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Abstract of “Discovering and Solving Fractional-Order Partial Differential Equations:

Machine Learning and Monte Carlo Methods” by Mamikon Armen Gulian, Ph.D.,

Brown University, 2019.

Fractional-order partial differential equations (FPDEs) describe macroscopic prop-

erties of systems driven by Lévy processes and, more generally, Continuous-Time

Random Walks (CTRWs). CTRWs form a versatile family of abstract stochastic

models for anomalous diffusion/transport, in which the “actors” at the microscopic

scale – be they particles, organisms, or stock prices – do not obey normal or Gaussian

statistics. The fractional-order operators that are required to describe such systems

are nonlocal integral operators that pose novel conceptual, theoretical, and numer-

ical challenges for modeling and solution. These challenges are compounded when

considering boundary conditions.

Focusing on the most fundamental example – the fractional Laplacian – we con-

solidate several recent results for nonzero boundary conditions and organize a taxon-

omy in which the various fractional Laplacians on bounded domains correspond to

different ways of imposing boundary conditions on isotropic α-stable Lévy motion.

We prove and implement stochastic solution (or Feynman-Kac) formulas for elliptic

and parabolic problems involving the spectral fractional Laplacian with Dirichlet

boundary conditions. This yields an embarrassingly parallel Monte Carlo method

that we demonstrate in solving 16-dimensional benchmark problems. We then de-

velop a Path Integral Monte Carlo method for the many-body fractional Schrödinger

equation with periodic boundary conditions. Our methodology opens the door to

studying fractional Hamiltonians with arbitrarily complex potentials. We find that

the fractional Laplacian strongly encourages particle delocalization, suggesting it

may manifest atypical forms of condensation at low temperatures.



We then turn to the problem of data-driven discovery of FPDE models using

machine learning. We develop fractional physics-informed Gaussian processes, com-

patible with Matérn covariance kernels, and demonstrate how they can be used to

discover and interpolate a wide variety of linear integer-order and space-fractional

PDEs from noisy data in multidimensions. Illustrating several themes of the thesis,

we employ our methodology to describe relative stock performance in the S&P 500

by calibrating a fractional Fokker-Planck equation with empirical distribution data.
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CHAPTER 1

Introduction and Overview

1
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1.1 The Need for Fractional-Order Partial Differ-

ential Equations

The past half-century has seen an exponential growth of data from economic, physi-

cal, biological, and social systems that shows signatures of anomalous transport and

diffusion [117, 206]. This refers to systems in which the “actors” at the individ-

ual/microscopic level – such as particles, organisms or stock prices – do not obey

normal or Gaussian statistics. For example, pioneering work by Mandelbrot [141]

and Fama [73] in the 1960s demonstrated that changes in certain stock prices are not

empirically distributed with Gaussian decay, but rather are distributed according to

infinite-variance α-stable Lévy distributions featuring inverse power-law decay. In

this case, such behavior can be understood in part as being due to the dispropor-

tionate impact of rare events, such as governmental macroeconomic announcements

[21, 222]. Intuitively, the actors in such systems perform “long jumps” and can be

modeled by a class of discontinuous random walks under the heading of superdiffu-

sion. In another type of anomalous diffusion known as subdiffusion, memory [64] or

traps (such as in porous media [24] or formations of eddies in a fluid [215, 194, 220])

may introduce random waiting times that slow down the actors. Many systems (see

Table 1) may exhibit both long jumps and waiting times. The general stochastic

model for such anomalous behavior is the Continuous Time Random Walk (CTRW),

a versatile family of anomalous diffusions which satisfy generalized central limit the-

orems [148] that cement their validity in statistical applications.

Theoretical work over the past few decades has shown that Fractional-Order Par-

tial Differential Equations (FPDEs) govern the macroscopic properties of CTRWs

[149]. Roughly speaking, superdiffusive behavior corresponds to space-fractional

operators; subdiffusive behavior corresponds to time-fractional operators. In the
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language of functional analysis, fractional operators are infinitesimal generators of

appropriate CTRWs; in the language of probability, fractional diffusion equations

are Fokker-Planck equations for (non-Fickian) CTRWs [137, 149]. Thus, the rela-

tionship between CTRWs and FPDEs generalizes the fundamental theory of Einstein

[70] and Bachelier [15] relating Brownian Motion to the (standard) heat equation.

Perhaps the most straightforward way to understand the relation of fractional

calculus to stochastic processes is by writing the classical Lévy-Khinchtine theorem

in generator form. This is discussed in more detail in Section 2.2.4; see also the intro-

duction of Applebaum [12]. The Lévy-Khinchtine theorem relates to a general Lévy

process, that is, a process Xt which satisfies X0 = 0 and has independent, stationary

increments that are continuous in probability. Such a processes is a natural gener-

alization of Brownian motion, without the assumption of finite variance or samples

from a normal distribution. With the theory of semigroups, the Lévy-Khinchtine

theorem can be interpreted as follows: the Fokker-Planck equation governing such

a process Xt must be of the form ∂tP = LP , where the operator L is given by a

formula

Lf(x) = −a · ∇f(x) + 1
2∇ ·Q∇f(x) +

ˆ (
f(x− y)− f(x) + y · ∇f(x)

1 + |y|2

)
φ(dy),

for a matrix Q and Lévy measure φ. This operator may be understood as com-

bination of a first-order drift term, a second order diffusion term, and a nonlocal

integro-differential operator. Of these, fractional-order operators, such as the frac-

tional Laplacian discussed in this thesis, are the simplest and most fundamental

examples. This basic theorem of probability already makes clear that integer-order

PDEs, which have been the focus of centuries of mathematical work, are insufficient

for describing such a natural class of processes, and that fractional and nonlocal

calculus are required to do so.
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Phenomena
(microscopic)

Stochastic Model Fractional Model
for macroscopic
properties

Long jumps (superdiffu-
sion). Observed in finance
[141, 73], econometrics
[207], foraging [105], and
epidemics [98].

α-stable Lévy flights, a
parametrized family of ran-
dom walks featuring heavy-
tailed distributions for incre-
ments.

Space fractional:
∂P

∂t
+ (−∆)α/2P = 0

Waiting times (subdiffu-
sion). Observed in porous
media [24], subsurface hy-
drology [152], and pollution
[87].

Brownian Motion time-
changed by the inverse
stable subordinator, a non-
decreasing random process
with waiting times.

Time fractional:
∂βP

∂tβ
−∆P = 0

Both long jumps and wait-
ing times. Observed in plas-
mas [227, 84, 63, 53, 229,
19], turbulence [140, 179,
71], and nonequilibirum sys-
tems [215],

Continuous Time Random
Walk (CTRW), which in-
cludes α-stable Lévy motion
time changed by inverse sta-
ble subordinator.

Space and time frac-
tional:
∂βP

∂tβ
+(−∆)α/2P = 0

Table 1. Left column: Main feature of anomalous transport, with representative ex-
amples from economics, biology, or physical sciences. Center column: Stochastic model
that simulates the behavior at the microscopic level. Right column: Representative frac-
tional equation (in this case, a Fokker-Planck equation) that governs certain macroscopic
properties of the stochastic model, hence serves as a model of the phenomena in the left
column. These theoretical connections are more fully discussed in [149].

1.2 Monte Carlo Methods for FPDEs

Stochastic solution methods for FPDEs leverage their deep connection to Lévy pro-

cesses and provide embarrassingly-parallel Monte Carlo algorithms for their solution.

The resulting Monte Carlo methods are especially advantageous in high-dimensions

and in problems that call for local solutions. Stochastic interpretations also represent

a direct, physical approach to understanding and implementing reflecting boundary
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Figure 1. Left: diagram of the rotating annulus experiment of [194, 220], see also
[215] for a discussion. Water flows in through inlets I and out through outlets O
while the system rotates. Center: photo of fluid (with tracers) in motion. Right:
illustration of the paths of four sample tracers in the experiment. Two anomalous
features are visible: waiting times and long jumps, which are the two signatures of a
Continuous Time Random Walk (CTRW). This suggests a time-and-space-fractional
Fokker-Planck equation ∂βP

∂tβ
+ (−∆)α/2P = 0 with reflecting-type boundary condi-

tions governing the transport.

Figure 2. This figure is from [24], and shows the fitting of macrodispersion exper-
iments (MADE) at the Columbus Air Force Base in Mississippi. The experiments
measured the arrival of tritium tracers downstream from a source point through a
highly heterogeneous aquifer consisting of “generally unconsolidated sands and grav-
els with smaller clay and silt components.” Two time snapshots, at day 132 and day
328, are shown. The authors of [24] obtain a superior fit of this data using a space-
fractional advection diffusion equation with fractional order α = 1.1 (the α-stable
model) versus a standard advection-diffusion equation (the Gaussian model).
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Figure 3. This figure is from [190], and shows the utility of time-
fractional advection-diffusion in fitting the arrival in time of fluorescent
dye 306.4 meters downstream of the injection point in a mountain
stream. The stream tracer data is due to experiments reported in
[97]. A far superior fit for long time compared to standard advection
diffusion (ADE) is obtained for time-fractional order 0.3.

conditions for nonlocal and fractional operators, an area ripe with many open fun-

damental questions.

In 1944, Kakutani [109] showed that the solution to the classical Dirichlet prob-

lem for Laplace’s equation at a given point is the expected value of the boundary data

over the distribution of exit points of Brownian motion starting at that point. This

has been an highly influential work in stochastic processes, and part of this thesis is

concerned with developing analogues of these results for the Dirichlet problem for the

spectral fractional Laplacian. Classically, such processes are related to Itô processes,

but since FPDEs are related to stochastic differential equations (SDEs) driven by

Lévy motion rather than Brownian motion, obtaining these stochastic solution for-

mulas represents a fertile area for probability techniques. Such problems also raise
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intriguing questions about imposing boundary conditions on Lévy processes, which

is also explored in this thesis.

Historically, although high-dimensional partial differential equations frequently

arise in finance, perhaps the biggest impact of Monte Carlo methods for partial

differential equations is in quantum statistical mechanics. For realistic physical sys-

tems, the Schrödinger equation is inherently high-dimensional, rendering grid-based

numerical methods useless. This has led to a broad family of widely studied and

applicable methods known as Quantum Monte Carlo for studying the many-body

problem. Monte Carlo methods based on path integrals for computing quantum me-

chanical observables, known as Path Integral Monte Carlo, have played an important

role in numerical solutions for quantum statistical mechanics. Such methods are facil-

itated by the path integral formulation of quantum mechanics, in which observables

are directly expressed in terms of stochastic integrals. They are based on computing

the density matrix rather than the quantum mechanical wavefunction. It was for

a related problem in computing thermodynamic equations of state that the term

“Monte Carlo” was introduced [151, 150]. The Path Integral Monte Carlo method

has been used in studies of the time-independent Schrödinger equation [20, 41]. It

has achieved particular success in studies of liquid helium [41].

The fractional Schrödinger equation is no less challenging to solve for many-

body systems than the integer-order counterpart. For this reason, despite years

of debate about the implications and feasibility of fractional quantum mechanics,

no studies have been made of the many-body fractional Schrödinger equation with

realistic potentials. In the thesis, we address this problem by developing a Fractional

Path Integral Monte Carlo method for studying observables in fractional quantum

mechanics (governed by the fractional Schrödinger equation) that is compatible with

such potentials.
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1.3 Machine Learning of FPDE Models

The past decade has seen huge strides – theoretical and numerical – in the mathe-

matical problems posed by FPDEs in bounded domains with corresponding fraction-

al/nonlocal boundary conditions [29, 68, 137]. Yet, these mathematical advances

have not been accompanied by a commensurate increase in the use of FPDE mod-

els in the many applications where anomalous transport or nonlocality/memory has

been recognized. The difficulties of working with unfamiliar fractional operators

that involve deep theory, additional parameters, singular integrals, and nonlocal

discretizations pose serious challenges to researchers closer to applications. The de-

velopment of machine learning frameworks for discovering FPDEs has the potential

to ameliorate the challenges of deriving and calibrating FPDEs in practice and bridge

the gap between mathematical advances in FPDEs and diverse applications.

The potential of machine learning for scientific breakthroughs is already being

realized. In the field of inertial confinement fusion, for example, a deep learning

algorithm applied to a very large, high-dimensional synthetic dataset by Lawrence

Livermore National Laboratory researchers “...led to the discovery of asymmetric

implosions that, in simulation, provide high yield and a greater robustness to pertur-

bations than spherical implosions” [198, 104, 164, 160]. Across many application

fields, given the rapidly increasing availability of data, the combination of machine

learning and scientific computing is widely recognized as having strong potential for

facilitating discoveries. As proof of this, the architecture of the first exascale super-

computer (Aurora) built in the United States, which will be deployed at Argonne

National Laboratory in 2021, was developed with three recently designated “pillars”

of leadership computing in mind: Simulation, Data, and Learning [2, 1].
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1.4 Thesis Outline

Chapter 2 provides important theoretical material on fractional Laplacians in bounded

domains and related theoretical topics. This material is used throughout the entire

thesis. We begin by reviewing the fractional Laplacian in Rd, which we write as

(−∆)α/2 with α ∈ (0, 2). We briefly summarize the multiple equivalent characteriza-

tions of this operator on Rd. This has been a very active area of research in the last

decade. Our discussion aims to give a reasonably complete outline of the analytic

and probabilistic aspects of this operator.

This sets up the discussion of fractional Laplacians on bounded domains that fol-

lows. The different fractional Laplacians on bounded domains arise due to the vari-

ous characterizations of the fractional Laplacian on Rd no longer being equivalent, or

having more than one generalization to bounded domains. We define these operators

and compare how different boundary conditions are incorporated with them. Then,

we discuss and compare well-posedness and regularity for the corresponding Poisson

problems; many of these results are invoked in the theorems of Chapter 3. We focus

on the Riesz and spectral fractional Laplacians, as well as the fractional Laplacian

with periodic boundary conditions. These operators, together with the fractional

Lapacian on Rd, are the main fractional operators used in the thesis. For exam-

ple, Monte Carlo methods for the spectral fractional Laplacian are the main focus

of Chapter 3; the Riesz fractional Laplacian and periodic boundary conditions are

used in the theory of fractional quantum mechanics discussed in Chapter 4; machine

learning of equations involving the fractional Laplacian on Rd is explored in Chapter

5. We also provide very brief discussions of related fractional operators, such as the

censored fractional Laplacian as well as alternative operators that arise in fractional

vector calculus.
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Motivated by the probabilistic connections of the fractional Laplacian to Lévy

processes in Rd, we spend a significant portion of this chapter discussing stochastic

processes relating to fractional Laplacians on a bounded domain. The stochastic

connections clarify the differences between these operators, such as the requirement

of nonlocal boundary conditions for the Riesz fractional Laplacian versus the local

boundary conditions for the spectral fractional Laplacian, or the harmonic lifting

of boundary values for the spectral fractional Laplacian (using the Feynman-Kac

formula). Another major focus of this chapter is the recent developments in defining

the spectral fractional Laplacian with nonzero boundary conditions. The material

relating to these two aspects of the spectral fractional Laplacian – probabilistic and

analytic – are leveraged in Chapter 3.

This chapter contains several novel contributions. The stochastic processes relat-

ing to various fractional Laplacians on bounded domains have been assembled in one

discussion and compared. This is lacking in other surveys in the numerical literature,

and provides a physical basis for choosing between the operators in applications. Fur-

thermore, following a review of recently proposed operators by Antil et al. [11] and

Cusimano et al. [55] which generalize the spectral fractional Laplacian to nonzero

boundary conditions, we show that both operators are equivalent. We then obtain

a third characterization of this operator using the spectral theorem directly for the

inverse fractional Laplacian together with a classical representation of the (integer-

order) Laplacian. This characterization can be used to justify a weak formulation of

boundary value problems for this operator based on nonharmonic lifting. Most of the

content of this chapter has appeared in the article [137], joint with Anna Lischke,

Guofei Pang, Fangying Song, Christian Glusa, Xiaoning Zheng, Zhiping Mao, Wei

Cai, Mark M. Meerschaert, Mark Ainsworth, and George Em Karniadakis.
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Chapter 3 focuses on Monte Carlo methods for the solution of boundary value

problems involving the spectral fractional Laplacian (−∆Ω,g)α/2 with nonzero Dirich-

let boundary condition g. We prove and implement stochastic solution (or Feynman-

Kac) formulas for such problems. The main tools used in the proofs are the abstract

Cauchy problem for Feller semigroups together with Balakrishnan’s theory of frac-

tional powers. We show the operator (−∆Ω,g)α/2 is the generator of an appropriate

Feller semigroup for subordinate stopped Brownian motion

XΩ,α
t =

√
2BTα/2(t)∧τΩ , τΩ = inf

{
t
∣∣∣ √2Bt 6∈ Ω

}
,

and obtain a stochastic solution formula

u(t, x) = EXΩ,α
0 =x

f (XΩ,α
t

)
χτΩ>Tα/2(t) + g

(
XΩ,α
t

)
χτΩ≤Tα/2(t)


+ EXΩ,α

0 =x

ˆ t

0
r
(
t− s,XΩ,α

s

)
χτΩ>Tα/2(s)ds


for the fractional heat equation in a bounded domain Ω,

∂tu(t, x) + (−∆Ω,g)α/2u(t, x) = r(x, t) for t > 0, x ∈ Ω

u(0, x) = f(x) for x ∈ Ω, u(t, x) = g(x) for x ∈ ∂Ω.

Here, τΩ denotes (Brownian) exit time from Ω, and Tα/2 is the standard α/2-stable

subordinator starting at zero. We then obtain precise regularity and steady-state

convergence properties of the above parabolic (time-dependent) problem using the

eigenfunction expansion of the classical solution, which leads to estimates for the

survival probability of subordinate stopped Brownian motion. These results allow us

to take t→∞ in the stochastic formula for the time-dependent problem to establish
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a stochastic solution formula

u(x) = EXΩ,α
0 =x

g (XΩ,α
T−1
α/2(τΩ)

)+ EXΩ,α
0 =x

ˆ T−1
α/2(τΩ)

0
r
(
XΩ,α
s

)
ds

 ,
for the Dirichlet boundary value problem

(−∆Ω,g)α/2u(x) = r(x) for x ∈ Ω

u(x) = g(x) for x ∈ ∂Ω.

These stochastic solution formulas for the operator (−∆Ω,g)α/2 (i.e., in the setting

of nonzero boundary conditions) are novel, and allow for efficient, embarrassingly

parallel local solution of the above boundary value problems. We discuss the dis-

cretization of these formulas, and verify them in multiple dimensions with benchmark

examples. We study the effect of the number of path samples and the time step size

for path discretization on the accuracy of the solution. We demonstrate the favorable

scaling of the method with the dimension by computing solutions to time-dependent

(parabolic) and time-independent (elliptic) benchmark problems in 16 dimensions.

The results of this chapter have appeared in [92], joint with Guofei Pang.

Chapter 4 develops a Path Integral Monte Carlo method for the many-body

fractional Schrödinger equation. This equation was introduced by Laskin [128, 129,

130, 131], following the early suggestions of Kac [108]. Starting from the Feyn-

man path integral formulation of quantum mechanics, Laskin showed that replac-

ing integrals over Brownian paths with integrals over α-stable Lévy paths yields a

Schrödinger equation in which the ordinary Laplacian in the Hamiltonian is replaced

by the Riesz fractional Laplacian. Laskin also showed that this equation enjoys many

of the basic properties that allow the usual Schrödinger equation to serve as a founda-

tion for quantum mechanics. For example, since (−∆)α/2 is self-adjoint, observables

are real valued. The fractional Schrödinger equation has subsequently been derived
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by Kleinert by taking an appropriate scale-invariant limit of the wave equation in

quantum field theory [119, 118]. It has been also been suggested that fractional

Hamiltonians may naturally arise from strong many body interactions [119], and

a nonlinear fractional Schrödinger equation in Rd has been rigorously derived from

a mathematical physics perspective as the continuum limit of a system of discrete

nonlinear Schrödinger equations with increasingly long-range interactions [116].

To date, the fractional Schrödinger equation has been generated significant de-

bate, but solutions have only been studied for a variety of simple, analytically

tractable Hamiltonians. A robust algorithm for examining the properties of the

many-body fractional Schrödinger equation for arbitrary potentials has been lack-

ing. The Fractional Path Integral Monte Carlo algorithm that we propose can be

used to study the finite temperature behavior of the time-independent Fractional

Schrödinger equation with periodic boundary conditions.

In developing the algorithm, we derive an analytic form for the finite tempera-

ture fractional free particle density matrix and demonstrate how it can be sampled

to acquire new sets of particle positions. We employ this algorithm to simulate both

the free particle and 4He (Aziz) Hamiltonians. We find that the fractional Laplacian

strongly encourages particle delocalization, even in the presence of interactions, sug-

gesting that fractional Hamiltonians may manifest atypical forms of condensation.

The work in this chapter opens the door to studying fractional Hamiltonians with

arbitrarily complex potentials that escape analytical solutions. This chapter is based

on our article [94], joint with Haobo Yang and Brenda M. Rubenstein.

Chapter 5 discusses machine learning of space-fractional partial differential

equations. Data-driven discovery of “hidden physics” – i.e., machine learning of dif-

ferential equation models underlying observed data – has recently been approached

by embedding the discovery problem into a Gaussian Process regression of spatial

data, treating and discovering unknown equation parameters as hyperparameters
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of a “physics informed” Gaussian Process kernel [173]. This kernel includes the

parametrized differential operators applied to a prior covariance kernel. We extend

this framework to the data-driven discovery of linear space-fractional differential

equations. The methodology is compatible with a wide variety of space-fractional

operators in Rd and stationary covariance kernels, including the Matérn class, and

allows for optimizing the Matérn parameter during training. The main challenges

to be addressed are a user-friendly way to perform fractional-order derivatives of co-

variance kernels, together with numerical methods that render such implementations

feasible. Making use of the simple Fourier-space representation of space-fractional

derivatives in Rd, we provide a unified set of integral formulas for the resulting Gauss-

ian Process kernels. The shift property of the Fourier transform results in formulas

involving d-dimensional integrals that can be efficiently treated using generalized

Gauss-Laguerre quadrature.

The implementation of fractional derivatives within a physics-informed Gaussian

process machine learning framework has several benefits. First, the method allows

for discovering models involving fractional-order PDEs for systems characterized by

heavy tails or anomalous diffusion, while bypassing the analytical difficulty of frac-

tional calculus. Data sets exhibiting such features are of increasing prevalence in

physical and financial domains. Second, a single fractional-order archetype allows

for a derivative term of arbitrary order to be learned, with the order itself being a

parameter in the regression. As a result, even when used for discovering integer-order

equations, the proposed method has several benefits compared to previous works on

data-driven discovery of differential equations; the user is not required to assume a

“dictionary” of derivatives of various orders, and directly controls the parsimony of

the models being discovered. We illustrate our method on several examples, includ-

ing fractional-order interpolation of advection-diffusion and modeling relative stock

performance in the S&P 500 with α-stable motion via a fractional diffusion equation.
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The results of this chapter have appeared in the article [93], joint with Maziar Raissi,

Paris Perdikaris, and George Em Karniadakis.



CHAPTER 2

The Fractional Laplacian and

Anomalous Diffusion
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2.1 Introduction

The fractional Laplacian can be defined in Rd in many equivalent ways [124]; how-

ever, when these definitions are restricted to bounded domains, the associated bound-

ary conditions lead to distinct operators. The purpose of this chapter is to give a

comprehensive report of the commonly used definitions of the fractional Laplacian

and examine their differences in bounded domains. The work in this chapter, espe-

cially the discussion of stochastic interpretations of the different operators, will be of

use to practitioners looking to gain insight into which fractional Laplacian definition

and associated numerical methods may be appropriate for their application.

A number of articles which include comparisons of the different fractional Lapla-

cians on bounded domains have appeared recently, such as those of Bonito et al.

[29], Duo et al. [68], and Čiegis et al. [51]. The discussion here differs from these

in that there is a focus on recent advances in boundary value problems with nonzero

boundary conditions and the inhomogeneous fractional operators that such problems

entail. In addition to a review of the theoretical advances in this area, we include a

number of new results. In Section 2.7, we show the equivalence of recently proposed

definitions of [11] and [55] for the inhomogeneous spectral fractional Laplacian, and

we provide a new equivalent characterization via the inverse Laplacian. The equiv-

alence of these approaches allows us to conclude that the problem of defining the

inhomogeneous spectral fractional Laplacian, and posing boundary value problems

with it, has largely been solved. These results may be used to justify the method of

nonharmonic lifting for the Poisson problem with nonzero boundary conditions for

the spectral fractional Laplacian [137].

Another goal is to illuminate the physical meaning of the different definitions

of the fractional Laplacian in bounded domains through their associated stochastic
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processes. In particular, we discuss the fact that these differing definitions can be

interpreted through different ways of applying boundary conditions to α-stable Lévy

processes. We discuss this in Sections 2.2.4, 2.4.3, and 2.6.3, and compare the re-

sulting stochastic processes and their operators in Section 2.9. This is most easily

summarized for Dirichlet boundary conditions, where the stochastic picture involves

two successive modifications of Brownian motion: stopping (when the motion exists

the Ω) and subordination (a stochastic time change by the standard α-stable subor-

dinator, a strictly increasing jump process). These modifications do not commute,

leading to two distinct stochastic processes depending on the order in which the mod-

ifications are performed [196, 197, 91]. Each corresponds to a distinct fractional

Laplacian operator. The spectral fractional Laplacian is the negative infinitesimal

generator of subordinate stopped Brownian motion (Section 2.6.3). Since paths of

Brownian motion are continuous, stopped Brownian paths stop at ∂Ω, and therefore

subordinate stopped Brownian paths also stop at ∂Ω, despite being discontinuous

in the interior of Ω. Thus, a local boundary condition prescribed only on ∂Ω is

sufficient for a spectral Laplacian model of anomalous diffusion. In contrast, the

Riesz fractional Laplacian is the negative infinitesimal generator of stopped subordi-

nate Brownian motion (i.e., stopped α-stable Lévy motion; Sections 2.2.4 and 2.4.3),

which represents particles that are stopped upon exiting the domain via a jump over

the boundary. Hence, conditions prescribed merely on the boundary of Ω are not

sufficient to describe the behavior of particles that are exiting the domain, and in-

stead an exterior condition on the behavior of the process within Ωc must be given

to pose a physically meaningful model.
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2.2 The Fractional Laplacian on Rd

The fractional Laplacian on Rd is at the core of this thesis, and is used in machine

learning experiments in Chapter 5. Moreover, the characterizations discussed in this

section will lead to the definitions of the most commonly used fractional Laplacians

(Riesz, directional, and spectral) in a bounded domain. Thus, this section serves as

a cornerstone for the entire thesis. For proofs that the characterizations we consider

in this chapter, as well as other characterizations, are equivalent in Rd, see [124].

2.2.1 Spectral/Fourier Definition

We wish to construct a fractional power of the Laplacian, (−∆)α/2, for 0 < α < 2.

A general approach to define the positive real powers Lρ, with ρ ∈ [−1, 1], of a

positive self-adjoint linear operator L, such as L = −∆, is facilitated by the spectral

theorem. This result states that for a self-adjoint, densely defined linear operator L

(not necessarily bounded) on a Hilbert space H,

(2.1) L : D(L)→ H, D(L) a dense subspace of H,

there is a projection-valued measure Eλ such that

(2.2) L =
ˆ
λ∈σ(L)

λ dEλ on D(L) ⊂ H.

Here, Eλ is the unique operator-valued spectral measure (resolution of the identity)

associated to L, and σ(L) ⊂ R is the spectrum of L, which is the support of Eλ.

See Reed & Simon ([178], p. 263) or Rudin ([183], p. 368) for a full discussion

of the spectral theorem for self-adjoint operators. The dense domain D(L) is often

referred to as a core for the operator L [72], and may be chosen to be smaller and

more convenient space than a “maximal” domain of definition of L. Using the above
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spectral representation, powers of the operator L of order −1 ≤ α/2 ≤ 1 can be

defined as the self-adjoint operator

(2.3) Lα/2 =
ˆ
λ∈σ(L)

λα/2dEλ.

The domain of the operator Lα/2 can then be extended to H by continuity.

We wish to consider L = −∆ on Rd on the Sobolev space H = H2(Rd), with

domain the dense subspace D(−∆) = C∞0 (Rd) ⊂ H taken with the H-norm. This

gives −∆ =
´
σ(−∆) λdEλ from (2.1) and (2.2). For a regular domain Ω, the spectrum

σ(−∆) is a point spectrum, i.e., consisting entirely of eigenvalues [178], so one can

think of dEλ as being, for each λ, a projection operator onto the eigenspace of λ.

Then, from (2.3), the fractional Laplacian on Rd is defined by

(2.4) (−∆)α/2 :=
ˆ
σ(−∆)

λα/2dEλ.

Let us briefly discuss the use of −∆ instead of ∆ above. Since ∆ = ∂2

∂x2
1

+ ...+ ∂2

∂x2
d

has negative eigenvalues, if we were to push such an operator through the above

machinery, the resulting fractional operator would have complex eigenvalues. For

this reason, the spectral theorem is usually applied to positive-definite operators.

To make the definition (2.4) more explicit, the spectrum σ(−∆) must be known

exactly. On Rd, this spectrum consists of eigenvalues |ξ|2, where ξ ∈ Rd, with

corresponding generalized eigenfunctions e−iξ·x. Thus, the projection valued measure

is given on D(−∆) by

dE = 1
(2π)d (·, e−iξ·x)eiξ·xdξ,

where (u, v) =
´
uvdx denotes the L2 inner product on Rd. The scale factor 1/(2π)d

is required so that
´
dEλ = I (where I is the identity). The fractional Laplacian in
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Rd can therefore be written as

(2.5) (−∆)α/2u(x) = 1
(2π)d

ˆ
Rd
|ξ|α(u, e−iξ·x)eiξ·xdξ = F−1 {|ξ|αF{u}(ξ)} (x),

where F and F−1 denote the Fourier and inverse Fourier transforms, respectively.

Throughout this thesis, we use the convention

F{u}(ξ) = 1
(2π)d/2

ˆ
Rd
u(x)e−iξ·xdx

and

F−1{û}(x) = 1
(2π)d/2

ˆ
Rd
û(ξ)eiξ·xdξ.

Thus, we see that (−∆)α/2, defined by (2.4), is a Fourier multiplier operator with

symbol |ξ|α, i.e.,

(2.6) F
{

(−∆)α/2u
}

(ξ) = |ξ|αF{u}(ξ),

which generalizes the well-known Fourier multiplier property of −∆.

An alternate statement of the spectral theorem can be made which involves rep-

resentations of operators as multiplication operators. From that point of view, this

result is not surprising, as F is precisely the unitary transformation H → L2 speci-

fied in that theorem that diagonalizes the Laplacian, turning it into a multiplication

operator ([178], p. 260).

Many authors use the property (2.6) to define the fractional Laplacian as a pseu-

dodifferential operator [200]. The drawback of taking this as a starting point is that

the Fourier transform is no longer available for bounded domains, although the func-

tional calculus approach (2.4) using the spectral theorem is applicable for the case of

zero boundary conditions. Of course, in that setting, the Hilbert space H, spectrum

σ(−∆), and measure dEλ must be taken accordingly, as discussed in Section 2.6.1.
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2.2.2 Singular Integral Representation

The fractional Laplacian can be expressed directly as a singular integral in real space

Rd, rather than as a 2d-integral in both real and frequency space, as in Equation

(2.5). This thesis focuses on positive powers 0 ≤ α ≤ 2, but the negative α case

bears mentioning in connection with this goal.

For −d < α < 0, i.e., for fractional inverse Laplacians, the multiplier |ξ|α is

decaying and has a Fourier inverse in the sense of distributions: F−1{|ξ|α} =

C(d, α)|x|−d−α (see Stein [200] or Landkof [126]). The constant C(d, α) is given

by

(2.7) C(d, α) =
2αΓ

(
α
2 + d

2

)
πd/2|Γ

(
−α

2

)
|
.

Then, (2.6) and the convolution property of the Fourier transform imply that the

fractional inverse Laplacian is given, for −2 < α < 0, by

(−∆)α/2u(x) = C(d, α)|x|−d−α ∗ u(x)

= C(d, α)
ˆ
Rd

u(y)
|x− y|d+αdy

=: I−αu(x).

(2.8)

This results in a well-defined function if u(x) is, say, a smooth function with sufficient

decay (Joshi & Freidlander [78] or Reed & Simon [178]). This operator I−α is known

as the Riesz potential, the properties of which (such as Lp boundedness) are discussed

at length in Stein [200]. The Riesz potential is an important tool in harmonic

analysis and the analysis of linear PDEs [102].

For 0 < α < 2 (the fractional Laplacians in which we are interested), the above

derivation fails because the inverse Fourier transform of the symbol |ξ|α no longer

exists, even as a distribution. In addition, the representation (2.8) does not continue
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for α > 0, since the singularity would no longer be integrable. However, starting

from the negative α case (2.8), a beautiful argument that can be found in Landkof

([126], p. 45) based on analytic continuation in α of (−∆)α/2u(x), for fixed u and

x, yields the following real-space formula for the fractional Laplacian:

(−∆)α/2u = C(d, α) p.v.
ˆ
Rd

u(x)− u(y)
|x− y|d+α dy.(2.9)

The constant C(d, α) is the same as in Eq. (2.7), and “p.v.” denotes the principal

value of the integral:

p.v.
ˆ
Rd

u(x)− u(y)
|x− y|d+α dy = lim

ε→0

ˆ
Rd\Bε(x)

u(x)− u(y)
|x− y|d+α dy,

where Bε(x) is a ball of radius ε centered at x. The difference u(x) − u(y) in the

numerator of (2.9), which vanishes at the singularity, provides a regularization, which

together with averaging of positive and negative parts allows the principal value to

exist, e.g., for smooth u with sufficient decay.

The relation between the Riesz potential and the fractional Laplacian is discussed

in detail in [185], Sections 5.25 and 5.26, where it is shown that

(−∆)α/2Iαu = u.

This identity leads to the representation of the fractional Laplacian directly in terms

of the Riesz potential:

(−∆)α/2u(x) = −∆I2−αu(x).
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2.2.3 Via the standard Laplacian: Elliptic Extension, Heat

Semigroup, & Balakrishnan Formula

Next, we summarize three representations of the fractional Laplacian (−∆)α/2 of a

function u(x) on Rd that require the solution of equations involving the standard

Laplacian, albeit in the (d + 1)-dimensional half-plane. The first is the extension

method, or the Dirichlet-to-Neumann map, which requires the solution of a degen-

erate elliptic equation in the half-plane using u(x) as the Dirichlet boundary data,

followed by a type-of normal derivative of the solution. The second is the heat semi-

group method, which requires the solution of a parabolic equation – the simple heat

equation – in the half-plane with u(x) as the intial condition, followed by long-time

integration. The third is the Balakrishnan formula, which expresses the fractional

Laplacian in terms of the resolvent (sI −∆)−1.

The extension method is based on the following result. Given a function u(x) on

Rd, consider the extension ũ(x, y) on Rd × [0,∞) that solves

∆xũ+ 1− α
y

∂yũ+ ∂2
y ũ = 0

ũ(x, 0) = u(x).
(2.10)

Then

(−∆)α/2u(x) = c lim
y→0

u(x, y)− u(x, 0)
yα

for a certain constant c that depends on d and α.

The above statement is taken directly from Caffarelli and Silvestre [38], which is

the most widely read source for the extension method. The extension method was

reported as early as 1968 by Molchanov and Ostrovskii, in their studies of symmetric
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stable processes [153]. The result was also used by other authors (e.g., [57]), before

it was systematically addressed by Caffarelli and Silvestre.

The heat semigroup representation of the fractional Laplacian uses the solution

of the heat equation in Rd × [0,∞):

(2.11) (−∆)α/2u(x) = 1
Γ(−α)

ˆ ∞
0

(
et∆u(x)− u(x)

) dt

t1+α/2 .

Here, et∆ is the propagator of the heat equation, i.e., w(x, t) = et∆u(x) is the solution

of the problem

∂tw −∆w = 0 on Rd × [0,∞)

w(x, t = 0) = u.

The family {et∆} is called the heat semigroup. See [202] and [203] for a full

discussion. An implementation of the formula (2.11) on Rd was studied in [50].

The Balakrishnan formula, introduced in [18], is a result from spectral theory

and the theory of semigroups. This formula for the fractional Laplacian is

(−∆)α/2u(x) = sin(απ/2)
π

ˆ ∞
0

∆(sI −∆)−1u(x)sα/2−1ds.

For a further discussion of these characterizations in Rd, we refer to [124] and

references therein. Although fractional Laplacians in bounded domains will be

introduced in the next subsection, we preface that discussion by pointing out that

analogues of these methods hold in bounded domains, depending on the fractional

Laplacian being considered. In the case of the spectral fractional Laplacian for

functions that satisfy zero Dirichlet boundary conditions, the characterization via

an elliptic extension holds with the half-plane being replaced by a cylinder over

the original domain [202, 203]. The Balakrishnan formula and the closely related

Dunford-Taylor formula (for the inverse spectral fractional Laplacian) are valid and
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have efficient numerical implementations [32, 31]. The heat kernel formula has been

found to be valid even for nonzero boundary conditions [55]. See sections 2.6.2 and

2.7.4 for further discussion and references to proofs and implementations of these

methods.

2.2.4 Relation to Lévy processes

The fractional Laplacian is connected to anomalous diffusion, which accounts for

much of the interest in modeling with fractional equations. Just as the Laplacian is

the negative generator of Brownian motion (scaled by
√

2), the fractional Laplacian

is the infinitesimal generator of a standard isotropic α-stable Lévy motion Xα
t , which

can be expressed by

(2.12) −(−∆)α/2f(x) = lim
h→0

E
[
f(x−Xα

h )− f(x)
]

h
.

This connection is explained more fully in the last two paragraphs of this section.

This process Xα
t is a Lévy process ([149], p. 100) in which the increments are drawn

from a spherically-symmetric α-stable distribution ([149], Ex. 6.24). This process

can be viewed as the long-time scaling limit of a random walk with power law jumps

([149], Theorem 6.17). For α = 2, Xα
t reduces to scaled Brownian motion X2

t =
√

2Bt, with the 2-stable distribution being the normal distribution N (0, σ2 = 2). For

α < 2, the α−stable distribution exhibits heavy tails and infinite variance. Moreover,

the mean is finite if and only if α > 1. The Lévy process Xα
t has superdiffusive scaling

Xα
ct ∼ c1/αXα

t , and exhibits long, infinite-variance jumps when α < 2. As an example,

a superdiffusing cloud of particles would spread in space like t1/α. In many ways, α-

stable Lévy flights are the simplest generalization of Brownian motion. As a result of

(2.12), the fractional Laplacian naturally appears in macroscopic governing equations

of systems of particles undergoing α-stable Lévy motion, making it a powerful and
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useful generalization [149]. In Figure 1, we include examples of 2D isotropic stable

Lévy motion and standard Brownian motion.
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Figure 1. Comparison of Lévy motion and Brownian motion: (left)
A 2D standard isotropic stable Lévy motion with α = 1.8. (right)
A 2D standard isotropic stable Lévy motion with α = 2.0 (Brownian
motion scaled by

√
2).

The heavy-tailed behavior of α-stable random variables is very much in demand

for modeling, although the infinite variance property may sometimes be undesirable,

for physical or numerical reasons. Recently, tempered fractional calculus has been

developed to avoid this issue [147]. Tempered fractional diffusion equations model

particles that undergo tempered α-stable Lévy motion, which is based on an exponen-

tially tempered α-stable density [122]. Roughly, this density exhibits the power-law

decay up to a certain argument, then decays exponentially. The generator of tem-

pered α-stable Lévy motion, i.e., the tempered fractional Laplacian, was discussed

in [230], where a Riesz basis Galerkin method was proposed to solve the Poisson

problem with this operator.

The characterization of (−∆)α/2 as an infinitesimal generator of Xα
t also lends

itself to the stochastic (Monte Carlo) solution of boundary value problems involving
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the various fractional Laplacians in bounded domains. These formulas are typically

referred to as Feynman-Kac (Dirichlet boundary conditions, [107]) or Brosamler

(Neumann boundary conditions, after [36, 136, 103]) formulas. One such solution

method for the Riesz fractional Laplacian, due to [125], is discussed in Section 2.4.3.

We now give a brief outline of the probabilistic theory behind the relation of the

fractional Laplacian to Lévy processes. This will also result in the generator form

of the fractional Laplacian, which is related to the directional representation in the

next Section 2.2.5. Following the text [149], we review the classical Lévy-Khintchine

formula for generators of Lévy processes and sketch how it results in the fractional

Laplacian for the special case of isotropic α-stable processes. Given a Lévy process

{Zt : t > 0}, define the family of linear operators

Ttf(x) = E[f(x− Zt)], t ≥ 0,

for suitable functions f . Suppose that the characteristic function of the random

variable Z1 is E[eik·Z1 ] = eψ(k), where

ψ(k) = ik · a− 1
2k ·Bk +

ˆ (
eik·y − 1− ik · y

1 + |y|2

)
φ(dy).

Then Ttf(x) defines a C0-semigroup on C0(Rd) with generator ([149], Theorem 6.26)

(2.13)

Lf(x) = −a · ∇f(x) + 1
2∇ ·Q∇f(x) +

ˆ (
f(x− y)− f(x) + y · ∇f(x)

1 + |y|2

)
φ(dy),

where φ(dy) is some Lévy measure ([149], Eq. (6.20)). The domain of L contains

{f : f, f ′, f ′′ ∈ C0(Rd)} ([149], Theorem 6.26). This is the Lévy-Khintchine formula.

The first order differential term in this operator can be understood as the “drift”

term, the second order differential term can be understood as the standard diffusion,

and the Lévy measure describes the jumps of the Lévy process ([149], p. 159).
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As we will now see, if we choose Zt to be the standard isotropic α-stable Lévy

motion, then (2.13) reduces to the negative of the fractional Laplacian. The details of

the following discussion can be found in [149], Examples 6.28 and 6.29. If 0 < α < 1

and Zt is a Lévy process such that Z1 has the characteristic function

E[eik·Z1 ] = exp
−CΓ(1− α)

ˆ
|θ|=1

(−ik · θ)αM(dθ)
 ,(2.14)

then the generator of the corresponding stable semigroup can be written in the form

Lf(x) =
ˆ

(f(x− y)− f(x))φ(dy),(2.15)

where

(2.16) φ(dy) = αCr−α−1drM(dθ) with y = rθ, r > 0, and |θ| = 1.

If M(dθ) is a uniform measure on the unit sphere, and if

C−1 = BΓ(1− α), and B = cos(πα/2)
ˆ
|θ|=1
|θ1|αM(dθ),(2.17)

then the right-hand side of (2.14) reduces to exp[−|k|α], so that Zt = Xα
t , the

standard isotropic α-stable Lévy motion1, and L = −(−∆)α/2, the negative of the

fractional Laplacian ([149], Example 6.24). Indeed, (2.15) reduces to (2.9) after a

simple change of variables (see [58], Section 4). Now if 1 < α < 2, and Z1 has the

characteristic function

E[eik·Z1 ] = exp
CΓ(2− α)

α− 1

ˆ
|θ|=1

(−ik · θ)αM(dθ)
 ,(2.18)

1The general isotropic α-stable random variable has characteristic function exp[−cα|k|α], where c
is the scale parameter. The standard α-stable random variable has scale parameter c = 1. Note
that the standard isotropic 2-stable random variable corresponds to a normal random variable with
characteristic function exp

[
−σ2|k|2

2

]
and variance σ2 = 2.
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then the generator of the corresponding stable semigroup can be written in the form

Lf(x) =
ˆ

(f(x− y)− f(x) + y · ∇f(x))φ(dy),(2.19)

where φ is defined as in (2.16), and the constants B and C are defined as in (2.17).

In this case, if M(dθ) is a uniform measure on the unit sphere, then L = (−∆)α/2,

which has a different sign than in the case 0 < α < 1. The sign change is due to the

fact that B > 0 for 0 < α < 1, and B < 0 for 1 < α < 2. Equations (2.15) and

(2.19) yield alternate forms of the fractional Laplacian (2.9), known as the generator

forms, without using the principal value. The generator form (2.13) of the fractional

Laplacian is useful for probabilists working in this area.

2.2.5 Directional Representation

Another integral characterization of the fractional Laplacian, which we refer to as

the directional representation, can be found in [185] (Eq. (26.24)). The operator is

written as

(2.20) (−∆)α/2u(x) = Cα,d

ˆ
|θ|=1

Dα
θu(x)dθ, x,θ ∈ Rd, α ∈ (0, 1) ∪ (1, 2],

where the scaling constant before the integral is [185, 161]

Cα,d =
Γ(1−α

2 )Γ(d+α
2 )

2π 1+d
2

.

The Fourier transform of (2.20) corresponds to multiplication of the Fourier trans-

form of u by (2.14) when α < 1 and by (2.18) when α > 1. Here, Dα
θ (·) is the

Riemann-Liouville fractional directional derivative [146] given by

Dα
θ (·) = (θ · ∇)I1−α

θ (·) for 0 < α < 1; Dα
θ (·) = (θ · ∇)2I2−α

θ (·) for 1 < α < 2;
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where θ·∇ = ∑d
i=1 θi

∂
∂xi

is the directional derivative, thus (θ·∇)2 = ∑d
j=1

∑d
i=1 θiθj

∂2

∂xj∂xi
,

and the fractional directional integral Iβθ (·) is defined by (for β ∈ (0, 1))

Iβθ u(x) = 1
Γ(1− β)

ˆ +∞

0
ς−βu(x− ςθ)dς.

Note that (2.20) excludes the case α = 1. When α = 1, the directional representation

is more complicated; for the one-dimensional case, see [112].

We now explicitly write out the directional representation (2.20) for one and two

dimensions; these formulas provide important examples of this operator. In one

dimension, using the identity Γ(x)Γ(1− x) = π/ sin(πx), we have

Γ
(

1− α
2

)
Γ
(

1 + α

2

)
= Γ

(
1− α

2

)
Γ
(

1− 1− α
2

)
= π

sin
(
π 1−α

2

) = π

cos
(
πα
2

) ,
and so

(−∆)α/2u(x) = 1
2 cos

(
πα
2

) [Dα
θ=−1u(x) +Dα

θ=1u(x)
]

= 1
2 cos

(
πα
2

) [RL−∞Dα
xu(x) + RL

xD
α
∞u(x)

]
,

where RL
−∞D

α
x and RL

xD
α
∞ are the well-known one-dimensional left- and right-sided

Riemann-Liouville fractional derivatives, respectively [226]. Note that, using the

Fourier transforms of these operators, F [(−∆)α/2u] = 1
cos(απ/2)

[
1
2(−iξ)α + 1

2(iξ)α
]
û =

|ξ|αû for α 6= 1. In two dimensions and for α 6= 1, the fractional Laplacian can be

written in polar form as

(−∆)α/2u(x) = Cα,2

ˆ 2π

0
Dα
θ u(x)dθ,

where Dα
θ is a derivative along the direction [cos(θ), sin(θ)].

Meerschaert et al. [144] extended the above operator (2.20) to an anisotropic

version, which they called the general (asymmetric) fractional derivative operator
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∇α
M ,

(2.21) ∇α
Mu(x) =

ˆ
|θ|=1

Dα
θu(x)M(dθ), x,θ ∈ Rd, α ∈ (0, 1) ∪ (1, 2],

where M(dθ) is an arbitrary probability measure on the unit sphere {|θ| = 1}. The

motivation for the definition extension is to generate “the full range of Lévy-stable

motions”. For more details, see Equation (2.14) and the corresponding discussion.

The study of this more general operator is beyond the scope of this thesis. However,

it is an interesting and pertinent topic for future extensions of many of the results

and methods discussed in this work. It should be noted that the directional fractional

Laplacian will be recovered if the measureM(dθ) is uniform, namely, M(dθ) = dθ/Sd

where Sd = 2πd/2/Γ(d/2) is the surface area of the unit sphere in Rd. In this case,

the two types of operators are related by

(−∆)α/2u(x) =
Γ
(
d+α

2

)
Γ
(

1−α
2

)
Γ
(
d
2

)√
π

∇α
Mu(x).

2.2.6 Fractional Vector Calculus

We touch briefly on the topic of fractional vector calculus and the relation to the

fractional Laplacian. While the directional fractional Laplacian defined by (2.21) has

been proposed as a basis for fractional vector calculus (in particular, for fractional

advection-diffusion) by [146], Tarasov proposed a different formulation in terms

of fractional gradient, divergence, and curl, and used this to introduce fractional

Maxwell equations [208]. Consider the rectangle

W =
{

(x, y, z)
∣∣∣ a ≤ x ≤ b, c ≤ y ≤ d, g ≤ z ≤ h

}
.
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For functions f and vector fields F = (Fx, Fy, Fz) on W , Tarasov [208] introduced

the fractional gradient and divergence operators by

(2.22)

GradαWF = e1
CDα

W [x]Fx(x, y, z) + e2
CDα

W [y]Fy(x, y, z) + e3
CDα

W [z]Fz(x, y, z),

and

(2.23) DivαWf = CDα
W [x]f(x, y, z) + CDα

W [y]f(x, y, z) + CDα
W [z]f(x, y, z),

respectively, where ei are the unit vectors, and the Caputo fractional derivatives

CDα
W [x] = C

aD
α
b [x], CDα

W [y] = C
c D

α
d [y], CDα

W [z] = C
g D

α
h [z]

are used (see [149] for a discussion of the Caputo derivative).

These definitions lead to a fractional generalization of the Laplacian via the for-

mula ∆f = Div Grad f as

(2.24) Divα/2W Gradα/2W f =(
CD

α/2
W [x]

)2
f(x, y, z) +

(
CD

α/2
W [y]

)2
f(x, y, z) +

(
CD

α/2
W [z]

)2
f(x, y, z).

This operator is distinct from the fractional Laplacian that is the focus of this chapter,

and has the advantage that a system of fractional vector calculus can be established

which largely mirrors ordinary vector calculus. Various identities, together with

fractional versions of Green’s, Stoke’s, and Gauss’s formulas, were shown to hold

[208] with a definition of fractional curl analogous to the definitions (2.22) and

(2.23).

We point out one important distinction between the fractional Laplacians studied

in this thesis and the operator (2.24), as they relate to Lévy processes. For simplicity,

assume that f ∈ C∞c ( interior(W )), so that the Caputo derivatives above reduce to



34

Riemann-Louiville derivatives and the operator (2.24) reduces in Fourier space to

F
{

Divα/2W Gradα/2W f
}

= const.
[
(ξ1)α + (ξ2)α + (ξ3)α

]
F{f}.

Except for the case α = 2, the Fourier multiplier in this equation is not rotation-

ally invariant. This is contrast to the multiplier |ξ|α of the fractional Laplacian in

Rd. The multiplier |ξ|α corresponds to a multivariate α-stable process with con-

stant spectral measure, i.e., the isotropic multivariate stable process. In contrast,

the multiplier
[
(ξ1)α + (ξ2)α + (ξ3)α

]
corresponds to a spectral measure supported

on the basis vectors in three-dimensional space, i.e., to a multivariate stable process

with independent components. Except for the case α = 2, the isotropic multivari-

ate α-stable process is not equivalent to the multivariate α-stable processes with

independent components.

2.3 Fractional Laplacians on Bounded Domains

We have discussed several characterizations and formulas for the fractional Lapacian

in Rd, which are all equivalent in that setting. If we apply these different formu-

las on a bounded domain Ω ⊂ Rd, certain equivalences break down, which leads to

the definition of several distinct fractional Laplacians in a bounded domain. Some

researchers have defined other fractional Laplacians on a bounded domain directly,

instead of restricting the definition for Rd [45]. Here, we survey the Riesz fractional

Laplacian (sometimes called the integral fractional Laplacian), the directional frac-

tional Laplacian, and the spectral fractional Laplacian. We focus on the following

topics.

• Appropriate boundary conditions for the Poisson problem

(−∆)α/2u = f in Ω.(2.25)
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The spectral fractional Laplacian admits local boundary conditions on ∂Ω;

the regional fractional Laplacian has also been considered with local bound-

ary conditions. On the other hand, the Riesz (and directional) fractional

Laplacians require exterior boundary conditions on Rd \ Ω.

• Connection of each fractional Laplacian with given boundary conditions to

a stochastic process. The standard Laplacian −∆ in a bounded domain

is the generator of stopped [121] Brownian motion if taken with Dirichlet

BCs [167, 77], and reflected Brownian motion if taken with Neumann BCs

[36, 103, 23]. Similarly, the fractional Laplacians are generators of certain

stopped or reflected Lévy motions. This is useful for physical interpretation

as well as stochastic solution methods.

• Well-posedness and regularity properties of the fractional Poisson problem

(2.25) with appropriate boundary conditions.

Remark 2.26. Many results in the probability literature (e.g., [196]) are stated

and proved for killed processes rather than stopped processes. Without going into

details here, we note that the resulting semigroups are equivalent when applied to

functions f that vanish outside the domain, in the sense that Ex
[
f(Xt)

]
is the same

whether Xt is the killed or the stopped process. Here, we are assuming that f(∂) = 0

where ∂ is the cemetery point specified for the killed process.

2.4 Riesz Fractional Laplacian

2.4.1 Definition

One approach to defining the fractional Laplacian on a bounded domain Ω is to apply

the real space formula (2.9) to functions on Ω. This leads to the Riesz fractional

Laplacian in Ω. Let us first consider Dirichlet boundary conditions. Since formula
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(2.9) requires values of u on all of Rd, an exterior boundary condition

(2.27) u = g in Rd \ Ω

is required, even to define the Riesz Laplacian within Ω. For functions u that satisfy

(2.27), the Riesz fractional Laplacian is defined for x ∈ Ω by

(−∆)α/2u(x) = C(d, α) p.v.
ˆ
Rd

u(x)− u(y)
|x− y|d+α dy

= C(d, α)
 p.v.

ˆ
Ω

u(x)− u(y)
|x− y|d+α dy +

ˆ
Rd\Ω

u(x)− g(y)
|x− y|d+α dy

 .
The Riesz Laplacian depends directly on Ω and the exterior boundary values g.

2.4.2 Boundary Conditions: Dirichlet vs. Neumann

The Neumann condition for the Riesz Laplacian is, at the time of this writing, an

area of active development. A type of exterior fractional normal derivative is needed

to specify u on Rd\Ω, but there is no widely studied or accepted definition. Recently,

a fractional Neumann operator was proposed in [65], and the properties were studied

in detail in [60]. Another approach to defining reflecting boundary conditions based

on mass conservation for diffusion in one dimension was explored in [16, 113].

The Poisson problem with Dirichlet boundary conditions

(−∆)α/2u = f in Ω ,

u = g in Rd \ Ω
(2.28)

has been extensively studied in the g ≡ 0 case [5, 182, 9, 7, 88], but literature

based on the nonzero case is more recent and limited [125].
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For the case of zero exterior Dirichlet condition g ≡ 0 in (2.28), finite element

algorithms have been developed in [5], [9], and in particular the adaptive finite ele-

ment scheme of [7] has been used for the computations in the work [137]. Moreover,

in [125], a Monte Carlo method based on the Feynman-Kac formula for the prob-

lem (2.28) was developed and studied for general Dirichlet exterior conditions. This

method is described in more detail in Section 3 of our article [137].

2.4.3 Stopped Lévy Motion

The Riesz fractional Laplacian with Dirichlet boundary conditions is the generator

of the stopped α-stable Lévy motion. The stopped Lévy motion is defined as follows

[121, 167, 77]. Given a stable Lévy motion Xα
t and a bounded domain Ω, we define

the stopping time (or exit time)

τΩ = inf{t : Xα
t /∈ Ω}.(2.29)

Then, the stopped Lévy process is defined as Xα
t∧τΩ . Unlike stopped Brownian mo-

tion, which has almost surely continuous paths that are stopped at the boundary, the

paths of α-stable Lévy motion are discontinuous and almost surely exit the domain

by a jump. Thus, the paths of stopped α-stable Lévy motion pass into the exterior

Rd \ Ω where they are stopped immediately.

In [125], this stochastic connection was exploited to prove a Feynman-Kac for

the Poisson problem.

(−∆)α/2u(x) = f(x), x ∈ Ω ⊂ Rd,

u(x) = g(x), x ∈ Rd \ Ω.
(2.30)
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Under mild conditions on f and g, the Feynman-Kac formula was proven:

(2.31) u(x) = Ex
[
g(Xα

τΩ
)
]

+ Ex
[ˆ τΩ

0
f(Xα

s )ds
]
, x ∈ Ω,

where Xα
t is the symmetric α-stable process, Ex(·) denotes the expectation with

respect to all the sample paths with the initial location x, and τΩ = inf{t > 0 : Xt /∈

Ω} is the first exit time of the sample path.

In addition to a proof, in [125] a walk-on-spheres (WOS) method for faster com-

putation of (2.31) was introduced and analyzed. This speeds up the implementation

of (2.31) by replacing the simulation of exact stopped paths in Ω by a series of maxi-

mal inscribed spheres. Conceptually, the WOS method is based on the isotropy of the

problem (2.30) as well as the analytic formula for mean-exit time of Xα
t on a sphere

[85]. In the Brownian motion case, the center of each sphere is chosen by sampling

a uniform distribution on the boundary of the previous sphere, and the procedure

terminates when the process comes within some tolerance ε of the boundary of Ω. In

the α-stable case, the center of each sphere is chosen by sampling a distribution on

the exterior of the previous sphere, due to the discontinuity of α-stable Lévy paths.

Thus, in the α-stable case, the sample path may exit the sphere by a jump, instead

of by passing through the boundary. The WOS terminates when the process jumps

outside the domain Ω. The convergence in finite steps for α 6= 2 was proven in [125].

2.4.4 Well-posedness and Regularity

In this section, we consider the problem

(−∆)α/2u = f in Ω,

u = 0 in Rd \ Ω.
(2.32)
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Using the Lax-Milgram Lemma, for a bounded Lipschitz domain Ω, it is easy to

show that this problem is well-posed if f(x) ∈ H−α/2(Ω) and the resulting solution

u(x) ∈ Hα/2(Ω). See, for example, [9, 29, 5]. For the definitions of the Sobolev

space Hs, which will also feature in the following regularity results, see Appendix B.

As for regularity, our intention is not to give a complete survey of all the known

regularity results for the fractional Laplacian. Instead, we mention two results that

give an indication of the regularity for the Riesz fractional Laplacian, for the case

of the zero boundary condition. These properties should be compared with the

regularity of the spectral fractional Laplacian (see Section 2.7.5). The regularity up

to the boundary is a key difference between the two definitions.

The Hölder regularity for the solution of the problem 2.32 was studied in [182].

The authors were motivated by the exact solution for f ≡ 1 in the ball Br(x0)

centered at x0 of radius r:

(−∆)α/2u = 1 in Br(x0),

u = 0 in Rd \Br(x0),
(2.33)

which has solution

u(x) = 2−αΓ(n/2)
Γ
(
n+α

2

)
Γ(1 + α/2)

(
r2 − |x− x0|2

)α/2
in Br(x0).

This solution exhibits strict Cα/2 regularity up the boundary. The authors proved

the following result. Let Ω be a bounded C1,1 domain and δ(x) = d(x, ∂Ω) denote

the distance to the boundary. Then g ∈ L∞(Ω) implies that u/δα/2 can be extended

to a Cr(Ω) function for some r < min(α/2, 1− α/2), and

‖u/δα/2‖Cr(Ω) ≤ C‖g‖L∞(Ω).

This result is sharp for the problem (2.33).
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The following theorem relates to the Sobolev regularity of (2.32). This form is

presented nicely in [7] and is based on the results of [88] and [4].

Theorem 2.34. [7, 88, 4] Let ∂Ω ∈ C∞, f ∈ Hs(Ω) for s ≥ −α/2 and u ∈

Hα/2(Ω) be the solution of the fractional Poisson problem (2.32). Then

u ∈


Hα+s(Ω) if 0 < α/2 + s < 1/2,

Hα/2+1/2−ε(Ω) ∀ε > 0 if 1/2 ≤ α/2 + s.

An interesting feature of the Sobolev regularity for the Riesz fractional Laplacian

is that if α/2+s ≥ 1/2, the global regularity of u need not improve if s, the regularity

of f , is increased. Rather, s merely improves the interior regularity of u. This was

proven in [88], where it was shown that for a smooth boundary ∂Ω, f ∈ Hs(Ω)

implies that u ∈ Hα+s
loc (Ω). Therefore, the global regularity (i.e., regularity up to the

boundary) for the Riesz fractional Laplacian is in contrast to the global regularity

for the spectral fractional Laplacian (see Section 2.7.5). In the case when f ∈ L2(Ω)

for the spectral Laplacian, u ∈ Hα(Ω) for all α ∈ (0, 2), while this is only true if

α < 1 for the Riesz fractional Laplacian. In the case when f ∈ Hs(Ω) and s > 1/2,

u ∈ Hs+α(Ω) for the spectral fractional Laplacian provided f ≡ 0 on the boundary

∂Ω, while for the Riesz definition, u ∈ Hα/2+1/2−ε(Ω), independent of s. Even if

f 6≡ 0 on ∂Ω, the regularity of u for the spectral definition improves as α+ 1/2− ε,

while in the Riesz case, it improves as α/2 + 1/2− ε.

2.5 Directional Fractional Laplacian

We can also apply the directional fractional Laplacian (−∆)α/2M to functions on Ω

with an exterior boundary condition, which is applied in the same way as for the

Riesz definition. Although the directional characterization was motivated in [144] by



41

the desire to capture anisotropic anomalous diffusion, in this work, we always choose

M(dθ) = dθ/Sd where Sd = 2πd/2/Γ(d/2) is the surface area of the unit sphere in

Rd, so that our computational results for this definition can be compared to those

of the Riesz definition. With this choice of measure, the associated Lévy process is

symmetric stable motion that is stopped upon exiting the domain Ω, which is the

same process as the one associated with the Riesz fractional Laplacian. A proof of

this equivalence can be found in [47], Lemma 4.1. Hence the discussions of Section

2.4.3 and 2.4.4 also apply to the directional fractional Laplacian with our choice of

integration measure.

2.6 Spectral Fractional Laplacian

In this chapter, we have split the discussion of the spectral fractional Laplacian

into two: the case of zero boundary condition and the case of nonzero boundary

conditions. This is due to the vast body of work that considers only the homogeneous

spectral fractional Laplacian (i.e., the zero boundary condition case), as only recently

was the inhomogeneous version considered. In deference to the fact that many results

in the literature apply only to the homogeneous case, we have taken this approach

to avoid misleading the reader. The results reported in Sections 2.6.1 and 2.7.5 on

the homogeneous spectral fractional Laplacian should not be taken to apply in the

case of nonzero boundary conditions without modification.

The inhomogeneous spectral fractional Laplacian has been considered by Antil et

al. [11] (see Section 2.7.1) and Cusimano et al. [55] (see Section 2.7.4). In Section

2.7.4, we point out that the definitions considered in [11] and [55] are the same, and

are essentially a harmonic lifting to the homogeneous spectral fractional Laplacian.

Moreover, we show that this amounts to another natural definition in terms of the

inverse spectral fractional Laplacian.
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2.6.1 Zero Boundary Condition

The spectral approach to defining the factional Laplacian in Ω is to start with the

standard negative Laplacian −∆ on that domain and take the spectral power defined

by (2.4). Let us first consider the case of zero boundary conditions. We will

take D(−∆) to be the subspace of H2(Ω) consisting of smooth functions with zero

Dirichlet or zero Neumann boundary values2, depending on the choice of boundary

condition.

The spectrum σ(−∆), which is now discrete, depends on the domain Ω and on

whether Dirichlet or Neumann conditions are used. The spectrum of the Laplacian

in the Dirichlet case is defined by the problem,

−∆ek = λkek in Ω

ek = 0 on ∂Ω,
(2.35)

and in the Neumann case by

−∆ek = λkek in Ω

∂ek
∂n

= 0 on ∂Ω.

The λk are the eigenvalues, and ek the eigenfunctions, of −∆ with zero Dirichlet or

Neumann boundary condition, respectively. The spectral decomposition (2.2) then

reads

(2.36) −∆u(x) =
∞∑
k=1

λk(u, ek)L2
Ω
ek(x).

2We remind the reader that, for using the spectral theorem as in Section 2.2.1, D(−∆) need not be
all of H, or even a “maximal” domain of definition of −∆ within H, but rather a more convenient,
dense subspace of H (a core for −∆) .
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We remark that this identity is valid on D(−∆), and can be extended by continuity

to H2
0 (Ω) in the Dirichlet case, or H2

∂u/∂n=0(Ω) =
{
u ∈ H2(Ω) : ∂u

∂n

∣∣∣
∂Ω

= 0
}

in the

Neumann case. It is not in general true for functions u with nonzero boundary

values (Dirichlet or Neumann). For example, in one dimension with −∆ = − ∂2

∂x2 ,

and (λk, ek) from (2.35) on [0, 2π] and u = cos(x), the equation (2.36) does not hold.

In fact, the series on the right-hand side diverges.

Thus, on D(−∆), in accordance with (2.4), the spectral fractional Laplacian is

defined by

(2.37) (−∆)α/2u(x) :=
∞∑
k=1

λ
α/2
k (u, ek)L2

Ω
ek(x).

As usual, by continuity, this can be extended to an operator on Hα(Ω) (see Appendix

B). The spectral fractional Laplacian is nonlocal on the interior of Ω for noninteger

α ∈ (0, 2). We see that to compute the inner product (u, ek)L2
Ω
, it suffices for u

to be defined on the interior of Ω. Unlike the Riesz fractional Laplacian, the

spectral fractional Laplacian requires no information about u on the exterior Rd \

Ω. Thus, from a conceptual viewpoint, in boundary value problems the spectral

fractional Laplacian admits the same type of boundary conditions as the standard,

local Laplacian −∆. Precise conditions and references for rigorous proofs for well-

posedness of boundary value problems for the spectral fractional Laplacian with such

local boundary conditions (Dirichlet and Neumann) are discussed in Section 2.7.5.

2.6.2 Other representations

In this section, we merely point out the analogues of the characterizations in Section

2.2.3 which have been proven (and implemented) for the spectral fractional Laplacian.

Unless otherwise stated, these are not applicable without modification in the case of
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nonzero boundary conditions. We do not use these characterizations in our numerical

comparisons, but each has its advantages and disadvantages.

The analogue of the extension method (2.10) for the homogeneous spectral frac-

tional Laplacian on a bounded domain was derived in [203]. In this characterization,

a degenerate elliptic equation is solved in the extruded domain (“cylinder”) over Ω,

followed by a similar Neumann-type trace. Further studies include [80, 39, 202] As

this higher-dimensional formulation involves only integer-order operators, standard

discretization approaches may be applied, as in [158, 82, 8].

The heat semigroup formula on a bounded domain Ω was studied and imple-

mented in [55], where the heat semigroup was used to define the spectral fractional

Laplacian. This approach can also be carried out for nonzero boundary conditions,

and is discussed at length in Section 2.7.4.

The Balakrishnan formula was implemented in, e.g., [32]. More recently, in [31],

a rapidly convergent sinc quadrature was developed for this formula, which is used

together with a finite-element approximation to the resolvent (sI −∆)−1.

Yet another approach in [213] considered a reformulation of the spectral frac-

tional Poisson equation with zero Robin boundary conditions as an integer-order

(time-dependent) pseudo-parabolic equation that could be solved with standard

FEMs in space and finite difference methods in time. The solution of the pseudo-

parabolic equation at time t = 1 turns out to be the inverse spectral fractional

Laplacian applied to the source function, which yields the solution to the fractional

Poisson problem.

2.6.3 Subordinate Stopped/Reflected Brownian Motion

It is well known that the Laplacian in a bounded domain is the generator of stopped

Brownian motion for Dirichlet boundary conditions, and reflected Brownian motion
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for Neumann boundary conditions [228]. The construction of stopped Brownian

motion uses the same procedure as in (2.29), while the construction of reflected

Brownian motion involves the solution of the Skorokhod problem [103]. The corre-

sponding processes for the spectral fractional Laplacian can be obtained by means

of subordination. Subordination of a process Xt results in a process XT (t), in which

time t is replaced by “operational time” T (t), itself a stochastic process – more

specifically, an increasing Lévy process. In Rd, an isotropic α-stable Lévy motion

can be constructed by subordinating the isotropic Brownian motion with the stable

subordinator (see [52], Section 4.4). The same time change gives a way of converting

Brownian paths that are stopped at the boundary into α-stable Lévy paths that are

stopped at the boundary.

The spectral fractional Laplacian with Dirichlet boundary conditions is the gen-

erator of subordinate stopped Brownian motion [196], i.e., stopped Brownian motion

that is then subordinated by the standard stable subordinator. The spectral frac-

tional Laplacian with Neumann boundary conditions is the generator of subordinate

reflected Brownian motion. These are both results from the semigroup theory of

Markov processes (reviewed in [228], Chapter IX; a detailed discussion may be found

in Chapter 3 of the present thesis). Thus, one imposes the boundary condition on

the process first, before subordinating and turning the stopped/reflected Brownian

motion into what resembles a Lévy motion on the interior of the domain. It is impor-

tant to note the order of the modifications; the reverse order corresponds to the Riesz

fractional Laplacian in Ω, see Section 2.4.3. For illustrations and further details of

subordinate stopped Brownian motion, see Chapter 3, which largely focuses on this

process.
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2.7 Inhomogeneous Spectral Fractional Laplacian

The construction of the spectral power (2.37) cannot simply be repeated for the case

of nonzero boundary conditions. This is because subsets of C∞(Ω) that satisfy a

fixed nonzero boundary condition are no longer linear spaces, which prohibits the

use of the spectral theorem. However, in the case of the standard Laplacian −∆ on a

bounded domain, using a lifting technique, a spectral series can be derived ( see eq.

(2.40)). The generalization of this approach can be used to derive a suitable series

representation3 for the inhomogeneous spectral fractional Laplacian, namely

(−∆Ω,g)α/2u =
∞∑
i=1

λα/2i (u, ei)L2(Ω) − λα/2−1
i

(
u,
∂ei
∂n

)
L2(∂Ω)

 ei,
where g is the nonzero Dirichlet boundary condition for u. This approach was taken

by Antil et al. [11] and is discussed in Section 2.7.1. The same authors show that

under suitable regularity conditions, the inhomogeneous spectral fractional Laplacian

can be written as

(−∆Ω,g)α/2u = (−∆Ω,0)α/2[w − v],(2.38)

where −∆v = 0 in the weak sense, and v
∣∣∣
∂Ω

= g. This essentially reduces the inho-

mogeneous operator to the well-studied homogeneous spectral fractional Laplacian.

The details of the harmonic lifting are discussed in Section 2.7.2. Nonharmonic lifting

functions may also be used; this is discussed in Section 2.7.3.

A different approach was taken by Cusimano et al. [55] where the heat operator

was used to define the inhomogeneous spectral fractional Laplacian, for which they

3We use the notations (u, ei)L2(Ω) and
(
u, ∂ei∂n

)
L2(∂Ω)

as shorthand for
´

Ω uei and
´
∂Ω u

∂ei
∂n , respec-

tively.
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used the notation Lα/2Ω,g :

Lα/2Ω,gu = − 1
Γ(−α/2)

ˆ ∞
0

(
et∆Ω,gu(x)− u(x)

) dt

t1+α/2 .(2.39)

This approach is discussed in Section 2.7.4. A lifting characterization equivalent to

(3.4) was obtained for this operator Lα/2Ω,g ; thus both the operator (−∆Ω,g)α/2 defined

my Antil et al. [11] and the operator Lα/2Ω,g defined by Cusimano et al. [55] are

the same. Hence, we use the symbol (−∆Ω,g)α/2 in the remainder of this work. We

compare numerical methods that can be applied to both approaches in our article

[137].

2.7.1 Series Representation

We motivate the approach in [11] by discussing the spectral representation of the

standard Laplacian −∆u = −∂2u
∂x2

1
− ...− ∂2u

∂x2
d

on a bounded domain Ω for arguments u

with nonzero boundary values. Given a function u such that u|∂Ω = g, where g need

not be zero, subtract from u a harmonic function v inside Ω with the same boundary

values:

−∆v = 0, v|∂Ω = g.

We refer to this as a harmonic lifting of u. Then

−∆u = −∆(u− v), (u− v)|∂Ω = 0.
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In other words, this does not change the Laplacian, and since the boundary value

for u− v is zero, we can use it in formula (2.36):

−∆u = −∆(u− v)

=
∑

λk(u− v, ek)L2(Ω)ek

=
∑

λk(u, ek)L2(Ω)ek − λk(v, ek)L2(Ω)ek.

Let us rewrite the second inner product in the sum, which involves the harmonic

function v:

(v, ek) = (v,−∆(−∆)−1ek)L2(Ω)

= (v,−∆λ−1ek)L2(Ω) (by the eigenfunction property)

= λ−1
ˆ

Ω
−∆vek + λ−1

ˆ
∂Ω
v
∂ek
∂n
− λ−1

ˆ
∂Ω
ek
∂v

∂n
(Green’s second identity)

= λ−1
ˆ
∂Ω
v
∂ek
∂n

(since −∆v = 0 on Ω and ek = 0 on ∂Ω)

= λ−1
ˆ
∂Ω
u
∂ek
∂n

(since u− v = 0 on ∂Ω).

This gives us the spectral expansion of−∆ which is now valid for any smooth function

u on Ω, regardless of boundary values:

(2.40) −∆u =
∞∑
k=1

(
λk

ˆ
Ω
uek −

ˆ
∂Ω
u
∂ek
∂n

)
ek.

This is a key result for defining the inhomogeneous spectral fractional Laplacian.

However, before we can proceed, the operator (−∆)−1 that appeared in the derivation

above requires clarification. A priori, it is a multiple-valued operator, since (−∆)−1f

is only specified up to a harmonic function in Ω. However, owing to the uniqueness

of the (standard) Poisson problem, this arbitrariness may be removed by requiring

(−∆)−1f to have fixed boundary value g on ∂Ω. Thus, u = (−∆g)−1f is defined as
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the function such that −∆u = f and u = g on ∂Ω. Regardless of the fixed boundary

condition, this will result in a single-valued operator (−∆g)−1 such that

(2.41) −∆(−∆g)−1 = IdH−2 ,

and

(2.42) (−∆g)−1(−∆) = Id{u∈H2 such that u|∂Ω=g}.

For definiteness, and to obtain an identity operator on a linear subset of H2 in

(2.42), the zero boundary value g ≡ 0 is chosen. We sometimes refer to this as the

zero gauge inverse Laplacian, and simply write (−∆)−1 rather than (−∆0)−1. The

series expansion is then the spectral power

(−∆)−1f =
k∑
i=1

λ−1(f, ei)L2(Ω)ei,

which defines an operator from H−2(Ω) to L2(Ω). We remark that, even with the

choice of a zero gauge, (2.41) is valid on functions with arbitrary boundary values.

Using the result (2.40), a natural approach to defining the spectral fractional

Laplacian with nonzero boundary conditions is to write

(−∆)α/2u := (−∆)α/2−1(−∆)u

and use the series (2.40) above. At first glance, this merely shifts the problem to

defining the inverse spectral fractional Laplacian with nonzero boundary conditions.

However, defining this inverse inhomogeneous operator is considerably easier. By

the above discussion of (−∆)−1, the spectral power

(−∆)α/2−1 :=
∞∑
i=1

λ
α/2−1
i (−∆u, ei)L2(Ω)ei
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is a convergent, single valued operator on H−s(Ω), regardless of boundary conditions.

For α = 2, we understand the operator (−∆)−1u to be the projection onto the zero-

boundary value functions H2
0 (Ω) of all functions v such that −∆v = u. Thus, the

zero-boundary condition is used to eliminate multi-valuedness of (−∆)−1, but the

operator may take as argument a function with arbitrary boundary values.

As a result of these definitions, using the spectral expansion of the inhomogeneous

(integer-order) Laplacian (2.40), we obtain

(−∆)α/2u = (−∆)α/2−1(−∆)u

=
∞∑
i=1

λ
α/2−1
i (−∆u, ei)L2(Ω)ei

=
∞∑
i=1

λ
α/2−1
i

 ∞∑
j=1

(
λj

ˆ
Ω
uej −

ˆ
∂Ω
u
∂ej
∂n

)
ej, ei


L2(Ω)

ei

=
∞∑
i=1

λ
α/2−1
i

(
λi

ˆ
Ω
uei −

ˆ
∂Ω
u
∂ei
∂n

)
ei

=
∞∑
i=1

λ
α/2
i

(ˆ
Ω
uei

)
ei − λα/2−1

i

(ˆ
∂Ω
u
∂ei
∂n

)
ei.

This is the definition in [11] of a general inhomogeneous spectral fractional Laplacian.

This can be considered the fractional analogue of (2.40). In their paper, Antil et al.

also proved a similar formula for nonzero Neumann boundary conditions. Further-

more, they developed an integration-by-parts formula for these formulations, proved

regularity results, introduced finite element discretizations, derived the associated

error estimates, and included numerical experiments.
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2.7.2 Harmonic Lifting

Taking the series representation of the operator (−∆Ω,g)α/2 as a definition, Antil et

al. [11] considered the inhomogeneous spectral fractional Poisson problem:

(−∆Ω,g)α/2u(x) = f(x), x ∈ Ω, α ∈ (0, 2),

u(x) = g(x), x ∈ ∂Ω.

By linearity, the solution u can be written as

u(x) = a(x) + b(x),(2.43)

where a solves

(−∆Ω,g)α/2a = (−∆Ω,0)α/2a = f in Ω,

a
∣∣∣
∂Ω

= 0 on ∂Ω,
(2.44)

and the component b solves the equation

(−∆Ω,g)α/2b = 0 in Ω,

b
∣∣∣
∂Ω

= g on ∂Ω.
(2.45)

However, this “fractional harmonic” function b, under certain conditions on the reg-

ularity of g, is simply the solution to the standard Laplace equation

−∆b = 0 in Ω,

b
∣∣∣
∂Ω

= g on ∂Ω.
(2.46)

The simple intuition behind this equivalence involves the characterization of the

operator (−∆Ω,g)α/2 as (−∆)α/2−1(−∆) and our choice of the zero gauge inverse

Laplacian, so that (−∆)α/2−10 = 0. From this,

−∆b = 0 =⇒ (−∆Ω,g)α/2b = 0.
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Indeed, the authors of [11] show that Equation (2.45) is, for boundary functions

g ∈ L2(∂Ω), equivalent to the very weak variational form of Equation (2.46):

(2.47)
ˆ

Ω
b(−∆)φ =

ˆ
∂Ω
g
∂φ

∂n
, for all φ ∈ H1

0 (Ω) ∩H2(Ω).

The phrase “very weak” refers to the transfer of all derivatives of v to the test function

φ via fractional integration-by-parts, a result of the same work [11]. Of course, if

the boundary data g is sufficiently regular, then b may be sought as a solution to the

weak (rather than very weak) variational form of Equation (2.46):
ˆ

Ω
∇b · ∇φ =

ˆ
∂Ω
g
∂φ

∂n
, for all φ ∈ H1

0 (Ω).

For the precise regularity estimate for the problem (2.47) in terms of the boundary

function g, we refer to Lemma 4.1 and the surrounding discussion in the article [11].

We point out the simplest case, in which g ∈ H1/2(∂Ω) implies that b ∈ H1(Ω) and

b satisfies (2.46) in the weak sense.

2.7.3 Nonharmonic Lifting

While Antil et al. [11] used a fractional harmonic lifting in their approach, it is

possible to obtain a variational form with an arbitrary (i.e., nonharmonic) lifting

function. In this section, we describe a lifting approach in which the lifting function

v ∈ H1(Ω) need only satisfy the boundary condition v
∣∣∣
∂Ω

= u
∣∣∣
∂Ω

. Again, we wish to

solve the spectral fractional Poisson problem

(−∆)α/2u = f, in Ω

u
∣∣∣
∂Ω

= g, on ∂Ω.
(2.48)
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The unknown function u can be decomposed as u = w − v, where v is the lifting

function. This function v need not be unique, and the fractional harmonic function

v described above is also admissible.

To derive the variational form of Equation (2.48), we need the following integration-

by-parts formula for the inverse spectral fractional Laplacian (−∆)α/2−1.

Theorem 2.49. Let 0 ≤ α ≤ 2 and f, φ ∈ L2(Ω). Then

((−∆)α/2−1f, φ) = (f, (−∆)α/2−1φ).

Proof. We use the notation f̂i = (f, ei) and φ̂i = (φ, ei).

((−∆)α/2−1f, φ) =
 ∞∑
i=1

λ
α/2−1
i f̂iei,

∞∑
j=1

φ̂jej


=
∞∑
i=1

∞∑
j=1

λ
α/2−1
i f̂iφ̂j(ei, ej)

=
∞∑
i=1

λ
α/2−1
i f̂iφ̂i

=
∞∑
i=1

∞∑
j=1

λ
α/2−1
j f̂iφ̂j(ei, ej)

=
 ∞∑
i=1

f̂iei,
∞∑
j=1

λ
α/2−1
j φ̂jej


= (f, (−∆)α/2−1φ).

�

This formula is valid regardless of the boundary values of the functions f and φ.

This is due to our choice of zero gauge for the definition of (−∆)α/2−1. Then, the

variational form of the problem is written as follows: find the function w ∈ Hα such
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that for any φ ∈ L2(Ω),

((−∆)α/2(w + v), φ) = (f, φ).

Now we can define the inhomogeneous spectral fractional Laplacian of v in weak

form by integrating-by-parts in the v term on the left-hand-side.

((−∆)α/2v, φ) = (−∆v, (−∆)α/2−1φ)

= (∇v,∇(−∆)α/2−1φ),

which is our (weak sense) definition of the inhomogeneous spectral fractional Lapla-

cian.

Finally, we can solve for w by solving the variational equation

((−∆)α/2w, φ) = (f, φ)− (∇v,∇((−∆)α/2−1φ)),(2.50)

where all the fractional operators that appear are now applied to functions satisfying

zero boundary conditions. Note that this (standard) weak form (2.50) requires that

v ∈ H1(Ω), which by v|∂Ω = g and the trace theorem B.3, requires the boundary

data g ∈ H1/2(Ω). While other weak variational forms leading to less regular solution

spaces may be studied to treat rougher boundary data, for the purposes of this

chapter, (2.50) will suffice. We recover the solution to Equation (2.48) using the

relation u = w+v. These lifting approaches were compared using numerical examples

in [137].

2.7.4 Heat Operator

The authors of [55] proposed an extension of the heat semigroup method to define an

inhomogeneous spectral fractional Laplacian. In their work, only discretizations of

their newly-defined operator are considered, not the solution of the Poisson problem
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using this operator. Cusimano et al. define their inhomogeneous spectral fractional

Laplacian as in Equation (2.39), in which et∆Ω,g is the propagator of the heat equa-

tion. Next, the authors use a splitting for w(x, t), which allows one to relate Lα/2Ω,g

to (−∆Ω,0)α/2, the homogeneous spectral fractional Laplacian. The unknown func-

tion w(x, t) can be expressed as w(x, t) = v(x, t) + z(x), where z(x) is a harmonic

function, i.e.,

−∆z = 0 in Ω,

z = g on ∂Ω,
(2.51)

and v(x, t) solves a zero boundary value heat equation:

∂tv −∆v = 0 in Ω× [0,+∞),

v(x, t = 0) = u(x)− z(x),

v(x, t) = 0 on ∂Ω× [0,+∞).

We notice that w(x, 0) = v(x, 0) + z(x) = u(x) − z(x) + z(x) = u(x). Then, using

the definition of w(x, t) and Equation (2.39), we see that

Lα/2Ω,gu = 1
Γ(−α/2)

ˆ ∞
0

(w(x, t)− w(x, 0)) dt

t1+α/2

= 1
Γ(−α/2)

ˆ ∞
0

([v(x, t) + z(x)]− [v(x, 0) + z(x)] dt

t1+α/2

= 1
Γ(−α/2)

ˆ ∞
0

(v(x, t)− v(x, 0)) dt

t1+α/2

= 1
Γ(−α/2)

ˆ ∞
0

(et∆Ω,g [u− z](x)− [u− z](x)) dt

t1+α/2

= (−∆Ω,0)α/2[u− z](x).

Given this information, we can see that the two formulations of the spectral

fractional Laplacians in works [11] and [55] are equivalent. We know that the heat
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operator approach leads to the relation

Lα/2Ω,gu = (−∆Ω,0)α/2[u− z],

where z is the harmonic function given by Equation (2.51). We can also obtain a

similar formula for the operator of Antil et al. From Equations (2.45) and (3.7), we

know

(−∆Ω,g)α/2u = (−∆Ω,0)α/2b.

Inserting b = u− a from the splitting (3.6), we have

(−∆Ω,g)α/2u = (−∆Ω,0)α/2[u− a].

This shows that the inhomogeneous spectral fractional Laplacian (−∆Ω,g)α/2 is just

the standard homogeneous operator applied to the lifting u − a. Since a is also a

harmonic function in Ω with a
∣∣∣
∂Ω

= g, by uniqueness, a = z. Therefore

(−∆Ω,g)α/2u = (−∆Ω,0)α/2[u− z] = Lα/2Ω,gu.

This fact is demonstrated numerically in the article [137].

2.7.5 Well-posedness and Regularity

We begin by discussing well-posedness (existence and uniqueness) of the spectral

fractional Poisson problem. We consider the general case of nonzero boundary con-

ditions. Thus, the fractional Laplacian that is used in the two problems below is the

inhomogeneous operator that has been reviewed in this section. We have transcribed

the existence and uniqueness theorems proven in [11]. These results have been ab-

breviated by considering α/2 ≥ 1/2, resulting in minimal regularity of boundary

data g ∈ L2(∂Ω) in the Dirichlet case, and g ∈ H−1(∂Ω) for the Neumann case; the
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full theorems in [11] actually allow for α/2 < 1/2 and rougher boundary data. The

Sobolev space notations used in this section are defined in Appendix B.

For the Dirichlet boundary condition, let Ω be a bounded quasi-convex domain.

If f ∈ H−α2 (Ω) and g ∈ H α
2−

1
2 (∂Ω) for α/2 ≥ 1/2, then there exists a unique solution

u ∈ H α
2 (Ω) to

(−∆)α/2u = f in Ω, u|∂Ω = g,

which satisfies

‖u‖
H
α
2 (Ω) ≤ C

(
‖f‖H−α2 (Ω) + ‖g‖

H
α
2 −

1
2 (∂Ω)

)
.

For α/2 = 1/2, the convention is H0(∂Ω) = L2(∂Ω). This statement is a special case

of Theorem 4.5 in [11].

For the Neumann boundary condition, again let Ω be a bounded quasi-convex

domain. Let 1/2 ≤ α/2 ≤ 1. If f ∈ H α
2 (Ω)∗ (the dual of H α

2 (Ω); for α/2 > 1/2 this

is distinct from H−α2 (Ω)) and g ∈ H α
2−

3
2 (∂Ω) satisfy the compatibility condition

ˆ
Ω
f +
ˆ
∂Ω
g = 0,

then there exists a unique solution u ∈ H α
2 (Ω) such that

´
Ω u = 0 to

(−∆)α/2u = f in Ω, ∂u/∂n|∂Ω = g,

which satisfies

|u|
H
α
2 (Ω) ≤ C

(
‖f‖

H
α
2 (Ω)∗ + ‖g‖

H
α
2 −

3
2 (∂Ω)

)
.

This statement is a special case of Theorem 5.4 in [11].
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Next, we discuss regularity for the spectral fractional Poisson equation. Unlike

the well-posedness results discussed above, we now focus exclusively on the case of

zero boundary conditions. This is because almost all regularity results that have

been published at the time of this writing have been presented in this form. Various

extensions to nonzero boundary conditions can be made by considering these results

in combination with the harmonic lifting property discussed in 2.7.2 and 2.7.4.

For the standard homogeneous spectral fractional Laplacian, we state only the

simplest case of the Sobolev regularity results in [89], and direct the reader to that

article for a full discussion. First, we consider the Dirichlet problem, using the zero

Dirichlet boundary value fractional Sobolev space Hα/2(Ω). Let Ω be a bounded,

C∞-smooth subset of Rd. Let u satisfy the equation

(2.52) (−∆)α/2u = f in Ω, u|∂Ω = 0

for 0 < α < 2. Then

(1) If s < 1/2, then f ∈ Hs(Ω) implies u ∈ Hs+α(Ω).

(2) If s = 1/2, then f ∈ Hs
00(Ω) implies u ∈ Hs+α(Ω).

(3) If 1/2 < s < 2 + 1/2, then f ∈ Hs(Ω) implies only that u ∈ H1/2−ε+α(Ω),

and we have the stronger result u ∈ Hs+α(Ω) if and only if f = 0 on ∂Ω.

We illustrate that this last result is sharp with a simple example. Note that the

Sobolev norm in Hs(I) of a Fourier sine series is given by
∥∥∥∑ ak sin(kx)

∥∥∥
Hs(I)

=
∑

(1 + k2)s|a2
k|.
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Consider the interval [0, 2π], where the eigenvalues of the (Dirichlet) Laplacian are

λk = k2, with corresponding eigenfunctions eλk = sin(kx). Let us begin by con-

structing a low regularity f ∈ L2:

(2.53) f =
∞∑
k=1

1√
k log(k + 1)

sin(kx).

Then, f ∈ L2 since
∞∑
k=1

1
k log2(k + 1)

≤
ˆ ∞

1

dx

x log2(x+ 1)

=
ˆ ∞

1

dx

(x+ 1)
(

log2(x+ 1)− log2(x+1)
x+1

)
=
ˆ ∞

log 2

dx

x2(1− e−x)

≤ 2.

But f 6∈ Hs for any s > 0 since

‖f‖Hs ∼
∞∑
k=1

(1 + k2)s

k(log2(k + 1))
≥
∞∑
k=1

k2s

k log2(k + 1)
≥
∞∑
k=1

1
k

=∞.

Now, the solution to the fractional Poisson problem with zero Dirichlet boundary

conditions and f given by (2.53) is

u =
∞∑
k=1

k−α√
k log(k + 1)

sin(kx).

We see ‖u‖Hs+α ∼ ‖f‖Hs , so u has strict Hα regularity: u ∈ Hα and u 6∈ Hα+ε.

Thus, the α-gain in regularity as stated in the result above is sharp.
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Next, we consider the Neumann problem, and for s > 3/2 we define the zero

Neumann boundary value fractional Sobolev space

Hs
∂u/∂n=0(Ω) =

{
u ∈ Hs(Ω) such that ∂u

∂n

∣∣∣∣∣ ∂Ω = 0
}
.

If s < 3/2, we define Hs
∂u/∂n=0(Ω) = Hs(Ω). Let Ω be a bounded, C∞-smooth subset

of Rd. Let u satisfy the equation

(2.54) (−∆)α/2u = f in Ω, ∂u/∂n|∂Ω = 0.

Then,

(1) If s < 3/2, then f ∈ Hs(Ω) implies u ∈ Hs+α
∂u/∂n=0(Ω).

(2) If 3/2 < s < 7/2, then f ∈ Hs(Ω) implies u ∈ Hs+α
∂u/∂n=0(Ω) if and only if

∂f/∂n = 0 on ∂Ω.

Among additional results, [89] discusses the extension by induction of the above

points to higher Hs(Ω) regularity of f .

Regularity in the Hölder spaces Ck,r for the spectral fractional Poisson problem

was studied extensively in [39]. In that work, an array of results were obtained,

for both interior and boundary regularity of the solution u in the Dirichlet problem

(2.52) and in the Neumann problem (2.54), with conditions of the form f ∈ C0,r(Ω)

or of the form f ∈ Lp(Ω), under fairly general conditions on the domain Ω. The

results also allow for powers of more general, variable-coefficient elliptic operators.

We transcribe just one of these results for the fractional Laplacian, namely, the

interior regularity for f ∈ C0,r(Ω) of the Poisson problem, which is the same for

both zero Dirichlet or zero Neumann boundary condition:

Assume that Ω is a bounded Lipschitz domain and that f ∈ C0,r(Ω), for some

0 < r < 1. Let u be a solution to (2.52) or (2.54).
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(1) If 0 < r + α < 1, then u ∈ C0,r+α(Ω) and

[u]C0,r+α(Ω) ≤ C
(
‖u‖L2(Ω) + [u]Hα/2(Ω) + ‖f‖C0,r(Ω)

)
.

(2) If 1 < r + α < 2, then u ∈ C1,r+α−1(Ω) and

[u]C1,r+α−1(Ω) ≤ C
(
‖u‖L2(Ω) + [u]Hα/2(Ω) + ‖f‖C0,r(Ω)

)
.

The constants C depend only on d, Ω, r, and α. For the proof of this and other

regularity results, see [39]. Similar results have also been obtained for the equation

(−ε∆)1/2u+ u = f with zero Neumann boundary condition in [204].

As indicated by the above theorem, the results of Caffarelli and Stinga [39]

hold for quite general assumptions on the boundary ∂Ω, but are limited to Hölder

spaces of low order. It is far from straightforward to extend them to Ck,r for r ≥ 2

(given appropriate assumptions). Higher order Hölder regularity was studied in

Grubb [89] under the assumption that the domain Ω has smooth boundary. Below,

we transcribe one such theorem, Corollary 3.6 in [89], for the case of the spectral

fractional Laplacian with zero Dirichlet boundary conditions. We use the notation

for Hölder spaces discussed in Appendix A, with Cr(Ω) = Cbrc,ρ(Ω) for real r > 0,

r = brc+ ρ. Suppose that u is a solution to (2.52), and that

(1) f ∈ Cr(Ω);

(2) For the integer k such that 2k < r < 2k+ 2, (−∆)lf = 0 for all nonnegative

integers l ≤ k.

Then for any ε > 0,

u ∈ Cr+α−ε(Ω) and


(−∆)lu = 0 for l ≤ k, if r + α ≤ 2k + 2,

(−∆)lu = 0 for l ≤ k + 1, if r + α > 2k + 2.
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2.8 The Fractional Laplacian with Periodic Bound-

ary Conditions

The fractional Laplacian with periodic boundary conditions (i.e., on the torus Td)

is also a widely-studied operator. One way to define it follows the construction of

the fractional Laplacian in Rd using the spectral theorem in Section 2.2.1 except

that the spectrum is discrete, so the operator is given by a Fourier series. For a

basic discussion, see, e.g., [100], and for discussions of extension characterizations

as well as well-posedness and regularity, see [181, 180]. This operator is discussed

in more detail in Chapter 4 of this thesis, in reference to the fractional Schrödinger

equation with periodic boundary conditions for Path Integral Monte Carlo. Impor-

tantly, the same representation in terms of a Fourier series is formally in agreement

with (2.6) when applied to periodic functions. Thus, the definition of the spec-

tral fractional Laplacian is unambiguous. In other words, the disagreement between

various definitions when considering the fractional Laplacian on bounded domains

with, say, Dirichlet boundary conditions, does not occur for periodic boundary con-

ditions. Both the restriction of definition of the fractional Laplacian in Rd via the

Fourier transform and the construction of the operator directly in terms of periodic

eigenfunctions (trigonometric functions) lead to the same operator.

2.9 Summary

In Table 1, we have summarized the fundamental properties and stochastic in-

terpretations of the Riesz and spectral fractional Laplacians, as they were discussed

in this chapter. From the stochastic perspective, these operators differ in that the
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(−∆)α/2u Definition Domain BC
type

Stopped
process for
Dirichlet BC

Reflected pro-
cess for zero
Neumann BC

Spectral ∑
λ
α/2
i (u, ei)ei,

where (λi, ei) is the
spectrum of −∆ on
Ω.

Functions
on Ω

Local
(∂Ω)

Subordinate
stopped
Brownian
Motion [228,
196, 92]

Subordinate
reflected
Brownian
Motion
[228, 92]

Regional C p.v.
´

Ω
u(x)−u(y)
|x−y|n+2αdy,

for C = 2αΓ(α2 + d
2)

πd/2|Γ(−α2 )| .

Functions
on Ω

Local
(∂Ω)

Censored Sta-
ble Process
[25]

Reflected Sta-
ble Process
[91]

Riesz C p.v.
´
Rd

u(x)−u(y)
|x−y|d+α dy

for C = 2αΓ(α2 + d
2)

πd/2|Γ(−α2 )| .

Functions
on Rd.

Ext.
(Ωc)

Stopped α-
stable motion
[125].

Various
conditions/
processes
proposed
[65, 60]

Table 1. Comparison of the Riesz and spectral fractional Laplacians
in a bounded domain Ω ⊂ Rd.

Riesz Laplacian is associated to processes that leave the domain, while the spectral

Laplacian is associated to processes that are confined in the domain.

Remark 2.55. The Riesz and the spectral fractional Laplacians are merely the

two most commonly used definitions. Another fractional Laplacian that has been

studied is the regional definition:

(−∆regional)α/2u(x) = C(d, α) p.v.
ˆ

Ω

u(x)− u(y)
|x− y|d+α dy,

where C(d, α) is given by (2.7). Note that the domain of this operator consists of

functions defined on Ω, rather than Rd. The regional definition differs from the Riesz
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definition, even if u(x) ≡ 0 for x ∈ Rd \ Ω:

(−∆Riesz)α/2u(x) = C(d, α) p.v.
ˆ
Rd

u(x)− u(y)
|x− y|d+α dy

= C(d, α) p.v.
ˆ

Ω

u(x)− u(y)
|x− y|d+α dy − u(x)

ˆ
Rd\Ω

C(d, α)
|x− y|d+α dy

= (−∆regional)α/2u(x)− u(x)
ˆ
Rd\Ω

C(d, α)
|x− y|d+α dy.

The well-posedness of the fractional Poisson problem involving the regional Laplacian

was studied using the Feynman-Kac formula [90]. For a further discussion of the

regional Laplacian and the relation to reflected and censored α-stable processes, see

[91]. Neumann and Robin boundary conditions for the regional Laplacian have been

discussed in [219].

Other notions of fractional Laplacians that arise from related processes are dis-

cussed in [114]. In general, the probabilistic literature on stable-type processes in

bounded domains and related notions of fractional Laplacians is very rich [26]. For

example, estimates for eigenvalues of the spectral Laplacian were derived using prob-

abilistic techniques in [48].
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3.1 Introduction.

The deep connection [149, 152, 121] between continuous-time random walks (CTRWs)

and fractional-order partial differential equations (FPDEs) discussed in Chapter 1

can be utilized to establish stochastic solution formulas, or Feynman-Kac formulas,

for FPDEs. Such formulas forge direct connections between stochastic processes at a

microscopic level and an FPDE at a macroscopic level, providing a physical basis for

using fractional-order models. At the same time, they provide simple, embarrassingly

parallel methods for computing solutions of FPDEs locally at a point without having

to generate a grid or otherwise solve for the solution at other points. Monte Carlo

method based on stochastic solution formulas scale favorably to high dimensions. In

general, various methods can be considered to accelerate numerical implementation

of such Feynman-Kac formulas, such as walk-on-spheres [155, 225, 233, 232], as

discussed in Section 2.4.3, or quasi-Monte Carlo sampling [154].

In [145] and [17], such stochastic solution formulas were studied for a general

time-fractional equations involving generators of Feller semigroups. Stochastic so-

lutions of equations involving both first-order and fractional-order time derivatives

were studied in [46]. As regards fractional Laplacians in bounded domains, sto-

chastic solution formulas for the regional fractional Laplacian were studied [90] and

[91]; formulas for the time-fractional Cauchy problem for this operator have recently

been obtained in [210]. In [47], a stochastic solution formula for the time fractional

Cauchy problem for Riesz fractional Laplacian with zero (exterior) boundary condi-

tion was proven. In [125] and [192], stochastic solution formulas for the Dirichlet

problem for the Riesz fractional Laplacian were obtained and walk-on-spheres algo-

rithms were developed. For a discussion of these different fractional Laplacians and

their connections to stochastic processes, see [137]. Finally, we mention that this line
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of research is not limited to FPDEs; stochastic connections for nonlocal equations

have been studied, e.g., in [66]. Recently, [67] gave stochastic representations for a

general, nonlocal-in-time evolution equation.

This chapter is motivated by recent advances [11, 55, 137] in defining the

spectral fractional Laplacian with nonzero boundary conditions, including Dirich-

let, Neumann, and Robin. Reviewed in Chapter 2, these advances have made clear

the appropriate definition for the operator, and have established well-posedness of

the associated fractional elliptic boundary value problems and fractional parabolic

initial-boundary value problems. Thus, in this chapter, we develop and implement

stochastic solution formulas for such problems for Dirichlet boundary conditions.

We now outline the main points of this chapter. In Section 3.2, we review the defi-

nition and basic properties of the spectral fractional Laplacian with nonzero Dirichlet

boundary conditions. In Section 3.3, we review the theory of Feller semigroups, cul-

minating in the abstract Cauchy problem, that will provide the setup for proving

stochastic solution formulas. In Section 3.4, we introduce a technique based on sub-

ordination and a result of Balakrishnan for obtaining fractional stochastic solution

formulas from classical ones, and use this technique to prove the Feynman-Kac for-

mula for the fractional Laplacian (−∆)α/2 on Rd. This formula itself is well-known

and can be shown using the Lévy-Khinchtine formula or other techniques, but the

proof presented here serves an illustration of the method. In Section 3.5, we extend

this result to equations with nonzero forcing term using Duhamel’s principle. Fol-

lowing this blueprint, in Sections 3.6 and 3.7 we prove the first main result of the

chapter. For the fractional parabolic mixed initial-boundary value problem in Ω,
∂tu(t, x) + (−∆Ω,g)α/2u(t, x) = r(x, t) for t > 0, x ∈ Ω

u(0, x) = f(x) for x ∈ Ω, u(t, x) = g(x) for x ∈ ∂Ω,
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we obtain the stochastic solution formula

u(t, x) = EXΩ,α
0 =x

[
f(XΩ,α

t )χτΩ>Tα/2(t) + g(XΩ,α
t )χτΩ≤Tα/2(t)

]
+ EXΩ,α0=x

ˆ t

0
r(t− s,XΩ,α

s )χτΩ>Tα/2(t−s)ds

 .
This formula involves the process XΩ,α

t , which is constructed by first stopping stan-

dard isotropic 2-stable motion X2
t at the boundary of Ω at sample exit time τΩ, then

subordinating by the standard α/2-stable subordinator:

XΩ,α
t = XΩ,2

Tα/2(t), XΩ,2
t = X2

t∧τΩ , τΩ = inf{s : X2
s 6∈ Ω}.

As discussed in Section 2.2.4, standard isotropic 2-stable motion X2
t is equivalent to

√
2Bt, i.e., Brownian motion scaled by

√
2, which is why we refer to the process XΩ,α

t

as “subordinate stopped Brownian motion” throughout this thesis. The process is

illustrated in Figure 1.

For the same problem above, in Section 3.8, we then study a classical solution

formula, smoothness for t > 0, convergence as t → 0+ to the initial condition and

convergence as t→∞ to a steady state which satisfies a fractional elliptic equation.

This is the second main result of this chapter. From this analytical result and the

stochastic solution formula for the parabolic problem proved in the previous section,

we obtain exponential decay in time of the “survival probability” of subordinate

stopped Brownian paths XΩ,α
t – that is, the probability that such a path has not

reached the boundary ∂Ω (being stopped there) within a given time. These results

will are then used to prove the stochastic solution formula for the time-independent

problem in the Section 3.9, where, for the fractional elliptic boundary value problem
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Figure 1. Illustration of two sample paths of XΩ,α
t on the unit disk Ω. In

the left subfigure, the cyan/pink curves are two samples of XΩ,2
t = X2

t∧τΩ =√
2Bt∧τΩ . The right subfigure shows two samples of Tα/2(t) that run until

they exceed the respective exit times τΩ of these two samples of XΩ,2
t . The

blue/red curves on the left subfigure are two resulting samples of XΩ,α
t =

XΩ,2
Tα/2(t).

in Ω 
(−∆Ω,g)α/2u(x) = r(x) for x ∈ Ω

u(x) = g(x) for x ∈ ∂Ω,

we establish the stochastic solution formula

u(x) = EXΩ,α
0 =x

g (XΩ,α
T−1
α/2(τΩ)

)+ EXΩ,α
0 =x

ˆ T−1
α/2(τΩ)

0
r(XΩ,α

s )ds
 .

This is the third main result of the chapter. Finally, in Section 3.10, we discuss

the implementation of these formulas and provide numerical simulations that verify

them for benchmark problems on the 2-dimensional unit square, the 3-dimensional

unit cube, and the 16-dimensional unit hypercube. We discuss how to discretize the
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process XΩ,α
t and study the convergence of the stochastic solution formula both with

the number of paths and the time step size dt used in the discretization.

There is a rich literature on the potential theory of subordinate killed Brownian

motion from the probabilistic perspective [196, 115, 114, 197]. In [196], it is

mentioned that the generator of subordinate killed Brownian motion is the spectral

fractional Laplacian with zero Dirichlet boundary conditions. To the best of our

knowledge, there have been no studies or reported stochastic solution formulas in

this literature for the recently introduced spectral fractional Laplacian (−∆Ω,g)α/2

with nonzero boundary conditions. This represents a novel contribution of our thesis.

3.2 The Spectral Fractional Laplacian with Nonzero

Dirichlet Boundary Conditions.

Denoting the Dirichlet eigenvalues and eigenfunctions of (−∆) by λi and ei , respec-

tively, the spectral fractional Laplacian1 for zero Dirichlet boundary values is defined

as

(−∆Ω,0)α/2u =
∞∑
i=1

λ
α/2
i (u, ei)L2(Ω)ei,(3.1)

for 0 < α < 2. See Appendix A for the basic properties of (λi, ei). This operator has

attracted significant attention, both theoretical and numerical, in the past decade;

for discussions of the many works relating to this operator, see [137, 203, 29, 30]

and references therein. However, the generalization of this operator to the case of

nonzero boundary conditions was until recently an open problem.

1This section contains the minimal definitions and results related to the spectral fractional Laplacian
required to state and prove the results of this chapter, and is included to keep the chapter self-
contained. The reader who has thoroughly read the more detailed Sections 2.6 and 2.7 on the same
topic may choose to skip this section.
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In 2017, the spectral fractional Laplacian with nonzero boundary conditions

(Dirichlet and Neumann) was introduced and studied [11, 55]. For functions u

on Ω satisfying u|∂Ω = g, Antil, Pfefferer, and Rogovs [11] proposed the operator

defined by the spectral expansion

(−∆Ω,g)α/2u =
∞∑
i=1

λα/2i (u, ei)L2(Ω) − λα/2−1
i

(
u,
∂ei
∂n

)
L2(∂Ω)

 ei,(3.2)

On the other hand, Cusimano, Del Teso, Gerardo-Giorda, and Pagnini [55] defined

an operator in the case of nonzero Dirichlet boundary conditions as

(3.3) (−∆Ω,g)α/2u = − 1
Γ(−α/2)

ˆ ∞
0

t−α/2−1(et∆Ω,g − I)u(x)dt,

where I denotes the identity operator and et∆Ω,g is the heat operator with boundary

condition g, i.e., w(x, t) = et∆Ω,gu(x) is defined as the solution to the problem

∂tw −∆w = 0 for x ∈ Ω, t > 0

w(t, x) = g(x) for x ∈ ∂Ω, t > 0

w(0, x) = u(x) for x ∈ Ω.

In Chapter 2, (see also [137]), it was pointed out that the proposed operators

(3.2) and (3.3) are essentially the same, as the same characterization in terms of

(standard) harmonic lifting was proven by their respective authors of [11, 55]. More

specifically,

(−∆Ω,g)α/2u = (−∆Ω,0)α/2[u− v],(3.4)

where v solves

(3.5)


−∆v = 0

v
∣∣∣
∂Ω

= g.
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Moreover, it was shown in Chapter 2 that the same operator can be obtained by first

taking the spectral power of the inverse fractional Laplacian

(−∆)−βu =
∞∑
i=1

λ−β(u, ei)L2(Ω)ei, β > 0.

then defining (−∆Ω,g)α/2 = (−∆)α/2−1(−∆)u, noting that α/2 − 1 < 0, and using

the classical formula

(−∆)u =
∞∑
i

λi(u, ei)L2(Ω) −
(
u,
∂ei
∂n

)
L2(∂Ω)

 ei,
which is valid for any C2(Ω) function u, regardless of boundary values. Thus, there

is no ambiguity in the use of the symbol (−∆Ω,g)α/2.

The solutions of boundary value problems involving the operator (−∆Ω,g)α/2 have

corresponding harmonic lifting characterizations as well. From [11], the solution of
(−∆Ω,g)α/2u(x) = f(x), x ∈ Ω, α ∈ (0, 2),

u(x) = g(x), x ∈ ∂Ω.

can be written as

u(x) = w(x) + v(x),(3.6)

where v again solves (3.5) and w solves the problem
(−∆Ω,0)α/2w = f in Ω,

w
∣∣∣
∂Ω

= 0 on ∂Ω,
(3.7)

provided the problem (3.5) for v has a classical solution. In fact, [11] showed that

this decomposition holds even if the problem (3.5) admits a solution in the very weak

variational sense. However, in this chapter, we will only deal with classical solutions.
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In the following sections, we will prove Feynman-Kac formulas for parabolic and

elliptic problems posed with (−∆Ω,g)α/2 and Dirichlet boundary conditions.

3.3 Markov Semigroups, Generators, Feller Pro-

cesses, and the Abstract Cauchy Problem.

The following is setup of Feller semigroup theory needed for the main result, distilled

from the first two chapters of Mark Freidlin’s book [77]. Let Ω be a locally compact

subset of Rd; this includes open and closed subsets of Rd. Let Xt : R+ → Ω be a

Markov process in Ω. Define the one-parameter family of operators Tt for t ≥ 0,

acting on functions f : Ω→ R, as follows:

Ttf : Ω→ R, Ttf(x) = EX0=x
[
f(Xt)

]
Then Tt satisfies the semigroup properties in t, and is linear in f :

T0f(x) = f(x)(3.8)

TtTsf(x) = Tt+sf(x)(3.9)

Tt[f + f̃ ](x) = Ttf(x) + Ttf̃(x)(3.10)

Here t, s > 0. Property (3.8) is obvious. Property (3.9) follows from the Markov

property of Xt. Property (3.10) is a property of mathematical expectation. If, in

addition, Xt is a Feller Process, then the semigroup is contractive and right contin-

uous:

‖Ttf‖C0(Ω) ≤ ‖f‖C0(Ω)(F1)

lim
t→0
‖Ttf − f‖C0(Ω) = 0(F2)
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Here, C0(Ω) denotes the space of continuous functions vanishing at infinity, i.e., real-

valued continuous functions f on Ω with the property that for every ε > 0, there

exists a compact subset K ⊂ Ω such that |f(x)| < ε for all x outside of K. The

norm of C0(Ω) is the sup-norm on Ω:

‖f‖C0(Ω) = sup
x∈Ω
|f(x)|.

Thus, {Tt} is a family of (uniformly) bounded linear operators from C0(Ω) to itself.

We refer to {Ttf} as the Feller semigroup of the process Xt. We note that Lévy

Processes are Feller (Theorem 3.1.9, [12]).

Associated to every Markov semigroup Tt is an infinitesimal generator or infini-

tesimal operator A, again acting on functions f : Ω→ R, defined by

(3.11) Af : Ω→ R, Af(x) = lim
t→0+

Ttf(x)− f(x)
h

,

where the limit is taken in C0(Ω), i.e.,

(3.12)
∥∥∥∥∥Ttf(x)− f(x)

h
−Af(x)

∥∥∥∥∥
C0(Ω)

→ 0 as t→ 0 + .

The domain Dom(A) is the space of all functions f where the above limit exists.

In some works, the semigroup is jumped over, and one speaks of A as the infin-

itesimal generator of the process Xt without introducing the notation Tt. However,

the semigroup is the key to proving stochastic solution formulas. It features in the

following important result:

Lemma 3.13. Let Xt be a Feller Process. The function u(t, x) = Ttf(x) solves

the abstract Cauchy problem,
d
dt
u(t, x) = Au(t, x) for t > 0,

limt→0 u(t, x) = f(x), f ∈ Dom(A).
(3.14)
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It is the unique solution in the class of functions that grow at most exponentially, i.e.,

those solutions u(t, x) for which there exist constants P, k such that ‖u(t, ·)‖C0(Ω) ≤

Pekt.

Remark 3.15. We understand the statement of problem (3.14) to mean: the

limit in C0(Ω) of 1
h

[
u(t+ h, ·)− u(t, ·)

]
as h → 0 exists and is equal to Au(·, x).

This convergence in C0(Ω) (i.e., uniform convergence) of the limit quotient defin-

ing d
dt
u(t, x) is a stronger requirement than is typically understood when seeking a

classical solution of a differential equation. It must be met to apply the uniqueness

result in the lemma.

Lemma 3.13 is transcribed from the book of Mark Freidlin [77]. For full details

of this theory, the reader should consult that text and references therein; below, we

provide a sketch of the proof of the lemma. It is obvious from (F2) that Ttf satisfies

the initial condition in (3.14). The next step is to that see the ordinary differential

equation is satisfied for t > 0. That is, we wish to prove

(3.16) lim
h→0

Tt+hf(x)− Ttf(x)
h

= ATtf(x) in C0(Ω) .

We do this by proving it for the right-sided and left-sided cases separately. For h > 0,

we write

Th
[
Ttf(x)

]
− Ttf(x)

h
= Tt+hf(x)− Ttf(x)

h
= Tt
Thf(x)− f(x)

h

The rightmost ratio converges in C0(Ω) as h → 0+ to TtAf(x) by the contractive

property (F1), the definition (3.11), (3.12) of the generator A, and f ∈ Dom(A).

Therefore, the other two ratios also converge, and to the same limit. The center

ratio is a one-sided derivative, while the convergence of the leftmost ratio implies
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Ttf ∈ Dom(A), so that it also converges to ATtf(x). Thus,

(3.17) ATtf(x) = lim
h→0+

Tt+hf(x)− Ttf(x)
h

= TtAf(x)

The first equality is (3.16) when h→ 0+.

Next, we consider the left-sided derivative. By the equality in (3.17) of ATtf(x)

and TtAf(x), we have∥∥∥∥Ttf − Tt−hfh
−ATtf

∥∥∥∥
C0(Ω)

=
∥∥∥∥∥Ttf(x)− Tt−hf(x)

h
− TtAf

∥∥∥∥∥
C0(Ω)

=
∥∥∥∥∥Ttf(x)− Tt−hf

h
− Tt−hAf(x) + Tt−hAf − TtAf

∥∥∥∥∥
C0(Ω)

≤

∥∥∥∥∥∥Tt−h
[
Thf − f(x)

h
−Af(x)

]∥∥∥∥∥∥
C0(Ω)

+ ‖Tt−hAf − TtAf‖C0(Ω)

≤
∥∥∥∥∥f(x)− Thf

h
−Af(x)

∥∥∥∥∥
C0(Ω)

+ ‖Tt−hAf − TtAf‖C0(Ω) .

In obtaining the final line, we used the contraction property (F1). In the limit as

h→ 0+, the first term vanishes by the definition of the generator (3.11), (3.12) and

f ∈ Dom(A), while the second term vanishes by right continuity (F2) of Tt. Thus,

lim
h→0+

Ttf(x)− Tt−hf(x)
h

= ATtf(x) in C0(Ω)

which together with (3.17) implies that the ODE (3.16) is satisfied.

Finally, as Freidlin [77] points out, uniqueness follows from a general uniqueness

theorem for solutions of normal type (satisfying the exponential bound) of the ab-

stract Cauchy problem for closed operators the point spectrum of which is not dense

in the right half-plane. See p. 619 of Hille and Phillips [101]. This proves the lemma.
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3.4 Subordination, Balakrishnan’s Theorem, and

the fractional Feynman-Kac formula on Rd.

In this section, we introduce background material on subordination of processes

together with results of Balakrishnan that connect this to concept to fractional cal-

culus. Rather than listing these results in isolation, we introduce them as steps used

in a proof of the Feynman-Kac formula for the fractional Laplacian (−∆)α/2 in Rd

by leveraging the Feynman-Kac formula for the classical Laplacian (−∆). This will

mirror our approach for obtaining our main results with the operator (−∆Ω,g)α/2 in

later sections. The formula itself (3.22) in Rd is well-known; for example it appears

in [47] where it is obtained by appealing to Dirichlet form theory [79].

We consider the following problem
∂tu(t, x) = −(−∆)α/2u(t, x) for t > 0, x ∈ Rd

u(0, x) = f(x).
(3.18)

We prove the following

Theorem 3.19. Let u(t, x) be a solution to (3.18) such that

for every t ≥ 0, u(t, ·) ∈ C2
x(Rd), and(3.20)

∂tu(·, ·) is uniformly continuous in spacetime [0,∞)× Rd.(3.21)

Then

(3.22) u(t, x) = T αt f(x) := EXα
0 =x

[
f(Xα

t )
]

where Xα
t is standard isotropic α-stable Lévy motion in Rd.
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To prove the theorem, we will show that the assumption (3.20) implies that

u(t, ·) ∈ Dom(Aα) and

(3.23) −(−∆)α/2u = Aαu,

where Aα is the generator of α-stable Lévy motion Xα
t :

Aαf(x) = lim
t→0+

T αt f(x)− f(x)
h

.

Since Xα
t is a Feller process, this result (3.23) together with equation (3.18) and the

assumption (3.21) will imply that u satisfies the abstract Cauchy problem (3.14) of

the operator Aα . By the uniqueness asserted in Lemma 3.13, u(t, x) must then be

given by the semigroup (3.22), which is Theorem 3.19.

Now, the result (3.23) is classical in the case α = 2, where it can be shown

using Itô’s rule as follows [77]. Noting that X2
t is scaled Brownian motion

√
2Bt, for

u ∈ C2(Rd) we have

u(X2
t )− u(x) =

ˆ t

0

n∑
i=1

∂u

∂xi
(Xs)(dX2

s )i +
ˆ t

0
∆u(X2

s )ds.

Taking expectations,

E[u(X2
t )]− u(x) =

ˆ t

0
∆u(X2

s )ds.

Dividing by t and taking t→ 0 gives

(3.24) A2u(x) = ∆u(x), (u ∈ C2)

This suggests one way to prove Theorem 3.19 is to prove (3.23) using some sort of

Itô rule for Lévy processes. However, we will instead use subordination to upgrade

the classical α = 2 result (3.24) to general α < 2.
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We shall use the fact that α-stable Lévy motion Xα
t is equivalent to subordinate

Brownian motion, i.e.,

(3.25) Xα
t = X2

Tα/2(t),

where Tβ(t) is the standard β-stable subordinator starting at zero, an increasing Lévy

process which can most easily be described as having a probability density function

hβ(t) with Laplace transform

(3.26) L
{
hβ
}

(s) = e−s
β

See (see Meerschaert and Sikorskii [149] p. 156 or Sato [187] p. 198). Then from

(3.22) and (3.25), a conditioning argument yields

T αt f(x) = EX2
0 =x

[
f(X2

Tα/2(t))
]

= EX2
0 =x

[ˆ
P{Tα/2 = s}f(X2

s )ds
]

=
ˆ

P{Tα/2 = s}EX2
0 =x

[
f(X2

s )
]
ds

=
ˆ

P{Tα/2 = s}T 2
s f(x)ds

=
ˆ
hα/2(s)T 2

s f(x)ds.

(3.27)

We require the following theorem of Balakrishnan [18]. The notion of equicon-

tinuous semigroup of class C0 is a semigroup Tt that satisfies (3.8) and (3.9), as well

as the condition

lim
t→t0
‖Ttf − Tt0f‖C0 = 0.
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We note that a Feller semigroup is equicontinuous of class C0, as for h > 0, the

contraction property (F1) gives

‖Tt+hf − Ttf‖C0 ≤ ‖Tt[Thf − f ]‖C0 ≤ ‖Thf − f‖C0 ;

‖Tt−hf − Ttf‖C0 ≤ ‖Tt−h[f − Thf ]‖C0 ≤ ‖f − Thf‖C0 .

As h→ 0, the right continuity property (F2) implies that both of the above bounds

tend to zero. The following lemma is taken from Yosida [228], pages 259 & 264,

with a slight change in notation:

Lemma 3.28. (Balakrishnan [18]) Let Tt be an equicontinuous semigroup of class

C0. Let

(3.29) gt,β(λ) =


1

2πi

´ σ+i∞
σ−i∞ etλ−tz

β
dz; σ > 0, t > 0, λ ≥ 0, 0 < β < 1.

0 (when λ < 0)

Then the operators T̂ αt defined by

(3.30) T̂ αt g =


´∞

0 gt,α/2(s)Tsfds (t > 0)

f (t = 0)

constitute an equicontinuous semigroup of class C0. Moreover, the infinitesimal gen-

erator of T̂ αt , denoted Âα, is given for f ∈ Dom(A) by the two equivalent formulas

Âαf = sin(απ/2)
π

ˆ ∞
0

λα/2−1(λI −A)−1(−Af)dλ(3.31)

= 1
Γ(−α/2)

ˆ ∞
0

λ−α/2−1(Tλ − I)fdλ.
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Since Feller semigroups are equicontinuous, we may apply this result to the semi-

group T 2
t generated by Brownian motion X2

t , in which case we know that

A2u = ∆u, if u(t, ·) ∈ C2,

which is the classical result (3.24). Next, the function gt,β in equation (3.29) with

parameters t = 1 and β = α/2 is simply the inverse Laplace transform of (3.26);

thus, it coincides with hβ. By the derivation (3.27), we see that the semigroup T̂ αt
in equation (3.30) coincides with the semigroup T αt .

Now the lemma says that the generator Aα of T αt is given by the formulas (3.31),

Aαu(t, ·) = Âαu(t, ·) = sin(απ/2)
π

ˆ ∞
0

λα/2−1(λI −∆)−1(∆u(t, ·))dλ

whenever u(t, ·) ∈ C2. However, we recognize the expression on the right-hand side

as the usual Balakrishnan formula, which is equivalent to the standard fractional

Laplacian on Rd (Kwasnicki [124]). Therefore,

Aαu(t, x) = −(−∆)αu(t, x) when u(t, ·) ∈ C2.

This proves (3.23), and completes the proof of Theorem 3.19.

Remark 3.32. The same technique may apply for the fractional power Lα of a

constant coefficient elliptic operator

L = 1
2

n∑
i,j=1

aij
∂2

∂xi
∂xj +

n∑
i=1

bi(x) ∂

∂xi
,

In the book of Freidlin [77] a result corresponding to (3.24) for such operators is

proven, leading to a Feynman-Kac formula

u(t, x) = T αt f(x) := EX0=x
[
f(Xt)

]
,
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where Xt is now the Itô process

dXt = σ(Xt)dBt + b(Xt)dt, X0 = x, aij(x) = σ(x)σ∗(x).

Since spectral powers can be constructed for such operators L and they can also be

expressed by Balakrishnan formulas, we would obtain a subordinated formula

u(t, x) = EX0=x
[
f(XTα/2(t))

]
= EZ0=x

[
f(XZt)

]
for solutions to the Cauchy problem of Lα. Here Zt = XTα/2(t) would be a Lévy

process with measure defined by the coefficients of L and α. Thus the solution would

be given by nonisotropic Lévy process. For example, if the aij are constant, we expect

Zt = XTα/2(t) to be an elliptically-contoured stable Lévy process. Furthermore, it

may be possible to prove Feynman-Kac formulas for fractional equations with an

additional zero-order term c(x)u(x, t), which Freidlin [77] treats by comparison to

an auxillary semigroup, to obtain a formula

u(x, t) = EXα
0 =x

[
f(Xt)

]
exp
ˆ t

0
c(Xs)ds.

Neither of these results are pursued here, but would be a worthwhile extensions of

the results of this section.

3.5 The Inhomogeneous Fractional Cauchy Prob-

lem on Rd.

In this section, we show how a stochastic solution formula for the Cauchy problem

with nonzero forcing term can be obtained from the results in the previous sections
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using Duhamel’s principle. We consider the following problem
∂tu(t, x) + (−∆)α/2u(t, x) = r(x, t) for t > 0

u(0, x) = f(x).
(3.33)

which differs from Problem (3.18) by the presence of the inhomogeneity r(x, t).

Let us write the solution to (3.33) as u(t, x) = u1(t, x) + u2(t, x), where u1(t, x)

solves 
∂tu1(t, x) + (−∆)α/2u1(t, x) = 0 for t > 0

u1(0, x) = f(x)
(3.34)

and u2(t, x) solves
∂tu2(t, x) + (−∆)α/2u2(t, x) = r(t, x) for t > 0

u2(0, x) = 0.

Then by Theorem 3.19, provided the regularity assumptions hold,

(3.35) u1 = EXα
0 =x

[
f(Xα

t )
]
.

As for u2, by Duhamel’s principle,

u2(x, t) =
ˆ t

0
[P sr](x, t)ds,

where [P sr] solves, for fixed s,
∂tu(t, x) + (−∆)α/2u(t, x) = 0 for t > s

u(s, x) = r(s, x) for x ∈ Rd.
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Letting ũ(t− s, x) = u(t, x), this problem becomes
∂tũ(t, x) + (−∆)α/2ũ(t, x) = 0 for t > 0

ũ(0, x) = r(s, x) for x ∈ Rd.
(3.36)

Again, by Theorem 3.19, provided the regularity assumptions hold,

ũ(x, t) = EXα
0 =x

[
r(s,Xα

t )
]
.

so that

[P sr](x, t) = ũ(x, t− s) = EXα
0 =x

[
r(s,Xα

t−s)
]
,

and therefore

(3.37) u2(x, t) =
ˆ t

0
EXα

0 =x
[
r(s,Xα

t−s)
]
ds = EXα

0 =x

ˆ t

0
r(s,Xα

t−s)ds
 .

Adding (3.37) and (3.35) gives the following result.

Theorem 3.38. Let u(t, x) solve (3.33). Suppose that f and r(s, ·), for every

s ≥ 0, are such that the problems (3.34) and (3.36) each admit a solution that satisfies

the regularity conditions (3.20) and (3.21). Then

u(t, x) = EXα
0 =x

[
f(Xα

t )
]

+ EXα
0 =x

ˆ t

0
r(s,Xα

t−s)ds


= EXα
0 =x

[
f(Xα

t )
]

+ EXα
0 =x

ˆ t

0
r(t− s,Xα

s )ds


where Xα
t is standard isotropic α-stable Lévy motion in Rd.

We persue analogues of this result in bounded domains with the operator−(∆Ω,g)α/2.
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3.6 The Homogeneous Spectral Fractional Cauchy

Problem on a Bounded Domain, with Dirich-

let Boundary Conditions.

Let Ω ⊂ Rd be an open domain with Lipschitz boundary ∂Ω. We consider the Cauchy

problem on Ω, with both initial and boundary conditions,

∂tu(t, x) = −(−∆Ω,g)α/2u(t, x) for t > 0, x ∈ Ω

u(0, x) = f(x) for x ∈ Ω.

u(t, x) = g(x) for x ∈ ∂Ω.

(3.39)

We require that f and g are continuous, and for any x0 ∈ ∂Ω

(3.40) lim
Ω3x→x0

f(x) = g(x0).

We prove the following

Theorem 3.41. Let u(t, x) be a solution to (3.39), (3.40) such that

for every t ≥ 0, u(t, ·) ∈ C2
x(Ω), and(3.42)

∂tu(·, ·) is uniformly continuous in spacetime [0,∞)× Ω.(3.43)

Then

(3.44) u(t, x) = EXΩ,α
0 =x

[
f(XΩ,α

t )χτΩ>Tα/2(t) + g(XΩ,α
t )χτΩ≤Tα/2(t)

]
where XΩ,α

t is standard α/2-subordinate stopped isotropic Brownian (or rather, stan-

dard 2-stable) motion in Ω:

(3.45) XΩ,α
t = XΩ,2

Tα/2(t), XΩ,2
t = X2

t∧τΩ , τΩ = inf{s : X2
s 6∈ Ω}.
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Thus, paths of XΩ,α
t are simply paths of Brownian motion (scaled by

√
2) that

are stopped upon reaching the boundary ∂Ω, then time-changed by the standard α/2

stable subordinator. To prove the theorem, the same strategy is used as in Section

3.4. We start with proven results for the standard Laplacian/Brownian motion.

Then, we use the subordination lemma of Balakrishnan to obtain the result for the

fractional equation.

Define the semigroup T Ω,α
t on C0(Ω) by

(3.46) T Ω,α
t F (x) = EXΩ,α

0 =x

[
F (XΩ,α

t )
]
, F ∈ C0(Ω).

This is well defined, since the process XΩ,α
t remains in Ω for all time. Moreover,

T Ω,α
t is the Feller semigroup of the same process. The reason for introducing this

semigroup is that the condition (3.40) imples that the initial condition f can be

extended to the C0(Ω) function f on Ω:

f(x) =


f(x), x ∈ Ω

g(x) = limΩ3x→x0 f(x), x ∈ ∂Ω
=⇒ f ∈ C0(Ω).

Then the proposed solution (3.44) can be written as the Feller semigroup

(3.47) u(t, x) = T Ω,α
t f(x).

We shall now prove that u(t, x) in this form satisfies the problem. First, we prove

the following

Lemma 3.48. The generator Aα of the semigroup T Ω,α
t on C0(Ω) defined by (3.46)

agrees with the operator −(−∆Ω,g)α/2 on

C0(Ω) ∩ C2(Ω) ≡
{
u ∈ C0(Ω) such that u|Ω ∈ C2(Ω)

}
.
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To prove this lemma, we begin by referring to Chung and Zhao [49], Theorem

2.13, p. 56, where it is shown under more general conditions for the case α = 2. In

that case, the operator −(−∆Ω,g)α/2 reduces to the standard Laplacian ∆ and the

process X2,Ω
t to stopped standard isotropic 2-stable motion. Thus,

C0(Ω) ∩ C2(Ω) ⊂ Dom(A2), and A2 = ∆ on C0(Ω) ∩ C2(Ω).

Then, the result of Balakrishnan (Lemma 3.28) tells us that the semigroup

T̂ Ω,α
t F =


´∞

0 hα/2(s)T Ω,2
s Fds (t > 0)

F (t = 0)

has infinitesimal generator, for F ∈ Dom(A), and in particular, F ∈ C0(Ω) ∩ C2(Ω),

AαF (x) = 1
Γ(−α/2)

ˆ ∞
0

λ−α/2−1(T Ω,2
λ − I)F (x)dλ.

We begin with the right-hand side of this equation. In Freidlin [77], formula (3.47)

is shown to satisfy Problem (3.39) when α = 2. In other words,

(3.49) T Ω,2
t f(x) = et∆Ω,gf(x), x ∈ Ω,

Therefore, for F ∈ C0(Ω) ∩ C2(Ω) and x ∈ Ω, by (3.49), we have

AαF (x) = 1
Γ(−α/2)

ˆ ∞
0

λ−α/2−1(et∆Ω,g − I)F (x)dλ

= −(−∆Ω,g)α/2F (x).

It remains to show that T̂ Ω,α
t = T Ω,α

t . In order to do this, we will use the definition

(3.45) of the stopped process XΩ,α
t as subordinate stopped Brownian motion, and
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the tower property:

T Ω,α
t F (x) = EX2

0 =x

[
F (XΩ,α

t )
]

= EX2
0 =x

[
F
(
XΩ,2
Tα/2(t)

)]

= EX2
0 =x

[ˆ
P{Tα/2 = s}F (XΩ,2

s )ds
]

=
ˆ

P{Tα/2 = s}EX2
0 =x

[
F (XΩ,2

s )
]
ds

=
ˆ

P{Tα/2 = s}T 2
s F (x)ds

=
ˆ
hα/2(s)T 2

s F (x)ds

= T̂ Ω,α
t F (x).

The proof of the lemma is complete.

Let us now prove Theorem 3.41. We know by Lemma 3.13 that T Ω,α
t f(x) is the

unique solution to the abstract Cauchy problem
d
dt
u(t, x) = Aαu(t, x) for x ∈ Ω, t > 0

limt→0 u(t, x) = f(x).

For any path starting at x ∈ ∂Ω, τΩ = 0, so that XΩ,α
t = x, and therefore

T Ω,α
t f(x) = EXΩ,α

0 =x

[
f(x)

]
= EXΩ,α

0 =x
[
g(x)

]
= g(x).

This shows that

d

dt
T Ω,α
t f(x) = 0 for x ∈ ∂Ω.
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Therefore, an equivalent statement is that T Ω,α
t f is the unique solution to the problem

d
dt
u(t, x) = Aαu(t, x) for x ∈ Ω, t > 0

d
dt
u(t, x) = 0 for x ∈ ∂Ω, t > 0

limt→0 u(t, x) = f(x)

(3.50)

On the other hand, we note that, by Lemma 3.48,

u(t, ·) ∈ C0(Ω) ∩ C2(Ω) ⊂ Dom(Aα).

and the differential equation in the problem (3.39) together with the regularity con-

dition (3.43) is equivalent to the first differential equation in the problem (3.50).

Also, u(t, x) clearly satisfies the remaining two equations in (3.50), so by uniqueness,

u(t, x) = T Ω,α
t f(x).

This completes the proof.

3.7 The Inhomogeneous Spectral Fractional Cauchy

Problem on a Bounded Domain, with Dirich-

let Boundary Conditions.

We consider, on bounded domain Ω ⊂ Rd, the mixed problem with both initial and

boundary conditions:

∂tu(t, x) + (−∆Ω,g)α/2u(t, x) = r(x, t) for t > 0, x ∈ Ω

u(t, x) = g(x) for t > 0, x ∈ ∂Ω

u(0, x) = f(x) for x ∈ Ω.

(3.51)
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Again, we require that f and g are continuous, and for any x0 ∈ ∂Ω

lim
Ω3x→x0

f(x) = g(x0).

Let us write the solution to (3.51) as u(t, x) = u1(t, x) + u2(t, x), where u1(t, x)

solves 

∂tu1(t, x) + (−∆Ω,g)α/2u1(t, x) = 0 for t > 0, x ∈ Ω

u1(t, x) = g(x) for t > 0, x ∈ ∂Ω

u1(0, x) = f(x) for x ∈ Ω

(3.52)

and u2(t, x) solves

∂tu2(t, x) + (−∆Ω,0)α/2u2(t, x) = r(t, x) for t > 0, x ∈ Ω

u2(t, x) = 0 for t > 0, x ∈ ∂Ω

u2(0, x) = 0 for x ∈ Ω.

Then by Theorem 3.41, provided the regularity assumptions hold,

(3.53) u1 = EXΩ,α
0 =x

[
f(XΩ,α

t )χτΩ>Tα/2(t) + g(XΩ,α
t )χτΩ≤Tα/2(t)

]
.

By Duhamel’s principle,

u2(x, t) =
ˆ t

0
[P sr](x, t)ds,

where [P sr] solves, for fixed s,

∂tu(t, x) + (−∆Ω,0)α/2u(t, x) = 0 for t > 0, x ∈ Ω

u(t, x) = 0 for t > 0, x ∈ ∂Ω

u(s, x) = r(s, x) for x ∈ Ω.
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Letting ũ(t− s, x) = u(t, x), this problem becomes

∂tũ(t, x) + (−∆Ω,0)α/2ũ(t, x) = 0 for t > 0, x ∈ Ω

u(t, x) = 0 for t > 0, x ∈ ∂Ω.

ũ(0, x) = r(s, x) for x ∈ Ω.

(3.54)

Again, by Theorem 3.41, provided the regularity assumptions hold,

ũ(x, t) = EXΩ,α
0 =x

[
r(s,XΩ,α

t )χτΩ>Tα/2(t)
]

so that

[P sr](x, t) = ũ(x, t− s) = EXα
0 =x

[
r(s,XΩ,α

t−s )χτΩ>Tα/2(t−s)
]
,

and therefore

u2(x, t) =
ˆ t

0
EXα

0 =x
[
r(s,XΩ,α

t−s )χτΩ>Tα/2(t−s)
]
ds(3.55)

= EXΩ,α
0 =x

ˆ t

0
r(s,XΩ,α

t−s )χτΩ>Tα/2(t−s)ds

 .
Adding (3.55) and (3.53) gives the following result.

Theorem 3.56. Let u(t, x) solve (3.51). Suppose that f and r(s, ·) for every

s ≥ 0, are such that the problems (3.52) and (3.54) each admit a solution that satisfies

the regularity conditions (3.42) and (3.43). Then

u(t, x) = EXΩ,α
0 =x

[
f(XΩ,α

t )χτΩ>Tα/2(t) + g(XΩ,α
t )χτΩ≤Tα/2(t)

]
+ EXα

0 =x

ˆ t

0
r(s,XΩ,α

t−s )χτΩ>Tα/2(t−s)ds

 ;
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or, by a change of variables,

u(t, x) = EXΩ,α
0 =x

[
f(XΩ,α

t )χτΩ>Tα/2(t) + g(XΩ,α
t )χτΩ≤Tα/2(t)

]
+ EXα

0 =x

ˆ t

0
r(t− s,XΩ,α

s )χτΩ>Tα/2(s)ds

 .
where XΩ,α

t is subordinate stopped standard isotropic 2-stable Lévy motion in Ω.

3.8 Regularity and Steady-State for the Spectral

Fractional Heat Equation in a Bounded Do-

main and Survival Probability of Subordinate

Stopped Brownian Motion.

The previous section contains stochastic solution formulas for the fractional Cauchy

problem that are contingent upon the regularity of the solutions to problems (3.52)

and (3.54) . The latter can be reduced to the case of zero boundary value by harmonic

lifting [55, 11]. We now investigate regularity for such problems, together with

convergence to a steady state. Our results allow us to obtain exponential decay of the

survival probability of subordinate stopped Brownian motion, and obtain a stochastic

solution formulas for the Dirichlet problem by applying the formula in the previous

section to a related Cauchy problem and taking the limit as t → ∞. We proceed

by working with a classical solution formula (eigenfunction expansion) directly and

adapting the proof in [127]. The classical solution formula (3.59) appears, e.g., in

[30], but we did not find a precise statement of the results below in the literature.

Appendix A contains background material used in this section.
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Consider the fractional heat equation, for bounded and smooth domain Ω,

∂tw + (−∆Ω,0)α/2w = 0 for x ∈ Ω

w(x, t) = 0 for x ∈ ∂Ω

w(x, 0) = w0 ∈ L2 for x ∈ Ω.

(3.57)

Theorem 3.58. Define

(3.59) w(t, x) =
∞∑
j=1

e−tλ
α/2
j (w0, ej)L2(Ω)ej(x).

Then,

(1) For any t > 0, integers K, ` ≥ 0, and µ < 1, there exists C > 0 such that

‖∂`tw(t, ·)‖HK(Ω) ≤ Ct−`−K/αe−µλ
α/2
1 t‖w0‖L2(Ω).

The convention is that H0(Ω) = L2(Ω).

(2) For any t > 0, integers r, ` > 0, and µ < 1, there exists C > 0 such that

‖∂`tw(t, ·)‖Cr(Ω) ≤ t−`−d
d
2 +re/αe−µλ

α/2
1 t‖w0‖L2(Ω).

where dxe is the smallest integer ≥ x. Therefore, w is smooth in (0,∞)×Ω.

(3) lim
t→0

w(t, x) = w0 in L2(Ω).

(4) The series w given by (3.59) is the unique classical solution to the problem

(3.57).

To prove this, we define

S`,J = (−1)`
∞∑
j=J

λ
`α/2
j e−λ

α/2
j t(w, ej)ej(x).

Note that S`,J=1 corresponds to term-by-term differentiation of the function w(t, x).

However, since the validity of term-by-term differentiation is not known a priori, we
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must establish it by studying S`,J for J → ∞. We begin by proving the following

lemma:

Lemma 3.60. For t > 0 and any integers k, ` ≥ 0,

(3.61) (−∆)kS`,J = (−1)`
∞∑
j=J

λ
`α/2+k
j e−λ

α/2
j t(w, ej)ej(x).

For any µ < 1, there exists C such that

(3.62) ‖(−∆)kS`,J‖L2(Ω) ≤ Ct−`−k(2/α)e−µλ
α/2
J t‖w0‖L2(Ω).

Moreover, (−∆)kS`,J ∈ H1
0 (Ω), and for any µ < 1, there exists C such that

(3.63)[
(−∆)kS`,J

]
H1

0 (Ω)
= ‖∇(−∆)kS`,J‖L2(Ω) ≤ Ct−`−(k+1/2)(2/α)e−µλ

α/2
J t‖w0‖L2(Ω).

We prove the lemma by induction. For k = 0, the representation (3.61) is just

the definition of S`,J . To prove the L2 bound (3.62), we note

(S`,J , ej)2
L2 =

(−1)`
∞∑
j̃=J

λ
`α/2
j̃

e
−λα/2

j̃
t(w0, ej̃)ej̃(x), ej


2

L2

= λ`αj e
−2λα/2j t(w0, ej)2,

(3.64)

and write

‖S`,J‖2
L2(Ω) =

∞∑
j=1

(S`,J , ej)2
L2

=
∞∑
j=J

λ`αj e
−2λα/2j t(w0, ej)2.
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Next, we need the following fact:

For any θ ≥ 0 and µ < 1, there exists a constant C

such that sθe−2s ≤ Ce−2µs for all s ∈ [0,∞).
(3.65)

Using the fact (3.65), we can write, for any µ < 1,

λ`αj e
−2λα/2j t = t−2`

(
λ
α/2
j t

)2`
e−2λα/2j t ≤ Ct−2`e−2µλα/2j t.

Therefore,

‖S`,J‖2
L2(Ω) ≤ Ct−2`

∞∑
j=J

e−2µλα/2j t(w0, ej)2

≤ Ct−2`e−2µλα/2J t
∞∑
j=J

(w0, ej)2

≤ Ct−2`e−2µλα/2J t‖w0‖2.

Taking the square-root yields (3.62) with k = 0:

‖S`,J‖L2(Ω) ≤ Ct−`e−µλ
α/2
J t‖w0‖L2(Ω).

Next, we have S`,J ∈ H1
0 (Ω) if and only if ∑∞j=1 λj(S`,J , ej)2

L2(Ω) converges, and

[
S`,J

]2
H1

0 (Ω)
= ‖∇S`,J‖2

L2(Ω) =
∞∑
j=1

λj(S`,J , ej)2
L2(Ω).

See Theorem A.5 in Appendix A. From (3.64), have
[
S`,J

]2
H1

0 (Ω)
=
∞∑
J=1

λ`α+1
j e−2λα/2j t(w0, ej)2.

Using the fact (3.65) again, we can write, for any µ < 1,

λ`α+1
j e−2λα/2j t = t−2(`+1/α)

(
λ
α/2
j t

)2(`+1/α)
e−2λα/2j t ≤ Ct−2(`+1/α)e−2µλα/2j t.
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Therefore,
[
S`,J

]2
H1

0 (Ω)
≤ Ct−2(`+1/α)

∞∑
j=J

e−2µλα/2j t(w0, ej)2

≤ Ct−2(`+1/α)e−2µλα/2J t
∞∑
j=J

(w0, ej)2

≤ Ct−2(`+1/α)e−2µλα/2J t‖w0‖2
L2(Ω).

Taking the square-root yields (3.63) with k = 0:
[
S`,J

]
H1

0 (Ω)
≤ Ct−(`+1/α)e−µλ

α/2
J t‖w0‖L2(Ω).

This completes the proof of the lemma for k = 0.

Now we perform the induction step. Suppose the lemma is true for a certain k;

we show that this implies it is true for k + 1. We know that (−∆)kS`,J ∈ H1
0 (Ω),

i.e., (−∆)kS`,J is zero on ∂Ω. Therefore, the representation

(−∆) =
∞∑
j=1

λj(·, ej)L2ej

is valid on (−∆)kS`,J . Since we also have (3.61), we see that

(
(−∆)kS`,J , ej

)
L2

=

(−1)`
∞∑
j̃=J

λ
`α/2+k
j̃

e
−λα/2

j̃
t(w0, ej̃), ej̃


L2

= (−1)`λ`α/2+k
j e−λ

α/2
j t(w0, ej).

Therefore,

(−∆)k+1S`,J = (−∆)(−∆)kS`,J = (−1)`
∞∑
j=J

λ
`α/2+k+1
j e−λ

α/2
j t(w0, ej)ej.
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This is (3.61) for the case k + 1. We can use it to obtain the L2 bound as before;

first we note that the representation implies

(
(−∆)k+1S`,J , ej

)2

L2
=

(−1)`
∞∑
j̃=J

λ
`α/2+k+1
j̃

e
−λα/2

j̃
t(w0, ej̃), ej̃


2

L2

= λ
`α+2(k+1)
j e−2λα/2j t(w0, ej)2

L2(Ω).

(3.66)

Therefore, using the fact (3.65),

‖(−∆)k+1S`,J‖2
L2(Ω) =

∞∑
j=1

(
(−∆)k+1S`,J , ej

)2

L2

=
∞∑
j=J

λ
`α+2(k+1)
j e−2λα/2j t(w0, ej)2

L2

=
∞∑
j=J

t−2`−2(k+1)(2/α)
(
λ
α/2
j t

)2`+2(k+1)(2/α)
e−2λα/2j t(w0, ej)2

L2

≤ Ct−2`−2(k+1)(2/α)
∞∑
j=J

e−2µλα/2j t(w0, ej)2
L2

≤ Ct−2`−2(k+1)(2/α)e−2µλα/2J t
∞∑
j=J

(w0, ej)2
L2

≤ Ct−2`−2(k+1)(2/α)e−2µλα/2J t‖w0‖2
L2 .

Taking the square-root yields (3.62) for k + 1:

‖(−∆)k+1S`,J‖2
L2(Ω) ≤ Ct−`−(k+1)(2/α)e−µλ

α/2
J t‖w0‖L2 .

Next, we have (−∆)k+1S`,J ∈ H1
0 (Ω) if and only if ∑∞j=1 λj((−∆)k+1S`,J , ej)2

L2(Ω)

converges, and
[
(−∆)k+1S`,J

]2
H1

0 (Ω)
= ‖∇(−∆)k+1S`,J‖2

L2(Ω) =
∞∑
j=1

λj
(
(−∆)k+1S`,J , ej

)2

L2(Ω)
.
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From (3.66), have
[
(−∆)k+1S`,J

]2
H1

0 (Ω)
=
∞∑
j=J

λ
`α+2(k+1)+1
j e−2λα/2j t(w0, ej)2

L2(Ω)

Therefore, using the fact (3.65),

[
(−∆)k+1S`,J

]2
H1

0 (Ω)
=
∞∑
j=J

λ
`α+2(k+1)+1
j e−2λα/2j t(w0, ej)2

=
∞∑
j=J

t−2`−(2(k+1)+1)(2/α)
(
λ
α/2
j t

)2`+(2(k+1)+1)(2/α)
e−2λα/2j t(w0, ej)2

≤ Ct−2`−(2(k+1)+1)(2/α)
∞∑
j=J

e−2µλα/2j t(w0, ej)2

≤ Ct−2`−(2(k+1)+1)(2/α)e−2µλα/2J t
∞∑
j=J

(w0, ej)2

≤ Ct−2`−(2(k+1)+1)(2/α)e−2µλα/2J t‖w0‖2
L2 .

Taking the square-root yields (3.63) for k + 1:
[
(−∆)k+1S`,J

]
H1

0 (Ω)
≤ Ct−`−((k+1)+1/2)(2/α)e−µλ

α/2
J t‖w0‖L2(Ω).

This completes the proof of the lemma.

Now that Lemma 3.60 has been proven, to prove the theorem we invoke elliptic

regularity (Theorem A.2 in Appendix A) to obtain, for δ = 0 or 1,

(3.67) ‖S`,J‖H2k+δ(Ω) ≤ C‖(−∆)kS`,J‖Hδ(Ω).
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The two estimates in Lemma 3.60 can be wrapped into one estimate, again for δ = 0

or 1,

‖(−∆)kS`,J‖Hδ(Ω) ≤ ‖(−∆)kS`,J‖L2(Ω) + δ
[
(−∆)kS`,J

]
H1

0 (Ω)

≤ C
[
t−`−k(2/α) + δt−`−(k+1/2)(2/α)

]
e−µλ

α/2
J t‖w0‖L2(Ω).

(3.68)

Together, (3.67) and (3.68) yield

‖S`,J‖H2k+δ(Ω) ≤ C
[
t−`−k(2/α) + δt−`−(k+1/2)(2/α)

]
e−µλ

α/2
J t‖w0‖L2(Ω).

If an integer K is even, we can take K = 2k and δ = 0 in the above estimate; the

second term in the square brackets vanishes, and the first term involves a factor

t−`−K/α. If K is odd, we can take K = 2k + 1, δ = 1 in the above estimate. In this

case, the second term in the square brackets can be written t−`−K/α, and dominates

the first term for small t; for large t, by adjusting C and µ, the first term can be

dropped. Thus, for any integer K, we obtain

(3.69) ‖S`,J‖HK(Ω) ≤ Ct−`−K/αe−µλ
α/2
J t‖w0‖L2(Ω)

This is a direct analogue of Eq. 8.17 in [127]. From Theorem A.1, we obtain that

for all integers r, l ≥ 0, there exists C such that

(3.70) ‖S`,J‖Cr(Ω) ≤ C‖S`,J‖
Hd d2 +re(Ω)

≤ Ct−`−d
d
2 +re/αe−µλ

α/2
J t‖w0‖L2(Ω).

From (3.69) and (3.70), considering the particular case r = 0, and taking the supre-

mum over [t1, t2] with 0 < t1 < t2 <∞, we have

‖S`,J(·, x)‖C0([t1,t2]) ≤ ‖S
`,J‖C0([t1,t2]×Ω) ≤ Ce−λ

α/2
J t1 .
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This tends to zero as J → ∞, which shows that S`,J=1 for any ` ≥ 0 is uniformly

convergent for t > 0. Hence, for any `,

∂`tw(t, x) = S`,J=1(t, x).

This, together with (3.69) and (3.70), gives parts (1) and (2) of Theorem 3.58.

To prove part (3) of Theorem 3.58, we let ε > 0. By the assumption w0 ∈ L2(Ω),

there exists an integer N such that
∞∑

j=N+1
(w0, ej)2

L2(Ω) ≤
ε

2 .

Since 0 < e−tλ
α/2
j < 1, we have

∞∑
j=N+1

(
1− e−tλ

α/2
j

)2
(w0, ej)2

L2(Ω) ≤
ε

2 .

For the same N , for all t sufficiently small,
N∑
j=1

(
1− e−tλ

α/2
j

)2
(w0, ej)2

L2(Ω) ≤
ε

2 .

Therefore,

‖w0 − w(t, x)‖2
L2(Ω) =

N∑
j=1

(
1− e−tλ

α/2
j

)2
(w0, ej)2

L2(Ω) +
∞∑

j=N+1

(
1− e−tλ

α/2
j

)2
(w0, ej)2

L2(Ω)

≤ ε

for all t sufficiently small. This completes the proof of part (3) of Theorem 3.58.

Part (4) of that theorem is a consequence of parts (1) – (3).

Using the regularity results in Theorem 3.58, we can show
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Theorem 3.71. Define, for t ≥ 0 and x ∈ Ω, the survival probability

(3.72) w(t, x) = P
{
XΩ,α
t ∈ Ω

}
= 1− P

{
XΩ,α
t ∈ ∂Ω

}
.

Here, XΩ,α
t is a sample path of subordinate stopped Brownian motion that begins at

x ∈ Ω. Then, w(t, x) satisfies

∂tw + (−∆Ω,0)α/2w = 0 for x ∈ Ω, t > 0

w(x, t) = 0 for x ∈ ∂Ω

w(x, 0) = 1 for x ∈ Ω.

(3.73)

This implies that the survival probability satisfies all of the estimates in Theorem

3.58.

Note that this result is precisely what would follow from the stochastic represen-

tation in Theorem 3.56 for the solution of (3.73):

w(t, x) = EXΩ,α
0 =x

[
1 · χτΩ>Tα/2(t) + 0 · χτΩ≤Tα/2(t)

]
= P

{
XΩ,α
t ∈ Ω

}
.

The matter is that the theorem does not directly apply, since the initial condition

on Ω is not continuous (i.e., the limit of the initial condition at the boundary is

not consistent with the boundary conditions). However, we will use a the regularity

results just obtained for the problem (3.73) to prove the desired representation.

Note that (3.72) clearly satisfies the initial condition and the boundary condition

of problem (3.73); the initial condition is satisfied since XΩ,α
t=0 = x, and the boundary

condition is satisfied since for x ∈ ∂Ω, we have τΩ = 0. Thus, it remains to show that

the solution w(t, x) of problem (3.73) satisfies (3.72) for t > 0, x ∈ Ω. By uniqueness,

Theorem 3.71 will follow.
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Let t, ε > 0. Put

wε(t, x) = w(t+ ε, x),

where w(t, x) is the solution of (3.73). Then wε solves

∂twε + (−∆Ω,0)α/2wε = 0 for x ∈ Ω

wε(x, t) = 0 for x ∈ ∂Ω

wε(x, 0) = w(ε, x) for x ∈ Ω.

Since w(t, x) ∈ C∞((0,∞)× Ω), wε satisfies

wε(t, x) = EXΩ,α
0 =x

[
w(ε,XΩ,α

t ) · χτΩ>Tα/2(t)
]

In other words, for t > 0 and x ∈ Ω,

(3.74) w(t+ ε, x) = EXΩ,α
0 =x

[
w(ε,XΩ,α

t ) · χτΩ>Tα/2(t)
]

For any x, as ε → 0, the left-hand side w(t + ε, x) → w(t, x). To evaluate the limit

of the right-hand side, consider

(3.75) EXΩ,α
0 =x

[
1 · χτΩ>Tα/2(t) − w(ε,XΩ,α

t ) · χτΩ>Tα/2(t)
]
.

This may be written

(3.76)
ˆ

Ω

[
1− w(ε, y)

]
P (t, x; y)dy

where P (t, x; y) is the transition density of XΩ,α
t , giving the probability of starting

at x and hitting y:

P (t, x; y)dy = P
{
XΩ,α
t ∈ [y, y + dy]

}
, XΩ,α

0 = x.
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By construction, for y ∈ Ω, P (t, x; y) is less than the transition density of standard

isotropic α-stable Lévy motion starting at x. The latter is bounded uniformly by

some constant C (depending on α). Thus, we may bound (3.76) by
ˆ

Ω

∣∣∣1− w(ε, y)
∣∣∣P (t, x; y)dy ≤ ‖1− w(ε, y)‖L2(Ω)

√ˆ
Ω
P 2(t, x; y)dy

≤ ‖1− w(ε, y)‖L2(Ω)C
√
m(Ω)

Since w(ε, x) → 1 in L2(Ω) as ε → 0, we obtain that (3.75) also tends to zero as

ε→ 0. In the same limit, equation (3.74) therefore becomes

w(t, x) = EXΩ,α
0 =x

[
1 · χτΩ>Tα/2(t)

]
.

3.9 The Spectral Fractional Dirichlet Problem.

Theorem 3.77. Let Ω be a C∞ domain. Let r ∈ C2(Ω) and g (defined on ∂Ω)

be continuous. Then the solution to
(−∆Ω,g)α/2u(x) = r(x) for x ∈ Ω

u(x) = g(x) for x ∈ ∂Ω
(3.78)

is given by

(3.79) u(x) = EXΩ,α
0 =x

g (XΩ,α
T−1
α/2(τΩ)

)+ EXα
0 =x

ˆ T−1
α/2(τΩ)

0
r(XΩ,α

s )ds


According to (3.6), the solution u to problem (3.78) can be written as u = u1 +u2

where u1 solves 
(−∆Ω,0)α/2u1(x) = r(x) for x ∈ Ω

u1(x) = 0 for x ∈ ∂Ω
(3.80)
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and u2 solves 
∆u2(x) = 0 for x ∈ Ω

u2(x) = g(x) for x ∈ ∂Ω
(3.81)

The classical theory of the Dirichlet problem [106, 86] implies u2 ∈ C2(Ω), so by

the Feynman-Kac formula, it can be written

u2(x) = EXΩ,2
0 =x

[
g(XΩ,2

τΩ
)
]

= EXΩ,α
0 =x

g (XΩ,α
T−1
α/2(τΩ)

)
on account of XΩ,2

τΩ
= XΩ,α

T−1
α/2(τΩ). This is the first term in (3.79). It remains to show

that u1 coincides with the second term.

We begin by noting, from Corollary 3.6 in [89] (this is transcribed in Section

2.7.5), that the solution u1 in (3.80) is C2(Ω). Next, we consider the equation

∂tw + (−∆Ω,0)α/2w = r for x ∈ Ω

w(x, t) = 0 for x ∈ ∂Ω

w(x, 0) = 0 for x ∈ Ω

The solution w to this equation can be written w = wtrans +u1, where u1 is the same

as in equation (3.80) and therefore the transient part wtrans solves

∂twtrans + (−∆Ω,0)α/2wtrans = 0 for x ∈ Ω

wtrans(x, t) = 0 for x ∈ ∂Ω

wtrans(x, 0) = −u1(x) for x ∈ Ω
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Since u1 ∈ C2, we have from Theorem 3.58 that wtrans(t, ·) ∈ C2 for t ≥ 0 and

therefore w(t, ·) ∈ C2 for t ≥ 0. From Theorem 3.56, we obtain

w(t, x) = EXα
0 =x

ˆ t

0
r(XΩ,α

s )χτΩ>Tα/2(s)ds


Next, we show, for each x ∈ Ω,

(1) w(t, x) → u1(x) as t → ∞; equivalently, wtrans(t, x) → 0. This follows

directly from Theorem 3.58.

(2) As t→∞,

EXα
0 =x

ˆ t

0
r(XΩ,α

s )χτΩ>Tα/2(s)ds

→ EXα
0 =x

ˆ T−1
α/2(τΩ)

0
r(XΩ,α

s )ds
 .

Items (1) and (2) imply

u1(x) =
ˆ T−1

α/2(τΩ)

0
r(XΩ,α

s )ds
 ,

yielding the second term in (3.79) and completing the proof of the theorem. To prove

(2), we write using the law of total expectation,

EXα
0 =x

ˆ t

0
r(XΩ,α

s )χτΩ>Tα/2(s)ds

 = EXα
0 =x

ˆ t

0
r(XΩ,α

s )ds
∣∣∣∣∣ τΩ > Tα/2(t)

P{τΩ > Tα/2(t)
}

+ EXα
0 =x

ˆ T−1
α/2(τΩ)

0
r(XΩ,α

s )ds
∣∣∣∣∣ τΩ ≤ Tα/2(t)

P {τΩ ≤ Tα/2(t)
}
.

From Theorem 3.71, we have P
{
τΩ > Tα/2(t)

}
∼ e−λ

α/2
1 t, so the first term in the above

equation tends to zero as t→∞. Consequently, in the second term, P
{
τΩ ≤ Tα/2(t)

}
→
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1 as t→∞. By martingale convergence, the second term therefore tends to

EXα
0 =x

ˆ T−1
α/2(τΩ)

0
r(XΩ,α

s )ds
 .

This completes the proof.

Remark 3.82. Note that to obtain u2 ∈ C2 in equation (3.81), it is only required

that Ω satisfy, e.g., the exterior sphere condition [106]. The condition that Ω is C∞

is used in two places. First, to invoke the regularity results of article [89] (Corollary

3.6) that the solution u1 in Eq. (3.80) is C2(Ω). This assumption on Ω is required due

the techniques utilized in that article; we do not believe it is essential for obtaining

u1 ∈ C2(Ω). For example, regularity results in Hölder spaces for the same equation

(3.80) were obtained in [39] assuming that Ω is Lipschitz, but only for the spaces

C0,r; this is discussed in Section 2.7.5 of the thesis. If regularity in higher order C2,r

spaces were proven with weaker conditions on Ω, then the requirement that Ω is C∞

in Theorem 3.77 could be relaxed accordingly. We believe this to be possible, but are

not aware of such results in the literature. The second place where the smoothness

of the domain is used is in the proof of Theorem 3.58, to invoke elliptic regularity

(Theorem A.2) without restriction on k and obtain smoothness of the solution u(t, x).

Full smoothness of the solution to the Cauchy problem is not required in the above

proof, and may also be relaxed in a way that depends on the dimension d. For

simplicity, we have not done so. Numerical simulations in Section 3.10 verify both

the time-dependent and time-independent stochastic solution formulas in the unit

square and unit cube in benchmark examples.
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3.10 Numerical Examples.

3.10.1 Implementation Details.

We now verify the stochastic solution formulas proved in this chapter. Namely,

for the parabolic time-dependent problem (3.51) with initial condition f , boundary

condition g, and time-independent right-hand side r, we study the formula

(3.83) u(t, x) = EXΩ,α
0 =x

[
f(XΩ,α

t )χτΩ>Tα/2(t) + g(XΩ,α
t )χτΩ≤Tα/2(t)

]
+ EXα

0 =x

ˆ t

0
r(XΩ,α

s )χτΩ>Tα/2(s)ds

 .
For the elliptic problem (3.78) with boundary condition g and right-hand side r, we

study the formula

u(x) = EXΩ,α
0 =x

g (XΩ,α
T−1
α/2(τΩ)

)+ EXΩ,α
0 =x

ˆ T−1
α/2(τΩ)

0
r
(
XΩ,α
s

)
ds

 .
We start by discussing the direct discretization of the process Xα,Ω

t ≡ X2,Ω
Tα/2(t) =

X2
Tα/2(t)∧τΩ . A short MATLAB implementation of method described below is included

in Appendix C.

(1) Generation of Discrete Stopped Brownian Motion X2,Ω
t . A starting

point X2,Ω
0 ∈ Ω is specified. A discrete time step dt is chosen, and we

generate the path at times t = 0, dt, 2dt, ... using

(3.84) X2,Ω
t+dt = X2,Ω

t +
√

2dt1/2mvnrnd(0, Id)
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where mvnrnd(0, Id) denotes the multivariate normal random variable with

mean vector 0 = [0 0 ... 0]T and covariance matrix

Id =



1 0 ... 0

0 1 ... 0

... ... ...
...

0 0 ... 1


in dimension d where Ω ⊂ Rd. Equation (3.84) is used to generate new

points of the path while X2,Ω
t ∈ Ω. Once we obtain a position X2,Ω

t+∆t 6∈ Ω,

we replace this last position by the point X2,Ω
τΩ

nearest to it on the boundary,

and end. The full path is stored and used in the next steps. The exit time

τΩ rounded up to the nearest dt, denoted dτΩedt, is saved as well.

(2) Generation of Discrete Subordinator Tα/2(t) starting at zero. We

generate the subordinator at times t = 0, dt, 2dt, ... with Tα/2(0) = 0 and

(3.85) Tα/2(t+ dt) = Tα/2(t) + dt1/a stblrnd(a, skewness, scale, center)

with parameters a = α/2, skewness = 1, scale = (cos(πa/2))1/a, and

center = 0. For simplicity, we use the same value of dt as used to discretize

the Brownian motion, although this is not required. The parameter values

of skewness, scale, and center are the parameters in the Samorodnitsky

and Taqqu parametrization of the one-dimensional stable process that yield

the standard stable subordinator [186]. The function stblrnd, written by

Mark Veillette [214], uses the methods of [221, 43] to generate samples

of the one-dimensional stable random variable in the Samorodnitsky and

Taqqu parametrization. The resulting samples from stblrnd are positive;
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for these parameters, the stable distribution is supported on R+, as shown

in Figure 2. Using (3.85), the subordinator is updated while Tα/2(t) < τΩ.

When Tα/2(t+dt) is greater than or equal to τΩ for the first time, we replace

it by τΩ and end.

(3) Subordination of Discrete Stopped Brownian Motion X2,Ω
t . We

now wish to insert the values of the subordinators Tα/2 into the respective

Brownian paths. However, since the positions of the Brownian paths are

only available at times 0, dt, 2d, ..., we round the subordinators up to the

nearest multiple of dt. We denote this by dTα/2edt. The discretized process

Xα,Ω
t is obtained as X2,Ω

dTα/2edt . This step is illustrated in Table 1, and the

process is illustrated with some example paths in Figures 3 and 4.

(4) Integration for parabolic solution (3.83) in time. To calculate the

first term in the solution at time Ndt, if a sample path of XΩ,α
t has hit

the boundary at time Ndt, the boundary condition g is evaluated at XΩ,α
Ndt;

otherwise, the initial condition f is evaluated at XΩ,α
Ndt. The second term

(the path integral) is discretized as

(3.86)
ˆ Ndt

0
r(XΩ,α

s )χτΩ>Tα/2(s)ds

 ∼ dt

N∧dT−1
α/2(τΩ)edt/dt∑
n=1

r(XΩ,α
ndt ).

Importantly, the integration does not repeat over the exit point. Once a

path hits the boundary, the path integral over that path no longer evolves.

This is illustrated in Figure 5.

(5) Integration for elliptic solution. The boundary condition g is evaluated

at the endpoints of each path, and for the path integral, the same discretiza-

tion (3.86) is used except that all sums run to dT−1
α/2(τΩ)edt/dt, rather than

N ∧ dT−1
α/2(τΩ)edt/dt.
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Remark 3.87. Unlike in the classical α = 2 case, computing the solution for the

time-dependent problem (using the direct approach above) even for a short time t

requires generating Brownian paths all the way to the boundary. This is because

the subordinator Tα/2 may advance time significantly beyond the specified time t.

The vast majority of computation time is spent generating paths, so once the paths

are stored, we recommend computing the entire solution curve in time as well as the

solution to the time independent problem.

Remark 3.88. The true subordinator Tα/2(t) is strictly increasing. However,

because we have to round the subordinator values to nearest multiple of dt, the

discrete subordinator dTα/2edt is merely nondecreasing, and frequently “waits” at the

same time value for several increments.

t XΩ,2
t t Tα/2(t) XΩ,α

t

0 X0 0 0 X0

dt Xdt dt dTα/2(dt)edt XdTα/2(dt)edt

2dt X2dt → 2dt dTα/2(2dt)edt XdTα/2(2dt)edt
... ... ... ... ...
ndt Xndt ndt dTα/2(ndt)edt XdTα/2(ndt)edt
... ... ... ... ...
dτσedt Xdτσedt dT−1

α (τσ)edt = Ndt dTα/2(Ndt)edt XdTα/2(Ndt)edt
... Xdτσedt

... ... XdTα/2(Ndt)edt

Table 1. Left: The output of Step 1 discussed above, in which a discrete
stopped Brownian motion path is generated and stored. The process re-
mains at the boundary point XdτΩedt for all time greater than dτΩedt, so the
path need only be stored up to that point. Right: Illustration of Steps 2
and 3, in which the discrete subordinator dTα/2(Ndt)edt is generated (center
column) and used to subordinate a discrete stopped Brownian motion path
stored in Step 1 to yield discrete subordinate stopped Brownian motion
path (right column).
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Figure 2. Probability density function of the standard stable subordina-
tor Tα/2 for various α, with the other parameters fixed as discussed above.
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(d) Final subordinated Paths
from original BM paths

Figure 3. Top left: Three time series of stopped Brownian paths XΩ,2 in
the unit interval [0, 1]. Top right: Three samples of the standard α-stable
subordinator Tα/2 for α =

√
3, run until the exit time of the respective

stopped Brownian path shown to the left. Bottom Left: The cyan process
is an original BM (the blue one) from the top left plotted versus standard
time t. The dark blue process shows the subordinated process plotted ver-
sus subordinated time Tα/2. Some of the locations of the original process
are skipped, and others are kept. Bottom right: Final subordinated paths
plotted versus standard time t.
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Figure 4. Top left: Two stopped Brownian paths XΩ,2
t in the unit square

[0, 1]× [0, 1]. Top right: Two samples of the standard α-stable subordinator
Tα/2 for α =

√
2, run until the exit times of the respective stopped Brow-

nian paths shown to the left are exceeded. Bottom Left: The light-colored
paths are original stopped BM from the top left; the dark-colored paths
are subordinated paths XΩ,2

Tα/2(t). The subordinated process is seen to be a
subprocess of the stopped BM. Bottom right: Final subordinated paths.
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Figure 5. Illustration of path integration in the unit square [0, 1]× [0, 1]
for the stochastic solution in time. First, several paths of the subordinate
stopped process are generated and stored in memory. Top left: Three sam-
ple paths of the subordiante stopped process XΩ,α

t (black) for α =
√

3
starting at (x, y) = (0.5, 0.5) – shown as a red dot – with indicated stop-
ping times. Top right, bottom left, bottom right: The red tracings show the
paths of integration (running along the stopped paths for specified time t)
for computing the solution to the parabolic problem u(t, x = 0.5, y = 0.5)
at increasing t.
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3.10.2 2-Dimensional Benchmark Example (Unit Square).

First, we test the parabolic solution formula. Consider the two-dimensional unit

square R = [0, 1]× [0, 1]. Define g : ∂R→ R by

g(x, y = 0) = 0

g(x, y = 1) = 1

g(x = 0, y) = y

g(x = 1, y) = y

(3.89)

and consider the problem, for α =
√

3,

∂tu+ (−∆R,g)α/2u = sin(πx) sin(πy)

u
∣∣∣
∂R

= g

u(t = 0, x) = y + 1
(π2+π2)α/2 sin(πx) sin(πx).

In this problem,

• the boundary condition (BC) function g is defined by (3.89).

• the right-hand side (RHS) is r(x, y) = sin(πx) sin(πy), and

• the initial condition (IC) is

f(x, y) = y + 1
(π2 + π2)α/2 sin(πx) sin(πy) + sin(2πx) sin(2πy).

The exact solution is

u(t, x) = y + 1
(π2 + π2)α/2 sin(πx) sin(πy) + e−(4π2+4π2)α/2t sin(2πx) sin(2πy).

In the top of Figure 6, we consider the time trajectory of the stochastic solution

u(t, 1/3, 2/3) at the fixed point (1/3, 2/3) ∈ R. The discretized Brownian motion/-

subordinator time step is fixed at dt = 10−4. The mean of 100 stochastic solutions,
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computed using 100 or 1,000 paths (as indicated) starting from (1/3, 2/3), is plotted

and compared to the exact solution. The “Mean ± Standard Deviation” illustrates

the expected variation of a stochastic solution computed using 100 or 1,000 paths,

respectively, as it oscillates about the respective mean. Further, the means of the

100-path and 1000-path solutions also represent stochastic solutions for u(t, 1/3, 2/3)

computed using 100× 100 = 10, 000 paths and 100× 1000 = 100, 000 paths, respec-

tively. We see that both are well-converged to the exact solution curve, although the

100,000 path solution is smoother when viewed more closely in the inset.

The next example illustrates the role of the Brownian motion/subordinator time

step dt when the stochastic solution formula is used near the boundary. At the bot-

tom of Figure 6, we consider the time trajectory of the stochastic solution u(t, 9/10, 9/10)

at the fixed point (9/10, 9/10) near the top-right corner of R. In both the main figure

and the insets, the 10,000 path solution using dt = 0.0001 has significant discrep-

ancy from the true solution. Increasing the number of paths (as in the top figure)

to 100, 000 does not improve the accuracy the solution; in fact, it remains mostly

unchanged from the 10,000 path solution. However, in this case, refining dt by de-

creasing it one order of magnitude to 10−5 improves the solution significantly, even

when using only 10,000 paths. This can be attributed to the closeness of the point

(9/10, 9/10) to the boundary. Because the paths have a high probability of exiting

very close to the starting point in a few number of steps, using too high a dt results in

under-resolved Brownian motion that looks more like ballistic motion, bottlenecking

the convergence of the solution.
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Figure 6. Convergence of stochastic solutions for the 2D problem
with right-hand side r(x, y) = sin(πx) sin(πy). Top, main: Conver-
gence with respect to number of paths of the stochastic solution at
(1/3, 2/3), with dt = 10−4. Top, inset: Zoomed-in view of the main
plot. Bottom, main: Bottlenecking of the convergence of the stochastic
solution at (9/10,9/10), and improvement with refinement of dt from
10−4 to 10−5. Bottom, insets: Zoomed-in views of the main plot.
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Next, we consider the elliptic problem on the unit square R = [0, 1]× [0, 1]:
(−∆R,g)α/2u = 137 sin(2πx) sin(3πy)

u
∣∣∣
∂R

(x, y) = y

In this problem, the BC function g = y as before and the RHS is r(x) = 137 sin(2πx) sin(3πy).

The exact solution is

u(x, y) = y + 137[
(2π)2 + (3π)2]α/2 sin(2πx) sin(3πy);

For α =
√

3, we study the elliptic solution formula along the diagonal line D =

{(s, s)
∣∣∣ s ∈ [0, 1]} ⊂ R. Thus, D runs from the bottom left corner of the square to

the top right corner. We take 100 equispaced points on this line, and compute the

solution at each of the points using 100, 1,000, and 10,000 paths. The discretized

Brownian motion/subordinator time step is fixed at dt = 10−4. The solutions are

compared to the exact solution in Figure 7. We see that they converge to the true

solution as the number of paths is increased.
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Figure 7. Stochastic solution of problem in the 2D unit square
with right-hand side r(x, y) = 137 sin(2πx) sin(3πy) at 100 equispaced
points along the line D = {(s, s)

∣∣∣ s ∈ [0, 1]}, using 100, 1,000, and
10,000 paths starting from each point.

3.10.3 3-Dimensional Benchmark Example (Unit Cube).

Consider the three-dimensional unit cube Q = [0, 1]3. Define g ≡ 1 on ∂Q. We study

the equation

∂tu+ (−∆Q,g)α/2u = sin(πx) sin(πy) sin(πz)

u
∣∣∣
∂Q

= g

u(t = 0, x, y, z) = 1 + 1
(π2+π2+π2)α/2 sin(πx) sin(πy) sin(πz)

+ sin(2πx) sin(2πy) sin(2πz).

(3.90)

In this problem,

• the boundary condition (BC) function g ≡ 1,
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• the right-hand side (RHS) is r(x, y, z) = sin(πx) sin(πy) sin(πz), and

• the initial condition (IC) is

f(x, y, z) = 1+ 1
(π2 + π2 + π2)α/2 sin(πx) sin(πy) sin(πz)+sin(2πx) sin(2πy) sin(2πz).

The exact solution is

u(t, x, y, z) = 1 + 1
(π2 + π2 + π2)α/2 sin(πx) sin(πy) sin(πz)

+ e−(4π2+4π2+4π2)α/2t sin(2πx) sin(2πy) sin(2πz).

We fix α =
√

2 and dt = 10−4. We start by testing the parabolic solution formula

in Figure 8. We approximate the solution u(t, x, y, z) as a function of t at two

different points: (x, y, z) = (1/3, 2/3, 1/3) and (x, y, z) = (3/5, 2/5, 3/5). The mean

of 100 stochastic solutions, computed using 100 or 1,000 paths (as indicated) starting

from (x, y, z) is plotted and compared to the exact solution. The“Mean ± Standard

Deviation” illustrates the expected variation of a stochastic solution computed using

100 or 1,000 paths, respectively, as it oscillates about the respective mean. Further,

the means of the 100-path and 1000-path solutions also represent stochastic solutions

for u(t, x, y, z) computed using 100× 100 = 10, 000 paths and 100× 1000 = 100, 000

paths, respectively. We see that these are well-converged to the true solution.

Next, we study the stochastic solution in spacetime along line diagonal line D =

{(s, s, s)
∣∣∣ s ∈ [0, 1]} ⊂ R. We take 100 equispaced points on D, and compute the

solution at each of the points using 100, 1,000, and 10,000 paths. In Figures 9 and 10,

we show surface plots in (s, t) of these solutions and compare to the exact solution; in

Figure 11, we plot the absolute error ustochastic(t, s, s, s)− uexact(t, s, s, s) as a surface

plot in (s, t). We observe a decrease in the maximum value of the absolute error by

a factor of roughly
√

10 each time the number of paths is increased by a factor of 10.
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Figure 8. Convergence of stochastic solutions for the 3D problem
with boundary condition g ≡ 1 and right-hand side r(x, y, z) =
sin(πx) sin(πy) sin(πz). Top, main: Convergence with respect to
number of paths of the stochastic solution at (1/3, 2/3, 1/3), with
dt = 10−4. Top, inset: Zoomed-in view of the main plot. Bottom,
main: Convergence with respect to number of paths of the stochastic
solution at (3/5, 2/5, 3/5), with dt = 10−4. Bottom, inset: Zoomed-in
view of the main plot.
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Stochastic solution computed
using 100 paths for t ∈ [0, 0.5].

Stochastic solution computed
using 100 paths zoomed in to
a shorter time t ∈ [0, 0.1].

Stochastic solution computed
using 1,000 paths for t ∈
[0, 0.5].

Stochastic solution computed
using 1,000 paths zoomed in to
a shorter time t ∈ [0, 0.1].

Figure 9. Stochastic solution using 100 paths (top) and 1,000 paths
(bottom) of problem (3.90) in time t on the diagonal D = {s, s, s} in
the unit cube.
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Stochastic solution computed
using 10,000 paths for t ∈
[0, 0.5].

Stochastic solution computed
using 10,000 paths zoomed in
to a shorter time t ∈ [0, 0.1].

Exact solution for t ∈ [0, 0.5].
Exact solution zoomed in to a
shorter time t ∈ [0, 0.1].

Figure 10. Stochastic solution (using 10,000 paths, top) and exact
solution (bottom) of problem the 3D problem with boundary condition
g ≡ 1 and right-hand side r(x, y, z) = sin(πx) sin(πy) sin(πz) in time t
on the diagonal D = {s, s, s} in the unit cube.
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100 paths for the stochastic so-
lution.

1,000 paths for the stochastic
solution.

10,000 paths for the stochastic
solution.

Figure 11. Convergence of the absolute error ustochastic(t, s, s, s) −
uexact(t, s, s, s) for the solution of the 3D problem with boundary con-
dition g ≡ 1 and right-hand side r(x, y, z) = sin(πx) sin(πy) sin(πz) in
spacetime for time t ∈ [0, 0.5] and position s ∈ [0, 1] along the diag-
onal (s, s, s). 100, 1,000, and 10,000 paths are used in the stochastic
solution.
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Next, we test the elliptic solution formula for the example consisting of the steady

state to problem (3.90), i.e.,
(−∆Q,g)α/2u = sin(πx) sin(πy) sin(πz)

u
∣∣∣
∂Q

= 1
(3.91)

which has exact solution

u(x, y, z) = 1 + 1
(π2 + π2 + π2)α/2 sin(πx) sin(πy) sin(πz).

We keep α =
√

2 and dt = 10−4, and illustrate convergence by computing the solution

u(s, s, s) using 100, 1,000, and 10,000 paths from each of the 100 equispaced points

on D = {(s, s, s)
∣∣∣ s ∈ [0, 1]}. This is shown in Figure 12. In fact, the same exact

sets of stopped paths are used to produce Figures 9 and 10 are used to evaluate the

stochastic solution formula for this elliptic problem.
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Figure 12. Stochastic solution of problem (3.91) in the 3D unit cube
at 100 equispaced points along the line D = {(s, s, s)

∣∣∣ s ∈ [0, 1]}, using
100, 1,000, and 10,000 paths starting from each point.
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3.10.4 16-Dimensional Benchmark Example (Unit Hyper-

cube).

Finally, we demonstrate the utility of the stochastic solution formulas of this chapter

in a 16-dimensional benchmark problem, where grid-based methods would not be

feasible due to the curse of dimensionality. For the time-independent problem on the

unit hypercube Q ⊂ R16 with α =
√

3,
(−∆Q,g)α/2u(x) = (16π2)α/2

16∏
i=1

sin(πxi)

u
∣∣∣
∂Q

(x) = g(x) ≡ 1 + 1
32

16∑
i=1

xi,

we show in Figure 13 the stochastic solutions computed on the diagonal (s, s, ..., s)

of the hypercube compared to the exact solution

u(x) = 1 + 1
32

16∑
i=1

xi +
16∏
i=1

sin(πxi).
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Exact Solution

10,000 Paths per point

(only for s = 0.45, 0.46, 

..., 0.55)

101 equispaced points
on the diagonal
(s,s,...,s) of the
16-dimensional unit
cube are taken. The
solution is computed at
each point by
generating the
specified number of
paths starting from
that point.

Figure 13. Stochastic solutions to the time-independent 16-dimensional
benchmark problem on the diagonal of the unit hypercube.
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The wall times were roughly 10 minutes for the 100-path solution, and 100 min-

utes for the 1,000-path solution using one core (i7-6700K processor). Then, 10,000

paths were used to refine the numerical solution near the peak (s = 0.45, 0.46, ..., 0.55),

where the 1,000 path solution still had significant noise. The wall time to compute

the solution at these 11 points using 10,000 paths was roughly 270 minutes.

For the time-dependent problem on the same unit hypercube Q ⊂ R16,

∂tu(t,x) + (−∆Q,g)α/2u(t,x) = (16π2)α/2
16∏
i=1

sin(πxi)

u
∣∣∣
∂Q

(t,x) = g(x) ≡ 1 + 1
32

16∑
i=1

xi

u(t = 0,x) = 1 + 1
32

16∑
i=1

xi +
16∏
i=1

sin(πxi) +
16∏
i=1

sin(2πxi),

the same sample of paths may be used to compute the dynamics on the diagonal,

and compared with the exact solution solution

u(t,x) = 1 + 1
32

16∑
i=1

xi +
16∏
i=1

sin(πxi) + e−(16×4π2)α/2t
16∏
i=1

sin(2πxi).

This is shown in Figure 14 for 0 ≤ t ≤ 0.03.

Figure 14. Stochastic solution u(t, s, s, ..., s) to the time-dependent 16-
dimensional problem on the diagonal of the unit hypercube in 16 dimensions,
for t ∈ [0, 0.03] (left) and zoomed in to t ∈ [0, 0.01] (right), using 1000 paths
for each point. Max abs. error on (t, s) ∈ [0, 0.03]× [0, 1] = 0.033.
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3.11 Chapter Conclusion

We have proven, implemented, and verified stochastic solution (Feynman-Kac) for-

mulas for Cauchy and Dirichlet problems for the spectral fractional Laplacian (−∆Ω,g)α/2

with nonzero Dirichlet boundary conditions. This operator was introduced recently

in [11] and [55], and our work represents a novel probabilistic approach to this topic.

The formulas, which involve subordinate stopped Brownian motion, were verified by

considering a number of benchmark examples in two, three, and sixteen dimensions,

and convergence with respect to the number of paths and time step parameter dt

was studied. This work validates the proposed operator (−∆Ω,g)α/2 from a stochastic

perspective.

Stochastic solution formulas provide an attractive method to both understand

fractional operators and compute solutions to associated boundary value problems.

Such formulas for Neumann boundary value conditions, which involve boundary

local time, are a worth exploring in this regard [36, 22, 136, 23]. Further numerical

studies may explore Monte Carlo solution of boundary value problems in complex

domains. The direct SDE discretization discussed in this chapter is an alternative

to the work of [195], as implementation requires only an efficient subroutine to

determine if the process is in the domain or not. Moreover, Monte Carlo methods

based on such formulas can provide efficient solutions in high dimensions, a fertile

area for applications. Walk-on-spheres [155, 225, 233, 232] and quasi-Monte Carlo

[154] approaches may be explored to accelerate such solution methods.
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4.1 Introduction

As discussed in Chapter 1, space- and time-fractional differential equations have

emerged as the correct way to model many types of anomalous diffusion [117, 149],

nonlocal phenomena [133], memory effects [64], and many non-equilibrium [215] and

turbulent [140, 179] systems. Recall from Section 2.2.4 that anomalous diffusion

is any diffusion in which the mean square displacement is not linear in time, i.e.,

〈X2
t 〉 6∼ t, and can include processes characterized by heavy tails, infinite variance,

time-change by stochastic processes, and inhomogeneity in space and time. Diffusion

is characterized by a space-time scaling relationship, such as

Xct ∼ c1/αXt, where α > 0,

for time t and positive scaling factor c. When α = 2, this scaling corresponds

to Brownian motion, or normal diffusion. Otherwise, it describes two anomalous

regimes: subdiffusion for α > 2, and superdiffusion for α < 2. One can think of

superdiffusion for 1 < α < 2 as a regime between normal diffusion and ballistic

motion, for which α = 1.

An example of a physical system that may exhibit superdiffusion is a plasma (a

fluid of charged particles) in which the particles favor ballistic motion in the pres-

ence of a magnetic field [53, 215]. Experimental evidence of anomalous diffusion

[227, 84] in plasmas has prompted theoretical discussions on how the equations of

magnetohydrodynamics can drive anomalous diffusion [63, 53, 229] and applications

of CTRWs to plasma physics [19]. Anomalous diffusion has moreover been observed

in percolation clusters [110], which has since been explained theoretically [83]. In-

spired by this finding, the role of anomalous diffusion in disordered superconductors

(and other disordered media) has also been elucidated [34].
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Figure 1. Time series illustrations (plots of displacement versus
time) of an idealized particle undergoing superdiffusive, isotropic α-
stable motion and comparison with the normal, α = 2 case. The
position parameter is set to 0 and the scale parameter to 1/

√
2, giving

a variance of 1 in the normal case α = 2. For 0 < α < 2, the motion
is discontinuous in time and has infinite variance; for α < 1, the mean
itself diverges.

Recently, a nonlinear fractional Schrödinger equation in Rd has been rigorously

derived from a mathematical physics perspective as the continuum limit of a system

of discrete nonlinear Schrödinger equations with increasingly long-range interactions

[116]. Laskin [128, 129, 130, 131] first developed fractional quantum mechanics,

following the early considerations of Kac [108]. Starting from the Feynman path

integral formulation of quantum mechanics, Laskin replaced integrals over Brownian

paths with integrals over α-stable Lévy paths. He showed that this amounts to re-

placing the standard Laplacian by the (Riesz) fractional Laplacian in the Schrödinger
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equation, leading to

(4.1) i~
∂ψ(r, t)
∂t

= Dα(−~2∆)α/2ψ(r, t) + V (r)ψ(r, t),

with the Riesz fractional Laplacian defined by the momentum space representation

F~
[
(−~2∆)α/2ψ

]
= |p|αF~ [ψ] ,

where F~ denotes the Fourier transform,

F~ [ψ] =
ˆ
Rd
e−i

〈p,r〉
~ ψ(r, t)dr.

This equation is called the space-fractional Schrödinger equation.

We distinguish the Riesz fractional Laplacian from other forms because, as dis-

cussed in great detail in Chapter 2 and [137], there are several ways to define the

fractional Laplacian. Although the various notions of fractional Laplacian agree with

each other in Rd , they no longer agree on a bounded domain. The use of the Riesz

fractional Laplacian (−∆)α/2, defined as the Fourier multiplier with symbol |p|α, is

required in all cases by the derivation of fractional quantum mechanics. See [100]

for further discussion.

Laskin showed that Equation 4.1 enjoys many of the basic properties that allow

the usual Schrödinger equation to serve as a foundation for quantum mechanics.

For example, since (−∆)α/2 is self-adjoint, observables are real valued [131]. The

fractional Schrödinger equation was subsequently derived by Kleinert by taking the

scale-invariant limit of the wave equation in quantum field theory [119, 118].

To date, solutions to the fractional Schrödinger equation given by Equation (4.1)

have been derived for a variety of analytically tractable Hamiltonians, including the

delta potential [56], the fractional hydrogen atom [129], the fractional oscillator

[129], and the fractional square well [95, 62, 191, 74]. More recently, it has been
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suggested that fractional Hamiltonians may naturally arise from strong many body

interactions, which prompted a mean field exploration of fractional Bose-Einstein

condensation [119]. Nevertheless, no robust algorithm for examining the properties

of the fractional Schrödinger equation for arbitrary potentials has yet been proposed,

limiting the study of potentially rich fractional mathematics and physics.

In this chapter, we introduce a new fractional Path Integral Monte Carlo (PIMC)

method capable of modeling the finite temperature physics of a wide variety of space-

fractional Hamiltonians. The method computes finite temperature observables using

the PIMC algorithm popularly employed to characterize boson and Boltzmannon

phase diagrams [41, 42, 166] to sample the many body fractional partition func-

tion. Key to being able to use the PIMC algorithm in this context is being able to

express and sample the free finite temperature fractional density matrix. Therefore,

after establishing the theory in Sections 4.2.1–4.2.3, we derive several forms for the

density matrix in Section 4.2.4, including a Hankel transform representation that al-

lows for efficient computation through quadrature. Then, a sampling method based

on a numerical inverse transformation is given in Section 4.2.5. How PIMC simula-

tions based on the new fractional density matrix proceed is then briefly discussed in

Sections 4.2.6 and 4.2.7.

Section 4.3 includes observations about the new methodology and the results of

benchmark simulations. Interestingly, we find that the probability distribution func-

tion that represents the fractional density matrix manifests dramatically different

asymptotic behaviors depending upon the fractional exponent present in the Hamil-

tonian. Whereas for fractional exponent α = 2 the distribution reduces to the usual

Gaussian case, for α < 2, the distribution possesses heavy tails, and for α > 2, the

distribution becomes negative. Setting aside the α > 2 case (this case is typically ex-

cluded in discussions of the fractional Laplacian because there is no α-stable process

for α > 2), in the remainder of section 4.3, we illustrate how our algorithm may be
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used to compute finite temperature observables including energies and radii of gyra-

tion for two illustrative Hamiltonians: 1) the free particle Hamiltonian; and the 4He

Hamiltonian using the Aziz [14] potential. We end with a discussion of the general

applicability of our method and the intriguing fractional physics it may reveal.

4.2 Theory and Algorithms

4.2.1 Overview of the Path Integral Monte Carlo Method

Since our method may be viewed as a generalization of the conventional PIMC

algorithm, we begin this section with a review of PIMC. As described in significantly

more detail by Ceperley [41], the finite temperature equilibrium expectation values

of an observable, Ô, in the position basis may be expressed as

(4.2) 〈Ô〉 = Z−1
ˆ
dRdR

′
ρ(R,R′ ; β)〈R|Ô|R′〉,

where Z denotes the system’s partition function

(4.3) Z =
ˆ
dRρ(R,R; β)

at inverse temperature β = 1/(kBT ). In the above, R = {r1, r2, ..., rN} is the

position vector of all N particles’ coordinates, where ri represents the position of

the ith particle. One of the key quantities present in both Equations (4.2) and (4.3)

is ρ(R,R′ ; β), the finite temperature density matrix. In position space, the density

matrix may be expanded into

ρ(R,R′ ; β) = 〈R|e−βĤ |R′〉

=
∑
i

ψ∗i (R)ψi(R
′)e−βEi ,
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where Ĥ is the Hamiltonian that describes the system, and Ei and ψi respectively

denote its eigenvalues (energies) and eigenfunctions (wave functions). Although ob-

taining an exact expression for the density matrix at an arbitrary temperature would

require diagonalizing the many body Hamiltonian, a task generally beyond current

computational capabilities, the density matrix may be simplified into more tractable

expressions via Trotter factorization. In general, the convolution of two density ma-

trices remains a density matrix such that

(4.5) ρ(R1,R3; β1 + β2) =
ˆ
dR2 ρ(R1,R2; β1)ρ(R2,R3; β2),

which implies that the expression for the density matrix at inverse temperature, β,

may be expressed as the convolution of M density matrices at inverse temperature

τ = β/M :

ρ(R0,RM ; β) =
ˆ
...

ˆ
dR1dR2...dRM−1 ρ(R0,R1; τ)

ρ(R1,R2; τ)...ρ(RM−1,RM ; τ).

The M + 1 different N -particle position vectors represent the particle positions at

M+1 different so-called “imaginary times.” BecauseR0 is the same asRM in the ex-

pression for the partition function, according to the quantum-classical isomorphism,

the particles may be thought of as polymers constructed of M different beads linked

together. If τ is sufficiently small, assuming the system Hamiltonian may be split

into kinetic (K̂) and potential pieces (V̂ ), Ĥ = K̂ + V̂ , the Suzuki-Trotter factor-

ization [211, 111] may be used to break up the exponential of the Hamiltonian into

corresponding kinetic and potential exponentials

e−τĤ = e−τ(K̂+V̂ ) ≈ e−τK̂e−τV̂
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such that the density matrices may also be broken into

ρ(R0,R2; τ) ≡
ˆ
dR1〈R0|e−τK̂ |R1〉〈R1|e−τV̂ |R2〉.

Because potential operators are generally diagonal in the position representation,

evaluating the position density matrix is trivial:

〈R1|e−τV̂ |R2〉 = e−τV̂ (R1)δ(R2 −R1).

The evaluation of the kinetic density matrix is less trivial and requires finding

the eigenvalues and eigenfunctions of K̂. We assume periodic boundary conditions

and the α = 2, non-fractional form for the kinetic operator

K̂ = −~
2

2m ∇
2 = λ(−∆),

in which ∆ denotes the Laplacian, ∇ denotes the gradient, and the constant λ =

~2/(2m). The eigenvalues of the three-dimensional kinetic operator are λK2
n and the

eigenfunctions are L−3N/2eiKn·R, with Kn = 2πn/L and Kn = |Kn|. The kinetic

density matrix may therefore be expressed as

〈R0|e−τK̂ |R1〉 =
∑
n

L−3Ne−τλK
2
n−iKn·(R0−R1)

= (4πλτ)−3N/2e
−|R0−R1|

2
4λτ .

As discussed in more detail in Section 4.2.6, the finite temperature partition function

may then be sampled via Monte Carlo. Foreshadowing the subsequent discussion, it

should be noted that Equation (4.6), and the eigenvalues and eigenfunctions used to

evaluate it, is only valid for the negative Laplacian (−∆). If the differential operator

is of a different power, the Suzuki-Trotter factorization is still valid (see Appendix
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D), but new expressions for the density matrix are required. These expressions are

derived and discussed below.

4.2.2 The Many-Body Fractional Schrödinger Equation

As first presented by Laskin [128, 129, 130, 131], the fractional Schrödinger equa-

tion is a generalization of the Schrödinger equation in which the Hamiltonian is

generalized to a fractional form, Ĥα, that contains a fractional Laplacian, (−∆)α/2.

In one dimension, Ĥα, may be expressed as

(4.7) Ĥα = Dα(−~2∆)α/2 + V̂ (r).

In the above, V̂ (r) denotes the potential and Dα =
(
1/2m

)α/2 denotes the constant

that falls in front of the Laplacian. In general, Dα must have SI units of

[Dα] = m2−αkg1−α

s2−α .

The fractional exponent, α, may in principle assume any positive value, including

non-integer, fractional values, as its name implies [128, 129, 130, 131]. For refer-

ence, the fractional Hamiltonian reduces to the conventional case when α = 2.

A discussion of the fractional Schrodinger equation in the many-body case is

required, as a choice must be made of the appropriate fractional operators. We have

found very little discussion in the literature on this issue. The many-body kinetic

Hamiltonian for N particles is classically given by

K̂ = −
N∑
i=1

~2

2mi

∆i,

the sum of kinetic energies of each particle [142]. Here, mi is the mass of the i-

th particle, and ∆i is the Laplacian in the 3i − 2, 3i − 1, and 3i coordinates of a
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3N -dimensional state space:

∆i = ∂2

∂r2
3i−2

+ ∂2

∂r2
3i−1

+ ∂2

∂r2
3i
, i = 1, 2, ..., N.

One choice for the α/2-power of the many-body kinetic Hamiltonian is− N∑
i=1

h2

2mi

∆i

α/2 ,
which would result in a kinetic energy proportional to

(p2
1 + ...+ p2

N)α/2.

However, this involves an unphysical nonlinear interaction among the individual

fractional kinetic energies of the particles in the system. For this reason, we instead

define the α/2-fractional kinetic energy as

K̂α =
N∑
i=1

(
− ~2

2mi

∆i

)α/2

=
N∑
i=1

Dα,i(−~2∆i)α/2.
(4.8)

This leads to a more physical, linear relation between the fractional kinetic energy

and the momenta of the particles in the system

Kα ∝ pα1 + ...+ pαN .

Thus, in what follows, we will take the many-body fractional kinetic energy to always

be given by Equation (4.8).
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4.2.3 Spectrum of (−∆)α with Periodic Boundary Condi-

tions

In order to generalize PIMC to fractional Hamiltonians, expressions for the fractional

density matrix amenable to sampling must be obtained. The standard boundary con-

ditions used in condensed phase simulations are periodic boundary conditions, and

the density matrix can be expressed in terms of the eigenvalues and eigenfunctions

of the single-particle fractional Laplacian in a d-dimensional periodic domain. These

eigenfunctions are tensor products of the one-dimensional periodic eigenfunctions

ψper,L
k (r) =

√
1
L
e−iCk1r1 × ...×

√
1
L
e−iCkdrd

= 1
Ln/2

e−i〈C,r〉.

Here, r = (r1, r2, ..., rd) denotes position in d-dimensional physical space, ki denotes

the wavenumber in each dimension, which can only take integer values (due to peri-

odicity), k = (k1, ..., kd), and we have introduced the notation

Cki =
(

2πki
L

)
,

such that

C = Ck = (Ck1 , ..., Ckd).

The corresponding eigenvalue of ψper,L
k is

λk = −
(2πk1

L

)2

+ ...+
(

2πkd
L

)2
α/2

= −|C2
k1 + ...+ C2

kd
|α/2

= −|C|α.
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Inserting these expressions into Equation (4.7), the final Hamiltonian eigenvalues

(energies) may be obtained:

Dα~α(−∆)α/2ψper,L
k (r) = Dα~α|C|α

1
Ln/2

e−i〈C,r〉

= Eper,L
k ψper,L

k (r),

where

Eper,L
k = Dα~α|C|α

= Dα~α
(2πk1

L

)2

+ ...+
(

2πkd
L

)2
α/2 .

4.2.4 Derivation of the Fractional Density Matrix

We begin with the single-particle case. Following Ceperley and Krauth [41, 123],

the kinetic density matrix may be obtained along the same lines as in Equation (4.6)

by summing over the Hamiltonian’s eigenvalues and eigenfunctions

ρper,L(r, r′, τ) =
∞∑

k1=−∞
...

∞∑
kd=−∞

ψper,L
k (r)e−τE

per,L
k ψ∗,per,L

k (r′)

= 1
Ld

∞∑
k1=−∞

...
∞∑

kd=−∞
e−i〈C,r−r

′〉e−τDα~
α|C|α .

(4.11)
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As usual, these sums may be turned into integrals by replacing the implied 1 =

∆k1...∆kd in the summation with ∆k1...∆kd = ∆C1L
2π ...∆CdL2π , yielding

ρper,L(r, r′, τ) = 1
Ld

∑
C1=...,− 2π

L
,0, 2π

L
,...

...
∑

Cd=...,− 2π
L
,0, 2π

L
,...(

∆C1L

2π

)
...

(
∆CdL

2π

)
e−i〈C,r−r

′〉e−τDα~
α|C|α

= 1
(2π)d

∑
C1=...,− 2π

L
,0, 2π

L
,...

...
∑

Cd=...,− 2π
L
,0, 2π

L
,...

e−i〈C,r−r
′〉e−τDα~

α|C|α∆C1...∆Cd

(4.12)

and letting the box size, L, go to infinity

ρper,L(r, r′, τ) = 1
(2π)d

ˆ
Rd
e−i〈C,r−r

′〉e−τDα~
α|C|αdC.(4.13)

This integral is identical to the probability density function of an isotropic multivari-

ate α-stable random variable in three dimensions with scale parameter (τDα)1/α~

[149]. If α = 2, this integral boils down to the usual Gaussian case in which com-

pleting the square yields the final line of Equation (4.6). For α 6= 2, it is not possible

to compute this integral in closed form. In one dimension, the integral may be ex-

pressed in terms of a Fox-Wright function [165] (see Appendix E for a full derivation),

although we are not aware of an extension to the multivariate case.

Since it is necessary to evaluate Equation (4.13) using quadrature, it is important

to note that it can be reduced to a one-dimensional integral known as the Hankel

transform [201]. The following identity is valid for any radial function f(C) =

f(|C|):

ˆ
Rd
e−i〈C,r〉f(C)dC = (2π)

d
2 |r|−

d−2
2

ˆ ∞
0

f(s)s d2J d−2
2

(|r|s)ds.
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Here Jν is the Bessel function of first kind, and s a one-dimensional variable of

integration. Applying this formula to the density matrix given by Equation (4.13),

we obtain the representation

(4.14) ρper,L(r, r′, τ) = (2π)−
d
2 |r− r|−

d−2
2 ×

ˆ ∞
0

e−τDα~
αsαs

d
2J d−2

2
(|r− r′|s)ds.

This, rather than Equation (4.13), is the representation that will be used in comput-

ing the density matrix.

Next, we discuss the many-body fractional kinetic density matrix. The density

matrix is then a function of 2d × N coordinates (r1, ..., rN , r
′
1, ..., r

′
N ), where N is

the number of particles. According to Equation (4.8), the eigenfunctions for the

many-body kinetic energy operator are tensor products of the three-dimensional

eigenfunctions

Ψk1,...,kN
(r1, ..., rN) = ψk1(r1)...ψkN (rN)

with eigenvalues

Λk1,...,kN
= λk1 + ...+ λkN

.

The resulting kinetic energy of the system is

Eper,L
k1,...,kN

= Dα~α(λk1 + ...+ λkN
)

= Eper,L
k1 + ....+ Eper,L

kN
.

Since

e
−τEper,L

k1,...,kN = e
−τEper,L

k1 ...e
−τEper,L

k1 ,

applying the same procedure as outlined by Equations (4.11), (4.12), and (4.13),

and manipulating the sums results in the following factorization of the many-body

density matrix

(4.15) ρper,L(r1, ..., rN , r
′
1, ..., r

′
N , τ) = ρper,L(r1, r

′
1, τ)...ρper,L(rN , r′N , τ),
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where the single particle density ρper,L is given by Equation (4.14). This shows

that the N particles are independent; more specifically, the pairs of variables (ri, r′i)

are mutually independent and sampling the N -particle density matrix is reduced to

sampling the single-particle density matrix. This aspect remains unchanged from

standard PIMC methodology. Therefore, in the following, we need only develop a

methodology to compute and sample (4.14).

4.2.5 Sampling the Fractional Density Matrix

From this point on, we consider only particles in three-dimensional physical space.

Thus, we set d = 3 in Equations (4.13) and (4.14) and use the abbreviation ρ for the

density matrix ρper,L.

As can be seen from (4.14), the density matrix ρ depends only on |r − r′|. It is

natural therefore to sample in spherical coordinates, which requires an appropriate

transformation of the density function. Denote

v = r− r′ and R = |v|.

Consider the transformation from 3-dimensional rectangular coordinates v to stan-

dard spherical coordinates (R, φ, θ). The Jacobian of this map is R2 sinφ, for 0 ≤

φ ≤ π. By the definition of the probability density function and following a change

of variables,

P (v ∈ A) =
ˆ
A

ρ(|v|)dv

=
ˆ
A

ρ(R)R2 sin(φ)dRdφdθ.
(4.16)

Since we wish to sample the variables R, θ, and φ separately, we derive their individ-

ual probability density functions (PDFs) and cumulative density functions (CDFs)

by considering different regions A in Equation (4.16).
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First, let A = {v : a ≤ |v| ≤ b} for fixed a < b. Then,

P (v ∈ A) = P (a ≤ R ≤ b)

=
ˆ 2π

0

ˆ π

0

ˆ b

a

ρ(R)R2 sin(φ)dRdφdθ

= 4π
ˆ b

a

ρ(R)R2dR.

Therefore, the PDF of the radial variable R = |v| is

PDFR = 4πR2ρ(R).

That is, we multiply ρ(R) by the surface area of the sphere of radius R. The corre-

sponding CDF may be computed by quadrature

(4.17) CDFR(x) = 4π
ˆ x

0
R2ρ(R)dR.

This integral cannot be computed (nor inverted) in closed form. Therefore, we dis-

cretize it by evaluating the density ρ using the quadrature described above, followed

by another numerical quadrature for the outer integral.

To obtain the PDFφ for φ, we write

P (a ≤ φ ≤ b) =
ˆ ∞

0

ˆ b

a

ˆ 2π

0
ρ(R)R2 sin(φ)dRdφdθ

=
(

2π
ˆ ∞

0
ρ(R)R2dR

)ˆ b

a

sinφdφ.

= 1
2

ˆ b

a

sinφdφ.

(4.18)
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The prefactor above is understood to be 1/2 by noting that the integral of the density,

as in Equation (4.16), over all space must equal 1:

1 =
ˆ ∞

0

ˆ π

0

ˆ 2π

0
ρ(R)R2 sin(φ)dRdφdθ

=
(

2π
ˆ ∞

0
ρ(R)R2dR

)ˆ π

0
sin(φ)dφ

= 2
(

2π
ˆ ∞

0
ρ(R)R2dR

)

An alternative way to express Equation (4.18) is

PDFφ = 1
2 sin(φ).

Then, CDFφ can be directly computed as

y = CDFφ(x) = −1
2 cos(φ)|x0 = 1

2
(
1− cos(x)

)
,

and inverted analytically to yield

CDF−1
φ (y) = arccos (1− 2y) .

Finally, it is seen from Equation (4.16) that the PDF for θ is constant, so θ is

uniformly distributed in [0, 2π]. Denoting by U [a, b] the uniform random variable in

[a, b], the sampling algorithm may be summarized as:

(1) Sample θ ∼ U [0, 2π].

(2) Sample φ ∼ arccos(1− 2× U [0, 1]).

(3) Sample r according to PDFR=4πR2ρ(R), where ρ is given by Equation

(4.14), R = |v|, and

σ = (~αDατ)1/α
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is temporarily assumed to equal 1 for now. This can be accomplished via

one-dimensional inverse transform sampling after the CDF in R (4.17) is

discretized; see below.

(4) Transform the sample (R, φ, θ) in spherical coordinates obtained from the

first three steps to a sample of v = r− r′ in rectangular coordinates using

v = (R sin(φ) cos(θ), R sin(φ) sin(θ), R cos(φ)).

(5) Multiply v by σ to rescale.

The only technical detail that remains to implement this strategy is the com-

putation of Equation (4.14), which is required to discretize CDF (4.17) in R. The

advantage of this Hankel representation formula is that it requires a one-dimensional,

radial quadrature. For that formula, we note that in dimension d = 3, the Bessel

J d−2
2

reduces to

J 1
2
(t) =

√
2
πt

sin(|t|).

Roughly speaking, the integrand is an exponentially damped oscillatory function,

with |r − r′| being the frequency, α controlling the power of the exponential factor,

and the prefactor −τDα~α scaling the argument of the exponential. An illustration

of the various regimes in |r − r′| is given in Figure 2.

Based on this analysis of the integrand, the numerical procedure we use to evalu-

ate Equation (4.14) is as follows. A tolerance of 10−8 is specified and the integration

is truncated to a region where the exponential factor in the integrand is greater than

this tolerance. On the integration range, the integral is divided into integrals between

each root of the Bessel function; i.e., each of the positive and negative contributions

are integrated individually. Finally, for each such positive/negative “bump”, the in-

tegration is again divided into intervals of length < 1, and 10-point Gauss-Legendre
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quadrature is performed on each interval. The subdivision into intervals of length

< 1 ensures an accurate evaluation in the first case (|r − r′| << 1) described in

Figure 2.

We note such a procedure will take longer to evaluate in the highly oscillatory

case (|r − r′| >> 1), due to the larger number of bumps, despite the final answer

being very small. Stationary phase analysis and quadrature based on asymptotic ex-

pansions may leverage the highly oscillatory nature of the integrand to speed (rather

than slow down) computations. It was not necessarily to do so in this work, although

this may be explored in future implementations.

In summary, the efficient Hankel transform representation (4.14) is used to com-

pute the fractional density matrix, which is then sampled using numerical inverse

transform sampling in spherical coordinates. Plots of the fractional density matrix

are analyzed in section 4.3.1. Alternate methods for sampling may involve the use

of subordinators and the use of the Chambers-Mallows-Stuck method, which is an

exact sampling method for the one-dimensional stable random variable [43]. How-

ever, we have based the entire discussion of computation and sampling around the

Hankel transform (4.14) for brevity.
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Figure 2. Three different regimes of the integrand in Equation (4.14).
The scaling constant −τDα~α is fixed to be unity. (Top) For |r −
r′| << 1, the frequency is so low that the integrand is a smooth
bump. (Middle) For |r − r′| ≈ O(1), the integrand is a damped
wave. In this case, a few oscillations in the integrand are present
despite the exponential factor. However, the integrand is not highly
oscillatory, so the integral is not expected to be very small. (Bottom)
For |r− r′| >> 1, the integrand is a highly oscillatory damped wave,
and the integral can be expected to be very small due to cancellation.
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4.2.6 Performing PIMC Moves Using the Fractional Den-

sity Matrix

As described in greater detail elsewhere [28], in Path Integral Monte Carlo, a ran-

dom walk is performed through the space of N -particle paths at the M different time

slices, {R1,R2, ...,RM}. A random walk may be constructed by randomly displacing

the positions of the different beads within the particles. While many different move

possibilities exist, one of the simplest moves is to displace a subset of the beads in the

M -bead path of a given particle. Let the portion of a particle i’s path to be updated

be denoted by ri,k+1...ri,k+s−1, where s is the number of beads in the path to be dis-

placed and ri,k and ri,k+s are held fixed. LetX = {R0,R1, ...,RM} denote the old set

of particle bead coordinates and let X ′ = {R0, ...Rk,R
′
k+1...R

′
k+s−1,Rk+s, ...,RM}

denote the updated (new) set of particle bead coordinates. Then, based upon Equa-

tion (4.3), the probability, P , that this displacement will be accepted from sampling

the partition function is

P =
∏s−1
j=0 ρ(R′k+j,R

′
k+j+1, τ)∏s−1

j=0 ρ(Rk+j,Rk+j+1, τ)

×e
−∆
∑s−1

j=1 V (R′k+j)

e−∆
∑s−1

j=1 V (Rk+j)

T (X ′ →X)
T (X →X ′) .

Here, T (X ′ → X) represents the transition probability, which can be selected with

great freedom. The most convenient choice for the transition probability is to set

it equal to the product of the kinetic density matrices, so that it can be evaluated

using the expressions derived above and can cancel out other contributions to P . If

this choice is made,
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T (X →X
′) =

s−1∏
j=0

ρ(R′k+j,R
′
k+j+1, τ),

and Equation (4.19) reduces to

P = e−τ
∑s−1

j=1(V (R′k+j)−V (Rk+j)).

These equations imply that, in a practical PIMC simulation, coordinates should

first be sampled from the product of the kinetic density matrices (the length of

that product depends upon the number of beads to be moved) and then the move

should be accepted/rejected based upon the ratio of the potential energy in the new

configuration to the potential energy in the old configuration. There are many ways

to sample the transition probability and construct multiple bead moves [199, 41, 61].

One of the most common ways to propose multi-bead moves in the α = 2 case is to

use the staging algorithm [199], which samples a hierarchy of position moves based

upon the fact that a product of Gaussians is a Gaussian. Because the single-particle

fractional kinetic density matrix, given by Equation (4.14), is not Gaussian for α < 2

and cannot be neatly broken into a product of fractional density matrices of the same

form, the staging algorithm cannot be straightforwardly adapted to this formalism.

For the purpose of this work, we therefore use single-bead and center of mass moves,

despite the ergodicity problems single-bead moves may cause at low temperatures,

particularly for strong interactions. For center of mass moves, all beads in each

particle are moved at once, as usual. For single-bead moves, a bead on a particle is

randomly selected. New unscaled x’, y’, and z’ coordinates are then independently

sampled as described in Section 4.2.4 by sampling (r, θ, φ) coordinates, transforming
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them back to Cartesian, and rescaling them by

σα = ~τ 1/α

21/αm1/α

to yield coordinates of the correct dimensions. The resulting potential energy from

this move is lastly determined and used to accept/reject the proposed move.

4.2.7 Computing Observables in Fractional PIMC

The fundamental purpose of performing PIMC simulations in most cases is to obtain

measures of different systems’ finite temperature observables, such as their energies,

radial distribution functions, and radii of gyration. Because such observables as

the potential energy and radial distribution functions are diagonal in the position

representation and therefore do not directly depend upon the fractional exponent,

they can be measured as in the α = 2 case.

Computing quantities based upon derivatives of the partition function, such as

the kinetic energy, is less straightforward. The thermodynamic estimator of the

kinetic energy per link i connecting beads i and i− 1 may be expressed as [41]

(4.20) 〈K̂〉link =
〈

m

τρ(τ)
∂ρ(τ)
∂m

〉
link

=
〈
m

τ

∂ ln ρ(τ)
∂m

〉
link

,

in the free particle case where ρi denotes the short-time density matrix at link, i,

and 〈〉link denotes an ensemble average over all links i. In the α = 2 case, the free

Gaussian density matrix can be differentiated analytically to yield

〈K̂〉link = 3N
2τ −

m〈|r − r′|2〉link

2τ 2~2 , α = 2.

As ρ itself does not have a closed form expression for α < 2, derivatives with respect

to m cannot be computed analytically. One alternative is to pass the differential

operator through the integral in Equation (4.14), leading to a new integrand which



152

can be treated with quadrature. However, the most convenient option is to evaluate

either of the derivatives within Equation (4.20) using a difference formula in m. We

use a four-point forward difference formula with h = 10−3:

(4.22) ∂ρ

∂m
(m0) = 1

h

−11
6 ρ(m0) + 3ρ(m0 + h)− 3

2ρ(m0 + 2h) + 1
3ρ(m0 + 3h)

.
The behavior of the unaveraged quantity m

τρi(τ)
∂ρi(τ)
∂m

is studied in 4.3.2.

4.3 Results and Discussion

4.3.1 Fractional Density Matrix Distributions

In this section, we compute the density to analyze its behavior and to verify the

accuracy of our sampling technique. For all of the figures in this section, ρ denotes

the density matrix with τ = Dα = ~ = 1. The density matrix for nonunitary con-

stants may be rescaled by a change of variables in (4.13) to this case. In Figure 3,

we illustrate the overall behavior of the probability density function that represents

the unidimensional fractional density matrix, ρ. The density exhibits “heavy” in-

verse power-law tails for fractional order α < 2. Compared to the normal case, the

fractional cases exhibit a larger probability of both small and large jumps, and a

lower probability for medium jumps. In Figure 4, we look more closely at the tail

behavior. As α decreases, the related probability density functions exhibit heavier

and heavier tails.

In Figures 3 and 4, we have also plotted the density ρ for α = 2.25 as a curiosity.

Of course, α-stable distributions are only defined for 0 < α ≤ 2; this illustration

shows that for α > 2, ρ takes negative values and is therefore not a density at all. In

particular, it should be noted that while α < 2 corresponds to superduffision, α > 2
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does not correspond to subdiffusion. In Figure 5, we plot the same densities on a log-

log scale to better understand their tail behavior. We see that for α < 2, as |r − r′|

increases, the density in log-log scale exhibits linear behavior, implying that the

density itself enters a power-law regime. This happens fairly early, for |r− r′| ∼ 10,

even for α = 1.99.

4.3.2 Fractional Kinetic Energy

Using the forward difference scheme described in 4.2.7, we analyze the form of the

kinetic energy as a function of the interbead distance squared for a range of α’s.

Interestingly, whereas the kinetic energy decreases linearly with interbead distance

for α = 2, for certain α < 2 it first decreases, then increases, and finally plateaus, as

depicted in Figure 6. Similar functional forms are observed for varying τ in Figure

7.
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The plateaus observed in the kinetic energy may be understood by writing

ρper,L(r − r′, β) = 1
(2π)d

ˆ
Rd
e−i〈C,r−r

′〉e−τDα~
α|C|αdC

= 1
(2π)d

1
(τDα~α)d/α

ˆ
Rd
ei
〈
C,[(τDα~α)1/α(r−r′)]

〉
e−|C|

α

dC

= 1
(τDα~α)d/αρ

per,L
(
(βDα~α)1/α(r − r′), τ = Dα = ~ = 1

)
.

and noting the power-law tail behavior of the fractional density matrix visible from

Figure 5. Based upon this power-law behavior, we can write, for large |r − r′|,

ρper,L(r − r′, τ) ∼ 1
(τDα~α)d/α

[
(τDα~α)1/α|r − r′|

]−P
∼ 1
md/2

[
m1/2|r − r′|

]−P
= m

−P−d
2 |r − r′|−P .

In the first equality, we used Dα =
(

1
2m

)α/2
. Thus,

m

τρ

∂ρ

∂m
∼ m

m
−P−d

2
×m

−P−d
2 −1 ∼ 1.

In other words, the above quantity is constant for large |r − r′|.
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As may be expected on a conceptual basis and is confirmed in the above plots, the

average interbead distance for which the kinetic energy reaches its minimum shifts

to larger values with decreasing α and increasing τ . This is because smaller values

of α imply more diffuse paths, while larger τ correspond to lower temperatures and

therefore larger de Broglie wave lengths. The presence of a minimum in the kinetic

energy is a strictly fractional feature which appears for a range of α infinitesimally

smaller than two and suggests that fractional particles may exhibit intriguing be-

havior as they attempt to minimize their potential and kinetic energies – which have

competing minima – at once.

4.3.3 Fractional Free Particle PIMC Results

We first demonstrate our algorithm by simulating the free-particle Hamiltonian. Our

interest in the free-particle Hamiltonian stems from the fact that it is amenable

to analytic solutions and free-particle PIMC serves as the bedrock for interacting

simulations. As such, if our algorithm is to be useful in simulation, it must first

be demonstrated to work for the free particle Hamiltonian. More specifically, we

consider the Hamiltonian

Ĥfree,α = −~α

(2m)α/2∇
α = ~αDα(−∆)α/2.

In order to make direct comparisons with our helium results presented in the next

section, we set our mass equal to that of helium. In both sections, we moreover

simulate a two particle system for simplicity at a density of ρ = .00323 bohr−3 at all

of the temperatures and α values presented. Atomic units are employed in all of the

following results.

As a qualitative check on our simulations and underlying theory, we first consider

the conformations of the polymers representing our particles. One of the principle
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motivations for this work was the fact that a fractional Laplacian for α < 2 should

lead to significantly more diffuse particles than in the typical α = 2 case. Figure 8

demonstrates that this is indeed the case: as α decreases, the average square of the

interbead distance, 〈(Ri−Ri+1)2〉, for fixed β and number of beads steadily increases.

As may be expected, this increase is most dramatic at the low temperatures at which,

in the absence of a potential, increased delocalization should be favored. Similar

trends may be observed in the average square of the interbead distance as a function

of temperature, as depicted in Figure 9, and the particles’ average radii of gyration,

RG = 〈(Ri − Rcm)2〉, as depicted in Figure 10. Example paths illustrating these

features for varying temperatures and fractional exponents are depicted in Figure

11.
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Figure 8. The average interbead distance squared as a function of the
number of beads at temperature 2 K for free particles. The interbead dis-
tance steadily increases for the same number of beads as α decreases. Inset:
Standard deviation of the same quantity.
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Figure 9. The average interbead distance squared a function of tempera-
ture for free particles (32 beads). The interbead distance steadily increases
as α decreases. Inset: Standard deviation of the same quantity.
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Figure 10. The average radius of gyration squared as a function of the
temperature for free particles (32 beads). The radius of gyration also
steadily increases as α decreases. Inset: Standard deviation of the same
quantity.
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(a) α = 2, radius of gyration
1.86 (left) and 9.18 (right).

(b) α = 1.7, radius of gyration
11.94 (left) and 5.51 (right).

Figure 11. Two representative paths with indicated radii of gyration
sampled from the free particle T = 2 K distributions with 32 beads for
two different values of α. Top: two illustrative paths from an α = 2
simulation. Bottom: two illustrative paths from a fractional α = 1.7
simulation. Scale units are in bohr.
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What can be gleaned from the insets of Figures 8, 9, and 10 is that measures of

both the average interbead distance and the radius of gyration are accompanied by

increasingly large standard deviations as α decreases. This can be expected as the

variance of an α-stable law is infinite for 0 < α < 2, with the mean itself becoming

infinite for α < 1 (we only consider the 1 < α < 2 case).

The bead-sampling algorithm together with the numerical scheme for the per-link

kinetic energy (4.22) may now be used to compute the average kinetic energy 〈K̂〉 as

in (4.20). Some computed values of 〈K̂〉 for α near 2 at various temperatures using 32

beads are shown in Table 1. Our findings suggest that the fractional regime exhibits

kinetic energies similar to the ordinary regime except at low temperatures. Roughly

speaking, this would suggest that the effect of the fractional density matrix (Figures

3 – 5), which manifests in the paths that are sampled (Figure 11), is roughly balanced

by the behavior of the fractional per-link kinetic energy (Figure 6). However, while

we have verified that the values of 〈K̂〉 in the fractional regime converge to the values

of 〈K̂〉 for the ordinary α = 2 regime as α→ 2, we currently lack a benchmark that

can be used to verify the results of our algorithm for general α. An example of

this for the α = 2 case would be 〈K̂〉 = 3NkBT/2 for high temperature according

to the equipartition theorem [41]. While in one-dimension, a fractional analogue of

this may be derived using the representations in Appendix E, it is not clear how to

proceed in the relevant case of physical dimension three. Thus, while the results for

the kinetic energy in our simulations are reasonable and consistent with the ordinary

α = 2 case, we believe it is worthwhile to explore theoretical predictations that can

serve as a robust test of our kinetic energy routines.
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α Temperature (K)

1 2 5 10

2.00 1.495155 3.011902 7.737682 14.796637

1.95 1.469983 3.036802 7.60732 14.578588

1.90 1.21939 3.029805 7.49339 14.99152

Table 1. The free particle kinetic energy as a function of temperature
for varying α. 32 beads are used. A noticable relative difference occurs
only at low temperature T = 1 K.

4.3.4 Fractional He-4 PIMC Results

Building upon our free particle simulations, we also simulate fractional 4He, the

prototypical quantum liquid for which PIMC algorithms were initially designed and

therefore a prime target for our technique, to demonstrate the utility of our PIMC

algorithm in the presence of interactions. 4He is a particularly illuminating example

because, even in the α = 2 case, its particle paths become so diffuse at low temper-

atures that it can form a superfluid [42, 166]. In the following, we model 4He with

the Aziz potential [14]. Irrespective of the increased localization due to the poten-

tial, the overarching trend that delocalization is favored with decreasing α persists.

Interestingly, for 4He, we do not observe a pronounced competition between minimiz-

ing the kinetic and potential energies. This competition may be more pronounced,

leading to more intriguing behavior, for interparticle potentials with deeper minima.
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Figure 12. The average interbead distance squared vs. the number of
beads for 4He at 2 K. Inset: Standard deviation of the same quantity.

1 2 5 10

Temperature (K)

0

5

10

15

20

25

R
ad

iu
s
of

G
y
ra
ti
on

S
q
u
ar
ed

(b
oh

r2
)

α = 2
α = 1.95
α = 1.9

1 2 5 10

Temperature (K)

0

5

10

15

S
t.

D
ev
.
in

R
ad

iu
s

of
G
y
ra
ti
on

S
q
u
ar
ed

Figure 13. The average radius of gyration squared vs. the temperature
for 4He (32 beads). Inset: Standard deviation of the same quantity.
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4.4 Chapter Conclusion

We have presented a methodology that generalizes the Path Integral Monte Carlo al-

gorithm to fractional Hamiltonians, thereby enabling the computational exploration

of fractional Hamiltonians with potentials that are not readily amenable to analytical

treatments. We have furthermore employed our algorithm to explore the impact of

a fractional Laplacian on free-particle and 4He path observables, such as the radius

of gyration and the average interbead distance. We have identified novel properties

of the fractional kinetic energy such as its asymptotic behavior and the existence of

a pronounced minimum for fractional exponents less than two (α < 2). Fractional

particles become increasingly more diffuse as a consequence of sampling a fractional

density matrix distribution with heavier tails than the usual Gaussian distribution.

Because the onset of phenomena related to condensation heavily depends on the

diffusivity of particle paths, our findings suggest that fractional Hamiltonians may

manifest intriguing superfluid and Wigner crystallization phase transitions. Such

transitions have only previously been studied for the fractional Schrödinger equation

based upon mean field theories [119]. Fractional Path Integral Monte Carlo will

enable a more complete understanding of such phenomena.

To further enable the exploration of fractional condensation phenomena, sev-

eral complications revealed by our work should be addressed. First and foremost,

because the conventional staging algorithm [41, 199] cannot readily be applied to

non-Gaussian distributions, we sampled our partition functions using inefficient sin-

gle bead moves. While, for the potentials explored, we verified that our simulations

were able to converge to their equilibrium distributions, this may not be the case for

more general potentials. Single bead moves are furthermore suboptimal for sampling

permutations among particles with quantum statistics. Future work will therefore
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focus on the development of generalized multi-bead moves. Fourier path sampling

may permit the generality we require [61, 76, 123].

As Figures 3 – 7 illustrate, the density matrix distributions sampled for r − r′

in our algorithm are significantly more complex than the Gaussian distribution sam-

pled conventionally. The discrete inverse-transform sampling method we presented

can accurately sample these heavy-tailed distributions, but there remain theoretical

questions about these distributions. One key question is whether the infinite variance

(for α < 2) and infinite mean (for α ≤ 1) of the fractional density matrix require the

use of other notions of central tendency (such as median) for certain observables. In

this direction, it may be fruitful to explore “tempered-fractional quantum mechan-

ics,” which has not been studied to our knowledge. Tempered Lévy processes enjoy

many of the same properties as Lévy processes, but avoid theoretical issues related

to infinite variance [147, 118].

It may also be of interest to consider the physics of the time-fractional Schrodinger

equation [157], and even the space-and-time-fractional Schrodinger equation [218].

These equations introduce waiting times in addition to long jumps. However, unlike

the space-fractional equation, the properties of the time-fractional Schrodinger equa-

tion suggest that it cannot be used as a probabalistic theory of Quantum Mechanics

[62, 132]. Thus, more work is needed before any implementation of a time-fractional

model is justified.

In summary, we have proposed a novel fractional Path Integral Monte Carlo

algorithm. Our algorithm provides a clear numerical path toward unraveling the

fractional physics of interacting systems, much of which could only be approximated

analytically in the past. We look forward to employing this algorithm to explore

where our fully interacting predictions differ from previous approximate analytical

solutions and to the study of such novel phenomena as fractional superfluidity.
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5.1 Introduction

A novel use of machine learning, which has potential both for modeling with large or

high-frequency data sets as well as advancing fundamental science, is the discovery of

governing differential equations from data. Unlike highly specialized algorithms used

to refine existing models, these novel methods are distinguished by comparatively

limited assumptions, and the ability to produce various types of equations from a

wide variety of data.

We now give a very brief (and incomplete) overview of a few proposed algorithms.

Key differences between various works include the techniques used to generate candi-

date equations and the technique used to select equations. A fundamental problem

that all these work address is that, if such algorithms are to mimic a human sci-

entist, while generating accurate models, they must also avoid or penalize spurious

“overfitted” models. In [189], a symbolic regression method was developed to learn

conservation laws of physical systems. The laws, which could be nonlinear, were cre-

ated using genetic programming and evaluated concurrently on predicative ability

and parsimony (number of terms) in order to prevent overfitting. Earlier, in [27]

in a dynamical system context, the equations were evaluated using “probing” tests

while the overfitting was addressed using a separate “snipping” process. In [37], a

more parametric method for learning nonlinear autonomous systems was developed

in which the candidate equation is build from a linear combination of elements from

a user-defined “dictionary”. Parsimony translated to sparsity in the dictionary ele-

ments, so sparse regression was used to determine the coefficients. In [184], a similar

approach was used to generate nonlinear partial differential evolution equations.

Building on an earlier work [172] where Gaussian process regression was used to

infer solutions of equations, a Gaussian process framework was developed in [173]
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for parametric learning of linear differential equations, of the form

(5.1) Lp1,...,pku = f

given small data on f and u. Here Lp1,...,pk refers to a linear differential operator with

parameters p1, ..., pk; for example, Lp1,...,pk could be a linear combination of k differ-

ential operators with coefficients p1, ..., pk. The method placed a Gaussian Process

on the function u and used linearity of Lp1,...,pk to obtain a joint Gaussian Process on

(u, f) in which the unknown parameters p1, ..., pk were subsumed as hyperparameters

(this is reviewed in detail in Section 5.2). This allowed the use of standard continuous

optimization techniques to optimize the negative log-marginal likelihood, which ef-

fects an automatic trade-off between data-fit and model complexity, and thereby find

p1, .., pk. Thus, in this approach, the problem of identifying the differential equation

is “embedded” into the problem of interpolation/regression of data. Moreover, the

Gaussian Process method only requires computation of the forward action of Lp on

the covariance kernel, rather than the solution of the differential equation. However,

the method also required the user to select a “dictionary” of terms and assume a

parametric form of the equation.

The inclusion of fractional-order operators in this framework, where the order

itself is a parameter, allows for a single fractional-order operator to interpolate be-

tween derivatives of all orders. This allows the user to directly control the parsimony,

by fitting a specified number of fractional derivatives to data, without making as-

sumptions on the orders of derivatives to be discovered. Therefore, building on a

basic example of a fractional-order operator treated in [173], we significantly extend

the framework to treat other space-fractional differential operators and covariance

kernels. The main problem that must be addressed is the efficient computation of

the action of the unknown (fractional) linear operator Lp1,...,pk on covariance kernels.
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At the same time, fractional-order derivatives are far more than a tool to in-

terpolate between integer-order and facilitate data-driven discovery of PDEs using

continuous optimization techniques. The advances in this chapter further improve

the ability to discover fractional-order partial differential equations (FPDEs) from

real-world data. It is now well understood that FPDEs have a profound connec-

tion with anomalous diffusions and systems driven by heavy-tailed processes ([149],

[152]). While such heavy-tailed data abounds in the fields of, e.g., hydrology, fi-

nance, and plasma physics, FPDEs are currently underutilized as tools to model

macroscopic properties of such systems. This can be attributed to the analytic dif-

ficulties of deriving FPDE models; not only is there an additional parameter, but

the involved formulas and nonlocal nature of fractional-order derivatives make them

significantly less attractive for specialists in other fields to work with.

Machine Learning is a natural tool for ameliorating this issue. As proof of this

concept, we point to the work [163], which employed a multi-fidelity Gaussian Pro-

cess method to discover fractional-order of the fractional advection-dispersion equa-

tion governing underground tritium transport through a heterogeneous medium at

the Macrodispersion Experimental site at Columbus Air Force Base. This resulted

in improved and highly efficient fitting of variable-order fractional equation to data.

Along more theoretical lines, [81] explored the determination, using Gaussian pro-

cesses, of the fractional-order of an elliptic problem involving a Spectral fractional

Laplacian on a bounded domain with Neumann boundary condition. In addition,

the authors also proved wellposedness of the inverse Bayesian formulation of this

problem in the sense of [205]. Our work differs from [163] in that we do not repeat-

edly solve the forward problem, and from [81] in that we do not place a prior on

the fractional order or on other parameters; rather, the parameters are inferred by

placing a prior and training on the solution and right-hand side of the equation. This
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allows for more flexibility with regard to the form of the equation and the inclusion

of additional parameters.

In the aforementioned Gaussian Process framework of [173], it is possible to treat

time-derivatives by considering the data and equation in space-time. Time may be

treated as another dimension in the covariance kernel. An alternative method is

suggested by the work of [168], in which learning of evolution equations is based on

the numerical differentiation of Gaussian processes. In this method, the data is given

at different “snap-shots” in time which are used to discretize the time-derivative. In

this way, even nonlinear equations can be discovered using correspondence between

nonlinear terms and specific linearizations. The training is similar technically to that

of [173], and we extend this to more fractional operators and covariance kernels as

well.

This chapter is organized as follows. In section 5.2, we review the Gaussian

Process framework of [173] and [168]. In section 5.3, we review the Matérn family of

covariance kernels and space-fractional operators and present new formulas for space-

fractional derivatives of such covariance kernels. Such covariance kernels can be more

suited to rough data in certain applications. The inclusion of these new formulas,

which can be efficiently treated using generalized Gauss-Laguerre quadrature, allows

the discovery of various fractional equations in a unified way. In section 5.4 we present

basic synthetic examples to illustrate the methodology, and in section 5.5 we apply

the methodology to the discovery and interpolation of integer-order advection and

diffusion using the fractional-order framework. This includes an interesting problem

of interpolating two-term advection-diffusion using a single fractional-order term,

and an exploration of user-selected parsimony. After reviewing the relation between

α-stable processes and fractional diffusion in section 5.6 and studying a synthetic

example, in section 5.7 we apply the methodology to the modeling of relative stock
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performance (Intel to S&P 500) by α-stable processes via an associated fractional-

order diffusion equation.

5.2 The Gaussian Process Framework

We review the framework developed by [173] for parametric learning of linear dif-

ferential equations, of the form

Lpu = Lp1,...,pku = f

given data on f and u. Here, Lp1,...,pk is a linear operator with unknown parameters

p1, ...pk. Here, and throughout the chapter, we use boldface characters (such as x)

to denote vector-valued variables, and capital boldface characters (such as X) to

denote data vectors.

Assume u(x) to be Gaussian process with mean 0 and covariance function

kuu(x,x′;θ) with hyperparameters θ:

(5.2) u(x) ∼ GP(0, kuu(x,x′;θ)).

We shall be vague about the form of the covariance kernel until Section 5.3; for now,

it suffices to say that it describes how the correlation between the values of u at two

points x and x′ falls off with |x−x′| or otherwise behaves with the two points, and

that it must be a symmetric, positive semidefinite function [177]. Then, the linear

transformation f = Lpu of the Gaussian process u implies a Gaussian Process for

f(x),

f(x) ∼ GP(0, kff (x,x′;θ,p)),
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with covariance kernel

(5.3) kff (x,x′;θ,p) = LpxL
p
x′kuu(x,x′;θ).

Moreover, the covariance between u(x) and f(x′), and between f(x) and u(x′) is

kuf (x,x′;θ,p) = Lpx′kuu(x,x′; θ)

kfu(x,x′;θ,p) = Lpxkuu(x,x′; θ),
(5.4)

respectively. By symmetry of kuu,

kfu(x,x′;θ,p) = kTuf (x,x′;θ,p) def= kuf (x′,x;θ,p).

The hyperparameters (θ,p) of the joint Gaussian Process

(5.5)


u(x)

f(x)

 ∼ GP
0,


kuu(x,x′;θ) kuf (x,x′;θ,p)

kfu(x,x′;θ,p) kff (x,x′;θ,p)



 .

are then learned by training on the data Yu of u given at points Xu and Yf of f given

at points Xf . This is done with a Quasi-Newton optimizer L-BFGS to minimize the

negative log marginal likelihood ([177]):

NLML(θ,p, σ2
nu , σ

2
nf

) = − log p(Y |θ,p, σ2
nu , σ

2
nf

)

= 1
2Y

TK−1Y + 1
2 log |K|+ N

2 log(2π),
(5.6)

where Y =
[
Yu
Yf

]
, p(Y |θ,p, σ2

nu , σ
2
nf

) = N (0,K), and K is given by

(5.7) K =


kuu(Xu,Xu;θ) + σ2

nuInu kuf (Xu,Xf ;θ,p)

kfu(Xf ,Xu;θ,p) kff (Xf ,Xf ;θ,p) + σ2
nf
Inf

 .
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The additional noise parameters σ2
nu and σ2

nf
are included to learn noise in the data;

their inclusion above corresponds to the assumption that

Yu = u(Xu) + εu

Yf = f(Xf ) + εf

with εu ∼ N (0, σ2
nuInu) and independently εf ∼ N (0, σ2

nf
Inf ).

Next we review the time-stepping Gaussian Process method of [168] for learning

linear (in our case) equations of the form

ut + Lp1,...,pku = 0, x ∈ Rd, t ∈ [0, T ].

For our purposes, we consider two “snapshots” {xn−1,un−1} and {xn,un} of the

system at two times tn−1 and tn, respectively, such that

tn − tn−1 = ∆t� 1.

We perform, in the case of two snapshots, a backward Euler discretization

(5.9) un + ∆tLp1,...,pkun = un−1.

Then we assume a Gaussian Process, but for un:

(5.10) un(x) ∼ GP(0, k(x,x′,θ)).

As before, the linearity of Lp1,...,pk leads to a Gaussian Process for un−1. We obtain

the joint Gaussian process

(5.11)


un(x)

un−1(x)

 ∼ GP
0,


kn,n(x,x′;θ) kn,n−1(x,x′;θ,p)

kn−1,n(x,x′;θ,p) kn−1,n−1(x,x′;θ,p)



 .
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where, denoting the identity operator by Id,

kn,n = k, kn,n−1 = (Id + ∆tLpx′)k,(5.12)

kn−1,n = (Id + ∆tLpx)k, kn−1,n−1 = (Id + ∆tLpx)(Id + ∆tLpx′)k.

Equation (5.11) can be compared to equation (5.5), and equation (5.12) to (5.3) and

(5.4). The set-ups are very similar, and again, p has been merged into the hyperma-

rameters of this joint Gaussian Process. Given data at spacial points Xn and Xn−1

for the functions un and un−1, represented by the vectors Un and Un−1, respectively,

the new hyperparameters (θ,p) are trained by employing the same Quasi-Newton

optimizer L-BFGS as before to minimize the NLML given by equation (5.6). In

this case, Y =
[
Un

Un−1

]
, p(y|θ,p, σ2) = N (0,K), and K is given by

(5.13) K =


kn,n(Xn,Xn) kn,n−1(Xn,Xn−1)

kn−1,n(Xn−1,Xn) kn−1,n−1(Xn−1,Xn−1)

+ σ2
nI.

Here, σ2
n is an additional parameter to learn noise in the data, under the assumption

un = un(Xn) + εn

un−1 = un−1(Xn−1) + εn−1

with εn ∼ N (0, σ2
nI) and εn−1 ∼ N (0, σ2

nI) being independent.
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5.3 Fractional Derivatives of Covariance Kernels

Many properties of a Gaussian Process are determined by the choice of covariance

kernel k(x,x′). In particular, the covariance kernel encodes an assumption about

the smoothness of the field that being interpolated. Stein, in [200], writes

“...properties of spatial interpolants depend strongly on the local

behavior of the random field. In practice, this local behavior is not

known and must be estimated from the same data that will be used

to do the interpolation. This state of affairs strongly suggests that it

is critical to select models for the covariance structures that include

at least one member whose local behavior accurately reflects the ac-

tual local behavior of the spatially varying quantity under study.

A number of commonly used models for the covariance structure,

including the spherical, the exponential and the Gaussian, provide

no flexibility with regard to this local behavior and essentially as-

sume it is known a priori. An alternative model that I recommend

for general adoption is the Matérn model. This model includes a

parameter that allows for any degree of differentiability for the ran-

dom field and includes the exponential model as a special case and

the Gaussian model as a limiting case.”

Matérn kernels Mν (defined below), a family of stationary kernels which includes

the exponential kernel for ν = 1/2, and the squared-exponential kernel in the limit

ν → ∞, have been widely used for this reason. A Gaussian Process with Matérn

covariance kernel Mν is n-times mean square differentiable for n > ν. We have

developed a computational methodology that allows for Matérn kernels of arbitrary

real order ν > 0 to be used in our Gaussian Process, namely in (5.2) and (5.10). In
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fact, the parameter ν itself can be treated and optimized as a hyperparameter of the

Gaussian Process, just as the equation parameters were in Section 5.2. We employ

such an algorithm to explore the effect of the parameter ν when working with rough

time series histogram data in section 5.6.

The main problem that arises when using Matérn kernels is the actual computa-

tion of the fractional derivatives of such kernel, as required by equations (5.3) and

(5.4) for the time-independent case and (5.12) for the time-dependent case. Frac-

tional derivatives, whether in Rd, R+, or on bounded subsets with boundary con-

ditions, are nonlocal operators often defined by singular integrals or eigenfunction

expansions that are expensive to evaluate [137], [149]. However, space-fractional

derivatives in Rd enjoy representations as Fourier multiplier operators. In other

words, they are equivalent to multiplication by a function m(ξ) in frequency space.

This representation suggests a computational method that avoids any singular in-

tegral operators or the solution of extension problems in Rd+1. The downside to

Fourier methods is that, if used to compute the fractional derivative of a function u

on Rd, they may require quadrature of a 2d (forward and inverse) Fourier integral.

Thus, if one wishes to compute the fractional derivative L of a covariance kernel

k(x,y), as in (5.3), (5.4), or (5.12), this may entail 2d quadrature for Lxk and Lyk,

and 4d quadrature for LxLyk. These dimensions for quadrature can be cut in half

provided the (forward) Fourier transforms of these kernels were known analytically.

Moreover, if the covariance kernel kuu is stationary, we see in Theorem 5.18 below

that LxLyk can further be reduced from a 2d-dimensional integral to d-dimensional

one.

Thus, the entire problem of kernel computation is reduced to d-dimensional quad-

rature if the following three conditions are satisfied:
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(1) The spacial differential operator L is a Fourier multiplier operator :

F{Lf}(ξ) = m(ξ) · F{f}(ξ).

This is true for a variety of fractional space derivatives:

Fractional Laplacian : F{(−∆)α/2f}(ξ) = |ξ|αF{f}(ξ)

Left-sided Riemann-Louiville: F{RL−∞Dα
xf}(ξ) = (−iξ)αF{f}(ξ)

Right-sided Riemann-Louiville: F{RLx Dα
∞f}(ξ) = (iξ)αF{f}(ξ).

(5.14)

Here, and throughout this chapter, we use the Fourier transform convention

Ff = 1
(2π)d/2

ˆ
Rd
e−iξ·xf(x)dx, F−1f̂ = 1

(2π)d/2

ˆ
Rd
eiξ·xf̂(ξ)dξ

(2) The covariance kernel k is stationary:

k(x,y) = K(x− y).

This is true of the squared-exponential kernel in one-dimension

G(σ, θ;x, y) = σ2 exp
(
−1

2
(x− y)2

θ2

)

as well as frequently used multivariate squared-exponential kernels, formed

by multiplication

G×(σ, θ1, θ2, ..., θd;x,y) = σ2
d∏
i=1

exp
(
−1

2
(xi − yi)2

θ2
i

)

or addition

G+(σ, θ1, θ2, ..., θd;x,y) = σ2
d∑
i=1

exp
(
−1

2
(xi − yi)2

θ2
i

)
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of the one-dimensional kernel. The same is true for the Matérn kernels Mν ,

which have one-dimensional form

(5.15) Mν(σ, θ;x, y) = σ221−ν

Γ(ν)

√2ν
θ

(x− y)
ν Kν

√2ν
θ

(x− y)


and the corresponding multidimensional kernels

M×
ν1,...,νd

(x, y) =
d∏
i=1

Mνi(xi − yi),

M+
ν1,...,νd

(x, y) =
d∑
i=1

Mνi(xi − yi).
(5.16)

The notation Kν refers to the modified Bessel function, which is potentially

confusing, but will not be an issue as we will focus on Fourier representation

of Mν in what follows.

(3) The (forward) Fourier transform K̂(ξ) = F{K}(ξ) of the stationary co-

variance kernel K is known analytically. This is satisfied by the squared

exponential kernel G(σ, θ;x) and the Matérn kernel‡ Mν(σ, θ;x):

S. E. kernel: F{G}(ξ) = θσ2e−
θ2
2 ξ

2

Matérn kernel: F{Mν}(ξ) = θσ2Γ(ν + 1/2)√
νΓ(ν)

(
1 + θ2ξ2

2ν

)−(ν+1/2)(5.17)

The same is true for the multidimensional kernels G+ and M+
ν by linearity

of the Fourier transform, and for G× and M×
ν by Fubini’s theorem.

Theorem 5.18. Suppose conditions (1)-(3) on the covariance kernel k and the

operator L and are satisfied. Then the fractional derivatives of the covariance kernel

‡In the machine learning literature, authors such as [177] describe this Fourier transform as the
spectral density in the context of Bochner’s theorem on stationary kernels, and write it in the
equivalent form, up to Fourier transform convention: M̂ν(ξ) = σ2

√
2Γ(ν+1/2)(2ν)ν

Γ(ν)θ2ν

( 2ν
θ2 + ξ2)−(ν+1/2).
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Lxk, Lyk = [Lxk]T , and LyLxk can be computed by d-dimensional integrals

(5.19)


Lxk = 1√

2π

ˆ
Rd
ei〈x−y,ξ〉m(ξ)K̂(ξ)dξ

LyLxk = 1√
2π

ˆ
Rd
ei〈x−y,ξ〉m(ξ)m(−ξ)K̂(ξ)dξ.

As for derivatives of the objective function (5.6) with respect to the expanded

hyperparameters, we note in the above formulas that such derivatives pass into the

integrand and through the complex exponential factor.

Proof. Recall the shift property of the Fourier transform:

F{f(x− a)}(ξ) = e−ia·ξF{f(x)}(ξ)

By the stationarity of k,

Fx{k(x,y)} = Fx{K(x− y)} = e−iy·ξK̂(ξ)

By the multiplier property of L, in Fourier space, Lxk is given by multiplying Fx {k}

by the symbol m(ξ):

Fx{Lxk} = e−iy·ξm(ξ)K̂(ξ)

Taking the inverse Fourier transform gives

Lxk = F−1
x

{
Fx{Lxk}

}
= F−1

x

{
e−iy·ξm(ξ)K̂(x̃)

}
= 1√

2π

ˆ
Rd
eix·ξe−iy·ξm(ξ)K̂(ξ)dξ(5.20)

This is the first of formulas (5.19). As for Lyk, define the transpose operator by

F T (x,y) = F (y,x). Then LyF =
[
LxF T

]T
and symmetry of k implies

Lyk =
[
LxkT

]T
= [Lxk]T .
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In other words, Lyk(x,y) = Lxk(y,x), and does not require a separate computation

(this is true for any covariance kernel). So far, only a single d-dimensional integation

is required, which is the benefit of knowing the Fourier transform K̂ of K analyti-

cally. Next, we see how the stationary property gives the formula for LyLxk. By the

multiplier property of L, we have

LyLxk = F−1
y

{
Fy

{
Ly
[
Lxk(x,y)

]}
(ξ′)

}
= F−1

y

{
m(ξ′)Fy{Lxk(x,y)}(ξ′)

}
.

Let us examine the inner term Fy{Lxk(x,y)}(ξ′). The Fourier transform Fy passes

through the integral over ξ in the final formula (5.20) for Lxk(x,y). Inside that inte-

gral, Fy only sees a constant term (independent of y) times the complex exponential

e−iy·ξ. Thus, Fy{Lxk(x,y)}(ξ′) reduces to a δ-function in ξ′:

Fy{Lxk(x,y)}(ξ′) = 1√
2π

ˆ
Rd

[√
2πδ(ξ + ξ′)

]
eix·ξm(ξ)K̂(ξ)dξ

=
ˆ
Rd
δ(ξ + ξ′)eix·ξm(ξ)K̂(ξ)dξ

Therefore, we obtain the second of formulas (5.19):

LyLxk = F−1
y

{
m(ξ′)

ˆ
Rd
δ(ξ′ + ξ)eix·ξm(ξ)K̂(ξ)dξ

}

= 1√
2π

ˆ
Rd
eiy·ξ

′
{
m(ξ′)

ˆ
Rd
δ(ξ′ + ξ)eix·ξm(ξ)K̂(ξ)dξ

}
dξ′

= 1√
2π

ˆ
Rd

ˆ
Rd
eiy·ξ

′
δ(ξ′ + ξ)eix·ξm(ξ)m(ξ′)K̂(ξ)dξ′dξ

= 1√
2π

ˆ
Rd
e−iy·ξeix·ξm(ξ)m(−ξ)K̂(ξ)dξ.

�

When training a Gaussian process, it is advantageous to standardize the data

[223] so that x,y, θ ∼ O(1) when possible. In the framework discussed here, this
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reduces the difficulty of computing the kernel functions in (5.19) by restricting the

frequency and support of the integrands. When necessary, standardization for the

applications considered here can be performed by rescaling the values and positions

of the data point by appropriate constants. Once the differential equation is learned

for the scaled solution uscaled = Au(Bx), the true coefficients can be obtained via

inverse scaling. This is discussed in detail for an example in Section 5.7.

Although numerical calculation of the above integrals can be performed using

Gauss-Hermite quadrature, this is not optimal as the fractional-order monomial m(ξ)

is not smooth at the origin. To obtain faster convergence with the number of quad-

rature points, a superior choice is generalized Gauss-Laguerre quadrature, involving

a weight function of the form xαgGLe−x for αgGL > −1:
ˆ ∞

0
f(x)dx =

ˆ ∞
0

xαgGLe−x
[
exx−αgGLf(x)

]
dx =

n∑
i

wie
xix
−αgGL
i f(xi).

In practice, it is essential for αgGL to match the fractional part of the power of the

monomial in the integrand f , as the remainder yields a smooth function. We use the

Golub-Welsch algorithm to find the nodes, but compute the weights by evaluating the

generalized Gauss-Laguerre polynomial at these nodes for higher relative accuracy.

We describe two examples and discuss the convergence of the numerical Gauss-

Laguerre quadrature in each one. First, consider the left-sided Riemann-Louiville

derivative Lx =RL
−∞ Dα

x in one dimension, which involves m(ξ) = (−iξ)α in the above
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formulas. Owing to the symmetry of K̂(ξ), one can write

RL
−∞D

α
xk = 1√

2π

ˆ ∞
−∞

ei(x−y,ξ)(−iξ)αK̂(ξ)dξ

= 1√
2π

ˆ ∞
0

ei(x−y,ξ)(−iξ)αK̂(ξ)dξ +
ˆ 0

−∞
ei(x−y,ξ)(−iξ)αK̂(ξ)dξ


= 1√

2π

[ˆ ∞
0

ei(x−y,ξ)(−iξ)αK̂(ξ)dξ +
ˆ ∞

0
ei(x−y,ξ)(−iξ)αK̂(ξ)dξ

]

= 2√
2π

ˆ ∞
0

Re
[
ei(x−y,ξ)(−iξ)αK̂(ξ)

]
dξ

Similarly,

RL
−∞D

α
y

[
RL
−∞D

α
xk
]

= 2√
2π

ˆ ∞
0

Re
[
ei(x−y,ξ)(−iξ)α(iξ)αK̂(ξ)

]
dξ.

These integrals call for generalized Gauss-Laguerre quadrature to be performed with

αgGL = α for RL
−∞D

α
xk and αgGL = 2α for RL

−∞D
α
y

[
RL
−∞D

α
xk
]
. Using the Matérn kernel

with ν = 5/2 as an example, the convergence of the error with the number of

quadrature points is shown in Table 1. The MATLAB integral function is used

for reference when computing the error. The setup for working with the right-

sided Riemann-Louiville derivative, or for the one-dimensional fractional Laplacian,

is entirely similar.
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Function, with
Lx =RL

x D1/2
∞

θ2
L∞[−1, 1]-norm of error as function of (x− y)

@ number of quadrature points
8 16 32 64

M 5
2
(x− y)

1
10 1.190e-02 3.468e-04 2.917e-06 2.876e-07
1 5.126e-03 8.029e-06 3.741e-07 3.204e-07
10 8.163e-02 1.446e-02 2.378e-04 4.188e-06

LxM 5
2
(x− y)

1
10 4.752e-02 1.991e-03 2.822e-05 3.315e-06
1 6.179e-03 9.528e-05 2.524e-07 1.634e-07
10 6.937e-02 9.915e-03 3.456e-04 2.828e-06

LxLyM 5
2
(x− y)

1
10 1.624e-01 8.980e-03 2.277e-04 3.449e-06
1 1.006e-03 1.515e-04 9.092e-07 9.642e-07
10 6.571e-02 4.774e-03 3.370e-04 1.217e-06

Table 1. L∞ error in computing the Matérn kernel M 5
2
(x − y) and

the kernel blocks LxM 5
2
(x−y) and LxLyM 5

2
(x−y), with Lx =RL

x D1/2
∞ ,

on [−1, 1] using generalized Gauss-Laguerre quadrature.

Next we consider the fractional Laplacian L = (−∆)α/2 in two dimensions. This

involves the multiplier m(ξ) = |ξ|α = |ξ2
1 + ξ2

2 |α/2. We transform the integrals into

polar coordinates:

(−∆x)α/2k = 1√
2π

ˆ 2π

0

ˆ ∞
0

ei〈x−y,(r cos θ,r sin θ)〉rαK̂(r cos θ, r sin θ)rdrdθ.

(−∆y)α/2(−∆x)α/2k = 1√
2π

ˆ 2π

0

ˆ ∞
0

ei〈x−y,(r cos θ,r sin θ)〉r2αK̂(r cos θ, r sin θ)rdrdθ.

The quadrature of these integrals is performed using the trapezoid rule in θ and

generalized Gauss-Laguerre quadrature in r, using αgGL = α + 1 for (−∆x)α/2k and

αgGL = 2α + 1 for (−∆y)α/2(−∆x)α/2k. Using the product multivariate Matérn

kernel M 5
2
M 7

2
as an example, convergence with respect to the number of quadrature

points in r is show in in Table 2, where 64 quadrature points in θ and 8, 16, 32, 64
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quadrature points in r are used. Reference answers were generated by nesting the

MATLAB integral function.

The examples in the following sections are built by defining the Matern kernels

in Mathematica and performing derivatives with respect to the hyperparameters

symbolically. The expressions are ported into MATLAB code where Gauss-Laguerre

quadrature with appropriate αgGL is used to compute the NLML (5.6) as well as

the derivatives of the NLML with respect to the parameters. For our purposes,

64 quadrature points in one dimension and 64x64 quadrature points (as described

above) in two dimensions is sufficient.

Function, with
Lx = (−∆x)α/2

θ2
L∞[−1, 1]2-norm of error as function of (x− y)

@ number of quadrature points
8 16 32 64

M 5
2
M 7

2

1
10 5.406e-02 6.201e-04 8.248e-06 9.939e-05
1 1.368e-02 3.611e-04 2.659e-06 2.955e-06
10 7.955e-01 8.385e-02 3.873e-03 2.006e-05

Lx
[
M 5

2
M 7

2

] 1
10 2.025e-01 3.922e-03 6.705e-05 3.842e-05
1 2.769e-02 9.611e-04 8.921e-06 8.977e-06
10 3.717e-01 2.013e-02 3.340e-03 1.515e-05

LxLy
[
M 5

2
M 7

2

] 1
10 4.759e-01 2.644e-02 5.154e-04 7.347e-05
1 8.117e-02 1.449e-03 8.740e-06 9.848e-06
10 8.713e-02 4.553e-02 1.535e-03 8.209e-06

Table 2. L∞ error in computing the Matérn kernel M 5
2
M 7

2
(x− y)

and the kernel blocks LxM 5
2
M 7

2
(x− y) and LxLyM 5

2
M 7

2
(x− y) on

the square [−1, 1]2. The same correlation parameter θ is used for both
kernels. Quadrature is performed generalized Gauss-Laguerre quadra-
ture in the polar variable r with 8, 16, 32, and 64 quadrature points,
with a fixed number of 64 trapezoid rule quadrature points in θ.
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5.4 A Basic Example

5.4.1 One Dimension

In this section, we will illustrate the methodology to discover the parameters C and

α in the fractional elliptic equation

C(−∆)α/2u = f

in one and two space dimensions from data on u and f .

Following the time-independent framework, this means that we must optimize

the negative log marginal likelihood (5.6), where in the covariance matrix (5.7),

the kernels are given by the integral formulas (5.19). In the latter formulas, the

multiplier m and the Fourier transform K̂ of the stationary prior kernel must be

specified; the multiplier m corresponding to the operator C(−∆)α/2 is m(ξ) = C|ξ|α

in one dimension, and m(ξ1, ξ2) = C|ξ2
1 + ξ2

2 |α/2 in two dimensions. We choose to use

the Matérn kernel kuu = K = Mν , given by (5.15) in one dimension, with a tensor

product (5.16) of Matérn kernels M×
ν1,ν2 in two dimensions. Thus, by equations

(5.17), K̂ = M̂ν(ξ) in one dimension, and K̂ = M̂ν1(ξ1)M̂ν1(ξ2) in two dimensions.

This completes the description of the covariance kernel.

In the one-dimensional case the solution/RHS pair

u = e−x
2
, f = C√

2π

ˆ ∞
−∞

eixξ|ξ|α e
−ξ2/4
√

2
dξ

is used. Three data sets are generated for three experiments. In all three experiments,

we use the above solution/RHS pair to generate data with exact C = 1.25, α =
√

2 ≈ 1.4142. The Matérn kernel with fixed ν = 11/2 is used to discover the

parameters, and the initial parameters for the optimization are taken to be θ =

1, σ = 1, α = 1.0, C = 0.5.
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(1) In the first experiment, 7 data points at Xu for u and 11 data points Xf

for f are generated via latin hypercube sampling. No noise is added. The

GP regression for the first experiment is shown in Figure 1. The equation

parameters recovered are α = 1.40158 and C = 1.25840, which are within

1% of the true values.

(2) The second experiment involves greater noise in the data. 20 data points

for each of u and f are generated in the same way, but normal random

noise of standard deviation 0.1 for u and 0.2 for f is added to the data.

The parameters learned in the second experiment are α = 1.51151 and C =

1.18099, which are within 7% and 6% of the true values, respectively. The

regression is shown in Figure 2. There, we have also plotted the twice the

standard deviation of the Gaussian process plus twice the standard deviation

of the learned noise, 2σnu and 2σnf (in the previous experiment, these learned

parameters were miniscule).

(3) The third experiment involves noiseless data spread over a wider window in

featureless regions of the solution pair u/f . 10 data points for each of u and

f are used. The parameters learned are α = 1.63138, C = 0.93670, which

are within 16% and 7% of the true values, respectively. The regression is

shown in Figure 3.

The second and third experiments, respectively, demonstrate the effect of noise and

overfitting on the learned parameters, with significantly greater discrepancies from

the values used to generate data compared to the first experiment. Both are well-

known hazards in the interpolation of spatial data. As the discovery of parameters

is encoded into a problem of interpolation, all inaccuracies of spatial interpolation

can be expected to affect the accuracy of the learned parameters.
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Remark 5.21. All reported wall times in this Chapter were obtained using four

threads (default MATLAB vectorization) on an Intel i7-6700K at stock settings.

Figure 1. Result of training the GP in the one-dimensional example on 7
noise-free data points for u and 11 data points for f on [−2, 2]. The trained
parameters are are within 1% of the true values. Optimization wall time: 7
minutes. Roughly 1400 function evaluations.

Figure 2. Result of training the GP on 20 noisy data points for each of
u and f on [−2, 2]. The trained parameters are within 7% percent of the
true values. For this example, we have also plotted in green two standard
deviations of the GP, plus two times the learned noise parameter σnu/σnf .
Optimization wall time: 38 seconds. Roughly 100 function evaluations.
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Figure 3. Overfitting. 10 noiseless data points on [−6, 6]; the poor choice
of window and abundance of zero data results in high standard deviation
and inaccurate parameters. The trained parameters are within 16% of the
true values. Note the poor fitting of the peaks of f and the high stan-
dard deviation near the areas of zero data, despite the noiseless data. This
problematic regression results in less accurate α. Wall time: 80 seconds.

5.4.2 Two Dimensions

Next, we study the effect of the number of data points on the learned parameters. In

this two dimensional example, the exact solution pair used to generate data is now

u = e−x
2
1−x

2
2 , f = C

2π

ˆ ∞
−∞

ˆ ∞
−∞

eix1ξ1eix2ξ2 |ξ2
1 + ξ2

2 |α/2
e−ξ

2
1/4−ξ2

2/4

2 dξ1dξ2

with exact C = 1, α =
√

3 ≈ 1.7321. Again, the Matérn parameter

ν = ν1 = ν2 = 11/2

is used. The initial parameters for the optimization are

σ = 1, θ1 = 1, θ2 = 1, α = 2, C = 1.5.
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We generate the same number of data for each of u and f , at positions given by

using latin hypercube sampling on [−2, 2]× [−2, 2]. The parameters

α =
√

3 ≈ 1.7321 and C = 1

were used to generate data. In the first experiment, 20 points for each of f and u

were used to train; in the second experiment, 40 points for each of f and u were

used. The setup and results of the training are shown in Figures 4, 5, and 6.

In the 20/20 data point experiment (wall time 11 minutes), the learned pa-

rameters are α = 1.76516 and C = 0.81762, with hyperparameters σ = 0.02813,

θ1 = 1.73731, and θ2 = 1.42719. This value of α is quite accurate, but the value of C

has an error of 20%. In the 40/40 data point experiment (wall time 74 minutes), the

learned parameters are α = 1.72888 and C = 0.99977, within 1% of the true values,

with hyperparameters σ = 0.0213, θ1 = 1.581, and θ2 = 1.586.

These examples in one- and two-dimensions demonstrate the feasiblity of imple-

menting the fractional kernels as described in the previous sections and the accuracy

of discovered parameters, even with noise or small data.
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(a) 20 data points for u and f

(b) 40 data points for u and f

Figure 4. Surface plots of the exact u (left) and f (right), which solve
the equation with parameters C = 1 and

√
3 ≈ 1.7321, that are used

to generate data. Data points on each of u (squares) and f (circles) are
shown on these surface plots. The top row (A) shows the data points
on u/f for the 20/20 data point simulation, and the bottom row (B)
shows the data points for the 40/40 data point simulation.
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Figure 5. Error between the mean of the trained GP for u (left) and
f (right) and the exact u, f used to generate data. The top row (A)
shows the error for u/f for the 20/20 data point simulation, and the
bottom row (B) shows the error for the 40/40 data point simulation.
Note that the positions of data points for u are illustrated by squares,
while data points for f are illustrated by circles.
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Figure 6. Standard deviation of the trained GP for u (left) and f
(right) and the exact u, f used to generate data. The top row (A) shows
the standard deviation for u/f for the 20/20 data point simulation, and
the bottom row (B) shows the standard deviation for the 40/40 data
point simulation. The positions of data points for u are illustrated by
squares, while data points for f are illustrated by circles.
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5.5 Discovering and Interpolating Integer Order

Models

As discussed in the introduction, fractional-order differential operators interpolate

between classical differential operators of integer order, reducing the task of choosing

a “dictionary” of operators of various orders and the assumptions that this entails.

The user controls the parsimony directly, by choosing the number of fractional terms

in the candidate equation. For example, the model in Section 5.4 was constrained

to be of parsimony one, since it includes a single differential operator of fractional

order. This raises several questions, such as: Can the method be used to discover

integer-order operators when they drive the true dynamics? What can be expected if

the user-selected parsimony is lower than the parsimony of the “true” model driving

the data? Can lower-parsimony models still be used to model dynamics? To explore

these questions, we consider the parametrized model

(5.22) ∂u

∂t
− C

(
RL
−∞D

α
x

)
u = 0,

for u(t, x), t ∈ R+, x ∈ R. where the left-sided Riemann-Louiville derivative RL
−∞D

α
xu

was defined in (5.14). Note that

α = 1 =⇒ RL
−∞D

α
xu = −∂u/∂x, α = 2 =⇒ RL

−∞D
α
xu = ∂2u/∂x2.

For α = 1, C = 1, (5.22) reduces to the advection equation (with speed C = 1)

(5.23) ∂u

∂t
+ ∂u

∂x
= 0,

and for α = 2, C = 1, to the diffusion equation (with diffusion coefficient k = 1)

(5.24) ∂u

∂t
− ∂2u

∂x2 = 0.
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We perform four experiments. Importantly, we learn these equations using the

time-stepping methodology, optimizing (5.6), where the kernel blocks are given by

(5.12) and (5.13). We take k = M 19
2

(effectively a squared-exponential kernel) and

again use (5.19) with generalized Gauss-Laguerre quadrature to evaluate the action

of the fractional derivatives on k. In all of experiments, we generate data that

satisfies the initial condition u0 = sin(x). We choose ∆t = 0.1 and n = 3; thus,

un = u(t = 0.3, x), un−1 = u(t = 0.2, x). The GP is trained on 30 data points for

each of these time slices. The experiments are

(1) Data generated from u(t, x) = sin(x − t), the solution to the advection

equation (5.23). We learn the order α and coefficient C in (5.22); the exact

α = 1.

(2) Data generated from u(t, x) = e−t sin(x), the solution to the heat equation

(5.24). We learn the order α and coefficient C in (5.22); the exact α = 2.

(3) Data generated from u(t, x) = e−t sin(x−t), the solution to the integer order

advection-diffusion equation

∂u

∂t
+ ∂u

∂x
− ∂2u

∂x2 = 0.

We learn the order α and coefficient C in (5.22). Note that this archetype is

limited to only one space-differential operator; we will see that the algorithm

will select best order 1 < α < 2 to capture both the advection and diffusion

in the data.

(4) The same advection-diffusion data as in experiment 3, but with the two

term, four parameter candidate equation

∂u

∂t
− C1

(
RL
−∞D

α1
x

)
u− C2

(
RL
−∞D

α2
x

)
u = 0
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We note that all of these experiments call for only a single fractional-order dictionary

term; even Experiment 4 uses two copies of the same archetype. Experiments 1-3

use initial parameters α = 0.5 and C = 1.25, and Experiment 4 uses α1 = 0.5,

α2 = 1.5, C1 = 1.25, C2 = 0.75.

In Experiments 1 and 2, we note that fractional-order parameters are discov-

ered close to (within 5% of) the true integer-order parameters. In this sense, the

true dynamics can be considered recovered. The numerical difference from the true

parameters despite the high number of data points (30 per slice) is likely due to

approximation error from the backwards Euler approximation (5.9), and may be re-

solved by using higher-order differentiation with more time slices [169], as simply

taking ∆t to be extremely small may cause the optimization to be dominated by

numerical error in computing the kernels.

Experiment 3 shows what occurs when the user-defined parsimony is less than

the true dynamics used to generate data. The optimizer still converges, and to a

sensible answer – the result can be interpreted as an interpolation of the two integer-

order operators in the true dynamics. Moreover, as shown in Figure 7, near the time

of the data used to train the model, and even much later, the fractional dynamics

are a good approximation to the true dynamics, while being simpler in the sense of

being driven by only one spatial derivative. This leads to potential applications of

interpolating complex systems using lower-parsimony fractional models.

In Experiment 4, the parsimony was increased with the inclusion of an addi-

tional indepedent copy of the fractional archetype. The advection-diffusion equation

is recovered with parameters within 5% of the true values. Thus, with a single

fractional archetype and user-controlled parsimony, it is possible to discover advec-

tion, diffusion, advection-diffusion, as well as a single-term fractional interpolation

of advection-diffusion.
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Exp. Data Candidate Parameters
Learned

1 Advection:
∂u
∂t + ∂u

∂x = 0
∂u
∂t − C

(
RL
−∞D

α
xu
)

= 0 C = 1.01
α = 0.97

2 Diffusion:
∂u
∂t −

∂2u
∂x2 = 0

∂u
∂t − C

(
RL
−∞D

α
xu
)

= 0 C = 1.05
α = 2.00

3 Advection-Diffusion:
∂u
∂t + ∂u

∂x −
∂2u
∂x2 = 0

∂u
∂t − C

(
RL
−∞D

α
x

)
u = 0 C = 1.49

α = 1.47

4 Advection-Diffusion:
∂u
∂t + ∂u

∂x −
∂2u
∂x2 = 0

∂u
∂t −C1

(
RL
−∞D

α1
x

)
u−C2

(
RL
−∞D

α2
x

)
u = 0 C1 = 1.05

α1 = 0.98
C2 = 1.03
α2 = 1.96

Table 3. Results of the four experiments. Wall times: roughly
11/14/13/21 minutes.
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True solution

Fractional Interpolant

Figure 7. Comparison of the true advection-diffusion dynamics with the
fractional-order dynamics learned in Experiment 3. Near the time (t =
0.2) when the equation was learned, the fractional-dynamics are a good
approximation, although for later time t the dynamics are increasingly out-
of-phase.
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5.6 Learning Fractional Diffusion from α-stable Time

Series

We now consider an example that will set up our application to financial time series

data and explore the effect of the Matérn parameter ν. The example will involve iden-

tification of α-stable Lévy processes parameters from time series data. Equivalently,

the same data is used to identify a fractional-order diffusion equation governing the

transition density of the process, of the form

∂u

∂t
= γα

| cos(πα/2)|
[
p(RL−∞Dα

xu) + (1− p)(RLx Dα
∞u)

]
, t > 0.

where

0 < γ, 0 < p < 1, 0 < α < 2.

The exact solution to this equation (technically, with intial condition a point distri-

bution at zero) is in fact the α-stable probability density

Sα(2p− 1, γt1/α, 0)

with stability parameter α, skewness parameter 2p − 1, scale parameter γt1/α, and

position parameter 0. See Proposition 5.8 in Meerschaert and Sikorskii [149].

Under the ansatz that the increments are drawn from a transition density, a time

series Xi, i = 1, ..., imax can be used to recover the transition densities in the following

way. Suppose that the increments occur in units of time ∆t. To approximate the

transition density ρn∆t at times n∆t, n ∈ N, first the collection of increments

{X(i+n)∆t −Xi∆t}i=1,2,...,imax−k.
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is assembled. A histogram of such increments is created and normalized; the result

is an empirical probability distribution, and as the number of samples increases, the

empirical distribution converges to the probability density function [212]. Therefore,

if Xt is a time series in which, at each time increment ∆t, a space increment is

drawn from the α-stable density with parameters skewness 2p − 1, scale γ(∆t)1/α,

and position 0, then these empirical histograms ρn∆t will approximate the same

density Sα(2p− 1, γ(n∆t)1/α, 0). In other words, ρn∆t will approximate the time-

slices u(t = n∆t, x) of the solution to equation 5.6. This setup is shown in Figure 8,

which illustrates empirical distributions using 1,200 and 120,000 samples.

In preparation for the next section, we will use the much noiser data generated

from an α-stable time series of 1,200 steps and parameters α =
√

2, p = 0.8, γ = 1

and ∆t = 0.01, at times t = 0.03 and t = 0.04. This is the data shown in the bottom

panel of Figure 8. Because we are only seeking an equation that can be associated

with an α-stable process, we enforce 0 ≤ p ≤ 1 and 0 < α ≤ 2 by placing these

variables in sigmoids:

p = 1
1 + exp[−p̃] , α = 2

1 + exp[−α̃] .

The optimization is then over p̃ and α̃. The parameters are initialized as α = 1.8,

p = 0.5, and γ = 1. Because the data appears quite rough, we have also allowed for

variable order ν, optimizing it as an extra hyperparameter, initializing with ν = 9/2.

The result of the training is shown in 9. The trained parameters are α =

1.38415, p = 0.87519, γ = 0.89166, σ = 0.05576, θ = 0.16287, and ν = 14.82891.

First, we note that the equation parameters are roughly within 10% of the values

used to generate the data, despite the low number of samples and roughness of the

histogram. Next, the learned value of ν, which is much higher than the starting

value of 4.5, shows that the Gaussian process was able to learn the noise parameter



199

1 2 3 4 5 6 7 8 9 10 11 12

Number of increments (occuring at time steps of ∆t = 0.01)
×10

4

-200

-150

-100

-50

0

P
o
si
ti
o
n

Sample time series of α-stable Levy motion for 120,000 time steps (α =
√

2, p = 0.8, g = 1)

-0.4 -0.2 0 0.2 0.4

x

0

1

2

u
(t

=
0
.0
4
,
x
)

t = 0.04, histogram (50 bins) using 120,000 samples

-0.4 -0.2 0 0.2 0.4

x

0

2

0

2

u
(t

=
0
.0
4
,
x
)

t = 0.04, histogram (50 bins) using 1200 samples

-0.4 -0.2 0 0.2 0.4

x

0

2

4

u
(t

=
0
.0
3
,
x
)

t = 0.03, histogram (50 bins) using only 1200 samples

-0.4 -0.2 0 0.2 0.4

x

0

2

0

2

u
(t

=
0
.0
3
,
x
)

t = 0.03, histogram (50 bins) using 120,000 samples

Figure 8. Illustration of how data is produced to discover a fractional-
order diffusion equation using time series data. The top shows an example
α-stable time series with α =

√
2, p = 0.8, γ = 1 at time increments of ∆t =

0.01. To approximate the solution at t = 0.03, as on the left, a histogram is
made of the spatial increments in three units of time along the time series,
and normalized. The longer the time series, the more accurate the empirical
density will approximate the true density/solution. The middle row shows
histograms made with a time series of 120,000 increments, while the bottom
shows histograms made with a time series of 1,200 increments.

σ and write off the roughness of the histogram as not intrinsic to the data, so that a

low ν value was not required. As higher Matérn kernel Mν are for practical purposes

the same as the squared-exponential kernel and with each other [177], we conclude

that for such data it is not necessary to utilize a variable-order Matérn kernel, as it

prolongs the optimization needlessly. Indeed, performing the same simulation with

ν fixed as 9/2 yields parameters α = 1.32148, p = 0.80294, γ = 0.98273, which are
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(a) (b)

Figure 9. Result of training the GP on the synthetic 1200-step α-stable
time series data. The blue crosses are the normalized histogram/empirical
distribution function data. The red curve/orange bars show the mean/two
standard deviations of the trained GP, while the green curve shows two
standard deviations ± the learned noise 2σn.

arguably slightly closer to the true values. However, we do not claim this to be true

for all applications; in particular, in cases where enough data is available to resolve

local behavior clearly, variable-order ν optimization may be critical in training the

Gaussian process [200].

5.7 Fractional Diffusion for Relative Stock Perfor-

mance

Many types of Lévy processes – such as α-stable processes – are well known and

heavily used in financial modeling due to their heavy tails [207, 96, 35]. This began

with the work of Mandelbrot in 1963 [141], who showed that returns of cotton prices

are more accurately modeled by an α-stable density with α = 1.7 than with a normal

density, followed by the work of Fama in 1965 [73] arriving at a similar conclusion for

daily returns of the Dow Jones Industrial Average. More recent investigations include
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α-stable behavior in Mexican financial markets [10], as well as financial modeling by

more general Lévy processes [143, 75]. The implications of heavy tailed behavior

in financial processes cannot be underestimated in practice; Wilmott [222] gives the

following example based on daily data of the S&P 500 from 1980-2004. While a

20% fall in the S&P 500 occured once in this interval of 24 years (the stock market

crash of October 19th, 1987) a normal distribution for S&P 500 returns (based on

an average volatility of 16.9%) would imply such an event would occur only once in

every 2× 1076 years.

A number of methods have been used to determine the parameters of an α-

distribution from empirical data (see Chapter 7 of [207] for a summary, as well as

[188]). A naive approach would be to plot the empirical densities in log-log scale,

where the power-law tail would appear linear, and read the stability parameter α

from the slope the curve for large argument. This can be misleading because it is

not clear for what arguments an α-stable distribution is converged to a power law,

nor is the answer simple; it depends on the parameter α, and the density enters into

a transitory power law decay with power > 2 before settling into the “true” power

law decay with α < 2 (see [33]). Much more reliable methods include maximum

likelihood estimation [159] and the generalized method of moments [44], which have

had good success in practice.

We propose using machine learning of fractional diffusion equations outlined in

section 5.6, with empirical distributions as data, to calibrate the parameters of the

corresponding α-stable Lévy process. We have demonstrated that such a method

can reliably recover the parameters of synthetic data, and can handle very noisy or

rough data in Section 5.6. The following simulations use the exact same setup, only

with empirical (rather than synthetic) data, to learn the parameters of the equation

∂u

∂t
= γα

| cos(πα/2)|
[
p(RL−∞Dα

xu) + (1− p)(RLx Dα
∞u)

]
, t > 0.
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The raw data we take for illustration is the relative stock performance of Intel vs S&P

500. We use the daily closing values of each stock in a 5-year period from 2013/02/27

to 2018/02/26. We normalize each stock to the “initial” value on 2013/02/27, then

take ratio of the two stocks (Intel/SP500) to yield the time series that will be trained

on. The time series used in the procedure are illustrated in Figure 10.
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Figure 10. The financial time series data used to calibrate the model.
The blue curve shows the daily closing values of the S&P 500, normalized
to the value on 2013/02/27, while the red curve shows the same for Intel.
The ratio (which measures the performance of Intel relative to the S&P 500
index in the same time period) is shown in green.

The natural time intervals here are ∆t = 1 days. Thus, in (5.9) and in the

kernels, ∆t = 1, and t = n, where n ∈ N. The parameter γ can, in principle, capture

any space-time scaling relation for the diffusion. However, very small or very large

values of γ cause optimization instability. Thus, the time series values are rescaled

by a constant factor factor
√
imax – the scaling for Brownian motion – prior to fine
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Figure 11. (top) The rescaled time series given by (5.25). The relative
(normalized) Intel/SP500 stock is multiplied by

√
1259 to put it in the same

window as standard Brownian motion. (bottom) The empirical histograms
to be used as data to discover the fractional-order diffusion equation.

tuning with γ:

(5.25) Xscaled
i =

√
imaxXi =

√
1259Xi.

This ensures γ = O(1), because it places Xi in roughly the same window as a

standard 2-stable process (Brownian Motion) with the same number of steps. After

this preprocessing, a value of γscaled will be learned for the scaled diffusion. The

original diffusion then has true scaling parameter

γ = γscaled/
√
imax = γscaled/

√
1259.
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(a) (b)

Figure 12. The result of training the GP using the histogram data in
Figure 11. The blue crosses are the normalized histogram/empirical dis-
tribution function data. The red curve/orange bars show the mean/two
standard deviations of the trained GP, while the green curve shows two
standard deviations ± the learned noise 2σn.

This is shown in Figure 11, and the result of the training is shown in Figure 12.

Following the discussion in Section 5.6, a fixed Matern parameter ν = 9/2 was used.

The initial parameters were α = 1.8, p = 0.5, γscaled = 1, σ = 0.1, θ = 0.2. The

trained parameters were α = 1.667, p = 0.422, γscaled = 0.235, and hyperparameters

σ = 0.0617, θ = 1.173 and learned noise σn = 0.0344. The true γ = 0.0066. The

optimization wall time was 6 minutes and 31 seconds.

The conclusion of this training is that, in this model, the transition density

u(t, x) of the original Intel(normalized)/SP500(normalized) process is governed by

the fractional diffusion equation

∂u

∂t
= 0.00661.667

| cos(1.667π/2)|
[
0.422(RL−∞D1.667

x u) + 0.578(RLx D1.667
∞ u)

]
= 0.000113(RL−∞D1.667

x u) + 0.000155(RLx D1.667
∞ u).
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Equivalently, the time series may be described as an α-stable process,

(5.26) Xi+n −Xi ∼ S1.667(−0.156, 0.0066(n1/1.667), 0).

However, for modeling purposes, it should be kept in mind that the training was

performed using data in the interval [−2.5, 2.5]/
√

1259 with n = 3 and n = 4;

increments greater than 2.5/
√

1259 in four units of time were excluded. Thus, for

consistency, the stable densities should be truncated to this interval as well, and

renormalized. If increments in four units of time are drawn from the 1.667-stable

density (5.26) with n = 4 truncated to [−2.5, 2.5]/
√

1259, increments in one unit

of time should be drawn as from the appropriate (n = 1) density truncated to

[−2.5, 2.5]/(
√

1259× 41/1.667) = [−0.031, 0.031] and normalized:

(5.27) Xi+1 −Xi ∼ Cnorm1[−0.031,0.031]S1.667(−0.156, 0.0066, 0)

Sampling of this distribution can be performed by sampling S1.667(−0.156, 0.0066, 0)

and rejecting draws greater in magnitude than 0.031. Backtesting with this model,

shown in Figure 13, yields good agreement with both the trend and volatility of the

historical data.

Fitting α-stable densities to financial data is important for risk management and

is of relevance to trading strategies based on assumptions of underlying α-stable

random behavior. In this direction, fractional Black-Scholes equations have been

introduced ([40], [120]) as appropriate models for hedging, since standard Black-

Scholes theory is based on assumptions of normality/log-normality of the underlying

processes. The example here can serve as a building block to applying fractional

Black-Scholes theory to financial data.
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Figure 13. Backtesting/validation of the trained α-stable parame-
ters. The black curve shows the training data of normalised Intel /
normalized S&P 500 for 1259 days starting Feb. 27, 2013. The blue
curve shows extra historical time series data, from Feb. 26, 2018 until
July 26, 2018 (not used to train). Each of the 100 green curves is a
sample path of the truncated α-stable process (5.27). The dark/filled
region of the envelope of samples contains the historical data, provid-
ing a fairly sharp estimate of volatility in the first year. The purple
curve is the expectation of the samples, which is accurate initially but
does not take into account the mean-reverting behavior of the stock
over five years.

5.8 Chapter Conclusion

The Gaussian processes methodology based on the implementation of fractional

derivatives and stationary covariance kernels in Theorem 5.18 allows for the effective

and efficient discovery of linear space-fractional equations in Rd. We have demon-

strated the feasibility, robustness, and accuracy of this methodology. Due to the

versatilty of fractional archetypes and user-controlled parsimony, we demonstrated

the appeal of the method even for discovering integer-order equations, and discussed
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a novel approach to interpolating multi-term linear PDEs. The methodology allows

for versatile discovery of linear space-fractional differential equations in Rd in many

applications where fractional or anomalous behavior is expected, as illustrated by the

discovery of a fractional diffusion equation for relative stock performance. This can

be used to calibrate α-stable parameters from time series, and has potential impact

in risk management and fractional Black-Scholes theory.

Regarding extensions of this work, one potential drawback of the methodology

is that Gaussian processes may not scale well to large datasets. In this regard,

remedies proposed in [99, 170] may be worth exploring. On the other hand, neu-

ral networks are intrinsically suited to larger data sets. Moreover, unlike Gaussian

processes, neural networks do not require a linear relationship of the form (5.1), and

can be freely used to discover parametrized nonlinear differential equations. Neural

networks were used to solve and discover (integer-order) PDEs in [174, 175]. The

methodology therein was further utilized in [176] and [171] to train neural networks

to distill the actual dynamics of nonlinear dynamical systems and nonlinear partial

differential equations, respectively. See also [138] for a different approach. However,

direct extension of these methods to allow for fractional-order differential operators

would require fractional automatic differentiation of neural networks, which remains

a major conceptual and numerical challenge due to a lack of classical chain rule for

fractional-order operators.
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One of the contributions of this thesis is a unified discussion of boundary conditions

for fractional Laplacians and a proof that the various proposed extensions of the spec-

tral fractional Laplacian to nonzero boundary conditions are equivalent. We have

also shown that the same operator can be defined using the spectral theorem to di-

rectly define the inverse operator, justifying the lifting of the boundary condition by

more general nonharmonic functions, and that these definitions, too, are equivalent.

Moreover, we have validated this operator from a stochastic perspective by estab-

lishing Feynman-Kac formulas that involve subordinate stopped Brownian motion.

Thus, we conclude that the problem of defining the spectral fractional Laplacian

with nonzero boundary conditions has largely been solved, and we can speak of the

spectral fractional Laplacian for nonzero boundary conditions in a bounded domain.

The stochastic solution formulas proven and tested in this thesis are highly par-

allelizable and offer advantages for local solution of boundary value problems. A

pertinent application of the formulas is to boundary value problems in high dimen-

sions (as illustrated by the 16-dimensional benchmark problem in Section 3.10.4) or

in complex domains. Solving using these formulas involves successively generating

a normal random number, using it to increment the Brownian motion, and then

checking if the new endpoint of the path is still in the domain. Methods for normal

random number generation have shown significant speedup on GPUs compared to

CPUs [3]. Assuming that the boundary of the domain can be approximated by a

polyhedron, the test of whether the path endpoint remains in the domain reduces to

the classical point-in-polyhedron problem. One method of solution is to cast a single

long ray (say, longer than the increment plus the diameter of the domain) in any

direction and compute the number of intersections with all the polygonal faces of the

domain. The point is inside the domain if and only if this number of intersections

is odd. This is parallelizable over the triangulation of the domain and is essentially
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a problem of computer graphics. Clearly, it is also highly amenable to GPU imple-

mentation. Thus, a GPU implementation of the discretized Feynman-Kac formula

as described in Chapter 3 is a priority for future work by the author.

One method of accelerating the stochastic solution methods of Chapter 3 that

may be explored is Walk-on-Spheres, as discussed in Sections 2.4.3 and 3.11. Clas-

sically, this method is highly advantageous for the homogeneous problem ∆u =

0, u|∂Ω = g, since the stochastic solution formula reduces to an expectation over

exit points of Brownian motion, which may be sampled quickly by generating a se-

quence of maximally-inscribed spheres rather than exact paths. The Poisson problem

∆u = r, u|∂Ω = g with nonzero right-hand side r may be reduced to the homoge-

neous problem by subtracting a particular solution to the Poisson equation that need

not satisfy the boundary condition, leading to a new boundary condition. However,

this reduction is difficult to apply to the fractional problem of Chapter 3, since

boundary conditions are “built into” fractional operators and the computation of

the new boundary condition in the fractional case may be just as difficult as solv-

ing the boundary value problem itself. On the other hand, the stochastic solution

formula for the general Poisson problem involves path integration of the right-hand

side which, in the Walk-on-Spheres method, must be replaced by integration of the

right-hand side over the occupation measures of the spheres [125]. The cost of per-

forming such integrals (using quadrature rules or Monte Carlo integration) should

be compared to the direct path-integration implementation of the stochastic solution

formulas. Moreover, the distribution for exit points of subordinate stopped Brownian

motion within a domain must be understood as well, since it is required to sample

this to implement Walk-on-Spheres [125].

Another priority in this direction is the stochastic solution formula for the Neu-

mann problem. The author conjectures that this will involve subordinate reflected

Brownian motion, and that the boundary local time process that appears in the



211

classical stochastic solution formula [36, 136, 23, 103] will in turn be subordinated

for the fractional formula. Thus, it will not be necessary to solve the Skorokhod

problem “from scratch” for the fractional problem. Looking beyond the spectral

fractional Laplacian, the stochastic viewpoint is appealing for understanding reflect-

ing boundary conditions for the Riesz fractional Laplacian and other operators, which

is currently a poorly understood area with many open problems.

Continuing the development of Monte Carlo methods for FPDEs, in this thesis we

have developed a Path Integral Monte Carlo method for the fractional Schrödinger

equation with periodic boundary conditions. Although the subject of fractional quan-

tum mechanics has attracted theoretical debate for years, there had been few studies

of realistic quantum systems in fractional regimes. This thesis contains the first

method (Fractional Path Integral Monte Carlo) that can study quantum systems in

fractional regimes with arbitrary, realistic potentials. For future work, in addition

to exploring novel properties of condensates in the fractional regime, we aim to use

this method to generate a synthetic database of fractional quantum systems that

can be compared with experimental data to potentially identify fractional behavior

in applications.

To accelerate the discovery of FPDE models in applications from field data, we

have developed a fractional physics-informed Gaussian process method for discov-

ering linear space-fractional PDEs. The method is compatible with a wide variety

of stationary kernels including the Matérn family. We illustrated how the use of

fractional derivatives within a physics-informed Gaussian process framework allows

continuous regression to be performed over the orders of differential operators them-

selves, providing a powerful tool for discovering both fractional and integer-order

PDEs. The author is currently collaborating with the group of Prof. Hong Wang of

the University of South Carolina to develop frameworks for time-fractional physics-

informed Gaussian processes. The behavior of the data in time calls for a large
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variety of covariance kernels, the choice of which is essential to successfully train the

Gaussian process. Such kernels include Matérn, rational quadratic, periodic, and

locally periodic. For example, a Gaussian process trained on seasonal data requires

periodic kernels and will fail when used with a stationary kernel such as the squared-

exponential or Matérn [69, 156]. Thus, it is required to develop a library of robust

and fast methods to compute time-fractional Gaussian process kernels for a range of

hyperparameters.

Compared to Gaussian processes, physics-informed neural networks scale favor-

ably to larger data, and can be freely used to discover parametrized nonlinear dif-

ferential equations. They were used to solve and discover (integer-order) PDEs in

[174, 175] and further utilized in [176] and [171], but fractional differentiation of

neural networks poses a new challenge. This is the means by which the candidate

equation is encoded into the neural network (just as in the Gaussian process frame-

work). While classical derivatives of neural networks exploit the structure of neural

networks as layered compositions of affine functions and activation functions to per-

form automatic differentiation or backpropagation based on repeated use of the chain

rule, fractional and nonlocal derivatives generally do not satisfy a tractable chain

rule. Recently, in [162], a hybrid method for fractional physics-informed neural

networks was proposed that involves automatic differentiation for the integer-order

operators and numerical discretization for the fractional operators. This represents

a promising approach to the problem, and may provide a basis for future work on

fractional physics-informed neural networks.

It is now clear that all potential frameworks for machine learning of FPDEs re-

duce to efficient and robust subroutines for the computation of the action of fractional

operators (on Gaussian process kernels or neural networks) or for the solution of asso-

ciated equations/boundary value problems. The Fourier transform based numerical

algorithms developed in Chapter 5, while sufficient for discovering many types of
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linear space-fractional PDEs, cannot be used in bounded domains or for certain in-

homogeneous coefficients or fractional orders. A robust library of fast direct solvers

for the wide variety of fractional and nonlocal operators and boundary value problems

would prove extremely useful for further development of physics-informed learning

machines. Due to nonlocality of fractional derivatives, discretization of such opera-

tors and problems leads to fully dense matrices. For such linear systems, N degrees

of freedom therefore requires O(N2) memory for storage and O(N3) operations for

solution. When the underlying mesh is uniform, the resulting Toeplitz-like nature

of coefficient matrices has been exploited to alleviate this [217, 216]. Hierarchical-

matrix (H-matrix) methods, based on approximations of dense matrices by low-rank

“data-sparse”’ matrices of rank k, allow for a similar reduction in storage require-

ments and complexity to O(Nk logN), but do not require uniform meshes. Thus,

they allow for geometric multigrid methods to be utilized, further increasing the

efficiency [231]. Using an H-matrix preconditioner, [134] reduced the computa-

tional cost of solving a benchmark FPDE by a factor of 11 orders of magnitude. An

H-matrix method was developed to solve equations involving generators of general

Lévy processes in [224]. For future work, therefore, we aim to develop fast linear

algebra subroutines to consistently and directly address the numerical challenges in-

volved with data-driven discovery of FPDEs within a variety of machine learning

frameworks.
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A.1 Hk(Ω) and H1
0(Ω)

Let Ω ⊂ Rd be a domain with Lipschitz continuous boundary. The Sobolev space

Hk(Ω) for integer k ≥ 0 is defined to be the set of all functions u ∈ L2(Ω) such that all

weak partial derivatives Dβu of order |β| ≤ k belong to L2(Ω). Here, β = (β1, ..., βd)

is a multi-index, with βi ∈ N = {0, 1, 2, ...} and |β| = β1 + ...βd. The space Hk(Ω) is

equipped with the inner product

(u, v)Hk(Ω) =
∑
|β|≤k

ˆ
Ω
DβuDβvdx

and norm

‖u‖Hk(Ω) = (u, v)1/2
Hk(Ω) =

 ∑
|α|≤k

ˆ
Ω

(Dβu)2dx


1/2

.

The space Hk(Ω) forms a Hilbert space with the above norm. For the space H1(Ω),

we introduce the following seminorm:

[u]H1
0 (Ω) = ‖∇u‖L2(Ω).

Thus,

‖u‖H1(Ω) = ‖u‖L2(Ω) + [u]H1
0 (Ω).

By the trace theorem (Theorem B.3 in Appendix B), for a bounded domain Ω

with Lipschitz continuous boundary, the trace operator |∂Ω exists and is a bounded

linear mapping from H1
0 (Ω) into L2(∂Ω). Thus, the set

H1
0 (Ω) =

{
u ∈ H1(Ω) such that u|∂Ω = 0

}
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is a well-defined linear subspace of H1
0 (Ω). It may be equipped with the same norm

‖ · ‖H1(Ω) as H1(Ω). However, by Poincare’s inequality, the seminorm [·]H1
0 (Ω) is a

norm on H1
0 (Ω) equivalent to the norm ‖ · ‖H1(Ω). See [127].

A.2 Hölder Spaces

For integer k ≥ 0, the space of k-times differentiable functions Ck(Ω) is equipped

with norm

‖u‖Ck(Ω) =
∑
|β|≤k

sup
x∈Ω
|Dβu(x)|.

The derivatives Dβu(x) are required to exist in the classical (pointwise) sense. Here

β = (β1, ..., βd) is a multi-index as before. The Hölder coefficient, for 0 < ρ ≤ 1, is

defined as

[u]C0,ρ(Ω) = sup
x∈Ω

|u(x)− u(y)|
|x− y|ρ

.

The Hölder Space Ck,ρ(Ω) is defined to be the space of all functions u ∈ Ck(Ω) such

that the Hölder norm

‖u‖Ck,ρ(Ω) = ‖u‖Ck(Ω) + max
|β|=k

[
Dβu

]
C0,ρ(Ω)

is finite. The space Ck,0(Ω) is taken to mean Ck(Ω).

Grubb [89] uses the following notation for Hölder spaces, which is very convenient

for stating fractional regularity results: for nonnegative real number r ≥ 0, the space

Cr(Ω) is defined as

Cr(Ω) = Cbrc,ρ(Ω), r = brc+ ρ, 0 ≤ ρ < 1.
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Here, brc denotes the largest integer ≤ r, and the space Cbrc,ρ(Ω) is the standard

Hölder space defined above.

A.3 Inequalities

The Sobolev inequality that we use is stated in the appendix of [127]:

Theorem A.1. Let k > d/2 + r. There exists a constant C such that

‖v‖Cr(Ω) ≤ C‖v‖Hk(Ω).

Thus, Hk(Ω) ⊂ Cr(Ω).

This holds for domains Ω with Lipschitz boundary [13] or which satisfy the cone con-

dition [6]. Finally, we require the following elliptic regularity estimate, transcribed

from Chapter 3.7 of [127]:

Theorem A.2. Let Ω be a smooth domain. Then for u ∈ Hk+2(Ω) ∩ H1
0 (Ω),

there exists a constant C such that

‖u‖Hk+2(Ω) ≤ C‖(−∆)u‖Hk(Ω).

A.4 Basic Facts about Dirichlet Eigenfunction De-

composition

The following results about the spectrum of −∆ and eigenfunction decomposition

are transcribed from Chapter 6.1 of [127]. In that text, Ω ⊂ Rd is taken to be a

domain with smooth boundary, although in general Ω can have piecewise smooth
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boundary [54]. Consider the Dirichlet eigenvalue problem

(A.3) −∆eλ = λeλ in Ω, eλ|∂Ω = 0,

defining eigenvalues λ with corresponding eigenfunctions eλ.

Theorem A.4. The eigenvalues λ of (A.3) are real, positive, and can be ordered

in a nondecreasing sequence λk such that

λk →∞ as k →∞.

Two eigenfunctions eλ1 and eλ2 corresponding to different eigenvalues λ1 6= λ2, are

orthogonal in L2 and H1
0 .

Theorem A.5. The sequence of eigenfunctions {ek} corresponding to the nonde-

creasing sequence of eigenvalues {λk} forms an orthonormal basis for L2(Ω). More-

over, v ∈ H1
0 (Ω) if and only if the series

∞∑
k=0

λk (v, ek)2 converges.

The following identity holds:

[v]2H1
0

= ‖∇v‖2
L2 =

∞∑
k=1

λk (v, ek)2 .
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In this appendix, we assemble the commonly-used Sobolev spaces for the frac-

tional Laplacian. These spaces are discussed in [88, 89], but we have more closely

followed the exposition and notation of [11].

Definition B.1 ([11]). For 0 < s < 1 and domain Ω with Lipschitz continuous

boundary, we define the fractional Sobolev space

Hs(Ω) :=
{
u ∈ L2(Ω) :

ˆ
Ω

ˆ
Ω

|u(x)− u(y)|2
|x− y|n+2s dxdy <∞

}
,

with the semi-norm and norm

|u|2Hs(Ω) :=
ˆ

Ω

ˆ
Ω

|u(x)− u(y)|2
|x− y|n+2s dxdy,

‖u‖Hs(Ω) :=
(
‖u‖2

L2(Ω) + |u|2Hs(Ω)

)1/2
.

Definition B.2 ([59]). For any u ∈ C∞(Ω), define the trace operator γ
∣∣∣
∂Ω

by

γ
∣∣∣
∂Ω
u(x) = u(x), x ∈ ∂Ω.

Theorem B.3. Trace Theorem [59]. Let Ω be a bounded, simply connected Lip-

schitz domain and 1/2 < s < 3/2. Then the trace operator γ
∣∣∣
∂Ω

is a bounded linear

operator from Hs(Ω) to Hs− 1
2 (∂Ω).

This range for s, 1/2 < s < 3/2, is sufficient for the discussion of traces in this

article. Now we can define the subspace Hs
0(Ω) of Hs(Ω).

Definition B.4. For s > 1/2,

Hs
0(Ω) :=

{
u ∈ Hs(Ω) : γ

∣∣∣
∂Ω
u(x) = 0

}
.

In the case s = 1/2, we must define another fractional Sobolev space, denoted

H
1/2
00 (Ω).
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Definition B.5 ([11]).

H
1/2
00 (Ω) :=

{
u ∈ H1/2(Ω) :

ˆ
Ω

u2(x)
dist(x, ∂Ω)dx <∞

}
.

The associated norm is defined

‖u‖
H

1/2
00 (Ω) :=

(
‖u‖2

H1/2(Ω) +
ˆ

Ω

u2(x)
dist(x, ∂Ω)dx

)1/2

.

Remark B.6. The space H1/2
00 is known as the Lions-Magenes space, and there

is an important reason why it is introduced. As noted in [209], for bounded open

set Ω with Lipschitz boundary and 0 < s < 1, Lions and Magenes [135] showed that

the L2-interpolation of H1
0 (Ω) and L2(Ω) gives

(H1
0 (Ω), L2(Ω))1−s,2 =



Hs
0(Ω) if 0 < s < 1/2,

H
1/2
00 (Ω) if s = 1/2,

Hs(Ω) if 1/2 < s < 1.

In other words, the interpolation space (H1
0 (Ω), L2(Ω))1−s,2 for s = 1/2 gives not

H1/2(Ω) but rather H1/2
00 (Ω). This suprising fact causes H1/2

00 (Ω) to play a more

important role than the space H1/2(Ω) in certain theoretical results for the fractional

Laplacian. Note that the interpolation space (H1
0 (Ω), L2(Ω))1−s,2 can be identified

with the space Hs(Ω) that follows and which will be used throughout this thesis.

We define the space Hs(Ω), which is used to characterize the regularity properties

of the spectral fractional Laplacian.

Definition B.7 ([11]). For any s ≥ 0,

Hs(Ω) :=

u =
∞∑
k=1

ukφk ∈ L2(Ω) : ‖u‖2
Hs(Ω) :=

∞∑
k=1

λsku
2
k <∞





222

where (λk, φk) are the eigenpairs of the integer Laplacian −∆ on Ω with zero Dirich-

let boundary conditions.

As noted in Ref. [11], the following relationship exists between the fractional

Sobolev spaces presented in Defs. B.1, B.4, B.5, and B.7

Hs(Ω) =



Hs(Ω) = Hs
0(Ω) if 0 < s < 1/2,

H
1/2
00 (Ω) if s = 1/2,

Hs
0(Ω) if 1/2 < s < 1.

Remark B.8. As indicated above, we occasionally use the notation Hs
0(Ω) even

for 0 < s ≤ 1/2. In some cases, this allows us to simplify statements of results.

Strictly speaking, Hs
0(Ω) was defined only for s > 1/2. Since the trace operator

does not exist for s ≤ 1/2, we identify Hs
0(Ω) with Hs(Ω). The case s = 1/2 is the

distinction between this usage of Hs
0(Ω) and Hs(Ω).

Definition B.9. The space H−s(Ω), for s ≥ 0, is defined to be the dual space of

Hs(Ω).

Note that for s < 1/2, H−s(Ω) is equivalent to the dual of Hs(Ω), denoted in this

thesis by
(
Hs(Ω)

)∗. However, H−s(Ω) is distinct from
(
Hs(Ω)

)∗ for s > 1/2; in fact,

since Hs
0(Ω) ⊂ Hs(Ω), we have

(
Hs(Ω)

)∗ ⊂ H−s(Ω) for s ≥ 1/2.

Definition B.10. Hs
loc(Ω) = {u ∈ Hs(K) for all compact sets K ⊆ Ω}.
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Here, we include a MATLAB implementation for the method described in Section

3.10.1. The script below (which calls subordinator killed any dimension, also

shown below) computes the stochastic solution of the parabolic problem (3.51) in

time at a single point in the unit hypercube in dimension d, and plots this curve

along with the exact solution for comparison (similar to Figures 6 and 8).

1 tic;
2 d = 16;
3 dt = 10ˆ(-5);
4 t = 0.03;
5 alpha = sqrt(3);
6 point = (4/5)*ones(d,1);
7
8 g = @(X) ones(1,size(X,2))+0.5*(1/d)*sum(X);
9 r = @(X) (1/(d*piˆ2)ˆ(-alpha/2))*prod(sin(pi*X));

10 f = @(X) 1+0.5*(1/d)*sum(X) + prod(sin(pi*X)) + prod(sin(2*pi*X));
11 u = @(t,X) 1+0.5*(1/d)*sum(X) + prod(sin(pi*X)) + ...
12 exp(-(4*d*piˆ2)ˆ(alpha/2).*t).*prod(sin(2*pi*X));
13
14 % The following function should be f on the interior, g on
15 % the boundary. Since prod(sin(2*pi*X)) = 0 on the boundary,
16 % may as well just set this to f rather than coding a case.
17 % For other data, this might not be true!
18 gorf = @(X) f(X);
19
20 Npaths = 1000;
21 paths = cell(Npaths,1);
22
23 for n = 1:Npaths
24 fprintf('Path %i out of %i. \n', n, Npaths)
25 % Make a Brownian path until it exits the domain.
26 X = point;
27 while max(X(:,end) < 0 | X(:,end) > 1) == 0
28 X = [X X(:,end) + ...

sqrt(2)*(dtˆ0.5)*transpose(mvnrnd(zeros(d,1),eye(d)))];
29 end
30 % Modify the endpoint; "pull" it back to the boundary.
31 X(:,end) = X(:,end) - (X(:,end) > 1).*(X(:,end)-1) - ...

(X(:,end) < 0).*X(:,end);
32 % Now we have killed BM. Make time vector, starting at zero,
33 % same length as path.
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34 T = 0:dt:dt*(length(X(1,:))-1);
35 % Subordinate the path.
36 [Tsub Xsub] = ...

subordinator killed any dimension(T,X,dt,T(end),alpha);
37 % Now add the path to the cell of paths.
38 paths{n} = Xsub;
39 end
40
41 % All the paths are completed and stored.
42 % Now we compute the solution.
43 pathlength = @(x) size(x,2);
44 maxlength = round(t/dt)+1;
45 rintegral to size = zeros(maxlength,Npaths);
46 gorfvec to size = zeros(maxlength,Npaths);
47 % The following gets us the path integrals at
48 % the discrete times until the final time.
49 for n = 1:Npaths
50 path = paths{n};
51 rvec = r(path);
52 rintegral = cumsum(rvec)*dt;
53 gorfvec = gorf(path);
54 % Some paths will be longer than maxlength.
55 % This means that the path did not exit within the
56 % final time. So we trim the vectors.
57 if pathlength(path) > maxlength
58 rintegral = rintegral(1:maxlength);
59 gorfvec = gorfvec(1:maxlength);
60 % Other paths exit by the final time.
61 % To prevent integrating over the
62 % constant exit point and getting the wrong answer,
63 % we keep the solution over that path constant.
64 else
65 rintegral = [rintegral rintegral(end)*ones(1, ...

maxlength-pathlength(path))];
66 gorfvec = [gorfvec gorfvec(end)*ones(1, ...

maxlength-pathlength(path))];
67 end
68 rintegral to size(:,n) = rintegral;
69 gorfvec to size(:,n) = gorfvec;
70 end
71 average = sum(rintegral to size+gorfvec to size,2)/Npaths;
72 toc;
73 % Plot stochastic solution and exact solution to compare:
74 T = [0:dt:t]; figure; plot(T,average, 'r-');
75 hold on; plot(T, u(T, point), 'black');
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1 function [Tsub, Xsub] = ...
subordinator killed any dimension(T,X,dt,tau,alpha)

2
3 % Takes a stopped path X, at times T in steps of dt,
4 % with stopping time tau. Returns the subordinated
5 % times rounded up to the dt-ceiling of tau, and the
6 % corresponding path positions.
7 % These returned variables are of random length!
8
9 % Parameters of the standard alpha-stable in the

10 % Taqqu and Samorodinsky parametrization
11 % (this is used in the stblrnd function).
12 a2 = alpha/2;
13 skewness = 1;
14 scaleg = (cos(pi*a2/2))ˆ(1/a2);
15 center = 0;
16
17 % Generate a sample path of the subordinator until
18 % exit time is exceeded.
19 sub = [0];
20 while sub(end) < tau
21 sub = [sub sub(end) + ...
22 (dtˆ(1/a2))*stblrnd(a2, skewness,scaleg, center)];
23 end
24 % Round the subordinator values up to nearest multiples of dt.
25 Tsub = dt*(ceil(sub*(1/dt)));
26 % Get the indices of the vector T at which the values of Tsub
27 % appear (e.g, if sub = [0 0.33 0.66] and dt = 0.1, then
28 % Tsub = [0 0.4 0.7], and the next command will give [ 1 5 8 ].
29 indices = ceil(sub*(1/dt))+1;
30 % Trim the last index, which exceeds the length of T and X.
31 indices = indices(1:end-1);
32 % Get final subordinated time and positions.
33 % Also, attach the final time/position.
34 Tsub = [T(indices)-dt Tsub(end)];
35 Xsub = [X(:,indices) X(:,end)];

Note: that for maximum simplicity, we used MATLAB features such as cells and

dynamic array sizing. To separate the path sampling from the solution evaluation, we

store all the paths in an array and vectorize the evaluation of the data on each path

vector, which incurs higher memory cost. For a high performance implementation,

especially in C++ or Fortran, these features may be avoided.
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In order to use the Path Integral Monte Carlo algorithm for the fractional case, it is

essential to first demonstrate that the fractional density matrices obey the density

matrix convolution principle given by Equation (4.5). First, we consider the case of

a single particle in Rd. Using formula (4.13), we have
ˆ
Rd
dR2ρ(R1,R2; β1)ρ(R2,R3; β2)

=
ˆ
Rd
dR2

1
(2π)d

ˆ
Rd
dCe−i〈C,R1−R2〉e−β1Dα~α|C|α

× 1
(2π)d

ˆ
Rd
dC ′e−i〈C

′,R2−R3〉e−β2Dα~α|C′|α

= 1
(2π)2d

ˆ
Rd

ˆ
Rd
dCdC ′e−i〈C,R1〉e−i〈C

′,−R3〉

×
[ˆ

Rd
dR2e

i〈R2,C−C′〉
]
e−β1Dα~α|C|αe−β2Dα~α|C′|α

= 1
(2π)2d

ˆ
Rd

ˆ
Rd
dCdC ′e−i〈C,R1〉e−i〈C

′,−R3〉

(2π)dδ(C −C ′)e−β1Dα~α|C|αe−β2Dα~α|C′|α .

To obtain the final line above, we used
´
Rd dR2e

i〈R2,C−C′〉 = (2π)dδ(C −C ′). Sim-

plifying, we have
ˆ
Rd
dR2ρ(R1,R2; β1)ρ(R2,R3; β2) = 1

(2π)d

ˆ
Rd
dCe−i〈C,R1−R2〉e−(β1+β2)Dα~α|C|α

= ρ(R1,R3; β1 + β2).

This demonstrates that the single-particle fractional kinetic density matrix at a large

imaginary time, β, may be factored into a convolution over short imaginary time

density matrices. That the same property holds for the N -particle kinetic density

matrix follows from the factorization (4.15), Fubini’s theorem, and the same result

for the single-particle case.
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In order to factor the full short time propagators into kinetic and potential prop-

agators, it must moreover be verified that Suzuki-Trotter factorization [211] can be

performed on the fractional Laplacian. As discussed by Simon [193], Suzuki-Trotter

factorization is valid as long as the kinetic and potential operators are self-adjoint

[131] and bounded from below. This holds by the definition of the (negative) frac-

tional Laplacian [137].



APPENDIX E

Analytical Form for the

One-Dimensional Free Particle

Fractional Density Matrix

230



231

In Chapter 4, we have focused on the sampling of 3N -dimensional density matrices,

which are based on the three-dimensional fractional Laplacian. This operator cannot

be separated into independent one-dimensional fractional Laplacians and necessitates

a fully numerical approach. However, in order to make a connection with previous

works on the fractional Schrödinger equation, we describe how in one dimension,

the fractional density matrix derived in this work for periodic boundary conditions

possesses an analytical form.

In one dimension, denoting r = x, equation (4.13) becomes

(E.1) ρper,L(x, x′, τ) = 1
2π

ˆ ∞
−∞

dCe−iC(x−x′)e−τDα~
α|C|α .

For general values of α, it is impossible to compute this integral in closed form, but

it can be represented as a special function defined by a power series. The integral

may be identified as the characteristic function of the generalized normal random

variable XGN . This is the random variable given by the probability density function

fκ(µ, σ;x) = ξ(κ) = κ

2σΓ(1/κ)e
−|x−µσ |

κ

.

The characteristic function of ξ(κ) for κ > 1 was first computed explicitly in terms

of special functions by Pogany and Nadarajah in 2006 [165]. It may be expressed as

E{eitXGN} =
√
πeitµ

Γ(1/κ)Ψ1
1

[
(1/κ, 2/κ); (1/2, 1);−(σt)2

4

]
,

where Ψ1
1 denotes the Fox-Wright generalized hypergeometric function. It is specified

by an arbitrary number, p+ q, of parameters, and is defined as the series

Ψp
q

[
(α1, A1), ..., (αp, Ap); (β1, B1), ..., (βq, Bq); z

]
=
∞∑
n=0

∏p
j=1 Γ(αj + Ajn)∏q
j=1 Γ(βj +Bjn)

zn

n! .
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Comparing the generalized normal distribution in the expression for the density

matrix given by Equation (4.13) with the definition of the generalized normal distri-

bution given by Equation (E.1), we have |x − µ| = |C|, σ = 1
τ1/αD

1/α
α ~

, and µ = 0.

Making these substitutions, we obtain

ρper,L(x, x′, τ) = 1
2π

ˆ ∞
−∞

dCe−iC(x−x′)e−τDα~
α|C|α

= 1
2π

2Γ(1/α)
τ 1/αD

1/α
α ~α

√
πei(x−x

′)µ

Γ(1/α)

×Ψ1
1

(1/α, 2/α); (1/2, 1); −(x− x′)2

4β2/αD
2/α
α ~2


= 1
√
πβ1/αD

1/α
σ ~α

×
∞∑
n=0

Γ(1/α + (2/α)n)
Γ(1/2 + n)

[
−(x−x′)2

4τ2/αD
2/α
α ~2

]n
n! .

The generalized expression for the fractional kinetic density matrix is therefore pro-

portional to the Fox-Wright function of argument (x− x′)2. Similar representations

were obtained by Laskin [131] for the free-particle density matrix on Rd without

boundary conditions. Laskin used the more general Fox H-function in his represen-

tation, which for the given indices reduces to the Fox-Wright function shown here.

In another context, similar results were derived by Mainardi and Pagnini [139],

where the integral form of Equation (E.2) arises as the fundamental solution to the

space-fractional diffusion equation.

In principle, one-dimensional observables that depend on the density matrices

may be derived from the power series given by Equation (E.2). For example, the
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kinetic energy may be written as
〈
K̂
〉

link
=
〈

3N
τα

+ 2N
τα

[
−Cα(x− x′)2

]
 ∞∑
n=0

Γ(1/α + (2/α)(n+ 1))
Γ(1/2 + (n+ 1))

[
−Cα(x− x′)2

]n
/n!

 /
 ∞∑
n=0

Γ(1/α + (2/α)n)
Γ(1/2 + n)

[
−Cα(x− x′)2

]n
/n!

〉
link

(E.2)

where Cα = 22/αm2/α

4τ2/α~2 and 〈〉link denotes the average over links between beads. We

omit the derivation, which involves differentiation of the series given in Equation

(E.2) term by term as prescribed by Equation (4.20). Such formulas are the analogue

of Equation (4.21) for the α = 2 case, although they are limited in validity to the

one-dimensional case. In all of our many-dimensional PIMC computations, we have

therefore used the fully numerical approach detailed in Section 4.3.2, which is valid

in all dimensions and considerably easier and more stable to implement.
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fractional operators: semigroups and wave equations. Journal of Evolution

Equations, 13(2):343–368, 2013.
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variables and processes. In Chaos – The Interplay Between Stochastic and De-

terministic Behaviour, pages 379–392. Springer, 1995.

[222] Paul Wilmott. Paul Wilmott Introduces Quantitative Finance. Wiley-

Interscience, New York, NY, USA, 2nd edition, 2007.

[223] Ian H. Witten, Eibe Frank, and Mark A. Hall. Data Mining: Practical Ma-

chine Learning Tools and Techniques. Morgan Kaufmann Publishers Inc., San

Francisco, CA, USA, 3rd edition, 2011.

[224] Kailai Xu and Eric Darve. Efficient numerical method for models driven by
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