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We develop an efficient simulation package of nuclear magnetic resonance spin

echo experiments in order to study the effects of strong electronic spin correlations

on the dynamics of the nuclear spin ensemble. A mean-field model can be used to

study long range correlated electronic phases through their hyperfine interaction with

nuclear spins. We first review specific aspects of the simulation package developed

for our exploration. We discuss its structure, accuracy, and the technical merits of

the various approximations used to model the spin ensemble. We then explore the

dynamics of the interacting nuclear ensemble and discuss the key behaviors of the

system. In particular, we classify the types of temporal asymmetry the interaction

induces in the system as well as a pulse-dependent shift in the spectral domain. Using

these results, we discuss how careful measurement of the pulse-dependent shift can

be used to extract information about the anisotropy of the interaction and how these

results represent a novel tool for the examination of exotic NMR signatures in strongly

correlated systems.
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Chapter 1

Introduction

The study of strongly correlated electron systems is the main focus of condensed mat-

ter physics. These systems can play host to a great variety of unique and complex

physical phenomena that can be challenging both to theoretically model and to exper-

imentally identify. Much experimental work has gone into charting out the location

of and conditions for novel electronic and magnetic phases arising from these strong

correlations, and theoretical explorations have brought to the forefront the potential

for a wide variety of new phenomena.

One topic of correlated electronic systems to which much attention is given is that

of unconventional superconductivity. Such unconventional superconductors display

behaviors that diverge from that of normal BCS-type superconductors, and the driv-

ing cause of superconductivity in these systems– that is, the mechanism of Cooper

pairing– is still a subject of much speculation. In particular, two types of uncon-

ventional superconductivity that have garnered a lot of attention are triplet super-

conductivity, such as that once believed to be present in Sr2RuO4, and the so-called

“Fulde-Ferell-Larkin-Ovchinnikov” (FFLO) state [1].

In triplet superconductors, the spin state of the Cooper pairs is given by a super-

position of the symmetric spin triplet states, rather than the antisymmetric singlet
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state characteristic of BCS superconductivity. Because of symmetry constraints on

the overall state of the Cooper pairs, the formation of triplet spin states has pro-

found implications on the orbital component of the wavefunction [2]. The triplet spin

states can result in novel behavior of the electronic susceptibility in these supercon-

ductors, and the presence of higher order orbital states in the Cooper pairs can lead

to momentum-space nodes in the gap [2].

Like with triplet superconductors, the FFLO state exhibits nodes in the supercon-

ducting gap. However, unlike triplet superconductors, whose nodes occur in momen-

tum space, the FFLO state has nodes in real space on account of Cooper pairs forming

with non-zero momentum [3]. The regime in which the formation of an FFLO state

is possible is extremely restrictive, and it can be highly sensitive to impurities [3].

The severe limitations of the formation and stability of the FFLO state limits the

materials in which its formation is viable and makes it difficult to experimentally

observe.

The presence of strongly correlated electrons, and the exotic phases that result,

can result in complex dynamics that are difficult to measure and experimentally clas-

sify. Nuclear Magnetic Resonance (NMR) has has proven to be one of the more

successful tools in studying these systems on account of its unique access to the elec-

tronic states through their hyperfine interactions with the nuclear spins. However,

NMR measurements of strongly correlated electrons systems can exhibit apparently

anomalous signatures which defy easy explanation [4]. Through the use of numer-

ical simulations of strongly correlated electrons in the context of NMR spin echo

experiments, we can develop an understanding of how these unique signatures can

be indicative of the presence of strongly correlated electrons, and how we can use

the presence of these features to extract key information about the structure of the

electronic state.

2



1.1 NMR and Strongly Correlated Electrons

Nuclear Magnetic Resonance (NMR) has been, and continues to be, a powerful tool

in the study of strongly correlated electrons. NMR has a unique ability to probe

the properties of the electrons in these materials on account of its access to their

states via the hyperfine interactions between the electrons and nuclei. Because the

characteristic frequencies of the nuclei are much smaller than those of the electrons,

NMR offers a probe of the electronic states which minimally disturbs the state itself.

The central measurements of NMR are sensitive to to the spin and orbital states of

the electrons, and as such NMR measurements are capable of extracting information

about the electronic spin susceptibility and giving valuable insight into the electronic

structure. Given its strengths in studying the properties of electrons in these systems,

it is unsurprising that NMR has been widely used in identifying and qualifying the

features of unconventional superconductors.

One of the most powerful measurements for the analysis of the electronic spin

states in NMR is the Knight shift. The Knight shift refers to an overall shift in

the nuclear frequency spectrum caused by the magnetization of conduction electrons

and driven by the hyperfine interactions between the electrons and nuclei [5]. Mea-

surement of the Knight shift, dependent as it is on the electronic spin susceptibility,

is a common tool to study strongly correlated materials. The manner in which the

Knight shift changes relative to temperature through a superconducting transition can

yield valuable information about the electronic spin susceptibility. The emergence of

standard BCS type superconductivity results in a sharp drop and eventual complete

disappearance of the Knight shift as T → 0 from the disappearance of the electronic

spin susceptibility in the superconducting state. However, in exotic superconductors,

such as triplet superconductors, the triplet spin state of the Cooper pairs results in

non-zero spin susceptibility below the superconducting transition and a persistence of

finite Knight shift at T → 0. The nature of the lingering Knight shift can also yield
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information about the type of triplet state present in the material [2]. The Knight

shift can additionally yield information about the presence of the FFLO state, as

the formation of the FFLO state relies on the polarizability of the superconducting

electrons and consequently requires different behavior in the spin susceptibility and

Knight shift than a standard BCS superconducting state [3]. In this manner, by ex-

amining the change in the Knight shift across a superconducting transition and the

emergence of apparently anomalous changes in the Knight shift, one can both probe

the nature of the electronic spin state and detect the emergence of unusual strongly

correlated modes.

Although much of our upcoming discussion focuses on changes in the Knight

shift, it is not the only NMR tool relevant to the detection of strongly correlated

electrons. Another powerful NMR measurement for the detection of exotic electronic

correlations is the spin lattice relaxation time T1. Dependent as it is on fluctuations in

the local magnetic field driven by electronic behavior, T1 is sensitive to the emergence

of strongly correlated phenomena, and its measurement can be a further indicator of

exotic dynamics. Spin lattice relaxation, characterized by T1, is a dissipative process

driven by the magnetic field generated by the electron’s polarizability in the presence

of the Zeeman field. It will therefore be related to the dynamic susceptibility and

can serve as another probe of the electronic spin state. Additionally, changes in

the electronic state such as in the emergence of superconductivity can drive unusual

phenomena in measurements of T1. In typical BCS superconductors, T1 exhibits a

“coherence peak” below the critical temperature Tc [6]. A simple calculation for a

metal can relate 1/T1 to the density of states at the Fermi energy [7]. In a BCS

superconductor, a gap opens in the density of states at the Fermi energy and the

density of states increases dramatically at the edge of the gap. At the transition

temperature, this sudden increase in the density of states results in the value of 1/T1

suddenly increasing, creating the coherence peak. This feature is explicitly tied to
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the predictions of BCS theory, and divergence from this behavior can indicate of the

presence of unconventional superconductivity.

Ever since the discovery of the superconductor Sr2RuO4 and the first suggestion

that it may host triplet superconductivity, it has garnered a large amount of atten-

tion [8, 9]. Theoretical justifications have been developed for the presence of triplet

superconductivity in Sr2RuO4 [10, 11], and a large amount of experimental research

has attempted to identify the presence of this exotic type of superconductivity in

Sr2RuO4, to varying degrees of success [12–16]. NMR measurements in particular of

the Knight shift and spin lattice relaxation T1 have already been widely used in the

search for triplet superconductivity in Sr2RuO4. NMR studies of both Ru and 17O

in Sr2RuO4 have shown a constant Knight shift across the superconducting phase

transition, the lack of a T1 coherence peak below Tc, and temperature dependence

characteristic of unconventional triplet superconductivity [17–19]. However, recent

17O NMR examinations contest the claim of triplet superconductivity, demonstrating

that the constancy of the Knight shift through the phase transition arises from heat-

ing from the RF pulses causing an unintentional suppression of the superconducting

state and the dominance of the normal state down to low temperature [20,21]. These

contradictory results demonstrate the pulse-dependence of the Knight shift, showing

that the higher power pulses, which result in Knight shifts akin to the normal state,

induce heating in the sample and destroy the superconducting state. The revelation

of the effect of heating on these samples additionally demonstrates the difficulty in

measuring these exotic phases, and the ease at which small experimental factors can

be destructive to them in ways that are difficult to identify.

Much like Sr2RuO4, the heavy fermion superconductor CeCoIn5 has received a lot

of attention for its potential hosting of the FFLO state [22–25]. NMR measurements,

in particular measurements of the Knight shift, have also had a fair degree of use in

the search for experimental evidence of the elusive FFLO state. The behavior of the
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Knight shift has allowed the identification of higher order symmetry of the supercon-

ducting order parameter indicating the presence of unconventional superconductivity,

agreeing with evidence from other experimental techniques [26–28]. Observations of

the behavior of the shift as a function of temperature and field have been used to

chart the phase diagram of CeCoIn5; these measurements show strong evidence of

two phase transitions, the second of which may be indicative of the emergence of

the FFLO state [29]. Measurements of the spin susceptibility via the Knight shift

indicate a notable departure from normal superconducting behavior [30]. However,

the evidence for the presence of the FFLO state in CeCoIn5 is not yet conclusive,

indicating the difficulty in probing strongly correlated materials [31]. Additionally,

measurements of delicate and exotic superconducting states such as the FFLO state

are susceptible to heating effects in the same manner we saw with Sr2RuO4, inducing

an emergence of the normal phase that can be misinterpreted as the presence of a

new phase [32–36].

We have seen several cases in which strong electronic correlations give way to

unique and complex physics. The emergent phenomena driven by these strong elec-

tronic correlations can be diverse and unpredictable, and they can give way to exotic

phases which defy easy examination. In the specific case of unconventional super-

conductivity, understanding the complicated electronic dynamics and the bonding

mechanism that drives the formation of Cooper pairs in these systems is crucial to

understanding the emergence of superconductivity outside the BCS paradigm. The

two cases we have already discussed, triplet superconductivity and the FFLO state,

both host exotic anisotropic superconducting gaps (one in momentum space, one in

real space), and understanding the roll the complex electronic dynamics play in driv-

ing the emergence of these exotic phases would not only help elucidate the various

mechanisms by which superconductivity can arise, but also help chart out the wider

landscape of the dynamics of strongly correlated electrons. However, merely measur-
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ing the presence of these exotic phases, much less extracting information about the

dynamics of the electrons within, has proven extremely difficult. Not only are the

phases rare, they are sensitive to a wide range of potential experimental failures, and

they can be highly unstable relative to temperature and magnetic field and prone to

breakdown.

Our discussion has already laid the groundwork for why NMR can be a potent

tool for the study of systems with strongly correlated electrons. Its unique approach

to probing the electronic structure and access to information about the spin state

of the electrons through the dependence of the Knight shift and T1 on the static

and dynamic electronic susceptibility respectively makes it an attractive method for

the examination of these systems. However, the wide variety of potential behaviors

emerging from the presence of strongly correlated electrons make experimental design

difficult, and the myriad ways in which the experimental approach itself can interact

with these novel phases can lead to “false positives”, as we saw with Sr2RuO4. The

extreme delicacy with which one must treat these systems makes experimental verifi-

cation difficult, but it also opens the door to the implementation of novel techniques

currently under-utilized or under-developed.

A particularly under-developed field in the study of NMR is the use of simula-

tion to understand the dynamics of large, interacting spin ensembles. A number of

conventional and widely used packages exist, but their focus is generally unsuited for

problems in solid state physics, especially dynamic simulations. Many NMR simula-

tion packages focus on chemical or biological applications [37–40]. Several prioritize

spectral simulations or focus on the effect of quadrupole interactions rather than the

types of exotic, long range correlations we aim to study [41–43]. Some focus on ei-

ther powder or liquid state NMR, and can only accomodate systems of spins far too

small for our purposes [44–47]. Those simulations which are more broadly applica-

ble or geared towards dynamic simulations are programmed using software such as
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Mathematica or languages like Python and are too inefficient for the ensemble sizes

we require [48–51]. Other simulation packages in NMR are typically out-dated or no

longer being developed [52,53].

NMR simulations of strongly correlated electrons and long range dynamics rep-

resent a difficult field of numerics given the necessity for large ensembles in order

to capture a sufficient sampling of the frequency environments which drive the core

measurements of NMR. To this end, very few simulations exist which are suited for

the study of strongly coupled nuclear spins. However, there exists immense potential

for the development of dynamic simulations in NMR by taking advantage of sev-

eral key tools. Basic models, such those using the mean field approximation, can

provide great insight into the dynamics of systems despite their simplicity. Addi-

tionally, by reducing the size of the Hamiltonian with a mean field model or another

dimensionality-reducing technique, we can take advantage of the high degree of opti-

mization offered by massively parallel computing using GPUs.

GPU programming is known to have a large amount of potential for the develop-

ment of modern physical simulation [54]. It has primarily seen application to Monte

Carlo methods, which are unsuited for dynamic simulations [55–59]. GPU program-

ming has seen some application topics in spin dynamics, but these applications are

not applicable for NMR modelling or focus on molecular dynamics or semi-classical

approaches [60–63]. Application of GPU programming to the simulation of dynamic

single spin systems in the quantum picture with time dependent Hamiltonians– the

type of system we are concerned with– has only very recently begun to be devel-

oped [64]. However, these simulations come with several limitations, in particular a

limited scope to specifically unitary dynamics as well as an inability to model sys-

tems where the time dependence of the Hamiltonian is not known in advance, such as

systems whose interactions induce a self-dependent back-action. Additionally, these

simulations rely on a high degree of analytic calculation to facilitate a high degree
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of efficiency and accuracy. While such calculations can be very useful within their

scope, they inherently limit the application of the simulation a very specific class

of problem. A more numerically driven approach, which can be more widely applied

within its realm of focus which also takes advantage of GPU tools, remains a relatively

unexplored regime.

In the development of our program, we aimed to fill this gap in the current land-

scape of dynamic spin simulations. We set out to develop a efficient program which

could be applied to a wide range of problems within in the dynamics of single-spin

systems or effectively isolated spins (i.e. those whose interactions can be treated on

the mean field level). Our intent was to make a simulation which could model spins in

the presence of non-unitary dynamics, such as from thermal effects, and could also be

adjusted to be applied to different Hamiltonians without an excess of re-programming.

To these ends, we primarily focused on numerical techniques over analytic tools in

the key calculations of the system, such as the matrix exponential. We also prior-

itized efficiency, using a large degree of GPU programming and ultimately writing

the simulation directly in CUDA to minimize computation time. In this manner, we

aimed to create a simulation that could be applied to a large variety of problems in

NMR and could be quickly adapted and re-used to study new interactions.

By developing a custom simulation package that takes full advantage of the ac-

celerated computation possible with GPU integration in tandem with a theoretically

simple yet robust model of the complicated electronic dynamics, we can explore the

possibilities for how unforeseen or potentially misunderstood signatures in NMR stud-

ies of these exotic systems can be indicative of long range electronic correlation. With

these new tools, combined with a knowledge of NMR experimental technique, we can

develop new interpretations of and expectations for the ways strongly correlated elec-

trons can exhibit their unique dynamics in the context of the spin echo. With these

new interpretations, we can propose novel experimental routines specifically designed
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to probe the behavior of the nuclear spins interacting in the presence of strongly

correlated electrons and identify key features about the structure of the electronic

state.

1.2 Overview

NMR has been used widely in the examination of strongly correlated materials. Mea-

surements of these strongly correlated phases bring with them a variety of difficulties

partially due to the strict limits on the stability and presence of these novel phases.

In these situations, the emergence of unusual signatures in these materials is not un-

common. We have already seen how the emergence of pulse-dependent Knight shifts

can occur in unconventional superconductors, possibly on account of unintentional

heating effects in the case of Sr2RuO4, but also in other potentially unconventional

superconductors such as FeSe [4]. However, it is not unusual to observe asymmetric

and multi-peak behavior in the time domain, as well. Even more so than unusual

features in the spectral domain, time domain asymmetry is typically attributed to

experimental failure. We propose that both of these behaviors, both temporal and

spectral, rather than being indicative of experimental failure or unintended phase

transitions, may be indicative of the presence of a strongly correlated electron mode

inducing unique dynamics in the nuclear spin ensemble.

To demonstrate the possibility of a new understanding of the role strongly cor-

related electrons play in inducing anomalous signatures in NMR measurements, we

develop a mean field model of highly coupled nuclear spins and examine its dynamics

using a custom simulation package. We propose a mechanism of coupling between

nuclear spins enhanced by the presence of long range correlations between electrons.

We lay out a simple model of such an interaction in the mean field limit with the

goal of isolating the ways such an interaction exhibits itself in the spin echo signal,

10



both in the time and frequency domains. In order to study this model efficiently, we

develop a custom simulation which takes advantage of GPU programming to rapidly

simulate large ensembles of spins.

Using this simple model and our custom simulation, we then explore the dynamics

of the nuclear ensemble and demonstrate how such interactions can result in the exact

pulse-dependent Knight shift behavior observed in FeSe and other systems in which

anomalous Knight shifts have been measured in controlled environments where the

potential for heating induced effects is significantly reduced [4]. Furthermore, through

a careful analysis of the Knight shift as well as several experimental techniques, we

outline how information about the anisotropy of the electronic spin susceptibility

and relative length scale of the electronic correlations can be extracted from the

anomalous shifts. With these results, we demonstrate how the use of even simple

models in tandem with efficient numerical simulations represents a new tool with

which the dynamics of strongly correlated materials can be studied and understood.

We begin our discussion with a review of basic NMR theory. We introduce the

fundamentals of the Knight shift, spin lattice relaxation T1, and how they relate to

the electronic structure. We introduce the spin echo protocol and how the dephasing

of the spins from Larmor precession can be reversed via the use of RF pulses. We next

turn our attention to the specifics of our model, introducing a Hamiltonian based on

a theory of an effective interaction between the nuclear spins mediated by hyperfine

interactions with the electrons and amplified by the strong correlations between the

electrons. We review the specific methods used to calculate the dynamics of the

spins, discussing key topics such as the rotating frame and approximations used in

time evolving the system.

With the physical background of the model established, we introduce the simula-

tion packages developed for the calculation of the spin echo. We review the structure

of the simulation, the different programming languages used, and we examine several
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key algorithms and their accuracy. We review the performance of the simulation and

its different versions.

After discussing the structure of the simulation and its numerical accuracy, we

turn to the accuracy of our model. We perform several validating tests to ensure the

observed behavior is consistent across different simulation versions and not sensitive

to differences in specific algorithms, precision types, or other numerical differences.

We examine the convergence of the model with regards to the temporal resolution

and ensemble size in order to chart out appropriate regimes of accuracy with regards

to these key artificial parameters.

Following a discussion of the theoretical and computational foundations of our

model, we examine the dynamics of the nuclear ensemble under the influence of our

interaction. We discuss the explicitly the spin dynamics and how they give way to

the unique temporal and spectral features observed. We examine key features of

both the time domain signals and the spectra observed under the influence of our

model across a wide range of experimental and theoretical parameters in the global

interaction limit before discussing how the introduction of localization affects these

observed behaviors.

Finally, we discuss how these types of simulations can be used to interpret exper-

imental results. We demonstrate how we can extract information about the relative

strength and anisotropy of the electronic susceptibility from anomalous shifts in the

spectra of strongly correlated materials, and how the use of simulations can aid in

the understanding and identification of unique phases observed using NMR.
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Chapter 2

Theoretical Background

Before we proceed to a discussion of the simulation, we discuss the fundamentals of

nuclear magnetic resonance within the context of our exploration. NMR is a rich

field with a wide variety of phenomena to examine. In the following discussion,

however, we focus primarily on those key elements which are relevant to our model.

We introduce the fundamental mechanics of NMR and the structure and origin of the

spin echo protocol. To give context to our previous discussion, we briefly examine the

origins of the Knight shift and spin lattice relaxation and how they are tied to the

electronic structure. We then turn to the specifics of our model, its Hamiltonian, and

the specifics of how we approximate the various features of a spin echo experiment.

2.1 NMR Basics

NMR is primarily concerned with measuring the splitting of the nuclear energy levels

in the presence of a magnetic field. This splitting is typically induced with the use

of an applied external magnetic field B0, although in some cases interactions in the

system are sufficient to induce an observable splitting of the nuclear spin energy levels

(i.e. nuclear quadrupole resonance) and no additional field is necessary. NQR does

not apply to spin-1/2 particles (the focus of our simulations) so we do not discuss it
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in depth and rather direct the interested reader to a relevant source [65]. For our

discussion, we assume the presence of an externally applied field B0.

In the presence of B0, the energy levels of the nuclei split according to spin from

the effect of Zeeman splitting

H = −γI ·B0 (2.1)

typically, B0 is treated as being aligned with the z axis. The energy levels split

according to the spin state in the z basis, with the energy gap between levels given

by ∆ = γℏB0. In NMR, this is typically written in terms of the Larmor frequency

∆ = ℏν for ν = γB0 the Larmor frequency. This frequency, aside from denoting the

spacing of the levels, additionally sets the frequency at which a planar spin state, for

spin-1/2 either | ± x⟩ or | ± y⟩, precesses about the z axis. Consider the following

spin-1/2 state

|ψ⟩ = 1√
2
|+⟩+ eiφ√

2
| - ⟩ (2.2)

for |+⟩, | - ⟩ the z basis states which denotes a state fully “in the plane”, i.e. with

⟨Iz⟩ = 0. Under the action of the Zeeman Hamiltonian, this state evolves as

|ψ(t)⟩ = eiνt/2
[

1√
2
|+⟩+e

−i(νt+φ)

√
2

| - ⟩
]

(2.3)

We can quickly calculate the expectation values to demonstrate the oscillatory effect

⟨Ix⟩ =
1

2
cos(νt+ φ) ⟨Iy⟩ = −1

2
sin(νt+ φ) (2.4)

In a real material, each spin will experience a slightly different local field on account of

dipole-dipole interactions with other nuclear spins. The effect of these dipole-dipole
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interactions between the nuclear spins is to create a distribution of energy gaps about

the unperturbed average ∆ = γℏB0. This distribution is often roughly Lorentzian in

shape.

Although in a strict sense NMR measures the distribution of energy gaps in a

material, it is done so by taking advantage of the way these energy differences set the

precession frequencies of each nuclear spin. Consider an ensemble of spin-1/2 nuclei

all of which, at t = 0, are aligned with the x axis (i.e. ⟨Ix⟩ = 1/2). The coherence

of the spins creates a net magnetization in the sample which can be measured (we

omit many of the experimental details of this measurement in order to focus our

discussion on the theoretical elements). As the spins precess about the z axis, all

with slightly different precession frequencies, the overall coherence dissipates and the

spins dephase.

In a simplified sense, we can treat the signal S(t) as simply being equal to the

transverse magnetization, which is specified by the expectation value of the raising

operator I+ = Ix + iIy averaged over the spin ensemble. Using Equation 2.4, we can

see the signal is given by

S(t) =
1

2

∫
dν p(ν)e−iνt (2.5)

where p(ν) represents the amplitude of the spectrum at that frequency ν. In this form,

we can see the signal is clearly the Fourier transform of the frequency spectrum and

results in exponential decay of the signal with characteristic time set by the inverse of

the spectral width. This exponentially decaying signal is known as the Free Induction

Decay or just the FID. The inverse is also true: the frequency spectrum is the Fourier

transform of the observed signal. This process is the fundamental technique of modern

NMR. In the most simple terms, it involves measuring the net magnetization of the

sample allowed to evolve under an externally applied field B0 and applying a Fourier
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transformation to the time domain signal to extract the distribution of frequencies–

and thus the distribution of energy level gaps– of the system.

2.1.1 The RF Pulse

In the previous section, we treated the spins as being aligned with the plane and

explored the resulting dynamics. However, a fundamental element of NMR is the

tool by which the spins are aligned in the plane: the Radio Frequency (RF) pulse,

named for the range of frequencies typical of systems studied with NMR. In their

ground state, the spins favor the +z state on account of its lower energy from the

Zeeman splitting. In a real system, the population difference is small and can be

calculated using basic statistical mechanics, but for simplicity we shall assume all

spins are in the ground state.

We now consider the evolution of a spin-1/2 particle in the +z state under the

action of an oscillating magnetic field applied orthogonal to the external field B0. Let

the oscillating field be circularly polarized (in a real system, the oscillating field is

only applied along a single axis, but that system is not analytically solvable). The

Hamiltonian for this spin is

H = −νIz − ω (Ix cos ν
′t− Iy sin ν

′t) (2.6)

with ω = γB representing the strength of the oscillating field. In matrix form, the

Schrödinger equation can be written

ȧ
ḃ

 =
i

2

 ν ωeiν
′t

ωe−iν′t −ν


a
b

 (2.7)
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for a spin |ψ⟩ = a |+⟩+ b | - ⟩. This relation gives us two coupled differential equations

ȧ =
i

2

(
νa+ ωeiν

′tb
)

ḃ =
i

2

(
ωe−iν′ta− νb

) (2.8)

Here, we can apply a change of variables a→ α = e−iν′t/2a and b→ β = eiν
′t/2b. With

these substitutions, our differential equations become

α̇ =
i

2
(ν − ν ′)α +

i

2
ωβ

β̇ = − i

2
(ν − ν ′)β +

i

2
ωα

(2.9)

Solving this differential equation is somewhat tedious, but not difficult. We can

substitute in an ansatz

α = Aeiµt +Be−iµt

β = Ceiµt +De−iµt

(2.10)

for some frequency µ. We can find a condition on the value of µ by matching the

coefficients of terms with the same exponential dependence, as the equations must be

equal for any time t. With this process, we find

µ =

√
ω2 + (ν − ν ′)2

2
(2.11)

where we take the positive root since the two roots will be equivalent when applied to

the solution. We can find the values of the coefficients A,B,C, and D by examining

initial conditions. In this manner, we find

a(t) = e
iν′t/2

[
a0 cosµt+

i

2µ

[
ωb0 + (ν − ν ′) a0

]
sinµt

]
b(t) = e−

iν′t/2

[
b0 cosµt+

i

2µ

[
ωa0 − (ν − ν ′) b0

]
sinµt

] (2.12)

In the specific case of a spin initially in the +z state with on-resonance pulsing (ν ′ = ν)
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where µ = ω/2 we have

a(t) = e
iνt/2 cos ωt/2

b(t) = e−
iνt/2 sin ωt/2

(2.13)

Applying the oscillating field for a fixed duration is called a pulse. From Equation

2.13, we can see that applying a pulse of length t = π/2ω will put the spin in a fully

planar state (i.e. one where |a| = |b| and ⟨Iz⟩ = 0). This pulse is called the π/2

pulse and is typically the first step of an NMR measurement. Once the spins have

been flipped into the plane, they precess and the spectrum can be measured as we

discussed in Section 2.1.

Clearly, spins that are off-resonance (ν ̸= ν ′) will not end up fully flipped into the

plane. However, in NMR the Larmor frequency ν is typically on the order of tens of

MHz and the variation ν ′ is typically on the order of a few kHz. The variation from

a perfect 90◦ flip is therefore typically very small.

2.1.2 The π Pulse and the Spin Echo

In some situations, a π/2 pulse followed by measurement of the FID is all that is

required to extract the desired information about the system. However, for other

measurements, such as relaxation times, or for situations where experimental factors

such as ringing (a large amount of noise in the measurement near the pulse from

acoustic feedback in the circuit) can make the FID either insufficient or too noisy to

record. These issues can be solved with a different, two pulse protocol known as the

spin echo.

Consider an ensemble of s = 1/2 spins initially in the |+ x⟩ state which have been

allowed to freely precess for a time τ . For a spin with precession frequency equal to
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the Larmor frequency, its state, up to an overall phase, will be

|ψ(τ)⟩ = 1√
2

(
|+⟩+ e−iντ | - ⟩

)
(2.14)

Using the result of Equation 2.12, if we apply an oscillating field to this spin, it will

evolve as

|ψ(t+ τ)⟩ = 1√
2

[ (
cos ωt/2 + ie−iντ sin ωt/2

)
|+⟩+

(
e−iντ cos ωt/2 + i sin ωt/2

)
|+⟩

]
(2.15)

If we apply the pulse for a duration t = π/ω, or precisely twice the length of the π/2

pulse, phase factor switches to the +z coefficient from the −z coefficient. Extracting

a total overall phase, we can write the new state as

|ψ(τ + π/ω)⟩ = 1√
2

(
|+⟩+ eiντ | - ⟩

)
(2.16)

If the spin is once again allowed to freely precess, the precession will now reduce the

phase shift from the |+x⟩ state, and at a time t = 2τ it will return to its initial state.

Although spins with precession frequencies slightly off-resonance will not perfectly re-

focus, the amount by which they remain dephased will scale with the value of ν − ν ′

relative ν, and we have already established that ν is typically two to three orders of

magnitude larger than ν − ν ′. For the purposes of our discussion, we can ignore this

variation.

This “re-focusing” effect of a pulse of length t = π/ω, known as the π pulse, is the

source of the spin echo. After the π pulse and after a time τ equal to the amount of

time the spins originally were allowed to dephase, all spins return to the initial planar

state they were in at the time of the π/2 pulse. This process results in a “second FID”,

mirrored about t = 2τ . This peak is known as the spin echo.
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Figure 2.1: A basic simulated spin echo with τ = 50µs, ν = 10MHz, and a spectral
width of Γ = 50kHz.

All together, the spin echo protocol consists of several steps. First, a π/2 pulse

to flip the spins into the plane. This initial pulse is followed by a delay of length τ

during which the spins de-phase and the observable signal decays exponentially. At

t = τ , the π pulse is applied, reversing the spins’ phases and causing them to precess

towards their initial state. Shortly before t = 2τ , the signal exponentially grows to

its initial value before exponentially decaying once again, creating the spin echo. The

spin echo is one of the fundamental measurements in NMR, and it has served as the

foundation for a huge number of complicated and nuanced pulse sequences which are

capable of probing and refocusing a wide number of phenomena. For our purposes,

we focus the spin echo in its most basic form: a π/2 pulse followed by free precession

for a time τ , with a single re-focusing π pulse and an echo at t = 2τ .

The pulses are often intuitively thought of as applying a rotation to the nuclear

spins. This geometric interpretation is exact in the case of spin-1/2, but for higher spins

it can still be intuitively useful. A common approximation of the pulse is therefore
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to simply apply a rotation to the spins, as the dynamics during the pulse itself are

often unimportant except from a technical perspective. To this end when we discuss

pulsing, we typically discuss it in terms of flip angles and axis of rotation rather than

the pulse duration or polarization.

Given that the echo comprises the same frequency behavior as the FID, the fre-

quency spectrum of the nuclear system can be extracted from the spin echo in the

same manner. Additionally, the echo’s amplitude can be used to extract information

about relaxation rates, which we discuss shortly.

2.1.3 The Knight Shift

In a real system, the main interest of NMR is not the distribution of energy levels

from the Zeeman splitting, but the ways in which it diverges from this, either through

overall shifts in the mean frequency, splitting of the peak, or broadening of the spectral

width. The most relevant effect for our discussion, and the one we already introduced

in Chapter 1, is the Knight shift K.

The Knight shift, originally identified by Walter Knight in 1949, describes an

overall shift in the frequency from the hyperfine interaction of the nuclei with electrons

[5]. The interaction between the nuclear and electronic spins introduces an additional

term to the Hamiltonian

Hhf =
µ0γγeℏ2

4π

∑
i

[
I · Si

r3i
− 3(I · ri)(Si · ri)

r5i
− 8π

3
I · Si δ(ri)

]
(2.17)

where we ignore the electron orbital contribution, since its effects are well known

and do not encode physics relevant to our discussion [66]. In practice, these hyperfine

interactions introduce an effective field generated by the electron moments which acts

on the nuclei in addition to the externally applied field, resulting in an overall shift

of the spectrum.
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If we treat the effect of the hyperfine interaction as simply applying an effective

field whose strength is proportional to the average magnetization of the electrons, i.e.

¯⟨S⟩, then we can see immediately how the Knight shift becomes a measure of the spin

susceptibility. Because of its dependence on the polarization of the electronic spins,

its magnitude will be proportional to the response of the electrons in a static field,

that is the static susceptibility χ(q = 0, ω = 0), and its measurement can be used as

a probe of the electronic state. In this way, information about the real part of the

susceptibility, χ′ can be obtained from the Knight shift.

2.1.4 Relaxation

As we have already mentioned, the spin echo is also used to extract information

about relaxation rates of the nuclear spin ensemble. Although we do not examine

relaxation effects in our exploration, it is informative to explore how they can be

used to measure information about the electronic state in order to contextualize our

discussion in Chapter 1. Although there are two primary relaxation times measured

in NMR, T1 and T2, we are primarily interested in T1.

T2 is often called spin-spin relaxation driven by interactions between nuclear spins

which introduces an irreversible decoherence of the spins. This decoherence cannot

be refocused using a spin echo and typically emerges as an attenuation of the echo’s

amplitude. In many solid state systems, T2 is on the order of tens or hundreds of

microseconds. In liquid state NMR, very long coherence times are possible, on the

order of seconds.

More relevant to our motivating discussion is T1, known as spin-lattice relaxation.

Spin lattice relaxation arises from interactions between the nuclei and electrons which

drives transitions between the nuclear energy levels and ultimately causes the en-

semble to relax toward thermal equilibrium. Spin lattice relaxation is a dissipative

process requiring the absorption of energy to drive transitions between energy levels.
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We therefore would expect T1 to be related to the imaginary part of the dynamic

susceptibility in the static field limit i.e. ω → 0. An explicit relationship of the

spin-lattice relaxation time T1 to the electron susceptibility is far more difficult to

demonstrate than with the Knight shift. That said, T1 can be explicitly related to

the dynamic susceptibility via

1

T1T
∝ lim

ω0→0

∑
q

F (q)
χ′′(q, ω0)

ℏω0

(2.18)

for χ′′ the imaginary part of the susceptibility [66, 67]. This explicit relation makes

clear the dependence of T1 on the susceptibility and its usefulness in studies of elec-

tronic structure via NMR.

Perhaps more instructive, but less applicable, is a relationship between the Knight

shift and T1 known as the Korringa relation. The Korringa relation, although it only

applies in relatively ideal circumstances, makes clear the related nature of T1 and the

Knight shift via their shared dependence on the electronic structure. The Korringa

relation is given by [68]

T1TK
2 =

ℏ
4πkB

(
γe
γ

)2

(2.19)

2.2 Model

Our model seeks to emulate the interactions between the nuclear spins mediated by

the local electron magnetization via hyperfine interactions. The interaction between

the nuclear spins from hyperfine interactions with local electrons will scale as the

square of the hyperfine interaction strength and will typically be very weak. In

the presence of a collective excitation, such as in a system with strongly correlated

electrons, the strong coherence of the electrons can magnify the strength of this

indirect interaction and result in noticeable changes in the dynamics of the system.
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With this model, we primarily aim to study relatively long range interactions

between nuclear spins driven by strong electronic correlations. In such situations,

with long range interactions and ensembles with a large number of spins, the influence

of highly local forces, such as J coupling or dipolar couplings, which typically extend

only to nearest and next-nearest neighbors, become less relevant. The effects of such

interactions are well studied and well understood in NMR, whereas our exploration

focuses on the effect of the proposed long range correlations and novel methods of

their detection. To that end, to isolate the effect of long rage interactions between

the spins, we do not include these terms in the Hamiltonian.

In order to reduce computational complexity and efficiently model a large ensemble

of spins, we use a mean field approach to model the interaction between nuclear

spins. Given the nature of the phenomena we aim to model, we must simulate a

large ensemble of spins, making the use of more exact approaches nearly impossible.

However, our model focuses typically on longer range correlations, resulting in a large

degree of averaging and strengthening the mean field approximation. Additionally,

the introduction of the localization factor allows us to still consider the influence of

spatial variations to a degree by applying the mean field approximation locally rather

than globally.

In the mean field limit, the electronic degrees of freedom are integrated out of

the model to generate an effective interaction between nuclear spins, mediated by

hyperfine interactions between nuclei and electrons. This effective interaction on the

nuclear spin i can be written as

H
(i)
E = −γI(i) ·M(i) (2.20)

whereM(i) is the effective magnetic field felt at site i due to nearby nuclear spins. The

magnitude of M depends on both the strength of the coupling between the electrons
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and the nuclei and the distance between the nuclei. We write the effective field M(i)

as a sum over couplings to nearby nuclei, j,

M
(i)
d = αd

∑
j ̸=i

f(|ri − rj|)⟨I(j)d ⟩ for d = x, y, z (2.21)

This form of M(i) displays how the electronic action facilitates a back-action of the

nuclei on themselves; the magnitude of the action on a nuclear spin i depends on the

states of nearby spins. The full Hamiltonian for a given spin i, after including the

Zeeman term, becomes

H(i) = −νiI(i)z − γ
∑

d=x,y,z

αiI
(i)
d M

(i)
d (2.22)

with M
(i)
d as defined in Equation 2.21.

Our model has several tuneable parameters that dictate the behavior of the sys-

tem: the axis-dependent spin coupling strengths αd and the details of the localization

function f , which can vary in both form and degree of localization. The parameter

αd represents primarily the strength of the initial coupling of the electron mode to

the nuclei. The localization function f captures the spatial extent of the nuclear

interaction, and is generally related to the structure of the electronic susceptibility.

The combination of the two defines the overall “strength” of the interaction.

The localization function f can be set to have any structure necessary to mimic

the systems being studied. In our discussion, we focus on a Gaussian localization

scheme where

f(|ri − rj|) ≡ f(r, ξ) = e−(r/ξ)2 (2.23)

The Gaussian localization aims to mimic an electronic excitation with a gap; other

potential localization schemes, such as a power law f(r, p) = 1/rp or an RKKY type
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f(r, ξ) = x4(x cosx − sinx) for x = 2ξ/r could be used to model systems such as one

without a gap, or in a simple metal respectively [69–71].

2.2.1 The Nuclear Ensemble

In order to study the general features that can occur due to our proposed spin-spin

interaction, we restrict ourselves to a simple system: a two dimensional square lattice

of spin-1/2 nuclei with a periodic boundary condition. Using a mean field model, as

opposed to a product space representation for the quantum states, allows us to study

large ensembles of spins, as the number of degrees of freedom scale as O(N) rather

than O(xN). Restricting ourselves to two dimensions allows us to increase the length-

scale of the lattice without excessive computation time, allowing us to study both

short-range and long-range interactions. We generally ignore temperature dependent

effects and initialize this system in a ground state with all spins pointing along the z

axis, although temperature dependent effects can be reintroduced using the Lindblad

terms, as we discuss in a later section.

Due to small variations in the local nuclear environment, in real materials the

spins have slightly different precision times under an applied magnetic field. This

observation, that the spectrum of the spins is not constrained to a single frequency, is

the key insight in the development and implementation of the spin echo protocol. We

use a Lorentzian distribution for the spectrum centered at 10MHz, a gyromagnetic

ratio γ = 1MHz/T and a field of B0 = 10T. Although we vary the linewidth at

times, the dynamics generally scale in a predictable way with the linewidth. For

most of our experiments, we therefore set the linewidth of the spectrum at 50kHz,

which is typical for high-quality crystalline samples at low temperatures. In assigning

frequencies to each spin, we randomly sample a range of frequencies from 9.75MHz

to 10.25MHz, with probability weighted by the Lorentzian spectrum. Although we

use instantaneous pulses, as described below, in real experiments the duration of the
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pulse sets a limitation on the bandwidth, motivating our cutoff of the spectrum over

a window of 0.5MHz, corresponding to π/2 pulses roughly of length 0.5µs.

2.2.2 Pulses and Time Evolution

We implement our RF pulses by assuming instantaneous pulses. The time scale of

the experiment is on the order of 100µs, whereas the pulses occur on the order of

1µs. The influence of the interaction on the ensemble during the pulse is therefore

negligible. To implement the pulses, we simply apply rotation matrices to the density

matrix of each spin

ρf = eiRφ/ℏρ0 e
−iRφ/ℏ (2.24)

where R is the appropriate spin matrix for the axis of rotation, typically Ix or Iy, and

φ the flip angle, ρ0 is the spinor’s density matrix before the pulse and ρf its density

matrix after. When we introduce pulsing with φ ̸= π/2, we also introduce basic phase

cycling to eliminate the lingering FID after the π pulse. We use a basic (0, 1)− (0, 3)

phase cycling, with the π/2 pulse along x and the π pulse along ±y.

We model a simple spin echo experiment that consists of a π/2 and a π pulse

separated by echo time τ . We apply both pulses along the x axis, resulting in a signal

predominantly aligned with the y axis. Although we will refer to these two pulses as

π/2 and π pulses, we do not restrict ourselves to spin rotation angles of strictly π/2

and π, nor necessarily in the ratio 1 : 2.

The time evolution of the density matrix is dictated by

dρ

dt
=
i

ℏ
[ρ,H] (2.25)

Because of the Zeeman term in the Hamiltonian, the spins will rotate rapidly about

the z axis. This rapid oscillation can be eliminated by working in a rotating reference
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frame in which the x and y axes rotate about the z axis at the central Larmor

frequency. We can define the density matrix in this reference frame as

ρR = U †ρU −→ ρ = UρR U
† (2.26)

with U = exp(−iνIzt/ℏ). Making this replacement, we find

dρR
dt

=
i

ℏ
[ρR, U

†H U + νIz] (2.27)

We recover an “effective” Hamiltonian in the rotating frame, HR such that

dρR
dt

=
i

ℏ
[ρR, HR] with HR = U †H U + νIz (2.28)

Using this transformation, our Hamiltonian from Equation 2.22 becomes

H
(i)
R = − (νi − ν) I(i)z − γ

∑
d=x,y,z

αdU
†I

(i)
d UM

(i)
d (2.29)

The density matrix ρR still undergoes Larmor precession, but at a frequency ∆ν ≡

νi − ν, which is typically on the order of kHz rather than MHz, resulting in a pe-

riod on the same order as the experiment time, around 100µs. By eliminating the

high-frequency behavior induced by the Larmor precession, we drastically reduce the

temporal resolution required in our calculation.

2.2.3 Interactions in the Rotating Frame

The transition to the rotating frame may induce high-frequency behavior in the in-

teraction term. To perform our time evolution, we propagate by small time steps dt,

using average Hamiltonian theory to create an effective Hamiltonian on each time

step. As we shall see, in the rotating frame the interaction Hamiltonian oscillates
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rapidly (on the order of the Larmor frequency) about a slowly varying average value.

If we choose our time steps dt to be sufficiently small such that the slowly varying

magnitude of the interaction can be treated as constant on any given time step, we can

use average Hamiltonian theory to eliminate the high frequency terms entirely. By

showing the high frequency terms disappear in the effective Hamiltonian, we will be

free to set the time step much larger than would otherwise be required by the terms

which oscillate at frequencies near the Larmor frequency. In order to characterize

the “slowly varying” and “rapidly varying” parts of the interaction and set limits on

our choice of dt, we must carefully examine how the interaction term behaves in the

rotating frame.

The case d = z in Equation 2.29 is uninteresting, as Iz commutes with U . In

this case, the validity of our approximation depends simply on the value of αz. For

d = x, y, U has the effect of rotating the spin operator about the z axis by an amount

νt:

U †IxU = Ix cos νt− Iy sin νt

U †IyU = Iy cos νt+ Ix sin νt

(2.30)

By taking advantage of the cyclic property of the trace, M
(i)
d can also be rewritten

relative to the rotating density matrix ρR:

M
(i)
d =

∑
j ̸=i

f(rij)⟨U †I
(j)
d U⟩R (2.31)

where rij ≡ |ri− rj| and ⟨I(j)d ⟩R indicates the expectation value taken with respect to

ρ
(j)
R . For simplicity, moving forward we define ⟨−⟩ ≡ ⟨−⟩R, unless otherwise noted. By

combining the expressions in Equations 2.30 and 2.31 and using some basic algebraic

manipulation, we can rearrange the expression αxU
†I

(i)
x UM

(i)
x + αyU

†I
(i)
y UM

(i)
y , sep-

arating the oscillatory (those with an explicit sinnνt or cosnνt) and non-oscillatory
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terms. With these adjustments, our Hamiltonian in the rotating frame becomes

H
(i)
R =− (∆ν + a(i)z )I(i)z

− (a
(i)
x+ + a

(i)
x− cos 2νt− a

(i)
y− sin 2νt)I(i)x

− (a
(i)
y+ − a

(i)
y− cos 2νt− a

(i)
x− sin 2νt)I(i)y

(2.32)

with coefficients ai defined by

a(i)z = γαz

∑
j ̸=i

f(rij)⟨I(j)z ⟩

a
(i)
d± =

γ

2
(αx ± αy)

∑
j ̸=i

f(rij)⟨I(j)d ⟩
(2.33)

We can make several substitutions here which will more strongly relate the different

terms to the physical quantities of interest. We introduce an anisotropy factor η

defined by

η ≡ αx − αy

α
(2.34)

for α ≡ αx + αy as well as terms ω
(i)
d defined by

ω
(i)
d ≡

∑
j ̸=i

f(rij)⟨I(j)d ⟩ (2.35)

Finally, we define ω
(i)
⊥ ≡ ω

(i)
x + iω

(i)
y . With these substitutions, the Hamiltonian

becomes

H
(i)
R = −

(
∆ν + a(i)z

)
I(i)z

− γα

4

(
ω
(i)
⊥

(
1 + ηe2iνt

)
+ ω̄

(i)
⊥

(
1 + ηe−2iνt

))
I(i)x

− iγα

4

(
ω̄
(i)
⊥

(
1− ηe−2iνt

)
− ω

(i)
⊥

(
1− ηe2iνt

))
I(i)y

(2.36)
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2.2.4 Magnus Expansion

The Hamiltonian in the rotating frame, H
(i)
R , only has explicit time dependence in

the case that η = 0, the case of isotropic planar coupling. In the case of anisotropic

planar coupling, where η ̸= 0 and the Hamiltonian has explicit time dependence, we

can approximate the dynamics using the Magnus expansion [72].

The Magnus expansion has a wide array of applications in solid state physics and

NMR and is a powerful tool to examine the dynamics of time dependent systems [73].

However, in applying the Magnus expansion, we have to take several precautions.

Average Hamiltonian Theory is known to fail under certain circumstances, most no-

tably systems acted upon by oscillating fields [74–79]. It can be shown that even for a

simple time-independent system, use of the interaction representation, combined with

an average Hamiltonian approach wherein the integration period is exactly equal to

the period of induced time dependence introduced with the interaction picture, can

cause the average Hamiltonian theory to fail [74]. Accordingly, in systems with pe-

riodic time dependence, such as ours, great care must be taken in using an average

Hamiltonian approach over the period of the time dependence.

The benefits of using such an approach can still be significant, as the time depen-

dence will integrate out exactly in the first order “average” term, and the complexity

of higher order terms is vastly reduced. In order to mitigate the possibility for such a

transformation to produce incorrect results, we take several precautions. Firstly, we

perform much of our analysis using an interaction which is isotropic in the plane, i.e.

αx = αy. In this case, the time dependence is identically zero and we have no need

to use the Magnus expansion at all. Secondly, in application of the Magnus expan-

sion, we use numerical techniques to examine its accuracy by comparing it to a direct

implementation of the full, time dependent Hamiltonian with a sampling sufficiently

small to capture the high frequency dynamics of the system.

Because of the self-referential nature of the Hamiltonian introduced through the ωd
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terms, the Hamiltonian cannot be explicitly integrated with respect to time. However,

we can approach this issue in two ways: we could use a perturbative approach, using

a non-interacting echo or an echo with isotropic coupling to approximate the values of

ωd and integrate the resulting expression, or we could approximate the ωd as constant

on the interval of integration. We use the latter approach, as our time steps will be

sufficiently small such that this approximation holds.

Since we are time evolving the density matrices and not state vectors, to properly

use the Magnus expansion we should elevate the system to Liouville space. Ultimately,

we do proceed in Liouville space; however, since the commutation relations of the spin

matrices are equivalent in Hilbert and Liouville space, we can calculate the coefficients

of the Magnus expansion in the lower dimensional Hilbert space and elevate the terms

to Liouville space after the fact.

In the our technical discussions, we typically separate the examination of the

impacts of αz and αx, αy, as they interact with the system in fundamentally different

ways. For simplicity, given our current focus on the impact of planar anisotropy, we

proceed with αz = 0. The αz terms can be reintroduced by simple replacement of

∆ν → ∆ν + a
(i)
z . In order to examine how the anisotropy of the coupling affects the

system, we derive the second and third order terms in the Magnus expansion for this

case. When introducing dissipation, the terms become more complicated, given the

case of dissipation requires full use of the Liouville space representation. However, a

Hilbert space approach still gives accurate results for those terms which do not depend

on the dissipation, so we approach the impact of the dissipation terms separately.

Given the oscillatory nature of the time dependence, proper selection of the size

of the time step dt (which is also the period T over which the Magnus expansion is

evaluated) can drastically simplify the resulting expressions. With this in mind, we

use time steps dt = T = nπ/ν which equates to integrating over one full period of

the time dependent terms.
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The Magnus expansion gives an approximate solution to the equation

dv

dt
= Av (2.37)

for some matrix A and vector v. The solution is given in series

v(T ) = eĀ(T )v(0) (2.38)

We have v → ρ and A→ iL̂/ℏ for the Liouvillian L̂. Given the lack of dissipation, we

can perform the calculation with H instead of L̂, being careful to restore one factor

of i/ℏ for every copy of H that appears. The additional factors 1/ℏ will precisely be

cancelled by factors ℏ gained from the commutation of spin operators. For simplicity,

moving forward we suppress factors (i) in the factors ω, with the understanding that

each is dependent on a reference particle.

The first order term in the Magnus expansion is given by

H
(i)
R,1 =

i

ℏ

∫ T

0

H
(i)
R (t)dt (2.39)

When integrating over one period, this clearly simply integrates out the time depen-

dence. Integrating this term from 0 to T = nπ/ν, we find

H
(i)
R,1 = a(i)z Iz + a(i)x Ix + a(i)y Iy

a(i)z = −iT
ℏ
∆ν , a

(i)
d = −iT

ℏ

(γαωd

2

) (2.40)

where we immediately note the lack of terms scaling with η. To first order in the

Magnus expansion, assuming the bounds are chosen to coincide with the periods of

the Larmor precession, the dependence on the anisotropy disappears. This features

is representative of the fact that the anisotropy’s contribution to the dynamics of the

system is, on average, zero in the approximation that ωd is constant. Contributions
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from the anisotropy could be included in the first order term by choosing bounds that

do not coincide with the period of the Larmor precession, but doing so does little

except to drastically increase the complexity of the higher order terms. A different

choice of bounds could help safeguard against the issues with the average Hamiltonian

approach, but we choose to use a numerical approach to check for divergent behavior

rather than use the more cumbersome bounds.

The second order term can be found by integrating the commutator

H
(i)
R,2 = − 1

2ℏ2

∫ T

0

dt

∫ t

0

dt′ [H
(i)
R (t), H

(i)
R (t′)] (2.41)

which, when integrated, gives

H
(i)
R,2 = b(i)z I

(i)
z + b(i)x I

(i)
x − b(i)y I

(i)
y

b(i)z =
iT

ℏ

[
(γα)2η (ω2

⊥ − ηω⊥ω̄⊥ + ω̄2
⊥)

16ν

]
b
(i)
d =

iT

ℏ

[
ηγαωd∆ν

4ν

] (2.42)

We note a few significant features of the second order term. Aside from the scaling

with η, the second order terms introduce a mixing of the interaction terms. The planar

corrections scale not only with α and ωd, but additionally scale with the Larmor shift

∆ν. Conversely, the out-of-plane coupling scales with the planar variables α, η, and

ω⊥. More importantly, the overall scale of the second order terms relative to the

first is set by the ratio of the interaction strength with the Larmor frequency. Given

the interaction strength is limited by the linewidth Γ, the scaling of the higher order

terms in the Magnus expansion can be said to be, at best, Γ/ν, which is typically

on the order of 1/100 or less. The impact of these terms will therefore be minimal,

if at all visible. Given the timescale of the interaction is on the order of kHz and

the Larmor frequency is on the order of MHz, the minimal impact of the planar

anisotropy is expected. The spins precess far too quickly for any difference in the x
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and y couplings to accumulate and cause any real difference in the dynamics.

To confirm the scaling of the Magnus expansion, we can additionally calculate the

third order term. The third order term is found by integrating the double commuta-

tors

H
(i)
R,3 =

−i
6ℏ3

∫ T

0

dt

∫ t

0

dt′
∫ t′

0

dt′′
[
C(t, t′, t′′) + C(t′′, t′, t)

]
C(t1, t2, t3) ≡ [H

(i)
R (t1), [H

(i)
R (t2), H

(i)
R (t3)]]

(2.43)

This integration yields the third and final term of our analysis

H
(i)
R,3 = c(i)z I

(i)
z + c(i)x I

(i)
x − c(i)y I

(i)
y

c(i)z =
iT

ℏ

[
−(γα)2∆ν(ω2

⊥ + ω̄2
⊥ − 2ηω⊥ω̄⊥)

32ν2

]
c(i)x =

iT

ℏ

[
γαη(16∆ν2 − 2(γα)2Pω + (γα)2ηQω)

128ν2

]
c(i)y =

iT

ℏ

[
γαη(16∆ν2 + 2(γα)2Pω + (γα)2ηQω)

128ν2

]
Pω ≡ ω̄2

⊥ − ω2
⊥ − ηω⊥ω̄⊥ , Qω ≡ ω2

⊥ − 2ηω⊥ω̄⊥

(2.44)

The third order terms are further reduced by a factor proportional to the interaction

relative to the Larmor frequency, as we saw with the second order term.

The corrections from the second and third order terms in the Magnus expansion

only apply for planar anisotropic interactions, when αx ̸= αy. Given we expect the

impact of the planar anisotropy to be negligible, we focus much of our analysis on

isotropic planar interactions, where αx = αy, in which case the corrections from the

second and third order terms in the Magnus expansion do not apply. This approach is

also equivalent to a first order Magnus approximation. We will return to the impact

of these corrections later in our discussion.
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2.2.5 Effective Time Scale Ω

The Magnus expansion is only valid if the norm of the Hamiltonian is much smaller

than the time interval over which the expansion is calculated. One such norm is given

by [80]

Ω =

[
Tr

[
H

(i)
R

]2 ]1/2

≪ 1/T (2.45)

This condition can also be used as a limit on the validity of our assumption that the

coefficients ω
(d)
d are constant on the period T of the Magnus expansion, which is also

the time step dt. For an isotropic planar interaction, we find

Ω =
1√
2

√
(∆ν + γαzω

(i)
z )2 + (γα|ω⊥|/2)2 (2.46)

In order to put an upper bound on the value of Ω, we assume the local spin averages

ω
(i)
d to be constant and equal to their maximal value, where all expectation values

are equal to the spin s. Additionally, each individual particle will have a different

value of the parameter ∆ν, so to create a parameter that captures the dynamics of

the system as a whole, we substitute ∆ν with an “average” value, i.e. the linewidth

Γ. We additionally define quantities ω and ωz which we call the “interaction weight”

defined by

ω ≡ (αx + αy)
∑
j ̸=1

f(r1j)

ωz ≡ αz

∑
j ̸=1

f(r1j)

(2.47)

which represents a “maximal”, spin independent value of the ω
(i)
d parameters intro-

duced previously, scaled by α. With these substitutions, we arrive at a parameter
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Ω

Ω =
√

(Γ+γsωz)2/2 + (γsω)2/8 (2.48)

which defines the overall “frequency” of the interaction, when interpreted as a ro-

tation (for α ≡ αx + αy and αx = αy). With this definition, the condition for our

approximation of the time evolution to be valid is given by

Ω ≪ 1/T (2.49)

where T ≡ dt is our time step and the period of the Magnus expansion. In the case of

an isotropic planar interaction, our Hamiltonian reduces to one nearly identical to the

original Hamiltonian in the laboratory frame, but with a shifted Larmor frequency:

H
(i)
R =− (νi − ν) I(i)z − γ

∑
d=x,y,z

αdM
(i)
d,LI

(i)
d (2.50)

where we require αx = αy and we have defined the “local magnetization”

M
(i)
d,L =

∑
j ̸=i

f(rij)⟨I(j)d ⟩R for d = x, y, z,+ (2.51)

where d = + corresponds to the raising operator I+, which corresponds to the complex

valued planar magnetization. This parameter is equivalent to our parameters ω
(i)
d

introduced earlier. We see that in the rotating frame, for an isotropic interaction, the

behavior of the x and y axes is not truly distinct. The action of these two terms in

the model combine to form one effective term with strength additive of the individual

strengths αx, αy. For the specific case of a spin 1/2 particle, for which we perform our
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analysis, this Hamiltonian in matrix form is

H
(i)
R =

ℏ
2

−∆ν − γαzM
(i)
z,L −γ

2
αM

(i)
+,L

−γ
2
αM

(i)

+,L ∆ν + γαzM
(i)
z,L

 (2.52)

for M indicating the complex conjugate and α ≡ αx + αy.

2.2.6 Liouville Space

We model our system in Liouville space, which allows us to introduce dissipative

terms to the system. In Liouville space, the d × d density matrix is flattened into a

d2× 1 vector; in our simulation, we use row major order to make this conversion. On

account of this convention, it can quickly be shown that left and right multiplication

by some operator O are written

Oρ −→ (O ⊗ I)ρL

ρO −→ (I⊗OT )ρL

(2.53)

With this convention in mind, the time evolution equation for our density matrix

becomes
dρ

(i)
R

dt
=
i

ℏ
[ρ(i), H

(i)
R ] −→

dρ
(i)
R,L

dt
=
i

ℏ
L̂
(i)
R ρ

(i)
R,L

with

L̂
(i)
R = I⊗H

(i)

R −H
(i)
R ⊗ I

(2.54)

For a time independent Hamiltonian, the above equations have the solution

ρ
(i)
R,L(t) = eiL̂

(i)
R t/ℏρ

(i)
R,L(0) (2.55)

Our Hamiltonian, which depends on the expectation values of the spins in the ensem-

ble, is not time independent. However, as previously established, we can approximate
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the Hamiltonian as time independent on time steps dt so long as the condition in

Equation 2.49 is met. Explicitly, we time evolve our density matrices in steps dt

ρ
(i)
R,L(t+ dt) ≈ eiL̂

(i)
R (t) dt/ℏρ

(i)
R,L(t) (2.56)

In an experimental setting typical of the systems we are modelling, T1 ≫ τ and

can be generally be ignored for a single spin echo measurement. However, it is not

uncommon that T2 ∼ τ . To that end, we include dissipative effects in our simulation.

For general dissipation, the time evolution of the density matrix is dictated by

dρ

dt
=
i

ℏ
[ρ,H]− 1

2

∑
n

(
L†
nLnρ+ ρL†

nLn

)
+
∑
n

LnρL
†
n (2.57)

where Ln are the Lindblad jump operators [81]. Although we are primarily concerned

with the dephasing of spins via T2 processes (i.e. Ln = Iz), we also include terms that

account for emission (Ln = I−), absorption (Ln = I+), which allow us to include T1

and thermal effects in the simulation if we desire. Taking into account our row-major

ordering and the self-adjoint nature of the spin operators, the inclusion of dissipation

results in an additional term

Ĵ =
∑

d=z,+,−

Γd

ℏ2

(
−1

2

[
I2d ⊗ I+ I⊗ I

2

d

]
+ Id ⊗ Id

)
(2.58)

With this term included, we arrive at the final equation which dictates time evolution

in our simulation:

ρ
(i)
R,L(t+ dt) = e

(
iL̂

(i)
R (t)/ℏ+Ĵ

)
dt
ρ
(i)
R,L(t) (2.59)

With the dissipation included, we have to re-examine the Magnus expansion. The

terms calculated in the Hilbert space representation will still be valid, but there will
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be additional terms which represent the mixing of the dissipation and the interaction.

As before, the first order term is simply the time-averaged term and is equivalent to

the isotropic case. The second order term is identical to the second order term from

the Hilbert space representation, plus an additional term that accounts for the mixing

of the dissipation. This additional term has factors that look like

γαωη

ν

3∑
i=1

βiΓi (2.60)

where the βi are either ±1 or ±3 depending on the term and i. We see the exact

same scaling as in the previous examination, as well as a mixing of the dissipation

and interaction terms. Given the dramatic increase in complexity of the calculation

in Liouville space, as well as the extreme scaling of the terms, we only include the first

and second order contributions from dissipation. With the form of the Hamiltonian

given, the third order term can be calculated relatively quickly in software which is

capable of symbolic integration, such as MATLAB [82]. However, it is cumbersome to

the point of being impractical to include, and its contribution will be multiple orders

of magnitude smaller than even the second order term.

Although our discussion primarily focuses on non-dissipative cases of the inter-

action, we still perform our calculations in Liouville space. We do this for several

reasons. Primarily, the introduction of dissipative effects such as from phase deco-

herence can help frame the dynamics of the model in a setting more indicative of an

actual experiment. As we shall see Chapter 4, certain emergent phenomena driven by

the interaction rely on a high degree of coherence of the spin ensemble and can be sen-

sitive to dissipative effects such as would be present in a real system from relaxation

and thermal effects. Future applications of the simulation and similar models would

likely focus more on the effects of dissipation in the system. Additionally, because the

simulation is primarily coded in CUDA, much of the structure has to be hard coded.
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It behooves us to structure the majority of the simulation in Liouville space from the

beginning, rather than attempt to add it in later, as the Liouville representation can

be used to model dynamics that can be modelled in Hilbert space, but the inverse is

not true.
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Chapter 3

Simulation

Numerical simulations are a relatively common tool for the study of nuclear mag-

netic resonance. There are several widely-used simulation packages available (e.g.

SPINEVOLUTION or SIMPSON) which are designed to be flexible tools for the

simulation of NMR systems [44–47]. Many of the simulations packages emphasize

generality and accessibility, intending to present to the user the ability to simulate a

wide range of NMR systems with minimal need for direct programming.

The aforementioned simulation packages primarily focus on powdered or liquid

state NMR; additionally, the packages limit the user in terms of the available inter-

actions that can be included, typically only allowing the tuning of the parameters

of several standard NMR terms rather than the introduction of novel interactions

between the spins. When it comes to the simulation of single-crystal solid state sys-

tems, especially those which explore the effect of novel interactions, the landscape of

available simulations becomes much more barren.

Direct simulations of single-crystal solid state systems can rapidly become in-

tractable, as the introduction of interactions between the spins results in 2N scaling

which rapidly exceeds current computational capability for anything more than a

handful of spins. Even in the case of a mean field model, which eliminates the 2N
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scaling, computation times can rapidly become excessive for large ensembles of spins.

Recently, strides have been made in the efficient simulation of dynamic, time-

dependent spin dynamics [64]. While the simulation is highly efficient and very ac-

curate, and represents a major development in the use of GPU programming for spin

dynamics, it is ultimately poorly suited for many NMR applications and in particular

is fundamentally unable to model non-unitary dynamics or Hamiltonians whose time

dependence is not known in advance.

One of the primary goals of our work is the development of a simulation that

can accurately and efficiently study large ensembles of spins with novel interactions.

The program focuses on the simulation of large ensembles of spins whose interactions

can be modelled on the mean field level. The particular form of the interaction

is not essential to the broad structure of the simulation; however, the interaction

Hamiltonian is hard coded to optimize performance, and changing the interaction

on a structural level requires directly changing the simulation code, a task that is

more tedious than difficult. We additionally take advantage of GPU computing– a

tool not widely seen in the world of time-domain NMR simulations– to accelerate the

program, allowing for highly efficient simulations of large ensembles of spins.

In the process of developing the simulation package and studying the model, we

wrote three versions of a spin echo simulation [83]. The first iteration, written entirely

in Julia and utilizing no GPU programming (referred to moving forward as simply

the Julia simulation), was primarily used in our initial exploratory investigations of

the model; it is essentially a direct translation of the model described above, and it

primarily serves as a tool to quantify the performance of more optimized programs

[84]. We primarily use the other two simulations for our experiments, one written

in Julia with some GPU functionality (which we call the GPU-Julia simulation) and

one written in CUDA (the CUDA simulation) [85–87]. In the following sections, we

discuss these two simulations in some depth, focusing on a few key calculations, their
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accuracy, and performance.

Although both the GPU-Julia and CUDA simulations model the same spin echo,

each programming language offers unique benefits and complications. We primarily

use the Julia code to prototype new features, although it also serves as a metric

against which to compare the performance and accuracy of the CUDA simulation.

Once a new feature or model is tested using the GPU-Julia simulation, it can be

added to the more efficient (but more unwieldy) CUDA simulation for the generation

of large data sets.

Julia’s primary benefit is its accessibility. It offers a robust and optimized library of

scientific functions; given its similarity in style to Python, translating the mathematics

of the model into a working simulation is direct and relatively simple. These factors

make it easy to initially create the simulation as well as to add new features to the

simulation or to adjust existing elements of the code.

The main cost of Julia is its performance. Julia primarily uses CPU computing,

with some GPU compatibility, and options for parallelization are limited. Although

many of the available libraries in Julia are well optimized for CPU computing, the

structure of our simulation is not. Our model is a mean field model, which practically

translates to a large number of small, independent calculations. Parallelizing over a

small number of powerful CPU cores offers negligible gain in terms of computation

time, as the time cost of moving memory between cores is not recouped by the 4×, 6×,

or even 8× parallelization offered by a CPU. Julia’s GPU libraries are not complete

enough to remedy this problem entirely, but they do offer a significant increase in

performance (around 5×) for the most costly step of the simulation. Although Julia’s

CUDA library does offer tools for the programming of custom CUDA functions in

Julia, it offers little to no benefit for our simulation over using CUDA natively in

C++.

To study the spin-interaction model in great depth requires larger data sets and
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a more optimized simulation. In terms of performance, very few languages perform

GPU parallelization better than properly implemented CUDA. With CUDA, we can

explicitly choose how to split up a function across the thousands of available threads

on the GPU. For a given particle, each step of our simulation is simple, requiring little

more than 4 × 4 matrix operations. With complete control over the parallelization

structure, we can execute the simulation almost entirely in parallel, with each thread

performing the calculation for one of the spins. Although the individual cores are

much slower than those on a CPU, the massive parallelization results in speed-ups of

10-20× compared to our GPU-implementation in Julia.

This high performance comes at a cost. CUDA and C++ offer only extremely

limited libraries for the common operations necessary for scientific computation. In

particular, there are almost no linear algebra libraries that are well suited to our

simulation. CUDA does have a BLAS-based linear algebra library, but it is designed

for operations on large matrices and is not well suited for the small matrices of our

model. Almost every function in our CUDA simulation is therefore adjusted to be

suitable for our model, which makes creating the simulation and adding new features

a much slower process than in Julia. Of particular note is the lack of a matrix

exponential, as even CUDA’s cuBLAS library does not have a matrix exponential

function. A robust discussion of the matrix exponential algorithm is beyond the

scope of this paper, and the implementation of such an algorithm represents a major

undertaking in the development of a CUDA-based simulation [88].

In the following sections, we review the basic structure of the Julia and CUDA

simulations, some of the more unique elements of their implementation, and their

performance. We review the two non-trivial calculations involved in the simulations,

namely the calculation of M
(i)
d,L and the calculation of the matrix exponential in the

CUDA simulation. We then examine the performance of the three simulations (Julia,

GPU-Julia, and CUDA) and examine the accuracy of the handwritten algorithms in
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the CUDA simulation by comparing its results to those from the GPU-Julia simula-

tion.

3.1 Simulation Structure

Both simulations implement the same model and calculate the output of a basic

spin-echo experiment. The calculated signal and output of the simulations is the net

magnetization along each axis, Md, given by

Md =
N∑
i=0

⟨I(i)d ⟩R for i = z,+ (3.1)

where we save the value of the “rotating” expectation value, as defined in Section

2.2.3. This value is equivalent to the laboratory frame value for d = z, and for d = +

it differs by a simple phase factor e−iνt. Laboratory frame values for Mx and My can

be recovered by Mx = Re (e−iνtM+) and My = Im (e−iνtM+).

To perform the simulation, we first generate and initalize an ensemble of density

matrices as well as a number of variables that are held constant throughout the

experiment before walking through the basic steps of the spin echo: we apply an RF

pulse to flip the spins an angle θ (i.e. a rotation of each density matrix by an angle

θ), time evolve under our model for a time τ , apply a second RF pulse to flip the

spins by an angle φ, and then time evolve for a time 2τ , saving the values of Mz,M+

at each time step and after each pulse.

Although in principle every variable in the system can be adjusted freely, the

simulations are designed to accommodate easy adjustment of the most commonly

changing variables: the interaction strengths α, the length scaling function f , the

dissipation coefficients Γd, the lattice dimensions nx, ny, the echo time τ and the

time step dt, and the pulse angles θ and φ. Adjusting other variables in the system

typically requires hard-coding the new values or re-programming some elements of
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the simulation to more seamlessly loop over the new variables, a task that is more

tedious than difficult.

The “free” parameters for a given set of trials (those mentioned previously over

which the program is designed to iterate) are loaded from a parameter file (a simple

text file) at the start of an experiment. In the GPU-Julia simulation, the parameters

are loaded from a single parameter file, and the simulation performs a simple loop

over each set of parameters. In the CUDA simulation, the parameters are loaded

from a pair of parameter files: one denoted “simulation” parameters and one denoted

“echo” parameters. Simulation parameters are those upon which memory allocation

depends, such as nx or τ , and echo parameters are those upon which it does not. In

the CUDA simulation, the loop over trials is performed with a nested loop, where

the outer loop iterates over the simulation parameters and the inner loop over echo

parameters. This structure allows us to perform the memory allocation once per

set of echo parameters by reusing and overwriting memory from completed trials,

minimizing the time spent on memory management.

The key optimization of the GPU-Julia and CUDA simulations is the massive

parallelization possible when using a mean-field model. Each of the thousands of

thread on a GPU is typically quite weak computationally compared to one of the cores

of a CPU, and consequently they favor small, simple calculations. This preference

results in GPU computing being highly efficient at processes which can be divided

into a large number of very simple, independent calculations.

In the GPU-Julia simulation, we only have limited control over how the calculation

is parallelized on the GPU. However, Julia’s CUDA package has highly-optimized par-

allelization schemes for many basic matrix operations built-in. Without direct control

of the thread assignments, we can optimize the parallelization of those calculations

performed on the GPU by taking advantage of these built-in optimized operations.

By structuring a given calculation in such a way that it can be written as a single
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operation on a matrix, or between several matrices, we can ensure that the calculation

is parallelized optimally. This re-structuring comes at a cost, however, as we will see

later.

In CUDA, we have direct and complete control over how a calculation is divided up

across the threads on the GPU. Given our model consists of thousands of independent

manipulations of small matrices (typically two or four dimensional), we parallelize the

system by particle: we assign each particle to a single thread which performs the full

calculation for said particle for a single time step.

In the next sections, we review some of the important calculations performed in

the simulations which are typically both non-trivial and relevant to the performance

of the simulation. For the Julia and GPU-Julia simulations, the only calculation of

interest is the local magnetization M
(i)
d,L. For the CUDA simulation, we addition-

ally must discuss the calculation of the matrix exponential, as our simulation uses

a hand-written version of the scaling-and-squaring algorithm for its calculation. In

the following sections, we discuss these calculations, how they vary across simulation

versions, and the accuracy of the hand-written exponentiation algorithm compared

to the built-in versions available in Julia.

3.1.1 Local Magnetization: M
(ij)
d,L

The calculation of the local magnetization uses an nx × ny matrix S known as a

“stencil”, where nx and ny are the lengths of the lattice along the x and y axis,

respectively. Moving forward, we shift from “particle number” indexing to a system

by which we index particles based on their x and y coordinates. M
(i)
d,L becomes M

(ij)
d,L .

Our previous notation f(rij) becomes

f(rij) → f(rij,kℓ) (3.2)
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where ij, kℓ refer to each particle’s x and y coordinates. The stencil S is defined by

Sij ≡ f(r00,ij) (3.3)

with indexing now starting at zero. Additionally, S00 ≡ 0, a condition which prevents

self-coupling. The stencil S is, by default, “centered” at (0, 0). By taking advantage

of our periodic boundary conditions, we can shift the stencil to be centered at any

given point (k, ℓ). Letting S(kℓ) designate a stencil centered at (k, ℓ), we find the

following transformation between S and S(kℓ):

S
(kℓ)
ij = Si′j′

i′ = (i− k)modnx

j′ = (j − ℓ)modny

(3.4)

where we define the modulo of a negative value periodically with

(−a)modn ≡ n− a (3.5)

Additionally, we use an nx × ny matrix M eval
d which contains the expectation value

of Id of each particle on the lattice. We define M eval
d by

(
M eval

d

)
ij
≡ ⟨I(ij)d ⟩R (3.6)

where the indices (i, j) refer to a given particle by its x, y coordinates as before. With

these definitions in place, we can see that the definition of M
(ij)
d,L as given in Equation

2.51 is equivalent to the sum of the element-wise multiplication of M eval
d and S(ij).

The fundamental process used to compute M
(ij)
d,L is the same across all three ver-

sions of the simulation (Julia, GPU-Julia, and CUDA), although the specifics of the

implementation vary. In all three cases, we calculate the value of S a single time at
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the start of a trial, as the calculation represents one of the slower processes in the

simulation. In the Julia and GPU-Julia simulations, we also calculate the full set of

shifted stencils S(ij) for all particles prior to performing the time evolution. The set

of shifted stencils is saved to a four dimensional array Ŝ, defined by

Ŝijkℓ = S
(ij)
kℓ (3.7)

In the Julia simulation, the process is implemented directly with a simple loop

over the particles, with each iteration performing the element-wise multiplication and

sum between S(ij) and M eval
d . This process is done solely on the CPU and is by far

the slowest step of the simulation, accounting for over 90% of the computation time

of the Julia simulation.

In the GPU-Julia simulation, we perform the calculation ofM
(ij)
d,L on the GPU. As

discussed previously, there is little to no benefit to attempting to write custom CUDA

kernels in Julia, and our focus therefore lies in structuring the calculation in such a way

as to take advantage of the highly optimized large-matrix operations built into Julia’s

CUDA libraries. In particular, by restructuringM eval
d , we can perform the calculation

ofM
(ij)
d,L for all particles with two matrix operations without any need for loops. Each

of these operations will be automatically optimally parallelized by the CUDA library’s

default parallelization structures. However, accessing these optimized functions comes

at the cost of dedicating a non-trivial amount of computation time to re-structuring

the calculation to make it compatible with these functions. Additionally, there is the

further loss of efficiency due to the need to move memory back and forth between the

GPU and CPU before and after the calculation of M
(ij)
d,L .

In order to re-structure the calculation, we first create a four dimensional array
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M̂ eval
d where each slice is a copy of M eval

d :

(
M̂ eval

d

)
ijkℓ

≡
(
M eval

d

)
kℓ

(3.8)

The element-wise multiplication step for all particles can then be performed with

a single element-wise multiplication between M̂ eval
d and Ŝ. Performing the sum is

equally simple, using mapreduce on the two dimensional slices of the resulting four

dimensional array. Julia’s CUDA library automatically uses routines from CUDA’s

cuBLAS libraries for these operations, routines which are designed to take advantage

of the GPU’s potential for large-scale parallelization and can be assumed to be highly

optimized. Despite the additional need for memory management and the creation of

M̂ eval
d , for a 100× 100 lattice this restructuring results in a nearly ten-fold reduction

in computation time, including the time spent on the additional steps.

The implementation of the M
(ij)
d,L calculation in the CUDA simulation is the most

direct of the three approaches, as the abilities to customize the parallelization struc-

ture and directly manage memory give us more freedom with how to structure the

calculation. When calculating M
(ij)
d,L , each particle is given an index (which is also its

thread index). CUDA does not facilitate multidimensional arrays well, so all arrays

are flattened in row-major order. With this in mind, we can convert the spin/thread

index, which we will call q, into a pair of indices which point to the particles position

on the lattice:

j = qmodn

i =
q − j

n

(3.9)

where we are operating on a square lattice with nx = ny ≡ n. We then define two

new sets of indices: k, ℓ and k′, ℓ′. These indices are related by

k′ = (k + i)modn

ℓ′ = (ℓ+ j)modn

(3.10)
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In this relation, i, j refer to particle position, k, ℓ refer to the stencil, and k′, ℓ′ refer

to M eval
d . Adding i, j to k, ℓ, modulo the lattice size, applies the shift previously

calculated in Ŝ. We calculate M
(ij)
d,L by summing over k, ℓ:

M
(ij)
d,L =

n−1∑
k=0

n−1∑
ℓ=0

Skℓ

(
M eval

d

)
k′ℓ′

(3.11)

The ability to customize the parallelization structure allows this version of the calcu-

lation to bypass the need to calculate M̂ eval
d or Ŝ as in the GPU-Julia version while

still allowing us to parallelize over the indices i and j. The CUDA simulation’s calcu-

lation improves upon the performance of the GPU-Julia calculation by an additional

twenty times for a 100× 100 lattice.

3.1.2 Matrix Exponent

Although Julia has a built in matrix exponent, CUDA lacks such a function. To

calculate the matrix exponent in the CUDA simulation, we use a handwritten version

of the scaling-and-squaring algorithm, the same algorithm used by both Julia and

MATLAB [84,88]. The details this algorithm are beyond the scope of our discussion,

but we will briefly outline its steps to give context to the details of our implementation.

We choose to use the scaling-or-squaring algorithm over other methods such as

diagonalization or analytic methods because of combined desires for both accuracy

and broad applicability. For unitary dynamics, the Lie-Trotter formula along with a

knowledge of the analytic properties of the exponentiation of basis elements of su(N)

(i.e. anti-Hermitian matrices) can be used to great effect to create highly accurate

analytic expressions which can be used to approximate the matrix exponent, bypass-

ing a large number of computational steps [64, 89]. However, this method fails when

non-unitary dynamics are included and the Hamiltonian cannot be written using a

basis of su(N). Methods such as diagonalization can be highly attractive, especially
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for low dimensional matrices where analytic forms can be calculated. However, nu-

merical diagonalization methods can become highly inaccurate when the eigenvalues

of the matrix in question are too similar, as may be the case for a slowly oscillating

spin during a weak phase of the interaction in our model [89]. Additionally, exact di-

agonalization rapidly becomes intractable for larger matrices, and even in the case of

4×4 matrices for a spin-1/2 particle in our model the analytic forms of the eignevalues

become extremely cumbersome. Of the many methods for matrix exponentiation, the

scaling-and-squaring method, although not perfect, remains one of the most accurate

and widely applicable methods [89].

The scaling-and-squaring algorithm uses a Padé approximant to approximate the

matrix exponent. In order to improve accuracy, the algorithm first reduces the norm

of the matrix A to be exponentiated by scaling the matrix by a factor 2s, with the

choice of s dependent on the initial norm of the matrix A. The numerator Pm and

denominator Qm of the Padé approximant are then calculated (each a polynomial

function of the matrix A of order m), and a linear solver is used to solve for the

approximant itself. The resulting approximant is squared a number of times s to

reverse the initial scaling, resulting in an approximation of eA.

Although CUDA has accurate and efficient linear solvers via the cuSOLVER li-

brary, the solvers in this library are optimized around parallelizing over a single large

matrix operation rather than an ensemble of small matrix problems, much like the

cuBLAS libraries [87]. In order to parallelize over the ensemble, we use a handwritten

Gaussian elimination and backwards substitution algorithm for our linear solver. Al-

though such an algorithm scales extremely poorly, our simulation is designed for the

modelling of independent, single-particle density matrices, which are typically two or

four dimensional. The poor scaling is therefore not an issue in this context.

In order to examine the accuracy of our matrix exponential algorithm, we com-

pared it to Julia’s built in algorithm for matrices with elements from multiple orders
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of magnitude. We focused on 4× 4 matrices for the analysis, as the majority of our

examination of this model occurs for spin 1/2 systems (and the simulation is performed

in Liouville space). To generate a matrix M , we first generate a set of four complex

eigenvalues and save them in a diagonal matrix D. We then conjugate this matrix by

a unitary matrix U , generated via exponentiation of a random Hermitian matrix H:

D = diag (λ1, . . . , λ4)

U = eiH

M = UDU †

(3.12)

This process gives us a random complex matrix M with a known set of eigenvalues.

We exponentiate this matrix using our CUDA algorithm and compare the result to

the same matrix exponentiated using Julia’s built in function. We analyze matrices

whose eigenvalues fall in the ranges 10−p, 10−p+1, for p ranging from 9 to 2. We limit

ourselves to eigenvalues whose magnitude is strictly less than 1 due to the reliance

of both the Julia algorithm and the CUDA algorithm on high order products of

the matrix being exponentiated, resulting in poor behavior of both algorithms for

matrices whose elements are larger than 1. We additionally analyze a set of matrices

with mixed value eigenvalues, drawn at random from the full range 10−9 to 10−1.

The error of the exponentiation of a given matrix using the CUDA algorithm,

U (c) = eM , relative to the same calculated using the Julia algorithm, U (j) was calcu-

lated using the relative error of the real and imaginary parts separately. In particular,

the error of a given matrix element (U (c))ij has two values, one for the real part and

one for the imaginary part, given by

δr,ij =
Re (U (c))ij − Re (U (j))ij

Re (U (j))ij
(3.13)

and the equivalent δi,ij for the imaginary part. The “overall error” for a given matrix
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is given by considering both the average across all matrix elements of the real and

imaginary parts as well as by considering the average magnitude of the error of the

real and imaginary parts across all matrix elements.

There were no identifiable trends in the error relative to the magnitude of the

largest eigenvalue of the matrix. Across all regimes studied, the error was consistently

small. On average, both the real and imaginary parts showed errors as defined above

on the order of 10−8, or 10−6%. When considering the magnitude of the error, the

result is similarly strong, with the real part having an average on the order of 10−6

and the imaginary part being on the order 10−7. The distribution of error about

these averages was similarly small, with each having a standard deviation on the

order of 10−7, 10−8. Overall, our handwritten matrix exponential algorithm in CUDA

is extremely accurate relative to the Julia algorithm and can be treated as equivalent.

Although most calculations across both versions of the simulation are performed

in single precision (as GPU performance is greatly improved by using single preci-

sion), the calculation of the matrix exponent in the Julia version of the simulation

is performed in double precision. Although this somewhat reduces the performance

of the Julia simulation, it improves accuracy– when applied to matrices stored in

single precision with small matrix elements (e.g. eigenvalues on the order of 10−9 to

10−8), Julia’s matrix exponential shows significant divergence the CUDA algorithm,

MATLAB’s matrix exponential algorithm, and even from the same Julia function

calculated in double precision. In order to avoid errors from cases like these, we per-

form the matrix exponentiation in double precision in Julia, converting back to single

precision for the other calculations in the simulation.
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3.2 Performance

To profile the simulation, we run fifty trials of each simulation with a range of values

of Ω, as defined in Equation 2.49, in order to account for potential fluctuations in

performance for different simulation parameters. Each trial was run on a 100 × 100

lattice, the standard lattice size we use for our simulations, with a sampling rate

1/dt ≈ 3MHz. We first examine the performance of the Julia simulation to establish

a baseline against which to compare the improvements gained in the GPU-Julia and

CUDA simulations.

Calculation/Process
Time per

Execution (ms)
% of Total Time

Calc. Constants 381.161 0.177
M eval

d 0.158 0.018
Md 0.070 0.008

M
(ij)
d,L 722.676 81.421

H 30.802 3.456
U 131.007 14.698

Propagate 1.987 0.223
Total Time 419825 −

Table 3.1: Profiling of the major steps of the Julia simulation. % of total time
is calculated by multiplying the time per execution by the number of executions
(typically either 1 or 3nτ ), divided by the total time for the trial.

The performance of the Julia simulation is summarized in Table 3.1. The “Calcu-

lation of Constants” step summarizes the total time spent on variables that remain

constant throughout the trial and are typically only calculated once or twice, primar-

ily the stencils S and Ŝ. These steps can be some of the slowest on a per-execution

basis, but they are performed a fraction of the times as the other steps.

On average, trials took almost 420s each. By far the most dominant contribu-

tion to this poor performance is the calculation of M
(ij)
d,L for d = z,+. The poor

performance of this step is unsurprising, given that it essentially must iterate over

100,000,000 lesser calculations. The performance of this step is only better than di-

56



rectly serially performing 100,000,000 multiplications and 100,000,000 additions (on

complex floats) by a factor of around 10 (tested locally, a single multiplication or

addition of two complex floats takes around 25ns, whereas performing the M
(ij)
d,L cal-

culation for a single particle takes around 50µs, i.e. around 5ns per spin).

Calculation/Process
Time per

Execution (ms)
% of Total Time

Memory Management 16.340 7.812
Calc. Constants 340.524 0.671

M eval
d 0.245 0.118
Md 0.124 0.059

M
(ij)
d,L 9.481 4.551

H 35.578 17.008
U 141.359 67.575

Propagate 4.615 2.206
Total Time 98528 −

Table 3.2: Profiling of the major steps of the GPU-Julia simulation. % of total
time is calculated by multiplying the time per execution by the number of executions
(typically either 1 or 3nτ ), divided by the total time for the trial.

The GPU-Julia simulation is essentially the same as the Julia simulation, with the

exception of the calculation ofM
(ij)
d,L , a fact we see reflected in the similar per-execution

performance of many of the GPU-Julia simulation’s steps, contained in Table 3.2. By

moving the calculation of M
(ij)
d,L to the GPU, however, we see a significant boost in

performance. The calculation ofM
(ij)
d,L , including the additional time spent calculating

M̂ eva
d , shows an improvement of almost 80 times. We suffer the additional loss of

needing to manage memory between the GPU and the CPU, but this loss amounts

to an additional 16ms per calculation of M
(ij)
d,L , but this loss is more than made up

for by the improvement in the calculation itself. This improvement, as well as some

minor gains in some of the stencil calculations accomplished by performing them on

the GPU, reduce the per-trial time from 420s to 98.5s, an improvement of almost 4.5

times.

However, given the majority of the remaining computation time in the GPU-Julia
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simulation is in the calculation of the propagator, there is little room for further

improvement in performance. CUDA does not have a built in matrix exponential

function, as mentioned previously, so any additional improvements to the GPU-Julia

simulation necessitate some amount of direct CUDA programming, at which point it

is more optimal to translate the entire simulation into CUDA to additionally eliminate

some of the overhead accrued by using hybrid GPU-CPU programming.

Calculation/Process
Time per

Execution (ms)
% of Total Time

Memory Management 193.216 4.674
Calc. Constants 2.788 0.067

M eval
d 0.008 0.088
Md 1.126 12.882

M
(ij)
d,L 3.543 40.372

H 0.048 0.548
U 3.594 40.943

Propagate 0.037 0.426
Total Time 4134 −

Table 3.3: Profiling of the major steps of the CUDA simulation. % of total time
is calculated by multiplying the time per execution by the number of executions
(typically either 1 or 3nτ ), divided by the total time for the trial.

The CUDA simulation shows marked improvements across the board, with an

overall reduction in per-trial computation time of almost 25 times relative to the

GPU-Julia simulation, from over 98s to just over 4s per trial. Memory management

is by far the most costly per-execution step, but given memory management occurs on

average less than once per trial (since it is performed in the outer loop, a large fraction

of the trails re-use the same set of allocated memory), it has little impact on the overall

computation time. Parity has been achieved between the two most costly calculations,

U andM
(ij)
d,L , with each consuming around 40% of the computation time. Performance

decreased in the calculation of the signal, Md, as this calculation is inherently serial

and by nature performs poorly on the GPU. However, the calculation ofMd consumes

only 12% of the total computation time, and methods such as atomicAdd exist that

58



could be used to improve its performance, with some additional development.

Overall, performance improved from 420s per trial to 4s per trial in the transition

from Julia to CUDA, a gain of almost 100 times. The CUDA simulation addition-

ally has more room to grow, as we use several inefficient algorithms that could be

improved with additional development. Better parallelization schemes could be incor-

porated, as our scheme uses at most 10,000 threads per calculation. However, there

are limits to the improvements available from increased parallelization. Local mem-

ory requirements, based on the number of variables declared on each thread during

the calculations and the number of threads in a thread block, limit the number of

threads that can be launched on a single calculation. Additionally, the total number

of threads on the GPU set an absolute upper bound on parallelization. For exam-

ple, a reasonably priced commercially available GPU, such as the GTX 1080 Ti, on

which much of the development of this simulation was performed, has at most 57,344

threads available [90]. Further gains on a single GPU are limited, and higher level

parallelization schemes likely merit cross-GPU parallelization, despite the additional

overhead of managing memory between multiple GPUs.

Performance of our CUDA simulation is additionally on par with other CUDA

driven spin dynamics simulations [64]. Although the fundamental structure and goals

of the simulation in Reference [64] is different than ours, we can make a rough com-

parison of the execution times in each case. We assume relatively ideal conditions,

with the simulation being maximally parallelized on a single GPU. We assume com-

plete utilization of 50,000 threads based on the number of available cores in a GTX

1080 Ti, as we discuss above. In this situation, based on the computation time and

simulation parameters provided by A. Tritt et al., we roughly estimate a computation

time of 2µs per spin per recorded time step (i.e. 100ms per simulation of a single

spin, based on given results from a GTX 1070, with 50,000 time steps– each recorded

time step seems to require its own GPU thread, and the remaining fraction of the
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division of time evolution occurs in serial on a given GPU thread, with a 100ns inte-

gration time resulting in 20 additional divisions of the time step on each thread). The

profiling data for n = 10, 000 presented in Table 3.3 can be reasonably assumed to be

representative of a maximally parallelized calculation. In this context, a computation

time of 4s per echo with 500 time steps and 10,000 spins results in a per spin per time

step computation time of 0.8µs.

3.3 Validation

In order to validate the accuracy of the handwritten algorithms in the CUDA simu-

lation as a whole, and to make sure the small variations between the two simulations

do not affect results, we examine the error between the spin echoes generated by the

CUDA simulation to those generated by the GPU-Julia simulation. Although the in-

dividual algorithms in the two simulations have only small variations between them,

we do a comparison of the echo behavior to guarantee that these small errors do

not propagate throughout a trial and accumulate to generate a noticeable difference.

Furthermore, an examination of the echoes generated by each simulation can speak

to the numerical stability of the model and serve as an indication of the degree to

which the results of the model are independent from numerical fluctuations in the

parameters and algorithms.

In order to analyze the similarity of the results of each simulation, we simulate a

set of echoes with ω ranging from Γ up to 4.5Γ. We use the standard Γ scaling for our

other parameters: τ = 5/2Γ, Γdt = 1/10, as well as an ensemble with n = 10, 000 spins.

We use a fixed frequency sampling for all trials, rather than resampling the frequency

spectrum for each echo, to eliminate the variations between the echoes with the same

parameters but different sampling.

We calculate the error ε between the signal from an echo calculated using the

60



CUDA simulation, Sc(t), and the signal from an echo calculated using the GPU-Julia

simulation, Sj(t) by considering the magnitude of the error at each point, averaged

over the whole echo.

ε =
1

L

L∑
i=1

∣∣Sc(ti)− Sj(ti)
∣∣ (3.14)

for L the length of the echoes in question. The value of ε, as well as its standard

deviation, calculated using the individual errors of each point of each echo, is shown

in Figure 3.1.

Figure 3.1: Error ε between echoes calculated by the CUDA simulation and the GPU-
Julia simulation, plotted versus ω as a fraction of Γ. The shaded region represents
one standard deviation about the error.

It is immediately apparent that the differences between the two simulations are

negligible. The average error magnitude is on the order 10−7 and the spread in error

is consistently on the order 10−6. Even at multiple standard deviations from the

mean, this represents an error of a fraction of a fraction of a percent, on the order of

0.001%. For all intents and purposes, the simulations can be considered identical. We
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do see an increase in the error, although it remains on the order 10−6, as ω increases

towards values near Γ. In this region, the model enters a coupling regime where the

interaction begins to compete with the dominant Larmor precession and the signature

features of the model begin to emerge more strongly. This region is more sensitive

to the exact values in the simulation, as the accuracy of the approximations used

in the simulation become more important at higher values of ω. This uptick in the

error is therefore expected given small differences in the numerics of the simulations,

such as precision types and the solvers used in the matrix exponential algorithm.

We recall the accuracy of our matrix exponential algorithm is on the order of 10−8

(Section 3.1.2) which is consistent with the error seen between the echoes of the two

simulations.

3.4 Baseline Numerical Error

Before we turn to sources of error related to the model, we address one source of

error that is unrelated to the behavior of the model specifically. The simulation

uses floating point precision throughout to maximize performance. However, this use

introduces the possibility for errors on account of the cutoff and rounding of single

precision. In order to minimize this possibility, we use custom arithmetic operations

built out of CUDA’s intrinsic functions which gives us much more control over the

rounding of the floating point values.

However, in one specific situation, there is still an observable error that arises from

a combination of floating point point rounding and our data transfer protocols. In the

case of extremely high sampling rate, that is very small dt, the vast number of matrix

exponential products can result in an accumulated error which is small but observable.

This primarily arises when comparing echoes with different but equivalently small

time steps, for example an echo with sampling rate 1.5GHz and one with sampling
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rate 2GHz. In this situation– which would almost never be relevant to an experimental

application of the simulation, given the excessive computation time and diminishing

returns in terms of improving accuracy– there is a “baseline error” in the accuracy of

the echo shape.

In order to quantify this error, we use the matrix exponential function imple-

mented in the simulation to compute a specific matrix in several ways. Specifically,

we perform the following computation

eA =
n∏

i=1

e
A/n (3.15)

for log2 n = 10 up to 22 to represent the range of dt we study in Section 3.5.2.

For our discussion, let En be the calculation of eA using n products. We perform

this calculation for 100 different matrices A all of which are complex valued and

randomly generated with elements representative of the order of magnitude we see in

our simulations. Additionally, the structure of A is the same as the Hamiltonian in

our system. We then calculate the error ε via

ε(n) =
1

d2

∣∣∣∣ d∑
i,j

(
(En)ij − (E1)ij

) ∣∣∣∣ (3.16)

for d the dimension of the matrices, here 4. We consider the average value of ε over

all 100 repetitions of this process and consider the result versus n. The results of this

analysis are displayed in Figure 3.2.

The error is fit with the exponential function

ε(n) = c1

(
1− e−

nc
2/c3

)
(3.17)

Thus we see there is a baseline error on the order 10−4 when an excessively small

time step is used. This error only occurs for extremely high sample rates, specifically
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Figure 3.2: Baseline error ε versus n. The data is fit with an exponential fit ε ∝
1 − e−n/c for a constant c. The error bars give the 45% standard deviation of the
error ε about its mean over the 100 samples. The error bars are scaled down to 45%
their value on account of low n errors having a spread on the same order as their
error and thus being unable to be plotted on a log scale.

those far beyond the necessary temporal resolution of the simulation. For smaller

sample rates, this error exponentially disappears. For our simulations, we typically

use a time step which would correspond to the low end of this scan, where the baseline

error is on the order of 10−7 and can be safely ignored. However, we will see this error

return in our discussion of the convergence relative to dt.

3.5 Convergence

In order to examine the numerical validity of the model, we study its convergence

with respect to several key “artificial” parameters: in particular, n and dt. We study

how well the simulation converges in the n → ∞, dt → 0 limits across a range of

key physical parameters, in particular the linewidth Γ of the frequency spectrum and
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the interaction strength (specified by α and the length scale ξ) in order to chart out

the acceptable ranges for these numerical parameters (i.e. n and dt) in the various

physical regimes of the model.

To study the convergence, we use a Gaussian length scaling function f(r) defined

by a length scale ξ:

f(r, ξ) = e−(r/ξ)2 (3.18)

Although the other two types of interaction scaling (RKKY and power law) result

in slight variations in physical behavior, they do not have any numerical differences

as long as their respective parameters are in the appropriate range. The results of

the convergence with the Gaussian interaction can be safely generalized to the other

forms of the interaction.

Given the phenomenological behavior of the model for ξ > 5 is generally deter-

mined not by particular values of the interaction strength α or length scaling ξ, but

by the overall interaction weight ω (barring the emergence of phase locking effects

at large ξ in a narrow band ω values, which we discuss in Chapter 4), and in order

to reduce computation time to a realistic level, we do not vary α and ξ individually,

but rather vary ω across a range of behavioral regimes and use a single pair of α and

ξ to represent the regime. We generally use a value of ξ in the intermediate range

where post-echo phase locking is not observed, but we allow some variation in order

to scan a range of ξ as well. For a given value of ω, the value of ξ is kept constant

for all values dt or n to ensure we are probing the same dynamics when performing

the comparison.

In studying the convergence with respect to dt and n, we limit ourselves to isotropic

interactions (i.e. αx = αy). In doing so, we eliminate any error accrued from the

approximations of the Hamiltonian using the Magnus expansion and can focus solely
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on the error that results from the ensemble size or time step. Coincidentally, as we

shall see in a later section, higher order terms in the Magnus expansion, scaling as

they do with 1/ν, will not alter the behavior of the model in any significant way,

making the isotropic assumption essentially exact for any pair of values αx, αy to

the limits of precision. Additionally, use of the Magnus expansion, at least for the

terms we enumerate, puts limits on our choices of dt (i.e. that dt = nπ/ν), limiting

our ability to study a range of values dt. We therefore on check isotropic pairs of

αx = αy, or equivalently the first order approximation of the Hamiltonian in average

Hamiltonian theory.

3.5.1 Convergence Relative to n

There are several parameters which interact with the size of the ensemble in non-

trivial ways which can affect the convergence of the echo behavior with respect to the

number of particles n. For a given n, increasing the linewidth Γ effectively reduces the

sampling density of the dominant portions of frequency spectrum, which can adversely

affect the accuracy of the echo. Additionally, given the interaction’s dependence

on a length scaling ξ, values of n which are too small can artificially increase the

interaction weight ω by “cutting off” the tails of the interaction. In order to determine

an appropriate value of n such that the overall behavior of the echo is sufficiently

convergent to the n→ ∞ limit and such that errors from the interaction of n with Γ

and ξ are minimized, we compute echoes for a range of Γ, ω, and n.

Additionally, as we shall see in Chapter 4, the dynamics of the system are in-

herently tied to the spin precession frequencies and thus the frequency sampling. In

order to guarantee accurate behavior, the system must be sufficiently large that not

only are all frequencies sampled in proportion to their spectral weight, but also that

all frequency environments are sampled in proportion to their likelihood. The ne-

cessity to sample the frequency environments primarily becomes relevant in the case
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of intermediate range interactions with strong ω. By examining the convergence of

the system relative to ensemble size, we can identify an appropriate n whose error is

within an acceptable tolerance.

As we will discuss in Section 4.3, the effective strength of the interaction is based

on the value of ω relative to Γ, and the phenomenology of the echoes is consistent

when ω and τ are both scaled with Γ. We therefore set the ranges which we scan

based on the linewidth being studied in order to target equivalent behavioral regimes.

We additionally scale the choice of dt with Γ to maintain a relatively consistent value

of Ωdt. This helps reduce variation in the error on account of differences in effective

temporal resolution, as the validity condition for the sampling rate is based on Ωdt

and not just dt.

We study five linewidths from 10kHz up to 100kHz. Linewidths larger than 100kHz

are not typically studied using single shot echoes, so we limit ourselves to this upper

bound. We use τ = 5/2Γ, which corresponds to a value of 50µs for an ensemble with

Γ = 50kHz. We vary ω from 1.5Γ up to 4.5Γ, a range which we choose based on

observation of the values of ω which give the desired echo behaviors. Our variation

in ω typically leads to values of ξ which are in the intermediate range. To attempt

to limit the potential for n and ξ to interact adversely while still scanning small

ensembles, we use a minimum lattice size of 25 × 25 (n = 625). We set the upper

bound with a choice balanced between ensemble size and computational practicality,

using a lattice of dimension 750 and n = 525, 000. This upper bound of n = 525, 000

will be used as the n→ ∞ approximation and the reference against which we calculate

the error of the other echoes.

The error for a given echo is calculated by considering the average magnitude of

error across the echo when compared to the reference echo. For an echo with a signal

(absolute value) at time ti of S(ti) and equivalent signal of the reference Sref (ti), the
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error ε is calculated by

ε =
1

L

L∑
i=1

∣∣S(ti)− Sref (ti)
∣∣ (3.19)

for L the number of points in the echo of interest.

Unlike in the analysis of the convergence relative to dt, there is no convenient

choice of universal convergence parameter which can be said to be constant relative

to all Γ and ω. Because of the exponential relationship between ξ and Γ (via ω)

and their non-trivial interplay with n, neither n nor n/Γ represent ideal parameters

against which to study the convergence. Due to computational limitations, we choose

to use a fixed range of n across all trials and examine the convergence of the model

relative to it rather than Γ-scaled ensemble sizes.

Figure 3.3: Average error magnitude ε for all ω, Γ vs n with a power law fit. Points
represent the mean error across all ω, Γ at a given n and error bars represent the
standard deviation of the error for that ensemble size.

A summary of the results of the convergence is presented in Figure 3.3. In Figure

3.3, each point represents the error ε averaged over all ω and Γ at a given n, and the
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error bars are set by the standard deviation of the same. The data is fit with a power

law

ε = an−b (3.20)

Power law convergence is consistent with the discrete random sampling approach we

use to generate the frequencies of the ensemble. The fit has a power b = 0.495±0.035,

indicating that the model on average converges as 1/√n.

Importantly, we note that the error does not accumulate. Figure 3.3 shows the

average magnitude of the error, but it does not encapsulate how the value of the error

changes over the course of the echo. In short, it remains consistent, fluctuating near

the value of the average error for the duration of the echo. In this sense, the echo

does not exhibit any “drifting”, or accumulation of error, over the course of the echo.

The magnitude of the error near the end of the echo remains similar to the error near

the beginning of the echo. The error at a given point in time, averaged over all values

Γ and ω, is given in Figure 3.4.

The spread in the error is largely a feature of the variation in ω. The stronger inter-

action strengths are more susceptible to variation from the frequency sampling, as lo-

cal fluctuations are accentuated by the stronger couplings. For higher linewidths with

larger values of ω, this feature can become more dramatic, resulting in higher varia-

tion in the echo behavior compared to equivalent interactions at smaller linewidths.

However, given the scaling of the dynamics with the linewidth, this higher fluctuation

and error can be remedied by using smaller linewidths and sufficiently large ensembles

where the fluctuations are less significant.

Based on these results, we use ensemble sizes of n = 160, 000 when generating high

quality echoes for direct analysis, as this guarantees the average error in the echo is less

than 0.001 for a wide range of interaction strengths ω, or around 0.1% the amplitude of
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Figure 3.4: Error magnitude ε averaged over Γ, ω versus time. The error does not
accumulate, i.e. the value at a time t1 does not affect the error at a later time t2. To
improve readability, error values have been multiplicatively scaled to create a linear
offset on the log scale.

the echo. Smaller ensembles such as n = 10, 000 are occasionally used for generating

large data sets where the broad phenomenology is the main goal (e.g. analysis of

amplitudes) rather than direct analysis of the echoes. These echoes have much higher

error, making the particulars of their shapes less reliable, but they are more efficient to

calculate (around 3−5× faster per spin), and the phenomenological behavior remains

relatively consistent. As such, they can be used for high dimensionality sweeps where

neither the spectrum nor echo shape is not the primary focus but the main focus is

on “bulk” features such as amplitude or asymmetry. For a typical value of Ωdt ≈ 1/10,

an ensemble of n = 10, 000 results in computation times of around 4s per echo (0.4ms

per spin) and an ensemble of n = 160, 000 of around 4 minutes per echo (1.5ms per

spin). The difference in per-spin efficiency arises from the higher ensembles reaching

the limit of parallelization on a single GPU.
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3.5.2 Convergence Relative to dt

The characteristic time scale of the dynamics of the model is set by the linewidth

Γ and the interaction strength ω (Equation 2.47), both of which contribute to the

parameter Ω, defined in Equation 2.48. For our approximation of the time evolution

and application of the Magnus expansion to be accurate, dt must take on values

relative to Ω such that the condition Ωdt≪ 1 is met, as set in Equation 2.49. However,

the degree by which Ωdt must be less than unity is not clear, especially since Ωdt is

generally an overestimation of the strength of the dynamics. To appropriately map

the accuracy of the model across the relevant parameters and identify an appropriate

choice of dt we compute echoes for a range of Γ, Ω, and dt.

Given the allowed values of dt are set by the value of Ω, we define the range of

dts over which we sweep relative to the value of Ω. We use a single set of dt values

for each Γ across all Ωs, as the variation within the range of Ωs for a given Γ is only

10-15%. Additionally, since the behavior of the echoes is typically set not by the

strict values of the interaction and experiment parameters (i.e. τ , ω) but by their

values relative to Γ which we establish in Section 4.3, we scale these parameters as

well, targeting equivalent behavioral regimes across the different linewidths. We will

demonstrate later that re-scaling relative to Γ does not guarantee equivalent behavior

across the different calculations, as the scaling of ω relative to Γ is not wholly linear.

In particular, the scaling does not therefore numerically cancel when all relevant

quantities are combined in the simulation.

For our choice of dt, we use a range bounded from below by dt = 8π×10−5/Γ and

above by dt = π/5Γ. The lower bound was set based on computational limitations.

For a typical ensemble with Γ = 50kHz, these values result in a sampling rate 1/dt

of 500kHz on the low end and 1.25GHz on the upper end. We use five values of Γ

between 10kHz and 100kHz. Ensembles with higher values of Γ, (and even often those

with Γ near 100kHz), are typically not experimentally studied using single echoes but
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rather frequency sweeps, which our simulation does not model. We therefore limit

ourselves with the upper bound of Γ = 100kHz. We range the values of ω from 1.5Γ

up to 4.5Γ, values which were empirically observed to cover the range of behaviors

we are targeting. Values of ω larger than 4.5 times the linewidth result in near

destruction of the spin echo entirely and represent an interaction regime for which

the spin echo is unsuited. We set the echo time τ as 5/2Γ, corresponding to 50µs for

a 50kHz linewidth. This value is large enough for both a full decay of the FID in

weakly interacting systems and for phase accumulation and notable echo perturbation

in strongly interacting cases. We use an ensemble of 10,000 spins for all trials, as the

main quantity of interest is the error as a function of dt and not the accuracy relative

to n. To eliminate fluctuations in the error on account of the sampling, we use a fixed

frequency sampling for all echoes of a given linewidth.

Although our simulation is designed to perform calculations with dissipation and

therefore both includes terms from the Lindblad equation and performs all computa-

tions in Liouville space, for the convergence data we set all dissipative terms to zero.

This is a necessity due to the scale of the dissipation terms, which, when combined

with extremely small values of dt result in a scale discrepancy between the dissipative

terms and the non-dissipative terms in the Hamiltonian and result in large numerical

fluctuations due to rounding errors from floating point arithmetic. This issue is not

present at higher values of dt and only occurs at values of dt much smaller than any

experimental applications of the simulation. However, those small values of dt are

crucial for the dt → 0 approximation, so we are forced to ignore dissipation when

studing the convergence with respect to dt. Generally, the dissipation should not

have an impact on the temporal convergence of the echoes, as the time scale of the

dissipation (i.e. T1, T2) will be on the order of or longer than the entire experiment

time and is therefore much longer than that of the interaction or FID.

The error for a given echo is calculated by considering the average magnitude
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of error across the echo when compared to the reference echo. For each ω and Γ,

we use the highest echo with the highest sampling rate (i.e. dt = 4×10−5/Γ) as an

approximation of the dt → 0 limit, and calculate the error for all other dts with the

same ω and Γ relative to it. Letting S(ti) denote the signal (absolute value) of the

echo at time step ti and Sref (ti) denote the same for the reference echo, the error ε

is given by

ε =
1

L

L∑
i=1

∣∣S(ti)− S ′
ref (ti)

∣∣ (3.21)

for L the number of points in the echo of interest.

In Equation 3.21, S ′
ref denotes the interpolated reference echo rather than the

reference echo itself. Given the difference in their sampling rates, Sref and S have

a different number of points. In order to match the two echoes’ sizes and calculate

the error, we truncate Sref to have the same number of points as S, using linear

interpolation between points of Sref to approximate its value at times that are between

its recorded time steps. If S has a measured value at time t, and Sref has values at

t1 = t− δ1 and t2 = t+ δ2, we calculate the value of S ′
ref at t via

S ′
ref (t) = Sref (t1) +

(
Sref (t2)− Sref (t1)

δ2 + δ1

)
δ1 (3.22)

This interpolation scheme introduces a potential source of artificial error, espe-

cially at points in the echo with high curvature. However, the scale of this error is

very small relative to the primary sources of error in the simulation, and it typically

only becomes visible when comparing echoes both of which have very high sampling

rates which are relatively similar in scale. This error can be eliminated by ensuring

the reference echo has a much higher sampling rate than any of the echoes for which

error is being calculated, if necessary. Typically, this error only becomes relevant in

situations which are irrelevant to the practical applications of the simulation.
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Figure 3.5: Average error magnitude ε for all ω, Γ vs 1/Ωdt. Points represent the mean
error across all ω, Γ at a given 1/Ωdt and error bars represent the standard deviation
of the error for that sampling rate.

A summary of the error for all Γ, ω is presented in Figure 3.5. In Figure 3.5, the

data points represent the mean value of ε across all values of Γ, ω that correspond to

a given value of 1/Ωdt. The specific value of Ωdt varies for different values of ω, but

the values of Ω only vary from the value Γ/
√
2 by a 10-15% across this range of ω. We

therefore group terms based off the approximate value Ω ≈ Γ/
√
2 for clarity. The error

bars denote the spread of values of ε for a given 1/Ωdt and are given by the standard

deviation of those εs.

The mean value of ε at each 1/Ωdt is fit using a shifted exponential fit:

ε = ae−(x/b)c + d (3.23)

for x = 1/Ωdt. The value of the baseline error d is consistent with the numerical limits

we observe in Section 3.4.
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Figure 3.6: Error magnitude ε averaged over Γ, ω versus time. As in Section 3.5.1,
the error does not accumulate. The legend indicates the value of 1/Ωdt for the given
error curve. The error curves have been multiplicatively shifted to improve visibility.
The clumping near the highest values Ωdt is representative of the baseline error.

The spread in error at a given value of Ωdt (represented by the error bars in Figure

3.5) is broadly a feature of ω and not Γ. All linewidths study show trend of higher

error at a given Γdt as ω increases, which is consistent with the model structure. In

the absence of ω, the Hamiltonian is time independent and the approximations we use

to time evolve the system become exact. For small ω, the model is only weakly time

dependent, and the approximations remain strong and the relative error low. For

larger values of ω, the Hamiltonian’s time dependence becomes more pronounced,

the approximations become less reliable, and the error at low 1/Γdt correspondingly

increases. The spread narrows as we increase 1/Ωdt, as the sampling rate becomes so

much larger than the characteristic frequency of the interaction that any variation

in the accuracy of the approximations for different values ω is more than accounted

for by the temporal resolution. Additionally, as we discussed in Section 3.5.1, there
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is no “drift” in the echo. The magnitude of the error does not have an increasing

trend across the experiment, varying based on the features of the echo (e.g. the error

is typically higher near the echo peak) and not the number of time steps that have

passed.

The model shows strong convergence with respect to the choice of time step dt.

The accuracy of the simulation relative to the choice of dt depends only on its value

relative to the linewidth Γ, assuming we target regimes of equivalent behavior, with

some fluctuation depending on the choice of ω (although the fluctuations across Γs

are consistent). In order to guarantee an error of less than 0.1%, depending on the

value of ω, a value of 1/Ωdt between 5 and 20 is required. Typically, we target values

of 1/Ωdt ≈ 10 − 15, which results in a computation time of around 4-6s per echo for

n = 10, 000, or 4-6 minutes for n = 160, 000.

3.5.3 The Magnus Expansion

As we discuss previously, the terms in the Magnus expansion scale with 1/ν and are

expected to be multiple orders of magnitude smaller than the first order term. Indeed,

implementation of the higher order terms has next to no influence on the observed

echo behavior, with total error between extremely high sample rate echoes (where

the sample rate is sufficiently small to capture behavior on the scale of the Larmor

frequency) and echoes using no higher order terms being essentially identical to the

error observed when using the Magnus expansion. In all cases, the error was on the

order of 0.1% of the echo amplitudes. The error in all cases is essentially identical to

the expected error from the higher time step and established in Section 3.5.2.

This result follows naturally from the time scale of the different features of the

interaction. The interaction axis, dependent as it is on the local magnetization of

the spin ensemble, oscillates about the z axis with a frequency near or at the Larmor

frequency. Even with dramatic differences in the two planar couplings, the time scale
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Figure 3.7: Comparison of echoes using 0 (exact Hamiltonian with time dependence)
to 3 terms of the Magnus expansion (the first order term being the equivalent isotropic
case) compared to an echo with extremely high sampling rate.

of the oscillation is so much larger than that of the interaction that any difference

between the planar couplings is immediately washed out by the precession of the

spins. However, as we observe in the spectral shifts induced by the interaction, the

difference between the planar couplings is still accessible through re-orientation of the

crystal relative to B0.

The lack of any non-negligible contributions from the Magnus expansion allows

us to wholly ignore the explicitly time dependent terms in the Hamiltonian and frees

us to use an assumption of planar isotropy when examining the dynamics of the

model, given the dynamics are solely determined by the relative strengths of the in-

plane versus the out-of-plane coupling and not by the differences between the planar

couplings. This additionally significantly reduces the computational complexity of

parameters sweeps, as a single planar coupling strength is sufficient to capture all

dynamics of the model. The lack of dependence on the explicitly time dependent
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terms also allows us to use larger time steps without worry of incurring any additional

error in the case of planar anisotropy.
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Chapter 4

Results

Having reviewed the details of the model, we can now examine its effects and the

manner in which it induces the unique temporal and spectral features we observe. In

the spin-1/2 case, we can use a simple geometric interpretation of the spins’ behavior

to understand how this interaction induces the multipeak behavior observed in the

echoes. Although the geometric argument does not apply to higher spin systems

it offers a great deal of insight into the behavior of the system, and additionally

the features observed in the echoes and spectra will generalize to higher spins on

account of the dependence of the Hamiltonian only on the spin expectation values.

We first discuss the most simple case– a global interaction where ξ → ∞ and all

spins experience the same interaction magnitude– before examining specifically how

the introduction of the local coupling changes the behavior of the model.

4.1 Global Coupling

In the geometric picture, the presence of the Ix, Iy terms act to induce a rotation

about the axis of the interaction in addition to the precession from the Zeeman term.

We typically use pulse phasing (0, 1) = (x, y) or (0, 3) = (x,−y) which aligns the

echo signal along the y axis, and the spins experience an additional rotation about
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the y axis. The result of this additional rotation is to shift the precession axis away

from the z axis and toward the y axis. Because the spins now precess about this

tilted axis, their precession does not fully dephase them and there remains a lingering

net magnetization along the interaction axis, as we see in Figure 4.1. This “phase

locking” effect, and how it affects the behavior of the spins after the π pulse, is the

primary driver of the multi-peak behavior observed in the echoes. For a strong enough

interaction, the phase locking effect can result in spin coherence times much longer

than the echo time.

Figure 4.1: ⟨Iz⟩ vs ⟨Iy⟩ at t = 40µs in an echo with τ = 50µs and T ∗
2 = 1/Γ = 20µs.

Each marker indicates the location of a spin. The signal amplitude along the y axis
is more than 4× what is expected given exponential decay. Marker transparency and
size is scaled with the spectral amplitude at that spin’s ∆ν, with larger and darker
spins having higher spectral weight.

The angle of the tilted precession axis varies for each spin and is set by the strength
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of the interaction relative to the spin’s Larmor frequency. Spins which oscillate more

rapidly relative to the Larmor frequency have rotational axes more closely aligned with

the z axis, whereas those spins which have precession frequencies near the Larmor

frequency have an axis very close to the plane. The effect is symmetric about the

y axis, with spins whose ∆ν < 0 having an axis below the plane, and spins with a

positive shift aligning above the axis. Increasing the strength of the interaction more

strongly pulls these axes toward the plane, accentuating the phase locking effect and

increasing the magnitude of the persistent signal. Depending on the phase of a given

spin and the sign of its ∆ν, the interaction also applies a shift to its planar precession

frequency. The observed effect varies depending on the value of a spin’s precession

frequency and the orientation of the spin (i.e. the vector defined by its expectation

values) relative to the interaction axis (in our case, the positive y axis).

In an actual spin echo, the phase locking effect is seen most prominently during

the FID. After the initial pulse, the net magnetization is very strong and the spins

begin to dephase about the z axis. The interaction’s additional rotation about the

y axis causes the spins to spiral out, gaining a non-zero z component as they rotate.

Eventually, as the net magnetization decreases and the spins dephase, the precession

axis for the spins partially stabilize, resulting in a nutation effect as the axes oscillate

in some slice of the y−z plane. This effect is observed in the time domain of the FID as

persitent signal which oscillates about some non-zero average value. In the frequency

domain, the interaction’s rotation opposes the natural precession of the spins by an

amount proportional to the value of ⟨Iz⟩ for the spin, resulting in a narrowing of the

spectrum.

However, after the π pulse and the spins are flipped about the y axis, the z com-

ponent of each spin changes sign, and the interaction no longer opposes the natural

precession of the spins but reinforces it. This results in the spins rapidly dephasing

and a sudden drop in the signal. As the precess and the signal decays, the interac-
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tion dies off and the spins enter a period of free precession. However, the lingering

coherence from the phase locking as well as the force of the interaction causes the

positive (∆ν > 0) and negative (∆ν < 0) spins to precess in “clumps”. Depending

on the strength of the interaction, the degree of coherence from the phase locking,

and the orientation of the spins at the π pulse, this “clumping” effect can result the

spins re-cohering along the −y axis, creating the peak we see prior to the echo.

Once the spins precess and re-cohere along the −y axis, a second period of phase

locking can emerge as the alignment of the spins and the interaction results in the

interaction once again opposing the natural precession of the spins.

As t→ 2τ , the spins begin to realign due to the reversal of the Larmor precession

induced by the π pulse. This re-coherence favors alignment with the +y axis, causing

the coherence along the −y axis to suddenly and rapidly decay and the net magne-

tization to suddenly change sign. This “snapping back” of the spins is destructive

to the remaining interaction-induced coherence and typically prevents the emergence

of more peaks after the echo. With a few exceptions, any peaks emerging after the

echo are typically highly attenuated and negligible compared to the echo and pre-echo

peak.

With this understanding, we can classify the different behaviors we observe in the

time domain. The persistent signal in the FID occurs as a result of the phase locking

effect, and the additional peaks occur as a result this lingering coherence at the π

pulse. For a weak interaction, the axis about which the spins rotate during the FID

is very nearly aligned with the z axis and the persistent coherence is minimal and

insufficient result in additional peaks before the echo. However, during the echo, the

interaction’s strength grows significantly and the torque from the interaction causes a

small degree of phase locking during the echo which results in a small secondary peak

along the −y axis after the echo, by the same mechanism as the pre-echo peaks for

stronger interactions. However, this phase locking is too weak to induce additional
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Figure 4.2: Echo phases under the influence of the interaction for ω = 3.05Γ, Γ =
50kHz. The π pulse occurs at t = 50µs.

peaks beyond this single additional peak.

As the interaction strength increases, the coherence from the phase locking during

the FID grows in strength, and the resulting initial peak prior to the echo begins to

emerge. From here, stronger interactions cause a small variety of behaviors that de-

pend on the complex relationship between the interaction strength and the spin orien-

tations at the π pulse, but they are typically characterized by the increasing strength

of the pre-echo peak relative to the echo. As the interaction grows in strength, the

strength of the secondary phase locking coherence competes with and is disrupted

by the strength of the recoherence from the Larmor precession until they begin to

cancel entirely, and we see no echo signal at all but rather a sudden and complete

destruction of the spin coherence at the echo time. Beyond this regime, the phase

locking begins to dominate, and ultimately the system enters a regime wherein the

Larmor precession plays almost no role and the phase locking effect is persistent for

the entirety of the experiment. Such a regime only occurs with extremely strong in-
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Figure 4.3: Variety of echo behaviors for a global interaction. Post echo phase locking
occurs for global and nearly global echoes in a narrow region near ω = 3.35Γ.

teractions that are not expected in a real system. A sample of several echo behaviors

is given in Figure 4.3.

In the case of a global or nearly-global interaction, there is an additional region

where the balance between the interaction strength and Larmor precession allows the

re-emergence of phase locking along the positive y axis after the echo. Such behavior

is only possible for a narrow region of interaction strengths in the long range limit

and is unlikely to occur in a real system due to the effect of dissipation from thermal

effects or other spin-spin interactions.

There are two many ways the interaction’s effect is exhibited in the spectral do-

main. The first we have already introduced: a narrowing of the spectrum during

the FID from the adversarial effect of the interaction relative to the natural Larmor

precession. The other observed feature is an effect akin to hole burning during the
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echo. The hole burning effect is primarily seen during the spin echo, when the sud-

den change in sign of the interaction from the echo re-coherence interacts with the

post-pulse orientation of the spins to strongly shift the frequency of those spins which

oscillate near ∆ν = 0.

Figure 4.4: Variety of spectral behaviors for a global interaction for a spectrum
obtained from the FID and the spin echo.

The spectra in Figure 4.4 capture much of the information we see in the echoes.

In the FID, we see significant spectral narrowing from the effect of the phase locking.

In the echo, we see the emergence of a hole burning effect in the spectra of the echo

for strong enough ω. Around ω = 3.35Γ, we see the emergence of a narrow peak near

∆ν = 0 and the echo’s spectrum begins to resemble that of the FID, indicating the

emergence of phase locking behavior during and after the spin echo. As ω grows, this

effect dissipates and the hole burning effect returns.
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The introduction of the z coupling in the global interaction has no effect when

the spins are flipped perfectly into the plane. Given the interaction is global, the z

coupling will only impact the dynamics of the spins when there exists a global shift

away from ⟨Iz⟩ = 0, i.e. when the spins are flipped less than ninety degrees.

An examination of the effect of the pulsing on the time domain is generally less

informative than investigating the spectral effects. However, briefly discussing it

in the global limit helps reinforce our understanding of what the more informative

spectral features represent.

For pulsing in the range π/2±π/6 the effect of the pulsing is generally to dampen the

multi-peak behavior on account of the effective reduction of the interaction strength.

For pulsing in the π/6 to π/3 range (or the equivalent over-pulsing), the multi-peak

behavior vanishes almost entirely, and a post-echo phase locking effect is observed

instead. This region of phase locking likely occurs from the global shift in z magne-

tization applying a more consistent torque to the spins resulting in a lower threshold

for the phase locking to take effect. For pulsing less than π/6 the effect of the inter-

action on the time domain echo begins to disappear entirely as the driving force of

the temporal behavior, the planar interaction, is strongly attenuated by the reduced

in-plane projection of the ensemble magnetization. Introducing non-zero z coupling

has little effect on this behavior except to dampen the phase locking effects at pulsing

near π/6.

In the spectral domain, the introduction of z coupling will result in an overall pulse

dependent frequency shift. A similar effect is seen from the influence of the planar

interaction. When the spins are flipped exactly to 90◦, they drift out of the plane

symmetrically based on their value of ∆ν and although each spin experiences a small

torque resulting from the interaction, there is no net torque on the ensemble which

shifts the spectrum as a whole. When the spins are not flipped fully into the plane,

or are flipped past it, the consistent non-zero ⟨Iz⟩ of the spins breaks the symmetry

86



Figure 4.5: Variety of echo behaviors for a global interaction with ω = 3.15Γ for
varying flip angles θ.

between the spins of different sign ∆ν and the spins experience a net torque, resulting

in an overall frequency shift. These effects oppose each other, although the size of the

shift from the out-of-plane coupling is typically larger than the equivalent shift from

the in-plane coupling at ω = ωz. The exact form of the dependence of these shifts on

the flip angle in the global case is derived in our companion work [69].

In the frequency domain of the spin echo, we can identify some of the same features

and behaviors as we saw when looking at the perfect pulsing case. For the small flip

angles which result in observable phase locking in the time domain, we see the same

narrowing of the peak we see during the FID. As we get closer to 90◦, we see the

re-emergence of the hole burning effect. The general type of behavior observed (i.e.

narrowing or hole burning) is generally unaffected by the additional shifts, but overall

shift introduces a large amount of asymmetry in the observed effect, especially for
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the hole burning. The FID differs from the echo in that it sees an overall reduction

in the phase locking effect (i.e. the narrowing) as the flip angle gets further from π/2

rather than a period of increased locking at low flip angles. Both experience the pulse

dependent shifts dependent on the relative values of ωz and ω.

Figure 4.6: Variety of spectral behaviors observed in the spin echo for different flip
angles for (ω, ωz) equal to (0, 3.15Γ), (3.15Γ, 3.15Γ), and (3.15Γ, 0).

We note that the FID is difficult to study in the pulse-dependent case, as the

inherently asymmetric structure of the FID signal interacts poorly with the envelope

function used in our Fourier transform, which we describe in our companion work [69].

To bypass this issue, we adjoin a time reversed copy of the FID to the FID itself to

create a symmetric signal to which we apply the Fourier transform. In the case

of perfect pulsing, this causes no issues. However, in the case of varied pulsing,

this mirroring process also mirrors the overall shift the spins experience from the z
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coupling, resulting in two identical peaks mirrored over the Larmor frequency. Not

using the mirroring results in artificial narrowing of the spectral line, so we present

this dual-peak spectrum with the understanding that it is the superposition of two

copies of the actual peak mirrored about the Larmor frequency.

Figure 4.7: Variety of spectral behaviors observed in the FID for different flip angles
for (ω, ωz) equal to (0, 3.15Γ), (3.15Γ, 3.15Γ), and (3.15Γ, 0). The spectra for θ = 15◦

are overlaid with the two identical, mirrored Lorentzian peaks whose sum fits the
dual peak, indicating the effect of the mirroring.

4.2 Local Interactions

In the case of in-plane coupling only, the introduction of the localization has several

effects on the interaction. For a very short range interaction, where the spins only

interact strongly with a small number of neighboring spins, the dynamics of the
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spins become highly dependent on local fluctuations in frequency and magnetization,

dampening the effect of the interaction. Although phase locking is still observed, the

degree of coherence the interaction can induce is limited by the local fluctuations,

which ultimately dampen the effect and typically attenuate any additional peaks.

Echoes of an intermediate correlation length typically behave similarly to those of

nearly-global interactions, with the notable exception of the post-echo phase locking

mentioned previously.

Figure 4.8: Variety of echo behaviors for local interactions for varying ξ with ωz = 0.
Echo amplitudes have been normalized to improve visibility.

Figure 4.8 displays the variety of echo behaviors for several key ξ ranges. The echo

amplitudes have been normalized to accent the different behaviors, but the stronger ω

echoes have generally smaller amplitudes. These echoes were run on a 400×400 lattice

with n = 160, 000. The ξ = 20.0 results are nearly identical to the global interaction
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results, indicating the strong convergence toward the global limit when the interaction

becomes sufficiently long range. We can also immediately see the dampening effect

of local fluctuations for short range interactions, with the most extreme behaviors

only emerging at very strong ω. Additionally, at these short interaction ranges the

fluctuations in local interaction strengths are sufficient to totally dampen the post-

echo effects. However, at ranges as short as ξ = 6.0, we see the echo behavior begin

to converge towards the long range/global limit, with only the most exotic behaviors,

such as the post-echo phase locking, not appearing at the intermediate interaction

lengths. The behavior for other values of ξ is consistent with these primary regions,

with echoes in the 2.0 < ξ < 6.0 rapidly shifting towards the ξ = 6.0 behavior

followed by a slower asymptotic convergence towards the global behavior. We can see

the shifting of the echo behavior by examining the first moment of the echo, calculated

over the range shown in Figure 4.8.

µ1 =
∑

(ti − 2τ)S(ti) (4.1)

for S the signal magnitude, given by the absolute value of the ensemble planar mag-

netization.

In Figure 4.9, we can clearly see that by ξ ≈ 5.0, most of the effects of very short

range couplings (in the case of αz = 0) have disappeared, and the echoes begin to

asymptotically approach the global limit. The exception to this trend is the presence

of the post echo phase locking, which we can see as a narrow band of near-zero first

moment emerging in the long ξ limit near ω = 3.3Γ.

Although the degree of localization for a wholly in-plane interaction does not

have a significant effect on the echo behavior except in comparing the extremes, the

introduction of out-of-plane coupling has a significant impact, even in the case of

perfect pulsing. The introduction of the z coupling results in the local fluctuations in
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Figure 4.9: First moment µ1 for echoes with ω = 1.5Γ up to ω = 4.05Γ and ξ = 2.0
to ξ = 20.0. A strongly negative first moment indicates a large pre-echo peak, and a
highly positive first moment indicates a large amount of post-echo signal.

magnetization and frequency to induce fluctuations in the spin precession frequencies,

resulting in irreversible decoherence. For highly local interactions, even a small degree

of z coupling can result in total destruction of all signal, including that signal which

results from the phase locking. As the interaction’s correlation length increases, the

echoes become more resilient to the dissipative effects of the out-of-plane coupling, as

the ensemble averaging reduces the magnitude of local fluctuations and the strength

of the z coupling must be correspondingly larger to result in a large degree of dis-

sipation. The exact degree of dissipation induced by the out-of-plane coupling is

additionally influenced by the strength of the planar coupling, as stronger planar

coupling results in larger fluctuations in the local magnetization and larger z compo-

nents of the expectation values of individual spins. Even for highly local interactions,

if the planar component of the interaction is sufficiently weak the dissipative effect of

the z coupling becomes less prominent.
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Figure 4.10: Echo behavior for varying ωz and ξ with ω = 3.15Γ. Echo amplitudes
are not normalized to accentuate the attenuation from the introduction of ωz.

We can see from Figure 4.10 that the introduction of even relatively weak ωz

relative to ω for small ξ can result in strong attenuation of the echo. Although a

purely in-plane interaction also results in echo attenuation, the effect of the out-of-

plane coupling is far stronger and can result in almost total destruction of the echo

even at weaker interaction strengths. The same effect can be seen for echoes with

longer range ξ, but the dissipative effect is reduced and stronger ωz is required to cause

a similar level of dissipation, as we see for the ξ = 6.0, 20.0 echoes in Figure 4.10.

For a global interaction the local fluctuations disappear entirely and the presence of

non-zero ωz has no effect unless the spins are flipped at an angle θ ̸= π/2.

In the spectral domain, we know from the global discussion that we expect to see

two primary features: narrowing of the peak from phase locking and hole burning.
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In the case of perfect pulsing, the spin echo spectra in Figure 4.11 show notable

differences between the highly local interactions and those which are longer range

in ways that are consistent with our understanding of the temporal behavior. The

echoes for ξ = 2.0 show no narrow central peaks because the large degree of dissipation

prevents the re-emergence of any locking behavior prior to or during the echo. Rather,

it shows strong hole burning effects at all values ω. Echoes with ξ = 20.0 show

behavior almost identical to the global interaction, and those with ξ = 6.0 show a

mixing of the two behaviors, with the intermediate ω values beginning to indicate the

emergence of a narrow central peak as the phase locking becomes more prominent in

the system.

Figure 4.11: Spectral behavior for varying ξ and ω with ωz = 0.0Γ.

Examining the FID for varying ξ offers little more insight. All cases indicate rela-

tively consistent narrowing of the spectrum as expected from the global case. During
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the FID, the more local interactions have had little time to dephase on account of

local fluctuations, and the phase locking behavior is still relatively strong, preventing

any notable differences in the spectral behavior.

The introduction of z coupling introduces additional effects which are difficult to

identify in the echo but become more prominent in the spectral domain. In the spectra

of the spin echo, the introduction of the z coupling introduces a large amount of

attentuation, especially for the more local interactions. Additionally, the dissipation

from the z coupling destroys the hole burning effect, as the dramatic reduction in

echo amplitude prevents the interaction driven shift at the echo that is responsible

for the effect. Instead, we observe the emergence of a narrow peak about the Larmor

frequency more indicative of the phase locking behavior seen in the FID. This peak

likely arises as a result of the post-pulse decay, which becomes more prominent relative

to the echo when the z coupling induced dissipation is very strong. Lacking any

pulsing, the FID shows the same narrowing across all localizations observed in the

global interaction.

Varying the flip angles for local interactions has many of the same effects we see

in the global case. The echo behavior is largely consistent with what we already

observe in the global case with the expected variations based on ξ. The intermediate

flip angles introduce phase locking behavior in the presence of the planar interaction

which competes with the dissipation from the highly local interactions. The presence

of the out-of-plane coupling additionally has a similar effect, introducing dissipation

and disrupting the balance between the phase locking and hole burning effects.

In the presence of varied pulsing, it is far more informative to examine the spectral

behavior. One of the most important spectral features, and the one which gives some

of the most significant insight into the interaction’s structure, is the pulse dependent

shift. However, the magnitude of ωz to induce a noticeable shift in the spectral

domain is far larger than the values of ωz which can induce strong dissipation in
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Figure 4.12: Spectral behavior for varying ξ and ωz with ω = 3.15Γ.

the echoes. The dissipation is weaker for smaller flip angles, as might be expected

given the strength of the dissipation scales with the strength of the planar interaction

and the smaller flip angles effectively reduce the strength of the planar interaction.

However, even in the presence of this strong dissipation, valuable information can be

gathered from the spectral domain.

The observed spectral behaviors for ωz = 0 and ω = 0 are essentially identical to

the global case– a pulse dependent shift that does not fundamentally alter the hole

burning or phase locking effects already seen for that range of ξ. The introduction of

both in-plane coupling and out-of-plane coupling also results in behavior very similar

to the global case, with the addition of strong attenuation for small ξ on account of

the large values of ωz needed to induce a noticeable shift. At these values of ωz, the

highly local echoes are almost entirely attenuated and the observed spectral behavior
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is not a reliable indicator of the dynamics.

Figure 4.13: Variety of spectral behaviors observed in the spin echo for different flip
angles with ξ = 2.0 and (ω, ωz) equal to (0, 3.15Γ), (3.15Γ, 3.15Γ), and (3.15Γ, 0).

4.2.1 A Quantum Treatment

Although the geometric interpretation gives a good intuitive understanding of the

spin dynamics, we can also derive these effects using some basic quantum mechanics

and our understanding of the behavior of the spins. Consider the following spin-1/2

Hamiltonian

H =
1

2

−B −Ā

−A B

 (4.2)
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For A = Ax + iAy. This is equivalent to the instantaneous Hamiltonian in first

order average Hamiltonian theory (or for αx = αy) for one of our spins. Treating the

Hamiltonian as static, we can find its eigenvalues and eigenvectors

λ± = ±Λ

2
, |v±⟩ =

1

N±

(B∓Λ)/A

1

 (4.3)

for Λ =
√
|A|2 +B2. In the following calculation, the normalization constant will

cancel so we leave it unspecified. We can calculate the precession frequency of a

given spin by finding the time derivatives of the expectation values of the spin. The

spin expectation values move on a sphere of radius s and by finding the x and y

components of the instantaneous velocity of this point on the sphere we can effectively

find the precession frequency. To do so, we use a state in the z basis

|ψ⟩ = α |+⟩+ eiφβ | - ⟩ (4.4)

Since the state can only be specified up to an overall phase, we can assume without

loss of generality that α and β are real. The expectation values along each Cartesian

axis can be given in terms of α, β and φ

⟨Ix⟩ = αβ cosφ , ⟨Iy⟩ = αβ sinφ , ⟨Iz⟩ =
α2 − β2

2
(4.5)

By converting this state to the eigenbasis, time evolving, and then returning to the z

basis we can find the time dependent state

|ψ(t)⟩ =
[
α cos Λt/2 + iβ sin Λt/2

(
αB

Λβ
+
Āeiφ

Λ

)]
|+⟩

+ eiφ
[
β cos Λt/2 + iα sin Λt/2

(
e−iφA

Λ
− βB

αΛ

)]
| - ⟩

(4.6)
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We note that in the case A = 0, this state reduces to the standard state under

Larmor precession. In our system, the Hamiltonian is time dependent through the

time dependence of the local magnetization (here, A). This time evolved state is only

applicable in the t → 0 limit, i.e. in the instantaneous limit where H can be treated

as static. From here, we must calculate the expectation values along each Cartesian

axis and their time derivatives at t = 0. After a fair bit of arithmetic, we arrive at

d⟨Ix⟩
dt

∣∣∣∣
t=0

= ⟨Iy⟩B − ⟨Iz⟩Ay

d⟨Iy⟩
dt

∣∣∣∣
t=0

= −⟨Ix⟩B + ⟨Iz⟩Ax

d⟨Z⟩
dt

∣∣∣∣
t=0

= Ay⟨Ix⟩ − Ax⟨Iy⟩

(4.7)

which are simply the Bloch equations derived from the expectation values of our spin

state. This result justifies our claim of the equivalence of the geometric and exact

approach in the case of spin-1/2. With these derivatives, we can immediately see

how the observed spectral behavior emerges from our Hamiltonian. Throughout our

echo, the net magnetization (assuming ninety degree pulsing) is along either the y or

negative y axis and thus Ax = 0. Immediately following the π/2 pulse, every spin is

aligned with the y axis. In the rotating frame, those spins which have B < 0, i.e.

those with ∆ν < 0, oscillate towards ⟨X⟩ > 0 and rotate below the plane, and those

with positive ∆ν similarly rotate above the plane. In doing so, they gain a non-zero

⟨Z⟩ which opposes precession towards the x axis, reducing their effective precession

frequency. This effect results in the spectral narrowing we observe during the FID.

Near the echo time, the dynamics change. The interaction only shifts the x com-

ponent of the planar precession frequency, and therefore only strongly effects those

spins nearly aligned with the y axis. As the echo approaches, most spins are highly

dispersed about the z axis, but those spins with very small ∆ν remain relatively in

line with the y axis. Because these spins oscillate very slowly, they only gain a small
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z component and tend to remain in a slow orbit closely aligned with their initial axis.

However, because of the π pulse, their values of ⟨Z⟩ are opposite to what their natural

precession would create during the FID. Thus, when the echo occurs and the strength

of the interaction (i.e. Ay) becomes strong again, these spins experience the opposite

effect as during the FID. The interaction creates a shift in their precession frequency

which aligns with their natural frequency, shifting their value of ∆ν away from zero,

resulting in the hole burning effect. The effect scales with the value of ∆ν, as the

value of ∆ν determines how close a given spin remains to the y axis at the time of

the echo. The visibility of the effect depends on the likelihood that all spins near a

value of ∆ν remain relatively close spatially, which only occurs for small values of

∆ν. Those spins with larger Larmor shifts are more broadly dispersed about the z

axis and their individual shifts are too varied to accumulate and create a noticeable

effect in the spectrum.

4.2.2 A Note on Dissipation

Before turning to more technical results, we briefly touch on the effects of dissipation

on the results we discuss above. Including the dissipation terms from the Linbladian,

either from dephasing or relaxation from thermal effects, will generally be destructive

of the phase locking effects but will leave the hole burning effects relatively unaffected,

assuming the strength of the dissipation is not excessive.

The phase locking depends on a relatively delicate balance of the spin states and

interaction strength, as we have seen. With the introduction of dissipation which will

cause spins to break away from the locked state, not only reducing the number of

phase locked spins but also reducing the strength of the interaction and its ability to

keep those remaining spins locked, we expect to see the phase locking behavior become

more rare and the hole burning effects of the echo to become more prominent. In

essence, additional dissipation will increase the point at which the echo and spectral
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Figure 4.14: Variety of spectral behaviors for a global interaction for a spectrum
obtained from the FID and the spin echo in the presence of phase decoherence from
dissipative effects (Γ3 = 0.001).

behavior approaches the global limit, and longer range interactions will behave more

similarly to the very local interactions, with the except of the strong dissipation from

out-of-plane coupling which will remain characteristic of the highly localized regime.

We see this precise behavior if Figure 4.14, where the strong interactions in the range

ω = 3.35 − 3.55Γ show a significant reduction in the strength of the central peak in

the echo spectrum indicative of phase locking. The echoes show the same behavior,

with the post echo phase locking effect disappearing in the presence of dissipation.
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4.3 Γ as a Universal Scale

As we saw in Section 4.1, much of the behavior of the echoes is driven by the rela-

tionship between the Larmor shift ∆ν and the interaction strength. Because of this

close relationship, echoes with different linewidths but the same interaction strength

ω will not display the same dynamics. Rather, echoes with a broader spectral line

will require a correspondingly higher interaction strength to result in the same dy-

namics. Additionally, for a very large Γ, the FID and echo decay very rapidly, and

the interaction, which relies on the phase coherence of the spins for its strength, is

only active very briefly. Thus, even for a relatively strong ω, if the time scale set by

Γ is too short, the interaction will not be “active” for any notable length of time, and

the echo will only be lightly perturbed. In terms of the phenomenological behavior

of the echo, the exact value of ω is not important– rather, the effective value of ω, set

by its scale relative to Γ, determines the behavior of the interaction.

This scaling effect results in an approximate equivalence across different values of

Γ as long as the scale of ω relative to Γ remains fixed. Additionally, because Γ sets

the time scale of the interaction, a rescaling of τ by Γ is necessary. All together, for

values of ω, τ which retain the same scale relative to Γ, the spin echo will produce

highly similar phenomenological behavior up to some variation on account of local

fluctuations from frequency sampling and other numerical effects.

Importantly, we note that this observed equivalence across Γ is not a result of a

universal re-scaling all parameters in the simulation “cancelling out”. The necessary

re-scaling of ω is not merely a re-scaling by the ratio of the linewidths. Scaling ω

by the ratio of the linewidths does not produce identical behavior– rather, there are

slight offsets and shifts in the scaling that break any numerical equivalence in the

comparison, making this result a feature of the dynamics of the echoes and not a

feature of the numerics involved in calculating them.

To demonstrate this behavior, we generate echoes for seven different linewidths
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from 25kHz up to 100kHz. We additionally check Γ = 10kHz, but we discuss this case

separately. For each linewidth, we simulate echoes with values of ω from ≈ 0.8Γ up

to 4Γ and echo times τ ranging from 1/Γ up to 10/Γ, although there is some fluctuation

in the exact values of ω for different linewidths. We set the time step by Γdt = 1/10.

By scaling both τ and dt with Γ, all echoes will have the same number of time steps,

removing the need for interpolation and the associated potential for additional error.

The error for a given echo is calculated as the average error across the echo relative

to the average echo at that interaction strength. For each pair ω, τ , we calculate an

average echo averaging the five echoes of different Γ with that same value of ω, τ

relative to their value Γ. We then calculate the error of an echo by

ε =
1

L

L∑
i=1

∣∣S(ti)− Sref (ti)
∣∣ (4.8)

The value of ε, averaged over the give Γ values, is displayed in Figure 4.15 vs τ and

ω as a fraction of 1/Γ and Γ, respectively.

From Figure 4.15, we can see not only is the error very small for most of the

parameter space examined, but it is also primarily defined by the value of ω and not

by τ , although high values of τ do somewhat reduce the ω necessary to accrue more

error. We see the error only becomes notable (on the order of 1-10% on average)

when ω approaches 3.5× the value of Γ. This regime represents interaction strengths

where the local fluctuations from the frequency sampling grow very strong at this

sample size. Figure 4.16 shows an overlay of the echoes for all seven values Γ as well

as the average echo for τ = 2.7/Γ and ω ≈ 3Γ. Despite each echo having a different

echo time τ in absolute units, the behavior of the echoes is phenomenologically very

similar.

Once the linewidth begins to diverge dramatically from those against which it is

being compared, the nearly-linear relationship of ω begins to diverge. In the case
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Figure 4.15: Error ε relative to the average echo shape for a given τ , ω, averaged over
Γ, as a function of τ and ω. The purple marker indicates the value of ω and τ that
corresponds to Figure 4.16.

of Γ = 10kHz, the behavior of the echoes at similar ω was noticeably different.

This breakdown is emblematic of the imperfect nature of ω, in that it represents a

constant, maximal value of the interaction and does not capture the true dynamics of

the interaction. The approximation of the scaling only holds so long as the linewidths,

relative to Γ = 50kHz, are within a range of 1/2 − 2×, which represents a range of

linewidths for which a standard single shot spin echo would be used.

Because of the complicated relationship between ω, α, and ξ, the equivalence of

the behavior of the echoes for different Γ is difficult to quantify. Given that ω is not

an exact parameter of the model, strict scaling of ω does not guarantee equivalent

behavior, although echoes with similar behavior will have similar values of ω relative

to Γ. However, relatively small changes in ω (e.g. a shift of a few kHz) can result

in noticeably different behavior. Ultimately, relative to the behaviors set by some

reference Γ (here, we use 50kHz), there is a linear relationship between the reference
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Figure 4.16: Overlay of echo shapes for ω ≈ 3Γ and τ = 2.7/Γ. The average echo
shape is displayed in blue. Each echo has a different τ in absolute units, but the same
number of time points. The echoes are therefore plotted against time step and not
time to enable a closer comparison.

ω (i.e. that of the 50kHz echo) and the ω of equivalent behavior for some other Γ.

However, the details of that linear relationship depend on Γ.

In order to quantify the drift in ω values with Γ, we can use some basic fitting

to generate a function Ω(ω,Γ). This function takes the ω of a given behavior for

Γ = 50kHz and shifts it appropriately to give the proper ω to get equivalent behavior

at some other Γ. The form of Ω(ω,Γ) is linear, with coefficients depending on the

value of Γ.

Ω(ω,Γ) = m(Γ)ω + b(Γ) (4.9)

Although the relationship between ωs at different Γs is very nearly a direct scaling

(i.e. ωf = (Γf/Γ0)ω0), the small shifts in both slope and intercept of Equation 4.9

play important roles in the dynamics of the observed echoes due to the scale of
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the parameters at play and therefore such direct scaling is insufficient to capture

equivalent behavior. The coefficients m and b can be fit relative to Γ, as well. The

slope m(Γ) depends linearly on Γ

m(Γ) = m1Γ +m2 (4.10)

but the intercept b(Γ) has a complicated functional relationship to Γ and is difficult

to precisely fit. It can be fit reasonably well with a power law fit

b(Γ) = b1Γ
b2 + b3 (4.11)

The fit coefficients mi and bi are presented in Table 4.1 for reference. All fits have R2

values greater than 0.999. A function to calculate the appropriate shift is included in

the repository containing the simulation code [83].

Coefficient Value Margin of Error
m1 1.92× 10−5 5.33× 10−9

m2 0.0369 4.19× 10−4

b1 0.00404 3.70× 10−5

b2 −3.72× 10−9 3.58× 10−10

b3 1.29 0.0080

Table 4.1: Fit Coefficients for b(Γ), m(Γ).

The higher error in the fit coefficients of b(Γ) arise from the difficulty in deter-

mining an accurate functional form for the data. A power law fitting was ultimately

found be well fitting and give lower uncertainty in the coefficients than other func-

tional forms.

We can use this fitting to predict the appropriate value of ω to recreate the phe-

nomenological behavior of the behavior seen at a known ω at Γ = 50kHz. Because

of the approximate nature of the fitting, the observed behaviors show some variation,

but they retain strong phenomenological similarity, to the point where only very small
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tuning of ω is required to acquire more accurate behavior. To demonstrate this, we

generate nine random linewidths between 25kHZ and 100kHZ and generate echoes us-

ing the relationship Ω(ω,Γ) to set their interaction parameters. We plot these echoes,

as well as the Γ = 50kHz echoes used as reference, in Figure 4.17.

Figure 4.17: Overlay of echo shapes for ω predicted by Ω(ω,Γ) relative to Γ = 50kHz.
The average echo shape is displayed in blue. Each echo has a different τ in µs, but
the same number of time points. Echoes use n = 400× 400 and ξ = 6.0.

We can use this feature of the model to generalize results from a single linewidth

Γ systems with other linewidths. These results not only generalize the dynamics of

the model and set a universal scale for its parameters, but they also significantly

reduce the computation time necessary to examine a broad spectrum of behaviors, as

scanning over different linewidths is no longer necessary to examine the dynamics of

the model.
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4.4 Application to Experiment

Having explored the dynamics of the interaction across a variety of interaction ranges

ξ and strengths ω, we can begin to see the applications of this model to a real

system. In order to observe any significant asymmetry in the echo, an interaction

strength ω > 2.5Γ is typically required. The strong multi-peak behavior only begins

to emerge when ω > 3Γ. For extremely small ξ, such behaviors would only occur for

extremely strong coupling. At ξ = 2.0 and Γ = 50kHz, the required coupling strength

α ≈ 13kHz. These strong required couplings, combined with the dissipative effects

of αz, the fact that the mean field approximation is far weaker at these small ξ, and

the increasing relevance of standard NMR terms like the J coupling, makes the obser-

vation of our observed behavior at small ξ very unlikely. In the intermediate range,

however, when the echo and spectral behavior still diverges from the global limit, the

mean field approximation remains strong, nearest- and next nearest-neighbor terms

do not dominate, and the dissipative effects are mitigated at the interaction strengths

necessary to induce the notable pulse-dependent shifts. Additionally, the required in-

teraction strength is significantly reduced on account of the larger number of spins

which interact. For ξ = 6 − 8, a coupling of only around α = 1kHz is necessary. As

ξ approaches the long range regime ξ → 15 − 20, the coupling needs only be on the

order of 100Hz. We find these regimes more likely, given the weak initial strength of

the nuclear spin coupling and the fact that the dynamics are driven by long range

correlations which result in a dramatic increase in the effective interaction strength.

In a scenario where such behavior is experimentally observed, we expect it is driven by

long range correlations, where ξ > 10.0 and α need only be a fraction of the linewidth,

anywhere from 1% to 0.1% of Γ depending on the range of the interaction. In the

case of the pulse dependent shifts observed in FeSe, a comparison to our results can

yield a preliminary approximation of the type of interaction necessary to induce this

behavior [4]. Without knowledge of the exact power necessary to result in a π/2 pulse,
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our ability to approximate the shift’s pulse dependence is limited. The relative shifts

and significant increase in noise between alignments with the [100] axis relative to

the [110] axis would be indicative of an anisotropic coupling with intermediate range

and a [100] component notably stronger than the [110] coupling. We emphasize this

prediction represents a rough approximation and demonstration of the model’s appli-

cation. The presence of multiple peaks in the FID spectrum for the [110] alignment

is not in agreement with the predictions of our model, and our predictions merely

suggest that a closer examination of this behavior may be merited.

With this understanding of how the spectral and echo behavior varies with regard

to the interaction’s strength and range, as well as how it varies for different pulsing

and different relative values of in-plane and out-of-plane coupling, we can see how a

knowledge of such behavior can be used to examine echoes for which the parameters

are not known. As we mentioned before, the most valuable tool in identifying the

interaction’s strength is the pulse dependent shift. By adjusting the orientation of

the crystal axes of the sample relative to B0 and measuring magnitude of the pulse

dependent shift, one can extract the differences between different pairings of the

interaction strengths. The ability to measure the relative strengths of the interaction

along its different axes using the pulse dependent shift for different orientations gives

a potent and novel tool for the extraction of information about the anisotropy of the

spin susceptibility. Combined with additional measurements of the anisotropy of the

hyperfine interactions, this approach can be used to extract previously unavailable

information about the electronic structure and give valuable insight into the structure

of strongly correlated systems where such behaviors emerge.
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Chapter 5

Conclusions and Future Research

Nuclear Magnetic Resonance represents a powerful tool for the study of strongly cor-

related electrons and the exotic dynamics they exhibit. Its sensitivity to the spin

suscepbility through the Knight shift and the spin-lattice relaxation time T1 place

it somewhat uniquely in a position to probe specifically information about the spin

state of the electrons. In circumstances where the spin state of strongly correlated

electronic modes, such as in unconventional superconductivity, this ability can prove

invaluable. Indeed, NMR has been used widely to probe for the existence of uncon-

ventional superconductivity, although to varying degrees of success [17–21,29,32–36].

These unconventional states are highly susceptible to a wide array of experimental

parameters, which makes them difficult to probe without disturbing or destroying the

state itself.

In the search for evidence of unconventional phases, NMR has revealed a wide

array of unusual signatures, most notably in a pulse dependence of the Knight shift.

Although in some situations, such as in Sr2RuO4, this dependence likely emerges as

a result of heating effects, in others such as FeSe, where the pulse power is tightly

constrained to avoid the influence of heating, the effect may be more experimentally

significant [4]. Understanding the origin of this effect can give insight into the dynam-
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ics of strongly correlated electrons and how they influence the nuclear spin system

and also help design new methods of analysis of these systems.

We developed a simple model of a strongly correlated electronic mode interacting

with the nuclear ensemble in order to examine the ways such a mode would appear in

the echo behavior and spectral domain. We used a mean field approximation with a

localization function to create an effective range of the interactions. Using the rotating

frame, we examined the explicit time dependence and used the Magnus expansion to

quantify the ways in which the rapidly oscillating terms affect the Hamiltonian’s

dynamics. We modelled the system in Liouville space in order to include dissipative

effects which would be prominent in a real system and can have a notable effect on

the induced coherence from strong interactions of the model.

In order to simulate the system, we created a custom simulation package. Very

few simulations exist which are suitable for our model, or for studying dynamic spin

systems in general. Those that do are unsuitable for our model and for NMR more

generally [64]. We built several iterations of the simulation, with the final version

being written totally in CUDA. We examined the structure of the simulation and

checked the accuracy of its custom algorithms against well known and well trusted

versions used in Julia. We bench-marked the accuracy of the simulation using Ju-

lia, getting extremely strong agreement up to the limits of precision possible in data

transfer between CUDA and Julia. Performance in the CUDA simulation is dramati-

cally improved, showing two orders of magnitude of improvement over a purely CPU

simulation and an almost 25 times speed-up over a hybrid simulation. Finally, we

charted out the convergence of the model with regards to the ensemble size and time

step to set limits on the values we can use for these parameters in order to keep error

at an acceptable level.

We examined the behavior of the model in both the time domain and spectral

domain, with a focus on the spectral behavior. We showed how this type of interaction
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can induce multi-peak behavior in the echo and how it results in a pulse dependent

shift remarkably similar to that observed in candidates for exotic superconductors [4].

Despite using a simple model, our results provide strong evidence that the presence

of such a mode may be responsible for the emergence of these behaviors. These

results do not demonstrate definitive proof nor refute current findings, but rather

they provide compelling evidence for the possibility of an alternate explanation. In

the context of these findings, and the ways such a strongly correlated mode can

induce these behaviors, a careful re-examination of the pulse dependence of the Knight

shift in these exotic materials may be merited, particularly in the context of a new

experimental protocol based on our results: varying the pulse to study a range of

flip angles from 15◦ to 165◦ and adjusting crystal axes to examine the shift in each

configuration. In the presence of a mode similar to the one we model, such a protocol

could be used not only to extract the relative strength of the interaction based on the

magnitude of the shift but also the anisotropy of the electronic susceptibility. In this

way, we laid out the framework for a new experimental protocol which can be used

in the search for strongly correlated electronic modes.

Despite the already strong results gained from the studying of this model using

our custom simulation package, there is much still to be done. From a physical

perspective, a thorough study of the effects of dissipation is the natural next step.

Using the Lindblad framework we have already built, the inclusion of thermal effects

or the introduction of dephasing can be added and the ways these features change the

behavior of the model can be studied. The simulation as is can be used to model a

wide variety of behaviors in the mean field limit, and the introduction of new elements

such as antiferromagnetic coupling can be easily included. New localization schemes

or different types of coupling to the mode can be introduced, such as cross-couplings.

The implementation of new pulse schemes and experimental protocols could be used

to see how the interaction’s effects change under different experimental settings.
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From a computational side, the simulation in many ways is still in its infancy.

Many of the solvers and algorithms are very basic and only suitable for low dimen-

sional systems. An easy source of improvement is implementing a more sophisticated

and better scaling solver than the Gaussian Elimination process currently used. The

use of atomic functions to improve processes that currently run in serial would re-

sult in additional gains in efficiency. More nuanced parallelization schemes could be

introduced, splitting computations for a single spin up across multiple threads to im-

prove performance. Multi-GPU parallelization would break the ensemble size barrier

introduced by the limited number of threads available to the simulation currently,

although this would also require additional memory management that may decrease

the gains in efficiency.

From a broader perspective, the use of CUDA to accelerate simulation of dynamic

spin systems still has a large amount of room to grow. CUDA has many built-

in highly optimized large matrix operations and solvers which could potentially be

applied to model sets of spins interacting in the product space with a high degree

of efficiency. With appropriate spectral averaging techniques, simulations of clusters

of spins interacting with an electronic mode in the full product space could give

yet another tool to examine the effects of strongly correlated electrons in NMR and

examine the limits of the mean field approaches. These approaches could be combined

with more sophisticated approaches to the Magnus expansion, much like outlined

in [64, 91]. The limits of a fully CUDA driven approach to dynamic simulations of

spin systems have yet to be fully realized.
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