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Chapter 1

Introduction

“ If one is working from the point of view of getting beauty into one’s

equations, and if one has really a sound insight, one is on a sure line of

progress. ”

Paul A.M. Dirac

A prominent feature of the photoacoustic effect [3, 4] inside fluids is that the

temporal domain and spatial domain features of the acoustic waves generated by

absorption of short pulse optical radiation contains information of the irradiated

body owing to different absorption coefficients. This innovative idea was first pointed

out by a list of experimental works where optically thin fluid and solids surrounded

by different liquids were irradiated by nanosecond laser pulses to generate distinct

photoacoustic waves [5–8]. The saliant feature of the photoacoustic effect would lead

to enormous applications in both spectroscopy and imaging. Chapter 1 will introduce

the basic of the photoacoustic effect, summarize the forward simulation and inverse

problems solving involved with the photoacoustic effect. Applications of this effect in

trace gas detection and photoacoustic imaging will be discussed.
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Figure 1.1: The transmitter of Bell’s microphone, sunlight is reflected from a voice-
modulated mirror, Courtesy of Bell Laboratories.

1.1 Overview of the photoacoustic effect

The photoacoustic effect, also frequently called optoacoustic effect, was discovered

by Alexander G. Bell in 1880. The effect refers to the generation of acoustic waves by

absorption of optical radiation. As in Fig. 1.1 shows, Alexander G. Bell discovered

the photoacoustic effect by using the modulated solar radiation which was transmit-

ted and intercepted by a photoacoustic cell thus producing sound corresponding to

the voice modulation [9, 10]. However this effect was not highly valued until the

invention of laser which leads to graduate accumulation of works on photoacoustic

spectroscopy [11–13]. There are numerous applications of photoacoustic effects, the

most important being trace gas detection and optoacoustic tomography, which could

combine the advantages of strong contrast by optical absorption with deep acoustic

penetration depth and offer unique diagnostic opportunities relative to traditional

imaging modalities.

Modeling the generation and propagation of photoacoustic waves inside fluids
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would involve the laws of fluid dynamics where the energy conservation equation is

modified with an energy source term from optical heating [3,4]. The heat conduction

as well as viscous dissipation can often be ignored, thus the set of fluid mechanics

equations can be transformed into the photoacoustic wave equation [6],

(
∇2 − 1

c2
∂2

∂t2

)
p = − β

CP

∂H

∂t
. (1.1)

From Eq. 1.1, we can see that any changes in the light intensity of radiation

source with respect to time, i.e. ∂H
∂t

, would give rise to a non-zero term that acts

as a source and lead to the acoustic wave generation. The physics for production of

photoacoustic waves in solids [14] is different from that inside fluids and we will focus

on the photoacoustic effect inside fluids in this thesis. As it is well-known, more than

60 percent of the human body is water hence the study of the photoacoustic effect

inside fluids would be essential for the purpose of bioimaging.

1.2 Photoacoustic wave forward simulation

To study the photoacoustic effects inside fluids, one would hope to determine the

frequency and time domain solution of the wave equation for arbitrary objects inside

any fluid medium with various optical heating functions. This can be seen as wave

forward problem where the sources, the initial and boundary conditions as well as

the medium together determine the features of generation and propagation of the

photoacoustic waves.

The photoacoustic wave forward problem can be approached by solving Eq. 1.1

under certain geometry, initial and boundary conditions. However the acoustic ab-

sorption is not considered in Eq. 1.1. Although the acoustic absorption might be
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neglected in most cases for simplicity, it may not be neglected in highly acoustically

attenuating materials. The acoustic attenuation α(r, f) can often be modeled as a

power law relationship with frequency f as Eq. 1.2 shows [15],

α(r, f) = α0(r)f y, (1.2)

where r represents the space dependence of acoustic attenuation and the power y is

typically between 0.9 to 2.0 in tissues [5, 15].

A series of works have come up in modeling the acoustic absorption in lossy media

by incorporating the lossy derivative operator [15–19]. Here the case that the acoustic

wave propagation modeled by the following coupled differential equations using the

fractional Laplacian [20] is presented. Denote p(r, t) as the photoacoustic pressure

at position r and time t and u(r, t) as the acoustic particle velocity, the following

coupled differential equations can be used to model the photoacoustic effect [20],

∂u(r, t)

∂t
+

1

ρ0(r)
∇p(r, t) = 0, (1.3)

1

ρ0(r)

∂ρ(r, t)

∂t
+∇u(r, t) = 0, (1.4)

p(r, t) = c0(r)2

(
1− µ(r)

∂

∂t
(−∇2)y/2−1 − η(r)(−∇2)y/2−1/2

)
ρ(r, t), (1.5)

with initial conditions

p(r, 0) = Γ(r)A(r), u(r, 0) = 0, (1.6)

where µ(r) is the acoustic absorption coefficient and η(r) is the acoustic dispersion

coefficient which are defined as µ(r) = −2α0c0(r)y−1 and η(r) = 2α0c0(r)y tan(πy
2

).

If we neglect the acoustic absorption and dispersion, then Eq. 1.5 becomes p(r, t) =
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c0(r)2ρ(r, t) which is the adiabatic state equation [20].

1.2.1 Analytical solutions

As mentioned, for optical thin bodies with simple geometries, one would be able to

get analytical solutions to the wave equation Eq. 1.1 where the spatial and temporal

dynamics of the generated acoustic waves depend on the properties of the sources.

In Chapter 1, we will focus on several analytical solutions to the photoacoustic wave

equation in the cases of spherical droplets, fluid layers and moving optical sources in

a one-dimensional resonator.

The analytical solutions are essential as they can provide appreciable physical

insights to the problems of interest. For example, the frequency dependence of the

pressure waves or perhaps power-law dependence of some parameters can be easily

obtained from analytical solutions. The analytical solutions would also serve as a

necessary check for other numerical methods. For example, Ref. [21] studied the k-

space wave propagation in heterogeneous media and compared their model with the

analytical solution proposed by Diebold and Sun for the cylindrical source with a

Gaussian heating function [8] and found excellent match.

However the analytical solutions would only be feasible in certain cases under ideal

conditions while in many practical scenarios concerning with the imaging of arbitrary

objects, it would be impossible to obtain analytical solutions that can describe the

whole physical picture. Hence numerical methods would be necessary to obtain or

approximate the computational solutions to the coupled differential equations.
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1.2.2 Finite Difference Methods

There have been a series of works on solving the coupled wave propagation equa-

tions using the finite difference methods, for example, the simulation of wave propa-

gation in the abdominal wall in 2D in Ref. [22].

Here a simple three-dimensional finite-difference time-domain (FDTD) scheme to

solve the coupled differential equations similar with Ref. [22] is presented.

Define S = ( p
ρc2

, ρux, ρuy, ρuz), F = (ux, p, 0, 0), G = (uy, 0, p, 0) and H =

(uz, 0, 0, p). The coupled equations can be written as,

∂S(x, y, z, t)

∂t
+

∂F (S(x, y, z, t))

∂x
+

∂G(S(x, y, z, t))

∂y
+

∂H(S(x, y, z, t))

∂z
= 0. (1.7)

A second-order space and second-order time accurate algorithm can be written

as,

S∗ = Sn + ∆tΘ(Sn), (1.8)

Sn+1 =
1

2
Sn +

1

2

(
S∗ + ∆tΘ(S∗)

)
, (1.9)

where ∆t is the time step and the space discretization can be written as

Θ(Sn) = −∂F (Sn)

∂x
− ∂G(Sn)

∂y
− ∂H(Sn)

∂z
, (1.10)

with ∂F (Sn)
∂x

, ∂G(Sn)
∂y

and ∂H(Sn)
∂z

approximated by,

∂F (Sn)

∂x
≈ F (Sn(xi+1, yj, zk))− 2F (Sn(xi, yj, zk)) + F (Sn(xi−1, yj, zk))

∆x2
, (1.11)

∂G(Sn)

∂y
≈ G(Sn(xi, yj+1, zk))− 2G(Sn(xi, yj, zk)) + G(Sn(xi, yj−1, zk)

∆y2
, (1.12)

∂H(Sn)

∂z
≈ H(Sn(xi, yj, zk+1))− 2H(Sn(xi, yj, zk)) + H(Sn(xi, yj, zk−1))

∆z2
. (1.13)
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A two step MacCormack algorithm [23] which has fourth-order space accuracy

and second-order time accuracy was used in Ref. [22]. Other more sophisticated time

discretization schemes such as strong stability preserving high-order time discretiza-

tion methods described in Ref. [24] may be considered as well. The finite difference

methods are straightforward to implement, however, it has a huge computational cost

for three dimensional, highly complicated media especially in application scenarios

over a large frequency range. A large number of grids points would be required to

recover the subtle time and frequency features of the high frequency acoustic wave

components [21].

1.2.3 Finite Element Methods

Finite element methods (FEM) involve a list of basis functions to represent the

solutions for the partial different equations [25–27]. One can often incorporate the

median heterogeneities in the FEM to approximate the solutions where a list of chosen

basis functions are used. These basis functions are often only supported on very small

intervals hence calculating the coefficients of the basis functions at different intervals

would reduce to the problems of solving sparse matrix systems for which many efficient

algorithms have been proposed [28]. There are several works in photoacoustics using

FEM, for example, Ref. [29] uses the finite element method to reconstruct the optical

and acoustic properties from the frequency domain Helmholtz type photoacoustic

wave equation.
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1.2.4 Spectral Methods

The fast Fourier transform would greatly benefit the spectral methods, making it

much faster than the traditional finite difference method in a wide range of applica-

tions [30]. The k-space method for solving acoustic wave propagation was proposed in

Ref. [31] where the authors used the absorbing boundary condition in the simulation.

The coupled differential equations become [31],

∂u(r, t)

∂t
+

1

ρ(r)
∇p(r, t) + αu(r, t) = 0, (1.14)

∂p(r, t)

∂t
+ ρ(r)c(r)2∇ · u(r, t)− ΓH + (αx + αy + αz)p(r, t) = 0, (1.15)

where ΓH is the photoacoustic source term, α = (αx, αy, αz) is the term associated

with the absorbing boundary condition. The absorption coefficient α is defined to

be nonzero in a layer near the edges of the computational domain orthogonal to the

boundary and zero elsewhere [31]. This type of absorbing boundary condition is

also called the perfect matched layer [32] which is frequently used in the simulations

of fluid mechanics and electromagnetic phenomena to avoid introducing truncation

artifacts in computation [33].

It is worth noting that instead of using the conventional k-space substitution rule

for the Laplacian operator ∇2 → −k2, Ref. [21] uses the substitution rule ∇2 →

−k2sinc2(c0k∆t/2). The reasoning is stated in the Ref. [21] and the core idea lies

in the routine of most theoretical photoacoustic problems. One would often start

from the photoacoustic wave equation, assume the source to be stationary, Fourier

transform the result into k-space, solving the equation using Green’s function and then

inverse Fourier tranform back to obtain the real space pressure field [21]. Without
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too much math presented, the discretization for any time step was found to be [21],

p̂(t + ∆t)− 2p̂(t) + p̂(t−∆t) = −4 sin2(c0k∆t/2)p̂(t), (1.16)

where the simple finite difference scheme often approximates the right-hand term by

first-order Taylor approximation as −c20k2p̂(t). The discretization rule in Eq. 1.16

is the reason why Ref. [21] used different Laplacian substitution rules. Hence the

operator ∂
∂x
→ ikxsinc(c0k∆t/2) and ∂

∂x
= F

(
ikxsinc(c0k∆t/2)

)
[21].

The coupled differential equations can thus be rewritten as in Ref. [34],

∂ux

∂t
= −∇p/ρ− αxux, (1.17)

∂uy

∂t
= −∇p/ρ− αyuy, (1.18)

∂uz

∂t
= −∇p/ρ− αzuz, (1.19)

∂px
∂t

= −ρc2∂ux

∂x
+ ΓH/3− αxpx, (1.20)

∂py
∂t

= −ρc2∂uy

∂y
+ ΓH/3− αypy, (1.21)

∂pz
∂t

= −ρc2∂uz

∂z
+ ΓH/3− αzpz. (1.22)

One of the most commonly used toolbox for the photoacoustic forward simulation

that starts from Eq. 1.17 to Eq. 1.22 developed by Bradley E. Treeby and Ben T. Cox

is called k-wave [34]. Figure 1.2 shows the computational steps for solving the coupled

equations using staggered grids. The first step is to calculate ∂p
∂x

, ∂p
∂y

and ∂p
∂z

from the

initial pressure field p. Then the velocity components ux, uy and uz are updated.

Next, the partial derivative of the velocity with respect to the coordinate, ∂ux

∂x
, ∂uy

∂y
,

∂uz

∂z
are calculated. Next, the acoustic densities ρx, ρy and ρz are updated [34]. The
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Figure 1.2: The computational steps in solving the coupled first order acoustic equa-
tions for heterogeneous media using a staggered spatial grid in k-wave. The figure is
taken from Ref. [34].

k-space method for the forward simulations will be used in Chapter 4.

1.3 Inverse Problems in photoacoustic imaging

Section 1.2 describes the photoacoustic forward simulation while a series of prac-

tical challenges would involve inverse problems. As shown in Fig. 1.3, there are two

main inverse problems in photoacoustic imaging, one is acoustic inversion which aims

to reconstruct the initial acoustic pressure distribution from measured acoustic time

series, the other is optical inversion which aims to reconstruct the optical absorption

coefficients from the initial acoustic pressure distribution. The acoustic inversion

is related to the photoacoustic wave propagation and the process involves inverting

wave propagation in complex medium hence it is typically harder than the optical

inversion. The thesis, especially in Chapter 4 for inverse problems in optoacoustic

tomography, will focus on the acoustic inversion.
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Figure 1.3: Scheme of forward and inverse problems in photoacoustic imaging. The
forward process consist of the mapping of the optical absorption coefficients to the
initial pressure and the mapping of the initial pressure to the detected acoustic time
series signals. The acoustic inversion aims to reconstruct the initial pressure from the
measured acoustic time series signals and the optical inversion aims to reconstruct the
optical absorption coefficients of the objects from the initial generated photoacoustic
pressure.

1.3.1 Spherical Radon transform

Spherical radon transform has been widely used in solving inverse problems in

optoacoustic tomography. The physical picture of the forward and inverse processes

in optoacoustic tomography can be encoded in the forward operator A that maps

the initial pressure to the measured acoustic time series g at the detector positions

as well as its generalized inverse. The forward operator A can be characterized by

integrating p0 along a set of spherical balls of radius t = |r−rd|
c

where rd is the detector

position and c is the speed of sound [35,36]. The inverse process might be solved by

backprojection algorithms which map the measured acoustic time series signal g that

is a function of detector arrangements and time into the initial pressure p0 by reversing

the forward process [35,36].

The problem of recovering a function from its spherical mean has been studied
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extensively in mathematical literature which leads to numerous applications in ther-

moacoustic [37] and photoacoustic tomography [35]. These works would date back to

the Norton’s paper [38] on recovering the reflecting object from its line integrals over

the circular geometry case [39–41]. If we assume the simplest case that the acous-

tic medium is homogeneous and there is no acoustic absorption, the spherical mean

radon transform [39–41] can be used to obtain accurate initial pressure distribution

reconstruction. The famous universal backprojection algorithms can give exact recon-

struction for planar, cylindrical and spherical measurement geometries under certain

assumptions [35].

In two dimensions, the filtered backprojection formula is given by Ref. [40, 42],

p0(r) = − 1

πR

∫
∂S

∫ ∞

|r−z|

(∂ttAp0)(t, r)√
t2 − |r − z|2

dtdS(z), (1.23)

where S =
{
r
∣∣∣∥r∥ < R

}
and R is the radius of detector circle. Here A is the forward

operator that is defined as, for (r, t) ∈ ∂S × [0, T ],

(Ap0)(r, t) = p(r, t). (1.24)

The inversion formula in Eq. 1.23 looks quite complicated; it can be seen as

the integration along the curve which is the interaction of a cylinder with radius R

and a cone that is centered at r. For three dimensions, the filtered backprojection

formula has been given in Ref. [35,41]. For 2D integrating line detectors [43,44] which

measure line integral of the acoustic wave field, the inversion formula has been given

in Ref. [45].

The above inversion formulas are explicit and they are mathematically rigorous

under the ideal assumptions. However, these inversion formulas can only be applied
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for certain geometries and challenges would arise in more complicated geometries

such as limited-view case for which some artifacts may occur in the reconstruction.

Besides, the assumptions of homogeneous acoustic properties and no absorption are

sometimes impractical, especially in the case of large acoustic heterogeneity such as

imaging the human brain where the differences of the acoustic properties of bones

and tissues should be accounted for. The acoustic absorption in the tissues would also

have an impact on the measured frequency spectrum, however, these models may not

be able to incorporate acoustic absorption. Despite these limitations, the challenge

of reconstructing a function from its spherical means has been a great topic for the

exploration of mathematicians.

1.3.2 Time Reversal

One may encounter the idea of time reversal from quantum mechanics which rep-

resents some symmetry in the physics language. Translational symmetry would cor-

respond to momentum conservation, rotation symmetry would correspond to angular

momentum conservation, and time translational symmetry would correspond to en-

ergy conservation [46]. The principle of time reversal is similar to backpropagate the

wave equation using the measured time series data at the detectors as the boundary

condition where the initial pressure can be recovered at time t = 0 [47]. It is similar

to backprojection-type algorithms discussed in Section 1.3.1 however the methods of

time reversal would be easy to generalize to heterogeneous media and any detection

setups as long as the forward wave propagation can be well-characterized [47]. The

implementation depends on the inversion of the numerical computation of the forward

wave propagation models by repropagating the wave received at the detectors with a

reversed time array [47]. There have been several works on developing time reversal
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approaches [48,49] that can deal with the variations of sound speeds in photoacoustic

imaging. The absorbing acoustic media can also be accounted for using the time

reversal method proposed in Ref. [47]. The method of time reversal has connections

with and advantages over the methods based on spherical Radon transform. It is

computationally efficient for any detection geometry in 3D heterogeneous acoustic

media [50].

1.3.3 Variational reconstruction

Although time reversal methods have been very successful and already widely

used in inverse problems in optoacoustic tomography, in many practical cases, the

reconstruction qualities suffer due to the incomplete spatial resolution as well as the

finite bandwidth of the transducers. When the measured data are incomplete, the

framework of variational image reconstruction would provide unique advantages over

the time reversal type reconstructions. The variational approach solves the following

optimization problem,

p̂0 = arg min
p0

{
1

2
∥Ap0 − g∥22 + λR(p0)

}
, (1.25)

where g is the measurement time series data and A is the forward operator that

maps the initial pressure distribution p0 to the measurements and R(p0) is some

regularization on the initial pressure p0.

The solution to the optimization in Eq. 1.25 typically involves the gradient de-

scents which would require the knowledge of the forward operator A and the adjoint

of A that is often denoted as A∗. In most cases in optoacoustic tomography, as the

forward matrix A is real for all entries, A∗ is same as AT .
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In one dimension or two dimensions, it is possible to calculate the matrix A explic-

itly and perform matrix operations without too much computational cost. However,

in three dimensions, it would be impractical to save the matrix A as the dimension

of A is (NxNyNt, NxNyNz), take Nx = Ny = Nz = 64 and Nt = 128 for simplicity, it

would cost around 239 bytes which is around 550 GB to store one matrix. Moreover,

although there have been some works on constructing sparse matrix representations

to approximate A [51,52], it would be computational infeasible to construct explicitly

the matrix A in three dimensions by superposition principle due to the high com-

putational cost related with each forward simulation. It would be impossible and

computationally inefficient to store and operate on matrix A directly for three di-

mensional high-resolution applications as well. Luckily, in most cases, one would not

need an explicit knowledge of A but rather the action of A for which k-wave can be

used to simulate. What about the adjoint operator A∗?

There has been study of the adjoint operator A∗ [53] by deriving the operator using

the property of Green’s function for the wave propagator. The subtle comparison of

the adjoint operator and the time reversal operator can be found in Ref. [53]. The

paper [53] found that the action for the adjoint operator can be calculated by the

forward model using carefully defined sources which can be quite useful in iterative

model-based reconstruction as most iterative algorithms would involve the calculation

of action for the adjoint operator.

Figure 1.4 shows the state of art reconstruction methods for different medical and

biophysical imaging modalities. We can see that up to year 2000, most methods

are linear including filtered backprojection, l2 regularization as well as linear filters.

However, since year 2010, most methods change to the nonlinear methods where

the total variation type of regularization or wavelet sparsity are incorporated [54].

As photoacoustic tomography is a very new imaging modality compared with other
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Figure 1.4: State of the art methods for inverse problems in medical and biophysical
imaging. Table taken from Ref. [54].

more well-established imaging modalities, it often borrows the reconstruction ideas

from the other modalities. An overview of the advancement in the broad areas of

imaging sciences and applied mathematics would be very beneficial for the algorithm

development in the field of photoacoustic imaging.

1.4 Application I: Trace gas detection

One of the most widely used application for the photoacoustic effect would be

trace gas detection. The basic principle is that the temperature increase due to the

absorption of optical radiation increases the pressure to be detected. In experiments

one often uses an amplitude-modulated infrared laser to match the absorption line

of some particular molecules. The typical experiments, which are shown in Fig. 1.5,

are often conducted in an acoustic cell (resonators) to enhance the acoustic wave

produced. The modulation frequency can be tuned from a few Hz to a few kHz

depending on the specific setups.

The sensitivity of trace gas detection would depend on many factors, for example

the resonator, and the sensitivity of the acoustic transducer (often a microphone). In
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Figure 1.5: A typical experimental setup for photoacoustic trace gas detection. Laser
intensity is modulated by the chopper. The acoustic cell consists of two windows
which have low absorption. The detected acoustic wave signal by the transducer is
fed to a lock-in amplifier to amplify the signal.

one high frequency experiments a piezoelectric crystal was used where the Q factor

of the transducer was the determining factor for high sensitivity. The Q factor of a

typical LiNbO3 is around 1384 while crystal BiB3O6 can have a Q factor of 10800

which, with a design of a moving optical grating, could reach a detection limit in the

parts-per-quadrillion range [55].

Section 2.4 discusses about the possibility of a moving continuous optical beam

in one dimensional resonator to reach sensitive detection even with traditional trans-

ducers.
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1.5 Application II: Photoacoustic computed tomog-

raphy, microscopy and endoscopy

Another central application of the photoacoustic effect would be bioimaging such

as detecting tumor cells [56] and in vivo imaging of hemoglobin oxygen saturation [57].

In photoacoustic imaging, short pulse laser is often used so that the time for heat

conduction is much longer than that for acoustic wave propagation. The laser in-

teracts with the biological molecules such as the hemoglobin, water and lipids and

these molecules have different absorption coefficients which give rise to the contrast

mechanism. The pressure wave would be generated due to the absorbed heat and

propagate in the medium obeying the laws of the wave physics. The detected acous-

tic waves, often by solid transducers, can be used to reconstruct the initial pressure

distribution thus the optical absorption coefficients. There are all kinds of photoa-

coustic imaging modalities including photoacoustic computed tomography which is

often called optoacoustic tomography, photoacoustic microscopy and photoacoustic

endoscopy [58,59].

1.5.1 Photoacoustic computed tomography

The basic principle of photoacoustic computed tomography (PACT) is to use

multiple acoustic detectors located at different positions to detect the acoustic wave

generated by wide field optical illumination [50,58–60].

One possible setup uses ring-shaped ultrasonic transducer array (UTA) to detect

the acoustic waves generated by the interaction of the object with a laser beam passing

by diffuser [61] . Another possible shape of the ultrasnoic transducer array is the

hemispheric shaped UTA [62] where the laser beam passes through a diffuser, interacts
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with the object to produce photoacoustic effects and the detectors are positioned as

a hemispheric array. A Fabry-Perot interferometer has also been used where the laser

beam is scanned across the surface of the interferometer [63]. Some groups use a

linear ultrasonic transducer array [64] where the excitation light is directed into the

sample at certain angles and the acoustic wave is emitted and detected by a linear

array of transductors.

1.5.2 Photoacoustic microscopy

The photoacoustic microscopy, different from PACT, mostly relies on the scanning

of a focused laser beam and ultasonic transducer for generation and detection of the

acoustic waves [50, 58–60]. In one configuration, the ultasonic focusing lens and the

high numerical aperture optical focus lens are on the opposite side of the imaging

objects to achieve sub-wavelength resolution [65]. Other possible systems might use

the optical-acoustic combiner that reflects sound but not the transmitted light to

observe label-free oxygen metabolic rate [66]. Photoacoustic microscopy would not

require the same reconstruction as in photoacoustic computed tomography.

1.5.3 Photoacoustic endoscopy

The photoacoustic endoscopy has been used [67] in combination with ultrasound

endoscopy to image the internal organs in vivo. Traditional ultrasound endoscopy

would suffer from low contrast as its contrast comes from mechanical wave perturba-

tion. The high molecular contrast provided by optical absorption makes functional

imaging possible.

Besides the above applications, photoacoustic imaging has been combined with



20

other imaging modalities, for example, a combination of photoacoustic, MRI, Ra-

man imaging for noninvasive brain tumor delineation which leads to a more accurate

molecular imaging strategy [68]. It would be impossible to list all the recent advances

in photoacoustic imaging in Section 1.5 . The review articles [58, 59] has a very de-

tailed comparison of all these photoacoustic tomography techniques. Owing to the

unique advantages related with the physical mechanisms of photoacoustic effect, the

area of photoacoustic imaging in biomedicine is growing rapidly in recent years.



Chapter 2

Generation of photoacoustic effect

“ Plato is my friend — Aristotle is my friend — truth is a greater friend.

If I have seen further it is only by standing on the shoulders of giants. ”

– Sir Isaac Newton

A thorough understanding for generation of photoacoustic effect is essential for

applications such as photoacoustic spectroscopy and imaging. The photoacoustic

effect can be generated in both solids and fluids. The generation of photoacoustic

waves with solids has been well studied in Ref. [14]. This thesis will focus on the

generation of photoacoustic effects inside fluids.

A salient feature of the photoacoustic effect [3, 4] in fluids is that the temporal

and spatial characteristics of the ultrasonic waves generated by absorption of short

pulse optical radiation contains information on the spatial absorption profile of the

irradiated body. This principle was first demonstrated experimentally in a series of

papers where optically thin fluid and solid bodies with simple geometries immersed in

various solvents were irradiated by nanosecond laser pulses. Subsequently this feature

of the photoacoustic effect has been used as the basis for medical imaging [50,69–77]

21
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where arrays of transducers are used to record the spatial and temporal patterns of

emitted acoustic waves with sophisticated mathematical methods employed to invert

acoustic data into images whose contrast is governed by optical absorption.

2.1 Overview

The generation of photoacoustic effect is coupled multi-physics process. In the

case of optically thin bodies with simple geometries irradiated by short light pulses,

solutions to the wave equation for pressure [5–8] for solid and liquid layers [78, 79],

spheres [80–83], cylinders [78,84], and ellipsoids [85,86] yield photoacoustic waveforms

with temporal features dependent on the geometry, dimensions, sound speed, and

density of the irradiated body. With a knowledge of the density and sound speed of the

surrounding fluid, together with a fitting of an experimental waveform to theory, the

last three of these acoustic properties of the absorbing body can be determined, thus

making the photoacoustic effect an analytical technique. The experimental studies

of ultrasonic waves emitted by laser irradiated bodies with symmetry in one, two,

and three dimensions have shown excellent agreement with theory. However, there

appears to be no investigation, either theoretical or experimental, into the character

of the waves produced within the irradiated body although theoretical expressions for

determining the waveforms generated internally have been found.

2.2 Photoacoustics effect generated by spherical

droplets

Photoacoustic excitation of a fluid sphere generates an outgoing ultrasonic wave

whose time profile permits determination of the density, sound speed, and diameter
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of the sphere. Experiments with pulsed laser beams have confirmed the major pre-

dictions of existing theory. With regard to acoustic waves generated within spheres,

although mathematical expressions for their properties are known, virtually no ex-

ploration of the waveforms in theory or experiment has taken place. Here, two cases

for photoacoustic excitation of a droplet are discussed: first, absorption of radiation

in a region of fluid external to the droplet, and, second, absorption of radiation by

the droplet itself. Large amplitude transients, compressions in the former and rar-

efactions in the latter, are generated as the waves approach the center of the sphere.

The high amplitudes of the waves suggest shock wave formation.

Here, the question of the time dependence of photoacoustic waves found within

droplets is addressed. In the Sections 2.2.2 and 2.2.3, two problems are presented, the

first being determination of the time and space dependence of photoacoustic waves

launched from absorption by a spherical region external to the droplet, and second,

when the photoacoustic effect is generated by absorption within the droplet itself.

Section 2.2.1 gives a solution for a fluid sphere surrounded by an optically thin, ab-

sorbing layer of a second fluid. The creation of a rapid pressure increase by absorption

of a short laser pulse causes compressive waves to enter the droplet resulting in large

pressure transients as waves propagate to the center of the droplet. In Section 2.2.2

the character of photoacoustic waves generated by absorption of radiation within the

sphere itself are investigated. In this case, a series of compressive waves are found

along with large rarefactions. In both problems frequency domain expressions are

derived, which for the case of equal densities can be Fourier transformed to yield

analytical time domain expressions for the sound waves. Section 2.2.3 notes the pos-

sibilities of shock wave generation in spheres even for low laser fluences arising from

ultrasonic waves propagating to the origin with ever increasing amplitudes.
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2.2.1 Photoacoustic effect generated by spherical droplets in-

side a surrounding absorber

In order that the time integral of the pressure should be zero for acoustic waves

in two and three dimensions, as noted in Ref. [87], the surrounding layer is given a

boundary with a third, non-absorbing fluid that extends from the absorbing spherical

region to infinity. It is clear that if the surrounding layer possessed a rigid outer

boundary, there would be an overall pressure increase in the sphere and its surround-

ings long after absorption of the optical radiation so the pressure integral would not

vanish. Therefore, a third fluid is taken to surround the absorbing layer. From the

point of view of any experiment where the ultrasound within the sphere is of interest,

the acoustical character of the third region is not considered in this thesis. Given the

complexity of solving the conservation equation for the photoacoustic effect at two

interfaces, the density and sound speed of the infinite layer are taken to be identical

to that of the absorbing layer. The part of the problem of interest is thus preserved

without the need for carrying out excessive algebraic manipulations.

As shown in Fig. 2.1, a sphere with density ρs, sound speed cs, and radius a is

surrounded by an optically thin absorbing layer with an optical absorption coefficient

ᾱ, density ρf , sound speed cf , and radius b. The outermost region, which extends

from b to infinity is taken to have the same density and sound speed as the absorbing

layer. The wave equation for pressure [6] in an inviscid fluid is given by

(
∇2 − 1

c2
∂2

∂t2

)
p = − β

CP

∂H

∂t
, (2.1)

where t is the time, c is the sound speed, p is the pressure, β is thermal expansion
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Figure 2.1: Schematic of an optically transparent fluid sphere of radius a with a
density ρs and sound speed cs. The droplet is surrounded by an optically absorbing
spherical region of radius b having an optical absorption coefficient ᾱ, density ρf and
sound speed cf . The larger diameter sphere is, in turn, surrounded by a transpar-
ent region that extends from b to infinity with the same acoustic properties as the
absorbing region.

coefficient, CP is the specific heat capacity, and H is the heating function with di-

mensions of energy per unit time and volume. Note that the effect of surface tension,

which would have the effect of addition of a constant pressure differential [88], is not

considered. The sphere is irradiated by an optical beam of intensity I0 modulated

at a frequency ω. If the heating function and the pressure for the region between a

and b is taken to be H = ᾱI0 exp(−iωt) and p = p̃ exp(−iωt), respectively, the wave

equation becomes a Helmholtz equation of the form

(∇2 + k2)p̃ = i
ᾱβI0ω

C
(f)
P

, (2.2)

where k = ω/c. For the absorbing region, the space derivatives in Eq. (2.2) can be

set to zero to give a solution to the inhomogeneous Helmholtz equation for p̃. When
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the exponential factor is then included, the frequency domain pressure corresponding

to p̃ becomes

P̃ F =
iP̃f

qĉ
e−iqt̂ where P̃f =

ᾱβI0cfa

C
(f)
P

, (2.3)

where C
(f)
P is the specific heat capacity of the the fluid in the absorbing region, and

a dimensionless frequency q and time t̂ have been defined as

q =
ωa

c
and t̂ =

cs
a
t. (2.4)

Thus, for the frequency domain pressures in the sphere p̄s, the absorbing layer p̄f ,

and external region p̄e, the solutions to the wave equation [89] are

p̄s = P̃ F P̂sj0(ksr), (2.5)

p̄f = P̃ F [1 + P̂
(1)
f h

(1)
0 (kfr) + P̂

(2)
f h

(2)
0 (kfr)], (2.6)

p̄e = P̃ F P̂eh
(1)
0 (kfr), (2.7)

where the four quantities P̂ are constants multiplying the solutions to the homoge-

neous wave equation, j0 is a spherical Bessel function, h
(1)
0 and h

(2)
0 are zero order

spherical Hankel functions, and where the following dimensionless parameters have

been defined for the problem as

ĉ =
cs
cf

and ρ̂ =
ρs
ρf

. (2.8)

Quantities in the sphere have been given subscripts s, those in the absorbing layer f,

and those in the external region, e.

The constants multiplying the homogeneous solutions in Eqs. (2.5, 2.6, 2.7) are
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found by employing the conservation equations for the continuity of pressure and

acceleration at interfaces [88], the latter reducing to the ∇p/ρ. For the interfaces at

a and b, these equations are

P̂sj0(ksa) = 1 + P̂
(1)
f h

(1)
0 (kfa) + P̂

(2)
f h

(2)
0 (kfa), (2.9)

P̂sj
′
0(ksa) = ρ̂ĉ[P̂

(1)
f h

(1)′
0 (kfa) + P̂

(2)
f h

(2)′
0 (kfa)], (2.10)

P̂eh
(1)
0 (kfb) = 1 + P̂

(1)
f h

(1)
0 (kfb) + P̂

(2)
f h

(2)
0 (kfb), (2.11)

P̂eh
(1)′
0 (kfb) = P̂

(1)
f h

(1)′
0 (kfb) + P̂

(2)
f h

(2)′
0 (kfb). (2.12)

Without the assumption of identical sound speeds and densities for the absorbing

and infinite regions extremely complicated expressions for the photoacoustic pressures

resulted; consequently, the assumption that these quantities be identical was chosen.

The solution of Eqs. (2.9, 2.10, 2.11, 2.12) for the four P̂ parameters gives lengthy

expressions, the only one of interest here being that for P̂s, which is found 1 to be

P̂s =
N

D
, (2.13)

N = ρ̂ĉ[h
(1)′

0 (kfa)h
(1)′
0 (kfb)h

(2)
0 (kfa)− h

(1)′
0 (kfa)h

(1)′
0 (kfb)h

(2)
0 (kfb)

−h(1)′
0 (kfa)h

(1)′
0 (kfb)h

(2)′
0 (kfa) + h

(1)′
0 (kfb)h

(1)′
0 (kfa)h

(2)′
0 (kfb)]

and

D = [h
(1)′
0 (kfb)h

(2)
0 (kfb)− h

(1)
0 (kfb)h

(2)′
0 (kfb)]× [h

(1)
0 (kfa)j

′

0(ksa)− h
(1)′
0 (kfa) j0(ksa)ρ̂ĉ].

1Extensive algebraic manipulation is required to solve the four equations; therefore Mathematica
was used to find the solution.
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It is convenient to express P̂s in terms of the dimensionless parameters

kfa = qĉ kfb = qĉb̂ b̂ = b/a r̂ = r/a. (2.14)

After substitution for explicit forms of the spherical Bessel functions, j0(x) =

sin(x)/x, h
(1)
0 (x) = exp(ix)/(ix), h

(2)
0 (x) = exp(−ix)/(−ix), and their derivatives

into Eq. (2.13) and simplification of the result, the frequency domain photoacoustic

pressure within the sphere is found to be

p̄s = 2P̃f (
ρ̂

ĉ
)
sin(qr̂)

qr̂

[
(1− iĉq)eiq − (1− iĉqb)eiq(ĉb−ĉ+1)

[(1− ρ̂) + iq(1 + ρ̂ĉ)][1 + Re2iq]

]
e−iqt̂, (2.15)

where R is an amplitude reflection coefficient for a spherical wave at a spherical

interface given by

R =
−(1− ρ̂) + iq(1− ρ̂ĉ)

(1− ρ̂) + iq(1 + ρ̂ĉ)
. (2.16)

Note that the factor containing R in the denominator of Eq. (2.15) can be expanded

in an infinite series, which in the time domain results in time delays in the pulse

sequence within the sphere.

If ρ̂ is set to unity, it is possible to obtain the inverse Fourier transform of Eq. (2.15)

in analytic form 2 . In taking the Fourier transform of the frequency domain pressure

it is to be noted that the integration over ω means that P̃f becomes ᾱβE0c
2
f ĉ/C

(f)
P

so that the time domain photoacoustic pressure response to a delta function heating

pulse becomes

ps = −Pf
1

2r̂(1 + ĉ)

∞∑
n=0

(−R′)n
4∑

i=1

Fi(2n), (2.17)

where Pf , with dimensions of pressure, R′, the equal density reflection coefficient, and

2Extensive algebraic manipulation is requred to solve the four equations; therefore Mathematica
was used to find the solution.
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the functions F are given by

Pf =
ᾱβE0c

2
f

C
(f)
P

, R′ =
1− ĉ

1 + ĉ
, (2.18)

F1(n) = (1 + n− ĉ− r̂ − t̂)sgn(r̂ + t̂− 1− n), (2.19)

F2(n) = (1 + n− ĉ + r̂ − t̂)sgn(r̂ − t̂ + 1 + n), (2.20)

F3(n) = (−1− n + ĉ− r̂ + t̂)sgn(1 + ĉ(b̂− 1) + n + r̂ − t̂), (2.21)

F4(n) = (−1− n + ĉ + r̂ + t̂)sgn(−1− ĉ(b̂− 1)− n + r̂ + t̂), (2.22)

where sgn(x) is the sign function defined as −1, 0, or 1 depending whether x is

negative, zero, or positive.

The results of the calculation for three positions within the droplet are shown in

Fig. 2.2. It can be seen that where r̂ is small, the pressure takes on large values,

which, given the r̂−1 dependence of the pressure amplitude in the prefactor of Eq.

2.17 indicates that the pressure transients are essentially unbounded. Fig. 2.2 is

plotted for a sufficiently large value of b̂ that the effects of waves emanating at the

interface between the absorbing layer and the external region do not arrive on the

time scale plotted. For longer times or smaller values of b̂ additional waves appear

that have substantial rarefactions. When ĉ is given values less than one, e.g. 0.2,

for small values of r̂ a series of square wave compressions with large spikes of high

amplitude compressions and rarefactions appear. When r̂ is near unity a series of

triangular waves are found. For the case ĉ = 1 and b̂ = 5, r̂ = 0.001, Eq. 2.17 yields

a compressive square wave starting at t̂ = 1 and ending at t̂ = 5, preceded by a

compressive spike at t̂ = 1 and followed by a rarefaction spike at t̂ = 5. For larger

values of b̂, the square wave extends farther out in time to whatever value of b̂ that

is used.
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Figure 2.2: Dimensionless photoacoustic pressure versus dimensionless time from Eq.
2.17 with 40 terms in the summation for ĉ = 5 with Pf set to one. The top plot is
truncated since the peak pressure reaches a value of approximately 800.



31

Figure 2.3: Schematic of an optically thin fluid sphere of radius a with an optical
absorption coefficient ᾱ, density ρs and sound speed cs surrounded by an infinite
medium with density ρf and sound speed cf .

2.2.2 Photoacoustic effect generated by excited spherical droplets

in fluids

Determination of the photoacoustic effect from an optically thin, absorbing sphere

(as shown in Fig. 2.3) has been reported in Ref. [81] as noted above. The frequency

domain photoacoustic pressure inside the sphere is given by

p̄s = P̃s
i

q

[
1 +

ρ̂(1− iĉq)(sin qr̂/qr̂)

(1− ρ̂) sin q/q − cos q + iρ̂ĉ sin q

]
e−iqt̂, (2.23)

where

P̃s =
ᾱβI0csa

C
(s)
P

, (2.24)
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and where C
(s)
P is the specific heat capacity of the fluid in the sphere. Substitution of

exponential functions for the sine and cosine functions in Eq. (2.23) yields

p̄s = P̃s

[
i

q
+

2ρ̂(1− iĉq)(sin qr̂/qr̂)eiq

[(1− ρ̂) + iq(1 + ρ̂ĉ)][1 + Re2iq]

]
e−iqt̂, (2.25)

which in the limit where ρ̂ = 1 gives

p̄s = P̃s

[
i

q
+

2(1− iĉq)(sin qr̂/qr̂)eiq

iq(1 + ĉ)[1 + R′e2iq]

]
e−iqt̂. (2.26)

As above, it is possible to obtain an analytic form solution for the Fourier trans-

form of Eq. (2.26). The photoacoustic pressure within the sphere is found to be

ps = Ps

{
sgn(t̂)

2
+

1

2r̂(1 + ĉ)

∑
n=0

(−R′)n[G1(2n + 1) + G2(2n + 1)]

}
, (2.27)

where

G1(n) = (ĉ− n− r̂ + t̂)sgn(t̂− r̂ − n), (2.28)

G2(n) = (n− ĉ− r̂ − t̂)sgn(t̂ + r̂ − n), (2.29)

and

Ps =
ᾱβE0c

2
s

C
(s)
P

. (2.30)

The frequency domain pressure in the surrounding fluid can be found from the

acoustic conservation equations at the interface, as above, to be

p̄f = P̃s
2(sin q − q cos q)/q

r̂[(1− ρ̂) + iq(1 + ρ̂ĉ)][1 + Re2iq]
e−iq(τ̂−1), (2.31)

where τ̂ = t̂− ĉ(r̂− 1) is the retarded time from the perimeter of the sphere. Fourier
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transformation of Eq. (2.31) into the time domain with ρ̂ = 1 yields

pf = Ps
1

2r̂(1 + ĉ)

∞∑
n=0

(−R′)n[H1(2n + 1) + H2(2n + 1)], (2.32)

where

H1(n) = (n + ĉ(r̂ − 1)− t̂)sgn(1 + n + c(r̂ − 1)− t̂), (2.33)

H2(n) = (n + ĉ(r̂ − 1)− t̂)sgn(1− n− c(r̂ − 1) + t̂). (2.34)

The photoacoustic pressures calculated from Eq. (2.32) and Eq. (2.27) are found to

be identical as r̂ approaches one.

Several plots of pressure versus dimensionless time from Eq. (2.27) are given in

Fig. 2.4. Unlike the case for the externally irradiated sphere, at small values of r̂,

the transients are high amplitude rarefactions. As r̂ approaches unity, the wave takes

on the character of a series of repeated N -shaped waves, which appear in time with

the sharp spikes in amplitude diminished or non-existent. The series of repeated

N -shaped waves with diminishing amplitude resemble the emitted waves found from

Eq. (2.32), as described in Ref. [81].

2.2.3 Discussion for photoacoustically excited droplet

The large amplitude waves reported here follow as a consequence of spherical

wave propagation to the center of the droplet, as is explicit in the time domain

expressions derived above. Analytic Fourier transforms of the complete frequency

domain expressions that include density differences could not be found; however,

their numerical Fourier transforms as well as experimental results [80] show that the

effect of density differences in the two fluids is to give qualitatively the same waveforms
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Figure 2.4: Dimensionless photoacoustic pressure with Ps set to unity versus dimen-
sionless time from Eq. 2.27 with 40 terms in the summation with ĉ = 5. The top
plot is truncated as the first peak reaches a value of approximately −800.
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calculated from Eq. (2.32), but with curvature on the repeated waveforms, as opposed

to strictly triangular features, with the curvature becoming more pronounced for each

repetition of the initial wave. The origin of the difference in waveform shape for the

two cases where the density ratio is unity or departs from this value is that the

reflection coefficient R is frequency dependent whereas R′ is not. Thus when the

fluids have identical densities, features of the waveforms repeat in time. For unequal

densities the frequency dependence of R results in different degrees of filtering of the

different components of the frequency spectrum in the wave at each reflection.

According to Ref. [87], for two and three-dimensional waves the time integral of

the pressure must be zero, that is,

∫
p(t)dt = 0. (2.35)

In order to insure that this integral be zero, a non-absorbing layer of fluid that extends

from b to infinity was considered. Had the absorbing layer been of finite extent

the pressure integral would become a constant. It is easily verified by numerical

integration that the integrals of the pressure in the time domain expressions given

above vanish, although this is not evident in Fig. 2.2, which shows only the initial

compressive features. However, if large values of t̂ are included in the plot so that

the wave emanating from the boundary at b becomes visible, a second wave with

significant rarefactions is found. Fig. 2.5 shows an example of this cancellation over

the range of t̂ = 0 to 40. The dimensionless pressure numerically integrated over this

range gives a value of 0.3; if the integration range is extended to t̂ = 80 the integral

becomes 2× 10−6.

The pressure amplitudes Pf and Ps are prefactors in the expressions for the time

domain expressions for both problems treated here and multiply the dimensionless
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Figure 2.5: Dimensionless pressure versus t̂ from Eq. 2.17 evaluated with ĉ = 5.

amplitudes given in the pressure plots to give the actual photoacoustic pressure. In

so far as experimental generation of shock waves within a droplet is concerned, it is

easily found that the factors Pf and Ps for hexane with an absorption of 1 mm−1

irradiated by laser with a fluence of 1 J/cm2 results in a pressure of 240 atm. This

figure presupposes that the laser pulse width be much smaller than the transit time

of sound across the droplet. The 240 atm figure when multiplied by the peak values

of the large transient spikes shown in Fig. 2.2 suggest that shock wave production is

highly likely. A factor to consider however is that the results given here have been

derived for a perfect sphere whose index of refraction matches that of the surrounding

fluid. Departure from sphericity will change somewhat the time dependence of the

spikes and their amplitudes. Any mismatch in index of refraction or departure from

the condition that the absorber be optically thin will result in a non-uniform heat

deposition within the droplet, either of which will act to reduce the amplitude of the

pressure spikes.

In addition to extension of the study of the acoustics of the laser irradiated droplet
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to the pressure within droplets, part of the motivation for this investigation has been

to point out production of large amplitude compressions and rarefactions within a

droplet. The possibility exists for manipulating biological objects such as cells placed

at the centers of droplets with the high amplitude acoustic waves that have been

shown to exist. In any experimental verification of the above results it should be

noted that the size of the droplet strongly influences the frequency spectrum of the

emitted photoacoustic wave. The experimental investigations referenced in Section

2.1 showed that ultrasonic waves emitted from objects with dimensions of millimeters

generated waves with features on the order of microseconds; more recent experiments

with micron sized particles [90] showed the ultrasonic waveforms possessed compres-

sions and rarefactions on the nanosecond time scale. The frequency response of the

detection is thus governed not only the duration of the transients as shown in Figs.

2.2 and 2.4, but also by the size of the droplet.

2.2.4 1D and 3D Visualizations of the emitted sphere pres-

sures

Here the emitted sphere pressures in equal densities cases in one and three dimen-

sions are plotted. Figure 2.6 shows the emitted sphere pressure signals in the time

domain with parameters in Fig. 2.6 (a) ĉ = 5, r̂ = 2 and (b) ĉ = 2, r̂ = 2. It’s

clear that in both cases an N-shape wave feature appears in the plots. The N-shape

wave has been a key feature concerning the pressure wave emitted from photoacous-

tically excited spherical droplets. The pressure integration with time should be zero

as predicted according to Ref. [87]. It is straightforward to check that fast Fourier

transform of the frequency domain solution matches the time domain solution from

the derived analytical formula.
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Figure 2.6: N-shape emitted pressure waves in the time domain with (a) ĉ = 5 and
r̂ = 2, (b) ĉ = 2 and r̂ = 2.
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Figure 2.7: 3D Visualization of external radiated pressure with (a) ĉ = 5, (b) ĉ = 0.1.
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Figure 2.8: Optical thin fluid layer with density ρl and sound speed cl surrounded by
transparent fluid layer with density ρf and sound speed cf .

For 3D external pressure, the case of ĉ = 5 is shown in Fig. 2.7 (a) and ĉ = 0.1 is

shown in Fig. 2.7 (b). When ĉ = 5, the transient rarefactions at time t = 1, 3, 5, 9...

can be observed. Transient compressions and rarefactions at edges where the 1/r

dependence can be seen in Fig. 2.7 (b) with ĉ = 0.1.

2.3 Photoacoustic effect generated by fluid layers

In Section 2.2, the production of high amplitude compressions and rarefactions

within a droplet has been investigated. A natural question that arises is whether the

structures different from the spherical droplets inside fluids, for example, the layered

fluid structures would produce high amplitude transients as in the photoacoustically

excited droplets.

The photoacoustic effects can also be generated by absorption of laser radiation
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in optically thin layers [91]. As shown in Fig. 2.8, an optically thin fluid layer is

surrounded by another transparent fluid layer. Denote ρ̂ = ρl
ρf

and ĉ = cl
cf

where ρl

and cl are the density and sound speed in the absorbing fluid layer, ρf and cf are the

density and sound speed in the surrounding fluid layer. Assume the layer is heated

by a laser beam with intensity modulation at frequency ω, the heating function is

described as H = αI0e
−iωt where α is the optical absorption coefficient of the fluid

layer. The photoacoustic pressure generated in the middle fluid layer is given by

Ref. [91],

pL =
iλ

q̂

(
1− iρ̂ĉ cos q̂ẑ

sin q̂ + iρ̂ĉ cos q̂

)
e−iq̂t̂, (2.36)

where λ is an amplitude factor, q̂ is the normalized frequency and t̂ is the dimensionless

time and the other parameters are defined as λ = αβI0cll
2Cp

, q̂ = ωl
2cl

, t̂ = 2clt
l

and ẑ = 2z
l

.

Denote amplitude reflection coefficient as R = 1−ρ̂ĉ
1+ρ̂ĉ

and transmission coefficient as

T = 2ρ̂ĉ
1+ρ̂ĉ

as given in Ref. [92], by simple algebra, the denominator D can be written

as

D = sin q̂+ iρ̂ĉ cos q̂ =
eiq̂ − e−iq̂

2i
+

iρ̂ĉ

2
(eiq̂ + e−iq̂) =

i

2
e−iq̂(1 + ρ̂ĉ)(1−Re2iq̂). (2.37)

Hence the photoacoustic pressure in the middle layer pL in Eq. 2.36 can be written

as a function of reflection and transmission coefficients,

pL =
iλ

q̂
e−iq̂t̂

(
1− iρ̂ĉ cos q̂ẑ

i
2
e−iq̂(1 + ρ̂ĉ)(1−Re2iq̂)

)
=

iλ

q̂
e−iq̂t̂ − iλT

cos q̂ẑe−iq̂t̂+iq̂

q̂(1−Re2iq̂)
. (2.38)

Fourier transformation of Eq. 2.38 yields the layer pressure in the time domain,

pL(t) = λ

(
π sgn(t)− πT

2

∞∑
n=0

Rn
(

sgn(t+ z− 2n− 1) + sgn(t− z− 2n− 1)
))

. (2.39)
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Figure 2.9: Internal layer pressure and the emitted pressure with (a) ĉ = 2 and ρ̂ = 1
and (b) ĉ = 0.2 and ρ̂ = 1.

Similarly, the emitted layer pressure which is denoted by pE is given by Ref. [91],

pE(τ̂) =
2πλ

1 + ρ̂ĉ

∞∑
n=0

RnΘ2n,2n+2(τ̂), (2.40)

where Θa,b is the step function that is only nonzero over the finite interval [a, b] and

τ̂ is the dimensionless retarded time which is define as τ̂ = 2cl
l

(
t− z−l/2

cf

)
.

Figure 2.9 shows the internal and emitted pressures generated by fluid layers

where the plots show the apparent features of step functions. As opposed to the

layered spherical droplets cases, there is no evidence of high pressure compression or

rarefaction generation. The different time domain responses for various fluid param-

eters can be used to infer the fluid properties.
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2.4 Photoacoustic effect generated by an oscillat-

ing optical source in a one-dimensional res-

onator

Although the photoacoustic effect is most commonly generated by pulsed or am-

plitude modulated continuous optical sources, it is possible to generate acoustic waves

by moving a constant amplitude continuous light beam. If the light beam moves at

the speed of sound, an amplification effect takes place which can be used to ad-

vantage in trace gas detection. Here, in a related problem, the properties of the

photoacoustic effect are investigated for a continuous optical beam that is moved in

a one-dimensional resonator. The solution shows the additive effects of sweeping the

optical beam the length of the cell and back.

Photoacoustic trace gas detection has a rich history dating from the 1960’s. The

research on this subject, which has been reviewed numerous times [11–13], has fo-

cused on optical excitation schemes and the design of the resonator with the goal

of providing the highest possible sensitivity. Recently, the use of a moving infrared

optical grating has been employed to generate the photoacoustic effect in the hundreds

of kilohertz range in a cavity with a resonant piezoelectric crystal used as the detector

[55]. In this device a principle formulated by Gusev and Karabutov [3] where the

optical source is made to move at the sound speed results in coherent addition of the

instantaneously produced light induced pressure wave with the traveling pressure wave

generated at a previous time was used to advantage. The reported detection limit

for this device is in the parts per quadrillion range for SF6, however, the instrument

uses expensive technology and requires a crystal detector that is not at this point

commercially available. As a result, it was decided to investigate the principles of
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Figure 2.10: Scheme of oscillating sources in a one-dimensional resonator. The laser
moves at the speed of sound c back and forth along the axis dimension of resonator

operation of a longitudinal resonant cavity where a laser beam was directed to move

back and forth along the axis of the resonator. Such an instrument would employ

a microphone operating in the range of kHz instead of the much higher frequency

reported in Ref. [55].

2.4.1 Single delta pulse in a 1D resonator

The motion of the laser beam along the longitudinal resonator can modeled as a

summation of delta functions at various zn which is the coordinate of each moving

delta sources. In Section 2.4.1, the case for single delta pulse in a one-dimensional

resonator is presented.

Consider a single delta pulse in a one-dimensional resonator that extends from 0

to L, the heating function can be written as H = Iδ(z−z0) = Iδ(z−ct) = I
c
δ(t−z/c)

where I is the energy per unit area and time delivered to the gas, z is the coordinate

along the symmetry axis of the resonator, and z0 is the coordinate of the single moving
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delta function source. The photoacoustic effect in a inviscid fluid is described by

(
∇2 − 1

c2
∂2

∂t2

)
p = − β

CP

∂H

∂t
, (2.41)

where p is the pressure, c is the sound speed, β is the thermal expansion coefficient,

Cp is the specific heat capacity, t is the time, and H is the heating function, which

describes the energy per unit time and volume deposited by the optical source. The

one-dimensional photoacoustic wave equation can be written as,

(
∂2

∂z2
− 1

c2
∂2

∂t2

)
p = − βI

Cpc

∂

∂t
δ(t− z/c). (2.42)

Fourier transform of Eq. 2.42 and integration by parts gives

(
∂2

∂z2
+

ω2

c2

)
= − βI

Cpc

∫ ∞

−∞
e−iωt ∂

∂t
δ(t− z/c)dt (2.43)

= −iωβI

Cpc

∫ ∞

−∞
e−iωtδ(t− z/c)dt = −iωβI

Cpc
e−iωz/c. (2.44)

Denote km = mπ
L

, the Green’s function for one-dimensional resonator can be writ-

ten as,

G(z, z′) =
2

L

∑
m

cos kmz cos kmz
′

k2 − k2
m

. (2.45)

Hence the solution to the wave equation Eq. 2.44 can be obtained by integrating

the Green’s function over both sides which gives,

p̃ = − iωβI

CpcL

∑
m

cos(kmz)

k2 − k2
m

∫ L

0

e−iωz′/c cos(kmz
′)dz′. (2.46)
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Denote the integral in Eq. 2.46 as K0, evaluation of the integral, we get,

K0 =

∫ L

0

e−iωz′/c cos(kmz
′)dz′ (2.47)

= −1

c

iω
ω2

c2
− k2

m

[
1− e−iωL/c cos(kmL) + e−iLω/c ckm

iω
sin(kmL)

]
(2.48)

= − iω

c(ω
2

c2
− k2

m)

(
1− e−iωL/cr

)
, (2.49)

where r = cos(kmL) = (−1)m and sin(kmL) = 0.

Inverse Fourier transform of Eq. 2.46, the time domain photoacoustic pressure

can be derived as,

p(t) =
−βI
LCpc2

M∑
m=1

cos
(mπz

L

)(c3eictkm
√

π
2

(
i− ctkm + eiLkm(−1)m(−i + (L + ct)km)

)
2km

)
(2.50)

=
−βIc
2LCp

M∑
m=1

cos(kmz)

km

√
π

2
eictkm

[
i− ctkm + eiLkm(−1)m(−i + kmL + ctkm)

]
. (2.51)

If we take parameters as z = L
2
, c = 100 m/s, L = 0.1 m, β = 1, Cp = 1, I = 1

and M = 200, evaluation of Eq. 2.51 gives Fig. 2.11 and Fig. 2.12. The real part and

imaginary parts of a single delta pulse in the time interval of (0, 0.001s) are shown

in Fig. 2.11 while longer time intervals (0, 0.01s) show the propagation of acoustic

wave in the resonator as shown in Fig. 2.12. These plots verify the correctness of

the derived expression Eq. 2.51 for the time domain photoacoustic wave generated

by single delta pulse in a one-dimensional resonator. For example, when z = L
2
, the

pressure peaks are observed at 0.5 ms, 1.5 ms, 2.5 ms, 3.5 ms, etc which is predicted

in Fig. 2.12 (b). When z = L, the pressure peaks are observed at 1 ms, 3 ms, 5

ms, 7ms, etc. Similar mathematics can be applied for the other delta sources, for

example, the second delta source z1 = L − c(t − L/c) = 2L − ct. The result for the
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z − z0 = z − ct δ(t− z
c
)

z − z1 = z − 2L + ct δ(t− [2L
c
− z

c
])

z − z2 = z + 2L− ct δ(t− [2L
c

+ z
c
])

z − z3 = z − 4L + ct δ(t− [4L
c
− z

c
])

z − z4 = z + 4L− ct δ(t− [4L
c

+ z
c
])

Table 2.1: Arguments of the delta functions in Eq. 2.52

summation of all delta sources is presented in Section 2.4.2.

2.4.2 Moving optical sources in a 1D resonator

Consider a one-dimensional resonator that extends from 0 to L irradiated with

a laser beam that repeatedly moves the length of the resonator and then reverses

direction. For the present problem the heating function is taken to be of the form

H(z) = I
∑
n

δ(z − zn), (2.52)

where I is the energy per unit area and time delivered to the gas, z is the coordinate

along the symmetry axis of the resonator, and zn is the coordinate of each of the

moving delta function sources. The motion of the laser beam along the z axis is

described by the arguments of the delta functions containing the various zn. Table

2.1 gives values of z − zn and the corresponding delta function (absent the factor c

in the denominator) to be used in Eq. 2.52 for the first few values of n, where the

identity δ(a− ct) = δ(t− a/c)/c has been used.

The first delta function originates at the left end of the resonator and moves to the

right along the z axis. At the time t = L/c, the z1 delta function begins moving from

the right end of the resonator traveling to the origin. Thus all of the even numbered

entries move from left to right while the odd numbered ones move from the right end
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Figure 2.11: Evaluation of the time domain pressure for single delta pulse in a one-
dimensional resonator in short time interval (0, 0.001 s) (a) real part of pressure, (b)
imaginary part of pressure, (c) the absolute value of pressure. The parameters used
are z = L

2
, c = 100 m/s, L = 0.1 m, β = 1, Cp = 1, I = 1 and M = 200.
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Figure 2.12: Evaluation of the time domain pressure for single delta pulse in a one-
dimensional resonator in longer time interval (0, 0.01 s). The parameters taken are
(a) z = L

4
, (b) z = L

2
, (c) z = 3L

4
, c = 100 m/s, L = 0.1 m, β = 1, Cp = 1, I = 1 and

M = 200.
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of the resonator to the left.

Fourier transformation of Eq. 2.41 followed by integration of the source term by

parts gives a Helmholtz equation for the frequency domain pressure p̃ as

( d2

dz2
+

ω2

c2

)
p̃ = −iωβI

Cpc

∫ ∞

−∞

∑
n=0

δ(t− tn)e−iωtdt, (2.53)

where tn = nL+z
c

for even n and tn = (n+1)L−z
c

for odd n.

The Green’s function for the resonator is given as

G(z, z′) =
2

L

∑
m

cos kmz cos kmz
′

k2 − k2
m

, (2.54)

where k = ω
c

and km = mπ
L

. Following an integration of Eq. 2.53 over the Green’s

function, the frequency domain pressure can be found as solution to Eq. 2.55 and

Eq. 2.56.

For even n, we have,

( d2

dz2
+

ω2

c2

)
p̃ = −iωβI

Cpc
e−inωL

c KE. (2.55)

For odd n, we have,

( d2

dz2
+

ω2

c2

)
p̃ = −iωβI

Cpc
e−i

(n+1)ωL
c KO. (2.56)

where KE =
∫ L

0
cos kmz

′e−iωz′/cdz′ and KO = K∗
E. Evaluation of the integral KE

gives,

KE = − iω

c
(

ω2

c2
− k2

m

)(1− re−iωL/c

)
, (2.57)

where r = (−1)m. The frequency domain photoacoustic pressure is thus,

For even n, we have,
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p̃ = − ω2βI

Cpc2L

∑
n,m

cos kmz(
ω2

c2
− k2

m

)2 e−inωL/c

(
1− re−iωL/c

)
, (2.58)

For odd n, we have,

p̃ =
ω2βI

Cpc2L

∑
n,m

cos kmz(
ω2

c2
− k2

m

)2 e−i(n+1)ωL/c

(
1− reiωL/c

)
. (2.59)

Inverse Fourier transformation of Eq. 2.58 and Eq. 2.59 can be obtained using

Mathematica, which gives,

p = −
√
πβIc

2
√

2LCp

∑
n,m

cos kmz

km
Θ(t− nL/c)(−1)n+1p̄, (2.60)

where Θ is the Heaviside function and p̄ in Eq. 2.60 is defined as,

p̄ = ckmr(a−b+t) cos
(
ckm(a−b+t)

)
−ckm(a+t) cos

(
ckm(a+t)

)
−sin

(
ckm(a+t)

)
+ r sin

(
ckm(a− b + t)

)
, (2.61)

where a and b are defined as: for even n: a = nL/c and b = −L/c and for odd n:

a = (n+ 1)L/c and b = L/c. The summation in Eq. 2.60 over n refers the number of

sweeps of the optical beam, begins at 0, and the summation over m starts at 1, and

in principle extends to infinity, but which can be evaluated at a finite number.

Figure 2.13 shows the result of evaluation of Eq. 2.60 for a resonator with a

transit time of 1 ms with the pressure recorded at the midpoint of the resonator.

Evaluation of Eq. 2.60 for small values of m shows the effects of partial reinforcement

and cancellation of the individual contributions to the overall wave amplitude.

It’s clear from inspection of Eq. 2.60 that the solution is a summation over
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Figure 2.13: Magnitude of the photoacoustic pressure p versus time in milliseconds
from Eq. 2.60 evaluated at midpoint of the resonator for n = 5, m = 100, L = 0.1m
and c = 100m/s.

numerous wavelets and the peaks in pressure are a result of interference of waves

as governed by the Green’s function. Given that the form of heating function is

a summation of delta functions and that the resulting pressure spikes are sharp,

evaluation of Eq. 2.60 at the end points of the resonator results in an ambiguity in

the pressure amplitude.

It can be seen that the amplitude of the pressure increases linearly with the number

of sweeps across the resonator. This addition is reminiscent of pulsed excitation of a

conventional resonator when the time between pulses corresponds to a resonance of

the photoacoustic cell. Such pulse addition has been used to advantage in Ref. [93]

where a cylindrical resonator containing infrared absorbing gas was excited by a

pulsed laser.



Chapter 3

Detection of photoacoustic waves

by optical deflection

“ Give me a lever long enough and a fulcrum on which to place it, and I

shall move the world. ”

– Archimedes

Recording of the time profile of photoacoustic waves in fluids [3, 94] has been the

subject of keen interest over the past few decades as a result of the unique acoustic

waves that can be generated by directing light into absorbing media [80,95–99]. While

photoacoustic waves in liquids have been recorded using transducers based on solid

transducers such as PZT (lead zirconate titanate), LiNbO3 (lithium niobate) and

polyvinylidene (PVDF), both PZT and LiNbO3, the most commonly used ultrasonic

transducers, owing to their large acoustic impedances relative to those of virtually

every fluid, yield signals that suffer from uneven frequency response and distortion as a

result of ringing. Transducers based on PVDF, which has an acoustic impedance much

closer to that of water, offer large bandwidths and low signal distortion but suffer

53
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from a significantly lower sensitivity than found with conventional solid piezoelectric

transducers. Optical recording of photoacoustic waves based on beam deflection has

been reported where beam deflection of a low power continuous wave laser is recorded

using a photodetector with a small active area placed off-center from the probe beam,

or, alternately, where the deflection is recorded with a split photodiode [100,101]. In so

far as the use of optical methods for photoacoustic imaging, the use of interferometric

methods has been applied with impressive results [43,50,102,103].

3.1 Conventional ways

Photoacoustic imaging has shown great promise in bioimaging owing to its unique

combination of strong optical contrast with acoustic propagation depth around a few

centimeters. The conventional way for recording the emitted acoustic waves initiated

by pulsed laser to date is to use an array of pressure transducers [50,104,105]. Different

setups of the ultrasound transducers have been presented in Ref. [59]. Some research

groups use a frequency encoded, continuous laser beam to generate photoacoustic

waves to be detected by conventional piezoelectric transducers [106]. Fabry-Perot

interferometer has been used to sense the pressure field generated by a scanning

probe laser beam across the interferometer surface [102]. A U-shaped array of fiber

Fabry-Perot interferometers has been used to record the integrated pressure over the

length of the fibers [43]. The detailed review for photoacoustic imaging can be found

in Ref. [50] and Ref. [72].

As mentioned above, pressure transducers, which are critical components in pho-

toacoustic imaging systems, are far from ideal. Thin film transducers such as PVDF

have quite flat frequency response which is great for high resolution imaging but suffer

from low sensitivity issues. The crystals such as LiNbO3 and solid transducers such as
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PZT have higher sensitivity than PVDF but suffer from significantly distortion of the

signal. The distortion comes from the mechanical resonances of the solid transductors

that can significantly distort the measured photoacoustic pressure waveform.

The sensitivity of piezoelectric transducers is typically fixed [107] depending on

the piezoelectric voltage coefficient (pC/Pa) and the noise in the preamplifier. On

the other hand, optical recording of acoustic waves using beam deflection has a huge

bandwidth advantage which is mainly limited by the response time of the optical

detector and the electronics to read the voltage from a diode detector. Most com-

mercially available optical sensors would have response times on the order of 10 ns.

Moreover, it would be possible to use a design that reflects the optical beam back

and forth in the sound field region so that the signal amplitude can be significantly

enhanced.

3.2 Spherical sources

Photoacoustic waves can be detected by recording optical beam deflection as a re-

sult of density gradients inherent in the waves. Beam deflection can be recorded from

a single laser beam placed at a distance from the source where data are generated as

a function of time, or by recording beam deflections at a single time as the position

of the probe beam is varied. For either case, the deflection signal is shown to be

described by an Abel transform of the pressure gradient. Here, the inversion of beam

deflection data from photoacoustic sources with symmetry in one, two, and three

dimensions are investigated. An iterative method based on total variation regular-

ization and a regression procedure based on Lasso regularization are shown to result

in accurate reproductions of the theoretical expressions that describe photoacoustic

waves from simple sources.
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Figure 3.1: Schematic of the experimental arrangement for recording optical beam
deflection from the pressure gradient in a photoacoustic wave emanating from the
origin of coordinates. Deflection signals can be recorded either by recording the
deflection at a fixed time as y is moved over a range of distances from the x axis, or
by fixing the position at a position y0 and recording beam deflections in time. For a
spherical source it is assumed that the probe beam is located in the z = 0 plane.

Consider a photoacoustic wave emanating from a spherical source located at the

origin where the gradient of the pressure is recorded by an optical beam located at

a distance y0 propagating in the positive x direction as shown in Fig. 3.1. At any

point along the x axis the deflection angle of the beam [100,108,109] is proportional

to ∂p(r, t)/∂y so that the deflection angle in traversing a distance through the entire

acoustic wave d can be written as an integral of either the density gradient, or, as

formulated here, the pressure gradient over the x coordinate

d(t, y) =
n0 − 1

2n0ρ0c2

∫
∂p(r, t)

∂y
dx, (3.1)
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where n0 is the ambient density of the medium, ρ0 is the density, and c is the sound

speed. Given that r2 = x2 + y2 it follows that the integral in Eq. 3.1 can be written

for a beam traversing the entirety of the acoustic field parallel to the x axis as

d(t, y) =
n0 − 1

n0ρ0c2

∫ R

y

[y
r

∂p(r, t)

∂r

] r√
r2 − y2

dr, (3.2)

where R can be taken to describe the farthest spatial extent of the acoustic wave for

a given time t, or can be taken as infinity. It can be seen that Eq. 3.2 is the form of

an Abel transform [110], the inversion of which has been the subject of substantial

interest as it appears in data reduction problems in a number of fields [111–116]. Of

note for the photoacoustic imaging inversion problem with integrating line detectors is

the use of back-projection algorithms and 2-D inverse Radon transform to determine

the original 3D pressure distribution [45].

Here, the problem of determining the acoustic pressure field from a photoacoustic

source with spherical symmetry from a recording of optical beam deflection data is

investigated using the inverse Abel transform. In Section 3.2.1, the problem of deter-

mining the photoacoustic profile recorded by optical beam deflection data recorded

in time with the optical beam located at a fixed position is discussed. In Section

3.2.2, a similar problem is presented, but with the probe optical beam positioned at

a various distances from the photoacoustic source but with the time from initiating

the photoacoustic effect fixed.
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3.2.1 Time dependent deflection data from a fixed optical

beam

For an optical beam located at a fixed distance y0 from the x axis that probes the

acoustic wave emanating from the origin, is possible to write Eq. 3.2 as

d̂ŷ0(t̂) = 2

∫ R̂

ŷ0

[ ŷ0
r̂

∂p̂(r̂, t̂)

∂r̂

]
d
√
r̂2 − ŷ20, (3.3)

where the following dimensionless variables have been defined: p̂ = p/ρ0c
2, d̂ = d/a,

ŷ0 = y0/a, r̂ = r/a, and t̂ = ct/a, where a is a length parameter, and, for brevity,

the factor (n0 − 1)/2n0 has been set to unity. The quantity in brackets in Eq. 3.3

hereinafter will be referred to as the “source function” and denoted Ŝ(t̂, r̂, ŷ0). For

purposes of numerical evaluation, Eq. 3.3 can be written in matrix form as

d̂k = 2
∑
i

B̂k,iq̂i, (3.4)

where B̂k,i and q̂i are defined as

q̂i =
√

r̂2i − ŷ20 −
√

r̂2i−1 − ŷ20,

B̂k,i =
ŷ0
r̂

∂[f̂(t̂− r̂)/r̂]

∂r̂

∣∣∣
r̂=r̂i; t̂=t̂k

.

The index k is associated with the time variable, that is, d̂k, represents k values

of beam deflections and the summation over i gives the integration over the source

function in Eq. 3.3, whose matrix representation is B̂k,i.

An outgoing photoacoustic wave with spherical symmetry [87, 117] excited by a

short optical pulse (one where the laser pulse width is significantly smaller than the

transit time of sound across the irradiated object) can, in general, can be taken to
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be of the form p(r, t) = f(t− (r − a)/c)/r, represented by f̂ in Eq. 3.4, where a is a

length parameter for the irradiated object. For example, a would be the radius of the

sphere for a spherical droplet [80, 81] discussed above, and the retarded time τ from

the perimeter of the sphere would be t− (r−a)/c or t̂− (r̂−1) in dimensionless units.

Since probing of the photoacoustic wave is assumed to be at a distance a or greater

from the origin, it is convenient from the point of view of notation to label the various

values of f̂ as f̂k−i so that f0 corresponds to the first value of the retarded time outside

the object. Stated alternately, the shift that corresponds to the removal of the length

parameter in the elements of B̂ is the equivalent to starting the summation so that

each value of q̂i multiplies the element Bm,i (for any m) corresponding to the point r̂i

rather than r̂i−1, which removes the factor of unity in the argument of f̂ in Eq. 3.4.

For short pulse excitation the retarded time must be greater than zero; thus

values of f̂k−i in Eq. 3.4 must be zero for any negative value k − i. This constraint

demands the off diagonal elements to the right of the diagonal in B̂ be zero. A second

requirement, which eliminates imaginary quantities in Eq. 3.4, is that r̂2i be greater

than ŷ20, a condition that results in zeroes in q̂. The desired solution to the matrix

equation for the photoacoustic problem is a list of values of B̂k,i which represents the

numerical approximation to the source function in Eq. 3.3 as a function of retarded

time. Given the two conditions on the elements of B̂, Eq. 3.4 can be written



d̂1

d̂2

d̂3

d̂4
...


=



f̃0 0 0 0 0

f̃1 f̃0 0 0 0

f̃2 f̃1 f̃0 0 0

f̃3 f̃2 f̃1 f̃0 0

...
...

...
...

...





q̃1

q̃2

q̃3

q̃4
...


, (3.5)

where q̃i = 2q̂i. Equation 3.5 can be solved by numerical methods; however, the same



60

matrix equation can be rewritten as



d̂1

d̂2

d̂3

d̂4
...


=



q̃1 0 0 0 0

q̃2 q̃1 0 0 0

q̃3 q̃2 q̃1 0 0

q̃4 q̃3 q̃2 q̃1 0

...
...

...
...

...





f̃0

f̃1

f̃2

f̃3
...


, (3.6)

which can be written in the form of a conventional minimization problem for the

vector f̃ ,

f̃ = arg min
f̃
||d̂− Q̃f̃ ||2. (3.7)

The least square solution to the minimization problem is

B̂ = (Q̃T Q̃)−1Q̃T d̂. (3.8)

however, as is well-known, the use of Eq. 3.8 suffers from instabilities when noise is

present in d and from the effects of ill-conditioning. The use of Lasso (least absolute

shrinkage and selection operator) regularization resulted in accurate solution of the

minimization in Eq. 3.7 as is shown below in Fig. 3.2.

The iterative, total variational regularization given by Ref. [111,112] was found to

be accurate and straightforward, as well, and is outlined in the remaining part. The

vector f̃ν for each iteration ν is determined through

f̃ν+1 = f̃ν − [Q̃T Q̃ + αL̂(f̃ν)]−1[Q̃T (Q̃f̃ν − d̂) + αL̂(f̃ν)f̃ν ], (3.9)
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where the matrix L̂ and the diffusivity function ϕ̂ are given by

L̂(f̃) = ϕ̂D̂ + r̂D̂ · ϕD̂,

ϕ̂ =
1√

|D̂f̃ν |2 + β2

,

with r̂ a vector consisting of the dimensionless values of the coordinate. The discrete

gradient operator matrix D̂ is constructed as a simple forward difference matrix, which

for the case R̂ = 2 and the number of points N = 50, for example, is given [112] by

D̂ =



25 0 0 0 0

−25 25 0 0 0

0 −25 25 0 0

0 0 −25 25 0

...
...

...
...

...


, (3.10)

where each of the nonzero entries are given by N/R̂.

Consider the photoacoustic effect from an optically thin, spherical droplet im-

mersed in a fluid with the identical sound speed and density. If the pulse width of the

exciting laser is shorter than the transit time of sound across the sphere, the emitted

photoacoustic pressure wave is given by Refs. [81] and [80],

p(τ̂) =
αβE0c

2

2CP r̂
(1− τ̂)Θ̃0,2(τ̂), (3.11)

where α is the optical absorption coefficient of the fluid in the sphere, τ̂ is the retarded

time from the sphere given by τ̂ = (c/a)[t− (r − a)/c], E0 is the fluence of the laser

pulse, β is the thermal expansion coefficient, a is the radius of the droplet (the length

parameter noted above), and Θ̃0,2(τ̂) is a square wave function that begins and ends
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Figure 3.2: Plots of (a) an N-shaped photoacoustic wave from Eq. 3.11 versus r̂
at t̂ = 3 , (b) the corresponding source function, (c) the deflection signal vs. t̂
for y0 = 1.5, (d) the reconstructed source function vs. r̂ from total variational
reconstruction (solid line) and Lasso regularization (dashed line), (e) integration of
the source function to give the original photoacoustic waveform, and (f) reconstructed
source function where noise with an amplitude of 5% of the N-wave peak amplitude
was added. All ordinates and abscissas are in dimensionless units.
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at values of τ̂ equals 0 and 2, respectively. The photoacoustic pressure described by

Eq. 3.11, when plotted as a function of the retarded time, is an N-shaped wave.

To test the numerical reconstruction, simulated data were made up by forming the

source function from the functional form of photoacoustic waves. A table of values of d̂i

representing deflection data taken at different times at a single position ŷ0 was found

by numerical integration of Eq. 3.3. It was found that inversion of the matrix in Eq.

3.8 was difficult as Q̃ was invariably ill-conditioned. This difficulty was ameliorated by

using Lasso regularization [118, 119], available in Matlab software, or total variation

regularization [111, 112]. Figure 3.2 shows plots of the original N-shaped acoustic

wave as a function of coordinate, the source function, the calculated deflection data,

the reconstruction of the source function and its integration to recover the N-wave.

The values of the parameters used in the calculation were ŷ0 = 1.5, α = 0.5, and

β = 10−5. Convergence to the final values of the source function required on the

order of 20 iterations of Eq. 3.9. The method based on the minimization indicated

in Eq. 3.7 using Lasso regularization [118, 119] was explored as well. The results

using both methods, which required only a few seconds of computer time, can be

seen in Fig. 3.2 (d) and (e). Although a detailed study of the sparsity level and

the reconstruction error is out of the scope of this study, the properties of the Lasso

estimator have been treated in the mathematical literature [120–122]. Based on our

empirical evaluations with both high and low sparsity levels it is apparent that the

reconstruction method based on Lasso regularization performs adequately for the

present photoacoustic problem.
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Figure 3.3: Waveforms for (a) a Gaussian photoacoustic pressure wave from Eq. 3.16
vs. coordinate, (b) its source function vs. coordinate, (c) calculated beam deflection
vs. displacement from the x-axis, (d) reconstructed source function, (e) original
waveform from integration of the reconstructed source, and (f) reconstructed source
function where noise with an amplitude of 5% of the initial peak amplitude was added.
All waveforms were calculated with t̂ = 1.5 and Θ̂ = 0.2. The ordinates and abscissas
are in dimensionless units.
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3.2.2 Deflection data from a movable optical beam at a fixed

time

One experimental realization of beam deflection for determining photoacoustic

wave properties uses a laser beam that is translated parallel to the x-axis to record

the deflection at a series of positions y at a fixed time t0 after a pulsed laser has

generated the photoacoustic wave. The mathematics for the inversion is similar to

that given above; but in this case solution to

d̂t̂0(ŷ) = 2

∫ R̂

ŷ0

[ ŷ
r̂

∂p̂(r̂, t̂0)

∂r̂

]
d
√
r̂2 − ŷ2 (3.12)

is desired. If the distances from the origin are taken to be the same as those for

the radial coordinates to be summed over, i.e. r̂i = ŷi (i = 1, ..., N) to yield square

matrices, then the matrix equation corresponding to Eq. (3.12) becomes

d̂j =
∑
i

ρ̂iP̂i,j, (3.13)

where

P̂i,j = 2
[√

r̂2i − ŷ2j −
√

r̂2i−1 − ŷ2j

]
,

ρ̂i =
ŷ

r̂

∂[f(r̂, t̂0)/r̂]

∂r̂

∣∣∣
r̂=r̂i

.

For computational purposes the values of r̂j in P̂i,j can be taken as ŷj. The entries

for the vector ρ̂ are the N values of the source function ranging from 0 to R̂. Since

only real values of P̂ are acceptable, all matrix elements to the right of the diagonal

in P̂ must be zero. Rearrangement of Eq. 3.13 results in the matrix equation for the
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transpose of P̂

d̂j =
∑
i

P̂ T
j,iρ̂i, (3.14)

whose solution requires determination of optimized values of ρ̂ according to

ρ̂ = arg min
ρ̂
||d̂− P̂T ρ̂||2, (3.15)

which can be carried out using Lasso or total variation regularization. The matrix

P̂, owing to the choice of taking r̂i = ŷi, contains numerous zeroes. However both

Lasso or total variation regularization yields reconstructed source functions that have

excellent matches to the original photoacoustic waves as shown in Fig. 3.3.

An example, the use of the two methods for inversion of deflection signals gen-

erated by the photoacoustic effect from a source with symmetry in three dimensions

where the laser pulse width is large compared with the transit time across the sphere

was investigated. The photoacoustic wave [7] resulting from an optical pulse with a

functional form S(t/Θ) where Θ is a pulse width parameter is

p(τ̂l) =
αβE0c

2

2CP r̂ Θ̂l

d

dτl
S(τ̂l), (3.16)

where Θ̂ = cΘ/a, τ̂l = (c/a)(t − r/a), and r̂ = r/a, where a is a length parameter

associated with the absorber. For a Gaussian laser pulse in time the source function

for Eq. 3.12 becomes

Ŝ(t̂, r̂, ŷ) =

(
2ŷ

r̂

)[
t̂Θ̂2 − 2r̂(t̂− r̂)2

r̂2Θ̂4

]
e−(t̂−r̂)2/Θ̂2

, (3.17)

which is plotted in Fig. 3.3. The reconstruction of the source function is identical to

that given in Section 3.2.1 and was carried out using both Lasso and total variational
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regularization, the results of which are plotted in Fig. 3.3.

Investigation of the accuracy of the fit of the reconstructed relative to the sim-

ulated source function for the solution given in Section 3.2.1 was carried out for a

Gaussian source, i.e. where the quantity in brackets in Eq. 3.3 was a Gaussian. The

result for the best fits showed a mean squared error for the Lasso regularization to

be 1.9 × 10−4, while that for the total variation regularization (with 250 iterations

to obtain the best fit) was 1.4× 10−4. The addition of white noise with a root mean

square noise amplitude taken to be 5% of the Gaussian function at its peak resulted

in values for the error of 2.8× 10−4 and 4.2× 10−4 for the Lasso and total variation

regularization methods respectively.

3.2.3 Discussion for photoacoustic waves with symmetry in

one, two and three dimensions

The present calculation starting with Eq. 3.1 considers only an optical ray. For

the case of a finite optical beam, for instance, one with a Gaussian spatial profile, Eq.

3.1 would have to be convoluted with the Gaussian beam profile. The inversion of

the convolution appears to be a problem worthy of investigation, but is beyond the

scope of the present investigation. In so far as experiments are concerned, application

of the results given here for either fixed or movable beams requires that the pressure

gradient of the acoustic wave over the spatial extent of the probe optical beam be

small, thus eliminating sources that produce, for instance, shock waves.

In addition to solutions to the wave equation for the photoacoustic effect, other

functions such as square waves, short pulse waves, triangle waves, Gaussian waves, and

Gaussian derivative waves with varying pulse widths were investigated to determine

the capability of the Lasso and total variation regularization methods for accurate
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Figure 3.4: Abel transform d of a Gaussian wave in dimensionless units vs. coordinate
ŷ, computed with Θ̂ = 0.2

reconstructions. The inversions of the Abel transform were equally successful for all

of these waveforms as in the two cases of photoacoustic beam deflection signals from

the Gaussian derivative and N-shaped waves discussed above. A plot of the results

of a numerical integration of Eq. 3.12 with a simple Gaussian for the source function

is shown in Fig. 3.4. It is noteworthy that the transform does not vanish as the time

or coordinate approaches zero as is the case with light beam deflection signals. The

relative ease of performing the inversions of Gaussian sources suggests the Lasso and

total variation regularization methods to Abel inversions of photoionization data.

Note that it is possible to do experiments where the source has symmetry in one

as well as two dimensions. For the former, where the pressure gradient is along the y-

axis, the deflection is simply proportional to z∂p(y, t)/∂y, where z is the path length

of the optical beam in the medium. Determination of the pressure profile would

thus require only integration of the reconstructed deflection data. In two dimensions

the geometry for beam deflection would be with the laser beam propagating along
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what would be the z-axis in Fig. 3.1 with the photoacoustic wave emanating radially

outwards. The deflection angle can easily be shown to be exactly that given by Eq.

3.2 and the inversion mathematics would be identical that given in Section 3.2.1 and

3.2.2 .

In so far as experiments are concerned, the recording of beam deflections in time

with a single laser beam to determine photoacoustic waveforms appears to be a

straightforward method of recording data since contemporary oscilloscopes can digi-

tize signals with both high speed and high resolution. Relative to the fixed position

optical arrangement, the experiment where data are collected at one time by sequen-

tially moving the light beam along the y axis requires a more complicated movable

optical arrangement. Thus, the photoacoustic experiment described in Section 3.2.1

should be of wider applicability that given in Section 3.2.2. On the other hand, the

widespread use of inverse Abel transformation in X-ray tomography, absorption in

plasmas and jet engine plumes, and photoionization velocity mapping, suggest that

the movable probe geometry discussed in Section 3.2.2 may have the widest applica-

tion to inverse Abel reconstruction, in general.

3.3 Arbitrary sources: all-optical photoacoustic to-

mography

Section 3.2 focuses on the methods to reconstruct the photoacoustic waves with

symmetry in one, two and three dimensions from the measured optical deflection

data. The idea can be naturally extended to arbitrary sources to design a new imag-

ing modality which can function as all-optical photoacoustic tomography. Here we

propose a new experimental setup that utilizes the beam deflection of an array of laser
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Figure 3.5: Schematic of photoacoustic tank with a single exciting laser beam, probe
laser beam, and detector array. The probe laser and detector move simultaneously in
recording data.

beams directed along a plane below the photoacoustic source with the recording the

deflections of each of the beams with fast photodetectors whose outputs are digitized

and fed into computer for signal processing and reconstruction.

Consider a photoacoustic source above the z = 0 plane, an array of probe beams

on the z = 0 plane will traverse the acoustic field emitted by the photoacoustic source.

The deflection angle θz in the positive z direction along the line d at an angle γ can

be written as

θz(d, γ, t) =
n0 − 1

2n0c2ρ

∫∫ ∞

−∞

∂p(r, t)

∂z

∣∣∣∣∣
z=0

δ(x cos γ + y sin γ − d)dxdy, (3.18)

where n0 is the index of refraction, c is the sound speed and ρ is the density of the

medium. The deflection angle θz(d, γ, t) in Eq. 3.18 describes a Radon transform

of the pressure gradient along z direction at plane z = 0 from (x, y) to (d, γ). The
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imaging forward model can be formulated as follows,

Θz =
n0 − 1

2n0c2ρ
RAp0, (3.19)

where R is the Radon transform operator, A is the operator that maps the initial

pressure field to the pressure gradient along the z direction at plane z = 0. The

deflection data Θz can be written as a matrix of dimension (N × Nt, 1), A is a

matrix of dimension (Nx ×Ny ×Nt, Nx ×Ny ×Nz) and p0 is a matrix of dimension

(Nx×Ny×Nz, 1) where Nt is the number of time grids, Nx, Ny and Nz is the number

of space grids in the x, y and z directions and N is related with the Radon transform.

One way to reconstruct the initial pressure would be solving the following opti-

mization problem,

p̂0 = arg min
p0≥0

1

2

∥∥∥Θz −
n0 − 1

2n0c2ρ
RAp0

∥∥∥2 + λR(p0), (3.20)

where the first term is the data fidelity term which describes the discrepancy between

the measured optical deflection signal with the signal predicted by the model and

the second term is the regularization term which is often taken as the total variation

regularization R(p0) = ∥∇p0∥1.

The operator A can be further written as A = MP where M is derivative operator

and P is the propagation operator that maps the initial pressure to the pressure at

different time steps. The action of operator P and its adjoint P ∗ can be calculated

using k-wave. The adjoint of derivative operator is just the negative of the operator

itself under some regularity conditions which is due to the following reasoning using

integration by parts, ∫
g
∂

∂z
f = −

∫
f
∂g

∂z
. (3.21)
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In one possible setup as Fig. 3.5 shows, one might use some phantom with an

absorbing dye suspended from a rotation stage mounted atop of the water-filled glass

tank. A 1.06 µm Nd: YAG pulsed laser beam as the excitation beam and a He-Ne

probe laser beam enters below and perpendicularly to the direction of the exciting

laser. Both the probe laser and the detectors will be mounted on a translation stage

that moves along the detector coordinate as the pulsed laser fires while the time

dependence of the deflection signal is recorded. The angle γ is scanned from 0 to

180◦. Although the proposed experiment here is slow due to the scanning of multiple

angles, it can be carried out with single channel instrument to determine the best

source, detector and optical train. The initial experiment would be very essential to

determine the key parameters such as sensitivity, signal-to-noise ratio, linearity as

well as dynamic range for the development of further imaging modalities.

It’s possible to record deflections in more than one direction, for example, two

directions with a two-dimensional array of light sources, a lens array and a CCD

detector operating as an analog of s Shack-Hartman interferometer [123, 124], which

might improve the signal-to-noise ratio and make data acquisition faster.

In summary, Section 3.3 discusses the proposal of all-optical photoacoustic tomog-

raphy and potential experimental realizations that might result in a high resolution,

strong contrast and superior signal-to-noise ratio in the reconstructed image. The

advantages that this new imaging modality would bring compared with the conven-

tional pressure recording remain unknown which would be worth future experimental

efforts to explore.



Chapter 4

Solving inverse problems in

optoacoustic tomography using

machine learning

“ An approximate answer to the right problem is worth a good deal more

than an exact answer to an approximate problem. ”

– John Wilder Tukey

Optoacoustic tomography, which combines strong optical contrast with high acous-

tic penetration depth, has shown great promise in bioimaging especially neuroimaging

where the applications have spanned imaging of rat brain [125] to human brain [126].

Chapter 4 will discuss the challenges and possible approaches for solving inverse prob-

lems in optoacoustic tomography using machine learning.

73
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4.1 Challenges that faces optoacoustic tomogra-

phy

As in most medical and biophysical imaging modalities, challenges accompany

the development of optoacoustic tomography. One critical issue, axiomatic to re-

searchers in photoacoustic imaging, might be the incomplete measurements of the

acoustic signals due to the finite bandwidth of the acoustic transducers as well as the

limited-view detection setup. As mentioned in Chapter 3, the bandwidths of exist-

ing pressure transducers are often limited which constitutes an inherent limitation in

measurement accuracy. In practice, the transducer response might be modeled as a

Gaussian distributed around some central frequency.

Here a simple simulation has been conducted to demonstrate the bandwidth effect

in photoacoustic imaging using k-wave. The computational grid is set to be 0.1 mm,

the sound speed as 1500 m/s, the center frequency of the transducer as 2.5 MHz and

the bandwidth of the transducer as 85%. The photoacoustic effect generated by a

disk with initial pressure 50 Pa, centered at the origin with disk radius 1 mm has

been simulated. The acoustic attenuation coefficient alpha of the medium is set to

be 0.8 and the attenuation power of the medium is set to be 1.5. The sensors are

placed at a radius of 5 mm around the origin with the number of sensors 100. As

shown in Fig. 4.1, the original signal obtained from a perfect acoustic detector shows

a clear N-shaped waveform while the signal obtained from a bandlimited detector

shows a severe distortion of the pressure time series waveform. However, the two

peaks (positive and negative peaks) for the bandlimited case coincide very well with

the two peaks of the original N-shape waveforms for the perfect detector setup. The

N-shape characteristic wave feature of photoacoustic excited spherical droplets is well

verified by a list of theory and experiments as discussed in Chapter 2. Figure 4.2 shows
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Figure 4.1: Plot of the simulated photoacoustic pressure at some detector position
recorded by a perfect detector (orange) and by a bandwidth-limited detector (blue).
The pressures are normalized by the corresponding maximum values.

the amplitude spectrum obtained by perfect detectors as well as that obtained by

bandlimited detectors. The amplitude for the bandlimited detector decays compared

with the original detector although they share some similarities including the major

peaks. The size of the droplet roughly determines the time and frequency domain

response, millimeter-sized droplets typically have a characteristic time scale on order

of µs while the micron-sized droplets would have characteristic time scale of order

nanoseconds.

Another challenge in optoacoustic tomography is undersampling which is often

due to the limited view of sound field by the array of acoustic transducers. The

widely used detection geometries may not satisfy the Shannon sampling criterion. In

reality, the pressure transducers can only be placed in some detection planes or parts

of the detection spheres. For example, the first functional photoacoustic imaging
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Figure 4.2: Plot of the amplitude of the simulated photoacoustic signals at some
detector position for a perfect detector (orange) and a bandwidth-limited detector
(blue).

systems that visualized the rat brain [125] used a motor to rotate the transducer in a

circle, however, this acquisition setup can not cover a full sphere surrounding the rat

brain. Both of these challenges would lead to incomplete measurements which might

be partially mitigated using compressed sensing that focuses on how to recover the

full information from only partial measurements.

4.2 Compressed sensing

The idea of compressed sensing has been developed among different communities

with the goal of recovering information for objects of interest from limited measure-

ments [127–129]. The imaging mechanisms in most medical and biophysical imaging

modalities such as OAT, CT, MRI and super-resolution microscopy can be considered

as linear forward process which can often be modeled as y = Ax where A ∈ Rn×p,
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y ∈ Rn is the measurement data and x ∈ Rp as shown in Fig. 4.3. Note that there

are also nonlinear imaging modalities such as electrical impedance tomography (EIT)

from which one hopes to infer the conductivity distribution from partial measurements

of the current flux on the boundary [130]. In genomics, the y vector can be gene ex-

pression and the x vector can be epigenetic regulations such as histone modifications.

In health care studies, the y vector can be the outcome of the patients while x can

be different factors such as ages, treatment as well as hospital locations. The forward

model can be interpreted in regression point of view where there are a list of statisti-

cal and computational ideas that arise in solving this challenge. One central problem

in high dimensional inference lies in studying the asymptotic and non-asymptotic

behavior of the estimators for x when p ≫ n, i.e. when the number of covariates is

much larger than the number of measurements or when both p and n are very large

under which the curse of dimensionality arises [131] and many interesting phenomena

such as universality [132, 133], phase transitions [134–138] come up that would have

deep connections with probability theory and statistical physics [122, 139–143]. If

the number of covariates p is much larger than the number of measurements n , for

example, the number of genes in humans is larger than 20000 and one may only have

a few hundreds of drug experiments, the problem of identifying the associated genes

with drug resistance becomes quite difficult.

One natural effort in compressed sensing tries to answer how one can reconstruct

the vector x with knowledge of y for different structures of A under various model

assumptions and how one can design efficient algorithms to recover these vectors

[122, 144, 145]. Compressed sensing typically makes ‘parsimonious’ assumption that

the vectors of interest are sparse, i.e. ∥x∥0 =
∑p

j=1 1{|x|j ̸= 0} ≤ s where s is some

constant, together with p, could characterize the sparsity level. The ratio s/p would

be an important parameter that determines the phase transition phenomenon which
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Figure 4.3: Scheme of typical compressed sensing systems. Denote the number of
measurements as n and the number of covariates is denoted as p. The structure and
properties of A will lead to different algorithms in solving the system.

assemble the phase transitions in statistical physics [146–148]. In the challenge of

rare/weak signal detection and recovery in Stein’s normal mean model, the phase

diagram is characterized by both the fraction of data from a normal with non-null

mean and signal strength [149–153].

Under the sparsity assumption, a natural formulation is to minimize ∥x∥0 with

constraints that y = Ax. However the problem is NP-complete and there are no

efficient algorithms to solve. The basis pursuit [154] relaxes the problem by changing

the minimization of the l0 norm to the l1 norm as the l1 norm is the convex relaxation

of the l0 norm,

min
x
∥x∥1, s.t. y = Ax. (4.1)

The basis pursuit can be solved by linear programming which is available in many

computational packages. It has been shown that the basic pursuit can recover the

original solution of the compressed sensing problem if certain conditions such as

the cone condition and the restricted eigenvalue condition are satisfied [122]. The
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basis pursuit assumes that the linear model is noiseless, i.e., y = Ax which is a

simplified case for the linear model with noise, i.e. y = Ax + ε. Under the noise

assumptions, the famous estimator for sparse linear models (Lasso) can be formulated

as x̂ = arg minx
1
2n
∥y − Ax∥22 + λ∥x∥1. Under some restricted eigenvalue condition

and some constraints on λ, the statistical rate of Lasso in l2 norm is O(
√
sλ) [122].

Beyond the assumptions of x presented above, there might be other structural

assumptions which may be generalized to different applications. For example, in

the language of sparse regression, the group lasso [155] makes assumptions on the

sparsity features in groups, the fused lasso [156] assumes the piecewise-constant of

the vector x, the graphical lasso assumes that the associated graph is sparse in high

dimensional graphic models [157], and there are some other variants such as adaptive

lasso [158], square root lasso [159] and scenarios that make assumptions of the low-

rank structure of the matrix [160–162]. In imaging analysis, one would often use

total variation [163–165] and wavelet sparsity [166–168] as these priors capture many

important features in the images and have tremendous applications [169,170] such as

image restoration [171], super-resolution [172] as well as bioimaging [173] .

There are many kinds of formulation for the total variation regularization, one is

the isotropic TV form [163,174] which is given by TV(f) : Rm×n → R:

TV (f) =
m−1∑
i=1

n−1∑
j=1

√
(Dxf)2i + (Dyf)2j +

m−1∑
i=1

|fi,n − fi+1,n|+
n−1∑
j=1

|fm,j − fm,j+1|

=
m−1∑
i=1

n−1∑
j=1

√
(fi,j − fi+1,j)2 + (fi,j − fi.j+1)2 +

m−1∑
i=1

|fi,n − fi+1,n|+
n−1∑
j=1

|fm,j − fm,j+1|

(4.2)

where Dx and Dy are the difference operators and the last two terms deals with the

boundary terms.
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The other formulation is called the anisotropic TV [174–176] which can be written

as,

TV (f) =
m−1∑
i=1

n−1∑
j=1

|(Dxf)i|+ |(Dyf)j|+
m−1∑
i=1

|fi,n − fi+1,n|+
n−1∑
j=1

|fm,j − fm,j+1|

=
m−1∑
i=1

n−1∑
j=1

|fi,j − fi+1,j|+ |fi,j − fi.j+1|+
m−1∑
i=1

|fi,n − fi+1,n|+
n−1∑
j=1

|fm,j − fm,j+1|.

(4.3)

A salient feature of the difference operator is that the action of the difference op-

erator on an image can be interpreted as a convolution of the image with some certain

kernels. This property would be useful in implementing the difference operator. The

explicit circulant matrix might also be constructed, however, that would take more

efforts than coding the matrix operation into a convolution operator as many signal

processing tools are readily available.

In some cases, the problems of interest can be formulated as statistical inverse

problems where wavelet decomposition [177–179], deconvolution [180–182] and shrink-

age approaches [183–185] can be employed.

4.3 Datasets and representation

Most machine learning models would require a large training dataset so that the

model can learn the underlying features sufficiently. As a very new imaging modality,

there are no known large databases for photoacoustic imaging data. One approach

in creating large training datasets for photoacoustic imaging would be to use the

image datasets from other measurements such as CT, MRI, PET, etc. Photoacoustic

imaging mostly focuses on visualizing vascular structures hence one possible source
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Figure 4.4: Plot of one sample lung CT data from LIDC-IDRI dataset.

of ground truth images may be downloaded from CT imaging databases which are

already widely available.

Here the images were downloaded from the database Lung Image Database Con-

sortium image collection (LIDC-IDRI) that consists of lung computed tomography

(CT) scans. The data was processed using traditional CT data processing pipelines.

The 3D lung CT images were segmented into smaller volumes and projected into the

x, y, z axis to obtain the 2D vascular structures as shown in Fig. 4.5. We selected the

structures that have significant vascular features as our training data.

Figure 4.6 shows some snapshots of the vessel structures that were produced in one

projection and segmentation. These images are completely different, however they

share some underlying low dimensional features. One can extract the low-dimensional

features in these images to use for prediction in the machine learning models by

various approaches. In image analysis, an image can typically be represented by low-

dimensional features, one of the most important and straightforward approaches are
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Figure 4.5: 3D Plot of the lung CT scan data after processing. The blood vessels are
extracted and highlighted.

the nonnegative matrix factorization [186] and the most well-known method principal

component analysis (PCA) [187]. Assume that we have n images X ∈ R{k∗k,n} where

k is the dimension of each image, the matrix X can be decomposed into the product

of two nonnegative matrices U and V ,

X ≈ UV T , (4.4)

where U ∈ Rk2×r and V ∈ Rn×r. The nonnegative decomposition has demonstrated

its ability to successfully find the parts-based representations, for example, the eyes,

ears and noses in the human faces dataset [186]. Nonnegative matrix factorization

can discover these parts-based representations, while other matrix factorizations such

as LU, Cholesky and QR decomposition can not. Section 4.5 will discuss recent

approaches, deep generative models such as variational autoencoder and deep con-

volutional generative adversarial networks that use neural networks to encode the
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Figure 4.6: Projection and segmentation of the 3D lung CT data into 2D. The struc-
tures that have the vessel features are selected into the training dataset.
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information of images into some low-dimensional manifolds. These representations

are highly nonlinear due to the complexity of the neural networks and hence would of-

ten be able to capture higher order nonlinear features in the image datasets [188,189].

4.4 Optimization

In practice one often has to solve the optimization problem minx∈X f(x) + g(x)

where f(x) is convex and smooth, g(x) is usually not smooth. In the case that the

problem does not have constraint, i.e. X = Rd, if g(x) = 0 one may use the gradient

descent method for smooth f(x) and Nestrov’s smoothing method for non-smooth

f(x) [190–192]. If g(x) ̸= 0, one might use proximal methods that approximate the

object function by quadratic terms. In the case there is a constraint, i.e. X belongs

to a subset of Rd, then the widely used method would be the constrained gradient

descent methods such as Frank-Wolfe algorithm which is essentially a projected gra-

dient descent [190–192]. However the gradient descent methods such as Frank-Wolfe

algorithm have O(1/t) convergence rate and would take a long time to exploit the pa-

rameter space [190–192]. There have been accelerated gradient descent methods such

as Nestrov’s accelerated gradient descent which would achieve O(1/t2) convergence

rate while the traditional gradient descent methods would be O(1/t) [193]. Other

popular methods might include mirror descent that utilize distance metric different

from l2 norm, such as relative entropy and Hellinger distance [194].

Iterative shrinkage thresholding Algorithm (ISTA), fast iterative shrinkage thresh-

olding algorithm (FISTA) [195] and alternating direction method of multipliers (ADMM)

are very popular algorithms for solving the optimization challenges for nonzero g(x)

and have demonstrated wide applications in the imaging sciences [196, 197]. Here

we discuss different priors and derive the corresponding descriptions for optoacoustic
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tomography.

4.4.1 Fixed priors: l1, l2 and total variation

Consider the linear forward model y = Ax+ ε where y ∈ Rn, A ∈ Rn×p, x ∈ X =

[0, 1]p. One would often scale the images to the range [0, 1] and flatten the images

to be a vector. Here the simplest proximal gradient algorithms with constraints

x ∈ X = [0, 1]p are presented.

(I) We first consider l2 penalty which is related with Tikhonov regularization

[198–200] with constraints x ∈ X = [0, 1]p, in regression language, the l2 penalty is

related with ridge regression [201]. The optimization can be formulated as,

x̂ = arg min
x∈X=[0,1]p

{
1

2
∥y − Ax∥22 + λ∥x∥22

}

= arg min
x∈Rp

{
1

2
∥y − Ax∥22 + λ∥x∥22 + h(x)

}
.

(4.5)

where h(x) is defined to be,

h(x) =

 0, for 0 ≤ x ≤ 1

∞, otherwise

Denote the step size as η = 1/L, L is the Lipschitz constant related with the matrix

A, typically L should be greater than or equal to 2
tr(ATA)

to ensure convergence. The

following iterative algorithm can be derived,

xt+1 = proxηg

(
xt − ηAT (Axt − y)

)
, (4.6)
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where the formula for proxηg in this case can be derived as:

[proxηg(x)]i =


0, for xi ≤ ηλ

xi

1+2ηλ
, for ηλ ≤ xi ≤ 1 + 2ηλ

1, for xi ≥ 1 + 2ηλ

The above procedures are ISTA based algorithms with convergence rate O(1/t).

FISTA based algorithms would have the following modified procedures which would

lead to O(1/t2) convergence,

xt+1 ← proxηg

(
vt − ηAT (Avt − y)

)
, (4.7)

qt ← (1 +
√

1 + 4q2t−1)/2, (4.8)

vt ← xt +
qt−1 − 1

qt
(xt − xt−1), (4.9)

where the initial conditions are taken to be v0 = x0 and q0 = 1. FISTA has been

widely applied in the total variation imaging denoising as well as other linear inverse

problems [195,196].

(II) l1 penalty has been widely used in compressed sensing in imaging owing to the

nice properties of convex optimization [128, 166, 202, 203]. In linear and generalized

linear models, l1 penalty is related with the famous Lasso for sparse regression [118,

204, 205]. We first consider the proximal gradient with l1 penalty with constraints
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x ∈ X = [0, 1]n,

x̂ = arg min
x∈X=[0,1]p

{
1

2
∥y − Ax∥22 + λ∥x∥1

}
(4.10)

= arg min
x∈Rp

{
1

2
∥y − Ax∥22 + λ∥x∥1 + h(x)

}
, (4.11)

Let η = 1
L

where η is the stepsize, Equation 4.11 would lead to the following

iterative algorithms,

xt+1 = proxηg

(
xt − ηAT (Axt − y)

)
, (4.12)

where

proxηg = arg min
z∈Rp

1

2
∥z − x∥2 + ηg(z) = arg min

z∈[0,1]p

1

2
∥z − x∥2 + ηλ∥z∥1. (4.13)

The formula for proxηg can be derived as,

[proxηg(x)]i =


0, for xi ≤ ηλ

xi − ηλ, for ηλ ≤ xi ≤ 1 + ηλ

1, for xi ≥ 1 + ηλ

(III) Total variation is a prior that could promote sparsity and allow the images

to preserve sharp edges and discontinuities. In addition to the iterative shrinkage

algorithms [195, 196], the optimization with total variation regularization could be

solved with primal-dual algorithms [197] and alternating direction method of multi-

pliers (ADMM). ADMM is an iterative method that splits the object function into

different components and solve it using the proximal operators [206, 207]. It is often
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used when the proxy is not easy to write as a closed form expression. Using the augu-

mented lagrangian [174,206,207], one can obtain the following algorithm for ADMM

with TV regularization. The optimization can be written as,

x̂ = arg min
x

1

2
∥Ax− y∥22 + λTV (x), (4.14)

where TV (x) is defined in Section 4.2. Eq. 4.14 is equivalent with the problem x̂ =

arg minx
1
2
∥Ax − y∥22 + λTV (z) that satisfys Dx = z, where D = [DT

x , D
T
y ]T ∈ R2n,n

is the difference operator.

Denote f(x) = 1
2
∥Ax − y∥22 and g(z) = λTV (z), the Lagrangian can be written

as,

L(x, z, ϕ) = f(x) + g(z) + ϕT (Dx− z) +
ρ

2
∥Dx− z∥22. (4.15)

The iterative algorithm can thus be derived as [174,207],

x← arg min
x

1

2
∥Ax− y∥22 +

ρ

2
∥Dx− z +

1

ρ
ϕ∥22, (4.16)

z ← arg min
z

λTV (z) +
ρ

2
∥Dx− z +

1

ρ
ϕ∥22, (4.17)

1

ρ
ϕ← 1

ρ
ϕ + Dx− z. (4.18)

In summary, one would have the following x-update and z-update [174,207]:

x← (ATA + ρDTD)−1

(
ATy + ρDT (z − 1

ρ
ϕ)

)
, (4.19)

and [z]i = [Dx]i − ϕi

ρ
, if [Dx]i + ϕi

ρ
≥ λ

ρ
and [z]i = [Dx]i + ϕi

ρ
, if [Dx]i + ϕi

ρ
≤ λ

ρ
.

Note that in addition to the continuous approaches, there have been discrete
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approaches for the optimization challenge such as dynamic programming [208], stim-

ulated annealing [209] as well as message passing [210]. Markov random fields mod-

els [142, 211] have been very successful in the application of the statistical physics

ideas to the imaging processing such as image denoising.

4.4.2 Other general priors

In Section 4.4.1, iterative algorithms with different priors such as l1, l2 and TV

priors are presented. These algorithms are deterministic, once the prior is given, the

minimization problem becomes fixed and a list of fast algorithms have been proposed

to solve these problems including FISTA, ADMM and so on [54,195,207].

An adjustment comes that if the prior is not given but learned from data. The

core ideas of the above models lie in the different designs for removal Gaussian noise

under the model assumption of white noise. As neural networks are great functional

approximators [212, 213], there are many approaches to construct neural networks

that function as a Gaussian denoiser. Other approaches might include the Plug-and-

Play Prior (P 3) [214,215] and Regularization by Denoising (RED) [216] that exploit

the implicit priors for any general inverse problems.

Another alternative choice comes after the invention of the convolutional neural

networks (CNNs) which have been applied in the denoising tasks using stochastic

algorithms such as ADAM which is a first order gradient based stochastic optimization

method by Kingma and Ba [217]. Further, deep CNNs (DnCNN) has been proposed

as an effective Gaussian image denoiser in Ref. [218]. It consists of three types layers

including Conv+ReLu, Conv+BN+ReLU and Conv layers. Recent denoising models

such as DnCNN can act as a general prior in solving the inverse problem, distinct

from the traditional l1, l2 and TV priors in Section 4.4.1.
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Stochastic solutions for the inverse problems have been proposed including SNIPS

which samples from the posterior distribution by Langevin dynamics [219] and score-

matching which differ from the classical maximum a posteriori (MAP) estimation

[220]. There are some connections between the convex optimization and Hamilton-

Jacobi PDEs which would have applications in the imaging sciences [221–223].

4.5 Compressed sensing using generative models

Deep Learning, based on different architectures of neural networks, has trans-

formed many research areas including computer vision and natural language process-

ing in the last decade [213]. It has been applied extensively in various disciplines of

physical [224, 225] and life sciences recently including genomics [226], medical imag-

ing [227], computational chemistry [228], etc. There are a list of amazing works

on deep learning for inverse problems [229–232]. In contrast to the classical model-

based approaches for linear inverse problems, deep learning methods for solving tomo-

graphic imaging reconstruction are often a combination of model-based approaches

and data-driven techniques [233–235]. For example, in photoacoustic tomography,

some researchers used iterated backprojection to reconstruct the initial photoacoustic

images and then trained a U-Net to improve the reconstruction quality which out-

performed the conventional filtered back-projection methods [42,236]. Deep learning

approaches for photoacoustic imaging are still growing fast and there have already

been several reviews on this topic [36, 237]. However there are several problems in

these approaches, for example the results depend on the network parameters and the

model often ignores the underlying physics such as the governing partial differential

equations (PDEs). The data-driven approach brings advantages but would also face

challenges. There are approaches that encode more physics into the model such as
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partial differential equations [238, 239], however, the curse of dimensionality would

still persist. Besides, another big issue comes from the lack of in vivo imaging data

while most deep learning models relies significantly on both the quality and quantity

of training data [36]. Despite the improvements by many researchers, there is still a

long way to go for deep learning models to be applicable for real clinical applications.

Compressed sensing using deep generative models has been proposed in Ref. [240].

Following this work, posterior sampling estimator has been proposed using Langevin

dynamics to learn the generative priors and has shown great promise in clinical MRI

imaging data [241, 242]. The median-of-means modification of the CSGM estimator

has also been proposed for heavy tailed measurements [243]. The main idea for the

series of work is to relax assumptions on the sparsity of the estimation object but to

assume that the samples lie on some low dimensional manifold that can be estimated

from data. If the model is able to learn the underlying low dimensional manifolds

from a large set of training data, then it might be used to generate samples that

resemble the key features of the real images. Of note that different from PCA, which

is linear, deep generative models are able to learn highly nonlinear features underlying

the training images due to the complexity of the neural networks.

There are a series of generative models architectures [244], among which the varia-

tional autoencoders (VAEs) that minimize the evidence lower bound (ELBO) defined

by Kullback–Leibler divergence [188], has gained much success in different applica-

tions and has been well-studied.

We first trained convolutional variational autoencoder (CVAE) on training dataset

where each image x ∈ X is assumed to be characterized by some low dimensional

representation z. The mapping which is described by a function G : Rd → Rn2
where

the latent dimension d is typically much smaller than the image dimension n2 can be

learned from the training dataset. Combining ideas from compressed sensing [240],
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Figure 4.7: Scheme of Conditional Variational Autoencoder.

the following optimization problem can be formulated to minimize the measurement

error which is defined as,

min
z
∥y − AG(z)∥22. (4.20)

One can obtain good representation G(z) by training deep generative models us-

ing a large amount of training data and the sensing step essentially finds the best

reconstructed image that minimized the l2 loss of measurements with the measure-

ments predicted by the generative model. Theoretical bounds that analyze the sample

complexity using restricted eigenvalue condition have been given in Ref. [240]. After

obtaining the ground truth dataset as discussed in Section 4.3, we can generate the

simulated measurement data using the k-wave package which is available in MAT-

LAB to simulate the photoacoustic wave propagation and generation of time series

measurement data [34]. The simulation of measurement data depends on the imaging

geometry as well as the physical conditions of the experimental setup which together

would define the forward operator A. For simple two dimensional cases, it is possible

to construct the matrix A explicitly if small number of grid points is used. We can

set each position in the 2D grids to be 1 and other positions as 0 to simulate a single
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source, run one simulation and then record the signal which is the Green’s function

response at each position. By linear superposition principle of the acoustic waves

generated, it is possible to obtain the matrix A by recording the responses from each

position at all computational grids.

Figure 4.10 shows one sample training data set which can be represented as matrix

of size 128 × 128. Figure 4.11 shows the simulated acoustic measurement from this

particular training image. We set the grid point spacing in the x and y directions

both as dx = dy = 100 µm. The sound speed is set to be 1500 m/s. The time step is

set to be dt = dx/c. The number of total time steps is set to be 256. Hence the size of

the forward matrix A would be (256× 128, 1282) for this two dimensional simulation.

We trained CVAE as our generative model on 50000 images for 300 epochs. The

network parameters for the CVAE architecture are shown in Fig. 4.8 (encoder) and

Fig. 4.9 (decoder). After training CVAE, for each test measurement data y, stochastic

gradient descent was used to find the vector ẑ corresponding to each measurement y

and the reconstructed image is G(ẑ). Experiments were conducted in two scenarios:

1) limited-view setup with 32 perfect acoustic detectors in a line; 2) limited-view

setup with 32 bandlimited acoustic detectors in a line where the center frequency is

set to be 2.5 MHz and the bandwidth of the transducer as 95%.

For the baseline total variation regularization with ADMM solver, grid search was

conducted in different combinations of ρ and λ. The best parameter is found to be

ρ = 0.05 and λ = 10−3 and the number of iterations as 50 (after 50 iterations there

are no significant changes of the reconstruction results).

Table 4.1: PSNR, SSIM for limited-view experimental desgin
TV CVAE

PSNR 22.35 28.19
SSIM 0.8347 0.9290
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Figure 4.8: Encoder parameters in the CVAE architecture.

Figure 4.9: Decoder parameters in the CVAE architecture.



95

Figure 4.10: One sample training data of blood vessel. The image is normalized
to range (0,1). The yellow color represents the vessel and the purple represents the
background with the value zero.

Figure 4.11: One sample simulated acoustic time series measurement. There are 32
sensors distributed uniformly along the x = 0 axis and the time step is taken to be
dx/c.
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Figure 4.12: Reconstruction results for three sample images in the limited-view ex-
perimental design (a) True Images, (b) total variation reconstruction, (c) CVAE re-
construction.
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Figure 4.13: Reconstruction for three images in the limited-view and bandwidth
limited design (a) True Images, (b) total variation reconstruction, (c) CVAE recon-
struction.
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Table 4.2: PSNR, SSIM for limited-view and bandwidth-limited experimental desgin
TV CVAE

PSNR 19.06 20.36
SSIM 0.6211 0.8429

Three sample images as well as the corresponding measurements are selected and

the reconstruction results are shown for both the limited-view simulation (Fig. 4.12

) as well as the limited-view and bandwidth-limited simulation (Fig. 4.13). Figure

4.12 and Figure 4.13 show that the model compressed sensing using CVAE has bet-

ter reconstruction results for both limited-view and bandwidth-limited simulations

than the best performance of the conventional total variation regularization. The

quantitive results are shown in Table 4.1 and Table 4.2 where PSNR and SSIM for

500 test images are presented. PSNR represents the peak signal-to-noise ratio, the

bigger, the better the reconstruction. SSIM represents the structural similarity index

measure which represents the similarity between two images. We can see that the

reconstructed images from compressed sensing with CVAE has significantly better

results in terms of structural similarity. When the experimental design only involves

the limited-view issue, the CVAE has much better PSNR than total variation, but

as we include the bandwidth-limited issue, PSNR for both methods decrease and the

difference between the two becomes smaller. Overall, compressed sensing with CVAE

can outperform the best performance of total variation regularization. In terms of

computational times, compressed sensing using CVAE is around 10 times faster than

total variation using ADMM, while achieving much better reconstruction results.

With the advance of all kinds of generative models including flow-based generative

models [245,246] and scored-based generative models [247–249], the inverse problems

in imaging would embrace new tools and opportunities that may push the current

limit in resolution, accuracy and imaging speed [250,251].
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4.6 Discussion

Although machine learning approaches have been able to mitigate part of the diffi-

culties that traditional methods suffer from, there is still a long way to go to improve

the computational models so that they might be used in real clinical applications.

There have been comprehensive reviews on modern regularizations methods [54],

Bayesian approaches [252] and data-driven approaches [235] for inverse problems.

Without an attempt to summarize the field, here a few challenges that face ma-

chine learning approaches for photoacoustic imaging are presented.

(I) Computational Time

Photoacoustic imaging often involves 3D reconstruction of the initial pressure and

further optical absorption coefficients. The iterative approaches, which have been

quite successful in overcoming some of the subsampling and bandwidth-limited issues,

would require long computational time to converge as these algorithms often involve

simulating the forward and adjoint operator in each iteration. Besides, the sparsity

level, for example, λ in the TV regularization, would change for different datasets and

experimental setups and one often have to do grid searches and cross-validation to

find the optimal parameter each time. This would further increase the computational

burden.

(II) Uncertainty Quantification

The reconstruction process would give an estimate to the image of interest, which

is often far from perfect. Quantification of the uncertainties of the estimators could

be much harder than the estimation problem itself. There would be ‘deterministic’

errors such as errors arising from numerical scientific computing. Another uncertainty

might come from the randomness in the physical process. There will be different

combination of all kinds of noise including shot noise, Poisson noise and 1/f noise
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where most well-established algorithms focus on the Gaussian denoising. How to

develop robust models that can account for the physical nature of the randomness in

the measurements would be an interesting area to explore as well.

(III) Domain Adaptability

Domain adaptability deals with whether the model would generate well outside

the training data. For example, if one wants to analyze data from one MRI machine

trained on the data from Rhode Island hospitals using deep neural networks and

later they want to analyze the data from the same MRI machine collected from

Boston hospitals using the same model, do they have any guarantee that they can

use the same parameters for the trained neural networks in Rhode Island? For deep

learning models trained in some particular sets of photoacoustic images, for example,

healthy group lung images, will the models be able to reconstruct the precise tumor

features in patient groups? Are there any theoretical guarantee for the performance

of the deep learning models? Different communities including theoretical computer

science [253, 254] and some recent works in statistics [255] have been devoted on

different aspects of learning algorithms that can account for domain adaptability

issues.

In summary, the area of machine learning in the photoacoustic imaging, more

broadly, inverse problems in imaging, is still growing which would benefit from the

advancement of many related fields. For example, the intersection of deep learn-

ing and scientific computing [256, 257] would allow researchers to simulate the wave

propagation more accurately in a much shorter time which would be essential for

developing the next generation photoacoustic imaging algorithms.



Chapter 5

X-ray phase contrast imaging

“ The worthwhile problems are the ones you can really solve or help solve,

the ones you can really contribute something to. No problem is too small

or too trivial if we can really do something about it. ”

– Richard P. Feynman

Optoacoustic tomography has gained much success in bioimaging and its spatial

resolution is typically around a few hundreds microns. The X-ray diffraction imaging,

owing to its unique wavelength range and penetration depth, could achieve a few

hundreds even tens of nanometers spatial resolution [258,259]. Chapter 5 will present

a fast evaluation method of Fresnel integrals for X-ray phase contrast imaging and

discuss the phase retrieval challenge.

X-ray phase contrast images can be calculated numerically using the Fresnel in-

tegral. Unfortunately, the highly oscillatory nature of the integrand means that its

evaluation can require large amounts of computer time. The problem becomes more

severe as the wavelength of the X-radiation becomes shorter. Here the use of the fast

Fourier transform is discussed. Examples are given for plane wave and point sources

101
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and for the more difficult problem of finite sources. The phase retrieval which is

the corresponding inverse problem for the forward imaging process based on X-ray

diffraction will be discussed at the end of Chapter 5.

5.1 Overview

The advent of spatially coherent X-ray sources such as microfocus X-ray tubes

and X-ray synchrotrons has made possible X-ray imaging that has both phase and

absorption contrast, the former capable of outlining fine features in the object. Phase

contrast arises from deflection of X-radiation as it passes through samples possess-

ing gradients in index of refraction [260–262]. With conventional X-ray sources the

large electron beam spot on the anode yields an X-ray beam that averages over the

phase contrast features which tend to be composed of primarily high spatial frequen-

cies. With highly coherent X-ray sources, the phase contrast in the image highlights

boundaries in the object wherever sharp variations in index of refraction are found.

One of the simplest experimental arrangement for recording a phase contrast image

uses an in line optical train where the object is interposed between the source and

object plane. An in line X-ray image that includes phase and absorption can be

calculated using the Fresnel-Kirchhoff integral [263–266], however, as the integral is

highly oscillatory computation resulting in excessive computation time. Examples

of evaluation of the Fresnel-Kirchhoff can be found for micron sized objects in Ref.

[265, 267, 268]. Here we show the fast Fourier transform can be used to advantage

to evaluate the Fresnel-Kirchhoff integral for plane wave and point sources in one

dimension and for heterodyne images where a grating is placed in the optical train

[269–271].



103

Figure 5.1: Scheme of a typical X-ray phase contrast imaging setup. The distance
between the X-ray source and the object plane is R1 and the distance between the
object plane and the image plane is R2. The forward process is described by Fresnel
diffraction and the inverse process is called phase retrieval.

5.2 Plane wave images

Consider the image generated by a one-dimensional object as shown in Fig. 5.1.

The expression for the field amplitude in arbitrary units is given by [263,266,267] as

f(x) =

(
i

λz

)
e−ikz

∫
q(X)e−

ik(x−X)2

2z dX (5.1)

where q(X) is a transmission function that describes the phase and absorption intro-

duced by the object, taken to be of the form

q(x) = eiϕ(x)−µ(x) (5.2)

where z is the distance between the object and the image plane, λ is the wavelength

of the X-radiation, considered to be monochromatic, k is the wavenumber and x is
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the distance from the origin in the image plane x. The phase for a flat layer ϕ is

given by kδt where t is the thickness and δ is the index of refraction decrement; the

absorption is given by µ = µ0t. The electric field amplitude given by Eq. 5.1 is of

the form of a convolution of two functions q1 and q2

f(x) =

(
i

λz

)
e−ikz

∫
q1(X)q2(x−X)dX (5.3)

It follows [272] that the Fourier transform of Eq. 5.1, we obtain,

F (q) = Q1(u)Q2(u) (5.4)

where Q1(u) = F(q1(x)) and Q2(u) =
(

i
λz

)
F(e−

ikx2

2z ) = eiπλzu
2
. The exponential

prefactor in Eq. 5.1 has been deleted as it does not influence the image intensity. The

computational procedure is thus to calculate a table of values of q1(x) together with a

table of values of the various xi for the i values chosen, to carry out numerical Fourier

transformation of the q1(x) table to obtain Q1(u), and then to multiply each value of

Q1(u) by Q2(u) to obtain F (q). This procedure requires a single numerical Fourier

transformation to obtain F . The Fourier transform of the phase and absorption

function is carried out so that the range of coordinates is from −Xend to Xend,

which is made large enough to entend over the full length of the object, which is placed

symmetrically with respect to the origin. The number of points pts, determines the

range of u values as pts/Xend. The image intensity is then determined using the

inverse Fourier transform to determine the field amplitude, which, in turn, is used

to determine the absolute value squared of the transform to give the image intensity

I(x) which can be written as f(x) = F−1{F (q)} and I(x) = |f(x)|2.

Figure 5.2 shows examples of the use of this procedure to determine images from
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a flat of width 2a and thickness t, a cylinder with radius a, and a Gaussian function

described by the following transmission functions in Table 5.1.

Table 5.1: Absorption µ(x) and phase ϕ(x) for flat, cylindrical and exponential objects

Object Absorption µ(x) Phase ϕ(x)
Flat µ0t kδt

Cylinder 2µ0a
√

1− (x/a)2 2kδa
√

1− (x/a)2

Exponential µ0t(1− e−(x/a)2) kδt[1− e−(x/a)2 ]

It is of note that the execution time for the calculations required only a few seconds

using MATLAB on a personal computer.

5.3 Point source images

The expression for the electric field amplitude corresponding to Eq. 5.1 for a point

source of radiation is given by [266,267]

f(x) =

(
i

λz

)
e−ikR2

∫
q(X)e

− ikX2

2R1 e
− ik(x−X)2

2R2 dX (5.5)

where R1 and R2 are the distances between the point source and object and the object

and the image, respectively. The magnification in the image is given by R1+R2

R1
. As in

the plane wave case, the Fourier transform of Eq. 5.5 can be written as a convolution

in the form of Eq. 5.3 by grouping the first two factors in the integrand which can be

numerically transformed and finding an analytical solution for the transform of the

third factor so that Q1(u) = F
(
q1(x)e

− ikx2

2R1

)
and Q2(u) = eiπλzu

2
.

In carrying out the calculation, a table of q1(x) is calculated and Fourier trans-

formed. Each element of this table is then multiplied by the corresponding elements

of Q2(u) to give a final table that is inverse transformed and squared. An example of
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Figure 5.2: Phase contrast images of (a) a 200 µm wide flat with thickness t = 100
µm, (b) a 200 µm diameter rod, and (c) a Gaussian function with the functional form
listed in Table 5.1 with the parameters a =100 µm and t =100 µm. The calculations
were carried out with the radiation wavelength λ = 0.1Å, an absorption coefficient
µ0 = 2.8 × 104/m and the phase function decrement δ = 3.84 × 10−6. The Fourier
transform parameters were Xend=250 µm and pts = 40, 000.
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the use of this procedure is given by the image in Fig. 5.3 calculated for a flat with

a magnification of 1.5.

5.4 Source with finite dimensions

When the source has a finite dimension the Fresnel-Kirchhoff integral becomes a

function of an additional parameter ξ which is a coordinate on the source plane so

that the field amplitude is found by first finding

f(x, ξ) =

(
i

λz

)
e−ikR2

∫
q1(X)e

− ik(ξ−X)2

2R1 e
−−ik(x−X)2

2R2 dX (5.6)

which is then integrated over the source distribution taken here to be a Gaussian

function with a distance parameter σ to give

f(x) =

∫
f(x, ξ)e−(ξ/σ)2dξ (5.7)

Two factors can be identified to give F (q, ξ) = Q1(u, ξ)Q2(u) where Q1(u, ξ) =

F
(
q1(x)e

−ik(ξ−x)2

2R1

)
and Q2(u) = eiπλzu

2
. Once the two factors are multiplied to give

F (q, ξ) determined at a single value of ξ, a value of f(x, ξ) is found by inverse Fourier

transformation of F (q, ξ). A table of values of f(x, ξj)f(x, ξj)
∗ for image intensity

at x from a source point ξj is calculated for a number of j values which is used for

numerical integration according to Eq. 5.7. It can be seen from Fig. 5.4 that the

averaging of the intensity over a source dimension of tens of microns, characteristic

of commercially available microfocus X-ray tubes still leaves strong, easily visualized

phase constrast features in the image irrespective of whether the object is a defined

inert sample or biological tissue [273].
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Figure 5.3: X-ray phase contrast images for (a) a 50 µm wide flat, (b) 100 µm wide
flat and (c) 150 µm wide flat with R1 = 1, R2 = 0.5. The X-ray energy is set to be 12
keV. The Fourier transform parameters Xend is set to be 1000 µm and pts = 30000.
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Figure 5.4: X ray phase contrast images for gold (a)-(c) with source size 6.75 µm
and (d)-(f) with source size 20 µm for (a) and (d) 50 µm cube, (b) and (e) 100 µm
cube, (c) and (f) 150 µm cube. The Fourier transform parameters pts is taken to be
30000, Xend is taken to be 1000 µm with magnification 1.5.
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5.5 Heterodyne images

It has been shown [269–271, 273, 274] that placement of an absorption grating

in contact with the object in the optical train of an in-line phase contrast imaging

apparatus results in an increase in image contrast when harmonics of the grating in

the image are selected. Here a grating whose transmission is taken to be a square wave

is placed in the object plane causing a modification in the overall object transmission

function. The field amplitude for a source with a finite dimension is

f(x, ξ) =

(
i

λz

)
e−ikR2

∫
q1(X)g(X)e

− ik(ξ−X)2

2R1 e
−−ik(x−X)2

2R2 dX (5.8)

where the square wave function g(x) [275] can be written as an expansion in cosine

functions as

g(x) =
1

2
+

2

π

∞∑
j=1

(−1)j−1

(2j − 1)
cos(2j − 1)kgx (5.9)

where kg is the grating wavenumber. The Fourier transform of f is thus of the form

F (u) = Q1(u)Q2(u) where where Q1(u, ξ) = F
(
q1(x)g(x)e

−ik(ξ−x)2

2R1

)
and Q2(u) =

eiπλzu
2
.

5.6 Phase retrieval challenge

The X-ray diffraction imaging has great potential for visualizing the nanoscale

structures with fascinating breakthroughs in bioimaging. For example, single mimivirus

has been imaged with a resolution of a few tens of nanometers by a single X-ray

diffraction pattern without the need for sample crystallization [259]. The imaging

of the subtle neuronal structures in biological tissues at resolution smaller than a
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hundred nanometer in a mm-sized sample volumes has been demonstrated using X-

ray holographic nano-tomography (XNH) [258]. The inverse problem of the forward

Fresnel-Kirchhoff integral is called phase retrieval. A series of works in X-ray phase

contrast imaging start from the transport-of-intensity equation to derive the algo-

rihm for phase retrieval [276, 277]. In X-ray phase contrast imaging, one early im-

portant contribution would be Paganin’s method for phase and amplitude retrieval

that assumes the homogeneity of the object [277]. This method along with different

variants, due to their simplicity and applicability, are still widely used in modern

applications [258].

The area of coherent diffractive imaging (CDI) has been very active in recent years.

The goal of CDI is to develop mathematical tools and computational algorithms to

recover the phase information of the object of interest without the need to use many

lens in diffraction experiments due to the limitation of availability for the specific lens

functioning at the X-ray wavelength [278,279]. It would be of great interest whether

the spatial resolution of the samples could be pushed towards the atomic resolution

and the temporal resolution of the chemical reactions towards femtoseconds [280–282]

even attosecond [283] by these advanced algorithms.

The general phase retrieval challenge for X-ray diffraction can be formulated as

recovering f(t) given the measurements |f̂(ω)|2 = |
∫
t∈T f(t)e−iωt|2 [284]. Much efforts

have focused on the alternating projection algorithms [285,286] to solve the nonconvex

optimization problem where the very early effort was the reconstruction of an object

from the modulus of the Fourier transform by Fienup [287]. Recent progress has been

made by adding random modulation (coded diffraction pattern) which can give the-

oretical guarantee for the phase retrieval for which the reconstruction performance is

related with the number of coded diffraction patterns [288,289]. A series of advanced

algorithms have been proposed for phase retrieval including PhaseLift [288–290] which
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is based convex programming, PhaseMax [291,292] which is based on linear program-

ming and Wirtinger flow [288,293] which is based on gradient descent methods where

universality phenomena was discovered for different design matrix [294, 295]. There

are a list of recent efforts in using randomness and probabilistic analysis to push the

limit for the fundamental bounds of optimal sensing [296–300]. The proof of these

kinds of bounds would usually involve the tail and concentration equalities, high

dimensional probability well as random matrix theory [122,301–303].

The phase retrieval challenges would, in general, have connections with inverse

problems in photoacoustic imaging. They both belong to the subject of inverse prob-

lems which are very active areas in applied mathematics with wide applications in

science and engineering. The solution to one problem might shed light to the other.



Chapter 6

Conclusion

“ It is not knowledge, but the act of learning, not possession but the act

of getting there, which grants the greatest enjoyment. ”

– Carl Friedrich Gauss

This thesis centers different aspects of the photoacoustic effect. Chapter 1 fo-

cuses on the physical process that generates photoacoustic effect including spherical

droplets, fluid layers as well as oscillating delta sources in a one-dimensional oscilla-

tor. The development of quantitative optoacoustic tomography requires a thorough

understanding of the photoacoustic pressure generation process. Different micro- and

nanosized absorbers can be used as contrast agents in photoacoustic imaging owing

to the large amplitude pressure waves generated. We studied the photoacoustic effect

generated within a spherical droplet for two cases: a sphere with a surrounding region

of fluid that absorbs radiation and a sphere that absorbs radiation itself. Analytical

solutions to the photoacoustic wave equation in the frequency and time domain were

derived. High amplitude transients, compressions in the former and rarefactions in

the latter, were shown to be generated within the droplets as the waves approach
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the center of the droplet. We investigated the properties of the photoacoustic effect

when a continuous wave laser beam is moving back-and-forth in a one-dimensional

resonator. The pressure is found to increase linearly with the number of sweeps across

the resonator according to linear acoustic theory.

Chapter 3 focuses on the detection of photoacoustic waves by optical deflection.

A salient feature of the photoacoustic effect is that the temporal and spatial charac-

teristics of the ultrasound waves generated encode information such as geometry and

sound speed as well as density of the irradiated body. We can infer these properties by

detection of the emitted acoustic waves. The conventional way for detection of pho-

toacoustic waves using ultrasonic transducers would suffer from either low bandwidth

or low sensitivity issues. We proposed new methods of determining photoacoustic

waveforms using recordings of optical beam deflections. Optical recording of pho-

toacoustic waves is expected to provide unique advantages due to the high speed

response of the optical detectors and freedom from the distortion that accompanies

conventional piezoelectric transducers.

Chapter 4 focuses on one prominent application of the photoacoustic effect: the

optoacoustic tomography. The computational way to alleviate the current limita-

tions such as limited-view, sub-sampling as well as finite-bandwidth in optoacoustic

tomography is to introduce regularizations such as total variation and wavelet spar-

sity in solving the inverse problems. We discussed the conventional ways of solving

linear inverse problems including ISTA, FISTA and ADMM with l1, l2 and total vari-

ation regularization which do not fully exploit the available dataset. Besides these

approaches suffer from high computational burden especially for the 3D in vivo op-

toacoustic tomography. Chapter 4 combines compressed sensing with deep generative

models such as CVAE to solve inverse problems in optoacoustic tomography.

Chapter 5 focuses on X-ray phase contrast imaging. We present a fast evaluation
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method of the Fresnel-Kirchhoff integral for plane wave and point sources in one

dimension, for heterodyne images where a grating is placed in the optical train and

are able to determine the effects of source dimensions on resolution.

Modern biophysics and biological imaging would require a thorough understanding

of the physical mechanism in the experiments as well as quantitative descriptions

and inference of observations. The thesis reveals parts of the efforts in combining

mathematics and computation to bridge the gap between theory and experiments

for better designing and understanding of these complex yet intriguing biological

measurements.
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