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CHAPTER 1

INTRODUCTION

Quantitative finance is a broad label for the application of mathematical, algorithmic,

statistical, or inferential techniques to financial markets. The expertise involved can

vary from stochastic processes, PDEs, and optimal control to optimization, econo-

metrics, statistics, machine learning, and computer science.

Attilio Meucci, for example in Meucci [2011], makes a general split between what

he calls ‘P’ quants and ‘Q’ quants. Repeating his ideas: ‘P’ quants are concerned

with investing money, operate in discrete time and high dimension (e.g., many stocks

to invest across), try to predict the future, and use tools such as statistics and opti-

mization. ‘Q’ quants are concerned with trading, operate in continous time and low

dimension, extrapolate the present to price securities that lack market information,

and use tools such as stochastic calculus.

This dissertation addresses several ‘P’ quant problems I encountered over many

years in the field. The impetus for much of the work is estimation error’s confounding

portfolio optimization, the source of enough colossal investment blow-ups, one involv-

ing two Nobel laureates and catastrophic loss across financial markets averted only by

government intervention1. Nassim Nicholas Taleb mentions the problem in his 2012

book Anti-Fragile2. First thinking on it in the mid 2000s, after many failed attempts,

I began (to my eye) to see clearly perhaps a decade later. The insight also led to

solving a couple of related problems. Progressing on the different pieces over the

years, I’ve presented to combined professional/academic audiences in Boston, New

York, San Francisco, London, Amsterdam, and globally via video conference.

The four topics in the dissertation are 1–forecasting short-term covariance given

instantaneous side information, 2–uncertain covariance and portfolio optimization

under uncertainty, 3–uncertain risk parity portfolio construction, and 4–risk under

1Long-Term Capital Management. See Jorion [2000].
2Taleb [2012]. Taleb retweeted one of my presentations in Aug 2020.
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uncertainty and price movement. While all are related, only the first didn’t arise

from the aforementioned estimation error problem.

The chapters are arranged as follows: Chapter 2 is a literature review. Chapter 3

describes a common mathematical framework. Each of chapters 4 – 7 covers one of

the four topics. Chapter 8 is a conclusion.



CHAPTER 2

LITERATURE REVIEW

2.1 Background – stock returns and portfolio se-

lection

2.1.1 Nature of stock returns

Let St be the price of a stock at time t. The stock’s return Rt is its relative change

in value, measured as a fraction or as the change in log of value. Ignoring dividends,

Rt =
(
d
dt
St
)
/St or log return d

dt
logSt in continuous time and St/St−1 − 1 or (less

common) log return log St − logSt−1 in discrete time. The two canonical models are

geometric Brownian motion1

dSt = µtStdt+ StσtdWt (2.1)

i.e., d logSt =
(
µt − σ2

t /2
)
dt+ σtdWt (2.2)

and, to allow for mean reversion, Ornstein-Uhlenbeck2

dSt = −θ
(
St − S̄

)
dt+ σtdWt (2.3)

Discrete analogs model returns as

independent Rt = µt + εt (2.4)

or serially correlated via an AR(1) Rt = ρRt−1 + εt (2.5)

where εt ∼ N(0, σ2
t ) and ignoring that returns usually can’t occur below -100%.

With multiple stocks, S,W, ε and discrete µ are vectors and σ, θ, ρ and continuous µ

matrices.

1See section 5.8 of Karatzas and Shreve [1991].
2See Barndorff-Nielsen and Shephard [2001] or Meucci [2009].

3
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While theoretically and practically important variants exist3—for example, allow-

ing for time dependency and jumps in the randomness—the simpler versions often

yet appear out of approximation, ease of manipulation, or the limits of forecasting

accuracy.

Unlike a physical system, in addition to not adhering to rules, returns have a

mechanism which makes them unpredictable: the market efficiency of investor ac-

tion. Buying raises a stock’s price and selling lowers it, a process that occurs until

the opportunity for profiting vanishes. Predictable edges are arbitraged away. In par-

ticular, this means the past does not imply the future. However, covariance persists

through structural links; e.g., oil price increases affect oil companies positively and

airlines negatively, linking them regardless of whether oil prices can be predicted.

An aspect of returns that can be predicted is risk premium, compensation for

bearing risk, akin to writing insurance and receiving premiums. Apparently successful

strategies are often in truth compensated for bearing risks. When the rare event

occurs, profits are disgorged. Finding an apparently profitable strategy, a skillful

investor wonders, “Is there a risk I am getting paid for?”

2.1.2 Portfolio selection

Portfolio selection determines the amount of capital to invest in each asset. The

canonical methods are Markowitz [1952] (‘mean-variance’ or ‘Markowitz’) and Kelly

[1956] (‘Kelly betting’). Markowitz [1952] introduces the notion of efficient portfolios—

maximum expected return at their variance and minimum variance at their expected

return—and finds them by maximizing expected return minus a scalar times variance.

w∗ (µ,Σ, λ) ≡ 4 arg max
w

wTµ− λ

2
wTΣw (2.6)

where µ ≡ expected returns ∈ Rn

Σ ≡ covariance of returns ∈ Rn×n

λ ≡ risk aversion > 0

w ≡ security weights ∈ Rn

3Beginning with Mandelbrot [1963], Mandelbrot looked at price series’ fractal properties. A recent
evolution of that line is Dandapani et al. [2021]. Bouchaud [2021] is a clear, short overview of
the history and areas of current research.



5

Kelly [1956] allocates a fraction of the capital present each period to maximize

the exponential growth rate or, to same effect, expected log of wealth.

exp growth rate ≡ lim
T→∞

1

T
log

ST
S0

(2.7)

ST = S0

T∏
t=1

St
St−1

= S0

T∏
t=1

(
n∑
i=1

wi [1 +Ri,t]

)

E

[
log

ST
S0

]
=

T∑
t=1

E

[
log

(
n∑
i=1

wi [1 +Ri,t]

)]
(2.8)

where St ≡ portfolio value at t

R·,t ≡ security returns from t− 1 to t

Breiman [1961] and Thorp [1971] prove results about its optimality. Page 122 of

Markowitz [1959] shows the two term Taylor expansion of expected exponential

growth is approximately mean return - 1/2 variance of return, i.e., Markowitz with

a low risk aversion of λ = 1. Chamberlain [1983] shows that for concave utility and

elliptically distributed investment returns, expected utility of a portfolio’s (scalar,

random) return is a function of mean and variance. Markowitz [2014] is a survey of

approximating concave utility with Markowitz.

In practice, Kelly betting is regarded as having too large swings, especially for

investing on behalf of a client. Since Markowitz is ubiquitous, this research takes it

as a given.

Several areas border the scope of this dissertation. There is literature on utility

functions—what utility should be, what properties are advantageous and sensible,

how real human beings behave. There is (very technical) literature on optimal control

in portfolio selection. Near its head, Merton [1971] proves results on maximizing

expected utility when utility is concave and prices are modeled as continuous time

Markov stochastic processes. There is literature on alterations to Markowitz. For

example, risk measures5in place of variance include mean absolute deviation and semi-

variance, E
[
min (x− target, 0)2]. The motivation for the latter is that, at odds with

4Notation: ≡ means a definition.
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reason, adding variable upside can decrease a portfolio’s utility when risk is measured

by variance. To deal with non-Gaussian returns, one approach6 is to minimize

(CVaR) conditional value-at-risk, E [x|x ≤ F−1
x (c)], subject to some minimum E [x].

Though Markowitz considers only the present, the problem becomes multi-period in

the presence of transaction costs and market impact.7

2.2 Estimation error in portfolio optimization

Ideas on estimation error’s effect on optimizing Markowitz utility follow three themes:

frequentist problems, better point-estimates (Bayesian, robust statistics), and alter-

native construction methods (Bayesian posterior distribution of utility, robust opti-

mization).

2.2.1 Frequentist problems

Though no longer so, it was once surprising that optimizing weights across stocks,

which are numerous and similar, based on unbiased estimates of a few parameters

(mean and covariance) taken as true—with real differences dominated by noise—

yields a portfolio that performs worse than expected and a decision rule that is easily

improved.

Jobson and Korkie [1980] derives an approximate distribution of the mean and

variance of a portfolio optimized from frequentist estimates and finds that they work

poorly with small histories and would be better replaced by Bayesian estimates.

Michaud [1989] brought the problem to a broad audience. Broadie [1993] simulates

returns from known parameters, infers unbiased mean and covariance, and optimizes

the efficient frontier on both to show that optimizing estimates goes badly. A few

lines proof of the mechanism is in Shah [2009]. Fan et al. [2008] analyzes properties of

factor-modeled8vs sample covariance and finds factor-modeling is advantageous when

inverse of covariance is of interest as in Markowitz portfolio optimization.

5See chapter 9 of Markowitz [1959], Konno and Yamazaki [1991], Chang et al. [2009].
6See Rockafellar and Uryasev [2000], Rockafellar and Uryasev [2002].
7See Gârleanu and Pedersen [2013].
8The standard ways of factor-modeling covariance—time series, cross-sectional, PCA—are de-
scribed in chapter 9 of Tsay [2010].
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Although there are more papers, there is little more to say once it’s clear why

frequentist estimates don’t work well with optimization.

2.2.2 Better point-estimates

Fabozzi et al. [2007] gives an overview of the issues, and Fabozzi et al. [2010] is

a survey largely on approaches to counter estimation error issues in mean-variance

portfolio construction. From the latter:

There are two standard methods extensively adopted in the literature to

deal with estimation errors. The first is the robust estimation methods,

such as moment estimation, which can be quite robust to distributional

assumptions. The second is the Bayesian approach that is neutral to

uncertainty in the sense of Knight (1921) because it assumes a single

prior on the portfolio distribution (Garlappi et al. 2007).

Bayesian point-estimates

First, two techniques that are widely used in practice: Black and Litterman [1992]

converts forecasts of µ from unbiased to Bayesian by assuming Gaussian observation

noise and prior. The computation is the same as a Kalman filter with one noisy

observation and no dynamics. Ledoit and Wolf [2003] and other papers by the authors

shrink covariance toward a structured form—usually one factor (effectively the first

PCA) + a diagonal matrix—via convex combination and derive results for the optimal

shrinkage.

Notice that, in real life, µ and Σ are forecasted separately. Again, this is because

Σ is largely from history and µ from diverse outside information. The many Bayesian

papers that forecast both from history ignore the predictability-erasing mechanism of

the market.

Other covariance shrinkage estimators in the style of Ledoit and Wolf are Daniels

and Kass [2001]9 and Schäfer and Strimmer [2005]. Continuing in that direction, a set

of shrinkage point-estimators of covariance comes from random matrix theory. The

general idea: eigenvalues of the sample correlation matrix are biased—upward for

9Cites a 1996 working paper by Ledoit.
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large eigenvalues and downward for small—so are shrunk toward a point or distribu-

tion (Marčenko–Pastur) or discarded below a critical value with their effects diagonal-

ized. Plerou et al. [2002] and Potters et al. [2005] are early papers, Johnstone [2007]

a clear introduction, Bun et al. [2017] a survey, and Potters and Bouchaud [2020] a

textbook. Ledoit and Wolf [2012], which shrinks eigenvalues toward a distribution,

appears in several multivariate ARCH papers mentioned in chapter 4 below.

Robust statistics

Scutellà and Recchia [2013], a survey on robust optimization, also covers robust statis-

tics10and cites the methods of the following two paragraphs.

Robust point-estimates of mean11and covariance are used to optimize portfolios in

Cavadini et al. [2001]12, Perret-Gentil and Victoria-Feser [2004]13,

de Melo Mendes and Leal [2005]14, and Welsch and Zhou [2007]15.

Rather than using robust estimates of parameters, several papers optimize utility

defined as a robust function of weighted security returns. Note that these methods are

impractical since future expected returns must be forecasted and not inferred from

history. Lauprete et al. [2003] minimizes a robust estimate of portfolio variance, the

Huber function. DeMiguel and Nogales [2009] explores two ways of optimizing a ro-

bust estimate of portfolio variance involving both location and scale: 1) M-estimators

via the Huber function, 2) S-estimators via Tukey’s biweight function.

10See Huber [1981].
11Suffers from the usual problem—predicting mean requires outside information.
12Robust estimator from Krishnakumar and Ronchetti [1997]
13Robust estimator from Rocke [1996]
14Robust estimator from Leung and Ng [2004] and a variation on minimum covariance determinant

of Rousseeuw [1985]
151-FAST-MCD from Rousseeuw and Driessen [1999], 2-Iterated Bivariate Winsorization from

Chilson et al. [2006] with modification of Maronna and Zamar [2002], 3-Fast 2-D Winsorization
from Khan et al. [2007] with modification of Maronna and Zamar [2002].
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2.2.3 Alternative construction methods

Robust optimization

Robust optimization finds the best worst case when parameters aren’t fixed but fall

within a set. The optimization changes from arg maxw fθ(w) to maxw minθ∈S fθ(w).

Though the idea is straightforward, the max-min optimization limits the technique to

special configurations, thus the literature is largely an exploration of particular cases

described in Table 2.1.

Table 2.1: Robust optimization sets
Reference Set
Rustem et al. [2000] (µ,Σ) comes from a number of scenarios, ∪i=1...n (µi,Σi)

Halldórsson and Tütüncü [2003] µL ≤ µ ≤ µU , ΣL ≤ Σ ≤ ΣU

Goldfarb and Iyengar [2003] µL ≤ µ ≤ µU

Σ = EFET + diag(ε2) where
ε2
L ≤ ε2 ≤ ε2

U

{E : E = Ē + η, ‖ηi,·‖G ≤ δi} norm is wrt some
positive definite matrix G
{F : F−1 = F̄−1 + η, max eigenval of F̄ 1/2ηF̄ 1/2 ≤ δF}
or {F : F = F̄ + η, ‖N−1/2ηN−1/2‖ ≤ δF} where norm is
max eigenval or sum of squared eigenvals

Ceria and Stubbs [2006] {µ : (µ− µ̄)T Ω (µ− µ̄) ≤ δ}

Garlappi et al. [2007] µ is in the intersection of ellipses on subsets of securities,

∩i=1...n{µ :
(
µSi − µ̄i

)T
ΩSi

(
µSi − µ̄i

)
≤ δi}.

xSi means the Si coordinates of x.
Expected returns that come from factors can be put in
this form.

Lu [2011] defined jointly on µ and factor exposures

Anderson and Cheng [2016] in section 2.2.3 below solves robust optimization with

uncertainty in means. Lu [2011] makes the interesting point that separable uncer-

tainty sets, i.e., ones defined as products, are too conservative and operate at a much

higher confidence level than reported.



10

Note that while confidence sets defined separately on each parameter ignore the

diversification of error and see every extreme outcome realized at once, jointly defined

confidence sets become informationless as the universe grows. For example, imagine

Gaussian µ frequentist estimated as a vector of 0’s with identity noise covariance. A

confidence set is a sphere of radius h. Since a single coordinate outside h breaks the

sphere, the critical h for a given confidence level increases with dimension. These

problems vanish in a Bayesian setting.

Previously mentioned Scutellà and Recchia [2013] is a survey paper on robust op-

timization of portfolios, and Bertsimas et al. [2011] on robust optimization in general.

Hansen and Sargent [2011] explores robust decision making/control in depth.

Bayesian posterior

Most of the ideas were introduced in early, universally cited work. Barry [1974] as-

sumes (µ,Σ) is Gaussian-Inverse Wishart whose parameters are the sample estimates

of µ and Σ. This corresponds16to Bayesian inference with the prior π (µ,Σ) ∝ |Σ|−n+1
2

and Gaussian returns. The mean of the (multivariate t) predictive distribution of re-

turns is the sample mean, and the variance a scalar multiple of the sample variance.

Thus, mean-variance utility is the same as frequentist-inferred under higher risk aver-

sion. Klein and Bawa [1976] considers three priors, two of which lead to different

choices than can be had from frequentist estimates. Frost and Savarino [1986] sets

the prior’s parameters empirically; the prior is Gaussian-Inverse Wishart with all

securities having the same mean return, variance, and pairwise correlation.

16Derived in Klein and Bawa [1976]
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Jorion [1986] starts by evaluating the statistical risk of an estimator in terms of

utility under optimized weights,

U(w, θ) ≡ (random) utility of portfolio w’s returns under parameters θ

w∗ (θ) ≡ arg max
w

E [U(w, θ)]

U∗ (θ) ≡ U(w∗ [θ] , θ)

r(θ) ≡ risk of estimator

≡ E

U∗ (θ)− U
(
w∗
[
θ̂
]
, θ
)

|U∗ (θ)|

 (2.9)

and finds frequentist estimates of µ inadmissible. The paper then explores Stein

shrinkage estimators17, of which a particular case can be framed as an informative

prior on µ (Gaussian centered at a common mean). With variance assumed propor-

tional to the sample variance, the prior’s common mean and variance concentration

scalar are determined empirically.

Avramov and Zhou [2010] is a survey paper.

Recent work leans toward specifics. Anderson and Cheng [2016] models next pe-

riod returns as a mixture of normals having inverse-Wishart variance. The models

correspond to the length of the current regime: at period t, there are t normals, with

the i’th regarding returns from periods i . . . t as coming from the same distribution.

Since mean returns come from history, it is not practical. In addition to maximizing

posterior utility, the paper solves a robust version of the problem (“risk-sensitive opti-

mization” in control theory) that considers uncertainty in mean returns. Kacperczyk

and Damien [2011] is unusual in that it considers ‘distribution uncertainty’, the possi-

bility of returns’ following distributions other than Gaussian. Lai et al. [2011], noted

here only because the authors are from statistics and applied math departments,

looks at the mean and variance of the predictive distribution of returns. Bauder et al.

[2021] is likewise a straight Bayesian treatment using the mean and variance of the

predictive distribution assuming the series of returns is exchangeable, the future is

like the past, and the number of observations exceeds the number of securities. The

latter two assumptions make it practically unusable, but published in the last two

17See Stein [1956]
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years in a credible journal, the paper offers a current snapshot of references.

Two techniques that don’t forecast returns from history: Davis and Lleo [2013]

extends Black and Litterman [1992] and applies the continous time Kalman filter to

incorporate information arriving across time.18 In Meucci [2008] and other papers,

Meucci lays out a framework, ‘entropy pooling’, for updating general distributions

with forecast information. The starting point is a prior on the world of interest, X ∼
fX . Views are expressed as distributions on functionals, g(X) ∼ fV . A distribution f ∗

is sought19that is coherent with the views and has minimum K-L divergence from the

prior. This is convexly combined with the prior to express the forecaster’s confidence,

fforecast = cf ∗ + (1− c)fX .

Resampling

Michaud [1998], which is critiqued by Scherer [2002], introduces ‘resampling’—repeatedly

generating a fixed length sample of a normal distribution under the point-estimated

parameters and optimizing using parameters inferred from the sample, finally averag-

ing the output. Particulars aside, it is akin to a softened point-estimate of covariance:

Because the maximizer of wTµ− λ
2
wTΣw is w∗ = 1

λ
Σ−1µ and samples (Σ̂, µ+ δ̂) and

(Σ̂, µ− δ̂) are equally likely, E [ŵ∗] = 1
λ
E
[
Σ̂−1

]
µ.20

Risk parity

Named by Qian [2005], risk parity is a popular portfolio construction technique that

determines weights by making each investment’s risk contribution (component in the

direction of the net portfolio risk21) match the given, typically equally-weighted risk

18See Kolm and Ritter [2017], Kolm and Ritter [2020], and Kolm et al. [2021] for other extensions.
19Cannot be solved analytically but numerically by reweighting the probabilities on a fixed set of

samples.

20With linear equality constraints, sampling µ washes out for the same reason: arg maxw w
Tµ −

λ
2w

TΣw s.t. Aw = b is

w∗ = 1
λ

[
Σ−1 − Σ−1AT

(
AΣ−1AT

)−1
AΣ−1

]
µ+ Σ−1AT

(
AΣ−1AT

)−1
b,

so E [ŵ∗] = 1
λE

[
Σ̂−1 − Σ̂−1AT

(
AΣ̂−1AT

)−1

AΣ̂−1

]
µ+ E

[
Σ̂−1AT

(
AΣ̂−1AT

)−1
]
b.

21See Menchero and Davis [2011].
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budget.22

w∗
(
Σ, σ2, f

)
≡ any w > 0 s.t. w � Σw = σ2f (2.10)

where σ2 ≡ target variance of portfolio

f ≡ fraction of risk budgeted to each security, f ∈ Rn
+

� ≡ element-by-element multiplication

It is typically done at the index or asset class level rather than on individual stocks,

e.g., one security is the S&P500 index, another US corporate bonds.

Maillard et al. [2010] shows risk parity is equivalent23to minimizing variance with

a regularization penalty.

w∗
(
Σ, σ2, f

)
= arg min

w>0

1

2
wTΣw − σ2

∑
i

fi logwi (2.11)

In addition to much simpler computation, strict convexity makes obvious the existence

of a unique solution in each orthant (using log | · |) when w isn’t sign constrained.

Maillard et al. [2010] and Bai et al. [2016] explore mathematical properties and

alternative formulations. Instead of equalizing risk contributions across investments,

Lohre et al. [2014] equalizes them across principal component directions of the co-

variance matrix, Lassance et al. [2022] across independent component directions, and

Roncalli and Weisang [2016] across directions specified by any factor model. Bernardi

et al. [2019] looks at risk parity’s ‘second order risk’, the ratio of realized to predicted

risk, essentially the bias from estimate-optimized selection.

Hierarchical risk parity

De Prado [2016] introduces ‘hierarchical risk parity’ as a way to avoid covariance’s low

eigenvalue directions (seemingly low risk portfolios) that appear as artifacts under a

large universe. The algorithm 1–constructs a notion of distance between securities

based on differences in their correlations to all securities, 2–extracts a tree structure

through hierarchical clustering, 3–reorders securities according to proximity (a depth

22Controlling the scale via full investment
(
1Tw = 1

)
instead of target variance σ2 is achieved

easily by arbitrarily setting σ2 and normalizing the solution, w∗/1Tw∗.
23Setting the gradient to 0 yields the risk parity equation (2.10).
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first search of the tree), and finally, 4–starting from a single group containing all

securities equally weighted, repeatedly bisects each group into a finer scale (groups

containing 1/2 as many securities) and scales the weights on each half inversely pro-

portional to its relative variance. Cotton [2022b] generalizes the idea.

2.2.4 Loss criteria for estimators

In equation (2.9) above, Jorion [1986] evaluates an estimator by the utility of a

portfolio built from its estimates. Facing Markowitz utility as in equation (2.6),

why do few papers estimate {µ,Σ} and set w∗ to maximize the performance of

U
(
w∗
[
µ̂, Σ̂

]
, µ,Σ

)
, which is standard in statistics?24

As previously mentioned, market efficiency dictates that forecasts for µ and Σ

come from different information sets, with µ’s continually changing and expanding.

Nevertheless, utility considerations appear implicitly. For example, factor-modeling

and the many covariance shrinkage estimators in section 2.2.2 aim to erase low eigen-

value directions of covariance because the maximizer of wTµ− λ
2
wTΣw is w∗ = 1

λ
Σ−1µ.

This wouldn’t be important if w were independent of the estimates. The widely

popular Black and Litterman [1992] sets the prior on µ to stabilize the results of

optimization. And most papers include empirical results of optimized portfolios.

Papers that explicitly tie the estimation to utility, Jorion [1986] included, typically

infer both µ and Σ from history in a traditional framing that doesn’t work with

markets.25However interesting, they can’t directly be used in practice.

2.3 Research of this dissertation

From this background arise the four problems involving covariance, portfolio con-

struction, and uncertainty that are addressed by this dissertation:

1. Short-term covariance given instantaneous side information

2. Uncertain covariance and portfolio optimization under uncertainty

24In this vein, presenting a deep learning application to trading which didn’t involve different
information sets, (Pelger [2023]) often repeated the importance of making the loss function
match one’s objectives.

25Cotton [2022a] presents many arguments for market information over forecasting from history.
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3. Uncertain risk parity

4. Risk under uncertainty and price movement

Additional references specific to each topic are in the corresponding chapters.



CHAPTER 3

MATHEMATICAL FRAMEWORK

An abstract mathematical framework serves as starting point for conceptualization

and finding approaches to solutions.

3.1 Model - observations, latent states, side infor-

mation

Yt ≡ random stock returns (Yt ∈ Rn, t ∈ N)

Zt ≡ unobserved latent states (Zt ∈ Z, t ∈ N)

Xt ≡ random side information (Xt ∈ X , t ∈ N)

Of interest is the distribution given information at time T of future stock returns,

P (YT |X1:T , Y1:T−1) or P (YT |X1:T−1, Y1:T−1), or latent states, P (ZT |X1:T , Y1:T−1) or

P (ZT |X1:T−1, Y1:T−1).

Assume Y and X are independent given Z,

P (Y1:T , X1:T |Z1:T ) = P (Y1:T |Z1:T )P (X1:T |Z1:T ),

and conditionally depend on Z only at the same period,

P (Y1:T |Z1:T ) =
T∏
t=1

P (Yt|Zt)

P (X1:T |Z1:T ) =
T∏
t=1

P (Xt|Zt).

16
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Side information : X1 X2 X3 · · · XT

Latent states : Z1 Z2 Z3 · · · ZT

Observations : Y1 Y2 Y3 · · · YT

Figure 3.1: Model.

P (Z1:T ) describes the dynamics of Z.

P (YT |X1:T , Y1:T−1) =

∫
P (YT , Z1:T |X1:T , Y1:T−1) dZ1 . . . dZT

=

∫
P (YT |X1:T , Y1:T−1, Z1:T )P (Z1:T |X1:T , Y1:T−1) dZ1 . . . dZT

=

∫
P (YT |ZT )P (Z1:T |X1:T , Y1:T−1) dZ1 . . . dZT

=
1

P (X1:T , Y1:T−1)

∫
P (YT |ZT )P (X1:T , Y1:T−1|Z1:T )P (Z1:T ) dZ1 . . . dZT

=
1

P (X1:T , Y1:T−1)

∫ [ T∏
t=1

P (Xt|Zt)P (Yt|Zt)

]
P (Z1:T ) dZ1 . . . dZT

(3.1)

Similarly,

P (YT |X1:T−1, Y1:T−1) =
1

P (X1:T−1, Y1:T−1)

∫ [T−1∏
t=1

P (Xt|Zt)P (Yt|Zt)

]
P (YT |ZT )P (Z1:T ) dZ1 . . . dZT

(3.2)

P (ZT |X1:T , Y1:T−1) =

∫
P (Z1:T |X1:T , Y1:T−1) dZ1 . . . dZT−1

=
P (XT |ZT )

P (X1:T , Y1:T−1)

∫ [T−1∏
t=1

P (Xt|Zt)P (Yt|Zt)

]
P (Z1:T ) dZ1 . . . dZT−1

(3.3)

P (ZT |X1:T−1, Y1:T−1) =
1

P (X1:T−1, Y1:T−1)

∫ [T−1∏
t=1

P (Xt|Zt)P (Yt|Zt)

]
P (Z1:T ) dZ1 . . . dZT−1

(3.4)
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Covariance of YT |X1:T−1, Y1:T−1 can be written in terms of the state variables:

cov [YT |X1:T−1, Y1:T−1] = E

cov [YT |X1:T−1, Y1:T−1, ZT ]︸ ︷︷ ︸
cov[YT |ZT ]

|X1:T−1, Y1:T−1


+ cov

E [YT |X1:T−1, Y1:T−1, ZT ]︸ ︷︷ ︸
E[YT |ZT ]

|X1:T−1, Y1:T−1


= E [cov [YT |ZT ] |X1:T−1, Y1:T−1]

+ cov [E [YT |ZT ] |X1:T−1, Y1:T−1] (3.5)

3.1.1 Gaussian returns

Yt|Zt ∼ N (µt(Zt),Σt(Zt)) is a canonical model of stock returns, with µt independent

of {Ys, µs,Σs}s<t through market efficiency. µ is typically close to 0 and of smaller

magnitude than the standard deviation.
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3.2 Examples

The specific cases below illustrate how the model accommodates standard techniques

for working with investment returns.

3.2.1 Factor-modeled covariance

This is the standard model throughout this dissertation. Next period’s return co-

variance is point-estimated from history, cov [YT |X1:T−1, Y1:T−1], by assuming returns

follow a linear regression model and computing the covariance of the modeled returns

with assumptions on independence.

Ft ≡ factors ∈ Rk

β ≡ exposures ∈ Rn×k

εt ≡ idiosyncratic effects ∈ Rn

Ω ≡ covariance of factors ∈ Rk×k

Λ ≡ covariance of idiosyncratic effects ∈ Rn×n, a diagonal matrix

Yt = β Ft + εt

Ft|Ω
iid∼ N (0,Ω), ind of {β, ε}

εt|Λ
iid∼ N (0,Λ), ind of {β, F}

Zt ≡ {β,Ω,Λ, Ft}

P (Z1, . . . , ZT ) = π (β,Ω,Λ)
T∏
t=1

P (Ft|Ω)

Yt|Zt ∼ N (βFt,Λ)

Yt|Zt \ Ft ∼ N
(
0, β Ω βT + Λ

)
Xt ≡ {Ft}

Xt|Zt ∼ δFt
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As in equation (3.5) but conditioning on ZT \ FT ,

cov [YT |X1:T−1, Y1:T−1] = E

cov [YT |X1:T−1, Y1:T−1, ZT \ FT ]︸ ︷︷ ︸
βΩβT+Λ

|X1:T−1, Y1:T−1


+ cov

E [YT |X1:T−1, Y1:T−1, ZT \ FT ]︸ ︷︷ ︸
β E[FT |ZT \FT ]=0

|X1:T−1, Y1:T−1


= E

[
β Ω βT + Λ|X1:T−1, Y1:T−1

]
(3.6)

Versions with more complicated econometrics have non-iid εt, e.g., following an

ARMA, and β,Ω, and Λ varying with t according to some dynamics.

3.2.2 Multivariate GARCH

Multivariate GARCH(p,q) models time series with heteroskedasticity. The general

form:

Yt|µt,Σt ∼ N (µt,Σt)

Σt = f
(
Yt−p Y

T
t−p, . . . , Yt−1 Y

T
t−1

)
+ g (Σt−q, . . . ,Σt−1)

µt is usually fixed (µt = µ) or zero. Different assumptions on f and g lead to numerous

acronym-named variants1. It is also possible to incorporate side information. Among

the many versions of GARCH, here are two to show how it fits within the model

above.

1Silvennoinen and Teräsvirta [2009] is an overview.
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Vanilla Multivariate GARCH(1,1)

To limit the number of parameters, structure needs to be imposed. One form is

GARCH(1,1) in the ‘BEKK’ model of Engle and Kroner [1995]:

Yt|µ,Σt ∼ N (µ,Σt)

Σt = aaT +
K∑
i=1

bi (Yt−1 − µ) (Yt−1 − µ)T bT
i +

K∑
i=1

ci Σt−1 c
T
i

where a, bi, ci ∈ Rn×n, i = 1 . . . K

Zt = {µ, a, b, c,Σt, Yt}

P (Z1, . . . , ZT ) = π (µ, a, b, c,Σ1)
T∏
t=2

P (Σt|Σt−1, Yt−1, a, b, c)
T∏
t=1

P (Yt|µ,Σt)

Yt|Zt ∼ δYt

Xt ≡ { }
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Factor model with GARCH

GARCH can be applied within a factor model, for example, GARCH(1,1) in Engle

et al. [1990] and Vrontos et al. [2003]. From Vrontos et al. [2003]:

Ft ≡ unobserved factors ∈ Rk

β ≡ exposures ∈ Rn×k

Θt ≡ dynamic factor variances ∈ Rk

a, b, c ≡ parameters ∈ Rk

Yt = µ+ βFt

Ft = diag [Θt]
1
2 × iid N [0, Ik]

Θi,t = ai + biF
2
i,t−1 + ci Θi,t−1

Ft|Θt ∼ N (0, diag [Θt])

Zt ≡ {µ, β, a, b, c,Θt, Ft}

P (Z1, . . . , ZT ) = π (µ, β, a, b, c,Θ1)P (F1|Θ1)

T∏
t=2

P (Θt|Θt−1, Ft−1, a, b, c)P (Ft|Θt)

Yt|Zt \ Ft ∼ N
[
µ, β diag [Θt] β

T
]

Xt ≡ { }

cov [YT |Y1:T−1] = E [cov [YT |µ, β,ΘT , Y1:T−1] |Y1:T−1]

+ cov

E [YT |µ, β,ΘT , Y1:T−1]︸ ︷︷ ︸
µ

|Y1:T−1


= E

[
β diag [ΘT ] βT|Y1:T−1

]
+ cov [µ|Y1:T−1]



CHAPTER 4

SHORT-TERM COVARIANCE GIVEN

INSTANTANEOUS SIDE

INFORMATION

Covariance of stock returns varies over time. Volatility tends to increase abruptly and

fall slowly.1For example, a chart of the S&P 500 option-implied volatility VIX looks

different forward (impenetrable vertical faces, gradual drops) than backward (gradual

increases, cliffs). Correlations between securities also shift. However unpredictable,

these changes are apparent in sources of side information almost immediately, long

before behavior can be inferred from observing the process alone.

This chapter describes a Bayesian framework for incorporating side information to

forecast return covariance over a given horizon (e.g., one or two weeks) and frequency

(e.g., daily or weekly returns). One particular parameterization is computationally

fast, solved by linear or quadratic programming depending on distribution assump-

tions.

4.1 Literature review

Originating from Engle [1982] and Bollerslev [1986], ARCH/GARCH models are a

way to capture dynamic volatility in time series. The general idea—updating variance

at a point toward recent error between fit and data—has many variants. Engle [2004]

is a survey, and Hansen and Lunde [2005] a comparison. Multivariate versions include

Bollerslev [1990] and the DCC model of Engle [2002]; Bauwens et al. [2006] is a survey.

Engle et al. [2019] improves DCC by adding the random matrix theory shrinkage of

Ledoit and Wolf [2012]. Engle et al. [1990] and section 6.2 of Bollerslev et al. [1994]

1Section 1.2 of Bollerslev et al. [1994] describes some of the structure present in stock returns.

23
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apply ARCH to factor-modeled covariance. Though often used, like many econometric

time series techniques, ARCH type models miss relevant information.

Range-based estimators infer volatility from a shorter, i.e., more recent, history.

Parkinson [1980] models log(price) as a Brownian motion and, from the distribution of

its high-low2, works out the ratio between powers of volatility and expected powers of

log(intraday high price/low) yielding an estimator with the accuracy of the unbiased

time series estimator in 1/5 the observations. The idea can be applied at higher

frequency for shorter lag and more localization. Other range estimators, adding the

information of price at market open and close, include Garman and Klass [1980],

Beckers [1983], Rogers and Satchell [1991], Kunitomo [1992], and Yang and Zhang

[2000]. Chou et al. [2010] is a good overview. Correlation between securities can

also be inferred, as in Rogers and Zhou [2008] and Chou et al. [2009]. ARCH style

models that update volatility with range information are Chou [2005], Brandt and

Jones [2006], Hansen et al. [2012], and De Nard et al. [2021] which is Engle et al.

[2019] with range information added.

Implied volatility, from market-traded options and indices, e.g., VIX, is available

instantaneously and contains the forward-looking, high quality information of market

participants. Cross-sectional volatility, the dispersion of returns across securities,

reveals correlation and can be computed over any interval. There are also continually

updated predictive signals, for example, stock message board postings in Antweiler

and Frank [2004] and Das and Chen [2007], news in Mitra et al. [2009] and Atkins

et al. [2018], and internet search queries in Dimpfl and Jank [2016] in the ever-growing

list of alternative data. Two examples of ARCH style models that update volatility

with news signals are Kalev et al. [2004] and Robertson et al. [2007].

The fragmented information from these current information sources relates to

particular aspects of covariance, e.g., the variance of a certain stock or the spread

across constituents of an index. Forming a forecast covariance matrix requires grafting

onto structure. One way is to gather structure from history, then tune levels to the

information. Made public in 1998, diBartolomeo and Warrick [2005] updates an

orthogonal-factor model of covariance,

Σ = E diag(Λ)ET + diag(ε2), (4.1)

2From Feller [1951].
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with option-implied-volatility-forecasted security variances v̂ by applying scalars θ to

the factor variances,

Σθ = E diag(Λ) diag(θ)ET + diag(ε2), (4.2)

and setting their value through constrained L2 regression,

θ∗ = arg min
θ≥0

∑
i

(∑
k

E2
ikΛkθk + ε2

i − v̂i

)2

. (4.3)

Mitra et al. [2009] does the same adding signals from quantified news. Shah [2007]

formalizes the idea into a Bayesian framework for fitting any factor model to forecasts

of functions of covariance and derives a method to scale frequency to correct mismatch

in underlying structure, e.g., monthly to daily returns. Shah [2014], the basis of this

chapter, is a generalization that has a computationally fast parameterization for cer-

tain types of forecasts. Miranyan [2012] introduces scalars into a diagonalized factor

model and sets their value by minimizing Frobenius distance to a target full covari-

ance matrix having correlation from history and standard deviations from individual

stock volatility forecasts.

4.2 Problem formulation

The goal is a forecast of return covariance over some frequency and horizon given

history and side information. Two requirements are 1–modeling the present since

covariance changes with market conditions and 2–fast computation since the horizon

of interest can be short.

Within the mathematical model of chapter 3 (stock returns Y , side information

X, latent states Z), assume the covariance takes a known parametric form,

cov [Yt|St] = f(St) where St is a subset of Zt
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One example is the factor model of 3.2.1,

cov [Yt|St] = β Ω βT + Λ (4.4)

St ≡ {β,Ω,Λ}

Zt ≡ St ∪ {Ft}

where Yt ≡ β Ft + εt

Ft ∼ iid N [0,Ω]

εt ∼ iid N [0,Λ]

Side information contains noisy estimates of functions of covariance built from

contemporaneous and recent data,

{Gt, gt}t where Gt = gt (cov [Yt|St]) + ηt (4.5)

Two practical examples of side information:

1. Current estimates of return variance for individual securities, cov [Yt]i,i, or port-

folios, wTcov [Yt]w. One source is range-based volatility estimation: assuming

a model for security movement, e.g., geometric Brownian motion, variance is

inferred from high and low prices over an interval. Another source is implied

volatility from continuously traded options. A third is forecasting via any re-

gression, including machine learning3, fed recent data.

2. Cross-sectional variance of the returns of a portfolio’s constituents over an inter-

val,
∑

iwi
(
ri − wTr

)2
. Its expected value≈ interval length×wT diag(cov [Yt])−

wTcov [Yt]w. Paired with individual security variance estimates, these capture

aspects of correlation.

The covariance forecast is calibrated to current market conditions by fitting pa-

rameters to side information and history as in equation (3.4) (repeated here),

P (ZT |X1:T−1, Y1:T−1) =
1

P (X1:T−1, Y1:T−1)

∫ [T−1∏
t=1

P (Xt|Zt)P (Yt|Zt)

]
P (Z1:T ) dZ1 . . . dZT−1

Through both P (Z1:T ) and changes in side information, slow-moving parameters are

determined more by history, and fast-moving parameters by current side information.

3e.g., Zhang et al. [2023]
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4.3 A particular parameterization

The fast computation parameterization of the paper starts from a factor model as in

equation (4.4), diagonalizes the covariance between factors, and inserts time-varying

variances. The factor covariance matrix Ω is replaced by u diag [Θt] u
T, and the

idiosyncratic variance Λ by γt Λ.

cov [Yt|St] = β u diag [Θt] u
T βT + γt Λ (4.6)

St ≡ {β, u,Λ,Θt, γt}

Zt ≡ St ∪ {Ft}

where Yt ≡ β Ft + εt

Ft ≡ u diag [Θt]
1
2 × iid N [0, Ik]

εt ≡
√
γt × iid N [0,Λ]

Θt, γt ≡ dynamic variances ∈ Rk, R

u,Λ ≡ structure ∈ Rk×k, Rn×n, Λ is diagonal

So, Yt|Zt ∼ N (βFt, γt Λ) (4.7)

Yt|St ∼ N
(
0, β u diag [Θt] u

T βT + γt Λ
)

(4.8)

Add side information:

Xt ≡ {Ft, Gt, gt (·)}

where Gt = gt (cov [Yt|St]) + ηt ∈ Rmt as in equation (4.5)

= gt(β u diag [Θt] u
T βT + γtΛ) + ηt

= gt (Zt) + ηt, ηt ∼ Pη,t ind of everything else

Xt|Zt ∼ δFt Pη,t(Gt − gt(Zt)) (4.9)

and a distribution on Z:

Zt ≡ {β, u,Λ,Θt, γt, Ft}

P (Z1, . . . , ZT ) = δβ,u,Λ × π (β, u,Λ,Θ0, γ0)× (dynamics on Θ, γ)×
T∏
t=1

P (Ft|u,Θt)

(4.10)
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For dynamics, Θt, γt might be Markov ∼ φ(Θt−1, γt−1) where φ is some non-negative

distribution, e.g., log-normal with known parameters. Then,

P (Z1:T ) = δβ,u,Λ × π (β, u,Λ,Θ0, γ0)×
T∏
t=1

φ(Θt−1, γt−1)×
T∏
t=1

P (Ft|u,Θt)

Conditioning on ZT \ FT as in equation (3.6),

cov [YT |X1:T−1, Y1:T−1] = E

cov [YT |X1:T−1, Y1:T−1, ZT \ FT ]︸ ︷︷ ︸
β u diag[ΘT ]uT βT+γT Λ

|X1:T−1, Y1:T−1


+ cov

E [YT |X1:T−1, Y1:T−1, ZT \ FT ]︸ ︷︷ ︸
β E[FT |ZT \FT ]=0

|X1:T−1, Y1:T−1


= E

[
β u diag [ΘT ] uT βT + γT Λ|X1:T−1, Y1:T−1

]
The distribution of parameters P (ZT |X1:T−1, Y1:T−1) can be computed via equation

(3.4) from P (Yt|Zt), P (Xt|Zt), and P (Z1:T ) (equations 4.7, 4.9, and 4.10). Sampling

numerically yields an approximate expectation and likely configurations. However,

practical considerations intrude.

4.4 Practical considerations

1. Data. Some numbers are missing, wrong, or peculiar and unindicative of the

future4. Additionally, the universe of securities changes — stocks disappear,

merge, or suddenly appear, e.g., after an initial public offering or with the

creation of the euro in 1999. Thus, the matrix of relevant historic returns

Y1:T is incomplete and dirty. In practice, steps are taken to trim outliers and

proxy from similar securities. Admittedly, this could be addressed through an

informative prior on (β, Λ) with missing entries of Y1:T unobserved.

2. Complicated econometric modeling. For example, β is often inferred using out-

side data, e.g., from SEC financial filings. While making β, Λ time-dependent

and rolling the outside data into a prior for each period could accommodate

within the formal framework, other issues such as markets trading over differ-

ent time intervals in Asia and the US are trickier. Because estimation specifics
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can be both involved and continually revised, there is an advantage to modu-

larity.

3. Reporting. Firms across the investment industry use a common set of models of

established structure to communicate, e.g., for comparison, auditing, and show-

ing portfolio risks without revealing positions. A model built from scratch is

less valuable than a standard adapted to current conditions. For example, with

the latter, one could see how much risk different well-known factors contribute

over several horizons, e.g., 2 days, 2 weeks, and 1 month.

4. Computational speed. Models need to be recomputed quickly under short hori-

zons or regime change, e.g., at the inception of the coronvirus pandemic. Sep-

arately, it is likely that, even with full computation, material change occurs in

few areas.

For these reasons, the approach taken is to forecast covariance given current infor-

mation by altering an existing estimate, Σt, using only the most recent observation

of current information, Xt, rather than the full history, {X1:t, Y1:t}. Assuming the

effects of history and dynamics to be encapsulated in the prior simplifies the problem

to a single period. Though a distribution is available, only the MAP estimate of St

is used in a point-estimate of covariance.

4A difference between a market and a physical system
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from Shah [2014] Short-Term Risk and Adapting Covariance to Current

Market Conditions

4.5 Abstract

Covariance models of stock returns appear throughout the investment process, e.g.,

forecasting portfolio risk, hedging, constructing mean-variance optimal portfolios, and

algorithmic trading. Typically built from historic time-series, they estimate the past

but—because markets and regimes continually change—not the present and future.

There are non-time-series, instantaneous ways to infer or predict volatility, e.g., option

implied volatility, intra-period trading range, machine learning on alternative data.

This paper describes a conceptual framework and algorithm for incorporating these

inferences into any linear factor covariance model so that it represents one’s beliefs

about future behavior instead of echoing the past.

4.6 Key Messages

1. Factor covariance models are built from historic series, necessary to infer struc-

ture.

2. Thus, their information is stale and ignores much of what’s known and relevant.

3. Expressing (often non-time series) current information as quantities relating to

covariance, one can inject it into a factor model to forecast the current and

future.

4.7 Introduction

Covariance models of stock returns appear throughout the investment process, e.g.,

forecasting portfolio risk, hedging, constructing mean-variance optimal portfolios, and

algorithmic trading. They are built from historical data, with more complex models
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requiring more data thus reaching farther back in time. Richness in structure is

impossible without data.

But the world continually changes. What happened years ago or recently in a

different regime poorly represents the present and future. Morevoer, the data enter-

ing these models is just a fraction of what’s relevant. Many immediate information

sources—ignored due to econometric legacy—can be used to infer or predict volatil-

ity, e.g., the cross-sectional spread of returns, option implied volatility, intra-period

high/low prices, volume, bond spreads, short interest, news/social media and other

alternative data. What follows is a framework and algorithm for incorporating this

information.

4.7.1 Background

The literature on several related threads is rich and well-developed. Engle [1982]

introduced ARCH models to forecast volatility of heteroscedastic time-series from

history. Countless variants have since been investigated. Parkinson [1980] describes

one of many estimators to infer volatility of stock returns from intra-period high/low

prices or other intra-period statistics. Antweiler and Frank [2004] forecasted volatility

from stock message board postings. Today, alternative data sources are usually the

best way to observe or predict essentially every quantity of interest in the world.

On this paper’s particular thread, diBartolomeo and Warrick [2005] adjusted an

orthogonal factor covariance model to match forward-looking option-implied volatil-

ity. Mitra et al. [2009] applied the technique to incorporate an aspect of quantified

news. Shah [2007] presented a Bayesian framework to adjust models whose factors are

correlated while considering information accuracy. Miranyan [2012] used stock level

volatility information to adjust a diagonalized factor model – first creating a target

by inflating or deflating rows and columns of modeled covariance to match individual

stock volatilities, then scaling the model’s factor variances to yield covariance as close

(measured by Frobenius distance) to the target as possible.

This paper contributes 1–a general framework to incorporate, considering accu-

racy, forecasts of any quantity that can be calculated by a covariance matrix; 2–a

computationally fast algorithm to incorporate stock, portfolio, and cross-sectional

volatility forecasts with consideration of accuracy; 3–a model and formula to scale
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covariance to longer/shorter horizons under serial correlation; and 4–a diagonalization

of factor covariance that maximizes explained variance of securities linked to factors

by exposures.

4.7.2 General Structure of Factor Covariance Models

Because there are too many securities to accurately infer all the pairwise entries,

models are built on a skeleton of common factors, e.g., market, industry, country,

and growth/value spread. Covariance between securities happens through links to

these factors. Movement uncorrelated with the factors is treated as uncorrelated

across securities and called stock-specific.

The factor model view of covariance:

C = (n× n) modeled covariance of stock returns

= EFET + diag(ε2) (4.11)

where n = # of securities

m = # of factors

E = (n×m) security exposures to factors

F = (m×m) covariance between factors

ε2 = (n× 1) uncorrelated stock specific variance

The individual pieces are typically inferred from time-series reaching back 3-5

years. Some might come from stock prices and accounting or econometric data up-

dated perhaps quarterly.

4.8 Current Information

Current information here is communicated through forecasts of quantities related to

variance or covariance over one’s horizon. Forecasts can be made exclusively from

instantly observable data, e.g., VIX, or involve history, e.g., the volume of news today

and every day over the past year. They can be the result of black box machine learning

on alternative data.
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A quantity forecasted might be the variance of TSLA over the next 3 months or

the standard deviation of the S&P500 over the next day. Quantities can be relative—

the variance of TSLA over the next 3 months divided by its variance over the past 5

years.

Insufficient to construct the entire covariance, current information is projected

onto the structure of a base covariance model. More information yields projections

that are more descriptive and, over time, dynamic. Less, and the projection resembles

the base model. Communicating information in quantities calculated by a covariance

matrix makes the process possible. Examples:

4.8.1 Portfolio or Individual Security Variance

σ2
v = variance of portfolio v

= vTCv (4.12)

where v = (n× 1) portfolio weights

Useful cases:

1. variance stripped of market (or other) effects5

v = portfolio weights − β × market weights

2. tracking error

v = portfolio weights − benchmark weights

3. The difference in variance between two portfolios, e.g. a stock’s variance above

the market

5Imagine different sources are relevant for predicting market and non-market behavior, e.g., VIX
for market, company news for non-market. In a forecast of combined market and non-market
behavior, the (very large) market effect would dominate the error. Without separating the two,
information in the non-market part would get lost.
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4.8.2 Expected Cross-Sectional Volatility

The cross-sectional expected squared difference from the average return, weighted by

portfolio value

σ2
v,cs = expected cross-sectional variance6of portfolio v

≈ vTω2 − vTCv (4.13)

where ω2 = (n× 1) variance of stock returns

= diag(C) (4.14)

4.8.3 Pairwise Correlation between Securities or Portfolios

ρu,v = correlation between portfolios u and v

=
uTCv√

(uTCu) (vTCv)
(4.15)

4.8.4 Average Correlation within a Portfolio

ρ̄v = average correlation7within portfolio v

=
vTCv − (v2)

T
ω2

(vTω)2 − (v2)Tω2
(4.16)

4.9 Bayesian Framework for Incorporating Cur-

rent Information

Presented in Shah [2007], the framework is as follows: Into the model (1), introduce

parameters θ which will serve to characterize the state of the market. State here

6Derivation in 4.14
7Derivation in 4.15
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resembles regime but can be richer and more granular. Let π(θ) be θ’s prior distribu-

tion. Current information forecasts, ĝ, are noisy estimates of quantities, g, calculated

by the model: g = functions of the covariance matrix under θ.

Written in terms of θ, g = f(θ).

Estimates ĝ = g + δ.

Errors, δ, follow some distribution, q(δ).

These give the distribution of θ given ĝ:

p (θ|ĝ) = p (ĝ|θ) π (θ) / p (ĝ)

= q (ĝ − g) π (θ) / p (ĝ)

= q (ĝ − f [θ]) π (θ) / p (ĝ)

∝ q (ĝ − f [θ]) π (θ) (4.17)

Now the question can be posed, “How does the world appear considering the

forecasts?” The expected value is E [θ] taken under (4.17). The most probable

configuration—the Bayesian analog of frequentist statistics’ maximum likelihood—is

the maximum a posteriori (MAP) estimate:

θ∗ = arg max
θ

p (θ|ĝ)

= arg max
θ

log [p (θ|ĝ)]

= arg max
θ

log [q (ĝ − f [θ])] + log [π (θ)] (4.18)

The first term fits toward observations; the second stabilizes and seeks coherence

with prior beliefs. Three questions: 1-How are the parameters introduced? 2-What

is the observation error distribution? 3-What is a reasonable prior? Consider an

example:

4.9.1 Parameters to Accommodate State

Recall the base model (4.11), C = EFET + diag(ε2). Among the many possibilities,

for this example, place a scalar on the standard deviation of each factor and on

stock-specific volatility.
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C (θ) = (n× n) covariance

= E [diag (θ1..m)F diag (θ1..m)]ET + θ2
m+1 diag

(
ε2
)

(4.19)

where θ = (m+ 1× 1)

θ1..m = scales factor std deviations

θm+1 = scales security specific std deviation

as before, ω2 (θ) = (n× 1) variance of stock returns

= diag[C (θ)] (4.20)

Now the model can adapt to state.

4.9.2 Forecasts and Errors

Ideally, forecasts well outnumber parameters. Redundancy connects optimized pa-

rameters to reality. However, even absent data, the prior makes the problem well-

posed.

Suppose the information consists of the volatility of two indices, the relative cross-

sectional volatility of one, and the volatility of certain individual stocks.

ĝ1 = std dev of S&P500 from VIX implied vol index

ĝ2 = std dev of R2000 inferred from intraday high/low

ĝ3 = relative level (3 day avg / 3 year avg) of daily

cross-sectional std dev of R2000 returns

ĝ4 = std dev of MSFT from option implied vol

...

These correspond in the model to:
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f1(θ) =
√
vT
SP500C(θ)vSP500

f2(θ) =
√

(vT
R2000C(θ)vR2000

f3(θ) =

√
(vT

R2000ω
2(θ)− vT

R2000C(θ)vR2000√
(vT

R2000ω
2 − vT

R2000C vR2000

f4(θ) =
√
ω2
MSFT (θ)

...

Errors can be estimated since quantities are observed repeatedly over time or

across a peer group. Depending on the method of inference, econometrically derived

estimates also exist.

Suppose in this example they are distributed independent Laplace, which has the

advantage of making the parameter selection robust to outliers.

q(ĝ − f [θ]) = c
∏
j

e−
√

2|ĝj−fj(θ)|/σj (4.21)

log[q(ĝ − f [θ])] = c2 −
√

2
∑
j

|ĝj − fj(θ)|/σj (4.22)

Note that when information sources have correlated errors—e.g., errors in S&P

500 and R2000 volatility forecasts result largely from changes in market volatility—

ignoring the dependency gives undue influence to not-independent observations. The

correlation can be explicitly considered in the error distribution or ad hoc by inflating

error estimates.

4.9.3 Prior

A model’s factors are generally observable, and their statistics paired with under-

standing about market behavior—e.g., how certain factor volatilities naturally correlate—

can be the basis of informative priors. For the example consider a simple prior,

uncorrelated Gaussians around a common center that is a Gaussian centered at 1.
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π(θ) = c
∏
k

e
− (θk−θ0)2

2λ2
k︸ ︷︷ ︸

parameters

e
− (θ0−1)2

2λ20︸ ︷︷ ︸
center

(4.23)

log[π(θ)] = c2 −
∑
k

(θk − θ0)2

2λ2
k

− (θ0 − 1)2

2λ2
0

(4.24)

The spread of the center, λ0, can come from the standard deviation over time of

(the market’s volatility out the horizon, say 2 weeks / its volatility as in the model)

Spreads λ1 . . . λk can come from the same on the factors or simply take the value λ0.

Assembling the pieces yields the most likely configuration:

arg max
θ,θ0

{
−
√

2
∑
j

|ĝj − fj(θ)|/σj −
∑
k

(θk − θ0)2

2λ2
k

− (θ0 − 1)2

2λ2
0

}
(4.25)

Entering the maximizing values into the parametrized model of equation (4.19) yields

a covariance model that represents current information.

4.10 Adapting to Current Market Conditions by

Blending Ledoit-Wolf Covariance Reductions

The framework doesn’t need a particular parameterization of covariance.

To soften outliers in portfolio optimization, Ledoit and Wolf [2004] blend the

estimated covariance matrix with highly structured reductions8:

1. single index – covariance happens only through a market factor

2. constant correlation – all securities have the same pairwise correlation

A variant is:

3. constant covariance – all securities have the same pairwise correlation and vari-

ance

Beyond low dimensional approximations, these can be regarded as market defor-

mations, e.g., during a panic, securities become more alike, and the market heads

toward constant covariance.
8Derived in 4.15
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4.10.1 Expressed as 1-Factor Models

One factor covariance is of the form eeTσ2 + diag(ε2).

where e = (n× 1) exposures to factor

ε2 = (n× 1) uncorrelated stock specific variance

σ2 = variance of factor

let m = (n× 1) market portfolio weights

σ2
m = variance of market portfolio

= mTCm

ρ̄ = average correlation

σ̄2 = average variance

The Ledoit-Wolf forms can be expressed as 1-factor models:

1. Single Index

σ2
β = σ2

m

eβ = Cm/σ2
m

ε2
β = ω2 − σ2

me
2
β

Cβ = eβe
T
βσ

2
m + diag(ε2

β)

2. Constant Correlation

σ2
ρ̄ = ρ̄

eρ̄ = ω

ε2
ρ̄ = ω2(1− ρ̄)

C ρ̄ = ωωTρ̄+ diag(ω2)(1− ρ̄)
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3. Constant Covariance

σ2
ρ̄,σ̄ = ρ̄

e2
ρ̄,σ̄ = 1σ̄

ε2
ρ̄,σ̄ = 1σ̄2(1− ρ̄)

C ρ̄,σ̄ = 11Tσ̄2ρ̄+ I σ̄2(1− ρ̄)

4.10.2 Parametrization

Consider a convex combination of the three reductions Cβ,C ρ̄,C ρ̄,σ̄ and the original

C:

C(θ, ρ̄, σ̄) = θ1Cβ + θ2C ρ̄ + θ3C ρ̄,σ̄ + θ4C

= θ1

[
eβe

T
βσ

2
m + diag(ε2

β)
]

+ θ3

[
ωωTρ̄+ diag(ω2)(1− ρ̄)

]
+ θ3

[
11Tσ̄2ρ̄+ I σ̄2(1− ρ̄)

]
+ θ4

[
EFET + diag(ε2)

]
where θ, σ̄ ≥ 0

0 ≤ ρ̄ ≤ 1∑
k

θk = 1

The most likely configuration given the prior and forecasts is:

arg max
θ,ρ̄,σ̄

log [q (ĝ − f [θ, ρ̄, σ̄])] + log [π (θ, ρ̄, σ̄)] (4.26)

With just five free parameters—one θ doesn’t count since it’s determined by the

others—sufficient number of observations exist that they likely dominate the prior.

Without a prior, i.e. with a non-informative prior, the optimization is on just the

error distribution:

arg max
θ,ρ̄,σ̄

log [q (ĝ − f [θ, ρ̄, σ̄])] (4.27)

The solution yields a current information covariance model within the parametrized

form.
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4.11 Adapting to Current Market Conditions by

Linear and Quadratic Programming

Using a particular set of forecast quantities and assuming Laplace or Gaussian prior

and error distributions, an adapting parameterization can be solved by linear or

quadratic programming.

4.11.1 Work in a Representation with Uncorrelated Factors

Assume the covariance model has orthogonal factors:

C = E diag(η2)ET + diag(ε2)

where η2 = (m× 1) variance of the factors

ω2 = (n× 1) variance of stock returns

= E2η2 + ε2

When that isn’t the case, make it so by projecting the factors onto an orthogonal

basis. One way is multiplying exposures by the square root of the covariance matrix:

F = QΛQT eigendecomposed (4.28)

F
1
2 = QΛ

1
2QT

M = F
1
2

MTM = F

EFET = (EMT)(EMT)T

Enew ← EMT

F new ← I

Another way is described in section 4.12.

4.11.2 Linear Properties

Forecasting properties that can be written as linear combinations of the parameters

under optimization yields an exploitable mathematical structure. Instead of requiring
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a general purpose nonlinear optimization algorithm, with appropriate prior and error

distributions, the optimization is solved by linear or quadratic programming.

Individual security, portfolio, and expected cross-sectional variance are linear func-

tions of the model variances, η2 and ε2.

1. Portfolio Variance

σ2
v = vTCv

=
(
vTE

)2︸ ︷︷ ︸
aT

η2 +
(
v2
)T︸ ︷︷ ︸

bT

ε2

= aTη2 + bTε2

2. Portfolio-weighted Expected Cross-Sectional Variance

σ2
v,cs = vTω2 − vTCv

= vT
[
E2η2 + ε2

]
−
[(
vTE

)2
η2 +

(
v2
)T
ε2
]

=
[
vTE2 −

(
vTE

)2
]

︸ ︷︷ ︸
aT

η2 +
[
v − v2

]T︸ ︷︷ ︸
bT

ε2

= aTη2 + bTε2

On these types of forecasts, the connection between forecasts and model predic-

tions is g = Aη2 +Bε2.

4.11.3 Parameterization

Let θ ≥ 0 scale factor variances and γ ≥ 0 stock-specific variances.

η2 (θ) = diag
(
η2
)
θ

ε2 (γ) = γε2

Then g = f (θ, γ)

= A diag
(
η2
)︸ ︷︷ ︸

Ã

θ +Bε2︸︷︷︸
b̃

γ

= Ãθ + b̃γ which is linear in θ and γ
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Note: if the model begin with correlated factors, adjustments would transfer back

via

F (θ) = MT diag
[
η2 (θ)

]
M (4.29)

4.11.4 Observation Noise and Prior

Suppose both the noise and θ’s prior are distributed independent Laplace9, with θ

centered at θ0. θ0 and γ have non-informative priors.

Noise:

q(ĝ − f [θ, γ]) = c
∏
j

e−
√

2|ĝj−fj(θ,γ)|/σj (4.30)

log[q(ĝ − f [θ, γ])] = c2 −
√

2
∑
j

|ĝj − fj(θ, γ)|/σj

= c2 −
(√

2/σ
)T

|ĝ − f(θ, γ)|10

= c2 −
(√

2/σ
)T

|ĝ − Ãθ − b̃γ| (4.31)

Prior:

π(θ) = c
∏
k

e−
√

2|θk−θ0|/λk (4.32)

log [π(θ)] = c2 −
(√

2/λ
)T

|θ̂ − 1θ0| (4.33)

4.11.5 MAP Estimate of Parameters

Under these distributions and forecasts, the most likely configuration is

arg max
θ,θ0,γ

log[q(·)] + log[π(·)] (4.34)

= arg min
θ,θ0,γ

(1/σ)T |ĝ − Ãθ − b̃γ|+ (1/λ)T |θ̂ − 1θ0|

where θ, θ0, γ ≥ 0 (4.35)

9but restricted so variance numbers are positive: θ ≥ 0, and a variance forecast’s error ≤ the
forecast. These will be imposed as constraints and not properly considered in the distributions.

10| · | here and throughout means absolute value taken component by component.
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which is solved by linear programming11.

Following the same steps with Gaussian errors and priors leads to an optimization

problem solved by quadratic programming.

4.11.6 Restrictions for Observable Factors

Factors, before orthogonalization, are often observable and have sources of informa-

tion about the future—e.g., oil price and the option implied volatility of oil—that

should be represented in the fitted model.

F (θ)i,i = adjusted variance of factor i

=
(
MT diag

[
η2 (θ)

]
M
)
i,i

=
∑
k

M2
i,k η

2 (θ)k

=
∑
k

M2
i,k η

2
k︸ ︷︷ ︸

Xi,k

θk

= X i θ (4.36)

Mapping to a linear combination of parameters, a factor’s prediction can be incorpo-

rated like any forecast or as an optimization constraint.

4.11.7 Casting Prior onto Orthogonal Factors

Prior beliefs are best made on factors pre-orthogonalization. Beyond the first few, fac-

tors from eigendecomposition are hard to map to identifiable phenomena and change

over time.

To avoid using reusing symbols, let ψ = the variance multipliers on the original

factors, and θ the same on the orthogonal factors.

ψi = scaled/base variance of original factor i

=
X i θ

X i 1

=
X i

X i 1︸ ︷︷ ︸
u

θ

11Apply standard trick: min |x| becomes min δ where δ ≥ x, δ ≥ −x
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The map is linear, ψ (θ) = Uθ. Change of variables gives the prior on the orthogonal

factors.

π(ψ) = prior on original variance scalars ψ

prior on θ = π(Uθ) |U |

∝ π(Uθ) (4.37)

4.11.8 Reducing Parameters to Prevent Overfitting

More data relative to the number of parameters provides stability, makes the opti-

mizing configuration less sensitive to individual data points.

Suppose m′ < m of the m factor variances were individually scaled and the re-

maining (m − m′) scaled as one. What factors should be among the m′? Ideally,

the set yields the highest posterior likelihood under its maximizer. However, finding

that set is a combinatorial problem where each function evaluation requires solving a

linear program.

Consider a heuristic. If forecasts are on portfolio or cross-sectional variance (not

on the difference in portfolio variances), entries in Ã and b̃ are non-negative, and

rows sum to the forecasted quantities under the base model. The i’th column of Ã’s

holds the i’th factor’s contributions. b̃ holds the contributions from stock-specific

variance. The heuristic is to sum the columns of Ã and take the highest m′. To place

more weight on accurate forecasts, weight rows by the inverse of the forecast’s error

standard deviation.

In the opposite direction, for more granularity, stock-specific variance scalars can

vary by group, for example, by a company’s economic sector.

4.12 Orthogonal Directions that Best Explain Se-

curities

Orthogonalizing via eigendecomposing factor covariance, as in equation (4.28), doesn’t

consider connection to securities. The most important first orthogonal factor could

be a direction of high factor variance but zero explanatory power.
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What is truly sought is the entirely different goal of directions that best explain

securities (as specified by a set of securities and weights).

This can be tailored to one’s particular universe. For example, investment style

or sector focus might concentrate a portfolio’s risk along certain directions. Viewing

under a tailored basis could better reveal risks and improve the incorporation of

current information.

The orthogonal decomposition that best explains the w-weighted variance of se-

curities is F = NNT where

w = (n× 1) weight of securities in the fit

Ei,· = (1×m) i’th row of E

H = (m×m) w-weighted second moments of E

=
∑
i

wiE
T
i,·Ei,·

Q,Λ = (m×m) from eigendecomposition

QΛQT = F

Q̃ = (m×m) from eigendecomposition

Q̃Λ̃Q̃
T

= Λ
1
2QTHQΛ

1
2

N = (m×m) QΛ
1
2 Q̃

Proof.

Let d = (k × 1) a combination (direction) of factors

β = (n× 1) stock exposures to d

= cov [stock returns,d returns] /var [d returns]

=
EFd

dTFd

The variance of stock i explained by d is β2
i var [d returns] =

(Ei,·Fd)2

dTFd
. The goal is to
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find d that maximizes the weighted explained variance.

wt explained var =
∑
i

wi
(Ei,·Fd)2

dTFd

=
∑
i

wi

(
dTFET

i,·
)

(Ei,·Fd)

dTFd

=
dTF

(∑
iwiE

T
i,·Ei,·

)
Fd

dTFd

=
dTFHFd

dTFd
(4.38)

Let v = Λ
1
2QTd (4.39)

Then d = QΛ−
1
2v (4.40)

and vT
1 v2 =

(
dT

1QΛ
1
2

)(
Λ

1
2QTd2

)
= dT

1QΛQTd2

= dT
1Fd2 (4.41)

= cov [d1,d2] (4.42)

wt explained var =
dTFHFd

dTFd

=
(vTΛ−

1
2QT)FHF (QΛ−

1
2v)

(vTΛ−
1
2QT)F (QΛ−

1
2v)

=
vT
(
Λ

1
2QTHQΛ

1
2

)
v

vTv
(4.43)

Eigendecomposing the center matrix, Λ
1
2QTHQΛ

1
2 , into Q̃Λ̃Q̃

T
gives v directions

that maximize weighted explained variance. They are the columns of Q̃.

Written in terms of d, via (4.40), they are the columns of D ≡ QΛ−
1
2 Q̃.

Because vectors from the eigendecomposition are orthonormal and cov [d1,d2] =

vT
1 v2, cov [D] = I.
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Let Ẽ = (n×m) exposures to factors in the new basis

= EFD (4.44)

R = (m×m) exposure of existing factors to it

= IFD

= FD (4.45)

The covariance decomposition is

F = cov [R]

= (FD) cov [D] (FD)T

=
(
QΛ

1
2 Q̃
)
I
(
QΛ

1
2 Q̃
)T

(4.46)

Note: One could also find the solution via the first m entries of the eigendecompo-

sition of the n× n matrix EFET (typically n� m) with computational complexity

O(n3) instead of O(m3 + nm2).

4.13 Changing the Time Scale

Return frequency of the base and adapted model need not agree. The base model

might look at monthly returns with a horizon of 6 months or a year while current

information typically applies to short horizons (2 days, 1 week) and return frequencies

(1 day, 1 week). Adapting addresses the horizon, but time scale differences remain.

Though both sets of numbers can be reported in annualized terms12, negative serial

correlation in daily returns inflates variance over short intervals relative to long. Not

accounting for the serial correlation underpredicts risk. The variance multiplier to

correct this is approximately

1− ρ2 − 2ρ
(
1− ρT1

)
/T1

1− ρ2 − 2ρ (1− ρT2) /T2

(1 + µ)2(T1−T2) (4.47)

12annualized variance = periods in yr × 1 period variance
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where T1 = short horizon, e.g., 5 days

T2 = long horizon, e.g., 60 days

ρ = daily serial correlation in returns

µ = mean daily return

Proof.

rt = return on day t

r0→T = cumulative return from time 0 to time T

= f(r1, . . . , rT ) =
T∏
t=1

(1 + rt)− 1

Linearized around its mean,

≈ f |r1,...,rT =µ +∇f |r1,...,rT =µ (r − µ)

= c+ (1 + µ)T−1
T∑
t=1

rt − µ

Taking the variance of both sides,

var [r0→T ] ≈ (1 + µ)2T−2
∑

1≤j,k≤T

cov [rj, rk]

Suppose 1 day returns follow an AR(1)

rt+1 = c+ ρrt + εt+1

var [rt] = σ2
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Then

cov [rj, rk] = σ2ρ|j−k|

var [r0→T ] ≈ (1 + µ)2T−2
∑

1≤j,k≤T

cov [rj, rk]

= (1 + µ)2T−2
∑

1≤j,k≤T

σ2ρ|j−k|

= (1 + µ)2T−2 σ2T

[
1− ρ2 − 2ρ

(
1− ρT

)
/T

(1− ρ)2

]

var[r0→T1 ]/ T1
var[r0→T2 ]/ T2

= the ratio of annualized variances

≈
1− ρ2 − 2ρ

(
1− ρT1

)
/T1

1− ρ2 − 2ρ (1− ρT2) /T2

(1 + µ)2(T1−T2) (4.48)

4.14 Expected Cross-Sectional Volatility

Portfolio weighted cross-sectional expected squared difference from portfolio return

equals portfolio weighted average variance minus the variance of the portfolio plus

(negligible) squared difference in means.

σ2
v,cs = expected cross-sectional variance of portfolio v

≈ vTω2 − vTCv (4.49)
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Proof.

r = (n× 1) security returns

µ = E [r]∑
i

vi = 1

σ2
v,cs = E

[∑
i

vi
(
ri − vTr

)2

]

= E

[∑
i

vi
(

[ri − µi]− vT [r − µ] +
[
µi − vTµ

] )2

]
=
∑
i

vi E
[
(ri − µi)2]+

∑
i

vi E
[(
vT [r − µ]

)2
]

+
∑
i

vi
(
µi − vTµ

)2

− 2E

vT (r − µ)
∑
i

vi (ri − µi)︸ ︷︷ ︸
vT(r−µ)


+ 2

∑
i

vi E [ri − µi]︸ ︷︷ ︸
0

(
µi − vTµ

)
− 2

∑
i

vi E
[
vT (r − µ)

]︸ ︷︷ ︸
0

(
µi − vTµ

)
=
∑
i

vi E
[
(ri − µi)2]

︸ ︷︷ ︸
vTω2

−E
[(
vT [r − µ]

)2
]

︸ ︷︷ ︸
vTCv

+
∑
i

vi
(
µi − vTµ

)2

︸ ︷︷ ︸
negligible

13

≈ vTω2 − vTCv

13Both variance and mean return scale with time. Because the mean return term is squared, it
vanishes over small time. For example, say the annual variance is (25%)2 and the annual return
is 10%. Over one trading day, the variance is (25%)2/250 = 2.5%2, and the squared mean return
is (10%/250)2 = 0.0016%2.
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4.15 Average Correlation and Variance within a

Portfolio

ρ̄v = average correlation within portfolio v

=
vTCv − (v2)

T
ω2

(vTω)2 − (v2)Tω2
(4.50)

σ̄2
v = average variance under average correlation

=
vTCv

ρ̄v − (1− ρ̄v)vTv
(4.51)

Proof.
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ρ̄:

vTCv = varv

=
∑
i

v2
i vari +

∑
j 6=i

vivj covi,j

=
∑
i

v2
i ω

2
i +

∑
j 6=i

vivjωiωjρi,j

=
∑
i

v2
i ω

2
i +

∑
j 6=i

vivjωiωj ρ̄

=
∑
i

v2
i ω

2
i +

∑
j 6=i

vivjωiωj ρ̄

+
∑
j=i

vivjωiωj ρ̄−
∑
j=i

vivjωiωj ρ̄

=
∑
i

v2
i ω

2
i + ρ̄

(∑
i

viωi

)(∑
j

vjωj

)
− ρ̄

∑
i

v2
i ω

2
i

= (v2)Tω2 + ρ̄(vTω)2 − ρ̄(v2)Tω2

ρ̄ =
vTCv − (v2)Tω2

(vTω)2 − (v2)Tω2

=
var – uncorrelated var

perfectly correlated var – uncorrelated var
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σ̄:

vTCv = (v2)Tω2 + ρ̄(vTω)2 − ρ̄(v2)Tω2

= (v2)T [σ̄1]2 + ρ̄(vT [σ̄1])2 − ρ̄(v2)T [σ̄1]2

= σ̄2

(v2)T1︸ ︷︷ ︸
vTv

+ρ̄(vT1︸︷︷︸
1

)2 − ρ̄(v2)T1


= σ̄2

[
ρ̄+ (1− ρ̄)vTv

]

σ̄2 =
vTCv

ρ̄+ (1− ρ̄)vTv



CHAPTER 5

UNCERTAIN COVARIANCE AND

PORTFOLIO OPTIMIZATION UNDER

UNCERTAINTY

The work in this chapter grew out of the problem of estimation error in portfolio

optimization. It can also be applied elsewhere in quantitative finance, e.g., chapters

6 and 7, and beyond finance.

Because optimized selection of frequentist estimates finds outliers in observation

noise, especially as dimension grows, forecasts need to represent a predictive (accord-

ing to one’s beliefs) distribution where each number with its associated uncertainty

is believed and articulated.

Standard Bayesian techniques to infer covariance of time series are unwieldy, per-

haps ill-equipped to deal with stock returns’ high dimension and non-stationarity,

and hard to visualize. Meanwhile, modeling covariance through factors,

Σt ≡ cov [Yt|β,Ω,Λ] = β Ω βT + Λ,

is ubiquitous in the investment world, and versions with parameters occupying a range

rather than point-estimated appear in the robust optimization literature1.

To users of factor models, the covariance matrix is of interest, but so are the values

of each parameter; indeed, a slew of diagnostic reports are generated from them. For

example, the portfolio averaged exposures, wTβ, reveal the bets, intentional and

unintentional, taken by the manager. Incorporating uncertainty while retaining the

factor model structure yields information not available through alternative Bayesian

methods in addition to reducing computation.

Parameters change from point-estimated to having a mean and covariance, making

1e.g., Goldfarb and Iyengar [2003].

55
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Σt random. Formulae are derived for E [Σt] and cov [Σt] under assumptions on inde-

pendence and distributional shape. Note that, because of convexity, expected portfo-

lio variance exceeds the point-estimate assembled from parameter means2, wT E [Σt]w ≥
wTΣ̂tw.

The second part of the research uses the result to improve portfolio construction.

Given Markowitz utility as in equation (2.6),

Uλ(w) = wTµ− λ

2
wTΣw

So, var [U(w)] = var
[
wTµ

]
+
λ2

4
var
[
wTΣw

]
− λ cov

[
wTµ,wTΣw

]
(5.1)

≈ var
[
wTµ

]
+
λ2

4
var
[
wTΣw

]
(5.2)

The first term comes from the forecaster, the second from the uncertain covariance

model. Maximizing expected utility with a penalty on uncertainty,

w∗ ≡ arg max
w

E [U(w)]− κ× stdev [U(w)] , (5.3)

is effectively robust optimization with the uncertainty set defined on utility and is a

way to mitigate the estimation error problems encountered in portfolio optimization.

5.1 Literature and mathematical model

Section 2.2.1 ‘Frequentist problems’ in the literature review of chapter 2 outlines the

motivation for this work. The alternative construction methods covered in section

2.2.3 describe creating a predictive distribution of covariance (under ‘Bayesian pos-

terior’) and adding uncertainty to the parameters of a factor model (under ‘Robust

optimization’). This work bridges the two.

For efficiency in the repetitive computations of optimization, the paper that is the

basis of this chapter, Shah [2015], uses a diagonalized factor model similar to that of

equation (4.6),

cov [Yt|β,Θ, γ,Λ] ≡ β diag [Θ] βT + γ Λ, (5.4)

2Σ̂t = E [β] E [Ω] E [β]
T

+ E [Λ]
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with different variable names,

Σt ≡ cov [Yt|Zt]

≡ Et diag (θt,1:K)ET
t + θt,K+1 diag(ε2

t ) (5.5)

where Zt ≡ {Et, θt, ε2
t} (5.6)

In the mathematical framework of chapter 3, we are interested in the mean and

variance of Σt|Xt where the side information Xt = {mean and variance of Zt} comes

from a forecaster. Xt encapsulates all the information of Y1:t−1, X1:t−1, Z1:t−1, i.e.,

forecasts can’t be improved. The act of forecasting is a separate earlier procedure

whose methods are left to the forecaster and free to evolve.

Assumptions on distributional shape (Gaussian E) and independence (E, θ, ε2

jointly independent, the elements of ε2 independent) add the information to make

computation possible.
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from Shah [2015] Uncertain Covariance Models and Uncertainty-Penalized

Portfolio Optimization

5.2 Abstract

Covariance appears throughout investment management, e.g., risk reporting, portfolio

optimization, risk parity, smart beta, algorithmic trading, and hedging. It is often

represented via multi-factor model. The imposed structure—comovement through

sensitivity to common factors, diagonal residuals—offers advantages such as less data

for estimation, easy proxying, and removing transient behavior and low eigenvalue

directions. Nevertheless, parameter values are inferred and imperfect. Though it’s

common to ignore the error and proceed from point estimates, the spread of possible

values is considered in Bayesian techniques and robust optimization. The research

in this paper connects to both: Forecasts of mean and variance of the factor model

parameters propagate to forecast the mean and variance of the covariance matrix.

Using the result, optimization is performed to maximize portfolio utility a given

number of standard deviations below the mean.

5.3 Introduction

Covariance between security returns, whose behavior is non-stationary and dimension

high relative to the length of history, is often represented via factor model. Connec-

tions between securities happen through exposure to common factors, e.g., market,
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industry, principal components. Movement uncorrelated with factors, called idiosyn-

cratic, is assumed uncorrelated across securities. The standard form:

Σ = (N ×N) factor-modeled covariance of stock returns

= EFET + diag
[
ε2
]

(5.7)

where N = # of securities

K = # of factors

E = (N ×K) exposure to factors

F = (K ×K) covariance between factors

ε2 = (N × 1) idiosyncratic variance

Parameter values, often treated as known3, are estimates. Examples where they

aren’t point-estimated but occupy a range exist in the robust optimization literature,

e.g., Goldfarb and Iyengar [2003] and Lu [2011]. In this paper, rather than falling in a

range, parameters are regarded as following a distribution whose mean and covariance

are given by the forecaster. With assumptions on independence and distributional

shape, the information implies the mean and covariance of Σ.

The second part of paper enlists the result to compute the variance of portfolio

utility and maximize utility a number of standard deviations below the mean, akin

to robust optimization with the uncertainty set a function of portfolio weights and

defined on portfolio utility.

5.3.1 Background

Within the large literature on portfolio optimization written since Markowitz [1952]

introduced the notion of an efficient frontier, this paper connects to work on estimation

error and modeling covariance uncertainty.

Topics around estimation error fall into 3 categories: 1–frequentist problems, 2–

improving point estimates by Bayesian and other techniques, 3–optimizing beyond

point estimates. For the first, early especially insightful papers are Jobson and Ko-

rkie [1980] and Broadie [1993]. For the second, on converting frequentist to Bayes

estimates are Jorion [1986], Frost and Savarino [1986], and Black and Litterman

3e.g., commercial risk models from MSCI Barra, Axioma, and Northfield
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[1992]. Robust statistics, as in Huber [1981], is used to infer point estimated inputs

in Cavadini et al. [2001]. In its essence Bayesian, Ledoit and Wolf [2003] collapses a

full covariance matrix toward a single factor model projection. Forms of shrinkage

also appear in Fan et al. [2013], Abadir et al. [2014], Lam [2016], Ledoit and Wolf

[2017], Goldberg et al. [2018], De Nard et al. [2019], and Engle et al. [2019]. Michaud

[1998], which is critiqued by Scherer [2002], introduces ‘resampling’—repeatedly gen-

erating a fixed length sample of a normal distribution under the estimated parameters

and optimizing using parameters inferred from the sample, then averaging the output.

Particulars aside, it is akin to optimizing with a softened covariance matrix. For the

third category, Goldfarb and Iyengar [2003] explores portfolio construction by robust

optimization (no relation to robust statistics), associating a range with each point and

finding the point with the best worst case. Its sophisticated max of min optimization

restricts application to particular structures of utility functions and constraints. A

more recent survey is Bertsimas et al. [2011]. Lu [2011] looks at joint uncertainty in

return and variance. DeMiguel and Nogales [2009] and Yang et al. [2015] maximize

portfolio utility as measured by robust statistics.

On covariance uncertainty, standard Bayesian time-series techniques, though un-

wieldy and requiring simulation, can treat covariance beyond point estimates. Models

also appear in the robust optimization literature. Halldórsson and Tütüncü [2003]

defines the range as all positive semi-definite matrices that fall within bounds on each

entry. Goldfarb and Iyengar [2003] operates under the factor structure of equation

(5.7) and bounds the separate pieces.

5.4 Probability model

As a foundation for the randomness implied by forecasts, imagine embedding equation

(5.7) in a probability space (Ω,F , P ) and that covariance conditionally follows a factor
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model.

Σ = cov
[
r|E,F , ε2

]
(5.8)

= EFET + diag
[
ε2
]

(5.9)

where r = security returns

rF = factor returns

rε = idiosyncratic returns

r = E rF + rε

Note that the unconditional covariance is expected factor-modeled covariance plus

(relatively small) variance in mean.

cov [r] = E
[
cov

[
r|E,F , ε2

]]
+ cov

[
E
[
r|E,F , ε2

]]
(5.10)

= E [Σ] + cov
[
E
[
E rF + rε|E,F , ε2

]]
Returning to equation (5.9), writing the dependence on ω highlights that these

are random variables:

for ω ∈ Ω, Σ(ω) = E(ω)F (ω)ET(ω) + diag
[
ε2(ω)

]
. (5.11)

The probability measure P represents the forecaster’s beliefs. For example, a user

of point-estimates effectively puts all the mass on

{w : E(ω) = Ê,F (ω) = F̂ , ε2(ω) = ε̂2},

in which case,

EP [Σ] = ÊF̂ Ê
T

+ diag
[
ε̂2
]
, and covP [Σ] = 0.

When parameter values aren’t fixed, P isn’t a point mass. The first half of this

paper is interested in the implications on Σ, in particular, EP [Σ] and covP [Σ].

Though notation will be dropped for brevity, this is the conceptual structure for

Σ, and expectation and variance are henceforth with respect to P .
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5.5 Uncertain covariance model

Let covariance follow the factor model of equation (5.7) with a parameter γ added to

connect the level of idiosyncratic variance to F .

Σ = cov
[
r|E,F , ε2, γ

]
(5.12)

= EFET + γ diag
[
ε2
]

(5.13)

The goal is to compute E [Σ] and cov [Σ] from forecasts of means and covariances

of E, ε2 and (F , γ). This is possible through three assumptions:

1. E, ε2, and (F , γ) are jointly independent.

2. E is Gaussian.

3. The elements of ε2 are independent.

The first, perhaps contentious, is consistent with the separation of uncertainty sets

in the robust optimization literature4. The second need hold only at the portfolio

level for portfolio variance computations. The third could be relaxed if correlations

between idiosyncratic variances were provided.

Formulas for E [Σ] and cov [Σ] are derived in section 5.10. From equation (5.56),

E [Σ] = ÊF̂ Ê
T

+ γ̂ diag
[
ε̂2
]

+
∑
k,l

F̂k,l cov [E·,k, E·,l]︸ ︷︷ ︸
N×N

, (5.14)

which equals the typical point-estimated covariance plus a term. The term raises the

eigenvalues by adding K(K + 1)/2 symmetric matrices whose sum is positive semi-

definite. For instance, with E uncorrelated across securities, each of the matrices is

diagonal.

5.6 Portfolio variance with orthogonal factors

Portfolio variance is the covariance quantity of interest in portfolio optimization, and

less computation is incurred under the special case of orthogonal factors with random

variances. Formulas are derived below for use in optimization.

4See Goldfarb and Iyengar [2003].



63

The structured form divides the factor covariance matrix F of equation (5.13)

into M diag [θ1, . . . , θK ]MT where M is fixed and E [F ] = MMT. M expresses

the original factors as linear combinations of orthonormal factors and limits the de-

formations of F . Possible choices for M are infinite, e.g., E [F ]
1
2 × any rotation5.

Σ = E

 F︷ ︸︸ ︷
M diag [θ1, . . . , θK ]MT

ET + θK+1
6 diag

[
ε2
]

(5.15)

where M = (K ×K)

θ = (K + 1× 1)

Estimates of the mean and variance of the parameters are supplied by the forecaster.

Ê = (N ×K) Ê = E [E]

X̂ = (N ×K ×N ×K) X̂m,i,n,j = cov [Em,i, En,j]

ε̂2 = (N × 1) ε̂2 = E
[
ε2
]

ω̂ = (N × 1) ω̂n = var
[
ε2
n

]
θ̂ = (K + 1× 1) θ̂ = E [θ]

Ω̂ = (K + 1×K + 1) Ω̂i,j = cov [θi, θj]

As a pre-processing step, M is subsumed into E,

E ← EM (5.16)

Ê ← ÊM (5.17)

X̂n,·,m,· ←MT X̂n,·,m,· M (5.18)

and equation (5.15) becomes

Σ = E diag [θ1 . . . θK ]ET + θK+1 diag
[
ε2
]

(5.19)

5If QQT = I, (MQ) (MQ)
T

= MQQTMT = MMT.
6γ of equation (5.13) has been renamed θK+1 to simplify notation.
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Proposition 5.1. Mean and variance of portfolio variance under orthogonal factors

If

1. Σ = E diag [θ1 . . . θK ]ET + θK+1 diag [ε2]

2. E, ε2, and θ are jointly independent

3. The elements of ε2 are independent

4. E is Gaussian

5. Mean and covariance of E, ε2, and θ are Ê, X̂, ε̂2, ω̂, θ̂, Ω̂ as defined above

w = (N × 1) portfolio weights or holdings

σ2
w = variance of portfolio w

E
[
σ2
w

]
= aT θ̂ (5.20)

var
[
σ2
w

]
= aTΩ̂a+ θ̂

T
B θ̂ +

∑
i,j

Ω̂i,jBi,j (5.21)

where ai =

µ̂2
i + Ψ̂i,i 1 ≤ i ≤ K∑N
n=1w

2
nε̂

2
n i = K + 1

(5.22)

Bi,j =


2 Ψ̂2

i,j + 4 µ̂i µ̂j Ψ̂i,j 1 ≤ i, j ≤ K∑N
n=1w

4
n ω̂n i = j = K + 1

0 otherwise

(5.23)

e = exposures of portfolio w

µ̂ (w) = E [e]

= Ê
T
w (5.24)

Ψ̂ (w) = cov [e]

Ψ̂i,j (w) = cov [ei, ej]

= wTX̂ ·,i,·,jw (5.25)
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Proof.

σ2
w = wTΣw (5.26)

= wT
(
E diag [θ1 . . . θK ]ET + θK+1 diag

[
ε2
])
w (5.27)

=
K∑
i=1

θi
(
wTE

)2

i
+ θK+1

N∑
n=1

w2
n ε

2
n (5.28)

This can be written as the inner product

σ2
w = θTν (5.29)

where e (w) = exposures of portfolio w

= ETw (5.30)

and νi (w) =

e2
i 1 ≤ i ≤ K∑N
n=1w

2
n ε

2
n i = K + 1

(5.31)

θ and ν are independent because θ is independent of E, ε.

Mean and variance of portfolio variance are the expected value and variance of

equation (5.29).

E
[
σ2
w

]
= E

[
θTν

]
(5.32)

= E [θ]T E [ν] since θ ind. of ν (5.33)

var
[
σ2
w

]
= var

[
θTν

]
(5.34)

= E [ν]T cov [θ] E [ν] + E [θ]T cov [ν] E [θ]

+
∑
i,j

(cov [θ])i,j (cov [ν])i,j by Lemma 5.1 (5.35)

Values are computed via equations (5.33) and (5.35) from the mean and covariance

of θ and of ν. θ is covered by the forecasts θ̂ and Ω̂. What remains is to work out

E [ν] and cov [ν].
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Step one is computing the mean and covariance of portfolio exposures.

Let µ̂ (w) = E [e] (5.36)

= Ê
T
w (5.37)

Let Ψ̂ (w) = cov [e] (5.38)

Ψ̂i,j (w) = cov [ei, ej]

= wTX̂ ·,i,·,jw (5.39)

The expectation of ν defined in equation (5.31) is a function of µ̂, Ψ̂, and the forecast

ε̂2:

E [νi] =

E [e2
i ] 1 ≤ i ≤ K

E
[∑N

n=1 w
2
n ε

2
n

]
i = K + 1

(5.40)

=

E2 [ei] + var [ei] 1 ≤ i ≤ K∑N
n=1w

2
n E [ε2

n] i = K + 1
(5.41)

=

µ̂2
i + Ψi,i 1 ≤ i ≤ K∑N
n=1w

2
n ε̂

2
n i = K + 1

(5.42)

Note that equation (5.41) contains an ‘uncertainty correction’ (+ var [ei]) arising

from nonlinearity, E [y2] = E2 [y] + var [y]. Exposure variance adds to a portfolio’s

expected variance, i.e., the common practice of squaring a point estimate of exposure

underestimates risk when uncertainty in exposures doesn’t diversify away, for exam-

ple, in concentrated portfolios or with exposure error correlated across securities.

cov [νi, νj] separates into three cases:

1. i ≤ K, j ≤ K:

cov [νi, νj] = cov
[
e2
i , e

2
j

]
(5.43)

= 2 (cov [ei, ej])
2 + 4 E [ei] E [ej] cov [ei, ej] (5.44)

by Corollary 7.1 since e Gaussian

= 2 Ψ̂2
i,j + 4 µ̂iµ̂jΨ̂i,j (5.45)
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2. i = j = K + 1:

cov [νi, νj] = var

[
N∑
n=1

w2
n ε

2
n

]
(5.46)

=
N∑
n=1

w4
n var

[
ε2
n

]
since elements of ε ind. (5.47)

=
N∑
n=1

w4
n ω̂n (5.48)

3. i ≤ K, j = K + 1:

cov [νi, νj] = cov

[
e2
i ,

N∑
n=1

w2
n ε

2
n

]
= 0 since E ind. of ε (5.49)

5.7 Robust optimization on portfolio utility

Vanilla Markowitz utility is

Uλ(w) = wTα− λ

2
wTΣw (5.50)

So, var [U(w)] = var
[
wTα

]
+
λ2

4
var
[
wTΣw

]
− λ cov

[
wTα,wTΣw

]
(5.51)

The first term comes from the forecaster7, the second from the uncertain covariance

model; assuming the third negligible yields

var [U(w)] ≈ var
[
wTα

]
+
λ2

4
var
[
wTΣw

]
. (5.52)

Maximizing expected utility with a penalty on uncertainty,

w∗ ≡ arg max
w

E [U(w)]− κ× stdev [U(w)] , (5.53)

is effectively robust optimization with the uncertainty set defined—not on separate

parameters as in conventional robust optimization—but on utility. It extends κ stan-

dard deviations below the mean and is a function of portfolio weights w. Cast in

7wTΛw where Λ represents commonality in bets.
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robust optimization language:

w∗ ≡ arg max
w

min
uw∈Sw

uw

where Sw = {E [U(w)]− c× stdev [U(w)] | c ≤ κ} (5.54)

The maximin optimization becomes a simple max since the inner minimum is known

when the uncertainty set is defined on the quantity being maximized (utility).

This formulation’s success mitigating estimation error problems8is tested in sec-

tion 5.8.

5.7.1 Indifference region to reduce transaction costs

The literature on managing transaction costs, e.g., Michaud [1998], mentions an in-

difference region to prevent nuisance trading. Rebalancing can be skipped if the

improvement is judged negligible.

Such a rule can be defined from mean and standard deviation of portfolio utility.

The portfolios are indifferent if their utility ranges overlap, i.e., if the upper range of

the existing exceeds the lower range of the changed,

E [U0] + c× stdev [U0] > E [U ]− c× stdev [U ] . (5.55)

5.8 An example

Data are 106 periods of weekly Wed–Wed returns from Wed Dec 20, 2017 through

Tue Dec 31, 2019 for the 927 securities with complete series in (IWB) iShares Russell

1000 ETF as of Oct 1, 2020. The first 80 periods, 12/20/2017–7/3/2019, are the

training set. The final 26 periods, 7/3/2019–12/31/2019, are the testing set.

An orthogonal model of section 5.6 is constructed from the training set as follows:

1. 5 principal components are inferred from return covariance with securities equally

weighted. This yields M (an identity matrix), θ̂ 9, and from OLS regression, a

first estimate of exposures and idiosyncratic variances, Êols and ε̂2
ols.

8Taleb [2012] writes that the problem with ‘Portfolio theory, mean-variance, etc.’ is ’Assum-
ing knowledge of the parameters, not integrating models across parameters, relying on (very
unstable) correlations’.

9θ̂K+1, the mean scalar on idiosyncratic variance, is 1.
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2. Using the universe median and variance of the OLS estimates as a prior—

exposures Gaussian, idiosyncratic variance inverse gamma—E and ε2 are in-

ferred through Bayesian regression, yielding Ê, ε̂2, X̂, and ω̂. (X̂ assumes no

exposure covariance between securities.)

3. Ω̂, the covariance of factor variances and idiosyncratic variance scalar, is built in

two steps. The K rows and columns corresponding to factors are the standard

error.10 For idiosyncratic variance, a measure of its level is the cross-sectional

median of each period’s squared OLS regression residuals, divided by the mean

across time for normalization. Its uncertainty is the variance of this series. The

level is assumed uncorrelated with the factor variances.

The experiment selects 50 stocks at random and constructs fully-invested, long-

only minimum variance portfolios eight ways:

Equally-weighted

Two percent in each of the 50 securities.

OLS (Conventional)

Minimum variance portfolio under covariance point-estimated from OLS expo-

sures and idiosyncratic variances.

Bayes (Conventional)

Minimum variance portfolio under covariance point-estimated from Bayes pos-

terior mean exposures and idiosyncratic variances.

κ = 0 Expected variance

Minimum expected11variance portfolio but no aversion to uncertainty.

10For the usual unbiased variance estimate of Gaussian x, y from n points, cov
[
σ̂2
x, σ̂

2
y

]
=

2σ2
x,y/(n− 1). Standard error replaces σx,y with σ̂x,y.

11Adds the variance term in equation (5.41) to the Bayes point estimate.
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κ > 0 Expected variance with uncertainty aversion

For each κ in {0.1, 1, 10, 100}, a local minimizer of E [variance]+κ×stdev [variance]

reached by searching from the κ = 0 portfolio.

Realized volatility is measured on the testing set. The experiment is repeated 10,000

times.12

Table 5.1 shows realized volatility quantiles for each method. Equally-weighted

was dominated by OLS, which was dominated by Bayes, which was dominated by the

uncertainty methods, whose results improved uniformly with increasing κ.

Table 5.1: Realized portfolio std dev quantiles by method (annualized)
Quantile

0.02 0.05 0.25 0.50 0.75 0.95 0.98
Equal wt 10.86 11.41 12.78 13.79 14.84 16.47 17.23
OLS 6.41 6.78 7.72 8.50 9.46 11.43 12.36
Bayes 6.29 6.64 7.51 8.21 9.07 10.81 11.61
κ = 0 6.29 6.63 7.49 8.19 9.03 10.73 11.52
κ = 0.1 6.28 6.62 7.48 8.18 9.01 10.70 11.48
κ = 1 6.26 6.59 7.43 8.09 8.88 10.47 11.22
κ = 10 6.21 6.51 7.24 7.82 8.51 9.78 10.51
κ = 100 6.17 6.47 7.15 7.70 8.32 9.49 10.16

Table 5.2 compares methods head-to-head. Values are the fraction of experiments

where the column method realized lower volatility than the row method. Uncertain

methods beat each certain method in more than 80% of experiments. Increasing

uncertainty consideration almost uniformly improved winning percentage through

κ = 10. κ = 100 won 80% of experiments against κ = 10, but the fraction against

other methods fell slightly.

Table 5.3 shows median expected variance13, uncertainty, and realized variance.

Uncertainty falls and expected variance rises with increasing κ, a mathematical truth

from the optimization objectives. Repeating the information from table 5.1: realized

12Total run time for 10,000 × 8 portfolios is under 20 minutes using the SLSQP solver in
scipy.optimize.minimize Virtanen et al. [2020] on a circa 2015 laptop with 4th Generation Intel
i7 CPU (i7-4710HQ @ 2.5GHz).

13Expected variance and uncertainty are via the uncertain covariance model.
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Table 5.2: Head-to-head comparison of realized volatility
Fraction of tests method had lower realized volatility

OLS Bayes κ = 0 κ = 0.1 κ = 1 κ = 10 κ = 100
Equal wt 0.997 0.999 0.999 0.999 1.000 1.000 1.000
OLS 0.890 0.903 0.906 0.913 0.903 0.894
Bayes 0.808 0.824 0.842 0.850 0.847
κ = 0 0.842 0.848 0.852 0.846
κ = 0.1 0.848 0.850 0.845
κ = 1 0.842 0.837
κ = 10 0.798

variance fell. As with all the results, the cause could be simple regularization or, as

tables 5.4 and 5.5 suggest, uncertainty modeling’s skill.

Table 5.3: Median expected variance, uncertainty, and realized variance (weekly, not
annualized)

Median Equal wt OLS Bayes κ = 0 κ = 0.1 κ = 1 κ = 10 κ = 100
Expected variance 4.99 1.72 1.70 1.70 1.70 1.71 1.74 1.79
Uncertainty, sd(var) 0.77 0.25 0.24 0.24 0.24 0.24 0.22 0.22
Realized variance 3.66 1.39 1.30 1.29 1.29 1.26 1.18 1.14

Table 5.4 shows quantiles of the uncertain covariance model’s prediction bias.

Higher κ overpredicted more but had a narrower error range and smaller errors of

underprediction.

Table 5.5 shows quantiled z-scored predictions: (expected - realized variance)

/ (stdev of variance). The range between low and high quantile shrank slightly

from ∼ 8 with κ = 0 to ∼ 6 with κ = 100. Note that the opposite would occur

without an increase in accuracy since higher κ corresponds to lower uncertainty in

the denominator as well as higher expected variance. That the range didn’t collapse

or blow up suggests uncertainty predictions are on the correct scale and not naive

regularization.
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Table 5.4: Expected minus realized annualized standard deviation
Quantile

0.02 0.05 0.25 0.50 0.75 0.95 0.98
Equal wt -0.68 -0.03 1.41 2.30 3.20 4.41 4.85
OLS -3.21 -2.36 -0.10 0.99 1.90 3.05 3.56
Bayes -2.52 -1.71 0.24 1.23 2.07 3.17 3.66
κ = 0 -2.42 -1.61 0.29 1.25 2.09 3.17 3.65
κ = 0.1 -2.37 -1.57 0.31 1.26 2.09 3.18 3.65
κ = 1 -2.06 -1.28 0.45 1.35 2.15 3.22 3.68
κ = 10 -0.97 -0.41 0.94 1.70 2.43 3.41 3.86
κ = 100 -0.46 0.09 1.25 1.97 2.66 3.59 4.01

Table 5.5: Z-scores:
predicted - realized variance

uncertainty (std dev) of variance
Quantile

0.02 0.05 0.25 0.50 0.75 0.95 0.98
Equal wt -0.56 -0.03 1.09 1.72 2.31 3.04 3.29
OLS -5.12 -3.61 -0.15 1.36 2.42 3.53 3.96
Bayes -4.04 -2.69 0.36 1.70 2.70 3.78 4.16
κ = 0 -3.91 -2.54 0.43 1.74 2.74 3.82 4.20
κ = 0.1 -3.86 -2.48 0.45 1.77 2.75 3.83 4.22
κ = 1 -3.38 -2.08 0.67 1.90 2.88 3.94 4.31
κ = 10 -1.70 -0.71 1.47 2.53 3.37 4.38 4.70
κ = 100 -0.80 0.14 2.00 2.95 3.74 4.67 4.99

5.9 Summary

The framework in this paper is a practical and mathematically tight way to model

covariance with uncertainty. Uncertainty about individual pieces—for example, that

the market beta of stock X is more reliably forecasted than stock Y’s—propagates to

the portfolio level, and a portfolio variance forecast, no longer a fixed number, has a

mean and variance.

Models can be constructed for a broad set of securities and easily shared. The

method requires no simulation and is computationally fast, and optimization can

occur beyond agreeably structured cases. The method is also easily extended to

incorporate uncertainty about future regimes (section 5.11).
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Among the many applications, one can, for example, choose the most reliably

predicted from possible hedging securities. Or articulating the issue of estimation

error, a computer can penalize uncertainty during optimization to find portfolios

believed more likely to perform as expected.

5.10 Uncertain factor-modeled E [Σi,j] and cov [Σi,j,Σm,n]

Proposition 5.2. Mean and covariance of entries of Σ

If

1. Σ = EFET + γ diag [ε2]

2. E, ε2, and (F , γ) are jointly independent

3. The elements of ε2 are independent

4. E is Gaussian

5. Mean and covariance of E, ε2, and (F , γ) are:

Exposures

Ê = (N ×K) Ê = E [E]

X̂ = (N ×K ×N ×K) X̂m,i,n,j = cov [Em,i, En,j]

Idiosyncratic effects

ε̂2 = (N × 1) ε̂2 = E
[
ε2
]

ω̂ = (N × 1) ω̂n = var
[
ε2
n

]
Factor structure

F̂ = (K ×K) F̂ = E [F ]

Ĥ = (K ×K ×K ×K) Ĥi,j,k,l = cov [Fi,j, Fk,l]

γ̂ = (scalar) γ̂ = E [γ]

η̂ = (scalar) η̂ = var [γ]

ĥ = (K ×K) ĥi,j = cov [Fi,j, γ]
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Then mean and covariance of the covariance matrix entries are

E [Σ] = ÊF̂ Ê
T

+ γ̂ diag
[
ε̂2
]

+
∑
k,l

F̂k,l X̂ ·,k,·,l (5.56)

cov [Σi,j,Σm,n] =
∑
k,l,s,t

[
Êi,kÊm,sX̂j,l,n,t + Êj,lÊn,tX̂i,k,m,s

+ X̂i,k,m,sX̂j,l,n,t

+ Êi,kÊn,tX̂j,l,m,s + Êj,lÊm,sX̂i,k,n,t

+ X̂i,k,n,tX̂j,l,m,s

] (
F̂k,lF̂s,t + Ĥk,l,s,t

)
+
∑
k,l,s,t

[
Êi,kÊj,l + X̂i,k,j,l

] [
Êm,sÊn,t + X̂m,s,n,t

]
Ĥk,l,s,t

+ 1{i=j} ε̂
2
i

∑
s,t

[
Êm,sÊn,t + X̂m,s,n,t

]
ĥs,t

+ 1{m=n} ε̂
2
m

∑
k,l

[
Êi,kÊj,l + X̂i,k,j,l

]
ĥk,l

+ 1{i=j}1{m=n} ε̂
2
i ε̂

2
m η̂

+ 1{i=j=m=n} ω̂i
(
γ̂2 + η̂

)
(5.57)

Proof.

Σi,j =
∑
k,l

Ei,kEj,lFk,l + 1{i=j} ε
2
i γ (5.58)

E [Σi,j] =
∑
k,l

E [Ei,kEj,l] E [Fk,l] + 1{i=j} E
[
ε2
i

]
E [γ] (5.59)

=
∑
k,l

(
E [Ei,k] E [Ej,l] + cov [Ei,k, Ej,l]

)
E [Fk,l]

+ 1{i=j} E
[
ε2
i

]
E [γ] (5.60)

=
∑
k,l

[
Êi,kÊj,l + X̂i,k,j,l

]
F̂k,l + 1{i=j} ε̂

2
i γ̂ (5.61)

so E [Σ] = ÊF̂ Ê
T

+ γ̂ diag
[
ε̂2
]

+
∑
k,l

F̂k,l X̂ ·,k(·, l)︸ ︷︷ ︸
N×N

(5.62)
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cov [Σi,j,Σm,n] = cov [E [Σi,j|F , γ] ,E [Σm,n|F , γ]]︸ ︷︷ ︸
1©

+ E [cov [Σi,j,Σm,n|F , γ]]︸ ︷︷ ︸
2©

(5.63)

1© = cov
[∑

k,l

E [Ei,kEj,l]Fk,l + 1{i=j} E
[
ε2
i

]
γ,

∑
s,t

E [Em,sEn,t]Fs,t + 1{m=n} E
[
ε2
m

]
γ
]

(5.64)

=
∑
k,l,s,t

E [Ei,kEj,l] E [Em,sEn,t] cov [Fk,l, Fs,t]

+ 1{i=j} E
[
ε2
i

]∑
s,t

E [Em,sEn,t] cov [Fs,t, γ]

+ 1{m=n} E
[
ε2
m

]∑
k,l

E [Ei,kEj,l] cov [Fk,l, γ]

+ 1{i=j}1{m=n} E
[
ε2
i

]
E
[
ε2
m

]
var [γ] (5.65)

=
∑
k,l,s,t

[
Êi,kÊj,l + X̂i,k,j,l

] [
Êm,sÊn,t + X̂m,s,n,t

]
Ĥk,l,s,t

+ 1{i=j} ε̂
2
i

∑
s,t

[
Êm,sÊn,t + X̂m,s,n,t

]
ĥs,t

+ 1{m=n} ε̂
2
m

∑
k,l

[
Êi,kÊj,l + X̂i,k,j,l

]
ĥk,l

+ 1{i=j}1{m=n} ε̂
2
i ε̂

2
m η̂ (5.66)
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2© = E
[
cov
(∑

k,l

Ei,kEj,lFk,l + 1{i=j} ε
2
i γ,∑

s,t

Em,sEn,tFs,t + 1{m=n} ε
2
m γ
∣∣∣F , γ)] (5.67)

= E
[ ∑
k,l,s,t

cov [Ei,kEj,l, Em,sEn,t]Fk,lFs,t + 1{i=j=m=n}var
[
ε2
i

]
γ2
]

(5.68)

=
∑
k,l,s,t

cov [Ei,kEj,l, Em,sEn,t] E [Fk,lFs,t]

+ 1{i=j=m=n}var
[
ε2
i

]
E
[
γ2
]

(5.69)

=
∑
k,l,s,t

cov [Ei,kEj,l, Em,sEn,t]︸ ︷︷ ︸
3©

(
F̂k,lF̂s,t + Ĥk,l,s,t

)
+ 1{i=j=m=n} ω̂i

(
γ̂2 + η̂

)
(5.70)

3© = cov [Ei,kEj,l, Em,sEn,t]

= Êi,kÊm,sX̂j,l,n,t + Êj,lÊn,tX̂i,k,m,s + X̂i,k,m,sX̂j,l,n,t

+ Êi,kÊn,tX̂j,l,m,s + Êj,lÊm,sX̂i,k,n,t + X̂i,k,n,tX̂j,l,m,s (5.71)

via Lemma 7.1 since E Gaussian

5.11 Incorporating structural uncertainty

Uncertainty so far has taken the flavor of estimation error, ambiguity in the value

of parameters on an assumed-correct skeleton. A different, macro scale uncertainty

exists in how events might unfold, the possibility of alternative regimes whose centers

(configuration of factor variances) or rules (factor structures) differ by more than

small perturbations so need to be modeled separately. Considering the possibilities

is a view into a portfolio’s robustness.

Suppose the future is a random draw from S scenarios, each described by a sepa-

rate uncertain covariance model. Unconditional mean and variance of portfolio vari-

ance are assembled from forecasts for each scenario.
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Assume mean returns are the same in each scenario.

Let πs = probability of scenario s, s = 1 . . . S

ms(w) = E
[
σ2
w| scenario s

]
vs(w) = var

[
σ2
w| scenario s

]
Then E

[
σ2
w

]
= E

[
E
[
σ2
w|s
]]

=
∑
s

πs ms (5.72)

and var
[
σ2
w

]
= E

[
var
[
σ2
w|s
]]

+ var
[
E
[
σ2
w|s
]]

(5.73)

= E
[
var
[
σ2
w|s
]]

+ E
[
E2
[
σ2
w|s
]]
− E2

[
E
[
σ2
w|s
]]

(5.74)

=
∑
s

πsvs +
∑
s

πsm
2
s −

[∑
s

πsms

]2

(5.75)

5.12 Mathematical results

Lemma 5.1. Variance of inner product of independent variables

For a, b independent,

var
[
aTb

]
= E [b]T cov [a] E [b]

+ E [a]T cov [b] E [a] +
∑
i,j

(cov [a])i,j (cov [b])i,j (5.76)
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Proof.

var
[
aTb

]
= var

[
E
[
aTb|a

]]
+ E

[
var
[
aTb|a

]]
(5.77)

= var
[
aTE [b]

]
+ E

[
aTcov [b]a

]
since a ind. of b (5.78)

= E [b]T cov [a] E [b] + E
[
aTcov [b]a

]
(5.79)

= E [b]T cov [a] E [b] + E

[∑
i,j

aiaj (cov [b])i,j

]
(5.80)

= E [b]T cov [a] E [b] +
∑
i,j

E [aiaj] (cov [b])i,j (5.81)

= E [b]T cov [a] E [b]

+
∑
i,j

(E [ai] E [aj] + cov [ai, aj]) (cov [b])i,j (5.82)

= E [b]T cov [a] E [b]

+ E [a]T cov [b] E [a] +
∑
i,j

(cov [a])i,j (cov [b])i,j (5.83)
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Lemma 5.2.

For


x1

x2

x3

x4

 ∼ N (µ,Σ) ,

E [x1x2x3x4] = µ1µ2µ3µ4

+ µ1µ2σ3,4 + µ3µ4σ1,2 + σ1,2σ3,4

+ µ1µ3σ2,4 + µ2µ4σ1,3 + σ1,3σ2,4

+ µ1µ4σ2,3 + µ2µ3σ1,4 + σ1,4σ2,3 (5.84)

cov [x1x2, x3x4] = µ1µ3σ2,4 + µ2µ4σ1,3 + σ1,3σ2,4

+ µ1µ4σ2,3 + µ2µ3σ1,4 + σ1,4σ2,3 (5.85)

= (µ1µ3 + σ1,3) (µ2µ4 + σ2,4)

+ (µ1µ4 + σ1,4) (µ2µ3 + σ2,3)− 2µ1µ3µ2µ4 (5.86)
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Proof.

E [x1x2x3x4] = E

[
4∏
i=1

[µi + (xi − µi)]

]
= µ1µ2µ3µ4

+ µ1µ2σ3,4 + µ3µ4σ1,2

+ µ1µ3σ2,4 + µ2µ4σ1,3

+ µ1µ4σ2,3 + µ2µ3σ1,4

+ E

[
4∏
i=1

(xi − µi)

]
since odd moments are 0

E

[
4∏
i=1

(xi − µi)

]
= σ1,2σ3,4 + σ1,3σ2,4 + σ1,4σ2,3

by Isserlis’ theorem since 0 mean Gaussians

cov [x1x2, x3x4] = E [x1x2x3x4]− E [x1x2]︸ ︷︷ ︸
(µ1µ2+σ12)

E [x3x4]︸ ︷︷ ︸
(µ3µ4+σ34)

Corollary 5.1. Covariance of squared Gaussians

For

(
x1

x2

)
∼ N (µ,Σ) , cov [x2

1, x
2
2] = 4µ1µ2σ1,2 + 2σ2

1,2



CHAPTER 6

UNCERTAIN RISK PARITY

Introduced in the alternative portfolio construction methods of section 2.2.3, risk

parity determines portfolio weights using covariance alone. It is typically done at the

index or asset class level rather than on individual stocks, e.g., one security is the S&P

500 index, another is a corporate bond index. Risk parity finds the unique solution

where each security matches its assigned risk budget (repeating equation 2.10),

w∗
(
Σ, σ2, f

)
≡ w > 0 s.t. w � Σw = σ2f (6.1)

where σ2 ≡ target variance of portfolio

f ≡ fraction of risk budgeted to each security, f ∈ Rn
+

� ≡ element-by-element multiplication

which happens to be equivalent to minimizing variance with a regularization penalty

against small weights (repeating equation 2.11),

w∗
(
Σ, σ2, f

)
= arg min

w>0

1

2
wTΣw − σ2

∑
i

fi logwi (6.2)

Working from a point-estimate of covariance leaves the method vulnerable to estima-

tion error.

6.1 Literature review

Risk parity without uncertainty is covered in section 2.2.3 under ‘Risk parity’. Start-

ing from the regularized minimum variance formulation of equation (6.2) with the

penalty moved to constraints, Costa and Kwon [2019] minimizes the worst case vari-

ance where the covariance matrix comes from a Markov chain, each state having

factor-modeled covariance with elliptical confidence sets on exposures and bounds on

stock-specific variance. Costa and Kwon [2020a] minimizes the worst case error be-

tween variance risk contributions and budgeted risk when covariance falls within box

81
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constraints. Costa and Kwon [2020b] adds a return forecast term having an elliptical

uncertainty set. The authors’ collected work on risk parity is in a dissertation [Costa,

2021]. Kapsos et al. [2018] considers robust optimization of risk parity under several

uncertainty scenarios. Kim and Kim [2021] applies the resampling idea of Michaud

[1998] with covariance assumed Wishart centered at the unbiased time series estimate

and the final risk parity portfolio as the average of risk parity portfolios constructed

from sampled matrices inversely weighted by sampled matrix condition number. The

basis of this chapter, Shah [2021a], looks at the difference between variance contri-

butions and budgeted risk as in Costa and Kwon [2020a], but models covariance as a

distribution and minimizes functions of mean squared error.

6.2 Mathematical model

In the form of equation (6.1), the goal is a solution to n equations that are quadratic

in the decision variable w and linear in the data Σ. Normally Σ is replaced by a

point-estimate, and there is a unique solution since Σ is regarded as fixed. When Σ

is random, there isn’t a solution.

The paper develops an approach given E [Σ] and cov [Σ]. These could be supplied

directly or, since risk parity is generally at the index level, derived from portfolios of

securities modeled by an uncertain covariance model as in chapter 5.

In the latter case, as in equation (5.4), the covariance of individual stock returns

is expressed in terms of state variables,

cov [Yt|β,Θ, γ,Λ] ≡ β diag [Θ] βT + γ Λ

If each row of matrix p represents the portfolio weights of a different index,

Σt ≡ cov [p Yt|β,Θ, γ,Λ] (6.3)

≡ p
(
β diag [Θ] βT + γ Λ

)
pT (6.4)

E [Σ] and cov [Σ], after assumptions on independence and distributional shape, are

functions of mean and covariance of the parameters.
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from Shah [2021a] Uncertain Risk Parity

6.3 Abstract

Risk parity is a portfolio construction technique that scales sections of a portfolio—

e.g., stocks, bonds, currencies, commodities—so that forecasted contributions to net

portfolio risk match the budget. Because risks are measured from a point-estimate of

covariance, the method is subject to problems of estimation error. This paper treats

covariance as uncertain in order to find a risk parity weighting that doesn’t count on

perfectly optimized hedges and is robust to changes in regime.

Separately, of general interest are the uncertain risk contributions calculated en

route. Reporting a portfolio’s uncertain risk decomposition puts a band around num-

bers and reveals fragility. For example, market could seem hedged in a long-short

portfolio but surface as the biggest risk when parameters are considered across their

error range.

6.4 Introduction

Risk parity, named by Qian [2005], is a method of portfolio construction that, from

risk alone, scales sections of a portfolio—e.g., stocks, levered bonds, currencies,

commodities—so each section’s forecasted contribution to net portfolio risk matches

the (typically equally-weighted) risk budget. The idea without considering correlation

dates to 1996 in Bridgewater All Weather Fund’s weighting investments by inverse of

volatility.

One motivation, as in Qian [2011], is capturing the risk premium across a diversi-

fied basket of asset classes. Another is correcting problems of the canonical example

of risk-only portfolio construction, minimum variance, whose composition is sensitive

to inputs and can be concentrated.

Absent bounds, minimum variance is the point where marginal variances for in-

vestments are equal. When risk parity equalizes risk contributions—proportional to
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marginal variance × weight1—small positions grow, large ones shrink, and the port-

folio is less concentrated and less sensitive to inputs. Yet, operating from a single

estimated covariance matrix, it remains vulnerable to estimation error.

While this paper investigates risk parity under uncertainty, risk parity itself can be

explicitly cast as an approach to minimum variance under uncertainty. Maillard et al.

[2010] shows that risk parity is the solution to minimum variance with a regularization

penalty. The penalty can be regarded as Bayesian tempering data with a prior.

From this perspective, de Jong [2018] sees risk parity as an intermediate optimal

minimum risk portfolio on the spectrum from minimum variance (no uncertainty

in estimates, solution dominated by data) to equal-weighted (complete uncertainty,

solution dominated by non-informative prior).

This paper contributes four ideas to the literature: 1–justification for estimation

error concerns in measuring risk contributions, 2–a framework and algorithm to solve

risk parity with uncertainty, 3–a formula to measure risk contributions (decompose

risk) with uncertainty, and 4–a way to model covariance uncertainty between portfo-

lios from the securities within.

6.4.1 Literature review

Maillard et al. [2010] and Bai et al. [2016] explore mathematical properties and al-

ternative formulations of risk parity. Instead of equalizing risk contributions across

investments, Lohre et al. [2014] equalizes them across principal component directions

of the covariance matrix, and Roncalli and Weisang [2016] across directions specified

by any factor model. Bernardi et al. [2019] looks at risk parity’s ‘second order risk’,

the ratio of realized to predicted risk, essentially the bias from estimate-optimized

selection. Closest to this paper, Costa and Kwon [2019] uses factor-modeled covari-

ance and solves risk parity under uncertainty and regime switching through robust

(minimax) optimization with elliptical confidence sets on exposures and bounds on

stock-specific variance. On risk parity but not related is the large literature on em-

pirical performance in both return and volatility. This paper concerns construction,

volatility but not return, and individual volatility contributions as much as the com-

bined portfolio’s.

1See equation (6.5)
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6.4.2 Problem statement

Budgeted fractions of total portfolio risk are assigned to N investments, each of which

can itself be a portfolio. Using an estimate of covariance to measure risk, risk parity

finds a weighting that meets the budget. The inputs and decision variables are:

f = (N × 1) budgeted fractions of portfolio risk

f > 0,
∑
i

fi = 1

C = (N ×N) covariance between investments

w = (N × 1) weights, usually constrained ≥ 0

One other possible input is target portfolio variance, σ2, to fix the scale: wTCw = σ2.

Otherwise, scale is set by forcing weights to sum to 1, wT1 = 1, which without

uncertainty is the same as picking any target variance and dividing the solution by

the sum of its weights.

Budgets can be enforced on contributions to portfolio standard deviation or vari-

ance, arriving at the same result.2 The derivation is repeated here because both forms

appear in what follows.

Contributions to standard deviation are calculated by Euler’s theorem applied to

portfolio standard deviation, which is homogenous of degree 1 in the weights3.

si = std dev contribution of i’th investment

= wi
∂

∂wi
(portfolio std dev)

= wi
∂

∂wi

√
wTCw

=
wi

2
√
wTCw

∂

∂wi
wTCw (6.5)

= wi (Cw)i /
√
wTCw (6.6)

So risk parity in standard deviation is

σfi = wi (Cw)i /
√
wTCw i = 1..N, w > 0 (6.7)

where σf = (N × 1) standard deviation budgets

2See section 3.2.3 of Qian et al. [2007]
3See Maillard et al. [2010]
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Contributions to variance are covariance with the portfolio.

vi = variance contribution of i’th investment

=
[
0 · · · 0 wi 0 · · · 0

]
Cw

= wi (Cw)i (6.8)

Risk parity in variance is

σ2fi = wi (Cw)i i = 1..N, w > 0 (6.9)

where σ2f = (N × 1) variance budgets

Since wTCw = σ2, equations (6.7) and (6.9) are identical.

6.5 Sensitivity to covariance forecast

Emerging entirely from a point-estimate of covariance taken as true, risk parity could

be sensitive to estimation error. Here are two arguments the concern is valid.

6.5.1 As solution to minimum variance with regularization

Maillard et al. [2010] shows that risk parity is the solution to minimum variance with

a regularization penalty against small positions.

arg min
w>0

1

2
wTCw − σ2

∑
i

fi log(wi) (6.10)

Setting the gradient to 0 yields (Cw)i − σ2fi/wi = 0 for each i, so wi (Cw)i = σ2fi,

the risk parity equations (6.9).

Since it can be cast as optimization, risk parity might encounter issues described

in the large literature on optimization’s bias and estimation error problems.

The optimization characterization is also the easiest way to compute risk parity,

minimizing a smooth, strictly convex (when restricted to any orthant, log |wi| in place

of log wi) function that has a unique solution.
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6.5.2 Non-robustness in risk contribution assignment

Menchero and Davis [2011] reach the risk contribution assignment of (6.6) by mea-

suring behavior in the direction of the net portfolio.

σi = standard dev of i’th investment

ρi,w = correlation of i’th investment and portfolio

σi ρi,w = std dev of i’th investment × corr with portfolio

= σi cov (i, w) / (σi σ) (6.11)

= wi (Cw)i /
√
wTCw (6.12)

= si

What about behavior orthogonal to the portfolio?

s⊥i = length of orthogonal behavior of i’th investment

= σi

√
1− ρ2

i,w (6.13)

By definition netting to zero across holdings, risks orthogonal to the net portfolio are

not counted however consequential they might be.

As an extreme case, imagine a market-neutral equity portfolio broken into long and

short. Market is the greatest risk within each side and, perceived as net hedged, not

counted in risk contributions. However, since estimates are imperfect and the true

beta is not exactly zero, the imperfect alignment can make market the portfolio’s

biggest real risk. The phenomenon occurs, to different degrees, in every hedge in any

portfolio.

Thus, in conventional risk parity—particularly since it’s the product of optimiza-

tion and optimization finds perceived hedges—the most important real risk contribu-

tions can go unmeasured.

6.6 Adding uncertainty

To counter sensitivity to a particular estimate, especially linear combinations that

seem to annihilate a direction of risk, covariance is no longer regarded as fixed and
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known. Instead, entries have a mean and covariance: E [Cij] and cov [Ci,j, Ck,l] for

every i, j, k, l.

Equation (6.8) gives an investment’s variance contribution, vi = wi (Cw)i =

wi
∑

j Ci,j wj . A portfolio’s variance is the sum of the contributions, vP = wTCw =∑
i vi . Written in terms of the entries of C, means and covariances are

E [vi] = wi
∑
j

E [Ci,j]wj (6.14)

E [vP ] =
∑
i

E [vi] (6.15)

cov [vi, vj] = wiwj
∑
k,l

wkwl cov [Ci,k, Cj,l] (6.16)

cov [vi, vP ] =
∑
j

cov [vi, vj] (6.17)

var [vP ] =
∑
i

cov [vi, vP ] (6.18)

6.6.1 Risk parity restated with uncertainty

Variability in uncertain quantities makes meeting targets, e.g., equation (6.9), impos-

sible. A loss function assigns costs to deviations. Risk parity weights are found by

minimizing expected loss.

Uncertainty also means that portfolio variance is random, so there is a difference

between aiming toward fixed target contributions (target fraction × target portfolio

variance) and target fractions of random portfolio variance (target fraction × random

portfolio variance) with scale set by budget constraint or portfolio variance itself

aimed toward a target. The deviations for each case:

1. Target contributions

δi = investment i’s deviation from budgeted variance, i = 1 . . . N

= vi − fi σ2 (6.19)

2. Target fractions

δi = investment i’s deviation from budgeted fraction of variance, i = 1 . . . N

= vi − fi vP (6.20)
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normalized by a portfolio variance target

δN+1 = vP − σ2 (6.21)

or a budget constraint∑
i

wi = 1 (6.22)

Measuring loss by summed mean-squared error yields

l(w) = risk parity loss under w

=
∑
i

E
[
δ2
i

]
(6.23)

=
∑
i

E2 [δi] + var [δi] (6.24)

With no uncertainty, the variance terms are zero, and the solution is the same as

standard risk parity.

Loss is computed from the quantities in equations (6.14) – (6.18):

Target contributions

E [δi] = E [vi]− fi σ2 (6.25)

var [δi] = var [vi] (6.26)

Target fractions

E [δi] = E [vi]− fiE [vP ] (6.27)

var [δi] = var [vi] + f 2
i var [vP ]− 2fi cov [vi, vP ] (6.28)

E [δN+1] = E [vP ]− σ2 (6.29)

var [δN+1] = var [vP ] (6.30)

Both characterizations are 4th degree polynomials of portfolio weights, whose

(local) minimizer can be found using nonlinear optimization techniques.

6.6.2 Multiple regimes

In determining allocations, regimes—e.g., risk-on vs. risk-off—and scenarios naturally

enter. Rather than representing variation in the entries, each has its own covariance
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estimate to measure loss. With a probability assigned to each scenario, the distri-

bution of C is a mixture. Combined loss is the probability weighted average of the

losses.

l(w) = risk parity loss under w

=
∑
i

E
[
δ2
i

]
(6.31)

=
∑
i

E
[
E
[
δ2
i |regime’s estimates

]]
(6.32)

6.7 Uncertain risk decomposition

A risk decomposition report attributes a portfolio’s risk to sources, which are none

other than risk parity’s contributions. Applying the same machinery measures the

effect of quantities’ varying within their uncertainty. It surfaces the risks buried in

fragile hedges.

Equation (6.8) is the convention for determining an investment’s risk contribution

to variance, vi, and divided by portfolio standard deviation as in equation (6.6),

standard deviation.

With uncertainty added, the single number generated from a point-estimate is

replaced by the more informative E [vi]± stdev[vi] from equations (6.14) and (6.16).

For groups of securities—e.g., to summarize by industry, capitalization, or style—

the risk contribution of a weighted basket,
∑

i aivi, has mean
∑

i aiE [vi] and variance∑
i,j aiajcov [vi, vj].

Note that with covariance modeled by factors as in section 6.8, uncertainty affects

even the expected contribution, as in equation (6.41) in section 6.11.2 (repeated here):

E [Ci,j] =
∑

k=1...K

Êi,kÊj,k + X̂i,k(j, k)︸ ︷︷ ︸
from uncertainty

 θ̂k + 1{i=j} ε̂
2
i θ̂K+1 (6.33)

This happens because the map from exposures to risk is nonlinear. Recall the earlier

long-short market neutral example. The additional term is the average consequence

of beta taking values in the range of uncertainty around its mean of zero, all of which

involve risk (while the mean has none).
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6.8 Factor-modeled covariance uncertainty

The estimates needed for uncertain risk parity—mean and covariance of the covari-

ance matrix entries—can be generated assorted ways. For example, parametrically

as in section 6.12, one could use the covariance of estimated covariance of samples

assumed Gaussian4. Or nonparametrically, one could repeatedly sample data and

estimate a matrix, then compute moments across the estimates. Instead of sampling,

the same could be done across a modeled set of possible covariance matrices, per-

haps assigning probabilities to differently structured versions, e.g., full covariance,

diagonalized, single index, constant correlation.

A useful framework for expressing covariance—especially among investments whose

composition changes over time, e.g., S&P500’s shift from industrials to financials to

tech, thus not properly seen by history—is a linear factor model. To a factor model, a

large universe does not present a problem. Covariance between investments that are

themselves portfolios can be built up from their factor-modeled individual holdings

to create forecasts based on present composition.

A conventional factor model expresses covariance as

C = EFET + diag
[
ε2
]

(6.34)

where E = (N ×K) exposures

F = (K ×K) covariance between factors

ε2 = (N × 1) stock-specific risk

The uncertain form of Shah [2015], with parameters no longer fixed, is

C = E

 F︷ ︸︸ ︷
M diag [θ1, . . . , θk]M

T

ET + θK+1 diag
[
ε2
]

(6.35)

where θ = (K + 1× 1)

M = (K ×K) (6.36)

As in that paper, E,M , θ, and ε2 are assumed jointly independent, and E redefined

to subsume M : E ← EM .
4For the usual unbiased estimates of covariance made from T samples of an i.i.d. multivariate
Gaussian x, cov [σ̂x1x2 , σ̂x3x4 ] = (σx1,x3 σx2,x4 + σx1,x4 σx2,x3) /(T − 1)
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Then C = E diag [θ1 . . . θk]E
T + θK+1 diag

[
ε2
]

(6.37)

and Ci,j =
∑

k=1...K

Ei,kEj,kθk + 1{i=j} ε
2
i θK+1 (6.38)

Given estimates of the mean and covariance of the pieces (E, θ, ε2), equations

(6.46) and (6.47) in section 6.11 yield E [Cp1,p2 ] and cov [Cp1,p2 , Cp3,p4 ] for any portfolios

p1, p2, p3, p4.

6.9 An example

Python code for this example is on the author’s github:

https://github.com/AnishRSIGM/UncertainRiskParity.

Conventional and uncertain risk-parity portfolios are constructed from 4 indices

proxied by ETFs: AGG-iShares Core US Aggregate Bond, EEM-iShares MSCI Emerg-

ing Markets, EFA-iShares MSCI EAFE, SPY-S&P500. From 160 weeks of Wed–Wed

weekly returns, 2017 Aug 23 – 2020 Sept 16, 75% (120 periods) are used for estimation

(training set), and 25% (40 periods) for out-of-sample performance (testing set).

The data are examined split two ways. Experiment 1 cuts past and future—

the first 120 weeks are for training, the last 40 testing. Experiment 2 separates

observations within the interval—the first 3 of every 4 weeks are for training, the

4th for testing. The experiments are unusually different because markets became

more volatile and tightly correlated after the pandemic hit in late February 2020.

Standard deviation and correlation of weekly returns are in tables 6.1 and 6.2.

The difference between training and test volatility for AGG shows bonds experienced

periods of extreme returns, which fall in the test set of experiment 1 and training set

of experiment 2.

Portfolios are constructed from parameters estimated on the training set and

evaluated on the testing set. Expected covariance is taken as the sample covariance

over the training set. Covariance of the covariance is estimated ad-hoc by cutting

the 120 training periods every 10 periods, calculating the covariance over each group,

and finally, the covariance across the matrices. The results are in tables 6.3 and 6.4.
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Table 6.1: Experiment 1: Std Dev & Correlation
Training – 8/23/2017–12/11/2019
Weekly SD AGG EEM EFA SPY

AGG 0.41 1.00 -0.19 -0.19 -0.19
EEM 2.52 -0.19 1.00 0.89 0.78
EFA 1.73 -0.19 0.89 1.00 0.87
SPY 1.83 -0.19 0.78 0.87 1.00

Testing – 12/11/2019–9/16/2020
Weekly SD AGG EEM EFA SPY

AGG 1.75 1.00 0.69 0.74 0.53
EEM 4.82 0.69 1.00 0.93 0.84
EFA 4.52 0.74 0.93 1.00 0.89
SPY 4.18 0.53 0.84 0.89 1.00

Notice in uncertain risk parity, the training variance contribution has a mean and

standard deviation instead of taking a single value.

Results reflect the historic events. In experiment 1, the pandemic is entirely in

the testing set, and predicted contributions and their standard deviation are low. In

experiment 2, much of the pandemic is in the training set, and predicted contributions

and, more so, their standard deviations are high.

The example is a simplified illustration. In practice, forecasts go through complex

procedures of conditioning, forecasting, and points of manual intervention. Using

the linked Python code, readers can construct both conventional and uncertain risk

parity portfolios from their conditioned forecasts and compare results.

6.10 Summary

Risk parity is a standard method of portfolio construction. Because it is an optimiza-

tion and optimized alignments can conceal latent risks, there is a strong conceptual

argument for working from more than point-estimates of covariance. Considering first

and second moments, uncertain risk parity is solved using a loss function that weighs

the variation around estimates. A secondary benefit of the machinery is a robust view

of portfolio risk, uncertain risk decomposition, that applies to all portfolios regardless
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Table 6.2: Experiment 2: Std Dev & Correlation
Training – 8/23/2017–9/16/2019 excluding every 4th period

Weekly SD AGG EEM EFA SPY
AGG 1.06 1.00 0.48 0.59 0.38
EEM 3.44 0.48 1.00 0.91 0.82
EFA 2.89 0.59 0.91 1.00 0.88
SPY 2.80 0.38 0.82 0.88 1.00

Testing – 8/23/2017–9/16/2019 every 4th period
Weekly SD AGG EEM EFA SPY

AGG 0.39 1.00 -0.07 -0.14 -0.05
EEM 2.53 -0.07 1.00 0.86 0.79
EFA 1.96 -0.14 0.86 1.00 0.91
SPY 1.91 -0.05 0.79 0.91 1.00

Table 6.3: Experiment 1: Weight and Variance Contributions
Training – 8/23/2017–12/11/2019
Testing – 12/11/2019–9/16/2020

Conventional Risk Parity
AGG EEM EFA SPY

weight 0.75 0.07 0.09 0.09
v training 0.06 0.06 0.06 0.06
v testing 2.67 0.62 0.86 0.66

Uncertain Risk Parity
AGG EEM EFA SPY

weight 0.79 0.06 0.08 0.07
E [v] training 0.08 0.05 0.05 0.04

SD[v] training 0.08 0.67 0.54 0.61
v testing 2.77 0.52 0.72 0.45

of construction. To accommodate the changes in composition that occur over time,

a factor model, in uncertain form, can be enlisted to model uncertain covariance

between portfolios.
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Table 6.4: Experiment 2: Weight and Variance Contributions
Training – 8/23/2017–9/16/2019 ex every 4th period
Testing – 8/23/2017–9/16/2019 every 4th period

Conventional Risk Parity
AGG EEM EFA SPY

weight 0.54 0.13 0.15 0.17
v training 0.71 0.71 0.71 0.71
v testing 0.03 0.29 0.26 0.28

Uncertain Risk Parity
AGG EEM EFA SPY

weight 0.44 0.16 0.17 0.22
E [v] training 0.60 0.99 0.92 1.04

SD[v] training 4.75 11.31 10.83 8.27
v testing 0.01 0.43 0.36 0.44

6.11 Uncertain covariance between portfolios from

securities

Mean and covariance of portfolio covariance can be computed from holdings and the

mean and covariance of security covariance.

Let W = (N ×M) holdings of N portfolios

H = (M ×M) covariance between M securities

C = (N ×N) covariance between N portfolios
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6.11.1 Model-free

Without assuming an underlying model, computations are sums of 1st and 2nd mo-

ments.

E [Ci,j] =
∑
a,b

Wi,aWj,b E [Ha,b] (6.39)

cov [Ci,j, Cm,n] = cov

[∑
a,b

Wi,aWj,bHa,b,
∑
c,d

Wm,cWn,dHc,d

]
=
∑
a,b,c,d

Wi,aWj,bWm,cWn,d cov [Ha,b, Hc,d] (6.40)

There is one problem—the dimension of cov [H ] is M4, quickly occupying a

tremendous amount of memory. A universe of 1000 stocks, accounting for symmetries,

would involve over
(M2/2)

2

2
= 125 billion numbers.

6.11.2 Uncertain covariance modeled

Space complexity issues can be avoided by imposing structure. The uncertain covari-

ance model of Shah [2015] is as follows:

1. H = E diag [θ1 . . . θK ]ET + θK+1 diag [ε2]

2. E, θ, and ε2 are jointly independent

3. The elements of ε2 are independent

4. E is Gaussian

5. Mean and covariance of E, θ, and ε2 are

Ê = (M ×K) Ê = E [E]

X̂ = (M ×K ×M ×K) X̂a,i,b,j = cov [Ea,i,Eb,j]

ε̂2 = (M × 1) ε̂2 = E
[
ε2
]

ω̂ = (M × 1) ω̂a = var
[
ε2
a

]
θ̂ = (K + 1× 1) θ̂ = E [θ]

Ω̂ = (K + 1×K + 1) Ω̂i,j = cov [θi, θj]
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Then

E [Ha,b] =
∑

k=1...K

[
Êa,kÊb,k + X̂a,k,b,k

]
θ̂k + 1{a=b} ε̂

2
a θ̂K+1 (6.41)

E [H ] = Ê diag
[
θ̂1 . . . θ̂K

]
Ê

T
+
∑

k=1...K

θ̂k X̂ ·,k,·,k + θ̂K+1 diag
[
ε̂2
]

(6.42)

cov [Ha,b, Hc,d] =
∑

1≤k,l≤K

[
Êa,kÊc,lX̂b,k,d,l + Êb,kÊd,lX̂a,k,c,l

+ X̂a,k,c,lX̂b,k,d,l + Êa,kÊd,lX̂b,k,c,l

+ Êb,kÊc,lX̂a,k,d,l + X̂a,k,d,lX̂b,k,c,l

] (
θ̂kθ̂l + Ω̂k,l

)
+

∑
1≤k,l≤K

[
Êa,kÊb,kÊc,lÊd,l + Êa,kÊb,kX̂c,l,d,l

+ Êc,lÊd,lX̂a,k,b,k + X̂a,k,b,kX̂c,l,d,l

]
Ω̂k,l

+ 1{a=b} ε̂
2
a

∑
k=1...K

[
Êc,kÊd,k + X̂c,k,d,k

]
Ω̂k,K+1

+ 1{c=d} ε̂
2
c

∑
k=1...K

[
Êa,kÊb,k + X̂a,k,b,k

]
Ω̂k,K+1

+ 1{a=b}1{c=d} ε̂
2
aε̂

2
cΩ̂K+1,K+1

+ 1{a=b=c=d} ω̂a

(
θ̂2
K+1 + Ω̂K+1,K+1

)
(6.43)

Using C = WHW T with this structured form and applying formulas (6.39)

and (6.40) to equations (6.42) and (6.43) yields the expected value and covariance of
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portfolio covariance.

Let G = (N ×K) factor exposures of portfolios

Ĝ = E [G]

= WÊ (6.44)

Ŷ = (N ×K ×N ×K) cov [G]

Ŷ m,i,n,j = cov [Gm,i,Gn,j]

Ŷ ·,i,·,j = WX̂ ·,i,·,jW
T (6.45)

E [C] = Ĝ diag
[
θ̂1 . . . θ̂K

]
Ĝ

T
+
∑

k=1...K

θ̂k Ŷ ·,k,·,k + θ̂K+1W diag
[
ε̂2
]
W T (6.46)

cov [Ci,j, Cm,n] =
∑

1≤k,l≤K

[
Ĝi,kĜm,lŶj,k,n,l + Ĝj,kĜn,lŶi,k,m,l

+ Ŷi,k,m,lŶj,k,n,l + Ĝi,kĜn,lŶj,k,m,l

+ Ĝj,kĜm,lŶi,k,n,l + Ŷi,k,n,lŶj,k,m,l

] (
θ̂kθ̂l + Ω̂k,l

)
+

∑
1≤k,l≤K

[
Ĝi,kĜj,kĜm,lĜn,l + Ĝi,kĜj,kŶm,l,n,l

+ Ĝm,lĜn,lŶi,k,j,k + Ŷi,k,j,kŶm,l,n,l

]
Ω̂k,l

+

(∑
a

Wi,aWj,a ε̂
2
a

)( ∑
k=1...K

[
Ĝm,kĜn,k + Ŷm,k,n,k

]
Ω̂k,K+1

)

+

(∑
a

Wm,aWn,a ε̂
2
a

)( ∑
k=1...K

[
Ĝi,kĜj,k + Ŷi,k,j,k

]
Ω̂k,K+1

)

+

(∑
a

Wi,aWj,a ε̂
2
a

)(∑
a

Wm,aWn,a ε̂
2
a

)
Ω̂K+1,K+1

+

(∑
a

Wi,aWj,aWm,aWn,a ω̂a

)(
θ̂2
K+1 + Ω̂K+1,K+1

)
(6.47)

6.12 Parametric uncertainty covariance of unbi-

ased covariance estimates

Lemma 6.1. Parametric estimate of covariance uncertainty
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If σ̂ab and σ̂cd are the usual unbiased estimates of covariance made from N samples

of an i.i.d. multivariate Gaussian,




ai

bi

ci

di



i=1..N

,

then cov [σ̂ab, σ̂cd] = (σa,c σb,d + σa,d σb,c) /(N − 1)

where σ̂ab =
1

N − 1

∑
i

[
ai −

1

N

∑
k

ak

][
bi −

1

N

∑
l

bl

]

=
1

N − 1

[∑
i

aibi −
1

N

∑
k

ak
∑
l

bl

]

Proof. Since E [ai] = E
[

1
N

∑
k ak
]
, the means are irrelevant so can be assumed to be

0.

cov [σ̂ab, σ̂cd] = E [σ̂abσ̂cd]− E [σ̂ab] E [σ̂cd] (6.48)

= E [σ̂abσ̂cd]− σab σcd (6.49)

(N − 1)2 E [σ̂abσ̂cd] = E

[(∑
i

aibi −
1

N

∑
k

ak
∑
l

bl

)(∑
j

cjdj −
1

N

∑
m

cm
∑
n

dn

)]
(6.50)

= E

[∑
i

aibi
∑
j

cjdj

]
︸ ︷︷ ︸

1©

− 1

N
E

[∑
i

aibi
∑
m

cm
∑
n

dn

]
︸ ︷︷ ︸

2©

− 1

N
E

[∑
j

cjdj
∑
k

ak
∑
l

bl

]
︸ ︷︷ ︸

3©

+
1

N2
E

[∑
k

ak
∑
l

bl
∑
m

cm
∑
n

dn

]
︸ ︷︷ ︸

4©

(6.51)
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2© = E

[∑
i,m,n

aibicmdn

]
(6.52)

= E

[ ∑
i,m,n 6=m

aibicmdn

]
︸ ︷︷ ︸

=0

+E

[∑
i,m

aibicmdm

]
(6.53)

since first and third moments are zero

= E

[∑
i

aibi
∑
m

cmdm

]
(6.54)

= 1© (6.55)

Likewise, 3© = 1© (6.56)

1© = E

[∑
i,j

aibicjdj

]
(6.57)

= E

[∑
i,j 6=i

aibicjdj +
∑
i

aibicidi

]
(6.58)

=
∑
i,j 6=i

E [aibi] E [cjdj] +
∑
i

E [aibicidi] (6.59)

=
∑
i,j 6=i

σa,b σc,d +
∑
i

E [aibicidi] (6.60)

= N(N − 1)σa,b σc,d +
∑
i

E [aibicidi] (6.61)

= N(N − 1)σa,b σc,d +
∑
i

σa,b σc,d + σa,c σb,d + σa,d σb,c (6.62)

by Isserlis’ theorem Isserlis [1918]

= N2σa,b σc,d +Nσa,c σb,d +Nσa,d σb,c (6.63)
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4© = E

[ ∑
k,l,m,n

akblcmdn

]
(6.64)

= E

[ ∑
k,m6=k

akbkcmdm

]
+ E

[ ∑
k,m6=k

akbmckdm

]
+ E

[ ∑
k,m6=k

akbmcmdk

]

+ E

[∑
k

akbkckdk

]
since first and third moments are zero (6.65)

= N(N − 1) (σa,b σc,d + σa,c σb,d + σa,d σb,c)

+
∑
k

σa,b σc,d + σa,c σb,d + σa,d σb,c (6.66)

= N2 (σa,b σc,d + σa,c σb,d + σa,d σb,c) (6.67)

Substituting back into equations (6.49) and (6.51)

(N − 1)2 E [σ̂abσ̂cd] =
N − 2

N

(
N2σa,b σc,d +Nσa,c σb,d +Nσa,d σb,c

)
+ (σa,b σc,d + σa,c σb,d + σa,d σb,c) (6.68)

= (N − 1)2σa,b σc,d + (N − 1) (σa,c σb,d + σa,d σb,c) (6.69)

cov [σ̂ab, σ̂cd] = E [σ̂abσ̂cd]− σab σcd

=
σa,c σb,d + σa,d σb,c

N − 1
(6.70)



CHAPTER 7

RISK UNDER UNCERTAINTY AND

PRICE MOVEMENT

Risk decomposition separates a portfolio’s variance or standard deviation into sources.

It is a standard tool for analyzing the risks of an investment portfolio. The portfolio

is divided into notional parts—e.g., individual securities, holdings by sector or region,

factor exposures—whose contributions to net risk are estimated and reported. The

procedure is described in Menchero and Davis [2011] and O’Cinneide [2018].

For risk measured in variance, a part’s contribution is its covariance with whole;

in standard deviation, this number is divided by portfolio standard deviation. For

example, for the simple case of measuring security contributions to portfolio risk

against a risk-free benchmark,

v ≡ security contributions to portfolio variance ∈ Rn

≡ w � Σw (7.1)

s ≡ security contributions to portfolio std dev ∈ Rn

≡ v/
√
wTΣw (7.2)

where � ≡ element-by-element multiplication

Convention regards the inputs—portfolio weights and covariance—as fixed and known,

but composition changes with price and estimates have errors. In equation (7.1), nei-

ther w nor Σ is actually fixed.

Section 6 of O’Cinneide [2018] considers perturbations of Σ. The machinery de-

veloped in chapter 5 of this dissertation makes it possible to deform Σ according to

beliefs and compute E [Σ] and cov [Σ]. The paper underlying this chapter, Shah [2020],

additionally lets security weights vary and, assuming weight movement independent

of parameter uncertainty, computes risk contributions’ mean and variance.

Evaluating across the range of possibility measures risks more accurately and

102
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surfaces latent fragility in hedging. Presentations of the paper have been well-received

by a broad audience. Soon after giving an online talk, I was invited to present to

professional/academic associations in New York1, Amsterdam2, and London3.

7.1 Mathematical model

As in the two preceding chapters, covariance is modeled via factors, this time not

orthogonal,

Σ ≡ cov
[
Y |E,F, γ, ε2

]
≡ EFET + γ diag(ε2) (7.3)

In the mathematical framework of chapter 3, we are interested in the center and spread

of functions f (Σt, wt) |Xt where Zt = {Et, Ft, γt, ε2
t , wt} and the side information Xt =

{mean and variance of Zt} encapsulates all the information of Y1:t−1, X1:t−1, Z1:t−1.

1Shah [2021c]
2Shah [2021b]
3Shah [2022]
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from Shah [2020] Risk under Uncertainty and Price Movement

7.2 Abstract

Risk decomposition is a standard tool for analyzing investment portfolio risk. The

portfolio is divided into notional parts—e.g., individual securities, holdings by sec-

tor or region, factor exposures—whose contributions to net risk are estimated and

reported. Convention regards the inputs—portfolio weights and covariance—as fixed

and known, but portfolio composition changes with price movement and estimates

have errors. Since behavior only in the direction of net risk is counted, hedged ef-

fects are invisible regardless of size. What if numbers aren’t exact? Hedge instability

manifests in proportion to underlying gross (not net) exposure, akin to leverage. For

example, in a market-neutral portfolio, market is the largest risk in each side, conven-

tionally uncounted since hedged, and extremely consequential under small deviations.

To solve the problem, this paper models weights and parameters as uncertain. Eval-

uating a portfolio across the range of possibility measures risks better and surfaces

latent fragility. No longer point-estimated, contributions are reported with a center

and spread.

7.3 Introduction

Risk decomposition is a tool used by portfolio managers, risk managers, allocators,

and others to examine a portfolio’s risk profile. It breaks net risk into contributions

from the portfolio’s notional parts, which are defined according to the perspective

sought. Parts can be concrete—e.g., individual securities; holdings grouped by sector,

geographical region, or separately managed subportfolio—or abstract, e.g., exposures

to risk factors and idiosyncratic effects.

Knowledge of how parts contribute to or hedge portfolio volatility guides decisions

throughout the investment process. A portfolio manager can see over/undersized and

hidden bets, for example, that an investment tilt adds less risk than thought so can
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be increased. Risk managers and allocators use the information to keep portfolios

on mandate, analyze changes, and compute metrics, e.g., parametric VaR contribu-

tions. The information enters performance measurement in attribution computations.

Client management and sales teams communicate and certify the nature of portfolios

through risk contribution reports produced by commercial investment platforms. Be-

yond reporting, risk contributions are the quantities equalized in risk parity portfolio

construction.

7.3.1 Problem with conventional method

Numbers are computed from portfolio weights and security covariance, both regarded

as fixed and known. However, the composition of a live portfolio shifts continuously

with price movement, and inferred quantities are imperfect.

While many tasks rely on point estimates, the problem in this setting is articulated

in Shah [2021a], which investigates risk parity under parameter uncertainty. The

argument, expanded to include changes in composition, is as follows.

Menchero and Davis [2011], in giving a geometric interpretation of risk contribu-

tions, shows that behavior in the direction of net risk is what’s counted. Behavior in

all other directions cancels out by definition. At the same time, the gross exposure of

these uncounted hedged behaviors can be large—picture the market effect contained

in each side of a market-neutral4. If the system experiences any small deviation—

through price movement or gap between estimated parameter and reality—the hedg-

ing balance is thrown off, and the risk of the gross exposure manifests.

The severe aspect of the problem is not that hedged behaviors inaccurately sum

out, e.g., the short side’s market effect has a negative risk contribution which seems

to offset the long’s positive. It’s that they go unperceived, i.e., market risk scarcely

appears anywhere in the portfolio because market is nearly orthogonal to the net thus

invisible. These alignments occur because portfolios are constructed to hedge risks.

4Or in benchmark-relative risks, the benchmark acts as the short side.
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7.3.2 Contribution and central idea of this paper

This paper surfaces latent risks by considering inputs across the range of uncertainty.

Parameters and future portfolio weights are mathematically perturbed according to

one’s beliefs about their distribution. The impact of gross exposure occurs and is

measured. Structural assumptions allow computation analytically, without sampling.

Risk contributions, no longer derived point estimates, are accompanied with an esti-

mate of their uncertainty.

O’Cinneide [2018] looks at perturbations from parameter uncertainty to risk con-

tributions. There is also a paragraph on variance contributions under parameter un-

certainty in the aforementioned uncertain risk parity paper. The solution presented

here leverages the uncertain covariance technique used by that paper, from Shah

[2015]. The author is aware of no other literature that considers both uncertainty

and price movement.

7.4 Conventional risk contributions

Risk contributions are the portion of volatility, in either standard deviation or vari-

ance, attributed to the separate parts of the portfolio. They sum to portfolio volatility.

Absent uncertainty and price movement, calculations are standard.5

In variance:

σ2 = variance of portfolio

vi = part i’s contribution to portfolio variance

= cov [part i, portfolio] (7.4)∑
i

vi = σ2

5For a derivation, see section 3.2.3 of Qian et al. [2007]
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In standard deviation:

si = part i’s contribution to portfolio standard deviation

= vi/σ (7.5)∑
i

si = σ

The contributed fraction of volatility is the same either way, vi/σ
2 = si/σ.

7.4.1 Variance contributions of common partitions

Variance contributions of common portfolio partitions are stated here because they

will be later modeled as uncertain. The corresponding standard deviation contribu-

tion comes from applying equation (7.5).

Individual securities, groups, or subportfolios

Consider the portfolio as a collection of subportfolios, w = p(1) + p(2) + . . . , e.g., by

individual security, group (sector, geographic region, investment type), or separately

managed holdings. Subportfolio p’s variance contribution is

vp = pTCw (7.6)

where w = (N × 1) portfolio security weights

C = (N ×N) covariance

If subportfolios are individual securities, the n’th security contributes

vn = wn
∑
m

Cn,mwm (7.7)
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Factors

If covariance is factor-modeled as

C = EFET + γ diag
[
ε2
]

(7.8)

where E = (N ×K) factor exposures

F = (K ×K) covariance between factors

ε2 = (N × 1) idiosyncratic variance

γ = 1 for now. Will be used later

let e = (K × 1) exposures of the portfolio

= ETw (7.9)

ep = (K × 1) exposures from subportfolio p

= ETp (7.10)

Variance contributions are

by factor

factor i : vi = ei (Fe)i (7.11)

ε2 : vε2 = γ
∑
m

w2
mε

2
m (7.12)

total: σ2 =
∑
i

vi + vε2 (7.13)

by factor and subportfolio

subportfolio p, factor i : vp,i = epi (Fe)i (7.14)

subportfolio p, ε2 : vp,ε2 = γ
∑
m

pmwmε
2
m (7.15)

total: σ2 =
∑
k,i

vp(k),i +
∑
k

vp(k),ε2 (7.16)
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7.5 Uncertain variance contributions

To add uncertainty—in C from estimation, in w from price movement—the point

estimate and fixed weights are replaced by estimates of mean and variance6.

E [C] = (N ×N) expected value of C

var [C] = (N ×N ×N ×N) covariance between elements of C

E [w] = (N × 1) expected value of w

var [w] = (N ×N) covariance between elements of w

Consider the individual security contributions of equation (7.7). With parameters

and weights independent, mean and covariance are

E
[
vsecurity n

]
= E

[∑
m

wnCn,mwm

]
=
∑
m

E [Cn,m] E [wnwm]

=
∑
m

E [Cn,m] (E [wn] E [wm] + cov [wn, wm]) (7.17)

cov [vn, vm] = cov

[∑
i

wnCn,iwi,
∑
j

wmCm,j wj

]
=
∑
i,j

cov [wnCn,iwi, wmCm,j wj]

=
∑
i,j

E [wnwi] E [wmwj] cov [Cn,i, Cm,j]

+ cov [wnwi, wmwj] E [Cn,i] E [Cm,j]

+ cov [wnwi, wmwj] cov [Cn,i, Cm,j] (7.18)

since w, C independent

Though equation (7.18) is straightforward, dimensionality in var [C] and computa-

tional complexity can be a problem. As without uncertainty, both are reduced in the

structure of a factor model.
6In this paper’s notation, var [x] means covariance of (scalar, vector, or matrix) variable x with
itself and cov [x,y] is covariance between x and y.
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7.5.1 Uncertain factor-modeled covariance

Changing the parameters in the factor model of equation (7.8) from fixed to having

mean and covariance yields an uncertain covariance model similar to Shah [2015] but

more general7because no structure is imposed on F .

C = EFET + γ diag
[
ε2
]

(7.19)

Three assumptions make computations possible.

1. E, ε2, {F , γ}, and w are jointly independent.

2. The elements of ε2 are independent.

3. w and factor exposures (with the effect of shifting composition) of the portfolio

and subportfolios are Gaussian.

The model is defined by mean and covariance of the parameters, and the portfolio

by mean and covariance of its weights.

Exposures

Ē = (N ×K) Ē = E [E]

X = (N ×K ×N ×K) Xm,i,n,j = cov [Em,i, En,j]

Idiosyncratic effects

ε̄2 = (N × 1) ε̄2 = E
[
ε2
]

ω = (N × 1) ωn = var
[
ε2
n

]
Factor structure

F̄ = (K ×K) F̄ = E [F ]

H = (K ×K ×K ×K) Hi,j,k,l = cov [Fi,j, Fk,l]

γ̄ = (scalar) γ̄ = E [γ]

η = (scalar) η = var [γ]

h = (K ×K) hi,j = cov [Fi,j, γ]

7Appendix 7.11 converts that uncertain covariance structure to this paper’s.
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Portfolio weights

w̄ = (N × 1) w̄ = E [w]

Ω = (N ×N) Ωm,n = cov [wm, wn]

7.5.2 Mean and covariance of contributions

Contributions from subportfolio and factor in equations (7.14) and (7.15) are the

building blocks of most quantities of interest, e.g., contributions by factor, region,

or sector. Their means and covariances are derived in the following propositions:

7.1 (expectations E [vp,i], E [vp,ε2 ]) and 7.2, 7.3, 7.4 (covariance pairs cov [vp,i , vq,k],

cov [vp,ε2 , vq,ε2 ], cov [vp,i, vq,ε2 ]).

Let P stand for the set of securities notionally in subportfolio p, even those with

zero weight8. To avoid more notation, assume if a subportfolio holds a security,

the weight is the whole portfolio’s weight, i.e., n ∈ P → pn = wn. Nevertheless,

the formulas below allow for securities held in common so that they can be used to

compute covariance with the entire portfolio.

8If weights are benchmark-relative, price movement in other securities shifts these away from
zero.



112

Proposition 7.1. E [vp,i] and E [vp,ε2 ]

E [vp,i] =

mean︷ ︸︸ ︷
ēpi
(
F̄ ē
)
i

+

uncertainty︷ ︸︸ ︷∑
j

F̄i,j cov [epi , ej] (7.20)

=

mean︷ ︸︸ ︷
ēpi
(
F̄ ē
)
i

+

∑
j

F̄i,j
∑
n∈P,m

E uncertainty︷ ︸︸ ︷
Xn,i,m,jw̄nw̄m +

w uncertainty︷ ︸︸ ︷
Ēn,iĒm,jΩn,m +

E,w unc.︷ ︸︸ ︷
Xn,i,m,jΩn,m (7.21)

E [vp,ε2 ] = γ̄
∑
n∈P

 w̄2
n︸︷︷︸

mean

+ Ωn,n︸︷︷︸
w unc.

 ε̄2
n (7.22)

where ēp = E [ep] = Ē
T
p̄ (7.23)

ē = Ē
T
w̄ (7.24)

E [vp,i] computes in O(K) given ēp, ē, cov [ep, e]. E [vp,ε2 ] computes in O(N), ēp and

ē in O(KN), and cov [ep, e] in O(K2N2).
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Proof.

E [vp,i] = E [epi (Fe)i] (7.25)

= E

[
epi
∑
j

Fi,jej

]
=
∑
j

E [Fi,j] E [epi ej] since e,F ind

=
∑
j

F̄i,j (E [epi ] E [ej] + cov [epi , ej])

=

mean︷ ︸︸ ︷
ēpi
(
F̄ ē
)
i

+

uncertainty︷ ︸︸ ︷∑
j

F̄i,j cov [epi , ej] (7.26)

cov
[
epi , e

q
j

]
= cov

[∑
n∈P

En,iwn,
∑
m∈Q

Em,j wm

]
=

∑
n∈P,m∈Q

cov [En,iwn, Em,j wm]

=
∑

n∈P,m∈Q

E uncertainty︷ ︸︸ ︷
Xn,i,m,jw̄nw̄m +

w uncertainty︷ ︸︸ ︷
Ēn,iĒm,jΩn,m +

E,w unc.︷ ︸︸ ︷
Xn,i,m,jΩn,m

since E,w ind (7.27)

E [vp,ε2 ] = E

[
γ
∑
n∈P

w2
nε

2
n

]
(7.28)

= E [γ]
∑
n∈P

E
[
w2
n

]
E
[
ε2
n

]
since γ,w, ε2 ind (7.29)

= γ̄
∑
n∈P

 w̄2
n︸︷︷︸

mean

+ Ωn,n︸︷︷︸
w unc.

 ε̄2
m (7.30)

Notice that equations (7.21) and (7.22) separate expectation into sources—mean

and different uncertainties.

Proposition 7.2. cov [vp,i , vq,k]
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If portfolio and subportfolio factor exposures e, ep, and eq are Gaussian,

cov [vp,i , vq,k] =
∑
j,l

Hi,j,k,l (ē
p
i ēj + cov [epi , ej]) (ēqkēl + cov [eqk, el])

+
(
F̄i,jF̄k,l +Hi,j,k,l

) [
(ēpi ē

q
k + cov [epi , e

q
k]) (ēj ēl + cov [ej, el])

+ (ēpi ēl + cov [epi , el]) (ēqkēj + cov [eqk, ej])

− 2ēpi ē
q
kēj ēl

]
(7.31)

and is computed in O(K2) given ē, ēp, ēq, var [e] , cov [e, ep] , cov [e, eq] , and cov [ep, eq].

Proof.

cov [vp,i , vq,k] = cov

[
epi
∑
j

Fi,jej, e
q
k

∑
l

Fk,lel

]
=
∑
j,l

cov [Fi,je
p
i ej, Fk,le

q
kel]

=
∑
j,l

cov [Fi,j, Fk,l] E [epi ej] E [eqkel]

+
(
F̄i,jF̄k,l + cov [Fi,j, Fk,l]

)
cov [epi ej, e

q
kel]

since F , e ind (7.32)

=
∑
j,l

Hi,j,k,l (ē
p
i ēj + cov [epi , ej]) (ēqkēl + cov [eqk, el])

+
(
F̄i,jF̄k,l +Hi,j,k,l

)
cov [epi ej, e

q
kel]︸ ︷︷ ︸

1©

(7.33)

1© = (ēpi ē
q
k + cov [epi , e

q
k]) (ēj ēl + cov [ej, el])

+ (ēpi ēl + cov [epi , el]) (ēqkēj + cov [eqk, ej])− 2ēpi ē
q
kēj ēl

since e, ep, and eq Gaussian (7.34)

Proposition 7.3. cov [vp,ε2 , vq,ε2 ]
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If w is Gaussian,

cov [vp,ε2 , vq,ε2 ] = η E [vp,ε2 ] E [vq,ε2 ] / γ̄
2

+
(
γ̄2 + η

) ∑
n∈P,m∈Q

(
4w̄nw̄mΩn,m + 2Ω2

n,m

)
ε̄2
nε̄

2
m

+
(
γ̄2 + η

) ∑
n∈P∩Q

(
w̄4
n + 6w̄2

nΩn,n + 3Ω2
n,n

)
ωn (7.35)

and is computed in O(N2) given E [vp,ε2 ] and E [vq,ε2 ].

Proof.

cov [vp,ε2 , vq,ε2 ] = cov

[
γ
∑
n∈P

w2
nε

2
n, γ

∑
m∈Q

w2
mε

2
m

]
(7.36)

= cov [γ, γ] E

[∑
n∈P

w2
nε

2
n

]
E

[∑
m∈Q

w2
mε

2
m

]

+
(
E2 [γ] + cov [γ, γ]

)
cov

[∑
n∈P

w2
nε

2
n,
∑
m∈Q

w2
mε

2
m

]
since γ, {w, ε2} ind (7.37)

= η
E [vp,ε2 ]

γ̄

E [vq,ε2 ]

γ̄

+
(
γ̄2 + η

)
cov

[∑
n∈P

w2
nε

2
n,
∑
m∈Q

w2
mε

2
m

]
︸ ︷︷ ︸

1©

(7.38)
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1© = cov

[∑
n∈P

w2
nε

2
n,
∑
m∈Q

w2
mε

2
m

]
(7.39)

=
∑

n∈P,m∈Q

cov
[
w2
nε

2
n, w

2
mε

2
m

]
(7.40)

=
∑

n∈P,m∈Q

cov
[
w2
n, w

2
m

]
ε̄2
nε̄

2
m

+
(
E
[
w2
n

]
E
[
w2
m

]
+ cov

[
w2
n, w

2
m

])
cov

[
ε2
n, ε

2
m

]
(7.41)

since w, ε2 ind

=
∑

n∈P,m∈Q

cov
[
w2
n, w

2
m

]
ε̄2
nε̄

2
m

+
∑

n∈P∩Q

(
E2
[
w2
n

]
+ var

[
w2
n

])
var
[
ε2
n

]
since elements of ε2 ind (7.42)

=
∑

n∈P,m∈Q

(
4w̄nw̄mΩn,m + 2Ω2

n,m

)
ε̄2
nε̄

2
m

+
∑

n∈P∩Q

(
E2
[
w2
n

]
+ 4w̄2

nΩn,n + 2Ω2
n,n

)
ωn since w Gaussian (7.43)

=
∑

n∈P,m∈Q

(
4w̄nw̄mΩn,m + 2Ω2

n,m

)
ε̄2
nε̄

2
m

+
∑

n∈P∩Q

([
w̄2
n + Ωn,n

]2
+ 4w̄2

nΩn,n + 2Ω2
n,n

)
ωn (7.44)

=
∑

n∈P,m∈Q

(
4w̄nw̄mΩn,m + 2Ω2

n,m

)
ε̄2
nε̄

2
m

+
∑

n∈P∩Q

(
w̄4
n + 6w̄2

nΩn,n + 3Ω2
n,n

)
ωn (7.45)

Proposition 7.4. cov [vp,i, vq,ε2 ]
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If w is Gaussian,

cov [vp,i, vq,ε2 ] = c+
∑
j

(
F̄i,j γ̄ + hi,j

)
cov

[
epi ej,

∑
n∈Q

w2
nε

2
n

]
(7.46)

≈ c

where c =
E [vq,ε2 ]

γ̄

∑
j

hi,j (ēpi ēj + cov [epi , ej]) (7.47)

and cov

[
epi ej,

∑
n∈Q

w2
nε

2
n

]
= 2

∑
m∈P,n∈Q,s

(
Ēm,iĒs,j +Xm,i,s,j

)
ε̄2
n[

w̄mw̄nΩs,n + w̄sw̄nΩm,n + Ωm,nΩs,n

]
(7.48)

Computation is O(K) for approximate covariance c and O(KN3) for exact cov [vp,i, vq,ε2 ]

given ēp, ē, cov [ep, e], and E [vq,ε2 ].

The approximation ignores price movement’s linking factor exposures and idiosyn-

cratic risk. The effect is secondary and, in a model and one built from estimates,

seems of needless precision. The result is what would be if idiosyncratic risk arose

from an independent set of portfolio weights following the same distribution, i.e., if

σ2 = wTEFETw+γzT diag [ε2] z where z ind of w, E [z] = E [w], var [z] = var [w].

Thus, the matrix of contributions’ approximated covariance is positive semidefinite.
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Proof.

cov [vp,i, vq,ε2 ] = cov

[
epi
∑
j

Fi,jej, γ
∑
n∈Q

w2
nε

2
n

]
(7.49)

=
∑
n∈Q,j

cov
[
epiFi,jej, γw

2
nε

2
n

]
(7.50)

=
∑
j

cov [Fi,j, γ] E [epi ej] E

[∑
n∈Q

w2
nε

2
n

]

+
(
F̄i,j γ̄ + cov [Fi,j, γ]

)
cov

[
epi ej,

∑
n∈Q

w2
nε

2
n

]
(7.51)

since {F , γ} ind of {e,w, ε2}

=
∑
j

hi,j (ēpi ēj + cov [epi , ej])
E [vq,ε2 ]

γ̄

+
(
F̄i,j γ̄ + hi,j

)
cov

[
epi ej,

∑
n∈Q

w2
nε

2
n

]
︸ ︷︷ ︸

1©

(7.52)

1© = cov

[
epi ej,

∑
n∈Q

w2
nε

2
n

]

= cov

[ ∑
m∈P,s

Em,iwmEs,jws,
∑
n∈Q

w2
nε

2
n

]
=

∑
m∈P,n∈Q,s

cov
[
wmwsEm,iEs,j, w

2
nε

2
n

]
=

∑
m∈P,n∈Q,s

E [Em,iEs,j] E
[
ε2
n

]
cov

[
wmws, w

2
n

]
(7.53)

since E, w, ε2 ind

=
∑

m∈P,n∈Q,s

(
Ēm,iĒs,j +Xm,i,s,j

)
ε̄2
n cov

[
wmws, w

2
n

]︸ ︷︷ ︸
2©

2© = 2 (w̄mw̄nΩs,n + w̄sw̄nΩm,n + Ωm,nΩs,n) (7.54)

since w Gaussian
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7.5.3 Computational complexity

If the portfolio is divided into M subportfolios, the mean of the M × (K + 1) parts

computes in O(MK2N2) broken out in table 7.1. For variance, generally only the

Table 7.1: Computational complexity of reporting contributions’ mean
Quantity Complexity
ē, ēp M ×O(KN)
cov [ep, e] M ×O(K2N2)
E [vp] M ×O(K2)
E [vp,ε2 ] M ×O(N)

O(MK2N2)

range around a reported number is of interest; covariance with others is irrelevant

with the exception of total portfolio variance, needed to convert numbers to standard

deviation. Together, these compute in O(MK2N2 +MK4) broken out in table 7.2.

Table 7.2: Computational complexity of reporting contributions’ variance
Quantity Complexity
var [ep] , var [e] M ×O(K2N2)
var [vp] , var [vportfolio] M ×O(K4)
cov [vp,vportfolio] M ×O(K4)
var [vp,ε2 ] , var [vportfolio,ε2 ] M ×O(N2)
cov [vp,ε2 , vportfolio,ε2 ] M ×O(N2)
approx cov [vp, vp,ε2 ] , cov [vportfolio, vportfolio,ε2 ] M ×O(K2)
approx cov [vp, vportfolio,ε2 ] , cov [vportfolio, vp,ε2 ] M ×O(K2)

O(MK2N2 +MK4)

7.6 Uncertain standard deviation contributions

Volatility is more tangible in standard deviation than variance, e.g., a portfolio stan-

dard deviation of 15% vs. variance of 225%2. Can uncertain standard deviation
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contributions be computed? Equation (7.5), si = vi/σ, converts variance contribu-

tions to standard deviation. However, nonlinearity makes the mean and covariance

of s, unlike v, unavailable.

The usual estimate of center would be E [s] = E
[
v/
√
σ2
]
. Instead, a notional

center of

ctr[s] =
E [v]√
E [σ2]

(7.55)

agrees in the absence of uncertainty and properly sums to a notional center of portfolio

volatility,
∑

i ctr[si] =
∑

i E [vi] /
√

E [σ2] =
√

E [σ2].

Approximate covariance comes from linearizing sensitivity to variance contribu-

tions and taking the variance of the linearization.

Proposition 7.5. Approximate var [s]

If contributions to variance v have mean E [v] and covariance var [v], contributions

to standard deviation s have approximate covariance

var [s] ≈ var [v]

E [σ2]
− E [v] cov [σ2,v] + cov [v, σ2] E [v]T

2 (E [σ2])2

+
var [σ2]

4E [σ2]

E [v] E [v]T

(E [σ2])2 (7.56)

So var [sk] ≈
var [vk]

E [σ2]
− cov [vk, σ

2] E [vk]

E2 [σ2]
+

var [σ2] E2 [vk]

4E3 [σ2]
(7.57)

var [σ] ≈ var [σ2]

4 E [σ2]
(7.58)

where E
[
σ2
]

= 1TE [v] (7.59)

cov
[
v, σ2

]
= var [v] 1 (7.60)

var
[
σ2
]

= 1Tvar [v] 1 (7.61)

Proof.

First note that portfolio variance is the sum of the variance contributions, σ2 =

1Tv. So, E [σ2] = 1TE [v], var [σ2] = 1Tvar [v] 1, and cov [v, σ2] = var [v] 1.
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For the covariance of s, linearize around the mean of v and σ2.

s = v/
√
σ2 (7.62)

si ≈ constant +
∑
j

∂si
∂vj

(vj − E [vj]) +
∂si
∂σ2

(
σ2 − E

[
σ2
])

(7.63)

∂si
∂vj

=


1√

E[σ2]
j = i

0 j 6= i
(7.64)

∂si
∂σ2

= − E [vi]

2 (E [σ2])3/2
(7.65)

Approximate the covariance as the covariance of the linearization.

J = Jacobian of

[
s

σ

]
to v, σ2

=
1√

E [σ2]



1 0 · · · 0 − E[v1]
2E[σ2]

0 1
. . .

... − E[v2]
2E[σ2]

...
. . . . . . 0

...

0 · · · 0 1 − E[vK ]
2E[σ2]

0 · · · · · · 0 1/2


(7.66)

=
1√

E [σ2]

(
I − 1

2E[σ2]
E [v]

0 1/2

)
(7.67)

var

[
s

σ

]
≈ J var

[
v

σ2

]
JT (7.68)

= J

(
var [v] cov [v, σ2]

cov [σ2,v] var [σ2]

)
JT (7.69)

Note: this correctly gives var [
∑

i si] = var [σ].
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So var [s] ≈ var [v]

E [σ2]
− E [v] cov [σ2,v] + cov [v, σ2] E [v]T

2 (E [σ2])2

+
var [σ2]

4E [σ2]

E [v] E [v]T

(E [σ2])2 (7.70)

cov [s, σ] ≈ cov [v, σ2]

2 E [σ2]
− var [σ2]

4E [σ2]

E [v]

E [σ2]
(7.71)

var [σ] ≈ var [σ2]

4 E [σ2]
(7.72)

7.7 Modeling weight dynamics

The perturbation on portfolio weights is specified by their covariance over the horizon

of interest. Not normally at hand, it can be derived from a model of return covariance,

initial holdings, and if a benchmark is involved, benchmark weights and whether it is

fixed weight or floating.

The return model enlisted is likely of shorter horizon than the risk model. For

example, one might be interested in how the annual risk of the portfolio can vary

until the next rebalance period. In that case, the return model’s horizon is ideally

the time until rebalancing.

Proposition 7.6. Future weight covariance Ω

Ω ≈ J var [r] JT (7.73)

where

J =

− (w̄ + b) (w̄ + b)T + diag [w̄ + b] fixed benchmark

− (w̄ + b) (w̄ + b)T + diag [w̄] + bbT floating benchmark
(7.74)

w̄ = (n× 1) current benchmark-relative weights

b = (n× 1) benchmark weights

r = (n× 1) future returns
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If there isn’t a benchmark, b = 0; otherwise, b sums to 1. In both cases, w̄ + b sums

to 1.

Proof.

Let w = (n× 1) future benchmark-relative weights.

With a fixed weight benchmark:

wi =
(1 + ri) (w̄i + bi)∑
k (1 + rk) (w̄k + bk)

− bi (7.75)

= αi − bi (7.76)

With a floating benchmark:

wi =
(1 + ri) (w̄i + bi)∑
k (1 + rk) (w̄k + bk)

− (1 + ri) bi∑
k (1 + rk) bk

(7.77)

= αi − βi (7.78)

where αi =
(1 + ri) (w̄i + bi)∑
k (1 + rk) (w̄k + bk)

(7.79)

βi =
(1 + ri) bi∑
k (1 + rk) bk

(7.80)

The approximate weight covariance is the covariance of linearization around the

mean return.

Ω = var [w]

≈ J var [r] JT (7.81)

where J = Jacobian of w to r evaluated at r = r̄

Ji,j =
∂wi
∂rj

=


∂αi
∂rj

fixed benchmark

∂αi
∂rj
− ∂βi

∂rj
floating benchmark

(7.82)
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∂αi
∂rj

= − (w̄j + bj)
(1 + ri) (w̄i + bi)

[
∑

k (1 + rk) (w̄k + bk)]
2 + 1{i=j}

(w̄i + bi)

[
∑

k (1 + rk) (w̄k + bk)]
2 (7.83)

= − (w̄j + bj) (w̄i + bi) + 1{i=j} (w̄i + bi) (7.84)

evaluated at r = r̄ = 09 since
∑
k

w̄k + bk = 1

Likewise,

∂βi
∂rj

= −bjbi + 1{i=j}bi (7.85)

J =

− (w̄ + b) (w̄ + b)T + diag [w̄ + b] fixed benchmark

− (w̄ + b) (w̄ + b)T + diag [w̄ + b] + bbT − diag [b] floating benchmark

(7.86)

7.8 An example

Data are 106 periods of weekly Wed–Wed returns from Wed Dec 20, 2017 through

Tue Dec 31, 2019. The first 80 periods, 12/20/2017–7/3/2019, are the training set.

The final 26 periods, 7/3/2019–12/31/2019, are the testing set. The universe consists

of the 474 securities in the S&P 500 as of Dec 20, 2017 with complete series. Each

security belongs to one of eleven sectors. ETFs—IWV-iShares Russell 3000, IWB-

iShares Russell 1000, IWM-iShares Russell 2000, IWF-iShares Russell 1000 Growth,

IWD-iShares Russell 1000 Value—are used in the risk factors.

An uncertain covariance model is constructed from the training set as follows:

1. Three factors are from ETF returns: market = r3000, size = r1000 − r2000, and

growth-value = r1000G − r1000V . Inferred on security returns stripped of these,

9Omitted here for clarity, considering drift (r̄ 6= 0) adds scalars.



125

four principal components are added for a total of 7 factors. Their mean co-

variance F̄ is the sample covariance of the series.

2. Exposures E and idiosyncratic variances ε2 are first point-estimated as the coef-

ficients and variance of the residual in OLS regression of security returns against

factors. Using the universe median and variance of these as a prior—exposures

Gaussian, idiosyncratic variance inverse gamma—they are re-estimated with

mean and variance via Bayesian regression, yielding Ē,X, ε̄2,ω. (X assumes

no exposure covariance between securities.)

3. For simplicity, H , the variance of factor covariance F , is taken as the standard

sampling error.10 Note that this underestimates since the real uncertainty isn’t

from sample size but changes in state. For example, VIX2, a good proxy for

F1,1, observed weekly over the same training period has variance 275× H1,1,1,1.

4. A measure of the idiosyncratic variance scalar γ is the cross-sectional median

of each period’s squared OLS regression residuals, divided by the mean across

time for normalization. γ’s variance η is the variance of this series; its mean γ̄

is 1.

5. h, the covariance between F and γ, is for simplicity assumed to be zero.

6. To report in annualized variance, F and γ̄ are multiplied by 52, and H , η, and

h by 522.

Portfolio weight covariance Ω is computed by applying the method in section 7.7

to the horizon-scaled sample covariance of the training set.

7.8.1 Portfolio 1: Diversified long, cash benchmark

The 472 securities are equal-weighted (0.21%) and analyzed with a 26 week horizon

and no benchmark. Subportfolios are holdings in each sector.

Table 7.3 shows the mean and standard deviation of factor exposures contributed

by sector. Standard deviations are small because the portfolio is diversified and

exposure uncertainty was modeled as uncorrelated across securities.

10For the usual unbiased variance estimate of multivariate Gaussian (a, b, c, d) from N points,
cov [σ̂ab, σ̂cd] = (σa,c σb,d + σa,d σb,c) /(N − 1).
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Table 7.3: Diversified long—mean and SD of factor exposures contributed by sector

Factor
N wt % mkt size gv pc1 pc2 pc3 pc4

All 474 100 1.059 -0.098 -0.333 0.326 -0.301 0.190 0.080
± 0.023 0.015 0.023 0.050 0.040 0.029 0.033

Comm Svcs 5 1.1 0.009 -0.002 -0.005 0.003 -0.009 0.002 0.002
0.001 0.001 0.002 0.002 0.002 0.002 0.002

Cons Discr 76 16.0 0.174 -0.036 -0.038 0.125 -0.087 0.042 0.065
0.010 0.006 0.007 0.012 0.011 0.010 0.012

Cons Staples 32 6.8 0.045 0.005 -0.032 -0.032 -0.061 0.033 0.010
0.004 0.003 0.005 0.006 0.007 0.006 0.005

Energy 28 5.9 0.080 -0.023 -0.048 0.007 0.070 0.006 0.106
0.011 0.005 0.007 0.005 0.011 0.005 0.016

Financials 65 13.7 0.166 -0.007 -0.106 0.110 -0.028 -0.073 -0.058
0.011 0.004 0.009 0.010 0.005 0.008 0.006

Healthcare 57 12.0 0.129 -0.019 -0.020 -0.004 -0.057 -0.013 0.029
0.009 0.004 0.006 0.006 0.008 0.007 0.008

Industrials 66 13.9 0.175 -0.001 -0.061 0.077 0.018 0.026 -0.056
0.009 0.004 0.006 0.009 0.007 0.007 0.008

Tech 64 13.5 0.164 -0.005 0.048 0.108 -0.016 0.035 -0.023
0.013 0.004 0.007 0.013 0.008 0.009 0.008

Materials 22 4.6 0.059 -0.003 -0.023 0.037 -0.003 0.011 -0.006
0.004 0.002 0.003 0.004 0.004 0.004 0.004

Real Estate 32 6.8 0.037 -0.013 -0.020 -0.034 -0.085 0.064 0.004
0.004 0.003 0.003 0.005 0.010 0.008 0.004

Utilities 27 5.7 0.021 0.007 -0.030 -0.072 -0.044 0.056 0.008
0.003 0.002 0.005 0.011 0.008 0.009 0.004

Table 7.4 shows risk decomposed by factor conventionally and with uncertainty.

Conventional uses the point estimate model left after discarding uncertainty param-

eters:

Cconventional = ĒF̄ Ē
T

+ γ̄ diag
(
ε̄2
)

(7.87)

Notice that uncertain contributions come with an approximate standard deviation,

e.g., portfolio variance of 14.47± 1.20 vs. the conventional’s point estimate of 14.45.

The table’s final 4 columns split the uncertain’s center into sources—means and dif-

ferent uncertainties as described by equations (7.21) and (7.22).

Table 7.5 shows ex-ante modeled and realized risk decomposed by sector. Realized
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Table 7.4: Diversified long—conventional and uncertain risk contributions by factor
Uncertain

Conventional center ± means w unc E unc w,E unc
All 14.45 14.47 1.20 14.44 0.03 0 0

mkt 14.68 14.67 2.39 14.66 0.01 0 0
size 0.24 0.24 0.10 0.24 0.00 0 0
gv -1.11 -1.11 0.34 -1.11 0.00 0 0

pc1 0.30 0.31 0.26 0.30 0.01 0 0
pc2 0.20 0.21 0.20 0.20 0.00 0 0
pc3 0.07 0.07 0.11 0.07 0.00 0 0
pc4 0.01 0.01 0.05 0.01 0.00 0 0
ε2 0.06 0.07 0.02 0.06 0.00

contributions are measured with two sets of portfolio weights: w0-as constructed,

wT -at the horizon (26 weeks in the future) adjusted for price movement. Realized

covariance is the sample covariance of returns over the test set (the same 26 weeks).

Table 7.5: Diversified long—ex-ante modeled and realized risk contributions by sector
Uncertain Realized

Conventional center ± w0 wT

All 14.45 14.47 1.20 13.84 13.78
Comm Svcs 0.13 0.13 0.02 0.13 0.12
Cons Discr 2.59 2.60 0.17 2.76 2.77

Cons Staples 0.54 0.54 0.07 0.30 0.30
Energy 0.99 0.99 0.16 1.61 1.41

Financials 2.06 2.06 0.17 2.43 2.45
Healthcare 1.81 1.81 0.13 1.30 1.31
Industrials 2.29 2.29 0.14 2.44 2.44

Tech 2.58 2.58 0.23 1.95 2.08
Materials 0.79 0.79 0.06 0.70 0.69

Real Estate 0.53 0.53 0.09 0.13 0.13
Utilities 0.16 0.16 0.08 0.09 0.09

7.8.2 Portfolio 2: 44 stock long-short, cash benchmark

A 44 stock long-short portfolio is constructed from the the top 4 securities alphabet-

ically by name in each sector. The first two are long; the remaining two are short.
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Weights come from minimizing variance as measured by the conventional factor model

of equation (7.87) with longs constrained positive and summing to 1 and shorts neg-

ative and summing to -1. The horizon is again 26 weeks for modeled future weight

covariance Ω and realized weights wT .

Table 7.6 shows factor exposures by side. Tables 7.7, 7.8, and 7.9 are as the

preceding tables 7.3, 7.4, and 7.5.

Table 7.6: 44 stock long-short—mean and SD of factor exposures contributed by side
Factor

N wt % mkt size gv pc1 pc2 pc3 pc4
All 44 0 0.008 0.016 0.003 0.014 0.061 -0.005 0.022
± 0.062 0.068 0.079 0.093 0.099 0.106 0.110

Long 22 100 0.851 0.031 -0.286 -0.105 -0.570 0.351 -0.088
0.127 0.048 0.066 0.085 0.096 0.087 0.080

Short 22 -100 -0.843 -0.015 0.289 0.119 0.631 -0.356 0.110
0.146 0.051 0.070 0.112 0.107 0.088 0.087

In this less diversified portfolio, uncertainty has a measurable effect on contri-

butions’ center—reported in the last four columns of table 7.8—accounting for 14%

(0.37+0.34+0.02
5.22

) of portfolio volatility.

7.9 Summary

Risk contribution information enters throughout investment management. Because

what’s measured is behavior in the direction of net risk, the portfolio’s actual risks,

viewed statically, can be hidden by hedging alignments. Looking instead with pa-

rameters and portfolio weights modeled as random evaluates the system across the

distribution of what’s possible. Latent fragility surfaces, and contributions go from a

point estimate to having a center and range, offering robust and realistic assessments

of risk.



129

Table 7.7: 44 stock long-short—mean and SD of factor exposures contributed by
sector

Factor
N wt % mkt size gv pc1 pc2 pc3 pc4

All 44 0.0 0.008 0.016 0.003 0.014 0.061 -0.005 0.022
± 0.062 0.068 0.079 0.093 0.099 0.106 0.110

Comm Svcs 4 3.0 0.021 0.001 -0.059 -0.015 -0.038 -0.029 0.006
0.017 0.015 0.020 0.022 0.024 0.025 0.025

Cons Discr 4 -1.2 -0.020 -0.011 0.055 -0.041 -0.032 -0.026 0.018
0.020 0.017 0.024 0.027 0.026 0.027 0.028

Cons Staples 4 3.9 0.031 -0.020 -0.031 0.001 -0.007 0.047 0.058
0.015 0.017 0.021 0.022 0.025 0.030 0.028

Energy 4 -2.0 -0.017 0.013 0.011 -0.000 0.027 0.016 -0.039
0.014 0.012 0.014 0.013 0.018 0.017 0.028

Financials 4 -6.4 -0.065 -0.011 0.005 -0.046 0.082 -0.069 0.007
0.026 0.025 0.030 0.031 0.037 0.039 0.041

Healthcare 4 1.2 -0.015 0.025 0.014 -0.028 -0.026 -0.019 -0.048
0.021 0.018 0.019 0.023 0.025 0.027 0.030

Industrials 4 1.5 0.027 0.017 -0.003 0.011 0.054 0.024 0.026
0.017 0.013 0.015 0.020 0.022 0.021 0.023

Tech 4 6.0 0.070 -0.007 -0.016 0.011 -0.036 0.005 -0.060
0.028 0.024 0.030 0.031 0.034 0.035 0.039

Materials 4 -3.8 -0.046 -0.009 0.015 0.030 0.009 0.027 0.028
0.022 0.021 0.024 0.027 0.029 0.032 0.034

Real Estate 4 -1.1 -0.018 0.021 0.016 0.023 -0.016 0.026 -0.009
0.018 0.027 0.030 0.033 0.041 0.042 0.041

Utilities 4 -1.2 0.041 -0.003 -0.004 0.067 0.045 -0.005 0.036
0.021 0.030 0.033 0.041 0.042 0.044 0.045
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Table 7.8: 44 stock long-short—conventional and uncertain risk contributions by
factor

Uncertain
Conventional center ± means w unc E unc w,E unc

All 4.85 5.22 1.03 4.50 0.37 0.34 0.02
mkt 0.00 0.13 0.20 0.00 0.08 0.05 0
size 0.00 0.05 0.08 0.00 0.00 0.04 0
gv 0.00 0.06 0.11 0.00 0.01 0.05 0

pc1 0.00 0.07 0.10 0.00 0.01 0.05 0
pc2 0.02 0.08 0.12 0.02 0.01 0.05 0
pc3 0.00 0.06 0.08 0.00 0.00 0.05 0
pc4 0.00 0.06 0.09 0.00 0.01 0.05 0
ε2 4.81 4.71 1.12 4.46 0.25

Table 7.9: 44 stock long-short—ex-ante modeled and realized risk contributions by
sector

Uncertain Realized
Conventional center ± w0 wT

All 4.85 5.22 1.03 4.47 4.30
Comm Svcs 0.26 0.29 0.11 0.23 0.16
Cons Discr 0.32 0.35 0.14 0.38 0.54

Cons Staples 0.34 0.36 0.11 0.21 0.27
Energy 0.14 0.17 0.10 1.11 0.59

Financials 0.64 0.68 0.22 -0.16 -0.28
Healthcare 0.32 0.37 0.15 0.36 0.32
Industrials 0.23 0.25 0.11 0.02 0.03

Tech 0.55 0.61 0.29 0.19 0.48
Materials 0.45 0.49 0.17 1.25 1.18

Real Estate 0.71 0.74 0.18 0.34 0.44
Utilities 0.87 0.90 0.27 0.54 0.56

7.10 Mathematical results

Lemma 7.1.

For


x1

x2

x3

x4

 ∼ N (µ,Σ) ,

E [x1x2x3x4] = µ1µ2µ3µ4

+ µ1µ2σ3,4 + µ3µ4σ1,2 + σ1,2σ3,4

+ µ1µ3σ2,4 + µ2µ4σ1,3 + σ1,3σ2,4

+ µ1µ4σ2,3 + µ2µ3σ1,4 + σ1,4σ2,3 (7.88)

cov [x1x2, x3x4] = µ1µ3σ2,4 + µ2µ4σ1,3 + σ1,3σ2,4

+ µ1µ4σ2,3 + µ2µ3σ1,4 + σ1,4σ2,3 (7.89)

= (µ1µ3 + σ1,3) (µ2µ4 + σ2,4)

+ (µ1µ4 + σ1,4) (µ2µ3 + σ2,3)− 2µ1µ3µ2µ4 (7.90)
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Proof.

E [x1x2x3x4] = E

[
4∏
i=1

[µi + (xi − µi)]

]
= µ1µ2µ3µ4

+ µ1µ2σ3,4 + µ3µ4σ1,2

+ µ1µ3σ2,4 + µ2µ4σ1,3

+ µ1µ4σ2,3 + µ2µ3σ1,4

+ E

[
4∏
i=1

(xi − µi)

]
since odd moments are 0

E

[
4∏
i=1

(xi − µi)

]
= σ1,2σ3,4 + σ1,3σ2,4 + σ1,4σ2,3

by Isserlis’ theorem Isserlis [1918] since 0 mean Gaussians

cov [x1x2, x3x4] = E [x1x2x3x4]− E [x1x2]︸ ︷︷ ︸
(µ1µ2+σ12)

E [x3x4]︸ ︷︷ ︸
(µ3µ4+σ34)

Corollary 7.1. Covariance of squared Gaussians

For

(
x1

x2

)
∼ N (µ,Σ) , cov [x2

1, x
2
2] = 4µ1µ2σ1,2 + 2σ2

1,2

Lemma 7.2. For {x1, x2}, {y1, y2} jointly independent,

cov [x1y1, x2y2] = E [x1] E [x2] cov [y1, y2] + cov [x1, x2] E [y1] E [y2]

+ cov [x1, x2] cov [y1, y2] (7.91)

= (E [x1] E [x2] + cov [x1, x2]) cov [y1, y2]

+ cov [x1, x2] E [y1] E [y2] (7.92)
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Proof.

cov [x1y1, x2y2] = E [x1y1x2y2]− E [x1y1] E [x2y2]

= E [x1x2] E [y1y2]− E [x1] E [y1] E [x2] E [y2]

=
(

E [x1] E [x2] + cov [x1, x2]
)(

E [y1] E [y2] + cov [y1, y2]
)

− E [x1] E [y1] E [x2] E [y2]

= E [x1] E [x2] cov [y1, y2] + cov [x1, x2] E [y1] E [y2]

+ cov [x1, x2] cov [y1, y2]

7.11 Mean and variance of factor covariance from

uncertain covariance model

The covariance model in this paper is a generalization of the form in Shah [2015],

which imposes the following structure on F :

C = E

 F︷ ︸︸ ︷
M diag [θ]MT

ET + γ diag
[
ε2
]

(7.93)

where M = (K ×K) fixed

θ = (K × 1) random and dependent on γ

The values E [F ], var [F ], and cov [F , γ] used in this paper are easily computed from

that form.

E [F ] = M diag [E [θ]]MT (7.94)

cov [F , γ] = M diag [cov [θ, γ]]MT (7.95)

cov [Fi,j, Fk,l] =
∑
s,t

Mi,sMj,sMk,tMl,t cov [θs, θt] (7.96)
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Proof.

F = M diag [θ]MT

E [F ] = E
[
M diag [θ]MT

]
= M diag [E [θ]]MT

cov [F , γ] = cov
[
M diag [θ]MT, γ

]
= M diag [cov [θ, γ]]MT

Fi,j =
∑
k

Mi,kMj,kθk

cov [Fi,j, Fk,l] = cov

[∑
s

Mi,sMj,sθs,
∑
t

Mk,tMl,tθt

]
=
∑
s,t

Mi,sMj,sMk,tMl,t cov [θs, θt]



CHAPTER 8

CONCLUSION

Motivated largely by the problems caused by estimation error in investment portfolio

optimization, this dissertation developed techniques to improve covariance forecast-

ing, first by incorporating side information, then by projecting uncertainty in the

values of parameters of factor-modeled covariance to uncertainty in covariance be-

tween securities.

The latter result made it possible to approach several investment problems explic-

itly modeling uncertainty — mean-variance portfolio optimization, risk parity portfo-

lio construction, reporting risks under uncertainty and price movement. Algorithmic

trading would be the next, and surely there are others.

At the same time, applications of the uncertain covariance model in chapter 5

aren’t restricted to quantitative finance. Covariance appears everywhere. Mean and

variance are the first two terms of a Taylor series, and forecasting higher moments

(particularly for the purpose of making decisions) is hard. There are surely many

non-finance problems that could benefit from a tractable, predictive distribution of

covariance.
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matrices. Journal of Econometrics, 181(2):165–180, 2014. ISSN 0304-4076. doi:

10.1016/j.jeconom.2014.03.010.

Evan W Anderson and Ai-Ru Cheng. Robust Bayesian portfolio choices. The Review

of Financial Studies, 29(5):1330–1375, 2016.

Werner Antweiler and Murray Z Frank. Is all that talk just noise? The information

content of internet stock message boards. The Journal of Finance, 59(3):1259–1294,

2004. doi: 10.1111/j.1540-6261.2004.00662.x.

Adam Atkins, Mahesan Niranjan, and Enrico Gerding. Financial news predicts stock

market volatility better than close price. The Journal of Finance and Data Science,

4(2):120–137, 2018.

Doron Avramov and Guofu Zhou. Bayesian portfolio analysis. An-

nual Review of Financial Economics, 2(1):25–47, 2010. doi: 10.1146/

annurev-financial-120209-133947.

Xi Bai, Katya Scheinberg, and Reha Tutuncu. Least-squares approach to risk parity

in portfolio selection. Quantitative Finance, 16(3):357–376, 2016. doi: 10.1080/

14697688.2015.1031815.

Ole E Barndorff-Nielsen and Neil Shephard. Non-Gaussian Ornstein–Uhlenbeck-based

models and some of their uses in financial economics. Journal of the Royal Statistical

Society: Series B (Statistical Methodology), 63(2):167–241, 2001.

Christopher B Barry. Portfolio analysis under uncertain means, variances, and co-

variances. The Journal of Finance, 29(2):515–522, 1974.

David Bauder, Taras Bodnar, Nestor Parolya, and Wolfgang Schmid. Bayesian mean–

variance analysis: optimal portfolio selection under parameter uncertainty. Quan-

titative Finance, 21(2):221–242, 2021.

135



136
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