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Chapter 1

Introduction

1.1 Deep learning and overparametrization

Deep learning is function approximation by composition. An architecture specifies a

sequence of maps, depending on trainable parameters θ, whose composition defines a

model f(·; θ). Given training data {(xk, yk)}n
k=1, one fits θ by minimizing an empirical

loss. In continuous time, the resulting training dynamics is modeled by a gradient

flow.

We study the non-uniqueness that arises when a single map is realized as a

composition of many layers. In the linear model, this amounts to factoring a matrix X

as a product of layer matrices. Such a factorization is highly non-unique: many different

collections of matrices yield the same product. In this thesis, overparametrization

refers to this non-uniqueness, rather than to the relation between the dimension of the

parameter space and sample size that is common in the machine learning literature.

Depth thus matters not only because it changes the parametrization, but also because

it enlarges the parameter space and alters the geometry of optimization. We study

the deep linear network because it isolates this effect in the simplest possible setting

[BH89; SMG14].

Fix a depth N ≥ 2, a width d ≥ 1, and F = R or C. A point in parameter space
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and its end-to-end matrix are related by the product map

ϕ : Md(F)N → Md(F), W = (WN , . . . ,W1) 7→ X = WN · · ·W1. (1.1)

Unless stated otherwise, we assume that each layer matrix is invertible,

Wk ∈ GL(d,F), 1 ≤ k ≤ N, (1.2)

so in particular X = ϕ(W) ∈ GL(d,F). If E : Md(F) → R is a smooth loss on the

space of represented matrices, the lifted objective is

L(W) = E(ϕ(W)), (1.3)

and its Euclidean gradient flow on parameter space is

Ẇ = − gradL(W). (1.4)

The represented map x 7→ Xx is linear, but the lifted objective L is nonconvex in

the parameters because X is their product. This makes the DLN a useful model of

deep learning: it retains composition and overparametrization while isolating them

from the additional complications of nonlinear activations. The central problem

is to understand how the geometry of the fibres of ϕ controls the dynamics of the

end-to-end matrix X. For a fixed X, this raises three questions: how large is the

family of factorizations realizing X, how does gradient flow move through that family,

and what geometry does depth induce on the space of end-to-end maps?
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1.2 Symmetry, balancedness, and entropy

The product map ϕ distinguishes the space of factorizations Md(F)N from the space

of represented matrices Md(F). For fixed X, the fibre

FX = ϕ−1(X) (1.5)

consists of all depth-N factorizations of X.

This nonuniqueness is organized by a natural group action. IfA = (AN−1, . . . , A1) ∈

GL(d,F)N−1, define

A · W =
(
WNA

−1
N−1, AN−1WN−1A

−1
N−2, . . . , A1W1

)
. (1.6)

Then ϕ(A · W) = ϕ(W), so the action (1.6) preserves the product map (1.1). In

particular, each fibre (1.5) is invariant under this GL(d,F)N−1-action. On the full-rank

locus, this action organizes each fibre. In fact, each fibre over X ∈ GL(d,F) is a single

GL(d,F)N−1-orbit.

A factorization is called balanced when

W ∗
k+1Wk+1 = WkW

∗
k , 1 ≤ k ≤ N − 1. (1.7)

The balanced factorizations form the balanced manifold M. Balancedness is central

because it identifies the part of parameter space on which the geometry simplifies. It

is preserved by the Euclidean gradient flow of E ◦ ϕ [ACH18], and on each fibre it also

characterizes the preferred factorizations selected by natural regularization principles

[LM25].

On M, the map ϕ becomes a Riemannian submersion. Equivalently, the Euclidean
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metric on parameter space descends through ϕ to a metric gN on the space of end-to-end

matrices, and along balanced trajectories the represented matrix satisfies

Ẋ = − gradgN
E(X). (1.8)

Thus depth enters the end-to-end dynamics not through the loss E, but through the

metric gN [Bah+22; MY26b].

For fixed invertible X, the set of balanced factorizations

OX = FX ∩ M

is a compact K-orbit, where K = O(d)N−1 or K = U(d)N−1 according to whether

F = R or F = C. Its log-volume

SN(X) = log vol(OX) (1.9)

taken with respect to the Riemannian volume induced by the Euclidean metric on

parameter space, defines a Boltzmann entropy on the space of represented matrices.

It measures the size of the family of balanced factorizations that represent the same

matrix X [MY26b]. This entropy also appears in a stochastic description of training.

In the Riemannian Langevin equation (RLE), the projected drift contains the gradient

of this entropy, and the loss and entropy combine to form the free energy

Fβ(X) = E(X) − β−1SN(X), (1.10)

where β > 0 is an inverse temperature parameter [MY26b; MY26a].

A striking feature of the DLN is that it connects to several areas of mathematics,
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including symplectic geometry, random matrix theory, stochastic processes, and gauge

theory. These themes recur throughout the thesis and remain tightly linked because

they arise from the same overparametrized matrix factorization.

1.3 Main results

The main results of the thesis describe how depth shapes the geometry of the deep

linear network. Starting from the nonuniqueness of matrix factorizations, we show that

symmetry organizes the fibres, that balancedness selects distinguished factorizations,

and that the resulting quotient geometry determines both the dynamics and the

associated entropy on the space of end-to-end matrices. We then pass to an infinite-

depth limit, where this finite-dimensional geometry gives rise to a continuum model

with gauge symmetry and a renormalized quotient geometry. The aim throughout is

to identify the geometry on parameter space that descends to the space of end-to-end

matrices and governs the dynamics.

In Chapter 2, we fix notation and record the structural facts used throughout the

thesis, including conserved quantities, balancedness, the metric gN , the entropy SN ,

and the fibrewise regularizers.

In Chapter 3, we analyze the real DLN at finite depth. For spectral energies,

the gN -gradient flow of the free energy closes on the chamber of singular values. We

prove that the entropy SN extends real-analytically through singular-value collisions.

We also analyze its concavity properties with respect to both the Euclidean and

Riemannian geometries of the chamber. Under the stated convexity hypotheses on

the spectral energy, the free energy has a unique minimizer on the chamber, and this

minimizer lies on the diagonal. For Schatten energies, the diagonal flow reduces to an

explicitly solvable scalar equation.
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In Chapters 4 and 5, we study the complex DLN. We identify the balanced manifold

as the zero level set of the moment map for the unitary symmetry. We prove that, for

each invertible matrix X, the set of balanced factorizations of X is a single compact

unitary orbit. We then compute the quotient metric on GL(d,C) and derive explicit

formulas for the Kähler potential, the entropy, and the Ricci form.

In Chapters 6 and 7, we study nonzero level sets of the moment map. For fixed X,

we describe the quotient of the fibre by the compact symmetry using the Gram matrices

of partial products, and hence obtain coordinates on a product of positive-definite

cones. In these coordinates, the balanced point is the geodesic from I to X∗X with

respect to the trace metric. We also compute the mean-curvature drift arising from

Brownian motion on general levels sets of the moment map and its projection to the

space of end-to-end matrices.

In Chapters 8–10, we pass from a finite sequence of layers to a continuum field

on an interval. We rewrite the finite-depth fibre geometry in a form adapted to

renormalization, identify the Sobolev spaces and gauge symmetry of the continuum

model, and express balancedness through a continuum moment map. We also show

that the fibrewise regularizing dynamics take the form of heat-type flows along the

depth direction, dissipating toward balancedness. In Chapter 9, we give a rigorous

formulation of the continuum model using Sobolev spaces. In Chapter 10 we derive the

limiting Hermitian metric on the quotient GL(d,C) together with the renormalized

Kähler potential, entropy, and Ricci formula. These describe the geometric quantities

that survive after renormalization in the infinite-depth setting. We do not prove here

a full convergence theory from the finite-depth model to the continuum limit.
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1.4 On the use of large language models

Mathematics does not advance through finished theorem statements alone. It proceeds

through examples, failed calculations, conversations, and the gradual clarification

of what a proof ought to explain. Lakatos [Lak63], Thurston [Thu06], and Gowers

[Gow23], in different ways, all stress that mathematical work contains much more than

the final polished argument: it includes search, revision, and judgment long before the

proof is written in its final form. The emergence of large language models changes this

exploratory layer of mathematical work, but it does not erase the distinction between

exploration and proof.

I used ChatGPT during both the research and writing of this thesis.1 Most often,

I used it to test an example, probe an edge case, rephrase a definition or paragraph, or

check whether a local step was stated clearly. These systems were treated as fallible

tools, not as mathematical authorities, and no mathematical claim in this thesis is

included on the authority of model output alone. Their responses were often useful,

but they were also frequently incomplete, overconfident, or simply wrong. At times,

they also helped clarify or reorganize the presentation of an argument, though the

underlying mathematics and its validation remained my responsibility.

Another limitation is what is often called sycophancy: the tendency of these systems

to accommodate the direction of a conversation rather than challenge it. This is most

pronounced in subjective or open-ended settings, where there may be no clear notion

of correctness and the model can elaborate on a weak premise without resistance. In

mathematics, this tendency is checked more sharply by explicit standards of correctness.

A model may present an argument fluently, but agreement or fluency is not evidence of
1For more demanding mathematical exchanges and line-by-line editorial work, I generally used

ChatGPT Pro with GPT-5.4 Pro, GPT-5.3, or GPT-5.2. Lighter ChatGPT models were sometimes
used for lower-stakes drafting, formatting, or exploratory prompts. Where recoverable, model/version
metadata will be recorded in the companion repository.
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truth. Its claims can be tested against axioms, definitions, computations, and standard

results. In practice, I therefore treated agreement or fluency as insufficient, and instead

asked for derivations, checked edge cases, and verified each step independently. The

model’s role was not to confirm correctness, but to surface candidate arguments that

could then be accepted or rejected on mathematical grounds.

Originality here does not mean that every intermediate sentence or heuristic

arose in isolation. That would misdescribe not only AI-assisted work but much of

ordinary mathematics, which is already shaped by seminars, correspondence, textbooks,

examples, collaborators, and inherited language. The relevant standard is one of

judgment and responsibility. The choice of problems, the judgment of what mattered,

the recognition of which arguments were sound, the decision to discard false lines of

thought, and the synthesis of the material into a coherent mathematical contribution

remained mine. In this sense, the originality of the thesis lies not in solitude, but in

intellectual direction and mathematical responsibility.

This view of originality depends on how one understands the development of

mathematical ideas. Recent work of Asvin G offers a broader account of that process.

In [G25], mathematics is understood as organizing and explaining patterns in compu-

tational traces, meaning the concrete outputs of calculation, symbolic manipulation,

proof search, algorithms, and related formal procedures, by means of axiomatic frame-

works. Problem-solving is described as a loop of belief revision, and a distinction is

drawn between implicit concepts, which sharpen search within an existing language,

and explicit concepts, which change the language of possible moves [G26]. Whether

or not one accepts this framework in full, it captures something important about

my own experience with these tools. If mathematical work develops through search,

revision, and the interpretation of such traces, then originality need not mean that

every intermediate step arose in isolation. It lies instead in directing, interpreting, and
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validating the process. Present-day LLMs can assist with local search, reformulation,

comparison, and heuristic testing, but they are much less reliable at the deeper task of

determining which concepts, theorems, or explanations are the right ones. These tools

can accelerate parts of the back-and-forth through which understanding develops, but

they do not by themselves determine what deserves to enter the literature.

Whenever a conversation with a model suggested a claim, derivation, or reformu-

lation that seemed useful, I checked it separately. Sometimes I rederived the point

from first principles, sometimes I traced it back to standard sources, and sometimes I

discarded it. Model output was therefore part of the research process, not a substitute

for proof or for standard mathematical sources.

To make that role concrete, I summarize three representative conversations below.

Additional annotated transcripts are provided in a companion repository.2

Example 1: debugging moment-map geometry. In one exchange, I used the

model to check a draft discussion of ambient Kähler geometry, moment maps, and

imbalanced level sets. The main mathematical structure was already in place: the

group action, the description of the normal space via J-rotated orbit directions, and

the claim that nonzero imbalance produces a symplectic tilt of the orbit relative to

the tangent space of the level set. The model was helpful in surfacing places where

conventions might be muddled, especially signs, pairings, and equivariance. Some

suggestions survived, some had to be corrected, and some were discarded after I

checked the calculations directly. What survived into the thesis was a clearer and

independently verified presentation.

Example 2: provenance and overclaiming in the balanced fibre discussion.

A second exchange concerned claims about balanced fibres, moment maps, and the
2A companion repository containing annotated transcripts, curation notes, and model/version

metadata accompanies this thesis.
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isotropic or Lagrangian character of the relevant unitary orbit. Here the main issue was

provenance. I needed to separate what was explicit in the literature, what belonged

to standard symplectic background, and what required a fresh argument in the deep

linear network setting. The model helped mainly by forcing that separation: vague

statements had to be made precise, and overstatements had to be justified or removed.

In particular, claims about Lagrangian structure were kept only after separate checking

and reformulation. The result was a cleaner account of scope and sources.

Example 3: finding a visual language for group orbits and moment-map

level sets. A third exchange was mainly about exposition. I was trying to find a clear

visual and conceptual way to explain how group orbits sit relative to level sets of the

moment map, especially the difference between the balanced set and generic nonzero

level sets. The mathematical point itself was already settled. The balanced set is

preserved by the group action, whereas a generic nonzero level set is not invariant

and is typically cut across by group orbits. What I lacked was a clean presentation

of that distinction. The model helped by offering rough pictures, captions, and

local descriptions that clarified the separation between global equivariance and local

tangent/normal geometry. Some of those pictures and analogies were misleading and

had to be rejected or redrawn. What remained was a clearer exposition of the same

argument.

The repository is selective rather than exhaustive and is limited to thesis-related

material. The aim is not to archive every prompt, but to show representative modes of

use. Each public transcript is accompanied by a short note stating the mathematical

question, what I had before the exchange, what the model contributed, where it failed

or overreached, and what remained after independent checking. Exhaustiveness here

would obscure rather than clarify the role of the tool.

I expect some version of this workflow to become increasingly normal in math-
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ematics. If Thurston is right that proof is only one part of mathematical progress

[Thu06], and if Gowers is right that research depends on intermediate judgments,

search strategies, and changing levels of confidence [Gow23], then tools that accelerate

these pre-proof stages will change the practice of the subject. Recent work on AI

and mathematical practice points in a similar direction [Hen25; Pan25]. The central

question is how such systems can be used well without blurring the line between assis-

tance and mathematical judgment. My own view is that mathematics in the coming

years will be carried out in a richer ecology of thought, involving human conversation,

computation, proof, and increasingly sophisticated machine assistance. That makes

human judgment all the more important, not less. Someone must still decide what is

true, what is interesting, what is explained, and what is worth preserving. For this

thesis, that responsibility is mine.
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Chapter 2

The Deep Linear Network

In this chapter, we fix notation for the DLN and record the structural facts used

throughout the thesis: the product map, the group action on fibres, the conserved

quantities, the balanced manifold, the quotient metric, the entropy, and the fibrewise

regularizer flows.

2.1 The model

We write

W = (WN , . . . ,W1), Wk ∈ Md(F).

The associated end-to-end map is defined by

ϕ : Md(F)N → Md(F), ϕ(W) = X = WN · · ·W1.

Let

E : Md(F) → R

be a smooth loss on the space of end-to-end matrices, and let

L(W) = E(ϕ(W))

13



be the lifted loss. The Euclidean gradient flow on parameter space is

Ẇk = −(WN · · ·Wk+1)∗dE(X)(Wk−1 · · ·W1)∗, 1 ≤ k ≤ N, (2.1)

with the convention that empty products are the identity. Unless stated otherwise, we

work on the full-rank locus, so Wk ∈ GL(d,F) and X ∈ GL(d,F).

For X ∈ Md(F), the fibre over X is

FX = ϕ−1(X).

For A = (AN−1, . . . , A1) ∈ GL(d,F)N−1, define

A · (WN , . . . ,W1) = (WNA
−1
N−1, AN−1WN−1A

−1
N−2, . . . , A1W1). (2.2)

The group GL(d,F)N−1 acts by changing bases at the intermediate layers. These

changes cancel in the full product, so ϕ(A · W) = ϕ(W) and every fibre is invariant

under this action.

Define the Hermitian matrices

Gk = WkW
∗
k −W ∗

k+1Wk+1, 1 ≤ k ≤ N − 1.

Thus Gk compares the outgoing Gram matrix of layer k with the incoming Gram

matrix of layer k + 1. We collect these matrices into the tuple

G = (GN−1, . . . , G1),

ordered to match the coordinates of the group GL(d,F)N−1.
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For a prescribed tuple G = (GN−1, . . . , G1), let

MG =
{
W ∈ Md(F)N : WkW

∗
k −W ∗

k+1Wk+1 = Gk for 1 ≤ k ≤ N − 1
}
.

The case G = 0 is the balanced variety. Its full-rank stratum is the balanced manifold

M.

Choose a singular value decomposition X = QNΣQ∗
0, Λ = Σ1/N . The tuple

CX = (QNΛ, Λ, . . . , ΛQ∗
0) lies in FX and is balanced. Thus CX is the balanced

representative determined by the chosen singular value decomposition.

If K = O(d)N−1 or U(d)N−1 according to whether F = R or F = C, then for

X ∈ GL(d,F) we set

OX = FX ∩ M.

Proposition 2.1 ([MY26b; LM25]). Let X ∈ GL(d,F), and choose a singular value

decomposition defining the balanced representative CX . Then

FX = GL(d,F)N−1 · CX , OX = K · CX .

In particular, OX is compact.

Thus every full-rank factorization of X lies in the GL(d,F)N−1-orbit of CX , and

the balanced factorizations are exactly the K-orbit of CX .

2.2 Invariant sets

The tuple G is the conserved quantity of the Euclidean gradient flow.
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Theorem 2.2 ([ACH18]). Let W(t) = (WN(t), . . . ,W1(t)) solve the parameter flow

Ẇk = −(WN · · ·Wk+1)∗dE(X)(Wk−1 · · ·W1)∗, X = WN · · ·W1, 1 ≤ k ≤ N,

(2.3)

where empty products are the identity. For

Gk(t) = Wk(t)Wk(t)∗ −Wk+1(t)∗Wk+1(t), 1 ≤ k ≤ N − 1,

the tuple

G(t) =
(
GN−1(t), . . . , G1(t)

)
is constant in t. Equivalently, each level set MG is invariant under the flow (2.3): if

W(0) ∈ MG, then W(t) ∈ MG for as long as the solution exists.

Proposition 2.3 ([ACH18]). Let W(t) solve the flow (2.3). Define the partial products

Pk = WN · · ·Wk, Qk = Wk · · ·W1, 1 ≤ k ≤ N,

and set PN+1 = Q0 = I. Then the end-to-end matrix X(t) = ϕ(W(t)) satisfies

Ẋ = −
N∑

k=1
(Pk+1P

∗
k+1) dE(X) (Q∗

k−1Qk−1). (2.4)

The flow (2.4) is not closed in X in general, because the Gram matrices of the

partial products depend on the factorization. On the balanced manifold, however,

these matrices are determined by X alone.

Lemma 2.4. Let W ∈ M and ϕ(W) = X. Then

Pk+1P
∗
k+1 = (XX∗)

N−k
N , Q∗

k−1Qk−1 = (X∗X)
k−1

N , 1 ≤ k ≤ N.
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For X ∈ GL(d,F), define the linear operator

AN,X(Z) =
N∑

k=1
(XX∗)

N−k
N Z (X∗X)

k−1
N , Z ∈ Md(F). (2.5)

The operator AN,X is positive definite with respect to the Frobenius pairing, and

therefore defines a Riemannian metric on GL(d,F). In the real case this metric is

gN(X)(Z1, Z2) = tr
(
ZT

1 A−1
N,X(Z2)

)
, Z1, Z2 ∈ Md(R), (2.6)

while in the complex case we take the real part of the Hermitian pairing:

gN(X)(Z1, Z2) = ℜ tr
(
Z∗

1A−1
N,X(Z2)

)
, Z1, Z2 ∈ Md(C). (2.7)

Theorem 2.5 ([ACH18; Bah+22]). Assume W(0) ∈ M, and let X(t) = ϕ(W(t)).

Then

Ẋ = −
N∑

k=1
(XX∗)N−k

N dE(X) (X∗X) k−1
N . (2.8)

Equivalently,

Ẋ = − gradgN
E(X). (2.9)

Equations (2.8) and (2.9) give, respectively, the closed evolution of the end-to-end

matrix and the Riemannian gradient-flow formulation of the same dynamics. The loss

does not change with the depth, but the metric does.

2.3 Entropy and Riemannian submersion

The quotient geometry of M yields both the metric gN on the space of end-to-end

matrices and the volume of the compact orbit OX . For the real model, the volume of
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the orbit is given by the following explicit formula.

Write

van(Σ) =
∏

1≤i<j≤d

(σi − σj).

Theorem 2.6 ([MY26b]). Let X ∈ GL(d,R) have singular value decomposition

X = QNΣQT
0 , Σ = diag(σ1, . . . , σd),

and assume that the singular values are distinct. Then

SN(X) = log vol(OX) = (N − 1) log cd + 1
2 log van(Σ2)

van(Σ2/N) ,

equivalently,

SN(X) = (N − 1) log cd + 1
2

∑
1≤i<j≤d

log
 σ2

i − σ2
j

σ
2/N
i − σ

2/N
j

,
where cd is the volume of O(d) with Haar measure.

Thus SN depends only on the singular values of X. It appears as the entropic term

in the drift of the Riemannian Langevin equation. The corresponding free energy is

Fβ(X) = E(X) − β−1SN(X),

which appears in the stochastic description of training [MY26b].

Let ι be the metric induced on the real balanced manifold M by the Euclidean

metric on Md(R)N .

Theorem 2.7 ([MY26b]). The map

ϕ : (M, ι) → (GL(d,R), gN)
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is a Riemannian submersion.

Thus gN is the quotient metric obtained from (M, ι) by collapsing the directions

tangent to OX . In Chapter 5, we prove the complex analogues of Theorems 2.6

and 2.7.

2.4 Fibrewise regularizers and flows

We now record the functionals on a fixed fibre FX that single out the balanced set

OX together with their associated gradient flows.

In the complex model, these functionals are closely related to the geometry of the

moment map. The group K = U(d)N−1 acts on Md(C)N by (2.2). With the standard

Kähler structure, the trace pairing on u(d)N−1, and our sign convention, the moment

map is

µ(W) = G(W) = (GN−1, . . . , G1).

We prove this identification in Chapter 4. On the full-rank locus, the balanced manifold

is the zero level set of µ:

M = µ−1(0) ∩ GL(d,C)N .

Let ιX denote the metric on FX induced by the Euclidean metric on Md(F)N . For

W = (WN , . . . ,W1) ∈ Md(F)N , define the ridge functional

R(W) := 1
2

N∑
k=1

tr(W ∗
kWk).

For 1 < p < ∞, define the Schatten-p quantity

∥W∥p :=
N∑

k=1
∥Wk∥p,
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where ∥ · ∥p is the Schatten p-norm. In particular, the case p = 2 corresponds to the

Frobenius norm on each layer, so that ∥W∥2 is the sum of Frobenius norms.

Also define the functional

E(W) := 1
2∥µ(W)∥2 = 1

2

N−1∑
k=1

tr(G∗
kGk) = 1

2

N−1∑
k=1

tr(G2
k),

since each Gk is Hermitian. This is the Kirwan–Ness functional, the squared norm of

the moment map. On a fixed fibre, its zero set is the balanced set OX .

The associated fibrewise gradient flows are

Ẇ = − gradιX
R(W), W(t) ∈ FX , (2.10)

Ẇ = − gradιX
E(W), W(t) ∈ FX . (2.11)

The first is the flow generated by the ridge functional on a fixed fibre, and the second

is the Kirwan–Ness flow on a fixed fibre.

Theorem 2.8 ([LM25]). Assume X has full rank. Then

arg min
W∈FX

∥W∥2 = FX ∩ M = OX .

Moreover, for every 1 < p < ∞,

arg min
W∈FX

∥W∥p = FX ∩ M = OX .

Balancedness is therefore characterized by a minimum principle on each fibre. In

the proof for the complex DLN, this is exactly the content of the Kempf–Ness theorem

[KN79]. The flow generated by the ridge functional does not merely converge to

balancedness. It induces an exact evolution for the moment tuple G, which decays
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exponentially.

Theorem 2.9 ([LM25]). Assume X has full rank, and let W(t) ∈ FX solve the flow

generated by the ridge functional on the fixed fibre FX ,

Ẇ = − gradιX
R(W), R(W) = 1

2

N∑
k=1

tr(W ∗
kWk).

If G(t) := G(W(t)), then

G(t) = e−2tG(0), t ≥ 0.

In Chapters 8 and 9, we reinterpret the flows (2.10) and (2.11) as heat-type flows

on the fibre and develop their continuum analogues.
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Chapter 3

The Real DLN and

Entropic Regularization

On the balanced manifold, Euclidean gradient flow in parameter space induces the

Riemannian gradient flow Ẋ = − gradgN
E(X) on GL(d,R).

We study the free energy

Fβ(X) = E(X) − 1
β
SN(X), (3.1)

where SN (X) = log vol(OX) is the entropy associated with the balanced factorizations

of X.

The key simplification is to restrict to spectral energies. In that case, both the

metric gN and the entropy SN descend to the singular values of X, and the dynamics

close on the singular-value chamber. This reduces the problem for matrices to a system

of interacting scalar variables.
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3.1 Main results

Throughout this chapter, unless explicitly stated otherwise, assume N ≥ 2, d ≥ 2,

and β > 0.

The gradient flow on the space of end-to-end matrices is Ẋ = − gradgN
E(X), with

X ∈ GL(d,R). In Chapter 2, we showed that this is the flow induced by Euclidean

gradient flow in parameter space from balanced initial data. In this chapter we replace

E by the free energy (3.1).

For X ∈ GL(d,R) with singular values σ = (σ1, . . . , σd), the entropy is [MY26b,

Theorem 4]

SN(X) = (N − 1) log cd + 1
2

∑
1≤i<j≤d

log
 σ2

i − σ2
j

σ
2/N
i − σ

2/N
j

 , (3.2)

where cd is the volume of O(d). We study the gradient flow

Ẋ = − gradgN
Fβ(X), X ∈ GL(d,R). (3.3)

Equivalently,

Ẋ = −
N∑

k=1
(XXT )

N−k
N dFβ(X) (XTX)

k−1
N , (3.4)

where dFβ denotes the differential of Fβ.

Let Sd = {σ ∈ Rd : σ1 ≥ · · · ≥ σd > 0} be the chamber of singular values in

decreasing order, with interior S◦
d = {σ ∈ Rd : σ1 > · · · > σd > 0}.

Entropy. In Section 3.2, we show that gN pushes forward to a metric gN,σ on S◦
d , so

the chamber of singular values is the natural reduced space of coordinates for the real

problem. The first group of results concerns the entropy on this chamber. Although

the formula (3.2) is written as a ratio of Vandermonde factors, its singularities at
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σi = σj are removable.

Theorem 3.1. The entropy SN is real-analytic on Sd.

Let (Sd, ι) denote the chamber equipped with the Euclidean metric inherited from

Rd.

Theorem 3.2. The entropy SN is strictly concave on (Sd, ι), except in the case

(N, d) = (2, 2) where its Hessian has rank one.

Theorem 3.3. The entropy SN is not concave on (Sd, gN,σ): at every point with

σ1 = · · · = σd the Hessian is indefinite.

Free-energy dynamics. We now restrict to spectral energies.

Definition 3.4. We say that E : Md(R) → R is a spectral energy if

E(X) = E(σ(X)), E(σ) = g
( d∑

i=1
f(σi)

)
, (3.5)

where g : R → R is nondecreasing and f : (0,∞) → R is convex.

For the equilibrium and linearization results we impose the standing hypotheses

g ∈ C2(R), g′ > 0, g′′ ≥ 0, f ∈ C2((0,∞)), f ′ ≥ 0, f ′′ > 0.

(3.6)

These assumptions guarantee the monotonicity and convexity used in Lemmas 3.26,

3.27, and 3.28, and in the proof of Theorem 3.6. The Schatten energies with p > 1

satisfy (3.6). The diagonal reduction in Section 3.5 remains valid for p = 1 as well.

Remark 3.5. For energies without symmetry the singular values do not evolve au-

tonomously. A basic example is matrix completion: for Ω ⊂ {1, . . . , d}2 and observed
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entries aij,

E(X) = 1
2
∑

(i,j)∈Ω
(Xij − aij)2.

This loss depends on the entries of X, not just its singular values. Its set of minimizers

is typically an affine space containing matrices of different rank. Understanding how

the entropy SN interacts with this geometry remains open.

For spectral energies, Fβ depends only on σ: Fβ(σ) = E(σ) − β−1SN(σ). In

Section 3.2, we then show that the reduced gradient flow is

σ̇i = −N σ
2−2/N
i ∂σi

Fβ(σ), i = 1, . . . , d. (3.7)

The right-hand side extends continuously to Sd, and we use the same formula there

whenever no differentiability issue is involved.

Under (3.6), the free energy has a unique critical point, and it lies on the diagonal.

Theorem 3.6. There exists a unique equilibrium σ ∈ Sd of Fβ, and it has the form

σ1 = · · · = σd = σ⋆ > 0, where σ⋆ is the unique solution of

g′
(
d f(σ⋆)

)
f ′(σ⋆) = β−1 d− 1

2σ⋆

(
1 − 1

N

)
. (3.8)

Moreover, this equilibrium is the unique minimizer of Fβ on Sd.

Remark 3.7. The entropy SN has a Vandermonde-type structure, and the corresponding

equilibrium equations resemble the Coulomb–gas conditions from random matrix theory.

However, the interaction differs in a fundamental way. The logarithmic repulsion

present in random matrix ensembles is replaced by an expression that extends real-

analytically across collisions of singular values. In particular, there is no singular-value

repulsion, and coincident singular values are not penalized by the entropy. As a

consequence, the unique equilibrium lies on the diagonal σ1 = · · · = σd.

25



Write σ⃗⋆ = (σ⋆, . . . , σ⋆).

The second main conclusion is that the linearization splits according to the decom-

position

Rd = span{1} ⊕ span{1}⊥.

At the equilibrium σ⃗⋆, the flow on the chamber

σ̇i = −N σ
2−2/N
i ∂σi

Fβ(σ), i = 1, . . . , d,

linearizes to

η̇ = Jη, J = −N σ2−2/N
⋆ ∇2

σFβ(σ⃗⋆).

Theorem 3.8. Let HE = ∇2
σE(σ⃗⋆) and HS = ∇2

σSN(σ⃗⋆) denote the Euclidean

Hessians at the stationary point. Write θ1(E) and θ⊥(E) for the eigenvalues of HE

on span{1} and its orthogonal complement, and define θ1(SN) and θ⊥(SN) similarly.

Then the linearized system η̇ = Jη diagonalizes in the splitting

Rd = span{1} ⊕ span{1}⊥

with eigenvalues

ρ1 = −N σ2−2/N
⋆

(
θ1(E) − β−1θ1(SN)

)
,

ρ⊥ = −N σ2−2/N
⋆

(
θ⊥(E) − β−1θ⊥(SN)

)
, (multiplicity d− 1).

Remark 3.9 (Infinite depth). The entropy SN and the rescaled metrics NgN and NgN,σ

have well-defined limits as N → ∞. The renormalized entropy is

S∞(X) = 1
2

∑
1≤i<j≤d

log
(

σ2
i − σ2

j

log σ2
i − log σ2

j

)
. (3.9)
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Likewise, NgN converges to a limiting metric g∞ [CMV23], and the corresponding

metric on Sd also has a limit. The statements in this chapter have direct analogues

after replacing SN , gN , and gN,σ by these limits.

Since Fβ(X) depends only on singular values, the minimizers in GL(d,R) form the

orbit O⋆ := {σ⋆Q : Q ∈ O(d)}.

Corollary 3.10. The set of minimizers of Fβ on GL(d,R) is O⋆.

If X⋆ = σ⋆Q ∈ O⋆, the kernel of the linearization is the tangent space to this orbit,

TX⋆O⋆ = {X⋆A : AT = −A}.

Corollary 3.11. The linearization of the flow (3.3) at X⋆ diagonalizes in the splitting

Md(R) = TX⋆O⋆ ⊕ span{X⋆} ⊕ {QS : ST = S, trS = 0}, (3.10)

with eigenvalues

0 on TX⋆O⋆,

ρ1 on span{X⋆},

ρ⊥ on {QS : ST = S, trS = 0},

where

ρ1 = −N σ2−2/N
⋆

(
θ1(E) − β−1θ1(SN)

)
,

ρ⊥ = −N σ2−2/N
⋆

(
θ⊥(E) − β−1θ⊥(SN)

)
.

The Schatten energies provide a concrete class of examples. For

Ep(X) = 1
p

d∑
i=1

σp
i , 1 ≤ p < ∞, (3.11)
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Theorem 3.6 gives

σ⋆ =
(
d− 1

2β

(
1 − 1

N

))1/p

. (3.12)

Along the diagonal set D = {σ ∈ Sd : σ1 = · · · = σd} the flow reduces to a scalar

ODE.

On the diagonal set D, write

σi = sN .

Set

ν := Np, s⋆ := σ1/N
⋆ ,

and let

I− = (0, s⋆), I+ = (s⋆,∞).

On each component I± define a real primitive T± by

d

ds
T±(s) = s

sν
⋆ − sν

, s ∈ I±. (3.13)

The additive constants in T± are immaterial. On I− we use the standard real hyperge-

ometric branch

T−(s) = s2

2sν
⋆

2F1

(
1, 2
ν

; 1 + 2
ν

;
(
s

s⋆

)ν)
, 0 < s < s⋆, (3.14)

where 2F1 denotes the Gauss hypergeometric function [Olv+10]. On I+, T+ denotes

the corresponding real branch of the same antiderivative; equivalently, it is obtained by

integrating s/(sν
⋆ − sν) on I+, with the logarithmic term in the analytic continuation

read as log |1 − (s/s⋆)ν |.

Theorem 3.12 (Exact solution on D). For the Schatten–p energy, the diagonal
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variable s(t) satisfies

ṡ = −sν−1 + sν
⋆

s
. (3.15)

If s(t0) = s⋆, then s(t) ≡ s⋆. If s(t0) = s0 ≠ s⋆, then the solution remains in the

component I− or I+ containing s0 and obeys the real quadrature

t− t0 =
∫ s(t)

s0

τ dτ
sν

⋆ − τ ν
= T±

(
s(t)

)
− T±(s0), (3.16)

where the sign is chosen so that s0, s(t) ∈ I±.

3.2 The chamber of singular values

We now compute the metric induced by gN on the singular-value chamber. This is

the basic reduction step: once the metric is known on the chamber, the spectral flow

is obtained by an elementary gradient calculation.

In Chapter 2, we showed that forX ∈ GL(d,R) the operator AN,X : TXGL(d,R)∗ →

TXGL(d,R) is

AN,X(P ) :=
N∑

k=1
(XXT )

N−k
N P (XTX)

k−1
N , (3.17)

and the DLN metric is

∥Z∥2
gN

= tr
(
ZT A−1

N,XZ
)
, Z ∈ TXGL(d,R). (3.18)

We begin with the spectral decomposition of AN,X .

Lemma 3.13 ([Men25]). Let X = UΣV T be the singular value decomposition of X.

The operator AN,X : TXGL(d,R)∗ → TXGL(d,R) is symmetric and positive definite
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with respect to the Frobenius inner product. It has the spectral decomposition

AN,X ukv
T
ℓ = σ2

k − σ2
ℓ

σ
2/N
k − σ

2/N
ℓ

ukv
T
ℓ , 1 ≤ k, ℓ ≤ d,

when k ̸= ℓ, and

AN,X ukv
T
k = N σ

2−2/N
k ukv

T
k , 1 ≤ k ≤ d,

where uk and vℓ are the columns of U and V , respectively.

We also use the Riemannian submersion from Chapter 2.

Theorem 3.14 ([MY26b]). The map

ϕ : (M, ι) −→ (GL(d,R), gN)

is a Riemannian submersion.

On the open set where the singular values are distinct, the singular-value map is

smooth. The induced metric on S◦
d is

gN,σ(σ̇, σ̇′) =
d∑

i=1

1
N
σ

2/N−2
i σ̇i σ̇

′
i. (3.19)

Lemma 3.15. On the open set

{X ∈ GL(d,R) : σ1(X) > · · · > σd(X) > 0},

the singular-value map

X 7−→ (σ1(X), . . . , σd(X))

is a Riemannian submersion from (GL(d,R), gN) to (S◦
d , gN,σ).
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Proof. Let X ∈ GL(d,R) have distinct singular values and write X = UΣV T . Set

Ekℓ := ukv
T
ℓ . By Lemma 3.13,

AN,XEkℓ =


σ2

k − σ2
ℓ

σ
2/N
k − σ

2/N
ℓ

Ekℓ, k ̸= ℓ,

N σ
2−2/N
k Ekk, k = ℓ.

Hence A−1
N,XEkℓ = µkℓEkℓ with µkk = 1

N
σ

2/N−2
k and

µkℓ = σ
2/N
k − σ

2/N
ℓ

σ2
k − σ2

ℓ

, k ̸= ℓ.

Therefore TXGL(d,R) decomposes as

TXGL(d,R) = span{Ekk}d
k=1︸ ︷︷ ︸

HX

⊕ span{Ekℓ : k ̸= ℓ}︸ ︷︷ ︸
VX

,

and HX and VX are gN -orthogonal.

The first-order perturbation formula for simple singular values gives

dσk(X)[Z] = uT
kZvk

[Kat13, Theorem II-5.4]. Hence ker dσ(X) = VX , and dσ(X) maps HX isomorphically

onto Tσ(X)S◦
d

∼= Rd since dσ(X)[Ekk] = ek. Therefore the singular-value map is a

smooth submersion on this open set.

For σ̇, σ̇′ ∈ Tσ(X)S◦
d

∼= Rd, the horizontal lifts are

Zhor =
∑

i

σ̇iEii = U diag(σ̇)V T
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and similarly for σ̇′. Using gN(X)(Eii, Ejj) = µii δij, we obtain

gN(X)
(
Zhor, (Z ′)hor

)
=

d∑
i=1

µii σ̇i σ̇
′
i =

d∑
i=1

1
N
σ

2/N−2
i σ̇i σ̇

′
i = gN,σ(σ̇, σ̇′).

Thus dσ(X) : (HX , gN) → (Tσ(X)S◦
d , gN,σ) is an isometry, which is the Riemannian

submersion condition.

The choice of U and V does not affect HX or the value of gN,σ: when singular

values are simple, the singular vectors are unique up to signs, and span{ukv
T
k } is sign

invariant.

Remark 3.16. The metric (3.19) extends continuously from S◦
d to all of Sd. The

singular-value map itself is smooth only when the singular values are distinct.

With this metric, the spectral gradient flow is immediate.

Lemma 3.17. On (Sd, gN,σ) the gradient flow of the free energy Fβ(σ) = E(σ) −

β−1SN(σ) has components

σ̇i = −N σ
2−2/N
i ∂σi

Fβ(σ), i = 1, . . . , d.

Equivalently, if Σ = diag(σ1, . . . , σd) then

Σ̇ = −N Σ2−2/N diag
(
∂σi
Fβ(σ)

)
. (3.20)

Proof. By definition of the gradient, for any ξ ∈ TσSd
∼= Rd,

gN,σ

(
gradgN,σ

Fβ, ξ
)

= dFβ(σ)[ξ] =
d∑

i=1

∂Fβ

∂σi

ξi.
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Since gN,σ is diagonal with gii = 1
N
σ

2/N−2
i , its inverse has gii = Nσ

2−2/N
i . Therefore

gradgN,σ
Fβ =

(
gii ∂σi

Fβ

)d

i=1
=
(
Nσ

2−2/N
i ∂σi

Fβ

)d

i=1
,

and the gradient flow σ̇ = − gradgN,σ
Fβ is as stated.

Figure 3.1 shows representative trajectories of the gradient flow of the free energy

on the singular-value chamber.

3.3 Analyticity and concavity of the entropy

We now study the entropy itself. The formula (3.2) contains quotients that vanish

when σi = σj, so the first task is to show that these singularities are removable.

Proof of Theorem 3.1. Write λi = σ
1/N
i , i = 1, . . . , d, so that λi > 0 whenever σi > 0.

In these variables the entropy has the representation

SN(λ) = C̃N + 1
2

∑
1≤j<k≤d

log
(
λ2N

j − λ2N
k

λ2
j − λ2

k

)
, (3.21)

where C̃N depends only on N and d. Introduce

ΦN(a, b) := a2N − b2N

a2 − b2 , a, b > 0, (3.22)

so that (3.21) becomes

SN(λ) = C̃N + 1
2

∑
1≤j<k≤d

log ΦN(λj, λk). (3.23)
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(a) d = 2.

(b) d = 3.

Figure 3.1: Gradient flow of the free energy Fβ on the singular-value chamber (β = 5).
Black curves are trajectories of σ̇i = −Nσ

2−2/N
i ∂σiFβ(σ). In panel (a), the blue curves

indicate level sets of Fβ and the flow is driven toward the equilibrium on the diagonal. Panel
(b) shows the analogous dynamics for d = 3.
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The quotient in (3.22) satisfies the algebraic identity

a2N − b2N

a2 − b2 =
N−1∑
m=0

a2(N−1−m)b2m, (3.24)

valid for all a, b ∈ R. Thus ΦN is a polynomial in (a, b) and hence real analytic on R2.

In particular,

ΦN(a, a) = N a2N−2, (3.25)

so there is no singularity at a = b.

For a, b > 0, every term in (3.24) is nonnegative and at least one is strictly positive,

so

ΦN(a, b) > 0 for all a, b > 0. (3.26)

The logarithm is real analytic on (0,∞), hence the map

(a, b) 7−→ log ΦN(a, b) (3.27)

is real analytic on (0,∞)2. Therefore each term log ΦN (λj, λk) in (3.23) is real analytic

on (0,∞)d, and finite sums preserve analyticity. Thus SN(λ) is real analytic for all

λ ∈ (0,∞)d.

The change of variables σi = λN
i is real analytic on (0,∞)d in each coordinate.

Since Sd ⊂ (0,∞)d, it follows that SN is real analytic on Sd.

Finally, the polynomial identity (3.24) shows that ΦN is analytic at a = b > 0, so

the expression (3.23) extends real analytically to points where λj = λk > 0. Via the

change of variables σi = λN
i , this gives a real analytic extension of SN across the sets

σi = σj > 0.
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Gradient and Hessian formulas. Lemmas 3.18 and 3.19 record the first and

second derivatives that will be used in the concavity and equilibrium analysis.

Lemma 3.18. The gradient of SN has components

∂SN

∂σi

=
∑
k ̸=i

 σi

σ2
i − σ2

k

− σ
2/N−1
i

N
(
σ

2/N
i − σ

2/N
k

)
 . (3.28)

For each fixed i and k ̸= i the summand has a finite limit as σk → σi = σ⋆ > 0, namely

σi

σ2
i − σ2

k

− σ
2/N−1
i

N
(
σ

2/N
i − σ

2/N
k

) −→ 1
2σ⋆

(
1 − 1

N

)
. (3.29)

Proof. We start from the representation (3.21) in the variables λi = σ
1/N
i ,

SN(λ) = C̃N + 1
2

∑
1≤j<k≤d

log
(
λ2N

j − λ2N
k

λ2
j − λ2

k

)
, (3.30)

valid for λi > 0. Differentiating (3.30) with respect to λi and noting that only pairs

containing i contribute gives

∂SN

∂λi

=
∑
k ̸=i

(
N

λ2N−1
i

λ2N
i − λ2N

k

− λi

λ2
i − λ2

k

)
. (3.31)

The change of variables σi = λN
i implies

∂SN

∂σi

= 1
NλN−1

i

∂SN

∂λi

. (3.32)
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Substituting (3.31) into (3.32) yields

∂SN

∂σi

=
∑
k ̸=i

(
λN

i

λ2N
i − λ2N

k

− 1
N

λ2−N
i

λ2
i − λ2

k

)
(3.33)

=
∑
k ̸=i

 σi

σ2
i − σ2

k

− σ
2/N−1
i

N
(
σ

2/N
i − σ

2/N
k

)
 .

This is exactly (3.28).

For the limit (3.29), set λi = λ⋆ and λk = λ⋆(1 − ε) with ε ↓ 0. Then

(1 − ε)2N = 1 − 2Nε+N(2N − 1)ε2 +O(ε3). (3.34)

First expand the two terms in the λi-derivative:

N
λ2N−1

i

λ2N
i − λ2N

k

= 1
2λ⋆ε

+ 2N − 1
4λ⋆

+O(ε), λi

λ2
i − λ2

k

= 1
2λ⋆ε

+ 1
4λ⋆

+O(ε). (3.35)

Subtracting these expressions cancels the 1/ε term and yields the limit of the corre-

sponding summand in ∂SN/∂λi:

N
λ2N−1

i

λ2N
i − λ2N

k

− λi

λ2
i − λ2

k

−→ N − 1
2λ⋆

(ε ↓ 0). (3.36)

To obtain the limit of the summand in ∂SN/∂σi, we must still apply the chain-rule

factor in (3.32). Hence

1
NλN−1

⋆

(
N

λ2N−1
i

λ2N
i − λ2N

k

− λi

λ2
i − λ2

k

)
−→ 1

NλN−1
⋆

N − 1
2λ⋆

= N − 1
2NλN

⋆

. (3.37)

Since λN
⋆ = σ⋆, this becomes

N − 1
2NλN

⋆

= 1
2σ⋆

(
1 − 1

N

)
, (3.38)
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which is exactly (3.29).

Thus each summand in (3.28) has a finite limit as σk → σi > 0, and the sum over

k ̸= i extends continuously to points with repeated singular values.

For the renormalized entropy (3.9), the same argument gives

∂S∞

∂σi

=
∑
k ̸=i

(
σi

σ2
i − σ2

k

− σ−1
i

log σ2
i − log σ2

k

)
, (3.39)

and each summand has limit 1
2σi

as σk → σi.

Lemma 3.19. For SN the second derivatives in the coordinates σ are

∂2SN

∂σi∂σj

=



∑
k ̸=i

 −σ2
i − σ2

k

(σ2
i − σ2

k)2 +
σ

2/N−2
i

(
N(σ2/N

i − σ
2/N
k ) + 2σ2/N

k

)
(
N(σ2/N

i − σ
2/N
k )

)2

 , i = j,

2σiσj

(σ2
i − σ2

j )2 −
2σ2/N−1

i σ
2/N−1
j(

N(σ2/N
i − σ

2/N
j )

)2 , i ̸= j,

(3.40)

and ∇2
σSN extends continuously to all of Sd.

Proof. We start from the expression for the gradient in σ coordinates (Lemma 3.18),

∂SN

∂σi

=
∑
k ̸=i

 σi

σ2
i − σ2

k

− σ
2/N−1
i

N(σ2/N
i − σ

2/N
k )

 . (3.41)

Differentiating the kth summand in σj for j ̸= i gives the off-diagonal entries,

∂2SN

∂σi∂σj

= 2σiσj

(σ2
i − σ2

j )2 −
2σ2/N−1

i σ
2/N−1
j(

N(σ2/N
i − σ

2/N
j )

)2 , i ̸= j,
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and differentiating in σi and summing over k ̸= i gives the diagonal entries,

∂2SN

∂σ2
i

=
∑
k ̸=i

 −σ2
i − σ2

k

(σ2
i − σ2

k)2 +
σ

2/N−2
i

(
N(σ2/N

i − σ
2/N
k ) + 2σ2/N

k

)
(
N(σ2/N

i − σ
2/N
k )

)2

 ,

which is exactly (3.40).

Each off-diagonal entry is pN(σi, σj) and each diagonal summand is qN(σi, σk) in

the notation of (3.43)–(3.44). Lemma 3.21 shows that pN and qN have finite limits as

σk → σi > 0, so all entries extend continuously to Sd.

For the renormalized entropy (3.9), differentiating the gradient in σ coordinates

gives

∂2S∞

∂σi∂σj

=



∑
k ̸=i

 −σ2
i − σ2

k

(σ2
i − σ2

k)2 +
σ−2

i

(
log(σi/σk) + 1

)
2
(

log(σi/σk)
)2

 , i = j,

2σiσj

(σ2
i − σ2

j )2 −
σ−1

i σ−1
j

2
(

log(σi/σj)
)2 , i ̸= j,

(3.42)

and each summand again has a finite limit as σj → σi > 0, so ∇2
σS∞ also extends

continuously to Sd.

Euclidean concavity. To analyze concavity with respect to the Euclidean metric,

it is convenient to express the Hessian as a sum of embedded 2 × 2 blocks. Define the

kernels

pN(a, b) := 2ab
(a2 − b2)2 − 2a 2

N
−1b

2
N

−1(
N(a 2

N − b
2
N )
)2 , (3.43)

qN(a, b) := − a2 + b2

(a2 − b2)2 +
a

2
N

−2
(
N(a 2

N − b
2
N ) + 2b 2

N

)
(
N(a 2

N − b
2
N )
)2 , (3.44)

and for 1 ≤ i < j ≤ d let

ιij : R2 ↪→ Rd, ιij(u, v) = uei + vej, (3.45)
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with

B
(ij)
N (σ) =

qN(σi, σj) pN(σi, σj)

pN(σi, σj) qN(σj, σi)

 . (3.46)

Lemma 3.20. For every σ ∈ Sd,

∇2
σSN(σ) =

∑
1≤i<j≤d

ιijB
(ij)
N (σ)ιTij. (3.47)

Equivalently,

(∇2
σSN)ij = pN(σi, σj) (i ̸= j), (∇2

σSN)ii =
∑
k ̸=i

qN(σi, σk).

Proof. By Lemma 3.19, for i ̸= j one has

∂2SN

∂σi∂σj

= 2σiσj

(σ2
i − σ2

j )2 −
2σ2/N−1

i σ
2/N−1
j(

N(σ2/N
i − σ

2/N
j )

)2 = pN(σi, σj),

and for i = j,

∂2SN

∂σ2
i

=
∑
k ̸=i

 −σ2
i − σ2

k

(σ2
i − σ2

k)2 +
σ

2/N−2
i

(
N(σ2/N

i − σ
2/N
k ) + 2σ2/N

k

)
(
N(σ2/N

i − σ
2/N
k )

)2

 =
∑
k ̸=i

qN(σi, σk).

On the indices {i, j} the principal 2 × 2 block of ∇2
σSN is therefore B(ij)

N (σ), and

composing with the injections ιij gives (3.47).

To study each block, write λℓ = σ
1/N
ℓ and r = λi/λj > 1.

Lemma 3.21. For i < j and r = λi/λj > 1,

pN(σi, σj) = 1
σ2

j

(
2rN

(r2N − 1)2 − 2
N2

r2−N

(r2 − 1)2

)
, (3.48)
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qN(σi, σj) = 1
σ2

j

(
− r2N + 1

(r2N − 1)2 + r2−2N

N2
N(r2 − 1) + 2

(r2 − 1)2

)
, (3.49)

and in particular pN(σi, σj) < 0 and qN(σi, σj) < 0. As r ↓ 1 (equivalently σi → σj =

σ),

pN(σi, σj) → − 1
6σ2

(
1 − 1

N2

)
, qN(σi, σj) → − 1

3σ2

(
1 − 3

2N + 1
2N2

)
. (3.50)

Proof. Substitute σℓ = λN
ℓ into Lemma 3.20. For the off-diagonal entry,

pN(σi, σj) =
2λN

i λ
N
j

(λ2N
i − λ2N

j )2 −
2λ2−N

i λ2−N
j

N2(λ2
i − λ2

j)2 .

Factoring λj and setting r = λi/λj gives

pN(σi, σj) = 1
λ2N

j

(
2rN

(r2N − 1)2 − 2
N2

r2−N

(r2 − 1)2

)
= 1
σ2

j

(
2rN

(r2N − 1)2 − 2
N2

r2−N

(r2 − 1)2

)
,

which is (3.48).

Writing r = et (t > 0) and using

r2m − 1 = 2emt sinh(mt), r2 − 1 = 2et sinh(t),

we obtain

2rN

(r2N − 1)2 = 1
2

e−Nt

sinh2(Nt)
,

2
N2

r2−N

(r2 − 1)2 = 1
2

e−Nt

N2 sinh2 t
.

Hence

pN(σi, σj) = e−Nt

2σ2
j

(
1

sinh2(Nt)
− 1
N2 sinh2 t

)
,

and sinh(Nt) > N sinh t for t > 0, so pN(σi, σj) < 0.
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For the diagonal summand,

qN(σi, σj) = −
λ2N

i + λ2N
j

(λ2N
i − λ2N

j )2 +
λ2−2N

i

(
N(λ2

i − λ2
j) + 2λ2

j

)
N2(λ2

i − λ2
j)2 .

The same substitution yields (3.49) after factoring λ2N
j = σ2

j . Expressing again in

t = log r > 0 shows

qN(σi, σj) = e−Nt

2σ2
j

(
− cosh(Nt)

sinh2(Nt)
+ e−Nt

N2
Net sinh t+ 1

sinh2 t

)
,

and a direct comparison using sinh(Nt) > N sinh t and cosh(Nt) ≥ 1 yields strict

negativity for all t > 0 and N ≥ 2.

The limits in (3.50) as r ↓ 1 follow by Taylor expansion. Writing r = et with t ↓ 0

and using
sinh t = t+ 1

6t
3 +O(t5),

sinh(Nt) = Nt+ N3

6 t
3 +O(t5),

cosh(Nt) = 1 + N2

2 t
2 +O(t4)

one obtains the stated limits after a straightforward calculation.

Lemma 3.22. For i < j:

1. If N = 2 and σi ̸= σj, then

B
(ij)
2 (σ) = − 1

2(σi + σj)2

1 1

1 1

 , (3.51)

and B(ij)
2 is rank-one negative semidefinite.

2. If N > 2 and σi ̸= σj, then B
(ij)
N (σ) ≺ 0.

Proof. (1) For N = 2, insert N = 2 into (3.43)–(3.44). Using (σ2
i − σ2

j )2 = (σi −
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σj)2(σi + σj)2,
2σiσj

(σ2
i − σ2

j )2 − 1
2(σi − σj)2 = − 1

2(σi + σj)2 ,

−
σ2

i + σ2
j

(σ2
i − σ2

j )2 + 1
2(σi − σj)2 = − 1

2(σi + σj)2 ,

so p2(σi, σj) = q2(σi, σj) = −1/(2(σi + σj)2), which gives (3.51).

(2) For N > 2, Lemma 3.21 gives

pN(σi, σj) < 0, qN(σi, σj) < 0, qN(σj, σi) < 0,

so trB(ij)
N < 0. It remains to show detB(ij)

N > 0.

Set r := λi/λj > 1. From Lemma 3.21 and the same formula with the two

arguments interchanged, write

pN(σi, σj) = 1
σ2

j

PN(r), qN(σi, σj) = 1
σ2

j

Q+
N(r), qN(σj, σi) = 1

σ2
j

Q−
N(r),

where

PN(r) = 2rN

(r2N − 1)2 − 2
N2

r2−N

(r2 − 1)2 ,

Q+
N(r) = − r2N + 1

(r2N − 1)2 + r2−2N

N2
N(r2 − 1) + 2

(r2 − 1)2 ,

Q−
N(r) = − r2N + 1

(r2N − 1)2 + N(1 − r2) + 2r2

N2(r2 − 1)2 .

Thus

detB(ij)
N = 1

σ4
j

∆N(r), ∆N(r) := Q+
N(r)Q−

N(r) − PN(r)2.

43



From the limits in Lemma 3.21 we obtain

∆N(1) =
(

−1
3

(
1 − 3

2N + 1
2N2

))2
−
(

−1
6

(
1 − 1

N2

))2
= (N − 2)(N − 1)2

12N3 > 0.

Set u = r2 and

GN(u) :=
N−1∑
m=0

um.

A direct simplification of the explicit formulas in Lemma 3.21 gives

∆N(r) = HN(u)
N3uN−1GN(u)2 , (3.52)

where

HN(u) =
N−3∑
k=0

cN,k

(
uk + u2N−4−k

)
−
(
N

3

)
uN−2, (3.53)

with

cN,k =
(
k + 2

2

)(
N(N − k − 3) + 2(k + 3)

3

)
. (3.54)

For 0 ≤ k ≤ N − 3 these coefficients are positive. Moreover, for u > 0,

uk + u2N−4−k ≥ 2uN−2

by the arithmetic–geometric mean inequality. Hence

HN(u) ≥
(

2
N−3∑
k=0

cN,k −
(
N

3

))
uN−2

= N2(N − 1)2(N − 2)
12 uN−2 > 0,

where the equality follows by summing the explicit polynomial expression for cN,k.

Therefore ∆N(r) > 0 for all r > 1. The same representation shows ∆N(r) → 0+ as
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r → ∞. Thus detB(ij)
N > 0, and with negative trace we conclude B(ij)

N ≺ 0.

Lemma 3.23. Let

A =
∑

1≤i<j≤d

ιijB
(ij)ιTij

with each B(ij) symmetric. Then:

1. If B(ij) ≺ 0 for all i < j, then A ≺ 0.

2. If each B(ij) = −γijvv
T with γij > 0 and v = (1, 1)T , then A ⪯ 0, with strict

negativity when d ≥ 3 and rank one when d = 2.

Proof. For x ∈ Rd set yij := ιTijx = (xi, xj)T ∈ R2. Then

xTAx =
∑

1≤i<j≤d

yT
ijB

(ij)yij.

(1) If each B(ij) ≺ 0, then for any nonzero x, pick i with xi ̸= 0 and some j ≠ i.

Then yij ̸= 0 and yT
ijB

(ij)yij < 0, while all other terms are ≤ 0. Thus xTAx < 0 for

all x ̸= 0, so A ≺ 0.

(2) If each B(ij) = −γijvv
T with γij > 0 and v = (1, 1)T , then

yT
ijB

(ij)yij = −γij(xi + xj)2 ≤ 0,

so A ⪯ 0. If xTAx = 0, then xi + xj = 0 for all pairs i < j.

For d ≥ 3, this system forces x = 0, so A ≺ 0. For d = 2, the single condition is

x1 + x2 = 0, so kerA = span{(1,−1)T } and rank(A) = 1.

We can now prove Euclidean concavity.

Proof of Theorem 3.2. Fix σ ∈ Sd. By Lemma 3.20, the Hessian admits the block
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decomposition

∇2
σSN(σ) =

∑
1≤i<j≤d

ιijB
(ij)
N (σ)ιTij, B

(ij)
N (σ) =

qN(σi, σj) pN(σi, σj)

pN(σi, σj) qN(σj, σi)

 .

Case N = 2. Lemma 3.22 gives, for every unordered pair {i, j} (including σi = σj

via the limits in Lemma 3.21),

B
(ij)
2 (σ) = − 1

2(σi + σj)2

1 1

1 1

 =: −γijvv
T , γij > 0, v = (1, 1)T .

Thus ∇2
σSN (σ) is a sum of embedded rank-one negative semidefinite blocks of the form

−γijvv
T . By Lemma 3.23, the sum is negative semidefinite for all d. When d ≥ 3, the

embedded directions ιijv = ei + ej span Rd, so the Hessian is negative definite. When

d = 2, there is a one-dimensional kernel span{(1,−1)T } and ∇2
σSN(σ) has rank one.

Case N > 2. First suppose σi ≠ σj for all i ≠ j. Lemma 3.22 shows that each

block B(ij)
N (σ) is negative definite. Applying Lemma 3.23 to the block sum yields

∇2
σSN(σ) ≺ 0

at every point with distinct singular values.

It remains to treat points with σi = σj = σ for some i ̸= j. By Lemma 3.21, as

σi → σj = σ one has

pN(σi, σj) −→ − 1
6σ2

(
1 − 1

N2

)
, qN(σi, σj) −→ − 1

3σ2

(
1 − 3

2N + 1
2N2

)
,
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so the limiting 2 × 2 block is

B̂N :=

q p

p q

 , p = − 1
6σ2

(
1 − 1

N2

)
, q = − 1

3σ2

(
1 − 3

2N + 1
2N2

)
.

The eigenvalues of B̂N are q ± p, and a direct calculation gives

q + p = − 1
2σ2

(
1 − 1

N

)
< 0

and
q − p = − 1

3σ2

(
1 − 3

2N + 1
2N2

)
+ 1

6σ2

(
1 − 1

N2

)
= − 1

6σ2

(
1 − 3

N
+ 2
N2

)
= −(N − 1)(N − 2)

6N2σ2 < 0 for N > 2.

Thus B̂N ≺ 0, and by continuity this is the value of B(ij)
N (σ) on {σi = σj}. Hence

each block B(ij)
N (σ) is negative definite for all σ ∈ Sd when N > 2. Lemma 3.23 then

implies that ∇2
σSN(σ) ≺ 0 on (Sd, ι).

Combining the two cases, we obtain that SN has negative definite Hessian on

(Sd, ι) for all (N, d) ̸= (2, 2), and in the exceptional case (N, d) = (2, 2) the Hessian

has rank one.

The DLN metric. We now compute the Hessian with respect to the metric gN,σ.

For a smooth function f : Sd → R, let Γk
ij denote the Christoffel symbols of gN,σ in

the coordinates σ. Then

(∇2
gN,σ

f)ij = ∂2
ijf −

d∑
k=1

Γk
ij ∂kf. (3.55)
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Lemma 3.24. For any smooth f : Sd → R one has

(
∇2

gN,σ
f
)

ij
= ∂2f

∂σi∂σj

+ δij
N − 1
N

1
σi

∂f

∂σi

. (3.56)

In particular, if the Euclidean gradient and Hessian of f extend continuously across

the sets {σi = σj}, then so does ∇2
gN,σ

f .

Proof. The metric gN,σ is diagonal in the σ coordinates with

gii(σ) = 1
N
σ

2/N−2
i , gij(σ) = 0 (i ̸= j),

so

gii(σ) = N σ
2−2/N
i , gij(σ) = 0 (i ̸= j).

For a diagonal metric the only nonzero Christoffel symbols are

Γi
ii = 1

2g
ii ∂igii, Γk

ij = 0 if k ̸= i or i ̸= j.

A direct computation gives

∂igii = 1
N

( 2
N

− 2
)
σ

2/N−3
i = 2

N

( 1
N

− 1
)
σ

2/N−3
i ,

and hence

Γi
ii = 1

2Nσ
2−2/N
i · 2

N

( 1
N

− 1
)
σ

2/N−3
i =

( 1
N

− 1
) 1
σi

= −N − 1
N

1
σi

.

All other Γk
ij vanish. Substituting into (3.55) yields

(∇2
gN,σ

f)ij = ∂2
ijf − Γi

ij ∂if = ∂2
ijf + δij

N − 1
N

1
σi

∂if,
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which is (3.56). The continuity statement follows immediately from the continuity of

the Euclidean derivatives and the explicit factor 1/σi.

At a point σ⃗⋆ = (σ⋆, . . . , σ⋆), set

p⋆ := − 1
6σ2

⋆

(
1 − 1

N2

)
, q⋆ := − 1

3σ2
⋆

(
1 − 3

2N + 1
2N2

)
. (3.57)

Lemma 3.25. At σ⃗⋆ the matrix ∇2
gN,σ

SN has constant entries

(
∇2

gN,σ
SN

)
ij

=


(d− 1)q⋆ + (d− 1)χN , i = j,

p⋆, i ̸= j,

(3.58)

where

χN := (N − 1)2

2N2σ2
⋆

.

Consequently, the eigenvalues of ∇2
gN,σ

SN(σ⃗⋆) are

θ1(SN) = (d− 1)
(
q⋆ + p⋆ + χN

)
= −d− 1

2σ2
⋆

· N − 1
N2 < 0, (3.59)

θ⊥(SN) = (d− 1)
(
q⋆ + χN

)
− p⋆ = 1

σ2
⋆

(
d

6 − d− 1
2N + 2d− 3

6N2

)
> 0, (3.60)

where θ1(SN ) corresponds to the eigenvector 1 = (1, . . . , 1) and θ⊥(SN ) is the common

eigenvalue on span{1}⊥ with multiplicity d− 1.

Proof. From Lemma 3.19, at σ⃗⋆ the Euclidean Hessian has off-diagonal entries p⋆ and

diagonal entries (
∇2

σSN(σ⃗⋆)
)

ii
=
∑
k ̸=i

q⋆ = (d− 1)q⋆.

The correction term in (3.56) contributes only on the diagonal. Using (3.29) at
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σi = σk = σ⋆,
∂SN

∂σi

(σ⃗⋆) =
∑
k ̸=i

1
2σ⋆

(
1 − 1

N

)
= d− 1

2σ⋆

(
1 − 1

N

)
, (3.61)

independent of i. Therefore

N − 1
N

1
σi

∂SN

∂σi

(σ⃗⋆) = N − 1
N

1
σ⋆

· d− 1
2σ⋆

(
1 − 1

N

)
= (d− 1)χN ,

which is again independent of i. Thus

(
∇2

gN,σ
SN(σ⃗⋆)

)
ii

= (d− 1)q⋆ + (d− 1)χN ,
(
∇2

gN,σ
SN(σ⃗⋆)

)
ij

= p⋆ (i ̸= j),

giving (3.58).

A matrix with constant diagonal entry a and constant off-diagonal entry b has

eigenvalues

a+ (d− 1)b on 1, a− b with multiplicity d− 1

on span{1}⊥. Here

a = (d− 1)(q⋆ + χN), b = p⋆.

Substituting (3.57)–(3.58) and simplifying yields (3.59) and (3.60).

Proof of Theorem 3.3. By Lemma 3.25, at any point σ⃗⋆ = (σ⋆, . . . , σ⋆) the Hessian

∇2
gN,σ

SN (σ⃗⋆) has one negative eigenvalue θ1(SN ) and d−1 positive eigenvalues θ⊥(SN ).

Thus the Hessian is indefinite at every such point, so SN is not concave on (Sd, gN,σ).
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3.4 Equilibria and local rates

We now turn from the entropy alone to the free energy Fβ = E−β−1SN . The key point

is that the first-order conditions force all singular values at equilibrium to coincide.

For brevity, set

rN(a, b) := a

a2 − b2 − a2/N−1

N
(
a2/N − b2/N

) , (3.62)

so that

∂iSN(σ) =
∑
k ̸=i

rN(σi, σk).

Lemma 3.26. For each fixed b > 0, the map a 7→ rN(a, b) is strictly decreasing on

(0,∞).

Proof. Differentiating (3.62) in a gives the kernel qN(a, b) from Lemma 3.20. By

Lemma 3.21, qN(a, b) < 0 for a ̸= b, hence rN(·, b) is strictly decreasing.

Lemma 3.27. For a ≥ b > 0 one has

rN(a, b) − rN(b, a) ≤ 0, (3.63)

with equality if and only if N = 2 or a = b.

Proof. Let α := 2/N ∈ (0, 1] and write a = rb with r > 1. Using

a+ b

a2 − b2 = 1
a− b

= 1
b(r − 1) ,

aα−1 + bα−1

aα − bα
= 1
b

rα−1 + 1
(r − 1)hα(r) , (3.64)

where hα(r) := rα − 1
r − 1 , we obtain

rN(a, b) − rN(b, a) = 1
b(r − 1)

(
1 − 1

N

rα−1 + 1
hα(r)

)
. (3.65)
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Since t 7→ tα−1 is decreasing on [1,∞) and

hα(r) = 1
r − 1

∫ r

1
αtα−1 dt,

the trapezoid bound gives

hα(r) ≤ α

2
(
1 + rα−1

)
. (3.66)

Thus r
α−1 + 1
hα(r) ≥ 2

α
= N , so the bracket in (3.65) is ≤ 0, with equality only when

α = 1 (that is, N = 2) or r = 1 (that is, a = b).

Lemma 3.28. The equation

g′
(
d f(σ)

)
f ′(σ) = β−1 d− 1

2σ

(
1 − 1

N

)
(3.67)

has a unique solution σ⋆ > 0.

Proof. Define

L(σ) = g′
(
d f(σ)

)
f ′(σ), (3.68)

and

R(σ) = β−1 d− 1
2σ

(
1 − 1

N

)
. (3.69)

By (3.6),

L′(σ) = d g′′
(
d f(σ)

)
[f ′(σ)]2 + g′

(
d f(σ)

)
f ′′(σ) > 0, (3.70)

so L is strictly increasing on (0,∞). Since g′ > 0 and f ′ ≥ 0, we have L(σ) > 0 for

every σ > 0. On the other hand,

R′(σ) = −β−1 d− 1
2σ2

(
1 − 1

N

)
< 0, (3.71)

52



so R is strictly decreasing. Moreover,

lim
σ↓0

R(σ) = +∞, lim
σ→∞

R(σ) = 0.

Thus R(σ) > L(σ) for σ sufficiently small. Fix any σ0 > 0. Since L(σ0) > 0 and

R(σ) → 0 as σ → ∞, there exists σ1 ≥ σ0 such that R(σ1) < L(σ0) ≤ L(σ1).

Therefore L and R cross at least once. Strict monotonicity of L and R shows that the

crossing is unique.

Proof of Theorem 3.6. Let σ ∈ Sd be an equilibrium of Fβ. Since the coefficients

Nσ
2−2/N
i in (3.7) are strictly positive, stationarity of (3.7) is equivalent to

∂σi
Fβ(σ) = 0, i = 1, . . . , d. (3.72)

Using Fβ(σ) = E(σ) − β−1SN(σ) and (3.5), together with Lemma 3.18 and the

definition (3.62), the condition (3.72) becomes

g′
( d∑

k=1
f(σk)

)
f ′(σi) = β−1∑

k ̸=i

rN(σi, σk), i = 1, . . . , d. (3.73)

Fix i ̸= j and subtract the jth equation in (3.73) from the ith to obtain

g′
( d∑

k=1
f(σk)

)(
f ′(σi) − f ′(σj)

)
= β−1

(
rN(σi, σj) − rN(σj, σi)

)

+ β−1 ∑
k ̸=i,j

(
rN(σi, σk) − rN(σj, σk)

)
. (3.74)

If σi > σj, then the left-hand side of (3.74) is > 0 by (3.6), while the right-hand side

is ≤ 0 by Lemmas 3.27 and 3.26. This contradiction shows that no strict inequality

among the singular values is possible. Hence σ1 = · · · = σd =: σ⋆ > 0.

Substituting this equality into (3.73) and interpreting rN (σ⋆, σ⋆) by the limit (3.29)
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yields exactly (3.8). By Lemma 3.28, equation (3.67) has a unique solution σ⋆ > 0,

hence the equilibrium σ = (σ⋆, . . . , σ⋆) in Sd is unique.

Finally, (3.6) implies that E is convex on Sd: the map σ 7→ ∑d
k=1 f(σk) is convex,

and composition with the convex nondecreasing function g preserves convexity. The-

orem 3.2 shows that SN is concave on (Sd, ι). Therefore Fβ is convex on Sd, so its

unique critical point is its unique minimizer.

Remark 3.29. The proof of Theorem 3.6 uses the first-order conditions and the

monotonicity of the kernel in the entropy. A shorter argument is available when g′ > 0

and f is strictly convex: then Fβ is strictly convex in the variables σ = (σ1, . . . , σd),

and symmetry under permutations of the σi forces the unique minimizer to lie on the

diagonal.

We now linearize the flow at σ⃗⋆. For convenience, recall that

p⋆ := − 1
6σ2

⋆

(
1 − 1

N2

)
, q⋆ := − 1

3σ2
⋆

(
1 − 3

2N + 1
2N2

)
. (3.75)

Lemma 3.30. Let HS := ∇2
σSN(σ⃗⋆). Then

(HS)ij =


(d− 1)q⋆, i = j,

p⋆, i ̸= j,

(3.76)

hence

θ1(SN) = (d− 1)
(
q⋆ + p⋆

)
, (3.77)

θ⊥(SN) = (d− 1)q⋆ − p⋆, (3.78)

where θ⊥(SN) has multiplicity d− 1.
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Proof. The limits in Lemma 3.19 give

(HS)ij = p⋆ (i ̸= j), (HS)ii =
∑
k ̸=i

q⋆ = (d− 1)q⋆,

which yields (3.76). The eigenvalue formulas follow from the standard spectrum of a

matrix with constant diagonal and constant off-diagonal entries.

Lemma 3.31. Let

E(σ) = g
( d∑

k=1
f(σk)

)

be a spectral energy with g ∈ C2(R) and f ∈ C2((0,∞)), and let HE := ∇2
σE(σ⃗⋆).

Then

(HE)ii = h1, (HE)ij = h2 (i ̸= j), (3.79)

where

h1 = g′′
(
d f(σ⋆)

)
[f ′(σ⋆)]2 + g′

(
d f(σ⋆)

)
f ′′(σ⋆), h2 = g′′

(
d f(σ⋆)

)
[f ′(σ⋆)]2. (3.80)

Consequently,

θ1(E) = h1 + (d− 1)h2, (3.81)

θ⊥(E) = h1 − h2, (3.82)

where θ⊥(E) has multiplicity d− 1.

Proof. Write H(σ) := ∑d
k=1 f(σk). Then

∂iE = g′(H)f ′(σi), ∂2
ijE = g′′(H)f ′(σi)f ′(σj) + g′(H)f ′′(σi)δij. (3.83)

Evaluating (3.83) at σ⃗⋆ yields (3.79)–(3.80).
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Proof of Theorem 3.8. At σ⃗⋆ one has ∇σFβ(σ⃗⋆) = 0. Linearizing (3.7) at σ⃗⋆ gives the

Jacobian

J = −N σ2−2/N
⋆ ∇2

σFβ(σ⃗⋆) = −N σ2−2/N
⋆

(
HE − β−1HS

)
. (3.84)

By Lemmas 3.30 and 3.31, HE and HS share the invariant splitting span{1}⊕span{1}⊥

and have eigenvalues (3.81)–(3.82) and (3.77)–(3.78) on the respective subspaces.

Substituting into (3.84) yields the claimed eigenvalues.

Remark 3.32. Substituting the eigenvalues from Lemma 3.30 gives

ρ1 = −N σ2−2/N
⋆ θ1(E) −N σ−2/N

⋆

d− 1
2β

(
1 − 1

N

)
, (3.85)

ρ⊥ = −N σ2−2/N
⋆ θ⊥(E) −N σ−2/N

⋆

1
6β

(
2d− 3 − 3(d− 1)

N
+ d

N2

)
. (3.86)

The dependence on the energy enters only through θ1(E) and θ⊥(E).

Remark 3.33. The splitting Rd = span{1} ⊕ span{1}⊥ diagonalizes the linearization

of the flow at σ⃗⋆. Under the additional hypotheses g′′ ≥ 0 and f ′ ≥ 0,

θ⊥(E) ≤ θ1(E) and θ⊥(SN) > θ1(SN). (3.87)

Hence ρ⊥ is the least negative eigenvalue: perturbations that change the singular

values relative to one another decay slowest, whereas the scaling direction 1 relaxes

faster.

This description on Sd translates directly to GL(d,R).

Proof of Corollary 3.10. By Theorem 3.6, the unique minimizer of Fβ on Sd has

singular values (σ⋆, . . . , σ⋆). Since Fβ(X) depends only on the singular values of X,

every matrix in GL(d,R) with those singular values is a minimizer, and every such

matrix has the form σ⋆Q with Q ∈ O(d). This is exactly O⋆.
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Proof of Corollary 3.11. Because both Fβ and gN are bi-orthogonally invariant, it is

enough to analyze the linearization at X⋆ = σ⋆I and then transport the result by left

multiplication with Q.

At X⋆ = σ⋆I, the orbit O⋆ = σ⋆O(d) has tangent space {X⋆A : AT = −A}. Since

Fβ is constant on O⋆, the linearization vanishes on this subspace.

The orthogonal complement of the skew directions is the space of symmetric

matrices. Inside it, the splitting

Symd(R) = span{I} ⊕ {S : ST = S, trS = 0}

corresponds exactly to span{1} ⊕ span{1}⊥ under the singular-value map. The

linearization on span{I} is therefore ρ1, and the linearization on symmetric trace-

free matrices is ρ⊥. Transporting this decomposition back to X⋆ = σ⋆Q by left

multiplication with Q yields (3.10).

3.5 Schatten energies

We now specialize to the Schatten energies (3.11). They provide the simplest explicit

model for the regularized dynamics and lead to an exact scalar reduction on the

diagonal.

Introduce the variables

λi = σ
1/N
i , i = 1, . . . , d, Λ = Σ1/N = diag(λ1, . . . , λd),

so that dσi = NλN−1
i dλi. In these coordinates the metric on the chamber becomes

flat:

gN,σ = N
d∑

i=1
(dλi)2. (3.88)
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Lemma 3.34. Let

σ̇i = −N σ
2−2/N
i ∂σi

Fβ(σ), i = 1, . . . , d,

be the chamber flow, and set λi = σ
1/N
i . Then

λ̇i = − 1
N

∂

∂λi

Fβ

(
σ(λ)

)
, i = 1, . . . , d. (3.89)

For the Schatten–p energy

Ep(σ) = 1
p

d∑
i=1

σp
i ,

this becomes

λ̇i = −λNp−1
i + 1

β

∑
k ̸=i

(
λ2N−1

i

λ2N
i − λ2N

k

− λi

N(λ2
i − λ2

k)

)
, i = 1, . . . , d. (3.90)

Proof. By (3.88), gN,σ is a constant multiple of the Euclidean metric in λ, so (3.89)

follows from the definition of the gradient. Using ∂λi
= NλN−1

i ∂σi
and σi = λN

i gives

λ̇i = −λN−1
i ∂σi

Fβ. For (3.11) one has ∂σi
E = σp−1

i , and substituting ∂σi
SN from

Lemma 3.18 yields (3.90).

To separate the common scale from the relative singular values, write

λd = s > 0, λi = uis, i = 1, . . . , d− 1, u1 ≥ · · · ≥ ud−1 ≥ 1. (3.91)

For d = 2, this becomes λ1 = us, λ2 = s.

Lemma 3.35. For the Schatten–p flow

λ̇i = −λNp−1
i + 1

β

∑
k ̸=i

(
λ2N−1

i

λ2N
i − λ2N

k

− λi

N(λ2
i − λ2

k)

)
, i = 1, . . . , d,
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the substitution λ1 = us, λ2 = s yields

ṡ = −sNp−1 + 1
β
s−1

(
− 1
u2N − 1 + 1

N(u2 − 1)

)
, (3.92)

u̇ = sNp−2
(
u− uNp−1

)
+ 1
β
s−2

(
u2N−1 + u

u2N − 1 − 2u
N(u2 − 1)

)
. (3.93)

Proof. Insert λ1 = us, λ2 = s into (3.90) and use u̇ = (λ̇1s− λ1ṡ)/s2.

In the general case d ≥ 2, define

φN(a, b) := a2N−1

a2N − b2N
− a

N(a2 − b2) , a ̸= b > 0. (3.94)

Lemma 3.36. For the Schatten–p flow

λ̇i = −λNp−1
i + 1

β

∑
k ̸=i

(
λ2N−1

i

λ2N
i − λ2N

k

− λi

N(λ2
i − λ2

k)

)
, i = 1, . . . , d,

the change of variables

λd = s > 0, λi = uis, u1 ≥ · · · ≥ ud−1 ≥ 1,

is equivalent to

ṡ = −sNp−1 + 1
β
s−1

d−1∑
j=1

(
− 1
u2N

j − 1 + 1
N(u2

j − 1)

)
, (3.95)

u̇i = sNp−2
(
ui − uNp−1

i

)
+ 1
β
s−2

 d−1∑
k=1
k ̸=i

φN(ui, uk) + φN(ui, 1)

− ui

d−1∑
j=1

(
− 1
u2N

j − 1 + 1
N(u2

j − 1)

), (3.96)

for i = 1, . . . , d− 1.
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Proof. Use ṡ = λ̇d and u̇i = (λ̇is−λiṡ)/s2, and simplify the pair terms in (3.90) using

(3.91) and (3.94).

Lemma 3.37. Let

φN(a, b) := a2N−1

a2N − b2N
− a

N(a2 − b2) , a ̸= b > 0.

Then

lim
b→a

φN(a, b) = N − 1
2Na , a > 0. (3.97)

In particular,

lim
u→1

(
− 1
u2N − 1 + 1

N(u2 − 1)

)
= N − 1

2N . (3.98)

Consequently u1 = · · · = ud−1 = 1 is an invariant set for (3.96).

Proof. Write

φN(a, b) = 1
a

( 1
1 − r2N

− 1
N

1
1 − r2

)
, r = b/a,

and expand at r = 1 to obtain (3.97), hence (3.98). Substituting ui ≡ 1 into (3.96)

and using (3.98) gives u̇i = 0.

Proof of Theorem 3.12. By Lemma 3.37, the set u1 = · · · = ud−1 = 1 is invariant for

(3.96). Along this set, (3.95) and (3.98) give

ṡ = −sNp−1 + 1
β
s−1

d−1∑
j=1

N − 1
2N = −sν−1 + β−1 d− 1

2

(
1 − 1

N

)1
s
, (3.99)

where ν = Np. For the Schatten energy, (3.8) reduces to

σp
⋆ = β−1 d− 1

2

(
1 − 1

N

)
,
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hence sν
⋆ = σp

⋆. Therefore (3.99) is exactly (3.15).

If s0 = s⋆, then the right-hand side of (3.15) vanishes and the solution is constant.

Suppose s0 ̸= s⋆. Since the vector field in (3.15) is smooth on (0,∞) and has the

unique zero s⋆, uniqueness prevents the solution from crossing s⋆. Thus s(t) remains

in the component I− or I+ containing s0.

Separating variables in (3.15) on that component gives

t− t0 =
∫ s(t)

s0

τ dτ
sν

⋆ − τ ν
, s0 = s(t0). (3.100)

This proves the real quadrature in (3.16).

It remains only to identify the hypergeometric primitive on the chosen real branch.

With z = (s/s⋆)ν one has s ds = s2
⋆

ν
z

2
ν

−1 dz, so (3.100) becomes

t− t0 = s2−ν
⋆

ν

∫ z(t)

z0

z
2
ν

−1

1 − z
dz, z0 =

(
s0

s⋆

)ν

. (3.101)

For 0 < z < 1, the standard real primitive [Olv+10, §8.17] is

∫ za−1

1 − z
dz = za

a
2F1(a, 1; a+ 1; z) + const, a > 0. (3.102)

Taking a = 2
ν

and substituting back z = (s/s⋆)ν gives (3.14) on I−. On I+, the

same antiderivative is understood on the real branch determined by the integral in

(3.100), equivalently with the logarithmic term in its analytic continuation read as

log |1 − z|.

Remark 3.38. The same equilibrium may be recovered from the constrained dual

problem

max
X

SN(X) subject to Ep(X) = 1, (3.103)
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where

Ep(X) = 1
p

d∑
i=1

σp
i .

At a maximizer with all singular values equal, σ⃗⋆ = (σ⋆, . . . , σ⋆), the constraint gives

Ep(X⋆) = d

p
σp

⋆ = 1, σp
⋆ = p

d
.

We use the Lagrange-multiplier convention

dSN(X⋆) = λ⋆ dEp(X⋆).

At this point,

∂σi
SN(σ⃗⋆) = d− 1

2σ⋆

(
1 − 1

N

)
, ∂σi

Ep(σ⃗⋆) = σp−1
⋆ .

Therefore stationarity gives

d− 1
2σ⋆

(
1 − 1

N

)
= λ⋆σ

p−1
⋆ ,

and hence

λ⋆ = d− 1
2σp

⋆

(
1 − 1

N

)
= d(d− 1)

2p

(
1 − 1

N

)
= 1
p

(
d

2

)(
1 − 1

N

)
. (3.104)
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Part II

Kähler Geometry of the DLN
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Chapter 4

The Complex DLN and the

Moment Map

Over C, the conserved quantity G of Chapter 2 is the moment map µ for the unitary

symmetry. We prove that M = µ−1(0), that each balanced set of a fibre is a compact

unitary orbit, and that the quotient M/K is biholomorphic to GL(d,C).

4.1 Main results

We begin with the ambient Kähler geometry on parameter space. Equip GL(d,C)N

with its standard flat Kähler structure.

h(Z,Z ′) =
N∑

k=1
tr(Z∗

kZ
′
k),

with associated Riemannian metric and symplectic form

g = ℜh, ω = ℑh,

and complex structure J given by multiplication by i, acting componentwise on

Md(C)N .
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Proposition 4.1. The action of K = U(d)N−1 on GL(d,C)N given by

U · W = (WNU
−1
N−1, UN−1WN−1U

−1
N−2, . . . , U1W1) (4.1)

is smooth, holomorphic, and preserves the Hermitian form h. In particular, it preserves

g, J , and ω. Moreover, ϕ(U · W) = ϕ(W) for all U ∈ K and W ∈ GL(d,C)N .

Hamiltonian symmetry. We now identify the moment map for this action. For

W ∈ GL(d,C)N , define

Gk(W) = WkW
∗
k −W ∗

k+1Wk+1, 1 ≤ k ≤ N − 1. (4.2)

We order the tuple to match the coordinates of K = U(d)N−1, and set G(W) =

(GN−1(W), . . . , G1(W)).

Let k = u(d)N−1. We identify k∗ with Herm(d)N−1 by the real pairing

⟨H, ξ⟩ = −1
2

N−1∑
k=1

ℑ tr(Hkξk), H ∈ Herm(d)N−1, ξ ∈ k. (4.3)

With this identification, define the moment map µ : GL(d,C)N → Herm(d)N−1 by

µ(W) = G(W).

Theorem 4.2. The K-action on (GL(d,C)N , ω) is Hamiltonian, and the map

µ(W) = (GN−1(W), . . . , G1(W))

is a K-equivariant moment map. Equivalently, for every ξ ∈ k,

ιKξ
ω = d⟨µ, ξ⟩,
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where Kξ is the fundamental vector field generated by ξ.

Balancedness. The balanced manifold,

M = {W ∈ GL(d,C)N : WkW
∗
k = W ∗

k+1Wk+1 for 1 ≤ k ≤ N − 1}, (4.4)

is the zero level set of the moment map.

Corollary 4.3. The balanced manifold satisfies

M = µ−1(0),

and is K-invariant.

We next establish the regularity needed for the quotient.

Proposition 4.4. The action of K on GL(d,C)N is free. In particular, its restriction

to M is free.

Proposition 4.5. The value 0 is regular for µ. Hence M is a smooth submanifold of

real dimension (N + 1)d2.

We next describe the balanced factorizations in each fibre. For X ∈ GL(d,C),

write its polar decomposition as

X = U(X)P (X), P (X) = (X∗X)1/2 > 0, U(X) = X P (X)−1 ∈ U(d).

Define

s(X) =
(
U(X)P (X)1/N , P (X)1/N , . . . , P (X)1/N

)
∈ GL(d,C)N . (4.5)
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Also write

FX = ϕ−1(X), OX = FX ∩ M. (4.6)

The section s(X) is defined by polar decomposition and functional calculus on positive

Hermitian matrices, so it is well defined without assuming that the singular values are

distinct.

Proposition 4.6. For every X ∈ GL(d,C),

OX = K · s(X).

In particular, OX is nonempty and is a single compact K-orbit.

Since K is compact and acts freely on M, the quotient Mred = M/K = µ−1(0)/K

is a smooth manifold, and dimRMred = 2d2.

The quotient. We now describe the three quotient constructions. Let

π : M → Mred

be the quotient map, and let

j : M ↪→ GL(d,C)N

be the inclusion.

Theorem 4.7 (Marsden–Weinstein reduction). There is a unique symplectic form

ωred on Mred satisfying

π∗ωred = j∗ω.
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For W ∈ M, set

VW = TW(K · W), HW = TWM ∩ V⊥g

W .

Theorem 4.8 (Riemannian submersion). There is a unique Riemannian metric gred

on Mred such that

π : (M, g|M) −→ (Mred, gred)

is a Riemannian submersion. Equivalently, if Ȳ , Z̄ ∈ T[W]Mred and Y hor, Zhor ∈ HW

are their horizontal lifts, then

gred(Ȳ , Z̄) = g(Y hor, Zhor).

Theorem 4.9 (Kähler reduction). The horizontal distribution H is J-invariant.

Consequently Mred carries a natural Kähler structure

(gred, Jred, ωred),

where ωred is the Marsden–Weinstein reduced symplectic form, gred is the Riemannian

quotient metric, and Jred is the complex structure induced by the J-invariant horizontal

distribution.

The quotient admits a natural identification with the space of end-to-end matrices.

Theorem 4.10. The end-to-end map restricted to the balanced manifold,

ϕ|M : M → GL(d,C),
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descends to a smooth bijection

ϕ̄ : Mred −→ GL(d,C), ϕ̄([W]) = ϕ(W).

Its inverse is

s̄ : GL(d,C) −→ Mred, s̄(X) = π(s(X)).

Hence ϕ̄ is a diffeomorphism. Moreover, with the reduced complex structure on Mred

and the standard complex structure on GL(d,C), the map ϕ̄ is biholomorphic.

4.2 The ambient Kähler geometry

We equip GL(d,C)N with its standard flat Kähler structure, which will be used

throughout this section. Since GL(d,C)N is an open subset of Md(C)N , every tangent

space is canonically identified with Md(C)N . For tangent vectors Z = (ZN , . . . , Z1)

and Z ′ = (Z ′
N , . . . , Z

′
1), set

h(Z,Z ′) =
N∑

k=1
tr(Z∗

kZ
′
k), g = ℜh, ω = ℑh. (4.7)

The complex structure J is multiplication by i in each factor.

In the coordinates Wk on the kth layer, the symplectic form is

ω = 1
2i

N∑
k=1

tr
(
dW ∗

k ∧ dWk

)
. (4.8)

Here dWk denotes the matrix of complex coordinate one-forms, and the trace is

applied after taking the wedge product entrywise. Equivalently, for tangent vectors
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Z,Z ′ ∈ TWGL(d,C)N ∼= Md(C)N ,

ωW(Z,Z ′) = 1
2i

N∑
k=1

tr
(
Z∗

kZ
′
k − Z ′∗

k Zk

)
=

N∑
k=1

ℑ tr(Z∗
kZ

′
k). (4.9)

With these conventions,

ω(Z,Z ′) = g(JZ, Z ′). (4.10)

The map ϕ is holomorphic because its entries are polynomial in the matrix entries.

Its differential is

(dϕ)W(Z) =
N∑

k=1
WN · · ·Wk+1 Zk Wk−1 · · ·W1. (4.11)

The formula follows by the Leibniz rule. Since each Wk is invertible, ϕ is a submersion:

given Y ∈ Tϕ(W)GL(d,C) ∼= Md(C), take

ZN = Y (WN−1 · · ·W1)−1, Zk = 0 (1 ≤ k < N).

Then (dϕ)W(Z) = Y .

Proof of Proposition 4.1. For fixed U ∈ K, the map W 7→ U · W is complex-linear

in the layer variables, hence holomorphic. Its smooth dependence on U follows from

matrix multiplication and inversion in the unitary group.

We use the conventions UN = U0 = I. The differential of the action sends tangent

vectors Z = (ZN , . . . , Z1) and Z ′ = (Z ′
N , . . . , Z

′
1) to

(U · Z)k = UkZkU
−1
k−1, (U · Z ′)k = UkZ

′
kU

−1
k−1.

Since Uk and Uk−1 are unitary, left and right multiplication by these matrices preserve
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the Frobenius Hermitian inner product. Hence

h(U · Z,U · Z ′) =
N∑

k=1
tr
(
(UkZkU

−1
k−1)∗(UkZ

′
kU

−1
k−1)

)

=
N∑

k=1
tr
(
Uk−1Z

∗
kZ

′
kU

−1
k−1

)

=
N∑

k=1
tr(Z∗

kZ
′
k) = h(Z,Z ′).

Thus the action preserves h. Taking real and imaginary parts shows that it preserves

g and ω. Since the action is complex-linear, it also preserves J .

It remains to check that the action preserves the map ϕ. By (4.1),

ϕ(U · W) = (WNU
−1
N−1)(UN−1WN−1U

−1
N−2) · · · (U1W1).

All intermediate unitary factors cancel, so ϕ(U · W) = WN · · ·W1 = ϕ(W).

4.3 The moment map and the balanced manifold

We now prove that the action of K is Hamiltonian, with moment map µ = G.

Let k = u(d)N−1. For ξ = (ξN−1, . . . , ξ1) ∈ k, set ξ0 = ξN = 0.

Lemma 4.11. The fundamental vector field generated by ξ ∈ k is

(Kξ(W ))k = ξkWk −Wkξk−1, 1 ≤ k ≤ N.

Proof. Differentiate the curve t 7→ exp(tξ) ·W at t = 0. By the group action (4.1),

(exp(tξ) ·W )k = exp(tξk)Wk exp(−tξk−1).
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Therefore
d
dt

∣∣∣∣
t=0

(exp(tξ) ·W )k = ξkWk −Wkξk−1.

Proof of Theorem 4.2. The only point requiring care is the sign convention in the

pairing (4.3). With this normalization, left multiplication on a matrix factor has

moment map W 7→ WW ∗, while right multiplication has moment map W 7→ −W ∗W .

We verify the identity

ιKξ
ω = d⟨µ, ξ⟩ (ξ ∈ k)

and then prove equivariance.

First consider a single factor Md(C), with

ω(U, V ) = ℑ tr(U∗V ).

Fix ξ ∈ u(d). For W ∈ Md(C) and Z ∈ TW Md(C) ∼= Md(C),

d
(

−1
2ℑ tr(WW ∗ξ)

)
W

(Z) = −1
2ℑ tr(ZW ∗ξ +WZ∗ξ)

= −ℑ tr(ZW ∗ξ)

= −ℑ tr(W ∗ξZ)

= ℑ tr((ξW )∗Z)

= ω(ξW,Z).

Here we used ξ∗ = −ξ, which gives

tr(WZ∗ξ) = −tr(ZW ∗ξ).
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Likewise,

d
(1

2ℑ tr(W ∗Wξ)
)

W
(Z) = 1

2ℑ tr(Z∗Wξ +W ∗Zξ)

= ℑ tr(W ∗Zξ)

= ℑ tr((−Wξ)∗Z)

= ω(−Wξ,Z),

because

tr(Z∗Wξ) = −tr(W ∗Zξ).

Thus, with the pairing (4.3), left multiplication by U(d) has moment map W 7→ WW ∗,

and right multiplication has moment map W 7→ −W ∗W .

We now apply these single-factor computations to GL(d,C)N . By Lemma 4.11,

the component ξk acts on the kth factor by

Wk 7−→ ξkWk

and on the (k + 1)st factor by

Wk+1 7−→ −Wk+1ξk.

Hence

d⟨µ, ξ⟩ =
N−1∑
k=1

d
(

−1
2ℑ tr(WkW

∗
k ξk) + 1

2ℑ tr(W ∗
k+1Wk+1ξk)

)

= ιKξ
ω.

Thus µ is a moment map.
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It remains to check equivariance. Let U ∈ K, and set U0 = UN = I. Since

(U ·W )k = UkWkU
−1
k−1,

we have, for 1 ≤ k ≤ N − 1,

(
µ(U ·W )

)
k

= (UkWkU
−1
k−1)(UkWkU

−1
k−1)∗ − (Uk+1Wk+1U

−1
k )∗(Uk+1Wk+1U

−1
k )

= UkWkW
∗
kU

∗
k − UkW

∗
k+1Wk+1U

∗
k

= Uk

(
WkW

∗
k −W ∗

k+1Wk+1
)
U∗

k

= UkGk(W )U∗
k .

Under the identification (4.3), this is the coadjoint action of K on k∗. Therefore µ is

K-equivariant.

Proof of Corollary 4.3. By definition,

µ(W ) = 0

if and only if

Gk(W ) = WkW
∗
k −W ∗

k+1Wk+1 = 0, 1 ≤ k ≤ N − 1.

These are exactly the equations for balancedness. Hence

M = µ−1(0).

The K-invariance follows from the equivariance of µ, since the coadjoint action fixes

0.
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Proof of Proposition 4.4. Suppose U ·W = W . From the first layer we get

U1W1 = W1.

Since W1 is invertible, U1 = I. Now assume Uk−1 = I. The equality of the kth layers

gives

UkWkU
−1
k−1 = Wk.

Since Uk−1 = I and Wk is invertible, it follows that Uk = I. By induction,

U1 = · · · = UN−1 = I.

Thus U = I, so the action is free on GL(d,C)N . Its restriction to M is therefore free

as well.

Proof of Proposition 4.5. We prove the stronger statement that (dµ)W is surjective

for every W ∈ GL(d,C)N .

Fix W ∈ GL(d,C)N , and let ξ ∈ k annihilate the image of (dµ)W under the pairing

(4.3). Then

d⟨µ, ξ⟩W = 0.

By Theorem 4.2,

ωW (Kξ(W ), Z) = 0 for all Z ∈ TW GL(d,C)N .

Since ω is nondegenerate, Kξ(W ) = 0.

The kernel of the infinitesimal action at W is the Lie algebra of the stabilizer of W .

Proposition 4.4 shows that this stabilizer is trivial, so its Lie algebra is zero. Hence

ξ = 0. Therefore the annihilator of im(dµ)W is trivial. Since k∗ is finite dimensional,
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(dµ)W is surjective.

Thus 0 is a regular value of µ. By the regular-value theorem,

dimR M = dimR GL(d,C)N − dimR Herm(d)N−1.

Since

dimR GL(d,C)N = 2Nd2, dimR Herm(d)N−1 = (N − 1)d2,

we obtain

dimR M = 2Nd2 − (N − 1)d2 = (N + 1)d2.

4.4 Balanced factorizations in a fibre

The condition µ(W) = 0 defines M. To identify the quotient M/K, we must

understand how M meets each fibre of ϕ. In each fibre, the intersection is a single

K-orbit.

We now prove Proposition 4.6. The key point is that balancedness aligns the

singular-value data across the layers. Once this alignment is fixed, the only remaining

freedom is the choice of unitary bases at the intermediate layers.

The polar representative used in Proposition 4.6 depends smoothly on X. Indeed,

the map X 7→ X∗X is smooth from GL(d,C) to the cone of positive Hermitian

matrices, and functional calculus gives smooth maps

H 7−→ H1/2, H 7−→ H1/N

on that cone. Hence P (X), P (X)1/N , and U(X) = XP (X)−1 are smooth functions of
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X.

Proof of Proposition 4.6. Fix X ∈ GL(d,C), and write its polar decomposition as

X = UXPX , PX = (X∗X)1/2 > 0, UX = XP−1
X ∈ U(d).

For the factors of s(X), we have

WN = UXP
1/N
X , Wk = P

1/N
X for 1 ≤ k ≤ N − 1.

Thus

ϕ(s(X)) = UXP
1/N
X P

(N−1)/N
X = UXPX = X.

Moreover, for 1 ≤ k ≤ N − 2,

WkW
∗
k = P

2/N
X = W ∗

k+1Wk+1,

and at the last interface,

WN−1W
∗
N−1 = P

2/N
X = P

1/N
X U∗

XUXP
1/N
X = W ∗

NWN .

Hence s(X) ∈ FX ∩ M = OX .

Since the K-action preserves ϕ by Proposition 4.1 and preserves M by Corollary 4.3,

it follows that

K · s(X) ⊆ OX .

We prove the opposite inclusion. Let W = (WN , . . . ,W1) ∈ OX . Choose a singular
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value decomposition of the first layer,

W1 = Q1ΛQ∗
0,

where Q0, Q1 ∈ U(d) and

Λ = diag(λ1, . . . , λd), λj > 0.

We first align the remaining layers with the same positive diagonal matrix Λ. Suppose

that, for some 1 ≤ k ≤ N − 1,

Wk = QkΛQ∗
k−1

with Qk−1, Qk ∈ U(d). Then

WkW
∗
k = QkΛ2Q∗

k.

Balancedness gives

W ∗
k+1Wk+1 = WkW

∗
k = QkΛ2Q∗

k.

Define

Qk+1 := Wk+1QkΛ−1.

Then

Q∗
k+1Qk+1 = Λ−1Q∗

kW
∗
k+1Wk+1QkΛ−1 = I,

so Qk+1 ∈ U(d), and therefore

Wk+1 = Qk+1ΛQ∗
k.
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Induction gives unitary matrices Q0, . . . , QN such that

Wk = QkΛQ∗
k−1, 1 ≤ k ≤ N.

Multiplying the layers yields

X = ϕ(W) = QNΛNQ∗
0.

Consequently,

X∗X = Q0Λ2NQ∗
0, PX = Q0ΛNQ∗

0, P
1/N
X = Q0ΛQ∗

0,

and

UX = XP−1
X = QNQ

∗
0.

Now define V = (VN−1, . . . , V1) ∈ K by

Vk := Q0Q
∗
k, 1 ≤ k ≤ N − 1.

Then the last layer transforms as

(V · W)N = WNV
−1

N−1 = QNΛQ∗
0 = UXP

1/N
X .

For 2 ≤ k ≤ N − 1,

(V · W)k = VkWkV
−1

k−1 = Q0ΛQ∗
0 = P

1/N
X ,
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and for the first layer,

(V · W)1 = V1W1 = Q0ΛQ∗
0 = P

1/N
X .

Thus

V · W = s(X).

Hence W = V −1 · s(X), so

OX ⊆ K · s(X).

Together with the first inclusion, this proves

OX = K · s(X).

Since K is compact, OX is a compact K-orbit.

Remark 4.12. The set OX is the balanced part of the fibre defined in Chapter 2.

Proposition 4.6 gives a representative of this orbit that varies smoothly with X.

4.5 The geometry of the quotient

We now combine Theorem 4.2, equivalently (4.4), with Proposition 4.6. The first

identifies M with µ−1(0), and the second shows that each fibre meets M in exactly

one compact K-orbit. Thus quotienting the balanced manifold by K removes precisely

the ambiguity left by balanced factorizations. What remains is the end-to-end matrix.

Set Mred := M/K = µ−1(0)/K. Let

π : M → Mred, j : M ↪→ GL(d,C)N (4.12)
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be the quotient map and the inclusion. For W ∈ M, write

VW := TW(K · W), HW := TWM ∩ V⊥g

W . (4.13)

The three reductions in Theorems 4.7, 4.8, and 4.9 descend different pieces of

the same ambient Kähler structure. The Marsden–Weinstein reduction descends the

symplectic form. The Riemannian quotient descends the metric through horizontal

lifts. The Kähler reduction says that these two descended structures remain compatible

because the horizontal distribution is J-invariant. Finally, Theorem 4.10 identifies the

quotient with GL(d,C) by the end-to-end map.

Proof of Theorem 4.7. By Proposition 4.5, the value 0 is regular for µ. Hence

M = µ−1(0)

is a smooth submanifold. By Proposition 4.4, the action of K on the ambient space

is free, so its restriction to M is free. Since K is compact, this restricted action is

proper. Therefore Mred = M/K is a smooth manifold, and π : M → Mred is a smooth

quotient map.

We next descend the symplectic form. For ξ ∈ k, Theorem 4.2 gives

ιKξ
(j∗ω) = j∗(ιKξ

ω) = j∗d⟨µ, ξ⟩ = 0,

because µ = 0 on M. The K-action preserves ω, so j∗ω is also K-invariant. Hence

j∗ω is basic. Since π is the quotient map, there is a unique two-form ωred on Mred

satisfying

π∗ωred = j∗ω. (4.14)
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Moreover, j∗ω is closed. Since π is a surjective submersion, (4.14) implies that ωred is

closed.

It remains to prove nondegeneracy. At W ∈ M, the moment-map identity gives

TWM = {Y : ω(Kξ(W), Y ) = 0 for all ξ ∈ k} = Vω
W,

where Vω
W denotes the symplectic orthogonal of VW. Hence

(TWM)ω = (Vω
W)ω = VW.

Let Ȳ ∈ T[W]Mred lie in the kernel of ωred, and choose a lift Y ∈ TWM. Then

ω(Y, Z) = 0 for all Z ∈ TWM.

Thus

Y ∈ (TWM)ω = VW.

Therefore (dπ)WY = 0, and hence Ȳ = 0. This proves that ωred is nondegenerate.

Proof of Theorem 4.8. The action of K preserves g by Proposition 4.1. Since the

action on M is free and proper, the quotient map π is a submersion. The g-orthogonal

complement of the vertical distribution therefore gives the smooth horizontal distribu-

tion

HW = TWM ∩ V⊥g

W .

For Ȳ , Z̄ ∈ T[W]Mred, let Y hor, Zhor ∈ HW be the unique horizontal lifts. Define

gred(Ȳ , Z̄) := g(Y hor, Zhor). (4.15)
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The definition is independent of the representative W because the K-action preserves g

and carries horizontal spaces to horizontal spaces. It is smooth because the horizontal

distribution is smooth. It is positive definite because a nonzero tangent vector

downstairs has a nonzero horizontal lift. Formula (4.15) is forced by the Riemannian

submersion condition, so the metric is unique with this property. Thus

π : (M, g|M) → (Mred, gred)

is a Riemannian submersion.

Proof of Theorem 4.9. We first prove the J-invariance of the horizontal distribution.

Let ξ ∈ k and Y ∈ TWM. Since Y is tangent to µ−1(0), Theorem 4.2 gives

0 = d⟨µ, ξ⟩(Y ) = ω(Kξ(W), Y ) = g(JKξ(W), Y ).

Thus

JKξ(W) ∈ (TWM)⊥g ,

and therefore

JVW ⊂ (TWM)⊥g . (4.16)

Now let H ∈ HW. For every ξ ∈ k,

d⟨µ, ξ⟩(JH) = ω(Kξ(W), JH) = g(JKξ(W), JH) = g(Kξ(W), H) = 0,

because H is horizontal. Hence JH ∈ TWM. Moreover,

g(JH,Kξ(W)) = −g(H, JKξ(W)) = 0
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by (4.16), since H ∈ TWM. Thus JH is both tangent to M and orthogonal to VW.

Hence

JHW ⊂ HW.

Since J2 = −I, equality holds, so HW is J-invariant.

The J-invariant horizontal distribution defines an almost complex structure down-

stairs by

JredȲ := (dπ)W(JY hor), (4.17)

where Y hor ∈ HW is the horizontal lift of Ȳ . The definition is independent of the

representative because the K-action is holomorphic and preserves the horizontal

distribution. Since J2 = −I, one has J2
red = −I.

Let Ȳ , Z̄ ∈ T[W]Mred, and let Y hor, Zhor be their horizontal lifts. From (4.14),

ωred(Ȳ , Z̄) = ω(Y hor, Zhor).

Using the convention ω(·, ·) = g(J ·, ·), we obtain

ωred(Ȳ , Z̄) = g(JY hor, Zhor) = gred(JredȲ , Z̄).

Equivalently,

ωred(Ȳ , JredZ̄) = gred(Ȳ , Z̄). (4.18)

In particular,

ωred(Ȳ , JredȲ ) = gred(Ȳ , Ȳ ) > 0

for Ȳ ̸= 0. The standard Kähler reduction theorem now implies that Jred is integrable

and that

(Mred, gred, Jred, ωred)
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is Kähler; see, for example, [MS17, Chapter 5].

Proof of Theorem 4.10. By Proposition 4.1, the restriction ϕ|M is K-invariant. Hence

it factors through a smooth map

ϕ̄ : Mred → GL(d,C), ϕ̄ ◦ π = ϕ|M.

The polar-decomposition formula for s shows that s is smooth, and therefore

s̄ := π ◦ s : GL(d,C) → Mred

is smooth. For X ∈ GL(d,C),

ϕ̄(s̄(X)) = ϕ̄(π(s(X))) = ϕ(s(X)) = X.

Thus

ϕ̄ ◦ s̄ = idGL(d,C). (4.19)

Conversely, let [W] ∈ Mred, and set

X := ϕ̄([W]).

Then W ∈ ϕ−1(X) ∩ M = OX . By Proposition 4.6,

OX = K · s(X).

Hence [W] = [s(X)], and therefore

[W] = s̄(X) = s̄(ϕ̄([W])).
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Thus

s̄ ◦ ϕ̄ = idMred . (4.20)

Equations (4.19) and (4.20) show that ϕ̄ is a diffeomorphism with inverse s̄.

It remains to identify the complex structure. Let Jstd denote the standard complex

structure on GL(d,C), namely multiplication by i on tangent matrices. Let

Ȳ ∈ T[W]Mred,

and choose its horizontal lift Y hor ∈ HW, so that

Ȳ = (dπ)WY hor.

Then
(dϕ̄)[W](JredȲ ) = (dϕ̄)[W](dπ)W(JY hor)

= (dϕ)W(JY hor)

= Jstd(dϕ)W(Y hor)

= Jstd(dϕ̄)[W]Ȳ ,

because ϕ is holomorphic. Thus ϕ̄ is holomorphic. Since ϕ̄ is a diffeomorphism

and its differential is complex-linear everywhere, the differential of s̄ = ϕ̄−1 is also

complex-linear. Hence s̄ is holomorphic, and ϕ̄ is biholomorphic.

Remark 4.13. The biholomorphism in Theorem 4.10 identifies the reduced complex

structure on Mred with the standard complex structure on GL(d,C). Thus the

operators ∂ and ∂̄ used on GL(d,C) in Chapter 5 are the standard ones. The quotient

contributes the Kähler metric together with its associated symplectic form. It does

not introduce a new complex structure on GL(d,C).
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The general moment-map and Kähler-reduction framework used in this chapter is clas-
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on moment maps, symplectic reduction, and Kähler reduction, see [GS84] and [MS17,

Chapter 5]. In this framework, balancedness is the zero level set of the moment map.

A variational characterization of balancedness on each fibre is given in [LM25].
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Chapter 5

Kähler Potential, Metric, and

Entropy

Having identified GL(d,C) with the quotient M/K, we now compute the quotient

metric, its Kähler potential, the entropy, and the Ricci form. The calculations make

use of an adapted basis: horizontal directions give the quotient metric, while vertical

directions give the volume of the orbit.

Compared with the argument of [MY26b] for the real DLN, we reverse the order of

proof. In that setting, one first constructs the adapted basis and then uses it to prove

the submersion theorem. In Chapter 4 we identified the quotient by Kähler reduction.

We first recover the quotient metric and its Kähler potential by constructing explicit

horizontal lifts. We then return to the full basis on M, where the vertical directions

determine the volume of the orbit OX and hence the entropy.

5.1 Main results

Throughout this chapter, K = U(d)N−1, SN(X) := log vol(OX), where the volume of

OX is computed with the metric induced from M, and ud := vol(U(d)) denotes the

volume of U(d) with respect to the bi-invariant metric induced by the Frobenius inner
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product on u(d).

The quotient metric. We transport the Kähler structure on M/K from Chapter 4

to GL(d,C) via the map

ϕ̄ : M/K → GL(d,C).

This defines a Hermitian metric on GL(d,C).

For X ∈ GL(d,C) define

AN,X(Z) :=
N∑

k=1
(XX∗)N−k

N Z(X∗X) k−1
N , Z ∈ Md(C). (5.1)

Theorem 5.1. The Hermitian metric on GL(d,C) transported from the quotient

M/K is

hN(X)(Z1, Z2) = tr
(
Z∗

1A−1
N,X(Z2)

)
, Z1, Z2 ∈ TXGL(d,C) ∼= Md(C). (5.2)

Its real and imaginary parts define

gN = ℜhN , ωN = ℑhN ,

where gN is the Riemannian metric and ωN is the associated Kähler form.

The Kähler potential. The quotient metric is Kähler for the standard complex

structure on GL(d,C) and admits a global potential that depends only on X∗X.

Theorem 5.2. The function

ΨN(X) = N

2 tr
(
(X∗X)1/N

)
(5.3)
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is a Kähler potential for the Kähler form ωN , namely ωN = i ∂∂̄ΨN .

The function ΨN also admits a variational characterization on the fibres of the

map ϕ. On the parameter space GL(d,C)N , define the ridge functional

R(W) := 1
2

N∑
k=1

∥Wk∥2, W = (WN , . . . ,W1). (5.4)

This functional is a Kähler potential for the ambient metric on GL(d,C)N . The

quotient potential ΨN is obtained by minimizing R along each fibre FX .

Proposition 5.3. For every X ∈ GL(d,C),

ΨN(X) = min
W∈FX

R(W). (5.5)

Moreover, the minimum is attained precisely on the set of balanced factorizations in

FX :

arg min
W∈FX

R(W) = OX . (5.6)

Riemannian submersion. The quotient metric on GL(d,C) is induced from the

metric on the balanced manifold M through the map ϕ. The key tool in the chapter is

an adapted orthonormal basis on M that separates directions tangent to the orbit OX

from directions that project to TXGL(d,C). In this basis, horizontal vectors determine

the quotient metric, while vertical vectors control the volume of OX and hence the

entropy.

Theorem 5.4. Let ι be the metric on M induced from the ambient Frobenius metric

on GL(d,C)N . Then the map

ϕ : (M, ι) −→ (GL(d,C), gN)
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is a Riemannian submersion.

Entropy. The entropy is the log-volume of the compact orbit OX with the metric

induced from M. It depends only on the singular values of X.

Theorem 5.5 (Entropy formula). Let X ∈ GL(d,C) have singular value decomposition

X = QΣR∗, Σ = diag(σ1, . . . , σd),

with distinct singular values. Then

vol(OX) = uN−1
d Nd/2 det(Σ2)

N−1
2N

van(Σ2)
van(Σ2/N) . (5.7)

Equivalently,

SN(X) = (N − 1) log ud + d

2 logN + N − 1
2N log det(Σ2) + log van(Σ2)

van(Σ2/N) . (5.8)

The formula extends to repeated singular values by continuity.

Corollary 5.6. For every X ∈ GL(d,C),

vol(OX) det(A−1
N,X)1/2 = uN−1

d , (5.9)

where the determinant is taken for the complex-linear operator A−1
N,X on TXGL(d,C) ∼=

Md(C). Equivalently,

SN(X) = (N − 1) log ud − 1
2 log det(A−1

N,X). (5.10)

Ricci curvature. The identity (5.10) expresses det(A−1
N,X) in terms of the entropy.

Since the Hermitian matrix of hN is given by A−1
N,X , we have dethN = det(A−1

N,X).
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Substituting into ρN = −i ∂∂̄ log dethN shows that the entropy is a Ricci potential

for the Kähler metric hN .

Corollary 5.7. Let ρN be the Ricci form of the Kähler metric hN on GL(d,C). Then

ρN = −i ∂∂̄ log dethN = 2i ∂∂̄SN . (5.11)

Thus 2SN is a Ricci potential for the Kähler metric hN .

5.2 The metric on GL(d,C)

In Chapter 4, we identified the quotient M/K with GL(d,C). We now compute

the Hermitian metric carried by this quotient. The calculation has two parts. First,

bi-unitary symmetry reduces the problem to a positive diagonal matrix. Second, we

construct horizontal lifts of the matrix units and use them to compute the metric.

Let (g, J, ω) be the ambient Kähler structure on GL(d,C)N , and let h be the

associated Frobenius Hermitian form. Let ι be the metric on M induced by g. By

Theorem 4.9, the quotient M/K carries a Kähler structure. By Theorem 4.10,

ϕ̄ : M/K −→ GL(d,C)

is a diffeomorphism. We transport the quotient Kähler structure to GL(d,C) through

ϕ̄.

The operator AN,X already appeared in Theorem 2.5. Here we recover the same

operator from Kähler reduction in the complex DLN.

Proposition 5.8. Let Q,R ∈ U(d), and define

(Q,R) · (WN , . . . ,W1) = (QWN , WN−1, . . . , W2, W1R
∗).
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This action is holomorphic and preserves the Hermitian form h. It also preserves M,

commutes with the K-action, and descends under ϕ̄ to

X 7−→ QXR∗

on GL(d,C).

Proof. Left and right multiplication by fixed unitary matrices are complex-linear and

preserve the Frobenius Hermitian form. Hence the action is holomorphic and preserves

h.

The action changes only the first and last factors in the product. Since

(QWN)∗(QWN) = W ∗
NWN , (W1R

∗)(W1R
∗)∗ = W1W

∗
1 ,

the equations for balancedness are unchanged. Thus the action preserves M.

Let U = (UN−1, . . . , U1) ∈ K. Applying U and then (Q,R), or applying (Q,R)

and then U , gives

(QWNU
−1
N−1, UN−1WN−1U

−1
N−2, . . . , U1W1R

∗).

Thus the two actions commute. Finally,

ϕ
(
(Q,R) · (WN , . . . ,W1)

)
= QWN · · ·W1R

∗ = Qϕ(WN , . . . ,W1)R∗.

Therefore the induced action on the quotient is X 7→ QXR∗.

Fix a positive diagonal matrix

Σ = diag(σ1, . . . , σd), σi > 0,
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and set

Λ = Σ1/N = diag(λ1, . . . , λd), λN
i = σi.

Define

WΣ = (Λ, . . . ,Λ) ∈ M.

For 1 ≤ i, j ≤ d, let Eij denote the standard matrix units, and define

αij :=
N∑

k=1
σ

2(N−k)
N

i σ
2(k−1)

N
j =

N∑
k=1

λ
2(N−k)
i λ

2(k−1)
j . (5.12)

Lemma 5.9. At X = Σ, the operator AN,X satisfies

AN,X(Eij) = αijEij.

Proof. By the definition of AN,X in (5.1),

AN,X(Eij) =
N∑

k=1
(ΣΣ∗)

N−k
N Eij(Σ∗Σ) k−1

N .

Since

ΣΣ∗ = Σ2 = diag(σ2
1, . . . , σ

2
d),

we have

(ΣΣ∗)
N−k

N Eij(Σ∗Σ)
k−1

N = σ
2(N−k)

N
i σ

2(k−1)
N

j Eij.

Summing over k gives the formula.

For 1 ≤ i, j ≤ d, define

c
(ij)
k := λN−k

i λk−1
j , 1 ≤ k ≤ N, (5.13)
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and

ΓΣ
ij :=

(
c

(ij)
N Eij, c

(ij)
N−1Eij, . . . , c

(ij)
1 Eij

)
∈ TWΣGL(d,C)N . (5.14)

Thus the component of ΓΣ
ij in the k-th layer is c(ij)

k Eij. The recurrence

λic
(ij)
k+1 = λjc

(ij)
k , 1 ≤ k ≤ N − 1,

is the reason these vectors lie in TWΣM and are horizontal.

Lemma 5.10. For every i, j, the vector ΓΣ
ij lies in TWΣM, is g-orthogonal to TWΣ(K ·

WΣ), and satisfies

(dϕ)WΣ(ΓΣ
ij) = αijEij, ∥ΓΣ

ij∥2
g = αij. (5.15)

Proof. For 1 ≤ k ≤ N − 1, let

Fk(W) := W ∗
k+1Wk+1 −WkW

∗
k .

Then M = {F1 = · · · = FN−1 = 0}. At WΣ = (Λ, . . . ,Λ),

(dFk)WΣ(Z) = Z∗
k+1Λ + ΛZk+1 − ZkΛ − ΛZ∗

k .

Substituting Z = ΓΣ
ij gives

(dFk)WΣ(ΓΣ
ij) =

(
λic

(ij)
k+1 − λjc

(ij)
k

)
Eij +

(
λic

(ij)
k+1 − λjc

(ij)
k

)
Eji.

By (5.13),

λic
(ij)
k+1 = λN−k

i λk
j = λjc

(ij)
k .

Hence (dFk)WΣ(ΓΣ
ij) = 0 for every k, so ΓΣ

ij ∈ TWΣM.
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Next let ξ = (ξN−1, . . . , ξ1) ∈ k, and set ξ0 = ξN = 0. The fundamental vector field

generated by ξ is

Kξ(WΣ)k = ξkΛ − Λξk−1.

Therefore

g
(
ΓΣ

ij, Kξ(WΣ)
)

= ℜ
N∑

k=1
tr
(

(c(ij)
k Eij)∗(ξkΛ − Λξk−1)

)

= ℜ
N−1∑
k=1

(
c

(ij)
k λj − c

(ij)
k+1λi

)
(ξk)ij = 0.

Thus ΓΣ
ij is orthogonal to the tangent space of the K-orbit.

The differential of ϕ at WΣ is

(dϕ)WΣ(Z) =
N∑

k=1
ΛN−kZkΛk−1.

Substituting Z = ΓΣ
ij, we obtain

(dϕ)WΣ(ΓΣ
ij) =

N∑
k=1

c
(ij)
k λN−k

i λk−1
j Eij = αijEij.

Finally,

∥ΓΣ
ij∥2

g =
N∑

k=1
∥c(ij)

k Eij∥2
F =

N∑
k=1

|c(ij)
k |2 = αij.

This proves (5.15).

Proof of Theorem 5.1. Let hred
N denote the Hermitian metric transported from the

quotient M/K, and let h̃N denote the Hermitian form on the right-hand side of (5.2).

By Proposition 5.8, the form hred
N is invariant under

X 7−→ QXR∗, Q,R ∈ U(d).
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The same invariance holds for h̃N . Indeed, from the definition (5.1),

AN,QXR∗(QZR∗) = QAN,X(Z)R∗, Q,R ∈ U(d).

Hence

A−1
N,QXR∗(QZR∗) = QA−1

N,X(Z)R∗.

Therefore

h̃N(QXR∗)(QZ1R
∗, QZ2R

∗) = tr
(
(QZ1R

∗)∗A−1
N,QXR∗(QZ2R

∗)
)

= tr
(
RZ∗

1Q
∗QA−1

N,X(Z2)R∗
)

= tr
(
Z∗

1A−1
N,X(Z2)

)
= h̃N(X)(Z1, Z2).

Thus both Hermitian forms are bi-unitarily invariant. It is therefore enough to compare

them at a positive diagonal matrix Σ.

At WΣ, define

HΣ
ij := α−1

ij ΓΣ
ij.

By Lemma 5.10, HΣ
ij is the horizontal lift of Eij. Hence

hred
N (Σ)(Eij, Ekℓ) = h

(
HΣ

ij , H
Σ
kℓ

)
.

The vectors ΓΣ
ij and ΓΣ

kℓ are h-orthogonal when (i, j) ̸= (k, ℓ), because their layerwise

components are scalar multiples of distinct matrix units. Using (5.15), we get

hred
N (Σ)(Eij, Ekℓ) = δikδjℓ α

−1
ij .
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By Lemma 5.9, the same basis diagonalizes AN,X with eigenvalues αij. Therefore

h̃N(Σ)(Eij, Ekℓ) = tr
(
E∗

ijA−1
N,X(Ekℓ)

)
= δikδjℓ α

−1
ij .

Thus hred
N = h̃N at Σ. Bi-unitary invariance then gives the equality for every X ∈

GL(d,C).

Taking real and imaginary parts gives the Riemannian metric gN and the Kähler

form ωN . Equivalently,

ωN,X(Z1, Z2) = ℑ tr
(
Z∗

1A−1
N,X(Z2)

)
. (5.16)

Since the Hermitian form is conjugate symmetric, this is the same as

ωN,X(Z1, Z2) = 1
2i
[
tr
(
Z∗

1A−1
N,X(Z2)

)
− tr

(
Z∗

2A−1
N,X(Z1)

)]
. (5.17)

Corollary 5.11. Let X = QΣR∗ be a singular value decomposition, and let ui and vj

be the columns of Q and R. Then

AN,X(uiv
∗
j ) = αijuiv

∗
j , αij =

N∑
k=1

σ
2(N−k)

N
i σ

2(k−1)
N

j .

Equivalently,

hN(X)(uiv
∗
j , ukv

∗
ℓ ) = δikδjℓ α

−1
ij .

If

Z = QζR∗, Z ′ = QηR∗,
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then

ωN,X(Z,Z ′) =
d∑

i,j=1
α−1

ij ℑ
(
ζijηij

)
. (5.18)

Proof. The formula for AN,X is Lemma 5.9 transported by the bi-unitary change of

variables X = QΣR∗. The formula for hN then follows from Theorem 5.1. Finally,

tr
(
Z∗A−1

N,X(Z ′)
)

=
d∑

i,j=1
α−1

ij ζijηij,

so taking the imaginary part gives (5.18).

5.3 The Kähler potential

The formula for the Hermitian metric identifies the quotient tensor. We now show

that its Kähler form is generated by the scalar potential ΨN in (5.3). The proof is a

calculation at a positive diagonal matrix, followed by transport through the bi-unitary

symmetry from Proposition 5.8.

Lemma 5.12. For r, s > 0,

r1/N − s1/N

r − s
=
(

N∑
k=1

r
N−k

N s
k−1

N

)−1

, (5.19)

where the left-hand side is interpreted by continuity when r = s. Consequently, if

ri = σ2
i , then

α−1
ij =


r

1/N
i − r

1/N
j

ri − rj

, ri ̸= rj,

1
N
r

1/N−1
i , ri = rj.

(5.20)
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Proof. The finite geometric series gives

r − s =
(
r1/N − s1/N

) N∑
k=1

r
N−k

N s
k−1

N .

Dividing by the nonzero factor and then passing to the limit r = s proves (5.19).

Taking r = ri and s = rj gives (5.20).

Proof of Theorem 5.2. Let ωΨ
N := i ∂∂̄ΨN , and let hΨ

N be the Hermitian form deter-

mined by ωΨ
N . With the convention h = g + iω, the coefficient of hΨ

N in a holomorphic

coordinate direction Z is

hΨ
N(Z,Z) = 2 ∂z∂z̄

∣∣∣
z=0

ΨN(X + zZ). (5.21)

Indeed, i ∂∂̄f evaluated on the real plane spanned by Z and iZ gives 2∂z∂z̄f .

Both ωN and ΨN are invariant under the left-right action

X 7−→ QXR∗, Q,R ∈ U(d),

and so is ωΨ
N . It is therefore enough to work at a positive diagonal matrix

Σ = diag(σ1, . . . , σd), ri = σ2
i .

We first assume that the numbers r1, . . . , rd are pairwise distinct. The general case

follows by continuity at the end of the proof.

The stabilizer of Σ contains the diagonal subgroup

D 7−→ (D,D), D = diag(eiθ1 , . . . , eiθd).
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Its differential acts on the matrix units by

Eij 7−→ ei(θi−θj)Eij.

Since hΨ
N is invariant under this stabilizer, the off-diagonal directions are orthogonal

to one another and to the diagonal subspace:

hΨ
N(Eij, Ekℓ) = 0 if i ̸= j and (k, ℓ) ̸= (i, j).

It remains to compute the off-diagonal coefficients and the diagonal block.

First let i ̸= j and set

X(z) = Σ + zEij.

Then

X(z)∗X(z) = Σ2 + zσiEij + z̄σiEji + |z|2Ejj.

The only nontrivial block is the block on span{ei, ej}:

Bij(z) =

 ri σiz

σiz̄ rj + |z|2

 .

Write t = |z|2, and let ρi(t) and ρj(t) be the two eigenvalue branches of Bij(z) satisfying

ρi(0) = ri, ρj(0) = rj.

Since

ρi(t) + ρj(t) = ri + rj + t, ρi(t)ρj(t) = rirj,
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we obtain

ρ′
i(0) + ρ′

j(0) = 1, rjρ
′
i(0) + riρ

′
j(0) = 0.

Thus

ρ′
i(0) = ri

ri − rj

, ρ′
j(0) = − rj

ri − rj

.

The remaining eigenvalues of X(z)∗X(z) are constant, so

ΨN(X(z)) = ΨN(Σ) + N

2

(
ρi(t)1/N + ρj(t)1/N − r

1/N
i − r

1/N
j

)
.

Therefore

2 ∂z∂z̄

∣∣∣
z=0

ΨN(X(z)) = N
( 1
N
r

1/N−1
i ρ′

i(0) + 1
N
r

1/N−1
j ρ′

j(0)
)

=
r

1/N
i − r

1/N
j

ri − rj

= α−1
ij ,

where the last equality is (5.20). Hence

hΨ
N(Eij, Eij) = α−1

ij (i ̸= j).

We now compute the diagonal block. If i ̸= j, set

X(z, w) = Σ + zEii + wEjj.

Then X(z, w)∗X(z, w) is diagonal, and the only entries depending on z and w are

|σi + z|2, |σj + w|2.

Thus ΨN (X(z, w)) is the sum of a function of z, z̄, a function of w, w̄, and a constant.
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Therefore

∂z∂w̄

∣∣∣
z=w=0

ΨN(X(z, w)) = 0,

and hence

hΨ
N(Eii, Ejj) = 0 (i ̸= j).

It remains to compute the diagonal coefficient. Set

X(z) = Σ + zEii.

Then

X(z)∗X(z) = diag
(
r1, . . . , |σi + z|2, . . . , rd

)
,

and hence

ΨN(X(z)) = ΨN(Σ) + N

2

(
|σi + z|2/N − σ

2/N
i

)
.

If

u(z, z̄) = |σi + z|2,

then

∂zu
∣∣∣
0

= σi, ∂z̄u
∣∣∣
0

= σi, ∂z∂z̄u
∣∣∣
0

= 1.

The chain rule gives

2 ∂z∂z̄

∣∣∣
z=0

ΨN(X(z)) = N
( 1
N

( 1
N

− 1
)
r

1/N−2
i σ2

i + 1
N
r

1/N−1
i

)
= 1
N
r

1/N−1
i = α−1

ii .

Thus

hΨ
N(Eij, Ekℓ) = δikδjℓ α

−1
ij .
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By Corollary 5.11, these are exactly the coefficients of the Hermitian metric hN at Σ.

Therefore

hΨ
N = hN and hence ωΨ

N = ωN

at every positive diagonal matrix with pairwise distinct entries.

Both sides are smooth, bi-unitarily invariant real (1, 1)-forms on GL(d,C). Since

positive diagonal matrices with pairwise distinct entries are dense in the positive

diagonal cone, and every matrix in GL(d,C) has a singular value decomposition, the

identity extends to all of GL(d,C).

5.3.1 The potential as a minimum on each fibre

We next prove the variational characterization of ΨN . Throughout this subsection, R

denotes the ridge functional in (5.4). The function R is also a Kähler potential for

the ambient Frobenius metric on GL(d,C)N . After reduction, its minimum on each

fibre gives the quotient potential.

Proof of Proposition 5.3. The fibrewise minimum principle, Theorem 2.8 from Chap-

ter 2, applied to the ridge functional, gives

arg min
W∈FX

R(W) = OX .

Thus it remains only to compute the minimum value.

Write a singular value decomposition

X = QΣR∗, Σ = diag(σ1, . . . , σd),

and set

Λ = Σ1/N .
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Then

WX =
(
QΛ, Λ, . . . ,Λ︸ ︷︷ ︸

N−2 factors

,ΛR∗
)

∈ OX ,

with the evident interpretation when N = 2. Since the K-action is unitary on each

layer, R is constant on OX . Therefore

min
W∈FX

R(W) = R(WX) = 1
2

N∑
k=1

tr(Λ2) = N

2 tr(Σ2/N).

On the other hand,

X∗X = RΣ2R∗, (X∗X)1/N = RΣ2/NR∗.

Taking traces gives

N

2 tr(Σ2/N) = N

2 tr
(
(X∗X)1/N

)
= ΨN(X),

by (5.3). This proves the asserted minimum formula and the asserted description of

its minimizers.

The equality in Proposition 5.3 is structural. It follows from how the ridge

functional behaves under Kähler reduction.

Indeed, R is K-invariant and satisfies

i ∂∂̄R = ω

on the ambient Kähler manifold GL(d,C)N . Hence the restriction of R to M = µ−1(0)
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descends to a function

ψred : M/K −→ R, ψred([W ]) = R(W ).

If Y, Z ∈ T[W ](M/K), and if Ỹ , Z̃ are their horizontal lifts at W ∈ M, then

(
i ∂∂̄ψred

)
[W ]

(Y, Z) =
(
i ∂∂̄R

)
W

(Ỹ , Z̃) = ωW (Ỹ , Z̃) = (ωred)[W ](Y, Z).

Thus ψred is a Kähler potential for the reduced Kähler form on M/K. After transport

by ϕ̄, it becomes a Kähler potential for ωN on GL(d,C).

Under the identification

ϕ̄ : M/K −→ GL(d,C),

this descended function becomes

(ψred ◦ ϕ̄−1)(X) = R(W ), W ∈ OX .

By the fibrewise minimum principle, OX is precisely the set of minimizers of R on

FX . Therefore

(ψred ◦ ϕ̄−1)(X) = min
W∈FX

R(W) = ΨN(X).

Thus the quotient Kähler potential ΨN is the minimum value of the ambient Kähler

potential R on the fibre FX . Equivalently, the argument in this subsection gives a

second proof of Theorem 5.2 from Proposition 5.3.

Remark 5.13. Proposition 5.3 concerns the ridge functional. The Kirwan–Ness func-

tional

E(W) := 1
2∥µ(W)∥2
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has a different role. On a fibre FX ,

min
W∈FX

E(W) = 0, arg min
W∈FX

E(W) = OX ,

because M = µ−1(0) and OX = FX ∩M. Thus E drives the flow toward balancedness,

while R produces the nonconstant scalar potential ΨN on the quotient.

5.4 An orthonormal basis on M

For W ∈ M with X = ϕ(W), the tangent space TWM splits into directions tangent

to the K-orbit through W and directions orthogonal to that orbit. The orbit directions

are precisely the vertical directions for the quotient map, and they lie in the kernel of

d(ϕ|M)W. We write

HW := TWM ∩ TW(K · W)⊥g .

Then

TWM = TW(K · W) ⊕ HW

as a g-orthogonal direct sum. We construct an orthonormal basis adapted to this

splitting. Its vertical part describes the orbit geometry of OX , and its horizontal part

projects to an orthonormal basis of TXGL(d,C) for the quotient metric.

The construction is most transparent at a diagonal representative

WΣ = (Λ, . . . ,Λ), Λ = Σ1/N .

At this point the fundamental vector field has the layerwise form

Kξ(WΣ)k = ξkΛ − Λξk−1.
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After choosing the standard real basis of u(d) used in Proposition 5.16, each vertical

component is described by a string of coefficients along the depth direction. The zero

endpoint conditions ξ0 = ξN = 0 determine the vertical modes. In the off-diagonal

components, restoring the two endpoint coefficients gives a second-order recurrence

whose two geometric solutions are the horizontal lifts constructed in Section 5.2.

Thus the vertical and horizontal bases arise from the same layerwise recurrence, with

different endpoint conditions.

5.4.1 Vertical directions

Let

X = QΣR∗, Λ = Σ1/N , WX = (QΛ,Λ, . . . ,Λ,ΛR∗) ∈ M.

For X = Σ, write

WΣ = (Λ, . . . ,Λ).

By Proposition 4.6,

OX = K · WX .

Let π : M → M/K be the quotient map. Since ϕ|M = ϕ̄◦π and ϕ̄ is a diffeomorphism,

the kernel of d(ϕ|M) is the vertical space of π.

Lemma 5.14. At WΣ,

TWΣ(K · WΣ) = ker
(
d(ϕ|M)

)
WΣ

= TWΣM ∩ ker(dϕ)WΣ .

Proof. Since ϕ|M = ϕ̄ ◦ π and ϕ̄ is a diffeomorphism,

ker
(
d(ϕ|M)

)
WΣ

= ker(dπ)WΣ .
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The kernel of (dπ)WΣ is the tangent space to the K-orbit through WΣ. This proves

the first equality. The second equality follows from the definition of the differential of

a restriction.

For 1 ≤ i < j ≤ d, define

Aij := 1√
2

(Eij − Eji), Sij := i√
2

(Eij + Eji), (5.22)

and for 1 ≤ i ≤ d define

Di := iEii. (5.23)

The vectors in (5.22) and (5.23) form a real orthonormal basis of u(d) for the Frobenius

inner product.

For ξ = (ξN−1, . . . , ξ1) ∈ k = u(d)N−1, set ξ0 = ξN = 0. At the diagonal representa-

tive,

Kξ(WΣ)k = ξkΛ − Λξk−1, 1 ≤ k ≤ N. (5.24)

For 1 ≤ m ≤ N − 1, let

sm(k) :=
√

2
N

sin mπk
N

, 1 ≤ k ≤ N − 1. (5.25)

The vectors sm = (sm(1), . . . , sm(N − 1))⊤ form an orthonormal basis of RN−1 and

diagonalize the tridiagonal matrix

CN−1 =



2 −1

−1 2 −1
. . . . . . . . .

−1 2 −1

−1 2


. (5.26)
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Indeed,

CN−1sm = κmsm, κm = 2 − 2 cos mπ
N

= 4 sin2 mπ

2N . (5.27)

Lemma 5.15. Let a = (a1, . . . , aN−1) ∈ RN−1, and set a0 = aN = 0.

1. For 1 ≤ i < j ≤ d, if ξk = akAij or ξk = akSij, then

∥Kξ(WΣ)∥2
g = a⊤

(
(λi − λj)2IN−1 + λiλjCN−1

)
a. (5.28)

2. For 1 ≤ i ≤ d, if ξk = akDi, then

∥Kξ(WΣ)∥2
g = λ2

i a
⊤CN−1a. (5.29)

3. The sectors indexed by different pairs (i, j) are mutually orthogonal. The families

generated by Aij, Sij, and Di are also mutually orthogonal.

Proof. We use (5.24). For Aij,

AijΛ = 1√
2
(
λjEij − λiEji

)
, ΛAij = 1√

2
(
λiEij − λjEji

)
.

Thus

Kξ(WΣ)k = 1√
2

(
(λjak − λiak−1)Eij − (λiak − λjak−1)Eji

)
.

Taking the Frobenius norm and summing over k gives

∥Kξ(WΣ)∥2
g =

N∑
k=1

1
2

(
(λjak − λiak−1)2 + (λiak − λjak−1)2

)

= (λ2
i + λ2

j)
N−1∑
k=1

a2
k − 2λiλj

N−2∑
k=1

akak+1

= a⊤
(

(λi − λj)2IN−1 + λiλjCN−1

)
a.
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The same calculation applies to Sij, since

SijΛ = i√
2
(
λjEij + λiEji

)
, ΛSij = i√

2
(
λiEij + λjEji

)
.

For Di, one has DiΛ = ΛDi = iλiEii. Hence

Kξ(WΣ)k = iλi(ak − ak−1)Eii,

and therefore

∥Kξ(WΣ)∥2
g = λ2

i

N∑
k=1

(ak − ak−1)2 = λ2
i a

⊤CN−1a.

The orthogonality follows because different sectors involve orthogonal matrix units in

each layer.

For 1 ≤ i < j ≤ d and 1 ≤ m ≤ N − 1, define

µij,m := λ2
i + λ2

j − 2λiλj cos mπ
N
, νi,m := 4λ2

i sin2 mπ

2N . (5.30)

Also define elements of k by

(ξA
ij,m)k := sm(k)Aij, (ξS

ij,m)k := sm(k)Sij, (ξD
i,m)k := sm(k)Di. (5.31)

Proposition 5.16. The vectors

µ
−1/2
ij,m KξA

ij,m
(WΣ), µ

−1/2
ij,m KξS

ij,m
(WΣ), ν

−1/2
i,m KξD

i,m
(WΣ),

where 1 ≤ i < j ≤ d, 1 ≤ i ≤ d, and 1 ≤ m ≤ N − 1, form a g-orthonormal basis of

TWΣ(K · WΣ).
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Proof. By Lemma 5.14, the vertical space is the tangent space to the K-orbit. By

Lemma 5.15, the metric on this space splits as the orthogonal sum of the diagonal

blocks λ2
iCN−1 and the off-diagonal blocks

(λi − λj)2IN−1 + λiλjCN−1.

The vectors sm diagonalize CN−1 by (5.27). Therefore the vectors in (5.31) diagonalize

all blocks. The corresponding eigenvalues are µij,m and νi,m from (5.30). The count

2(N − 1)
(
d

2

)
+ d(N − 1) = (N − 1)d2 = dimR TWΣ(K · WΣ)

proves completeness.

5.4.2 Horizontal directions and endpoint coefficients

The horizontal lifts ΓΣ
ij were constructed in Section 5.2. We now record their role

in the basis of TWΣM and relate them to the two coefficients excluded by the zero

endpoint conditions a0 = aN = 0.

Proposition 5.17. Let

HWΣ := TWΣM ∩ TWΣ(K · WΣ)⊥g .

The vectors

hΣ
ij := α

−1/2
ij ΓΣ

ij, 1 ≤ i, j ≤ d,

form an h-orthonormal complex basis of HWΣ. Equivalently,

{hΣ
ij, Jh

Σ
ij : 1 ≤ i, j ≤ d}
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is a g-orthonormal real basis of HWΣ. Moreover,

(dϕ)WΣ(hΣ
ij) = α

1/2
ij Eij. (5.32)

Proof. By Lemma 5.10, each ΓΣ
ij lies in TWΣM, is orthogonal to the vertical space,

and satisfies

∥ΓΣ
ij∥2

g = αij.

The same layerwise calculation gives

h(ΓΣ
ij,ΓΣ

kℓ) = δikδjℓ αij.

After normalization, the vectors hΣ
ij are therefore h-orthonormal and lie in HWΣ .

By Theorem 4.9, the horizontal distribution is J-invariant. Hence HWΣ is a

complex vector space. Its complex dimension is

1
2

(
dimR M − dimR(K · WΣ)

)
= 1

2
(
(N + 1)d2 − (N − 1)d2

)
= d2.

Thus the d2 vectors hΣ
ij form a complex basis. The real orthonormal-basis statement

follows by adjoining their J-images. Finally, (5.32) follows from (5.15).

Theorem 5.18. At WΣ,

TWΣM = TWΣ(K · WΣ) ⊕ HWΣ

as a g-orthogonal direct sum. A g-orthonormal real basis is obtained by taking the

normalized vertical modes from Proposition 5.16 together with

hΣ
ij, JhΣ

ij, 1 ≤ i, j ≤ d.
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Proof. The horizontal space is the g-orthogonal complement of the vertical space inside

TWΣM. The vertical basis is orthonormal by Proposition 5.16. The horizontal basis

is orthonormal by Proposition 5.17. The two families are orthogonal by construction

and have total real dimension

(N − 1)d2 + 2d2 = (N + 1)d2 = dimR M.

The basis in Theorem 5.18 uses the endpoint conditions a0 = aN = 0 in each

off-diagonal sector. We now restore the coefficients a0 and aN and keep a1, . . . , aN−1

as interior variables.

Lemma 5.19. Fix 1 ≤ i < j ≤ d, and let a = (a0, . . . , aN) ∈ RN+1. In the Aij- or

Sij-sector, allowing the endpoint coefficients a0 and aN to vary gives the quadratic

form

a⊤h̃
(N)
ij a,

where

h̃
(N)
ij =



1
2(λ2

i + λ2
j) −λiλj

−λiλj λ2
i + λ2

j −λiλj

. . . . . . . . .

−λiλj λ2
i + λ2

j −λiλj

−λiλj
1
2(λ2

i + λ2
j)


. (5.33)

The restriction a0 = aN = 0 is the off-diagonal block in (5.28).

Proof. Repeat the calculation in Lemma 5.15 without imposing a0 = aN = 0. The

interior coefficients appear twice in the sum over layers, while a0 and aN appear once.

This gives the first and last diagonal entries in (5.33). Setting a0 = aN = 0 removes
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the first and last rows and columns, and the remaining block is the one in (5.28).

Proposition 5.20. Fix 1 ≤ i < j ≤ d. For the block h̃(N)
ij in (5.33), the stationarity

equations in the interior variables a1, . . . , aN−1 are

−λiλjak−1 + (λ2
i + λ2

j)ak − λiλjak+1 = 0, 1 ≤ k ≤ N − 1. (5.34)

This recurrence has the two geometric solutions

a
(0)
ij,k := λk

i λ
N−k
j , a

(N)
ij,k := λN−k

i λk
j , 0 ≤ k ≤ N. (5.35)

These two solutions give the horizontal lifts hΣ
ji and hΣ

ij, respectively.

Proof. Treat a0 and aN as fixed and differentiate a⊤h̃
(N)
ij a with respect to ak for

1 ≤ k ≤ N − 1. The factor 2 from differentiating the quadratic form is irrelevant, and

the resulting equations are exactly (5.34).

Substituting either sequence in (5.35) into (5.34) verifies the recurrence. If

(ΓΣ
ij)k = c

(ij)
k Eij, c

(ij)
k = λN−k

i λk−1
j ,

then, for 1 ≤ k ≤ N ,

a
(N)
ij,k−1 = λic

(ij)
k , a

(0)
ij,k−1 = λjc

(ji)
k .

Thus a(N)
ij is the sequence of coefficients of ΓΣ

ij , while a(0)
ij is the sequence of coefficients

of ΓΣ
ji. After normalization these are the horizontal vectors hΣ

ij and hΣ
ji.

Remark 5.21. The vertical modes satisfy the endpoint conditions a0 = aN = 0.

Restoring those two coefficients enlarges the off-diagonal block to h̃(N)
ij , and the two

geometric solutions in (5.35) give the missing horizontal directions.
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If λi = λj, then

h̃
(N)
ij = λ2

i



1 −1

−1 2 −1
. . . . . . . . .

−1 2 −1

−1 1


.

This matrix is singular, with kernel spanned by (1, . . . , 1)⊤. Thus the enlarged off-

diagonal block acquires a zero mode when singular values collide, as noted in [MY26b,

Remark 12].

Corollary 5.22. Let X = QΣR∗ have distinct singular values, and let

WX = (QΛ,Λ, . . . ,Λ,ΛR∗) ∈ M.

Define

AQ,R(WN , . . . ,W1) := (QWN , WN−1, . . . , W2, W1R
∗).

Then AQ,R is a complex-linear isometry and AQ,R(WΣ) = WX . Applying (dAQ,R)WΣ

to the basis in Theorem 5.18 gives a g-orthonormal basis of TWX M. In particular, if

hX
ij denotes the transported horizontal vector, then

(dϕ)WX (hX
ij ) = α

1/2
ij uiv

∗
j ,

where ui and vj are the singular vectors of X.

Proof. The map AQ,R is a complex-linear isometry by Proposition 5.8. Hence its

differential sends orthonormal bases to orthonormal bases. The formula for the

projected horizontal vectors follows from (5.32) and bi-unitary invariance.
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5.4.3 Riemannian submersion

The basis gives a concrete form of the submersion stated in Theorem 5.4: the vertical

vectors span the kernel of d(ϕ|M), and the horizontal vectors project to an hN -

orthonormal complex basis of TXGL(d,C).

Proof of Theorem 5.4. Let π : M → M/K be the quotient map. By Theorem 4.8,

the map

π : (M, ι) −→ M/K

is a Riemannian submersion for the reduced metric on M/K. By Theorem 5.1, the

metric transported from M/K to GL(d,C) through ϕ̄ has real part gN . Hence

ϕ̄ : M/K −→ (GL(d,C), gN)

is an isometry. Since

ϕ|M = ϕ̄ ◦ π,

the map

ϕ : (M, ι) −→ (GL(d,C), gN)

is a Riemannian submersion.

5.5 Entropy and Ricci curvature

5.5.1 Entropy formula

We now return to the vertical directions in the adapted basis constructed in Section 5.4.

The horizontal directions determine the metric on GL(d,C) obtained from the quotient.

The vertical directions determine the metric induced on the orbit OX , and therefore
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its volume.

Recall that

SN(X) = log vol(OX),

where the volume is computed using the metric induced from M.

Let

X = QΣR∗, Λ = Σ1/N ,

be a singular value decomposition of X, and set

WX := (QΛ,Λ, . . . ,Λ,ΛR∗) ∈ OX .

By Proposition 4.6,

OX = K · WX .

Proposition 5.23. The map

yX : K → OX , yX(U) = U · WX , (5.36)

is a diffeomorphism.

Proof. Proposition 4.6 gives surjectivity. By Proposition 4.4, the stabilizer of WX is

trivial, so yX is injective.

At the identity,

(dyX)e(ξ) = Kξ(WX), ξ ∈ TeK ∼= u(d)N−1.

If (dyX)e(ξ) = 0, then Kξ(WX) = 0. Freeness gives ξ = 0, so (dyX)e is injective.

For V ∈ K, let ℓV denote left translation on K and let LV denote the action of V
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on OX . Then

yX ◦ ℓV = LV ◦ yX .

Since ℓV and LV are diffeomorphisms, injectivity of (dyX)e implies injectivity of (dyX)U

for every U ∈ K. Thus yX is an immersion.

The domain K is compact and OX is Hausdorff. Hence a bijective immersion

K → OX is an embedding, and therefore a diffeomorphism.

Let

γX := y∗
X(ι|OX

),

where ι is the metric on M induced by the ambient Frobenius metric.

In Chapters 2 and 3, we used cd for vol(O(d)). In the complex case we write

ud := vol
(
U(d)

)
,

where the volume is taken with respect to the bi-invariant metric induced by the

Frobenius inner product on u(d). Thus

vol(K) = uN−1
d .

Proposition 5.24. The pullback metric γX is left-invariant. Consequently,

vol(OX) = uN−1
d det γX(e)1/2, (5.37)

where the determinant is computed in any basis of TeK ∼= u(d)N−1 that is orthonormal

for the product bi-invariant Frobenius metric on K.

Proof. For V ∈ K, let ℓV : K → K be left translation and let LV : OX → OX be the
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restriction of the action of K:

LV (W) = V · W.

Then

yX ◦ ℓV = LV ◦ yX .

By Proposition 4.1, the action of K is isometric for ι. Therefore

ℓ∗
V γX = ℓ∗

V y
∗
X(ι|OX

) = y∗
XL

∗
V (ι|OX

) = y∗
X(ι|OX

) = γX .

Thus γX is left-invariant.

Choose a basis of TeK that is orthonormal for the product bi-invariant Frobenius

metric, and left-translate it to a global frame on K. Since both the product metric

and γX are left-invariant, the matrix of γX in this frame is constant and equals the

matrix of γX(e). Integrating the resulting volume form gives (5.37).

Proposition 5.25. In the basis

{
ξA

ij,m, ξ
S
ij,m, ξ

D
i,m

}

of TeK corresponding to the vertical part of the adapted basis, the metric γX(e) is

diagonal. Its diagonal entries are

γX(e)(ξA
ij,m, ξ

A
ij,m) = µij,m, γX(e)(ξS

ij,m, ξ
S
ij,m) = µij,m,

and

γX(e)(ξD
i,m, ξ

D
i,m) = νi,m.
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Consequently,

det γX(e) =
d∏

i=1

N−1∏
m=1

νi,m

∏
1≤i<j≤d

N−1∏
m=1

µ2
ij,m. (5.38)

Proof. By the definition of the pullback metric,

γX(e)(ξ, η) = ιWX

(
Kξ(WX), Kη(WX)

)
.

The map in Proposition 5.8 sends WΣ to WX , is an isometry, and commutes with the

action of K. Hence the Gram matrix at WX is the same as the Gram matrix at WΣ.

Lemma 5.15 diagonalizes the vertical blocks at WΣ. In the notation of Section 5.4,

CN−1sm = κmsm, κm = 4 sin2 mπ

2N .

Hence the eigenvalues of the Aij- and Sij-blocks are

(λi − λj)2 + λiλjκm = λ2
i + λ2

j − 2λiλj cos mπ
N

= µij,m,

and the eigenvalues of the diagonal phase block are

λ2
iκm = νi,m.

This proves the diagonalization. Taking the product of the diagonal entries gives

(5.38).

Lemma 5.26. The eigenvalues in Proposition 5.25 satisfy

N−1∏
m=1

νi,m = Nλ
2(N−1)
i = Nσ

2(N−1)
N

i , (5.39)

N−1∏
m=1

µij,m =
N−1∑
ℓ=0

λ
2(N−1−ℓ)
i λ2ℓ

j . (5.40)
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When λi ̸= λj, the second identity is equivalently

N−1∏
m=1

µij,m =
λ2N

i − λ2N
j

λ2
i − λ2

j

=
σ2

i − σ2
j

σ
2/N
i − σ

2/N
j

. (5.41)

At λi = λj, the quotient in (5.41) is interpreted through the polynomial extension in

(5.40).

Proof. For (5.39), use

νi,m = λ2
iκm.

The numbers κm are the eigenvalues of CN−1, and

N−1∏
m=1

κm = detCN−1 = N.

Therefore
N−1∏
m=1

νi,m = λ
2(N−1)
i

N−1∏
m=1

κm = Nλ
2(N−1)
i .

Since λN
i = σi, this proves (5.39).

For (5.40), write

µij,m = λ2
i − 2λiλj cos mπ

N
+ λ2

j .

The identity
N−1∏
m=1

(
z2 − 2z cos mπ

N
+ 1

)
= z2N − 1

z2 − 1 (5.42)

holds as a polynomial identity, with the right-hand side interpreted by its polynomial

extension at z = ±1. Substituting z = λi/λj and multiplying by λ2(N−1)
j gives

N−1∏
m=1

µij,m =
λ2N

i − λ2N
j

λ2
i − λ2

j
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when λi ̸= λj. The algebraic identity

a2N − b2N

a2 − b2 =
N−1∑
ℓ=0

a2(N−1−ℓ)b2ℓ

gives the polynomial extension. Finally, λN
i = σi gives (5.41).

Proof of Theorem 5.5. By Proposition 5.24,

vol(OX) = uN−1
d det γX(e)1/2.

By Proposition 5.25 and Lemma 5.26,

det γX(e) =
d∏

i=1

N−1∏
m=1

νi,m

∏
1≤i<j≤d

N−1∏
m=1

µ2
ij,m

= Nd det(Σ2)N−1
N

(
van(Σ2)

van(Σ2/N)

)2

. (5.43)

On the locus of distinct singular values, the ratio van(Σ2)/ van(Σ2/N) is positive

because the map t 7→ t1/N is strictly increasing on (0,∞). Taking the positive square

root in (5.43) gives (5.7). Taking logarithms gives (5.8).

It remains to justify the extension across repeated singular values. In the variables

λi = σ
1/N
i , each factor

λ2N
i − λ2N

j

λ2
i − λ2

j

is the polynomial
N−1∑
ℓ=0

λ
2(N−1−ℓ)
i λ2ℓ

j .

This polynomial is positive for λi, λj > 0. Hence the ratio in (5.7) has a positive

continuous extension through collisions of singular values. Formula (5.43), and

therefore the entropy formula, extend by continuity.
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The same coefficients αij that determine the Hermitian metric on GL(d,C) also

determine the determinant of A−1
N,X . Since

hN(X)(Z1, Z2) = tr
(
Z∗

1A−1
N,X(Z2)

)
,

we compare the volume of OX with the determinant of the complex-linear operator

A−1
N,X : Md(C) → Md(C).

By Corollary 5.11,

det(A−1
N,X) =

d∏
i,j=1

α−1
ij . (5.44)

Proof of Corollary 5.6. By Corollary 5.11, the basis associated with a singular value

decomposition of X diagonalizes AN,X with eigenvalues αij. Therefore A−1
N,X has

eigenvalues α−1
ij , and (5.44) holds.

When the singular values are distinct, (5.20) gives

det(A−1
N,X) = N−d det(Σ2) 1

N
−1
(

van(Σ2/N)
van(Σ2)

)2

.

Multiplying this identity by the square of (5.7) gives the square of (5.9). Both sides

of (5.9) are positive, so (5.9) holds on the locus of distinct singular values.

The two sides of (5.9) are continuous on GL(d,C), and the locus of matrices with

distinct singular values is dense. Thus (5.9) holds for every X ∈ GL(d,C). Taking

logarithms gives (5.10).
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5.5.2 Ricci curvature

We now use the determinant identity (5.10) to derive the Ricci form. For a Kähler

metric h with Kähler form ω, we use the convention

ρh = −i ∂∂̄ log det(hab̄)

for the Ricci form in a local holomorphic frame. If g = ℜh is the underlying Riemannian

metric, then

Ric(U, V ) = ρh(U, JV ).

A local real-valued function f satisfying

ρh = i ∂∂̄f

is a Ricci potential.

Because GL(d,C) is an open subset of the complex vector space Md(C), the

constant vector fields {Eij}i,j form a global holomorphic frame of T 1,0GL(d,C). In

this frame define

dethN(X) := det
(
hN(X)(Eij, Ekℓ)

)
(ij),(kℓ)

. (5.45)

Lemma 5.27. For every X ∈ GL(d,C),

dethN(X) = det(A−1
N,X). (5.46)

Proof. The matrix units are orthonormal for the Frobenius Hermitian form on Md(C).
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By Theorem 5.1,

hN(X)(Eij, Ekℓ) = tr
(
E∗

ijA−1
N,X(Ekℓ)

)
.

Thus the Hermitian matrix of hN(X) in the frame {Eij} is the matrix of the positive

operator A−1
N,X in the same orthonormal basis. Their determinants agree.

Proof of Corollary 5.7. By the definition of the Ricci form and by Lemma 5.27,

ρN = −i ∂∂̄ log dethN = −i ∂∂̄ log det(A−1
N,X).

By Corollary 5.6,

− log det(A−1
N,X) = 2SN − 2(N − 1) log ud.

The final term is constant. Applying i ∂∂̄ gives (5.11). Hence 2SN is a Ricci potential.

Remark 5.28. The entropy formula in Theorem 5.5 splits as

SN(X) = (N −1) log ud + d

2 logN +N − 1
2N log det(X∗X)+

∑
1≤i<j≤d

log
 σ2

i − σ2
j

σ
2/N
i − σ

2/N
j

,
where σ1, . . . , σd are the singular values of X, and each quotient is interpreted by the

extension described in Remark 5.29 when singular values coincide. The determinant

term does not contribute to the Ricci form. Indeed, locally on GL(d,C) one can choose

a branch of log detX, and then

log det(X∗X) = log detX + log detX.

Thus log det(X∗X) is pluriharmonic. The Ricci form is therefore determined by the
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pairwise singular-value term.

Remark 5.29. At a collision of singular values, every quotient of the form

σ2
i − σ2

j

σ
2/N
i − σ

2/N
j

is interpreted through the polynomial extension

N−1∑
ℓ=0

λ
2(N−1−ℓ)
i λ2ℓ

j , λi = σ
1/N
i , λj = σ

1/N
j .

With this convention, (5.7), (5.8), and (5.10) hold on all of GL(d,C).

Remark 5.30. The complex entropy formula above is the F = C member of a uniform

family over the real division algebras [CN26]. Let

F ∈ {R,C,H}, β = dimR F ∈ {1, 2, 4}.

Let

KF,d =



O(d), F = R,

U(d), F = C,

Sp(d), F = H,

and write

cF,d = vol(KF,d),

with the Haar-volume normalization induced by the corresponding Frobenius metric.

If Σ = diag(σ1, . . . , σd) is the positive diagonal matrix of singular values of X, then

the entropy of the balanced compact orbit in the full-rank square DLN over F is

S
(β)
N (X) = (N − 1) log cF,d + β

2 log van(Σ2)
van(Σ2/N) + (β − 1)

(
d

2 logN + log det Σ
det(Σ1/N)

)
.
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Bibliographical notes

This chapter is the complex counterpart of the real quotient geometry developed

in Chapters 2 and 3. The operator AN,X and the metric gN on GL(d,C) coincide

with the tensors that arise in the real setting. The new ingredient here is the Kähler

framework, obtained from the moment-map description of Chapter 4. It is natural

to ask whether analogous structures exist in the real and quaternionic settings; this

remains open.

The entropy and submersion formulas in [MY26b, Theorem 4 and Theorem 8]

provide the real precursors of Section 5.5. The complex entropy formula proved here

has the same Vandermonde structure and corresponds to the β = 2 case of the real,

complex, and quaternionic family [CN26].
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Chapter 6

Geometry of a Fibre FX

The balanced quotient satisfies M/K ∼= GL(d,C). In this chapter, we fixX ∈ GL(d,C)

and study the fibre FX = ϕ−1(X). For a factorization W = (WN , . . . ,W1), set

Yk = Wk · · ·W1 and Hk = Y ∗
k Yk. Then H0 = Id and HN = X∗X, and K = U(d)N−1

acts by unitary changes of intermediate coordinates. The collection (H1, . . . , HN−1)

identifies the quotient FX/K with PN−1
d . Under this identification, the balanced

condition means that the sequence (Hk) consists of the points at times k/N along the

geodesic, with respect to the trace metric on the positive-definite cone, from Id to

X∗X.

6.1 Main results

Throughout this chapter X ∈ GL(d,C) is fixed. For W ∈ FX , set Yk = Wk · · ·W1

and Hk = Y ∗
k Yk. We also set H0 = Id and HN = X∗X.

Let Pd = {H ∈ Herm(d) : H > 0} be the cone of positive-definite Hermitian

matrices.

In this chapter, we identify FX/K ∼= PN−1
d , rewrite the moment equations in these

coordinates, characterize the balanced path as the geodesic from Id to X∗X for the

trace metric, and compute the ridge functional on the quotient.
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The quotient of a fixed fibre. Define

qX : FX −→ PN−1
d , qX(W) = (H1, . . . , HN−1). (6.1)

Proposition 6.1. The map qX is constant on K-orbits and descends to a diffeomor-

phism

FX/K ∼= PN−1
d . (6.2)

Thus, modulo unitary changes of intermediate coordinates, a factorization of X

is the same as a sequence Id = H0, H1, . . . , HN−1, HN = X∗X in Pd with fixed

endpoints.

Level sets of the moment map in a fibre. Recall that the moment map is

µ(W) = (GN−1(W), . . . , G1(W)), Gk(W) = WkW
∗
k −W ∗

k+1Wk+1. (6.3)

For a prescribed value

G = (GN−1, . . . , G1) ∈ Herm(d)N−1,

set

MG := µ−1(G) =
{
W ∈ GL(d,C)N : Gk(W) = Gk for 1 ≤ k ≤ N − 1

}
. (6.4)

For X ∈ GL(d,C), set

OX,G := FX ∩ MG. (6.5)

When G = 0, this is the group orbit OX , namely the set of balanced factorizations
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over X:

OX,0 = OX = FX ∩ M. (6.6)

For a general value G, the full group K need not preserve MG. The subgroup

that always preserves it is

KG :=
N−1∏
k=1

StabU(d)(Gk), StabU(d)(Gk) := {U ∈ U(d) : UGkU
∗ = Gk}. (6.7)

Proposition 6.2. The moment map

µ : GL(d,C)N −→ Herm(d)N−1

is a surjective submersion. Consequently every value of µ is regular, and for every

G ∈ Herm(d)N−1, the level set MG is a smooth submanifold of GL(d,C)N of real

dimension (N + 1)d2.

Proposition 6.3. The group KG acts freely on MG. Moreover, for every U ∈ KG

and every W ∈ MG,

ϕ(U · W) = ϕ(W).

Hence KG preserves OX,G for every X ∈ GL(d,C).

The reduced moment equations. We now write the moment equations in the

quotient coordinates. Let Yk = VkH
1/2
k be the polar decomposition of the kth partial

product. For 1 ≤ k ≤ N − 1, define

Φk(H) := H
1/2
k H−1

k−1H
1/2
k −H

−1/2
k Hk+1H

−1/2
k . (6.8)

This depends only on the three consecutive terms Hk−1, Hk, and Hk+1.
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Proposition 6.4. For every W ∈ FX and every 1 ≤ k ≤ N − 1,

Gk(W) = VkΦk(H)V ∗
k . (6.9)

For A ∈ Herm(d), write

AdU(d)(A) := {UAU∗ : U ∈ U(d)}.

Define the reduced moment set

RX,G := qX(OX,G) ⊂ PN−1
d .

Theorem 6.5. For every X ∈ GL(d,C) and every

G = (GN−1, . . . , G1) ∈ Herm(d)N−1,

the image of OX,G under the quotient map qX is

RX,G =
{
H ∈ PN−1

d : Φk(H) ∈ AdU(d)(Gk) for every 1 ≤ k ≤ N − 1
}
. (6.10)

Moreover, the fibres of the restricted map

qX

∣∣∣
OX,G

: OX,G −→ RX,G

are precisely the KG-orbits.

For fixed X and G, the slice OX,G may be empty. In that case RX,G := qX(OX,G)

is empty. The surjectivity of µ ensures that MG itself is nonempty and smooth. It

does not imply that every fixed fibre FX meets MG.
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The path selected by balancedness. Introduce the multiplicative increments

Πk := H−1
k−1Hk, 1 ≤ k ≤ N . These matrices need not be Hermitian, but each is similar

to a positive-definite Hermitian matrix.

Lemma 6.6. For every 1 ≤ k ≤ N − 1,

Φk(H) = H
1/2
k (Πk − Πk+1)H−1/2

k . (6.11)

Consequently,

Φk(H) = 0 ⇐⇒ Πk = Πk+1.

Proposition 6.7. For H ∈ PN−1
d , the following are equivalent:

1. Φk(H) = 0 for every 1 ≤ k ≤ N − 1.

2. Π1 = Π2 = · · · = ΠN , where Πk = H−1
k−1Hk.

Corollary 6.8. For G = 0,

RX,0 =
{(

(X∗X)1/N , . . . , (X∗X)(N−1)/N
)}
.

Equivalently, the unique path corresponding to balancedness is

Hk = (X∗X)k/N , 0 ≤ k ≤ N. (6.12)

In particular,

OX,0 = OX

is a single K-orbit.
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We equip Pd with the trace metric

gtr
H(A,B) := tr

(
H−1AH−1B

)
, A,B ∈ THPd

∼= Herm(d).

Proposition 6.9 ([Bha07]). Let A,B ∈ Pd. The geodesic of the trace metric joining

A to B is

γ(t) = A1/2
(
A−1/2BA−1/2

)t
A1/2, 0 ≤ t ≤ 1.

Along this geodesic,
d

dt

(
γ−1γ̇

)
= 0.

Corollary 6.10. The path corresponding to balancedness

Hk = (X∗X)k/N , 0 ≤ k ≤ N,

is obtained by sampling the geodesic of the trace metric from Id to X∗X at the times

t = k/N .

The ridge functional and the Kähler potential. Let

R(W) := 1
2

N∑
k=1

tr(W ∗
kWk)

be the ridge functional on the fixed fibre.

Proposition 6.11. For every W ∈ FX with H = qX(W),

R(W) = 1
2

N∑
k=1

tr
(
HkH

−1
k−1

)
. (6.13)

Here H0 = Id and HN = X∗X. In particular, R is constant on K-orbits and descends
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to the smooth function

RX : PN−1
d −→ R, RX(H1, . . . , HN−1) = 1

2

N∑
k=1

tr
(
HkH

−1
k−1

)
.

Proposition 6.12. The critical points of

RX(H1, . . . , HN−1) = 1
2

N∑
k=1

tr
(
HkH

−1
k−1

)

with H0 = Id and HN = X∗X are precisely the paths satisfying

H−1
k−1Hk = H−1

k Hk+1, 1 ≤ k ≤ N − 1.

Hence the unique critical point of RX is the path Hk = (X∗X)k/N , 0 ≤ k ≤ N . This

path is the unique minimizer of RX on PN−1
d .

Corollary 6.13. On the path Hk = (X∗X)k/N , 0 ≤ k ≤ N , one has

RX(H1, . . . , HN−1) = N

2 tr
(
(X∗X)1/N

)
. (6.14)

Consequently,

min
W∈FX

R(W) = N

2 tr
(
(X∗X)1/N

)
= ΨN(X). (6.15)

Barrier, entropy, and Ricci curvature. On the positive-definite cone Pd, consider

the logarithmic barrier

B : Pd −→ R, B(H) := − log detH. (6.16)
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For H ∈ Pd and U, V ∈ THPd
∼= Herm(d), one has

D2BH(U, V ) = tr(H−1UH−1V ).

This is exactly the trace metric on Pd:

gtr
H(U, V ) = tr(H−1UH−1V ).

Thus the trace metric is the Hessian metric associated with the logarithmic barrier.

In the coordinates on the quotient FX/K, the path corresponding to balancedness is

the geodesic of the trace metric joining Id to X∗X.

Together with Chapter 5, we therefore have three scalar potentials:

B(H) = − log detH, ΨN(X) = N

2 tr
(
(X∗X)1/N

)
, SN(X) = log vol(OX).

(6.17)

They play different roles. The barrier B generates the trace metric on Pd. The function

ΨN generates the Kähler form of the quotient metric on GL(d,C):

ωN = i ∂∂̄ΨN .

The entropy SN generates the Ricci form of the same quotient metric:

ρN = 2i ∂∂̄SN . (6.18)

Here ρN is the Ricci form of hN . Equivalently, 2SN is a Ricci potential for hN .

This separation is worth comparing with barrier geometry in conic optimization. In

optimization theory, the Hessian of a barrier function defines a Riemannian metric that

136



governs the local geometry used by Newton and interior-point methods [NN94; NT97;

Gül96]. Hildebrand’s canonical barrier construction goes further. For a regular convex

cone, the canonical barrier is characterized, after normalization, by a Monge–Ampère

equation of the form

log detD2F = 2F + constant.

Since the Hessian of F defines the metric and the Ricci form is obtained from

−i ∂∂̄ log detD2F , this equation implies that the associated metric is Kähler–Einstein

[Hil14]. In that setting, a single potential determines both the metric and the Ricci

form.

In the DLN, the metric and the Ricci form are not determined by a single potential.

To see the obstruction, write

H = X∗X.

The entropy formula from Chapter 5 has the form

SN(X) = CN,d + N − 1
2N log detH + IN(X),

where

IN(X) :=
∑
i<j

log
 σ2

i − σ2
j

σ
2/N
i − σ

2/N
j

.
The term log detH is the contribution from the barrier. But locally on GL(d,C),

log det(X∗X) = log detX + log detX,

so

i ∂∂̄ log det(X∗X) = 0.
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Therefore the Ricci form is determined entirely by the singular-value interaction:

ρN = 2i ∂∂̄IN .

Consequently, the cone barrier controls the trace geometry of the fixed-fibre

quotient, but it is invisible to the Ricci form on the space of end-to-end matrices. The

curvature of the DLN quotient metric comes from the interaction term IN . If hN were

Kähler–Einstein, then locally one would have

2SN − λΨN

pluriharmonic for some constant λ, since ρN = λωN . The entropy formula shows

that any such identity must arise from the interaction term, not from the logarithmic

barrier. This is the obstruction to a Kähler–Einstein interpretation. The metric is

generated by ΨN , while the Ricci form is generated by SN , and these do not coincide.

In contrast, in the canonical barrier setting of Hildebrand, a single potential determines

both the metric and the Ricci form, which yields a Kähler–Einstein metric.

Coordinates from the left endpoint. Define the left-end partial products

Zk := WN · · ·Wk+1, 0 ≤ k ≤ N, (6.19)

with Z0 = X and ZN = Id, and set

H̃k := ZkZ
∗
k , 0 ≤ k ≤ N. (6.20)

Then

H̃0 = XX∗, H̃N = Id . (6.21)
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Proposition 6.14. For every W ∈ FX and every 0 ≤ k ≤ N ,

H̃k = XH−1
k X∗. (6.22)

Consequently, the left-end variables give the same quotient FX/K as the variables

(H1, . . . , HN−1), with the two endpoint conventions related by (6.22).

Corollary 6.15. In the left-end variables, the ridge functional descends to

RX = 1
2

N∑
k=1

tr
(
H̃k−1H̃

−1
k

)
, H̃0 = XX∗, H̃N = Id . (6.23)

On the balanced path,

H̃k = (XX∗)1−k/N , 0 ≤ k ≤ N. (6.24)

Thus the left-end variables sample the geodesic of the trace metric from XX∗ to Id at

the times t = k/N .

6.2 Level sets of the moment map

Recall that G = (GN−1, . . . , G1) denotes a prescribed value of the moment map,

MG = µ−1(G), and

OX,G = FX ∩ MG.

The quotient FX/K removes the unitary factors at the intermediate layers. The

level set MG, by contrast, fixes the values of the moment map. For G = 0, these two

sets meet in the group orbit OX . For a general value G, only the stabilizer KG is

forced to preserve the level set MG.
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Proof of Proposition 6.2. We first prove that µ is onto. Fix

G = (GN−1, . . . , G1) ∈ Herm(d)N−1.

Choose c > 0 large enough that the Hermitian matrices

AN := c Id, Ak := c Id +
N−1∑
ℓ=k

Gℓ, 1 ≤ k ≤ N − 1,

are all positive definite. Set

Wk := A
1/2
k , 1 ≤ k ≤ N,

and let W = (WN , . . . ,W1). Then each Wk is invertible, and for 1 ≤ k ≤ N − 1,

Gk(W) = WkW
∗
k −W ∗

k+1Wk+1 = Ak − Ak+1 = Gk.

Hence µ(W) = G.

It remains to prove that (dµ)W is surjective at every W ∈ GL(d,C)N . Suppose

ξ = (ξN−1, . . . , ξ1) ∈ u(d)N−1

annihilates im(dµ)W. Then

d⟨µ, ξ⟩W = 0.

By the identity for the moment map,

ιKξ
ω
∣∣∣
W

= d⟨µ, ξ⟩W.
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Thus ιKξ
ω|W = 0. Since ω is nondegenerate,

Kξ(W) = 0.

The fundamental vector field has components

(
Kξ(W)

)
k

= ξkWk −Wkξk−1, 1 ≤ k ≤ N,

where ξ0 = ξN = 0. Since W1 is invertible, the equation

ξ1W1 = 0

gives ξ1 = 0. Inductively, if ξk−1 = 0, then

ξkWk −Wkξk−1 = 0

gives ξk = 0. Hence ξ = 0.

Therefore the annihilator of im(dµ)W is trivial. Since the target is finite dimensional

and the pairing between Herm(d)N−1 and u(d)N−1 is nondegenerate, (dµ)W is surjective.

Thus µ is a surjective submersion.

The dimension follows from the regular-value theorem:

dimR MG = dimR GL(d,C)N − dimR Herm(d)N−1 = 2Nd2 − (N − 1)d2 = (N + 1)d2.

141



Proof of Proposition 6.3. Let

U = (UN−1, . . . , U1) ∈ KG.

Set U0 = UN = Id. The action is

(U · W)k = UkWkU
−1
k−1, 1 ≤ k ≤ N.

The product telescopes:

ϕ(U · W) = (WNU
−1
N−1)(UN−1WN−1U

−1
N−2) · · · (U1W1) = WN · · ·W1 = ϕ(W).

Thus the action preserves every fibre FX .

A direct substitution in (6.3) gives

Gk(U · W) = UkGk(W)U∗
k , 1 ≤ k ≤ N − 1.

If W ∈ MG, then Gk(W) = Gk. Since Uk ∈ StabU(d)(Gk), we obtain

Gk(U · W) = UkGkU
∗
k = Gk.

Hence U · W ∈ MG. Therefore KG preserves MG, and since it also preserves FX , it

preserves

OX,G = FX ∩ MG.

It remains to prove freeness. Suppose U · W = W. From the first layer,

U1W1 = W1.
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Since W1 is invertible, U1 = Id. If Uk−1 = Id, then the kth layer equation gives

UkWk = Wk,

and hence Uk = Id. Induction gives

U1 = · · · = UN−1 = Id .

Thus the action of KG on MG is free.

6.3 Polar factorizations and coordinates on FX/K

6.3.1 Polar factorizations

Let

W = (WN , . . . ,W1) ∈ GL(d,C)N .

For each layer we use both polar decompositions:

Wk = QkPk = RkS
∗
k−1, (6.25)

where

Pk = (W ∗
kWk)1/2, Rk = (WkW

∗
k )1/2, Qk, Sk−1 ∈ U(d). (6.26)

Thus Pk is the positive factor in the right polar decomposition, and Rk is the positive

factor in the left polar decomposition. Equivalently,

P 2
k = W ∗

kWk, R2
k = WkW

∗
k . (6.27)
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At the interface between Wk and Wk+1, the kth moment compares the left positive

factor of Wk with the right positive factor of Wk+1:

Gk(W) = WkW
∗
k −W ∗

k+1Wk+1 = R2
k − P 2

k+1. (6.28)

Hence balancedness is the matching condition

R2
k = P 2

k+1, 1 ≤ k ≤ N − 1. (6.29)

The same distinction explains the point of view based on polar factorizations in

[Men25]. Suppose that W ∈ MG. Then, for 1 ≤ k ≤ N − 1,

R2
k = WkW

∗
k , Pk+1 = (R2

k −Gk)1/2, Wk+1 = Qk+1Pk+1. (6.30)

Since R2
k = QkP

2
kQ

∗
k, this recursion can also be written as

P 2
1 = W ∗

1W1, Pk+1 = (QkP
2
kQ

∗
k −Gk)1/2, 1 ≤ k ≤ N − 1. (6.31)

For an actual point of MG, the matrices under the square roots in (6.30) and (6.31)

are positive definite by construction. Conversely, these positivity conditions are part

of the constraint if one uses (6.31) to construct a point of MG.

The recursion (6.31) starts from W1 and advances with increasing depth. Since

the product is written as

X = WN · · ·W1,

this advance runs from right to left in the displayed product.
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There is a dual recursion from the other end. If W ∈ MG, then for 1 ≤ k ≤ N −1,

P 2
k+1 = W ∗

k+1Wk+1, Rk = (P 2
k+1 +Gk)1/2, Wk = RkS

∗
k−1. (6.32)

This recursion starts from WN and advances with decreasing depth. In the displayed

product it therefore runs from left to right.

The forward recursion is naturally expressed in the right polar decomposition,

whereas the backward recursion is naturally expressed in the left polar decomposition.

A fixed fibre has no distinguished intermediate layer. We therefore pass from the

individual layers to the partial products, and then to their Gram matrices. These

matrices remove the unitary frames introduced by the K-action.

6.3.2 Coordinates on FX/K

Fix X ∈ GL(d,C), and let

W = (WN , . . . ,W1) ∈ FX .

Define the forward partial products by

Yk := Wk · · ·W1, 0 ≤ k ≤ N, (6.33)

with

Y0 = Id, YN = X.

Then the layers are recovered from the partial products by

Wk = YkY
−1

k−1, 1 ≤ k ≤ N. (6.34)
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Let

K = U(d)N−1.

For U = (UN−1, . . . , U1) ∈ K, set U0 = UN = Id. Under the K-action on the fibre, the

partial products transform as

Yk 7−→ UkYk, 1 ≤ k ≤ N − 1. (6.35)

It follows that the matrices

Hk := Y ∗
k Yk, 1 ≤ k ≤ N − 1, (6.36)

are invariant under the K-action. We also use the endpoint convention

H0 = Id, HN = X∗X. (6.37)

We write

Pd ⊂ Herm(d)

for the cone of positive-definite Hermitian matrices. With Yk and Hk as in (6.33)

and (6.36), the map from Proposition 6.1 is

qX : FX −→ PN−1
d , qX(W) = (H1, . . . , HN−1). (6.38)

Proof of Proposition 6.1. By (6.35), each matrix Hk = Y ∗
k Yk is K-invariant. Hence

qX is constant on K-orbits and descends to a smooth map

qX : FX/K −→ PN−1
d .
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W ∈ FX 7−→ (Y1, . . . , YN−1) 7−→ (H1, . . . , HN−1) ∈ PN−1
d

Yk = Wk · · ·W1, Hk = Y ∗
k Yk.

Figure 6.1: The positive-definite coordinates attached to a factorization in FX . The partial
products Yk change by left multiplication by unitaries under the K-action; the matrices
Hk = Y ∗

k Yk do not.

We first prove surjectivity. Let

(H1, . . . , HN−1) ∈ PN−1
d

be given. Define

W1 := H
1/2
1 , Wk := H

1/2
k H

−1/2
k−1 (2 ≤ k ≤ N − 1), WN := XH

−1/2
N−1 . (6.39)

Then the product telescopes:

Yk = Wk · · ·W1 = H
1/2
k , 1 ≤ k ≤ N − 1,

and

YN = WNYN−1 = XH
−1/2
N−1H

1/2
N−1 = X.

Thus W ∈ FX , and

qX(W) = (H1, . . . , HN−1).

We next prove injectivity on the quotient. Suppose that W,W′ ∈ FX satisfy

qX(W) = qX(W′).
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Let Yk and Y ′
k be the corresponding partial products. Then

Y ∗
k Yk = (Y ′

k)∗Y ′
k = Hk, 1 ≤ k ≤ N − 1.

Define

Uk := Y ′
kY

−1
k , 1 ≤ k ≤ N − 1. (6.40)

Then

U∗
kUk = Y −∗

k (Y ′
k)∗Y ′

kY
−1

k = Y −∗
k HkY

−1
k = Y −∗

k Y ∗
k YkY

−1
k = Id .

Hence each Uk is unitary. Set U0 = UN = Id. Using (6.34), we obtain

W ′
k = Y ′

k(Y ′
k−1)−1 = UkYkY

−1
k−1U

−1
k−1 = UkWkU

−1
k−1, 1 ≤ k ≤ N,

where the cases k = 1 and k = N use U0 = Id and UN = Id, respectively. Therefore

W′ = U · W

for U = (UN−1, . . . , U1) ∈ K. Thus qX separates K-orbits.

It remains only to record smoothness of the inverse. The construction (6.39) gives

a smooth section

PN−1
d −→ FX ,

because inversion and the positive square-root map are smooth on Pd. Passing this

section to K-orbits gives a smooth inverse to qX . Hence

qX : FX/K −→ PN−1
d

is a diffeomorphism.
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We shall therefore represent a point of FX/K by the discrete path

Id = H0, H1, . . . , HN−1, HN = X∗X (6.41)

in Pd.

6.4 The moment equations on the quotient

Write the polar decomposition of each partial product as

Yk = VkH
1/2
k , Vk ∈ U(d), 0 ≤ k ≤ N, (6.42)

where

V0 = Id, VN = UX , X = UX(X∗X)1/2

is the polar decomposition of X. Define

Ck := H
1/2
k H

−1/2
k−1 , 1 ≤ k ≤ N. (6.43)

Since Wk = YkY
−1

k−1, we have

Wk = VkCkV
∗

k−1, 1 ≤ k ≤ N. (6.44)

The following auxiliary computation records the two polar squares of a layer in

the H-coordinates.
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Lemma 6.16. For 1 ≤ k ≤ N ,

W ∗
kWk = Vk−1

(
H

−1/2
k−1 HkH

−1/2
k−1

)
V ∗

k−1, (6.45)

WkW
∗
k = Vk

(
H

1/2
k H−1

k−1H
1/2
k

)
V ∗

k . (6.46)

Proof. By (6.44) and unitarity of Vk and Vk−1,

W ∗
kWk = Vk−1C

∗
kCkV

∗
k−1, WkW

∗
k = VkCkC

∗
kV

∗
k .

Using (6.43),

C∗
kCk = H

−1/2
k−1 HkH

−1/2
k−1 , CkC

∗
k = H

1/2
k H−1

k−1H
1/2
k .

Substitution gives (6.45) and (6.46).

The two terms in the kth component of the moment map are now written in the

same unitary frame Vk.

Proof of Proposition 6.4. By (6.46),

WkW
∗
k = Vk

(
H

1/2
k H−1

k−1H
1/2
k

)
V ∗

k .

Applying (6.45) to the layer Wk+1 gives

W ∗
k+1Wk+1 = Vk

(
H

−1/2
k Hk+1H

−1/2
k

)
V ∗

k .

Therefore

Gk(W) = WkW
∗
k −W ∗

k+1Wk+1 = Vk

(
H

1/2
k H−1

k−1H
1/2
k −H

−1/2
k Hk+1H

−1/2
k

)
V ∗

k .
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The term in parentheses is Φk(H) by (6.8). Hence

Gk(W) = VkΦk(H)V ∗
k , 1 ≤ k ≤ N − 1.

Thus the quotient coordinates determine each moment component up to unitary

conjugacy. The proof of Theorem 6.5 identifies the exact reduced set.

Proof of Theorem 6.5. Let W ∈ OX,G, and set

H = qX(W).

Since W ∈ MG, one has

Gk(W) = Gk, 1 ≤ k ≤ N − 1.

By Proposition 6.4,

Gk = VkΦk(H)V ∗
k .

Equivalently,

Φk(H) = V ∗
k GkVk ∈ AdU(d)(Gk).

Hence H belongs to the right-hand side of (6.10). This proves the inclusion

RX,G ⊆
{
H ∈ PN−1

d : Φk(H) ∈ AdU(d)(Gk) for 1 ≤ k ≤ N − 1
}
.

Conversely, let H ∈ PN−1
d satisfy

Φk(H) ∈ AdU(d)(Gk), 1 ≤ k ≤ N − 1.
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For each k, choose Vk ∈ U(d) such that

Gk = VkΦk(H)V ∗
k .

Set

V0 = Id, VN = UX ,

where X = UX(X∗X)1/2. Define

Yk := VkH
1/2
k , 1 ≤ k ≤ N − 1,

and set

Y0 := Id, YN := X.

Now define the layers by

Wk := YkY
−1

k−1, 1 ≤ k ≤ N.

The product telescopes, so W ∈ FX , and by construction qX(W) = H. Proposition 6.4

gives

Gk(W) = VkΦk(H)V ∗
k = Gk, 1 ≤ k ≤ N − 1.

Thus W ∈ OX,G, and therefore

H ∈ qX(OX,G) = RX,G.

This proves the equality (6.10).
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It remains to identify the fibres of the restricted map. Let

W,W′ ∈ OX,G

satisfy

qX(W) = qX(W′).

By Proposition 6.1, there exists

U = (UN−1, . . . , U1) ∈ K

such that

W′ = U · W.

For the K-action, the moment components transform as

Gk(U · W) = UkGk(W)U∗
k , 1 ≤ k ≤ N − 1.

Since both W and W′ lie in MG,

Gk = Gk(W′) = UkGk(W)U∗
k = UkGkU

∗
k .

Hence

Uk ∈ StabU(d)(Gk), 1 ≤ k ≤ N − 1,

so U ∈ KG. Thus each fibre of

qX

∣∣∣
OX,G

is contained in a KG-orbit.
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Figure 6.2: Level sets of the moment map in a fixed fibre and their images under qX . At
G = 0, the image of the balanced part of FX is the single point {(X∗X)k/N }N−1

k=1 . For G ̸= 0,
the image is the reduced set RX,G ⊂ PN−1

d defined by the constraints Φk(H) ∈ AdU(d)(Gk)
whenever OX,G is nonempty.

The reverse inclusion follows because KG preserves OX,G by Proposition 6.3, and

because qX is invariant under the whole group K. Therefore the fibres of qX

∣∣∣
OX,G

are

precisely the KG-orbits.

Figure 6.2 records the geometry described by Theorem 6.5.

Remark 6.17. Theorem 6.5 shows that, for G ̸= 0, the reduced object is the set

RX,G ⊂ PN−1
d ,

not a single compact orbit. Any entropy attached to OX,G would therefore have to

combine two pieces of geometry: the volumes of the KG-orbits and a measure on

the reduced set RX,G. We do not define such an entropy here. The theorem only

identifies the reduced finite-dimensional set on which such a construction would have

to live. When G = 0, the reduced set collapses to a point and one recovers the entropy

formula for a single orbit studied in Chapter 5.

The balanced case is obtained by imposing Φk(H) = 0 for every 1 ≤ k ≤ N − 1.

In terms of the multiplicative increments Πk = H−1
k−1Hk, these equations become the
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first-order recurrence Πk = Πk+1.

Proof of Lemma 6.6. Using

Πk = H−1
k−1Hk, Πk+1 = H−1

k Hk+1,

we compute

H
1/2
k ΠkH

−1/2
k = H

1/2
k H−1

k−1H
1/2
k ,

and

H
1/2
k Πk+1H

−1/2
k = H

1/2
k H−1

k Hk+1H
−1/2
k = H

−1/2
k Hk+1H

−1/2
k .

Subtracting the two identities gives

Φk(H) = H
1/2
k (Πk − Πk+1)H−1/2

k .

Since Hk is invertible, this expression vanishes if and only if Πk − Πk+1 = 0. Hence

Φk(H) = 0 ⇐⇒ Πk = Πk+1.

Proof of Proposition 6.7. For each 1 ≤ k ≤ N − 1, Lemma 6.6 gives

Φk(H) = 0 ⇐⇒ Πk = Πk+1.

Thus imposing Φk(H) = 0 for all k is exactly the same as imposing

Π1 = Π2 = · · · = ΠN .
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Proof of Corollary 6.8. For G = 0, the adjoint orbit of each component Gk = 0 is the

singleton {0}. Hence Theorem 6.5 gives

RX,0 =
{
H ∈ PN−1

d : Φk(H) = 0 for 1 ≤ k ≤ N − 1
}
.

By Proposition 6.7, this is equivalent to

Π1 = Π2 = · · · = ΠN .

Write the common value as Π. Since

Π1 = H−1
0 H1 = H1

and H1 ∈ Pd, the matrix Π is positive definite. The recurrence Hk = Hk−1Π, together

with H0 = Id, gives

Hk = Πk, 0 ≤ k ≤ N.

The endpoint condition HN = X∗X gives

ΠN = X∗X.

Because Π is positive definite, it is the positive Nth root of X∗X:

Π = (X∗X)1/N .

Therefore

Hk = (X∗X)k/N , 0 ≤ k ≤ N.
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This proves the formula for RX,0 and the uniqueness of the balanced path.

Finally, when G = 0, the stabilizer KG is the whole group K. Since the reduced

set consists of one point, Theorem 6.5 shows that OX,0 is a single K-orbit. By (6.6),

this orbit is OX .

6.5 The trace metric and balancedness

The coordinates on FX/K turn a factorization into a path Id = H0, H1, . . . , HN−1, HN =

X∗X in Pd, with fixed endpoints. The metric used in this section is the affine-invariant

trace metric on Pd:

gtr
H(U, V ) := tr

(
H−1UH−1V

)
, H ∈ Pd, U, V ∈ THPd

∼= Herm(d). (6.47)

Equivalently, if

SH(U) := H−1/2UH−1/2,

then

gtr
H(U, V ) = tr(SH(U)SH(V )). (6.48)

The trace metric enters here only as a metric on the cone Pd. We are not claiming

that the diffeomorphism

FX/K ∼= PN−1
d

is an isometry for the product of trace metrics. The point is more specific: the path

selected by balancedness is the geodesic of the trace metric joining the two endpoints

in Pd.

For a smooth curve γ(t) ∈ Pd, the geodesic equation for (6.47), written in the
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affine coordinates of Herm(d), is

γ̈ = γ̇ γ−1γ̇. (6.49)

Equivalently,
d

dt

(
γ−1γ̇

)
= 0. (6.50)

Proof of Proposition 6.9, [Bha07]. Set

S := A−1/2BA−1/2, γ(t) := A1/2StA1/2.

Then γ(0) = A and γ(1) = B. Since S ∈ Pd, the logarithm logS is Hermitian and

commutes with St. Hence

γ̇(t) = A1/2St log(S)A1/2, γ̈(t) = A1/2St(log(S))2A1/2.

Also

γ(t)−1 = A−1/2S−tA−1/2.

Therefore

γ̇(t) γ(t)−1γ̇(t) = A1/2St(log(S))2A1/2 = γ̈(t).

Thus γ satisfies the geodesic equation (6.49).

Moreover,

γ(t)−1γ̇(t) = A−1/2 log(S)A1/2,

which is independent of t. This proves (6.50). Taking A = Id and B = X∗X gives the

geodesic

γ(t) = (X∗X)t.
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Proof of Corollary 6.10. By Corollary 6.8, the path selected by balancedness is

Hk = (X∗X)k/N , 0 ≤ k ≤ N.

By Proposition 6.9, the geodesic of the trace metric from Id to X∗X is

γ(t) = (X∗X)t, 0 ≤ t ≤ 1.

Thus

Hk = γ(k/N), 0 ≤ k ≤ N,

so the balanced path is obtained by sampling this geodesic at the times k/N .

6.6 The ridge regularizer on the quotient

Proof of Proposition 6.11. Let

Yk = VkH
1/2
k

be the polar decomposition of the kth partial product. By Lemma 6.16,

W ∗
kWk = Vk−1

(
H

−1/2
k−1 HkH

−1/2
k−1

)
V ∗

k−1.

Taking traces and using cyclicity gives

tr(W ∗
kWk) = tr

(
H

−1/2
k−1 HkH

−1/2
k−1

)
= tr

(
HkH

−1
k−1

)
.

Summing over 1 ≤ k ≤ N gives (6.13).
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The right-hand side of (6.13) depends only on

qX(W) = (H1, . . . , HN−1),

so R is constant on K-orbits. The map qX identifies FX/K with PN−1
d by Proposi-

tion 6.1. Therefore R descends to the function RX on PN−1
d . Smoothness follows

because the map

(A,B) 7−→ tr(AB−1)

is smooth on Pd × Pd.

The Euler–Lagrange equations for this energy force the multiplicative increments

to be constant.

Proof of Proposition 6.12. Fix 1 ≤ k ≤ N − 1, let Uk ∈ Herm(d), and vary only the

kth interior matrix:

Hk(ε) = Hk + εUk.

Since Pd ⊂ Herm(d) is open, this is an admissible variation for ε sufficiently small.

Only two terms in RX contain Hk:

1
2 tr

(
HkH

−1
k−1

)
+ 1

2 tr
(
Hk+1H

−1
k

)
.

Using

D(H−1)H [U ] = −H−1UH−1,
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we obtain

d

dε

∣∣∣∣
ε=0

RX = 1
2 tr

(
UkH

−1
k−1

)
− 1

2 tr
(
Hk+1H

−1
k UkH

−1
k

)
= 1

2 tr
(
Uk

(
H−1

k−1 −H−1
k Hk+1H

−1
k

))
.

Since Uk ∈ Herm(d) is arbitrary and the trace pairing is nondegenerate on Herm(d),

the first variation vanishes in the kth variable if and only if

H−1
k−1 = H−1

k Hk+1H
−1
k .

Right multiplication by Hk gives

H−1
k−1Hk = H−1

k Hk+1.

Thus the critical point equations are exactly

Πk = Πk+1, 1 ≤ k ≤ N − 1,

with Πk = H−1
k−1Hk.

By Proposition 6.7, these equations are equivalent to the reduced balancedness

equations. Corollary 6.8 then gives the unique critical point:

Hk = (X∗X)k/N , 0 ≤ k ≤ N.

It remains to see that this critical point is the minimizer. The function RX is
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proper on PN−1
d . Indeed, suppose RX(H) ≤ C. Then for every k,

tr
(
HkH

−1
k−1

)
≤ 2C.

Starting from H0 = Id, this gives upper bounds for H1, . . . , HN−1 by induction.

Namely, if Hk−1 ≤ Mk−1 Id, then H−1
k−1 ≥ M−1

k−1 Id, and hence

M−1
k−1 tr(Hk) ≤ tr

(
HkH

−1
k−1

)
≤ 2C.

Thus Hk ≤ tr(Hk) Id ≤ 2CMk−1 Id.

Similarly, since HN = X∗X is fixed and positive definite, there is mN > 0 such

that HN ≥ mN Id. The same estimate applied backward gives upper bounds for

H−1
N−1, . . . , H

−1
1 . Thus every sublevel set of RX lies in a set of the form

{(H1, . . . , HN−1) : mk Id ≤ Hk ≤ Mk Id for 1 ≤ k ≤ N − 1},

which is compact in Herm(d)N−1. Therefore RX attains its minimum. Any minimizer

is an interior critical point, and the critical point is unique. Hence the balanced path

is the unique minimizer.

Proof of Corollary 6.13. On the balanced path,

Hk = (X∗X)k/N , 0 ≤ k ≤ N.

Therefore

HkH
−1
k−1 = (X∗X)1/N
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for every 1 ≤ k ≤ N . Proposition 6.11 gives

RX(H1, . . . , HN−1) = 1
2

N∑
k=1

tr
(
(X∗X)1/N

)
= N

2 tr
(
(X∗X)1/N

)
.

Since Proposition 6.12 identifies this path as the unique minimizer of RX , and since

RX is the function induced by R under qX : FX → PN−1
d , we obtain

min
W∈FX

R(W) = N

2 tr
(
(X∗X)1/N

)
.

The last expression is ΨN(X) by (5.3).

6.7 Coordinates from the left endpoint on the quo-

tient

The quotient coordinates in (6.38) follow the product from W1 toward WN . Namely,

Yk = Wk · · ·W1, Hk = Y ∗
k Yk, 0 ≤ k ≤ N,

with

H0 = Id, HN = X∗X.

We now record the same quotient information from the other end of the product.

For

W = (WN , . . . ,W1) ∈ FX ,

define

Zk := WN · · ·Wk+1, 0 ≤ k ≤ N, (6.51)
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with the convention

Z0 = X, ZN = Id .

Set

H̃k := ZkZ
∗
k , 0 ≤ k ≤ N. (6.52)

Thus

H̃0 = XX∗, H̃N = Id . (6.53)

Let U = (UN−1, . . . , U1) ∈ K, and set U0 = UN = Id. Under the K-action on FX ,

the products Zk transform by

Zk 7−→ ZkU
−1
k , 0 ≤ k ≤ N. (6.54)

Consequently each H̃k is K-invariant. The associated map

q̃X : FX −→ PN−1
d , q̃X(W) =

(
H̃1, . . . , H̃N−1

)
, (6.55)

is therefore constant on K-orbits.

The following proof identifies q̃X with the quotient map qX through the change of

variables

Hk 7−→ XH−1
k X∗.

Proof of Proposition 6.14. For every 0 ≤ k ≤ N , the partial products satisfy

X = ZkYk.

Hence

Zk = XY −1
k .
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Using (6.52), we obtain

H̃k = ZkZ
∗
k = XY −1

k Y −∗
k X∗ = X(Y ∗

k Yk)−1X∗ = XH−1
k X∗.

Taking k = 0 and k = N gives

H̃0 = XX∗, H̃N = X(X∗X)−1X∗ = Id,

as claimed.

Proof of Corollary 6.15. By Proposition 6.14,

H̃k = XH−1
k X∗, 0 ≤ k ≤ N.

Therefore, for 1 ≤ k ≤ N ,

H̃k−1H̃
−1
k = XH−1

k−1X
∗
(
XH−1

k X∗
)−1

= XH−1
k−1HkX

−1.

Taking traces and using cyclicity gives

tr
(
H̃k−1H̃

−1
k

)
= tr

(
H−1

k−1Hk

)
= tr

(
HkH

−1
k−1

)
.

The formula for RX now follows from Proposition 6.11.

On the balanced path, Corollary 6.8 gives

Hk = (X∗X)k/N , 0 ≤ k ≤ N.

Hence

H̃k = X(X∗X)−k/NX∗.
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Write the polar decomposition of X as

X = UX(X∗X)1/2.

Then

H̃k = UX(X∗X)1−k/NU∗
X = (XX∗)1−k/N .

By Proposition 6.9, the curve

t 7−→ (XX∗)1−t, 0 ≤ t ≤ 1,

is the geodesic of the trace metric from XX∗ to Id. Thus the matrices H̃k are obtained

by sampling this geodesic at t = k/N .

The two sequences therefore give the same point of the quotient in two endpoint

conventions. The forward variables describe the path

Id = H0, H1, . . . , HN = X∗X,

whereas the variables from the left end describe the path

XX∗ = H̃0, H̃1, . . . , H̃N = Id .

The conversion between them is

H̃k = XH−1
k X∗.

This is the quotient form of the two polar recursions: (6.31) follows the product from

W1 toward WN , while (6.32) follows it from WN toward W1.
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Bibliographical notes

The barrier B(H) = − log detH and its role in interior-point methods come from the

theory of convex cones [NN94; NT97; Gül96; Hil14]. The trace metric on Pd is standard

in matrix analysis [Bha07]. The local Ricci-potential identity used in the comparison

with Chapter 5 is standard in Kähler geometry [Sun17]. The polar-factorization

viewpoint appeared earlier in [Men25]. We recast it here in quotient form.
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Chapter 7

Mean Curvature and Brownian

Motion

In this chapter we study how the level set MG = µ−1(G) sits inside GL(d,C)N , and

how Brownian motion on MG behaves under the end-to-end map. At a regular point,

the normal space to MG is J applied to the tangent space of the compact group orbit.

This identity is the main geometric input: it turns the equation µ(W) = G into a

formula for the mean-curvature vector of MG.

We then apply Itô’s formula to the end-to-end map. The mean-curvature drift lies

in a direction annihilated by the differential of this map, so only the Itô correction

remains. For a general value of G, the resulting drift may depend on the factorization

W, not only on the product X = ϕ(W). On the balanced manifold M, this drift is

basic and descends to 1
2 gradgN

SN on GL(d,C).
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7.1 Main results

Fix G ∈ Herm(d)N−1, MG = µ−1(G), and set K = U(d)N−1, k = u(d)N−1.

For W ∈ GL(d,C)N , write

OW := K · W, VW := TWOW.

For ξ ∈ k, the fundamental vector field is

(Kξ(W))k = ξkWk −Wkξk−1, 1 ≤ k ≤ N,

with the boundary convention ξ0 = ξN = 0.

Proposition 7.1. For every W ∈ MG,

TWMG = ker(dµ)W, NWMG = JVW,

where NWMG is the g-orthogonal complement of TWMG in TWGL(d,C)N . Equiva-

lently,

TWMG = (JVW)⊥g .

Choose a real basis {ξa}(N−1)d2

a=1 of k, and set

Ka := Kξa , µa(W) := ⟨µ(W), ξa⟩.

The Gram matrix of the orbit K · W is

hab(W) := g
(
Ka(W), Kb(W)

)
, hab(W) := (h(W)−1)ab.
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Repeated Lie-algebra indices are summed.

Let

Sorb(W) := log vol(K · W), (7.1)

where the volume is computed using the metric induced by g on the orbit. For a

smooth function f on GL(d,C)N , define

∇⊥f := hab
(
(JKa)f

)
JKb. (7.2)

By Proposition 7.1, ∇⊥f is a section of the normal bundle of MG.

Define the normal vector field

CG(W) := had(W)hbc(W) ⟨G, [[ξa, ξb], ξc]⟩ JKd(W). (7.3)

This term vanishes when G = 0. Although the formula uses the chosen basis {ξa}, it

defines a normal vector field that is independent of that basis.

Theorem 7.2. For every W ∈ MG, the mean curvature vector of MG in the ambient

metric g is

H⃗MG(W) = ∇⊥Sorb(W) + CG(W). (7.4)

Thus the first term is determined by the variation of the volume of K · W. The

second term contains the dependence on the value G through Lie brackets. The whole

expression is independent of the chosen Lie-algebra basis; the inverse Gram matrix

performs the trace over the orbit directions.

Let ∇2ϕ denote the Hessian of

ϕ : GL(d,C)N −→ GL(d,C) ⊂ Md(C)
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with respect to the flat connections on the source and target. Define the section of

(ϕ|MG
)∗TGL(d,C)

DG(W) := hab(W) ∇2ϕW
(
Ka(W), Kb(W)

)
. (7.5)

All stochastic statements in this chapter are understood up to the lifetime of the

relevant process.

Theorem 7.3. Let Wt be Brownian motion on (MG, ιG), and set Xt := ϕ(Wt).

Then Xt is a semimartingale with drift 1
2 DG(Wt) dt. Equivalently,

dXt = dMt + 1
2 DG(Wt) dt, (7.6)

where Mt is a local martingale.

The mean-curvature drift does not contribute after applying ϕ. Indeed, ϕ is

K-invariant and holomorphic, hence

(dϕ)W(JVW) = 0.

Since H⃗MG(W) ∈ NWMG, Proposition 7.1 gives

(dϕ)W
(
H⃗MG(W)

)
= 0.

The drift in (7.6) is therefore the Itô correction.

For a general value G, the section DG need not be projectable under ϕ|MG
. It

defines a vector field on ϕ(MG) if and only if DG(W) = DG(W′) whenever

W,W′ ∈ MG, ϕ(W) = ϕ(W′).
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Proposition 7.4. For every W ∈ M,

K · W = (ϕ|M)−1
(
ϕ(W)

)
= Oϕ(W).

Consequently,

Sorb(W) = SN(ϕ(W)).

On M, the restriction

ϕ : (M, ι) −→ (GL(d,C), gN)

is the Riemannian submersion from Chapter 5.

Theorem 7.5. For every W ∈ M,

D0(W) =
(
gradgN

SN

)
ϕ(W)

. (7.7)

Corollary 7.6. Let Wt be Brownian motion on (M, ι), and set Xt := ϕ(Wt). Then

Xt is a diffusion on (GL(d,C), gN) with generator

Lf = 1
2 ∆gN

f + 1
2
〈
gradgN

SN , gradgN
f
〉

gN

. (7.8)

Equivalently, in local gN -orthonormal frames,

dXt = dB̃t + 1
2 gradgN

SN(Xt) dt, (7.9)

where B̃t denotes the martingale part with covariance gN .
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7.2 Orbits and the Level Set MG

Fix W ∈ MG and write

OW := K · W, VW := TWOW ⊂ TWGL(d,C)N .

By Proposition 4.4, the K-action is free on GL(d,C)N . Hence the map

k −→ VW, ξ 7−→ Kξ(W),

is an isomorphism of real vector spaces, and

dimR VW = dimRK = (N − 1)d2.

For ξ ∈ k = u(d)N−1, Lemma 4.11 gives the fundamental vector field

(Kξ(W))k = ξkWk −Wkξk−1, 1 ≤ k ≤ N,

with the boundary convention ξ0 = ξN = 0.

For ξ ∈ k, set

µξ(W) := ⟨µ(W), ξ⟩.

Lemma 7.7. For every ξ ∈ k,

gradµξ(W) = JKξ(W) for every W ∈ GL(d,C)N .

Proof. By Theorem 4.2,

dµξ = ιKξ
ω.
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Since ω(U, V ) = g(JU, V ), for every tangent vector Z we have

g(gradµξ, Z) = dµξ(Z) = ω(Kξ, Z) = g(JKξ, Z).

Thus gradµξ = JKξ.

Proof of Proposition 7.1. By Proposition 6.2, every value of µ is regular. Therefore

TWMG = ker(dµ)W.

Choose a real basis {ξa} of k and set

µa(W) := ⟨µ(W), ξa⟩.

Near W, the level set MG is cut out by the independent equations

µa(W) = ⟨G, ξa⟩.

Hence the normal space is the span of the gradients of these defining functions:

NWMG = span{gradµa(W)}.

By Lemma 7.7,

gradµa(W) = JKξa(W).

The vectors Kξa(W) span VW, so the vectors JKξa(W) span JVW. Thus

NWMG = JVW.
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Taking orthogonal complements gives

TWMG = (JVW)⊥g .

The next identity gives the infinitesimal form of the fact that a nonzero moment

value is not fixed by the whole group K.

Lemma 7.8. For every W ∈ GL(d,C)N and every ξ, η ∈ k,

g
(
Kξ(W), JKη(W)

)
= −⟨µ(W), [ξ, η]⟩.

In particular, if W ∈ M, then

g
(
Kξ(W), JKη(W)

)
= 0.

Proof. Using ω(U, V ) = g(JU, V ) and the symmetry of g, we obtain

g(Kξ, JKη) = g(JKη, Kξ) = ω(Kη, Kξ).

The moment-map identity gives

ω(Kη, Kξ) = dµη(Kξ) = Kξ(µη).

By infinitesimal equivariance of the moment map,

Kξ(µη) = −µ[ξ,η] = −⟨µ, [ξ, η]⟩.
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This proves the identity. If W ∈ M, then µ(W) = 0, and the right-hand side

vanishes.

The next two lemmas record the infinitesimal invariance of the end-to-end map.

They will be used in the submersion argument and in the stochastic calculation.

Lemma 7.9. For every W ∈ GL(d,C)N and every ξ ∈ k,

(dϕ)W
(
Kξ(W)

)
= 0.

Equivalently,

VW ⊂ ker(dϕ)W.

Proof. The map ϕ is invariant under the action of K. Hence

ϕ(exp(tξ) · W) = ϕ(W)

for every t. Differentiating at t = 0 gives the identity.

Lemma 7.10. For every W ∈ GL(d,C)N ,

(dϕ)W
(
JVW

)
= 0.

Consequently, for every W ∈ MG,

(dϕ)W
(
H⃗MG(W)

)
= 0. (7.10)

Proof. The map ϕ is holomorphic. Therefore

(dϕ)W(JZ) = i (dϕ)W(Z)
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for every tangent vector Z. Apply this identity to Z ∈ VW, and use Lemma 7.9. This

proves the first claim.

If W ∈ MG, then Proposition 7.1 gives

NWMG = JVW.

The mean curvature vector of MG is normal to MG, so (7.10) follows.

For W ∈ MG, Lemma 7.9, Proposition 7.1, and Lemma 7.10 give the structural

triad

VW ⊂ ker(dϕ)W, JVW = NWMG, (dϕ)W(JVW) = 0.

Thus the orbit through W controls the constraint in two different ways. The

tangent space VW consists of the symmetry directions along which the end-to-end

map ϕ is constant. Proposition 7.1 shows that the rotated space JVW is exactly the

normal space to MG.

The whole orbit K · W need not remain inside MG. Indeed, moment-map

equivariance gives, for U = (UN−1, . . . , U1) ∈ K,

µ(U · W)k = Uk µ(W)k U
∗
k , 1 ≤ k ≤ N − 1.

If W ∈ MG, then U · W belongs to MG exactly when

Uk Gk U
∗
k = Gk, 1 ≤ k ≤ N − 1.

Equivalently, U belongs to the stabilizer subgroup KG introduced in Chapter 6. Thus

only the smaller orbit KG · W is guaranteed to remain inside the fixed level set.

Lemma 7.8 is the infinitesimal version of this statement. The balanced case is special
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Figure 7.1: Group orbits and level sets of the moment map. Top: for a nonzero moment
value G ̸= 0, the orbit OW = K · W usually does not remain inside MG; instead it moves
through the conjugate level sets µ−1(UGU∗). The tangent space VW = TWOW consists
of directions tangent to the orbit, while JVW is the normal space to MG. Bottom: in the
balanced case G = 0, the whole orbit lies in M.

because 0 is fixed by every element of K. Hence the whole orbit lies in M.

Figure 7.1 illustrates this distinction.

The normal-bundle description also shows that ϕ remains a submersion after

restriction to any regular moment level. This is the smooth analogue, for MG, of the

Riemannian submersion used on M in Chapter 5.

Theorem 7.11. For every G ∈ Herm(d)N−1, the restriction

ϕ|MG
: MG → GL(d,C)

is a smooth submersion. Consequently, its image is open in GL(d,C), and for every
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X ∈ ϕ(MG) the fibre

FX ∩ MG

is a smooth submanifold of MG of real dimension (N − 1)d2.

Proof. Fix W ∈ MG. Since all layers are invertible, the differential

(dϕ)W : TWGL(d,C)N → Tϕ(W)GL(d,C)

is surjective by the submersion argument following (4.11).

By Lemma 7.10, (dϕ)W vanishes on JVW. By Proposition 7.1,

NWMG = JVW.

Thus (dϕ)W vanishes on NWMG.

Let Y ∈ Tϕ(W)GL(d,C) be arbitrary. Choose Z ∈ TWGL(d,C)N such that

(dϕ)W(Z) = Y.

Decompose Z into its tangent and normal parts:

Z = Z⊤ + Z⊥, Z⊤ ∈ TWMG, Z⊥ ∈ NWMG.

Since (dϕ)W(Z⊥) = 0, we get

Y = (dϕ)W(Z) = (dϕ)W(Z⊤).

Thus the restriction of (dϕ)W to TWMG is surjective. Hence ϕ|MG
is a submersion.
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The image of a submersion is open. If X ∈ ϕ(MG), then the rank theorem gives

dimR(FX ∩ MG) = dimR MG − dimR GL(d,C).

By Proposition 6.2,

dimR MG = (N + 1)d2,

while

dimR GL(d,C) = 2d2.

Therefore

dimR(FX ∩ MG) = (N + 1)d2 − 2d2 = (N − 1)d2.

7.2.1 Volume of the orbit and entropy

For every W ∈ GL(d,C)N , the orbit

OW = K · W

is a compact submanifold of GL(d,C)N , diffeomorphic to K. Its Riemannian volume,

computed with the metric induced from the ambient flat metric, defines the smooth

function

Sorb(W) := log vol(OW). (7.11)

Proof of Proposition 7.4. Let W ∈ M and set X = ϕ(W). By Proposition 4.6, the

balanced factorizations over X form a single K-orbit. Since

OX = FX ∩ M = (ϕ|M)−1(X),
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we have

OX = K · W = OW.

Taking logarithms of the induced volumes gives

Sorb(W) = log vol(OW) = log vol(OX) = SN(X).

Remark 7.12. Proposition 7.4 identifies the restriction of the orbit-volume function

Sorb to the balanced manifold with the entropy SN on end-to-end space.

For a general value G, the set

OX,G = FX ∩ MG

may be empty. When it is nonempty, it need not be a single K-orbit, so its volume is

not determined by vol(OW) for one point W ∈ OX,G.

A natural open problem is to find a closed formula for

log vol(OX,G)

in terms of the singular values of X and the eigenvalues of the prescribed moment

matrices Gk, in the spirit of the entropy formula [MY26b, Remark 7]. We do not

derive such a formula here.
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7.3 The mean curvature of MG

We now prove Theorem 7.2. We keep the notation introduced in Section 7.1. Thus

Ka := Kξa , µa(W) := ⟨µ(W), ξa⟩,

and

hab(W) = g
(
Ka(W), Kb(W)

)
, hab(W) = (h(W)−1)ab.

Repeated Lie-algebra indices are summed. Freeness of the K-action implies that

hab(W) is symmetric and positive definite. Since J is a g-isometry,

g
(
JKa(W), JKb(W)

)
= hab(W).

The proof has three parts. First we express the mean curvature through the

Hessians of the scalar functions µa. Then we convert the trace over the normal

directions JVW into a trace over the directions tangent to the K-orbit. Finally, we

identify the resulting contraction with the first variation of Sorb, up to the Lie bracket

correction that appears at nonzero moment value.

Lemma 7.13. Let B : TWGL(d,C)N × TWGL(d,C)N → E be a bilinear map with

values in a real vector space E. Then

TrVWB = hab(W)B
(
Ka(W), Kb(W)

)
,

and

TrJVWB = hab(W)B
(
JKa(W), JKb(W)

)
.

Proof. Set ea := Ka(W). If ui = c a
i ea is a g-orthonormal basis of VW, then the matrix
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C = (c a
i ) satisfies

ChC⊤ = I.

Hence C⊤C = h−1, and therefore

∑
i

B(ui, ui) =
∑

i

c a
i c

b
i B(ea, eb) = habB(ea, eb).

The second identity follows by applying the same argument to the basis Jea of

JVW.

Proposition 7.14 ([Bes87; Lee18]). Let Σ be an embedded submanifold of GL(d,C)N ,

and let f : GL(d,C)N → R be smooth. If f is constant on Σ, then

g
(
H⃗Σ, grad f

)
= −TrT Σ∇2f,

where H⃗Σ = TrT ΣBΣ is the mean curvature vector of Σ in the ambient metric g.

Proof. Let {ei} be a local g-orthonormal frame for TΣ. Since the ambient connection

is flat,

∆Σ(f |Σ) =
∑

i

(
ei(eif) − (∇Σ

ei
ei)f

)
.

The Gauss formula gives

∇ei
ei = ∇Σ

ei
ei +BΣ(ei, ei).

Hence

ei(eif) − (∇Σ
ei
ei)f = ∇2f(ei, ei) + g

(
grad f,BΣ(ei, ei)

)
.
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After summing over i, we obtain

∆Σ(f |Σ) = TrT Σ∇2f + g
(
grad f, H⃗Σ

)
.

The left-hand side vanishes because f is constant on Σ.

Lemma 7.15. For every a,

∆µa = 0

with respect to the ambient metric g.

Proof. Write

ξa = (ξa,N−1, . . . , ξa,1) ∈ u(d)N−1, ξa,0 = ξa,N = 0.

Using the pairing (4.3),

µa(W) = −1
2

N−1∑
k=1

ℑ tr
(
(WkW

∗
k −W ∗

k+1Wk+1)ξa,k

)
.

We first record the one-layer computation. For η ∈ u(d), the real Laplacian

associated with g = ℜ tr(·∗·) satisfies

∆W

(
−1

2ℑ tr(WW ∗η)
)

= −2dℑ tr(η),

and

∆W

(1
2ℑ tr(W ∗Wη)

)
= 2dℑ tr(η).

Indeed, by unitary invariance we may assume η = i diag(λ1, . . . , λd). Then

ℑ tr(WW ∗η) =
d∑

i=1
λi

d∑
j=1

|Wij|2,
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and the real Laplacian of |z|2 on C ∼= R2 is 4. The first identity follows. The second

is the same computation applied to the columns of W .

Now fix a layer index ℓ. Only the two terms involving Wℓ contribute to ∆Wℓ
µa, so

∆Wℓ
µa = 2dℑ tr(ξa,ℓ−1) − 2dℑ tr(ξa,ℓ).

Summing over ℓ = 1, . . . , N gives the telescoping cancellation

∆µa = 2d
N∑

ℓ=1

(
ℑ tr(ξa,ℓ−1) − ℑ tr(ξa,ℓ)

)
= 2dℑ tr(ξa,0) − 2dℑ tr(ξa,N) = 0.

Fix W ∈ MG. Since µa is constant on MG, Proposition 7.14 gives

g
(
H⃗MG , JKa

)
= −TrTWMG∇2µa.

By Lemma 7.15,

0 = ∆µa = TrTWMG∇2µa + TrNWMG∇2µa.

Therefore

g
(
H⃗MG , JKa

)
= TrNWMG∇2µa.

Using Proposition 7.1,

NWMG = JVW,

and Lemma 7.13 gives

g
(
H⃗MG , JKa

)
= hbc ∇2µa(JKb, JKc). (7.12)
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Lemma 7.16. For every a and all tangent vectors Z,Z ′,

∇2µa(JZ, JZ ′) = ∇2µa(Z,Z ′).

Proof. In one matrix factor, the second differential of W 7→ WW ∗ in the directions

Z,Z ′ is

ZZ ′∗ + Z ′Z∗,

and the second differential of W 7→ W ∗W is

Z∗Z ′ + Z ′∗Z.

Replacing Z and Z ′ by JZ = iZ and JZ ′ = iZ ′ leaves both expressions unchanged:

(iZ)(iZ ′)∗ = ZZ ′∗, (iZ)∗(iZ ′) = Z∗Z ′.

Since µa is a real linear combination of such quadratic terms, its Hessian is unchanged.

Combining (7.12) with Lemma 7.16, we obtain

g
(
H⃗MG , JKa

)
= hbc ∇2µa(Kb, Kc). (7.13)

The remaining step is to identify the contraction on the right with the variation of

the volume of the K-orbit.

Lemma 7.17. For every a,

hbc ∇2µa(Kb, Kc) = (JKa)Sorb + hbc ⟨µ(W), [[ξa, ξb], ξc]⟩.
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Proof. All quantities in the proof are evaluated at the fixed point W, unless the

basepoint is displayed.

Differentiate

hbc = g(Kb, Kc)

in the direction JKa. The K-action is holomorphic and isometric, so each Kb is a

holomorphic Killing field. On a Kähler manifold,

∇JKaKb = J∇KaKb.

Thus
(JKa)hbc = g

(
J∇KaKb, Kc

)
+ g

(
J∇KaKc, Kb

)
= ∇2µb(Ka, Kc) + ∇2µc(Ka, Kb),

where we used gradµb = JKb from Lemma 7.7.

Since the ambient connection is torsion-free,

∇KaKb = ∇Kb
Ka + [Ka, Kb].

For a left action, the fundamental vector fields satisfy

[Ka, Kb] = −K[ξa,ξb].

Therefore

∇2µb(Ka, Kc) = ∇2µa(Kb, Kc) − g
(
JK[ξa,ξb], Kc

)
,

and, with b and c interchanged,

∇2µc(Ka, Kb) = ∇2µa(Kb, Kc) − g
(
JK[ξa,ξc], Kb

)
.
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By Lemma 7.8 and skew-symmetry of the Lie bracket,

g
(
JK[ξa,ξb], Kc

)
= ⟨µ, [[ξa, ξb], ξc]⟩.

The same identity applies to the second bracket term. Hence

(JKa)hbc = 2∇2µa(Kb, Kc)

− ⟨µ, [[ξa, ξb], ξc]⟩ − ⟨µ, [[ξa, ξc], ξb]⟩.

Contracting with hbc, and using the symmetry of hbc, gives

hbc(JKa)hbc = 2hbc∇2µa(Kb, Kc) − 2hbc⟨µ, [[ξa, ξb], ξc]⟩.

Thus

hbc∇2µa(Kb, Kc) = 1
2h

bc(JKa)hbc + hbc⟨µ, [[ξa, ξb], ξc]⟩. (7.14)

It remains to identify the first term with (JKa)Sorb. The orbit map

yW : K → OW, yW(U) = U · W,

is a diffeomorphism because the action is free. In the invariant frame on K determined

by the fixed basis {ξa}, the Gram matrix of the pulled-back metric is hab(W). Hence

vol(OW) = CK det(hab(W))1/2,

where CK is independent of W. Taking logarithms and applying Jacobi’s formula

yields

(JKa)Sorb = (JKa) log vol(OW) = 1
2h

bc(JKa)hbc.
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Substitution into (7.14) proves the claim.

Proof of Theorem 7.2. Fix W ∈ MG. By Proposition 7.1,

H⃗MG(W) ∈ NWMG = JVW.

Therefore

H⃗MG(W) = HdJKd(W)

for some coefficients Hd. Pairing with JKa(W) gives

hadH
d = g

(
H⃗MG , JKa

)
.

By (7.13) and Lemma 7.17,

g
(
H⃗MG , JKa

)
= (JKa)Sorb + hbc⟨µ(W), [[ξa, ξb], ξc]⟩.

On MG, we have µ(W) = G. Hence

Hd = had(JKa)Sorb + hadhbc⟨G, [[ξa, ξb], ξc]⟩.

Multiplying by JKd(W), we obtain

H⃗MG(W) = had
(
(JKa)Sorb

)
JKd(W) + hadhbc⟨G, [[ξa, ξb], ξc]⟩ JKd(W).

The first term is ∇⊥Sorb(W) by (7.2), and the second is CG(W) by (7.3). This proves

H⃗MG = ∇⊥Sorb + CG.
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When G = 0, the bracket correction C0 vanishes. Thus Theorem 7.2 gives, on the

balanced manifold,

H⃗M = ∇⊥Sorb.

By Proposition 7.4, this is the same orbit volume whose logarithm descends to the

entropy SN on end-to-end space.

Remark 7.18. The term CG is a Lie-bracket correction. It enters because the trace

over the directions tangent to the K-orbit is related to the first variation of the orbit

volume by the bracket relation for fundamental vector fields. Its disappearance at

G = 0 reflects the special role of the balanced manifold, where the whole K-orbit

remains in the fixed level set of the moment map.

A coordinate formula for

∇⊥Sorb and CG

would require expressing hab, the derivatives (JKa)Sorb, and the bracket contraction

in spectral or quotient coordinates. The formula in (7.4) is intrinsic to the ambient

level set and does not carry out that reduction.

7.4 Brownian motion on MG and its pushforward

We now prove Theorem 7.3. Brownian motion on the level set MG ⊂ GL(d,C)N

has Euclidean Itô drift given by the mean curvature vector of that level set. The

end-to-end map ϕ kills this normal drift, so the drift of the pushforward is the Itô

correction coming from the Hessian of ϕ.
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All stochastic equations in this section are understood up to the lifetime of the

process in GL(d,C)N .

7.4.1 Brownian motion on MG

Let Bt be standard Brownian motion in the real Euclidean vector space underlying

Md(C)N . For W ∈ MG, let

ΠW : TWMd(C)N −→ TWMG

be the g-orthogonal projection. Brownian motion Wt on (MG, ιG), with generator
1
2∆MG , has the extrinsic Stratonovich form

dWt = ΠWt ◦ dBt. (7.15)

Since the ambient connection is flat, the corresponding Itô equation is

dWt = ΠWt dBt + 1
2 H⃗MG(Wt) dt. (7.16)

By Theorem 7.2, the drift in (7.16) is

dWt = ΠWt dBt + 1
2 ∇⊥Sorb(Wt) dt+ 1

2 CG(Wt) dt. (7.17)

In the balanced case G = 0, the bracket correction vanishes, and (7.17) becomes

dWt = ΠWt dBt + 1
2 ∇⊥Sorb(Wt) dt. (7.18)
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The drift in (7.17) is normal to MG. Indeed, by Proposition 7.1,

NWMG = JVW,

and both terms in the right-hand side of (7.4) take values in this normal bundle. By

Lemma 7.10, (dϕ)W annihilates this normal space. Thus the mean curvature drift of

Wt has no first-order image under ϕ.

7.4.2 The end-to-end process

Let Wt be Brownian motion on (MG, ιG), and set

Xt := ϕ(Wt).

Lemma 7.10 removes the first-order drift in (7.16). The drift of Xt is therefore the

second-order term in Itô’s formula.

Proposition 7.19. Let Wt solve (7.16), and set Xt = ϕ(Wt). Then

dXt = dMt + 1
2 TrTWt MG(∇2ϕ)Wt dt, (7.19)

where the local martingale Mt is given by

dMt := (dϕ)Wt

(
ΠWt dBt

)
.

Proof. Apply the Euclidean Itô formula to

ϕ : GL(d,C)N −→ GL(d,C) ⊂ Md(C)
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along (7.16). The first-order terms are

(dϕ)Wt

(
ΠWt dBt

)

and
1
2 (dϕ)Wt

(
H⃗MG(Wt)

)
dt.

The second term vanishes by Lemma 7.10.

Let {Eα} be a fixed g-orthonormal basis of the ambient real Euclidean vector

space. The quadratic variation of the martingale part contributes

1
2
∑

α

(∇2ϕ)Wt

(
ΠWtEα,ΠWtEα

)
dt.

Since ΠWt is the orthogonal projection onto TWtMG, the projected family {ΠWtEα}

is a Parseval frame for TWtMG. The last sum is therefore the metric trace over

TWtMG, which proves (7.19).

It remains to identify the trace in (7.19). The ambient Laplacian of ϕ vanishes,

and the normal trace can be converted into a trace over the directions tangent to the

K-orbit.

Lemma 7.20. With respect to the ambient flat metric,

∆ϕ = 0

as a Md(C)-valued function.

Proof. Use a constant ambient orthonormal basis adapted to the factors of Md(C)N .
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If Z is supported in one factor, then along the affine line

W(t) = W + tZ

the product ϕ(W(t)) is affine in t, because only one factor varies. Hence

d2

dt2
∣∣∣∣
t=0
ϕ(W + tZ) = 0.

Summing these second derivatives over the constant orthonormal basis gives ∆ϕ =

0.

Lemma 7.21. For every W ∈ GL(d,C)N and all Z,Z ′ ∈ TWGL(d,C)N ,

(∇2ϕ)W(JZ, JZ ′) = −(∇2ϕ)W(Z,Z ′).

Proof. The source and target have their standard flat Kähler connections, and ϕ is

holomorphic. Thus

(dϕ) ◦ J = Jtgt ◦ (dϕ), Jtgt(Y ) = iY.

Differentiating this identity with respect to the flat connections gives

(∇2ϕ)(JZ, Z ′) = Jtgt(∇2ϕ)(Z,Z ′), (∇2ϕ)(Z, JZ ′) = Jtgt(∇2ϕ)(Z,Z ′).

Applying these identities in both arguments yields

(∇2ϕ)(JZ, JZ ′) = J2
tgt(∇2ϕ)(Z,Z ′) = −(∇2ϕ)(Z,Z ′).
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Proof of Theorem 7.3. Fix W ∈ MG. By Lemma 7.20 and the orthogonal decompo-

sition

TWGL(d,C)N = TWMG ⊕ NWMG,

we have

0 = TrTWMG(∇2ϕ)W + TrNWMG(∇2ϕ)W. (7.20)

By Proposition 7.1,

NWMG = JVW.

Lemma 7.13 therefore gives

TrNWMG(∇2ϕ)W = hab(W)(∇2ϕ)W
(
JKa(W), JKb(W)

)
.

By Lemma 7.21,

TrNWMG(∇2ϕ)W = −hab(W)(∇2ϕ)W
(
Ka(W), Kb(W)

)
.

Substituting this identity into (7.20) yields

TrTWMG(∇2ϕ)W = hab(W)(∇2ϕ)W
(
Ka(W), Kb(W)

)
= DG(W), (7.21)

where the last equality is (7.5). Applying (7.21) along Wt in Proposition 7.19 proves

(7.6).

Remark 7.22. Theorem 7.3 identifies the drift of the pushed-forward process. The local

martingale part is still expressed through the projected ambient Brownian motion,

dMt = (dϕ)Wt

(
ΠWt dBt

)
.

195



A formula in coordinates would require an explicit expression for the covariance of

this projected noise after applying dϕ. We do not use such coordinates in this chapter.

Remark 7.23. For a general value G, the drift DG(Wt) is a section along ϕ|MG
. It

need not depend only on Xt = ϕ(Wt). Equivalently, DG need not be constant on the

fibres of ϕ|MG
. This is the stochastic counterpart of the geometric fact that

OX,G = FX ∩ MG

is usually not a single compact orbit. The balanced manifold is special: its fibres

are the orbits described in Proposition 7.4. The next section proves that the drift

descends to the entropy drift on the space of end-to-end matrices.

7.5 End-to-end process induced by Brownian mo-

tion on M

We now specialize the preceding construction to the balanced level

M = µ−1(0).

On this level the compact orbit through W lies inside M, and Theorem 5.4 gives the

Riemannian submersion

ϕ : (M, ι) −→ (GL(d,C), gN).

This is the point at which the section DG from Theorem 7.3 becomes a vector field on

end-to-end space.

There are two mean-curvature vectors in play. The vector H⃗M is the ambient
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mean curvature of the embedded submanifold M ⊂ GL(d,C)N . It is normal to M,

and Lemma 7.10 shows that dϕ kills it. The vector H⃗fib is the mean curvature of the

compact fibre OX ⊂ M. Its pushforward is − gradgN
SN . The entropy drift comes

from the fibre mean curvature, not from pushing forward the ambient normal drift.

For W ∈ M, write

VW := TW(K · W) ⊂ TWM, HW := V⊥ι
W .

Then V is the vertical distribution of ϕ : M → GL(d,C), and H is the horizontal

distribution.

Definition 7.24. For W ∈ M, the mean curvature vector of the fibre of ϕ|M through

W is

H⃗fib(W) := hab(W)
(
∇M

Ka
Kb

)hor
(W),

where (·)hor denotes ι-orthogonal projection onto HW.

This vector is the trace of the second fundamental form of the fibre inside (M, ι).

The expression in Definition 7.24 is independent of the chosen basis {ξa} of k, since

hab contracts the trace over the vertical tangent space.

Lemma 7.25. For every W ∈ M,

D0(W) = −(dϕ)W
(
H⃗fib(W)

)
.

Proof. All quantities are evaluated at the fixed point W. By Lemma 7.9,

(dϕ)(Ka) = 0 for every a.
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With the flat connections on source and target, this gives

∇2ϕ(Ka, Kb) = −(dϕ)(∇KaKb).

Use the Gauss formula for the embedding M ⊂ GL(d,C)N :

∇KaKb = ∇M
Ka
Kb +BM(Ka, Kb).

The second term is normal to M. By Proposition 7.1, with G = 0, this normal space

is JVW. Hence Lemma 7.10 gives

(dϕ)
(
BM(Ka, Kb)

)
= 0.

Therefore

∇2ϕ(Ka, Kb) = −(dϕ)
(
∇M

Ka
Kb

)
.

The vertical part of ∇M
Ka
Kb is also annihilated by dϕ. Thus only its horizontal part

contributes:

∇2ϕ(Ka, Kb) = −(dϕ)
(
(∇M

Ka
Kb)hor

)
.

Contracting with hab and using (7.5) with G = 0 proves the identity.

The next lemma identifies this mean curvature vector with the gradient of the

entropy on the base.

Lemma 7.26. Let W ∈ M, and set X = ϕ(W). Then

(dϕ)W
(
H⃗fib(W)

)
= −

(
gradgN

SN

)
X
.

Proof. Let Y be a smooth vector field on GL(d,C), and let Y hor be its horizontal lift
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to M. Since Y hor is ϕ-related to Y , its flow maps each fibre of ϕ|M to a nearby fibre.

The first variation formula for the volume of a compact submanifold gives

Y vol(OX) = −
∫

OX

ι
(
H⃗fib, Y

hor
)

d volOX
.

The K-action preserves ι, preserves the horizontal distribution, and acts transitively

on OX . Hence H⃗fib and Y hor are K-equivariant along the fibre, and their inner product

is constant on OX . Therefore

Y SN(X) = −ιW
(
H⃗fib(W), Y hor(W)

)
.

Because ϕ : (M, ι) → (GL(d,C), gN) is a Riemannian submersion,

ιW
(
H⃗fib(W), Y hor(W)

)
=
(
gN

)
X

(
(dϕ)WH⃗fib(W), Y (X)

)
.

Thus

Y SN(X) = −
(
gN

)
X

(
(dϕ)WH⃗fib(W), Y (X)

)
for every vector field Y . This is exactly the stated gradient identity.

Proof of Theorem 7.5. Let X = ϕ(W). Lemma 7.25 gives

D0(W) = −(dϕ)W
(
H⃗fib(W)

)
.

Lemma 7.26 identifies the right-hand side with (gradgN
SN)X . This proves (7.7).

Proof of Corollary 7.6. Let f ∈ C∞(GL(d,C)), and set

u := f ◦ ϕ.
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Then u is constant on the fibres of ϕ|M.

Choose a local gN -orthonormal frame

e1, . . . , e2d2

on GL(d,C), and let

E1, . . . , E2d2

be the corresponding horizontal lifts to M. Complete these vectors to a local ι-

orthonormal frame

{E1, . . . , E2d2 , V1, . . . , V(N−1)d2},

where the Va are vertical. Since Vau = 0, the Laplacian of u is

∆Mu =
∑

i

(
Ei(Eiu) − (∇M

Ei
Ei)u

)

−
∑

a

(∇M
Va
Va)u.

The first sum equals (∆gN
f) ◦ ϕ, because the Ei are horizontal lifts and ϕ is a

Riemannian submersion.

For the second sum, only the horizontal part of ∑a ∇M
Va
Va acts on u. Hence, by

Definition 7.24, ∑
a

(∇M
Va
Va)u = du

(
H⃗fib

)
.

Using u = f ◦ ϕ and Lemma 7.26,

du
(
H⃗fib

)
= df

(
(dϕ)H⃗fib

)
= −

〈
gradgN

SN , gradgN
f
〉

gN

◦ ϕ.
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Therefore

∆M(f ◦ ϕ) =
(

∆gN
f +

〈
gradgN

SN , gradgN
f
〉

gN

)
◦ ϕ.

Brownian motion on (M, ι) has generator 1
2∆M. The generator of Xt = ϕ(Wt) is

therefore the operator in (7.8). The local Itô form (7.9) is the standard expression for

a diffusion with this generator.

Remark 7.27. Corollary 7.6 gives an intrinsic description of the diffusion on (GL(d,C), gN ).

A formula in a chosen coordinate system would require explicit gN -orthonormal frames

and the corresponding connection coefficients. We do not pursue such a formula for

the closure result.
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The stochastic and submanifold identities used here are standard. For Brownian

motion on Riemannian manifolds and embedded submanifolds, including the extrinsic

Itô description, see Hsu [Hsu02]. For the mean-curvature identities and the first

variation of submanifold volume used in the fibre-volume argument, see Besse [Bes87]

and Lee [Lee18].

The stochastic motivation for DLNs comes from the entropy and the quotient

geometry developed earlier, especially in Chapter 5, and from the Riemannian Langevin

formulation of Menon and Yu [MY26a]. Related work includes Huang, Inauen, and

Menon [HIM23], where Itô drift is identified as motion by mean curvature of the orbit.
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Part III

Infinite-Depth Limit
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Chapter 8

Discrete Exterior Calculus and

Flows on the Fibre

We recast the geometry of a fibre at finite depth as a discrete Hodge theory on

the layer path 0, 1, . . . , N . The moment tuple G becomes the codifferential D∗
WW,

balancedness becomes D∗
WW = 0, and the ridge and Kirwan–Ness flows become

heat-type equations along the path. The final section records the formal scaling laws

leading to the interval model of Chapter 9.

8.1 Main results

Fix N ≥ 2, d ≥ 1, and X ∈ GL(d,C). Let

W = (WN , . . . ,W1) ∈ FX

be a full-rank factorization. We use the cochain spaces

C0
N = {a = (aN−1, . . . , a1) : ak ∈ gl(d,C)} , C1

N = {ξ = (ξN , . . . , ξ1) : ξk ∈ Md(C)} ,
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with the boundary convention a0 = aN = 0. The discrete differential at W is

DW : C0
N → C1

N , (DWa)k = akWk −Wkak−1, 1 ≤ k ≤ N.

Its adjoint is taken with respect to the Frobenius Hermitian products on C0
N and C1

N .

In coordinates,

(D∗
Wξ)k = ξkW

∗
k −W ∗

k+1ξk+1, 1 ≤ k ≤ N − 1.

The first result identifies the fibre with the image of this differential and identifies

the moment tuple with its codifferential.

Theorem 8.1. Let X ∈ GL(d,C) and let W ∈ FX . Then every vertical tangent

vector at W has a unique representation

v = DWa, a ∈ C0
N .

Equivalently,

TWFX = DW(C0
N), DW is injective.

Moreover, (
D∗

WW
)

k
= WkW

∗
k −W ∗

k+1Wk+1, 1 ≤ k ≤ N − 1.

Thus

D∗
WW = G(W),

and W is balanced if and only if D∗
WW = 0.

Define the degree-0 and degree-1 Hodge Laplacians by ∆(0)
W := D∗

WDW and

∆(1)
W := DWD∗

W. The next result gives the coordinate form of the vertical Laplacian.
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Theorem 8.2. For a ∈ C0
N ,

(∆(0)
Wa)k = −Wkak−1W

∗
k + akWkW

∗
k +W ∗

k+1Wk+1ak −W ∗
k+1ak+1Wk+1,

for 1 ≤ k ≤ N − 1. In particular,

⟨a, ∆(0)
Wa⟩0 = ∥DWa∥2

1.

Since DW is injective on a full-rank fibre, ∆(0)
W is positive definite on C0

N .

Thus the block tridiagonal operator from the finite-depth fibre geometry is the

Hodge Laplacian D∗
WDW. The induced metric on the fibre is its Dirichlet form:

gι
W(DWa,DWc) = ℜ ⟨a, ∆(0)

Wc⟩0.

The normal metric is the coefficient metric

gnor
W (DWa,DWc) = ℜ ⟨a, c⟩0.

Let

G := G(W) = D∗
WW.

On the fixed fibre define

R(W) = 1
2

N∑
k=1

tr(W ∗
kWk), E(W) = 1

2

N−1∑
k=1

tr(G2
k).

Here R is the fibrewise ridge regularizer and E is the Kirwan–Ness functional.

The heat equations follow from one identity.
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Functional and
metric

Coefficient α in Ẇ =
−DWα

Moment evolution

R with gι u, where ∆(0)
Wu = G Ġ = −2G

R with gnor G Ġ = −
(
∆(0)

WG + (∆(0)
WG)∗

)
E with gι 2G Ġ = − 2

(
∆(0)

WG + (∆(0)
WG)∗

)
E with gnor 2∆(0)

WG
Ġ = − 2

(
(∆(0)

W)2G

+
(
(∆(0)

W)2G
)∗)

Table 8.1: Discrete fibrewise gradient flows and their corresponding moment evolutions.

Theorem 8.3. Let W(t) ∈ FX be a smooth curve of full-rank factorizations. Suppose

Ẇ = −DWα, α(t) ∈ C0
N .

Then the moment tuple G(t) = G(W(t)) satisfies

Ġ = −
(
∆(0)

Wα +
(
∆(0)

Wα
)∗)

.

The finite-dimensional gradient flows computed in Section 8.3 are summarized in

Table 8.1. In the first row, u denotes the unique solution of ∆(0)
Wu = G.

Theorem 8.4 (One heat equation, two gradient structures). On the full-rank fibre

FX , with G = D∗
WW, one has

− gradgnor R(W) = −1
2 gradgι E(W) = −DWG = −∆(1)

WW. (8.1)

Consequently, the gnor-gradient flow of R and the gι-gradient flow of E trace the same

curves on the fibre, with the constant time change τ = 2t. This common equation is

the discrete Hodge heat equation on the fibre.

We now record the formal scaling laws. Set I = [0, 1], h = 1/N , and xk = kh, and
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assume W h
k = exp

(
h b(xk)

)
, with b : I → gl(d,C). The partial products then satisfy

the formal transport equation

X ′(x) = b(x)X(x), X(0) = I.

For a fixed end-to-end matrix X ∈ GL(d,C), the continuum fibre is obtained by

imposing the endpoint condition X(1) = X.

The next two statements are formal continuum statements. They are Taylor-

expansion limits of the discrete expressions. The stated O(h) remainders are asserted

under C2 regularity. With only C1 data, the same limiting expressions hold with o(1)

errors, or with errors controlled by the modulus of continuity of the first derivatives.

Proposition 8.5. Assume that a, b, ξ are C2 on I, and assume the based boundary

condition

a(0) = a(1) = 0.

Set

ak = a(xk), ξk = ξ(xk).

Under the scaling W h
k = exp(hb(xk)),

1
h

(DWha)k = a′(xk) + [a(xk), b(xk)] +O(h),

and
1
h

(D∗
Whξ)k = −ξ′(xk) + [ξ(xk), b(xk)∗] +O(h),

uniformly in k. Thus the formal limiting operators are

∇ba = a′ + [a, b], ∇∗
bξ = −ξ′ + [ξ, b∗].
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The operator ∇∗
b is the L2-adjoint of ∇b under the based condition a(0) = a(1) = 0.

The corresponding continuum Laplacians are

∆(0)
b = ∇∗

b∇b, ∆(1)
b = ∇b∇∗

b .

Proposition 8.6. Assume that b is C2 on I. Define the renormalized discrete moment

by

ωh
k := 1

h2

(
W h

k (W h
k )∗ − (W h

k+1)∗W h
k+1

)
, 1 ≤ k ≤ N − 1.

Then

ωh
k = −(b+ b∗)′(xk) + [b(xk), b(xk)∗] +O(h),

uniformly in k. Hence the formal continuum moment field is

µ∞(b) = −(b+ b∗)′ + [b, b∗].

Equivalently,

µ∞(b) = ∇∗
b(b+ b∗).

The continuum equation for balancedness suggested by the discrete equation

D∗
WW = 0 is therefore

µ∞(b) = 0.

The ridge regularizer itself does not produce a nontrivial continuum fibre functional

under this scaling. The object that survives is the renormalized moment energy

1
2

∫ 1

0
tr
(
µ∞(b)(x)∗µ∞(b)(x)

)
dx,

which becomes the continuum Kirwan–Ness functional in Chapter 9.
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8.2 A layerwise discrete exterior calculus

We now prove the finite-depth Hodge statements from Section 8.1. Fix a depth N ≥ 2

and a width d ≥ 1. The oriented path has vertices 0, 1, . . . , N , and edge k is oriented

from k − 1 to k.

A matrix ak ∈ gl(d,C) at the internal vertex k represents an infinitesimal change

of frame at that layer. A variation of the tuple of weights assigns a matrix to each

edge. Thus the natural cochain spaces are

C0
N := {a = (aN−1, . . . , a1) : ak ∈ gl(d,C)} ,

C1
N := {ξ = (ξN , . . . , ξ1) : ξk ∈ Md(C)} .

(8.2)

We impose the based boundary condition a0 = aN = 0. These conditions at the

endpoints express that a fibre fixes the input and output frames.

Equip the two cochain spaces with the Frobenius Hermitian products

⟨a, b⟩0 =
N−1∑
k=1

tr(a∗
kbk), ⟨ξ, η⟩1 =

N∑
k=1

tr(ξ∗
kηk). (8.3)

Definition 8.7. For a tuple of weights

W = (WN , . . . ,W1) ∈ GL(d,C)N ,

the discrete differential at W is

DW : C0
N → C1

N , (DWa)k = akWk −Wkak−1, 1 ≤ k ≤ N. (8.4)

Its adjoint

D∗
W : C1

N → C0
N
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is defined by

⟨DWa, ξ⟩1 = ⟨a, D∗
Wξ⟩0. (8.5)

Remark 8.8. If Wk = I for every k, then

(DWa)k = ak − ak−1, (D∗
Wξ)k = ξk − ξk+1. (8.6)

Thus DW is the ordinary discrete differential on the path, and D∗
W is the corresponding

codifferential. For a general tuple W, the matrix Wk transports the coefficient at

vertex k− 1 across edge k. In this sense, DW is a covariant differential along the path.

Lemma 8.9. The adjoint of DW is

(D∗
Wξ)k = ξkW

∗
k −W ∗

k+1ξk+1, 1 ≤ k ≤ N − 1. (8.7)

Proof. Using (8.4), we expand

⟨DWa, ξ⟩1 =
N∑

k=1
tr
(
(akWk −Wkak−1)∗ξk

)
.

Since

(akWk −Wkak−1)∗ = W ∗
k a

∗
k − a∗

k−1W
∗
k ,

cyclic invariance of trace gives

⟨DWa, ξ⟩1 =
N∑

k=1
tr(a∗

kξkW
∗
k ) −

N∑
k=1

tr(a∗
k−1W

∗
k ξk).

Reindex the second sum:

N∑
k=1

tr(a∗
k−1W

∗
k ξk) =

N−1∑
k=0

tr(a∗
kW

∗
k+1ξk+1).
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The terms with a0 and aN vanish by the based boundary condition a0 = aN = 0.

Therefore

⟨DWa, ξ⟩1 =
N−1∑
k=1

tr
(
a∗

k(ξkW
∗
k −W ∗

k+1ξk+1)
)
,

which is exactly (8.7).

Remark 8.10. If one inserts the mesh factor h = 1/N into both inner products,

⟨a, b⟩0,h = h
N−1∑
k=1

tr(a∗
kbk), ⟨ξ, η⟩1,h = h

N∑
k=1

tr(ξ∗
kηk), (8.8)

then the formula (8.7) is unchanged, because the common factor h cancels in the

adjoint relation. These are the Riemann-sum inner products used in the continuum

limit.

Lemma 8.11. Let a ∈ C0
N , with the convention a0 = aN = 0. The vector generated by

the curve eta · W, where eta := (etaN−1 , . . . , eta1), is

d

dt

∣∣∣∣∣
t=0

(
eta · W

)
= DWa. (8.9)

Proof. The group action has components

(eta · W)k = etakWke
−tak−1 , 1 ≤ k ≤ N,

where a0 = aN = 0. Differentiating at t = 0 gives

d

dt

∣∣∣∣∣
t=0

(etakWke
−tak−1) = akWk −Wkak−1 = (DWa)k.
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Proof of Theorem 8.1. Let

Yk := WkWk−1 · · ·W1, Y0 := I.

For a variation v = (vN , . . . , v1) ∈ C1
N , let δYk denote the induced variation of Yk.

Then

δYk = vkYk−1 +WkδYk−1, δY0 = 0. (8.10)

The variation v is tangent to the fibre FX if and only if δYN = 0.

First suppose that v = DWa. We claim that

δYk = akYk, 0 ≤ k ≤ N.

Indeed, using (8.10) and (8.4),

δYk = (akWk −Wkak−1)Yk−1 +Wkak−1Yk−1 = akYk.

Since aN = 0, this gives δYN = 0. Hence DW(C0
N) ⊂ TWFX .

Conversely, let v ∈ TWFX . Since X is invertible, every Wk and every Yk is

invertible. Define

ak := δYkY
−1

k , 0 ≤ k ≤ N.

Then a0 = 0, and the vertical condition δYN = 0 gives aN = 0. Multiplying (8.10) on

the right by Y −1
k−1 gives

akWk = vk +Wkak−1.

Thus

vk = akWk −Wkak−1 = (DWa)k.
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Therefore TWFX = DW(C0
N).

The same construction proves uniqueness. For a given vertical vector v, the

quantities δYk are determined by (8.10), and hence ak = δYkY
−1

k is forced. Equivalently,

if DWa = 0, then a1W1 = 0, so a1 = 0, and induction in k gives ak = 0 for all

1 ≤ k ≤ N − 1. Thus DW is injective.

It remains to identify the moment tuple. Apply (8.7) with ξ = W. For 1 ≤ k ≤

N − 1,

(D∗
WW)k = WkW

∗
k −W ∗

k+1Wk+1 = Gk(W). (8.11)

Thus

D∗
WW = G(W).

By definition, W is balanced precisely when all the matrices Gk(W) vanish. Hence

balancedness is equivalent to D∗
WW = 0.

Definition 8.12. The degree-0 and degree-1 Hodge Laplacians are ∆(0)
W := D∗

WDW :

C0
N → C0

N and ∆(1)
W := DWD∗

W : C1
N → C1

N .

Proof of Theorem 8.2. Using (8.7) with ξ = DWa, we have

(∆(0)
Wa)k = (DWa)kW

∗
k −W ∗

k+1(DWa)k+1.

Substitute

(DWa)k = akWk −Wkak−1, (DWa)k+1 = ak+1Wk+1 −Wk+1ak.

213



Then, for 1 ≤ k ≤ N − 1,

(∆(0)
Wa)k = (akWk −Wkak−1)W ∗

k −W ∗
k+1(ak+1Wk+1 −Wk+1ak)

= −Wkak−1W
∗
k + akWkW

∗
k +W ∗

k+1Wk+1ak −W ∗
k+1ak+1Wk+1. (8.12)

This is the coordinate formula for ∆(0)
W .

The Dirichlet identity follows from adjointness:

⟨a, ∆(0)
Wa⟩0 = ⟨a, D∗

WDWa⟩0 = ⟨DWa, DWa⟩1 = ∥DWa∥2
1. (8.13)

The right-hand side is nonnegative. If it vanishes, then DWa = 0, and Theorem 8.1

gives a = 0. Therefore ∆(0)
W is positive definite on C0

N .

Remark 8.13. The block tridiagonal operator in (8.12) is the same operator CN−1 from

(5.26). This coordinate formula identifies it intrinsically as ∆(0)
W = D∗

WDW. Thus the

operator is not an additional structure on the fibre; it is the degree-0 Hodge Laplacian

determined by the layerwise differential.

8.3 Heat flows on the fibre

Fix X ∈ GL(d,C) and

W = (WN , . . . ,W1) ∈ FX .

Throughout this section we write

G(W) = D∗
WW.
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The purpose of the section is to prove the finite-dimensional heat-flow assertions stated

in Section 8.1. The vertical tangent space has already been identified with DW(C0
N),

and the moment tuple with D∗
WW. We now use these identifications to define the

two metrics on the fibre and compute the four fibrewise gradients.

Definition 8.14 (Induced and normal metrics on the fibre). For a, c ∈ C0
N , define

gι
W(DWa,DWc) := ℜ ⟨DWa, DWc⟩1, (8.14)

gnor
W (DWa,DWc) := ℜ ⟨a, c⟩0. (8.15)

The first metric is the one induced by the Frobenius metric on Md(C)N . The second

metric is obtained by transporting the Frobenius metric on the coefficient space C0
N

through the isomorphism

a 7−→ DWa.

We call it the normal metric.

Proposition 8.15. For a, c ∈ C0
N ,

gι
W(DWa,DWc) = ℜ ⟨a, ∆(0)

Wc⟩0. (8.16)

Proof. By adjointness,

gι
W(DWa,DWc) = ℜ ⟨DWa, DWc⟩1 = ℜ ⟨a, D∗

WDWc⟩0 = ℜ ⟨a, ∆(0)
Wc⟩0.
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Definition 8.16. On the fixed fibre FX define

R(W) := 1
2 ⟨W, W⟩1 = 1

2

N∑
k=1

tr(W ∗
kWk), (8.17)

E(W) := 1
2 ⟨G, G⟩0 = 1

2

N−1∑
k=1

tr
(
Gk(W)2

)
. (8.18)

Here G(W) = D∗
WW. Thus R is the fibrewise ridge regularizer, and E is the fibrewise

Kirwan–Ness functional introduced in Chapter 2.

Proposition 8.17. For a ∈ C0
N ,

dRW[DWa] = ℜ ⟨G, a⟩0. (8.19)

Proof. The differential of R in the direction DWa is

dRW[DWa] = ℜ ⟨W, DWa⟩1.

Using adjointness and the identity D∗
WW = G,

ℜ ⟨W, DWa⟩1 = ℜ ⟨D∗
WW, a⟩0 = ℜ ⟨G, a⟩0.

Proposition 8.18. For a ∈ C0
N ,

dGW[DWa] = ∆(0)
Wa+

(
∆(0)

Wa
)∗
. (8.20)

Consequently,

dEW[DWa] = 2 ℜ ⟨G, ∆(0)
Wa⟩0. (8.21)
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Proof. Set

v = DWa.

Since

Gk(W) = WkW
∗
k −W ∗

k+1Wk+1,

we have

dGk,W[v] = vkW
∗
k +Wkv

∗
k − v∗

k+1Wk+1 −W ∗
k+1vk+1.

On the other hand,

(∆(0)
Wa)k = (DWa)kW

∗
k −W ∗

k+1(DWa)k+1 = vkW
∗
k −W ∗

k+1vk+1.

Taking the adjoint gives

(
(∆(0)

Wa)k

)∗
= Wkv

∗
k − v∗

k+1Wk+1.

Adding these two identities proves (8.20).

Now differentiate (8.18). Since each Gk is Hermitian,

dEW[DWa] = ℜ ⟨G, ∆(0)
Wa+

(
∆(0)

Wa
)∗

⟩0.

For Hermitian G,

ℜ ⟨G,
(
∆(0)

Wa
)∗

⟩0 = ℜ ⟨G, ∆(0)
Wa⟩0.

Hence

dEW[DWa] = 2 ℜ ⟨G, ∆(0)
Wa⟩0.
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Proof of Theorem 8.3. At each time t, apply Proposition 8.18 at W(t). If

Ẇ = −DWα,

then

Ġ = dGW[Ẇ] = −dGW[DWα].

Using (8.20) with a = α gives

Ġ = −
(
∆(0)

Wα +
(
∆(0)

Wα
)∗)

.

Lemma 8.19. Let F be a smooth function on FX , and write every tangent vector as

DWa. Let r ∈ C0
N .

1. If

dFW[DWa] = ℜ ⟨r, a⟩0 for all a ∈ C0
N ,

then

gradgnor F (W) = DWr,

and

gradgι F (W) = DWβ, ∆(0)
Wβ = r.

2. If

dFW[DWa] = ℜ ⟨r, ∆(0)
Wa⟩0 for all a ∈ C0

N ,
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then

gradgι F (W) = DWr,

and

gradgnor F (W) = DW
(
∆(0)

Wr
)
.

Proof. By Theorem 8.1, every tangent vector has a unique coefficient. Thus each

gradient has the form DWβ for a unique β ∈ C0
N .

For the normal metric,

gnor
W (DWβ,DWa) = ℜ ⟨β, a⟩0.

Therefore the first differential identity gives β = r. If the second identity holds, then

self-adjointness of ∆(0)
W gives

ℜ ⟨r, ∆(0)
Wa⟩0 = ℜ ⟨∆(0)

Wr, a⟩0,

so β = ∆(0)
Wr.

For the induced metric, Proposition 8.15 gives

gι
W(DWβ,DWa) = ℜ ⟨β, ∆(0)

Wa⟩0 = ℜ ⟨∆(0)
Wβ, a⟩0.

Thus the first differential identity gives

∆(0)
Wβ = r.

The operator ∆(0)
W is positive definite by Theorem 8.2, so this equation has a unique
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solution. If the second differential identity holds, then

ℜ ⟨β − r, ∆(0)
Wa⟩0 = 0 for all a.

Since ∆(0)
W is invertible, this implies β = r.

Proof of the four finite-dimensional flow formulas in Section 8.1. We use the notation

G = G(W).

First consider R. By Proposition 8.17,

dRW[DWa] = ℜ ⟨G, a⟩0.

The first part of Lemma 8.19 gives the gι-gradient in the form DWu, where

∆(0)
Wu = G.

Hence the negative gι-gradient flow of R is

Ẇ = −DWu, ∆(0)
Wu = G. (8.22)

Applying Theorem 8.3 with α = u gives

Ġ = −
(
∆(0)

Wu+
(
∆(0)

Wu
)∗)

.

Since G is Hermitian, (8.22) yields

Ġ = −2G. (8.23)
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For the normal metric, the first part of Lemma 8.19 gives

gradgnor R(W) = DWG.

Since G = D∗
WW,

DWG = DWD∗
WW = ∆(1)

WW.

Thus the negative gnor-gradient flow of R is

Ẇ = −DWG = −∆(1)
WW. (8.24)

Theorem 8.3, with α = G, gives

Ġ = −
(
∆(0)

WG +
(
∆(0)

WG
)∗)

. (8.25)

Now consider E . By Proposition 8.18,

dEW[DWa] = 2 ℜ ⟨G, ∆(0)
Wa⟩0.

The second part of Lemma 8.19, with r = 2G, gives

gradgι E(W) = 2DWG.

Therefore the negative gι-gradient flow of E is

Ẇ = −2DWG = −2∆(1)
WW. (8.26)
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Theorem 8.3, with α = 2G, gives

Ġ = −2
(
∆(0)

WG +
(
∆(0)

WG
)∗)

. (8.27)

Finally, the normal metric and the second part of Lemma 8.19 give

gradgnor E(W) = 2DW
(
∆(0)

WG
)
.

Since G = D∗
WW,

DW
(
∆(0)

WG
)

= DWD∗
WDWD∗

WW =
(
∆(1)

W

)2
W.

Thus the negative gnor-gradient flow of E is

Ẇ = −2DW
(
∆(0)

WG
)

= −2
(
∆(1)

W

)2
W. (8.28)

Theorem 8.3, with

α = 2∆(0)
WG,

gives

Ġ = −2
(
(∆(0)

W)2G +
(
(∆(0)

W)2G
)∗)

. (8.29)

These four computations give the four finite-dimensional flow formulas stated in

Section 8.1.

Proof of Theorem 8.4. Equation (8.24) gives

− gradgnor R(W) = −DWG.
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Equation (8.26) gives

− gradgι E(W) = −2DWG,

and therefore

−1
2 gradgι E(W) = −DWG.

Finally, since G = D∗
WW,

DWG = DWD∗
WW = ∆(1)

WW.

This proves (8.1). The two vector fields differ only by the constant factor 2 before the

normalization in (8.1). Hence their integral curves agree after the time change τ = 2t.

The moment equations (8.25) and (8.27) differ by the same factor, so the same time

change identifies the corresponding evolutions of G.

Remark 8.20 (Two gradient structures for one heat equation). Theorem 8.4 is analogous

to the classical heat equation: in Euclidean space the heat flow is the L2-gradient

flow of the Dirichlet energy, while in Wasserstein geometry it is the gradient flow of

entropy [JKO98; Ott01]. Here the same discrete equation along the layer path arises

from two pairs,

(R, gnor) and (E , gι).

Changing the metric changes the functional, but not the underlying dissipative

dynamics, except for a constant rescaling of time.

Equations (8.24) and (8.26) give the precise heat-equation interpretation. The layer

index is the base variable, G = D∗
WW is the discrete divergence, and balancedness

is the zero divergence condition. Thus the fibrewise regularizer dynamics dissipate

imbalance along depth.
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8.4 The formal continuum limit

In Sections 8.2 and 8.3, we rewrote the geometry of a fibre at depth N as a discrete

Hodge theory on the path 0, 1, . . . , N . We now let this path converge formally to the

interval. The calculations in this section are Taylor expansions under the smoothness

assumptions stated below. Whenever an O(h) remainder is claimed after division

by h, we assume enough regularity to have second-order Taylor remainders; C2 is

the clean hypothesis. With only C1 data, the same limiting equations hold, but

the corresponding errors are o(1), or more explicitly controlled by the modulus of

continuity of the first derivative. In Chapter 9, we place the corresponding continuum

objects in Sobolev spaces and give the gauge-theoretic model.

Set I = [0, 1], h := 1/N , and xk := kh for 0 ≤ k ≤ N . Thus the index of the layer

becomes the point xk of the mesh.

8.4.1 Scaling and transport

A nontrivial limit requires each layer to be a small step over an interval of length h.

We impose the scaling W h
k = exp

(
h b(xk)

)
, with b : I → gl(d,C). Equivalently,

W h
k = I + h b(xk) +O(h2),

but the exponential form preserves invertibility at every depth.

Let

Wh := (W h
N , . . . ,W

h
1 ),

and define the partial products

Xh
0 := I, Xh

k := W h
k W

h
k−1 · · ·W h

1 , 1 ≤ k ≤ N. (8.30)
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The matrix Xh
k transports the frame at the left endpoint to the point xk. This is the

source of the continuum transport equation.

Write

bk := b(xk).

Since b is bounded on I,

∥W h
k ∥ ≤ exp(h∥b∥L∞), ∥Xh

k ∥ ≤ exp(∥b∥L∞),

so the following error estimates are uniform in k. From the Taylor expansion of the

exponential,

W h
k = I + h bk +O(h2).

Using Xh
k = W h

k X
h
k−1, we get

Xh
k −Xh

k−1
h

= bkX
h
k−1 +O(h). (8.31)

Thus the formal continuum equation is

X ′(x) = b(x)X(x), X(0) = I. (8.32)

Equation (8.32) fixes only the left endpoint. For a prescribed end-to-end matrix

Xend ∈ GL(d,C), the formal continuum fibre is obtained by imposing X(1) = Xend.

This is the continuum analogue of fixing the product WN · · ·W1 at depth N .

8.4.2 Operators after rescaling

The operators DWh and D∗
Wh are of order h under this near-identity scaling. Their

continuum limits therefore come from h−1DWh and h−1D∗
Wh .
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Let

ak := a(xk), ξk := ξ(xk),

where

a : I → gl(d,C), ξ : I → Md(C).

We use the based condition

a(0) = a(1) = 0,

which matches the finite-depth convention a0 = aN = 0.

Definition 8.21. For a smooth coefficient field b : I → gl(d,C), define

∇ba := a′ + [a, b], ∇∗
bξ := −ξ′ + [ξ, b∗]. (8.33)

The associated continuum Laplacians are

∆(0)
b := ∇∗

b∇b, ∆(1)
b := ∇b∇∗

b . (8.34)

Proof of Proposition 8.5. All error terms below are uniform in the index k, because

the functions involved are C2 on the compact interval I. Write

bk := b(xk), W h
k = I + h bk +O(h2).

For the differential,

(DWha)k = akW
h
k −W h

k ak−1.

Taylor’s theorem gives

ak−1 = ak − h a′(xk) +O(h2).
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Hence

(DWha)k = ak(I + h bk +O(h2)) − (I + h bk +O(h2))(ak − h a′(xk) +O(h2))

= h
(
a′(xk) + akbk − bkak

)
+O(h2)

= h
(
a′(xk) + [a(xk), b(xk)]

)
+O(h2).

Dividing by h gives the first limit.

For the codifferential,

(D∗
Whξ)k = ξk(W h

k )∗ − (W h
k+1)∗ξk+1, 1 ≤ k ≤ N − 1.

We have

(W h
k )∗ = I + h b∗

k +O(h2), (W h
k+1)∗ = I + h b∗

k+1 +O(h2),

and

ξk+1 = ξk + h ξ′(xk) +O(h2), b∗
k+1 = b∗

k +O(h).

Therefore

(D∗
Whξ)k = ξk(I + h b∗

k +O(h2))

− (I + h b∗
k+1 +O(h2))(ξk + h ξ′(xk) +O(h2))

= h
(
−ξ′(xk) + ξkb

∗
k − b∗

kξk

)
+O(h2)

= h
(
−ξ′(xk) + [ξ(xk), b(xk)∗]

)
+O(h2).

Dividing by h gives the second limit.

The sign in (8.33) is fixed by the L2 adjoint relation. For smooth a with a(0) =
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a(1) = 0 and smooth ξ, one has

∫ 1

0
tr
(
(∇ba)∗(x) ξ(x)

)
dx =

∫ 1

0
tr
(
a(x)∗(∇∗

bξ)(x)
)
dx. (8.35)

Adjointness calculation. Expand

(∇ba)∗ = a′∗ + [a, b]∗ = a′∗ + [b∗, a∗].

Then ∫ 1

0
tr
(
(∇ba)∗ξ

)
dx =

∫ 1

0
tr(a′∗ξ) dx+

∫ 1

0
tr([b∗, a∗]ξ) dx.

The boundary condition on a gives

∫ 1

0
tr(a′∗ξ) dx = −

∫ 1

0
tr(a∗ξ′) dx.

For the commutator term, cyclicity of trace gives

tr([b∗, a∗]ξ) = tr(b∗a∗ξ − a∗b∗ξ) = tr(a∗(ξb∗ − b∗ξ)) = tr(a∗[ξ, b∗]).

Combining these identities yields (8.35).

8.4.3 The renormalized moment

Balancedness at finite depth is the equation D∗
WW = 0. Under this scaling, the

corresponding moment is not of order h but of order h2. The first-order terms cancel

because W h
k (W h

k )∗ and (W h
k )∗W h

k have the same linear part. Thus the continuum field

of moments appears only after division by h2.

228



Definition 8.22. For the scaled tuple Wh = (W h
N , . . . ,W

h
1 ), define

ωh
k := 1

h2Gk(Wh) = 1
h2

(
W h

k (W h
k )∗ − (W h

k+1)∗W h
k+1

)
, 1 ≤ k ≤ N − 1. (8.36)

Definition 8.23. The formal field of moments in the continuum is

µ∞(b) := −(b+ b∗)′ + [b, b∗]. (8.37)

Proof of Proposition 8.6. Write

bk := b(xk), bk+1 := b(xk+1).

The exponential expansion gives, uniformly in k,

ehbkehb∗
k = I + h(bk + b∗

k) + h2
(1

2b
2
k + bkb

∗
k + 1

2(b∗
k)2
)

+O(h3),

and

ehb∗
k+1ehbk+1 = I + h(bk+1 + b∗

k+1) + h2
(1

2(b∗
k+1)2 + b∗

k+1bk+1 + 1
2b

2
k+1

)
+O(h3).

Since bk+1 − bk = O(h), the square terms

1
2b

2
k − 1

2b
2
k+1,

1
2(b∗

k)2 − 1
2(b∗

k+1)2

contribute only O(h3) to the difference. Hence

Gk(Wh) = h
(
(bk + b∗

k) − (bk+1 + b∗
k+1)

)
+ h2

(
bkb

∗
k − b∗

k+1bk+1
)

+O(h3). (8.38)
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Taylor’s theorem gives

bk+1 = bk + h b′(xk) +O(h2), b∗
k+1 = b∗

k + h (b∗)′(xk) +O(h2).

Therefore

(bk + b∗
k) − (bk+1 + b∗

k+1) = −h(b+ b∗)′(xk) +O(h2),

and

bkb
∗
k − b∗

k+1bk+1 = bkb
∗
k − b∗

kbk +O(h) = [b(xk), b(xk)∗] +O(h).

Dividing (8.38) by h2 yields

ωh
k = −(b+ b∗)′(xk) + [b(xk), b(xk)∗] +O(h) = µ∞(b)(xk) +O(h),

which is the desired formal limit.

Finally, by (8.33),

µ∞(b) = ∇∗
b(b+ b∗). (8.39)

Indeed,

∇∗
b(b+ b∗) = −(b+ b∗)′ + [b+ b∗, b∗] = −(b+ b∗)′ + [b, b∗].

Thus the finite-depth balancedness equation D∗
WW = 0 formally becomes

µ∞(b) = 0. (8.40)

This observation anticipates the gauge-theoretic formulation of Chapter 9.
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Remark 8.24 (Restricted Nahm equation). Write

b = −T0 − iT1, T0, T1 : I → u(d).

Then

b+ b∗ = −2iT1, [b, b∗] = 2i[T0, T1].

Hence

µ∞(b) = 2i
(
T ′

1 + [T0, T1]
)
.

The continuum balancedness equation (8.40) is therefore equivalent to

T ′
1 + [T0, T1] = 0.

This is the one-component reduction of Nahm’s equations obtained by setting the

remaining two components to zero [Don84].

Remark 8.25. The ridge regularizer itself does not produce a nontrivial functional on

a fixed continuum fibre at the natural scale. Indeed, under the near-identity scaling

W h
k = exp

(
h b(xk)

)
,

(W h
k )∗W h

k = I + h(bk + b∗
k) +O(h2), (8.41)

and therefore
R(Wh) = 1

2

N∑
k=1

tr
(
(W h

k )∗W h
k

)

= Nd

2 + h

2

N∑
k=1

tr(bk + b∗
k) +O(h).

(8.42)

The leading term diverges. The next term has the formal limit

1
2

∫ 1

0
tr(b+ b∗) dx = log | detXend|,
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where Xend is the endpoint satisfying X(1) = Xend. Thus this term is fixed on the

fibre. Consequently, the ridge regularizer carries no nontrivial fibre dependence in the

continuum limit considered here.

By contrast, the renormalized energy of the moment has the formal Riemann-sum

limit
1
2 h

N−1∑
k=1

tr
(
(ωh

k )∗ωh
k

)
−→ 1

2

∫ 1

0
tr
(
µ∞(b)(x)∗µ∞(b)(x)

)
dx. (8.43)

This is the continuum Kirwan–Ness functional used in Chapter 9.

The formal limit has therefore isolated the continuum structures that survive the

near-identity regime. The discrete differential DW becomes the covariant derivative

∇b, while the finite moment D∗
WW, after the h−2 renormalization in (8.36), becomes

the continuum moment field µ∞(b). Chapter 9 turns this formal picture into a gauge

theory on the interval: it chooses the Sobolev configuration space, defines the based

gauge action, identifies the continuum moment map, and returns to the fibre metrics

and heat flows in that analytic setting.
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background used in Remark 8.24, see Donaldson [Don84].
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Chapter 9

Gauge Theory on the Interval

We construct the infinite-depth model on the interval within a Sobolev framework.

A coefficient b ∈ H1([0, 1], gl(d,C)) determines a path Xb by the transport equation

X ′
b = bXb, Xb(0) = I. For a given matrix X ∈ GL(d,C), the corresponding fibre is

defined by the endpoint condition Xb(1) = X.

The symmetry group consists of gauge transformations that are equal to the

identity at both endpoints. After setting up the Sobolev spaces, the final section gives

a formal derivation of the heat flows on the fibre.

Remark 9.1. Karen Uhlenbeck observed that the infinite-depth DLN should be in-

terpreted through the lens of Yang–Mills theory [Uhl26]. In this interpretation, the

continuum model on the interval is viewed as a one-dimensional gauge theory, with

the moment field playing the role of curvature and balancedness corresponding to the

vanishing of this field.

9.1 Main results

Set B := H1
(
[0, 1], gl(d,C)

)
. For b ∈ B, let Xb solve the transport equation, and

define the endpoint map by ϕ∞(b) := Xb(1). For X ∈ GL(d,C), the continuum fibre

over X is F∞
X := ϕ−1

∞ (X).
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The based complex and unitary gauge groups are

G := {g ∈ H2([0, 1],GL(d,C)) : g(0) = g(1) = I},

and

K := {u ∈ H2([0, 1],U(d)) : u(0) = u(1) = I}.

The action of G on B is

b(g) := gbg−1 + g′g−1. (9.1)

For either g = gl(d,C) or g = u(d), write

H2
0 ([0, 1], g) := {a ∈ H2([0, 1], g) : a(0) = a(1) = 0}.

The infinitesimal gauge operator at b is ∇ba := a′ + [a, b]. Its formal L2 adjoint is

∇∗
bZ := −Z ′ + [Z, b∗].

Remark 9.2. In Yang–Mills theory on a circle, the symmetry is the full loop group,

and the natural gauge-invariant object is the conjugacy class of the holonomy. If one

instead fixes a frame at a base point, this symmetry is reduced to the based loop

group, and the holonomy element itself is well defined.

The DLN interval model is framed at both endpoints. The conditions Xb(0) = I

and Xb(1) = Y fix the input and output frames, so the endpoint matrix is not

taken modulo conjugacy. The relevant symmetry group therefore consists of gauge

transformations that are the identity at the endpoints. In this sense, the continuum

fibre is a one-dimensional gauge model for a factorization with prescribed product.

The first result identifies the continuum fibre with the orbit of the based complex

gauge group.
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Theorem 9.3. The endpoint map

ϕ∞ : B → GL(d,C)

is a smooth submersion. Hence, for every X ∈ GL(d,C), the fibre F∞
X is a smooth

Hilbert submanifold of B. Moreover, F∞
X is a single G-orbit under (9.1), and for every

b ∈ F∞
X ,

TbF∞
X = ∇bH

2
0

(
[0, 1], gl(d,C)

)
.

We next record the Hamiltonian structure of the based unitary action. On B we

use the L2 Hermitian form

hL2(α, β) :=
∫ 1

0
tr(α(x)∗β(x)) dx,

with symplectic form

ω(α, β) := ℑhL2(α, β).

For R ∈ L2([0, 1],Herm(d)) and ξ ∈ H2
0 ([0, 1], u(d)), define the weak pairing

⟨R, ξ⟩ := −1
2

∫ 1

0
ℑ tr(R(x)ξ(x)) dx. (9.2)

The continuum moment field is µ∞(b) := −(b+ b∗)′ + [b, b∗].

Theorem 9.4. The action of K on (B, ω) is Hamiltonian. With respect to the pairing

(9.2), a moment map is

µ∞ : B → L2([0, 1],Herm(d)), µ∞(b) = −(b+ b∗)′ + [b, b∗].
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Equivalently, for every ξ ∈ H2
0 ([0, 1], u(d)),

d(⟨µ∞(·), ξ⟩)b [α] = ω(∇bξ, α) for all b, α ∈ B.

The balanced set is the zero level set of this moment map: M∞ := {b ∈ B :

µ∞(b) = 0}. The following regular-value statement gives this set its Hilbert-manifold

structure.

Proposition 9.5. The map

µ∞ : B = H1([0, 1], gl(d,C)) −→ L2([0, 1],Herm(d))

is smooth as a map of real Hilbert spaces. Moreover, for every b ∈ B, the differential

(Dµ∞)b is surjective. Hence 0 is a regular value of µ∞, and

M∞ = µ−1
∞ (0)

is a smooth Hilbert submanifold of B, with

TbM∞ = ker(Dµ∞)b.

For fixed X ∈ GL(d,C), the balanced part of the continuum fibre is O∞
X :=

F∞
X ∩ M∞.

The next result rewrites balancedness in the positive-definite cone. For b ∈ B, set

Hb(x) := Xb(x)∗Xb(x) ∈ Herm+(d). The trace metric on Herm+(d) is

gtr,H(U, V ) := tr(H−1UH−1V ), U, V ∈ THHerm+(d) ≃ Herm(d). (9.3)
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Its geodesic equation is (H−1H ′)′ = 0.

Theorem 9.6. For every b ∈ B,

(H−1
b H ′

b)′ = −X−1
b µ∞(b)Xb. (9.4)

Consequently, b ∈ M∞ if and only if (H−1
b H ′

b)′ = 0.

On a fixed fibre, the endpoints of Hb are fixed:

Hb(0) = I, Hb(1) = X∗X.

The geodesic equation therefore has a unique solution with these endpoints.

Corollary 9.7. Fix X ∈ GL(d,C) and let b ∈ F∞
X . Then

b ∈ O∞
X ⇐⇒ Hb(x) = exp

(
x log(X∗X)

)
, 0 ≤ x ≤ 1.

An H2 path Y : [0, 1] → GL(d,C) with Y (0) = I determines the coefficient

bY := Y ′Y −1 ∈ B.

We call Y balanced if bY ∈ M∞.

Corollary 9.8. Fix X ∈ GL(d,C), and write its polar decomposition as

X = UX(X∗X)1/2.

An H2 path Y : [0, 1] → GL(d,C) with

Y (0) = I, Y (1) = X
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is balanced if and only if

Y (x) = U(x) exp
(
x

2 log(X∗X)
)
,

where

U ∈ H2([0, 1],U(d)), U(0) = I, U(1) = UX .

Corollary 9.8 shows that two balanced paths with the same endpoint differ by left

multiplication by a based unitary gauge transformation.

Corollary 9.9. For every X ∈ GL(d,C), the balanced fibre O∞
X is a single K-orbit.

It remains to connect this geometry to the fibrewise heat flows suggested by the

discrete theory. Theorems 9.11 and 9.12 identify the formal interior equations.

The continuum Kirwan–Ness energy is

E∞(b) := 1
2

∫ 1

0
tr
(
µ∞(b)(x)∗µ∞(b)(x)

)
dx. (9.5)

For tangent vectors written as ∇ba and ∇bc, define the induced fibre metric by

gι
b(∇ba,∇bc) :=

∫ 1

0
ℜ tr

(
(∇ba)∗∇bc

)
dx, (9.6)

and the normal fibre metric by

gnor
b (∇ba,∇bc) :=

∫ 1

0
ℜ tr(a∗c) dx. (9.7)

These definitions do not depend on the chosen based potentials. Indeed, if ∇ba = 0

and a(0) = 0, then

(X−1
b aXb)′ = X−1

b (∇ba)Xb = 0.
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Thus X−1
b aXb is constant, and since a(0) = 0, we have a ≡ 0. Hence a 7→ ∇ba is

injective on based fields.

For the formal Hodge notation, set

∆(0)
b := ∇∗

b∇b. (9.8)

We also write

∆(1)
b b := ∇bµ∞(b), (∆(1)

b )2b := ∇b∆(0)
b µ∞(b). (9.9)

Let Y be the normalized transport path for b, so that

Yx = bY, Y (0) = I,

and set

H := Y ∗Y.

Define

P := H−1Hx, Q := Px, τH := Hxx −HxH
−1Hx, Γ := −Qxx + [Qx, P ].

(9.10)

Here τH = H(H−1Hx)x is the geodesic residual for the trace metric.

Proposition 9.10. For smooth b,

E∞(b) = 1
2

∫ 1

0
tr
(
H−1τH H

−1τH

)
dx. (9.11)

Thus the continuum Kirwan–Ness energy is the squared norm of the geodesic

residual of H = Y ∗Y for the trace metric.

Theorem 9.11. For smooth b, the formal negative gradient of E∞ with respect to gι
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has the interior form

bt = −2∆(1)
b b = −2∇bµ∞(b). (9.12)

In the variable H = Y ∗Y , the corresponding interior equation is

Ht = 4
(
Hxx −HxH

−1Hx

)
= 4τH . (9.13)

Theorem 9.12. For smooth b, the formal negative gradient of E∞ with respect to gnor

has the interior form

bt = −2(∆(1)
b )2b = −2∇b∆(0)

b µ∞(b). (9.14)

In the variable H = Y ∗Y , the corresponding interior equation is

Ht = 2
(
Γ∗H +HΓ

)
. (9.15)

The corresponding problem on a fixed fibre is obtained by coupling these interior

equations to the endpoint conditions

Y (0, t) = I, Y (1, t) = X, (9.16)

or, after passing to H = Y ∗Y , to

H(0, t) = I, H(1, t) = X∗X.
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9.2 The interval model and its gauge symmetry

The continuum fibre is an interval problem with fixed endpoint frames. The coefficient

b records infinitesimal transport along the variable x, while the endpoint value Xb(1)

records the analogue of the finite product WN · · ·W1. Since the frames at x = 0 and

x = 1 are part of the data, a gauge transformation may change the frame only in the

interior of the interval.

Recall from Section 9.1 that B = H1
(
[0, 1], gl(d,C)

)
, and that the based complex

and unitary gauge groups are

G = {g ∈ H2([0, 1],GL(d,C)) : g(0) = g(1) = I},

K = {u ∈ H2([0, 1],U(d)) : u(0) = u(1) = I}.

A coefficient b ∈ B defines the covariant derivative

Dx = d

dx
− b(x),

and the transport equation is the parallel-transport equation for Dx. With this sign

convention, a change of frame by g sends b to

b(g) = gbg−1 + g′g−1,

as in (9.1). This is the usual one-dimensional connection law [KN63; FU91].

The Sobolev orders are chosen to make this formula closed on B. In one dimension,

H1([0, 1]) ↪→ C0([0, 1]), H2([0, 1]) ↪→ C1([0, 1])
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continuously [AF03]. Thus coefficients in B are continuous, while gauge transformations

in G are continuously differentiable. Moreover, H1([0, 1]) is a Banach algebra, so

pointwise matrix products of H1 functions again belong to H1.

Lemma 9.13. The formula

g · b := b(g) = gbg−1 + g′g−1

defines a smooth left action of G on B.

Proof. Let g ∈ G. Since g ∈ H2([0, 1],GL(d,C)) and inversion is smooth on GL(d,C),

the inverse g−1 also belongs to H2([0, 1],GL(d,C)). Hence

g, g−1, g′ ∈ H1([0, 1]) ∩ C0([0, 1]).

Since H1([0, 1]) is a Banach algebra, both products

gbg−1 and g′g−1

belong to H1([0, 1], gl(d,C)). Therefore b(g) ∈ B.

The identity element acts trivially. If g, h ∈ G, then

h · (g · b) = h
(
gbg−1 + g′g−1

)
h−1 + h′h−1 = (hg)b(hg)−1 + (hg)′(hg)−1.

Thus

h · (g · b) = (hg) · b,

so the action is a left action. Smoothness follows from the continuity of multiplication

in the Sobolev algebras used above and from smoothness of inversion on the open set
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of invertible H2 paths.

Remark 9.14. As explained at the beginning of the chapter, the endpoint framing is

part of the continuum fibre. Thus G and K are based path groups.

9.2.1 The endpoint map

For b ∈ B, let Xb denote the solution of the transport equation, and recall that

ϕ∞(b) = Xb(1). The next lemma supplies the analytic input for Theorem 9.3.

Lemma 9.15. For every b ∈ B, the transport equation

X ′
b = bXb, Xb(0) = I,

has a unique solution

Xb ∈ H2([0, 1],GL(d,C)).

Moreover, the solution map

b 7−→ Xb

is smooth as a map from B to H2([0, 1],Md(C)). Consequently

ϕ∞ : B → GL(d,C)

is smooth, and

(Dϕ∞)b[α] = Xb(1)
∫ 1

0
Xb(t)−1α(t)Xb(t) dt. (9.17)

Proof. Since b ∈ H1([0, 1]) ⊂ C0([0, 1]), the ordinary differential equation has a unique

C1 solution on [0, 1]. Differentiating once more in the weak sense gives

X ′′
b = b′Xb + bX ′

b.
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Here b′ ∈ L2, Xb ∈ C0, b ∈ C0, and X ′
b = bXb ∈ L2. Therefore X ′′

b ∈ L2, so Xb ∈ H2.

The solution remains invertible. Indeed, if Y solves

Y ′ = −Y b, Y (0) = I,

then (Y Xb)′ = 0, and hence Y (x)Xb(x) = I for all x. Thus Xb(x) ∈ GL(d,C) for

every x, and

Xb ∈ H2([0, 1],GL(d,C)).

We next prove smooth dependence on b. Consider

F(b,X) :=
(
X ′ − bX, X(0)

)
,

as a map

F : B ×H2([0, 1],Md(C)) −→ H1([0, 1],Md(C)) × Md(C).

This map is smooth because multiplication

H1 ×H2 −→ H1

is continuous in one dimension. At a solution Xb, the derivative with respect to X is

η 7−→
(
η′ − bη, η(0)

)
.

This operator is an isomorphism: for every

(f, C) ∈ H1([0, 1],Md(C)) × Md(C),
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the linear problem

η′ = bη + f, η(0) = C,

has a unique solution η ∈ H2([0, 1],Md(C)). The inverse is bounded by the usual linear

ODE estimates on the compact interval. The implicit function theorem therefore gives

smoothness of b 7→ Xb.

Now fix b, α ∈ B, and let

Y = (DX)b[α].

Differentiating the transport equation in the direction α gives

Y ′ = bY + αXb, Y (0) = 0. (9.18)

Write Y = XbZ. Since X ′
b = bXb, equation (9.18) gives

Z ′ = X−1
b αXb, Z(0) = 0.

Therefore

Z(1) =
∫ 1

0
Xb(t)−1α(t)Xb(t) dt,

and hence

Y (1) = Xb(1)
∫ 1

0
Xb(t)−1α(t)Xb(t) dt.

Since (Dϕ∞)b[α] = Y (1), this proves (9.17).

Proof of Theorem 9.3. By Lemma 9.15, the endpoint map

ϕ∞ : B → GL(d,C)
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is smooth. We first prove that it is a submersion. Fix b ∈ B and let

M ∈ Tϕ∞(b)GL(d,C) ≃ Md(C)

be arbitrary. Set

R := Xb(1)−1M, α(t) := Xb(t)RXb(t)−1.

Since Xb, X
−1
b ∈ H2, we have α ∈ H1 = B. Moreover,

Xb(t)−1α(t)Xb(t) = R

for every t. Using (9.17), we obtain

(Dϕ∞)b[α] = Xb(1)
∫ 1

0
Rdt = Xb(1)R = M.

Thus (Dϕ∞)b is surjective for every b ∈ B.

Since the target is finite-dimensional, the kernel of (Dϕ∞)b is complemented. The

Banach-space implicit function theorem therefore implies that, for every X ∈ GL(d,C),

F∞
X = ϕ−1

∞ (X)

is a smooth Hilbert submanifold of B.

We next prove that each fibre is a single G-orbit. Let g ∈ G. By Lemma 9.13,

b(g) ∈ B. Differentiate the product gXb:

(gXb)′ = g′Xb + gX ′
b = g′Xb + gbXb =

(
gbg−1 + g′g−1

)
(gXb).
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Thus gXb solves the transport equation with coefficient b(g). Since

(gXb)(0) = g(0)Xb(0) = I,

uniqueness gives

Xb(g)(x) = g(x)Xb(x), 0 ≤ x ≤ 1. (9.19)

Evaluating at x = 1 and using g(1) = I, we get

ϕ∞(b(g)) = Xb(g)(1) = g(1)Xb(1) = Xb(1) = ϕ∞(b).

Therefore the G-orbit of b lies in the fibre through b.

Conversely, let b, c ∈ F∞
X . Define

g(x) := Xc(x)Xb(x)−1.

Since Xb, Xc ∈ H2([0, 1],GL(d,C)), we have

g ∈ H2([0, 1],GL(d,C)).

The endpoint conditions are

g(0) = Xc(0)Xb(0)−1 = I, g(1) = Xc(1)Xb(1)−1 = XX−1 = I.

Thus g ∈ G. Differentiating g = XcX
−1
b gives

g′ = cXcX
−1
b −XcX

−1
b b = cg − gb.
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Rearranging,

c = gbg−1 + g′g−1 = b(g).

Hence any two points in F∞
X lie in the same G-orbit.

It remains to identify the tangent space. Since F∞
X is the level set of the submersion

ϕ∞,

TbF∞
X = ker(Dϕ∞)b.

First let

a ∈ H2
0

(
[0, 1], gl(d,C)

)
.

The path

gs = exp(sa)

lies in G for all real s, because a(0) = a(1) = 0. Differentiating the gauge action at

s = 0 gives
d

ds

∣∣∣∣∣
s=0

b(gs) = a′ + [a, b] = ∇ba.

The endpoint map is invariant under G, so

(Dϕ∞)b[∇ba] = 0.

Therefore

∇bH
2
0

(
[0, 1], gl(d,C)

)
⊆ TbF∞

X .

For the reverse inclusion, let

α ∈ TbF∞
X = ker(Dϕ∞)b.
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Define

m(x) :=
∫ x

0
Xb(t)−1α(t)Xb(t) dt, a(x) := Xb(x)m(x)Xb(x)−1.

The integrand X−1
b αXb lies in H1, so m ∈ H2 and m(0) = 0. Hence a ∈ H2 and

a(0) = 0.

Using (9.17) and α ∈ ker(Dϕ∞)b, we find

0 = (Dϕ∞)b[α] = Xb(1)m(1).

Since Xb(1) is invertible, m(1) = 0, and therefore a(1) = 0. Thus

a ∈ H2
0

(
[0, 1], gl(d,C)

)
.

Finally,

a′ = bXbmX
−1
b +Xbm

′X−1
b −XbmX

−1
b b.

Since m′ = X−1
b αXb, this becomes

a′ = ba+ α− ab.

Consequently,

∇ba = a′ + [a, b] = α.

Thus

TbF∞
X ⊆ ∇bH

2
0

(
[0, 1], gl(d,C)

)
,

and the reverse inclusion proved above gives equality.
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9.3 The continuum moment map and balancedness

In Chapter 4, we identified balancedness with the zero level set of the moment map for

the finite-dimensional unitary symmetry. We now prove the corresponding statement

on the interval.

The finite-depth moment tuple is a codifferential. In the interval model, the same

role is played by applying the formal adjoint ∇∗
bZ = −Z ′ + [Z, b∗] to the Hermitian

part of the coefficient. Indeed,

∇∗
b(b+ b∗) = −(b+ b∗)′ + [b+ b∗, b∗] = −(b+ b∗)′ + [b, b∗] = µ∞(b). (9.20)

Thus the field µ∞(b) is the continuum analogue of the discrete codifferential of the

weight tuple.

We use the weak L2 Hermitian form

hL2(α, β) :=
∫ 1

0
tr(α(x)∗β(x)) dx

on B, and write

gL2(α, β) := ℜhL2(α, β), ω(α, β) := ℑhL2(α, β), Jα := iα.

The form ω is constant on the affine space B, hence closed. It is weakly nondegenerate

because hL2(α, α) > 0 for every nonzero α ∈ B.

Lemma 9.16. The action of K on B preserves gL2, J , and ω.

Proof. Fix u ∈ K. The action is

b 7−→ b(u) := ubu−1 + u′u−1.
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Its differential at any b ∈ B is

α 7−→ uαu−1.

Since u(x) is unitary for every x ∈ [0, 1], pointwise conjugation preserves the Frobenius

Hermitian form:

tr
(
(uαu−1)∗(uβu−1)

)
= tr(α∗β).

After integration over [0, 1], this gives

hL2(uαu−1, uβu−1) = hL2(α, β).

Therefore the action preserves gL2 and ω. It also preserves J , since complex scalar

multiplication commutes with conjugation.

Lemma 9.17. The formula for µ∞ defines a smooth map

µ∞ : B −→ L2([0, 1],Herm(d)).

Its differential at b ∈ B is

(Dµ∞)b[α] = −(α+ α∗)′ + [α, b∗] + [b, α∗]. (9.21)

Proof. If b ∈ B = H1([0, 1], gl(d,C)), then

b+ b∗ ∈ H1, (b+ b∗)′ ∈ L2.

Since H1([0, 1]) is a Banach algebra, the commutator

[b, b∗] = bb∗ − b∗b
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belongs to H1([0, 1], gl(d,C)), hence to L2. Thus µ∞(b) ∈ L2.

The field is Hermitian. Indeed, b + b∗ is Hermitian, so its weak derivative is

Hermitian as an L2 field, and

[b, b∗]∗ = (bb∗ − b∗b)∗ = bb∗ − b∗b = [b, b∗].

Hence µ∞(b) takes values in Herm(d).

Smoothness follows from the smoothness of the linear map b 7→ −(b+ b∗)′ from

H1 to L2 and the smoothness of the quadratic map b 7→ [b, b∗] from H1 to H1 ⊂ L2.

Differentiating the formula for µ∞ in the direction α gives (9.21).

Proof of Theorem 9.4. By Lemma 9.16, the based unitary gauge group acts on (B, ω)

by symplectomorphisms. By Lemma 9.17, the field µ∞ is a smooth map from B to

L2([0, 1],Herm(d)). It remains to verify the moment-map identity.

Let

ξ ∈ H2
0 ([0, 1], u(d)).

The corresponding fundamental vector field is obtained by differentiating b(exp(tξ)) at

t = 0:

Kξ(b) = ξ′ + [ξ, b] = ∇bξ.

Fix b, α ∈ B. Using (9.21) and the pairing (9.2), we get

d(⟨µ∞(·), ξ⟩)b [α] = −1
2

∫ 1

0
ℑ tr

((
−(α + α∗)′ + [α, b∗] + [b, α∗]

)
ξ
)
dx.

We compute the three contributions. For the derivative term, integration by parts
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and the endpoint condition ξ(0) = ξ(1) = 0 give

−1
2

∫ 1

0
ℑ tr

(
−(α+ α∗)′ξ

)
dx = −

∫ 1

0
ℑ tr(αξ′) dx.

Here we used ξ′∗ = −ξ′.

For the first commutator term, cyclicity of trace gives

tr([α, b∗]ξ) = − tr(α[ξ, b∗]).

Hence

−1
2

∫ 1

0
ℑ tr([α, b∗]ξ) dx = 1

2

∫ 1

0
ℑ tr(α[ξ, b∗]) dx.

For the second commutator term,

tr([b, α∗]ξ) = tr(α∗[ξ, b]).

Since [ξ, b]∗ = [ξ, b∗], we have

ℑ tr(α∗[ξ, b]) = −ℑ tr(α[ξ, b∗]).

Therefore

−1
2

∫ 1

0
ℑ tr([b, α∗]ξ) dx = 1

2

∫ 1

0
ℑ tr(α[ξ, b∗]) dx.

Adding the three terms yields

d(⟨µ∞(·), ξ⟩)b [α] =
∫ 1

0
ℑ tr

(
α(−ξ′ + [ξ, b∗])

)
dx.

On the other hand,

(∇bξ)∗ = (ξ′ + [ξ, b])∗ = −ξ′ + [ξ, b∗],
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because ξ∗ = −ξ. Thus

d(⟨µ∞(·), ξ⟩)b [α] =
∫ 1

0
ℑ tr

(
(∇bξ)∗α

)
dx = ω(∇bξ, α).

This is the desired moment-map identity.

Proof of Proposition 9.5. Smoothness follows from Lemma 9.17; equivalently, it fol-

lows from the fact that in one dimension H1 is a Banach algebra and H1 ↪→ C0.

Differentiating the moment field gives

(Dµ∞)b[α] = −(α+ α∗)′ + [α, b∗] + [b, α∗].

We prove surjectivity. Let

R ∈ L2([0, 1],Herm(d))

be arbitrary. Write

a := 1
2(b− b∗) ∈ H1([0, 1], u(d)).

We look for a Hermitian variation α = s = s∗. For such s,

(Dµ∞)b[s] = −2s′ + [s, b∗] + [b, s] = −2s′ − 2[s, a].

Thus it is enough to solve

s′ + [s, a] = −1
2R, s(0) = 0.

This is a first-order linear equation with L2 forcing and continuous coefficients. It has a

unique H1 solution. Since the coefficient s 7→ [s, a] preserves Hermitian matrices, and
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since the forcing and initial condition are Hermitian, the solution remains Hermitian.

Therefore

(Dµ∞)b[s] = R.

So (Dµ∞)b is surjective.

Because (Dµ∞)b is a surjective bounded linear map between Hilbert spaces, its

kernel is complemented. The Hilbert-space regular-value theorem therefore implies

that M∞ = µ−1
∞ (0) is a smooth Hilbert submanifold and that

TbM∞ = ker(Dµ∞)b.

The definitions of M∞ and O∞
X are therefore the direct continuum analogues of the

finite-dimensional definitions. By (9.20), balancedness is the covariant codifferential

equation

∇∗
b(b+ b∗) = 0.

This is the interval version of the discrete identity

G(W) = D∗
WW.

Remark 9.18 (Yang–Mills form, [Uhl26]). Assume for this remark that b is smooth,

and write

b = u− h, u : [0, 1] → u(d), h : [0, 1] → Herm(d).

Equivalently,

u = 1
2(b− b∗), h = −1

2(b+ b∗).
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Then

b+ b∗ = −2h, [b, b∗] = −2[u, h],

and hence

µ∞(b) = 2
(
h′ − [u, h]

)
.

Now place the pair (u, h) on the cylinder [0, 1] × S1 by taking the connection

one-form

A = −u dx+ ih dy.

It is independent of the circle variable y. Its mixed curvature component is

Fxy = ∂x(ih) + [−u, ih] = i
(
h′ − [u, h]

)
.

Thus

µ∞(b) = −2iFxy.

Consequently, the continuum Kirwan–Ness energy (9.5) is, up to the constant factor

fixed by these conventions, the Yang–Mills energy of this one-dimensional reduction.

In this form, the balanced equation says that the mixed curvature component vanishes.

9.4 The path in the positive-definite cone

In Chapter 6, we used the Gram matrices of the partial products to reduce a fixed

finite-depth fibre to a discrete path in the positive-definite cone. In the continuum

limit, this discrete path becomes the actual path Hb(x) = Xb(x)∗Xb(x), where Xb

solves the transport equation. Thus Hb is the positive part of the normalized transport.
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For b ∈ B, the initial point of this path is fixed:

Hb(0) = I.

If b ∈ F∞
X , then ϕ∞(b) = X, and hence

Hb(1) = Xb(1)∗Xb(1) = X∗X.

Therefore a point of the continuum fibre determines a path in Herm+(d) from I to

X∗X. The main point of this section is that balancedness is exactly the condition

that this path be the geodesic between these two endpoints for the trace metric.

For b ∈ B, define the logarithmic velocity of Hb by

Pb := H−1
b H ′

b.

All identities below are equalities in the weak sense for b ∈ B. For smooth fields, the

same calculations are pointwise.

Proposition 9.19. For every b ∈ B,

Pb = X−1
b (b+ b∗)Xb. (9.22)

Proof of Proposition 9.19. Differentiate Hb = X∗
bXb. Using X ′

b = bXb, we obtain

H ′
b = X ′∗

b Xb +X∗
bX

′
b = X∗

b b
∗Xb +X∗

b bXb = X∗
b (b∗ + b)Xb.

Since

H−1
b = X−1

b (X∗
b )−1,
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it follows that

Pb = H−1
b H ′

b = X−1
b (b+ b∗)Xb.

Proof of Theorem 9.6. By Proposition 9.19,

H−1
b H ′

b = X−1
b (b+ b∗)Xb.

Differentiate this identity:

(H−1
b H ′

b)′ = (X−1
b )′(b+ b∗)Xb +X−1

b (b+ b∗)′Xb +X−1
b (b+ b∗)X ′

b.

Since

(X−1
b )′ = −X−1

b b, X ′
b = bXb,

we obtain

(H−1
b H ′

b)′ = −X−1
b b(b+ b∗)Xb +X−1

b (b+ b∗)′Xb

+X−1
b (b+ b∗)bXb

= X−1
b

(
(b+ b∗)′ + [b∗, b]

)
Xb

= −X−1
b

(
−(b+ b∗)′ + [b, b∗]

)
Xb

= −X−1
b µ∞(b)Xb,

where the last equality uses the definition of µ∞. This proves (9.4).

Since Xb(x) is invertible for every x, the identity (H−1
b H ′

b)′ = 0 is equivalent to

µ∞(b) = 0. By the definition of M∞, this is exactly the condition b ∈ M∞.

The equation (H−1H ′)′ = 0 is the geodesic equation for the trace metric (9.3).

258



Thus the moment equation µ∞(b) = 0 becomes, after passing to the positive part of

the transport, the geodesic equation in Herm+(d).

Proof of Corollary 9.7. Let b ∈ F∞
X . Since O∞

X = F∞
X ∩ M∞, Theorem 9.6 gives

b ∈ O∞
X if and only if (H−1

b H ′
b)′ = 0.

Assume first that (H−1
b H ′

b)′ = 0. Set

P := H−1
b H ′

b.

Then P is independent of x. Since Hb and H ′
b are Hermitian,

HbP = H ′
b = (H ′

b)∗ = P ∗Hb.

Evaluating at x = 0, where Hb(0) = I, gives P = P ∗. Thus P is Hermitian.

The equation H ′
b = HbP , together with Hb(0) = I, has the solution

Hb(x) = exp(xP ).

Because b ∈ F∞
X ,

Hb(1) = X∗X.

The matrix X∗X is positive definite, so it has a unique Hermitian logarithm. Hence

P = log(X∗X),

and therefore

Hb(x) = exp
(
x log(X∗X)

)
.

259



Conversely, if

Hb(x) = exp
(
x log(X∗X)

)
,

then

H−1
b H ′

b = log(X∗X),

so (H−1
b H ′

b)′ = 0. The theorem then gives b ∈ O∞
X .

For an H2 path Y : [0, 1] → GL(d,C) with Y (0) = I, write

bY := Y ′Y −1 ∈ B.

Then Y is balanced precisely when bY ∈ M∞.

Proof of Corollary 9.8. Let

LX := log(X∗X).

Assume first that Y is balanced, and set

bY := Y ′Y −1.

Since Y (0) = I and Y (1) = X, we have bY ∈ F∞
X . Since Y is balanced, bY ∈ O∞

X . By

Corollary 9.7,

Y (x)∗Y (x) = exp(xLX).

Define

U(x) := Y (x) exp
(

−x

2LX

)
.

Then

U(x)∗U(x) = exp
(

−x

2LX

)
Y (x)∗Y (x) exp

(
−x

2LX

)
= I,
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so U(x) ∈ U(d) for every x. Since Y ∈ H2 and x 7→ exp(−xLX/2) is smooth, we have

U ∈ H2([0, 1],U(d)). The endpoints are

U(0) = I, U(1) = X(X∗X)−1/2 = UX ,

where

X = UX(X∗X)1/2

is the polar decomposition of X. Thus Y has the asserted form.

Conversely, suppose Y has the asserted form:

Y (x) = U(x) exp
(
x

2LX

)
, U ∈ H2([0, 1],U(d)).

Then

Y (x)∗Y (x) = exp(xLX).

By Corollary 9.7, the coefficient bY = Y ′Y −1 belongs to O∞
X , and hence Y is balanced.

Proof of Corollary 9.9. First let b ∈ O∞
X and u ∈ K. By the gauge covariance of

transport,

Xb(u) = uXb.

Since u(x) is unitary,

Hb(u) = X∗
b(u)Xb(u) = X∗

bXb = Hb.

Corollary 9.7 therefore implies that b(u) ∈ O∞
X . Thus the based unitary gauge action

preserves the balanced fibre.
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Now let b, c ∈ O∞
X . Set

Yb := Xb, Yc := Xc, u := YcY
−1

b .

The endpoint conditions give

u(0) = I, u(1) = XX−1 = I.

Moreover, Corollary 9.7 gives

Y ∗
b Yb = exp

(
x log(X∗X)

)
= Y ∗

c Yc.

Hence

u∗u = (Y ∗
b )−1Y ∗

c YcY
−1

b = (Y ∗
b )−1Y ∗

b YbY
−1

b = I.

Thus u ∈ K.

Finally, since Yc = uYb, differentiating gives

cYc = Y ′
c = u′Yb + uY ′

b =
(
u′u−1 + ubu−1

)
Yc.

Therefore

c = ubu−1 + u′u−1 = b(u).

Thus any two points of O∞
X lie in the same K-orbit.

Corollary 9.20. Let Y ∈ H2([0, 1],GL(d,C)) satisfy Y (0) = I and Y (1) = X. If Y

is balanced, then, after ordering singular values decreasingly,

σi(Y (x)) = σi(X)x, 1 ≤ i ≤ d, 0 ≤ x ≤ 1.
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Equivalently, the logarithms of the singular values vary linearly in the continuum depth

coordinate x.

Proof of Corollary 9.20. By Corollary 9.7,

Y (x)∗Y (x) = exp
(
x log(X∗X)

)
.

The eigenvalues of X∗X are σi(X)2. Therefore the eigenvalues of

exp
(
x log(X∗X)

)

are σi(X)2x. These are the squares of the singular values of Y (x). Taking positive

square roots gives

σi(Y (x)) = σi(X)x.

Remark 9.21. In Chapter 6, we used the matrices

Hk = Y ∗
k Yk, 0 ≤ k ≤ N,

to describe a finite-depth factorization as a discrete path in the positive-definite cone,

with endpoints

H0 = I, HN = X∗X.

The finite-depth balanced equations are equivalent to the constancy of the multiplica-

tive increments

Πk := H−1
k−1Hk, Πk+1 = Πk.

The continuum equation (H−1H ′)′ = 0 is the corresponding constancy condition for
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the logarithmic velocity H−1H ′. Thus the finite-depth balanced path is a sampled

geodesic for the trace metric, while the infinite-depth balanced profile is the geodesic

itself.

9.5 Continuum fibre metrics and formal heat flows

In Chapter 8 we rewrote the geometry of a fibre at finite depth as a discrete Hodge

theory on the path of layers and then passed formally to the interval. We now prove

the flow statements from Section 9.1. The energy, the two metrics, the degree-0

operator, and the degree-1 notation are those fixed in (9.5), (9.6), (9.7), (9.8), and

(9.9).

This section has a narrow purpose. We compute the first variation of E∞ along

tangent directions of a fixed fibre, identify the formal interior vector fields selected

by the two metrics, and then translate those vector fields to the transport variable

Y and to the path H = Y ∗Y in Herm+(d). The word formal remains essential: the

calculation identifies interior differential equations. The problem on a fixed fibre is

obtained only after imposing the conditions at the endpoints.

9.5.1 First variation on a fixed fibre

Fix X ∈ GL(d,C) and b ∈ F∞
X . By Theorem 9.3, tangent vectors to the fibre have the

form ∇ba = a′ + [a, b], with a ∈ H2
0

(
[0, 1], gl(d,C)

)
. The condition a(0) = a(1) = 0 is

part of the description of the tangent space. It is the source of the distinction between

an interior equation and the problem with fixed endpoints. The potential a is unique:

if ∇ba = 0 and a(0) = 0, then

(X−1
b aXb)′ = X−1

b (∇ba)Xb = 0,
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so X−1
b aXb is constant. Since a(0) = 0, this constant is zero, and hence a ≡ 0. This

injectivity is what makes the normal fibre metric (9.7) well defined.

For a smooth coefficient field a, the degree-0 operator is

∆(0)
b a = ∇∗

b∇ba = −
(
a′ + [a, b]

)′
+
[
a′ + [a, b], b∗

]
. (9.23)

Proposition 9.22. For a, c ∈ H2
0 ([0, 1], gl(d,C)),

gι
b(∇ba,∇bc) = ℜ

∫ 1

0
tr
(
a(x)∗(∆(0)

b c)(x)
)
dx. (9.24)

Proof. Using the formal adjoint ∇∗
bZ = −Z ′ + [Z, b∗] and the endpoint values of a,

we obtain ∫ 1

0
tr
(
(∇ba)∗∇bc

)
dx =

∫ 1

0
tr
(
a∗∇∗

b∇bc
)
dx.

Since ∆(0)
b = ∇∗

b∇b, taking real parts gives (9.24).

Proposition 9.23. Let b and a be smooth, and set

η := ∇ba = a′ + [a, b].

Then

d(µ∞)b[η] = ∆(0)
b a+

(
∆(0)

b a
)∗
. (9.25)

Proof. Differentiating µ∞(b) = −(b+ b∗)′ + [b, b∗] in the direction η gives

d(µ∞)b[η] = −(η + η∗)′ + [η, b∗] + [b, η∗].

On the other hand,

∆(0)
b a = ∇∗

b(∇ba) = −η′ + [η, b∗].
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Taking adjoints gives (
∆(0)

b a
)∗

= −(η∗)′ + [b, η∗].

Adding the two identities proves (9.25).

Corollary 9.24. For smooth b and a ∈ H2
0 ([0, 1], gl(d,C)),

dE∞,b[∇ba] = 2 ℜ
∫ 1

0
tr
(
µ∞(b)∗∆(0)

b a
)
dx. (9.26)

Proof. By differentiating (9.5),

dE∞,b[η] = ℜ
∫ 1

0
tr
(
µ∞(b)∗ d(µ∞)b[η]

)
dx.

Now take η = ∇ba and use Proposition 9.23. Since µ∞(b) is Hermitian by Theorem 9.4,

the two terms in (9.25) contribute the same real part. This gives (9.26).

For the metric induced from the ambient L2 structure, equations (9.24) and (9.26)

show that the first variation is represented by the coefficient 2µ∞(b):

dE∞,b[∇ba] = ℜ
∫ 1

0
tr
(
(2µ∞(b))∗∆(0)

b a
)
dx. (9.27)

For the metric transported from L2 on the coefficients, one formally moves ∆(0)
b

from the test coefficient onto µ∞(b):

dE∞,b[∇ba] = ℜ
∫ 1

0
tr
(
(2∆(0)

b µ∞(b))∗a
)
dx. (9.28)

Thus the two coefficient fields selected by the first variation are

αι(b) = 2µ∞(b), αnor(b) = 2∆(0)
b µ∞(b). (9.29)
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These coefficients need not vanish at x = 0 and x = 1. Therefore (9.29) gives the

interior operators; the conditions at the endpoints must be imposed separately.

Proposition 9.25. Suppose b(x, t) is smooth and evolves by

bt = −∇bα

for a smooth matrix field α(x, t). Then

(µ∞)t = −
(

∆(0)
b α +

(
∆(0)

b α
)∗
)
. (9.30)

Proof. Apply Proposition 9.23 to η = bt = −∇bα.

9.5.2 Transport variables and the conditions at the endpoints

The equations for b have a simple expression in a transport variable. This also makes

clear where the constraints on the fixed fibre enter.

Lemma 9.26. Suppose Y (x, t) solves

Yx = bY.

If

bt = −∇bα = −(αx + [α, b]),

then there is an x-independent matrix C(t) such that

Yt = −αY + Y C(t). (9.31)

Conversely, (9.31) implies bt = −∇bα.
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Proof. Set

Z := Y −1Yt.

Differentiating b = YxY
−1 gives

bt = Y ZxY
−1.

A direct calculation also gives

(
Y −1αY

)
x

= Y −1(∇bα)Y.

Hence bt = −∇bα is equivalent to

Zx = −
(
Y −1αY

)
x
.

Thus

Z = −Y −1αY + C(t),

where C(t) is independent of x. Multiplying by Y gives (9.31). The converse follows

by starting with (9.31) and differentiating b = YxY
−1.

Corollary 9.27. If Y (0, t) = I, then

Yt = −αY + Y α(0, t). (9.32)

In particular, if α(0, t) = α(1, t) = 0, then the endpoints of the normalized path are

constant in t.

Proof. Putting x = 0 in (9.31) gives 0 = Yt(0, t) = −α(0, t) + C(t). Hence C(t) =

α(0, t), which proves (9.32). The endpoint claim follows by evaluating (9.32) at
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x = 1.

Remark 9.28. If α is based, the normalized transport path satisfies Yt = −αY and

keeps both endpoints fixed. The coefficients in (9.29) are not generally based. For

them, the equation Yt = −αY is a convenient gauge for the interior calculation. The

problem on a fixed fibre is the same interior equation coupled to (9.16), or equivalently

to

H(0, t) = I, H(1, t) = X∗X.

9.5.3 The geodesic residual in the positive cone

Let Y be the normalized transport path for b and set H = Y ∗Y . We use

P := H−1Hx, Q := Px, τH := Hxx −HxH
−1Hx,

as in (9.10). By Theorem 9.6,

Q = (H−1Hx)x = −Y −1µ∞(b)Y. (9.33)

Proof of Proposition 9.10. Equation (9.33) gives

µ∞(b) = −Y QY −1.

Therefore

µ∞(b)∗µ∞(b) = Y −∗Q∗HQY −1.

Taking the trace and using cyclicity gives

tr
(
µ∞(b)∗µ∞(b)

)
= tr

(
Q∗HQH−1

)
.
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Since

Q = (H−1Hx)x = H−1Hxx −H−1HxH
−1Hx,

we have

HQ = Hxx −HxH
−1Hx = τH .

The matrix τH is Hermitian, so Q∗H = (HQ)∗ = τH . Hence

tr
(
Q∗HQH−1

)
= tr

(
H−1τHH

−1τH

)
.

Integrating over [0, 1] and multiplying by 1/2 proves (9.11).

Remark 9.29. The trace metric on Herm+(d) has path energy

L(H) := 1
2

∫ 1

0
tr
(
H−1Hx H

−1Hx

)
dx,

whose Euler–Lagrange equation is (H−1Hx)x = 0. Balancedness is this geodesic

equation. The functional E∞ is different: by Proposition 9.10, it is the squared L2

norm of the geodesic residual τH . Thus the continuum Kirwan–Ness energy is a

bienergy for the trace metric, not the ordinary energy of a path.

9.5.4 Proofs of the formal heat-flow statements

Proof of Theorem 9.11. For the metric induced from the ambient L2 structure, the

first variation is represented by the first coefficient in (9.29). Thus the formal gradient

is ∇b(2µ∞(b)), and the negative gradient equation is (9.12).

The corresponding equation for the moment follows from Proposition 9.25 with

α = 2µ∞(b):

(µ∞)t = −2
(

∆(0)
b µ∞(b) +

(
∆(0)

b µ∞(b)
)∗
)
. (9.34)
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It remains to compute the equation for H. Use the gauge used for the interior

calculation

Yt = −2µ∞(b)Y.

By (9.33),

µ∞(b) = −Y QY −1, Q = (H−1Hx)x.

Therefore

Yt = 2Y Q.

Differentiating H = Y ∗Y gives

Ht = Y ∗
t Y + Y ∗Yt = 2Q∗H + 2HQ.

But

HQ = H(H−1Hx)x = Hxx −HxH
−1Hx = τH ,

and τH is Hermitian. Hence Q∗H = HQ, and

Ht = 4
(
Hxx −HxH

−1Hx

)
= 4τH .

This is (9.13).

Proof of Theorem 9.12. For the metric transported from L2 on coefficients, the formal

integration by parts in (9.28) shows that the first variation is represented by the

second coefficient in (9.29). Thus the formal negative gradient equation is (9.14).

The moment equation follows from Proposition 9.25 with α = 2∆(0)
b µ∞(b):

(µ∞)t = −2
(

(∆(0)
b )2µ∞(b) +

(
(∆(0)

b )2µ∞(b)
)∗
)
. (9.35)
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We now compute the equation for H. For a matrix field Z, set

Z̃ := Y −1ZY.

A direct differentiation gives

Y −1(∇bZ)Y = (Z̃)x (9.36)

and

Y −1(∇∗
bZ)Y = −(Z̃)x + [Z̃, P ], P = H−1Hx. (9.37)

Apply (9.36) to Z = µ∞(b). By (9.33), Z̃ = −Q, and so

Y −1(∇bµ∞(b))Y = −Qx.

Applying (9.37) to Z = ∇bµ∞(b) gives

Y −1
(
∆(0)

b µ∞(b)
)
Y = Qxx − [Qx, P ].

In the gauge used for the interior calculation

Yt = −2
(
∆(0)

b µ∞(b)
)
Y,

we therefore have

Yt = −2Y
(
Qxx − [Qx, P ]

)
= 2Y Γ, Γ = −Qxx + [Qx, P ].
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Finally,

Ht = Y ∗
t Y + Y ∗Yt = 2Γ∗H + 2HΓ,

which is (9.15).

Remark 9.30. The continuum fibre F∞
X is a Hilbert submanifold of B = H1([0, 1], gl(d,C)).

Its topology is therefore the H1 topology inherited from B. The fibre metrics intro-

duced above should be viewed as different ways of measuring tangent vectors on this

same H1 fibre, not as different choices of topology.

In the Hodge–Laplacian notation, the metric induced by the ambient L2 pairing

gives the heat flow ḃ = −2∆(1)
b b, while the normal metric gives the biharmonic heat

flow ḃ = −2
(
∆(1)

b

)2
b. Equivalently, the moment evolves by a second-order equation in

the first case and by a fourth-order equation in the second. Linearized at b = 0, these

become

(µ∞)t = 4∂2
xµ∞ and (µ∞)t = −4∂4

xµ∞,

respectively. Thus the normal metric is weaker than the induced metric when viewed

on the field b. Formally, it loses one additional derivative. This distinction does not

occur at finite depth, since all norms on a finite-dimensional space are equivalent.

Remark 9.31. Remark 9.30 compares two local continuum heat flows obtained from

the ambient L2 metric and from the coefficient L2 metric. Uhlenbeck’s discussion

of the infinite-depth DLN points to another natural continuum geometry [Uhl26].

This geometry is compatible with the natural H1 topology on the coefficient field

b, in the sense that it induces the H1 topology on the configuration space B =

H1([0, 1], gl(d,C)).

In this geometry the moment is normalized to decay linearly,

(µ∞)t = −µ∞,
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at least formally. The corresponding gradient flow is therefore a smooth ODE on the

H1 configuration space, rather than a local second- or fourth-order PDE.

Although the ridge functional R does not admit a nontrivial continuum limit on

the fibre, its gradient vector field does. It is therefore natural to study this flow in the

continuum. In particular, the comparison between the different geometries remains

meaningful at the level of their induced dynamics.

Remark 9.32. In the scalar case d = 1, all commutators vanish. If u = logH, then

P = ux, Q = uxx, Γ = −uxxxx.

Equation (9.15) becomes

Ht = −4H(logH)xxxx,

or, equivalently,

ut = −4uxxxx.

For comparison, the interior equations from Theorems 9.11 and 9.12 are collected

in Table 9.1. The table is not a separate statement of well-posedness. The problem

on a fixed fibre is obtained by adding the endpoint data (9.16), or equivalently

H(0, t) = I, H(1, t) = X∗X.

The first row is the degree-1 heat equation that drives H toward the geodesic

equation (H−1Hx)x = 0. The second row is the corresponding biharmonic equation

driven by the bienergy E∞. In this sense the continuum fibre dynamics are heat flows

on the interval: the variable x ∈ [0, 1] is the depth variable, the moment µ∞(b) is the

continuum divergence, and balancedness is the zero-divergence condition.
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Table 9.1: Continuum interior equations for the induced and normal metrics on the fibre.

Functional and met-
ric

Interior equation
in b

Equation for µ∞ Equation for H =
Y ∗Y

E∞ with gι bt = −2∆(1)
b b (µ∞)t = −2

(
∆(0)

b µ∞

+ (∆(0)
b µ∞)∗

) Ht = 4
(
Hxx − HxH−1Hx

)

E∞ with gnor bt = −2(∆(1)
b )2b (µ∞)t = −2

(
(∆(0)

b )2µ∞

+
(
(∆(0)

b )2µ∞
)∗) Ht = 2

(
Γ∗H + HΓ

)
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Chapter 10

Quotient Geometry at Infinite

Depth

We now identify the quotient geometry that survives at infinite depth. The space

GL(d,C) is obtained by taking continuum coefficients modulo based unitary gauge

transformations. Each matrix arises from such a coefficient, and equivalent coefficients

determine the same matrix.

At infinite depth, the quantities defined at finite depth no longer remain finite

without modification. After introducing the appropriate renormalizations, the metric

on GL(d,C), the Kähler potential, the entropy, and the Ricci form admit explicit

formulas.

The order of construction in this chapter is deliberate. In finite depth, the balanced

manifold and the quotient by the compact unitary group are finite-dimensional objects,

so the quotient geometry can be formed directly and then computed. A literal

continuum analogue would begin from an infinite-dimensional orbit space and require

endowing it with a Hilbert manifold structure, a step that is technically delicate and

not intrinsic to the geometric formulas we seek. We therefore avoid this route. The

endpoint classification from Chapter 9 first identifies the set of balanced based-gauge

orbits with the finite-dimensional space GL(d,C). We then define the candidate
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Hermitian tensor directly on GL(d,C), through the explicit operator A∞,X . The

submersion interpretation is recovered only a posteriori, by constructing the L2-

horizontal lifts and proving that their quotient tensor is exactly h∞. In the same

spirit, the renormalized entropy is first expressed as a determinant of A−1
∞,X , and only

afterward converted into the Ricci-potential formula. Thus the total space, base, fibres,

and metric are all given explicitly, without invoking an abstract Hilbert quotient.

10.1 Main results

We begin by describing the set of balanced coefficients up to based unitary gauge

transformations. The notation M∞/K denotes the set of K-orbits in M∞. No

manifold structure is assumed at this stage. Theorem 10.1 shows that the endpoint

matrix determines the orbit. For each X, all balanced coefficients with endpoint

X lie in a single based unitary gauge orbit. This is the continuum analogue of the

finite-depth result that balanced factorizations, taken up to the compact unitary

symmetry, parametrize the space of end-to-end matrices.

Theorem 10.1. The restriction ϕ∞|M∞ : M∞ → GL(d,C) is constant on K-orbits

and induces a bijection ϕ̄∞ : M∞/K → GL(d,C), [b] 7→ ϕ∞(b). Equivalently, for

every X ∈ GL(d,C), the balanced fibre O∞
X := F∞

X ∩ M∞ is a single K-orbit.

The metric obtained by taking L2-orthogonal complements to the gauge directions

can be written directly on GL(d,C). The relevant continuum operator is obtained by

replacing the finite layer sum with an integral. For X ∈ GL(d,C), define

A∞,X(Z) :=
∫ 1

0
(XX∗)1−t Z (X∗X)t dt, Z ∈ Md(C). (10.1)

277



Proposition 10.2. For every X ∈ GL(d,C), the operator A∞,X is Hermitian, positive

definite, and invertible with respect to the Frobenius Hermitian form on Md(C).

Thus the formula

h∞(X)(Z1, Z2) := tr
(
Z∗

1A−1
∞,X(Z2)

)
(10.2)

defines a Hermitian metric on GL(d,C). We write g∞ := ℜh∞ and ω∞ := ℑh∞.

The quotient tensor is defined by horizontal lift. For b ∈ M∞, set Vb := Tb(K · b)

and Hb := TbM∞ ∩ V⊥L2
b . Here ⟨α, β⟩L2 :=

∫ 1
0 tr(α(x)∗β(x)) dx. If X = ϕ∞(b), and if

(Dϕ∞)b : Hb → TXGL(d,C) is an isomorphism, define hquot(X)(Z1, Z2) := ⟨ξ1, ξ2⟩L2 ,

where ξa ∈ Hb is the unique horizontal lift satisfying (Dϕ∞)bξa = Za. The based gauge

action is isometric and leaves ϕ∞ unchanged, so this definition is independent of the

balanced representative once the horizontal-lift isomorphism is known. Theorem 10.5

proves the required isomorphism at a diagonal representative, and bi-unitary invariance

transports it to all of GL(d,C).

Theorem 10.3. Under the identification ϕ̄∞ : M∞/K → GL(d,C), the Hermitian

tensor obtained from L2-orthogonal horizontal lifts is h∞. Hence the induced Rieman-

nian metric and Kähler form on the space of end-to-end matrices are g∞ = ℜh∞ and

ω∞ = ℑh∞.

The weights in this metric are logarithmic means. If Σ = diag(σ1, . . . , σd) and

ri := σ2
i , set

ℓij :=


ri − rj

log ri − log rj

, ri ̸= rj,

ri, ri = rj.

(10.3)

Then A∞,Σ(Eij) = ℓijEij and h∞(Σ)(Eij, Ekℓ) = δikδjℓ ℓ
−1
ij . Thus, if X = QΣR∗ and

ui, vj are the corresponding singular vectors, then e∞
ij := ℓ

1/2
ij uiv

∗
j is an h∞-orthonormal
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basis of TXGL(d,C).

The metric has a simple Kähler potential after the finite-depth potential is renor-

malized.

Theorem 10.4. Let

Ψ∞(X) := 1
4 tr

(
(log(X∗X))2

)
.

Then ω∞ = i ∂∂̄Ψ∞.

The endpoint modes that enter the horizontal lift calculation are explicit. At a

diagonal endpoint X = Σ = diag(σ1, . . . , σd), the balanced representative is YΣ(x) =

Σx, with bΣ = log Σ. For 1 ≤ i, j ≤ d, set cR
ij(x) := σ1−x

i σx
j and cL

ij(x) := σx
i σ

1−x
j .

Their boundary values are cR
ij(0) = σi, cR

ij(1) = σj, cL
ij(0) = σj, and cL

ij(1) = σi. The

corresponding right-endpoint tangent field is Γ∞
ij (x) := cR

ij(x)Eij.

Theorem 10.5. For every 1 ≤ i, j ≤ d, Γ∞
ij ∈ TbΣM∞ ∩ TbΣ(K · bΣ)⊥L2 . Moreover,

(Dϕ∞)bΣ [Γ∞
ij ] = ℓijEij and ∥Γ∞

ij ∥2
L2 = ℓij. Consequently, the normalized lifts Γ̂∞

ij :=

ℓ
−1/2
ij Γ∞

ij form an L2-orthonormal basis of the complexified horizontal space HC
bΣ

:=

(TbΣM∞ ∩ TbΣ(K · bΣ)⊥L2 ) ⊗R C and project to the h∞(Σ)-orthonormal basis ℓ1/2
ij Eij.

The entropy that survives at infinite depth is a renormalized entropy rather than

the logarithm of a finite-dimensional orbit volume. With the logarithmic mean ℓij

defined by (10.3), set

S∞(X) :=
d∑

i=1
log σi +

∑
1≤i<j≤d

log ℓij, (10.4)

where σ1, . . . , σd are the singular values of X. This formula is symmetric in the singular

values and extends continuously across collisions.

Theorem 10.6. For every X ∈ GL(d,C), S∞(X) = −1
2 log det(A−1

∞,X), where the

determinant is taken for the complex-linear operator A−1
∞,X on Md(C).
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Since X 7→ A∞,X is smooth and positive definite, the determinant identity shows

that S∞ is globally smooth on GL(d,C). In particular, the singular-value expression

in (10.4) defines a smooth bi-unitarily invariant function on GL(d,C), including across

singular-value collisions.

For the Ricci form we use the convention ρh = −i ∂∂̄ log det(hαβ̄) in a local

holomorphic frame.

Theorem 10.7. The Ricci form of h∞ is

ρ∞ = 2i ∂∂̄S∞.

Equivalently, 2S∞ is a Ricci potential for the infinite-depth metric.

The Ricci-potential formula also shows that the infinite-depth metric is not Einstein,

even though both ω∞ and ρ∞ are determined by singular values.

Corollary 10.8. If d ≥ 2, then the infinite-depth metric h∞ is not Kähler–Einstein.

These statements construct the tensors on the set of balanced gauge orbits by

identifying that set with GL(d,C). They do not prove that the rescaled finite-depth

metrics NhN , their geodesics, or the finite-depth quotient spaces converge to the

objects constructed here. The estimates needed for such a convergence theorem are

separate from the quotient identification and curvature computations carried out in

this chapter.

10.2 The quotient and the Hermitian metric

At finite depth, we first identify the balanced quotient with GL(d,C) and only then

compute the metric on that quotient. We use the same order here. In Chapter 9
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we proved that, once the endpoint is fixed, balanced transport paths differ only by

transformations in the based unitary gauge group. Thus the endpoint matrix is the

invariant that remains after quotienting by K.

Proof of Theorem 10.1. By (9.19) and the based endpoint condition g(1) = I, the

endpoint map ϕ∞ is constant on based gauge orbits. Hence its restriction to M∞

induces a well-defined map

ϕ̄∞ : M∞/K → GL(d,C), [b] 7−→ ϕ∞(b).

We first prove surjectivity. Fix X ∈ GL(d,C). By Corollary 9.8, there exists a

balanced transport path from I to X. Equivalently,

O∞
X = F∞

X ∩ M∞

is nonempty. Thus X lies in the image of ϕ̄∞.

We next prove injectivity. Suppose b, c ∈ M∞ satisfy

ϕ∞(b) = ϕ∞(c) = X.

Then b, c ∈ O∞
X . By Corollary 9.9, the set O∞

X is a single K-orbit. Hence c = b(u) for

some u ∈ K, and therefore [b] = [c] in M∞/K.

Theorem 10.1 identifies the set of balanced gauge orbits with GL(d,C). It does

not require, and does not assert, any additional Hilbert-manifold structure on the

orbit set. The tensor on the quotient is defined by taking L2-orthogonal complements
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to the based gauge directions. Namely, for b ∈ M∞, set

Vb := Tb(K · b), Hb := TbM∞ ∩ V⊥L2
b .

Here ⟨α, β⟩L2 :=
∫ 1

0 tr(α(x)∗β(x)) dx. If X = ϕ∞(b) and (Dϕ∞)b restricts to an

isomorphism Hb → TXGL(d,C), the quotient Hermitian tensor is

hquot(X)(Z1, Z2) := ⟨ξ1, ξ2⟩L2 , (10.5)

where ξa ∈ Hb is the unique horizontal lift of Za. The based unitary gauge action

is isometric for the L2-metric and preserves ϕ∞, so (10.5) is independent of the

chosen balanced representative. The completeness statement in Theorem 10.5 verifies

the required horizontal-lift isomorphism at diagonal representatives, and bi-unitary

invariance then transports the construction to every point of GL(d,C).

The remaining task is to compute this tensor explicitly. That calculation is carried

out after the horizontal lifts have been constructed. We first verify that the operator

in (10.1) defines a Hermitian metric and record the diagonal form used throughout

the rest of the chapter.

We write

⟨Y, Z⟩F := tr(Y ∗Z)

for the Frobenius Hermitian form on Md(C).

Proof of Proposition 10.2. Let

P := XX∗, Q := X∗X.
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Both P and Q are positive definite. For 0 ≤ t ≤ 1, define

Tt(Z) := P 1−tZQt.

For Y, Z ∈ Md(C), cyclicity of the trace gives

⟨Y, TtZ⟩F = tr
(
Y ∗P 1−tZQt

)
= tr

(
QtY ∗P 1−tZ

)
= ⟨TtY, Z⟩F .

Thus Tt is Hermitian with respect to ⟨·, ·⟩F . Hence A∞,X =
∫ 1

0 Tt dt is Hermitian.

For Z ̸= 0,

⟨Z, TtZ⟩F = tr
(
Z∗P 1−tZQt

)
=
∥∥∥P (1−t)/2ZQt/2

∥∥∥2

F
> 0.

Therefore

⟨Z,A∞,XZ⟩F =
∫ 1

0

∥∥∥P (1−t)/2ZQt/2
∥∥∥2

F
dt > 0

for every nonzero Z. Thus A∞,X is positive definite. Since Md(C) is finite-dimensional,

a positive definite Hermitian operator is invertible. This proves the proposition.

The same argument shows that X 7→ A∞,X is smooth on GL(d,C): the functional

calculus is smooth on the positive-definite cone, the integral is taken over a compact

interval, and inversion is smooth on the open set of invertible operators. Hence (10.2)

defines a smooth Hermitian metric.

Lemma 10.9. For Q,R ∈ U(d), X ∈ GL(d,C), and Z ∈ Md(C),

A∞,QXR∗(QZR∗) = QA∞,X(Z)R∗.
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Consequently,

h∞(QXR∗)(QZ1R
∗, QZ2R

∗) = h∞(X)(Z1, Z2).

Proof. We have

(QXR∗)(QXR∗)∗ = QXX∗Q∗, (QXR∗)∗(QXR∗) = RX∗XR∗.

Using (10.1),

A∞,QXR∗(QZR∗) =
∫ 1

0
(QXX∗Q∗)1−t(QZR∗)(RX∗XR∗)t dt

=
∫ 1

0
Q(XX∗)1−tZ(X∗X)tR∗ dt

= QA∞,X(Z)R∗.

The first identity implies

A−1
∞,QXR∗(QWR∗) = QA−1

∞,X(W )R∗

for every W ∈ Md(C). Substituting W = Z2 into (10.2) gives

h∞(QXR∗)(QZ1R
∗, QZ2R

∗) = tr
(
(QZ1R

∗)∗QA−1
∞,X(Z2)R∗

)
= tr

(
RZ∗

1A−1
∞,X(Z2)R∗

)
= tr

(
Z∗

1A−1
∞,X(Z2)

)
.

This is the desired invariance.

The diagonal calculation does not require distinct singular values. The continuous

value of the logarithmic mean in (10.3) is essential when singular values collide.
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Proposition 10.10. Let

Σ = diag(σ1, . . . , σd), ri := σ2
i .

Then the matrix units diagonalize A∞,Σ, and

A∞,Σ(Eij) = ℓijEij,

with ℓij defined in (10.3). Consequently,

h∞(Σ)(Eij, Ekℓ) = δikδjℓ ℓ
−1
ij .

Proof. Since ΣΣ∗ = Σ∗Σ = diag(r1, . . . , rd), we have

(ΣΣ∗)1−tEij(Σ∗Σ)t = r1−t
i rt

jEij.

Therefore

A∞,Σ(Eij) =
(∫ 1

0
r1−t

i rt
j dt

)
Eij.

If ri ̸= rj, then

∫ 1

0
r1−t

i rt
j dt = ri

∫ 1

0

(
rj

ri

)t

dt = ri − rj

log ri − log rj

.

If ri = rj, the integrand is constant and the integral equals ri. Thus the integral is

exactly ℓij as defined in (10.3).
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The matrix units are orthonormal for ⟨·, ·⟩F . Hence

h∞(Σ)(Eij, Ekℓ) = tr
(
E∗

ijA−1
∞,Σ(Ekℓ)

)
= δikδjℓ ℓ

−1
ij .

Proof of the singular-vector basis formula in Section 10.1. Let

X = QΣR∗

be a singular value decomposition, and write ui = Qei and vj = Rej. Then

uiv
∗
j = QEijR

∗.

By Lemma 10.9 and Proposition 10.10,

h∞(X)(uiv
∗
j , ukv

∗
ℓ ) = h∞(QΣR∗)(QEijR

∗, QEkℓR
∗)

= h∞(Σ)(Eij, Ekℓ)

= δikδjℓ ℓ
−1
ij .

Therefore the vectors

e∞
ij := ℓ

1/2
ij uiv

∗
j

form an h∞-orthonormal basis of TXGL(d,C).

Remark 10.11. For fixed X, the operators N−1AN,X form a Riemann sum for A∞,X :

1
N

AN,X(Z) = 1
N

N∑
k=1

(XX∗)
N−k

N Z(X∗X)
k−1

N −→
∫ 1

0
(XX∗)1−tZ(X∗X)t dt.
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This observation explains the normalization behind the candidate limit NhN → h∞.

It is not a convergence theorem for the quotient tensors. Such a theorem would require

uniform control in X, after inversion, and for whatever derivatives are required by the

chosen topology.

Remark 10.12. On GL(d,R), the real part g∞ = ℜh∞ has the weights appearing

in the infinite-depth metric of Cohen, Menon, and Veraszto [CMV23]. Indeed, at

Σ = diag(σ1, . . . , σd), for ri ̸= rj,

ℓ−1
ij = log ri − log rj

ri − rj

= 2 log(σi/σj)
σ2

i − σ2
j

.

When ri = rj, the continuous value is

ℓ−1
ij = r−1

i = σ−2
i .

10.3 The renormalized Kähler potential

In Chapter 5 we proved that

ΨN(X) = N

2 tr
(
(X∗X)1/N

)

is a Kähler potential for hN . Since the infinite-depth metric is the object suggested by

the rescaling NhN , the quantity to renormalize is NΨN . For

H := X∗X,
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the functional calculus expansion

H1/N = exp
( 1
N

logH
)

= I + 1
N

logH + 1
2N2 (logH)2 +O(N−3)

formally gives

NΨN(X) = N2d

2 + N

2 log det(X∗X) + 1
4 tr

(
(log(X∗X))2

)
+O(N−1). (10.6)

The first term in (10.6) is constant. The second term is pluriharmonic: locally on

GL(d,C),

log det(X∗X) = log detX + log detX.

Thus neither term contributes to i ∂∂̄. The finite term left by this subtraction is the

potential

Ψ∞(X) := 1
4 tr

(
(log(X∗X))2

)
, (10.7)

which was stated in Theorem 10.4. The proof below uses Ψ∞ directly; it does not use

a convergence theorem for the family of renormalized finite-depth potentials.

We use the convention h∞ = g∞ + iω∞ on real tangent vectors. Equivalently, if

hαβ̄ = h∞(∂zα , ∂zβ
) in holomorphic coordinates, then

ω∞ = i
2
∑
α,β

hαβ̄ dzα ∧ dz̄β.

This is the convention responsible for the factor 1/2 in the Hessian calculation below.

Proof of Theorem 10.4. Set

φ(r) := 1
4(log r)2, Ψ∞(X) = tr

(
φ(X∗X)

)
.
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Both Ψ∞ and h∞ are invariant under the bi-unitary action

X 7−→ QXR∗, Q,R ∈ U(d).

It therefore suffices to prove the identity at a positive diagonal matrix

Σ = diag(σ1, . . . , σd), R := Σ2 = diag(r1, . . . , rd), ri = σ2
i .

Use the holomorphic coordinates inherited from Md(C):

X = Σ +
∑
a,b

zabEab.

Let

F(H) := tr
(
φ(H)

)
, H = X∗X.

At X = Σ,

∂zij
H
∣∣∣
Σ

= Aij := ΣEij = σiEij,

∂z̄kℓ
H|Σ = A∗

kℓ = σkEℓk,

and

∂zij
∂z̄kℓ

H
∣∣∣
Σ

= E∗
kℓEij = δikEℓj.

For the spectral trace F , the standard divided-difference formulas for derivatives

of spectral trace functions [Bha07, Chapter V] at the diagonal matrix R give

DFR[U ] =
∑

a

φ′(ra)Uaa,
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and, after complex-bilinear extension of the second differential,

D2FR[U, V ] =
∑
a,b

ψ(ra, rb)UabVba,

where

ψ(x, y) :=


φ′(x) − φ′(y)

x− y
, x ̸= y,

φ′′(x), x = y.

The chain rule therefore gives

∂zij
∂z̄kℓ

Ψ∞

∣∣∣
Σ

= D2FR[Aij, A
∗
kℓ] +DFR[δikEℓj]

= δikδjℓ (riψ(ri, rj) + φ′(rj)) . (10.8)

We now evaluate the coefficient in (10.8). Since

φ′(r) = log r
2r ,

if ri ̸= rj, then

riψ(ri, rj) + φ′(rj) = ri
φ′(ri) − φ′(rj)

ri − rj

+ φ′(rj)

= log ri − log rj

2(ri − rj)
= 1

2ℓij

.

If ri = rj, then ψ(ri, ri) = φ′′(ri), and

riφ
′′(ri) + φ′(ri) = 1

2ri

= 1
2ℓij

,

where the last equality uses the continuous extension ℓij = ri when ri = rj . Hence, for
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all indices,

∂zij
∂z̄kℓ

Ψ∞

∣∣∣
Σ

= 1
2 δikδjℓ ℓ

−1
ij . (10.9)

By Proposition 10.10,

h∞(Σ)(Eij, Ekℓ) = δikδjℓ ℓ
−1
ij .

Thus, in the coordinates zij,

ω∞(Σ) = i
2
∑
i,j

ℓ−1
ij dzij ∧ dz̄ij = i ∂∂̄Ψ∞(Σ).

Since every point of GL(d,C) lies in the bi-unitary orbit of a positive diagonal

matrix, Lemma 10.9 and the bi-unitary invariance of Ψ∞ give the identity on all of

GL(d,C).

Corollary 10.13. For every X ∈ GL(d,C),

Ψ∞(X) = 1
4 dtr

(
Id, X∗X

)2
.

Proof. For the trace metric on Pd,

dtr(Id, H)2 = tr
(
(logH)2

)

[Bha07]. Taking H = X∗X and using (10.7) gives the claimed identity.

Corollary 10.14. For every Q,U ∈ U(d), the maps

LQ,U(X) := QXU∗, JQ,U(X) := Q(X−1)∗U∗

are Riemannian isometries of (GL(d,C), g∞). The maps LQ,U are holomorphic, and
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the maps JQ,U are anti-holomorphic.

Proof. For LQ,U(X) = QXU∗,

LQ,U(X)∗LQ,U(X) = U(X∗X)U∗.

For JQ,U(X) = Q(X−1)∗U∗,

JQ,U(X)∗JQ,U(X) = U(X∗X)−1U∗.

Since functional calculus commutes with unitary conjugation and

log
(
(X∗X)−1

)
= − log(X∗X),

both families preserve Ψ∞.

If F is holomorphic and F ∗Ψ∞ = Ψ∞, then Theorem 10.4 gives

F ∗ω∞ = F ∗(i ∂∂̄Ψ∞) = i ∂∂̄(Ψ∞ ◦ F ) = ω∞.

Thus each LQ,U is a Kähler isometry.

If F is anti-holomorphic and F ∗Ψ∞ = Ψ∞, then

F ∗ω∞ = −ω∞.

Since F∗J = −JF∗, we obtain, for real tangent vectors V,W ,

g∞(F∗V, F∗W ) = ω∞(F∗V, JF∗W ) = −ω∞(F∗V, F∗JW ) = ω∞(V, JW ) = g∞(V,W ).

Thus each JQ,U is a Riemannian isometry. The formulas defining LQ,U and JQ,U show
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their holomorphic and anti-holomorphic character, respectively.

Remark 10.15. At finite depth, the Kähler potential is the minimum of the ridge

regularizer on the fibre:

ΨN(X) = min
W ∈FX

R(W ), R(W ) := 1
2

N∑
k=1

∥Wk∥2
F .

The function Ψ∞ records the finite part of these minimum values after subtracting

the divergent constant in (10.6) and the pluriharmonic term involving log det(X∗X).

We do not interpret Ψ∞ as the minimum of a ridge functional on the continuum fibre

F∞
X , because the ridge regularizer itself has no nontrivial limit on that fibre.

10.4 The adapted basis in the continuum

We now build the objects that occur in Theorem 10.5. The calculation is the continuum

analogue of the adapted basis from Chapter 5. At a diagonal endpoint, the matrix

sectors decouple. The based gauge condition imposes Dirichlet boundary conditions

on the vertical directions, while the horizontal directions come from the two endpoint

solutions of the same scalar differential equation.

No distinctness assumption on the singular values is used in this section.

10.4.1 The balanced diagonal representative

Let

X = Σ = diag(σ1, . . . , σd), σi > 0,

and let

YΣ(x) = Σx = exp(x log Σ), 0 ≤ x ≤ 1, (10.10)
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be the balanced transport path from I to Σ. Its coefficient field is the constant

diagonal matrix

bΣ := Y ′
ΣY

−1
Σ = log Σ = diag(log σ1, . . . , log σd). (10.11)

For 1 ≤ i, j ≤ d, set

γij := log σj − log σi. (10.12)

If

a(x) = f(x)Eij,

then

∇bΣa =
(
f ′(x) + γijf(x)

)
Eij. (10.13)

Thus each Eij-sector is governed by one scalar differential expression on the interval.

Define

Lij := − d2

dx2 + γ2
ij =

(
− d

dx
+ γij

)(
d

dx
+ γij

)
. (10.14)

We write LD
ij for the Dirichlet realization of Lij, with domain

Dom(LD
ij ) = H2([0, 1],C) ∩H1

0 ([0, 1],C).

Proposition 10.16. For f ∈ H1
0 ([0, 1],C),

∥∥∥∇bΣ(fEij)
∥∥∥2

L2
=
∫ 1

0

(
|f ′(x)|2 + γ2

ij|f(x)|2
)
dx. (10.15)

The quadratic form on the right is the closed form associated with LD
ij . In particular,
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if f ∈ Dom(LD
ij ), then

∥∥∥∇bΣ(fEij)
∥∥∥2

L2
=
∫ 1

0
f(x) (LD

ijf)(x) dx. (10.16)

Proof. Since γij ∈ R,

∥∥∥∇bΣ(fEij)
∥∥∥2

L2
=
∫ 1

0
|f ′ + γijf |2 dx.

Expanding gives ∫ 1

0

(
|f ′|2 + γijf ′ f + γijf f

′ + γ2
ij|f |2

)
dx.

The mixed terms vanish because f has zero trace at both endpoints:

∫ 1

0

(
f ′ f + f f ′

)
dx =

∫ 1

0
(|f |2)′ dx = |f(1)|2 − |f(0)|2 = 0.

This proves (10.15). If f ∈ H2([0, 1],C) ∩ H1
0 ([0, 1],C), one further integration by

parts gives ∫ 1

0

(
|f ′|2 + γ2

ij|f |2
)
dx =

∫ 1

0
f (−f ′′ + γ2

ijf) dx,

which proves (10.16).

Proposition 10.17. For m ≥ 1, let

sm(x) :=
√

2 sin(mπx), 0 ≤ x ≤ 1.

Then

LD
ijsm = λij,msm, λij,m := (mπ)2 + γ2

ij.
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Consequently, in the complexified Eij-sector,

V ∞
ij,m := λ

−1/2
ij,m ∇bΣ(smEij) (10.17)

has unit L2-norm, and the family {V ∞
ij,m}m≥1 is orthonormal.

Proof. The functions sm satisfy

−s′′
m = (mπ)2sm, sm(0) = sm(1) = 0, ∥sm∥L2 = 1.

Hence

LD
ijsm = −s′′

m + γ2
ijsm =

(
(mπ)2 + γ2

ij

)
sm.

Proposition 10.16 gives

⟨∇bΣ(smEij),∇bΣ(snEij)⟩L2 = ⟨sm, L
D
ijsn⟩L2 = λij,nδmn.

The normalization in (10.17) therefore gives an orthonormal family.

Remark 10.18. The calculation in the proof of Proposition 10.17 is written in the com-

plexified Eij-sector. The real vertical tangent space is obtained from skew-Hermitian

generators, for example

Eij − Eji, i(Eij + Eji), iEii.

Since the scalar operator is the same in each sector, the real vertical modes are

obtained by taking the corresponding real combinations of the complexified modes.

Remark 10.19 (Relation with the finite-depth blocks). For fixed i, j, the Dirichlet
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operator LD
ij is the continuum counterpart of the block at finite depth

L
(N)
ij := N2

(
(λi − λj)2IN−1 + λiλjCN−1

)
, λν := σ1/N

ν .

The based gauge condition is the source of the Dirichlet data: infinitesimal based

gauge fields vanish at x = 0 and x = 1.

We do not prove an operator convergence theorem here. Such a theorem would

require explicit sampling and interpolation maps between CN−1 and functions on [0, 1],

a consistency estimate, and a compactness or resolvent argument. For example, if

f ∈ C4([0, 1],C) satisfies f(0) = f(1) = 0 and

f
(N)
k := f(k/N), 1 ≤ k ≤ N − 1,

then the first step would be an estimate of the form

max
1≤k≤N−1

∣∣∣(L(N)
ij f (N))k − (Lijf)(k/N)

∣∣∣ ≤ Cf,i,j

N
. (10.18)

One would then combine such estimates with coercivity to prove convergence of eigen-

values, eigenmodes, or resolvents. The present section only identifies the continuum

operator and the endpoint solutions that such a theorem would target.

10.4.2 Endpoint solutions and horizontal lifts

The vertical calculation fixes both endpoints. To obtain the missing endpoint directions,

we use the same scalar differential expression Lij but do not impose Dirichlet conditions.

For 1 ≤ i, j ≤ d, define

cL
ij(x) := σx

i σ
1−x
j , cR

ij(x) := σ1−x
i σx

j . (10.19)

297



The endpoint values are

cR
ij(0) = σi, cR

ij(1) = σj, cL
ij(0) = σj, cL

ij(1) = σi. (10.20)

Thus cR
ij carries the ordered pair (σi, σj) from left to right, while cL

ij carries the same

pair from right to left.

Proposition 10.20. The functions in (10.19) satisfy

(cL
ij)′ = −γijc

L
ij, (cR

ij)′ = γijc
R
ij,

and hence

Lijc
L
ij = 0, Lijc

R
ij = 0

as differential equations on [0, 1]. When i = j, both functions reduce to the constant

function

cL
ii(x) = cR

ii(x) = σi.

Proof. For the right endpoint solution,

cR
ij(x) = exp

(
(1 − x) log σi + x log σj

)
,

so

(cR
ij)′ = γijc

R
ij, (cR

ij)′′ = γ2
ijc

R
ij.

Thus

Lijc
R
ij = −(cR

ij)′′ + γ2
ijc

R
ij = 0.

The proof for cL
ij is the same, with (cL

ij)′ = −γijc
L
ij.
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Table 10.1: Finite-depth objects and their continuum counterparts.

Object at finite depth
from Chapter 5

Continuum counterpart Boundary be-
havior

Role

N2
(
(λi − λj)2IN−1 +

λiλjCN−1
) LD

ij Dirichlet vertical opera-
tor

sm(k) from (5.25) sm(x) =
√

2 sin(mπx) vanishes at
x = 0, 1

vertical eigen-
mode

h̃
(N)
ij from (5.33) Lijc = 0 before impos-

ing endpoint data
endpoints free enlarged solu-

tion space
a

(N)
ij , a

(0)
ij from (5.35) cR

ij(x), cL
ij(x) nonzero end-

point values
endpoint solu-
tions

ΓΣ
ij Γ∞

ij (x) = cR
ij(x)Eij selected by

right endpoint
data

horizontal lift
of Eij

ΓΣ
ii Γ∞

ii (x) = σiEii constant in x diagonal hori-
zontal lift

Remark 10.21. The distinction between vertical directions and endpoint directions is

encoded in the boundary data. Vertical coefficient fields lie in H1
0 and vanish at both

endpoints. The endpoint solutions solve the same homogeneous differential equation

but need not vanish at the endpoints.

Set

ri := σ2
i .

We use the logarithmic mean ℓij defined in (10.3).

Lemma 10.22. For all 1 ≤ i, j ≤ d,

∫ 1

0
|cR

ij(x)|2 dx = ℓij,
∫ 1

0
|cL

ij(x)|2 dx = ℓij.

Proof. Since

|cR
ij(x)|2 = σ

2(1−x)
i σ2x

j = r1−x
i rx

j ,
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the definition (10.3) gives ∫ 1

0
|cR

ij(x)|2 dx = ℓij.

For cL
ij , the integrand is rx

i r
1−x
j , and the change of variables x 7→ 1 − x gives the same

integral.

The right endpoint solution gives the horizontal lift used in Theorem 10.5. Recall

that

Γ∞
ij (x) := cR

ij(x)Eij.

Proof of Theorem 10.5. In the Eij-sector, the formal adjoint of ∇bΣ is

∇∗
bΣ

= − d

dx
+ γij.

Since (cR
ij)′ = γijc

R
ij, we have

∇∗
bΣ

Γ∞
ij =

(
−(cR

ij)′ + γijc
R
ij

)
Eij = 0.

Let a ∈ H2
0 ([0, 1], gl(d,C)). By the formal adjoint formula and integration by

parts, ∫ 1

0
tr
(
(Γ∞

ij )∗ ∇bΣa
)
dx =

∫ 1

0
tr
(
(∇∗

bΣ
Γ∞

ij )∗a
)
dx = 0.

Thus Γ∞
ij is orthogonal to the complexified gauge directions, and hence to the real

vertical space TbΣ(K · bΣ).

It remains to check linearized balancedness and the endpoint projection. The

linearization of the moment field at bΣ, with the sign convention of this chapter, is

D(µ∞)bΣ [α] = −(α+ α∗)′ + [α, b∗
Σ] + [bΣ, α

∗].
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Here bΣ = b∗
Σ is diagonal and cR

ij is real-valued. If i ̸= j, then

D(µ∞)bΣ [Γ∞
ij ] =

(
−(cR

ij)′ + γijc
R
ij

)
Eij +

(
−(cR

ij)′ + γijc
R
ij

)
Eji = 0.

If i = j, then cR
ii ≡ σi and γii = 0, so

D(µ∞)bΣ [Γ∞
ii ] = −2(cR

ii)′Eii = 0.

Therefore

Γ∞
ij ∈ TbΣM∞ ∩ TbΣ(K · bΣ)⊥L2 .

By (9.17),

(Dϕ∞)bΣ [Γ∞
ij ] = YΣ(1)

∫ 1

0
YΣ(t)−1Γ∞

ij (t)YΣ(t) dt.

Using YΣ(1) = Σ, YΣ(t) = Σt, and

Σ−tEijΣt = σ−t
i σt

jEij,

we obtain

(Dϕ∞)bΣ [Γ∞
ij ] = Σ

∫ 1

0
cR

ij(t)σ−t
i σt

j Eij dt

=
∫ 1

0
σ

2(1−t)
i σ2t

j dtEij

=
∫ 1

0
r1−t

i rt
j dtEij

= ℓijEij.

The norm identity follows from Lemma 10.22:

∥Γ∞
ij ∥2

L2 =
∫ 1

0
|cR

ij(x)|2 dx = ℓij.
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Define

Γ̂∞
ij := ℓ

−1/2
ij Γ∞

ij .

After normalization,

∥Γ̂∞
ij ∥L2 = 1, (Dϕ∞)bΣ [Γ̂∞

ij ] = ℓ
1/2
ij Eij. (10.21)

Equation (10.21) shows that each normalized lift has unit L2-norm and projects to

ℓ
1/2
ij Eij. The family is L2-orthonormal because the matrix units are orthonormal for

the Frobenius Hermitian form.

It remains to show that no horizontal directions are missing. We work after complex-

ifying the tangent spaces; the real statement is obtained by taking the corresponding

real form. Let

η ∈
(
TbΣM∞ ∩ TbΣ(K · bΣ)⊥L2

)
⊗R C.

Orthogonality to the complexified vertical directions gives, for every a ∈ H2
0 ([0, 1], gl(d,C)),

0 = ⟨η,∇bΣa⟩L2 = ⟨∇∗
bΣ
η, a⟩L2 .

Hence ∇∗
bΣ
η = 0 in the distributional sense. In the Epq-sector this equation is

−η′
pq(x) + γpqηpq(x) = 0,

so

ηpq(x) = Apq σ
1−x
p σx

q
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for constants Apq ∈ C. Therefore

η =
∑
p,q

ApqΓ∞
pq.

The normalized fields Γ̂∞
ij therefore form an L2-orthonormal basis of the complexified

horizontal space.

Finally, at the diagonal point,

A∞,Σ(Eij) =
(∫ 1

0
r1−t

i rt
j dt

)
Eij = ℓijEij.

Together with the definition of h∞ in (10.2), this gives

h∞(Σ)
(
ℓ

1/2
ij Eij, ℓ

1/2
kℓ Ekℓ

)
= δikδjℓ.

Thus the normalized lifts project to the h∞(Σ)-orthonormal basis

ℓ
1/2
ij Eij.

Lemma 10.23. At the diagonal balanced representative bΣ,

ker(Dϕ∞)bΣ ∩ TbΣM∞ = TbΣ(K · bΣ).

Proof. The inclusion

TbΣ(K · bΣ) ⊂ ker(Dϕ∞)bΣ ∩ TbΣM∞

follows because the based gauge action preserves M∞ and leaves ϕ∞ unchanged.

303



For the reverse inclusion, let α ∈ ker(Dϕ∞)bΣ ∩TbΣM∞. The Dirichlet operators LD
ij

have a spectral gap, so the vertical space is closed and the L2-orthogonal decomposition

gives

α = v + h, v ∈ TbΣ(K · bΣ), h ∈ TbΣM∞ ∩ TbΣ(K · bΣ)⊥L2 .

By the basis statement in Theorem 10.5,

h =
∑
i,j

aijΓ∞
ij

for constants aij . Since based gauge directions do not change the endpoint, (Dϕ∞)bΣv =

0. The assumptions on α, together with Theorem 10.5, then give

0 = (Dϕ∞)bΣh =
∑
i,j

aijℓijEij.

All ℓij are positive and the matrix units are linearly independent, so aij = 0 for all

i, j. Hence h = 0 and α = v is vertical.

10.5 The renormalized entropy

At finite depth, the entropy is the logarithm of the volume of the compact set of

balanced factorizations in a fixed fibre. In the continuum model there is no finite-

dimensional compact orbit whose Riemannian volume is being computed. Nevertheless,

the formula at finite depth has an X-dependent part that remains after subtracting

terms independent of X. This remaining part is the renormalized entropy S∞ defined

in (10.4).

In Chapter 5 we computed the entropy at depth N . If X ∈ GL(d,C) has singular
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values σ1, . . . , σd, then

SN(X) = (N − 1) log ud + d

2 logN + N − 1
N

d∑
i=1

log σi

+
∑

1≤i<j≤d

log
 σ2

i − σ2
j

σ
2/N
i − σ

2/N
j

 , (10.22)

where ud is the Haar volume of U(d) with the normalization used there.

At a regular point of the singular-value chamber, for each i < j,

σ
2/N
i − σ

2/N
j = 1

N

(
log σ2

i − log σ2
j

)
+OX(N−2).

Hence

log
 σ2

i − σ2
j

σ
2/N
i − σ

2/N
j

 = logN + log
(

σ2
i − σ2

j

log σ2
i − log σ2

j

)
+OX(N−1).

Since there are
(

d
2

)
unordered pairs, the logN -terms in (10.22) combine to give

d

2 logN +
(
d

2

)
logN = d2

2 logN.

Thus, at a regular point,

SN(X) − (N − 1) log ud − d2

2 logN = S∞(X) +OX(N−1).

This calculation fixes the normalization of S∞. We do not use it as a convergence

theorem; in particular, no uniform estimate through singular-value collisions is asserted

here.
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For later use, we record the equivalent form of (10.4). If

ri := σ2
i ,

and if ℓij denotes the logarithmic mean from (10.3), then

S∞(X) = 1
2 log det(X∗X) +

∑
1≤i<j≤d

log ℓij. (10.23)

Indeed, 1
2 log det(X∗X) = ∑

i log σi.

The word entropy in S∞ is inherited from the finite-depth theory. It should not be

read as the logarithm of an actual volume of a K-orbit. Instead, S∞ is the renormalized

function on GL(d,C) obtained from the finite-depth entropy after the X-independent

terms have been removed.

The formula is written using singular values, but it does not require a genericity

assumption. The logarithmic mean has the integral representation

ℓij =
∫ 1

0
r 1−t

i r t
j dt,

so it extends across ri = rj with value ℓii = ri. Hence (10.4) extends continuously

across singular-value collisions. The determinant identity in Theorem 10.6 upgrades

this statement to global smoothness on GL(d,C).

Remark 10.24 (The formal β-family). The real and complex infinite-depth entropies

fit the same β-pattern as the finite-depth formulas of Contreras and Nahas [CN26]. If

β ∈ {1, 2, 4} corresponds respectively to the real, complex, and quaternionic models,

the formal infinite-depth renormalization gives

S(β)
∞ (X) = (β − 1)

d∑
i=1

log σi + β

2
∑

1≤i<j≤d

log
(

σ2
i − σ2

j

log σ2
i − log σ2

j

)
,
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after subtracting the X-independent terms, including the term coming from the Haar

volume of the compact group at finite depth. This chapter proves the complex case

β = 2.

Proof of Theorem 10.6. The left-hand side depends only on the singular values of X.

We first reduce the right-hand side to the same diagonal calculation. Let

X = QΣR∗, Σ = diag(σ1, . . . , σd),

be a singular value decomposition. For the complex-linear isomorphism

T : Md(C) → Md(C), T (Z) = QZR∗,

the definition of A∞,X gives

A∞,X ◦ T = T ◦ A∞,Σ.

Thus A∞,X and A∞,Σ are conjugate as complex-linear operators on Md(C), and so

det(A−1
∞,X) = det(A−1

∞,Σ).

It is therefore enough to compute at X = Σ.

Set ri = σ2
i . For the matrix unit Eij,

(ΣΣ∗)1−tEij(Σ∗Σ)t = r 1−t
i r t

jEij.

Hence

A∞,Σ(Eij) =
(∫ 1

0
r 1−t

i r t
j dt

)
Eij = ℓijEij.
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The matrix units form a complex basis of Md(C), so

det(A−1
∞,Σ) =

d∏
i,j=1

ℓ−1
ij .

Since ℓii = ri = σ2
i and ℓij = ℓji, this becomes

det(A−1
∞,Σ) =

(
d∏

i=1
σ−2

i

) ∏
1≤i<j≤d

ℓ−2
ij

 .
Taking logarithms gives

−1
2 log det(A−1

∞,Σ) =
d∑

i=1
log σi +

∑
1≤i<j≤d

log ℓij.

By (10.4), the right-hand side is S∞(X).

Since X 7→ A∞,X is smooth on GL(d,C), and since A∞,X is positive definite,

the function −1
2 log det(A−1

∞,X) is smooth. The theorem therefore shows that the

singular-value expression for S∞ is not merely a continuous extension across collisions.

In particular, the singular-value expression defines a smooth bi-unitarily invariant

function on GL(d,C).

Remark 10.25. The proof identifies the renormalized entropy with the determinant of

the metric matrix in the global Frobenius frame. Section 10.7 uses this determinant

formula to compute the Ricci form.

10.6 Horizontal lifts and the quotient metric

We defined the Hermitian tensor h∞ in Section 10.2 and constructed the horizontal

endpoint modes in Section 10.4. We now show that these two constructions give the

same metric on the quotient.
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The horizontal-lift theorem was proved in Section 10.4. We now use those lifts to

identify the quotient tensor with the explicit metric h∞.

Proof of Theorem 10.3. Let hquot denote the Hermitian tensor on GL(d,C) obtained

by transporting the L2-horizontal quotient tensor through

ϕ̄∞ : M∞/K → GL(d,C).

We prove that hquot = h∞.

First take X = Σ = diag(σ1, . . . , σd). By Theorem 10.5, the vectors

e∞
ij := ℓ

1/2
ij Eij

are the images of an L2-orthonormal horizontal basis. Therefore

hquot(Σ)(e∞
ij , e

∞
kℓ) = δikδjℓ.

Equivalently,

hquot(Σ)(Eij, Ekℓ) = δikδjℓ ℓ
−1
ij .

Proposition 10.10 gives the same formula for h∞(Σ). Hence

hquot(Σ) = h∞(Σ)

at every positive diagonal matrix Σ.

It remains to move this identity to an arbitrary point of GL(d,C). Let

X = QΣR∗
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be a singular value decomposition. Choose a path u ∈ H2([0, 1],U(d)) such that

u(0) = R, u(1) = Q.

If Y is a transport path from I to Σ, then

Ỹ (x) := u(x)Y (x)R∗

is a transport path from I to X. If b = Y ′Y −1, then the coefficient of Ỹ is

b̃ = u′u∗ + ubu∗.

A tangent field η at b is sent to uηu∗. This transformation preserves the L2 Hermitian

inner product, carries based gauge directions to based gauge directions, and therefore

carries horizontal directions to horizontal directions. Thus hquot is invariant under

X 7→ QXR∗.

The tensor h∞ has the same bi-unitary invariance by Lemma 10.9. Since every

X ∈ GL(d,C) admits a singular value decomposition, the equality at positive diagonal

matrices implies

hquot = h∞

on all of GL(d,C). Taking real and imaginary parts gives the induced Riemannian

metric and Kähler form:

g∞ = ℜh∞, ω∞ = ℑh∞.
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Remark 10.26 (Scope of the quotient construction). The proof of Theorem 10.3

identifies the tensor obtained from L2-horizontal lifts after the continuum quotient

has been identified with GL(d,C). It is not a convergence theorem for the quotient

tensors at finite depth.

Such a theorem would require uniform control, on compact subsets of GL(d,C), of

N A−1
N,X − A−1

∞,X

together with corresponding estimates for derivatives. Convergence of geodesics would

also require an argument showing that the relevant geodesics remain in a compact

region on the time interval under consideration. A global Gromov–Hausdorff statement

would require additional control near {detX = 0}, such as completeness, curvature, or

volume estimates. Thus the curvature formulas that follow should be read as identities

for the limiting metric, not as compactness results for the quotients at finite depth.

10.7 Ricci curvature and entropy

We now use the determinant identity for S∞ to compute the Ricci form. Throughout

this section, for a Kähler metric h on a complex manifold, we use the convention

ρh = −i ∂∂̄ log det(hαβ̄)

in any local holomorphic frame.

Proof of Theorem 10.7. Choose a basis

E1, . . . , Ed2
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of Md(C) that is orthonormal for the Frobenius Hermitian form. We regard this basis

as a global holomorphic frame of

TGL(d,C) ∼= GL(d,C) × Md(C).

By (10.2), the Hermitian matrix

h∞,αβ̄(X) := h∞(X)(Eα, Eβ)

is the matrix of the operator A−1
∞,X in this frame. Therefore

det(h∞,αβ̄(X)) = det(A−1
∞,X).

Using the definition of the Ricci form and Theorem 10.6, we obtain

ρ∞ = −i ∂∂̄ log det(h∞,αβ̄)

= −i ∂∂̄ log det(A−1
∞,X)

= 2i ∂∂̄S∞.

This proves the claimed Ricci-potential identity.

Remark 10.27 (The pluriharmonic term). The formula (10.4) may be written as

S∞(X) = 1
2 log det(X∗X) +

∑
1≤i<j≤d

log ℓij.

Locally on GL(d,C),

log det(X∗X) = log detX + log detX.
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Hence

i ∂∂̄
(1

2 log det(X∗X)
)

= 0.

Thus only the terms involving the logarithmic means contribute to ρ∞.

The Ricci-potential formula also shows that the infinite-depth metric is not Einstein,

even though both ω∞ and ρ∞ are determined by singular values.

Proof of Corollary 10.8. For a Kähler metric, the Einstein condition Ric(g∞) = λg∞

is equivalent to ρ∞ = λω∞ for some constant λ ∈ R. Assume, for contradiction, that

this identity holds.

Consider the holomorphic curve

ι : C → GL(d,C), ι(w) = diag(ew/2, e−w/2, 1, . . . , 1),

where the identity block is omitted when d = 2. Write

x := ℜw.

Then

ι(w)∗ι(w) = diag(ex, e−x, 1, . . . , 1),

and therefore, by Theorem 10.4,

(Ψ∞ ◦ ι)(w) = 1
4 tr

((
log(ι(w)∗ι(w))

)2
)

= 1
2x

2.

The singular values of ι(w) are

ex/2, e−x/2, 1, . . . , 1.
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Using (10.4) and (10.3), we get

(S∞ ◦ ι)(w) = log
(

sinh x
x

)
+ (d− 2) log

(
4 sinh2(x/2)

x2

)
,

with the smooth extension at x = 0.

The assumed Einstein condition, Theorem 10.7, and Theorem 10.4 imply

i ∂∂̄ (2S∞ − λΨ∞) = 0.

Pulling back by ι, the function

2(S∞ ◦ ι) − λ(Ψ∞ ◦ ι)

is harmonic on C. It depends only on x = ℜw, so it is affine in x. It is also even in x,

hence it must be constant.

Its Taylor expansion at x = 0 is

2(S∞ ◦ ι)(w) − λ(Ψ∞ ◦ ι)(w) =
(
d

6 − λ

2

)
x2 − d+ 6

720 x4 +O(x6).

The coefficient of x4 is nonzero for every d ≥ 2. The function is therefore not constant,

contradicting the Einstein assumption. Hence h∞ is not Kähler–Einstein.

Bibliographical notes

This chapter is the continuum counterpart of Chapter 5. The finite-depth quotient,

metric, Kähler-potential, entropy, and Ricci computations that motivate the present

construction come from Chapters 4 and 5, together with the papers cited there.

On the continuum side, the real part g∞ of the Hermitian metric restricts to the
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infinite-depth metric of Cohen, Menon, and Veraszto [CMV23] on GL(d,R). The formal

β-family in Remark 10.24 is motivated by the finite-depth complex and quaternionic

formulas of Contreras and Nahas [CN26]. We developed the gauge-theoretic continuum

model, the based gauge action, and the balanced classification in Chapter 9.

No convergence theorem is proved in this chapter. In particular, we do not prove

convergence of the rescaled finite-depth quotient tensors, the corresponding off-diagonal

tridiagonal blocks with Dirichlet endpoint conditions, geodesics, or Gromov–Hausdorff

limits.
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