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CuarTER ONE

Introduction



In recent years we have been witnessing the rise of a data-driven era in which prob-
ability and statistics have been the focal point in the development of disruptive
technologies, such as probabilistic machine learning. Machine learning tools, e.g.,
the deep neural networks (DNNSs), have regained enormous attention not only
because of their extensive expressiveness and huge capability of processing vast
amount of data, but also due to the exponentially increasing computing speed and
the incessantly development of effective optimization algorithms. How to make
the best use of existing data while exploiting the information from classical math-
ematical models or even empirical correlations developed within a discipline is
an important issue, as data-driven modeling is emerging as a powerful paradigm
for physical and biological systems. As with constructing models driven by data,
it is equally important to quantify the uncertainty associated with these models.
This explains why data assimiliation is one of the most popular topics in the un-
certainty quantification (UQ) community. However, it is generally very difficult
to build effective mathematical models for complex stochastic systems, especially
when we also take into account the information from big-data. To achieve this

ultimate goal, there are at least two distinct challenges:

1. The lack of information fusion algorithms. It happens that the system
may not preserve a consistent physical property, then it is not applicable to
described the whole system with a unified set of mathematical equations.
For example, when dealing with the multi-scale heterogeneous system, a
coarse-grained model will not resolve the fine-scale patterns that are impor-
tant in some region, while a high-resolution model is too expensive to be
implemented to the whole domain, thus an algorithm that can propagate
uncertainty across between scales and subdomains is needed. It also hap-

pens that the system is not only restricted by the prescribed physical law,



which usually takes the form of partial differential equations (PDEs), but
also has to be compatible with experimental measurements. Therefore, it is
handy to have an algorithm that can merge the information from both the

physical laws and the big-data.

2. The difficulty in quantifying uncertainty that comes from various sources.
There is model uncertainty, where a high-fidelity model is more trust worthy
than a low-fidelity one, as the high-fidelity model is less likely to fail. There
can be uncertainty caused by different approximation strategies, for exam-
ple, the uncertainty introduced from truncating an infinite expansion series,
or discretizing a continuous function, or using DNNs that are randomly ini-
tialized as surrogate models. There is uncertainty associated with data, too.
For example, we cannot eliminite the flucuations in repeated measurements
due to the random measurement error. The qualitative discription sounds
simple and plain, but performing an in-depth quantitative analysis requires

innovative UQ strategies.

In this dissertation I attempt to address these challenges by providing orig-
inal mathematical models/frameworks. They are established based on existing
machine learning tools, such as Gaussian Process Regression (GPR) and DNNSs,
and they turn out to be viable options in modeling data-driven stochastic com-
plex systems. Specifically, I will discuss the following two aspects of modeling

data-driven stochastic systems:

e Domain decomposition;

e Data-driven UQ.

In this chapter, I will first give a brief review of several key concepts that



are repeatedly used in this dissertation as building blocks. Among them, the
Karhunen-Loeve expansion and generalized polynomial chaos are classical tools
extensively used when modeling stochastic systems. The Schwarz alternating
method inspired me to analyze the uncertainty propagation across domain inter-
faces, and also led to the proposed PDE-data information fusion algorithm. The
Physics-Informed Neural Networks (PINNs), which have just became popular in
the last couple of years, laid the foundation of physics-informed machine learning
and made data-driven UQ possible. An overview of the included works will be

presented at last.

1.1 Karhunen-Loeéve Expansion of Random Fields

Applying order reduction schemes have been a popular approach for solving UQ
problems, and among which the Karhunen-Loéve (KL) expansion [29, 53] turns
out to be useful especially when dealing with high-dimensional complex systems,
as it provides a low-dimensional representation for second-order random fields

that is optimal in the mean square sense.

Let (QQ, ¥, P) be the probability space, where Q is the sample space, ¥ is the
o—algebra of subsets of ), and P is a probability measure. Let w € Q) indicate a
random event and u(x; w) indicate a random process indexed by x € D, which,
for example, can be regarded as the physical space coordinate, thus u(x;w) is a
random process in the physical space . The following discussions about the
KL expansion are also valid for time and space-time indexed random processes.

Given a second-order process u(x; w), i.e., E[u(x; w)?] < o0, the KL expansion reads



u(gw) = i) + Y VAigi0&(w), reD, weQ, (1.1)
i=1

where the random field u(x; w) is decomposed into two parts: (i) the deterministic
mean field function u(x) = E[u(x; w)]; and (ii) the random fluctuation part as a lin-
ear combination of infinitly many deterministic orthonormal basis ¢;(x) multiplied
by stochastic coefficients &;(w). The basis ¢;(x) are normalized eigenfunctions of
the covariance kernel of u(x; ), and they solve the following Fredholm integral

equation

f Clx, y)pi(x)dx = Aipi(y), forx,yeD,i=1,2,..., (1.2)

D

where A; denotes the eigenvalues corresponding to ¢;, and C(x, y) denotes the

covariance between u(x; w) and u(y; ), i.e.,

Clx, y) = E[(u(x; 0) - i(x)" (u(y; ) - ii(y)], x,y € D. (1.3)

Since C(x, y) is symmetric and positive definite, the eigenvectors ¢; are naturally
orthogonal so that (¢;, ¢;) = 6;;, where §;; is the Dirac’s delta function. The eigen-
values A; are non-negative and are arranged in a descending order. The random
variables &;(w) have zero mean and are mutually uncorrelated, i.e. E[&:&;] = 0,

and they can be calculated as follows:

&ilw) = Alfz; (u(x; w) — u(x)) pi(x)dx, fori=1,2,.... (1.4)

The KL expansion, in the form of Eq. 1.1, is of little use because it is an infinite



series. In practice, one adopts a finite series expansion:

d
0(x; w) = i(x) + Z VAdi(0)Ew), @ e Q. (1.5)
i=1

The answers to where to truncate the expansion and how to choose d are closely
related to the decay of eigenvalues A; as the index i increases. A common approach
is to examine the decay of A; and keep the first d eigenvalues so that the contribution

of the rest of the eigenvalues is negligible.

1.2 Generalized Polynomial Chaos

First defined by Wiener in [85] as the span of Hermite polynomial functionals
of a Gaussian random field, polynomial chaos (PC) has been extensively used to
model uncertainty in physical applications. A more general extension, named the
generalized polynomial chaos (gPC), was proposed by Xiu and Karniadakis [89].
The gPC employs more types of orthogonal polynomials from the Askey family by
exploiting the correspondence between the probability density functions (PDFs) of

certain random variables and the weight functions of the orthogonal polynomials.

Again, let (Q3, ¥, P) be the probability space, where () is the sample space, ¥ is
the o—algebra of subsets of (3, and P is a probability measure. Let § = (&1, ..., &4) be
an d-dimensional continuous random variable with PDF f(§). A general second-

order random process R(w) € L,(CQ2, ¥, P) can be expressed by gPC as

+00

R(@) = ) ai(£(w)), (L6)

i=0



where w € Q) is the random event and @;({(w)) denotes the gPC basis in L,(Q, ¥, P).

They are orthonormal polynomials of {(w), satisfying
E[®,D;] = E[D7]5;;, (1.7)

where E denotes the expectation with respect to the probability measure dP(w) =
f(€(w))dw. The index in Eq. 1.6 takes the lexicographical order for a fixed ran-
dom dimension d that counts the orthogonal polynomials with an increasing
degree. In general, the expansion has an infinite number of terms, but in prac-
tice, it is truncated at a certain level. For instance, the number of gPC terms of
a d-dimensional random input truncated at a designated maximum polynomial
degree pis (d +p)!/(d! p!), while the number of random dimension d of a stochastic
process is usually determined by the Karhunen-Loéve expansion based on the
decay of eigenvalues. For certain random vector £, the orthogonal gPC basis {®;}
can be chosen such that its weight function has the same form as the PDF f(§) of €.
The corresponding types of classical orthogonal polynomials and their associated

random variable types can be found in [87] and will not be listed here.

As a remark, the PC expansion can be furthur generalized to functions with
arbitrary distributed random variables [84, 86] or even data-driven problems [50]

and random variables with discrete measures [92].

1.3 The Schwarz Alternating Method

The Schwarz alternating method is a reliable framework for coupling solutions

in different domains. It is especially useful to find a C; continuous solution in



the entire domain when one only has access to black-box solvers that are valid in
disjoint partitions of the domain. The original Schwarz algorithm [71] employs
overlapping subdomains, but other versions [43] employ non-overlapping subdo-
mains. Here we present a version first proposed by Funaro et al. [17] and modified

in [26].

Take the following elliptic Helmholtz equation as an example:

—Vu + A\%u - fx)=0, xeD,
(1.8)
u=0, xedd.

For a 1D domain, consider the decomposition in Figure 1.1. We refer to D,,, whose
length is I,,, as the dominus domain where we impose a Dirichlet condition at the
interface x;, and refer to D;, with length [;, as the servus domain with a Neumann

interface condition. To this end, we use n to denote the number of iterations and

D, Ds

X L? Xp! l,x R

1 lm ; lS 1

Figure 1.1: 1D domain decomposition diagram, where 9,, is the dominus domain with length /,,,,
and 9D is the servus domain with length /;. The two subdomains share the boundary point x;.

set up an iterative scheme that involves the Dirichlet and Neumann problems
assigned to the dominus and servus domains, respectively.

dominus domain:
()" + A% = f(x), onD,,

u(xr) =0, (1.9)

y (xp) = g™ (xs),



servus domain:
—(xe)t + AUl = f(x), on D,

u(xg) =0, (1.10)

()2 (x5) = (), (x).
In Eq. 1.9 and Eq. 1.10, u};, and u} denote the solutions for their respective subdo-
mains during the n-th iteration. There are two choices for the index k in Eq. 1.10
depending on whether there is a serial or a parallel implementation. These values
are: (1) a serial version k = n; and (2) a parallel version k = n — 1. The iterative
process stops when the change of solution at the interface between successive

iterations is smaller than a designated threshold ¢, i.e.,

[ (05) =t ()] + [ () — 71 ()] < e (1.11)

The following theorem holds regarding to the convergence of this scheme.

Theorem 1.3.1 (see [31]). The iterative procedure Eq. 1.9 and Eq. 1.10 converges if and
only if I, /15 > 1.

In application, a relaxed version of Dirichlet boundary condition [31, 21] is
carried out by imposing a proper relaxation parameter 1 to updating the Dirichlet

boundary condition, that is

(o) = Mg ™ () + (1 = ey (xs). (1.12)

This relaxed scheme converges for subdomains of any lengths, as long as the

relaxation parameter 7 is chosen so that

2

O<n<®S:TG(/\),

(1.13)
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where G(A) is the error growth factor, defined by

I A
H/ A= 0,

o= (1.14)
tanh(Al) .
mnno  Otherwise,

and A? is the constant in Eq. 1.8. As mentioned in [31], we could choose 1) = ©g/2

to achieve an optimal convergence rate.

D Dy,

lg —

Figure 1.2: 2D domain decomposition diagram, where D,, is the dominus domain, D is the servus
domain, and n is the outer norm of D; at the interface.

Similarly, for a 2D domain decomposition, e.g. Figure 1.2, the serial iterating

boundary conditions reads,

ut =+ (-, n-Vul=-n-Vu, (1.15)
where n is the outward unit normal vector of the servus domain at the interface.
The convergence of the iterative scheme in 2D is guaranteed by the following

theorem:

Theorem 1.3.2 (see [31, 21]). The serial iterative procedure for two dimensions with the

interface conditions Eq. (1.15) converges, irrespective of the initial quess uS,(x) for a fixed
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relaxation parameter 1, if and only if
(1.16)

where

Ag=A"+-—,9>1. (1.17)

The parameter g is a frequency component greater than 1. Note that when
ln > L, G(A;) is always smaller than one thus 2/(1 + G(A,)) is always greater than
one. Therefore, choosing any 7 from (0,1] will ensure the convergence of the

iterative scheme regardless of 4.

1.4 Physics-Informed Neural Networks

In this part, we briefly review the approach of using DNNs to solve differential
equations [38, 39, 62], and its generalization in [63] for solving inverse problems.
To demonstrate the idea, we solve an ordinary differential equation (ODE) and we
remark that the algorithm to be discussed can be effortlessly extended to solving

PDEs. Suppose we have a parametrized ODE:

N:[u;nl =0, xeD,
(1.18)

B.C.: B ul]=0, xeT,

where N, is a differential operator, 8B, is the linear boundary condition operator, 1

denotes the collection of the ODE parameters, and u(x) is the quantity of interest.

A DNN, denoted by fi(x; 0), is constructed as a surrogate of the solution u(x).
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It takes the coordinate x as the input and outputs a vector that has the same
dimensionality as u(x). Here we use 0 to represent the DNN parameters that
will be tuned at the training stage, namely, for a classical dense neural network,
O contains all the weights w and biases b in 7(x; 0). We can take derivatives
of this surrogate network i with respect to its input by applying the chain rule
for differentiating compositions of functions using the automatic differentiation,
which is conveniently integrated in many machine learning packages such as
Tensorflow [1]. The restrictions on 7i(x; 0) come in two folds: first, given the data
of scattered u(x) observations, the neural network should be able to recover the
observed value, when taking the associated x as the input; and second, i(x; 0)
should comply with the physical laws imposed by Eq. 1.18. The second part is

achieved by defining a residual network:

f(x;0,m) = Ny [(x; 0); 1], (1.19)

which can be computed from ii(x; 0) straightforwardly with automatic differenti-
ation. This residual network f (x; 0,1), also named the Physics-Informed Neural
Network (PINN), shares the same parameters 0 with network 7(x; 0) and should
output constant 0 for any input x € D in ideal situations. Figure 1.3 shows a
sketch of the PINN. At the training stage, the shared parameters 0 are fine-tuned

to minimize a loss function that reflects the above two constraints.

Ne(w;m) =

Figure 1.3: Schematic of the PINN for solving differential equations.
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The process of solving the ODE Eq. 1.18 is no more than training the neural
network 7i(x; 0) with a properly designed loss function. Suppose we have a total
number of N, observations on u, collected at location {xs)}f\i 4, and N, is the number
of collocation points {xjf)}ficl where we evaluate the residual f (xjf) ;0,1). A straight
forward way to write the loss function is to put together the mean squared error
(MSE) on u(xg)) and the MSE on f (x}i)), as they provide the boundary conditions
(or sometimes the necessary restrictions at ancher points) and the restrictions of

physical laws in the form of the ODE, accordingly. As an example, the loss function

can be written as:

Nll

1 i R IR SR
LOm =5 2[00 0 —uG)] + = Y falonn 20
*i=1 € i=1
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The workflow of solving an ODE using PINN is summarized below:

Algorithm 1: PINN for solving ODEs
Step 1: Specify the training set:

Ny |

i=1’ i=1’

fi(x; ) network: {(xg), u(xff)))}N ‘ f (x; 0,1) network: {(x(fi), 0)}

Step 2: Construct a DNN 7i(x; 0) with properly initialized parameters 0;

Step 3: Construct the residual network f(x; 6, ) by substituting the
surrogate 7(x; 0) into the governing equation (Eq. 1.19) via automatic
differentiation and arithmetic operations;

Step 4: Specify a loss function (for example, Eq. 1.20) and a proper
optimization algorithm (for example, the Adam algorithm [35]) to
minimize the loss function;

Step 5: Train the DNNs for a designated number of epochs;

Step 6: Estimate the quantity of interest by evaluating the well-trained

neural network #i(x; 0) with the interested coordinates as input.

Note that in the situation of solving an inverse problem, where we do not
know the value of 1, but instead we have additional information on u(x) and we
try to generate reasonable estimates for 7, the ODE parameters 1) can be regarded

as variables similar to 0, and shall be tuned together with O at the training stage.

1.5 Overview of Dissertation

The rest of this dissertation is organized as follows. Chapter 2 and Chapter 3 focus

on the first aspect of data-driven stochastic modeling, i.e., designing information
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fusion algorithms: in Chapter 2, the algorithm for propagating uncertainty across
domains via moment minimization (SDD-MM) is presented, and in Chapter 3,
I introduce an algorithm for bi-directional coupling of PDE- and Data-domains
named the Domain Decomposition with Gaussian Process Regression (GPDD).
The second aspect, quantifying uncertainty of data-driven complex systems, is
mainly addressed in Chapter 4 and Chapter 5: in Chapter 4, I discuss the a
data-driven strategy for solving stochastic forward (model inference) and inverse
(model identification) problems, and in Chapter 5, we exhibit the potential for
PINNSs in solving time-dependent stochastic problems. At last, a summary of this

dissertation is given in Chapter 6.



CHAPTER Two

Stochastic Domain Decomposition

via Moment Minimization
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2.1 Introduction

We are interested in the uncertainty propagation in stochastic simulations where
multi-scale phenomena are present, e.g., atmospheric boundary layers, catalysis,
surface nano-patterning, etc.. In many situations, the randomness can manifest
itself across scales, yielding a multi-scale random behavior with vastly changing
correlation lengths. In practical simulations, we may need to use heterogeneous
solvers, and hence we are not guaranteed to have access to the global random
solution trajectories. In general, it is usually very hard, if not impossible, to solve
a hybrid multi-scale stochastic problem as a single stochastic PDE. To address this
issue, we develop a stochastic domain decomposition framework that utilizes local
solvers and does not require access to global random trajectories. In particular,
we develop a framework to derive boundary conditions at the interface of the

decomposed domains.

Domain decomposition methods have already been used extensively in de-
terministic problems [31, 72] to speed up computation, but the idea of stochastic
domain decomposition has only been considered fairly recently. Liao and Will-
cox [41] proposed a domain decomposition uncertainty quantification (DDUQ)
method that combines domain decomposition and importance sampling to solve
uncertainty quantification (UQ) problems. In DDUQ, local SPDE solutions are
pre-calculated during an offline stage, at sample points drawn from an assumed
joint distribution of the random input variables and the interface parameters. Then
during the online stage, the interface parameters are determined in an iterative
manner and a target joint PDF of the input variables and the interface parame-
ters is estimated. The solution to the UQ problem is assembled by reweighing

the local SPDE solutions using importance sampling. The DDUQ method allows
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users to conduct stochastic analysis at the local level using different UQ strategies.
However, estimating PDFs of high dimensional coupled random variables can be
very difficult, and characterizing subdomain interfaces with interface parameters
requires solving a handful of fully coupled system simulations. In another at-
tempt, Chen, et al. [6] aimed at solving SPDEs with black-box solvers at reduced
computational cost. They developed a local polynomial chaos expansion method
for linear SPDEs, where the local problems are solved in a low dimensional ran-
dom space and represented as polynomial chaos expansions. For each sample of
the global random process, the interface boundary variables are determined by
proper subdomain coupling conditions, and then the corresponding local solu-
tions can be obtained. In this method, the computational cost is largely reduced,
while high accuracy is also maintained, but it only works for linear SPDEs, and
requires access to the global random process samples. In order to overcome
these limitations, Cho, et al. [9] introduced a two-level domain decomposition ap-
proach, where the whole domain is decomposed into overlapping 9 subdomains
(supporting the solution) and interfacing I subdomains (supporting the stochastic
input). The correlation kernel of the entire domain is filtered and the randomness
is parametrized locally within each I domain. Since every two adjacent ) domains
share one I domain, the moments of the subdomain solutions conditioned on this
I domain should be the same. Two different methods were developed, a Schwarz
type iterative method (conditional moment interface method) and an optimiza-
tion method (PDE-constrained interface method), to match the moments. These
methods work for both linear and nonlinear problems and produce accurate mean
solutions. However, filtering the covariance function eliminates long-range corre-
lations, and hence, it does not represent accurately the global correlation structure.
Therefore, neither of these two methods in Cho, et al. [9] can generate accurate

high order moments.
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We propose a stochastic domain decomposition method (SDD-MM) based on
a new interface condition, derived from minimizing the second-order statistical
moments of the difference of local solutions at the subdomain interface. The new
interface condition is general, and works with diverse UQ methods, e.g., gen-
eralized polynomial chaos (gPC) [89], Dynamically Orthogonal (DO) [69, 11] or
Bi-Orthogonal (BO) [81] expansions, multi-level Monte Carlo method, etc.. Un-
like the conditional moment interface method of Cho, et al. [9], which imposes
conditions on the solutions samples in the overlapping domains, we impose con-
ditions on the expansion coefficients derived explicitly via moment minimization
in non-overlapping domains. We adopt the same test problems to compare the
performance of the SDD-MM method against the conditional moment interface
method, and we also extend the numerical examples to solve a two-dimensional
Allen-Cahn equation. For demonstration purposes, we use gPC expansion of

different orders in different domains in the numerical examples.

The organization of the chapter is as follows. In Section 2.2, we set up the
general SPDE problem and the domain decomposition. In Section 2.3, we explain
how we parametrize randomness locally. In Section 2.4, which is the core of
this chapter, we present the stochastic domain decomposition via the moment
minimization algorithm, and derive the moment minimizing interface condition.
We also analyze the computational complexity of SDD-MM in this section. In

Section 2.5 we present our numerical results, and we conclude in Section 2.6.



20

2.2 Problem Setup

Let us consider the standard setup of a UQ problem,

Lx, tulx, t,w),w) = f(x,t;w), x€D;

Bu(x, t;w)) = g(x, t; w), x € 0D; (2.1)

u(x, 0; w) = up(x; w), x€D.

Here, D c R? is a bounded spatial domain where the SPDE is defined, and x € IR
denotes the spatial variable. We refer to D as the global domain, and let dD be the
boundary of D. Lis a stochastic differential operator, 8 is the boundary condition
operator, and u(x; w) is the initial condition; u(x, t; w) is the solution to this SPDE,

and we refer to it as the global solution, with

ulx, tw) : D0, T]xQ — R,

where T > 0 is the end time of computation, and () is the random space. The
random input can come from the stochastic differential operator, the boundary
conditions, or the initial conditions. In practice, £ may not have an explicit
expression and a global solver for Eq. 2.1 may not exist. In general, we assume
that O is partitioned into non-overlapping subdomains with heterogeneous solvers.
For the sake of simplicity, we consider two subdomains where we divide D into

non-overlapping subdomains 9; and 9,, such that

Z_)ZEUE, DlﬂZ)z:@. (22)

Let u1(x, t; w) and uy(x, t; w) be the SPDE solutions in 9; and D,, and we will
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refer to them as local solutions. Hence, u;(x, t; w) and uy(x, t; ) satisty

Lx tuix, tw);,w) = f(x,tw), x€D;
B(ui(x, t; w)) = glx, t; w), x €0D;NID
, 1€{1,2}. (2.3)
ui(x, 0; w) = up(x; w), x €D
Ii(ui(x/ t/ C())) = ﬁi(x/ t/ (U), xe aDl\aD

We assume that after decomposing D into subdomains 9; and D, the subdomain
problems Eq. 2.3 are still well-posed and can be solved independently given proper

interface conditions f;.

2.3 Local Randomness Parametrization

Suppose the random inputs in Eq. 2.1 take the form of random processes. In the
situation when we have a multi-scale problem or a hybrid stochastic system, sam-
pling the whole trajectory of the random process might be impossible. Therefore,
an important aspect of our domain decomposition framework is to avoid using
global random process trajectories, which in the end requires the local parametriza-
tion of random process. We propose a local randomness parametrization method
that not only reflects the local stochastic behavior, but also takes into account the

cross-correlations between different subdomains.
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2.3.1 Embedded Random Process

Let a(x; w) : D x Q) — R be a random process in the global domain 9. Assume

its expectation a(x) and covariance function K(x, y) are provided as part of the

problem setup, that is:

i(x) = Ela(x; )],
K(x,y) = El(@(; @) - a@)a(y; @) - aw)l, %y € D.

By definition, K(x,y) is real symmetric and positive definite. For random vari-

ables X and Y, define Cov(X,Y) as E[(X — E[X])(Y — E[Y])], so K(x, y) equals
Cov(a(x; ), a(y; ).
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Figure 2.1: Decomposing domain [0, 1] into two non-overlapping subdomains 9, and 9,, where

a(x; w) is a global random process with varying correlation lengths; a1(x; w) and a(x; ) are the
embedded local random processes.

Given the domain decomposition Eq. 2.2, we can embed a(x; w) into the sub-

domains in a natural way,

2

a(x;@) = ) a,(x0)Lo,(x), (24)

i=1
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where 1 is the indicator function satisfying 1s(x) = 1 if x € S, and 1g(x) = 0 if
x ¢ S. Figure 2.1 displays the non-overlapping domain decomposition of the
interval [0, 1], and how we embed the stochastic process into the subdomains.

Accordingly, K(x, y) can be written as

K(x,y) = Ki1(x, ¥) Lo, xo, (x, y) + Ko (x, ¥) Lo, <0, (X, y)

(2.5)
+ K12(x/ y)l]-Dl XDy (x/ ]/) + KZl (x/ y)]]-DQXD1 (x/ ]/)/
where
Kii(x/ }/) = Cov (ﬂi(x; C()), ai(y; C())) ;XY € Di/ i€ {1/ 2}/
Kip(x,y) = Cov (i (v; w), i (y; w)), x €Dy, ye Dy (2.6)

Koi(x, y) = Cov (a2(x; w), a1 (y; w)), x€ Dy, yeDh.

2.3.2 Local Karhunen-Loeve Expansion

First we look only at one subdomain D; (i = 1,2). Obviously, K;i(x, y) is positive
definite, so the parametrization of a random process a;(x; w) within O; follows the

standard Karhunen-Loeve (KL) expansion:

N;
a;(x; w) = a;(x) + Z Oik(¥) VAiréin(w), xeD;, N;eZ', (2.7)
=1

where {A;r, @ix(x)} are the eigen-pairs of the eigenvalue problem

f@ Kl iy = Aispia(), 2.8)

1

and &, are uncorrelated random variables defined by

1

Eir(w) = N7
ik

f (ai(x; ) = 3;(x))Pir(x)dx, k=1,2,.., N, (2.9)
D;
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If a;(x; w) is a Gaussian random process, all &, (k = 1,...,N;) are independent
standard normal random variables. In this chapter, we consider the case where

a(x; w) is a Gaussian random process.

Eq. 2.7 can be rewritten in vector form as

a;(x; ) = T(x) + Oi(x) VAL, (2.10)

where A; is a diagonal matrix of eigenvalues A; = diag([Ai1, Aig, ..., Ain,]), Pi(x) is
the matrix of eigenfunctions ®;(x) = (¢;1(x), i2(x), ..., Pin,(x)), and &; is a random

vector & = (&1, &iny s Ein)T

2.3.3 Correlation Parametrization

Consider the cross-correlations of the random process between 9, and 9. This is
especially important when the entries in K, are large, and thus these entries will
have a non-negligible impact on the eigenvalues and eigenvectors of the global
covariance function K(x, y). In the previous part, the local random processes are
parametrized as random vectors (&11,&12, .., E1n,) and (€21, €22, -, Ean,) T Both
random vectors are independent within their respective domains, but due to the
effect of Ky, cross-correlations exist between them. Combining Eq. 2.6 and Eq. 2.10,

we obtain
Klz(x, y) = Cov (al (x/ a))/ 02(?/? C()))

= Cov (@1(x) VA1£1(@), Po(y) VAsEa(w)) (2.11)
= (@1 (x) VA1) Cov (€1, &2) (VA D2 (1)T).

In practice, given a spatial discretization rule, @;(x) and ®,(y) are unitary matrices,

and their pseudo-inverses ®;(x)! and ®,(x)™! can be calculated. Also, Ki»(x, v) is
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the matrix related to the cross-correlation. Eq. 2.12 calculates the cross-correlation

of £&1 and &5, and the correlation structure of &3 and & is depicted in Figure 2.2.

Cov (&1,&2) = AI1CD1(x)‘1K12(x, Y)(Do(y)™HT \/E (2.12)
o’ R
10 coiiiiiiiiiny
S

Figure 2.2: Correlation structure of £; and £»>. The dots show non-zero entries, thereby cross-
correlations between random variables.

The question remains whether we can approximate the global random field
a(x; w) by generating samples of local random vectors §; and &5, satisfying the

above correlation. Let d(x; w) be defined as

Ny N
a(x; w) = a(x) + Z P1k(X) VA k1 kLrep, + Z P2k (X) VA2ké2x Lxep, (2.13)
k=1 k=1

We assume that 4(x; w) is a reduced order reconstruction of the global random field

a(x; w). This assertion shall be verified by answering the following two questions:

1. Is {¢;x} a complete set of bases for a(x; ) in D;?

2. Is d(x; w) a Gaussian process, and does it have the same covariance function

as a(x; w)?
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Completeness of Local Bases

Since {¢;} are eigenfunctions of the positive definite kernel Kj;, the proof of com-
pleteness comes directly from the Karhunen-Loéve theorem. To numerically prove
the completeness of {¢;i}, we implement a spectral element discretization of the
global domain [0, 1], with 10 elements and 20t order polynomial in each element.
The global domain is divided into subdomains 9, and D, of the same length, as
shown in Figure 2.1. We generate samples of the global Gaussian random process
a(x; w) using a level two sparse grid stochastic collocation method [88]. In each D;
(i = 1,2), we project samples of the global random process to the local bases {¢; }

to get d(x; w). Then, we evaluate the expectations of the projection error ¢, i.e.,

€ = E[lla(x; w) — a(x; w)llL,] -

As we can see in Figure 2.3a, by increasing the number of random variables used
in each domain, i.e. the random dimension N; and N, (we have taken N; = N5),

the projection error decays exponentially.

Covariance Structure of i(x; w)

The random process d(x; w) is Gaussian directly from its definition in Eq. 2.13. Also,
the covariance function of 4(x; w) coincides with K(x, y) directly from Eq. 2.11. The
latter is verified numerically by showing that the finite dimensional representa-
tions of d(x; w) and a(x; w) have random coefficients of the same distribution. Here,
we conduct the same spatial discretization as in the previous test. First, by sam-
pling the correlated random variables &; and &,, we generate plenty of samples

of d(x; w) from its definition Eq. 2.13. Samples of £; and &, are obtained by mul-
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Figure 2.3: Accuracy of thelocal parametrization in two subdomains for the global random process
of correlation length equal to 0.1, where N1 = Ny: (a) the mean error of projecting a(x; w) onto local
bases {¢;«} decays exponentially when more random variables are used; (b) the largest value in
{IE[c;]lli = 1,2, ..., N} is close to the level of machine accuracy.

tiplying a lower-triangular matrix, getting from the Cholesky decomposition of
the covariance matrix Cov(&y,&2), to the sample vectors of independent normal

distributed random variables [44]. Next, we write down the global KL expansion

of a(x; w),

N
a(x; ) ~ a(x) + Z ei(x) VArci(w), x € D. (2.14)
i=1

We project d(x; w) back to the global KL bases {e;(x)|i = 1,2, ...N} in order to get the

coefficients VA;c;. Then we evaluate E[c;] and T'yxy, where

Ii;= COV(\/Z’Q, \/;jcj), i,je{l,2,.., N}

As the number of random variables in each subdomain increases, we expect E[c;]
to be 0, and I' to converge to A = diag(A4, Ay, ..., An). Figure 2.3b indicates that
the expectations of ¢; is indeed 0. In Figure 2.4a, we plot the Frobenius norm of
I'= A, versus the number of random variables used in each subdomain. As we can
see, when we approximate a(x; w) in higher dimensional random spaces, ||[I' — Al|

decays exponentially, indicating spectral convergence of our approximation. Fig-
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ure 2.4b shows that when we fix the random dimension of one subdomain, while

increasing that of the other subdomain, we also get more accurate approximations

for a(x; w).
Frobenius Norm of I'-A
10° ‘ :
102
il
=
| 10
=
10°® 1
7
108 . .
0 5 10 15 20
Random dimension in each subdomain

(a)
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, (

random dimension in D2)
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Figure 2.4: |I' — Al|r versus subdomain random dimensions: (a) using a correlation length equal to
0.1in both subdomains, and keeping N1 = Ny, |[I'= Al|r decays exponentially; (b) using a correlation
length equal to 0.1 in Dy, and 0.01 in D,, for a fixed N; = 8, increasing N, reduces |[I' — Allr.

To summarize, the local randomness parametrization is conducted following

these steps:

1. Obtain the local covariance function Kj1(x, ) and Ky (x, y) from Eq. 2.6;

2. Perform local KL expansion for Kj;(x, y) and Kx(x, y) to get &1 and &5;

3. Obtain Kj,(x, y) from Eq. 2.6 and calculate the cross-correlations between &

and &, from Eq. 2.12;

4. In each subdomain, sample &; and &, according to their covariance matrix.

2.4 Moment Minimizing Interface Condition

In this section we focus on building the subdomain interface conditions.
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24.1 An Iterative Algorithm for Solving SPDEs

From the previous section, a(x; w) can be parametrized locally as finite dimensional
random vectors &; and &;. Accordingly, the subdomain solutions are also functions

of &1 and &5, and therefore can be written as

ur(x, t; ) = up(x, t; €1, €2) = Z u,i(x, )Pi(€1,82), x €Dy
i=0
(%, £ 0) % ta(x, 5 €1, €2) = ) (6, HW(€, &), ¥ € Dy

=0

(2.15)

where uy;(x,t) and u, j(x,t) are deterministic mode functions that only rely on x
and t. Expansions given by Eq. 2.15 amount to a global stochastic and a local
space representation of the random field u(x, t; w). A widely used expansion is the
generalized polynomial chaos (gPC) method [89]. Note that although &; and &
are not independent, they can be written as linear combinations of independent

standard normal distributed random variables 7; and 7,

51 m
& 12

where A results from the Cholesky decomposition of the covariance matrix of &;
and &2 and is invertible. Since we can always write u;(x, t; w) and u,(x, t; w) as gPC
expansions of 1y and 7., by inverting A, they can also be written as polynomial
expansions of §; and &». In practice, we truncate the expansion given by Eq. 2.15
and keep only the lower order terms. The local SPDE problem is then transformed
to solving for u; i(x, t) and u; ;(x, t). The evolution equation of the modes is obtained

by performing standard stochastic Galerkin projection.

We are particularly interested in what conditions should be imposed at the
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subdomain interfaces. Recall the Schwarz alternating method for deterministic
equations. The global domain is decomposed into a dominus domain with a
Dirichlet type interface condition, and a servus domain with a Neumann type
interface condition [31, 5]. We propose a Schwarz type iterative algorithm for
SPDEs: let O, be the dominus domain with a Dirichlet type interface condition,
and D, be the servus domain with a Neumann type interface condition. Figure 2.5

shows an illustration for this domain decomposition.

Ny
D,

2e-18
=

No
. D
uri(zy)  Oug;(zp)/0z +/2

Figure 2.5: Domain decomposition approach for SDD-MM, where Nj is the number of random
variables in 9, and N, is the number of random variables in 9,. The interface conditions are a
Dirichlet boundary condition in 9;, and a Neumann boundary condition in D,.

Consider the second-order statistical moment of the difference of local solutions

at the subdomain interface x;, that is

2

M] M2
Ti=E|| Y uito, HPi(€r, &) = ) (0, HWi(€n, &) | |, (216)
i=0 j=0

where M; and M, are the numbers of expansion terms in Eq. 2.15. Ideally, 3
should be 0, due to the continuity of solution across subdomains. In practice,
the interface conditions u,(x;,t) is obtained by minimizing J;, with respect to

ul,i(xh/ t)
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Let M(t; &4, &2) = Z?ﬁ o U2,i(xp, t)W (&1, &2)- The first-order condition gives

NS

81/[1,1'
OBIL L 0,00, )P, €2) = M €1, )
- aul i

a(Z‘] 1 1 q)Z + Z k=0 Uy, i, k]E[cD q)k] +E Mz] Z o M1 ]]E[MCD ])
];tk

0=

duy; (2.17)

My
2y E[0F] +2 )y B[] - 2E[MD]

=0
j#L

M1 MZ

=2u; JE[0F] +2 ) 1y JE[Q;D;] =2 ) ua B[O ].
70 =0
j#i

Since 7 is a convex function, Eq. 2.17 is the minimizing condition, and therefore,

Z] —o U2 ](Xb, t)IE[q) W ] Z o U1 ](xb/ t)IE[CD D; ]
]#1

opt _
(.X'b, t) IE[CDIZ]

(2.18)

Note that in the above expression, Z?ﬁ% Uy, j(xp, t)E[D;W;]/ lE[(I)f] represents the pro-
jection of the stochastic boundary condition of O, onto the stochastic bases of D;,
and Z?fo uy,j(xp, t)E[D;D;]/ IE[CDf] subtracts the contribution of other j # i stochas-
tic bas]eq&sZ from O;. An iterative scheme can be developed from Eq. 2.18. Let
u’iz.(xb, t) be the interface condition of u;,(x,t) in the k" iteration. Similar to the

deterministic Schwarz algorithm, we use a relaxed version of Dirichlet boundary

conditions [16, 31, 57] for the dominus domain D,

k1 (xy, 1) = (1= O)uf (o, 1) + Ou (3, 1), 0 €(0,1). (2.19)

For the servus domain D,, we consider the second moment of the difference of
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flux across the interface x;,

2

M, M,
J2=E Z uy /(xp, 1)Di(€1, §2) — Z u;’j(xb, HW (€1, €2) | |- (2.20)
i=0 j=0

The interface conditions for u, j(x, t) is obtained similiarly by minimizing J> with

respect to u;,].(xb, t),ie., dJ2/0u; (xb, t) = 0, which results in

Zz =0 11(xb/ t)]E[CD\I]] Zl =0 21(xb/ t)]E[\I"\y]

;) 0 i#
uj PH(xy, 1) = N / (2.21)
j
The Neumann boundary conditions for u, ;(x, t) will be
) ]k”(xb, t)=uy " K, 1) (2.22)

The iterating process terminates when the change of boundary conditions between
consecutive iterations is smaller than a prescribed tolerance €;,, which is taken as

1077 in the numerical examples,

M,
Yl ) — ik ()] + Z 45,4 () = w5 ()] < € (2.23)
i=1
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Algorithm 2: SDD-MM

Setk =0;

Initialize u(l)/l.(i =1,2,..,M;)and ug,].(j =1,2,..., M) randomly;
while [[u5* (x,) — k()| + 15" (x) — 5" (00)I| < €11 do

from “g,j(xb) calculate Dirichlet MMIC u7*!(x;);

Solve for u}*!(x);

from ui/ik”(xb) calculate Neumann MMIC ué/ik“(xb) ;
Solve for u5*!(x);

k=k+1;

end

Calculate subdomain random solutions from Eq. 2.15;

We name our method “stochastic domain decomposition via moment min-
imization” (SDD-MM), and the interface conditions are called “moment mini-
mizing interface conditions” (MMIC). The workflow of the SDD-MM method is
shown in Algorithm 2. We note that in expansions given by Eq. 2.15, both @;
and W; are taken to be generic stochastic bases, and as such the SDD-MM can
be applied to a variety of methods. For example, the stochastic bases can be ex-
panded to time-dependent bases as encountered in the Dynamically-Orthogonal

decomposition [69, 11].

24.2 Computational Cost Analysis

We only consider the computational cost of repetitively solving local deterministic
problems when a sparse grid stochastic collocation method is used. Let k be the

Smolyak sparse grid level. The total number of sparse grid points can be estimated
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by 2*N¥/k! [22,88], where N is the random space dimension. Let the computational
cost for solving one single local deterministic PDE be one unit, and suppose we use

N; random variables in ©;, and N, random variables in ©,. The computational

cost is . . . .
2(N; + N 2(N; + N
CSDD-MM ~ 1y X( ( 1k' 2) + ( 1k| 2) )
) ) (2.24)
2k+1(1\]1 + Nz)k
~ Nit X k’ 7

where n;; is the number of iterations needed for convergence.

D, Dy

M, 1 M Py M‘%
I I, I

Figure 2.6: Domain decomposition approach for SDD-S, where M;, M, and M are the numbers
of random variables in Iy, I and I.

Our method is inspired and motivated by the precedent conditional moment
interface method, developed by H. Cho et al. [9]. We compare Eq. 2.24 with the
computational cost of the conditional moment interface method, and in particular,
with the computational cost of the variance scaling boundary condition (SDD-S)
(readers may refer to [9] for the details of SDD-S). Figure 2.6 is a schematic diagram
of the domain decomposition for SDD-S. M;, M,, and M; are random dimensions

for the interfacing domains I, I, and I;. The computational cost for SDD-S is

2"M (2’<M’; 2kM§)

Cspp-s ~ 1y X Kl k! + k! (2.25)
, O 22(MiMo)* + (M3Mb)Y) |
~ 1 X (k!)Z !

where nl, is the number of iterations needed.
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We can compare the computational cost of the two methods,

Cspp-mMm  Mit 2k!(N7 + No)k

~ =X
Cspps — n,  2K(MiMy)* + (MsM,)F)
; 2k1(2N; )k
N — (2N (2.26)
n o 2KMES((Mh)k + (M3)F)
nitk! <
1l (MaM; /Ny

1.

Generally speaking, M; ~ M3, M; = N1, N; = N, and kis smaller than 5. However,
M, canbe very large, especially for SPDEs with variable correlation length. This is
because I, covers the overlapping part of 9, and 9,, where change of correlation
length happens. Our numerical tests show that n; is usually less than 5, but 7,
varies depending on the initial guess. Therefore, for most cases, the SDD-MM

method is computationally cheaper than the SDD-S method.

2.5 Numerical Results

We implement the SDD-MM method for solving a variety of SPDEs in both 1D and
2D domains, and SPDEs with strong nonlinearity. For demonstration purposes,

all results are calculated using the gPC expansion.

2.5.1 Application to Stochastic Poisson’s Equation

We start with a 1D stochastic Poisson’s equation:

d - du(x; w)
—a(a(x,a)) P

) =sin(2nx), x€[0,1], (2.27)
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with homogeneous Dirichlet boundary conditions:

u(0; w) = u(l; w) = 0.

The randomness comes from the random coefficient a(x; w), which is characterized

as a Gaussian random process with Gaussian covariance function

n (2.28)

Cov (a(x; w), a(y; w)) = 02 exp (— = yF ) p

where 0, is the standard deviation, and I. stands for the correlation length.

We use a spectral/hp element method [31] for spatial discretization. The global
domain P is divided into 10 elements of equal lengths, and in each element,
we approximate the solution with a 10" order polynomial. We shall use the
same spatial discretization in the following numerical examples, if not specifically

mentioned.

First, we verify the convergence of the SDD-MM method. Set E[a(x; w)] to be 2,
and o0, to be 0.2. The global domain is decomposed in the middle into subdomains
D, and D,, each of which contains 5 elements. We generate random samples
of a,(x;w) locally as discribed in Section 2.3, and use the stochastic collocation
method for the local SPDE problems in each subdomain. The reference solution
is obtained by performing the global KL expansion of a(x; w), truncating to keep
99.99% energy (same for the other examples). A global SPDE solver is employed
to get the reference solution. Mean and standard deviation of the solution u(x; w)

are calculated.

Two numerical tests are conducted. For the first test, we set the correlation

length [, as 0.3, fix the order of the gPC expansions and use an increasing number
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of random variables to approximate 4;(x; w) in both subdomains. In Figure 2.7a,
spectral convergence is observed as we increase the number of random dimen-
sions. This agrees with the result in Figure 2.4a. For the second test, we set the
correlation length I. to be 10, and fix the random dimensions in both subdomains.
We look only at the effect of the gPC expansion order. Figure 2.7b shows that

when higher order gPC expansions are adopted, the error decays exponentially.

These two numerical tests indicate that the error of the SDD-MM method comes

from two sources:

1. the local finite order approximation of a(x;w), which can be reduced by
keeping more random variables, i.e. increasing the random dimensions in

each subdomain;

2. the gPC approximation error, which can be reduced by increasing the order

of the gPC bases to involve more modes.

L, Error L, Error
P 2 4 2
10 10
—#— Mean —#— Mean
j —#— Standard Deviation —#— Standard Deviation
_4 107 ]
10
L
108}
)l al L
<10° =
10710 )
s l
10°
1072
3
10710 . . . . . . 10714 . . .
1 2 3 4 5 6 7 8 9 1 2 3 4 5
Random dimension in each subdomain gPC order in each subdomain
(a) (b)

Figure 2.7: The exponential decay of the L, error of mean and standard deviation: (a) Fix the gPC
expansion order to be 3, and in each subdomain approximate a(x; w) with an increasing random
dimensions (N; = Nj), in this case I, = 0.3; (b) Fix the random dimensions in both subdomains to
be 3, and increase the order of the gPC expansion in each subdomain, in this case /. = 10.

Next, we compare the accuracy and the computational cost of the SDD-MM
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Figure 2.8: Covariance function in the [0, 1] domain with varying I.: (a) . = 0.08 in [0, 0.8], and
I. =0.02in (0.8,1]; (b) I, = 0.251in [0, 0.6], and /. = 0.005 in (0.6, 1].

method against the SDD-S method. We adopt the same settings as in [9]:

0.08, in Dy
Ela(x;w)] =1, o0,=02, I.= , (2.29)

0.02, in9D,

where D, = [0,0.8], D, = (0.8,1], and the covariance function of different corre-
lation lengths is depicted in Figure 2.8a. The global domain is discretized by 10
spectral elements of order 20, and the local KL expansions are truncated to keep
95% energy. We employ Smolyak sparse grids of both level 1 and level 2. Table 2.1
compares the error and computing time of using different method and different
level of sparse grid. It is evident that the SDD-MM method achieves better accu-
racy with the higher level sparse grid. This is because the higher level sparse grid
allows us to implement the higher order of gPC expansion. Figure 2.9a shows the
mean of the solution generated by both methods with the level 2 sparse grid. Both
methods yield accurate mean solutions. However, as we can see in Figure 2.9b, the
SDD-MM method outperforms the SDD-S method when computing the standard

deviation.



Sparse Grid )
Method [E[u] error o(u) error Time (s)
Level
SDD-MM || 9.942e¢7°,0.53% | 2.670e7%,9.00% 0.34
level 1
SDD-S 9.254e7°,0.50% | 6.121e7*,20.63% 2.73
SDD-MM || 1.776e7%,0.01% | 2.524e7°,0.85% 7.24
level 2
SDD-S 7.239¢7°,0.39% | 4.293e74,14.31% | 243.58
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Table 2.1: Stochastic Poisson’s equation: L, errors and relative L, errors for the solution mean and
standard deviation, and the computing time.

0.03

0.02

001 §

Elu(z;w)]

-0.01

-0.02

-0.03
0

Mean

%10

Standard Deviation

—=—SDD-MM
SDD-S
—— Reference

0.2

0.4

T 0.6 0.8

(a)

o(u(z;w))

4 |—=—SDD-MM
SDD-S
' |——Reference

0.2 0.4 T

(b)

Figure 2.9: Stochastic Poisson’s equation: a comparison of results obtained by SDD-MM and SDD-
S for (a) the mean solution and (b) the standard deviation of solution. The pink dash line marks
the subdomain interface.

We take a further look at the higher moments of the SPDE solution because

they are sensitive and hard to capture. We use the level 3 sparse grid and compute

the third central moment (E[(u(x; w) — 1(x))*]) and the fourth central moment

(E[(u(x; w) — 14(x))*]) of the solution. In Figure 2.10a and Figure 2.10b, we compare

the results for the second-order and the third-order gPC expansion. As we can see,

higher order gPC expansions produces more accurate solutions, and the higher

moments of solution are captured by the SDD-MM method within a 7% accuracy.

We expect to improve the accuracy with gPC expansions of order four and above,

but this would again require even higher levels of sparse grid.
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Figure 2.10: Stochastic Poisson’s equation: a comparison of results obtained by SDD-MM for using
second-order gPC expansion and third-order gPC expansion for (a) the third central moment and
(b) the fourth central moment. The third-order gPC expansion generates more accurate solution
than the second-order gPC expansion.

2.5.2 Application to Stochastic Advection Equation

As a second example, we consider the stochastic advection equation, given by:

du(x, t;w) du(x, t; w)

of —a(x; O))T, X € [0, 1], t>0. (230)

The advection coefficient a(x; w) is a random process with the same variable cor-
relation length I as in Eq. 2.29 and Figure 2.8a. The mean and standard deviation
of a(x; w) are

Ela(x; w)] = %, 0, = —.

We set a Dirichlet boundary condition u(0,t; @) = sin(—t) for the left boundary.

The initial condition is set to be u(x, 0; w) = sin(27x).

In this and the following numerical examples, level 2 sparse grid with the
second-order gPC expansion are used, and the local KL expansions are truncated

to keep 95% energy. We calculate the solution at T = 1 with time step At = 107
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Method [E[u] error o(u) error Time (s)
SDD-MM || 5.042e7%,0.07% | 3.187e7%,0.60% 79.4
SDD-S 2.315e74,0.03% | 7.663e7,1.45% | 430.8

Table 2.2: Stochastic advection equation: L, errors and relative L, errors for the solution mean and
standard deviation, and the computing time.

’ ~ Mean 0.1 Standard Deviation
s-spD-MM [ " |[~= spp-Mm '
SDD-S SDD-S |
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(a) (b)

Figure 2.11: Stochastic advection equation: a comparison of results obtained by SDD-MM and
SDD-S for (a) the mean solution and (b) the standard deviation of solution.

For the advection equation, information flows in a single direction from the left
domain 9, to the right domain 9,, and therefore, there is no need to do the
iteration process. One only has to decide the interface condition for 9, using
the Dirichlet type moment minimizing interface condition Eq. 2.18. Figure 2.11a,
Figure 2.11b and Table 2.2 indicate that both SDD-MM and SDD-S methods work
well for this problem. Table 2.2 also shows the SDD-MM method takes less time

for computing.

2.5.3 Application to Stochastic Advection-Reaction Equation

The SDD-MM method does not rely on the linearity of the problem, and we want

to demonstrate the performance of our method for the time-dependent non-linear
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stochastic advection-reaction equation with a stochastic reaction rate:

O;—? = V(x)g—z + (ko(x) + oxki(x; w))R(u), x€[0,1], t=0, (2.31)
where )
V(X) — _E (1 + e(sin(an)+cos(2nx))/2 _ COS(ZTCX)),
ko(x) =1 — %(e_sm(zm‘)/ 2 4+ cos(2mx)), (2.32)

or=02, Ru)=1-u

The initial condition is u(x, 0; @) = sin(27nx), and we impose a periodic boundary
condition. This problem was studied in [82] by using the Mori-Zwanzig projection
operator method [78, 83], and then studied by using the conditional moment
interface method in [9]. The perturbation in the reaction rate, k;(x; @), is modeled
as a centered Gaussian random field with squared exponential covariance function
and correlation length varying from 0.08 to 0.02 (refer to Eq. 2.29 and Figure 2.8a).
The periodic boundary condition requires imposing the left boundary for u; (x, t; w)
in O, using the random field uy(x, t; @) in D, at the right boundary. This is again
handled with MMIC in Eq. 2.18.

Method [E[u] error o(u) error Time (s)
SDD-MM || 2.09¢7%,0.0003% | 4.56e7°,0.27% 60.89
SDD-S 4.66e7%,0.067% | 2.10e73,12.87% | 1492.17

Table 2.3: Stochastic advection-reaction equation: L, errors and relative L, errors for the solution
mean and standard deviation, and the computing time.

We calculate the mean and standard deviation of u(x, t; w) at T = 0.2, with time
step At = 107%. In Figure 2.12a and Figure 2.12b, we compare the result of our
method and the SDD-S method, and we list the L, error and relative L, error in
Table 2.3. Clearly, the SDD-MM method is more accurate and efficient than the
SDD-S method.
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Figure 2.12: Stochastic advection-reaction equation: a comparison of results obtained by SDD-MM
and SDD-S for (a) the mean solution and (b) the standard deviation of solution.

2.5.4 Application to Stochastic Fisher’s Equation

In the previous cases, random processes with different correlation lengths have
been considered, and in this example, we examine large variation in the correlation
length by solving the Fisher’s equation with stochastic nonlinear coefficient:

d 0*

a—”t‘ - c(x)a—x‘z‘ +atco)u(l—u), xe[0,1], t>0. (2.33)
The boundary conditions are #(0) = u(1) = 0, and the initial condition is u(x, 0; @) =
sin(rtx). Set c(x) = 0.1, so the diffusivity is relatively small compared to the
nonlinear effect. We set a(x; w) to be a Gaussian random process with a large
change of correlation length. The mean, standard deviation and correlation length

of a(x; w) are

0.25, in9D,
Ela(x;w)]=1, 0,=02, I.= , (2.34)

0.005, in 9D,
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where O, = [0,0.6] and D, = (0.6, 1]. Figure 2.8b displays the covariance function
of this case. In applications, this happens when we have a multi-scale problem,
where the uncertainty propagates across domains, which results in a multi-scale
correlated structure. Numerical experiments show that the SDD-MM method

performs well for this multi-scale problem.

Method [E[u] error o(u) error Time (s)
SDD-MM || 4.234e7%,0.0008% | 6.608e7°,0.82% 124.8
SDD-S 1.964e7°,0.004% | 1.292¢73,15.96% | 11921.28

Table 2.4: Stochastic Fisher’s equation: L, errors and relative L, errors for the mean and standard
deviation of the solution, and the computing time.
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Figure 2.13: Stochastic Fisher’s equation: a comparison of results obtained by SDD-MM and SDD-S
for (a) the mean solution and (b) the standard deviation of solution.

We calculate the SPDE solution at T = 0.5, and use a time step At = 0.001.
The correlation length . has an obvious impact on the standard deviation of the
solution, breaking the symmetry and suppressing the standard deviation in the
region of smaller correlation length (see Figure 2.13b). Both SDD-MM method
and SDD-S method capture the solution mean, but the SDD-S method is not very
accurate when calculating the standard deviation. Table 2.4 compares the accuracy
and computing time of both methods. The SDD-MM method demonstrates better

performance for both moments. Since there is a huge jump in correlation length,
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M, in Eq. 2.26 needs to be very big to capture the random process in I, thus the
computational cost for SDD-S method is much larger than that of the SDD-MM

method.

2.5.5 Application to 2D Stochastic Allen-Cahn Equation

In the final example, we solve the 2D stochastic Allen-Cahn equation:

ot 2 y (x,y) € [0,1] x [0, 1]. (2.35)

d t; 2 _
u(x, y, bw) V(Au _ur-1)
0

This equationis defined in a square O = [0, 1]X[0, 1], with homogeneous Neumann
boundary conditions on all edges. The parameter y is a scaling coefficient which
is taken as 0.1, and € controls the thickness of the phase transition layer at steady
state. We choose €y = 0.05, which will result in a very sharp phase transition layer.
The randomness in this case comes from the random initial condition uy(x, y; @),

modeled as a 2D Gaussian random field with covariance function:

— 2 — 2
lx1 — x5 _|y1 3/2|)’ (2.36)

Cov (uo(x1, y1; ), Uo(X2, Y2; w)) = 0” exp (— 7 .
cx cy

where

05, xe[0,05]
0=002, .= , 1., =05.

0.05, x€(0.5,1]

The initial condition mean is set to be E[u(x, y; )] = 4 sin(27tx) sin(7ty)/5.

Figure 2.14 shows the standard deviation of the truncated KL approximation
of the initial condition. It is obtained by performing the global KL expansion of

up(x, y; w), and truncating at 95% energy level. The difference in correlation lengths
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Figure 2.14: Standard deviation of the initial condition for the Allen-Cahn equation. Generated
by performing the global KL expansion and truncating at 95% energy level.

can be clearly observed in this plot, where the left half domain is a smooth plane,
but the right half domain is more wavy. Naturally, we divide the whole domain
into two subdomains based on the different correlation lengths in the x direction:

D, =10,0.5] X [0,1] and D, = (0.5,1] x [0, 1].

Error Elu] o(u)
L, error 2.948e* | 2.767e73
Relative L, error || 0.03% 5.23%

Table 2.5: 2D Allen-Cahn equation: L, errors and relative L, errors for the mean and standard
deviation of the solution.

We solve each subdomain SPDE using a direction splitting scheme [73], and
the local solution is approximated by 32 order polynomials in both x and y di-

rections. The reference solution is obtained by using the global KL expansion to

model uy(x, y; w), and solving the SPDE globally with the probabilistic collocation
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Figure 2.15: 2D Allen-Cahn equation: E[u(x, y, t; w)] obtained by SDD-MM and the error.
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Figure 2.16: 2D Allen-Cahn equation: o(u(x, y, t; w)) obtained by SDD-MM and the error.

method. The global reference solution is approximated by a 128" order polyno-

mial in x direction and a 32™ order polynomial in y direction. In Figure 2.15 and

Figure 2.16, we show the mean and

standard deviation of the domain decompo-

sition solution, together with their error, when they reach a steady state. We can

see in Figure 2.15 that the subdomain interface (x = 0.5) is right inside the phase

transition layer, where the gradient

of the solution is very large. Table 2.5 shows

that our domain decomposition method is still accurate and reliable for this 2D

problem with strong nonlinearity and sharp gradient.
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2.6 Summary of Chapter

We presented the domain decomposition based on the moment minimization
(SDD-MM) technique for solving stochastic partial differential equations. A new
moment minimizing interface condition is proposed to match the solution modes
at the interface, so the subdomain solutions can be glued together through a
Schwarz type iterative procedure. Using the SDD-MM, we derive boundary con-
ditions for subdomains with different random dimensions. This SDD-MM method
is a generalized framework that relies on local random solvers and can be used to
solve problems involving multi-scale phenomena and hybrid stochastic systems,

without the need of global sampling.

Our numerical results show that the error in solution is due to two different
sources: the local reduced order randomness parametrization, and the solution
approximation using truncated gPC expansions. Errors from the first source can
be decreased by choosing higher local random dimensions, while errors from the
second source can be reduced by including more gPC expansion terms. For both
types of error, exponential convergence is observed. Compared with the condi-
tional moment interface method, the SDD-MM method displays higher accuracy,
especially for capturing the standard deviation of solution, and better computa-
tion efficiency. The 2D numerical test shows the reliability of our method, even if
the domain is decomposed exactly at the interface where the solution has a sharp

gradient.



CHAPTER THREE

Bi-directional Coupling of PDE- and

Data-Domain
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3.1 Introduction

There has been substantial progress in the last ten years on data inference models,
but in many practical situations the data can only be collected in a restricted area
from a number of scattered and heterogeneous sensors of variable fidelity. In sub-
surface applications, for example, we may have such measurements in one region,
where we may or may not know the physics of the process, and this region may
be adjacent to a more homogeneous region where we know the physical process
and hence the mathematical model in the form of a PDE. We assume here that
we have bi-directional coupling, such as the dispersion in porous media, between
the region with data and the region where the PDE is defined. Currently, there
is no scientific method to model this bi-directional propagation of information
and the existing data inference techniques, e.g., for streaming data, are relying
on very accurate high-fidelity input. Here we address, for the first time, such
hybrid data-PDE problems and develop a method that propagates the informa-
tion between the data and PDE regions. This new concept is schematically shown
in Figure 3.1, where we allow a bi-directional coupling between the region with
sensor data (right, yellow) and the region with governing PDEs (left, blue). In
addition, we assume that we have available diverse sensors depicted by green
and red to represent different fidelities of the data. In particular, we have only
a few green data points that we fully trust whereas the majority of the data is
represented by red crosses to denote less accurate or potentially even mislead-
ing information. This algorithm would naturally fall into the scope of domain
decomposition methods, which have already been studied extensively within a
deterministic problem setup [5, 17, 42, 72, 26, 31], based on the classical Schwarz
alternating algorithm [71]. This domain coupling is also a natural extension of the

previous work on propagation of stochastic solutions across domains [6, 41, 9].
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Figure 3.1: The physical domain D is decomposed into non-overlapping subdomains 9; and
D,, where D is the PDE-domain and 9, is the Data-domain equipped with high-fidelity sensors
(green circles) and low-fidelity sensors (red crosses). Information from the PDE-domain and the
Data-domain propagates in both directions across the interface I’s.

Various methods [24, 70, 4] for solving a PDE based on machine learning
tools have been developed recently, among which Gaussian process regression
(GPR) [65] serves as an effective means for designing such data-driven algorithms.
Raissi et al. [60] have proposed a GPR based algorithm for inferring solutions of
differential equations from noisy multi-fidelity data, where the cheap, frequent but
low-fidelity observations could help with the expensive, scarce and high-fidelity
observations to obtain solutions with better accuracy. Inspired by such previ-
ous work in GPR and domain decomposition methods, we develop a new algo-
rithm that reconstructs the solution from scattered sensors in the data subdomain

coupled with an adjacent PDE subdomain, and we arrive at a converged global

solution using an iterative method, similar to the Schwarz alternating method [71].

The organization of this chapter is as follows. In Section 3.2, we set up the
domain decomposition problem and specify the two types of subdomains. In
Section 3.3, we introduce the numerical GPR method for solving PDEs, using data
of single- and multi-fidelity; the core algorithm of this chapter is also described
in this section. In Section 3.4, we demonstrate the performance of the proposed
algorithm in both 1D and 2D examples, and we conclude with a brief summary in

Section 3.5.
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3.2 Problem Setup

Suppose D is the entire physical domain and is divided into two non-overlapping
subdomains 9; and D, as depicted in Figure 3.1, where I'; represents the interface
shared by those two subdomains. We refer to O, as the PDE-domain, because the

quantity of interest (Qol) u(x) is governed by a known PDE in Dy,

Lou(x) = f(X), x €Dy,
(3.1)

BXM(X) = 8(x), X € aDl\FS/

where L, is the partial differential operator, f(x) is the forcing term, B, is a proper
boundary condition operator acting on all boundaries of 9;, except for I's, and g(x)
is the prescribed boundary condition. We refer to 9, as the Data-domain, where we
place sensors of the solution u(x) at sparse locations, and collect data from the sen-
sors. In another scenario, we may have some sparse measurements of the forcing
(right-hand-side) term f(x) of a known PDE, and hence we will subsequently solve
the PDE using numerical GPR [60] instead of the classical discretization method

as in domain 9. Moreover, these sensors provide information of variable fidelity.

Since a physically admissible solution u(x) should satisfy some continuity
conditions at the interface I';, such as the continuity of u(x) and Vu(x), the value
of u(x) on I's, which may be undetermined at first, depends on u(x) in both D,
and 9,. Our goal is to design a domain decomposition algorithm that imposes
the aforementioned continuity constraints and will make use of both the PDE in
D, and the sparse multi-fidelity sensors data in D, to solve for u(x) in the entire

domain D.
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3.3 Methodology

3.3.1 Numerical Gaussian Process Regression

The general form of a linear PDE is,

Lau(x) = f(x), x€Q,

u(x) = p(x), x€Tlp, (3.2)

() = q(x), xeTy,

where £, is a linear operator (here £, means that the operator acts on the variable
x), f(x) is the external forcing term, p(x) and g(x) are the Dirichlet and Neumann
boundary conditions on their respective boundaries I'p and I'y, and n is the unit
outer normal. Assuming that the PDE solution u(x) belongs to C'(Q), the solution
space can be approximated using Gaussian random processes with a covariance
kernel characterized by tunable hyper-parameters 0, while the actual solution is
one of the possible Gaussian process trajectories. We shall infer the actual solu-
tion using a machine learning strategy, given the sensors” data of f(x) and u(x) at
sparse locations and possibly other boundary information. The hyper-parameters
0 in the covariance kernel can be estimated using a maximum likelihood estima-
tion, and after that the solution u(x) for any provided x shall be predicted via the
Bayesian estimation. In practice, the sensors” data might be polluted by random
measurement error, which could be modeled by independent zero-mean Gaus-
sian random variables with standard deviation o, and o that are either known

constants, or could be learned together with 0 from the data.

To be more specific, let © = (x1, xy, ..., xn,) be the locations where we place our
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u(x) sensors. Assuming a Gaussian process prior of the solution u(x), i.e.,
u(x) ~ GP(0, g(x,x’; 0)), (3.3)

where g(x, x’; 0) is the covariance kernel that takes the form of, for example, the

squared exponential kernel

(d) _ A(d))2
x_x)} 64

D
Iy (
’. _ 2 -
g(xlxle)_al exp[ 2; lz

d

Non-stationary kernels, such as the neural network covariance function [65, 64, 52],
can also be applied, and the main algorithm to be proposed does not restrict itself
to stationary kernels either. For demonstrative purpose we will use the squared
exponential kernel described here for our numerical tests. In Eq. 3.4), x@ is the dth
dimensional coordinate of x and D is the dimension of the Data-domain, and the
hyper-parameters to be optimized are 0 = (0,13, I, ..., Ip). The Dirichlet boundary
conditions can be viewed as noiseless sensors (sensors that return the exact value)
on its respective boundary and they will be handled in the same way as the other
u(x) sensors inside the domain. Thus we only need to consider the situation when
we have Neumann boundary conditions. Let z = (z,2, ..., 2n,) be the locations
where we place f(x) sensors and y = (v1, Y2, ..., ¥m) be the locations of sampling
points on the Neumann boundary. Since the derivatives and linear combinations

of Gaussian processes are still Gaussian processes, we have

u'(y) ~ GPO,k(y,y’; 0)),

f(2) ~GP0O, Wz, 2;6)),

(3.5)
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where

d

d
k 7 /; 6 = 5= 7 /; 6 12
(y,y’;0) s anzg(y y’;0) 66

h(z,2;0)=L.L.g(2 2;0).
In Eq. 3.6, n1 and n, are the unit outer normal of the first and second entries of

the covariance kernel function. Moreover, the joint distribution of u(x), u’(y) and

f(=z)1is

u(x) Ko Ko Ko
U=|uw)|~N|0|[Kyw Kiu Kull (3.7)
f(z) Ky Ky Kp

where

d
KOO = g(.’B, Z; 6) + GEII/ KOl = g(wl Y, 6)/ KOZ = ‘ng(wl zZ; 6)/
8n2

d
Ko = KJ), K =k(y,y;0), Ky = 87-522(3/, z;0), (3.8)
1
K20 = K?;Z’ Ky = K{Z’ Ky = h(z, zZ, Q) + O?I

In Eq. 3.8, the additional variances due to the measurement error are included in

Ky and Ky, as 02 and G;I .

u

The sensors” data and sample points on domain boundaries serve all together
as the training data set. The covariance kernel hyper-parameter 0 (including o,
and oy, if they are not given) will be estimated by minimizing the negative log

marginal likelihood defined by
NLML = -logp(Ulx,y, z;0,0.,0¢), (3.9)
which can be explicitly written as

NLML = %YTK‘lY + %log K| + glog(2rc), (3.10)
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where Y = [u(z), /' (y), f(2)]", and n is the total number of training points [65].

Given the assumption that the solution is a Gaussian process, the value u(x,)
at xp € Q) and all the training data follow a multi-variant Gaussian distribution,

u(x 0 X0,X0,04,0¢) @
(x0) N / g(xo, xo f) , (3.11)

Y 0 a’ K

where a = [g(xo, z; 0), ﬁ g(xo,y;0), L.g(x0, z; 0)]. The posterior distribution of

u(xo) given all the training data is then calculated from the Bayesian formula,
p(u(x)lY) = N(aK™'Y, g(xo, x0; 0) — aK'a™). (3.12)

Therefore, the maximum a posteriori estimation of u(x,) is aK™'Y’, with the pre-

diction variance g(x, xo; 0) — aK'a”.

3.3.2 Inferring Solutions of PDEs from Multi-fidelity Data

Here we consider a realistic situation where the information gathered by the sen-
sors is of variable fidelity due to primarily different sensor qualities, for example,
different resolutions. Typically, the availability of high-fidelity data is quite lim-
ited, while the low-fidelity data is much easier to collect. In general, low-fidelity
data could come from inexpensive sensors or uncalibrated measurements, e.g.,
satellite data, or even from computations, e.g., using inexpensive reduced-order
models. We denote the high-fidelity model of u(x) by u"(x), and the low-fidelity
model of u(x) by u/(x). The auto-regressive model [49, 60, 55] reads

u'(x) = pul(x) + 6(x), (3.13)
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where u/(x) and 6(x) are two independent Gaussian processes with

w(x) ~ GPO, &1(x,%;01)),  6(x) ~ GP(O, g2(x, X'; 02)). (3.14)

Here, g1(x,x’;01) and g»(x,x’; 0,) are covariance functions, 0,0, denote their
hyper-parameters and p is the cross-correlation parameter to be learned from

the data. Therefore, from Eq. 3.13 we can get

u'(x) ~ GP(0, g(x, x'; 01, 02)), (3.15)

where

g(x,x’;01,62) = p*g1(x, X; 01) + 2(x, X'; 6). (3.16)

Given that the operator L, is linear, we arrive at the auto-regressive structure
f*(x) = pf'(x) + y(x) on the forcing, where y(x) = £,6(x) and f'(x) = Lu'(x) are
two independent Gaussian processes. We note that the low-fidelity model u'(x)

and f'(x) satisfies the same equation as the high-fidelity model.

Suppose we have two types of f(x) sensors, where the highly accurate but
expensive sensors are placed at location 2", while the sensors low accuracy are

placed at z'. Thus, the joint distribution of all training data is

u'(x) O [Koo Ko1 Koz Koz

u'(y) N 0 , Kip Ki1 K2 Kis (3.17)
f h(zh) 0] |Kyo Ky Kxp Ki
| (=" ] 0] [Kso Ksi Kz Ky,

In Eq 317, term Koo, KOl/ Koz, KlO/ K11, KlZ/ Kz(), K21/ Kzz are defined in the same

way as in Eq. 3.8, with g(x, x’; 0) replaced by Eq. 3.16. Due to the independence
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assumption of u/(x) and 6(x), we can write down the rest of the matrix explicitly,

Jd
Koz = pLagi(z, 2';01), Kiz = pﬁllzz&(y,zl; 6h),
1 (3.18)

Ky = pLzhLzlgl(zh/ zl; 91)/ Kz = Lzl-Lzlgl(Zh, Zl,' 91) + UJZ[II,

and K30 = KT

— 1T
03/ K31 =K

1., K3, = KI,. The training and predicting procedures re-

semble those in the single-fidelity situation. We note that if possible, it is desirable
to use nested sensors so that the high-fidelity sensors are at the same location
as the low-fidelity sensors to reduce the computational cost [25], however, it is

appreciated that may not possible in a real situation.

3.3.3 Domain Decomposition Algorithm with Gaussian Process

Regression

Algorithm 3: GPDD Algorithm

Initializing 19 (x;) with 0;

Setk =0;

while |[t571(x;) — 1k (x)]| < €401 do

Solve for uf (x) with the given solver in D,,;

Calculate u,’ﬂk (xp) as the Neumann boundary condition in D;;
Predict u*(x) with GPR in D;

Set ukH (x;) = uk(xy);

Setk=k+1;

end

As the core of this work, we introduce the hybrid domain decomposition

algorithm with Gaussian process regression (GPDD). Suppose we are provided
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with a PDE solver in the dominus domain 9,,, which we call the PDE-domain,
while in the servus domain 9;, also referred to as the Data-domain, we have access
to sensors data. The GPDD algorithm serves to couple the data together with the
PDE solver via the Dirichlet-Neumann type Schwarz iterative method. We note
that a reversed version of interface conditions could also be applied, i.e., imposing
a Dirichlet boundary condition to the Data-domain and a Neumann boundary
condition to the PDE-domain. A comparison between both versions in terms of
the solution accuracy is displayed in Section 3.4. For simplicity, we set the PDE-
domain to be the dominus domain and the Data-domain to be the servus domain
unless it is specified otherwise. Depending on the type of sensors we have in D,

this GPDD algorithm can be applied in the following two cases:

Case 1: We have a PDE solver in the PDE-domain, while in the Data-domain we
have access to the sensors” data of u. We assume that we do not know the

PDE in the Data-domain.

Case 2: We have a PDE solver in the PDE-domain, while in the Data-domain we
have access to the sensors’” data of the forcing term f, which could be of
variable fidelity. In this case, we know the exact form of the PDE left-hand-
side operator L, in the Data-domain. No other information about u, except

for the boundary conditions, is needed in the Data-domain.



3.4 Numerical Results

3.4.1 Application to 1D Helmholtz Equation

We solve the 1D Helmholtz equation

~U + APu = f(x), x€[0,1], u(0)=u(l)=0,

60

(3.19)

where A = 1is a constant, f(x) is the forcing term, and u(x) is the Qol. The entire

domain O : [0,1] is divided into two non-overlapping subdomains: the PDE-

domain 9; : [0,0.6], and the Data-domain 9, : [0.6,1.0]. The numerical PDE

solver in O, is implemented using a spectral/hp element method [31, 37] with 6

spectral elements and the 10th order polynomial but will only be accessed as a

black box. We manufactured the reference solution so that it displays two different

length scales in different subdomains:

The resulting forcing term f(x) is

10072 . (107x
(— 3n +3)sm( ; ), x € Dy,
2
fx) = (—202457Z + 1) sin(457n (x - g))
5 3 , X€ Dz.
+ 5(257'52 —1)sin (57I(x - S))

(3.20)

(3.21)

The GPDD solution is denoted by ii(x). Both cases in Section 3.3.3 will be consid-

ered, and we set the Schwarz iteration terminating threshold € in Eq. 1.11 to be
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1077. We test our GPDD algorithm performance using both noiseless and noisy

sensor data.

Case 1

For demonstration purpose, we distribute the u(x) sensors uniformly in the Data-
domain ©,. To generate noisy sensors data, we deliberately add independent
Gaussian noise of a fixed standard deviation o, to each sensor. In Figure 3.2a and
Figure 3.2b, we compare the GPDD solution ii(x), calculated with both noiseless
and noisy sensors, and the reference solution u(x). As we can see, even if the exact
solution displays a multi-scale property, for both cases, the GPDD solution #(x)
can approximate u(x) very well. Although the problem to be solved is determin-
istic, predicting the solution in O, is indeed the progress of maximum likelihood
estimation, and therefore, for every x € D, there exists a Gaussian distribution as-
sociated with the predicted solution 7i(x). Therefore, we can feed the PDE-domain
D, with a Dirichlet interface condition of a Gaussian distribution, instead of a
single value. Due to the linearity of the PDE, solving the equation in 9; generates
a Gaussian distributed Neumann boundary condition at the interface, which shall
be passed to the numerical GPR solver in O, naturally as a “noisy” boundary
condition measurement. By repeatedly solving for #i(x) in both subdomains with
Gaussian distributed boundary conditions, we manage to propagate the uncer-
tainty back and forth between these two subdomains. We can observe that in
Figure 3.2a the exact solution falls into the 95% confidence interval around the

predicted solution generated by noiseless sensors.

Table 3.1 shows the number of iterations needed for the Schwarz iterative

scheme to converge when an “optimal” relaxation parameter n = 0.58 (calculated
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Figure 3.2: Case 1: The GPDD solutions of the 1D Helmholtz equation using (a) noiseless sensors
data, and (b) noisy sensors data polluted by the Gaussian noise of standard deviation o, = 0.2.
The left-hand side is the PDE-domain and the right-hand side is the Data-domain. The interface
between them is denoted by the vertical dashed red line. The Data-domain contains 15 u(x) sensors,
marked by the blue dots. The dashed lines mark the 95% confidence interval of the prediction.

from the formula derived in [31]) is employed. Ideally, if both subdomains are
equipped with traditional PDE solvers, the serial iterations should converge after
two steps, but when we have a GPR solver in the Data-domain, we observe that
more iterations are needed to converge, due to the fact that the estimated solution
cannot be simply characterized by a fixed PDE during iterations, especially when
the sensor data are polluted by the random measurement error (noise). Neverthe-

less, we can observe the trend that given more sensors, less iterations are needed

for the GPDD algorithm to converge at least for noiseless data.

Number of Sensors || 20 | 25 | 30 | 35 | 40
Noiseless (o = 0) 17115115 |14 | 13
Noisy (0 = 0.2) 18 |17 |17 | 17 | 16

Table 3.1: Case 1: Number of iterations needed for the Schwarz iterations to converge, using
€ = 1077 threshold.

The accuracy of the numerical solution i is measured by the relative L, error
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Figure 3.3: Case 1: (a) The relative L, error in the entire domain of the predicted solution versus
the number of u(x) sensors in the Data-domain 9, for different levels of sensor’s noise. Both the
proposed GPDD algorithm and the algorithm with reversed interface conditions are implemented
here. (b) The relative error of the predicted magnitude of noise &, (from the GPDD algorithm),
with respect to the input (nominal) noise o,,.

€,, defined by
=—, (3.22)

r

where [|-|| denotes the L, norm taken in the entire domain. Figure 3.3a compares the
relative error of the solutions obtained from the proposed GPDD algorithm and
the algorithm of reversed boundary conditions, i.e., feeding the PDE-domain with
a Neumann boundary condition and the Data-domain with a Dirichlet boundary
condition. Both algorithms produce solutions of similar accuracy, and obviously,
we get the most accurate solutions with the noiseless sensors. If we put more u(x)
sensors in 9, we would generally obtain solutions with slightly better accuracy.
This makes sense because the more data we collect, the better knowledge we
have about the pattern of the solution. Also, as demonstrated in Figure 3.3b, the
standard deviation of sensors’ noise, o,, is learned with the GPDD algorithm, and

by increasing the number of sensors we learn the sensors’ noise better.
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Case 2

In this case, the sensors for f(x) are placed in the Data-domain D,, and the linear

operator .L, is known a priori:

Loi=——— 41 (3.23)

We test the GPDD algorithm in both situations using either noiseless or noisy
sensors. Similarly, the noisy f sensor are manufactured by adding independent

Gaussian random noise of standard deviation o fto each sensor.

[ 0, .
10% 100% —O— Noiseless
—¥—o?=1.0
—¥—o?=01
1% TN
° 10% 0?=001

. < —¥—0?=0.001
[ g
m 01% i

N o
_ I

1%
2 .
T 0.01% | S B * %
[} i S [}
o Interface Condition for Data-domain o ¥
Neumann Dirichlet S o
—O— Noiseless =+ Noiseless V- . 0.1% o)
0.001% § —H—ci=10  —+ oi=t0 - - *
—H— 0?2201 == o’=01
02=0.01 77=0.01
0.0001% —¥— 07=0.001 —o~ 47=0.001 . 0.01% )
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Figure 3.4: Case 2: (a) The relative L, error in the entire domain of the predicted solution versus
the number of f(x) sensors in the Data-domain 9, for different levels of sensor’s noise. Both the
proposed GPDD algorithm and the algorithm with reversed interface conditions are implemented
here. (b) For different levels of sensor noise, the iterative process of the GPDD algorithm converges
within 5 iterations. In this example, 25 sensors are used in the Data-domain.

In Figure 3.4a we compare the accuracy of the GPDD algorithm and the algo-
rithm of reversed boundary conditions for different numbers of f(x) sensors and
different levels of sensors’ noise. Again, both algorithms display similar accuracy.
It is evident that the relative L, error decreases when we place a greater larger

number of less noisy sensors in the Data-domain. By using the noiseless sensors,

we achieve a very accurate solution with the relative L, error less than 0.01%.
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Even when we use noisy sensors of standard deviation o5 = 1.0, we still obtain
solutions with relative error less than 1%. Figure 3.4b shows the convergence of
the GPDD algorithm after a few iterations when 25 f(x) sensors are uniformly
placed in the Data-domain and an optimal 1 = 0.58 is adopted. The relative error
of the GPDD solution decays to reach a stable level within 5 iterations, indicating

very fast convergence of the GPDD algorithm for this case.

0 -1
10 ‘ ‘ N;)iselsss 10 P ‘ —3¥— Using 25 noisy sensors

+*”¢=1 0 — = Using 25 noiseless sensors

—k—0?=0.1 .
2 #2=001 %
Z 1074 . : s
4 +«'7'=0.001 ~.6
o

c
5 9o 2l
= = 10
I 8
3 107 3
a o
g E
g 2
S 10% =2
n * s
10- ____________________________
10 ' ' 10 1.0 0.1 0.01 0.001
20 25 30 35 40 , . 5
# of f(x) sensors Sensor's Noise Level (of)
(a) (b)

Figure 3.5: Case 2: (a) The standard deviation of u(xy) is reduced when more f(x) sensors are used.
(b) The standard deviation of u(x;) is reduced when less noisy f(x) sensors are being used.

We are also interested in the uncertainty associated with our GPDD solution.
Figure 3.5a shows that when more sensors are placed in D, the standard deviation
of the predicted ii(x;) decays, indicating that we are more confident with our
solution. Figure 3.5b also confirms that less noisy sensors would result in more
confident prediction of solution. In Figure 3.6 we plot the 95% confidence interval
of the predicted solution 7i(x), obtained with 25 noisy sensors (0 = 1.0) in D,. Here
we intentionally choose the boundary relaxation parameter 1 = 0.3 to suppress
the convergence rate. The confidence interval shrinks rapidly within the first few
iterations, indicating that we are gaining confidence of our predictions through

this Schwarz type iteration.
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Figure 3.6: Case 2: The solution profile of the 1D Helmholtz equation (1 = 1), using 25 noisy
sensors (05 = 1.0) in D,. The 95% confidence interval of predicted solution is reduced quickly in
less than 10 Schwarz iterations.

3.4.2 Application to 2D Helmholtz Equation

We extend our demonstration example into the 2D physical space, and solve the
2D Helmbholtz equation:
> 9

v 27" +Au=f(x,y), (x,y)e€l0,1.5]%[0,1]. (3.24)

In this section, we also demonstrate the useful information that can be extracted

from a network of multi-fidelity sensors.
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Figure 3.7: The 2D physical domain and its decomposition for case 1: dominus domain: D; =
[0,1] x [0, 1], and servus domain: D, = [1,1.5] x [0, 1].

Case 1

We enforce a homogeneous Dirichlet boundary condition for the global domain
D:
u(1.5,y) = u(0,y) = u(x,0) = u(x,1) = 0. (3.25)

The global domain Dis divided into two non-overlapping subdomains as depicted
in Figure 3.7, while the PDE-domain 9 serves as the dominus domain, equipped
with a Dirichlet interface condition at the interface I';, and the Data-domain D,
is the servus domain with a Neumann interface condition. The manufactured

reference solution is:

u(x,y) = sin(%nx) sin(mty), (3.26)
and by choosing A =1,
fx,y)=(A*+ %SnZ) sin(%nx) sin(mty). (3.27)

As shown in Figure 3.8a, the u sensors (green dots) are uniformly distributed

in the Data-domain 9, to form a 10 x 5 lattice grid and the Neumann interface
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Figure 3.8: Case 1: (a) The GPDD solution of the 2D Helmholtz equation using fifty u sensors
(marked in green). The sample points for the Neumann boundary conditions are marked in red.
The black dotted line indicates the subdomain interface. (b) The relative L, error of solution in the
entire domain versus the number of iterations.

condition is sampled at the red diamonds. We use a relaxation parameter = 0.3
and a stopping threshold € = 107 for the Schwarz iterations. A visualization
of the GPDD solution generated by noiseless sensors is displayed in Figure 3.8a.

Figure 3.8b shows that the relative L, error decays after a few iterations, where

less noisy sensors lead to more accurate predicted solutions.

Case 2 with Multi-fidelity Data

We test our GPDD algorithm under the situation where we have two sources of f
sensors data of different fidelity, using a new 2D domain decomposition paradigm
displayed in Figure 3.9. For this test we enforce a homogeneous Neumann bound-

ary condition on the global domain O :=[-1,1] X [-1,1], i.e.

ux(1.5,y) = u,(0,y) = u,(x,0) = uy(x,1) = 0. (3.28)
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Figure 3.9: The 2D physical domain and its decomposition for case 2: servus domain: D, =
[-0.5,0.5] x [-0.5,0.5], dominus domain: D, = [-1,1] X [-1,1]\ D».

The manufactured reference solution is:

u(x,y) = sm( )(2 + cos(ny)) . (3.29)

As for the forcing term, the high-fidelity function is

2

'x,y) = ((1 + 9%) (2 + cos(mty)) + n cos(ny)) sin(3%x), (3.30)

while the low-fidelity function is chosen to be a scaling of the high-fidelity function

combined with a non-trivial noise:

fl,y) = —fh(x y)+ sm(ny) (3.31)

In order to evaluate the effectiveness of our method with multi-fidelity data, we
compare the error of the GPDD solutions when different numbers of low-fidelity
and high-fidelity f sensors are placed in the Data-domain. For the first experiment,

we fix the number and position of the high-fidelity sensors and investigate the
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effect of using an increase number of low-fidelity sensors. Positions of the sensors
are illustrated in Figure 3.10, where we intentionally choose a nested setup of the
low-fidelity sensors so that the information from the previous tests is kept intact
in the succeeding tests. Since the Data-domain is fed only with information of
the derivatives of u, the predicted solution can vary by any constant. Therefore in
addition to the sensors for f, we place 4 anchor points for u in the Data-domain to
pin the solution. The relaxation parameter 7 is set to be 0.2. To avoid the influence
of the initialization of hyper-parameters, in practice, we conduct 50 independent
runs for each setup with randomly initialized hyper-parameters, and the errors

are calculated using an average of the 15 runs with minimum N £LMUs.

Figure 3.11b indicates the decay of relative L, error in our predicted solution
with different sensor setups. We compare in Figure 3.11c the error of the numer-
ical solutions after the iteration converges, as the number of low-fidelity sensors
increases, the error shows a decreasing trend at first. However, when we continue
adding more low-fidelity sensors, the error starts increasing; this is an indication
that we reached the point of “diminishing return” from the low-fidelity sensors.
Instead, for the second experiment, we put just another high-fidelity sensor (Fig-
ure 3.11a), the error could be further decreased (indicated by the yellow triangle in
Figure 3.11c. The general strategies of selecting a proper number and the positions
of high-fidelity and low-fidelity sensors are important issues and are related to

active learning so we plan to investigate it systematically in the future work.

3.4.3 Computational Cost Analysis

Here we provide a rough estimation of the computational cost in the Data-domain.

Note that in each iteration, N LML is minimized and a prediction is conducted



71

1 3 1 3
0.75 0.75
2 2
0.5 0.5
1 1
0.25 0.25
> 0 0 > 0 0
-0.25 -0.25
-1 -1
-0.5 -0.5
-2 -2
-0.75 -0.75
-1 -3 -1 -3
-1 -0.75 -05 -025 0 025 05 075 1 -1 -0.75 -05 -025 0 025 05 075 1
X X
(@) (b)
1 3 1 3
0.75 0.75
2 2
0.5 0.5
1 1
0.25 0.25
> 0 0 > 0 0
-0.25 -0.25
-1 -1
-0.5 -0.5
-2 -2
-0.75 -0.75
- 3 -1 3
-1 -0.75 -05 -025 0 025 05 075 1 -1 -0.75 -05 -025 0 025 05 075 1
X X
(o) (d)

Figure 3.10: Positions of the high-fidelity and low-fidelity sensors. The number of high-fidelity
sensors is fixed at 4 while the number of low-fidelity sensors varies: 0, 4, 25, 121. The black dotted
line indicates the subdomain interface.



;
-1

-0.75 -05 -025 0
X

100%

10% ¢

Relative L2 Error

o5 1
1% —¥— 0 low-fidelity f sensors
—¥— 4 low-fidelity f sensors
~—3¥— 25 low-fidelity f sensors
—¥— 121 low-fidelity f sensors

~£— 25 low-fidelity f sensors
and 5 high-fidelity f sensors
f .

0.1%
0

30
# of iterations

(b)

10 20

Figure 3.11: (a) [llustration of adding an extra high-fidelity sensor (5 high-fidelity sensors in total)
to the 25 low-fidelity sensors setup. (b) The relative L, error of solution decays after a few Schwarz
iterations and remains at a stable level, showing convergence. (c) Error of the numerical solution
at the end of the iteration versus the number of low-fidelity sensors. Using an extra high-fidelity

sensor improves the accuracy.

40 50

72

025 05 075 1

(a)

1

Relative L2 Error

00%

10% ¢

1% ¢

0.1%

A

¥— Using 4 high-fidelity sensors
/A Using 5 high-fidelity sensors

04

25 121

# of low-fidelity f sensors

(0



73

in the Data-domain. During each minimization, N LML is repeatedly evaluated,
and we denote the number of evaluations as E. Assume N to be the total number
of sensors and boundary condition points in the Data-domain, then the size of
the covariance matrix used for computing NLML will be N by N. As a conse-
quence, during each evaluation of N LML, the computational cost of generating
the covariance matrix is O(N?), and the computational cost of calculating N LML
with the covariance matrix is O(N?®) if we use Cholesky decomposition to invert
the covariance matrix. The covariance matrix and its inverse could be reused in
the prediction stage. The total computational cost for each N LML evaluation is

O(N?), and hence the total computational cost for each minimization is O(EN®).

Suppose that we need to make predictions at M points in the Data-domain.
During the iterations, we only need to make predictions on the Neumann bound-
ary condition points for the sake of information fusion. The computational cost of
generating covariance matrices, i.e., g and a in Eq. 3.11, is O(MN) + O(M?), and the
computational cost of making predictions with the matrices is O(MN?) + O(M?N).
Therefore, the cost of making predictions is O(MN?) + O(M?N). We conclude
that, roughly the computational cost in the Data-domain in each iteration is

O(EN?) + O(MN?) + O(M?N).

3.5 Summary of Chapter

In this chapter we address the issue of coupling a solution in two types of domains,
one with a traditional PDE solver, and the other one with sparse sensor data. We
proposed a GPDD algorithm where the PDE-domain and the Data-domain are

synchronized by the Schwarz type iterative method that can propagate informa-
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tion across the subdomain interface in both directions. The uncertainty in the GP
prediction is spread and results in a distribution of the predicted global solution.
The PDE-domain acts as the dominus domain where we impose a Dirichlet bound-
ary condition at the interface, while the Data-domain acts as the servus domain
where numerical GPR is used to infer the solution subject to the Neumann inter-
face condition. The sensor data in the Data-domain can be either noiseless (exact)

or noisy (with measurement error). Two specific situations were considered:

1. We have sensor data of the Qol in the Data-domain but we do not have a

governing PDE. In this situation, GPR is performed in the Data-domain.

2. We have sensor data of the forcing term and we also know the governing
PDE in the Data-domain. In this situation, we build a joint distribution of
the solution and the forcing term. The solution in the Data-domain can be

inferred using the numerical GPR.

The GPDD algorithm is proved to be reliable for solving linear equations in
both 1D and 2D physical domains. The iterative process helps with the training of
GP, as the error in solution and the variance of prediction decays fast after just a few
iterations, which is a non-trivial result. We also observed that by using noiseless
sensors and by using larger amount of sensors, we obtain more accurate and
more trustworthy results. Moreover, multi-fidelity sensors could be incorporated
with the GPDD framework. A combination of cheap low-fidelity sensors and
expensive high-fidelity sensors can contribute to better solutions, which is of great
significance in practice, especially because in most applications one has to operate

at limited budget and resources.

There are several open questions and challenges related to the GPDD algo-
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rithm. For example, measurements in practice could be collected at a scale distant
from that of the PDE model, and the small-scale behavior of the Qol would be
extremely difficult to resolve and would be easily attributed to the sensor’s noise
without careful treatment. To deal with this situation, a sufficiently large number
of sensors should be employed and we should also use the non-stationary GP
kernels because they are more adapted to the locally small-scale changes. More-
over, this data-driven domain decomposition method could be integrated with the
non-linear information fusion algorithm [54] and time-dependent non-linear GPR
algorithm [64] to learn the complex space and time dependent cross-correlations
in multi-fidelity data sets, and to safeguard our computations against erroneous

data or the low-fidelity models that may provide wrong trends.
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41 Introduction

Data-driven modeling is widely applied as a powerful tool for physical and biolog-
ical systems. For example, in geophysics, researchers have been using the remote
sensing data collected from multi-spectral satellites and the top-of-atmospheric
reflectance model as a calibration of the data to study the soil salinization [15], or
estimating the Earth heat loss based on the heat flow measurements and a model
of the hydrothermal circulation in the oceanic crust [56]. Data can be used to
provide closures in nonlinear models or to estimate parameters or functions in
mathematical models. Moreover, mathematical models can be used as additional
knowledge to formulate “informative priors” in statistical estimation methods or
be encoded in specially designed machine learning tools so that a smaller amount
of data is required for inference of system identification. There has been recent
progress for both forward (inference) and inverse (identification) problems using
different methods. For example, for the forward problem, some of the popular
choices of machine learning tools are Gaussian process [24, 70, 4, 64, 52, 91] and
deep neural networks (DNNs) [38, 39, 34, 62, 47]. For inverse problems, similar
methods have been advanced, e.g., Bayesian estimation [75] and variational Bayes
inference [93], and have been proposed for a wide variety of objectives, from pa-
rameter estimation [61] to discovering partial differential equations [68, 67, 63, 59]

to learning constitutive relationships [77].

In this work we focus on the DNNSs, and in particular the Physics-Informed Neu-
ral Networks (PINNs) for forward and inverse problemes, first introduced in [62, 63].
However, in those works the mathematical models were deterministic differential
equations, so here we consider stochastic differential equations that model either

random micro-structure in a medium or the lack of complete knowledge (“un-
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certainty”), e.g., of the material property. There have only been very few works
published on solving stochastic differential equations using DNNSs, e.g., [14, 58],
for forward problems. Here we study the special and perhaps the most complex
case where some of the physics is known, namely via the stochastic differential
equations, and the parameter in the equation is represented as a stochastic pro-
cess, introducing parametric uncertainty. First, we solve the forward stochastic
Poisson’s equation, where there is uncertainty associated with the driving force.
Subsequently, we consider the inverse stochastic elliptic equation, where the dif-
fusivity is modeled as a random process. In the latter case, we have only partial
information of the diffusivity from scattered sensors but we have much more data
available for the solution, and we aim to infer the stochastic processes of not only
the solution but also the diffusivity, and quantify their uncertainties given the
randomness in the data. An additional uncertainty is due to the DNN approxi-
mation, which we will refer to as the approximation uncertainty. Taken together, we
refer to the parametric uncertainty and the approximation uncertainty as the fotal
uncertainty. To the best of our knowledge, the current work is the first to address

total uncertainty in solving stochastic forward and inverse problems using DNNs.

In particular, in this chapter we combine the arbitrary polynomial chaos (aPC)
with PINNs for both the forward and the inverse stochastic problems. One of
the most popular methods for uncertainty quantification studies is the polynomial
chaos [23,89] because it has been very effective in representing correlated stochastic
tields. However, aPC [92, 84, 50, 40, 86] is more suitable for building the orthogonal
basis from arbitrary random space, without the need of any assumption on the
distribution of the data. Therefore, in the current work, we employ the aPC to
develop a combined method that we call NN-aPC, where we use the DNNs to learn

each individual mode of the aPC expansion. More importantly, after training, the
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proposed method can be used to predict new realizations of the solution based

only on very few measurements.

Treatment of the DNN approximation uncertainty has been addressed using
different methods in the past. The traditional way to estimate uncertainty in DNN5s
is using the Bayes’ theorem, e.g., the Bayesian neural networks (BNNs) [45, 48].
BNNss are standard DNNs with prior probability distributions placed over their
weights, and given observed data inference is then performed on weights. Because
the inference is not tractable in general, variational inference is often used to
approximate the inference [30, 51, 36, 66, 79, 28]. However, these models have
very high additional computational cost because they require more parameters
for the same network size and more time for the DNN parameters to converge.
Recently, Gal et al. developed a new way to quantify uncertainty in DNNs by
using dropout [18, 19, 20], which is largely used as a regularization technique [27,
74] to address the problem of over-fitting. Gal et al. [18] showed that a DNN
with dropout is mathematically equivalent to approximating a probabilistic deep
Gaussian process [13], no matter what network architecture and non-linearities
are used. Moreover, dropout does not induce much computation overhead and
thus has been used as a practical tool to obtain uncertainty estimation effectively
in real applications including language modelling [19], computer vision [32, 33]
and medical applications [2, 90]. In this chapter, dropout is used to to estimate
the uncertainty in approximating each aPC mode. Based on the magnitude of this
uncertainty we set up an active learning strategy and deploy additional sensors to
obtain more measurements of the quantity of interest (Qol), in order to improve

the predictability of PINNS.

The organization of this chapter is as follows. In Section 4.2, we set up the

data-driven forward and inverse problems. In Section 4.3, we introduce our main
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algorithm, the NN-aPC, followed by the method of dropout for uncertainty. In
Section 4.4, we provide a detailed study of the accuracy and performance of
the NN-aPC method for solving both the forward and inverse stochastic diffusion
equation and demonstrate the effectiveness of active learning via dropout-induced

uncertainty. Finally, we conclude with a brief discussion in Section 4.5.

4.2 Problem Setup

Suppose we have a stochastic differential equation:

Ni[u(x; w); k(x;w)] =0, xe€D, weq),
4.1)
B.C. B lu(x;w)] =0, xe€T,

where N, is the general form of a differential operator that could be nonlinear,
D is a d-dimensional physical domain in ]Rd, Q) is the random space, and u(x; w)
is the solution to this equation. The boundary condition is imposed through
the generalized boundary condition operator 8B, at the domain boundary I'. The
random parameter k(x; w) is the source of parametric uncertainty, which could be
represented by either a few random variables or by an infinite dimensional (in the

random space) random process.

We consider two types of problems here: first, a forward problem, where we
know exactly the distribution of k(x; w) everywhere in the domain D and u(x; w)
is our Qol; and second, an inverse problem, where we assume that we have in-
complete information on k(x; w) but some extra knowledge on u(x; w), and we are
interested in inferring the full stochastic profile of k(x; w). In practice, both prob-

lems are data-driven, since the information usually comes from data collected via
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sensor measurements. Here, we summarize the different scenarios of the sensors

placement for each type of the problems:

o Forward problem: The u-sensors are placed only at the boundary I to provide
boundary condition, while the k-sensors are virtual (since we know the
distribution of k), thus we can have as many k-sensors as we want and they

can be placed anywhere in D.

o [nverse problem: In addition to having u-sensors at the boundary I', we have
a limited number of extra u-sensors that can be placed in the domain D,

whereas we only have a limited number of k-sensors.

In this chapter, we address both types of problems but we will focus more on

solving the inverse problem.

4.3 Methodology

4.3.1 NN-aPC

We generalize the PINN method to solve stochastic differential equations for both
forward and inverse problems, i.e., we aim to infer continuous random processes.
Assume that a sensor will generate a sequence of measurements after being in-
stalled, and when the data is recorded, all sensors are read simultaneously. We
denote the measurements from all the sensors at the same instant by a snapshot
of the sensor data. Although the measurement results change from one measure-

ment to the next due to randomness, it is reasonable to believe that every snapshot
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of sensor data corresponds to the same random event in the random space. We
also assume that when the number of snapshots is big enough, the empirical
distribution approximates the true distribution.

(i)}Nk

Let us consider Eq. 4.1. Suppose we have N sensors for k(x; w) placed at {x,"}.7;,

Ny

N, sensors for u(x; w) placed at {xﬁj‘)}i:l, and Ny collocation points at {x(")}f\if1 that

f

are used to calculate the residual of Eq. 4.1. A total number of N snapshots of

measurements are made from all these sensors. Let kgi) and ugi) (s=1,2,..,N) be

the s-th measurement of k and u at location ' and xg) respectively, and w; is the
k P Y

@.

(i)'a)s) and uéi) = u(x,’; ws).

random instance at the s-th measurement, i.e., kéi) = k(x,’;

The training data set can be represented by

S = {{(x’(‘i)'kgi))}ikl , {(xi?,u?)}i , {(x?),O)}ZJ;}N | w2

i s=1

The proposed NN-aPC method consists of the following steps:

1. dimension reduction;
2. constructing the aPC basis;

3. building the NN-aPC as a surrogate model of aPC modes and train the

network for each mode.

The trained NN-aPC can then be used to calculate the statistics of our Qol and
to predict new instances of the continuous trajectories of the Qol, with newly
collected sensor data. We will explain each of three steps and the prediction

procedure below.
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Dimension Reduction with Principal Component Analysis

As the first step, we find a lower dimensional random space spanned by a set
of hidden random variables for the dimension reduction of our Qol. The most
convenient way to do this is via the principal component analysis (PCA). Naturally,
we would analyze the data of k, which is the source of randomness in Eq. 4.1. Let

K be the N X N; covariance matrix for the sensor measurements on k, i.e.,
K;; = Cov(k", k). (4.3)

Let A; and ¢; be the [-th largest eigenvalue and its associated normalized eigen-

vector of K. Therefore, PCA yields
K=®TA®, (4.4)

where @ = [, @y, ..., Pn,] is an orthonormal matrix and A = diag(A4, Ay, ...An,) is
a diagonal matrix. Let k; = [kg), k§2>, ey ng")]T be the results of the k measurements
of the s-th snapshot, then

& = T VA K, (4.5)

is an uncorrelated random vector, and hence k; can be rewritten as a reduced

dimensional expansion
ko ~ ko + VAM®MEM M < N, (4.6)

where ko = [E[k] is the mean of each sensor’s measurements. The choice of M
depends on how much energy should be maintained in the low-dimensional ran-
dom space. For reasons of simplicity, we shall always use the reduced dimensional

representation and omit the superscript M. We note that Eq. 4.6 can also be written
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in the form of the Karhunen-Loeve expansion:
k(D w4) ~ ko(x?) + Z VAk(E,, M<N;, 4.7)

where ko(x,(f)) is the mean of kK measurements at xl((i), ki(x) is the I-th mode function

of k(x; w) whose value at x]((i) coincides with the i-th entry of the eigenvector ¢;, and
&1 is the [-th entry of the random vector ;. We want to extend the range of k; to

the entire domain to approximate the continuous samples of k(x; w).

Arbitrary Polynomial Chaos

Assume that we have a set of M-dimensional samples of random vectors

S = {&)N,

with hidden probability measure p(§). Given a sufficiently large number of snap-
shots, we can approximate the underlying probability measure p(§) by the discrete

measure vs(§),

P ~vs(©) = 5 Y, 56 €, (4.8)

gses
where 0, is the Dirac measure. Then, a set of multivariate orthonormal polyno-
mial basis {%(5)}5 _o can be constructed via the Gram-Schmidt orthogonalization
process following [86,40]. The subscript a is the graded lexicographic multi-index
and the number of basis, P + 1, depends on the highest allowed polynomial order

rin ¢,(§), following the formula

(r+ M)!

P+1:1’!—M'

(4.9)
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Specifically, the basis {i/,(£)}"_, are constructed using the recursive algorithm

Pal€) = WY€) - ) wiwp(é), (4.10)

p<a

where ¢7,(€) == 1, & represents the multivariate monomial basis function; the

coefficients wy are determined by imposing the orthonormal condition with respect

to the discrete measure vg, i.e.,

f Pa(€)Pp(€)dp(§) ~ f Pa(€)Pp(§)dvs(€)

N
= 5 Y vlenpe) @11)
s=1

=0ap P

With the polynomial basis {1),(£)} that are automatically adapted to the distri-

bution of £, we can write any function g(x; §) in the form of the aPC expansion,

P
3058 = ) 8a(ya(®), (4.12)
a=0

where the functions g,(x) are called the aPC modes of g and can be calculated by

Mz

Pa(&5)8(x; &) (4.13)

Learning Stochastic Modes

The key to our method is to train DNNs that predict the stochastic modes of
our Qol. In this section, we focus on the inverse problem where we have to

learn both the modes of u and k. (Solving a forward problem is similar and more
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straightforward, and will be briefly discussed in Section 4.4.1.) Two disjoint DNN5s
are constructed, i.e., the network 1, which takes the coordinate x as the input and
outputs a (P +1) x 1 vector of the aPC modes of u evaluated at x, and the network 7(7
that also takes the coordinate x as the input and outputs a (M + 1) X 1 vector of the
k modes (we take kj in Eq. 4.7 as the 0-th mode of k). Then, we can approximate k

and u at the s-th snapshot by

M
k@) = ko) + ) VAK()E, (4.14)
i=1
and
P
(5 @,) = ) I()Yu(£y). (4.15)
a=0

NN of u modes

X .,

o

Figure 4.1: Schematic of the NN-aPC for solving the stochastic elliptic equation — % (k(x,' w) %u) = f.

Similar to the PINN method, we construct the residual network via automatic
differentiation and arithmetic operations of DNNs by substituting u(x; w) and
k(x; w) in Eq. 4.1 with i(x; ws) and k(x; w,). This residual network is aPC-informed,
because instead of being an uninterpretable black-box this network is designed
to reflect the essence of the aPC expansion (see Figure 4.1 for a schematic of the

NN-aPC). In practice, for E, we separate the mean from the rest of the modes and



87

NN of k modes NN of u modes

Figure 4.2: Schematic of the DNNs used for learning the stochastic modes of k (left-hand side plot)
and u (right-hand side plot). The mean functions are modeled separately using small scale DNNS.
For k, all its rest modal functions are modeled using one DNN. For u, the modes that correspond
to the same order of aPC expansion are grouped together and are modeled with a single DNN.

learn it with a small scale DNN, and for i,, we group the modes corresponding
to the same order of aPC expansion together and learn each group of modes with

a separate DNN, as depicted in Figure 4.2. This is due to fact that the mean and

the modes of different orders often correspond to vastly different scales.

The loss function is defined as a sum of the mean squared errors (MSE):

£(S)) = MSE, + MSE; + MSE, (4.16)
where
1 NN (o M.\
MSE, = ; 2 (7 ) — (el ) ] (4.17)

:(f((xl(f); ws) — k(x]({i); a)s)>2] , (4.18)
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and

N Ny ‘ o
MSE; = NLNf Z; Z:‘ [(Nx[a(xjj’; w.); k(xY; a)s)])2] : (4.19)

So far, we have specified the training data, constructed the DNNs and formalized

the loss function, and we now ready to train the DNNs.

Predicting Stochastic Realizations

In real applications, the training set could be generated from historical data, and
the training process should be performed at the offline stage. The fine-tuned model
shall be used to predict new random instances provided with new snapshots of
sensor data, at the online stage. Suppose we have a snapshot of sensor data:

HEREY R G

i= i=1

(0

The first step is to extract the hidden random variables &y, from (KD N

. using
Eq. 4.5. Then, for any assigned location x, we can predict the modal functions for
both k(x; w) and u(x; w) from the trained DNNs E and i,. Finally, the prediction
of k and u for the new random instance can be made via Eq. 4.14 and Eq. 4.15,

respectively.

4.3.2 Dropout for Uncertainty

Although DNNSs can be used to approximate any measurable function accurately,
standard DNNs do not capture model uncertainty. Dropout is one convenient
way to quantify the approximation uncertainty in DNNs. The key idea of dropout

is to drop units from the DNN independently and randomly with a pre-selected
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probability p € (0, 1). In the original work, dropout was only used during training,
while no units were dropped at test time, i.e., the prediction of the DNN for the
unknown data was deterministic. In the dropout for uncertainty, the units are
also dropped at test time, resulting in stochastic predictions each time. The loss in
the dropout inference is the summation of the original loss and a [, regularization

term over the DNN parameters:

Ny
I w 2
L= Nt Zl" 15, y) + A Z 62, (4.20)

where N; is the number of training points, ¥; is the prediction, y; is the true value,
I(-,-) is the loss for a single prediction, 0; is any weight and bias, and A is the I,
regularization rate. During prediction, the mean of the output is directly estimated

by the Monte Carlo (MC) method,

T
E(y) ~ % Y NN(), (4.21)
t=1

where NN, is the dropped neural network at the t-th prediction. The output

variance is also estimated from these MC outputs.

Figure 4.3 shows an example of using the dropout DNN for regression. We
plan to use the dropout strategy in the NN-aPC method to estimate the uncertainty

of our DNN model and as a guidance for active learning.
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Dropout neural network for regression

--- Reference
—— Prediction

0.3+ One standard
deviation

@ Training points

0.2 1

0.1+

0.0+

Figure 4.3: Dropout for uncertainty: An example of using the dropout in DNN to approximate the
function y = x*™* in the domain [0, 1], where we use 4 hidden layers and 20 neurons per hidden
layer, and we choose p = 0.01,A = 107%. The mean and standard deviation are calculated from
1000 MC samples.

4.4 Numerical Examples

4.41 Solving Stochastic Differential Equations

We first demonstrate the effectiveness of solving stochastic differential equations

with the NN-aPC method for the forward and inverse problems.
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Forward Problem: Stochastic Poisson’s Equation

Consider the following one-dimensional stochastic Poisson’s equation with ho-

mogeneous boundary conditions:

_d_zu f(xw), xel[-1,1]and w € Q,
(4.22)

u(-1) =u(l) =

Here Q) is the random space, the forcing term f(x; w) ~ GP(fo(x), Cov(x,x’)) is a
Gaussian random process with mean fy(x) = 10 sin(rtx) and a squared exponential

covariance function

Cov(x,x’) = c” exp (— (x —lzx’)z ) , (4.23)

where the standard deviation ¢ = 1.0 and the correlation length I, = 0.5.

In this and the following examples, all data are generated by the MC sampling
method. Specifically, we sample N = 1000 snapshots of continuous f(x; w) trajec-
tories {f; = f(x; a)s) , and extract from { fs}é\i | the values where the Ny (virtual)
sensors are located. For every f(x;w) trajectory, we solve for its corresponding
solution trajectories u(x; w) using the finite difference method, and will use the
statistics of these u trajectories as our reference. To evaluate the performance of
the trained model, we collect another N; = 500 snapshots of continuous f(x; w)
and u(x; w) trajectories independently from the training data. The N; pairs of (f, u)
trajectories form our test sample set. Similarly, we extract the f-sensor data from
every snapshot in the test set as the input at the predicting stage. We shall use the

same N and N; in the following tests, if not explicitly mentioned.

We place Ny = 13 sensors of f(x;w) in the [-1,1] domain (the sensors are

equidistant) and keep 6 principal random variables corresponding to 99% stochas-
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(a) (b)

Figure 4.4: Correlation structure: (a) Scattered plots of data collected from the first three f-sensors.
The correlation between different sensors is significant, and the closer the sensors are, the more
correlated measurements they produces. (b) Scattered plots of the first three aPC basis evaluations.
There is no correlation between different aPC basis functions.

tic energy after performing PCA. The solution u(x; w) is approximated with a first-
order aPC expansion. Figure 4.4 shows the scattered plots of the measurements
from the first three f-sensors and the first three arbitrary polynomial basis. It is
evident that the raw data from the measurements are correlated while their in-

duced polynomials are not, thus the induced polynomials would serve as a valid

set of basis in the random space.

The DNNs used to approximate the modes of u are constructed as in Figure 4.2,
where we use an isolated small scale DNN of 2 hidden layers with 4 neurons per
hidden layer to approximate the mean profile, and a DNN of 4 hidden layers with
32 neurons per hidden layer to model the modes. The tanh function is selected
as the default activation function due to it is second order differentiable. Then, a
DNN for the residual can be constructed via auto-differentiation and arithmetic
operations. The training set S; is

S ={1-1,0,@,0, 162,01},

s=1
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where the u data is collected only at the boundaries to provide boundary condi-
tions. The loss function is slightly modified based on Eq. 4.16 to add a I, regular-
ization term. At the training stage, we choose the I, regularization rate A = 0.001,
and use the Adam [35] optimizer with learning rate 0.001 to train our model for
20000 epochs. Figure 4.5 shows the predicted mean and standard deviation of the
solution u versus the reference. Figure 4.6 shows our DNN prediction of three u
modes where the reference modes are calculated by Eq. 4.13. We can see that the
NN-aPC method makes accurate predictions of the mean and standard deviation

of the solution u(x; w) and learns the arbitrary polynomial chaos modes.

Mean of u Standard deviation of u
1.0{ — Prediction 0.354 — Prediction
--- Reference --- Reference
W usensors 0.301 W usensors
0.5{ e fsensors 0.25 | ® fsensors
0.20
0.0
0.15
—0.5 0.10
0.05
—-1.0 0.00
-1.0 -0.5 0.0 05 10 -1.0 -0.5 0.0 05 10
X X
(a) (b)

Figure 4.5: Forward problem: The mean function (a) and the standard deviation (b) of u predicted
using the trained DNN. The reference is calculated from the 1000 snapshots of continuous u
samples. In this case, 13 f-sensors are employed, while only 2 u-sensors are placed at the domain
boundaries.

The trained model is then used to predict the Qol at any location x, given new
snapshots of sensor data, with only one forward evaluation of the DNN with x,
as the input, as described in Section 4.3.1. Figure 4.7a illustrates the prediction of
solution for three different snapshots of the sensor data in the test samples; our
prediction recovers the true solution very well. In Figure 4.7b, we use an increasing
value of Ny to study the effect of the number of f-sensors on the accuracy of the

predicted solutions; we observe that when more f-sensors are deployed, we can
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u mode #1 u mode #5 u mode #6
0.015

031 0.004 1

0.010

- 0.002
—— Prediction

---- Reference
B usensors
® fsensors

0.2 1
0.000 4

0.005

0.11 —0.002

0.000+ —0.004 -

0.0
-10 -05 00 05 1.0 -10 -05 00 05 1.0 -10 -05 00 05 10
X X X

Figure 4.6: Forward problem: Plots of three (out of six) aPC modes of u versus the reference, which
is calculated from Eq. 4.13 using the 1000 continuous u samples. The predicted modes match the
true modes closely.

achieve better accuracy.

15 u predictions Mean relative L2 error of u prediction
' * Test 1: prediction P Lk,
10]— Test 1: reference 10%
. * Test 2: prediction
—— Test 2: reference
0.5 % Test 3: prediction
—— Test 3: reference
00 % i i i
—0.51 1%
—1.04 ¢
-15 . H H . H H ‘ H H ‘ H H ‘ . . ‘ ‘ .
-1.0 -0.5 0.0 0.5 1.0 5 7 9 11 13
X No. of f(x) sensors
() (b)

Figure 4.7: Making predictions for the forward problem using the NN-aPC: (a) For three different
snapshots in the test data set, we compare the predicted solution u, calculated using the mea-
surements of 13 f-sensors whose locations are marked with the dashed lines, versus the true u.
(b) Relative L, error of the predicted u, averaged for all snapshots in the test data set, versus the
number of f-sensors placed in the domain.

Inverse Problem: Stochastic Elliptic Equation

We solve the one-dimensional stochastic elliptic equation as an inverse problem,

where we have some extra information on the solution u(x; w) but incomplete
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information of the diffusion coefficient k(x; w). The equation reads

d

_a (k(x; a))%u) = f(x), x€|[-1, 1] and w € Q,

(4.24)
u(-1) =u(1) =0.

In this example, we use a constant forcing term f(x) = 10. The randomness comes
from the diffusion coefficient k(x; w), for which we only have limited information
at the locations where we place the k-sensors. Here in this example, k is modeled

and sampled from a non-Gaussian random process such that
log(k(x; w)) ~ GP(ko(x), Cov(x, x7)), (4.25)

where the mean ky(x) = — cos(37tx/2)/5 and the covariance function has the same
form as in Eq. 4.23, where we set the standard deviation ¢ = 0.1 and correlation
length I, = 1.0. We use the same strategy as in Section 4.4.1 to generate the training

and testing samples, and the training set is constructed as in Eq. 4.2.

—_—

For this case, two groups of DNNS, i.e., k; and 11, are built to calculate the
modes for k and u. Again, we use the Adam optimizer with learning rate 0.001
to train the DNNs for 50000 epochs. In Figure 4.8a, we use the 1st-order aPC
expansion and we study the impact of using different I, regularization rate A and
different shapes of DNNs. We only change the DNNs that learn the stochastic
modes, while the DNNs that learn the mean profiles are fixed to have 2 hidden
layers and 4 neurons per hidden layer; this is the default setting for the future
examples as well. In these plots, we compare the averaged relative L, error of
predicting k and u in the test set. The results indicate that a moderate choice of A
(0.0005) gives us the most accurate predictions, since a too small/large choice of A

causes over-/under- fitting. A suitable choice of DNN shape (4 hidden layers with
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Mean relative L2 error in predictions Mean relative L2 error in predictions
for different regularization rate and neural network size for different numbers of sensors
—@— kerror (4x32) MW uerror (1x256)
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Figure 4.8: Comparing prediction accuracy for the inverse problem using the NN-aPC: (a) The
mean of relative L, error in predicting u and k trajectories in the test set when using different
sizes of DNNs and different [, regularization rate. In this case, we use 1st-order aPC expansion 4
k-sensors and 7 u-sensors are deployed and both DNNs have the same size. (b) The mean relative
L, error in predicting u- and k-trajectories versus the number of sensors deployed. In this case we
use the 1st-order aPC expansion, choose A = 0.0005, and the DNNs have 4 hidden layers with 32
neurons per hidden layer.

32 neurons per hidden layer) produces the best trained model. For the rest of this

numerical example, we shall adopt these optimal DNN setting.

In Figure 4.8b, we use the 1st-order aPC expansion and compare the averaged
relative L, error in predictions when different numbers of k- and u-sensors are
deployed to collect the training data. In general, the proposed method makes
more accurate predictions after training with data collected from more k- and u-
sensors. One reason is that a larger number of sensors supports a greater variety of
input x in the training data, thus feeding more information to the model to reduce
the probability of over-fitting. Also, more k-sensors allows for a higher effective
random dimension of the aPC expansion for better approximation. Figure 4.8b
also shows that a 2nd-order aPC expansion helps to improve predictions. We note
that this is not the case when we use only three k-sensors. The bottleneck here is
insufficient random dimension, so without enough training information, adopting

the 2nd-order aPC expansion doubles the number of i, net outputs and would
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only increase the risk of over-fitting.

Mean of u Standard deviation of u
4 0.31
3,
0.2
2,
—— Prediction (1st order) 0.11 —— Prediction
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X X
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0.0 -I —— Prediction (1st order) 0.00 -I
= Prediction (2nd order)
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—0.06 1
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(b)

Figure 4.9: Testing 2nd-order aPC expansions: (a) The predicted mean/standard deviation of u
calculated with a 1st- and 2nd-order aPC expansions versus the reference. (b) The first 4 modes
of u calculated by the 1st- and 2nd-order aPC expansion. The reference solutions in all plots
are calculated with the continuous trajectories that produced the training data. The results are
generated with 7 u-sensors (blue squares) and 4 k-sensors (red dots in Figure 4.10).

We use a combination of 7 u-sensors and 4 k-sensors. Figure 4.9a and Fig-
ure 4.10a compare the mean and standard deviation of u and k calculated by the
trained DNNs when we use the 1st- and 2nd-order aPC expansions. Figure 4.9b
shows the first four common aPC modes of u for both expansions, where we can
see that the 2nd-order aPC expansion helps to improve the accuracy of the pre-
dicted lower-order modes. The 2nd-order aPC expansion would also help with
learning the k modes, as depicted in Figure 4.10b, even if the k; network is disjoint

with the 1, network. Table 4.1 lists the relative L, error of the trained model in

calculating the mean, standard deviation and all the common modes of k and u.
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Figure 4.10: Testing 2nd-order aPC expansions: (a) The predicted mean/standard deviation of k
calculated with a 1st- and 2nd-order aPC expansions versus the reference. (b) The first 4 modes
of k calculated by the 1st- and 2nd-order aPC expansion. The reference in all plots are calculated
with the continuous trajectories that produced the training data. The results are generated with
the same setup of sensors as that of Figure 4.9.



mean | std | model | mode 2 | mode 3 | mode 4

L 1st-order || 0.54% | 5.26% | 4.15% | 5.39% | 12.03% | 42.81%
2nd-order || 0.45% | 1.87% | 1.28% | 1.95% | 3.67% | 29.95%
1st-order || 0.14% | 1.83% | 0.98% | 3.60% | 4.34% | 45.56%

“ 2nd-order || 0.14% | 0.51% | 0.08% | 0.80% | 1.04% | 32.16%
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Table 4.1: Comparing the relative L, error when using the 1st- and 2nd-order aPC expansion, and
using data from 4 k-sensors and 7 u-sensors for training.

We can see that using a 2nd-order aPC significantly improves the accuracy. We
also note that in Figure 4.10a, due to the placement of k-sensors, the measurements
from each sensor will yield almost the same mean (1.0) and standard deviation
(0.1), but the trained k net would reveal the non-trivial wavy structure of its mean
and standard deviation in the entire domain, containing information more than
just the training data could provide. This indicates that there is information fusion
of all three types of training data and the stochastic differential equation, rather
than a simple interpolation. Figure 4.11 shows that the higher-order aPC modes
can also be captured even if they exist in a much smaller scale compared to the

lower-order more energetic modes.

u mode # 9
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B usensors

u mode # 7

0.010 {

—— Prediction (2nd order)
--- Reference
B usensors

0.004 1
0.008 |

0.002 1

0.006
0.004 0.000 |
0.0021 —0.002 1
0.0001 2
-1.0 -05 00 05 10 -1.0 -05 00 05 10
X X

Figure 4.11: Testing 2nd-order aPC expansions: Two u-modes of higher order calculated with the
2nd-order aPC expansion. The magnitude of the higher-order modes is smaller compared to the
lower-order modes, but the NN-aPC method is still able to capture the small magnitude modes.
The results are generated with the same setup of sensors as that of Figure 4.9.
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Figure 4.12: Making predictions for the inverse problem using the NN-aPC: For three different
snapshots in the test data set, we compare the predicted solution k (in plot (a)) and u (in plot (b)),
calculated using the measurements of 7 u-sensors and 4 k-sensors (denoted by the dashed lines).
Figure 4.12 shows the prediction of k and u for three arbitrary snapshots in
the test sample set. Every pair of predictions are made based on a single time
measurement from 4 k- and 7 u-sensors, and they agree with the true reference
value. Again, the predicting stage takes little computational time since only one

forward evaluation of the well-trained DNNSs is needed for every input x, no

matter how many snapshots of predictions are to be made.

4.4.2 Combining PINNs and Dropout

In this part, we first show that dropout reduces over-fitting in solving differential
equations. Then, more importantly, we show that the dropout-induced uncer-

tainty serves as useful guidance for active learning.
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Reducing Over-fitting

To show how dropout reduces over-fitting, we implement the dropout neural
networks to solve both a forward Poisson’s equation and an inverse elliptic equa-
tion. They are the deterministic version of Eq. 4.22 and Eq. 4.24. For the forward
Poisson’s equation, we choose f(x) = 97?sin(3mx/2)/4 as the forcing term. A
dropout neural network with 6 hidden layers and 100 neurons per hidden layer is
constructed to model the solution u(x). The training data consists of 2 u measure-
ments at both boundaries and 6 f-sensors in the domain. For the inverse elliptic
equation, we choose, as before, f(x) = 10 and k(x) = exp(sin(37tx/2)/5) as the hid-
den diffusion coefficient, and we use 5 k-sensors and 7 u-sensors. Two separate
DNNSs are constructed: a small scale regular DNN that has 2 hidden layers with
4 neurons per hidden layer to model the function u(x), and a large scale dropout
neural network with 6 hidden layers and 100 neurons per hidden layer to model

the function k(x). The dropout rate in both examples is fixed at 0.01.

Dropout vs. No Dropout Dropout vs. No Dropout
1.2 | om0y f"“\\'\
1.0 S )
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\\\:\\\.\\ 1 1 / /r
0.5 -\\‘\\\\\:‘\:\‘.:\ o/
ARIRRN
= AN %1.01 &
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Figure 4.13: Dropout to reduce over-fitting: A comparison of the predicted Qol using the
PINN/dropout and the regular PINN. For each case, three independent runs are conducted. (a)
Forward problem: we solve the Poisson’s equation with 6 f-sensors (red dots) and 2 u-sensors (at
the domain boundary, not shown in the plot). (b) Inverse problem: we solve an elliptic equation
with 5 k-sensors (red dots) and 7 u-sensors (equidistantly placed in the domain, not shown in the
plot).
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For both the forward and inverse problem, we train the dropout DNNSs, using
an Adam optimizer with learning rate 0.001 for 30000 epochs. Due to the lack
of sufficient number of sensors, there is a big chance that over-fitting occurs at
the training stage if we use just regular DNNs. Figure 4.13 shows a comparison
of the results when we train the networks with and without using dropout. As
we can see in the plots, the results from a regular DNN are very different from
each other, showing irregular jumps of large amplitudes, while the results from
dropout DNNs are similar to each other, and they are closer to the truth. This

shows that dropout works as an effective means of reducing over-fitting.

Estimating the Approximation Uncertainty of DNNs

More importantly, the uncertainty introduced by dropout serves as a useful guid-
ance for active learning. Again, we solve the same inverse elliptic equation but
this time we are provided with additional k-sensors. At the training stage, we
add an I, regularization term with A = 107° to the loss function. At the predicting
stage, we evaluate the dropout network for 10000 times to estimate the mean and
standard deviation. Next, a new k-sensor is placed where the standard deviation
reaches its maximum. If it happens that the location to add the new sensor is close
to an existing k-sensor by a threshold distance of p, we do not add the new sensor,
but instead, we count the nearest existing sensor twice as if we have added a
virtual sensor at the same location of the existing one. In practice, here we choose
p = 0.03. We have designed an automatic iterative procedure for active learning

that reduces the cost of adding new sensors by efficiently re-using the old ones.

Figure 4.14 shows the initial prediction of k and the prediction after iterating

the above algorithm for 15 steps. In Figure 4.14b, the sensors are clustered where
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Figure 4.14: Active learning using dropout approximation uncertainty: (a) The prediction of k and
its dropout-induced uncertainty of the starting step with 5 k-sensors. (b) The prediction of k and
its dropout-induced uncertainty of the last step with 13 k-sensors.
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Figure 4.15: Effectiveness of active learning: The red solid line shows the relative L, error of
the predicted k revealing a decaying trend. The blue dashed line shows the number of k-sensors
deployed in each step.
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the curvature of k is big, which is consistent with our intuition that we should
put more sensors where the function changes rapidly. In Figure 4.15, we see that
during these 15 iterations, only 8 new sensors are deployed while the relative error

of k predictions reduces from more than 5% to less than 1%.

4.4.3 Active Learning for Inverse Stochastic Elliptic Problems

We consider the inverse stochastic elliptic problem as described in Eq. 4.24 for
active learning, but in this example, log(k(x; w)) is modeled by a Gaussian random
process with correlation length I, = 0.5. To start with, we have 1000 snapshots
of data from 3 k-sensors, 7 u-sensors and 21 f-sensors that are equidistantly dis-
tributed in the physical domain, and our goal is to infer k(x; w) in the entire domain.
Suppose we are then provided with additional sensors of k; we shall allocate them
according to the uncertainty induced by the dropout neural networks. In practice,
we model the modes of k(x; w) with a dropout neural network that has 4 hidden
layers with 128 neurons per hidden layer, and a dropout rate 0.01. The solution
u(x; ) is expanded with the 1st-order aPC expansion, while the modes are mod-
eled by a regular DNN with 4 layers and 32 neurons per hidden layer. The reasons

for implementing dropout only on k; are as follows:

1. Dropout can be used to efficiently reduce over-fitting, and the over-fitting

issue of k(x, w) is worse than that of u(x, w).

2. As an inverse problem, our main goal is to identify k(x, @) and then identify

where we should add more k-sensors to enhance the accuracy of prediction.

We use an Adam optimizer with learning rate 0.0005 to train the networks for 50000
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epochs. The mean and standard deviation of the k modes model are evaluated
from 10000 independent evaluations of the dropout neural network. We place
the additional k-sensor where the standard deviation of the first mode attains its
maximum. This is because the first mode is associated with the largest eigenvalue,
therefore bringing the largest impact to the stochastic structure, thus it is most

important to learn the first mode accurately.
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Figure 4.16: Active learning for stochastic inverse problems: The first modes of k in the three steps
and their associated standard deviation induced from the dropout neural network. The green
dashed line indicates the location where the standard deviation reaches its maximum, and where
the new sensor will be added in the next step.
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Figure 4.17: Active learning for stochastic inverse problems: The predicted standard deviation of
k (in plot (a)) and u (in plot (b)) in the first three and the last steps. In plot (a) the k-sensors at step 0
are colored in red and the newly added k-sensors are denoted in different colors. The u-sensors (as
depicted in plot(b)) are kept the same. The reference solutions are calculated using the continuous
trajectories that generate the training data.

We carry out the active learning steps until the k prediction error does not

decrease after a new sensor is added. To better illustrate the process of adding
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new sensors, in Figure 4.16a—4.16c we show the learned first mode of k and its
associated standard deviation from dropout uncertainty. Three steps of active
learning are displayed. Note that the shapes of the first modes do not stay the
same due to the fact that every time a new k-sensor is added, the principal compo-
nents of K in Eq. 4.4 are therefore changing. Figure 4.17a and Figure 4.17b show
the comparison of the predicted standard deviation of k and u in the first three
steps and the last step, respectively. It is evident that adding extra k-sensors auto-
matically according to the dropout-induced uncertainty will improve the accuracy
of standard deviation prediction for both k and u. Finally, the trained model is
used to predict continuous trajectories of k and u in the test samples. We can
conclude from Table 4.2 that adding extra k-sensors based on active learning with

the dropout helps us to make better predictions.

k mean | kstd | k prediction | u mean | ustd | u prediction
Step0 | 0.87% | 26.57% 6.07% 0.18% | 15.23% 3.06%
Step1 | 2.79% | 20.19% 5.29% 0.24% | 9.33% 2.41%
Step2 | 1.48% | 10.21% 2.58% 0.14% | 3.89% 1.08%
Step 11 || 0.46% | 8.49% 2.01% 0.04% | 2.93% 0.67%

Table 4.2: Comparison of the relative L, error at different steps

4.5 Summary of Chapter

We have presented a new approach to quantify the parametric uncertainty in the
Physics-Informed Neural Networks (PINNs) by employing the arbitrary polyno-
mial chaos (aPC) expansion to represent the stochastic solution. We use the data
collected from sensor measurements to build a set of arbitrary polynomial basis

and learn the modal functions of the aPC expansion through the PINNSs, i.e., DNN5s
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that encode the underlying stochastic differential equation. The proposed data-
driven method can be used to solve forward problems, but more importantly, it
deals with stochastic inverse problems. In the classical inverse problem, typically
all the information available is for the solution, and we aim to identify the pa-
rameters. Here we selected to solve the inverse problems, where we have partial
information available both for the solution and the parameter, which is a stochastic
process. Once the model is trained with existing sensor data, i.e., historical data,
it can be used to predict new instances of trajectories of the quantity of interest

(solution or parameter) at very small additional computational cost.

We aim at quantifying two different types of uncertainties, i.e., the parametric
uncertainty due to the stochastic equation, as well as the approximation uncertainty
of the PINN. The latter represents how well the PINN is trained and how robust it
is at the predicting stage. To this end, we adopt the dropout strategy for estimating
the approximation uncertainty. Dropout is typically used to deal with over-fitting
problems but it can also be exploited to quantify the approximation uncertainty
at no additional cost. In our examples, we use DNNs to learn the modal functions
of the stochastic parametric modes and the dropout strategy to quantify their
associated uncertainty. Based on this, we propose an iterative method of actively
learning where to place new sensors to enhance the approximation accuracy of
PINNs. The numerical results exhibit the effectiveness of such an active learning
strategy, not only in placing new sensors but also in making better use of the

existing ones.

There are other possible methods of quantifying parametric and approximation
uncertainties. For example, we can abandon aPC and use directly the stochastic
data as the input. One possible approach is to consider the random space together

with the physical space. Hence, standard DNNs, and in particular the determinis-
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tic PINNs developed in [62, 63] can be directly used to solve stochastic differential
equations. However, we did not choose this approach for two reasons: first, it
does not lead to explicit expressions for stochasticity of the quantity of interest
(Qol); and second, different from sampling in the physical space where we can
always mark the location by their coordinates, marking random instances with
random variables is much harder. Moreover, the dimension of the random space
is usually much higher than that of the physical space, requiring a proper dimen-
sion reduction procedure to be carried out before actually solving the problem.
Although weaker, the high dimensionality is also a limitation of the aPC approach
because it requires the high-dimensional DNN outputs, which could make the

training process harder.
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5.1 Introduction

In the past decades, there has been an increasing demand in quantifying un-
certainty propagation in complex systems, among which a more interesting and
challenging quest is to model the uncertainty propagation and evolution as time
grows. Such problems can be described by time-dependent stochastic partial
differential equations (SPDEs) with random inputs, which is usually modeled
by including randomness in physical parameters, initial and/or boundary condi-
tions, random excitation, etc.. Recently, the Dynamically Orthogonal (DO) [69]
was proposed to depict the dynamics of the low-dimensional random structure in
stochastic systems. The DO method has been successfully applied in several ap-
plications including fluid mechanics [80, 76]. A rigorous and sharp error bounds
of DO method was first given by Zhou, et al. in [46], where it was shown the
DO modes can capture the effective directions. In 2013, Cheng and et al. de-
veloped the Bi-Orthogonal (BO) [7, 8] method to reach the same goal. Both the
DO and BO methods are created from the same starting point, i.e. a generalized
Karhunen-Loeve expansion, but they utilized different constraints to remove the

time redundancy.

The DO and BO formulations are mathematically equivalent [12], but they
exhibit computationally complimentary properties. Specifically, the BO formu-
lation may fail due to crossing of the eigenvalues of the covariance matrix [12],
while both BO and DO become unstable when there is a high condition number
of the covariance matrix or zero eigenvalues. The authors in [80] suggested to
use a pseudo-inverse technique to invert the singular covariance matrix of the
DO and BO formulation for SPDEs with deterministic initial conditions. It was

shown in [12] that numerically BO performs better than DO when it is absent



111

of eigenvalue crossing, thus a robust hybrid pseudo-inverse BO/DO method was

proposed in [3] for stochastic flows.

The recently developed Physics-Informed Neural Networks (PINNs) have
shown their power to efficiently solve both the deterministic differential equa-
tions and inverse problems [38, 39, 62, 63]. In the previous chapter, we combined
the arbitrary polynomial chaos and PINNSs for solving both forward and inverse
time-independent SDEs. In this chapter, we introduce a new strategy to solve
the time-dependent SPDEs by employing PINNs within the DO/BO framework.
Concretely, we use DNNs to learn both the spatial and stochastic bases, where the
loss function are formulated in the weak form of the corresponding SPDEs. The

merits of the proposed methods are:

e There is no assumption about the covariance matrix of the random coeffi-
cients. The proposed method can be readily used for solving SPDEs with

deterministic initial conditions;

e This method works equally well when eigenvalue crossing exists in the given

time domain;

e It shall be seamlessly applied to solving time-dependent stochastic inverse

problems.

The organization of this chapter is as follows. In Section 5.2, we set up the
time-dependent stochastic problems. In Section 5.3, we give an brief review of the
DO and BO methods. In Section 5.4, we formulate our NN-DO/BO framework
for solving time-dependent SPDEs. In Section 5.5, we provide a detailed study
of the accuracy and performance of the NN-DO/BO approach with two bench-

mark cases that are specially designed to have exact solution for the DO and BO
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representations. Finally, we conclude with a brief discussion in Section 5.6.

5.2 Problem Setup

Let (Q2, ¥, P) be a probability space, where Q) is the sample space,  is the o-algebra
of subsets of Q, and P is a probability measure. Let D be a bounded domain in IR”
(d = 1,2, or 3) whose boundary is denoted by 9D, and [0, T] be the time domain

of interest. We consider the following time-dependent SPDE:

% = Ni[u(x, t;w)], x€D,te[0,T], weQ, (5.1)

with initial and boundary conditions:

u(x, t; ) = ug(x; w), t=t, (5.2)

B [u(x, t; w)] = hix, t; w), x € 0D. (5.3)

where N, is a differential operator and B8, is a linear differential operator acting
on the domain boundary. Assuming that our quantity of interest, u(x, t; w), is a
second-order random field. The initial and boundary conditions for Eq. 5.1 are
denoted by uy(x; w) and h(t, x; w). Our target is to solve Eq. 5.1, and specifically,

evaluating the mean and standard deviation of the solution u(x, t; w).
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5.3 An Overview of the DO and BO Approaches

For random fields u(x, t; w) that involves the time evolution, the Karhunen-Loeve

(KL) expansion at a given time f writes
u(,tw) = iiCe D) + ) Vg Hébw), weQ, (5.4)
i=1

where i is the mean, A; and ¢; are the i-th largest eigenvalue and the corresponding

eigenfunction of the covariance kernel, i,e., they solve the following eigen problem:

f Cuter, hutea,nPi(xX2, £)dxs = Aidi(xy, t). (5.5)
D

Here Cuppuy = E[((x, t; @) —u(xy, t))(u(xe, t; w) — u(xy, t))] is the covariance

kernel of u.

Let’s consider a generalized expansion:
u(x, t;w) = i(x, £) + Z w(x, Yt w), weQ. (5.6)
=1

Similar to the KL expansion, the random field u(x, t; w) is decomposed into two
parts: (i) the deterministic mean field function u(x,t), and (ii) the random fluc-
tuation part consists of an infinite summation of deterministic orthogonal fields

ui(x, t) with 0-mean stochastic coefficients Y(f; w). Formally, we have

u(x, t) = Elu(x, t; w)] = fu(x, t; w)dP(w), (5.7)

Q

(ujuj)=0, fori#jandi,j=1,2,..., (5.8)
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and

E[Y;]=0, fori=1,2,.... (5.9)

We define the linear subspace Vs = span {u;(x, )}, as the linear space spanned
by the first N deterministic bases. For now lets assume Y;(t; w) are linearly inde-
pendent and Qs = span {Y;(t; )}, is the linear subspace in Q spanned by the first

N stochastic coefficients. The truncated expansion uy(x, t; w), defined by

N
un(, ) = 1) + Y (DYl o), (5.10)

i=1

is the projection of u(x, t; @) to the subspace Vs x QOs. Without making any assump-
tions on their form, the governing equations Eq. 5.1 and Eq. 5.7-5.9 are the only
information can be utilized to derive the evolution equations of #; and Y;. Note that
both the stochastic coefficients Y;(t; w) and the orthogonal bases u;(x, t) are time-
dependent (and they are evolving according to the system dynamics), unlike the
standard polynomial chaos where the stochastic coefficients are time-independent.
There exists some redundancy in the Eq. 5.10, and therefore, additional constraints
need to be imposed in order to formulate a well posed problem for the unknown
quantities. Here we review the DO and BO approaches respectively, which have

different assumptions on the constraints.

5.3.1 Dynamically Orthogonal Representation

As first proposed in [69], a natural constraint to overcome redundancy is that

the evolution of the bases {u;(x, t)}Y, be orthogonal to the space Vs; this can be
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expressed through the following Dynamically Orthogonal (DO) condition:

dVs
7J.V5<:<

dui(x, t)
ot '

u(x, t)> =0 ij=1,...,N. (5.11)

Comparing Eq. 5.10 with the classical KL expansion Eq. 5.4, in the DO representa-
tion, we set u; to have unit length and Y; carry the scaling coefficient as the result
of the eigenvalues. Note that the DO condition preserves the orthonormality and

the length of the bases {u;(x, t)}Y, since

Il
(=]
~
-~
~
~
Il
—_
~
~

S ., (-, t
= <ui('/ t), uj(', f)> — < ua(t t)’uj(~, t)> + <ui(-, f), u]a(t )>

(5.12)
It is proved in [69] that the DO condition leads to a set of independent and

explicit evolution equations for all the unknown quantities. Here we state the DO

evolution equations without proof:

Theorem 5.3.1 (see [69]). Under the assumptions of the DO representation, the original

SPDE (Eq. 5.1) is reduced to the following system of equations:

91—‘(;; ) _ E[N[u(-, t;w)],
dYi(t; :
S — Nt ] - BT Bl im0 = LN, g

il ou;(t, x) .
Z CY,-(t)Y/-(t)T = H E [Nx [u(-, t; w)] Y]] , j=1,...,N.
i=1 Vi

The projection in the orthogonal complement of the linear subspace Vs is de-
fined as HVSL F(x) = F(x)— 1y, F(x) = F(x)— Y (FO), (-, )Y ui(-, 1), and the covari-

ance of the stochastic coefficients is Cyimv,) = E [Yi(t; w)Y(t; a))]. The associated
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boundary conditions are determined by

B, [u(x, t; w)] lxeon = E[h(x, t; w)],

(5.14)
B, [1:(x, O] leean = E[Yj(E0)h(x, £0)| Cilyy o, fori=1,2,..,N,
and the initial conditions at t = ¢, for the DO components are given by
i (x, to) = E [uo(x; w)],
Y (to; w) = uo(, w) — u (x, to) , vi(")), (5.15)

u; (x, o) = vi(x),

foralli =1,...,N, where v;(x) is the eigenfields of the classical KL expansion of

u(x, to; w).

It is shown in [69] that by imposing suitable restrictions on the DO repre-
sentation, the equations for methods such as Polynomial Chaos (PC) or Proper
Orthogonal Decomposition (POD) can be recovered from the DO evolution equa-
tions. For example, PC can be recovered by setting Yi(t; w) = Wi(&(w)), where W;(&)
is an orthogonal polynomial in terms of &. Besides, it is shown in [10] that there
exists an one-to-one correspondence between the eigenvalues of the KL expansion
for u(x, t; w) and the eigenvalues of the covariance matrix Cy, ¢y, in the DO rep-
resentation given any fixed time ¢, and thus the stochastic coefficients Y; together
with the modes u; provide the necessary information to describe both the shape
and the magnitude of the uncertainty that characterizes a stochastic field but also

the principle directions in which the stochasticity is distributed.

The moments of u(x, y; w) can be readily computed from the DO representation.

For example, the first moment, i.e., the mean, can be trivially obtained from the
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first term u(x, t), and the variance can be calculated as follows:

o

i=1

N

i,j=1

Var[u] = E|(u - @] = E

5.3.2 Bi-Orthogonal Representation

In order to overcome the aforementioned redundancy, the BO condition imposes
the static constraint, which is the Bi-Orthogonality of the bases and stochastic

coefficients in time [8]. In other words, we have the following conditions:
<ui('l t)/ uj('l t)> = Al(t)él]/ IE[YZY]] = 6l'j/ Z/] = 1/ s /N/ (517)

where the A;s are eigenvalues of the solution. There is a slight difference between
the DO and BO representation; the stochastic bases carry the eigenvalues of the
covariance operator in the DO representation while the spatial bases carry the

eigenvalues of the covariance operator in the BO representation.

Define matrix S and M whose entries are

5= (us 24) = [y, 2D 5.18
ij = Milyf ij = 3 | (5.18)

Then by taking time derivative of Eq. 5.17, we have

du; ,
Sij+Sji:<ui,—]>+<aul >:0, fori;tj/

ot ot
1dAi(b) .
L= 22 = 5.19
Sij RPTIE fori=j, (5.19)
Mz'j + M]z = [YZ?l +E I:EY]] =0.
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Here we state the BO evolution equations without proof:

Theorem 5.3.2 (see [7]). We assume that the bases and stochastic coefficients satisfy the

BO condition. Then the original SPDE (Eq. 5.1) is reduced to the following system of

equations:
95‘3;' ) _ BN ()],
dYi(t; '
A ( @) Zsz]y N = EINLL i, 0), 8= 100N, g
a”;tx)__ZMl]u]+lE[N[u]Y] i=1,...,N.
j=1

Moreover, if A; # Ajfori# j, i,j,=1,2,...,N, the N-by-N matrices S and M have closed

form expression:

Gi]'+Gﬁ [P .
——, fiF]
Mij = Aty ’
0, ifi=j
(5.21)
Gij + /\iMij/ lfl * ]
Sij = ,
Gii, ifi=j
where the matrix G;; is defined as <1E [Nx[u]Yj] , ul->.
Similar to the DO method, the boundary condition is given by
Bx [a(xl t/ C())] |x€<91) = ]E[h(x/ tl C())],
(5.22)

Bx [ui(x/ t)] |x€<92) =E [Yl(tl w)h(x/ t; C())] ’ fori= 1/ 2/ o /N/

and the initial condition is generated from the KL expansion of u(x, to; w).
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5.3.3 A Brief Summary of Both Methods

Note the difference between the DO and BO condition: the spatial bases, u;,
under the DO condition evolve to the direction which is normal to the space
Vs they expand (orthogonality is automatically maintained), while under the
BO condition, only orthogonality is required and there is no restriction to the
direction of their evolution. As a compensation to the lack of constraints in spatial
bases, the BO condition puts an additional orthogonality restriction on the random
coefficients Y;. Asaremark, Choiand etal. [12] prove theoretically the equivalence
between both the DO and the BO methods, in a sense that one method is an exact

reformulation of the other.

However, either method applies to a limited range of problems since the evo-
lution equations are valid only if certain assumptions are satisfied. For the DO
method, it is assumed that the covariance matrix of random coefficients, Cvyy, is
invertible. Therefore, it fails when applied to some benchmark problems such as a
stochastic PDE with deterministic initial condition. This is because all coefficients
Y;is equal to O at the initial state and their covariance matrix is undefined. For the
BO method, it is assumed that there is no eigenvalue crossing in the given time
domain in order to calculate the explicit expression of M;; and S;;. Researchers
have found strategies to get around those pit holes, e.g., the hybrid gPC-DO
method [11] and the psedo-inverse hybrid BO-DO method [3] are developed to

address the above limitations respectively.

Inspired by the DO and BO methods, we introduce a new procedure of solving
the time-dependent stochastic PDEs within the framework of Physics-Informed

Neural Networks (PINNs). The introduced method inherits the similarities be-
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tween the DO and the BO methods and can be implemented with either a DO or

a BO flavor that are free from the aforementioned restrictions.

5.4 Methodology

5.4.1 Another Interpretation of the DO/BO Constrarints

The derivation of equations for both the DO and the BO methods can be summa-

rized into four steps as follows:

1. Act operator E[-] on both side of the SPDE and replace u by the finite ex-
pansion in Eq. 5.10. Notice that [E[Y;] = 0. This leads to the first equation in
Eq. 5.13 and Eq. 5.19:

Ju| du
E [El =5 = E [Ni[u(x, t; w)]] (5.23)
2. Acting operator (-, u;) on both sides of the SPDE:

<%,ui> = (Nulu(x, )], 1) (5:24)

3. Acting operator [E[-Y;] on both sides of the SPDE:
Ju
E [ Yz’] = E[N:u(x, t; 0)]Yi] (5.25)

ot

4. Substitute u by the truncated expansion in Eq. 5.10, and use the DO and BO
constraints (Eq. 5.11 and Eq. 5.17) to simplify Eq. 5.24 and Eq. 5.25.
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Due to the orthogonality of u;(x, ), they form a valid set of basis in the physical
space D. The random coefficients Y;(t; w) are also linearly independent as they are
orthogonal under the BO representation, and the DO representation is equivalent
to the BO representation so Y; will not degenerate in the DO expansion either.
Therefore, the random coefficients Y;(t; w) form a valid set of basis in the probability
space Q). Consequently, Eq. 5.23-5.25 are the weak formulation of the original
SPDE in the physical space and the probability space (note that Eq. 5.23 is the inner
product of both side of the original SPDE on constant 1, which can be regarded
as the Oth basis in the probability space), and they provide all the necessary

information to find the solution uy in Vg x Q.

5.4.2 NN-DO/BO Approach

In this section we formalize the algorithm of solving time-dependent stochastic

PDEs using PINNS. First, we rewrite Eq. 5.10 as

N
un(x, t; w) = u(x, t) + Z a;(Hui(x, t)Yi(t; w), (5.26)
i=1

while enforcing (u;, u;) = 1 and ]E[YZ.Z] = 1. The time-dependent coefficients a;(t)
are scaling factors and play the role of VA; when we compare Eq. 5.26 with the
classsical KL expansion Eq. 5.4. Suppose the original SPDE is parameterized into
a PDE that involves a finite set of random variables &(w), then u(x, t; ) can be
written as u(x,t; &) and Y;(t; w) can be written as Y;(t;£). Four separate neural

networks are constructed:

1. The neural net u,,(x, t) that takes x and t as the input and outputs E[u(x, t; )];
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2. The neural net A,,(¢) that takes t as the input and outputs a N-dimensional

vector representing a,(t), fori =1,2,...,N;

3. The neural net U,,(x,t) that takes x and ¢ as the input and outputs a N-

dimensional vector representing u;(x,t), fori=1,2,...,N;

4. The neural net Y,,(&, t) that takes & and t as the input and outputs a N-

dimensional vector representing Y;(t; &), fori=1,2,...,N.

A surrogate neural net for the solution uy(x, t; w) can be constructed from those

four neural nets by substituting them into Eq. 5.26, yielding

N
unn(x/ t; (E) = ann + Z Ann,iunn,iynn,i- (527)

i=1

Since the weak formulation of SPDE involves integration in both the physical and

the probability spaces, the neural nets are evaluated at the physical collocation

ng

points {x{}}*, and the probabilistic collocation points {£L}* ,

where n, and n: are
the numbers of collocation points. In the time domain [0, T] we uniformly sample
n; random points {£;}" . Once we have constructed the computation graph, the
derivatives of the quantity of interest with respect to time t and space coordinate

x can be easily obtained via the auto-differentiation algorithm, and the integration

terms can be evaluated by using a numerical quadrature rule.

The loss function is a weighted summation of four components: the weak
formulation of SPDE, initial/boundary conditions, constraints on U,, and Y,,,, and
the additional regularization terms. The loss function in each part consists of mean
squared errors (MSEs) associated with the prescribed constraints, calculated from
the sampled training points. Next, we will illustrate each of these four components

of loss function and write down their explicit expressions.
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Loss Function for the Weak Formulation of SPDE

The weak form of the SPDE, i.e., Eq. 5.23-Eq. 5.25 can be rewritten as

e’f =E l%(x’c‘, ;&) — Nx[unn(xlc‘, t3; E)]] =0, (5.28)
sl . au”” s. ¢l s, cl s
62 = <7(x/ tc/ 55) - Nx[unn(xr tcl Ec)]/ unn,i(x/ tc)> = O/ (529)
ks . au”n k 4s k 4s s
ey =E o X, 125 &) = Nl (x5, £2 E) | Yo i(£;E) [ = 0, (5.30)

where the integration in the physical space and the probability space shall be
evaluated by using a numerical quadrature rule. The first part of the loss function

is calculated by

MSE,, =

1 1 ; 1 .
3 @) 4 D) s L&) e
Loss Function for Initial and Boundary Conditions

Let t; be the initial time of computation. The initial condition for the representation
in Eq. 5.26is similar to Eq. 5.15. The only difference is that Y; are normalized to have
unit variance, and the standard deviation of {(uy(x; &) — u(x, ty), vi(x)) is assigned to

be the initial value for a;. Here v;(x) are the normalized KL modes for u(x, ty; w),
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and they are the initial value for u;. That is,

ﬁ(x/ tO) =E [u(x, to; 5)] ’

ui(x, to) = vi(x), 53
5.32

a(to) = \E [<u(x fo; €) — Elux, fo; )], 0:)%]

Yi (tOI E) (t ) (x/ tO/ E) - IE[Z/[(X, tO; E)]/ vl>

For deterministic initial condition, u;(x, ty) are set to be orthonormal bases satis-
tying the boundary condition, Y;(ty; &) are set to be the gPC bases of £ with unit
variance, and a;(f) is set to be 0. The initial condition shall be imposed to the

neural network by adding an extra penalty term MSE,., and it is calculated as

follows:
1 1 N  ny )
k k
MSEiC _n_ kz_: unn(xcl tO l/l(xc, tO)) Nnx ; _1 nn,i(xc/ tO) - ui('xc/ tO))
1_ N LN N (5.33)
2
#3g 2 Amit) = a(t0)* + 5= 3 ) (Yot £0) = Vit €0)
i=1 i=1 I=1

The boundary condition is imposed by taking the weak formulation of Eq. 5.3

in the random space, i.e.,

E(B.[u(x, £ )] = Elh(x, )] = B:[ii(x, )] = Elh(x, £ &),
E[B.[u(xy, ; OIi(t E)] = Elh(xs, 5 Yilt; )] 5.34)

N
= Y Cryai®)B, [, )] = Elhx, £ )Yt 1.

j=1
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Thus, the loss associated with the boundary condition is
1N -
MSEye == 3 (Bl (xs, £)] = E[(x, £ )Y’
i s=1
2

1 = = S S S S S
v Y YUY Co () A () B [ U 0, £)] = T [, £ ) Yot )] |

i=1 s=1 \ j=1

1t

(5.35)
where the expectations and covariance matrix shall be evaluated by using a nu-

merical quadrature rule.

Note that the periodic boundary condition can be strictly imposed by modify-
ing the neural nets u,, and U,, by replacing the input x with the combination of
sin(2mx/L) and cos(2mtx/L), where L is the length of domain D. This is because any
continuous 2n-periodic function can be written as a nonlinear function of sin(x)
and cos(x). This modification simplifies the loss function by removing the loss

due to the periodic boundary condition.

Loss Function for the Constraints on U,,, and Y,

This is the part where we can have different implementations in favor of the
DO or the BO method. Both DO and BO representations require that E[Y;] = 0,
and thus the loss functions in both implementations should involve the term
i Lty (ELY At £)])° . For the DO constraint, Eq. 5.11 should be satisfied. In addi-

tion, we require that

dYi(t; &)

E le-(t; E)T] =0, VYtandi=1,2,...,N,
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so that Y; stay normalized with unit variance. The loss function for DO writes

i=1 s=1
N N n >
1 t du””ri(x’ ti) s
" N, 4 Z <T, U (X, £7) (5.36)
i=1 j=1 s=1
N =n
1 - del(t OT
+— E|Y,, (£ &
Ni’lt ; po l n /l( c’/

For the BO constraints, Eq. 5.19 generates the following loss function:

MSEgo = Z Z (ELYi(t; 9)1)°

i=1 s=1

N S 2
m Z Z (<dunnz(x t ) nn](x ts)> <dunnd{:x t ) unn,i(x, ti)>)

=1

N N mn
mZZ (]E[Ynn,i(t E)M1+E[ij(t g)wl) _

i=1 j=1 s=1
(5.37)

|~

+

Z

Since we put all the scaling factor to a(t) and keep u;(x, t) normalized, Sij+S5;i=0

still holds true when i is equal to ;.

Loss Function for Additional Regularization

Additional regularization terms shall be added to the loss function to reduce the
risk of overfitting. Here we remark that it is helpful to add a penalty term from
the original equation (Eq. 5.1) to speed up the training. The loss from the original

equation writes

Ny o Mg
MSEO = 1 (aunn

Nyl 4= ot

2
= N [t £5 €L )]) (5.38)
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Putting the Loss Functions Together

In all, the loss function used for training the PINNSs is the weighted summation
of the aforementioned MSEs. In practice we put a large weight on the loss for the
BO/DO constraints and the initial/boundary conditions, and put a small weight on
the loss for the original SPDE. Intuitively, there would be too much redundancy
in the expansion (Eq. 5.26) if the BO/DO constraints were not strictly enforced,
and the training process would be meaningless. We put large weights in the loss
for DO/BO constraints and initial/boundary conditions to kill the redundancy in
the first place, and we put a small weight for the regularization term since it is
only used to help speedup the training process, and is not essential. Nevertheless,
the distribution of weights is still an open question for future research. In the

numerical tests we train our neural nets by minimizing the following loss function:

LOSS = MSE,, + 100 x (MSE;. + MSEp. + MSEgopo) + 0.1 X MSE,.  (5.39)

This proposed algorithm can be implemented with the DO or the BO con-

straints, and we are name them the NN-DO or NN-BO method respectively. The
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proposed algorithm is summarized as follows:

Algorithm 4: NN-DO/BO
Step 1: Build the neural networks for i,,(x, t), Aun(t), Unn(x, t) and Y, (t; &);

Step 2: Select n, collocation points in the physical domain D, n;
collocation points in the stochastic space Q). Randomly pick #; points in
the time domain [0, T] from a uniform distribution;

Step 3: Specify the method to use (DO or BO) and calculate the loss
function in Eq. 5.39;

Step 4: Train the neural networks by minimizing the loss function with
your favorite optimization algorithm (e.g. Adam [35]);

Step 5: Reconstruct the SPDE solution using Eq. 5.27.

We remark that the bottle neck of the original DO/BO method is to generate an
explicit expression for the temporal derivatives of the bases (Step 4 in Section 5.4.1).
For the DO method, it involves calculating the inverse of a covariance matrix which
could be singular, and for the BO method, to obtain explicit expression for matrices
M and S, one has to assume no eigenvalue cross. In the proposed PINN-DO/BO
algorithm, there is no need to derive explicit expressions from constraints, instead

we only need to write the constraints into the loss functions as they are.

5.5 Numerical Examples

We test our NN-DO/BO method with two benchmark cases that are specially
designed to have exact solution for the DO and BO representations. For all test
cases we use deep feed-forward neural networks for u,,(x, t), Ap(t), Unn(x, t) and

Y,u(t; E). The loss functions are defined in Eq. 5.39, and a Adam optimizer with
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learning rate 0.001 is used to train the networks for 100000 epochs.

5.5.1 Application to Linear Stochastic Problem

In this section we demonstrate a pedagogical example by solving the linear
stochastic advection equation using the NN-DO/BO methods. The stochastic

advection equation with a random advection coefficient has the form

M 5E) | LD oy e Dx[0,T],
> P (5.40)

u(x,0;&) = —sin(x), VYxeD,

where the physical domain D is [-7, 1] and we calculate the solution till T = 7.
Periodic boundary condition is considered, such that u(-mn, t) = u(n,t), Vt € [0, T].
The randomness comes from the advection velocity, which is considered as a

Gaussian random variable & ~ N(0, 0?) where we set o to be 0.8.

The exact solutions for the mean and variance of the stochastic advection
equation, Eq. 5.40, can be calculated, and the closed form formulas of the DO and
BO expansion components #; and Y;,i =1,2,...,N can be derived. Here we write
down the exact solution and the expansion components without giving details of

the derivation:

e Exact solutions:

u(x, t; &) = —sin(x — &t)

o’t?
E[u](x,t) = —sin(x) exp (_T) (5.41)

Var[u](x,t) = [1 — cos(2x) exp (—202152)] — E[u]?

N| =
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e DO components:
u(x, t; &) = E[u](x, ) + 17 (e, Y701 €) + u7°(x, Y798 &), (5.42)

where

1 1
u?o(x, t) = ———=cos(x), ud(x,t) = ———=sin(x),

Vn Vn

- (5.43)
YPO(8) = —Vrsin(&h), Y5O(E) = x/E(cos(ét) —exp (—%))
e BO components:
u(x, t; &) = E[ul(x, t) + uf9(x, HYPO(t; &) + ud®(x, ) YEO(t; &), (5.44)
where
1O (x, 1) = —“\1/(;) cos(x), ufO(x,t) = —“\2/(;) sin(x), -

Yo &) = Y ginen, ¥IO(; &) =

212
™0 \2/(:) (cos(cft) —exp (—Tt)) ,

and the normalizing factors

2
a1(t) = \rE [sin2(E)], an(t) = \/WIE[ COSZ(Et) - exp( th)) ]

We set 4, n, and n all to be 50. The data points in time domain {}'" | are sam-
pled from a uniform distribution. The collocation points {x } are equidistantly
distributed in [-m, ]. For the collocation points in the stochastic space, instead
of using the Gauss-Hermite quadrature rule, we generate {!} ¥, by applying the
inverse cumulative distribution function of the standard normal distribution to

the Gauss-Legendre quadrature points in [0, 1], because the generated s will be
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more concentrated near the origin, making it easier to train the neural networks.

Case 1: NN-DO Method

The classical DO method cannot be directly applied to this SPDE with determin-
istic initial condition. However, by applying the NN-DO method and setting
proper initial conditions, we obtain good results. Considering Eq. 5.26, the initial

conditions are

u(x,0) = u(x,0), a1(0) = ax(0) =0,

0(5,0) =~ cos(v), :(0) =~ sin(x), (5.46)
Yi(0;8) = £, Y2(0;8) = —%(52 ~1),

where we use the periodic orthonormal bases in the [-7, 7] interval as the initial
conditions for u; and u,, and we use normalized Hermite polynomials for the
initial conditions of Y; and Y,. The neural network u,,(x, ) and U,,(x,t) have
three hidden layers with 32 neurons per hidden layer, the network A,,,(f) has three
hidden layers with 16 neurons per hidden layer, and the network Y,,(t; &) has
four hidden layers with 64 neurons in each hidden layer. The references for the
solution mean, variance, and u; are taken directly from Eq. 5.41 and Eq. 5.43. The
references for the normalizing factors, a;, are the standard deviations of YZ.DO in

Eq. 5.43, and the references for Y; are calculated by YP°/a;.

We compare the results obtained from the NN-DO method with the exact
solutions. Figure 5.1a shows the development of the scaling factors a; (i = 1,2) with
time. As time evolves, the scaling factors increase monotonically and converge

at T = m, indicating the randomness in the system grows from none to fully
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Figure 5.1: Stochastic advection equation (NN-DO): On the left-hand side we plot the evolution
of the scaling factors a;. They start from zero because of the deterministic initial condition, and
increase with time, indicating the randomness in the SPDE solution accumulates as time grows.
On the right-hand side we plot the bases u; at the final time T = 1 versus the exact solutions. The
scattered points for u; indicate the collocation points in the physical space.

developed during the time period t € [0, 7t], as a result of the stochastic advection
coefficient. Figure 5.1b shows the comparison of the DO bases obtained from the
NN-DO method and the exact bases at T = . The DO bases generated by the
neural networks coincide with the reference solutions very well. Figure 5.2 shows
the comparison of the stochastic coefficients Y; (i = 1,2) versus the normalized
exact DO coefficients Y? O at four different times t = 0,7/3,2n/3 and n. The
random coefficients as functions of the random variable & evolve with time to
develop a subtle wavy structure, while preserving the orthogonality. The NN-
DO method uncovers the evolution behavior of Y;. Figure 5.3 shows the mean
and variance of the NN-DO solution, versus the exact ones, att = 2nt/3 and t = 7.
Apparently, the scale of variance is huge compared to the scale of mean, indicating
that the random fluctuation dominates the averaged solution profile. We report
the errors of the NN-DO method in Figure 5.4 and Table 5.1 where we analyze
the L, error (defined by |[fyn — fexactll2 for any function f) and the relative L, error

(defined by || fnn = fexactll2/ || fexactll2) of the NN-DO results versus the exact solutions.

As we can see in Figure 5.4, the relative L, error of the estimated variance stays
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Figure 5.2: Stochastic advection equation (NN-DO): Solutions for the random coefficients Y| and
Y, at four different times t = 0,7t/3,271/3 and 7t. Both of them coincide with the exact solution.
The scattered points indicate the collocation points in the probabilistic space.
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Figure 5.3: Stochastic advection equation (NN-DO): Mean and variance of the solution at time
T =2n/3 and T = 7. The scattered points indicate the collocation points in the physical space.
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Tme evolution of relative L, error in E[u] and Var[u]
using NN-DO method
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Figure 5.4: Stochastic advection equation (NN-DO): Relative L, error in the mean and variance
versus time. The Relative error in mean grows because the L, norm of the exact solution mean

shrinks exponentially with time.

below 1% after t = 0.5. The relative L, error in mean is small at the beginning and
grows with time, because of the exponential shrinkage in the L, norm of the exact
solution mean. Table 5.1 summarizes the errors at the final time T = 7, indicating

the good performance of the NN-DO method.

E[u] | Var[u] | a4 as
L, error 0.0010 | 0.0013 | 0.0018 | 0.0063
Relative L, error || 3.22% | 0.25% | 0.17% | 0.68%
Uy Uz Y, Y:
L, error 0.0007 | 0.0005 | 0.0013 | 0.0019
Relative L, error || 0.18% | 0.13% | 0.89% | 1.36%

Table 5.1: Stochastic advection equation (NN-DO): The L, and relative L, errors of NN-DO solu-
tions versus the exact solutions at the final time T = 7.

Case 2: NN-BO Method

We solve the same problem (Eq. 5.40) again, but this time we use the BO constraints

by including Eq. 5.37 as part of the loss function. The initial conditions and
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reference solutions for the BO components, i.e., a;, u; and Y;, are the same as that of
the previous case, and neural networks used to approximate the BO components

have the same size as with the networks used in the previous case.

Similarly, we compare the results obtained using the NN-BO method with the
exact solutions. Figure 5.5a and Figure 5.5b display the scaling factors a; (i = 1, 2)
at t € [0, ] and the BO bases u; (i = 1,2) at t = 7, respectively. Figure 5.6 shows
the stochastic coefficients Y; (i = 1,2) versus the normalized exact BO coefficients
on at four different times: t = 0,7/3,2n/3 and n. Figure 5.7 shows the mean
and variance calculated by the NN-BO method at t = 27t/3 and t = 7. They all
show significant agreement of the BO solutions with the exact reference solutions.
The L, and relative L, errors of the solution mean and variance are pictured in
Figure 5.8, and Table 5.2 summarizes the errors of the BO components at the final
time T = . The NN-BO method demonstrates very good performance as with the
NN-DO method, and this is no surprise since the BO constraints are equivalent to

the DO constraints.
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Figure 5.5: Stochastic advection equation (NN-BO): On the left-hand side we plot the evolution of
the scaling factors a;. On the right-hand side we plot the bases u; at the final time T = 7 versus the
exact solutions. The scattered points for u; indicate the collocation points in the physical space.
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Figure 5.6: Stochastic advection equation (NN-BO): Solutions for the random coefficients Y7 and

Y, at four different times t = 0,7t/3,27/3 and 7. Both of them coincide with the exact solutions.
The scattered points indicate the collocation points in the probabilistic space.
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Figure 5.7: Stochastic advection equation (NN-BO): Mean and variance of the solution at time

T =2n/3 and T = 7. The scattered points indicate the collocation points in the physical space.
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Tme evolution of relative L, error in E[u] and Var[u]
using NN-BO method
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Figure 5.8: Stochastic advection equation (NN-BO): Relative L, error in the mean and variance
versus time.

E[u] | Var[u] a; as
L, error 0.0017 | 0.0024 | 0.0015 | 0.0068
Relative L, error || 5.58% | 0.48% | 0.14% | 0.74%
Uy U2 Y: Y,
L, error 0.0019 | 0.0008 | 0.0013 | 0.0017
Relative L, error || 0.46% | 0.21% | 0.89% | 1.18%

Table 5.2: Stochastic advection equation (NN-BO): The L, and relative L, errors of NN-BO solutions
versus the exact solutions at the final time T = 7.

5.5.2 Application to Long-term Nonlinear Stochastic Problem

In this section, we apply the NN-DO/BO methods to solving non-linear stochastic
problems, by considering the following stochastic Burgers’ equation:

Ju  Jdu *u
> + ua = Vﬁ + f(x,t,w), Vte[0,T] and x€ D, (5.47)

where the physical domain D is [-7, 7t], and v = 0.1 is the viscosity coefficient.
Suppose the random forcing term f(x,t; w) is parameterized by two identically

independent uniformly distributed random variables in [0, 1], denoted by &1(w)
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and &, (w), thus the stochastic behavior of solution u(x, t; ) shall be fully described
by &1 and &, too. In this example, we create a manufactured solution u(x, t; &1, &2)
such that the exact DO and BO components can be calculated explicitly. The
manufactured solution is

u(x, t; &1, &) = —sin(x — £) — V3(1.5 + sin(t)) cos(x — £)(2&; — 1)
(5.48)

+ V3(1.5 + cos(3t)) cos(2x — 3t)(2&; — 1).

The random forcing term f(x,t; w) can be uniquely calculated given the manu-
factured solution. Due to its lengthy expression, here we omit writing down the
explicit formula for f(x, t; w). Without going into too much detail, Eq. 5.48 can be

rewritten as either a DO expansion or a BO expansion, given by:

e DO components:

u(x, t; &1, &) = Blul(x, H)+ulO(x, YPO(t; &1, ) +ulO(x, HYDO(t; &4, &), (5.49)

where
uy©(x, t) = L cos(x — t), ub9(x, t) = L cos(2x — 31),
1 N ’ 7
YPO(£: &1, &) = V3m(1.5 + sin())(2&; — 1), (5.50)

YPO(£: &4, &) = V3m(1.5 + cos(3t))(2&, — 1);

e BO components:

u(x, t; &1, &) = Elul(x, £) +ui®(x, YO &1, &) + u30(x, Y3O(E €1, &), (5.51)
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where

ufo(x, t) = —(1.5 + sin(t)) cos(x — t),
ub9(x, t) = (1.5 + cos(3t)) cos(2x — 3t), (5.52)

YBO(1; &1, &) = V328, - 1), YEO( &4, &) = V3(2&, - 1).

If we normalize the bases and the random coefficients, and write the above
expansions in the form of Eq.5.26, both the DO expansion and the BO expansion

yield the same expression:

ui(x, t) = —% cos(x —t), ux(x,t)= % cos(2x — 3t),
a(t) = Vr(l5 +sin(t), @) = VR(L5 + cos(3t)), (5.53)

Yi(t; &1, 80) =28 -1, Yo(t; &1, 80) =28 — 1.

We calculate the solution till T = 107 to demonstrate the long-term perfor-
mance of the NN-DO/BO method. In practice, we divide the time domain into
ten non-overlapping subdomains (chunks) of equal length, each of which has the
length 7. In each chunk the components of Eq. 5.26 are approximated by an
independent set of feed-forward neural networks. We train the time domains
one-after-another and use the results from the previous chunk at the end time as
the initial conditions for the next chunk. This domain decomposition strategy cir-
cumvents the difficulty of approximating functions of massive fluctuations with a
single neural network, and thus will make the training process easier. We use an
equal number of collocation points for all time subdomains, and set n; = 30 and
n, = 50. Again, the samples of {£}"* are drawn from a uniform distribution, and
the spatial collocation points {xf};*, are equidistantly distributed in [-7, 7t]. For

the collocation points in the stochastic space, we use eighth order Gauss-Legendre
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quadrature rule for both &; and &,, generating 64 collocation points in the proba-
bilistic space. The same neural network setups are implememted for the following
two test cases: the i,,, Ay, and Y, networks all have three hidden layers, each of
which has 32 neurons, and the U,, network is constructed with 3 hidden layers
and 64 neurons per hidden layer. We only change the loss function in favor of

either the DO or the BO condition.

Case 1: NN-DO Method

First, we test the NN-DO method. The initial conditions are taken directly from
Eq. 5.50.
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!‘ﬂ:'| ‘“.| i I'q" f i ‘f,’ A 7 I'f" i A I'f’i——- a, reference
4 | ¥ HR il :* H I\ ® jx !|" j % (AN N
I i Iy | by ] V7o W ® 3; NN-DO
‘v | h i g ] B L g I il L i k il I’ '\
o i Il i l,' i i\ r' ! | i’ ! il lf i ] i’ [y i i I 'i, : —-— a, reference
A L A i i - po [
sp ARG PR PR TR TR R L R Do
S O T S L S IO A S LT O A O T TN AN S & N S OO L
R EME LIRS LIRS IR SLUE ST,
L T T T T A (N Y [ A (AR TV AN B A B A I
Eog [ { [ [T T 4 . 'm
2 AR ‘_;rif I S A 1 iff‘-‘! !',!.an-’!.' 1_':‘ b
i ol WEEE Y. IR BN B . I DR B
. Ly F [ (W 1 VI \ ™ | i O |
R BRI ERTAE B AR TN
14 Moy e My gl Py gl T T T T ¥
0 n 2n 3n an 51 61 7n 8n on 10n
Time t

Figure 5.9: Stochastic Burgers’ equation (NN-DO): A comparison of neural network approxima-
tions and exact solutions of the scaling factors 4; (i = 1, 2), as functions of ¢ (¢ € [0, 107]).

Figure 5.9 shows the evolution of 4; (i = 1,2) as time grows, where the low
frequency component, a;, and the high frequency component, a,, co-exist at the
same amplitude. They do not decay with time, indicating that the stochasticity in
the system has already fully developed. In Figure 5.10, we compare the bases u;
(i =1,2)att = 107t obtained from the NN-DO method to the exact solutions, and in
Figure 5.11, we plot the NN-DO solution mean and variance at two times, t = 107
and t = 57, versus the exact values. It is evident that the NN-DO solutions agree

with the exact reference solutions very well. From Figure 5.11b we can observe
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Figure 5.10: Stochastic Burgers’ equation (NN-DO): A comparison of neural network approxima-
tions and exact solutions of the bases u; (i = 1,2) at the final time t = 107t. The red stars indicate

the collocation points in the physical space.
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Figure 5.11: Stochastic Burgers’ equation (NN-DO): Mean and variance of the solution at time
t = 5n and t = 107, calculated using the NN-DO method. Both of them show good agreement
with the reference exact value. The scattered points indicate the collocation points in the physical

space.
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Tme evolution of relative L, error in E[u] and Var[u]
using NN-DO method
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Figure 5.12: Stochastic Burgers” equation (NN-DO): Relative L, errors in the mean and variance
calculated by the NN-DO method. The relative error in variance is slightly higher than the relative
error in mean, and both errors are below 1% for most of the time.

that the solution variance evolves from t = 57 to t = 107t to develop a greater scale

and a wavier shape, and the NN-DO method precisely captures this progress.

Figure 5.12 shows the relative L, errors of the solution mean and variance, and

in Table 5.3 we report both errors for all the DO components at the final time

T = 10m. All the relative L, errors are around or less than 1%, indicating excellent

performance of the proposed NN-DO method.

E[u] | Var[u] | a, as
L, error 0.0029 | 0.0278 | 0.0104 | 0.0084
Relative L, error || 0.40% | 0.57% | 0.35% | 0.28%
U1 Us Y: Y,
L, error 0.0042 | 0.0021 | 0.0008 | 0.0004
Relative L, error || 1.04% | 0.53% | 0.62% | 0.34%

Table 5.3: Stochastic Burgers’ equation (NN-DO): The L, and relative L, errors of NN-DO solutions

versus the exact solutions at the final time T = 107.
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Case 2: NN-BO Method

In this section we use the BO constraints to train the neural networks. Similar to
the NN-DO counterpart, here we provide all the figures (Figure 5.13-Figure 5.16)
showing a comparison between the NN-BO results and the reference exact solu-
tions. To avoid redundancy, we refer readers to read the captions below the figures
and will skip explaining each of them one-by-one. However, we would like to
address that in Figure 5.13, the scaling factors a; correspond to the eigenvalues in
the classical BO method, and there is a significant amount of eigenvalue crossings
during the whole time evolution, and also within each time chunk. In this situ-
ation, the classical BO method would fail due to the lack of explicit formulas for
matrices M and S in Eq. 5.18. The proposed NN-BO method doesn’t suffer from
this restriction. In Table 5.3 we report that both the L, and relative L, errors for
all the BO components the final time T' = 107. As with the NN-DO method, all

relative L, errors are less than 1%, indicating excellent performance of the NN-BO

method.
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Figure 5.13: Stochastic Burgers’ equation (NN-BO): A comparison of neural network approxima-
tions and exact solutions of the scaling factors a; (i = 1,2), as functions of ¢ (t € [0,107]). They
corresponds to the eigenvalues in the classical BO method. As we can see, there is a significant
amount of eigenvalue crossings during the whole time evolution and also within each chunk.
Therefore, the classical BO method cannot be directly applied to this problem.
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Figure 5.14: Stochastic Burgers’ equation (NN-BO): A comparison of neural network approxima-
tions and exact solutions of the bases u; (i = 1,2) at the final time { = 107t. The red stars indicate
the collocation points in the physical space.
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Figure 5.15: Stochastic Burgers” equation (NN-BO): Mean and variance of the solutions at time
t = 5mand t = 107, calculated using the NN-BO method. Both of them show good agreement with

the reference exact values.
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Tme evolution of relative L, error in E[u] and Var[u]
using NN-BO method
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Figure 5.16: Stochastic Burgers’ equation (NN-BO): Relative L, errors in the mean and variance

calculated by the NN-BO method. The relative error in variance is slightly higher than the relative
error in mean, and both errors are below 1% for most of the time.

Elu] | Var[u] | a3 as
L, error 0.0032 | 0.0267 | 0.0055 | 0.0073

Relative L, error || 0.45% | 0.55% | 0.19% | 0.25%

Uy Us Y, Y,
L, error 0.0018 | 0.0020 | 0.0007 | 0.0005
Relative L, error || 0.45% | 0.49% | 0.59% | 0.39%

Table 5.4: Stochastic advection equation (NN-BO): The L, and relative L, errors of NN-BO solutions
versus the exact solutions at the final time T = 107.

5.5.3 Application to Nonlinear Reaction Diffusion Equation

Consider the following reaction diffusion equation with a nonlinear source term:

% = Ay, + bu® + fxw), Vtel[0,1]andx€[-1,1], (5.54)

where the random force f(x; w) = (1 —x?)g(x; w) is the source of randomness, while
a and b are time-independent diffusion and reaction coefficients, respectively. The

random process g(x; w) is modeled as a Gaussian random field, i.e., g(x;w) ~
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GP(1,C(x1,x2)), where C(x1,x;) is a squared exponential kernel with standard

deviation o, and correlation length [.:

@ = %) xZ)Z) . (5.55)

C(x1,x2) = 03 exp (— E

The equation satisfies the Dirichlet boundary conditions, u(-1,t;w) = u(1,t;w) =
0, and the deterministic initial condition u(x,0;w) = —sin(ntx). Two different

scenarios are considered here:

e Forward problem: coefficients a and b are given, and we solve for u(x, t; ).

e Inverse problem: coefficients 2 and b are unknown but additional infor-
mation for u(x, t; w) is given, we solve for u(x, t; w) while identifying a and

b.

For the purpose of simplicity and demonstration, here we only show the results
obtained from the NN-BO method as the NN-DO method exhibits a similar per-

formance.

Forward Problem

In this case, we set the diffusion coefficient a = 0.1, and set the reaction coefficient
b = 0.5. For the random force f(x;w), we set 6, = 1 and . = 0.1, making it a
high-dimensional random process and thus 19 KL modes are needed to capture
at least 98% stochastic energy of f(x;w). The neural networks used in the NN-
BO method are built as follows: 1u,, has three hidden layers with 32 neurons
per layer, U,, and Y,,, have three hidden layers with 64 neurons per layer, and

Ay, is composed of N independent neural networks (N is the number of BO
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expansion terms), each of with has three hidden layers and four neurons per layer,
approximating one single scaling factor 4;. This is because we expect that a; will
manifest in vastly different scales during the time evolution. We use n, = 51
equidistantly distributed collocation points {x{}/*, in space, n; = 50 uniformly

distributed collocation points {£} ' in the time domain, and n; = 1000 random

nt
k=

samples {&!}*, in the 19-dimensional random space. The neural networks are

1

trained with an Adam optimizer (learning rate 0.001) for 300000 epochs.

First, we investigate the performance of NN-BO method using six BO ex-
pansion terms. To obtain the reference solution for the BO decomposition, we
numerically solving the original BO equations with the finite difference scheme in
space and a 3rd-level Adam-Bashforth scheme in time. Due to the deterministic
initial condition, in practice we start with a Monte Carlo method until t = 0.01, and
then switch to solving the BO equations. To obtain the reference for the solution

statistics we solve the SPDE using a Monte Carlo method with 1000 samples.
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Figure 5.17: Stochastic reaction diffusion equation (forward): (a) solution mean at ¢+ = 0.1 and
t = 1.0, while the reference mean is calculated from a Monte Carlo simulation. (b) scaling factors a;
at different time steps, while the reference 4; is calculated using the classical numerical BO method.

Figure 5.17a shows the NN-BO solution mean at t = 0.1 and t = 1.0, and

Figure 5.17b shows the evolution of the scaling factors a;, where the first four
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BO modes gradually pick up energy as the result of the nonlinear source term,

while the energy in the fifth and sixth modes is relatively stable. This illustrates

the efficiency of the BO representation, i.e., only a small number of modes are

necessary to capture most of the stochasticity in this high-dimensional SPDE.

Figure 5.18 compares of the modal functions learned from the NN-BO method with

the reference, and Table 5.5 displays the root mean squared error of the random

coefficients Y;. The proposed NN-BO method generates accurate predictions at

both the early stage of the solution (t = 0.1) and the end time (¢t = 1.0).
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Figure 5.18: Stochastic reaction diffusion equation (forward): the BO modes u; at ¢
t = 1.0, while the reference u; are calculated using the classical numerical BO method.

RMSE Y, Y, Y; Y, Ys Y
t=0.1 | 0.098 | 0.175 | 0.225 | 0.292 | 0.237 | 0.275
t=1.0 || 0.042 | 0.039 | 0.045 | 0.050 | 0.061 | 0.057

Table 5.5: Stochastic reaction diffusion equation (forward): root mean squared error of the random
coefficients Y; calculated using the NN-BO method at t = 0.1 and t = 1.0, while the reference Y; are
calculated using the classical numerical BO method.

Next, we analyze the effect of the number of BO expansion modes by com-

paring the variances of solution calculated using five, six and seven BO modes.
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Figure 5.19a shows the predicted variance at time t = 1.0 versus the reference
Monte Carlo solution. The NN-BO method slightly underestimates the variance
due to the truncated expansion. Figure 5.19b compares the relative L, error of so-
lution variance obtained using three different methods: NN-BO, gPC and classical
BO. The gPC method generates the largest error as it fails to capture the evolution
of the system’s stochastic structure due to the non-linearity, therefore, to achieve
the same accuracy, one has to include a larger number of modes using the gPC
method than using the BO method. Again, we can observe that a better accuracy
can be achieved when more modes are included. The NN-BO method is less accu-
rate than the classical numerical BO method, however, it circumvents the need of
generate artificial stochastic initial conditions. Another advantage of the NN-BO
method over the classical BO method is that it enables solving an time-dependent

nonlinear inverse stochastic problem.
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Figure 5.19: Stochastic reaction diffusion equation (forward): (a) variance of the NN-BO solution
calculated using 5, 6 and 7 modes, while the reference variance is calculated from the Monte Carlo
simulation. (b) comparing the L, errors of solution variance calculated by the NN-BO method,
classical numerical BO method and the gPC method. The gPC method generates the largest error
since it fails to capture the dynamic evolution of stochastic basis for nonlinear problems.
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Inverse Problem

Again, we solve Eq. 5.54 but this time we pretend not knowing the exact diffusion
and reaction coefficients a and b. Some extra information about u(x, t; w) is pro-
vided to help us infer these two coefficients. In this example, the extra information
is the mean value of u(x, t; w) evaluated at three locations x = —0.5,0,0.5 and at
two times t = 0.1,0.9, i.e., a total of six measurements of E[u]. We set 0, = 1 and
I = 0.4, the hidden values of 4 and b are selected to be 0.5 and 0.3, respectively.
To solve this inverse problem, we use a BO representation with four modes, and
adopt the same setup of the neural networks and collocation points as used in the
forward problem. When setting up the PINNSs, 2 and b are coded as “variables” in-
stead of as ”constants” so that they will be tuned at the training stage. Meanwhile,
we include an additional term in the loss function that calculates the MSE of the
predicted u,,(x, t) versus the measurement data, so that the loss function will make
use of the extra information to infer the coefficients. Without loss of generality, we
choose both the initial values of 2 and b to be 1.0, and in practice these values could
be chosen based on reasonable guesses. The neural networks are trained with the
Adam optimizer (learning rate 0.001) for 300000 epochs. Same as the previous
case, the reference solution statistics are calculated with Monte Carlo simulation
and the reference BO components are generated by numerically solving the BO

equations.

RMSE | Y, Y, Y; Y,
t+=0.11 0.061 | 0.088 | 0.075 | 0.084
£=1.0 || 0.019 | 0.041 | 0.039 | 0.060

Table 5.6: Stochastic reaction diffusion equation (inverse): root mean squared error of the random
coefficients Y; calculated using the NN-BO method at t = 0.1 and t = 1.0, while the reference Y; are
calculated from the forward problem using the classical numerical BO method.
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Figure 5.20: Stochastic reaction diffusion equation (inverse): mean (a) and variance (b) of the NN-
BO solution at t = 0.1 and t = 1.0, while the reference solutions are calculated from the forward

problem using the Monte Carlo method.
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Figure 5.21: Stochastic reaction diffusion equation (inverse): the BO modes u; att = 0.1 and ¢t = 1.0,
while the reference u; are calculated from the forward problem using the classical numerical BO

method.
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Figure 5.20a and Figure 5.20b shows the predicted solution mean and variance,
respectively. Figure 5.21 and Figure 5.22a shows the predicted BO modes u; and
the scaling factors a;. Table 5.6 displays the root mean squared errors of the
random coefficients Y;. It is evident that when compared to the references, the
NN-BO method is still accurate at solving the inverse problem. Last but not least,
we display the convergence property of the predicted 4 and b in Figure 5.22b and

we can observe that the inferred values converge to the true values after less than

100000 training epochs.
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Figure 5.22: Stochastic reaction diffusion equation (inverse): (a) the evolution of scaling factors a;
by NN-BO, compared with the reference 4; calculated using the classical numerical BO method for
a forward problem. (b) the convergence of predicted a and b to the true hidden values during the
training process.

5.6 Summary of Chapter

To summarize, in this chapter we presented two numerical methods for solving
time dependent stochastic partial differential equations (SPDEs), i.e. the NN-DO
method and the NN-BO method. They both make use of the expressiveness of
Physics-Informed Neural Networks (PINNs). Similar to the classical Dynamically
Orthogonal (DO) and Bi-Orthogonal (BO) methods, the proposed methods use
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either dynamical constraints on the spatial bases (NN-DO), or static constraints on
both the spatial and the stochastic bases (NN-BO) to remove the time redundancy
of the generalized Karhunen-Loeve expansion. Since the loss functions of neural
networks can be directly established from an implicit form of the DO/BO con-
straints, the proposed methods are free from the assumptions needed for deriving
the classical DO and BO equations, and thus they shall be applied to a broader
range of UQ problems. We demonstrate the performance of the NN-DO/BO
methods with two artificially designed benchmark cases where exact DO/BO so-
lutions exist, and we apply the NN-BO method to solve a time-dependent non-
linear diffusion reaction equation. Our numerical results show that the proposed
NN-DO/BO methods are accurate for SPDEs with deterministic initial conditions
and frequent eigenvalue crossings, and are reliable for long-time integration and
high-dimensional random input. Moreover, as another advantage over the classi-
cal BO/DO method, the proposed method seamlessly solves the time-dependent
stochastic inverse problems by encoding the extra information in the loss function
while tuning the hidden parameters at the training stage. This was demonstrated
in the last numerical example, and it exhibits huge potential of the NN-DO/BO

method when applied to real physics/engineering applications.



CHAPTER Six

Conclusion
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6.1 Summary

Thanks to the evolutionary development in electrical engineering and computer
science, huge amount of data that were untouchable in the past can be cheaply
stored and quickly processed nowadays. Research in machine learning, optimiza-
tion and data science are booming, so does the need for making use of the valuable
information from data as additional guidance to characterize stochastic complex
systems. Motivated by the demand of modeling data-driven stochastic complex
systems, in this dissertation, I developed four distinct strategies to addressed the

challenges in developing effective data-driven stochastic complex systems models.

To address the difficulty of modeling the information fusion in heterogeneous
data-driven stochastic systems, two methods are developed within the frame-
work of domain decomposition. The stochastic domain decomposition via mo-
ment minimization (SDD-MM) method is developed to facilitate the uncertainty
propagation between stochastic solvers that only exist in partial domains, and we
derive boundary conditions for subdomains with different random dimensions.
This method serves as a general framework that takes local random solvers as black
boxes and can be used to solve problems involving multi-scale phenomena and
hybrid stochastic systems, without the need of sampling continuous global tra-
jectories. The Domain Decomposition with Gaussian Process Regression (GPDD)
method is created to address the issue of incorporating information from both
the classical physical laws and the data. Specifically, it is a domain decomposi-
tion algorithm designed to couple solutions in two types of domains, one with a
classical partial differential equation (PDE) solver, named the PDE-domain, and
the other one with sparse sensor data of multi-fidelities, i.e., the Data-domain. A

numerical Gaussian Process Regression model is applied to the Data-domain to
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infer the quantity of interest and to quantify the uncertainty in the predictions.
The PDE-domain and the Data-domain are synchronized by the Schwarz alternat-
ing method, and the uncertainty in the prediction is spread to the global domain,
resulting in a distribution of the predicted global solution. A combination of cheap
low-fidelity sensors and expensive high-fidelity sensors contributes to better so-
lutions, which is of great significance in practice, because in most applications one

has to operate at limited budgets and resources.

To quantify the uncertainty of data-driven stochastic systems, two method are
developed based on the Physics-Informed Neural Networks (PINNs). The NN-
aPC method is designed for solving both stochastic forward (model inference)
and inverse (model identification) problems. We use data collected from sensor
measurements to build a set of arbitrary polynomial basis and learn the modal
functions of the polynomial expansion via PINNSs, i.e., DNNs that encode the
underlying stochastic differential equation. Two different types of uncertainties
are quantified, i.e., the parametric uncertainty due to the stochastic differential
equation, as well as the approximation uncertainty of the PINNSs, and the latter is
measured by the dropout strategy. The approximation uncertainty represents how
well the PINNSs are trained and how robust it is at the predicting stage, thus can
be served as effective guidance for active learning. And finally, the proposed NN-
DO/BO methods focus on time-dependent stochastic problems, where the bases
in both the physical space and the stochastic space evolve as a consequence of the
developmentin the system’s stochastic structure. The Dynamically Orthogonal/Bi-
Orthogonal conditions shall be imposed seamlessly to the PINNs by making the
best use of the flexiblility in designing the loss functions, thus avoiding making
addition assumptions on the stochastic behavior of the solution. The NN-DO/BO

method shall be readily applied to time-dependent stochastic inverse problems
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once provided with extra information of the solution.

6.2 Future Work

The proposed methods shall be furthur developed and generalized. For example,
the GPDD method is powerful at measuring the approximation uncertainty and
it may be extended to quantify the measurement uncertianty or the parametric
uncertainty, too. As another prospective research direction, the proposed meth-
ods are mutually compatible and thus could be combined to deal with problems
where domain decomposition, information fusion and uncertainty quantification
co-exist. For example, we may implement the NN-aPC method within the SDD-
MM framework to analyze stochastic systems where a concrete stochastic partial
differential equation (SPDE) only exists in some part of the domain, while in the
rest of the domain we have collected historical sensor data, additionally, there
are some unknown parameters to be estimated. We aim at reconstructing the
full stochastic solution profile in the global domain while inferring the unknown
SPDE parameters. Moreover, there is huge potential to be fullfiled by extending

the proposed algorithms to real physics/engineering applications.

The future work will also focus on analyzing the PINNs. Great progresses have
been made by using PINNs to model data-driven systems, however, as with most
other popular machine learning tools, plenty of unknown properties of PINNs are
yet to be discovered. For example, the distribution of weights for the components
in a loss function is decided based largely on researchers” physical intuition, but
there might be a systematic procedure of choosing the weights that will make

training PINNSs easier.
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