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Chapter 1

Introduction

1.1 Deep learning and overparametrization

Deep learning is function approximation by composition. An architecture specifies a
sequence of maps, depending on trainable parameters #, whose composition defines a
model f(+;0). Given training data {(x, yx)}7_,, one fits # by minimizing an empirical
loss. In continuous time, the resulting training dynamics is modeled by a gradient
flow.

We study the non-uniqueness that arises when a single map is realized as a
composition of many layers. In the linear model, this amounts to factoring a matrix X
as a product of layer matrices. Such a factorization is highly non-unique: many different
collections of matrices yield the same product. In this thesis, overparametrization
refers to this non-uniqueness, rather than to the relation between the dimension of the
parameter space and sample size that is common in the machine learning literature.
Depth thus matters not only because it changes the parametrization, but also because
it enlarges the parameter space and alters the geometry of optimization. We study
the deep linear network because it isolates this effect in the simplest possible setting
[BH89; SMG14].

Fix a depth N > 2, a width d > 1, and F = R or C. A point in parameter space



and its end-to-end matrix are related by the product map

¢ : Mg(F)N — My(F), W= Wy,.... W)= X =Wy---W,. (1.1)

Unless stated otherwise, we assume that each layer matrix is invertible,

W, € GL(d,F), 1<k<N, (1.2)

so in particular X = ¢(W) € GL(d,F). If £ : My(F) — R is a smooth loss on the

space of represented matrices, the lifted objective is

L(W) = E(¢(W)), (1.3)

and its Euclidean gradient flow on parameter space is

W = — grad L(W). (1.4)

The represented map x — Xz is linear, but the lifted objective L is nonconvex in
the parameters because X is their product. This makes the DLN a useful model of
deep learning: it retains composition and overparametrization while isolating them
from the additional complications of nonlinear activations. The central problem
is to understand how the geometry of the fibres of ¢ controls the dynamics of the
end-to-end matrix X. For a fixed X, this raises three questions: how large is the
family of factorizations realizing X, how does gradient flow move through that family,

and what geometry does depth induce on the space of end-to-end maps?



1.2 Symmetry, balancedness, and entropy

The product map ¢ distinguishes the space of factorizations My(F)Y from the space

of represented matrices M4 (IF). For fixed X, the fibre
Fx =¢ 1(X) (1.5)

consists of all depth-N factorizations of X.
This nonuniqueness is organized by a natural group action. If A = (Ay_1,...,4;) €

GL(d,F)N=1, define
AW = (WNA&I_U AN—1WN—1AJ_V1—2’ R AlWl)' (1'6>

Then ¢(A - W) = ¢(W), so the action (1.6) preserves the product map (1.1). In
particular, each fibre (1.5) is invariant under this GL(d, F)"~!-action. On the full-rank
locus, this action organizes each fibre. In fact, each fibre over X € GL(d,F) is a single
GL(d, F)N~1-orbit.

A factorization is called balanced when
W,:HWkﬂ = Wi,Wy, 1<kE<N-—1. (1.7)

The balanced factorizations form the balanced manifold M. Balancedness is central
because it identifies the part of parameter space on which the geometry simplifies. It
is preserved by the Euclidean gradient flow of F o ¢ [ACH18], and on each fibre it also
characterizes the preferred factorizations selected by natural regularization principles
[LM25].

On M, the map ¢ becomes a Riemannian submersion. Equivalently, the Euclidean



metric on parameter space descends through ¢ to a metric gy on the space of end-to-end

matrices, and along balanced trajectories the represented matrix satisfies
X =- grad,, E(X). (1.8)

Thus depth enters the end-to-end dynamics not through the loss F, but through the
metric gy [Bah+22; MY26b].

For fixed invertible X, the set of balanced factorizations
Ox =FxNM

is a compact K-orbit, where K = O(d)¥~! or K = U(d)V~! according to whether

F=RorF=C. Its log-volume
Sn(X) =logvol(Ox) (1.9)

taken with respect to the Riemannian volume induced by the Euclidean metric on
parameter space, defines a Boltzmann entropy on the space of represented matrices.
It measures the size of the family of balanced factorizations that represent the same
matrix X [MY26b]. This entropy also appears in a stochastic description of training.
In the Riemannian Langevin equation (RLE), the projected drift contains the gradient

of this entropy, and the loss and entropy combine to form the free energy
Fa(X) = E(X) — 7' Sn(X), (1.10)

where 8 > 0 is an inverse temperature parameter [MY26b; MY26a].

A striking feature of the DLN is that it connects to several areas of mathematics,



including symplectic geometry, random matrix theory, stochastic processes, and gauge
theory. These themes recur throughout the thesis and remain tightly linked because

they arise from the same overparametrized matrix factorization.

1.3 Main results

The main results of the thesis describe how depth shapes the geometry of the deep
linear network. Starting from the nonuniqueness of matrix factorizations, we show that
symmetry organizes the fibres, that balancedness selects distinguished factorizations,
and that the resulting quotient geometry determines both the dynamics and the
associated entropy on the space of end-to-end matrices. We then pass to an infinite-
depth limit, where this finite-dimensional geometry gives rise to a continuum model
with gauge symmetry and a renormalized quotient geometry. The aim throughout is
to identify the geometry on parameter space that descends to the space of end-to-end
matrices and governs the dynamics.

In Chapter 2, we fix notation and record the structural facts used throughout the
thesis, including conserved quantities, balancedness, the metric gy, the entropy Sy,
and the fibrewise regularizers.

In Chapter 3, we analyze the real DLN at finite depth. For spectral energies,
the gn-gradient flow of the free energy closes on the chamber of singular values. We
prove that the entropy Sy extends real-analytically through singular-value collisions.
We also analyze its concavity properties with respect to both the Euclidean and
Riemannian geometries of the chamber. Under the stated convexity hypotheses on
the spectral energy, the free energy has a unique minimizer on the chamber, and this
minimizer lies on the diagonal. For Schatten energies, the diagonal flow reduces to an

explicitly solvable scalar equation.



In Chapters 4 and 5, we study the complex DLN. We identify the balanced manifold
as the zero level set of the moment map for the unitary symmetry. We prove that, for
each invertible matrix X, the set of balanced factorizations of X is a single compact
unitary orbit. We then compute the quotient metric on GL(d, C) and derive explicit
formulas for the Kéahler potential, the entropy, and the Ricci form.

In Chapters 6 and 7, we study nonzero level sets of the moment map. For fixed X,
we describe the quotient of the fibre by the compact symmetry using the Gram matrices
of partial products, and hence obtain coordinates on a product of positive-definite
cones. In these coordinates, the balanced point is the geodesic from I to X*X with
respect to the trace metric. We also compute the mean-curvature drift arising from
Brownian motion on general levels sets of the moment map and its projection to the
space of end-to-end matrices.

In Chapters 8-10, we pass from a finite sequence of layers to a continuum field
on an interval. We rewrite the finite-depth fibre geometry in a form adapted to
renormalization, identify the Sobolev spaces and gauge symmetry of the continuum
model, and express balancedness through a continuum moment map. We also show
that the fibrewise regularizing dynamics take the form of heat-type flows along the
depth direction, dissipating toward balancedness. In Chapter 9, we give a rigorous
formulation of the continuum model using Sobolev spaces. In Chapter 10 we derive the
limiting Hermitian metric on the quotient GL(d, C) together with the renormalized
Kéhler potential, entropy, and Ricci formula. These describe the geometric quantities
that survive after renormalization in the infinite-depth setting. We do not prove here

a full convergence theory from the finite-depth model to the continuum limit.



1.4 On the use of large language models

Mathematics does not advance through finished theorem statements alone. It proceeds
through examples, failed calculations, conversations, and the gradual clarification
of what a proof ought to explain. Lakatos [Lak63], Thurston [Thu06], and Gowers
[Gow23], in different ways, all stress that mathematical work contains much more than
the final polished argument: it includes search, revision, and judgment long before the
proof is written in its final form. The emergence of large language models changes this
exploratory layer of mathematical work, but it does not erase the distinction between
exploration and proof.

I used ChatGPT during both the research and writing of this thesis.! Most often,
I used it to test an example, probe an edge case, rephrase a definition or paragraph, or
check whether a local step was stated clearly. These systems were treated as fallible
tools, not as mathematical authorities, and no mathematical claim in this thesis is
included on the authority of model output alone. Their responses were often useful,
but they were also frequently incomplete, overconfident, or simply wrong. At times,
they also helped clarify or reorganize the presentation of an argument, though the
underlying mathematics and its validation remained my responsibility.

Another limitation is what is often called sycophancy: the tendency of these systems
to accommodate the direction of a conversation rather than challenge it. This is most
pronounced in subjective or open-ended settings, where there may be no clear notion
of correctness and the model can elaborate on a weak premise without resistance. In
mathematics, this tendency is checked more sharply by explicit standards of correctness.

A model may present an argument fluently, but agreement or fluency is not evidence of

!For more demanding mathematical exchanges and line-by-line editorial work, I generally used
ChatGPT Pro with GPT-5.4 Pro, GPT-5.3, or GPT-5.2. Lighter ChatGPT models were sometimes
used for lower-stakes drafting, formatting, or exploratory prompts. Where recoverable, model/version
metadata will be recorded in the companion repository.



truth. Its claims can be tested against axioms, definitions, computations, and standard
results. In practice, I therefore treated agreement or fluency as insufficient, and instead
asked for derivations, checked edge cases, and verified each step independently. The
model’s role was not to confirm correctness, but to surface candidate arguments that
could then be accepted or rejected on mathematical grounds.

Originality here does not mean that every intermediate sentence or heuristic
arose in isolation. That would misdescribe not only Al-assisted work but much of
ordinary mathematics, which is already shaped by seminars, correspondence, textbooks,
examples, collaborators, and inherited language. The relevant standard is one of
judgment and responsibility. The choice of problems, the judgment of what mattered,
the recognition of which arguments were sound, the decision to discard false lines of
thought, and the synthesis of the material into a coherent mathematical contribution
remained mine. In this sense, the originality of the thesis lies not in solitude, but in
intellectual direction and mathematical responsibility.

This view of originality depends on how one understands the development of
mathematical ideas. Recent work of Asvin G offers a broader account of that process.
In [G25], mathematics is understood as organizing and explaining patterns in compu-
tational traces, meaning the concrete outputs of calculation, symbolic manipulation,
proof search, algorithms, and related formal procedures, by means of axiomatic frame-
works. Problem-solving is described as a loop of belief revision, and a distinction is
drawn between implicit concepts, which sharpen search within an existing language,
and explicit concepts, which change the language of possible moves [G26]. Whether
or not one accepts this framework in full, it captures something important about
my own experience with these tools. If mathematical work develops through search,
revision, and the interpretation of such traces, then originality need not mean that

every intermediate step arose in isolation. It lies instead in directing, interpreting, and



validating the process. Present-day LLMs can assist with local search, reformulation,
comparison, and heuristic testing, but they are much less reliable at the deeper task of
determining which concepts, theorems, or explanations are the right ones. These tools
can accelerate parts of the back-and-forth through which understanding develops, but
they do not by themselves determine what deserves to enter the literature.

Whenever a conversation with a model suggested a claim, derivation, or reformu-
lation that seemed useful, I checked it separately. Sometimes I rederived the point
from first principles, sometimes I traced it back to standard sources, and sometimes I
discarded it. Model output was therefore part of the research process, not a substitute
for proof or for standard mathematical sources.

To make that role concrete, I summarize three representative conversations below.

Additional annotated transcripts are provided in a companion repository.?

Example 1: debugging moment-map geometry. In one exchange, I used the
model to check a draft discussion of ambient Kéhler geometry, moment maps, and
imbalanced level sets. The main mathematical structure was already in place: the
group action, the description of the normal space via J-rotated orbit directions, and
the claim that nonzero imbalance produces a symplectic tilt of the orbit relative to
the tangent space of the level set. The model was helpful in surfacing places where
conventions might be muddled, especially signs, pairings, and equivariance. Some
suggestions survived, some had to be corrected, and some were discarded after I
checked the calculations directly. What survived into the thesis was a clearer and

independently verified presentation.

Example 2: provenance and overclaiming in the balanced fibre discussion.

A second exchange concerned claims about balanced fibres, moment maps, and the

2A companion repository containing annotated transcripts, curation notes, and model/version
metadata accompanies this thesis.

10



isotropic or Lagrangian character of the relevant unitary orbit. Here the main issue was
provenance. I needed to separate what was explicit in the literature, what belonged
to standard symplectic background, and what required a fresh argument in the deep
linear network setting. The model helped mainly by forcing that separation: vague
statements had to be made precise, and overstatements had to be justified or removed.
In particular, claims about Lagrangian structure were kept only after separate checking

and reformulation. The result was a cleaner account of scope and sources.

Example 3: finding a visual language for group orbits and moment-map
level sets. A third exchange was mainly about exposition. I was trying to find a clear
visual and conceptual way to explain how group orbits sit relative to level sets of the
moment map, especially the difference between the balanced set and generic nonzero
level sets. The mathematical point itself was already settled. The balanced set is
preserved by the group action, whereas a generic nonzero level set is not invariant
and is typically cut across by group orbits. What I lacked was a clean presentation
of that distinction. The model helped by offering rough pictures, captions, and
local descriptions that clarified the separation between global equivariance and local
tangent /normal geometry. Some of those pictures and analogies were misleading and
had to be rejected or redrawn. What remained was a clearer exposition of the same
argument.

The repository is selective rather than exhaustive and is limited to thesis-related
material. The aim is not to archive every prompt, but to show representative modes of
use. Each public transcript is accompanied by a short note stating the mathematical
question, what I had before the exchange, what the model contributed, where it failed
or overreached, and what remained after independent checking. Exhaustiveness here
would obscure rather than clarify the role of the tool.

I expect some version of this workflow to become increasingly normal in math-

11



ematics. If Thurston is right that proof is only one part of mathematical progress
[Thu06], and if Gowers is right that research depends on intermediate judgments,
search strategies, and changing levels of confidence [Gow23], then tools that accelerate
these pre-proof stages will change the practice of the subject. Recent work on Al
and mathematical practice points in a similar direction [Hen25; Pan25]. The central
question is how such systems can be used well without blurring the line between assis-
tance and mathematical judgment. My own view is that mathematics in the coming
years will be carried out in a richer ecology of thought, involving human conversation,
computation, proof, and increasingly sophisticated machine assistance. That makes
human judgment all the more important, not less. Someone must still decide what is
true, what is interesting, what is explained, and what is worth preserving. For this

thesis, that responsibility is mine.

12



Chapter 2

The Deep Linear Network

In this chapter, we fix notation for the DLN and record the structural facts used
throughout the thesis: the product map, the group action on fibres, the conserved
quantities, the balanced manifold, the quotient metric, the entropy, and the fibrewise

regularizer flows.

2.1 The model

We write

W = (WN, .. .,Wl), Wi € Md(F>

The associated end-to-end map is defined by
¢ : Mg(F)N — My(F), (W) =X =Wy ---Wi.

Let
E:MyF)—-R

be a smooth loss on the space of end-to-end matrices, and let



be the lifted loss. The Euclidean gradient flow on parameter space is

Wk = —(Wy - Wi )" dEX) (Wi - - W17, 1<k=<N, (2.1)

with the convention that empty products are the identity. Unless stated otherwise, we
work on the full-rank locus, so W), € GL(d,F) and X € GL(d,F).
For X € My(F), the fibre over X is

For A= (Ay_1,...,A;) € GL(d,F)N~! define

A . (WN, ceey W1> = (WNA;V{D AN,1WN,1A]7V172, ey A1W1). (22)

The group GL(d,F)N~! acts by changing bases at the intermediate layers. These
changes cancel in the full product, so ¢(A - W) = ¢(W) and every fibre is invariant
under this action.

Define the Hermitian matrices

Gp = Wil — Wi Wiy, 1<k<N-1.

Thus G} compares the outgoing Gram matrix of layer £ with the incoming Gram

matrix of layer k + 1. We collect these matrices into the tuple

G’ — (GN—17 . .,Gl),

ordered to match the coordinates of the group GL(d, F)V~1.

14



For a prescribed tuple G = (Gn_1,...,Gy), let
Mea = {W e My(F)" : W, = Wi, Wiy = Gy for 1 <k < N —1}.

The case G = 0 is the balanced variety. Its full-rank stratum is the balanced manifold
M.

Choose a singular value decomposition X = QnXQ5, A = YN The tuple
Cx = (QnA, A, ..., AQY) lies in Fx and is balanced. Thus Cx is the balanced
representative determined by the chosen singular value decomposition.

If K=0(d)" ' or U(d)" ! according to whether F = R or F = C, then for
X € GL(d,F) we set

Ox = Fx NM.

Proposition 2.1 ([MY26b; LM25]). Let X € GL(d,F), and choose a singular value

decomposition defining the balanced representative C'x. Then
Fx =GL(d,F)"'.Cx, Ox=K: Cx.

In particular, Ox is compact.

Thus every full-rank factorization of X lies in the GL(d, F)™~1-orbit of C'x, and

the balanced factorizations are exactly the K-orbit of Cx.

2.2 Invariant sets

The tuple G is the conserved quantity of the Euclidean gradient flow.
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Theorem 2.2 ([ACH18]). Let W(t) = (Wn(t),...,Wi(t)) solve the parameter flow

Wi = =Wy W) dE(X) Wiy - i)', X =Wy Wy, 1<k<N,
(23)

where empty products are the identity. For
Gr(t) = We()Wi(t)" — Wi () Wi (2), 1<k<N-1,

the tuple

G(t) = (Gnalt), ..., Gi(t))

is constant in t. Equivalently, each level set Mg is invariant under the flow (2.3): if

W(0) € Mg, then W(t) € Mg for as long as the solution exists.

Proposition 2.3 ([ACH18]). Let W(t) solve the flow (2.3). Define the partial products
Py =Wy - Wi, Qr = -~ WA, 1<k <N,
and set Pyy1 = Qo = I. Then the end-to-end matriz X (t) = ¢(W (t)) satisfies

Z_: Pir1Pyy) dE(X) (Qf—1 Qi-1)- (2.4)

The flow (2.4) is not closed in X in general, because the Gram matrices of the
partial products depend on the factorization. On the balanced manifold, however,

these matrices are determined by X alone.

Lemma 2.4. Let W € M and (W) = X. Then

PoniPi = (XX, QL,Qu= (X"X)'F,  1<k<N.
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For X € GL(d,F), define the linear operator

N—k

Anx(Z) = fj(XX*) ¥ Z(X*X)'V,  Z e M(F). (2.5)

The operator Ay x is positive definite with respect to the Frobenius pairing, and

therefore defines a Riemannian metric on GL(d,F). In the real case this metric is
av(X)(Z1, %) = t( 2] ARk (Z2)), 71, Za € My(R), (2.6)
while in the complex case we take the real part of the Hermitian pairing:
av(X)(Z1, Z5) = R0 Z7 ARy (Z2)), 21, Za € My(C), (2.7)

Theorem 2.5 ([ACH18; Bah+22]). Assume W(0) € M, and let X (t) = ¢(W(t)).

Then
N
X = =3 (XX*)F dB(X) (X*X)'~. (2.8)
k=1
Equivalently,
X =— grad,  F(X). (2.9)

Equations (2.8) and (2.9) give, respectively, the closed evolution of the end-to-end
matrix and the Riemannian gradient-flow formulation of the same dynamics. The loss

does not change with the depth, but the metric does.

2.3 Entropy and Riemannian submersion

The quotient geometry of M yields both the metric gy on the space of end-to-end

matrices and the volume of the compact orbit Ox. For the real model, the volume of
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the orbit is given by the following explicit formula.

Write
van(X) = [ (oi—0y).

1<i<j<d

Theorem 2.6 ([MY26b]). Let X € GL(d,R) have singular value decomposition
X =Qny2Q), X =diag(oy,...,04),
and assume that the singular values are distinct. Then

B B 1 van(%?)
Sn(X) =logvol(Ox) = (N —1)logecy + §1Og van(X2/N)’

equivalently,
1 o? —o?
Sn(X)=(N—-1)logeg+= > log ﬁ ,
1<i<j<d g; — 0y

where cq is the volume of O(d) with Haar measure.

Thus Sy depends only on the singular values of X. It appears as the entropic term

in the drift of the Riemannian Langevin equation. The corresponding free energy is
Fp(X) = B(X) — 7'Sn(X),

which appears in the stochastic description of training [MY26b].
Let ¢ be the metric induced on the real balanced manifold M by the Euclidean

metric on Mg(R)".

Theorem 2.7 ([MY26b]). The map

(b : (Mab) — (GL(d> R),QN)

18



1s a Riemannian submersion.

Thus gy is the quotient metric obtained from (M, ) by collapsing the directions
tangent to Ox. In Chapter 5, we prove the complex analogues of Theorems 2.6

and 2.7.

2.4 Fibrewise regularizers and flows

We now record the functionals on a fixed fibre Fx that single out the balanced set
Ox together with their associated gradient flows.

In the complex model, these functionals are closely related to the geometry of the
moment map. The group K = U(d)V~! acts on My(C)Y by (2.2). With the standard
Kihler structure, the trace pairing on u(d)¥ =1, and our sign convention, the moment
map is

(W) =G(W) = (Gn-1,...,G1).

We prove this identification in Chapter 4. On the full-rank locus, the balanced manifold
is the zero level set of u:

M = 17(0) N GL(d,C)".

Let ¢x denote the metric on Fx induced by the Euclidean metric on My(F)Y. For

W = (Wy,...,Wi) € My(F)¥, define the ridge functional
1 N
R(W) = 5 > tr(WiW).
k=1

For 1 < p < o0, define the Schatten-p quantity
N
Wl == > Wl
k=1
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where || - ||, is the Schatten p-norm. In particular, the case p = 2 corresponds to the
Frobenius norm on each layer, so that ||W||y is the sum of Frobenius norms.

Also define the functional

N 1

1 . 1=
E(W) = Z[lu(W)]* = ZtrGGk 5 2

since each Gy is Hermitian. This is the Kirwan—Ness functional, the squared norm of
the moment map. On a fixed fibre, its zero set is the balanced set Ox.

The associated fibrewise gradient flows are

W = —grad, R(W), W(t) € Fx, (2.10)

W = —grad, E(W),  W(t) € Fx. (2.11)

The first is the flow generated by the ridge functional on a fixed fibre, and the second

is the Kirwan—Ness flow on a fixed fibre.

Theorem 2.8 ([LM25]). Assume X has full rank. Then

argmin |W||s = Fx N M = Ox.

WeFx

Moreover, for every 1 < p < oo,

arg min |W]||, = Fx "M = Ox.
A4

eFx

Balancedness is therefore characterized by a minimum principle on each fibre. In
the proof for the complex DLN, this is exactly the content of the Kempf-Ness theorem
[KN79]. The flow generated by the ridge functional does not merely converge to

balancedness. It induces an exact evolution for the moment tuple G, which decays
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exponentially.

Theorem 2.9 ([LM25]). Assume X has full rank, and let W (t) € Fx solve the flow

generated by the ridge functional on the fixed fibre Fx,
. 1Y
W = —grad,, R(W), R(W) = 3 > tr(WEWe).
k=1
If G(t) := G(W(t)), then
G(t) = e %G(0), t>0.

In Chapters 8 and 9, we reinterpret the flows (2.10) and (2.11) as heat-type flows

on the fibre and develop their continuum analogues.
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The conservation of moments, the end-to-end dynamics, and the metric formulation of
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For the role of ||u]|*> in geometric invariant theory, see [MFK94]. In particular,
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cone [Nes84] and by Kirwan in the Morse theory of symplectic quotients [Kir84].
For surveys and related results on this correspondence, see [Woo10; Ler05]. For the

infinite-dimensional analogue arising from Yang—Mills theory, see [AB83; Tral7].
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Chapter 3

The Real DLN and

Entropic Regularization

On the balanced manifold, Fuclidean gradient flow in parameter space induces the
Riemannian gradient flow X = — grad,, F(X) on GL(d,R).

We study the free energy
1
Fg(X) :E(X)_ESN(X)> (3.1)

where Sy (X) = log vol(Ox) is the entropy associated with the balanced factorizations
of X.

The key simplification is to restrict to spectral energies. In that case, both the
metric gy and the entropy Sy descend to the singular values of X, and the dynamics
close on the singular-value chamber. This reduces the problem for matrices to a system

of interacting scalar variables.
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3.1 Main results

Throughout this chapter, unless explicitly stated otherwise, assume N > 2, d > 2,
and g > 0.

The gradient flow on the space of end-to-end matrices is X = — grad,  E(X), with
X € GL(d,R). In Chapter 2, we showed that this is the flow induced by Euclidean
gradient flow in parameter space from balanced initial data. In this chapter we replace
E by the free energy (3.1).

For X € GL(d,R) with singular values o = (071, ...,04), the entropy is [MY26b,

Theorem 4]
1 o? — 032-
1<i<j<d g, — 0y

where c¢q4 is the volume of O(d). We study the gradient flow
X = —grad, Fs(X), X € GL(d,R). (3.3)

Equivalently,
N
Z (XXTY'F" dFy(X) (XTX)'~, (3.4)

where dFj; denotes the differential of Fj.
Let S; = {oc € R?: oy > --- > g4 > 0} be the chamber of singular values in

decreasing order, with interior S ={c € R?: o1 > -+ > 04> 0}.

Entropy. In Section 3.2, we show that gy pushes forward to a metric gn, on §;, so
the chamber of singular values is the natural reduced space of coordinates for the real
problem. The first group of results concerns the entropy on this chamber. Although

the formula (3.2) is written as a ratio of Vandermonde factors, its singularities at

23



0; = 0; are removable.
Theorem 3.1. The entropy Sy is real-analytic on Sy.

Let (Sy,¢) denote the chamber equipped with the Euclidean metric inherited from
RY.

Theorem 3.2. The entropy Sy is strictly concave on (Sg4,t), except in the case

(N,d) = (2,2) where its Hessian has rank one.

Theorem 3.3. The entropy Sy is not concave on (Sq, gno): at every point with

o1 = --- = 04 the Hessian is indefinite.

Free-energy dynamics. We now restrict to spectral energies.

Definition 3.4. We say that £ : My(R) — R is a spectral energy if

B(X) = Blo(X)),  Blo)=o /() (35)

where g : R — R is nondecreasing and f : (0,00) — R is convex.

For the equilibrium and linearization results we impose the standing hypotheses

geC*R), ¢ >0, g¢">0, [feC*(0,)), f=0 f'>0
(3.6)
These assumptions guarantee the monotonicity and convexity used in Lemmas 3.26,
3.27, and 3.28, and in the proof of Theorem 3.6. The Schatten energies with p > 1

satisfy (3.6). The diagonal reduction in Section 3.5 remains valid for p = 1 as well.

Remark 3.5. For energies without symmetry the singular values do not evolve au-

tonomously. A basic example is matrix completion: for Q C {1,...,d}? and observed
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entries a;;,
1

PO=3,

> (Xi—ay)*.
J)EQ

),

This loss depends on the entries of X, not just its singular values. Its set of minimizers
is typically an affine space containing matrices of different rank. Understanding how
the entropy Sy interacts with this geometry remains open.

For spectral energies, F depends only on o: Fj(0) = E(o) — 37 'Sy(0). In

Section 3.2, we then show that the reduced gradient flow is
6;=—No> No, Fe(o), i=1,....d (3.7)

The right-hand side extends continuously to Sy, and we use the same formula there
whenever no differentiability issue is involved.

Under (3.6), the free energy has a unique critical point, and it lies on the diagonal.

Theorem 3.6. There exists a unique equilibrium o € Sq of F, and it has the form

o1 ="+--=04 =0, >0, where o, is the unique solution of

#(d50) o) = 57 5 (1-5): (35)

Moreover, this equilibrium s the unique minimizer of Fz on S.

Remark 3.7. The entropy Sy has a Vandermonde-type structure, and the corresponding
equilibrium equations resemble the Coulomb—gas conditions from random matrix theory.
However, the interaction differs in a fundamental way. The logarithmic repulsion
present in random matrix ensembles is replaced by an expression that extends real-
analytically across collisions of singular values. In particular, there is no singular-value
repulsion, and coincident singular values are not penalized by the entropy. As a

consequence, the unique equilibrium lies on the diagonal oy = - -+ = 0.
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Write 7, = (04, ..., 04).
The second main conclusion is that the linearization splits according to the decom-
position

R? = span{1} @ span{1}*.

At the equilibrium &,, the flow on the chamber
6;=—No> No, Fs(o), i=1,....d,

linearizes to

n=Jn, J = —N o2 N2 F,4(5,).

Theorem 3.8. Let Hp = V2E(G,) and Hs = V2Sy(3,) denote the Euclidean
Hessians at the stationary point. Write 01(E) and 0, (E) for the eigenvalues of Hg
on span{1} and its orthogonal complement, and define 61(Sn) and 0, (Sn) similarly.

Then the linearized system 1n = Jn diagonalizes in the splitting
R? = span{1} @ span{1}*
with eigenvalues

pr=—No2 N (01(E) - B~'01(Sn)),

pL =—Ng2 2N <9L(E) — 5_16[(51\;)), (multiplicity d — 1).

Remark 3.9 (Infinite depth). The entropy Sy and the rescaled metrics Ngy and Ngy

have well-defined limits as N — oo. The renormalized entropy is

Su(X) = = 30 10g< i ) (3.9)

— 2
I<ici<d logo; — log o’
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Likewise, Ngy converges to a limiting metric g,, [CMV23], and the corresponding
metric on Sy also has a limit. The statements in this chapter have direct analogues

after replacing Sy, gy, and gy, by these limits.

Since Fj(X) depends only on singular values, the minimizers in GL(d, R) form the
orbit O, :={0,Q : Q € O(d)}.

Corollary 3.10. The set of minimizers of Fz on GL(d,R) is O,.

If X, =0,Q € O,, the kernel of the linearization is the tangent space to this orbit,
Tx, 0, = {X,A: AT = —A}.

Corollary 3.11. The linearization of the flow (3.3) at X, diagonalizes in the splitting
My(R) = Tx, O, @ span{X,} ® {QS : ST = S, tr S = 0}, (3.10)
with eigenvalues

0 onTx, O,

p1 on span{X,},

pr on{QS:ST =S, trS =0},
where

pr=—No2 N (04(E) - 57'01(S)),

pPL = —NO'EiQ/N (GJ_(E) - 6710J_<SN)).
The Schatten energies provide a concrete class of examples. For

> ot 1<p< oo, (3.11)



Theorem 3.6 gives

o, = (‘lz_ﬁl (1 - ]1V))1/p. (3.12)

Along the diagonal set D = {0 € S;: 01 = -+ = 04} the flow reduces to a scalar
ODE.

On the diagonal set D, write

Set

- ._ _1/N
v:= Np, Sy 1= O'*/ ,

and let

I =(0,s4), I, = (8,00).

On each component I define a real primitive 75 by

—Tx(s) = ot sely. (3.13)

The additive constants in 7. are immaterial. On I_ we use the standard real hyperge-
ometric branch

2 2 2 v
T(s):52F1(1,;1+; (8> ) 0<s<s,, (3.14)
1% 1%

2s% Sy

where 5 F} denotes the Gauss hypergeometric function [Olv+10]. On I, 7, denotes
the corresponding real branch of the same antiderivative; equivalently, it is obtained by
integrating s/(s” — s¥) on I, with the logarithmic term in the analytic continuation

read as log |1 — (s/s4)"].

Theorem 3.12 (Exact solution on D). For the Schatten—p energy, the diagonal
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variable s(t) satisfies
s

S (3.15)

S

SZ_Sufl_'_

If s(to) = sx, then s(t) = s.. If s(to) = so # S«, then the solution remains in the

component 1_ or Iy containing sy and obeys the real quadrature

E—ty = /:t) T T (s)) = Talso), (3.16)

vV __ 4V
Sy T

where the sign is chosen so that sg, s(t) € 1.

3.2 The chamber of singular values

We now compute the metric induced by gy on the singular-value chamber. This is
the basic reduction step: once the metric is known on the chamber, the spectral flow
is obtained by an elementary gradient calculation.
In Chapter 2, we showed that for X € GL(d, R) the operator Ay x : TxGL(d, R)* —
TxGL(d,R) is
An.x(P Y (XXT)v P(XTX)'V, (3.17)
k=1

and the DLN metric is
1212, = (2" A3 Z),  Z € TxGL(d,R). (3.18)

We begin with the spectral decomposition of Ay x.

Lemma 3.13 ([Men25]). Let X = UXVT be the singular value decomposition of X .

The operator Ay x : TxGL(d,R)* — TxGL(d,R) is symmetric and positive definite
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with respect to the Frobenius inner product. It has the spectral decomposition

2 2

Op — 0y
./4.]\[7)( Ukvg = mﬂkvg, 1 S k,g S d,
when k # {, and
An x ukv,z = NO'Z_2/N ukv,:f, 1<k <d,

where uy and v, are the columns of U and V', respectively.
We also use the Riemannian submersion from Chapter 2.

Theorem 3.14 ([MY26b]). The map
¢ (M,1) — (GL(d,R), gn)

1s a Riemannian submersion.

On the open set where the singular values are distinct, the singular-value map is

smooth. The induced metric on &7 is

d
1 o
ona(6.0) =3+ N2 6. (3.19)

=1

Lemma 3.15. On the open set
{X € GL(d,R) : 01(X) > -+ > 04(X) > 0},

the singular-value map

X — (01(X),...,04(X))

is a Riemannian submersion from (GL(d,R), gn) to (S3,9n0)-
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Proof. Let X € GL(d,R) have distinct singular values and write X = UXVT. Set

Eye := upv}. By Lemma 3.13,

2 2
2/N 2/N Ek‘é’ k‘i%€7
.AN7xEkg ={ 0y — 0y

NO'ZiQ/N Ekk7 k="¢.

Hence AR,}XEM = ppeEye with pg, = %UZ/N_Z and
2/N  _2/N
o/ —o0o
pre = 5—2—, k#L
O — 0y

Therefore Tx GL(d, R) decomposes as

TxGL(d,R) = span{Ey.}¢_, ®span{Ey : k # (},

Hx Vx

and Hyx and Vx are gy-orthogonal.

The first-order perturbation formula for simple singular values gives
dow(X)[Z] = ul Zuy,

[Kat13, Theorem II-5.4]. Hence ker do(X) = Vx, and do(X) maps Hx isomorphically
onto T,(x)Sg = R? since do(X)[Ew] = er. Therefore the singular-value map is a
smooth submersion on this open set.

For 6,¢" € T,(x)S3 = R?, the horizontal lifts are

Z" =3"6;E; = U diag(e)V7"
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and similarly for ¢’. Using gn(X)(Ei, Ej;) = fi 0ij, we obtain

d
gN(X) (Zhor Z/ hor) Z m o, O' _ Z ]1[ O_Q/N 2 &, d‘; _ ngU(o-_’ 0-_/)'
i=1

Thus do(X) : (Hx,98) = (T5x)Sg, gn,e) is an isometry, which is the Riemannian
submersion condition.

The choice of U and V' does not affect Hx or the value of gy,: when singular
values are simple, the singular vectors are unique up to signs, and span{uv! } is sign

invariant. O

Remark 3.16. The metric (3.19) extends continuously from S to all of S;. The

singular-value map itself is smooth only when the singular values are distinct.

With this metric, the spectral gradient flow is immediate.

Lemma 3.17. On (S4, gno) the gradient flow of the free energy Fg(o) = E(o) —

B71SN(0) has components
6;=-No> No, Fs(o), i=1,....,d
FEquivalently, if ¥ = diag(oy,...,04) then
2 = —N >N diag(0,, Fs(0)). (3.20)
Proof. By definition of the gradient, for any ¢ € T,S; = R,

4 OFs
gN’U(gI‘adgN’a Fﬁv f) = dFﬁ(0>[£] Z 9o £l
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Since gy, is diagonal with g; = Lo2/N

o i 2-2/N
~Oi , its inverse has ¢" = No; /N Therefore

d d
= =

grady Fp= (gii &nFB) = (N0i272/N &,iFg)

)

1 1

and the gradient flow ¢ = —grad, Fj is as stated. O]

Figure 3.1 shows representative trajectories of the gradient flow of the free energy

on the singular-value chamber.

3.3 Analyticity and concavity of the entropy

We now study the entropy itself. The formula (3.2) contains quotients that vanish

when o; = 0, so the first task is to show that these singularities are removable.

Proof of Theorem 3.1. Write \; = Uil/N, 1=1,...,d, so that \; > 0 whenever o; > 0.

In these variables the entropy has the representation

_ )\2N _ )\QN
SN()\) =Cpy+ 1 Z 10g<Jk> , (321)

2 _ 2
1<j<k<d )‘j )‘k

where Cy depends only on N and d. Introduce

a2N _ b2N
@N((l,b) = W, a,b > 0, (322)
so that (3.21) becomes
~ 1
SN()\) =Cy+ = Z log CI)N()\J', /\k:> (323)
1<j<k<d
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Figure 3.1: Gradient flow of the free energy Fj on the singular-value chamber (5 = 5).

Black curves are trajectories of ; = —IN af 2 NaoiFB(a). In panel (a), the blue curves
indicate level sets of Fig and the flow is driven toward the equilibrium on the diagonal. Panel
(b) shows the analogous dynamics for d = 3.
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The quotient in (3.22) satisfies the algebraic identity

2N _ 2N N-1
= Y PN mmpm (3.24)

m=0

a
a2 — b2
valid for all a,b € R. Thus ®y is a polynomial in (a,b) and hence real analytic on R?.

In particular,

dy(a,a) = Na*N 2 (3.25)

so there is no singularity at a = b.
For a,b > 0, every term in (3.24) is nonnegative and at least one is strictly positive,
SO

®y(a,b) >0  forall a,b> 0. (3.26)

The logarithm is real analytic on (0, c0), hence the map

(a,b) — log ®n(a,b) (3.27)

is real analytic on (0, 00)2. Therefore each term log @y (A;, ) in (3.23) is real analytic
on (0,00)4, and finite sums preserve analyticity. Thus Sy()) is real analytic for all
A € (0,00)4.

The change of variables o; = AN is real analytic on (0,00)? in each coordinate.
Since Sy C (0,00), it follows that Sy is real analytic on S;.

Finally, the polynomial identity (3.24) shows that ®y is analytic at a = b > 0, so
the expression (3.23) extends real analytically to points where \; = A\, > 0. Via the
change of variables o; = AV this gives a real analytic extension of Sy across the sets

O'Z':O'j>0. ]
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Gradient and Hessian formulas. Lemmas 3.18 and 3.19 record the first and

second derivatives that will be used in the concavity and equilibrium analysis.

Lemma 3.18. The gradient of Sy has components

OSSN

o S2/N-1
_ v i ) 3.28
Jo; kzﬂ (01‘2_‘7/% N(a?/N—Ui/N)) ( )

For each fized © and k # i the summand has a finite limit as o — 0; = 0, > 0, namely

2/N—-1

1
— — — 1= =. 3.29
o? — o} N(U.Z/N - gi/N) 20, ( N) (3.29)

¢ 7

1/N

7 )

Proof. We start from the representation (3.21) in the variables \; = o

~ 1 AN — NN
Sn(A) =Cn+ 5 > log(&2 2 ) : (3.30)
i~ Ak

1<j<k<d

valid for A\; > 0. Differentiating (3.30) with respect to A; and noting that only pairs

containing ¢ contribute gives

OSSN 2N \i
- N—i _ . 31
o\, ; ( NN )N Tz (3.31)

The change of variables o; = A implies

Sy 1 0Sy
do;  NAN"L N~

(3.32)
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Substituting (3.31) into (3.32) yields

SN AN 1Ay
do; g (A%N — XN N2 X2 (3:33)

o; o1
"2\ N a,z/N)) '

This is exactly (3.28).
For the limit (3.29), set \; = A, and A\, = \(1 —¢) with £ | 0. Then

(1—e)* =1—-2Ne+ N(2N —1)e* + O(*). (3.34)

First expand the two terms in the \;-derivative:

AN 1 2N-1 A 1 1
N—- = O —5 =
ST v s W WG D Ry Vil W Y

+0(e). (3.35)

Subtracting these expressions cancels the 1/e term and yields the limit of the corre-

sponding summand in 9Sy/0\;:

AN A\ N—-1

N —
NN RN Tz T oy,

(£ 10). (3.36)

To obtain the limit of the summand in 0Sy/00;, we must still apply the chain-rule

factor in (3.32). Hence

1 AN Ai 1 N-1 N-1
N — — ’ — = . )
NAFT ( v v Az) NN o, Canay @8
Since A = o,, this becomes
N-1 1 (1 1> (338)
NN 20, N’ '



which is exactly (3.29).
Thus each summand in (3.28) has a finite limit as oy — o; > 0, and the sum over

k # i extends continuously to points with repeated singular values. O

For the renormalized entropy (3.9), the same argument gives

0500

—1
ag; g;
= — ! 3.39
do; kzﬂ (0? —o0? logo? —log ol%) ’ (3:39)

and each summand has limit i as o, — ;.
2

Lemma 3.19. For Sy the second derivatives in the coordinates o are

B (LA Ry
Z 2Z 2 kg + 2 ;1=
?Sy | k# (07 — %) gN(Uf/N _ az/N)> (3.40)
do;00; 20,0, 20'1‘2/N710']2- N-1 o )
(of = 07)? (N@z/zv _ U;/N))Q’ g

and Vf,SN extends continuously to all of Sy.

Proof. We start from the expression for the gradient in o coordinates (Lemma 3.18),

‘ 2/N-1
05N _ S22 - Z@V |- (3.41)
doi iz \0i =0k N/ —a™)

2

Differentiating the kth summand in o; for j # 7 gives the off-diagonal entries,

(9251\/ . 20'in _ 20?/]\]71 ?/Nil 27& .
do;00; (02 — 02)? (N(O'-Q/N _ 02/N))2’ I
i j
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and differentiating in ¢; and summing over k # i gives the diagonal entries,

2/N-2 2/N  _2/N 2/N
8251\7—2 02— o2 +Ui/ <N(ai/ —ak/ )+20k/ )
do? vy (02 — 0})? <N(ai2/N _ Uz/N>>2 ’

which is exactly (3.40).
Each off-diagonal entry is py(0;,0;) and each diagonal summand is gy (0, 0%) in
the notation of (3.43)—(3.44). Lemma 3.21 shows that py and gy have finite limits as

or — o0; > 0, so all entries extend continuously to Sy. O

For the renormalized entropy (3.9), differentiating the gradient in o coordinates

gives
—o? o} o (logloy/or) +1) )
Z 2 IV 2 e
0?See _ )k (o — o) 2<log(oi/0k)) (3.42)
801-(90]- 20-1»0']- Ui_lUj_l . .
(02 —02)2 2 e
1797 2(log(o/oy))

and each summand again has a finite limit as o; — 0; > 0, so V25, also extends

continuously to &;.

Euclidean concavity. To analyze concavity with respect to the Euclidean metric,

it is convenient to express the Hessian as a sum of embedded 2 x 2 blocks. Define the

kernels
2ab 2ax~lpx—1
pn(a,b) = — , (3.43)
(@® =) (N(a¥ —b¥))’
2 2 2 2
a4 aﬁ—Q(N(aﬁ —bN) + 2bﬁ)
gn(a,b) == — + . . , (3.44)
(a? — b%)? (N(aﬁ - bﬁ))2
and for 1 <i < j <d let
Lij  R? — R Lij(u,v) = ue; + ve;, (3.45)

39



with

BW(s) = o P (3.46)

Lemma 3.20. For every o € Sy,
V2Sn(o)= 3 ;B (o)L (3.47)
1<i<j<d
Equivalently,
(V2SNn)ij = pn(oi05) (i £ 5),  (ViSn)a =D an(0i, 0%).
k#i
Proof. By Lemma 3.19, for ¢ # j one has

0*Sy 20404 QUf/N_laf-/N_l

= - :PN(Ui,U‘)a
doi0o; (07 — 02)? <fv(02/w’__agxw))2 !

and for ¢ = 7,

2/N-2 2/N 2/N 2/N
%Sy :Z —o? — o} . g; (N<Uz' ) + 20, ) :ZQN(U’ o).
Oo; ki (07 — op)? (N(af/N - JZ/N)> ki

On the indices {i,j} the principal 2 x 2 block of V2Sy is therefore Bj(\z}j)(a), and

composing with the injections ¢;; gives (3.47). [
To study each block, write A\ = a;/N and 7 = X\;/\; > 1.

Lemma 3.21. Fori < j andr = \/\; > 1,

1 2TN 2 7“2_N
05) = = - , 3.48
pN(J U]) 0_]2 <(7"2N . 1)2 N2 (7“2 . 1)2) ( )
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(3.49)

( ) 1 r2N 41 +T2*2NN(7“2—1)+2
0i,05) = — | — )
N0 =@ \ TN Z1e TN (1)

and in particular py(o;,0;) < 0 and gn(0;,05) < 0. Asr |1 (equivalently o; — o =

o),
pn(0i,05) = —1<1 - 1>7 qn(0i,05) — —i(1 _ 3 1). (3.50)

Proof. Substitute o, = A into Lemma 3.20. For the off-diagonal entry,

(02,0 22N AN 207 AT
PN O, 05) = - .
TN N7 - X2

Factoring \; and setting r = \;/\; gives

( ) 1 27,N 2 7“2_N 1 27,N 2 T2_N
0'7;7 g;) = _—— = — _—— s
PROTRO) =\ Z 12 T N (2 —12) T 2\ eV S 1) T N2 (2 - 1)

which is (3.48).

Writing r = €' (¢ > 0) and using
r?™ — 1 = 2™ sinh(mt), r? — 1 = 2¢'sinh(t),

we obtain

orN e Nt 2 r

1 —Nt
(r2N —1)2  2sinh?(Nt)’ N2 (r2 —1)2

e
N2sinh?t’

N | —

Hence

e N 1 1
(60,07) = - ,
by ! 20% <sinh2(Nt) N2sinh® t)

and sinh(Nt) > Nsinht¢ for ¢t > 0, so py(0s,0;) < 0.
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For the diagonal summand,

A2N 4 \2N )\?_QN (N()\z2 - )‘32) + QA?)
QN(UMT') = -7 3 * ‘
STV LIE N2(AF = A7)

2

The same substitution yields (3.49) after factoring )\?N = o0%.

;. Expressing again in

t =logr > 0 shows

e Nt [ cosh(Nt) e M Nelsinht + 1
qN(0i7 U]) = - 3

202 sinh?(Nt) e sinh? ¢

J

and a direct comparison using sinh(/Nt) > Nsinht and cosh(Nt) > 1 yields strict
negativity for all ¢ > 0 and N > 2.

The limits in (3.50) as 7 | 1 follow by Taylor expansion. Writing r = e’ with ¢ | 0

and using
sinht =t + ¢t + O(t°),
sinh(Nt) = Nt + 243 1 0(#%),
cosh(Nt) = 1+ 242 + O(t)
one obtains the stated limits after a straightforward calculation. O]

Lemma 3.22. Fori < j:

1. If N =2 and o; # oj, then

Rt pe— R (351)
2(0i+05)* |1 1

and Béij ) is rank-one negative semidefinite.
2. If N > 2 and 0; # 0;, then B () < 0.
Proof. (1) For N = 2, insert N = 2 into (3.43)—(3.44). Using (02 — 0?)? = (0; —
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7;)*(01 + 7;)%,

20'in 1 . 1
(0'2-2—0'3-)2 2(0’1'—0']')2 - 2(0'1'"‘0']‘)27
o? —i—crjz 1 1

_ + — ’
(07 —02)?  2(0; — 0;)? 2(0; + 0;)?

s0 p2(0i,05) = qa2(04,0;) = —1/(2(0; + 0;)?), which gives (3.51).

(2) For N > 2, Lemma 3.21 gives

pN<0-i70-j> < 07 QN(O-iao-j) < 07 QN(JjaOi) < 07
so tr B%j) < 0. It remains to show det Bl(\i,j) > 0.

Set r := X\;/A\; > 1. From Lemma 3.21 and the same formula with the two

arguments interchanged, write

where
orN 2 2N
Fvlr) = (r2N —1)2 N2 (r2 —1)2’
2N 1 2—2N N 2 _ 1 2
JJ\?(NZ—T + LT (r )+ |
(r2N —1)2 N2 (r2—1)2
_ r2N 41 N(1—7%) + 272
Qn(r) = _(TQN —1)2 + N2(r2 — 1)
Thus
ij 1 _
det B = AN, Ax(r) = QR (NQN () — Py (r)?.

43



From the limits in Lemma 3.21 we obtain

Set u = r? and

A direct simplification of the explicit formulas in Lemma 3.21 gives

HN(U)

A pu—
n(r) N3N -1G y (u)?’
where
& k IN—4—k N\ n_o
HN(U):ZCN,k(u +u )— 3 u s
k=0
with

cN,k:<k;L2> (N(N—k—3)+2(k3+3)>.

For 0 < k < N — 3 these coefficients are positive. Moreover, for u > 0,
uF 4 2NAE > 9 N2

by the arithmetic—geometric mean inequality. Hence

vt = (23 eve— (3 ) )

NN 1N -2)

>0
12 ’

(3.52)

(3.53)

(3.54)

where the equality follows by summing the explicit polynomial expression for cy k.

Therefore Ay (r) > 0 for all » > 1. The same representation shows Ay (r) — 01 as
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r — oo. Thus det B%j ) > 0, and with negative trace we conclude B](\i,j ) <o0. ]

Lemma 3.23. Let
A = Z LijB(”) r

U
1<i<j<d

with each BW) symmetric. Then:
1. If B <0 for alli < j, then A < 0.

2. If each BW) = —y,00T with vi; > 0 and v = (1,1)T, then A < 0, with strict

negativity when d > 3 and rank one when d = 2.

Proof. For x € R? set y;; := ;& = (25,2;)" € R%. Then

eTAr = Y yTB(” Yij-

1<i<j<d

(1) If each B®) < 0, then for any nonzero z, pick i with z; # 0 and some j # i.
Then y;; # 0 and y;; LB ”)yij < 0, while all other terms are < 0. Thus 27 Az < 0 for
all z # 0,50 A< 0.

(2) If each B@W) = —~ 00T with 4;; > 0 and v = (1, 1), then
yz]B(U)yZ] = _’-)/Z](:EZ + x])2 S 07

so A =<0. If 27 Az = 0, then z; + 2; = 0 for all pairs i < j.
For d > 3, this system forces x = 0, so A < 0. For d = 2, the single condition is

Ty + 22 = 0, so ker A = span{(1,—1)"} and rank(A) = 1. O
We can now prove Euclidean concavity.

Proof of Theorem 3.2. Fix 0 € §;. By Lemma 3.20, the Hessian admits the block
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decomposition

viSN(J): Z LijBJ(\Z/])(U)LT B](\l,])(a): an | i) Pu( i)

i)
Isi<j=d pn(0i,05) qn(oj,00)
Case N = 2. Lemma 3.22 gives, for every unordered pair {7, j} (including o; = o

via the limits in Lemma 3.21),

1 11

B () — _
2 (U) 2(0i+0j)2 .

=: —;;v07 vi; >0, v =(1,1).

Thus V2 Sy (o) is a sum of embedded rank-one negative semidefinite blocks of the form

—v;;uvT. By Lemma 3.23, the sum is negative semidefinite for all d. When d > 3, the

embedded directions ¢;;v = e; + €; span R?, so the Hessian is negative definite. When

d = 2, there is a one-dimensional kernel span{(1, —1)?} and V2Sy(c) has rank one.
Case N > 2. First suppose 0; # o, for all 7 # j. Lemma 3.22 shows that each

block B%j )(a) is negative definite. Applying Lemma 3.23 to the block sum yields
v(%SN(O') <0

at every point with distinct singular values.
It remains to treat points with 0, = 0; = o for some ¢ # j. By Lemma 3.21, as

0; — 0j = o one has

( ) R 1 (1 1 > ( ) R 1 (1 3 + 1 )
0i,0; PN — Ao | 0i, 05 -5 o — AT arno |
PG 0 602 N? INLTi: 0 302 IN ' 2N?
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so the limiting 2 x 2 block is

Br i— P — L (1 1) — L (1 i + 1 )
N o PT 62U T N2 1T T2 T aN T ane
The eigenvalues of By are q * p, and a direct calculation gives

+p= 1(1 1)<O
TpP= 202 N

and
o (1 3,1 )+ 1 (1 1)
1P~ 73, oN " 2N2) T 6o? N2

“ gl -3 )
(N = 1)(N —2)

= — V22 <0 for N > 2.

Thus By < 0, and by continuity this is the value of B](\l}j)(a) on {o; = 0;}. Hence
each block B%j )(0) is negative definite for all o € §; when N > 2. Lemma 3.23 then
implies that V2Sx (o) < 0 on (Sy,¢).

Combining the two cases, we obtain that Sy has negative definite Hessian on
(S84, ) for all (N,d) # (2,2), and in the exceptional case (N,d) = (2,2) the Hessian

has rank one. [

The DLN metric. We now compute the Hessian with respect to the metric gy, .
For a smooth function f: S; — R, let Ffj denote the Christoffel symbols of gy, in

the coordinates o. Then

(Vox Dig = 05f - ZF Orf. (3.55)
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Lemma 3.24. For any smooth f :S; — R one has

P - o2 f N-11 af

2 .. R
(v + 5” N g; 80'1'.

9dN,o

(3.56)

4] aO'ian

In particular, if the Euclidean gradient and Hessian of f extend continuously across

the sets {o; = 0}, then so does V3 f.

Proof. The metric gy, is diagonal in the o coordinates with
1 ono B .,
gilo) =m0 " gylo) =0 (i # ),

SO

g o) =Na; N gie) =0 (i # ).

For a diagonal metric the only nonzero Christoffel symbols are

) 1 ..
I = 59" 0igii I =0 ifk#ior i#j.

A direct computation gives

1 2 2/N-3 2 1 2/N-3
T A TR
9 = N\N 7i N\N Ti

and hence

- L o g/ 2(1 ) 2/N—3 <1 )1 N-11
It = ZNo: (= —1)e (= —-1)= =— .
(2 2 UZ N N O-Z N O_i N O',L'

All other I'}; vanish. Substituting into (3.55) yields

N-11

(Voy D)is = 05f =T 0.f = 05f + 65 o O, f,

48



which is (3.56). The continuity statement follows immediately from the continuity of

the Euclidean derivatives and the explicit factor 1/0;. ]
At a point &, = (04, ...,0), set
1 1 1 3 1
. 1= — 1——, = — l——+——). 3.57
= gall-we) e (- ay T aw) (3:57)

*

Lemma 3.25. At &, the matrix VgNUSN has constant entries

(d=1)g+ (d—Dxn, i=7],
(V2,.5v). = (3.58)

DPx, i # 7,

where
(N —1)°

AN = N2

Consequently, the eigenvalues of VSNUSN((?*) are

d—1 N-1
HI(SN) = (d_l)(Q* +p*+XN> = - 20_3 W < 0, (359)
1 (d d-—1 2d-3
= -1 * —Px= "5\~ s .
bu(s) =@ Dfa+w) ~ .= o5 (§ - G+ ) 20 (00
where 01(Sn) corresponds to the eigenvector 1 = (1,...,1) and 0, (Sy) is the common

eigenvalue on span{1}+ with multiplicity d — 1.

Proof. From Lemma 3.19, at &, the Euclidean Hessian has off-diagonal entries p, and

diagonal entries

(V2SN O ) Zq* =

k#i

The correction term in (3.56) contributes only on the diagonal. Using (3.29) at
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0; = O = Oy,

0SSN 1 1 d—1 1
7,) = 1—— ) = 1——), 3.61
80i<0) %;20*( N) 20*( N) (3.61)
independent of 7. Therefore
N—-11 0Sy,., N—-11 d-1 1
N o 90, T TN o 2 (1_N)_(d_1)XN’

which is again independent of i. Thus

(V2,.5v(@)) =(d=Dag+(d=Dxn, (Ve Sn(3)). =p. (i#37),

i iJ

giving (3.58).
A matrix with constant diagonal entry a and constant off-diagonal entry b has

eigenvalues
a+(d—1)b on1, a—0b with multiplicity d — 1
on span{1}+. Here
a=(d-1(g+xn), b=p.

Substituting (3.57)—(3.58) and simplifying yields (3.59) and (3.60). O

Proof of Theorem 3.3. By Lemma 3.25, at any point &, = (0, ...,0,) the Hessian
V. Sn(5,) has one negative eigenvalue 6 (Sy) and d — 1 positive eigenvalues 6, (Sy).

Thus the Hessian is indefinite at every such point, so Sy is not concave on (Sg, gy o). [
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3.4 Equilibria and local rates

We now turn from the entropy alone to the free energy F3 = E—~'Sy. The key point
is that the first-order conditions force all singular values at equilibrium to coincide.

For brevity, set

b @ a? 3.62
rn(a,b) = a2 — b2 N(aQ/N—bWN), (3.62)

so that

@-SN(U) = ZTN(O'Z',O']C).
k#i

Lemma 3.26. For each fizred b > 0, the map a — ry(a,b) is strictly decreasing on

(0, 00).

Proof. Differentiating (3.62) in a gives the kernel gy(a,b) from Lemma 3.20. By

Lemma 3.21, gn(a,b) < 0 for a # b, hence ry(-,b) is strictly decreasing,. O

Lemma 3.27. For a > b > 0 one has

ry(a,b) —ry(b,a) <0, (3.63)

with equality if and only if N =2 or a =b.

Proof. Let av:=2/N € (0, 1] and write a = rb with > 1. Using

b 1 1 a—1 bafl 1 a—1 1
a?—b a-b b(r—1) a® — b* b (r — 1)ho(r)
r*—1 _
where h,(r) := o e obtain
r —
1 1re 41
b) —ry(ba) = —— 1 — =——|. .
ryn(a,b) —ry(b,a) b —1) < N () > (3.65)
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Since t — t*! is decreasing on [1,00) and

1 T
he(r) = 1/1 ot dt,

r —

the trapezoid bound gives

a a—1
ha(r) < 5(1 +ro7h). (3.66)
ret+1 2 . . . .
Thus hi() > — = N, so the bracket in (3.65) is < 0, with equality only when
olT o
a =1 (that is, N = 2) or r = 1 (that is, a = b). O

Lemma 3.28. The equation
d—1 1
9/<d f(a))f’(a) =p7 o <1 - N) (3.67)

has a unique solution o, > 0.

Proof. Define

L(o) = g(d f(0)) f'(o), (3.68)
and
R(o) = 37! dz_al<1 — ;) (3.69)
By (3.6),
L'(0) = dg'(d (o)) [f (o)) +g(d f(0)) ["(0) > O, (3.70)

so L is strictly increasing on (0,00). Since ¢’ > 0 and f’ > 0, we have L(o) > 0 for

every o > 0. On the other hand,

o d-1y 1
Ro) =675 (1—N)<o, (3.71)
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so R is strictly decreasing. Moreover,

lim R(0) = o0, lim R(o) =0.

ol0 T—00

Thus R(0) > L(o) for o sufficiently small. Fix any oo > 0. Since L(og) > 0 and
R(oc) — 0 as 0 — oo, there exists 0, > oy such that R(o1) < L(og) < L(oy).
Therefore L and R cross at least once. Strict monotonicity of L and R shows that the

crossing is unique. O

Proof of Theorem 3.6. Let 0 € Sg be an equilibrium of Fj. Since the coefficients

No2 N in (3.7) are strictly positive, stationarity of (3.7) is equivalent to
05, F3(0) =0, i=1,...,d. (3.72)

Using Fz(0) = E(0) — 7Sy (o) and (3.5), together with Lemma 3.18 and the

definition (3.62), the condition (3.72) becomes

d
g’(kZ_: f(ak)) o) =8 rn(onor), i=1,...,d (3.73)

ki

Fix i # j and subtract the jth equation in (3.73) from the ith to obtain

9’( Zd: f(%)) (f/(Uz') - fl(Uj)> = ﬁl(TN(Uia ;) —rn(oj, Ui))

k=1

+471 (TN<0'i70'k> —rN(aj,ak)). (3.74)

k#i,j

If 0; > 0, then the left-hand side of (3.74) is > 0 by (3.6), while the right-hand side
is < 0 by Lemmas 3.27 and 3.26. This contradiction shows that no strict inequality
among the singular values is possible. Hence 01 = --- =04 =: 0, > 0.

Substituting this equality into (3.73) and interpreting rx (o, o,) by the limit (3.29)
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yields exactly (3.8). By Lemma 3.28, equation (3.67) has a unique solution o, > 0,
hence the equilibrium o = (o,, ..., 0,) in Sy is unique.

Finally, (3.6) implies that E is convex on Sg: the map o +— 2¢_, f(0) is convex,
and composition with the convex nondecreasing function g preserves convexity. The-
orem 3.2 shows that Sy is concave on (Sy,¢). Therefore Fj is convex on Sy, so its

unique critical point is its unique minimizer. O

Remark 3.29. The proof of Theorem 3.6 uses the first-order conditions and the
monotonicity of the kernel in the entropy. A shorter argument is available when ¢’ > 0
and f is strictly convex: then Fj is strictly convex in the variables o = (oy,...,04),
and symmetry under permutations of the o; forces the unique minimizer to lie on the

diagonal.

We now linearize the flow at 7,. For convenience, recall that
1 1 1 3 1
=1 - — ), == (1 ——4+ —. 3.75
P 602< N2> a 3az< 2N+2N2) (3.75)
Lemma 3.30. Let Hg := V2Sx(d,). Then

(d_ 1)Q*7 i :j7

(Hs)ij = (3.76)
Pre i # J,
hence
01(Sn) = (d = 1)(a. +ps ), (3.77)
0.(Sy) = (d = 1)gx — s, (3.78)

where 01 (Sy) has multiplicity d — 1.
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Proof. The limits in Lemma 3.19 give

(Hs)ij =p« (i # ), (Hs)ii = > qx = (d — 1)q.,
ki

which yields (3.76). The eigenvalue formulas follow from the standard spectrum of a

matrix with constant diagonal and constant off-diagonal entries. O]

Lemma 3.31. Let
d
E(o) = o
(o) =of 2= St

be a spectral energy with g € C*(R) and f € C*((0,0)), and let Hg := VZE(d,).
Then

(Hg)i = ha, (Hp)ij = ha (1 #7), (3.79)

where
= g"(df(00) ' (@) +g(df(0)) " (02),  ha=g"(df(00)[f ()] (3.80)
Consequently,

0L(E) = hy + (d — 1)hs, (3.81)

0, (E) = hy — hs, (3.82)

where 0, (E) has multiplicity d — 1.

Proof. Write H(c) := Y¢_, f(ox). Then
OB =g (H)f'(0:1),  OGE=g"(H)f (0:)f (0;) + g'(H)f"(0:)d;. (3.83)

Evaluating (3.83) at &, yields (3.79)—(3.80). O
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Proof of Theorem 3.8. At &, one has V,F3(d,) = 0. Linearizing (3.7) at &, gives the
Jacobian

tﬂz—NUwaVﬁ%ww::—NafWN(HE—B;%&). (3.84)

By Lemmas 3.30 and 3.31, Hg and Hg share the invariant splitting span{1}@®span{1}+
and have eigenvalues (3.81)—(3.82) and (3.77)—(3.78) on the respective subspaces.

Substituting into (3.84) yields the claimed eigenvalues. O

Remark 3.32. Substituting the eigenvalues from Lemma 3.30 gives

d—1 1
pl——Ntwa&@D—Nbfmmg(L—N), (3.85)

1 3(d—1 d
pL:—NbﬁwNﬁjm—JV@Wng@d—3—(N)+Am>. (3.86)

The dependence on the energy enters only through 61 (E) and 0, (E).

Remark 3.33. The splitting RY = span{1} & span{1}* diagonalizes the linearization

of the flow at @,. Under the additional hypotheses ¢’ > 0 and f’ > 0,

QL(E) < gl(E) and 8L<SN) > 91(3]\/) (387)

Hence p, is the least negative eigenvalue: perturbations that change the singular
values relative to one another decay slowest, whereas the scaling direction 1 relaxes

faster.

This description on S, translates directly to GL(d, R).

Proof of Corollary 3.10. By Theorem 3.6, the unique minimizer of Fz on Sy has
singular values (oy,...,04). Since F3(X) depends only on the singular values of X,
every matrix in GL(d,R) with those singular values is a minimizer, and every such

matrix has the form ¢,Q with @) € O(d). This is exactly O,. O
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Proof of Corollary 3.11. Because both Fj and gy are bi-orthogonally invariant, it is
enough to analyze the linearization at X, = o0,/ and then transport the result by left
multiplication with Q.

At X, = 0,1, the orbit O, = ¢,0(d) has tangent space {X, A : AT = —A}. Since
Fjp is constant on O,, the linearization vanishes on this subspace.

The orthogonal complement of the skew directions is the space of symmetric

matrices. Inside it, the splitting
Symy(R) = span{I} & {S: ST =S, tr S = 0}

corresponds exactly to span{1} @ span{1}+ under the singular-value map. The
linearization on span{/} is therefore p;, and the linearization on symmetric trace-
free matrices is p,. Transporting this decomposition back to X, = 0,0 by left

multiplication with @ yields (3.10). O

3.5 Schatten energies

We now specialize to the Schatten energies (3.11). They provide the simplest explicit
model for the regularized dynamics and lead to an exact scalar reduction on the
diagonal.

Introduce the variables
N=o/N i=1,...,d A=YV =diag(\,..., \),

so that do; = N )\fv ~1d)\;. In these coordinates the metric on the chamber becomes

flat:

gNe =N (dNi)*. (3.88)



Lemma 3.34. Let
6= —No. N0, Fs(o), i=1,....,d

be the chamber flow, and set \; = o™ Then

i

1 0

A, = _N%Fﬁ(g@)), i=1,....d. (3.89)
For the Schatten—p energy
1 .d
Ey(o) = - Zaf,
pis

this becomes

X__ANP_1+1Z< o > i=1,....d  (3.90)
i i ﬁk;ﬁi )\?N_)\zN N()\%—Az) ) o d. .

Proof. By (3.88), gn is a constant multiple of the Euclidean metric in A, so (3.89)
follows from the definition of the gradient. Using 9y, = N 9,, and o; = A gives
A\i = =AN719, Fs. For (3.11) one has 9,,E = o?", and substituting 9,,Sy from

Lemma 3.18 yields (3.90). O

To separate the common scale from the relative singular values, write
Ag =58>0, Ni=ws, i=1,...,d—1, Up > > ugoq > 1. (3.91)

For d = 2, this becomes A\; = us, Ay = s.

Lemma 3.35. For the Schatten—p flow

X__ANP_1+1Z< L ) i=1,....d
i i ﬂk# )\?N_)\iN NOZ—X) )’ o d,
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the substitution \y = us, Ay = s yields

1 1 1
s _Np-1 4~ -1 3.92
$ s +5S ( u2N—1+N(u2—1)>’ (3.92)
1 u?N 4w 2u
- Np-2(, . Np-1 L2 _
= s"P" (u u? )+BS <U2N—1 N(u2—1)>. (3.93)
Proof. Insert A\; = us, Ay = s into (3.90) and use @ = (A5 — \;$)/s2. O
In the general case d > 2, define
q2N-1 a
on(a,b) = AN T N =) a#b>0. (3.94)
Lemma 3.36. For the Schatten—p flow
A= AN AT i i=1,....d
% i 61@7&1 /\2N )\2N N()‘zz_)‘%) ) ) s Wy
the change of variables
Ag=5>0, Ai = U;8, Uy >0 > ug—q > 1,
is equivalent to
1, 1 1
§=—s"Pl 4 — 571 (— + ) (3.95)
I6; ; wN —1  N(ui—1)

1 d—1

k=1
ki
d—1 1 1
— _ , 3.96
u;( u?N—l—i_N(u?—l)) ( )

fori=1,....d—1.
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Proof. Use 5 = \g and 1; = (\;s — \;$)/s?, and simplify the pair terms in (3.90) using
(3.91) and (3.94). O

Lemma 3.37. Let

2N—-1

a a
en(a,b) = AN T N =) a#b>0.
Then
) N -1
%1_1}1(1190]\;(@, b) = Na a > 0. (3.97)
In particular,
1 1 N -1
li — = . .
us] ( 21 Nw - 1)) oN (3.98)
Consequently uy = -+ - = ug—1 = 1 is an invariant set for (3.96).
Proof. Write
1 1 1 1
extat) = (7o~ y1ops) Ve

and expand at r = 1 to obtain (3.97), hence (3.98). Substituting u; = 1 into (3.96)

and using (3.98) gives u; = 0. O

Proof of Theorem 3.12. By Lemma 3.37, the set u; = -+ = ug_; = 1 is invariant for

(3.96). Along this set, (3.95) and (3.98) give

1 =N -1 d—1 1\1
S = —SNp_l ‘I— BS_I W = —Sy_l ‘l— B_l 2(1 — N>S, (399)

j=1

where v = Np. For the Schatten energy, (3.8) reduces to

d—1 1
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hence s¥ = oP. Therefore (3.99) is exactly (3.15).

If s9 = sy, then the right-hand side of (3.15) vanishes and the solution is constant.
Suppose sg # s.. Since the vector field in (3.15) is smooth on (0,00) and has the
unique zero s,, uniqueness prevents the solution from crossing s,. Thus s(¢) remains
in the component /_ or I/, containing sg.

Separating variables in (3.15) on that component gives
s(t)  7d
t— to = / L, Sp = S(t()). (3100)
S0

This proves the real quadrature in (3.16).

It remains only to identify the hypergeometric primitive on the chosen real branch.
2

With z = (s/s,)” one has sds = %271 dz, so (3.100) becomes

v
2—v 2_1

A0 22 v
t—ty= / 2 Ay, oz = (‘9") . (3.101)
VvV oJxn 1—2z

For 0 < z < 1, the standard real primitive [Olv+10, §8.17] is

a—1 a
/ 1Z dz = = oFi(a,1;a + 1; z) + const, a > 0. (3.102)
—z a

Taking a = 2 and substituting back z = (s/s,)” gives (3.14) on I_. On I, the
same antiderivative is understood on the real branch determined by the integral in

(3.100), equivalently with the logarithmic term in its analytic continuation read as

log |1 — z|. O

Remark 3.38. The same equilibrium may be recovered from the constrained dual

problem

max Sn(X) subject to E,(X) =1, (3.103)
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where

1.4
E,(X)==-> or.
Dz
At a maximizer with all singular values equal, &, = (o4, ...,0,), the constraint gives
d p
Ep(X*) = ];O‘f = 1, O'f = g

We use the Lagrange-multiplier convention

dSx(X,) = M\ dE,(X,).

At this point,

-1 1
0, Sn(3,) = & (1 _ ) 0, E,(3,) = o7\,

20,

Therefore stationarity gives

d—1 (1 — 1) = \oP

20,

and hence

L (810 )0 R) e
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formula (3.2) are taken from [Men25; MY26b].
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Part 11

Kahler Geometry of the DLN
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Chapter 4

The Complex DLN and the

Moment Map

Over C, the conserved quantity G of Chapter 2 is the moment map p for the unitary
symmetry. We prove that M = ;71(0), that each balanced set of a fibre is a compact

unitary orbit, and that the quotient M /K is biholomorphic to GL(d, C).

4.1 Main results

We begin with the ambient Kihler geometry on parameter space. Equip GL(d, C)Y

with its standard flat Kéahler structure.
N
with associated Riemannian metric and symplectic form
g = Rh, w = Sh,

and complex structure J given by multiplication by i, acting componentwise on

My (C).
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Proposition 4.1. The action of K = U(d)V~! on GL(d,C)N given by

U-W = (WyUyLy, UvaWnoaUyly, o, UiWY) (4.1)

is smooth, holomorphic, and preserves the Hermitian form h. In particular, it preserves

g, J, and w. Moreover, $(U - W) = ¢(W) for all U € K and W € GL(d,C)".

Hamiltonian symmetry. We now identify the moment map for this action. For

W € GL(d,C)", define

Ge(W) = WW; = Wi Wiy, 1<k<N-—1. (4.2)

We order the tuple to match the coordinates of K = U(d)V¥~!, and set G(W) =
(Gno1(W),...,G1(W)).
Let &€ = u(d)N~!. We identify € with Herm(d)N~! by the real pairing

=

-1
Str(Hp&),  H € Herm(d)¥ ™!, €€t (4.3)
1

<H7€> ==

DN | —

k

With this identification, define the moment map p : GL(d, C)Y — Herm(d)V~! by

Theorem 4.2. The K -action on (GL(d,C)N,w) is Hamiltonian, and the map

U(W) = (Gy_1(W),...,G(W))

is a K-equivariant moment map. FEquivalently, for every & € €,

lr,W = d<:ua €>a
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where K¢ is the fundamental vector field generated by &.

Balancedness. The balanced manifold,

M ={W € GL(d,C)" : WW; = Wi, Wyy for 1 <k <N -1},  (4.4)

is the zero level set of the moment map.

Corollary 4.3. The balanced manifold satisfies

M = p7(0),

and s K-invariant.
We next establish the regularity needed for the quotient.

Proposition 4.4. The action of K on GL(d, C)Y is free. In particular, its restriction
to M is free.

Proposition 4.5. The value 0 is reqular for . Hence M is a smooth submanifold of

real dimension (N + 1)d?.

We next describe the balanced factorizations in each fibre. For X € GL(d,C),

write its polar decomposition as
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Also write

Fx = ¢ 1(X), Ox =FxNM. (4.6)

The section s(X) is defined by polar decomposition and functional calculus on positive
Hermitian matrices, so it is well defined without assuming that the singular values are

distinct.

Proposition 4.6. For every X € GL(d,C),

OX == KS(X)

In particular, Ox is nonempty and is a single compact K -orbit.

Since K is compact and acts freely on M, the quotient M,oq = M/K = p~1(0)/K

is a smooth manifold, and dimg M,eq = 2d2.

The quotient. We now describe the three quotient constructions. Let

T: M — Miea

be the quotient map, and let

j: M GL(d,C)Y

be the inclusion.

Theorem 4.7 (Marsden—Weinstein reduction). There is a unique symplectic form
Wred 0N Mg satisfying

* <k
T Wred = J W.
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For W € M, set
Vw=Tw(K -W),  Hw=TwMnN V.

Theorem 4.8 (Riemannian submersion). There is a unique Riemannian metric greq

on M,eq such that

T (M,gl,/\/() — (Mredagred>

is a Riemannian submersion. Equivalently, if Y, 7 € Tiw)Mrea and yhor zbor ¢

are their horizontal lifts, then
gred(Ya Z) = g(Yhor7 Zhor)‘

Theorem 4.9 (Kahler reduction). The horizontal distribution H is J-invariant.

Consequently M,.q carries a natural Kdhler structure

(gred7 Jreda wred) )

where wyeq 1s the Marsden—Weinstein reduced symplectic form, gieq is the Riemannian
quotient metric, and Jieq s the complex structure induced by the J-invariant horizontal

distribution.
The quotient admits a natural identification with the space of end-to-end matrices.

Theorem 4.10. The end-to-end map restricted to the balanced manifold,

¢‘M M — GL(d, C),
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descends to a smooth bijection
gg : Mred — GL(dv C)7 QE([W]) = gb(W)

Its inverse is

5:GL(d,C) — Meq,  5(X) = m(s(X)).

Hence ¢ is a diffeomorphism. Moreover, with the reduced complex structure on Myeq

and the standard complez structure on GL(d,C), the map ¢ is biholomorphic.

4.2 The ambient Kahler geometry

We equip GL(d,C)" with its standard flat Kéhler structure, which will be used
throughout this section. Since GL(d, C)" is an open subset of My(C)Y, every tangent

space is canonically identified with M4(C)". For tangent vectors Z = (Zy, ..., Z;)
and Z' = (ZYy,...,Z}), set

N

The complex structure J is multiplication by i in each factor.

In the coordinates Wy on the kth layer, the symplectic form is
1 N
W= tr(dWy A d V). (4.8)
L=

Here dW) denotes the matrix of complex coordinate one-forms, and the trace is

applied after taking the wedge product entrywise. Equivalently, for tangent vectors
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YAVARS TwGL(d, (C)N = Md(C)N,

1 N N
=52 Z W(Zi 2, - 25 7)) = 3 Ste( 2 Z), (4.9)
k=1 k=1
With these conventions,
w(Z, 2" =g(JZ,7Z"). (4.10)

The map ¢ is holomorphic because its entries are polynomial in the matrix entries.

Its differential is
N
= ZWN~-W;€+1 Z W1+ W, (4.11)
k=1

The formula follows by the Leibniz rule. Since each W), is invertible, ¢ is a submersion:

given Y € T,ow)GL(d, C) = My(C), take
ZN:Y(WNfl"'Wl)il, Z, =0 (1§k<N)

Then (d¢)w(Z) =Y.

Proof of Proposition 4.1. For fixed U € K, the map W +— U - W is complex-linear
in the layer variables, hence holomorphic. Its smooth dependence on U follows from
matrix multiplication and inversion in the unitary group.

We use the conventions Uy = Uy = I. The differential of the action sends tangent

vectors Z = (Zn,...,7Z1) and Z' = (Z), ..., Z]) to
(U - Z) = U ZW U, (U -2, = UpZ U,

Since Uy and Uj_; are unitary, left and right multiplication by these matrices preserve
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the Frobenius Hermitian inner product. Hence

hE

WU - 2,U-2') = 3 (U ZU ) (Un ZyUY) )

b
Il
—

o

o (Usr Z 24U

b
Il
—

tr(Z; 2}) = WZ, 7).

I
WE

i
I

Thus the action preserves h. Taking real and imaginary parts shows that it preserves
g and w. Since the action is complex-linear, it also preserves J.

It remains to check that the action preserves the map ¢. By (4.1),
O(U - W) = (WyURL) (U1 Wy -1UxLy) - - (U W),

All intermediate unitary factors cancel, so ¢(U - W) = Wy --- Wy = ¢(W). O

4.3 The moment map and the balanced manifold

We now prove that the action of K is Hamiltonian, with moment map p = G.

Let ¢ = u(d)N_l. For é = <§N—17 c. ,fl) € E, set 50 = fN = 0.

Lemma 4.11. The fundamental vector field generated by & € € is
(KeW))k = &Wi — Wik, 1<k<N.
Proof. Differentiate the curve t — exp(t£) - W at t = 0. By the group action (4.1),

(exp(t€) - W) = exp(t&x) Wi exp(—t&x_1).
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Therefore

(if (exp(t&) - W) = Wi — Wikj—1. .
t=0

Proof of Theorem 4.2. The only point requiring care is the sign convention in the
pairing (4.3). With this normalization, left multiplication on a matrix factor has
moment map W +— WW* while right multiplication has moment map W +— —W*W.

We verify the identity

ww =d(n ) (E€Y)

and then prove equivariance.

First consider a single factor My(C), with
w(U, V) =Str(UV).

Fix ¢ € u(d). For W € My(C) and Z € Ty My(C) = My(C),

2
= —Str(ZW7)

d(—;% tr(WW*§)> (Z) = —:Ste(2W e + WZ€)
w

= —Str(W*EZ)
= Str((EW)"2)

= w(&W, 2).

Here we used £* = —&, which gives

tr(WZ*¢) = —tr(ZWE).
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Likewise,

d<2% tr(W*W§)>W (7) = ;% (2 WE + W*Z6€)
= St (W Z6)

=S tr((-W¢)*2)
=w(-W¢E, Z),

because

tr(Z*WE) = —tr(W*Z¢§).

Thus, with the pairing (4.3), left multiplication by U(d) has moment map W +— WW*,
and right multiplication has moment map W — —W*W.

We now apply these single-factor computations to GL(d, C)"Y. By Lemma 4.11,
the component & acts on the kth factor by

Wi +— §Wi

and on the (k + 1)st factor by

Wi — —Wip1&.

Hence

N-1
d(u, &) =

1 1
d(—2% (VIVEG) + 59 tr(W,;‘+1Wk+1§k)>
k=1

= Lng.

Thus p is a moment map.
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It remains to check equivariance. Let U € K, and set Uy = Uy = I. Since
(U- W) = UWU Y,
we have, for 1 <k < N —1,

(w(U- W) = WU ) UL = (Uea Wi U ) (U Wi Uy )
— UWWiUp — Ui, Wi U
= U (Wit = Wi Wi ) Uy

= UG(W)UF.

Under the identification (4.3), this is the coadjoint action of K on ¢*. Therefore yu is

K-equivariant. O

Proof of Corollary 4.3. By definition,
p(W) =0
if and only if
Ge(W) =WiWy =W Wiy =0, 1<k<N-1
These are exactly the equations for balancedness. Hence
M = p17(0).

The K-invariance follows from the equivariance of u, since the coadjoint action fixes

0. [l
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Proof of Proposition 4.4. Suppose U - W = W. From the first layer we get

UW, = Wi.

Since W is invertible, U; = I. Now assume Uy_; = I. The equality of the kth layers
gives

UW UL = W

Since Uy_1 = I and W}, is invertible, it follows that U, = I. By induction,

Thus U = I, so the action is free on GL(d, C)". Its restriction to M is therefore free

as well. O

Proof of Proposition 4.5. We prove the stronger statement that (du)y is surjective
for every W € GL(d,C)V.

Fix W € GL(d,C)", and let £ € € annihilate the image of (du)y under the pairing
(4.3). Then

By Theorem 4.2,

wiw (Ke(W), Z) =0 for all Z € Ty GL(d,C)".

Since w is nondegenerate, K¢(W) = 0.
The kernel of the infinitesimal action at W is the Lie algebra of the stabilizer of W.
Proposition 4.4 shows that this stabilizer is trivial, so its Lie algebra is zero. Hence

¢ = 0. Therefore the annihilator of im(du)w is trivial. Since €* is finite dimensional,
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(dp)w is surjective.

Thus 0 is a regular value of u. By the regular-value theorem,

dimg M = dimg GL(d, C)" — dimg Herm(d)"~".

Since

dimg GL(d,C)" = 2Nd?,  dimg Herm(d)" ! = (N — 1)d,

we obtain

dimg M = 2Nd* — (N — 1)d* = (N + 1)d*.

4.4 Balanced factorizations in a fibre

The condition u(W) = 0 defines M. To identify the quotient M /K, we must
understand how M meets each fibre of ¢. In each fibre, the intersection is a single
K-orbit.

We now prove Proposition 4.6. The key point is that balancedness aligns the
singular-value data across the layers. Once this alignment is fixed, the only remaining
freedom is the choice of unitary bases at the intermediate layers.

The polar representative used in Proposition 4.6 depends smoothly on X. Indeed,
the map X — X*X is smooth from GL(d,C) to the cone of positive Hermitian

matrices, and functional calculus gives smooth maps

Hv+—s H'Y?, H+— HYN

on that cone. Hence P(X), P(X)'/N and U(X) = XP(X)~! are smooth functions of
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X.

Proof of Proposition 4.6. Fix X € GL(d,C), and write its polar decomposition as
X =UxPx, Px=(X"X)Y2>0,  Ux=XP5'eU(d).
For the factors of s(X), we have
Wy =UxPYYN,  Wy=P/" for1<k<N-1.

Thus
o(s(X)) = Ux PYN PO — Uy Py = X.

Moreover, for 1 < k < N — 2,
WiWy = PN = Wi Wi,
and at the last interface,
Wy Wi, = PIN = PYNULULPYY = WEWy.

Hence s(X) € Fx N M = Ox.
Since the K-action preserves ¢ by Proposition 4.1 and preserves M by Corollary 4.3,
it follows that

KS(X) g Ox.

We prove the opposite inclusion. Let W = (Wy, ..., W;) € Ox. Choose a singular
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value decomposition of the first layer,

Wl = QlAQEkh

where (), Q1 € U(d) and

A =diag(Ar, ..., Aa), A > 0.

We first align the remaining layers with the same positive diagonal matrix A. Suppose

that, for some 1 <k < N —1,

Wi, = QrAQy_,
with Qx_1, Qx € U(d). Then
Wi Wy = Qk/\zQZ.

Balancedness gives

Wi Wit = WiWiE = QN Q.

Define

Qrr1 = Wi Qe

Then

Qi1 Qi = AT QW Wi QpA ™ = 1,

50 Qr+1 € U(d), and therefore

Wk+1 = Qk+1AQZ
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Induction gives unitary matrices @, ...,y such that
Wi=QuAQj_,, 1<k<N.
Multiplying the layers yields
X = ¢o(W) = QnAY Q.
Consequently,
XX =QA™Q5  Px=QuAVQs,  PYY = QoAQi,

and

Ux = XPx' = QnQ;.

Now define V = (Vy_1,..., V1) € K by
Vi = QoQy, 1<E<N-1.
Then the last layer transforms as
(V- W)y = WyVyl = QuAQy = Ux PY™.
For2<k<N -1,

(V- W) = il V- = QuAQ; = P)I(/N7
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and for the first layer,
(V- W)i = Vil = QoAQ; = PY™.
Thus
V-W = s(X).

Hence W = V1. 5(X), so
Ox C K -s(X).

Together with the first inclusion, this proves
O X = K-s (X )

Since K is compact, Ox is a compact K-orbit. O]

Remark 4.12. The set Ox is the balanced part of the fibre defined in Chapter 2.

Proposition 4.6 gives a representative of this orbit that varies smoothly with X.

4.5 The geometry of the quotient

We now combine Theorem 4.2, equivalently (4.4), with Proposition 4.6. The first
identifies M with x~1(0), and the second shows that each fibre meets M in exactly
one compact K-orbit. Thus quotienting the balanced manifold by K removes precisely
the ambiguity left by balanced factorizations. What remains is the end-to-end matrix.

Set Myeq := M/K = u71(0)/K. Let

T M — Mieq, j: M < GL(d,C)N (4.12)
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be the quotient map and the inclusion. For W € M, write
Vwi=Tw(K -W),  Hw:=TwMnNW. (4.13)

The three reductions in Theorems 4.7, 4.8, and 4.9 descend different pieces of
the same ambient Kahler structure. The Marsden—Weinstein reduction descends the
symplectic form. The Riemannian quotient descends the metric through horizontal
lifts. The Kéhler reduction says that these two descended structures remain compatible
because the horizontal distribution is J-invariant. Finally, Theorem 4.10 identifies the

quotient with GL(d, C) by the end-to-end map.

Proof of Theorem 4.7. By Proposition 4.5, the value 0 is regular for p. Hence

M = p~H(0)

is a smooth submanifold. By Proposition 4.4, the action of K on the ambient space
is free, so its restriction to M is free. Since K is compact, this restricted action is
proper. Therefore M,.q = M/K is a smooth manifold, and 7 : M — M,q is a smooth
quotient map.

We next descend the symplectic form. For & € €, Theorem 4.2 gives

LK, (.]*w> - j*<[’K5w) = ]*d<u7€> =0,

because ;. = 0 on M. The K-action preserves w, so j*w is also K-invariant. Hence
j*w is basic. Since 7 is the quotient map, there is a unique two-form w,eq on M eq
satisfying

T Wred = J W, (4.14)
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Moreover, j*w is closed. Since 7 is a surjective submersion, (4.14) implies that w,eq is
closed.

It remains to prove nondegeneracy. At W € M, the moment-map identity gives
TwM ={Y : w(K(W),Y) =0 for all £ € £} = Vi,
where V55, denotes the symplectic orthogonal of V. Hence
(TwM)* = Vw)” = Vw.
Let Y € Tiw)M,eq lie in the kernel of wyeq, and choose a lift Y € Tyw M. Then
w,Z)=0  forall Ze TwM.

Thus
Y € (TwM)w = Vw.
Therefore (dm)wY = 0, and hence Y = 0. This proves that wyeq is nondegenerate. [

Proof of Theorem 4.8. The action of K preserves g by Proposition 4.1. Since the
action on M is free and proper, the quotient map 7 is a submersion. The g-orthogonal
complement of the vertical distribution therefore gives the smooth horizontal distribu-
tion

Hw = TwM N V.

ForY,Z € Tiw)Meq, let yhor 7zhor ¢ 24\ be the unique horizontal lifts. Define

Grea(Y, Z) = g(Y'Por, ZPom). (4.15)
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The definition is independent of the representative W because the K-action preserves g
and carries horizontal spaces to horizontal spaces. It is smooth because the horizontal
distribution is smooth. It is positive definite because a nonzero tangent vector
downstairs has a nonzero horizontal lift. Formula (4.15) is forced by the Riemannian

submersion condition, so the metric is unique with this property. Thus

T (M7g’j\/{) — (Mredagred)

is a Riemannian submersion. O

Proof of Theorem 4.9. We first prove the J-invariance of the horizontal distribution.

Let £ € €and Y € TwM. Since Y is tangent to p~1(0), Theorem 4.2 gives

0= d(u, §)(Y) = w(K(W),Y) = g(JKe(W),Y).

Thus
JK:(W) € (TwM)*,

and therefore

JVw C (TwM)rs. (4.16)

Now let H € Hw. For every & € &,

A, &) (JH) = w(K(W), JH) = g(JK(W), JH) = g(Ke(W), H) =0,

because H is horizontal. Hence JH € Tw M. Moreover,

9(JH, K¢(W)) = —g(H, JKe(W)) =0
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by (4.16), since H € TwM. Thus JH is both tangent to M and orthogonal to V.
Hence

JHw C Hw.

Since J% = —1I, equality holds, so Hw is J-invariant.
The J-invariant horizontal distribution defines an almost complex structure down-

stairs by
JeedY = (d7)w(JY"r), (4.17)

where Y € Hw is the horizontal lift of Y. The definition is independent of the
representative because the K-action is holomorphic and preserves the horizontal
distribution. Since J? = —1I, one has J2, = —1I.

LetY,Z € Tiw)Myed, and let Y1or, Z2T be their horizontal lifts. From (4.14),

wrea(Y, Z) = w(Yhor, zhory,

Using the convention w(,-) = g(J-,), we obtain

Wred(?y Z) = g(JYhora Zhor) = gred<Jred}_/> Z)

Equivalently,
wred(Ya JredZ) = gred(Ya Z) (418)

In particular,

wred(Ya JredY> = gred(Y7 Y) >0

for Y # 0. The standard Kéhler reduction theorem now implies that J..q is integrable

and that

(Mreda Ored) Jred; wred)
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is Kéhler; see, for example, [MS17, Chapter 5]. ]

Proof of Theorem 4.10. By Proposition 4.1, the restriction ¢| is K-invariant. Hence

it factors through a smooth map

¢ : Mg — GL(d, C), o= ¢

The polar-decomposition formula for s shows that s is smooth, and therefore

s:=mos:GL(d,C) = My.q

is smooth. For X € GL(d,C),

Thus

pos= idaL,c)- (4.19)

Conversely, let [W] € M,eq, and set

X = ¢([W]).

Then W € ¢ '(X) N M = Ox. By Proposition 4.6,

OX = KS(X)

Hence [W] = [s(X)], and therefore



Thus

50¢ =idy,. (4.20)

Equations (4.19) and (4.20) show that ¢ is a diffeomorphism with inverse .
It remains to identify the complex structure. Let Jiq denote the standard complex

structure on GL(d, C), namely multiplication by i on tangent matrices. Let

Y e T[W] M eq )

and choose its horizontal lift Y € Hw, so that

Y = (dr)wY ™.

Then

(d¢)[w}(JredY) = (dﬁg)[w](dﬂ)wuyhor)
= (dg)w(JY™)
= Joa(d)w (Y ")

= Jstd (d(b) (W] Y7

because ¢ is holomorphic. Thus ¢ is holomorphic. Since ¢ is a diffeomorphism

1

and its differential is complex-linear everywhere, the differential of § = ¢! is also

complex-linear. Hence 5 is holomorphic, and ¢ is biholomorphic. O

Remark 4.13. The biholomorphism in Theorem 4.10 identifies the reduced complex
structure on M,q with the standard complex structure on GL(d,C). Thus the
operators 0 and 0 used on GL(d,C) in Chapter 5 are the standard ones. The quotient
contributes the Kahler metric together with its associated symplectic form. It does

not introduce a new complex structure on GL(d, C).
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Bibliographical notes

The general moment-map and Kéahler-reduction framework used in this chapter is clas-
sical. For the original symplectic reduction construction, see [MW74]. For background
on moment maps, symplectic reduction, and Kéhler reduction, see [GS84] and [MS17,
Chapter 5]. In this framework, balancedness is the zero level set of the moment map.

A variational characterization of balancedness on each fibre is given in [LM25].
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Chapter 5

Kahler Potential, Metric, and

Entropy

Having identified GL(d, C) with the quotient M /K, we now compute the quotient
metric, its Kéhler potential, the entropy, and the Ricci form. The calculations make
use of an adapted basis: horizontal directions give the quotient metric, while vertical
directions give the volume of the orbit.

Compared with the argument of [MY26b] for the real DLN, we reverse the order of
proof. In that setting, one first constructs the adapted basis and then uses it to prove
the submersion theorem. In Chapter 4 we identified the quotient by Kéahler reduction.
We first recover the quotient metric and its Kéhler potential by constructing explicit
horizontal lifts. We then return to the full basis on M, where the vertical directions

determine the volume of the orbit Ox and hence the entropy.

5.1 Main results

Throughout this chapter, K = U(d)¥~!, Sy(X) := logvol(Ox), where the volume of
Ox is computed with the metric induced from M, and u4 := vol(U(d)) denotes the

volume of U(d) with respect to the bi-invariant metric induced by the Frobenius inner
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product on u(d).

The quotient metric. We transport the Kéhler structure on M /K from Chapter 4
to GL(d, C) via the map
¢: M/K — GL(d,C).

This defines a Hermitian metric on GL(d, C).

For X € GL(d,C) define

.ANX i\[: X X) Z € Md(C) (5.1)

Theorem 5.1. The Hermitian metric on GL(d,C) transported from the quotient
M/K is

hw(X)(Z1, Zo) = ( Z{ AR (Z2)), 71, Z2 € TxGL(d,C) X My(C).  (5.2)
Its real and imaginary parts define
gN:%h]\U N_\gtha

where gy 1s the Riemannian metric and wy is the associated Kdhler form.

The Kihler potential. The quotient metric is Kéahler for the standard complex

structure on GL(d,C) and admits a global potential that depends only on X*X.

Theorem 5.2. The function

Uy(X) = ];tr((X*X)l/N) (5.3)
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is a Kdhler potential for the Kihler form wy, namely wy =i00V y.

The function ¥y also admits a variational characterization on the fibres of the

map ¢. On the parameter space GL(d, C)", define the ridge functional
1Y )
R(W) = S SIWillP, W = (W ... W) (5.4)
k=1

This functional is a Kéhler potential for the ambient metric on GL(d,C)Y. The

quotient potential Wy is obtained by minimizing R along each fibre Fx.

Proposition 5.3. For every X € GL(d,C),

Un(X) = min R(W). (5.5)

WeFx

Moreover, the minimum is attained precisely on the set of balanced factorizations in
IX N
argmin R(W) = Oy. (5.6)

WeFx

Riemannian submersion. The quotient metric on GL(d, C) is induced from the
metric on the balanced manifold M through the map ¢. The key tool in the chapter is
an adapted orthonormal basis on M that separates directions tangent to the orbit Ox
from directions that project to Tx GL(d, C). In this basis, horizontal vectors determine
the quotient metric, while vertical vectors control the volume of Ox and hence the

entropy.

Theorem 5.4. Let v be the metric on M induced from the ambient Frobenius metric

on GL(d,C)N. Then the map

¢: (MvL) — (GL(d7 C)aQN)
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1s a Riemannian submersion.

Entropy. The entropy is the log-volume of the compact orbit Oy with the metric

induced from M. It depends only on the singular values of X.

Theorem 5.5 (Entropy formula). Let X € GL(d, C) have singular value decomposition

X:QZR*, Z:diag(al,...,ad),

with distinct singular values. Then

1 van(X?)

N—1prd/2 2\ =L
VOl(OX) = Ugq N / det(z ) 2N m (57)
Equivalently,
d N -1 9 van(3?)
Sn(X) = (N —1)logug + 3 log N + log det(X¢) + log an ()’ (5.8)
The formula extends to repeated singular values by continuity.
Corollary 5.6. For every X € GL(d,C),
vol(Ox) det(Ay'x)"? = uf ™, (5.9)

where the determinant is taken for the complex-linear operator AJ_\,}X on TxGL(d,C) =

Mq4(C). Equivalently,
1
Sn(X) = (N —1)logug — §1ogdet(A&71X). (5.10)

Ricci curvature. The identity (5.10) expresses det(Ay'y) in terms of the entropy.

Since the Hermitian matrix of hy is given by Ay'y, we have det hy = det(Ay'y).
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Substituting into py = —iddlogdet hy shows that the entropy is a Ricci potential

for the Kéahler metric hy.

Corollary 5.7. Let py be the Ricci form of the Kdihler metric hy on GL(d,C). Then

Thus 2SN is a Ricci potential for the Kdhler metric hy.

5.2 The metric on GL(d,C)

In Chapter 4, we identified the quotient M /K with GL(d,C). We now compute
the Hermitian metric carried by this quotient. The calculation has two parts. First,
bi-unitary symmetry reduces the problem to a positive diagonal matrix. Second, we
construct horizontal lifts of the matrix units and use them to compute the metric.
Let (g,J,w) be the ambient Kéhler structure on GL(d,C)", and let h be the
associated Frobenius Hermitian form. Let ¢ be the metric on M induced by g. By

Theorem 4.9, the quotient M /K carries a Kéhler structure. By Theorem 4.10,
¢: M/K — GL(d,C)

is a diffeomorphism. We transport the quotient Kéhler structure to GL(d, C) through
®.
The operator Ay x already appeared in Theorem 2.5. Here we recover the same

operator from Kéhler reduction in the complex DLN.

Proposition 5.8. Let Q, R € U(d), and define

(Q,R) : (WN, . .,Wl) == (QWN, WNfl, ceey WQ, WlR*)
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This action is holomorphic and preserves the Hermitian form h. It also preserves M,

commutes with the K -action, and descends under ¢ to
X +— QXR"

on GL(d,C).

Proof. Left and right multiplication by fixed unitary matrices are complex-linear and

preserve the Frobenius Hermitian form. Hence the action is holomorphic and preserves
h.

The action changes only the first and last factors in the product. Since
(QWN) (QWx) = WiWh, (W R ) (WA R*)" = Wi WY,

the equations for balancedness are unchanged. Thus the action preserves M.
Let U = (Uy-1,...,U;) € K. Applying U and then (Q, R), or applying (Q, R)

and then U, gives
(QWNURL), Uv i W UL, ..., UIWLRY).
Thus the two actions commute. Finally,
6((Q.R)- (W, ..., 1)) = QWy - WiR" = Qo(Wy, ..., W1)R".

Therefore the induced action on the quotient is X +— QX R*. O

Fix a positive diagonal matrix

Y. = diag(oy,...,04), o; > 0,
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and set

A =YY =diag(\, ..., \a), AN =g,

Define

For 1 <1i,j <d, let £;; denote the standard matrix units, and define

N 2(N k) 2(k 1)
=0 Z AZNR) \2(=1). (5.12)
k=1

Lemma 5.9. At X =3, the operator Ay x satisfies

AN,X (EZJ) == aijEij-

Proof. By the definition of Ay x in (5.1),

N
Anx(Ey) =Y ( SR
k=1
Since
Yy* = ¥? = diag(o?,...,07),
we have
_ _ AN-R)  2(k-1)
(BL)F By(S'E)F =0, ¥ 0, 7 Ey
Summing over k gives the formula. O]
For 1 <i,j5 < d, define
A = ANTRNL 1<k <N, (5.13)
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and

I35 = (N By, By, .., 4V Ey) € Tw=GL(d, C)N. (5.14)

ijs

Thus the component of I'}; in the k-th layer is c( 2

E;;. The recurrence

e = ne D 1<k<N -1,

is the reason these vectors lie in Tyy= M and are horizontal.

Lemma 5.10. For every i, j, the vector FE lies in Tyws M, is g-orthogonal to Tyws (K -
W=), and satisfies

(dp)w=(T3) = ai; Eij, T35 112 = . (5.15)
Proof. For 1 <k < N —1, let
Fip(W) == Wi Wi — WieW
Then M ={F, =---=Fy_1=0}. At W* = (A,...,A),
(AF)ws(Z) = Zi A+ Nyt — Zih — AZL
Substituting Z = I'}; gives
(dF)ws (T5) = (Ae?s = Nei?) By + (NckD — Ml B

By (5.13),

Nep Dy = ANTEAE = e,

Hence (dFy)w=(T3;) = 0 for every k, so I'}; € Tyw=M.
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Next let € = (En—1,...,&1) € ¢, and set § = {y = 0. The fundamental vector field
generated by € is
Ke(W*)g = &A — A&y

Therefore
N
o(I5 Ke(W™) = R Y tr( (el B (601 = A 1>)
k=1
N—

=R ( U)A - k+1 >(§k)

Thus Fizj is orthogonal to the tangent space of the K-orbit.
The differential of ¢ at W is

(dp)w=(Z) = ivj ANTEZ AR

k=1
Substituting Z = I';;, we obtain
N ..
(do)w=(T5) = > C;(Z”)/\fv”“kf’lEm = ;i Bij.
k=1
Finally,
S (i
HQXWH%M—Zk”—%-
k=1
This proves (5.15). O

Proof of Theorem 5.1. Let h}¢d denote the Hermitian metric transported from the
quotient M /K, and let hy denote the Hermitian form on the right-hand side of (5.2).

By Proposition 5.8, the form h%? is invariant under

X+— QXR',  Q,ReU(®).
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The same invariance holds for hy. Indeed, from the definition (5.1),

Anoxr-(QZR) =QAnx(Z)R*,  Q,R e U(d).

Hence

A;\/,IQXR*(QZR*) = Q-Afv,lX(Z) R*.

Therefore

hn(QXR)QZIR, QZ:R") = 6 (QZ1RY) Ay x i (QZ:RY) )
( RZ{Q" QA< (Z:) )

01 Z; Aylx (Z2))

= hw(X)(Z1, Zs).

Thus both Hermitian forms are bi-unitarily invariant. It is therefore enough to compare

them at a positive diagonal matrix .
At W=, define
Y. -1y

By Lemma 5.10, H, 5 is the horizontal lift of £;;. Hence

(D) (Eij, Bre) = h(Hy, Hyy ).

5>

The vectors I';; and I'y, are h-orthogonal when (7, j) # (k,€), because their layerwise

components are scalar multiples of distinct matrix units. Using (5.15), we get

WY () (Eij, Ere) = 6ixbje iy
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By Lemma 5.9, the same basis diagonalizes Ay x with eigenvalues a;;. Therefore
hy () (Eyj, Eie) = ti{ Ej Ay (Bie) ) = Gudje '

Thus higd = hy at 2. Bi-unitary invariance then gives the equality for every X €
GL(d,C).
Taking real and imaginary parts gives the Riemannian metric gy and the Kahler

form wy. Equivalently,
wnx(Z1,22) = St 2] ARk (Z)). (5.16)
Since the Hermitian form is conjugate symmetric, this is the same as

1
wN,X(Zh ZQ) = B

i

{27 AN (Z2)) — 0 Z3 AN (20))]. (5.17)

O

Corollary 5.11. Let X = QXR* be a singular value decomposition, and let w; and v;
be the columns of QQ and R. Then

Ay x(uivy) = aijuvs, Q= Z o N oo; N

Equivalently,

hn(X) (uiv}‘, urvy) = Oidje a;jl.

If
Z=QRr, Z'=@nk,
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then

WNX Z Z Z Oé (@%) (518)

i,7=1
Proof. The formula for Ay x is Lemma 5.9 transported by the bi-unitary change of

variables X = QX R*. The formula for hy then follows from Theorem 5.1. Finally,

( *-ANX ) Z Oéz] CZJmJ?

4,7=1

so taking the imaginary part gives (5.18). O

5.3 The Kahler potential

The formula for the Hermitian metric identifies the quotient tensor. We now show
that its Kahler form is generated by the scalar potential ¥y in (5.3). The proof is a
calculation at a positive diagonal matrix, followed by transport through the bi-unitary

symmetry from Proposition 5.8.

Lemma 5.12. Forr,s > 0,

1

1/N _ _1/N N -
r s _ (Z TW;J) : (5.19)
k=1

r—s

where the left-hand side is interpreted by continuity when r = s. Consequently, if

r; = o2, then

1/N 1/N
i Tj y T 7& rja
agt =4 T (5.20)
ir.l/N ! =T
N 7 ) 7 7
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Proof. The finite geometric series gives
1/N 1/N N N—k k-1
T_S:<rrv/ _S/)ZTTST-
k=1
Dividing by the nonzero factor and then passing to the limit » = s proves (5.19).

Taking r = r; and s = r; gives (5.20). O

Proof of Theorem 5.2. Let w¥ := i00¥y, and let h¥ be the Hermitian form deter-
mined by wy. With the convention h = g + iw, the coefficient of A}, in a holomorphic

coordinate direction Z is

hy(Z,7) =20.0;

UN(X +22). (5.21)

Indeed, 190 f evaluated on the real plane spanned by Z and iZ gives 20,0:f.

Both wy and Wy are invariant under the left-right action
X+— QXR", Q, R € U(d),

and so is wy. It is therefore enough to work at a positive diagonal matrix

Y = diag(oy,...,04), T = o7

We first assume that the numbers rq,...,r4 are pairwise distinct. The general case
follows by continuity at the end of the proof.

The stabilizer of 3 contains the diagonal subgroup

D +— (D, D), D = diag(el”, ..., e%).
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Its differential acts on the matrix units by

Eij — ei(ei_ej)Eij .

Since hY is invariant under this stabilizer, the off-diagonal directions are orthogonal

to one another and to the diagonal subspace:

It remains to compute the off-diagonal coefficients and the diagonal block.
First let ¢ # j and set

Then
X(Z)*X(Z) = 22 + ZO'Z'EZ‘J' + EO'Z‘EJ‘Z‘ + |Z|2Ejj.

The only nontrivial block is the block on span{e;, e;}:

T oy
Bij(z) =

iz T+ |2|?

Write ¢ = |z|?, and let p;(t) and p;(¢) be the two eigenvalue branches of B;;(z) satisfying

pi(0) =7, p;i(0) =r;.

Since

pit) +pi(t) =ritrj+t, pi(t)p(t) =riry,
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we obtain

PO +(0) =1, rip(0) +7igh (0) = O,

Thus

i

p;(0) s p;(0) —

T

The remaining eigenvalues of X (2)*X(z) are constant, so

Un(X(2) =¥y(2)+ Z(pi(t)lm 4 pj(t)l/N _ ril/N B T;/N)

Therefore

) = N0+ Lot )

2(7205 NT’Z N j
1/N 1/N
’l“‘/ - 7“4/
v J _ -1
= = aij ,
T Tj

where the last equality is (5.20). Hence
hy(Eij, Eij) = aj;' (i # 7).
We now compute the diagonal block. If 7 # j, set
X(z,w) =YX+ 2E; + wEj;.
Then X (z,w)* X (z,w) is diagonal, and the only entries depending on z and w are
loi + 2]%, o +wl.

Thus Wy (X (z,w)) is the sum of a function of z, z, a function of w, w, and a constant.
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Therefore

0,04 Un(X(z,w)) =0,

z=w=0

and hence
hy(Ei, Ej) =0 (i # ).

It remains to compute the diagonal coefficient. Set

Then
X(2)'X(z) = diag(rl, e 2]A ,rd),
and hence
N
(X () = Un(E) + 5 (Jo 4 2P = a2/).
If
u(z, 2) = oy + 2%,
then
ou| = oy, ozu| = oy, 0,0su| = 1.
0 0 0
The chain rule gives
20,0:] Wn(X(z)) = N(l (1 - 1)#”%? + 1r.1/N1>
zZYz 2=0 N N N 7 7 N 1
1 _
=y = et

Thus

hy(Eij, Bre) = 0ibje iy
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By Corollary 5.11, these are exactly the coefficients of the Hermitian metric hy at >.
Therefore

hy = hy and hence Wy = Wy

at every positive diagonal matrix with pairwise distinct entries.

Both sides are smooth, bi-unitarily invariant real (1, 1)-forms on GL(d,C). Since
positive diagonal matrices with pairwise distinct entries are dense in the positive
diagonal cone, and every matrix in GL(d, C) has a singular value decomposition, the

identity extends to all of GL(d, C). O

5.3.1 The potential as a minimum on each fibre

We next prove the variational characterization of ¥y. Throughout this subsection, R
denotes the ridge functional in (5.4). The function R is also a Kéhler potential for
the ambient Frobenius metric on GL(d, C)". After reduction, its minimum on each

fibre gives the quotient potential.

Proof of Proposition 5.3. The fibrewise minimum principle, Theorem 2.8 from Chap-

ter 2, applied to the ridge functional, gives

argmin R(W) = Oy.

WeFx

Thus it remains only to compute the minimum value.

Write a singular value decomposition

X =QXR", Y = diag(oy, . ..,04),

and set

A =3,
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Then
WX — (QA, A,...,A,AR*) € Oy,
——

N—2 factors

with the evident interpretation when N = 2. Since the K-action is unitary on each
layer, R is constant on Ox. Therefore

min R(W) = R(W¥) =

WeFx

a N
o tr(A%) = = tr(X2/N).
k=1 2

DN | —

On the other hand,

X*X = R¥*R*, (X*X)YN = RY¥NR*.
Taking traces gives

];[tr(Ez/N) = ];]tr((X*X)l/N) = Uy(X),

by (5.3). This proves the asserted minimum formula and the asserted description of

its minimizers. ]

The equality in Proposition 5.3 is structural. It follows from how the ridge
functional behaves under Kéhler reduction.

Indeed, R is K-invariant and satisfies
100R = w

on the ambient Kihler manifold GL(d, C)". Hence the restriction of R to M = p~1(0)
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descends to a function
wred : M/K — Ra 7vbred([m/v]) = R(W)

IfY,Z € Tiw)(M/K), and if Y, Z are their horizontal lifts at W € M, then

(1001ca) (Y- 2) = (100R) (Y, 2) = ww (Y, Z) = (wrea) (Y Z).

]

Thus ,eq is a Kéhler potential for the reduced Kéhler form on M /K. After transport
by ¢, it becomes a Kihler potential for wy on GL(d, C).

Under the identification
¢: M/K — GL(d,C),
this descended function becomes
(rea 007 )(X) =R(W), W€ Ox.

By the fibrewise minimum principle, Oy is precisely the set of minimizers of R on
Fx. Therefore
(Yrea © ¢ ) (X) = min R(W) = Uy (X).

WeFx

Thus the quotient Kéhler potential ¥y is the minimum value of the ambient Kéhler
potential R on the fibre Fx. Equivalently, the argument in this subsection gives a

second proof of Theorem 5.2 from Proposition 5.3.

Remark 5.13. Proposition 5.3 concerns the ridge functional. The Kirwan—Ness func-
tional

EOW) = o (W)
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has a different role. On a fibre Fy,

in £&(W) = in&(W) =0
Juin £(W) =0, aég;er;l)l{n() X,

because M = p~1(0) and Ox = Fx N M. Thus € drives the flow toward balancedness,

while R produces the nonconstant scalar potential Wy on the quotient.

5.4 An orthonormal basis on M

For W € M with X = ¢(W), the tangent space Tyw .M splits into directions tangent
to the K-orbit through W and directions orthogonal to that orbit. The orbit directions
are precisely the vertical directions for the quotient map, and they lie in the kernel of
d(p|pm)w. We write

Hw = TwM N Ty (K - W)Lo.

Then
TwM = TW(K . W) ® Hw

as a g-orthogonal direct sum. We construct an orthonormal basis adapted to this
splitting. Its vertical part describes the orbit geometry of Ox, and its horizontal part
projects to an orthonormal basis of TxGL(d, C) for the quotient metric.

The construction is most transparent at a diagonal representative

W = (A,...,A), A =XV,

At this point the fundamental vector field has the layerwise form

K (W), = 6A — AG .
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After choosing the standard real basis of u(d) used in Proposition 5.16, each vertical
component is described by a string of coefficients along the depth direction. The zero
endpoint conditions { = £y = 0 determine the vertical modes. In the off-diagonal
components, restoring the two endpoint coefficients gives a second-order recurrence
whose two geometric solutions are the horizontal lifts constructed in Section 5.2.
Thus the vertical and horizontal bases arise from the same layerwise recurrence, with

different endpoint conditions.

5.4.1 Vertical directions

Let

X = QXR*, A =XV WX = (QAA,...,A,AR*) € M.

For X =3, write

By Proposition 4.6,
Ox = K-W*.

Let 7 : M — M /K be the quotient map. Since ¢| = ¢om and ¢ is a diffeomorphism,

the kernel of d(¢|) is the vertical space of 7.

Lemma 5.14. At W,

Tws(K - W¥) = ker(d(¢|um)) .y, = Tw= M Nker(do)ws.

WE

Proof. Since ¢|y = ¢ om and ¢ is a diffeomorphism,
ker(d(¢|am)) s = Ker(dm)we.
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The kernel of (dm)ws is the tangent space to the K-orbit through W*. This proves
the first equality. The second equality follows from the definition of the differential of

a restriction. 0

For 1 <i < j <d, define

By + Ej), (5.22)

and for 1 <4 < d define

The vectors in (5.22) and (5.23) form a real orthonormal basis of u(d) for the Frobenius
inner product.

For € = (Ex_1,...,&) € E=u(d)N 7L, set & = &y = 0. At the diagonal representa-
tive,

Ke(W»), = &A — A&, 1<k<N. (5.24)

For1<m <N —1, let

2
Sm(k) = /< sin mek’ 1<k<N-1. (5.25)

The vectors s, = ($;(1),...,8,(N —1))" form an orthonormal basis of R¥~! and

diagonalize the tridiagonal matrix

Cn-1= : (5.26)
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Indeed,

mn mnr
CN_15m = KmSm., =2 —2cos — = 4sin® —.
N_18 KmS Kom cos sin N
Lemma 5.15. Let a = (ay,...,any_1) € RN and set ag = ay = 0.

1. For 1 <i<j<d, if & = apA;j or & = aS;j, then
IK(W)2 = a7 (s = Ao + AACx
2. For1<1i<d, if & = apD;, then

IKe(W)[l7 = Aa' Cx-sa.

(5.27)

(5.28)

(5.29)

3. The sectors indexed by different pairs (i, ) are mutually orthogonal. The families

generated by A;;, Si;, and D; are also mutually orthogonal.

Proof. We use (5.24). For A

17

1

A = 7(AjEij - AiEﬁ), AA;; = L(AiEij — AjEﬁ)-

V2 V2

Thus
1

N

Taking the Frobenius norm and summing over k gives

Ke(W™),, =

N1
W)= 3 5 (e = Aaw)* + var = har1)?)
k=1
N— N-2
= (A + X)) Z P20 D) apaks
k=1 k=1

=a' (()\z — /\j)QIN_l + )‘i)‘jCN—l)a-
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The same calculation applies to S;;, since

i

Si;A
R

(VWEs+NE),  AS, =

For D;, one has D;,A = AD; = i\;E;;. Hence

i

V2

Ke(W?>);, = i\i(ag — ap_1) By,

and therefore
N

IKe(W2)[12 =X (ar, — ar—1)* = Na' Cy_1a.

k=1

The orthogonality follows because different sectors involve orthogonal matrix units in

each layer.

For1<i<j<dand1<m<N —1, define

mm
)

,uz'j,m = )\12 + )\? - 2>\1)\j COS —— Vi

N

Also define elements of £ by

(&G = sm(E)Aij, (&5 )k = 5m(K) Sy,

Proposition 5.16. The vectors

—-1/2
Hijom

s (W),

—1/2
Kea (W), VK

. Figm

m = 47 sin? %
(fzj,jm>k = Sm(k)Dz

]

(5.30)

(5.31)

where 1 <1< 7<d,1<i<d,and1 <m< N —1, form a g-orthonormal basis of

Tw=(K - W>).
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Proof. By Lemma 5.14, the vertical space is the tangent space to the K-orbit. By
Lemma 5.15, the metric on this space splits as the orthogonal sum of the diagonal

blocks A?C'y_; and the off-diagonal blocks
(A — >\j)2[N—1 + AiACnog.

The vectors s, diagonalize Cy_1 by (5.27). Therefore the vectors in (5.31) diagonalize

all blocks. The corresponding eigenvalues are fi;; ., and v; ,, from (5.30). The count

2(N —1) (g) +d(N —1) = (N —1)d* = dimg Tw= (K - W)

proves completeness. O]

5.4.2 Horizontal directions and endpoint coefficients

The horizontal lifts F?j were constructed in Section 5.2. We now record their role
in the basis of Tyy=M and relate them to the two coefficients excluded by the zero

endpoint conditions ag = ay = 0.

Proposition 5.17. Let
sz = Tsz N Twz (K . Wz)lg.

The vectors
T . —1/2% o
hij =y Fij, 1 <4,y <d,

form an h-orthonormal complex basis of Hws. Equivalently,

{hi:, Jhi; 1 <i,j <d}

150
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is a g-orthonormal real basis of Hws. Moreover,

(dg)ws(hE) = o, Ei. (5.32)

ij

Proof. By Lemma 5.10, each FZ-E]- lies in Tyw=.M, is orthogonal to the vertical space,
and satisfies

T2 = iy

The same layerwise calculation gives

h(FZ FEZ) = 6ik5ﬂ Oéij.

R

After normalization, the vectors h?j are therefore h-orthonormal and lie in Hys=.
By Theorem 4.9, the horizontal distribution is J-invariant. Hence Hyws is a

complex vector space. Its complex dimension is
1 1
5 (e M — dim (- W) = 2((V + D = (N = D)) = 2

Thus the d? vectors h?j form a complex basis. The real orthonormal-basis statement

follows by adjoining their J-images. Finally, (5.32) follows from (5.15). O

Theorem 5.18. At W,
TwsM = Tyws (K - W) @ Hye

as a g-orthogonal direct sum. A g-orthonormal real basis is obtained by taking the

normalized vertical modes from Proposition 5.16 together with

JhZ

75

hE

o, 1<i,j<d.
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Proof. The horizontal space is the g-orthogonal complement of the vertical space inside
Tws=M. The vertical basis is orthonormal by Proposition 5.16. The horizontal basis
is orthonormal by Proposition 5.17. The two families are orthogonal by construction

and have total real dimension
(N —1)d* +2d*> = (N + 1)d* = dimp M.

]

The basis in Theorem 5.18 uses the endpoint conditions ay = ay = 0 in each
off-diagonal sector. We now restore the coefficients ag and ay and keep aq,...,an_1

as interior variables.

Lemma 5.19. Fiz 1 < i < j <d, and let a = (ao,...,ax) € RN In the Ay;- or
Sij-sector, allowing the endpoint coefficients ag and an to vary gives the quadratic

form
aTlNLgV)a,
where
FAT AT A
LY PG D G WY
Y = . (5.33)

AN AZEAZ A,

=N 3 (AT A

The restriction ay = any = 0 is the off-diagonal block in (5.28).

Proof. Repeat the calculation in Lemma 5.15 without imposing ay = ay = 0. The
interior coefficients appear twice in the sum over layers, while ay and ay appear once.

This gives the first and last diagonal entries in (5.33). Setting ag = ay = 0 removes
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the first and last rows and columns, and the remaining block is the one in (5.28). [

Proposition 5.20. Fiz 1 <i < j <d. For the block EEJN) in (5.33), the stationarity

equations in the interior variables aq,...,an_1 are
—)\i)\jak,1 + ()\12 -+ Af)ak — )\i)\jakﬂ = O, 1 S k S N —1. (534)
This recurrence has the two geometric solutions

— N
a0 = NANE g ANEAE )< k< V. (5.35)

zgk -

These two solutions give the horizontal lifts h3; and h;:, respectively.

Proof. Treat ag and ay as fixed and differentiate aTﬁgjv)a with respect to a; for
1 <k < N —1. The factor 2 from differentiating the quadratic form is irrelevant, and
the resulting equations are exactly (5.34).

Substituting either sequence in (5.35) into (5.34) verifies the recurrence. If

5k =V By, 7 = AN
then, for 1 < k < N,
N ij 0 i
agj,k)q = )\icéj)a az(j,)kq = Ajcl(cj )

Thus agj ) is the sequence of coefficients of I';, while ag-])

ol is the sequence of coefficients

of FJZZ After normalization these are the horizontal vectors hZEJ and hjzl O

Remark 5.21. The vertical modes satisfy the endpoint conditions ag = ay = 0.
Restoring those two coefficients enlarges the off-diagonal block to hza , and the two

geometric solutions in (5.35) give the missing horizontal directions.

115



If /\z = >‘j7 then

BN — )2

[

This matrix is singular, with kernel spanned by (1,...,1)". Thus the enlarged off-
diagonal block acquires a zero mode when singular values collide, as noted in [MY26b,

Remark 12].

Corollary 5.22. Let X = QX R* have distinct singular values, and let
WX = (QA A, ..., A,AR*) € M.
Define
AQ,R(WNa s 7W1) = (QWN7 WN—17 ) W27 WlR*)

Then Ag g is a complex-linear isometry and Ag r(W>) = W*. Applying (dAg r)w>
to the basis in Theorem 5.18 gives a g-orthonormal basis of Twx M. In particular, if

hfj(- denotes the transported horizontal vector, then

(dop)wx (hfjf) = al/Quiv*

ij 3’
where u; and vj are the singular vectors of X.

Proof. The map Ag g is a complex-linear isometry by Proposition 5.8. Hence its
differential sends orthonormal bases to orthonormal bases. The formula for the

projected horizontal vectors follows from (5.32) and bi-unitary invariance. O
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5.4.3 Riemannian submersion

The basis gives a concrete form of the submersion stated in Theorem 5.4: the vertical
vectors span the kernel of d(¢|r), and the horizontal vectors project to an hy-

orthonormal complex basis of Tx GL(d, C).

Proof of Theorem 5.4. Let m : M — M/K be the quotient map. By Theorem 4.8,
the map
7 (M) — M/K

is a Riemannian submersion for the reduced metric on M /K. By Theorem 5.1, the

metric transported from M /K to GL(d,C) through ¢ has real part gy. Hence

is an isometry. Since

dlm=gom,

the map
(b : <M7 L) — (GL(dv C)agN)

is a Riemannian submersion. O

5.5 Entropy and Ricci curvature

5.5.1 Entropy formula

We now return to the vertical directions in the adapted basis constructed in Section 5.4.
The horizontal directions determine the metric on GL(d, C) obtained from the quotient.

The vertical directions determine the metric induced on the orbit Oy, and therefore
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its volume.
Recall that
Sn(X) = logvol(Ox),

where the volume is computed using the metric induced from M.
Let
X =QLRrR", A=3YV,

be a singular value decomposition of X, and set

WYX = (QAA, ..., A, AR") € Oy.

By Proposition 4.6,
Ox =K -W¥.

Proposition 5.23. The map

px : K — Ox, px(U) =U - WX, (5.36)

is a diffeomorphism.

Proof. Proposition 4.6 gives surjectivity. By Proposition 4.4, the stabilizer of W¥ is
trivial, so yx is injective.

At the identity,

(dyx)e(§) = K(W™), e TLK =u(d)"".

If (dyy)e(§) =0, then K¢(W*) = 0. Freeness gives £ = 0, so (dyx). is injective.

For V € K, let ¢y denote left translation on K and let Ly denote the action of V'
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on Ox. Then

px oly = Ly oyx.

Since ¢y and Ly are diffeomorphisms, injectivity of (dyy). implies injectivity of (dyx)y
for every U € K. Thus px is an immersion.
The domain K is compact and Ox is Hausdorff. Hence a bijective immersion

K — Oy is an embedding, and therefore a diffeomorphism. n

Let

X = U}(L’OX)’

where ¢ is the metric on M induced by the ambient Frobenius metric.

In Chapters 2 and 3, we used ¢, for vol(O(d)). In the complex case we write
ug == vol(U(d)),

where the volume is taken with respect to the bi-invariant metric induced by the

Frobenius inner product on u(d). Thus
vol(K) = u) ™"
Proposition 5.24. The pullback metric vx is left-invariant. Consequently,
vol(Ox) = ul ~ det yx (€)', (5.37)

where the determinant is computed in any basis of T,K = u(d)N~1 that is orthonormal

for the product bi-invariant Frobenius metric on K.

Proof. For V € K, let £y : K — K be left translation and let Ly : Ox — Ox be the
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restriction of the action of K:

Then

px oly = Ly opx.

By Proposition 4.1, the action of K is isometric for «. Therefore

Cyyx = Lyyx(tloy) = vx Ly (tloy) = vx (tloy) = 1x-

Thus ~x is left-invariant.

Choose a basis of T, K that is orthonormal for the product bi-invariant Frobenius
metric, and left-translate it to a global frame on K. Since both the product metric
and vx are left-invariant, the matrix of «vx in this frame is constant and equals the

matrix of yx(e). Integrating the resulting volume form gives (5.37). O

Proposition 5.25. In the basis

A S D
{gij,rm ©J,m) gz,m}

of T.K corresponding to the vertical part of the adapted basis, the metric yx(e) is

diagonal. Its diagonal entries are

’}/X(e)< g,m7 g,m) = /Li]'»m? P)/X(e)( fj,m’ S,m) = :uij:m7

and

¥x(€)(Eims Eim) = Vim-
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Consequently,
—1

d N N—1
detyx(e) =TI [T vim II 1I N?j,m (5.38)
i=1lm

=1 1<i<j<d m=1

Proof. By the definition of the pullback metric,

Yx(€)(§m) = twx (Ke(WX), K, (WY)).

The map in Proposition 5.8 sends W= to W* | is an isometry, and commutes with the
action of K. Hence the Gram matrix at W¥ is the same as the Gram matrix at W>.

Lemma 5.15 diagonalizes the vertical blocks at W*. In the notation of Section 5.4,

mm
.2
CN_15m = EmSm, Ky = 4sin oN

Hence the eigenvalues of the A;;- and S;;-blocks are

mim

()\z — )\j)Q + )\i)\j/fm = )\12 + )\? — 2)\1)\] COS N = Hijm,
and the eigenvalues of the diagonal phase block are
)\?/im = Vim-

This proves the diagonalization. Taking the product of the diagonal entries gives
(5.38). [

Lemma 5.26. The eigenvalues in Proposition 5.25 satisfy

N-1 2(N-1)

Vim = NXWVY = Nog, & (5.39)
m=1
N-1 N-1 N

Higm = D A TOAN (5.40)
m=1 /=0
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When \; # \;, the second identity is equivalently

N-1 /\2N — )\2N 0'.2 — 0'2.
H Hijm = 2)\2 )\é - 2/1@ JQ/N' (5.41)
m=1 i Y g, — 0y

At \; = \j, the quotient in (5.41) is interpreted through the polynomial extension in
(5.40).

Proof. For (5.39), use

2
Vim = )\z K -

The numbers k,, are the eigenvalues of C'y_1, and

N-1
H Ry = detC’N_1 = N.
m=1
Therefore
N-1 N-1
I vim = X T o = NATYD.
m=1 m=1

Since AN = o, this proves (5.39).

For (5.40), write

mm
Lijm = A7 — 2X\;\j cos b + /\§.
The identity
N-1 2N
-1
11 (z2 — 2z cos % + 1) = 222 =7 (5.42)

m=1
holds as a polynomial identity, with the right-hand side interpreted by its polynomial

extension at z = 1. Substituting z = \;/\; and multiplying by )\i(N_l) gives

N—-1 2N _ 2N

T st — AT AT
ijym = T2 32

11 PRy
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when \; # A;. The algebraic identity

2N _ 2N N1

a = G2(N-1-0)32¢
a? — b? e
gives the polynomial extension. Finally, AN = o; gives (5.41). O

Proof of Theorem 5.5. By Proposition 5.24,
vol(Ox) = ul ~1 det yx (e)/2.
By Proposition 5.25 and Lemma 5.26,

N— N-1
det ’YX H H H :uz?j,m
m=1 1<i<j§d m=1

_ det(ZQ)N 1 <m(22))>2 (5.43)

van (32/N

IIE&.

On the locus of distinct singular values, the ratio van(X?)/van(X%*") is positive
because the map ¢ + t'/V is strictly increasing on (0, 00). Taking the positive square
root in (5.43) gives (5.7). Taking logarithms gives (5.8).

It remains to justify the extension across repeated singular values. In the variables

A = 02-1 / N each factor

A2V 2N
NN

is the polynomial

This polynomial is positive for A;, A; > 0. Hence the ratio in (5.7) has a positive
continuous extension through collisions of singular values. Formula (5.43), and

therefore the entropy formula, extend by continuity. m
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The same coefficients «;; that determine the Hermitian metric on GL(d, C) also

determine the determinant of Ay'y. Since
hn(X)(Z1, Za) = (21 AR\ (Z2)),
we compare the volume of Ox with the determinant of the complex-linear operator
Ax'x : Mg(C) — My(C).

By Corollary 5.11,
d

det(Ay'x) = [I ;" (5.44)

1)
1,7=1

Proof of Corollary 5.6. By Corollary 5.11, the basis associated with a singular value
decomposition of X diagonalizes Ay y with eigenvalues «;;. Therefore .A]_V}X has
eigenvalues ozi_jl, and (5.44) holds.

When the singular values are distinct, (5.20) gives

. 2/N\\ 2
det(Ay'yx) = N~ det(x?)v (Van@)>

van(%?)

Multiplying this identity by the square of (5.7) gives the square of (5.9). Both sides
of (5.9) are positive, so (5.9) holds on the locus of distinct singular values.

The two sides of (5.9) are continuous on GL(d, C), and the locus of matrices with
distinct singular values is dense. Thus (5.9) holds for every X € GL(d,C). Taking

logarithms gives (5.10). O
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5.5.2 Ricci curvature

We now use the determinant identity (5.10) to derive the Ricci form. For a Kéhler

metric A with Kéhler form w, we use the convention
pn = —i001log det(h,3)

for the Ricci form in a local holomorphic frame. If g = Rh is the underlying Riemannian

metric, then

Ric(U, V) = pp(U, JV).
A local real-valued function f satisfying

pr =100f

is a Ricci potential.
Because GL(d,C) is an open subset of the complex vector space My(C), the
constant vector fields {E;;};; form a global holomorphic frame of T*'GL(d,C). In

this frame define

det hy(X) = det (hn(X)(Ey, EM))@W). (5.45)
Lemma 5.27. For every X € GL(d,C),

det hn (X) = det(Ay'y)- (5.46)

Proof. The matrix units are orthonormal for the Frobenius Hermitian form on M,4(C).
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By Theorem 5.1,
ha(X)(Eij, Exe) = ti{ Ej A (Ere)).

J

Thus the Hermitian matrix of hy(X) in the frame {E;;} is the matrix of the positive

operator Afv,lx in the same orthonormal basis. Their determinants agree. ]

Proof of Corollary 5.7. By the definition of the Ricci form and by Lemma 5.27,
pn = —i0dlogdet hy = —i901og det(Ay'y).
By Corollary 5.6,
—logdet(Ay'y) = 25y — 2(N — 1) log ug.

The final term is constant. Applying i 90 gives (5.11). Hence 2Sy is a Ricci potential.
O

Remark 5.28. The entropy formula in Theorem 5.5 splits as

d N-1 . oi 0o
Sn(X) = (N—1)logug+ —log N + 5N log det(X™*X) + Z log W )

2 1<i<j<d ag; j

where o1,...,04 are the singular values of X, and each quotient is interpreted by the
extension described in Remark 5.29 when singular values coincide. The determinant
term does not contribute to the Ricci form. Indeed, locally on GL(d, C) one can choose

a branch of logdet X, and then
log det(X™*X) = logdet X + log det X.
Thus log det(X*X) is pluriharmonic. The Ricci form is therefore determined by the
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pairwise singular-value term.

Remark 5.29. At a collision of singular values, every quotient of the form

2 2
2/N 2/N

is interpreted through the polynomial extension
i

N-1
Z )\2(1\/—1—6)/\§1z7 A\ = o = YN
(=0

With this convention, (5.7), (5.8), and (5.10) hold on all of GL(d, C).

Remark 5.30. The complex entropy formula above is the ' = C member of a uniform

family over the real division algebras [CN26]. Let

F e {R,C, H}, g =dimgF € {1,2,4}.

Let
O(d), TF=R,
Kra = U(d), F=0C,
Sp(d), F=H,
and write

cpq = vol(Kp 4),

with the Haar-volume normalization induced by the corresponding Frobenius metric.
If ¥ = diag(oy,...,04) is the positive diagonal matrix of singular values of X, then

the entropy of the balanced compact orbit in the full-rank square DLN over F is

2
SJ(\?)(X) = (N —1)logcpq+ élog van(>")

d det X

det(ZU/V)
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Bibliographical notes

This chapter is the complex counterpart of the real quotient geometry developed
in Chapters 2 and 3. The operator Ay x and the metric gy on GL(d,C) coincide
with the tensors that arise in the real setting. The new ingredient here is the Kéahler
framework, obtained from the moment-map description of Chapter 4. It is natural
to ask whether analogous structures exist in the real and quaternionic settings; this
remains open.

The entropy and submersion formulas in [MY26b, Theorem 4 and Theorem §]
provide the real precursors of Section 5.5. The complex entropy formula proved here
has the same Vandermonde structure and corresponds to the § = 2 case of the real,

complex, and quaternionic family [CN26].
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Chapter 6

Geometry of a Fibre Fyx

The balanced quotient satisfies M /K = GL(d, C). In this chapter, we fix X € GL(d, C)
and study the fibre Fy = ¢~1(X). For a factorization W = (Wy,...,W}), set
Yy = W+ Wy and Hy, = Y}*Y,. Then Hy = Id and Hy = X*X, and K = U(d)V !
acts by unitary changes of intermediate coordinates. The collection (Hy,..., Hy_1)
identifies the quotient Fy/K with PY~!. Under this identification, the balanced
condition means that the sequence (Hy) consists of the points at times k/N along the

geodesic, with respect to the trace metric on the positive-definite cone, from Id to

XX,

6.1 Main results

Throughout this chapter X € GL(d,C) is fixed. For W € Fx, set Y, = Wy --- W,
and Hy =Y,"Y,. We also set Hy =1Id and Hy = X*X.

Let Py = {H € Herm(d) : H > 0} be the cone of positive-definite Hermitian
matrices.

In this chapter, we identify Fy /K = IP’ilV ~! rewrite the moment equations in these
coordinates, characterize the balanced path as the geodesic from Id to X*X for the

trace metric, and compute the ridge functional on the quotient.
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The quotient of a fixed fibre. Define
gx : Fx — Py, qx(W) = (Hy,...,Hy_1). (6.1)

Proposition 6.1. The map qx is constant on K-orbits and descends to a diffeomor-
phism
Fx/K =Py (6.2)

Thus, modulo unitary changes of intermediate coordinates, a factorization of X
is the same as a sequence Id = Hy, Hy,...,Hy_1, Hy = X*X in P; with fixed

endpoints.

Level sets of the moment map in a fibre. Recall that the moment map is
w(W) = (Gno1(W),....Gi(W)),  Gu(W) =W Wi =W Wi (6.3)

For a prescribed value

set
Me = p " (G) = {W € GL(d,C)N : Gx(W) = Gy for ISk <N -1}, (6.4)

For X € GL(d,C), set
OX,G = ]:X N Mc,. (65)

When G = 0, this is the group orbit Ox, namely the set of balanced factorizations
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over X:

Oxo=Ox = Fx N M. (6.6)

For a general value G, the full group K need not preserve Mg. The subgroup

that always preserves it is

N-1
Kg = H StabU(d)(Gk), StabU(d)(Gk) = {U € U(d) UGLU" = Gk} (67)

k=1

Proposition 6.2. The moment map
v : GL(d,C)" — Herm(d)N™*

is a surjective submersion. Consequently every value of p is reqular, and for every
G € Herm(d)V™!, the level set Mg is a smooth submanifold of GL(d,C)N of real
dimension (N + 1)d>.

Proposition 6.3. The group Kg acts freely on Mqg. Moreover, for every U € Kg
and every W € Mg,
B(U - W) = (W),

Hence Kg preserves Ox g for every X € GL(d,C).

The reduced moment equations. We now write the moment equations in the

quotient coordinates. Let Y, = Vi, H ,i/ ? be the polar decomposition of the kth partial

product. For 1 < k < N — 1, define
o.(H) := H’H " \H?> — H,'*H, . H, . (6.8)

This depends only on the three consecutive terms Hy_1, Hy, and Hy,q.
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Proposition 6.4. For every W € Fx and every 1 <k < N —1,
G (W) = iy ()} (6.9)
For A € Herm(d), write
Ady)(A) .= {UAU" : U € U(d)}.
Define the reduced moment set
Rxc = qx(Oxg) C PY 7.
Theorem 6.5. For every X € GL(d,C) and every
G = (Gy_1,...,G1) € Herm(d)V 1,
the image of Ox g under the quotient map qx s
Rxg = {H e PY 1 @y (H) € Adya)(Gy) for every 1 <k < N — 1}. (6.10)
Moreover, the fibres of the restricted map

QX‘ : OX,G — Rx g

Ox.a
are precisely the Kg-orbits.

For fixed X and G, the slice Ox ¢ may be empty. In that case Rx g := ¢x(Ox.c)
is empty. The surjectivity of u ensures that Mg itself is nonempty and smooth. It

does not imply that every fixed fibre Fx meets Mgq.
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The path selected by balancedness. Introduce the multiplicative increments
I, := H; ' Hy, 1 <k < N. These matrices need not be Hermitian, but each is similar

to a positive-definite Hermitian matrix.

Lemma 6.6. For every 1 <k < N —1,
®p(H) = HY* (I, — M) H, V2. (6.11)

Consequently,

OL(H) =0 = My = 1y
Proposition 6.7. For H € ]P’év_l, the following are equivalent:
1. ®(H) =0 for every 1 <k < N — 1.
2. 11 =1ly = - - - = Iy, where Il = H,;llHk.

Corollary 6.8. For G =0,
Rxo = {((X" X))V, (X x)N-DN) L
Equivalently, the unique path corresponding to balancedness is
H, = (X*X)"N ~ 0<Ek<N. (6.12)

In particular,

Ox,o = Ox

is a single K-orbit.

133



We equip P; with the trace metric
g5(A,B) =tr(H'AH'B), A, B € TyPy = Herm(d).

Proposition 6.9 ([Bha07]). Let A, B € P;. The geodesic of the trace metric joining
A to B is
A(t) = AV (ATPBATAY AR 0<t<L

Along this geodesic,
d

dt(v 7) 0.

Corollary 6.10. The path corresponding to balancedness
H,= (X*X)"N — 0<Ek<N,

is obtained by sampling the geodesic of the trace metric from 1d to X*X at the times
t="Fk/N.

The ridge functional and the Kéahler potential. Let
N

be the ridge functional on the fixed fibre.

Proposition 6.11. For every W € Fx with H = qx(W),
R(W) = Z tr(HeH ). (6.13)
23

Here Hy =1d and Hy = X*X. In particular, R is constant on K-orbits and descends
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to the smooth function

Rx P71 — R, Rx(Hy,...,Hy_1) =

N
> tr(HeH ).

k=1

N | —

Proposition 6.12. The critical points of

Rx(Hl, Ce 7HN—1) =

DN | —

N

> tr(HpH )

k=1

with Hy = 1d and Hy = X*X are precisely the paths satisfying
H ' Hy, = H; "Hyy, 1<k<N-1

Hence the unique critical point of Rx is the path Hy = (X*X)*N 0 <k < N. This

path is the unique minimizer of Rx on Pév_l.

Corollary 6.13. On the path H,, = (X*X)*N 0<k < N, one has

N
Rx(Hy, ..., Hy_1) = Etr((X*X)l/N) (6.14)
Consequently,
. N .
Jnin R(W) == tr((XTX)N) = Wy (X). (6.15)

Barrier, entropy, and Ricci curvature. On the positive-definite cone P;, consider

the logarithmic barrier

B:P;, — R, B(H) := —logdet H. (6.16)
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For H € Py and U,V € TyP; = Herm(d), one has
D?*By(U, V) =tr(H'UH V).
This is exactly the trace metric on Py:
g (U, V) =tr(H'UH'V).

Thus the trace metric is the Hessian metric associated with the logarithmic barrier.
In the coordinates on the quotient Fx /K, the path corresponding to balancedness is
the geodesic of the trace metric joining Id to X*X.

Together with Chapter 5, we therefore have three scalar potentials:

N
(6.17)
They play different roles. The barrier B generates the trace metric on Py. The function

U generates the Kéhler form of the quotient metric on GL(d, C):
wy =i 00U y.
The entropy Sy generates the Ricci form of the same quotient metric:
pn = 2i 00Sy. (6.18)

Here py is the Ricci form of hy. Equivalently, 2S5y is a Ricci potential for hy.
This separation is worth comparing with barrier geometry in conic optimization. In

optimization theory, the Hessian of a barrier function defines a Riemannian metric that
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governs the local geometry used by Newton and interior-point methods [NN94; NT97;
Giil96]. Hildebrand’s canonical barrier construction goes further. For a regular convex
cone, the canonical barrier is characterized, after normalization, by a Monge-Ampere
equation of the form

log det D*F = 2F + constant.

Since the Hessian of F' defines the metric and the Ricci form is obtained from
—i90log det D2F, this equation implies that the associated metric is Kahler—Einstein
[Hil14]. In that setting, a single potential determines both the metric and the Ricci
form.

In the DLN, the metric and the Ricci form are not determined by a single potential.
To see the obstruction, write

H=X"X.

The entropy formula from Chapter 5 has the form

N -1
SN(X> = CN,d + 10gdetH+IN(X),

where
v 02 — 52
0g
& 2/N O_j?/N
The term log det H is the contribution from the barrier. But locally on GL(d, C),

log det(X*X) = logdet X + log det X,

SO

i 00 log det(X*X) = 0.
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Therefore the Ricci form is determined entirely by the singular-value interaction:
PN = 21 85:[]\[

Consequently, the cone barrier controls the trace geometry of the fixed-fibre
quotient, but it is invisible to the Ricci form on the space of end-to-end matrices. The
curvature of the DLN quotient metric comes from the interaction term Zy. If hy were

Kaéahler—Einstein, then locally one would have
258 — AUy

pluriharmonic for some constant A, since py = Awy. The entropy formula shows
that any such identity must arise from the interaction term, not from the logarithmic
barrier. This is the obstruction to a Kahler—Einstein interpretation. The metric is
generated by ¥y, while the Ricci form is generated by Sy, and these do not coincide.
In contrast, in the canonical barrier setting of Hildebrand, a single potential determines

both the metric and the Ricci form, which yields a Kahler-Einstein metric.

Coordinates from the left endpoint. Define the left-end partial products
Zy =Wy Wi, 0<k<N, (6.19)
with Zy = X and Zy = Id, and set
H,:=ZxZ:, 0<k<N. (6.20)

Then
Ho=XX*  Hy=1Id. (6.21)
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Proposition 6.14. For every W € Fx and every 0 < k < N,
H, = XH'X*. (6.22)
Consequently, the left-end variables give the same quotient Fx /K as the variables

(Hy,...,Hy_1), with the two endpoint conventions related by (6.22).

Corollary 6.15. In the left-end variables, the ridge functional descends to

1 = = ~ —~
Rx=5> tr(He o Hy'),  Ho=XX", Hy=Id. (6.23)
k=1

On the balanced path,
Hy, = (XX)YHN o<k <N. (6.24)

Thus the left-end variables sample the geodesic of the trace metric from X X* to 1d at
the times t = k/N.

6.2 Level sets of the moment map

Recall that G = (Gy_1,...,G1) denotes a prescribed value of the moment map,
Mea = p (G), and
Oxg =FxNMg.

The quotient Fx /K removes the unitary factors at the intermediate layers. The
level set Mg, by contrast, fixes the values of the moment map. For G = 0, these two
sets meet in the group orbit Ox. For a general value G, only the stabilizer K¢g is

forced to preserve the level set Mg.
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Proof of Proposition 6.2. We first prove that p is onto. Fix
G = (Gn_1,...,G1) € Herm(d)N 1.
Choose ¢ > 0 large enough that the Hermitian matrices
N-1

Ay = cld, A ::cId—i—ZGZ, 1<kE<N-1,
=k

are all positive definite. Set

and let W = (Wy, ..., Wj). Then each W, is invertible, and for 1 <k < N — 1,
Gk(W) == WkWI: - W];k+1Wk+1 - Ak - Ak+1 - Gk

Hence u(W) = G.

It remains to prove that (du)w is surjective at every W € GL(d, C)V. Suppose

6 = (SN—la cee ,fl) € u(d)N_l

annihilates im(du)w. Then

d(p, w = 0.

By the identity for the moment map,

LK§W’W = d<:u7 §>W
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Thus tx,w|w = 0. Since w is nondegenerate,
K:(W)=0.
The fundamental vector field has components
(Ke(W)) = &Wi—Wig1, 1<k<N,
where &y = £y = 0. Since W is invertible, the equation
Wi =0
gives & = 0. Inductively, if £,_1 = 0, then
§Wi — Wi&—1 =10

gives & = 0. Hence & = 0.

Therefore the annihilator of im(du)w is trivial. Since the target is finite dimensional
and the pairing between Herm(d)™ ! and u(d)V~! is nondegenerate, (du)w is surjective.
Thus p is a surjective submersion.

The dimension follows from the regular-value theorem:

dimg Mg = dimg GL(d, C)" — dimg Herm(d)" ™ = 2Nd?* — (N — 1)d*> = (N + 1)d*.
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Proof of Proposition 6.3. Let

U= (UN_l,...,Ul) € Kg.

Set Uy = Uy = Id. The action is

(U-W) = UW, U, 1<k<N.

The product telescopes:

(U - W) = (WyURL)(Un-iWr1Ugly) - (UiWh) = Wy - - Wi = ¢(W).

Thus the action preserves every fibre Fx.

A direct substitution in (6.3) gives

Go(U-W) = UGy (W)U, 1<k<N-1.

If W € Mg, then Gi(W) = Gy. Since Uy, € Staby(q)(Gy), we obtain

Gi(U - W) = UpGrU; = Gy,

Hence U - W € Mg. Therefore Kg preserves Mg, and since it also preserves Fy, it

preserves

OX,G = JT"X m./\/lg.

It remains to prove freeness. Suppose U - W = W. From the first layer,

UW, = Wi.
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Since W is invertible, Uy = Id. If Uy_; = Id, then the kth layer equation gives
UWi, = W,
and hence Uy = Id. Induction gives
Up=---=Uy_1=1d.

Thus the action of Kg on Mg is free. O

6.3 Polar factorizations and coordinates on Fx/K

6.3.1 Polar factorizations

Let

W= Wy,...,W;) € GL(d,C)".

For each layer we use both polar decompositions:
Wi = QiPy = RS, (6.25)

where

Pe= (W;W)Y2, Rp= (WWHY2 Qg Se_1 € U(d). (6.26)

Thus Py is the positive factor in the right polar decomposition, and Ry is the positive

factor in the left polar decomposition. Equivalently,

P2 =W;Wy, R =W,W;. (6.27)
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At the interface between Wy and Wy, the kth moment compares the left positive

factor of W), with the right positive factor of Wj:

Ge(W) = W, Wy — Wi, Wiy = R — P2, . (6.28)

Hence balancedness is the matching condition

RZ=P%,, 1<k<N-L (6.29)

The same distinction explains the point of view based on polar factorizations in

[Men25]. Suppose that W € Mq. Then, for 1 <k <N —1,

Ry = W, Wy, Pop1 = (R — Gp)'2, Wii1 = Qry1 g1 (6.30)

Since R? = Q1 P2Q;, this recursion can also be written as

P2=W;Wy,  Pu=(QuP}Q;—GpY?,  1<k<N-1 (6.31)

For an actual point of Mg, the matrices under the square roots in (6.30) and (6.31)
are positive definite by construction. Conversely, these positivity conditions are part
of the constraint if one uses (6.31) to construct a point of Mg.

The recursion (6.31) starts from W; and advances with increasing depth. Since
the product is written as

X =Wy Wi,

this advance runs from right to left in the displayed product.
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There is a dual recursion from the other end. If W € Mg, then for 1 <k < N —1,
P2, = Wi Wi,  Rie= (P2 +G0Y?%  Wi=RiS;_,. (6.32)

This recursion starts from Wy and advances with decreasing depth. In the displayed
product it therefore runs from left to right.

The forward recursion is naturally expressed in the right polar decomposition,
whereas the backward recursion is naturally expressed in the left polar decomposition.
A fixed fibre has no distinguished intermediate layer. We therefore pass from the
individual layers to the partial products, and then to their Gram matrices. These

matrices remove the unitary frames introduced by the K-action.

6.3.2 Coordinates on Fx/K

Fix X € GL(d,C), and let
W = (Wy,...,W)) € Fx.
Define the forward partial products by
Yi i= Wy - Wi, 0<E<N, (6.33)

with

Yo=1d, Yy=X.

Then the layers are recovered from the partial products by

Wy =YY, Y, 1<k<N. (6.34)
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Let
K=U(@""

For U = (Un_1,...,U;) € K, set Uy = Uy = Id. Under the K-action on the fibre, the

partial products transform as

It follows that the matrices

HkI:Y]:Yk, 1§]{7§N—1,

are invariant under the K-action. We also use the endpoint convention

Hy=1d, Hy=X"X.

We write

P; C Herm(d)

(6.35)

(6.36)

(6.37)

for the cone of positive-definite Hermitian matrices. With Y, and Hj, as in (6.33)

and (6.36), the map from Proposition 6.1 is

qx : Fx — P71 qx(W) = (Hy,...,Hy_1).

(6.38)

Proof of Proposition 6.1. By (6.35), each matrix Hy = Y,Y} is K-invariant. Hence

qx is constant on K-orbits and descends to a smooth map

Ix  Fx/K — Py
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WeFx +— M,....Yy1) +— (Hy,...,Hy_ 1) € Py
Ve=Wi--- W1,  Hpy=Y}Y.

Figure 6.1: The positive-definite coordinates attached to a factorization in Fx. The partial
products Y; change by left multiplication by unitaries under the K-action; the matrices
Hk = Yk*Yk do not.

We first prove surjectivity. Let
(Hy,...,Hy_1) € PY!
be given. Define
W= HY?, W= HPHY? @<k<N-1), Wy:=XHy"2 (6.39)
Then the product telescopes:
Ye=Wy---Wy=H"?  1<k<N-1,

and

Yy = WaYyo1 = XHY2HV? = X.

Thus W € Fy, and
qX(W) = (Hla--wHN—l)-

We next prove injectivity on the quotient. Suppose that W, W’ € Fyx satisfy

0x(W) = qx(W').
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Let Y; and Y} be the corresponding partial products. Then

Y= (Y)Y, =H, 1<k<N-L

Define
U, =YY 1<k<N-1. (6.40)

Then
U, U, = ka*(Yé)*Yk’kal = ka*Hkkal = Yk**Yk*Ykkal =1d.

Hence each Uy, is unitary. Set Uy = Uy = Id. Using (6.34), we obtain

Wi =YV ) = Uy U = Uy, 1<k <N,

where the cases k =1 and k = N use Uy = Id and Uy = Id, respectively. Therefore

W =U-W

for U = (Un_1,...,U;) € K. Thus gy separates K-orbits.
It remains only to record smoothness of the inverse. The construction (6.39) gives

a smooth section

]P)év_l — fx,

because inversion and the positive square-root map are smooth on Py. Passing this

section to K-orbits gives a smooth inverse to gy. Hence

Ty : Fx/K — PJ1

is a diffeomorphism. O
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We shall therefore represent a point of Fx /K by the discrete path
Id=Hy, H,, ..., Hy., Hy=X'X (6.41)
in Py.
6.4 The moment equations on the quotient
Write the polar decomposition of each partial product as
Ve =ViH?,  VieU(d), 0<k<N, (6.42)

where

Vo=1d, Vy=Ux, X =Ux(X*X)Y?

is the polar decomposition of X. Define

Cpi=H"H* 1<k<N. (6.43)
Since W}, = Y3,Y, '}, we have

Wi = Vi,.Ci Vi, 1<k<N. (6.44)

The following auxiliary computation records the two polar squares of a layer in

the H-coordinates.
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Lemma 6.16. For 1 <k <N,

WiWe = Vi (B P HH )V, (6.45)

Wiy = Vi(H?H ! HY? )V (6.46)
Proof. By (6.44) and unitarity of V}, and Vj_q,
WiWy, = Vi1 CLCLVE WiWy = Vi.CrCLV,
Using (6.43),
CiCy = H,'PHH. ',  C.Cr = H/*H ' H*.

Substitution gives (6.45) and (6.46). O

The two terms in the kth component of the moment map are now written in the

same unitary frame V.

Proof of Proposition 6.4. By (6.46),
WiWi = V(B2 1Y)V
Applying (6.45) to the layer Wy, gives
W;+1Wk+1 = Vk(Hk_l/QHkHHk_l/z)Vk*-
Therefore

Gr(W) = W Wy — Wi Wiy = V;C(Hli/sz_—llHlim - Hk_l/QH’fHHk_l/z)V’:'
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The term in parentheses is @, (H) by (6.8). Hence
Go(W) = iy (H)V?, 1<k<N-1

O

Thus the quotient coordinates determine each moment component up to unitary

conjugacy. The proof of Theorem 6.5 identifies the exact reduced set.

Proof of Theorem 6.5. Let W € Ox ¢, and set
H = qx(W).
Since W € Mg, one has
Gr(W) = Gy, 1<kE<N-1.

By Proposition 6.4,

Equivalently,

Hence H belongs to the right-hand side of (6.10). This proves the inclusion
Rxa C{H € P)™": &x(H) € Adyg)(Gy) for 1 <k < N —1}.
Conversely, let H € PY ! satisfy

(I)k(H) S AdU(d)(Gk), 1<k<N-1.
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For each k, choose V, € U(d) such that
G = Vi ®r(H)V,.

Set

‘/OZICL VN:UXJ

where X = Ux(X*X)/2. Define
Vi =VeH/?,  1<k<N-1,

and set

Yo

Id, Yy:=X.

Now define the layers by

The product telescopes, so W € Fx, and by construction gy (W) = H. Proposition 6.4
gives

Gr(W) = Vibp(H)WVy =Gy,  1<k<N-1.

Thus W € Ox ¢, and therefore

H € gx(Oxg) = Rxc.

This proves the equality (6.10).
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It remains to identify the fibres of the restricted map. Let
W, WecO X,G

satisfy

qx(W) = qx(W').

By Proposition 6.1, there exists

such that

W =U-W.

For the K-action, the moment components transform as
Gr(U - W) = U,Gp(W)Uyp, 1<k<N-1.
Since both W and W’ lie in Mg,
Gr = GL(W') = UG (W)U} = UG U5

Hence

U, € StabU(d)(Gk), 1<k<N-— 1,

so U € Kg. Thus each fibre of

QX‘

Ox,a

is contained in a Kg-orbit.
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i
N—1
P,
Ox.c

—_—>
M quotient by K = U(d)N 1

Fx

Figure 6.2: Level sets of the moment map in a fixed fibre and their images under ¢x. At
G = 0, the image of the balanced part of Fx is the single point {(X*X)k/N}]kV:_ll. For G # 0,
the image is the reduced set Rx g C Pfiv_l defined by the constraints ®4(H) € Ady(q)(Gk)
whenever Ox g is nonempty.

The reverse inclusion follows because K¢ preserves Ox g by Proposition 6.3, and
because gx is invariant under the whole group K. Therefore the fibres of qx oL, Are

X,G

precisely the Kg-orbits. O]

Figure 6.2 records the geometry described by Theorem 6.5.

Remark 6.17. Theorem 6.5 shows that, for G # 0, the reduced object is the set
Rxa C Py,

not a single compact orbit. Any entropy attached to Ox g would therefore have to
combine two pieces of geometry: the volumes of the Kg-orbits and a measure on
the reduced set Rx . We do not define such an entropy here. The theorem only
identifies the reduced finite-dimensional set on which such a construction would have
to live. When G = 0, the reduced set collapses to a point and one recovers the entropy

formula for a single orbit studied in Chapter 5.

The balanced case is obtained by imposing ®x(H) = 0 for every 1 <k < N — 1.

In terms of the multiplicative increments 11, = H, ', Hy, these equations become the
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first-order recurrence Il = I1j,;.

Proof of Lemma 6.6. Using
I, = H; ' Hy, i1 = Hy 'Hyp,

we compute

N

and

H;/2Hk+1Hl;1/2 = Hli/zlelHkHHl;l/z = ngl/QHkHHl;l/Z-

Subtracting the two identities gives
Oy (H) = H* (I — M) Hy 2
Since Hy is invertible, this expression vanishes if and only if I, — II;,; = 0. Hence

Proof of Proposition 6.7. For each 1 <k < N — 1, Lemma 6.6 gives
Thus imposing ®,(H) = 0 for all k is exactly the same as imposing

=1 = = Iy.
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]

Proof of Corollary 6.8. For G = 0, the adjoint orbit of each component GG, = 0 is the

singleton {0}. Hence Theorem 6.5 gives
Rxo={H Py : ®y(H)=0for 1<k <N -1}

By Proposition 6.7, this is equivalent to

Write the common value as II. Since
I, = H;'H, = H,

and H, € Py, the matrix II is positive definite. The recurrence Hy, = Hy_ 11, together
with Hy = Id, gives
H, =1I*, 0<k<N.

The endpoint condition Hy = X*X gives
v = X*X.
Because II is positive definite, it is the positive Nth root of X*X:
T = (X*X)YV.

Therefore



This proves the formula for Rx o and the uniqueness of the balanced path.

Finally, when G = 0, the stabilizer K¢g is the whole group K. Since the reduced
set consists of one point, Theorem 6.5 shows that Ox  is a single K-orbit. By (6.6),
this orbit is Ox. ]

6.5 The trace metric and balancedness

The coordinates on Fy /K turn a factorization into a path Id = Hy, Hy,...,Hy_1, Hy =
X*X in Py, with fixed endpoints. The metric used in this section is the affine-invariant

trace metric on Py
gEU V) :=te(H'WH'V),  HEPy, UV €TyPy™Herm(d).  (6.47)

Equivalently, if
Sy(U) :== HY2UH/?,

then

g (U, V) = tr(Sg(U)Se(V)). (6.48)

The trace metric enters here only as a metric on the cone P;. We are not claiming
that the diffeomorphism
Fx/K =P)!

is an isometry for the product of trace metrics. The point is more specific: the path
selected by balancedness is the geodesic of the trace metric joining the two endpoints
in Pd.

For a smooth curve 7(t) € Py, the geodesic equation for (6.47), written in the
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affine coordinates of Herm(d), is

5 =471 (6.49)
Equivalently,
d/ 4.
a(v 17) = 0. (6.50)

Proof of Proposition 6.9, [Bha07]. Set

S:=ATPBATVR (1) = AVPSTANV,

Then 7(0) = A and (1) = B. Since S € Py, the logarithm log S is Hermitian and

commutes with St. Hence
Y(t) = AYV2St log(S)AY?,  A(t) = AY2S (log(S))? AV,
Also
’}/(t)il _ A71/257tA71/2'

Therefore

F() ()19 (t) = A2 (log(9))" A2 = 4(¢).

Thus 7 satisfies the geodesic equation (6.49).
Moreover,

Y1) 1A(t) = A7 log(5) A2,

which is independent of ¢. This proves (6.50). Taking A =Id and B = X*X gives the
geodesic

A1) = (X*X)".
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Proof of Corollary 6.10. By Corollary 6.8, the path selected by balancedness is

By Proposition 6.9, the geodesic of the trace metric from Id to X*X is
v(t) = (X*X)", 0<t<1.

Thus
Hy =~(k/N), 0<k<N,

so the balanced path is obtained by sampling this geodesic at the times k/N.

6.6 The ridge regularizer on the quotient

Proof of Proposition 6.11. Let

Y, = Vi H/?

be the polar decomposition of the kth partial product. By Lemma 6.16,
WiWy, = Vk—1<Hk_—11/2Hka_—1{2>V;c*—l'
Taking traces and using cyclicity gives
(Wi Wi) = te(H P HH ) = tr(HGH ).
Summing over 1 < k < N gives (6.13).
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The right-hand side of (6.13) depends only on
qX(W) = (Hl, Ce 7HN—1)7

so R is constant on K-orbits. The map gy identifies Fx/K with PY~! by Proposi-
tion 6.1. Therefore R descends to the function Rx on PJ~'. Smoothness follows

because the map

(A, B) — tr(AB™)
is smooth on P, x Py. O

The Euler-Lagrange equations for this energy force the multiplicative increments

to be constant.

Proof of Proposition 6.12. Fix 1 <k < N — 1, let Uy € Herm(d), and vary only the
kth interior matrix:

Hk(E) = Hk + €Uk.

Since P, C Herm(d) is open, this is an admissible variation for e sufficiently small.

Only two terms in Ry contain Hy:
1 —1 1 —1
5 tr(HeH ) + 5 tr(Hyyo Hy ).

Using
DH YHYy[U] = -H'UH,
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we obtain

d

R p—
de X

e=0

tr(UpH Y ) — ;tr(HkHH,;lUkH,;l)

N — N

tr(Ur (Hiy = Hy ' Hia Hy ).

Since Uy, € Herm(d) is arbitrary and the trace pairing is nondegenerate on Herm(d),

the first variation vanishes in the kth variable if and only if
H ' =H 'H. H. "
Right multiplication by Hj gives
H ' H, = H;"Hy 1.
Thus the critical point equations are exactly
MMy = gy, 1<k<N-1,
with 1T, = H, ', Hy.

By Proposition 6.7, these equations are equivalent to the reduced balancedness

equations. Corollary 6.8 then gives the unique critical point:

It remains to see that this critical point is the minimizer. The function Rx is
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proper on IP’ZlV ~!. Indeed, suppose Rx(H) < C. Then for every k,
tr(HeH ) < 2C.

Starting from H, = Id, this gives upper bounds for H;,..., Hy_; by induction.
Namely, if Hj_; < My_;1d, then H, ', > M, ', Id, and hence

M tr(Hy) < tr(HeHY ) < 2C.

Thus Hk S tl"(Hk) Id S QOMk_l 1d.
Similarly, since Hy = X*X is fixed and positive definite, there is my > 0 such
that Hy > myId. The same estimate applied backward gives upper bounds for

Hy'y, ..., Hi'. Thus every sublevel set of Ry lies in a set of the form
{(Hl,...,HN_1> . mkldg Hk S Mkld for 1 S k S N — 1},

which is compact in Herm(d)V~!. Therefore Ry attains its minimum. Any minimizer
is an interior critical point, and the critical point is unique. Hence the balanced path

is the unique minimizer. O

Proof of Corollary 6.13. On the balanced path,

Therefore
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for every 1 < k < N. Proposition 6.11 gives

al 1/N _N %y \1/N
Rx(Hy,...,Hy_1) = ; r((X"X) )—Etr((XX) ).

l\D\’—‘

Since Proposition 6.12 identifies this path as the unique minimizer of Rx, and since

Rx is the function induced by R under gx : Fx — Pfiv ~1 we obtain

. o N * 1/N
Jnin R(W) = Etr((X X)),

The last expression is U (X) by (5.3). O

6.7 Coordinates from the left endpoint on the quo-
tient
The quotient coordinates in (6.38) follow the product from W; toward Wy. Namely,
Yie=Wg--- Wy, H, =YY, 0<k<N,
with
Hy = 1d, Hy = X"X.

We now record the same quotient information from the other end of the product.
For
W:(WN,...,Wl) EFX,

define
Zk = WN"'Wk+1, OSI{?SN, (651)
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with the convention

Set

Hy, = ZZ;, 0<k<N. (6.52)

Thus
Hy=XX*,  Hy=1Id. (6.53)

Let U = (Un_1,...,U;) € K, and set Uy = Uy = Id. Under the K-action on Fy,

the products Zj transform by
Zy — ZpU 0<k<N. (6.54)
Consequently each H, is K-invariant. The associated map
ix: Fx — Py qx(W) = (Hy,..., Hyoa), (6.55)

is therefore constant on K-orbits.
The following proof identifies gx with the quotient map gx through the change of
variables

Hy— XH' X"

Proof of Proposition 6.14. For every 0 < k < N, the partial products satisfy
X = 7Y,

Hence

Z, = XYL
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Using (6.52), we obtain
H, = Z,ZF = XYW X = X(VPY) 7' X = XHUXT
Taking £k = 0 and k = N gives
Hy=XX*  Hy=XX'X)'X*"=1d,

as claimed.

Proof of Corollary 6.15. By Proposition 6.14,
H,=XH'X*,  0<k<N.
Therefore, for 1 <k < N,
Hio ' = XH X (XHUX) = XH HX
Taking traces and using cyclicity gives
tr(He_y Hy ) = te(Hg Hy ) = tr(HHY).

The formula for R x now follows from Proposition 6.11.

On the balanced path, Corollary 6.8 gives

Hence



Write the polar decomposition of X as

X =Ux(X*X)V2,

Then
Hy, = Ux (X*X) MU = (XX) R,

By Proposition 6.9, the curve

t— (XXM 0<t<1,

is the geodesic of the trace metric from X X* to Id. Thus the matrices H, are obtained

by sampling this geodesic at t = k/N. O

The two sequences therefore give the same point of the quotient in two endpoint

conventions. The forward variables describe the path

Id=Hy, Hy,..., Hy=X"X,

whereas the variables from the left end describe the path

XX*=H,y, Hy,...,Hy =1d.

The conversion between them is

H, = XH;'X*.

This is the quotient form of the two polar recursions: (6.31) follows the product from

Wy toward Wy, while (6.32) follows it from Wy toward Wj.
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Bibliographical notes

The barrier B(H) = —logdet H and its role in interior-point methods come from the
theory of convex cones [NN94; NT97; Giil96; Hill4]. The trace metric on P, is standard
in matrix analysis [Bha07]. The local Ricci-potential identity used in the comparison
with Chapter 5 is standard in Ké&hler geometry [Sunl7]. The polar-factorization

viewpoint appeared earlier in [Men25]. We recast it here in quotient form.
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Chapter 7

Mean Curvature and Brownian

Motion

In this chapter we study how the level set Mg = 7 1(G) sits inside GL(d,C)", and
how Brownian motion on Mg behaves under the end-to-end map. At a regular point,
the normal space to Mg is J applied to the tangent space of the compact group orbit.
This identity is the main geometric input: it turns the equation (W) = G into a
formula for the mean-curvature vector of Mg.

We then apply [t6’s formula to the end-to-end map. The mean-curvature drift lies
in a direction annihilated by the differential of this map, so only the Itd correction
remains. For a general value of G, the resulting drift may depend on the factorization
W, not only on the product X = ¢(W). On the balanced manifold M, this drift is
basic and descends to 3 grad, Sy on GL(d, C).
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7.1 Main results

Fix G € Herm(d)N ™1, Mg = p7YG), and set K = U(d)N 1, t=u(d)N L
For W € GL(d, C)¥, write

OW =K W, VW = Twow
For ¢ € &, the fundamental vector field is
(Ke(W))k = &Wi — Wiga, 1<k<N,

with the boundary convention &, = &y = 0.

Proposition 7.1. For every W € Mg,
Tw./\/l(; == ker(du)w, Nw./\/l(; == JVW,

where Nw Mg is the g-orthogonal complement of TwMg in TwGL(d, C)N. Equiva-
lently,
TwMG = (JVW)J‘Q.

(N—-1)d?
a=1

Choose a real basis {¢, of £, and set

K, = Kéaa Na(w) = <M(W>7 £a>
The Gram matrix of the orbit K - W is

hao(W) = g(Ko(W), K,(W)),  h™(W) := (h(W) ™).
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Repeated Lie-algebra indices are summed.
Let
Sorb(W) :=log vol(K - W), (7.1)

where the volume is computed using the metric induced by g on the orbit. For a

smooth function f on GL(d,C)", define
V= h((JKa)f) TK). (7.2)

By Proposition 7.1, V* f is a section of the normal bundle of M.

Define the normal vector field
Ca(W) = h* (W)W (W) (G, [[&, &), &) TEo(W). (7.3)

This term vanishes when G = 0. Although the formula uses the chosen basis {&,}, it

defines a normal vector field that is independent of that basis.

Theorem 7.2. For every W € Mg, the mean curvature vector of Mg in the ambient
metric g 1s

Hp, (W) = VIS0 (W) + Ca (W), (7.4)

Thus the first term is determined by the variation of the volume of K - W. The
second term contains the dependence on the value G through Lie brackets. The whole
expression is independent of the chosen Lie-algebra basis; the inverse Gram matrix
performs the trace over the orbit directions.

Let V2¢ denote the Hessian of

¢ : GL(d,C)Y — GL(d,C) C M4(C)
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with respect to the flat connections on the source and target. Define the section of

(¢l ) TGL(d, C)
Da(W) := h™(W) V26w (Ko(W), Ky(W)). (75)

All stochastic statements in this chapter are understood up to the lifetime of the

relevant process.

Theorem 7.3. Let W, be Brownian motion on (Mg,tc), and set X; := ¢(Wy).

Then X; is a semimartingale with drift %Dg(Wt) dt. Equivalently,
1

where My is a local martingale.

The mean-curvature drift does not contribute after applying ¢. Indeed, ¢ is

K-invariant and holomorphic, hence
(do)w(SVw) = 0.
Since ﬁMG(W) € NwMg, Proposition 7.1 gives
(do)w (Hue (W) =0.

The drift in (7.6) is therefore the It6 correction.
For a general value G, the section Dg need not be projectable under ¢| M- 1t

defines a vector field on ¢(Mg) if and only if Dg(W) = Dg(W’) whenever

W, WeMa,  ¢(W)=gW)
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Proposition 7.4. For every W € M,
KW = (6],,) "' (6(W)) = Ogw).

Consequently,

Sorb(w) = SN(¢(W>>

On M, the restriction
¢ : (M7 L) — (GL(d7 (C)v gN)

is the Riemannian submersion from Chapter 5.

Theorem 7.5. For every W € M,

Do(W) = (grad,, SN)¢(W). (7.7)

Corollary 7.6. Let W, be Brownian motion on (M), and set X; := ¢(Wy). Then
X is a diffusion on (GL(d,C), gn) with generator
1 1
Lf =500 f+5 (grad,, Sy, grad,, f) . (7.8)

gN

Equivalently, in local gn-orthonormal frames,
~ 1
dXt = dBt + 5 gradgN SN<Xt) dt, (79)

where B, denotes the martingale part with covariance gy .
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7.2 Orbits and the Level Set Mg

Fix W € Mg and write
Ow =K -W, Vw = TwOw C TwGL(d,C)".
By Proposition 4.4, the K-action is free on GL(d, C)". Hence the map
t— Vw, E— K¢ (W),
is an isomorphism of real vector spaces, and
dimg Vw = dimg K = (N — 1)d*.
For £ € £ = u(d)V~!, Lemma 4.11 gives the fundamental vector field
(Ke(W))k = &Wi — Wii—1, 1<k <N,

with the boundary convention &, = &£y = 0.

For € € &, set

Lemma 7.7. For every & € ¢,
grad pe (W) = JK:(W) for every W € GL(d, C)™.

Proof. By Theorem 4.2,

d/Lg = LK§W~
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Since w(U, V) = g(JU, V), for every tangent vector Z we have

g(grad pg, Z) = dpe(Z) = w(Ke, Z) = g(J K¢, Z).

Thus grad pe = J K. O

Proof of Proposition 7.1. By Proposition 6.2, every value of u is regular. Therefore

TwMg = ker(dp)w.

Choose a real basis {{,} of ¢ and set

:ua(W) = <M(W)a £a>'

Near W, the level set M is cut out by the independent equations

/La(W) = <G> €a>'

Hence the normal space is the span of the gradients of these defining functions:

NwMg = span{grad 11,(W)}.

By Lemma 7.7,
grad 51, (W) = JK¢, (W),

The vectors K¢, (W) span Vw, so the vectors JK¢, (W) span JVw. Thus

NwMe = JVw.
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Taking orthogonal complements gives
TwMG = (JVW)LQ

O

The next identity gives the infinitesimal form of the fact that a nonzero moment

value is not fixed by the whole group K.

Lemma 7.8. For every W € GL(d, C)Y and every &,n € ¢,
9(Ke(W), TK,(W)) = =(u(W), [£n)).
In particular, if W € M, then
9(Ke(W), JK,(W)) =0
Proof. Using w(U, V) = ¢g(JU, V) and the symmetry of g, we obtain
9(Ke, JKy) = g(J Ky, Ke) = w(Ky, K).
The moment-map identity gives
w(Ky, Ke) = dpy(Ke) = Ke(py)-
By infinitesimal equivariance of the moment map,

Ke(pn) = —pyen = — (1 [€5 1))
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This proves the identity. If W € M, then u(W) = 0, and the right-hand side

vanishes. O

The next two lemmas record the infinitesimal invariance of the end-to-end map.

They will be used in the submersion argument and in the stochastic calculation.

Lemma 7.9. For every W € GL(d,C)Y and every £ € €,
(dg)w (Ke(W)) = 0.

Equivalently,
VW - ker(dgb)w

Proof. The map ¢ is invariant under the action of K. Hence

¢(exp(tE) - W) = (W)

for every t. Differentiating at t = 0 gives the identity. O]

Lemma 7.10. For every W € GL(d,C)",
(do)w (JVw) = 0.
Consequently, for every W € Mg,
(Ad)w (e (W) = 0. (7.10)
Proof. The map ¢ is holomorphic. Therefore

(dP)w(JZ) =i(do)w(Z)
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for every tangent vector Z. Apply this identity to Z € Vyw, and use Lemma 7.9. This
proves the first claim.

If W € Mg, then Proposition 7.1 gives

NwMeg = JVw.

The mean curvature vector of Mg is normal to Mg, so (7.10) follows. O

For W € Mg, Lemma 7.9, Proposition 7.1, and Lemma 7.10 give the structural
triad

Vw C ker(dgb)w, JVw = Nch,, (d(lﬁ)w(JVw) =0.

Thus the orbit through W controls the constraint in two different ways. The
tangent space Wy consists of the symmetry directions along which the end-to-end
map ¢ is constant. Proposition 7.1 shows that the rotated space JVw is exactly the
normal space to Mg.

The whole orbit K - W need not remain inside Mg. Indeed, moment-map

equivariance gives, for U = (Uy_1,...,U;) € K,

M(UW)k:Uku(W)kUg, 1§]~CSN—1.

If W e Mg, then U - W belongs to Mg exactly when

UGy U =Gy,  1<k<N-1.

Equivalently, U belongs to the stabilizer subgroup K¢ introduced in Chapter 6. Thus
only the smaller orbit Kg - W is guaranteed to remain inside the fixed level set.

Lemma 7.8 is the infinitesimal version of this statement. The balanced case is special
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M

Figure 7.1: Group orbits and level sets of the moment map. Top: for a nonzero moment
value G # 0, the orbit Ow = K - W usually does not remain inside Mg; instead it moves
through the conjugate level sets u~'(UGU*). The tangent space Vw = TiwwOw consists
of directions tangent to the orbit, while JVw is the normal space to M. Bottom: in the
balanced case G = 0, the whole orbit lies in M.
because 0 is fixed by every element of K. Hence the whole orbit lies in M.

Figure 7.1 illustrates this distinction.

The normal-bundle description also shows that ¢ remains a submersion after

restriction to any regular moment level. This is the smooth analogue, for Mg, of the

Riemannian submersion used on M in Chapter 5.

Theorem 7.11. For every G € Herm(d)N ™!, the restriction

¢l Ma — GL(d,C)

is a smooth submersion. Consequently, its image is open in GL(d,C), and for every
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X € p(Mg) the fibre
Fx N Mg

is a smooth submanifold of Mg of real dimension (N — 1)d?.

Proof. Fix W € Mg. Since all layers are invertible, the differential

(d¢)w : TwGL(d, C)Y — Tyw)GL(d, C)

is surjective by the submersion argument following (4.11).

By Lemma 7.10, (d¢)w vanishes on JVy. By Proposition 7.1,

NwMG = JVw.

Thus (d¢)w vanishes on NywMg.
Let Y € Tyw)GL(d, C) be arbitrary. Choose Z € TwGL(d, C)" such that

(do)w(Z) =Y.

Decompose Z into its tangent and normal parts:

Z=27"+7"% Z" e TwMe, Z+e NwMe.

Since (d¢)w(Z+) = 0, we get

Y = (do)w(Z) = (do)w(Z").

Thus the restriction of (d¢)w to TwMg is surjective. Hence ¢|,, . is a submersion.
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The image of a submersion is open. If X € ¢(Mg), then the rank theorem gives
dimg(Fx N Mg) = dimg Mg — dimg GL(d, C).
By Proposition 6.2,
dimR MG = (N + 1)d2,

while

dimg GL(d,C) = 2d°.
Therefore

dimg(Fx N Mg) = (N + 1)d* — 2d*> = (N — 1)d*. O

7.2.1 Volume of the orbit and entropy

For every W € GL(d, C)", the orbit

Ow=K W

is a compact submanifold of GL(d, C)", diffeomorphic to K. Its Riemannian volume,
computed with the metric induced from the ambient flat metric, defines the smooth

function

Sorb (W) := log vol(Ow). (7.11)

Proof of Proposition 7.4. Let W € M and set X = ¢(W). By Proposition 4.6, the

balanced factorizations over X form a single K-orbit. Since

Ox =FxNM= <¢|M)71(X)7
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we have

Ox = K-W =Ow.

Taking logarithms of the induced volumes gives

Sorb (W) = log vol(Ow) = log vol(Ox) = Sy(X).

]

Remark 7.12. Proposition 7.4 identifies the restriction of the orbit-volume function
Sorp to the balanced manifold with the entropy Sy on end-to-end space.

For a general value G, the set

OX,G =Fx N Mg

may be empty. When it is nonempty, it need not be a single K-orbit, so its volume is
not determined by vol(Ow) for one point W € Ox .

A natural open problem is to find a closed formula for

log vol(Ox )

in terms of the singular values of X and the eigenvalues of the prescribed moment
matrices Gy, in the spirit of the entropy formula [MY26b, Remark 7]. We do not

derive such a formula here.
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7.3 The mean curvature of Mg

We now prove Theorem 7.2. We keep the notation introduced in Section 7.1. Thus

K, := Kfav MQ(W) = <M(W)7 £a>a
and
(W) = o(KulW), K (W), H(W) = ((W) )

Repeated Lie-algebra indices are summed. Freeness of the K-action implies that

hay(W) is symmetric and positive definite. Since J is a g-isometry,
9(JEL(W), JE,(W)) = ha(W).

The proof has three parts. First we express the mean curvature through the
Hessians of the scalar functions p,. Then we convert the trace over the normal
directions JVw into a trace over the directions tangent to the K-orbit. Finally, we
identify the resulting contraction with the first variation of Sg.,, up to the Lie bracket

correction that appears at nonzero moment value.

Lemma 7.13. Let B : TwGL(d,C)"N x TwGL(d,C)Y — E be a bilinear map with

values in a real vector space E. Then
Try B = h**(W) B(K.(W), K,(W)),

and

Tr vy B = h™(W) B(JKo(W), JK,(W)).

Proof. Set e, := K,(W). If u; = ¢fe, is a g-orthonormal basis of Vyy, then the matrix
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C = (c¢f') satisfies

(3

ChC' =
Hence C''C = h™!, and therefore
ZB(ui,uZ anch (€a,ep) = h™B(eq, €p).
The second identity follows by applying the same argument to the basis Je, of
JVw. O
Proposition 7.14 ([Bes87; Leel8]). Let ¥ be an embedded submanifold of GL(d, C)",
and let f: GL(d,C)Y — R be smooth. If f is constant on ¥, then

9<FIE: grad f) = _TrTZVQfa

where ﬁg = Trpy By, is the mean curvature vector of ¥ in the ambient metric g.

Proof. Let {e;} be a local g-orthonormal frame for T'Y. Since the ambient connection

is flat,

Az(ﬂz) = Z(ei(ez’f) - (Viez’)f)

i

The Gauss formula gives
Ve, € = Veziei + Bs (e, €;).

Hence

eilef) — (v;“;el-)f = V?f(ei, e;) + g(grad f, Bs(e;, ez-)).
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After summing over i, we obtain

As(flg) =Trrs V2 f + g(grad 1 Eiz)

The left-hand side vanishes because f is constant on X. O

Lemma 7.15. For every a,
with respect to the ambient metric g.
Proof. Write
fa - (fa,Nfla ce 7£a,1) € u<d)N717 ga,O = ga,N =0.
Using the pairing (4.3),

1 N=
Z ( Wka W:+1Wk+1)§a,k>-

k=1

o

[\] \

We first record the one-layer computation. For n € u(d), the real Laplacian

associated with g = Rtr(-*-) satisfies

1
Aw (—ZStr(WW*n)> = —2d 3 tr(n),

and
1
Aw <2% tr(W*Wn)) = 2d3tr(n).
Indeed, by unitary invariance we may assume 7 = idiag(Aq, ..., Ag). Then
d d
r(WW*p) i D W13
=1 j=1

184



and the real Laplacian of |z]* on C = R? is 4. The first identity follows. The second
is the same computation applied to the columns of W.

Now fix a layer index ¢. Only the two terms involving W, contribute to Ay, g, so
AWZMa = 2d%tr(fa,g_1) — QdStr(f%g).
Summing over £ =1,..., N gives the telescoping cancellation

N
Apta = 24> (Str(Cap1) — Str(&ar)) = 24 Str(8a0) — 2d S tr(&ey) = 0.

(=1

m
Fix W € M. Since p, is constant on Mg, Proposition 7.14 gives
9(Hpg, TKL) = —Trrg me Vita.
By Lemma 7.15,
0= A,ua = TI'TWMGVQIU,Q + TerMGVQMm
Therefore
9(Hrme TKa) = Trngme Vila-
Using Proposition 7.1,
NWMG = JVWa
and Lemma 7.13 gives
9(Hrig, TKa) = B V1o (J Ky, TK). (7.12)
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Lemma 7.16. For every a and all tangent vectors Z, 7',
Veun(JZ,JZ") = V1 (2, 7).
Proof. In one matrix factor, the second differential of W +— WWW* in the directions

Z, 7" is

ZZ/* + Z/Z*,

and the second differential of W — W*W is

VAVARE SVAWA

Replacing Z and 2’ by JZ =iZ and JZ' = iZ’ leaves both expressions unchanged:

G2)(iZ2')y = z2"*,  (i2)(2) =22

Since p, is a real linear combination of such quadratic terms, its Hessian is unchanged.

[l
Combining (7.12) with Lemma 7.16, we obtain
9(Hpg. JKo) = W' VP, (K, K.). (7.13)

The remaining step is to identify the contraction on the right with the variation of

the volume of the K-orbit.

Lemma 7.17. For every a,

R N2 1o (K, K) = (JK) Som + b ((W), [[€a, &), &)
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Proof. All quantities in the proof are evaluated at the fixed point W, unless the
basepoint is displayed.
Differentiate

hbc - g(Kb, Kc)

in the direction JK,. The K-action is holomorphic and isometric, so each Kj is a

holomorphic Killing field. On a Kéahler manifold,
Vik, Ky = IV, Kp.
Thus
(JKo)hoe = 9(IV i, K, Ko ) + 9(IV i, Ko, Ko

= V2N6(Ka7 Kc) + V2N0(Ka7 Kb)a

where we used grad p, = JK; from Lemma 7.7.

Since the ambient connection is torsion-free,
Vi, Ky =V, K, + K, K.
For a left action, the fundamental vector fields satisfy
(Ko, Kb = —Kg, -

Therefore
V2Nb<Ka7 Kc) - VQ/La(Kb? KC) o g(JK[ga’gb}’ KC)’

and, with b and ¢ interchanged,
V2 e( Ko, Kb) = V210K, Ko) = g(TKie, e, K3
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By Lemma 7.8 and skew-symmetry of the Lie bracket,

g(‘]KKa:Eb]? KC) = <,u, [[ga’ gb]a fc])
The same identity applies to the second bracket term. Hence

(JKa)hbc = QVQ,M,I(K[,, Kc)

- <:ua [[gaagb]vfcb - <:uv [[Saafc]vfbb'

Contracting with A%, and using the symmetry of h*, gives
W Ka) e = 207V g (K, Ke) — 2% (p, [[€a, &), €)-

Thus
hbcv2ﬂa(Kba KC) = ;hbc(JKa)hbc + hbc<ﬂv Hga’ fb]a €C]> (7-14)

It remains to identify the first term with (JK,)Som. The orbit map
pw : K — Ow, pw(U)=U-W,

is a diffeomorphism because the action is free. In the invariant frame on K determined

by the fixed basis {,}, the Gram matrix of the pulled-back metric is hq,(W). Hence
vol(Ow) = Cx det(hgy(W))Y2,

where Ck is independent of W. Taking logarithms and applying Jacobi’s formula

yields
1
(JK.)Som, = (JK,)log vol(Ow) = 5th(JKa)m,c.
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Substitution into (7.14) proves the claim. O

Proof of Theorem 7.2. Fix W € Mg. By Proposition 7.1,
ﬁMg<W) S NwMG = JVw.

Therefore
Hp, (W) = HUTK (W)

for some coefficients H?. Pairing with JK,(W) gives
hoaH® = g(ﬁMG, JKQ).
By (7.13) and Lemma 7.17,
9(Hpag, JKS) = (JEa)Som + h*(1(W), [[6a, &), &)
On Mg, we have (W) = G. Hence
H? = h*(JKo) Sont, + h*h*(G, [[€, &), &])-
Multiplying by JK;(W), we obtain
Hag (W) = h((JKa)Somn ) TEA(W) + hW(G, ([, ), &) TEo(W),
The first term is VS, (W) by (7.2), and the second is Cq(W) by (7.3). This proves

ﬁMG = VJ_Sorb + CG-
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]

When G = 0, the bracket correction Cq vanishes. Thus Theorem 7.2 gives, on the
balanced manifold,

Huy = VS,

By Proposition 7.4, this is the same orbit volume whose logarithm descends to the

entropy Sy on end-to-end space.

Remark 7.18. The term Cg is a Lie-bracket correction. It enters because the trace
over the directions tangent to the K-orbit is related to the first variation of the orbit
volume by the bracket relation for fundamental vector fields. Its disappearance at
G = 0 reflects the special role of the balanced manifold, where the whole K-orbit
remains in the fixed level set of the moment map.

A coordinate formula for
VJ'Sorb and CG

would require expressing h®, the derivatives (JK,)Som, and the bracket contraction
in spectral or quotient coordinates. The formula in (7.4) is intrinsic to the ambient

level set and does not carry out that reduction.

7.4 Brownian motion on Mg and its pushforward

We now prove Theorem 7.3. Brownian motion on the level set Mg C GL(d,C)V
has Euclidean Ito drift given by the mean curvature vector of that level set. The
end-to-end map ¢ kills this normal drift, so the drift of the pushforward is the 1t6

correction coming from the Hessian of ¢.
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All stochastic equations in this section are understood up to the lifetime of the

process in GL(d, C)".

7.4.1 Brownian motion on Mg

Let B; be standard Brownian motion in the real Euclidean vector space underlying

My(C)N. For W € Mg, let
Iw : Tde(C)N — TWMG

be the g-orthogonal projection. Brownian motion W, on (Mg, tg), with generator

%A Mg, has the extrinsic Stratonovich form
dW, = Ilw, o dB;. (7.15)
Since the ambient connection is flat, the corresponding [t6 equation is
AW, = Ilw, dB, + ; H o, (W) dt. (7.16)
By Theorem 7.2, the drift in (7.16) is
AW, = Iy, dB, + ; VS (W) dt + ;CG(Wt) dt. (7.17)
In the balanced case G = 0, the bracket correction vanishes, and (7.17) becomes

1
AW, = Tlw, dB, + 5 VS (W) dt. (7.18)
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The drift in (7.17) is normal to Mg. Indeed, by Proposition 7.1,
NWMG = JVW?

and both terms in the right-hand side of (7.4) take values in this normal bundle. By
Lemma 7.10, (d¢)w annihilates this normal space. Thus the mean curvature drift of

W, has no first-order image under ¢.

7.4.2 The end-to-end process

Let W, be Brownian motion on (Mg, tg), and set
Xt = ¢(Wt)

Lemma 7.10 removes the first-order drift in (7.16). The drift of X; is therefore the

second-order term in It6’s formula.

Proposition 7.19. Let W, solve (7.16), and set X; = ¢(W,). Then
dX; =dM,; + ;TrthMG(V%)Wt dt, (7.19)
where the local martingale M; is given by
dM, == (dg)w, (Tw, dB,).
Proof. Apply the Euclidean 1t6 formula to

¢ : GL(d,C)Y — GL(d,C) C My(C)
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along (7.16). The first-order terms are

(d)w, (TTw, dB)
and
; (d@)w, (Hme (W) dt.

The second term vanishes by Lemma 7.10.
Let {E,} be a fixed g-orthonormal basis of the ambient real Euclidean vector

space. The quadratic variation of the martingale part contributes
1 2
5 2 (V2o)w, (Mw, Ea, Tw, Eq) dt.

Since I, is the orthogonal projection onto Tyw, Mg, the projected family {Ilw, E,}
is a Parseval frame for Tw, M. The last sum is therefore the metric trace over

Tw, Mg, which proves (7.19). O

It remains to identify the trace in (7.19). The ambient Laplacian of ¢ vanishes,
and the normal trace can be converted into a trace over the directions tangent to the

K-orbit.

Lemma 7.20. With respect to the ambient flat metric,
Ap=0

as a My(C)-valued function.

Proof. Use a constant ambient orthonormal basis adapted to the factors of My(C)¥.
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If Z is supported in one factor, then along the affine line
W(t) =W +tZ

the product ¢(W (t)) is affine in ¢, because only one factor varies. Hence

2

—| $(W+1tZ)=0.
a2, )

Summing these second derivatives over the constant orthonormal basis gives A¢ =

0. [l

Lemma 7.21. For every W € GL(d,C)N and all Z, 7' € TwGL(d, C)",
(V*o)w(JZ,JZ') = —=(V*o)w(Z, Z").

Proof. The source and target have their standard flat Kéahler connections, and ¢ is

holomorphic. Thus
(d¢) o J = Jig 0 (d9), Jigt(Y) = 1Y-
Differentiating this identity with respect to the flat connections gives
(V20)(JZ,Z') = Ju(V?0)(Z.2)),  (V'O)Z,TZ') = Ju(V?0)(2,Z").
Applying these identities in both arguments yields

(V2ONJIZ,TZ') = Ty (V?0)(Z,2') = =(V*)(Z, Z").
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Proof of Theorem 7.3. Fix W € Mg. By Lemma 7.20 and the orthogonal decompo-

sition
TwGL(d, C)N = TwMg ® NwMa,
we have
0 = Trrg e (V20)w + Trniata (V26w (7.20)
By Proposition 7.1,
NwMG = JVw.

Lemma 7.13 therefore gives
Trawma (V0)w = h (W) (V20)w (TK(W), JE,(W)).
By Lemma 7.21,
Trav i (V) w = —h™ (W)(V?$)w (Ku(W), Ky(W)).
Substituting this identity into (7.20) yields
Trry e (V20w = (W) (V20)w (Ko (W), K,(W)) = Dg(W),  (7.21)

where the last equality is (7.5). Applying (7.21) along W, in Proposition 7.19 proves
(7.6). 0

Remark 7.22. Theorem 7.3 identifies the drift of the pushed-forward process. The local

martingale part is still expressed through the projected ambient Brownian motion,
dM; = (dg)w, (TTw, dBy).
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A formula in coordinates would require an explicit expression for the covariance of

this projected noise after applying d¢. We do not use such coordinates in this chapter.

Remark 7.23. For a general value G, the drift Dg(W,) is a section along |, . It
need not depend only on X; = ¢(W,). Equivalently, Dg need not be constant on the

fibres of ¢ Me- This is the stochastic counterpart of the geometric fact that
OX,(; = fX N MG

is usually not a single compact orbit. The balanced manifold is special: its fibres
are the orbits described in Proposition 7.4. The next section proves that the drift

descends to the entropy drift on the space of end-to-end matrices.

7.5 End-to-end process induced by Brownian mo-
tion on M

We now specialize the preceding construction to the balanced level
M = p(0).

On this level the compact orbit through W lies inside M, and Theorem 5.4 gives the

Riemannian submersion
¢: (M,1) — (GL(d,C), gn).

This is the point at which the section Dg from Theorem 7.3 becomes a vector field on
end-to-end space.

There are two mean-curvature vectors in play. The vector H M is the ambient
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mean curvature of the embedded submanifold M C GL(d, C)". It is normal to M,
and Lemma 7.10 shows that d¢ kills it. The vector ﬁﬁb is the mean curvature of the
compact fibre Ox C M. Its pushforward is —grad, Sy. The entropy drift comes
from the fibre mean curvature, not from pushing forward the ambient normal drift.

For W € M, write
Vw = Tw(K - W) C TwM, Hw = Vi
Then V is the vertical distribution of ¢ : M — GL(d,C), and H is the horizontal

distribution.

Definition 7.24. For W € M, the mean curvature vector of the fibre of ¢|, through
W is

i hor

Hyp(W) := (W) (V%Kb) (W),

where ()" denotes t-orthogonal projection onto Hy.

This vector is the trace of the second fundamental form of the fibre inside (M, ¢).
The expression in Definition 7.24 is independent of the chosen basis {£,} of ¢, since

h? contracts the trace over the vertical tangent space.

Lemma 7.25. For every W € M,
Do(W) = —(do)w (Hin(W)).
Proof. All quantities are evaluated at the fixed point W. By Lemma 7.9,

(do)(K,) =0 for every a.
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With the flat connections on source and target, this gives
V2p(Ka, Kp) = —(dd) (Vi K3).

Use the Gauss formula for the embedding M C GL(d, C)":
Vi, Ky = VL Ky + Bu(Ka, Ky).

The second term is normal to M. By Proposition 7.1, with G = 0, this normal space

is JVw. Hence Lemma 7.10 gives

(d9) (Bae( Ko, K3)) = 0.

Therefore
V26 (Ka, K) = —(do) (VI K.

The vertical part of Vﬁ‘(’i Ky is also annihilated by d¢. Thus only its horizontal part

contributes:
V26(Ka, K) = —(dg) (VI KG)™).
Contracting with h% and using (7.5) with G = 0 proves the identity. O

The next lemma identifies this mean curvature vector with the gradient of the

entropy on the base.

Lemma 7.26. Let W € M, and set X = ¢(W). Then

(dg)w (Han(W)) = —(grad,, Sy) .

Proof. Let Y be a smooth vector field on GL(d, C), and let Y2 be its horizontal lift
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to M. Since Y is ¢-related to Y, its flow maps each fibre of ¢| to a nearby fibre.

The first variation formula for the volume of a compact submanifold gives

Y vol(Oy) = — / o(Hi, Y™) dvolo, .

Ox

The K-action preserves ¢, preserves the horizontal distribution, and acts transitively
on Ox. Hence ﬁﬁb and Y are K-equivariant along the fibre, and their inner product

is constant on Ox. Therefore
Y Sn(X) = = (Hap (W), Y (W)).
Because ¢ : (M, 1) — (GL(d, C), gn) is a Riemannian submersion,

vw (Hip (W), Y (W) = (gv)  ((dg)w Hen (W), Y (X)).

Thus
Y Sn(X) = —(gv)  ((d6)w Han (W), V(X))
for every vector field Y. This is exactly the stated gradient identity. O

Proof of Theorem 7.5. Let X = ¢(W). Lemma 7.25 gives
Do(W) = —(d¢)w(ﬁﬁb(w))-

Lemma 7.26 identifies the right-hand side with (grad,, Sy)x. This proves (7.7). O

Proof of Corollary 7.6. Let f € C*°(GL(d,C)), and set
u = foap.
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Then u is constant on the fibres of ¢|.

Choose a local gy-orthonormal frame

€1,...,€942

on GL(d,C), and let
El; Ce 7E2d2

be the corresponding horizontal lifts to M. Complete these vectors to a local ¢-
orthonormal frame

{E17 . .,EQdZ,VYh .. '7‘/(N—1)d2}7

where the V, are vertical. Since V,u = 0, the Laplacian of u is

Apu = Z(EZ(EZU) - (VEEZ)U)

%

- Z(V{}:Va)u

The first sum equals (A, f) o ¢, because the E; are horizontal lifts and ¢ is a
Riemannian submersion.

For the second sum, only the horizontal part of 3, V{‘/ZVG acts on u. Hence, by

Definition 7.24,

Z(V{):V}l)u = du(ﬁﬁb> .

a

Using u = f o ¢ and Lemma 7.26,

du(Hgy) = df((dg)Hp,) = —(erad,, Sy, erady, f) o ¢.

gN
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Therefore
Api(f o) = (Ang + (grad,,, Sy, grad, f) ) o 6.

gN

Brownian motion on (M, ) has generator 3A . The generator of X, = ¢(W,) is
therefore the operator in (7.8). The local 1t6 form (7.9) is the standard expression for

a diffusion with this generator. O

Remark 7.27. Corollary 7.6 gives an intrinsic description of the diffusion on (GL(d, C), gn).
A formula in a chosen coordinate system would require explicit gy-orthonormal frames
and the corresponding connection coefficients. We do not pursue such a formula for

the closure result.

Bibliographical notes

The stochastic and submanifold identities used here are standard. For Brownian
motion on Riemannian manifolds and embedded submanifolds, including the extrinsic
It6 description, see Hsu [Hsu02]. For the mean-curvature identities and the first
variation of submanifold volume used in the fibre-volume argument, see Besse [Bes87]
and Lee [Leel8].

The stochastic motivation for DLNs comes from the entropy and the quotient
geometry developed earlier, especially in Chapter 5, and from the Riemannian Langevin
formulation of Menon and Yu [MY26a]. Related work includes Huang, Inauen, and

Menon [HIM23], where It6 drift is identified as motion by mean curvature of the orbit.
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Part 111

Infinite-Depth Limit
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Chapter 8

Discrete Exterior Calculus and

Flows on the Fibre

We recast the geometry of a fibre at finite depth as a discrete Hodge theory on
the layer path 0,1,..., N. The moment tuple G becomes the codifferential D3y W,
balancedness becomes DyxW = 0, and the ridge and Kirwan-Ness flows become
heat-type equations along the path. The final section records the formal scaling laws

leading to the interval model of Chapter 9.

8.1 Main results
Fix N >2,d>1, and X € GL(d,C). Let
W:(WN,...,Wl) € Fx

be a full-rank factorization. We use the cochain spaces

CY ={a=(an_1,...,a1) : ap € gl(d,C)}, Cy ={&=(En, ..., &) & € My(C)},
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with the boundary convention ag = ay = 0. The discrete differential at W is

DW : CR; — CJIV, (Dwa)k = aka — Wkak_l, 1< k < N.

Its adjoint is taken with respect to the Frobenius Hermitian products on C% and C}.

In coordinates,

(Dw&)i = &Wit — Wit 1, 1<k<N-1.

The first result identifies the fibre with the image of this differential and identifies

the moment tuple with its codifferential.

Theorem 8.1. Let X € GL(d,C) and let W € Fx. Then every vertical tangent

vector at W has a unique representation

v = Dwa, a€Cy.
Equivalently,
TwFx = Dw(CY),  Dw is injective.
Moreover,
(DWwW), =Wy = Wi Wir,  1<k<N-1.
Thus

DwW = G(W),
and W s balanced if and only if Dy W = 0.

Define the degree-0 and degree-1 Hodge Laplacians by A&,OV) = Dy Dw and

As\) := DwDj3y. The next result gives the coordinate form of the vertical Laplacian.
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Theorem 8.2. For a € C%,
(Aa), = — Wiag Wi + aWi Wi + Wi Wiiax — Wi arss Wi,
for1 <k <N —1. In particular,
(a. AWa)o = [ Dwal

Since Dw is injective on a full-rank fibre, A%%) is positive definite on C%.

Thus the block tridiagonal operator from the finite-depth fibre geometry is the

Hodge Laplacian D3y Dw. The induced metric on the fibre is its Dirichlet form:
gw(Dwa, Dwc) = R (a, ASQ}@O.
The normal metric is the coefficient metric
gw (Dwa, Dwc) = R (a, c)o.

Let

G := G(W) = Di{yW.

On the fixed fibre define

N 1N
= 2 ) PR

l\DM—t

Here R is the fibrewise ridge regularizer and £ is the Kirwan—Ness functional.

The heat equations follow from one identity.
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Functional and | Coefficient o in W = | Moment evolution

metric —Dwa

R with g¢* u, where A%%)u =G G =—-2G

R with gnor G G= - (ARG +(ARG))

£ with g* 2G G=—2(aQc +(afa))
¢=-2(af)a

£ with gt 28Qc ((aw .

+((AR)%6))

Table 8.1: Discrete fibrewise gradient flows and their corresponding moment evolutions.

Theorem 8.3. Let W(t) € Fx be a smooth curve of full-rank factorizations. Suppose
W = —Dwa, alt) € CY.

Then the moment tuple G(t) = G(W(t)) satisfies
¢ = (A0 + (A0a)).

The finite-dimensional gradient flows computed in Section 8.3 are summarized in

Table 8.1. In the first row, u denotes the unique solution of A{g,) u=G.

Theorem 8.4 (One heat equation, two gradient structures). On the full-rank fibre
Fx, with G = DiyW, one has

1
—graduo R(W) = — grad,. E(W) = ~DwG = —ANW. (8.1)

Consequently, the g"°"-gradient flow of R and the g*-gradient flow of € trace the same
curves on the fibre, with the constant time change T = 2t. This common equation is

the discrete Hodge heat equation on the fibre.

We now record the formal scaling laws. Set I =[0,1], h = 1/N, and zy = kh, and
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assume W) = exp(h b(:vk)), with b: I — gl(d,C). The partial products then satisfy

the formal transport equation

For a fixed end-to-end matrix X € GL(d,C), the continuum fibre is obtained by
imposing the endpoint condition X (1) = X.

The next two statements are formal continuum statements. They are Taylor-
expansion limits of the discrete expressions. The stated O(h) remainders are asserted
under C? regularity. With only C! data, the same limiting expressions hold with o(1)

errors, or with errors controlled by the modulus of continuity of the first derivatives.

Proposition 8.5. Assume that a,b, € are C? on I, and assume the based boundary
condition

a(0) = a(1) = 0.

Set
ap = a(xk), Sk = f(%)

Under the scaling W} = exp(hb(xy)),

fll(tha)k = d'(zx) + [a(zx), b(w)] + O(h),

and

Dy = € (1) + [E(), b)) + O(h),

uniformly in k. Thus the formal limiting operators are

Via =d' + [a, b], Vi€ = —& + [€,07].
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The operator Vj is the L?-adjoint of V, under the based condition a(0) = a(1) = 0.

The corresponding continuum Laplacians are
AY=wiv, Al =v, Vi

Proposition 8.6. Assume that b is C* on I. Define the renormalized discrete moment

by

hoo_
Wy 1=

1 * *
or VEOVD = (Wl W), 1T<k<N -1

Then
wi = —(b+ ") (2) + [b(w), b(x)] + O(h),

uniformly in k. Hence the formal continuum moment field is
oo (B) = —(b+ b + [b, 5.

Equivalently,
Moo(b> - VZ(b + b*>

The continuum equation for balancedness suggested by the discrete equation

DxwW = 0 is therefore

Hoo(b) = 0.

The ridge regularizer itself does not produce a nontrivial continuum fibre functional

under this scaling. The object that survives is the renormalized moment energy

1/t .
5 | b)) 10e (0) )
which becomes the continuum Kirwan—Ness functional in Chapter 9.

208



8.2 A layerwise discrete exterior calculus

We now prove the finite-depth Hodge statements from Section 8.1. Fix a depth N > 2
and a width d > 1. The oriented path has vertices 0,1,..., N, and edge k is oriented
from k — 1 to k.

A matrix a € gl(d, C) at the internal vertex k represents an infinitesimal change
of frame at that layer. A variation of the tuple of weights assigns a matrix to each

edge. Thus the natural cochain spaces are

CY :={a=(an_1,...,a1) : a € gl(d,C)},

Cy ={¢= (&, &) 1 & € Ma(C)}.

(8.2)

We impose the based boundary condition ag = ay = 0. These conditions at the
endpoints express that a fibre fixes the input and output frames.

Equip the two cochain spaces with the Frobenius Hermitian products

MZ

N
k=1 k=1
Definition 8.7. For a tuple of weights
W= Wy,...,W;) € GL(d,C)N
the discrete differential at W is

Dy : CR; — le\fa (Dw&)k = a,Wj — Wkak,l, 1<k <N. (84)

Its adjoint

Dy : C — C
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is defined by

(Dwa, §)1 = (a, Dw&)o. (8.5)

Remark 8.8. If Wy, = I for every k, then

(Dwa)y = ar — ar—1,  (Dw&)k = & — &kt (8.6)

Thus Dwy is the ordinary discrete differential on the path, and D3y is the corresponding
codifferential. For a general tuple W, the matrix W) transports the coefficient at

vertex k — 1 across edge k. In this sense, Dw is a covariant differential along the path.

Lemma 8.9. The adjoint of Dw is

(Dw&r = &Wy = Wi i€k, 1<E<N-1 (8.7)

Proof. Using (8.4), we expand

2

Dwa f Z ( aka — Wkak,l)*fk)

Since

(aka — Wkak_l) Wk CL,C ak_lw,j,

cyclic invariance of trace gives

2

N

(Dwa, &) Z r(ap & Wy) Z r(ag 1 Wik)-

Reindex the second sum:

N-1

r(ay,_Wi&) = Z tr(azwl;k+1fk+1>-
k=0

HMZ
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The terms with ap and ay vanish by the based boundary condition ag = ay = 0.

Therefore

2

(Dwa, &)1 Z (ak &Wy — W/:+1fk+1)>7

which is exactly (8.7). O

Remark 8.10. If one inserts the mesh factor h = 1/N into both inner products,

N—-1 N
<a7 b>0,h =h Z tr<azbk)7 <£7 n)l,h =h Z tr(f;ﬂk)a (88)
k=1 k=1

then the formula (8.7) is unchanged, because the common factor h cancels in the
adjoint relation. These are the Riemann-sum inner products used in the continuum

limit.

Lemma 8.11. Let a € C,, with the convention ay = ay = 0. The vector generated by

the curve ' - W, where e’ := (e!*™N-1, ... ') s
d ta
% » (6 . W) = Dwa,. (89)

Proof. The group action has components
(e - W), = '™ Wye "1, 1<k<N,

where ag = ay = 0. Differentiating at t = 0 gives

d

% (eta’“Wke_ta’“*) == CLka — Wkak_l == (Dw(l)k.
t=0
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Proof of Theorem 8.1. Let

Yk = Wka_l"'Wl, Y()ZZ I.

For a variation v = (vy,...,v;) € Cy, let Y, denote the induced variation of Y;.
Then
(SYk = ’UkY;g,1 + Wkéykfl, (SYE) =0. (810)

The variation v is tangent to the fibre Fy if and only if Yy = 0.

First suppose that v = Dwa. We claim that

Indeed, using (8.10) and (8.4),

Y = (Wi — Wiag—1)Ys—1 + Wiap_1Yi—1 = a; Y.

Since ay = 0, this gives Yy = 0. Hence Dw(C%) C TwFx.
Conversely, let v € TwFx. Since X is invertible, every Wy and every Y} is

invertible. Define

ap :=0Y;Y, ', 0<k<N.

Then ag = 0, and the vertical condition 6Yy = 0 gives ay = 0. Multiplying (8.10) on
the right by Y,~} gives

aka = U + Wkak_l.

Thus
Vi = CLka — Wkak_l == (Dwa)k
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Therefore TwFx = Dw(CY).

The same construction proves uniqueness. For a given vertical vector v, the
quantities 0} are determined by (8.10), and hence a;, = §Y3,Y, ' is forced. Equivalently,
if Dwa = 0, then a;W; = 0, so a; = 0, and induction in £k gives a;, = 0 for all
1 <k <N —1. Thus Dw is injective.

It remains to identify the moment tuple. Apply (8.7) with £ = W. For 1 <k <
N —1,

(DwW), = W, Wi = Wi Wi = Gp(W). (8.11)

Thus
DWW = G(W).

By definition, W is balanced precisely when all the matrices G(W) vanish. Hence

balancedness is equivalent to DxW = 0. O

Definition 8.12. The degree-0 and degree-1 Hodge Laplacians are A%OV) = Dy Dw :

C% — C% and AY) := DwDiy : CL — CL.

Proof of Theorem 8.2. Using (8.7) with £ = Dwa, we have
(AWa) = (Dwa)iWi = Wi, (Dwa)is.
Substitute

(Dwa)y = axWy, — Wiag_1, (Dwa)k+1 = ap1iWis1 — Wigaay.
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Then, for 1 <k < N — 1,

(AW )k = (Wi = Wiar )Wy = Wiy (ak Wigr — Wigiaz)

= — Wkak_lw,: + akaW,: + W,;‘+1Wk+1ak — W;+1ak+1Wk+1. (8.12)

This is the coordinate formula for Agi,).

The Dirichlet identity follows from adjointness:
(a, ARa)o = (a, DiyDwa)o = (Dwa, Dwa); = | Dwalf?. (8.13)

The right-hand side is nonnegative. If it vanishes, then Dwa = 0, and Theorem 8.1

gives a = (0. Therefore A{,‘i} is positive definite on C%. O

Remark 8.13. The block tridiagonal operator in (8.12) is the same operator Cy_; from
(5.26). This coordinate formula identifies it intrinsically as A&,?} = D3y Dw. Thus the
operator is not an additional structure on the fibre; it is the degree-0 Hodge Laplacian

determined by the layerwise differential.

8.3 Heat flows on the fibre

Fix X € GL(d,C) and
W = (Wy,...,W;) € Fx.

Throughout this section we write

G(W) = DiyW.
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The purpose of the section is to prove the finite-dimensional heat-flow assertions stated
in Section 8.1. The vertical tangent space has already been identified with Dw(C%),
and the moment tuple with D3 W. We now use these identifications to define the

two metrics on the fibre and compute the four fibrewise gradients.

Definition 8.14 (Induced and normal metrics on the fibre). For a,c € C%, define

gw(Dwa, Dwc) := R (Dwa, Dwc), (8.14)
gw (Dwa, Dwe) == R (a, c)o. (8.15)

The first metric is the one induced by the Frobenius metric on My(C)¥. The second
metric is obtained by transporting the Frobenius metric on the coefficient space C%

through the isomorphism

a+— Dwa.
We call it the normal metric.
Proposition 8.15. For a,c € CY,,
g (Dwa, Dwe) = R (a, AQc). (8.16)

Proof. By adjointness,

g{,V(DWa, ch> =R <Dwa, ch>1 =R (a, D%VDWc>0 =R <CL, AQC>O.
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Definition 8.16. On the fixed fibre Fx define

R(W) := ; (W, W), = ; > (W), (8.17)
E(W) = ; (G, Gy = ; __ t{G(W)2). (8.18)

Here G(W) = D W. Thus R is the fibrewise ridge regularizer, and & is the fibrewise

Kirwan—Ness functional introduced in Chapter 2.

Proposition 8.17. For a € CY,,

Proof. The differential of R in the direction Dwa is

de[DWa} =R <W, Dwa>1.

Using adjointness and the identity Dy W = G,

K <W, Dw&>1 =R <D:;VW, Cl>0 =R <G, a>0.

]
Proposition 8.18. For a € C%,
dGw[Dwa] = AQa + (ARa)". (8.20)
Consequently,
déw[Dwa] = 2R (G, AW a),. (8.21)
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Proof. Set

V= Dwa.

Since

Gr(W) = WieWy = Wi, Wi,

we have
dGrw(v] = vWi + Wivp — vp 1 Wi — Wi Uk
On the other hand,
(AWa) = (Dwa)iWi = Wi (Dwa)es = oW = Wi v,
Taking the adjoint gives
(ARa))" = Wiy — vi s Wi

Adding these two identities proves (8.20).

Now differentiate (8.18). Since each Gy is Hermitian,
dEw([Dwa] = R(G, AQa + (ARa) )o.

For Hermitian G,

R(G, (ARa) Yo =R (G, AQa).

Hence

déw[Dwa] = 2R (G, AW a),.
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Proof of Theorem 8.3. At each time t, apply Proposition 8.18 at W (t). If
W = —Dsz,

then

G = dGw[W] = —dGw[Dwal.
Using (8.20) with a = « gives
G =~ (A%a+ (Ala)").

O

Lemma 8.19. Let F' be a smooth function on Fx, and write every tangent vector as

Dwa. Letr € C%.

1. If
dFw[Dwa] = R (r, a)o for all a € CY,,
then
grad o F'(W) = Dwr,
and
grad, F(W) = Dwf,  AWs=r
2. If

dFw|[Dwa] = R (r, Agga}o for all a € CY,,
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then

grad, F'(W) = Dwr,

and

grad e F'(W) = Dw (Agi,)r).

Proof. By Theorem 8.1, every tangent vector has a unique coefficient. Thus each
gradient has the form Dwf for a unique 3 € C%,.

For the normal metric,

gili\(}r(DwﬁvDWa) = §R<57 a>0‘

Therefore the first differential identity gives g = r. If the second identity holds, then

self-adjointness of A%{,) gives
R (r, Ag{)@o =R <A§2,)r, a)o,

so 8 = Aggr.

For the induced metric, Proposition 8.15 gives
g (DwB, Dwa) = R (8, ADa)y = R(AYS, a)o.
Thus the first differential identity gives
AYB =r.

The operator A&) is positive definite by Theorem 8.2, so this equation has a unique
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solution. If the second differential identity holds, then
R(B—r, Agga)o =0 for all a.

Since A&,ﬂ’) is invertible, this implies § = r. O

Proof of the four finite-dimensional flow formulas in Section 8.1. We use the notation
G =G(W).

First consider R. By Proposition 8.17,

dRw[Dwa] = R (G, a)y.
The first part of Lemma 8.19 gives the g*-gradient in the form Dywu, where
Agﬂ,)u =G.
Hence the negative g‘-gradient flow of R is
W= -Dwu, AWu=¢G. (8.22)
Applying Theorem 8.3 with a = u gives
G = — (Alu+ (A8,

Since G is Hermitian, (8.22) yields

G = —2G. (8.23)
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For the normal metric, the first part of Lemma 8.19 gives
gradgnor R(W) - DWG

Since G = Dy W,
DwG = DwDiyW = AWW.

nor

Thus the negative g"'-gradient flow of R is
W = —DwG = —AWYW. (8.24)

Theorem 8.3, with a = G, gives

G=-(aRG+ (aRaG)). (8.25)

Now consider £. By Proposition 8.18,

déw|[Dwa] = 2R (G, AW a),.

The second part of Lemma 8.19, with r = 2G, gives
grad, £(W) = 2DwG.

Therefore the negative g*-gradient flow of £ is

W = —2DwG = —2ANW. (8.26)
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Theorem 8.3, with a@ = 2G, gives
G=-2(aRG+(aRG)). (8.27)
Finally, the normal metric and the second part of Lemma 8.19 give
gradgu £(W) = 2Dw (AR G).
Since G = Dy W,
Dw (AWG) = DywDiy Dw Dy W = (AR)'W.

Thus the negative ¢g"*-gradient flow of £ is

W = —2Dw(AWG) = —2(a))'W. (8.28)
Theorem 8.3, with
a=2A9a,
gives
G=—2(aR)G+ (AR)1G)"). (8.29)

These four computations give the four finite-dimensional flow formulas stated in

Section 8.1. O

Proof of Theorem 8.4. Equation (8.24) gives

— grad e R(W) = —DwG.
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Equation (8.26) gives
—grad, £(W) = -2DwG,

and therefore

1
—3 grad, £(W) = —DwG.

Finally, since G = Dy W,
DwG = DwDiyW = AWW.

This proves (8.1). The two vector fields differ only by the constant factor 2 before the
normalization in (8.1). Hence their integral curves agree after the time change 7 = 2t.
The moment equations (8.25) and (8.27) differ by the same factor, so the same time

change identifies the corresponding evolutions of G. m

Remark 8.20 (Two gradient structures for one heat equation). Theorem 8.4 is analogous
to the classical heat equation: in Euclidean space the heat flow is the L2-gradient
flow of the Dirichlet energy, while in Wasserstein geometry it is the gradient flow of
entropy [JKO98; Ott01]. Here the same discrete equation along the layer path arises
from two pairs,

(R, g"") and (&,4").

Changing the metric changes the functional, but not the underlying dissipative

dynamics, except for a constant rescaling of time.

Equations (8.24) and (8.26) give the precise heat-equation interpretation. The layer
index is the base variable, G = DiW is the discrete divergence, and balancedness
is the zero divergence condition. Thus the fibrewise regularizer dynamics dissipate

imbalance along depth.
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8.4 The formal continuum limit

In Sections 8.2 and 8.3, we rewrote the geometry of a fibre at depth N as a discrete
Hodge theory on the path 0,1,..., N. We now let this path converge formally to the
interval. The calculations in this section are Taylor expansions under the smoothness
assumptions stated below. Whenever an O(h) remainder is claimed after division
by h, we assume enough regularity to have second-order Taylor remainders; C? is
the clean hypothesis. With only C! data, the same limiting equations hold, but
the corresponding errors are o(1), or more explicitly controlled by the modulus of
continuity of the first derivative. In Chapter 9, we place the corresponding continuum
objects in Sobolev spaces and give the gauge-theoretic model.

Set I =1[0,1], h:=1/N, and ), := kh for 0 < k < N. Thus the index of the layer

becomes the point x; of the mesh.

8.4.1 Scaling and transport

A nontrivial limit requires each layer to be a small step over an interval of length h.

We impose the scaling W} = exp(h b(xk)>, with b : I — gl(d, C). Equivalently,
W =1+ hb(zy) + O(h?),

but the exponential form preserves invertibility at every depth.
Let
W= (Wh, ..., WP,

and define the partial products
Xr=1 Xpe=wwk, oWl 1<k<N. (8.30)
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The matrix X! transports the frame at the left endpoint to the point x;. This is the
source of the continuum transport equation.
Write
bi := b(xy).

Since b is bounded on I,

W < exp(hllbllz=), 1G] < exp(][bl]z=),

so the following error estimates are uniform in k. From the Taylor expansion of the
exponential,

W}l =1+hb, +O(h?).

Using X} = WhX}] | we get

Xh o Xh
% = b X} +O(h). (8.31)
Thus the formal continuum equation is
X'(z) = b(x) X (x), X(0)=1. (8.32)

Equation (8.32) fixes only the left endpoint. For a prescribed end-to-end matrix
Xena € GL(d, C), the formal continuum fibre is obtained by imposing X (1) = Xenq.

This is the continuum analogue of fixing the product Wy --- W7 at depth N.

8.4.2 Operators after rescaling

The operators Dwnr and Dy, are of order h under this near-identity scaling. Their

continuum limits therefore come from h~! Dyw» and hilDQ‘Nh.
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Let

ap = a(wg), & = &(w),

where

a:l—gl(d,C),  &:1— MyC).

We use the based condition

which matches the finite-depth convention ag = an = 0.

Definition 8.21. For a smooth coefficient field b : I — gl(d, C), define
Vya :=a' + [a, b], Vi€ ==&+ &7 (8.33)
The associated continuum Laplacians are
AY . =vry, Al =v,Vvi (8.34)

Proof of Proposition 8.5. All error terms below are uniform in the index k, because

the functions involved are C? on the compact interval I. Write
by :=b(x),  W]'=TIT4hb,+O(R?).

For the differential,

(tha)k = ClkW,? — W,?ak,l.

Taylor’s theorem gives

ar_1 = a, — had'(z) + O(h?).
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Hence

(Dwna)e = ax(I + hby + O(h2)) — (I + hby, + O(h?))(ax — hd (zy) + O(h2))
= h(a'(xk) + akbk — bkak) + O(hg)

= h(d/(zx) + [a(zk), b(z1)]) + O(h?).

Dividing by h gives the first limit.

For the codifferential,

(D) = &(Wi)* — (W) €, 1<kE<N-1.

We have
(W = T4 hb} + O(h?), (W) =1+ hbj ., +O(h?),
and
i1 = & + h & (zy) + O(R?), b1 = by +O(h).
Therefore

(Diyn&)r = &(I + hbi + O(h%))
= (I hbjyy + O(h)) (& + h€'(x) + O(h*))
= h(=€'(x) + &b}, — i) + O(?)

= h(=&' () + [§(xx), b(xr)]) + O(R?).

Dividing by h gives the second limit.

]

The sign in (8.33) is fixed by the L? adjoint relation. For smooth a with a(0) =
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a(1) = 0 and smooth &, one has
! * ! * *
/0 o (V3a)" () () d = /0 tr{a(x)" (Vi) (2)) de. (8.35)
Adjointness calculation. Expand
(Vya)* = a”™ + [a,b]" = a"™ + [b*, a"].

Then
/01 tr((vba)*é) dr = /01 tr(a€) dar + /01 tr([b*, a*€) do.

The boundary condition on a gives

1 1
/ tr(a”§) dx = —/ tr(a*¢’) d.
0 0

For the commutator term, cyclicity of trace gives

te([b*, a’]€) = tr(b*a’€ — a'bE) = tr(a” (€6 — b)) = te(a”[€,07]).

Combining these identities yields (8.35). ]

8.4.3 The renormalized moment

Balancedness at finite depth is the equation DiyxizW = 0. Under this scaling, the
corresponding moment is not of order h but of order h%. The first-order terms cancel
because W (Wl)* and (W]')*W}* have the same linear part. Thus the continuum field

of moments appears only after division by h?.
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Definition 8.22. For the scaled tuple W" = (Wk ... W), define

1

1 " X
= s GUW) = (WEVD) = W)Wy, ), 1<Sk<N -1

=13

Definition 8.23. The formal field of moments in the continuum is
foo(D) := —(b+ b*) + [b,b*].
Proof of Proposition 8.6. Write
bk = b(xk;), bk+]_ = b($k+1).
The exponential expansion gives, uniformly in &,
hby, hb} * 2 1 2 * 1 *\ 2 3
e"ke"r =1+ h(b, +by) +h (Qbk + bby + §(b’f) ) + O(h?),

and

2

(8.36)

(8.37)

. 1 1
Mgt = I 4 h(byyy + bj ) + B ((bZ+1)2 + b b + Qbi+l> +O(1°).

Since by 1 — by = O(h), the square terms

1, 1 1., 1,
ibi - ibi+1’ §(bk)2 - §(bk+1)2

contribute only O(h?) to the difference. Hence

Gr(W") = h( (b + b) = (bess + biyr)

+ 12 (beby = by aybrrr ) + O(R?),
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Taylor’s theorem gives

bir1 = by + hb'(z) + O(h?), i1 = b+ h (D) (zx) + O(R?).

Therefore
(b + 05) = (bers + yy) = —h(D+b) (k) + O(h?),

and

Dividing (8.38) by h? yields

wi = — b+ (ax) + [b(zr), b(zx) ] + O(h) = oo (b) (1) + O(h),

which is the desired formal limit.
Finally, by (8.33),
Hoo(b) = Vi (b+b"). (8.39)

Indeed,
Vilb+b)=—0b+b) +[b+b0]=—(b+b") + [b,b"].

Thus the finite-depth balancedness equation Dy W = 0 formally becomes

fioo (B) = 0. (8.40)

This observation anticipates the gauge-theoretic formulation of Chapter 9.
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Remark 8.24 (Restricted Nahm equation). Write

b= =Ty —iTh, Ty, T} I—>u(d)
Then

b + b* = —2iT1, [b, b*] - QI[T(), Tl]

Hence

poo(b) = 20(T] + [Ty, Th]).

The continuum balancedness equation (8.40) is therefore equivalent to
T, + [To, T1] = 0.

This is the one-component reduction of Nahm’s equations obtained by setting the

remaining two components to zero [Don84].

Remark 8.25. The ridge regularizer itself does not produce a nontrivial functional on

a fixed continuum fibre at the natural scale. Indeed, under the near-identity scaling
Wl = exp(h b(:vk)),
(WY W =1+ h(be + bj) + O(R?), (8.41)

and therefore

k=1
8.42
Nd h& . (842)
=+ - tr(by+ ;) + O(h)
2 24

The leading term diverges. The next term has the formal limit

1 1
5/ tr(b + b*) dz = log | det Xond,
0
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where X,,q is the endpoint satisfying X (1) = Xenq. Thus this term is fixed on the
fibre. Consequently, the ridge regularizer carries no nontrivial fibre dependence in the
continuum limit considered here.
By contrast, the renormalized energy of the moment has the formal Riemann-sum
limit
U0 o) — 2 [ i) na @) do (8.43)
2 O Rk 2 Jo > > ' '
This is the continuum Kirwan—Ness functional used in Chapter 9.

The formal limit has therefore isolated the continuum structures that survive the
near-identity regime. The discrete differential Dw becomes the covariant derivative
Vs, while the finite moment Di, W, after the h~? renormalization in (8.36), becomes
the continuum moment field ., (b). Chapter 9 turns this formal picture into a gauge
theory on the interval: it chooses the Sobolev configuration space, defines the based
gauge action, identifies the continuum moment map, and returns to the fibre metrics

and heat flows in that analytic setting.

Bibliographical notes

For the general framework of discrete exterior calculus, including cochain complexes,
discrete differentials, codifferentials, and Hodge Laplacians, see [Hir03; Des+05].

For normal metrics on adjoint orbits and related isospectral manifolds, see [Ati82;
BMRI13; BK23|. The fibrewise minimization theorem and the explicit regularizer flow
for the DLN are from [LM25].

The near-identity scaling and transport viewpoint are related to the infinite-depth
DLN limit studied by Cohen, Menon, and Veraszto [CMV23]. For the Nahm-equation

background used in Remark 8.24, see Donaldson [Don84].
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Chapter 9

Gauge Theory on the Interval

We construct the infinite-depth model on the interval within a Sobolev framework.
A coefficient b € H'([0,1], gl(d, C)) determines a path X, by the transport equation
X; = bXyp, Xp(0) = I. For a given matrix X € GL(d, C), the corresponding fibre is
defined by the endpoint condition Xj(1) = X.

The symmetry group consists of gauge transformations that are equal to the
identity at both endpoints. After setting up the Sobolev spaces, the final section gives

a formal derivation of the heat flows on the fibre.

Remark 9.1. Karen Uhlenbeck observed that the infinite-depth DLN should be in-
terpreted through the lens of Yang-Mills theory [Uhl26]. In this interpretation, the
continuum model on the interval is viewed as a one-dimensional gauge theory, with
the moment field playing the role of curvature and balancedness corresponding to the

vanishing of this field.

9.1 Main results

Set B := Hl([O, 1], gl(d, (C)) For b € B, let X, solve the transport equation, and
define the endpoint map by ¢ (b) := X;(1). For X € GL(d, C), the continuum fibre
over X is F¥ = ¢ (X).

233



The based complex and unitary gauge groups are

G = {g € H*([0,1], GL(d,C)) : ¢(0) = g(1) =T},

and

K= {ue H*([0,1],U(d) : u(0)=u(1) = I}.

The action of G on B is

b9 = gbgt 4+ g'g . (9.1)

For either g = gl(d,C) or g = u(d), write

Hy([0,1],9) == {a € H*([0,1], 9) : a(0) = a(1) = 0}.

The infinitesimal gauge operator at b is Vya := a’ + [a, b]. Its formal L? adjoint is

ViZ =7 +[Z,b].

Remark 9.2. In Yang-Mills theory on a circle, the symmetry is the full loop group,
and the natural gauge-invariant object is the conjugacy class of the holonomy. If one
instead fixes a frame at a base point, this symmetry is reduced to the based loop
group, and the holonomy element itself is well defined.

The DLN interval model is framed at both endpoints. The conditions X;(0) = I
and X,(1) = Y fix the input and output frames, so the endpoint matrix is not
taken modulo conjugacy. The relevant symmetry group therefore consists of gauge
transformations that are the identity at the endpoints. In this sense, the continuum

fibre is a one-dimensional gauge model for a factorization with prescribed product.

The first result identifies the continuum fibre with the orbit of the based complex

gauge group.
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Theorem 9.3. The endpoint map
¢ : B— GL(d,C)

is a smooth submersion. Hence, for every X € GL(d,C), the fibre F¥ is a smooth

Hilbert submanifold of B. Moreover, F¥ is a single G-orbit under (9.1), and for every
be Fy,

We next record the Hamiltonian structure of the based unitary action. On B we

use the L? Hermitian form

hrz(a, B) :== /01 tr(a(x)*B(x)) dz,

with symplectic form

w(a, B) = Shrz(a, 5).

For R € L*([0,1],Herm(d)) and & € HZ([0,1],u(d)), define the weak pairing

(R, &) = —; /01 Str(R(x)E(x)) de. (9.2)

The continuum moment field is pio(b) := —(b + b*) + [b, b*].

Theorem 9.4. The action of KC on (B,w) is Hamiltonian. With respect to the pairing

(9.2), a moment map is

fiso : B — L*([0, 1], Herm(d)), fhoo (D) = —(b+b")" + [b, b].
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Equivalently, for every & € H3([0,1],u(d)),

d((poo(); €))y[0] = w(Viboa)  for all ba € B.

The balanced set is the zero level set of this moment map: M, = {b € B :
loo(b) = 0}. The following regular-value statement gives this set its Hilbert-manifold

structure.

Proposition 9.5. The map

lioo : B = H'([0,1],gl(d,C)) — L*([0, 1], Herm(d))

is smooth as a map of real Hilbert spaces. Moreover, for every b € B, the differential

(Dioo)p s surjective. Hence 0 is a reqular value of jio, and

is a smooth Hilbert submanifold of B, with

TyM o = ker(Dioo)sp.

For fixed X € GL(d,C), the balanced part of the continuum fibre is OF :=
FLN M.
The next result rewrites balancedness in the positive-definite cone. For b € B, set

Hy(x) == Xp(2)*Xy(x) € Herm™ (d). The trace metric on Herm™ (d) is

Goum(U, V) :=tr(H'UH'V), U,V € TyHerm™ (d) ~ Herm(d). (9.3)
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Its geodesic equation is (H'H') = 0.

Theorem 9.6. For every b € B,
(Hy  HY = = X (D)X, (9.4)

Consequently, b € Mo, if and only if (H, 'H})' = 0.

On a fixed fibre, the endpoints of H,, are fixed:

The geodesic equation therefore has a unique solution with these endpoints.

Corollary 9.7. Fiz X € GL(d,C) and let b € FY. Then
be OF < Hy(x)= exp(x log(X*X)), 0<z<1.
An H? path Y : [0,1] — GL(d, C) with Y (0) = I determines the coefficient
by =YY 'eB.

We call Y balanced if by € M.

Corollary 9.8. Fiz X € GL(d,C), and write its polar decomposition as
X = Ux(X*X)V2

An H? path Y : [0,1] — GL(d, C) with



is balanced if and only if

where

U € H*([0,1],U(d)), U0) =1, U(l) = Ux.

Corollary 9.8 shows that two balanced paths with the same endpoint differ by left

multiplication by a based unitary gauge transformation.
Corollary 9.9. For every X € GL(d,C), the balanced fibre OF is a single K-orbit.

It remains to connect this geometry to the fibrewise heat flows suggested by the
discrete theory. Theorems 9.11 and 9.12 identify the formal interior equations.

The continuum Kirwan—Ness energy is

£.(b) : 2/"uum )" oo (b) () ) . (9.5)
For tangent vectors written as Vya and Ve, define the induced fibre metric by
9(Vpa, Vie) := /01 %tr((vba)*vbc) dzx, (9.6)
and the normal fibre metric by
a" (Va, Vic) : / Rtr(a*c) (9.7)

These definitions do not depend on the chosen based potentials. Indeed, if Vya = 0
and a(0) = 0, then
(XglaXb)’ = Xgl(Vba)Xb =0.
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Thus X, 'aX, is constant, and since a(0) = 0, we have a = 0. Hence a — V,a is
injective on based fields.

For the formal Hodge notation, set
A= vy, (9.8)

We also write

AV =V (®), (A2 = V,AD i (b). (9.9)

Let Y be the normalized transport path for b, so that
Y, =0bY, Y (0) =1,

and set

H:=Y"Y.

Define

P = H_le Q = an T = Hyp — HzH_lea [':= _sz + [Q:z:?P]

(9.10)
Here 7y = H(H _1H:,5):D is the geodesic residual for the trace metric.
Proposition 9.10. For smooth b,
1 /1
Exo(b) = 7/ tI‘(H_lTH H_17H> dux. (9.11)
2 Jo

Thus the continuum Kirwan—Ness energy is the squared norm of the geodesic

residual of H = Y*Y for the trace metric.

Theorem 9.11. For smooth b, the formal negative gradient of £, with respect to g*
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has the interior form

by = —2A0b = —2V, 100 (b). (9.12)

In the variable H = Y*Y , the corresponding interior equation is
Hy = A4(Hyp — HyH ' H,) = d7y. (9.13)

Theorem 9.12. For smooth b, the formal negative gradient of £ with respect to g"°"

has the interior form
by = —2(AMY?b = =2V, A 11 (b). (9.14)
In the variable H = Y*Y |, the corresponding interior equation is
H, =2(TI"H + HT). (9.15)

The corresponding problem on a fixed fibre is obtained by coupling these interior

equations to the endpoint conditions
Y (0,t) =1, Y(1,t) = X, (9.16)
or, after passing to H =YY, to

H(0,t)=1,  H(l,t)=X*X.
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9.2 The interval model and its gauge symmetry

The continuum fibre is an interval problem with fixed endpoint frames. The coefficient
b records infinitesimal transport along the variable z, while the endpoint value Xj(1)
records the analogue of the finite product Wiy - - - Wj. Since the frames at x = 0 and
x = 1 are part of the data, a gauge transformation may change the frame only in the
interior of the interval.

Recall from Section 9.1 that B = Hl([(), 1], gl(d, (C)), and that the based complex

and unitary gauge groups are
G ={g € H*([0,1],GL(d,C)) : ¢(0) = g(1) = I},

K = {ue€ H*([0,1],U(d)) : u(0) =u(1) = TI}.
A coefficient b € B defines the covariant derivative

d
D, =%
T dx (7).

and the transport equation is the parallel-transport equation for D,. With this sign

convention, a change of frame by ¢ sends b to
b9 = gbg ' +g'g7",

as in (9.1). This is the usual one-dimensional connection law [KN63; FU91].

The Sobolev orders are chosen to make this formula closed on B. In one dimension,

HY([0,1]) = €°([0,1]),  H*([0,1]) = C*([0,1])
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continuously [AF03]. Thus coefficients in B are continuous, while gauge transformations
in G are continuously differentiable. Moreover, H'([0,1]) is a Banach algebra, so

pointwise matrix products of H! functions again belong to H*.

Lemma 9.13. The formula

g-b:= b9 = gbg ' 4+ 4¢'g!

defines a smooth left action of G on B.

Proof. Let g € G. Since g € H*([0,1], GL(d,C)) and inversion is smooth on GL(d, C),
the inverse g~! also belongs to H%([0, 1], GL(d,C)). Hence

g9, 9~ ¢ € H'([0,1]) n C°([0,1]).

Since H'([0,1]) is a Banach algebra, both products

-1 -1

gbg and g9

belong to H'([0,1], gl(d, C)). Therefore b9 € B.

The identity element acts trivially. If g,h € G, then
h-(g-b) =h(ghg™ +g'g™" )b~ + Wh™" = (hg)b(hg) ™" + (hg)'(hg)".

Thus

h-(g-b) = (hg) - b,

so the action is a left action. Smoothness follows from the continuity of multiplication

in the Sobolev algebras used above and from smoothness of inversion on the open set
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of invertible H? paths. O

Remark 9.14. As explained at the beginning of the chapter, the endpoint framing is

part of the continuum fibre. Thus G and K are based path groups.

9.2.1 The endpoint map

For b € B, let X, denote the solution of the transport equation, and recall that

®oo(b) = Xp(1). The next lemma supplies the analytic input for Theorem 9.3.

Lemma 9.15. For every b € B, the transport equation
X, = bX,, X,(0) =1,
has a unique solution
X, € H*([0,1],GL(d, C)).

Moreover, the solution map

bl—>Xb

is smooth as a map from B to H*([0,1],M4(C)). Consequently
s : B — GL(d, C)

s smooth, and
1
(Dgoo)p|a] = Xb(l)/o Xp(t) () X (t) dt. (9.17)
Proof. Since b € H'([0,1]) € C°([0, 1]), the ordinary differential equation has a unique

C! solution on [0, 1]. Differentiating once more in the weak sense gives

Xy = VX, + bX;,
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Here v/ € L?, X, € C° b e C° and X} = bX, € L. Therefore X' € L?, so X, € H.

The solution remains invertible. Indeed, if Y solves

then (Y X,)" = 0, and hence Y (2)Xy(z) = I for all z. Thus X,(z) € GL(d,C) for
every x, and

X, € H*([0,1],GL(d, C)).

We next prove smooth dependence on b. Consider
F(b, X) = (X' =X, X(0)),

as a map

F: B x H*([0,1], M4(C)) — H*(]0,1], Mg(C)) x My4(C).

This map is smooth because multiplication
H'x H> — H'
is continuous in one dimension. At a solution X, the derivative with respect to X is
n— (1 = bn, n(0)).
This operator is an isomorphism: for every

(f,C) € H'([0,1], Myg(C)) x Ma(C),
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the linear problem

n =bn+f, n(0) = C,

has a unique solution n € H?([0, 1], My4(C)). The inverse is bounded by the usual linear
ODE estimates on the compact interval. The implicit function theorem therefore gives
smoothness of b — Xj,.

Now fix b, € B, and let

Y = (DX)sfal.

Differentiating the transport equation in the direction « gives

Y =bY +aX,  Y(0)=0. (9.18)

Write Y = X, Z. Since X; = bX,, equation (9.18) gives

7' = X, 'aX,, Z(0) = 0.

Therefore
20) = [ X)) %,(0) dr,
and hence
Y(1) = X,(1) /01 X, () a(t) Xy () dt.
Since (Do )p[a] = Y (1), this proves (9.17). O

Proof of Theorem 9.3. By Lemma 9.15, the endpoint map

s : B— GL(d, C)
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is smooth. We first prove that it is a submersion. Fix b € B and let
M € Ty )GL(d,C) ~ My(C)

be arbitrary. Set

R:= X,(1)"' M, aft) == Xp(t)RX,(t) "
Since X3, X, ' € H?, we have a € H' = B. Moreover,

Xo(t) ra(t)Xs(t) = R
for every t. Using (9.17), we obtain
1
(Déwla] = X,(1) [ Rdt = X,()R = M.

Thus (D¢ ) is surjective for every b € B.
Since the target is finite-dimensional, the kernel of (D¢ ), is complemented. The

Banach-space implicit function theorem therefore implies that, for every X € GL(d, C),

=03 (X)

[e o]

is a smooth Hilbert submanifold of B.
We next prove that each fibre is a single G-orbit. Let g € G. By Lemma 9.13,

b9 € B. Differentiate the product gXp:

(9X,) = g'X, + gXj = ' Xp + gbX, = (gbg ™" + 4’9" ) (9X).
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Thus gX, solves the transport equation with coefficient b9). Since

(9X)(0) = 9(0)X,(0) = I,

uniqueness gives

Evaluating at x = 1 and using g(1) = I, we get

P (D) = Xy (1) = g(1) X,(1) = Xy (1) = oo (D).

Therefore the G-orbit of b lies in the fibre through b.

Conversely, let b, c € F§°. Define
9(x) == Xe(2)Xp(2) ™"
Since X, X, € H*([0,1], GL(d, C)), we have
g € H*([0,1],GL(d, C)).

The endpoint conditions are

9(0) = X(0)X,0) " =1,  g(1) = X(1)X,(1) ' = XX ' =L

Thus g € G. Differentiating g = X.X, ' gives
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Rearranging,

c=gbg '+ g9t =Y.

Hence any two points in F§° lie in the same G-orbit.

It remains to identify the tangent space. Since F§° is the level set of the submersion

Poo;
be;o = ker(Dngoo)b.

First let

a € H3([0,1],91(d, C)).
The path
gs = exp(sa)

lies in G for all real s, because a(0) = a(1) = 0. Differentiating the gauge action at

s =0 gives
d

I b9 = o/ + [a,b] = V,a.

=0

The endpoint map is invariant under G, so
(D¢oo)b[vb&] =0.

Therefore

For the reverse inclusion, let

a € TLZFY = ker(Dgog )p.
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Define
m(x) = /Ox X () au(t) X (t) dt, a(x) == Xy(z)m(z) Xy(z) "

The integrand X, 'aX, lies in H', so m € H? and m(0) = 0. Hence a € H? and
a(0) = 0.
Using (9.17) and « € ker(Do)p, we find

0= (Dgoo)pla] = Xp(1)m(1).
Since X,(1) is invertible, m(1) = 0, and therefore a(1) = 0. Thus
a € H([0,1], gl(d, ©)).

Finally,
a =bXymX, ' + Xym' X, — XymX; b,

Since m’ = X, 'aX,, this becomes

a = ba + o — ab.

Consequently,
Vya = a' + [a,b] = a.
Thus
T,F¥ € VoH;([0,1],91(d,C) )
and the reverse inclusion proved above gives equality. O
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9.3 The continuum moment map and balancedness

In Chapter 4, we identified balancedness with the zero level set of the moment map for
the finite-dimensional unitary symmetry. We now prove the corresponding statement
on the interval.

The finite-depth moment tuple is a codifferential. In the interval model, the same
role is played by applying the formal adjoint V;Z = —Z’ + [Z,b*] to the Hermitian

part of the coefficient. Indeed,
Vilb+b)=—0b+b) +[b+b0]=—(b+b") 4 [b,0*] = poo(b). (9.20)

Thus the field oo (b) is the continuum analogue of the discrete codifferential of the
weight tuple.

We use the weak L? Hermitian form

hix(o,6) = [ “tr(a(z)*B(2) do

on B, and write

gr2(a, ) = Rhr2(a, 5), w(a, B) = Shrz(a, 5), Jo = ia.
The form w is constant on the affine space B, hence closed. It is weakly nondegenerate
because hpz(a, ) > 0 for every nonzero o € B.
Lemma 9.16. The action of K on B preserves grz2, J, and w.

Proof. Fix u € K. The action is

bi—s b™ = ybu + u
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Its differential at any b € B is

a — uau .

Since u(x) is unitary for every x € [0, 1], pointwise conjugation preserves the Frobenius

Hermitian form:

tr((uozu_l)*(uﬁu_l)) = tr(a*f).

After integration over [0, 1], this gives
hrz(uau™ uBu™t) = hz(a, B).

Therefore the action preserves gr2 and w. It also preserves J, since complex scalar

multiplication commutes with conjugation. O

Lemma 9.17. The formula for . defines a smooth map

liso : B — L*([0, 1], Herm(d)).
Its differential at b € B is

(Dpioo o] = —(a + a*) + [a, 0] + [b, a]. (9.21)

Proof. 1t b € B = H'([0,1],gl(d,C)), then

b+b* e H, (b+0*) € L2
Since H'([0,1]) is a Banach algebra, the commutator

[b, "] = bb" — b*b
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belongs to H'([0, 1], gl(d,C)), hence to L. Thus . (b) € L.
The field is Hermitian. Indeed, b + b* is Hermitian, so its weak derivative is

Hermitian as an L? field, and
[b,b]" = (bb" — b*b)" = bb™ — b*b = [b, b"].

Hence 11 (b) takes values in Herm(d).
Smoothness follows from the smoothness of the linear map b — —(b + b*)" from
H' to L? and the smoothness of the quadratic map b — [b,b*] from H' to H' C L.

Differentiating the formula for ., in the direction o gives (9.21). 0

Proof of Theorem 9.4. By Lemma 9.16, the based unitary gauge group acts on (B,w)
by symplectomorphisms. By Lemma 9.17, the field po, is a smooth map from B to
L*(]0,1], Herm(d)). It remains to verify the moment-map identity.
Let
¢ € Hy([0, 1], u(d)).

The corresponding fundamental vector field is obtained by differentiating b)) at
t=0:
Ke(b) =& +[§,b] = Vig.

Fix b,a € B. Using (9.21) and the pairing (9.2), we get

A €Nyl = =5 [ S0 (~la+a7) o+ [, + ] ) do

We compute the three contributions. For the derivative term, integration by parts
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and the endpoint condition £(0) = £(1) = 0 give

_; 01 %tr(—(a + a*)’f) dr = — /01 Str(al’) du.

Here we used ™ = —¢'.

For the first commutator term, cyclicity of trace gives

tr([a, bJ¢) = — tr(afg, b%)).

Hence

1

_;/Olgtr([a,b*]g) dr = 2/01%tr(oz[§, b)) da.

For the second commutator term,
tr([b, a*]¢) = tr(a’[¢,0]).
Since [€,b]* = [¢,b%], we have
Str(a’[€,b]) = =Str(alg, b7]).

Therefore

1

3 [ sutbaldr = [ Sualer])

Adding the three terms yields

On the other hand,
(Vi)™ = (£ + &) ==& + [0,
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because £* = —¢£. Thus

Aps), Ny lo] = [ S0{(9)" ) dr = w(Vi,0).

This is the desired moment-map identity. O

Proof of Proposition 9.5. Smoothness follows from Lemma 9.17; equivalently, it fol-
lows from the fact that in one dimension H'! is a Banach algebra and H' — C°.

Differentiating the moment field gives
(Dptso o] = —(a + ®) + [, "] + [b, *].
We prove surjectivity. Let
R € L*([0,1], Herm(d))

be arbitrary. Write
1
a:= 5(b —b*) € H'([0,1],u(d)).

We look for a Hermitian variation o = s = s*. For such s,
(Dpso)pls] = —=25" + [s,0] + [b, s] = —25" — 2][s, a).
Thus it is enough to solve
s'+ [s,a] = —;R, s(0) = 0.

This is a first-order linear equation with L? forcing and continuous coefficients. It has a

unique H' solution. Since the coefficient s — [s, a] preserves Hermitian matrices, and
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since the forcing and initial condition are Hermitian, the solution remains Hermitian.

Therefore

(D/Lw)b[s] = R.

So (Dpieo)p is surjective.
Because (Do )p is a surjective bounded linear map between Hilbert spaces, its
kernel is complemented. The Hilbert-space regular-value theorem therefore implies

that My = pt(0) is a smooth Hilbert submanifold and that
TbMoo = ker<DIU/OO)b'

]

The definitions of M, and OF are therefore the direct continuum analogues of the
finite-dimensional definitions. By (9.20), balancedness is the covariant codifferential
equation

Vi(b+0b")=0.

This is the interval version of the discrete identity
G(W) = D\ W.

Remark 9.18 (Yang-Mills form, [UhI26]). Assume for this remark that b is smooth,

and write
b=u—h, w: [0,1] = u(d), h:[0,1] — Herm(d).

Equivalently,

1
w=S(b-b),  h=—J(b+b).

1
2
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Then
b+b" = —2h, b, b"] = —2]u, hl,

and hence

oo(b) = 2(H' = [u, h]).

Now place the pair (u,h) on the cylinder [0,1] x S' by taking the connection
one-form

A= —udx +ihdy.
It is independent of the circle variable y. Its mixed curvature component is
Fuy = 0,(ih) + [—u,ih] = i(K = [u, h]).
Thus

foo(b) = —21F,,.

Consequently, the continuum Kirwan—Ness energy (9.5) is, up to the constant factor
fixed by these conventions, the Yang—Mills energy of this one-dimensional reduction.

In this form, the balanced equation says that the mixed curvature component vanishes.

9.4 The path in the positive-definite cone

In Chapter 6, we used the Gram matrices of the partial products to reduce a fixed
finite-depth fibre to a discrete path in the positive-definite cone. In the continuum
limit, this discrete path becomes the actual path Hy(z) = Xy(z)* Xp(z), where X,

solves the transport equation. Thus Hy is the positive part of the normalized transport.
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For b € B, the initial point of this path is fixed:

H,(0) = 1.

If b e F¥, then ¢oo(b) = X, and hence

Hy(1) = X,(1)* X,(1) = X*X.

Therefore a point of the continuum fibre determines a path in Herm™ (d) from I to
X*X. The main point of this section is that balancedness is exactly the condition
that this path be the geodesic between these two endpoints for the trace metric.

For b € B, define the logarithmic velocity of Hy, by

P, := H, "H;.

All identities below are equalities in the weak sense for b € B. For smooth fields, the

same calculations are pointwise.

Proposition 9.19. For every b € B,

By= X, (b +b") X, (9.22)

Proof of Proposition 9.19. Differentiate H, = X;X,. Using X; = bX,, we obtain

H) = X[ Xy + X; X}, = X;b* X, + X;bX, = X7 (b + b) X,

Since

Hy' =X, (X))
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it follows that

Py = Hy H) = X, ' (b+ b") X,

Proof of Theorem 9.6. By Proposition 9.19,
Hy'Hy = X, (b+ b)) X,
Differentiate this identity:
(Hy 'Hp) = (X)) (b+6)Xp + X, (0 +0) X + X, (0 +07) X5
Since
(X, =—-X,'0, X, = bXy,
we obtain
(Hy'Hy)' = — X, '0(b+0%) X + X, ' (b + 0)' X,
+ X, (b + b*)bX,
= X, (b +b7) + b7, b]) Xy

= =X (— 0+ 5 + [b.6) X

- - b_llucm(b)Xb’

where the last equality uses the definition of p.. This proves (9.4).
Since X,(z) is invertible for every z, the identity (H, 'H})' = 0 is equivalent to

loo(b) = 0. By the definition of M, this is exactly the condition b € M. O

The equation (H'H’) = 0 is the geodesic equation for the trace metric (9.3).

258



Thus the moment equation p..(b) = 0 becomes, after passing to the positive part of

the transport, the geodesic equation in Herm™ (d).

Proof of Corollary 9.7. Let b € F¥. Since OF = F¥ N M, Theorem 9.6 gives
b € OF if and only if (H, ' H}) = 0.
Assume first that (H, 'H]) = 0. Set
P := H; 'Hj.
Then P is independent of z. Since Hy, and H; are Hermitian,

H,P = H, = (H))* = P*H,.

Evaluating at x = 0, where H,(0) = I, gives P = P*. Thus P is Hermitian.

The equation H] = H, P, together with H,(0) = I, has the solution
Hy(z) = exp(xP).

Because b € F¥Y,

Hy(1) = X*X.

The matrix X*X is positive definite, so it has a unique Hermitian logarithm. Hence
P =log(X*X),

and therefore

Hy(z) = exp(x log(X*X)).
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Conversely, if

Hy(z) = exp(a: log(X*X)),

then

Hy7 H) = log(X°X),
so (H, 'H})" = 0. The theorem then gives b € OF. O

For an H? path Y : [0,1] — GL(d, C) with Y(0) = I, write
by =YY 'eB.

Then Y is balanced precisely when by € M.

Proof of Corollary 9.8. Let
Ly :=log(X"X).

Assume first that Y is balanced, and set
by :=Y'Y !

Since Y(0) = I and Y(1) = X, we have by € F§. Since Y is balanced, by € O%. By
Corollary 9.7,
Y(x)Y (z) = exp(zLx).

Define

Then
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so U(z) € U(d) for every z. Since Y € H? and x — exp(—zLx/2) is smooth, we have

U € H*([0,1],U(d)). The endpoints are

where

X = Ux(X*X)"V?

is the polar decomposition of X. Thus Y has the asserted form.

Conversely, suppose Y has the asserted form:
Y(z) = U) exp@LX) . Ue HX([0,1],U(d)).
Then
Y (2)'Y (z) = exp(xLx).

By Corollary 9.7, the coefficient by = Y'Y ! belongs to OF, and hence Y is balanced.

]

Proof of Corollary 9.9. First let b € OF and u € K. By the gauge covariance of
transport,

Since u(z) is unitary,

Hyw) = Xy Xy = Xy Xpy = Hy,

Corollary 9.7 therefore implies that b € O. Thus the based unitary gauge action

preserves the balanced fibre.
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Now let b,c € OF. Set
V= Xy Vo= X, ui=YY, L

The endpoint conditions give

Moreover, Corollary 9.7 gives
Y'Y, = exp(zlog(X*X)) = VY.

Hence

wu = (V)Y = ()T = 1
Thus v € K.

Finally, since Y, = uY,, differentiating gives

Y. =Y =dY,+uY] = (u’u‘l + ubu_l)Yc.

Therefore
c=ubu"t +vut = bW,

Thus any two points of OF lie in the same K-orbit. [
Corollary 9.20. Let Y € H?*([0,1],GL(d,C)) satisfy Y(0) =1 and Y (1) = X. If Y
is balanced, then, after ordering singular values decreasingly,

oi(Y(2)) = oy(X)®,  1<i<d
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Equivalently, the logarithms of the singular values vary linearly in the continuum depth

coordinate x.

Proof of Corollary 9.20. By Corollary 9.7,
Y (@)Y (2) = exp(xlog(X*X)).
The eigenvalues of X*X are o;(X)2. Therefore the eigenvalues of
exp(x 1og(X*X)>

are 0;(X)?*. These are the squares of the singular values of Y (z). Taking positive

square roots gives

o:(Y(x)) = 0y(X)".

Remark 9.21. In Chapter 6, we used the matrices

to describe a finite-depth factorization as a discrete path in the positive-definite cone,
with endpoints

Hy=1, Hy=XX.

The finite-depth balanced equations are equivalent to the constancy of the multiplica-

tive increments

Hk —- H];lek, Hk+1 == Hk
The continuum equation (H~'H’) = 0 is the corresponding constancy condition for
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the logarithmic velocity H~'H’. Thus the finite-depth balanced path is a sampled
geodesic for the trace metric, while the infinite-depth balanced profile is the geodesic

itself.

9.5 Continuum fibre metrics and formal heat flows

In Chapter 8 we rewrote the geometry of a fibre at finite depth as a discrete Hodge
theory on the path of layers and then passed formally to the interval. We now prove
the flow statements from Section 9.1. The energy, the two metrics, the degree-0
operator, and the degree-1 notation are those fixed in (9.5), (9.6), (9.7), (9.8), and
(9.9).

This section has a narrow purpose. We compute the first variation of £, along
tangent directions of a fixed fibre, identify the formal interior vector fields selected
by the two metrics, and then translate those vector fields to the transport variable
Y and to the path H = Y*Y in Herm™ (d). The word formal remains essential: the
calculation identifies interior differential equations. The problem on a fixed fibre is

obtained only after imposing the conditions at the endpoints.

9.5.1 First variation on a fixed fibre

Fix X € GL(d,C) and b € F¥. By Theorem 9.3, tangent vectors to the fibre have the
form Vya = d’ + [a, b], with a € Hg([O, 1], gl(d, C)) The condition a(0) = a(1) =0 is
part of the description of the tangent space. It is the source of the distinction between
an interior equation and the problem with fixed endpoints. The potential a is unique:

if Vya =0 and a(0) = 0, then
(X, 'aXy) = X, H(Vya) X, =0,
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so X, 'aX, is constant. Since a(0) = 0, this constant is zero, and hence a = 0. This
injectivity is what makes the normal fibre metric (9.7) well defined.

For a smooth coefficient field a, the degree-0 operator is
AV = ViV = —(a’ + [a, b])/ + [a’ + [a, B], b*}. (9.23)
Proposition 9.22. For a,c € H3([0, 1], gl(d,C)),
. ! A 0)
gy(Vpa, Vye) = §R/ tr(a(m) (A, c)(x)) dx. (9.24)
0

Proof. Using the formal adjoint V;Z = —Z' + [Z,b*] and the endpoint values of a,

we obtain

1 1
/ tr((Vba)*Vbc) dx :/ tr(a*VzvbC) dx.
0 0
Since AI()O) = V;V,, taking real parts gives (9.24). O

Proposition 9.23. Let b and a be smooth, and set
n = Vya =d + [a,b].

Then

(ool = A a + (A a) (9.25)

Proof. Differentiating fio,(b) = —(b+ b*)" + [b,b*] in the direction 1 gives
d(poo ol = —=(n + ") + [, 0" + [b, 7]

On the other hand,
A a = Vi(Vsa) = = + [n,b7].
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Taking adjoints gives
(A0a)" = —@) + b,

Adding the two identities proves (9.25).

Corollary 9.24. For smooth b and a € HZ([0,1], gl(d, C)),

1
A€ 4[Via] = 2 /0 {10 (0)° A a) dr. (9.26)

Proof. By differentiating (9.5),

AEsoaln] =R [ 0y 0)” Alpoclol]) iz

Now take n = Vya and use Proposition 9.23. Since i (b) is Hermitian by Theorem 9.4,

the two terms in (9.25) contribute the same real part. This gives (9.26). O

For the metric induced from the ambient L? structure, equations (9.24) and (9.26)

show that the first variation is represented by the coefficient 2pu(b):

AEscs| Vo) = % [ {20 (0)) A0 di (9.27)

For the metric transported from L? on the coefficients, one formally moves A{(}o)

from the test coefficient onto pi(b):
! (0) .
A€ y[Viya] = R / tr{ (28 10 (b)) "a) e (9.28)
0
Thus the two coefficient fields selected by the first variation are
a,() = 21100(0),  nor(D) = 22 1o (). (9.29)
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These coefficients need not vanish at © = 0 and x = 1. Therefore (9.29) gives the

interior operators; the conditions at the endpoints must be imposed separately.

Proposition 9.25. Suppose b(x,t) is smooth and evolves by
by = —Vya
for a smooth matriz field o(x,t). Then
(Hoo)r = —(A,ﬂo)a + (A,ﬁo)a)*) (9.30)

Proof. Apply Proposition 9.23 to n = b, = —Vja. O

9.5.2 Transport variables and the conditions at the endpoints

The equations for b have a simple expression in a transport variable. This also makes

clear where the constraints on the fixed fibre enter.

Lemma 9.26. Suppose Y (z,t) solves
Y, =bY.

If
by = —Vya = _<am + [a7b])7

then there is an x-independent matriz C(t) such that
Y, =—-aY +YC(1). (9.31)

Conversely, (9.31) implies by = —Vav.
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Proof. Set
Z =YY,

Differentiating b = Y, Y ! gives
by=YZ,Y .
A direct calculation also gives
(Y™'aY) =Y (V)Y
Hence b, = —Va is equivalent to

7y = —(Y—lay)

x

Thus
7 ==Y taY +C(t),

where C'(t) is independent of x. Multiplying by Y gives (9.31). The converse follows
by starting with (9.31) and differentiating b = Y, Y 1. O

Corollary 9.27. IfY(0,t) = I, then
Y; = —aY 4+ Ya(0,1). (9.32)
In particular, if a(0,t) = a(1,t) = 0, then the endpoints of the normalized path are

constant in t.

Proof. Putting x = 0 in (9.31) gives 0 = Y;(0,¢) = —a(0,t) + C(t). Hence C(t) =

a(0,t), which proves (9.32). The endpoint claim follows by evaluating (9.32) at
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r = 1. O

Remark 9.28. If « is based, the normalized transport path satisfies Y; = —aY and
keeps both endpoints fixed. The coefficients in (9.29) are not generally based. For
them, the equation Y; = —aY is a convenient gauge for the interior calculation. The
problem on a fixed fibre is the same interior equation coupled to (9.16), or equivalently
to

H(O,t) =1,  H(l,t)=X"X.

9.5.3 The geodesic residual in the positive cone

Let Y be the normalized transport path for b and set H = Y*Y. We use
P:=H'H,, Q =P, Ty = Hy, — H,H 'H,,
as in (9.10). By Theorem 9.6,
Q= (H'H,), = Y pn0)Y. (9.33)
Proof of Proposition 9.10. Equation (9.33) gives
fhoo(b) = =Y QY 1.

Therefore

poo(D) oo (D) = Y *Q HQY ™.

Taking the trace and using cyclicity gives

01{ 100 (B) 1o (b)) = t1{( Q" HQH ).
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Since

Q=(H'H,),=H 'H,, - H'H,H 'H,,

we have

HQ=H,, — H.H 'H, = 4.

The matrix 7y is Hermitian, so Q*H = (HQ)* = 7y. Hence
tr(Q*HQH—l) = tr(H_lTHH_lTH).

Integrating over [0, 1] and multiplying by 1/2 proves (9.11). O

Remark 9.29. The trace metric on Herm™ (d) has path energy
L(H) = 1/1 tuH'H, H'H,) d
T 9 0 T T )

whose Euler-Lagrange equation is (H 'H,), = 0. Balancedness is this geodesic
equation. The functional £ is different: by Proposition 9.10, it is the squared L?
norm of the geodesic residual 7. Thus the continuum Kirwan—Ness energy is a

bienergy for the trace metric, not the ordinary energy of a path.

9.5.4 Proofs of the formal heat-flow statements

Proof of Theorem 9.11. For the metric induced from the ambient L? structure, the
first variation is represented by the first coefficient in (9.29). Thus the formal gradient
is V(21s0 (b)), and the negative gradient equation is (9.12).
The corresponding equation for the moment follows from Proposition 9.25 with
a = 2 (b):
(1) = =2( A s (0) + (A1 (0)) ). (9.34)
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It remains to compute the equation for H. Use the gauge used for the interior

calculation
By (9.33),

/Loo(b) = _YQY_la Q= (H_1H$)J?
Therefore

Y, = 2YQ.

Differentiating H = Y*Y gives
H, =YY +Y"Y,=2Q"H +2HQ.

But

HQ=H(H'H,), = H,, — H,H 'H, = 74,

and 7y is Hermitian. Hence Q*H = HQ, and
Hy = 4(Hyy — HoH ' H,) = 47

This is (9.13).

]

Proof of Theorem 9.12. For the metric transported from L? on coefficients, the formal

integration by parts in (9.28) shows that the first variation is represented by the

second coefficient in (9.29). Thus the formal negative gradient equation is (9.14).

The moment equation follows from Proposition 9.25 with a = QAI(,O) oo ():

(o) = =2((AF 1 6) + (A2 (0)) ).
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We now compute the equation for H. For a matrix field Z, set

Z=Y"'7Yy.
A direct differentiation gives
YUV, 2)Y = (2), (9.36)
and
Y YViZ2)Y = —(Z), +[Z,P], P=H"'H,. (9.37)

Apply (9.36) to Z = ps(b). By (9.33), Z = —@Q, and so
Y (Voo (0)Y = — Q.
Applying (9.37) to Z = Vs (b) gives
Y (A oo (0)Y = Qo — [Q, P).
In the gauge used for the interior calculation
Y= =22 e (1) Y-
we therefore have

Y, = =2 (Que — [Qu, P) = 2YT,  T'=—Qu +[Qx, P).
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Finally,
H, =YY +Y"Y,=2I""H + 2HT,

which is (9.15). O

Remark 9.30. The continuum fibre F§° is a Hilbert submanifold of B = H'([0, 1], gl(d, C)).
Its topology is therefore the H' topology inherited from B. The fibre metrics intro-
duced above should be viewed as different ways of measuring tangent vectors on this
same H'! fibre, not as different choices of topology.

In the Hodge Laplacian notation, the metric induced by the ambient L? pairing
gives the heat flow b = —QAI()l)b, while the normal metric gives the biharmonic heat
flow b = —Q(Aél))Qb. Equivalently, the moment evolves by a second-order equation in
the first case and by a fourth-order equation in the second. Linearized at b = 0, these

become

(Hoo)t = 489%/%0 and (Hoo)t = _48§Moov

respectively. Thus the normal metric is weaker than the induced metric when viewed
on the field b. Formally, it loses one additional derivative. This distinction does not

occur at finite depth, since all norms on a finite-dimensional space are equivalent.

Remark 9.31. Remark 9.30 compares two local continuum heat flows obtained from
the ambient L? metric and from the coefficient L? metric. Uhlenbeck’s discussion
of the infinite-depth DLN points to another natural continuum geometry [Uhl26].
This geometry is compatible with the natural H' topology on the coefficient field
b, in the sense that it induces the H' topology on the configuration space B =
H'([0,1], gl(d, C)).

In this geometry the moment is normalized to decay linearly,

(,uoo)t = Moo,
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at least formally. The corresponding gradient flow is therefore a smooth ODE on the
H?' configuration space, rather than a local second- or fourth-order PDE.

Although the ridge functional R does not admit a nontrivial continuum limit on
the fibre, its gradient vector field does. It is therefore natural to study this flow in the
continuum. In particular, the comparison between the different geometries remains

meaningful at the level of their induced dynamics.

Remark 9.32. In the scalar case d = 1, all commutators vanish. If u = log H, then

P = Uy, Q = Ugg, I'= —Uggr-

Equation (9.15) becomes
H, = —4H(log H) yz22,

or, equivalently,

Uy = _4uacaz:cx

For comparison, the interior equations from Theorems 9.11 and 9.12 are collected
in Table 9.1. The table is not a separate statement of well-posedness. The problem

on a fixed fibre is obtained by adding the endpoint data (9.16), or equivalently

H(O,t)=1,  H(l,t)=X*X.

The first row is the degree-1 heat equation that drives H toward the geodesic
equation (H~'H,), = 0. The second row is the corresponding biharmonic equation
driven by the bienergy €. In this sense the continuum fibre dynamics are heat flows
on the interval: the variable x € [0, 1] is the depth variable, the moment f..(b) is the

continuum divergence, and balancedness is the zero-divergence condition.
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Table 9.1: Continuum interior equations for the induced and normal metrics on the fibre.

__]_H:E>

Functional and met- | Interior equation | Equation for e Equation for H =
ric inb Y*Y
Eno With g b = —2Ab (1oo)e = =2( A o Hy = 4(Hyy — HH
0 *
+ (Az(; )Noo) )
oo With ghor b= —2AM2% | (too) = —2((A,§°>)2Mm H, = 2(T*H + HT)
0 *
+ (A1)

Bibliographical notes

Background on gauge theory, Sobolev spaces, and the one-dimensional connection law
may be found in [KN63; FU91; AF03]. The Hamiltonian interpretation follows the
Atiyah-Bott moment-map framework [AB83]. The Yang—Mills/GIT perspective is
surveyed in [Tral7]. The continuum formulation of deep linear networks developed
here originates in Uhlenbeck’s lecture [Uhl26].

Among existing infinite-depth DLN results, the closest antecedent is [CMV23],
which studies the infinite-depth limit of real deep linear networks in a matrix-completion

setting and identifies the limiting end-to-end metric.
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Chapter 10

Quotient Geometry at Infinite

Depth

We now identify the quotient geometry that survives at infinite depth. The space
GL(d, C) is obtained by taking continuum coefficients modulo based unitary gauge
transformations. Each matrix arises from such a coefficient, and equivalent coefficients
determine the same matrix.

At infinite depth, the quantities defined at finite depth no longer remain finite
without modification. After introducing the appropriate renormalizations, the metric
on GL(d,C), the Kéhler potential, the entropy, and the Ricci form admit explicit
formulas.

The order of construction in this chapter is deliberate. In finite depth, the balanced
manifold and the quotient by the compact unitary group are finite-dimensional objects,
so the quotient geometry can be formed directly and then computed. A literal
continuum analogue would begin from an infinite-dimensional orbit space and require
endowing it with a Hilbert manifold structure, a step that is technically delicate and
not intrinsic to the geometric formulas we seek. We therefore avoid this route. The
endpoint classification from Chapter 9 first identifies the set of balanced based-gauge

orbits with the finite-dimensional space GL(d,C). We then define the candidate
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Hermitian tensor directly on GL(d,C), through the explicit operator A, x. The
submersion interpretation is recovered only a posteriori, by constructing the L?2-
horizontal lifts and proving that their quotient tensor is exactly hy. In the same
spirit, the renormalized entropy is first expressed as a determinant of .A;oly v, and only
afterward converted into the Ricci-potential formula. Thus the total space, base, fibres,

and metric are all given explicitly, without invoking an abstract Hilbert quotient.

10.1 Main results

We begin by describing the set of balanced coefficients up to based unitary gauge
transformations. The notation M,/K denotes the set of K-orbits in M. No
manifold structure is assumed at this stage. Theorem 10.1 shows that the endpoint
matrix determines the orbit. For each X, all balanced coefficients with endpoint
X lie in a single based unitary gauge orbit. This is the continuum analogue of the
finite-depth result that balanced factorizations, taken up to the compact unitary

symmetry, parametrize the space of end-to-end matrices.

Theorem 10.1. The restriction ¢oo|m., : Moo = GL(d, C) is constant on K-orbits
and induces a bijection ¢o 1 Moo /K — GL(d,C), [b] + ¢uo(b). Equivalently, for
every X € GL(d, C), the balanced fibre OF = F¥ N My is a single K-orbit.

The metric obtained by taking L?-orthogonal complements to the gauge directions
can be written directly on GL(d, C). The relevant continuum operator is obtained by

replacing the finite layer sum with an integral. For X € GL(d, C), define

)

Ax(2) = [ XXV Z(XX) 7 € My(C). (10.1)
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Proposition 10.2. For every X € GL(d, C), the operator A x is Hermitian, positive

definite, and invertible with respect to the Frobenius Hermitian form on My(C).

Thus the formula
hoo(X) (21, Zo) i= to( 21 A (Z2) ) (10.2)

defines a Hermitian metric on GL(d, C). We write goo := Rhoo and wy 1= Sheo.

The quotient tensor is defined by horizontal lift. For b € M, set V, := T,(K - b)
and Hp, == T Mo N VbLLZ. Here (, )12 = [ tr(a(z)*B(x)) do. If X = ¢u(b), and if
(D¢oo)p : Hpy — TxGL(d, C) is an isomorphism, define hquot(X)(Z1, Za) := (&1, &2) 12,
where &, € Hy, is the unique horizontal lift satisfying (D¢ )s€a = Z4. The based gauge
action is isometric and leaves ¢, unchanged, so this definition is independent of the
balanced representative once the horizontal-lift isomorphism is known. Theorem 10.5
proves the required isomorphism at a diagonal representative, and bi-unitary invariance

transports it to all of GL(d, C).

Theorem 10.3. Under the identification ¢ : Mo /K — GL(d, C), the Hermitian
tensor obtained from L*-orthogonal horizontal lifts is he. Hence the induced Rieman-
nian metric and Kdhler form on the space of end-to-end matrices are go, = Rhs and

Woo = Shoo-

The weights in this metric are logarithmic means. If ¥ = diag(oy,...,0,4) and
ri = 02, set
i, i # 15,
- logr; —logr; (10.3)
i, Ty =T;.

Then AOO,E(Eij) = gijEij and hoo(E)(EU, Ekg) = 6ik5jﬂ KZ_JI ThU_S, if X = QER* and

o 1/2 .
u;, vy are the corresponding singular vectors, then ey := €ij-/ u;v} is an heo-orthonormal
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basis of Tx GL(d, C).
The metric has a simple Kéhler potential after the finite-depth potential is renor-

malized.

Theorem 10.4. Let
1 * 2
Voo (X) = Ztr((log(X X))?).

Then wy, = 190V, .

The endpoint modes that enter the horizontal lift calculation are explicit. At a
diagonal endpoint X = ¥ = diag(oy, ..., 04), the balanced representative is Ys(z) =
%7, with by = logX. For 1 < i,j < d, set cfi(x) := oil_xof and cf(z) = ool
Their boundary values are cfi(0) = 0, ¢/ (1) = 0, ¢;(0) = 0;, and ¢f5(1) = 0;. The
corresponding right-endpoint tangent field is '} (z) := ¢} (x) Ej;.

Theorem 10.5. For every 1 <i,j < d, I'}Y € Tyy Mo N T (K - bg) 22, Moreover,
(Doo )b (53] = €ij Eij and ||T59]17. = L. Consequently, the normalized lifts ffjo =

f;lmfff form an L?-orthonormal basis of the complezified horizontal space ’H},CE =

(Tye Moo N Ty (K - bs)F22) @r C and project to the hoo(X)-orthonormal basis K;J/QEZ-]-.

The entropy that survives at infinite depth is a renormalized entropy rather than
the logarithm of a finite-dimensional orbit volume. With the logarithmic mean ¢;;

defined by (10.3), set

d
Seo(X) :=> logo;+ > logly, (10.4)

i=1 1<i<j<d
where 01, ..., 0,4 are the singular values of X. This formula is symmetric in the singular

values and extends continuously across collisions.

Theorem 10.6. For every X € GL(d,C), Sx(X) = —1logdet(AL ), where the

determinant is taken for the complex-linear operator A;},X on My(C).
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Since X +— A x is smooth and positive definite, the determinant identity shows
that S is globally smooth on GL(d,C). In particular, the singular-value expression
in (10.4) defines a smooth bi-unitarily invariant function on GL(d, C), including across
singular-value collisions.

For the Ricci form we use the convention p, = —iddlog det(h,z) in a local

holomorphic frame.

Theorem 10.7. The Ricci form of he s
Poo = 21 90S...

Equivalently, 254 is a Ricci potential for the infinite-depth metric.

The Ricci-potential formula also shows that the infinite-depth metric is not Einstein,

even though both w., and p,, are determined by singular values.
Corollary 10.8. If d > 2, then the infinite-depth metric hy is not Kahler—FEinstein.

These statements construct the tensors on the set of balanced gauge orbits by
identifying that set with GL(d,C). They do not prove that the rescaled finite-depth
metrics Nhy, their geodesics, or the finite-depth quotient spaces converge to the
objects constructed here. The estimates needed for such a convergence theorem are
separate from the quotient identification and curvature computations carried out in

this chapter.

10.2 The quotient and the Hermitian metric

At finite depth, we first identify the balanced quotient with GL(d, C) and only then

compute the metric on that quotient. We use the same order here. In Chapter 9
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we proved that, once the endpoint is fixed, balanced transport paths differ only by
transformations in the based unitary gauge group. Thus the endpoint matrix is the

invariant that remains after quotienting by K.

Proof of Theorem 10.1. By (9.19) and the based endpoint condition g(1) = I, the
endpoint map ¢, is constant on based gauge orbits. Hence its restriction to M,

induces a well-defined map

Poo : Moo/ K — CGL(d, C), [b] — ¢oo(D).

We first prove surjectivity. Fix X € GL(d,C). By Corollary 9.8, there exists a

balanced transport path from [ to X. Equivalently,

0% = F¥ N Mu

is nonempty. Thus X lies in the image of ¢o.

We next prove injectivity. Suppose b, c € M, satisfy

Goo(b) = Poo(c) = X.
Then b, c € OF. By Corollary 9.9, the set OF is a single K-orbit. Hence ¢ = b™ for
some u € K, and therefore [b] = [¢] in M /K. O

Theorem 10.1 identifies the set of balanced gauge orbits with GL(d,C). It does
not require, and does not assert, any additional Hilbert-manifold structure on the

orbit set. The tensor on the quotient is defined by taking L2-orthogonal complements
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to the based gauge directions. Namely, for b € M, set
Vb = Tb(/C . b), Hb = TbMoo N V;_LQ.

Here (o, B)r2 == [y tr(a(z)* B(z))de. Tf X = ¢oo(b) and (D¢s)y restricts to an

isomorphism H;, — TxGL(d, C), the quotient Hermitian tensor is

haquot(X)(Z1, Z2) = (&1, &2) 12, (10.5)

where &, € H, is the unique horizontal lift of Z,. The based unitary gauge action
is isometric for the L%-metric and preserves ¢, so (10.5) is independent of the
chosen balanced representative. The completeness statement in Theorem 10.5 verifies
the required horizontal-lift isomorphism at diagonal representatives, and bi-unitary
invariance then transports the construction to every point of GL(d, C).

The remaining task is to compute this tensor explicitly. That calculation is carried
out after the horizontal lifts have been constructed. We first verify that the operator
in (10.1) defines a Hermitian metric and record the diagonal form used throughout
the rest of the chapter.

We write

(Y, Z)p = tr(Y*Z)
for the Frobenius Hermitian form on My(C).

Proof of Proposition 10.2. Let

P = XX", Q:=X"X.
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Both P and @ are positive definite. For 0 <t < 1, define
T,(Z) .= P ZQ".
For Y, Z € My(C), cyclicity of the trace gives

Y, T;Z)r = tr(Y*Pl‘tZQt)
- tr(QtY*Pl—tZ>
= (.Y, Z)p.

Thus T} is Hermitian with respect to (-,-)p. Hence Ay x = fol T; dt is Hermitian.

For Z + 0,
(2. T.2)p = (2P 2Q") = HP(l‘“/?ZQWH; 0.
Therefore

(Z, Assx Z)p = /01 |Pa-22Q2" ar > 0

for every nonzero Z. Thus A x is positive definite. Since My(C) is finite-dimensional,

a positive definite Hermitian operator is invertible. This proves the proposition. [

The same argument shows that X — A, x is smooth on GL(d, C): the functional
calculus is smooth on the positive-definite cone, the integral is taken over a compact
interval, and inversion is smooth on the open set of invertible operators. Hence (10.2)

defines a smooth Hermitian metric.

Lemma 10.9. For Q,R € U(d), X € GL(d,C), and Z € My(C),

Aoo,QXR* (QZR*) = Q Aoo,X(Z) R*.
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Consequently,
hoo( QX R*)(QZ1R*,QZ3R") = hoo(X)(Z1, Zs).

Proof. We have
(QXR)(QXR) =QXX"Q", (QXR)"(QXR") = RX"XR".
Using (10.1),

A (QZR) = [[(QXX'Q)(QZR)(RXXR')' di
- /0 QXX Z (X X) R dt

=Q A x(Z)R".
The first identity implies
o_ol,QXR*(QWR*) = Q-A;ol,X<W) R’
for every W € My(C). Substituting W = Z, into (10.2) gives

hoo(QXR*)(QZ1R*, QZyR")

w((QZ1R")"Q AL < (Z) )
tr(RZ{ AL (Z2)R")

tr(Z7 ALk (Z2))

This is the desired invariance.

]

The diagonal calculation does not require distinct singular values. The continuous

value of the logarithmic mean in (10.3) is essential when singular values collide.
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Proposition 10.10. Let

Y = diag(oy, .. .,04), ;=07

Then the matriz units diagonalize A, and
Ao x(Eij) = lij Eij,
with (;; defined in (10.3). Consequently,
hoo(X)(Eij, Exe) = 600 éi_jl.
Proof. Since ¥¥* = ¥*3 = diag(ry,...,7q), we have
(O5°) By (2°%)! = 11t By

Therefore
1
AOO7Z(Eij) = </0 Tz-l_tT;- dt) Ezg

If r; # rj, then

/lm-ltrt-dt:ﬁ/l(m)tdt:T"_Tj .
0 J o \r; logr; —logr;

If r; = r;, the integrand is constant and the integral equals 7;. Thus the integral is

exactly ¢;; as defined in (10.3).
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The matrix units are orthonormal for (-,-)r. Hence

hoo(2) (Erj, Ere) = tr( B AL (Ere) )

= 0o 05"
]
Proof of the singular-vector basis formula in Section 10.1. Let
X =QXR*
be a singular value decomposition, and write u; = Qe; and v; = Re;. Then
By Lemma 10.9 and Proposition 10.10,
oo (X) (0}, upvy) = hoo (QER")(QE; R, QEp R”)
= heo(2)(Eij, Ee)
== 5ik5j£ 6;1
Therefore the vectors
e;’; = nguiv;‘
form an hy-orthonormal basis of TxGL(d, C). O

Remark 10.11. For fixed X, the operators N "' Ay x form a Riemann sum for A, x:

N
7~ANX Z

k:l

Z(X*X)% —>/ (XX Z(X*X)! dt.
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This observation explains the normalization behind the candidate limit Nhy — hoo.
It is not a convergence theorem for the quotient tensors. Such a theorem would require
uniform control in X, after inversion, and for whatever derivatives are required by the

chosen topology.

Remark 10.12. On GL(d,R), the real part g,, = Rho has the weights appearing
in the infinite-depth metric of Cohen, Menon, and Veraszto [CMV23]. Indeed, at
¥ = diag(oy,...,04), for r; #rj,

_logr; —logr;  2log(o;/0;)

o 2 2

v

v

When r; = r;, the continuous value is

10.3 The renormalized Kahler potential

In Chapter 5 we proved that
N
Uy (X) = Etr((X*X)l/N)

is a Kéahler potential for hy. Since the infinite-depth metric is the object suggested by

the rescaling Nhy, the quantity to renormalize is NV . For

H:= XX,
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the functional calculus expansion

1 1 1
1IN _ 1 _ 1 2 -3
H exp(NlogH> ]—I—NlogH—I—2N2(logH) +O(N7)
formally gives
N2d N 1
Ny (X) = == + 7 logdet (X" X) + 01 (log(X"X))?) + O(N"").  (10.6)

The first term in (10.6) is constant. The second term is pluriharmonic: locally on
GL(d, C),
log det(X™*X) = logdet X + log det X.

Thus neither term contributes to i 99. The finite term left by this subtraction is the
potential

Voo (X) = itr((log(X*X))Q), (10.7)

which was stated in Theorem 10.4. The proof below uses ¥, directly; it does not use
a convergence theorem for the family of renormalized finite-depth potentials.
We use the convention h., = g + iws on real tangent vectors. Equivalently, if

hoj = Noo(0-,, 0,) in holomorphic coordinates, then

i
o == h,zdzo Ndzs.
w 2% o 4z Z8

This is the convention responsible for the factor 1/2 in the Hessian calculation below.

Proof of Theorem 10.4. Set

o(r) = i(log D2 Wa(X) = (X X)),
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Both ¥, and hs, are invariant under the bi-unitary action

X+— QXR*,  Q,ReU(®).

It therefore suffices to prove the identity at a positive diagonal matrix

Y = diag(oy, .. .,04), R:=¥? = diag(ry,...,7q), r =02

7

Use the holomorphic coordinates inherited from M,4(C):

X=X + Z ZabEab-

a,b

Let
F(H) ::tr(go(H»a H=X"X.
At X =X,
azin‘E - Aij = EEZ] = O-iEij’
65MH|Z = A;;g = o-k;EUm
and

0., 05, H| = EjyEyj = 0 Eyy.

For the spectral trace F, the standard divided-difference formulas for derivatives

of spectral trace functions [Bha07, Chapter V] at the diagonal matrix R give

D]:R[U] = ZSOI(TCL)UGCM
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and, after complex-bilinear extension of the second differential,

2J—_.R U V Z’QZ) Tmrb ab%aa

where
¢'(z) — ¢'(y) -

Uz, y) = Ty
¢ (), T =Y.

The chain rule therefore gives

0.y 05 Voo _ = D*Fil Ay, Ay| + DF [0 ]

Zij CZke

= 51’]4:5]'@ (T’ﬂﬂ(’l”i, 7“]') + QDI(T']')) . (108)

We now evaluate the coefficient in (10.8). Since

log r
/ —
90(7") - o )
if r; # rj, then
'(ri) — (15
rip(ri,ry) + @' (1) =7 ( ) — ( ) +¢'(r5)

_logr; —logr; 1
N 2(7"2 —Tj) N 2&]

If r; = r;, then ¢(r;, ;) = ¢"(r;), and

i ij

where the last equality uses the continuous extension ¢;; = r; when r; = r;. Hence, for
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all indices,

1 _
8%.(95“\1!00 > - 5 57,]65_7@ Eml (109)

By Proposition 10.10,
hoo(S)(Eij, Ere) = 60 0"
Thus, in the coordinates z;;,
e (E) = ; S0 dzy A dz = 100 (5).
i\j

Since every point of GL(d,C) lies in the bi-unitary orbit of a positive diagonal
matrix, Lemma 10.9 and the bi-unitary invariance of ¥, give the identity on all of

GL(d,C). O
Corollary 10.13. For every X € GL(d,C),

Vo (X) = ledtr(ld, x°x)".
Proof. For the trace metric on Py,

die(1d, H)? = tr((log H)?)

[Bha07]. Taking H = X*X and using (10.7) gives the claimed identity. O

Corollary 10.14. For every Q,U € U(d), the maps
Lou(X) :=QXU", Jou(X) = Q(X ) U*

are Riemannian isometries of (GL(d, C), gs). The maps Lgu are holomorphic, and
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the maps Jou are anti-holomorphic.

Proof. For Lgy(X) =QXU*,
Lou(X)"'Lou(X)=UX"X)U".
For Jou(X) = Q(X1)*U~,
Jou(X) Jou(X) =U(X*X)"'U*".
Since functional calculus commutes with unitary conjugation and
log ((X*X)™") = —log(X"X),

both families preserve U.

If F' is holomorphic and F*V¥_, = ¥, then Theorem 10.4 gives
Frug = F*(i00¥,s) =i00(Ve 0 F) = wee.

Thus each Lg ¢ is a Kéhler isometry.

If F' is anti-holomorphic and F*V¥_ = ¥, then
F s = —Weo-
Since F,J = —JF,, we obtain, for real tangent vectors V, W,
oo (FLV, FW) = Weo (FLV, JEW) = —woo (FLV, Fu JW) = weo (V, JW) = goo (V, W).

Thus each Jg ¢ is a Riemannian isometry. The formulas defining Ly 7 and Jg iy show
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their holomorphic and anti-holomorphic character, respectively. O]
Remark 10.15. At finite depth, the Kéhler potential is the minimum of the ridge
regularizer on the fibre:

. 1Y
Un(X) = min ROW),  ROW):= 5 3 [Wall3-
X k=1

The function ¥, records the finite part of these minimum values after subtracting
the divergent constant in (10.6) and the pluriharmonic term involving log det(X*X).
We do not interpret ¥, as the minimum of a ridge functional on the continuum fibre

F¥, because the ridge regularizer itself has no nontrivial limit on that fibre.

10.4 The adapted basis in the continuum

We now build the objects that occur in Theorem 10.5. The calculation is the continuum
analogue of the adapted basis from Chapter 5. At a diagonal endpoint, the matrix
sectors decouple. The based gauge condition imposes Dirichlet boundary conditions
on the vertical directions, while the horizontal directions come from the two endpoint
solutions of the same scalar differential equation.

No distinctness assumption on the singular values is used in this section.

10.4.1 The balanced diagonal representative

Let

X =¥ =diag(oy,...,04), o; >0,

and let

Ys(z) = X% = exp(zlog X), 0<z<1, (10.10)
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be the balanced transport path from [ to Y. Its coefficient field is the constant

diagonal matrix
by = YiYs ' =log ¥ = diag(log oy, ..., log ag). (10.11)
For 1 <i,j5 <d, set

vij :=logo; —logo;. (10.12)

If

then

Visa = (f'(x) + 75 (2)) By (10.13)

Thus each Ej;-sector is governed by one scalar differential expression on the interval.

Define
d? d d
Liii= 72 = —— 47 | [~ + i | . 10.14
J 7z i (dx+%><dx+w> (10.14)

We write Lg- for the Dirichlet realization of L;;, with domain
Dom(LE2) = H2([0,1],C) N H}([0,1],C).
Proposition 10.16. For f € H;([0,1],C),

1
0

|Vos(fEy)

; :/ (If' @) + 22 f (2)]?) da. (10.15)

The quadratic form on the right is the closed form associated with Lg. In particular,
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if f € Dom(L}), then

[Vulr B0 = [ T (2B @) da (10.16)

Proof. Since v;; € R,

|Vos(£E3)

2 ! ! 2
12 :/0 \f" 4 v fI7 da.
Expanding gives
1 _ _
[ BT £ 4T 4+ 31 ) do
The mixed terms vanish because f has zero trace at both endpoints:
1, _ 1
L (P78 de= [P de = £ = |FOF =0.
This proves (10.15). If f € H?([0,1],C) N HJ([0,1],C), one further integration by

parts gives
1

1 —
L 7P +32152) do = [ F(=f"+20) de,
0 0
which proves (10.16). O

Proposition 10.17. For m > 1, let
Sm(x) == V/2sin(mrz), 0<z<L

Then

D, _ - 2
Li;sm = AijmSms Aijm = (mm)” + ;.
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Consequently, in the complexified F;;-sector,

V=AY (smEp) (10.17)

ij,m ij,m

has unit L*-norm, and the family {V3%, }m>1 is orthonormal.

Proof. The functions s, satisfy

Hence

Lgsm =—s' + ﬁjsm = ((mw)2 + ﬁj)sm.

Proposition 10.16 gives
<Vb2<8mE7;j), vbg(SnEij)>L2 = <Sm, L55n>L2 = )\ijyn(smn

The normalization in (10.17) therefore gives an orthonormal family. [l

Remark 10.18. The calculation in the proof of Proposition 10.17 is written in the com-
plexified F;j-sector. The real vertical tangent space is obtained from skew-Hermitian

generators, for example

E;—E

It

Since the scalar operator is the same in each sector, the real vertical modes are

obtained by taking the corresponding real combinations of the complexified modes.

Remark 10.19 (Relation with the finite-depth blocks). For fixed i, j, the Dirichlet
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operator ij)- is the continuum counterpart of the block at finite depth

L) = N (= APy + AACx ), A= o,

)

The based gauge condition is the source of the Dirichlet data: infinitesimal based
gauge fields vanish at + =0 and z = 1.

We do not prove an operator convergence theorem here. Such a theorem would
require explicit sampling and interpolation maps between CV¥~1 and functions on [0, 1],

a consistency estimate, and a compactness or resolvent argument. For example, if

f € C*(]0,1],C) satisfies f(0) = f(1) = 0 and
= fR/N), 1<k<N -1

then the first step would be an estimate of the form

Chij

max |(LG7 ) — (L ) (k/N)| < (10.18)

1<k<N-1

One would then combine such estimates with coercivity to prove convergence of eigen-
values, eigenmodes, or resolvents. The present section only identifies the continuum

operator and the endpoint solutions that such a theorem would target.

10.4.2 Endpoint solutions and horizontal lifts

The vertical calculation fixes both endpoints. To obtain the missing endpoint directions,
we use the same scalar differential expression L;; but do not impose Dirichlet conditions.

For 1 <1i,j5 < d, define

ch(z) :==0roi ", cl(x) := o} 07 (10.19)
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The endpoint values are
ck(0) = oy, ck(1) = aj, ck(0) = aj, ck(1) = o;. (10.20)

Thus cg carries the ordered pair (o;, 0;) from left to right, while ciLj carries the same

pair from right to left.

Proposition 10.20. The functions in (10.19) satisfy

(ch) = —vichs, (e) = e,

and hence

Lick =0, LiicE=0

J-ig T

as differential equations on [0,1]. When i = j, both functions reduce to the constant

function

Proof. For the right endpoint solution,

ci(z) = exp((l —z)logo; + xlog 0j>,
S0
() = e, ()" =5e
Thus
L,-jcg = —(cﬁ)" + 7%05 = 0.
The proof for ¢f; is the same, with (c};)" = —vi;cl;. O
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Table 10.1: Finite-depth objects and their continuum counterparts.

Object at finite depth
from Chapter 5

Continuum counterpart

Boundary be-
havior

Role

N = ALy +
AidCy_1)

D
LY

Dirichlet

vertical opera-
tor

Sm(k) from (5.25)

Sm(x) = V/2sin(mmz)

vanishes at
x=0,1

vertical eigen-
mode

7 (V)
h;;’ from (5.33)

Lijc = 0 before impos-
ing endpoint data

endpoints free

enlarged solu-
tion space

M
ij

a al(-?) from (5.35)

ciy(@), (@)

nonzero end-
point values

endpoint solu-
tions

F@'Zj FZOJO(I) = cf} (x)E;j selected by | horizontal lift
right endpoint | of Ej;
data

r I (x) = 0;Fy constant in z | diagonal hori-

zontal lift

Remark 10.21. The distinction between vertical directions and endpoint directions is
encoded in the boundary data. Vertical coefficient fields lie in Hy and vanish at both
endpoints. The endpoint solutions solve the same homogeneous differential equation

but need not vanish at the endpoints.

Set

;= or.
We use the logarithmic mean ¢;; defined in (10.3).

Lemma 10.22. For all 1 <1,5 <d,
! R 2 ! L 2
[le@rar =5, [ @ =g,

Proof. Since
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the definition (10.3) gives
1
R( N2 10
| lefi @) de =

L : o
For ¢;;, the integrand is r7r;

—T

, and the change of variables x +— 1 — x gives the same

integral. [

The right endpoint solution gives the horizontal lift used in Theorem 10.5. Recall
that

00 . R

I () :==¢;

ij

() Eij.

Proof of Theorem 10.5. In the E;j-sector, the formal adjoint of V,, is

. d
Vbz == —% —f-’}/”

R

i I'— ~ el
Since (¢;3)" = vijc;;, we have

VZZFSJO = (—(Cﬁ), + ’y”cfj)Ew = 0.

Let a € HZ([0,1],gl(d,C)). By the formal adjoint formula and integration by

parts,
/01 6 (T55)" Viea) do = /01 o (V;,I%)"a) do = 0.

Thus I'Y? is orthogonal to the complexified gauge directions, and hence to the real
vertical space Tp, (K - by).
It remains to check linearized balancedness and the endpoint projection. The

linearization of the moment field at by, with the sign convention of this chapter, is

D(pioo)ppla] = —(a+ ™) + [a, b5] + [bs, a7].

300



Here by, = b3, is diagonal and cgf is real-valued. If i # j, then
D(Moo)bz [Ffﬂ = (_(05), + %ijDEz‘j + (—(Cf})/ + %‘jcﬁ) Eji = 0.
If i = j, then c? = 0; and 7;; = 0, so
Do )by [T57] = =2(cf}) By = 0.

Therefore

I3 € Ty Moo NThy (K - bs) 2.

By (9.17),
(Do U] = Ya1) [ Vo) T3 ()Y (0) dr.

Using Ys(1) = %, Ys(t) = X, and
E_tEZ‘th = O'i_tO';-Eij,
we obtain

1
(Déboe)pu[T] = /0 cE(t)or ol By dt
Voot o
1
o 1—t .t
—/0 I T’j thZ]

)

- ngE’Lj
The norm identity follows from Lemma 10.22:

1
T3 = [ lefi@) do = ;.
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Define

Tico . p—1/21c0

After normalization,
TSl =1, (Dou)ull] = 6]y (10.21)

Equation (10.21) shows that each normalized lift has unit L?-norm and projects to

Eilj/ QEij. The family is L?-orthonormal because the matrix units are orthonormal for

the Frobenius Hermitian form.
It remains to show that no horizontal directions are missing. We work after complex-
ifying the tangent spaces; the real statement is obtained by taking the corresponding

real form. Let

nec (TbEMoo N sz (IC . bz)J‘LZ) ®Rr C.

Orthogonality to the complexified vertical directions gives, for every a € HZ([0,1], gl(d, C)),

0=(n,Viga) = (szna ayre.

Hence Vj 1 = 0 in the distributional sense. In the E;-sector this equation is

—ﬁ;q(ﬂf) + VpaTlpa (¥) = 0,

SO
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for constants A,, € C. Therefore

n= Z quF;Z.
P.q

The normalized fields f‘fjo therefore form an L?-orthonormal basis of the complexified
horizontal space.

Finally, at the diagonal point,
1
A (Ey) = ( /0 rityt dt) Ey; = (,E,.
Together with the definition of h., in (10.2), this gives
hoo (2) (€] Eijy G Exe) = G
Thus the normalized lifts project to the he(X)-orthonormal basis
ey

ij g

Lemma 10.23. At the diagonal balanced representative by,
ker(D¢oo )by, N The Moo = Thy, (K - by).
Proof. The inclusion
T, (K - byy) C ker(Dooo )by, N Ty Moo

follows because the based gauge action preserves M, and leaves ¢, unchanged.
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For the reverse inclusion, let a € ker(D¢u )pe. N1 M. The Dirichlet operators Lg»
have a spectral gap, so the vertical space is closed and the L?-orthogonal decomposition
gives

a=v+h  veET(K-bs), he€TpMunNT (K-bs)e2,

By the basis statement in Theorem 10.5,

_ .o
h=73 ayly
i

for constants a;;. Since based gauge directions do not change the endpoint, (D¢ )by v =

0. The assumptions on «, together with Theorem 10.5, then give

O = <D¢w)b2h = Z aijgijEz’j-
1,7

All ¢;; are positive and the matrix units are linearly independent, so a;; = 0 for all

1,7. Hence h = 0 and o = v is vertical. O]

10.5 The renormalized entropy

At finite depth, the entropy is the logarithm of the volume of the compact set of
balanced factorizations in a fixed fibre. In the continuum model there is no finite-
dimensional compact orbit whose Riemannian volume is being computed. Nevertheless,
the formula at finite depth has an X-dependent part that remains after subtracting
terms independent of X. This remaining part is the renormalized entropy S, defined
in (10.4).

In Chapter 5 we computed the entropy at depth N. If X € GL(d, C) has singular
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values o1, ...,04, then

d N-1Z&
SN(X) = (N —1)logug + §logN+ TZIOgUi
i=1
o2 — o?
1<i<j<d o;  —0j

where u4 is the Haar volume of U(d) with the normalization used there.

At a regular point of the singular-value chamber, for each i < j,

1 _
o2IN UJQ/N = N(logaf - logajz-> + Ox(N72).

Hence

o; — 05 o; — 05

2 2 2 2
log | —2i—% ) —log N +1 : Ox(N7).
Og(a?/N—af/N) " +Og<10g02 >+ A

J
2

Since there are (g) unordered pairs, the log N-terms in (10.22) combine to give

d d d?
—log N log N = —log N.
5 og +<2> og 5 og

Thus, at a regular point,

2

SN(X)— (N —1)logug — d210g]\7 = Seo(X) 4+ Ox(N7H).

This calculation fixes the normalization of S,,. We do not use it as a convergence
theorem; in particular, no uniform estimate through singular-value collisions is asserted

here.
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For later use, we record the equivalent form of (10.4). If

and if ¢;; denotes the logarithmic mean from (10.3), then

Seo(X) = ;log det(X*X) + Z log ¢;;. (10.23)
1<i<j<d
Indeed, 3 logdet(X*X) =3, logo;.

The word entropy in S, is inherited from the finite-depth theory. It should not be
read as the logarithm of an actual volume of a KC-orbit. Instead, S, is the renormalized
function on GL(d, C) obtained from the finite-depth entropy after the X-independent
terms have been removed.

The formula is written using singular values, but it does not require a genericity

assumption. The logarithmic mean has the integral representation

so it extends across r; = r; with value ¢; = r;. Hence (10.4) extends continuously
across singular-value collisions. The determinant identity in Theorem 10.6 upgrades
this statement to global smoothness on GL(d, C).

Remark 10.24 (The formal g-family). The real and complex infinite-depth entropies
fit the same S-pattern as the finite-depth formulas of Contreras and Nahas [CN26]. If
B € {1,2,4} corresponds respectively to the real, complex, and quaternionic models,

the formal infinite-depth renormalization gives

d 2 o
Séf)(X):(ﬁ—l)Zlogai+§ 5 log( ot =0 2>7
=1

1<i<j<d
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after subtracting the X-independent terms, including the term coming from the Haar

volume of the compact group at finite depth. This chapter proves the complex case

g =2.

Proof of Theorem 10.6. The left-hand side depends only on the singular values of X.

We first reduce the right-hand side to the same diagonal calculation. Let
X =QXR", Y = diag(oy,...,04),
be a singular value decomposition. For the complex-linear isomorphism
T : My(C) — My(C), T(Z)=QZR",
the definition of A x gives
AwxoT =ToAyx.
Thus A x and A 5 are conjugate as complex-linear operators on M,4(C), and so
det(AL x) = det(ALy).

It is therefore enough to compute at X = ..

Set ; = 7. For the matrix unit E;;,
(EE)'TE,(E5) = Til_tT;Eij.

Hence

1
AOO,E<Eij> = </0 TilitTjt dt) Eij = &JEZJ
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The matrix units form a complex basis of M4(C), so

det(A H E_ )

1,7=1

. . o 2 . .
Since ¢;; = r; = o; and {;; = {;;, this becomes

o= (fi)( 117)

Taking logarithms gives

——logdet Zlogaﬁ— Z log ¢;;.

1<i<j<d
By (10.4), the right-hand side is Soo(X). O

Since X +— A x is smooth on GL(d,C), and since A x is positive definite,
the function —flog det (A x) is smooth. The theorem therefore shows that the
singular-value expression for S, is not merely a continuous extension across collisions.

In particular, the singular-value expression defines a smooth bi-unitarily invariant

function on GL(d, C).

Remark 10.25. The proof identifies the renormalized entropy with the determinant of
the metric matrix in the global Frobenius frame. Section 10.7 uses this determinant

formula to compute the Ricci form.

10.6 Horizontal lifts and the quotient metric

We defined the Hermitian tensor ho, in Section 10.2 and constructed the horizontal
endpoint modes in Section 10.4. We now show that these two constructions give the

same metric on the quotient.
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The horizontal-lift theorem was proved in Section 10.4. We now use those lifts to

identify the quotient tensor with the explicit metric h.

Proof of Theorem 10.3. Let hquot denote the Hermitian tensor on GL(d, C) obtained

by transporting the L2-horizontal quotient tensor through
Poo : Moo/ K — CGL(d, C).

We prove that hquot = hoo-

First take X = 3 = diag(oy,...,04). By Theorem 10.5, the vectors

X fl/QEZ“

i = i
are the images of an L?-orthonormal horizontal basis. Therefore
hauot (X) (€37, €57) = dindje-

Equivalently,
hawot (5)(Bij, Exe) = 63050 (7'

Proposition 10.10 gives the same formula for h(X). Hence

hquot(z) = hOO(E)

at every positive diagonal matrix .

It remains to move this identity to an arbitrary point of GL(d, C). Let

X = QUR*
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be a singular value decomposition. Choose a path u € H?([0, 1], U(d)) such that

If Y is a transport path from I to ¥, then

Y(z) :=u(z)Y(z)R*

is a transport path from I to X. If b = Y'Y !, then the coefficient of Y is

b = u'u* + ubu*.

A tangent field n at b is sent to unu*. This transformation preserves the L? Hermitian
inner product, carries based gauge directions to based gauge directions, and therefore
carries horizontal directions to horizontal directions. Thus hqy,e is invariant under
X — QXR".

The tensor h,, has the same bi-unitary invariance by Lemma 10.9. Since every
X € GL(d, C) admits a singular value decomposition, the equality at positive diagonal
matrices implies

hquot = hoo

on all of GL(d,C). Taking real and imaginary parts gives the induced Riemannian

metric and Kahler form:

310



Remark 10.26 (Scope of the quotient construction). The proof of Theorem 10.3
identifies the tensor obtained from L?-horizontal lifts after the continuum quotient
has been identified with GL(d,C). It is not a convergence theorem for the quotient
tensors at finite depth.

Such a theorem would require uniform control, on compact subsets of GL(d, C), of
N Ay x — Alx

together with corresponding estimates for derivatives. Convergence of geodesics would
also require an argument showing that the relevant geodesics remain in a compact
region on the time interval under consideration. A global Gromov—Hausdorff statement
would require additional control near {det X = 0}, such as completeness, curvature, or
volume estimates. Thus the curvature formulas that follow should be read as identities

for the limiting metric, not as compactness results for the quotients at finite depth.

10.7 Ricci curvature and entropy

We now use the determinant identity for S, to compute the Ricci form. Throughout

this section, for a Kéhler metric A on a complex manifold, we use the convention
pn = —i00log det(h,z)

in any local holomorphic frame.

Proof of Theorem 10.7. Choose a basis
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of My(C) that is orthonormal for the Frobenius Hermitian form. We regard this basis

as a global holomorphic frame of
TGL(d,C) = GL(d,C) x My(C).
By (10.2), the Hermitian matrix
hoo,ai(X) = hoo(X)(Ea, Ep)
is the matrix of the operator .A;ol, x in this frame. Therefore
det(hy o5(X)) = det(AL y).

Using the definition of the Ricci form and Theorem 10.6, we obtain

Poo = —i 85 10g det(hoo,aﬁ)
= —i0dlog det(A;},X)

= 2190S.
This proves the claimed Ricci-potential identity. O

Remark 10.27 (The pluriharmonic term). The formula (10.4) may be written as
1
Seo(X) = = logdet(X*X)+ Y logly.
2 1<i<j<d

Locally on GL(d, C),

log det(X*X) = logdet X + logdet X.
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Hence

/1
i00 (2 log det(X*X)) = 0.
Thus only the terms involving the logarithmic means contribute to p.

The Ricci-potential formula also shows that the infinite-depth metric is not Einstein,

even though both w, and p., are determined by singular values.

Proof of Corollary 10.8. For a Kéhler metric, the Einstein condition Ric(geo) = Agoo
is equivalent to po, = Awy, for some constant A € R. Assume, for contradiction, that
this identity holds.

Consider the holomorphic curve
t:C — GL(d,C), v(w) = diag(e®/?,e7/2 1,...,1),

where the identity block is omitted when d = 2. Write

Then

(W 0 0)(w) = itr((log(L(w)*L(w))f) .
The singular values of «(w) are

e e 1,1
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Using (10.4) and (10.3), we get

(S 01)(w) = log<sini1x> d- 2)1Og<4sinh (:U/2)> 7

x2

with the smooth extension at x = 0.

The assumed Einstein condition, Theorem 10.7, and Theorem 10.4 imply
100 (295 — A\V4) = 0.
Pulling back by ¢, the function
2(Se0t) = AWy 01)

is harmonic on C. It depends only on x = Rw, so it is affine in x. It is also even in =z,
hence it must be constant.

Its Taylor expansion at z = 0 is

2(Soc 0 t)(w) = AV 0 1) (w) = <66l - ;) r? — d7;06:v4 + O(z9).

The coefficient of 2* is nonzero for every d > 2. The function is therefore not constant,

contradicting the Einstein assumption. Hence h, is not Kahler—Einstein. O]

Bibliographical notes

This chapter is the continuum counterpart of Chapter 5. The finite-depth quotient,
metric, Kahler-potential, entropy, and Ricci computations that motivate the present
construction come from Chapters 4 and 5, together with the papers cited there.

On the continuum side, the real part g, of the Hermitian metric restricts to the
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infinite-depth metric of Cohen, Menon, and Veraszto [CMV23] on GL(d, R). The formal
[-family in Remark 10.24 is motivated by the finite-depth complex and quaternionic
formulas of Contreras and Nahas [CN26]. We developed the gauge-theoretic continuum
model, the based gauge action, and the balanced classification in Chapter 9.

No convergence theorem is proved in this chapter. In particular, we do not prove
convergence of the rescaled finite-depth quotient tensors, the corresponding off-diagonal
tridiagonal blocks with Dirichlet endpoint conditions, geodesics, or Gromov—Hausdorft

limits.
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