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Introduction

Randomized controlled trials (RCTs) are often considered the gold standard for investigating the
effects of an intervention. However, selective recruitment criteria often exclude vulnerable popula-
tions from RCTs, and tightly controlled designs make it difficult to determine how an intervention
would perform in a more practical setting. To address these challenges, researchers typically rely
on observational studies or pragmatic randomized controlled trials (PRCTs). Observational studies
use data that has already been collected to analyze the effects of an intervention, and PRCTs are
designed to assess an intervention’s performance in routine clinical practice.

Designing and analyzing observational studies and PRCTs may require additional statistical
considerations related to intercurrent events and noncompliance. Intercurrent events are events
that occur after the study has been initiated that may affect the existence or interpretation of an
outcome. In studies that analyze the effects of an intervention in a vulnerable population, such as
elderly or severly ill patients, intercurrent events events are more likely to occur. Noncompliance is
when an individual is assigned to an intervention but does not take it. In PRCTSs, noncompliance is
more common because the administration of the intervention is typically done by medical providers
or the patients themselves.

The objective of this dissertation is to develop Bayesian design and analysis methods that ad-
dress statistical challenges related to intercurrent events and noncompliance in observational stud-
ies and PRCTs. For observational studies, we develop a composite ordinal outcome and Bayesian
analysis method to account for death before follow up when analyzing adverse event side effects
of medication. For PRCTs, we propose a Bayesian design and analysis method that enables re-
searchers to augment an intervention at an interim stage to improve compliance while preserving

statistical power. For pragmatic cluster randomized controlled trials (PCRCTs), we design and



implement a latent pricipal stratification method for analyzing studies with one-sided partial non-
compliance at the cluster level and binary noncompliance at the individual level. We describe each

of the specific aims in further detail below:

1. A Bayesian Method for Adverse Effects Estimation in Observational Studies with

Truncation by Death

Death among subjects is common in observational studies evaluating the causal effects of
interventions among geriatric or severely ill patients. High mortality rates complicate the
comparison of the prevalence of adverse events (AEs) between interventions. This problem
is often referred to as outcome ”truncation” by death. A possible solution is to estimate the
survivor average causal effect (SACE), an estimand that evaluates the effects of interventions
among those who would have survived under both treatment assignments. However, because
the SACE does not include subjects who would have died under one or both arms, it does not
consider the relationship between AEs and death. We propose a Bayesian method which im-
putes the unobserved mortality and AE outcomes for each participant under the intervention
they did not receive. Using the imputed outcomes we define a composite ordinal outcome
for each patient, combining the occurrence of death and the AE in an increasing scale of
severity. This allows for the comparison of the effects of the interventions on death and the
AE simultaneously among the entire sample. We implement the procedure to analyze the
incidence of heart failure among geriatric patients being treated for Type II diabetes with

sulfonylureas or dipeptidyl peptidase-4 inhibitors.

2. A Latent Principal Stratification Method to Address Cluster and Individual Non-

compliance in Pragmatic Cluster RCTs

In pragmatic cluster randomized controlled trials (PCRCTSs), noncompliance to the interven-
tion can occur among patients or clusters. As a consequence, investigators often collect data
that describe the binary compliance status of individuals and the cluster-level implementation
of the intervention. One approach to assess the effects of an intervention while accounting
for noncompliance is to estimate the compiler average causal effect (CACE). In PCRCTs,
the CACE is defined for the group of clusters and individuals that both comply with their

treatment assignments. The CACE, however, has not been generalized to continuous non-



compliance at the cluster-level and therefore may ignore the relationship between cluster-level
implementation and the effects of the intervention. We propose a new Bayesian method to
analyze PCRCTs with one-sided binary noncompliance at the individual-level and one-sided
partial compliance at the cluster-level. This method relies on a Bayesian mixture model to
classify clusters into latent compliance strata based on cluster’s pre-treatment characteris-
tics, its partial compliance status and individual-level outcomes. Because compliance is only
observed in the treatment arm, the mixture model imputes the unobserved compliance for
clusters and individuals assigned to the control arm. The procedure can estimate finite and
super-population estimands within strata defined by a combination of the latent cluster-level
compliance and individual-level compliance. We apply this procedure to analyze the MET-
RICAL trial: a multi-part, pragmatic, nursing home (NH) based trial evaluating the effects of
a personalized music intervention on the agitated behaviors of nursing home residents with

dementia.

. A Bayesian Two-stage Sequential Design for Pragmatic RCTs with One-Sided

Noncompliance

Clinical trials subject to noncompliance may have lower statistical power, higher costs and
longer duration. To account for this, noncompliance should be considered in a study’s design
phase. Two-stage designs have been proposed that allow researchers to assess the efficacy
of treatments at an intermediate point. However, these designs do not provide researchers
with the opportunity to adjust treatment delivery to improve compliance when high levels
of noncompliance have occurred. We propose a novel, Bayesian two-stage sequential design
for PRCTs that addresses one-sided binary noncompliance. In the design, compliance and
effectiveness data are accumulated during the first stage and used for interim analyses prior
to initiating the second stage. Based on the interim analysis, the trial may be stopped for effi-
cacy, or a new trial may be implemented with a multi-component intervention that improves
compliance. The analyses of this design rely on Bayesian models that utilize a power prior
distribution to incorporate information from Stage 1 in the analysis of the Stage 2 in order
to improve the statistical power. We examine the operating characteristics of the proposed

method compared to a single-stage design and evaluate its sensitivity to misspecifications



using simulations. In addition, we simulate a trial using the two-stage design with real data
from METRIcAL: a multi-part, pragmatic, nursing home (NH) based trial evaluating the ef-
fects of a personalized music intervention on the agitated behaviors of nursing home residents

with dementia.



Chapter 1

A Bayesian Method for Adverse

Effects Estimation in Observational

Studies with Truncation by Death

1.1 Introduction

In the United States in 2023, about 1 in 10 individuals had diabetes, with approximately 90-95%
of these cases classified as type 2 diabetes mellitus (T2DM) (Centers for Disease Control and
Prevention, 2023). The disease is even more prevalent among older adults (Kirkman et al. 2012]).
Sulfonylureas (SUs) are among the most common stand alone treatments for nursing home (NH)
residents diagnosed with T2DM; however, usage rates of dipeptidyl peptidase-4 inhibitors (DPP4Is)
have increased in recent years (Munshi et al. [2016; [Zullo, Dore, Daiello, Baier, Gutman, Gifford
and Smithl |2016). Studies among the general population have been inconclusive on the relative
safety and efficacy of SUs and DPP4Is. Some studies have shown that SUs are associated with
increased cardiovascular and hypoglycemia risk, while DPP4Is are associated with an increased
risk of heart failure related hospitalizations (Scheen) [2018; |Scirica et all, [2013; Kim et al.l [2019).
DPP4Is have also been found to be more effective for glycemic control compared to SU (Scheen,
2018; Fadini et al., [2018; Kim et al., 2019)). Most of these studies have not been conducted among

NH residents who are disproportionately effected by T2DM and are susceptible to negative side



effects of medications (Zullo et al., 2021} 2022; Zullo, Dore, Gutman, Mor and Smith, 2016; Munshi
et al., 2016).

NH residents are often excluded from randomized studies because of efficacy concerns, ethical
considerations and practical challenges of conducting clinical trials in nursing homes (Watts, 2012]).
In addition, because adverse events are generally rare, randomized studies with adverse events as
the primary outcomes require large sample sizes to identify significant effects. Observational studies
can address these limitation by relying on larger samples that include populations not commonly
recruited to clinical trials. However, in observational studies, the decisions on which patients receive
the interventions are often confounded with the outcomes.

One observational study that compared SUs and DPP4Is among older adults was a national
retrospective cohort study of long-stay NH residents (Zullo et al., 2021). The study estimated
the effects of DPP4Is versus SUs on severe adverse glycemic events, cardiovascular events, and
death. The study concluded that DPP4I users had similar incidence of cardiovascular events and
death, and a lower incidence of hypoglycemic events, over a l-year time frame compared to SU
users. However, many patients died before the 1-year follow up time was complete. This study
considered death and the adverse event separately, which does not allow for a joint evaluation of
the relationships between DPP4ls and SUs, adverse events and deaths. It also ignores the fact that
a person is no longer at risk for an adverse event after death.

Estimating the effects of interventions on the occurrence of adverse events in the presence of
mortality complicates the analysis because the occurrence of an adverse event at follow-up is not
defined for individuals who die before the end of the follow up period (Colantuoni et al.l 2018;
McConnell, Stuart and Devaney, 2008; [Rubin, 2006} |Zhang and Rubin, 2003)). One approach to
address “truncation” by death is to estimate the intention to treat effect (ITT), which considers
the difference in proportions of the adverse event that occurred between the two study arms. This
approach utilizes the entire sample, but differences in mortality across interventions may result in
misleading conclusions.

A different approach to address truncation by death relies on the principal stratification frame-
work to estimate the survivor-average causal effect (SACE) (Frangakis and Rubin, 2002a; Rubin),
2006; |Zhang and Rubinl 2003). This approach stratifies participants by mortality status under both

interventions, and estimates the effect of the intervention on the outcome among participants who



would have survived under both interventions. Many applications that estimate SACE rely on the
monotonicity and stochastic dominance assumptions (Rubin, 2006|). The monotonicity assumption
states that survival under the active intervention is the same or better than survival under the
control intervention. However, in studies that compare two active interventions, this assumption
may not be plausible. The stochastic dominance assumption requires that, on average, those who
would survive under both interventions are less likely to experience the adverse event than those
who would have died under either intervention. This assumption may also be violated in studies
comparing two active interventions, because longer exposure to an intervention may lead to higher
probability of experiencing an adverse event. Several approaches that modify these assumptions
have been proposed to estimate the SACE in randomized and observational studies (Hayden, Pauler
and Schoenfeld, [2005; |[Long and Hudgens, 2013; Wang, Zhou and Richardson, |2017)), but procedures
that use the SACE ignore individuals who would have died under either of the treatments. This
includes individuals who experienced an adverse event that leads to death under one of the inter-
ventions. As such, the SACE may not provide a complete toxicity profile for the two interventions.

Another approach to address the truncation problem is to define a composite outcome that
combines death and the adverse event (Cordoba et al., 2010). This is commonly implemented by
defining a binary outcome that is equal to 1 if either death or the adverse event occur, and zero
otherwise. This composite outcome is well defined for all participants in the study, and common
methods for estimating the treatment effects with binary outcomes can be applied in randomized
(Brown and Ezekowitz, 2017 Terheyden et al., 2021) and observational studies (Saager et al., 2021}
Johnson and Tsiatis, 2004; (Gutman and Rubin, 20154d). Interpretation of the composite approach
is practically relevant when the adverse event and mortality have similar utility for all patients,
and when the interventions influence both mortality and the adverse event in the same direction.
However, when the rate of either the adverse event or mortality is high for one of the interventions,
it is difficult to assess differences between the interventions on the less prevalent outcome (Colan-
tuoni et al., [2018; (Goldberg et al., 2014).

Another solution is to define a composite ordinal outcome that combines the occurrence of
death and the adverse event in an increasing scale of severity. In randomized clinical trials, the de-
sirability of outcome ranking (DOOR) was proposed as a possible ordinal outcome that combines

the occurrence of multiple outcomes and ranks these combinations by their desirability (Evans



et al., 2015). The DOOR distributions are compared between the study arms by estimating the
probability that an individual selected at random will have a better DOOR if assigned to the active
intervention. Non-parametric tests and interval estimates can be used to evaluate whether this
probability exceeds 50%. Analysis based on DOOR has been restricted to randomized studies and
to compare marginal distributions without adjustments for covariates. Another composite statis-
tic that has been proposed for randomized controlled trials is the win ratio (Pocock et al., [2011)).
Among matched pairs of units, one receiving the active intervention and one receiving the control
intervention, the win ratio estimates how often a unit under the intervention fared better than
a unit under the control. A ”winner” is assigned in each matched pair based on which unit had
the more desirable outcome first, or lasted longer without experiencing an adverse outcome. The
number of “winners” under each intervention is computed and used to calculate the win ratio. The
win ratio does not adjust for covariates and it relies on time to event data. In addition, when
risk-matching among patients is not possible, obtaining confidence intervals and p-values for the
win ratio is complex (Pocock et al., [2011)).

We propose a new Bayesian method for observational studies that fits two conditional models
for the adverse event and death in each study arm. Based on these models, we multiply impute the
unobserved outcomes for each participant under the opposite intervention and construct a composite
ordinal outcome. The proposed method generates statistically valid point and interval estimates
for any causal estimand with ordinal outcomes. We apply this method to compare the 180-day
risk of death and heart failure following the initiation of a SU or DPP4l among NH residents with
T2DM. We show that a randomly selected patient is estimated to have a 5% higher risk of having
a worse outcome under DPP4I than of having a worse outcome under SU, but this result was not

significant at the 5% nominal level.

1.2 Methods

1.2.1 Notation and Definitions

In a sample from a population of N units indexed ¢ = 1,..,n < N, let ng be the number of
units receiving the control intervention and n; = n — ng units receiving the active intervention,

where the control intervention may represent another active intervention. Let W; € {0,1} be an



indicator that is equal to 0 if unit ¢ received the control intervention, and 1 if it received the active
intervention. We define Y;(0) = {A;(0), D;(0)} to be a joint outcome indicating whether an adverse
event, A;(0), or death, D;(0), occurred between the initiation of the control intervention and the
end of the study period for unit 7. Similarly, let Y;(1) = {A4;(1), D;(1)} be the joint outcome for the
active intervention. We write Y (0) = {Y;(0)}¥, and Y (1) = {Y;(1)}}¥, to denote the collection
of joint outcomes for the sample. Because individuals can receive only one of the interventions at
a specific time point, only one of Y;(0) and Y;(1) can be realized and observed (Rubin, 19784).
Assuming the stable unit treatment value assumption (SUTVA) (Rubin, 1990a), the observed and

missing outcomes are,

Y = Y (1)W; + Y;(0)(1 — W;)

Y7 = Y(1)(1 = Wy) + Y(0)(W5).

For each unit, we also observe a set of P covariates, X; = {X}, ey Xip }, that are recorded prior to
initiation of the intervention.

To estimate the causal effects of the intervention, we need to identify the probability that
units received the active intervention, P(W|Y(1),Y(0),X), commonly referred to as the assign-
ment mechanism (Rubin, |19784d]). Assuming that the assignment mechanism is strongly ignorable

(Rosenbaum and Rubin, 1983d), and that the units are independent, we have

N

P(W[Y(0) HP = 1]Yi(1), Y:(0), X, ¢) = HP = 1IX;,¢) = [ [ e(Xa),
i
where ¢ comprises the parameters governing this distribution, and e(X;) is the propensity score
for unit ¢ (Rosenbaum and Rubin) [1983¢). In randomized controlled trials, the propensity score is
known as part of the design phase. In observational studies, the probability of receiving each of
the interventions is unknown, and only an estimate of it, é(X;), is available. Multiple procedures
have been described for estimating the propensity score (Westreich, Lessler and Funkl, [2010; Stuart),
2010; |Guo, Fraser and Chen, 2020). We assume that the propensity scores have been estimated
using any procedure selected by the investigators in the design phase of the study. Our method

will utilize the estimated propensity score at the analysis stage.



1.2.2 Composite Ordinal Outcome and Estimands

Estimands, which are functions of unit-level potential-outcomes, are used to summarize the effects
of an intervention across a population of interest (Gutman and Rubin, 20154 |[Rubin, 1978a).
Possible estimands that are defined for the entire population and consider death and the adverse
event outcome separately include the difference in proportions, Pr(A;(1) = 1) — Pr(A;(0) = 1) and
Pr(D;(1) = 1) — Pr(D;(0) = 1), and their corresponding risk and odds ratios. These estimands
do not consider the correlations between the outcomes, which may lead to misleading conclusions
when mortality is differentiable between the two treatments. Other possible estimands to address
this issue are based on a binary composite outcome. A binary composite outcome is equal to 1 if
either of the events occur and zero otherwise. For example, the difference in proportions estimand
for this outcome is Pr(A;(1) = 1U D;(1) = 1) — Pr(A4;(0) = 1U D;(0) = 1). This estimand may
present an incomplete picture when the probability of mortality is much larger than the probability
of adverse event and vice versa. A different estimand that attempts to address this limitation is
the SACE. The SACE estimates the effects of the intervention on the adverse event among the sub-
population that survives under both interventions: Pr(A;(1) = 1|D;(0) = D;(1) = 0) — Pr(A;(0) =
1/D;(0) = D;(1) = 0). This estimand may not present the entire toxicity profile of intervention,
when mortality is higher for one of the interventions.

To address these limitations we define a composite ordinal potential outcome G;(w) that com-

bines deaths and adverse events in an increasing scale of severity:

1 if Yi(w) = {0,0}
2 if Yi(w) = {1,0}
3 iin(w):{O,l}.

4 if Yi(w) = {1,1}

This definition assumes that death is worse than undergoing an adverse event, but different rankings
of severity and additional ordinal levels can be used in other situations. This outcome is well-defined
on the whole sample, and enables researches to consider the associations between adverse events

and death.
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Let pip(w) = Pr(Gi(w) = k) for k = 1,...,4; possible estimands for the composite ordinal

outcome are p(1) — px(0), i:gé; and g:gé;%tg:gég;, which describe the difference in probabilities,

the relative risk and the odds ratio of being in level k of the ordinal outcome under the active
intervention and the control intervention, respectively.

A different estimand is the distributional estimand for ordinal outcomes (Ju and Geng, [2010)),

Aj=Pr(Gi(1) <j) = Pr(Gi0) <j)=>_> pu—>_ Y pu 1<j<4, (1.1)
l

k>j k 1>j
where pi; = Pr(Gi(1) = k,G;(0) = 1) for k,l € {1,2,3,4}. This estimand is comprised of four
values corresponding to each level of the ordinal outcome, with positive A; indicating that an
individual is more likely to experience level j or lower under the active intervention than the
control.

Two other estimands were proposed by Lu et. al.(Lu, Ding and Dasgupta, [2018)),

710 = Pr(Gi(1) > Gi(0)) = Y “pu, and k10 = Pr(Gi(1) > Gi(0)) = > pi.

k>1 k>1

Estimand 719 describes the probability that an individual has an outcome under the active inter-
vention that is greater than or equal to their outcome under the control intervention, while kg
describes the same quantity but for the strictly greater case. The estimands 7y and kg1 correspond
to 1190 and k19, but with the ordinal outcome being larger under the control intervention than the
active intervention. The estimands k19 — ko1 and 2—(1)(1) describe the difference in probabilities and
relative risk of an individual doing strictly worse under the active intervention compared to doing
strictly worse under the control intervention, respectively. The estimands 719 and k19 can be used

to define the Mann-Whitney estimand (Agresti, 2010; Bross, |1958; [Follmann et al., 2020)),

1 Kio + T
Ui = Pr(Gi(1) > Gi(0)) + 5 Pr(Gi(1) = Gi(0)) = %
This estimand describes the probability that an individual selected at random has inferior outcomes

under the active intervention compared to the control intervention, and 1_U[1]010 describes the odds

of this scenario.

Let, g (w) = Pr (Gi(1 — w) = 1|G;(w) = k), the conditional probability matrix under interven-

11



tion w is another possible estimand,

This matrix describes the probabilities that an individual would have outcome [ under intervention
1 — w given that they have outcome k under intervention w. Individual probabilities within the
matrices can be subtracted, II(1) — II(0) or divided II(1)/II(0) to obtain risk differences or risk

ratios corresponding to specific events, respectively.

1.2.3 Bayesian Imputation of Counterfactual Outcomes

Deriving interval estimates for the estimands in Section 2.2 can be analytically complex, and Lu
et al.(Lu, Ding and Dasgupta, 2018 describe sharp bounds to estimate 719, k19 and Ujg. We view
causal inference from a missing data perspective (Rubin, [1976), and extend a method introduced
by Gutman and Rubin (Gutman and Rubin, 2013a, 2015@) to multiply impute the unobserved
potential outcomes. Let v = v(Y(1),Y(0)), be a predefined estimand. A Bayesian approach to

estimating v will condition on the observed data Y W, and X to estimate

f(,y|YOb8, X, W) _ / f(,Y|YObs’ Ymis, X, W)f(YmiS|YObS7 X, W)de’LS

= / f(’)/|Y0bs, Ymis’ X, W)f(Ymis|YObs, X)dez’s‘

Because the distribution of 7y is a function of the potential outcomes, X, and W, only the conditional
distribution of the missing outcomes, f (Ymis|Y"bs, X)), is required to estimate the distribution of
~ (Gutman and Rubin), 20154d)). This distribution can be written as the product of the conditional
distribution of the adverse event given the observed values, and the conditional distribution of

death given the observed values and the adverse event,
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f(Ymis|YObs,X) — f(DmiS,AmiﬂDObs,AObs,X)

— f(Dmis‘Amis, Dobs7 Aobs’ X)f(Amis’Dobs’ 1A017s7 X) (12)

In observational studies with an unconfounded assignment mechanism, Gutman & Rubin (2015)
proposed to estimate the response surface, Ey, (Y (w)| X, 0y) = hy(X, 0y), using a spline along the
propensity score and linear adjustments for the other covariates. This method relies on subclasses of
the propensity scores to balance the covariates across treatment groups while increasing efficiency
using splines. In addition, it relies on linear adjustments for the components of the covariates
orthogonal to the propensity score to gain additional efficiency and control for minor residual

imbalances. Formally, we approximate the conditional distributions in Equation (1.2)) as

Pr(Ai(w) = 1|X;,05) = g~ (fi(9(e(X)), BY) + X} 8%) (1.3)

and,

Pr(Di(w) = 1|X;, 0%, Ai(w)) = g7 (f2(9(é(Xy)), BL) + X} 8L + nwAi(w)), (1.4)

where ¢ is the logit function, fJ and fg) are splines over the propensity scores, 6% = {B%, 3%} and
Hffj = {B%, 63}, Nw} are the sets of unknown parameters in Equations and , respectively,
and X} = (X}, ..., X/ ™1), with X;p being omitted.

Assuming that Y;(1) and Y;(0) are conditionally independent given X;, % and 6 | and that the
prior distributions of #¢ and ¢ are independent, the posterior distributions of {6¢,6¢} and {6¢, 64}
are independent. This assumption is formally known as no contamination of imputation across
treatments (Rubin, [2007), and is made by many causal inference methods (Gutman and Rubin),
2015d). In addition, we assume that P(62,09) oc P(62)P(6), then 6¢ and 6¢, and 6¢ and 64, have
independent posterior distributions. Let 1% (62D, A X) and % (82 | D, A™s A% X)) be
the posterior densities of the parameters in equations (1.3]) and under treatment w for adverse
events and death, respectively. To obtain m = 1,..., M samples of Y (0)™*, we sample at iteration
m, Gg(m) and Gg(m) from ¢ and g, respectively. Given HS(m) and le(m), we sample Y;(0)™5(m)
from the posterior predictive distribution implied by Equations and . Similarly, Y;(1)™

can be sampled from the corresponding posterior predictive distributions.
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When estimating the posterior distribution of ~, it is important to distinguish between finite-
sample and super-population estimands, denoted /P and 7°P, respectively. To estimate 7P we
need to consider the distribution of the covariates in the super-population, F'(X;) , which is not
necessary when estimating v/P. Estimating F(X;) is part of the design phase of observational
studies because it does not involve any outcomes. When X is assumed to be a simple random
sample from the population, the empirical distribution, in, can be used to approximate the super-
population distribution of the covariates. Under other sampling mechanisms, different approaches,
such as weighting, may be required to estimate F'(X;). We now summarize the procedure for

estimating ~:

1. Estimate the propensity score, é(X;) for each of the n units in the sample, and partition these

n units into K sub classes based on the quantiles of the estimated propensity scores.

2. Based on equations (1.3) and (1.4)) estimate Pr(A;(w) = 1|X;,6%), and

Pr(D;(w) = 1]4;(w), X;,6%), respectively, within treatment groups.

w

3. Obtain M samples of 63, 93 and 0, 9% from their corresponding posterior distributions.

4. Using the m'™" sample, ég(m), sample A;(0) from a Bernoulli distribution with probability
Pr(A4;(0) = 1|X;, Gg(m)). Using é?(m) sample A;(1) for units with W; = 0 from a Bernoulli
distribution with probability Pr(A;(1) = 1|X;, 6™).

5. Using ég(m) and the sampled unobserved outcomes A™s from the previous step, impute
the unobserved mortality for units with W; = 1 by sampling from a Bernoulli distribution
with probability Pr(D;(0) = 1|X;, Gg(m), Amis). Using éf(m), sample the unobserved death
outcomes for units with W; = 0 from a Bernoulli distribution with probability Pr(D;(1) =
11X, 69| Amis),

6. Repeat steps 4 and 5 form=1,..., M.

7. Form = 1,..., M, let 4™ = p(Y(1)(™ Y (0)(™) with Y;(w)™ = {A;(w)™), D;(w)™}
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where

. Agbs if W; = w
Ai(w)(m) — Di(w)(m) —

ATy £ DMEM i W £ w

(2 3

Dgbs if Wy =w

8. The point estimate of v is 4 = ﬁ Zf‘i 1 4(m) " Let the sampling variance of (™) be Um) (U (m)
= 0 for finite-sample estimands). We let U = - Zf\i L U™ define the within imputation
variance and B = 57~ Zf\i LA™ — 4)2 define the between imputation variance. The total

estimate of the sampling variance for 4 is T = U + (1 + 7)B.

9. Posterior inferences are based on a t-distribution with v;; degrees of freedom where vy =
2

(M —1) (W) (Rubin) 2004)) . In small data sets, use the t-approximation derived by

Barnard and Rubin (Barnard and Rubin, [1999) and also described by Yuan(Yuan, [2010) to

estimate posterior intervals (Appendix Section [A1.1]).

When M is large enough, posterior interval estimation for finite-sample estimands can also be

derived using the percentiles of the distribution of ’y(m) where m = 1, ..., M. Some super-population

(m) pd(m) pa(m) pd(m)
9 00 9 91 9 01

estimands can be estimated using 98 , and omitting steps 4-9 in the estimation

procedure. For example, the super-population average treatment effect on adverse events, v =

(0%, 605) = Ex,[v(61, 65, X,)|6f, 65], where

V01, 65, Xi) = Ea,(1),4,(0)[Ai(1) — Ai(0)[67, 05, X]

= Pr(A;(1) = 1|1X;,67) — Pr(A4;(0) = 1]X;,63).

Assuming that the data originates from a simple random sample, and using the empirical distribu-
tion to approximate the covariate distribution in the super-population, we have
(g5 -
) = =37 (Prai®) = 11X, 01™) = PriA,(0) = 11X, 65™) ) = 201, 65™).

n -
=1

(m)’ eg(m) ea(m)

The posterior distribution of 4*? can thus be obtained using the M samples of 6 1

and Qf(m). Point and posterior interval estimates can be derived from this posterior distribution

using the mean and quantiles of the distribution, respectively.
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1.2.4 Sensitivity Analysis

The proposed Bayesian estimation procedure relies on the strong ignorability assumption, which
cannot be tested with observed data. To assess the validity this assumption we describe an inter-
pretable sensitivity analysis.

Let Z = {Z1,..,Z,} denote an unobserved covariate, independent from observed covariates,
with E[Z;] = pi « Wi + pg * (1 — W;). The parameters pj and p§ denote the expected value of
the unobserved covariate among those assigned to the active and control treatments, respectively.
Without loss of generality, we set j = 0 so that u§ describes the bias in Z between subjects
assigned to receive the control intervention and subjects assigned to receive the active intervention.
We define the following relationship between the estimated log odds of experiencing an adverse

event and death, and the unobserved covariate:

logit ( Pr(A;(w) = 11X;,6%)) =/a(9(e(X:)), BY) + X} 5% + 8.2

logit (Pr(Dy(w) = 11X, 02, Ai(w)) ) =F2(9(6(X0)), BE) + X752 + i Ai(w) + a2

The parameter §, describes the linear change in the conditional log odds of experiencing the adverse
event under both treatments due to a one unit change in the unobserved covariate Z. §4 defines
the same relationship, but for the occurrence of death. To assess the sensitivity of estimates to
violations of the strong ignorability assumptions, we incorporate Z into the estimation procedure

for different pg, 6, and dg4.

1.3 Description of Data for Comparing Interventions for Type II

Diabetes

To illustrate the method proposed in Section [I.2.3] we analyze an observational study that com-
pares the effects of sulfonylureas (SUs) and dipeptidyl peptidase-4 inhibitors (DPP4Is) among NH
residents with type 2 diabetes mellitus (T2DM) (Zullo, 2017). The data consists of U.S. NH resi-
dents aged 65 and older who initiated a DPP4I or SU between January 1, 2008 and September 30,
2010, and reside in a NH for at least three months preceding the initiation. After exclusions, the

initial cohort included 1,064 new DPP4I users and 6,821 new SU users. The propensity score was
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estimated using logistic regression with a set of 198 covariates extracted from the Minimum Data
Set (MDS) (Centers for Medicare & Medicaid Services, 2021)) and Medicare parts A (inpatient),
B (outpatient) and D (prescription drug) claims data. A one-to-one matching procedure using
the propensity score yielded 1,008 patients initiating DPP4I and 1,008 initiating SU. Although
propensity score matching is not necessary to apply the proposed method, we rely on the final
data set from this study and estimate average effects among the treated when conducting the data
analysis. This ensured that only minor imbalances among observed covariates exists between the
two treatment arms. The outcomes of this study were the occurrence of adverse cardiovascular

events and mortality within 180 days of initiation.

1.4 Simulated Case Studies

We design simulated case studies in which we control the assignment mechanism and the treatment
effects for two interventions to display the differences in interpretation between estimands and to
show the operating characteristics of the proposed method. The simulated data is based on the
matched subjects described in Section Out of the 198 covariates, we selected three continuous
covariates: number of comorbidities, Morris activities of daily living scale, and number of days per
week using a diuretic, and two binary covariates: an indicator of treatment for skin conditions and
an indicator of hypertension. We define the probability that unit i receives the active intervention
as

Pr(W; = 1|1X;,a) = v H(X;a), (1.5)

where « is a link function, X; consists of the 5 covariates described above, and « is a coefficient

vector. The expected probability that unit ¢ experiences the adverse event under treatment w is
Pr(Ai(w) = 11X, ¢, ) = u™ (o5, + X&) (1.6)

where ¢% is a scalar that controls the overall probability of experiencing the adverse event outcome
in treatment group w, and £ is a vector parameter that defines the relationship between the
covariates and the adverse event outcome. The expected probability that unit ¢ experiences death

under treatment w is defined as
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Pr(Di(w) = 11X, ¢, &4, Ai(w)) = u™ ' (¢ + Xillh + Cuw * Ai(w)) (1.7)

where the parameter (,, defines the dependence between the adverse event and death outcomes.
We examined multiple estimands to summarize the results of the data: the ITT for the adverse
event and death separately, the ITT for a composite binary outcome, the SACE, k19 — %01, % and

the probability that G;(w) =k, for all k € {1,...,4} and w € {0,1}, where G;(w) is defined:

1 if patient ¢ neither dies nor experiences heart failure under treatment w
2 if patient ¢ experiences heart failure but does not die

3 if patient i does not experience the heart failure but does die

4 if patient ¢ experiences both heart failure and death.

1.4.1 Case Studies

For each case study, we assume that u is the logistic function and that the values of £, are fixed

at the posterior mean of the logistic regression parameters estimated using the data in Section

We set (1, Co, ¢, ¥ ¢ and gog to the values depicted in Appendix Tables [A1.1| and [A1.2]

Each setting provides different data generating mechanisms that are used to examine the operating
characteristics of proposed Bayesian method. In the first case study, the adverse events and death
occur together more frequently when W; = 1 compared to W; = 0. In the second case study, fewer
adverse events occur when W; = 1 compared to W; = 0, but the adverse events that occur under
W; = 1 result in higher mortality than the adverse events that occur under W; = 0.

In Case Study 1, the ITT effects for the occurrence of the adverse event and mortality are
0.035 and 0.030, respectively, which implies that individuals under the active intervention suffer
from more deaths and adverse effects on average. The SACE for adverse events is -0.065 which
indicates that among those who survive under both treatments, less adverse events occur for those
receiving the active intervention on average. The ITT effect of the composite binary outcome is
-0.004. This indicates that, on average, the probability of suffering from either an adverse event

or death is practically the same under both interventions. These estimand values illustrate the
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Table 1.1: Values of different estimands under the data generating mechanism defined in Section

L4

Case Study 1 Case Study 2
w=1 w=0 Value | w=1 w=0 Value
ITT Adverse | 0.380 0.345 0.035 | 0.193 0.226 -0.033
ITT Death 0.568 0.538 0.030 | 0.378 0.252 0.127
ITT Composite | 0.634 0.638 -0.004 | 0.415 0.363 0.052
SACE 0.152 0.217 -0.065 | 0.059 0.148 -0.089

Estimand

Pr(Gy(w)=1) | 0.366 0.362 0.005 | 0.585 0.637 -0.052
Pr(Gi(w) =2) | 0.066 0.100 -0.034| 0.037 0.111 -0.074
Pr(Gi(w)=3) | 0.253 0.292 -0.039 | 0.222 0.136 0.086
Pr(Gy(w)=4) | 0.315 0.245 0.070 | 0.156 0.115 0.041
K10 — RO1 - - 0.092 - - 0.120
£10 - - 1.445 - - 1.608

difficulties that can arise from using traditional estimands, in which ITT estimands show that the
active intervention increases the probability of adverse events and death, but the SACE shows an
effect in the opposite direction and the composite binary outcome shows no effect.

The composite ordinal outcome provides a clearer interpretation. The probability of composite
ordinal outcome levels 2 and 3 are higher under the control intervention, indicating more patients
are experiencing adverse events and death separately. The probability of composite ordinal outcome
level 4 is higher under the active intervention, implying that death and the adverse event are occur-
ring more often together under the active intervention. The composite ordinal outcome estimands
K10 — Ko1 and ,’:—(1)‘1) indicate that patients are expected to do worse under the active intervention
more often than they would under the control intervention.

In Case Study 2, the ITT effects for the occurrence of the adverse event and mortality are
-0.033 and 0.127, respectively. This indicates the probability of suffering from an adverse event
is higher under the control intervention, however, the probability of mortality is higher under the
active intervention. The SACE for the adverse events is -0.089, which indicates that among those
who survive under both treatments, the probability of experiencing an adverse event is higher
for those receiving the control intervention. The ITT effect for the composite binary outcome is
0.052. This indicates that the probability of suffering from either an adverse event or death is
larger under the active intervention. Each of these estimands may lead to different conclusions

regarding the toxicity profiles of the interventions. The composite ordinal outcome provides a more
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complete description for the effects of the intervention by considering the effects on death and the
adverse event simultaneously. Overall, patients are expected to do worse more often under the
active intervention than they would under the control intervention. This can also be seen using
G;i(w), where the individuals with W; = 1 have higher probability of being at levels 3 and 4 of the

composite ordinal outcome.

1.4.2 Simulation Results

The case studies in Section [1.4.1] were replicated with 1000 datasets. The vector parameter «
in Equation is sampled from a multivariate normal distribution with mean 0 and identity
covariance matrix at each replication. This resulted in different subpopulations assigned to the
active intervention. We estimated all of the estimands in Table 1 using the proposed Bayesian
Method with a natural cubic spline on the propensity score. We compared the method to a Doubly
Robust (DR) estimator (Robins, Rotnitzky and Zhao, |1994) that estimates both the propensity
score and outcomes using logistic regression models with all available covariates. The SACE,
K10 — Ko1, and :—(1)‘1) were not estimated using a DR method because we did not identify a valid
DR method to estimate these estimands in observational studies. When defining the natural cubic
spline for the proposed Bayesian method, we start by defining six subclasses using quantiles of the
propensity score distribution. In order to be able to estimate a separate cubic polynomials within a
subclass, we need three observations from each treatment group. When the number of observations
in each subclass for each treatment group was smaller than 3, we decrease the number of subclasses
until we have at least three observations from each treatment group in each subclass. Six subclasses
were selected intitially because it was shown to have good performance in many scenarios when
estimating treatment effects for dichotomous outcomes (Gutman and Rubin, [2013a). Additionally,
the Cauchy prior distribution with mode 0 and scale parameter of 2.5 has been shown to have good
operating characteristics when used for Bayesian logistic regression in many scenarios, including
complete separation (Gelman et al.,2008). Thus, we assume independent Cauchy distributions with
mode 0 and scale 2.5 as the prior distributions for all model parameters in all logistic regression
outcome models.

When there is no analytical form to the posterior distribution, sampling from it can be com-

putationally intensive when repeating for 1000 replications of each case study. To reduce the
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computation at each replication of each case study, we estimated the Bayesian logistic regressions
for the outcomes with the baysglm function in the arm library (Gelman and Su, 2022)). This method
utilizes an approximate EM algorithm to obtain the maximum a posteriori probability (MAP) esti-
mates for the model’s parameters (Gelman et al., 2008). In large samples, the posterior distribution
of these estimates can be approximated with a multivariate normal distribution centered around
the MAP estimate with the expected Fisher Information as the variance-covariance matrix. In our
simulations, we relied on this approximation to draw samples from the posterior distribution of 6§,
¢ 0¢ and 65.

Table 1.2: Simulation results for the first case study

Estimand Bayesian Method DR
Coverage* Bias L.W.T RMSE|Coverage* Bias L.W. RMSE
ITT Adverse 94 -0.001 0.080 0.021 95 0.000 0.083 0.022
ITT Death 95 0.000 0.092 0.023 96 0.001 0.097 0.024
ITT Composite 94 0.001 0.085 0.022 96 0.001 0.092 0.023
SACE 94 0.001 0.104 0.028 - - - -
Pr(G;(1) =1) — Pr(G;(0) =1) 94 -0.001 0.085 0.023 96 -0.001 0.092 0.023
Pr(G;(1) =2) — Pr(G;(0) = 2) 94 0.000 0.052 0.013 94 0.000 0.056 0.015
Pr(G;(1) = 3) — Pr(G;(0) = 3) 95 0.002 0.085 0.022 96 0.001 0.092 0.023
Pr(G;(1) = 4) — Pr(G;(0) = 4) 95 -0.001 0.074 0.018 95 -0.001 0.079 0.020
K10 — Kol 96 0.001 0.102 0.027 - - - -
% 96 0.005 0.399 0.101 - - - -

* Coverage of 95% credible interval
* Coverage of 95% confidence interval
T Interval Width

Table depicts the performance of the estimation methods for each of the estimands in the
first case study when ¢ in Equations , , and is the logistic link function. The Bayesian
and DR methods generally result in well calibrated interval estimates. Interval lengths and root
mean squared errors are slightly larger for the DR method compared to the Bayesian methods. The
proposed Bayesian method also produced well calibrated credible intervals for the SACE and for
ordinal outcomes estimands. For both Bayesian and DR methods, the bias of estimates is relatively
small.

In order to assess the methods’ sensitivity to specification of the link function, we modify u in

Equations (1.5)), (1.6]), and (1.7) to be from the Burr family which takes the form,

Fu(z)=1—(1+e")C
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Table 1.3: Simulation results for the first case study under Burr link function with ¢ = 0.5.

Estimand Bayesian Method DR
Coverage Bias I.W. RMSE|Coverage Bias I.W. RMSE
ITT Adverse 95 0.004 0.081 0.021 95 0.001 0.082 0.021
ITT Death 94 0.004 0.095 0.024 96 0.000 0.098 0.025
ITT Composite 95 0.005 0.095 0.025 95 0.000 0.099 0.026
SACE 93 0.003 0.085 0.023 - - - -
Pr(G;(1) =1) — Pr(G;(0) =1) 95 -0.005 0.095 0.025 95 0.000 0.099 0.026
Pr(G;(1) =2) — Pr(G;(0) = 2) 94 0.002 0.060 0.016 94 0.000 0.062 0.017
Pr(G;(1) = 3) — Pr(G;(0) = 3) 96 0.002 0.082 0.021 95 -0.001 0.086 0.022
Pr(G;(1) = 4) — Pr(G;(0) = 4) 94 0.002 0.063 0.017 95 0.001 0.067 0.018
K10 — Ko1 95 0.006 0.106 0.028 - - - -
£10 95 0.031 0.414 0.112 - - - -

When ¢ = 1, F.(z) corresponds to the inverse of the logistic link function. For our simulations,
we set ¢ = 0.5 as in Gutman and Rubin(Gutman and Rubin, 2013a). Table describes the
performance of the Bayesian and DR estimating methods for each of the estimands in the first
case study with the Burr link function. The Bayesian estimation method results in approximately
nominal coverage for all traditional and ordinal I'TT estimands under the misspecified link function
(Table[1.3). The 95% confidence intervals for the DR methods have similar coverage rates, interval
length and RMSE. Similar results are observed for the second case study (Tables and in

the Appendix).

1.5 Comparing Interventions for Type II Diabetes Mellitus among

Nursing Home Residents

We analyze the effect of treatment of T2DM with DPP4Is and SUs in NH residents using the
proposed Bayesian method and the data described in Section Because we use the propensity
score matched sample, we estimate the treatment effects among those treated with DPP4Is. Let
W; = 1 indicate treatment initiation with DPP4I and W; = 0 indicate treatment initiation with SU.

D;(w) and A;(w) indicate the occurrence of death and heart failure, respectively, under treatment
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w for patient i. Based on the functional forms described in Equations (1.3) and (1.4}, we assume:

Aj(w) ~ Bern(logit ™ (f5(g(é(Xy)), BE) + X - 5%))
D;(w) ~ Bern(logit ™ (f2(g(é(X:)), BL) + X} - 8¢ + Ai(w) - 1))

. 2
Bt ESY <0, f) for ¢ € {a,d} ,w € {0,1}
B[

B! "L N (0,8%) for £ € {a,d},w € {0,1}
Nw ~ N(0,8%) for w € {0,1}

Age, ~ half-Cauchy(0,1) for £ € {a,d},w € {0,1},

where f(é(X;),B%) is a natural cubic spline on the logit of the estimated propensity score with
5 internal knots, B% and B¢ represent vectors of unknown spline coefficients, 5% and 8% are
unknown linear adjustment coefficients, and 7, is an unknown coefficient defining the relationship
between the adverse event and mortality. Because we already include a spline on the logit of the
estimated propensity score and there are a large number of covariates in each regression model,
we assume (3% AN (0, ;’;) and Ag: ~ half-Cauchy(0,1) for £ € {a,d},w € {0,1} . These
prior distributions shrink thewestimates of the parameters towards zero and are commonly referred
to as the Ridge shrinkage prior distribution (van Erp, Oberski and Mulder, 2019). To test the
sensitivity of the results to the prior distribution, we also conducted the analysis assuming the
components of ﬁfu independently follow the Laplace distribution with location parameter 0 and
scale parameter % for ¢ € {a,d},w € {0,1}. This prior distribution is commonly referred to
as the Lasso Shrinljage prior distribution (van Erp, Oberski and Mulder, [2019). The results are
quantitatively similar for both prior distributions and we report only the ones using Ridge prior
distributions.

Treatment effects were summarized with both traditional estimands and composite ordinal
outcome estimands using G;(w), where G;(w) is defined as it is in Equation (L.8). Because we are
analyzing treatment effects in the super-population, we estimated the estimands by sampling from
the posterior distributions of functions of 62, 8%, 63 and 6¢ using the sampling procedure in Section

m To sample from the posterior distributions we used the JAGS software (Depaoli, Clifton and

Cobb), 2016)) and the rjags package (Denwood, 2016|). The Gelman-Rubin convergence statistics
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for all model parameters were less than 1.1 and posterior predictive checks demonstrated suitable

model fit (see Figures and in Appendix).

1.5.1 Results

Table summarizes the results for the I'TT for heart failure and death, the composite binary
outcome and the SACE. Except for the death ITT, the other three estimands are greater than
zero, but do not reach the 5% significance level. Nursing home residents with T2DM have 2% (95%
Crl [-0.01, 0.04]) higher probability of heart failures within 180 days when treated with DPP4I
(0.08, 95% CrI [0.07, 0.09]) compared to SU (0.06, 95% [0.05, 0.08]). Mortality within 180 days is
similar between DPP4I (0.27; 95% CrI [0.24, 0.29]) and SU (0.27; 95% CrI [0.24, 0.29]). Lastly,
among NH residents who survive for 180 days under both drugs, those who used DPP4I have 1%
(95% Crl [0.00, 0.04]) higher probability of experiencing heart failure compared to those that use
SUs.

Table 1.4: Posterior mean and 95 % super-population credible interval for traditional estimands
estimated using the proposed Bayesian procedure

Treatment Heart Failure Death  Composite Binary SACE

DPP4I 0.08 0.27 0.30 0.04
[0.07, 0.09 0.24, 0.29] 0.28, 0.33] [0.03, 0.05]

SU 0.06 0.27 0.29 0.027
0.05, 0.08] 0.24, 0.29] (0.26, 0.31] [0.02, 0.04]

Difference 0.02 0.00 0.02 0.01
[~0.01, 0.04]  [—0.04, 0.04] [~0.01, 0.04] [0.00, 0.03]

Table [1.5] presents the results for treatment effects with ordinal outcomes. After 180 days from
the initiation of either DPP4I or SU for T2DM, DPP4I and SU users had similar risk of experiencing
heart failure but not death (Risk Difference (RD): 0.01, 95% Crl: [0.00, 0.02]), death but not heart
failure (RD: -0.01, 95% Crl: [-0.04, 0.03]) and both heart failure and death (RD: 0.01, 95% Crl:
[-0.01, 0.02]). The mortality under both treatments is similar, with approximately 27% of patients
having outcomes in level 3 and 4 for both DPP4I and SU. Nursing home residents with T2DM were
estimated to have a 5% higher risk of a worse composite ordinal outcome under DPP4I compared to
SU, but this estimate was not statistically significant at the 5% nominal level (k19/k01: 1.05, 95%
Crl: [0.87, 1.24]). The estimated posterior probability that a resident selected at random would

experience a worse composite ordinal outcome under DPP4I compared to SU is 0.72.

24



Table 1.5: Posterior mean and 95 % super-population credible interval for proportion of patients
who would experience each level of the outcome under each treatment

Treatment Pr(G;(w) =1) Pr(G;(w) =2) Pr(G;(w) =3) Pr(Gi(w) =4)

DPP4I 0.70 0.03 0.22 0.050
[0.68, 0.73] 0.02, 0.04] [0.19, 0.24] [0.04, 0.06]

SU 0.71 0.02 0.22 0.04
[0.69, 0.74] [0.01, 0.03] [0.20, 0.25] (0.03, 0.06]

Difference —0.01 0.01 0.01 0.006
[—0_057 0.03] [0.00, 0.02] [0.04, 0.03] [0.01, 0.02]

The third row in Table [1.6{describes the estimates of Aj, j € {1,2,3} in Equation (1.1). At each
level of the composite scale, the posterior mean of A; is either 0 or negative. This indicates that
on-average residents who received SU have lower ordinal outcome than those who receive DPPA4I.

However, none of these estimates are significant at the 5% nominal level.

Table 1.6: Estimates and 95% CI for Distributional Causal Estimands

Treatment Pr(G;(w) = 1) Pr(G;(w) < 2) Pr(G;(w) < 3)

DPP4I 0.70 0.73 0.95
[0.68, 0.73] [0.71 0.76] [0.94, 0.96]

SU 0.71 0.73 0.96
[0.69, 0.74] [0.71, 0.76] [0.94, 0.97]

Difference —0.01 0.00 —0.01
[—0.05, 0.03] [—0.04, 0.04] [—0.02, 0.01]

1.5.2 Sensitivity Analysis for Data Application

We use the procedure described in Section[I.2.4]to examine the sensitivity of estimates of the relative
treatment effect (RTE), k19 — Ao1, to the strong ignorability assumption. For selected values of
W, we calculate A19 — Ao1 and its standard error (SE) at different levels of J, and d4. We then
compute a standardized effect, m, and plot its value at each combination of d, and d4. We
let the unobserved covariate Z be normally distributed with unit variance because covariates in our
model have been standardized. Thus, u%;; describes the standardized bias between the distribution
of Z; in patients who initiated a SU and patients who initiated a DPP4I. Figure 3 displays the
results for d4,d4 € [—1,1] and pg; = 1. Under the strong ignorability assumption, 19 — Ao was
0.01 (SE 0.02), which implies a standardized effect of approximately 0.5.

All standardized values of £1g — kg1 are between -0.11 and 0.77, with the estimated value dropping

below 0 only when d, approaches -1 and 04 approaches 1. This shows that even with a relatively

large standardized bias of 1 (Rubin, 2001) the standardized estimate is between the 2.5% to the
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Figure 1.1: Sensitivity of the standardized relative treatment effect at different levels of §, and dg4
when pg; = 1. The black dot denotes where J, and dg4 equal 0.

97.5% percentile of the Normal distribution. These results hold even when the unobserved covariate
has a conditional log odds below -5 on the adverse events and larger than 5 on death. These are
large effect sizes, and none of the observed variables had a conditional log odds of this magnitude
for either the adverse event or death.

Figure depicts the sensitivity results for pug;; = —1, which displays large initial bias in the
opposite direction. Under this configuration, the standardized effect estimates remain between
-0.02 and 0.54, with estimates below 0 occurring only when J, approaches 1 while d; approaches
-1. This shows that with a standardized of -1 the standardized estimates of the RTE are between
the 2.5% and the 97.5% quantiles of the Normal distribution. Similar observations can be made
with a conditional log odds of more than 5 on the adverse effects and below -5 on death. This
demonstrates that the estimates of the relative treatment effect of DPP4I compared to SU are

relatively robust to violations of the strong ignorability assumption.

1.6 Conclusion

We propose a method for estimating the effects of interventions on adverse events in the presence

of mortality. Our method views causal inference as a missing data problem and explicitly imputes

26



Sensitivity of Standardized RTE: “éu =-1

0.57
RTE/SE

15
[ |

1.0
0.5
0.0
-0.5
-1.0

054 -1.5

10 05 0.0 05 10
84
Figure 1.2: Sensitivity of the standardized relative treatment effect at different levels of §, and dg4
when pg; = —1. The black dot denotes where d, and d4 equal 0.

the missing vectors of potential outcomes. This enables researchers to make inference on any finite-
sample or super-population estimand. The method can be applied to observational studies with
the strong ignorability assumption and to randomized trials. For observational studies, we also
provide a sensitivity analysis for the strong ignorability assumption. Combining the estimation
procedure with the sensitivity analysis can generate real world evidence on possible adverse effects
of interventions in the presence of differential mortality.

To address possible limitations of current estimands such as the I'TT and SACE, we proposed a
composite ordinal outcome to analyze the effects of interventions on adverse events. By combining
the occurrence of death and an adverse event on an increasing scale of severity, the outcomes can be
analyzed simultaneously so that the impact of the interventions on both is considered. The proposed
method can be applied to the entire population that participated in the study, in contrast to the
SACE estimand, which describes a subpopulation that may not be of interest when considering the
toxicity of interventions.

We provide case studies to display the differences in interpretation that arise from using the
traditional and the composite ordinal outcome estimands. The proposed ordinal estimand can

provide a more complete picture on the adverse effects of the different interventions. Simulating
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the case studies displays similar or superior performance of the proposed Bayesian method when
compared to a Doubly Robust method for estimating causal estimands under correctly specified
and misspecified link functions.

We apply the proposed Bayesian method to an observational study that compares the effects
of SUs and DPP4Is among NH residents with T2DM. Estimates of traditional estimands reveal
that in this population, more heart failure is expected to occur under DPP4I than SU. Specifically,
the composite ordinal outcome estimands show that a randomly selected patient is estimated to
have a 5% higher risk of having a worse composite ordinal outcome under DPP4I than having a
worse outcome under SU. However, this result was not significant at the 5% nominal level. Prior
analyses of these data utilize Cox proportional hazard models that include the occurrence of death
as independent censoring when estimating the treatment effects on the rate of heart failure (Zullo
et al., [2021; Zullo, 2017). These models ignore the possibility that one treatment may lead to
higher mortality because of more lethal heart failures or is less effective at treating T2DM. The
proposed Bayesian method analyzes death and heart failure simultaneously while ranking death as
the more severe adverse event to provide a more complete assessment of the risk profiles of the two
interventions. This enables investigators to assess relationships between heart failure and death by
producing estimates for the risk of each combination of these events under DPP4Is compared to
SUs. Additionally, the proposed method provides posterior probabilties that quantify the liklihood
that a patient experiences a worse composite ordinal outcome under either treatment. When using
the proposed Bayesian method for this analysis, no differential risks of heart failure or death were
found 180 days after initiating DPP4ls or SUs. However, at longer follow-up times, there may be
benefits to using the composite ordinal outcome scale because differential risks in mortality may
be more likely.

A possible limitation of the proposed composite ordinal outcome is that individuals who die
during the study period may survive longer under one intervention and therefore have higher
probability of experiencing an adverse event. One possible solution is to increase the number of
ordinal levels in the composite outcome to distinguish between the occurrence of death during
different time periods. This would require replacing the current binary model for mortality with a
time-to-death model or a series of conditional binary models that represent mortality at different

time points. The combination of experiencing the adverse event and death during an earlier time
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period would be ranked as the most severe outcome, and the combinations of later mortality and
adverse events would be considered less severe outcomes. Another approach relies on a time-
to-death model to make inference on the win-ratio using the imputed missing time-to-death and
adverse events potential outcomes.

In conclusion, the proposed Bayesian procedure provides a new methodology to analyze obser-
vational studies with binary outcomes in the presence of mortality. The procedure imputes the
adverse events and death from their joint posterior distribution which preserves the relationship
between these outcomes. This relationship is used in defining a composite ordinal outcome that
summarizes the effects of the interventions on the entire study population and provide a more com-
plete picture on the toxicity profiles of these interventions. The proposed method can be used with
randomized and observational studies, and for finite-sample and super-population estimands. We
have applied the method for one type of adverse events, but this method can be extended to mul-
tiple types of adverse events. This extension includes incorporating additional conditional models
to Equations and and adjusting the estimands accordingly. Other possible extensions

may comprise models that include continuous and time-to-event outcomes.
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Chapter 2

A Latent Principal Stratification
Method to Address Cluster and
Individual Noncompliance in

Pragmatic Cluster RCT's

2.1 Introduction

Agitation and aggressive behaviors are common among cognitively impaired individuals that reside
in nursing homes (NHs) (Zuidema, Koopmans and Verhey, 2007). These behaviors can decrease
quality of life and enhance cognitive decline (Garcia-Alberca et al., [2019; [Shin et al., 2005) while
also being major source of stress for NH staff (Karlsen et al., [2023)) and other residents (Rosen
et al.l 2008). Commonly used antipsychotic and mood stabilizer medications are associated with
significant adverse events such as falls and deaths [34]. As a consequence, it is important to
examine the effects of non-pharmaceutical alternatives to mitigate aggressive behaviors and reduce
antipsychotic use.

METRIcAL is a multi-stage, pragmatic, NH based, cluster randomized control trial (PCRCT)
that was implemented NHs across 4 corporate chains in the US (Mor, 2021)). The trial evaluated

the effects of personalized music on the agitated behaviors and medication usage of nursing home
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residents with moderate to severe dementia. However, like many other pragmatic trials in patients
with dementia (Allore et al., [2020), METRIcAL suffered from a large portion of individuals in the
active intervention arm that did not comply with the intervention.

Pragmatic randomized controlled trials (PRCTs) aim to estimate the effects of interventions in
real-world settings where participants are subject to different degrees of compliance to the interven-
tion (Patsopoulos, 2011). PRCT analyses commonly follow the intention to treat (ITT) principle
where units are analyzed according to the trial arm to which they were originally assigned, re-
gardless of their compliance status (Sheiner and Rubin, 1995; Guptal [2011; |Jo, Asparouhov and
Muthén) [2008)). These estimands may not summarize the effects of receipt of the intervention,
and may not provide insights into the effects of the intervention in settings with different patterns
of compliance (Hernan and Robins, [2017). Possible methods to address non-compliance are the
as-treated and per-protocol estimands. The as-treated estimands allocate units to the intervention
that they received (Ellenberg), [1996)), while per-protocol estimands consider only units who received
their assigned intervention (Matilde Sanchez and Chenl [2006)). Because these estimands consider
samples that do not correspond to the original randomization design, they may result in biased
estimates of the causal effects (Goldberg and Belitskaya-Levy, [2014).

When compliance status is binary, an estimand that preserves the randomization design is
the complier average causal effect (CACE). This estimand estimates the effects of an interven-
tion among units that would comply to the intervention they are assigned (Imbens and Rubin,
1997; Frangakis, [2002). However, because compliance is only observed under one intervention for
each unit, additional assumptions are required to estimate the CACE. Under the monotonicity
assumption, the exclusion restriction assumption, and individual-level randomization, instrumental
variables (IV) methods can be used to estimate the CACE (Angrist, Imbens and Rubin, [1996]).
Bayesian procedures have shown improved operating characteristics compared to econometric IV
techniques (Imbens and Rubin, [1997) and can evaluate the impact of violations of the monotonic-
ity and exclusion restrictions assumptions (Imbens and Rubin), [1997; |[Hirano et al., 2000)). Another
estimation procedure for the CACE relies on multiple imputation (MI) to explicitly impute the
missing compliance status. In smaller sample sizes, this procedure was shown to have better op-
erating characteristics than maximum likelihood and method of moments estimators (Taylor and

Zhou, 2009)). In cluster randomized designs, |Forastiere, Mealli and VanderWeele (2016)) described
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a framework to estimate the CACE when there is individual-level noncompliance. [Imai, Jiang
and Malani (2021)) proposed a different method for two-stage randomized experiments that have
both interference and noncompliance at the individual-level. Bayesian methods have also been pro-
posed to address individual-level noncompliance in cluster randomized designs (Frangakis, Rubin
and Zhou, [2002; Taylor and Zhou, |2011; Ohnishi and Sabbaghi, |2022)). However, in pragmatic
cluster randomized trials, noncompliance to the intervention can occur at both the individual and
cluster-levels.

The principal stratification framework enables investigators to adjust for post-treatment vari-
ables to obtain valid causal effects estimands (Frangakis and Rubin, 2002b). This framework is
more flexible than the instrumental variable approach and can be used to define estimands with
two-level compliance status. With binary compliance at the cluster-level and the individual-level,
Schochet and Chiang| (2011) defined 16 principal strata that summarize all combinations of com-
pliance at both levels. The CACE is defined for the group of clusters and individuals that comply
with their treatment assignments. To estimate this version of the CACE, a method of moments
procedure under specific identifiability conditions is derived. An extension of this method consid-
ers a variety of identifying assumptions and proposes a different maximum liklihood estimation
procedure (Sheng, Li and Zhou, 2019).

In some studies, compliance to an intervention may be partial. For example, when individuals
consume different proportions of the assigned intervention dose (Jin and Rubin, [2008). In PCRCTs,
partial compliance can also occur at the cluster-level. |Zhai and Gutman] (2020) proposed a Bayesian
MI procedure that imputes the unobserved partial compliance status of healthcare providers and
the binary compliance status of patients to estimate the effects of video for advanced directives on
healthcare utilization. This method relied on a single, discretized, compliance variable to define
partial compliance levels at the cluster-level, and it did not specify a joint distribution for the
outcomes and the compliance status.

We propose a new Bayesian method to analyze PCRCTs with one-sided binary noncompli-
ance (Imbens and Rubinl 2016|) at the individual-level and one-sided partial compliance at the
cluster-level. This method relies on a Bayesian mixture model to classify clusters into latent com-
pliance strata based on cluster’s pre-treatment characteristics, its partial compliance status and

individual-level outcomes. Because compliance is only observed in the treatment arm, the mix-
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ture model imputes the unobserved compliance for clusters and individuals assigned to the control
arm. The procedure can estimate finite and super-population estimands within strata defined by a
combination of the latent cluster-level compliance and individual-level compliance. We apply the
procedure to analyze METRIcAL and find that residents who listened to the personalized music
playlists and lived in NHs that were more likely to target agitated behaviors reduced their antipsy-
chotic use at 4-month follow-up compared to those assigned to standard of care. However, this

reduction was not statistically significant at the 5% nominal level.

2.2 Motivating Example: METRIcAL

METRIcAL is a PCRCT that examined the effects of a personalized music intervention on agitated
behaviors and antipsychotic use among NH residents with dementia. The first stage of METRIcAL
included 976 residents in 54 NH facilities. Half of the facilities were assigned to the personalized
music intervention and the other half were assigned to the control condition (Mor, [2021). Par-
ticipants assigned to the personalized music intervention received iPods that included music that
they listened to as young adults. The control condition was usual care, which could include the
use of ambient or group music. In the first stage of METRIcAL, no effect of personalized music

intervention was observed (McCreedy et al., [2022]).

2.2.1 Description of Data

Facility-level baseline characteristics were obtained from LT Cfocus, a long term care database spon-
sored by the National Institute on Aging (1P01AG027296) through collaboration with Brown Uni-
versity. These characteristics included the previous year’s average daily census, racial and gender
demographics, latitude and longitude, the average age of residents, and the percent of walking res-
idents. Participant level baseline characteristics were obtained from the minimum data set (MDS)
(Centers for Medicare & Medicaid Services, 2021)). The MDS contains comprehensive data on each
participant’s health status and functional capabilities. These characteristics include demographics
such as sex and age, co-morbid conditions such as depression, and measures of functional status
such as the Activities of Daily Living Scale (ADL) (Graf, 2008), Cognitive Function Scale (CFS)
(Thomas et al. 2017) and Agitated and Reactive Behavior Scale (ARBS) (McCreedy et al. 2019)
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(Appendix Table . Outcome measures including the Cohen-Mansfield Agitation Inventory
(CMAI) (Cohen-Mansfield, Marx and Rosenthal, [1989) and antipsychotic use were collected at
baseline and at up to two follow-up time points for each study participant. The trial also collected
information about the fidelity of the intervention. At the individual-level, the amount of personal-
ized music played by each resident was recorded in iPod metadata. At the NH level, investigators
documented the proportion of nurse involvement, the proportion of unique songs loaded on the
iPods for each resident, and the proportion of enrolled residents who were identified by NH-staff
on a pre-treatment survey as individuals whose behaviors they intended to directly target with the
personalized music intervention. Detailed description of the trial design is reported in |McCreedy

et al.| (2021).

2.3 Methods

2.3.1 Notation and Definitions

We consider a super-population of I°P clusters, such that each cluster consists of IV; units, and the
total population size is N = Ei[:l N;, where N could be infinite. To study the effect of a binary
intervention, a cluster randomized trial is conducted in a finite-sample with I7P clusters indexed
i=1,..,I7, where I(J;p is the number of clusters assigned to the control arm, and I{p =JIfr — I({p
is the number of clusters assigned to the treatment arm. Cluster ¢ comprises n; < NV; units such
that n = ZZIZ n; denotes the total number of study participants. Let W; € {0,1} be a treatment
assignment indicator that equals 0 if cluster 7 is assigned to the control condition and equals 1 if it
is assigned to the active intervention. We define W = {Wy,... Wy, } as the treatment assignment
vector for all I/P clusters. In addition, let C;(W;) = {C}H(W;),...,C{(W;)} denote a vector of ¢
potential continuous compliance metrics that describe the implementation of the active intervention
in cluster ¢ when it is assigned to W;. We assume that clusters assigned to the control arm have no
access to the active intervention so that C;(0) = 0. For simplicity we define C; := C;(1). For each
cluster, we observe a set of P covariates, Z; = {Zl-l, - ZZ-P }, that consists of variables recorded prior
to the intervention being implemented. We assume that the values of Z; and C; are determined by
a clusters’ membership to one of K latent compliance strata. Let S; € {1,..., K} be an allocation

variable that indicates which of the strata cluster i belongs to. We define C = {C;} and S = {S;}
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to be the cluster-level compliance vector and latent compliance strata vector for all IP clusters.

We define D;;(W;) € {0,1} to be an indicator that equals 1 when individual j in cluster i
receives the active intervention when assigned W;, and 0 otherwise. Because individuals in control
clusters have no access to the active intervention, D;;(0) = 0 for all 7, . For simplicity, we define
D;j := D;;(1) and identify an individual as a complier when D;; = 1. Let Y (0,D) = {Y;;(0, D;;)}
denote the set of potential outcomes for all n individuals under the control condition, and Y (1,D) =
{Yi;(1, D;;)} denote the set of potential outcomes for all n individuals under the active intervention.
Similarly, we let D = {D;;} denote the set of individual compliance indicators. Lastly, for individual
J in cluster ¢ we have M pre-treatment covariates X;; = {Xilj7 . ,Xijy .

We assume the stable unit treatment value assumption (SUTVA) (Rubin, 19908) for compliance
status and the potential outcomes in the cluster randomized trial so that the observed and missing

potential outcomes are

)/7,?175 = }/Z](]-u‘DU) * WZ +}/’LJ(O) Dl]) * (1 - W/z)

Y = Yi5(1, Dij) % (1 — Wy) + Yi5(0, Dyj) * (W5).
The sets of observed and missing compliance and variables are

Dobs _ {D”‘I/VZ = 1} and Dmis — {Dz]’VVz = 0}

C% = {C;|W; = 1} and C™* = {C;|W; = 0}.

Table in the Appendix describes the observed and unobserved quantities in a PCRCT with

one-sided noncompliance.

2.3.2 Principal Strata and Estimands

Causal estimands are statistics that can be used to summarize the effects of an intervention across
a population of interest (Gutman and Rubinl 2015b; [Rubin, 1978#). The population of interest
can comprise only units in the sample, resulting in finite-sample estimands. Alternatively, the
population can comprise all units in a target super-population, resulting in super-population esti-

mands. The intention to treat (ITT) estimand summarizes the effects of randomization across the
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population of interest (Imbens and Rubin) 2016). When individuals adhere with their assigned in-
tervention the I'TT estimand can be used to infer the effect of the intervention. However, when trial
participants do not comply with their assigned intervention, the ITT effect may not represent the
effects of recieving the intervention (Imbens and Rubin, 2016|). Possible finite and super-population

estimands under the I'TT principle are,

1
HTM:;E Y(1, Dij) = Y (0, Dij)
ij

ITT*? = Eq[Yi;(1, Dij) — Yij (0, Dij)],

where the expectation for ITT#®? is taken over the super-population.

Principal stratification estimands can be used to estimate the effects of receiving the intervention
among certain sub-populations of participants. Zhai and Gutman [50] defined a set of principal
strata estimands for a pragmatic CRCT using a continuous compliance measure at the cluster-level
and a binary compliance indicator at the unit level. These principal strata discretized the cluster-
level continuous compliance metric into ordinal subclasses, and within cluster-level compliance
strata it defined defined individual-level compliance strata. These estimands are based on a single
compliance measure, and require cutoff points to discretize the continuous cluster-level compliance
level.

With multiple possible continuous compliance metrics, we define principal strata estimands that
stratify individuals by their cluster’s latent compliance class, S;, and their individual compliance
status, D;j. One possible set of estimands describe the ITT effect among individuals in clusters

that belong to latent compliance stratum k,

>ijsiek Y (1, Diz) — Y (0, Dyj)

ITT,” = Eyp[Yij(1, Dij) — Yi(0, Dyj)|S; = K], (2.2)

Ip _
ITT/? =

where I(S; = k) is an indicator function that equals 1 if cluster ¢ belongs to latent compliance

stratum k, and 0 otherwise. A different estimand is the CACE, which describes the effects of the
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intervention among compliers regardless of their cluster’s compliance stratum,

Zij:Di]-:I Y (1, Dij) = Y (0, Dij)
Zij I(Dij =1)

CACE’? = (2.3)

A principal strata estimand that combines individual compliance status and cluster latent compli-

ance strata is the CACE within each latent compliance stratum,

CACE/P = — 5=k 2.5
k ZUI(DU:D*I(SZ':D ( )
CACE?’ = Eyp[Yij(1, Dij) — Yi;(0,Dy5)|Dij = 1, 5; = k. (2.6)

To compare the effects of an intervention between cluster latent compliance strata, we can estimate
contrasts between the ITT estimands. For example, ITT}” — ITT5" estimates the difference in
being randomized to the intervention in compliance stratum 1 compared to the same effect in
compliance stratum 2. Another example is the CACE;” — CACES that estimates the same effect,

but only among compliers in each cluster-level compliance stratum.

2.3.3 Bayesian Latent Class Model
Distributional Assumptions

We rely on a Bayesian model-based approach to estimate the effects of the intervention within
principal strata. Model-based estimation is a principled approach to incorporate restrictions on
the joint distribution of observed variables and include covariates in a flexible manner (Imbens and
Rubin, 2016]). In addition, using a Bayesian approach enables investigators to examine aspects of
model fit using posterior predictive checks to ensure sensible model specifications (Mattei, Li and

Mealli, [2013]). The joint distribution of the variables described in Section is

P(W,Y(1,D),Y(0,D),D,C,ZX,S)

P(Y(1,D),Y(0,D)|D,C,Z,X,S)P(D|C,Z,X,S)P(C,Z,X,S)P(W|Z). (2.7
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In a pragmatic CRCT, the cluster’s treatment assignment is controlled by the investigators and is
decided prior to study initiation. Thus, it is independent from both the compliance status and the
potential outcomes,

P(W[Y(1,D),Y(0,D),D,C,Z,X) = P(W|Z). (2.8)

Units are considered exchangeable when the joint distribution of their potential outcomes are
the same regardless of their ordering (Bernardo, [1996). Cluster-level assignment to treatment in-
formed whether a clusters’ potential compliance metrics were observed, but it did not inform their
values. Similarly, within clusters, individual-level covariates, compliance status and the potential
outcomes are not informed by their assignment to treatment. Thus, we make the following partial

exchangeablitly assumptions.

Assumption 1: Exchangability

(a) The individual-level covariates, X;;, the facility compliance metrics, C;, and characteristics,
Z;, and the compliance strata allocation variable, S;, are exchangeable. Assuming the prior
P(fs) and appealing to De-Finetti’s theorem (de Finetti, 1992), we can write P(X, C,Z) as

pr Mg

P(X,C,Z,8S) x /HHP(XU,Ci,zi,siws)P(eS)deS.
i=1j=1

Furthermore, we assume that X;; is independent of C; and Z; given the allocation variable
S;. This implies that
Ifr n;

P(X,C,Z,8) /H [ P(Xi1S:,05)P(Ci, Zi| Si, 05) P(Si|0s) P(05)dbs.

i=1j=1
(b) The individual compliance status, D;;, is exchangeable conditional on X;;, C;, Z; Assuming
prior distribution P(fp) and appealing to De-Finetti’s theorem we have
1P n,

P(D|C,Z,X,S) « /H [12®D;l60.Ci, Zi, Xij, Si) P(6p)dp.
i=1j=1

(c) The potential outcomes are exchangeable conditional on D;;, X;;, C; and Z;. Assuming prior
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distribution P(fy) and appealing to De-Finetti’s theorem we have

P(Y(1,D),Y(0,D)|D,C,Z,X,8S) o
1P n,
IT1] P(vii(1, D)), Yi(0, Dij) |0y, Dij, Ci, Zi, Xz, Si) Py )dby-.
i=1j=1
A commonly made assumption in randomized trials with noncompliance is the exclusion restric-
tion assumption (Angrist, Imbens and Rubin, 1996), which rules-out the effects of the assignment
on the outcome for non-compliers. We assume a slightly weaker version of this assumption that

requires it to hold in distribution.

Assumption 2: Stochastic exclusion restriction for individuals that do not comply with the active

intervention (Imbens and Rubin, 2016). P(Y;;(1,0)) = P(Y;;(0,0)).

This assumption presumes that the assignment of a cluster to the intervention does not influ-
ence the distribution of the potential outcomes except through an individual’s compliance to the
intervention. This assumption is reasonable in PCRCTs that examine interventions that are em-
bedded in regular patient care because the assignment of cluster to the active intervention generally
does not influence individuals’ outcomes unless they receive the intervention.

Lastly, we rely on two assumptions that simplify the parametric modeling of the different distri-
butions. The first assumption presumes that clusters’ characteristics and compliance metrics only
inform individual compliance status and the potential outcomes through the latent compliance

strata.
Assumption 3: Conditional independence of individual compliance and potential outcomes from
cluster’s characteristics. Formally, P(D;;|C;, Z;, Si, Xi;,0p) = P(D;;]S;, Xi;,0p) and

P(Yii(1, Dyj5),Yi;(0, Dy;)|Cy, Zs, S;, Dij, Xi5,0y) = P(Y35(1, Dyj), Yi;(0, Di;)|Si, Dij, Xij, 0y ).

This assumption can be removed, but it is expected that the latent cluster-level compliance en-

capsulates the cluster-level characteristics that influence individual-level compliance. The second
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simplifying assumption is that the distributions of the potential outcomes are independent given

cluster-level and individual compliance as well as individual-level characteristics.

Assumption 4: No contamination of imputation across treatments (Rubin, 2008). Formally,

P(Y;;(1, Dy;),Yi;(0, Dij)|Si, Dij, X5, 0y) = P(Yi;(1, Dij)|Si, Dij, Xij, Oy ) P(Yi5(0, Dij)|Ss, Dij, Xij, 0y ).

This assumption is commonly made by causal inference methods because the observed data does
not include information on the relationship between the potential outcomes for the same individual
(Hirano et al.l [2000; Imbens and Rubin, 2016). When the units in a study are a random sample
from a super-population, and the estimand is the average difference in this super-population, this
assumption has little inferential effect for average treatment effects (Hirano et al., [2000; Imbens

and Rubinl 2016; Rubin, |1978b; Imbens and Rubin) 1997)).

Parametric Model Specifications

To estimate finite-sample and super-population estimands we develop a model based approach.
This approach provides a principled way to incorporate the distributional assumption in Section
as well as cluster and individual-level covariates. To identify the latent compliance strata we
assume that the joint distribution of X;;, C; and Z; follow a K component mixture distribution

with allocation variable S;,

K n; K
_ _ S;=k
P(X:,C;,Z;, Sil0s) = [ | ] Pe(Xi)" S0 | MVN(Cy, Zil g, £) =R T /579, (2.9)
k=1 |j=1 k=1
where MVN is the Multivariate Normal density function with mean uf = { ugl, ey ukce , uf R ,ufp }

and covariance matrix Y. Py is the distribution of individual-level covariates in mixture component
k and 7y is the prior probability that a cluster is in latent compliance stratum k. We define the
set of parameters across all clusters as g = {uf, .. .,,uf(,m, ..., TK,2}. Py can be modeled as
either the empirical distribution across all observed individual-level covariate vectors, F(Xij), or
the empirical distribution across observed covariate vectors for individuals in clusters that belong

to latent compliance stratum k, F, (Xi;). If the baseline covariates of trial participants are expected
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to be systematically different based on their cluster’s latent compliance stratum, then Fk(Xij) is
preferred.

We model the conditional distribution of individual-level binary compliance indicators as

P(D;;]Si,X5,0p) =
K
H[PTObit_l(MkD + Xjop, + P )P (1 — probit ™! (uf + Xyjay + ¢P)) P 5=R 1 (2.10)
k=1

where 0p = {0p,, ....0p,, ¢}, Op, = {uF, ax} and {¢P} are cluster-level effects. The conditional

distribution for the potential outcomes is modeled as

P(Y3i(1, Dyj;),Yi;(0, Dy;) ]S, Dij, X5, 0y ) =

P(Y;;(1, Dy5)|Si, Dij, Xij, 0y ) P(Yi;(0, Dij)|Si, Dij, X4, 0y ) =

K

H[N(Yij(L Dij)lpx + XijBok + Dij * 01k + XijBiw) + ¢f , 07) X
k=1

N (Y;(0, Dij)luy, + XijBog + Dij * So + & , o)) =), (2.11)

where Oy = {0y, ..., 0y, ,qby}, Oy, = {Mz, Bk Bk 01.k» 00,k O']%} and ¢¥ = {gf)f} For individuals
in clusters that belong to latent compliance stratum k, dg; represents the conditional difference
in expected outcomes between compliers and noncompliers if assigned to control. Similarly, 01
represents the conditional difference in expected outcomes for compliers and noncompliers when
assigned to the intervention. Lastly and the parameter vector 3 ;, represents the interaction effects
on the expected outcomes between individual-level compliance status and the individual’s observed

covariates. Cluster-level effects are distributed as

P(¢?|mh) = N(¢P10,75) and (2.12)

P(¢Y|73) = N(¢) 0,75).

These distributions imply a common variance parameter across the latent compliance strata. The
parameter vector 8 = {6y, 0p,0g, 7'32/, 7'12)} comprises the set of parameters that define the distribu-

tions of all observable variables.
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Estimation Procedures

A Bayesian approach for estimating finite-sample estimands, denoted by 7/?, and super-populaiton
estimands, denoted by v*P, conditions on the observed data to calculate the posterior distribution,
P(v]Y°*, D% C% Z X, W). We describe a procedure for estimating the posterior distribution of

7P (Procedure 1), and two procedures for estimating the posterior distribution of v*7 (Procedures

2 and 3) under the assumptions in Sections and

Procedure 1: Finite-sample estimands can be written as functions of the observed data, miss-

ing data and treatment assignment indicator. For example,
1 1 " . . .
ITT/? = ;ZYM(LD@‘) = Y550, Dig) = Z {Yigs—yz'?m} + Z [YiZmS—Yi? s}
i ij:Wi=1 i7:W;=0

The posterior distribution of /7 is

P(,yfp|Yobs7 Dobs’ Cobs’ Z, }(7 W)
— / / / P(,yfp’Yobs Dobs Cobs Ymis Dmis Cmis S 7 X W) %
P(YTMS7 Dmis, CmiS’ S‘YObS, DObS, Cobs7 Z, X, W)dY’mZSdszsdcmzst
— / / / P(,yfp’Yobs Dobs Cobs Ymis Dmis Cmis S 7. X W) %
P<Ymis’ sz’s’ Cmisj S‘YObS, Dobs’ Cobs’ Z, X)de'Lsdszstmzst (213)
Equation (2.13) shows that to estimate v/P we need to estimate P(Y™* D™ C™s §Y°bs Dobs Co Z,X)

because P(y/P[Y°s Debs Cobs Y™is D™ C™5 S Z X, W) is a degenerate distribution. Condi-

tioning on 6,

P(Ymis’ Dmis7 (jmis7 S|Y0bs, DObS, Cobs’ Z, X) —

/ P(Ymis’ Dmis’ Cmis) S|Y0bs, Dobs7 Cobs’ Z, X, O)P(O‘YObS, Dobs’ Cobs’ Z, X)d@ (214)
0

The posterior distribution, P(6Y°* D% C* Z, X), does not have an analytical form, so we
developed a Gibbs sampling algorithm (Geman and Geman, |1984; Gelfand and Adrian, [1990;
Imbens and Rubin), 1997) to obtain posterior draws. Based on Equation (2.14)), the algorithm for
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estimating /P is

1. Select initial values: 89 = {9530), gg/o)’ 9%0),7'3(0),7';(0)}.

2. Forminl,..., M:
(a) Sample 0™ ~ (0Y°s, D% C Z,X) using the sampling procedure outlined in Ap-
pendix Section

(b) Given 8™ draw {Y™is(m) pmis(m) Cmis(m) S} from
P(Y™s Dmis Cmis SY°bs Do Co Z X, B(m)) using the procudure outlined in Ap-
pendix Section

(c) Calculate 47P(™) as a function of the observed values and {Y™#s(m) pmistm) Cmis(m) g}
3. The posterior intervals are obtained using percentiles of the posterior samples {4/ p(Y) . 4fP(M )}.

Procedure 2: Super-population estimands can often be written as a functions of the model
parameters. The formulas for the four super-population estimands described in Section [2.3.2] are

displayed in Table (analytical derivations are in Appendix Section [A2.4]).

Estimand Pu(Xij) = F(Xy5) Py(Xij) = Frp(Xij)

ITT® | 2305 mepije (Xij Buk + 0k) | 2op Tk (Zelzn Diet,, 2o Pigk * (XigBuk + 5k)>
ITT,” %EZ] Pijk * (XiB1k + Ok) > ety Z] 1 Pigk * (Xij Bk + k)

nz
ZGI -
ﬁz > Z pzﬂcxz;ﬁo k
1 n; i€, €Ty, j=1
ijﬂkﬂ ZI leijk g +op,
1 iy TR T, o
>ij XijB1,kPijk €Ty, | STRIT

CACE®™ | ) 4 = 16

7’ —
DPijk i
Z” * Zﬂ'kﬁ > Z Pijk

k €Ty, B iEij
—_— X
%Eij Pijk*(xijﬁ1,k+51,k) ZLEI nz Elelk ZJ 1PigkXij Pk

1
= Zij Dijk Zzelk Z 1pz]k

Dijk :probit_1 ((leak+ﬂk)/\/TD ) 0r = 01,k — 0o,k

Tk : {i|S; = k}; The set of indexes of clusters that belong to latent compliance stratum k.

ITT™ = Eqp[Yi;(1, Dij) — Yij (0, Dij)]; ITT}? = Esp[Yij (1, Dij) — Yi; (0, Dij)|Si = k]

CACE™ = Eyp[Yi;(1, Dij) = Yij (0, Diy)| Dij = 1] ITT? = Egp[Yij (1, Dij) — Yi5(0, Dij)|Si = k, Dij = 1]]

CACE? + 6

E?EIk g

Table 2.1: Estimands as a function of the model parameters assuming the full empirical distirbution
of coviariates (F'(X;;)), or the strata specific empirical distribution of covariates (F}(X;)).
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The posterior distribution of v*P can be written as

P(*P| Y, D, C% 7, X) = /P(,ysp|Yobs,Dobs7 C, 7, X, 0)P(9] Y, D, C®, Z, X)d@.

(2.15)

Because 7P is a function of the 6, posterior samples from P(y*P ]YObS,DObS,C"bS,Z,X) can be

obtaind by sampling from P(@]Y ", D C°* Z X). To obtain interval estimates of v, we skip
step 2(b) in Procedure 1 and calculate 457(™) as a function of 8(™).

Procedure 3: Some super-population estimands can not be derived analytically as a function

of model paramters. A different approach to estimate P imputes the potential outcomes and

compliance under the active intervention and control condition for approximately the entire super-

population (Imbens and Rubin, 2016). The estimation procedure for v*P is

1. Select initial values for model parameters: 89 = {9530)7 9§9 ), 9590), 7'32,(0), 7'12)(0)}.

2. Forminl,..., M:

(a) Sample 0™ ~ (0]Y s D% C°, Z, X)using the procudure outlined in Appendix Sec-
tion [A2.1]

(b) For r=1,..., R draw
{Y/(1, D)), Y (0, D)), DOn), Clmr), Zme) S0 from
P(Y(1,D),Y(0,D),D,C, Z|6(m), X) using the procedure outlined in Appendix Section
[A2.3

(c) Combine the R samples into a single data set :

Qpim) = {Y(l,D)(m’l),Y(O,D)(m’l),D(mvl),C(mvl),z(m’l),S(mvl) 7

- Y(1,D) ), Y (0, D) ), D), gl () gm)

(d) Compute 4°P on the combined data set, Qg(m), to obtain 4sp(m)

3. For large M and R, estimates of the percentiles of the posterior distribution of 4P are obtained

using percentiles of the posterior samples {’ys”(l),. . Asp(M )}.
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For example, estimating I'TT®” using Procedure 3 requires calculating at iteration m

R I'P ny
— sp(m)

ITT =

(i3 (1, D) ™) = ¥35(0, Diy) ™))
r=1 =1 j=1

.. . . . . . /\S:n(l) = sp(M)
and obtaining point and interval estimates using percentiles of < I'TT ATT .

2.4 Simulated Case Studies

We examine the operating characteristics of the proposed method using four simulated case studies.
The first simulated case study includes a data generating mechanism that is correctly specified by
the Bayesian models described in Section while case studies 2, 3 and 4 each misspecifiy a
different part of the model. We consider a simulation setting that consists of 60 clusters belonging
to one of two latent compliance strata and assign half of the clusters to the active intervention
and half to the control condition. Each cluster contains 20 individuals whose baseline covariates
are randomly sampled resident age and Activities of Daily Living Scale (ADL) (Graf, |2008) values
derived from the Minimum Data Set (MDS) (Centers for Medicare & Medicaid Services, [2021))
collected for stage 1 of the METRIcAL trial (McCreedy et al., 2021)). We estimate the posterior
distributions of the super-population estimands described in Section for each case study to

examine method’s performance and sensitivity to different misspecifications.
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2.4.1 Case Study 1: Correctly Specified Data Generating Mechansim

In the first case study, cluster-level compliance metrics and characteristics are are generated from

a Multivariate-Normal mixture distribution given by

S; ~ Cat(K = 2,p=[0.5,0.5))

Zi MVN (my, V) if S; =2
m; =[-2,-2]" my=1[2,2) (2.16)

v% pUCUZ
pPUCUZ v%
vé ~ Unif(0.5,2) v% ~ Unif(0.5,2)

p ~ Unif(—0.8,0.8).

We assign 0.5 probability to each latent compliance stratum and randomly generate variance and
correlation coefficents from Uniform distributions to assess the model’s sensitivity to different co-
variance structures.

Individual-level binary compliance status is generated from a Bernoulli distribution that con-
ditions on the individual’s baseline covariates, their cluster’s latent compliance stratum, and a

cluster-level effect:

D;j ~ Bernoulli(Burraé(mkD + Xy + oP)) if S =k
mP md =0,05
y = [~0.25,—0.25]
v2 = [—0.5,—0.5] (2.17)
i ~ N(0,vp)

V3 =0.25
The values of the coefficent vectors and intercept terms enable individual compliance probabilites
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to differ based on their cluster’s latent compliance stratum.
The potential outcomes are generated from a Normal distribution that conditions on 5;, X;j;,

and a cluster-level effect:

Yij(l, Dij) ~ N(m}; + Xiﬂlo,k + Dij * (Xijnl,k + ALk) + gDzY, ’U,%) ifS; =k

Yij(0, D) ~ N(m) + Xijnox + Dij  Dog +¢f ,vp) if S; =k

mY,my =24 v? v2 = 16,16
Ao, Doz =1,2 A11,A12=55,75 (2.18)

No,1 = [1’ 1]t No,2 = [272]t
ma=[L1"  ma2=[22

ol ~N(0,v3) v§=9

The values of the coefficient vectors and conditional effects of being a complier differ between the

latent compliance strata.

2.4.2 Case Study 2: Incorrectly Specified Mixture Model

We assess the method’s sensitivity to misspecifications of the cluster-level mixture model by generat-
ing the cluster-level compliance metric and characteristic from a skewed multivariate-t distribution

(Gupta, 2003) given by

S; ~ Cat(K = 2,p =[0.5,0.5])
Skewed Multivariate-t, (my,V,¢) if S; =1
Zi Skewed Multivariate-t, (mo, V, () if S; =2

m; = [-2,-2]" my=[2,2) (2.19)

2
v, pUCVZ
v=| ¢ (=2 ¢=5

2
pPUCVZ vy

v ~ Unif(0.5,2) wv% ~ Unif(0.5,2)

p ~ Unif(—0.8,0.8),
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where V' is a scale matrix, ¢ denotes the skew ((=0 indicates no skew) and ¢ is the degrees of
freedom (¢ = oo is multivariate normal). We set ( = 2, ¢ = 5, and generate the parameters
of the scale matrix from Uniform distributions. To generate individual-level compliance status

and the potential outcomes, we use the data generating mechanisms defined in (2.17)) and (2.18)),

respectively.

2.4.3 Case Study 3: Incorrectly Specified Individual Compliance Model

We examine the method’s sensitivity to misspecification of the individual compliance model by
modifying the probit link function in (2.17) to be from the Burr family. The Burr link function
takes the form

Burre(z) =1— (1 +¢€%)"“.

We set ¢ = 0.5 as in (Gutman and Rubin, 20134) so true compliance probabilities are skewed toward
0. Cluster-level compliance metrics and characteristics are generated using the distribution defined

in (2.16|) and the potential outcomes are generated using the distributions defined in (2.18)).

2.4.4 Case Study 4: Incorrectly Specified Outcome Model

We examine method’s sensitivity to an incorrectly specified outcome model by adding an interaction
term to the data generating mechanism for the potential outcomes. For individuals in clusters that

belong to latent compliance stratum k, we let

Yii(1, Dij) ~ N(mj + Xijnos + ok (Xiji * Xij2) + Dij * (Xijnip + Avg + Ep (Xij1 * Xig2)) + 7, 07)

Yij(0, D) ~ N(mj, + Xignow + o (Xij1 * Xija) + Dij * Dog) + @ vp),

where &g, and ; 1, define the relationship between the interaction of resident age and ADL (denoted
by Xij1 and Xjj2) and the expected values of the potential outcomes. We let £y1 = &11 = o2 =
&1,2 = —2 so that {1 and p 2 are twice the magnitude and opposite sign as 79,1 and 11,1, and §p o
and ;2 are the same magnitude and opposite sign as np2 and 71 2. We use the data generating
mechanisms defined in to generate the cluster-level compliance and characteristic, and we

use (2.17) to generate individual binary compliance status.
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2.4.5 Results for Simulated Case Studies

Table depicts the true values of the super-population estimands for each case study.

True Values

Estimand Correctly Specified  Skewed-f Mixture DBurr Link  Added Interaction
ITT*? 2.54 2.54 1.52 2.63
ITTY 2.07 2.08 1.26 2.13
ITT.Y 3.00 3.00 1.78 3.12
CACE™P 4.39 4.39 4.37 4.54
CACE}Y 4.11 4.11 4.17 4.23
CACEY 4.60 4.60 4.53 4.78
Pr(D;; =1|S; =1) 0.50 0.50 0.30 0.50
Pr(D;; =1|S; = 2) 0.65 0.65 0.40 0.65

Table 2.2: True values of super-population estimands under the data generating mechanism defined
in each case study.

The values of the estimands in Case Study 2 are the same as the values in Case Study 1 because
the individual-level compliance and outcome models are correctly specified. When the Burr link
function is used to generate individual compliance status in Case Study 3, the true values of the
ITT estimands are smaller. When including the additional interaction term in the data generating
mechanism for the potential outcomes in Case Study 4, the true values of each of the six outcome
estimands increase slightly compared to the correctly specified data generating mechanism.

For each case study, we generated 2500 data sets. For each data set, we estimate the posterior
distributions of the six outcome estimands described in Table using Procedure 2 from Section
2.3.3l The proper prior distributions assigned to each of the model parameters are described in
Appendix Section Point estimates were obtained by computing the expected value of the
estimand’s posterior distribution, and credible regions were obtained by computing the median 95%
interval. Table depicts the coverage, bias, mean absolute percent bias (MAPB), interval width
(IW) and root mean squared error (RMSE) for each estimand under for the first simulated case

study.
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Estimand  Coverage (%) Bias  MAPB (%) IW  RMSE

ITT®? 96 0.18 18 2.38 0.59
ITTY 97 0.16 29 3.14 0.77
ITT: 95 0.20 23 3.45 0.88
CACEP 96 0.34 18 3.91 0.97
CACE}” 97 0.33 28 5.93 1.43
CACEY 95 0.32 22 5.03 1.27

Coverage: Coverage of 95% Credible Interval; MAPB: Mean Absolute Percent Bias;
IW: Mean 95% Credible Interval Width; RMSE: Root Mean Squared Error

Table 2.3: Operating characteristics of the method for different estimands under the correctly
specified data generating mechanism defined in Case Study 1.

The proposed method results in approximately nominal coverage for all estimands when the data
generating mechanism is correctly specified. It produces estimates with relatively small bias, inter-
val width and RMSE, indicating that the model is well calibrated and a statistically valid procedure.
Table displays the operating characteristics of the proposed method under the misspecified data

generating mechanisms in Case Study 2, 3 and 4.

Case Study 2: Skewed-t Mixture
Estimand  Coverage (%)  Bias  MAPB (%) IW RMSE

ITT® 95 0.18 19 2.39 0.61
ITT 96 0.15 29 3.18 0.77
ITTS? 95 0.19 23 3.43 0.88
CACE® 95 0.34 18 3.93 1.01
CACE} 96 0.32 28 5.99 1.46
CACEY’ 95 0.32 22 5.01 1.29
Case Study3: Burr Link
ITT*P 96 0.24 23 1.81 0.45
ITT}" 98 0.18 31 2.29 0.51
ITTS? 96 0.31 30 2.67 0.69
CACE®? 96 0.72 23 4.95 1.25
CACEY 98 0.58 30 7.24 1.58
CACEY’ 96 0.76 29 6.41 1.65
Case Study 4: Added Interaction
ITT*P 92 0.46 20 2.13 0.63
ITT} 96 0.42 26 2.85 0.71
ITTS? 95 0.50 22 3.17 0.83
CACE® 90 0.81 20 3.41 1.05
CACEY 95 0.82 25 5.29 1.35
CACEY 94 0.76 21 4.54 1.21

Coverage: Coverage of 95% Credible Interval; MAPB: Mean Absolute Percent Bias;
IW: Mean 95% Credible Interval Width; RMSE: Root Mean Squared Error

Table 2.4: Operating characteristics of the method for different estimands under the different
misspecified data generating mechanism defined in Case Study 2, 3 and 4.
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The operating characteristics of the proposed method are similar when the cluster-level mixture
model is misspecifed in Case Study 2 and the model is correctly specified in Case Study 1. When the
individual compliance models are misspecified for the Burr link function in Case Study 3, the MAPB
increases for each estimand compared to Case Study 1, but the coverage of each estimand remains
approximately nominal. These results indicate that the method is relatively robust to deviations
from the multivariate-normal assumption that is made to identify the clusters’ latent compliance
strata and misspecifications of the link function in the individual-level binary compliance model. In
Case Study 4, when data generating mechanism for the potential outcomes includes an additional
interaction term, the method produces interval coverages that are slightly below nominal for the
true values of the CACE®® and ITT*P. In addition, the bias for all six outcome estimands are
larger in Case Study 4 for than they are in Case Study 1. However, the coverage of the posterior
credible intervals for each estimand exceeds 0.90, and the interval with, RMSE and MAPB are
approximately equivalent to when the model was correctly specified. These results imply that
under moderate specifications in any one model component, the proposed method still estimates
the super-population estimands with approximately nominal coverage, relatively small bias, interval

width and RMSE.

2.5 Application to METRIcAL data

We applied the proposed method to the first stage of METRIcAL, a PCRCT decribed in Section
that examined the effects of a personalized music intervention on agitated behaviors and an-
tipsychotic use among NH residents with dementia. We estimate the effects of the personalized
music intervention on residents’ change in CMAT and antipsychotic usage from baseline to 4-month
follow-up. We assume that NH facilities belong to one of two latent compliance strata (K = 2) and
consider one cluster-level characteristic and one cluster-level compliance metric. The cluster-level
characteristic is referred to as ”average daily census” and indicates the average number of residents
who lived in the nursing home during the previous year. The cluster-level compliance metric is
referred to as ”clinical proportion” and indicates the proportion of enrolled residents who were
identified by NH-staff on a pre-treatment survey as individuals whose behaviors they intended to

directly target with the personalized music intervention. Appendix Table describes the dis-
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tribution of observed values of average daily census and clinical proportion for NHs assigned to the
personalized music intervention. A NH resident is deemed a complier if they used the personalized
music for at least 30 minutes a day on average during the 4 months after initiation. This was the
target dosage described in the trial protocols (McCreedy et al. [2022). Baseline covariates consisted
of MDS variables and the CMALI values collected for each resident at baseline (Table [A2.2)). We
assume Pj(X;;) = Fk(XZj) which enables the distribution of individual-level covariates to differ

between the latent compliance strata when estimating strata-specific estimands.

2.5.1 CMAI Outcome

Following distributional assumptions outlined in Section we assume a Multivariate-Normal

mixture distribution for values of the average daily census and the logit of clinical proportion,

S; ~ Cat(K = 2,7 = [m,m]) m ~ Beta(1,1)

C; MVN (pf, %) if S; =1
~ (2.20)
Zi MVN (p$,%) if S; =2

s 1000 0
up ~MVN |0, for k=1,2

0 10000

1/1000 0
3. ~ Inv-Wishart , D

0  1/1000

In addition, we assume

D;; ~ Bernoulli(probit ™ (uf + Xyja + ¢P)) if S; =k
g ~ N (0,3%) a~MVN (0,10 1) (2.21)

¢P ~ N(0,73) 7p ~ Uniform(0,4).

The intercept of probit regression describing the individual compliance probability varies based on
the NH’s latent compliance stratum, but the regression coefficients and the variance parameter

in the NH effect distribution do not. We assume a uniform prior distribution on the standard
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deviation of the NH effect because it has been shown to have good operating characteristics in
Bayesian hierarchical models (Gelman, 2006). The CMAI potential outcomes are assumed to follow

Normal distributions,

Yij(1,Dij) ~ N(up + XijBo + Dij + (XijB1 + 01) + ¢r ,0%) if S; =k
Yij(0, Dij) ~ N (i + XijB0 + Dij * bo . + ¢} ,0%) if S =k
py ~ N(0,100%), for k = 1,2
61 ~ N(0,10%) o x ~ N(0,4?), for k = 1,2
Bo ~ MVN(0,10% % I), By ~ MVN(0,10% % I)
¢ ~ N(0,7%)

7y ~ Uniform(0, v225), 0% ~ Inv-Gamma(1,1).

The regression intercept, ¥, and the conditional effects of being a complier, §; and &y, can differ
based on the NH’s latent compliance stratum. The regression coefficients, the outcome variance,
and the variance of the cluster-level effect are assumed to be equal across strata. Each parameter
is assigned a non-informative, proper prior distribution.

Treatment effects in the super-population were summarized using the estimands described in
Section [2.3.2l To estimate their posterior distributions, we implement Procedure 2 described in
Section For some individuals enrolled in METRIcAL, Y;;(W;, D;;) or D;; are missing when
they should have been observed. We adopt a fully Bayesian approach (Chen and Ibrahiml [2014;
Erler et al., 2016 to incorporate these missing values by imputing them using samples from their
posterior predictive distribution at each iteration of the Gibbs sampler. Three chains sampled
500 values from the joint posterior distribution of the model parameters. Each was thinned by 5
iterations. Mixing of the chains was assesed graphically and through Gelman-Rubin convergence
statistics (Gelman and Rubin, [1992)). Values for all model parameters were less than 1.1, and no

label-switching occurred. See Appendix Section for a discussion on the model diagnostics.
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Figure 2.1: Observed data and posterior predictive plots for NH compliance metric, clinical pro-
portion, and covariate, average daily census. Posterior draws for latent compliance stratum 1 are
colored red, and poster draws for stratum 2 are colored blue.

Figure shows the observed data and model generated posterior predictive distribution of
clincial proportion and average daily census, and Table describes the posterior distribution of

their stratum specific means.

Mixture Parameter k=1 k=2 Difference
Mean SD 95% CrI Mean SD 95% CrdI Mean SD 95% Cr.I
|1 %e} 0.59 0.04 [0.51,0.67] 0.19 0.04 [0.12,0.28] 0.40 0.06 [0.27, 0.50]
firz 55.0 3.6 [48.2,61.7] 105.9 4.7 [96.1, 114.8] -51.0 5.6 [-61.5,-39.8]

Table 2.5: A summary of the posterior distributions of the strata means for Clinical Proportion
(1kc), Average Daily Census (uiz) and their differences between compliance stata.

The expected value of clinical proportion is three times larger for facilities in latent compliance
stratum 1 compared to latent compliance stratum 2. However, NHs in stratum 1 are expected
to have 51 fewer residents than NHs in stratum 2. This indicates that smaller facilities were
expected to use the personalized music intervention to target behaviors and antipsychotic use with
a higher proportion of enrolled residents. Table summarizes the posterior distributions of the

super-population ITT and CACE estimands.
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Estimand Treatment Control Difference 95% Cr.I

ITT*P -0.49 (0.81)T -1.57 (0.78) 1.08 (0.83) [-0.59, 2.67]
ITT? 1.84 (0.97) -2.75 (0.99) 0.91 (1.00) [-1.07, 2.85]
ITTY 1.66 (1.34) 0.30 (1.24) 1.36 (1.40) |-1.49, 4.05]
ITT? —ITT,  -3.50 (1.66) -3.05 (1.60) -0.45 (1.70) [-3.72, 3.09]
CACE™ -0.36 (1.49) -3.30 (2.02) 2.93 (2.26) [-1.56, 7.37]
CACE? 2.07 (1.83) -4.60 (2.31) 2.53 (2.77) [-2.92, 7.90]
CACEY 2.23 (2.19) -1.30 (3.26) 3.53 (3.64) [-3.89, 10.36]
CACEY — CACEY -4.30 (2.75) -3.30 (3.76) -1.01 (4.50) [-9.65, 8.12]

t Posterior Mean (SD)

Table 2.6: Posterior Distribution of super-population estimands when the outcome is change in
CMALI from baseline to 4-month follow-up. ITT} refers to the average treatment effect among
residents in NHs in latent compliance stratum k; CACEj refers to the complier average causal
effect in latent compliance stratum k. A resident is a complier if they listened to the personalized
music intervention for at least 30 minutes per day on average during the four months after initiation.

There is no significant difference in the change in resident CMAI under the personalized music
intervention and under standard care at the 5% nominal level (ITT: 1.08, 95% Crl: -0.59 to 2.67).
Similarly, there is no observable difference between the music intervention and standard care among
compliers (CACE: 2.93, 95% Crl: -1.56 to 7.37), and no significant difference between the ITT
or CACE estimands in latent compliance class 1 or 2 at the 5% nominal level. This implies
that individual conpliance and the latent compliance class that a NH belonged had no observable

influence on the change in resident CMAI at 4-month follow-up.

2.5.2 Antipsychotics Outcome

To examine the effects of the personalized music intervention on antispychotic use at 4-month

follow-up, we define a Bayesian probit regression to estimate the distribution of the potential
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outcomes:

Yi;(1, Di;) ~ Bernoulli(probit™ (11}, + Xy;80 + Dij * (XijB1 + 1) + @1 ) if Si=k
Y;;(0, Dyj) ~ Bernoulli(probit ™ (s}, + X;; B0 + Dij * S0 + @1 ) if S; = k (2.22)
pl ~ N(0,5%), for k=1,2
S1k ~ N(0,5%)  Sox ~ N(0,12), for k= 1,2
Bo ~ MVN(0,5% % I), B ~ MVN(0,5% % T)

¢Y ~ N(0,72), 7y ~ Uniform(0,v/10).

We assume a Normal prior distribution with a relatively small variance for dg ;. Practically, as
the variance of this prior distribution goes to zero, the model implicitly assumes there is no dif-
ference between the conditional distribution for the condtol potential outcomes for compliers and
noncompliers. This is plausible because we have controlled for relevant baseline covariates and it is
unlikely this parameter would be large on the probit scale. The individual-level binary compliance
cluster-level mixture distributions were estimated using the same models that were defined in Sec-
tion [2.5.1] and the posterior distributions of the ITT and CACE estimands were estimated using
Procedure 3 described in Section We sample from the posterior distribution of the model
parameters by replacing the Normal regression outcome model in the Gibbs sampling algorithm
with the probit regression outcome model in Equation .

The posterior distributions of upc and urpz do not change significantly from the values de-
scribed in Table and their interpretations remain the same. Table describes the posterior

distribution of the ITT and CACE estimands.
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Estimand Treatment Control Difference! 95% Cr.I

ITT*? 26.7 (1.3) 29.5 (1.4) -2.8 (1.6) [-5.9, 0.1]
ITT} 23.5 (1.6) 27.0 (2.0) -3.5(2.2) [-8.1, 0.7]
ITTY 32.0 (2.5) 33.7(2.7) -1.6 (2.6) [-7.3, 3.1]
ITT — ITT 8.5 (3.2) -6.7(3.7) -1.8(3.6) [-8.6, 5.9]
CACE®P 33.7 (3.6) 41.3 (4.9) -7.6 (4.3)  [-15.7, 0.3]
CACEY 31.3 (4.1) 41.1(6.4) -9.8(6.3)  [-22.3, 2.0]
CACEY’ 37.3 (4.9) 41.6 (7.0) -4.3(6.9)  [-18.7, 8.4]
CACE — CACEY -6.0 (5.,5) -0.5(9.0) -5.5(10.0) [-24.0, 15.9]

T Percentage Points

Table 2.7: Posterior Distribution of super-population estimands when the outcome is antipsychotic
use at 4-month follow-up. ITT} refers to the average I'TT effect among residents in NHs in latent
compliance stratum k; CACE; refers to the complier average causal effect in latent compliance
stratum k. A resident is a complier if they listened to the personalized music intervention for at
least 30 minutes per day on average during the study.

The point estimate for the ITT estimand indicates less antipsychotic use among residents in
NHs assigned to the personalized music intervention (ITT: -2.8, 95% Crl: -5.9 to 0.2), and the
estimate of the CACE implies an even greater reduction in antipsychotic use among resident’s
who are compliers (CACE: -7.6, 95% Crl: -15.7 to 0.3). However, neither estimate was statistically
significant at the 5% nominal level. The point estimate for CACE; is 5.5 percentage points larger in
magnitude than the point estimate for CACEo, indicating a larger reduction in antipsychotic usage
among compliers in latent compliance stratum 1 (CACE;: -9.8, 95% Crl: -22.3 to 2.0)(CACEqy: -4.3,
95% Crl: -18.7 to 8.4). Latent compliance stratum 1 comprises NHs with staff that, on average,
indicated they were actively targeting a higher proportion of residents’ behaviors with the music

intervention.

2.5.3 Posterior Predictive Checks

We implement a series of posterior predictive checks (Gelman, Meng and Stern, 1996; Rubin,
1984) that use predictive discrepancy measures that were proposed by Barnard et al. (2003 and
implemented by |Mattei, Li and Mealli (2013) to assess the model fit to the observed data. Following
the notation in (Mattei, Li and Mealli, |2013), we let Dfﬁ},;dy = {ij : S; = k,D;j = 1} comprise the
set individual-level compliers in the study data whose NH facilities are in compliance stratum k and

study

were assigned to intervention group w. We let Nzt‘,idy, denote the number of individuals in D™,

and let Y(w)ZtUdy and sfu’sledy denote the sample mean and variance of the potential outcomes for
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study

wi s respectively. The posterior discrepancy measures are given by

individuals in D

Slztudy(e) _ Y(l)ZtUdy N Y(O)?:Udy ,

82,study SQ,study

Lk 0k
NOP Y (@) = | 5 4 2
k Nstudy Nstudy ’
1,k 0,k

and SI;"Y(9)/NOJ™ Y (0) . These discrepancy measures are meant to assess ”"broad features
of signal, noise, and signal-to-noise ratio” (Barnard et al., 2003|) within each of the estimated
latent compliance strata. Let T"°P(@) denote the value of a discrepancy measure calculated on
the posterior predictive distribution of the latent compliance strata, individual compliance, and
potential outcome values using the same 6 as the study data. A Bayesian posterior predictive
p-value (PPPV) assess the probability that 7"P(0) would be as or more extreme as what was

observed in the study data, denoted by T7°(6). Formally, we have
PPPV = Pr(T™P(8) > T°%(0)| Y, D C°* Z, X).

PPPVs that are close to 1 or 0 indicate that the prior and liklihood are not able to replicate the
measures of signal, noise or the signal-to-noise ratio that was observed in the study and may sug-
gest that the proposed model has unintended influence on the estimated values of the estimands
(Gelman, Meng and Stern), (1996; [Rubin, 1984). We report PPPVs as the proportion of posterior
samples for which the value of the posterior predictive descrepancy measure exceeded the values
of the same discrepancy measure computed using the study data. PPPVs were computed for dis-
crepancy measures in both latent compliance strata for both the CMAI and antipsychotic outcome

measures; the results are displayed in Table
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Outcome SI(0) NOR(0) SI(0)/NOL(0)

CMAI
S=1 0.66 0.39 0.67
S=2 0.46 0.51 0.46
Antipsychotics
S=1 0.61 0.39 0.64
S=2 0.36 0.61 0.34

Table 2.8: PPPVs corresponding to different discrepancy measures for CMAI and Anipsychotic
models across latent compliance strata.

The PPPVs for all discrepancy measures across both latent compliance strata and both outcomes
are between 0.34 and 0.67. Because no PPPV is close to 0 or 1, we find no evidence that the

proposed models have unintended influence on the estimated values.

2.6 Discussion

We propose a Bayesian method to estimate the effects of interventions in pragmatic CRCTs sub-
ject to noncompliance at the cluster and individual-level. This method defines a Bayesian mixture
model that classifies all clusters into compliance strata based on their characteristics and continu-
ous compliance metrics collected during the trial. The model imputes unobserved individual-level
binary compliance status and cluster-level compliance metrics for clusters assigned to control and
estimates stratum specific individual outcome models. We describe estimands that stratify indi-
viduals by their compliance status, as well as their cluster’s latent compliance stratum to enable
researchers to compare the treatment effects among individuals that complied to intervention and
between clusters with comparable levels of partial compliance.

We provide case studies to demonstrate the method’s sensitivity to different data generating
mechanisms. Simulating the case studies displays the model’s high efficiency, accuracy and nominal
coverage when it is correctly specified. It also demonstrates that the procedure is robust different
data generating mechanisms that lead to misspecification at each level of the model.

We also apply the proposed Bayesian method to METRIcAL, a pragmatic CRCT that exam-
ines the effects of a personalized music intervention on the behaviors of nursing home residents
with dementia in 54 nursing homes in the United States. To evaluate NH compliance, we analyzed

a continuous compliance metric that describes the proportion of enrolled residents who received
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the personalized music intervention from NH staff in order to directly target agitated behaviors or
reduce antipsychotic use. For the NH characteristic, we analyzed the average daily census, a covari-
ate that describes is the average resident population at the nursing home during the previous year.
Estimates of the average treatment effect reveal no observable difference in the change in CMAI
or antipsychotic use between the arm receiving the intervention and the arm receiving standard of
care. Similarly, the complier average causal effect does not show any significant difference between
treatment arms at the 5% nominal level. This result holds regardless of the latent compliance stra-
tum that a NH belonged to. These results align with the original analysis of the METRIcAL trial,
which showed no observable difference between the agitated behaviors of residents in NHs assigned
to either treatment arm. However, for antipsychotic use, the CACE and the stratum specific CACE
among individuals in clusters that most often used the intervention for targeting agitated behaviors
had large negative point estimates that approached traditional levels of statistical significance.

In conclusion, the proposed Bayesian procedure provides a new methodology to analyze prag-
matic CRCTs subject to noncompliance at the cluster and individual-levels. The procedure es-
timates the effects of the intervention among similar clusters with similar compliance, and also
among individual who comply to the intervention when it is offered to them. We have applied the
method to cases that consider one cluster compliance metric and one cluster covariate, but this
method can be used for multiple compliance metrics and multiple characteristics simultaneously.

Possible extensions include models that analyze continuous compliance at the individual-level.
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Chapter 3

A Bayesian Two-stage Adaptive
Design for Pragmatic RCTs with

One-Sided Noncompliance

3.1 Introduction

Pragmatic randomized controlled trials (PRCTSs) are designed to investigate the effects of inter-
ventions in real-world settings. In PRCTSs, the intervention is typically administered by healthcare
providers or by the participants themselves, closely mirroring everyday practice. Because of this,
noncompliance to the intervention is more likely (Ware and Hamel, 2011; [Zuidgeest et al., [2017;
Albert, |1997)). Randomized experiments with patient noncompliance are subject to lower statistical
power and mitigated treatment effects which can lead to higher costs, longer duration, or the aban-
donment of effective interventions (Shiovitz et al., [2016; Czobor and Skolnick, 2011). Therefore, it
is important to consider noncompliance at the trial’s design phase (Hewitt, Torgerson and Miles,
2006; |Czobor and Skolnick, [2011}; Zhou et al., [2020)).

Adaptive RCT designs allow for modification of the trial’s protocol based on data collected dur-
ing the trial without undermining the validity of the study (Berry et al., [2010; Chow, Chang and
Pong|, 2005)). A sequential RCT design is a type of adaptive design that decides between multiple

predefined study implementation options using interim analyses of accumulated data (Whitehead,
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1997). Multiple sequential designs that incorporate patient compliance data have been proposed.

[Shen, Ning and Yuan| (2015) develop a Bayesian sequential monitoring design that continuously

updates estimates of the complier average causal effect (CACE) (Imbens and Rubin, [1997) to in-

form decision making, while Ren et al. (2021) propose a similar design that uses Bayesian additive

regression trees (BART) to estimate the CACE. However, PRCTSs typically estimate intention-to-

treat (ITT) effects which describe the average effect of being assigned to receive the intervention

(Zuidgeest et al.| 2017). Moreover, sequential designs with continuous updating may not be practi-

cal for PRCTSs because PRCTS are often more complex than typical RCTs (Ford and Norrie) 2016)),

and researchers are already hesitant to initiate complex adaptive designs (Dimairo et al.| 2015). An

alternative option is to implement a two-stage sequential design, the simplest form of sequential

design, which specifies a single intermediate point for conducting interim analyses (Gehan| 1961

Jung et al., 2004} [Simon)| |1989). However, two-stage sequential designs typically require a larger

sample size to maintain the same level of statistical power compared to one-stage designs under

similar conditions (Jennison and Turnbull, [1999)). Some two-stage sequential designs use Bayesian

methods that incorporate additional data when estimating treatment effects to increase statistical

power. [Su et al.| (2022) develop a Bayesian design for biomarker-guided trials that uses a hierar-

chical model to include data from multiple control arms to improve efficiency. Similarly,

land Xue (2020) use the Bayesian power prior (De Santis, |2006; [Ibrahim et al., 2015) to ”borrow”

information from previously completed trials to estimate treatment effects in pediatric populations.

However, these methods have not been used to address noncompliance in pragmatic trials.

Interventions in PRCTs are often multifaceted (Fitzpatrick et al.,|2020), with some components

contributing to intervention’s effectiveness mechanisms and other components contributing to im-

plementation and adherence (Ford and Norrie, [2016; [Lugaresi, Rottoli and Patti, 2014; Spilker,

[1992; Mayhew et al., [2020). For example, a personalized music protocol may use a unique music

playlist to help reduce the agitated behaviors of dementia patients while also providing comfortable
headphones to promote consistent listening. Researchers will often collect information from PRCTs

about modifiable aspects of the intervention related to implementation and adherence (Apter, 2015

|Glasgow et al., 2021; Sandy et al., 2021; Palmer et al. 2019)). By adjusting these features for inter-

ventions that have poor compliance, researchers may improve patient adherence without modifying

the treatment effect mechanisms (Lugaresi, Rottoli and Patti, 2014} |Spilker} 1992).
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We propose a novel, Bayesian two-stage sequential design for PRCTs that addresses one-sided
binary noncompliance (Imbens and Rubin) 2016). In the design, compliance and effectiveness data
are accumulated in Stage 1 and used for an interim analysis when the stage is complete. Based on
the interim analysis, the trial may be stopped for efficacy, or a new trial will be implemented with
an augmented version of the multi-component intervention that improves compliance but keeps the
same treatment effect mechanisms. The analyses of this design rely on Bayesian models that utilize
a power prior distribution to improve statistical power by incorporating information from Stage
1 when estimating treatment effects in Stage 2. We compare the operating characteristics of the
proposed method to a simple randomized design and evaluate its sensitivity to misspecifications
using simulations. In addition, we simulate a trial that implements the proposed design and analysis
using real data from METRIcAL: a multi-part, pragmatic, nursing home (NH) based trial evaluating
the effects of a personalized music intervention on the agitated behaviors of nursing home residents

with dementia.

3.2 Methods

3.2.1 Notation

We consider a pragmatic trial with I = 2 stages where N; individuals are enrolled in stage ¢ so that
N = Nj + N> denotes the total number of study participants. Out of the N; participants in stage
i, N;1 and N;g = N; — N;; represent the number of individuals who are randomized to the active
intervention and control condition, respectively. Let W; = {W;1,..., Wjn,}, where W;; € {0,1} is
an intervention assignment indicator that equals 0 if individual j in stage 4 is randomized to control,
and 1 if they were randomized to the active intervention. D;;(W;) € {0, 1} is a compliance indicator
that equals 1 when the individual j in stage 7 receives the active intervention when their treatment
assignment is W;, and 0 otherwise. We assume that individuals assigned to the control condition
have no access to the active intervention so that D;;(0) = 0. For simplicity, we define D;; := D;;(1).
Let Y(0,D) = {Y;;(0,D;;)} denote the set of potential outcomes for all N; individuals in Stage
i under the control condition, and Y (1,D) = {Yj;(1, D;;)} denote the set of potential outcomes
for all N; individuals under the active intervention. Similarly, let D = {D;;} denote the set of

compliance indicators. Lastly, we observe a set of P pre-treatment covariates for each individual,
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Xij = {XY, . X[}

Because individuals are assigned to only one intervention at a specific point in time, only one of
Yi;i(1, D;j) and Y;;(0, D;j) can be observed. We assume the stable unit treatment value assumption
(Rubin, 1978#) for the potential outcomes and compliance statuses so the observed and missing

potential outcomes are

Y = ¥i(1, Dyg) * Wiy + Yij(0, Dig) # (1 = Wiy)

Y = Yi(1, Dij) x (1 = Wig) + Yi(0, Dyg) Wi

In addition, the observed and missing compliance statuses in Stage i are D** = {D;;|W;; = 1}

and D7 = {D;;|W;; = 0}, respectively.

3.2.2 Interventions and Estimands

We assume that the intervention is multifaceted, with parts of it that influence only compliance,
and other parts that act as the active ingredients and influence the effect of the intervention on
those who take it. We assume that the active intervention in Stage 1 of the proposed two-stage
PRCT is described in the trial’s protocol, and we refer to it as the ”standard intervention”. The
active intervention in Stage 2 is a modified version of the ”standard intervention” and is based
on patients’ non-compliance data from Stage 1. Throughout, we refer to this intervention as
the "augmented intervention”. The augmented and standard intervention are designed so they use
identical mechanisms to induce the treatment effect, but the features of the augmented intervention
that relate to patient compliance are modified to improve adherence using data collected in Stage
1.

Estimands, which are functions of the potential outcomes, are used to summarize the effects of an
intervention across a population of interest (Gutman and Rubin|, 2015b; Rubin, |19785). Intention-
to-treat (ITT) estimands are the most common estimands in PRCTs because they estimate the
effects of an intervention using data from all randomized participants (Guptal 2011). The ITT
estimand for the standard intervention in Stage 1 is Ej,[Y1;(1, D1;) — Y1;(0, Dy;)], and the ITT
estimand for the augmented intervention in Stage 2 is E,[Y2;(1, Da;)—Y2;(0, Da;)] where sp denotes

the expectation over the target super-population. We refer to these estimands as ITT; and ITTs,
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respectively.

3.2.3 Two-stage PRCT Design
Decision Rules

We let m = Esp[D14] be the expected compliance to the standard intervention in Stage 1 of the
two-stage design, and we let 7 = NLH chwljzl D be its point estimate. We define pyy € (0,1) to
be a prespecified upper compliance threshold used for decision making at the conclusion of Stage
1. If 71 > py the trial is stopped because of higher than expected compliance and an a-level
statistical test is conducted on ITT;. Similarly, we define p;, € (0,1) to be a prespecified lower
compliance threshold so that if 71 < pr, the trial proceeds to Stage 2 without an interm analysis of
the outcome data. At the conclusion of Stage 2, and a-level statistical test is conducted on ITTs
to assess the effects of the augmented intervention. If after Stage 1 p;r < 71 < py, a statistical test
with significance level a1 < « is performed on ITT;. If this test rejects the null hypothesis at the
aq-level, the trial is stopped because of efficacy of the standard intervention. If the null hypothesis
is not rejected, the trial continues to Stage 2 where a statistical test with significance level g < «
is conducted on ITTy to evaluate the effects of the augmented intervention. Figure depicts

these decision rules in a flowchart.

Design Considerations

In the absence of noncompliance, a formula for calculating the number of participants required
to achieve a statistical power of 1 — 8 when half of the participants are assigned to the active

intervention is

Zi_a 4+ Z1_g\ 2
1215) ’ (3.1)

N*=4+x
(%5
where Z; is the ¢"" quantile of the standard normal distribution, ES is the expected standardized
effect size, and « is the Type 1 error rate (Wittes, [2002). To account for noncompliance, the
following adjustment to Equation (3.1)) was proposed (Wittes|, 2002),
N*

NG (3.2)

65



intervention and
initiate Stage 2

Determine augmented

Conduct a-level
statistical test on ITT,

Complete Stage 1
and compute 7,

Conduct a;-level
statistical test on ITT;

hypothesis

Test does not reject the null

Conduct a-level
statistical test on ITT;

Test rejects the null

hypothesis

l

Stop trial and accept the
result for the standard
intervention

Determine augmented
intervention and
initiate Stage 2

|

Conduct a,-level
statistical test on ITT,

Figure 3.1: Two-stage PRCT design flowchart. 71: Observed proportion of compliers in Stage 1;
pr: Presepecified lower compliance threshold; py: Presepecified upper compliance threshold; a:
Presepecified Type-1 error rate; ; aj,as: Type-1 error rates adjusted for multiple testing; ITTy,
ITT,: Intention-to-treat estimands for the standard and augmented intervention, respectively.

where p. is the expected proportion of individuals who receive the active intervention when assigned

to the control condition, and p; is the expected proportion of indiviudals who recieve the control

condition when assigned to the active intervention. We assume one-sided noncompliance, so p. = 0,

and let pg = 1 — p; be the expected proportion of individuals who would comply to the standard

intervention if they were assigned to receive it. Thus, the total number of individuals enrolled in a

PRCT that expects (100 % pg)% compliance is
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In the proposed two-stage design, we are interested in keeping sample size similar to the equivalent
single-stage design. Therefore, we let Equation (3.3) determine the total sample size, N, and

allocate N7 participants to Stage 1 by computing

2
s 1) , (3.4)

N1 =4
! *< pU*ES

where 1 — ;1 denote the desired statistical power in Stage 1 if py compliance is attained. The
remaining No = N — N participants are allocated to the second stage with the expectation that
compliance will be higher under the augmented intervention.

Values for oy and a9 are chosen so that the overall Type-1 error rate of the procedure is a.
Possible methods to determine values for a; and as include the use of alpha-spending functions
(Demets and Lan) 1994) and the Bonferronni correction for multiple testing (Armstrong, 2014).
The Bonferronni correction requires that each hypothesis test is conducted at level a/t, where
t is the total number of tests that are being conducted. Alpha-spending functions, such as the
Pocock or O’Brien Flemming functions (Demets and Lan) 1994), allocate the total Type-1 error
across multiple interm analyses by incrementally increasing the alpha spent at each hypothesis test
as a function of the total information available. Table summarizes the all of the parameters

associated with the two-stage design and describes their function.

Paramter Description
Ny N, Total n}lmber of individuals enrolled in Stage 1 and Stage 2,
respectively.
N The total number of trial participants, N1 + Na.
ES Standardized effect size that is assumed for sample size calculations.
Q@ Desired type 1 error rate for the PRCT.
1-p6 Desired statistical power for the PRCT.
PE Expected compliance proportion used for sample size calculations.
1-75 Desired statistical power for Stage 1 of the PRCT.
Compliance proportion in Stage 1 above which investigators would
by not consider adjusting the standard intervention.
Compliance proportion in Stage 1 below which investigators would
PL require the adjustment of the standard intervention.
o1, as Restricted Type 1 error rates used for statist.ical tests if a test is
conducted after Stage 1 and stage 2, respectively.

Table 3.1: Parameters for two-stage PRCT design.

67



3.2.4 Modeling and Assumptions
Distributional Assumptions

We rely on a Bayesian model-based approach to estimate the posterior distributions of ITT; and
ITT,. Model-based estimation is a principled approach to incorporate restrictions on the joint
distribution of observed variables and include covariates in a flexible manner (Imbens and Rubin,
2016)). In PRCTSs, the participants’s treatment assignment is controlled by the investigators and is
decided prior to the study’s initiation. Therefore, the joint distribution of the variables in Stage 1

of the two-stage PRCT design is given by

P(W1,Y(1,D1),Y:(0,D;),Dq,X;)
= P(W1|Y(1,D1),Y1(0,Dy),D,X;)P(Y1(1,D1),Y1(0,D1) D¢, X1) P(D1|X1)P(X1)

0.6 P(Yl(l,Dl),Yl(O, D1)|D17 Xl)P(Dl‘Xl)P(Xl).

We assume the distribution of variables in Stage 1 does not influence the the distribution of variables
in Stage 2, only whether or not Stage 2 is initiated. Therefore, the joint distribution for the variables

in Stage 2 can be written similarly,
P(W3,Y2(1,D32),Y2(0,D2),Ds, Xs) x P(Y2(1,D3), Y2(0,D2)|D2, X2) P(D2|X2) P(X3).

Units are considered exchangeable when their joint distribution is the same regardless of their or-
dering (Bernardo, 1996). Individual-level covariates, compliance status and the potential outcomes
are not informed by their assignment to treatment. Therefore, we make the following partial ex-

chanagability assumptions.

Assumption 1 Exchangability

(a) In Stage i, individual compliance status is exchangeable conditional on X;;. Assuming the
prior P(fp,) and appealing to De-Finetti’s theorem (de Finetti, 1992), we can write P(D;|X;)

as

N;
P(D;|X;) oc/HP(Dijepi,xij)P(eDi)deDi. (3.5)
j=1
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(b) Furthermore, in Stage 4, the potential outcomes are exchangable conditional on X;; and Dj;.
Assuming the prior P(fy;) and appealing to De-Finetti’s theorem (de Finetti, 1992) this
implies

N;
P(Y;(1,D;),Y;(0,D;)|D;, X;) o / [T P(vij(1, Dij), Yij(0, Dij)|0;, Dij, Xij) P(Oy; )dby,
j=1
(3.6)
A commonly made assumption in randomized trials with noncompliance is the exclusion restric-
tion assumption (Angrist, Imbens and Rubin, 1996), which rules-out the effects of the assignment
on the outcome for non-compliers. We assume a slightly weaker version of this assumption for both

the standard and augmented intervention that requires it to hold in distribution.

Assumption 2: Stochastic exclusion restriction for individuals that do not comply with the active

intervention (Imbens and Rubin, 2016). P(Y;;(1,0)) = P(Y;;(0,0)) for i = 1,2.

This assumption presumes that the assignment of an individual to the intervention does not in-
fluence the distribution of the potential outcomes except through an individual’s compliance to
the intervention. This assumption is reasonable in PRCTs when the intervention is embedded in
regular patient care because, generally, there is not going to be an effect of the intervention on
individuals unless they take it.

We rely on two additional assumptions that simplify the parametric models of the different
distributions. The first assumption presumes that the distributions of the potential outcomes are

independent given an individual’s compliance status and their observed characteristics.

Assumption 3: No contamination of imputation across treatments (Rubin, 2008). Formally,
P(Yij(1, Dij), Yij (0, Dij)|Dij, Xij, 0y;) = P(Yij(1, Dij)|Dij, Xij, 0y;) P(Yi (0, Dij) | Dij, X, 0;)
fori=1,2.

This assumption is commonly made by causal inference methods because the observed data does

not include information on the relationship between the potential outcomes for the same individual
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(Hirano et al., 2000; Imbens and Rubin, [2016). When the units in a study are a random sample
from a super-population, and the estimand is the average difference in this super-population, this
assumption has little inferential effect for average treatment effects (Hirano et al. 2000; Imbens
and Rubin, 2016; Rubin| [1978b; Imbens and Rubin, 1997). The second assumption requires that
the compliance status of an individual is conditionally independent from their outcome under the

control.

Assumption 4: Conditional independence of compliance status and control potential outcomes.

This assumption is plausible when all of the covariates used to model compliance status are also
used to model the potential outcomes because compliers and noncompliers do not receive different
control interventions. Importantly, this assumption does not require the marginal distribution of
the control potential outcomes for compliers and noncompliers to be the same. In addition, the
sensitivity of the models to this assumption can be determined by assessing the change in results
when including compliance status in the control potential outcome model. Additional details and
justification are provided in Appendix Section

Lastly, we assume that the potential outcomes follow the same distributions in Stage 1 and

Stage 2 conditional on baseline covariates and compliance status.

Assumption 5: Equivalence of potential outcome distributions in Stages 1 and 2. Formally,

P()/lj(’w,d”Dlj = d, le = X, le) = P(YQj(w,dNDzj = d, ng = X, 9Y2)7 and ‘9Y1 = 0y2 = Hy.

This assumption is plausible because the augmented intervention and standard intervention utilize
identical mechanisms to induce the treatment effect. Therefore, the conditional distributions of the
potential outcomes among individuals who receive either the standard or augmented intervention
are expected to be the same. In addition, Stage 1 and Stage 2 have the same control condition.
Therefore, we expect the distributions of the potential outcomes for individuals assigned to the

control to be the same in both stages if they are sampled from the same target population.
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Parametric Models

We develop a model based approach to estimate ITT; and ITTs that incorporates individual level
covariates and follows the distributional assumptions outlined in Section [3.2.4f We model the

distribution of compliance to the active intervention in Stage ¢ as
P(D;;|6p,,X;;) = Bernoulli (probit_1 (MiD + Xijm)) fori=1,2, (3.7)

where Op, = {MD i} ,uiD denotes the intercept and «; is a coefficient vector that describes the rela-
tionship between the observed covariates and the probability of being a complier. The conditional

distributions for the potential outcomes are modeled as

P(Y;;(1, Dij)|0y, Dij, Xi5) = N (Yij(1, Dij) | + X580 + Dyjén, 0?) (3.8)

P(Y;5(0, Dij)|0y, Dij, Xi5) = N (Y350, Dij) | + X580, 07)

where 0y = {u¥, Bo, 01, 0%}, u¥ is the intercept and Sy is a vector of coefficients that that describe
the relationship between covariates and the expected value of the potential outcomes. The param-
eter 01 describes the differential effect of being a complier to the active intervention and o denotes
the variance of the potential outcome distributions. Assuming the study populations in Stage 1 and
Stage 2 are simple random samples from the target super-population, I'TT; and ITTy as functions

of the model parameters are given by

Ny

1 L
ITT, = ~ Zproblt L (P +Xiym) x 6 (3.9)

it

N2
1
ITT, = A E probit ™ (ud + Xajm2) x d1. (3.10)
2

j=1
Bayesian Power Prior
Bayesian power prior distributions are a class of informative prior distributions that are constructed
from ”historical” data (Ibrahim et al., 2015). The power prior for a parameter 6 is given by
P00, ag) o< L(0|Q0)* Py(6), where L(0|€Q) is the liklihood function based on the historical data,

Qo, Py(#) is the initial prior for € before incorporating historical data, and ag is the borrowing
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parameter taking values between 0 and 1. This prior distribution implies the posterior distribution
for 0 given by P(0|Q, Qo, ag) o< L(8|Q2)L(0|Q0)™ Py(6), where L(6]2) is the current data liklihood
function. The borrowing parameter controls the influence of the historical data by weighting the
historical data liklihood relative to the current data likelihood in the posterior distribution. Prac-
tically, setting ag = 0 includes no historical information in the posterior distribution, while setting
ag = 1 includes historical data and current data with the same weight.

The partial borrowing power prior is a type of power prior that only borrows historical informa-
tion on the common parameters that are shared between the current and historical data generating
mechanisms (Ibrahim and Chenl 2000; Ibrahim et al., 2012; Chen, Ibrahim, Zeng, Hu and Jial [2014;
Chen, Ibrahim, Amy Xia, Liu and Hennessey, 2014)). In the analysis of Stage 2 of the PRCT, we
assume the partial borrowing power prior to borrow information from Stage 1 to inform posterior
estimates of fy. Let O; = {Y;’bs, ngs, X, W;}. The observed-data liklihood function for fy and

Op, in Stage ¢ of the PRCT is given by

Li(0y,0p,|0;) =
IT N (00,0 +Xij80,0%) 1] {N (Y3 (1, Dig) " + XijBo + Dyjor, o)
j:Wi]’:O jZWi]’=1

X pI‘O‘biti1 (/LZD + Xijm)Dij (1 — pI‘O‘bitf1 (,uf) + Xz‘jm))l_Dij }, (3.11)

where 0y = {uY¥, By, 61,02} and Op, = {uP,n;}. The partial borrowing power prior for 6y and ép,

that incorporates the observed-data liklihood function for fy from Stage 1 is given by

POy, 01,00, ay) o </ Ll(ey,9D1|01)aopo(epl)depl> < Py(0y,0p,), (3.12)

where ag is the borrowing parameter and Py(6p,) and Py(fy,0p,) are initial prior distributions

that assume that 0p, is a priori independent from 6y and 6p,. The observed data liklihood in
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Stage 1 can be factored into two components, Li(0y|O1) and L1(6p,|O1), where,

L1(9y|01) = H N (Ylj(O, D2j)|,U,Y +X1j50702)

J:W1;=0
X H N (Ylj(l,Dlj)LuY + le/BO + D1j51,02) s and
j:leil
R Dy I 1-Dy;
Li(0p,|01) = H probit ™! (,uf) +Xijm) 7 (1 — probit™! (,uf) +Xim)) .
J:Wi;=1

Therefore, we can simplify Equation (3.12]) so that

P(@y,@DQ‘Ol,ao) X (/Ll(ﬁyﬂpl01)“0P0(0D1)d0D1) X P()(@y,@DQ)
= 11(6y100)" [ 14(60,01)* u(0, )b, ) x Fulty 60,)

o< L1(0y[01)* Po(0y, 0p,), (3.13)

where the integral is finite whenever Py(6p,) is proper because Li(6p,|O1) is bounded between
0 and 1. The posterior distribution for fy and 6p, that assumes the partial borrowing prior

distribution in Equation (3.13) is given by

P(6y,0p,|01,02,a0) x La(0y,0p,|02)P(0y,0p,|01,a0)

X Lg(gy,9D2’02)L1(9y|01)a0P0(9Y79D2>. (314)

Under the partial borrowing power prior, the posterior inference on ITTy will depend on the

observed data in Stage 2 and Stage 1, the choice of Py(fy,0p,), and the choice of ay.

The Choice of the Borrowing Parameter, ag

Several methods have been proposed for determining a value of the borrowing parameter, ag.
One method is to set ag to a fixed value based on the relative amount of historical information
investigators want to incorporate in the analysis, and then conduct several sensitivity analyses that
modify the selected value (Ibrahim et al., 2015)). A different approach imposes a prior distribution on

ap and estimates its posterior distribution. Ibrahim and Chen (2000)) define the joint power prior
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which assigns a joint prior distribution on the borrowing parameter and the model parameters,
while Duan, Ye and Smith (2006) propose the normalized power prior that first assumes a prior
distribution for the model parameters conditional on ag, then defines a marginal prior distribution
on agp. |Ye et al.[ (2022) describe the normalized power prior and its variations, including the partial
borrowing normalized power prior, and derive the normalized power prior in the Normal linear
regression setting.

Another set of methods determine a value for ag by measuring the similarity of the historical data
and the current data (Ibrahim et al., 2015). Several methods use the propensity score (Rosenbaum
and Rubin) [1983b) to weight historical data observations in current analyses based on similarities
in baseline covariates (Lin, Gamalo-Siebers and Tiwari, 2019; Lu et al., 2022; Wang et al., 2019;
Wang, Zhang and Tiwari, 2024). |Gravestock and Held| (2017) propose a different, Empirical Bayes,
method to set ag by maximizing its marginal liklihood. Han, Ye and Wang (2023)) derive the
objective function for this approach and a different DIC (Spiegelhalter et al.,|2002) based approach
when the data is modeled using Normal linear regression. The applications of the Emprical Bayes
and DIC methods to the proposed two-stage PRCT design are described in Appendix Section
For additional procedures that use the data to set a deterministic value for ag, see Ibrahim et al.

(2015).

3.3 Simulation Study on the Operating Charteristics of the Pro-
posed Two-Stage PRCT Design

3.3.1 Designs and Models

We develop factorial simulation studies where we control the data generating mechanism to examine
the operating characteristics of the proposed two-stage design. These results are compared to a
one-stage, simple randomized design that assigns IV participants to either the standard intervention
or control condition. Values for N, Ni and Ny are determined using the procedures described in
Section when the expected standardized effect size among compliers, £S, is 0.5 and when the
expected proportion of compliers under the standard intervention, pg, is 0.3, 0.5 and 0.7. All other

design parameters are held constant and can be found in Appendix Table
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We implement four Bayesian models to analyze the two-stage design that use different values for
the borrowing parameter in the power prior distribution: 0, 0.5, 1, and af’! €. The parameter abt ¢
corresponds to the borrowing parameter obtained by optimizing the DIC, described in Appendix
Section [A3.3] and was shown to have favorable operating characteristics when compared to Empir-
ical Bayes and the normalized power prior in Normal linear regression models (Han, Ye and Wang,
2023). The four Bayesian models are denoted by By, Bg 5, B1,and Bpjc, respectively, and follow
the distributional assumptions outlined in Section [3.2.4, We assume mutually independent inital
prior distributions for 0p,, 0p, and Oy with Py(fy) o ﬁ and Py(0p,) = MVN(0p,|0,100%Ip,1) for
i = 1,2 where I is the identity matrix. A Normal linear regression model and a two-part regression

model are used to analyze the simple randomized design. The Normal linear regression, denoted

by LMy, assumes

Y =k 4+ X By + Wy + € (3.15)

€ ~ MVN(0, 03, Iy),

where W is the vector of N treatment assignment indicators. The two-part model, denoted by

LM¢, assumes

Y = ¥ + XBo + D¢ + € (3.16)

€ ~ MVN(0,021y)
. D; W;=1 »
Dj = forj=1,...N
0 W;=0

Dj ~ Bernoullli(probit™! (u& + X;ac)) for j such that W; = 1.

For each model, we assume the study population is a random sample from a target super-population
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and estimate the ITT estimands as a function of the model parameters:

ITTw = dw, (3.17)

N
1
ITTo = > " probit™! (1@ + Xjne) x dc. (3.18)
j=1

To estimate the confidence intervals for I'TT ¢, we implement the basic bootstrap confidence limits

described by Davison and Hinkley| (1997) with 100 bootstrapped data sets.

3.3.2 Correctly Specified Data Generating Mechanism

We first compare the two-stage design and Bayesian analysis to the one-stage design under a data
generating mechanism that is correctly specified. We let the probability that individual j complies

to intervention offered Stage i be
P?”(Dij = 1|Xij7wDi) = pl“O‘bit*1 (mZD + X,]Q) , (3.19)

where wp, = {mZD ,Gi}, and X;; is a covariate vector containing 2 baseline covariates. We set the

distribution of the potential outcomes for individual j given treatment assignment W;; to be
P(Yi;(Wij, Dij)|wy, Xij) = N (Y (Wij, Dij)|m? + X0 + Dij x 71, 1) (3.20)

where wy = {m¥, &y, v1, 72} and 71 is the standardized effect size among compliers. In addition, we
create a target super-population by generating 10,000 covariate vectors, {X(l), ey X(lO,OOO)}’ from

a bivariate Normal distribution,

0 1 -0.1
X (™) ~ MVN , for m =1,...,10,000. (3.21)

0 —0.1 1

The configurations of the simulation study are defined by the factors v;, w1, and ¢, where m; =

Egp[Dy;], and ¢ € [0,1] relates 7 and 7o by
me =71 + @ x (1 —mp). (3.22)
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For example, if ¢ = 0.5, the expected proportion of noncompliers in Stage 2 is half of the expected
proportion of noncompliers Stage 1. Table describes these factors and their levels, yielding a
factorial design with 3 x 4 x 4 = 48 configurations. The values of the model parameters used to

obtain these factor levels are shown in Appendix Table

Factor ‘ Levels ‘ Description

o {0.25,0.5,0.75} True expe.cted Valu.e for the proportion of compliers to the
standard intervention.
Reduction in expected noncompliance under the

® {0%10%, 33%, 50%} augmented intervention compared to the standard
intervention.

- {0,0.2,0.5,0.8} True standarc.iized conditional effect of the interventions
among compliers.

Table 3.2: Factors for simulation study with correctly specified data generating mechanism

For each configuration defined by a different combination of 71,¢ and 7, 1000 data sets were
generated. The power, average sample size, bias, average 95% interval coverage and width were
computed when estimating the I'TT estimands for each data set. Because all of the models for both
designs are correctly specified for the data generating mechanism, they produce unbiased estimates
of the ITT estimands. Therefore, we only report power and average sample size to compare them.
When v = 0.2,0.5 and 0.8, the estimated power of each design and model combination was
computed as the proportion 95% intervals that did not contain 0. When 71 = 0, Type 1 error
was calculated using the same procedure. Figure reports the results for each design and model

combination when vy; = 0.5.
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Figure 3.2: Power and average sample size comparison for all configurations when ~; = 0.5.

The rows in Figure display the results when the true noncompliance probability under the
standard intervention, 71, is 0.25, 0.5 and 0.75, and the columns display the results when the
percent reduction in expected noncompliance due to the augmented intervention, ¢, is 0%, 10%, 25%
and 50%. The Bayesian models for analyzing the two-stage design provided more power than the
simple randomized design analyzed by LMy,. The two-stage design analyzed by Bprc also produced
similar power or better power than LM¢ in all scenarios. The value of the borrowing parameter was
most influential on the power of the Bayesian models when the true compliance probability under
the standard intervention was low, m1 = 0.25, but the expected compliance probability under the
standard intervention was high, pg = 0.75. Because the two-stage design allows for early-stopping,
the average sample size analyzed by the Bayesian models was less than or equal to the average
sample size analyzed by the regression models applied to the simple randomized design. When
prp = 0.3 and m; = 0.5, the average sample size for the two-stage design was approximately half

of the simple randomized design, with similar power. When pp = 0.3 and m; = 0.75 , the two-

78



stage design provided similar power to the standard design with less than half the average sample
size across all analysis methods. In addition, when the augmented intervention did not reduce
the true noncompliance probability, ¢ =0%, the proposed two-stage design analyzed by Bp;¢ still
provided similar power to the simple randomized design in all scenarios while using a smaller or
equal average sample size. These results suggest that when the data generating mechanism and
standardized effect size are correctly specified, the proposed two-stage design and Bp;c model
provide better operating characteristics than the simple randomized design analyzed with either
LMy or LMc¢.

The results when 71 = 0.8 and 7, = 0.2 are similar (Figures and in the Appendix),
except when 71 = 0.2 , pp = 0.3, and m; = 0.75. Under this configuration, the two-stage design
provides less statistical power compared to the one-stage design. This occurs because the two-
stage design terminates at the end of Stage 1 when high compliance is observed, but does not
detect the smaller than expected effect size in the reduced sample. This scenario requires that the
true standardized effect size is much less than the expected effect size and the true probability
of compliance is much higher than the expected probability used for sample size calculations.
This scenario is not common in practice because low patient compliance is often one of the main
challenges associated with analyzing pragmatic trials (Resnick et al. 2022; |Mayhew et al., 2020;
Hossain and Karim, 2023) and a standardized effect size of 0.2 may not be clinically relevant when
the study is powered for a standardized effect sized of 0.5.

Table in the Appendix shows the average Type 1 error rate for each design and model
combination at each value of . All combinations produced approximately nominal Type 1 error
under each configuration. These results suggest that the Bayesian analyses of the proposed two-
stage design are valid statsitical procedures that offer similar or better power and smaller average

sample size than the one-stage design in almost all scenarios.

3.3.3 Misspecified Data Generating Mechanism

To evaluate the two-stage design’s sensitivity to incorrect model assumptions, we modify the data

generating mechanism described in Section so that it is misspecified.
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Different Model Parameters in Stage 1 and Stage 2

We develop a simulation study that modifies the true model coefficients and conditional treatment
effect so they are different for the standard and augmented interventions, violating the assumption
that 6y, = 0y, (Assumption 5). We set the distributions of the potential outcomes in Stage 1 and

Stage 2 to be

P(Y1;(Wij, Dij)lwy,, Xaj) = N(Y1 (Wi, Dij)m? 4+ X801 + Dij % y11, 1), and (3.23)

P(Ya;(Waj, Daj)|wyy, Xoj) = N (Ya;(Waj, Daj)|m¥ + Xaj€02 + Daj * 21, 1), (3.24)

where wy, = {m¥, £o;,vi1}, and we let the conditional distribution of compliance status be defined
as in Equation (3.19). Table describes factors of the simulation study and their levels. The

remaining parameter values are available in Appendix Table

Factor Levels Description
i [ 05 05 r Coeflicients in data generating model under the
01 ’ ' standard intervention
t Coefficients in data generating model under the
f2 | 05 05 ] . ;
augmented intervention
. {0.25,0.5) Standard'ized conditional e'zﬂ'ect of the standard
intervention among compliers
05 Standardized conditional effect of the augmented
721 ' intervention among compliers
True expected propotion of compliers under the
™1 0.5 . .
standard intevention
o {0.2,0.4) Reduction in noncompliance due to the augmented

intervention

Table 3.3: Factors of simulation study that modifies the data generating model coeffficients so they
are different under the standard and augmented intervention.

We modify v1; and ¢ and hold all other factors constant to yield a simulation study with 4 config-
urations. For each configuration, we generate 1000 data sets and implement the two-stage design
and analysis using By, Bo 5, B1, and Bp;c. Table reports the bias and coverage of the procedure
when estimating the I'TT estimands on each of the 1000 data sets.

The Bayesian models provide approximately nominal coverage and similar bias when &y; and &p2
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y1 = 0.25, v91 = 0.5 71 =721 =0.5

Method p=0.2 p=04 =02 p=04
Bias Coverage Bias Coverage Bias Coverage Bias Coverage
Bo 0.01 0.94 0.01 0.95 0.03 0.97 0.04 0.97
Bos -0.02 0.95 -0.02 0.94 0.02 0.98 0.03 0.97
B -0.03 0.90 -0.04 0.87 0.02 0.96 0.02 0.97
Bprc 0.01 0.94 0.00 0.95 0.03 0.97 0.03 0.96

Table 3.4: Bias and Coverage of the two-stage design analyzed by four Bayesian Models for each
of the four configurations of the simulation study.

are different, and 11 = y12. When 11 # 712, the bias increases and coverage is below nominal as
the value of ag increases. However, the bias remains relatively small and the coverage remains close
to nominal when setting ag using the DIC based procedure. This indicates that the model results
are more sensitive to differences in the conditional treatment effect among compliers in Stage 1 and
Stage 2 than to differences in the model coefficients. In addition, the DIC method for setting the

borrowing parameter is relatively robust to violations of Assumption 5.

Unobserved Covariate

We develop a simulation study to evaluate the sensitivity of the proposed design and analysis to
unobserved covariates. Let U; = {Uj, ..., U;n, } denote an unobserved covariate, independent from
the observed covariates, for the participants in Stage i. We let U;; be normally distributed with
variance 1 and expected value m;'. In addition, we set m} = 0 so that m$ represents the difference
in the expected value of the distribution of the unobserved covariate in Stages 1 and 2. We generate

the potential outcomes and compliance from the following distributions,

Y1;(Wij, D1j) ~N(mY + Xq;& + Uij * ky + Wi * Dyj x 1,

1)
D1 ~Bernoulli <probit*1 (mil + X6 + Uyj * nd)>
YQj(ng, ng) NN(my + Xijo + UQj * Ky + W2j * D2j *71, 1)

D5 ~Bernoulli <probit*1 <m§l + X9;G2 + Usj * kg
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The unobserved covariates U; and Uy are correlated with the potential outcomes and compliance
through parameters x, and kg, respectively. Table describes factors for the simulation study

and their levels. The remaining parameter values are described in Appendix Table

Factor Levels Description
Difference in the expected value of the standardized
4 0,0.25,0.5 . .
2 {0, 0.5} unobserved covariate in Stages 1 and 2
Conditional effect of the unobserved covariate on
KD {0,0.25,0.33} compliance
Conditional effect of the unobserved covariate on the
.25, 0.
Y {0,0.25,0.5} potential outcomes
05 Standardized conditional effect of the active
m ’ intervention among compliers
- 0.5 True expected propotion of compliers under the
! ' standard intevention
Reduction in noncompliance because of the augmented
® 10%

intervention

Table 3.5: Factors of simulation study that modifies the data generating model so an unobserved
covariate is correlated with both the potential outcomes and compliance.

We modify m¥, xp and ky to produce a simulation study with 3% = 27 configurations. For each
configuration, we generate 1000 data sets and implement the two-stage design and analysis using
Bo, Bos, B1, and Bpjo when pg = 0.8. We choose an expected effect size of 0.8 so it is more
likely the simulated two-stage trials proceed to Stage 2 and the influence of both sets of unobserved
covariates can be examined.

The Bayesian models provided approximately nominal coverage and minimal bias in 24 of the
27 configurations. The three configurations that the Bayesian models had relatively larger bias and
did not provide nominal coverage occurred when xp = 0.33 and xky = 0.5, the largest values of
each parameter. Table displays the bias and coverage for these configurations.
The Bayesian models covered the true ITT effect in 90-94% of the data sets and had biases between
0.11 and 0.13. The bias and coverage were similar for all Bayesian models and for all levels of m4.
This simulation implies that the model results are most sensitive to an unobserved covariate when
it has a relatively large correlation with both the potential outcomes and the compliance. The

choice ag and the level of m¥ did not modify the results.
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kp = 0.33, ky = 0.5

Method ms =0 mg = 0.25 my = 0.5
Bias Coverage Bias Coverage Bias Coverage
Bg 0.13 0.90 0.13 0.92 0.12 0.93
Bos 0.11 0.93 0.11 0.94 0.13 0.92
B, 0.11 0.93 0.11 0.93 0.12 0.92
Bpic 0.11 0.93 0.11 0.93 0.12 0.90

Table 3.6: Bias and Coverage of the two-stage design analyzed by four Bayesian Models for the
three configurations of the simulation study when coverage was below nominal.

3.4 Implementation of the Two-Stage Design using Real Prag-

matic Trial Data

3.4.1 Description of METRIcAL

METRIcAL is a two-stage , pragmatic, NH based, cluster randomized control trial (CRCT) that
was implemented NHs across 4 corporate chains in the US (Mor, 2021). The trial evaluated the
effects of personalized music on the aggitated behaviors and medication usage of nursing home
residents with moderate to severe dementia. In the each stage of METRIcAL, residents in 27 NHs
were randomized to the personalized music intervention, and residents in 27 NHs were randomized
to the control condition. Participants in the active intervention group received iPods that included
music that they listened to as young adults. The control condition could include the use of ambient
or group music, but no personalized music therapy. The minimum data set (MDS) (Centers for
Medicare & Medicaid Services, 2021) and each resident’s Cohen-Mansfield Agitation Inventory
(CMAI) (Cohen-Mansfield, Marx and Rosenthal, |1989) were collected at baseline and at up to two
follow up time points. The MDS is a federally mandated assessment for all patients residing in
Medicare and Medicaid certified nursing homes (Centers for Medicare & Medicaid Services, 2021)
and contains comprehensive data on each residents health status and functional capabilities. The
trial collected information about the effectiveness of the intervention as well as data on its fidelity.
The amount of personalized music played by each resident was recorded in iPod metadata and
downloaded using the iTunes interface. Similar to other pragmatic trials, both stages of METRIcAL

suffered from a large portion of individuals in the active intervention arm that did not comply with
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the intervention (McCreedy et al., [2022)).

3.4.2 A Simulated Trial using METRIcAL Data

To illustrate the proposed two-stage design and analysis using real-world data, we simulate a prag-
matic trial using the baseline covariates, outcomes, and compliance of individuals who participated
in METRIcAL. The outcome of interest is the change in CMAI from baseline measurement to
four-months follow up, and we define a complier (D;; = 1) as a participant who would use the
personalized music intervention for at least 1 minute per day on average if they were assigned to
recieve it.

The parameters we use to configure the two-stage design are « = 0.05, 1 — 3 =1— 1 = 0.8,
ES = 0.5, pg = 0.6, p;, = 0.3 and py = 0.8 which yeilds N = 350, N; = 170 and Ny = 180
from Equations and . Using the O’Brien-Flemming alpha spending function (Demets
and Lan, (1994]), we set vy = 0.005 and as = 0.045. To analyze the simulated two-stage trial, we
implement the Bayesian models described in Section We assume mutually independent inital
prior distributions for 6p,,0p, and Oy with Py(fy) % and Pyp(fp,) = MVN(6p,|0,100 * Ipyq)
for i = 1,2 where I is the identity matrix, and set the value of ag in the partial borrowing power
prior distribution using the DIC-based method.

The second stage of the METRIcAL trial was subject to low adherence. Therefore, we define the
personalized music intervention in the second stage of METRIcAL to be the standard intervention
and the personalized music intervention in the first stage of METRIcAL to be the augmented
intervention. To obtain a study population, we randomly sample N1 = 170 participants from the
second stage of METRIcAL and Ny = 180 participants from the first stage of METRIcAL. The

baseline covariates and their values in the sampled study population are summarised in Table

Conducting the Simulated Trial

The observed proportion of compilers in the sampled study population for Stage 1, 71, is 0.4.
Because p;, < 71 < py, we conduct a statistical test on I'TT; with significance level a; = 0.005.
The point estimate and 99.5% credible interval for ITT; are -0.39 and [—4.58,3.72], respectively.
Because this result does not reject the null hypothesis, we initiate Stage 2.

The observed proportion of compilers in Stage 2, 79, is 0.7. This indicates a 75% improvement

84



in observed compliance for the augmented intervention compared to the standard intervention. We
optimize the DIC-based objective function to obtain a value of 0.44 for ag in the partial borrowing
power prior assumed by the Bayesian models. The point estimate and 94.5% credible interval
for ﬁﬁ‘g when are 2.30 and [—1.61,6.18], respectively. These estimates do not reject the null
hypothesis, and we conclude that there is no observable evidence of an effect of the intervention
on the CMAI A sensitivity analysis that estimates I'TTs when ag = 0 (ﬁ“g = 3.29; 94.5% Crl:
[-1.13,7.34]) and when ap = 1 (ﬁ‘g = 1.76; 94.5% Crl: [-1.67,5.07]) does not lead to different

interpretations of the results. We summarize the steps of the simulated trial in Table

Step Result Description

Because pr, < 71 < py, we conduct a
=04 statistical test on the ITT; estimand
with level a; = 0.005.

Complete stage 1
and compute 7

.. ey The estimate of the ITT; does not
- ITT; = —-0.39
ar-level statisical ! reach statistical significance at the
test of ITT, 99.5% Crl : [—4.58, 3.72]

aq-level. Therefore, we initiate Stage 2.

Determine valie Using the DIC-based method, we assign

aé) ¢ = 0.44 the borrowing parameter a value of
of ao 0.44.
The estimate of the I'TT; does not
s h statistical significance at the
; isi ITT; = —0.39 reac 5
ay-level statisical ! aq-level. Accept the result of no
test of ITT 95.5% Crl : [~4.58, 3.72]

observable effect of the augmented
intervention on the change in CMAL

Table 3.7: Steps of the two-stage design and analysis of the simulated trial estimating the effect of
a personalized music intervention on the change in the Cohen-Mansfield Aggitation Index (CMALI).

3.5 Conclusion

We propose a novel, Bayesian, two-stage sequential design for PRCTs with one-sided binary non-
compliance. Our design defines a set of decision rules based on prepecified parameters to determine
stopping critera, and allows researchers to modify the intervention after Stage 1 to improve compli-
ance for Stage 2. We outline a set of necessary statistical assumptions and define Bayesian models
for analyzing the trial that assume power prior distributions to incorporate data from Stage 1 in

the analysis of Stage 2 to preserve statistical power.
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To evaluate the operating characteristics the two-stage design and Bayesian analysis, we conduct
several simulation studies that demonstrate reductions in sample size and improved power compared
to traditional design and analysis methods. In addition, we show the Bayesian models are relatively
robust to the presence of unobserved covariates and to violations of the assumption that the the
potential outcome distributions are the same Stage 1 and Stage 2.

We implement the proposed design and analysis on real data by developing a simulated PRCT
using outcomes, compliance and covariate values from METRIcAL. The observed compliance in
Stage 1 exceeds pr, but is less than py so a statistical test at the aq-level is conducted on ITT;
estimated that demonstrates no evidence of an effect. We use the DIC-based criteria to assign a
value of 0.44 to the borrowing parameter in the Bayesian power prior and conduct an as-level test
on the ITTy estimand. This test does not reject the null hypothesis and we conclude there is no
observable effect of the intervention of the CMAL

In conclusion, the proposed two-stage design and analysis provides a framework for PRCT's that
can improve patient compliance during a trial, reduce sample size when an intervention exceeds
the expected levels of compliance and preserves statistical power by implementing the the Bayesian

power prior.
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Chapter 1 Appendix

A1.1 Multiple Imputation Combination Rules for Small Data Sets

The point estimate of v is 4 = ﬁ Zf\i 1 4(m) and the sampling variance of 4™ is given by Um)
(U™ = 0 for finite-sample estimands). Let U = ﬁzlj\i LU define the within imputation
variance and let B = 1~ Zij\il(’y(m) — 4)? define the between imputation variance. The total
estimate of the sampling variance for 4 is T = U + (1 + %)B To obtain interval estimates in
small data sets, Barnard and Rubin Barnard and Rubin| (1999) recommend approximating the

distribution of (7 — 4)T~'/2 using a t-distribution with 7y; degrees of freedom where

The values of vj; and v~ are given by

=00 (7).

L (temt1), () O+MOE
obs Veom + 3 com T

where veom is the complete-data degrees of freedom.

and
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A1.2 Simulation Studies

Table Al.1: Simulation Parameters for the first case study

Parameter w=1 w=20
o 1 1
e 0.5 0.75
w 1.5 0.5
3% {0.21, 0.32, 0.21, -2.3, —1.4}t {0.21, 0.07, 0.21, -2.61, -2.0} t
53) {-0.03, 0.18, -0.13, -1.08, -0.19}* {0.20, 0.22, 0.08,-1.08,-0.55} *

Table A1.2: Simulation Parameters for the second case study

Parameter w=1 w=20
o 0.5 0.15
0% -0.25 -0.75
Cw 2 1

{0.21, 0.32, 0.21,

-2.3,-1.4}¢

{0.21, 0.07, 0.21, -2.61, -2.0} ¢
{-0.03, 0.18, -0.13, -1.08, -0.19}* {0.20, 0.22, 0.08,-1.08,-0.55} !

Table A1.3: Simulation results for the second case study.

Estimand Bayesian Method DR

Coverage Bias IL.W. RMSE|Coverage Bias I.W. RMSE
ITT Adverse 94 0.001 0.071 0.019 94 0.000 0.072 0.019
ITT Death 95  -0.002 0.086 0.023 94  -0.001 0.088 0.023
ITT Composite 94  -0.001 0.086 0.023 94  -0.001 0.090 0.024

SACE 96 0.000 0.066 0.017 - - - -
Pr(Gi(1) =1) — Pr(G;(0) =1) 94 0.001 0.086 0.023 95 0.001 0.090 0.024
Pr(Gi(1) =2) — Pr(G;(0) = 2) 95 0.000 0.049 0.012 94 0.000 0.051 0.013
Pr(G;(1) = 3) — Pr(G;(0) = 3) 94  -0.003 0.074 0.020 94  -0.001 0.078 0.021
Pr(Gi(1) =4) — Pr(G;(0) = 4) 94 0.001 0.059 0.016 94 0.000 0.063 0.017

K10 — Kol 95  -0.001 0.093 0.025 - - - -

f10 95  -0.001 0.534 0.141 - - - -

KQ1

* Coverage of 95%
* Coverage of 95%
T Interval Width

credible interval
confidence interval
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Table A1.4: Simulation results for the second case study under Burr link function with ¢ = 0.5.

Estimand Bayesian Method DR

Coverage Bias I.W. RMSE|Coverage Bias I.W. RMSE
ITT Adverse 95 0.004 0.066 0.017 95 0.001 0.064 0.016
ITT Death 94 0.005 0.080 0.021 94 0.000 0.081 0.022
ITT Composite 94 0.007 0.086 0.023 95 -0.001 0.087 0.023

SACE 95 0.003 0.059 0.015 - - - -
Pr(Gi(1) =1) — Pr(G;(0) = 1) 94 -0.007 0.086 0.023 95 0.001 0.087 0.023
Pr(G;(1) =2) — Pr(G;(0) = 2) 95 0.002 0.049 0.013 94 0.000 0.049 0.013
Pr(G;(1) = 3) — Pr(G;(0) = 3) 94 0.003 0.070 0.018 94 0.000 0.071 0.019
Pr(G;(1) =4) — Pr(G;(0) = 4) 94 0.002 0.046 0.012 94 0.000 0.047 0.012

K10 — Kol 94 0.008 0.091 0.025 - - - -

£10 94 0.062 0.647 0.177 - - - -

A1.3 Data Analysis Model Diagnostics

Gelman-Rubin Statistics of model parameters
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Figure Al.1: Gelman-Rubin Statistics for model parameters used in the data analysis found in

Section
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'CHESS Score' Parameter in SU Adverse Event Model

0.4
1

0.1

Parameter Value

0.0

N
Q@ T T T T T T T
0 50 100 150 200 250 300

Sample index

Figure A1.2: Trace plot for the parameter related to Changes in health, End-stage disease and
Signs and Symptoms (CHESS) score (Hirdes, Frijters and Teare, 2003)), a health stability measure,
in the logistic regression for heart failure under SU found in Section
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Figure A1.3: Posterior predictive distributions for composite ordinal outcome levels under SU using
the Bayesian models fit in Section The vertical red line represents observed number of patients
in that level of the composite ordinal outcome.
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Chapter 2 Appendix

i j Wi Yi(1,Diy) Y5(0,Diy) Di(1) Di(0) GCi(1) Ci(0) Si Zi Xyj
T 1 1 * 7 ¥ 0 % 0 7 * =
1 2 1 * ? * 0 * 0o 7 *x x
1 3 1 * ? * 0 * 0o 7 * x
2 1 0 ? * ? 0 ? o 7 * x
2 2 0 ? * ? 0 ? 0o 7 * x
2 3 0 ? * ? 0 ? 0 ? * *
2 4 0 ? * ? 0 ? 0o 7 * x

Table A2.1: Observable and unobservable quantities in PCRCT design. ”*” indicates that the
quantity can be observed, ”7” indicates that quantity is not observed

A2.1 Gibbs Sampler Derivation

We describe a Gibbs sampling algorithm to sample from the joint posterior distribution of the
parameters in the parametric model defined in Section The set of all model parameters is

given by

S S D D D D __2 D
0:{/‘1‘17"'7”K77r17"'77rK)27:U’1 ooy M, O 7"'7O[K7TD7¢ )

Y Y 2 2 2 Y
LY - b B115 Bots - - -y Bk Bo,ic s 01,1, 00,15 - - -5 01K, 00,K, 01, - - -, Ok, Ty, @}
Under the assumptions defined in Section we have,

P(0|Yobs Dobs Cobs VA X) — ///P(G Dmis Cmis S|Yobs Dobs Cobs VA X)dszstmzst
(3.25)
where S is thee latent compliance strata allocation vector, and D™ and C™* are the unobserved
compliance values for individuals and clusters assigned to the control. The term inside the integral

in Equation (3.25)) is the posterior distribution for @ augmented with S, C™* and D™, This
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distribution is given by

P(O, Dmis7 Cmis7 S|Y0bs, Dobs, Cobs’ Z, X)

x P(8)P(Y*|D% X, S, 0)P(D™* D|X,S,0)P(C™* C® Z[S,0)P(S|6)

K
< PO) [] TI IV Dijlud + XijBox + Dij * (1% + XjBre) + 6) o) 5= x

k=14:W;=1j=1

IT TIN50, D)t + XijBok + Dij % o + 6}, o)) 5= x
W, =0 j=1
K n;
T TTprobit™ (uf + Xijon + ¢P) P (1 — probit ™" (uf + Xijay, + ¢f)' =Pl 5=k x
k=1j=1

fr K

K K

_ _ I(Si=k
IT T] MVN(C:, Zileg =)' SR T ] MVN(C:, Zalg, =) S0 TT [T 7=
k=1.:W;=1 k=14:W;=0 1=1 k=1

We sample 0 from the augmented posterior because it provides a more tractable form for imple-
menting the Gibbs sampling algorithm. We assume the prior distributions for the model parameters

are

7 ~ Dirichilet (K, \)

pg ~MVN (my,s, Vs

) fork=1,..K
¥ ~ Inv-Wishart (U, vs;)
g ~ N (0,v2) ar~MVN (0,07 «I)for k=1,.., K
¢P ~ N(0,73) 7p ~ Uniform (0, \/F%) fork=1,..,K
gy, ~ N(0,v3), 61k~ N(0,03) for k=1,... K (3.26)
Boe ~ MVN(0,v3 * 1), By ~ MVN(0,03 +I) for k=1,.., K
¢ ~ N(0,7¢,)

Ty ~ Uniform (0, A /UTz) , 02 ~ Inv-Gammal(a, b) for k =1,.., K.
Y

We let 0(_72) denote the set of parameter values that are conditioned on when sampling parameter

¢\™). The vector 0(12) contains the most recent sampled value for each parameter in 8, except for
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¢~V In addition, we let C("™) = {Cgm)} and D(™) = {Dl(]m)} where

w ]G it W =1 o | Dy i =1
Cim = and Di;n = .
cem i W, =0 DI i Wi =0

Finally, we let O = {Y % D C°2 Z X} denote the set of observed values.
To sample 0 from its posterior distribution, begin by initializing 8(*), S(0), C™is(0) and D™s(0).,

For m =1, ..., M, we repeat the following procedure:
1. Sample from P(0(™)|0Q,S(m=1) Cmis(m=1) pmis(m-1))

(a) Sample from P(ui(m)|0, S(m=1) gmis(m—1) pmis(m—1) 9(:72s) for k=1,.., K.
k

We hayve,

P([J;g(m)‘o, S(m—l)’ Cmis(m—l), Dmis(m—l)’ 0(_m) ) x

ny

MVN(gg|mys, Vys) [ MYN(CY ™Y, 24|, 20D
i:Si(m_l):k

The prior specification for is p,g(m) is semi-conjugate, and implies

S(m m— mis(m— mis(m— m
P(u, ™0, 80m=1), gmistm=1) pymis( 1)’9(—;32):MVN<“£’MME’QME)
Ifr
where Qs = Vit ZI(Si(m_l) =k) | «x7t [,
1=1

1fr

— m—1 —1 | A(m— =1t
and Muf = ng Vuslmﬂs + ZI(Si( ) _ k)| «2 1 [C( 1)72]
i=1

The term C,E:mfl) is the mean compliance vector for clusters such that Si(mfl) = k. Note,

C}gm—1) includes the sampled C"(m=1) yalues for clusters assigned to the control, and

C° values for clusters assigned to the treatment.

(b) Sample from P(£(™)]0, §(m~1) cmis(m=1) pmis(m-1) g{m),
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(d)

We have,

P20, 8m=1 gmistm=1) pmistm=1) gm)y o Ty Wishart(S|¥, vs) x

[T MmNV, zu™, ).
i:8m— Vg

The conjugacy of the Inverse Wishart prior distribution implies

P(xm|0,8m-1), CmiS(m—l),DmiS(m_l),O(_ng) = Inv-Wishart(2 | Qx, (I + vy))

where,
K I t t t
Qp =3 1(8" Y = k) + ( [Cim_l), Zi:| u;f”'“) ([Cﬁm_l), Zz] = uf(m)>
k=1 1i=1
Sample from P(7(™)|Q, S(m=1) Cmistm=1) pmis(m=1) 0(_”7:)) .

The complete conditional distribution for =(™) is,

P(ﬂ'(m) ’O, S(mfl)’ Cmis(m71)7 Dmis(mfl)’ 0(_72_)) x
e Ko men_
Dirichilet(| K, A = (A, s A) x [[ [ .
i=1 k=1
By the cojugacy of the Dirichilet prior distribution,

P(?T(m) ’O, S(m—l)’ Cmis(m—l)’ Dmis(m—l)’ 0(_”%)) _ Dirichilet(ﬂK, A*)

where A\f = A\ + >, I(SZ.(m_l) =k).

Sample from P(uy ™, a\™|0,§(m=1) Cmistm=1) pmis(m-1), e@;g Dfork=1,.. K.

k¢
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The complete conditional distribution is

P(:ukD(m ’ (m)|0’ S(m—l)’ Cmis(m—l)7 Dmis(m—l)’ O(IZ)D . ) . MVN(HkD(m), al(ﬁm) ‘0, vipr) «

ke Xk

_1)

11 H( D= 1) A (1 _pglim—n)lDS" ,

ig(m D= I=1

D(m—1)
ijk

where p = probit_l(ukD + Xjjar + (ﬁiD (m_l)). The complete conditional distri-
bution corresponds to the posterior distribution of the model coefficients in a Bayesian
probit regression model with multivariate a normal prior distribution. To sample from
this distribution, we implement a data augmentation step that is commonly applied
in Bayesian binary probit regression Albert and Chib| (1993); Chakraborty and Khare
(2017). We introduce the set of latent variables, U = {U;;}. For individuals in clusters

such that Sz-(m_l) = k, we sample Ui(]m) from

m)]O, gm-1), mis(m-1) pymis(m-1) O(ZLJ) N Truncated-Normal g ooy (My;;, 1) if Dy =1

Truncated-Normal(_ o) (My,;,1) if Dij =0

where My, = ,ukD(m Dy Xijoz,gmfl) + qbiD (m=1), Repeating this for clusters such that

Si(m_l) =1,..., K, we obtain U™ Because of the conjugacy of the multivariate normal

prior distribution,

t . .
|:ukD(m)7 O‘l(gm)] ’07 S(mil)a szs(m71)7 szs(mfl)’ 0(—?7;)1@ ~ MVN(akv Qﬂék)

1 -1
where Q,, = <X,§tX7; + = * pr> ,
v

[0}

o= (3 (07 0.

We define the matrix X} = [1n, Xj], where 1y, is a vector of 1’s with length Zfiﬁ n; *
1 (Si(m_l) = k) and X}, denotes the covariate matrix for individuals in clusters such that
S}mfl) = k. Similarly, U,(cmfl) is the set of latent variables for individuals in clusters

D(m—1)

such that Si(m_l) = k. The parameter 55“”‘” vertically stacks the vectors ¢, *x1p,

for all ¢ such that Sl-(m_l) = k, where 1,, is a column vector of 1’s with length n;.
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(e) Sample from P(r3™|0, §(m=1), cmism=1) pmis(m=1)g(™ ))for k=1,.. K.

We have
1P ,%W?(m*l))z
P(Té(m) |O, S(m_l), Cmis(m—l)’ szs(m—l)g(j’i)%) x P(’T%) H(le))_l/2e 2
=1
ST D)2
=(1p)” Z e D P(rp)

Because we assume P(7p ) = Uniform(0, , /U 2 ) , the prior distribution for 73 is
P(rp) o< (t5) 7?10 < 75 < Upz).
Therefore,

P(Té(m) ’O, S(m—l)’ Cmis(m—l) ]:)mzs(m—l)0(_7”)2 )
™D

15(P(m=1)2

x (T%)‘(%)‘le 3 10 <73 < U,s)

) ( 2(m) | Rbhape Rrate)

2

T

=Truncated-Inv-Gamma (

2
where B¢ = 535, (67 V) and B = (151),

D

(f) Sample from P(¢P(™|0,§(m=1) gmis(m—1) pymis(m- 1>0(”;) ).

The vector ¢P(™) contains the cluster-level effects for i = 1,...,I. Without loss of

(m—1) _

. D(m) i
generality, we assume S,

= k. The complete conditional of ¢;

(m—1) mis(m—1) ymis(m—1) (M)
P(¢P™|0,8 D ¢ D 0",

—9P (m) _,Dlm)
x 627’%(7”) He 2(Um m —Xijaém)—d)iD)Q

J=1

(@P)2 + 7™ S (0P — Uiy)?
- 2(m) ’
27’D

where UZ] =Uj; (m) _ ukD(m) — Xijafcm). After rearranging terms,
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P(QZ)ZD(m)‘O,S m—1) szs(m 1) szs(m 1)0(”;) )

(@D - (m + (TD(m)) 1>_1 Zg“zl Uz]) ?
2 <m + <T/%(m))1> h

X exp { —

(¢z ) ¢D)
-1\ ! . .
where f;;p = (nz + (Tf)(m)> > and ¢P = %.D > ity Uij. Sample qb ) for i =
1,...,I7P to obtain ¢P (™)

(2) Sample from P(B™|0,8(m=1) cmistm-1) pmistm=1) (")) where
m Y(m m m m m t
B = [, 650 80 B 60| or k=1, K.

The complete conditional distribution of B,gm) is

P(B](cm) ’O, S(mfl)? Cmis(mfl)y Dmis(mfl)’ 0(77%))

n;
< I TING D)l +XsiBos + DI w (B + Xigbre) + 6F "0, o™ D)
i.S€7rL71>:kj:1
: ZWL-:O

IT TINOGO.DS )l +Xibos + DY Vsos+ 6 "™ Vo™ V) P(By)
'.Si(7n71):l€j:1

i
W;=0

n;
=pBy) I IIV (Y}?bs {Mky + XijBo + (1 — W;) = D§}”‘” * 00,6+
ism g 7=1

Wix Dg'n_l) * (X8, + 01) + ¢z/(m_1)} ’Ui(m—1)> _

(3.27)

We let X be the design matrix for the regression described by Equation (3.27) where

X2 = (1, Xy, (1—Wiy) = DIV, Wix DIV« X5, Wi DI ﬂ
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Equation ([3.27)) simplifies to
P(B]im)‘o S(m—l) Cmis(m—l) sz’s(m—l)’a(—”’g)

O(P(Bk) H HN Yobs obsB +¢ (m— 17 z(m 1))
ig(mT ) = 3=1

The joint prior distribution for By, given the prior distributions described in (3.26)) is

,u{ viy 0O ... ... 0
Bo,k 0 v
P(By) = MVN Sox ||mB=0Vg=|
B,k : SR
| Ok | L0 .. .. 0 v

By the conjugacy of the prior distribution,

P(B{™]0,80m=1) crmistm=1) pristmn=1) 9"y o NIVN (M, Q) ,
. -1 =Y (m—1
where 2 — ( () X+ Vi) ana o = (ks ) (1 - 5L ))
Ok

(h) Sample from P(o;"™|0,8(m=1) Ccmistm=1) pmistm=1g")) for | = 1,..., K.

2(m)

The complete conditional distribution of o is

( 2(m) |O S m—1) szs(m 1) szs(m 1)0( ))

—o2

l(yobs XobsB(m) ¢Y(m 1))2

x P(o?) H H o7) i, f’/%

is(mT D = 3=1

Because P(07) = Inv-Gamma (a, b) is conjugate,

Uk

( ]O §(m=1) gmis(m—1) pymis(m—1)g(m )) o« Inv-Gamma (R;hape Rrate>
k
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where ngape— + 5 Zm I(S; (m=1) _ = k) * n; and

Ok

R = b+ 5 00 Y (v = X B — o )2 (" = k).

)

(i) Sample from P(r2™|0, §(m=1) Cmis(m=1) pmis(m=1) g(m) )

—Ty

We follow the derivation described in (e) to obtain the complete conditional of Té(m):

( ’O S m—1) szs(m 1) szs(m l)e(mz%)

1 1y, <¢Y(m 1>)2

x (7'12/)_(%)_16 7 I0< 78 < Urz)

0,U.

T

= Truncated-Inv-Gamma ( ) (Té(m) \Ri}éape, nge>

2
Y

where 3¢ = 137, (6] ") 2 and RGP = (131),

Y Yk

(j) Sample from P(¢Y (™0, 8(m=1) Cmis(m=1) pmis(m-1) 9(_”;&)

The vector ¢Y(m) contains the cluster-level outcome effects for i = 1, ..., I’P. Without

(m—1)

loss of generality, assume S; = k. The complete conditional of gbz/(m)

P( |O g(m—1) szs(m 1) szs(m 1) g(m) )
LYy O exghm(™ Y )2
x e?2 f/(m) He 2 z(m)
j=1
. { (6) 2o ™ + 0 S (o) W}
- 272m) 2] ’

where Yij = Yigbs — X;?]’-’SB,(Cm). After rearranging terms, we obtain

y_ sy N
¥ (m) 1) (mis(m—1) Tymis(m—1) g(m) P
P(¢Z ‘O, S(m— )’ szs(m— )’szS(m— ),0_¢Y) X exXp § — 2(m) _2(m)
Ty O

2

02(m)+732/(m>ni
Y ~2
X N(¢z ’U(b}/)

.o Ty Yo 221 Y
where gy = 711_ e and ¢ = A 2
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2. Sample from P(S(™]0Q, Cmis(m=1) pmis(m=1) g(m)),

The completer conditional distribution for S(™) is

P(S(m) ’O, Cmis(m—l)’ Dmis(m—l)’ 0(_775)) x

K Ifr K Ifp
H H W]E;m)l(Si:k) H HMVN(CE z‘ﬂS(m : E(m))I(Ssz) y
k=1i=1 k=1i=1
K 1P n; B
N Yobs obsB (m) + ¢Y(m (m)) 1(Si=F) «

LI a

K I'P n; (m 1, D(m) (m) D(m) 1(S;=k)
H H H [Bernoulh (D ]problt (1 1, + X0, + ¢; ))} _
k=1=1j=1

For cluster i, let

P =eMVN(C™ Y, 24, 50)

H N Yobs obsB + ¢Y(m Q(W))]X

H Bernoulli (D )]problt 1( D(m) + X, ]ak + ¢D(m ))
7=1

The term ps(m) is the liklihood function evaluated at S; = k with the parameters 9(7";). The

i,k
complete conditional for Sz(m) is

P(S{™ |0, Cristn=1), pristn=1) ")) — Categrorical (5™ K, 5, ™)

S(m) S(m)

where ﬁf(m) _ gjﬁm) e, gjlk T | Sample Si(m) for i = 1, ..., IP to obtain S(™).

3. Sample from P(C™is(m)|Q, 8(m) pmis(m=1) g(m))

Without loss of generality, assume W; = 0 and Si(m) = k. The complete conditional distribu-
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tion for les(m) is

P(Cznzs(m)|07 S(m)’Dmis(m—l)e(m)) x MVN(CZ, 7 |u5(m ’ (m))

x MVN(C;|M¢;, Q)

where Mg, = pS ™ 4+ 2isim =Yz, — u?0m) . =5t — s msin and
»m) = co oz . Sample me(m) for ¢ such that W; = 0 to obtain C™(m),

m (m
S50 257

. Sample from P(D™(m)|Q, S(m) Cmistm) gm)).

(m)

Without loss of generality, assume that W; = 0 and S;”’ = k. The complete conditional

distribution of D™s(m) ig

P(Dgis(m) (e} S(m)7 sz’s(m)’ g(m))  Bernoulli <Dij‘p1"0bit_1(,uk (m) + XZJO‘I@ + ¢ ))

(Yob5|XobsB(m + ¢ i(m))

Let XP=1 = [1, Xyj, (1—Wy), Wi Xy, Wil and XJ=0 = [1, X5, 0, 0, 0]. In addition,

let

pf])-vd = p1robit*1 (,u (m) + Xwak + ¢> ) (1-— probi‘f1 (,u,?(m) + Xija,im) + (;Szp(m)))l*dx

(YobS|XD dB + ¢Y(m 2(m))

The term pf} 4 is the likelihood evaluated when D;; = d at 6™ . The complete conditional

simplfies to

PDTM|0,80m cmistm) g(m)) = Bernoulli (Dm’s(m)

ij

D
Piia
D D |-
D1 T Pijo

Sample D?;is(m) for all j and i such that W; = 0 to obtain D"5(m)
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A2.2 TImputing Unobserved Outcomes and Compliance

In Procedure 1 outlined in Section [2.3.3] we must impute the unobserved outcomes and unobserved
individual and cluster-level compliance values in order to compute the value of a finite sample causal
estimand. At each iteration of the Gibbs samplier outlined in Section we obtain a posterior
draw of the model parameters, 8, the latent allocation variable S, the unobserved cluster-level
compliance metrics, C"™* and the unobserved individual-level compliance values D%, Therefore,
we need only sample the unobserved potential outcomes, Y™ from their posterior predictive

distribution. We have,

P<Ymis’Yobs Dobs Cobs 7 X) _ /P(Ymis’Yobs Dobs Cobs 7.X.S Dis Cmis G)X (328)

P(S Dmis Cmis 9|Y0bs Dobs Cobs VA X)dOdeszsdszs
Based on the parametric models outlined in Section we can write,

P(YmiS‘YObS, Dobs7 Cobs, Z, X, S, Dmis, (jmis7 0) x (329)

TT T LT N0 0 Dl + X+ Dy » s+ Xighe) + 0% o2 G0
k=14W;=0j=1

n;
T TIN50, Dig)luk + Dij  Sox + XijBos + &7 o) F=P 5 =

W;=1j=1
K IfP n;
H H H N szs msz + ¢z 7 ) (Sz—k)
k=11=1j=1

where XZP“ =[1, Xy, Wi Dsj, (1 —W;)* Djj X5, (1 —W;)* D;j] and By, is defined as in step
(g) of the Gibbs sampler derived in section The integral in Equation (3.28) and the posterior

predictive distribution in Equation (3.29)) imply the following procedure.

1. Form=1,..,M:

(a) Obtain 8™, () Cmis(m) and D™5(™) by implementing the Gibbs sampling algorithm

outlined in Section [A2.1]
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(b) For individuals in clusters such that SZ.(m) = k, sample from

mis(m mis p(m Y(m 2(m
ysn) | (X B 4 gt (™) g2y

(c) Repeat step two for k =1,..., K.

2. Combine the M draws to obtain

{Ymis(l)’ S(l), Dmis(l)’ Cmis(1)7 s Ymis(M)’ S(M), Dmis(M)’ szs(M)} )

A2.3 Imputing Treatment and Control Values in the Super-population

In step 2(b) of Procedure 3 described in Section we impute treatment and control values
in the super-population by sampling {Y(l, D)) Y (0, D)) Dimr) ¢lmr) zm.r) S(m”)} for
r=1,..,R from P(Y(1,D),Y(0,D),D,C, Z\O(m),X) at iteration m = 1, ..., M. We have that

P(Y(1,D),Y(0,D),D,C,Z,S|6"), X) =

P(Y(1,D),Y(0,D)|D,C,Z,S,0™ X)P(D|C,Z,S,0™ X)P(C,Z|S,0™)P(sS|0™).

The algorithm to obtain {Y (1, D)™, Y (0, D)) Dmr) clmn) zmr) gimml g

1. Fori=1,...,I/7,

(a) Sample Si(m’r) from Categorical(K, (™).
(b) Sample {Cl(m’r), ng,r)} from MVN (uf(m), E(m)>.

(c) Sample D™ from Bernoulli (probit_l(ukD(m) + Xija,(cm) + ¢1D(m))).

%

(d) Sample Yi;(1, D)™ from N (. ™+ X807+ D+ (817 + X873 ) 407 ™ oi ™).

(e) Sample Y;;(0, Dij)(m”") from N(,u:(m) + Xi]ﬂéfz) + Dgn’r) * 5(({2) + ¢z/(m), Uz(m)).

2. Combine these draws to obtain
{Y@, D)) Y (0, D)) Dmr) | lmn)| g mor), S<m,r)}
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Repeat this procedure for r =1,..., Rand m=1,..., M.

A2.4 Super-population Estimand Derivation

We derive the super-population estimands described in section as functions of the model
parameters. Let p;;, = probit ! ((Xz-jak + ukD) / 7% et 1), Ok = 01, — 6ok and I, = {i|S; = k}
be the index of observed facilities in latent compliance strata k. The derivations for each estimand

in the super population are completed in the subsections below.

A2.4.1 ITT
Pu(Xij) = F(Xy)

If we assume Py (X;;) = F(X,;), we have,

Eg[Yij(1, Dij)] = Byplug, + XijBo,s, + Dij * (XijBu,s; +01,5,) + ¢} |
= By [Eqp [, + Xi80,5, + Dij * (XijBrs, + 01,5,)|S:, Xi5] ]
= Eq [18, + XijBos; + Esp [Dij|Si, Xij] * (XijB1,8, + 61.5,)]
= Eq (18, + XijBo,s, + pijs, * (XijBu,s, + 61,8,)]
= Egp [[1&, + XijB0,s, + pijs, * (XijBu,s, + 01,5,)1Xi;]]

1
~n SN me (ud + XijBow + pik * (XijBre + 1)) -
ij  k
Similarly,

1
Eg[Yi(0, D)) = — S ek + XiiBok + pigk * (S0.x)) -

Thus,

1
Egp[Yij(L, Dij) = Y35(0, Dij)] = — DO mkpign(XijBrk + 6k).
ik
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Py(Xi5) = Fr(Xij)

If we assume Py(X;;) = Fj.(X;;), we have,

E[Yi;(1, Dij)]

= Egplus, + XijBo,s, + Dij * (XijB1,s, + 015,) + 6] |

=E,, | Eqp ZI(Si =k) (u +XijBok + Dij * (XijBiy + 61x)) |5 = k‘,Xz’j”

=By Z I(S; = k) (uy + XijBox + Esp[Dij|Si = k, Xij] # (Xij Brp + 51,1<;))]

=FE, Z I(Si = k) (1}, + XijBok + piji * (XijBrk + 51,k))]

=FEg |Ey Z I(S; = k) (), + XijBok + piji * (XijBrg + 014)) |Si = k”
L k
= Z I(S; = k)] (), + Esp [Xi;1Si = k] Bos + Esp [Pije * (Xij B + 61,6)|Ss = k)
k
=> m | ud + > Z XijBok + Z sz]k * (Xij B,k + 01,k)
k ZEIk n; i€Ty, j=1 ZEIk ZEZk j=1
Similarly,
Ep[Yi;(0, Dij)]
—Zﬂ'k Mk—i‘ ZZXzJ/BOk+ Zsz]k*%k
ZEIk lGI j=1 ZEI}C ZGZk 7j=1
Thus,

Esp[Yij(la Dl]) - Y;j(07 DZJ)]

= Z |l = ). szjk * (Xij B1,k + O)

ZGIk ZGIk j=1
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A2.4.2 CACE

Py(Xij) = F(Xy)

If we assume Py (X;;) = F(Xij), we have,
EopYij(1, Dij)| Dij = 1]

= Egp [, + XijBo,s, + Dij = (XijBus, + 61,s,) + ¢ |Dij = 1]

= E,,

> IS =k) (uk +XijBos + Dij* (XijBw + 01x)) Dy = 1]

E,

ZI(SZ- =k) (1} +XijBok + Dij * (XijBrp + 61k)) |Si = k, Dyj = 1] [ Dij = 1]
k

=Y Ey[I(Si = k)|Dyj = 1] (u} + Eo [Xij|Si =k, Dij = 1] (Bos + Burk) + 01x)
k

Note that,

Esp [XZ]|D” = 1,51' = k] = / XWP(X”|DU = 1,51' = k)dX”

D= Xy~ DPO)
] J> ..
/ X, Dy=1Si—k)

= Xz 4, PX-Z Xz
P( Z]_ls_k/ iPijk ( ])d J

1
- Xi;piji P(Xij)dXij
Eq, [Dij|S; = K] /)(ij iPijk P (Xij)dX;

w 2uij KijDih
1 )
n Zij Pijk

and,

Egp [I(S; = k)|Dyj = 1] = Pr(S; = k|D;j = 1)
_ Pr(Dy =1|S; = k)P(S; = k)
Pr(D;; =1)
Egp [Dij|Si = k] mk
ESP[DiJ]
B Wk% Zz’j Pijk

2ok ”k% Zij Dijk .
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Thus,

L3, Pigk
>k Th >_ij Dijk ’
ok Thi 2 Pih <Mky + m(ﬂo,w + 507k>
Dk Wk% Zij Dijk

2k ﬂ'k% Zz‘j Dijk

E kﬂk% E ij Pijk (MZ + M(ﬁo,k +/Bl,k) +51,k)
Eg[Yij(1, Dij)|Dij = 1] =

Esp[Yii(0, Dij)| Dy = 1] =

, and

Ep[Yij(1, Dij) — Yi5(0, Dij) | Dij = 1] =

N

P(Xij) = Fr(Xij)

If we assume Py (X;;) = Fj(Xj;), we have,

Esp[Yij(1, Dij)|Dij = 1]
= Eup [, + Xigo,s + Dij * (XijBus, + 01,5,) + 67 |Diy = 1]

= Esp

Z I(S; = k) (/ﬁz + X 8ok + Dij * (X615 + 51,]{)) |D;j = 1]
k

Esp

D I(Si= k) (u +XijBo + Dij * (XijBug + 01x)) |Si = k, Dy = 1] Dy; = 1]
k

k

Note,

E[Xy|Dij = 1,8 = k] = / Xi;P(Xij|Dij = 1,5; = k)dXy
_/ X,AP(D"‘JA:1‘Xij75i:k)P(Xij‘Sz‘:k)

Xy P(D;j = 1|S; = k)

.. Y Es, [Dij|Si = k]

X

iJ
1

N X;ipiinFi(Xi; ) dX;
Eqp [Dij|S; = k] /Xi]- iiPijk F i (Xij)dXj

1 1 s
T Eoy [DilSi = K Sy ma > D Xipigh,

N
€1y " ey, j=1
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Esp [Dij|Si = k| = Esp [Esp [Dij]Si = k, Xy5] [Si = k]
= B, [plrobit*1 ((Xijak + 1) /) The + 1) |1S; = k:}

- Z : Z meblt ( Xijon + g ) /) TH . + 1)
i€T;, €Ty j=1

= ZZEIk : Z sz]k:

€Ty, j=1

Also,

Eg [I(Si = k)|Dij = 1] = Pr(S; = k|Dij = 1)
_ P(Dy; =1]S; = k)P(S; = k)
P(D;; =1)
T Esp [Dij] Si = K]
Bl
2ieT;, Yier, ni Z”LGIk Z] 1 Pijk
Eqp, [Dij]
Yier, mi ElEI}c Z] 1 Pijk
Esp [ p [Dij]Si]]
Yier, mi ZlGIk zg 1 Dijk

Esp [Ze;s” ZiEIS. 27?;1 pz‘jk]
ZzEIk Z] 1 Pijk
Esp |:Zs I(Sz = S)W EiEIS ijl ngs:|

Tk DieT,, Mi ZlGIk Z]:1 Pijk

- 1 : )
2 TS ez, i > ieT, Z?Ll Dijs

From previous derivation =

zEI nl

Therefore,

k

Zkﬂ-kz

iezy, T

Z Z Wk"z Zlezk Z] 1 PijkXi; (Bo,k+B1,k) .
e o pwk Iuk ZzeIk Z] 1 Pijk Lk

Zzelk ng
1 ..
2 LD ey DieT, 2oje1 Pijk
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and

Eg[Yi;(0, Dij)|Dij = 1]

Zk ﬂ'kz

nZ
1€Ty, ZIEI w

RS X;
Zzez ng Zzezk Zg 1 Pijkij
+ +4
Zlezk Z =1Pijk (Mk Zzelk ZJ 1 Pijk ﬂO,k 0.k

1
2ok m“m ZieIk Zj:l Dijk

Thus,

Ep[Yij(1, Dij) — Yi5(0, Dij)| Dij = 1]

ZzGIk ZJ 1 Pijk

Zlel'k ng

1 1
2ok Tk e, mi dieT,, 2y Dijk <

1
2ok ka YieT, Zj:l Dijk

m Zzelk Zj 1pljkxljﬁl k n 6k>

A2.4.3 ITT,

Pi(Xij) = F(X5)

If we assume Py(X;;) = F(X,;), we have,

EgYij(1,Di)|S; = k] = Esp (1%, + XijBo,s, + Dij * (XijB1,s, + 01,5,)|Si = k]

:/‘LZ+Esp|: l]]ﬁok+E5p[ [ ’L]|X7,jas _kj] ( Z]/Bl,kj+517k})|s'5:k]
1
=1 + n Z XijBok + Esp [Pijk * (XijBrx + 01,k)]Si = K]
ij
1 1
Y
i + n%: iBoje + n%:Pyk*( Bk + 01k)

Similarly,

1 1
ESP[YiJ(Ov Dij)|5i =k| = N{ + I Z XiiBok + ” Zpijk * 00 -
ij ij

Thus,

EsplYij (L, Dij) = Yi(0, Dy) |5 = k] = szyk * (Xi581,k + Ok).-
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Pp(Xi5) = Fr(Xij)

If we assume Py (X;;) = Fj,(X;;), we have,

Esp[Y;](laDU”SZ = k}
= Eg [18, + XijBos, + Dij * (XiiBus, + 01,8,) + &) |S; = k|
= Eq [18, + XijBo,s, + Dij * (XiiBu,s, + 01,5,) + &) |S;i = k|

= p) + Es [Xi5]Si = k] Bok + Esp [Dij * (XijBurs; + 01.5,)|Si = K]

1 o
=t ez i Z Zijﬂo,k + Esp [Esp [Di|Si = k, Xy5] * (X 81,5, + 01,5,)|Si = K]

€1y ey, j=1

1 =
=ul = D> XijBok + Esp[pijr * (XijBrs, + 01,5,)|S: = k]
Ziefk " ez, jfl

=pu) + Z Z X Bo k + Z sz]k * (X B + O1k)-

zGIk Y ieTy, j=1 ZEIk v ieTy, j=1
Similarly,
Egp[Yi;(0, Dij)|S; = k]
1 -
ZMkYJriZ ) ZZXZJBOIC_’_Z ZZpijk*(So,k-
i€Zy, b i€Ty j=1 ey, T i€y j=1
Thus,

Esp[Yz'j(l Dij) = Yij(0, Dy;)|S; = kJ)

S prk * (Xij Bk + k)

ZEIk T i€Ty, j=1
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A2.4.4 CACE;
Pu(Xij) = F(Xy)

If we assume Py (X;;) = F(Xij), we have,

ElYij(1,D;5)|Dij = 1,8; = k] = E) [M}sf + Xi;80,; + Dij * (XijB1,s, + 01,5,)|Dij = 1,5 = k]

=y + Esp [Xi|Dij = 1] (Boje + Bi) + 61k

iPijk
=y + e (Bok + Bik) + 81k

% Zij Dijk
Similarly,
1 Z XiiDiik
Eo[Yij(0,Dij)|Dij = 1,8; = k] = i}, + FL—""(Box) + So.k.
n Zij Pijk
Thus,

1
w 2ij XijB1kDijk

Eg[Yij(1,Di;) — Yij(0, Dij)|Dij = 1, S; = k] =, + =5
n Zijpnk

—{—5k.

~

P(Xi5) = Fr(Xij)

A

If we assume Py (X;;) = Fi,(Xj), we have,

EglYii(1, Dij)|S; = k, Dij = 1]
= Egp (18, + XijBo,s, + Dij * (XijPrs, + 01,5,) + &) |Si =k, Dij = 1]

= uy + Eqp [Xij|Si = k, Dij = 1] Bog + Esp [(XijB1,5, + 01,5,)[Si = k, Dy = 1]
=y + B [Xij|Si = k, Dij = 1] (Box + Buk) + 01

ﬁk”i DieT, 2?1:1 pijkXij (Bok + Bik)

1 LI
Z’LEIk n; ZiGIk Zj:l pl]k

From previous derivation = ), + + 01 k-

Similarly,

1 n;
Sz, iz, 21 PidkXijBo

Eop[Yi(0,Dij)[S; = k, Dij = 1] = pf, + + 60,

1 4 .
> ez, M 2 ieT;, 2aj=1 Pijk
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Thus,

ﬁk”i ZiEIk 2?2:1 piijijﬁLk
Esp[Vij(1, Dij) — Yi; (0, Dij)|S; = k, Dij = 1] = 1 " .
Yier, mi Ziezk ijl Dijk

A2.5 Prior Distributions for Simulated Case Studies

S; ~ Cat(K =2,m) m ~ Dirichilet(K =2, = [5,5])
py ~MVN (mys = [0,0],V,,s = 100 % Loxs) for k=1,., K

. 1
Y ~ Inv-Wishart <\I' = 100 x 1oy, Us = 5>

WP~ N (o, v2p = 100) aj, ~ MVN (0, 1000 prm) fork=1,.. K

gbf?k ~ N(,U,k,D,T%Vk) Tp,k ~ Uniform (O, \/ﬁ) fork=1,.,K

py ~ N(0,v%y = 1000), 815 ~ N(0,v3 = 1000) for k= 1,..., K

Bok ~ MVN(0,1000 P4, 5), By 5 ~ MVN(0,1000 % IPy,5) for k = 1,.., K
¢ ~N(0,7%,)

Ty, ~ Uniform (0, V 625> , 02 ~Inv-Gamma(a = 1,b=1) for k=1, .., K.
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A2.6 Supplementary Tables for Data Analysis

Baseline Variable Total Treatment Control
N =941 N; = 450 Ny = 491

Age, y, mean (SD) 805 (12.1) 802 (11.8) 80.8 (12.3)

CMATL mean (SD) 50.4 (19.4) 51.0 (20.7) 49.9 (18.1)
ADL, mean (SD) 17.0 (6.1) 17.17 (5.9) 163 (6.2)
CFS, mean (SD) 2.7 (0.9) 28 (09) 2.7 (0.9)

ARBS Binary, n(%) 193 (20.5) 105 (23.3) 88 (17.9)
Antipsychotics, n(%) 278 (29.5) 112 (24.9) 166 (33.8)
Male, n(%) 654 (69.5) 306 (68.0) 348 (70.9)
Depressmn n(%) 535 (56.8) 267 (56.8) 268 (56.9)
White, n (%) 689 (73.2) 327 (72.7) 362 (73.7)

ADL: Activities of Daily Living Scale; CFS: Cognitive Function Scale; ARBS Binary:
Binarized Agitatated and Reactive Behavior Scale

Table A2.2: Mean and standard deviation of patient level characteristics derived from the MDS

. . Intervention Control
Metric/Characteristic —yre=——<—Mean —SD

Clinical Relevancel  46.8 26.5 - -
Average Daily Census 62.0 245 63.6 25.6

T These percentages are modeled on the logit scale, and transformed
bal\/ﬁ) I‘Sgﬁ;ﬁg %é%faritﬁr?{r ‘?)at‘%lon truncated at 100%

Table A2.3: Mean and standard deviation of facility characteristics and facility compliance metrics
used in each model pair

A2.7 Model Diagnostics for Data Analysis

The Gelman-Rubin statistic for each estimand is shown in Table [A2.4]

Outcome [TT ITT; ITTy, ITT; —ITT, CACE CACE; CACE; CACE; — CACE,
CMAI 1.019 1.015 1.007 1.003 1.0I8 1.014 1.006 1.003
Antipsychotics 1.008 1.023 1.004 1.013 1.014 1.007 1.019 1.013

Table A2.4: Gelman-Rubin statistic for the 3 chains of posterior samples for each estimand pre-
sented in the data analysis in Section

Each Gelman-Rubin statistic is close to 1, and indicates adequate model fit. Below, we plot the

three MCMC chains for the estimands that were estimates for the CMAI outcome.
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Figure A2.1: Overlaid line plots of the 3 MCMC chains of the samples used for posterior inference

in Section @
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Chapter 3 Appendix

A3.1 Additional Details on Assumption 4

Assumption 4 requires that conditional on fp, and X;;, compliers (D;; = 1) and noncompliers

(D;j = 0) have the same potential outcome distribution under the control condition. That is,

P(Y35(0, D)Xy, 0p,, Dij = 1) = P(Y35(0, Dyj)| X5, 0p,, Dij = 0),

and therefore, E[Y (0, D;;)|Xyj,0p,, Dij = 1] = E[Y (0, D;;)|X,j,0p,, Di; = 0]. However, in random-
ized experiments with one-sided noncompliance, it is common to assume that the marginal distri-
butions of the control potential outcomes for compliers and noncompliers have different expected
values (Imbens and Rubin, [2016). Formally, E,[Y;;(0,D;;)|Dij = 1] # Esp [Yi;(0, Dsj)|D;; = 0].
Below, we show that, in general, Assumption 4 does not contradict the common assumption about
the difference in the marginal distributions.

Under the models described in Section we have,

Egp [Yij (0, Dij)|Dij] = Esp [Esp [Yi5(0, Dij)| X5, 0p,] | Dig]
= By [0 + Xi;60| Dy

= 1" + By [Xij| Dij) Bo-
Therefore, we havethat

Egp [Yij(0, Dij)|Dij = 1] — Egp [Yi5(0, Dij)|Dij = 0] = (Esp [Xij|Dij = 1] — Egp [Xi5|Dij = 0]) Bo.
(3.30)
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We can compute the conditional expectation as follows,

Egp [Xij|Dij = D] = / Xij P(Xij|Dij = D)dXi;

= DIXy5) P(Xy5)
Xy i 104X
/ ! ( (7 D) !

=~ | X,P(D; = D|Xi;)P(X;;)dXi;.
Pw‘j:m/xi_ P(Dy = DIX3y) P

When D =1 we have,

/ XijP(Dij = 11X45) P(X45)d X5 = / XijEspDij| Xij] P(Xi5)dX;

— / X;probit ! (uP + Xym;) P(Xi;)dX;
X..

N.

1 (3
== E probit ™ (u? + Xi;m;) X5,

v .

and,

P(Dij =1)= ESp[ [ Z]|XZJ”

— Zproblt 1 (/J“z + XUm) ,
] 1

S0,
7 gy probit ™! (P + Xymi) Xy

E,, [Xij|Dij = 1] = : (3.31)
sp 1) 1) Nil Z‘é\[:ll pI'Obit_l (MZD + lenz)
Following a similar procedure we obtain
1 N; —1/( D
O st (1 —probit™ (p” + X5i15) ) X5
Eyp [Xij|Dij = 0] = X 2= (1 + X)) Xiy (3.32)

N%. zj\f:zl (1 — probit™! (MiD + Xz’jm))

Plugging (3.31]) and into , we have

Egp [Yij(0, Dij)| Dij = 1] — Egp [Y35(0, Dij)| Dij = 0] =

; Zév:ll probit " (1 + Xyjn;) Xy _ N Zjv:ll (1 — probit™" (u + Xyjmi) ) Xi
N gy probit ™! (uf + Xijns) 7 g (1= probit™" (uf + Xijmi))

) Bo. (3.33)
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In general, Equation does not equal 0 unless fy is exactly 0 or /,LZD and «; are exactly 0. This
only occurs when the observed covariates are completely uncorrelated with the potential outcomes
or the observed covariates are completely uncorrelated with compliance. Because this is not likely
in practice, Assumption 4 is not likely to contradict the assumption that the marginal expectation
of the control potential outcomes are different between compliers and noncompiers.

Assumption 4 would be violated if compliers and noncompliers had different expected values for
their potential outcomes under the control condition after conditioning on the observed covariates.
That is,

Egp [Yi5(0, Dij) | Xij, Dij = 1] = Esp [Yi (0, Dij)[Xij, Dij = 0] = doi, (3.34)

where dg; is indexed by stage ¢ because being a complier to the standard and augmented interven-

tions may not imply the same value for this parameter. If Equation (3.34) holds,
Y0, Dig) ~ N (" + Xij80 + Dijbio, o). (3.35)

However, in the two-stage PRCT design, we assume the control condition is the same in stages 1
and 2, so the conditional distributions for the control potential outcome should also be the same
in stages 1 and 2. Thus, E[Y1;(0, D1;)|X1; = X] = E[Y2;(0, Dy;)|Xg; = X]. For this equality to
hold under the model described in Equation , the following equalities must also hold:

Esp[Y15(0, D1;) Xy = X] = Egp[Y1;(0, Do;) [ Xg; = X]
Egp [Esp [Y15(0, D1j)| D1y, X45] [Xy; = X] = Egp [Ep [Y25(0, Daj) [ Daj, Xoj] [Xoj = X]
Eg, [ + X1jB0 + D1jo10|X1j = X]| = Egp [ + Xo;jB0 + Dajdao|Xoj = X|
p + XBo + Eep [D1j| X1, = X] 610 = 1§ + XBo + Esp [D2;]Xa; = X] 620
610Esp [D1|X1; = X] = 20 Esp [D25| X0 = X]

S1oprobit ™ (uf + 71 X) = dapprobit ! (i + 12 Xa;)

probit ™ (uP + 1 X)
" probit L (1 + mX)

d20 = 01 for all X. (3.36)

Individuals enrolled in Stage 1 and Stage 2 are sampled from the same target population (P(Xy;) =

P(X3;) = P(X)). Because the control condition is the same in Stage 1 and Stage 2, this implies
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that the marginal distribution of the control potential outcomes should the same in both stages.

Thus, E[Y1;(0, D1;)] = E[Y2;(0, Dy;)], and the following set of equalities must hold:

Esp[Y15(0, D1j)] = Egp[Y25(0, Day)]
Egp [Esp [Y15(0, D1j)[D1j, Xaj]] = Egp [Esp [Y2;(0, Da;) [ D2, Xo5]]
Eg, [H%/ + X180 + D1;610] = Esp [u(’{ + X280 + D2;620)
py + Esp [X1j] Bo + Esp [D15] 010 = p§ + Esp [Xa5] Bo + Esp [Daj] 620
py + X80 + Esp [Dij] 610 = p1 + X80 + Esp [Da] 620
610Esp [D15] = 020 Esp [Da]
510 / probit ~* (uf + X1 ) P(X1;)dX1; = d20 / probit ~* (ud + Xajm2) P(Xa;)dXa;
Suo [ probit ™! (uf’ + X P(X)aX = 6oy [ probit! (] + Xo) P(X)aX

[ probit~* (uP + X, ) P(X)dX
[ probit ™ (ud + Xne) P(X)dX’

520 = 510 (337)

The equalities in and are only compatible under specific conditions. One of these
conditions, when M? = ,u2D and 771 = 72, is not true in general because the probability that an
individual complies to the standard intervention and the augmented intervention are different. A
second condition, when P(X) is a degenerate distribution at only one set of covariate values, does
not occur in PRCTs. Another condition, when 7; = 0 and 72 = 0, requires that the observed
covariates are uncorrelated with compliance status. This is not likely in practice because the

covariates recorded in PRCTSs are expected to be related to the potential outcomes and compliance.

However, if this condition were to occur, we could rearrange (3.36|) and (3.37)) so that

da0 _ probit~!(uP)

610 probit™!(uP)’
This equality implies that the ratio of the differences in expected control potential outcomes in
Stage 2 and Stage 1 is equal to the ratio of expected compliance probabilities in Stage 1 and Stage
2. In general, these two quantities need not be related. The last condition that enables both of
the equalities in Equations and to hold is when d19 = d99 = 0, which is equivalent

to Assumption 4. This assumption is reasonable if all relevant covariates are controlled for. We

118



expect any differences in the conditional distribution of control potential outcomes for compliers and
noncompliers to be negligible after accounting for the relevant covariates because no intervention

is being received under the control condition.

A3.2 Estimand Derivation

ITT; = Es,[Yi;(1, D1;) — Yi;(0, Dy;)]
= Egp[EsplYij(1, Dij) — Y15(0, D15)| X5, Dyj, 0y, 0p,]]
= Esp[Dij * (01 + Xy 1))
= By, [Egp [Dij (01 + X5 61) | Xi5]]
= Ey, [Eqp [D15]X45] * (01 + X5 61)]

= Eg) [probit_l (MZD + XZ]Th) * (01 + leﬁl)]
1
— ﬁz Z pI‘Obit_l (}LZD =+ XUTh) * ((51 + Xz’jﬁl)

i=1

A3.3 Methods for Determining ay in the Two-Stage PRCT Design

We describe the Empirical Bayes and DIC approach to setting the borrowing parameter, ag for the
proposed two-stage PRCT design. We assume Py(fy) % For more general form of the initial

prior distribution, see Han, Ye and Wang] (2023]).

A3.3.1 Empirical Bayes

To implement the Empirical Bayes approach (Gravestock and Held, [2017)), we must first derive the

marginal liklihood of ag under the partial borrowing power prior described in Equation (3.13). We
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have,

L(ao|O1, 02) = / / LBy, 0,02) P(6y, 0,01, Os, ag)dp, by
[ [ La(6y,0p,|02) {faDl Lyi(0y,0p,|01)* Py(0p, )dfp, } Po(by) Po(0p,)d0p,dby

Jo, { Sy, 116y 0p, ]Ol)GOPO(eDI)deDI} Py(6y)dby
[ [ La(8y, 05,|02) L1 (8y01)% ([ L1 (8, |01)% Po(8p, )dbp, ) Po(6y) Po(Bp,)dbp, d8y
fay Li(0y|0q)0 (f Li(6p, ]Ol)aoPo(GDI)dGDI) Py(0y)dby
_ J J La(6y,0p,|02) L1 (0y |O1)* Po(0y ) o (0, )d0 0, dby
Jo, L1(0y |01)%0 Py (0y )dbly
[ [ L2(0y|O2)L2(0p,|02)L1(8y |O1)* Py(0y ) Po(0p, )db p,dby
Jo, L1(0y|O1)% Po(8y )doy
_ J La(8y|O2) L1 (0y |O1)* Py(8y)dby [ La(0p,|02)Po(0p,)dbp,
Jo, L1(0y |O1)% Po(8y )doy
J L2(0y|O2) L1 (0y|01)* Py (fy )dby
Jo, L1(0y[O1)®0 Po(By)dby

X

(3.38)

where [ L1(0p,|01)%Py(6p,)d0p, is finite whenever Py(6p,) is proper. Because 6y comprises the
parameters of a Normal linear regression, we can follow the derivation of Han, Ye and Wang (2023)

to obtain a closed form for L(ag|O1,03). Let

X*
Dij Wiy=1 " y
Xi5=[1, Xy, Djg] , Djjy = , Xi=1| i |, and gF = [p", B0, 0]

(]
0 Wy=0 e
N

The marginal liklihood of ag is given by,

I'(v)]ao X3 X3 |V2Hy (ag)"

L a 01,02 X s 3.39
(00101, 02) 0 10 T XaXs + a0 XX 2 Ho )7 (3:39)
where
Yobs_x* Q%12
H1(ao)= a0|| 1 5 1B1H2
A . A\t 1 . A
Y5 = X513+ (87 — B5) X5'X3 (X5'X5 +aoXi'Xi) ™ (aoXi'X;) (Bf - 53)

Hj(ao) = Hi(ao) + 5
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and

By = (Xe'Xp) T Xy

7

a0N1—2
V= ——
2
No +agNy — 2
Ve —
2

Han, Ye and Wang (2023) show that if X is an Ny x P* dimension matrix, the integral in the

denominator of 1D is finite only for ag € (%, 1]. Therefore, the Empirical Bayes approach sets

ay® = argmax L(ag|O1, O2).
aoé(%,l]
A3.3.2 DIC

We again follow [Han, Ye and Wang| (2023) to derive a DIC based objective function for setting ag.
The DIC for a given value of ag assuming the models defined in Section is given by,

DIC(ap|O1, 02) = Ny {log(v — 1) + log(H2a(ap)) — 2¢(v)}

L (i) s (- ) + v - 3 )

Hs(ap)

+ 2tr (X;txg (X31X5 + aOX{fX*;)”)

where

2% * * * %) —1 * obs * obs
/8 == (XQtX.Q + aOXltxl) (X.QtYQb + aOXltYlb ),

¥(-) is the digamma function, and the rest of the notation follows from Section [A3.3.1} The DIC

approach sets af'® = argmin DIC(a|O1, O2).

ao

A3.4 Simulation Studies

Table[A3.T|depicts the parameters used to define the two-stage design implemented in the simulation
studies describes in Section 3.3l
The values of py and py, are set as functions of pg. We use the O’Brien-Fleming alpha-spending

function Demets and Lan| (1994) to set values for ay and as.
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Paramter Value

ES 0.5
Q 0.05

1-p6 0.8

1— 751 0.8
PE {0.3,0.5,0.7}
DU pp + 0.65 x (1 —pg)
pL 0.5 X pg
a 2 -2 x ®(¢(1 - a/2))/y/Ni/N)
(%) a — ]

®:=Gaussian CDF; ¢:=Gaussian PDF

Table A3.1: Parameter values used to define the two-stage desing implemented in the simulation

studies described in Section

Table depicts the parameters used to define the factors and data generating mechanism

for the simulation study in Section The values of mP and m& are set as functions of m; and

Paramter Value
m {0.25,0.5,0.75}
) {10%, 33%, 50%}
Y1 {0.2,0.5,0.8}
my ¢(m1)
(1 [0.25, —0.25]
my P(m+ (1 —m))
1-0 0.8
(a2 [0.25, —0.25]
mY 5
&o [0.5,—0.5]
72 1

¢:=Gaussian PDF

Table A3.2: Parameter values used to define the two-stage design implemented in the simulation

studies described in Section W

o.
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Figure A3.1: Power and average sample size comparison for all configurations when ~; = 0.2.
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ES=0.5,v,=0.8

Power Sample Size
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Figure A3.2: Power and average sample size comparison for all configurations when ~; = 0.8.

Type 1 Error

Design Model
e=0% =10% $=33% ¢ =50%

Two-Stage Design Bo 0.05 0.06 0.05 0.05
Bos 0.04 0.04 0.05 0.05

B 0.05 0.05 0.05 0.05

Bprc 0.05 0.05 0.05 0.05

Simple Randomized Design LMy 0.06 0.06 0.06 0.05
LMp 0.05 0.05 0.05 0.05

Table A3.3: Type 1 Error of each design and model combination averaged over different values of
©.
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Parameter Value

T

Eo1 [ 05 0.5 l
T

€02 [ —-0.5 —0.5 ]
711 {0.25,0.5}
Y21 0.5
1 0.5
%) {0.2, 0.4}
my ¢(m1)
(1 [0.33, —0.33]
my d(m 4+ @ (1 —m1))
G [0.33, —0.33]
mY 5

¢:=Gaussian PDF

Table A3.4: Parameter values used to define the two-stage design implemented in the simulation

studies described in Section W

Paramter Value
ms {0,0.25,0.5}
KD {0,0.25,0.33}
Ky {0,0.25,0.5}
Y1 0.5
™ 0.5
© 10%
my p(m1)
C1 [0.33, —0.33]
my d(m + @ (1 —m))
(2 [0.33, —0.33]
mY 5
€o [0.5,0.5]

¢:=Gaussian PDF

Table A3.5: Parameter values used to define the two-stage design implemented in the simulation
studies described in Section
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A3.5 Simulated Trial

Stage 1 Stage 2
Baseline Variable Treatment Control Treatment Control
Nyi1 =85 Nig = 85 No1 = 80 Nog = 80

Age, y, mean (SD)  78.8 (11.2) 78 (13.6)  79.1 (14.1)  82.4 (10.8)

ADL, mean (SD) 174 (6.0)  16.6 (5.7)  17.1 (65)  17.3 (6.1)

CFS, mean (SD) 2.6 (0.8) 2.6 (0.8) 2.6 (0.9) 2.7 (0.8)
Baseline CMAL mean (SD)  47.5 (16.6)  49.4 (16.4)  46.2 (14.3)  51.8 (22.2)
Baseline ABS, mean (SD) 0.5 (1.1) 0.5 (1.1) 0.5 (1.3) 0.5 (1.0)
Depression, n(%) 55 (64.7) 54 (63.5) 55 (61.1) 55 (61.1)

Anxiety, n(%) 37 (435) 34 (40.0) 40 (44.4) 37 (4L.1)
Antidepressant, n(%) 57 (67.1) 55 (64.7) 51 (56.7) 57 (63.3)
Antianxiety, n(%) 15 (17.6) 15 (17.6) 20 (22.2) 20 (22.2)

White, n (%) 59 (69.4) 66 (77.6) 55 (61.1) 66 (73.3)

ADL: Activities of Daily Living Scale; CFS: Cognitive Function Score; CMAI: Cohen-Mansfield Aggitation
Inventory; ABS: Aggitated Behavior Scale
¢:=Gaussian PDF

Table A3.6: Baseline covariate distribution of individuals randomly sampled for the simulated
two-stage trial.
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