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Self-organization, in one of its accepted definitions, is the appearance of non-random

structures in a system without explicit constraints from forces outside the system. In

this thesis two self-organizing systems are studied from the viewpoint of mechanics.

In the first system — semiconductor crystal surfaces — the internal constraints that

lead to self-assembly of nanoscale structures on silicon-germanium (SiGe) films are

studied. In the second system — actin cytoskeleton — a consequence of dynamic self-

organization of actin filaments in the form of motion of micron-sized beads through

a cytoplasmic medium is studied.

When Ge film is deposited on Si(001) substrate, nanoscale features form on the

surface and self-organize by minimizing energy contributions from the surface and the

strain resulting from difference in lattice constants of the film and the substrate. Clean

Si(001) and Ge(001) surfaces are very similar, but experiments to date have shown

that atomic scale defects such as dimer-vacancies self-organize into vacancy lines

only on Si(001). Through atomic simulations, we show that the observed difference

originate from the magnitude of compressive surface strain which reduces formation

energy of the dimer-vacancies. During initial stages of the film deposition, the surface

is composed of steps and vacancy lines organized in periodic patterns. Using theory of

elasticity and atomic simulations we show that these line defects self-organize due to

monopolar nature of steps and dipolar nature of the vacancy lines. This self-organized

pattern further develops to form pyramidal islands bounded with (105) facets and

high Ge content. Mismatch strain of the island is then reduced by incorporation of

Si from the substrate surrounding the island leaving behind trenches whose depth

is proportional to the basewidth of the island. Using finite element simulations we



show that such a relationship is an outcome of competition between elastic energy

and surface energy. Some experimental studies also report observation of steeper

(103) and (104) facets on pyramidal islands. Using numerical simulations we derive a

phase diagram which shows that the steeper facets are stabilized because they provide

better relaxation of mismatch strain with only slight increase in surface energy.

In the second system, the actin cytoskeleton is a key structural and propulsion ele-

ment of eukaryotic cells. Micron-sized “cargoes”, which under pathological conditions

include bacteria, are propelled by dynamic self-organization of the actin filaments.

Recently it is shown that the trajectories of a bacterium, Listeria monocytogenes,

propelled by actin filaments are periodic; implying that the organization of actin fil-

aments impart an effective force that spins about the axis of the bacterium. We

show that the motion of spherical beads is also non-random; the effective force has

an additional degree of freedom due to the spherical symmetry of the bead. Agree-

ment of the theoretical trajectories with experimental observations suggest that the

actin-based motility can be generally described using deterministic equations. We

also propose microscopic basis for the effective force model which can guide develop-

ment of microscopic theory to predict the long term trajectories of actin propelled

objects.
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Chapter 1

Introduction and overview

Self-organization, in one of its accepted definitions, is the appearance of a non-

random structures in a system without explicit constraints from forces outside the

system. For scientists, self-organization can probably be appreciated best by pon-

dering on how inhospitable the universe would be had the values of fundamental

physical constants been slightly different. Nature has presented self-organization in

many forms one of which is a means to construct functional units and this form has

been studied by researchers from sciences and humanities in different contexts. Two

of such contexts discussed in this thesis are, atomic scale structures and nanoscale

morphological features on silicon-germanium (SiGe) crystal surfaces and dynamic or-

ganization of actin proteins leading to propulsion of micron-sized objects inside cell

cytoplasmic medium.

In the field of semiconductor devices, keeping up with the trend of Moore’s Law

has been at center stage for the last 40 years. Currently we are a little ahead of

that trend and still there is plenty of room to go even smaller in size, with the main

limitation being the production of a perfect array of identical structures. To this end,

self-assembly is the only cost effective solution to produce high density devices on

an industrial scale. Strain-driven self assembly in Ge/Si(001) has received particular

1
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attention, as 3D islands formed in this system can be integrated as devices that are

compatible with well-developed Si technology. Typically, an array of tiny charge con-

fining SiGe structures (quantum dots) are produced by depositing Ge film epitaxially

from the vapor phase onto the Si substrate. Since Ge has a larger lattice constant than

Si, the deposited film is in compression. Many chemical and morphological changes

take place in the film to relieve the mismatch strain. The morphological changes are

in the form of atomic scale and nanoscale defects on a flat crystal surface which in-

teract through long range anisotropic elastic fields. Due to the characteristic fields of

the defects, their formation energy is lowest if they occur in a specific pattern. This

is the mechanical basis for self-assembly of quantum dots.

In a biological context, examples of self-organization are abound ranging from

fractal patterns to embryogenesis. At the level of a single eukaryotic cell, one of the

fundamental questions investigated by scientists since the early 1950’s (eg. Mitchison

(1950)) is how does the cell takes its first step in the form of pseudopods. At the core

of this process is a novel self-organizing system, “actin cytoskeleton”. A minimum

of four cytoskeletal proteins (actin, arp2/3, capping protein and cofilin) utilize the

chemical energy released during hydrolysis of ATP to form an actin motor, which

works on dynamic self-organization of these set of proteins to carryout propulsion.

In this thesis, two important aspects of self-organization are discussed: its internal

constraints and its consequence. Both aspects will be presented from the point of

view of the mechanics of solids and structures. In the first four chapters we will

study the internal constraints that lead to self-organization of nanoscale features on

semiconductor crystal surfaces. In the last chapter, we will study the consequence

which is motion arising from dynamic self-assembly of the actin network around the

objects of a few microns in size.
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1.1 Self-organization on semiconductor crystal sur-

faces

Atoms on semiconductor crystal surfaces minimize free energy of those surfaces

in a process known as “reconstruction” where the atoms move from their bulk trun-

cated positions to reduce the number of dangling bonds. Reconstruction introduces

anisotropy in certain physical properties of the surface such as diffusion, stress, and

energy, which gives directionality to the self-assembly of surface defects. In Chapter 2,

we will look at the (001) surface of Si and Ge which has surface atoms reconstructing

to form dimer rows as shown in Fig. 1.1.

[001]

[110]

[110] 2a

a

dimer dimer row

step

Figure 1.1: 2×1 reconstruction of Si or Ge (001) surface which consists of rows
of dimers. Color of the atoms denote the out-of-plane distance. The step shown
separates two planes that have a height difference of one monolayer. The upper
terrace has dimers oriented normal to the dimers on the lower terrace.

The Si(001) surface has a tensile stress along the dimer bonds (σ‖) and a compres-

sive stress along the dimer rows (σ⊥) with stress anisotropy σ‖ − σ⊥ = 70 meV/Å2

(Webb et al. (1991)). Although the clean Si(001) and Ge(001) surfaces are very sim-

ilar, experiments to date have shown that dimer-vacancy (DV) (where one of the
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dimers from 2×1 reconstruction shown in Fig.1.1 is missing) defects self-organize into

vacancy lines (VLs) on Si(001), but not on Ge(001). In Chapter 2, we identify three

energetic parameters which characterize the DVs on the two surfaces: the formation

energy of a single DV, the attraction between two DVs in adjacent dimer rows, and

the strain sensitivity of the formation energy of DVs and VLs. Through the strain

sensitivity analysis, we show that there is a reduction in the formation energies of de-

fects when a compressive strain is applied to the surface. This is key to the formation

of VL on Ge(001) surface.

If a layer of atoms is removed from the surface, as shown in Fig. 1.1, then a step

is formed at the interface of the two terraces. During the initial stages of epitaxial

growth, the surface contains such steps and VLs. In Chapter 3 we derive analytic

expressions for optimum spacing between these line defects for different periodic ar-

rangements. We have shown that the mathematical representation of a step as a line

of monopoles and a VL as a line of dipoles predicts the periodic pattern observed by

Sutter et al. (2003). This pattern further develops into a pyramidal island. The as-

grown islands have high Ge content and hence to reduce their strain energy, Si atoms

migrate from the substrate surrounding the island to alloy the pyramid. As a result, a

few nanometer deep trenches form around the island. Since the area surrounding the

island is highly stressed, the trench also relaxes the mismatch strain of the island. In

Chapter 4 it is shown that the linear relationship between the island size and trench

depth is determined by the competition between elastic energy and surface energy.

The quantum dots are bounded by facets that are reconstructed to minimize

the surface energy. However, during reconstruction new electronic surface states are

created which impede application of the quantum dots in an electronic circuit. For

SiGe quantum dots, this problem is overcome by capping the islands with Si. However,

the capping process seems to stabilize pyramidal islands with much steeper ((103) and
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(104)) facets compared to the usual (105) that is observed during growth experiments.

In Chapter 5 we show that pyramidal islands with (103) and (104) facets are preferred

in the region where the (105) pyramid is not observed to be stable (Rastelli et al.

(2001)). To generate the phase diagram of pyramidal quantum dots, we have also

obtained a reconstruction for (104) surface using a stochastic optimization technique

called the genetic algorithm. The reconstruction proposed for the (104) surface, at

the level of Tersoff’s empirical potential (Tersoff (1989)), has a surface energy density

close to that of the (105) surface in an equi-biaxially compressed state. Further

experiments and calculations with higher level potential are required to locate the

region in the phase diagram which is more accessible to the Si overgrowth process.

In this thesis, all the molecular static calculations are done with atomic interac-

tions defined using an empirical potential (Tersoff (1989)). The reason for this choice

lies in the computational power required to extract the energetic parameters of the

surface defects without being influenced by the proximity of the boundaries. For ex-

ample, the long-range behavior of VL-VL interactions require slabs that are at least

10 layers thick. Due to a the large number of atoms the calculations of interaction

of line defects using density functional or tight-binding theory remained prohibitive

until recently, (Gavini et al. (2007)). The Tersoff potential for Si and Ge (Tersoff

(1989)), on the other hand, gives a satisfactory description of defects on the (001)

surface (Zandvliet (2000), Poon et al. (1992), Liu and Lagally (1996)) and it is a

widely accepted potential for Si-Ge systems with a large number of atoms. However,

the nature of defect interactions which gives rise to the self-assembly described in this

thesis are independent of the model for interatomic potential.
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1.2 Motility arising from the self-organization of

cytoskeletal proteins

Actin cytoskeleton is a key structural element of eukaryotic cells. Amongst a mul-

titude of its functions, the actin cytoskeleton is also used in intracellular transport of

“cargoes” such as organelles and vesicles. In this transport machinery, energy gained

by actin polymerization is utilized in displacing the “cargo” as well as deforming

the actin filaments. It is also readily hijacked by various pathogens to move within

and across the cells. Ever since Theriot et al. (1992) discovered that the motility

machinery of Listeria monocytogenes is actin cytoskeleton, the biochemistry of this

process has been in the forefront. Loisel et al. (1999) found that there are a set of four

minimum proteins (see Fig. 1.2) required to make this actin polymerization motor

function. Now such actin-based motility can also be mimicked using some special

protein (eg. VCA, ActA, WASP) coated polystyrene beads, oil drops, or vesicles.

Several theoretical models have been proposed to understand the force-velocity

relationship and some transient phenomena of actin based motility (eg. Gerbal et

al. (2000), Carlsson (2001), Dickinson and Purich (2002), Mogilner and Oster (2003),

Alberts and Odell (2004), Dickinson (2006)). But none of the models describe the

variety of trajectories (which are traces of the growth front of the actin network)

that these actin propelled cargoes display when their motion is confined to a plane.

Recently Shenoy et al. (2007) observed that the shape of the trajectories of Listeria

monocytogenes have a striking similarity to the trajectories of a particle propelled by

a constant torque that is spinning at a constant rate about the direction of propulsion.

However, this model cannot explain the trajectories displayed by spherical and ellip-

tical beads. In Chapter 6 we show that the trajectories of spherical beads are actually
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ActA

Actin Arp2/3
Capping 
protein

Cofilin

Listeria monocytogenes

Figure 1.2: Minimum set of proteins participating in the dynamic self-assembly that
lead to the actin based motility of Listeria monocytognes (Loisel et al. (1999)). Actin
is the main structural unit of the polymerization motor and it has the faster polyer-
mizing (barbed) end facing the cargo, and a slow polymerizing (pointed) end away
from the cargo. Cofilin severs actin monomers from the trailing end of the actin
filament and keeps a steady source of actin monomers to the pointed end. Arp2/3
forms a stable nucleus which can grow into a filament and also create branches in
existing filaments. Capping proteins block polymerization of the barbed ends which
are not in proximity of the cargo surface so that most of the polymerization gives rise
to propulsion.

similar to those of Listeria except for a difference in the value of their mean curva-

ture. We have generalized the model originally proposed for the motion of Listeria to

explain the trajectories of spherical beads. Apart from showing that the phenomenon

arising from dynamic self-organization of actin filament can generally be described

using deterministic equations, we also propose microscopic mechanisms that can give
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rise to the kinematics assumed in our model. We propose that while uniform poly-

merization of actin filaments against a flat cargo surface will give rise to a straight

trajectory, inhomogeneous polymerization and relaxation of the bending energy of the

filaments can provide motion along curved paths. For a curved cargo like spherical

beads, the freely growing filaments in front of the cargo becoming part of the actin

network located at the rear of the cargo can also account for the kinematics predicted

by our model. This chapter also contains the implications of the kinematic as well as

the microscopic model on motion of elliptical beads and oil drops. The propositions

made in this chapter can guide development of microscopic theory which that could

predict long term trajectories of actin propelled objects. Some predictions like the

existence of relative motion between the spherical bead and its comet tail can be

readily verified with simple in vitro experiments.



Chapter 2

Self-assembly of dimer-vacancies

on Si-Ge(001) surface

2.1 Introduction

In the early stages of Ge/Si(001) growth, the surface changes its reconstruction

from the 2×1 structure to a 2×N pattern, which consists of an array of long, parallel

lines of dimer vacancies. It has recently been shown that the 2 × N reconstruction

can be an excellent template for the nanofabrication of 1-dimensional structures with

unique electronic transport behavior (eg. Li et al. (2001), Wang et al. (2002), Miki et

al. (1999), Owen et al. (2003)). From a fundamental point of view, the current state-

of-the-art in scanning tunneling microscopy has helped renew the general interest in

the 2 × N structures on Si(001). For example, Rastelli et al. (2003) have recently

discovered that the 2×N reconstruction on the Ge-covered Si(001) surface disappears

upon Si capping, confirming in an ingenious way the role played by the mismatch

strain in determining the stability of the vacancy lines.

Rapid progress has been made after the discovery of the 2×N structure (eg. Mo

9
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and M.G. (1991), Köhler et al. (1992)), and two authoritative reviews summarizing

the present understanding of the growth of germanium films on Si(001) have been

published (eg. Liu et al. (1997), Voigtländer (2001)). Dimer vacancies (DVs) form

easily on the Si(001) surface, but they only organize into vacancy lines (VLs) when

there is a sufficient amount of Germanium deposited (close to 1 ML). The mismatch

strain created by epitaxial deposition increases the number of dimer vacancies per unit

area, and the interactions between these vacancies become important at sufficiently

high vacancy concentrations. The interaction between two DVs is long-range repulsive

when the DV’s belong to the same dimer row, but weakly attractive when they

belong to adjacent dimer rows (eg. Chen et al. (1994), Weakliem et al. (1995)). Such

anisotropy of the interactions determines the alignment of the DVs in the direction

perpendicular to the dimer rows. This physical picture for the origin of the 2 × N

reconstruction has emerged from the experimental work of Chen et al. (1994). The

mechanism for the formation of vacancy lines is consistent not only with experiments

done on other epitaxial systems (e.g., Bi/Si(001) Park et al. (1994)), but also with

the observations of the Si(001) surface with metal impurities such as Ag (Chang et

al. (1996)) or Ni (Zandvliet et al. (1995), Koo et al. (1995)).

While the physical origin of the vacancy lines on Si(001) has been elucidated (Chen

et al. (1994)), it remains a puzzle as to why vacancy lines are not normally observed

on the very similar Ge(001) surface. The fact that the Ge(001) surface is virtually

defect free (eg. Chey and Cahill (1997), Zandvliet (2003)) suggests that the formation

energy of the vacancies on Ge(001) is substantially larger than that of the vacancies

on Si(001). Quantitative data from atomic-scale calculations on the Ge system is not

available, although the need for such calculations was emphasized almost a decade

ago in the work of Yang et al. (1994). The purpose of our paper is to address the

differences between Ge(001) and Si(001) concerning the formation of dimer-vacancies
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and their self-assembly into vacancy lines. The work presented in this chapter fits

well into the current efforts of Zandvliet (2003) explain the differences between the

two technologically important surfaces.

We have calculated the formation energies of point and line defects on the (001)

surfaces and their dependence on applied strain, using empirical potential models

(Tersoff (1988, 1989)) for interactions . The results obtained offer an explanation

for the differences between the vacancies on Si(001) and Ge(001) and are consistent

with experimental findings; moreover, these results could foster further work based

on more accurate descriptions of the atomic interactions such as tight-binding or

density functionals. We have considered both the heteroepitaxial system Ge/Si(001)

for different values of Ge coverage, as well as pure Si and Ge surfaces under external

strain. While the results concerning the epitaxial Ge/Si(001) systems have been

previously obtained in different forms (eg. Pandey (1985), Tersoff (1992), Liu and

Lagally (1996)), the variation of the energetic parameters of DVs and VLs on the

(001) surface with applied strains has not been systematically addressed in the past.

Such a study of the energetics of defects on (001) surfaces as a function of applied

strain is presented here. Two new results obtained in our calculations are:

(a) the formation energy of the dimer-vacancies on Ge(001) and its decrease under

compressive, biaxial strains. In the case of unstrained surfaces, we have found

that the formation energy for single DV on Ge(001) is three times larger than

the corresponding value for the single DV on Si(001). Therefore, in order for

the formation energy of a single-DV on Ge(001) to become negative, a large

compressive strain should be applied, either biaxially or in the direction of the

dimer rows.

(b) the formation energy of vacancy lines on Si(001) and Ge(001) as a function of
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applied strain. Using a simple model based on the interactions of nearest-

neighbor vacancies in a VL, we have also identified the formation energy of a

single DV and the attractive interaction (binding) between two DVs in adjacent

dimer-rows as the dominant contributions to the formation energy of a VL.

The organization of this chapter is as follows. In section 2.2 the competition

between the formation energy of the vacancy lines is outlined and their elastic inter-

actions as the general energetic mechanism that leads to the appearance of the 2×N

reconstructions. In contrast to interpretations of Liu et al. (1997), we will see that

there is no long range attraction between the vacancy lines, as their interactions are

purely repulsive. As in most other studies to date, the formation of vacancy lines is

regarded here as a purely thermodynamic phenomenon, thus the kinetics concerning

the diffusion of vacancies during their alignment are not considered. In section 2.3 the

computational details of the total energy calculations based on Tersoff potentials (Ter-

soff (1988, 1989)) are described. The next two sections are devoted to the formation

energies and repulsion strengths for single-vacancy lines (VLs) on Ge-covered Si(001)

(section 2.4) and for different types of VLs on pure Si(001) and Ge(001) (section 2.5).

We investigate the formation energies of individual dimer vacancies on (001) surfaces

and their strain dependence to identify the differences between the defects on Si and

Ge surfaces. The possible relevance of these results for future experimental work will

be discussed in section 2.5. The conclusions are summarized in section 2.6.

2.2 Energy of vacancy lines on 2×N surfaces

The 2×N reconstruction is a structural pattern on the (001) surface of Si, charac-

terized by the periodic lengths 2a and Na, where N is a positive integer and a = 3.84Å

is the lattice constant of the unreconstructed Si(001) surface. This reconstruction is

obtained by eliminating every N -th dimer from each dimer row, such that the dimer
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vacancies created in this manner are in registry with one another and form straight

lines perpendicular to the dimer rows. To lower the number of dangling bonds at the

surface, the second-layer atoms below the dimer vacancy rebond such that they are

fully coordinated, at the cost of introducing some surface stress (eg. Pandey (1985),

Tersoff (1992), Liu and Lagally (1996)). Depending on the preparation details of the

surface, other types of atomic structures of VLs can be obtained (eg. Liu et al. (1997),

Park et al. (1994), Chang et al. (1996), Zandvliet et al. (1995), Koo et al. (1995), Men

et al. (1995), Smith et al. (1996), Feil et al. (1992)). In this section we focus on the

general features of the energetics of the 2×N surface, without reference to a specific

atomic structure. We start by partitioning the surface energy into a contribution

from the 2× 1 surface and a contribution from the vacancy lines:

γ2×N = γ2×1 +
λ

Lx
, (2.1)

where γ2×N and γ2×1 denote the surface energies of 2 × N and 2 × 1, respectively,

λ is the energy per unit length of the vacancy lines, and 1/Lx is the density of

lines in a periodic array of VLs with a spacing of Lx ≡ Na . Eq. (2.1) defines the

energy per unit length λ of the vacancy lines as an excess energy with respect to the

defect-free 2 × 1 surface. We note that the energy of the vacancy lines λ includes

the formation energy of the lines, as well as their elastic interactions. Guided by

the early work of Marchenko and Parshin (1980), we expect the interactions to be

inversely proportional with the square of the separation between VLs, so that the line

energy λ can be written as

λ = Λ +
π2

6

G

L2
x

, (2.2)

where Λ is the formation energy of a VL and G is the strength of the repulsion

between lines. The numerical factor π2/6 arises since we treat a periodic array of
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line defects rather than two isolated VLs. Using Eq. (2.2) in (2.1) we can write the

surface energy of the 2×N reconstruction as a function of N :

γ2×N = γ2×1 +
Λ

Na
+
π2

6

G

N3a3
(2.3)

where we have used the fact that Lx = Na.

Analyzing Eq. (2.3), we note that:

(a) if Λ is positive then γ2×N > γ2×1, so the 2× 1 structure is energetically favorable.

(b) for any Λ < 0, Eq. (2.3) has only one minimum located at:

N = N∗ ≡ π

a

√
G

(−2Λ)
(2.4)

For the case of negative formation energy Λ, a typical plot of the surface energy

difference (γ2×N − γ2×1) as a function of N is shown in Fig. 2.1. The condition

Λ < 0 is sufficient to ensure the stability of the 2 × N reconstruction (over the

2 × 1 structure), because for N = N∗ we have γ2×N − γ2×1 = (2/3)Λ < 0. This

analysis of Eq. (2.3) shows that, irrespective of the atomic-scale features of the VLs,

the 2×N reconstruction is always stable when the formation energy of a vacancy line is

negative. The optimal value of N is given by the competition between the formation

energy Λ and the strength G of the repulsive interactions, as shown in Eq. (2.4).

The magnitudes of Λ and G are determined by atomic-scale details, and incorporate

the effects of the VL structure (eg. Pandey (1985), Tersoff (1992)), wetting layer

composition (eg. Liu et al. (1997), Liu and Lagally (1996), Voigtländer and Kästner

(1999)), as well as the anisotropy of surface stress and relaxation (eg. Tersoff (1992),

Liu and Lagally (1996)).

The following two sections are devoted to the computation of the line formation

energies and repulsion strengths for various VL structures, and to the investigation
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Figure 2.1: A typical plot of the surface energy difference γ2×N − γ2×1 as a function
of N (solid diamonds). The minimum of the surface energy γ2×N is determined by
the competition between the negative formation energy (triangles) and a repulsive
(positive) interaction between the vacancy lines (circles).
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of the behavior of these quantities as a function of germanium coverage and applied

strain. Before we proceed with the numerical results, we draw a connection with

previous work on the energetics of the 2 × N surface. The above theory of the

energetics of the vacancy lines is similar to Men and Hsu (1998), Natori et al. (1997),

since it explicitly considers the competition between the (negative) formation energy

of a VL and the repulsive (positive) interaction between the VLs as the physical origin

of the 2 × N structure. Men and Hsu (1998) however, emphasize the surface stress

anisotropy, and the treatment of the two-domain (i.e. 2 × N and N × 2) surfaces

obliterates the simplicity of the VL energetics outlined above.

A word of caution is due concerning the mechanisms of formation of the 2 ×

N reconstruction proposed by Voigtländer and Kästner (1999) and in the review

article Liu et al. (1997). In Voigtländer and Kästner (1999), the conclusions based

on the energetic competition between “trench formation” and “strain relaxation” are

fortuitous, since the N -dependence of each of these two energetic contributions is

incorrect 1. The sign of the “trench energy” and the magnitudes of the two energetic

contributions are also incorrect, though these aspects are probably outside the scope

of the simple Frenkel-Kontorova model used in Voigtländer and Kästner (1999). Liu

et al. (1997) asserts that “in the dimer-row direction the VL-VL interaction is short-

range repulsive and long-range attractive”, which seems plausible given the behavior

of the γ2×N in the limit of large N . However, we note that what appears to be an

attractive long-range interaction between VLs is in fact the formation energy of one

VL per unit cell of the 2×N surface. As shown in the sections to follow, the VL-VL

interaction takes a purely repulsive form once the vacancy line energy is extracted

from the surface energy.

1We believe that the energetic competition that determines the 2×N reconstruction is described
by Eq. (2.3).
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1-DV

2-DV

1+2-DV

Figure 2.2: Atomic structures of the vacancy lines, with the nomenclature given in
Wang et al. (1993). The 1+2-DV complex is made of a 2-DV complex and single DV,
separated by one dimer row.

2.3 Computational Details

2.3.1 Structure of the vacancy lines

In the terminology of Wang et al. (1993), the vacancy lines considered here are

made of 1-DV, 2-DV and 1+2-DVs, as shown in Fig. 2.2. The choice of these struc-

tures is motivated by the experimental observations of the atomic-scale details of va-

cancy lines on different surfaces: the 1-DV structure is present on Ge-covered Si(001)

(eg. Liu et al. (1997), Pandey (1985), Tersoff (1992), Liu and Lagally (1996)), while

lines with the 2-DV and 1+2-DV configurations have been observed on Si(001) with

Ni (eg. Zandvliet et al. (1995), Koo et al. (1995)) and Ag (Chang et al. (1996))
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impurities, as well as on radiation-quenched Si(001) (eg. Men et al. (1995), Smith et

al. (1996)).

2.3.2 Total energy calculations

Accurate calculations of the long-range behavior of the VL-VL interactions are

very demanding, requiring slabs that are both long (N > 10) and thick (at least 10

layers). Earlier density-functional and tight-binding calculations were restricted to

thin slabs with 4–6 moving layers, due to limitations in computational power (eg. Tsai

et al. (1997), Kim and Chen (2002), Yu and Oshiyama (1995)). At present, density-

functional and tight-binding calculations have become possible (Oviedo et al. (2002),

Li et al. (2003)), though they remain computationally expensive for the purpose of

determining the long-range interactions between line defects. Such calculations are

still prohibitive for point defects on the surface, since these defects require simulation

cells that are large in all three directions. As more studies would probably become

available for various types of vacancy lines in the near future, it is worth pointing out

that a good test for their total-energy convergence is to check that the line energies

λ can be fitted well with the inverse-square power law given by Eq. (2.2). Such a test

would also indicate whether or not the chosen thickness of the computational slab is

sufficient. This type of analysis is routinely performed for steps on crystal surfaces (eg.

Jeong and Williams (1999), Zandvliet (2000), Giesen (2001) and references therein)

in order to determine the step formation energy and step-step interactions, but it has

almost never been applied to the case of vacancy lines.

Since we will investigate vacancy lines as well as individual vacancies (point de-

fects) on the surface, we employ empirical potentials to model the atomic interactions.

We use the Tersoff potential for Si and Ge (Tersoff (1988, 1989)), since it satisfactorily

describes the structure and energetics of steps on (001) surfaces (eg. Zandvliet (2000),
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Poon et al. (1992)), as well as the surface energies of the 2×N reconstructions (eg.

Liu and Lagally (1996)). Despite known limitations, the empirical potential described

in Tersoff (1989) represents a widely accepted standard for Si-Ge systems with large

numbers of atoms. Our aim is restricted to a meaningful comparison (rather than an

accurate determination) of the properties of dimer vacancies on Si(001) and Ge(001).

For this purpose, the use of the Tersoff potential is appropriate, and even desirable

as a starting point.

For simulation cells with a thickness of 200Å and values of N in the range 4 ≤

N ≤ 36, we have performed conjugate-gradient structural optimizations. From the

minimized total energy E of the atoms in the simulation cell we compute the surface

energy γ2×N . When there is only one atomic species in the simulation cell (e.g., Si),

the surface energy is given by:

E = neSi + γ2×NLxLy, (2.5)

where eSi is the bulk cohesion energy per Si atom and n denotes the number of atoms

in the simulation cell that are allowed to relax. For the case of two atomic species in

the simulation cell, the surface energy is given by:

E = nGeµGe + nSiµSi + γ2×NLxLy, (2.6)

where nGe, µGe (nSi, µSi) are the number of atoms and chemical potential of Ge

(Si). Since we are considering deposition on Si(001), the chemical potential of Si is

set to the bulk cohesion energy per atom eSi. For low Ge coverages (1–3ML), the

chemical potential of Ge (µGe) depends on the deposition conditions and is not known,

although its value is usually set to the bulk cohesion energy of (unstrained) Ge, eGe

(eg. Liu et al. (1997), Liu and Lagally (1996), Voigtländer and Kästner (1999), Yu
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and Oshiyama (1995)). Exceptions are found in the work of Oviedo et al. (2002) and

Li et al. (2003), who carefully define a reference state from which the surface energies

are measured; the procedure in Oviedo et al. (2002), Li et al. (2003) is equivalent to

computing the chemical potential of Ge based on a wetting layer composition assumed

to be thermodynamically stable. From the results of Oviedo et al. (2002), Li et al.

(2003) we infer that for a pure Ge wetting layer (no intermixing), setting µGe = eGe

is a poor approximation for monolayer and sub-monolayer coverages, but it becomes

reasonable for 2 ML and 3 ML of Ge coverage. Though we use µGe = eGe in the

present work, we will also address the effects of changing the chemical potential of

Ge.

2.4 Vacancy lines on the Ge-covered Si(001) sur-

face

In this section, we calculate the surface energy of the 2×N surface with 0–3 ML

Ge coverage, then compute the line formation energy and the VL-VL interactions.

Our results for the surface energies are very close to the ones originally obtained by

Liu and Lagally (1996); the deviations are due to the slightly different versions of

the Tersoff potentials 2. What differentiates the results of this section from those

of Liu and Lagally (1996) is that we pursue the determination of the line formation

energy and VL-VL interaction strength, whereas Liu and Lagally address the interplay

between surface stress and stoichiometry.

Using Eq. (2.1), we have computed the line energy λ and plotted it as a function of

the inverse square of the line spacing (1/L2
x) in Fig. 2.3. The line energy λ is a linear

2The parameter λ3 of the Tersoff potential given in Tersoff (1988) is set to zero in Tersoff (1989),
thus modifying the original T3 parametrization for pure Si. Here, we have found it convenient to use
a form of the interactions that reduces to Tersoff (1988) in the limit where only one atomic species
is present in the simulation cell.
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WL Λ(meV/Å) G (eVÅ) N∗

0 ML −20.44 15.562
1 ML −27.95 15.603 14
2 ML −129.92 13.526 6
3 ML −134.61 13.818 6
1.5 ML (i) −11.03 7.968 15
2 ML (i) −12.20 8.541 15

Table 2.1: Formation energy Λ of the vacancy lines and their repulsion strength G
calculated with the Tersoff potential Tersoff (1989) for the Ge-covered Si(001) surface.
The first four rows correspond to a wetting layer (WL) of pure Ge 0–3 ML thick, and
the last lines represent two intermixed (i) structures with the composition given in Liu
and Lagally (1996). The last column shows the values of N∗ obtained from Eq. (2.4).

function of 1/L2
x for each integer value of the Ge coverage between 0ML and 3ML

(Fig. 2.3). This behavior confirms the expectation (Eq. (2.2) ) that the interactions

between the vacancy lines are dipolar in nature (Marchenko and Parshin (1980)).

The parameters of the linear fits shown in Fig. 2.3 give the line formation energy Λ

(intercept) and the line-line repulsion strength G (slope), and are listed in Table 2.1.

The table also includes the fitting parameters for two cases of intermixed wetting

layer compositions. We have verified that the the dipolar character of the line-line

interactions is not changed by intermixing in the wetting layer. These intermixing

cases are considered here only for the purpose of illustration, as the actual structure of

the wetting layer at given Ge coverage is under debate (eg. Rastelli et al. (2003), Liu

and Lagally (1996), Voigtländer and Kästner (1999), Yeom et al. (1997)). The data

in Table 2.1 shows that for both of the wetting layer compositions considered (pure Ge

or intermixed), the formation energy decreases strongly with increasing Ge coverage,

which is consistent with previous findings (Liu et al. (1997)). The repulsion strength

G is very sensitive to the WL composition, as the elastic interactions are largely

transmitted through the first few layers: different intermixed compositions affect the
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Figure 2.3: Vacancy line energy λ plotted as function of inverse square of the line
spacing (1/L2

x) for different Ge coverages: 0 ML (diamonds), 1 ML (circles), 2ML
(triangles) and 3 ML (squares). The inset represents the energy of the 2×N surface
as a function of N Liu and Lagally (1996), computed with the Tersoff potential T3
Tersoff (1988, 1989).
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elastic properties of the film and thus the strength of the repulsive interactions.

The trends shown in Table 2.1 are well understood (eg. Liu et al. (1997)) and

physically meaningful, although we emphasize that the exact values of the formation

energy Λ are influenced by the choice of the chemical potential for the deposited Ge

atoms. By taking finite differences in Eq. (2.6), we note that a change δµGe in the

chemical potential of Ge introduces a change δγ2×N in the surface energy of the 2×N

structure given by:

0 = nGe(δµGe) + (2Na2)(δγ2×N), (2.7)

where we have used the values for the periodic lengths, Lx = Na and Ly = 2a.

Similarly, for a 2× 1 surface with the same area, thickness, and WL composition, we

have

0 = (2 + nGe)(δµGe) + (2Na2)(δγ2×1), (2.8)

where the number of Ge atoms was increased by 2, as no dimers are missing from the

2× 1 structure. Subtracting Eq. (2.8) from Eq. (2.7) and using Eq. (2.2) we obtain

δµGe = Na2

(
δΛ

Na
+
π2

6

δG

N3a3

)
, (2.9)

where δΛ and δG are the changes in the line formation energy and repulsion strength

generated by the change in chemical potential δµGe. From Eq. (2.9) in the limit of

large N , we find that δΛ = δµGe/a and δG ≡ 0. Therefore, modifications of the

Ge chemical potential amount to shifting the line formation energy while leaving the

VL-VL interactions unchanged –a conclusion which is independent of the model used

to describe the atomic interactions.

In summary, we have computed the line formation energies and the repulsion

strengths for certain Ge coverages and WL compositions. As shown in Table 2.1, the

line formation energy Λ is sensitive to the WL thickness and composition, while the
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VL-VL interactions are mostly sensitive to composition. To gain further insight into

how strain affects the interactions and self-organization of vacancy lines, we will now

consider 2×N -reconstructed surfaces of pure species (either Si or Ge) under external

applied strain.

2.5 Defects on Si(001) and Ge(001) under applied

strain

The study of vacancy lines and dimer vacancies on uniformly strained Si(001)

and Ge(001) surfaces has two technical advantages: (a) the ambiguity regarding the

value of chemical potential of Ge is removed, and (b) the uncertainties related to

intermixing in the wetting layer obviously do not arise when studying systems with

only one atomic species. Therefore, the study of defects on clean surfaces under

external strain allows for a more direct comparison between Si(001) and Ge(001).

2.5.1 Vacancy lines on strained surfaces

The surface energy of the 2×N structure under external strain can be computed

using formula (2.5) in which the bulk cohesion energy is also a function of the applied

strain. The in-plane deformations are applied along the dimer rows (εx ≡ ε, εy = 0),

perpendicular to the dimer rows (εx = 0, εy ≡ ε), or equibiaxially (εx = εy ≡ ε).

For each type of deformation we vary the strain in the range −2% ≤ ε ≤ 2%, by

appropriately scaling the atomic coordinates. In this range of deformation, we find

that the line formation energy Λ is a linear function of strain:

Λ(εx, εy) = Λ0 + Λ′αε, (2.10)
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VL G0 Λ0 Λ′(meV/Å)
structure eVÅ meV/Å uniax (x) uniax (y) equibiax.

1-DV 15.56 −20.56 4868.5 −412.55 4468.5
Si 2-DV 5.01 51.57 2879.3 −822.08 2067.7

1+2-DV 33.33 30.56 6530.6 −1228.5 5354.2
1-DV 11.12 32.48 4112.0 −559.72 3559.3

Ge 2-DV 4.00 69.613 2543.1 −846.11 1709.6
1+2-DV 24.36 104.64 5617.1 −1396.5 4230.8

Table 2.2: Repulsion strength G0 and line formation energy Λ0 at zero strain for the
vacancy line structures shown in Fig. 2.2. The last three columns show the strain
sensitivity Λ′ of the line formation energy for different types of in-plane deformation.
The results in this table are obtained using the Tersoff potentials Tersoff (1988, 1989)
.

where Λ0 is the line formation energy in the absence of strain, and the subscript α

denotes the uniaxial strain along different directions (α = x, or α = y) or the equib-

iaxial strain (α = xy). A consequence of the linear relation described in Eq. (2.10)

is that the biaxial strain sensitivity Λ′xy is the sum of the two sensitivities Λ′x and Λ′y

that correspond to the uniaxial deformations:

Λ′xy = Λ′x + Λ′y. (2.11)

For the VL structures shown in Fig. 2.2, we have computed all the strain sen-

sitivities Λ′α (α = x, y, xy) independently, and found that formula (2.11) holds to

within 1–2% of Λ′xy. These strain sensitivities are listed in Table 2.2, along with the

formation energies Λ0 and repulsion strengths G0 computed in the absence of strain.

The strain-dependence of the line formation energy Λ is strongly anisotropic. As

shown in Table 2.2, the strain sensitivity Λ′x along the dimer row is positive, while

Λ′y is negative and several times smaller (up to one order of magnitude for 1-DV va-

cancy lines) in magnitude than Λ′x. This indicates that for all the vacancy structures
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shown in Fig. 2.2, the rebonding in the second layer plays a crucial role in determin-

ing the strain dependence of the line formation energy. In the absence of strain, the

bonds that ”bridge” the second-layer atoms in the vacancy lines are stretched com-

pared to their bulk values, and are especially sensitive to strains applied parallel to

them. Therefore, compressive strains along the dimer rows will decrease the amount

of stretch in those bonds, lowering the formation energy of the vacancy lines. This

correlation between atomic bonding and formation energy is consistent with the ones

given previously for the case of 1-DV lines (see, for example Liu et al. (1997), Pandey

(1985), Tersoff (1992), Liu and Lagally (1996)). On the other hand, an uniaxial strain

applied perpendicular to the dimer rows only indirectly affects the formation energy

of the vacancy lines via a Poisson-type effect: a stretch along the y-direction creates

a small compressive stress in the x-direction, which in turn lowers the line formation

energy.

While the formation energy Λ of the vacancy lines varies significantly with applied

strain, the VL-VL repulsion strength G shows a weak strain dependence, changing

by less than ten percent for the values of strain considered here. The reason for

the weak strain-dependence of the VL interactions is that the relaxations that occur

after applying external strains to an already relaxed 2×N surface are rather small,

since no bonds are broken or formed. Consequently, the VL–VL interactions are

not substantially affected by external strains as long as these strains remain in the

small-deformation regime given by Eq. (2.10).

By comparing the Si and Ge data (Table 2.2) for each type of VL structure, we

find several systematic trends: (a) the repulsion strengths G are stronger for Si than

for Ge, (b) the formation energies Λ0 are smaller for Si than for Ge and (c) the strain

sensitivities along dimer row (Λx) and biaxial (Λxy) are larger for Si than for Ge. Most

notably, the formation energy of a single-DV line on Si(001) is negative, while for the
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case of Ge(001) it is positive. While there is a possibility that this sign difference

between Si(001) and Ge(001) might be due to artifacts of the empirical potential, it is

consistent with the observation of self assembly of DVs on Si(001) (Feil et al. (1992))

and not on Ge(001) (Yang et al. (1994), Chey and Cahill (1997), Zandvliet et al.

(1998), Fukuda and Ogino (1998)). Some of these trends are related to the formation

and binding of individual dimer vacancies, as will be shown in the next section.

The occurrence of the vacancy lines is a consequence of the strongly anisotropic

interactions between the individual dimer vacancies, coupled with the preference of

the DVs to diffuse along the dimer rows. As discovered by Chen et al. (1994), two DVs

that belong to the same dimer row repel one another, while DVs in adjacent dimer

rows experience a weak attraction at short distances. This finding was confirmed

by other independent experiments (Zandvliet et al. (1995), Chang et al. (1996)), as

well as by theoretical studies (Weakliem et al. (1995)). Thus the physics of vacancy

lines is intrinsically related to the formation, interactions and diffusion of individual

dimer-vacancies. In what follows, we show how the strain dependence of the formation

energy of the VLs is linked to the behavior of individual dimer vacancies under strain.

2.5.2 Dimer vacancies on Si(001) and Ge(001)

In this section, we compute the formation energy of three types of DVs on Si(001)

and Ge(001), as well as the attractive energy of two vacancies placed in adjacent

dimer rows. In the case of Si(001), a similar calculation was performed by Wang et

al. (1993), and has served as useful reference for many subsequent investigations. In

contrast, we have found no similar studies for the formation energies of defects on

Ge(001). Here we perform such a study using the Tersoff potential (Tersoff (1989)),

and identify the differences between the vacancies on the two surfaces, Si(001) and

Ge(001). We denote the formation energy of a DV complex by u, and that of an
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isolated pair of complexes lying in adjacent dimer rows (called a bound pair form here

on) by up. The binding energy of the pair is defined 3 as the difference between the

pair’s formation energy and the formation energies of two isolated DVs:

w ≡ up − 2u. (2.12)

We have calculated the formation and binding energies for different vacancy com-

plexes, and have listed the results in Table 2.3.

We shall first discuss the formation energy u, and compare our results with those of

Wang et al. (1993), which were obtained using density-functional calculations coupled

with an empirical potential. The advantages and disadvantages of such a coupling

scheme are clearly discussed in the original paper Wang et al. (1993). In the case

of 1-DV vacancy on Si(001), we find the formation energy of single DV’s u ≈ 0.19

eV, in good agreement with the value of 0.22 eV reported in Wang et al. (1993). For

the other vacancy complexes, the agreement with Wang et al. (1993) is poor because

the empirical model Tersoff (1988) does not accurately capture the relaxations of

the under-coordinated second-layer atoms that are present in the 2-DV and 1+2-DV

complexes. Due to this limitation, the Tersoff potential (Tersoff (1988)) predicts that

the 2-DV complex is unstable with respect to the formation of two isolated single

DVs, u2−DV > 2u1−DV. We find however that the empirical potential is still able to

predict that a 2-DV and a 1-DV on the same dimer row can bind to form a 1+2-

DV complex (i.e. u1+2DV < u2−DV + u1−DV), though the binding energy for the

1+2DV complex is about half the value obtained from Wang et al. (1993). In the

case of Ge(001) surface, the potential (Tersoff (1989)) fares better than the silicon

parametrization (Tersoff (1988)) in describing the stability of DV complexes. Both

the 2-DV and 1+2-DV vacancies on Ge(001) are stable against breaking into isolated

3With this definition, the negative sign is retained to indicate the stability of the bound pair.
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DV complex u (eV) w (eV) u+w
2a (meV/Å) Λ (meV/Å)

1-DV 0.186 (0.22)∗ −0.281 (−0.1)† −12.37 −20.56
Si 2-DV 0.505 (0.33)∗ −0.106 51.94 51.57

1+2-DV 0.619 (0.42)∗ −0.322 38.66 30.56
1-DV 0.549 −0.239 38.75 32.48

Ge 2-DV 0.699 −0.136 70.37 69.61
1+2-DV 1.218 −0.330 110.00 104.64

∗ Wang et al. (1993)
† Weakliem et al. (1995)

Table 2.3: Formation energies u of vacancy complexes and binding energies w corre-
sponding to a bound pair of vacancy complexes situated in adjacent dimer rows. The
last two columns give the line formation energies estimated using formula (2.13), as
well as the ones obtained from total energy calculations (Table 2.2). The results of
Wang et al. Wang et al. (1993) and Weakliem et al. (1995) for the case of silicon are
indicated in parentheses.

smaller complexes, as indicated by their respective formation energies in Table 2.3.

This result is in agreement with the observations of Wang et al. (1993), who report

that 1+2-DVs and 2-DVs are predominant on the Ge(001) surface .

We now turn to a discussion of the binding energies of DV pairs w given in Ta-

ble 2.3. There are two main issues that complicate the comparison of theoretical

results in Table 2.3 with the experimentally determined binding energies. First, we

note that the binding energy of an isolated bound pair computed here and in Weak-

liem et al. (1995) are defined in a different manner than what is usually obtained from

experiments. Experiments measure the binding energy when the DVs are part of a va-

cancy line, while calculations address an isolated pair of vacancies. We have estimated

that the binding of two vacancies (on an average) within a VL is up to ≈ 40% stronger

than the binding within an isolated bound pair. Secondly, the experiments report the

binding energies for DVs on Si(001) with a certain amount of Ge coverage (Chen et

al. (1994)) or metal contamination (Chang et al. (1996), Zandvliet et al. (1995)), as
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opposed to clean surfaces. Given these two concerns related to experimental condi-

tions, as well as the use of an empirical potential in this study, discrepancies between

the binding energies w listed in Table 2.3 and the ones reported experimentally are

expected. However, we have found that there is reasonable agreement with the exper-

imental data. For the single DVs on a Ge-covered Si(001) surface (1.5ML) (Chen et

al. (1994)) estimate the binding energy in the range −0.18eV < w < −0.25eV, while

our result for 1-DVs on pure Ge(001) is −0.24 eV and −0.28 eV on pure Si(001) (refer

to Table 2.3). On the Ni-contaminated Si(001) surfaces, Zandvliet et al. (1995) report

an average attractive interaction per unit length of −0.11 eV/a ; since the distance

between two neighboring dimer rows is 2a, we infer that the binding energy of a pair

within a VL is −0.22 eV. Chang et al. report a similar figure for the binding energy

(−0.24 eV) of DVs on Ag-contaminated Si(001) surfaces (Chang et al. (1996)). On

both Ni- and Ag- contaminated Si(001) the vacancy lines contain almost equal pro-

portions of 2-DVs and 1+2-DVs (Koo et al. (1995), Zandvliet et al. (1995), Chang et

al. (1996)) and we note that the binding energies reported in Zandvliet et al. (1995),

Chang et al. (1996) lie between the calculated (Table 2.3) binding energy of a 2-DV

pair (≈ −0.11 eV) and that of an 1+2-DV pair (≈ −0.32 eV) on Si(001).

The vacancy formation energy u of a vacancy complex and the binding energy w

of a pair determine the formation energy of the vacancy lines to a large extent. Chen

et al. (1994) and Weakliem et al. (1995) have found that interactions between single

DVs that belong to different dimer rows which are not adjacent can be neglected.

This approximation implies that the DVs that make up a vacancy line can be treated

as a 1-dimensional system with nearest-neighbor interactions. For such a system, the

formation energy per unit length can be written as:

Λ ≈ u+ w

2a
, (2.13)
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where 2a is the distance between two DVs in a straight vacancy line. The data in

Table 2.3 shows that the formation energies given by Eq. (2.13) are in good agreement

with the line formation energies obtained from the 2×N surface energies (Table 2.2).

The differences between the line formation energies shown in the last two columns

of Table 2.3 are due to the presence of interactions between a given vacancy with

higher-order neighbors in the same VL, which are neglected in formula (2.13). While

such effects could be considered small, note from Table 2.3 that they systematically

lead to a lowering of the formation energy of vacancy lines below the estimate given

by (2.13). As seen in the next section, the DVs are more stable as part of a vacancy

line than as members of a bound pair, which is due to the presence of interactions

with higher-order neighbors.

2.5.3 Experimental implications

The Si(001) and Ge(001) surfaces have been investigated intensely due to their

technological and fundamental importance. As noted by Zandvliet (2003) and Zand-

vliet et al. (1998) there are still gaps in understanding the Ge(001) surface in com-

parison to Si(001), despite the similarity of the two surfaces. One aspect where the

two surfaces show remarkable differences is that the vacancy lines appear easier to

form on Si(001) rather than on Ge(001), as illustrated by the much larger number of

reported observations in the case of silicon. To our knowledge, the only observation

of vacancy lines on Ge(001) is for the case of Bi deposition (1ML) (Louwsma et al.

(1997)). No vacancy lines have so far been observed on clean Ge(001) (Chey and

Cahill (1997), Yang et al. (1994), Zandvliet et al. (1998), Fukuda and Ogino (1998)),

while two different groups report the observation of vacancy lines on the clean Si(001)

surface (Feil et al. (1992), Men et al. (1995), Smith et al. (1996)).
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Figure 2.4: Formation energy (eV) per 1-DV vacancy for an isolated DV (u), a bound
pair (0.5up), and a 1-DV vacancy line (2aΛ) as function of biaxial strain ε. The upper
and lower figures represent the case of Si(001) and Ge(001), respectively. Note that
a and Λ are the surface lattice constant and VL formation energy, both of which
depend on ε. In each figure, the stability of DVs increases from the isolated DV to
the vacancy lines, at given strain. Compressive strains lower the formation energy
per DV both in the case of Si(001) and Ge(001), though in the case of Ge larger
compressive strains must be applied in order to achieve negative formation energies.
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We look for the differences between DVs on clean Si(001) and Ge(001) by compar-

ing their formation and binding energies in the presence of strain. Focusing on single

DVs, we compare the formation energy per vacancy for isolated vacancies, bound pairs

and vacancy lines under biaxial strain. This comparison is performed separately for

the case of Si and Ge surfaces. The results plotted in Fig. 2.4 which show that the

formation energy per DV, to a good approximation, is a linear function of strain for

strains in the range -2%–2%. In contrast, we have found that the binding energy

w = up − 2u exhibits strong nonlinear character in this strain range; the strains at

which w remains linear is limited to a much smaller range, ±0.2%. Compressive

strains lower the formation energy per DV both for the case of Si and Ge, consistent

with the previous results on vacancy lines (i.e. with the positive sign of the biaxial

strain sensitivities shown in Table 2.2. We can now identify the difference between

DVs on Si(001) and Ge(001). From Table 2.3 note that the formation energy u of a

single DV is positive both for Ge(001) and Si(001), but in the case of Ge(001) it is

about 3 times higher than that of an isolated DV on Si(001). Therefore, in the ab-

sence of any kinetic effects, a compressive strain of −0.5% would be required to create

stable DVs (u < 0) on Si(001), which is readily achievable as result of quenching Men

et al. (1995), Smith et al. (1996). In contrast, the critical value of compression needed

to have single DVs on Ge(001) is four times larger, −1.9%. As seen in Fig. 2.4, when

DVs are part of a bound pair the compression at which the formation energy per

DV becomes negative decreases due to the attractive interaction between DVs: for

Si(001) the critical compression becomes −0.1%, while for DVs on Ge(001) it remains

rather large, −1.5%.

Based on these results (Fig. 2.4), we propose that organization of the DVs into

vacancy lines on Ge(001) could be observed provided that the surface is under com-

pressive strains of ≈ 2%. Biaxial strains are somewhat difficult to apply and control
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accurately in practice. A simple way to provide some compression would be quench-

ing, as done in Men et al. (1995), Smith et al. (1996). As far as lowering the formation

energy of DVs is concerned, uniaxial strains along the dimer row direction are more

efficient than biaxial deformations. Therefore, the use of ultraflat, single-domain sur-

faces under uniaxial compression along the dimer row can lead to observations of

vacancies organizing into lines on Ge(001).

2.6 Conclusions

In conclusion, we have performed an investigation of the VLs and DVs on strained

Si(001) and Ge(001). We have found that the dimer-vacancies on the two surfaces

exhibit differences in terms of the formation energy, their strain sensitivity, and the

binding energy of two DVs in adjacent dimer rows. With the present model of atomic

interactions (Tersoff (1988, 1989)), each of these energetic parameters appear to favor

the self-organization of DVs into vacancy lines on Si(001), but not on the Ge(001)

surface.

The most important difference concerns the formation energy of single DVs, which

was found to be 0.55 eV for Ge(001), but only 0.19 eV in the case of Si(001). The

formation energy difference between single DVs on Si and Ge surfaces seems robust

with respect to the empirical potential used: we have recalculated these energies

with the Stillinger-Weber model (Stillinger and Weber (1985), Ding and Andersen

(1986)), and found similar results, though the difference between the two formation

energies predicted by the Stillinger-Weber potential was larger. This finding cannot

be explained by scaling the DV formation energies with the bulk cohesive energy (or

melting temperature) of Si and Ge. Rather, it could likely be due to subtle details in

the relaxation of the atoms that surround the vacancy, particularly to the interplay

between the lateral and vertical relaxation; further studies are underway in order to



35

elucidate this point. While it is well known that the stability of DVs on (001) surfaces

is strongly enhanced by kinetic effects (i.e. two atoms are unlikely to find the DV and

fill it at the same time (Zhang and Metiu (1993))), it is conceivable that the large

gap between the formation energies of DVs on Si(001) and Ge(001) determines their

different physical behavior.

Based on studies of how the formation energy varies with external strains, we

have proposed that the self-assembly of vacancies on clean Ge(001) would be possible

if compressive strains are applied either biaxially or along the dimer row direction.

Pending an increase in the available computational power and methodologies, the

results of this article warrant future studies using higher-level total-energy methods

such as tight-binding or density functional calculations. The use of such methods is

expected to bring quantitative improvements of the energetic properties computed

here. Furthermore, higher-level methods can also address other important aspects

of the self-assembly of vacancies such as the energetic barriers associated with the

creation and diffusion of DVs on Si(001) and Ge(001). Future investigations regarding

the kinetics of dimer vacancies would be invaluable for fully elucidating the differences

between Si(001) and Ge(001).



Chapter 3

Interaction between the steps and

the vacancy lines

3.1 Introduction

The strained-layer Ge/Si(001) system shows a remarkable variety of structural

and morphological changes depending on growth conditions and Ge coverage. The

system undergoes transformations from the 2 × 1 structure in the absence of Ge, to

the 2 × N reconstructed wetting layer, to the formation of hut and dome quantum

dots at Ge coverages larger than about three monolayers (ML). While the formation

of pyramid and dome clusters has been actively studied in the last two decades, in

comparison, the initial roughening of the wetting layer (Sutter and Lagally (2000),

Tromp et al. (2000), Sutter et al. (2003)) that occurs just before the formation pyra-

mids has remained virtually unexplored. The scanning tunneling microscopy (STM)

experiments of Sutter et al. (2003) have recently provided important insights on the

initial roughening of the Ge film using microscopy techniques capable of achieving

36
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a remarkable degree of detail and image statistics over wide areas of the film sur-

face. Their work shows that the interactions between the SA steps and the vacancy

lines (VLs) (see Figure 3.1 for structural details) drive the roughening of the Ge film

through the formation of ordered stripe patterns.

Top view

Side view

2x1

1x2
VL SA

[001]

[110]
[110]

Figure 3.1: Arrangement of atoms on a surface with a SA step and a vacancy line.
Color of the atoms denote out of plane elevation in the top view. The dimer rows
behind the step are parallel to it and the ones in front are perpendicular. So the 2×1
reconstruction rotates to 1× 2 across the step.

Motivated by these elegant experiments of Sutter et al. (2003), we will investigate

the energetics of the observed patterns, using both atomistic simulations and elastic

theory of surface defects. The aim of our calculations is to determine the interactions

between the SA steps and VLs and to study the role of these interactions in the
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[001]
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Figure 3.2: Surface unit cells for the stretch (a) and squeeze (b) configurations
reported in Sutter et al. (2003). The Ge film is shown in black, and the Si substrate
in gray. The island size is d and the distance between an SA step and a VL is p.
Configuration (b) requires another parameter q to denote the distance between the
two VLs of the unit cell. The periods D along the [110] direction are D = 2p+ d and
D = 2p+ d+ q for models (a) and (b), respectively . The periodic length of the cells
in the [1̄10] direction is 2a (a = 3.84Å). The horizontal arrows schematically show
the force monopoles and dipoles at the steps and VLs, respectively.

spatial ordering of these line defects. The simulations presented here predict that

the repulsive SA-VL interactions decay with an inverse-distance law, in agreement

with the behavior expected for lines of monopoles interacting with dipoles through

their elastic fields. Furthermore, we will show that these interactions modify the

mean distance between the VLs, depending on the way the SA steps and VLs are

distributed on the surface.
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3.2 Structural models for the initial surface rough-

ening

The structural models that correspond to the stretch and the squeeze arrangements

are illustrated in Figure 3.2. In the former case, an island of width d bounded by SA

steps is sandwiched between VLs, which leads to an increase (or stretching) in the

mean spacing of the VLs. In contrast, the two VLs sandwiched between the similar

islands are observed to be “squeezed” by the SA steps in the latter case. Using the

Tersoff potential for Si-Ge (Tersoff (1989)), we have performed relaxations for 90 layer

thick computational cells with 2ML or 3ML Ge coverage 1 and for periods D = Na

(2<N<40), where a = 3.84Å is the lattice constant of the Si(001) surface. From the

total energy of the slab E, we compute the surface energy γ = (E−nSiµSi−nGeµGe)/A

as the excess energy per area A = 2aD, where nGe, µGe (nSi, µSi) are the number of

atoms and the chemical potential of Ge (Si), respectively. The overall surface energy

γ can be written as

γ = γu
d

D
+ γl

D − d
D

+
λ

D
, (3.1)

where the surface energy γu (γl) of the upper (lower) terrace can be obtained from

separate calculations for defect-free Ge/Si(001) surfaces and λ (subsequently referred

to as λa or λb for the two cases in Figure 3.2) includes the formation energies of SA

steps and VLs and their interactions.

1The two coverages used in the study (2ML and 3ML) lead to very similar conclusions; we
therefore only report the results obtained for the 3ML case.
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3.3 Energetics of periodic arrays of line defects

Before presenting the results for the interactions between SA steps and VLs, it

is useful to separately consider the energetics of periodic arrays of each of these line

defects. Since the VLs can be described as elastic-force dipoles in the plane of the

surface, they interact with each other with a repulsive inverse-square distance law

(Ciobanu et al. (2004)). The energy per unit length of an array of VLs with the

spacing D can then be written as

λVL(D) = Λ0
VL + Λ1

VLπ
2/(6D2), (3.2)

where Λ0
VL is the formation energy of a VL and the second term is the interaction

energy of the uniform array, where Λ1
VL is the strength of the dipolar interaction. The

up- and down-SA steps on the sides of an island, on the other hand, behave like force

monopoles 2 due to the discontinuity of surface stress at the island edges (Marchenko

(1981), Alerhand et al. (1988)). Following the notations in Eq. (3.2), the energy of a

periodic array of such islands of width d and period D is given by (Alerhand et al.

(1988), Poon et al. (1992))

λSA
(d,D) = 2Λ0

SA
− Λ1

SA
log

(
D

πc
sin

(
πd

D

))
, (3.3)

where c = a/2 is an atomic scale cut-off introduced to regularize the logarithmic

divergence 3. The parameters Λ0 and Λ1 in Eqs. (3.2), (3.3) obtained from atomistic

simulations as described in Ciobanu et al. (2004), and Poon et al. (1992) are given in

Table 3.1.

2In general, surface steps also have dipole moments. For the SA steps, the dipole strength is
negligible due to the absence of rebonding at the step-edge (Poon et al. (1992)).

3The cut-off radius c is of the order of a, but otherwise arbitrary. Eq. (3.3) shows that the choice
of c affects the formation energy Λ0

SA
but does not change the interaction coefficient Λ1

SA
.
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Figure 3.3: Interaction energy of SA steps and VLs obtained from atomistic sim-
ulations in the stretch configuration ((a), triangles up) and in the squeeze pattern
((b), triangles down), along with the fitting curves given by Eq. (3.5) and Eq. (3.8),
respectively. The dashed curves show the interaction energy between VLs (refer to
Eqs. (3.2) and (3.7)) in the two configurations. The island size is d = 4a in both
cases, and the SA-VL distance in case (b) is p = 2.5a.



42

defects Λ0 (meV/Å) Λ1

VL −133.934± 0.201 13434±89 meVÅ
SA −1.56± 0.11 4.556±0.076 meV/Å

SA-VL 254.677±1.077 meV

Table 3.1: Defect formation energies Λ0 and interaction strength parameters Λ1

computed using the Tersoff interatomic potential (Tersoff (1989)).

3.4 Interaction energy of the “stretch” and the

“squeeze” configurations

We now consider the stretch configuration (Figure 3.2(a)), for which the defect

energy can be written as

λa(d,D) = λVL + λSA
+ λint

a,SA-VL, (3.4)

where λVL and λSA
are given by Eqs. (3.2) and (3.3), respectively, and the third

term denotes the interaction between the monopoles at the SA steps and the dipoles

at the VLs. We have calculated this term from atomistic relaxations of the stretch

structure (Figure 3.2(a)) and plotted it in Figure 3.3(a) as a function of the VL

spacing D, for fixed island width d = 4a. In order to extract the strength of the

SA-VL interaction from this data, we note that according to elasticity theory, a single

SA step interacts with a single VL with a power law that decays as the inverse of the

distance between them. Using Λ1
SA-VL to denote the strength of this monopole-dipole

interaction, the contributions corresponding to the steps and VLs in the unit cell of

the stretch configuration and its periodic images can be summed analytically to

λint
a,SA-VL = Λ1

SA-VL

2π

D
tan

(
πd

2D

)
. (3.5)
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It can be seen from Figure 3.3(a) that this functional form provides an excel-

lent fit to the results of the simulations. Furthermore, the coefficient Λ1
SA-VL=254.7

meV obtained from the fitting procedure is very close to the geometric average√
Λ1

VLΛ1
SA

=247.4 meV that is expected 4 for the interaction of a monopole with a

dipole. These observations confirm that the SA-VL interaction is accurately modeled

using the elastic theory of surface defects.

In the case of squeeze configurations (Figure 3.2(b)), the defect energy can be

written as

λb(d, q,D) = 2Λ0
VL + λSA

+ λint
b,VL + λint

b,SA-VL, (3.6)

where λSA
is given by Eq. (3.3) and the second and third term correspond to the

VL-VL and SA-VL interactions, respectively. Since there are two (one) VLs in the

unit cell of the squeeze (stretch) configuration, these terms are different for the two

cases. We have computed the last two terms in Eq. (3.6) analytically by summing

the series of dipole-dipole and monopole-dipole contributions :

λint
b,VL = Λ1

VL

π2

3D2

[
1 + 3 csc2

(πq
D

)]
(3.7)

λint
b,SA-VL = Λ1

SA-VL

2π

D

[
cot
(πp
D

)
− cot

(
π(p+ d)

D

)]
(3.8)

Since the strengths of all defect interactions have already been determined, each term

in Eq. (3.6) can be evaluated without the need for atomistic relaxations of the squeeze

structures. We have, however, performed these calculations to further confirm that

the parameters in Table. I accurately describe the SA-VL interactions, as shown in

Figure 3.3(b).

4Denoting the monopole (dipole) strength by Ax (Axx), the interaction coefficients Λ1 can be
written as Λ1

VL = αA2
xx, Λ1

SA
= αA2

x, Λ1
SA-VL = αAxAxx, where α is related to the elastic moduli

of the substrate (Marchenko (1981)). It then follows that Λ1
SA-VL =

√
Λ1

SA
Λ1

VL.
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3.5 Self-assembly of the steps and the vacancy

lines

With the information on the defect formation and interaction energies, we can

now discuss their spatial ordering in the wetting layer. In the absence of SA-bounded

islands, the spacing between VLs is determined by minimizing the defect energy per

period of the defect array, which is λVL/D (refer to Eq. (3.2)). As shown by Ciobanu

et al. (2004), a competition between the negative formation energy of VLs and their

repulsive interactions leads to a mean spacing D = 6a, which compares favorably with

the experimental value of (8 ± 0.9)a (Sutter et al. (2003)). To see how this spacing

is altered in the two structures in Figure 3.2, we have plotted λa,b/D (from Eq. (3.4)

and Eq. (3.6)) as functions of the spacing between the VLs in Figure 3.4, choosing a

typical island width of d = 4a. While the island width d and the VL-VL separation D

determine the SA-VL spacing ((D−d)/2) in the stretch configuration, this spacing (p)

is an independent parameter for the squeeze structures. We have found, however, that

the defect energy per period λb/D is minimum at the SA-VL separation of p = 2.5a

for island widths in the range 2a ≤ d ≤ 8a. This result is in agreement with the

observations of Sutter et al. (2003), who find that SA-VL spacings of 1.5a and 2.5a

occur much more frequently than any other SA-VL separation. In what follows, we

discuss the variation of the defect energy λ/D as a function of VL-VL distance.

A comparative analysis of the VL-VL spacing between stretch, free and squeeze

configurations reveals a remarkable consistency with experimental findings. As seen

in Figure 3.4, the optimum VL-VL distance in the stretch case is D = 10a, which

is larger than the spacing of free VLs (Ciobanu et al. (2004)) by four Si(001) lattice

constants. A similar increase in the VL spacing has been observed by Sutter et al.

(2003), who report separations of (8.0±0.9)a and (11.9±1.7)a for the free and stretch
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configurations, respectively. For squeeze structures with d = 4a and p = 2.5a, we

find nearly the same optimum VL-VL distance (q ' 6a) as in the case of free VLs.

This finding is also consistent with the STM observations (Sutter et al. (2003)), which

show only small change in the VL-VL distance from (8.0± 0.9)a (free) to (7.1± 0.9)a

(squeeze). The close agreement of the computational and analytical results with

experiments suggests that the empirical potential (Tersoff (1989)) used in our work

is able to capture the key features of the interactions of line defects on Ge/Si(001).

The pronounced difference between the statistics of VL separations in the stretch

and squeeze configurations (Sutter et al. (2003)) can be understood by considering

the relative contributions of the monopole-dipole and dipole-dipole interactions to

the surface energy of each configuration. In the stretch case, the SA-VL (monopole-

dipole) interactions are stronger than the VL-VL interactions, as seen in Figure 3.3(a).

Therefore, the optimum spacing of 6a determined for a uniform array of VLs (Ciobanu

et al. (2004)) will be increased significantly by the presence of islands between the

VLs (Figure 3.2(a)). In the squeeze case (Figure 3.3(b)), since the islands are located

between pairs of VLs, the VL-VL repulsion dominates the SA-VL interaction. Indeed,

the monopole-dipole terms are found to have little influence on the VL-VL distance

in the squeeze configuration.

3.6 Conclusions

In conclusion, we have studied the energetics of self-organized patterns of SA-VL

patterns observed on the wetting layer during early stages of growth (Sutter et al.

(2003)) using a linear elasticity based approach combined with atomistic simulations.

Analytical expressions derived from representation of step as a monopole and VL as

a dipole provides excellent fit to the atomic simulation. Our study demonstrates the

existence of an effective repulsion between steps and VLs, which has been identified
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as a key factor in the initial roughening of the Ge/Si(001) system. Our analysis

also predicts optimal separations for the VLs in agreement with recent microscopy

experiments Sutter et al. (2003).
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Figure 3.4: Surface energy contributions λa/D (at d = 4a) and λb/D (at d = 4a,
p = 2.5a) corresponding to the arrays of line defects shown in Figure 3.2(a) and (b),
respectively. The case of free VLs (i.e., without steps) is also plotted for comparison.
In the stretch and free configurations, the VL-VL distance is simply the period along
[110], D. For the squeeze case, the VL-VL separation is q, as shown in Figure 3.2(b).
The curves correspond to the analytical expressions given in Eqs. (3.2), (3.4), and
(3.6), while the data points are calculated from atomistic simulations. The optimum
VL separations determined from STM experiments (expt.) Sutter et al. (2003) are
shown along with error estimates.



Chapter 4

Energetic origin of trench depth

4.1 Introduction

In the heteroepitaxial system, it is well known that mismatch strain at low Ge

coverages is relaxed by the formation of pyramid-shaped islands with {105} facets.

As these islands grow in size, they transform into what are called domes with steeper

sidewall angles. Even larger islands show strain relaxation through the injection of

misfit dislocations. In high temperature growth (T > 6000C), strain relaxation is

also achieved by trenches that form around the bases of both coherent and dislocated

islands (Chaparro, Zhang and Drucker (2000), Chaparro, Zhang, Drucker, Chan-

drashekhar and Smith (2000), Drucker et al. (2000), Drucker (2002), Denker et al.

(2001, 2002), Kamins et al. (1997), Floro et al. (1997)). Denker et al. (2005) observed

that the trenches serve as a source of Si which mixes with Ge that is being captured

by the island which reduces its mismatch strain. Even during capping with Si, the

trenches form around the new expanded base area of the island (eg. Katsaros et al.

(2007)). Experimental work of Chaparro, Zhang and Drucker (2000) has shown that

the trenches at the base of dome-shaped islands are self-limiting, in the sense that

their depths saturate at a level, linearly proportional to the base-width of the island.

48
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While it has been suggested that this behavior is due to kinetic limitations (eg. Cha-

parro, Zhang and Drucker (2000)), quantitative estimates for the self-limiting depth

and a reason for its linear dependence of the island size have not been provided.

In this chapter, we will consider the energetics and strain relaxation of islands sur-

rounded by trenches using finite element simulations and show that the self-limiting

nature of trenches can be explained on the basis of a competition between the elastic

energy gained by the formation of the trenches and the surface energy cost involved

in creating the trenches. These calculations employ trenches whose dimensions and

shapes are comparable to the ones observed in experiments, predict a linear depen-

dence of the trench depth on the island base-width, in good quantitative agreement

with experimental data.

4.2 Strain relaxation due to formation of trenches

We will first consider strain relaxation due to trench formation around a cone

shaped island shown in Fig. 4.1(a). The cone radius and angle are denoted by R and

θ, respectively, while a trench of depth h is modeled using two inclined surfaces at

angles β and α shown in Fig. 4.1(a). In the case of trenches observed in experiments

(Chaparro, Zhang and Drucker (2000), Chaparro, Zhang, Drucker, Chandrashekhar

and Smith (2000), Denker et al. (2001)), β is comparable to or bigger than the island

sidewall angle θ, while the angle α is much smaller, usually a few degrees. A displace-

ment based finite element method with linear shape functions is used to obtain the

elastic fields in the island and the substrate. Strain in the structure can be expressed

as

εij = ε0
ij + uij
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Figure 4.1: Schematic of the axisymmetric model of a (a) cone-shaped, and (b)
dome-shaped, and a 3D (c) pyramidal Ge island. The islands have a half base size R
and cone angle θ. The depth of trench around the base of the island is denoted by h
and the trench angles β and α are shown in the figure.
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Figure 4.2: Contour plots of distribution of radial strain εrr for a cone-shaped island
with (bottom) and without trench (top). Here h = 10nm, R = 125, θ=β =250 and
α=50.
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where, ε0
ij is the mismatch strain (present only in the island) and uij is the additional

strain due to elastic relaxation. The non-zero components of the relaxation stress

tensor (in cylindrical coordinates) are given by


σrr

σθθ

σzz

σrz


=


C11 C12 C12 0

C12 C11 C12 0

C12 C12 C11 0

0 0 0 (C11 − C12)/2




urr

uθθ

uzz

urz


,

where the elastic constants of the Si substrate and the Ge island are taken to be C11

= 165.7 GPa, C12 = 63.9 GPa and C11 = 128.5 GPa, C12 = 48.3 GPa, respectively.

If the strain fields are obtained from finite element calculations, the free energy of

the system, which is the sum of the energy gained through elastic relaxation and the

increase in surface energy due to formation of the trench, can be written as

Ef = Er + Es = −1

2

∫
VS

σijuijdV + γ∆A. (4.1)

Here, the first integral is evaluated over the volume VS of the system, which includes

the island and the substrate with the trench, ∆A denotes the increase in surface area

due to formation of the trench and γ is the surface energy of the substrate, assumed

to be independent of strain and orientation 1.

The radial strain (εrr) distribution in the island with and without the trench

for β = θ = 250, α = 50 and an equibiaxial mismatch strain of −4% is shown

in Fig. 4.2. In both the cases, the radial strain εrr changes sign across the island

substrate interface with the substrate side under tension. The apex of the island is

1Since data on the strain and orientation dependence of surface energies is not available from
experiments or accurate quantum mechanical calculations, we use γ = 1.5 J/m2, which is typical for
semiconductor surfaces.
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Figure 4.3: Elastic relaxation energy of an island with a trench normalized by the
total strain energy of the island prior to relaxation Mε20V , plotted versus the ratio of
trench depth h to island radius R. Note that the relaxation energy attains saturation
at h/R ∼ 0.3. The surface orientations (refer to Fig. 4.1) in this calculations are
α=50 and β=θ=250.

slightly over-relaxed 2. The key difference between the case with the trench compared

to the case without the trench relates to the strain distribution around the base of the

island. The presence of trench leads to an effective relaxation of the large near-surface

compressive strain at point where the island makes contact with the substrate. At

the same time, the trench also allows relaxation of tensile strain εzz near the base of

the island.

2A similar tensile strain at the top of islands has also been observed in calculations reported by
Johnson and Freund (1997), Spencer and Tersoff (2001)
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The elastic relaxation energy as a function of trench depth h is given in Fig. 4.3

for islands of different radii, but fixed surface orientations θ, β and α. Here, we

have plotted the first term in Eq. (4.1) normalized by the total strain energy of the

island prior to relaxation, Mε20V , where M is the biaxial modulus 3, ε0 = −4% is the

mismatch strain and V = (πR3 tan θ)/3 is the volume of the island. As the trench

depth is increased, the elastic energy initially decreases at a rapid rate, but eventually

saturates at h/R ∼ 0.3. Since the strain fields decay rapidly from the island substrate

interface, the energy gained by extending the trenches to relatively unstrained regions

is small, leading to the observed saturation in strain relaxation. We also find that

normalized energies for islands of different radii fall on a single curve if the trench

depth is scaled with the radius of the island, which shows that deeper trenches are

required to achieve saturation of elastic energy for bigger islands. While elastic energy

is relaxed by increasing trench depth, deeper trenches also lead to an increase in the

total surface energy of the system.

4.3 Optimum trench depth

Figure 4.4 shows that the net change in surface energy is comparable to the

energy gained via strain relaxation for an island with R = 125 nm. Furthermore,

a competition between these two effects leads to a self-limiting trench size, h0, which

corresponds to the minimum in the free energy Ef (refer to Eq. 2) as shown in the

inset in Fig. 4.4. We point out that while the gain in elastic energy by formation of

trenches is only 2% of the total strain energy of the structure without trench, this

corresponds to 3.55×105 kBT at 6000C for the island in Fig. 4.4; the trenches should

then be very stable against thermal fluctuations. The net gain in free energy and the

3The biaxial modulus can be written in terms of the elastic constants as M = C11 + C12 −
2C2

12/C11.



55

0 1 2 3 4 5 6 7

h

Er EfEs

h(nm)

1.00

0.75

0.50

0.25

-47.2

-47.4

-47.6

-47.8

-48.0

-48.2

-48.4

-47.2

-47.25

-47.3

-47.35

-47.4

Figure 4.4: Competition between the elastic relaxation energy (blue) and the change
in surface energy (green, normalized by 100 Mε20V ) resulting in a minimum in the
total free energy (black) at an optimum trench depth (h0) for an island with R = 125
nm and γ=1.5 J/m2. Gain in elastic energy of magnitude 3.55×105 kBT at 600◦C
due to formation of trenches is shown with a red band.
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β ∆Ef h0 α ∆Ef h0 θ=β ∆Ef h0

25◦ 2.21 4.56 5◦ 2.21 4.56 15◦ - -
33◦ 2.48 4.92 10◦ 0.62 3.0 20◦ 0.23 2.50
47◦ 2.83 5.51 15◦ 0.19 1.42 25◦ 2.21 4.56

Table 4.1: Effect of variations in the surface orientations β, α and θ for a cone-shaped
island on the optimum trench depth (h0 in nm) and the normalized relaxation energy
(∆Ef × 10−3, where ∆Ef = Ef (h = 0)− Ef (h = h0)) with respect to the ungrooved
structure. When the variations of a particular parameter is considered, the default
values of other parameters are, θ = β=25◦, α=5◦ and γ=1.5 J/m2.

self-limiting trench depth depends on the surface orientations of the island and the

trench and the size of the island. We consider these effects in the following paragraph.

The data in the first column of Table 1 shows that the optimum trench depth h0

increases by about 1nm when the trench angle β is increased from 250 to 470 at fixed

θ and α for R = 125nm. We can understand this trend by noting that larger β leads

to more effective relaxation of the compressive strain at the point where the island

meets the substrate and the tensile strain in the substrate. While the free energy of

the system can be lowered for larger β, the opposite is true for the trench angle α

(refer to the second column of Table 1). Lower values of α allow better relaxation of

the tensile strain in the substrate and involve a smaller change in surface energy. This

result is in agreement with experimental observations (Chaparro, Zhang and Drucker

(2000), Drucker et al. (2000), Chaparro, Zhang, Drucker, Chandrashekhar and Smith

(2000), Denker et al. (2001, 2002)) that show steep (large β) and shallow (small α)

surface orientations of the trench close to and away from the island, respectively; the

two-angle model in Fig. 4.1 therefore provides a good geometric description of the

observed trenches 4. If the sidewall angle of the island is lowered by choosing β = θ

and by holding α constant, optimum trench depth h0 decreases in a monotonous

4We have also studied other trench geometries, in particular, wedge-shaped trenches considered
in Chaparro, Zhang and Drucker (2000) and trenches shaped like circular arcs. Saturation of trench
depths was observed in both of these geometric models.
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manner (refer to the third column in Table 1) until it becomes unfavorable to form

trenches for θ ≤ 150. This result would indicate that the trenches would not be

observed at around the hut-shaped {105}-faceted islands whose base-widths are ≤

200 nm, in agreement with experimental observations Chaparro, Zhang, Drucker,

Chandrashekhar and Smith (2000). Next, we consider the evolution of the trench

depth with the radius of the island, with the aim of comparing the predictions of our

calculations with the data reported in Chaparro, Zhang and Drucker (2000).

Since the AFM and TEM images of the cross-sections of the domes (Chaparro,

Zhang and Drucker (2000), Chaparro, Zhang, Drucker, Chandrashekhar and Smith

(2000), Drucker et al. (2000)) indicate that the steeper face of the trench is at the

same orientation as the sidewall of the dome cluster, we take β = θ = 250, which

is very close to the angles made by the {113} and {102} facets with the substrate.

The dependence of the optimum trench depth as a function of the island radius is

given in Fig. 4.5 for the axisymmetric cone (Fig. 4.1) and for a dome-shaped island

whose sidewall is an arc of a circle with aspect-ratio (ratio of height H to radius R

as shown in Fig. 4.5) of 0.3. The figure also shows the optimum trench depth for

a pyramid-shaped island 5 (with a square base as shown in Fig. 4.5) as a function

of its half-base width, R. In all the cases, we find a nearly linear increase of the

optimum trench depth with the island base width, which is in good quantitative

agreement with experimental data from Chaparro, Zhang and Drucker (2000). Our

results therefore clearly indicate that the saturation of the trench depths is consistent

with the energetics of trench formation. It should also be noted that the self-limiting

trench depths observed in Chaparro, Zhang and Drucker (2000) do not change as

the temperature is raised from 600◦C to 650◦C, which provides further evidence for

the energetic origin of the observed behavior. Measurements of trench depths at

5The calculations for the pyramid-shaped islands were carried out using the finite element pro-
gram ABAQUS.
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Figure 4.5: Self-limiting trench depth plotted as a function of the island radius for
the axisymmetric cone (Fig. 4.1) and dome-shaped (inset (b)) islands and versus the
half-base width of a pyramid-shaped island shown in inset (a). All the islands are
surrounded by the two-angle trench shown in Fig. 4.1 with β=250, α=50. The side-
wall angle of the cone and the pyramid-shaped islands are taken to be θ=250, while
H/R =0.3 for the dome-shaped island. The surface energy is γ =1.5 J/m2 in all the
cases. Saturation depth observed in the experiments (Chaparro, Zhang and Drucker
(2000)) is shown by the filled circles.
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even higher temperatures can perhaps provide further insights into the mechanisms

responsible for the saturation of trench depths.

4.4 Conclusions

In conclusion, we have shown that the self-limiting behavior of the trenches around

the bases of SiGe quantum dots can be explained on the basis of a competition between

elastic relaxation and the surface energy cost of creating the trench surface. The gain

in elastic energy by formation of trenches is orders of magnitude greater than the

thermal energy (kBT ) and ensures stability of trenches against thermal fluctuations.

The optimum trench depth obtained from our analysis has an approximate linear

dependence with the island radius, due to the fact that more elastic energy can be

relaxed by trench formation in the case of larger islands.



Chapter 5

Emergence of (103) and (104)

facets on pyramidal islands

5.1 Introduction

During deposition of Ge on Si(001) substrate, the mismatch strain is relieved by

forming pyramidal islands. With further deposition, the island undergoes morpholog-

ical transformation and acquires multifaceted dome shape. Each stable intermediate

shape of the quantum dot has a unique opto-electronic application. Recently, some

experimental studies have shown that the pyramidal islands with facets steeper than,

widely observed, (105) are also stable. During growth experiments Le Thanh et al.

(2000), Yam et al. (2001) observe stable (103) and (104) faceted pyramids, similar

shape is observed by Wu et al. (2005, 2007) during Si overgrowth experiments. Goal

of this chapter is to find physical reasons for stability of pyramidal islands with facets

steeper than (105).

Observed morphology of a epitaxially grown heterostructure is either a thermo-

dynamically preferred configuration or a kinetically limited state. In this chapter,
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we determine thermodynamic stability of the pyramidal islands where the minimum

energy configuration is a compromise between increase in free energy by creation of

new surfaces and decrease due to relaxation of mismatch strain. Main results of this

chapter are:

• The pyramidal islands with (103) and (104) facets emerge due to their ability

to relax the mismatch strain better.

• Atomic reconstruction for Ge (104) surface which, at the level of empirical

potential (Tersoff (1989)), has free energy close to the SR reconstructed (105)

surface in a biaxially compressed state.

• An equilibrium phase diagram for (103), (104), and (105) faceted pyramidal

islands where unique equilibrium facet orientation can be obtained as a function

of composition and volume of the island.

5.2 Review of experimental observations

When the dome shaped SiGe islands are capped with Si at 640◦C, the Ge content

of the island is diluted due to intermixing of the capping material with the island.

As a result, the islands undergo remarkable changes in morphology and electronic

properties 1 Kummer et al. (2000), Rastelli et al. (2001), Capellini et al. (2005), Wu et

al. (2005), Li et al. (2006), Lang et al. (2006). Morphologically, the islands transform

from a multifaceted dome shape to a (105) pyramid with intermediate phases where

the pyramidal islands are bound by (103) and (104) facets. However, when a film

containing pyramidal islands with steeper facets are annealed at room temperature

for a period of twelve months, the (103) facets flatten to (104) Wu et al. (2007).

1Ge content of the island decreases which shrinks the island and also lowers the confinement
potential for holes. In-plane tensile strain in the Si region below the island also reduces which lowers
the confinement potential for electrons.
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(103) and (104) facets are rarely observed during growth process Yam et al. (2001),

Le Thanh et al. (2000). Major difference between the growth and Si overgrowth pro-

cess is the availability of Si which reduces mismatch strain of the island. During

growth process, silicon is recruited from the substrate which creates trenches around

the island Chaparro, Zhang and Drucker (2000), whereas during Si overgrowth pro-

cess, the capping material serves as an additional source of Si. Hence the capped

islands undergo a unique morphological transformation Rastelli et al. (2001). From

the accessibility of the physical details of island morphology in capping experiments

of Wu et al., it is likely that capping stabilizes steeper facets on the pyramidal is-

lands. However, the morphological transformation during Si overgrowth can be kinet-

ically suppressed by depositing at least a few capping monolayers at low temperature

Rastelli et al. (2002), Wu et al. (2005), Lin et al. (2007), Li et al. (2007).

From thermodynamics perspective, a shape is stable if any change leads to an

increase in total free energy Ef by an amount much greater than the thermal energy

kBT. In the next section we will evaluate the total free energy of an epitaxially grown

SiGe pyramidal island on Si substrate and obtain parameters for which (103) and

(104) pyramidal islands are equilibrium morphologies.

5.3 Total free energy of a pyramidal heterostruc-

ture

The equilibrium shape of the island minimizes the total free energy Ef per unit

volume V of the island. For an island substrate system, assuming uniform composition

for the island 2 and neglecting the corner and edge energies, the total free energy is

2Denker et al. (2003) do not find any reduction of strain energy between the constant composition
and experimentally observed silicon enrichment of the corners.
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given by

Ef (h, b, α) = Er(h, b, α)−M(α)ε(α)2V (h, b)+γ(h/b, α)Ap(h, b)+γ((001), α)As(h, b).

(5.1)

The strain energy Er and the surface energy density γ are both function of average

mismatch strain α and facet orientation θ = arctan(2h/b) of the island. Second term

θ

b

h

Ap(h, b) = 2b

√
b2

4
+ h2

As(h, b) = (10h)2 − b2

V (h, b) =
b2h

3

Figure 5.1: Schematic of a pyramidal island of height h and base width b. Expressions
for surface area of the pyramid Ap and the substrate exposed by steeper facets of same
volume As are given along with the volume V of the pyramid.

in the Equation 5.1 is the strain energy in the island prior to relaxation. In this term

the biaxial modulus M(α) 3 is calculated using weighted average of elastic properties

Si and Ge 4. The strain energy is calculated using finite element method 5 where the

mismatch strain is represented in the form of higher thermal expansion coefficient

for the island compared to the substrate. Surface energy, on the other hand, is

evaluated using atomic simulations which require knowledge of positions of surface

and near-surface atoms. Since we are interested in (103), (104), and (105) surfaces

and only (103) (Ciobanu et al. (2007)) and (105) (Khor and Das Sarma (1997)) surface

reconstructions are known, the first task of this calculation is to obtain reconstruction

of (104) surface. In the next section we obtain the best possible arrangement of

3M = C1111 + C1122 − 2C2
1122/C1111

4Cijkl(α) = αCijkl(Ge) + (1− α)Cijkl(Si)
5This 3D boundary value problem is solved with the help of a commercially available finite

element software ABAQUS.
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atoms on a bulk truncated (104) surface using a stochastic optimization technique

and evaluate the influence of biaxial compression on its free energy.

5.3.1 Atomic reconstruction and energy of (104) surface

Energy of the surface is determined structure of the bonds formed between the

surface atoms (eg. Fujikawa et al. (2002), Raiteri et al. (2002), Shenoy et al. (2002)).

Physical significance of the bond structure has been shown by Shenoy et al. (2002)

in the context of (105) facet; it is shown that the stretched bonds formed between

two distant surface atoms impart stability to the surface under biaxial compressive

strain. This stabilizing surface strain is present in the quantum dot heterostructure

due to the mismatch in lattice parameters of the surface and the substrate. In this

section, we find the structure of the bonds formed on the Ge (104) surface using a

stochastic optimization 6 technique called genetic algorithm Chuang et al. (2004) and

seek surface stabilizing features in the atomic structure.

An arrangement of the atoms that has lowest surface energy is most likely to re-

construct the surface. Due to a large number of local minima in the surface energy

landscape, the lowest energy atomic reconstruction is searched using genetic algo-

rithm. In genetic algorithm (GA), a set of admissible structures are subjected to

Darwinian evolution process Deaven and Ho (1995), Landree et al. (1997), Chuang

et al. (2004) as explained in the following procedure.

Genetic algorithm (GA)

1. An initial pool of 50 structures is created by perturbing the atoms lying within

top 6Å by a random value less than 10% of the bulk lattice parameter.

6Finding atomic reconstruction is an optimization problem where positions of the entire surface
and near-surface atoms are optimized in the energy landscape with large number of local minima.
Deterministic optimization techniques cannot be used to predict such atomic arrangements Deaven
and Ho (1995), Landree et al. (1997).
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2. These structures are then subjected to conjugate gradient minimization to find

free energy of the surface. Forces on the atoms during this minimization are

calculated using highly optimized empirical potential developed by Lenosky et

al. (2000) 7.

γ(
m

e
V

/A
2
)

90

100

GA moves

(91.463)

(89.184)

(85.666)

(84.708)

(84.309)

0 2000 4000 6000

min
avgγ γ

Figure 5.2: Optimization of free energy of (104) surface using genetic algorithm. Av-
erage surface energy γavg (shown by solid line) and minimum surface energy γmin
(shown by dashed line) of a pool of 50 structures evolving continuously towards lower
surface energy is plotted as a function of number of crossover and/or mutation op-
erations. The lowest energy reconstructions amongst the evolving pool after 50, 200,
1100, 4500, and 8000 genetic operations are shown along with their surface energies
(in meV/Å2).

7It is an orthogonal tight binding model of silicon fitted with a minimal sp basis and repulsive
pair potential and it is known to be more accurate than the potential proposed by Tersoff (1989).
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3. Structures of this pool are then subjected to a repeated cycle of genetic opera-

tions 8 to create new structures followed by conjugate gradient minimization to

evaluate surface energy.

• After every GA step, if the newly created structures have lower and distinct

energy compared to any structure inside the pool then the highest energy

structure from the pool is replaced with this new structure.

4. As shown in Figure 5.2, after many such GA moves the average surface energy

γavg of the entire pool reduces and in the process it also gives best candidates

to reconstruct the surface.

5. When average surface energy of the pool saturates, the procedure is stopped

and the surface energy is recalculated using empirical potential proposed by

Tersoff (1989) for germanium 9.

The best 2×1 structure for (104) surface obtained from this search method is

shown in Figure. 5.3 (b). Other competing reconstructions are given in Appendix A.

As shown in Table 5.1, periodic unit of the (104) surface is larger than (105) surface

and hence the (104) surface has a potential for better optimization of its energy and

provide a structure which can compete with the SR reconstruction of (105) surface.

The free energy density of unstrained surface γ(θ, 0) has major contributions from

dangling bonds (db), which are high energy defects on the surface, and stretched

bonds, which provide tensile nature to the average surface stress σ11 +σ22. Reduction

in surface energy with biaxial compression is the product of tensile nature of the

8Crossover is done by drawing a rectangular grid of random spacing on the surface of the parent
structure and the offspring is created by selecting atoms alternately from the grid-cells of each of
the parents. Mutation is performed by either removing or displacing a randomly selected surface
atoms.

9The structure obtained from genetic algorithm is scaled appropriately to the Ge lattice parameter
obtained from Tersoff potential.
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[104]
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[010]

[105]

(a)

(b)

(c)

Figure 5.3: Reconstruction of the (103), (104), and (105) surfaces used in calcula-
tion of surface energy density. (1×4) reconstruction (Ciobanu et al. (2007)) surface
(subplot(a)) and SR reconstruction (Khor and Das Sarma (1997)) surface (subplot
(c)) are the lowest energy structures known for (103) and (105) surfaces respectively.
In this work we obtain the 2×1 reconstruction of (104) surface (subplot (b)) using
genetic algorithm. Color of the atoms denote out of plane elevation of the atoms.
Unit unit cell of the reconstructed surface is shown by the dashed rectangle
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average surface stress and relative arrangement of bonds. As shown in Table 5.1, the

best 2×1 reconstruction for (104) surface has high strain sensitivity, its free energy

density γ(θ, 1) at 4% compressive strain is close to the corresponding value for SR

reconstructed (105) surface. This strain sensitivity of the surface energy density has

important implications on the shape of a quantum dot.

Surface Lx Ly Lz γ(θ, 1) γ(θ, 0) db/area σ11 + σ22

(103) a
√

5/2 a
√

5/2 a 82.508 85.937 1.581 249.887

(104) a
√

17 a
√

17 a 80.485 83.240 1.455 258.14

(105)
√

13/2 a a
√

13/2 a 80.406 82.054 1.569 145.783

Table 5.1: Comparison of structure, energy, and average stress of reconstructions
shown in Figure 5.3. Major contribution to the free energy density of the unstrained
surface γ(θ, 0) comes from dangling bonds db and stretched bonds on the surface.
The average stress σ11 + σ22 of the surface is proportional to the number of stretched
bonds per unit cell. Due to the tensile nature of the surface stress, the free energy
density of the surface that is subjected to 4% biaxial compression γ(θ, 1) is lower than
the energy density of an unstrained surface.

5.3.2 Role of mismatch strain on stability of a pyramidal

morphology

At zero strain, the steeper facets have much higher surface energy than shallow

facets. Therefore, an unstrained pyramidal island will have shallow facets at equi-

librium. However the lattice mismatch strain, present in the islands, can be relaxed

better if the facets of the pyramid are steeper (see Figure 5.4). As shown in the Figure

5.5, the surface energies of all three surfaces reduce under biaxial compression.

Free energy of the system, which is sum of surface and relaxation energy, will be

lower for the preferred island shape, Figure 5.6 shows one such comparison. Difference

in free energies of two shapes ’p’ and ’q’ are plotted as a function of island size. For

lower Ge content (¡20%), the (105) facets are preferred over all physically relevant
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Figure 5.4: Relaxation energy density Er of (103) and (105) pyramidal island calcu-
lated using finite element method. For a fixed volume of a pure Ge island, the (103)
facets provide better relaxation of lattice mismatch strain compared to the (105)
facets.

sizes of the island. With increase in the size of island the surface energy becomes less

important, hence low energy configurations are those which provide better relaxation

of mismatch strain. But since the surface energy density of (104) facet is close to that

of (105), the pyramidal island does not require excessively high mismatch strain or

island size to acquire (104) facet. As seen from Figure 5.6, for a pyramidal islands it
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Figure 5.5: Energy density of the reconstructed surface as a function of compressive
strain calculated using empirical potential proposed by Tersoff (1989). The surface
energy γ reduces with increase in the magnitude of equi-biaxial compression ε. At
higher compressive strain, the 2×1 reconstruction for (104) surface has surface energy
density close to that of SR reconstruction of (105) surface.

takes only 75% average Ge content and 100nm base width to acquire steeper (104)

facets.

From the values of free energy per unit volume of the island we construct phase

diagram (Figure 5.7) where preferred facet orientations can be traced from average

composition and volume of the island. As shown in Figure 5.7, all the (105) pyramidal

islands reported by Rastelli et al. (2001) and Capellini et al. (2005) lie in the (105)

domain derived from our calculations. Boundary between different phases of island

morphology can be obtained from the length scale imposed by thermodynamics of

the system by means of ratio of surface energy density γ and mismatch strain of the
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Figure 5.6: Difference in normalized free energy between the configurations ‘p’ and
‘q’ as a function of volume of the pyramidal island. Normalization factor is the initial
energy, Mε2V , of a pure germanium island of the same volume. Low energy phases
are indicated with filled gray boxes and span of the phase is demarcated by dashed
lines where the difference in free energy Ep

f − E
q
f vanishes. For the complete range

of volume considered in the subplot(a), the (105) facets have smallest value of Ef/V .
However, as the Ge content is increased to 75% (subplot (b)), steeper facets are
preferred for the island base width as small as 100nm.
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Figure 5.7: Phase diagram for pyramidal islands overlaid with analytical estimates
of phase boundaries and experimental observations of island morphologies. The blue
solid line is the boundary between (103) and (104) pyramidal islands, the red solid line
is the boundary between (104) and (105) pyramidal islands, and the green dashed line
and the black dash dot line denote phase boundary between the dome and pyramidal
islands estimated by Rastelli et al. (2001) and Capellini et al. (2005) respectively.
The points shown by squares (�) and triangles (N) are the (105) pyramids observed
by Capellini et al. (2005) and Rastelli et al. (2001) respectively.

island Mε2. From this relation the volume of the island V should scale as a negative

sixth power of the average compositon (V ∼x−6). (see Floro et al. (1999), Rastelli

et al. (2001), Capellini et al. (2005)). Fortuitously, the phase boundary between
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pyramid and dome shape obtained from this scaling relation 10 coincides with the

boundary between (104) and (105) pyramids predicted from our calculations. The

phase diagram show existence of (104) facets in a small area where (105) begins to

be unstable.

5.4 Conclusions

In conclusion, through molecular statics and finite element analysis we have sim-

ulated (103) and (104) pyramidal islands reported during growth Yam et al. (2001),

Le Thanh et al. (2000) as well as Si overgrowth Wu et al. (2005, 2007) experiments

and derived a phase diagram where the region in which the (105) pyramidal island

begins to be unstable is shown to coincide with the region where (103) and (104)

pyramidal islands are preferred configuration. Our calculations raises an important

question: why are the steeper pyramidal islands not observed frequently during the

growth experiments? Answer to this question demand experiments which can spot

the regions in this phase diagram that are more accessible to capping experiments. We

also propose 2×1 reconstruction for Ge(104) surface which, at the level of empirical

potential (Tersoff (1989)), has surface energy density close to the SR reconstruction

of (105) surface in a biaxially compressed state. Our calculations indicate that, to

observe (104) facet the surface should be subjected to biaxial compression 11.

10Dome to pyramid transition curve is estimated by Capellini et al. (2005) (Rastelli et al. (2001))
from V ∼ ε−6 with a reference point V=9000 nm3 for x=0.8 (V=5000 nm3 for x=1).

11On a clean and well annealed Ge vicinal (103) surface Gai et al. (1997) see shallower (105) facets
but do not observe (104) facets.



Chapter 6

Traces of the growth front of actin

network bundles

6.1 Introduction

Actin polymerization is one of the key motility machinery used by the eukaryotic

cells to transport the endocytic vesicles within the cell, to increase cell surface area

by forming microvilli, and to initiate cell crawling by forming pseudopod. This motil-

ity machinery is exploited by the pathogenic micro-organisms like Listeria, Shigella,

Rickettsia and vaccinia virus to move within and across the cells. Discovery of actin

polymerization as a propulsion means for Listeria Theriot et al. (1992) has provided

a new in vitro setup to study this nanomachine. With this setup, biochemistry of the

actin-based motility of Listeria is understood to the extent that it can be reconsti-

tuted with functionalized polystyrene beads using only four purified proteins (Loisel

et al. (1999)): actin, arp2/3, capping protein and cofilin. In vitro experiments have

also been carried out using extracts from frog egg, bovine brain cells, and platelet

cells with functionalized lipid vesicles and oil drops.

74
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Several models (Gerbal et al. (2000), Carlsson (2001), Dickinson and Purich (2002),

Mogilner and Oster (2003), Alberts and Odell (2004), Dickinson (2006)) have been

proposed to gain theoretical understanding of this actin motility machinery. Micro-

scopic models of Mogilner and Oster (2003) and Alberts and Odell (2004) are based on

a postulate that thermal fluctuations of individual actin filaments provide ratcheting

effect which propels the bacterium while incorporating new monomer on the filament.

Continuum model of Gerbal et al. (2000) are based on viscous-type resistance arising

from breakage of bonds at the surface of the bacterium. Dickinson and Purich (2002)

have proposed existence of an end-tracking motor that uses energy of ATP hydrolysis

to regulate the polymerization process. Dickinson (2006) have argued that motion

of vesicles, beads and Listeria are limited by diffusion of actin proteins to the core

of the comet tail. All of these models have focused on either force velocity relation

and/or saltatory (jerky) motion arising from the actin polymerization motor, none of

the models attempt to reproduce long term trajectories of motion.

A completely different, top-down, approaches of Rutenberg and Grant (2001), Bal-

ter and Tang (2005), Shenoy et al. (2007) interpret kinematics of the motion based on

information stored in shapes of the trajectories. Rutenberg and Grant (2001) propose

a statistical model where a distribution of curvatures of the trajectories is obtained

from randomness of the fiber orientation and distribution of surface proteins enable

actin-based propulsion of the “cargo”. Balter and Tang (2005) propose a hydrody-

namic model where drag on the actin filament network is considered to be the cause

for helical shape of the trajectories of unconstrained motion of the bacterium. These

two models do not provide a clear explanation for variety of trajectories displayed

by the actin propelled bacterium. Shenoy et al. (2007) propose a model based on a

hypothesis of an effective force and provide a unified description of variety of trajecto-

ries observed during in vitro experiments on Listeria monocytogenes. By reproducing
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the planar as well as 3D trajectories of Listeria, Shenoy et al. show that this motion

can be captured by deterministic equations. However, this model assumes that the

effective force remains parallel to the axis of the bacterium. In this chapter, we will

discover that if this constraint is lifted, the model will also reproduce the trajectories

of spherical beads 1. Evidence for this additional degree of freedom of the force will

be shown by reproducing the observed trajectories (Cameron et al. (1999) and Sykes

2 ). We will also see that this generalization of the effective force model also explains

trajectories of elliptical beads. We will begin with noting differences in the shape of

continuous trajectories of Listeria, spherical bead, and elliptical beads. After ana-

lyzing trajectories with this model, we will discuss possible connection of this model

with microscopic details of the actin based propulsion. This section is included to de-

scribe some logical deductions from the experimental data and it is meant for future

development of the kinematic model to the microscopic scale.

6.2 Differences in the trajectories of various ob-

jects

Many groups have reconstituted motility with engineered cargoes such as polystyrene

beads of different shapes, vesicles, and oil drops in variety of motility medium. The

surface of the cargo is functionalized with certain proteins (eg. ActA, VCA, WASP)

and placed in the motility medium containing at least ATP, actin, arp2/3, cofilin,

and capping proteins. This mixture is kept between a glass slide and a cover slip

and the motion of particle is observed under optical microscope typically at 100X

1We will focus only on planar motion of the objects constrained by a slide and a cover slip as
shown in Figure 6.2

2Long trajectories of funcitonalized 0.5µm spherical beads in HeLa cell extract are published
on Cécile Sykes group webpage http://www.curie.fr/recherche/themes/detail_equipe.cfm/
lang/_gb/id_equipe/221.htm

http://www.curie.fr/recherche/themes/detail_equipe.cfm/lang/_gb/id_equipe/221.htm
http://www.curie.fr/recherche/themes/detail_equipe.cfm/lang/_gb/id_equipe/221.htm
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magnification. We will focus on only those experiments where long term trajectories

are reported. It is important to note that this model does not take into account the

detailed biochemistry of the medium so this information is omitted from the following

discussion.

(a) (b)

(c) (d)

Figure 6.1: In vitro trajectories of Listeria monocytogens moving in a Xenopus egg
extract. All the trajectories shown here have at least one complete period of motion
and all of them have zero mean curvature. Scale bar shown in the phase contrast
images correspond to 5 µm.

Figure 6.1 shows representative long term trajectories of Listeria monocytogenes

moving in a two dimensionally constrained Xenopus egg extract (also see Lasa et al.

(1997), Rosenblatt et al. (1997), Gerbal et al. (2000), Soo and Theriot (2005), Shenoy

et al. (2007)). All these trajectories have zero mean curvature but the trajectories of

the spherical bead (Cameron et al. (1999) and Sykes 2) have non-zero mean curvature

with a magnitude that stays constant over a period of several minutes. Cameron et

al. (1999) also observed that some spherical beads display quasi-periodic sharp turns.
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Functionalized elliptical beads 3 , on the other hand, prefer to move along its long or

short axis rather than any other orientation. When these elliptical beads are coated

with lipid membrane, they move only along a circular path (Theriot 3). In the next

section we will see that all of these observations can be explained by the effective

force model Shenoy et al. (2007).

6.3 Model based on kinematics of an effective

force

According to the effective force model (Shenoy et al. (2007)), a constant force

that rotates about the axis of the bacterium with a velocity ω provides a constant

translational velocity ṡ = v(F ) and a constant torque τ⊥ = Fd. The resulting angular

velocity of the growth front of the comet tail is θ̇ = Ω(τ⊥) cos(ωt) 4 and curvature

of the trajectory is κ = θ̇/ṡ = (Ω/v) cos(ωt). Mean curvature κm of such trajectory

is zero. Trajectories of the spherical beads, however, have non-zero mean curvature

(Cameron et al. (1999) and Sykes 2) that remains constant over several minutes.

Equation for the curvature of such trajectories can be written as κ = (Ω/v) cos(ωt) +

(β/v), where β/v is the constant mean curvature. Now since we observe a non-zero

κm for spherical beads, which remains constant over several minutes, the equation

for curvature of the trajectory of spherical bead is Angular velocity of the growth

front becomes θ̇ = Ω cos(ωt) + β, which conveys physical meaning of β as an angular

velocity of the force about an axis normal to the plane of motion. Physically Ω is the

rate of change of normal of the growth front for ω = 0. From this analysis we propose

that effective force on the spherical beads have an additional degree of freedom β

3Julie Theriot’s presented an observation that at American Physical Society meeting 2002 that
the functionalized elliptical beads either move along minor axis or major axis inside the cell extract.
Link: http://www.aps.org/meetings/multimedia/biology-2002.cfm

4All the arbitrary constants are eliminated from the equations to keep them transparent.

http://www.aps.org/meetings/multimedia/biology-2002.cfm
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Figure 6.2: Kinematics of the effective force F acting on the bacterium (a) and
spherical bead (b). Shenoy et al. (2007) assumes the force to remain parallel to the
axis of the bacterium while acting at an offset d and rotating at a velocity ω about
the tangent to the trajectory. Additional degree of freedom β, interpreted from the
information conveyed by the trajectories of spherical bead, is the angular velocity of
the force about the axis normal to the plane of motion. The force F ′ on the spherical
bead is the same force F rotated by an angle β after a unit time. τ⊥ is the torque
arising from the offset of the force with respect to the tangent of the trajectory. τ‖
is the torque due to rotation of the force about the tangent of the trajectory with a
velocity ω.
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that provides nonzero mean curvature to the trajectories. Physical reasons for such

additional degree of freedom for force are discussed in Section 6.5.1.

Figure 6.3 shows the effect of introducing β in the equation of motion. This addi-

tional degree of freedom makes the object to turn back rather than moving forward. A

more detailed analysis of the equation of motion reveals that most of the trajectories

are closed as opposed to the trajectories of Listeria. For the trajectories of Listeria,

when (Ω/ω) = one of the zeros of the Bessel function J(Ω/ω) the resulting trajectory

is a closed loop with two lobes. With every higher zero of the Bessel function there

is addition of a sub-loop in the lobes of the trajectory. This condition comes from

equating total distance traveled by the object over a complete period to zero (for sim-

ilar calculation see Shenoy et al. (2007)). For spherical beads, in addition to (Ω/ω)

= one of the zeros of the Bessel function J(β/ω) (see Figure 6.5), closed trajectories

are also obtained if (β/ω) is a rational number. In the second condition, let (β/ω)

= (p/q) where p and q are integers, then p gives number of periodic repeats and the

time required to close the trajectory, with q lobes, is (2πq/ω) (see Fig.6.4). This new

equation of motion also predicts sharp turns (Cameron et al. (1999)) in the trajectory

(see Figure 6.4 with p/q = 1/2). The equation for orientation of the propulsive force

is

θ =

(
Ω

ω

)
sin(ωt) +

(
β

ω

)
ωt. (6.1)

This equation provides complete description of the trajectories using only two inde-

pendent parameters ( Ω/ω and β/ω). As shown in Figure 6.3, if β > Ω the curvature

of the trajectory never switches sign. Now let us understand the physical meaning of

all the variables of the model.

In the next section, the Equation 6.1 is shown to reproduce two set of experimental

trajectories (Sykes 2, Cameron et al. (1999)).
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Figure 6.3: Difference in the shape of representative trajectory (b) of Listeria (red
curves) and spherical bead (black curves) and their curvatures (a). Values of the
parameters used to obtain the trajectories are, v = 0.15 µm/s, ω = 0.01 rad/s, Ω =
0.01 rad/s, θ0 = φ0 = 0, β = -(1/4)ω, T = 2000 s.
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Figure 6.4: Shape of the trajectories with (Ω/ω) = β/ω. Values of other parameters
are, β = p(ω/q), v = 0.1 µm/s, ω = 0.03 rad/s, Ω = ω(β/ω) rad/s, θ0 = φ0 = 0, T
= (2π/ω)(β/ω) s where p and q are integers. Corresponding value of β/ω = p/q is
written above the trajectory.
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Figure 6.5: Shape of the trajectories with (Ω/ω) = first zero of the Bessel function
J(β/ω). Other parameters are, β = p(ω/q), v = 0.1 µm/s, ω = 0.03 rad/s, Ω =
ω J0(β/ω) rad/s, θ0 = φ0 = 0, T = (2π/ω)(β/ω) s where p and q are integers.
Corresponding value of β/ω = p/q is written above the trajectory.
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6.4 Comparison of theoretical and experimental

trajectories of motion

(a)

(b)

(c)

(d)

(e)

Figure 6.6: Comparison of theoretical (red curve) and experimental (black curve)
trajectories of motion of spherical beads. Data from two set of experiments (Cameron
et al. (1999), Sykes 2) which have long term trajectories is used in this comparison.
Cameron et al. (1999) have 0.5m beads symmetrically coated with ActA moving
in the Xenopus egg extract, images (a), (b), and (c). Sykes 2 have 0.5m beads
asymmetrically coated with the VCA and placed in HeLa cell extracts, images (d)
and (e). The comets appear dark in the phase contrast image of the trajectory, the
bead diameter is 0.5µm. Trajectories (d) and (e) are still images and we do not have
time lapsed data leading to the state shown there.

There are only a couple of experimental studies on the motility of spherical beads

with long term trajectories are even rare. Major difficulty is the numerous delicate

processes that each ingredient of the experiments has to go through to get the right

combination for motility to take place. In Figure 6.6 two set of experiments that have

clear and long term trajectories parameters used to obtain the theoretical estimates

shown in red are given in Table 6.1.
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ω Ω β̇ Ω/ω β̇/ω θ0 φ0 tmax p q

(a) 0.06 -0.034 -0.0162 -0.567 -0.27 -1 0.6 144 -10 37
(b) 0.025 0.015 -0.0192 0.6 -0.77 -π/6 3.3 610 -10 13
(c) 0.05 -0.07 -0.024 -1.4 -0.47 -0.024 3.17 170 -9 19
(d) -0.048 0.024 -0.06 -0.5 1.25 π/4 3.7 145 5 4
(e) -0.048 0.028 -0.055 -0.58 1.14 0 4.2 195 8 7

Table 6.1: Values of parameters used to make the theoretical trajectory in Figure 6.6.
All the trajectories have same velocity of 0.15µm/s.

6.4.1 Comments on elliptical beads

The elliptical beads are observed to move along their geometric axis (Theriot

3). We interpret this type of motion as manifestation of some stabilizing mechanism

acting at the symmetric region of the object. This stabilizing mechanism makes

force prefer regions close to the points of symmetry. On the other hand, the elliptical

beads coated with lipid membrane move only along a circular path with bead oriented

along the long axis. We interpret this as the symmetric points of high curvature (black

colored region in Figure 6.7) being more stable than the flatter symmetric points (red

colored band on Figure 6.7) and mobility of surface proteins make more stable region

accessible. As a result, the comet tail the elliptical bead oriented along the long axis.

Equation of motion of the spherical bead can be generalized further by including the

stabilizing effects of the symmetric points.

A geometric term Γ, which depends on the orientation of the tangent of the

trajectory with respect to a reference axis of the bead (βt), can be introduced in the

equation of motion,

θ̇(t) = Ω cos(ωt) + β Γ(β, t). (6.2)

A general form for the geometric term is Γ = Γ0(κ′′/κ′′0), where Γ0 is a parameter

defining magnitude of the geometric effect, κ′′ locates symmetric points, and κ′′0 is a

normalizing constant.
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Figure 6.7: Points where the force is stable against rotation (β) about the axis normal
to the plane of rotation. The region shown by black color is more stable compared to
the region colored in red.

The model proposed by Shenoy et al. and its modification described in this

chapter has several assumptions regarding effective force and its kinematics, in the

next section we discuss microscopic basis for these assumptions.

6.5 Microscopic basis for kinematics of the effec-

tive force

The effective force model explains trajectories of spherical and elliptical beads,

various bacteria and oil drops (Shenoy et al. (2007)). This section draws attention

to some microscopic reasons for an effective force and its kinematics. The micro-

scopic basis presented here is based on various microbiological experiments and it

is amenable to simple computational and experimental verification. It is, however,

important to note that the computational implementation necessarily needs discrete
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modeling 5.

6.5.1 Microscopic origin of an effective force

Actin based motility is a result of localized polymerization of actin filaments on

the surface of the cargo. Once a dense network forms around the cargo further poly-

merization can take place only by pushing the object forward. We adopt a hypothesis

where all the filaments touching the surface of the object are considered as “active”

filaments. These filaments can push or pull the object based on their rate of elon-

gation compared to the neighboring active filaments. The distributed forces can be

replaced with an equivalent force and a effective torque by placing this effective force

at an offset from the axis of the object. Since the trajectories considered in this chap-

ter are planar, the direction of unbalanced force also lies in the plane of motion. Any

out-of-plane component of the force is balanced by the reaction from the slide and the

cover slip (see inset from Figure 6.2(a)). The kinematic model assumes the effective

force to have two degrees of freedom ω and β as shown in Figure 6.8. In the following

discussion, these degrees of freedom are attributed to collective rearrangement of the

filaments that are part of the comet tail network.

6.5.2 Microscopic mechanism for ω

ω represents the angular velocity of effective force about the tangent of the tra-

jectory and can be best explained with motility of Listeria. Since the effective force

is constrained to the pole, with its direction parallel to the axis of the bacterium,

the trajectory will have a constant nonzero torsion only if the force rotates about the

axis of the bacterium with a constant angular velocity ω (Shenoy et al. (2007)). But

5There is no continuum model which captures, for example, rotation of the force about the axis
of the bacterium arising from the mechanism described in Figure 6.9(a).
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Figure 6.8: Degrees of freedom of the effective force arising from 2D constraint. Any
other motion of force is balanced by the constraints.

the rotation of the force does not necessarily mean rotation of the cargo, hence, the

rotation of force is not correlated to the rotation of the object.

Cameron et al. (2004) attached a tiny bead on the side of Listeria monocytogenes

and for each turn in the trajectory they noted whether the projected position of the

bead lies inside or outside of the curve. It was observed that there is no correlation

between the location of the bead and the direction of turn. These experiments prove

that the effective force rotates relative to the bacterium and rules out any significant

variation ActA density at the polar end of the bacterium. An important data missing

from Cameron et al. (2004) is the direction of rotation of the bacterium, which,

if compared with the direction of rotation of the effective force can guide further

development of a model for such rotation. Oil drops and lipid vesicles, which also

serve as a force transducers (Upadhyaya and van Oudenaarden (2003)), have mobile

surface proteins. Tricher et al. (2007) report sinusoidal trajectories for actin propelled

oil drops which indicate presence of torsion these trajectories.

Zeile et al. (2005) propose a point torque model for torsion of the trajectories



89

p

q

ω

β

detachment

attachment

networked filaments

(a) (b) free
filaments

Figure 6.9: Filament elasticity based model for rotation of the force about the axis of
the bacterium. (a) Energetically it is favorable to accommodate the change in end-to-
end distance of the actin filament by bending (state q) it rather than compressing or
buckling (state p) it. It is important to note that similar mechanism must be active
when the cargo surface moves towards a filament. (b) The actin filaments polymerize
all around the bead, some are part of the network that forms comet tail and others
are free. Steady incorporation and release of active filaments from the edge of the
comet tail is shown as a possible mechanism for the degree of freedom β.
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of Listeria monocytogenes. This model, based on point torques applied by twisted

filaments, will predict zero torsion for the trajectory of oil drops since the fluid surface

cannot support point torques. We propose a mechanism shown in Figure 6.9(a) for

torsion in the trajectories of the soft as well as hard cargoes. According to this mech-

anism, compression of the filaments is accomodated by low energy bending mode of

relaxation. Such a relaxation can lead to a directed motion of the surface proteins

away from the axis of the object and around the tangent of the trajectory. Now if

large number of filaments under compression, then cooperative bending relaxation

can introduce torsion in the comet tail. This cooperative non-affine deformation

will introduce higher torsion in the comet tails with tighter network as indicated

by straighter trajectories with fimbrin as cross linkers as opposed to α-actinin (see

Brieher et al. (2004)). Further progress in the microscopic model requires experimen-

tal measurement of bending of the filaments of the comet tail under different chemical

environment.

6.5.3 Symmetry of the object and distribution of the sur-

face proteins gives rise to β

β represents angular velocity of the force or tangent of the trajectory with respect

to the object about an axis normal to the plane of motion. A constant non-zero mean

curvature of the trajectory where the force lies in the plane of motion is interpreted

as a constant rotation of force with respect to the cargo. However in the wild-type

Listeria, the force stays aligned with the bacterial axis (i.e. β=0) due to a geometrical

constraint arising from the envelope of actin network formed around the cylindrical

object (see Figure 6.2(a)). In addition to this constraint, the bacterium has polarized

distribution of ActA (Rafelski and Theriot (2006)) which makes polar region even

more favorable for the comet tail and hence β is not present in the wild-type Listeria.
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In case of the spherical beads, geometric symmetry and non-polarized distribution of

surface proteins allow motion of the effective force around the bead as shown in Figure

6.2(b). Microscopically, such motion must be sustained by steady incorporation of

new filaments from one side and release of existing filaments from the other side of

the comet tail as shown in Figure 6.9(b).

From this perspective, the skidding motion of mutated Listeria (Lauer et al.

(2001)) can be inferred as manifestation of reduced “hoop strength” of the comet

tail 6 due to the specific set of proteins recruited by mutated ActA.

For oil drops and vesicles, the mechanism shown in Figure 6.9(b) will cause accu-

mulation of surface proteins towards the rear end of the object. Hence this mechanism

will predict zero mean curvature (i.e. β=0) for the trajectories of oil drops and vesi-

cles. Long term trajectories of oil drops reported by Tricher et al. (2007) confirms

this prediction of zero mean curvature. Further development of microscopic model re-

quire experimental confirmation of filament incorporation mechanism shown in Figure

6.9(b) and its kinetic properties.

6.6 Conclusions

In this chapter we have generalized the kinematic model of Shenoy et al., which

was developed for the motion of Listeria monocytogenes, and explained the shapes of

trajectories of spherical and elliptical beads. The trajectories of the spherical beads

have nonzero mean curvature, whereas the trajectories of Listeria have zero mean

curvature. The modified kinematic model presented in this chapter emphasizes rela-

tive motion between the cargo and its comet tail and provides qualitative explanation

for the trajectories of oil drops. The microscopic basis for kinematics of the force, and

6Movies in the supplementary material of this paper indicate alignment of long axis with the
tangent to the trajectories is still a preferred orientation (possibly due to polarity of the ActA
proteins).
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its predictions, provide guidelines for further experiments and modeling to develop a

microscopic theory of actin-based motility.



Appendix A

Other structures for (104) surface

Genetic algorithm gives best possible choices for a surface. The solution set also

include some structures that are slightly higher in energy but might be more stable

in certain environment. In this appendix four best structures obtained from the

stochastic search are reported along with their surface energy density γ as a function

of equi-biaxial strain ε.
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(a) (b)

(c) (d)

Figure A.1: Atomic structure of the four best structures for (104) surface obtained
from genetic algorithm. Structure shown in (a) is same as the one in Figure 5.3(b).
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Figure A.2: Surface energy density γ as a function of strain ε for the four best
structures obtained from genetic algorithm. The label for each curve corresponds to
the structure in Figure A.1.
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