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Abstract of “SympNets, PNNs and GFINNs: Intrinsic structure preserving neural
networks for identifying and solving dynamical systems with applications to optimal
control problems”, by Zhen Zhang, Ph.D., Brown University, May 2024

This thesis introduces novel neural network architectures designed to discover dy-

namical systems from physical data and as well as solve dynamical systems rising

from optimal control problems. At the core of the investigation are three intercon-

nected neural network models: Symplectic Networks (SympNets), Poisson Neural

Networks (PNNs), and GENERIC Formalism Informed Neural Networks (GFINNs).

SympNets are introduced as a foundational architecture to approximate arbitrary

symplectic maps, based on our proof of the universal approximation theorem. We

apply SympNets and its variants in three different scenarios, (i) identifying Hamil-

tonian systems from data, (ii) node classficiation on graphs (SympGNNs), and (iii)

solve high-dimensional optimal control problems through a symplectic transforma-

tion (SympOCNets and TSympOCNets).

Building on SympNets, we further introduce PNNs to extend the framework

to Poisson systems, addressing noncanonical coordinates through the integration of

the Darboux-Lie theorem. GFINNs represent a further generalization, designed to

encompass noncanonical conservative and dissipative systems by incorporating the

GENERIC formalism. These models significantly enhance the capability of Symp-

Nets to model more complex dynamics arising from a broader spectrum.

Collectively, these models represent an advancement in the integration of ma-

chine learning with physical modeling, potentially offering new ways to solve prob-

lems in system identification and optimal control. The thesis not only establishes

new theoretical results but also provides empirical evidence of the models’ superior

performance in a variety of complex scenarios, paving the way for future research in

physics informed machine learning.



Contents

Vita iv

Acknowledgments v

Publication viii

1 Introduction 1

2 SympNets: Intrinsic structure-preserving symplectic networks

for identifying Hamiltonian systems 6

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.2 Problem setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Architecture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.1 Linear modules . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3.2 Activation modules . . . . . . . . . . . . . . . . . . . . . . . . 17

2.3.3 Gradient modules . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3.4 SympNets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4 Theory of SympNets . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.4.1 Algebraic properties . . . . . . . . . . . . . . . . . . . . . . . 21

2.4.2 Approximation properties . . . . . . . . . . . . . . . . . . . . 23

2.5 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

x



2.5.1 Hyper-parameters . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.5.2 The Pendulum problem . . . . . . . . . . . . . . . . . . . . . 30

2.5.3 The Double Pendulum problem . . . . . . . . . . . . . . . . . 36

2.5.4 The Three-Body problem . . . . . . . . . . . . . . . . . . . . 40

2.6 Proofs for universal approximation theorems . . . . . . . . . . . . . . 41

2.7 Symplectic graph neural networks . . . . . . . . . . . . . . . . . . . . 49

2.7.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.7.2 Symplectic graph neural networks . . . . . . . . . . . . . . . . 52

2.7.3 Simulation results for SympGNN . . . . . . . . . . . . . . . . 55

2.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3 Learning Poisson systems and trajectories of autonomous systems

via Poisson neural networks 63

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

3.2 Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.2.1 Hamiltonian and Poisson systems . . . . . . . . . . . . . . . . 68

3.2.2 Symplectic map and Poisson map . . . . . . . . . . . . . . . . 71

3.2.3 Coordinate changes and the Darboux–Lie theorem . . . . . . . 72

3.3 Learning theory for Poisson systems and trajectories of autonomous

systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.3.1 Poisson neural networks . . . . . . . . . . . . . . . . . . . . . 74

3.3.2 Learning Poisson systems . . . . . . . . . . . . . . . . . . . . 76

3.3.3 Learning trajectories of autonomous systems . . . . . . . . . . 77

3.4 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.4.1 Lotka–Volterra equation . . . . . . . . . . . . . . . . . . . . . 80

3.4.2 Extended pendulum system . . . . . . . . . . . . . . . . . . . 81

3.4.3 Charged particle in an electromagnetic potential . . . . . . . . 83

3.4.4 Nonlinear Schrödinger equation . . . . . . . . . . . . . . . . . 86

xi



3.4.5 Pixel observations of two-body problem . . . . . . . . . . . . . 88

3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4 GFINNs: GENERIC Formalism Informed Neural Networks for

Deterministic and Stochastic Dynamical Systems 102

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

4.2 Problem Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

4.2.1 The GENERIC formalism . . . . . . . . . . . . . . . . . . . . 106

4.2.2 Deep Neural Networks . . . . . . . . . . . . . . . . . . . . . . 107

4.3 GENERIC Formalism Informed Neural Networks . . . . . . . . . . . 108

4.3.1 Case 1: L and M are known and E and S are unknown . . . . 111

4.3.2 Case 2: L, M , E and S are unknown . . . . . . . . . . . . . . 116

4.4 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

4.4.1 Two gas containers exchanging heat and volume . . . . . . . . 124

4.4.2 Thermoelastic double pendulum . . . . . . . . . . . . . . . . . 128

4.4.3 Langevin equation . . . . . . . . . . . . . . . . . . . . . . . . 131

4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

5 SympOCNet: Solving optimal control problems with applications

to high-dimensional multi-agent path planning problems 138

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

5.2 Preliminary background . . . . . . . . . . . . . . . . . . . . . . . . . 142

5.2.1 Hamiltonian systems and symplectic maps . . . . . . . . . . . 142

5.2.2 Symplectic networks (SympNets) . . . . . . . . . . . . . . . . 144

5.3 SympOCNet for optimal control problems without state constraints . 145

5.3.1 SympOCNet method . . . . . . . . . . . . . . . . . . . . . . . 147

5.3.2 Post-processing using the pseudospectral method . . . . . . . 150

5.4 SympOCNet for optimal control problems with state constraints . . . 152

xii



5.4.1 Soft penalty method for the optimal control problem . . . . . 153

5.4.2 Auxiliary penalty in the loss function of SympOCNet . . . . . 155

5.4.3 Augmented Lagrangian method in the training process of Sym-

pOCNet . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

5.5 Applications in path planning problems with obstacle and collision

avoidance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 159

5.5.1 Comparison among different loss functions . . . . . . . . . . . 162

5.5.2 Generalizability and offline-online training . . . . . . . . . . . 166

5.5.3 Multiple drones in a two-dimensional room . . . . . . . . . . . 171

5.5.4 Multiple drones with obstacle avoidance in a three-dimensional

space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

5.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

6 TSympOCNet for nonconvex path planning problems with linear

and nonlinear dynamics 178

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

6.2 Preliminary background . . . . . . . . . . . . . . . . . . . . . . . . . 180

6.2.1 Optimal Control Problem, Hamiltonian ODE system and

shooting method . . . . . . . . . . . . . . . . . . . . . . . . . 180

6.2.2 SympOCNets . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

6.3 TSympOCNet for optimal control problems with state constraints . . 184

6.3.1 Control Problem and A Sketch of the Architecture . . . . . . 184

6.3.2 TSympOCNet architecture . . . . . . . . . . . . . . . . . . . . 187

6.3.3 The TSympOCNet Method . . . . . . . . . . . . . . . . . . . 193

6.4 Applications in path planning problems with obstacle and collision

avoidance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 197

6.4.1 Single / four agent with circular obstacle . . . . . . . . . . . . 200

6.4.2 High dimensional problem with Newtonian dynamics . . . . . 202

xiii



6.4.3 Planning in nonconvex environment . . . . . . . . . . . . . . . 205

6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207

7 Summary 209

xiv



List of Tables

2.1 Model architecture. S-HNN uses fully-connnected neural network

(FNN) as its approximator to the Hamiltonian. Depth represents

the number of linear layers (linear modules) used in S-HNN (LA-

SympNet), while for G-SympNet it is equal to the number of gradient

modules. The number of sublayers for LA-SympNet is the number

of ℓup or ℓlow used to constitute each linear module. The width for

G-SympNet is n, the row dimension of K in the definition of gradient

module. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.2 Training parameters. The optimizer is set to be Adam [108] for

all the cases. The double pendulum and three-body problems require

more epochs to converge than the pendulum problem since those prob-

lems are in higher dimensions. . . . . . . . . . . . . . . . . . . . . . . 29

2.3 Quantitative results for the pendulum. The test MSE and the

VPT are recorded in the form of mean ± standard deviation in log

scale based on 10 independent experiments. SympNets outperform

S-HNNs in all test cases. . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.4 The test loss for double pendulum and three-body. The test

loss is recorded in the form of mean ± standard deviation in log scale

based on 10 independent experiments. . . . . . . . . . . . . . . . . . 39

xv



3.1 Losses of the three trained models. The long time test MSE is

evaluated along 1000 steps starting at the end point of training data.

Although VP-PNN has larger training MSE and one step test MSE

than NVP-PNN, its long time test MSE is instead less. The VPNN

performs worse than above two models and fails for long time prediction. 85

3.2 Losses and VPT of the PNN. The test MSE is evaluated along

100 steps starting at the end point of data. . . . . . . . . . . . . . . . 90

3.3 Model architecture. The detailed implementations of symplectic

neural networks, invertible neural networks as well as the autoencoder,

and their corresponding terminology used in this table are shown in

Appendix 3.5. The Sigmoid activation functions are used for all the

models. The optimizer is chosen to be Adam [108] with learning rate

0.001. The numbers of training iterations are 2×105, 1×105, 2×106,

1× 106, and 5× 105 respectively for the five problems considered. . . 94

4.1 Training loss (negative log-likelihood) and prediction error

(squared sliced Wasserstein-2 distance) of GFINNs. Even

though the training losses of the three cases are similar, the prediction

error shows significant differences, which reflects the different general-

ization capabilities of different models. In all cases, GFINNs produce

a lower prediction error compared to SDENets. . . . . . . . . . . . . 134

xvi



4.2 Model architecture. The number of layers and width of the neu-

ral network is slightly different across three cases considered in the

chapter (case 1, case 2a and case 2b). We list all of them in the table

separated by the slash. The layers and width for each component of

SPNNs is set to be the same as GFINNs. The hyperbolic tangent

(tanh) activation functions are used for all the models. The opti-

mizer is chosen to be Adam [108] with learning rate 0.001. For the

gas container and double pendulum examples, we train the models

using mini-batch with batch size 100 for 5 × 105 iterations. For the

Langevin equation example, we train the models using full batch for

5 × 104 iterations. The important dimension K of skew-symmetric

matrices QSNN
(z) and QENN

(z) in the parameterization of LNN and

MNN are chosen to be 5 and 4 respectively in all examples. . . . . . 135

5.1 The comparison among results of four loss functions with

SympOCNet method and pseudospectral post-process. We

show the minimal constraint value mins h(x(s)), the cost
∫ T

s=0
||v(s)||2

2
ds,

and the running time of the SympOCNet as well as those statistics

after the post-process. The loss function Laug provides the solution

with least amount of constraint violations and reasonable cost val-

ues. It can be seen that in all cases, the SympOCNet provides a good

initialization for the pseudospectral method. . . . . . . . . . . . . . 164

5.2 The result of the pseudospectral method with the linear ini-

tialization. We show the minimal constraint value mins h(x(s)), the

cost
∫ T

s=0
||v(s)||2

2
ds, the number of iterations, and the running time

of the pseudospectral method with the linear initialization (i.e., the

initial trajectory is an affine function of the time variable, and the ini-

tial velocity is a constant function). The minimal constraint value is

−1.00, which shows that the constraint is not satisfied, and the pseu-

dospectral method with the linear initialization does not converge to

a feasible solution. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

xvii



5.3 The results given by the offline-online training (L-BFGS) and

the post-process (pseudospectral method) in six generaliz-

ability tests. The offline-online training using L-BFGS method pro-

vides a good initialization for the pseudospectral method. With this

initialization, the pseudospectral method in the post-process improves

the feasibility and optimality of the solution in all the six cases. . . . 169

5.4 The results given by the pseudospectral method with the

linear initialization in six generalizability tests. Although the

pseudospectral method with the linear initialization performs slightly

better than our proposed method in the first five cases, it violates the

constraint in the last case. Therefore, our proposed method provides

a more robust initialization for the pseudospectral method compared

with the linear initialization. . . . . . . . . . . . . . . . . . . . . . . . 170

5.5 The results for the path planning problem with 32 and 64

drones in a room. We show the expected value and standard de-

viation of the minimal normalized distances. The collision does not

happen for 32 drones, but it may happen for 64 or more drones. There-

fore, we need to put a safe zone near each drone to avoid collision when

the number of drones is large. The computation time increases only

by 309 seconds when scaling from 32 to 64 drones. . . . . . . . . . . 172

6.1 Comparison of vannila PINN and TSympOCNet on prob-

lems of dimension 8, 16, 32, 64. Under the provided hyperparameter

setup, the solution obtained by TSympOCNet is closer to the global

optima compared to vannila PINN. The collision-avoidance constraint

is also satisfied better. . . . . . . . . . . . . . . . . . . . . . . . . . . 205

xviii



List of Figures

1.1 A schematic diagram showing the major three approaches in the data-

driven discovery of dynamical systems. One is the pure data-driven

approach. The other two are the physics informed data-driven ap-

proach. The second one is based on soft constraints imposed in an as-

sociated loss function. The third one directly imposes the underlying

physics into neural networks by designing novel network architectures. 3

2.1 Architecture of the SympNets. The SympNets can be seen as

a neural network with the unit triangular connection pattern, which

guarantees symplecticity. Here, Ti can be chosen as S, σ̃ or σ̂ (defined

in Section 2.3), depending on which type of module it belongs to. Two

main types of SympNets, namely LA-SympNets and G-SympNets, are

considered in this chapter. For LA-SympNets, Ti are chosen to be S

or σ̃ following a specific order, while for G-SympNets all the Ti are

chosen to be σ̂. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2 Illustrations for datasets of pendulum. Three types of datasets

are used in the experiments of pendulum. A dash line connects a blue

dot representing the initial state and a red dot representing the next

state after a time step h. . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.3 Inferences of the outer trajectories starting at (p,q) = (0,1.5),

(0,2), (0,2.5) for h = 0.1. This figure examines the extrapolation

power of three different models given training data on a single trajec-

tory starting at (p, q) = (0, 1). . . . . . . . . . . . . . . . . . . . . . . 29

xix



2.4 Results of LA-SympNets, G-SympNets and S-HNNs on the
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chosen so that the differences among the predictions made by the
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on all the datasets. (Right column) The total energies for the three

datasets. The y-axes of the three subplots are of the same length scale

so that the energy fluctuation levels can be clearly seen. The energy

of S-HNN for h = 3 is not shown since it explodes. (Total figure)
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2.6 Results for the double pendulum system. (Top-left) Six consec-

utive points in the training dataset. The arrow represents the direction
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tions on the representative trajectory. (Bottom) Predicted position
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2.9 (Left and middle) Total energy and MSE of the prediction

when T = 500. (Right) Prediction MSE as a function of

training sample size T . We can see that SympGNNs both conserves

the energy better and produces lower MSE compared to SympNets

when T = 500. However, when T becomes larger, SympNets become
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the inverse of the transformation, denoted by θ, Φ, and θ−1 respec-
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space is equal to the original phase space, and the key difference is

that the transformed system in latent space is “piecewise” Hamilto-

nian of latent dimension 2d while the whole space is of dimension

n ≥ 2d. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

xxii



3.2 Lotka–Volterra equation. (Left) Learning three trajectories by
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3.3 Extended pendulum system. (Left) Three ground truth trajecto-

ries compared to the predictions made by the PNN. The predictions

match the ground truth perfectly without deviation. (Right) The

ground truth and the predictions expressed in the latent space by

trained θ. The trajectories are lying on three different parallel planes. 83

3.4 Charged particle in the electromagnetic potential. (Top-left)

The position (x1, x2) of training flow. (Top-right) Prediction of the

VP-PNN starting at the end point of training flow for 2000 steps.

The VP-PNN perfectly predicts the trajectory without deviation.

(Bottom) Prediction of the position of particle over time. . . . . . . 85

3.5 Comparison of the reconstructed trajectories by three mod-

els. (Left) The reconstructed trajectory by the VP-PNN, which per-
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3.7 Long time prediction and frame interpolation for two body

images. (Top) Ground truth, four consecutive points in the test

dataset, after t = 6000 with step size h = 0.6. (Bottom) Predictions
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Chapter One

Introduction
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The discovery of governing equations for dynamical systems from observed data is

a longstanding scientific endeavor [19, 20, 173]. The so-called data-driven discovery

dated back to Kepler refers to scientific methods that extract important features

from data and either approximate or identify governing equations by means of (pa-

rameterized) function classes. With the recent advancement in deep learning, neural

network classes have been popularly employed in modelling and simulations and have

demonstrated some promising empirical results [22, 57, 83, 132, 156, 157].

The data-driven discovery may be classified into two major approaches. One is

the pure data-driven methods[31, 106] which model governing equations using neural

networks that are trained to fit observed data without physics. This approach could

provide a neural network model that mimics training trajectories, particularly when

no physics but a large amount of data are available. However, it is likely that the

learned models do not generalize well on the region where training data are scarce

or even do not exist. The other is the physics-informed data-driven approach, which

aims to model governing equations by embedding principles of physics into neural

networks together with data. By exploiting physics, it was empirically observed

that the amount of data needed to get good performance is much less than those

of the pure data-driven methods, and the learned model is stable and generalizes

well. Typically, the physics are imposed on neural networks by means of either

soft or hard constraints. The use of soft constraints introduces regularization terms

in an associated loss function that penalize neural networks that do not obey the

physics [158, 87]. The hope is that neural networks approximately follow the physics

after training. The hard constraints are typically imposed by designing proper neu-

ral network architectures that obey the underlying principles without optimization

processes [81, 101, 102, 35], yet maintain sufficient expressivity so that governing

equations can be learned from data. This is the approach we follow in this thesis.
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A schematic diagram of the classification of the data-driven discovery is given in

Figure 1.1.

Figure 1.1: A schematic diagram showing the major three approaches in the data-
driven discovery of dynamical systems. One is the pure data-driven approach. The
other two are the physics informed data-driven approach. The second one is based
on soft constraints imposed in an associated loss function. The third one directly
imposes the underlying physics into neural networks by designing novel network
architectures.

In this thesis, we present three different neural networks with physical principles

embedded directly into the architectures. Our target is to identify a map Φ : Rn →

Rn such that it satisfies one or more of the following principles:

1. Symplecticity (
∂Φ

∂x

)⊤

J

(
∂Φ

∂x

)
= J,

where J :=

 0 I

−I 0

.

2. Poisson (
∂Φ

∂x

)
B(x)

(
∂Φ

∂x

)⊤

= B(Φ(x)),

where B is anti-commutative, bilinear and satisfies Leibniz’s rule.
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3. GENERIC formalism

Φ(x) = x+ L(x)
∂E

∂x
(x) +M(x)

∂S

∂x
(x),

subject to L(x)
∂S

∂x
(x) =M(x)

∂E

∂x
(x) = 0,

L(x) is skew-symmetric, i.e., L(x) = −L(x)⊤

M(x) is symmetric positive semi-definite.

4. Permutation equivariance

Φ(Px) = PΦ(x),

where P is a permutation matrix.

The neural networks developed and discussed are symplectic networks (Symp-

Nets), Poisson neural networks (PNNs), and GENERIC formalism informed neural

networks (GFINNs), each designed to be a universal approximator for functions ad-

hering to the first three principles, respectively. Additionally, we present Symplectic

Graph Neural Networks (SympGNNs), which satisfy both the symplecticity and per-

mutation equivariance principles, aimed at identifying high-dimensional Hamiltonian

systems and performing node classifications.

These networks are constructed to inherently guide themselves towards accurate

solutions and demonstrate superior generalization capabilities compared to purely

data-driven models. This performance advantage is particularly noticeable when

the underlying data reflects the same physical principles and when the number of

training examples is limited.

Apart from data-driven discovery tasks, another specific application of Symp-
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Nets is on the optimal control problems. Due to the Pontryagin’s maximum princi-

ple, control problems can be reformulated to solve Hamiltonian ordinary differential

equations (ODEs). By employing a SympNet, we can pinpoint a symplectic trans-

formation that simplifies the original ODE into an easier-to-solve latent format.

Following this, we revert to the original phase space using the SympNet’s inverse

function to retrieve the solution. Our experiments demonstrate that such a transfor-

mation is universally applicable across a diverse spectrum of scenarios, ranging from

linear to nonlinear dynamics and from single to double integrators. This methodol-

ogy has been successfully applied to multi-agent path planning challenges, proving

its capability and efficiency in tackling high-dimensional tasks. Notably, it enabled

the resolution of a path planning issue for 256 drones in just 1.5 hours.

The rest of the thesis is organized as follows: In Chapter 2, we present the Symp-

Nets (SympGNNs) and their applications to the data-driven discovery of Hamiltonian

systems. In Chapter 3, we present the generalization of SympNets to noncarnonical

coordinates, i.e. PNNs, through the integration of Darboux-Lie theorem. In Chap-

ter 4, we propose GFINNs to identify both conservative and dissipative systems. In

Chapter 5 and 6, we apply SympNets to optimal control problems and introduce

SympOCNets and TSympOCNets.



Chapter Two

SympNets: Intrinsic

structure-preserving symplectic

networks for identifying

Hamiltonian systems
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2.1 Introduction

It is well known that neural networks can approximate continuous maps [36, 90].

However, universal approximation theorems only guarantee a small approximation

error for a sufficiently large network, but do not consider the optimization and gen-

eralization errors. In order to obtain satisfactory results for a given task, big data

is required that we may not be able to afford if this task is regarded as a pure

approximation problem [98]. For this reason, when applying deep learning to phys-

ical systems, the cost of data acquisition is prohibitive, and we are inevitably faced

with the challenge of drawing conclusions and making decisions under partial in-

formation. Fortunately, for physical systems there exists a vast amount of prior

knowledge that is not always utilized in machine learning practices. Encoding such

structured information into a learning algorithm results in amplifying substantially

the information content of the data that the algorithm sees, enabling it to quickly

steer itself towards the right solution and to generalize well even when only a few

training examples are available [117, 158]. There have been many research works fo-

cusing on how to employ prior knowledge to construct the targeted machine learning

algorithms for specific problems, where the approximated maps usually have special

structures or properties, which we naturally expect the trained networks to possess,

such as image classification [113], natural language processing [134], game playing

[178], as well as the recent work [129] providing a special network structure based

on the universal approximation theorem for approximating nonlinear operators [30].

Some works enforce the prior information on network structures by manifold calcu-

lus [68, 69, 70]. Additionally, more contributions specific to solving problems on the

manifold of symplectic matrices were proposed in [71, 72, 189].

In this chapter, we aim to study how to impose the prior information on the neural
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networks for identifying Hamiltonian systems. Specifically, we focus on endowing the

neural networks with a symplectic structure.

First, we provide some relevant background material. Denote the d-by-d identity

matrix by Id, and let

J :=

 0 Id

−Id 0

 ,

which is an orthogonal, skew-symmetric real matrix, so that J−1 = JT = −J .

Definition 1. A matrix H ∈ R2d×2d is called symplectic if HTJH = J .

With the concept of symplectic matrix, the definition of symplectic map can be

given.

Definition 2. A differentiable map Φ : U → R2d (where U ⊂ R2d is an open set) is

called symplectic if the Jacobian matrix ∂Φ
∂x

is everywhere symplectic, i.e.,

(
∂Φ

∂x

)⊤

J

(
∂Φ

∂x

)
= J.

We consider the Hamiltonian system


ẏ = J−1∇H(y)

y(t0) = y0

, (2.1)

where y(t) ∈ R2d, and H is the Hamiltonian typically representing the energy of the

system (2.1). Let ϕt(y0) be the phase flow of system (2.1). In 1899, Poincaré pointed

out that the phase flow of a Hamiltonian system is a symplectic map [84, p. 184,

Theorem 2.4], i.e., (
∂ϕt

∂y0

)⊤

J

(
∂ϕt

∂y0

)
= J. (2.2)
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The evaluation of the behavior of dynamical systems at long time is a notoriously dif-

ficult problem in mathematics, particularly for discrete dynamical systems. One may

encounter situations where the dynamics explodes, converges to stationary states or

exhibits chaotic behavior. Fortunately, for Hamiltonian systems, these problems can

be alleviated by imposing the symplectic structure on the numerical methods due to

(2.2). There are some well-developed works on symplectic integration, see for exam-

ple [65, 84, 133]. As the symplectic numerical integrators yield transformative results

across diverse applications based on the Hamiltonian systems [147, 64, 194, 155], we

aim to consider the construction of networks possessing symplecticity and explore

how it impacts the numerical methods for the Hamiltonian systems.

To this end, many neural network-based models have been proposed to identify

the Hamiltonian systems from data [13, 81, 162, 172, 32, 184, 196], with further

applications in image prediction [81], generative modeling [184] and continuous con-

trol [196]. These learning models are mostly constructed by exploiting the structure

of standard numerical time-stepping methods [80, 29, 157]. The most fundamental

learning model specific to Hamitonian systems is proposed in [81] named Hamiltonian

neural networks (HNNs), which uses a standard neural network H̃ to approximate

the Hamiltonian H instead of the total vector field J−1∇H. The input to HNNs

are the phase points as well as their derivatives. If only time-dependent discrete

phase points are available, a numerical integrator has to be applied to the data

to construct the loss. A subsequent work in [32] provided the recurrent version of

HNNs, namely the symplectic recurrent neural networks (SRNNs). In addition, it

experimentally justified that the numerical integrator applied by HNN is preferred

to be a symplectic one. Regarding this issue, [198] theoretically proved the necessity

of symplectic integration for HNN according to the theory of the inverse modified

equation. Both HNNs and SRNNs are, in fact, the indirect methods to identify the
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flow of the system, by recovering the Hamiltonian H first, then performing prediction

using a numerical integrator (better be symplectic) again to solve the learned sys-

tem. Hence, the HNN-based models are inefficient in the prediction process as well

as in the training process, due to the need to compute the gradient of H̃. Another

strategy is to learn the phase flow of the Hamiltonian system directly, based on the

prior knowledge of the symplecticity of the Hamiltonian flow as aforementioned. [23]

used the two-layer Hamiltonian network constructed by the Verlet method [84] to

achieve reversibility and symplecticity. [18] designed the architecture using the pro-

posed symplectic additive coupling layer as its activation layer, and the pre–Iwasawa

decomposed symplectic matrix [45] as its symplectic linear layer. Moreover, [125]

provided a symplectic transformation by employing the real NVP [52]. In recent

work in [183] the authors constructed symmetric networks in Taylor expansion form

to learn the gradient of the Hamiltonian, then combined them together by a fourth-

order symplectic integrator to constitute a symplectic map.

All of the aforementioned symplectic-structured networks lack the theoretical

guarantees for their representability, and especially some of them are indeed unable

to approximate arbitrary symplectic maps. Additionally, most of them require the

learned system to be a separable Hamiltonian system, defined as follows:

Definition 3. The Hamiltonian system (2.1) is separable if

H(p, q) = T (p) + U(q), p, q ∈ Rd.

In this chapter, we develop symplectic networks (SympNets) to learn the sym-

plectic flow of the Hamiltonian system. In fact, SympNets are able to approximate

arbitrary symplectic maps within the set of symplectic maps itself. To the best of

our knowledge, this is the first work which can achieve this result with theoretical
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guarantees. Prior knowledge is incorporated in the sense that the searching space

of the neural network is greatly reduced, and the optimization can be performed

more effectively. We list below several key advantages of SympNets that will be

documented in detail later:

• SympNets are able to approximate arbitrary symplectic maps in the Cr norm

given appropriate activation functions, such as the sigmoid, hence, they are

able to learn the phase flow of arbitrary Hamiltonian systems.

• SympNets do not require the learned Hamiltonian systems to be separable.

• SympNets can learn the continuous time evolution of dynamics in extended

version as stated in Section 2.5.2.3.

• SympNets can handle the data points resulting from long time steps.

• SympNets are highly efficient in training and prediction, as they behave like

a standard neural network without the need of extra computation of the gra-

dient during both training and prediction processes or the need of performing

numerical integration in the prediction stage as HNN-based models do.

• SympNets show great generalization power with an incredibly small network

size, as shown in the experiments of the pendulum example, reflecting the

expressivity of SympNets.

• SympNets are reversible so that the values at the forward passing stage need

not be stored.

• SympNets can be extended to recurrent version without any modification, com-

pared to SRNNs.
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The rest of this chapter is organized as follows. Section 2.2 briefly summarizes the

main problem we aim to solve. The detailed process of constructing the SympNets

is shown in Section 2.3. In Section 2.4, we present the theoretical results for Symp-

Nets. Section 2.5 presents the simulation results for several Hamiltonian systems.

We proved universal approximation theorem of SympNets in Section 2.6. We intro-

duce SympGNN in Section 2.7 to approximate a map which is both symplectic and

permutation equivariant. A summary is provided in the last section.

2.2 Problem setup

We apply a neural network model to learn the phase flow of the Hamiltonian system

from data. Similar to what numerical integrators do, the trained network is used

to compute the phase point after time step h of the start point y0, i.e., the input is

phase point y0 while the output is the phase point y1 = ϕh(y0).

Assume that the phase flows of (2.1) are constrained in a compact space W . We

first choose some phase points fromW , denoted by {xi}N1 , and then obtain the value

of time-h flow {yi = ϕh(xi)}N1 by a high-order symplectic integrator [84]. Naturally,

T = {(xi, yi)}N1

is viewed as the training set for learning. The neural network Φh as numerical

integrator can be learned by minimizing the mean-squared-error loss

MSE =
1

2d ·N

N∑
i=1

∥Φh(xi)− yi∥2.

If no prior is placed on Φh, it may not possess the property of symplecticity as
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an integrator, which means that the Hamiltonian may not be conserved in a long-

time integration. In other words, we should carefully design Φh to make sure it is

intrinsically symplectic, if we want to make accurate long term prediction based on

the learned model. The architecture of Φh will be shown in the next section.

2.3 Architecture

Our architecture design philosophy is based on the fact that the composition of

symplectic transformations is again symplectic. In order to construct the destination

symplectic map, we make an effort to search for simple linear/nonlinear symplectic

maps as the building blocks of the network. We note that the building blocks should

be easily parameterized so that they can be efficiently trained. An illustration of the

proposed architecture is presented in Fig. 2.1.

For convenience, we employ notations used often for matrices and matrix-like

maps. In this chapter, (·) denotes a matrix, such as

A1 A2

A3 A4

 ∈ R2d×2d,

representing the 2d×2d-blocked matrix with A1, A2, A3, A4 ∈ Rd×d, while [·] denotes

a matrix-like map, such as

f1 f2

f3 f4

 : R2d → R2d,

f1 f2

f3 f4


p
q

 :=

f1(p) + f2(q)

f3(p) + f4(q)

 ,

representing the 2d × 2d-blocked matrix-like map with fi : Rd → Rd. Sometimes
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by an abuse of notation, we also represent by the matrix A ∈ Rd×d the linear map

p→ Ap for p ∈ Rd. Hence, the identity matrix and the zero matrix I, 0 may represent

the identity map and the zero map, respectively, when they are used in [·].

One of the simplest family of symplectic map from R2d to R2d using notations

defined above is

fup

p
q

 =

I ∇V
0 I


p
q

 , flow

p
q

 =

 I 0

∇V I


p
q

 , (2.3)

where V : Rd → R is an arbitrary function with at least C1 regularity, and ∇V :

Rd → Rd is the gradient of V defined by

∇V (x) =

(
∂V
∂x1
, ∂V
∂x2
, · · · ∂V

∂xd

)⊤

.

In fact, the composition of several fup and flow can approximate any symplectic map,

according to 2.6. Hence one may directly model V as a neural network to obtain a

“symplectic network”. Nevertheless, this approach requires the computation of the

gradient of a network and immediately degenerates to a Hamiltonian neural network

discretized by a specific symplectic integrator. SympNets are designed to get rid of

the step of calculating the gradients.
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Figure 2.1: Architecture of the SympNets. The SympNets can be seen as a
neural network with the unit triangular connection pattern, which guarantees sym-
plecticity. Here, Ti can be chosen as S, σ̃ or σ̂ (defined in Section 2.3), depending
on which type of module it belongs to. Two main types of SympNets, namely LA-
SympNets and G-SympNets, are considered in this chapter. For LA-SympNets, Ti
are chosen to be S or σ̃ following a specific order, while for G-SympNets all the Ti
are chosen to be σ̂.

2.3.1 Linear modules

In reference to the linear modules, let

ℓup

p
q

 =

I S

0 I


p
q

+ b, ℓlow

p
q

 =

I 0

S I


p
q

+ b,

b ∈ R2d, p, q ∈ Rd,

(2.4)

where S ∈ Rd×d is symmetric. Obviously, ℓup and ℓlow are linear and symplectic,

however, they are too simple to express a general linear symplectic map. In order

to strengthen the expressivity of a linear layer, we compound several ℓup and ℓlow

alternately as

Lup
n

p
q

 =

 I 0/Sn

Sn/0 I

 · · ·
 I 0

S2 I


I S1

0 I


p
q

+ b,
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Llow
n

p
q

 =

 I Sn/0

0/Sn I

 · · ·
I S2

0 I


 I 0

S1 I


p
q

+ b.

Lup
n and Llow

n are referred to as the linear modules in the symplectic network. We

would like the linear modules to play a similar role as the linear layers do in a fully-

connected neural network. Now a problem is raised naturally, that is, are maps like

Ln powerful enough to represent any linear symplectic map? The answer is yes, and

we will present details in Section 2.4. It is noteworthy that during the prediction

process, one may merge the triangular blocks into one matrix in advance for Ln to

make predictions faster. In the following, we will denote the set of the linear modules

as:

ML = {ψ|ψ is a linear module}.

Another issue worth mentioning is parameterization. Since most optimization

methods in deep learning focus on unconstrained problems, it is necessary to find

a representation for these modules which can be freely parameterized. In fact, the

unit triangular symplectic matrices

I S

0 I

 ,

I 0

S I

 (ST = S)

can be parameterized as

I A+ AT

0 I

 ,

 I 0

A+ AT I


where A is a square matrix without any constraint.
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2.3.2 Activation modules

We aim to build a simple nonlinear symplectic module, which plays a similar role

as the activation layer in a standard fully-connected neural network. The module is

designed as

P
Q

 = Φ

p
q

 =

 p

diag(a)σ(p) + q

 , p, q ∈ Rd,

where a ∈ Rd is the parameter to learn, and σ : R → R is the activation function

acting element-wise as σ(p) = (σ(p1), · · · , σ(pd))T by a slight abuse of notation. One

may readily check that this map is symplectic because it can be written in the form of

(2.3) with V (p) = a⊤ ·(
∫
σ)(p), where

∫
σ is the antiderivative of σ. For convenience,

we denote this map by

N

p
q

 =

 I 0

σ̃a I


p
q

 :=

 p

diag(a)σ(p) + q

 .

Similar to (2.4), we specifically define

Nup

p
q

 =

I σ̃a

0 I


p
q

 , Nlow

p
q

 =

 I 0

σ̃a I


p
q

 .

Nup and Nlow are referred to as the activation modules of a symplectic network.

This layer plays the same role as activation layer in a standard fully-connected neural

network. The universal approximation theorem of neural networks states that any

continuous function can be approximated by the composition of linear units and

activation units under certain constraints. Similarly, it will be shown in section 2.4

that any symplectic map can be approximated by a composition of linear modules
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and activation modules. In the following, we will denote the set of the activation

modules as:

MA = {ψ|ψ is an activation module}.

2.3.3 Gradient modules

In addition to the modules provided in section 2.3.1 and 2.3.2, we offer an alternative

choice, called the gradient module. This module will not change the approximation

properties of the network, however, it offers an option, which may converge faster

and result in lower testing error in some cases.

Let us define a symplectic map given an activation function σ in the following

way:

G

p
q

 =

 I 0

σ̂K,a,b I


p
q

 :=

 p

K⊤diag(a)σ(Kp+ b) + q

 ,

where b ∈ Rn, K ∈ Rn×d, a ∈ Rn, and n is a positive integer regarded as the width

of the module. In practice, we let n > d to increase the expressivity of the module.

To see that G is indeed symplectic, one only needs to set V (p) = a⊤ · (
∫
σ)(Kp+ b)

in (2.3). Now we define

Gup

p
q

 =

I σ̂K,a,b

0 I


p
q

 , Glow

p
q

 =

 I 0

σ̂K,a,b I


p
q

 .

Gup and Glow are referred to as the gradient modules of the symplectic network.

The “gradient module” is named following the principle that σ̂K,a,b can approximate

an arbitrary ∇V as shown in 2.6. These modules are inspired by the two-layer

Hamiltonian network in [23], the symmetric layer in [171] and the symplectic additive
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coupling layer in [18]. In the following, we will denote the set of gradient modules

as:

MG = {ψ|ψ is a gradient module}.

2.3.4 SympNets

The symplectic networks (SympNets) can be informally defined as the composi-

tion of linear, activation and gradient modules. More formally, we have the following

definition:

Definition 4. Consider {vi}k1 ⊂ ML ∪MA ∪MG, where ML, MA and MG are

the set of linear, activation and gradient modules respectively. Let

ψ = vk ◦ vk−1 ◦ · · · ◦ v1.

Any such ψ is called symplectic network (SympNet). Furthermore, we define

the collection of SympNets as

Ψ = {ψ|ψ is a SympNet}.

Theoretically, the SympNets enjoy great algebraic and approximation properties,

which will be discussed in the next section. Practically, a SympNet is highly flexible

in the sense that different modules can be assembled in many different ways. The

users could apply a neural architecture search (NAS) algorithm to find out the best

way to assemble these modules. Here, we introduce two easily realizable ways of

formulating a symplectic network, for the purpose of both proving theorems and

performing numerical simulations.
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Definition 5. Consider {vi}k+1
1 ⊂ML, {wi}k1 ⊂MA. Let

ψ = vk+1 ◦ wk ◦ vk ◦ · · · ◦ w1 ◦ v1,

where ψ is called LA-SympNet. We define the collection of LA-SympNets as

ΨLA = {ψ|ψ is a LA-SympNet}.

Definition 6. Consider {ui}k1 ⊂MG. Let

ψ = uk ◦ uk−1 ◦ · · · ◦ u1,

where ψ is called G-SympNet. We define the collection of G-SympNets as

ΨG = {ψ|ψ is a G-SympNet}.

Note that both ΨLA,ΨG ⊂ Ψ. ΨLA can be considered as the alternated com-

position of linear and activation modules while ΨG can be thought of as the simple

combination of gradient modules. We will show that both ΨLA and ΨG are dense in

the set of all the symplectic maps given an appropriate activation function in section

2.4.



21

2.4 Theory of SympNets

2.4.1 Algebraic properties

Theorem 1 (Algebraic structure). The collection of all the SympNets Ψ is a group

in the sense of map composition.

Proof. We know that the identity map I ∈ ML ⊂ Ψ is the identity element of Ψ

(group “multiplication” is given by map composition). Moreover, the associative law

and the closure obviously hold by the definition of Ψ. What we need to confirm is

that there exists an inverse element for any ψ, i.e., ψ−1 ∈ Ψ. Observe that

I f

0 I


−1

=

I −f
0 I

 ,
I 0

f I


−1

=

 I 0

−f I

 ,
where f : Rd → Rd. By substituting f = S, σ̃a and σ̂K,a,b respectively, we derive

that for any L ∈ML, N ∈MA, G ∈ MG, it holds that

L−1 ∈ML ⊂ Ψ, N−1 ∈MA ⊂ Ψ, G−1 ∈MG ⊂ Ψ.

Now we consider an arbitrary SympNet ψ = vk ◦ vk−1 ◦ · · · ◦ v1 ∈ Ψ. It can be seen

that

ψ−1 = v−1
1 ◦ · · · ◦ v−1

k−1 ◦ v
−1
k ∈ Ψ.

We therefore conclude that Ψ is a group.

Being a group endows Ψ with many practically useful properties. One direct

implication of theorem 1 is the following:
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Corollary 1. Any SympNet ψ ∈ Ψ is reversible.

Reversibility means that there is an analytic inverse and the value of the neural

network at each layer can be computed from the output of the entire network, i.e.,

once ψ(x) is known, we can obtain the value of vi ◦ · · · ◦ v1(x) for each 1 ≤ i ≤ k.

This implies that these values are unnecessary to be stored at the forward passing

stage, since they can be computed directly at the backward propagation stage, which

enables a memory-efficient way of implementing the neural network. This type of

neural network has applications in image classification and generative modeling [51,

52, 23, 11]. Ideas in this direction can be further explored in the future.

Example 1. Here is an example for the reverse SympNet. If

P
Q

 =ψ

p
q


=

I S3

0 I


I diag(a)σ

0 I


 I 0

S2 I


I S1

0 I


p
q

 ,

then p
q

 =ψ−1

P
Q


=

I −S1

0 I


 I 0

−S2 I


I −diag(a)σ
0 I


I −S3

0 I


P
Q

 .

Theorem 2. The collection of LA(G)-SympNets ΨLA(ΨG) is a group.

Proof. It is similar as the proof of Theorem 1.
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2.4.2 Approximation properties

In this section, we wil present three main theorems regarding approximation prop-

erties of the SympNets. We start by introducing a few notations, which will be used

later. Denote the set of symplectic matrices as

SP = {H ∈ R2d×2d|HTJH = J}.

Similarly, we denote the set of Cr smooth symplectic map on an open set U ⊂ R2d

as

SPr(U) =

{
Φ ∈ Cr(U ;R2d)

∣∣∣∣∣
(
∂Φ

∂x

)⊤

J

(
∂Φ

∂x

)
= J

}
, r ≥ 1.

Also, denote

Ln =

{ I 0/Sn

Sn/0 I

 · · ·
 I 0

S2 I


I S1

0 I

∣∣∣∣∣
Si ∈ Rd×d, ST

i = Si, i = 1, 2, · · · , n

}

where the unit upper triangular symplectic matrices and the unit lower triangular

symplectic matrices appear alternately. It is clear that Lm ⊂ Ln ⊂ SP for all

integers 1 ≤ m ≤ n.

Theorem 3. SP = L9. Thus,ML consists of all the linear symplectic maps.

Proof. It is known from our previous work [99] that SP = L9.

The above theorem indicates that the linear modules can parameterize any linear



24

symplectic map. Moreover, the depth of each linear module need not be larger than

9. In [99], we systematically present several existing modern factorizations of the

matrix symplecic group, and propose the unit triangular factorization described as

Theorem 3. This factorization induces the unconstrained parametrization of the

matrix symplectic group by replacing the block Si with Ai + AT
i . It enables us to

make use of the symplectic matrix as a module in a deep neural network, just like

what we are doing here.

Restrictions on activation functions have to be made before any type of approxi-

mation theorem of neural networks can be given. Here, we introduce some necessary

notations first. Let Dα be the differential operator, where α = (α1, · · · , αm) with

non-negative integers αi is an ordered set of differential indexes. As an example, for

f ∈ C∞(Rm), we have

Dαf =
∂|α|f

∂x1α1 · · · ∂xmαm
, |α| = α1 + · · ·+ αm.

Furthermore, we define the norm on Cr(W ;Rn) as

∥f∥Cr(W ;Rn) =
∑
|α|≤r

max
1≤i≤n

sup
x∈W
|Dαfi(x)|,

f = (f1, · · · , fn)⊤ ∈ Cr(W ;Rn),

for a compact set W ⊂ Rm.

Definition 7. Let r ∈ {0} ∪ N∗ be given. σ is r-finite if σ ∈ Cr(R) and 0 <∫
|Dr(σ)|dλ < ∞. Here N∗ is the set of positive integers and λ is the Lebesgue

measure on R.

One of the most commonly used activation functions, the sigmoid function, sat-

isfies this condition for any r ∈ N∗. We will formalize and show this result in lemma
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1.

Definition 8. Let m,n ∈ N∗, r ∈ {0} ∪ N∗ be given, U ⊂ Rm is an open set,

S1 ⊂ Cr(U ;Rn), then we say S2 is r-uniformly dense on compacta in S1 if S2 ⊂ S1

and for any f ∈ S1, compact W ⊂ U and any ϵ > 0, there exists g ∈ S2 such that

∥f − g∥Cr(W ;Rn) < ϵ.

With the above concepts, next we present the universal approximation theorems

for SympNets, and provide their proofs in 2.6.

Theorem 4 (Approximation theorem for LA-SympNets). For any r ∈ N∗ and open

U ⊂ R2d, the set of LA-SympNets ΨLA is r-uniformly dense on compacta in SPr(U)

if the activation function σ is r-finite.

Theorem 5 (Approximation theorem for G-SympNets). For any r ∈ N∗ and open

U ⊂ R2d, the set of G-SympNets ΨG is r-uniformly dense on compacta in SPr(U) if

the activation function σ is r-finite.

Following Theorems 4 and 5, Ψ is also r-uniformly dense on compacta in SPr(U).

Moreover, since Ψ and SPr(R2d) are groups, Ψ ⊂ SPr(R2d), we have that Ψ is a

dense subgroup of SPr(R2d).

Theorems 4 and 5 give the general criterion for a SympNet to possess the universal

approximation property. It is worth mentioning that the sigmoid function satisfies

the condition.

Lemma 1. The sigmoid activation, σ(x) = 1
1+e−x , is r-finite for any r ∈ N∗.

Proof. σ′(x) = e−x

(1+e−x)2
> 0, so

∫
|σ′(x)|dλ =

∫
σ′(x)dλ = 1. By mathematical
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induction, one can show that when n ≥ 2,

σ(n)(x) = σ′(x)P (n−1)(σ(x)),

where P (n−1)(·) is an (n− 1)-th order polynomial, then

0 <

∫
|σ(r)(x)|dλ ≤

∫
|σ′(x)|dλ · (sup

x∈R
|P (r−1)(σ(x))|)

= sup
y∈[0,1]

|P (r−1)(y)|

<∞.

Therefore σ is r-finite for any r ∈ N∗.

Corollary 2. The set of sigmoid-activated LA(G)-SympNets is r-uniformly dense

on compacta in SPr(U) for any r ∈ N∗ and open U ⊂ R2d.

Therefore, we will use the sigmoid activation function for all of our simulation

experiments presented below.

Regular flow data with h = 0.1 Regular flow data with h = 3 Irregular data with 0.2 h 0.5

Figure 2.2: Illustrations for datasets of pendulum. Three types of datasets are
used in the experiments of pendulum. A dash line connects a blue dot representing
the initial state and a red dot representing the next state after a time step h.
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2.5 Simulation results

Besides their universal approximation power, SympNets, specifically LA/G-SympNets,

possess many other desirable properties in the sense that: first, they are able to gen-

eralize using limited amount of data with a small parameter space. Second, they can

handle long time step prediction based models. Third, they can handle irregularly

sampled data. Fourth, they can deal with non-separable Hamiltonian. Last but not

least, they scale well in high dimensions. We illustrate these properties of SympNets

by solving three different numerical prediction tasks, namely the pendulum, double

pendulum and three-body problems.

The benchmark method used for comparison in this section is HNN [81]. The

main objective to be minimized in HNN is

∥∥∥∥dydt − J−1∇H̃(y)

∥∥∥∥ ,
where y ∈ R2d, H̃ is a standard neural network. In many application scenarios, the

derivative of vector fields dy
dt

is unknown, so it should be approximated using numer-

ical discretization integrators. In fact, symplectic integrators should be applied, as

is numerically justified in [32] and theoretically proved in [198]. In all of our experi-

ments, we use the midpoint rule, a symplectic integrator of order 2, to approximate

the objective: ∥∥∥∥xi+1 − xi
h

− J−1∇H̃(
xi + xi+1

2
)

∥∥∥∥ .
Once H̃ has been learned, we perform prediction using a 4th order symplectic in-

tegrator with finer time step to ensure the correctness of the predictions of HNNs,

which indeed costs much more time compared to SympNets that make predictions

directly. Since symplectic methods are applied in both training and testing proce-
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dures, we will refer to the enhanced baseline model as S-HNNs, where S stands for

symplectic. In this chapter, we do not require the Hamiltonians to be separable a

priori for any of the test cases, so multistep or recurrent training in [32] will not be

considered for S-HNNs, especially for the case of the double pendulum that is indeed

non-separable.

Problem Type Depth Sublayers Width Parameters

S-HNN 4 N/A 30 2K
Pendulum: flow data LA-SympNet 3 2 N/A 14

G-SympNet 5 N/A 30 0.5K

S-HNN 4 N/A 30 2K
Pendulum: irregular data LA-SympNet 5 4 N/A 34

G-SympNet 5 N/A 30 0.5K

S-HNN 4 N/A 50 5K
Double pendulum LA-SympNet 8 5 N/A 0.2K

G-SympNet 8 N/A 50 2K

S-HNN 6 N/A 50 11K
Three-body LA-SympNet 20 4 N/A 3K

G-SympNet 20 N/A 50 8K

Table 2.1: Model architecture. S-HNN uses fully-connnected neural network
(FNN) as its approximator to the Hamiltonian. Depth represents the number of
linear layers (linear modules) used in S-HNN (LA-SympNet), while for G-SympNet
it is equal to the number of gradient modules. The number of sublayers for LA-
SympNet is the number of ℓup or ℓlow used to constitute each linear module. The
width for G-SympNet is n, the row dimension of K in the definition of gradient
module.

2.5.1 Hyper-parameters

Table 2.1 shows the architecture of the models we used for each problem. We see

that LA-SympNets require a significantly smaller parameter space, especially in the

case of the pendulum with h = 0.1, where it takes only 14 parameters to achieve the

best performance. The activation function is chosen to be sigmoid for SympNets and
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Problem Type Learning rate Epochs

S-HNN 0.001 100000
Pendulum: flow data LA-SympNet 0.001 100000

G-SympNet 0.001 100000

S-HNN 0.001 100000
Pendulum: irregular data LA-SympNet 0.01 100000

G-SympNet 0.01 100000

S-HNN 0.001 300000
Double pendulum LA-SympNet 0.001 300000

G-SympNet 0.001 300000

S-HNN 0.001 300000
Three-body LA-SympNet 0.001 300000

G-SympNet 0.001 300000

Table 2.2: Training parameters. The optimizer is set to be Adam [108] for all
the cases. The double pendulum and three-body problems require more epochs to
converge than the pendulum problem since those problems are in higher dimensions.

Type LA-SympNet G-SympNet S-HNN

h = 0.1
Test MSE (log10) −7.3± 0.1 −3.0± 0.2 −1.6± 0.6

VPT (log10) 3.5± 0.3 1.2± 0.1 0.3± 0.3

h = 3
Test MSE (log10) −6.7± 0.4 −5.2± 0.5 N/A

VPT (log10) 4.5± 0.4 3.7± 0.2 N/A

Irregular
Test MSE (log10) −4.4± 0.4 −4.1± 0.5 −3.2± 0.2

VPT (log10) 2.1± 0.6 1.8± 0.4 1.2± 0.1

Table 2.3: Quantitative results for the pendulum. The test MSE and the VPT
are recorded in the form of mean ± standard deviation in log scale based on 10
independent experiments. SympNets outperform S-HNNs in all test cases.
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Figure 2.3: Inferences of the outer trajectories starting at (p,q) = (0,1.5),
(0,2), (0,2.5) for h = 0.1. This figure examines the extrapolation power of three
different models given training data on a single trajectory starting at (p, q) = (0, 1).
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hyperbolic tangent (tanh) for S-HNNs. We use the normal distribution N (0, 0.012)

to initialize each entry of the weight matrices in SympNets, while for S-HNNs, prin-

cipal orthogonal initialization is applied. The training parameters are presented in

Table 2.2.

2.5.2 The Pendulum problem

2.5.2.1 Datasets and evaluation metric

Consider the pendulum system with the Hamiltonian

H(p, q) =
1

2
p2 − cos(q).

In particular, we use three different datasets: (i) flow data with h = 0.1, (ii) flow data

with h = 3, (iii) irregular data, to illustrate the first of three properties of SympNets

described at the beginning of this section. The detailed definitions of these datasets

are shown below and also in Fig. 2.2.

Flow data. The training dataset consists of N = 40 data points on a single trajec-

tory starting from x0 = (0, 1) with shared time step h. These data points are grouped

in pairs before being fed into the neural network, denoted as T = {(xi−1, xi)}N1 , where

xi = ϕh(xi−1), i = 1, 2, · · · , N . The test dataset is given by the k = 100 data points

following the last point in the training dataset, denoted by X = (xN+1, · · · , xN+k).

After training on T , we use the trained network Φh to compute the flow starting

at xN for 100 steps, denoted by X̃ = (x̃N+1, · · · , x̃N+k). The mean squared error

between X and X̃ is taken as the test MSE.
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Irregular data. The training dataset consists of N = 40 grouped pairs of points

randomly sampled from [−
√
2,
√
2]× [−1

2
π, 1

2
π] with time steps {hi}N1 randomly cho-

sen in [0.2, 0.5], denoted as T = {([xi, hi], yi)}N1 , where yi = ϕhi
(xi), i = 1, 2, · · · , N .

The test dataset is generated by k = 100 data points on a single trajectory following

x0 = (0, 1) with shared time step h = 0.1, denoted by X = (x1, · · · , xk). Same as

in flow data, we generate X̃ = (x̃1, · · · , x̃k) by the trained network and compute the

mean squared error between X and X̃ as the test MSE. Note that we will explain

how to apply the data with additional input h to SympNets later.

We compute the valid prediction time Tϵ following a similar definition as in [188]

in order to evaluate the predictive performance of different models. Suppose we are

given the ground truth dataset x and prediction x̃. Let the normalized root mean

square error be

E(x̃) =
√
⟨(x− x̃)

2

s2
⟩,

where s ∈ R2d is the standard deviation in time of each state component of x, and

< · > represents spatial average. The valid prediction time of the model is given by

Tϵ = argmax
tf

{tf |E(x̃(t)) ≤ ϵ,∀t ≤ tf}.

In other words, Tϵ characterizes the longest prediction window that the model re-

mains valid. In this section, ϵ is set to 0.1.

2.5.2.2 Learning flows with fixed time steps

This problem is more difficult than the pendulum prediction problem in [81] in the

sense that the training data points do not cover an entire period of the trajectory, as

can be seen from Fig. 2.2. Indeed, the problem is ill-posed because there might be
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Figure 2.4: Results of LA-SympNets, G-SympNets and S-HNNs on the
three datasets for the pendulum system. (Left column) The predicted posi-
tions q for the three datasets. The time windows are chosen so that the differences
among the predictions made by the three methods appear. (Middle column) The
global errors for the three datasets. It is observed that ErrorLA < ErrorG < ErrorH
on all the datasets. (Right column) The total energies for the three datasets. The
y-axes of the three subplots are of the same length scale so that the energy fluctua-
tion levels can be clearly seen. The energy of S-HNN for h = 3 is not shown since
it explodes. (Total figure) LA-SympNets and G-SympNets outperform S-HNNs in
all cases. In fact, LA-SympNets always have the lowest global error. S-HNNs fail
to learn the data with large time step due to the time discretization. LA, G and
S-HNNs can all preserve the energy correctly except for S-HNN when h = 3.
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Figure 2.5: Illustrations for the double pendulum and the three-body.
(Left) The double pendulum system consists of a pendulum attached directly to
another one. The i-th pendulum is made of a ball of mass mi connected to a mass-
less rigid rod of length li. (Right) The three-body system consists of three planets
of mass mi, the motion of which is governed purely by gravitational force.

more than one Hamilton’s equations whose solution could match these data points.

Therefore, the learned models are expected to possess enough generalization power

to learn the correct system with appropriate physical meanings.

The performance and the quantitative results of the test MSE and the VPT are

shown in Fig. 2.4 and Table 2.3, respectively. Note that it does not make sense to

compare their training loss, since the definitions of the loss functions for SympNets

and S-HNNs are quite different. Here, 10 independent experiments are simulated for

each case to obtain the means and the standard deviations. We plot the results for

the best models out of 10 in the first row of Fig. 2.4. LA-SympNets, with the smallest

number of parameters, achieve the lowest prediction MSE and energy fluctuation.

Fig. 2.3 shows that LA-SympNets generalize better than G-SympNets and S-

HNNs on other trajectories. Given data on a single trajectory starting from (0, 1),

LA-SympNets can learn the correct phase flow starting from (0, 1.5), (0, 2), (0, 2.5).

It is worth mentioning that the prediction will deviate from the ground truth if the

test trajectory goes farther away from the training data.
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SympNets will be much easier to train when the training data is coarse-grained, or

with large time steps. As mentioned before, since we do not assume the Hamiltonians

are separable, one can only integrate H̃ by implicit symplectic schemes, which means

that only one-step methods can be used to train the S-HNNs. In general, high-order

implicit symplectic schemes are not compatible with the HNN-type models and could

take a much longer time to train. To make the comparison fair, we still use a one-

step midpoint rule here as the integrator, but one can postulate, as the time step h

becomes larger, that the discretization error in S-HNNs would dominate and result

in larger testing loss.

Here, we showcase a scenario when h = 3, which is roughly half of the period of

the pendulum in our example. As shown in Table 2.3, S-HNNs fail to learn the correct

dynamics of the system while SympNets continue to give the correct prediction for

a long time period, according to the second row of Fig. 2.4.

2.5.2.3 Learning irregularly sampled data

Here we make an extension of SympNets to learn the data with variable time steps.

As aforementioned, a symplectic module can be written like

v(x) =

I f

0 I

 (x) + b,

where f could be S, σ̃ or σ̂, depending on which type of module it belongs to, and

with the bias b being zero in the cases of activation module and gradient module.
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We can insert a time step h into the module as

v(x, h) =

I h · f

0 I

 (x) + h · b.

Hence by extending each module in the constructed SympNets to the above form,

we are able to feed the phase points x with the time steps h together as data into

the extended SympNets ψ(x, h) for training and testing. The results are shown in

the third row of Fig. 2.4 and Table 2.3. LA, G and S-HNNs can all successfully

learn the irregular data and give correct conserved energy. Specifically, we observe

that SympNets perform better than S-HNNs, while LA-SympNets are slightly better

than G-SympNets.

If the data used in HNN paper [81], which includes time derivatives information

are given, i.e., T = {(xi, ẋi)}N1 , then the extended SympNet ψ(x, h) can also learn

the fully-informed data T by optimizing the loss

MSE =
1

2d ·N

N∑
i=1

∥∂ψ
∂h

(xi, 0)− ẋi∥2.

This point could be further explored in the future. The capability of the extended

SympNets on dealing with irregular data and fully-informed data indicates that

SympNets can handle all the tasks that S-HNNs can handle, including learning

the continuous time evolution of dynamics. It is certainly reasonable because the

symplecticity of the phase flow encodes all the information of the dynamical system

as a Hamiltonian system. Roughly speaking, ψ(x, h) can be treated as a universal

model representing the solution to an arbitrary Hamiltonian system.
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2.5.3 The Double Pendulum problem

SympNets can readily handle the non-separable Hamiltonian systems, while S-HNNs

should carefully choose the integrator if the Hamiltonian is non-separable. Here we

consider a double pendulum system with the Hamiltonian

H(p1, p2, q1, q2)

=
m2l

2
2p

2
1 + (m1 +m2)l

2
1p

2
2 − 2m2l1l2p1p2 cos(q1 − q2)

2m2l21l
2
2(m1 +m2 sin

2(q1 − q2))

− (m1 +m2)gl1 cos q1 −m2gl2 cos q2.

The double pendulum system consists of a pendulum attached directly to another

one. The i-th pendulum is made of a ball of mass mi connected to a massless rigid

rod of length li, as is shown in Fig. 2.5. The motion of the system is driven by

the local gravitational field g; qi represents the angle of the i-th pendulum and pi

represents its corresponding canonical momentum:

p1 = (m1 +m2)l
2
1q̇1 +m2l1l2q̇2 cos(q1 − q2),

p2 = m2l
2
2q̇2 +m2l1l2q̇1 cos(q1 − q2).

For simplicity we set m1 = m2 = l1 = l2 = g = 1.

Similar to the pendulum example, the training dataset is made of N = 200

data points on a single trajectory starting from x0 = (0, 0, 3π
7
, 3π

8
) with time step

h = 0.75. The test dataset is given by the k = 100 data points following the last

point in the training dataset, denoted by X = (xN+1, · · · , xN+k). The predictions

made by SympNets are denoted by X̃ = (x̃N+1, · · · , x̃N+k). The mean squared error

between X and X̃ is taken as the test loss.
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Figure 2.6: Results for the double pendulum system. (Top-left) Six consec-
utive points in the training dataset. The arrow represents the direction of motion.
(Top-middle and Top-right) Predicted position q for the two pendulums, respec-
tively. The time window is chosen so that the difference between predictions made
by LA/G-SympNets appear. (Bottom-left) The global error versus time. LA-
SympNets generalize better than G-SympNets in the long term. (Bottom-middle)
The total energies for the predicted trajectories. (Bottom-right) The training MSE
versus the depth. The training MSE is obtained by taking the mean of 5 independent
experiments, while the shaded region represents one standard deviation.
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As shown in Fig. 2.6 and Table 2.4, LA-SympNets outperform G-SympNets in

the double pendulum prediction. The total energy of the trajectories predicted

by SympNets matches the ground truth within a reasonable range. It is worth

mentioning that S-HNNs completely fail in this task, because the time step h = 0.75

is so large that the discretization error in the numerical integrator dominates. This

further demonstrates the advantage of SympNets when only sparsely sampled data

is available. In contrast to the single pendulum case with h = 3, where one can

remedy the S-HNN by making the educated assumption that the Hamiltonian to be

learned is separable, and discretize this system with high-order symplectic schemes,

here the problem is more devastating since workable high-order symplectic methods

for non-separable HNNs are in general more difficult to derive, and could result in

intolerable computational expense.

According to the proofs of theorems 4 and 5, the approximation power of Symp-

Nets is determined by their depth and width (for G-SympNets). Indeed the bottom-

right figure of Fig. 2.6 shows that the training MSE in this experiment decreases as

the network grows deeper. Lower training errors are obtained for G-SympNets of

width 50 compared to that of width 5, when the depth ranges from 1 to 8. However,

the difference disappears when the depth becomes sufficiently large, which indicates

the fact that depth plays a more important role than width for G-SympNets. Still, a

wider network is preferred since the training process could become further stabilized.

Among all the three models, the standard deviation of LA-SympNets is the lowest,

demonstrating that LA-SympNets are more stable compared to G-SympNets.
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Problem LA-SympNet G-SympNet S-HNN
Double Pendulum −3.4± 0.2 −2.3± 0.4 N/A

Three-body −2.2± 0.4 −2.9± 0.2 −1.8± 0.4

Table 2.4: The test loss for double pendulum and three-body. The test
loss is recorded in the form of mean ± standard deviation in log scale based on 10
independent experiments.
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Figure 2.7: Results for the three-body system. (Top-left) One trajectory from
the training dataset. The three position vectors q1, q2 and q3 are plotted while the
momentum vectors p1, p2 and p3 are omitted for illustration purpose. (Top-middle)
The global error versus time. The errors are calculated on one representative tra-
jectory out of 1000. SympNets predict more accurately than S-HNNs on this and
most of the other trajectories. (Top-right) The total energies for the predictions on
the representative trajectory. (Bottom) Predicted position q on the representative
trajectory. SympNets can make predictions which stay on the true trajectory after
a relatively longer time period.
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2.5.4 The Three-Body problem

To illustrate the fact that SympNets scale well to higher dimensions, we perform an

experiment on the renowned three-body problem with a total number of 12 degrees

of freedom. The Hamiltonian for this system is given by

H(p1,p2,p3,q1,q2,q3)

=
p1

2

2m1

+
p2

2

2m2

+
p3

2

2m3

− Gm1m2

|q1 − q2|
− Gm2m3

|q2 − q3|
− Gm1m3

|q1 − q3|
,

where qi = (qi1, qi2) represents the planar coordinates of the i-th body, while pi =

(pi1, pi2) and mi are the corresponding momenta and mass, respectively; G is the

gravitational constant. For simplicity, we assume G = m1 = m2 = m3 = 1.

Due to the chaotic nature of the system, it is almost impossible for a neural

network model to make correct long-term predictions as in the pendulum case. So for

both training and testing, we select k = 10 data points with time step h = 0.5 on each

trajectory. In total, 5000 trajectories starting at random positions are simulated,

among which 4000 are used as training data while the rest serve as test data, denoted

by {X(i)}1000i=1 , whereX
(i) = (x

(i)
1 , x

(i)
2 , · · · , x

(i)
10 ). Similarly, the predictions are denoted

by {X̃(i)}1000i=1 . The average MSE between X(i) and X̃(i) for all 1 ≤ i ≤ 1000 is taken

as the test loss.

As can be seen from Table 2.4, SympNets clearly outperform S-HNNs in terms of

the test loss, while G-SympNets are slightly better that LA-SympNets in this task.

Still, LA-SympNets are more memory-efficient in terms of their relatively smaller

parameter size. The second row of Fig. 2.7 shows that the two SympNet models

are indeed comparable in their performances, while predictions made by S-HNNs

completely fall off the trajectory, which is consistent with the results in [81]. All
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three methods are able to conserve the total energy of the Hamiltonian system.

2.6 Proofs for universal approximation theorems

Some lemmas will be developed to prove these theorems.

Let Σm[σ] denote the set of neural networks f : Rm → R with one hidden layer:

Σm[σ] = {f(x) = a⊤σ(Kx+ b) : Rm → R|

a, b ∈ Rn, K ∈ Rn×m, n ∈ N∗},

where σ is the activation function.

Lemma 2. Σm[σ] is r-uniformly dense on compacta in Cr(Rm) for m ∈ N∗ if σ is

r-finite.

Proof. The proof can be found in [91].

Lemma 2 indicates that neural networks with one hidden layer can approximate a

function and its derivatives simultaneously, if the function satisfies certain regularity

criteria.

Lemma 3. Suppose σ is r-finite, V ∈ Cr+1(Rd), denote

f

p
q

 =

I ∇V
0 I


p
q

 , p, q ∈ Rd,

where ∇V stands for the gradient of V , then for any compact W ⊂ R2d and ϵ > 0,

there exists g ∈MG such that ∥f − g∥Cr(W ;R2d) < ϵ.
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Proof. Let Wq = {q ∈ Rd|(p, q) ∈ W}. According to Lemma 2, there exists ϕ(x) =

a⊤(
∫
σ)(Kx+b) ∈ Σd[

∫
σ], such that ∥V −ϕ∥Cr+1(Wq ;R) < ϵ, where

∫
σ is (r+1)-finite.

It can be seen that

∥∇V −∇ϕ∥Cr(Wq ;Rd) ≤ C∥V − ϕ∥Cr+1(Wq ;R) < Cϵ

for a positive constant C, which further implies

∥

I ∇V
0 I

−
I ∇ϕ
0 I

 ∥Cr(W ;R2d) = ∥∇V −∇ϕ∥Cr(Wq ;Rd) < Cϵ. (2.5)

Note that ∇ϕ(q) = K⊤diag(a)σ(Kq + b) and let

g

p
q

 =

I ∇ϕ
0 I


p
q

 =

p+K⊤diag(a)σ(Kq + b)

q

 ,

which is a gradient module inMG, then by (2.5), ∥f − g∥Cr(W ;R2d) < Cϵ.

By symmetry, f ∗

p
q

 =

 I 0

∇V I


p
q

 can also be approximated by elements

inMG in the same way as in Lemma 3. According to [187], composition of Henon-

like maps can approximate arbitrary symplectic maps. Thus, the problem reduces

to approximate Henon-like maps by appropriate combination of f and f ∗.

Definition 9. The symplectic maps of the following form

H[V ]

p
q

 =

 0 I

−I ∇V


p
q

 =

 q

−p+∇V (q)


for V ∈ C1(Rd) are called Henon-like maps.
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Lemma 4. Let U ⊂ R2d be an open set, then for any F ∈ SPr(U), compactW ⊂ U ,

ϵ > 0, there exists a sequence of V1, V2, · · · , Vn ∈ Cr+1(Rd), such that

∥F −H[Vn] ◦ · · · ◦ H[V1]∥Cr(W ;R2d) < ϵ

Proof. The proof can be found in [187].

Proof of Theorem 5. Let W ⊂ U be a compact set, ϵ > 0. For V ∈ Cr+1(Rd),

we have  0 I

−I ∇V

 =

 I 0

∇V I


I I

0 I


 I 0

−I I


I I

0 I

 ,
which shows each r-th smooth Henon-like map can be represented as the composition

of elements in

FG =


I ∇V
0 I

 ∣∣∣∣∣V ∈ Cr+1(Rd)

 ∪

 I 0

∇V I

 ∣∣∣∣∣V ∈ Cr+1(Rd)

 . (2.6)

According to Lemma 4 and the above fact, any F ∈ SPr(U) can be approximated

by a sequence of f1, · · · , fn ∈ FG as

∥F − fn ◦ · · · ◦ f1∥Cr(W ;R2d) < ϵ.

Now we only need to prove the proposition: there exists g1, · · · , gn ∈MG such that

∥fn ◦ · · · ◦ f1 − gn ◦ · · · ◦ g1∥Cr(W ;R2d) < ϵ.

Denote

W1 = W, Wi = T [fi−1(Wi−1)], i = 2, 3, · · · , n,
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where the operator T is defined as

T [A] = {x ∈ R2d|∃ y ∈ A s.t. ∥x− y∥∞ ≤ 1}

for compact A ⊂ R2d. It is easy to verify that Wi is compact for i = 1, 2, 3, · · · , n.

Let W̃ = W1 ∪W2 ∪ · · · ∪Wn. For ϵ1, · · · , ϵn > 0, there exists g1, · · · , gn ∈MG such

that

∥fi − gi∥Cr(W̃ ;R2d) < min(ϵi, 1), i = 1, 2, · · · , n,

according to Lemma 3. With the definition of gi, we know

∥gi(x)− fi(x)∥∞

≤ sup
x∈W̃
∥gi(x)− fi(x)∥∞ ≤ ∥fi − gi∥Cr(W̃ ;R2d) < 1, ∀x ∈ Wi,

which derives that gi(Wi) ⊂ Wi+1, hence we have

fi ◦ · · · ◦ f1(W ) ⊂ Wi ⊂ W̃ ,

gi ◦ · · · ◦ g1(W ) ⊂ Wi ⊂ W̃ , i = 1, · · · , n.

Let fi = (f
(1)
i , · · · , f (2d)

i )⊤. Notice that

Dα(f (k)
n ◦ fn−1 ◦ · · · ◦ f1)(x) = Pα,n,k([D

βf
(j)
i (fi−1 ◦ · · · ◦ f1(x))]β,i,j)

which meansDα(f
(k)
n ◦fn−1◦· · ·◦f1)(x) can be represented as a polynomial depending

on α, n, k with respect to the parameters Dβf
(j)
i (fi−1 ◦ · · · ◦ f1(x)) for |β| ≤ r, 1 ≤

i ≤ n, 1 ≤ j ≤ 2d.

As fi ∈ Cr(R2d;R2d) ⊂ C1(R2d;R2d), there holds Lipschitz condition on W̃ for
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each fj ◦ · · · ◦ fi+1 ◦ fi with a shared coefficient L:

∥fj ◦ · · · ◦ fi+1 ◦ fi(x)− fj ◦ · · · ◦ fi+1 ◦ fi(y)∥∞

≤L∥x− y∥∞, ∀x, y ∈ W̃ , ∀1 ≤ i ≤ j ≤ n.

Then for any x ∈ W ,

∥fi ◦ · · · ◦ f1(x)− gi ◦ · · · ◦ g1(x)∥∞

≤
i∑

k=1

∥fi ◦ · · · fk+1 ◦ fk ◦ gk−1 ◦ · · · ◦ g1(x)

− fi ◦ · · · fk+1 ◦ gk ◦ gk−1 ◦ · · · ◦ g1(x)∥∞

≤L ·

(
i−1∑
k=1

∥fk ◦ gk−1 ◦ · · · ◦ g1(x)− gk ◦ gk−1 ◦ · · · ◦ g1(x)∥∞

)

+ ∥fi ◦ gi−1 ◦ · · · ◦ g1(x)− gi ◦ gi−1 ◦ · · · ◦ g1(x)∥∞

≤max(L, 1) ·

(
i∑

k=1

∥fk − gk∥Cr(W̃ ;R2d)

)

≤max(L, 1)(
i∑

k=1

ϵk) ≤ max(L, 1)(
n∑

k=1

ϵk).

Since Dβf
(j)
i are uniformly continuous on W̃ ,

lim
ϵ1,··· ,ϵn→0

sup
x∈W
|Dβf

(j)
i (fi−1 ◦ · · · ◦ f1(x))

−Dβf
(j)
i (gi−1 ◦ · · · ◦ g1(x))| = 0,

consequently

lim
ϵ1,··· ,ϵn→0

sup
x∈W
|Dβf

(j)
i (fi−1 ◦ · · · ◦ f1(x))

−Dβg
(j)
i (gi−1 ◦ · · · ◦ g1(x))| = 0,
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due to

|Dβf
(j)
i (fi−1 ◦ · · · ◦ f1(x))−Dβg

(j)
i (gi−1 ◦ · · · ◦ g1(x))|

≤|Dβf
(j)
i (fi−1 ◦ · · · ◦ f1(x))−Dβf

(j)
i (gi−1 ◦ · · · ◦ g1(x))|

+ ∥fi − gi∥Cr(W̃ ;R2d)

<|Dβf
(j)
i (fi−1 ◦ · · · ◦ f1(x))−Dβf

(j)
i (gi−1 ◦ · · · ◦ g1(x))|

+ ϵi.

Therefore,

lim
ϵ1,··· ,ϵn→0

∥fn ◦ · · · ◦ f1 − gn ◦ · · · ◦ g1∥Cr(W ;R2d)

= lim
ϵ1,··· ,ϵn→0

∑
|α|≤r

max
1≤k≤n

sup
x∈W
|Dα(f (k)

n ◦ fn−1 ◦ · · · ◦ f1)(x)

−Dα(g(k)n ◦ gn−1 ◦ · · · ◦ g1)(x)|

=
∑
|α|≤r

max
1≤k≤n

lim
ϵ1,··· ,ϵn→0

sup
x∈W
|Pα,n,k([D

βf
(j)
i (fi−1 ◦ · · · ◦ f1(x))]β,i,j)

− Pα,n,k([D
βg

(j)
i (gi−1 ◦ · · · ◦ g1(x))]β,i,j)|

=0,

where the last equality holds since Dβf
(j)
i (fi−1 ◦ · · · ◦ f1(W )) and Dβg

(j)
i (gi−1 ◦ · · · ◦

g1(W )) are uniformly bounded in a larger compact set for all β, i, j as {ϵi} → 0,

as well as Pα,n,k is uniformly continuous on that bounded compact set. Hence, the

proposition has been completed.
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Proof of Theorem 4. Recall that

MG =

{I σ̂K,a,b

0 I

 ∣∣∣∣∣K ∈ Rn×d, a, b ∈ Rnd, n ∈ N∗

}

∪

{ I 0

σ̂K,a,b I

 ∣∣∣∣∣K ∈ Rn×d, a, b ∈ Rnd, n ∈ N∗

}
,

Here we rewriteMG in a slightly different form as

MG =

{I σ̂K,a,b

0 I

 ∣∣∣∣∣K ∈ Rnd×d, a, b ∈ Rnd, n ∈ N∗

}

∪

{ I 0

σ̂K,a,b I

 ∣∣∣∣∣K ∈ Rnd×d, a, b ∈ Rnd, n ∈ N∗

}
,

by extending K, a, b with some zero rows to meet the requirement of width being

multiple of d. Furthermore, denote

Kn

={K ∈ Rnd×d|K = (K⊤
1 , · · · , K⊤

n )
⊤, Ki ∈ Rd×d, det(Ki) ̸= 0},

M̃G =

{I σ̂K,a,b

0 I

 ∣∣∣∣∣K ∈ Kn, a, b ∈ Rnd, n ∈ N∗

}

∪

{ I 0

σ̂K,a,b I

 ∣∣∣∣∣K ∈ Kn, a, b ∈ Rnd, n ∈ N∗

}
,

and

Ψ̃G = {ψ = uk ◦ · · · ◦ u1|ui ∈ M̃G, k ∈ N∗} ⊂ ΨG.

Given any compact set W ⊂ U and ψ{Ki,ai,bi} = uKk,ak,bk ◦ · · · ◦ uK1,a1,b1 ∈ ΨG, we
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can easily verify that

lim
{K̃i}→{Ki}

∥ψ{Ki,ai,bi} − ψ{K̃i,ai,bi}∥Cr(W ;R2d) = 0, ψ{K̃i,ai,bi} ∈ Ψ̃G,

since Kn is dense in Rnd×d and

f({K̃i}) = ∥ψ{Ki,ai,bi} − ψ{K̃i,ai,bi}∥Cr(W ;R2d)

is continuous with respect to {K̃i}. Therefore Ψ̃G is r-uniformly dense on compacta

in ΨG, furthermore, is r-uniformly dense on compacta in SPr(U) by Theorem 5.

On the other hand, given

ϕ

p
q

 =

 p

K⊤diag(a)σ(Kp+ b) + q

 ∈ M̃G,

K = (K⊤
1 , · · · , K⊤

n )
⊤ ∈ Kn,

a = (a⊤1 , · · · , a⊤n )⊤, ai ∈ Rd,

b = (b⊤1 , · · · , b⊤n )⊤, bi ∈ Rd,

define

vi

p
q

 =

K−1
i 0

0 KT
i


 I 0

diag(ai)σ I



Ki 0

0 K−T
i


p
q

+

bi
0


−

K−1
i bi

0


for i = 1, · · · , n. Theorem 3 points out that vi ∈ ΨLA, and one may readily check

that ϕ = vn ◦ · · · ◦ v1. Subsequently, we know Ψ̃G ⊂ ΨLA, thus ΨLA is r-uniformly

dense on compacta in SPr(U).
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2.7 Symplectic graph neural networks

It was empirically observed that SympNets, along with other Hamiltonian-based

neural networks including HNNs struggle to identify high-dimensional many-body

systems from data if no additional structure are added to the neural network [183].

One particular structure, that could potentially is alleviate this issue is permutation

equivariance.

Definition 10. A map f : Rn×d → R is called permutation invariant if f(Px) =

f(x) for all x ∈ Rn×d for all permutation matrix P .

Definition 11. A map ϕ : Rn×d → Rn×d is called permutation equivariant if

ϕ(Px) = Pϕ(x) for all x ∈ Rn×d for all permutation matrix P .

Definition 12. Suppose x =

(
x1 · · · xm

)
∈ Rn×m. Define the flatten map fl :

Rn×m → Rnm by fl(x) =


x1

· · ·

xm

. A map ϕ : Rn×2d → Rn×2d is called symplectically

permutation equivariant if (i) fl−1 ◦ ϕ ◦ fl is symplectic and (ii) ϕ

((
Pp Pq

))
=(

P p̃ P q̃

)
for all p, q ∈ Rn×d for all permutation matrix P , where

(
p̃ q̃

)
=

ϕ

((
p q

))
.

In this section, we propose the symplectic graph neural networks (SympGNNs),

which are symplectically permutation equivariant, as a generalization of SympNets

to handle the task of high-dimensional system identification as well as node clas-

sification. In subsection 2.7.1, we introduce the motivation to design permutation

equivariant SympNets, i.e., SympGNNs. In subsection 2.7.2, we introduce the ar-

chitecture of two graph neural network models, LA-SympGNNs and G-SympGNNs.
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In subsection 2.7.3, we present three numerical simulations to demonstrate the ca-

pability of SympGNN in handling a variety of simulation tasks.

2.7.1 Motivation

G-SympNets as splitting schemes

Consider a separable Hamiltonian system with H(p, q) = T (p) + V (q):



dp(s)

dt
= −∇V (q(s)),∀s ∈ [0,∞)

dq(s)

dt
= ∇T (p(s)),∀s ∈ [0,∞)

p(0) = p(0), q(0) = q(0) .

(2.7)

We denote the solution to the above equation at time t by p(t; p(0), q(0)) and

q(t; p(0), q(0)), to highlight the dependence on initial conditions. The solution op-

erator ϕt is defined by

ϕt

p(0)
q(0)

 :=

p(t; p(0), q(0))
q(t; p(0), q(0))

 . (2.8)

A general way to approximate ϕt would be to use the splitting scheme which takes

the form

φt

p(0)
q(0)

 :=
l∏

i=1


 I 0

ki∇Ti I


I −hi∇Vi
0 I



p(0)
q(0)

 , (2.9)

where
∑l

i=1 hi =
∑l

i=1 ki = t,
∑l

i=1 Vi = V ,
∑l

i=1 Ti = T . It can be seen that

(2.6) matches the form of (2.9) if we replace ∇V s by −hi∇Vi and ki∇Ti. Therefore

we can interpret G-SympNet as being automatically learning a Hamiltonian system
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together with its splitting scheme, when the underlying Hamiltonian is separable.

Theorem 6. Suppose Vi : Rn×d → R and Ti : Rn×d → R are permutation in-

variant for all i = 1, · · · , l, then the alternating composition of the following two

parameterized functions:

E lowi

(
p q

)
=

(
p q +∇Ti(p)

)
∀p, q ∈ Rn×d,

Eupi
(
p q

)
=

(
p+∇Vi(q) q

)
∀p, q ∈ Rn×d

φ = Eupl ◦ E
low
l · · · Eup1 ◦ E low1 or φ = E lowl ◦ Eupl · · · E

low
1 ◦ Eup1 ,

(2.10)

are symplectically permutation equivariant.

This inspires us to design Ti and Vi as neural networks with permutation invariant

property, in order to respect the permutation equivariance of φ.

Remark 1. While SympNets are capable of learning a splitting scheme for separable

Hamiltonian systems, they also possess the ability to learn systems with nonseparable

Hamiltonians.

Remark 2. We will use the notation

x =

(
x1 · · · xm

)
=


x1

· · ·

xn

 (2.11)

to represent the columnwise and rowwise expansion of any x ∈ Rn×m.
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2.7.2 Symplectic graph neural networks

Consider an undirected graph G = (V , E) consisted of n nodes. Suppose the the

node features are x ∈ Rn×m, where m is the number of features in each node.

The adjacency matrix of graph is given by A ∈ Rn×n such that Aij = Aji∀i, j ∈

{1, · · · , n}, which could be either weighted or unweighted. A graph encoder is a

function ψen : Rn×m1 → Rn×2d, such that

ψen


x1

· · ·

xn

 :=


ϕen(x

1)

· · ·

ϕen(x
n)

 =


p1 q1

· · · · · ·

pn qn

 , (2.12)

where ϕen : Rm1 → R2d can be (i) an identity map or (ii) a learnable affine map

or (iii) a fully connected neural network. Similarly, we define a graph decode to be

ψde : Rn×2d → Rn×mout , such that

ψde


z1

· · ·

zn

 :=


ϕde(z

1)

· · ·

ϕde(z
n)

 , (2.13)

for ϕde : R2d → Rmout . A symplectic graph neural network (SympGNN) is defined

by φSG = ψde ◦ψsymp ◦ψen, where ψsymp is a symplectically permutation equivariant

function, which can be constructed in the following ways:

Definition 13 (G-SympGNN). Let

T
(G)
i (p) :=

n∑
j=1

ϕi
v(p

j) (2.14)
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for any p =


p1

· · ·

pn

 ∈ Rn×d, where ϕi
v : Rd+m → R is the node function which can

be parameterized by fully-connected neural networks. Let

V
(G)
i (q;A) :=



n∑
j=1

∑
(j,k)∈E

ϕi
e(q

j, qk, Ajk) if A is weighted

n∑
j=1

∑
(j,k)∈E

ϕi
e(q

j, qk) otherwise

(2.15)

for any q =


q1

· · ·

qn

 ∈ Rn×d, ϕi
e : R2d(+1) → R is the edge function which can be

parameterized by fully-connected neural networks. The alternated composition of

Eupi , E lowi (see eq. 2.10) constructed with Ti, Vi defined as T
(G)
i and V

(G)
i , i = 1, · · · , l,

are denoted as ψG. The G-SympGNN is defined by φGSG := ψde ◦ ψG ◦ ψen.

Theorem 7. T
(G)
i and V

(G)
i are permutation invariant for all i ∈ {1, · · · , l}, so ψG is

symplectically permutation equivariant. Therefore, φGSG is permutation equivariant.

We then introduce two types of LA-SympGNNs.

Definition 14 (LA-SympGNN). Define T
(L)
i , V

(L)
i , T

(N)
i , V

(N)
i : Rn×d → R as follows:

T
(L)
i (p) = fl(p)⊤(Ki ⊗□)fl(p),

V
(L)
i (q) = fl(q)⊤(Si ⊗□)fl(q),

T
(N)
i (p) = 11×n

(
(

∫
σ)(p)

)
ai,

V
(N)
i (q) = 11×n

(
(

∫
σ)(q)

)
bi,

(2.16)

where ⊗ represent the Kronecker product of two tensors. □ ∈ Rn×n represents
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a one-step linear graph message passing operator, which for instance can be (i)

Ã = D− 1
2AD− 1

2 or (ii) L = D − A. The learnable parameters are Si ∈ Rd×d,

Ki ∈ Rd×d, ai ∈ Rd×1 and bi ∈ Rd×1. The alternated composition of Eupi , E lowi

constructed with T
(L)
i , V

(L)
i , T

(N)
i , V

(N)
i , i = 1, · · · l, are denoted as ψLA. The LA-

SympGNN is defined by φLASG := ψde ◦ ψLA ◦ ψen.

Theorem 8. T
(L)
i , V

(L)
i , T

(N)
i and V

(N)
i are permutation invariant for all i ∈ {1 · · · l},

so ψLA is symplectically permutation equivariant. Therefore, φLASG is permutation

equivariant.

Remark 3 (Connection with GCN [109] and GRAFF [49]). The update rule of a

linear Graph Convolution Network (GCN) at the k-th layer is

x(k) = Ãx(k−1)Wk, (2.17)

and the update rule of a linear gradient-flow based graph neural network (GRAFF)

at the k-th layer is

x(k) = x(k−1) + Ãx(k−1)Wk − x(k−1)diag(ωk)− βx(0), (2.18)

where W ∈ Rd×d is enforced to be symmetric. If we set β = 0, ωk = 0, then the

update rules become

x(k) = x(k−1) + Ãx(k−1)Wk, (2.19)

which is basically linear GCN with residual connection. If we set □ = Ã and consider

only the linear layers in LA-SympGNN. Then our update rule becomes similar to

the update rules above in the sense that we are mapping

p(k) = p(k−1) + Ãq(k−1)Sk

q(k) = q(k−1) + Ãp(k)Kk

(2.20)
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And we also enforce Sk, Kk to be symmetric. The difference lies in the fact that the

dynamics of GRAFF follows a gradient flow while the dynamics of LA-SympGNN

follows a symplectic flow.

2.7.3 Simulation results for SympGNN

We consider two different types of tasks, system identification and node classification

using SympGNN. The first two numerical simulations, coupled harmonic oscillator

and the Lennard Jones particle examples are system identification task. The last

example on the CORA dataset is an example for node classification.

For the system identification task, we are provided with the feature vector x =

(p, q) ∈ Rn×2d directly, and the encoder / decoder will be set as identity map.

The goal is to learn the dynamics from the history of {x(ht)}Tt=1 and then predict

the evolution of {x(ht)}T̃t=T+1, where h is the time gap between two consecutive

observations. Specifically, in the training stage, we try to identify the ”one-step-

forward” solution map, i.e. φ : Rn×2d → Rn×2d such that φ(x(ht)) = x(h(t+1))∀t ∈

{1, · · · , T−1}. Then in the test stage, we apply φ iteratively to rollout the prediction

φ(x(hT )), φ◦φ(x(hT )), · · · , φ(T̃−T )(x(hT )) to predict {x(ht)}T̃t=T+1. Then the mean

squared error on the rolled-out trajectory is calculated.

For the node classification task, we are provided with the feature vector

x =

xtrain

xtest

 ∈ R(n1+n2)×m and the classification labels y =

ytrain

ytest

 ∈

{1, · · · , c}(n1+n2)×1, where n1 is the number of nodes in the training set and n2

is the number of nodes in the test set, c is the number of classes. During train-

ing stage, we try to identify a map φ : R(n1+n2)×m → {1, · · · , c}(n1+n2)×1 such that
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[φ(x)]1:n1 ≈ ytrain. Here [φ(x)]i:j represents the i-th to j-th rows of φ(x). Then

the goal in the test stage is to use [φ(x)]n1+1:n1+n2 to predict ytest and check the

classification accuracy.

2.7.3.1 Coupled harmonic oscillator

Figure 2.8: Comparison of SympNet vs SympGNN when the training set
size T = 500. We randomly sample three particles from the chain and plot the
trajectory in the test window. SympGNN outperforms SympNet in matching the
ground truth trajectory when provided limited training data. This is because more
inductive biases (permutation equivariance) is embedded.

We consider a non-dimensionalized chain with n = 40 particles connected by 41

springs with free boundary. All the particles share the same mass m = 1. The spring

coefficient of the i-th spring, denoted as ki, is sampled from N (5, 1.252), truncated

below from 1. The Hamitonian of the system is given by

H(p, q) =
1

2

(
n∑

i=1

p2i +
n−1∑
i=1

ki(qi − qi+1)
2

)
.

We further assume that all the particles are at rest at t = 0. The initial position



57

of particles are generated from U(−2.5, 2.5). We set the time gap between two

observations h = 0.1. The number of test data points is fixed T̃ − T = 100. We

further vary T to check how the prediction MSE changes with the training sample

size.

In this example, the weighted adjacency matrix A is set to satisfy

Aij =


0 if |i− j| > 1 or i = j,

kj if i− j = 1,

ki if j − i = 1.

(2.21)

We use the graph Laplacian □ = L = D−A in the implementation of LA-SympGNN.

We run the simulation with 300000 iterations for LA-SympNet, G-SympNet, LA-

SympGNN and G-SympGNN, first with the number of training samples T = 500.

From Fig. 2.8, we can see that SympGNN outperforms SympNet in matching the

ground truth trajectory when provided limited training data. This is because more

inductive biases (permutation equivariance) is embedded. In Fig 2.9, we plot the

total energy and MSE of the prediction when T = 500 and the prediction MSE as

a function of training sample size T . We can see that SympGNNs both conserves

the energy better and produces lower MSE compared to SympNets when T = 500.

However, when T becomes larger, SympNets become comparable, or even better

(G-SympNet) than SympGNNs, because they have more expressive power.

2.7.3.2 2d Lennard-Jones particles

We consider n = 2000 Argon particles governed by the Lennard-Jones potential. The

data is generated with the NVE ensemble so no thermostat is involved. The training
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Figure 2.9: (Left and middle) Total energy and MSE of the prediction when
T = 500. (Right) Prediction MSE as a function of training sample size T .
We can see that SympGNNs both conserves the energy better and produces lower
MSE compared to SympNets when T = 500. However, when T becomes larger,
SympNets become comparable, or even better (G-SympNet) than SympGNNs, be-
cause they have more expressive power.

and testing data are obtained by solving the Hamiltonian system with H given by

H(p, q) =
1

2

n∑
i=1

1

mi

||pi||2 +
n−1∑
i=2

∑
(i,j)∈E

V
(
||qi − qj||

)
.

We construct a graph G = (V , E) with n nodes representing n particles. An edge is

constructed when the distance between two particles become less than a threshold

rc, i.e.

Aij =


0 if ||qi − qj|| > rc, or i = j

1 otherwise .

(2.22)

In molecular dynamics the Lennard-Jones potential is given by

V (r) = 4ϵ
(
(
σ

r
)12 − (

σ

r
)6
)

(2.23)

, where ϵ, σ are constants representing the dispersion energy and the distance where

the potential equals 0 respectively. Here we set the cutoff radius rc = 1.2 nm.

The simulation is conducted in a 2d periodic box with side length set to be 20 nm.

We use the Composite Stormer Verlet integrator (4th order) with h = 0.01 ps to

generate the trajectory, then sample every 10 steps as our data for training and
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prediction. The training set consists of the data at first 10 ps and our goal is to

predict the evolution of the system in the 10 ps following the training time window.

We compared the performance of G-SympGNN with message passing neural network
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Figure 2.10: Statistical quantities of the predicted trajectories by MPNN,
HGNN and G-SympGNN. It can be seen that G-SympGNN conserves the energy
better than MPNN and HGNN.

(MPNN, [78]) and Hamiltonian graph neural network (HGNN, [172]). It can be seen

that G-SympGNN conserves the energy better than MPNN and HGNN as shown in

Fig 2.10.

2.7.3.3 Node classification on CORA dataset

In this numerical example, we test the performance of LA-SympGNN on CORA

[136] as well as synthetic CORA [201] dataset. The CORA dataset consists of 2,708

scientific publications, each represented in a node, and classified into c = 7 cate-

gories. These publications are represented as nodes in a citation graph, where an

edge between two nodes signifies that one publication cited the other. The fea-

ture vector x ∈ R2708×1433 includes the content information of each publication,

typically abstracts represented as bag-of-words feature vectors, and the citation re-

lationships among them. The synthetic CORA dataset share the same features as

CORA dataset, but the labels are manually generated by a modified perferential
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process for a variety of heterophily level. The edge homophily ratio is defined by

H =
|{(u, v) : (u, v) ∈ E ∧ yu = yv}|

|E|
, (2.24)

which represents the fraction of edges which connect two nodes that share the same

label.

One limitation of many graph neural networks including GCN is that their test

accuracies are low on low-homophily or heterophilic datasets [201]. Another related

issue is that the performance of many graph neural network architecture tend to

deteriorate when the number of layers grows deeper, which can be explained by the

oversmoothing phenomena, i.e., the feature embeddings of graph networks become

almost identical after the mapping of many layers [21].

We test the performance of LA-SympGNN versus different kinds of GCN archi-

tectures which are designed specifically for the purpose of alleviating oversmoothing

phenomena:

• GCN: x(k) = σ(Āx(k−1)Wk), where Ā = D− 1
2 (A+ I)D− 1

2 .

• GCN with residual: x(k) = x(k−1) + σ(Āx(k−1)Wk),

• symmetric GCN with residual: x(k) = x(k−1) + σ(Āx(k−1)(Wk +W⊤
k )),

• symmetric GCN with residual and no self-loop: x(k) = x(k−1)+σ(Ãx(k−1)(Wk+

W⊤
k ))

We set □ = Ã = D− 1
2AD− 1

2 in LA-SympGNN. We set the encoder and decoder ψen

and ψde to be an affine function (linear layer). The dimension of feature embedding
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is set to be d = 32. It can be seen from the left side of Fig. 2.11 that the LA-

SympGNN is less likely to oversmooth compared with 4 GCN benchmarks. Only a

slight drop in accuracy is observed for LA-SympGNN with 32 layers of lower/upper

linear/activation modules (128 layers in total). On the right hand side, we plot the

prediction accuracy of LA-SympGNN at different homophily levels. It is observed

that LA-SympGNN achieves GCN-like performance on the high-homophily regime,

and MLP-like performance on the low-homophily regime.

(a) The prediction accuracy of LA-
SympGNN and GCN w.r.t. number of
layers, on the CORA dataset.

(b) The prediction accuracy of LA-
SympGNN, GCN and MLP w.r.t. ho-
mophily level, on the synthetic CORA
dataset.

Figure 2.11: LA-SympGNN for node classification. (Experiment done by
Alan John Varghese) From the left figure, it can be seen that LA-SympGNN
is less likely to oversmooth when the number of layers grows larger, compared to
GCN. On the right figure, it can be seen that LA-SympGNN achieves GCN-like
performance on the high-homophily regime, and MLP-like performance on the low-
homophily regime.

2.8 Summary

The main contribution of this chapter is to provide a unified framework to infer

dynamics from an arbitrary Hamiltonian system by utilizing the symplecticity of its

phase flow. Just like any symplectic matrix that can be factorized into unit trian-



62

gular matrices, in this chapter we showed that any symplectic map, which might be

nonlinear, can be approximately factorized into unit triangular matrix-like maps in

a simple form, i.e. SympNets. Furthermore, the SympNets are inherently reversible,

and in fact form a group. This algebraic structure indicates the possibility of building

normalizing flow models from the existing architecture. Besides its intriguing theo-

retical properties, SympNets also exhibit superior properties over competing baseline

models, i.e., HNNs through the great performance in three numerical experiments

including the pendulum, double pendulum and three-body problems. In particular,

LA-SympNets generalize better than G-SympNets (pendulum, double pendulum),

while G-SympNets are more expressive than LA-SympNets in more challenging sce-

narios (three-body problem). A new theoretical contribution is the universal ap-

proximation theorems (Theorem 4 and 5) that we proved for SympNets. Finally, we

proposed two graph neural network architectures, LA-SympGNN and G-SympGNN,

which resembles LA-SympNet and G-SympNet, with the permutation equivariant

property. It is observed that LA-SympGNN is less likely to oversmooth compared

to many other graph neural network architectures.

By constructing the SympNets, we wish our work could lead to more researches

that focus on utilizing the underlying geometric structures such as the symplecticity

in the data. In the future, we would like to derive generative models and control algo-

rithms based on the SympNets. Another interesting direction will be to understand

theoretically, why is SympGNNs less likely to oversmooth.



Chapter Three

Learning Poisson systems and

trajectories of autonomous systems

via Poisson neural networks



64

3.1 Introduction

The connection between dynamical systems and neural network models has been

widely studied in the literature, see, for example, [22, 57, 83, 132, 131]. In gen-

eral, neural networks can be considered as discrete dynamical systems with the

basic dynamics at each step being a linear transformation followed by a component-

wise nonlinear (activation) function. In [29] the neural ODE is introduced as a

continuous-depth model instead of specifying a discrete sequence of hidden layers.

Even before the introduction of neural ODEs, a series of models with similar archi-

tectures had already been proposed to learn the hidden dynamics of a dynamical

system in [163, 80, 157]. Backward error analysis of the discovery of dynamics is

established and enriched in [199], where the inverse modified differential equations

are introduced to understand the true dynamical system that is learned when the

time derivatives are approximated by numerical schemes. The methods above do not

assume the specific form of the equation a priori, however, as the physical systems

usually possess intrinsic prior properties, other approaches also take into account the

prior information of the systems.

For many physical systems from classical mechanics, the governing equation can

be expressed in terms of Hamilton’s equation. We denote the d-by-d identity matrix

by Id, and let

J :=

 0 Id

−Id 0

 ,

which is an orthogonal, skew-symmetric real matrix, so that J−1 = JT = −J . The

canonical Hamiltonian system can be written as

ẏ = J−1∇H(y), (3.1)
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where y(t) ∈ R2d, and H : R2d → R is the Hamiltonian, typically representing the

energy of the system. It is well known that the phase flow of a Hamiltonian system

is symplectic. Based on that observation, several numerical schemes which preserve

symplecticity have been proposed to solve the forward problem in [65, 84, 133]. In

recent works [13, 81, 162, 172, 32, 184], the primary focus has been to solve the

inverse problem, i.e., identifying Hamiltonian systems from data, using structured

neural networks. For example, HNNs [81] use a neural network H̃ to approximate the

Hamiltonian H in (3.1), then learn H̃ by reformulating the loss function. Based on

HNNs, other models were proposed to tackle problems in generative modeling [162,

184] and continuous control [196]. Another line of approach is to learn the phase flow

of the system directly, while encoding the physical prior as symplecticity in the flow.

Recently, we introduced symplectic networks (SympNets) with theoretical guarantees

that they can approximate arbitrary symplectic maps [102]. Other networks of this

type are presented in [53, 190].

In practice, requiring a dynamical system to be Hamiltonian could be too restric-

tive, as the system has to be described in canonical coordinates. In [35] Lagrangian

Neural Networks (LNNs) were introduced, which allow the system to be expressed

in Cartesian coordinates. In [67] the models of HNNs and LNNs were generalized to

Constrained Hamiltonian Neural Networks (CHNNs) and Constrained Lagrangian

Neural Networks (CLNNs), enabling them to learn constrained mechanical systems

written in Cartesian coordinates. In other developments, autoencoder-based HNNs

(AE-HNNs) [81] and Hamiltonian Generative Networks (HGNs) [184] were proposed

to learn and predict the images of mechanical systems, which can be seen as Hamil-

tonian systems on manifolds embedded in high-dimensional spaces. Theoretically,

Hamiltonian systems on manifolds written in noncanonical coordinates are equiva-

lent to an important class of dynamical systems, namely, the Poisson systems. To
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wit, the Poisson systems take the form of

ẏ = B(y)∇H(y),

where y ∈ Rn, n is not necessarily an even number; H is the Hamiltonian of the

Poisson system, and the matrix-valued function B(y) plays the role of J−1 in (3.1),

which induces a general Poisson bracket as defined in Section 3.2. The Darboux-

Lie theorem states that a Poisson system can be turned into a Hamiltonian system

by a coordinate transformation. As a consequence, structure-preserving numeri-

cal schemes for Poisson systems are normally developed by finding the coordinate

transformation manually, then applying symplectic integrators on the transformed

systems, see [181, 84].

Inspired by the Darboux-Lie theorem, we propose a novel neural network archi-

tecture, the Poisson neural network (PNN), to learn the phase flow of an arbitrary

Poisson system, specifically, PNNs can learn any unknown diffeomorphism of Hamil-

tonian systems. The coordinate transformation and the phase flow of the transformed

Hamiltonian system are parameterized by structured neural networks with physical

priors. In the general setting, we use invertible neural networks (INNs) [51, 52] to

represent the coordinate transformation. If all the data reside on a submanifold

with dimension 2d < n, autoencoders (AEs) can be applied to approximate the co-

ordinate transformation from the coordinates in Rn to its local coordinates as an

alternative choice. This strategy is similar to [164], which learns dynamics in the

latent space discovered through an autoencoder. Compared to LNNs, PNNs are able

to work on a more general coordinate system. Moreover, INN-based PNNs are able

to learn multiple trajectories of a Poisson system on the whole data space simul-

taneously, while AE-HNNs, HGNs, CHNNs and CLNNs are only designed to work

on low-dimensional submanifolds of Rn. Further, our work lays a solid theoretical
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background for all the aforementioned models, suggesting that they are learning a

Poisson system explicitly or implicitly.

The main contribution of this work is the development of a framework that

learns general Poisson systems with structure-preserving models. To the best of our

knowledge, this is the first work which achieves this. Most of current works focus

on Hamiltonian systems or constrained Hamiltonian systems. In fact, we can easily

transform Poisson systems to Hamiltonian systems via a coordinate transformation.

Furthermore, constrained Hamiltonian systems can be rewritten as Poisson systems

and then transformed to Hamiltonian systems. Therefore, PNNs can be used to

solve a wide range of problems. It is worth noting that a good learning model

for Poisson systems should be structure-preserving, i.e., can preserve the Poisson

structure, otherwise it is meaningless.

Another intriguing property of PNNs is that they are not only capable of learning

Poisson systems, but are able to approximate an unknotted trajectory of an arbi-

trary autonomous system. We present related theorems, which indicate the great

expressivity of PNNs. We demonstrate through computational experiments that

PNNs can be practically useful in terms of learning high-dimensional autonomous

systems, long-time prediction, as well as frame interpolation. PNNs also enjoy all

the advantages listed in [102] as they are implemented based on the SympNets in

this work. However, PNNs as a high-level architecture can also employ other modern

symplectic neural networks as well as invertible neural networks.

The rest of the chapter is organized as follows. Section 3.2 introduces some neces-

sary notation, terminology and fundamental theorems that will be used. The learning

theory for PNNs is presented in Section 3.3. Section 3.4 presents the experimental

results for several Poisson systems and autonomous systems. A summary is given
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in the last section. Supporting materials, including the detailed implementation of

PNNs, are included in the appendix.

3.2 Preliminaries

The material required for this work is based on the mathematical background of

Hamiltonian system and its non-canonical form, i.e., the Poisson system. We refer

the readers to [84] for more details.

3.2.1 Hamiltonian and Poisson systems

First, we formally present the definitions of the Hamiltonian system and the Poisson

system. We assume that all the functions or maps involved in this chapter are as

smooth as needed.

Definition 15. The canonical Hamiltonian system takes the form

ẏ = J−1∇H(y), (3.2)

where H : U → R is the Hamiltonian typically representing the energy of the system

defined on the open set U ⊂ R2d.

System (3.2) can also be written in a general form by introducing the Poisson

bracket.

Definition 16. Let U ⊂ Rn be an open set. The Poisson bracket {·, ·} : C∞(U) ×

C∞(U)→ C∞(U) is a binary operation satisfying
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(i) (anticommutativity)

{F,G} = −{G,F},

(ii) (bilinearity)

{aF + bG,H} = a{F,H}+ b{G,H},

{H, aF + bG} = a{H,F}+ b{H,G}, a, b ∈ R,

(iii) (Leibniz’s rule)

{FG,H} = {F,H}G+ F{G,H},

(iv) (Jacobi identity)

{{F,G}, H}+ {{H,F}, G}+ {{G,H}, F} = 0,

for F,G,H ∈ C∞(U).

Consider the bracket

{F,G} =
d∑

i=1

(
∂F

∂qi

∂G

∂pi
− ∂F

∂pi

∂G

∂qi

)
= ∇F (y)⊤J−1∇G(y), (3.3)

where y = (p, q) = (p1, · · · , pd, q1, · · · , qd) ∈ R2d. One can check that (3.3) is indeed

a Poisson bracket. Then system (3.2) can be written as

ẏi = {yi, H}, i = 1, · · · , 2d,

where yi in the bracket denotes the map y → yi for y = (y1, · · · , y2d) by a slight

abuse of notation. Now we extend the bracket (3.3) to a general form as

({F,G}B)(y) =
n∑

i,j=1

∂F (y)

∂yi
bij(y)

∂G(y)

∂yj

= ∇F (y)⊤B(y)∇G(y),

(3.4)
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where B(y) = (bij(y))n×n is a smooth matrix-valued function. Note that here we

do not require n to be an even number. As many crucial properties of Hamiltonian

systems rely uniquely on the conditions (i)-(iv) in Definition 16, we naturally expect

the bracket (3.4) to be a Poisson bracket.

Lemma 5. The bracket defined in (3.4) is anti-commutative, bilinear and satisfies

Leibniz’s rule as well as the Jacobi identity if and only if

bij(y) = −bji(y) for all i, j

and for all i, j, k

n∑
l=1

(
∂bij(y)

∂yl
blk(y) +

∂bjk(y)

∂yl
bli(y) +

∂bki(y)

∂yl
blj(y)

)
= 0.

Lemma 5 provides verifiable equivalence conditions for (3.4) to become a Poisson

bracket. Then, we can give the definition of Poisson system, which is actually the

generalized form of the Hamiltonian system.

Definition 17. If a matrix-valued functionB(y) satisfies Lemma 5, then (3.4) defines

a Poisson bracket, and the corresponding differential system

ẏ = B(y)∇H(y)

is a Poisson system. Here H is still called a Hamiltonian.

Up to now, the Hamiltonian system and the Poisson system have been unified as

ẏi = {yi, H}B, i = 1, · · · , n, (3.5)
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for B satisfying Lemma 5, and the system becomes Hamiltonian when B = J−1.

3.2.2 Symplectic map and Poisson map

The study of the phase flows of the Hamiltonian and Poisson systems focuses on the

symplectic map and the Poisson map.

Definition 18. A transformation Φ : U → R2d (where U is an open set in R2d) is

called a symplectic map if its Jacobian matrix satisfies

(
∂Φ

∂y

)T

J

(
∂Φ

∂y

)
= J.

Definition 19. A transformation Φ : U → Rn (where U is an open set in Rn) is

called a Poisson map with respect to the Poisson system (3.5) if its Jacobian matrix

satisfies (
∂Φ

∂y

)
B(y)

(
∂Φ

∂y

)⊤

= B(Φ(y)).

In fact, the phase flow ϕH
t (y) of the Hamiltonian system is a symplectic map, while

the phase flow ϕP
t (y) of the Poisson system is a Poisson map, i.e., ϕH

t (y) and ϕ
P
t (y)

satisfy Definition 18 and 19, respectively. Based on these facts, we naturally expect

the numerical methods or learning models for Hamiltonian systems and Poisson

systems to preserve the intrinsic properties that ϕH
t (y) and ϕ

P
t (y) possess. So far the

numerical techniques for Hamiltonian systems have been well developed [65, 84, 133],

however, research on the Poisson systems is ongoing due to its complexity.
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3.2.3 Coordinate changes and the Darboux–Lie theorem

The main idea in studying Poisson systems is to find the connection to Hamiltonian

systems, which are easier to deal with. In fact, a Poisson system expressed in arbi-

trary new coordinates is again a Poisson system, hence we naturally tend to simplify

a given Poisson structure as much as possible by coordinate transformation.

Theorem 9 (Darboux 1882, Lie 1888). Suppose that the matrix B(y) defines a

Poisson bracket and is of constant rank n − q = 2d in a neighbourhood of y0 ∈ Rn.

Then, there exist functions P1(y), · · · , Pd(y), Q1(y), · · · , Qd(y), and C1(y), · · · , Cq(y)

satisfying

{Pi, Pj} = 0 {Pi, Qj} = −δij {Pi, Cl} = 0

{Qi, Pj} = δij {Qi, Qj} = 0 {Qi, Cl} = 0

{Ck, Pj} = 0 {Ck, Qj} = 0 {Ck, Cl} = 0

on a neighbourhood of y0, where δij equals to 1 if i = j else 0. The gradients of

Pi, Qi, Ck are linearly independent, so that y → (Pi(y), Qi(y), Ck(y)) constitutes a

local change of coordinates to canonical form.

Corollary 3 (Transformation to canonical form). Let us denote the transformation

of Theorem 9 by z = θ(y) = (Pi(y), Qi(y), Ck(y)). With this change of coordinates,

the Poisson system ẏ = B(y)∇H(y) becomes

ż = B0∇K(z) with B0 =

J−1 0

0 0

 ,

where K(z) = H(y). Writing z = (p, q, c), this system becomes

ṗ = −Kq(p, q, c), q̇ = Kp(p, q, c), ċ = 0.
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Corollary 3 reveals the connection between Poisson systems and Hamiltonian

systems via coordinate changes. In a forward problem, i.e., solving the Poisson

system by numerical integration, transformations are available for many well-known

systems to perform structure-preserving calculations [181, 84], but there does not

exist a general method to search for the new coordinates of an arbitrary Poisson

system, which is still an open research issue. However, the inverse problem, i.e.,

learning an unknown Poisson system based on data, is an easier task.

3.3 Learning theory for Poisson systems and tra-

jectories of autonomous systems

Assume that there is a dataset T = {(xi, yi)}N1 (xi, yi ∈ Rn) from an unknown

autonomous dynamical system, that could be a Poisson system or not, satisfying

ϕh(xi) = yi for time step h and phase flow ϕt. We aim to discover the dynamics

using learning models, so that we can make predictions into future or perform some

other computational tasks. To describe things clearly, we first give the definition of

the extended symplectic map.

Definition 20. A transformation Φ : U → Rn (where U is an open set in Rn) is

called an extended symplectic map with latent dimension 2d if it can be written as

Φ

x1
x2

 =

ϕ(x1, x2)
x2

 , x1 ∈ R2d, x2 ∈ Rn−2d, 2d ≤ n,

where ϕ is differentiable, and ϕ(·, x2) is a symplectic map for each fixed x2. Note

that Φ degenerates to a general symplectic map when 2d = n.
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3.3.1 Poisson neural networks

We propose a high-level network architecture, i.e., the Poisson neural networks

(PNNs), to learn Poisson systems or autonomous flows based on the Darboux–Lie

theorem. Theorem 9 and Corollary 3 indicate that any Poisson system in n-

dimensional space can be transformed to a “piecewise” Hamiltonian system, where

2d ≤ n is the latent dimension determined by the rank of B(y). The architecture is

composed of three parts: (1) a coordinate transformation, (2) an extended symplec-

tic map, (3) the inverse of the transformation, denoted by θ, Φ and θ−1, respectively.

For the construction of extended symplectic neural networks we refer the readers to

Appendix 3.5, which is an important part of this work. The transformations θ and

θ−1 can be implemented using two alternative approaches.

Primary architecture. We model θ as an invertible neural network, as in [51, 52],

to automatically obtain its inverse θ−1. Then, we learn the data by optimizing the

mean-squared-error loss

L(T ) = 1

n ·N

N∑
i=1

∥θ−1 ◦ Φ ◦ θ(xi)− yi∥2,

where Φ : Rn → Rn is an extended symplectic neural network with latent dimension

2d.

Alternative architecture. We exploit an autoencoder to parameterize θ, θ−1 with
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two different neural networks. Then, the loss is designed as

L(T )

=Ls(T ) + λ · La(T )

=
1

2d ·N

N∑
i=1

∥Φ ◦ θ(xi)− θ(yi)∥2+

λ · 1

n ·N

N∑
i=1

(∥θ−1 ◦ θ(xi)− xi∥2 + ∥θ−1 ◦ θ(yi)− yi∥2),

where Φ : R2d → R2d is a symplectic neural network and λ is a hyperparameter

to be tuned. Note that in this case θ−1 ◦ θ is not intrinsically equivalent to the

identity map. Basically, this architecture only learns the Poisson map limited on a

submanifold embedded in the whole phase space.

In both cases we perform predictions by fk
PNN = θ−1 ◦Φk ◦ θ, which gives the kth

step. We prefer the invertible neural networks because the reconstruction loss will

disappear compared to the autoencoder, and we also expect to impose further prior

information on the transformation. For example, in Section 3.4.3, we adopt a volume-

preserving network as the invertible neural network, the so-called volume-preserving

Poisson neural network (VP-PNN), which achieves better generalization compared to

the non-volume-preserving Poisson neural network (NVP-PNN), since the original

Poisson system has a volume-preserving phase flow. More crucially, autoencoder-

based PNNs are unable to learn data lying on the whole space, rather than a 2d-

dimensional submanifold, when 2d < n. In particular, the coordinate transformation

twists the whole space and flatten a series of 2d-dimensional submanifolds to planes,

while the autoencoder only flattens a single 2d-dimensional submanifold since it loses

many degrees of freedom upon dimension reduction. However, autoencoder-based

PNNs can perform better in some situations, such as in the numerical case in Section

3.4.5. Intuitively, the alternative architecture outperforms the primary architecture
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when 2d≪ n. An illustration of PNNs is presented in Fig. 3.1.

Phase space

Latent space

Φ Φ

𝜃 𝜃!"

𝜃!"

𝜃!" ∘ Φ ∘ 𝜃

𝜃!" 	 ∘ Φ# ∘ 𝜃

Figure 3.1: Architecture of PNNs. PNNs are composed of three parts: (1) a
coordinate transformation, (2) an extended symplectic map, and (3) the inverse of
the transformation, denoted by θ, Φ, and θ−1 respectively. θ and θ−1 are implemented
by invertible neural networks for the primary architecture and by autoencoder for the
alternative architecture, while Φ is implemented by the extended symplectic neural
network, see Appendix 3.5 for details. The dimension of the latent space is equal
to the original phase space, and the key difference is that the transformed system
in latent space is “piecewise” Hamiltonian of latent dimension 2d while the whole
space is of dimension n ≥ 2d.

3.3.2 Learning Poisson systems

Consider the case that T consists of data points from a Poisson system. Next, we

present the approximation properties of PNNs.

Theorem 10. Suppose that (i) the extended symplectic neural networks Φ are

universal approximators within the space of continuously differentiable extended

symplectic maps in C1 topology, (ii) (primary architecture) the invertible neural

networks θ are universal approximators within the space of invertible continuously

differentiable maps which have non-degenerate Jacobian in the C1 topology, and

(iii) (alternative architecture) the transformation neural networks θ and θ−1 are

universal approximators within the space of continuous maps in the C0 topology.

Then, the corresponding Poisson neural networks θ−1 ◦Φ◦ θ are able to approximate
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arbitrary Poisson maps in C1 topology for the primary architecture, and are able to

approximate arbitrary Poisson maps (limited on submanifolds) within the space of

continuous maps in C0 topology for the alternative architecture. The approximations

are considered on compact sets.

Proof. It can be deduced directly from Theorem 9 and Corollary 3.

Notice that in the alternative architecture, the PNN θ−1 ◦Φ◦θ itself is not intrin-

sically a Poisson map, however, by using fk
PNN = θ−1◦Φk◦θ for multistep prediction,

it can also preserve geometric structure and enjoy stable long term performance in

practice.

3.3.3 Learning trajectories of autonomous systems

Now consider the case that T consists of a series of data points on a single trajectory

(maybe not from a Poisson system), i.e, T = {(xi−1, xi)}N1 , where ϕh(xi−1) = xi

for time step h and ϕt, which is the phase flow of an unknown autonomous system

ẏ = f(y). Unlike the theory for learning Poisson systems, the use of PNNs to learn

autonomous flows is quite novel. The theories are driven by the observation that

symplectic neural networks can learn a trajectory from a non-Hamiltonian system,

see Section 3.4.1 for details. The next theorem reveals the internal mechanism.

Theorem 11. Suppose that U ⊂ R2 is a simply connected open set, and the periodic

solution y(t) ∈ U is from an autonomous dynamical system

ẏ = f(y), y ∈ U,
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then there exists a Hamiltonian H(y), such that y(t) also satisfies the Hamiltonian

system

ẏ = J−1∇H(y), y ∈ U.

Proof. The proof can be found in Appendix 3.5.

Based on above theorem, one may be able to apply symplectic neural networks

to arbitrary periodic solution to autonomous system in R2. Naturally, we tend to

explore similar results in high-dimensional space. We intuitively expect to transform

any high-dimensional periodic solution to autonomous system into one lying on a

plane with the help of coordinate changes, and subsequently, the original trajectory

can be learned via PNN. In fact, this conjecture is almost right, except for the

case when the orbit of the considered motion is a non-trivial 1-knot in R3. For the

theory on knots we refer to [128, 7, 159], and we briefly present the basic concepts

in Appendix 3.5.

Theorem 12. Suppose that U ⊂ Rn is a contractible open set, periodic solution

y(t) ∈ U is from an autonomous dynamical system

ẏ = f(y), y ∈ U,

and the orbit of y(t) is unknotted. Then, there exists a Hamiltonian H(y) and a

B(y) satisfying Lemma 5 with rank of 2, such that y(t) also satisfies the Poisson

system

ẏ = B(y)∇H(y), y ∈ U.

Note that non-trivial 1-knots exist only in R3.

Proof. The proof can be found in Appendix 3.5.
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Up to now, we have shown that PNNs can be used to learn almost any periodic

solution to autonomous systems, and the latent dimension is actually fixed as 2.

The symplectic structure embedded in PNNs will endow the predictions with long

term stability and more accuracy, for periodic solutions. Nevertheless, there is still

a limitation of this method, as one can see, PNNs are allowed to learn only a single

trajectory upon training. Basically, the limitation is inevitable as we have already

got rid of most of the constraints on the vector field f , which is in fact a trade-off

between data and systems. In spite of this fact, we still expect to further develop

a strategy to relax the requirements of “single” and “periodic”, by increasing the

latent dimension. We conjecture it as:

Suppose that U ⊂ Rn is a contractible open set, f : U → Rn is a vector field,

and S is a smooth trivial (2d − 1)-knot embedded in U . If f |S is a smooth tan-

gent vector field on S, then there exists a smooth single-valued function H(y) and a

smooth matrix-valued function B(y) satisfying Lemma 5 with rank of 2d, such that

B(y)∇H(y)|S = f |S.

The conjecture provides a more general insight into the above theoretical results

on single trajectory. If it holds, one may learn several trajectories lying on a higher-

dimensional trivial knot simultaneously upon training, with higher latent dimension.

Unfortunately, the proofs of 1-knot case cannot be easily extended to the general case,

since the fact that a solenoidal vector field on R2 is exactly a field of Hamiltonian

system does not hold for higher-dimensional space. A more thorough explanation of

this conjecture is needed in future works.
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3.4 Simulation results

In this section, we present several simulation cases to verify our theoretical results,

and indicate the potential application of PNNs in the field of computer vision. All

the hyper-parameters for detailed architectures and training settings are shown in

Appendix 3.5 and Table 3.3. For each detailed Poisson system involved, we obtain the

ground truth and data using a high order symplectic integrator with its corresponding

coordinate transformation, which is listed in Appendix 3.5. The codes are published

in GitHub (https://github.com/jpzxshi/pnn).
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Figure 3.2: Lotka–Volterra equation. (Left) Learning three trajectories by PNN.
The PNN successfully learns the system and achieves a stable long time predic-
tion. We also compute the trajectories by the classical Runge-Kutta method of
order four (RK45) to show that a general numerical method cannot guarantee sta-
bility. (Middle) Learning three trajectories by a SympNet. The SympNet fails to
fit the three trajectories simultaneously, since the learned system is not Hamiltonian.
(Right) Learning a single trajectory by a SympNet. The SympNet is able to learn
this single trajectory due to Theorem 11.

3.4.1 Lotka–Volterra equation

The Lotka–Volterra equation can be written as

u̇
v̇

 =

u(v − 2)

v(1− u)

 =

 0 uv

−uv 0

∇H(u, v), (3.6)
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where H(u, v) = u− lnu+v−2 ln v. As a Poisson system, we are able to discover the

underlying symplectic structure using PNNs. The data consist of three trajectories,

starting at (1, 0.8), (1, 1), (1, 1.2), respectively. We generate 100 training points with

time step h = 0.1 for each trajectory. Besides the PNN, we also use a SympNet

to learn the three trajectories simultaneously, as well as learn the single trajectory

starting at (1, 1). We perform predictions for 1000 steps starting at the end points of

the training trajectories, and the results of the three cases are presented in Fig. 3.2.

As shown in the left figure, the PNN successfully learns the system and achieves

a stable long time prediction. We also compute the trajectories by the classical

Runge-Kutta method of order four (RK45) to show that solving the given system

via a general numerical method cannot guarantee stability. Meanwhile, the SympNet

[102] fails to fit the three trajectories simultaneously, since the data points are not

from a Hamiltonian system, as shown in the middle figure. However, the right figure

reveals that the SympNet is indeed able to learn a single trajectory, even though it

is not from a Hamiltonian system, which is consistent with Theorem 11.

3.4.2 Extended pendulum system

We test the performance of a PNN on odd-dimensional Poisson systems. The motion

of the pendulum system is governed by

ṗ
q̇

 =

− sin q

p

 =

0 −1

1 0

∇H(p, q),
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where H(p, q) = 1
2
p2 − cos q. This is a canonical Hamiltonian system, and we subse-

quently extend this system to three-dimensional space:


ṗ

q̇

ċ

 =


− sin q

p+ c

0

 =


0 −1 0

1 0 0

0 0 0

∇H̃(p, q, c),

where H̃(p, q, c) = H(p, q)+pc. To make the data more difficult to learn, a nonlinear

transformation (u, v, r) = θ−1(p, q, c) = (p, q, p2 + q2 + c) is applied to the extended

phase space. The governing equation for the transformed system is as follows:


u̇

v̇

ṙ

 =


0 −1 −2v

1 0 2u

2v −2u 0



u− 3u2 − v2 + r

sin v − 2uv

u


=: B(u, v, r)∇K(u, v, r),

(3.7)

where K(u, v, r) = 1
2
u2−cos v+ur−u3−uv2. One may readily verify that B satisfies

Lemma 5, therefore (3.7) is a Poisson system.

Three trajectories are simulated with initial conditions x0 = (0, 1, 12), (0, 1.5, 1.52+

0.1), (0, 2, 22 + 0.2), and time step h = 0.1. We use data points obtained in the first

100 steps as our training set. Then we perform predictions for 1000 steps starting

at the end points of training set; the results are shown in Fig. 3.3. From the left

figure, it can be seen that the predictions made by the PNN match the ground truth

perfectly, remaining on the true trajectories after long times. Meanwhile, the PNN

is able to recover the underlying structure of the system, as shown on the right hand

side. The trajectories of the system in the latent space are recovered as trajectories

on parallel planes, which matches the fact that the trajectories are generated from

several different two-dimensional symplectic submanifolds.
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Figure 3.3: Extended pendulum system. (Left) Three ground truth trajectories
compared to the predictions made by the PNN. The predictions match the ground
truth perfectly without deviation. (Right) The ground truth and the predictions
expressed in the latent space by trained θ. The trajectories are lying on three different
parallel planes.

3.4.3 Charged particle in an electromagnetic potential

We consider the dynamics of the charged particle in an electromagnetic potential

governed by the Lorentz force

mẍ = q(E + ẋ×B),

where m is the mass, x ∈ R3 denotes the particle’s position, q is the electric charge,

B = ∇×A denotes the magnetic field, and E = −∇φ is the electric field with A,φ

being the potentials. Let ẋ = v be the velocity of the charged particle, then the

governing equations of the particle’s motion can be expressed as

v̇
ẋ

 =

− q
m2 B̂(x) − 1

m
I

1
m
I 0

∇H(v, x),

H(v, x) =
1

2
mv⊤v + qφ(x),

(3.8)
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where

B̂(x) =


0 −B3(x) B2(x)

B3(x) 0 −B1(x)

−B2(x) B1(x) 0


for B(x) = (B1(x), B2(x), B3(x)). Here we test the dynamics with m = 1, q = 1,

and

A(x) =
1

3

√
x21 + x22 · (−x2, x1, 0), φ(x) =

1

100
√
x21 + x22

for x = (x1, x2, x3)
⊤. Then

B(x) = (∇× A)(x) = (0, 0,
√
x21 + x22),

E(x) = −(∇φ)(x) = (x1, x2, 0)

100(x21 + x22)
3
2

.

The initial state is chosen to be v = (1, 0.5, 0), x = (0.5, 1, 0), in which case the

system degenerates into four-dimensional dynamics, i.e., the motion of the particle is

always on a plane. For simplicity, we also denote them by v = (1, 0.5), x = (0.5, 1),

and study the dimension-reduced system. We then generate a trajectory of 1500

training points followed by 300 test points with time step h = 0.1. Subsequently,

a volume-preserving PNN (VP-PNN) is trained to learn the training set, and we

perform predictions for 2000 steps starting at the end point of the training set, as

shown in Fig. 3.4. It can be seen that the VP-PNN perfectly predicts the trajectory

without deviation. Furthermore, we also train a non-volume-preserving PNN (NVP-

PNN) and a volume-preserving neural network (VPNN) to compare with the above

model. After sufficient training, the three models make predictions starting at the

initial state to reconstruct trajectories, as shown in Fig. 3.5. As one can see, the

VP-PNN performs slightly better than the NVP-PNN, while the NVP-PNN is much

better than the VPNN. The quantitative results shown in Table 3.1 also support this
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observation. Although the VP-PNN has larger training MSE and one step test MSE

than the NVP-PNN, its long time test MSE is instead less, which is not surprising

because NVP-PNNs and VPNNs possess the prior information of Poisson structure

and volume preservation respectively, while VP-PNNs has both of them. Note that

the considered dimension-reduced system of (3.8) is source-free hence its phase flow

is intrinsically volume-preserving on the four-dimensional space.
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Figure 3.4: Charged particle in the electromagnetic potential. (Top-left)
The position (x1, x2) of training flow. (Top-right) Prediction of the VP-PNN start-
ing at the end point of training flow for 2000 steps. The VP-PNN perfectly predicts
the trajectory without deviation. (Bottom) Prediction of the position of particle
over time.

VP-PNN NVP-PNN VPNN
Training MSE 4.6× 10−9 1.6× 10−9 2.7× 10−8

Test MSE (One step) 1.5× 10−8 9.8× 10−9 6.1× 10−8

Test MSE (Long time) 1.1× 10−5 5.1× 10−4 8.8× 103

Table 3.1: Losses of the three trained models. The long time test MSE is
evaluated along 1000 steps starting at the end point of training data. Although
VP-PNN has larger training MSE and one step test MSE than NVP-PNN, its long
time test MSE is instead less. The VPNN performs worse than above two models
and fails for long time prediction.
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Figure 3.5: Comparison of the reconstructed trajectories by three models.
(Left) The reconstructed trajectory by the VP-PNN, which perfectly matches the
ground truth. (Middle) The reconstructed trajectory by the NVP-PNN, which
performs well, but slightly worse than the VP-PNN. (Right) The reconstructed
trajectory by the general VPNN, which fails to make long time prediction.

3.4.4 Nonlinear Schrödinger equation

We consider the nonlinear Schrödinger equation


i
∂w

∂t
+
∂2w

∂x2
+ 2|w|2w = 0,

w(x, 0) = w0(x),

where w(x, t) = u(x, t)+ iv(x, t) is a complex field and the boundary condition w0(x)

is periodic, i.e., w0(x+ 1) = w0(x) for x ∈ R. An interesting space discretization of

the nonlinear Schrödinger equation is the Ablowitz–Ladik model

iẇk +
1

∆x2
(wk+1 − 2wk + wk−1) + |w2

k|(wk+1 + wk−1) = 0

with wk = w(k∆x, t), ∆x = 1/N . Letting wk = uk + ivk, we obtain

u̇k = −
1

∆x2
(vk+1 − 2vk + vk−1)− (u2k + v2k)(vk+1 + vk−1),

v̇k =
1

∆x2
(uk+1 − 2uk + uk−1) + (u2k + v2k)(uk+1 + uk−1).
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With u = (u1, · · · , uN), v = (v1, · · · , vN) this system can be written as

u̇
v̇

 =

 0 −D(u, v)

D(u, v) 0

∇H(u, v) (3.9)

where D = diag(d1, · · · , dN) is the diagonal matrix with entries dk(u, v) = 1 +

∆x2(u2k + v2k), and the Hamiltonian is

H(u, v) =
1

∆x2

N∑
l=1

(ulul−1 + vlvl−1)

− 1

∆x4

N∑
l=1

ln(1 + ∆x2(u2l + v2l )).

We thus get a Poisson system. In the experiment, we choose the boundary condition

u(x, 0) = 2 + 0.2 · cos(2πx), v(x, 0) = 0 and set N = 20, hence (3.9) is a Poisson

system of dimension 40. We then generate 500 training points followed by 100 test

points with time step h = 0.01. That means the solution to this equation during the

time interval [0, 5] is treated as the training set, and then we learn the data using a

PNN and predict the solution between [5, 6]. The result is shown in Fig. 3.6: both

of the real part and imaginary part match the ground truth well.
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Figure 3.6: Ablowitz–Ladik model of nonlinear Schrödinger equation. Pre-
dictions of both real and imaginary parts match the ground truth well.
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Figure 3.7: Long time prediction and frame interpolation for two body
images. (Top) Ground truth, four consecutive points in the test dataset, after
t = 6000 with step size h = 0.6. (Bottom) Predictions made by the PNN, with
a finer step size h = 0.3. (All) PNNs can handle long-time integration and frame
interpolation perfectly.

3.4.5 Pixel observations of two-body problem

We consider the pixel observations of the two-body problem, which are the images

of two balls in black background, as shown in Fig. 3.7. Time series of the images

form a movie of the motion of two balls governed by gravitation. Here we intend to

learn the phase flow on a coarse time grid while making predictions on a finer time

grid, to forecast and smoothen the movie simultaneously. To achieve this goal, a

simple recurrent training scheme is applied to our method. Similar treatments can

be found in [6].

Suppose the training dataset is {xn := x(n∆t)}Nn=0. We set our goal to be making

predictions on x(t) at t = (N + n
m
)∆t, n ≥ 1. Denote the PNN to be trained as

fPNN = θ−1 ◦ Φ ◦ θ. Then we train

fm
PNN = θ−1 ◦ Φm ◦ θ
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to approximate the flow from xi to xi+1, and m is set to 2 in this case. Since

we are learning a single trajectory on a submanifold of the high-dimensional space,

autoencoders are used to approximate θ. λ in the corresponding loss function is

chosen to be 1. After training, fk
PNN = θ−1 ◦ Φk ◦ θ is used to generate predictions

for k ≥ 1.

A single trajectory x(t) of the system is generated with time step ∆t = 0.6, as

shown in Fig. 3.7. The training dataset contains N = 100 images of size 100×50. Let

Xgrid = (xN+1, · · · , xN+k) and X̃grid = (x̃N+1, · · · , x̃N+k) denote the ground truth

and predictions made by the PNN at grid points. Let Xmid = (xN+ 1
2
, · · · , xN+k− 1

2
)

and X̃mid = (x̃N+1, · · · , x̃N+k) denote the ground truth and predictions made by

the PNN on middle points of the grids. The test loss on grids is calculated as the

mean squared error between Xgrid and X̃grid while the test loss on middle points

is calculated as the mean squared error between Xmid and X̃mid. We use a similar

definition as in [188] to compute the valid prediction time Tϵ. Suppose we are given

the ground truth dataset x and prediction x̃, starting from t = 0. Let the root mean

square error (RMSE) be

E(x̃) =
√
⟨(x− x̃)2⟩,

where < · > stands for spatial average. The valid prediction time (VPT) is defined

to be

Tϵ = argmax
tf

{tf |E(x̃(t)) ≤ ϵ,∀t ≤ tf},

where ϵ is a hyperparameter to be chosen. Here we set ϵ = 0.02.

Low error is obtained both on the grid points and the middle points, as shown

in Table 3.2, which indicates that PNNs can handle prediction and interpolation

simultaneously. The VPT is much longer than the time scale of the training window,

further suggesting that PNNs are good at long-time predictions and intrinsically
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structure-preserving. It can be seen in Fig. 3.7 that the prediction matches the

ground truth perfectly even after t = 6000. We also compare the performance of

AE-HNN and PNN in Fig. 3.8. The experimental details can be found in Appendix

3.5. We find that PNNs significantly outperform AE-HNNs in terms of prediction

accuracy due to its structure-preserving nature.

Note that according to Theorem 12, the periodic solution to an autonomous

dynamical system in Rd can always be learned by PNNs when d > 3. Since this

trajectory of two-body system is periodic in R100×50 and the image at step n +

1 is uniquely determined by the image at step n, we can assume without loss of

generality that the pixel observations of a two-body system form a periodic solution

to an autonomous dynamical system, regardless of whether the internal mechanism

is Hamiltonian.

Train MSE Test MSE (Grid) Test MSE (Middle) VPT
1.7× 10−6 2.1× 10−6 2.0× 10−6 6308

Table 3.2: Losses and VPT of the PNN. The test MSE is evaluated along 100
steps starting at the end point of data.

3.5 Summary

The main contribution of this chapter is to provide a novel high-level network archi-

tecture, PNN, to learn and further extrapolate the phase flow of an arbitrary Poisson

system while preserving its intrinsic Poisson structure. To the best of our knowl-

edge, this is the first work which can achieve this. Since a single periodic solution

to an autonomous system can be proven to be a solution to a Poisson system if the

orbit is unknotted, PNNs can be directly applied to a much broader class of systems

without modification. From this perspective, theoretical results regarding the ap-
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proximation ability of PNNs are presented. We present several simulations including

the Lotka-Volterra equation, an extended pendulum system, charged particles in the

electromagnetic potential, a nonlinear Schrödinger equation and a trajectory of the

two-body image that support our theoretical findings and illustrate the advantages

of PNNs on long time prediction and frame interpolation. Even though not explicitly

mentioned in the chapter, PNNs can be easily extended to learn phase flows from

irregularly sampled data using the feature of SympNets. PNNs can also learn the

Hamiltonian systems on low dimensional submanifolds or constrained Hamiltonian

systems, which can be expressed as a Poisson system. Note that PNN is very flexi-

ble as a high-level architecture, and one may use other preferred symplectic neural

networks or invertible neural networks as alternative approximators if needed.

Despite the great expressivity, stability and interpretability of PNNs, an open is-

sue is whether one can use it to infer and make predictions on multiple trajectories of

an autonomous system without generalized Poisson structure under certain circum-

stances. We conjectured in the chapter that the solution to an arbitrary autonomous

system lying on a smooth trivial (2d−1)-knot matches the solution to a Poisson sys-

tem. If this holds, the use of PNNs on multiple trajectories of a general autonomous

system would be theoretically justified. We leave the proof or counterexamples of

this conjecture as future work.



92

Appendix

Introduction to knot

Consider the embeddings of Sn in Sm, m ≥ n + 1. Two embeddings k1, k2 are

equivalent if there is a homeomorphism h of Sm such that h(k1) = k2. An embedding

k : Sn ⊂ Sm is unknotted if it is equivalent to the trivial knot k0 : S
n ⊂ Sm defined

by the standard embedding

k0 : S
n → Sm; (x0, · · · , xn)→ (x0, · · · , xn, 0, · · · , 0).

In fact, the embedding k is always unknotted whenm ̸= n+2. Therefore an n-knot is

defined as an embedding of Sn in Sn+2. For convenience, let us make a little change

in the terminology: an n-knot means an embedding of Sn in Sm for m ≥ n+1, since

we are more concerned about the trivial knot in this work.

Proofs for theorems

Proof of Theorem 11

In two-dimensional space, consider the system


∆v = grad p,

div v = 0,
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with boundary condition

v|Γ = a,

where Γ is the orbit of y(t) and v : U → R2 is a vector field. [116, p. 60, Theorem 1]

shows that there exists a solution v to the system above given a suitable single-valued

function p and any continuous a satisfying

∮
Γ

a · nds = 0,

where n is the exterior normal with respect to the domain inside Γ. Set a = f , we

have ∮
Γ

f · nds =
∮
Γ

0ds = 0,

hence there exists a v such that

div v = 0, v|Γ = f.

Note that v is a solenoidal vector field, which leads to

v = curl (−H) = (−∂H
∂y2

,
∂H

∂y1
)⊤ = J−1∇H.

The H defined above is exactly the Hamiltonian we are looking for.

Proof of Theorem 12

Since y(t) is unknotted, there exist a periodic γ(t) = (γ1(t), γ2(t))
⊤ ∈ R2 and a

homeomorphism θ : U → U such that

θ(y(t)) = Γ(t) := (γ1(t), γ2(t), 0, · · · , 0)⊤ ∈ Rn,
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which is exactly the coordinate transformation deforming y(t) into Γ(t). Theorem

11 shows that γ(t) is also a solution to a Hamiltonian system, hence the extended

solution Γ(t) satisfies


Γ̇ =

J−1 0

0 0

∇K(Γ), J ∈ R2×2,

K(y1, y2, · · · , yn) = H(y1, y2),

(3.10)

for a single-valued function H. In fact, a Poisson system expressed in an arbitrary

new coordinate immediately becomes a new Poisson system with a new B(y) whose

rank is equivalent to the original one [84, p. 265]. Therefore, y(t) is also a solution

to a Poisson system obtained by expressing system (3.10) in new coordinate via

transformation θ. Furthermore, they share the same latent dimension of 2.

Implementation of architecture

Problem
Section 3.4.1

Section 3.4.2
Section 3.4.3

Section 3.4.4 Section 3.4.5
PNN SympNet PNN VPNN

θ

Type NVP - NVP VP/NVP VP NVP AE
Partition 1 - 2 2 2 20 -
Layers 3 - 3 10 20 3 2

Sublayers 2 - 2 3 3 2 -
Width 30 - 30 50 50 100 50

Φ

Type G G E G - G LA
Layers 3 6 3 10 - 10 3

Sublayers - - - - - - 2
Width 30 30 30 50 - 100 -

Table 3.3: Model architecture. The detailed implementations of symplectic neu-
ral networks, invertible neural networks as well as the autoencoder, and their cor-
responding terminology used in this table are shown in Appendix 3.5. The Sigmoid
activation functions are used for all the models. The optimizer is chosen to be Adam
[108] with learning rate 0.001. The numbers of training iterations are 2×105, 1×105,
2× 106, 1× 106, and 5× 105 respectively for the five problems considered.
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Extended symplectic neural networks

We adopt SympNets [102] as the universal approximators for symplectic maps. The

architecture of SympNets is based on three modules, i.e.,

• Linear modules.

Ln

p
q


=

 I 0/Sn

Sn/0 I

 · · ·
 I 0

S2 I


I S1

0 I


p
q

+ b,

p, q ∈ Rd,

where Si ∈ Rd×d are symmetric, b ∈ R2d is the bias, while the unit upper tri-

angular symplectic matrices and the unit lower triangular symplectic matrices

appear alternately. In this module, Si (represented by Ai + A⊤
i in practice)

and b are parameters to learn. In fact, Ln can represent any linear symplectic

map [100].

• Activation modules.

Nup

p
q

 =

p+ σ̃a(q)

q

 ,

Nlow

p
q

 =

 p

σ̃a(p) + q

 , p, q ∈ Rd,

where σ̃a(x) := a⊙ σ(x) for x ∈ Rd. Here ⊙ is the element-wise product, σ is

the activation function, and a ∈ Rd is the parameter to learn.
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• Gradient modules.

Gup

p
q

 =

p+ σ̂K,a,b(q)

q

 ,

Glow

p
q

 =

 p

σ̂K,a,b(p) + q

 , p, q ∈ Rd,

where σ̂K,a,b(x) := K⊤(a ⊙ σ(Kx + b)) for x ∈ Rd. Here a, b ∈ Rl, K ∈ Rl×d

are the parameters to learn, and l is a positive integer regarded as the width

of the module.

The SympNets are the composition of above three modules. In particular, we use two

classes of SympNets: the LA-SympNets composed of linear and activation modules,

and the G-SympNets composed of gradient modules. Notice that both LA and G

SympNets are universal approximators for symplectic maps as shown in [102]. For

convenience, we clarify the terminology for describing a detailed LA(G)-SympNet:

an LA-SympNet of m layers with n sublayers means it is the composition of m linear

modules and m− 1 activation modules, where linear and activation modules appear

alternatively like the architecture of fully-connected neural network, and each linear

module is composed of n alternated triangular symplectic matrices; a G-SympNet of

m layers with width l means it is composed of m alternated gradient modules, and

the width l is defined as above.

In this works we further develop the extended symplectic neural networks by

extending the gradient modules.
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• Extended modules.

Eup


p

q

c

 =


p+ σ̂K1,K2,a,b(q, c)

q

c

 ,

Elow


p

q

c

 =


p

σ̂K1,K2,a,b(p, c) + q

c

 ,

p, q ∈ Rd, c ∈ Rn−2d,

where σ̂K1,K2,a,b(x, c) := K⊤
1 (a⊙σ(K1x+K2c+ b)) for x ∈ Rd, c ∈ Rn−2d. Here

a, b ∈ Rl, K1 ∈ Rl×d, K2 ∈ Rl×(n−2d) are the parameters to learn, and l is a

positive integer regarded as the width of the module.

The extended symplectic neural networks (E-SympNets) are the composition of ex-

tended modules. As noticed, 2d is the latent dimension of the E-SympNets. The

terminology for describing the architecture of E-SympNets is the same as that for

G-SympNets, hence we will not repeat here. It is worth mentioning that the approx-

imation property of E-SympNets is still unknown, which is left as future work.

Invertible neural networks

In numerical experiments, we adopt the NICE [51] as volume-preserving invertible

neural networks, and the real NVP [52] as general non-volume-preserving invertible

neural networks. The approximation capabilities of NICE are analysed in [200].
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• Volume-preserving modules.

Vup

x1
x2

 =

x1 +m1(x2)

x2

 ,

Vlow

x1
x2

 =

 x1

m2(x1) + x2

 ,

x1 ∈ Rd, x2 ∈ Rn−d,

where m1 : Rn−d → Rd and m2 : Rd → Rn−d are modeled as fully-connected

neural networks.

• Non-volume-preserving modules.

Cup

x1
x2

 =

x1 ⊙ exp s1(x2) + t1(x2)

x2

 ,

Clow

x1
x2

 =

 x1

x2 ⊙ exp s2(x1) + t2(x1)

 ,

x1 ∈ Rd, x2 ∈ Rn−d,

where s1, t1 : Rn−d → Rd and s2, t2 : Rd → Rn−d are modeled as fully-connected

neural networks.

Basically, the volume-preserving (non-volume-preserving) invertible neural networks

are the alternated composition of upper and lower volume-preserving (non-volume-

preserving) modules. We say a volume-preserving (non-volume-preserving) INN is

of m layers and n sublayers with width l if it is composed of m alternated volume-

preserving (non-volume-preserving) modules and each of m1,m2 (s1, t1, s2, t2) is a

FNN of n layers with width l. Meanwhile, the partition dimension d is also fixed
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as an architecture parameter and, in practice, we intuitively set d ≈ n/2 for more

expressivity. Note that this d has nothing to do with the latent dimension of extended

symplectic neural networks.

Autoencoder

We apply the traditional autoencoder [112] to the alternative architecture for

dimension-reduced cases. Suppose that the latent dimension is rank(B(y)) = 2d < n,

then the aotuencoder is composed of two fully-connected neural networks, i.e., an

encoder fe : Rn → R2d and a decoder fd : R2d → Rn, whose hidden nodes are all not

less than 2d. Note that the FNNs can also be replaced by other useful architectures

like CNNs, if needed. In Section 3.4, the encoder and decoder are chosen of same

depth and width.

Transformations for Poisson systems

Here we briefly present the transformations to Hamiltonian systems for the involved

Poisson systems in this work.

Lotka–Volterra equation. With coordinate transformation (p, q) = (lnu, ln v),

system (3.6) can be written as

ṗ
q̇

 = J−1∇H(p, q), H(p, q) = p− exp(p) + 2q − exp(q).

Charged particle in the electromagnetic potential. By considering the posi-

tion x and the conjugate momentum p = mẋ+ qA(x), the Poisson system (3.8) can
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be written in the canonical formṗ
ẋ

 = J−1∇H(p, x),

H(p, x) =
1

2m
(p− qA(x))⊤(p− qA(x)) + qφ(x).

Nonlinear Schrödinger equation. A transformation has been proposed to make

(3.9) a canonical Hamiltonian system:


pk = ukσ(∆x

2(u2k + v2k))

qk = vkσ(∆x
2(u2k + v2k))

, with σ(x) =

√
ln(1 + x)

x
,

which treats the variables symmetrically. Its inverse is


uk = pkτ(∆x

2(p2k + q2k))

vk = qkτ(∆x
2(p2k + q2k))

, with τ(x) =
expx− 1

x
.

Now the Hamiltonian in the new variables is

H(p, q) =
1

∆x2

N∑
l=1

τ(∆x2(p2l + q2l ))τ(∆x
2(p2l−1 + q2l−1))

· (plpl−1 + qlql−1)−
1

∆x2

N∑
l=1

(p2l + q2l ).

Comparison with baseline

We compare the performance between PNN and AE-HNN [81] on the two body

image problem in the same setting as 3.4.5. The detailed architecture for PNN is

already given in Table 3.3. For AE-HNN, the layers and width of the autoencoder
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are chosen to be 4 and 200; while the layers and width of HNN are chosen to be 3

and 200. The latent dimension is chosen to be 4 and the activation function is chosen

to be hyperbolic tangent. We find that PNN significantly outperforms AE-HNN in

a few time steps, as shown in Fig. 3.8 below. The predictions of AE-HNN becomes

blurry and do not capture the correct period of the system.

t = 0 t = 0.6 t = 1.2 t = 1.8 t = 2.4 t = 3 t = 3.6 t = 4.2

G
ro

un
d 

tr
ut

h 
PN

N
AE
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Figure 3.8: Comparison between PNN and AE-HNN for two body images.
(Top) Ground truth, eight consecutive points in the dataset, after t = 0 with step
size h = 0.6. (Bottom) Predictions made by the AE-HNNs, which become blurry
after a few time steps and do not capture the correct period of the system. (Middle)
Predictions made by the PNNs, which match the ground truth well.



Chapter Four

GFINNs: GENERIC Formalism

Informed Neural Networks for

Deterministic and Stochastic

Dynamical Systems
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4.1 Introduction

Among many principles of physics, we consider the General Equation for Non-

Equilibrium Reversible-Irreversible Coupling (GENERIC) formalism [82, 150, 149].

GENERIC provides a general mathematical framework describing states beyond

equilibrium of a dynamical system [149], which involves two separate generators

for the reversible and irreversible dynamics. These generators are required to satisfy

some symmetry and degeneracy conditions, which constitute a key feature of the

GENERIC structure. These conditions are often interpreted as the first and second

principles of thermodynamics, which further can be expressed in the language of

linear algebra.

Our goal is to embed the GENERIC structure directly into neural networks, yet to

maintain sufficient expressivity. By leveraging the level of prior physics information

under the GENERIC framework, we propose a systematical approach in designing

neural network modules.

In the case where either one or all generators are known a priori, we design

neural network models for either energy or entropy or both by exploiting certain

properties of the generators. Due to the multiplicative structure of the gradient of

neural networks, care needs to be taken into the input layer in order to meet the

degeneracy conditions. We thus introduce a transformation in the first layer, which

roughly speaking, projects input into a proper low-dimensional space on which the

degeneracy conditions hold. On the other hand, if no prior information is available,

we model generators by neural networks whose architectures are motivated by the

spectral decomposition of matrix [185]. In any cases, the proposed neural network

models obey the required constraints exactly. We refer to our neural network models
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as the GENERIC formalism informed neural networks (GFINNs).

Furthermore, we prove the universal approximation theorem for GFINNs under

some assumptions. Altogether, GFINNs not only obey the required GENERIC con-

ditions, but also are sufficiently expressive in learning the underlying physical quan-

tities and generators. We demonstrate the performance of GFINNs on several tasks

including double pendulums, gas containers and stochastic differential equations. We

found that GFINNs outperform the existing network architectures [50, 87, 122] in

all the tests we considered.

There are two pioneering works that have attempted to embed the GENERIC

formalism into neural networks. [87] proposed structure preserving neural networks

(SPNNs), which aim to learn the physical quantities assuming both generators are

known. The degeneracy requirements are softly constrained in the loss function,

which may cause violation of the degeneracy conditions even after training. [122]

proposed the GENERIC neural ordinary differential equations (GNODEs), which

satisfy the required conditions by suitable parameterization of bracket structure,

however, no universal approximation theorem has been proven.

The rest of the chapter is organized as follows. Upon introducing the problem

setup and some preliminaries in Section 4.2, the GENERIC formalism informed neu-

ral networks (GFINNs) are presented in Section 4.3 along with the universal approx-

imation theorem. Numerical examples are provided in Section 4.4, demonstrating

the effectiveness of GFINNs against other methods.
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4.2 Problem Setup

We consider the problem of learning an autonomous dynamical system that can be

expressed in the following form:

ż(t) = F (z(t)), z ∈ Ω ⊂ Rd, t ∈ (0, T ], z(0) = z0, (4.1)

where t refers to the time coordinates and F is the unknown vector-valued field

function.

With the goal of approximating F through data, we employ a neural network

FNN(·; θ) whose parameters are determined so that the trajectories generated from

the resulting dynamics ż = FNN(z; θ) are close to the observed trajectory data. More

precisely, let Ntraj be the number of observed trajectories. Let T be the number of

time-steps and tj be the j-th time stamp, which we set them equal for all trajectories

for the sake of notational simplicity. Let z(t; z0) be the state variable at time t whose

value at t0 is z0. Then, the k-th trajectory is written as {tj, z(tj; z(k)
0 )}Tj=0. We then

seek to find the optimal network parameters that minimize the loss function defined

by

L(θ) = 1

Ntraj

Ntraj∑
k=1

1

T

T∑
j=1

∥∥∥zθ
NN(tj; z

(k)
0 )− z(tj; z

(k)
0 )
∥∥∥2 . (4.2)

Here zθ
NN(tj; z

(k)
0 ) is computed by applying a numerical integrator [118] (e.g.,

Runge–Kutta methods) to the equation ż = FNN(z; θ) starting at z(tj−1; z
(k)
0 ); ∥ · ∥

is the standard Euclidean norm. Typically, gradient-based optimization methods are

used to solve this minimization problem.

If no physics is involved, the above gives a general description of the pure data-

driven approach. If some principles of physics are known, the physics-informed data-
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driven approach aims to embed the available physics into neural networks. There

are two typical ways of doing the embedding. One is to add regularization terms

to the loss (4.2) that penalize FNN that do not follow the physics. The other is to

devise a network architecture so that FNN obeys the available physics for any θ and

the optimal parameters are then found by minimizing the same loss (4.2).

4.2.1 The GENERIC formalism

The General Equation for Non-Equilibrium Reversible-Irreversible Coupling

(GENERIC) formalism provides a general mathematical framework describing

beyond-equilibrium thermodynamic systems [149] including both conservative and

dissipative systems. As a consequence, any system described by Hamilton’s equa-

tion or Poisson’s equation can be written in the GENERIC formalism, as follows:

ż = L(z)
∂E

∂z
(z) +M(z)

∂S

∂z
(z),

subject to L(z)
∂S

∂z
(z) =M(z)

∂E

∂z
(z) = 0,

L(z) is skew-symmetric, i.e., L(z) = −L(z)⊤

M(z) is symmetric positive semi-definite.

(4.3)

The term L∂E
∂z

accounts for all the reversible (non-dissipative) phenomena of the sys-

tem. In the classical mechanics, this term is equivalent to Hamilton and Poisson’s

equations of motion. The operator L is called the Poisson matrix and is required to

be skew-symmetric. The term M ∂S
∂z

accounts for the irreversible (dissipative) ma-

terial properties of the system. This term was motivated by the Ginzburg-Landau

equation, which can be used to describe critical dynamics of spatially extended sys-
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tems. The operator M is called the friction matrix and is required to be symmetric

positive semi-definite. E and S are the system’s total energy and entropy, respec-

tively. Under this framework, it can be checked that the energy of the system is

conserved and the entropy of the system monotonically increases with respect to

time, i.e., dE(z(t))
dt

= 0 and dS(z(t))
dt
≥ 0, corresponding to the first and second laws of

thermodynamics, respectively.

4.2.2 Deep Neural Networks

We employ deep neural networks as the basic components in our surrogate modellings

for L,M,E, S. For simplicity of discussion, we shall focus on feed-forward neural

networks throughout this work, while any types of neural networks (e.g., ResNet)

can easily be used in place of the feed-forward networks without difficulties.

A L-layer feed-forward neural network f : Rdin → Rdout is defined by f(x) =

zL+1(x) where zL+1 is constructed recursively according to

zℓ(x) = W ℓϕ(zℓ−1(x)) + bℓ, 1 < ℓ ≤ L+ 1,

starting with z1(x) = W 1x + b1. Here, W ℓ ∈ Rnℓ×nℓ−1 is the weight matrix and

bℓ ∈ Rnℓ is the bias vector in the l-th layer, where we set n0 = din = d and nL = dout.

ϕ is a nonlinear activation function that is applied element-wise. The activation

function is assumed to have certain properties so that the universal approximation

theorem holds [37, 177, 143]. The collection of all weights and biases of the network

is denoted by θ = {(W 1, b1), · · · , (WL, bL)}. We note that a neural network can be

a matrix-valued function by converting the output to a matrix of proper size.
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Let f(·; θ) : Rd → R be a L-layer neural network and g : Rd → Rd be a differ-

entiable function. The gradient of (f ◦ g)(x) := f(g(x)) with respect to x is given

by

∇xf(g(x); θ) = (Jg(x))⊤
(
WLDL−1 · · ·W 2D1W

1
)⊤

= (Jg(x))⊤∇xf ◦ g(x), (4.4)

where Dj is a diagonal matrix whose (i, i)-entry is ϕ′(zji (g(x))) for 1 ≤ j < L

and 1 ≤ i ≤ nj, and Jg(x) is the Jacobian of g at x. A key observation is that

∇xf(g(x); θ) belongs to the row space of Jg(x) due to the multiplicative structure.

We refer to the equation (4.4) as the multiplicative structure of the gradient of neural

networks.

4.3 GENERIC Formalism Informed Neural Net-

works

Our goal is to design neural network architectures that satisfy the symmetry and

degeneracy conditions of (4.3), yet are sufficiently expressive to learn the underly-

ing dynamics from data. Also, we want the proposed neural networks to be easily

adopted when some prior physics is available (in terms of the GENERIC).

Since the GENERIC formalism comprises two orthogonal modules, each of which

contains two components, we model each component using neural networks that sat-

isfy the required conditions. The component-wise design not only allows the flexi-

bility in incorporating prior physics (if any) but also results in a general framework

of neural network modellings for the GENERIC formalism. Here, prior physics im-

plies a scenario where one or more is known among L, M , E, S. Although many
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possibilities can be discussed, for the sake of simplicity, we focus on the following

scenarios:

• Case 1: L and M are known. The goal is to approximate E and S.

• Case 2a: E and S are known. The goal is to approximate L and M .

• Case 2b: L,M,E, S are unknown. The goal is to approximate L,M,E, S.

All other scenarios can be handled without difficulties. The schematic of the proposed

framework is shown in Figure 4.1.

Orthogonal modules Orthogonal modules

𝒛 ∈ ℝ!

𝜕𝐸
𝜕𝑧 (𝒛)

𝑀(𝒛) 𝜕𝑆
𝜕𝑧 (𝒛)

𝐿(𝒛)⊥ ⊥

ℒ = ||𝑧! − Φ(𝑧!"#; 𝑓$$)||%

Case 1: 𝐿,𝑀 known, 
𝐸, 𝑆 to learn

Case 2b: 𝐿,𝑀, 𝐸, 𝑆
to learn 

Case 2a: 𝐸, 𝑆 known, 
𝐿,𝑀 to learn 

Figure 4.1: Architecture of GFINNs. GFINNs can be seen as a neural network
framework, which automatically satisfies the laws of thermodynamics. The design
of GFINNs follows the GENERIC formalism since we parameterize the (matrix-
valued) functions L,M,E, S as orthogonal neural network modules, which satisfy
the consistency condition and structural condition in Eq. 4.3. We propose differ-
ent architectures, which can incorporate different physical information including the
knowledge of L,M or the knowledge of E, S.

Requiring only the conditions of (4.3) can be done quite easily, while care is
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needed to ensure expressivity. We illustrate this through the following example. Let

L(z) =



0 ℓ(z) 0 0

−ℓ(z) 0 0 0

0 0 0 0

0 0 0 0


, ℓ(z) ̸= 0.

Suppose the goal is to construct a proper neural network SNN satisfying L(z)∇SNN(z) =

0. Since null(L(z)) = span{e3, e4}, where e3 = (0, 0, 1, 0)⊤ and e4 = (0, 0, 0, 1)⊤, we

have infinitely many choices for SNN that satisfy the condition. For example, if SNN

is any smooth function of z3 and does not depend on the other variables, the required

condition is trivially satisfied. However, this class of functions does not capture the

potential dependence of z4, so that a sufficient expressiveness is not guaranteed.

Similarly, if S were given and the goal was to model a skew-symmetric matrix LNN

that satisfies LNN(z)∇S(z) = 0, there are also infinitely many choices for LNN that

satisfy the required condition, yet not all of them are sufficiently expressive.

For ease of discussion, in what follows, we denote a generic matrix function by A

representing either L or M , and a generic scalar function by G representing either

S or E. Also, the subscript (GNN or ANN) indicates the neural network model for

the target quantity (G or A). Next, we discuss how to construct neural networks for

modelling each component and present the corresponding universal approximation

theorem under some assumptions.
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4.3.1 Case 1: L and M are known and E and S are unknown

We consider the case where L andM are known, yet E and S are unknown. Since the

two generators are known, one might attempt to model ∇E and ∇S directly using

neural networks following the pure data-driven approach [31]. However, since all

vector functions are not gradient of a scalar function, we construct neural networks

for E and S and compute their gradients by automatic differentiation that can

be implemented by well-established programming packages e.g., Pytorch [153] and

Tensorflow [1]. Furthermore, by construction, this approach allows one to not only

predict the solution trajectories but also discover physical quantities (energy and

entropy) from data.

Since we have multiple goals to achieve, several challenges arise in developing

neural network architectures with the desired properties. First of all, since we model

G (i.e., E or S) instead of ∇G, we need to properly control the gradient of neural

networks so that the degeneracy condition of (4.3) holds. Motivated by the multi-

plicative structure (4.4), we introduce a tailored projection-like transformation PA

in the very first layer of neural networks, which ensures the degeneracy condition

under some assumptions. It is the transformation PA that constitutes a core element

in the network architecture for G (either E and S) assuming A is known.

As a preparation for introducing the transformation PA and also for the universal

approximation theorem, we make a couple of basic assumptions on A, which will be

justified in all the examples later.

Assumption 1. Let A be a d × d matrix-valued function defined on Ω ⊂ Rd. Let

qjA(z), j = 1, . . . , nA, be an orthonormal basis of kerA(z) := {y ∈ Rd : A(z)y = 0}

whose rank is nA. We assume that
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1. kerA(z) has constant rank nA ∈ {1, . . . , d− 1} in Ω.

2. kerinvA(z) := span{qjA : 1 ≤ j ≤ ñA} is the largest subspace of kerA(z) whose

rank is ñA which is also constant on Ω such that qjA(z), j = 1, . . . , ñA, satisfy

range((JqjA(z))
⊤) ⊂ kerA(z), (4.5)

where Jq(z) is the Jacobian matrix of q(z).

Assumption 2. Let A : Rd → Rd×d be a matrix-valued function satisfying As-

sumption 1 and let n̂A := nA − ñA. There exist real-valued differentiable functions

F j
A(·) : Rd → R, j = 1, . . . , n̂A, on Ω, satisfying

span{∇F j
A(z) : j = 1, . . . , n̂A}

⊕
kerinvA(z) = kerA(z). (4.6)

The degeneracy conditions of (4.3), if it is interpreted in terms of linear algebra,

means that ∇G belongs to the kernel of A. Since kerA(z) depends on z, Assump-

tion 1(i) basically allows us to work on the fixed number of basis. This is a typical

assumption made in order to make analysis go through, which is also used in [79]

dated back in 1970s. Assumption 1(ii) and 2 decompose kerA(z) into two subspaces,

one of which satisfies the invariance under differentiation in the sense of (4.5). The

other subspace from Assumption 2 provides the key information on how to keep

∇GNN(z) in the kernel of A(z) as a function of z. The existence of the functions F j
A

plays a key role in defining the transformation PA.

With these assumptions, we define a transformation PA as follows. From As-

sumption 1, let Q̃A(z) = [q1A(z), . . . , q
ñA
A (z)]. From Assumption 2, let FA(z) =
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[F 1
A(z), . . . , F

n̂A
A (z)]⊤. Define the transformation PA : Rd → RnA by

PA(z) = [Q̃⊤
A(z)z;FA(z)] ∈ RnA . (4.7)

The first ñA components of PA(z) is the orthogonal projection coefficients of z onto

kerinvA(z) and the remaining components are the functions from Assumption 2. The

output of PA is nA-dimensional vector resulting in a dimension reduction from d to

nA.

We are now in a position to present our neural network for G (either energy E

or entropy S). For a neural network f(·; θG) : Rd → R where θG is the network

parameter, we define

GNN(z; θG) = f(PA(z); θG). (4.8)

Since ∇(⟨qjA(z), z⟩) = qjA(z) + (JqjA(z))
⊤z and the Jacobian of the transformation

(4.7) is

(JPA(z))
⊤ =

[
∇(⟨q1A(z), z⟩), · · · ∇(⟨q

ñA
A (z), z⟩), ∇F 1

A(z), · · · ∇F
n̂A
A (z)

]
,

it follows from Assumptions 1 and 2 that range((JPA(z))
⊤) ⊂ kerA(z). It then

follows from the multiplicative structure (4.4) that any GNN(·) of the form (4.8)

satisfies A(z)∇GNN(z) = 0.

We note that in general, the functions from Assumption 2 may not be readily

available. However, in Propositions 1 and 2, we show that FA can be identified by

extracting relevant components from the basis of kerA and then applying indefinite

integration.
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Figure 4.2: Architecture of GFINNs for Case 1. We approximate the real-valued
function G by GNN, which is parameterized as the composition of the transformation
PA and a fully connected neural network.The solid dots represent trainable param-
eters of GFINN in case 1.

The remaining goal is to show the expressivity of the proposed neural network

architecture (4.8). In order to show the universal approximation theorem, an ap-

propriate function class should be chosen in the first place on which we show the

universality. Since the target function G satisfying the degeneracy condition of (4.3)

depends highly on the properties of the kernel of an operator A, a general function

class requires some detailed characterizations of kerA. We thus confine ourselves to

the function class FA characterized by the transformation operator PA together with

the multiplicative structure (4.4).

Definition 21. Let A : Rd → Rd×d be a matrix-valued function satisfying Assump-

tions 1 and 2. Let FA be the collection of differentiable functions G defined on

Ω ⊂ Rd whose gradient satisfies

∇G(z) = (JPA(z))
⊤cA ◦ PA(z), ∀z ∈ Ω,

for some continuous function cA : RnA → RnA .

The function class FA of Definition 21 depends crucially on A. For example,
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as shown in Corollary 4, if A(·) = A is constant, FA contains all the continuously

differentiable functions G that satisfy ∇G ∈ kerA.

Corollary 4. Suppose A is constant. Then, FA is the class C1(Ω) that consists of

all differentiable functions whose gradient lies in kerA and continuous on Ω.

Proof. Since A is constant, so is Q. Also n := nA = ñA, n̂A = 0, PA(z) = Q⊤z

and (JPA(z))
⊤ = Q. Let G(ξ) := G(Qξ) where ξ ∈ Rn. Note that QQ⊤ = I,

thus Q(Q⊤z) = z. It then follows from ∇G(z) = Q∇ξG(Qξ)
∣∣
ξ=Q⊤z

that ∇G(z) =

Q∇ξG(ξ)
∣∣
ξ=Q⊤z

= Q∇ξG ◦ PA(z). By letting cA(ξ) = ∇ξG(ξ), the proof is com-

pleted.

With the target function class being defined, we now show that the proposed

neural network GNN defined in (4.8) is universal for the function class FA.

Theorem 13. Suppose A is a d × d-matrix-valued function on Ω ⊂ Rd satisfying

Assumptions 1 and 2. For any G(·) ∈ FA defined as in Definition 21 and a small

ϵ > 0, there exists a neural network model GNN(·) of the form (4.8) such that

sup
z∈Ω
∥∇G(z)−∇GNN(z)∥ < ϵ,

and A(z)∂GNN

∂z
(z) = 0 for all z ∈ Ω.

Proof. Note that ∂GNN

∂z
(z) = (JPA(z))

⊤∇f ◦ PA(z). For any G ∈ FA, there

exists a continuous function cA such that the gradient of G is expressed as

∇G(z) = (JPA(z))
⊤cA ◦ PA(z). Since JPA(z) is full rank on Ω, by invok-

ing the universal approximation theorem of neural networks (e.g., [126, 177]),

for any sufficiently small ϵ > 0, there exists a neural network f satisfying

supz∈Ω ∥∇f ◦ PA(z)− cA ◦ PA(z)∥ < ϵ, which completes the proof.
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An explicit neural network architecture in terms of width and depth may be

given from existing works, however, we simply rely on the well-established universal

approximation theorem for neural networks [37, 143, 126, 177].

The considered function class FA from Definition 21 may be too restricted to

cover more general functions. However, in all the examples of Section 4.4, we show

that all the assumptions hold and the underlying energy E and entropy S functions

belong to the function classes FM and FL, respectively.

4.3.2 Case 2: L, M , E and S are unknown

We consider only Case 2b where all the quantities (L,M,E, S) are unknown, since

Case 2a is easily handled by letting GNN := G.

In Case 2, a scalar function G is modelled by a standard neural network unless it

is known a priori. It then suffices to construct a matrix-valued neural network ANN

from GNN that satisfies both the symmetry and the degeneracy conditions. Unlike

Case 1, we do not need to control the gradient of GNN to be in kerA. Rather, we

design ANN to satisfy ∇GNN ∈ kerANN. It turns out that one can easily adopt this

property into neural network architectures by exploiting skew-symmetric matrices.

Lemma 6. For j = 1, . . . , K, let Sj be a skew-symmetric matrix of size d× d. For

a differentiable scalar function g(·) : Rd → R, let Qg(·) : Rd → RK×d be a matrix-

valued function whose j-th row is defined to be (Sj∇g(·))⊤. Then, Qg(x)∇g(x) = 0

for all x ∈ Rd.

Proof. The proof readily follows from the fact that for any y ∈ Rd, y⊤Sjy = 0 since

Sj is skew-symmetric.
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For a neural network GNN, let QGNN
be the matrix function defined through K

skew-symmetric matrices as in Lemma 6, which are trainable parameters. Motivated

by the spectral decomposition of either skew-symmetric or symmetric positive semi-

definite matrix, we propose to model A by

ANN(z) := (QGNN
(z))⊤BA

NN(z)QGNN
(z), (4.9)

where BA
NN is skew-symmetric if A = L and is symmetric positive semi-definite if

A =M that is modelled by another neural network different from GNN. In particular,

we use two triangular matrix-valued neural networks TL(z) and TM(z) and set

BL
NN(z) := (TL(z))

⊤ − TL(z), BM
NN(z) := (TM(z))⊤TM(z). (4.10)

By construction, the symmetry and degeneracy conditions of (4.3) are automatically

satisfied.

Figure 4.3: Architecture of GFINNs for Case 2. We propose a new architecture
to parameterize the real-valued function G and matrix-valued function A simulta-
neously. Three major components of the architecture include the fully connected
neural network GNN, skew-symmetric matrices Sj and structured (skew-symmetric
or symmetric positive semi-definite) neural networks BA

NN. Their compositions give
the output ANN. The trainable parameters are highlighted.

We note that if A(z) is either skew-symmetric or symmetric positive semi-definite,

the spectral decomposition reads A(z) = Q(z)⊤Λ(z)Q(z), where Q(z) is orthogonal
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and Λ(z) is either skew-symmetric or diagonal. The network architecture of (4.9)

has a similar structure of that of the spectral decomposition, yet, neither QGNN
(z)

is orthogonal nor BA
NN(z) is the eigenvalue matrix. Since QGNN

(z) is a matrix of size

K× d, the rank of ANN(z) is at most min{K, d}. Hence, K is assumed to be greater

than or equal to the rank of A(z).

Owing to the universal approximation theorem [37, 143] of neural networks, we

show that the proposed neural network ANN of (4.9) is sufficiently expressive enough

to approximate the underlying target function A under some mild conditions.

Theorem 14. Suppose ∇GNN := ∇G is continuous on a compact set Ω ⊂ Rd, and

a component of ∇G has nonzero values in Ω. Let A be either a skew-symmetric

or symmetric positive semi-definite matrix-valued continuous function satisfying

A(z)∇G(z) = 0 for all z ∈ Ω. For any ϵ > 0, there exists a neural network model

ANN of the form (4.9) such that supz∈Ω ∥A−ANN∥ < ϵ and ANN(z)∇G(z) = 0 in Ω.

Proof. Without loss of generality, let (∇G(z))1 ̸= 0 for all z ∈ Ω. Since

A(z)∇G(z) = 0, the row space, row(A(z)), of A(z) is spanned by at most d−1 inde-

pendent basis. For k = 1, . . . , d−1, let Pk be a skew-symmetric matrix of size d such

that (Pk)1,k+1 = 1, (Pk)k+1,1 = −1 and (Pk)ij = 0 otherwise. Let q̃k(z) := Pk∇G(z).

Note that (q̃k(z))1 = (∇G(z))k+1, (q̃k(z))k+1 = −(∇G(z))1, and (q̃k(z))i = 0 for all

other i.

Claim 1. q̃k(z), 1 ≤ k < d, are linearly independent and

row(A(z)) ⊆ span{q̃k(z) : 1 ≤ k < d}.

Proof of Claim. Assuming
∑d−1

k=1 ckq̃k(z) = 0, it suffices to show ck = 0 for all k.
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Observe that

d−1∑
k=1

ckq̃k(z) =

[∑d−1
k=1 ck(∇G(z))k+1, −c1(∇G(z))1, · · · −cd−1(∇G(z))1

]⊤
.

Since (∇G(z))1 ̸= 0, c1 = · · · = cd−1 = 0, which proves the linearly independence.

Note also that since Pk is skew-symmetric, ⟨q̃k(z),∇G(z)⟩ = ⟨Pk∇G(z),∇G(z)⟩ =

0 for all k. Since row(A(z)) belongs to the orthogonal complement space of

span{∇G(z)}, the second claim is followed from the relationship

row(A(z)) ⊆ (span{∇G(z)})⊥ = span{q̃k(z) : 1 ≤ k < d},

where the equality holds because the two spaces have the same rank.

Note that A(z) is either skew-symmetric or symmetric positive semi-definite of

rank r with 2 ≤ r < d. Thus, row(A(z)) = col(A(z)). We shall consider only the

case when A(z) is skew-symmetric. The other case can be proved similarly. By the

spectral decomposition, we have A(z) = Q(z)Λ(z)Q⊤(z), where Q(z) is a matrix of

size d× r such that Q⊤(z)Q(z) = I ∈ Rr×r and Λ(z) is skew-symmetric of size r× r

defined by

(Λ(z))ij =


λi(z) if j = i+ 1,

−λi(z) if j = i− 1,

0 otherwise,

where λi(z) > 0. Since the columns of Q(z) are orthonormal basis for col(A), and

from Claim 1, Q(z) can be represented by {q̃k(z)}. That is, there exists a matrix

R(z) ∈ R(d−1)×r such that Q(z) = Q̃(z)R(z), where Q̃(z) = [q̃1(z), · · · , q̃d−1(z)].

Since Q⊤(z)Q̃(z) is full rank and r ≤ d−1, a solution to Q⊤(z)Q̃(z)R(z) = I always

exists.
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Since A is continuous on Ω ⊂ Rd, so does Λ̃(·) := R(·)Λ(·)R⊤(·). From the

universal approximation theorem of neural networks, there exists a skew-symmetric

matrix-valued neural network BA
NN(·) such that

∥(BA
NN(·))ij − (Λ̃(·))ij∥C0(Ω) <

ϵ

C(d− 1)r
, ∀1 ≤ i < j < d, (4.11)

where C = supz∈Ω ∥Q̃(z)∥2. Note that C is a constant that depends only on ∇G(z)

and Ω. Let ANN(·) := Q̃(·)BA
NN(·)Q̃⊤(·). Then,

∥A(z)− ANN(z)∥ = ∥Q(z)Λ(z)Q⊤(z)− Q̃(z)BA
NN(z)Q̃

⊤(z)∥

= ∥Q̃(z)R(z)Λ(z)R⊤(z)Q̃⊤(z)− Q̃(z)BA
NN(z)Q̃

⊤(z)∥

≤ ∥Q̃(z)∥2∥R(z)Λ(z)R⊤(z)−BA
NN(z)∥.

Since ∥ · ∥ ≤ ∥ · ∥F , where ∥ · ∥F is the Frobenius norm, it follows from (4.11) that

∥A(z)− ANN(z)∥ ≤ ϵ for all z ∈ Ω, which completes the proof.

Assuming Case 2b, the GENERIC formalism informed neural networks (GFINNs)

comprise of four neural networks: ENN, SNN, B
L
NN, B

M
NN together with sets of train-

able parameters forming skew-symmetric matrices used in QENN
and QSNN

. Apart

from parameters for the four neural networks, the number of parameters from the

skew-symmetric matrices is 2Kd(d − 1). When the dimension d is large, the num-

ber of trainable parameters grows O(Kd2), which may cause some computational

challenges. If this is the case, sparse parameterization can be applied to reduce the

number of parameters. For example, each skew-symmetric matrix could be sparsely

parameterized by only s nonzero parameters, which reduces the number of train-

able parameters from O(Kd2) to O(Ks). A similar sparse parameterization can be

applied in modelling BA
NN as well.
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In summary, GFINNs consist of four components, ENN, SNN, LNN, MNN that

form two modules; E-M module (ENN, MNN) and L-S module (LNN,SNN). When

A is known, we model G using a neural network GNN of the form (4.8). When

G is known, we model A using a neural network ANN of the form (4.9). When

no physics is known, we model G using a standard neural network GNN and then

model A using a neural network ANN of the form (4.9) with GNN. As a result, we

obtain a general framework of designing neural networks for the GENERIC formalism

with the flexibility of incorporating available physics, thanks to the component-wise

network modelling.

4.4 Numerical Examples

We demonstrate the performance of GFINNs on three benchmark problems. To

compare against other methods, we also report the results obtained by GNODEs

[122], SPNNs [87], and SDENets [50]. Implementation details can be found in Ap-

pendix 4.5. The code for the numerical examples are openly available on GitHub

at https://github.com/zzhang222/gfinn gc. We note that SPNNs and GNODEs can

only be applied in case 1 and case 2, respectively, while GFINNs cover all the cases.

Nonuniqueness. By the multiplicative structure, the GENERIC formalism al-

lows multiple modules resulting in the same dynamics. That is, given (E, S, L,M),

there are infinitely many (Ẽ, S̃, L̃, M̃) satisfying L̃(z)∂Ẽ
∂z

(z)+M̃(z)∂S̃
∂z
(z) = L(z)∂E

∂z
(z)+

M(z)∂S
∂z
(z). As a matter of fact, if we let G̃ be an affine transformation of G with

a slope coefficient a, by letting Ã := a−1A, we obtain new modules resulting in the

same dynamics. Because of the nonuniqueness, the inferred quantities ENN and SNN

may look different from the target quantities. We therefore calibrate the inferred

https://github.com/zzhang222/gfinn_gc
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quantities to make them look similar to the ground truth values. The calibration is

done by finding aforementioned affine transformations using some target values. We

apply the calibration only for the visualization purpose to demonstrate the discovery

of the physical quantities by GFINNs.

GENERIC formalism under fluctuations. Fluctuations can be included

in the GENERIC formalism [82, 149], resulting in a stochastic differential equation

(SDE) of the form

dz = µ(z)dt+ σ(z)dWt,

subject to L(z)
∂S

∂z
(z) = σ(z)

∂E

∂z
(z) = 0,

L(z) is skew-symmetric, i.e., L(z) = −L(z)⊤,

σ(z)σ(z)⊤ = 2kBM(z),

(4.12)

where µ(z) := L(z)∂E
∂z

(z) + M(z)∂S
∂z
(z) + kB

∂
∂z
· M(z), Wt is a multicomponent

Wiener process and kB is the Bolzmann constant, which controls the magnitude of

fluctuation. When the fluctuations are eliminated by letting kB → 0, we recover

(4.3) from (4.12). Here ∂
∂z
·M represents the divergence of M as a tensor field, i.e.,

∂
∂z
·M =

∑d
i=1

∑d
k=1

∂Mik

∂zk
ei where ei’s are the standard basis vectors in Rd. The

consistency condition of (4.12) implies the conservation of energy and fluctuation-

dissipation theorem.

In the stochastic setting, the goal is to infer the drift and diffusion terms µ, σ

from observed data. Let Z(t, ω;Z0) be the solution to the SDE (4.12), where ω

denotes that Z(t, ω;Z0) is a random variable and possesses the initial condition

Z(t0, ω;Z0) = Z0 with probability one. The data are then referred to Ntraj sample

paths of the solution to (4.12), each of which has different initial states, {Z(k)
0 },

sampled from a probability distribution. The k-th sample path is then written as
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{tj, z(k)
j }Tj=0 where z

(k)
j := Z(tj, ω

(k);Z
(k)
0 ) and ω(k) is a realization of outcome.

GFINNs for the SDE (4.12) consist of the components ANN, GNN, QENN
, TM from

(4.9) and (4.10), which further construct µNN and σNN as follows:

µNN(z) := LNN(z)
∂ENN

∂z
(z) +MNN(z)

∂SNN

∂z
(z) + kB

∂

∂z
·MNN(z),

σNN(z) :=
√
2kB(TM(z)QENN

(z))⊤.

(4.13)

Both µNN(z) and σNN are naturally defined thanks to the spectral structure of ANN.

Since each component obeys the required conditions of (4.3), GFINNs (4.13) satisfy

the consistency conditions of (4.12).

Loss function. In the deterministic examples, the loss function is set to the

mean squared error (MSE) defined in (4.2) together with the Runge-Kutta sec-

ond/third order integrator [118].

In the stochastic example, the loss function is set to the negative log-likelihood

function (4.14) together with the Euler-Maruyama integrator [111]. The same loss

function is also used in [50, 174], which is defined by

L(θ) = − 1

Ntraj

Ntraj∑
k=1

1

T

T∑
j=1

log p(z
(k)
j |z

(k)
j−1, θ), (4.14)

where p(z
(k)
j |z

(k)
j−1, θ) is the probability density function of multivariate normal distri-

bution with mean ∆tjµNN(z
(k)
j−1) and covariance matrix 2kB∆tjMNN(z

(k)
j−1) evaluated

at z
(k)
j − z

(k)
j−1. Here ∆tj := tj − tj−1.

Evaluation metric. The performance quality of learned dynamics is measured

by a closeness between unseen ground truth trajectories that are not used in training,

and trajectories of inferred dynamics. This is often referred to as generalization or
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test error.

Let Ntest be the number of unseen test trajectories. For k = 1, . . . , Ntest, let

Z(k) ∈ RT×d be the matrix representing the k-th unseen trajectory of ground-truth,

whose j-th row, denoted by Z
(k)
j , is the state at time tj. Similarly, let Z̃(k) ∈ RT×d

be the k-trajectory matrix of learned dynamics whose initial state is the same as the

one of Z(k).

In the deterministic case, the metric we use for closeness is the mean squared

error (MSE):

MSE(tj) =
1

Ntest

Ntest∑
k=1

1

d

d∑
l=1

(Z
(k)
jl − Z̃

(k)
jl )2. (4.15)

In the stochastic case, the metric we use for closeness is the squared sliced

Wasserstein-2 distance [48], which is defined through random projections. Let

{um}Mm=1 be a set of M vectors randomly uniformly sampled from the unit hy-

persphere Sd−1, where we set M = 100 for implementation. For each j and m,

⟨Z(k)
j ,um⟩ and ⟨Z̃(k)

j ,um⟩ are always assumed to be sorted with respect to the index

k. The squared sliced Wasserstein-2 distance (SW) is then defined by

SW(tj) =
1

Ntest

Ntest∑
k=1

1

M

M∑
m=1

|⟨Z(k)
j − Z̃

(k)
j ,um⟩|2.

4.4.1 Two gas containers exchanging heat and volume

We consider the gas container example from [176]. Two gas containers are allowed

to exchange heat and volume with a wall in the middle. The state variable is z =

(q, p, S1, S2) ∈ R4, where q, p represent the position and momentum of the moving

wall, and S1, S2 represent the entropy of the gases in two containers. The energy of
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the whole system is E(z) = p2

2m
+E1+E2, where Ei = ( e

Si
NkB

ĉVi
)
2
3 , V1 = q, V2 = 2−q and

ĉ =
(

4πm
3h2N

) 3
2 e

5
2

N
, which follows from the Sackur–Tetrode equation [175] for ideal gases.

m is the mass of the wall, N is the number of gas particles, h is the Planck constant

and kB is the Boltzmann constant. We fix the units such that m = NkB = ĉ = 1.

The entropy of the system is S(z) = S1 + S2. The evolution equation is described

by a system of ordinary differential equations (ODEs):



q̇

ṗ

Ṡ1

Ṡ2


=



p
m

2
3
(E1

q
− E2

2−q
)

α
T1
( 1
T1
− 1

T2
)

− α
T2
( 1
T1
− 1

T2
)


= L

∂E(z)

∂z
+M(z)

∂S(z)

∂z
, (4.16)

where L =

S 0

0 0

,M =

0 0

0 T

, S =

 0 1

−1 0

, T = α

 T−2
1 −(T1T2)−1

−(T1T2)−1 T−2
2

,
Ti =

∂Ei

∂Si
, 0 is the zero matrix of size 2× 2 and α is the parameter determining the

strength of heat exchange which we set to 10.

The following proposition shows that the governing equation (4.16) of the gas

container problem satisfies all the assumptions of Section 4.3.

Proposition 1. Let M(z) be the matrix defined in (4.16). Let

FM(z) = eCS1q−
2
3 + eCS2(2− q)−

2
3 ,

where C = 2
3NkB

. Then, kerM(z) = span{e1, e2,∇FM(z)}, where

∇FM(z) = (T3, 0, T1, T2)
⊤, T3 = −

2

3
e

2
3
CS1q−

5
3 +

2

3
e

2
3
CS2(2− q)−

5
3 .

Let q̂(z) = (0, 0, T̄1, T̄2)
⊤ where T̄i =

Ti√
T 2
1+T 2

2

. Then, {e1, e2, q̂(z)} is an orthonormal
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basis for kerM(z) and range((Jq̂(z))⊤) ̸⊂ kerM(z). Furthermore, E ∈ FM as

∇E(z) = (JPM(z))⊤cM ◦ PM(z),

where PM(z) = (q, p, FM(z))⊤, cM(ξ1, ξ2, ξ3) = (1, ξ2/m, 1)
⊤, and (JPM(z))⊤ =

[e1, e2,∇FM(z)].

Proof. The proof directly follows from a straight forward calculation.

We use 80 trajectories starting from t0 = 0 to tT = 8 with ∆tj := tj− tj−1 = 0.02

(T = 400) as training data and use another 20 trajectories as test data. The ini-

tial conditions of both training and testing trajectories are uniformly sampled from

[0.2, 1.8] × [−1, 1] × [1, 3] × [1, 3]. Since neural networks may be sensitive to how

parameters are initialized, we run ten independent simulations and report some en-

sembles out of it. As an effort to make a fair comparison, neural networks used for

each method have a roughly similar number of parameters. The detailed architec-

tures are summarized in Table 4.2 of Appendix 4.5.

In the top row of Figure 4.4, we plot one of 20 test trajectories as dashed-lines,

together with the corresponding trajectory of the learned dynamics by GFINNs as

symbols; the circle (◦), the inverted triangle (▽) and the cross (×) marks correspond

to case 1, case 2a and case 2b, respectively. Here, GFINNs are the one with the

smallest MSE summed over time among 10 simulations. Since the state variable lies

in R4, the q, p and S1 + S2 trajectories are reported. We clearly see that in case 1

and case 2a, the trajectories of GFINNs are indistinguishable to the ground truth

trajectory, while in case 2b, they start to deviate from the truth trajectory as time

increases. This is expected as some underlying physics in terms of the GENERIC

formalism is known in case 1 and case 2a, while no physics is known in case 2b.
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Figure 4.4: Results for the gas container example. (Top-left and Top-
middle) Predicted position q and momentum p for the wall. (Top-right) Predicted
entropy S1 + S2 of the air in two gas containers. (Bottom-left) The prediction
MSE of GFINN and SPNN in case 1. (Bottom-middle and bottom-right) The
prediction MSE of GFINN and GNODE in case 2a and case 2b. The results are
obtained by taking the mean of 10 simulations, while the upper and lower boundary
for shaded region represents the highest and lowest error in 10 simulations.

To compare against other methods, in the bottom row of Figure 4.4, we report

the means of the MSE (4.15) of GFINNs, GNODEs and SPNNs with respect to time.

Each shaded region represents the range between the maximum and the minimum

of the MSEs from ten simulations. We clearly observe that the mean of the MSEs

by GFINNs is much lower than those by SPNNs and GNODEs in all the cases.

In both case 1 and case 2a, all the 10 MSEs of GFINNs are significantly lower

than those of the other comparisons. This again demonstrates that by incorporating

physical knowledge into neural networks, GFINNs can achieve much higher predictive

accuracy. In case 2b, the mean MSE of GFINNs is at least one order magnitude

smaller than the one of GNODEs in almost all times. These results indicate that to
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achieve good performance, it is not enough to just enforce the GENERIC conditions,

but a sufficient expressivity is also required to capture the underlying dynamics.

In Figure 4.5, we plot the contours of energy and entropy functions from both

the ground truth and GFINNs in all the cases. Due to the nonuniquness of the

GENERIC formalism, a proper calibration is applied. We see that the calibrated

contours of both the energy and entropy by GFINNs are indistinguishable to those

by the ground truth. This demonstrates the discovery of the energy and entropy by

GFINNs from data.
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Figure 4.5: Learned energy E and entropy S of the gas container example
by GFINN. In both case 1 and case 2b, the GFINNs can recover the correct energy
and entropy of the system when the undetermined scaling and translation factor is
calibrated with the ground truth. We show the energy surface at the hyperplane {z :
S1 = 2.5, S2 = 2.5} as a function of p, q and the entropy surface at {z : p = 0, q = 1}
as a function of S1 and S2.

4.4.2 Thermoelastic double pendulum

We consider the two-dimensional finite thermoelastic double pendulum example

[166]. The state variable is z = (q1, q2,p1,p2, S1, S2) ∈ R10, where qi,pi ∈ R2

represent the position, momentum of the i-th mass, and Si represents the entropy of
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the i-th spring. We denote the length of two springs as λ1 = ∥q1∥, λ2 = ∥q2 − q1∥.

The total energy of the system is E(z) = ∥p1∥2
2

+ ∥p2∥2
2

+E1+E2, where E1 and E2 are

the internal energy of both springs, defined by Ei =
1
2
(log λi)

2+log λi+e
Si−log λi−1.

The entropy of the system is S(z) = S1+S2. The evolution equation for the problem

is then given by a system of ODEs:



q̇1

q̇2

ṗ1

ṗ2

Ṡ1

Ṡ2


=



p1

p2

− ∂
∂q1

(E1 + E2)

− ∂
∂q2

(E1 + E2)

T−1
1 T2 − 1

T1T
−1
2 − 1


= L

∂E(z)

∂z
+M(z)

∂S(z)

∂z
, (4.17)

where Ti =
∂Ei

∂Si
, 0 and 1 are 2×2 matrices whose elements are all 0 and 1, respectively,

0m1×m2 is a matrix of size m1 ×m2 whose elements are all 0,

L =

04×4 S

−S⊤ 06×6

 ,M(z) =

08×8 08×2

02×8 T (z)

 ,S =

1 0 0

0 1 0

 ,T =

 T2

T1
−1

−1 T1

T2

 .

(4.18)

The governing equation (4.17) for the problem again satisfies all the assumptions in

Section 4.3, which is shown in the following proposition.

Proposition 2. LetM(z) be the matrix defined in (4.18). Let FM(z) = −∥q1∥eS1−

∥q2 − q1∥eS2 . Then, kerM(z) = span{e1, . . . , e8,∇FM(z)} and ∇FM(z) =

(T3;T4;04×1;T1;T2) where

T3 := −
q1

∥q1∥
eS1 +

q2 − q1

∥q2 − q1∥
eS2 , T4 := −

q2 − q1

∥q2 − q1∥
eS2 .

Let q̂(z) = (08×1; T̄1; T̄2) where T̄i =
Ti√

T 2
1+T 2

2

. Then, {e1, . . . , e8, q̂(z)} is an orthonor-

mal basis for kerM(z) and range((Jq̂(z))⊤) ̸⊂ kerM(z). Furthermore, E ∈ FM
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and ∇E(z) = (JPM(z))⊤cM ◦ PM(z), where PM(z) = (q1, q2,p1,p2, FM(z))⊤,

cM(ξ) = (04×1; ξ5; . . . ; ξ8; 1) and (JPM(z))⊤ = [e1, . . . , e8,∇FM(z)].

Proof. The proof directly follows from a straight forward calculation.

We generate 100 trajectories from t0 = 0 to tT = 40 with ∆t = 0.1 (T = 400),

whose initial conditions are sampled uniformly from [0.9, 1.1]×[−0.1, 0.1]×[2.1, 2.3]×

[−0.1, 0.1]× [−0.1, 0.1]× [1.9, 2.1]× [0.9, 1.1]× [−0.1, 0.1]× [0.9, 1.1]× [0.1, 0.3]. We

use 80 of them for training and the remaining for testing.

In the top row of Fig 4.6, we again plot one of 20 test trajectories, together with

the predicted trajectories of GFINNs in the same way as in the previous example.

Since the state variable lies in R10, we plot the predicted trajectories of λ1, λ2 and

S1 + S2. We see that the predicted length and entropy of the springs by GFINNs

match the ground truth in case 1 and case 2a. In case 2b, due to the chaotic nature of

the problem, the predicted trajectory starts to deviate from the ground after certain

time.

In the bottom row of Fig 4.6, we report the mean MSE of GFINNs, SPNNs

and GNODEs from ten simulations. The shaded areas indicate the maximum and

minimum of MSEs as in the gas container example. We clearly observe that in all

cases GFINNs can produce better predictive performance compared to other baseline

methods. In case 1, all the 10 MSEs of GFINNs are significantly smaller than those

of SPNNs. In case 2a and case 2b, the mean MSE of GFINNs is approximately one

order of magnitude smaller than GNODEs most of the time. The only exception is

in the time window t ∈ [30, 40], when the MSEs for GFINNs and GNODEs become

similar.
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Figure 4.6: Results for the thermoelastic double pendulum example. (Top)
Predicted length of springs λ1, λ2 and the predicted total entropy S1 + S2. Better
predictive performance is achieved when there is additional physical knowledge (case
1 and case 2a) beyond the GENERIC formalism. (Bottom) The MSE of GFINNs,
SPNNs and GNODEs. By incorporating hard constraints into the neural network,
GFINNs can produce better predictive performances compared to SPNNs and GN-
ODEs.

4.4.3 Langevin equation

We consider the diffusion of a particle described by the Langevin equation. The state

variable vector is z = (q, p, Se) ∈ R3, where q, p are the position and momentum

of the particle, respectively, and Se is the entropy of the surrounding environment.

A simple form of energy and entropy is assumed: E = p2

2
+ Se and S = Se. The
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Langevin equation is then given by (4.12) with

L =


0 1 0

−1 0 0

0 0 0

 , M(z) =


0 0 0

0 1
2
−p

2

0 −p
2

p2

2

 , σ(z) =


0

1

−p

 . (4.19)

Note that we choose units such that kB = 1 for notational simplicity.

We simulate 40 trajectories between t0 = 0 to tT = 1 with ∆t = 0.004 for training.

The initial state is randomly sampled from a normal distribution with mean (0, 2, 0)⊤

and covariance matrix 0.42I, where I is the identity matrix of size 3. To evaluate

the predictive performance of the model, we sample another 50,000 initial conditions

from the same distribution, and solve (4.12) using both the ground truth µ, σ and

inferred µNN, σNN with the Euler-Maruyama method. Then we apply the Gaussian

kernel density estimator [152] to approximate the distribution of z and zNN at time

steps t = 0, 0.5, 1, 2, results of which can be found in Fig. 4.7. Note that we infer

dynamics from stochastic samples. In case 1 and case 2a, our model is not only

able to recover the correct distribution of z(t), but also gives the correct prediction

when extrapolating in time (t = 2), using a small amount of data. However, for

case 2b and SDENet, even though a similar training error is achieved as shown in

Table 4.1, the predicted trajectories do not match the ground truth, which indicates

that prior physical knowledge is crucial to make the data-efficient inference. Still,

the prediction error of GFINNs is smaller than that of SDENets in all cases as shown

in Table 4.1.
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Figure 4.7: Results for the Langevin equation example. We plot the pre-
dicted and true probability distribution of z(t) at t = 0, 0.5, 1, 2 using both types
of GFINNs. In case 2a, GFINNs can recover the correct distribution and give the
correct prediction when extrapolating in time (t = 2). In case 1, there is a small
discrepancy between the predicted and true distribution. For case 2b and SDENet,
the prediction deviates from the ground truth after certain time.

4.5 Summary

The main contribution of the chapter is to provide a novel neural network surrogate

model, GFINN, which can handle the inference and prediction of both determin-

istic and stochastic irreversible thermodynamic processes using structured neural

networks, while strictly preserving the thermodynamics constraints described by the

GENERIC formalism at the same time. Theoretically, the proposed architecture,

GFINNs, are proven to possess the universality within the corresponding function

classes, indicating that the models are general enough to deal with arbitrary data
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Case 1 Case 2a Case 2b SDENet
Training loss -2.7856 -2.7844 -2.6910 -2.7690

Prediction error, t = 0.5 1.3× 10−2 4.6× 10−4 7.6× 10−2 4.0× 10−1

Prediction error, t = 1 6.7× 10−2 7.4× 10−4 7.4× 10−1 1.1

Table 4.1: Training loss (negative log-likelihood) and prediction error
(squared sliced Wasserstein-2 distance) of GFINNs. Even though the training
losses of the three cases are similar, the prediction error shows significant differences,
which reflects the different generalization capabilities of different models. In all cases,
GFINNs produce a lower prediction error compared to SDENets.

that are solutions to a GENERIC system. Experimentally, we present three exam-

ples to support our theoretical findings and successfully demonstrate its advantages

over existing methods.

Despite the good performance of GFINNs on low-dimensional systems, it is not

experimentally tested whether the proposed method could work well in high dimen-

sions directly, due to the large number of training parameters potentially required.

In practice, several Lagrangian particle methods including the smoothed dissipative

particle dynamics (SDPD) [59] method can be formulated into the GENERIC frame-

work, normally with high-dimensional state variables. One possible future research

direction would be to develop a model that extends the current GFINN framework

and scales well in high dimensions. One option would be to use sparse parameteri-

zation techniques, as discussed in Section 4.3. Another option would be to combine

GFINNs with dimension-reduction techniques like autoencoders, adapting similar

ideas from [192, 86, 101, 164].
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Appendix

Implementation of architecture

Problem
Gas container Double pendulum Langevin equation

GFINN GNODE GFINN GNODE GFINN SDENet

Layers

L -/5/5 - -/5/5 - -/5/5
µ 5

M -/5/5 - -/5/5 - -/5/1
E 5/-/5 5 5/-/5 5 5/-/5

σ 5
S 5/-/1 1 5/-/5 5 5/-/1

Width

L -/30/30 - -/30/30 - -/30/30
µ 30

M -/30/30 - -/30/30 - -/30/-
E 30/-/30 30 30/-/30 30 30/-/30

σ 30
S 30/-/- - 30/-/30 30 30/-/-

Table 4.2: Model architecture. The number of layers and width of the neural
network is slightly different across three cases considered in the chapter (case 1,
case 2a and case 2b). We list all of them in the table separated by the slash. The
layers and width for each component of SPNNs is set to be the same as GFINNs.
The hyperbolic tangent (tanh) activation functions are used for all the models. The
optimizer is chosen to be Adam [108] with learning rate 0.001. For the gas container
and double pendulum examples, we train the models using mini-batch with batch
size 100 for 5 × 105 iterations. For the Langevin equation example, we train the
models using full batch for 5× 104 iterations. The important dimension K of skew-
symmetric matrices QSNN

(z) and QENN
(z) in the parameterization of LNN and MNN

are chosen to be 5 and 4 respectively in all examples.

GNODEs

The GNODEs [122] parameterize L,M based on bracket structure and use standard

neural networks for modelling E, S. The GNODEs’ architecture is designed for case

2b and their architecture has a similarity with GFINNs in that two independent neu-

ral networks ENN, SNN are used to parameterize E and S. However, a key difference

lies in the network architectures for L and M . Specifically, GNODEs model L and
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M by LGNODE and MGNODE whose (α, β) components are defined by

LGNODE
αβ (z) =

∑
γ

ξαβγ∇SNN(z)γ, M
GNODE
αβ (z) =

∑
µ,ν,m,n

Λm
αβDmnΛ

n
µν∇ENN(z)β∇ENN(z)ν

where ξ is a 3d skew-symmetric tensor, Λm are 2d skew-symmetric matrices, D is a

positive semi-definite matrix. Due to the bracket structure, the GENERIC condi-

tions are enforced under such parameterization. However, LGNODE and MGNODE are

merely functions of ∇SNN(z) and ∇ENN(z) respectively, which can be seen as the

underlying model assumption that differs from GFINNs. In examples where such as-

sumption holds, GNODEs may achieve good performance because they incorporate

stronger physical prior knowledge. However, when A depends on not only ∇G(z)

but also on some other functions of z, GNODEs cannot represent the underlying

governing equations due to the lack of expressivity. In [122], the mean squared error

(4.2) is also used as the loss function.

SPNNs

[87] proposed SPNNs, which parameterize the gradient of the energy and entropy

assuming L and M are known (case 1). The loss function for SPNNs is defined as

L(θ) = 1

Ntraj

Ntraj∑
k=1

1

T

T∑
j=1

(∥∥∥zNN(tj; z
(k)
0 ; θ)− z(tj; z

(k)
0 )
∥∥∥2+

λ
(
∥L(dS)NN∥2 + ∥M(dE)NN∥2

))
,

where (dE)NN and (dS)NN are standard feed-forward neural networks (FNNs) param-

eterizing ∇E and ∇S, L(dS)NN and M(dE)NN are both evaluated at z(tj; z
(k)
0 ), λ is

the hyperparameter which controls the scale of the soft penalty, and zNN(tj; z
(k)
0 ; θ)
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is computed by applying a numerical integrator to the equation ż(t) = FNN(z; θ) =

L(z)(dE)NN(z) +M(z)(dS)NN(z) starting at z(tj−1; z
(k)
0 ),

However, the architecture we used for comparison is slightly different from that in

the original paper, i.e., we model E, S instead of ∇E and ∇S as neural networks. By

parameterizing E, S as neural networks, the surrogate model can learn a dynamical

system more effectively, due to the inductive bias that ∇E and ∇S should satisfy

the Clairaut’s theorem. Another reason for our choice is that we parameterize E, S

as neural networks in GFINNs, and the comparison should be made fair by control

of variables.

In this chapter we choose λ from {0.01, 0.1, 1} and pick the ones that give the

lowest MSEs in the two deterministic problems.

SDENet

The SDENets parameterize the drift and diffusion term µ and σ as two independent

FNNs and use the negative log-likelihood function (4.14) as the loss function.



Chapter Five

SympOCNet: Solving optimal

control problems with applications

to high-dimensional multi-agent

path planning problems
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5.1 Introduction

Optimal control methods are widely applied in many practical problems, which

include path planning [34, 170, 88, 46, 151, 120, 135], humanoid robot con-

trol [58, 66, 114, 74, 63, 47], and robot manipulator control [123, 96, 107, 127, 25].

With the increasing impact of drones in everyday tasks as well as specialized military

tasks, the path planning problem of multiple drones has become increasingly impor-

tant. However, it is challenging to model this problem using the optimal control

formulation because the dimensionality is usually very high, causing difficulty in ap-

plying traditional numerical methods, such as the very accurate pseudospectral (PS)

method [61, 62, 160, 167, 76], to solve it. For instance, for a multi-agent path plan-

ning problem withM drones, the motion of each drone has to be described by a state

variable in Rm, therefore the dimension of the corresponding optimal control problem

will be Mm, which is huge when the number of drones M is large. Computational

complexity of traditional numerical methods may scale exponentially with respect

to the dimension, which makes the high-dimensional problems intractable. This is

an open issue called “curse-of-dimensionality” (CoD) [12]. Hence, new approaches

are required to tackle high-dimensional optimal control problems efficiently.

In literature, there are some algorithms for solving high-dimensional optimal

control problems (or the corresponding Hamilton-Jacobi PDEs), which include

optimization methods [38, 44, 41, 43, 28, 27, 191, 121, 110], max-plus meth-

ods [2, 3, 56, 73, 77, 138, 137, 139, 140], tensor decomposition techniques [55, 92, 182],

sparse grids [17, 75, 105], polynomial approximation [103, 104], model order re-

duction [5, 115], optimistic planning [16], dynamic programming and reinforce-

ment learning [26, 24, 4, 15, 197], as well as methods based on neural networks

[8, 9, 54, 95, 85, 94, 93, 119, 146, 161, 168, 179, 124, 40, 42, 39, 144, 145, 101, 102, 148].
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However, path planning problems are in general hard to solve and cannot be solved

directly by applying most of the aforementioned algorithms. One difficulty comes

from the state constraints given by the complicated environment. Therefore, solv-

ing high-dimensional optimal control problems with complicated state constraints is

an important yet challenging open problem. The difficulty of high dimensionality

can be avoided by solving the sequential path planning problem instead of the si-

multaneous planning problem [26, 24, 165]. The main idea of sequential planning

is to assign for different drones different levels of priorities and then sequentially

solve the low-dimensional path planning problem involving each drone according to

its priority. However, sequential planning only provides a feasible solution to the

original simultaneous planning problem, which may not be optimal. Hence, how

to solve high-dimensional simultaneous planning problems with complicated state

constraints is still an unsolved problem.

Recently, neural networks have achieved great success in solving high-dimensional

PDEs and inverse problems and bear some promise in overcoming the CoD. We can

make further progress if we take advantage of the knowledge about the underlying

data generation process and encode such information in the neural network architec-

tures and the loss functions [101, 195, 81, 142]. As a specific example, the physics-

informed neural network (PINN), which was first introduced in [158], encodes phys-

ical information directly into the loss function of neural networks using the residuals

of ODEs/PDEs and automatic differentiation. In this work, we leverage PINNs and

propose a novel method using a Symplectic optimal control network called SympOC-

Net to solve high-dimensional optimal control problems. SympOCNet is designed

based on the Symplectic network (SympNet), which is a neural network architecture

proposed in [102] and is able to approximate arbitrary symplectic maps. In the orig-

inal paper, SympNet is used to solve the inverse parameter identification problem by
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acting as a surrogate model for the data generation procedure. In this chapter, we

present a novel way to utilize SympNet for solving Hamiltonian ODEs in a forward

manner. By applying the SympOCNet, we encode our knowledge about optimal

control problems and Hamilton-Jacobi theory in the neural network. We then apply

SympOCNet on multi-agent path planning problems and show its effectiveness and

efficiency in solving high-dimensional problems. Specifically, we can solve a path

planning problem involving 256 drones, which corresponds to a 512-dimensional op-

timal control problem.

The organization of this chapter is given as follows. In Section 5.2, we briefly

summarize some preliminary background which will be used in the chapter, includ-

ing Hamiltonian systems and symplectic maps in Section 5.2.1 and SympNet in

Section 5.2.2. In Section 5.3, we present our proposed SympOCNet method for the

optimal control problems without state constraints, which serves as a building block

for the full version of the SympOCNet method. The full version is then introduced

in Section 5.4, which is proposed for solving the optimal control problems with state

constraints. To be specific, we propose four loss functions, which are compared in

the numerical experiments. Our numerical experiments on multi-agent path planning

problems are presented in Section 5.5. The first example in Section 5.5.1 is used to

compare the four loss functions. The second example in Section 5.5.2 demonstrates

the generalizability of our method when only partial data is available in the training

process. Then, in Sections 5.5.3 and 5.5.4, we demonstrate the effectiveness and

efficiency of SympOCNet on high-dimensional problems, with dimensions ranging

from 64 to 512. A summary is provided in Section 5.6.
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5.2 Preliminary background

In this chapter, we solve optimal control problems with SympOCNet, a neural net-

work with SympNet architecture and loss function given by the corresponding Hamil-

tonian ODEs. This section provides some mathematical materials used in the remain-

der of the chapter. In Section 5.2.1, we provide a brief summary about symplectic

maps, Hamiltonian ODEs and their relations. Then, in Section 5.2.2, we review the

SympNet architectures. For more details regarding the theory and applications of

symplectic methods, we refer the readers to [84].

5.2.1 Hamiltonian systems and symplectic maps

Definition 22 (Symplectic maps). Let U be an open set in R2n. A differentiable

map ϕ : U → R2n is called symplectic if the Jacobian matrix ∇ϕ satisfies

∇ϕ⊤(z)J∇ϕ(z) = J ∀z ∈ R2n, (5.1)

where J is a matrix with 2n rows and 2n columns defined by

J :=

 0 In

−In 0

 , (5.2)

and In denotes the identity matrix with n rows and n columns.

The Hamiltonian ODE system is a dynamical system taking the form

ż(s) = J∇H(z(s)),
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where J is the matrix defined in (5.2) and H : U → R is a function called Hamil-

tonian. The Hamiltonian systems and symplectic maps are highly related to each

other. To be specific, the Hamiltonian structure is preserved under the change of

variable using any symplectic map. This result is stated in the following theorem.

Theorem 15. [84, Theorem 2.8 on p. 187] Let U and V be two open sets in R2n.

Let ϕ : U → V be a change of coordinates such that ϕ and ϕ−1 are continuously

differentiable functions. If ϕ is symplectic, the Hamiltonian ODE system ż(s) =

J∇H(z(s)) can be written in the new variable w = ϕ(z) as

ẇ(s) = J∇H̃(w(s)), (5.3)

where the new Hamiltonian H̃ is defined by

H̃(w) = H(z) = H(ϕ−1(w)) ∀w ∈ V. (5.4)

Conversely, if ϕ : U → V is a change of coordinates that transforms every Hamilto-

nian system to another Hamiltonian system by (5.3) and (5.4), then ϕ is symplectic.

Theorem 15 indicates that a symplectic map can transform a Hamiltonian ODE

system to another system which is again Hamiltonian and potentially in a simpler

form. This is the starting point of our proposed method. It is well known from

literature that the optimal trajectory of an optimal control problem is related to

a Hamiltonian ODE system under certain assumptions [60]. Such systems may be

solved more easily if written in the right coordinates. We propose to learn the cor-

responding coordinate transformation through a parameterized family of symplectic

maps ϕθ, where θ represents the unknown parameters to be learned, and solve the

Hamiltonian ODEs with new coordinates. The solution to the original problem

can be obtained by mapping the trajectory back to original phase space through
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φθ = ϕ−1
θ .

5.2.2 Symplectic networks (SympNets)

SympNet is a neural network architecture proposed in [102] to approximate sym-

plectic transformations. There are different kinds of SympNet architectures. In this

chapter, we use the G-SympNet as the class of our symplectic transformation φθ.

For other architectures, we refer the readers to [102].

Define a function σ̂K,a,b : Rn → Rn by σ̂K,a,b(x) := K⊤(a ⊙ σ(Kx + b)) for

any x ∈ Rn, where σ is the activation function, and ⊙ denotes the componentwise

multiplication. Here a, b are vectors in Rl, K is a matrix with l rows and n columns.

Any G-SympNet is an alternating composition of the following two parameterized

functions:

Gup

x

p

 =

 x

p+ σ̂K,a,b(x)

 ∀x,p ∈ Rn,

Glow

x

p

 =

σ̂K,a,b(p) + x

p

 ∀x,p ∈ Rn,

(5.5)

where the learnable parameters are the matrix K and the vectors a, b ∈ Rl. The

dimension l (which is the dimension of a, b as well as the number of rows in K) is a

positive integer that can be tuned, called the width of SympNet. In [102], it is proven

that G-SympNets are universal approximators within the family of symplectic maps.

Note that it is easy to obtain the inverse map of a G-SympNet, since we have explicit
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formulas for G−1
up and G−1

low given as follows

G−1
up

x

p

 =

 x

p− σ̂K,a,b(x)

 , G−1
low

x

p

 =

x− σ̂K,a,b(p)

p

 . (5.6)

5.3 SympOCNet for optimal control problems

without state constraints

In this section, we consider the following optimal control problem without state

constraints

min

{∫ T

0

ℓ(x(s),v(s))ds : x(0) = x0,x(T ) = xT , ẋ(s) = v(s) ∈ U ∀s ∈ (0, T )

}
= min

{∫ T

0

ℓ(x(s), ẋ(s))ds : x(0) = x0,x(T ) = xT , ẋ(s) ∈ U ∀s ∈ (0, T )

}
,

(5.7)

where v : [0, T ]→ U is the control function taking values in the control set U ⊆ Rn,

x : [0, T ]→ Rn is the corresponding trajectory, and ℓ : Rn×U → R is called running

cost.

It is well-known in the literature (see, for instance, [10]) that the solution x to

the optimal control problem (5.7) satisfies the following Hamiltonian ODE system



ẋ(s) = ∇pH(x(s),p(s)), s ∈ [0, T ],

ṗ(s) = −∇xH(x(s),p(s)), s ∈ [0, T ],

x(0) = x0,

x(T ) = xT ,

(5.8)
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where the Hamiltonian H : R2n → R is defined by

H(x,p) = sup
v∈U
{⟨v,p⟩ − ℓ(x,v)}, ∀x,p ∈ Rn. (5.9)

A method to solve the optimal control problem (5.7) in high dimensions is to solve the

corresponding Hamiltonian ODE system (5.8) instead. However, when the Hamil-

tonian is too complicated, the Hamiltonian ODEs may be hard to solve. To tackle

this difficulty, we propose a method called SympOCNet, which uses the SympNet

architecture to solve the optimal control problem (5.7) in high dimensions. The

key idea is to perform a change of variables in the phase space using a symplectic

map represented by a SympNet, and then solve the Hamiltonian ODEs in the new

coordinate system.

Given a symplectic map ϕ : R2n → R2n, we define the change of variables (y, q) =

ϕ(x,p) for any x,p ∈ Rn. If the phase trajectory t 7→ (x(t),p(t)) is the solution

to the Hamiltonian ODEs (5.8), then by Theorem 15, the phase trajectory t 7→

(y(t), q(t)) under the new coordinate system solves the Hamiltonian ODEs with a

new Hamiltonian H̃ : R2n → R defined by

H̃(y, q) = H(ϕ−1(y, q)) ∀y, q ∈ Rn.

In other words, the function t 7→ (y(t), q(t)) satisfies



ẏ(s) = ∇qH̃(y(s), q(s)), s ∈ [0, T ],

q̇(s) = −∇yH̃(y(s), q(s)), s ∈ [0, T ],

(ϕ−1)(1)(y(0), q(0)) = x0,

(ϕ−1)(1)(y(T ), q(T )) = xT ,

(5.10)
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where (ϕ−1)(1) denotes the first n components in ϕ−1. Here, we assume that the new

Hamiltonian H̃ has a simpler form such that the corresponding Hamiltonian ODE

system (5.10) is easier to solve. To be specific, we assume that H̃ does not depend

on the variable y, and hence the Hamiltonian ODEs become



ẏ(s) = ∇H̃(q(s)), s ∈ [0, T ],

q̇(s) = 0, s ∈ [0, T ],

(ϕ−1)(1)(y(0), q(0)) = x0,

(ϕ−1)(1)(y(T ), q(T )) = xT .

(5.11)

The solution s 7→ q(s) is a constant function, and the solution s 7→ y(s) is an

affine function. Therefore, the solution s 7→ (y(s), q(s)) can be represented using

three parameters in Rn, which are denoted by q0 = q(0), y0 = y(0) and u = ẏ(s).

With these three parameters, the solution to (5.11) is given by y(s) = y0 + su and

q(s) = q0 for any s ∈ [0, T ].

Under this framework, we explain our proposed method in the remainder of this

section. In Section 5.3.1, we apply the SympOCNet method to approximate the

unknown function ϕ and the unknown parameters u,y0 and q0. Then, after the

training process, to further enhance the accuracy we can also apply the pseudospec-

tral method for post-processing (for low-dimensional problems), as we explain in

Section 5.3.2.

5.3.1 SympOCNet method

In this section, we describe how to apply SympOCNet method to solve the optimal

control problem (5.7). SympOCNet uses a SympNet architecture to represent the
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inverse of the unknown function ϕ, which is also a symplectic map. In other words,

we approximate ϕ−1 using a SympNet denoted by φθ = (φ
(1)
θ , φ

(2)
θ ), where θ are

the trainable parameters inside the neural networks. Here, φ
(1)
θ denotes the first n

components in φθ, which is a map from (y, q) to x, and φ
(2)
θ denotes the last n

components in φθ, which is a map from (y, q) to p. Other learnable parameters

include u,y0, q0 ∈ Rn mentioned above, which respectively correspond to ẏ(s), y(0)

and q(s) in the new Hamiltonian ODE system (5.11). With the SympNet φθ and

the variables u,y0, q0, the solution to the original Hamiltonian ODEs (5.8) is given

by s 7→ φθ(y0 + su, q0).

To learn the SympNet φ and the parameters u,y0 and q0, we apply the PINN

loss [158] on the Hamiltonian ODEs (5.8), and get

Lres =
N∑
j=1

∥dx(sj)
ds

−∇pH(x(sj),p(sj))∥2 +
N∑
j=1

∥dp(sj)
ds

+∇xH(x(sj),p(sj))∥2

=
N∑
j=1

∥∇yφ
(1)
θ (y0 + sju, q0)u−∇pH(φθ(y0 + sju, q0))∥2

+
N∑
j=1

∥∇yφ
(2)
θ (y0 + sju, q0)u+∇xH(φθ(y0 + sju, q0))∥2,

where the second equality holds by the following chain rule

dx(sj)

ds
= ∇yx(y0 + sju, q0)

dy(sj)

ds
+∇qx(y0 + sju, q0)

dq(sj)

ds

= ∇yφ
(1)
θ (y0 + sju, q0)u,

dp(sj)

ds
= ∇yp(y0 + sju, q0)

dy(sj)

ds
+∇qp(y0 + sju, q0)

dq(sj)

ds

= ∇yφ
(2)
θ (y0 + sju, q0)u.

Here, the data points are given by s1, . . . , sN ∈ [0, T ]. The gradients ∇yφ
(1)
θ (y0 +

sju, q0) and ∇yφ
(2)
θ (y0 + sju, q0) are calculated by the automatic differentiation of
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the SympNet φ. Moreover, we have another loss term for the initial and terminal

conditions of x, defined by

Lbd = ∥x(0)− x0∥2 + ∥x(T )− xT∥2

= ∥φ(1)
θ (y0, q0)− x0∥2 + ∥φ(1)

θ (y0 + Tu, q0)− xT∥2.

The total loss function LODE is a weighted sum of the two loss terms, defined by

LODE = Lres + λLbd, (5.12)

where λ is a positive hyperparameter. Based on our empirical observation, the result

given by SympOCNet is not very sensitive to the choice of λ, especially when we

also enforce the initial and terminal conditions through the augmented Lagrangian

method described in Section 5.4.3. After training, the optimal trajectory is obtained

from

x(s) = φ
(1)
θ (y0 + su, q0) ∀s ∈ [0, T ], (5.13)

where the function φ
(1)
θ contains the first n components of the SympNet φθ. An

illustration of our proposed SympOCNet method is shown in Figure 5.1.

Figure 5.1: An illustration of the SympOCNet method. We propose to use a
SympNet φ−1

θ to map the curvy trajectory (x(t),p(t)) in the phase space to simpler
trajectory in new coordinates (y, q) and solve the corresponding Hamiltonian system
of the optimal control problem.
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5.3.2 Post-processing using the pseudospectral method

In Section 5.3.1, we introduced the SympOCNet to solve the optimal control prob-

lem (5.7). In this section, we explain how to apply the pseudospectral method to

postprocess SympOCNet results to improve feasibility and optimality. The pseu-

dospectral method is a popular method proposed to solve a general optimal control

problem [61, 62, 160, 167, 76]. It applies the quadrature rule to discretize the in-

tegration and the ODE in a continuous optimal control problem. In this way, the

continuous optimal control problem is converted to a finite-dimensional optimization

problem with constraints, denoted by (PN), where N is the number of the collocation

points. Some optimization algorithms such as sequential quadratic programming are

applied to solve the finite-dimensional problem (PN).

Note that if the optimization algorithm used for solving the finite-dimensional

problem (PN) provides a feasible solution, then the obtained trajectory is also fea-

sible on every collocation point. Therefore, in the next section when we have state

constraints in the optimal control problem, if the optimization algorithm provides

a feasible solution to (PN), then the pseudospectral method gives a trajectory that

satisfies the state constraints on the collocation points. Moreover, the convergence of

the pseudospectral method as N goes to infinity is proved in the literature (see [167,

Section 4.3] and the references therein). To be specific, assuming the state space and

the control space are both bounded, as N goes to infinity, the optimal solution of

(PN) has a convergent subsequence whose limit is the optimal solution of the original

optimal control problem (5.7).

Although the pseudospectral method has a theoretical guarantee, numerically

computing the optimal solution of (PN) is in general a hard task, especially when

the dimension n and the collocation number N are large. The difficulty comes
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from the number of variables and constraints in the optimization problem (PN),

as well as the non-convexity of the problem. When the initialization is good, the

high-dimensional non-convex optimization problem (PN) may be easier to solve.

Therefore, the pseudospectral method can be applied as a postprocessing procedure

by taking the trajectory obtained from Section 5.3.1 as an initialization.

We will apply this procedure in the numerical experiments in Sections 5.5.1

and 5.5.2. From the numerical results, we observe that the pseudospectral method

preserves the shape of the trajectories obtained from the training step of the Sym-

pOCNet method, and it makes the trajectories smoother while improving the op-

timality. Therefore, the pseudospectral method performs well as a post-processing

method. It is also observed in the experiments that pseudospectral method itself

with a linear initialization may not converge to the correct solution, which justifies

the choice of SympOCNet as a good initializer. Note that we do not apply this post-

process to the experiments in Sections 5.5.3 and 5.5.4 due to the high dimensionality.
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5.4 SympOCNet for optimal control problems

with state constraints

In this section, we focus on the following optimal control problem with state con-

straints

min

{∫ T

0

ℓ(x(s),v(s))ds : h(x(s)) ≥ 0, ẋ(s) = v(s) ∈ U∀s ∈ [0, T ],

x(0) = x0,x(T ) = xT

}

= min

{∫ T

0

ℓ(x(s), ẋ(s))ds : h(x(s)) ≥ 0, ẋ(s) ∈ U∀s ∈ [0, T ],

x(0) = x0,x(T ) = xT

}
,

(5.14)

where ℓ : Rn × U → R is the running cost, and h : Rn → Rm is a function providing

the constraint on the state variable x. For instance, to avoid obstacles, h can be

defined using the signed distance function to the obstacles.

In order to apply the SympOCNet method in Section 5.3, we need to convert

the original problem (5.14) to an unconstrained optimal control problem, which is

achieved using the soft penalty method described in Section 5.4.1. The soft penalty

method will enforce the constraints in an asymptotic sense, i.e., when the hyperpa-

rameters converge to zero under some conditions, which is impractical in experiments.

In the training process, when the hyperparameters in the soft penalty are fixed, to

improve the feasibility of the output trajectory, we introduce extra terms in the loss

function in Sections 5.4.2 and 5.4.3. The selection of these extra loss terms may differ

from problem to problem. Later in Section 5.5.1, we compare the performance of

different loss functions under our path planning problem setup to choose a suitable
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loss function for the other experiments.

5.4.1 Soft penalty method for the optimal control problem

To convert a constrained problem to an unconstrained one, the soft penalty method

replaces the hard constraint by a soft penalty term in the objective function. Here,

we consider the log penalty function [169, 180], denoted by βa : R → R and defined

by

βa(x) :=


− log(x), if x > a,

− log(a) +
1

2

((
x− 2a

a

)2

− 1

)
, if x ≤ a,

(5.15)

where a is a positive hyperparameter. The high-dimensional log penalty function is

the summation of the one-dimensional function acting on each component, i.e., for

any m > 1, the log penalty function βa : Rm → R is defined by

βa(x) :=
m∑
i=1

βa(xi) ∀x = (x1, . . . , xm) ∈ Rm. (5.16)

With this log penalty term, the problem (5.14) is converted to

min

{∫ T

0

ℓ(x(s), ẋ(s)) + ϵβa(h(x(s))ds : ẋ(s) ∈ U∀s ∈ [0, T ],

x(0) = x0,x(T ) = xT

}
,

(5.17)

where ϵ and a are positive hyperparameters. This problem (5.17) is in the form

of (5.7), and hence can be solved using the SympOCNet method in Section 5.3. By

straightforward calculation, for a sequence of parameters ϵk and ak such that they
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both converge to zero and the following equations hold

lim
k→∞

ϵk log ak = 0, lim
k→∞

a2k
ϵk

= 0,

the penalty term ϵkβak converges to the indicator function of [0,+∞), which takes the

value 0 in [0,+∞) and +∞ in (−∞, 0). Therefore, the objective function in (5.17)

with parameters ϵk, ak converges to the objective function in (5.14) with the hard

constraint given by h.

With this penalty term, the Hamiltonian corresponding to the optimal control

problem (5.17) equals

Hϵ,a(x,p) = sup
v∈U
{⟨v,p⟩ − ℓ(x,v)− ϵβa(h(x))} = H(x,p)− ϵβa(h(x)), (5.18)

where H is the Hamiltonian corresponding to the running cost ℓ defined in (5.17).

Remark 4. Note that another widely-used method to covert a constrained opti-

mization problem to an unconstrained one is the augmented Lagrangian method.

In our problem, the constraint is enforced for any time s ∈ [0, T ]. To apply the

augmented Lagrangian method to convert the state-constrained problem (5.14) to

an optimal control problem without state constraints, the Lagrange multiplier needs

to be a function of time, denoted by λ : [0, T ] → Rm. With the Lagrangian multi-

plier function λ(·), the augmented Lagrangian method converts the state-constrained

problem (5.14) to

max
λ(·)

min
v(·)

{∫ T

0

ℓ(x(s),v(s)) +
1

2ρ
∥max{0,λ(s)− ρh(x(s))}∥2ds :

ẋ(s) = v(s) ∈ U,∀s ∈ [0, T ],x(0) = x0,x(T ) = xT

}
,
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where ρ is a positive parameter. Note that the new running cost depends on the

time variable, and hence the corresponding Hamiltonian also depends on time. This

requires a more complicated symplectic method to handle the time-dependent Hamil-

tonian. Therefore, we do not apply the augmented Lagrangian method for the con-

strained optimal control problem (5.14) in this chapter. Instead, we add extra terms

in the loss function (see Sections 5.4.2 and 5.4.3) to enforce the state constraint.

5.4.2 Auxiliary penalty in the loss function of SympOCNet

To further enforce the state constraint h(x(s)) ≥ 0, another way is to add the penalty

term in the loss function of the training process. Here, we introduce two penalty

terms as potential candidates, which include the log penalty βa defined in (5.16) and

the quadratic penalty. The total loss function in this case is defined by

L = LODE + Laux. (5.19)

LODE is the ODE loss defined in (5.12), Laux is the auxiliary loss or the additional

penalty term. In case of log penalty corresponding to the state constraint h(x(s)) ≥

0, it is defined by

Laux(θ,y0, q0,u) =
λ̃

N

N∑
j=1

ϵβa(h(φ
(1)
θ (y0 + sju, q0)))

+ ϵβa(x0 − φ(1)
θ (y0, q0)) + ϵβa(φ

(1)
θ (y0, q0)− x0)

+ ϵβa(xT − φ(1)
θ (y0 + Tu, q0)) + ϵβa(φ

(1)
θ (y0 + Tu, q0)− xT ),

(5.20)
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where βa is the penalty function defined in (5.16), λ̃ is a positive hyperparameter.

Similarly, for quadratic penalty it is defined by

Laux(θ,y0, q0,u) =
λ̃

N

N∑
j=1

∥min{h(φ(1)
θ (y0 + sju, q0)), 0}∥2, (5.21)

where we do not add the penalty term for the initial and terminal conditions, since

the quadratic penalty for them are the same with Lbd in the loss function LODE. We

denote the total loss L as Llog and Lquad when log and quadratic penalty is applied

respectively.

5.4.3 Augmented Lagrangian method in the training process

of SympOCNet

Another method to enforce the state constraint h(x(s)) ≥ 0 is to apply augmented

Lagrangian method in the training process. The loss function for the augmented

Lagrangian method takes the same form as (5.19), with auxiliary loss defined as

Laux(θ,y0, q0,u,µ,λ1,λ2)

=
1

2ρ1

N∑
j=1

∥max{0,µ(sj)− ρ1h(φ(1)
θ (y0 + sju, q0))}∥2

+
1

2ρ2

(
∥λ1 − ρ2(x0 − φ(1)

θ (y0, q0))∥2 + ∥λ2 − ρ2(xT − φ(1)
θ (y0 + Tu, q0))∥2

)
,

(5.22)

where µ(sj) ∈ Rm, λ1,λ2 ∈ Rn are the augmented Lagrange multipliers for the

constraints h(x(sj)) ≥ 0, x(0) = x0 and x(T ) = xT , respectively, and ρ1, ρ2 > 0

are positive hyperparameters in the augmented Lagrangian method. We refer to the

total loss in this case as Laug. The training process becomes the iterative scheme
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in Algorithm 1. In the literature, the convergence of the augmented Lagrangian

method is guaranteed under certain assumptions (see, [14, Section 3.1], for instance).

However, in our case, it is unclear whether these assumptions hold.

Algorithm 1 Training process using augmented Lagrangian method.

1: for k = 1, . . . , Niters do
2: Train the SympNet φθ and parameters y0, q0,u ∈ Rn simultaneously for sev-

eral iterations using the loss function Laug(θ,y0, q0,u,µ
k,λk

1,λ
k
2);

3: Update the Lagrange multiplier by

µk+1(sj) = max{0,µk(sj)− ρ1h(φ(1)
θ (y0 + sju, q0))}, ∀j = 1, . . . , N,

λk+1
1 = λk

1 − ρ2(x0 − φ(1)
θ (y0, q0)),

λk+1
2 = λk

2 − ρ2(xT − φ(1)
θ (y0 + Tu, q0)).

(5.23)

4: Adjust the parameters ρ1 and ρ2 in Laug. In our implementation, we apply
Algorithm 2 for tuning the parameters.

5: end for
6: return The trajectory x(·) computed using (5.13).

In practice, we need to tune the hyperparameters ρ1 and ρ2 in the last step of

each iteration in Algorithm 1. In our implementation, these hyperparameters are

tuned automatically using a similar strategy as in [33]. The details are given in

Algorithm 2, which is executed once after (5.23) in each iteration of the training

process. In Algorithm 2, we set η∗ = 0.001, α = β = 0.5, τ = 1.1, η0 = 0.1.

Note that the augmented Lagrangian method introduced here is different from

the one in Remark 4. Remark 4 applies the augmented Lagrangian method to the

optimal control problem (5.14), while this section applies the augmented Lagrangian

method to the training process (and hence the additional term (5.22) is added to the

loss function instead of the running cost).
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Algorithm 2 Hyperparameter tuning algorithm which is executed once after (5.23)
in each iteration of Algorithm 1.

1: Input: The Lagrange multipliers µk+1(sj), λ
k+1
1 , λk+1

2 computed in (5.23), the
Lagrange multipliers µk(sj), λ

k
1, λ

k
2 (from the previous iteration in the training

process), and other parameters η1, ρ1, η2, ρ2.
2: Output: The updated Lagrange multipliers µk+1(sj), λ

k+1
1 , λk+1

2 and the up-
dated parameters η1, ρ1, η2, ρ2.

3: Set parameters α, β, η∗, τ, η0.
4: if maxj=1,...,N ∥µk+1(sj)− µk(sj)∥∞ < ρ1max{η∗, η1} then
5: η1 ← η1

1+ρβ1
;

6: else
7: η1 ← η0

1+ρα1
;

8: ρ1 ← τρ1;
9: µk+1(sj)← µk(sj),∀j = 1, . . . , N ;
10: end if
11: if max{∥λk+1

1 − λk
1∥∞, ∥λk+1

2 − λk
2∥∞} < ρ2max{η∗, η2} then

12: η2 ← η2
1+ρβ2

;

13: else
14: η2 ← η0

1+ρα2
;

15: ρ2 ← τρ2;
16: λk+1

1 ← λk
1; λ

k+1
2 ← λk

2;
17: end if
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5.5 Applications in path planning problems with

obstacle and collision avoidance

In this section, we apply our method to path planning problems with multiple drones.

We assume that each drone is represented by a ball in the physical space Rm with

radius Cd. Note that the meaning of the notationm in this section (i.e., the dimension

of the physical space) is different from m in Section 5.4 (which is the number of state

constraints). We set the state variable to be x = (x1, . . . ,xM) ∈ RMm, where M

is the number of drones, and each xj ∈ Rm denotes the position of the center of

each drone. In other words, the state variable is the concatenation of the position

variables of all drones. Similarly, the control variable v is the concatenation of the

velocity variables for all drones, i.e., v equals (v1, . . . ,vM) ∈ UM , where each vj is

the velocity of the j-th drone, and U ⊆ Rm is the space for all admissible velocities

for each drone. In our numerical experiments, the control space U is the ball in Rm

with zero center and radius Cv > 0, i.e., the norm of the velocity of each drone has

the upper bound Cv.

We want to solve for the optimal trajectory with minimal energy, and hence the

running cost is set to be

ℓ(x,v) =
1

2
∥v∥2 ∀x ∈ RMm,v ∈ UM .
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The corresponding Hamiltonian equals

H(x,p) = sup
v∈UM

{
⟨v,p⟩ − 1

2
∥v∥2

}
=

M∑
i=1

sup
vi∈U

{
⟨vi,pi⟩ −

1

2
∥vi∥2

}

=
M∑
i=1


1

2
∥pi∥2 if ∥pi∥ ≤ Cv,

Cv∥pi∥ −
C2

v

2
if ∥pi∥ > Cv,

(5.24)

for any p = (p1, · · · ,pM) ∈ RMm, where each pi is the momentum variable in Rm

for the i-th drone.

To avoid obstacles and collisions among drones, we set the constraint function h

to be h = (h1, h2), where h1 is for obstacle avoidance, and h2 is for avoiding collisions

among drones. If there are no obstacles, denoted by E1, . . . , Eno , then the function

h1 : RMm → RMno is defined by

h1(x1, . . . ,xM) = (d(x1), d(x2), . . . , d(xM)) ∀x1, . . . ,xM ∈ Rm, (5.25)

where the function d : Rm → Rno is defined by

d(x) = (d1(x), . . . , dno(x)) ∀x ∈ Rm, (5.26)

and each function dj is defined such that dj(x) < 0 implies the collision of the drone

whose center is at the position x with the j-th obstacle Ej. For instance, dj can be

defined using the signed distance function to Ej. The definition of the function dj

depends on the shape of the constraint set Ej, and hence we do not specify it now

but postpone its definition to each example in later sections.

The function h2 : RMm → RM(M−1)/2 is the constraint function for collision avoid-

ance; each component of the constraint function gives a constraint for avoiding col-
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lision between a pair of drones. Since each drone can be seen as a ball centered at

a point in Rm, two drones collide if and only if the distance between their centers is

less than the sum of their radii. Hence, we set the k-th component of h2 to be

(h2)k(x1, . . . ,xM) = ∥xi − xj∥2 − (2Cd)
2 ∀x1, . . . ,xM ∈ Rm, (5.27)

where Cd is the radius of a drone, and k = i+(j−1)(j−2)/2 for any 1 ≤ i < j ≤M is

the corresponding constraint index for the pair (i, j). Note that the constraints may

be duplicated to simplify the implementation. As a result, (h2)k(x1, . . . ,xM) < 0 is

equivalent to the collision between the i-th and j-th drones. In other words, such

defined constraint function h2 can avoid collisions among drones.

In the following sections, we present several numerical results. In Section 5.5.1,

we compare the performance of different loss functions LODE, Llog, Lquad and Laug

to choose a suitable loss function for the remaining experiments. In Section 5.5.2, we

present an offline-online training strategy for an optimal control problem whose initial

conditions are not known in the training process of the SympNet. This experiment

shows the generalizability of SympOCNet. Then, in Section 5.5.3, we demonstrate

the performance of SympOCNet on a high-dimensional problem reported in [165].

From the results in Section 5.5.3, we observe that SympOCNet can handle the path

planning problem whose state space has dimension 512, and hence the method can

potentially mitigate the CoD. In Section 5.5.4, we apply SympOCNet to a swarm

path planning problem in [148], and demonstrate good performance and efficiency

in path planning problems, where the agents move in a three-dimensional space.

In Sections 5.5.1 and 5.5.2 we use a 6-layer SympNet with 60 hidden neurons

in each layer and ReLU activation function. In these two sections, we used the

penalized Hamiltonian Hϵ,a defined in (5.18). In Sections 5.5.3 and 5.5.4 we use
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a 6-layer SympNet with 200 hidden neurons in each layer and ReLU activation

function. We used the unpenalized Hamiltonian H defined in (5.24). The state

constraints are enforced through the augmented Lagrangian methods. In all these

experiments, the parameter λ in (5.12) is set to be 600, and the parameter λ̃ in (5.20)

and (5.21) is set to be 200. By default, the speed limit Cv is set to be 25, the

time horizon T is 1, and the total number N of the time samples s1, . . . , sN in the

loss function is set to be 200. We choose the sample points s1, . . . , sN to be the

uniform grid points in the interval [0, T ]. We use Adam optimizer introduced in

[108] to minimize the loss function with respect all trainable parameters simulta-

neously. All the numerical experiments are run using a shared NVIDIA GeForce

RTX 3090 GPU and a shared NVIDIA RTX A6000 GPU. In each experiment, we

only show the figure for a part of the testing cases. More numerical results and

codes are provided in https://github.com/zzhang222/SympOCNet. Video anima-

tions of these examples are available online at https://github.com/zzhang222/

SympOCNet/tree/main/saved_results_animation.

5.5.1 Comparison among different loss functions

In this section, we consider the path planning problem with two obstacles and four

drones in R2. Each obstacle Ej ⊂ R2 is a convex set containing points whose distance

to a line segment (denoted by lj ⊂ R2) is less than a constant Co. The initial positions

of the four drones are (−2,−2), (2,−2), (2, 2), (−2, 2), and their terminal positions

are (2, 2), (−2, 2), (−2,−2), (2,−2). Therefore, the optimal control problem (5.14)

is an 8-dimensional problem, whose initial state x0 is (−2,−2, 2,−2, 2, 2,−2, 2) and

terminal state xT is (2, 2,−2, 2,−2,−2, 2,−2). The obstacles and the initial positions

of the four drones are shown in Figure 5.2.

https://github.com/zzhang222/SympOCNet
https://github.com/zzhang222/SympOCNet/tree/main/saved_results_animation
https://github.com/zzhang222/SympOCNet/tree/main/saved_results_animation
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Figure 5.2: Initial positions of drones and obstacles. The four drones located
at their initial positions are represented by the four colored circles. The two obstacles
are represented by round cornered rectangles in the middle.

(a) NN, t = 1
3 (b) NN, t = 2

3 (c) NN, t = 1 (d) PS, t = 1
3 (e) PS, t = 2

3 (f) PS, t = 1

Figure 5.3: Output trajectories with loss Laug and pseudospectral method.
The left three figures show the trajectories of our proposed SympOCNet method at
different time t = 1

3
, 2
3
, 1, and the right three figures show the outputs of the post-

process (pseudospectral method) at different time t = 1
3
, 2
3
, 1. In each figure, the

four colored circles show the positions of the four drones at time t, and the curves
connected to the circles show the trajectories before time t.

To avoid the collisions of drones with obstacles, we define the first part of the

constraint function h by (5.25), where each component dj of the function d in (5.26)

is defined by

dj(x) = min
y∈lj
∥x− y∥2 − (Co + Cd)

2 ∀x ∈ R2.

The term miny∈lj ∥x− y∥2 in dj gives the squared distance between x and the line

segment lj. Here, we use the squared distance instead of distance function to improve

the smoothness of the constraint function h. Since the obstacle Ej contains all points

whose distance to the line segment lj is less than Co, a drone collide with Ej if and

only if the distance between its center and the line segment lj is less than Co + Cd.

Therefore, such defined function dj provides a constraint which avoids the collisions

of drones with the j-th obstacle Ej.

Under this problem setup, we compare four different loss functions LODE, Llog,
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Lquad, and Laug. With each loss function, we train the neural network for 100, 000

iterations, and then run the pseudospectral method to improve the results. By

comparing the performance of the four loss functions in this example, we choose a

better loss function for the other experiments in the remainder of this chapter.

The outputs of the four loss functions are shown in Table 5.1, where the hyper-

parameters in the penalty term ϵβa(h(x(s)) are set to be a = 0.004 and ϵ = 0.0004.

Results for different loss functions are shown in different columns. For each loss

function, we repeat the experiment 10 times with different random seeds, and then

take average to obtain the statistics in the table. We observe the convergence of the

pseudospectral method in all repeated experiments, which shows the robustness of

our SympOCNet method, providing optimal or suboptimal solutions in this example.

The second to fourth lines in Table 5.1 show the minimal constraint value, the cost

value in the optimal control problem, and the running time of the training process

of our proposed SympOCNet method. The last four lines in Table 5.1 show the

minimal constraint value, the cost value in the optimal control problem, the number

of iterations, and the running time of the post-process using pseudospectral method.

loss function LODE Llog Lquad Laug

SympOCNet
min constraint -0.834 -0.00704 -0.0824 -4.84E-04

cost 79.62 94.15 76.50 93.98
running time (s) 1229 1776 1361 1708

PS

min constraint -4.70E-09 -9.87E-12 -2.04E-12 -8.02E-13
cost 73.47 91.00 76.95 80.91

# iterations 49 19 17 23
running time (s) 104 44 38 47

Table 5.1: The comparison among results of four loss functions with Sym-
pOCNet method and pseudospectral post-process. We show the minimal

constraint value mins h(x(s)), the cost
∫ T

s=0
||v(s)||2

2
ds, and the running time of the

SympOCNet as well as those statistics after the post-process. The loss function Laug

provides the solution with least amount of constraint violations and reasonable cost
values. It can be seen that in all cases, the SympOCNet provides a good initializa-
tion for the pseudospectral method.
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minimal constraint cost number of iterations running time (s)

-1.00E+00 64.00 5 44

Table 5.2: The result of the pseudospectral method with the linear initial-

ization. We show the minimal constraint value mins h(x(s)), the cost
∫ T

s=0
||v(s)||2

2
ds,

the number of iterations, and the running time of the pseudospectral method with
the linear initialization (i.e., the initial trajectory is an affine function of the time
variable, and the initial velocity is a constant function). The minimal constraint
value is −1.00, which shows that the constraint is not satisfied, and the pseudospec-
tral method with the linear initialization does not converge to a feasible solution.

Comparing the results of the four loss functions, we observe that the penalty term

and the augmented Lagrangian term in the loss function indeed improve the feasibil-

ity of the obtained trajectory. The constraints are better satisfied using the loss Laug

in (5.22), while the corresponding cost value may be a little bit higher than the the

results of Lquad. In the other experiments, the problems are more complicated, and

the constraints are harder to satisfy. Therefore, we use the loss function Laug for the

experiments in the remainder of the chapter to help enforce the state constraints.

For simpler problems, other loss function may be more preferable for faster running

time. How to choose the loss function adaptively may be a possible future direc-

tion. Although the augmented Lagrangian method and log penalty loss function are

slightly slower than the other two loss functions, it takes less than 30 minutes to run

100, 000 training iterations, which shows the efficiency of SympOCNet.

To show the improvement using our proposed SympOCNet method as an initial-

ization of the pseudospectral method, we solve the same problem using the pseu-

dospectral method with the linear initialization, i.e., we set the initial guess of the

pseudospectral method to be v(t) = xT−x0

T
and x(t) = (xT−x0)t

T
for any t ∈ [0, T ].

The minimal constraint value, the cost value in the optimal control problem, the

number of iterations, and the running time are shown in Table 5.2. The minimal

constraint value in Table 5.2 is −1.00, which shows that the pseudospectral method
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with the linear initialization does not converge to a feasible solution. Therefore,

compared with the linear initialization, our SympOCNet method, no matter which

loss function in LODE, Llog, Lquad, and Laug we choose, provides a better initial guess

for the pseudospectral method.

Moreover, we show the obtained results in one trial using SympOCNet with loss

Laug and the post-process using the pseudospectral method in Figure 5.3. The left

three figures show the trajectories of our proposed SympOCNet method at different

times, while the right three figures correspond to the final results from the pseu-

dospectral method at different times. In each figure, the four colored circles show

the positions of the four drones at the specific time, and the curves connected to the

circles show the trajectories before the current time. We observe that the shape of

the trajectory given by our SympOCNet method does not change too much after the

post-process, which shows that SympOCNet provides a suboptimal solution to the

optimal control problem in this example.

5.5.2 Generalizability and offline-online training

(a) case 1 (b) case 2 (c) case 3 (d) case 4 (e) case 5 (f) case 6

Figure 5.4: Initial positions of drones, obstacles, and training data. In
the six figures, we show the initial positions of the four drones (represented by
colored circles), the positions of the two obstacles (represented by the round cornered
rectangles), and the randomly sampled training data (represented by the yellow dots)
in the six testing cases in Section 5.5.2.

In this section, we consider the same problem setup as in Section 5.5.1. To

test the generalizability of SympOCNet, we assume that the exact initial position is
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(a) NN, t = 1
3 (b) NN, t = 2

3 (c) NN, t = 1 (d) PS, t = 1
3 (e) PS, t = 2

3 (f) PS, t = 1

(g) NN, t = 1
3 (h) NN, t = 2

3 (i) NN, t = 1 (j) PS, t = 1
3 (k) PS, t = 2

3 (l) PS, t = 1

Figure 5.5: Output trajectories of offline-online training and post-process.
The first and second rows correspond to the first and fourth case, respectively. The
left three columns are the output from L-BFGS, and the right three columns are the
output from the pseudospectral method. In each figure, the four colored circles show
the positions of the four drones at time t, and the curves connected to the circles
show the trajectories before time t.

unknown in the training process. We train one SympNet φθ using multiple initial

positions sampled from a uniform distribution centered at the initial position in

Section 5.5.1. With multiple initial positions, we train one SympNet φθ and several

variables {(y0k,uk, q0k)}k, where the k-th trainable tuple (y0k,uk, q0k) corresponds

to the k-th sampled initial position. We refer to this training process of the SympNet

and all trainable variables as “offline training”. After 100, 000 steps of offline training,

the exact initial positions are provided. To obtain an improved solution in reasonable

running time using the trained SympNet φθ as well as the new information, we fix

the SympNet φθ and apply the L-BFGS method to train the variables (y0,u, q0)

with the exact initial and terminal positions. We call this training process using

L-BFGS method the “online training”. The optimal trajectory is then computed

using (5.13), where φ
(1)
θ comes from the SympNet φθ trained in the offline training,

and the parameters (y0,u, q0) are outputted from the online training. After the

online training, we also apply the pseudospectral method to improve the quality of

the results.
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To generate training data for the initial positions, we sample 100 points from the

uniform distribution in [x−1, x+1]× [y−1, y+1] where (x, y) is the initial position

of a drone in Section 5.5.1. To test the generalizability of our method, we have six

cases. In the first three cases, the exact initial positions are randomly sampled from

the same distribution used to generate the training data. In other words, we assume

the exact data is covered in the area of the training data. In the last three cases,

we set the initial conditions for the state variable to be (−2,−4, 2,−4, 2, 4,−2, 4),

(−4,−4, 0,−4, 0, 4,−4, 4), and (0,−4, 0,−2, 0, 2, 0, 4), respectively. These three ini-

tial positions are not in the range of the training data. Therefore, the results with

these three initial positions show the generalizability of our SympOCNet method

when the test data is not covered by the area of the training data. The initial posi-

tions of the drones, the positions of the obstacles, and the training data are shown in

Figure 5.4, where the four colored circles denote the drones, the two round cornered

rectangles denote the obstacles, and the yellow dots denote the sampled training

data.

In our experiments, we found that the performance is improved if we increase

the dimension of the problem by adding some latent variables. We increase the

dimension of the state space from 8 to 16, and define the Hamiltonian on the larger

space by

H(x1,x2,p1,p2) = Hϵ,a(x1,p1) +
1

2
∥p2∥2 ∀x1,x2,p1,p2 ∈ R8,

where (x1,p1) are the variables in the original problem, (x2,p2) are the latent vari-

ables we add, and Hϵ,a is the function defined in (5.18). The minimal constraint, cost

in the optimal control problem, and running time of the L-BFGS method and pseu-

dospectral method are shown in Table 5.3. As in Section 5.5.1, we run 10 repeated

experiments and put their average values in the table. In the online training, we run



169

1, 000 L-BFGS iterations to train the parameters of all the six cases simultaneously.

Note that we can train them all at once, since they share the same SympNet, and

the loss function is the summation of the loss functions in all cases. Then, we run

the pseudospectral method on each case until it converges. The statistics for the

L-BFGS training and the pseudospectral method for the six cases are shown in each

line of Table 5.3. The minimal constraint value of L-BFGS method is not as good

as the results in Section 5.5.1, which is expected, since the initial positions are not

known when the SympNet is trained. However, from the minimal constraint values of

the pseudospectral post-process in the six cases, we conclude that our offline-online

training still provides a good initialization for the pseudospectral method, which

shows a good generalizability of our proposed method.

minimal constraint cost time (s)

L-BFGS -1.27E-04 231.44 158
PS (case 1) -1.97E-11 102.00 59
PS (case 2) -1.74E-11 94.59 77
PS (case 3) -3.36E-11 90.95 79
PS (case 4) -6.00E-09 141.22 65
PS (case 5) -7.19E-08 140.47 111
PS (case 6) 1.64E-13 112.41 67

Table 5.3: The results given by the offline-online training (L-BFGS) and
the post-process (pseudospectral method) in six generalizability tests. The
offline-online training using L-BFGS method provides a good initialization for the
pseudospectral method. With this initialization, the pseudospectral method in the
post-process improves the feasibility and optimality of the solution in all the six
cases.

We also compare our results with the pseudospectral method whose initialization

is given by the linear interpolation (as descibed in Section 5.5.1) in the six gener-

alizability tests. The minimal constraint value, cost value in the optimal control

problem, and running time of the pseudospectral method with the linear initial-

ization are shown in Table 5.4. Comparing Table 5.3 with Table 5.4, we see that

although our proposed method has slightly larger cost values in the first five cases,
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minimal constraint cost time (s)

PS (linear initialization, case 1) -7.71E-09 85.19 134
PS (linear initialization, case 2) 2.95E-07 83.98 173
PS (linear initialization, case 3) -1.94E-10 79.67 178
PS (linear initialization, case 4) -5.55E-16 80.44 157
PS (linear initialization, case 5) -8.08E-14 136.16 147
PS (linear initialization, case 6) -1.00 60.00 28

Table 5.4: The results given by the pseudospectral method with the linear
initialization in six generalizability tests. Although the pseudospectral method
with the linear initialization performs slightly better than our proposed method
in the first five cases, it violates the constraint in the last case. Therefore, our
proposed method provides a more robust initialization for the pseudospectral method
compared with the linear initialization.

the pseudospectral method with the linear initialization does not converge to a feasi-

ble solution in the last case. Therefore, our proposed method provides a more robust

initialization for the pseudospectral method compared with the linear initialization.

Moreover, we plot the output trajectories of one trial of the first and fourth cases

computed using our proposed method in Figure 5.5. The left three columns show the

output trajectory given by the offline-online training, and the right three columns

are the output trajectory from the post-process. In each figure, the yellow dots are

the initial positions of the sampled training data. Similar as in Section 5.5.1, the

four colored circles show the current positions of the four drones, and the curves

connected to them illustrate the trajectories before the current time. The first row

in Figure 5.5 is for the first case where the exact initial positions are in the area of the

sampled training data. The second row is for the fourth case where the exact initial

positions are outside the area of the training data. We observe that the offline-online

training process still provides feasible trajectories in both cases, based on which the

post-process improves the smoothness of the trajectories to provide more optimal

solutions. Therefore, our proposed SympOCNet method has the generalizability to

handle unseen data which are close to the training data.
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5.5.3 Multiple drones in a two-dimensional room

In this section, we consider the path planning problem for multiple drones in a room,

which is inspired by [165]. To be specific, we consider M drones moving in a room

[−Cr, Cr]
2 for some Cr > 0. In our experiments, we set the constant Cr = 5 (i.e.,

the room has size 10×10). We need to avoid the collisions among the drones as well

as the collisions between drones and the walls. The constraint function h = (h1, h2)

contains two parts: the function h2 is defined by (5.27), and the function h1 is the

obstacle constraint provided by the four walls. Hence, we set h1 in the form of (5.25),

where the function d is defined by d(x) = (x1+Cr, Cr−x1, x2+Cr, Cr−x2) for any x =

(x1, x2) ∈ R2. The initial positions of the drones are near the boundary of the room,

and the terminal positions are the opposite locations, i.e., we set xT = −x0. This

is a high-dimensional example (the dimension of the state space is n = 2M , which

ranges from 64 to 512 in our experiments), and hence we apply our SympOCNet

method without the post-process.

First, we set the drone radius Cd to be 0.3. We run 10 repeated experiments

(with 100, 000 training iterations in each experiment) with drone numbers M = 32

and 64 to test the robustness of our SympOCNet method. The results are shown in

Table 5.5. In each trial, we compute the minimal normalized distance of any pair of

drones at any time grid, i.e., we compute D defined by

D =
1

2Cd

min
1≤i<j≤M

min
1≤k≤N

∥xi(tk)− xj(tk)∥,

where xi(tk) denotes the center position for the i-th drone at time tk. Then, we

compute the average and standard deviation of these minimal normalized distances

D in the 10 trials, which are shown in the second and third columns in Table 5.5.

We also compute the scaled cost in the optimal control problem, which is defined
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by 1
M

∫ T

0
1
2
∥ẋ(t)∥2dt, where x(·) is the output trajectory for the state variable x in

the optimal control problem. The average of the scaled cost is shown in the fourth

column in Table 5.5. In the last column of Table 5.5, we show the averaged running

time of the training process. From the results, we observe that our SympOCNet

method provides feasible results in reasonable running time for this high-dimensional

problem. Note that the collision between two drones happens whenever the minimal

normalized distance is less than 1. Therefore, in general the collision does not happen

for 32 drones, but it may happen for 64 or more drones. To provide a more feasible

solution, in the following experiments, we put a safe zone outside each drone by

setting Cd to be a little bit larger than the actual drone radius.

# drones E(D) std(D) scaled cost time (s)

32 1.001 0.00390 85.84 1905
64 0.986 0.00347 100.43 2214

Table 5.5: The results for the path planning problem with 32 and 64 drones
in a room. We show the expected value and standard deviation of the minimal
normalized distances. The collision does not happen for 32 drones, but it may
happen for 64 or more drones. Therefore, we need to put a safe zone near each
drone to avoid collision when the number of drones is large. The computation time
increases only by 309 seconds when scaling from 32 to 64 drones.

We also tested our SympOCNet method on this path planning problem with 128

drones (whose radius is 0.075) and four obstacles. The initial and terminal positions

are similar to the cases of 32 or 64 drones (see Figure 5.6 (a) and (d)). The four

obstacles are balls inside the room, which are represented by the black circles in

Figure 5.6. The constraint function dj in (5.26) corresponding to the obstacle Ej

is defined by dj(x) = ∥zj − x∥2 − (Co + Cd)
2 for any x ∈ Rn, where zj ∈ R2 and

Co > 0 are the center and radius of the obstacle Ej, respectively. The results are

shown in Figure 5.6. Each figure shows the current positions (represented by colored

circles) and the previous trajectories (represented by grey curves) of the drones at

different time t = 0, 1
3
, 2
3
, 1. To provide a feasible solution, we set Cd in the constraint
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function to be 0.1 instead of 0.075. It takes 4161 seconds to finish 100, 000 training

iterations. From the numerical results, we found that there are no collisions between

obstacles and drones, and hence SympOCNet performs well and efficiently in this

high-dimensional problem.
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Figure 5.6: Path planning of 128 drones with four obstacles on the plane.
We plot the predicted positions of 128 drones at time t = 0, 1

3
, 2
3
, 1. The four black

circles represent the four obstacles, and the colored circles represent the drones. The
paths from the initial conditions to the current positions of all drones are plotted as
gray lines. There are no collisions in the three clipped snapshots, and the planned
trajectories are all inside the 10× 10 square.

Then, we tested our proposed method on a higher dimensional problem. We

set the drone number M = 256, and hence the dimension of the state space is

n = 2M = 512. We solve this path planning problem with 256 drones (whose radius

is 0.09) in the two-dimensional room [−5, 5]2. The initial positions are shown in

Figure 5.7 (a), and the terminal condition is xT = −x0. The results are shown in

Figure 5.7. To provide a feasible solution, we add a safe zone and set Cd in the state

constraint to be 0.1 instead of 0.09. From this result, we observe no collisions among

the drones. It takes 5481 seconds to obtain this feasible solution in 100, 000 training

iterations. Therefore, SympOCNet is able to efficiently solve this 512-dimensional

path planning problem.
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Figure 5.7: Path planning of 256 drones on the plane. We plot the predicted
positions of 256 drones at time t = 0, 1

3
, 2
3
, 1. The drones are represented by colored

circles. The paths from the initial positions to the current positions of all drones are
plotted as gray lines. There are no collisions in the three clipped snapshots, and the
planned trajectories are inside the 10× 10 square.

5.5.4 Multiple drones with obstacle avoidance in a three-

dimensional space
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Figure 5.8: Path planning of 100 drones in a 3d space. We plot the predicted
positions of 100 drones at time t = 1

3
, 2
3
, 1. The paths from the initial positions to

the current positions of all drones are plotted as colored lines. The destinations are
marked as red crosses. The drones reach their destinations without any collision.

We consider the three-dimensional swarm path planning example in [148]. To be

specific, we consider M = 100 drones with radius 0.18. Their goal is to avoid two

obstacles which are located between their initial positions and terminal positions, as

illustrated in Figure 5.8. The total dimension of the state space is n = 3M = 300.

The j-th obstacle Ej is defined to be the rectangular set [Cj
11, C

j
12] × [Cj

21, C
j
22] ×



175

[Cj
31, C

j
32], where C

j
ik is a constant scalar. We set the constraint function h = (h1, h2)

in the same way as described before, where the function dj in (5.26) is defined by

dj(x) = max{Cj
i1 − Cd − xi, xi − Cj

i2 − Cd : i = 1, 2, 3},

for each j = 1, 2 and x = (x1, x2, x3) ∈ R3. Note that dj(x) ≤ 0 if and only if

xi ∈ [Cj
i1 − Cd, C

j
i2 + Cd] for each i = 1, 2, 3, which holds if the ball centered at x

with radius Cd intersects with the obstacle Ej. Therefore, the constraint dj(x) ≥ 0

enforces the drones to avoid collisions with the obstacle Ej. In our experiment, we

set

(C1
11, C

1
12, C

1
21, C

1
22, C

1
31, C

1
32) = (−1.8, 1.8,−0.3, 0.3, 0.2, 6.8),

(C2
11, C

2
12, C

2
21, C

2
22, C

2
31, C

2
32) = (2.2, 3.8,−0.8, 0.8, 0.2, 3.8).

In other words, the constraint sets are [−1.8, 1.8] × [−0.3, 0.3] × [0.2, 6.8] and

[2.2, 3.8] × [−0.8, 0.8] × [0.2, 3.8]. We apply our proposed SympOCNet method to

solve this 300-dimensional problem, and plot the result in Figure 5.8. Due to the

high dimensionality, we do not apply the post-process. To provide a feasible solu-

tion, we set Cd in the state constraint to be 0.2 instead of 0.18. From the numerical

results, we observe no collisions among the drones and the obstacles. The minimal

distance between every pair of drones is 0.3994, which is bigger than twice of the

radius. It takes 3633 seconds to finish 150, 000 training iterations. Therefore, our

proposed SympOCNet method provides a feasible solution to this high-dimensional

swarm path planning problem in reasonable time.
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5.6 Summary

We have proposed a novel SympOCNet method for efficiently solving high-dimensional

optimal control problems with state constraints. We applied SympOCNet to sev-

eral multi-agent simultaneous path planning problems with obstacle avoidance. The

numerical results show SympOCNet’s ability to solve high-dimensional problems ef-

ficiently with dimension more than 500. These first results reveal the potential of

SympOCNet for solving high-dimensional optimal control problems in real-time.

One of the key modeling assumptions of SympOCNet is that there exists a sym-

plectic transformation that renders the Hamiltonian associated with the optimal

control problem state independent. In general, whether there exists such a sym-

plectic transformation remains unknown theoretically. We will investigate the class

of functions F that could be represented by the symplectic transformation of an

affine map in future works. Empirically, we observed reasonably accurate results

in all the experiments shown in the chapter, which justifies that F should be large

enough to approximate the phase flow of Hamiltonian systems arising from optimal

control problems with quadratic cost and linear integrators. We will consider more

complicated cost structures and dynamics in the future, which may require more

expressivity of the latent trajectory and the coordinate transformation. Our pre-

liminary results show that by parameterizing the coordinate transformation through

a time-dependent symplectic map, we can solve problems with more complicated

dynamics, such as the double-integrator problems.

We are also going to consider possible combinations with the DeepONet archi-

tecture [130] to avoid any training cost during inference and to endow the predictive

system with uncertainties, such as uncertain initial and terminal positions in path
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planning problems.



Chapter Six

TSympOCNet for nonconvex path

planning problems with linear and

nonlinear dynamics
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6.1 Introduction

Recent advances in neural networks show promise in overcoming the curse of dimen-

sionality by encoding physical information into network architectures and loss func-

tions [158]. Leveraging this, SympOCNet [141] was proposed to solve the Hamilton’s

equation corresponding to the high-dimensional optimal control problem. SympOC-

Net consists of two parts: (i) a latent representation which are parameterized by

affine maps and (ii) a coordinate transformation module which are parameterized by

symplectic networks (SympNets) [102]. Even though SympOCNet demonstrates the

scalability in high dimensions, e.g., being able to plan the path for 256 agents, its

formulation is mainly restricted to the linear integrator, i.e., controlling the velocity

of vehicles. In this work, we extend the framework and introduce a novel architecture

named TSympOCNet to handle more general dynamics and control problems. This

is achieved by introducing a time-dependent module in the coordinate transforma-

tion and parameterize the latent space by solution to a particular linear quadratic

regulator (LQR) problem. One of the main differences between this work and Sym-

pOCNet is that we keep the dimension of the physical space and the latent space

the same.

The rest of the chapter is organized as follows: Section 6.2 provides an overview

of the background information to be utilized, covering optimal control problem setup

(Section 6.2.1) and SympOCNets (Section 6.2.2). In Section 6.3, we introduce our

problem setup (Section 6.3.1.1) and the TSympOCNet architecture (Section 6.3.2)

which consists of a latent representation and a coordinate transformation. The com-

prehensive training algorithm is elaborated in Section 6.3.3. In Section 6.4, we

apply our method to multi-agent path planning problems with obstacle and collision

avoidance. Simulations with single and four agents demonstrate robustness and ef-
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fectiveness, validated against the shooting method in Section 6.4.1. Sections 6.4.2

and 6.4.3 showcase the effectiveness and efficiency of TSympOCNet on handling

high-dimensional problems and problems with complicated constraints. Finally, a

synthesis of findings and concluding remarks are presented in Section 6.5.

6.2 Preliminary background

This section provides some background materials used in the remainder of the chap-

ter. In Section 6.2.1, we briefly recall the optimal control problem, the corresponding

Hamiltonian system, and shooting method. Section 6.2.2 is a review of the Sym-

pOCNet architectures, which is a first attempt by the authors to employ neural

network architecture for solving optimal control problems.

6.2.1 Optimal Control Problem, Hamiltonian ODE system

and shooting method

Let us consider a finite horizon deterministic optimal control problem

inf
u(·)∈U

{∫ T

0

L(x(s),u(s))ds

}
, (6.1a)

over the set of trajectories (x(·),u(·)) satisfying


ẋ(s) = f(x(s),u(s)), ∀ s ∈ [0, T ] ,

x(0) = x(0), x(T ) = x(T ) .

(6.1b)
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Here, U := {u : [0, T ] → U ⊂ Rm | u(·) is measurable} is the set of controls. The

Lagrangian (or running cost) L : Rn × U → R, the dynamics f : Rn × U → Rn are

given functions, with basic regularity properties: bounded, continuous and Lipschitz

continuous w.r.t all variables.

A necessary optimality condition for the problem (6.1) is given by the Pontrya-

gin’s maximum principle (see for instance [186]). By introducing the so-called costate

p : [0, T ] → Rn, the optimal trajectory x of the control problem together with the

costate p satisfy the following Hamiltonian ODE system


ẋ(s) = ∇pH(x(s),p(s)) ,

ṗ(s) = −∇xH(x(s),p(s)) ,

(6.2a)

for every s ∈ [0, T ], with initial, final condition

x(0) = x(0), x(T ) = x(T ) , (6.2b)

where the Hamiltonian H : R2n → R is defined by

H(x,p) = max
u∈U
{⟨p, f(x,u)⟩ − L(x,u)} . (6.2c)

One classical numerical method to solve system (6.2) is the shooting method,

which converts the initial-terminal system to a root finding problem (see for in-

stance [154]). More detailed, let us consider the same Hamltonian system (6.2) but

with (6.2b) replaced by a initial condition

x(0) = x(0), p(0) = p(0) . (6.3)
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For a given p(0), solving this system gives a trajectory together with the co-state

(x(s),p(s)), for every s ∈ [0, T ]. We can then define a shooting function S maps p(0)

to the value of the final conditions, for instance S(p(0)) = ∥x(T )− x(T )∥. Finding a

zero of S gives a solution to (6.2). This is typically done by (quasi-)Newton method.

However, this method is significant sensitive to the initial guess. The algorithm

may either not converge at all, or converge to a local minimum in the presence of

nonconvexity.

6.2.2 SympOCNets

Figure 6.1: An illustration of the SympOCNet method. SympOCNet φθ maps
curvy trajectory in the phase space to affine maps in new coordinates.

SympOCNet was introduced in [141] to first solve the optimal control prob-

lem (6.1) together with the system (6.2), and then extended to include a state con-

strained case. It focus on a special case of dynamics

ẋ(s) = u(s), ∀ s ∈ [0, T ] . (6.4)

The crucial step of SympOCNet is employing a change of variables technique in the

phase space, by a symplectic map represented by SympNet architecture, to transform

the original Hamiltonian ODE system (6.2) into a simper one that can be easily
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solved. More detailed, assuming given a symlectic map ϕ : R2n → R2n, the change

of variables is defined by (y, q) = ϕ(x,p). Then, if (x(s),p(s)), for s ∈ [0, T ], is a

solution of system (6.2), we assume (y(s), q(s)), for s ∈ [0, T ], is a solution of a new

Hamiltonian ODE system, with the Hamiltonian taking the form

H̃(y, q) = H(ϕ−1(y, q)) . (6.5)

For computational efficiency, it is also assumed in [141] that the new Hamiltonian

H̃ does not dependent on y, leading to a system:


ẏ(s) = ∇pH̃(q(s)) ,

q̇(s) = 0 ,

(6.6a)

for every s ∈ [0, T ], with initial, final condition

(ϕ−1)(1)(y(0), q(0)) = x(0), (ϕ−1)(1)(y(T ), q(T )) = x(T ) , (6.6b)

where f (1) denotes the first n output components of any f : R2n → R2n. The inverse

of this symplectic map ϕ−1 is then approximated through a parameterized family

of symplectic maps φθ, where θ represents the unknown parameters to be learned

through SympNet architecture. The solution to the original problem can be obtained

by mapping the trajectory back to original phase space through φθ = ϕ−1. We refer

to [141] for more details.



184

6.3 TSympOCNet for optimal control problems

with state constraints

In this section, we purpose to solve optimal control problems with time-dependent

symplectic optimal control network (TSympOCNet), a neural network parameter-

ized by an LQR latent representation and a time-dependent symplectic coordinate

transformation.

6.3.1 Control Problem and A Sketch of the Architecture

6.3.1.1 Problem Setup

We are interested in the optimal control problem (6.1) with more general, potentially

nonlinear with respect to x, dynamics

ẋ(s) = f(x(s)) +Bu(s), ∀ s ∈ [0, T ] . (6.7)

Moreover, we consider the state constraint case, that is in the constraint (6.1), we

further require

h(x(s)) ≥ 0, ∀ s ∈ [0, T ] . (6.8)

Here, h : Rn → Rn′
is a function imposing the constraints on the state variable x.

For instance, to avoid obstacles, h can be defined using the signed distance function

to the obstacles. We adapt a similar technique, the soft penalty method, as in [141]

to convert the constrained problem into an unconstrained one. Consider a penalty

function Uϵ,l : Rn′ → R, dependent on positive hyperparameters ϵ and l, and is
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defined as follows: for every h = (h1, . . . , hn′) ∈ Rn′

Uϵ,l(h) := max
i∈{1,··· ,n′}

U i
ϵ,l(hi) , (6.9a)

where for every i ∈ {1, . . . ,m}, U i
ϵ,l : R→ R is defined by

U i
ϵ,l(hi) :=


−ϵ log(hi), if hi > l ,

−ϵ log(hi) +
ϵ

2

((
hi − 2l

l

)2

− 1

)
, if hi ≤ l .

(6.9b)

With this penalty function, the state constrained problem is converted to an uncon-

strained one with Lagrangian (or running cost)

L(x(s),u(s)) + Uϵ,l(h(x(s)) . (6.10)

Although the method we proposed in the present chapter is applicable in a

wider range of problems, we are particularly interested in the context of path

planning problems involving obstacle and collision avoidance. We assume the con-

trol system consists of M elementary dynamical subsystems in interaction. The

state of each subsystem has a dimension dx, where the concatenated state variable

x = (x1, · · · ,xM) ∈ RMdx . Similarly, the control vector u = (u1, · · · ,uM) ∈ RMdu .

For each subsystem i, denote by Fi : Rdx → R an individual “potential energy” func-

tion associated with state xi, and Gi : Rdu → R a convex individual “kinetic energy”

function associated with control ui. The individual dynamics of the subsystem have

the form ẋi(s) = fi(xi(s)) + Biui(s), for every s ∈ [0, T ]. Moreover, h will represent

both the interaction (i.e., collision avoidance) and the state constraint (i.e., obstacle)

of the problem. We look for a trajectory x(s), for s ∈ [0, T ], minimizing the total

action functional. This can be interpreted using the framework of optimal control
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problem (6.1) by taking

L(x,u) =
M∑
i=1

(
Fi(xi) +Gi(ui)

)
,

ẋi(s) = fi(xi(s)) +Biui(s), ∀ s ∈ [0, T ] and i ∈ {1, · · · ,M} ,

(6.11)

together with state constraint (6.8). Observe that the Lagrangian (or running cost)

appearing in (6.11) is the sum of kinetic and potential energy, instead of their differ-

ence as in classical mechanics. Lagrangians of the form (6.11), in which the potential

is typically coercive (tending to ∞ as ∥x∥ → ∞), are the most natural ones in the

context of optimal control. In particular, thanks to coercivity of the potential, the

minimization problem is well defined over arbitrary time horizon.

Combing the techniques of converting the state constraints to running cost as

in (6.10), we have the Hamiltonain of the problem takes the form

Hϵ,l(x,p) =max
u
{⟨p, f(x) +Bu⟩ − L(x,u)− Uϵ,l(h(x))}

=
M∑
i=1

(
⟨pi, fi(xi)⟩ − Fi(xi) +G∗

i (B
⊤
i pi)

)
− Uϵ,l(h(x)) ,

(6.12)

where G∗
i denotes the Legendre-Fenchel transform of Gi.

6.3.1.2 Motivation for the New Architecture

In SympOCNet architecture, for computational efficiency, we assume that H̃ does

not depend on y in (6.6), leading to simpler affine maps trajectories in the new

coordinates (see Figure 6.1). However, the existence of such a symplectic map that

transforms (6.2) to (6.6) is quite mysterious and not guaranteed, in particular since

ϕ is itself an isomorphism.
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In the present chapter, we aim to handle more general dynamics of the form (6.7),

then it is natural to consider a more expressive Hamiltonian system in the latent

space. So we consider a simpler Hamiltonian ODE system in the latent space, but

with Hamiltonian H̃ depends both on the state and co-state. Moreover, for a Hamil-

tonian system, we denote Φt the map sending any initial condition z0 to z(t), for a

fixed t. Recall that if H is of class C2, Φt is a symplectic transformation (see for

instance [84]).

Based on these observations, it is tempting to assume that, by parameterizing

the coordinate transformation through a time-dependent symplectic map, we can

transform the original Hamiltonian ODE system into a simper one. Then, the so-

lution of the original system at a fixed time t is the preimage of the solution in the

latent system by this time-dependent symplectic map. These will be detailed in the

following sections.

6.3.2 TSympOCNet architecture

6.3.2.1 Latent representation

In the latent space, we consider a simper Hamiltonian ODE system, with Hamilto-

nian

H̃(y, q) =
M∑
i=1

(
⟨qi, Aiyi⟩ − ⟨yi, Qiyi⟩+ ⟨B⊤

i qi, RiB
⊤
i qi⟩

)
, (6.13a)

where Ai = Jfi(0), Qi =
1
2
H(Fi)(0), Ri =

1
2
H(G∗

i )(0). Here Jfi(0) represents the

Jacobian of fi at 0 and H(Fi)(0) represents the Hessian of Fi at 0. The Hamiltonian
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Figure 6.2: An illustration of the time-dependent SympOCNet method.
We propose to use a time-dependent SympNet φs to map curvy trajectory in the
phase space to simpler trajectory in new coordinates and solve the corresponding
Hamiltonian system of the optimal control problem.

system then has the form


ẏi(s) = ∇qiH̃(y(s), q(s)), i ∈ {1, . . . ,M} ,

q̇i(s) = −∇yi
H̃(y(s), q(s)), i ∈ {1, . . . ,M} ,

(6.13b)

for every s ∈ [0, T ]. Moreover, we set the same initial, final condition as the orginal

Hamiltonian ODE system. I.e.,

y(0) = x(0), y(T ) = x(T ) . (6.13c)
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Notice that there is a one-to-one correspondence between the latent Hamiltonian

system (6.13) and the following linear quadratic regulator (LQR) problem

inf
u(·)

∫ T

0

M∑
i=1

(
yi(s)

⊤Qiyi(s) + ui(s)
⊤Riui(s)

)
ds

s.t.


ẏi(s) = Aiyi(s) +Biui(s), ∀i ∈ {1, · · · ,M} and ∀s ∈ [0, T ] ,

y(0) = x(0), y(T ) = x(T ) .

(6.14)

The Hamiltonian system (6.13) can be formulated as


d

ds

yi(s)

qi(s)

 =

 Ai −BiR
−1
i B⊤

i

−Qi −A⊤
i


yi(s)

qi(s)

 , i ∈ {1, · · · ,M} , (6.15)

for every s ∈ [0, T ], with initial, final condition (6.13c). We call the dynamic matrix

in (6.15) the Hamiltonian matrix, and denote as Hi. The solution of this two-

point boundary value system can be explicitly obtained. Notice that (y(s), q(s)) =

((yi)(s), qi(s))i={1,...,M}, where

yi(s)

qi(s)

 = eHis

x
(0)
i

q
(0)
i

 , (6.16)

solves the system (6.15) with initial condition y(0) = x(0), q(0) = q(0). So if we

can find an appropriate q0 such that the solution also satisfies y(T ) = x(T ), it is

also a solution of the boundary value problem (6.15). Indeed, solution of the linear

equations

yi(T ) =

(
I 0

)
· eHiT

x0i

q0i

 (6.17)

provides the desirable q0. The time complexity for this method is O(Mdx).
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Remark 5. The problem (6.14) can also be approximated through a finite horizon

LQR problem with quadratic terminal cost

inf
u(·)

∫ T

0

y(s)⊤Qy(s) + u(s)⊤Ru(s)ds+ y(T )⊤Qfy(T )

s.t.


ẏ(s) = Ay(s) +Bu(s), ∀s ∈ [0, T ] ,

y(0) = x .

(6.18)

Let us define the value function V which associates with any (x, t) ∈ RMdx×[0, T ] the

infimum of
∫ T

t
y(s)⊤Qy(s) + u(s)⊤Ru(s)ds + y(T )⊤Qfy(T ), under the constraints

in (6.18). Then V (x, t) will remain quadratic form x⊤P (t)x for every t ∈ [0, T ], with

P (t) the solution of the following differential Riccati equation


Ṗ (s) = −A⊤P (s)− P (s)A+ P (s)BR−1B⊤P (s)−Q, s ∈ [t, T ] ,

P (T ) = Qf .

(6.19)

Notice that solving the Riccati equation, through the complexity is O(Md3x), gives

an optimal control as a function of the state x. It is also called feedback control or

closed loop control, which is know to have advantages in real application, for instance

the solution is robust against system perturbations. Constructing a robust neural

network architecture for the control problem is of independent interest, and we leave

it as a direction for future work.

6.3.2.2 Coordinate transformation

In the reminder of this chapter, we will denote (x(s),p(s))s∈[0,T ] the solution

of the Hamiltonian system in the phase space with Hamiltonian (6.12), and

(y(s), q(s))s∈[0,T ] the solution of the Hamiltonian system (6.13) in the latent space.
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The goal is to represent and approximate the inverse of an unknown time-dependent

symplectic map φ, that can transform (x(t),p(t)) to (y(t), q(t)), for any fixed

t ∈ [0, T ].

Definition 23. Let U be an open set in R2n. We call a map φ ∈ C1(U × [0, T ];R2n)

is time-dependent symplectic if for any fixed t ∈ [0, T ], φ(·, t) is symplectic. I.e., for

any t ∈ [0, T ],

∇zφ(z, t)
⊤J∇zφ(z, t) = J, ∀ z ∈ U . (6.20)

For easy expression, we use φt to denote φ(·, t), for a fixed t ∈ [0, T ]. In this

chapter, we consider the linear and affine time-dependent symplectic map φ.

Remark 6. We refer to a time-dependent symplectic transformation that is linear

(affine) in z as a linear (affine) time-dependent symplectic transformation. In the

linear case, each φt is a linear symplectic transformation that can be represented by

a symplectic matrix.

Lemma 7 ([97]). For any symplectic matrix K ∈ R2n×2n, there exists k = 5 sym-

metric matrices {Si}ki=1, such that

K =

 I 0

S1 I


I S2

0 I

 · · ·
 I 0

Sk I

 . (6.21)

Lemma 7 shows that any linear symplectic transformation can be written as the

composition of at most k = 5 unit block lower/upper triangular matrices. Inspired

by the lemma above, we propose the TL-SympNet which resembles the G-SympNet

to represent arbitrary affine time-dependent symplectic transformation.

Definition 24. For i ∈ {1, 2, . . . , N}, let σ̃Ki,ai,bi(x; t) := (Ki)⊤(ai(t)⊙ (Kix+ bi))

for any x ∈ Rn, t ∈ [0, T ]. Any TL-SympNet φ̃t is an alternating composition of the
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following two parameterized functions:

T low,i
t

x

p

 =

 x

p+ σ̃Ki,ai,bi(x; t)

 ∀x,p ∈ Rn,

T up,i
t

x

p

 =

σ̃Ki,ai,bi(p; t) + x

p

 ∀x,p ∈ Rn,

(6.22a)

such that

φ̃t = T up,N
t ◦ T low,N

t · · · T up,1
t ◦ T low,1

t or φ̃t = T low,N
t ◦ T up,N

t · · · T low,1
t ◦ T up,1

t ,

(6.22b)

where the learnable parameters are from the matrices Ki ∈ Rl×n, the vectors bi ∈ Rl,

and fully connected neural network ai : R → Rl. The dimension l (which is the

dimension of bi as well as the number of rows in Ki) is a positive integer that can be

tuned, called the width of TL-SympNet. N is the number of layers of TL-SympNet.

We refer to the number of layers and width of each ai as the sublayers and subwidth

of TL-SympNet.

Then, following directly from the universal approximation theorem of standard

neural networks, we have the following result:

Theorem 16. The map φ̃t defined in (6.22) is an universal approximator within the

set of affine time-dependent symplectic transformations.

Recall that the original Hamiltonian system and the Hamiltonian system (6.13)

in latent space share the same set of boundary values x(0) and x(T ). This inspires us

to design a neural network architecture which preserves the boundary values of x.

Definition 25. Let σ̂Ki,ai,bi(x; t) := (Ki)⊤(t(T − t)ai(t) ⊙ (Kix + bi)) for any
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x ∈ Rn, t ∈ [0, T ]. Any boundary-value preserving TL-SympNet φ̂t is an alternating

composition of T low, defined as in (6.22a), and a new T̂ up, defined as

T̂ up,i
t

x

p

 =

x+ σ̂Ki,ai,bi(p; t)

p

 ∀x,p ∈ Rn , (6.23a)

such that

φ̂t = T̂ up,N
t ◦ T low,N

t · · · T̂ up,1
t ◦ T low,1

t or φ̂t = T low,N
t ◦ T̂ up,N

t · · · T low,1
t ◦ T̂ up,1

t .

(6.23b)

Note that φ̂
(1)
0 (x,p) = φ̂

(1)
T (x,p) = x. Here f (1) denotes the first n output compo-

nents of any f : R2n → R2n.

We will use boundary-value preserving TL-SympNet φ̂t as the coordinate trans-

formation module in TSympOCNet.

6.3.3 The TSympOCNet Method

In this subsection, we describe our algorithm of using TSympOCNet to solve

the original optimal control problem together with the Hamiltonian system. We

use φ̂θ
t instead of φ̂t to denote the coordinate transformation (i.e., boundary-

value preserving TL-SympNet), to highlight the dependence on trainable variable

θ = (Ki,ai, bi)i∈{1,...,N}.

Let us first discretize the time horizon by N̄ = T
∆t

steps, and denote t̄k = k∆t,

for k ∈ {0, 1, . . . , N̄}. The optimal trajectory in the latent space at every t̄k,

(y(t̄k), q(t̄k)), can be computed using (6.16) and (6.17). The inverse of (ϕt)t∈[0,T ],
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which maps the trajectory and Hamiltonian system of the latent space to the phase

space, will be approximated by (φ̂θ
t )t∈[0,T ], and evaluated at data pints {(y(t̄k), q(t̄k)}.

To learn the parameters θ, we perform iterative steps to construct and minimize a

physics-informed loss function of θ. In each iteration, we randomly sample Ñ points

among [0, T ], and denote the value of them by {ti}i∈{1,2,...,Ñ}. Then, if ti ∈ [t̄k, t̄k+1[,

for some k ∈ {0, 1, . . . , N̄ − 1}, we calculate the value (y(ti), q(ti)) by a linear

interpolation of (y(t̄k), q(t̄k)) and (y(t̄k+1), q(t̄k+1)). Moreover, by the affine property

of φ̂θ
t as we defined in (6.23), the value of φ̂θ

ti
(y(ti), q(ti)) can be computed by a linear

interpolation of φ̂θ
ti
(y(t̄k), q(t̄k)) and φ̂θ

ti
(y(t̄k+1), q(t̄k+1)). For easy expression, we

will simply denote by I ti such linear interpolation operator, i.e.,

(xθ(ti),pθ(ti)) = φ̂θ
ti
(y(ti), q(ti))

:= I ti ◦ φ̂θ
ti
(y(t̄k), q(t̄k)) .

(6.24)

Then, the derivative of (xθ(s),pθ(s)) w.r.t s at ti follows the chain rule:

ẋθ(ti)

ṗθ(ti)

 = Jacφ̂θ
ti
(y(ti), q(ti))

ẏ(ti)

q̇(ti)

+
∂φ̂θ

s(y(ti), q(ti))

∂s
|ti

= I ti ◦ Jacφ̂θ
ti
(y(t̄k), q(t̄k))

ẏ(t̄k)

q̇(t̄k)

+ I ti ◦ ∂φ̂
θ
s(y(t̄k), q(t̄k))

∂s
|ti

, (6.25)

where Jacφ̂θ
ti

denotes the Jacobian of φ̂θ
ti

w.r.t (y, q). Notice that in implemen-

tation, Jacφ̂θ
ti
and ∂φ̂θ

s

∂s
are computed via automatic differentiation, and the overall

computation can be further boosted via JVP (Jacobian vector product) method in

deep learning libraries, e.g., JAX. The physics-informed loss function w.r.t θ is then
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defined as

L(θ) =
Nt−1∑
i=0

||ẋθ(ti)−∇pHϵ,l(xθ(ti),pθ(ti))||+

Nt−1∑
i=0

||ṗθ(ti) +∇xHϵ,l(xθ(ti),pθ(ti))|| .

(6.26)

Then, in each iteration, we update θ by minimizing (6.26). The optimization is

performed with stochastic gradient descent based methods, e.g., Adam [108].

It is worth mentioning that, to well handle the state constrain cases, we also

perform iterative procedures to update the hyperparameters ϵ and l, defined in the

penalty function (6.10) to convert to an unconstrained case. We start with fixed ϵ =

ϵ0, l = l0. Then, we do the iterations of sampling in time horizon, computing (6.25),

constructing and minimizing the loss function (6.26). We then iteratively update ϵ, l

via

ϵj+1 = n1ϵj

lj+1 = n2lj

(6.27)

and repeat the computation until convergence.

The overall algorithm consists of the following steps:

1. Set si =
iT

Ns−1
, i ∈ {0, · · ·Ns−1}. Precompute {(y(si), q(si))}Ns−1

i=0 using (6.16)

and (6.17).

2. Initialize hyperparameters ϵ = ϵ0, l = l0 in (6.10).

3. Uniformly sample 0 = t0 ≤ · · · ≤ tNt−1 = T . Calculate {(y(ti), q(ti))}Nt−1
i=1 by
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interpolation. Compute the phase trajectory {(xθ(ti),pθ(ti))}Nt−1
i=1 via

(xθ(ti),pθ(ti)) = φθ
ti
(y(ti), q(ti)).

4. Compute

(x′
θ(ti),p

′
θ(ti)) = Jacφθ

ti
(y(ti), q(ti))

y′(ti)

q′(ti)

+
dφθ

s(y(ti), q(ti))

ds
(ti),

where Jacφθ
ti
and

dφθ
t

dt
are computed via automatic differentiation. (y′(ti), q

′(ti))

are calculated using (6.15). The overall computation can be further boosted via

JVP (Jacobian vector product) method in deep learning libraries, e.g., JAX.

5. Update θ by optimizing physics-informed loss

L(θ) =
Nt−1∑
i=0

||x′
θ(ti)−∇pHϵ,l(xθ(ti),pθ(ti))||+

Nt−1∑
i=0

||p′
θ(ti) +∇xHϵ,l(xθ(ti),pθ(ti))||.

The optimization can be done with stochastic gradient descent based methods,

e.g., Adam [108].

6. Update ϵ, l via

ϵj+1 = n1ϵj

lj+1 = n2lj

7. Repeat step 4, 5 and 6 in total Niter times till convergence.

8. Predict the rolled-out phase trajectory (xθ(si),pθ(si)) = φθ
si
(y(si), q(si)).
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6.4 Applications in path planning problems with

obstacle and collision avoidance

In this section, we apply our method to path planning problems with multiple agents.

We assume that each agent is represented by a ball in the physical space with radius

Cd. We set the state and control variable to be x = (x1, . . . ,xM) ∈ RMdx , u =

(u1, . . . ,uM) ∈ RMdu , where M is the number of drones, and each xj = (wj,vj) ∈

Rdx denotes the position and velocity of the center of each drone. We consider the

Newtonian dynamics with quadratic resistance force ẇi = vi, v̇i = ui−kvi|vi|. then

the dynamics can be rewritten as

ẋi =

vi

ui

 =

O I

O O

xi − k

O O

O I

xi|xi|+

O
I

ui. (6.28)

To ensure the safety and smooth operation of the agents, we employ a constraint

function h, comprising two components: h1 for obstacle avoidance and h2 for col-

lision avoidance among agents. Let no denote the number of obstacles, labeled as

E1, . . . , Eno .

The function h1 : R
Mdx

2 → RMno is defined as follows:

h1(w1, . . . ,wM) = (D(w1), . . . , D(wM)) ∀w1, . . . ,wM ∈ R
dx
2 , (6.29)

where D : R dx
2 → Rno is defined as:

D(w) = (D1(w), . . . , Dno(w)) ∀w ∈ R
dx
2 , (6.30)
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and each Dj signifies the collision status with the j-th obstacle Ej; Dj(w) < 0

denotes collision of the drone at position w with Ej.

For instance, Dj could be equal to the signed distance function to Ej. The

precise definition of Dj relies on the shape of Ej, deferred to later sections for specific

examples.

The function h2 : R
Mdx

2 → RM(M−1)/2 is the collision avoidance constraint func-

tion. Each component addresses collision avoidance between a pair of drones. Con-

sidering each drone as a ball centered at a point in R dx
2 , collision occurs when the

distance between centers is less than the sum of their radii.

Thus, the l-th component of h2 is:

(h2)l(w1, . . . ,wM) = ||wi −wj|| − (2Cd) ∀x1, . . . ,xM ∈ R
dx
2 , (6.31)

where Cd represents the drone’s radius, and l = i+ (j − 1)(j − 2)/2 for any 1 ≤ i <

j ≤M denotes the corresponding constraint index for the pair (i, j).

Consequently, (h2)l(w1, . . . ,wM) < 0 indicates collision between the i-th and

j-th drones, thereby facilitating collision avoidance among agents.

Training Warmup Apart from the training procedure listed in section 6.3.3,

we offer an additional step which could potentially lead to faster convergence and

reducing the possibility of converging to a local but not global optima. We refer

to this step as training warmup. We empirically observed that the convergence of

TSympOCNet depends on the initial condition x(0) = x(0) = (w(0),v(0)) and ter-

minal condition x(T ) = x(T ) = (w(T ),v(T )). Suppose that TSympOCNet converges

faster on another pair of (x̃0, x̃T ). We can convert the optimal control problem in



199

(6.7) into a sequence of Nopt optimization problems. At step i, we solve the problem

inf
u(·)∈U

∫ T

0

M∑
i=1

Fi(xi(s)) +Gi(ui(s))ds

s.t



xi(s) =

 wi(s)

vi(s)

 ∀ s ∈ [0, T ] ,

ẋi(s) = fi(xi(s)) +Biui(s), ∀ s ∈ [0, T ] ,

h(w(s)) ≥ 0, ∀ s ∈ [0, T ] ,

x(0) =
i

Nopt

x(0) +
Nopt − i
Nopt

x̃0, x(T ) =
i

Nopt

x(T ) +
Nopt − i
Nopt

x̃T ,

(6.32)

and use the obtained coordinate transformation φ
(i)
s as the initialization for the

next iteration. We apply this training warmup scheduler in the second example of

section 6.4.1 and all examples in section 6.4.2. In our experiments, to find (x̃0, x̃T ),

we first solve a simpler optimal control problem

inf
v(·)∈V

∫ T

0

M∑
i=1

Fi(xi(s))ds

s.t



xi(s) =

 wi(s)

vi(s)

 ∀ s ∈ [0, T ] ,

ẇi(s) = vi(s), ∀ s ∈ [0, T ] ,

h(w(s)) ≥ 0, ∀ s ∈ [0, T ] ,

w(0) = w(0), w(T ) = w(T )

(6.33)

again with TSympOCNet to get a solution ṽ. Then we set x̃0 = (w(0), ṽ(0)) and

x̃T = (w(T ), ṽ(T )).

Simulation results are presented in the following subsections. In section 6.4.1,

we present lower-dimensional examples and benchmark the solutions with shooting
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methods. In section 6.4.2, we demonstrate the capability of the existing framework

to scale to 256 dimensional problems. We further compare the total running cost,

constraint violation criterion and running time cost of TSympOCNet with vanilla

PINN. In section 6.4.3, we consider an example with highly nonconvex obstacles.

6.4.1 Single / four agent with circular obstacle

To prevent drone collisions with obstacles, we define the constraint function h as per

(6.29). The function D in (6.30) is defined by:

D(w) = ||w − ẘ|| − (Co + Cd) ∀x ∈ R2,

where ẘ and Co represents the center and radius of the obstacle respectively. In this

experiment, we set Co = 0.15, Cd = 0.05.

Single agent Assume M = 1, L(x,u) = 1
2
∥u∥2. It is assumed that the agent

starts from the top left with zero initial velocity and ends at the lower right with

zero terminal velocity, i.e. x(0) = (−0.5, 0.5, 0, 0) and x(T ) = (0.5,−0.5, 0, 0).

We compute the solutions to the optimal control problem (6.7) with resistance

coefficient k = 0, 1, 2. In Fig. 6.3, we plot the planned trajectory by TSympOCNet

x = (w,v) together with the control signal u. It can be seen that the same planned

trajectory x was found with varying level of k. As resistance coefficient k increases, u

exhibits prolonged alignment with the velocity v, consistent with physical principles.

We further validate our training framework on this low-dimensional problem by

benchmarking against the shooting method. It can be seen in Fig. 6.4 that our
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solution matches the solution provided by shooting method, which means the result

is a solution to the Hamiltonian ODE with H provided by (6.12).
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Figure 6.3: The planned path and control at resistance coefficient k = 0, 1, 2
and time step t = 0, 3.3, 6.7, 10. As resistance coefficient k increases, the control
signal u exhibits prolonged alignment with the velocity v.

Four agents Assume M = 4, L(x,u) = 1
2

∑4
i=1 (∥ui∥2 + ∥vi∥2), k = 0. The

initial positions of the drones are near the boundary of the room, and the terminal

positions are the opposite locations, i.e., we set wT = −w0. It is also assumed

that the agents start and terminate with zero velocity, as in the previous example.

This problem contains several asymmetric local optima and two circular symmetric

global optima. We found that with the training warmup, our method converges to

the global optima in all 5 independent simulations. However, if the training warmup

is not applied, 3 out of 5 cases TSympOCNet converge to the local optima, as shown

in Fig. 6.5. The solution is further validated against the shooting method, which

exhibits great alignment, demonstrating that it is a solution to the Hamiltonian

ODE, as shown in Fig. 6.6. Note that we found the shooting method doesn’t con-
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Figure 6.4: The solution generated by TSympOCNet validated by the
shooting method, in the case of 1 agent. Our solution matches the solution
provided by shooting method, which means the result is a solution to the Hamilto-
nian ODE with H provided by (6.12).

verge well for the 2Mdx = 32 dimensional Hamiltonian ODE. So we first use the

shooting method to find the solution for one agent without considering the mutual

collision avoidance requirement characterized by h2. Then we rotate that solution

by 90◦, 180◦, 270◦ respectively to obtain the solution for all 4 agents.

6.4.2 High dimensional problem with Newtonian dynamics

We consider the path planning problem of agents in a room of size [−0.5, 0.5] ×

[−0.5, 0.5]. Collisions among the agents and collisions between agents and the room

walls are prevented. The function D in (6.30) is defined by:

Dbd(w) = (w1 + 0.5, 0.5− w1, w2 + 0.5, 0.5− w2) ∀w = (w1, w2) ∈ R2.
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Figure 6.5: Comparison of planned trajectory with or without the warmup,
at 5 different initializations. The figure shows that our algorithm is more robust
to random initialization and converges more often to global minima when the warmup
scheduler is applied.
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Figure 6.6: The solution generated by our algorithm validated by the shoot-
ing method, in the case of 4 agents. Our solution matches the solution provided
by shooting method, which means the result is a solution to the Hamiltonian ODE.

In this experiment, we set Cd = 0.02. We assume L(x,u) = 1
2
∥u∥2, k = 0. The

drones’ initial positions lie near the room boundary, and their terminal positions are

opposite, denoted as wT = −w0. This constitutes a high-dimensional example (state

space dimension n = 4M , varying from 32 to 256 in our experiments). We run 10

repeated experiments with number of agents M = 8, 16, 32, 64 to test the robustness

of TSympOCNet. We further compare the solution obtained from TSympOCNet

with solution obtained from PINN. For both neural network architectures, we use

the same training algorithm in 6.3.3, both with training warmup scheduler. The
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Figure 6.7: The planned path and control for M = 8, 16, 32, 64 agents and
time step t = 0, 3.3, 6.7, 10.

only difference between two approaches lies in the parameterization of (xθ(s),pθ(s)).

TSympOCNet represents it by composition of latent LQR solution and TL-SympNet,

while PINN sets (xθ(s),pθ(s)) as a fully-connected neural network on s. In each

trial, we document the training time in seconds, the running cost L(x,u) and the

constraint violation metric

D = min
s

min
1≤i<j≤M

||wi(s)−wj(s)|| − 2Cd, (6.34)

where wi(s) denotes the center position for the i-th drone at time s. The mean and

standard deviation of these three metrics are reported in Table 6.1. It can be seen

that TSympOCNet consistently outperform vanilla PINN in terms of generating

a trajectory with lower running cost and lower constraint violation. It is worth

remarking that in the case of M = 8, 16 agents, the constraint is exactly satisfied,

which means no collision is going to happen. However, in the case of 64 agents, the
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constraints is slightly violated in most of the solutions provided by TSympOCNet.

To provide a feasible solution, one need to rescale the problem and set Cd = 0.16.

On the other hand, collision always occurs in PINN solutions when M = 64. The

solution trajectory by TSympOCNet in one trial is shown in Fig. 6.7.

We dive deeper into the solutions provided by PINN and TSympOCNet, focus-

ing on cases where M = 4 and M = 64, as illustrated in Fig. 6.8. When M = 4,

TSympOCNet’s planned path exhibits a distinct behavior: the agents initially con-

verge towards the origin, then just before encountering one another, initiating a syn-

chronized rotation before dispersing. Conversely, PINN’s path lacks this rotational

symmetry—One pair of agents accelerates, passing ahead, while the second pair de-

celerates, awaiting the first pair’s passage before proceeding. The first solution is

more optimal in terms of running cost. In scenarios where M = 64, TSympOCNet’s

planned path demonstrates fewer constraint violations compared to PINN.

# agents 8 16 32 64

PINN
Runtime (s) 338 ± 2 338 ± 2 354 ± 2 368 ± 2

L(x,u) 0.080 ± 0.007 0.175 ± 0.013 0.346 ± 0.020 4.516 ± 1.091

D (−1 ± 2) × 10−4 (−4 ± 6) × 10−4 (−2 ± 3) × 10−3 (−39 ± 1) × 10−3

TSympOCNet
Runtime (s) 465 ± 2 504 ± 2 588 ± 67 529 ± 51

L(x,u) 0.072 ± 0.0003 0.152 ± 0.006 0.304 ± 0.049 1.125 ± 0.118

D 0 0 (−2 ± 4) × 10−4 (−8 ± 1) × 10−3

Table 6.1: Comparison of vannila PINN and TSympOCNet on problems
of dimension 8, 16, 32, 64. Under the provided hyperparameter setup, the solution
obtained by TSympOCNet is closer to the global optima compared to vannila PINN.
The collision-avoidance constraint is also satisfied better.

6.4.3 Planning in nonconvex environment

In this experiment, we set Cd = 0.02. We assume L(x,u) = 1
2
∥u∥2, k = 0. We

consider the path planning problem of agents in a room of size [−0.5, 0.5]×[−0.5, 0.5].

Apart from collisions among the agents and collisions between agent and the room

boundary described in the previous section, we’d also like to prevent the collision
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Figure 6.8: The planned path and control for M = 4 and 64 agents using
PINN and TSympOCNet. TSympOCNet produces a solution with lower cost in
lower-dimensional problems and more feasible solution in higher dimensions.

between agents and several walls inside the room, which created a maze. The shape

of the maze can be seen in Fig. 6.9.

D(w) = (Dbd(w), Dmaze(w))

D(j)
maze(w) = min

y∈lj
∥w − y∥ − (Co + Cd) ∀w ∈ R2.

The expression miny∈lj ∥w−y∥ in Dmaze calculates the distance between point w

and the line segment lj. Considering that obstacle Ej encompasses all points within

a distance of Co from line segment lj, a drone collides with Ej if and only if the

distance between its center and lj is less than Co + Cd. Thus, the function D
(j)
maze

defined in this manner imposes a constraint that prevents drone collisions with the

j-th obstacle Ej.
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Figure 6.9: The planned path and control in the nonconvex maze. We run
three independent simulations and obtained three different solutions. The running
cost L(x,u) = 0.104, 0.151, 0.193 in trial 1, 2, 3. In all cases, no constraint violations
are observed. TSympOCNet may converge to suboptimal solutions in this numerical
example.

We ran three independent simulations and observed three different solutions, as

shown in Fig. 6.9. The running cost L(x,u) = 0.104, 0.151, 0.193 in trial 1, 2, 3. In

all cases, no constraint violations are observed. It is worth noting that TSympOCNet

may converge to suboptimal solutions in this numerical example.

6.5 Summary

We’ve introduced TSympOCnet, an extension of SympOCNet for tackling high-

dimensional optimal control problems with state constraints and general dynamics.

Applying TSympOCnet to multi-agent simultaneous path planning tasks with ob-

stacle avoidance demonstrates its efficacy in solving high-dimensional problems in
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256 dimensions. These findings highlight TSympOCnet’s potential for real-time so-

lutions in high-dimensional optimal control problems. In future research, we aim

to explore extending the current framework to handle feedback control problems by

solving the latent LQR problem via Riccati solvers.



Chapter Seven

Summary
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This thesis explores data-driven discovery of dynamical systems’ governing equa-

tions using neural networks, following a physics-informed approach. It focuses on

embedding physical principles directly into neural network architectures to enhance

model stability and generalization. The work introduces three specialized networks:

symplectic networks (SympNets) for preserving symplecticity in phase space, Pois-

son neural networks (PNNs) for maintaining the Poisson structure, and GENERIC

formalism informed neural networks (GFINNs) for combining conservative and dis-

sipative dynamics, alongside Symplectic Graph Neural Networks (SympGNNs) for

preserving both symplecticity and permutation equivariance.

A notable application of SympNets demonstrated is in optimal control problems,

leveraging symplectic transformations to simplify Hamiltonian ODEs for efficient

path planning, including a significant instance of managing 256 drones. The thesis

progresses from discussing the theoretical basis and application of these networks to

showcasing their capability in modeling differential equations and solving complex

control problems, highlighting their potential in bridging deep learning and the study

of dynamical systems as well as optimal control.

There are several possible future directions following the research presented in

this thesis. Some important topics that are worth exploring include the system iden-

tification, distribution sampling and optimal control problems in high dimensions,

where traditional numerical schemes and purely data-driven approaches without in-

ductive biases inevitably face the so called curse-of-dimensionality.

The general question we’d like to pose is: How to identify a map f : Rn×d → Rn×d,

using a limited k ≪ (nd)2 number of data, when n, d ≫ 1? Here f , n and d could

have different interpretations based on the context:
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• Data-driven discovery of dynamics: Here, the goal is to determine the

operator f such that f(x(t)) = x(t + h), enabling f to act as a proxy model

that lessens the computational demands of particle simulations. In this case,

n represents the count of particles, while d denotes the physical dimensions of

an individual particle.

• UAV Path planning: In this scenario, f represents the transformation from

the phase trajectory to more straightforward, disentangled trajectories within

a latent space. Here, n refers to the number of UAVs or drones, and d signifies

the dimension of the phase trajectory for an individual UAV.

• Distribution sampling: For this application, f is understood as a normaliz-

ing flow that translates complex distributions into simpler forms, such as i.i.d.

Gaussian distributions. The term n stands for the number of random variables,

and d represents the intrinsic dimension of each variable.

The question above is obviously underdetermined so additional constraints are

required. We further pose three followup questions:

• How do we decide on the appropriate constraints or inductive biases to integrate

into the model fθ that seeks to mimic f?

• Upon recognizing that certain inductive biases are indispensable, is it feasible

to construct a parameterized family of functions that not only adheres to these

constraints but also retains the capacity to universally approximate?

• Is it possible to ensure that the models fθ we develop are interpretable, pro-

viding clear insights into what are the governing laws of physics?
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Regarding the first question, our research has entertained the idea of incorporat-

ing concepts such as symplecticity, Poisson structures, GENERIC formalisms, and

permutation equivariance into neural network designs. However, the applicability of

these formalisms in practical scenarios often remains a mystery. It’s imperative to

determine if a quantitative metric exists that can assess to what extent these induc-

tive biases align with the dataset. Such a metric would enable us to pre-select the

most suitable formalism before deploying the corresponding model.

Regarding the second question, one future direction we are going to investigate is

whether one can approximate a symplectically permutation equivariant function with

guaranteed universal approximation theorem. In Chapter 2, we demonstrate that

SympGNNs are symplectically permutation equivariant, but there is no guarantee

of its expressive power. Inspired by theorem 6, we propose the following conjecture:

Conjecture 1. Suppose Vi : Rn×d → R and Ti : Rn×d → R are permutation invariant

and can approximate arbitrary permutation invariant functions for all i = 1, · · · , l,

then the alternating composition of the following two parameterized functions:

E lowi

(
p q

)
=

(
p q +∇Ti(p)

)
∀p, q ∈ Rn×d,

Eupi
(
p q

)
=

(
p+∇Vi(q) q

)
∀p, q ∈ Rn×d

φ = Eupl ◦ E
low
l · · · Eup1 ◦ E low1 or φ = E lowl ◦ Eupl · · · E

low
1 ◦ Eup1 ,

(7.1)

can approximate arbitrary symplectically permutation equivariant functions.

Should this conjecture be validated, it would pave the way for developing neu-

ral network architectures capable of approximating any symplectically permutation

equivariant function. By employing deep sets [193] (or energy transformers [89]) as Ti

and Vi, which are known to approximate arbitrary symplectically permutation invari-
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ant functions, we can address various high-dimensional system identification problem

and optimal control problems discussed in Chapters 5 and 6. Importantly, the per-

mutation equivariance of coordinate transformations, reflecting identical dynamics

across agents, would naturally extend our SympOCNet/TSympOCNet framework for

feedback control solutions, not just open-loop scenarios. In the current framework,

learning a transformation φ that facilitates planning with multiple initial conditions

and enables feedback control requires sampling initial conditions from U ∈ RMdx ,

where U is an open set of a high-dimensional space, which is computationally chal-

lenging. However, by incorporating a constraint on the transformation to sample

from a product space
∏M

i=1 Ui, Ui ∈ Rdx , which is computationally more feasible,

this approach holds promise for more efficient solutions to feedback control prob-

lems. Apart from path planning applications, such models can also be used to

sample exchangable distributions via a normalizing flow framework.

In addressing the third query, we propose two potential avenues for future explo-

ration. Firstly, employing symbolic regression models as a tool for knowledge dis-

tillation presents a promising strategy. By applying these models, we aim to derive

explicit formulas from our otherwise opaque network models. This approach holds

the potential to unveil an interpretable function f , thus bridging the gap between

complex models and understandable, actionable insights. Secondly, an intriguing line

of investigation involves examining why SympGNNs are particularly adept at over-

coming oversmoothing issues and handling heterophilic data in graph-based models.

A key to understanding their success lies in examining the Hamiltonian structure

that underpins their functionality. A detailed study of how this Hamiltonian frame-

work interacts with and impacts various components—such as the Dirichlet energy,

which is indicative of feature smoothness—might reveal the fundamental reasons

behind their effectiveness.
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