(s) = e−AsB(s)u(s)∀s ∈ [0, t]

}
,

(4.67)

where the terminal condition is x = e−Atz. Then, the corresponding HJ PDE reads


∂Ṽ(x, t)
∂t

+H(t,∇xṼ(x, t)) = 0 x ∈ Rn, t > 0,

Ṽ(x, 0) = J(x) x ∈ Rn,

(4.68)

with Hamiltonian H : [0,∞) ×Rn
→ R defined by

H(s, p) = sup
u∈Rn

{
⟨e−AsB(s)u, p⟩ − L(u)

}
= L∗

(
BT(s)e−ATsp

)
∀p ∈ Rn, s ≥ 0. (4.69)
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Under certain assumptions, the solution of the corresponding HJ PDE is given by

the generalized Hopf formula (see [64, Section 5.3.2] ):

V(z, t) = Ṽ(e−Atz, t) = sup
p∈Rn

{
⟨e−Atz, p⟩ −

∫ t

0
L∗

(
BT(s)e−ATsp

)
ds − J∗(p)

}
. (4.70)

After discretization in time, the solution is approximated by the following multi-

time Hopf formula:

sup
p∈Rn

⟨e−Atz, p⟩ −
N∑

j=1

w jL∗
(
BT(t j)e−ATt jp

)
− J∗(p)

 = −min
p∈Rn
{ f (p) + g(p)}, (4.71)

where {w j} and {t j} are the weights and quadrature points of any quadrature rule

approximating the integration over [0, t]. If we write the objective function in (4.71)

in the form of f + g, where f , g : Rn
→ R∪{+∞} are convex lower semi-continuous

functions whose proximal points are numerically computable, then we can solve

(4.71) using the ADMM scheme (4.53). The optimal control ū(s) in the two optimal

control problems (4.65) and (4.67) can be computed by

ū(s) = ∇L∗
(
BT(s)e−ATsp̄

)
, (4.72)

where p̄ is the numerical optimizer in (4.71) resulting from ADMM. Finally, the

optimal trajectory z̄(s) in the original problem (4.65) can be computed by solving

the following ODE:

z̄′(s) = Az̄(s) + B(s)∇L∗
(
BT(s)e−ATsp̄

)
. (4.73)

Now, we describe an example of one such optimal control problem and demon-

strate how the ADMM scheme (4.53) and Algorithm 1 can be applied to solve this
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problem. Consider the case where the initial condition J is defined by

J(x) = inf
u∈B1
∥x − u∥1 x ∈ Rn, (4.74)

where B1 denotes the unit ℓ1-ball B1 = {x ∈ Rn : ∥x∥1 ≤ 1} and the running cost L is

the indicator of the ellipsoid E = {p ∈ Rn : ⟨p,E−1p⟩ ≤ 1}, where E is a symmetric

positive definite matrix with n rows and n columns. Then, we have (see [45,

Chapter X.2] for the computation of the Fenchel-Legendre transforms)

J∗(p) = IB∞(p) + ∥p∥∞, L∗(p) =
√
⟨p,Ep⟩ ∀p ∈ Rn, (4.75)

where B∞ denotes the unit ℓ∞-ball in Rn. In this case, we solve (4.71) by applying

ADMM (4.53) with f (p) = J∗(p) and g(p) =
∑N

j=1 w jL∗(BT(t j)e−ATt jp)−⟨e−Atz, p⟩. Then,

the first line in (4.53) becomes

pk+1 = arg min
p∈Rn

{
J∗(p) +

ρ

2
∥p − qk + yk

∥
2
}
= arg min

p∈Rn : ∥p∥∞≤1

{
1
ρ
∥p∥∞ +

1
2
∥p − qk + yk

∥
2

}
,

(4.76)

which is in the form of (4.3), where we set γ = qk
− yk, C = B∞, and φ(p) = 1

ρ∥p∥∞.

In other words, the parameters in (4.1) and (4.2) are defined by


m = m̃ = 2n,

αi = 1, βi = 0, ∀i = 1, . . . , 2n,

p j = −pn+ j = e j, q j = −qn+ j =
e j

ρ
, ∀ j = 1, . . . ,n,

where e j is the j-th standard basis vector inRn. With these parameters, we compute
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pk+1 using Algorithm 1. The second line in (4.53) becomes

qk+1 = arg min
q∈Rn

 N∑
j=1

w jL∗
(
BT(t j)e−ATt jq

)
− ⟨e−Atz, q⟩ +

ρ

2
∥pk+1

− q + yk
∥

2

 ,
= arg min

q∈Rn

 N∑
j=1

w j

ρ

√
⟨q, e−At jB(t j)EBT(t j)e−ATt jq⟩ +

1
2

∥∥∥∥∥q − pk+1
− yk

−
e−Atz
ρ

∥∥∥∥∥2
 .

(4.77)

We assume the matrix B(s) is invertible for any s ∈ [0,T]. Then the optimization

problem in (4.77) can be solved using the algorithm proposed in [20]. In our imple-

mentation, we apply the trapezoidal rule with a uniform grid as our quadrature

rule, i.e., we set ∆t = t
N−1 , w1 = wN =

∆t
2 , wi = ∆t for any i = 2, . . . ,N − 1, and

t j = ( j − 1)∆t for any j = 1, . . . ,N.

Next, we present a 16-dimensional example of the problem described above,

where the matrices A,B(s),E ∈ M16,16(R) are defined by

A =



Ã O . . . O

O Ã . . . O
...

...
. . .

...

O O . . . Ã


, B(s) = I16, E =



Ẽ O . . . O

O Ẽ . . . O
...

...
. . .

...

O O . . . Ẽ


, (4.78)

where I16 denotes the identity matrix inM16,16(R) and Ã and Ẽ are matrices defined

by

Ã =

1 1

0 2

 , Ẽ =

0.0125 0.024

0.024 0.2501

 . (4.79)

We compute the function value V(z, t) in (4.65) at different times t and spatial

points z = (z1, z2, 0) for z1, z2 ∈ [−100, 100]. The solution at t = 0.25, 0.5, 1.0, 1.5 is

shown in Figures 4.2 (A)-(D), respectively. Moreover, given a terminal point x and
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(a) t = 0.25 (b) t = 0.5

(c) t = 1.0 (d) t = 1.5

Figure 4.2: Evaluation of the value function V(z, t) in (4.65) with matrices A,B(s),E
defined in (4.78) and initial condition J defined in (4.74) and for z ∈ [−100, 100]2

×

{0}14 and different times t. Plots for t = 0.25, 0.5, 1.0, and 1.5 are depicted in
(A)-(D), respectively. Level lines are superimposed on the plots. The two axes in
each figure correspond to the first and second components of the spatial variable
z ∈ R16.
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(a) First component of the optimal con-
trol

(b) First component of the optimal tra-
jectory

(c) Second component of the optimal
control

(d) Second component of the optimal tra-
jectory

Figure 4.3: The graphs for the optimal controls (left) and optimal trajectories (right)
for the 16-dimensional optimal control problem (4.65) with matrices A,B(s),E
defined in (4.78) and initial condition J defined in (4.74) and for t = 1.5 and z =
(z1, z2, 0) ∈ R16, where z1 = z2 ∈ [−100, 100]. The first and second components of the
optimal controls are plotted in (A) and (C), respectively, and the first and second
components of the optimal trajectories are plotted in (B) and (D), respectively.
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time horizon t, we compute the optimal control and optimal trajectory using (4.72)

and (4.73). For this example, equation (4.72) becomes

ū(s) =
EBT(s)e−ATsp̄√

⟨BT(s)e−ATsp̄,EBT(s)e−ATsp̄⟩
=

Ee−ATsp̄√
⟨e−ATsp̄,Ee−ATsp̄⟩

, (4.80)

and equation (4.73) becomes

z′(s) = Az(s) +
Ee−ATsp̄√

⟨e−ATsp̄,Ee−ATsp̄⟩
. (4.81)

In Figure 4.3, we plot the optimal controls and optimal trajectories for a fixed time

horizon t = 1.5 and several terminal conditions (z1, z2, 0) ∈ R16, where z1 = z2 ∈

[−100, 100]. The graphs of the first and second components of the optimal controls

are plotted in Figures 4.3 (A) and (C), respectively, and the graphs of the first and

second components of the optimal trajectories are plotted in Figures 4.3 (B) and

(D), respectively. In each figure, the x-axis corresponds to the time variable s, and

the y-axis corresponds to the value of u(s) in (4.80) or z(s) in (4.81). Additionally,

the different colors correspond to the different terminal conditions (z1, z2, 0). From

this example, we observe that our proposed Algorithm 1 can be used to solve

certain high-dimensional optimal control problems with linear dynamics.

4.5 Summary

In this chapter, we proposed an algorithm for computing the proximal point of

convex polyhedral function. We show that our algorithm has comparable or faster

computational runtime than the interior-point method.

We present multi-time Hamilton Jacobi PDEs with the Hamiltonian H1 is the ℓ∞-
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norm, which can be expressed in the form of (4.2) and the remaining Hamiltonians

are in the form of matrix norm. The later part of the Hamiltonians can be computed

by using the algorithm in Chapter 1 and the ℓ∞-norm part can be computed by the

algorithm we proposed in this Chapter. The purpose of this combination is that

we can handle more general applications by combining the methods have been

developed. For the next step, we will try to handle more general Hamiltonians by

combining other numerical methods.



Chapter Five

Conclusion
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In this thesis we have considered certain classes of (multi-time) Hamilton-Jacobi

partial differential equations that arise from optimal control problems. We have

proposed several efficient numerical optimization-based algorithm to efficiently

compute solutions to the HJ PDEs in high dimensions. Specifically, in chapter 2, we

have proposed a novel algorithm for computing the projection on the Minkowski

sum of full ellipsoids. We have leveraged this algorithm to efficiently compute

solution to optimal control problems with linear dynamics when the running cost

is the characteristic function of a full ellipsoid and the terminal cost is quadratic.

In chapter 3, we have proposed several algorithms to compute solutions to certain

optimal control that involve degenerate ellipsoids. In chapter 4, we have proposed

a novel algorithm for computing the proximal point of a polyhedral function. This

algorithm has been used to solve optimal control considered in chapter 2 but with

more general terminal costs.

There are several possible future works. First, algorithms described in chap-

ter 3 should be implemented as numerical experiments should be performed to

decide which approach performs best. Second, modern applications require com-

puting solutions to these optimal control problems in real-time, e.g., for collision

avoidance problems. In addition, computations must be performed on low-energy

embedded system such as Field-Programmable Gate Arrays (FPGAs). It would be

of interest to study the feasibility of implementing our proposed methods on FP-

GAs. Finally, the numerical algorithms presented in this thesis could be extended

to cope with more general running and terminal costs that arise from application

in unmanned autonomous vehicles.



Appendix A

Mathematical background and proofs

of certain lemmas and propositions
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A.1 Mathematical background

In this section, we review several basic definitions and theorems from convex

analysis. All of the results and notation can be found in [44, 45]. We also refer the

readers to [9, 15, 83].

First, a set C inRn is convex if αx+ (1−α)y ∈ C whenever x, y ∈ C and α ∈ [0, 1].

The relative interior of C, denoted as ri C, is the interior of C with respect to the

minimal hyperplane containing C in Rn. A point x ∈ C is an extreme point of C if

there are no two points x1, x2 ∈ C, such that x1 , x2 and x = x1+x2
2 . A face F of C is

a nonempty, convex set F ⊂ C, such that if x, y ∈ C and αx + (1 − α)y ∈ F for some

α ∈ (0, 1), then the segment {βx + (1 − β)y : β ∈ [0, 1]} ⊂ F. The convex hull of a set

C, denoted by conv C, consists of all the convex combinations of the elements of

C, i.e., conv C is defined by

conv C =

 m∑
i=1

αixi : m ∈N, αi ≥ 0, xi ∈ C∀i = 1, . . . ,m,
m∑

i=1

αi = 1

 .

If C ⊂ Rn is a nonempty closed convex set, then we define the projection

operator ΠC : Rn
→ C by

ΠC(x) = arg min
{1

2
∥y − x∥2 : y ∈ C

}
, (A.1)

where ∥ · ∥ denotes the Euclidean norm on Rn. We note that under the above

assumptions on C, the minimizer in the definition ofΠC(x) exists and is unique. The

following proposition provides some characterizations of the projection operator.

Proposition A.1.1. [44, Theorem III.3.1.1, Proposition III.3.2.3] Let C be a closed convex

set in Rn. Let x be a vector in Rn. Then, x̄ = ΠC(x) holds if and only if x̄ is a point in C
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satisfying ⟨x − x̄,u − x̄⟩ ≤ 0 for any u ∈ C, where we use the angle bracket ⟨·, ·⟩ to denote

the inner product operator in any Euclidean space Rn. Moreover, if C is a closed convex

cone, then x̄ = ΠC(x) holds if and only if x̄ is a point in C satisfying ⟨x − x̄, x̄⟩ = 0 and

⟨x − x̄,u⟩ ≤ 0 for any u ∈ C.

A convex set K is a convex cone if x ∈ K implies that αx ∈ K for all scalars α ≥ 0.

In particular, the polyhedral cone generated by the vectors {v1, v2, . . . , vk} ⊂ Rn, de-

noted by cone {v1, v2, . . . , vk}, is the set of all conical combinations of {v1, v2, . . . , vk};

that is,

cone {v1, v2, . . . , vk} =

 k∑
i=1

αivi : αi ≥ 0,∀i = 1, . . . , k

 . (A.2)

The polar cone K◦ of a convex cone K is defined by

K◦ = {y ∈ Rn : ⟨y, x⟩ ≤ 0,∀x ∈ K}. (A.3)

In particular, if K = cone {v1, v2, . . . , vk}, then K◦ = {y ∈ Rn : ⟨y, vi⟩ ≤ 0,∀i = 1, . . . , k}.

The projections onto a closed convex cone K and its polar cone K◦ can be related

by the following proposition, also known as Moreau’s identity.

Proposition A.1.2. [44, Theorem III.3.2.5] (Moreau’s Identity) Let K be a closed convex

cone and x ∈ Rn. Then, we have

x = ΠK(x) +ΠK◦(x).

Moreover, there holds ⟨ΠK(x),ΠK◦(x)⟩ = 0.

For any convex set C, the tangent cone of C at x ∈ C, denoted by TC(x), is



113

characterized by

d ∈ TC(x) if and only if ∃{xk} ⊂ C, {tk} ⊂ R, such that xk → x, tk ↓ 0,
xk − x

tk
→ d.

(A.4)

For any convex set C, the normal cone of C at x ∈ C, denoted by NC(x), can be

characterized by

q ∈ NC(x) if and only if ⟨q, y − x⟩ ≤ 0 for any y ∈ C. (A.5)

A function f : Rn
→ R ∪ {+∞} is said to be convex if for any α ∈ (0, 1) and any

x, y ∈ Rn,

f (αx + (1 − α)y) ≤ α f (x) + (1 − α) f (y).

A function f : Rn
→ R∪ {+∞} is strictly convex if the above inequality is strict for

all x , y ∈ Rn. A function f : Rn
→ R is 1-coercive if it is characterized by the

following:

lim
k→∞

f (xk)
∥xk∥

= +∞ for any {xk} ⊂ R
n such that lim

k→∞
∥xk∥ = +∞.

The function f is called proper if it is not identically equal to +∞. The domain of

f , denoted by dom f , is defined to be the set where f does not take the value +∞.

A proper function f : Rn
→ R ∪ {+∞} is called lower semi-continuous if for every

sequence {xk}
∞

k=1 ⊂ R
n with limk→∞ xk = x ∈ Rn, we have lim infk→∞ f (xk) ≥ f (x).

We denote Γ0(Rn) to be the set of proper, convex, and lower semi-continuous

functions fromRn toR∪{+∞}. A vector p ∈ Rn is called a subgradient of f ∈ Γ0(Rn)
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at x ∈ Rn if it satisfies

f (y) ≥ f (x) + ⟨p, y − x⟩, ∀y ∈ Rn. (A.6)

The collection of all such subgradients is called the subdifferential of f at x, denoted

as ∂ f (x).

As a simple example, for any convex set C, define the indicator function IC by

IC(x) :=


0, x ∈ C,

+∞, x < C.
(A.7)

Then, the subdifferential of the indicator function is given by

∂IC(x) = NC(x). (A.8)

It is easy to check that 0 ∈ ∂ f (x) if and only if x is a minimizer of f . As a

result, one can check whether x is a minimizer of a function by computing its

subdifferential. The subdifferential operator is a (maximal) monotone operator.

To be specific,

⟨p − q, x − y⟩ ≥ 0 for any p ∈ ∂ f (x) and q ∈ ∂ f (y). (A.9)

Moreover, in most cases, the subdifferential operator commutes with summation.

Proposition A.1.3. [45, Corollary XI.3.1.2] Let f , g ∈ Γ0(Rn). Assume ri dom f ∩

ri dom g , ∅. Then ∂( f + g)(x) = ∂ f (x) + ∂g(x) for any x ∈ dom f ∩ dom g.

Subdifferential operators also have some continuity properties.
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Proposition A.1.4. [45, Proposition XI.4.1.1] Let f be a function in Γ0(Rn). Let {xn}

be a sequence in dom f converging to a point x ∈ Rn, and let {pn} be a sequence in Rn

converging to p ∈ Rn and satisfying pn ∈ ∂ f (xn) for any n ∈N. Then, we have p ∈ ∂ f (x).

For any f ∈ Γ0(Rn) and x ∈ dom f , the directional derivative at x along any

direction d, denoted as f ′(x; d), is well-defined in R ∪ {±∞} and is given by

f ′(x; d) = inf
t>0

f (x + td) − f (x)
t

. (A.10)

When f is differentiable at x, f ′(x; ·) = ⟨∇ f (x), ·⟩ is a linear function. In general,

when f is not differentiable, f ′(x; ·) is only sublinear, in which case we can consider

the linear functions dominated by it. Each normal vector of such linear functions

gives a subgradient of f at x.

Proposition A.1.5. [45, Example X.2.4.3] Let f ∈ Γ0(Rn) and x ∈ dom f such that

∂ f (x) is nonempty, then we have ( f ′(x; ·))∗ = I∂ f (x). Moreover, if f is finite-valued or an

indicator function of a convex closed polyhedral set, then f ′(x, ·) is a function in Γ0(Rn),

and hence we have f ′(x; d) = I∗
∂ f (x)(d) for any x ∈ dom f and d ∈ Rn.

If f ∈ Γ0(Rn), then its Fenchel–Legendre transform f ∗ : Rn
→ R ∪ {+∞} is

defined by

f ∗(s) = sup
x∈Rn
{⟨s, x⟩ − f (x)}. (A.11)

We note that for any f ∈ Γ0(Rn), we have f ∗ ∈ Γ0(Rn) and ( f ∗)∗ = f .
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A.2 Some technical lemmas for Section 4.2

In this section, we prove some lemmas that are used to prove the main results in

Section 4.2. In each lemma, we consider the set C defined in (4.1) and the function

φ defined in (4.2). We assume that xk, dk,γ, and ∆tk are the vectors and scalars

defined in Algorithm 1 before the algorithm has terminated (i.e., when dk is not

zero).

Lemma A.2.1. Let xk
∈ C and dk , 0. Then, we have

(a) S(xk) ∩ S+(dk) = ∅.

(b) S̃(xk) ∩ S̃+(dk) = ∅.

(c) ∆tk > 0.

Proof. To prove the conclusion, it suffices to show

⟨xk, pi⟩ < αi ∀ i ∈ S+(dk) (A.12)

and

⟨xk, q j⟩ − φ(xk) < β j ∀ j ∈ S̃+(dk). (A.13)

First, we show (A.12) by contrapositive. Assume there exists I ∈ S+(dk) satisfying

⟨xk, pI⟩ ≥ αI. Then, by definition of C, we have

⟨xk, pI⟩ = αI. (A.14)

Define the function F by (4.4). By definition of dk, there holds −dk = Π∂F(xk)(0),
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which, by Proposition A.1.1, implies −dk
∈ ∂F(xk) and

⟨dk, y + dk
⟩ ≤ 0 ∀ y ∈ ∂F(xk). (A.15)

By (A.14) and the definition of S(x) in (4.12), we obtain I ∈ S(xk), and hence

pI ∈ ∂IC(xk) by (4.11). For any z ∈ Rn, we have

⟨−dk + pI, z − xk
⟩ + F(xk) = ⟨−dk, z − xk

⟩ + F(xk) + ⟨pI, z − xk
⟩ + IC(xk)

≤ F(z) + IC(z)

= F(z),

where the inequality holds since we have −dk
∈ ∂F(xk) and pI ∈ ∂IC(xk). Thus, by

definition of subdifferential, −dk+pI is a point in ∂F(xk). Then, choosing y in (A.15)

to be −dk + pI, we get ⟨dk, pI⟩ ≤ 0, which contradicts with the assumption that

I ∈ S+(dk).

Now, we show (A.13) by contrapositive. Assume there exists J ∈ S̃+(dk) satis-

fying ⟨xk, qJ⟩ − φ(xk) ≥ βJ. By definition of φ, we have ⟨xk, qJ⟩ − φ(xk) = βJ, which

implies J ∈ S̃(xk) by (4.14). According to (4.13), we obtain qJ ∈ ∂φ(xk). As a result,

by Proposition A.1.5, there holds

φ′(xk; dk) = sup
q∈∂φ(xk)

⟨q, dk
⟩ ≥ ⟨qJ, dk

⟩,

which contradicts with the assumption J ∈ S̃+(dk). ■

Lemma A.2.2. Let xk
∈ C and dk , 0. Then, the following statements hold.

(a) If x = xk + tdk for some t ∈ (0,∆tk
1), we have x ∈ C and ∂IC(x) ⊆ ∂IC(xk). More

specifically, there holds ∂IC(x) = cone
{
pi : i ∈ S(xk), ⟨pi, dk

⟩ = 0
}
.
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(b) If x = xk + tdk for some t ∈ (0,∆tk
2), we have ∂φ(x) ⊆ ∂φ(xk) and φ′(x; dk) =

φ′(xk; dk). More specifically, there holds ∂φ(x) = conv
{
q j : j ∈ S̃(xk), φ′(xk; dk) =

⟨q j, dk
⟩

}
.

(c) If x = xk + tdk for some t ∈ (0,∆tk], we have −(dk + xk
− γ) ∈ ∂φ(x) + ∂IC(x).

Proof. (a) Let x = xk + tdk hold for some t ∈ (0,∆tk
1). Then, we have

⟨pi, x⟩ = ⟨pi, xk
⟩ + t⟨pi, dk

⟩ ∀i ∈ {1, . . . ,m}.

If i ∈ S+(dk), there holds ⟨pi, dk
⟩ > 0, which implies

⟨pi, x⟩ = ⟨pi, xk
⟩ + t⟨pi, dk

⟩ < ⟨pi, xk
⟩ + ∆tk

1⟨pi, dk
⟩ ≤ ⟨pi, xk

⟩ + αi − ⟨pi, xk
⟩ = αi, (A.16)

where the second inequality holds by (4.9). If i < S+(dk), there holds ⟨pi, dk
⟩ ≤ 0,

which implies

⟨pi, x⟩ = ⟨pi, xk
⟩ + t⟨pi, dk

⟩ ≤ ⟨pi, xk
⟩ ≤ αi, (A.17)

where the last inequality holds since xk is in C. Therefore, ⟨pi, x⟩ ≤ αi holds for

each i ∈ {1, . . . ,m}, and hence x is in C.

Now, we compute the subdifferential set ∂IC(x). By (4.11), it suffices to compute

the index set S(x). We consider the two cases i ∈ S+(dk) and i < S+(dk) discussed

above. For any i ∈ S+(dk), notice that the first inequality in (A.16) is a strict

inequality, which implies that i < S(x). Then, we consider the case when i < S+(dk).

By definition, i is in S(x) if and only if both inequalities in (A.17) become equalities.

The first inequality in (A.17) becomes equality if and only if ⟨pi, dk
⟩ = 0 holds,

and the second inequality in (A.17) becomes equality if and only if i is in S(xk).



119

Therefore, we get

∂IC(x) = cone
{
pi : i ∈ S(x)

}
= cone

{
pi : i < S+(dk), i ∈ S(xk), ⟨pi, dk

⟩ = 0
}

= cone
{
pi : i ∈ S(xk), ⟨pi, dk

⟩ = 0
}
⊆ cone

{
pi : i ∈ S(xk)

}
= ∂IC(xk),

where the third equality holds by Lemma A.2.1 (a), and the first and the last

equality holds by (4.11).

(b) Let x = xk+tdk hold for some t ∈ (0,∆tk
2). We first compute the subdifferential

set ∂φ(x). By (4.13), it suffices to compute the index set S̃(x). We consider the two

cases of j ∈ S̃+(dk) and j < S̃+(dk). On the one hand, if j ∈ S̃+(dk) holds, then we

have

⟨q j, x⟩ − β j = ⟨q j, xk
⟩ − β j + t⟨q j, dk

⟩

= ⟨q j, xk
⟩ − β j + tφ′(xk; dk) + t(⟨q j, dk

⟩ − φ′(xk; dk))

< ⟨q j, xk
⟩ − β j + tφ′(xk; dk) + ∆tk

2(⟨q j, dk
⟩ − φ′(xk; dk))

≤ ⟨q j, xk
⟩ − β j + tφ′(xk; dk) + (β j − ⟨q j, xk

⟩ + φ(xk))

= φ(xk) + tφ′(xk; dk) ≤ φ(x),

(A.18)

where the first inequality holds since ⟨q j, dk
⟩ −φ′(xk; dk) is positive by definition of

S̃+(dk) in (4.7), the second inequality holds by (4.9), and the last inequality holds

by convexity of s 7→ φ(xk + sdk). Since the first inequality is a strict inequality

in (A.18), we conclude that j < S̃(x). On the other hand, if j < S̃+(dk) holds, then

we have ⟨q j, dk
⟩ ≤ φ′(xk; dk), which implies

⟨q j, x⟩−β j = ⟨q j, xk
⟩−β j+t⟨q j, dk

⟩ ≤ ⟨q j, xk
⟩−β j+tφ′(xk; dk) ≤ φ(xk)+tφ′(xk; dk) ≤ φ(x),

(A.19)

where the second inequality holds by definition ofφ in (4.2) and the last inequality
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holds by convexity of s 7→ φ(xk + sdk). In this case, j ∈ S̃(x) holds if and only if all

three inequalities in (A.19) become equalites. In other words, we have

S̃(x) =
{

j ∈ {1, . . . , m̃} : j < S̃+(dk), φ′(xk; dk) = ⟨q j, dk
⟩,

j ∈ S̃(xk), φ(xk) + tφ′(xk; dk) = φ(x)
}
,

=
{
j ∈ S̃(xk) : φ′(xk; dk) = ⟨q j, dk

⟩, φ(xk) + tφ′(xk; dk) = φ(x)
}
,

⊆ S̃(xk),

(A.20)

where the second equality holds by Lemma A.2.1 (b). Therefore, we have S̃(x) ⊆

S̃(xk) and ∂φ(x) ⊆ ∂φ(xk). Using Proposition A.1.5, we have

φ′(x; dk) = sup
q∈∂φ(x)

⟨q, dk
⟩ ≤ sup

p∈∂φ(xk)
⟨p, dk

⟩ = φ′(xk; dk), (A.21)

where the inequality holds by ∂φ(x) ⊆ ∂φ(xk). Let q be an arbitrary vector in ∂φ(x)

and p be an arbitrary vector in ∂φ(xk). Since the subdifferential operator ∂φ is

monotone, by (A.9), we have

0 ≤ ⟨q − p, x − xk
⟩ = t⟨q − p, dk

⟩,

which implies ⟨p, dk
⟩ ≤ ⟨q, dk

⟩. As a result, we apply Proposition A.1.5 again to

conclude that

φ′(x; dk) = sup
q∈∂φ(x)

⟨q, dk
⟩ ≥ sup

p∈∂φ(xk)
⟨p, dk

⟩ = φ′(xk; dk). (A.22)

Combining (A.21) with (A.22), we obtain φ′(x; dk) = φ′(xk; dk). Note that this holds

for any point xk + tdk with t ∈ (0,∆tk
2), and hence the function φ is affine on the

line segment {xk + sdk : s ∈ [0,∆tk
2)}. As a result, we have φ(xk) + tφ′(xk; dk) = φ(x),
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and (A.20) becomes S̃(x) =
{
j ∈ S̃(xk) : φ′(xk; dk) = ⟨q j, dk

⟩

}
. Therefore, we have

∂φ(x) = conv
{
q j : j ∈ S̃(x)

}
= conv

{
q j : j ∈ S̃(xk) : φ′(xk; dk) = ⟨q j, dk

⟩

}
.

(c) By (4.5), we have −dk
− xk + γ = Π∂IC(xk)+∂φ(xk)(−xk + γ). Hence, −dk

− xk + γ

is a point in ∂IC(xk) + ∂φ(xk). In other words, there exist p ∈ ∂IC(xk) and q ∈ ∂φ(xk)

such that p + q = −dk
− xk + γ. By Proposition A.1.5, we have

(φ + IC)′(xk; dk) = φ′(xk; dk) + I′C(xk; dk) ≥ ⟨q, dk
⟩ + ⟨p, dk

⟩ = ⟨p + q, dk
⟩. (A.23)

Moreover, since p + q is the projection of −xk + γ onto ∂IC(xk) + ∂φ(xk), by Proposi-

tion A.1.1, for any w ∈ ∂IC(xk) + ∂φ(xk), we have

0 ≥ ⟨w−(−dk
−xk+γ),−xk+γ−(−dk

−xk+γ)⟩ = ⟨w−(−dk
−xk+γ), dk

⟩ = ⟨w−(p+q), dk
⟩.

(A.24)

Therefore, by Proposition A.1.5 again, we have

(φ + IC)′(xk; dk) = φ′(xk; dk) + I′C(xk; dk) = sup
u∈∂IC(xk)

⟨u, dk
⟩ + sup

v∈∂φ(xk)
⟨v, dk

⟩,

= sup
w∈∂IC(xk)+∂φ(xk)

⟨w, dk
⟩ ≤ ⟨p + q, dk

⟩,
(A.25)

where the last inequality follows from (A.24). Comparing (A.23) with (A.25), we

conclude that all inequalities in (A.23) and (A.25) become equalities, and hence

we have

⟨q, dk
⟩ = φ′(xk; dk), ⟨p, dk

⟩ = I′C(xk; dk) = 0, ⟨−dk
−xk+γ, dk

⟩ = ⟨q+p, dk
⟩ = φ′(xk; dk),

(A.26)

where the second equality in the second formula holds because IC is zero at xk+ tdk
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for any t ∈ [0,∆tk]. By (a) and (b), we have q ∈ ∂φ(x) and p ∈ ∂IC(x), which implies

that −dk
− xk + γ = p + q ∈ ∂φ(x) + ∂IC(x) holds. ■

Lemma A.2.3. If ∆tk = 1 and xk
∈ C for some k ∈N, then we have dk+1 = 0.

Proof. By Lemma A.2.2 (c), we have −(dk + xk
− γ) ∈ ∂φ(xk+1) + ∂IC(xk+1). By

straightforward computation, we get

{xk+1
− γ}+ ∂φ(xk+1)+ ∂IC(xk+1) ∋ xk+1

− γ− (dk + xk
− γ) = (xk +∆tkdk)− (dk + xk) = 0,

which implies dk+1 = −Π{xk+1−γ}+∂φ(xk+1)+∂IC(xk+1)(0) = 0. ■

Lemma A.2.4. Let xk
∈ C and dk , 0. Let x = xk + tdk hold for some t ∈ (0,∆tk). Then,

there holds −Π{x−γ}+∂φ(x)+∂IC(x)(0) = dk + xk
− x.

Proof. We have−Π{x−γ}+∂φ(x)+∂IC(x)(0)=−Π∂φ(x)+∂IC(x)(−x+γ)−x+γ. Then, to prove the

statement, it suffices to proveΠ∂φ(x)+∂IC(x)(−x+γ) = −(dk+xk
−γ). By Lemma A.2.2(c),

we have −(dk + xk
−γ) ∈ ∂φ(x)+ ∂IC(x), and hence, by Proposition A.1.1, it remains

to check

⟨−x + γ + dk + xk
− γ, y + dk + xk

− γ⟩ ≤ 0 ∀ y ∈ ∂φ(x) + ∂IC(x). (A.27)

Let y be an arbitrary point in ∂φ(x) + ∂IC(x). By Lemma A.2.2 (a)-(b), we have

y ∈ ∂φ(xk) + ∂IC(xk), which, by Proposition A.1.1 and (4.5), implies

⟨−xk + γ + dk + xk
− γ, y + dk + xk

− γ⟩ ≤ 0. (A.28)
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After some computation, we have

⟨−x + γ + dk + xk
− γ, y + dk + xk

− γ⟩ = ⟨(1 − t)dk, y + dk + xk
− γ⟩

= (1 − t)⟨−xk + γ + dk + xk
− γ, y + dk + xk

− γ⟩

≤ 0,

where the inequality holds since we have (A.28) and 1 − t > 1 − ∆tk
≥ 0 by (4.8).

Therefore, the inequality (A.27) holds and the conclusion follows. ■

Lemma A.2.5. Let k be an index such that the k-th and (k+1)-th iteration in Algorithm 1

is well-defined, and dk+1 , 0 holds. Then, we have dk+1 , (1 − ∆tk)dk.

Proof. Since dk+1 , 0 holds, Algorithm 1 does not terminate in the k-th iteration,

and hence dk+2 and xk+2 are well-defined. By Lemmas A.2.1 and A.2.3, we have

∆tk < 1 and ∆tk+1 > 0. We prove the statement by contrapositive. Assume the

conclusion is not true, i.e., dk+1 = (1 − ∆tk)dk. Since we have ∆tk < 1, by definition

of ∆tk in (4.8), either ∆tk = ∆tk
1 or ∆tk = ∆tk

2 holds. Now, we consider these two

cases one by one.

Firstly, let ∆tk = ∆tk
1. By definition of ∆tk

1 in (4.9), there exists i ∈ S+(dk) such

that ∆tk =
αi−⟨pi,xk

⟩

⟨pi,dk⟩
is true. As a result, for any t ∈ (0,∆tk+1

1 ), we have

αi − ⟨pi, xk+1 + tdk+1
⟩ = αi − ⟨pi, xk

⟩ − ⟨pi,∆tkdk + t(1 − ∆tk)dk
⟩

= ∆tk
⟨pi, dk

⟩ − (∆tk + t(1 − ∆tk))⟨pi, dk
⟩

= −t(1 − ∆tk)⟨pi, dk
⟩ < 0,

where the last inequality holds by definition of S+(dk) in (4.6). Therefore, we

conclude that xk+1 + tdk+1 is not in the set C, which contradicts to Lemma A.2.2 (a).
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Then, we consider the case when ∆tk = ∆tk
2 holds. By definition of ∆tk

2 in (4.9),

there exists j ∈ S̃+(dk) such that ∆tk =
β j−⟨q j,xk

⟩+φ(xk)
⟨q j,dk⟩−φ′(xk;dk) is true. As a result, for any

t ∈ (0,∆tk+1
2 ), we have

β j − ⟨q j, xk+1 + tdk+1
⟩ + φ(xk+1 + tdk+1)

=β j − ⟨q j, xk + ∆tkdk + tdk+1
⟩ + φ(xk) + ∆tkφ′(xk; dk) + tφ′(xk+1; dk+1)

=β j − ⟨q j, xk
⟩ + φ(xk) − ∆tk(⟨q j, dk

⟩ − φ′(xk; dk)) − t(⟨q j, dk+1
⟩ − φ′(xk+1; dk+1))

= − t(⟨q j, dk+1
⟩ − φ′(xk+1; dk+1)),

(A.29)

where the first equality holds since φ is affine on {xk + sdk : s ∈ [0,∆tk]} and {xk+1 +

sdk+1 : s ∈ [0,∆tk+1]} by Lemma A.2.2 (b). Applying (A.24) to the index k + 1, we

obtain

0 ≥ ⟨w − (−xk+1 + γ − dk+1), dk+1
⟩

= ⟨w − (−xk+1 + γ − (1 − ∆tk)dk), dk+1
⟩

= ⟨w − (−xk + γ − dk), dk+1
⟩,

(A.30)

for any w ∈ ∂IC(xk+1) + ∂φ(xk+1). Therefore, we have

φ′(xk+1; dk+1) = sup
w∈∂IC(xk+1)+∂φ(xk+1)

⟨w, dk+1
⟩ ≤ ⟨−xk + γ − dk, (1 − ∆tk)dk

⟩

= (1 − ∆tk)⟨−xk + γ − dk, dk
⟩ = (1 − ∆tk)φ′(xk; dk),

where the last equality follows from (A.26). Therefore, (A.29) becomes

β j − ⟨q j, xk+1 + tdk+1
⟩ + φ(xk+1 + tdk+1)

= − t(⟨q j, dk+1
⟩ − φ′(xk+1; dk+1))

= − t(1 − ∆tk)(⟨q j, dk
− φ′(xk; dk)) < 0,

where the last inequality holds since j is an index in S̃+(dk). It contradicts to the
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definition of φ in (4.2). ■

Lemma A.2.6. Let k be an index such that the k-th and (k+1)-th iteration in Algorithm 1

is well-defined, and dk+1 , 0 holds. Then, we have

(1 − ∆tk)2
∥dk
∥

2
≥ (1 − ∆tk)⟨dk, dk+1

⟩ ≥ ∥dk+1
∥

2. (A.31)

Moreover, we have (1 − ∆tk)∥dk
∥ > ∥dk+1

∥.

Proof. By Lemma A.2.2 (c), we have −(dk + xk
− γ) ∈ ∂(φ + IC)(x) for any x ∈

{xk+ sdk : s ∈ [0,∆tk]} and −(dk+1+xk+1
−γ) ∈ ∂(φ+ IC)(y) for any x ∈ {xk+1+ tdk+1 : t ∈

[0,∆tk+1]}. Since the subdifferential operator is monotone, for any s ∈ [0,∆tk] and

t ∈ [0,∆tk+1], we have

0 ≤ ⟨−(dk + xk
− γ) + (dk+1 + xk+1

− γ), xk + sdk
− xk+1

⟩,

= ⟨dk+1
− (1 − ∆tk)dk, (s − ∆tk)dk

⟩,

0 ≤ ⟨−(dk + xk
− γ) + (dk+1 + xk+1

− γ), xk+1
− (xk+1 + tdk+1)⟩,

= ⟨dk+1
− (1 − ∆tk)dk,−tdk+1

⟩.

Therefore, by straightforward computation, we have

⟨dk+1, dk
⟩ ≤ (1 − ∆tk)∥dk

∥
2, ∥dk+1

∥
2
≤ (1 − ∆tk)⟨dk+1, dk

⟩,

which implies (A.31). As a result, we have (1 − ∆tk)∥dk
∥ ≥ ∥dk+1

∥. Now we prove

that this is a strict inequality by contrapositive. Assume there holds (1−∆tk)∥dk
∥ =

∥dk+1
∥. Then, both inequalities in (A.31) becomes equalities, and hence we get

∥(1 − ∆tk)dk
− dk+1

∥
2 = (1 − ∆tk)2

∥dk
∥

2
− 2(1 − ∆tk)⟨dk, dk+1

⟩ + ∥dk+1
∥

2 = 0,
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which contradicts with Lemma A.2.5. Therefore, we have (1−∆tk)∥dk
∥ > ∥dk+1

∥. ■

Lemma A.2.7. Let f be an arbitrary function in Γ0(Rn). Let x1 ∈ Rn and x2 ∈ Rn satisfy

∂ f (x1) = ∂ f (x2). Then, we have Π∂ f (x1)(c − x1) = Π∂ f (x2)(c − x2) for any c ∈ Rn.

Proof. Let v1 and v2 be arbitrary vectors in ∂ f (x1) = ∂ f (x2). Then, since the subdif-

ferential operator ∂ f is a monotone operator, we have

⟨v1 − v2, x1 − x2⟩ ≥ 0 and ⟨v2 − v1, x1 − x2⟩ ≥ 0,

which implies

⟨v1 − v2, x1⟩ = ⟨v1 − v2, x2⟩. (A.32)

Now, let v0 equal Π∂ f (x1)(c − x1), and hence v0 is a vector in ∂ f (x1). By definition of

the projection operator, we have ⟨c−x1−v0, v−v0⟩ ≤ 0 for any v ∈ ∂ f (x1). By (A.32),

we conclude that

0 ≥ ⟨c − x1 − v0, v − v0⟩ = ⟨c − x2 − v0, v − v0⟩ (A.33)

holds for any v ∈ ∂ f (x2). Therefore, v0 = Π∂ f (x2)(c − x2) holds by definition of the

projection operator, and the conclusion follows. ■

Proposition A.2.8. Let the initial point x0 be a point in C. Assume the function φ is

an affine function. Then, Algorithm 1 terminates in finite iteration. In other words,

there exists K ∈ N such that dK is the zero vector, and xK is the unique minimizer of the

optimization problem (4.3).

Proof. Since φ is affine, it is differentiable. Moreover, its gradient is a constant,

denoted by v. Hence, its subdifferential equals ∂φ(x) = {v} for any x ∈ Rn. Let k be



127

an index such that dk and dk+1 are both non-zero. Denote x(t) = xk + tdk as x(t) for

any t ∈ [0,∆tk). By Lemma A.2.4, for any t ∈ (0,∆tk), we obtain

(1 − t)dk = dk + xk
− x(t) = −Π{x(t)−γ}+∂φ(x(t))+∂IC(x(t))(0) = −Π{x(t)−γ+v}+∂IC(x(t))(0)

= −Π∂IC(x(t))(γ − v − x(t)) + γ − v − x(t).
(A.34)

Note that this also holds for t = 0 by (4.5).

DenoteΠ∂IC(x)(γ− v− x) as u(x) for any x ∈ Rn. By Lemma A.1.2, since ∂IC(x(t))

is a closed convex cone, we have ⟨u(x(t)), (1 − t)dk
⟩ = 0, and thus there holds

∥γ − v − (xk + tdk)∥2 = (1 − t)2
∥dk
∥

2 + ∥u(xk + tdk)∥2 ∀t ∈ [0,∆tk). (A.35)

Let t be an arbitrary number in (0,∆tk). According to Lemma A.2.2 (a), we have

∂IC(x(t)) = cone
{
pi : i ∈ S(xk), ⟨pi, dk

⟩ = 0
}
,

which does not depend on t. Then, by Lemma A.2.7, u(x(t)) remains the same for

any t ∈ (0,∆tk). Moreover, by (A.34) and (4.5), we have

u(x(t)) = γ + v − x(t) − (1 − t)dk = γ + v − xk
− dk = u(xk). (A.36)

Therefore, we get u(xk + sdk) = u(xk) for any s ∈ [0,∆tk). Similarly, we have

u(xk+1 + sdk+1) = u(xk+1) for any s ∈ [0,∆tk+1). As a result, we have

∥u(xk)∥2 = lim
t→(∆tk)−

∥u(xk + tdk)∥2 = lim
t→(∆tk)−

∥γ − v − (xk + tdk)∥2 − (1 − t)2
∥dk
∥

2

= ∥γ − v − xk+1
∥

2
− (1 − ∆tk)2

∥dk
∥

2 < ∥γ − v − xk+1
∥

2
− ∥dk+1

∥
2 = ∥u(xk+1)∥2,

(A.37)
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where the first equality holds because u(xk+ tdk) = u(xk) holds, the second equality

holds by (A.35), the inequality holds by Lemma A.2.6, and the last equality holds

by applying (A.35) with index k + 1 and time t = 0. Therefore, we obtain ∥u(xk)∥ <

∥u(xk+1)∥ for any index k satisfying dk , 0 and dk+1 , 0.

Now, we prove that the algorithm will terminate at a finite step K ∈ N. Note

that there are only finite different sets ∂IC(x) for any x ∈ C by (4.11), since the

number of different S(x)’s is at most 2m. Then, by Lemma A.2.7, the set V =

{u(x) : x ∈ C} is a finite set. However, {∥u(xk)∥}k is a increasing sequence. Therefore,

Algorithm 1 terminates in finite iterations. Moreover, the number of iterations is

less than 2m. ■

A.3 Some technical lemmas for Section 4.2.2.1

Lemma A.3.1. Let c, z ∈ Rn be vectors and V be a convex subset in Rn. Let g : R → R

be the function defined by (4.26). Assume there exists at least one vector v ∈ ri V such

that ⟨c, v⟩ = 1. Then, the minimization problem (4.25) has a unique solution. Moreover,

the vector v̄ is the minimizer of (4.25) if and only if v̄ = ΠV(z − λc), where λ ∈ R solves

g(λ) = 0.

Proof. The problem (4.25) is equivalent to the following optimization problem:

min
v∈Rn

{1
2
∥z − v∥2 : v ∈ V, ⟨c, v⟩ = 1

}
, (A.38)
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where we denote the objective function by F. To be specific, we have

F(v) =
1
2
∥z − v∥2 + IV(v) + I{w∈Rn : ⟨c,w⟩=1}(v),

where I denotes the indicator function defined in (A.7). By assumption, the domain

of the minimization problem is non-empty. Note that the objective function F is

1-coercive, lower semi-continuous, and strictly convex. Therefore, the minimizer

exists and is unique. Moreover, the vector v̄ is a minimizer if and only if 0 ∈ ∂F(v̄).

By assumption, the interior of the set V intersects with the interior of the set

{w ∈ Rn : ⟨c,w⟩ = 1} (which equals itself). Therefore, by Proposition A.1.3, the

subdifferential of F equals

∂F(v) = v − z + ∂IV(v) + ∂I{w∈Rn : ⟨c,w⟩=1}(v) = v − z +NV(v) + {λc : λ ∈ R} (A.39)

for any v ∈ dom F, where the second equality holds by (A.8). Therefore, v̄ is a

minimizer if and only if v̄ ∈ V, ⟨c, v̄⟩ = 1, and there exists λ ∈ R such that there

holds

z − λc ∈ v̄ +NV(v̄). (A.40)

Note that (A.40) is equivalent to v̄ = ΠV(z−λc). As a result, v̄ is a minimizer if and

only if there existsλ ∈ R such that v̄ = ΠV(z−λc) and 1 = ⟨c, v̄⟩ = ⟨c,ΠV(z−λc)⟩. ■

Lemma A.3.2. Let c, z ∈ Rn be vectors, V be a convex cone generated by v1, . . . , vN ∈ Rn,

g be the function defined by (4.26), and W(λ) be the set defined by (4.28) for any λ ∈ R.

Then, the function g is a piecewise affine decreasing function, and the directional derivative

of g at any point λ ∈ R is well-defined and given by

g′(λ; 1) = lim
h→0+

g(λ + h) − g(λ)
h

= −∥c∥2 − ⟨c,ΠW(λ)(−c)⟩ ≤ 0,

g′(λ;−1) = lim
h→0+

g(λ − h) − g(λ)
h

= ∥c∥2 − ⟨c,ΠW(λ)(c)⟩ ≥ 0.
(A.41)
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Proof. Since V is a convex polyhedral set, its polar cone V◦ is also a convex poly-

hedral set which equals

V◦ = {x ∈ Rn : ⟨vi, x⟩ ≤ 0,∀i = 1, . . . ,N}. (A.42)

By [42], the directional derivative of the projection map ΠV◦ at the point x ∈ Rn

along the direction d ∈ Rn equals

(ΠV◦)′(x; d) = ΠTV◦ (x̄)∩Span(x−x̄)⊥(d), (A.43)

where we use x̄ to denote ΠV◦(x) and TV◦(x̄) is the tangent cone of V◦ at x̄. By

straightforward computation using definition of tangent cone and Moreau’s iden-

tity (see Proposition A.1.2), we get

TV◦(x̄) = {y ∈ Rn : ⟨v j, y⟩ ≤ 0∀ j ∈ {i ∈ {1, . . . ,N} : ⟨vi, x̄⟩ = 0}},

Span(x − x̄)⊥ = {y ∈ Rn : ⟨x − x̄, y⟩ = 0} = {y ∈ Rn : ⟨ΠV(x), y⟩ = 0}.

Hence, we have

TV◦(x̄) ∩ Span(x − x̄)⊥ = {y ∈ Rn : ⟨ΠV(x), y⟩ = 0, ⟨v j, y⟩ ≤ 0

∀ j ∈ {i ∈ {1, . . . ,N} : ⟨vi,ΠV◦(x)⟩ = 0}}.
(A.44)

Note that TV◦(x̄) ∩ Span(x − x̄)⊥ equals W(λ) if x = z − λc holds.

By Moreau’s identity (see Proposition A.1.2), we get

g(λ) = ⟨c, z − λc −ΠV◦(z − λc)⟩ − 1. (A.45)

Let x = z − λc and x̄ = ΠV◦(z − λc). Then, the directional derivative of g at λ along
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the direction 1 is given by

g′(λ; 1) = ⟨c,−c − (ΠV◦)′(x;−c)⟩ = −∥c∥2 − ⟨c,ΠTV◦ (x̄)∩Span(x−x̄)⊥(−c)⟩

= −∥c∥2 − ⟨c,ΠW(λ)(−c)⟩ = −⟨−c,−c −ΠW(λ)(−c)⟩

= −⟨ΠW(λ)(−c) +ΠW(λ)◦(−c),ΠW(λ)◦(−c)⟩ = −∥ΠW(λ)◦(−c)∥2 ≤ 0,

(A.46)

where the last two equalities are given by Moreau’s identity (see Proposition A.1.2).

Similarly, the directional derivative of g at λ along the direction −1 equals

g′(λ;−1) = ⟨c, c − (ΠV◦)′(x; c)⟩ = ∥c∥2 − ⟨c,ΠTV◦ (x̄)∩Span(x−x̄)⊥(c)⟩ = ∥c∥2 − ⟨c,ΠW(λ)(c)⟩

= ⟨c, c −ΠW(λ)(c)⟩ = ⟨ΠW(λ)(c) +ΠW(λ)◦(c),ΠW(λ)◦(c)⟩ = ∥ΠW(λ)◦(c)∥2 ≥ 0.

(A.47)

Therefore, the function g is a decreasing function.

It remains to prove that g is piecewise affine. Let F be a face of the polyhedral

cone V and NV(F) be the normal cone of V on face F, whose definition is given by

NV(F) = NV(v),

where v is any point in the relative interior of F. Note that the set NV(F) does

not depend on the choice of the point v. For more details of the definitions and

properties, we refer readers to [87, Section 2.2]. First, let x, y be two vectors in Rn,

such that ΠV(x) and ΠV(y) are in the relative interior of a face F of V. Then, we

will prove that the function ΠV(αx + (1 − α)y) is affine with respect to α ∈ [0, 1],

i.e., we will show that

ΠV(αx + (1 − α)y) = αΠV(x) + (1 − α)ΠV(y) ∀α ∈ [0, 1]. (A.48)
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Since V is a closed convex cone, Proposition A.1.1 gives us that to prove (A.48), it

suffices to check that

⟨αx + (1 − α)y − (αΠV(x) + (1 − α)ΠV(y)), αΠV(x) + (1 − α)ΠV(y)⟩ = 0,

⟨αx + (1 − α)y − (αΠV(x) + (1 − α)ΠV(y)), v⟩ ≤ 0, ∀v ∈ V.
(A.49)

By the characterization of ΠV(x) and ΠV(y) from Proposition A.1.1, we obtain

⟨x −ΠV(x), v⟩ ≤ 0, ⟨y −ΠV(y), v⟩ ≤ 0, ∀v ∈ V. (A.50)

By straightforward computation, we have

⟨αx+(1−α)y−(αΠV(x)+(1−α)ΠV(y)), v⟩ = α⟨x−ΠV(x), v⟩+(1−α)⟨y−ΠV(y), v⟩ ≤ 0,

(A.51)

and hence the second line in (A.49) holds. Next, we check the first line in (A.49).

Denote z to be αx+ (1−α)y− (αΠV(x)+ (1−α)ΠV(y)). By Proposition A.1.1 and the

definition of normal cones, x −ΠV(x) is in NV(ΠV(x)) = NV(F). Similarly, we have

y − ΠV(y) ∈ NV(ΠV(x)) = NV(F). As a result, their convex combination z is also

in NV(F) = NV(ΠV(x)) = NV(ΠV(y)). Therefore, we have ΠV(ΠV(x) + z) = ΠV(x),

which, by Proposition A.1.1, implies that ⟨z,ΠV(x)⟩ = 0. Using the same argument,

we also have ⟨z,ΠV(y)⟩ = 0. Therefore, the first line in (A.49) follows, and the

projection operator is affine on the line segment connecting x and y. Now, we

prove that g is piecewise affine. For any face F of V, let IF be the subset of R

defined by

IF = {λ ∈ R : ΠV(z − λc) ∈ ri F}.

By [87, Theorem 2.1.2], the relative interior of all faces of V form a disjoint de-

composition of V, and hence {IF : F is a face of V} is a disjoint finite partition of

R (the partition is finite since the convex. polyhedral cone V has finitely many
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faces) Moreover, for any face F and any two scalars λ1, λ2 ∈ IF, we have that

ΠV(z − (αλ1 + (1 − α)λ2)c) = αΠV(z − λ1c) + (1 − α)ΠV(z − λ2c) ∈ ri F for any

α ∈ [0, 1] by (A.48) and the fact that ri F is convex. Thus, for any α ∈ [0, 1], we have

αλ1 + (1 − α)λ2 ∈ IF and

g(αλ1 + (1 − α)λ2) = ⟨c,ΠV(z − (αλ1 + (1 − α)λ2)c)⟩ − 1

= ⟨c, αΠV(z − λ1c) + (1 − α)ΠV(z − λ2c)⟩ − 1

= αg(λ1) + (1 − α)g(λ2).

Therefore, the function g is piecewise affine. ■

Lemma A.3.3. Let c, z ∈ Rn be vectors, V be a convex cone generated by v1, . . . , vN ∈ Rn,

g be the function defined by (4.26). If either g′(λ; 1) = 0 or g′(λ;−1) = 0 holds, then we

have g(λ) = −1.

Proof. Let W(λ) be the set defined by (4.28) for any λ ∈ R. First, if g′(λ; 1) = 0

holds, then by (A.46) we have

0 = ΠW(λ)◦(−c) = −c −ΠW(λ)(−c).

Hence, we have −c = ΠW(λ)(−c) ∈ W(λ), which, by definition of W(λ) in (4.28),

implies ⟨ΠV(z−λc),−c⟩ = 0. As a result, we have g(λ) = −1. Similarly, if g′(λ;−1) =

0 holds, then (A.47) implies

0 = ΠW(λ)◦(c) = c −ΠW(λ)(c).

Hence, we have c = ΠW(λ)(c) ∈W(λ), which implies ⟨ΠV(z − λc), c⟩ = 0. Therefore,

we still have g(λ) = −1. ■
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2014. Theory and computation.

[65] A. A. Kurzhanskiy and P. Varaiya, Ellipsoidal toolbox (et), in Proceedings of
the 45th IEEE Conference on Decision and Control, 2006, pp. 1498–1503.



139

[66] P. Lambrianides, Q. Gong, and D. Venturi, A new scalable algorithm for com-
putational optimal control under uncertainty, arXiv preprint arXiv:1909.07960,
(2019).

[67] D. Lee and C. J. Tomlin, A hopf-lax formula in hamilton–jacobi analysis of reach-
avoid problems, IEEE Control Systems Letters, 5 (2021), pp. 1055–1060.

[68] F. Lewis, D. Dawson, and C. Abdallah, Robot Manipulator Control: Theory and
Practice, Control engineering, Marcel Dekker, 2004.

[69] P. L. Lions and J.-C. Rochet, Hopf formula and multitime Hamilton-Jacobi equa-
tions, Proceedings of the American Mathematical Society, 96 (1986), pp. 79–84.

[70] W. McEneaney, Max-plus methods for nonlinear control and estimation, Springer
Science & Business Media, 2006.

[71] W. M. McEneaney, A curse-of-dimensionality-free numerical method for solution
of certain HJB PDEs, SIAM Journal on Control and Optimization, 46 (2007),
pp. 1239–1276.

[72] W. M. McEneaney, A. Deshpande, and S. Gaubert, Curse-of-complexity attenu-
ation in the curse-of-dimensionality-free method for HJB PDEs, in 2008 American
Control Conference, IEEE, 2008, pp. 4684–4690.

[73] W. M. McEneaney and L. J. Kluberg, Convergence rate for a curse-of-
dimensionality-free method for a class of HJB PDEs, SIAM Journal on Control
and Optimization, 48 (2009), pp. 3052–3079.

[74] S. Mehrotra, On the implementation of a primal-dual interior point method, SIAM
Journal on Optimization, 2 (1992), pp. 575–601.

[75] Y. Nesterov, Introductory lectures on convex optimization, Applied Optimiza-
tion, (2004).

[76] Y. Nesterov, Smooth minimization of non-smooth functions, Mathematical Pro-
gramming, 103 (2005), pp. 127–152.

[77] K. N. Niarchos and J. Lygeros, A neural approximation to continuous time reach-
ability computations, in Proceedings of the 45th IEEE Conference on Decision
and Control, Dec 2006, pp. 6313–6318.

[78] S. Osher and C. Shu, High-order essentially nonoscillatory schemes for Hamilton-
Jacobi equations, SIAM Journal on Numerical Analysis, 28 (1991), pp. 907–922.

[79] C. Parzani and S. Puechmorel, On a Hamilton-Jacobi-Bellman approach for
coordinated optimal aircraft trajectories planning, in CCC 2017 36th Chinese
Control Conference, Control Conference (CCC), 2017 36th Chinese, Dalian,
China, July 2017, IEEE, pp. ISBN: 978–1–5386–2918–5.

[80] X. Qin and N. T. An, Smoothing algorithms for computing the projection onto a
minkowski sum of convex sets, Computational Optimization and Applications,
74 (2019), pp. 821–850.



140

[81] C. Reisinger and Y. Zhang, Rectified deep neural networks overcome the curse of
dimensionality for nonsmooth value functions in zero-sum games of nonlinear stiff
systems, arXiv preprint arXiv:1903.06652, (2019).

[82] J. Rochet, The taxation principle and multi-time Hamilton-Jacobi equations, Jour-
nal of Mathematical Economics, 14 (1985), pp. 113 – 128.

[83] R. T. Rockafellar, Convex Analysis, Princeton University Press, 1970.

[84] V. R. Royo and C. Tomlin, Recursive regression with neural networks: Approxi-
mating the HJI PDE solution, arXiv preprint arXiv:1611.02739, (2016).

[85] A. Rucco, P. B. Sujit, A. P. Aguiar, J. B. de Sousa, and F. L. Pereira, Optimal
rendezvous trajectory for unmanned aerial-ground vehicles, IEEE Transactions on
Aerospace and Electronic Systems, 54 (2018), pp. 834–847.

[86] L. Ruthotto, S. Osher, W. Li, L. Nurbekyan, and S. W. Fung, A machine
learning framework for solving high-dimensional mean field game and mean field
control problems, arXiv preprint arXiv:1912.01825, (2019).

[87] R. Schneider, Convex bodies: the Brunn-Minkowski theory, vol. 151 of Ency-
clopedia of Mathematics and its Applications, Cambridge University Press,
Cambridge, expanded ed., 2014.

[88] J. Sirignano and K. Spiliopoulos, DGM: A deep learning algorithm for solving
partial differential equations, Journal of Computational Physics, 375 (2018),
pp. 1339 – 1364.

[89] E. Todorov, Efficient computation of optimal actions, Proceedings of the national
academy of sciences, 106 (2009), pp. 11478–11483.

[90] I. Yegorov and P. M. Dower, Perspectives on characteristics based curse-of-
dimensionality-free numerical approaches for solving Hamilton–Jacobi equations,
Applied Mathematics & Optimization, (2017), pp. 1–49.


