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CHAPTER ONE

Introduction



1.1 Outline

This thesis is about the splitting technique in rare event simulation and its use in
chemical reaction networks. Rare events, when broadly defined, are events which
seldom occur but can have a significant impact on the state of a system. They are
of importance in many disciplines: physical chemistry, biology, geology, economics

and operations research, to name a select few.

In the context of this thesis, what constitutes a “rare” event will always be
understood in the sense of large deviations, a notion that is precisely defined later
in this chapter. The theory of large deviations will be used to study the behavior of
the splitting technique for rare event simulation. We will then apply the developed
techniques on a class of stochastic models known as chemical reaction networks. The
particular structure of these reaction networks will allow us to construct splitting
schemes which satisfy an appropriate notion of asymptotic optimality. Finally, we

study the schemes through many numerical examples.

We outline the thesis. In this first chapter, we define some of the mathematical
notation used and introduce the basic mathematical results that will be frequently
referred to throughout. In Section 1.3 we introduce the Large Deviations Principle
(LDP) and define the notion of a rare event; in Section 1.4 we introduce Hamilton-
Jacobi-Bellman (HJB) equations, as well as the notion of subsolutions, which will be
used to design the splitting schemes; Section 1.5 describes the relationships between

HJB equations, the LDP, and Lyapunov functions.

In Chapter Two, the splitting algorithms are discussed. Section 2.1 introduces
the general principle of splitting algorithms and details the particular one we study,

known as RESTART. Section 2.2 studies the performance of the RESTART algo-



rithm when the event of interest can occur over long time intervals, while Section 2.3
explores the utility of a “quadratic approximation” around the law of large numbers

dynamics, known as a moderate deviations scaling.

Chapter Three is dedicated to chemical reaction networks (CRNs). Section 3.1.1
provides the basic background of CRNs; Section 3.2 describes various techniques to
identify subsolutions in reaction networks and Section 3.3 uses these techniques to
find subsolutions for three classes of problems. These problems are explored from a

numerical viewpoint in Chapter Four.

1.2 Preliminaries

The goal of this section is to introduce the mathematical objects used throughout the
thesis. An effort is made to keep the notation consistent. We omit the fundamental

definitions of probability and refer the reader to an introductory textbook such as

[10].

We begin by describing basic notation. We use the following conventions: for
any subset B of some topological space, we use B, B° and dB to denote the closure,
interior and boundary of the set, respectively. We use the standard convention for

scaling and translating sets. For any set B C R?, constant ¢ > 0 and z € RY,

cB+z={cb+z:be B}.

We use (-, -) to denote the standard Euclidean inner product. For a positive semidef-
inite matrix A, we use || - ||4 to denote the norm (z, Az). We use Bs(x) == {y :

|z — y| <} to denote a Euclidean ball of radius § > 0 around a point x € R%.



Dots indicate time derivatives, @(t) = (dx/dt)(t), and the symbol 0, is used to
denote a partial derivative with respect to time when the function has a spatial
variable as well. We use D to denote a spatial derivative, often with a subscript to

specify the coordinate with respect to which we are differentiating.

We use {X",n > 1} to denote a sequence of random variables taking values in a
complete separable metric space X', also known as a Polish space. We always assume
there is an underlying probability space (€2, F,P) on which the random variables X"
are defined. The o-algebra F must contain at least all sets of the form (X™)~1(A)
for Borel sets A C X. If X is a function space and X" = {X™(t),t > 0} a stochastic
process in either continuous or discrete time, we will usually denote the associated
filtration by F/*, with ¢t € R or t € {0,1,2,...}. In the case of continuous time we

assume that the filtration satisfies the usual conditions [29].

For T' > 0, we use C([0,T] : R?) to denote the space of continuous functions
defined on [0, T] and taking values in R?, or simply C([0,77]) when the target space
is implicitly understood. We always equip C'([0,7] : R?) with the uniform topology,
|f = 9lloc = supggyer | f(t) — g(t)|. If © € C([0,T]) then we use z(-) to denote the

object in C([0,T]) and x(t) to denote its value in R? at a particular point ¢ € [0, 7.

We use D([0,T] : R?) to denote the Skorokhod space of “cadlag” or “rcll” func-
tions, that is to say, functions which are right-continuous and have left-limits. We
always use the Skorokhod metric which makes D([0,7] : R?) into a Polish space.
Note that relativized to C([0,T] : RY), the Skorokhod topology coincides with the
uniform topology; see [7], p. 124. We use this fact a few times to avoid dealing with

the metric on D.

Given an R?valued stochastic process {X(t),t > 0} with associated right-



continuous filtration {F;,t > 0}, for # € R? we use P, to denote the probability
measure induced by the process starting at z: P(X(0) = ) = 1. Similarly, we use
[E. to denote the associated expectation operator. For a time-homogeneous Markov
process, we use L to denote the infinitesimal generator of the process. That is, for

f in a suitable class of functions,

_ o E[f(X(@®)] — f(2)
(Lf)(x) =lim ; :

t—0

The class of admissible functions f depends on the stochastic process. We provide
here the generator of two classes of Markov processes which will be used throughout

the thesis: diffusions and pure jump processes.

Example 1.2.1 (Diffusion process). Let C € (0,00), b : R? — R? and o : R>F

satisfy, for all z,y € R,
[b(z) = b(y)[| + [lo(z) — o) < Cllz —yl| and [|b(z)| + [lo(@)[| < C(L+ [|z]]).

Let W be a k-dimensional standard Wiener process. Fix any xy € R?. We define
the diffusion process {X(¢),f > 0} as the unique strong solution of the stochastic

differential equation
dX(t) =b(X(t))dt + o(X(t))dW(t), X(0)= xo.

For f € C?*(RY) N L*>°(RY) with bounded first and second derivatives, the generator

Lf(x)is . ;
(Lf) () = bi(x) gi + % Z(O’O’T)i,j<x>—afié];j.

i=1 i,j=1

The existence and uniqueness of strong solutions the stochastic differential equa-

tion in Example 1.2.1 can be found in Section 5.2 of [49].



Example 1.2.2 (Jump process). Let {X(¢),t > 0} be an X-valued Feller pure jump
Markov process with finitely many jump directions vy, ..., v, and associated state-
depedent jump rates A;(z),..., \.(z). For bounded and continuous f : X — R, the

generator Lf(x) is

See, for instance, Chapter 3 of [53].

1.3 Large deviations

We state the large deviations principle below, and we provide the rate functions for

the two widely used processes in this thesis: pure jump and diffusion processes.

Definition 1.3.1 (Rate function). A function I : X — [0, oo] is called a rate function
if I has compact sublevel sets, that is, for each M < oo, the set {x € X : [(x) < M}

is compact.

Recall that a function f defined on X having closed sublevel sets is equivalent
to it being lower semicontinuous, i.e., liminf, ., f(z,) > f(x) for any z, — x and
xr € X. Moreover, any lower semi-continuous achieves its minimum on a compact

set. It follows that a rate function achieves its minimum on any sublevel set.

We now introduce two equivalent formuations of the large deviations principle.
The first is in terms of the typical upper and lower bounds [20] that are reminiscent of

weak convergence in the Portmanteau theorem ([7], Theorem 2.1), while the second is



called the Laplace principle and is more suitable for the weak convergence approach.

We define, for any subset A of X', X,

I(A) = inf I(x).

T€EA

Definition 1.3.2 (Large deviations principle). A sequence of random variables { X"}
taking values in a Polish space X satisfies a large deviations principle with rate
function [ if and speed {r,}, for any open set £ C X', X" satisfies the large deviations
lower bound

liminfr,logP(X" € F) > —1(F),

n—o0

and, for any closed set F' C X, X" satisfies the large deviations upper bound

limsupr,logP(X" € F) < —I(F).

n—oo

Remark. Throughout this thesis, we will use a speed of r, = 1/n unless otherwise

indicated.

Definition 1.3.3 (Laplace principle). A sequence of random variables { X"} taking
values in a Polish space X satisfies the Laplace principle with rate function I if, for
all bounded continuous functions h : X — R, X" satisfies the Laplace principle lower
bound,

1 .
lim inf — log E[e ™"X™)] > — inf {h(z) + I(z)}
S

n—oo M

and the Laplace principle upper bound,

1 n
limsup — log E[fe """ < — inf {h(z) + I(z)}.

We remark that the Laplace principle upper and lower bounds together imply



that the the limit exists and is equal to inf,ex{h(x) + I(z)}.

An event A is rare if it does not contain a minimizer of an associated rate function
I(+). Such a definition implies that there is an underlying scaling parameter, denoted
either n or €, and that the probability of the rare event decays exponentially like
exp(—nl(A)) or exp(—I(A)/e). All the rare events we will be interested in behave
like this.

1.3.1 Law of large numbers

Before computing the rate functions for Examples 1.2.1 and 1.2.2, we need to intro-
duce the appropriate scaling and law of large numbers. The result for small-noise
diffusions is straightforward. The law of large numbers for jump processes is a lit-
tle more complicated and will be used most frequently in this thesis, especially in
Chapter 3. We will often refer to this law of large numbers are “Kurtz’s theorem”,

as this is what it is called in the chemical reaction network community. See [51] and

[52].

Theorem 1.3.4 (Kurtz). Let 7o € R?, v; € RY be jump vectors, \; : RE — Ry, i =
1,...,r be uniformly bounded Lipschitz functions, and let X™ be the associated pure
Jump Markov process with the generator in Example 1.2.2. se that | X™(0) — x| — 0

as n — 0o, and let x(t) be the unique solution of

i(t) = Zvi)\i(a:(t)), 2(0) = .

Then, for each T < 0o, there is ¢; € (0,00) and cy(e) with

hmcz—(;) € (0,00), lim e(e) = 00,
e—=0 ¢ e—o0 £



such that for everyn € N and ¢ > 0,

P, ( sup X" () — a(t)] > ) < e O,

0<t<T

We introduce a transformation which is central to many aspects of large devia-
tions theory. It will allow for the computation of rate functions for Examples 1.2.1

and 1.2.2 when an appropriate law of large numbers scaling is introduced.

Definition 1.3.5. Suppose that g : R — (—o00, 00] is a lower semicontinuous func-
tion and assume that {y : g(y) < oo} is non-empty. Its Legendre-Fenchel transform

is defined as

9" (p) = zlelly){@, y) —9(y)}.

The asterisk notation will typically denote a Legendre-Fenchel transform of a func-

tion unless otherwise noted.

The Legendre-Fenchel transform is a cornerstone of convex analysis, and many

excellent treatises exist — see for instance the classical text by Rockafeller [56].

To see how the Legendre-Fenchel transform relates to the theory of large devia-

tions, consider a discrete-time Markov process of the form
n n 1 n n
X = X' + Evz‘(Xz’ ), Xg = o,

where the v; are i.i.d. vector fields. Let X"(:) denote the linearly-interpolated
continuous time process with X" (i/n) = X for i = 0...,n, so that X" (¢) is defined

for t € [0, 1].
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Definition 1.3.6. We denote the cumulant generating function of the process by

H(z,«a) = logElexp({a, vi(z)))] (1.3.1)

and frequently refer to H(x,«) as the Hamiltonian associated to the stochastic pro-
cess X™. The local rate is the Legendre-Fenchel transform of the Hamiltonian and

is denoted by

In general, we will assume the following for all pairs Legendre pairs (H, L). The

conditions will be stated precisely in the statements of theorems.

Condition 1.3.7. For all x € R? there is a unique b(z) such that L(x,b(z)) = 0,
and that b(-) is Lipschitz continuous. H and L are continuous in (x,«) and (z,[3)
(respectively) on their domains of finiteness, and both are strictly convex in the second

variable.

We use the Hamiltonian to define the “zero cost” dynamics as follows.

Definition 1.3.8. The trajectory ¢ € C([0,T]) which satisfies

p(t) = DpH((1),0)

for all ¢ € [0, 7] is called the law of large numbers trajectory and is said to satisfy

the noiseless dynamics.
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1.3.2 Examples of LDPs

We now state the LDPs for both jump and diffusion processes. While the conditions
we impose are quite broad, they can be relaxed if necessary. In particular, the case

of degenerate diffusion matrices can be readily treated. See for instance [35].

Theorem 1.3.9. Suppose there is C' € (0,00) such that b: R — R? and o : R —

R4 satisfy, for all v,y € R,
[b(z) = o)l + llo(z) —a(y)|| < Cllz —yll, and |[b(z)]| + lo(z)]| < (1 + [|lz]]).

Let X¢ denote the unique strong solution to the stochastic differential equation (see

[49])
dX (1) = b(X (8))dt + o (X (£)dW (), X(0) = o, ¢ € [0, T).

Assume that o(z) is invertible for all x. The sequence {X¢} satisfies an LDP with

rate function

In(p) = / L(g(s), §(s))ds.

where L is the local rate obtained as the Legendre-Fenchel transform of H, where

1
H(z,a) = (e, b(x)) + §H04”§(x)a L(z,8) = ||B — b(@”i*l(x)-

The LDP for jump processes is next. Once again, the conditions can be sig-
nificantly relaxed. In particular, rather than the specific n)\; scaling of the jump
rates, one can take general sequence A" such that n=!'\" converges uniformly to \ as

n — 00. See, e.g., [59]

Theorem 1.3.10. Let X" be an R%-valued jump process as in Example 1.2.2 with
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generator
") = S A vy _
(£2)a) = 3 n\a) (F(z+2) - r@).
where f : R — R is bounded and continuous, the v;, i = 1,...,r are jump directions

in RY, and \; : RT — [0,00) are state-dependent jump rates. Furthermore, assume
that for each i, log \;(x) is bounded and Lipschitz continuous. Then {X™ n > 1}

satisfies an LDP with rate function

where L is the local rate obtained as the Legendre-Fenchel transform of H, where

H(z,a) = Z Ai(z) (el — 1)

L(z,B) = inf {; ()l (A?Zx)) : Z:;uv = Bu; > o}

and

l(x) =zloge —x+ 1.

1.4 Hamilton-Jacobi-Bellman equations

In this section we compile a few facts about a type of partial differential equation
(PDE) known as the Hamilton-Jacobi-Bellman (HJB) equation. These facts will be
referred to throughout the thesis and can be omitted until called for. The main point
is to understand that there exists a relationship between the HJB PDE and a family
of underlying calculus of variations problems, and that for the purposes of rare event

estimation the exact relationships can be weakened to inequalities.
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We first discuss the relation to rare events and introduce some mathematical
notation in Section 1.4.1. We then introduce the notion of subsolutions in the time-

dependent and time-independent cases in Section 1.4.2.

1.4.1 Rare event simulation and setup

In the context of rare event simulation, we will find that the solution to the calculus
of variations problem can guide us in “directing” trajectories towards the rare event
set of interest. In the case of importance sampling, this is done by altering the
dynamics of the underlying process according to the most likely trajectory, that is,
the solution to the calculus of variations problem. For splitting, this is done by

branching the trajectory when it moves in a “promising” direction.

For both importance sampling and splitting, the information can be encoded
through the value function, which can be described as a solution to an associated
partial differential equation. The value function is typically denoted by V' and can
be either a function of two arguments (¢, x) in the time-dependent setting, or a sin-
gle spatial variable x in the time-independent setting. In the case of importance
sampling, the dynamics are steered according to the spatial gradient D,V (t,z) or
D,V (z), whereas for splitting the thresholds are determined by level sets of V' (¢, ) or
V(x). In other words, importance sampling requires gradient information, whereas
for splitting simply knowing the value function is sufficient. Observe that less reg-
ularity is required from the value function in the case of splitting, and in particular
one need not insist on “classical-sense” solutions. The boundary conditions that are
imposed for the rare event problems we study will make it appropriate to refer to

the value function as the “cost-to-go” of the trajectory.



In general, we have in mind a discrete time Markov process {X[,i =0,...,nT}
defined by
1
X'y =X+ —v(X]), i=0,...,nT, X{ =z,
n

where the v;(+) are i.i.d. vector fields given on some probability space. By {X™(t),t €
[0, 7]} we mean the continuous time piecewise-linear interpolation with interpolation

points X"™(i/n) = X, i.e.

70

X"(t) = XP + (X!, — XM (nt — i), te[—, },z’:O,l,...,nT.

We recall that the Hamiltonian H(z, «) is determined by the process model as the
(state-dependent) cumulant generating function of the increments (see (1.3.1)). We

place the following conditions on H.

Condition 1.4.1. We assume that the cumulant generating function is finite every-

where, i.e. H(z,a) < oo for all x € R? and o € R4,

The Hamilton-Jacobi-Bellman (HJB) partial differential equation (PDE) is
oV (t,x) — H(x,D,V(t,x)) =0.

Suppose we formally impose the boundary conditions V (T, z) = 0 if + = y and
V(T,z) = oo if x # y for some fixed y € R? Then, formally, a solution to the
time-dependent HJB PDE is

T
Vit.a) =int { [ De(9) l6))ds  pl0) = (7)o }.
t
The time-independent or steady-state HJB PDE is

H($, _va(x)) = 07
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and the analogous variational characterization will be explored in Section 1.5.

The boundary conditions will depend on the rare event problem but are typically
taken so that the function V' is non-positive when the trajectory escapes a domain of
interest. The notions of existence and uniqueness for HJB PDEs are related to the
notion of viscosity solutions [12], but for our purposes the definitions of subsolutions

outlined below will be sufficient.

1.4.2 Subsolutions

It turns out that for lower bounds on the asymptotic performance (defined later in
Definition 2.1.2), it suffices to work with lower bounds on the cost. The content of
this section is to make this heuristic precise by defining varions notions of subsolution
and to see how they interrelate in the context of rare event simulation. Throughout,
we use the convention that an overbar refers to a subsolution, whereas a function

with the same letter without an overbar refers to a solution.

We now discuss time-dependent and time-independent subsolutions for the prob-
lem of rare-event simulation. The problems of interest can always be phrased as
escape from a certain domain D, though depending on the problem it may be more

natural to speak of entrance into a set.

1.4.2.1 Time-dependent case

Fix some domain D C R%, and let H(-,-) : R? x R — R be a Hamiltonian which

satisfies Condition 1.4.1. The subsolutions in this section are related to the problem
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of estimating

P.(X™(T) ¢ D).

For sets of the form {X"™(t) ¢ D, for somet € [0,7]}, the definition is entirely

analogous, with the only change being in the boundary conditions.

Definition 1.4.2. A function V : [0, 7] x R? — R is a classical sense subsolution if

it is continuously differentiable in both variables and if

oV (t,x) — H(x,~D,V(t,z)) >0, (t,z)€[0,T) xR (1.4.1)

and V(T,x) <0 for z € D.

A weaker notion of subsolution is as follows. Let

Kiar = {¢ € AC((0,T] : RY) : p(t) = 2, ¢(T) ¢ D}

Definition 1.4.3. A function V : [0, 7] x R? — R is a weak sense subsolution if it

is continuous, bounded from below and

V(t,z) < inf {Ip(p) + V(T,o(T))}, (t,z)€[0,T) x R, (1.4.2)

SOEKt,:C;T

and V(T,x) <0 for z ¢ D.

Proposition 1.4.4. If V is a classical sense subsolution as in Definition 1.4.2, then

it is a weak sense subsolution as in Definition 1.4.3.

Proof. Suppose that V satisfies the classical definition of a subsolution, as in (1.4.1),

and let ¢ € K; 7. For any (z,) € R? x R? and a € R,

L(z, ) = (a, B) — H(z, a).
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Using ¢(s), ¢(s) and —DV (s, p(s)) in place of o, 3 and a, and integrating from ¢ to

T, we obtain

/tL(SO(S),@(S))dS > /t<w(5)>—D‘7(S,<P(S))>—H(SO(S),—DV(SAO(S)))d&

_ / LV (s, 0(5)) + 0.7 (5, 9(5)) ~ Hlpls), ~DV (5, 9(s))ds

> —(V(T, (1)) — V(t,0(t))).

In the first equality of the above display we used the chain rule on V, and in the
second inequality we used the classical subsolution property (1.4.1). Using ¢(t) =
x and re-arranging, we obtain the desired inequality for an arbitrary ¢ € K, ,.r,
whereupon (1.4.2) follows by infimising over ¢ € K ,.r. The boundary condition is

satisfied by assumption. m

1.4.2.2 Time-independent case

In this section we consider subsolutions which are related to the problem of estimat-
ing

P.(X"(t) ¢ D, for some t € [0,T]).

Definition 1.4.5. A function V : R — R is a classical sense subsolution if it is

continuously differentiable, bounded below, as well as

for all z € D and



18

Just as for the time-independent case, we can formulate a weaker notion of sub-

solution in terms of a variational problem. Let
Cor = {p € AC([0,T] : RY) : p(0) = z,(t) € D, p(T) ¢ D,t € (0,T),T < oo}

Definition 1.4.6. A continuous function V : R¢ — R is a weak sense subsolution if
it is bounded from below and

V(z) < inf {Ir(e) + V(e(T))}, (1.4.3)

- SOEC:C;T

for all z € D, and V(2) <0 for z ¢ D.

1.5 Freidlin-Wentzell Quasipotential

In this section we will use the local rate (Definition 1.3.6) to define an object known
as the quasipotential which was originally introduce by Freidlin and Wentzell [35] in
the context of small noise analysis in dynamical systems. The quasipotential plays a
central role in this thesis and is used to overcome important obstacles in rare event
simulation. Of particular importance are the many different ways of identifying the

quasipotential and its relationship to the HJB.

In order to define the quasipotential, it is necessary to assume that the underly-
ing domain contains a unique attracting fixed point. We first define these notions in
Section 1.5.1. Relationships with the quasipotential are then categorized as follows:
in Section 1.5.2 we express the quasipotential as a scaled limit of stationary distribu-
tions; in Section 1.5.3 we express it as a solution to the steady-state HJB PDE, and

demonstrate how it can be used to construct an appropriate subsolution; in Section
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1.5.3.1 we further develop the PDE characterization in the one-dimensional case.
Finally, Section 1.5.4 shows that the quasipotential is always a Lyapunov function

for the law of large numbers dynamics.

1.5.1 Definition of the quasipotential

We define a notion of stability which will be used throughout the thesis, and subse-

quently we define the quasipotential relative to a stable point.

Definition 1.5.1. Let b : R — R? be a Lipschitz continuous function, and suppose
that ¢ is a fixed point or steady state of b, i.e. b(c) = 0. Let B be an open set
containing c. We say that c is stable on B if, for any ¢ > 0 and x € B, there is
T < oo such that ¢(0) = = and $(t) = b(p(t)) imply |@(t) —¢| < € for all t > T.
The domain of attraction of c is the largest such open set B. We will say that the

domain B is attracted to c.

We remark that this notion of stability is sometimes referred to as local stability.

When we wish to refer to global stability in this thesis, we will do so explicitly.

We now arrive at the definition of the quasipotential.

Definition 1.5.2. Let L(z, /) be the local rate of some stochastic process (see
Definition 1.3.6). The quasipotential is the function @ : R x RY — [0, 00| defined

for y,x € R? by

Qua= ot { /0 TL(QO(SW(S))CZS} | (1.5.1)

0(0)=y,(T)

where the infimum is over all absolutely continuous trajectories. Let ¢ € R? be a



20

stable steady state for the noiseless dynamics (Definition 1.3.8). We call

Q(r) = Q(c,x)

the quasipotential relative to c.

1.5.2 Quasipotential and stationary distributions

The only purpose of this section is to explicitly separate out a well-known result of
Freidlin and Wentzell’s which relates a specific scaling of a stationary distribution to
the quasipotential. The statement of the theorem is based on the statement in [35],
Theorem 4.3 in Chapter 4. It is stated there for diffusion processes, but holds more

generally with minor modifications to the proof.

Theorem 1.5.3. Let ¢ be the unique stable equilibrium of the noiseless dynamics
o(t) = D,H(p(t),0), and assume that c is globally attracting, i.e., the domain of
attraction is all of RY. Let {X"} be a stochastic process with local rate L(x, ), the
Legendre-Fenchel transform of H(x,«) (see Definition 1.5.6), both satisfying Condi-
tion 1.3.7, and suppose that for each n > 1, {X"(t),t > 0} has a unique invariant
measure m". We have

lim 1 log 7" (A) = — inf Q(c, A) (1.5.2)

n—o00 71 €A

for any open set A C R with compact boundary OA and which satisfies 0(A) = 0A.
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1.5.3 Quasipotential and HJB

In this section we focus on the most relevant characterization of the quasipotential
for our purposes, that is, through the steady state Hamilton-Jacobi-Bellman equa-
tion. Throughout the section we assume that we are given a sequence of stochastic
processes { X"} which satisfies a large deviations principle with speed r, = 1/n and
rate function Ir(p). We let D be a domain containing a steady state ¢, and we

assume that all of D is attracted to c.
The following theorem is the main result of the section; see Theorem 4.3 in
Chapter 5 of [35].

Theorem 1.5.4. Let H(z,a) : RExRY — R be a Hamiltonian defined as a cumulant
generating function, as in Definition 1.3.0, and suppose H (x,-) is strictly convex and
continuously differentiable for all x € R Let U : D — [0,00) be a continuously
differentiable function which is continuous on D, with U(0) = 0, U(z) > 0 and

DU(zx) # 0 for x # 0, and which satisfies the HIB PDE

H(z, DU(x)) = 0,

Then U(z) = Q(c,x) on {U(-) < mingesp U(y)}.

Proof. Fix some z in {U < mingesp U(y)}. Let ¢ be any absolutely continuous
trajectory satisfying ¢(0) = 0, (7)) = x and p(t) € D for all t € [0,7]. As in the

proof of Proposition 1.4.4, for any (x,3) € R? x R? and a € R?,

L(z, ) = (a, B) — H(z, a).

Using ¢(s), ¢(s) and DU (p(s)) in place of z,  and «, and integrating from ¢ to T,
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we obtain

[ Lig(s), p(s))ds >

Thus we find Ip(p) > U(x). Since U(x) < mingesp U(y), there is no advantage in

taking curves ¢ which pass through the boundary 0D, and so Q(z) > U(z).

To complete the proof we must show that Q(z) = U(z) for z € {U(x) <
mingeop U(y)}. To do this, we will construct a trajectory ¢ which achieves the
minimum in the variational definition of @), equation (1.5.1). This is a somewhat
delicate point, since when starting at a rest point it can take an “infinite” amount
of time to leave it with optimal cost. To account for this, we first note that an

equivalent definition of the quasipotential is

Q(c, ) = inf {/ 2 L(p(s),¢(s))ds : o(Th) = c,0(Ts) = x,—00 < T < Ty < oo}

T

Let ¢ be a solution to

p(t) = DaH (p(t), DU(4(1)))

with the terminal condition ¢(73) = x. A solution exists so long as ¢(t) € D since

H is continuous in (x,«) (see for instance [41], Chapter 1). By definition of ¢, U
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and the Legendre-Fenchel transformation, we have

%wapqﬂmewm>

where the last equality follows since H(p(t), DU(p(t))) = 0 so long as ¢(t) € D.
The local rate must be positive, since L(z, 3) = 0 if and only if 8 = D,H(x,0). In
particular, U decreases for decreasing ¢, and since U(z) < minyepp it must be that
@(t) < mingepp for all ¢ € [T, T3], and hence ¢(t) € D for all such ¢. More can be
said: if it were not the case that U(¢(t)) = ¢ for some T} < T3 (allowing for the
possibility that 7} = —o0), then U(g(t)) stays outside a neighbourhood of {c} and
we have (d/dt)U(¢(t)) = L(p(t),¢(t)) > const > 0 for some constant. This would

contradict the finiteness of U(p(t)) as t — —oo.

It remains only to verify that the trajectory ¢ achieves the desired minimum.

Indeed, we have

| mew. sy = [ L0t

T1 Tl

= U(p(T2)) — U(p(Th)) = U(x).

Such a trajectory can be realized as a trajectory on [0,00), and so the Theorem is

proved. O

The quasipotential can be used to construct a time-independent subsolution in

the sense of Definition 1.4.6 as follows.

Lemma 1.5.5. For any constant ¢ < inf,¢p Q(z), V(z) = —Q(z)+c is a subsolution
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in the sense of Definition 1.4.6.

Proof. First consider the case x ¢ D. Note that the infimum of ¢ on the boundary
of D agrees with its infimum on the complement of D, since the positivity of L(z, f)
ensures that any point in D¢ cannot have lower cost than a point in D. If ¢ <
inf,¢p Q(x), then for x ¢ D, ¢ — Q(r) < 0 and therefore ¢ — Q(x) satisfies the

boundary condition.

For x € D, observe that Definition 1.4.6 for the choice V(z) = —Q(x) + ¢ is

equivalent to

—Qlz) < inf {Ir(p) — Q(p(T))}.

©(0)=z;0(T)¢D;p(s)€D,s€(0,T), T <00

If we temporarily assume the infimum is achieved and write Q(¢(7)) < Q(x)+Ir(p),
we can heuristically interpret this as saying that the cost to exit starting at 0 must

be less than the cost to go from 0 to z and then exit starting from x.

To make this heuristic precise, we note that Q(x,y) < Ir(p) whenever ¢(0) =
z,o(T) = y. Let ¢ be any function appearing in the characterization of the subso-
lution property, and let y = ¢(7') ¢ D. It follows from the definition of @) and a

standard dynamic programming argument that for any z,vy, 2 € R?

Q(z,y) < Q(z,2) + Q(x,y). (1.5.3)

Rearranging gives
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Letting z = 0 and using Q(z,y) < Ir(¢) when ¢(0) = z, o(T) =y, we have
V() <V(y) + Ir(p)-

Since y ¢ D implies V (y) < 0 it follows that V(x) < Ir(p). Since ¢ is any function

appearing in the definition of a subsolution, (1.4.3) holds, i.e., V is a subsolution. [J

1.5.3.1 One-dimensional systems

Owing to Theorem 1.5.4, it is possible to identify the quasipotential on an appropriate
neighbourhood of a stable steady state by solving a partial differential equation which
depends on the quasipotential only through its gradient. In the one-dimensional case
any function has a potential and it is straightforward to identify the quasipotential
having only gradient information. This section fleshes out the details of such a

construction.

Remark. The results of this section will only be used in Chapter 3, where we denote
the second variable of the Hamiltonian by p rather than a. We will also use p instead

of « in this section.

Corollary 1.5.6. Consider a one-dimensional domain D = (a,b) C R which con-
tains a single steady state ¢ € D and assume c is stable. Let p(x) be a continuous
increasing function with its unique zero at x = ¢ and which satisfies H(x,p(z)) = 0

for allx € D. Then
Ue) = [ plo)dy (15.4)

satisfies the conditions of Theorem 1.5.4 and U(z) = Q(c, ) for all x € D.

Proof. First we verify the conditions of Theorem 1.5.4. Since p(z) is continuous on
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D, U(x) is continuously differentiable on D and continuous on the closure of D.
From (3.2.6), we have DU(z) = p(x), whence H(x,DU(z)) = 0 for all x € D, as
well as U(c) = 0. Since p is increasing and has its unique zero at x = ¢, p(z) be
positive for z > ¢ and negative for x < ¢. Thus, for x € D\ {c}, U(z) is positive
and DU (x) # 0. We must also have DU(c) = p(c) = 0. Thus U satisfies all the

conditions of Theorem 1.5.4.

It only remains to show that in fact U(x) = Q(c, z) for all x € D, rather than only
for z € {x : U(z) < mingepp U(y)}. This constraint is used in the proof of Theorem
1.5.4 while establishing the inequality Q(c,xz) > U(zx) to restrict the infimization
problem in the quasipotential to curves which lie entirely within D. In the present
one-dimensional case it is clear this argument extends to all z € D. Indeed, suppose
that D = (a,b), U(a) < U(b), and = > ¢. Any trajectory {¢(),[0,7T]} which leads
from ¢ to x at time T' can be assumed without loss of generality to satisfy ¢(t) > ¢
for all t € [0,7]. Indeed, let 7 = sup{t > 0 : p(¢t) < ¢}. We must have 7 < T since
o(T') = x. Setting ¢(t) = p(t + 7) produces a path ¢ with lower cost which satisfies
o(T —7) = z and ¢(0) = c. A similar argument can be applied to the case x < c.

This establishes that (3.2.6) defines the quasipotential on the whole domain. O

Next we show that such a function p always exists.

Lemma 1.5.7. Let H(xz,p) : Ry x R — R be continuously differentiable, strictly
convex in p for each fized x, and which satisfies H(x,0) = 0 for all v € R_+. Let
c >0 be a stable steady state and let D denote its domain of attraction. Then there

s a continuous function p : D — R which satisfies the conditions of Corollary 1.5.6.

Proof. Let B denote the domain of attraction of the stable steady state c. We first

show that for any € B\ {c} there is a unique p(z) # 0 such that H(z,p(x)) = 0.
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We then prove that {p(z) : € B} is a continuous curve which passes through (¢, 0).

Let x € B\{c} and suppose without loss of generality that = < ¢; the case x > cis
similar. Since any point in B is attracted to ¢ we must have D,H (z,0) = ®(x) > 0.
Since H is continuously differentiable in (z,p), there must be p’ < 0 such that
H(z,p") < 0. For each fixed x € Ry the function p — H(z,p) is strictly convex,
so we must have H(x,p) — oo as p — +oo. By the intermediate value theorem
applied to some p” > p’ for which H(z,p") > 0, there is p(z) < p’ for which
H(z,p(z)) = 0. Moreover, the convexity of H(x,-) implies that there are at most
two roots to H(xz,p) = 0. Since H(z,0) = 0 for all x € Ry, p(x) is the only other

root and is therefore the unique p which satisfies p # 0 and H(z,p) = 0.

Now set p(c) = 0. It remains to show that p(z) is continuous. We first establish
continuity on D\ {c}. We claim that for € D\{c}, we must have D,H (x,p(x)) # 0.
Since H (z, -) is strictly convex, D, H(x,p(x)) = 0 would imply p(x) is the global min-
imum of H, and since p(z) # 0 we must have H(z,0) > 0, a contradiction to the
assumptions on H. Fix any particular 2’ € D \ {c} and set p’ = p(2’). Then
D,H(x,p(x)) # 0, and by continuity of D,H, the inequality holds on a neighbour-
hood of (z/,p'). By the implicit function theorem, there is a neighbourhood E of 2’
and a continuous function g : ER such that g(2’) = p’ and H(z, g(x)) = 0 for all
x € E. The uniqueness of p(x) established above implies that in fact g(z) = p(z) and
hence that p is continuous on E. Since ' € D \ {c¢} was arbitrary, this establishes

the uniqueness of p on D\ {c}.

Finally, since D,H(c,0) = 0 and H(c,0) = 0, the strict convexity of H(c,-)
implies that p = 0 is the unique global minimum of H(c,-) and that there exist no

other roots. Consequently, we must have p(z) — 0 whenever x — ¢, since continuity

of H implies 0 = lim,_,. H(z, p(x)) = H(c, p(c)).
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1.5.4 Relation to Lyapunov functions

Since the quasipotential provides a measure of the “cost” to move away from a stable
steady state, it is natural to ask whether it can serve as a Lyapunov function for
the noiseless dynamics (Definition 1.3.8). The answer is affirmative, and this fact
is implicit in many Freidlin-Wentzell style arguments. In this section we provide
some of the details. A much deeper (and related) result is that relative entropy is a
Lyapunov function for the Kolmogorov forward equation associated to the prelimit
Markov process, and the fact that the quasipotential is a Lyapunov function can be
seen as a “double limit” version of this result, where both the number of particles

and the time horizon are sent to infinity; see [23, 8] for further details.

Definition 1.5.8. A (strict) Lyapunov function for the system & = b(x) is a function

U :R%Y — [0, 00) such that U(z) = 0 if 2 = ¢ and U(x) > 0 otherwise, which satisfies

d
ZU((t) <0

for x(t) # c.

It is straightforward to show that if a steady state ¢ admits a strict Lyapunov

function, then it is stable in the sense of Definition 1.5.1.

Proposition 1.5.9. Consider a Hamiltonian H, and suppose that ¢ is a stable steady
state for the noiseless dynamics & = Do H(x,0). Let D denote the domain of attrac-
tion of ¢, so that in particular c is the unique steady state in D. Let x(t) satisfy the
noiseless dynamics & = Do H (x,0) with x(0) € D, and let Q(x) = Q(c,x) denote the
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quasipotential relative to c. Then

d
EQ(:U) <0, z#c

and @ is a Lyapunov function for the system @ = D, H (z,0).

Proof. First, note that Q(c) = 0 and Q(z) > 0 for all x # ¢, since there is a unique
b(x) such that L(z,b(x)) = 0 and since ¢ is assumed to be a stable steady state, we

have b(c) = 0.

It remains only to show that Q(z(t + h)) — Q(z(t)) < 0 for all £ > 0 and h > 0.
Let € > 0 be arbitrary and let 7' < oo and ¢ € AC([0,77]) be such that ¢(0) = 0,
o(T) = z(t), and I7(p) < Q(x(t))+¢e. Define a new trajectory ¥ by concatenating it
with ¢ on [0, 7] and with the trajectory {x(s) : s € [t,t+h|} on (T, T +h]. Since z(-)
follows the noiseless dynamics it has zero cost and Ir(¢) = Ip(p). Since (0) =0
and (T + h) = z(t + h), it follows that Q(x(t + h)) < Q(z(t)) + &. Since € > 0 was

arbitrary, Q(z(t + h)) < Q(z(t)).

To rule out the case of equality, note that if there are t > 0 and h > 0 such that
Q(z(t+ h)) = Q(z(t)), then by the mean value theorem there is & € (¢,t + h) such
that DQ(z(£)) - ©(£)h = 0. Since c is the unique stable steady state in D, @(§) # 0
and DQ(z(£)) # 0 unless z(§) = ¢. Thus equality cannot hold unless x = ¢. The

proof is complete. []
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2.1 Introduction

This chapter studies an algorithm for the estimation of rare event probabilities of

the form
P(X"(t) ¢ D, for somet € [0,7]) or P(X"(T)¢ D), n>1 (2.1.1)

where D C R? is an open set satisfying appropriate conditions, and { X"} is a Markov
process given by

1
Xipn =X + ﬁvi(Xi"), Xy =1zo,n > 1. (2.1.2)

We will place conditions on the i.i.d. vector fields v;(-) which ensure {X"} satisfies

some form of large or moderate deviations principle with a rate function I and speed

r(n).

We will largely call these escape problems and the probabilities in (2.1.1) the es-
cape probabilities. Of course, one could equivalently consider estimating the “hitting

time” of the complement of the set D.

The outline of the Chapter is as follows. We first discuss in Section 2.1.1 the
general computational obstacle that rare event simulation techniques seek to over-
come and in Section 2.1.2 we describe the general idea of splitting. In Section 2.1.3
we define a specific variant of splitting known as RESTART; Section 2.1.5 defines
notions of performance and asymptotic optimality; Section 2.1.4 relates these no-
tions of performance to the subsolution property from Section 1.4.2 in the previous
chapter. Finally, Section 2.1.6 describes upper bounds on the second moment of
the RESTART algorithm which will be used in the later sections of this chapter to

establish asymptotic performance bounds on RESTART.
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Section 2.2 analyzes the use of time-independent subsolutions for the problem
of escape over a long time interval. When a uniform large deviations principle is
available, the process can be allowed to escape a domain D over increasingly long time
intervals [0, T'(n)], where T'(n) grows polynomially with n. We establish conditions

under which notions of asymptotic optimality from Section 2.1.5 hold.

When a large deviations principle is not available, or the subsolutions are too dif-
ficult to construct, one can instead resort to moderate deviations for events which are
not “too rare”. The moderate deviations scaling amounts to a quadratic expansion
of the cost around the law of large numbers dynamics. In Section 2.3 we establish

optimality results for the splitting algorithm in the moderate deviations framework.

2.1.1 The problem of estimating rare events

It is insightful to start with the question of whether or not a brute force method
might be “good enough” for estimating probabilities of rare events. In the present
context, the de facto brute force method is Monte Carlo simulation: one generates
independent trials of an event and computes the success rate. Such a method, which
we call standard Monte Carlo is hopeless for estimating rare events when the LDP
scaling parameter n becomes sufficiently large. This is due to the rapid exponential
decay of the probabilities and the comparatively weak rate decay of the variance of

the average, which goes only inversely proportional to n.

To illustrate, suppose we are interested in estimating p’} = P, (X" € A) for

some A C D([0,7T]). Suppose X7,..., X} are independent samples, all with the
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same distribution as X", and consider the standard Monte Carlo estimator

MC;—Z1A (X7).

Assume that {X"} satisfies a large deviations principle with rate function I(-). If

I(A) >0, then P(X" € A) ~ e ™) as n — co. The variance of the estimator is

(]l — po
Var(fic) = 7= Z\/ar La(X™)) = w.

Hence, the relative error is

Var(éf\l/[c) N 1
P Kply

In order to obtain a bounded relative error, the number K of samples must grow

exponentially as n increases, which is infeasible in practice.

The relatively high variance of the estimator Oric is due to the 0 or 1 nature of its
summands 14(+). An ideal estimator would give the correct estimate p’y every time,
and a “good” estimator would return values close to the estimate p’j as frequently as
possible. For n > 1 large the summands of the Monte Carlo estimator return values
of 0 all but an exponentially small number of times, and the only non-zero values

returned are 1.

2.1.2 Multi-level splitting

The basic premise of splitting algorithms in the context of estimating event prob-

abilities associated to a process {X;,i > 0} is to evolve particles according to the
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law of {X;} and split the weight of a particle at times where it seems more likely
the event of interest will occur. As mentioned previously, we will focus on escape
probabilities for which the trajectory is more likely to be within a specific region
over a time interval or at a specific time, and we wish to estimate the probability

that it deviates from this typical behavior.

A splitting algorithm is by nature a branching process; in splitting, the branch-
ing locations are called thresholds. The standard implementation of the algorithm
specifies the thresholds as a sequence of sets Cy C --- C C'; which can be subsets
of R? or [0, 7] x R%. The temporal information is relevant when escape must occur
at a specific time 7' rather than any time ¢ € [0,7]. The algorithm also specifies
a splitting rate, which we take to be fixed across the thresholds and which will be
denoted by R.

In the standard version of multi-level splitting, a single particle is started at an
initial location xy € C;\ C;_; and evolved until either the terminal time 7" is reached
or, if allowed, escape has occurred prior to time T'. If a particle ends up in Cj then it
has escaped, though escape may be possible at a higher threshold. When a particle
enters a set C;, 0 < j < J for the first time, it produces R—1 offspring which are then
evolved independently along with the original particle. The R resulting trajectories
are identically distributed and conditionally independent given the splitting time

and location. Figure 2.1 shows a sample of the resulting branching process.

While splitting can certainly decrease the variance of the underlying estimator,
the design of the thresholds is critical to good performance. There are at least two
ways the method can exhibit poor behavior. Perhaps the most important is that the
branching process could be supercritical, i.e., R is too large relative to the spacing

of the C}’s and exponentially many particles are generated. The second is that there
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Figure 2.1: A sample trajectory of a process {X;,i > 0} and two splitting events
with a splitting rate R = 3.

could be high variance of the weights, which could be due to particles exiting at
different regions of D or too many simulations which produce no particles that end
up exiting D. Both of these issues will be resolved by an appropriately constructed
importance function, which is a function that specifies the location of the thresholds,

and this importance function will end up being based on a subsolution; see Section

2.14.

There is another important pitfall which is more computational in nature. In the
context of escape problems, the probability of escape decays exponentially with the
LDP scaling parameter n, and the limiting trajectories X (¢) = lim,,_,o, X" () never
escape. For large (but finite) n, particles typically do not escape and much com-
putational effort is spent simulating trajectories which end up in a higher threshold

than the one they were created in. These particles ultimately contribute only a zero
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value to the final estimate. The RESTART algorithm is a variant of the splitting

algorithm which limits this computational cost.

2.1.3 RESTART Splitting algorithm

The computational issue raised in the context of escaping a domain D is that ordinary
splitting methods spend time evolving trajectories which contribute only a value of
0 to the final estimate. The same contribution could be obtained by simply stopping
the simulation of a trajectory if it does not look “promising”. The idea of the
RESTART algorithm (Repetitive Simulation Trials After Reaching Thresholds) is to
discard particles which go above the threshold in which they were created. In order
to ensure unbiasedness of the estimate, particles are split every time they cross into

a higher threshold. The proof of unbiasedness is not trivial and can be found in [19].

The RESTART algorithm is formulated in terms of an importance function which
determines the thresholds C}, and the importance function may or may not be time-
dependent. The algorithm will be formulated in terms of a time-independent im-
portance function U(z) and the definitions can be extended to the time-dependent
case by viewing time as a spatial variable, i.e. z = (t,y) € [0,T] x R? C R In
both the time-dependent and time-independent cases, the importance functions will
be based on an associated HJB PDE. For the remainder of the section, we focus on

the time-independent case.

An importance function is a bounded continuous function U : R? — R. Only the
relative values of U(z) at different points matter, and so we assume for simplicity
that U(xz) > 0. To guarantee this assumption, we will later see that U(x) will be an

appropriately chosen additive shift and scaling of the subsolution V' (z).



37

The splitting thresholds are based on closed sets Cj, for 0 < j < J —

1=[U(0)/A] — 1, which are defined by

C;={reD:U(x) <jA}, (2.1.3)

and C; = D, where A = log(R). We define the function o(z) = j when z € C;\C}_;.

We define a piecewise constant approximation to the importance function U by

U(ZE) = jA, for x € Cj \ Cj_l,

for 0 < j < J, where C_; = () by convention.

Splitting occurs whenever a threshold with a lower index is entered. It may
happen that several thresholds are crossed at one step, even though this is unlikely.
In that case, it is important to know which killing thresholds to assign to the newly
created particles. As in [19], we let ¢(j, k) be the number of new thresholds that
are given killing threshold ¢, assuming the particle moves from =z € C; \ Cj_; to

IECk\Ck_l fOl“]{J<j.

Suppose we have a splitting rate R, i.e., the number of descendants from each
particle is R—1 when crossing one threshold. If the particle moves from x € C;\C;_,

to x € Cy \ Cx_1 we define

0 it j <k,
QE<.]JI€):
(R—1)RI ifk<j—landk<(<j—1

Before defining the estimator and the RESTART algorithm, we need to introduce
some more notation. Let IV; be the number of particles at time 4, Z; ; the position of

the j™ particle at time i, C;; the current threshold of the j™ particle at time i and
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K; ; the killing threshold of the j** particle at time i. We define the unnormalized

empirical measure 0z, by
N;
6Zi = § 5Z¢,j7
j=1

and the estimator v then equals

= Z/ 1pe()e?@=-UO5, (dx). (2.1.4)

i—0 /R?

Note that the weight exp(U(z) — U(0)) in (2.1.4) equals R~/ when z € D; =
C;\ C;_1. The state-dependence of 1pe(z)e?@=U0) in (2.1.4) is to account for the

fact that the process can exit D at different thresholds.

The RESTART Algorithm can be found in Algorithm 1, and can also be found
in e.g. [17] and [19]. Note that the pseudocode represents a “parallel” version of
the algorithm, since the particles for a given threshold are split and then simulated
until it is terminated, which occurs when the particle reaches the next threshold, the
target set, or is killed. One could also implement a “sequential” version in which a
particle is simulated until it either reaches the target set or is killed, while recording
the times and locations of splitting. Once the particle is terminated, the algorithm
returns to the highest threshold for which particles remain to be simulated and starts

anew.

We also remark that RESTART is particularly appropriate for the problem of
estimating escape from a domain over a long time interval. This is captured in

the problem of Section 2.2, where the simulation is over increasing time intervals
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[0,T'(n)], where n is the LDP parameter.

Initialization;

No=1,2p,=0,Co1=J,Kpp=J,7v=0,1=0;

while N; # 0 do

Niy = 0;

for j=1,...,N; do

If the particle did not reach the boundary;

if Z,; € D then

Generate dummy variable Y; ; according to the law of X 1;

If the particle is not killed;
if 0(Y;;) < K, j then
Niz1 = Nip1 + 1;
Zz’+1,Ni+1 = Yi,j;
Ci+1,Ni+1 = U(Y;,j);
Ki+1,Ni+1 = Ki,j;

If the particle needs to be branched;
if o(Y; ;) < C;; then
for k=1,...,J do
for (=1,...q,(Ci;,0(Y;;)) do
Nit1 = Nip1 + 1;
Zixi,Ng ., = Yig;
Citing, =0(Yij);
Kz’+1,NiJrl = k;

end

end
end

end
end

If the particle reached the boundary;

|y =+ el E);
end
end
1=1i+1;
end
v =e V0

Algorithm 1: RESTART Algorithm
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2.1.4 Subsolutions as importance functions

The proposed method for generating importance functions is through a function V'
which will satisfy a subsolution property associated to the underlying dynamics of
the sequence of processes {X"}. We recall the main assumption that {X™} satisfies

an LDP with rate function I and speed r(n).

To motivate the use of a subsolution, one can ask what kind of properties one
seeks in a general importance function U. Recall that U specifies the splitting thresh-
olds via (2.1.3). If U decreases too slowly then splitting occurs infrequently and the
scheme is not very helpful, while if U decreases too rapidly then splitting occurs too
often and there is an exponential growth in the number of particles, which makes

the scheme impossible to simulate.

Let 7; denote the entrance distribution on the threshold Cj, and let p denote
the probability of a particle distributed according to 7; reaching C;_; before being
killed. Out of R independent particles distributed according to m;, we expect Rp
particles to make it to C;_1, so choosing Rp < 1 avoids an explosion in the number
of particles. When X" satisfies a large deviations principle, for fixed n > 1 we
have the heuristic approximation p ~ e~"™17(%i) where @, is a trajectory satisfying
©;(0) € 0C; and ¢;(T") € C;_; with minimal cost. If we scale the splitting rate as
R = ¢"™A then we want e"MA-7(WIr(%;)) < 1. The definition of threshold implies
U(p;(0)) = U(p;(T)) =~ A. Taking logarithms in Rp < 1 and dividing by r(n), we
obtain

U(p;(0)) = U(pi(T)) < Ir(wj).

This rough estimate conveys why subsolutions as defined in Definition 1.4.6 may

be appropriate importance functions. It also suggests the appropriate scaling of
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thresholds which are introduced below.

We introduce the objects associated with the splitting scheme with an appropriate
n-dependent scaling in the time-dependent and time-independent cases. In both
cases, we require the speed r(n) of the associated large deviations principle and
the splitting rate R > 1 which determines A = log(R) and the scaled quantity
A, =A/r(n).

2.1.4.1 Time-independent subsolutions

We consider the problem of estimating
P, (X"(t) ¢ D, for some t € [0,T]),z¢ € D

using a time-independent subsolution. In principle, one could also use a time-
dependent subsolution for the same problem, but these can be difficult to construct
even in a one dimensional setting, and we shall see that time-independent subsolu-

tions are suitable when the time interval [0, 7] is large.

The appropriate definition of a weak-sense, time-independent subsolution for this
problem is the one from Definition 1.4.6: a continuous function V : R — R is a

subsolution if it is bounded below and

0(0)=z;0(T)¢D;p(s)ED,s€

V(z) < inf 01 T {/o L(p(s),p(s))ds + V(g&(T))} , (2.1.5)

for all z € D, and V(z) <0 for z ¢ D.
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Given a subsolution V', we define the thresholds as follows:

Cl={x:V(0)=V(x) > (J"—jA,},

J

for j =0,...,J" where J" is the smallest positive integer such that J"A, > V(0) —
V(z) for all z € D. For any subsolution V, J"A, approximates the maximum of
V(0) — V(z) on D:

J"A, — M = max{V(0) — V(z)}. (2.1.6)

zeD

For simplicity we define the difference sets D7 = C7 \ C}',, where C™; = ) by

convention.

The n-dependent piecewise continuous importance functions associated to a sub-
solution V will be denoted by U™, but we will speak of the splitting scheme associated

to V. For € R? the piecewise constant function U is defined by
— Jn
U (x) =Y jAnlpn(x). (2.1.7)
=0

For ease of notation we write U;‘ = U"(x) for x € D7}. Observe that for z € D}, we

have by (2.1.6) and (2.1.7)

07 () — U™(0) — (V(z) — V(0))] < An. (2.1.8)

Thus, the differences U"(z)—U"(y) converge uniformly to the differences V (z)—V (y)

as n — 0.

Roughly speaking, the quality of a subsolution is determined by how closely it

approximates the corresponding calculus of variations problem, which will be com-
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monly referred to as the “cost to exit D” starting at a given point. More precisely,

define the function W : R — [0, 00) by
W(z) = inf {I7(¢) : ¢(0) = z,9(T) ¢ D, T < oo}, (2.1.9)

for # € D and W (x) = 0 otherwise. Note that a subsolution V' is never greater than
W. Tt will turn out that, if V(zy) = W (z), then the scheme is optimal in a specific

sense described in Definition 2.1.2

It turns out that we can make a particularly convenient choice of subsolution
which is appropriate for the problem of escape from D over a long time interval
when D contains a unique stable equilibrium in the sense of Definition 1.5.1. For
convenience, we take this unique equilibrium point to be 0 € D. We recall the notion
of the quasipotential from Definition 1.5.2, which is the function @ : R?xR? — [0, o0]

defined for y, z € R? by

o= ow A TL(so(s),@(s))ds}.

©(0)=y,p(T)==z,T <00

where the infimum is over all absolutely continuous trajectories. The quasipotential

with respect to the unique attracting point 0 is Q(x) = Q(0, ).

We will later place conditions on () which guarantee that () is continuous and
Q(x) < oo for x € D; see Condition 2.2.2. It follows from the definitions of () and
W that

min Q(x) = W(0). (2.1.10)

x€0D

From Lemma 1.5.5 that the negative of the quasipotential is always a subsolution,
and —Q(x) + c is a subsolution so long as ¢ < inf,¢p Q(z). Figure 2.2 gives an

illustration of choosing the subsolution as the negative of the quasipotential plus a
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A 4 N

Figure 2.2: Left figure: The quasipotential Q(z) for a simple one-dimensional do-
main, and V(z) = —Q(x) + mingeop Q(x). Right figure: The dashed level lines
indicate a spacing of A, starting from V(0) = JA. The shaded region indicates the

set of x € Cy_y = {2 :V(0) = V(z) > A}.

constant, and this can be interpreted as follows. Q(z) provides a lower bound on
the cost of going from 0 to x, while a subsolution provides a lower bound on the
cost to exit starting at x. If we were to choose the point z on the boundary which
minimizes Q(z), we would obtain a lower bound on the cost to escape starting at 0.
Every other point in D can be related to the origin by the dynamic programming

inequality (1.5.3).

We denote the minimum cost to exit via

g = Lrélg Q(x),

and we remark that continuity of ) implies

CQ = min Q(z).

The constant cg will be referred to a few times in the rest of the section, but we
emphasize that it plays no role in the determination of the RESTART algorithm
since the thresholds are determined by differences of the subsolution. Rather, we

will see that the optimality of a subsolution V is determined by whether or not
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V(O) = CQ.

A final remark is that while we only consider estimating probabilities in this
thesis, one could very well consider the estimation of so-called “risk-sensitive func-

—nB(X"(p")))

tionals” of the form E,[e Lipn<r(n)y), where F' : RY — [0, 00) is measur-

able. The same notion of subsolution would yield asymptotically optimal estimators,
though one would have to appropriately modify the boundary conditions. For more

information, see e.g. [18] and [21].

2.1.4.2 Time-dependent subsolutions

We will consider the problem of estimating
Py (X"(T') ¢ D)
using a time-dependent subsolution.

The appropriate definition of a weak-sense, time-dependent suboslution for this
problem is the one from Definition 1.4.3: a continuous function V : [0,T] x R? — R

is a subsolution if it is bounded below and

V(ty) < infT)iD{ /t L(gp(s),gb(s))derV(T,go(T))}. (2.1.11)

o(t)=y,p(

The corresponding thresholds are

Cl={(t,y) € [0, T] x R*: V(0,0) = V(t,y) > (J" — j)An}, (2.1.12)
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and we define the difference sets D} = C7\ C}_, for j = 0,...,J", where J" is the
smallest positive integer such that J"A,, > V(0,0)—V (¢,y) for all (t,y) € [0, T] xR
As in Section 2.1.4.1

M = lim J"A,. (2.1.13)

n—oo

We denote the associated n-dependent piecewise continuous importance function by

V™ and we define it as

Jn
V' (ty) =D jAnlpn(t,y). (2.1.14)
=0

Observe that for (t,y) € D}, we have
V™ (t,y) — V"™(0,0) — (V(t,y) — V(0,0)| < A,. (2.1.15)

Thus, the differences V"(t,y) — V™(0,0) converge uniformly to the differences

V(t,y) — V(0,0) as n — oo.

2.1.5 Performance measures and the rare event setting

In this section we discuss performance measures for unbiased estimators of rare events
associated to a sequence of processes { X", n > 1} with X € D([0,T]) which satisfy

a large deviations principle with rate function I and speed r(n).

Let A € D([0,T]) be measurable and suppose that I(A) > 0. Throughout, we
will assume that A is an I-continuity set, i.e. I(A) = I(A°). This is not necessary
and simply ensures that certain limits exist, which simplifies some definitions. Let
0" be an unbiased estimator of P(X™ € A) so that E[6"] = P(X™ € A). A natural

performance measure used to judge the quality of an estimator is its variance. If

we restrict to unbiased estimators, then minimizing the variance is equivalent to
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minimizing the second moment.

Given an estimator 6, let S (é) denote its second moment,
S(0™) = E[(6™)], (2.1.16)

and note that by Jensen’s inequality,

~

SO") > 2P(X" € A).
Owing to the large deviations scaling of the escape probability, it is convenient to

frame the minimization of the second moment as the maximization of the scaled

quantity —r(n)~!log S"(V'). The large deviation principle then implies

lim sup ——— log S(6") < 21(A). (2.1.17)

n—00 r(n)

This will be the main quantity of interest for us.

Definition 2.1.1. The decay rate of an unbiased estimator on is given by

1 ~
lim inf ——— log S(0").

e r(n)

Observe that (2.1.17) places an upper bound on the decay rate of any unbiased
estimator: it can be no better than twice the decay rate of the probability. When

this upper bound is achieved, we say that the estimator is asymptotically optimal.

Definition 2.1.2. Fix 7" > 0 and A C D([0,7]) be measurable. An estimator is

said to be asymptotically optimal for the problem of estimating P, (X" € A) if

log S(6") > 21(A). (2.1.18)

lim inf —L
n—oo  1(n)
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The notion of optimality is a little subtle, however, when the time intervals [0, T']
are allowed to depend on the large deviations scaling parameter n. As discussed
in Section 2.2.3, asymptotic optimality of an estimator over fixed time intervals
[0, T'] does not imply the optimality over time intervals [0, 7'(n)] when T'(n) increases
polynomially with n. For this reason we provide a few definitions of asymptotic opti-
mality below depending on the problem of interest. Another issue to consider is the
computational expense of simulating the many trajectories of a splitting algorithm.
Indeed, if exponentially many particles are created for a single run of a splitting
algorithm, the comparison with standard Monte Carlo is unfair. We address this

point now by introducing the notion of work and “work-normalized”-error.

Let N denote the number of particles at time ¢, where N; is defined for the
unscaled algorithm in Section 2.1.3. The work of a single run of RESTART is the

quantity

w' =Y NP (2.1.19)
i=1
The work-normalized error is given by (see [38])

1, S(0MEo[wn
lim —log ————.
e 0 P (X7 € A

Once again by Jensen’s inequality,
1

> —log E[w"].
n

It has been shown in [19], Theorem 5.7, that over finite time intervals the RESTART
scheme does subexponential work when based on a subsolution. That is, when the
simulation occurs over a time interval [0, 77,

1
lim —logEy[w"] = 0.

n—oo N
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An argument similar to the one in [19] shows that the same result holds for work
over increasing time intervals [0,7(n)] when T'(n) is polynomial in n. The work-
normalized error achieves its optimal value of 0 if and only if the work is subexpo-
nential and the scheme is asymptotically optimal in the sense of Definition 2.1.2 (or
Definition 2.2.14 in Section 2.2 when 7" depends on n and A is of a specific form).
Since the work is subexponential when the RESTART scheme is based on a subso-
lution, to demonstrate that the work-normalized error decays to its optimal value of
zero, it suffices to establish asymptotic optimality. In our numerical examples we do

record the work w".

For splitting algorithms in general, the decay rate of the estimator inherently
depends on the importance functions used, which in turn are built using subsolutions.

We introduce the following notation: let 4" = +™(V') denote the RESTART estimator

based on a subsolution V, and let S*(V) = S(y"*(V)) denote the associated pre-

asymptotic decay rate.

2.1.6 RESTART inequalities

We have from Theorem 17.6 in [17] the following pre-asymptotic upper bound for the
second moment of RESTART. The inequality first appeared in [19], Theorem 4.5,
and is presented here in a slightly modified form, i.e. in [19] the RESTART algorithm
is not limited to estimating probabilities and hence their notation is different. The
statement concerns the estimator without explicit dependence on a scaling parameter

n, and so we denote the second moment of the RESTART estimator by S(U).

Theorem 2.1.3. Suppose that A is open, B is closed with ANB = (), Y; is a discrete

time Markov chain, and that the stopping time H = inf{i > 1:Y; € AUB} is almost
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surely finite. Then if U is used to design the splitting scheme, for all yo € (AU B)*

we have

H
S(U) < e_U(yO)EyO ZBU(Ypl)[PYi(YH c B)]2
i=1
+ 6—(7(310)Ey0 |:€_(YH)1B(YH)] ) (2.1.20)

We will apply this theorem to deduce an analogous result for the present situation
of exiting the domain D within some time T'(n). We do so by introducing time as a

state variable and judiciously choosing A and B.

Corollary 2.1.4. For an open domain D, fix some n € N and let p™ = inf{i > 0 :
X ¢ D}. If V is used to determine the importance functions nU™ used to construct
the splitting scheme, we have

nT(n)

SMV) < e MOE, | Y eI [Pya(p" < T(n) — i/n)]?

i=1

e OR, [0 < T(n)}]

Proof. Fix any n > 1 and set A = D x (T'(n),o0) and B = D¢ x [0,T(n)]. Note that
A is open, B is closed and AN B = (). We will apply Theorem 2.1.3 to the Markov
chain Y; = (X?,i/n), with U(z,t) = nU"(x) being the importance function used to
design the splitting scheme. The stopping time H = inf{i > 1:Y; € (AU B)} is

finite almost surely by finiteness of T'(n) for each n > 1.

Given y = (z,k/n) € D x [0,T(n)], P,(Yy € B) is the probability that there is

some ¢ € {k+1,...,nT(n)} for which X" ¢ D, conditioned on X} = x. By the
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Markov property
Py,(Yu € B) = Pxp.im)(p" < T(n) —i/n),

where p™ on the right-hand side above is the first entrance time for the process
started at X*. Applying this observation to the first term in (2.1.20), we obtain
with yo = (0,0)

The inequality follows because H < nT'(n), so one is taking a sum over a larger
number of positive terms. The Markov chain X' is time-homogeneous, so with an

abuse of notation,

Poxg i (0" < T(n) — i/n) = Pxa (0" < T(n) — i/n).

For the second term in (2.1.20), note that

1p(Yy) = 1{p" < T(n)},

and Yy = X ... By again using yo = (0,0) and time-homogeneity of X", we conclude

the proof. O

When we consider the moderate deviations scaling in Section 2.3, we will instead
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consider the problem of estimating
PY™(T) ¢ D7)

for some T < oo and appropriately scaled set D* C R?. We assume that the process
Y™ satisfies an LDP with speed r(n) = a2. We apply Theorem 2.1.3 to the open
set A = (T,00) x D and the closed set B = [T, 00) x (D*)¢ to obtain the following
corollary, the proof of which is entirely analogous to the proof of Corollary 2.1.4 and

is therefore omitted.

Corollary 2.1.5. Let V be a subsolution in the sense of Definition 1.4.3 from Chaper
1 with the appropriate boundary conditions, and let V"(t,y) denote the piecewise
constant importance function generated by V wvia (2.1.7). Recall that S*(V') denotes

the second moment of the estimator 4" when V™ is used to specify the splitting

thresholds. Then

nT
_ —2/Y7((s n o\_Y/ n *
SM(V) < Eo.o Zean (V((i—1)/n, Y1) V(O,O))<Pi/n7yin(YnT ¢ D ))2
=1

2,5

+ Eo 0[€a; (V((an1)/n,YT:‘T_1)f\7(O,0))1Dc (YnnT)]

2.2 Large-deviations based splitting over long time

intervals

Remark. This section is joint work with A. Buijsrogge, a PhD candidate at the

University of Twente.

In this section we study exit probabilities for discrete time stochastic processes,
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where the process escapes from some neighborhood of an attractor prior to a given
time. In contrast to existing work on exit probabilities, see for example [35, 59],
we allow the time by which the process has to exit to grow polynomially with the
large deviations scaling parameter. One motivation for considering this scaling is
that when the time interval is large and the escape probability is small, the prob-
ability closely approximates the inverse of the mean escape time, and in particular
the exponential decay rate for the probability and growth rate for the escape time
coincide. Although one can easily conjecture an expression for the decay rate for
such probabilities, it does not follow from standard sample path large deviation es-
timates, which apply to bounded time intervals. A first contribution is to apply

Freidlin-Wentzell type arguments to rigorously determine the decay rate.

The main focus is on Monte Carlo estimation of the probability using splitting
methods; see e.g. [37]. In rare event simulation the two most commonly used meth-
ods are importance sampling and those based on interacting particles, which include
splitting as a particular case. For a discussion on some of the differences and simi-
larities of importance sampling and splitting we refer to [14]. For both importance
sampling and splitting it turns out that one can design and analyze efficient Monte
Carlo schemes using subsolutions to a Hamilton-Jacobi-Bellman equation that is
naturally associated to the process through the large deviation rate function: see for
example [18, 19, 21]. This method has been successfully applied in various settings,
for example queueing theory [22], and will also be used in the current chapter. How-
ever, it was shown in [16] that importance sampling has some shortcomings when
applied to the problem of estimating probabilities to escape from the neighborhood
of an attractor. For example, when dealing with such problems one is tempted,
owing to the fact that the time interval is large, to consider subsolutions to the

corresponding time independent Hamilton-Jacobi-Bellman equation as the basis for
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algorithm design. It is sometimes the case (e.g., for reversible systems) that useful
subsolutions can be found much more easily for the time independent version. How-
ever, as discussed in [16], since the attractor is inside the interior of the domain of
interest, importance sampling schemes based on such time independent subsolutions
generically degrade as the time interval gets large. We will consider the design of

splitting schemes, and show that no such degradation occurs.

Within the setting of splitting schemes there are those which allow killing to
improve efficiency without introducing bias, with one of the most well known of
such schemes being the RESTART method [63]. As will be discussed later in the
chapter, the improvement in efficiency of RESTART over ordinary splitting increases
in proportion to the time interval, and so in this chapter we focus on this version of
splitting, though the theoretical results can be proved for ordinary splitting as well,

and in fact with simpler proofs.

The outline of the remainder of the section is as follows. In Section 2.2.1 we
introduce the model, state conditions that will hold throughout and develop some
preliminary results. Then in Section 2.2.2 we determine the decay rate for the
probability to escape from a domain within some time 7'(n), where n is the large
deviation parameter and 7'(n) is allowed to grow polynomially in n. In Section 2.1.3

we introduce RESTART and determine the asymptotic decay rate.

2.2.1 Process model

The problem of interest is to estimate exit probabilities of a discrete time process

{X7} from a bounded open set D C R? over a time interval [0, T'(n)]. Previously
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The index n serves a dual purpose: we assume that X" satisfies a large deviations
principle (LDP) with rate n, and we also assume T'(n) — oo as n — oo. We will
require that the LDP be uniform with respect to the initial condition, as characterized

in Definition 2.2.3.

A large class of processes satisfying our assumptions can be obtained from recur-
sive chains of the form

1
XPy = XI 4 —u(XD), (2.2.1)
n

where v;(-) are independent and identically distributed random vectors fields whose
distribution on R? is given by a stochastic kernel u(-|z), * € R? having mean
b(z) and with b(-) Lipschitz continuous. We will use this as a canonical model for
discussion. However, the results will be valid in greater generality, with the key
assumption being that an appropriate uniform LDP is available. This covers models

such as Markov-modulated processes.

The process X" naturally induces a family of probability measures P,, where
P.(X™(0) = z) = 1. We let E,[-] denote the expected value with respect to P,.

Recall the cumulant generating function of the vector fields,

H(z,a) = log/ el (dulz).

R4

We assume that the following conditions are satisfied by H and the stochastic kernel

L.
Condition 2.2.1. 1. For all « € R, we have sup,cga H(z,a) < 00;

2. The map v — p(-|z) is continuous in the topology of weak convergence.

The cumulant generating function H (z, «) is used to define the local rate associ-
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ated to the system (2.2.1) via the Legendre-Fenchel transformation. For (z,8) € R?,

let

L(z,B) = sup{{a, B) — H(z, ) }. (2.2.2)

aeRd
We first formulate conditions on the local rate L. For models of the form (2.2.1),
since L is the Legendre-Fenchel transform of a cumulant generating function it is
automatic that L(z, ) is convex and that there is a unique b(x) such at L(z,b(x)) =0
for each + € R?. We will assume the following properties of L. These can all be
related to properties of the kernel y(-|z) for models of the form (2.2.1), see [17], and

can also apply to other types of models.

Condition 2.2.2. We assume that L : R? x RY — [0,00] satisfies the following

properties:

1. for every compact K C R?, lim._,oo inf ek gj=c L(z, B) = 00;

2. for every x € R there is a unique b(z) such at L(x,b(z)) =0, and b : R? — R?

1s Lipschitz continuous;
3. for every x € R L(x,-) is convex;

4. for every compact set K, there is r > 0 such that L(z,3) < 1/r ifz € K,

1Bl <r.

The most significant of these is the last property, which is used to establish that
the infimum of the rate function (defined below) over the interior and closure of sets
of trajectories coincide. This is not needed, but without it both the statement of

results and their proofs become much more complicated.

To state the LDP for X, it is convenient to interpolate it as a piecewise constant
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process. For fixed T € (0, 00), define
X"t) =X, te(i/n,(t+1)/n],i=0,...,|nT],

where |a] is the integer part of a. We consider X™ as taking values in D([0,7]) =
D([0,T] : RY), with the usual Skorohod topology [29]. We could also have considered
a piecewise linear interpolation that takes values in C([0,7]) = C([0,T] : R?) and
obtain an LDP with the same rate function, but then we would have to justify the
use of the Markov property at only the interpolation times and this seems to us to
lead to a more complicated proof. We will make use of the fact that the Skorokhod
topology on D([0,T1]) relativized to C([0,7T]) coincides with the uniform topology

given by the metric

d(@1, 2) = |lo1 — 02lloe = sup [@1(t) — w2(t)].
0<t<T

We omit the implicit dependence of the metric d on the time interval [0,77] for
notational simplicity, as it will be clear from the context what the interval is. For
any set A C C([0,7]) and ¢ € C(]0,T]), we define d(p, A) = infseca d(p, ¢). For
objects living in R? we use absolute values | - | to denote the standard Euclidean

norm.

The rate function associated with the process X" over the interval [0, 7] is

In(p) = / L(g(s), §(s))ds.

if ¢(t) is absolutely continuous, and I7(¢) = oo otherwise. We phrase the uniform

large deviations principle in terms of level sets of I, which are defined by

D, 7(s) = {p € D([0,T]) : Ir(p) < 5,(0) = z}.
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For the purposes of this section, we use a uniform version of the large deviations

principle, which is taken from [35, p. 74].

Definition 2.2.3 (Uniform large deviations principle). The sequence X" satisfies a

uniform large deviations principle if:

1. the functional Ir is lower semicontinuous on D([0,T7]) and for each T' € [0, 00),

compact K C R? and s < oo, the set U, ®, 7(s) is compact;

2. for any § > 0, v > 0, sy < oo and any compact K C R?, there is N € N such
that

Po (X" = ¢lloe < 8) = exp(=n(lr(d) + 7))
foralln > N, all z € K and all ¢ € &, 7(s0);

3. for any § > 0, v > 0, 5o < oo and any compact K C R?, there exists N € N
such that

Po(d(X", ®ar(s0)) = 0) < exp(—n(s — 7))

foralln > N, s < sgand x € K.

This definition allows us to phrase the final assumption on the process X.

Condition 2.2.4. For each T € (0,00), the sequence {X™,n € N} satisfies the

uniform LDP in Definition 2.2.3 with a rate function I7(p) of the form

In(p) = / Lig(s), §(s))ds,

for some L satisfying Condition 2.2.2.

Having posed all conditions on this process, we are interested in the probability

that this process escapes from a domain D before some time T'(n). We denote the
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first exit time of the process X" from the set D by
p" =inf{t > 0: X"(t) ¢ D}.

We assume that the process exits the set D in finite time with probability 1, i.e. for

all x € D,

P.(p" < o0) = 1.

Condition 2.2.5. We impose the following conditions on the set D C R%:

1. D is a bounded open subset of R%;

2. D satisfies a reqularity condition at all points of its boundary: for any 6 > 0

and p € 9D, there is a point q in the interior of D¢ with |p — q| < J;

3. there is a unique asymptotically stable equilibrium point O € D for the noiseless
dynamics ¢ = b(¢) in the sense of Lyapunov: for any p > 0, there is 6 > 0
such that if |¢p(0) — O] < 6, then |p(t) — O] < u for all t > 0. Without loss of

generality, we take the unique equilibrium point O to be the origin 0 € RY.

The assumption that D is bounded is not necessary for the results on the de-
cay rate of RESTART to hold, since one can always restrict to an appropriately
chosen bounded subset of the domain. Such a generalization is straightforward but

cumbersome and is therefore omitted. With regard to 7'(n) we assume the following.

Condition 2.2.6. T'(n) grows polynomially in n, by which we mean

lim 7T'(n) = oo,

n—oo
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and

1
lim —log7T'(n) = 0.

n—oo M,

Throughout the section many results hold asymptotically as n — oo, and such
statements are proved by establishing appropriate estimates for all n greater than
some threshold value N(-), where (-) represents parameters in the proof. Our con-
vention is to explicitly write this dependence once and thereafter simply write NN.

We do this for all limit statements, not just those involving n.

2.2.1.1 Preliminary results

In this section we will state some results that will be used in Section 2.2.2 to estimate
the rate of decay of the exit probability from D by some time T'(n). The proofs of
the lemmas in this section follow more or less directly from the conditions that were

presented in Section 2.2.1 and hence these proofs can be found in Section 2.2.4.

The uniform bound on the cumulant generating function H(z,«) allows us to
establish an asymptotic bound on the maximum jump size of the process, which is

the content of Lemma 2.2.7.

Lemma 2.2.7. Assume Condition 2.2.1. Then for all § > 0,

1
lim sup sup — log P, ( max | X\, — X]'| > 5) = —00.

n—oo gcRd 0<i<nT'(n)

Recall the definition of W (-) from (2.1.9),

W () = inf {Ir(0) : 9(0) = 2, p(T) ¢ D,T < oo} .



61

The function W (-) has the following properties.

Lemma 2.2.8. Under Condition 2.2.2, the function W (-) satisfies

1. W(-) is continuous on D,

2. for every x € D, W(z) < W(0).

The last lemma in this section gives an upper bound on the probability that the
process does not enter the p-neighborhood of the origin within some finite time T,
starting at some point x that is not in the p-neighborhood of the origin. The proof

of this lemma can be found in [35], Lemma 2.2 in Chapter 4.

Lemma 2.2.9. For any p > 0 and any M < oo, there are T < oo and N < oo such

that any trajectory starting at x ¢ £, = {x : |z| < p} satisfies
P (X"(t) ¢ E,0<t<T)<e ™,

for alln > N.

2.2.2 Long time estimates

The main result of this section is the following estimate.

Theorem 2.2.10. Suppose Conditions 2.2.1, 2.2.2, 2.2.4, 2.2.5 and 2.2.6 are met.

Then for any x € D we have

lim ~ log P, (5" < T(n)) = — W (x). (2.2.3)

n—oo M,



62

Since T'(n) — oo, this is not covered by an LDP of the form in Definition 2.2.3,
and in fact requires a Freidlin-Wentzell analysis appropriate for large time prob-
lems as in [35]. The proof is divided into upper and lower bounds for the decay of
P.(p" < T(n)). We start with the upper bound when the process starts in a small

neighborhood of the attracting point 0.

Lemma 2.2.11. Assume the conditions of Theorem 2.2.10 are met. For any e > 0,

there is a > 0 and N < oo such that for alln > N and ally € £, = {z : |z| < p},

Llog B (p" < T(n)) < ~TW(y) + = (2.2.4)

Proof. Let ¢ > 0. The function y — W (y) is continuous on D by Lemma 2.2.8,
hence uniformly continuous on any closed neighborhood of 0. For the given ¢ > 0,

there is p > 0 such that
\W(z) —W(y)| <e/8 whenever |z —y| < 2pu. (2.2.5)

We choose such a > 0 and any n € (0, /2). We also assume g small enough that
&u/2 C D. Both p and 7 will remain fixed for the rest of the proof. For readability

we have divided the proof in 5 steps.
Step 1. A priori estimates.
Define the sets

o= {z:p—n<|fo) < pl,

: f [
]

We will choose a time 77 such that the probability that the process does not enter the
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i/ 2-neighborhood of the attracting point 0 is superexponentially small. By Lemma
2.2.9, there are T7(u) and Np(p) such that 7> T} and n > N; together imply, for

any z € D\ &,/2, that

P (X"(t) € D\ Eupa,t € [0,Th]) < e "VHD, (2.2.6)
where
W = inf W(x).
xEFZ

Without loss of generality, we may assume that W > ¢.

We claim there is §(¢) > 0 such that any path ¢ which satisfies ¢(0) € T} and

©(t) ¢ D for some t € [0,T}] also satisfies
d(p, @), (W —€/4)) 2 6 > 0.

If not, for any & > 0 we could find a path ¢° with ¢°(0) € I and ¢°(t,) ¢ D for some
t. €[0,T], and d(¢®, @50y 1, (W —€/4)) < 6. By Lemma 2.2.17, on the compact set
K ={z :inf,ep |r—2| < 1} thereis ¢ > 0 such that for all z,y € K, we can construct

Ouy satisfying ., (0) = x, @y (7) =y with 7 € (0,00) and I, (¢4y) < clz —y|.

Choose § € (0,¢/8¢), and without loss of generality assume 6 < 1. We obtain
a path ° starting in I} for which ©’(t.) ¢ D at some t, € [0,71]. Under the
assumption that d(¢°, sy (W —€/4)) < 8, we can find ¢ € Pysg) 1, (W —e/4)
such that [|¢ — ¢’ < 4. Since ¢(0) = ¢°(0) € I'7, the definition of W implies that
#(t,) € D C K, while § < 1 ensures ¢°(t,) € K. Applying Lemma 2.2.17 to the
points x = @(t.) and y = ¢°(L,), we obtain a path ¢,, connecting x and y in time 7
with cost I (¢4y) < ¢d < ¢/8. Concatenating ¢ on [0, ¢,] with ¢,, on (t.,t, + 7], we

obtain a path starting in I'] and ending outside of D at time ¢, + 7 < oo, with cost
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less than I, (¢) + I, (¢zy) < W — /8. This contradicts the definition of W. Thus

0 > 0 must exist as claimed.

Observe that we have the inclusion
{p" < T, X"(0) =y} C{d(X", @y 1, (W —e/4)) > 6}.

By the finite time uniform large deviations upper bound on the interval [0, 7], there

is Ny(e, T1) < oo for which n > Nj implies, for any y € I},
IP’y(d(X”, q)y,Tl(W — 5/4)) > 5) < 6*“(‘”*6/475/4).

Hence, for n > N,

P,(p" < T)) < e "W=3), (2.2.7)

With T chosen, we introduce the stopping times og = 0, and for 7 > 1,

T = inf{t >0} X"(t) € () UD)} A(Ty + 07 y),

of = inf{t >/ X"(t) €]}

The stopping times 7;" and o7 also depend on 7 and y, but we do not include this
dependence to avoid an overload of notation. Figure 2.3 shows a sample path with

its associated stopping times.

Step 2. The probability of an excursion to OD within time T (n) is approximately
the probability of excursion over a single time interval (o%_,,7') times the expected

number of such intervals.
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Y
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Figure 2.3: The piecewise constant process X"(t) moving between the sets I’ o and
7. The process in the figure has not exited the domain D nor hit 7] at time 73, but
nevertheless o' is triggered when the process returns to I'] since it wandered around
for time longer than 7.

Define the random variables

B L if X*(7)¢D or 7} —o0),>T,
j

0 else.

For any y € I'} it holds that

Py(p" < T(n))

<P, (B} =1 for some j with 77" < T(n))

J
=P, | B} =1 for some j with <71" — oy + ZTZ-” -0 o, — Ti”1> < T(n))

=2

J
<P, | B} =1 for some j with <Z T — Uf_1> < T(n)>

=1
A
<E,|> B|, (2.2.8)
Li=1
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where M"™ = inf {j >1:30 1~ > T(n)} We can bound (2.2.8) by

7

M™

>

=1

E, <E, [M"] sup E, [BY],

]
zel'y

for any y € I'l. The proof of this statement can be found in Section 2.2.4, Lemma

2.2.18. Therefore, for any y € I'],

M™

>

=1

Ey

]
zel'y

< E,[M"] (sup Ex[B;l]> . (2.2.9)

Step 3. The expected number of intervals (0}[

LT

i time T(n) is approxi-
) pp

mately T'(n) divided by the expected duration of each interval. A lower bound on the

expected duration gives an upper bound on the expected number of intervals.

For any y € I']l, we have

E,[M"] inf E, [7'] < E,

n
zel'y

M”L

n n
E Tz _Ui—ll
i=1

T(n)+ Tm — 04yn_q

IN

f; IKTO +-71.
See Lemma 2.2.18 for the proof of the first inequality.

It takes some positive time to travel from I'] to either v or to escape D, so
E.[m'] > s > 0 for some fixed s independent of y € I' »and i. A precise proof can be
found in Lemma 2.2.19. Hence, for all y € '},

T(n) —|—T1.

- (2.2.10)

E,[M"] <
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Step 4. Combine estimates for y € T'].

From equations (2.2.8) and (2.2.9), we find for any y € I']

P,(p" < T(n)) <E,[M") <sup MB?]) . (2:2.11)

n
zel',

In (2.2.10) the first factor was bounded above. For the second factor, note that for

any y € FZ,
E,[B}] =B,(Bf =1) = B,({X"(n) ¢ D,m < T} U{n > T1}).  (22.12)

We consider the two events separately and then bound the probability of the union
by the sum of the probabilities. The probability of the first event is upper bounded

in (2.2.7) for n > N,. For the second event, note that
{n =T} c{X"(t) €D\ &yt € [0, T} U{|X]L, = X7| 2},

for if the process did enter the p/2-neighborhood of the origin but did not trigger
the event 71, then it must have jumped over the set 7. From Lemma 2.2.7, we can

choose N3(u,n) < oo for which n > N3 implies
P, (| X7, — XI| > n) < eV, (2.2.13)

The event {X"(t) € D\ &,/2,t € [0,T1]} is also superexponentially small, as the
constant Ty was originally chosen so that any y € I'], C (D \ &,/2) satisfies (2.2.6)

for all n > Nj.

Set Ny = max(Ny, Na, N3). Then, by (2.2.6), (2.2.7), (2.2.12) and (2.2.13), for
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any n > N, and any y € FZ

E, [BY] < P,(p" < Th) + Py (X"(t) € D\ Eupat € [0, T1]) + Py (| X2 — X7 > 1)

< e—n(W—%) + 2efn(W+1).

From (2.2.11) it follows that

(e—n(W—%) + 2€—n(W+1))'
S

B,(p" < T(n)) <
We can now take logarithms and scale by n. By using Condition 2.2.6 we can choose
N5 € (N, 0), so that n > Ny implies

1

SlogPy(p" < T(n) < =W+ 5 +

Do ™
Co| ™

The additional error term of /8 appears to account for the polynomial factor and

the additional exponential term which decays at rate W + 1.

Since |z —y| < 2u whenever z,y € I'!, (2.2.22) ensures that —W < —W (y)+¢/8.

We conclude that whenever n > N; and y € I'], we have

1

ﬁlogIP’y(p” <T(n) <—-W+ -+

DO ™

In particular, (2.2.4) holds for y € I'].

Step 5. Extend estimate to y € &,.

The estimate (2.2.14), which holds for all y € I}, can be harnessed to obtain
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(2.2.4) for all y € £,. Let z € £, \ '}, and define the stopping time
Hp =inf{t > 0: X"(t) € T}

In order to escape D, a trajectory starting at z must pass through I'}, or else jump

over it. In the latter case we have

P.(p" < Hf) <P, (loma:%( )|Xz‘n+1 - X7z 77) :

Owing to Lemma 2.2.7, the probability of jumping over I'! is superexponentially

small: we can choose Ng(p,n) so large that

P, ( max( )|XZ-”+1 - X' > 17) < e WD), (2.2.15)
i=0,....,nT(n

=U,...,

for all n > Ng. By the law of total probability,

P.(p" <T(n)) =P.(p" <T(n) | p" < Hy) Po(p" < Hy)
+P.(p" <T(n) | p" > Hy) P.(p" > Hy)

< 6_n(W+1) + Pxn(H{})(Pn < T(”) - HF)> (2-2-16)

where the last step follows from the strong Markov property applied at Hf. Since

X"(Hp) € I'), by definition of Hf', and since Hf > 0, it also holds that

Pxn gy (0" < T'(n) — Hr) < sup Py(p" < T(n)).
yel
Recall that the choice of p > 0 in (2.2.22) ensures W(z) < W(y) + ¢/8. Using
(2.2.14) in (2.2.16), we obtain for the given z € £, \ I'], and n > max(Ns, N) that

P.(p" <T(n)) < e W+ | e~ W () —%) < 9 W (=)-Te/8).
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By choosing n large enough and applying the logarithmic scaling, we can absorb the
coefficient of 2 into the remaining /8 of room for error. This establishes the desired

estimate for z € £, \ I} and thus for all y € &, O

The next lemma extends the asymptotic upper bound to include points in D\ {0}.

The next lemma extends the asymptotic upper bound to all points in D. It
is stated in its uniform version as required for the proof of Theorem 2.2.15. For
simplicity, we do not prove the corresponding lower bound in its uniform version,

though it uniformly there too.

Lemma 2.2.12. Under the conditions of Theorem 2.2.10,

1
limsup —logP,(p" < T'(n)) < —W(z) (2.2.17)

n—oo N

uniformly in z € D.

Proof. Given an open set U, a sequence of real numbers {p,(2)}.cy converges uni-
formly to some number p on any compact subset K C U if and only if it converges
locally uniformly on U, ie. for any 2 € U and ¢ > 0, there is a neighborhood
B(z) Cc U of z and N(e, z) < oo such that |p,(2) — p| < ¢ for all z € B(z). Since D
is compact, to establish the uniform convergence of the upper bound (2.2.17) on D,

it suffices to establish the locally uniform convergence on an open set U containing

D.

Let U be any open set containing D, and let z € U and € > 0 be given. We will

find a(z,e) > 0 and N(z,¢) < oo such that

Llog By (" < T(n) < ~Wi(y) + < (2:2.18)



71
forallm > N and y € B,(2) ={y: |z —y| < d}.

The particular case of z = 0 is covered by Lemma 2.2.11, for which one can

simply take a = p, so it suffices to consider z € U \ {0}.

Next, we eliminate the case where W (z) = 0. Since W is continuous on R¢, there
is a(z,e) > 0 such that 0 < —W (y)+e¢ for ally € B,(z). Since P,(p" <T'(n)) <1, it
automatically follows that (2.2.18) holds for all y € B,(z), as required. Furthermore,

we observe that W (z) = 0 for any z ¢ D, and so we may focus on points z € D\ {0}.

Let then z € D\ {0} with W (z) > 0, and let € > 0 be given. Without any loss of
generality, we may assume that 0 < e < W (z). By Lemma 2.2.11, there is po(g) > 0

and Np(e) < oo such that n > Ny implies, for all y € £,, = {x : |z| < po}, that

log By (" < T(n)) < ~W(y) + (22.19)

] ™

We claim that we can choose pu(z,¢) € (0, 1) and «a(z,e) such that: (1) B,(z) C

D\ &, and (2) we have the inequality

W(y) < inf W(z) +g (2.2.20)

xe&y,

for all y € B, (2).

We first choose p. By part 2 of Lemma 2.2.8 we have W(z) < W(0), and
by the first part of the same lemma W is continuous at 0. Thus we can choose
p > 0 such that W(0) < W(x) 4 /4 for all x € &,, and without loss of generality
< min(|z|/2, o). In particular,

W(z) < inf W(z) + Z. (2.2.21)

€&y,
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Next, since pu < |z|/2 we can take o(z, e, 1) > 0 small enough that B,(2) N E, =0
and moreover we may insist that B,(z) C D because z € D and D is open. Since W

is continuous at z, o can be taken even smaller to guarantee
(W (y1) — W(y2)| <e/4 (2.2.22)

for all y;,y2 € B,(z). Note that x depends only on z and ¢, so «a inherently depends
only on z and ¢ as well. Combined with (2.2.21), an application of the triangle

inequality shows that this choice of a guarantees (2.2.20).

Define
Cﬁ =inf{t > 0: X"(t) ¢ D\ &L}

which is the first time the process enters the p-neighborhood of the attracting point
0 or escapes the set D. By Lemma 2.2.9, there are T1(u) < oo and Na(p) < oo so

large that n > N, implies, for any = ¢ &,
P.(() > Ty) < e "W@HD, (2.2.23)
Then, for any y € B,(2),

B,(¢" < T(n) = B,(p" < T,) + B,(T} < p" < T(n), ¢} < T))

We estimate each term separately. For the first term, we use the finite time
uniform large deviations upper bound, part 3 of Definition 2.2.3. Let W =
infyep,(») W(y). Since the closure of B,(2) is compact, an argument similar to the

one in Step 1 of Lemma 2.2.11 shows that for the given € > 0 there is 6(¢) > 0 such
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that, for all y € B,(2),

{p" <71, X"(0) =y} C {d(X", @1, (W —£/8)) = 6}

Applying the large deviations upper bound on the compact set B,(z) with sq =
W —¢/8, v =c¢/8and § > 0 as above, we find N3(g,T}) < oo for which n > Ns

implies, for all y € B,(2),

Py(pn < Tl) < e—n(W—s/Zl)‘
By the choice of v in (2.2.22) we have W (y) < W + &/4, and so

P,(p" < Ty) < e "W/ < o= n(Ww)=/2) (2.2.25)

for all y € B,(2).

For the second term, note that on the event {1} < p" < T(n)} N {¢} < T1},
the process has entered the p-neighborhood of 0, which is contained in the pq-
neighborhood of 0 by the choice of p. After entering £, at time ¢}, it has T'(n) — (7
time remaining to exit D. By allowing T'(n) time we increase the probability of

exiting. Thus, by (2.2.19) and the strong Markov property, n > N; implies

Py(T1 < p" <T(n), ¢, <Th) < supP.(p" <T(n))

x€&y

IN

o nlinfree, W(x)—¢/1) (2.2.26)

For the last term in (2.2.24), we use the estimate (2.2.23),

Py(Ty < p" < T(n), ¢} >Th) <P, (> T1) < e MW+, (2.2.27)
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which holds for all y € B,(z) C D\ £, whenever n > Nj.

Set Ny = max(Ny, No, N3). Using (2.2.25), (2.2.26) and (2.2.27) in (2.2.24), we
find for all n > N, and y € B,(z)

P, (5" < T(n)) < e "WW—2/2) | g=nlintuce, WE)=</8) | o=n(WWH1) (9.9 9g)

From (2.2.20), for any y € B,(2),

¢linfree, W@)—</1) < o=n(W(y)-3e/4).

for all n > Ny. It therefore follows from (2.2.28) that, for all y € B,(2),

1 n 3 3
—logPy(p" < T(n)) < =Wly) + - +

and choosing Ny < N(z,¢) < oo large enough that 3/n < /4, we obtain (2.2.18) for

all y € B,(z), as required. O

Next we prove the lower bound for the decay of P,(p™ < T'(n)).

Lemma 2.2.13. Assume the conditions of Theorem 2.2.10. For any x € D, we have

1
liminf —logP,(p" < T(n)) > —W(x).

n—oo N -
Proof. Tt suffices to show that for any = € D and any ¢ > 0, there is N(¢) < oo such

that n > N guarantees

o B (p" < T(n)) > ~TW(x) —<.
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To establish the estimate, we will take a trajectory which is within ¢ of the infimum
in the definition of W (z), and use part 4 of Condition 2.2.2 in conjunction with part
2 of Condition 2.2.5 to extend the trajectory a little past the boundary. This will
allow us to apply the large deviations lower bound, which is stated in its uniform

version as part 2 of Definition 2.2.3.

Fix x € D and let ¢ > 0. By the variational definition of W(x), there is a
trajectory ¢ and T < oo such that ¢(0) = z, o(T) ¢ D and I7(p) < W(zx) + &/4.
Define the compact set K = {y : inf,ep |y — 2| < 1}. By Lemma 2.2.17, there is
¢ > 0 such that for all p,q € K, we can find ¢,, and 7 which satisty ¢,,(0) = p,
0pg(T) =¢q, T € (0,00) and I, (vpg) < c|p — q|. Let a € (0,e/4¢) and assume without

loss of generality that a < 1.

Ir(p) < oo implies ¢ must be absolutely continuous, so there is a time s € (0,7
such that ¢(s) € 9D. Set p = p(s) and note that p € K. By the regularity property
in part 2 of Condition 2.2.5, there is a point ¢ in the interior of D¢ which satisfies
lp — q| < a, and since a < 1 we also have ¢ € K. From Lemma 2.2.17 we obtain a

trajectory ¢p, and 7 > 0 as described above with cost

I (ppg) < ca < e/4.

Let ¢ denote the concatenation of the paths ¢ on [0, s] and ¢, on (s, s+ 7], that is,

o(t) t €10,s],

Opg(t —5) t€(s,8+7]
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and note that ¢ is continuous at s. Moreover,

Lir(0) < I7(0) + I (pg) < W(x) + /2.

Finally, since ¢ lies in the interior of D¢, there is ¢ > 0 such that |¢ — z| < § implies
z € D°. In particular, if ||¢/ — ¢l < 0, then ¢'(s+ 7) € D°. If n is large enough to

guarantee T'(n) > s + 7, then

{IX" = 9lloc <0} C{p" <T(n)}.

Applying part 2 of Definition 2.2.3 with s = W(x) + 1, v = ¢/2, and the given

0 > 0, we find N < oo such that for all n > N,
Po([[ X" = ¢lloc < 0) = exp(—n(lr(¢) +£/2)).

Taking logarithms and using I7(¢) < W(z) + ¢/2, we obtain the desired result. [

We can now combine the upper and lower bounds obtained above to deduce The-

orem 2.2.10.

Proof of Theorem 2.2.10. Lemma 2.2.12 guarantees that for any x € D

1
limsup —log P, (p" < T'(n)) < —W(x),
n

n—oo

while Lemma 2.2.13 guarantees that for the same x

1
liminf —logP,(p" < T'(n)) > =W (x).

n—oo M
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Thus the limit exists and (2.2.3) in Theorem 2.2.10 holds. O

2.2.3 Analysis of asymptotic performance

The main result of this section is to establish a lower bound on the decay rate of the
RESTART estimator for the problem of escape from a domain D over increasing time
intervals [0, T'(n)]. The lower bound is stated in terms of the value of the subsolution
V at the origin. Recalling that 1 (0) is the minimal cost to exit D starting at 0, we
show that V(0) = W(0) ensures asymptotic optimality in the sense of the following

definition.

Definition 2.2.14. If the estimator 4" satisfies

1
lim inf ——log S(v") = 2W(0), (2.2.29)
n

n—oo

we say that v" is asymptotically optimal.

Note that this definition is similar to the one in Definition 2.1.2, but has the
important difference that A is not a subset of D(]0,7]), but rather a sequence {A,}

of subsets in D([0,7(n)]).

When the subsolution is defined in terms of the quasipotential as in Lemma 1.5.5
using the constant c¢g = W (0), the RESTART estimator is asymptotically optimal.
An upper bound on the decay rate is automatic from Jensen’s inequality, as discussed

at the beginning of Section 2.1.5.

It would also be possible to establish upper and lower bounds on the decay rate in

terms of a variational problem, and with such a formulation one could obtain a limit



78

on the asymptotic decay rate (the upper and lower bounds would agree). Instead of
formulating the analysis in terms of escape from D, one would have to consider the
problem of moving from any point z € D to any other point y € D. While limits
for the asymptotic decay rate (as opposed to just lower bounds) are useful for the
comparison of estimators, the main goal of this section is to demonstrate that the
decay rate of splitting algorithms does not degrade over long time intervals, and this

is accomplished with only lower bounds.

Before stating and proving the main result, we first point out that the increasing
time intervals [0, 7'(n)] can indeed ruin asymptotic optimality when using importance
sampling instead of splitting. It has been shown in [16], where stochastic differential
equation models are considered, that when importance sampling is based on a time-

independent subsolution, the following lower bound on the second moment holds:
Sn(‘?) > eCl(TfK)efan'

Here T is the time interval for escape, C7 and Cy are positive constants, and K < T
is a fixed constant. If T were n dependent, e.g., T'(n) = n?, then
. 1 —
lim sup — log " (V') = o0.
n—oo T

Not only is the estimator not asymptotically efficient, the decay rate of this impor-

tance sampling scheme is worse than ordinary Monte Carlo simulation.

For one-dimensional stochastic differential equations, it is possible to construct
time-dependent subsolutions which ensure that the importance sampling schemes do
not degrade over long time intervals. These time-dependent subsolutions are difficult

to construct and it is not known how to construct them in any generality for higher
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dimensions.

We show that these problems do not arise with splitting in Theorem 2.2.15.
As discussed in [16], the lower decay rate is due to the exponential growth of the
likelihood ratio when the trajectories stay near the origin, which it can do with large
enough probability over a long time interval. In contrast, such trajectories do not
affect the decay rate of splitting schemes since they are not multiplied by a likelihood
ratio; all that matters is that on average, out of R particles born in a threshold, one

of them reaches a threshold with a lower index.

The analysis is carried out for the RESTART scheme, but for ordinary splitting
the result will be the same and the analysis will be easier. By using techniques similar

to the ones in [19] it is straightforward to get estimates on the second moment.

The main result is stated in the following theorem. It places a lower bound on

the asymptotic decay rate in terms of the value of the subsolution at the origin.

Theorem 2.2.15. Suppose Conditions 2.2.1, 2.2.2, 2.2./, 2.2.5 and 2.2.6 are met.
Let V be a subsolution in the sense of Definition 1.4.6, and let S*(V) denote the sec-
ond moment of the estimator v when V is used to determine the piecewise constant

importance functions U™. We have the following lower bound:

1 _ _
lim inf—g log S"(V)) > V(0) + W(0).

n—oo

Proof. We first consider a general subsolution V used to construct the importance
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function U"(z) defined by (2.1.7). From Corollary 2.1.4,

nT(n)

& (V) S By | Y " CEIT O Py (o < T(n) — ifm)]?
=1

+Eo [e”W"(X"(P"))—U"(O)))1{pn < T(n)}] . (2.2.30)

There are two terms in (2.2.30), and both are positive and n-dependent. If two

sequences of positive numbers {al} and {a?} satisfy

lim inf —n "' log(a’) > a,
n—o0

then

liminf —n"'log(a} + a2) > a. (2.2.31)

n—oo

It therefore suffices to check the limit on both terms individually. We start with the

second, easier term.

Let € > 0 be arbitrary. From (2.1.8) it follows that for all n large enough we have

U™(z) —U™(0) < V(z) —V(0) +e.

If x ¢ D then V(z) < 0 by the boundary condition for the subsolution property in

Definition ?7. Since X™(p™) ¢ D, for all n sufficiently large we have

]EO [en(Un(Xn(pn))_Un(o))1{pn < T(n)}] < en(—\_/(O)—I—a)]PO (pn < T(n)) )
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Using the last display and Theorem 2.2.10 we find

]. [ n( n [rn —
lim inf —— log Eq |e"U" X" e™)=U"OD1 £y < P(n) — i/n}] > V(0) +W(0) — ¢,

n—oo n

which handles the second term. We remark that the second term contributes to the
overall rate of decay even though it might seem exponentially negligible compared
to the first term in (2.2.30). This is because we expect the highest contributions to
the variance to come from the particles which split closest to the escape set, which

is what the term represents.

Next we handle the first term. Again, let ¢ > 0. Owing to the polynomial
growth of T'(n) and the logarithmic scaling in the statement of the theorem, it
suffices to bound each term in the sum (similarly to (2.2.31)). Observe that for any
i€{0,...,nT(n)},

EO [en(Un(Xffl)*U"(O))]P)X;L (pn < T(n) . z/n)2
Jr . .
— ZEO |:1{Xi"eD§l}€n(U KED-T"O)P (" < T(n) —ifn)?| .
=0
Since J" grows linearly with n, owing to the logarithmic scaling — similarly to (2.2.31)
— we may estimate the expected value individually on each set D}. To do this, we
first resolve the time index disparity between the indicator 1(xne Dry and the point

X7 | appearing in the argument of U™. We will show that the probability of X and

X4 not lying in the same set D7 is negligible as n — oco. Define

7

o = [U™(X{Ly) = U™(0)] = [U(X]) = U"(0)] = U™(X7Ly) — UM(X]).
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Since D is bounded and U™ is piecewise constant on D,

B = sup [U"(z) — U"(y)| < co. (2.2.32)

z,yeD

For any £; > 0 and each i € {0,...,nT(n)}, we have

— [, [1{X?€D;L}en(l7n(X?)*UH(O))enél”]P)in (pn < T(n) B Z/n)2:|
< "R, [1{){?eD?}en(Un(Xi")—Un(O))]P)X?<pn < T(TL) _ Z/TL)Q]

+ Eo [e"BHO1{|o7] > e1}] . (2.2.33)

Inequality (2.1.8) implies that U™(0) — U™(x) — V(0) — V(z) uniformly in z, so for

the given g1 > 0 there is N;(g1) < oo such that n > N; and |0""| > ¢; implies
V(X)) = VX)) = a1/2.

By the uniform continuity of V' on D, there is n(s;) > 0 such that |V (z) — V(y)| >

£1/2 implies |z — y| > n. Thus for the given £; > 0 we have n > 0 such that
{167 = e} C {[Xiy = XP[ >}

Lemma 2.2.7 implies that for any n > 0, we can find No(n) < oo large enough that,
for all i € {0,...,nT(n)} and n > Ny,

P (X7 — X2, | > ) < e EBHVOAWO),
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From equation (2.2.32) we have [07"| < B, so the last term in (2.2.33) satisfies

Eo[en(JerB)l{’éln’ > 51}] < enQBefn(ZB+\7(0)+W(O)+1)

efn(V(O)JrW(O)Jrl)’ (2.2.34)

whenever n > N3 = max(Ny, Ny). For large enough n, this exponential decay is
strictly greater than the claimed decay of V(0) 4+ W (0), hence it will become clear
later that this term can be ignored when we establish the lower bound on the decay

rate of the second moment of the estimator.

For fixed i and 7, the third term in (2.2.33) satisfies

"R, [1{XineD?}en(Un(Xi")—Un(O))[[DXin (p" < T(n) — z/n)z}

< €™t sup P,(p" < T(n))
zeD?

x By [1{X;16D;}e”<0?47“<0>>19>x?(p” < T(n) - i/n)} . (2.2.35)

In the inequality above, we used the shorthand notation U ;= Un(x) for z € D;, and
we enlarged the set {p" < T'(n) —i/n} to {p™ < T(n)}. Since we are interested in
taking limits as n — oo, it suffices to demonstrate the upper bound (or lower bound

on the rate) for any sequence {j,},>1 such that, as n — oo,
Inl, = 0 € [0, M],
where we recall from (2.1.6) that M = max,.5{V (0) — V(z)} and J"A,, — M.

The limits for j, and J" determine a limit for U} — U™(0) as follows. Let

L) ={x: V(0)—V(z) =M —6}.
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If v, € D} =C7 \C} _, for all n > 1, then

T €4z (Jo—dn+ DA, >V(0) = V() > (Jn — jn)Av}.

By passing to a convergent subsequence we may assume without loss of generality
that z,, — 2. Then 7 € L(f) and V(z,,) — V(0) — 6 — M. By (2.1.8) we have for the
given € > 0 that

Or —0m(0) < 0 — M +¢/2,

for all sufficiently large n. This will allow us to estimate the UJ’? — U™(0) term in
(2.2.35) when j is replaced by j,. Furthermore, the supremum over z € D} in
(2.2.35) will be replaced in the limit by one over z € L(f). Finally, the Markov

property for { X!} implies that
EolLxpeny, 1 Bxy (0" < T(n) — i/n)] < Bofp" < Tn)).
Thus an upper bound on (2.2.35) with j = j, is

en6-M+e1+</2) s (o7 < T(n)) Po(p" < T(n)), (2.2.36)

n
zEDjn

for all sufficiently large n.

To summarize, (2.2.36) provides an upper bound on the first term in (2.2.33) via
(2.2.35), and the second term in (2.2.33) will turn out to be exponentially negligible
compared to the first term owing to the estimate (2.2.34). It remains to determine

the asymptotic behavior of (2.2.36) when the large deviations scaling is applied.
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We first show that

1
lim inf —— log ( sup P.(p" < T(n))> > inf W(z). (2.2.37)

noeo N zeD? T z€L(9)
n

The limit inferior of a sequence of real numbers can be defined as the infimum over
all its convergent subsequences, so it suffices to establish the inequality in (2.2.37)
along any convergent subsequence {ny}r>1. Let {n;}r>1 denote such a subsequence,
and let 5 > 0 be given. By Lemma 2.2.12, there is N,(g2) < oo such that, for all

2 €D and n > Ny,
1
- logP.(p" <T(n)) > W(z) — . (2.2.38)

Let Ki(Ny) < oo be such that ny > N, for all £ > K;. For each k > 1, choose

Zn,, € D?’“k such that

1 1
sup —logP.(p" <T(n)) < ElogIP’ (p" <T(n))+ es. (2.2.39)

an
zepk T
Ing

By passing to a further subsequence if necessary, we may assume without any loss

that 2,, — z € L(0). If 2, € D, (2.2.38) applies with z = 2, and n = n,, for all

k
k > K, while for z,, ¢ D we have W(z,,) = 0 and the same estimate holds for any
k > 1. Moreover, since W is continuous and z,, — Z, there is Ky(e2) < oo such

that W(z,,) > W(Z) — &g for all £ > K,. Combining this with (2.2.39) and using

monotonicity of the logarithm, we find, for all & > max(K;, K»),

1 1
—log ( sup P, (p" < T(nk») > ——logP., (0" < T(ny)) — &
g 2€Dn,, ng

> W(zp,) — 2¢9

> W(Z) — 3¢€9.
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Since z € L(f), we automatically have W(Z) > inf.crp W(2). Since {nj}r>1 and

g9 > 0 were arbitrary, we conclude that (2.2.37) holds.

We now return to (2.2.36). We first take logarithms, scale by —n, and take
the limit inferior. Using superadditivity of the limit inferior, (2.2.37), and another
application of Lemma 2.2.12 for the probability starting at 0, we obtain

1
lim inf —— log <e”(9_M+61+5/2) sup P.(p" < T(n)) Py(p" < T(n)))
n—oo n ZED;’”

>M—0—¢e;—¢/2+ inf W(z)+ W(0).
z€L(0)

To conclude the proof, we use the subsolution property of V, which implies that

V(z) < W(x) for all z. For z € L(6), V(2) = V(0) — M + 6, so

inf W(z)>V(0)— M+ 4.
z€L(6)

Thus,

M-—0—e—¢/2+ iILlfe) W(z) +W(0) > V(0) +W(0) — e —e/2.
ze

Since both £ and e; were arbitrary, we send them to zero and arrive at the desired

result for a general subsolution V. O

Corollary 2.2.16. If the subsolution is defined through V(z) = —Q(x) + cg, then

V(0) = co = W(0) and the estimator is asymptotically optimal.

Proof. In the case where V(x) = —Q(x) + ¢, we recall that Lemma 1.5.5 shows

—Q(x) +¢g is indeed a subsolution. From Theorem 2.2.15, we have the lower bound

lim inf —~ log S"(V) > cq + W(0),

n—o0 n
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while Jensen’s inequality implies the corresponding upper bound. Equation (2.1.10)
implies ¢ = W(0), which yields asymptotic optimality in the sense of Definition
2.2.14. O

2.2.4 Proofs of various Lemmas

Proof of Lemma 2.2.7. Fix § > 0 and note that by a union bound,

P, ( max : | X — X' > 5) <nT(n) max P, (|X,—X]>9),

0<i<nT(n 0<i<nT(n)
and since |- | denotes the Euclidean norm on R¢, we also have for each 0 < i < nT'(n)
and standard unit vector e, € R4, k=1,....4d,

P, (|X7, — X7 > ) < d max P, (|<)¢+1 —XP e > 5/\/&) .

1<k<d

Since d is fixed and n~!log(nT(n)) — 0 as n — oo by Condition 2.2.6, it suffices to

establish that for each fixed 1 < k < d, and any ¢ > 0,

1
li —logP, (X", — X, >8) = —oo.
Tjgpféﬁoég%nm 08 Po([(Xhy — Xi's ex)] 2 9) o0

Recall that X7, — X" = n~v;(X"), where the v;(-) are i.i.d. state-dependent vector

)

fields with stochastic kernel yu(-|z) for z € RY. Thus

max Py ([(X}, — X[, ex)| > 0) < sup /d Lj(yeniznsyildylz).
R

0<i<nT(n) zERC



88

For any = € RY, Chernoff’s inequality implies that for any oy, > 0,

/Rd L(y.enyiznayii(dylz) = /Rd (Tgmenyznsy + L menyznay) p(dylz)
< o ((ex)—nd) | jon(—(wee)-nd)) (g
<[ G e ) nldylo)

_ e—n&)ck(eH(J:,o/) +eH(:c,—o¢’))

Y

where o/ = agep,. Let f(a) = sup,cga @ and recall from Condition 2.2.1 that
f(a) < oo for all a € R%. We conclude from the above display that for every ay > 0
with o/ = agey,

max  Po([(X7y — X7 en)| > 6) < e (f(o) + f(—a)).

0<i<nT(n)

We will now show that, after taking logarithms and scaling by n, the left-hand side
in the above display can be made arbitrarily negative for sufficiently large n. Let
M < oo be given and choose ay = (M + 1)§~!. Choose N < oo such that n > N
implies n > log(f(a’) + f(—a’)), and note that monotonicity of the logarithm allows

us to commute the maximum over 0 < i < nT'(n) to obtain

1 1 / )
max Do Bu((X7 — X7 ) 2 ) < M 1 4 IO ETEA)
0<i<nT(n) N n

< —-M.

Since the upper bound is independent of x, holds for all n > N, and M < oo was

arbitrary, the proof is complete. O

Lemma 2.2.17. Under Condition 2.2.2, for any compact set K there is ¢ € (0,00)
such that for any x and y € K, there exists T € (0,00) and a smooth function ¢,

with p(0) =z, o(17) =y, 7 = |x —y| /1 for which I.(p) < c|z —y|.
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Proof of Lemma 2.2.17. Let the compact set K be given, and let r € (0,00) be as
in property 4 of Condition 2.2.2 Take 7 = |z — y| /r. Then

y—x

rt.
ly — x|

p(t) =+
Then ¢(0) =0, ¢(7) =y and L(p(t),o(t)) < r~! for all ¢ € [0,T]. Thus,

=clr -y,

/0 " Lo (t). p(0))dt <

=1

where ¢ = 1/r?, O

Proof of Lemma 2.2.8. First we prove that W is continuous at any point x € D.
By Lemma 2.2.17 applied to the compact set D, there is ¢ € (0,00) such that for
any x,y € D satisfying |x — y| < £/2¢, the cost of going from z to y in some finite
time 7 € (0,00) is less than £/2. By concatenating this path from z to y with a
near-minimizing one from y to some point not in D, and using additivity of I7 on

disjoint time segments, we obtain |W(z) — W(y)| < e.

If x € D\ D then W(x) = 0, and the above proof can be repeated on a neigh-

borhood N of x, separating into the cases y € NND and y ¢ N ND.

Next we show that for any ¢ > 0 and any z € D, W(z) < W(0) + &, which
implies that W (z) < W(0) for all z € D. Note that we might have W(z) = 0,
if the noiseless dynamics starting at x pass through the complement of D before
reaching any sufficiently small neighborhood of the origin, in which case W (z) <
W (0) automatically since W (0) > 0. Otherwise, since W is continuous at 0, there
is 0 > 0 such that any y € & = {z : |z| < ¢} satisfies W(y) < W(0) + . Since 0

is the unique attracting fixed point, for any € D there is T > 0 and a trajectory



v € C([0,T]) with ¢(0) = 2 such that I7(¢) =0 and ¢(T") € &. Thus,
W (x) < Ir(p) + W(e(T)) < W(0) + &,

as claimed.

Lemma 2.2.18. For ally € I'},

M™

DB

i=1

E, < E, [M"] sup E, [By],

zel)

and

E, >E, [M"] inf E, [r]'].

n
zel'y

MTL

n n
§ Ty — 01
i=1

Proof of Lemma 2.2.18. Consider
k
Sp=> 1o,
i=1
Let 7' = o(X},0 < j <1), F = 0o(UZ,F}) and G = Flln, where

Fop ={A e F:An{oy <m} e Fj,m=>1},
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is the sigma-algebra of the stopping time o};. Since o} > 7%, S} is G}-measurable.

Let
M"™ =inf{k >1:5; >T(n)}.

Then M™ is a stopping time with respect to the filtration generated by S}’ and hence
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Gp. In particular, {M" > k} = {M" < k —1}¢is G}'_;-measurable. We have

M’n

n
E, E EX?nlBl
i=1 ‘

.
= E, ZEy[B?!XS;zJ]
L i=1

-
= E, ZEy[B?!g?l]]
Li=1

= Z By Lm0 By [BY|G]]

=1

= ) Ey[lunsny B

i=1
M™
— n
- ]Ey E :Bz
1=1

In the above display, the first two equalities follow from the strong Markov property
conditioned on Xgn_l, and pulling out the infinite sum from the expectation sign
is permitted by Tonelli’s theorem because all terms in the sum are positive. It

immediately follows that

Mn
E, Y B'| < EyM”(suF]% E.BT).
i=1 relp

Similarly, we have

Ey = Ey

MTL

n n
§ Ty — 0,1
i=1

M™

n
) i—1
=1

and so

E, > E,M" inf E,7.
IEFZ

MTL

n n
E Tz — 01
i=1

]

Lemma 2.2.19. There exist s > 0 and N < oo such that for alln > N and any

1
y € I, we have Py (11 < s5) < 3.
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Proof. We may assume that s < 1 without any loss, since the probability is decreased
by decreasing s. The probability P,(7{* < s) is the probability that X" exits D or
enters 7, before time s. If instead of the piecewise constant interpolation of X" we
had taken the piecewise continuous one, it would not be possible for X™ to jump
over the set 7}l and the probability P, (7{" < s) would be increased. Consequently,
it suffices to establish the desired inequality when X™ is the piecewise continuous
interpolation. For the purposes of this proof it is convenient to do so, and by an
abuse of notation we use X™ to denote this process, so that X" € C([0, 1]) P,-almost

surely for the remainder of the proof.

Let A = min(u/2—n,dist(€,,0D)) > 0 where £, = {x : |z| < u}. Any trajectory
which starts in I} and exits D or enters 7] must travel a distance of at least A >0

at some point in time. Let

As={p € C([0,5]) : |p(t) — ¢(0)] > A for some t € [0, s],0(0) € '} }.

Then {rf* < s} C {X™ € A}. To get an upper bound on the probability of
{X™ e A,} we place a lower bound on the cost of any ¢ € A,. To do this, we are
free to choose s > 0 as small as we like. Moreover, it suffices to establish the lower

bound for ¢ which are absolutely continuous, as otherwise I5(¢) = +00.

To bound the cost from below, first let M > 8/A. By Lemma 2.2.2 applied on
the compact set D, there is By < oo such that for any 3 satisfying |3| > Bas, we
have L(x,3) > M|p| for all x € D. This will allow us to place a lower bound on the

cost I(p) via the magnitude of the derivative |@| for absolutely continuous .

To use the estimate L(p, ) > M|p|, we must place a lower bound on the

Lebesgue measure of the set {|¢| > Bar}, which we view as a subset of [0, s]. For
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any s > 0 and ¢ € A; C C([0, s]), there is t € [0, s] such that |p(t) — ¢(0)] > A. By

the fundamental theorem of calculus,

A s/ @ldt + / @t
{l¢1>Bm} {lél<Bn}

/ o1t + 8.
{l¢|>Bn}

IN

Choosing s < A/2/3,, we find

| ez an
{l&l>Bnm}

so for such s € (0,A/20,), any ¢ € A satisfies

A
L)z [ ekt [ Mgz ag =4
{161>Bar} {161>Bar} 2

We claim there are s € (0, A/28y) and § > 0 such that d(yp, ®,)(2)) > 0 for all

© € A,. Assume without loss of generality that A/28), < 1 and let

F=U_2®,1(2).

zGFZ
Since the closure of the set I'] is compact, the uniform LDP implies that F’ is compact
in C([0,1]); see part 1 of Definition 2.2.3. For ¢ € C([0, 1]), define the modulus of

continuity

w(p,0) = sup |o(t2) —d(t1)], 0<t; <ty <1

[ta—t1|<o
The compactness of F' C C([0,1]) implies there is a uniform bound on the modulus

of continuity for functions ¢ € F. Let

w(o) = supw(¢,0),
PeF
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and note that w(c) — 0 as ¢ — 0. Choose o > 0 small enough that w(c) < A/2,

and for such o > 0, choose s = min(o, A/28)s). Note that s € (0,1).

For this fixed s, consider any ¢ € A;. We claim that d(p, Py s(2)) > A/4. If
not, there is ¢ € ®,()5(2) for which d(yp, ¢) < A/4. The function ¢ € C([0, s]) can
be naturally identified with a function in F' C C([0, 1]) by concatenating it with the
zero-cost trajectory ¢ = b(¢) on (s,1]; see part 2 of Condition 2.2.2. In particular,
I(¢) < 2 implies that w(¢,s) < A/2. Therefore, for all t € [0, s],

o(t) = @(0)] < l(t) — o(t)] + [¢(t) — w(0)] < — +

Y

= >

A
2

where we used the fact that ¢(0) = ¢(0) and w(¢,s) < A/2 to bound the second
term. It follows that |p(t) —p(0)| < 3A/4 for all ¢ € [0, s], which contradicts ¢ € As.
We conclude that the choice 6 = A/4 indeed guarantees d(¢, ®,(0)s(2)) > 0 for all

p € As.

Finally, the large deviations upper bound with v = 1, s = 2 and the given § > 0

implies there exists IV such that for all n > N,
]P)x<d(Xn, (I)@(()LS(Q)) > 5) <e "

Since {r; < s} C {X" € A} C {d(X™, Py(0),5(2)) > ¢}, the proof is complete.
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2.3 Moderate deviations-based splitting

In this section we investigate splitting schemes based on moderate deviations asymp-

totics for R%valued discrete-time processes of the form
Xip = X' + Hb(Xi )+ Eul<Xz ), Xg =

where b is a “nice” drift term and wu; are mean-zero, independent and identically
distributed random state-dependent vector fields. We denote by X™(¢) the linear
interpolated process which satisfies X™(i/n) = X[ (see (2.3.3)). The goal will is to

estimate probabilities of the form
P(X™(T) € D). (2.3.1)
We call these terminal escape probabilities.

Under conditions on X" stronger than the ones assumed in this section, true?
large deviations theory provides insight into how to construct numerical algorithms
for the estimation of probabilities in (2.3.1); see [19][18]. The two most common
approaches are splitting and importance sampling, both of which require the design
of a function which will determine the performance of the algorithm. For splitting
this function determines the splitting thresholds, while for importance sampling it
determines the state-dependent change of measure. In both cases, the function can
be characterised as a subsolution to a suitable partial differential equation (PDE)

called the Hamilton-Jacobi-Bellman (HJB) equation.

In many cases the HJB equation and its associated control problem can be in-

tractable or impossible to solve explicitly, and even the construction of subsolutions
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can be difficult, especially in a high-dimensional setup. It is natural to ask whether
it is valid to approximate the control problem and design a scheme based on the

approximated solution.

It turns out that this is the case for both importance sampling and splitting, but
it is mildly surprising how one justifies this. As the parameter n tends to infinity, the
probabilities in (2.3.1) decay exponentially fast and one needs to consider whether the
scheme is even usable. For events which are “rare, but not too rare”, one can embed
the sequence X™ into an amplified sequence Y™ which satisfies a large deviations
principle and for which the event of interest is truly rare. This is proved in [47] and
is the main result on which the present section is based. The amplified process Y
has a Gaussian-style rate function, so the associated control problem is the classical
linear-quadratic regulator and explicit solutions are available. The cost one obtains
for Y™ is exactly what one would obtain by linearizing around the noiseless dynamics
for X and making a quadratic approximation of the cost, but this can only be
justified after one has gone through the trouble of placing the target probability in

a large deviations framework.

2.3.1 Process model

In this section we specify the process model more precisely and place conditions
on the relevent objects. We use the same assumptions as in [47] and follow their

notation closely. The process model is

1 1
Xl =X+ #(Xf) + ﬁui(Xin)’ Xy = o,
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where u;(-) are independent and identically distributed vector fields with state-
dependent distribution p(-|x), that is, P(u;(x) € A) = u(Alz) for all Borel sets
A C RY. We assume that the vector fields have mean zero, i.e. Eu;(z) = 0 for all

x € R4,

Define the centered logarithmic moment generating function

H(z,a) = log (/R exp((a,u))p(dubv)) , acRY

The subscript ¢ serves to distinguish H. from the usual uncentered log moment-
generating function H(z,a) = H.(x,a) + (a,b(z)). We will impose the following

conditions on p and b:

Condition 2.3.1. We have the following conditions:

1. there exists A > 0 and Kygr < 00 such that

sup sup H.(z, o) < Ko
z€R? [la| <A

2. x — p(-|x) is continuous with respect to the topology of weak convergence;

3. x — b(x) is continuously differentiable, and both b(z) and its derivative Db(x)

are uniformly bounded by some constant K, < oo.

Define the matrix A component-wise by

Ayla) = [ wtaule),
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and observe that it can be derived from the centered log moment generating function,

O0H.(z,0) 0?H,(z,0) /
i S A A , = 0 = s = A;(z). (2.3.2
o /Rd wipu(dulx) =0, Pendlas » wiujp(dulz) (). (2.3.2)

Note that the matrix A;; is nonnegative definite and symmetric.

It may turn out that the matrix A;; is singular, but we will still need to refer to
the inverse of A as well as its square root A2, We copy Definition 2.1. of [47] below

with some minor modifications to specify how the inverse should be interpreted.

Definition 2.3.2. For a symmetric, nonnegative definite matrix A we can write
A = QAQT, where Q) is an orthogonal matrix whose columns are the eigenvectors
of A and A is the diagonal matrix consisting of the nonnegative eigenvalues of A.
Throughout the paper we use the condition that A2 = QAY2Q", where AY/? is the
diagonal matrix consisting of the positive square roots of the nonnegative eigenvalues
of A. In addition, let [|a|% = (Qa, AQa), and let o]}, = (Qa, A™'Qar), where
A~!is a diagonal matrix consisting of the inverse of the eigenvalues for the positive
eigenvalues and oo for the zero eigenvalues. Consequently, (Qa, A™'Qa) has a well-
defined and finite value for a in the span of the positive eigenvalues and is equal to

oo outside of that linear span.

Define the continuous-time linear interpolation of X for all = > 0 by
X"t)=(i+1—nt)X!+ (nt —i)X,, teli/ni/n+1/n). (2.3.3)
The noiseless process X" 0 defined for i > 0 by

1
XIS = X004 b, X = (23.4)
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and let X™%(t) denote the analogously defined continuous-time linear interpolation of
Xm0 Tt is clear that X™°(-) — X9(-) in C([0,T] : R?) equipped with the supremum
norm, where

XO(t) = 2o + /0 b(X°(s))ds.

Moreover, since Eu;(z) = 0 for all x € RY, we have X" — X in probability in
C([0,T] : R?) ([46], Theorem 3.3.1). Under stronger assumptions than in Condition
2.3.1, including the assumption that Condition 2.3.1.1 holds with A = oo, X" sat-
isfies a large deviations principle with speed r(n) = n and rate function defined for

absolutely continuous functions by

o) =t { | Lpls) s o0 =0+ [ bpls) + s, € 0 n}.

and I7,(¢) = 400 if ¢ is not absolutely continuous. Here L. is the Fenchel-Legendre

transform of H.,

Le(x,8) = sup{(«, 5) — He(z,a)}.

acRd
Under appropriate assumptions on the centered local rate L., for a suitably regular
closed set D C RY we have the asymptotic approximation

lim —llog]P)(X”(T) ¢ D) =inf{I.(¢) : ¢(0) = o, 0(T) ¢ D}. (2.3.5)

n—oo N

As mentioned in the introduction, the control problem which appears in (2.3.5) and
determines the rate of decay of the target probability can often be impossible to
solve explicitly. In such a case, one might attempt a diffusion approximation of
the process, which would result in a simpler (quadratic) control problem. However,
after performing such an approximation, the limit in (2.3.5) is no longer valid, since
in general L. need not be quadratic. The moderate deviations scaling provides

a rescaled process for which the quadratic expansion of the cost is valid and an
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analogue of (2.3.5) holds with a modified rate function. The scaling and what is
meant by the MDP approximation can be a little confusing, so the next section
is dedicated to stating exactly how the two approximation problems relate to each

other, and one how “embeds” this problem into another.

2.3.2 Problem embedding

In this section we will consider the escape problem for X™ in terms of a scaled and
centred process Y. Recall our convention for the scaling and translation of sets: for

any set B C R? constant ¢ > 0 and z € R,

cB+z={cb+z:be B}. (2.3.6)

In order to obtain a Gaussian-style rate function, we will have to amplify the noise in
the process X™. Without an amplification of the noise, events which fall in the large
deviations regime will generally have much more rigid constraints on how they must
occur and lead to the control problem (2.3.5). (fair?). To separate the noise from
the driving dynamics, we first shift X™ by its noiseless version X™; see equation
(2.3.4). Using the notation in (2.3.6), the terminal escape problem can then be recast

as estimating

P(X™(T) — X™(T) € D — X™(T)). (2.3.7)

We place the following assumptions on the sequence {a,} which will be used to
scale the process, and which we will sometimes refer to as the embedding sequence.

The embedding sequence must go to 0, but not too fast and not too slow.



101

Condition 2.3.3. The embedding sequence a,, satisfies the following: a, > 0,

lim v/na, = oo, 2. lim y/logna, = 0.

n—oo n—00

The assumption that a, does not decay too fast is necessary for the moderate
deviations scaling in [47]. The assumption that a, does not decay too slow is used
for the asymptotic optimality results. We will see later this imposes no restriction

on the splitting algorithm discussed in Section 2.1.3.

For any sequence a,, satisfying Condition 2.3.3, define the scaled, centered process
Y™ by
\/_an< Xn 0)

and let Y"(t) denote the linearly interpolated process (as in (2.3.3)). Note that

Qn

n n an n n,
Yz’+1 =Y" = _(b(Xi ) - b(Xi 0)) +— \/ﬁ

N w(XD), Y3 =0.

Let D,b(x) denote the matrix whose (i, 7)™ entry is

ﬁxj ’

(D2b())ij =

In [47], the authors show that Y™ satisfies a large deviations principle on C([0,77] :

R%) with speed r(n) = a,? and rate function

Lu(p) = inf{/OTHu( VIt - o(t /D b(XO(5))p(s)ds (2.3.8)
+/ AYV2(XO(s))u(s)ds, t € [O,T]},

0

where A'Y/? is specified in Definition 2.3.2. This is known as a moderate deviations
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principle for X™. Observe that in the definition of I,;, the cost incurred is quadratic

in the control u. This makes the control problem much simpler to solve explicitly.

To relate the process Y™ back to the original problem of terminal escape proabili-
ties, we must first fix a particular value of n for which to estimate the terminal escape
probability (2.3.7). For clarity, we distinguish this fixed value of n by labelling it 7.

The above probability can be rewritten in terms of the Y™ process as

P(Y™(T) ¢ \/ann(X"(T) = X™(T)) = P(Y™(T) ¢ D.),

where D, = /n,a, D. Notice that D, does not depend on n; it is a fixed escape
set for the Y™ process. Under mild assumptions on the set D (which carry over
to the set D,), the large deviations principle for Y identifies the decay rate of the
probabilities:

lim —a?logP(Y"™(T) ¢ D,) = inf T (o). (2.3.9)

n—00 p:0(0)=0,0(T)¢ D

The hope is the value of n, is large enough that the above asymptotic approximation
for Y™ is valid. We note that the same issue arises when one uses the large deviations
approximation for the design of rare event simulation algorithms, and in those cases

the approach has reasonable success.

Another issue to address is the implicit dependence of the approximation on the
choice of embedding sequence a,. It is useful to remember that the embedding se-
quence serves as a way of zooming in on a neighbourhood of the path X°(#) and
studying its fluctuations further into the tails than a diffusion approximation. How-
ever, the limiting behavior (that is, the rate function I;;) is independent of the choice

of embedding sequence, and therefore the information provided through the large de-
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viations principle for Y should have no inherent dependence on a,,. We demonstrate
in Section 2.3.4 that the choice of a,, will not affect the design of splitting algorithms,

just as it did not affect the design of the importance sampling scheme in [47].

2.3.3 Subsolutions to the HIB

This section identifies subsolutions associated to terminal escape problems for the Y
process. Recall that the exponential rate of decay of the terminal escape probability
P(Y™(T) ¢ D) is identified by solving the underlying control problem in (2.3.9). As
pointed out in the introduction, one of the advantages of the moderate deviations
scaling is that one is able to solve some of control problems explicitly. We first write
down the value of the point-to-point cost. Then, in order to produce a subsolution
that is computationally tractable, we impose the terminal constraint that z ¢ D, by

including a terminal cost which is affine in the spatial variable.

The point-to-point cost is defined as follows: for (¢,y), (T, z) € [0,T) x R4, let

1 (T
C(t,y,T,z) =inf {5/ |u(s)|[*ds : o(T) = z, and for s € [t,T], (2.3.10)
t

ols) =y + / " Dob(X°(q))p(g)dq + A1/2<X°<q>>u<q>dq}.

To express the solution, we first need a control-theoretic definition.

Definition 2.3.4. The state transition function associated to the control problem
(2.3.10) is the matrix-valued function W(s,t) which satisfies W(¢,t) = I for all t €

[0, T, where I is the d-dimensional identity matrix, and

8,0 (s,t) = D,b(X°(t)) (s, 1)
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forall 0 < s < t.

The solution of the variational problem (2.3.10) can now be expressed using the

state transition function.

Theorem 2.3.5. The variational problem (2.3.10) admits the following explicit so-

lution:

1

My = / (g, T)ACX O (q)) (g, T) dg.

While the explicit solution (2.3.11) is readily computable, to identify the value
of the control problem (2.3.9) one needs to further infimize C(t,y, T, z) over z ¢ D,.
This is not in general available in closed form and can be computationally expensive.
As mentioned, we will instead solve an alternative control problem with an affine
terminal constraint. To this end, let G be a lower-semicontinuous function that is

bounded below and define

V(t,y) = inf {%/t |u(s)||?ds + G(@(T)) : for s € [t,T), (2.3.12)

ols) =y + / " Dab(X°(q))p(g)dq + A1/2<X0<q>>u<q>dq}.

The control problem in (2.3.9) can then be recovered by taking G(y) = oo - 1p, (y);
since D, is open, then G is lower-semicontinuous. Moreover, V' is a weak-sense

solution to the HJB

atv(tv y) = %HDyV(t? y)||,24(X0(t)) - <DyV(t, y): Dxb(XO(t))y> (2313)
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with V(T,y) = G(y). Of course, for G(y) = oo - 1p,(y), V can also be expressed as

= inf T, z).
V(t,y) ZlgénD*C(t,y, ,2)

Recall from Definition 1.4.3 that a weak sense subsolution V' to the same equation

satisfies

1 _ _
AV (1.0) 2 21D,V (1) Poxoy — (DY (L) DAX0))  (23.14)
and V(T,y) < G(y). It turns out that for a specific form of G, namely
G (y) = (&) + e (2.3.15)

it is possible to construct an explicit weak-sense solution V&¢ to the HIB PDE
(2.3.13). Moreover, it is clear from the variational definition of a time-dependent
subsolution (see Definition 1.4.3) that the pointwise minimum of two subsolutions
Vi and Vs with corresponding terminal costs Gy and G5 is also a subsolution with
terminal cost min(G1(y), G2(y)). Putting these facts together, we can therefore

construct subsolutions to (2.3.13) as follows:

1. Approximate G from below by the pointwise minimum of affine functions

G1,...,Gg of the form (2.3.15), so that G(y) = min;_,

2. Construct explicit solutions V; to (2.3.13) with terminal cost G;; each V; is a

subsolution to the same equation with terminal cost G since G; < G,

3. Take the pointwise minimum of the V; to form the subsolution V(t,y) =

min;— g Vi(t,y).
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The hardest part of this construction is the approximation of G from below, which
must be done on a case-by-case basis. The goal is to guarantee asymptotic op-

timality in the sense of Definition 2.1.2, which from Theorem 2.3.7 is achieved if

V(0,0) = V(0,0). More details are provided in Section 3.2.3.2, and Section 3.3

discusses explicit constructions for specific examples.

We end the section with the explicit solution to (2.3.13) with an affine terminal

condition of the form (2.3.15); see for instance Theorem 4.1 in [47] for a proof.

Theorem 2.3.6. Given c € R and & € R?, the function V¢ defined by

V&t y) = (&, U(t, T)y) +c— % <£,/t \I/(s,T)A(XO(s))\IJ(s,T)Tds> (2.3.16)

is a classical sense solution to (2.3.13).

Remark. With the appropriate scaling, one can rewrite the solution to the Hamilton-

Jacobi equation in terms of the x variable using the relationship

y”(t,x) = \/ﬁan(x - Xn’o(t))'

For any n > 1,z € RY, t € [0, T, let

W(t,z) = #v (£, Vitan(x — X™0(2))) = %V(t, y" (¢, 2)). (2.3.17)
Then
dy™(t, )

Vvna, D, W (t,x) = D,V (t,y" (¢, x)), = v/na,z,

dx
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and

1 /1 .
O (1.2) = o (GIDV (E 0oy (23.18)

n

DV gt a)), DXy a:>>)

1
= iHDIW(t>w)H?4(X0(t)) — (D,W(t,x), Db(X(t))x).

so W satisfies a HJB of its own, with the appropriate modification of boundary

conditions.

2.3.4 Invariance of embedding

In this section, we show that the splitting algorithm is independent of the choice of
embedding sequence {a, }. This means that once a selection n = n, has been made,

the (z,t) values which fall in threshold C7 defined in (2.1.12) do not depend on {ay, }.

For concreteness, we consider the problem of estimating
P(X™(T) ¢ D), X"(0)=ux (2.3.19)

for some fixed n = n, and fixed D C R? To demonstrate the invariance of embed-
ding, we will write down the solution V (t,y) to the HJB equation (2.3.13) in terms
of z using y(z,t) = /nwan, (x — X™°(t)). In doing so, we find that the thresholds
determined by the solution V' in (z,t) coordinates do not depend on a,, and only on

Ny

From Theorem 2.3.5, the optimal cost for the scaled process Y” to move from y
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at time ¢ to z at time 7' is
1 2
CltyT,2) = 5l = Wit Tyl

where we recall that the matrix M;r defined in equation (2.3.11) does not depend

on either y or z.

For the given n., set D, = /n.a,, (D — X™(T)). The solution V(t,y) of the

control problem associated to (2.3.19) is given by
V(t,y) =inf{C(t,y,T,2): z ¢ D,}.
From (2.1.12) and the relation A, = A/r(n) = Aa?, the thresholds are defined as

Ct={(t,y) : V(0,0) = V(t,y) > (J" — j)Ad’}. (2.3.20)

J

For any (¢,y) there is 2 such that

y = Via,, (v — X"0(1),
and any z € D, can be written as z = \/n,a,, (w — X"(T)) for w € D. Thus,

1
C(tay7Ta Z) = 5”2 - \Ij(th)y||2 t—j{

_ % Iz, [w — X™0 — W(t, T)(z — X™0)]

[
-1
Mt,T

= n*ai*C(t,x — X”*’O(t),T, w— X",

2

- in front:

It follows that the solution V' (¢,y) can be rewritten with a scaling of n.a

V(t,y) =n.al inf {C(t,x — X™°@),T,w— X" :w ¢ D,y = \/nan, (x — X™O(t))} .

n
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Setting
W(t,z) = inf C(t,x — X" (), T,w — X"), (2.3.21)

weD

the thresholds take the form
C;L* ={(t,z) : W(0,20) — W(t,z) > (J™ — j)A/n.}.

It may be preferable to see the invariance directly from the change of variables of
the HJB PDE, as in (2.3.17). Repeating the calculations in (2.3.18) with inequalities
instead of equalities, one finds that W is a subsolution to an appropriately scaled
HJB with appropriately scaled boundary conditions. The thresholds C7 in (¢, )

coordinates become

C = {(t,y) : V(0,0) = V(t,y) > (J™ — j)Aal }

={(t,z) : W(0,z0) — W(t,z) > (J™ — j)A/n,}.

The takeaway is that the thresholds one constructs for the x variables have the same
1/n spacing one would have if X" satisfied an LDP, except that we use a “zoomed

in” rate function which sees the cost only up to second order.

2.3.5 Analysis of asymptotic performance

In this section we establish lower bounds on the decay rate of moderate-deviations
based splitting schemes for the terminal escape problem P(X"(T) ¢ D). We recall
that in Section 2.3.2 the problem was embedded into a sequence Y™ which satisfies
a large deviations principle with the rate function Ij; in (2.3.8). To estimate the

terminal escape probability for a specific value of n = n,, the domain D to escape is
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scaled and translated by
D, = v/na,, (D — X™°(t)).

This set D, is fixed and independent of n. The function V' (¢,y) as defined in (2.3.12)
with G = oo - 1p, (y) identifies the decay rate of the probabilities, i.e.

lim —a?logP(Y"™(T) ¢ D,) = V(0,0).

n—oo

Recall the notation from the end of Section 2.1.5: when the splitting scheme is based
on a subsolution V' (see Definition 1.4.3 or (2.1.11)), (V') denotes the associated
RESTART estimator and the second moment of v*(V) is denoted by S™(V). We will
establish that the decay rate is bounded below by V(0,0) + V/(0,0). In particular,
if 1(0,0) = V(0,0), then the estimator 4*(V) will be asymptotically optimal in the

sense of Definition 2.1.2.

Theorem 2.3.7. Let V be a subsolution in the sense of Definition 1.4.3 for the

problem of estimating P(Y"™(T') ¢ D). We have the following lower bound:

lim inf —a? log S™"(V') > V(0,0) + V(0,0). (2.3.22)

n—oo

Proof. Let a subsolution V satisfying (2.1.11) and V(T,y) < 0 for y ¢ D, be given
and let V™ denote the associated piecewise constant importance functions defined
by (2.1.14). Corollary 2.1.5 gives the following pre-asymptotic upper bound on the

second moment:

nT
_ —2 /Y70 (2 n o \_1/ n *
S™"(V) < Eqy Z et (V(=1)/nY21) =V (00) (p, myn(Yip & D ))?
=1

+ E070[ea;2(V((nT—1)/n7Y71‘T71)—‘7(0,0))1D$ Y2,
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To simplify notation, define for i = 0,1,...,nT and y € R?,

AM(y) = exp [% (vn (%y) - V”<0,0))1 | (2.3.23)

With this new notation, we have

(p"AT)

S"(V) < Eqop Z A (YR ) Br(Y™)? (2.3.25)

+Eoo [Anpn (Vi) Lpe (V)] -

There are two terms in (2.3.25), and both are positive and n-dependent. Owing to
the logarithmic large deviations scaling, to establish (2.3.22) it suffices to check the

limit on both terms individually. We start with the second, easier term.

Let € > 0 be arbitary. From (2.1.15), V"(¢,y) — V™(0,0) — V(¢,y) — V(0,0)

uniformly in (¢,y), so for all n large enough we have

Vi (t,y) — V"™(0,0) < V(t,y) — V(0,0) +

If y ¢ D, then V(T,y) < 0 by the boundary condition of a subsolution. Thus, for

all n sufficiently large we have

Eoo[Anpn (Y (p"))1oe (Yo7)] < exp %(—V(o,o) +e)| Poo(Yor ¢ D.).

Applying the large deviations upper bound for the process {Y;",7 > 0}, we obtain

lim sup a2 log Poo (Y, & D.) < o—an2V(0,0)

n—oo
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Combining the two above displays and taking care of the negative signs, we obtain

lim inf —a? log oo [Af} (Y™ (0")1ps (V)] > V(0,0) +V(0,0) — e,

n—o0

which handles the second term. We remark that the second term contributes to the
overall rate of decay even though it might seem negligible compared to the first term
in (2.3.25). This is because we expect the highest contributions to the variance to

come from the particles which split closest to the escape set.

Next we handle the first term in (2.3.25). Owing to the linear growth of T, it
suffices to bound each term in the sum. Indeed, if the desired limit holds for each i,

then along any subsequence i, 0 < 2, < n1T" we have

nT

im inf —a? S A (V) BRY)?
hglogf a; logEo o 2 A? (Y )BMY™)
> liminf —a; log (nT EoplA}. _,(Y;"_1)BP (Y*)?])
n—oo

> 1V(0,0) + V(0,0) — li_>m alogn,

and this last term goes to 0 because of Condition 2.3.3.2. Thus it suffices to establish

the limit for each fixed 3.

Similarly, since J" grows linearly with a? we may estimate the expected value
individually on each set D} = C7 \ CT_,, where the thresholds C} are as in (2.3.20).
Thus it suffices to establish the limit

lim inf —a; log Eoo[1py (in/n, Yi) AL 1 (Y1) BL (Y;2)*] > V(0,0) + V/(0,0)
n—oo In n n n n n

(2.3.26)

along subsequences {j,,} and {i,}.
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Before taking limits we address the time index disparity between the indicator
Lpr(i/n,Y;") and the point ((i —1)/n,Y/,) appearing in the argument of V™ in the
expression for A? from (2.3.23). Condition 2.3.1.1 states that the moment generating
function of wu; is finite in a A- neighbourhood of the origin uniformly in x, so in
particular the distribution of u;(z) has moments of all orders for all x € R?. Using
the uniform convergence of V" to V from (2.1.15), it is straightforward to argue that
the probability of Y} and Y;"; not lying in the same set D7 is superexponentially
small as n — 00, as was done in the proof of Theorem 2.2.15 (see equations (2.2.33)

and (2.2.34)). Consequently, if we replace A" ; by AP in (2.3.26) it will not affect

the limit. We do so for the remainder of the proof.

Returning to (2.3.26) with 7 instead of ¢ — 1, observe that for fixed i and 7,

EoolLpy (i/n, Y;")(i/n, Y A} (V") B (Y]")’]

< sup Py (YU(T) & Di)Eoo[lpr(i/n, Y AP (Y") B (Y]")]

(t:y)eD]

< et VI=V00) g Pey(Y™(T) ¢ D.) Eopllpy (i/n,Y;") B (Y;")], (2.3.27)

(ty)eD}

where we used the notation ‘_/j” = V"(t,y) for (t,y) € D7. From the definition of B}’

and the Markov property,

Eoo[1py (i/n, Yi") B (Y")] = Eoo[Lpp (i/n, Y )Pijmyp (Y(T) ¢ D.)]

< Poo(Y"(T) ¢ D.). (2.3.28)

Suppose now 0 < j, < J" is any subsequence such that j,A, converges to some
number 6,

Jn, — 0 € [0, M],
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and define the level set

where we recall that M = lim,, ,, J"A,, was defined in (2.1.13). If (,,y,) € D}, for

all n > 1 then
(Jn = Gn+ DA, > V™0,0) = V™ (tn, yn) > (Jn — Jn) A,

which together with the uniform convergence of V™ to V implies

liminf — (V" —V(0,0)) = M — 6. (2.3.29)

n—oo

This identifies the limit of the first factor in (2.3.27) when we apply the large devia-
tions scaling. For the second factor, let (¢,,y,) denote a convergent subsequence, so
that (t,,yn) — (f,y). From the constraint (t,,y,) € D}, , we must have (¢,y) € L(0).

The large deviation upper bound for the process Y;" yields, for all (¢,y) € L(6),

liminf —a? log P, (Y™(T) ¢ D.) > V(t,y). (2.3.30)

n—o0

Finally, the large deviations applied for the initial condition (0,0) gives

lim inf —aZ log Py o(Y™(T) ¢ D.) > V(0,0). (2.3.31)

n—oo

Combining (2.3.29), (2.3.30) and (2.3.31) with the estimate (2.3.28), we apply the
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large deviations scaling in (2.3.27) to deduce

lim inf —a,, *Eq o [1D]’.L (i/n, ") AP (Y B (Y]

n—oo

>M =0+ inf V(ty)+V(0,0)

t,yeL(f

By the subsolution property, V (¢,y) > V(t,y) for all (t,y) € [0,T] x R%. Thus,

inf  V(t,y) >V(0,0) — M +6.
@mw)<w (0,0)

It follows that

lim inf —a;QEo,o[lD;}(i/n, Y ANY) B (Y]

n—o0

> V(0,0) + V(0,0),

as claimed. n
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Chemical Reaction Networks
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3.1 Introduction

This chapter is dedicated to a class of mathematical models known as chemical reac-
tion networks (CRNs). The ultimate goal of the chapter is to construct subsolutions
which determine good splitting schemes for the purposes of rare event simulation, as
investigated in the previous chapter. These subsolutions will be tailored depending
on the rare event of interest and can be constructed owing to the particular structure
of CRNs. The techniques and examples developed in this chapter will then be tested

numerically in the next one.

We outline the chapter, and then the remainder of the section. This first section
introduces the theory of chemical reaction networks and defines the basic dynamics
and objects used throughout the chapter. The next section, Section 3.2, describes
techniques for identifying subsolutions using the specific structure of CRNs. These
techniques are then used in Section 3.3 to construct subsolutions associated to various

rare events arising in CRNs.

The remainder of the section proceeds as follows. We first provide some back-
ground on the history of CRNs in Section 3.1.1. Next, we formally define the CRN
as a directed graph in Section 3.1.2 and make a few remarks about the definition.
Finally, Sections 3.1.3 and 3.1.4 are dedicated to defining the two main models as-
sociated to the graph underlying a CRN: first, as a system of coupled ordinary

differential equations, and second, as a jump Markov process.

Throughout, the object of interest will be a sequence {X™, n > 1} of scaled jump
Markov processes which satisfy a law of large numbers n — oco. Each X" will be a
stochastic description of the CRN with some number of particles depending on n,

and it is this sequence which will exhibit the “rare events” we are interested in.
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3.1.1 Background

Broadly speaking, CRN models attempt to describe in one way or another the be-
havior of chemical species interacting in a well-stirred homogeneous medium, so that
every particle of the same chemical species experiences identical conditions. In par-
ticular, CRNs do not track the spatial location of any individual species and provide
only macroscopic information. For us, this will be either a discrete number of a
certain type of species, or a concentration value, which is a non-negative real num-
ber. The origins of CRN theory can be traced back to the “law of mass action” and
the principle of detailed balance for kinetic systems, developed towards the end of
the 19th century. In an introductory course on chemistry, one typically encounters
relationships of the form

A= B

which one can vaguely interpret as saying that A reacts to B and vice-versa. The
law of mass action states that at “equilibrium”, the “rate” of the forward reaction
A — B is proportional to the concentration of A, and the rate of the reverse reaction
B — A is proportional to the concentration of B. The words equilibrium and rate
here are in quotation marks because they mean something quite specific in chemistry
and are often misused in mathematical treatises of the subject. The law can be
formulated in terms of a coupled system of differential equations, often referred to
as mass-action kinetics. The perspective we take on the subject might be said to
originate from the pioneering work of R. Horn, F. Jackson and M. Feinberg in the
early 70s; see [31, 44, 45]. The work of Horn, Jackson and Feinberg showed how
graph theoretic notions could be useful in addressing questions about systems of

differential equations (namely, mass-action kinetics).

We will not give a full historical account here, but we must note that CRNs have
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experienced an increasing amount of attention from a wide variety of mathematical
and scientific communities in the past few decades. As is often the case, depend-
ing on the community they may be known by a different name. They are sometimes
called “stochastic Petri nets” in computer science and are related to “vector addition
systems” or “population protocols”. Reaction networks are also naturally related to
queuing theory, and if one were to consider more general reaction rates than we do,
a large class of queuing models could be formulated as reaction networks. Chemi-
cal engineers would be familiar with the term “master equation” (the Kolmogorov
forward equation) and “Gillespie’s algorithm” or “kinetic Monte Carlo”, which is
just the algorithmic description of a jump Markov process. In this thesis an impor-
tant class of networks are “complex-balanced” networks, which are better known as
“toric varieties” in algebraic geometry. We are able to solve the time-independent
Hamilton-Jacobi-Bellman equation for a class of networks owing to the algebraic
structure of these toric varieties. The original connection to reaction networks is
from Anne Shiu’s PhD thesis; see [60] or [61]. Work on stochastic models of reaction
networks also dates back to at least the 1950s (see [5, 6, 15]), and in the 70s Kurtz
established the law of large numbers for jump processes, which relates the usual
stochastic and deterministic models [51, 52]; see also Theorem 1.3.4 in Chapter 1.
The style of analysis here has been widely used in the physics community; see for
instance [26, 62, 9, 50, 55, 48] or [54, 1] for some on the large deviations perspective.
The arxiv preprint [2] in particular treats many of the same objects we discuss here,

though not for the same purposes.
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3.1.2 Definition of CRNs

In this section we introduce some notation used throughout the chapter and define

chemical reaction networks formally.

Notation 3.1.1. Given z € R and ¢ € Z%, we set

¢ = x%l---xfﬁ.

For a € Z4, we define |a| = a; + - - - + aq.

Definition 3.1.2. A chemical reaction network (CRN) in d species is a directed
graph G, = (C,R, k), where the vertices a € C are d-dimensional vectors whose
entries are non-negative integers. Each vertex a € C is identified with a monomial
x® in d variables. The directed edges are defined by ordered pairs (a,b) € R C C xC

and are labeled with positive rate constants x5 > 0.

The reason for associating each vertex to the monomial z* will become clearer
once the deterministic dynamics are introduced, and can be thought of as arising
from a counting argument (see the beginning of Section 3.1.4). We also note that
the rate constants x,, may or may not be important depending on the properties of
the CRN one is interested in. When they are not important, we will simply use G

to denote the pair (C,R), with the assumption that k., = 1 for all (a,b) € R.

Remark. Tt is natural to identify the vertices a € C with their labels, which are in
turn entirely described by the vector of exponents of the monomials. Thus a € C
is always identified with some vector in Z?. The vector of exponents a is called a
complex in the literature. A reaction is a directed edge (a,b) € R and is identified
with the vector (,, = b — a, where the difference is interpreted in Z%. We define the

rate of a reaction (a,b) € R to be A\¢(x) = Agp(x) = Kapx®, where K4, > 0 is the
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rate constant taken to be 1 unless otherwise specified, and we call % the unweighted

rate. Note that we might have (a,b) # (a’,0') but (. p = (-

Remark. Our definition of CRN is slightly less general than the usual one, which
allows for the labels of the vertices to be general rational functions of (z1,...,x,)
rather than just monomials. We do not consider the general case in this thesis,
though we expect much of the work could be extended to rates A(x) which are
Lipschitz continuous, satisfy subexponential growth and decay conditions, and take

values in [0, 00).

Example 3.1.3. Let C = {[2,0],[1,1],[0,2]} = {a,b,c} and R = C x C, the set of
all ordered pairs in C. The graph G corresponding to the CRN (C,R) is

2

AN

b

332 Kp.c

Figure 3.1

The graphical depiction in Example 3.1.3 will often be expressed in terms of the
standard notation in chemistry, as in the expression A — B. For instance, we could

write the same network without the explicit « labels as

2A=A+B
A+ B =28

2B = 2A.
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One clear disadvantage of this way of depicting the network is that the vertices are
repeated, so at first glance one might think |C| = 6 even though |C| = 3. As such,

we will only use this format when no such confusion will arise.

We first present the deterministic description in terms of a system of coupled
ordinary differential equations, the “law of mass action”. The second description
is stochastic and is an analogue of the “law of mass action” since it has a natural
law of large number scaling limit attached to it which converges to the system of

differential equations, as described by Theorem 1.3.4.

3.1.3 Deterministic dynamics

In this section we explore the deterministic dynamics associated to any CRN G,
known as “mass-action kinetics”. We first define the dynamics as a system of differ-
ential equations, and subsequently we explore the structure of the dynamics in terms

of the underlying graph G,.

System of autonomous ODEs & = ®(x). To any d-dimensional CRN G, we

associate the deterministic dynamics ® : RZ — R? given by

B(r) = Y Caphap(a) = Y (b~ a)kapa.

(a,b)eR (a,b)eR

What is the range of x(t) for given x(0)? Recall that the (,; are vectors in Z4

indexed by the reactions (a,b) € R and determined by the differences b — a. By the
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definition of a solution,

o) =20 = 3 G [ Naatalenas).

(a,b)ER

so x(t) — x(0) is a linear combination of the vectors (, ;. In general, the domain of
the trajectory will be the intersection an affine subset of R? with the positive orthant

d
RS-

We note that existence and uniqueness for the system & = ®(x) is guaranteed
for any initial condition x(0). This follows from the Lipschitz continuity of A, ;(z)

(see for instance [41]).

Definition 3.1.4. Let G = (C,R) be a CRN. The subspace

Sy = Z A pCap : Qap € R, (a,0) € R
(a,b)ER

is called the stoichiometric subspace of the network. For a given initial condition

z(0) € R, we let
Se) = RGN (So +2(0)) =R N {s+2(0) : s € S} (3.1.1)

The set S, (0 is called the stoichiometric compatibility class at £(0). When the initial
condition (0) is implied or irrelevant, we simply write S rather than S, and refer

to S as the stoichiometric compatibility class or simply the domain of G.

We will also use dS to denote the boundary of the set S, and S° to denote its

interior. A facet of S is a subset of S with co-dimension 1. Any facet is of the form

{reRL:2;,=0}NIS (3.1.2)
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for a unique ¢ € {1,...,d}. Finally, note that z(t) € Sy for all ¢ > 0 whenever
z(t) = (x(t)).

Remark. In the definition of a reaction network, we allow for complex a = 0, which
will always be associated with the d-dimensional zero vector. We call this complex
the empty complex. It corresponds to a constant inflow of species since 2° = 1. As

defined, CRNs do not allow for constant outflow.

Graphical structure. The underlying structure of the system & = ®(z) depends
on the relationships between the various species which are captured in the graph G.,..

Observe that ®(z) in Example 3.1.3 can be written as

®(x) =YL (x),

—Ra,b Ra,c Rab Ra,c
210
Y - ) LH = ﬁb,a _be,a - /ib,c K/b,C
01 2
Rea Reb —HRea 7 Reb

This is a general decomposition that is useful since it separates out three aspects of

the deterministic dynamics:

1. all of the nonlinearity in the dynamics is stored in the map ¥ (z);

2. the orientations of the edges in the graph G, are captured in the matrix L,

and

3. there is a difference between the rate of change of concentration of each species,

and the rate of change of concentration of each complex.
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We define these objects more generally.

Definition 3.1.5. Let G, be a CRN. The deterministic dynamics ®(x) can be
written as

®(x) =YL (x),

where the superscript 1" denotes a transpose.

1. The map ¢ : R — RC denotes the vector concentration to compleres map
which takes the vector of concentrations x to the vector of unweighted rates

indexed by the complexes a € C, i.e.

(V(x))q = 2.

We often abuse notation and assume a labeling on the complexes to identify
¥ (x) with a vector in R'f'. Similarly, we use (a, b) to refer to a point either in

C xCor|C| x|C|

2. The map L, : RIl — RI¢l is the matrix whose (a,b)!" entry is

Kab if a#b

(Lﬁ)a,b = .
_Zb;ﬁaﬁ;a,b if a/:b

We call L, the weighted Laplacian on the graph G.

3. The “complexes to concentrations” map Y : RI¢l — R? is the matrix whose

columns are given by the complexes a € Zi. We have
O(z) =Y Liy(x),

where right multiplication by the column vector 1 (z) is interpreted as standard
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matrix-vector multiplication.

The decomposition in Definition 3.1.5 encodes the graphical structure of the

CRN.

Definition 3.1.6. A CRN G = (C,R) is said to be weakly reversible if for any
(a,b) € R, there is a sequence of edges (bg, b1), (b1, b2), ..., (br_1,br) € R such that
bo = b and b, = «a.

We remark that weak reversibility is determined entirely by the form of the
Laplacian L, in Definition 3.1.5. The rate constants x,; are irrelevant for weak
reversibility, so long as they are positive. In Example 3.1.3, the Laplacian L, with

Kap = 1 for all (a,b) € R is

Identifying complexes a,b € C with coordinates on RI°l| it is clear that

(Lk)ap = 1{edge a — b}.

This allows us to verify the reachability condition in Definition 3.1.6.

The decomposition ®(z) = (z)LLY of Definition 3.1.5 also allows a deeper
understanding of the structure of steady states of the network. A steady state is a
point ¢ € R¢ such that ®(c) = 0. A natural question to ask is: does a given CRN
admit multiple steady states? In some cases, the question can be answered directly

from the graph G = (C, R) without regard to the rate constants — see Section 3.2.1
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on “complex-balanced” networks. In other cases, the rate constants x, are relevant,
and a more detailed analysis is needed. For an algebraic perspective in which one

considers polynomials in the rate constants, see [60].

3.1.4 Stochastic dynamics

In this section we define the stochastic dynamics associated to a CRN G,. These
are intimately tied to the deterministic dynamics introduced in the previous section
via the law of large numbers. We first motivate the mass-action rates used in the
stochastic dynamics, which also explain the form of the rates A\, ;(z) = Koz We
then define a scaled jump Markov process and consider its domain. Finally, we
reintroduce the objects from Chapter 2 used for the construction of subsolutions in

the context of CRNs.

Counting arguments for mass action rates. We remind ourselves of the un-
derlying physical process we are trying to model: chemical species of a certain type
interacting in a well-stirred medium, with any two particles of the same species ex-
periencing identical conditions. Under such assumptions, what is a natural way of
associating a “rate” to a reaction? For instance, if there are X4 particles of species

A and Xp particles of species B, what should be the rate of the reaction A — B?

Perhaps the most straightforward is to count the number of ways two particles
can associate, in this case, X, Xpg. If we had a reaction of the form A+ A — B, or
2A — B in our notation, the number of ways of choosing two particles out of X4
without regard to order is X 4 (X 4—1)/2. In general, if a reaction requires n 4 particles

of species A, its rate should be proportional to X!/(X4 —na)!lif X4 > ny and 0
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otherwise. This heuristic counting argument motivates the stochastic dynamics.

Jump Markov Processes. To any CRN G we associate the continuous time

jump Markov process X™(t) with generator

@ = 3 e (7(a+%) - s@). werat,

n
a,b)ER

where A7, : Z¢ — [0,00) is defined by

d |
. NKap ;!

il | (SCz — ai>! 1{331‘ = ai}.

=1

Observe that for x € n7'Z? and n large,

d
i(nai = 1) (nary —a; + 1
npnz) = nray]] e~ 1) nafm “r )1{nflfi > a;}
=1

d
NKaqp | | x}
i=1

= nup(2).

Q

In [51], Kurtz established the functional law of large numbers for the process X™.
By Theorem 1.3.4 in Chapter 1, we have X"(-) — z(-) in probability in the uniform
topology, so one can say that X™(-) “approximates” the deterministic dynamics x(-)
for large n. In general, we will assume that \,;(z) = Kepr®liz>0p and call these

mass-action rates.

We define the state space of the scaled process X" passing through the point
ceRe, by

1
S'=8.N-2'={xcS.:x=n"'22¢€Z},
n
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where the stoichiometric compatibility class S. was defined in Definition 3.1.4. When
no particular point ¢ needs to be distinguished, we simply write S™. Thus the
sequence of processes { X"} approximates the deterministic dynamics as n — oo.
Note that the state space SI is only a sublattice of the affine space S, (see Definition
3.1.4), and that in general there can be multiple sublattices of the same affine space.
Moreover, the different sublattices can exhibit significantly different dynamics. For
instance, Example 3.1.7 demonstrates that an extinction event can depend on the

initial configuration.

Example 3.1.7. Consider the CRN

A1+A2 — 2143
Al—f-Ag — 2142

AQ +A3 — 2A1

This reaction network is not weakly reversible. The dynamics of this network depend

on the initial configuration X (0) = (X1(0), X2(0), X5(0)).

To see this, let ¥ = (1,1, 1), the normal vector to the family of planes in which
the reaction network takes values. For a given initial configuration X (0), the only
absorbing states are at the vertices, (|X(0)[,0,0), (0,|X(0)|,0) and (0,0,]|X(0)]),
where [X(0)| = 327, X;(0).

Let ny, ny and ng be the total number of times the first, second and third reactions

occur to reach an absorbing state from X (0). Then, for instance,
X1<t) = X1(0> + 2711 — Ny — N3.

By equating the values of the two extinct species in each of the vertices, we obtain
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three pairs of equations,

Xi(0) = X;(0) = 3(n; — ny).

In other words, if X(0) can lead to an absorbing state, then at least one of the

differences X;(0) — X;(0),¢ # j must be divisible by 3. Thus,

X (0) = (400, 397, 399)

will eventually reach an absorbing state, whereas

X (0) = (400, 396, 400)

will not (even though both live on the same plane: (X (0) — X(0)) -7 = 0.

While it might seem that this kind of behavior could impact the rare event
behavior, the scaling in the law of large numbers renders the large deviations analysis
insensitive to this kind of combinatorial issue. We will ignore the sublattices where
extinction could occur, and we note that it is straightforward to verify that the
dynamics generated by a weakly reversible reaction network (see Definition 3.1.6)
are ergodic and that for each such such sublattice 8™ there is a unique stationary

distribution 7. We do so throughout.

Subsolutions. Since {X"} is a Markov process satisfying a law of large numbers,
it is natural to conjecture { X"} might also satisfy a corresponding large deviations
principle. Based on the results of Chapter 2, subsolutions can be used as importance
functions for the design of splitting schemes. In this section we define the basic

objects arising from the large deviations framework which will be used to define and
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analyze subsolutions for rare event estimation.

Let G, = (C, R, k) be a d-dimensional reaction network. We define the Hamilto-

nian H(z,p) : RE x R? — R by

H(z,p)= Y Kapa(eler?) —1). (3.1.3)
(a,b)ER

Note that in this chapter, we will use p to denote the second variable of H, as opposed
to « in earlier chapters. It is not difficult to see that Hamiltonians of the form (3.1.3)

are in one-to-one correspondence with d-dimensional CRNs with mass-action rates

Aap(T) = Kapz®.

The local rate L(z, 8) is the Legendre transform of the cumulant generating func-

tion of H(x,p), and can be expressed in terms of the convex optimization problem

L(z,f)=inf¢ > gyl ( “b(l;)) > Uaplar =8¢ (3.1.4)

(a,b)ER (a,b)ER

For reaction networks, the pair of Hamilton’s ODEs is given by

B(t) = D Capdas(z £):Gare) (3.1.5)
(a,b)ER

plt) = Z Vaap(z(t)) (1 — ePBCan)),
(a,b)ER

and these are expected to be naturally related to minimizers of the variational prob-

lem

nf{Ir(p) : o(0) =y, o(T) = 2},

We recall that a defining property of a continuously differentiable time-independent
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subsolution V (x) is to satisfy
H(z,—DV(z)) <0,

with the boundary conditions determined by the rare event. The time-dependent

version for a continuously differentiable subsolution V (¢, z) is
oV (t,x) — H(z,—DV(t,x)) >0,

with the appropriate boundary conditions.

3.2 Techniques for identifying subsolutions

In this section we present three techniques to identify subsolutions for the purpose
of designing splitting schemes; see Sections 1.4.2 and 2.1.4 for the definitions of
subsolutions and their relation to splitting schemes, respectively. These techniques
will then be applied in Section 3.3 to the design of subsolutions for estimating rare

event probabilities via splitting.

The identification of subsolutions is in general a hard problem and there is no
catch-all method. Moreover, one typically hopes to save on computational effort,
so any numerical methods used to evaluate (or approximate) the subsolutions at a
point should be significantly less expensive than the simulation cost if a subsolution
were not used. With this in mind, we note that there are significant assumptions

needed for the use of each technique. These are described below.

The first one, described in Section 3.2.1 requires that the network have a special
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structure known as being “complex-balanced”. This structure implies the uniqueness
of a steady state in each stoichiometric compatibility class (see Definition 3.1.4), and
from the steady state alone one can identify a smooth solution to the HJB PDE
H(z,DU(z)) = 0. Moreover, non-trivial complex-balancing networks of arbitrarily
large dimension can fairly easily be constructed. However, while complex-balanced
networks are ubiquitous and well-studied, they have a rigid structure. Since there is
exactly one steady state per compatibility class, complex-balancing networks cannot
exhibit metastability. Instead, the rare events studied with this method are escape

from rest point problems, and issues of hitting the boundary.

The second technique is restricted to one-dimensional CRNs. Each one-
dimensional CRN corresponds to a one-dimensional Hamiltonian which is time-
independent. In particular, the Hamiltonian itself (the “energy”) is a conserved
quantity and it is straightforward to compute the quasipotential numerically by
quadrature. Since this can be done for a general one-dimensional CRN, we are free

to explore all types of rare events, including metastability issues.

Finally, we describe the moderate deviations approximation to CRNs. This tech-
nique can be applied to general d-dimensional reaction networks without making any
assumptions on the structure of the network. The drawback is that the moderate
deviations approximation cannot capture more complex rare-event behavior, since it
is essentially a quadratic approximation around the law of large numbers. We will
illustrate how they can be used to estimate rare events which are not “too rare” in

the context of escaping a rest point and leaving a boundary.
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3.2.1 Subsolutions for complex-balanced networks

In this section we introduce the notion of complex-balanced networks and describe
some of their basic properties. The main result of the section is that one can explic-
itly identify the quasipotential for any complex-balanced CRN. Owing to the discus-
sion of Section 2.1.4.1, we can use the quasipotential to construct time-independent
subsolutions for the problem of estimating escape probabilities over increasing time
intervals [0,7'(n)]. Theorem 2.2.15 shows that the corresponding splitting scheme

will be asymptotically optimal in the sense of Definition 2.2.14.

In the first part of this section we define the notion of complex-balanced networks
and state a few well-known consequences. In the second part, we provide a simple
condition for being complex-balanced, known as the Deficiency Zero theorem (see
Theorem 3.2.4). In the third part we exhibit an explicit solution to the steady-state
HJB PDE.

3.2.1.1 Complex-balanced networks

Let G, = (C,R,k) be a d-dimensional CRN, and recall the maps L, and ¢ from
Definition 3.1.5.

Definition 3.2.1. The CRN G, is said to be complex balanced at a point ¢ € R% if

Y(c)L, = 0.

We call ¢ a complex balancing equilibrium.

The definition of complex balanced implies that in every stochiometric compati-
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bility class, there is ¢ such that for any complex z € C,

Z Kq,C" = Z Kz bC (3.2.1)

One can interpret the left-hand side of (3.2.1) as the “inflow” into the complex z,

and the right-hand as the “outflow” from z.

The study of complex balanced networks goes back to the seminal work of Fein-
berg, Horn and Jackson [31, 32, 33, 34, 44, 45]. Of particular interest has been the
global attractor conjecture, which asks whether every complex balanced system has

a globally attracting fixed point within each stoichiometric compatibility class.

There are several important facts about complex balanced networks. Much of
the modern phrasing we use here is due to the expository work of Anderson, though

many of the results are originally due to Horn and Jackson:

1. if ¢ € R%; is a complex-balancing equilibrium, then every ¢ € R%, satisfying

®(¢) = 0 must be complex-balancing, i.e., ¥(¢)L, = 0;

2. for any stoichiometric compatibility class S(zg), there is a unique complex-

balancing equilibrium ¢ € S(xg);

3. the network is necessarily weakly reversible.

In light of properties 1 and 2 above, any CRN which admits a complex balancing
equilibrium has only complex balancing equilibria, and they exist in each stoichio-
metric compatibility class. In such a case we simply refer to the network as being

complez balanced, without regard to the specific equilibrium c.
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3.2.1.2 Deficiency Zero Theorem

There exists sufficient (though far from necessary) conditions which guarantee that a
network is complex balanced. What we call here the Deficiency Zero theorem is not
exactly what it is called by other authors (see e.g. [44], Theorem 4A, or Theorem
3.1 in [4]). However, the result as stated here is what will be most useful for our

purposes of constructing reaction networks which are complex-balanced. First, we

define the deficiency of a CRN.

Definition 3.2.2. The deficiency 6 of a network G, = (C, R, k) is given by

§ = dim(ker(Y') Nimage(LL)).

It is easiest to calculate the deficiency for weakly reversible reaction networks.

The following is a simplified version of Proposition 5.1 in [40].

Proposition 3.2.3. If G = (C,R) is weakly reversible, then

d = |C| — #cc(G) — dim(Sy), (3.2.2)

where |C| is the number of complexes, #cc(G) is the number of connected components
of the graph G, and dim(Sy) is the dimension of the stoichiometric subspace (see

Definition 3.1.4).

Though the notion of deficiency is widely used in the study of the dynamics
reaction networks, we do not investigate the issue further and simply take advantage
of the simple formula (3.2.2) for the deficiency in the case of a weakly reversible

reaction network. For a linear-algebraic motivation for the notion of deficiency,
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see Definition 3.2 in [40] and its subsequent arguments; for the algebraic geometry

perspective, see [60].

We now state the Deficiency Zero theorem.

Theorem 3.2.4 (Deficiency Zero). Suppose that G, = (C,R) is a CRN with a
deficiency of § = 0 and {kap} is any choice of positive rate constants. The network

1s weakly reversible if and only if it is complex balanced.

Recall that weak reversibility (Definition 3.1.6) is a graph-theoretic condition that
is easily checked by inspection (at least for small graphs), whereas the deficiency of
a network is related to the dimension of the span of the reaction vectors (,p. It is
therefore straightforward to construct reaction networks which are complex balanced,

at least for “low” dimensions (say d < 20).

Anderson et al. determine in [4] that any network which is complex balanced has

the following stationary distribution:

nzi

1 d
:ﬁHe , reS

=1

where Z" is a positive normalising constant. If S = nilzi, then Z™ = 1 and the
distribution is of product Poisson form. Having determined the stationary distri-
bution, in [3] they perform a standard calculation via Stirling’s approximation to

obtain
1
i = log (@ Z@( )

where ¢ = (¢y, . .., ¢q) satisfies @(c¢) = 0. They then recognise the right-hand side as a
well-known Lyapunov function for the system () = ®(x(t)), which was used by [45]

to show that the steady state is locally asymptotically stable in its stoichiometric
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compatability class S.. Based on the theory of Chapter 1 (Theorems 1.5.3, 1.5.4
and Proposition 1.5.9) we should be able to connect this Lyapunov function with a
solution of the time-independent HJB. This is the content of the next section. A more
complete description of the relationships between Lyapunov functions, solutions of

the HJB PDE and large deviations can be found in [23, §].

3.2.1.3 Solution of HJB

We now identify the quasipotential for complex-balanced CRNs using only informa-
tion about the steady state. As mentioned earlier, the quasipotential will allow us
to construct time-independent subsolutions for escape problems, and the associated

splitting schemes will be asymptotically optimal over long time intervals (see Section

2.1.4.1).

Theorem 3.2.5. Let G, be a complex-balanced d-dimensional CRN with rate con-
stants {Kap}(ap)er, let ¢ € Rio be a complex balancing steady state, and let D de-

note the domain of attraction of c. The quasipotential relative to ¢ is given on

ScN{x:U(x) < mingeyp U(y)} by

U(z) = icie (“Z—) (3.2.3)

where {(x) = xlogx —x + 1.

Proof. First, note that the Hamiltonian associated to any CRN is continuously dif-
ferentiable in (z,p) and strictly convex in the second variable. According to The-
orem 1.5.4, in order to verify that a non-negative real-valued function U is equal

to the quasipotential on a neighbourhood of the steady state, it suffices to check
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that U(c) = 0, DU(c) = 0, U(z) > 0 and DU(z) # 0 for x # ¢, and that U satis-
fies the HJIB PDE H(x, DU(z)) = 0. Then U(x) is equal to the quasipotential on
{z: Uz) < minyeop U(y)}-

Let D C S, be the domain of attraction of ¢. Note that U(x) is a sum of strictly
convex functions, hence strictly convex, and that U(z) has its unique zero at x = c.

The gradient is

DU (z) = <log :c_ ., log ﬁ)

¢’ Cd
Each component of DU is equal to zero if and only if x; = ¢; for all ¢ = 1,...,d.
Thus, aside from satisfying the PDE, U satisfies all the prerequisite conditions for the
theorem on D. We now verify that U in fact solves the HIB PDE H(z, DU(x)) = 0.

We have,
H(z,DU(z)) = Y Kapa(ePVEH=a) — 1)
(a,b)ER
2\b
= Z I{,I,bl‘a <<E)a - 1)
(a,b)eR (z>
= Z Ra, bJJ Z Raq, b.T
(a,b)eR (a,b)ER
o <lm=4 <9 (-1
(a,b)ER zeC ¢ (a,b)ER zeC
- L] T et
zeC | a: (a Z)ER (z,b)ER
= Z Z Ka, ZC — Z K bl‘
zeC | aa2)€ER (z,0)eR
= Z Z lizbc — Z lizb.%‘]
zeC | b (z,0)ER (z,b)eR

= 0.
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In the penultimate equality above we used the complex-balanced relation (3.2.1). O

We remark that the domain of attraction in Theorem 3.2.5 can in practice be
taken to be all of S, since one can verify directly that the complex balancing steady
state is globally asymptotically stable. The general result for an arbitrary complex-
balanced CRN is much more difficult and is the content of the Global Attractor
Conjecture, proved recently in [11]. While the result seems accepted, it has not yet
been published in any peer-reviewed journal, and as such we keep the condition on

the domain of attraction in the statement of Theorem 3.2.5.

We also point out that in [30] the authors observe U as defined in (3.2.3) satisfies
the HJB PDE. However, the authors there derive the HJB via a known approxi-
mation to the Kolmogorov forward equation and do not develop the connection to
large deviations, nor do they ever mention that it is a Hamilton-Jacobi equation.
Moreover, their result does not seem to be published or have made its way through

the CRN community.

Finally, we point out that the “reverse” direction is also true: if for some ¢ € ]R‘i
(3.2.3) is a solution of the Hamilton-Jacobi-Bellman equation for any given CRN,
then that CRN is complex-balanced and c is the unique equilibrium in its stoichio-
metric compatibility class. This result is not much of interest in the present context

and so we do not state it formally.

3.2.2 Subsolutions for one-dimensional networks

This section studies one-dimensional CRNs. Though they are much simpler than

their higher-dimensional counterparts, one-dimensional CRNs can exhibit most kind
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of rare events we are interested in. The main goal of this section is to demonstrate
how to build reaction networks with prescribed rare event behavior, and subsequently
describe a method for constructing time-independent subsolutions for general one-
dimensional CRNs. Taken together, these facts will allow us to construct asymptot-

ically optimal splitting schemes for several different types of rare events.

We briefly outline the section. First, in Section 3.2.2.1 we gather facts about
one-dimensional systems and show how every suitable one-dimensional polynomial
corresponds to the steady state dynamics @ = ®(z) of some CRN. In Section 3.2.2.2
we identify the quasipotential and discuss its use as a subsolution for the escape
problem over increasing time intervals. We then derive an explicit expression for the
gradient of the quasipotential in the case of birth-death systems in Section 3.2.2.3

and we apply it to the construction in Section 3.2.2.1.

3.2.2.1 From polynomials to CRNs.

This section discusses how to construct CRNs with certain desired properties. The
class of one-dimensional CRNs includes well-known models. For instance, the A 2 ()
network corresponds to the M /M /oo queue in Kendall’s notation, and CRNs with

jump sizes £1 (i.e., R = {£1}) are birth-death processes.

It is natural to ask more generally what kind of dynamics a one-dimensional CRN
can describe, in either a stochastic or deterministic sense. The following result is a
step in this direction. It tells us that we can associate to a generic polynomial ¢(x)
with ¢(0) > 0 a CRN whose deterministic dynamics ®(x) = D,H (z,0) are given by
q(z). The higher-dimensional case was solved by J. Téth and V. Hars in 1979 [42]

and also provides a constructive proof. The following special case is our personal
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construction and is included because it will be used throughout to build networks.

Lemma 3.2.6. To any polynomial q(x) = Zf:o a;z" with q(0) > 0, we can associate

a single-species CRN whose mass-action dynamics are given by

In particular, the equilibrium points of the CRN are the real roots of q.

Proof. Let k = deg(q) be the degree of the polynomial ¢(z), and let {a;}%_, be the
coefficients of ¢. By assumption, ag > 0. We define a reaction network and check that
it works. Let k; = |a;| and define the outflow and inflow subsets N = {i : a; < 0}

and P={1,...,k} \ N. Let
C=NUPU(N-1)U(P+1),

where N—1={i—1:9i€ N} and P+ 1= {i+1:4¢e P}. Given this set of

complexes C, let the reactions be
R={(G,i—1):ie N}U{i,i+1:1€ P},

and choose the rate constants to be

Note that ap > 0 implies 0 € P.

There is one reaction (; ;11 for each coefficient a;, and mass-action kinetics are
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given by

T = Z /\ab Cab

(a,b)eER

= E Ki z+13j - E Rii— 11'
(3, 1+1)€R (z i—1)ER
i€P €N

By definition of N and P, we can remove absolute values on the a; and combine the

sums on the last line to recover ¢(z). O

Remark. This is not the only way of constructing a reaction network whose deter-
minstic dynamics & = ®(x) satisfy ®(z) = ¢(x). For instance, instead of associating
the reaction A — 2A at rate Kk = 2 to the monomial 2z, one could to associate the
reaction A — 3A at rate kK = 1. This leads to the same deterministic dynamics ®(z),
but the corresponding Hamiltonian terms are different: 2x(e? — 1) and z(e? — 1),

respectively.

A consequence of Lemma 3.2.6 is that we can construct one-dimensional reaction
networks with whatever admissible deterministic dynamics @ = ®(z) we like. This

is captured in Corollary 3.2.7.

Corollary 3.2.7. Given K non-negative numbers cq,...,cx > 0, not necessarily

distinct, there is a CRN with steady state dynamics ® which satisfies {x : ®(z) =

O} = {Cl, R ,CK}.
Proof. Let Z = {i: ¢; = 0} and recall that |Z]| denotes the cardinality of Z. Let

q(x):(—l)KﬂZ" [ @-c). (3.2.4)
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If |Z] > 1 then ¢(0) = 0, otherwise a simple parity check shows ¢(0) > 0. By Lemma

3.2.6 there is a CRN corresponding to ¢(x). O

It follows immediately from Corollary 3.2.7 that one-dimensional reaction net-
works have the capacity for an arbitrarily large but finite number of steady states.
Of course, not all steady states can be stable, because whatever polynomial describes
the steady state dynamics has to change sign between two stable steady states. We

illustrate this issue in the next example.

Example 3.2.8. Suppose we wish to study a metastability problem, where the
stochastic process X" starts at a stable steady state c; and can go to one of two
stable steady states c¢; or c3 with ¢; < ¢3 < ¢3. In order for ¢; to be stable for
each i = 1,2,3, there must be neighbourhoods N; of ¢; such that ®(x) > 0 for
x € NyN{x < ¢} and ®(x) < 0 for x € N; N {x > ¢;}. In particular, whatever
polynomial ¢(x) describes the deterministic dynamics, it will need to change sign
between ¢; and ¢y and again between ¢y and cz. If g(x) is of the form (3.2.4), then
there will necessarily be ¢ € (¢1,¢2) and co3 € (¢, ¢3) which are unstable steady

states. See Figure 3.2 for a simple one-dimensional phase diagram of ®(z).

N Ny Ns

Py 0 ya O Py a
\ 9 < A\

S S
7 7

C1 C12 Co €23 C3

Figure 3.2: A one-dimensional phase diagram for the polynomial determined in
Corollary 3.2.7 given the set {c1, c12, ¢a, Ca3, c3} of steady states. The states ¢, ¢a, ¢3
are stable, and ¢, o3 are unstable.
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3.2.2.2 Swubsolutions based on the quasipotential

This section identifies subsolutions for one-dimensional CRNs based on the quasipo-
tential relative to a stable steady state. Recall from Definition 1.5.2 that the quasipo-

tential relative to a stable steady state ¢ € R, is defined as

Qle,x) = inf {/0 L((s), 5())ds = 9(0) = ¢, o(T) = 2,T < oo} o (3.29)

Furthermore, in Section 2.1.4.1 we demonstrated how the quasipotential could
be used to construct a subsolution for the problem of estimating P, (X"(t) ¢
D for some t € [0,7]) when z is a rest point. When the problem is taken over
increasing time intervals [0, 7(n)] with 7'(n) being polynomial in n, Theorem 2.2.15

shows the corresponding splitting scheme is asymptotically optimal in the sense of

Definition 2.1.2.

First, we explain how to compute the quasipotential, and then we explain how
to “stitch” together the quasipotentials corresponding to two different stable steady

states.

Computing the quasipotential. The way we identify the quasipotential relative

to a stable steady state c is by solving the corresponding time-independent HJB,

H(z, DQ(z)) =0, Q(c) =0.

As mentioned previously, it is a classical result of Freidlin and Wentzell’s [35] that
certain solutions of the time-independent HJB are equal to the quasipotential on a
suitable neighourhood of the steady state c¢; see Theorem 1.5.4. A special case of

this theorem tailored to the one-dimensional case is stated and proved in Corollary
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1.5.6. We restate the Corollary here for convenience.

Corollary 1.5.6. Consider a one-dimensional domain D = (a,b) C R which con-
tains a single steady state ¢ € D and assume c is stable. Let p(x) be a contin-
uous function with p(x) < 0 for x < ¢, p(x) > 0 for x > ¢ and which satisfies

H(z,p(x)) =0 for allz € D. Then p(z) is unique and

Ulz) = /mp(y)dy (3.2.6)

satisfies the conditions of Theorem 1.5.4 and U(z) = Q(c,x) for all x € D.

In other words, in order to obtain the gradient of the quasipotential it suffices to
find a function p(x) such that H(z,p(x)) = 0, with p(c) = 0 and p increasing on a
neighbourhood of ¢. It is then simply a question of numerical integration to determine
the function Q(c,z). Moreover, the existence of such a function is guaranteed by

Lemma 1.5.7, which we restate here for convenience.

Lemma 1.5.7. Let ¢ > 0 be a stable steady state of a one-dimensional reaction
network. There is a neighbourhood D of ¢ and a continuous function p : D — R

which satisfies the conditions of Corollary 1.5.6.

To illustrate Corollary 1.5.6, we identify the gradient of the quasipotential for
Example 13 in [3]. Our procedure is much simpler than the one outlined in [3], which
is based on computing the stationary distribution and taking an appropriate large

deviations scaling; see Theorem 1.5.3.
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Example 3.2.9. Consider the reaction network

A= —2A,

with associated Hamiltonian

H(z,p) =x(e®—1)+e* —1.

This is a cubic equation in y(x) = e”® and there are three real solutions in terms

of y(x):
1
y(zr) = :|:§ (\/1 +4dx — 1) . ylx) =1
Since y(z) = €@ and p(z) € R, the solution y(z) = — (V1 +4z+1) /2 is not

admissible. The solution y(z) = 1 corresponds to the law of large numbers, and
p(z) =logy(z) = 0 does not satisfy the conditions of Corollary 1.5.6. The remaining
root y(z) = (v/1 +4x + 1)/2 satisfies H(x,logy(z)) = 0, and hence H(x,p(x)) = 0.
Moreover, it is easily verified that p(z) = log((v/1 + 42+1)/2) satisfies the conditions
of Corollary 1.5.6. One can conclude that the gradient of the quasipotential ()

satisfies

DQ(z) = log <\/1 Az — 1) ~log2.

Indeed,

H(z, DQ)

:x<%(\/1+;4x_1)—1>+(%)2<M—1)2—1
:x(@—1)+(1)2(2+4x—2m>—1

2x 2

=0.
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Stitching together quasipotentials. The quasipotential is defined relative to
an initial stable steady state and the cost of trajectories is measured relative to this
steady state; see (3.2.5). It may be the case that there are multiple stable steady
states in the domain to be escaped. In this case, some care may be required to
“stitch” together the solutions p(z) in Corollary 1.5.6 which yield the associated
quasipotentials. Fortunately, this is straightforward enough in one-dimensional net-

works.

To illustrate, consider Example 3.2.8, which has steady states ¢; < c19 < ¢3 <
o3 < ¢3 and consider the problem of estimating P., (X™(¢) ¢ D, for some t € [0,77)
for D = [0,¢c03). The domain D includes the steady states ¢; and cp, and the
quasipotential relative to ¢; gives the correct cost to go from c¢; to co3; see Figure

3.3. Let p.,,72 = 1,2, 3 denote the solutions which satisfy the conditions of Corollary

1 Q(c1,x)

K P &—0) 5. <
"

7 7 < <

C1 C12 C2 €23

> /\A A /
C1 \./02 053\/

pC1(x) pC2(I) pCs(x)

S ya

(@)
N

Figure 3.3: Top: sketch of the quasipotential with respect to the stable steady state
¢1. The cost to go between cj5 and ¢y is zero since every x € (c9,¢o) is attracted
to ¢y through the noiseless dynamics. Bottom: sketch of the function p(x) which
satisfies H(x,p(z)) = 0 and p(x) # 0 unless ®(x) = 0. The shaded boxes below the
axis delineate the basins of attraction of the stable states and therefore the region
where the expression (3.2.6) defines the quasipotential.

1.5.6 for the steady states ¢;,i = 1,2, 3. Each solution has an associated domain: for
Peys 1t 18 [0, €12); for pe,, it is (c1a, c23), and for p.,, it is (ca3, 00). On their respective

domains, the solutions p,, satisfy the conditions of Corollary 1.5.6, and their integral
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as defined in (3.2.6) gives the quasipotential Q(c¢;, ).

In order to obtain (¢, x) by integrating the solutions p.,, we simply ignore the

fact that p., is negative on (¢p2, ¢c2). It can be shown that

Oy, 7) = / e )y + / T )y, (3.2.7)

Cc1 Cc2

We will refer to this process as “stitching together” the quasipotential. In the next
section we will derive an explicit expression for the solution p(x) in a specific case,
and the stitching process will simply be a question of taking the solution to be zero

on some intervals.

Producing a subsolution. Recall from Definition 1.4.5 that a continuously dif-
ferentiable time-independent subsolution V for the problem of escaping D over a

time interval [0, T satisfies the HJB PDE
H(z,—DV(x)) <0, ze€D, (3.2.8)

and V(x) < 0 for x ¢ D. As discussed in Section 2.1.4.1, such a subsolution can
be obtained by taking the negative of the quasipotential (so that it satisfies the
PDE with equality) and shifting it by a constant (so that it satisfies the boundary
condition). For instance, suppose D is a neighbourhood of a stable steady state ¢

and every point in D is attracted to ¢. A subsolution for the problem of estimating

P.(X™(t) ¢ D for some t € [0,T]) is given by
V(z)=-Q(c,z) + k,

where k = inf,cop Q(c, x). For further details consult Section 2.1.4.1.
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3.2.2.3 Birth-death processes

The previous section gave an expression for the quasipotential in terms of a solu-
tion p(z) to H(xz,p(x)) = 0. We now derive an explicit expression for p(x) in the
case of birth-death processes, which are one-dimensional CRNs with jump sizes +1.
Note that our method for associating CRNs to polynomials, outlined in Lemma
3.2.6, produces a birth-death process. Thus we will have a streamlined process for
building a CRN with desired properties, computing the gradient of its quasipotential
relative to any stable steady states, and generating the associated time-independent

subsolutions.

The generic form of the Hamiltonian for a one-dimensional CRN with jump sizes

+1 1s

H(z,p)= Y FKuapr2" (€ =1+ Y Kppoaz"(e? = 1), (3.2.9)

(n,n+1)eR (n,n—1)eR

and we will show that the quasipotential around a stable steady state c is

z Knn—1S"
Q(c,x)i/ log (Z("’”‘”ER o )ds. (3.2.10)

n
Z(n,n+l)€7€ Knnt18

The expression (3.2.10) is well known but is typically obtained by writing down
the stationary distribution of the process and taking a scaling limit. The stationary
distribution for a general birth-death process is available; see for instance [36], p. 237
(7.1.13). Theorem 1.5.3 shows that by applying a large deviations style scaling to the
stationary distribution and taking limits, one obtains the quasipotential relative to
a stable steady state. In [3] the authors employ this approach to obtain a Lyapunov

function around some stable steady state c.
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Our approach is simpler than the one taken in [3].

Lemma 3.2.10. Let ¢ be a stable fixed point of the noiseless dynamics for a birth-
death process. The gradient of the quasipotential relative to ¢ is given for x in the

basin of attraction of ¢ by (3.2.10).

Proof. Fix ¢ and let D denote the basin of attraction of c¢. We find the roots of

(3.2.9) in terms of e”. The equation H(z,p(x)) = 0 can be made algebraic by using

xT

the substitution y(r) = ¢?® and clearing the denominators from powers of y. For

x € D, consider

K(z,y) = y H(x,logy)

= Z R (Y —y) + Z Fnn—12" (1 = ).

(n,n+1)eR (n,n—1)eER

Write A = A(z) =), cphnnmz” and B = B(x) = > .y Fnn—12". Then

neP
K(x,y) = A(z)y® — (A(z) + B(x))y + B(x).
The solution to the quadratic is

y= 5z [A+Bx VA BE|.

There are four cases and two possible solutions:

A>B A<B

+| 1 B/A
| B 1
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Since p(x) = logy(x), we find that a solution is

B(x) > (nn—1)er Fnn—12"
—log [ 22 ) = ’
p(z) = log ( 1 (x)> og (Z(n,n-‘rl)ER PR

Observe that ®(z) = 0 if and only if A(z) = B(x). If ¢ is stable, then ®(c) > 0

for x < ¢,x € D and ®(c¢) < 0 for x > ¢,x € D, which implies respectively that
A(z) < B(z) and A(xz) > B(x). Consequently, p(z) < 0 for z < ¢,z € D and
p(z) > 0 for z > ¢,z € D. In particular, p satisfies the conditions of Corollary 1.5.6

and (3.2.10) is equal to the quasipotential relative to ¢ for = € D. O

3.2.3 Subsolutions based on moderate deviations

In Section 2.3 we discussed the moderate deviations approximation for the estimation

of terminal escape probabilities, that is, problems of the form

P(X™(T) — X°(T) ¢ D), (3.2.11)

where X" is a stochastic process and XV is its deterministic approximation, the
law of large numbers limit of X™. In particular, Theorem 2.3.7 established condi-
tions on subsolutions for which the corresponding moderate deviations-based split-
ting schemes were asymptotically optimal. In this section, we detail the general

construction of such subsolutions for CRNs.

We recall that the moderate deviations approximation can be thought of as a
quadratic expansion of the cost around the law of large numbers dynamics. In con-
trast to the two previous techniques for finding subsolutions, which require either

a complex-balancing structure or are limited to one-dimensional situations, sub-
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solutions are generally available for the moderate-deviations approximation. The
drawback is that one cannot use the approximation to design splitting schemes for
events which fall out of the moderate deviations regime, which will be illustrated in

the examples in Section 3.3.

The section is outlined as follows: first, in Section 3.2.3.1 we re-introduce the ba-
sic objects for moderate deviations now in the notation of CRNs; in Section 3.2.3.2,
we describe a procedure to construct asymptotically optimal time-dependent subso-

lutions for terminal escape problems.

3.2.3.1 Basic objects

We first identify the objects required for a moderate deviations-based subsolution for

a splitting scheme. We consider a general d-dimensional CRN G, with Hamiltonian

H(z,p) = D #apa®(elert = 1),

(a,b)ER

Expand around LLN. First we linearize around the law of large numbers, which

corresponds to the noiseless dynamics

XO(t) = zo + /0 b(XO(s))ds.

The drift b(z) corresponds to the deterministic dynamics ®(z) = D,H(z,0), so

throughout this section b(x) will be defined by

b(x) = DpH(2,0) = > (apkiapr™

(a,b)eER
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The drift b(x) determines the state transition function ¥ from Definition 2.3.4, which
must satisfy

%qj(s,t) = Db(XO(1))U(s, 1), s <t, W(s,s)=1,

where I denotes the d x d identity matrix. We remark for later use that that if xq is

a steady state, i.e. ®(xg) =0, then

U(s,t) = exp(Db(xy)(t — s)).

Quadratic Gaussian cost. The constructions in Section 2.3 are stated in terms

of a centered cumulant generating function H., which is related to H via

H(z,p) = H(z,p) — (p,b(w)).

In particular, we must compute the Hessian of the centered cumulant generating

function H,. from equation (2.3.2),
A(z) = D2H,(x,0).

Observe that we obtain the same matrix A(z) whether we take the Hessian of H or

H.. The Hessian of H evaluated at (x,0) is

D;H(ZE, O) = Z /fa,bxaga,bggjbu
(a,b)eR

where the superscript 7" denotes a transpose.
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Centered process. The moderate deviations approximation is written in terms

of the centered process, which in this section is defined to be
Y(t) = X™(t) — X°(t), Y™(0)=0.

We do not include any n-dependent scaling, because it was shown in Section 2.3.4
that the specific scaling is irrelevant for the design of the algorithm. The problem of
interest (3.2.11) is therefore P(Y™(T') ¢ D). Note that Y™(0) = 0 for all n > 0, re-
gardless of the initial condition for X™. Though the subsolutions will be constructed
for the centered process Y, we will frequently write the rare event in terms of the
original process X", as this is the object of interest and often provides a physical
interpretation of the event. For this reason we reserve the y,z variables for the

“centered” coordinates and x for the “original” ones.

Subsolution property and point-to-point cost. The subsolution property in

the present context requires that

1 _ _
AV (ty) = SID,V () oy — (D7 (6), Db(X(W)y)  (3:2.12)

with V(T,y) < 0 for y ¢ D. We recall Theorem 2.3.5, which states that the cost to

go from (¢,y) to (T, z) for some fixed ¢, > 0 and y, 2z € R is
.1 2
C(tayaTa Z) - 5”2 - \D(t>T)yHM;7{7

where

Mt7T=[ (s, T)A(X (s))W(s,T)" ds.
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3.2.3.2 Time-dependent subsolutions with affine terminal cost.

We now outline the construction of time-dependent subsolutions for terminal escape

from a domain D C R? |

PX™(T) = X™(0) ¢ D) =P(Y™(T) ¢ D).

The goal is to construct V such that the resulting splitting scheme is asymptotically
optimal in the sense of Definition 2.1.2. Theorem 2.3.7 from Section 2.3 establishes

that V is asymptotically optimal if

V(0,0) = inf C(0,0,7, 2). (3.2.13)

z¢D

To construct a V' which achieves (3.2.13) for a general domain D, we proceed in five
steps. First, we recall a two-parameter family of subsolutions and rewrite (3.2.13) for
the case where D is half-space. Next, we solve the optimization problem determined
by the right-hand side of (3.2.13) for this special case. We then identify the pair
of parameters that yields an asymptotically optimal subsolution, and subsequently
generalize the construction to the case where D is an intersection of half-spaces.
Finally, we consider the approximation of a general domain D. A procedure which

summarizes the numerical algorithm is described at the end of the section.

Step one: D as a half-space. Let v € R? and § € R, and define the half-space

H={z:(v,2z) <d}.
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To construct a subsolution V' which satisfies (3.2.13) when D = H, we will use

Theorem 2.3.6, which implies that for given ¢ € R? and ¢ € R,

B 1
Vet y) = (£, U(t, T)y) + ¢ — §||f||?v1t,T

satisfies the PDE (3.2.12) in a classical sense with equality, but with terminal value

VE(Ty) = (€ y) +c
The function V&€ can also be written as
VEe(t,y) = Ziengd{C(t, y,T,z) + (&, 2) + c}.
Thus, to satisfy (3.2.13) when D = H, the goal will be to choose  and ¢ such that

inf {C(0,0,T,2) + 00 1{(v,2) < d}} = igﬂ{d{C(0,0,T, 2)+ (& 2) + ¢t (3.2.14)

z€R4

Step two: Lagrange multipliers. We determine the value of the left-hand side
of (3.2.14) by identifying the minimizer z explicitly. Let M = M for notational

convenience.

The infimization problem

inf {C(0,0,T,2) + 00 - 1{(v,2) < d}}

z€R4
has a unique minimizer which is given by

Mo

g =
Tl
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We only sketch the proof. The problem is equivalent to minimizing | z||3,-./2 over

z such that (v,z) > §. We associate the Lagrangian
L2
Lz, A) = 5llzll— + A(v, 2) = ),

with A < 0 to ensure (v,z) > 0. Since M is symmetric, we find D,L(z,\) =

2TM~1 4+ T = 0, and multiplying by M on the right,
z=—AMv.
Thus,
1 9 A
L)) = 51 = MMVl 4+ A0, ~AMo) = 8) = = o] = A,

and setting the derivative with respect to A of L(z(\), A) equal to 0,

) Mo

- Zs = 0—.
[

A:

The Karush-Kuhn-Tucker conditions guarantee the existence of a multiplier A for the
inequality constraint at an optimal z. Since the inequality constraint is convex and
the function to be minimized is quadratic, the existence of the multiplier is sufficient
to guarantee that z, s is in fact optimal; see for instance Theorem 2.1.4. Chap VII.2.

in [43].

Step three: asymptotic optimality on H. Since M is symmetric, the gradient

at a general point z is equal to

1
D.C(0,0,T,z) = Dz§||z]|?\/[,1 ="Mt
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so the gradient at the minimizer z, s is

UT

vl

J

We take £ to be the negative of the gradient of the cost C'(0,0, T, z) at the minimizer

and choose ¢ to enforce the boundary condition V&¢(T, z) = (£, 2) +¢ < 0 for 2z ¢ H:

52

ol

(%
£=—6—r, ¢ (3.2.15)
[0][3,

This determines the function V&< for all t € [0,7] and y € RY. Moreover,

52 52

1l 210l

_ 1 1 .
V&4(0,0) = c—éugyﬁw = = §\|zv,duﬁ4,l = Zlél?f:l C(0,0,T,2), (3.2.16)

which is equivalent to (3.2.13) for D = H.

Step four: D as the intersection of half-spaces. Letv;,i =1,..., H be vectors
in R? and §; € R, and consider the case where D is given by the intersection of half-
spaces,

D=(\Hi Hi={(vi,2) <8}

i=1
For each 4, if we choose &; and ¢; according to (3.2.15), then V& achieves asymptotic
optimality for terminal escape from H,;, that is, the minimal cost to exit H; starting
at (0,0) is V&< (0,0):

VE&<i(0,.0) = inf C(0.0,T, 2).
(0,0) nf (0,0,T,2)

Since D is the intersection of sets H;, the minimal cost to exit D must be the

minimum over the cost to exit each H;:

inf C(0,0,7,2) = min inf C(0,0,7,z2).
2¢niHi i=1,...,H 2¢H;
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An asymptotically optimal subsolution for escaping D is therefore given by

_ H _
V(t,y) =minVee(t,y), (ty) € [0, 7] x R™.

Step five: general set D. Recall that in the PDE characterization of a subsolu-
tion (3.2.12), the only dependence on D is in the boundary conditions. The boundary
conditions require that the “cost to escape” at the terminal time be non-positive if
escape has occurred, i.e. V(T,y) < 0 for y ¢ D. It is therefore appropriate to
under-estimate the domain D by an approximation D c D. If V is a subsolution for
the problem of escaping D at time T, then V(T,y) <y fory¢ D and in particular
forall y € D¢ C De. Thus V is also a subsolution for the problem of terminal escape

from D.

Say we approximate D by an intersection of half-spaces, D = N;H,. The subso-
lution V' will be asymptotically optimal for problem of terminal escape from D so
long as D contains the most likely point of escape. Pre-asymptotically, however, the
decay rate can take a hit if D does not approximate D “well enough”. It is only in

practice that one sees how well the scheme is performing. Another restriction on the

\/

Figure 3.4: The approximation of two sets in R2.

domain is that we assume D C R? is genuinely d-dimensional, in the sense that its
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d-dimensional Euclidean volume is positive. If D is a subset of a plane or simplex,

then one of the variables can be written as a linear combination of the others.

Procedure for constructing subsolutions. Suppose we are given a CRN G,
and an arbitrary set D C R%. How does one go about numerically constructing a
subsolution for the moderate deviations approximation? There are essentially two
things to do: approximate the set D as the intersection of half-spaces, and compute

U(t,T) and My, t € [0,T].

Approximating the domain D is the hardest part of the procedure, in the sense
that it is the only step in which problem-specific constructions are required. If
D C R? but its d-dimensional volume is zero (for instance, it is supported on a
hyperplane), it must be reparametrized in terms of fewer variables. This is not

necessary, but does allow for a simpler expression of the optimal parameters (3.2.15).

Regardless of the construction, it will be necessary to compute the one-parameter
family of matrices {M, r : t € [0,T]}. Perhaps the easiest way to do this numerically
is to integrate W (¢, T)A(X°(t))¥ (¢, T)" from t =0 to t =T

MmT:/t (s, T)A(X (s)W(s,T)" ds.

Here the equality of matrices is understood componentwise, and we recall ¥ (¢,T') is

the state transition function, which satisfies the matrix differential equation

%q><t,T):Db<X0<t>)q>(t,T), O(t,t) = Lxa, t€[0,7).

In practice one first computes (-, T) and then M. 7. Note also that if X°(0) starts

at a steady state of the law of large numbers dynamics, then X°(¢) = X°(0) for all
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t > 0. In this case, A(X°(¢)) and Db(X°(t)) are constant matrices, which simplifies

the required computations.

3.3 Rare events in reaction networks

We now use the techniques developed in Section 3.2 to identify subsolutions for
specific rare event problems arising in chemical reaction networks. We focus on
three different kinds of rare events. First, in Section 3.3.1, we consider the problem
of escape from rest points, i.e., the escape from a neighbourhood of a stable steady
state. In Section 3.3.2 we use the techniques for one-dimensional reaction networks
developed in Section 3.2.2 to study metastability issues, which is the passage of the
stochastic process between different stable steady states. Finally, in Section 3.3.3,
we explore rare events related to the behavior of the CRN near the boundary, in

particular the event of hitting a boundary.

3.3.1 Escaping rest points

We first recall the notion of a rest point, and then present two examples which use
two different techniques. A rest point ¢ for a d-dimensional CRN is a stable steady
state, that is, a point ¢ which satisfies ®(¢) = 0 and is locally stable in the sense
of Definition 1.5.1. Started at the rest point, the law of large numbers will stay
there forever, and the rare event of interest is the probability of escape, either at
some future time or over a time interval. For some domain D C S, containing ¢

(see Definition 3.1.4) and contained in the domain of attraction of ¢ (see Definition
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1.5.1), we will consider problems of the form

P.(X"(t) ¢ D for some t € [0,T(n)]),

or

Pe(X™(T) ¢ D).

For the first problem of escape over [0, T'(n)], the sequence of time T'(n) is expected to
diverge to infinity and satisfy a subexponential growth condition; see Condition 2.2.6.
In this case it is appropriate to use techniques from Section 3.2.1. For the second
problem of terminal escape, it may be appropriate to use the moderate deviations

approximation described in Section 3.2.3.

3.3.1.1 Using techniques from complex-balanced networks

Example 3.3.1. This example illustrates that certain networks which seem compli-
cated may end up having a simple form for a subsolution, which makes the sampling
of escape from the rest point a tractable problem using the splitting technique. We
also demonstrate how the Deficiency Zero theorem (Theorem 3.2.4) can be applied to
determine that a network is complex-balanced, and subsequently how the complex-

balanced condition (3.2.1) can simplify the identification of the unique steady state.
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CRN and rare event. Consider the reaction network G, defined by the graph

A+2B — 3C

T !

D =2 C+FE
C — A
e a
2F

with all rate constants equal to one. Define the matrix M whose columns are the

reaction vectors (., (a,b) € R.

This matrix has rank 5, there are 7 complexes, and there are 2 connected components
of the graph, so the deficiency is § = 7 — 5 — 2 = 0. Since the network is weakly
reversible, the deficiency zero theorem implies that there is a unique “complex bal-
anced” equilibrium point ¢ in each compatibility class. Since the rank of the matrix
is 5 and there are 5 species, the state space of the process X"(t) is n~'Z’ and there
is only one compatibility class. The following system of equations must be satisfied

for the unique complex-balanced equilibrium (inflow = outflow for each complex, see
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(3.2.1)):
clcg = (4
clcg = cg
cy + cg = (3Cs
C3C; — 204
T = Cg
C3 —= (C
3 = G5
We have ¢5 = /c; and ¢3 = ¢, s0 ¢y = ci’/Q — 3, co = c; and ¢4 = ¢}. From the two

relations for ¢4 we find 2 = c?l’/ ?. Thus

c = 2-2/3
co = 2723
c3 = 2-2/3
cg = 1/4

c; = 2713,

We will consider a domain of the following product form:

and the problem of estimating

P.(X"(t) ¢ D for some t € [0, T(n)]).

(3.3.1)
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Subsolution. It follows from Theorem 3.2.5 that the quasipotential relative to this

unique stable fixed point ¢ = (272/3,27%/3,272/3 1/4,271/3) is given by

As discussed in Section 2.1.4.1, one can obtain a subsolution from the quasipotential
by taking V(z) = —Q(z) +cg, where cg = inf,cop Q(y). Owing to the product form
structure of the domain and the fact that @) is strictly increasing relative to ¢; in each
direction x;, the minimizer will occur at one of the 25 = 32 values Q(Zc, . .., %cs).

This then determines the subsolution for estimating (3.3.1).

3.3.1.2 Using the moderate deviations approximation

Example 3.3.2. In this example we consider the escape from a rest point when the

quasipotential is not available.

CRN and rare event. Consider the network

B+C — 24
A+C — 2B

A+B — 2C

with Hamiltonian

H(x,p) = wows(e® 772778 — 1) 4 wyag(e P FH27P0)  yy (7P P22 — 1),
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and initial condition g = (1, 1, 1), which is a steady state. It can be seen immediately
from the graphical structure that the network is not weakly reversible and hence
cannot be complex balanced, so it would be difficult to identify the quasipotential
explicitly. For the problem of estimating terminal escape probabilities from rest

points, we can fall back on a moderate deviations approximation.

In order to work with this network, we will first need to rewrite one of the
variables in terms of the other using the linear constraint n - (z — xg) = 0, where

n = (1,1,1). The vector n is normal to each of the reaction vectors. Setting

T3 =3 — T3 — T,

and viewing the Markov process as a jump process with modified reaction rates and

the same jump vectors, we find

H(z,p) = 12(3— 21 —22) (e P2 — 1) +21(3—1 —25) (e PP — 1) by 29 (e7P P2 1),

This is the Hamiltonian we will work with. The domain now becomes inherently

two-dimensional.

T2

T

Figure 3.5: Left: the simplex {z : n -2z = 3} containing the rest point and initial
condition z(, and a sample neighbourhood of z, with lighter shading. Right: the
same state space containing the same rest point and neighoubrhood, but in (z1, x2)
coordinates.
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Precomputations. The law of large numbers dynamics are

B [ mmtemnB - m @) 22503 — 0 — ) , x(0) = (1, 1),

$'2 —$1$2—I2(3—ZL‘1 —I2)+2$1(3—5E1 —ZEQ)

and the associated matrices for computing M, r are

201 —4x9 — 3  —2x9 —4x1 +6
Db(z) — 1 2 2 1
—2ZL‘2 - 41’1 + 6 21’2 - 4[E1 -3
4 -2 1 -2 1 1
Alz) = x93 — 1w — o) + r1(3— 11 —12) + T1To.
-2 1 -2 4 1 1
Thus,
0 -3 0 6 -3
b(Xo) = y Db(l’g) = s A(ZBQ) = s
0 0 -3 -3 6

and these last constant matrices are all that is required for the MDP approximation

of the terminal escape problem.

Approximating the domain D. We will consider the problem of estimating the

deviation from the rest point by more than ¢ > 0 in any coordinate, i.e.

I3 (U{\XZ"‘(T) - X(D)] > 5}) :

Since we work with the centered process in two coordinates, it is straightforward to

accomplish this for ¢+ = 1, 2 by taking

U1 = (1’0)T’v2 = —U1,U3 = (07 1)T7U4 = —7Vs,
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and 0; =6 >0 for j =1,...,4. For the third coordinate, ¢ = 3, we note that
|21+ 22| = |1 — 1 + 29 — 1] = |23 — 1],

and so we are looking for |z; 4+ 23] > 0, which can be accomplished by taking vs =

(1,1) and vg = —vs, with 5 = 66 = § > 0.

Identifying the subsolution. Recall that, given the constraint (v,z) > §, the
gradient which yields V4¢(0,0) = V/(0,0) is given by

v 5
6: —5— P— —_—,
[v]13,° [v]13

We take the minimum of six subsolutions, so that

V(t,y) = min V&<(t y).

i=1,...,6

See Figure 3.12 for an illustration of the subsolutions at the initial and terminal

times.

0
0.1

21 -0.2 29

Figure 3.6: The subsolutions for the triangle example at times ¢ = 0 (left) and ¢t = 1
(right). Note that the scales are different, and that V' (¢,0) has increased by an order
of magnitude.
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3.3.2 Metastability

In this thesis, metastability is the phenomenon of a stochastic process jumping be-
tween steady states of the noiseless dynamics. In large deviations, such behavior is
described by Freidlin-Wentzell theory and many rare event properties are captured
in the quasipotential Q(c,z) (3.2.5). In this section we will use the techniques for
one-dimensional systems discussed in Section 3.2.2.2 to construct subsolutions for

the problem of estimating

P, (X" (t) ¢ D for some t € [0,T(n)].

When the time interval [0,7'(n)] grows polynomially with the large deviations pa-
rameter n. Under appropriate conditions on the process, the subsolution based on
the quasipotential is asymptotically optimal for the problem of escape from a rest
point (see Theorem 2.2.15). If we take the domain to escape to be the domain of
attraction of the stable steady state, then as soon as a trajectory escapes, it is in the
domain of attraction of another stable steady state and will naturally tend towards
it. This suggests that subsolutions based on the quasipotential will be appropriate
for metastability problems over “long” time intervals. We note that the mean tran-
sition time between two steady states increases exponentially with n (see [13] or [35],

Theorem 4.1 in Chapter 4).

In the examples we will take T'(n) to be fixed, though it will be “long” relative
to the expected waiting time, and we will demonstrate in the next chapter through
numerical simulations that subsolutions based on quasipotential are indeed viable.
The first example considers the Schlogl model, which is a well-studied system ex-
hibiting bistability. The second is a specific instance of Example 3.2.8, in which we

will consider six different transition probabilities.
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Example 3.3.3 (The Schlogl model). The Schlégl model is perhaps the most famous
CRN exhibiting metastable behavior and dates back to at least 1972 when Schlogl
first introduced it [58]. Since then, it has been studied from various perspectives: [62]
write down the quasipotential (though they do not call it that) and perform an eigen-
vector analysis, [27] uses a diffusion approximation and renormalisation approach,
and [28] investigates the potential for bistability in bacteria and eukaryotic cells.
Sargsyan [57] provides a writeup of his summer research project from 2006 which
uses many of the large deviations techniques discussed here, though the project does
not explore the use of HJB equations as we do. In [3], Example 10, the authors
use the relationship in Theorem 1.5.3 to derive the quasipotential (3.2.10), and they
write down the integrated form explicitly for a specific choice of rate constants — see

equation (3.3.3).

CRN and rare event. The Schlogl model is the network

Ko1 K23
D= A, 24 = 3A.

K10 K32

The Hamiltonian for the Schlogl model is
H(z,p) = ro1(e’ — 1) + kipx(e™® — 1) + K2,3x2(ep -1+ 53721;3(6*17 —1).

With the choice of kg1 = 6, kK19 = 11, ko3 = 6 and K3y = 1, the deterministic

dynamics can be neatly factored:

O(z) = -2 + 62> —1lx+6 = —(z — 1)(z — 2)(x — 3).
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Thus there are three steady states, with two stable ones at ¢; = 1 and ¢y = 3 and

an unstable one at c1o = 2. We will focus on estimating the following probability:
P. (X"(t) ¢ D, for some t € [0,T1]), (3.3.2)

where

D= [0, C12 + 05) = [0, 25)

Subsolution. From Lemma 3.2.10, the gradient of the quasipotential relative to

one of the steady states is

- 53+ 11s
Q(C, CC) = /; 10g (m) ds

for  in B(c), the domain of attraction of ¢ (see Definition 1.5.1). The authors in [3]

integrate the expression explicitly for ¢ = ¢; and obtain

Qler,z) = z <log (%) — log(6) — 1) + 2v/11 arctan (\/%)

1
—2arctan(z) — 2v/11 arctan (ﬁ) + g + 1. (3.3.3)

In order to use the subsolution (3.3.3) for the problem of estimating (3.3.2), we need
to make a modification similar to the one in equation (3.2.7). The reason is we do
not need to encourage trajectories to split on the interval (2,2.5), since the law of

large dynamics are drawn to the stable equilibrium 3 anyway. We therefore use the

. T (8P4 11s
V(z) /C og < 657 16 > s

See Figure 3.7. We build and test a splitting scheme for this network in Section

subsolution

4.2.2.
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Figure 3.7: In solid blue is the analytic expression (3.3.3) derived in [3]. In dashed
red is the numerically integrated subsolution V' (z) for the problem of estimating
Py (X"™(t) > 2.5, for some t € [0,T(n)]), where T'(n) is on the order of n* for some
k> 1.

Example 3.3.4. In this example we use Lemma 3.2.6 and Corollary 3.2.7 to con-
struct a network which has three stable steady states ¢y, ¢, 3, as in Example 3.2.8.
We consider the problem of estimating the probability of transitioning between pairs
of distinct steady states (c;,¢;), 4,7 = 1,2,3, ¢ # j. We will construct a subsolution

for all six ordered pairs of states which will allow us to compare the results and

provide a check on the estimator.

CRN and rare events. We construct a CRN using Corollary 3.2.7. Let ¢; =
Lo = 12,¢5 = 50 and ¢15 = 5, o3 = 26 (see Figure 3.2). The polynomial ¢(z) is

then

q(z) = —(z—1)(z—5)(2—12)(z—26)(x—50) = —2°+942*—27452°429312?— 104660+ 78000.
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A reaction network G, with steady state dynamics given by ¢(x) is

5A & 44

K45

34 2 24 (3.3.4)
K23

K10
A=0,

Ko1
where
ksa = 1, Kys = 94, Ko = 2745, Koy = 29312, k19 = 104660, ko1 = 78000.
For § > 0, let Bs(c) = {z : |z — ¢| < §}, and define

piy = pi(T,0) = P, (X"(t) € Bs(c;) for some t € [0,T]), 4,5 € {1,2,3},i # j.

Since the underlying process is one-dimensional one can infer basic relationships
between these probabilities, such as pj; < pf,. Moreover, if § > 0 is sufficiently

small, one expects the probabilities to satisfy relationships such as

for T, .S > 0. Estimating each of the p;;’s and considering these relationships provides

a check as to whether the estimator is working correctly.

Subsolution. The CRN G, defined in (3.3.4) is a birth-death process. Accord-

ing to Lemma 3.2.10, the quasipotential relative to a stable steady state ¢ on a
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neighbourhood where c is attracting is given by

Q6.2) = /xlo $° + 27455 + 1046605 )
=98 945t 1+ 2931252 + 78000 ) ¢

As discussed in Section 3.2.2.2, in order to estimate the probabilities pi5(d) and
P4, (0), one will have to stitch together the quasipotentials with a formula analogous
to (3.2.7); see Figure 3.3. The subsolution is then given by taking the negative of
the quasipotential and shifting it by an appropriate constant so as to satisfy the

boundary condition of the underlying PDE; see equation (3.2.8) in Section 3.2.2.2.

It is insightful to consider the “potential landscape” of the network, i.e., the

function

Ulz) = /Oxp(y)dy +c

where p satisfies the conditions of Corollary 1.5.6, as from this one can infer each of
the six subsolutions constructed; see Figure 3.8. The six subsolutions corresponding
to the problem of estimating pj;(d) are also given in Table 3.1 and can be seen in

Figure 3.9.

Vig(x) = =Q(cr, (x V er) Aciz) + Qler, cr2)  Var () = —=Q(ca, (A ) V ciz) + Q(ea, 1)
Vag(w) = —Q(ca, (T V ea) A caz) + Q(c2,ca3)  Vaa() = —Q(c3, (T A ca) V caz) + Qcz, €23)
Viz(z) = Via(x) + Vaz(x) Vai(z) = Vaa(z) + Var ().

Table 3.1: Six subsolutions for the network constructed in Example 3.3.4.

3.3.3 Boundary behavior

In this section we consider the boundary behavior of a CRN and construct subso-
lutions for estimating probabilities related to hitting and leaving the boundary. In

order to study rare events in this context, it is necessary to first understand what
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Figure 3.8: The “potential” U(x) = foz p(y)dy + ¢, where p(z) # 0 unless z is a
steady state and H(x,p(z)) = 0 for all x € [0,00), with the constant ¢ chosen so
that U(x) > 0 for all x and U(1) = 0.

typical events (as dictated by the law of large numbers) might look like.

To this end, in Section 3.3.3.1 we introduce a few definitions which allow us
to describe the deterministic dynamics which start on the boundary. These are
older results due to Vol’pert ([64] or [65], Section 11) which provide qualitative and
quantitative information on the trajectories using only the graphical structure of the
network. We then use this information in Section 3.3.3.2 to identify the law of large
numbers dynamics and construct subsolutions for a rare event problem when leaving
a corner. Finally, in Section 3.3.3.2 we explore rare events problems for hitting the

boundary.

Recall that a CRN G, is defined as a tuple (C,R, k), where C is the set of
complexes a, each of which is identified with a vector in Z%, R C C x C is the set
of reactions (or edges of the graph), and x = {kqp : (a,b) € R} is a collection of
positive scalars called rate constants. It will be useful throughout this section to

order the species, so that for a d-dimensional CRN the index ¢ = 1,...,d determines
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Figure 3.9: The six subsolutions corresponding to the problem of estimating p;’ (0)
for i,j € {1,2,3},i # j. The subsolution is independent of § > 0 so long as ¢ < 1.

the dimension unambiguously, so that each dimension corresponds to a chemical

species.

3.3.3.1 Law of large numbers for leaving boundary

In this section we focus on the following question. Let GG,; be a d-dimensional CRN

with domain S (see Definition 3.1.4) and suppose x(t) = (x1(t),...,x4(t)) solves

& = ®(z) with z(0) € dS. Being on the boundary implies that z;(0) = 0 for some
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i€ {l,...,d}. Do we have x;(t) > 0 for all i € {1,...,d} and t > 0, and if so, can

one estimate x;(t)/xz;(t) for i # j, t > 07

It turns out one can answer these questions strictly from the structure of the
graph underlying the CRN. The statements below closely follow the exposition and
work of Gnacadja (see pp. 9-10, [39]). We will use his definitions to state a result of
Vol'pert’s ([64, 65]).

Definition 3.3.5. Z C {1,...,d} be a subset of indices, let a € C, and let a; denote
the i*" coordinate of the vector in Z% with which a is naturally identified (see Remark
3.1.2). We write a C Z if, for any i such that a; > 0, we have i € Z. We write supp(a)

for the support of a, i.e. set of indices where a is positive:
supp(a) ={i=1,...,d:a; > 0}.

Define the sets

React(Z) = {(a,b) e R:a C I},
Prod(Z) = {supp(b) : (a,b) € React(Z)} \ Z.

React(Z) is the set of reactions that would occur if only the species in Z were present.
Prod(Z) is the set of species which would be created once these reactions occurred.

Using these definitions we recursively define the r*® reachable set for r > 0 by

Reachy(Z) = T

r—1
Reach,(Z) = Prod (U Reachp(I)> , r=>1

p=0

Note that the sets Reach,(Z) are pairwise disjoint. If Reach,,(Z) = () for some rq > 0,
then Reach,.(Z) = 0 for all » > 7, and since the dimension d of any CRN is assumed

to be finite, such ry must exist and be finite. The species in Reach,(Z) are said to
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have reachability index .

Finally, we define the reachable and non-reachable sets,

Reach(Z) = U Reach,(Z), NonReach(Z)={1,...,d} \ Reach(Z).
r=0

Below is the promised Theorem of Vol'pert, restated in the notation of this thesis.

We will use 2 (t) = (xY) (t),... ,xg) (t)) to denote the " derivative of the trajectory

(),
- d’r

() = ——
z"(t) i,

Theorem 3.3.6 (Vol'pert). Let G = (C,R) be a reaction network with 0 ¢ C. Let

x(t;£(0)) denote a solution to the system

where we recall that ®(x) = V,H(z,0). Set T = supp(xg) and let i € {1,...,d} be
any species. If i € NonReach(Z) then x;(t) =0 for allt > 0. If i € Reach(Z), let r
denote the corresponding reachability index. We have

290 =0, p=0,....r—1

Y

(e
zi(t) = ﬁxg)(O)tT—i—O(tT“), t>0.

Note that the statement does not indicate whether or not xlm (t) > 0, only that
the zero at t = 0 of x; is at least of order r, where r is the reachability index of
species i. It may be greater than r. As pointed out in [39], if ¢, € {1,...,d} are

two distinct species with reachability indices r, 7" and 0 < r < 7/, then there is tqg > 0
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such that

l’y(t) < ZL’Z(t), t e (O,to)

In other words, the higher the reachability index, the slower the initial production
of the species. A proof of Vol'pert’s Theorem can be found in the Appendix of [39]
(Theorem 7.1). Vol'pert also shows that in the case of linear reaction rates, the

reachability index determines the order of the zero exactly (see [64], Theorem 7).

Example 3.3.7. Consider the CRN

) > A— B.

Since the reaction rates r(z) = 1 and ro(z) = x; are linear, the reachability index
determines the order of the zero. The reachability indices for A and B are 0 and
1, respectively. Theorem 3.3.6 tells us that starting from the initial configuration

x(0) = (0,0), we can expect

Qualitatively speaking, this means that the curve in dashed red in Figure 3.10 will

never occur under the deterministic dynamics and is therefore a rare event.

3.3.3.2 Subsolutions based on moderate deviations to leave boundary

Example 3.3.8. Consider the network

0= A% B,
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)

x(0) T

Figure 3.10: Solid black curve: a sketch of the trajectory z(t) = (z1(t), z2(t)) for the
deterministic dynamics of the network () — A — B starting at the initial condition
x(0) = (0,0). Dashed red curve: an unlikely way of leaving the boundary for the
stochastic dynamics.

with Hamiltonian

H(x,p) = r1(e” — 1) + ro(e P72 — 1)

and initial condition zy = (0,0). We first determine the boundary behavior of the
network. Note that Reacho(()) = {A} and Reach; () = {B}. Thus, we expect the

curve XY(t) = (X7 (t), X3(¢)) to be tangent to the z; axis at t = 0.

There are various rare events one could consider, but the moderate deviations
approximation will only be appropriate for some of them. We will consider the

problem of estimating

P(X}(T) — X}(T) < —9),

for some fixed T" > 0 and various 6 > 0. The moderate deviations approximation
would not be ideally suited to estimate this probability when § = X} (T'), since this
would require an increasingly dense spacing of thresholds near the boundary as n in-
creases; ssee for instance Figure 3.13 in the next section on hitting the boundary. The
reason such an event occurs in a way not captured by the quadratic approximation

around the law of large numbers X°; see Figure 3.11.
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B / fXO(T)

N
7

I

Figure 3.11: Solid curve: the LLN trajectory X°, with its location at time T marked.
Dashed line: deviation from the LLN trajectory which hits the shaded gray region
at time 7. The deviation from the LLN begins much earlier than time 7', and
hitting the boundary requires densely spaced thresholds which do not occur with the
moderate deviations approximation; see Figure 3.12.

Precomputations. The law of large numbers dynamics are

XO K1 — IiQXO
= Y X00) =,
Xg K)QX?
and the associated matrices for computing M, r are
—K2 0 K1T1 + Ko —K1Z1
Db(z) = , Az) =
Ko O —R17T1 K11

Approximating the domain D. We are interested in

P(X(T) — X}(T) < —9).
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In this case, the shifted domain to be {23 < —d}, which corresponds to choosing

v=(—1,0)" and § > 0 as given. Then, if z =z — X°(T),
[(0,2) > 6} = {1 — X(T)) > 6} = {1 — XUT) < 3},

as required.

Identifying the subsolution. Recall that, given the constraint (v,z) > §, the
gradient which yields V¢¢(0,0) = V/(0,0) is given by

52

ol

v
f=—6——\ ¢
lvll3,”

Since we have only one constraint for the domain with v = (—1,0), we have only a

single subsolution, V&<(t,y) = (£, ¥ (¢, T)y) + ¢ — 16013, -/ 2-

For each fixed ¢t € [0,7] the subsolutions are affine in y. It turns out that in
this case W(s,t) is lower-triangular, and since the second coordinate of ¢ is 0, the
subsolutions depend only on the first coordinate. As t increases to T', the slope of
the affine function V4<(¢,y) increases. Figure 3.12 illustrates the possible thresholds

at some fixed time t.

3.3.3.3 Subsolutions for hitting the boundary of complex-balanced sys-

tems

In this section we discuss stochastic trajectories of complex-balanced systems which

hit a boundary of the domain (see Definition 3.1.4) and the cost of the associated
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L2 A

Figure 3.12: A snapshot of the thresholds determined by V¢ with v = (-1, 0) for
some fixed ¢, translated back into x coordinates. The function V&<(¢,-) is affine and
depends only on the first coordinate, so the thresholds are equally spaced.

event. This will then be used to estimate probabilities of the form

P, (X[ (t) = 0 for some ¢ € [0,T(n)]),

where i € Z C {1,...,d} for a d-dimensional CRN. We will call Z the vanishing

indices or the vanishing species.

The law of large numbers (LLN) dynamics can never hit the boundary in finite
time, so there is no analogue of Theorem 3.3.6 theorem which describes the “typical
behavior” of doing so. Instead, we will use the complex-balanced structure to com-
pute the quasipotential for various networks. Then, since the quasipotential Q(c, x)
gives the optimal cost of moving between a stable steady state ¢ and a point x in its
domain of attraction over an arbitrarly long but finite amount of time, by comparing
the quasipotentials we have a rudimentary way of comparing the “rarity” of different

events.

We present four simple examples. For each one, we will consider the problem
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of starting at the unique stable steady states of the complex-balanced system and
hitting one or more boundaries. We do so by identifying the quasipotential using
Theorem 3.2.5 and comparing the costs of the different events occurring. We recall
that in the context of splitting for time-independent problems, the quasipotential
will ultimately determine the subsolution, and its spatial gradient determines how
closely spaced together the thresholds are. The greater the directional derivative,

the more closely spaced the thresholds will be in that direction.

Example 3.3.9. This first example is perhaps the simplest one-dimensional reaction
network with a unique stable steady state for which the event of hitting the boundary
can occur. Around the boundary the behavior of the local cost L(z, §) is singular and
we use this example to illustrate some of the issues that come up. It will subsequently

be used as a reference point and a basis of comparison in later examples.

CRN and rare event.

with associated Hamiltonian

H(z,p)=z(e™?—1)+¢€" —1.

The associated pair of Hamilton’s equations is

T=—xe P +eP (3.3.6)

with the LLN dynamics being ®(z) = D,H(z,0) = 1 — z. Setting ®(z) = 0, we find

the unique stable steady state is at ¢ = 1. We will want to estimate the rare event
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probability
Py (X"(t) = 0 for some t € [0,T(n)]), (3.3.7)

where T'(n) is a sequence of increasing time intervals with polynomial n-dependence.

We note that it is not a priori clear a trajectory can hit the boundary in finite
time with finite cost. First, observe that if & is to be negative and z is to hit 0 at
time 7', then from (3.3.6) we require p(t) — —oc as t — 1. The local cost L(z, ),

however, has a superlinear factor in terms of e?:
L(z, B) = inﬂg{xé(e_p) +U(eP): B=—ze " +6P}
pe

where we recall that {(z) = xlogz — z + 1. It turns out that the factor of x in
front of £(e~P) is sufficient to ensure the integrated cost is finite for some trajectories
which hit the boundary. For example, one can check the trajectory p(t) = 1 —t
starts at 1, hits 0 at time 1, and satisfies I;(¢) < 3. What is not possible is staying
at the boundary: no trajectory ¢ can satisfy I7(p) < oo and p(t) = 0 for ¢ € (tg,t;),

ty < 1.

Subsolution. The network is weakly reversible (Definition 3.1.6) and has a defi-
ciency of zero (Definition 3.2.2), so by the Deficiency Zero theorem (Theorem 3.2.4)
it is complex-balanced and has a unique stable steady state which we know is ¢ = 1.
From Theorem 3.2.5 in Section 3.2.1, the quasipotential Q(z) relative to ¢ is given
by

Qa=g(x) =xlogr —x + 1.
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The cost to hit 0 starting at 1 while allowing as much time as one likes is Q(0) = 1.

The subsolution for the problem of estimating (3.3.7) is given by

V(z)=1—Qa—gp(z) =2 — zlog .

We remark that the majority of the cost is coming from “fighting” the reaction

() — A. Moreover, the derivative of the quasipotential is equal to

DQ a=p() = logz,

and the derivative diverges to —oo at a logarithmic rate, which implies the thresholds

will become increasingly closely spaced near the boundary.

Example 3.3.10. This next example shows that the “order” of the reaction doesn’t

affect the long-term cost of hitting the boundary.

CRN and rare event. We consider the CRN

24 2 0,

with LLN dynamics ®(z) = 1 — 2. The unique steady state is at z = 1, and we will
seek to estimate

P (X" (t) = 0 for some ¢ € [0,T(n)])

over a sequence of increasing time intervals, just as in (3.3.7).

Subsolution. For the same reasons as for the previous example, this network is

complex-balanced. Despite the different “order” (2A instead of A), the steady state
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is the same and so the quasipotentials are as well:

Q24— (x) = Q=0 (513)

Since the two quasipotentials are equal, we expect the sequence of probabilities of
hitting the boundary over increasing time intervals to eventually be on the same
order of magnitude for both A = @) and 24 = (). As before, the time-independent
subsolution for the problem of estimating the hitting probability over time [0, 7(n)]
starting at 1 is

V(z) =2 —xlogx.

Example 3.3.11. The third example is meant to convey that components of the
spatial gradient of () which correspond to the vanishing dimensions is more sensitive
to the vanishing rates when near the boundary. This confirms what natural intuition
might suggest, that thresholds should be closely spaced for the vanishing dimensions

as one approaches the boundary.

CRN and rare event. Consider the CRN

A& B.

This CRN is complex-balanced by the Deficiency Zero theorem (Theorem 3.2.4), so
in each stoichiometric compatibility class there is a unique steady state ¢ = (¢1, ¢a).
Under the assumption that all rate constants are equal to one, we have ¢; = ¢o. In
this case, the stoichiometric compatibility classes can be parametrized in terms of the
steady state as S, = {1 + x93 = 2¢1}, and the initial condition x(0) determines the
compatibility class. In this sense, the network is one-dimensional. We will assume

that x1(0) + 22(0) = 1, and hence ¢ = (1/2,1/2), and consider the probability of
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hitting the facet {1 = 0},

P(l/?,l/?) (X{L(t) =0 fOI' some t € [O, T(n)])

Subsolution. By Theorem 3.2.5,

QAﬁB(x) = Clé (ﬂ) + 026 <@> .
C1 Co

Note that the quasipotential can be considered as a function of x; or x5 alone, since
r1 = 1 — x9; see Figure 3.13. The subsolution is obtained by taking the negative of

the quasipotential and ensuring the boundary condition V(x) < 0 holds for z; = 0:
_ 1 1 1
V(z) = 5 + §€(2) ~ 5 (0(21) + £(229)) = log(2) — x1 log(2x1) — x5 log(2x1),

where for the last equality we used the definition of £(-) and the fact that z; + x5 = 1.

The spatial gradient is

1 = 0.7
0.8
0.6
0.8 10.7
06 05
2
0.6 0.5 | 0.4}
3 —
) =
0.4 04 803
0.3 <
: 0.2
0.2 0.2
0.1
0.1
0 T T 0 il i
0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
I x1

Figure 3.13: Left: contours of level sets of the quasipotential Q 4=p(z) in the (z1, x2)
plane. Notice that the spacing increases as x1, zo get close the the boundary. The
dynamics of the CRN confine the trajectories to a simplex which was chosen to
be {z1 + x2 = 1} NR2. Right: the same quasipotential restricted to the simplex
{z1 + 2 =1} NR2.
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DQueale) = (105 (2 ) 10 ().

As z1 — 0, the directional derivative in the direction (1,0) diverges to —oo at rate

log 21 (up to an additive constant), the same as for DQ 4=¢(x) = log(z).

Example 3.3.12. This final example illustrates some of the issues which arise when
the domain is legitimately multidimensional. It also demonstrates some of the limi-

tations of the approach, and rare events which cannot be estimated.

CRN and rare events. We take the network

This CRN is complex-balanced, with unique steady state (c¢1,c2) = (1,1). We con-

sider the family of rare events
p7 =Pa (X[ (t) = 0 for some ¢ € [0,T(n)] and all i € 7),

where Z = {1}, {2} or {1,2}. We will be able to estimate each of these probabilities.
However, at least for the case of hitting a corner such as (z1,25) = (0,0), there is
the additional question of “how” one might expect to hit the boundary. Do the B
species vanish first, then the A species, the other way around, or at equal rates? In
order to determine this, we would have to track the trajectories over a time interval,
or at least check the derivatives at the hitting time. These situations are not covered
by the splitting techniques we have discussed, although splitting can be used to learn

the conditionally most likely way things happen.



191

Subsolution. From Theorem 3.2.5, the quasipotential is equal to
Qp=aco(w) = L(z1) + L(22).

The smallest cost to hit either {z; = 0} or {x5 = 0} is equal to 1 in both cases,
with the quasipotential being minimized at (0,1) or (1,0), respectively. However,
over any finite time interval [0,7(n)], the probability of hitting 0 will be greater for
species B than species A, since the latter must overcome both the reactions B — A
and ) — A, which we have argued are the main contributors to the cost. Thus, we
expect p’{g} > p’fl}. Moreover, the cost to hit (0,0) is twice as large as the cost to hit

either {z; = 0} or {2 = 0}, and we expect P{1y > P}1.2y- The subsolutions Vr are

Vi () = Vigy(z) = 1 = (1) = U(x2),

Viay (@) = Vigy(z) = 2 — £(21) — £(2).
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4.1 Introduction

This section takes the subsolutions constructed in Section 3.3 and uses them to
construct importance functions for the RESTART splitting scheme introduced and
analyzed in Chapter 2. Before proceeding to the examples themselves, in Section
4.1.1 we briefly discuss the implementation of the algorithm, and in Section 4.1.2 we

define the statistics recorded for each example.

4.1.1 Implementation

As with any numerical method, the machine architecture and quality of the code can
have a huge effect on overall performance. This section serves as a disclaimer, since
no effort was made to make the algorithm fast, and one of the goals of performing the
numerics is to verify that the algorithms do work and produce reasonable results with
exponentially fewer samples than would be necessary with standard Monte Carlo.
In addition, we mention a small approximation that is made in the case of terminal
time problems. Finally, we make a note on the use of importance functions which

are not subsolutions.

Efficient memory management of the particles. Much of the computational
effort of the algorithm is spent on memory management. The way the RESTART
algorithm is described in Algorithm 1 represents a “parallel” version of the method,
in which all the particles are evolved simultaneously: those which are killed are
discarded, those which are branched are added to the dynamic list, and the rest are

simply stored. The dynamic list which stores the active particles must also store the

killing threshold.
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The issue with such a dynamic list is that, in theory, it resizes every step. If we
ignore the cost of generating random variables, the computational effort of updating
the times and positions of the particles is negligible in comparison with the cost of
retrieving information about the particles and fetching additional memory when the
number of particles is increased. This issue is central to good performance of the

algorithm.

Terminal time problems. Terminal time escape problems are ones of the form

Pao (X"(T) ¢ D).

For any given particle in the RESTART simulation, two values are stored: the time
t, and the position X™(¢). Recall that X™ is a piecewise constant, right continuous
process, and since it is a Markov process, the next time increment 7 is exponentially
distributed with parameter equal to the total jump intensity at state X"(¢). The
problem is that the event of interest occurs when ¢t < T and t + 7 > T, and this
requires the storage of the state of a particle at two time steps. This is not a huge
computational expense, but this extra conditional check would have to be executed

at every time step, for every particle.

To make the distinction more precise, let {1} };>1 denote the increasing sequence
of jump times of the process X", and let 0 = {j : n} > T}. Since X" is right-
continuous and the jump intensities are bounded on compact sets, for any random
variable h such that h € (0,7} —nj}_;) almost surely, we have X™(n7) = X"(n} + h;)
a.s. . The difference is between estimating P, (X™(T) ¢ D) = P, (X" (ny_,) ¢ D)
and P(X"(3) ¢ D).

Since the jump intensities are continuous functions of the position, and the jump
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sizes are on the order of 1/n, we expect the difference ny —n;_; to be on order of 1/n.
We do not deem it necessary for our purposes to store the extra state information,
since we expect the error due to the slight time difference to be comparable or smaller
than the statistical error. In all the simulations where a terminal time escape problem

is discussed, we will actually estimate P, (X" (ny) ¢ D).

Using importance functions which are not subsolutions. We advocate the
use of (appropriately scaled) subsolutions as importance functions because in many
of the cases we study, they are guaranteed to produce a splitting scheme which
is asymptotically optimal in the sense of maximizing the decay rate (see Definition
2.1.2. A related reason is that a splitting scheme based on a subsolution is guaranteed
to be stable, i.e. one does subexponential work. However, we wish to make it clear

that any admissible importance function will produce an unbiased splitting scheme.

4.1.2 Statistics recorded

We introduce some terminology used throughout the section to refer unambiguously
to different computational tasks, and we define the statistics recorded in the numer-

ical simulations.

We will denote a single sample of the RESTART estimator by 4", where n is the
large deviations scaling parameter. We note that the simulation of a single sample "
requires the simulation of multiple trajectories started at points where a threshold is
crossed. For a given estimation problem, we generate multiple samples and average
the result to obtain an estimate. We refer to the collection of all samples and the

resulting estimate as a single trial.



196

Remark. We make a remark on scientific notation. We will use the exponential
notation e-k to denote x107*, for instance, 3.02e-2 = 0.0302. This will save space

in the tables.

Suppose v, k = 1,..., K are samples of the estimator. Together, the samples

{7y HE | comprise a single trial. We record the following quantities:

e the estimate

e the formal confidence interval

(3" —1.96 6" /VEK, 3" +1.96 0" VK],

where

K
o= 12%—7

e the relative error

e the empirical decay rate

—log <% Zszl(v}:)z)

— logA™

Y

e we denote the number of particles for the k™ sample 72 at the i*" step of the

algorithm by N/, and we record the average maximum number of particles at
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any given time ¢ in the simulation,

| X
ATV n
N" = E E mzax Ni,/ﬁ
k=1
and we also record the maximum over all trials,

n
max Vi,
ik

e the average work
| X
2
k=1
where the work w} for the sample ~}' is the total number of individual time-

steps computed,

o
n - n
Wy, = E Nz’,k?
i=0

e the number of thresholds J" = [(V(0) — inf,ep V(2))/ log R].

4.2 Numerical examples

4.2.1 Escaping rest points
4.2.1.1 Using techniques from complex-balanced networks

Example 3.3.1. This example illustrates the utility of the splitting method around
rest points over long time intervals. The subsolution based on the quasipotential
will prove to be an effective one for the purpose of sampling near a rest point, as

predicted by Theorem 2.2.15. We note that the question of what constitutes a long
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simulation of a reaction network is heavily dependent on the average time-step, as

will be discussed in the analysis section.

Problem data. The CRN is

A+2B — 3C

T !

D =2 C+FE
C — A
¢ a
2F

with all rate constants equal to 1. The network is complex balanced and the initial

condition is the unique complex-balanced equilibrium,
= (273,973 9723 1 /4 971/3,
We take the domain to escape to be
D={lx;1 —c1| <} U{|za — o] <0} U{|z3 — 3] <} U{|xy —cy| </2}.

The subsolution is the one based on the quasipotential,

V(z)=co— Z el (i—) ,
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where () = xlogr — x + 1 and cq is the minimum cost to escape V(x) (though
we remind the reader that this constant does not actually affect the design of the

splitting scheme).

Parameters. The parameters for the splitting simulation are: the large deviations
scaling parameter n, the n-dependent time T'(n), the number of samples K, the
deviation 0 > 0 in the set D, the splitting rate R, and the number of samples per

trial K. We take the following values:

n = 30,40, 50
T(n)=n/6

0=0.34

R —

K =100.

As will be discussed in the analysis section, the time scaling T'(n) = n/6 was chosen
to be long relative to the average timestep of the process. The relatively small choice

of K = 100 samples per trial is due to the computational cost of the simulation.

Results. The results are presented in Table 4.1.

Analysis. The domain to escape requires that the first four coordinates must all
deviate from their equilibrium value simultaneously, and this constraint can be sat-
isfied because the domain of the network is all of R%. The domain is unbounded,
so the number of thresholds could potentially be taken as large as one likes, since

escape could at a location with arbitrarily large cost relative to the rest point. We
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n 30 40 50
Average 7.53e-06 1.91e-06 4.30e-08
Relative error 1.56e-01 1.47e-01 1.31e-01
Confidence interval [5.22e-06, 9.83e-06] [1.36e-06, 2.46e-06] [3.20e-08, 5.41e-08]
Decay 1.90 1.91 1.94
Avg. work 73084 262672 545808
Avg. max no. particles 662 1342 1845
Max no. particles 1863 3627 8692
No. thresholds 29 38 47

Table 4.1: Results for escape from D over the time interval [0,7'(n)] using the time-
independent subsolution based on the quasipotential.

take a point with significantly greater cost than the minimal cost to exit cg and note
the number of thresholds. Note that near the rest point, the average timestep is on

the order of 5 x 1073.

What is most promising about the results is the fairly constant relative error
and decay rate. This would certainly not occur with importance sampling, as tra-
jectories which linger near the rest point would inevitably occur, and these would
corrupt the performance of the scheme for reasons discussed in Section 2.2.3. In this
sense, the combined results of asymptotic optimality and the solution of the HJB
PDE for complex-balanced systems allow us to approximate previously inaccessible

probabilities.

It is interesting to note that splitting occurs due to the variation in the fifth
coordinate as well, even though this coordinate has no influence on whether or not
escape occurs. It would be reasonable to attempt the same numerical example using
an importance function of the form — 377 | ¢;f(x;/c;), shifted by some constant so

as to make it positive.
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4.2.1.2 Using the moderate deviations approximation

Example 3.3.2 . This example illustrates the utility of the moderate deviations
approximation when the rare event of interest is not “too rare”, in the sense that
the cost of trajectories is well approximated by a quadratic expansion around the
law of large numbers. The subsolution proposed for Example 3.3.2 returns values
which are quite small, and so the large deviations scaling parameter n must be large
enough to ensure that there is more than one threshold (we recall that the number of
thresholds is roughly V(0,0)/(nlog R), where V is the time-dependent subsolution

and R is the splitting rate).

Problem data. The CRN is

B4+C — 24
A+C — 2B

A+B — 2C

with all rate constants equal to one. The initial condition for the uncentered process
is at the stable steady state X"(0) = (1,1,1). In this stoichiometric compatibility
class, each coordinate X[, i = 1,2,3 of the uncentered process X" takes values in

[0, 3]. The problem of interest is to estimate
Py (X™(T) ¢ D),

where

3
Dgiﬂ{x:xie (1-6,140)}.
i=1
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The subsolution is a piecewise minimum of affine functions,

V(t,y) = min V&< (t,y).

1=1,...

Parameters. The parameters for the splitting simulation are: the terminal time
T, the large deviations scaling parameter n, the deviation ¢ > 0 which determines
the terminal escape set Ds, the number of samples K, and the splitting rate R. We

will take the following parameter values:

§ =0.2,0.25,0.3

n = 200, 250, 300

R=2
T=1
K = 2000.

For 6 = 0.2,0.25,0.3, the values of the subsolution at the origin are respectively
2.01 x 1072, 3.13 x 1072 and 4.51 x 1072, Due to the small cost of escape, we need
to take n large and a small splitting rate to ensure that we have at least a few
thresholds. For instance, with n = 200, = 0.2 and a splitting rate of R = 2, we

have 6 thresholds.

Results. We present results for 6 = 0.2,0.25,0.3 in Tables 4.2, 4.3 and 4.4.

Analysis. We expect the moderate deviations to behave well in this case for a
few reasons. First, the network structure is symmetric, and so all three dimensions

in which the trajectories must deviate carry equal cost, and we expect a quadratic
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n 200 250 300
Average 1.26e-02 4.86e-03 1.49e-03
Relative error 4.67e-02 4.91e-02 5.22e-02
Confidence interval [1.15e-02, 1.38e-02] [4.39e-03, 5.32¢-03] [1.34e-03, 1.64e-03]
Decay 1.62 1.67 1.71
Avg. work 990 1339 1709
Avg. max no. particles 6 8 8
Max no. particles 25 35 45
No. thresholds 6 8 9

Table 4.2: Results for terminal escape from Ds with 0 = 0.2 using the moderate
deviations approximation.

n 200 250 300
Average 1.21e-03 2.00e-04 3.61e-05
Relative error 5.75e-02 6.16e-02 7.04e-02
Confidence interval [1.07e-03, 1.35¢-03] [1.76e-04, 2.24e-04] [3.11e-05, 4.11e-05]
Decay 1.70 1.75 1.77
Avg. work 1156 1529 1931
Avg. max no. particles 8 9 10
Max no. particles 53 61 88
No. thresholds 10 12 14

Table 4.3: Results for terminal escape from Dy with § = 0.25 using the moderate
deviations approximation.

approximation to be suitable. If one made the network reversible (adding the reac-
tions (b, a) for all (a,b) € R), it would be complex balanced, and the quasipotential
would accurately describe the cost over long time intervals. The quasipotential at a
rest point for a complex-balanced system is also well-approximated by a quadratic.
The domain to escape is also symmetric and an intersection of half-spaces, so the

piecewise affine subsolution is expected to be a good approximation.

The results confirm the expectations. The relative error is less than 10% across all
values of n and 0 tested. While this is no guarantee of accuracy, it does suggest that
the true variance of the estimator is relatively small compared to the probabilities
of interest. The decay also increases steadily, going from 1.62 for (n,d) = (200,0.2)
to 1.82 for (n,d) = (300,0.3). The probabilities are on the order of 1077, which is
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n 200 250 300
Average 7.46e-05 8.38e-06 6.35e-07
Relative error 6.41e-02 7.10e-02 7.76e-02
Confidence interval [6.53e-05, 8.40e-05]  [7.22e-06, 9.55e-06] [5.39e-07, 7.32e-07]
Decay 1.77 1.79 1.82
Avg. work 1316 1727 2236
Avg. max no. particles 10 11 12
Max no. particles 56 75 91
No. thresholds 14 17 20

Table 4.4: Results for terminal escape from Ds with 0 = 0.3 using the moderate
deviations approximation.

well within the range of the moderate deviation-based splitting scheme. It would be

much more expensive to estimate this probability with standard Monte Carlo.

4.2.2 Metastability

4.2.2.1 Using techniques for one-dimensional networks

Example 3.3.3. The Schlogl model is a classical example in the CRN literature
and a natural candidate for the study of rare events associated to metastability. The
quasipotential is available in analytic form from [3], Example 10, but it is just as

easily found by numerical quadrature.

Problem data. The CRN is

K32 K10
3A =24, A= 0,

K23 KO1
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where the rate constants are

k3o = 1, ko3 = 6, k19 = 11, kg1 = 6.

There are two stable steady states ¢; = 1 and c; = 3, and an unstable one, ¢15 = 2.

We will consider the problem of estimating

Py (X" (t) > 2.5 for some t € [0,T]).

Parameters. The parameters in this simulation are: the large deviations scaling

parameter n, the time 7', the number of samples K, and the splitting rate R. We

take

n = 400
T(n)=5

R=2

K = 200.

Results. The results for the Schlogl model are shown in Table 4.5. We run three

separate trials for the same value of n.

Analysis. Despite the relatively few number of samples, each trial is on the same
order of magnitude and demonstrates similar performance. The third trial is a bit

of an outlier in terms of estimate, though this is not detected in the decay.

While the decay is significantly better than what it would have been for ordinary
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Trial # 1 2 3
Average 1.95e-03 1.91e-03 1.64e-03
Relative error 2.02e-01 2.10e-01 2.15e-01
Confidence interval [1.18e-03, 2.73e-03] [1.13e-03, 2.70e-03] [9.49¢-04, 2.33e-03]
Decay 1.65 1.64 1.64
Avg. work 120143 113965 108138
Avg. max no. particles 10 10 10
Max no. particles 29 30 32
No. thresholds 8 8 8

Table 4.5: Three trials for the transition probability of the Schlogl model.

Monte Carlo, it is not close to 2. There are at least two reasons for this. First,
the large deviations scaling parameter n might simply not be large enough, so that
the large deviations principle does not describe the rare event behavior accurately
enough. Indeed, the estimates are on the order of 1073, which is not terribly small
compared to the probabilities estimated in other examples which exhibit good per-
formance. A related reason is that the splitting scheme does not encourage particles
to continue past the unstable steady state at cio = 2, and some could cross back into

the region (0, 2).

Example 3.3.4. This example explores a network with five steady states, three of
which are stable, and the probabilities of transitioning between the three domains
of attraction. The cost (as determined by the quasipotential) to transition between
the various states is on the order of 1073, and the large deviations scaling parameter
will need to be quite large in order for the transitions to be “rare”. In turn, the
expected difference between successive jump times will be small, on the order of

1077 for n = 10°.



207

Problem data. The CRN is

where

ksa = 1, Kys = 94, Ko = 2745, kog = 29312, k19 = 104660, ko1 = 78000.

There are three stable steady states: ¢, = 1,c0 = 12,¢3 = 50, and two unstable
ones, ¢13 = 5 and co3 = 26. The initial condition X™(0) will vary depending on the
problem, but all initial conditions are in the only stoichiometric compatibility class

S =[0,00). The problem is to estimate

pii(0) =P, (X"(t) € Bs,,(c;) for some t € [0,T]), 4,5 €{1,2,3},i# j,

where we recall that Bs(c) = {z : |z — ¢| < 0}.

Parameters. There are a few parameters for the splitting simulation: the large
deviations scaling parameter n, the number of samples K, the splitting rate R, the
time T, and the distances from the neighbourhoods ¢;; > 0. Moreover, there are six

different probabilities to estimate.

Due to the large rate constants, the average time-step is very small, and conse-
quently the time intervals will be a lot smaller than for the other examples. Nev-

ertheless, they will be long for what might be considered the “natural timescale”
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of the process, which for our purposes is simply the expectation of the difference
between two subsequent jump times (the holding time). We focus on comparing the
probabilities for the various pairs (i,j). The average time-step can change by an
order of magnitude depending on the pair, and so we will use different values of T’
for the different pairs. We denote these times 7;;. We use the following parameter

values: n = 30, K =100, R = 2, and

Pair | d;; T3 Pair | 9;; T
(1,2) | 4 1e3 (2,1)| 2 be4
(2,3) | 20 2e-3 (3,2) | 4  be-b '
(1,3) | 20 3e-3 (3,1) | 2 b5.be-4

We use large values of d;; because we wish to capture the probability of transitioning
to another domain of attraction. Once in the new domain, the splitting scheme does
not encourage particles to continue towards the new stable steady state, and there is
always the possibility that the trajectory doubles back to the domain of attraction
of the initial steady state. In some cases this “recrossing” event is important, and

in this case the §’s would be taken smaller.

The time intervals chosen are simply our guesses obtained through trial and
error. The time intervals cannot be too long, because for fixed n the probability of
any transition occurring goes to 1 as the time interval increases. The time intervals
cannot be too short, because one still expects the mean transition time from ¢ to j

to scale like enVii(ci)

Results. The results for the transition probabilities associated to the pairs (1, 2),
(2, 3) and (1, 3) can be seen in Table 4.6. The results for the pairs (3, 2), (2, 1) and
(3, 1) can be seen in Table 4.7.
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Pair (1, 2) (2, 3) (1, 3)
Average 3.97e-05 5.80e-02 6.63e-06
Relative error 1.49e-01 9.12e-02 1.05e-01
Confidence interval [2.81e-05, 5.13e-05] [4.76e-02, 6.83e-02] [5.26e-06, 8.00e-06]
Decay 1.89 1.79 1.94
Avg. work 31637 1071893 4376529
Avg. max no. particles 21 17 37
Max no. particles 49 30 72
No. thresholds 16 7 22

Table 4.6: Results for the three transition probabilities for the pairs (1, 2), (2, 3)
and (1, 3).

Pair (2, 1) (3, 2) (3, 1)
Average 7.53e-02 8.13e-04 9.19e-05
Relative error 1.17e-01 8.48e-02 4.96e-02
Confidence interval [5.80e-02, 9.26¢-02]  [6.78e-04, 9.48¢-04] [8.30e-05, 1.01e-04]
Decay 1.67 1.92 1.98
Avg. work 429995 4622456 53937776
Avg. max no. particles 12 34 26
Max no. particles 22 62 92
No. thresholds 6 14 19

Table 4.7: Results for the three transition probabilities for the pairs (2, 1), (3, 2)
and (3, 1).

Analysis. The values of the six subsolutions at the respective initial steady states
represents the total “cost” of respective transitions. By evaluating V;;(c;) for different
pairs (i, 7), one can order the costs from greatest to smallest: (1, 3), (3, 1), (1, 2),
(3, 2), (2, 3), (2, 1). The transition costs for (2, 1) and (2, 3) are also roughly on

the same order of magnitude, as are those of (1, 3) and (3, 1).

The relative costs give some hint as to the order of the transition probabilities
pi;- For this to be the case, the time intervals must have been chosen appropriately,
and as mentioned previously the chosen times T;; were simply educated guesses, with
the stipulation that T3 = Tio 4+ T3 and T3; = T + T33. Nevertheless, the order
of the costs correlates well with the estimated probabilities. For instance, pf; is the

smallest transition probability, and pj, and p3, are on the same order of magnitude.
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Moreover, the heuristic relationships such as

p?s > p?ngs

seem to hold; see (3.3.5) in the previous chapter.

It is worth noting that some of estimates required a tremendous amount of com-
putational work, with the (3, 1) pair being an extreme case: 5.36 x 107 individiual
time steps were computed for the simulation of at most 56 particles over a time

interval of length 5.5 x 107%.

The decay rate seems smaller for the larger probabilities but is close to 2 for prob-
abilities on the order of 10~* and smaller. This confirms the belief that the quaispo-
tential will be appropriate for these relatively simple one-dimensional metastability
problems over long time intervals. The relative error is also promising, since it is less

than 15% for every trial.

4.2.3 Boundary behavior

4.2.3.1 Subsolutions based on moderate deviations to leave boundary

Example 3.3.8. This example illustrates the flexibility of moderate deviations-
based subsolutions: one can explicitly center around the law of large numbers dy-
namics and describe deviations away from them at the terminal time. This is not
possible with a time-independent subsolution (such as one based on the quasipoten-
tial), while a time-dependent subsolution can be very difficult to identify when no

approximation is made. As in Example 3.3.2, an issue with the affine function used
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for the subsolution is that it takes values which are very small, and so a large n is

required to see even a few thresholds.

Problem data. The CRN is
) - A— B.

with all rate constants equal to one. The initial condition is X"(0) = (0,0) for all
n >0, and X" takes values in the only stationary compatibility class S = R%. The

problem is to estimate

P(XT(T) — X}(T) < —9),

The subsolution V (t,y) is time-dependent in such a way that for each fixed ¢ € [0, 1],

V(t,-) is affine.

Parameters. The parameters for the splitting simulation are: the large deviations
scaling parameter n, the number of samples K, and the splitting rate R. We take

the following parameter values:

0 =0.15,0.20,0.25

n = 300
R=3
T=1

K = 8000.

Results. The results are presented in Table 4.8.
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4] 0.15 0.20 0.25
Average 1.21e-04 1.35e-06 1.10e-09
Relative error 1.13e-01 1.45e-01 3.66e-01
Confidence interval [9.45e-05, 1.48e-04] [9.68e-07, 1.74e-06] [3.11e-10, 1.88e-09]
Decay 1.49 1.62 1.66
Avg. work 468 488 469
Avg. max no. particles 2 3 2
Max no. particles 25 40 37
No. thresholds ) 9 14

Table 4.8: Results of the simulation for the network ) — A — B. The simulations
occur until the terminal escape time T = 1.

Analysis. As is typical of the moderate deviations approximation, the maximum
number of particles is not exceedingly large. The estimated decay rate is far from
2, but significantly better than 1, as one would obtain with standard Monte Carlo.
Indeed, with only K = 8000 samples of the RESTART estimator, probabilities on
the order of 107 can be estimated. We note, however, that the relative error is quite

large, especially for the § = 0.25 trial.

4.2.3.2 Subsolutions for hitting the boundary of complex-balanced sys-

tems

As discussed in Section 3.3.3.3 of Chapter 3, it is possible to estimate the probabil-
ity of hitting the boundary over increasing time intervals using a time-independent
subsolution based on the quasipotential. Four networks were considered: A = ),
2420, A= B, and A= B = (), all with rate constants taken equal to 1. In this

section we investigate this problem numerically.

Example 3.3.9.
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Problem data. The CRN is
A=)

with all rate constants equal to one. The initial condition is X™(0) = 1 for all n > 0,
and X™ takes values in the only stationary compatibility class S = [0,00). The

problem of interest is

P (X™(t) = 0 for some t € [0,T(n)]),

where T'(n) is linear in n. This can be formulated as an escape problem by taking
D = [0,00) and demanding that X"(t) ¢ D instead. The subsolution V is The

subsolution is a piecewise minimum of affine functions,

V(z) =2 —xloguz,

and we note that V(z) <0 for z = 0.

Parameters. The parameters for the splitting simulation are: the increasing time

intervals T'(n), the large deviations scaling parameter n, the number of samples K,

and the splitting rate R. We take the following parameter values:

n = 20, 40, 60
R=3
T=n/2

K = 2000.

Results. The results are presented in Table 4.9
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n 20 40 60
Average 3.41e-07 3.28e-15 1.41e-23
Relative error 4.49e-02 3.92e-02 3.92e-02
Confidence interval [3.11e-07, 3.71e-07] [3.03e-15, 3.53e-15]  [1.31e-23, 1.52¢-23]
Decay 1.89 1.96 1.97
Avg. work 866 4313 10665
Avg. max no. particles 81 234 431
Max no. particles 711 2093 3603
No. thresholds 19 37 95

Table 4.9: Results of the simulation for the network A = (). The simulations occur
over time intervals [0, 7'(n)] with T'(n) = n/2.

Analysis. The results show excellent performance. The empirical decay ap-
proaches 2 as n increases, and the relative error remains at around 4%, despite
the fact that we are using only K = 2000 samples of the RESTART estimator for
probabilities on the order of 10~7. One reason the splitting scheme performs ex-
ceptionally well is that the process is one-dimensional, and there is no additional
variance incurred due to escape at different locations; the weight associated to each

escaped particle is always the same.

Example 3.3.10.

Problem data. The CRN is
24 = ).

with all rate constants equal to one. The initial condition is X™(0) = 1 for all n > 0,
and X™ takes values in the only stationary compatibility class S = [0,00). The

problem of interest is

Py (X" (t) = 0 for some ¢ € [0, T(n)]),
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where T'(n) is linear in n. The subsolution V is the same as for the network A = {J,

namely,

V(z) =z —zlogz,

and we note that V(z) <0 for z = 0.

Parameters. The parameters for the splitting simulation are the same as for A =2

(): the increasing time intervals T'(n), the large deviations scaling parameter n, the

number of samples K, and the splitting rate R. We use the same parameter values

as before:

n = 20,40, 60
R=3
T=n/2

K = 2000.

Results. The results are presented in Table 4.10.

n 20 40 60
Average 4.48e-06 2.36e-14 9.80e-23
Relative error 2.76e-02 3.71e-02 4.49e-02
Confidence interval [4.24e-06, 4.73¢-06] [2.19e-14, 2.54e-14] [8.94¢-23, 1.07e-22]
Decay 1.92 1.96 1.97
Avg. work 2689 6358 11266
Avg. max no. particles 1080 2530 4364
Max no. particles 6567 28446 60037
No. thresholds 19 37 25

Table 4.10: Results of the simulation for the network 24 = (). The simulations occur
over time intervals [0, 7'(n)] with T'(n) = n/2.
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Analysis. We compare the results of this network to those of the previous one. We
note that the relative error behaves just as well, and the decay gets close to 2 just
as before. Since the subsolution used is the same, the number of thresholds does not
change. However, owing to the increased jump size of 2/n, the hitting probability
has noticeably increased by an order of magnitude for n = 20,40. This is to be
expected, since in the pre-limit it is easier for a single jump of size 2/n to occur, as
opposed to two successive jumps of size 1/n. As n increases, the jump sizes shrink
and the time interval gets larger, and this difference disappears. This can be seen

when n = 60.

Example 3.3.11.

Problem data. The CRN is
A= B.

with both rate constants equal to one. The initial condition is X™(0) = (1/2,1/2) for
all n > 0, and X" takes values in the stoichiometric compatibility class S(1/21/2) =

{z: 21+ 2 =1} NRZ. The problem of interest is
Py (X7(t) = 0 for some ¢ € [0,T(n)]),
where T'(n) is linear in n. The subsolution V is

V(z) =log(2) — z1log(2x1) — x2log(2xs),

and we note that V(z) <0 for x = 0.
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Parameters. The parameters for the splitting simulation are: the increasing time
intervals T'(n), the large deviations scaling parameter n, the number of samples K,
and the splitting rate R. We use the same parameter values as the two previous

examples, so as to have a basis for comparison:

n = 20,40, 60
R=3

T =n/2

K = 2000.

Results. The results are presented in Table 4.11.

n 20 40 60
Average 1.73e-04 3.20e-10 4.81e-16
Relative error 3.39e-02 4.82¢e-02 4.90e-02
Confidence interval [1.61e-04, 1.84¢-04] [2.90e-10, 3.51e-10] [4.35¢-16, 5.28¢-16]
Decay 1.86 1.92 1.95
Avg. work 730 2128 3797
Avg. max no. particles 99 335 277
Max no. particles 424 2047 1765
No. thresholds 13 26 38

Table 4.11: Results for the problem of hitting the boundary {z; = 0}.

Analysis. As discussed in Section 3.3.3.3 on the behavior of stochastic trajecto-
ries which hit the boundary, the nature of the singularity that the gradient of the
quasipotential has is similar for the networks A = (),2A = () and A = B. In this
last case, on the domain S1/2,1/2) the concentration of B goes to 1 as the concentra-
tion of A goes to 0. The “push” exerted by the B — A becomes equal to the push
) — A at the boundary {z; = 0}.

Nevertheless, since the rate of B — A is x5 < 1, the cost to hit the boundary in
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this case should be smaller. This can be seen by directly evaluating the quasipoten-

tial: Qa=p((0,1)) = 1/2 +1log(2)/2 ~ 0.85. It is also reflected in the results.

Example 3.3.12. In this example we compare the probability of hitting a facet
{z; = 0} with the probability of hitting a corner. The cost (in the sense of the
quasipotential) to hit a corner is twice the cost to hit a facet, and consequently the
number of thresholds is doubled. When the process is near the initial condition, the
average time step is roughly half of what it was for the previous examples, which
further increases the computational cost of this example. We will therefore use very

few samples for each trial.

Problem data. The CRN is
A= Bz ).

with both rate constants equal to one. The initial condition is X™(0) = (1,1) for all
n > 0, and X" takes values in the only stoichiometric compatibility class S = R?.

The problem of interest is
P, (X7(t) = 0 for some ¢ € [0,T(n)]),
where T'(n) is linear in n. The subsolution V is

V(z) =log(2) — z1log(2x1) — x2log(2xs),

and we note that V(z) <0 for z = 0.
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Parameters. The parameters for the splitting simulation are: the increasing time
intervals T'(n), the large deviations scaling parameter n, the number of samples K,
and the splitting rate R. We use the same parameter values for R, n and T'(n) as the
two previous examples so as to have a basis for comparison, but we use significantly

fewer samples due to the greater computational cost.

n = 20,40, 60
R=3

T =n/2

K = 20.

We study the problem of hitting the facets {z; = 0}, {zs = 0}, and the corner

{ZL’l = 0,5(]2 = O}

Results. The results for hitting {z; = 0} and {z; = 0} are presented in Tables

4.12 and 4.13. The results for hitting the corner {z; = 0,25 = 0} are presented in

Table 4.14.
n 20 40 60
Average 1.55e-05 1.47e-13 6.76e-22
Relative error 9.85e-02 8.14e-02 7.73e-02
Confidence interval [1.25e-05, 1.85e-05] [1.23e-13, 1.70e-13] [5.73e-22, 7.78e-22]
Decay 1.98 2.00 2.00
Avg. work 244203 1971107 6102630
Avg. max no. particles 520 1499 2735
Max no. particles 755 2174 3790
No. thresholds 19 37 95

Table 4.12: Results for the problem of hitting the facet {z; = 0}.

Analysis. As discussed in Section 3.3.3.3 on the behavior of stochastic trajectories

which hit the boundary, the nature of the singularity in the gradient of the quasipo-
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n 20 40 60
Average 7.95e-06 6.83e-14 2.52e-22
Relative error 1.28e-01 9.55e-02 1.07e-01
Confidence interval [5.96e-06, 9.95e-06] [5.55e-14, 8.11e-14] [1.99e-22, 3.05e-22]
Decay 1.98 1.99 2.00
Avg. work 234686 1796300 6321918
Avg. max no. particles 519 1498 2412
Max no. particles 916 2347 3713
No. thresholds 19 37 95

Table 4.13: Results for the problem of hitting the facet {zy = 0}.

n 20 40 60
Average 1.55e-14 2.36e-31 2.47e-48
Relative error 1.46e-01 1.45e-01 2.07e-01
Confidence interval [1.11e-14, 2.00e-14] [1.69e-31, 3.03e-31] [1.47e-48, 3.48e-48]
Decay 1.98 1.97 1.99
Avg. work 458124 3434189 13603039
Avg. max no. particles 1149 3433 7534
Max no. particles 1574 5573 14262
No. thresholds 37 73 110

Table 4.14: Results for the problem of hitting the corner.

tential is similar for the networks A = (0,24 = () and A 2 B. Moreover, the overall

cost (in terms of the quasipotential) to hit a facet is the same as for the networks

A2 and 2A = (). Comparing the estimated averages of Tables 4.12 and 4.13 with

those in Tables 4.9 and 4.10, we see that the probabilities are indeed on the same

order of magnitude.

It is worth noting, however, that in this network the average work is orders of

magnitude larger. This is in part due to splitting occurring in both the x; and =z,

coordinates, even when the problem is to hit a facet {z; = 0}. In addition, the

average timestep is smaller than in the two previous examples, and so reaching a

time of n/2 becomes more expensive.
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