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Abstract of

Higher-dimensional Supergravity, Polytopic SUSY Representation Theory, and SUSY

Holography Conjecture

by Yangrui Hu
Doctor of Philosophy

Brown University, May

In this thesis, we present studies of off-shell supergravity theories in ten- and eleven-
dimensional superspaces, polytopic supersymmetry representation theory, and the SUSY

holography conjecture.

First, inspired by the history of how Einstein constructed General Relativity, we study
the linearized Nordstrom supergravity in ten- and eleven-dimensional superspaces. We
found no obstacles to applying the lessons we learned in 4D to higher dimensions. We
also derive infinitesimal 10D superspace Weyl transformation laws. The identification
of all off-shell ten-dimensional supergeometrical Weyl field strength tensors, constructed

from respective torsions, is presented.

Second, since the traditional approach requires a high computational price to be
paid to elucidate the #-expansion for component fields residing within the superfields, we
establish a novel approach founded by the polytopic SUSY representation theory. We
realize that Lie Algebra techniques, in particular branching rules, Plethysm, and tensor
product, provide the key to deciphering the complete list of independent fields that
describe a supersymmetric multiplet in arbitrary spacetime dimensions efficiently. We
show the explicit one-to-one correspondence between Lorentz irreps and field variables,
leading to an “adynkrafield” formalism in which the traditional #-monomials are replaced

by Young Tableaux.


https://www.brown.edu/

Further elaborations on the “scan” machinery and the consequent prepotential can-
didates for 10D, N' =1, 2A, and 2B superconformal supergravity theories are presented

as well.

Third, the SUSY holography conjecture proposes a way to study higher-dimensional
supersymmetric models from their 1D counterparts. The problem of classifying off-shell
representations of the N-extended 1D super Poincaré algebra is closely related to the
classification of its graphical representations — adinkras. We define the adinkra “height
yielding matrix number” (HYMN) and study HYMN equivalence classes for all GR(4,4)
valise adinkras. Another puzzle is that considering the projection from 4D, N =1 SUSY
to 1D, N = 4 SUSY, a dissection of Sy is required to be consistent with SUSY. We show
that this dissection can be seen from the symmetries of the permutahedron and the use

of weak Bruhat ordering.
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Chapter 1

Introduction

1.1 Ten- and Eleven-Dimensional Nordstrom Supergravity Theories

In 1907, Einstein described his “happiest thought” [1| which marked the commence-
ment of the race to create the Theory of General Relativity. Unrealized, he was already
decidedly at a disadvantage. As early 1900, the astronomer Karl Schwarzschild (1873-
1916) [2] had written about Riemann’s geometrical concepts to describe curved space
- but not curved space-time. The latter would not emerge until Hermann Minkowski

introduced the concept of “four-geometry” into physics [3,4].

By 1914, there were a number of competitors. At a minimum, these included Max
Abraham (1875-1922), Gustav Mie (1868-1957), and Gunnar Nordstrom (1881-1923).
Even the accomplished mathematician David Hilbert (1862-1943) became involved but
at the conclusion made the comment in his own work, “The differential equations of
gravitation that results are, as it seems to me, in agreement with the magnificent theory

of general relativity established by Einstein [5].”

Along the pathway to the end of the race, the idea of scalar gravitational theories
was explored. It is of note that Nordstrom created two such sets of equations [6,7] and
even KEinstein took this idea before discarding it. In the scalar approach, the usual metric
of the space-time manifold is replaced by a single scalar field. A way to do this is to
begin with the Minkowski metric and simply multiply it by a scalar field. This implies
that, geometrically, scalar theories of gravitation are all members of the same conformal

class as the usual flat Minkowski metric. Mathematically, scalar gravitation theories are



Chapter 1. Introduction 2

perfectly consistent... they simply do not describe the physical laws observed in our

universe.

In the nineteen eighties, superspace geometrical descriptions of supergravity in eleven
and ten dimensions were presented in the physics literature. To the best of our knowledge
a list of these inaugural publications looks as:

(a.) 11D, N = 1 supergravity [8,9],

(c
(d

)
(b.) 10D, ' = 2A supergravity, [10],

.) 10D, N' = 2B supergravity [11,12], and

.) 10D, N = 1 supergravity [13].
Of course, these theories had been obtained in other descriptions even earlier. Interested

parties are directed to these works for such references.

If we think of the references [8-13] as the eleven and ten-dimensional analogs of
Einstein’s “happiest thought,” then by analogy all developments since these works are
analogs of the race to find the Theory of General Relativity. This also reveals a glaring
disappointment. Since the “bell was rung” in this new race, all the competition is still at

the starting line.

How would one know the race has been successfully ended? As indicated by the title of
the work [9] (“Eleven-Dimensional Supergravity on the Mass-Shell in Superspace”), these
descriptions possess sets of Bianchi identities that are consistent only when the equations
of motion for the component fields in the theory satisfy their mass-shell conditions. This
holds true for all of the works in [8-13]. So we may take as the sign of the successful
completion of the race, if a set of superspace geometries were explicitly found such that
their Bianchi identities do not require a mass shell condition. By way of comparison,
for 4D, NV = 1 superspace supergravity, the analogs of the “happiest thought” and the
conclusion of the race occurred within one year as is seen via the works completed by

Wess and Zumino [14, 15].

A new urgency has recently appeared and which drives a need to improve the current
situation. Recent progress |16, 17] occurred in the derivation of M-Theory corrections

to 11D Supergravity. A series of procedures connecting the corrections to a 3D, N' = 2
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Chern-Simons theory [18-21] (used in a role roughly analogous to world-sheet o-model

B-function calculations for string corrections) has been successfully demonstrated.

Though the works [16, 17| have presented a method of deriving these corrections be-
yond the supergravity limit, these solely treat purely bosonic M-Theory corrections, with
no equivalent results describing fermionic corrections. One traditional way of accomplish-
ing this is to embed the purely bosonic results into a superspace formulation. This impels
us to a renewed interest in 11D supergravity in superspace. The goal we are pursuing is
to find a Salam-Strathdee superspace [22], as modified by Wess & Zumino [14, 15], such
that superspace Bianchi identities in the Nordstréom limit allow for the appearance of the

M-Theory corrections.

This distinguishes our work from efforts taken by others. For example, there is a
substantial literature that uses the concept of “pure spinors” [23-29| where the endpoint
of action principles (see especially [28,29]) has been presented. While classically such
approaches appear to work, there are troubling signs [30-33| that more needs to be done

to justify complete acceptance at the level of quantum theory.

Perhaps an intuitive way to argue is in order to achieve quantization, it should be
implemented in terms of variables that are basically free. The non-minimal pure spinor
goes some way to giving a free resolution, but the resulting space of fields does not have
a well-defined trace. The work [32] offered a “fix” but if in the end the prescription still is
not an integral over free variables with no other qualifications, then a proper quantization

is still likely to be impeded.

Therefore, we adopt the rather more cautious approach by raising the query of
whether it is possible to follow the pathway established by Wess & Zumino [14, 15]
wherein a “simple” Salam-Strathdee superspace is used as a starting point to build, in

our case, Nordstrom SG in which Bianchi identities do not force equations of motion.

In the earliest days of formulating the superspace understanding of supergravity, an
important discovery was shown in a work by Grimm, Wess, and Zumino [34]| when it
was shown the dynamical equations of motion of the component fields contained within

the supergravity supermultiplet could be derived with no reference at all to a superspace
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action. It is important to note all the superspace formulations in [8-13| exhibit this
feature. In fact, for the case of [12], there exists no universally accepted action principle
to describe the theory... even at the component level at all. Thus, using superspace
formulations, the dynamics of the component fields can be obtained without complete
knowledge of the structure of the superfields that contain them. This allows for a “clean
separation” of issues of representations from the dynamics of the component fields so

being described. Our investigation will follow this minimalist approach.

As noted by Misner and Watt [35], though scalar gravitational theories are not real-
istic, they have value as computational tools in numerical relativity. This raises a very
intriguing question. The quote, “History doesn’t repeat itself, but it often rhymes,!”
has been stated about many situations. Since scalar gravitation models have value
as computational tools for General Relativity, might extending them to eleven- and
ten-dimensional supergeometries offer new ways to replicate Einstein’s path from the

“happiest thought” to the higher level of understanding as indicated by his lectures at

Gottingen?

It is the purpose of [36] (presented in chapter 2 in the thesis) to lay a new foundation
for such an exploration. We take as a guiding principle the procedure used to provide
the first example of a four-dimensional supergravity supermultiplet where the closure of
the local simple supersymmetry algebra was not predicated on the use of field equations.
This was accomplished by Breitenlohner [37] who took his starting point as an off-shell
supermultiplet, the so-called ‘“non-abelian vector supermultiplet.” The final form of Bre-
itenlohner’s initial presentation realized a reducible representation of supersymmetry.
Finally, this first work also did not consider any issue surrounding the construction of

actions for the supermultiplet.

His approach is equivalent to starting with the component fields of the Wess-Zumino

gauge 4D, N = 1 vector supermultiplet (vg, Ap,d) together with their familiar SUSY

! Though often attributed to Mark Twain, there is little evidence of this being accurate.
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transformation laws,

Dovy, = ('}’b)ac)\c s

Dy = =i (7% 1 an (%eva — Bve) + (F)avd 11y

D,d = i(757£)ab 82)\b ,

followed by choosing the gauge group as the spacetime translations, SUSY generators, and
the spin angular momentum generators as well as allowing additional internal symmetries.
For the spacetime translations, this requires a series of replacements of the fields according

to:

v = hye o N = ey, d = A, (1.1.2)

(in the notation in [37] A, = B®,) while for the SUSY generators, the replacements occur

according to:

Up = Xpe 5 A = Phe , d =X, (1.1.3)

and finally for the spin angular momentum generator, a replacement of

Vp = Whed 5 Ao > Xbed s d = Dea (1.1.4)

was used. However, to be more exact, Breitenlohner also allowed for more symmetries
like chirality to be included. Because the vector supermultiplet was off-shell (up to WZ
gauge transformations) the resulting supergravity theory was off-shell and included a
redundant set of auxiliary component fields, i. e. this is not an irreducible description
of supergravity. But as seen from (1.1.2) the supergravity fields were all present and
together with the remaining component fields a complete superspace geometry can be

constructed.

With the Breitenlohner approach as a guiding principle to the study of a class of
curved supermanifolds containing eleven and ten dimensions, it is thus to be expected
the extensions will manifest the same structure of being off-shell but reducible, and not
address the issue of the construction of actions. No off-shell gauge vector supermultiplet

is known beyond six dimensions, thus one is forced to deviate from completely following
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the Breitenlohner approach. Since a scalar superfield in any dimension greater than three
is guaranteed to be off-shell, but reducible, the expectation is to be led to the study of

Nordstrom supergravity theories in eleven and ten dimensions in this approach.

In our approach to Nordstrom SG, the analog of the Wess-Zumino gauge 4D, N' = 1
vector supermultiplet is played by a scalar superfield in any of the 11D or 10D superspaces
to be studied. This scalar superfield guarantees off-shell supersymmetry. However, like
the approach taken by Breitenlohner, the resulting theory is expected to be reducible.

Also like this earlier approach, the question of an action principle is not addressed.

1.2 Weyl Covariance

The first explicit discussions in the literature on the topic of Weyl symmetry in
superspace were initiated among the works [38,39] by Howe et al.. The subject of the
interplay between conformal symmetry and the constraints of superspace descriptions of
Poincaré supergravity, has long been of fascination to Gates, who is one of the authors
of [40]), [41-45]. Of course, numbers of other authors have also pursued this subject. A
special area of these considerations involves the context of 11D, N' = 1 superspace [8,9]
related to M-Theory [46]. After its beginning, a literature (e.g. [26,47-54]) has been built
up including discussions in superspace and also at the level of component fields. These
are but a small selection and the interested readers should look at the references in these

works for a more complete listing of such works.

Near the end of a 1996 investigation [55], the following paragraph can be found.

For although we believe our observation is important, we know of at least
two arguments that suggest that there must exist at least one other tensor
superfield that will be required to have a completely off-shell formalism. This
1s to be expected even from the structure of the non-minimal /D, N = 1
supergravity. There it is known that there are three algebraically indepen-
dent tensors W, Gq and T, so apparently it remains to find the eleven-
dimensional analog of the Go. In future works, these aspects of the eleven-

dimensional theory will require further study.
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From our present perspective, the “strong form” of the constraints given in a 2000 work
by Cederwall, Gran, Nielsen, and Nilsson [26], appears to provide the solution of our
1996 dilemma. These authors introduced a dimension zero tensor X[5}Q that, from our

present understanding, is the missing analog to the 4D, N' = 1 G,-tensor.

In the work of [56], an analysis based on prepotential superfields was undertaken
regarding the scale compensating superfield ¥ and conformal semi-prepotential PAIQQ. It
was shown these play an interesting role with respect to the emergence of Weyl scaling

covariance in 11D, N' = 1 superspace. Three key points were noted in this context:

(a.) When a sufficiency of conventional constraints are imposed upon the
11D, N = 1 Poincaré superspace supergravity covariant derivative oper-
ators (Va, Vg) so that ¥ and ﬁag are the only independent superfields
within them, a spinorial connection field J o) (for Weyl scaling in su-
perspace) emerges among the dimension one-half Poincaré supergravity

supertensor components.

(b.) The sufficiency of conventional constraints that leads to the existence of
TP is also sufficient to lead to the emergence of a vectorial connection

field jg(” for Weyl scaling in superspace.

(c.) The existence of To ) and JQ(“‘) together with the existence of the super-
space supergravity covariant derivative operators (Vo, V) imply the ex-
istence of modified supergravity covariant derivative operators (@a, ﬁg)

that transform covariantly with respect to Weyl scaling.

In fact, precisely these three points are at the foundation of a paper written in 1991

within the context of 10D, ' = 1 superspace [45].

As the focus of this analysis is the modified supergravity covariant derivative operators
(and their related field strengths, Bianchi identities, etc.), this approach is mute on
implications for the superfields needed to construct the superframe superfields. This is
true for most of the citations among [38] - [54] as they are not focused upon the superfield

variables that are “inside” of (Vq, V), 1. e. the prepotentials.
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We will make an observation about the relation of the 11D, N' = 1 Nordstrom theory
and the infinitesimal super Weyl transformation laws of the complete non-linear Poincaré
superspace supergravity derivatives (V,, V,) as motivating a pathway for the derivation
of similar results in all ten dimensional superspaces. Inspired by the success of relating the
emergence of Weyl symmetry in 11D, A/ = 1 superspace, together with our recent studies
of supergravity in eleven and ten dimensions [36,57-59], we are motivated to extend the
discussion and results of [56] into the domain of all ten-dimensional supergravity theories

in superspace. In chapter 7, we will present the extension in ten-dimensional superspaces.

1.3 Polytopic SUSY Representation Theory

The concept of the Salam-Strathdee “superfield”, for space-time supersymmetry, was
introduced in 1974 [60,61]. The use of superfields makes the presence of space-time
supersymmetry (SUSY) manifest in such discussions, just as the use of 4-vectors makes

the symmetries of special relativity manifest within their domains of consideration.

Superfields have proven vital in the identification of collections of component fields
of various spins that provide representations of space-time supersymmetry. Their utility
is most important to identify such collections that realize this symmetry independent of
dynamical conditions (i.e. equations of motion) imposed on component fields in these
collections. Collections of fields that satisfy this condition are said to describe an “off-shell

realization” of space-time supersymmetry.

On the other hand, there exist collections of component fields of differing spins with
the property that space-time supersymmetry is only realized in the presence of dynamical
conditions (i.e. equations of motion) imposed on all of the component fields in these
collections. Collections of fields that satisfy this condition are said to describe an “on-

shell realization” of space-time supersymmetry.

This subtle distinction between “off-shell realization” and “on-shell realization” has
an important implication. Only formulations of the foremost category can provide mani-
festly space-time supersymmetric realizations in the path integral approach to quantiza-

tion. Thus, the area of supersymmetrical relativistic quantum field theory (SQFT) has
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for decades existed in the peculiar situation that the vast majority of these theories can-
not be investigated via path integrals in a manner where space-time SUSY is manifest.
This is a statement of the notorious, and often overlooked, “off-shell SUSY” problem. It
is, perhaps, the oldest major problem in the conceptual foundation of the field involving

SUSY.

Although there is still no apparent solution to this problem on the horizon, we have
in a recent series of work [57-59,62] succeeded in answering a question that can provide a
step in solving this half-century-old puzzle. We will refer to this as the “Salam-Strathdee
Riddle®” as it is implicitly contained in the Salam-Strathdee proposition of the notion
of superfields and can be posed as a question, “In an arbitrary dimension, what is the
explicit collection of component fields that occur in a superfield which is an arbitrary
representation of the space-time Lorentz symmetry group and provides an off-shell SUSY

representation?”

By creating a new conceptual network-enabled framework, we have presented a con-
cept that is a logically and mathematically independent alternative to the concept of the
Salam-Strathdee superfield. Using this to create efficient code, there now exists a way

to efficiently answer the puzzle.

The network-enabled framework mentioned above is the idea that the topology of
certain types of graphs, “adynkras,” can be used to replace the ‘theta-expansions’ required
in the Salam-Strathdee approach. The overlap of the topics of SUSY and topology has
been the domain of exploration of Jim Gates in many guises. Some of these range
from local superspace integration theory, Chern-Simons models, Wess-Zumino-Novikov-

Witten (WZNW) models, and finally adynkras.

In chapter 5, we will show the newly developed techniques, both algorithmic and

analytical, that allow the first complete and explicit SO(1,9) Lorentz descriptions of all
component fields contained in 10D, N = 1, N = 2A, and N = 2B unconstrained scalar
superfields. They form the maximal reducible and relevant supermultiplets. For the

case of the AN/ = 1 theory, our results agree with the first report on this topic [50] given

2 Thus, mathematical /theoretical physics sometimes can resemble the challenges similar to the
ones the Sphinx gave to unwary wanderers.



Chapter 1. Introduction 10

by Bergshoeff and de Roo. These authors took as their starting point an analysis of
the “supercurrent corresponding to the N/ = 1 supersymmetric Maxwell theory in ten
dimensions.” An approach of this type is tied to making an initial assumption about
the dynamics of some supersymmetrical system, i.e. the choice of the energy-momentum

tensor.

The previous sentence illustrates a peculiarity of the study of spacetime supersymme-
try in comparison to other symmetries. Namely, almost all studies of the representations
of spacetime supersymmetry take as a starting a set of assumptions related to some dy-
namic system. This is shared by no other symmetry known to these authors. Thus, there
is a possibility by exploring avenues that do not depart from dynamical assumptions, a

resolution to the puzzles may be found.

We will present the maximal reducible relevant representations of supergravity in
10D related to unconstrained scalar superfields by “tensoring” them with different repre-
sentations of the SO(1,9) Lorentz group and search for graviton(s) and gravitino(s). To
achieve this goal, we borrow Breitenlohner’s approach [37], which gave the first off-shell
4D, N = 1 supergravity description. It utilized the known off-shell structure of the 4D,
N =1 vector supermultiplet (vq, Ag,d). Since the structure of off-shell supermultiplets
in ten dimensions is poorly understood, we implement the approach of Breitenlohner by
use of a 10D scalar superfield in place of the vector supermultiplet. This will ensure an

off-shell supersymmetry realization.

There are three guiding principles implied by the Breitenlohner appoaoch that are

implemented in our discussion, use:

(a.) no dynamical assumptions in the derivation of representation
(b.) only conventional Wess-Zumino superspaces, and

(c.) superfields that admit an unconstrained prepotential formulation.

These are the principles that allowed for the complete off-shell superspace descriptions

of supergravity in 4D, N/ = 1 theories. Our current investigation looks to extend these
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beyond the lower dimensional context and into the domain of the 10D theories. The

operational steps to implement the paradigm of the approach include

(a.) identify an appropriate scalar supermultiplet free of dynamical assumptions with

regards to the closure of the superalgebra,
(b.) tensor the scalar supermultiplet with representations of the Lorentz algebra, and

(c.) among the results found by the tensoring operation, search for components that

align with the Lorentz representations of conformal graviton and gravitino.

As this approach is independent of any assumptions about dynamics of the compo-
nent fields contained in supermultiplets, there should be an expectation of differences in
comparison with any past results derived from an analysis where dynamics are built into

a conceptual foundation.

It is known that when a supersymmetrical theory is expressed in terms of prepo-
tentials, the reasons for many unexpected enhancements of vanishing quantum correc-
tions become obvious. So we restrict our considerations to formulations that are consis-
tent with prepotentials. This further restricts our considerations to solely theories that

demonstrate an absence of “off-shell central charges” [63—67].

The keys to our progress in this realm are higher dimensional adynkras (built upon
the well-established foundation of one-dimensional ones) and advanced computational
tools. These techniques are derived via properties of representation theory and thus are
independent of assumptions about dynamics. Our work is also a beneficiary of a report
undertaken by N. Yamatsu [68] who presented results for grand unified model-building
based on finite-dimensional Lie algebras. In this thesis, the reader can find that projection
matrices, branching rules between Lie algebras and their subalgebras up to high ranks,
as well as Dynkin labels and Weyl dimensional formulae of irreducible representations,
Plethysm, and much more have proven to be particularly useful when applied to the
representation theory of Lorentz groups we consider. It is of historical note, that the

work by Yamatsu falls among the path of earlier explorations [69-71].
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The final enabling tool for our work is based on algorithmic efficiency and here the
work by Feger and Kephart [72| played an important role. These authors developed
and presented a Mathematica application - Lie Algebras and Representation Theory
(LieART) which carries out computations typically occurring in the context of Lie al-
gebras and representation theory. There is another powerful Mathematica application -
Susyno [73] developed by Renato Fonseca. They both provide a robust algorithm that

enables the study of weight systems.

For the first time in the physics literature, the Lorentz representations of all 2,147,483,648
bosonic degrees of freedom and 2,147,483,648 fermionic degrees of freedom in an uncon-
strained eleven-dimensional scalar superfield were presented in [58]. Comparisons of the
conceptual bases for this advance in terms of component field, superfield, and adinkra
arguments, respectively, were also made. These highlight the computational efficiency
of the adynkra-based approach over the others. It is noted at level sixteen in the 11D,
N = 1 scalar superfield, the {65} representation of SO(1,10), the conformal graviton,
is present. Thus, adinkra-based arguments suggest the surprising possibility that the
11D, N = 1 scalar superfield alone might describe a Poincaré supergravity prepotential
or semi-prepotential in analogy to one of the off-shell versions of 4D, N’ = 1 superfield

supergravity.

1.4 SUSY Holography

The SUSY Holography conjecture was first proposed in [74] as

SUSY Holography Conjecture: reduce higher-dimensional supersymmetric models
to one dimension, and one-dimensional models encode the structure of their higher-

dimensional counterparts.

In this program, the key object to study is the one-dimensional models. In what
follows, we will see that the graphical representations of 1D, N-extended supersymmetry
algebra, called “adinkras”, is turned out to be powerful and useful in this research regime.
The ultimate goal for this program is to find out what mathematical structures in the
one-dimensional objects secretly encode the higher dimensional information. Namely,

the real hologram is the goal, so that one-dimensional statements can be promoted to
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higher-dimensional statements. As we know, higher-dimensional systems, in particular
ten-dimensional and eleven-dimensional models which are of interest, are usually very
complicated and difficult to study. If we can construct their one-dimensional holograms,

the computational cost will be dramatically deduced.

Graphs have demonstrated an unexpected power to “clear out the mathematical un-
derbrush” encountered by theoretical physicists. Feynman Diagrams are a spectacular
example of this. While it is difficult to recall, there was a time when Feynman Dia-
grams were not held in high regard. This all changed rapidly when a sufficient number of
physicists employed their power to efficiently calculate quantum corrections to physical

processes.

While we make no similar claims about the breadth of possible impacts from the de-
velopments which began with the recognition of the existence of the GR(d, N) (“Garden
Algebras”) [75,76]) as a foundation of supersymmetric representation theory and their
evolution into the introduction of adinkras [77], we do hold that adinkras provide simi-
larly important tools within the domain of the representation theory of supersymmetrical
theories. One hint about this involves the pathways [78-80] that adinkras have opened

from supersymmetrical theories, including field theories, to error-correction codes.

There is a substantial and rapidly growing literature on the relation of quantum
error-correction codes [81] to the very structure of space-time (e. g. [82]) itself. Over and
above this particular focus, there is the related similar discussion underway regarding
quantum entanglement and space-time. Literally, it is bona fide to ask, “Is space-time
a quantum error-correction code?” However, from the perspective of field theory, the
fields themselves are primary dynamical entities. This suggests the similar question, “Are
there relations between fields that describe physical reality and quantum error-correction

codes?”

To our knowledge, the works in [78-80] are the singular ones that hint at such a
linkage. To be clear, there have been no claims that these works provide for a role for
quantum error-correction codes. The implication of the works in [78-80] is all irreducible
supersymmetric field theory representations in four dimensions involve classical error-

corrections codes. However, it is also true that the L-matrices and their inverses the
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R-matrices that arise from adinkras are generalizations of Pauli matrices. Looking at
many discussions of quantum error-correction codes, the Pauli matrices play an important

role.

In section 9.1, a conjecture is made that the weight space for 4D, N-extended su-
persymmetrical representations is embedded within the permutohedra associated with
permutation groups S;. Adinkras and Coxeter Groups associated with minimal repre-
sentations of 4D, A/ = 1 supersymmetry provide evidence supporting this conjecture. It
is shown that the appearance of the mathematics of 4D, N' = 1 minimal off-shell super-
symmetry representations is equivalent to solving a four-color problem on the truncated
octahedron. This observation suggests an entirely new way to approach the off-shell

SUSY auxiliary field problem based on IT algorithms probing the properties of Sy.

In the study of SUSY holography, there is a puzzle that considering the projection
from 4D, NV =1 SUSY to 1D, N = 4 SUSY, a dissection of S is required to be consistent
with SUSY. We would like to find out how this can be uncovered without the use of
supersymmetry-based arguments, relying solely on properties of S4. This would lead to
a better understanding of which mathematical structures inside adinkras secretly contain
information from higher dimensions, which provides a possibility to obtain insights for
higher-dimensional theories from 1D statements. In the work of [83], we found that this
dissection can be seen from the symmetries of the permutohedron and the use of weak

Bruhat ordering.

Among the most primitive of adinkras are those which have the structure of nodes
only occurring at two distinct height. These are called “valise adinkras” with all bosonic
nodes at the same value of height and all fermion nodes at the same (but different
from the bosonic one) height. The fact that the nodes representing functions can be
differentiated or integrated is reflected in a change of nodal height in adinkras [84].
Various prescriptions have been presented for ways to map the graphical representations
into numerical data. While some of these involve the use of eigenvalues for this purpose,
we recently used a modified formulation [85] (called Height Yielding Matrix Numbers -
HYMNS) also using eigenvalues. The “HYMNSs” approach encodes the heights of various

)

nodes into diagonal matrices. This approach called, “dressing,” was introduced in work
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by Toppan et. al. [86-90]. In section 9.2, we present the definition and applications of
the HYMNS.

Works by mathematicians [91,92| have connected adinkras to algebraic geometry and
in particular Riemann surfaces. The concept of discrete Morse functions for oriented
triangular meshes on Riemann surfaces was introduced into the mathematical literature
some time ago [37]. Thus, nodal heights in adinkras are associated with values of these
Morse functions. The latter are piecewise-linear over the meshes constructed by linear
extension across edges and faces of the plaquettes associated with the meshes. The
bottom line is the height assignment of any node in an adinkra corresponds to the integer
value of the Morse function and the height assignment can be “Banchoff index” of the
node. The fact that the adinkra contains many nodes leads to matrices of these indices
that we call “Banchoff Matrices.” The Height Yielding Matrix Numbers - HYMNs - are

the eigenvalues of these matrices.

HYMNSs provide an intrinsic definition of the shape of an adinkra. In a vaguely
reminiscent way of how the Riemann curvature tensor provides a definition of intrinsic
curvature for hyper-surfaces, HYMNs provide an intrinsic way to define the shape of any

adinkra.
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Chapter 2

Linearized Nordstrom Supergravity in

Eleven- and Ten-dimensional Superspaces

This chapter is based on [36].

As the full off-shell theories of supergravity in the important dimensions of eleven
and ten are currently unknown, in this chapter, we introduce a superfield formalism
as a foundation and experimental laboratory to explore the possibility that the scalar
versions of the higher dimensional supergravitation theory can be constructed. We also
present aspects of the component description of linearized Nordstrom Supergravity in
eleven and ten dimensions. The presentation includes low order component fields in the
supermultiplet, the supersymmetry variations of the scalar graviton and gravitino trace,
their supercovariantized field strengths, and the supersymmetry commutator algebra of

these theories.
We organize this chapter in the manner described below.

Section 2.1 provides a self-consistent introduction to the field-theory and gauge-theory
based formulation of gravitation described solely by a metric in D dimensions. We use a
frame field /spin-connection formulation from the beginning point of our discussion. This
eases the transition to the case of superspace as for these latter theories it is an impos-
sibility [93] to introduce a metric/Christoffel-Riemannian formulation in the context of

a superspace geometry appropriate to supersymmetry. The restriction of the full frame
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field to retain only the degree of freedom associated with its determinant is presented

along with:
(a.) the well-known vanishing of the Weyl tensor, and
(b.) the residual form of the Einstein-Hilbert action under this restriction.

Section 2.2 is a transitional one where we review 4D, N/ = 1 supergravity as a
paradigm setting arena. We show how the structure of this superspace in this well-
studied theory suggests pathways that can be pursued for how to carry out constructions
of scalar supergravitation in all higher-dimensions including ten- and eleven-dimensional

theories.

In section 2.3 through 2.6, we deploy the lessons found in the 2.1 to work in making
respective proposals for linearized theories of scalar supergravitation in the 11D, N" = 1,

10D, N’ = 2A, 10D, N/ = 2B, and 10D, NV = 1 superspaces.

Section 2.7 is devoted to presentations of all the component level results implied by
the previous four sections. Each respective higher-dimensional theory is treated as a

subsection of this section.

Section 2.8 is a short section in comparison to the two that precede it. In 4D, N
= 1 supergravity [94, 95|, the concept of the “conformal compensator” was introduced
some time ago. The first of these references is distinguished from the second in that
the compensator is described by a chiral superfield, while in the second the alternative
case where the compensator that is a complex linear superfield was introduced. It is the
latter case which is relevant to our exploration. However, we will demonstrate evidence
that chiral superfields exist for the 10D, N' = 2B superspace. This is unique among
superspaces of eleven and ten dimensions. However, we also present evidence that though
such chiral superfields appear to consistently exist, the linearized Nordstréom superspace

is such that a chiral superfield of this type cannot be used as a compensator.

2.1 Gauge Theory Perspective On Ordinary Gravity

The traditional geometrical approach to describing gravity can be regarded as having

driven an apparent wedge between general relativity and theory of elementary particles.
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Instead, a gauge theory and field theory based point of view provides a logical foundation

for gravity which permits an alternative to geometry.

For gravitational theories in D dimensions, the gauge group can be taken as the
Poincaré group, and the Lie algebra generators are momentum P, = —i0,, and spin
angular momentum generator M,,. These are taken to satisfy the following commutation

relations,

[P, Pn]l =0, [Map,Pn]l =0, [Ma,0:] = 1aOp — Na0a , (2.1.1)

[ Map, Meg ] = NeaMpa — 1ebMad — MdaMoe + NaoMae (2.1.2)

and it might appear that the definition P, = —i0,, together with the second and third

equations among (2.1) are in contradiction. The resolution to this conundrum is to note
Os = 0™ 0m (2.1.3)

and the factor of §,™ actually corresponds to the vacuum value of the inverse frame field
eq™ whose first index transforms under the action of My, and whose second index is
inert under the action of the spin angular momentum generator. To distinguish between
these two types of quantities, we use the “early” latin letters, a, b, etc. to denote indices
that transform under the action of Mg,. Similarly, we use the “late” latin letters, m, n,

etc. to denote indices that do not transform under the action of M.

The covariant derivative with respect to this gauge group is
Vo = €%0m + swaMys | (2.1.4)

where e,™ is related to the metric through its inverse e,,% via gmn = €m*Napen’. The

commutator of V, generates field strengths torsions Tpp. and curvatures Rgped

[Va, V] = TuVe + 2RuEME (2.1.5)
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Scalar gravitation can be defined by restricting the form of the inverse frame field to
e = Yo" (2.1.6)

where v is a finite scalar field. By definition, this defines a class of geometries that is
conformally flat in the context of strictly Riemannian spaces. To see this we begin by

setting Ty = 0, which implies
Ve = ¥[0a — (O Inp)ML2] . (2.1.7)

and allows the full Riemann curvature tensor to be solely expressed in terms of the v

field as
Ry = —0(0,050)8,7 + (0%0)(@e)0, S0, (2.1.8)

similarly for the Ricci curvature we find
RE = Ry = —(D—2)1(9,0) — (D)o, + (D —1)(9%)(0er)d,¢ . (2.1.9)
and finally for the curvature scalar by R = §.*R.’,

R = —2(D—1)y(y) + D(D —1)(0%)(8.1) . (2.1.10)

The Weyl tensor Cy¢¢ is defined by the equation

C@gd _ Raggd _ {L}R[g[g(gb]d] +

1 ce d
a D3 60, R, (2.1.11)

(D—-2)(D—1)] a8

and when the results in (2.1.8) - (2.1.10) are used, this is found to vanish.
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We define e = det(e,™) = ¥ and the Einstein-Hilbert action takes the form

Ser = = [ aPs e 'R(Y) = % /dDa; P [ =2(D = 1)yp(0w) + D(D — 1)(8%) (9e1))]

K2
= = [dx [-2(D-1) ¢ (O0) + DD - 1)~ (0%¢)(0c¥)]
= - D-1) /dDSU {(D=2) [0 P (0%)(0e0)] + 20°[4' 7P (8e0)] }
(2.1.12)
As the full off-shell description of 10D and 11D supergravities are yet unknown,
we work with a toy model - scalar supergravity in the higher dimensions, which we
expect gives part of the complete solutions. In the subsequent sections, we replace

by 1+ W, where ¥ is an infinitesimal superfield, and study the corresponding linearized

supergravity.

2.2 Nordstrém Supergravity in 4D, N/ = 1 Supergeometry

As a preparatory step for our eventual goals, it is important that we re-visit four-
dimensional N' = 1 linearized supergravity as there are important lessons to be gained
from asking questions solely in this domain prior to making the leap to eleven and ten
dimensions. The formulation of linearized 4D, N' = 1 supergravity in term of the usual
supergravity pre-potential H% was identified long ago [96]. It is perhaps of importance
to note that supergravity pre-potentials bare some resemblance to other better-known
concepts important for the mathematical description of theories describing ordinary grav-

itation.

One of the most computationally enabling formulations of the dynamics of ordinary
gravitation is based on the Arnowitt-Deser-Meisner (ADM) formulation [97] wherein the

quadratic form involving the metric is expressed in the form

d™ gmp da® = (—N2 + Nidil'Ni) dt®dt + N; (dt ®da* + dal®@dt)

+ Gl‘l‘dxidxl ,
(2.2.1)
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in terms of the “lapse” function NV, “shift” vector N;, and induced 3-metric G;;. For the

equation above to be valid, we can write dx™ = (cdt, dot, da2, dx§) and
Z[-N? + NgUN;] INg INy, I
e N1 G11 G12 G13
9mn = . (2.2.2)
N2 G21 G22 G23
i e N3 G31 G32 G33 |

The introduction of frame fields can be accomplished by observing that the quadratic

form in (2.2.1) may also be written as
dz™ gpyp dz™ = dz™ e * Nap eﬂgdfvﬁ , (2.2.3)

by “factorizing” the metric into the product of two frame fields e,%(z) and e,’(z) multi-
plied by the constant Minkowski metric, 1,, of flat spacetime. Thus, there exist relations

between the ADM variables and the frame fields [98,99].

The point of the above discussion is to note that the inverse frame fields e, may be

regarded as functions of the ADM variables, i. e.
e™ = e™(N, Ny, Gij) (2.2.4)

and that for numerical relativity calculations, the latter are far more useful than the
frame fields e,,%, or even the metric g, itself. As we will see later, it is the form of 4D,
N = 1 supergravity often called the “Breitenlohner auxiliary field set” that is relevant
to our work. For this formulation, it was first shown in the work of [95] the super-frame
superfields E4™ are expressed in terms of a more fundamental set of superfields, i.e.
the prepotentials H™ and ¥ (with the “conformal compensator” explicitly dependent
upon a complex linear superfield). In an “echo” of the utility of the ADM variables, the

prepotentials are far more useful when component calculations, or quantum calculations
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are undertaken, with the latter able to utilize the technology of super Feynman graphs.

As in the discussion of section 7.5 in [100], we write (with X being the superfield

linearization of W)

—_

Eo = Do+ XDy +i- (Do HYD,

[\

N (2.2.5)

1_ o 1 . ) 1
Ey = 0a+i|5D "Dl = (D;X)0.7| D, +i] = 5D'D (3 Ha¥) — (DaX)3;7| Dy

[ L(Da, DIEY + (X + X050,

(2.2.6)
for the linearized superframe superfields. Similar to the ADM formulation of ordinary
gravity, the superframe is expressed in terms of two independent superfields, H%, and X.
The remaining structures needed to specify the supergravity supercovariant derivatives

are the spin-connections which here take the forms

By = — CogDpX
1
s, = 30 Dgap)
ofy 2 . ;ﬂ‘ (2.2.7)
(I)o'zﬁ'y = = §D D(ﬁH’y)o’z )

A =2 , = -
Capy = i15DaD DGH, ), +iC0o (5 DDy X

The superfield X introduced above is a general scalar superfield. This implies that
the linearized formulation described above is reducible. There are two widely familiar
choices that lead to irreducibility. One choice is implemented by picking X to depend on
H%, and a chiral superfield ¢ (i. e. ﬁdqﬁ = 0). This is the path that leads to the minimal

off-shell formulation of 4D, A/ = 1 supergravity. For this choice, the commutator algebra
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of the superspace supergravity covariant derivatives takes the forms
[Va,Vs} = —2RMap Va, Vit = iVe
[Va, Vi) = —icaﬁ[ﬁﬁé - @V | = (VR Mas
: W. M — (VG M,
+zca5[WM M = (VG M; ] :
[Va, Vo) = { [cdbwaﬁv + 30V, = 30, (VaR)S,) ]vV (2.2.8)

i1 g
— | C45(VaWisy + 3CsaCay, (V'R + 2RR) )

1 Vi 6
~ $Cas (Ve VsGyp) [ M7} + hee

The other widely known choice “the Breitenlohner auxiliary field set” is implemented

by picking X to depend on H%, and a complex linear superfield ¥ (i. e. D?Y = 0). This

is the path that leads to the non-minimal off-shell formulation of 4D, N' = 1 supergrav-

ity. For this choice, the commutator algebra of the superspace supergravity covariant

derivatives takes the forms

1 _
Vo, Vg} = §T(av6) — 2RMys

[Va, Vﬁ} —ZVQB s
Vo Vi) = 5TV — iCas[R + L(VT)]9.
“T R 27 ap “ 4 V1B

+ i[CaBGVB — % W (V7 + 3TNT.) +
= i| Cas (VG M, + ((Vy=T3)R) Mas |

+ iCaﬁ[Wméﬂg +
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The final commutator [V, , V;} is found from equation (2.2.9) to be explicitly

1 1 — . 1 : 3
Vo, Vit = {i5 (VoT,)Va — i5 (¥ —iC [ Get 4+ S (V3T 1) |V,

A
<

+ 1 [(*d*.Tﬂ) — -T. (ﬁdTg)] Va

~ (VaV7 4+ 31Ty ) + 5 (V3 + 5T)T,) 17 |V
o 1 — = =
+ [ = (VaViR) + S(VoR) T, + R(Vd—kde)TB]Mag
20, E[R + *(VWT;Y)}Mag
Lo 1 i
- SO | R + Tﬁ(vvm + T (VT | M
1 —5 — _
b2 2R T+ 2R(VLT) 4 (VT (T 4 4T T )
+ %(?673)(VQT7)} Mg
— Cas | (ViVG;) - %TB(WGM)}Mf
1
+ O, [(VaW,B&V) - §T5Wa5”}/\/ly5}
+ h. ¢

(2.2.10)

Under either choice, one can use the definitions of the superframe superfields in (2.2.5)
- (2.2.7) together with the set of equations of either (2.2.8) or (2.2.9) and (2.2.10) to find
the dependence of W,3,, G4, and R (for the minimal theory) on H%, and ¢, or the
dependence of Wyg,, Ga, R, and T, on H%, and ¥ (for the non-minimal theory). These
are the standard and well discussed theories of off-shell 4D, A/ = 1 supergravity, i. e. the
consistency of the Bianchi identities associated with (2.2.8) or (2.2.9) and (2.2.10) for
the algebra of the superspace supergravity covariant derivatives do not require on-shell

conditions to be imposed on the component fields contained within the superfields.
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The process of imposing the Einstein Field Equations in the non-supersymmetrical

case in the absence of matter amounts to the condition
Rup — R = 0 (2.2.11)

excluding the cosmological constant’. The equivalence in the case of superspace su-
pergravity is accomplished by setting G,, and R (for the minimal theory) to zero or
by setting G,, and T, (for the non-minimal theory) to zero. The condition Ty = 0
also forces R = 0 in the non-minimal theory. Under these conditions, the algebra of

superspace supergravity covariant derivatives takes the universal form

Va, V=0 Va, Vit = iVe

Vo, Vi) = i Cagl W SM.T ] (2.2.12)

By~ 8

[Vg, Vb} = CdB Wgavv,\/—i- Co'cB (VQW[;,Y(S) M7 + h. c.

At this point, we can take a largely unexplored path as it is possible to consider the
limit of these equations wherein H¢ = (. This is the route to the 4D, A/ = 1 superspace
version of scalar supergravitation theory a la Nordstrém in the eleven and ten dimensions

that are the targets of our study.

The curious reader may wonder from where does the condition H% = (0 arise? On

page 335 of [100] there appears the following text.

Nonsupersymmetric deSitter covariant derivatives can be obtained from grav-
itational covariant derivatives by eliminating all field components except the
(density) compensating field (i.e., the determinant of the metric or vierbein).
This follows from the fact that in deSitter space the Weyl tensor vanishes,
which says that there is no conformal (spin 2) part to the metric: It is con-

formally flat.

I The reason the cosmological constant can be ignored in our considerations is because unlike in
four dimensions, there exists no evidence currently available in the literature that it is possible
to construct spaces of constant curvature in ten or eleven dimensions with their respective
superspaces.
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From the discussion given in section 2.1, we saw that Nordstrom geometries in all
dimensions are necessarily such as to describe Weyl tensors that vanish and are hence

conformally flat.

Also in the work of [100] it is explained that the conformal part of the metric arises
solely from H%. Since the Nordstréom limit is a conformally flat bosonic space, it must
corresponds to setting H% = 0. Thus, to our knowledge, the passage above from “Super-
space” marked the first indication of this. Of course, other authors such as in the work

of [101] later reaffirmed this point about the structure of superspace of supergravity.

In the limit of our interest, we find

Eo =Dyo+XD, , E, = D,+ XD, ,
By = 00— i[(D;X)0.7| Dy — [ (DaX)3, 7| Dy + [(X + X)dt] 0y
(2.2.13)
Capy = — CopDyX ag;y =0, %, =0,

Pusy = iCo(s DDy X

In response to this restriction, the forms of the algebras in (2.2.8) or (2.2.9) and
(2.2.10) also change. In particular, the superfield W,g, (and consequently Wogys) is
identically zero. The latter condition is consistent with the component level description
of scalar gravitation in the previous section as the Weyl tensor of (2.1.10) is the leading
component field that occurs in W,g+s and occurs at first order in the #-expansion of

Wagy- The third result in (2.2.13) also contains two useful bits of information:

(a.) The final term of the equation informs us that the leading term in the f-expansion

of X + X corresponds to the linearization of 1) seen in equation (2.1.6).

(b.) The second term of the equation informs us that the leading term in the #-expansion

of (D;X)da" corresponds to the spin-1/2 remnant of the gravitino!

Another point to discuss is the dependence of the field strength superfields G,, and
R (for the minimal theory) and G4, R, and T, (for the non-minimal theory) on the
superfield X. Direct calculation shows that the reality of G, in both cases implies that

it only depends on the difference i(X — X). The superfield T, is found to depend on
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the first spinor derivative (i. e. Do) of X. Finally, the superfield R is found to depend

on the second spinorial derivative of an expression linear in X and X.

We have argued previously [56], the minimal supergravity theory does not extend
from four dimensions to eleven dimensions since there is no concept of chirality in the
higher dimensions. This implies that only the features seen in the non-minimal theory
should be expected to occur in the subsequent sections of this work. As we shall see, this
is indeed the case. The commutator algebra for the superspace supergravity covariant
derivatives responds to the condition H% = 0, by the elimination of all terms proportional
to Wagy and Wogss. Thus, we find 4D, N' = 1 Nordstrém supergravity that descends
from ten or eleven dimensions and only contains the generators associated with 4D, A/

= 1 simple supegravity is described by

1 _
Va Vﬁ} = ET(CXVB) — 2RMyp

[Va, VB} :lvab N

1 1 _
= — . = 1 — v .
Voo Vib = 5TV, — iCas|R + 7(V'T})]V,
1 _
; Y., — = gl L.
+ | Cap @y — SCas((V7 + JTT,) +

(
— 0| Cap (VG )M, + (V=T R)Mas |

1 .
+iCop | ¢ (VP (V5 + 3T5)T5) M7 +
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1 _
Vo, Vi) = {z§ (V5T Ve — i5 (VaTo)V, 5 — iCy [Gﬁv + L&+ ) ]va&
17 — — 1
+ 5[(vavéTﬁ) - 5T, (VQTB)] Va
c V.R L. v'7 Lrr L v'w® T)T. v
= Oy | (VaB) + (VeV'Ty) + S RT. = 5 (V(V; = T3)Ta) | Vs
1 1 1 =
Yoy oot y = LT NT.
t Cas[(VaG7,) = 5T,G7, [V + 5Cas [ 5(VTT,
N2 1 = 1 — 1= =
— (Va(V" + 31Ty) + 5 (Vs + sTIT )T |V,
+ [ - (VB + (VBT + R(V&—i—zTa)Tb}MaB
— 1 =
+ 20&[31%[1% + 7(V T,-Y)]Maﬁ
Lo [royr, + Loy @'v.n Lryr, 7. ] Mo
~ 50 | RTT + ST(V'VT) + ;LT (V'T)) | Ma
1 - 1=
+ 20 [2(VaR) T, + 2R(VLT) + (V¥ (V; + 3T5)T,)
1 =t -
+ 3(V'T) (Vo) | My
_ 1— s
—_— . ’Y . et —_ . ’Y 3
Cas [ (V;V7G,;) 5T, (V7Gys) Jm.
+ h. c.
(2.2.14)

To our knowledge, the results in (2.2.14) mark the first time that a superspace description
using non-minimal supergravity (one irreducible version of the Breitenlohner formulation)
of 4D, N' = 1 Nordstrém supergravity has appeared in the literature. As we consider
higher-dimensional theories, we set the cosmological constant to zero and the original

non-minimal theory is sufficient for our purposes.

To summarize, the limit of off-shell 4D, A/ = 1 superfield supergravity where we only
retain the conformal compensator provides a superspace extension of the Nordstréom
supergravitation theory. We will make a working assumption that such an approach is
universally applicable to all superspaces. In particular, in the subsequent sections, we
will apply this assumption to superspaces whose bosonic subspaces possess either eleven

or ten dimensions.

2.3 Linearized Nordstréom Supergravity in 11D, N = 1 Supergeometry

We begin our discussion by reviewing the work of [8,9] where it was shown that the

entire structure of the torsions, curvatures, and 4-form field strengths could be written
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in terms of a single superfield denoted by Wypeq. Using the conventions of [56], we can

write

Tog® =i(¥)ap + Foped = 5(Ved)ap + Fares =0

Fopys =Fopya = 0 Fedey = Wedey
Tog” =0 , Tt =0, (2.3.1)

1
Top” :Zm(%@i + 85997@i)a7W@i )

Roped = %(’Ygf)aﬁW@i + %(M@ﬁ)aﬁ%@ﬁ
In addition to the torsion and curvature supertensors, the formulation above includes the
4-form supertensor, F 4pcp. It should be noted that these equations in (2.3.1) are the
eleven-dimensional analog of the equations in (2.2.12). In other words, the supergeometry

in (2.3.1) is an “on-shell” supergeometry. We must find a supergeometry consistent with

the Norstrom theory as the analog of (2.2.14).

We now wish to construct the linearized torsion and curvature supertensors with
the property that when all fermions are set to zero, the theory smoothly maps to the

linearization of the non-supersymmetrical theory described in section 2.1.

For this purpose, we introduce eleven-dimensional supergravity covariant derivatives

linear in the infinitesimal conformal compensator ¥ given by

1
Va = Do+ ;¥Da + lo(Ds¥)(v28) P Mge (2.3.2)
Vo =04+ V0, +il1(70)* (Da¥)Dg + l2(0 V)M E

+il3(1,%)* (DaDa W) Mge (2.3.3)

where the “bare” superderivative operators D, satisfy

{Dqa,Dg} =i(v*)apla (2.3.4)
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and the torsion tensors and Riemann curvature tensors can be obtained via
1
Vas Vﬁ} =TapVe+ Tap'Vy + iRaﬁdgMgd )
1
Vo Vo} = Tap™Ve + Top' Vo + 5 Rapa®Me? (2.3.5)
1
(Va, Vol = TSV + Tup' Vo) + 51~2Lbf/\/tg
The commutation relations of the operators with the 11D Lorentz generators satisfy
[(Map, Do} = (7 baDp (2.3.6)
[M@7 [Mga Da}} + [Mg7 [DOM M@}} + [D [ ab> cd}} (237)
in addition to the relations seen in (2.1.1) and (2.1.2).
By imposing the constraints
T, =0, T,°=i(as (2.3.8)
we obtain the following parameterization results
1 1
lO - E 5 ll - Z 5 12 = —1 B l3 - O . (239)

In turn, these lead to a set of results that express the torsion and curvature tensors solely

in terms of ¥ and its derivatives. We give these in the following.

For the components of the torsion, we find the results seen in (2.3.10) - (2.3.15).

T.5 =i(1ap (2.3.10)
3
T,s = @(7[2])a5(7[2])75(D5\11) ; (2.3.11)
e 3. 9
T = 70 (Da®) + 55 (w9 (Dp0) (2.3.12)
o1 de 1 2 de 1 3]\de 1 3 de
Tagv = Z@ [ - (7@)070 + 5(7[ ]) 7(’Yb[z]) - 5(’7@[3])07(7[ ]) + 5(7[ })07(7@[3])
1 ) 3
= 1) (v H1)2€] (DsDew) + 5 o (Op) + 2 (1" )a (0c¥)

(2.3.13)

T, =0 , (2.3.14)
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1
T, = —i700a)(0yDs¥) . (2.3.15)
For the components of the curvature, we find the results seen in (2.3.16) - (2.3.18).
e 1 1
Raﬁi ~ 80 (7@)04,8076 + (7[1])&5(’7[1]@)’Y5 - 5(7[2]%6(7[2]@)75
1
- 5(7@[3])@(’7[3})76
1
+ g Oas () | (D3 D) (2.3.16)
e 1, 4
Ragi = - (3[4Da‘11)5g] + 5(7¢)a5(6gD5W) , (2.3.17)
Ry, * = — (9,01 )55] : (2.3.18)

In reaching (2.3.10) - (2.3.18), we used the Fierz identities listed in Appendix A.3.

It is the last equation that ensures that we have reached our goal. Namely, the choice
of constraints in (2.3.9) has led to a linearized super Riemann curvature tensor expressed
solely in terms of an infinitesimal superfield ¥ that has the exact form of the first term
in the non-supersymmetrical Riemann curvature tensor given in (2.1.8). Recall that
the supersymmetrical theory here is linearized, so to make a proper comparison to the
bosonic theory, that should also be linearized. When this is done, there is a matching of

the terms.

We should note the work in [56] also constructs a fully non-linear 11D supergeometry
in terms of a finite scalar compensator. However, its linearization is different from the
one obtained here. In the next three sections, we will obtain new and never before
presented results of this nature for the 10D, AV = 2A, 10D, N’ = 2B, and 10D, N = 1
supergeometries that possess the purely bosonic linearized results as in the linearization
of (2.1.8). The Fierz identities used for simplifying the torsions and curvatures in ten

dimensions are listed in Appendix A.2.

2.4 Linearized Nordstrom Supergravity in 10D, N/ = 1 Supergeometry

We begin this discussion by pointing out the on-shell description of 10D, N = 1

superspace supergravity. A set of torsion and curvature supertensors can be written in



Chapter 2. Linearized Nordstrém Supergravity in Eleven- and Ten-dimensional

32
Superspaces
the form
Tagg = i(o‘g)aﬁ , Tabg =0 ,
Tos? == 3/ [6a789" + (Dasloa) ] xe |
Tay? = —31(0p %) |:€q> Hege — i 5 (X Ocde X) ]
_ﬁ(a&‘le%)oﬂ [GQH@—Z'%(XU%X)} , (2.4.1)
_ i1 c —o -5
Rogde = —ZZ(U )ag |:36 H@—lE(XU@X)}

— i 57 (0™ de)ap [e_éﬂLm*i%(XU@X)} ,

Rogge = =13 (0e)ay Tae” = (0a)ary Tec” = (06)er Toa|
as was noted in the work of [102,103]. In these expressions Hgp, refers to the supercovari-
antized field strength of a two-form Bgy. The results in (2.4.1) are the 10D, /' = 1 analogs
of the results in (2.2.12) for the 4D, N' = 1 superspace geometry. That is the component
fields embedded in this supergeometry must obey a set of mass-shell conditions. To re-
lease these conditions, one must find the 10D, A/ = 1 analogs of the equations in (2.2.9)
and (2.2.10). However, as our goal once more is to find a supergeometry consistent with

the Norstrom theory, we seek the analogs of (2.2.14).

The covariant derivatives linear in the conformal compensator ¥ are given by

Vo = Da+109Dg + 11 (0®) P (Ds0) My (2.4.2)

= 0y + 1200, +il3(0,)*’ (Da¥)Dg + 14(0. V)M £

e
|

+il5(0,2)° (D, DsT) Mge (2.4.3)
and similar to the case of the eleven dimensional theory, here we have
{Dqa,Dg} = i(6%)0p0s - (2.4.4)
The commutation relations of Poincare generators in 10D

1
[Map, Do} = Q(a@)aﬂD@ , (2.4.5)
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is similar to the eleven dimensional case. Also the equation in (2.3.7) is valid in all ten
dimensional theories. There will be some slight modifications for the dotted and barred

spinor indices in type IIA and IIB supergravity, respectively.

By adoption of the constraints

T, =0 , T,°=i(0%p , (2.4.6)

we obtain the following parameterization results

1 1 2
log= = lh=— lh=1 I3 =—= Iy =—1 Ils=0 . 2.4.
0 2 ) 1 10 ) 2 ) 3 ) 4 ) 5 0 ( 7)

As the consequence of this choice of parameters, we find the torsion supertensors as

below.

T,5 =i(09ap . (2.4.8)
wi =0, (2.4.9)
b = g [5b65016+ (0,%)a | DsP) (2.4.10)
& =i |~ ) + 3lou)d ()| (DDsw)
—%5;(abqf)+%(a;);(39\y) , (2.4.11)
T, =0, (2.4.12)
T,” :ig(a[g)w((‘)ng\Il) . (2.4.13)

For the components of the curvatures, we find the results seen below.

e 6 .
Rs% = —i2(0M)as(070)
111
=1 |31 as(03)° + (09)as (0,57 | (D,DsT) (2.4.14)
R%@ — —(Daa[dq’)%g]+%(a@)a7(8gD7\I/) , (2.4.15)

R, % = — (9,040)5,7 . (2.4.16)
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It has long been suggested [104] that a superfield with the structure of Gy should
appear in the off-shell structure of 10D, N' = 1 supergeometry and that it was related by
a superdifferential operator to an underlying unconstrained prepotential Vg, analogous
to H™ that appears in 4D, N' = 1 supergravity. However, there are reasons to believe
[102,103] that Vp. must be related to an even more fundamental spinorial prepotential
¥, In the equations of (2.4.11) and (2.4.14) the superfield Gape = (Fape)??(D,Ds¥)

has precisely the structure suggested in the work by Howe, Nicolai, and Van Proeyen.

2.5 Linearized Nordstrém Supergravity in 10D, N/ = 2A Supergeometry

We repeat the discussions as seen in the previous two sections with a beginning of
the on-shell description of 10D, N' = 2A superspace supergravity. A set of torsion and

curvature supertensors can be written in the forms

-Q = .’Y = .’Y = . /:y p— ;y pu—
T =T, =T = Tyl = Tyl =0,
Tt = T.,¢ = Tw = 0
Topt = i(0%ap , T..° = i(o°

Taﬁ’y = [6(0[’755)5 + (Ug)aﬁ(o—g)’yé}XJ s

) . (2.5.1)
o= |g,.75. 9 a) (g )0y,
Tab’y = _é(U@)a’yH@ s CQ&CPYP‘YT:YQ(& = _é(ak)a’yG@ s
. 1
CyTas’ = 1(00)as|(0), Ky — F5(01), Dy
ad 1 @
CTy" = —15(ov) 6[(0[2])5”({2] - 1_12(0[4})67]-)[4]}

as was noted in the work of [105]. In these expressions Hgp. refers to the supercovari-

antized field strengths of a two-form By, gauge field, and

Kq = e_<I>Fab - Xa(J@)ﬁaXﬁ )

(2.5.2)
Dy = 2¢""Fyy + Xalom)s™x”
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with F; and F (4] denoting supercovariantized field strengths for a gauge 1-form and a
gauge 3-form respectively. The results in (2.5.1) are the 10D, N’ = 2A analogs of the
results in (2.2.12) for the 4D, N' = 1 superspace geometry. Those are the component
fields embedded in this supergeometry must obey a set of mass-shell conditions. To
release these conditions, one must find the 10D, A/ = 2A analogs of the equations in
(2.2.9) and (2.2.10). Again the goal must be to find a supergeometry consistent with the
Norstrom theory, we seek the analogs of (2.2.14). In analogy with the 3-form gauge field

sector of 11D, N' = 1 supergravity, the gauge fields components are:

F = Caéeq’ , Fop = Fz =0,
Feo = ie (Ug)aﬁxﬁ ) ng = 1C ;e (Uc)a'BXﬁ )
Gapy = Gups = Gary = Gy = 0,
Geap = 1(0c)ap s s = i(oc) 5 (2.5.3)
Fopra= Fopea F&@ =0,
Fopea= ¢ etda"Cy
Fopea = —ie®(0bea)apX” Fipea = 1Coqe” (00ea)™ x5

® denotes a dilaton superfield, and y, is its partner dilatino. All of the equations in
(2.5.1) - (2.5.3) describe the on-shell 10D, N' = 2A theory, i.e. these are the analogs of

(2.2.12).

The covariant derivatives linear in the conformal compensator ¥ are given by

1
Va = Do+ 5¥Da + lo(02) 2 (Ds¥) My (2.5.4)

2 .
Vi =Dyt 5 ¥D; + lo(*) /(D 3 V)M (2.5.5)
Va = 0y + 10, +ila(04)” (Ds0)D, + il (o) (DL 0)D; + 14(90)M,¢

+ il (0,24 (D, D) Mg + il (0,24) (D; D, 1) My (2.5.6)
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where the Type ITA supersymmetry algebra

{Da.Dg} = i(0%asda » {DgDy} = il0%),.0 . {DaDy} = 0 (257)

is satisfied by the bare derivative operators.

By adopting the constraints

Tbeg =0 ’ Taﬂg = i(ag)aﬁ ’ Tng = Z.(O'Q)éé[-_{ ) (258)
we obtain the following paramaterization values
l—1 h=1 l—l—1 Iy =-1 Is=1=0 (2.5.9)
0_10’ 1= s 2 — 3 — 53 4 = , by = 1lg = . .0,

As the consequence of this choice of parameters, we find the torsion supertensors

given below.

Tf =i(0%as (2.5.10)
1
= L0%asloa) (D50 2511
. 1 o
Taﬁ’y = _g(ai)aﬁ(ag)’st(Dé\p) ) (2512)
T =il (2.5.13)
1
Y Z(59) . vé
T (09,30 (DsY) (2.5.14)
. 1 .
Y — Z(5%) . Y (D.
77 = 200,00 (D) (2.5.15)
T ; =0 , (2.5.16)
1 1 ;
Y _ s YD,  (yab) v S(D. .0.
T =g [0+ e e S0y (25.17)
. 1 . 1 .
A I e  (yab) Y 4
T =g 5D+ ) e S0 (25.18)
C 4 C 2 C
T = £0,/(Da¥) + 2 (0,95 (Ds¥) (2.5.19)
1] 1 1 5
T, =ig [—2(0[ Nl (002)” + 55 (o) () ] (DD )
~ 2500) + 5 (7,2 (2:0) (2.5.20)
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. 1 .
Ty = ~igg|(@)dC% = (09 (o) = 50 (o) + 5 (ouz)d ()
1 .
+ (o) (01| (DD ) (2.5.21)
C 4 C 2 C 5
TS =0 (D,9) + =(0,9) (D;¥) (2.5.22)
1 5 c sp 1 sp 1 5
T, = *Z%{(Ub) O+ (09) ] (one)™ = 55 (o) (o) = 5 (o) ) ()%
1 4\o
+ 5 (own) ()7 | (DD w0 (2.5.23)
1 1 55 1 :
Ta; = l@ [—2(0[2})5(%[2])66 + 5(%[3});(0[3])& (DBD(;\II)
2z 2 :
=20, (W) + =(0,7),(2:¥) (2.5.24)
T, =0 , (2.5.25)
1
T, =iz(ow) " (@Ds¥) (2.5.26)
. 1 .
T, :15(0[2)75(@@&@) . (2.5.27)
For the components of the curvatures, we find the results seen below.
e 6 ) 11, 4 . .
Fog = 3 ust0M) o |G sto™ + (st )] D:D52)
(2.5.28)
R = ity 0wy - | Lot (o) 1 (02 (0,29 (D, D)
&b 5 Jap 40 | 3! ap Bl ap\’a o5
(2.5.29)
de _ 17 _ (pdeyys de ,75_1 (def2]\v6
R = ] 0"+ (0%) 5000 (o), (0%
1, 4 : 1 goai }
+ i(ffd*m)a[;(ffm)w + M€L[4}[4] (0[4])06/‘3(0[21])75} (DyD; W)
(2.5.30)
g 1
R,"™ = —(Daa[dqf)abi+5(a@);(abmf) : (2.5.31)
e 1 3
R, " = = (D00)5," + - (0%) ] (@0D;0) (2.5.32)
R, % = — (0,0"0)5,7 . (2.5.33)

2.6 Linearized Nordstrom Supergravity in 10D, N/ = 2B Supergeometry

Now for a final time we replicate the discussions as seen in the previous three sections

with a beginning of the on-shell description of 10D, NV = 2B superspace supergravity here.
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A set of torsion and curvature supertensors can be written in the form
TaBg = Z.(O-g)aﬁ ) Tocﬁg = T@BQ =0 5 Tab7 =0 5
¥ )
Taﬁ’y = T&B,Y = TaB’Y = [5(11755) + ozﬁ Ja }
Taﬁx’/ = T@57 = T@B’7 = |:5(0ﬂ55)5 + aﬁ Ja :| ,
(2.6.1)
_ 1 _ _ _ . _
Toy' = 5;(0)as(c™)” (72214 W) Gy — 720 (1 = W) Gy — o) (As — A
1 _
+ %(0[3})045(%)57(6‘[3] +Gpp)
1 _ _
Tay = ﬂ(%)aa(ff[?’})&’ [G_Qq)(l +W)Gpg — e (1 = W)Glg) + i(o73) N (AeAy — AEAA)}
1 _
+ %(0[3})@(%)57(@[3] +Gpp)
_ 1 _ _
T = ~Ta’ = {(as(oD [ HTAW =) i (00) AR
1 1 — 5 -
4 [ L/ [4her 9 20 [4]
+ iz (o) [ SO PR = ST ]

(2.6.2)
1 b ea o o
Roged = @ﬁ(@m)aﬁ{e 214+ W)Gpg — e (1= W) Gy — i(og) N [AcAx — AA,]

1 _
- Z(G[?’] + G[S])}

1, ) _ o -
—zi(of)aﬂ{e 221 4 W) Coge — € 22(1 = W)Glege — i(0ege)* [Achr — Aciy]
1 _
+ 3 (Gt + Ceae) |

(2.6.3)
1 _ _ L -
Riged = @E((@Fﬂ)aﬂ{e (14 W)Gpg) — e 2P (1 = W)Gpg) + i(o3) M [AcAx — AA,]

1 _
- Z(GP’] + G[s])}

1 _ _
— ii(aé)aﬁ{e—”’(l +W)Gege — € 2P(1 = W)Grae + i(0ete) M [AcAy — AAy]

+ (G@—i—é%e)} .

>~ =

(2.6.4)
as was noted in the portion of the work in [105] devoted to type IIB supergravity. We will
end our discussion here. As the astute reader can note the expressions are of increasing
complication. But the central message of the expressions in (2.6.1) - (2.6.4) is that the
on-shell description of the 10D, N = 2B theory exists in perfect analogy with the on-shell

description of 4D, N' = 1 superspace given by the equations in (2.2.12).
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Now for the covariant derivative operators linear in the conformal compensator ¥

and necessary for a Nordstréom theory may be given by

1

Vo = Do+ 5¥Da +l(0) (Dp¥) Moy (2.6.5)
_ 1 _ _

Va = Do+ 5¥Da + lo(02) P (DsW) Mgy (2.6.6)

Vo = 0+ 1100, + 1299, +il3(04)*? (Da¥)Dp + ily(04)*? (Da¥)Dg
+il5(04)*? (Do ¥)Dyg + ilg(0,)** (Do W) Dy

+il7(0,2)*? (DaDg W) Mge + ils(0,2)*? (DaDp¥) Mae

+ lg(@Q\I/)MQQ -+ llo(agﬁ)/\/lf (267)
with the Type IIB supersymmetry algebra

{DomDﬁ} =0, {ﬁa’ﬁﬂ} =0, {Daaﬁﬂ} = i(ag)aﬂag . (2'6'8)

By adopting the constraints

T, =0, T.F=i(0%;s , (2.6.9)

lr =1ls =0 , lg =l =— . (2.6.10)

As the consequence of this choice of parameters, we find the torsion supertensors

given below.

T,; =0 , (2.6.11)
2 (6]

Taﬁw _ g(ff*)aﬁ(%)w(Dé‘I’) ’ (2.6.12)

T,, =0 , (2.6.13)
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T,Bg =0 , (2.6.14)
T3 =0, (2.6.15)
.2 _
T.5 =£(0%ap(0c)(Ds¥) (2.6.16)
Ta; =i(0%ap (2.6.17)
1 §
T.7 = _37[(‘7”)%(‘7[307 + 55 ) ap(ors)) }(D(;\I/)
1 5 1 o
+ @[— (0[3])a5(0[3])’7 + E(Ub])aﬁ(gw])v }(D(;\I/) : (2.6.18)
gl 1 3 ) 1 5
TaBW - _ 30 [(U[ })aﬁ(am)v + ﬂ(g[zw])aﬁ(om)v ] (Ds¥)
1 51 R
HT) [—(0[3])%(0[3])7 + 4—0(0[5])@(0[5])7 } (Ds¥) (2.6.19)
53 59 15 1 _
¢ _ cs Y cy v 'y ey vy
Tf = |t + (0| (0, + [ 2567 + 0,90 0,9)
(2.6.20)
31 L2 L 53 _
v = vy - Q ’y
1 1 5
_1512[ (o []) ?(onz)” — 3( bi3))a (0 [3])5 ](DﬂDa\P)
27 11 s 1 1 = —
~"2560 200 o)’ = 51(@b0m)’ ()” |sD5T) (2.6.21)
5 11 1 _
Tab’y = _Zm |:2(U[2])afy(0'b[2])ﬁ5 Y (O'b[g]) (o [3})56:| (DgDsW)
L2 1(0[2}) V(o)) — 1 (Ub )2 (o389 | (DD, W) (2.6.22)
"2560 o \7b[2] 31 \7b3] f; : 6.
1 — 53 59 —
¢ _ c\ v 99 ccey | 9T ey y
Tt = [1200 + 5000 D)+ [ 2567 + a0 O
(2.6.23)
T..7 = 1|1 2]y v B 1 (BN | (DD~
w = i |50 )al (b)) = 5y (0pg)a (07)7 | (DgDs¥)
27 1 g5 1 N
- 72560 [(0[2})5(017[2]) 51 (on)a ()7 ](DBD(g\IJ) , (2.6.24)
Ty = = 207 O00) + o O+ o (0,)(OT) + o (0,5),7(0:)
a 64 320 @ 64 320 ¢
1 1 5
—Zm[*( o) (042" = i =1 (oup3)d (0 13)5 ](DﬁDa‘I’)
et 5 1 S
— 5o |5 (0 (o)™ = i (0uis) (1) DsDs ) (2.6.25)
T, =0, (2.6.26)
T =il Oy Ds¥ 27 799y Ds®
w' = i35(00) " (@yDs¥) +i755(010) " (9 DsT) (2.6.27)
Ty =iz5(0@) (ab}Dé‘I’)JFZ@(U[g)7 (OyDs¥) . (2.6.28)
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For the components of the curvatures, we find the results seen below.
R,% = % [31 (0% (o) = (o )aﬁ(%de)ﬂ (D,DsT) (2.6.29)
Ros = [;wd[ Dap(os)” - <a>a5<aade>w] (D,Ds%) (2.6.30)
Ro5% = =i (0)as(@W + ) — i (0%0)os(04(¥ + )
- 0 |0, = S0t = (s (D, D5
= 5 |2l = P (6 ) = 20 s (0, D5)
(2.6.31)
R,% = - %(Daf)[d(\lf )59+ %(U@)J(QDM 7 (2.6.32)
Ryp™ = — 5 (0ud (¥ + 0)5 + 2 (0%) (0D, F) (2.6.33)
R, = - %(a[ga[d(\lf +0))0,0 (2.6.34)

2.7 Higher Dimensional Component Considerations

In the following four subsections, we will appropriately adapt these results to the
cases of eleven and ten-dimensional formulations appropriate for Nordstrom supergravity

in those contexts. There are four steps:

(a.) define the Nordstrom SG linearized superspace supercovariant derivatives in terms

of a scalar prepotential leading to component fields,

(b.) express the geometrical tensors of each respective superspace in terms of the com-

ponent fields presented in the previous part,

(c.) express the “composition rules” of the parameters of general coordinates, local

Lorentz, and local SUSY transformations, and

(d.) write the component level SUSY transformation laws that we undertake in each
of the four cases of 11D, N' =1, 10D, N' = 1, 10D, N' = 2A, and 10D, ' = 2B

theories.
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2.7.1 Adaptation To 11D, N' = 1 Component/Superspace Results: Step 1
In the case of the 11D N(ordstrom)-SG covariant derivatives we define
1 L ey B
Vo = Da+ 5¥Da+ 1-(1%)a’(Ds W) Mae (2.7.1)
1
Va =0a+P0s+i7(7a)"(Da¥)Dg — (0:¥)Ma* (2.7.2)
and “split” the spatial 11D N-SG covariant derivative into two parts
Val = Da+9a"V,| (2.7.3)

On taking the § — 0 limit the latter terms allows an identification with the gravitino and
the leading term in this limit yields a component-level linearized gravitationally covariant

derivative operator given by

Dg = €q + ¢QLML = a@ + \118@ + ¢QLML : (2'7‘4)

By comparison of the LHS to the RHS of (2.7.4), we see that a linearized frame field
e = (1 + ¥)J,™ emerges to describe a scalar graviton. Finally, comparison of the
coefficient of the Lorentz generator M, as it appears in the latter two forms of (2.7.4)
informs us the spin connection is given by
de 1 [d( €]

D~ = —5557(87 U . (2.7.5)
Comparing the result in (2.7.2) with the one in (2.7.3) a component gravitino is identified
via

Y = ii('yg)”‘s(Da\If) : (2.7.6)

However, as this expression contains an explicit y-matrix we see that it really defines the

non-conformal spm—% part of the gravitino to be

v = (V)pyha - (2.7.7)
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This is to be expected. As a Nordstrom type theory only contains a scalar graviton, it

follows only the “~-trace” of the gravitino can occur. So then we have

4

4
Ds¥ = i (1951 = e 2.7.

in the 6 — 0 limit.

In order to complete the specification of the geometrical superfields also requires
explicit definitions of the bosonic terms to second order in D-derivatives. So we define

bosonic fields:

K = C*(D,Ds¥) , Ky = (1)°(DDs¥) , Ky = (y4)"°(D,Ds¥) |

(2.7.9)
or in other words,
1 1 1 1
DDyt = 3—2{0ng — 510Ky + I(ay[‘”)m;KM]} . (2.7.10)

We emphasize that the component fields (the K’s) are defined by the § — 0 limit of these

equations. The results in (2.7.9) and (2.7.10) follow as results from a Fierz identity

o 1 o 1, 3 o 1, 4 o
Ofy 5515 = E{ch b 5(7[ })vé(W[s]) f+ I(’Y[ })75(7[4]) B} , (2.7.11)
valid for 11D spinors.

2.7.2 Adaptation To 11D, N' = 1 Component/Superspace Results: Step 2

Torsions:

T.; =i("%ap (2.7.12)
3 5

T, = ZE(VM)M(W]W vs (2.7.13)

C . 3 C 3 c

Ty = Zﬁ{5g*5f +5(75)ﬂ1/}5 ) (2.7.14)

1 1 b 1 g 1, 0
w =g [ — (W K + 5 () Kypay = 55 (g K+ 5507 7 Ky

1

1r., .
= 1 () K [4]] +3 {555; + 3(75)07] 0.9 (2.7.15)
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T, =0, (2.7.16)
1
T, = ﬁ(»y[g)w(amqpé) . (2.7.17)
Curvatures:
p de _ i{( dey K4 (v ) K — L delsl) e _1( g K21
of ~ 30 Y )ap 1)) aB 31 i afr (3] V2] a8
1 €
+ ﬁ€¢[5][4] (7[5])(}5}([4]} , (2.7.18)
de _ .4 el 1 ey &
R ™ =iz [0, 0% a) + £ (1) Ous)]| (2.7.19)
Ry, % = — (0,040)5,7 (2.7.20)
2.7.3 Adaptation To 11D, N' = 1 Component/Superspace Results: Step 3
Parameter Composition Rules:
(= —ielaezﬁ(’yg)aﬁ5gm(1+‘1f) 7 (2.7.21)
€ 1 (0% € € 1 e 1 €
M= - 306 e’ [(Vd*)aﬁf( + (1p)ap B — g(vd*[?’])aﬁf([g} = 5(1eDasK lde
1 € 1 €
+@6¢[5][4](7[5]) BK[4]} +ize eyB (1) 5 (09 )
(2.7.22)
5ol 1] 3 (42 e
€ = Zﬁ6162 (v )aﬁ(’Y[l]) - TO( )ab’(’Y[z]) e . (2.7.23)
2.7.4 Adaptation To 11D, N' = 1 Component/Superspace Results: Step 4
SUSY transformation laws:
m 4 B ds v 1 dy vy m
0Qea™ = BT 0g"0p +3(7[)/3 04" Yy (2.7.24)
0o¥a’ = (1+ 0)9ue® — (9, T)M,<
1 5 Lo 2y s 3 3
_1172866[ (Ya)g K + 5(7[ ]) Kqp) — g(%[zz]) PR 4 3 ( [ ]) K3
1 1 g7,
— ) S K] = (0,505 + 32058 | (00)
(2.7.25)
Souts = — iy [a40%0a) + S0 | (2720
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In the remaining subsections of this section, the steps described for the case of the
11D, N = 1 theory above will be repeated, essentially line by line, in each of the cases
for 10D, NV =1, 10D, N/ = 2A, and 10D, N/ = 2B superspaces. This will imply a certain
repetitive nature to the respective presentation. There will only be slight variations in
explicit details. We are able to minimize this very slightly by noting the result in (2.7.4)
applies universally in all three cases. So we will not explicitly rewrite it nor its resultant

implications several more times.

2.7.5 Adaptation To 10D, N' = 1 Component/Superspace Results: Step 1

In the case of 10D N = 1 N-SG covariant derivatives we define

1 1
Va = Do+ 5¥Dq + E(a“—b)f(Dﬁqf)M@ , (2.7.27)
2
Va = 04+ V0, — ig(ag)aﬁ(naxp)Dﬁ — (80)M,E (2.7.28)

and “split” the spatial 10D A" = 1 N-SG covariant derivative into two parts
Vol = Do+ 4"V, (2.7.29)

Comparing the result (2.7.28) in with the one in (2.7.29) a component gravitino is iden-
tified via

2
V) = —ig(ag)w (DsW) . (2.7.30)

However, as this expression contains an explicit o-matrix we see that it defines the non-

conformal spm—% part of the gravitino to be

wﬂ = (O'Q),B”ﬂﬁgfy . (2.7.31)

and it follows only the “o-trace” of the gravitino can occur. So then we have
1, 1
DB\II = 21(07)671#&7 = 211/}5 s (2.7.32)

in the 8 — 0 limit.
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The complete specification of the geometrical superfields also requires explicit defi-
nitions of the bosonic terms to second order in D-derivatives. We take advantage of the

10D Fierz identity

« 1 (03
5515 — 7(0[3])75(7[3]) A (2.7.33)

J 48

v

valid for 10D spinors, so we may define a bosonic field:

G = (o) (D,Ds¥) (2.7.34)
or in other words,
1 1 5
SDePa Y = (oG (2.7.35)

We emphasize that the component field (the G) is defined by the # — 0 limit of these

equations.

2.7.6 Adaptation To 10D, N' = 1 Component/Superspace Results: Step 2

Torsions:

Taﬁg =1i(0%ap (2.7.36)

Toéﬁ'y =0 , (2.7.37)
C . 3 C C

Tag = Z% [6975046 + (O—Qi)as] vs (2738)

T, = zi[_ (o) Gy + 1(01’3) 7(;[3]} _3 {5 5.0 — (0,97 (0.%)

ab 80 a F7b[2] 3 b3/ 10 b o b /a (4 )
(2.7.39)
Tp® =0, (2.7.40)
1

Ty = = 1507 Oyvs) - (2.7.41)

Curvatures:
e 6 . 111, 4 )

Ros% = —iz(09)ap(090) — o [§(o¢[3])aﬂG[3] + (o)) apGlie| | (2.7.42)
e 1 . 1, 4

Ro™ = i7|8,4(0%M0) + (%) (0)]| (2.7.43)

Rab@ _ —(8[@8[4\11)5“@] . (2.7.44)
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2.7.7 Adaptation To 10D, N' = 1 Component/Superspace Results: Step 3
Parameter Composition Rules:
€0 = — i1 (09) a1+ U) (2.7.45)
ye = Lo B[E(G@[i’»]) Girar + (0711)as Gl LS Bold) 5(89 W)
= 40 1 €2 31 af[3] [1])ap 10 1 €2 af )
(2.7.46)
1
¢ = —iﬁelaegﬁ(ag)aﬁ(ag)&d}e . (2.7.47)
2.7.8 Adaptation To 10D, N' = 1 Component/Superspace Results: Step 4
SUSY transformation laws:
m .1 B8 d 1 d m
5Q€Q* = _ZZE 52*(5574-5(02*)57 (5@*1/@ , (2.7.48)
5Q7/’g§ =(1+ \11)8265 - 66(89\I')Mg£
1 1 3 . .
— i | = (07§ Gy + 5 (00) J G| + 567 (0,505 = (0, 0] (09
(2.7.49)
1 1
dqda = —ize’ [6Jd<8e}¢a>+5(0‘“");(8@%)] : (2.7.50)
2.7.9 Adaptation To 10D, N' = 2A Component/Superspace Results: Step 1
In the case of 10D N = 24 N-SG covariant derivatives we define
1 1. 3
Va = Do+ §\I/Da + 1*0(0*>a (DB\IJ)M@ , (2.7.51)
1 1 :
Vo = Da + §\I/Dd + To(aafb)dﬁ(DB\If)Mafb , (2.7.52)
1 1 <
Vo = 0y + 00, — ig(ag)‘”(D(;\y)D7 - ig(ag)‘”(DS\ll)D# — (0V)MSE ,  (2.7.53)

and “split” the spatial 10D N = 24 N-SG covariant derivative into three parts

Val = Da+¢a Vol +947V5] . (2.7.54)
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On taking the § — 0 limit the latter terms allow an identification with the component

gravitinos are identified via

Ve = _%(%)75@5@) , Yl = —ié(%)w(DSqJ) : (2.7.55)

However, as this expression contains an explicit o-matrix we see that it really defines the

non-conformal spin—% part of the gravitino to be

Qbﬁ = (O-Q),B’ng’y 9 wﬁ = (Ug)ﬂ';ng;y . (2756)

It follows only the “o-trace” of the gravitino can occur. So then we have

1, _ 1 I |
DB\IJ :Zi(o'*)ﬁ,yd}g’y = 152’% N DB\I’ = 25(07)5‘#'@[)&7 = ’ngﬁ y (2757)

in the 8 — 0 limit.

In order to complete the specification of the geometrical superfields also requires
explicit definitions of the bosonic terms to second order in D-derivatives. So we define

bosonic fields:

Gy = (o) (DDs¥) , Hp = (o73)"(D4DsT) (2.7.58)

N =C"°(D,Ds¥) , Ny = (o)’ (D,D;¥) , Ny = (o)"°(D,D;¥)

(2.7.59)
or in other words,
1 1 1 1 5
5D1Ds g (@G PPy = 1o (0t . (27.60)
and
1 L2 Ly
D, D, = 16{07N+ (o) 5N + (o )M;NM} . (2.7.61)
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We emphasize that the component fields (the G’s, H’s, and N’s) are defined by the § —

0 limit of these equations.

2.7.10 Adaptation To 10D, N' = 2A Component/Superspace Results: Step 2

Torsions:
T.5 =i(0%s (2.7.62)
1,
T, :zﬁ(m)aﬁ(a@)”wa : (2.7.63)
. 1, iy
T, = —ZE(U*)aﬁ(Ug)wws : (2.7.64)
C _ i(gC) .
TaB =i(0%45 (2.7.65)
1
Yo i (g2 . 7o
Tdﬁ = 210(0 )ap(0a) s, (2.7.66)
A 1 ;
yo—; ay Oy
TdB = ’LE(O' )aploa) Vs (2.7.67)
Ti=0. (2.7.68)
1 ; 1 ;
Yo i Y§O L~ (yaby Y é .
Taﬁ =1y [5a 56 + 10(0 )a (aab)ﬂ] (TR (2.7.69)
. 1 . 1 .
Yo s YS O . — (,aby Y 1)
TaB =1y [5/5’ O —1—10(0 )/3 (Uab)a]?% , (2.7.70)
C 1 C C
T, = 15[2555&5 + (JQ*)O?} vs (2.7.71)
. 1 ]. 2 ]- 3 2 [ c
T, =igs| = 300Gz + 550w G| = £[85807 = (0,957 (00)
(2.7.72)
T 7 _ii[(%) IN — () TNy + 1(0- YJINE - l(a[i’»]) YN,
ab 80 Yo a 4Vb[1] 9 b[2)) o 3! a +Vb[3]
1 .
+ I(O‘Q[ZL])O;YN[M] ) (2773)
Ty = %{25;5&5 + (%g)ﬂ Y5, (2.7.74)
azj = - Z@ |:(O-b)a,yN + (‘7[ ])o'jNg[l} - *(Ub[z]) TNE - ,(‘7[3]) 7Nb[s]
1 4
+ @(%[4])(57]\7[ }] ; (2.7.75)
Ty =it [ = 50 Hyy + (o) HY) = 2 [6,5657 - (0,97 @)
(2.7.76)
T, =0 (2.7.77)
1
T — _7(0[&75(3@]%) ’ (2.7.78)
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: 1 ;
T, = —E(U[g)76(091¢5) : (2.7.79)
Curvatures:

R = 0ol 5(09w) — = | L(oteBl) G+ (071)asGle (2.7.80)
af - 5 40 3! aB[3] 1])ap ) e
Ryt = —ig(01),5(090) — 1o | 55 (0%P) 5 Figy + (o) HUME (2781)
&b - 5 40 3! aB (3] 1]/ap ’ b

de 1 de 1 del2]\ .
R % = 2 |(0%),5N = C N 2(0— oV
1 e e[4][4
— 5(0p)ag . Ndel2] +4'4| o [4”4](0[4})(15 N@] ’ (2.7.82)
€ ~1 e 1 e
Ro™ =iz |8, (0%a) + £ (0%) (05,)] (2.7.83)
e 1 e 1 e\ I
Rap™ = i [0, (00a) + 2 (0%) J 0y)] (2.7.84)
R, % = = (9,090)5,7 . (2.7.85)
2.7.11 Adaptation To 10D, N' = 2A Component/Superspace Results: Step 3
Parameter Composition Rules:
€0 = — i %" (0%)ag + 1%’ (09)45 | 021+ W) (2.7.86)
€ 1 (03 3 3 (03 € € 1 €
P —@(61 62B+61562 )[(O'df)aBN—CaBNd*-Fi(O'd*m)aBNm
1 de[2 1 de[4][4
= 5 (o) N 4 ettt }(0[41)QBN[11}
o 17 e 1 1 e e
+ € 625 [Zlo(a[d)ag(a]\l/)—‘rllo{m(dd[3})(156'[3}-l-(J[l])agGde
ao b i lay gy 4 L1 ey g e
+ e1%€2 ZTO(J )asl )+@[§(0’ JagHis + (o)) g ] ,
(2.7.87)
s 1o o 5 Ba565é1[2}5 ¢
€ = _21(61 e2” +€e1”e2”) 44 8 +T0(U )a(0[2])5 Pe
(2.7.88)

1 c
- 1561a626(0£)a5(‘7g)5 e
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2.7.12 Adaptation To 10D, N' = 2A Component/Superspace Results: Step 4
SUSY transformation laws:
m 14 1 1 1 e
Soes™ = — iz’ 3,%557 + Z(0u >}6dwv—ge[66”+5< SEREKE S
(2.7.89)

0q¥a’ = (1+ 0)9ue® — € (9, T)M,°

. 1 1 1 2 C c
— Z%GB[ 5(0[2}),8(;(;&[2} + 5(02[3])65(;[3}] + 566 [555,86 - (Ug*)ﬂé] (82‘1’)

1 1
+Z%6B [(Ua) N+ (o [1])55Ng[1] — 5(Tap))g S NE - 3!(0’[3])361\7@[3]
1 5 nrld
+ 51 (ai)g Nt ]} ,
(2.7.90)
Saaute = — iz [34(05) + £ (0%) ] @uy)] — ine? [8,20M05) + % (0%) F (Ot
“ 2 Le 5 B 2 5 K
(2.7.91)
2.7.13 Adaptation To 10D, N' = 2B Component/Superspace Results: Step 1
In the case of 10D N = 2B N-SG covariant derivatives we define
1 1 s
Va = Do+ 2\I/Da + 10( )a (Dg‘I/)M(Lb , (2.7.92)
_ _ 1 1 _
Vo =Dy + 5\IfDa + E(aa—b) PO My (2.7.93)
1 —— 1 _
Vo =0, + \118 + \pa —ig5(7a)" A(Da¥)Dgs — iﬁ(ag)aﬁ(Da\Il)Dg
27 27
— i aﬁDa\pD—— 2)*?(Da¥)Dg 2.7.94
1
- 5(82\11)/\4@2 - 5(89\I})M2£ )
and “split” the spatial 10D N = 2B N-SG covariant derivative into three parts
Vol = Dg+9a"Vo|+19,V,] . (2.7.95)

On taking the 8 — 0 limit the latter terms allows an identification with the gravitino and

the leading term in this limit yields a component-level linearized gravitationally covariant
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derivative operator given by

1
Dy = eo+ @' M. = Out 5(V+V)0a+¢a' M. (2.7.96)

Comparison of the LHS to the RHS of (2.7.96), we see that a linearized frame field e,™
=(1+ %(‘I/ + W) )6, emerges to describe a scalar graviton. Finally, comparison of the
coefficient of the Lorentz generator M, as it appears in the latter two forms of (2.7.96)
informs us the spin connection is given by

bode — _%%[d(aﬁ](\y L) (2.7.97)

Comparing the result (2.7.94) in with the one in (2.7.95) the component gravitinos are

identified via

va) = —i%(@)%(ﬁa(&lwwﬁ)) : (2.7.98)
) = —Z‘%(O’Q)’yé(]:)g(5@+27\1/)) , (2.7.99)

which are equivalent to
Do (5% +270) = i16(0% 0y’ , Da(5¥ +27T¥) = i16(0%)aytd, . (2.7.100)

However, as this expression contains an explicit o-matrix we see that it really defines the

non-conformal spz'n—% part of the gravitino to be

Vs = (0Mpy0a) , Yg = —(0%)p0,) . (2.7.101)

Since the results in (2.7.100) are under-constrained, we are allowed to introduce a

fermionic auxiliary field A, and its complex conjugate A,. So then we have

_ 1 _ 1 _

Dol = ig(0Yaytha’ —2Mha = izt —2Tha (2.7.102)

1 - 1 -

Dol = ig(0%aytha’ +5ha = igtha+5ha (2.7.103)
_ 1 _ 1—

Dol = ig(0%ayty) = 2TAa = —ighy —2Tha (2.7.104)
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1 — -
D¢ = 15(0&)&71/1; + 5\ = _Zi% + 5 a s (2.7.105)
in the § — 0 limit. Also observe that
Do(U—0) =32\, , Do(U—-0) = 32\, . (2.7.106)

In order to complete the specification of the geometrical superfields also requires
explicit definitions of the bosonic terms to second order in D-derivatives. So we define

bosonic fields:

U = (01)"°(D,Ds%) Uy = — (o)°(D,Ds¥) (2.7.107)
Xz = (013)°(D,Ds¥) X = — (03)°(D,Ds¥) (2.7.108)
Yy = (op3)"°(D,Ds¥) Vig = — (073)"(D,Ds¥)

= (073)"°(D,Ds¥) = — (o3)"°(D,D;0) . (2.7.109)

We emphasize that the component fields (the U’s, X’s, and Y’s) are defined by the § —

0 limit of these equations.

2.7.14 Adaptation To 10D, N' = 2B Component/Superspace Results: Step 2

Torsions:

T.; =0 , (2.7.110)
T, = —ié(ag)aﬁ(ag)”‘%+2(09)a/3(a s (2.7.111)
T.,] =0 , (2.7.112)
T.5 =0, (2.7.113)
T.; =0, (2.7.114)
T,7 = i2(0%as(0e) s + 20%)as(00"Rs (2.7.115)
T.; =i(0%as (2.7.116)
Ta57 - iﬁw[g])aﬁ("[iﬂ)w% + é[(a[g})aﬁ(g[zl)vé o %(0[5})045(‘7[5})76 Xs s

(2.7.117)
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A S IC) o B 2]y
wp = U000 Nas(o73) 1/’5+§[(0 Jag(013))"" = 55(0)as (o) } 5
(2.7.118)
T, = —17[2(5;607—1-(%2)&7}774- [—115b95a7+(ab§) V]A , (2.7.119)
1
v 01 c v
T, = = | = 316,56, +15(0,%) | (0.9) + o [275,) 07 + 53(0,)7 | (2.9
L 1 g
~ M[ (o)1 (5Yha) = 27V ) — 7 (ougg)e? (5Y1 =277 |
(2.7.120)
g ! L <1
Ty = - %[ (o) <_5Xb[2]+27Ub[2]> oy (=X 2]
(2.7.121)
T%E = zg [25b 5 Y _|_( ) 'Y} wv + [_ 115;507 + (U;)ay}xv , (2.7.122)
1 1 g
T, = - 2560[ (o)), (5Xb[2]—27pr]) (003) (X[3}—27U )} 7
(2.7.123)
_ 1 _
T | _ sy €\ v Y €y v
Ty = 7| = 310,500 + 15(0,9) | (00) + 5 (276,50, 4 53(0,9).7 ] (0.9)
! 2 v ! 78
M[ (o)1 (= 5¥ by + 27V ) —5(%[3]),17(—5Y +orvB)]
(2.7.124)
Ty =0, (2.7.125)
1
T, = = 1500w @yvs) (2.7.126)
_ 1 .
Ty =150 Oyvs) - (2.7.127)
Curvatures:
Ros™ = 15 | 510" asllg — (o )ast/ V2 (2.7.128)
o8 = 10 |3 a8U[3] [1])es , 7.
de 1 1 e T 1]de
R =~ [?ﬂ(ad[g])aﬂU[a] (0[1])a5UH ] ; (2.7.129)
. 3 1
R g% = —iS(0)0s(0 (¥ + 7)) — i (0%0)os(04(W + T))
1 e vrlllde e €]
- [(Um) (Y[l]i—Y )—5(0[2][4)%(%}[2}—3/ [2]) (2.7.130)
1 de[3 v
- 5(0*[ ])aﬁ <Y[3] - Y[3]>] ) (2.7.131)
e 1 R A ) )
Ry = = i3 |8, 0T0,) + £ (0°97@05,)] — 1154 @0a) + (0" 1)

(2.7.132)
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€ ~1 € 1 e el e By
o™ = i3 [8,4(0M00) + £ (0%),) (0y5,)] — 116, 40X0) + (0%)7 (BN,)
(2.7.133)
de 1 e e
Ry ™ = — 5 (0ud(¥ + 0))o,) (2.7.134)
2.7.15 Adaptation To 10D, N' = 2B Component/Superspace Results: Step 3
Parameter Composition Rules:
1 _
= _i(e%,” +glﬁeza)(09)a55}(1 + 5+ qz)) , (2.7.135)
17 — 1
Me = — (a8 +& ") { — 155 (0)ap (09 (¥ + 1)) — i7- (%) o (04 (¥ + V)
1

(2.7.136)
1 o1 E
¢ = - (610%25 + 31'862(1) [110 [(0'[1})05/3(0[1})6 — ﬂ(U[S])aB(O_[S])é }¢6
1 .1 e
+ 3 Pas(o10)™ = 55 asters) 7] (2.7.137)

- 1 € €
— %" |:_Z5(0'[1])aﬁ(0'[1})6 b+ 2(cM) aglop)? >\e:|

2.7.16 Adaptation To 10D, N' = 2B Component/Superspace Results: Step 4

1 1 —
Soeg™ = — ¢ [1'2 {@%Bv + g(o—g)ﬁv] b+ [f 116,%557 + (UQ¢)57] A | 64

1 1 3
- 15 [0uta + Seuh o + [ - 188557 + R o

(2.7.138)
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5 1 = s L _ .
douia = (14 5(2 +T)) 0 = S (0u(¥ + ) My
_ 6i46/8 [ — 316 9565 + 15(02%65} (agq,) _ %65 [2757056 + 53( Q§> }(a \If)
o1
+iggga® [508 (ao —2V ) — g (ou)$ (%1 — 277 ]
1 gL 2y s o, ;
5560 B[Q(”[ 05 (%t - 27%[21) 37 (%al3) P (5xP -2
(2.7.139)
1 o— 1 . B ) )
(5Q¢g@ = 2566 [5@[¢(87]¢ﬂ) + 5(0d7)67(82¢’7)] |: 115 [d(a })\,8) ( d )5 (82)\7):|
1 . 1 - ] -
_ 1565 [%[d(aiwﬁ) + g(a*) ) ( a%)} {— 118,489 %5) + (adf)ﬁv(ag/\w)}
(2.7.140)

2.8 10D, N = 2B Chiral Compensator Considerations

In the limits where all supergravity fields are set to zero, four sets of superalgebras

emerge. These take the forms:

(a.) 11D, N = 1,

{Da, D} = i(7)ap0a » [Das %] =0, [8a, ] =0  (281)

(b.) 10D, N = 1,

{Da,Dg} = i(0%030 , [Da, ] =0, [0a, ] =0 (282)

(c.) 10D, N = 2A,
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We next introduce a complex superfield denoted by 24 into each of these d-dimensional
superspaces and seek to probe the implications of imposing a first-order differential equa-

tion on this superfield that utilizes any of the spinorial derivatives above.

For either the 11D, N' = 1 or 10D, A/ = 1 superspaces we have
DgQqg =0 — DuDgQy =0 — {Do, Dg}Qy =0 — 0.9 =0 , (2.85)
and by analogy for the 10D, N' = 2A superspace we find

DgQlg = 0 — DDy =0 — {Do,Dg}Q =0 — 0.9 =0 ,

D

,BQd =0 — DdDBQd =0 — {Dd, Dg}Qd =0 — Ggﬂd =0 R (286)

Thus, from (2.8.5) and (2.8.6) we find the superfield 24 in each of these d-dimensional
superspaces must be a constant. However, upon repeating these considerations for the
10D, N = 2B superspace we find

(2.8.7)

ﬁ/de =0 — 5aﬁgﬂd =0 — {ﬁa,ﬁﬂ}gd =0 — 0=0 |,
which shows that the superfield €4, in this case, can be a non-trivial representation of

the translation operator.

The differential equation

DsQq = 0 (2.8.8)

in the context of four dimensions implies that € is a “chiral superfield.” On the other
hand the differential equation
DgQy = 0, (2.8.9)

in the context of four dimensions implies that €, is a “anti-chiral superfield.” While it is
not possible to simultaneously impose both conditions because a chiral superfield is the
complex conjugate of an anti-chiral one, either one or the other can be imposed. This

also means that neither the chiral nor the anti-chiral condition can be applied to a real
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superfield.

Let us return to the results shown in (2.7.105) by focusing only on the equations that

contain A, . .
Da\p = ii(ag)a'yag’y + 5)\04 = _iiaa + 5)\04 5
) . (2.8.10)
D,V = z;(aﬂ)aﬂ; —2Tha = —ZEE& — 2T

since the remaining equations can be obtained by complex conjugation. In all the other
cases we have explored, there is no spinor field such as A\,. Taking the difference of the

two equations that appear in (2.8.10), we may obtain

i Da(T — ) = idg . (2.8.11)

However, the quantity i (¥ — W) is a real superfield. The requirement that A\, = 0 is
equivalent to the imposition of an anti-chirality condition on a real superfield and this

condition possesses no non-trivial solution.

The inability to introduce such a chiral superfield distinguishes the type 2B theory
from the other higher dimensional constructions we have considered. At first order in the
f-expansion of ¥ both the spin-1/2 portion of the gravitino EJ and a separate spin-1/2

auxiliary spinor A\, must exist.

2.9 Conclusion

This chapter gives a proposal for descriptions of Nordstrém supergravity in eleven
and ten dimensions, as well as the component level descriptions that follow from the
superfield equations we have presented. Our work is based on the assumption that in
each of the cases of 11D, N/ = 1, 10D, N’ = 1, 10D, N' = 2A and 10D, N = 2B, a single
scalar superfield is required to provide such a description as this was the case for both
ordinary gravitation as well as 4D, N' = 1 supergravity. We remark that our work is but

a foundation as in future extensions of this work we plan to continue this exploration.

Having obtained the results for the theories in ten and eleven-dimensional super-
spaces, we can compare those results with the ones seen in section 2.2. Looking back

at (2.2.8), with a bit of effort, one can show that the condition H¢ = 0 causes only
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modification in the form of the equations. Namely the terms Wz, will vanish under
this restriction. It is thus pointedly seen that all the basic superfields (i. e. R and G,) in
the algebra of the superspace supergravity covariant derivatives are bosonic. This is to
be compared to the results shown in (2.2.14) where a fermionic superfield 7', appears.

In all of the higher dimensional theories, such superfields appear ubiquitously.

In the future, we will also address the very important quest of whether there exists
a superspace action for the Nordstrom supergravity theories in higher dimensions. It is
clear that in order for this to be the case, it is necessary that the scalar superfield should
satisfy some superdifferential constraints. The expectation is suggested by the structure
of the 4D, A = 1 theory. We remind the reader that the irreducible theories require that
the superfield X is subject to some differential constraints. So it is natural to expect this

to extend into the higher dimensional theories.

Our approach also raises an interesting question about Superstring Theories, M-
Theory, and F-Theory. Do these theories also possess consistent truncation limits that
include Nordstrom supergravity theories in their low energy limits? If the answer is
affirmative, such limits might provide laboratories in which to investigate these more

complicated mathematical structures.
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Chapter 3

The Salam-Strathdee Riddle

This chapter is based on [57,58|.

This chapter aims to set up the “Salam-Strathdee Riddle” explicitly. In section 3.1,
we discuss the numbers of independent bosonic and fermionic components in a scalar
superfield. Section 3.2 is a transitional one where we review the —expansion of a real
scalar superfield in 4D, N' = 1 theory and introduce the higher dimensional adinkra

technology.

In section 3.3, we will follow the route of the traditional f-expansion as applied to the
11D, N = 1 scalar superfield. A discussion involving a recursion formula used to move in
a level-by-level manner up the #-expansion of the superfield is presented and the role of
Duffin-Kemmer-Petiau fields is noted. The recursive procedure is applied up to quartic
order to show the calculational complications that occur in starting with a superfield and

then abstracting the component field content from such a systematic starting point.

3.1 Superfield Diophantine Considerations

Via the use of simple toroidal compactification, one can count the numbers of inde-
pendent bosonic and fermionic component fields that occur in a scalar superfield. As a
fermionic coordinate cannot be squared, this means in the Grassmann coordinate expan-
sion of a superfield, any one specific fermionic coordinate can only occur to the zeroth
power or the first power. As component fields occur as coefficients of monomials in su-
perspace Grassmann coordinates, counting the latter is the same as the former... as long

as the superfield is not subject to any spinorial “supercovariant derivative” constraints.
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FEach higher dimensional superspace with D bosonic dimensions, for purposes of
counting, is equivalent to some value of d, where d is the number of independent equiv-
alent real one-dimensional fermionic coordinates on which the superfield depends. The
total number of independent monomials is given by 2¢. Next, to count the total number
of bosonic components ng in the scalar superfield, we simply divide by a factor of two.
This same argument applies to the total number of fermionic components ng in the scalar

superfield. Thus we have ng = np = 2971 A few cases are shown in the table below.

| D d 24 np nr
4 4 16 8 8
5 8 256 128 128
10 [ 16 65,536 32,768 32,768
11 | 32 | 4294967296 | 2,147,483,648 | 2,147,483,648

Table 3.1: Number of independent components in unconstrained scalar superfields in D
dimensional spacetime

While superfields easily provide a methodology for finding collections of component
fields that are representations of spacetime supersymmetry, one thing that superfields do
not yield so easily is a theory of the constraints that provides irreducible representations.
For any constrained superfield, it must be the case that the number of component fields
does not depend solely on the parameter d. This is most certainly true for the maximally
constrained and therefore minimal irreducible representations. This is illustrated by

comparing the final two columns of the first three rows in Tables 3.1 and 3.2 that np =

’ 4D Minimal Off-Shell Supermultiplet ‘ d ‘ 201 ‘ N B(min) ‘ NF(min) ‘
N =1 Chiral 4 8 4 4
N = 2 Vector 8 128 8 8
N =4 8G 16 32,768 128 128

Table 3.2: Number of independent components in maximally constrained superfields

3.2 4D Scalar Superfield Decomposition

The off-shell four-dimensional vector supermultiplet is well understood now to be a

part of the unconstrained superfield as given below. In 4D, N/ = 1 real superspace, the
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spinor index (the Greek index) on 6 runs from 1 to 4, and we have 8 bosons and 8

fermions, as counted in Table 3.1. The #—expansion of a scalar superfield is

V(2,07) = f%) + 0 Yaa?) + 0°07Cap g(a®)
+ 090°i(7%)ap h(z2) 4+ 0°0Pi(vP72) s vp(22) (3.2.1)
+ 0%0°07C5Chs X (22) + 0°0°070°CLpC.5 N(22)
where f(z2), g(2%), h(z%), vp(22), and N (z2) are bosonic component fields with 8 d.o.f.!
in total; 1o (22) and x’(x2) are fermionic component fields with 8 d.o.f. in total. We will
discuss this #—expansion result from different perspectives.
3.2.1 Group Theory Perspective

From the perspective of group theory, we can translate the scalar superfield decom-
position problem to the irreducible decomposition problem of representations in so0(4).

First, we can write the general expression of the #—expansion of a superfield

V(e 6%) = 0@ + 070D (2?) + 6°6° v)(22)

or (3.2.2)
+ 020907 0%) (%) + 6°0°076° () 5(a2)

Due to the antisymmetric property of the Grassmann coordinates 8%, the quantities 6<,
6208, 926507, and 0°0°070° have 4, 6, 4, and 1 degrees of freedom, respectively. They
can be interpreted as representations of so(4) with 4, 6, 4, and 1 dimensions. We use
level-n to denote the #—monomial with n 8s. The problem is reduced to do the irreducible

decompositions of these representations and the results can be listed as

( Level — 0 {1} ,
Level — 1 {4}
V = ¢ Level —2 (LYo {4ya {1} (3.2.3)
Level — 3 {4}
Level — 4 {1}

T'We use the notation d.o.f to indicate “degrees of freedom.”



Chapter 3. The Salam-Strathdee Riddle 63

Note that level-4 and 3 are conjugate to level-0 and 1, respectively, while level-2 is self-
conjugate. The conjugates of {1} and {4} are still {1} and {4}. Level-2 has two {1}’s.
Although in the group theory context, so(4) only has one {1}, here two {1}’s represent

two different #—monomials as you will see shortly.

In order to distinguish between bosonic irreps and fermionic irreps, we color their
dimensions: blue if bosonic and red if fermionic. In the rest of the paper, we will use

these conventions.

Recall that in 4D, A/ = 1 real superspace, we can create the covariant gamma matrices
which are 4 x 4 real matrices. The basis of the space of matrices over these spinors is

summarized in Table 3.3. It yields analytical expressions of the §—monomials below:

Basis Cop | (1Was | (as | 1(77)as | i(7°7Yas
Sym/Antisym | A S S A A
Count 1 4 6 1 4

Table 3.3: Summary of 4D Basis: all of these are 4 x 4 real matrices

Level-0: no 6

Level-1: {4} = 0§

Level-2: {1} = 0°0°Cop, {4} = 0°0%i(Y"7%)ap, {1} = 0°0%i(7")as

Level-3: {4} = 0°0P07C,5C,s

Level-4: {1} = 90‘9&6’795(}&50’75
Thus, Equation (3.2.2) can be rewritten as

V(22 0%) = U(O)(xg) + 9~ Q](()ll)(xg) + 0298 [Ca,B v?)(:ﬁg) + i(75)aﬁ 052)(3#)
+ (P ag v (19) | + 70707 CapCrg v (a2) (3.2.4)

+ 6°0%070°CopCrs v (22)

?If one is exercising extra care, the {1}’s at level-2 are not identical. In fact, one of these
corresponds to a scalar field while the other corresponds to a pseudoscalar. However, for our
purposes, we can neglect this difference. This distinction is shown in Table 3.3 where the “count”
is the same for both, but their projections to y-matrices are distinct.
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Note that applying the following replacements

vO@) = f@?) , V() = vala®) , o) — g@?) , v (@) - h(z?)

(67

vP(@Y) = v, V@29 5 F@2) | WW@) - N@Y) |

will reproduce the result in Equation (3.2.1).

3.2.2 Graph Theory Perspective: Adinkra

From the perspective of graph theory, particularly adinkra diagrams, we can define
a four-dimensional adinkra based on Equation (3.2.3). First of all, the adinkra diagram
carries information about component fields rather than #—monomials, so we need to
translate Equation (3.2.3) to field variable language. Consider a variable with one up-
stairs spinor index x® and assign irrep {4} to this field. What is the irrep corresponding

to the variable with one downstairs spinor index xz? Since

xg = X“Cap (3.2.6)

where C, 3 is the spinor metric, the irrep of xg is still {4}. Generally speaking, in 4D,
N = 1 real notation, the irreps corresponding to component fields are the same as their

0 —monomials.

Then we can use open nodes to denote bosonic component fields and put the di-
mensions of their corresponding irreps in the centers of the open nodes. For fermionic
component fields, we use closed nodes with a similar convention for dimensionality. The
level number represents the height assignment and it increases with height. Black edges
connect nodes in adjacent levels and represent supersymmetric transformation operations
on the component fields. We can also interpret the adinkra using the idea in [106] (i.e.

adinkra nodes are the § — 0 limit of superfields), as illustrated in the following table.

Since the physical d.o.f. of 8¢ is —1/2, the height assignment describes the physical
d.o.f. of component fields as well. The corresponding adinkra diagram is Figure 3.1.

The graph shows the “f” bosonic component field at the lowest level, the “1” fermionic
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Level | Adinkra nodes | Component fields | Irrep(s) in so(4)
0 14 f(z2) {1}
1 DoV Ya(2?) {4}
2 DpDgV|l | g(2%), h(z?), (=) | {1}, {1}, {4}
3 D DgD. V| X° (22) {4}
4 D, DgD,Dy V| N(z2) {1}

Table 3.4: Explicit Relations between Adinkra Nodes, Component Fields, and Irreps

field at level one, the “g,” “h,” and “v,” bosonic component fields at level two, the “x”

fermionic field at level three, and finally the “N” bosonic component field at level four.

Figure 3.1: Adinkra Diagram for 4D, N/ =1

Since the 4D, N' = 1 theory can be truncated to a 1D, N' = 4 theory, we can discuss
the relation between the 4D, N' = 1 adinkra and the 1D, N' = 4 adinkra as shown in
Figure 3.2. The 1D, N' = 4 maximal supermultiplet and the corresponding adinkras are
well-studied. The graph shown to the left graph in Figure 3.2 illustrates the 1D N = 4

system.

By comparison, we see that starting from the 1D, N' = 4 adinkra, if we aggregate
a set of bosons or fermions into a single node, then a set of corresponding links will be
merged (we use black links to replace them), and thus emerges the 4D, N' = 1 adinkra.
Of course, to reach this goal we must decide to enforce some rules. Four and only four
black nodes are merged at the first and third levels. At the second level, the only merging
choices are either one or four nodes as permitted in an “aggregated” node. From this

procedure, although we have a large number of different 1D, N' = 4 adinkras, they all
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collapse into the same 4D, N' = 1 version. It is useful to also recall that the aggregation
of nodes leads to “dimensional enhancement” [107-109] that allows the adinkra nodes to

carry representations of the four-dimensional Lorentz group.

Figure 3.2: From 1D, N/ = 4 Adinkra to 4D, N = 1 Adinkra

Before we leave this section, there is another relevant comment. Figure 3.1 provides
a representation of the data needed to construct the component field description of the
4D, N = 1 unconstrained superfield V. However, this superfield is well known to provide
a reducible representation of 4D, N’ = 1 supersymmetry. The irreducible representations

contained in V are the two adinkra diagrams on the bottom of Figure 3.3.

It is useful to know one of the nodes at the lowest level of the bottom right graph
in Figure 3.3 (i.e. chiral supermultiplet) must be regarded as the spacetime integral of a
spin-0 field. The origin of this field was from the initial starting point as being one of the
aggregated parts of the “4” at the middle level of the V adinkra. The bottom left graph
in Figure 3.3 has nodes associated with the component fields of the vector supermultiplet

where the gauge field is restricted to the Coulomb gauge. Refer to Appendix B for details.

In 4D, there is a comprehensive understanding of how to start with a reducible rep-
resentation such as the real scalar superfield V and “break” it apart into its irreducible
components. However, the extension of such a procedure is totally unknown for the cases

of higher dimensional superfields.

For a general representation of spacetime supersymmetry, there is currently no un-

derstanding of how to carry out the process which has been accomplished in the realm
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Figure 3.3: From 4D, N/ = 1 Reducible Adinkra to Irreducible Adinkras (Vector and
Chiral Supermultiplets)

of the 4D, N' = 1 supersymmetry. Resolving this class of problems in the realm of su-
persymmetric representation theory is a primary motivation for the adinkra approach to

the study of superfields.

If we borrow the language of genetics, adinkras play the role of genomes for super-
fields. The problem of finding the irreducible off-shell representations of all superfields is
equivalent to a genome-editing problem. We are still without the mathematical analog
of a Cas9? capable of beginning with a reducible graph, that is a viable off-shell represen-
tation of spacetime supersymmetry, and ending with off-spring #rreducible graphs that
also provides viable off-shell representations of spacetime supersymmetry. An example

of the content of the preceding sentence is shown in Figure 3.3.

3 Cas9 (CRISPR associated protein 9) is a protein which plays a vital role in the immunological
defense of certain bacteria against DNA viruses, and its main function is to cut DNA and there-
fore alter a cell’s genome. See for the Wikipedia - Cas9, https://en.wikipedia.org/wiki/Cas9.
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3.3 Traditional Path to 11D Superfield Component Decompositions

In order to construct 11D superfield component decompositions, can we directly follow
the route of the traditional f-expansion? To see why this problem is unsolved since
the 1970s, we will explicitly calculate irreducible 8-monomials in this section via the

traditional path.

If we start from constructing the irreducible #—monomials to understand the eleven-
dimensional scalar superfield decomposition, two uniqueness problems will show up: (1)
f—monomials have multiple expressions from the cubic level; (2) gamma matrix multipli-
cations have multiple expressions. To illustrate the first problem, the quadratic level and
cubic level will be discussed in detail in the following sections. For the second one, all
gamma matrix multiplication results are listed in Appendix A.3.5. Moreover, construct-

ing irreducible #—monomials requires a number of Fierz identities as shown shortly.

Each higher dimensional superspace with D bosonic dimensions, for purposes of count-
ing, is equivalent to some value of d, which is the number of real components of 8. This
is shown in Table 3.1. So for the case of the 11D, N/ = 1 theory, the real unconstrained
scalar superfield ¥ contains 2,147,483,648 bosonic and 2,147,483,648 fermionic degrees
of freedom that are representations of supersymmetry. While superfields easily provide a
methodology for finding collections of components in principle, actually obtaining those
component fields is not as easy as it might first appear. This is especially true in the

eleven-dimensional case.

In the rest of this section we are going to discuss the complications of applying the
most straightforward 6-expansions in the eleven-dimensional superspace. The discussion
is meant to provide an explicit demonstration of the difficulties one encounters in such a

program.
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A naive expansion of a real scalar superfield V can be expressed as

Vo, z) = oO(@) + 07D (@) + 6M e (z) + a0 (1) | @B abed ;) ()

+ @(1) ga(pg&)(:t) + @(2)@7()090480(3) (l’) + @(3)@0(1()0(3) (x)

a abe a abed

+ eMe 90(4)@) + oM @(2)@¢(4) (z) + oM @(3)m¢&(@

abc

abc € 4 ase 5 h
T+ o@ag@del ) (1) 1 @Daeg@dels ) (2)

+ O aed g@)efoh 0D a@) + ..

(3.3.1)

up to the fourth-order of the Grassmann coordinates. The number n in the superscripts
(n)

lindices] (x) indicates the #-order. In writing this expression we have

of component fields ¢

introduced “auxiliary nilpotent coordinates” defined in (3.3.8) below.

There exists a recursion formula that can be applied at any non-trivial order n in the
f-expansion to derive the form of the terms at order (n + 1) in the #-expansion. We can

begin this by looking at the term linear in 6,
V(linear) = 0%V (z) (3.3.2)

and next observe the quadratic terms may be generated by a simple replacement in this

expression.

abc 2 abe 2 o
e(@) + | Cape® (@) + ()ap epunl®) + (25 pual(a)| ° = (Blapt”
(3.3.3)
The quantity (B)ag is a Duffin-Kemmer-Petiau [110-112| field. Therefore under the

action of this replacement, we find
oW(z) — (B)agt® : V(linear) — V(quadratic) (3.3.4)
with V(quadratic) given by

V(quadratic) = 61 @ (z) + 0@ e, gy 4 gBabed &) () (335)

abc ab
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To continue, we take the component fields ¢ (z), cpﬁ)c(:c), w(i)cd(x) and make the

simultaneous replacements

(@) = %P (@), llw) = 060 (x) . Pl g(@) = 00 (2) (3.3.6)

a abc a abed

which yield the cubic order terms

V(cubic) = 0W g2 B () 4+ @@ akega wg?’@(x) + @) abed ga ,(3) () (3.3.7)

a abed

that appear on the second line of (3.3.1).

The general rule is that if one starts with the component fields at Level-n, where n
is even, of the scalar superfield, then to obtain the component fields at Level-(n 4 1) one
simply replaces the starting component fields by a #-coordinate whose index is contracted

against a new fermionic field in a manner that is consistent with Lorentz symmetry.

Also, a general rule is that if one starts with the component fields at Level-n, where n
is odd, of the scalar superfield, then to obtain the component fields at Level-(n + 1) one
simply replaces the starting component fields by a new DKP field times a #-coordinate
whose index is contracted against one index on new DKP fields in a manner that is

consistent with Lorentz symmetry.

Although one can carry out this procedure to define the component fields to all orders
in the f-expansion, it is highly inefficient and redundant. This redundancy occurs due to
the equivalence of many terms obtained as well as the vanishing of many terms both by
the use of Fierz identities. There is also the issue of irreducibility that must be enforced.

We next turn to the issue of irreducibility.

3.3.1 Quadratic Level

We denote the 32-component Majorana Grassmann coordinate living in 11 dimen-
sional spacetime by %. Since Cyg, (Y))ap and (714),s are the antisymmetric elements in

the covering Clifford algebra over 11D, we can define all possible quadratic #-monomials
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as follows.
{1} oW = (C,560° |

{165} ©@abe — (yabe) 56767 (3.3.8)

{330} @l = (yebed) 5007

Now if we look at the quadratic f-terms, we see the total number of bosonic com-
ponent fields at this level can be found by simply counting the number of independent
quadratic f-monomials

(32} x {31}

(32} A {32} = .

= {496} = {1} @ {165} @ {330} , (3.3.9)

so all is well as this equation gives the complete decomposition of the product of two

Grassmann coordinates into irreducible representations of the 11D Lorentz group.

3.3.2 Cubic Level

We can construct cubic #-monomials from all the possible quadratic 8-monomials as
listed in Equation (3.3.8). Since Cyg, (71¥)as and (v1),5 are the antisymmetric Clifford
algebra elements in 11D, we can write all the possible cubic monomials starting with no
free Lorentz vector index and going up to four free Lorentz vector indices. All of the

possible irreducible cubic #-monomials can be written as

{5,280}  [@Wakdg ] |

{3,520} [OO el (7y)0507],,  [OPeEG,]

{1,408} [@(s)m(,@)aﬁgﬂ]m , [@(2)@(72)aﬁgﬂ}m 7 (3.3.10)
{3204 [0 (ypa)as 07] 1y, [OP 8 ()as 07 ]y

{32} @(3)abcd(7m)aﬂgﬂ 7 @(Q)Llw(%ic)aﬂgﬁ 7 @(Dga

where the notation [ ] simply means that a single y-trace of the expression is by

IR
definition equal to zero. We will discuss each representation (except {5,280}) one by
one in the following subsections. We will explain each dimension from the correspond-

ing irreducibility condition, and prove that different versions in each representation are
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actually equivalent. We will show that the cubic monomials of {320} vanish. We argue
that {5,280} cubic monomials also vanish in a similar way. Another strong reason for
{5,280} to vanish is 5,280 > 4,960 (see equation below). We can then decompose all
the cubic #-monomials by

{32} x {31} x {30}

(32} A {32} A {32} = .

= {4,960} = {32} @ {1,408} @ {3,520}

(3.3.11)
where the left hand side simply counts the number of independent cubic #-monomials
one can write, and the rightmost part contains {32}, {1,408}, and {3,520} which are

irreducible representations of the 11D Lorentz group.

{32} Cubic Monomials We have three versions of expressions of cubic §-monomials
with no free vector index and one free spinor index as indicated in Equation (3.3.10),

which are

aoc 1 €
V1 = @(3) bd(’yabcd)ag 0’8 = —5(443)[565104 969 9’8 s (3.3.12)
aoc ]' €
V2 = 0% (yue)ap 07 = — o7 (Ao)jsepla 07007 (3.3.13)
1
vy =elg, = 5(,41)[(565]&(959695 . (3.3.14)

The degrees of freedom of these monomials are thus 32, and so they are in the spinorial

representation {32}. Here we define these three objects

(ADpesle = Cse Chla

(A2)segia = (V) 5e (Yabe) gl (3.3.15)

abed

(A3)[566]a = ('7 )[56 (’YM)ﬁ]a

To find whether V1, V2, and V3 are related, we examine the objects Ay, As and Ajs.
Since Cup, (7P)ap and (y14),5 form the complete basis for the antisymmetric elements
in 11D Clifford algebra with two spinor indices, we can expand the A objects into this
basis, i.e. find the Fierz identities. The Fierz identities in Appendix A.3.1 tell us that the

objects Aj, Ay and Ajs are related by a system of linear equations (we suppress spinor
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indices here for simplicity, as all of them have the same structure),

1 1
3]../41 - 5./42 - gAg 5
11
874y = 99041 — - As (3.3.16)
1343 = —3960A4; — 44 A, .

This makes sense as Aq, As and Asz are the only three objects of this spinor index struc-
ture with no free vector indices and at least one Clifford element being antisymmetric.
By solving these linear equations, we get

Ay =664,
(3.3.17)

As = —5284;
which means all three of the expressions of the cubic #-monomials are equivalent up to

a multiplicative constant

V1l = —8V2 = 528V3 . (3.3.18)

We can therefore take any of the cubic #-monomial constructed from linear combinations

of V1, V2, and V3 as the fermionic irreducible representation {32} of so(11).

{320} Cubic Monomials For one free vector index, we have two expressions of cubic
f-monomials as suggested in Equation (3.3.10). We can write all the terms from the

index structures as

[O®)abed (v, o5 6°],p = ,;0{@<3)abcd(,w)aﬁ9ﬂ + ok 6(3)m(7@m)a595} ’

(3.3.19)

[@(2)11717C (7@)046 GB]IR N { ©(2) abe (Yoe)as 05 + I ©(2) bed ('VQ@)aﬁ 96}

(3.3.20)

The irreducibility conditions of setting the single y-traces to zero are

(fyg)a’Y[@(?)) abed ('Y@)'yﬁ QB]IR =0 |, (3-3.21)
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(7@)07[6(2)@ (Voe) s 95]]3 =0 . (3.3.22)

Thus, these cubic monomials with one free vector index have 32 x 11 — 32 = 320 degrees
of freedom and are in the {320} representation. From the irreducibility conditions, we
can fix the relative coefficients to k1 = —% and [} = —%. Without loss of generality, we

omit the overall coefficients ko and ly. T herefore, we can write

1 a
VI = = 5(D1 + 7 Da)q,0°00" (3.3.23)
1 1 a é pe
V2 = 5 (C + §C)p.0°00" (3.3.24)

where we define five objects

(B)ﬁseﬁ]a = Ci5e(7)gla

(C)fepra = eV

(C2)5epla = VD5V glar s (3.3.25)
(PO sespe = N5 ae

(P)fsepra = M) e (V1) 81

When we consider all the objects with one free vector index constructed by two Clifford
algebra basis elements with one of them being antisymmetric, we find the additional
object B as defined above. From our past experience, we know that it has to occur in our
Fierz expansions. The relevant Fierz identities are listed in Appendix A.3.2. They can
be rewritten into a system of linear equations of objects B, Cy, C2, Dy, and Do (vector
and spinor indices suppressed) as

1 1 1 1
338 = — 562 + §C1 - EDQ + ng 5

1
90C; = 180B — 2C, — 51)2 + 2D

5Co

1
—90B—-3C1+ D2~ Dy (3.3.26)
1
5D1 = 90B —Cy +3C1 — Z'DQ R

17Dy = — 25208 + 28C, — 84C; — 28Dy
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The solutions are

Dy = —=Dy = 488
I (3.3.27)
G = —§CQ = 6B
Therefore, from Equations (3.3.23) and (3.3.24), it is very clear that
Vi=V2=0 . (3.3.28)

This suggests that there exists no cubic #-monomial in the {320} irreducible representa-

tion of so(11).

Another way of seeing that {320} cubic §-monomials do not exist is the above con-
structed monomials fail to satisfy the irreducibility condition. From Equation (3.3.27),
we see that V1 and V2 are clearly proportional to B, for example. The irreducibility
conditions in (3.3.21) and (3.3.22) thus read

(7£>07 (B)%SE (7&)07 0[56(’)/@)5]7 _110[5505](1 _11(“ ll)[566]a 7& 0 )
[5eB]y
(3.3.29)

as A; # 0 numerically (otherwise, the {32} cubic monomials would also vanish). Doing
this with C’s or D’s will give us other linear combinations of A’s, which would not vanish

also as all A’s are proportional to A;.

{1,408} Cubic Monomials There are two versions of expressions of cubic §-monomials
with two antisymmetric vector indices as listed in Equation (3.3.10). They can be ex-

panded in the following basis

(004 (3.0)a5 0% ] 1, = o {@(3) 2 (Yo)ap 07 — 7 O (Y8 0) o0 6

(3.3.30)
— 4 L lolabedef G)@i (V51 9’8} ,
[@(2)@ (72)05 ‘96]13 = BO {@(2)@ (79)04/3 0" — % @(2) jaled (7@@)0‘5 07
(3.3.31)

- ;169(2)@(7@@)&59[3} ,
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where the relative coefficients are fixed by the irreducibility conditions

(Vb)a7[9(3) L () GB]IR =0, (3.3.32)

() [0P22 (10)1507] 1 =0 (3.3.33)

From the conditions we know that these cubic f-monomials have 32 x w —-32x11 =
1,408 degrees of freedom, and thus they live in the {1,408} representation. By omitting

the overall coefficients gg and hg, we can write the two versions as

1 1 4 ab o pe

V1 = ?(gl - 7g2 - 793)[565](19 0 0/8 ’ (3334)
1 a €

V2 = 3! (fl %}—2 B 51_6]:3)[;56](1960 96 ’ (3-3.35)

where we define seven objects

(E)fpa = Cloc 0™l

(E)%’eg]a = (MOl

(Byﬁgm = (95 (Waga

(F)ega = (e 3310 (3.3.36)
(%)%Lg]a = (25O gl

(92)%55](1 = (P95 (Waga

[4] )

a 1 a
(G8)5ep0 = ﬁﬁbm]m(v e gla

An additional object £ is defined to span the entire basis, which plays a similar role

to B in the {320} representation. The Fierz expansions of all these objects as listed in
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Appendix A.3.3 give us the system of linear equations

5G1 =98+ Fo+5F1 -Gz

2G, = 63€ + F3 — 21F;1 — 3G3

50F1 = — 188 — F3+5F2 —Ga +5G1 —2G3
(3.3.37)
2Fy =96 +5F1+G1—Gs
5F3 =63 —21F1 + G —3Gs
BE = S Fst 5P~ Fi—Gst 102+ 301
By solving these linear equations, we obtain
(]-"2 =128 +4F ,
Fz =30 —6F
g1 =6E+2F (3.3.38)
Gy = 60& — 12F;,
gz = -9 —-F ,
which means
Vi = %(35 +5F1) 5500007 (3.3.39)
V2 = 5%(35 +5F1) 5 0°0°0° . (3.3.40)

It is of note that here we also have the freedom to choose any other two objects as our

basis. For example, we can choose F; and F> instead. Then we will find

1

V1 = (1671 + Fo) s, 00007 (3.3.41)
o 3 ab dpenB

V2 = ﬁ(16Jf1 +72) gl 007 (3.3.42)

V1 and V2 are always proportional to each other,

V1= §V2 : (3.3.43)
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thus they are equivalent and there’s only one {1,408} irreducible representation sitting

in the cubic sector.

Let’s check the irreducibility condition. If we choose £ and Fj as the basis, the
conditions in (3.3.32) and (3.3.33) translate to

(m)a” (3 + 57’1)([1;15]&0596«95 =0 . (3.3.44)

After some quick calculations, we can simplify this condition as

— 30Cs (Y gja + 5(v ) e (vp2)) g1 = (— 308 + 5C1) egla = 0 (3.3.45)
which is exactly satisfied by Equation (3.3.27). If we choose another basis, like F; and
Fa, and simplify the irreducible condition, we will get the relation between objects B and

Dy in Equation (3.3.27).

With the experiences of checking the irreducibility conditions in {320} and {1,408},
we observe a nested structure. In Equations (3.3.15), (3.3.25) and (3.3.36), we considered
all the objects constructed by two Clifford elements with one of them being antisymmetric
on spinor indices, and with zero, one and two free vector indices for {32}, {320} and
{1,408} respectively. Applying an irreducibility condition involves doing a single y-trace,
which contracts one vector index out. Therefore, the irreducibility condition of {320} in
Equation (3.3.29) can be written in terms of objects in {32}, and different versions of
irreducibility conditions of {1,408} (such as Equation (3.3.45)) can be written in terms
of objects in {320}, which in turn give us the relations between the {320} objects in
Equation (3.3.27).

We can then comment further on why {320} cubic monomials must vanish. We
observe that there is one non-vanishing independent object in {32}, therefore the irre-
ducibility condition in {320} implies that there are more than one independent objects in
{320}. Meanwhile, there are two independent objects in {1,408}, and the irreducibility
condition in {1,408} implies that there is only one independent object in {320}. Thus,

we reach a contradiction. Therefore, sandwiching from {32} and {1,408} would force
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the {320} objects to vanish.

Following this line of logical arguments, the next representation with three free vector
indices, {3,520}, would have to have three independent objects if not vanishing, and its
irreducibility conditions should reduce to the relations between objects in {1,408} in

Equation (3.3.38), as we will see.

{3,520} Cubic Monomials The two versions of cubic f-monomials with three totally

antisymmetric vector indices in Equation (3.3.10) can be expressed as

[9(3)M (7@)&5 05]13 = Mo {@(@M ('Yd)aﬁ 07 — ﬁ O labide (V‘Q]E)O‘ﬁ o°

— 5 OV el (1 1) o5 607 (3.3.46)

b4 L Mabedefs g(3)

[@(Q)Lbcea] _ 771'0 {@(Q)Lbc (ga + % @(2) [abld (fy‘dd)aﬁ 9/8

defg (V(4))a 0” } ,

+ 113 OP e (41 ) o5 67 (3.3.47)

_ 5_16 % 6[5]abcdei@(2)@i (7[5])aﬂ 05} :

where the relative coefficients are fixed by the irreducibility conditions

(e)a [©P 224 (74),567 ] . =0, (3.3.48)
(ve)a [0 %0, ], =0 . (3.3.49)

Let us do the counting. By subtracting the degrees of freedom from the irreducibility
conditions, these cubic §-monomials have 32 x W —32 x % = 3,520 degrees of
freedom. Hence they sit in the {3,520} representation. Again, we can omit the overall

coefficients mg and 1o and write

1 1 1 4 abe  p5pe

VI = o (Hy + fiHe + g Hs = g5 Ha)sly, 00007 (3:3.50)
1 1 1 1 abc 8 pe

V2 =5 (T + %0 — 1m0 — 555) 0.0 0°0° (3.3.51)
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where we define nine objects

(D5 = Coc™ga

(M) = M) sOm)aa

(M) = (P19) 5 ) g

(7{3)%@& = (P95 (5 ga

(7'(4)%5}& = ﬁ e ()15 (V@) Bl (3.3.52)
(T0)f5ce = ()5Cala

(ﬂ)ﬁ;%ma = (M5 (¥ ga

()i = (™ 2)pa

abc 1 abe
(13)[5%5}(} = 30 e2bel3]lo] (V3D e (V51 Bl

with an additional J playing the role of B and £ in representations {320} and {1,408}.

Again, relevant Fierz identities are listed in Appendix A.3.4. We can rewrite them as

1 1 1 1
To = — T+ T3+ -Tp— -T) — Myt -
331y J+ 3+42 511 H4+12H3+4'H2+H1 ,
1 1 1 1
= —Tit+ -To+ Ty —To— Ha— —Hs+ ~Ho —
337 3+42+21 0— Ha 12H3+4H2 Hi o,
1
26H1 = —8J —2I3 — 1o+ 311 + 8o+ -Hs +Ha
. 6 (3.3.53)
38Ty = 48T — 1213 — 215 — 487y — g’Hg +2H,
2
28Ho = 3367 — 24713 + 475 + 28711 + 336Zy — 48H 4 + 57-[3 + 168H1
2
2879 = 3367 + 24713 — 2811 + 33671y — 48H,4 — §H3 + 4Hs — 168H4
Solving these linear equations gives us
Iy =47 — 41+ 2H1
I, =207 + 281y — 8H1
I3 = —4J +41y —H1
(3.3.54)

Ho =287 + 202y +8H1

Hy = — 1207 + 120Ty + 12H;

Hy = — 5T — 5y
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Here we choose 7, Zp and Hy as our basis since they are the three simplest objects. Then

4 abe d pe
V1 = = (27 + 6T + 3H1)j555,0°007 (3.3.55)
o 1 abc dpens
V2 = (27 46T + 3H1) 54,0°00" (3.3.56)
which means
V1 =8V2 , (3.3.57)

and that there is precisely one independent {3,520} representation sitting in the space

of cubic monomials.

Now rewrite the irreducibility conditions in (3.3.48) and (3.3.49) to

(Ye)a™ (2T + 60 + 3H1) 5, 0°0°0° =0 . (3.3.58)

This condition can be simplified as

a a a @
—6 Cisc (7D g1a + (V2 5 (V) 810 — 2 (VM) 5 (V) g0 = (—6E+Ga _Qfl)[(ge[g]a =0 ,
(3.3.59)

which exactly satisfies Equation (3.3.38), as predicted in the last subsection.

The importance of the observations so far in this section is that an expansion to third
order of a real scalar superfield V must be written in terms of complete sets of irreducible

monomials. So to this order we have

V(. 2) = O@) + 6" (@) + 0MpP(a) + o)

aoc

(2) + 0®2d ) (z)

+ 008 () + [0026°] Lol (a) + [0 6] Lol ()

T
(3.3.60)
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3.3.3 Quartic Level

At fourth-order, a new problem appears in the expression in (3.3.1). Let us first pick

out the relevant terms,

V(quartic) = oM e gp(4)(:c) + oW @(2)@90&(@ + oW @(3)M¢ﬁ)cd(x)

4+ @@ abe g(2)def gibl@i(x) n @<2>@@<3>@m¢£@&(x)

+ @(3)m@(3)§@ﬁg&gﬁd§&h(m) + ...

(3.3.61)
The problem is seen by the following argument. From the antisymmetry of the 6-
coordinates, we know the number of degrees of freedom at this order is given by

{32} x {31} x {30} x {29}
4 x 3 x 2

{32} A {32} A {32} A {32} = = {35,960} . (3.3.62)

Next, one can count the degrees of freedom of the bosonic component fields at the

fourth-order superfield expansion in (3.3.61). We have

{1} oWe® |
{165} oM g@ate
{330} o) @@ abed
(13,695} o ae g)des (3.3.63)
{54,450} O abe g(3)defg
{54,615} @) abed g(3) efgh
The last three numbers come from
{13,695} — [{165} ® {165}]s — 1100} - {166}
{54,450} = {165} ® {330} , (3.3.64)
{54,615} = [{330} ® {330}]¢ = {330} >2< {331} |

where [ ]g means the symmetric part of the product, as 0@ and 6G) carry two spinor

indices and they commute with themselves. Note that these three numbers are not
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the dimensions of any so(11) irrep. They are reducible representations that carry more
than the necessary irreducible components contained in the superfield. This is clear
as symmetry properties are not fully utilized to constrain the degrees of freedom. For
example in the second line, the spinor indices on O and ©®) could also be swapped,
but the tensor product among them clearly include the maximal degrees of freedom.
Also, in the first and third lines, one only considered exchanging the positions of the
entire ©)’s or ©®)’s, but not the possibilities of exchanging individual Lorentz indices.

Moreover,
{1} @ {165} @ {330} @ {13,695} @ {54,450} & {54,615} = {123,256} . (3.3.65)

Clearly, the dimension of {123,256} far exceeds that of {35,960}.

Therefore, by following the path in the cubic sector, one immediate thought is to write
down all possible index structures, i.e. first constructing the irreducible quartic mono-
mials just as was done for the cubic order. That would essentially be breaking down
the reducible representations {13,695}, {54,450}, and {54,615} into sums of so(11) irre-
ducible representations. In other words, one would allow the component fields cpﬁ de f(a:),
cpﬁ defg (z), and cp& efah () to admit linear constraints that identify various irreducible
component fields with each other. Due to the overwhelming excess of irreducible com-
ponents, one could hope to ameliorate this situation by finding that some of the bosonic
fields are actually zero. As with the cubic sector, there exist a sufficient number of Fierz
identities such that when these fourth-order terms are expanded over an irreducible ba-
sis, one finds relations between the seemingly independent ones in such a way that some

terms vanish and the counting of the remaining field components adds to 35,960. That

would be an excessive amount of tedious calculations.

In later chapters, one would see how these terrible decompositions could be turned

into neat group-theory problems that could be solved by efficient algorithms.

The main message of this section of our work is that explicit #-expansion of the eleven
dimensional scalar superfield is considerably more complicated than in lower dimensions.

One must contend with four separate problems:
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(a.) there are multiple equivalent ways to express the required §-monomials,
(b.) some apparently reasonable monomial combinations actually vanish,

(c.) the requirement of the irreducibility of the f-monomial expansion requires carefully

constructed combinations, and

(d.) the over abundance of bosonic fields encountered from the most obvious f-expansion.

The resolution of the first two of these problems relies of the derivation of Fierz iden-
tities. With regard to the third problem, the only methodology known to use is brute
force establishment of their existences. The final problem requires a careful choice of

constraints.

At all higher orders, up to the sixteenth, in the 6-expansion this problem of deriv-
ing explicit irreducible #-monomials occurs. Above this order, the form of the required
higher-order irreducible §-monomials can be deduced from the lower order irreducible 6-
monomials. For terms in odd orders, an actual derivation of the irreducible #-monomials
involves derivations of Fierz identities as we explicitly demonstrated at cubic order. For
terms in even orders, an actual derivation of the irreducible #-monomials involves deriva-
tions along the lines we implicitly discussed at quartic order. To our knowledge, these
impediments have not been recognized previously in the literature. A most disappoint-
ing realization would be that all of these need to be sorted out before any discussion of

dynamics using off-shell 11D, N/ = 1 superfields.

All of these point to the fact that superfields and their accompanying #-expansions
become increasing unwieldy as a “technological platform” for the study of supermulti-
plets in higher dimensions. This is due to the fact that in order to calculate efficiently,

polynomials [01 e 97’] 1R at Level-p are required to be explicitly constructed.

For all the reasons enunciated in an illustrative manner throughout this section, we

are motivated to search for an approach that is free of these burdensome complications.
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Chapter 4

The Ectoplasmic Conjecture

This chapter is based on [113].

This chapter aims to provide a big picture of how the so-called ectoplasmic conjec-
ture opens a new doorway to address the forty-year-old problem discussed in chapter 3.
We will start from the superspace version of the ectoplasmic conjecture which was first
introduced in [114]. Then its branching rule realizations and implications for superfields
give a clear methodology on how to find out the complete component field content for a

superfield in practice.

4.1 The Ectoplasmic Conjecture

In a past work [114], there was presented a graphical visualization of the superspace
that appears below in Fig. 4.1 (a). One can think of the volume of the sphere as
representing the entirety of the superspace and the equatorial plane represents the bosonic
subspace. Superfields “live” in the whole of the Salam-Strathdee superspace, and in order
to extract the component fields, one needs to carry out the #-expansion as Taylor series

and then set # — 0 (a “projection” process) in the coefficients of the expansion.

Recently [40,57-59,62] we noted a more mathematically concrete manner for utiliza-
tion of this construct and asserted the branching rules for su(d) O so(D) can be applied

to realize the projection process.

In the second of these diagrams, two parameters appear. The first, d, denotes the min-

imal number of independent real 6-coordinates that must be introduced so the spinorial
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superfields

(z, 0) superfields Ad—l

SO(1,D-1)
Component

(=) fields

Component

fields (B) A realization of “projection” [40, 57—

(A) A representation of superspace [114] 59,62]

Figure 4.1: The Ectoplasmic Conjecture

superspace coordinates can be identified with a spin bundle of the double cover repre-
sentation of the Lorentz rotations of a D-dimensional Minkowski space. The number of
spatial dimensions, D, of the Minkowski space manifold is the second parameter. The
parameter d indicates which of the Ay_i-series Lie algebras is relevant to the construc-
tion of SUSY representations. There exists a function d(D) that relates the d-parameter

to the D-parameter.

In order to gain insight into this function, it is simplest to study it in the case where
D = 1, i.e. no spatial directions. In this case, the parameter d can be conveniently
related to A where the former parameter denotes the number of independent bosons (or
fermions) required for a faithful linear representation of SUSY in the D = 1 theory. The
quantity N is the number of “supercharges’ in our description of this function. In the
language of physics, A is the "degrees of extension’ of the supersymmetry generators.

Thus, the parameter d becomes a function of N.

When the results for d are written more explicitly for values 1 < A < 16, they can

be expressed as shown in the table that follows. From this table, we see there are some

Table 4.1: Number of 1D Supercharges vs. Number of Bosons (or Fermions)

N|1|23[4|5[6|7[8|9 10|11 |12 13 | 14 | 15 | 16
d|1]2]4[4[8|8|8|8|16|32|64]|64| 128 | 128 | 128 | 128

values of N such that as one goes from N to N + 1, the size of the parameter d “jumps”
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by a factor of two. This occurs for:
N = 1,2, 4,8,9, 10, 12, 16, 17, 18, 20, 25,... (4.1.1)
and we can borrow language from nuclear physics’ and call these “magical” values of \.

~

To efficiently describe this behavior, it is convenient to introduce the function d(n)

defined as

2 2P
d(n) = On,1 + Z optl Z(Sn’ q+2°
p=0 q=1

= [0p1 +2(0n2) +4(0n3+0na)+8(dns+ 0ne+ 0n7—+ 0ns)l
(4.1.2)

in terms of the Kronecker delta symbol. This function was first noted in tabular form in
the work of [76]. Since we define the domain of this function to be the counting integers

from one to eight we can display it as a table also and so it is very clear that for a

~

Table 4.2: n vs. d(n)

dn) |1 ]2]alals|s]s]s

restricted domain of N, the quantities d and d are equal. Next the parameter AN can
be projected onto a space of two integers denoted by m and n via the equation N —

8m + n where m = 0,1, 2,3, ... and 1 <n < 8 and using this one can write
dN) = 2*™d(n) (4.1.3)

which is valid for all values of A.

1See the webpage at https://en.wikipedia.org/wiki/Magic_number_ (physics) on-
line.
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4.2 Branching Rule Realizations

In the work [40,57,58,62|, we proposed branching rules for su(d) D so(D) to decipher
the complete set of component fields residing in the scalar superfield in arbitrary D
dimensions and in this context d is the dimension of the minimal irreducible spinor

representation in so(D).

In the work [59], in order to translate Lorentz irreducible representations into field
variables, we introduced irreducible Bosonic Young Tableau (BYT) and irreducible Spino-
rial Young Tableau (SYT). The irreducibility conditions of BYT’s are effectuated by the
branching rules for su(D) D so(D) in spacetime dimension D. The bosonic tying rules
are graphical rules for the same branching rules su(D) D so(D). Below is the table of

branching rules used in various dimensions. It is also useful to note that for all values of

D | Branching Rules — component fields | Branching Rules — BYT
11 As1 D Bs Aip D Bs
10 Ais D D5 Ag D D5
9 ./415 D) 84 .Ag D 84
8 A5 D Dy A7 DDy
7 A5 D B3 Ag D B3
6 A7 D D3 = A; As D Ds
5 A7DBQ§C2 A4DB2
4 As DDy =2 A1 x Ay A3z D Dy
3 A =2 By Ay D By
2 su(2) Dso(2) 2wy su(2) Dy

Table 4.3: A list of branching rules used to obtain scalar superfield decompositions as
well as define BYT’s and determine their irreducibility conditions in various spacetime
dimension D’s

d > 4, the injections Ay_1 D A3 describe 4D, N-extended SUSY where N = d/4.

When D = 3, the Lorentz group is SO(1,2) and the corresponding fundamental
representation acts on a real (Majorana) two-component spinor ¢* = (4)*,9~). The
SU(2) group, which corresponds to the A; algebra, is the double copy of SO(3). When
D = 2, like in 10 dimensions, we have Majorana-Weyl spinors which have d.o.f. = 1. So

we actually consider the Dirac spinors in this case.

The first two columns of Table 4.3 can be summarized more simply by relating the

number of bosonic dimensions to the number of fermionic dimensions in a simpler table.
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and this shows the same sort of jumping behavior seen for the 1D discussion, starting

Table 4.4: Number of Bosonic Dimensions vs. Number of Fermionic Dimensions

D{3|4|5|6| 7|89 10|11
di|2|4]8|8]16|16| 16 | 16 | 32

above the value of D = 3

D = 3, 4, 6, 10,... (4.2.1)

as the “magical dimensions” similar to the D = 1 case. Here, the parameter D can be
projected onto a space of two integers denoted by r and s via the equation D = 8r + s
+ 2 where r and s take on the same values as m and n previously. Thus, using this one

can write

d(D) = 2%*ld(s) (4.2.2)

which we conjecture is valid for all values of D.

The formula in Eq.(4.2.2) applies to the case of a realization of one supersymmetry
in a space-time dimension of D. It is also possible to realize A/ such supersymmetry

generators in a space-time of dimension D. However, we will not explore this topic here.

The equations Eq.(4.1.2) and Eq.(4.2.2) provide an example of the “SUSY holography”
conjecture discussed in the work [74]. The mathematical function, c/l\7 that applies to the
dimensions of the fermionic space for a 1D, M-extended SUSY theory also applies to the
fermionic space associated with the D-dimensional theory and minimal SUSY. We will

talk more about the “SUSY holography” conjecture in chapter 9 later.

~

Finally, the function d(n) may be related to the Radon-Hurwitz number and we leave

this question open for the mathematically minded reader.

A feature that is apparent from examining the middle column of the Table 4.3 is
that consistently above dimension three, there is an (expected) alternation between the
B and D Lie algebras. Based on this observation and further component level evidence
(to be discussed later), we are prompted to make a conjecture about the structure of

superspace associated with a minimal realization of SUSY for arbitrary values of D.
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The irreducible conditions of SYTs are given by the tensor product rules of its corre-
sponding BYTs and the fundamental spinorial irreducible representation of so(D), which

is {d}. The combinatorics correspond to requiring all possible gamma-traces to be zero.

4.3 Implications for Superfields

The points indicated in the last section have implications for superfields, to which we

now turn.

Ectoplasmic Conjecture: Representation Theory Version

Minkowski superspaces, with spacetime metric signatures of (1, D — 1), are
fibrations that occur by injections of Aq—1 O Bp_1)/2 (for D odd) or O Dp 9
(for D even) representations in Cartan Classification’s of compact Lie algebras
and where d and D are determined by the function d(D) that possesses Bott

Periodicity.

It is useful at this point to provide the evidence that led us to this conjecture.

A Minkowski superspace is has traditionally been described by a bosonic coordinate
22 (where the index a takes on values ¢ = 0, 1, ..., D — 1) and a fermionic coordinate
0 (where the index « takes on values a = 0, 1, ..., d). A scalar superfield V(z2, 6)
has traditionally been described as a Taylor Series expansion in the ‘6-coordinates.” One

is thus led to consider quantities of the forms
d
V(e %) = vO () + Z 0™ o, () 0O - GO (4.3.1)
n=1

For the sake of simplicity, we always (at least initially) assume that the ‘f-coordinates’
are real anticommuting Grassmann numbers that form the minimal irreducible represen-
tation of the spin-group associated with the bosonic space with coordinates x%. Next
one can introduce a ‘level parameter,” denoted by £, whose role is to account for how the
functions v (z), and v, ..q, (z) are associated with the various powers of #*. The

function v(%)(z) is not associated with any powers of #%, so we associated (£)° with it.
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The functions v, () are associated with the first powers of the #*-coordinates, so we

associated (¢)! with them, and so forth for the remaining functions.

At level ¢ in the expansion of Eq.(4.3.1), due to the anticommutativity of the d in-
dependent Grassmann coordinates, there occur d!/f!(d — ¢)! degrees of freedom. Let
us consider only the even values of / as a beginning point since in this case the func-
tions vy, ...q, () are bosons. These bosonic fields are defined over the D-dimension
Minkowski space and must therefore occur as some bosonic Lorentz representations {RR}
of the manifold. Such representations possess a dimensionality (i.e. degrees of freedom)

that can be denoted by d(ry. Therefore, one can conclude an equation expressed as

d!
od—o > brydgry (4.3.2)
R

(where biry denotes a set of integers) must be satisfied. By similar reasoning applied to

odd values of ¢, one concludes an equation expressed as

d!
od—o > brydiry (4.3.3)
R

(where by, again denotes a set of integers) must be satisfied for fermionic representations
{R}.
If we now turn to representation theory, the factors of d!/¢!(d — £)! are recognizable

as the dimensions of forms in the Ay_1 series of compact Lie Algebras. We are thus able

to write

[dimFund(Adfl)]! _
Odimpung(Aa—1) — €' ;bm} dry (4.3.4)

for even values of /¢

[dimFund(Adfl)]!
Odimpuna(Aa—r) — 4! ; biry diry (4.3.5)

and for odd values of /.

A surmise from this can be drawn, it is the /-forms of A;_; Lie Algebra that ‘con-

trol” the component field representations that occur in the conventional #-expansions of
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superfields.

However, one still requires a mathematical principle to determine the biy and by,
coefficients on the right hand side of these equations. We concluded in the works of
[57-59,62] that it is the branching rules of the injections of Ay_1 D Bp_1)/2 (for D odd)
or O Dp/e (for D even) representations applied to the ¢-forms that ‘control’ the values

of the byry and byr, coefficients.

Stated in the simplest possible way, branching rules for the ¢-forms for Az 1 D
Bp_1)2 (for D odd) or D Dpjy (for D even) determine the component spectrum of

superfields for the D-dimensional superspace with simple supersymmetry.

The appearance of these /-forms provides additional insights for the construction
of efficient algorithms that lend to the transparent exposure and manipulation of the
component field content of superfields. It is well known that Young Tableaux provide
a useful visualization of the representations of Lie Algebras. So the Ay ¢-forms may
be represented by single column tableaux. On the other hand, there also exist Young
Tableau representations of the bosonic and fermionic field representations of Bp_y1)/2
(for D odd) or O Dpjy (for D even) representations. This implies the existence of a
graphical visualization basis for describing the component field content of superfields
in arbitrary dimensions based on these Young Tableaux representations. In particular,
the multiplication rules for Young Tableaux provide a basis for understanding how the

multiplications of superfields are determined.



93

Chapter 5

Superfield Component Decompositions in

10D Superspaces

This chapter is based on [57].

In this chapter, the first complete and explicit SO(1,9) Lorentz descriptions of all
component fields contained in N = 1, A/ = 2A, and N/ = 2B unconstrained scalar 10D
superfields are presented. These are made possible by the discovery of the relation of the
superfield component expansion as a consequence of the branching rules of irreducible
representations in one ordinary Lie algebra into one of its Lie subalgebras. Adinkra
graphs for ten-dimensional superspaces are defined for the first time, whose nodes depict
spin bundle representations of SO(1,9). A consequential deliverable of this advance is
it provides the first explicit, in terms of component fields, examples of off-shell 10D
Nordstrém SG theories that are reducible but with finite numbers of fields in the manner
of Breitenlohner. Also an analog of Breitenlohner’s approach is implemented to scan
for superfields that contain graviton(s) and gravitino(s), which are the candidates for
the superconformal prepotential superfields of 10D off-shell supergravity theories and

Yang-Mills theories.

We organize this current chapter in the manner described below. In section 5.1,
we present the decomposition result of the scalar superfield in 10D, A/ = 1 theory.

Two different approaches that lead to the same result are presented. One we call the
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“handicraft approach,’” where we introduce Bosonic and Fermionic Young Tableaux.
The other is the application of branching rules, the restrictions of representations from
a Lie algebra g to one of its subalgebra h. The complete ten-dimensional A/ = 1 adinkra

is drawn.

In section 5.2, we start from the well-studied off-shell description of 4D, NV = 1
supergravity established by Breitenlohner and show how to apply his idea to carry out
constructions of candidates for the prepotential and Yang-Mills supermultiplets in 10D,
N =1 theory. In section 5.3, we present the methodology and results of constructing
the 10D, N = 2A scalar superfield from the 10D, A/ = 1 scalar superfield, as well as the
discussion of the search of prepotential supermultiplet in Type IIA superspace. The ten-
dimensional ITA adinkra diagram is shown at low orders. However, its complete structure
is given in the form of a list of the component field representations it contains. These same
steps are repeated in section 5.4 that gives the methodology and explicit decomposition
results as well as the discussion of constructing prepotential supermultiplet in Type I1I1B

superspace. The ten-dimensional [IB adinkra diagram is also shown at low orders.

5.1 10D, N = 1 Scalar Superfield Decomposition

In the case of the 10D, N/ = 1 theory, the number of independent Grassmann coor-

210/2-1 — 16 due to the Majorana-Weyl condition. Then the superspace has

dinates is
coordinates (z%,60%), where a = 0,1,...,9 and « = 1,...,16. Hence, the #-expansion of
the ten-dimensional scalar superfield begins at Level-0 and continues to Level-16, where
Level-n corresponds to the order O(0™). The unconstrained real scalar superfield V

contains 2'6~1 bosonic and 2'6~! fermionic components, as counted in Table 3.1. Let’s

express the 10D, N' = 1 scalar superfield as

«

V(e %) = o0 + 6%z + 4267 (,0;25)(1&) + ... . (5.1.1)

T The term “handicraft approach” comes for P. van Nieuwenhuizen who coined it to refer to a
mathematical “Rube Goldberg” type of approach that nevertheless yields a correct result in the
context of supersymmetry calculations.
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We can decompose f-monomials 01 ... 9%l into a direct sum of irreducible representa-

tions of Lorentz group SO(1,9). With the antisymmetric property of Grassmann coordi-

nates, we have

Level — 0

Level — 1

Level — 2

Level — 3
Y —

Level — n

Level — 16

{1+

{16} .

{16} A {16} |

{16} A {16} A {16} |

(5.1.2)

{16} A ... A {16} ,

n times

{1}

All even levels are bosonic representations, while all odd levels are fermionic representa-

tions. Note that in a 16-dimensional Grassmann space, the Hodge-dual of a p-form is a

(16 — p)-form. Therefore, level-(16 — n) is the dual of level-n for n = 0,...,8, and they

have the same dimensions. By simple use of the values of the function “16 choose n,”

these dimensions are found to be the ones that follow,

Level — n

Level — 0 1,
Level — 1 16
Level — 2 120
Level — 3 560
(5.1.3)
16!
n!l(16—n)!

Level — 16 1
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The #—monomials contained within the 10D scalar superfield ¥V can be specified by
the irreducible representations of s0(1,9) as follows. In Appendix C, the irreps with
small dimensions are listed.

p

Level — 0 {1}

Level — 1 {16} ,

Level — 2 {120} ,

Level — 3 {560} ,

Level — 4 {770} & {1050}
Level — 5 {672} ® {3696} ,
Level — 6 {3696'} @ {4312} |
Level — 7 {2640} @ {8800}

V = ¢ Level -8 {660} @ {4125} @ {8085} (5.1.4)
Level — 9 {2640} & {8800}
Level — 10 {3696’} ® {4312}
Level — 11 {672} ® {3696}
Level — 12 {770} ® {1050}
Level — 13 {560}

Level — 14 {120} |
Level — 15 {16} ,
Level — 16 {1}

Note that Level-16 to Level-9 are the conjugates of Level-0 to Level-7 respectively, and

Level-8 is self-conjugate. That’s the meaning of the duality mentioned above. It is also

16!

clear that the dimensions given by A6 )T

“align” with the order of the irreducible
representations for the first four levels (and the corresponding dual levels) of the 10D,
N = 1 scalar superfield V. When the dimension of the wedge product does not align

with the dimension of an irreducible representation, it must be the case that the sum of
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a judiciously chosen subset of irreducible representation is equal to 71!(1167% at the n-th

level.

One may wonder why “bar” representations occur in 10D, N’ = 1 theory with the
absence of dotted spinor indices. Let us turn to the {16} and {16} representations. If we
define x® as the {16} representation, then it follows that x* is the {16} representation.
They both have upper spinor indices. However, it is important to keep in mind that the
spinor metric for 10D takes the form Caﬁ- and this means that it is possible to define

another spinor that has a subscript index via the equation
- Ao, (5.1.5)
Xa = X"Chp 1

where obviously x, has a subscript undotted spinor index. So if we define xy® with a
superscript as the {16} representation, then it follows that y, with a subscript is the

{16} representation!

This provides a way to understand the meaning of the “bar” representations shown in
the studies of the ten-dimensional superfield. This also tells us the irreps corresponding
to the component fields are nothing but the conjugate of the irreps corresponding to the

0 —monomials.
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We can also rewrite the scalar superfield decomposition result in Equation (5.1.4) in

Dynkin labels as follows.

Level — 0
Level — 1
Level — 2
Level — 3
Level — 4
Level — 5
Level — 6
Level — 7
V = { Level -8
Level — 9
Level — 10
Level — 11
Level — 12
Level — 13
Level — 14
Level — 15
Level — 16

(00000)
(00001)
(00100)
(01010)
(02000) @ (10020)
(00030) @ (11010)
(01020) @ (20100)

(30001) @ (10110)

(40000) & (00200) &

(30010) @ (10101)
(01002) @ (20100)
(00003) & (11001)
(02000) & (10002)
(01001)
(00100)
(00010)

(00000)

(20011)

)

)

(5.1.6)

In the following subsections, we will present two different approaches to obtain the

result in Equation (5.1.4). We will also draw the 10D, /' = 1 adinkra diagram as we did

in the 4D, N' =1 case.

In the discussion above, it was noted that the problem of finding a judicious choice of

irreducible representations of the Lorentz group appropriate for level-n of the superfield

is at the crux of identifying what component fields actually appear at the level-n. In the
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following discussions, we will show two ways to carry out this process.

5.1.1 Handicraft Approach: Fermionic Young Tableaux

In this section, we will utilize the fermionic Young Tableau (FYT) and its application
to obtaining the irreducible Lorentz decompositions of the component fields appearing
in the §-expansion of the ten-dimensional scalar superfield”. Since in superspace, there
are not only spacetime coordinates but also Grassmann coordinates, we introduce the
fermionic Young Tableau as an extension of the normal (bosonic) Young Tableau. In
order to distinguish the bosonic Young Tableaux from the fermionic Young Tableaux, we
use different colored boxes: Young Tableaux with blue boxes are bosonic and the ones
with red boxes are fermionic. Namely, when calculating the dimension of a representation
associated with a Young Tableau, we put “10” into the first box if it is bosonic and “16”

if it is fermionic in 10D.

One can start with the quadratic level. In s0(10), we can use Young Tableaux to
denote reducible representations. The rules of tensor product of two Young Tableaux are

still valid. Thus, we have
ﬁ@ﬁz\\\@m (5.1.7)

where entries in E are completely symmetric in a corresponding set of spinor indices
and entries in D are completely antisymmetric in these same spinor indices. Therefore,
the dimensions of these two representations are 136 and 120 respectively. Moreover,
m and D are the only Young Tableaux that contain two boxes. By using the Math-

ematica package LieART [72], one obtains® the following results about tensor product

decomposition in s0(10):

{16} ® {16} = {10} @ {120} & {126} . (5.1.8)

2 As we noted in our introduction, the use of Young Tableaux for supersymmetric representation
theory was pioneered in the literature [115-117] some years ago.

3 Of course simply ways can be used to find these results also.
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Then we know the decompositions of | | |and E
| ={10} @ {126} , (5.1.9)
H _ {120} | (5.1.10)

entirely from dimensionality. This exercise also teaches the lesson that

{16} A {16} = {120} . (5.1.11)

Note that the sigma matrices with five vector indices satisfy the self-dual / anti-self-

dual identities

1 _ d- 1 _ C.Y.
(o))ap = 56[5][5}(0[5}%5 ;o (o)™ = 56[5][5](0[5]) g , (5.112)
1 £ 1 £ o
(o) = —56[5][5](0[5])% o)y = —56[5][5}(0’[5})&3

Thus, the degrees of freedom are halved. We denote the 5-forms satisfying the self-dual

condition as {126}, and the 5-forms satisfying the anti-self-dual condition as {126}. Then

we have = 10x9xBXTX6 — (952} = {126} & {126}. This discussion reveals that the

reducible {252} may be graphically reduced according to

= ® : (5.1.13)
+ J—

as an image. The level-2 result that we need for the scalar superfield is {16} A {16},

which is the totally antisymmetric piece H

Next, we go to the cubic level. The tensor product of three {16} is

JeJe[J=[He[l] &[]

(5.1.14)

[ ]

[TT]e2Je

|
[]
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Therefore we obtain

.

® [ | = {16} @ 2{144} & {672} @ {1200} ,

[TT]e =

3-

(5.1.15)

| ® [ ] = {16} @ {144} @ {560} @ {1200} . (5.1.16)

S

]

To solve for | | first note that

- o = (560} (5.1.17)

[ []

V)

[ []

@

7

where “—” means complement including duplicates if we treat each direct sum of irreps

as a set of irreps. Now note that the dimension of is exactly 560. Therefore, we can

solve for all the decompositions in cubic level,

= {144} & {672} , (5.1.18)

| _ (16} ® {144} @ {1200} , (5.1.19)

i = {560} . (5.1.20)

When we look at the quartic level, we find

:@3T@2 ‘@3 @E.

(5.1.21)

By the hook dimension formula, the tensors with four spinorial indices above have dimen-

sions 3,876, 9,180, 5,440, 7,140, and 1,820 respectively. It is more useful to express these
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in terms of tensors with vector indices. By using the second line of Equation (5.1.21),

from Equations (5.1.9) and (5.1.10), we find

(5.1.22)

However, the r.h.s. of Equation (5.1.21) and (5.1.22) are not irreducible representations!

By LieART, we obtain the irreducible decomposition

el lel e[ | =021{1} @ (6){45} @ (3){54} & (8){210} & {770}
@ (6){945} & {1,050} & (6){1,050} & {2,772}
@ (2){4,125} @ (3){5,940} @& (3){6,930}
(5.1.23)

In subsequent work, we will develop graphical techniques to get from Equation (5.1.21)

and (5.1.22) to Equation (5.1.23).

=

Similar to Equations (5.1.15) and (5.1.16), we have 4 independent equations with 5
different Fermionic Young Tableaux with 4 boxes. Note that in level-n, the number of
Young Tableaux with n-boxes is the number of integer partitions of n, p(n). In level-5,

6, 7, and 8, there are 7, 11, 15, and 22 different types of Young Tableaux respectively.
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The number of independent equations in level-n is p(n) — 1. This method becomes
increasingly tedious. We won'’t go through the details of the subsequent levels. Although
the systems of equations always seem underconstrained, in all levels the restrictions from
dimensionality are able to nail down all the solutions in the 10D, /' = 1 case, and give
us back the scalar superfield decomposition in Equation (5.1.4). Thus we call this a

handicraft approach.

5.1.2 Branching Rules for su(16) D so(10)

At level-n of the 10D, N' = 1 scalar superfield, we want to decompose the totally
antisymmetric product {16} to s0(10) irreps. We are essentially looking at all the

one-column Young Tableaux with 16 filled at the first box,

(5.1.24)

16
Ty 3 ) )

16
They have dimensions ,nm=20,1,...,16. One natural way is to interpret these

n

Young Tableaux as su(16) irreps (while they do not correspond to irreps when interpreted
in the s0(10) context), and consider how they branch into s0(10) irreps. We summarize
the relevant branching rules in the following table. They give us the decomposition in

Equation (5.1.4).

To our knowledge, the expansion of component fields of a superfield arising from the
branching rules of one ordinary Lie algebra over one of its Lie subalgebras has never been

noted in any of the prior literature concerning superfields.

This is one of the major discoveries we are reporting in this research paper. It provides
a clean, precise, and new way to define the component fields in superfields. It is very
satisfying also from the point of view of our use of the “handicraft” techniques discussed in
the last section. The two methods yield the same conclusions at all levels. However, the

method in this section is both labor-saving and in a sense more mathematically rigorous.
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Level | Irrep in su(16) Trrep(s) in s0(10)
0 {1} {1}
1 {16} {16}
2 {120} {120}
3 {560} {560}
4 {1,820} {770} @ {1,050}
5 {4,368} (672} @ {3,696}
6 {8,008} {3,696’} @ {4,312}
7 {11,440} {2,640} @ {8,800}
8 {12,870} | {660} @ {4,125} @ {8,085}

Table 5.1: Summary of su(16) to s0(10) branching rules for level-0 to 8 in 10D, V' =1
scalar superfield

5.1.3 10D, N =1 Adinkra Diagram

In a manner similar to how we drew the 4D, A/ = 1 adinkra, we are now in position
to explicitly demonstrate the 10D, N' = 1 adinkra by the same process. The adinkra
with irrep dimensionality shown in each node is drawn in Figure 5.1, while the one with

the corresponding Dynkin labels appears in Figure 5.2.

Readers may immediately notice that not all nodes in adjacent levels are connected.
As we know, the black edges represent the supersymmetry transformation, a more careful
calculation should be done to determine whether two nodes are connected (namely related
to each other via susy transformations). A detailed discussion on this issue can be
found in [58] and here we will just present the final results without going through all

calculations.

Considering the case of 4D, N = 1 supersymmetry, the graphs shown in Figure 5.1 and
Figure 5.2 for the 10D, NV = 1 scalar superfield should be considered as the equivalence
to the graph shown in Figure 3.1 for the 4D, NV = 1 scalar superfield. The obvious
difference in “heights” was to be expected. However, a surprising feature is the maximum

width of the 10D, N' = 1 scalar superfield adinkra is exactly the same as that of the 4D,
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Figure 5.1: Adinkra with Dimensional- Figure 5.2: Adinkra with Dynkin Labels
ity Indicated In Nodes Indicated In Nodes
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N = 1 scalar superfield, namely only three bosonic nodes. Another surprising feature of
the 10D, A = 1 scalar superfield is its economy. It only contains 15 independent bosonic

field representations and 12 independent fermionic field representations.

A great and obvious challenge here is to discover the analog of the rules that govern
the splitting that was described as to how 4D, N' = 1 chiral (irreducible) and 4D, N =
1 vector (irreducible) adinkras can be obtained from a 4D, A = 1 real scalar (reducible)

adinkra.

5.1.4 The 10D, N =1 Adinkra & Nordstrém SG Components

In our previous work of [36] (see materials in chapter 2), we found that the construc-
tion of 10D, N = 1 supergravitation at the level of superfields and in terms of linearized
supergeometry is very direct and without obstructions. It involved the introduction of a

10D, N = 1 scalar superfield ¥ that appears in linearized frame operators in the forms

Eq =Do+3¥D, | (5.1.25)

Ey = 0q + U0, — i2(04)*”(Da¥)Dp . (5.1.26)
Taking the & — 0 limit in the second of these equations implies that

Eq

a0 + [—i%(ag)o‘ﬁ(Da\I/)”Dg : (5.1.27)

:[1+\I/]

where | is a notation used to indicate the taking of the limit. The left hand side of this

equation can be defined as
Ey| =€,™0m + %’ D (5.1.28)

with e,™ describing the 10D graviton (expressed as a frame field) and 1@5 describing the

10D gravitino. Combining the last two equations yields

e = [1 n \11} 5, D = —ig(ag)aﬁ(Da\Il)” . (5.1.29)

a 5
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In Nordstréom theory, only the non-conformal spin-0 part of graviton described by a scalar

component field and the non-conformal spin—% part of the gravitino

vg = (0%t (5.1.30)

which is described by a {16} component field show up. Both of these are appropriate for

a Nordstrom-type theory.

Two of the results in the work of [36] take the respective forms

3 3, 1 1
Tap" = = 150" (0p9) + 15(06%)a” (0¥) + iy s [—(0[2])a7(0b[2})55 + 3(06[3])a7(0[3})56:| Gps
(5.1.31)
and
e .6 . 111, 4 “ .
Roglt = —ig(0Mas(@8) — 5 | sl + @as(oey" | Go
(5.1.32)

where Gog = ([Da, Dg]¥). In the # — 0 limit, the first two terms of each of these equa-
tions involve the spacetime derivative of the scalar graviton in the theory. The final two
terms in each of these equations involve the quantity G,g = ([Da,Dg|¥) corresponding
to the Level-2 {120} component field node shown in either of the adinkras shown in

Figure 5.1 or Figure 5.2.

Application of a spinorial derivative to Gap (i.e. Dy, DaDg¥) yields the Level-
3 {560} fermionic component field node. Application of two spinorial derivatives to
Gaop (ie. Dy, D,,DaDg VW) yields the Level-4 {770} and {1050} bosonic component
field nodes. Application of three spinorial derivatives to Gap (i.e. Dpy, D,,DyyDaDg¥)
yields the Level-5 {672} and {3696} fermionic component field nodes. Application
of four spinorial derivatives to Gug (i.e. Dy DyyDoyDeyDaDg W) yields the Level-6
{3696} and {4312} bosonic component field nodes. Application of five spinorial deriva-
tives to Gop (i.e. Dy, Dy,Dy DD, DDy W) yields the Level-7 {2640} and {8800}
fermionic component field nodes. Application of six spinorial derivatives to Gpp (i.e.
D, D4, D,,D,D,. D, DDy ¥) yields the Level-8 {660}, {4125}, and {8085} bosonic

component field nodes.
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From the form of the adinkras, we know that the application of more than six
fermionic derivatives to Gog (or eight to W) only leads to the dual representations occur-
ring. So for example seven fermionic derivatives applied to Gog (or nine to ¥) must lead
to the dual representations of those that occurred with the application of five fermionic
derivatives (or seven to W). Thus, all the component fields of 10D, A/ = 1 Nordstrém
SG are obtained from (5.1.29) as well as applying all possible spinorial derivatives to the

superspace covariant supergravity field strength G, followed by taking the 6 — 0 limit.

Thus, the knowledge of the 10D, ' = 1 scalar superfield adinkras provides an avenue
to the complete component field description of the corresponding reducible Nordstréom

supergravity theory derived from superspace geometry [36].

5.2 10D Breitenlohner Approach

In this section, we will apply the Breitenlohner approach to construct candidates for
the 10D Type I superconformal multiplet. The principle of this approach is to attach
bosonic and fermionic indices on the 10D scalar superfield and search for the traceless

graviton and the traceless gravitino.

Recall that the first off-shell description of 4D, N' = 1 supergravity was actually
carried out by Breitenlohner [37], who took an approach equivalent to starting with the
component fields of the Wess-Zumino gauge 4D, N = 1 vector supermultiplet (vg, Ag,d)

together with their familiar SUSY transformation laws

Dava = ()’ As
Darsg = —i5([7% ¥ Dag (avy — Fhva) + (V)asd (5:2.1)
Dad = i(¥*7%)a” dads
followed by choosing as the gauge group the spacetime translations, SUSY generators, and
the spin angular momentum generators as well as allowing additional internal symmetries.

For the spacetime translation, this requires a series of replacements of the fields according

to

Vo = hay 5 Ag = g, d = Ay, (5.2.2)
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(in the notation in [37], Ap is B®,). Because the vector supermultiplet is off-shell (up
to WZ gauge transformations), the resulting supergravity theory is off-shell and includes
a redundant set of auxiliary component fields, i. e. this is not an irreducible description
of supergravity. But as seen from (5.2.2), the supergravity fields are all present, and
together with the remaining component fields a complete superspace geometry can be

constructed.

The key of this process is that if you look at Equation (3.2.3), there is a {4} irrep
(which is a vector gauge field) in level-2. When you consider the expansion of the

superfield with one vector index H% which is also called the prepotential, you will find

{4} {4} = {1} ® {3} ® {3} ® {9} , (5.2.3)

where {9} is the traceless graviton, as the degree of freedom is 9 = % —1.

In 10D, N' = 1 theory, we want to search for the traceless graviton hg, and the
traceless gravitino 1/)@5. Let us first figure out which irreducible representations do they
correspond to. The graviton has two symmetric vector indices, which corresponds to

10;“ = 55, and can be decomposed into the traceless part and the trace,

hap = hay + Naph

{55} = {54} @ {1}

(5.2.4)

where both {54} and {1} are SO(1,9) irreps, while {55} is not. In the following, we will
denote the traceless graviton irrep to be , where the green color is added just to
highlight this irrep. To determine the irreducible representations corresponding to the
gravitino z/NJQfB , first note that it has one vector index which corresponds to {10} and one
upper spinor index which corresponds to {16}. We can then decompose the gravitino

into its traceless part and its o-trace part by the tensor product of these two irreps,

&gﬁ = %ﬁ + %(Ug)ﬁvdky ’

{10} ® {16}

(5.2.5)
{144} & {16} ,

where the non-conformal spin—% o-trace part 1, is defined in Equation (5.1.30). The
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traceless part w@ﬁ of the gravitino is conformal, and this is what we should search for in

the superconformal prepotential multiplet.

Now, if we hope to follow the exact same method in Equation (5.2.3), we would imme-
diately confront the problem of the lacking of {10} in the expansion in Equation (5.1.4).
Therefore, we cannot introduce the vector superfield as the prepotential and construct
the off-shell supergravity in the 10D, N' = 1 case right away. Instead, we attach other
combinations of bosonic and fermionic indices onto the scalar superfields and search for

traceless gravitons and gravitinos {144} directly.

Given the Lorentz component content of a scalar superfield, how do we know the
components of the superfields with various bosonic (or fermionic) indices? Let’s write
down the scalar superfield §—expansion again,

V= o0 1 g 4 ogegf o2 (5.2.6)

e aff
Attaching indices onto the scalar superfield would mean

V[indices] = spfion)dices] + 0 QD(I) + 90‘95 (,0(2) i (527)

« [indices] af [indices]

where [indices| could be any combination of bosonic and/or fermionic indices, and it
would correspond to a (sum of) bosonic or fermionic irreducible representation(s) in
SO(1,9). If we let the level-n #—monomial decompositions of 10D, N = 1 scalar superfield
be ¢, forn =0,1,...,16, the level-n component field content would be ¢,,. For simplicity,
consider only the [indices| that corresponds to one and only one irreducible representation
{irrep}. Then the level-n component field content of Vjj,gices) Would be 0, @ {irrep}. We
denote the component content of the entire superfield by the expression V ® {irrep},

which we will use throughout the following sections.

In the following two sections, we will study the expansions of some bosonic and
fermionic superfields respectively to see whether we can identify possible off-shell super-

gravity supermultiplet(s).
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5.2.1 Bosonic Superfields

We will start by attaching bosonic indices on the scalar superfield, which is equivalent
to tensoring the corresponding bosonic irreps to the component decomposition of the
scalar superfield. Here we explicitly study these bosonic irreps: {10}, {45}, {54}, {120},
{126}, {126}, {210}, {210}, {320}, {660} and {770}. The summary of their expansions
is listed in Table 5.2. The third column shows which tensor product contributes to ,

and the decomposition results show that each one only provides one

Dynkin Label | Irrep Is there ?
(10000) {10} no
(01000) {45} no

level-0: {1} ® {54}
(20000) {54} | level-4: {770} ® {54}

level-8: {660} @ {54}

level-2: {120} @ {120}

(00100) (120}
level-6: {4312} ® {120}
(00020) (126} 1o
(00002) | {126} no
(00011) 1210} level-4: {1050} ® {210}
level-8: {8085} ® {210}
(30000) | {210} no
(11000) (320} level-2: {120} ® {320}
level-6: {4312} ® {320}
(40000) (660} | level-8: {660} @ {660}
(02000) 770} level-4: {770} @ {770}

level-8: {4125} ® {770}

Table 5.2: Summary of tensoring bosonic irreps onto the scalar superfield

Of course, the result for V® {54} is not surprising and can be removed as a candidate
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for a conformal 10D, N' = 1 supergravity prepotential. All of the other entries in the
table do provide candidate prepotentials. It is noticeable that several of these candidates
(V® {210}, V ® {660}, and V ® {770}) allow conformal graviton embeddings at the
eighth level. If Wess-Zumino gauges exist to eliminate lower order bosons, these imply

“short” supergravity multiplets.

Now, one can look into one of those bosonic superfields with traceless gravitons
in detail as an example. The irreps shown here are component fields. The reader can

find other bosonic superfields with traceless gravitons in Appendix of [57].
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V®{120} =

Level — 0

Level — 1

Level — 2

Level — 3

Level — 4

Level — 5

Level — 6

Level — 7

Level — 8

{120} ,

{16} @ {144} @ {560} @ {1200}

{1} @ {45} @ {54} @ (2){210} @ {770} @ {945} @ {1050}
®{1050} @ {4125} @ {5940} ,

{16} @ (2){144} @ (2){560} ®© {672} © {720} @ (2){1200} @ {1440}

®(2){3696} @ {8064} @ {8800} @ {11088} @ {25200}

(2){120} @ {126} @ (2){320} @ (3){1728} @ (2){2970}
®(3){3696'} © {3696'} @ (2){4312} @ {4410} @ {4950}
®{6930"} @ {10560} ¢ {34398} & (2){36750} & {48114} |,

{144} & (3){560} @ (2){720} @ {1200} & (2){1440} B {2640}
®(3){3696} @ (2){5280} @ (2){8064} @ (4){8800} @ {11088}
®(2){15120} @ {25200} @ {29568} @ (2){34992} @ {38016}
{43680} © {49280} @ {144144}

{54} @ {210} @ {660} @ (2){770} & (2){945} & {1050} @ (3){1050}
@(2){1386} @ {2772} @ (2){4125} @ (3){5940} @ (2){6930}
@(4){8085} @ {8910} @ {14784} @ {16380} @ {17325} @ {17325}
@(3){17920} @ {23040} @ (3){23040} @ {50688} @ (2){72765}
®{73710} @ {112320} @ {128700} @ {143000}

{144} © {560} @ {672} & (2){720} ® (2){1200} & {1440} & (3){2640}

®(4){3696} @ {7920} @ {8064} @ (4){8800} @ (3){11088}

@(3){15120} & {17280} @ {23760} & (3){25200} & {30800}

©{34992} @ (3){38016} @ {43680} ® {48048} @ (2){49280}

© {55440} @ {124800} @ {144144} & {196560} & {205920}
{120} @ {210} @ {320} @ (3){1728} @ (2){2970} @ (2){3696'}
©(2){3696'} @ (5){4312} @ {4410} @ (2){4608} @ (2){4950}
6(2){4950} & (3){10560} & (2){27720} & (3){28160} & {34398}
B(4){36750} @ {42120} @ (2){48114} @ (2){48114} @ {64680}

©{68640} @ {70070} @ {90090} @ {90090} & {192192} @ {299520}

(5.2.8)
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where Level-9 to Level-16 are conjugate of Level-7 to Level-0 respectively.

The superfield V ® {120} can be interpreted as Vg, a three form (three totally anti-
symmetric Lorentz indices). It provides four possibilities for the embedding of traceless
gravitons (at level-2, level-6, level-10, and level-14). Note that if one finds a in
level-n, one finds a {144} at level-(n + 1). This holds for all bosonic superfields listed in
Table 5.2. We can see this relation between graviton and gravitino clearly by considering
the SUSY transformation law of the graviton in 10D A/ = 1 theory. We know the undot-
ted D-operator acting on the graviton represented by Ay, gives a term proportional to the
undotted gravitino in the on-shell case (in the off-shell case, there are several auxiliary

fields showing up in the r.h.s. besides the undotted gravitino)

Dohay ¢ (0(a)as )’ - (5.2.9)

Note that the undotted spinor index on the gravitino is a superscript. According to
our convention, 1/@[3 corresponds to the irrep {144}. Recall that acting the D-operator
once will add one to the level. Thus, Equation (5.2.9) is exactly the mathematical
expression of the statement that if you find a in level-n, you will find a {144} in

level-(n + 1).

Based on Equation (5.2.8), we can see four possible embeddings for the graviton,
ten possible embeddings for the gravitino, along with a number of auxiliary fields. The
superfield V. is also the simplest nontrivial bosonic superfield that contains traceless
gravitons and gravitinos and can be used as the starting point to construct supergravity.
In fact, as long ago as 1982, Howe, Nicolai, and Van Proeyen [104| had suggested this
particular superfield might be an appropriate point from which to construct a prepotential

for 10D, ANV = 1 supergravity.

5.2.2 Fermionic Superfields

Now we investigate fermionic superfields by attaching spinor indices onto the scalar
superfield. Here are the spinorial irreps we will explicitly explore: {16}, {16}, {144},
{144}, {560}, {560}, {672}, {672}, {720}, and {720}. Before we present our results,
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some words of motivation will likely serve the cause of explaining the purpose of doing

SO.

Ever since the work of [118], it has been known that the prepotential superfield
description of 4D, N/ = 2 supergravity is described by a fundamental dynamical entity
that is fermionic. As a 4D, N = 2 supersymmetrical theory can be descended from a
6D minimally supersymmetrical one, this clearly points out the possibility that higher-

dimensional theories can possess fermionic supergravity prepotentials.

There is a second reason why the study of fermionic superfields is suggested. Some
time ago [102], efforts were undertaken to investigate the structure of 1-form 10D, N
= 1 gauge theories as theories involving superspace superconnections over fiber bundles.
This study reached a conclusion that all off-shell theories of this type must include a
bosonic component field {126}. This observation was later confirmed by a number of
subsequent studies [119-122]. This leads to a powerful restriction if the scanning process
is applied to the 1-form 10D, A/ = 1 gauge theories. At the same level in the expansion
in Grassmann coordinates, both the {10} and the {126} SO(1,9) representations must be
present. In addition, there must also occur the {16} at one level higher in the expansion
to accommodate an accompanying gaugino. In a subsequent section, we will discuss the
relevance of the features uncovered to the case of the 1-form 10D, N/ = 1 gauge theory.
Furthermore, in order to reach the maximal level of simplification in our presentation,

we will only consider the abelian case for the 1-form 10D, A/ = 1 gauge theory.

We will begin by only considering the feature revealed by our tensoring that are
relevant to the case of 10D, N’ = 1 supergravity theory. The summary of the expansions
for the fermionic cases is listed in Table 5.3. The third column shows which tensor product

contributes and the decomposition results show that each one only contributes one

Now, one can look at one of those fermionic superfields with traceless gravitons
in some detail as an example. The cases of other fermionic superfields with embeddings
for traceless gravitons are given in Appendix of [57]. Generally for V ® {irrep}, here we
only list level-0 to level-8 results, and its level-9 to level-16 are conjugate of level-7 to

level-0 of V ® {irrep}.
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Dynkin Label | Irrep Is there {54}7
(00001) (16} no
(00010) {16} no
level-1: {16} @ {144}
(10010) | {144}
level-5: {3696} ® {144}
o level-3: {560} ® {144}
(10001) | {144}
level-7: {2640} ® {144}
(01001) (560} | level-5: {3696} ® {560}
o level-3: {560} ® {560}
(01010) | {560}
level-7: {8800} ® {560}
(00030) (672} 1o
(00003) {672} no
level-1: {16} ® {720
(20001) | {720} 116} & {720}
level-5: {3696} ® {720}
L level-3: {560} ® {720
(20010) (720} {560} ® {720}
level-7: {2640} ® {720}

Table 5.3: Summary of tensoring spinorial irreps onto the scalar superfield
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VY ® {560} can be interpreted as V,;?, a fermionic superfield with two antisymmetric

bosonic indices and one spinor index satisfying
(0%)ysVa) = 0 . (5.2.10)

It provides three possible embeddings for traceless gravitons in total (in level-5, level-9,
and level-13). Note that if you find a in level-n, you can find a {144} in level-
(n 4+ 1). This holds for all fermionic superfields listed in Table 5.3, which is consistent

with Equation (5.2.9).

There exists a work [102| in the literature from 1987, where the proposal for the
use of a fermionic 10D, N/ = 1 supergravity prepotential was first given. However, the

proposed prepotential was of the form V,” which is equivalent to V ® {144}.

Based on the decomposition result of V® {560}, we see three possible embeddings for
gravitons, fifteen possible embeddings for gravitinos, and auxiliary fields. The superfield
Vap? is also the simplest nontrivial fermionic superfield that contains traceless gravitons

and gravitinos and can be used to construct supergravity.

523 10D, N =1 Yang-Mills Supermultiplet

The work previously described in this chapter on fermionic superfields also opens the
doorway for using the techniques developed so far in this paper to the issue of scanning
the component level description of a superspace connection I'y = (I, I'y) used to define

a 1-form U(1) superspace covariant derivatives
Va = Da + iglat (5.2.11)

where t denotes the U(1) generator and g is a coupling constant. The commutators of

two covariant derivatives take the forms [102]

e 1
[V, V) = i(09asVe + gg(am)aﬂfmt , (5.2.12)

1
Va: Vot = —ig | Aap + iﬁ(%)avwv t (5.2.13)

(@)% Ay = 0, (5.2.14)
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[Va, Vo) = igFapt . (5.2.15)

The equations below are consistent with the solutions of Bianchi identities [102]

o 1 , e a
Z(U*)dﬁvgwﬁ = —m l(%)ﬁ (0[4})ew(Ufb)ékvx\vﬁvwfbM] +8(‘7[4])5'8{VQ, Vﬁ}fb[4]] )
(5.2.16)
and
1 o
VeE,. = T (@) (o), PV Vo Vs fog
1
+ 55| (00" (@D )OIV Vs (5:217)

— i8(0e)* (o), PV {VE, V5 fopuy

The results immediately above are the most important. They show that if the component
field variable f5 is set to zero on the RHS of these equations, then the spinorial photino
field W# and the bosonic Maxwell field Fy. must both satisfy their equations of motion.
Stated another way, for these two-component fields to be off-shell, it requires the presence

of the condition fi5 # 0.

In the work of [102], the structures of the spinorial gauge connection superfield T,

and its gauge parameter K up to level-4 in 6 are given by

1 c :
To = ¢a + 159'3[ (09apAe + (@P)apdpy — (0asfis | + 107670, 50y
+ 0707 (0)5,6° | (5Bt + (¥ asBye + (0M)asBigs

+ %07 (o) 5,0°0 (0B )5 Sppmmy + O0°)

(5.2.18)

K =k + 6°nq + i0°07(0") g, Hyy + 0707 (0) 5,00y
(5.2.19)
+ 0°0%(0B) 050700 (0B s Hgzy + O(6°)

respectively. The irreducible component fields in Figure 5.1 and Figure 5.2 are contained
in K in the following way. The component fields in K at levels 0, 1, 2, and 3 in the

f-expansion correspond to the nodes at the same height assignments in the adinkra. The
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component field H3j3 at level-4 in the #-expansion of K is to be expanded solely over the
the irreducible representations shown at the fourth level of the adinkra. The component
content of the connection superfield I', is encoded by tensoring the components of the

scalar superfield with a lower spinor index, i.e. V @ {16}.

Level — 0 {16} ,
Level =1 {10} @ {120} @ {126} |
Level—2 {16} @ {144} ® {560} @ {1200} ,

Level — 3 {45} @ {210} @ {770} & {945} @ {1050} & {5940}

Level —4 {144} @ {560} ® {672} @& {1200} & (2){3696} ® {8064} ® {11088} |,

Level -5 {126} @ {320} @ {1728} @ {2970} @ (2){3696'} @ {4312} @ {4410}

©{4950} & {6930} & {36750} |

Level —6 {560} @ {720} & {1440} & {2640} & {3696} & {5280} & {8064}
®(2){8800} @ {15120} @ {34992} @ {38016} ,

Level -7 {660} @ {945} @ {1050} @ {1386} @ {4125} @ {5940} @ {6930}

6 (2){8085} @ {14784} @ {17325} @ {17920} & {23040} & {72765} ,

Level — 8 {720} @ {1200} & (2){2640} & {3696} & {7920} & (2){8800}

®{11088} @ {15120} @ {25200} & {30800} @ {38016} @ {49280} ,
Level -9 {210’} @ {1728} @ {2970} & {3696} @ (2){4312} @ {4608} & {4950}
® {4950} @ {10560} @ {27720} @ {28160} & {36750} @ {48114}
Level — 10 (672} @ {720} @ {1200} @ {2640} @ (2){3696} @ {8800} @ {11088}
®{15120} @ {17280} @ {25200} & {38016}
Level — 11 {770} @ {945} & (2){1050} & {1386} & {2772} & {5940} & {6930}

&{8085} & {17920} & {23040} |

Level — 12 (2){560} @ {720} & {1440} & {3696} @ {5280} & {8064} & {8800} ,
Level — 13 {120} @ {126} & {320} @ {1728} & {2970} @ {3696’}

Level — 14 {16} ® {144} @ {560} ® {1200}

Level — 15 {1} @ {45} @ {210}

Level — 16 (16}

(5.2.20)
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By comparing this with Equation (5.2.18), we read that in level-0 ¢,, corresponds to {16};
level-1 A, @3 and fi5) correspond to {10}, {120} and {126}; level-2 X3 corresponds
to {120} ® {16} = f, ® {16} which is exactly the decomposition at level-2 of (5.2.20),
where {3 is the level-2 6 —monomial of the scalar superfield. One point to note is that fj5
is {126} but not {126}. This is because it is contracted with (%), which a self-dual
5-form by Equation (5.1.12). The conditions for embedding the component fields into
I, requires at some level-n (here n = 1) there must occur {10} and the {126} while at

the level-(n + 1) there must occur a {16}, as we noted earlier.
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5.3 10D, N = 2A Scalar Superfield Decomposition and Superconformal
Multiplet

5.3.1 Methodology for 10D, N = 2A Scalar Superfield Construction

One can introduce two sets of 10D spinor coordinates denoted by ¢ and % so that
a 10D, ' = (1,1) superfield can be expressed in the form V(22 0%, %). It is possible
to organize the expansion so that it takes the form

V(s 0%, 0%) = VO 22 0%) + 94 YD (22 67) + 9298 v(?(x@, 0%) + ... , (5.3.1)

@ &

and the point is that each of the expansion coefficients V() (22, #%), V((-Xl) (x2, 0%), V(? (z2, 0%),...

are 10D, N/ = 1 superfields. More explicitly, one can write
V(s 0, 0%) = VO (e g7 + 05V (a8 02) + %07 VO(_Z?(Q:Q, 0) + ...

= [90(0)(30@) + 0 (29) + 9207 (p((jﬁ))(xg) + ]
+ 0[P + 09 (%) + 6°0° 97 (%) + ... ]
+ 6%0° | gpfﬁ?(x@) + 6~ wig gat) + 0%0° go((jﬁ)d @) + ]
+ ...

= oV (a%)
+ 07D + 0o (o)
+ 6298 gp&zﬁ)(x@) + 099 gpsé)[(xg) + g%9P gpéog(x@)
+ 0°0°07 o) (a%) + 090°0° ) (12) + 0%0%0° ") 5@
+ 9989 gof/;ﬁ(a;@) TR

(5.3.2)

Attaching n totally antisymmetric dotted #’s to an undotted #—monomial corresponds
to tensoring the {16}"\™ representation on it, i.e. tensoring the conjugate of the mth
level of the 6—monomial of the 10D, N’ = 1 scalar superfield on it. Therefore, if we

denote level-n §—monomial of 10D, N’ = 1 scalar superfield as ¢,, we can obtain the
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10D, N = 2A scalar superfield #—monomial decomposition by

Level — 0 bl
Level — 1 Lol ® bl
Level — 2 Lol ®hel & helbG
Level — 3 b330 @ la®@l @ 1Ll &Rl
Y =
Level — n b @0 ® Ly 1 QU D ... Rl ® LR,
Level — 16 le®l @ lis @0 @ ... DLl ® by® g

(5.3.3)
and level-17 to 32 are the conjugates of level-15 to 0 respectively. From Equation (5.3.3),
it’s clear that each level is self-conjugate, and therefore level-17 to 32 are the same as
level-15 to 0. Moreover, the decompositions of component fields are the same as that of

the 0—monomials.

5.3.2 10D, N = 2A Scalar Superfield Decomposition Results and Superconformal Multiplet

Based on Equations (5.1.4) and (5.3.3), one can directly obtain the scalar superfield
decomposition in 10D, N' = 2A. The results from level-0 to level-16 are listed below. We
use green color to highlight the irrep which corresponds to the traceless graviton in
10D. Unlike in 10D, N' = 1 theory, one can find possible embeddings for gravitons and
gravitinos in the f#—expansion of the scalar 10D, N' = 2A superfield. We can translate
irreps into component fields and see 72 graviton embeddings, 280 gravitino embeddings,
and associated hosts of auxiliary fields. The scalar superfield is the simplest superfield

that contains traceless gravitons and gravitinos and can be used to construct supergravity.

Note that if you find a in level-n, you can find {144} and {144} in level-(n+1).
This is also consistent with SUSY transformation laws of the graviton hgy, in 10D, V' = 2A

theory. Acting the undotted D-operator on the graviton gives a term proportional to the
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undotted gravitino in the on-shell case (in the off-shell case, there are several auxiliary

fields showing up in the r.h.s. besides the undotted gravitino)

Dahay % (0(a)ap ¥y’ (5.3.4)

Note that the gravitino here has an undotted superscript spinor index and hence corre-
sponds to irrep {144} in our convention. Meanwhile, the dotted D-operator acting on

the graviton satisfies

Ddh@ X (U(g)dgwg)ﬁ ) (5.3.5)

which gives a term proportional to the dotted gravitino in the on-shell case. The super-
script dotted spinor index on the gravitino indicates that it corresponds to irrep {144}

in our convention.

o Level-0: {1}

o Level-1: {16} @ {16}

o Level-2: {1} & {45} & (2){120} & {210}

o Level-3: {16} @ {16} @ (2){560} @ (2){560} @ {144} @ {144} @ {1200} ® {1200}

o Level-4: {1} @ {45} @ {54} @ (2){120} @ {126} @ {126} @ (2){210} @ (2){320} @
(3){770} @ {945} @ (2){1050} & (2){1050} & (2){1728} @ (2){2970} & {3696'} @
{3696’} @ {4125} @ {5940}

o Level-5: {16} @ {16} @ (2){144} & (2){144} & (4){560} @ (4){560} @ (2){672} &
(2){672} @ (2){720} & (2){720} & (2){1200} & (2){1200} & (2){1440} & (2) {1440} &
(4){3696} @ (4){3696} @ {5280} & {5280} @ (2){8064} ® (2){8064} & (2){8800} &
(2){8800} @ {11088} & {11088} ¢ {25200} & {25200}

o Level-6: {1} @ (2){45} @ (54} @ (4){120} @ {126} ® {126} @ (3){210} @ (4){320} ®
(4){770} @ (5){945} @ (4){1050} @ (4){1050} @ (3){1386} @ (6){1728} @ {2772} @
{2772} @ (4){2970} @ (5){3696'} @ (5){3696'} @ {4125} @ (6){4312} @ (2){4410} &
{4950} {4950} @ (6) {5940} (2){6930} ©(2){6930} & {6930'} ® {6930'} & {7644} @
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(4){8085}{8910}®(2){10560}(4) {17920} d(2){23040} & (2) {23040} b (2) {34398} &
(4){36750} @ {48114} & {48114} & {72765} & {73710}

o Level-7: (2){16}®(2){16}®(4){144} @ (4){144} & (7){560} & (7) {560} ®(2){672} ®
(2){672} @ (5){720} & (5){720} & (6){1200} & (6){1200} & (4){1440} & (4){1440} &

(4){2640}(4){2640}(10){3696 }(10){3696 } &(2) {5280} (2) {5280} &(5) {8064} &
(5){8064} & (10){8800} & (10){8300} & (6){11088} & (6){11088} & (5){15120} &
(5){15120} & (2){17280} & (2){17280} & (5){25200} & (5){25200} & {29568} &
{29568} @ (4){34992} @ (4){34992} @ (4){38016} @ (4){38016} @ (3){43680} @
(3){43680} @ (2){49280} ¢ (2){49280} ¢ {55440} ¢ {55440} @ {70560} & {70560} @

(2){144144} & (2){144144} & {205920} & {205920}

o Level-8: (2){1} & (2){10} & (3){45} & (4){54} & (6){120} & (3){126} & (3){126} &
(7){210} & (4){210'} & (6){320} @ (5){660} & (8){770} & (9){945} & (8){1050} @
(8){1050} & (6){1386} @ (14){1728} & {2772} & {2772} @ (12){2970} & (8){3696'} &
(8){3696'} ®(10){4125}d(12){4312}®(6){4410} @ (4){4608}@(7){4950}&(7) {4950}
(14){5940} 6 (4) {6930} ®(4) {6930} (2) {6930} (2) {6930’} & (2){ 7644 }b(16) {8085} &
(5){8910} & (10){10560} @ (3){14784} @ (4){16380} & (3){17325} & (3){17325} @
(12){17920} & (8){23040} & (8){23040} & (6){27720} @ (6){28160} & (4){34398} @&
(16){36750} @ (2){37632} @ (3) {46800} @ (3){46800} @ (5){48114} @ (5){48114} ®
(2){50688} & (2){50688} @& {52920} & (4){64680} & (4){68640} & (9){72765} &
(6){73710} & (2){90090} & (2){90090} & (3){ 112320} &5 (2){128700} & (2){ 128700} &
(5){143000} B{150150}{T50150} & { 174636 }»{189189} &(2){ 192192} H{242550 }
(242550} @ {274560} @ (2){299520} @ (2){380160}

o Level-9: (4){16}®(4){16}®(8){144}d(8){144}(12){560}(12){560}4(3){672}d
3){672}(11){720}&(11){720}(13){1200}(13){1200}(9){1440}(9){1440}
12){2640} & (12){2640} & (20){3696} @ (20){3696} @ (4){5280} & (4){5280} &
4){7920} @ (4){7920} @ (12){8064} @ (12){8064} @ (24){8800} & (24){8800} @

(
(
(
(16){11088}(16){11088} &>(15){15120}5(15){ 15120} (3){ 17280} (3) {17280}
(3){23760} & (3){23760} & (16){25200} & (16){25200} @& {29568} @& {29568} @
(

6){30800} @(6) {30800} & (11){34992} & (11) {34992} &(15) {38016} & (15) {38016} &
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(2){39600} & (2){39600} & (10){43680} & (10) {43680} & (5) {48048} & (5) {48048} &
(12){49280} & (12){49280} & (5){55440} & (5) {55440} & (3){ 70560} & (3) {70560} &
(2){102960}(2){102960 }(4){124800}(4){124800}5(10){144144}(10){ 144144}
(3){155232}(3){155232}(2){ 164736 }(2){ 164736 }(3){196560} &(3){196560 } b
{198000}{198000}(8){205920}(8){205920} {258720} H{258720} B {274560'} &

{274560'} @ {332640} @ {332640} @ (2){364000} & (2){364000} @ (2){388080} &
(2){388080} @ (2){529200} & (2){529200} & {769824} & {769824}

o Level-10: (2){1}®(2){10} @ (6){45} & (4){54} & (12){120} ® (4){126} & (4){126} &
11){210} & (4){210'} & (12){320} &(5){660} & (11) {770} 5 (21) {945} & (14){1050} &
14){1050}(15){1386}(26) {1728} & {2772} {2772} (20) {2970} (19) {3696/} &
19){3696'} @ (14){4125} @ (30){4312} @ (12){4410} & (10){4608} @ (13){4950} &

13){4950} @ (30){5940} & (12){6930} @ (12){6930} & (4){6930'} @ (4){6930'} @

(

(

(

(

(6){7644} © (31){8085} @ (9){8910} @ (22){10560} @ (3){12870} @ (15){14784} &
(8){16380} @ (9){17325} @ (9){17325}®(28){17920} @& (20){23040} & (20) {23040} &
(14){27720}@®(18){28160} & (14) {34398} ®(38) {36750} ®(4) {37632} ®(6) {42120} &
(6){46800} @ (6){46800} @ (16){48114} @ (16){48114} @ (2){48510} ® {50050} &
{50050} @ (6){50688} @& (6){50688} & {52920} & (12){64680} & (14){68640} &
(7){70070} @ (4){70070'} ®(28){72765} @ (15){73710} & (4){81081}@(11){90090} &
(11){90090}(7){112320}®{124740}®(6){128700} &(6){128700}(20){143000} &
(3){150150}@(3){150150} {165165}3(6){174636} ©(6){189189}(12){192192} &
(6){199017}(6){199017 }(4){207360}(3){210210}(2){216216 }®(2){216216 } &
(4){242550}®(4){242550}®(2){270270} & (5){274560} B(2){275968} (2){275968} &
(12){299520} @& {371250} @ {371250} @ (2){376320} & (8){380160} @ (4){436590} &
{577500} & (2){590490} & {630630} @ {630630} @ (2){705600} & (2){705600} &

(848925} @ {848925} @ {945945} @ (4){1048576} @ (2){1064448} @ {1299078}

o Level-11: (4){16} @ (4){16} & (12){144} @ (12){144} @ (22){560} @ (22){560} &
(8){672}B(8){672}(19){720}1(19){720}(21){1200}(21){1200}p(16){ 1440}
(16){1440} @ (18){2640} @ (18){2640} & (40){3696} & (40){3696} & (11){5280} &
(11){5280} @ (8){7920} @ (8){7920} @ (23){8064} @ (23){8064} @ (43){8800} @
(

43){8800}(30){11088}(30){11088} ¢ (33){15120}(33){15120}(9){17280}
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9){17280} @ (2){20592} & (2){20592} & (8){23760} @ (8){23760} & (32){25200} &
32){25200} (4){29568} & (4){29568} & (12){30800} (12){30800} & (26){34992} P
26){34992}®(35){38016}d(35){38016}®(3){39600} ®(3){39600} & (22) {43680} ®
22){43680}(16){48048 }&(16){48048 0 (25){49280}(25){49280} b (13) {55440} b
13){55440} & (6){70560} & (6){70560} & (3){80080} & (3) {80080} b (6){ 102960} &b

6){102960}(15){124800}d(15){ 124800} b (4){129360} B (4){129360 } 0(29){ 144144} &
29){T44144}@(9){155232}(9){ 155232} (9){ 164736 }(9){ 164736 } &(11){ 196560} &

(

(

(

(

(

(

(

(11){196560} (2){196560'} (2){196560' } 5{198000} 5{198000} & (22){205920} b
(22){205920} @ {224224} & { 224224} @ (7){258720} @ (7){258720} @ (3){274560'} &
(3){274560"}d(2){332640}d(2){332640}d(2){343200}(2){343200}(10){364000} &
(10){364000} & (5){388080}(5){388080}>(2){388080' } b (2){388080’ } b(2){443520} &
(2){443520} @ {458640} & {458640} & (3){465696} @ (3){465696} @ (10){529200} &
(10){529200} & {758912} & {758912} & {764400} & {764400} & (7){769824} @
(7){769824} & {784784} @ {784784} @ (2){905520} & (2){905520} & (2){ 1260000} &
(2){1260000}(2){1441440}&(2){1441440}{1544400}®{1544400 } ©{1924560} D

{1924560}

o Level-12: (2){1}®(2){10} & (6){45} & (9) {54} & (12){120} & (9){126} & (9){126} &
16){210}@(8){210'} &(22) {320} & (8){660} & (27){ 770} 5 (29){945} &(27){ 1050} &
27){1050} & (23){1386} @ (42){1728} @ (2){1782} @ (5){2772} & (5){2772} &
38){2970} @ (30){3696'} @ (30){3696'} @ (25){4125} ® {4290} @ (40){4312} @
26){4410} @ (16){4608} & (27){4950} & (27){4950} & (48){5940} & (19){6930} &

)

)

)

) (

19){6930} @ (12){6930"} @ (12){6930'} & (7){7644} & (51){8085} & (18){8910} &
) (7) (

52){17920}®(3){20790}(3){20790} & (38){23040}®(38) {23040} d(30) {27720} &

32){28160}®(2){31680}d(22){34398}(70){36750} ®(6){37632}(10){42120}

16){46800}&(16){46800} (29){48114}&(29){48114}(8){48510}(7){50050} &

7){50050} ®(14){50688} @ (14){50688} > (2){52920} & (22){64680} B (34) {68640} B

13){70070}@(4) {70070} (51){72765}(32){73710} ®(12) {81081} (23){90090 } >

(
(
(
(
(
(34){10560}@(7){12870}&(22) {14784} (20){16380}@(19) {17325} &(19) {17325} &
(
(
(
(
(
(

23){90090} @ (2){90090’} & (2){90090'} & {105105} & (23){ 112320} & (3){ 123750}
(1247401 9(2){126126 }(2){126126 }(17){ 128700} &(17) { 128700 } &b (43){ 143000} &5
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4){144144'}(4){144144}(7) {150150} &5 (7){ 150150 } 5{ 165165 } 5 (14){ 174636 } &
11){189189}(28){192192}65(14){199017 }4(14) {199017 } &b (2){ 203840} 5(12){207360} &

(
(
(7){210210}®(7){216216}@(7){216216 }B(2){219648}©(2){219648} ©(10) { 242550}
(10){242550}0(2){258720' }(4){270270}(13){ 274560 }&(8) { 275968 } &(8) { 275968 } b
{294294} & {294294} @ (30){299520} & (4){351000} & {371250} & {371250} &
10){376320}®(20){380160}(14){436590} & (2){536250}d(2){577500}(4){590490} &

3){620028}(4){630630}®(4){630630} ®(2){698880} b (2){698880 } B (8){ 705600} &

(

(

(8){705600} & {720720} & {720720} & (2){831600} & (2){831600} & (3){848925} &
(3){B848925} & (2){882882} @ (2) {62882} @ (2){884520} 5 {928125 } & (6){ 945945} @
(16){1048576}(6){ 1064448} &{1137500} & (2){ 1281280} &(5){1299078} {1316250} &
(1387386} @ {1387386} @ {1698840} @ (2){1774080} & {1897280} @ {2502500} &

{2502500} @ (2){3706560}

o Level-13: (4){16} @ (4){16} @ (18){144} @ (18){144} @ (34){560} & (34){560} @
12){672}®(12){672}(28){720}(28){720}(31){1200}(31){1200} B (24) {1440}
24){1440} & (25){2640} & (25){2640} & (60){3696} & (60){3696} & (19){5280} P
19){5280} @ (13){7920} @ (13){7920} @ (39){8064} & (39){8064} @ (64){8800} &

64){8800}(48){11088}®(48){11088}&(51){15120}p(51){15120}(16){17280} @

)

)

(

(

(

(
(16){17280}@(5){20592} ®(5){20592} & (15){23760} & (15) {23760} B (52) {25200} &
(52){25200}@(3) {26400} d(3){26400}®(10){29568} & (10) {29568} ©(20) {30800} &
(20){30800}@(41){34992} & (41){34992} & (56){38016 }B(56){38016 }®(6){39600}d
(6){39600} @ (39){43680} ® (39){43680} @ (28){48048} @ (28) {48048} @ {48048'} &
{48048} & (42) {49280} @ (42){49280} & (21) {55440} & (21){55440} @ (10) {70560} &
10){70560}a(7){80080}&(7){80080}&(13){102960} @ (13){102960 }(28){ 124800} &
28){124800} ¢ (10){129360} & (10){129360} & (54){144144} & (54){144144} @

)
19){155232}(19){155232}(19){ 164736 }e>(19){ 164736 }(2){ 185328 }&(2){ 185328 } &
)
)

22){196560}63(22){196560 }&(7){196560' }&b(7){196560’ }&>(4){ 198000} &(4) {198000 } &

(
(
(
(
(40){205920}®(40){205920} @ (3){224224}(3) {224224 }d(15) { 258720} (15){ 258720} &
(5){274560' }@(5){ 274560’} @(2){308880}@(2) {308880}(4) {332640} (4){332640} @

(

(

)
7){343200}@(7){343200 } &(19){364000} b (19){364000 } 5 (12){388080} >(12) {388080 } &
5){388080'}(5){388080'} @ (5){443520} @(5) {443520 ) (5){ 458640} & (5) { 458640 } @
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(7){465696} & (7){465696} & (2){498960} & (2){498960} @ {524160} & {524160} &
(24){529200} & (24){529200} & { 758912} & {758912 } @ (7){ 764400} & (7){ 764400} &

{764400'} & {764400"} & (16){769824 } & (16){ 769624} (3){784784} & (3){ 764784} @

{831600'} @ {831600'} & (6){905520} @ (6){905520} @& {917280} @ {017280} &
{1123200} & {1123200} & { 1153152} & {1153152} & (6){ 1260000} & (6){1260000} &

(6){1441440} & (6){1441440} @ (4){1544400} & (4){1544400} @ (3){1924560} &
(3){1924560 } @(2){2274480}®(2){2274480}{2310000}®{2310000} B (2) {2402400} &
(2){2402400} @ {4756752} & {4756752}

o Level-14: (2){1}@(2){10} @ (13){45}®(9){54} @ (26){120} @ (9){126} & (9) {126} &
23){210} & (8){210'} & (28){320} & (8){660} 5 (27){770} & (46) {945} &(32) {1050} &
32){1050} @ (31){1386} @ (58){1728} @ (2){1782} @ (5){2772} & (5){2772} &
48){2970} & (43){3696'} & (43){3696'} & (30){4125} @& {4290} & (60){4312} &

32){4410} @ (22){4608} @ (32){4950} @ (32){4950} @ (71){5940} @ (30){6930} &

)

)

)

) (
30){6930} & (15){6930'} & (15){6930'} & (16){7644} & (68){8085} & (21){8910} &
50){10560}@(11){12870}®(37){14784}®(24) {16380} @(24) {17325} (24) {17325} @
72){17920}(5){20790} (5){20790} & (54) {23040} & (54) {23040} (40) {27720} &
46){28160}@(4){31680}(40) {34398} @(100) {36750} &(12) {37632} ®(20) {42120} &

) (

22){46800}6(22) {46800} (46){48114}>(46) {48114} (10) {48510} &(9) {50050} &

(

(

(

(

(

(

(

(

(

(9){50050} & (22){50688} @ (22) {50688} @ (2){52920} & (4) {64350} & (4) {64350} &
(30){64680} @ (48){68640} @ (25){70070} @ (10){70070'} & {70785} & (75){72765} &
(47){73710}(20){81081}(37){90090}&5(37){90090 }&(3){90090' }&(3) {90090’ }
(2){102960" }»(2){102960' }&b(6){105105}(30){ 112320} (3){ 123750} b (4) { 124740}
(3){126126}@(3){126126} @ (25){128700}@(25){128700}&(67){143000} & (5){ 144144’}
(5){144144"}(14){150150}(14){150150} & { 165165} (26){174636 } & (18){189189}®
(42){192192}(27){199017}&(27){199017 }&(6){203840} & (20){207360} &(11){210210}®
(12){216216}(12){216216}&(4){219648}5(4){219648} &(2){237160} b (18){242550} &
(18){242550}®(2){258720'}®(6){270270}®(18){274560} b (14){275968} b (14){275968 } &
{294294} @ {294294} @ (48){299520} @ (8){351000} @ (2){369600} & (2){369600} &
(4){371250}@(4){371250} & (18){376320}(34){380160} (4) {420420}(26){ 436590 } &

(462462} @(4){536250}®(5){577500}(10){590490} &(3) {620928} (10){630630 } &
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10){630630} & {660660} & {660660} & (4){698880} @ (4){698880} & (16){ 705600} ®
16){705600} & (3){720720}&(3){720720}&(3){831600} b (3) {831600 } & (7){ 848925 } &

(
(
(7){848925 } b (4){882882} (4) {882882} B (4){884520} (2) {928125}d(15){945945 }
(28){1048576} & (10){1064448} & (5){1137500} @ (2){1202850} @ (2){1202850} @
(6){1281280} @ (9){1299078} @ (5){1316250} & (2){1387386} @ (2){I387386} @
(2){1559250} ©{1683990} &{ 1683990} @ (2){ 1698840} (4){1774080} ©{ 1897280} ®
{1990170}65{1990170} &(3){2502500} &(3) {2502500 } d(2){ 2520000 } &5{ 2866500} &

{3071250} @ {3071250} @ (6){3706560} & {3838185} @ {4802490}

o Level-15: (12){16} @ (12){16} @ (25){144} @ (25){144} @ (40){560} @ (40){560} &
12){672}@(12){672} @ (34){ 720} & (34) {720} (43) {1200} &(43) {T200 }(30) { 1440} &
30){1440} @ (32){2640} @ (32){2640} @ (69){3696} ® (69){3696} & (21){5280} @
91){5280} @ (18){7920} @ (18){7920} @ (47){8064} @ (47){8064} @ (82){8800} @

)
)
)
82){8800} {9504} &{9504}(59){11088}(59){11088} & (62){15120}(62){15120} &
20){17280}(20){17280} 4 (8){20592} 4 (8){20592} (19){23760} &(19) {23760}
68){25200}®(68){25200} @ (4){26400} @ (4) {26400} (12){29568} & (12){29568}
28){30800}(28) {30800} (53){34992} & (53) {34992} (72) {38016 }5(72) {38016 }

7){39600}(7){39600}&(51){43680} b (51){43680} &(35){48048} & (35){48048} &

)
3){48048'}®(3){48048 }d(53) {49280} (53) {49280} (27) {55440} (27) {55440} @
2){68640'} ®(2){68640"} & (18){70560} @ (18){70560} & (9){80080} & (9){80080}
21){102960} @ (21){102960} & {1029’} {10296 } & (39){124800} & (39){124800} &
13){129360} @ (13){129360} @ (70){144144} @ (70){144144} @ (26){155232} ®

(
(
(
(
(
(
(
(
(
(
(
(
(26){155232} @(26){ 164736 }®(26){ 164736} (4){ 185328} (4){ 185328 }&(30){ 196560} &
(

30){196560}®(11){196560’ }ed(11){196560’ }(8){198000}d(8){198000}{203280} &

{203280}@(54){205920}(54){ 205920} & (3) {224224 } @(3) {224224 } (21){ 258720} &

21){258720}a(7){274560' }&(7) {274560" }(3){308880} &(3){308880 } &(8) {332640} &
8){332640}(13){343200}d(13){343200} & (26){364000} (26){ 364000 } &(16){388080} &
16){388080}(9){388080’ }p(9){388080' } &(2) {428064 } b (2){428064 } (7){ 443520}

(

(

(
(7){443520}@(8){458640} & (8){458640}®(11){465696 } & (11){465696 }&(4){498960} ®
(4){498960} @ {522720} & {522720} & {524160} @& {524160} @ (34){529200} &

(

34){529200} & (2){ 758912} @ (2){ 758912} &(12){ 764400} &(12){ 764400 } &{ 764400’ } &
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{764400'} @(24){769824 } b (24){ 769824 } & (5){ 784784} &(5) { 784784 } b (3){831600 } &
(3){831600'} & (8){905520} & (8){005520} & {917280} & {917280} & (2){990000} &

(2){990000} & {1121120} & {1121120} @ {1123200} & {1123200} & {1153152} &
(1153152} @ (9){1260000} & (9){1260000} & (10){1441440} @& (10){1441440} &
(8){1544400} @ (8){1544400} & (5){1924560} & (5){1924560} & (4){2274480} @

(4){2274480} & (3){2310000} @ (3){2310000} & (4){2402400} @ (4){2402400} &
{2469600} ®{2469600 } &{ 2642640} ©{ 2642640 } &{ 4410000} &{4410000 } B(2){4756752} &
(2){4756752}

o Level-16: (11){1} @ (10){10} @ (13){45} @ (16){54} @ (26){120} @ (16){126} &
(16){126}(30){210} @ (14){210"}@(28) {320} ©(14){660}®(32){770}5(46) {945} &
(38){1050} @ (38){1050} @ (31){1386} @ (64){1728} @ (6){1782} @ (6){2772} @
(6){2772} @ (58){2970} @ (43){3696'} @ (43){3696'} @ (45){4125} @ (4){4290} &
(60){4312} @ (36){4410} & (24){4608} & (40){4950} @ (40){4950} & (76){5940} &
(30){6930} & (30){6930} & (16){6930'} & (16){6930"} & (16){7644} & (76){8085} &
(27){8910} @ (2){9438} & (60){10560} & (11){12870} @ (38) {14784} & (30) {16380} &
(30){17325} @ (30){17325} @ (80){17920} @ {19305} & (7){20790} @ (7){20790} &
(60){23040} @ (60){23040} @& (52){27720} @ (52){28160} & {28314} @ {28314} &
(4){31680}@(40){34398} @ (110){36750} ©(16){37632}(20) {42120} ©(31) {46800} &
(31){46800} @ (49){48114}3(49) {48114} ®(12){48510}(13) {50050} ©(13){50050 } &
(24){50688} & (24) {50688} & (7){52920} & (5) {64350} & (5) {64350} & (36) {64680}
(56){68640} d(25){70070} @ (10){70070'} & {70785} © (86){72765} & (56){73710} &
(24){81081} @ {84942} @ {84942} @ (41){90090} @ (41){90090} @ (6){90090'} &
(6){90090'}&(2){102960'}(2){102960’ } b (6){ 105105 } b (40){ 112320} b(4){123750} &

(

4){124740}®(5){126126}@(5){126126 }&(31){ 128700} &(31){128700} &{ 141570} @

{141570}p(74){143000} 5 (8){144144" }(8){144144' }(15){150150}(15){150150 } &
(2){165165}@(29){174636}®(19){189189}®(48){192192}(29){199017}&(29){199017 }®
(8){203840}@(24){207360}(14){210210}(15){216216 }&(15){216216 }>(4){219648}
(4){219648}(2){237160}b(24){242550}p(24){242550} b (6){258720" }&(6){ 270270 }
(24){274560} ® (16){275968} & (16){275968} ® {286650} @ {286650} & {294294}

(294294} @(56) {299520} b (14){351000} & (4){369600} &(4) {369600 } & (4){371250}
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(4){371250}@(20){376320}(40){380160} & (5){420420}(30){436590} ©(2){462462} ®
(6){536250}®(5){577500}@(10){590490}(6){620928} & (11){630630}>(11){630630} ®
{660660}6{660660 }&{680625 }{680625 } & (4){698880} 5 (4){698880 }5(20){ 705600} &
20){705600}(3){720720}(3){720720}{749112}&(6){831600}4(6){831600} &
9){848925}®(9){848925}(6){882882}(6){882882}(6){884520}d(2){917280' } &

(

(9)

(5){928125} @ (20){945945} @ (32){1048576} & (12){1064448} & (6){1137500} &
(2){1202850} @ (2){1202850} @ (8){1281280} @ (12){1299078} @ (5){1316250} P
(

2){1387386} @ (2){1387386}{1524600}{1524600} @ (2){1559250} ®{ 1683990} &

{1683990} &(2){1698840} & (4){1774080}6(2){ 1897280} &{1990170} { 1990170} &

(2388750} & (5){2502500} &(5){ 2502500 } &5 (4){ 2520000} { 2866500} & {3071250 } &
(3071250} @ {3320240} & {3320240} & (8){3706560} & {3838185} & (2){4802490}

5.3.3 Adinkra Diagram for 10D, N' = 2A Superfield

In this section, we present the ten-dimensional N/ = 2A adinkra diagram up to the
cubic level. Based on the results listed in Section 5.3.2, we can draw the complete adinkra
diagram in principle: use open nodes to denote bosonic component fields and put their
corresponding irreps in the center. For fermionic component fields, use closed nodes.
The number of levels represents the height assignment. Black edges connect nodes in the
adjacent levels, meaning SUSY transformations. Due to the limited space of the paper,

we only draw the adinkra up to the cubic level.

Figure 5.3: Adinkra Diagram for 10D, N' = 2A At Low Orders



Chapter 5. Superfield Component Decompositions in 10D Superspaces 132

5.4 10D, N = 2B Scalar Superfield Decomposition and Superconformal
Multiplet

5.4.1 Methodology for 10D, N = 2B Scalar Superfield Construction

The Type IIB theory means N' = (2,0), i.e. we have two sets of spinor coordinates
denoted by 0" and 6°°. Following the same logic as in Type IIA, one can organize the
N = 2B scalar superfield as

V(e 07, 0°) = VO@e, 02 + 02"V (@2, 07) + 02707 VL2, 00ty +

(5.4.1)

where the expansion coefficients V(O (2, §2), V(l)(xﬁ, 9, y@

o2 a262

(22, 90‘1), ... are 10D,
N = 1 superfields. Attaching another copy of n totally antisymmetric undotted 6’s to an
undotted #—monomial corresponds to tensoring the {16}\" representation on it, i.e. the
nth level of the #—monomial of the 10D, N = 1 superfield itself, without any conjugate.

Therefore, the N/ = 2B scalar superfield #—monomial decomposition can be summarized

as
¢
Level — 0 bl
Level — 1 @by &bl
Level — 2 bRl @Rl & bRl
Level — 3 b330y Dl Dl Dl

Y =

Level —n U@Ly Dl 1R B ... DL Ry DR,
Level — 16 lig Ry B lis R B ... DL Rls B Ly Rl

(5.4.2)
and level-17 to 32 are the conjugates of level-15 to 0 respectively. The irreps correspond-

ing to the component fields are the conjugates of the —monomials at each level.
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5.4.2 10D, N = 2B Scalar Superfield Decomposition Results and Superconformal Multiplet

Based on Equations (5.1.4) and (5.4.2), we can directly obtain the scalar superfield
decomposition in 10D, N' = 2B. The results from level-0 to level-16 are listed below.
Same as in the Type ITA case, we can find graviton embeddings and gravitino embeddings
in the f#—expansion of the scalar superfield. We use green color to highlight the irrep

which corresponds to the traceless graviton in 10D as well. We can translate
irreps into component fields and see 72 graviton embeddings, 280 gravitino embeddings,
and accompanying auxiliary fields. The scalar superfield is the simplest superfield that
contains traceless graviton and gravitino embeddings that can be used as a starting point
to construct supergravity. The numbers of gravitons and gravitinos are the same as those

in the Type IIA case.

Note that if one find a in level-n, one can find {144} in level-(n + 1), which
can be interpreted by SUSY transformation laws of the graviton hg, in 10D, N' = 2B
theory. Since in Type IIB theory we have two copies of ¢ rather than 6% and «9‘3‘, we
have D-operators D,: where ¢ = 1,2. Acting the D-operators on the graviton gives a
term proportional to the gravitino wbﬁi in the on-shell case (in the off-shell case, there

are several auxiliary fields showing up in the r.h.s. besides the undotted gravitino)
Doihay o (0(a)aigi )" (5.4.3)

Note that the spinor indices on the gravitinos are superscript. It suggests that the
gravitinos correspond to irrep {144} in our convention for both i = 1 and 2. In the
context of #—monomials, the conjugate of is still , and the conjugate of {144}

is {144}.

Level-0: {1}

Level-1: {16} & {16}

Level-2: {10} & (3){120} & {126}

o Level-3: (2){16} @ (2){144} @ (4){560} @ (2){1200}
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o Level-d: {1} @ (3){45} @ {54} @ (4){210} & (5) {770} @ (3){945} & (5){1050} &
{1050} & {4125} @ (3){5940}

o Level-5: (2){16} @ (6){144} & (6){560} @ (6){672} @ (2){720} @ (6){1200} &
(2){1440} & (10){3696} & (4){8064} & (2){8800} @ (4) {11088} & (2){25200}

e Level-6: {10} @ (6){120}  (6){126} @ {126} & {210'} @ (8){320} & (12){1728} &
(9){2970} @ (15){3696'} @ (3) {3696’} @ (10){4312} @ (5) {4410} @ (5){4950} @
{4950} @ (5){6930"} @ (4){10560} © {27720} & (3){34398} ©(8){36750} © {46800}
(3) {48114}

o Level-7: (2){16} @ (6){144} ® (16){560} & (12){720} & (8){1200} & (12){1440} &
(10){2640} @ (16){3696 } & (10){5280} @ (12){B064} & (26){8800} & (6) {11088} &

(10){15120} b (6){25200} > (4){29568} & (2){30800} (12){34992} & (8){38016}
(4) {43680} @ (4){49280} @ (2){70560} @ (2){102960} @ (6){144144}

o Level-8: {116 (3){45}®(6){54} @ (9){210} & (10){660} & (11){770} & (21){945} &
(21) {1050} & (9){T050} & (15){1386} @ (5){2772} @ (19){4125} & (27){5940} &
(18){6930} & (3){6930} & (3){7644} & (33){8085} & (6){8910} & (10){14784} &
(5){16380} @ (5){17325} & (8) {17325} & (24) {17920} & (24) {23040} & (8) {23040}
(8){50688} @ {52920} & (3){64350} @ (3){70070} @ (19){72765} @ (9) {73710} ®
{90090} &(6){112320} @ (9) {128700} & (8){143000} & (3){174636} & (3) {199017} &

(4){242550}

o Level-9: (2){16} @ (12){144} @ (16){560} @ (10){672 } @ (24){720} @ (26){1200} &
12){1440} & (30){2640} & (42){3696} & (4){5280} & (10){7920} & (16){8064} &
48){8800}@(36) {11088}(30){15120}d(16){17280}(12) {23760} (38){25200}&
4){26400}6(14) {30800} 6(12){34992}14(36) {38016 }b(18) {43680}5(10){48048} &

(

(

(

(20){49280}e(12) {55440} &(2){68640 }&(2){70560} & (8){124800}&(16){144144} @
(4){155232}@ (4){164736}(12){196560}d(6){196560'} ©(6){198000} B (18){205920} &
(

6){258720} @ (2){332640} @ (2){388080'} ® (6) {529200}

o Level-10: {10} ¢ (13){120} @ (6){126} & (6) {126} & (15){210'} & (20){320 } &
(48){1728} @ {1782} @ (39){2970} & (33){3696'} @ (34){3696'} @ (63){4312} @
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(21){4410} @ (24){4608} @ (36){4950} @ (30){4950} @ (13){6930'} @ (5){6930"} ®

(44) {10560} & (9){20790} & (39){27720} & (40) {28160} & {28314} &5 (21){34398} &

(72) {36750} (4) {37632} (10) {42120} (18) {46800} ®(6){46800}(42){48114} @
(27){48114} @ (5){48510} @ (5) {50050} & {50050} @ (16){64680} @ (29){68640} ®
(10){70070'}e3(27) {90090} (15){90090}5(3){ 102960’} &(6){144144' }&>(11){150150} &
(24){192192}6(9){216216}{258720' }b(24){299520}&{351000} (4){369600} &
(3){371250}(8){376320}(12){380160} &(8){436590}@(3){590490}(3){630630} &

(

12){705600} & {831600}

o Level-11: (2){16}®(20){144}® (30){560} & (22){672} & (40){720} & (42){1200} &
24){1440} @ (42){2640 } & (82){3696} & (22){5280} & (20){7920} & (36) {8064} P
86){8800} & (2){9504} & (60){11088} &(72){15120}&(20){17280} & (2){20592} &
12) {23760}®(66){25200}@ (16){29568}®(32){30800} & (48){34992}®(72){38016}®
4){39600}@(36) {43680}(30){48048} (56){49280}&(20) {55440} &(8){70560} &
12){80080} & (24){102960} & (36) {124800} @ (10){129360} b (64){144144} ¢
18) {155232} @ (12){164736} @ (6){185328} & (24){196560} & (2){203280} @

10) {388080} @ (4){443520} @ (4){458640} @ (12){465696} & (6){498960} @

)
)
32) {205920} @ (12){258720} & (2){332640} & (2){343200} & (24){364000} &
)
)

(
(
(
(
(
(
(
(
(16){529200}®(6){764400}&(18) {769824 }b(6){ 784784} (2){990000}&(6){ 1260000} &
(

2){1544400}

o Level-12: {1} & (10){45} @ (15){54} @ (25){210} @ (15){660} & (45){770} &
(60){945} @ (35){1050} @ (66){1050} @ (50) {1386} @ (6){2772} @ (16){2772} @
(46){4125} @ {4290} @ (93){5940} @ (33) {6930} @ (50){6930} & (13){7644} @
(105){8085}(30){8910}5(15){12870} &(52){14784}d(36) {16380} (46) {17325} &
(30){17325}(104){17920} @ (72){23040}(80){23040} ®(32) {50688} (24) {50688} ®

{52920} & (7){64350}(33){70070} & (104){72765} & (57){73710} &> (24){81081} &

{84942} 6 (9){90090’ }(3){ 105105} 4(44){ 112320} @(5){123750} & (3){124740} &

(5){126126} &{126126}(38){128700}(30) {128700}6(87){143000}6(27){174636 }&

(18){189189} & (45){199017} & (18) {199017} & (24){207360} & (16){210210 } &
(8){219648} & (21){242550} & (16) {242550} & (22){274560} & (24){275968 } &
(8){275968} 5 (3){420420} & (3){577500}5(6){620928} &(3){660660} & {680625} ¢
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(8){698880}5(12){848925 }&(9) {882882}5{928125}(12){ 945945 } b (32) {1048576} 6
(3){1137500} @ (3){1202850} & (9) {1299078} & (3){1316250} & (4){2502500}

o Level-13: (10){16}(30){144} & (80){560}®(10){672 }&(60){720}&(50){1200} &
0){1440} @ (50){2640} & (110){3696} & (50){5280} & (24){7920} & (84){8064} &
138){8800} (84){11088}®(100){15120}@(24){17280} ®(12){20592}(36){23760}®
96){25200} @ (6){26400}@(20){29568}@(40){30800} ®(90){34992}®(116){38016}&
12){39600} &(78){43680}@(62){48048}(2){48048'}&(80){49280}&(42) {55440} &
2) {68640’} (22){70560}@(4){80080} 6 (20){102960}4(48){ 124800} (16){129360} &
106){144144} & (36){155232} @ (48){164736} @ (48){196560} @ (22){196560'} ®

(6

(

(

(

(

(

(8){198000} @ (84){205920} & (10){224224} @ (28){258720} @ (12){274560"} &
(4){308880} @ (6) {332640} @ (18){343200} @ (32){364000} @ (24) {388080} @
(18){388080'} @ (2){428064} @ (12){443520} & (6){458640} & (12){465696} @
(2){522720}(4){524160}(54){529200} &(10){764400}(4){764400'}d(24) {769824}&
(2){831600"} & (16){905520} @ (12){1260000} & (18){1441440} & (6) {1544400} ®

(

6){1924560} @ (6){2274480} & (2) {2310000} & (6){2402400} & (2){2642640}

e Level-14: (10){10}@®(55){120} @ (15){126}®(35) {126} @ (15){210'} @& (60){320 } &
(120){1728}(6){1782}6(105){2970} &(65){3696'} B (105){3696'} &(105) {4312} &
(70){4410} @ (40) {4608} & (60){4950} & (68){4950} @ (21){6930'} @ (40){6930} &
{9438} @ (100){10560} @ (9) {20790} & (5){20790} & (76){27720} @ (88){28160} B
(8){31680}(78){34398} (203) {36750} (28){37632}B(36) {42120} &(45){46800}®
(55){46800}6 (81){48114}(90){48114}(21) {48510}(27){50050}>(14){50050} &
(70){64680}(99) {68640} (13){70070"}b(82){90090}5(63) {90090} 6(3){102960'} &
{141570}(14) {144144}(6){144144"} &(27){150150}@(27){150150} b (84){192192}
(12){203840} @ (32){216216} ® (16){216216} @ (3){237160} @ (6) {258720'} &
(15){270270} @ {286650}@(5){294294}3(96) {299520}(18){351000} & (4){369600} &
(3) {371250} @ (10){371250} @ (32){376320 } @ (72){380160} & (51){436590} &

(9) {536250} @ (18){590490} @ (27){630630} & (11) {630630} & (36){705600} &
(24) {705600} @ (8){720720}(3) {720720}(9){831600}®(6) {831600}®(9){884520}
{917280'}@(24){ 1064448} (12){1281280} (8) {1387386}®{1524600}(3){1559250} &
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(8) {1774080} & (3){1990170} @ (4){2520000} & (3) {3071250} & {3320240} @
(12){3706560}

e Level-15: (36){16}®(64){144}& (90){560}(30){672} (60){720}4(100){1200} &
60){1440}®(50){2640 } & (146){3696}¢(30) {5280} (32){7920} 4 (104){8064 }
150){8800} & (130){11088} @ (120) {15120} & (40){17280} & (16){20592} &
30){23760} ©(140){25200}d(4){26400}d(16){29568 }d(44) {30800} (108){34992}d
132){38016}(20){39600} e (114){43680}d(66){48048}(6){48048' }(108) {49280}

60){55440}& (42){70560}(22){80080} (38){102960 }d(2){102960’ }(80){124800}
28){129360} & (138){144144} @ (56){155232} @ (48) {164736} & (6){185328} @

48){196560} @ (12){196560'} & (14){198000} @ (116) {205920} & (4){224224} &
(

58){364000} & (36) {388080} & (12){388080'} @ (2){428064} & (12) {443520} &
18){458640} @ (18){465696} & (6){498960} @ (64){529200} @ (8) {758912} @
24){764400} @ (54){769824} & (12) {784784} & (6){831600' } & (16){905520} &

(

(
4) {917280} @ (2){990000} @ (2){1121120} @ (4){1123200} @ (4){1153152} @

(

)
16) {1260000}d(18){ 1441440} @(18){1544400}(12) {1924560}(6){2274480} &

(
(
(
(
(60)
(28)
(48)
(42){258720} & (20){274560"} & (6){308880} @ (20) {332640} @ (24){343200} &
(58)
(18)
(24)
(
(
(

6){2310000} & (6) {2402400} @ (2){2469600} @ (2){4410000} @ (6) {4756752}

o Level-16: (27){1} @ (45){45} @ (28){54} @ (80){210} @ (16){660} @ (70){770} &
100){945} @ (75){1050} @ (75){1050} @ (57) {1386} @ (5){2772} @ (5){2772} @
75){4125} @ (6){4290} @ (170){5940} & (60){6930} & (60){6930} & (48) {7644} &
140){8085}(63){8910}&(23) {12870} (68){14784}@(60){16380}6(51) {17325} @
51){17325}@(160){17920} {19305} (120){23040}&(120) {23040} (48){50688} &
48) {50688} ®(15){52920}®(3){64350} & (3){64350} @ (43){70070}®(3) {70785}

168) {72765} (126){73710} @(48) {81081 }(6){90090'}&(6) {90090 }&(14){105105}®

(

(

(

(

(

(

(66) {112320}a(6){123750}e(10){124740}(9) {126126}@(9){126126 }®(54) {128700}&
(54){128700} @ (154) {143000} @ (8){165165} @ (63){174636} @ (55) {189189} @
(57){199017} @ (57){199017 } @ (48){207360} @ (24){210210} @ (8) {219648} @
(8){219648} @ (49) {242550} @ (49){242550} @ (54){274560 } @ (32){275968} ®
(32){275968} &(7){420420}(4){462462}&(15){577500} &(6){620928}65(8){698880} >
(

8) {698880}{749112}@(19){848925} &b(19){B848925 }(9){882882} @ (9){862882} @
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(9){928125} @ (40) {945945} & (64){1048576} @ (12){1137500} @ (3) {1202850} &
(3){1202850} & (24) {1299078} & (11){1316250} & (3){1683990} & (3) {1683990} &
(8){1698840} @ (6) {1897280} @ {2388750} @ (9){2502500} & (9) {2502500} @
(3){2866500} @ (3) {3838185} @ (4){4802490}

5.4.3 Adinkra Diagram for 10D, N' = 2B Superfield

Here we draw the ten-dimensional N/ = 2B adinkra diagram up to the cubic level.

Figure 5.4: Adinkra Diagram for 10D, N' = 2B At Low Orders
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Chapter 6

Advening to Adynkrafields: Young

Tableaux to Component Fields

This chapter is based on [113].

In this chapter, we will continue the discussions in Chapter 4 and illustrate how
branching rules help us uncover more information for superfields as well as inspire us
to construct a new formalism in which #-monomials are replaced by Young Tableaux.
We will start with the 11D scalar superfield result and define adynkra genomes and
adynkrafields. Gauge group discussions are also included. 10D A = 1 adynkra genome
and the scalar adynkrafield will be presented. With all of these machineries, we will end

this chapter with the complete discussion in 4D, AN/ = 1 superspace.

6.1 Young Tableaux & the ¢-forms

In this section, we choose the example of the eleven-dimensional (i.e. D = 11) scalar
superfield at low orders to illustrate the discussion in Section 4.3. We now wish to
illustrate these points by use of Young Tableaux, whose utilization in discussions of

representations of compact Lie Algebras is a common and well-understood occurrence.

Starting with the result shown in Eq. (4.3.1), the expression can be written to appear

as
V(e %) = vO() + 20D (x) + 6°6° v(()iz(a:)

o

(6.1.1)

3 4
+ 02070700 (x) + 0°0°07 000 5(2) + ...
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and here the superscript on x% takes on values ¢ = 0, 1, ..., 10 and the superscript on

0% takes on values a = 1, ..., 32. The discussion in the previous chapters informs us
. . . 1 2 3

that the respective coefficients that precede the functions s )(x), vég (x), v&gv(@, and

vggvé(:c) should be ‘mapped’ onto the respective 1-forms 2-forms, 3-forms, and 4-forms

in the Asz; (i.e. su(32)) Lie algebra. Thus we have

0&2)($) — D , vgg(x) — H , 01(343,627(1:) — , 0&4275@) — (6.1.2)

associated with the #-dependent terms in Eq.(6.1.1). The diagrams in Eq. (6.1.2) cor-
respond to the {32}, {496}, {4,960}, and {35,960} representations respectively as seen
by use of the Hook’s Length formula applied to su(32) Young Tableaux. The discus-
sion surrounding Eq.(4.3.2) - Eq.(4.3.5) implied that the su(32) Young Tableaux each
need to be injected into Bs Young Tableaux. Analytically, as was described in the works
of [57-59,62], this is done by translating the Young Tableaux into their associated Dynkin
Labels and then using a projection matrix. Thus, we have demonstrated a mathemati-
cally well-grounded way to carry out the injections. However, it is simpler for purposes
of presentation to describe this process graphically. For this, we need to introduce two

additional types of Young Tableaux.

For the fermionic representations of Bs Young Tableaux, we will use tableaux that
are red in color, i.e. D, etc.. For the bosonic representations of Bs Young Tableaux,
we will use tableaux that are blue in color, i.e. D, etc.. As presaged in Eq.(4.3.2)
and Eq.(4.3.3), we also adhere to a convention where {R} (with R a specified number)
describes fermionic representations of Bs. In a similar fashion we adhere to a convention
where {R} (with R a specified number) describes bosonic representations of Bs. We

begin by graphically discussing the {32} irrep below.
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{32}

[1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]

[]

(1)

| su(32) > s0(11) (6.1.3)

{32}

[0,0,0,0,1]

[]

Pa(z)
At the topmost level in the diagram associated with Eq. (6.1.3) there is shown the su(32)
dimensionality of the representation {32} followed immediately below by its Dynkin La-
bel, below that the corresponding Young Tableau, and finally the affiliated 11D compo-
nent field variable. The injection is shown by the downward pointing arrow. Under that
the same information (and in the same order) as was given for the su(32) irrep is given

for the so(11) irrep.
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Next the {496} su(32)-irrep is treated in exactly the same way and order as shown

in the image associated Eq. (6.1.4).

{496}

[0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]

l s5u(32) D so(11)
(6.1.4)
{1} {165} {330}

[0,0,0,0,0] [0,0,1,0,0] [0,0,0,1,0]

dD(@) P () Blabea)(®)

The obvious different feature that emerges from this injection is that there are multiple
s0(11) irreps that appear at the endpoint. The singlet representation {1} along with a

3-form {165} irrep, and a 4-form {330} irrep all occur at the ¢ = 2 level.

One point of convenience to note about this approach is that the 11D spacetime
indices on the bosonic fields transparently appear. This is due to the use of irreducible
Young Tableaux or equivalently the Dynkin Labels. As form-fields are always irreducible,
there is no need to introduce further notational devices to indicate this information. As
will be apparent in the next two examples, this is not always the case. Whenever the
Young Tableaux associated with a field variable, arising from the injection processes,
possesses multiple columns (whether blue or red) we will use a decomposition into irreps.
This will be indicated by adding a subscript with the letters IR next to the Young

Tableaux. To further indicate the irreducibility of field variables, we include a ‘hat’ over
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the symbol for the field index.

One other point to note is that the injection of the Asz; two-form in eq.(6.1.4) in-
duces an isomorphism to the direct sum of the three Young Tableaux that describe
50(11) bosonic representations. This isomorphism holds for the Dynkin Labels of course.
However, it is also the origin of the ‘Fierz Identities’ that are ubiquitously used in the
f-expansion of superfields. In terms of the creation of algorithms, this is the source of a

tremendous computational saving in deriving component-level results.

We next below consider the case of the Asz; three-form in eq.(6.1.5) that describes

50(11) fermionic representations.

{4,960}

[0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]

(3)
Yasy

l su(32) D so(11) (6.1.5)

{32} {1,408} {3,520}

[0,0,001] [0,1,00,1] [00,1,0,]

u s

L1 IR

(1 ~ ~
5@ Paa@) Piasdal®)
There are several features that become apparent here.

First, when odd powers of the A3y D tableaux are used, the resulting so(11) fermionic
representations can be expressed using a single D tableau together with some number

of D tableaux. The reason for this is that even powers of the Asz; D tableaux can
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always be expressed totally in terms of even numbers of D tableaux via use of the “Fierz

Identity isomorphisms.”

A second new feature is the appearance of the IR subscript which implies that only
the irreducible parts of the associated Young Tableaux are to be included. This means

for the field variables, the conditions

(Y)6" Plapla(x) = 0, (V)5 Plabgalr) = 0 (6.1.6)

are imposed. Physicists sometimes refer to this process as “pulling out gamma-traces.”

These conditions also imply the additional conditions

o~

Babga(@) =0, (Y*1299)5% Bapga(r) = 0
(6.1.7)

(Y20)* Plapa() = 0, (%)

must be satisfied. Due to this, there is another description available for these fields. One

can introduce a fermionic field variable

Ui o(@) = (VamVe))a” P8(x) + (Va)a” Ppeis@) + Papgalz) .  (6.1.8)

that does not satisfy the conditions in Eq.(6.1.6) nor in Eq.(6.1.7).

In equation (6.1.9) we present an explicit example of the level-4 component fields
of an 11D unconstrained scalar superfield. The antisymmetric product of four 6’s is
represented by a Young tableau of a column of 4 boxes in su(32), and the Lorentz

irreducible representations can be decomposed via the branching rule su(32) D so(11).
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{35,960}

[030’07]‘70307070705070703070707030707030’0707030707030507070301

4
Uaﬁy&

| su(32) > s0(11)

{1} {165} {330} {1,144} {4,290} {5,005} {7,865} {17,160}
[0,0,0,0,0] [0,0,1,0,0] 10,0,0,1,0] [0,2,0,0,0] [1,0,0,0,2] [0,1,1,0,0] [0,0,2,0,0] [0,1,0,0,2]
|
— IR IR -
L_J IR LJ IR
¢ (x) ¢E§_§d(l‘) ¢E§Z_Cd](w) (b ca) (%) a{g\@ﬁ(@ Pabede) (%) 5{@,@5(@ a{wcde(,g}(ﬂﬂ))
6.1.9

It is seen that the {1}, {165}, and {330} Young Tableaux once more correspond to 1-
form, 3-form, and 5-form field variables and as such are irreps of s0(11) where the number
of ‘boxes’ in the Young Tableaux correspond to the number of ‘11D vector’ indices on
fields. Since the single-column Young Tableaux is by definition totally antisymmetric, so

are the indices on the corresponding field variables.

The {1,144} Young Tableaux is the lowest dimension irrep that does not correspond
to a form. From the corresponding Young Tableaux, it can be concluded that the related

field variable &5{@&!} () possesses the following symmetries under pairwise exchanges of
indices:

Olabed) = —Oppacd) + Habed) = — labde)
Olabed) = +Oicbad) + labed) = +Olabac) - (6.1.10)

5{@@} = +¢A5{gb,%z} ; 5{@@} = +${%M}
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The subscript IR additionally indicates that there are also a set of tracelessness conditions

imposed (this is the meaning of “pulling out traces”). These are given by

N Slabedy = N labeay = 1 Oabedy = 1 Ofaveay = 11" biapeay = 0
(6.1.11)

In all the results of Eq.(6.1.3), Eq.(6.1.4), Eq.(6.1.5), and Eq.(6.1.9), the space-time index
structures of the field variables are transparently obtainable from the knowledge of the
Young Tableaux (or alternately the Dynkin Labels) as shown by the extension of the

reasoning that leads to the results in Eq. (6.1.10) and (6.1.11).

As the index structure of the component fields can become quite baroque and intri-
cate, the works [57-59,62] have supported a proposal that the ‘index notation’ problem
can be most efficiently solved by using the Dynkin Labels as field indices. Thus, the fields

in Eq.(6.1.3) through Eq.(6.1.9) can be indicated by the respective notational conventions

©0,000.1 (%) (6.1.12)
?1,0,000() 5 ?0,01,00(T) 5 Po01,0(T) (6.1.13)
90[0,0,0,,0,1](5’3) ) 90[0,1,0,0,1](35) ) <P[o,o,1,o,,1](l’) ) (6.1.14)
?1,0000() 5 900100 5 Dpo01,0E) 5 Po2000(T)
(6.1.15)
¢[1,0,0,0,2]($) ) ¢[0,1,1,0,0]($) ) ¢[0,0,2,0,0](5U) ) ¢[0,1,0,0,2}($)

It is obvious that the use of Dynkin Labels has two major advantages over other choices:
(a.) there is a uniformity and simplicity in comparison to the use of another
symbols for the field indices, and
(b.) these advantages are significantly present even over the standard

space-time spinor and vector indices.
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6.1.1 Young Tableaux Wedge Product & Adynkra Genomes

The presentation in chapter 4 that led to its major results began with Eq.(4.3.1),
an expression for a Salam-Strathdee superfield. Our re-interpretation of the Taylor Se-
ries expansion as a problem in the representation theory of Lie Algebras was the key
realization that led to the ability to identify the 4,294,967,296 degrees of freedom of
the eleven-dimensional scalar superfield contained among its component fields with well-

defined properties with respect to the Lorentz Group.

This raises the question of whether there exists a purely representation theory argu-
ment that explains the levels of the eleven-dimensional scalar superfield itself? We have

concluded the answer to this question is yes and now turn to present our reasoning.

This discussion starts with a short review of the Littlewood-Richardson rule |70, 123~
125] that describes the multiplication of Young Tableaux. We will discuss this in the
context of the results shown in Eq.(6.1.4), Eq.(6.1.5), and Eq.(6.1.9). Adhering to our
convention, the fundamental As3; representation is described by the symbol {32}. The

Littlewood-Richardson rule then implies

{32} ® {32} = {496} @ {528}
{32} ® {32} ® {32} = {5,984} & (2){10,912} @ {4,960}
(6.1.16)
{32} ® {32} ® {32} ® {32} = {52,360} @ (3){139,128} @ (2){87,296}
@ (3){122,760} & {35,960}

The ‘smallest’ irrep at the right hand side of each line is a form, i.e. corresponds to
a Young Tableaux that possesses a single column. This suggests the existence of an
alternative to the Littlewood-Richardson rule that we will denote by the ‘wedge’ symbol

A with the property
{32} A {32} = {496} ,
{32} A {32} A {32} = {4,960} , (6.1.17)

{32} A {32} A {32} A {32} = {35,960}
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Once one becomes accepting of the operation A, then it is natural to define an

operator G via the equation

G(l, {32}) = expn [£{32}] D Bs (6.1.18)

where the definition of expa implies the “ A-multiplication” is to be used in the expansion

of the exponential. More generally for the cases of A;_1 this definition is replaced by

G, {runa(Ai-1)}) = expp [E{Fund(.Ad_l)}] D BorD (6.1.19)

where the choice of B or D is determined by the middle column of Table 3. Here the
quantity £ can be interpreted as a parameter that keeps track of the order in the expansion
at which the different representations occur. We have introduced the name ‘adynkra
genomes’ for the mathematical objects in Eq.(6.1.19) that utilize Dynkin Labels to specify
the fundamental Ay _; representations. When this is done, Klimyk’s formula [126, 127]
for multiplying Dynkin Labels is the replacement for the Littlewood-Richardson rule.

This can all be shown in terms of graphs.

When the orbits of the supersymmetry generators are included in such graphs, we call
these adynkras. By this means, we have created a definition of the expansion required
by the Salam-Strathdee definition of superfields and one that is solely dependent on
concepts that arise from representation theory. Collections of the representation can be
graphically shown according to the power of £ at which they occur in the expansion. An
adinkra using the dimensions of representations is shown in Eq.(6.1.20) and an adynkra

is shown in Eq.(6.1.21)
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Level-5

Level-4

Level-3

Level-2

Level-1

Level-0

(6.1.20)

Level-5

Level-4

Level-3
<%

[10000] [00100]

Level-2 [00o10]

Level-1 [00001]

Level-0
(6.1.21)

The bottom line is that the graph shown in Eq.(6.1.21) contains precisely the same
data as the expansion in Eq.(6.1.1). However, the former contains this data in a way
that is superior for the construction of algorithms and codes that can be used to probe

the data. Hence, transparency is created into the component field content structure of



Chapter 6. Advening to Adynkrafields: Young Tableaux to Component Fields 150

higher dimensional superfields by the introduction of adynkras, [57] - [59]".

Finally, although the bulk of this section deals with scalar superfields, when an
adynkra genome is left multiplied by any Dynkin Label, the expansion leads to the
component field content for a superfield that itself is a non-trivial representation of the

D-dimensional Lorentz Group.

6.2 Branching rule realizations for the off-shell & on-shell counting

In this section, we will discuss a proposal on how to consider the gauge transforma-
tions of component fields via branching rules. This is inspired by the general derivation
of degrees of freedom (d.o.f.) of a s-form in D dimensions. For massless case (we only
consider massless case here), off-shell d.o.f. is obtained by subtracting the gauge pa-
rameter contributions. On-shell d.o.f. is obtained by further subtracting the equation
of motion contributions. One can easily check the following statement: for a massless

s-form in D dimensions,

D—-1 — 1)
off-shell d.o.f. = _ -
si(D—1-s)!
S
(6.2.1)

D -2 (D —2)!
-shell d.o.f. = = —
on-shell d.o . S(D—2— )

This general fact inspires us to come up with the following proposal.

Proposal: For a component field in 11 dimensions described by the irreducible Young
Tableau (equivalently the Dynkin label), its off-shell d.o.f. is equal to the dimension
of the irrep in SO(10) which has the same shape of irreducible Young Tableau; its on-
shell d.o.f. is equal to the dimension of the irrep in SO(9) which has the same shape of
irreducible Young Tableau. The branching rules of so(11) D s0(10) convey the splitting

due to the gauge redundancy.

We will illustrate this proposal with examples. Note that when the component field

is s-form, the proposal collapses to (6.2.1). Moreover, we know the branching rule for

ISince the A multiplication appears in the definition of the exponentiation, we assert that no
more than thirty-one such multiplications can appear and expansion thus terminates.
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s-form is as below (written in terms of dimensions)

D s0(11) Dso(10) D -1 o D-1 (6 9 2)

S s s—1

D-1
where is exactly the d.o.f. of the gauge parameter.
s—1
Then, let’s look at the conformal graviton, conformal gravitino, and 3-form fields.

SO(11) SO(10) (off-shell) SO(9) (on-shell)
h20000 = [ g =165} | hpoooo =[] g =154} | Ppoog =1 | = {44}

V10001 =[_ 16y = {144}
_ — {320 ,0,0,0, IR = = {128
Yrooon =L 1 i = {320} Y1,00,1,0 =[_[16hg = {144} Yoon =L 1 e = 1128}

Clo,0,1,0,0 = @ = {165} Cl0,0,1,0,0 = @ = {120} Cloo,1,0 = @ = {84}

Table 6.1: 11D Supergravity Counting

The branching rules relevant to the result presented in Table 6.1 are listed below.

20000] "2 190000] @ [10000] & [00000] (6.2.3)
20000] 2% 12000] & [1000] & [0000] (6.2.4)
110001] M2 110001] @ [10010] & [00001] @ [00010] (6.2.5)
110001] 2% 11001 @ [0001] (6.2.6)
110010] "2 11001] & [0001] (6.2.7)
00100] V2" 100100] @ [01000] (6.2.8)
00100] 2% 10010] & [0100] (6.2.9)

where (6.2.8) is exactly (6.2.2) when s = 3. Look at (6.2.3), which exactly shows how

the d.o.f. hyp) field splits due to the gauge redundancy. For the graviton field, we know

Shy = Oy & ~ {11} (6.2.10)
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Therefore, we have the following interpretation.

s0(11)Ds0(10)

[00000] & [20000] [20000] & [00000] @ [10000] & [00000]
{1} @ {65} {54} @ {1} {10} @ {1}
b+ hap) off-shell 11D graviton counting a
(6.2.11)

Let us end this section by presenting the application of this proposal to component
fields occurring in the first four levels of the 11D scalar superfield. Level-0 is trivial and

we will skip all {1}’s in what follows. For level-1, we have

{32} {16} & {16} {16}
[0,0,0,0,1] [0,0,0,0,1] & [0,0,0,1,0] [0,0,0,1]
50(11)3)50(10) 50(10)_3)50(9) (6.2.12)
[] ® []
Po(z) Pa(z) & o () Po(z)
For level-2, we have
{165} {120} {84}
[0,0,1,0,0] [0,0,1,0,0] [0,0,1,0]
50(11)3)50(10) 50(10)_3>50(9)
Plabe] (7) Plabe] (7) Plabe] (%)
(6.2.13)
{330} {210} {126}
[0,0,0,1,0] [0,0,0,1,1] [0,0,0,2]
50(11)2)50(10) 50(10)_D>50(9)

Plabed] (%) Plabed) (7) Plabed) (T)
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which is consistent with the counting results in (6.2.1).

For level-3, we have (since {32} has been discussed in (6.2.12), we will skip it below.)

{1,408} {560} & {560} {432}
[0,1,0,0,1] 0,1,0,0,1] ®[0,1,0,1,0] [0,1,0,1]
50(11)Ds0(10) 50(10)Ds0(9)
| = W o[ = |

L1 IR IR L1 IR L1 IR
Plat] o () Plab] o(T) B Plap) 6 (T) Plab] o (T)
{3,520} {1200} @ {1200} {432}
[0,0,1,0,1] [0,0,1,1,0] & [0,0,1,0,1] [0,0,1,1]
‘ 50(11)3}50(10) T‘ 16‘ 50(10)_3)50(9) ‘
—_— @.—
L] m — R IR L] m®
Plabe] o) Plabe) & (€) © Plabe)a () Dlabe) ()
(6.2.14)

For level-4, we have (since {165} and {330} have been discussed in (6.2.13), we will

skip it below.)

{1,144} {770} {495}
[0,2,0,0,0] [0,2,0,0,0] [0,2,0,0]
50(11)3)50(10) 50(10)_3)50(9) (6.2.15)
IR IR IR

S{abedy () Olabedy () S{abedy ()
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{4,290} {1050} & {1050} {924}
[1,0,0,0,2] [1,0,0,0,2] © [1,0,0,2,0] [1,0,0,2]
] ‘ 50(11)2)50(10) N ‘ N ‘ 50(10)_D>50(9) ‘
| B —_ @ —_ ]
— — — L ®r
L | IR L1 IR+ L1 IR,—
O falbedes} (@) S talbedes} (%) © Pajpcder- (@) @ {albede} ()
(6.2.16)
{5,005} {2,970} {1,650}
[0,1,1,0,0] [0,1,1,0,0] [0,1,1,0]
50(11)3)50(10) 50(10)_3)50(9) (6.2.17)
L1 IR L1 IR L1 IR
b abjede} (%) & abjede} (%) O abjede} (%)
{7,865} {4,125} {1,980}
[0,0,2,0,0] [0,0,2,0,0] [0,0,2,0]
50(11)2)50(10) 50(10)_3)50(9) (6.2.18)
IR IR IR

b fabe der) () & abe.def) (7) O fabe der) ()
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{17,160} {3696’} & {3696’} (2,772}
0,1,0,0,2] 0,1,0,0,2] @[0,1,0,2,0] 0.102]
50(11)250(10) 50(10)_3)50(9)

—_ —_ @_

— — — L] IR

L IR L IR,+ L IR,—

D abledess) (@) D atiedeso)+ () © Pabicaesg)- (¥) Platiedef) (7)
(6.2.19)

6.3 10D, A = 1 Discussions

As stated in the previous section, the Lie Algebra realizations suggest that there exists
a pure representation theory argument that explains the levels of the eleven-dimensional
scalar superfield. This pushes us to think about how to construct a new formalism that
is sorely based on representation theory arguments. Since the 11D scalar superfield is
already a very huge system containing 4,294,967,296 degrees of freedom, we will look

back to 10D, N' = 1 scalar superfield result shown in Fig. 5.2.

6.3.1 From Superfields to Adynkrafields

In [59], we constructed a one-to-one map between Dynkin Labels, irreducible bonson-
ic/spinorial Young Tableaux, and field variables in 10D. By applying the idea discussed

in the previous section, we define a new operator, called the 10D N = 1 adynkra genome,
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as
l
~ 2 1 /3] 16 1 pnal 1] 14—
G--etme et o3 @HE, o 50'HH, e 50
L] IR,—
16]
1 )5 L (p)5 [16] )6 1 (1))6 L]
o' ei@HB i@ & & m)°]
- — - IR
Ll 1R,— IR,—
[16]
& %(5)7 [ [ ] [iehg @ %(5)7
Ll IR
) [ ]
& 5 (0P [T e ® & (0° ® g (O°
IR -
IR
19 1o -1
© o (O IGR @ o (07
L] IR
N .
® 1%1(@10— o 1%)! (Z)m ® %(E)H: ® ﬁ(@u IIGIIR
- Ll R - —
IR, + L 1R+
|
® 1 (07, @ = (07
L m+
©® 1%),1 (@13_1 14| A 15. 16 & 16! (6)16'
(6.3.1)

Attaching the 10D, N' = 1 adynkra genome (6.3.1 with all component fields, we define

the 10D, A/ = 1 adynkrafield as

Gle) = 00) + 11%a(o) + 3O Ppue(®) + 5 O, V@)
IR —
|
+ %(E)Zl R @{9191&2@2}(1‘) + %(€)4: {a2|21b1§1d1§1}+( )
L] -
16
T EOT Ve @ + O 0 0,0@)
L] R
L (0)® P 08 L P
+ 5( ) {2292|21§121¢1§1}+( ) + 6'( ) IR {@2793@19191}(%.)
L] IR,—
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i N
+ %(6)7 ... \D{leﬁzyﬂs}a(x) + %(6)7— \11{92@19121} (.CU)
L IR
+ é (E)SD:I:I:]IR Q{QMQZ:Q&QAL}(Q:) + % (6)8 (I){Q19121722Q2§2}($)
IR
) [ ]
+ 8! (6)8 N ®{Q27Q3‘Q1b1§1d1}(x)
IR
19 @ Loy
+ o (E) IR\II{QMQQQB} (Q?) + 91 (f) — {Qz‘@lblgl}a(x)
L IR
[] -
1 10 1 10
+ Tor (6) ] (I){QQQQ‘Q1Q1§141§1}7 (IE) + 10! (6) L R (D{22923‘21Q191}($)
L] R+ -
16]
+ % (6)11: \II{Q1Q1914121}_01($) + 11! (6)11_ llGlIR \IJ{QQ‘lel}a(x)
] R
|
1 12 F 1 12
+ 121 (6) IR (I){lelﬁzéz}(gc) + 12! (E) (- q>{22|21b19141§1}_ (I)
L w4+
+ 15 (0 HY ¥apya@) + 75 (5)14@ a0} (@) + 757 ()P @I ()
— IR
+ 15 (0" @ (=) (6.3.2)

6.3.2 From Adynkrafields Back To 1D Adinkras

Moreover, we can consider projecting the 10D adynkrafield back to 1D, N' = 16

superspace. The can be done by imposing the condition that all of the field variables

depend solely on a time-like coordinate 7 and the imposition of the condition that (¢)2

1. Then we have

G\Adnk (7-)

IR,—

1
IR Q){lepﬁzbg}(’r) + 1

[T 1]

[]

¢{Q2 a3 |21b191 } (T)

LR

IR,—
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[]
+ é D:I:I:]IR (I){Ql 722723:%1}<T) + % IR Q){lelgl :Q2Q292}(T) + % : (P{QZ?QS‘QlQlQldI}(T)
L] IR
[] ~
+ ILO' — R q){22@3|@19191}(7-) + ILO' — (I){szz\%bl&dlg}_ (T)
o L] m+
|
* % LI R (I){21Q1 72292}(7—) + % : ¢{92|21919141§1}7 (T) + ﬁ @IR (I){@1Q1§1}(T)
L o+
16|
+ IL(:‘,I (I)(T) } + E{ ‘IIQ(T) + % IUIIR \P{Q1bl}a(7-) + % : \11{21Q1§1£l1§1}+a(7—)
] 1R
]
+ %_ lﬂIR \I’{QQ|21§1}Q(7—) + % ... \11{21722723}0‘(7-) + %— R \I’{22|21@191}a(7-)
1 o 1 116]
+ 9! IR\II{Ql 14,03} (T) + 9l \II{QZ‘lelgl}a(T)
L] IR
16]
+ % : \II{Q1Q1§141§1}_0‘(7—) + % L | llGlIR ‘I[{Q2|le1}a(7—) + IL?)' _1GIIR \p{glbl}a(T)
L m+
+ 15 0% (1) } , (6.3.3)

where the factorial factors can be eliminated by field re-definitions. This 1D, N = 16
valise adinkra system clearly contains 32,768 bosons and 32,768 fermions. It also contains
the information associated with the Lorentz representations (via the YT’s) of the original
10D, NV = 1 scalar supermultiplet for which it is the hologram. It would be great and
useful if we can reverse this procedure. Namely, we start from a 1D system and recover
the information in the higher-dimensional system. This is highly related to the SUSY

holography program which will be discussed more in chapter 9 later.

6.4 4D, N = 1 Superfields Discussions

Finally, this chapter ends with an application of all machinery that we have introduced

so far to a toy system — 4D, N' = 1 superfields.
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6.4.1 4D, N' =1 Vector Superfield

In 4D, N = 1 superspace, a superfield with a vector index, H,, contains components

which can be defined by the equations (below we use the conventions in Superspace [100]),

hg = Hg’ ,
haﬁ[t; = D,BH&3| )
h¥, = D H,| |, hwy = — %[Da,ﬁd]HﬁB\ , (6.4.1)
%é = —z’Dzﬁ&HaB\ :
Ay = — 2D°D°DyH,| — Lepea @ [D7,DHY|

along with the conjugate fields E&ﬁﬁ , 5(2)g and v, 3.

Apart from the analytic approach of writing out the #-expansion of the superfield and
acting with a number of supercovariant derivatives on it, one can deduce the structure of
the component field expansion from group theory approaches as were developed recently
[57-59,62|. Especially from the work in [62], we know that a scalar superfield in 4D has

components expressed in s0(4) irreducible representations as follows,

level —0: [0,0] ,
level —1: [1,0]®[0,1] ,
Vo= Jlevel —2: (2)[0,0]@[1,1] , (6.4.2)

level —3: [1,0]®[0,1] ,

level —4: [0,0] ,

where the basic bosonic and spinorial Dynkin Labels correspond to index structures as

a=[1 , a=[1.0 , &=[01 , (6.4.3)

This makes sense as a = aq, i.e.

1,1 = [1,0] ® [0,1] . (6.4.4)



Chapter 6. Advening to Adynkrafields: Young Tableaux to Component Fields 160

This will be further elaborated below via Young Tableau notation.

The component content of H, is thus V @ [1, 1]. Explicitly, we have

level —0: [1,1] ,

level—1: [1,0]@[0,1] ®[1,2] ®[2,1] ,

&
H

level —2: [0,0] ®[2,0] @ [0,2] ® (2)[1,1] ®[2,2] , (6.4.5)
level —3: [1,0]®[0,1] & [1,2] & [2,1] ,

level —4: [1,1] .

To interpret these components, we will follow the techniques developed in the papers [59]
and [62], but adapted to 4D in order to translate Dynkin Labels to Young Tableaux (YT),

then to index notation. Next, we compare (6.4.1) and (6.4.5).
The first step is to translate Dynkin Labels to YT notation.

As discussed in [62], in 4D, A = 1 superspace, given a bosonic irrep with Dynkin La-
bel [a, b], its corresponding irreducible bosonic Young Tableau is composed of min{a, b}
columns of one box and |b — a|/2 columns of two vertical boxes. Therefore, the funda-

mental building blocks of an irreducible BYT (bosonic YT) are

g = L1, Hm+ = [0,2] , Hm_ = [2,0] , (6.4.6)

7

where “+” indicates self-dual 2-form, and “—” indicates anti-self-dual 2-form. A generic

2-form without specific duality constraint could be written as

HIR - Hlm ” HIR_ =02 & [20 . (6.4.7)

For spinorial irreps, by adopting the Weyl convention, the basic SYT (spinorial YT)

= [1,0] , = [0,1] . (6.4.8)

For a general spinorial irrep [a, b, one follows the convention in [59]. When b > a, one

inteprets it as [0, 1] “+” some bosonic Dynkin Labels; when a > b, one inteprets it as [1, 0]
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“+7 some bosonic Dynkin Labels. This ensures conjugation preserves dimensionality. An

example that illustrates this well is

[1,2] =[1,1) + [0,1] = | [z]y (6.4.9)
2,1 =[1,1] + [1,0] = [ [z} - (6.4.10)

Therefore, the Young Tableau description (which equivalently describes the index
structures of corresponding component fields), of the component field content of a 4D,

N =1 vector superfield is as seen below.

level — 0 : DIR ,

level —1: 69@‘ IE‘IRGB‘ IQ‘IR ’

level —2: - @H @H @ lgel 1 s > (6.4.11)
IR,— IR, +

level — 3 @@‘ Ii‘IR@‘ IQ‘IR )

level — 4 : DIR .

&5
|

\

To interpret all of these, let us utilizes the techniques in [59]. This includes Littlewood’s
rule for BYT [70, 123, 128-132] or its recent variant tying rule [59], and tensor product
rules between bosonic YTs and SYT developed by Murnaghan, Littlewood, King and

others [124,125,132,133]. The relevant tying rule is

‘ | ‘:‘ | ‘IRG9 * (6.4.12)

while the relevant spinorial tensor product rules are

[ s ® [ I2]g @ [2] (6.4.13)
DIR ® = IR ® : (6.4.14)
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Therefore, one could rewrite (6.4.11) as”

,

level—0: [ ],

level—1: | |®[2] & [ |®[2] ,

Ho = qlevel—2: 2)[ | & [ |o[ ] , (6.4.15)
level-3: [ |o[z] @ [ |®[2] ,

level —4: | ]

The second step is to translate YT to index notation. The basic ones are

QEDIR,aE,az, (6.4.16)

hence one obtains (6.4.3). One could therefore do the final translation,

level =0: hq
level — 1 : . h. .
Ve Pags > Magy
Hy = Jlevel—2: h®, | %% | he | (6.4.17)
level — 3 : @ab . Yag s
level —4: A,

This conveys the exact same content of (6.4.1). Note that some of these component fields
are not irreducible. If one looks at (6.4.1), one would find that the analytic definitions do
not impose any irreducible condition or symmetry on the indices. Therefore the whole

story is consistent.

We end this section by noting that the identification of the graviton as a linear

combination of YT

hab NDjIR@H o o - =DjIR@H @H ® -, (6.4.18)
IR IR,+ IR,—

? Note that D = D as it is already irreducible without putting on any irreducible conditions.
Thus we omit the IR subscript for a neat presentation.
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similarly for the gravitino

w@ﬁ ~ IR D ) (6419)

and finally for the axial vector auxiliary field

Ay ~ [ g (6.4.20)

those are located at three adjacent levels act as an adynkrafield “genetic marker” in four
dimension for how to identify superfields that are candidates for the supergravity prepo-
tential. With minor appropriate modifications, this statement applies to all dimensions

and is the basis for the work seen in [40].

6.4.2 4D, N' =1 Spinor Superfields

Here we review from chapter five in “Superspace” [100], the discussion of the gauge
transformation of the supergravity prepotential superfield H,, which can be written in

terms of the covariant derivatives of spinor superfields.

0Hy, = DoL; — DyLa (6.4.21)
where
Dy = 0o + i30°0,, , D = 0, + i20°0,, |, (6.4.22)

ga = ﬁdLa’ 5
LW . = D,D.L — DL
s = PeDglol o o (6.4.23)
_ ., .,
L®, = D’Dylal , 0 = D*D'La| , wap = 5DWD Ly
770( = DZﬁQLa’ 3

and similarly for the complex conjugates.
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Finally, one obtains for the transformation law of the various component fields the

expressions

Shg

oh .
afBp

5hdﬁé
5h(2)b

5E(Z)b

0hay
51/}&(1
5y,

0Ap

— 2Re&,

e — LW
Cageﬁ L ap

(1)

_ . — I\,

Capee Bea
B ¢
-9, (6.4.24)

— (Co}[iwo‘ﬁ — Cagwdé) + C’agC'dBRea + 0,Im¢,

8@60( + ZC&’BﬁB ,

OpE -

z «

+ /LC(E!,ET/B y

2
— gablma y

and it should be noted these results define both the 4D, N' = 1 supergravity conformal

fields and their transformations under the action of the superconformal group. The real

part of £, can be used to set h, = 0. The fermionic gauge parameter L(l)ﬁaﬁ can be used

to set haﬂ[ﬁ = 0, Finally, the bosonic gauge parameter L(Q)g can be used to set h(z)g =

0. Thus, in a Wess-Zumino gauge one is left with the component fields A4, 1@5, and A,

where their gauge transformation laws in this Wess-Zumino gauge are given by the last

four lines of Eq. (6.4.24).

Consider the spinor superfield L, its component content is actually V & [1,0]. The

subscript « (&) and the superscript « () correspond to the same irrep [1,0] ([0, 1]), since

they can be lowered or raised by the spinor metric which corresponds to the singlet.
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Explicitly,

(

level—0: [1,0] ,

level —1: [0,0]®[2,0] @ [1,1] ,

Lo = Qlevel—2: [0,1] @ (2)[1,0]®[2,1] , (6.4.25)
level —3: [0,0] @ [2,0] ®[1,1] ,

level —4: [1,0] .

As we did in the vector superfield section, in order to understand the Dynkin Label

content, first, we translate Dynkin Labels to YT notations.

(

level — 0 : ,
level —1: - @H @DIR )
TR.—

)

Lo = qlevel—2: (220 |o[2], (6.4.26)
level —3: - @H @DIR ,
IR,—

level — 4 : .

Then we can translate YT to index notation. Note that the two-form A, can be

transformed into spinor notation by using spinor metrics (which is purely imaginary in

our convention),

Define
AR = iCapAy, . AY) = iC A (6.4.28)
which are equivalent as
1 G - . o +
Agg = —i3C¥AG) | A = —ijCPAg) (6.4.29)

and

A =AY + AQ) . (6.4.30)
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Here since spinor metrics satisfy Cpg = — Cp, and C, 5= CB& , Anp and A&B have to

be symmetric tensors and their independent components are both {3}. The SO(4) group

tells us the same story. In terms of Y'Ts, we have

H = H @H = {3te {3} = [0,2]®[2,0] . (6.4.31)
IR,+ IR,—

Moreover, an application of Klimyk’s formula reads

0,1] ® [0,1] =10,0] & [0,2] ,

(6.4.32)
[1,0] ® [1,0] =[0,0] & [2,0]
Therefore, we can assert the following translations
H = A((L;I:) or AO.zB 5
1+ (6.4.33)

H = A or Aag -
IR,—

)

Further discussions of two-forms can be found in Appendix D.

At this point, it is useful to discuss multiplication of the red boxes and tensor products

needed to obtain results:

®[2]="- o H 7 (6.4.34)
IR,—

i

®[2]=- @& H 7 (6.4.35)
IR,+

i

® = r (6.4.36)
Lle 2] =[] @ : (6.4.37)
D ® :IR & . (6.4.38)

Relevant results for wedge product A calculations include: first we know

al2] = -, [EZAl2]= - . (6.4.39)
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Then look at the quadratic theta-monomial decompositions occuring in the scalar super-

field. We can construct three different quadratic theta-monomials, 867, gagﬁ, and 90‘96,

which correspond to A , A , and ® respectively. On the other hand,

we can consider the quadratic theta-monomial decompositions as [#* 46" [65 +§B] and

in YT language

2lez]l Allz]ez]] =[2]A[z] @ [Z]Az] @@[2]A[z] . (6.4.40)

Therefore we obtain
2]Afz] =[2] ® : (6.4.41)

In summary, the wedge product between the same two irreps/YTs is well defined and one
can use the Plethysm function to carry out the calculation; the wedge product between

two different irreps/YTs can be treated as the tensor product.

Gathering all discussions made above, the component content of L, is

,

level =0: I, ,
level =1: @703 D&
Lo = qlevel =2: @ ea @ LWy (6.4.42)

level —=3: 0@ wap ® L(Q)g )

level —4: 7, ,

which is consistent with Equation (6.4.23) as considering (below are the fields set to zero

in the gauge D L, = 0)

la = La| 5
Tag = 3D@wlpl . | = D°La| (6.4.43)
Yo = D’Ly|

Similarly, for the superfield L & the Dynkin label and YT descriptions of its compo-

nent fields are as below. Its component content is actually V ® [0, 1].
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level —0: [0,1] ,
level —1: [0,0]&[0,2] @ [1,1] ,
L, = {level—2: [1,0]& (2)[0,1] & [1,2] , (6.4.44)

level —3: [0,0]@[0,2] ®[1,1] ,

level —4: [0,1] .

level — 0 : ,

level =1: - @ @DIR )
LR+
Ly = {level - 2: (2) & D ® , (6.4.45)
level - 3: + @ EBDIR )
L_IR,+

level — 4 : .

Finally, the index notations of its component fields are presented below.

level — 0O : Zd ,
level — 1 : l@?@ﬁ@gﬁ ,

level —3: ow.- @Z(Q)g )

level —4: 7.

\

6.4.3 Adynkra Genomes

As mentioned earlier, adynkras correspond to a “2.0 version” of adinkras. Thus, it is
natural that adinkras and adynkras share some properties. Many years ago in the study
of the adinkra adjacency matrices L, and R, [84], it was shown that adinkra nodes could
be raised and /lowered to connect distinct supermultiplets. This gives rise to the concept
of a “level parameter” whose change connects the different supermultiplets. Multiple
level parameters also account for the compatibility of component fields with distinct

engineering dimensions to occur in the same supermultiplet. In the context of adynkras,
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multiple level parameters allow for the same YT to occur within a single level a multiple

number of times.

There are two advantages, coding, and analytical computation, from using adynkras

that this approach possesses with respect to the convention superfield approach:

(a.) as shown in the works of [57-59,62|, codes can be written and practically executed

on existing I'T platforms to derive component level results, and

(b.) these methods can determine the non-vanishing terms in Fierz identities, although

not necessarily their normalization constants.

Both of these advantages are derived from the same source. Restricting the domain of
exploration in terms of either YT or equivalently DL’s, permits the harnessing of powerful

mathematical results of long-standing.

At this juncture, some displays of examples seem in order to show the calculational

efficacy and efficiency of the AG concept.

We shall first review the prescription given in [59] for how to construct an adynkrafield.
The first operator required is an “Adynkra Genome” (AG). We will use the symbol &
to denote such a AG that will act on the space of YT. There are several parts to its

construction.

We introduce “level parameters” ¢ and ¢ where the former is associated with the [1, 0]
irrep and the latter with [0, 1] irrep. Recalling the results of Eq. (6.4.8), in a respective
graphical manner, the DL’s are associated with and .

The next step is to form the products £ and Z and exponentiate them to obtain

FU[e2]] = e [[2]]
go2]] = ew[7[2]]

which permit the definition of the AG’s via the definitions

(6.4.47)

1002 [2]] IYT] = gP[e[2]] g™ [7[2]] IYT] (6.4.48)
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for a bosonic YT [YT] and

G100 2 [2]] IYT] = gP[e[2]] g [7[2]] IYT] (6.4.49)
for a fermionic YT [YT].

There are a few points about these equations to note:

(a.) the rules for construction of [YT] and [YT] have been stated in cases for higher
dimensional theories in the works of [40,57-59,62] and may be adapted to the

present case in the most obvious ways, and

(b.) the rules of multiplications for and needed for the exponential expansions

of the fermionic YT are not the usual one that corresponds to

Hell-elhkl- - o
Dol -FeEd- - oH .

D/\D:H: c (6.4.51)
which is valid whether both the red tableaux in Eq. (6.4.51) correspond to or

to .

(6.4.50)

instead we have

There is another important feature to observe in these constructions. The presence of

the “level parameters” (i.e. £ and ) is required from two distinct viewpoints.

6.4.4 Adynkra Genome Examples

In this current section, we will use the same six supermultiplets to be discussed in
section 6.4.5 and explicitly demonstrate the corresponding adynkra genomes in the same

order of presentation.

g1eo2][2]] - =gP[2]] - = - et2]e Z© - (6.4.52)
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gleol )] - VLR R - e (- o ) e d0P[E]

i

(6.4.53)

gleo2l[2]]1[z] =[] [2] = 2] @ ¢ Jp ® 2 (©*[2] .  (6.4.54)

t2le 2] 5007 - & 50 - & ] |y
2Oz @ (@O [2] ® 55 (0207 -

~

(<o )il e 40rE]e 4@
gz(@IR) ® %(E)ZZDIR
L - @HIR) o L (0@

)

(6.4.56)

g(@m) S Z(@IR) ® §(€)2D
172 7 )
@0 (e o o)
a @ ([2]e [ ]z]g) @ 5@ ¢([z]e [ ]z2]g)
51 (02 (0[]

(6.4.57)

Each of these adynkra genomes will be shortly shown to correspond to a previously

identified 4D, A/ = 1 supermultiplet in the literature where the correspondence looks as:

chiral supermultiplet - (6.4.52),
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In the cases of (6.4.55) and (6.4.57), we can respectively look back at equations in com-
parisons to (6.4.2) and (6.4.5) and recognize that the adynkra genomes are expansions
in the level parameter where the latter take the places of the usual #-expansions. In
both cases, exactly identical sets of representations of the Lorentz Groups show up at

corresponding orders in the respective expansions.

6.4.5 Descending from Adynkra Genomes to 4D, N’ = 1 Adynkrafields

Clearly, the definitions of adynkra genomes in the equations (6.4.48) and (6.4.49)
imply these mathematical object may be regarded as elements in the space of expan-
sions over YT or alternately the space of DL’s. Passing from an adynkra genome to an
adinkrafield amounts to taking an “overlap” between an adynkra genome ﬁ [E, l, , ] ,
specified by [YT] and [YT], and the space of field variables denoted by {F}. It is well
known the space of fields {F} describing all representations of the Lorentz group is

bisected into two parts and can be described by the equation
{F} = {F} o {7}, , (6.4.58)

where {F}, and {F} 7 respectively denote the space of bosonic reps and fermionic reps.
For the convenience of the reader, we have appropriately adapted Eq. (6.4.59) (showing

conventional displays of fields) and Eq. (6.4.60) (showing YT-field pairings)

scalar  photon  graviton spinor  spinor gravitino gravitino
FY={ 6() + Au@) » () 300 (@) 5 X(0) 0 0@ BP@) b
spin — 0, spin — 1, spin — 2,... spin — %, spin — %, spin — %, spin — %, e
(6.4.59)

and our mapping to YT

scalar  photon  graviton spinor  spinor gravitino gravitino
spin — 0, spin — 1, spin — 2,... spin — %, spin — %, spin — %, spin — %, .
(6.4.60)

motivated by the work seen in [59] and to be more explicit in the contents of {F}, and

{F}
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After making a choice of YT (indicated by a subscript [YT]/[YT]), it becomes possible

to define an adynkrafield denoted by F(z) via the definition

~

F(x) = <¢[€,?,,] , {}-}>‘m]/[m . (6.4.61)

Due to the expansions seen in the previous chapters and the pairing rule indicated im-
mediately above, the adynkrafield becomes a specified expansion with coefficients that

are elements of {F}.
In the following the presentation turns to examples.

Let us provide a notational note before we dive into adynkrafields. One notice that
in Section 6.4.4, when we talk about adynkra genomes, we use @ throughout. However,
when we translate to adynkrafield notation, there involve contractions between “hidden”
indices carried by YT and explicit indices carried by field variables. In the following, +

signs are used when these contractions occur.

Eq. (6.4.52) yields

g [00[21[2]] - = ®@) + ([2]Vu(x) + & (0D (2) . (6.4.62)
Equivalently we have
B(z) = O(x) + €[2]|Ta(z) + % (0)?0D(z) | (6.4.63)

where the adynkrafield o corresponds to a chiral superfield.

Eq. (6.4.53) yields

G [0,0,[21[2]] [2] = [2]®alz) + (D(z) + eH ol (@) + 5 (0% 2]pala)

IR,—
(6.4.64)

Equivalently we have

Bo(z) = Polz) + ([2]0(x) + £[2]Pas(z) + & (O)%palz) . (6.4.65)
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Now we look back at the result shown in the equations (6.4.27) - (6.4.30) to rewrite this

in the form
Bo(zx) = Balz) + ([2]0(2) — igecd%g(x) + L (0%palz) . (6.4.66)
Eq. (6.4.54) yields

G [0,0,[20[2]][2] = [2]®4(x) + ([ |®a(z) + % (02[2]ps(z) .  (6.4.67)

Equivalently we have
B, (z) = Dy(x) + L2]Balz) + 5 (0%ps(x) (6.4.68)

Eq. (6.4.2) yields an adynkrafield

~

V() = V(@) + ([2]Wa(2) + [2]04() + 5 (0 0() + 5 (0)? B(x)
+ MDIR%(I) + %(f)zzifd(a:) + L@ [ 2] () (6.4.69)
+ 55 (02 (0 V (2)

Eq. (6.4.15) yields another adynkrafield

ﬁi(:v) = he(x) + gh’ﬁaa x) + Zﬁ- (x)

L02h@, ) + L@ @) + 07y ha()

+
+ 5 (0 fwaﬁ + 5 (02 €[ 2]$ap(x)
+

(6.4.70)
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DIRﬁg(x) = DIR ha(z) + ¢ [IR @} hﬁad(x) + 0 [IR @} Eiga&(x)
+ 2O [Jh@ule) + & @ Jphal@)
+ 02 Jge Hm,+ = HR_ o - | hal2)
+ 507 [2lpe[2]]P, @ + 5@ ¢[[ o] 03] vusa)

+ 3131 (07 (075 Aal@)
(6.4.71)

where haﬁ,é(x) and v, g(z) correspond to D ® = IR @ , ho(x), B 4(2),

—(2) - — —
h*"4(x), and Ag(z) corresponds to DIR, h,é’ad (x) and wgé(x) corresponds to D@ =

IR @[ 2], and hgy(x) corresponds to [ |®@[ |= D:‘IR ® H @ H @ -.
IR,+ IR,—

Eq. (6.4.26) yields an adynkrafield

La(z) =la(z) + €[2]i(x) + £[2]mas(z) + €[3]&()
5 (02 va(z) + 5 (D) ealz) + 2] | LV op()
(022 2]LPy(z) + 5 (O 2]o(x) + 5 @) €] 2|wap(x)

a1 (0 (O nal2)

(6.4.72)

2|

+
+
_|._

N

where L™ .5 (2) corresponds to [ ¢[2]= IR@. Also| 2 Jwap(z) = —% CC.“é wc(bj) ().

If we impose the irreducible condition, L(l)ab(:):) can be split into two irreducible com-

ponent fields Wqp(2) and ¥, (z).

Eq. (6.4.45) yields an “adynkrafield”

e~

Qe

&
I
-~

o) + ﬁf_g(x) + ?l_(x) + E?dé(x)
+H (0@ + & @2 d) + 7] TV, (@)

—r—— —r—]— i —(2
+ 3 0 T2]o@) + 503w @) + & O [2]Te(w)

(6.4.73)

where Z(l)db(x) corresponds to D@ = IR@‘ Also wdé (x) = 7%‘ Co‘ﬁ wgz)(a:)
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(1)

If we impose the irreducible condition, L o) can be split into two irreducible com-

ponent fields @db(x) and ¥, (x).

6.4.6 A brief gauge group discussion via branching rules

For a vector field h,, we consider its gauge transformation as
0che = 0,€ . (6.4.74)
Then when count the off-shell degree of freedom of h,, one would get the equation

{4} = {3} +{1) (6.4.75)

where {3} is the off-shell degree of freedom and {1} comes from the gauge parameter.
Meanwhile, equation (6.4.75) is exactly the one if you consider the branching rules for
s0(4) D s0(3). The left hand side is an irrep in s0(4) and irreps in the right hand side

are in 50(3). The weight systems for both sides of (6.4.75) are as below.

[1, 1] [2]
—1,1] [1,-1 = [0] [0] (6.4.76)
[-1,-1] 2]

One can read off the projection matrix as

P50(4)350(3) = (1 1) (6.4.77)

Using this projection matrix, let’s examine how some examples component fields split

under s0(4) D so(3). For 4D off-shell graviton, we have

s0(4)Dso(3)

[00] @ [22] 0] @ [4] o 2] @ [0]
{1} & {9} {1} & {5} {3} & {1}
h + hap) off-shell 4D graviton counting &, gauge parameter

(6.4.78)
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where the branching rule exactly tells us how to count the off-shell degree of freedom.

For 4D off-shell gravitino, we can check

o1 @21 =" e 2 il
{2} @ {6} {2} & {5} {4} & {2}
Ve + Y” off-shell 4D gravitino counting £ — gauge parameter

(6.4.79)
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Chapter 7

Supergravity Derivatives & Scale

Transformations

This chapter is based on [40].

In this chapter, proposals are made to describe the Weyl scaling transformation laws
of supercovariant derivatives V4, the torsion supertensors 71 4 EQ, and curvature su-
pertensors R4 p Qi in 10D superspaces.

7.1 Review of 11D, N/ = 1 Supergravity Derivatives & Scale Transforma-

tions

The spinorial 11D frame operator may be parametrized in the following equations’,

E, = 0!/? [exp <%A@@7@)}aﬂ [Nﬂv} [D’Y * ﬁ”bab] ’ (7.1.1)
NP

[T+ vy + F Ay - LAy LAl

where ¥ is the “scale compensator,” A%% is the “Lorentz compensator,” N,? is a “coset
factor,” and ﬁgb is the “conformal graviton semi-prepotential.” The parametrization of
N2 shown in (7.1.1) is strongly dependent on the dimensionality of the superspace. For

example, in simple supergravity theory in two dimensions?, only the first two terms are

I Roughly speaking, this is the superspace supergravity equivalent to the ADM [97-99] formulation
but for the spinorial superframe.

2To our knowledge, the case of D = 2 is the only one in existence where the dependence [134]
of No”? on H,? has been explicitly presented. However, other complete solutions for constaints
implicitly contain such information.
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present [134].

A slightly different, but equivalent parametrization was introduced in a previous work
[135]. Without loss of generality, a slightly different semi-prepotential can be written in
the form

Aot = Hgb — L(4ty,)s H? | (7.1.2)

where D = 11 for this eleven dimensional case. This also implies there is a local symmetry

of the form

Hgt — Hg? + (%)5%Aa (7.1.3)

that applies to (7.1.2).

All previous experience in superspace supergravity implies the vectorial 11D frame
operator E,, the spinorial spin connection wg ¢q, and the vectorial spin connection wg 4
must be determined in terms of the content of the spinorial 11D frame field. This is done
by the imposition of “conventional constraints” on the torsion and curvature supertensors
defined in (7.1.5). However, as first noted in the work [134], “conventional constraints”
must also be imposed to determine N,? solely in terms of Hgb, but totally independent

of W. This has powerful implications for constraints in superfield supergravity.

A Poincaré supergeometry of the 11D theory demands the introduction of superspace

supergravity covariant derivatives V, and V, defined by

VQ :Ea + lwadg./\/lgd 5

V)

(7.1.4)
Vg :EQ + %degMgd

Upon calculating the graded commutator of these leads to superspace torsions and cur-
vatures according to,

[Va, V) =TapVe + Tog" Vo + 3Rapa* M

[Va, Vo} =TatVe + Top' Vo + 2Rapat ML, (7.1.5)

[Va, Vo} =TwVe + T Vy + 2R M2
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Based on an analysis of constraints for the 11D vielbein, the work in [56] concluded

the set
iglg(’Yg)aﬂTaBQ: 5gb ) (W’g)aﬁTcwW =0 )
Toge — 5 (ae)a” Typ” = 0 , (1) Rag®® = 0,
(Yabede) ™’ Top® = 0 ; (Viabede)*” Tag)yy = 0 ,
(Yap)*’ Tag® = 0 : (Viap)* Taplg = 0 ,
(7.1.6)

can be enforced without implying any dynamical consequences on the components fields
that remain with the vielbein. The first two constraints in (7.1.6) ensure that the graviton
and gravitino, respectively, that appear at first order in the #-expansion of in V, are
identified with the self-same fields that appear at zeroth order in V,. The next two
constraints have the same effects by removing the Lorentz connection of the theory (as
an independent variable) and defining it in terms of the anholonomy associated with
the component frame field. These second two constraints of (7.1.6) also ensure that the
spin-connection that appears at first order in the #-expansion of in V is identified with
the self-same field appearing at zeroth order in V,. The last four constraints in (7.1.6)
remove all the superfields that appear in A',? as independent quantities and makes them
non-trivially dependent only on H,2. It is directly possible to prove at the linearized
order. However, beyond this order the process is expected to be horribly non-linear as

in the 2D, N' = 1 supergravity theory.

Calculations in [58] inspired by adinkras have yielded IT-based techniques providing
unprecedented access to the component field composition of superfields in 11D. Based

on this, we have proposed the set of constraints above may be strengthened by the
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replacement as indicated below,

i 3% (7&)066 Taﬁb = 5gb ) (’Yg)aﬁ Tozﬁ7 =0 )
Toge — 25 (vae)a” Top® = 0 ; (1) Rag®™ = 0,
('Yabcde)aﬁ Ta,Bg =0 ) (’7[abcde| )aﬁ Taﬂ\i] =0 )

(Vap)*? Top® = 0,
(7.1.7)

as this set, “CGNN constraints” |26], is consistent with the choice of a scalar superfield
V as the supergravity prepotential. This implies the superfunction Hg¢ = Hg¢(V) must
admit a functional dependence that satisfies this equation. This functional dependence

must involve fifteen powers of D, acting on V.

A solution to (7.1.7) is provided by making the “shift” ¥ — 1 + ¥ (Equations (12)
and (18) in [56]) so that

Vo =Da + $¥Ds + 15(Ds¥)(1%)a" Mg

Vo =0a + U0y + i3 (7a)*” (Da¥)Ds + £ (9.7) M,E (7.1.8)

+ it (1.2)7 (DaDpT) Mge

where ¥ in (7.1.8) is an infinitesimal superfield and we set the superfield Hg¢ = 0. It
should also be noted we can regard the supervector fields here as describing a Nordstréom

supergravity theory as in chapter 2, although we used a different set of constraints in

chapter 2.

In turn, (7.1.8) suggests the definition of a set of Weyl scaling transformations of the

full superspace covariant derivatives given by

0sVa= 3LVa + 15 (VaL) (7)o" Mye
0sVa= LV, + i1 (1) (VaLl) Vg + 2 (VL) MgE (7.1.9)

In the results shown in (7.1.9), the superspace covariant derivatives V, and V, are
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“full” superspace covariant derivatives where the only remaining independent superfield

variables are ¥ and Hgé(V).

It should be noted there is a lesson to learn from (7.1.8) and (7.1.9). A set of full
Weyl scale transformation laws on the superspace supergravity supercovariant derivative
operators can be obtained by starting from the formulation of a Nordstréom superspace
supergravity theory, acting with a superspace scaling operation dg on the Nordstréom
scalar field in the theory, calling dg¥ = L, and finally replaces all “bare” derivative

operators by full superspace supergravity supercovariant derivative operators.

In turn, this implies we are able to analyze the Weyl scaling properties of all the
superspace torsion and curvature supertensors with engineering dimensions of less than

three-halves to find,

0sTags = 0 (7.1.10)

0sTag” = SLTag” — i1 Tag® ()" (VsL) + +(V(oL)ds)

(7.1.11)
+ =(VsL) (PN ()
0sTap = SLToS — it (W) (V4L) Tas® + (VaL)&© : )
7.1.12
+ £ (V4L) (19"
0sTop? = LTay’ — it (w)2 (VsL) Ta — it Tup® (76)% (VsL)
— (VL) 8T — 35 (VaL) (e (7.1.13)
+ it (W) (VaVsL) — igss (%)% (VsVeL) (Yae)a”
0sTws = LTut + it(y)’ (VsL) Ty + S (VL) o _—_
7.1.14

+ igs (W)’ (VsVel)
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0sRap® = LRos% + 1T,59(VIL) + LT.5° (VL) (4%)s” -

- %(v(cﬂv’YL) (’7@)\,8)7 + Z.%Taﬁg(VQ@)ée (V5VEL)

The constraints on the last three lines of (7.1.7) have a solution given by [26]?

Ta,é’g = i(/yg)aﬁ + iﬁ(vbl".bs)aﬂ){blmmg ) )(abcdeg = X[abcdei] =0 )
(7.1.16)
where Xg, . a:2 = i (Yay a5)* Tap? alternatively?. The expression of T,5¢ may be

substituted in (7.1.11) and (7.1.12). Contraction of the  and + indices in the former

and the b and ¢ indices in the latter yields respectively

B

LT,s" — i

o3

55Tns" = i(V)ap + i35 (7 B )ap Xoy 552 | (7077 (VsL)

NI

1
2

_|_

L (VaD)5” + 5(VsL) (V)@ (V) )"

L

~

LLTas® 4+ 3 (¥9)as (1) (VsL) + L(V(L) 85

+ 5=(VsL) (PN’ ()p)?

= 1LT.4" + B(V,.L)

(7.1.17)
0sTap” = $LTa” + 1 () (VAL) | (Was + 535 (7 7 %)as Xoy ots? | + (VaL) &2

= 3LTw" + 1 (00)° (V4L) (PD)as + (VaL) &

= LTt + (VL)
(7.1.18)

The equation in the final portion of the results shown in (7.1.16) is responsible for the

disappearance of the X-tensors from the second lines in (7.1.17) and (7.1.18).

If we make the definitions

T = 21,0 0 7, = Ark (7.1.19)

3 The first indication of the need for modification to the superspace torsion proportional to /o
matrices was noted in 1983 [136] in the context of 4D, N/ > 4 conformal supergravity in super-
space.

*Notice that the normalization of the X5 differs by a factor of 32 with that in the work of [56],

i.e. the factor 55 is put in Equation (7.1.16) instead of the definition of X[5]§.
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then we see
5s TV = LT, + (VoL) , 05Ta® = IL7.P + (VaL) . (7.1.20)
Upon changing basis for these superfields by defining
B = 1 [7.0 % 2.0 )
we observe that
0s TaP) = LT + (VoL) |, 65T, = 17, . (7.1.22)

While J,(7) transforms like a scale covariant tensor of weight %, the quantity Jo()
transforms with a scale weight of % while being a spinorial gauge connection under
a scaling transformation! The work of [55] indicated that such a dimension one-half
supertorsion tensor was required for an off-shell description of 11D, N' = 1 Poincaré

supergravity.

According to the analysis in [56], there is also necessarily an engineering dimension

one superfield Wipeq with Weyl weight one (i.e. 95 Waped = L Wapea) defined by”

Wased = 35 | (P Yavea)* Toe” + i (Yabed) ™ (VaT 57 = 25 TP T5H) ]
(7.1.23)
and which contains all the on-shell degrees of freedom. In particular, the lowest order
term in this superfield (i.e. setting # = 0) is the supercovariantized field strength of
the component level 3-form gauge field. Moreover, the 11D supercovarinatized Weyl-
gravitino field strength is contained at the first order in the #-expansion, and the super-
covariantized Weyl tensor of the 11D bosonic spacetime is contained at the second order

in the #-expansion of Wypeq.

Thus, we conclude the most likely path forward for an off-shell 11D, A/ = 1 superspace

5 Notice that the Weyl tensor Wapea here differs by an overall factor of ¢ with that in the work
of [56]. It is because in our convention here, all y-matrices are real, while in [56], (y")as is real
but (7[4])a[3 is imaginary. Thus W4 is real in both cases.
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supergravity theory must be the construction, as we suspected in 1996, on the basis of
three superfields now known to be Wypcd, Xgl...%b, and J,. The ultimate deepest reason
to expect this decomposition is the structure of gravity itself. When one considers the
Riemann Tensor of ordinary gravity (which must be embedded within any supergravity
theory), it can be decomposed into the:

(a.) Weyl,

(b.) Ricei, and

(c.) Scalar Curvature
portions. In our opinion, any superspace construction that ignores this tripartite division

is unlikely to be adequate.

7.2 Supergravity Derivatives & Scale Transformations in 10D

The content of the previous section about the superspace supergravity supercovariant
derivatives V4 = (Vq, V,), the torsion supertensors 7’4 BQ, and curvature supertensors
Ra g 2 can be directly used to derive similar results for the superspaces associated with
Type-ITA and Type-I superstring theories. However, there is a much more efficient and
rapid way in which this can be done. This alternative route is also directly applicable to

the Type-IIB case. So rather than going the route of the dimensional reduction of these

geometrical quantities, we choose to take a less obvious pathway.

The bottom-line message from the last section is that the scalar compensator, which
appears in the parametrization of the framefield (7.1.1), is isomorphic to the concept
of a scalar theory (i.e. Nordstrom gravitation). This means explorations of Nordstrom
supergravity are equivalent to the exploration of the limit of a full superframe where only
the compensator is retained. This has the implication that investigations of Nordstréom
supergravity theories fix the dependences of the superspace supergravity supercovariant

d

derivatives V4, the torsion supertensors T4 g€ and curvature supertensors R4 p .2 on

the scale compensating superfield.

The constraints used in the following results can be derived from equations found
in [36]. Take the following indicated equations from that work which are linear in the

first derivative of the scale compensator, use appropriate algebraic operations to express
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the first derivatives in terms of torsion, and substitute those expressions back into the
equations. For the N' = ITA supergeometry, the appropriate equations from which to
start the derivation are given in (6.10) - (6.19), (6.22), and (6.25). For the N/ =IIB
supergeometry, the appropriate equations from which to start the derivation are given in
(7.11) - (7.20), (7.23), and (7.26). Finally, for the N' =1 supergeometry, the appropriate
equations from which to start the derivation are given in (5.8), (5.9), (5.10), and (5.12).

These are found to be equivalent to results given previously in [45].

7.2.1 10D, N' = lIA Supergravity Derivatives & Scale Transformations

The covariant derivatives (Equations (8.51) - (8.53) in [36]) linear in the real conformal

compensator ¥ are given by

Vo =Da + 3¥Dy + 7 (0%)a”(Dp¥) Mg, (7.2.1)

V., =D, + $UD, + lio(aa—b)f(DB\y)M@ , (7.2.2)

Va =0, + U0y — it(0a)"(Ds0)D; — (o) (D,0)D; — (0.1)MaE
(7.2.3)

where the “bare” algebra of the supersymmetry covariant derivatives and the spacetime

partial derivative takes the forms

{Da, D} = i(0%apd > {Dg. Dy} = i(0%),,0, » {Da.Dy} =0, (724)

af

which indicate the non-vanishing values of the torsion supertensors must be given by
, T . =10, (7.2.5)

and noting [0q , Op] = 0.

Mimicking results shown in going from (7.1.8) to (7.1.9), we conclude the super
scale transformation laws for the full superspace supercovariant supergravity derivative

operators must take the forms which follow from the results in (7.2.1), (7.2.2), and (7.2.3).
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Thus, we write

0sVa =1LVe + £ (09) (VsL)Ma, | (7.2.6)

05V =3LVs + 35 (0 (VD May (7:2.7)

«

65Va = LVy — it(00) (VsL)Vy — ib(0n)H(V,D)V: — (VL)MaE . (728)

as the super Weyl transformation laws of superspace supergravity derivatives for 10D,

N = TIA theories.

Upon using the definitions of torsion and curvature tensors

(Vo) Vo} =Tap®Ve + Tag" Vs + Tag' Vs + §Rasa M

Y =T ¢ Y RAva 1p  eprqd
(Vo Vi} =T :2Ve + T 0V, + T 7V, + 3R ;. SMS

_ c ) 1 e d
[V, , V[-_j} =T..“V. + TC.MB“YV7 + TdBVV& + 2R"7 M (729)

[Va , VQ} = Tabgvg + T0@7 V»y + Tab& V& + %Rabd
3 1
B Vb} — Tabng + TaQ,y V»y + TaQ,y V,y + ERO@QQ
[Va, Vo} =TwtVe + Tw'Vy + T Vi + $Rapa* M2
appropriate to the case of the 10, N' = IIA theory, we find the Weyl scaling properties
of all the superspace torsion and curvature supertensors with weights of less than three-
halves as below. Weyl scaling properties of all other superspace torsion and curvature

supertensors with weights of equal and larger than three-halves will be presented in

Appendix E.1. Grouping according to scale. we find,

65Tng =0

(7.2.10)
05T 5 =0 (7.2.11)
6sT..¢ =0 (7.2.12)

ap
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05Tag" = 2LT0g" + it T0p%(00)° (VsL) + 3(VaL)ds)? + 5(0) 0 (01957 (VsL)

(7.2.13)
05T’ = STt +ilTop(00) (VL) (7.2.14)
55Td[.j = %LTM-;V —i—z’%TdBQ(ag)%(V;;L) + %(v(dL)abj + 350 5 (o72)) B)ﬁ(véL) :
(7.2.15)
05T, " = %LTM’Y +¢§TM€(%)75(V5L) , (7.2.16)
05T, ;" = 3 LT, 7 +i3T :(0e)" (VoL) + 5(V;L)0a” + 55(0™) ;% (012)a”(V5L)
(7.2.17)
05T ;1 = LT 7 +i3T ;%(0e)" (Vi) + §(VaL)dy" + 55(0™), 7 (02)a’ (VsL)
(7.2.18)
05ToS = LTS+ (Vo L)0E + 2(049)a” (VL) +it(0y)? (VL) Tass
ab 2 ab o b 5\9b ) B 5\0b ) afs
+i%(%)55(VéL)TaBQ : (7.2.19)
05T5,° = 5LT5  + (V4 L0 + 3 (03°) dﬁ(VBL) +i%(ab)55(V5L)T&69
+i%(ab)55(V5L)TdBQ : (7.2.20)
0sTap” = LTop" + i+ Toy(00)" (Vs L) — 5(VyL)da” — ix(03)"" (Vo VL)
+¢%(UQ)JB(V5L)TQBV+i§(%)55(v5L)TQBV + 209" (VL) ,  (T.2:21)

35Tay’ = LTay) — it (0p) P (VoV L)+ i2(05)°% (V5L) Tag? + it (0p)%° (V$L)Ta[.j

1300 (VL) T (7.2.22)
05Ty, = LTs,) —ig(0)"(V VL) + i3 (o) (VsL)Ty," + i%(%)w(véL)T&éV
—i5(0) " (VsD) Ty, (7.2.23)

55T

«Q

y = LTy, +itT:, (00)" (VL) = 5(VpL)3," —iz(00)? (V4 V 22

+ i3 (o) (Vs L) Ts" + i3 (on) P (ViIIT, T +5(009); (VL) (7:2.24)
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0sTw® = LTw® — i2(00) " (Vo L) Tpp S — i3 (a[a)aﬁ(v LT (7.2.25)

B\b} ’

O5Rag®™ = LRap® — Togl (VIL) + $7057(0%),° (VL) + $Tag" (0%):°(V L)

_ %(U@)(a‘;(vg)VaL) , (7.2.26)
0sR ;% = LR 4T M(VIL)+ T (%), (V5L) + %Tabﬁ(o@)&‘g(vﬁ)

= 3(0%)a’(V,V5L) = (0%),(VaV;L) (7.2.27)
OsR, % = LR .4 - Tdé[f(VQ]L) + 57,7 (0%),° (VL) + %T&j(o@)&‘%(vﬁ)

_ %(a@)(&é(vmvé L . (7.2.28)

Similar to 11D, we define J-tensors and use them to construct the Weyl tensor

superfield. The [J-tensors constructed are the following,

T :%Tabﬁ ’ JQQ) — %Tdﬁﬁ ’ (7.2.29)
7 =it . 3P = T
Thus we see
05T = 10TV + (VaL) . 057 = LLgV + (VL)
65T = LLIP + (VL) , 6570 = L7 + (voL) ,  (7:2.30)
05T =1LT® + (VaL) . 0570 = LL7P + (VL)

One can see there are only two independent objects (one from each copy of Grassmann

coordinates) by changing the basis for these superfields. Define

I =5 + a0+ ) . g =5 + 7+ 7).
g =57 - Ty 7 =37 -5
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The variations of these J-tensors under the scale variation take the forms

05T = 30T + (VaL) 05T = 3L + (VL)
55T = %Lja(—z) 7 55‘7;2) _ %Ljé—m

In this basis, only jCEH and J O.E+) serve as spinorial gauge connections. The Weyl tensor
is then constructed using conformal weight 1 torsion supertensors and conformal weight

% spinorial gauge connections. By requiring dsWape = LW,pe, We obtain

Wate = 35{ (0D)15(0e)® Toa” = 2(0ae)™” [Va TS = £ 7750
+ (09, (0w Ty, — 2(owe)® [V = 70717 |
(7.2.33)

7.2.2 10D, N = lIB Supergravity Derivatives & Scale Transformations

Now, the covariant derivative operators linear in the complex conformal compensator
U (appropriate for the IIB theory) and necessary for a Nordstrom theory (Equations
(8.92) - (8.94) in [36]) may be given by

Vo =Do + 3¥D, + 15(02)’(Dp¥) My, (7.2.34)
Vo =Da + 39D, + (0%)"(Ds¥) My, (7.2.35)
Va =04 + (¥ + U)0y — is5(00)* [Da(¥ + 2¥)] Dy .

here the “bare” algebra of the supersymmetry covariant derivatives and the spacetime

partial derivative takes the forms

{Da,Ds} =0 , {Du,Ds} =0 , {Da,Ds} = i(6Ysde ., (7.2.37)
B B B B

which indicate the non-vanishing torsion supertensors must be given by

Tag =0 , T2 =0 , T=°= (0% . (7.2.38)
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By repeating the steps used to obtain (7.2.6), (7.2.7), and (7.2.8) in the last section, here

we find,
05Va = 5LV + 15 (0’ (VsL) May (7.2.39)
0sVa = 3LV + 15 (09" (Vs )My, (7.2.40)
0sVa =2(L + L)Va — i35 (00)* [Va(L + Z1)] Vg

(7.2.41)

The super-Weyl parameter in (7.2.6), (7.2.7), and (7.2.8) is distinguished from that in
(7.2.39), (7.2.40), and (7.2.41). The former involve a real scaling parameter superfield
L — L, whereas the latter involve a complex scaling parameter superfield L # L. This
means the transformation laws in (7.2.39), (7.2.40), and (7.2.41) imply both a real scaling
parametrized by %(L + L) and also a U(1) rotation parametrized by z%(L — L). The
terms proportional to M in (7.2.39), and (7.2.40) as well as the ones proportional to
the spinorial derivatives in (7.2.41) depend on both the real superspace Weyl scaling
parameter u = %(L + L) and the real U(1) rotation parameter v = —i%(L —L). To see

this, one need only note L = (u+iv) and L = (u — iv) in the latter equations.

Upon using the definitions of torsion and curvature tensors

[Va, Vot =TasVe + Tag" Vy + Tug" Vs + 5Rapa®Me?

«,

[voé ) vﬂ} :TQBQVQ + TB’YV’Y + Ta37 Y + %RaﬁggMgd ’

«,

[Va, Vst =T5°Ve + Tg' Vy + Tog' Vo + 3Rz, M2
(7.2.42)

[Va, Vot =TaVe + Tap'Vy + Ty’ Vo + 2Ropd®
[va ’ VQ} - T@QVQ + Tﬁbv Vw + Ta 7 v T %Rﬁ dg
[Vg ) VQ} = T@gvg + TtLb7 Vv + Tafbvﬁw + %R@dgMgd >
appropriate to the case of the 10D, N = IIB theory, we find the Weyl scaling properties
of all the superspace torsion and curvature supertensors with weights of less than three-

halves as below. Weyl scaling properties of all other superspace torsion and curvature

supertensors with weights of equal and larger than three-halves will be presented in
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Appendix E.2.

0sTap® = 5(L — L)Tog®
0sT,5c =0
0sTeg® = — 5(L—L)T5°

05Tap) = (L — 50)Tag” + iTag™(0e)" (Vs(z5L + £5L))
05Tag” = 3LTop" +iTag%(0c)"* (Vs(z5L + 251))
+3(VaL)ig + 550 0 (o)) (VsL)
0sT,5" = §LT,57 +iT,5%0)" (Vs(35 L+ 55 L) + 5(Val)ds"
+ 5507 (012)a’ (Vs L)
05Top® = 5LTop + 3(Va(L + L))6° + £ (0,90’ (VL)
+i(0p)* (Vs(55L + 155 L) o5 +(00) " (Vs (35 L + £55 L)) Tup®
05Tw® = 5LTm" + 5(Va(L + L))5 + £(009)a” (VL)
+i(0p)™ (Va(55L + 165 L) Tas® +i(0n)™ (Vo (55L + 155 L) T
0sT,5" = $LT,5" +iT,5%00)" (Vs(35 L + 15 1)) + 3(VsL)da"
5505’ (012)a” (VL)

IL,7 + 5o (Vo5 T + 251

_l’_

0sTyg) =

N[

+2(VuL)op) + 5 ()2 (012)p) (VD)

05Tz’ = (L — 3L)Tag" +iT55%(00)° (Vs(35L + 5 L))

0sTay” = LToy) —i(03)"(VaVa(55L + 25L)) +i(00)? (Vs(55L + 25L))Tag”

+i(00) P (Vs(35L + 155 ) Ta5" —i(00)" (Vis(35L + f5 L) Tas”

0sTap” = 2(L+ L)Tay" + iTap(0e) "’ (Vs(z5L + 15 L)) — 5(VuL)5a”

(7.2.43)
(7.2.44)

(7.2.45)

(7.2.46)

(7.2.47)

(7.2.48)

. (7.2.49)

, (7.2.50)

(7.2.51)

(7.2.52)

(7.2.53)

. (7.2.54)
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—i(0y) ! (VaVs(s L+ ZT)) + (o) (Va( 5L+ 2L L)T, 5"
+i(00) " (Vs( 5L + ZoT)) Tag” + 1oy  (Ve(L+ L)) (7.2.55)

0sTw® = 5(L+ L)Ty — i(op,)™ [(v (35L + 25 L)) Tay“(Valzs L + %L))Tmﬂ :

(7.2.56)
0sTay’ = 5(L+ L)Tw + iTw(00)" (Vs(35L + 155L)) — 5(VsL)8a"
—i(00) " (VaVa(z5 L+ 55 L) +i(0p)’ (Vs(55L + 155 L)) Tag”

+i(03)P (Vs(35L + 2 L) Tz’ + 1(06%)a”(Ve(L+ L)) (7.2.57)

0sTm” = LT, —i(0)"" (Va Vﬁ(gzL + 160L)) + Z(Ub)dﬁ(VfS(sQL + 12670L))T
+i(00) (Vs(35L + 156 1)) Taz” —i(00)" (Vi(55L + 155 L) Tm®  (7.2.58)

0sRag® = LRop% — 1T,54(VI(L + L)) + 170" (09),° (V5L)

+ 1T (0%), 2 (VsL) — £(0%)(,* (V) VsL) | (7.2.59)

OsR5% = 3(L+ L)R5% = 3T54(VA(L + 1)) + 3T,5"(0%), (Vs L)

+ 17,57 (0%),°(VsL) — £(0%)a’ (VsVsL) — £(0%)5" (Va VL)

0sR5% = LR 5% — T 54(V4(L + L)) + 17557 (0%),°(VsL)

+ 17257 (0%),°(VsL) — £(0%) (V) VsL) . (7.2.61)

The grouping of terms in (7.2.43) - (7.2.61) is according to the real scale weight and
U(1) charge. Their real scale weights and U(1) charges can be read off by expressing all
the L and L super parameters in terms of u and v. All this information is summarized

in Table 7.1.

Again, we can construct J-tensors from linear combinations of torsions with indices
contracted in Type IIB theory. There are two independent ones (and their complex

conjugates). This is because our scaling parameter superfield is complex and thus we
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Torsion / Curvature | Scaling Coefficient Real Scale Weight (u) U(1) Charge (v)
Top® 1(L-I) 0 +1
T, 5¢ 0 0 0
T.5° -3(L-1) 0 1
Tag” L-3L 3 +3
Top? 5L 3 +3
5 1 1 1
T’ 3L 3 +3
Tabg %L % +%
Tan* 5L 2 -3
17 1 1
Iz sl 2 —3
5 17 1 1
o sl 2 —3
+ 1 1 3
a5’ L-3L 3 —5
T.,7 L 1 +1
Toy” 1(L+1I) 1 0
Tut s(L+I) 1 0
Top” $(L+1I) 1 0
T L 1 -1
Rop% L 1 +1
R, 5% $(L+1I) 1 0
R 5% 1 -1

Table 7.1: Summary of Weyl

curvatures

have two degrees of freedom.

1
ZTaﬂﬁ )

T =

5 1 B_1p b
t5Tos” + 5T.5" = 5T

ja(¢3) - Taﬁﬁ L0 %Tabb 7

89 " af

Their scale transformations are

0573 =
05787 =

55T =

sLIN +(Val)
1L IP +(VaI)

1 3
iLg® |

7o

T =

T =

) 65 7&1)

; 537&2)

557&3) =

The [J-tensors are defined by

complex scaling properties of 10D, A/ = 2B torsions and

= %Taﬁﬂ :
BT7 + 1Tap® — 3T, (7:2.62)
g
- 127V 4+ ¥.D) |
— 1279+ (V.L) (7.2.63)
_ %fjai’»)
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As we can see from the scale transformations, j(il) and jCEQ) (and their complex con-
jugates) are spinorial gauge connections, while J,;SS) (and its complex conjugate) only
transforms as a scale covariant tensor of weight % without any gauge term. The Weyl

tensor can now be constructed from various (u,v) = (1,0) torsions, and combinations of

(u,v) = (%,—}—%) and (u,v) = (%, —%) spinorial covariant derivatives and spinorial gauge

connections such that each term has scaling properties (u,v) = (1,0). The final result is

Wabe = %{ (09)15(0abe) ™ Tod” + (09)15(0abe)’* Taa” — AT abg
— i(0ae)™ | E(VaTf + Vo) + 3 (W?}f) + Va5
1,863 +(1 2 411 1)77(2) 2)—=(1)
+ 3TN Ty - BaATy - 80T + 72T |

(7.2.64)

7.2.3 10D, N = 1 Supergravity Derivatives & Scale Transformations

The covariant derivatives linear in the conformal compensator ¥ are given by (Equa-

tions (8.27) - (8.28) in [36])

Vo =Da + 3¥Dq + 15(0) P (D) My (7.2.65)

Vo =04 + 09y — i2(00)(Da®)Ds — (9VIMSE | (7.2.66)

where the NV = 1 “D-operators” satisfy
{Do, Dg} = i(0%ap0a - (7.2.67)
As the reader has seen the argument that follows from (7.2.65) and (7.2.66), thus we find

5sVa = 3LVa + 15(0®) (VL) Ma, (7.2.68)

55Vq = LVy — i2(00) (Val)Vs — (VL) MSE . (7.2.69)

These results in (7.2.68) and (7.2.69) may be compared with the results derived
in [45]. The two sets of Weyl scaling laws are different. However, this is due to the

different choices of constraints that were chosen. Once this is taken into account, the
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scaling laws agree. The scaling laws used in [45] were presented as ansatzé, whereas the

ones in (7.2.68) and (7.2.69) were derived from the Nordstrom supergravity results [36].

The definition of torsion and curvature tensors for the 10D, AV = 1 theory are identical
in form to the equations given in (7.1.5). Thus, here we find repeating the series of
calculations for 10D, N = 1 superspace as was done for 11D, N' = 1 superspace yields the
results that follow. Weyl scaling properties of all other superspace torsion and curvature
supertensors with weights of equal and larger than three halves will be presented in

Appendix E.3.

55Tt =0 (7.2.70)

35Tog” = $LTog? + i 2Tap(00)?(VsL) + 3 (VaL)dp)
+ = (0 (op)s)(VsL) | (7.2.71)

55Tabg = %LTQQQ + (VaL)égQ + %(UQQ)QB(VgL) + i%(ag)ﬂa(vsz)TagQ ,
(7.2.72)

05Top) = LToyY + i 2 Top(0c)(VsL) — % (VyL)ds"

— i3 (o) (VaVsL) + i3 (00)*(VsL)Tug” + 3 (0p%)a”(Vel)

(7.2.73)

OsTu® = LTw® = i 2 (010)" (Val) Toy® (7.2.74)
0sRap®™ = L Rag® — Top(VIL) + 1T,57(0%),%(VsL)

— 1 (0%) (V3 VsL) . (7.2.75)

Here we define the J-tensors

T =iyt 7O = T8 (7.2.76)
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and they transform as

05T = 1LgM + (VoL) , 65T = tngo) . (7.2.77)

Again, similar as in 11D, N'=1 case, J (a_) transforms like a scale covariant tensor of
weight %, the quantity J Ef) transforms with a scale weight of % while being a spinorial

gauge connection under a scaling transformation!

The necessary engineering dimension one superfield Wy, with Weyl weight one can

be defined by

Ware = 15{ (09)3(00)™ Tod” = i4(0ae)™® [VaT ST = BIDIDV o (1.278)
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Chapter 8

Adyndra Digital Analysis Scans

This chapter is based on [40].

In [57] and [58], we have established a breakthrough approach that substantially
lowered computational costs of determining how to embed a set of component fields within
a superfield. Just as MRI (magnetic resonance imaging - based on the phenomenon of
nuclear magnetic resonance) has brought amazing progress in creating high definition
images of internal structures of bodies in biological domains, the approach in [57, 58]
(which can be called “Adyndra Digital Analysis” or “ADA”) permits the rapid assay of

the Lorentz spectrum of component fields within superfields.

There are a number of ways to define an “adynkra’.” One such meaning is as the

name for a certain class of graphs. However, for our purposes here, we will use a definition
tailored to 10D, N/ = 1 SUSY where an adynkra is a collection of sets of Dynkin Labels
that can be broken into subsets associated with a “Level number.” The latter of these is
an integer that takes on values from zero to sixteen. There exists a “generator” for such

lists that takes the form

16
G =1 @ C{(]) x[ar,brendie) @ @ L 0P (1AL ALY X lap, by cprdpreyl}
p=2
(8.0.1)

I This is a word created from the concatenation of the works “adinkra” and “Dynkin” in an effort
to denote the fusion of these two concepts.
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which can be expanded to,

g =/ {(D) X [al,blacladhel]}
7

® EB ﬁ(f)%ﬂ {(CI (AL ALD) X [agps1, bapt1s Copris doprts €pr] }

p=1

8
o1 @ @ (5)21){(5 (/\D)Z(pfl) /\D) X [a2pvb2p702pad2p762p]} )

! (8.0.2)
where [ap, by, ¢p, dp, €p] (with p = 1, ..., 16) denote Dynkin Labels appropriate for the
fields over the 10-dimensional manifold. The “Level number” is the exponent seen as-
sociated with various powers of the level parameter £ in this expression. Finally [ ] is
a spinorial Young Tableau and A denotes the “wedge” product of the tableau. A more
complete discussion of conventions and notation used in writing (8.0.1) can be found
in [59]. All the terms on the first two lines of (8.0.2) are fermionic representations as the
Young Tableau associated with [ | corresponds to the fundamental spinor representation

of 50(1,9). As the final terms have only even powers of [ ] and due to the identity

DAD:B:@ : (8.0.3)

these can be expressed solely in terms of Y'T’s involving [ | (bosonic Young Tableaux), i.

e. bosonic representations of so(1,9).

The generator (8.0.1) provides a basis for the creation of algorithms that are ex-
traordinarily efficient at encoding representations of component fields contained within
superfields. It is this efficiency that enabled unprecedented clarity about the component
field contents of superfields in ten and eleven dimensions [57-59] and the computational

tools we use are noted in [72,73,137].

The discussion in [58] is devoted to using the concepts of Branching Rules, Dynkin
Labels, Plethysm, and Young Tableaux to calculate G. In [57,58] the basic “scalar”
adynkra, denoted by V, was calculated and described in detail. It is the foundational
quantity expressed in terms of YT’s. The computation expense to find all related quan-

tities is substantially less than that needed to explicitly determine V. This follows as
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higher representations are simply found from multiplication of ¥ by Dynkin Labels when

the latter are represented by YT’s. Thus, we have

Vo100 = [0,0,1,0,00®V , Vyoi01 = [1,0,1,0,1] @V
(8.0.4)

Vizo00y = [3:0,0,0,1] ®V , Voo = 400,00V ,

and these multiplications are straightforward by the use of the tools indicated in the
references [72,73,137]. For any bosonic irrep R or fermionic irrep R, (8.0.4) implies
dim(Vg) = dim(R) dim(V) or dim(Vz) = dim(R) dim(V), where dim(V) = 65,536. The
Dynkin Label Library of the V-superfield is explicitly shown below and similar results

are shown in the Appendix F for all superfields in (8.0.4).

Level-0: [0,0,0,0,0]

o Level-1: [0,0,0,1,0]

e Level-2: [0,0,1,0,0]

e Level-3: [0,1,0,0,1]

o Level-4: [0,2,0,0,0] @ [1,0,0,0,2]
o Level-5: [0,0,0,0,3] @ [1,1,0,0,1]
o Level-6: [0,1,0,0,2] @ [2,0,1,0,0]
e Level-7: [3,0,0,1,0] @ [1,0,1,0, 1]
o Level-8: [4,0,0,0,0] ©[0,0,2,0,0] & [2,0,0,1, 1]
o Level-9: [3,0,0,0,1] @ [1,0,1,1,0]
o Level-10: [0,1,0,2,0] & [2,0,1,0,0]
o Level-11: [0,0,0,3,0] & [1,1,0,1,0]
o Level-12: 0,2,0,0,0] & [1,0,0,2,0]

e Level-13: [0,1,0,1,0]
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e Level-14: [0,0,1,0,0]
e Level-15: [0,0,0,0, 1]

o Level-16: [0,0,0,0,0]

The utility of such a library is straightforward.

For example, one could ask whether the component field corresponding to the bosonic
irrep [4,0,1,0,0] occurs within the 6 expansion of V? Upon examination of the library
above, it is seen that the answer is, “No.” In a similar manner, one can ask if the pair of
representations given by [0,2,0,0,0] and [3,0,0,0, 1] occur in the superfield V at adjacent
levels with the fermionic one higher than the lower one? Once more a quick consultation
of the library above returns the answer, “no.” Clearly, more complicated questions of this

nature can be pursued and we turn to this next.

8.1 Component Dynkin Label Examples & ADA Scans

The component fermionic and bosonic representation content of the on-shell 10D, A/

= 1 supergravity multiplet [138,139] is given by

{‘F}SGI = (Xom djga) = ([070707170]7 [1707070: 1}) ;
(8.1.1)

{B}sar = (v, Bab, &™) = ([0,0,0,0,0}, [0,1,0,0,0], [2,0,0,0,0])

in its most common form. However, as first emphasized in the work of [140], there is an
alternate version where the replacement B, — My, ... ¢4 is compatible with the absence

of anomalies [141,142] as a realization of the LEEA of the heterotic string [143].

To complete 10D, AN/ = 1 supergravity into either the 10D, N’ = IIA or IIB super-
gravity multiplets, it is necessary to find two other 10D, A/ = 1 multiplets that contain
the matter gravitino multiplets (MGM) discussed in Appendix C of the work [102| and
that indicated the existence of two such 10D, N/ = 1 MGM systems. We may call one of

them the “ITAMGM?” system and the “IlBMGM” system. In terms of their component
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fermionic and bosonic representation contents, these look as

{Fluamem = (x5 %a*) = ([0,0,0,0,1],[1,0,0,1,0])
(8.1.2)

{B}HAMGM = (BQ? Agbg) = ([1’07()’0’0]7 [070717070]) s

and

{Fhmvem = (Xo, ¥0%) = ([0,0,0,1,0], [1,0,0,0,1]) ;
{B}usmem = (A, By, 4abea) = ((0,0,0,0,0], [0,1,0,0,0], [0,0,0,1,1])
(8.1.3)
respectively. It can be seen that the fermionic representations are presented in a manner
where they are “higher” than the bosonic ones. This is due to the fact that dynamical
fermionic fields possess higher engineering dimensions than dynamical bosonic fields. In

terms of the “Level” numbers, the fermions are higher than the bosons.

Both the engineering dimensions and the Lorentz representations of all fields are key

data inputs in the construction of Adynkra Digital Analysis (ADA) scans.

The adynkras for V, Vio0.1.0,0s V[1,0.1,0,1]s V[3,0.0,0,1]» and V]s.0,0,0,0 can be regarded as
a set of “libraries.” An ADA scan asks simple questions as any number of such queries can
be asked. One is, “Given the data of Level difference and the Dynkin Labels demonstrated
in (8.1.2) does such a data pattern occur in the V-library?” Another might be, “How

many times does such a pattern occur?”

Going back to the work of [144], we have long asserted the interpretation of adinkras as
being the analogs of genetic sequence content where superfields play the roles of biological
bodies. An alternative would have been to analogize adinkras to quarks. However, this
analogy suffers when one realizes the numbers of degrees of freedom of systems in ten and
eleven dimensions (e. g. 11D SG possesses 2,147,483,648 bosonic and the same number of
fermionic degrees). So the number of possible targets in searches are of more “biological”
in order of magnitude than the numbers encountered in determining the quark content

in hadronic spectroscopy problems.

Thus, the process of querying adynkra libraries more closely favors the challenges

encountered in DNA analysis than the analysis of the quark spectra of hadronic matter.
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With modern IT platforms, both hardware and software, it is a straightforward matter
to meet the challenges of writing codes to query such libraries... after they have been
constructed. To focus this more accurately, the analogy is to regard the data (as given
in (8.1.1), (8.1.2), and (8.1.3)) as primary biological sequence content, (e. g. similar in
spirit to nucleotides of DNA /RNA or protein amino-acids). The adynkra “libraries” play

the roles of genetic sequence databases)/libraries?.

8.2 Toward the Rest of the Story

The efforts we have described in chapters 7.1 and 7.2 follow the “traditional” routes
to understanding supergravity in superspace where attention is focused on the “outside”
variables, i. e. V4, Ta Y, and R4 g 2. However, there is also a less trod pathway based
on the study of the prepotentials, i. e. ¥, A2, N2 and Hﬁb. Really, due to the presence
of constraints and covariance, only ¥ and Hgb require deeper study. Heretofore, mostly
the literature [38,56], has focused on the “outside” superfields rather than on the “inside”
ones, ¥, and Hgb. The most obvious reason for this is the traditional approach requires
a high computational price be paid to elucidate the #-expansion for component fields

residing within the “inside” superfields.

As we wish to treat the cases of the N' = 1, N' = 2A, and N' = 2B uniformly, there
is a conceptual approach available as an effective enabling strategy. We now turn to a

discussion of this.

In the works of [146-150] there was initiated an approach where superfields with a
higher realization of supersymmetry were formulated in terms of superfields that provide
a lower realization of supersymmetry. In these cases, mostly superfields with 4D, N =
2 SUSY were expressed in terms of superfields with 4D, A/ = 1 SUSY. More recently
[151-154], this approach has been implemented in the context of superfields with 11D,
N = 1 SUSY expressed in terms of superfields with 4D, N = 1 SUSY. Since we are
working in the arena of 10D, NV = 1, N' = 2A, and N = 2B SUSY, the lower dimensional

superfields in which to conduct our investigations are ones that realize 10D, N' = 1 SUSY.

2 One example of such a bioinformatics IT tool is the “basis local alignment search tool” (BLAST)
[145] that serves this function.
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To create a set of notational conventions that are graphically easy to follow in our
subsequent discussion, we will denote the coordinates of 10D, N = 1 superspace by
(22, 6%). In order to describe the superfields with N/ = 2A; and N' = 2B SUSY, we
introduce a second Grassmann coordinate of the form in the case of the N' = 2A
superfields or of the form 0 in the case of the A” = 2B superfields. Now we can continue to
study the superfields V(z%, 6%), Vira(z%, 6%, 0%), or Virp(x%, 6%, 0°) in each respective
case. Next we treat these superfields, but in the latter two cases we use respective explicit

expansions in terms of “green 6’s
t f(é 07 ’77

Vira(a®, 6%, 0%) = VO (a2, 6) 4 00 v (22, 67) + vé?(xﬂ, 0%) + ..., (8.2.1)
Virs(et, 6%, 0°) = VO (a2, §°) + 0° VD (a2, §°) + 007 V) (a2, 6°) + ..., (8.2.2)

and where these expansions terminate at the sixteenth order of the “green 8’s.” Clearly,
these indicate respective sets of sixteen distinct 10D, N/ = 1 superfields within the two

types of 10D, N' = 2 superfields.

Although the two expansions in (8.2.1) and (8.2.2) appear rather similar, an inter-
esting dichotomy emerges when ADA algorithms are applied to them. In the case of
(8.2.1), it is seen for all the fermionic superfields, none contributes the conformal gravi-

ton representation to level-16 of Type ITA and IIB scalar superfields. In the case of

gests if we wish to find formulations of the Type-IIA and Type-IIB theories that possess
a common truncation to the Type-I theory, we should eliminate the fermionic superfields

in both expansions as subjects of additional study in this regard.

Now concentrating solely on the bosonic superfields in (8.2.1) and (8.2.2), we apply
ADA algorithms to search within the bosonic 10D, A/ = 1 superfields for the number b1y

of singlet irreps, the number by5, of {45} irreps, the number bys4y of {54} irreps, the
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number b{210}3 of {210} irreps, the number byig) of {16} irreps, and the number byiaay
of {144} irreps. Furthermore, the ADA scans for these irreps within the bosonic 10D, N/
= 1 superfields were designed additionally so that all bosonic irreps should occur at the
same level in the superfield and also to fulfill the requirement that the {16} irrep and the
{144} irrep should occur at one level higher than the bosonic irreps. The 10D, N' = 2A

results are shown in the Table 8.1 below.

Type-I Superfield | Dynkin Label | b1y | biasy | bisay | biatoy | byzsy | brraay rf[J;gs}IOSfj;’;‘};iéllld
V{@1b1§1} [070117070] 1 1 1 2 1 1 14
V{Qlﬁl’ﬁzbz} [0,2,0,0,0] 1 1 1 2 1 1 12
Viaglah,eydye,}- | 11,0,0,2,00 [ 0 | 0 1 1 0 7 5
V{Q2b2|ﬂlblg1d1§] - [Ov 1,0,2, 0] 0 0 1 1 0 1 10
V{92723\21Q1£1} 2,0,1,0,0] 1 2 2 4 1 3 10
{ay.a9,a3.04} 4,0,0,0,0] 1 1 1 1 1 1 S
V{%Q]g] asboco} [O, O, 2, 07 0] 1 1 1 3 1 2 3
V{Q2723‘Q]b191d1} [27 07 07 17 1] 1 3 2 6 2 5 ]
V{Q292|Q1b12141§1}+ [07 17 07 07 2] 0 0 1 1 0 1 6
V{ay.aslarbie } 2,0,1,0,0] 1 2 2 4 D) 4 6
V{lelsﬂzbz} [07 2,0,0, 0] 1 1 1 2 1 2 4
Vialasbyeydyeg}+ [1,0,0,0,2] 0 0 1 1 0 1 1
V{21Q1£1} [0707 17070] 1 1 1 2 1 2 2

Table 8.1: Contributions of Each Type-I Superfield to the component bosonic and
fermionic representation content of the 10D, N = 1 supergravity multiplet at Level-
16/17 of Type-ITIA Scalar Superfield Decomposition

Looking at this table, the reader’s attention is directed to the Dynkin Labels. The dis-
tinct ones are [0,0,1,0, 0], [0,2,0,0,0], [1,0,0,2,0], [0,1,0,2,0], [2,0,1,0,0], [4,0,0,0,0],
[0,0,2,0,0], [2,0,0,1,1], [0,1,0,0,2], and [1,0,0,0,2].

In a similar manner, ADA scans can be applied to the bosonic 10D, N' = 1 superfields
in the expansion shown in (8.2.2). In this case the sets of members of bosonic 10D, N = 1

superfields that are found are identical to the ones found by starting from the expansion

in (8.2.1). The 10D, N = 2B results are shown in Table 8.2.

For all Type-I superfields shown in the two tables above, if there is {54} appears in

level-n, there exits {120} irrep in level-(n + 2), which is the three(seven)-form (i.e. the

3 The reason this irrep is considered in the search is due to the fact that it is known there is a du-
ality “flip” [155] that exchanges the bgssy and by210y irreps in 10D, N = 1 supergravity and which
is consistent with the anomaly-freedom conditions and Green-Schwarz o-models associated with
the low-energy heterotic string [140, 156] effective action.
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Type-I Superfield | Dynkin Label | b1y | bas) | bsa) | bra10} | bray | brrasy TLye;ee-llosfu{;jr}%i;d
V{Q1b1§1} [0107170 O] 1 1 1 2 1 1 14
V{lelv‘lzbz} [0,2,0,0,0] 1 1 1 2 1 1 19
V{Q2|21b1§1d1§1 3 [17 0,0,0 2] 1 2 1 3 1 2 12
V{Q292|Q1b121d1§1}+ [07 1,0,0 2] 1 2 1 4 2 3 10
Vigpaslapey | 20,1000 [ 1 | 2 | 2 1 1 3 10
V{Elvﬂzvﬁz-&;} 4,0,0,0,0] 1 1 1 1 1 1 S
V{E1Q1§1 aoboco} [O, O, 2, 0., 0] 1 1 1 3 1 2 ]
V{Q27Q3‘Q]b]§]d1} 2,0,0,1,1] 1 3 2 6 9 5 R
{asbyla bicidie }— [07 17 07 2 0] 1 2 1 4 1 3 6
Vi{ay.asa;be,} 2,0,1,0,0] | 1 | 2 2 1 2 1 G
V{Qlﬁlaﬁzbz} [07 2,0,0 0] 1 1 1 2 1 2 4
V{@2|le1§1d1§1}’ [170707270] 1 2 1 3 2 3 1
V{21Q191} [0707 17070] 1 1 1 2 1 2 D)

Table 8.2: Contributions of Each Type-I Superfield to the component bosonic and
fermionic representation content of the 10D, N = 1 supergravity multiplet at Level-
16/17 of Type-IIB Scalar Superfield Decomposition

field strength for either the {45} or {210} irreps). Also upon comparing the two tables,
it is clear that the same two sets of 10D, N = 1 superfields appear in both. The only
differences that occur take place when a prepotential involves a 5-form index. In these
cases, the 5-form indices are “flipped” between the 10D, N/ = IIA and 10D, N = IIB

theories.

The last column of the preceding two tables gives the height of the conformal graviton
irrep in the Type-I superfield. This simultaneously gives the location of the Type-I
superfield in the 0-expansion. So for example the conformal graviton irrep indicated
in the first row of either of the preceding tables is found at Level number 14. This
means that the type-I superfield containing those conformal graviton irreps are located

at quadratic order in the f-expansion.

We must exercise a note of caution in regards to our proposal, however. There is a
long-standing alternate proposal [104] for the 10D, N' = 1 superspace supergravity pre-
potential. This work has suggested that the {120} irrep (the [0,0,1,0, 0] irrep described
by V{@1b1§1}>’ should play this role. One argument that mitigates against this concern
is the fact that the [0,0,1,0,0] irrep in the 10D theory does not connect to the unique

conformal graviton seen in the 11D scalar supermultiplet.

In this chapter, we have looked at the issue of what superfield could serve as the 10D,
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N = 1 supergravity prepotential. Our investigation began from the scalar superfield
for both the Type-IIA and Type-IIB superspaces. The choice of the scalar superfield is
motivated by our study of the 11D, N' = 1 superspace gravity theory [58] where the scalar
superfield is the simplest superfield that contains the conformal graviton representation.
In this context, it was found that the conformal graviton occurs exactly at the middle level
of the superfield. A truncation of 11D, N/ = 1 superspace to 10D, N/ = IIA superspace

must also then yield a scalar superfield as the supergravity prepotential.

Next in this line of reasoning, we may consider a truncation of 10D, N' = IIA
superspace to 10D, N = 1 superspace. As our discussions in this chapter showed,
there are choices to explore as the putative supergravity prepotential. The ADA al-
gorithms inform us there are only a few options to explore, at least under the set

of assumptions we are using. These include the ten possibilities given by V(4 4,a,1

However, among the ten choices indicated by the two tables in this chapter, there is
one that is extremely interesting as it contains a single copy of each of the component
irreps that were the parameters of our ADA scan. This representation is the super-

field Vi, with Dynkin Label [4,0,0,0,0] which corresponds to a 10D, totally

3A9,03,0, } ?

symmetical, completely traceless fourth rank tensor superfield

V04,0000 x% 0%) = Vig aya5a,)(@% 0Y) - (8.2.3)

It also possesses the property that the conformal graviton irrep occurs in the middle level
of the superfield. These two properties suggest to us this should be the superfield that

is the most likely candidate for the 10D, A/ = 1 supergravity prepotential.

The next task becomes one of finding if there are Type-I superfields (SF’s) in the
expansions shown in (8.2.1) and (8.2.2) that will allow the patterns of height assignments
and irreps seen in (8.1.2) and (8.1.3) to be found within them? So we set up an ADA scan
in (8.2.1) looking for the first pattern and one in (8.2.2) looking for the second pattern

at levels compatible with the 10D, A" = 1 SG prepotential identified in (8.2.3). The task
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is simplified by an observation on how the non-manifest supercharges act relative to the
identification of the [4,0,0, 0, 0] supergravity prepotential which occurs at ¢-Level eight.
The second non-manifest supercharge must connect quantities at different 0-Levels. The
simplest example of this phenomenon is seen in the 4D, N' = 1 chiral supermultiplet.
The spin-0 fields are at the lowest -Level and a supercharge acting on these spin-0 fields
connect them to the spin-1/2 fields at one 6-Level higher. Translating this lesson for the
present consideration, the [4,0,0,0,0] supergravity prepotential should be connected to
a 10D, N = 1 superfield at /-Level nine. So the present scan can be restricted to a search

at this level. The results of these scans are shown in Tables 8.3 and 8.4.

Boson | Fermion

Height | Height

Ve o ala [3,0,0,1,0] 1 3 2 3 9 7 8
{—17—27—3}

Uentab et [1,0,1,0,1] 1 4 2 5 9 7 8
{72‘71717]}

Type-I SF | Dynkin Label | brioy | 120y | b16) | bj1aa) | O-Level

Table 8.3: Type-I Superfield Contributions to Bosons at Level-16 & Fermions at Level-17
in Type-IIA Scalar Superfield Decomposition

Boson | Fermion

Height | Height

\I/{ghg%%}a [3,0,0,0,1] 1 2 3 2 3 9 7 8

U taib e Yo [1,0,1,1,0] 1 3 6 2 5 9 7 8
{as]a,b,¢,}

Type-I SF | Dynkin Label | b(1y | bysy | bi210) b{ﬁ} b{m} -Level

Table 8.4: Type-I Superfield Contributions to Bosons at Level-16 & Fermions at Level-17
in Type-IIB Scalar Superfield Decomposition

Beyond this point, ADA scans provide no guidance or other means that will be
required for further progress. But these scans have provided valuable insights that have
“shone a spotlight” within these systems containing up to 2,147,483,648 bosonic degrees
of freedom and 2,147,483,648 fermionic degrees of freedom. The results derived indicate
where future investigations might show the greatest return on investment of time and

energy.
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Chapter 9

SUSY Holography

In this chapter, we are going to present two main works related to the SUSY holography

program [83,85].

9.1 The 300 “Correlators”’ Suggests 4D, N/ = 1 SUSY Is a Solution to a

Set of Sudoku Puzzles

This section is based on [83].

9.1.1 Introduction

A research work [157] in 2014 revealed a previously unsuspected link between N =
1 supersymmetrical field theories in four-dimensional spacetimes and Coxeter Groups
[158-160]. Prior to the 2014 work, a program had been created whereby 4D, N' = 1
SUSY theories had been reduced to 1D, N' = 4 SUSY theories and there was shown the
ubiquitous appearance of certain types of matrices |75, 76| that eventually were identified
with an elaboration of adjacency matrices for a class of graphs given the monikers of
“adinkras” [77]. An even later development occurred with the realization [91,92] that
these graphs correspond to a special class of Grothendieck’s “dessins d’enfant” in algebraic

geometry.

These modified adjacency matrices were found to occur in two types indicated by the
symbols L, and R,. The first type is associated with the transformations of bosons into
fermions under the action of supercharges, while the second type is associated with the

transformations of fermions into bosons under the action of supercharges.
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For 4D, N/ = 1 off-shell theories, the index I takes on values 1, ..., 4 and the matrices
are real 4p X 4p matrices for some integer p. The minimal non-trivial representations

occur for p = 1. These real matrices satisfy an algebra given by

LR, + LR, = 26, I, , RL, + R/ L = 26,04 . (9.1.1)

and which is referred to as “the Garden Algebra.” Some years [74] prior to this suggested
name, it was noted these conditions are closely related to the definition of a special class
of real Euclidean Clifford algebras. The real matrices L, and R, can be used to form 8p

x 8p matrices using the definition

o= , (9.1.2)

which form a Clifford Algebra, with respect to the Euclidean metric defined by the
Kronecker delta symbol dry

{45t =20ls . (9.1.3)

Here the symbol Iy denotes the 8 x 8 identity matrix to be distinguished from the case

of the 4x4 identity matrix Iy.

There exists ten distinct minimal off-shell 4D, N' = 1 supermultiplets as indicated

below:
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v}

(S10.) Hodge — Dual Axial — Vector Supermultiplet : ((yu, b, duvp)

Each of these systems can be reduced to one dimension by simply ignoring the spatial
dependence of the field variables. If we ignore the supermultiplets that are equivalent
to one another via 3-form Hodge duality’or parity transformations, this leaves only the

supermultiplets described by the fields contained in (S01.), (S05.), and (S07.).

The work in [157] showed that each of these remaining three supermultiplets possesses
distinct L; and R, matrices that can be factorized. However this work, (based on a search
algorithm), explicitly constructed many more such sets of matrices. The twelve matrices
obtained from the reduction of the three supermultiplets were shown to be only a small
number of 384 matrices that satisfy the “Garden Algebra” in quartets. For this larger
number, explicit expressions of the form (there is no sum over the T index implied on the
RHS of this equation),

L; = &;P; . (9.1.4)

were shown for every matrix. Thus, the matrices found by the search algorithm constitute
96 quartets of matrices that satisfy the condition shown in Eq. (9.1.3). Here we use the
index 1 that takes on values 1, 2, ..., 384 in order to denote each of these matrices.
Moreover, fixing the value of T, the matrices S7 were all found to take the form of purely
diagonal matrices that each square to the identity matrix. We should be clear that the
entirety of these 384 matrices do not form a Clifford algebra. Instead, judicious choices

of quartets of these do satisfy the conditions shown in Eq. (9.1.3).

In a very similar manner, for a fixed value of /1\7 all of the matrices P7, take the forms
of elements in the permutation group (Sy) of order four. However, in order to satisfy the
condition in Eq. (9.1.3), the entirety of the permutation group was found to be dissected
into six distinct unordered subsets. One of the main purposes of this current work is to
revisit this dissection behavior and discover how this can be uncovered without the use

of supersymmetry-based arguments, but only relying on properties of S4. This approach

1 In the works of [85,161] a discussion of the use of eigenvalues determined by L; and R; ma-
trices has been presented to describe the relationships among such Hodge 1-form/3-form dual
supermultiplets.
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will lead to a well-known algebraic polytope associated with the permutation groups, the
permutohedron. The permutohedron is a polytope whose vertices represent the elements
of the permutations acting on the first A" — 1 integers. For N’ = 1 there are 24 elements
in the set of permutations which means that the factor of the S; matrices that appear

in eq. (9.1.4) contains sixteen copies of the permutation elements.

The dissection can be seen from this perspective to arise from the symmetries of the

permutohedron and the use of weak Bruhat ordering.
This section is organized as follows.

The first subsection is dedicated to an explanatory discussion of the two sets of nota-
tional conventions we use to describe elements of the permutation group. The description
of how to construct a “dictionary” (which is actually given in section 9.1.4) is provided

for the “translation” between the two sets of conventions.

The second subsection contains a review of the previous discussion of how the use of
projection techniques from 4D, AV = 1 SUSY to 1D, N’ = 4 SUSY implied a dissection
of S was required to be consistent with SUSY. Venn diagrams are used to explain how
“Kevin’s Pizza” (a dissection of S4 in six disjoint subsets) was discovered as a result of
projecting 4D, N’ = 1 SUSY to 1D, NV = 4 on theories that are related by Hodge Duality

in four dimensions.

The third subsection provides a concise and simplified discussion of Bruhat weak
ordering and how (when applied to S4) it acts to create a “distance measuring function”
of the elements of the permutation group. This is contrasted with the Hamming distance
that is defined on strings of bits. It is noted that the truncated octahedron provides a
framework for being overlaid by a network created by the Bruhat weak ordering to lead

to the permutohedron.

The forth subsection introduces the word “correlators” to define the minimal path
length between any number of the vertices of the permutohedron. The focus of the
presentation is only upon two-point correlators, though it’s easily possible to define n-
point correlators by analogy. An investigation of correlators for permutations from SUSY

quartets is performed. The complete results for the two-point correlators associated
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with these are reported. This is the first part of studying all three hundred two-point

correlators.

The fifth subsection contains the calculations of two-point correlators among distinct
pairs of the quartets. This completes the calculation of the three hundred two-point
correlators. In particular, it is found that the quartets of permutation generators that
are consistent with SUSY are those with the property that the sums of their eigenvalues

exceed non-quartet calculations when compared to pairs of distinct quartets.

The sixth subsection contains sets of calculations similar to those of the preceding
two subsections. However, the emphasis here is upon the study of such correlators among
the chromotopology of four-color adinkras. The values of twenty thousand seven hundred

and thirty-six in terms of eigenvalues and traces are reported.

The seventh sets the stage for future investigations. The permutation generators for
all values of N were established in papers [75,76] written in the 1995-1996 period and it
is noted that this implies the opportunity to study the correlators with N greater than
four ( the focus of this work). A final subsection containing the conclusion closes out the

discussion.

9.1.2 Notational Conventions

In Appendix G, an explicit matrix representation of all twenty-four elements of Sy is
given. However, in order to more efficiently give the presentation, there are two notational
conventions introduced to avoid explicitly writing the matrices.

There exists what may be called the “parenthetical convention,” or “cycle convention.”
In this convention, parenthesis marks () surround a set of numerical entries “a1, ag, ...”,
e. g. (ajazag ...) which provides an instruction that a; — ag, aa — as, ag — a4, etc.
until one gets to the last element which is instructed to “move” to the position of the
first element. This describes the cycles that are induced by any permutation element.
The symbol “()” implies no replacements or “movements” and hence denotes the identity
permutation element. This notational convention also eskews “one-cycles” (i. e. (a)) since
these are equivalent to the identity permutation also. Thus, the number of elements

enclosed is either zero, two, three, or four. It should be noted this is a “unidirectional”
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convention where the symbol is to be read from left to right. Finally, the maximum
number of distinct elements that can appear is four. In Appendix G this notation is

related to the explicit matrix representation.

There is also what can be called the “bra-ket convention.” In this convention, the
“bra-ket” symbol () is used to always enclose four elements (ajagasas). Perhaps the most

efficient manner to present this is via four examples as shown in eq. (9.1.5)

(1234)  (1234)
= = 151,252 33,44,

0 (1234)

(1324) (1234)
= = 1=-1,2—=33—=24—14,

(23) (1324) 0.15)

(1342) (1234)
= = 1—-1,2—=33—4,4—2,

(234) (1342)

(2143) (1234)
= = 1—-2,2—-1,3—4,4—3,

(12)(34) (2143

In the leftmost column the “bra-ket” convention is written above its equivalent “par-
enthetical” equivalent. To the immediate right of the “bra-ket” description and in red
numbers appears the fiducial bra-ket description of the identity element. By comparing
the entries in the red numbered fiducial bra-ket to the black lettered entries immediately
below it, one can record the actions of the “bra-keted” element on the numbers 1, 2, 3,
and 4 and easily extract the cycles. The cycles are then recorded into the “parenthetical”
description at the bottom leftmost entries in the first column for each example. Thus, the

translations can be read vertically by looking at the leftmost column for each example.

One other convention that provides a foundation of our exploration is to use the

lexicographical ordering of the permutation elements.

For the bra-ket convention, the lexicographical order is simple to “read off.” Given the
permutation element (ajagasas) we simply map this to the numerical value of a1, asasay.

For two or more permutation elements, one uses the mapping and the usual magnitude
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of the numerical equivalents to determine the lexicographical order. One example of the
mapping is provided by (1234) — 1,234 and another is provided by (2314) — 2,314. So

the lexicographical ordering of (2314) and (1234) is (1234) first followed by (2314).

If one were to attempt to extend the concept of lexicographical ordering into the
realm of the parenthetical basis, an unacceptable degree of arbitrariness enters. To see

this a simple example suffices.

Consider the two distinct permutations which in the ()-basis are expressed as (12)(34)
and (1234). The first has two distinct 2-cycles and the second has a single 4-cycle. While
it is possible to introduce some additional rules over and above that which is used in the
()-basis, this would also introduce arbitrariness.

9.1.3 Dissecting A Coxeter Group Into ‘Kevin's Pizza’

The 384 elements of the Coxeter Group BCy are represented in Eq. (9.1.4) and upon
taking the absolute values of the matrix representations, one obtains sixteen copies of

S4, the group of permutations of four objects.
Lexicographically listed in the ()-basis, the twenty-four permutation elements of Sy
are given by
{Sy} = { (1234), (1243), (1324), (1342), (1423), (1432),
(2134), (2143), (2314), (2341), (2413), (2431),
(9.1.6)

(3124), (3142), (3214), (3241), (3412), (3421),

(4123), (4132), (4213), (4231), (4312), (4321) } |

or alternately illustrated in the ()-basis, the twenty-four permutation elements of S, are

{S4} = {0), (34), (23), (234), (243), (24), (12), (12)(34), (123), (1234),
(1243), (124), (132), (1342), (13), (134), (13)(24), (1324), (9.1.7)

(1432), (142), (143), (14), (1423), (14)(23) } ,

with the permutation elements being written in the same order as in Eq. (9.1.6). Together
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Eq. (9.1.6) and Eq. (9.1.7) constitute a complete dictionary for translating between ex-
pressing the permutation elements of Sy in either the ()-notation or the ()-notation. A
Venn diagram in the form of a circle may be used to represent S4 with the twenty-four

permutation elements contained in its interior.

Figure 9.1: A Venn Diagram Representation of BCy

A fact uncovered by the work in [157] is that when the 4D, NV = 1 supermultiplets
are reduced to 1D, N/ = 4 supermultiplets, the associated L, and R, matrices require
a “dissection” of S, into six non-overlapping distinct subsets. For reasons that will be
made clear shortly, we denote these subsets by {Pp;}, {Pj}, { P31} {Paj}, {Pp5)}, and

{Pjg)} and write the equation

{Sa} = {Py} U {Py} U {Pg} U {Py} U {Py} U {Pg} (9.1.8)

where the elements in each subset are given by Some explanatory words are in order

about this figure.

The leftmost column indicates the distinct subsets. In the middle of the figure, the
quartet of permutation elements in each subset is shown. In the rightmost column, the
corresponding supermultiplets associated with the subset are shown. While the left-hand
column only contains data associated with {S4}, the right-hand column is the result of

a specific choice of the reduction technique applied to the 4D, N' = 1 supermultiplets.
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{Pa} = { (1423), (2314), (3241), (4132) } = {CM}
{PE} = { (1342), (2431), (3124), (4213) } = {TM}
(BB} = { (1324), (2413), (3142), (4231) } = {VM}
(Bl = { (1432), (2341), (3214), (4123) } = {VM,}
{BE} = { (1243), (2134), (3421), (4312) } = {VM,}
{Pe} = { (1234), (2143), (3412), (4321)} = {V M3}

Figure 9.2: A Dissection of BCy4 in Lexicographical Ordering Using “()” Basis Elements

Finally, the {CM}, the {T'M}, and the {V M} labels correspond respectively to the

(S01.), (S05.), and (S07.) supermultiplets described in the introduction.

After the dissection, the previous Venn diagram can be replaced by one that makes
the subsets more obvious. The color-coding of the notations in Fig. 9.2 indicate which

permutation elements belong to each subset.

A%

Figure 9.3: “Hodge Duality” Dissection of BCy

The most obvious feature of the image in Fig. 9.3 is its highly asymmetrical form.
This is due to two features. The first can be seen by using the ()-basis for the permutation
elements. In that convention, the various subsets look as shown in Fig. 9.4. This makes
it clear that the first two subsets only contain permutations that describe 3-cycles. All
the remaining subsets contain either O-cycles, 2-cycles, or 4-cycles. So the split of the

subsets Py and Py away from Pj3), Py, Pls), and Plg is actually a split between
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{Pu} = {(243), (123), (134), (142) }
{PaE} = {(234), (124), (132), (143) }
{B8} = {(23), (1243), (1342), (14)}
{8l = {(24), (1234), (13), (1432) }
{PE} = {(34), (12), (1324), (1423) }
{Pe} = {0, (12)(43), (13)(42), (14)(23)}

Figure 9.4: A Dissection of BCy4 in Lexicographical Ordering Using “()” Basis Elements

permutations with either even or odd cycles. None of this is related to the arguments

that come from SUSY.

However, among the permutations that describe even cycles, there is no obvious
rationale for why the groupings above occur. It is the fact that these quartets were
derived from projections of the three supermultiplets (S01.), (S05.), and (S07.) that
inspired the arrangements of the permutations with even cycles into the groupings shown
in {VM},{VM:}, {VMs}, and {V M3} subsets. Before we continue, it is perhaps useful

to recall the arguments related to duality on the SUSY side.

If we begin with a scalar ®, a quantity F',, can be defined from its derivative. Con-
tracting with F* then leads (with proper normalization) to the Lagrangian proportional

to the kinetic energy, Lo for a massless scalar field, i. e.
® = 9,0 =F, , Lo =—3F'F, . (9.1.9)
There are two differential equations that can be written in terms of F,,
Bianchi Identity 0,F, — 0,F, = 0

, EoM: 9"F, =0 ,  (9.1.10)

where the first of these (referred to as the “ Bianchi Identity”) follows from the definition
of F';,. The second equation (referred to as the “EoM” or “Equation of Motion”) arises

as the extremum of the field variation applied to Lg.
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One can repeat line for line the argument above by starting with a 2-form B,,,
B — é“"0,B,, = H* |, Ly = 3H'H, |, (9.1.11)

Bianchi Identity 0,H" = 0 , FEoM: 0,H, — 0,H, = 0 . (9.1.12)
It is thus clear that the final difference in starting from ® versus starting from B, is
the exchange of the “Bianchi Identity” and the “EoM”.

The behavior of the 0-form ® and the 2-form B/, contrast greatly with the behavior

of the 1-form A,. Following the same reasoning as above, one is led to
A, = 0A, — 0A, = Fu , Lo = —1F"F, (9.1.13)
and
Bianchi Identity —€"*°0,F,, = 0 , FEoM: 0'F,, = 0 . (9.1.14)
Now we treat the FoM as a constraint to see if it has a solution. It is easily shown that
Fu, = €u/70,bs (9.1.15)

solves the second equation in (9.1.14) and upon substituting this into the Bianchi Identity,
one finds 0#[0,b, — 0,b,] = 0. So the exchange of the EoM and the Bianchi Identity

occurs, but the dual field b, is also a 1-form.

Motivated by these arguments, the work in [157] contained a proposal that there
should be a mapping operation acting on the S4-space of permutations that is the
“shadow” of the behavior discussed in Eq. (9.1.9) - Eq. (9.1.15). It turns out that the re-
alization of such a mapping operation (denoted by *) is straightforward. The ()-notation

shown in Fig. 9.4 is most efficient in this realization.
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The * map is defined by simply reversing the direction of reading the cycles in ()-

notation for the permutations. Thus, we define

*{CM} ={(234) , (213) , (143) , (124)}
“(IM} ={(243) , (142) , (123) , (134)}
“(VM} ={(1342) , (23) , (14) , (1243)}
(9.1.16)
(VMi} ={(1234) , (24) ,(1432), (13)}
(VMs} = {(1423) , (1324) , (12) , (34)}

{VMz} ={(13)(24), (14)(23), () ,(12)(34)}

and if we consider only unordered sets these imply

“(OM} = {TM} , *{TM} = {CM} , *{VM} = {VM}  (9.1.17)

for the permutations associated with the (S01.), (S05.) and (S07.) supermultiplets.

Furthermore

{VM.} = {VM.} , "{VMo} = {VM2} , *{VM3} = {VM3} (9.1.18)

for the permutations that were not constructed from projections. These results can be

summarized in the Venn diagram shown in Fig. 9.5.

It is important to realize that the definition of the * operation acting on L, matrices is
not unique. In principle, one can define the * operation by first performing a Q(4) x O(4)

transformation

L, - XL Y (9.1.19)
where
XA = @) =y =Y =1L , (9.1.20)

and only afterward then read the ()-basis cycles in reverse order. The definition of the *

operation we use is simply the minimal one, but more baroque ones are also consistent.

However, though the subsets may now be consistently interpreted as projections of
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AW
Q*

O

Figure 9.5: “Hodge Duality” Mapping of BCy

the supermultiplets, there still remains a mystery. If one does not invoke the argument
about projection from supermultiplets, what structure in S4 is operative without an

appeal to SUSY to determine these quartets?

In the remainder of this section, we will propose an answer to this question.

9.1.4 Bruhat Weak Ordering

The concept of the Hamming distance between two strings of bits [162] is a well known

one for bitstrings of equal length.

One simply counts the number of bits that need to be “flipped” to go from one string
to another. In this sense, one can regard the Hamming distance as a choice of a metric

on the space of bitstrings.

Within the realm of the mathematics of permutation groups, there exist the concepts
of weak left Bruhat ordering and weak right Bruhat ordering. The mathematician Adaya-
Nand Verma (1933-2012) initiated the combinatorial study of Bruhat order and named
it after earlier work completed by mathematician Francois Bruhat (1929-2017). Further

details about weak left- and right- Bruhat ordering can be found in the work of [163].
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The realization of either weak left- or right- Bruhat ordering can be used to define
a metric on the space of elements of a permutation group. In this “spirit,” at least
for our purposes, the existence of these ordering prescriptions for the elements of the
permutation group, is rather similar to the role of the Hamming distance on the space
of bitstrings. We will begin by illustrating our use of weak ordering in Fig. 9.6 and then

turn to an explanation of the image.

4321

3412

=
w

2143

1234

Figure 9.6: Weak Ordering in BCy

On the rightmost portion of the image, illustrated in a color-coded column, are the
six subsets containing the quartets. Distributed throughout the main portion of the
figure are the individual permutation elements listed by their “bra-ket” addresses and
enclosed by the color of the quartet subset to which each is a member. Once this figure
is obtained it immediately implies an intrinsic definition of a “minimal Bruhat distance”
between any two elements by simply counting the number of links that connect the two

elements along a minimum path.

There remains the task of explaining how this ordering was obtained.
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To describe the procedure, let us start with the identity permutation that is illustrated

as the bottom-most permutation in the figure.

The identity permutation element has the “bra-ket address” (1234). There are three
pair-wise adjacent 2-cycle permutations (12), (23), and (34) that respectively provide
instructions to change the first two numbers in the address, the second two numbers
in the address, and finally the last two numbers in the address. The (12) permutation
will send the identity address into the leftmost address at the first elevated level of Fig.
9.6. The (23) permutation will send the identity address into the middle address at
the first elevated level of Fig. 9.6. Finally, the (34) permutation will send the identity
address into the rightmost address at the first elevated level of Fig. 9.6. Next the three
permutations (12), (23), and (34) are applied to the three addresses at the first elevated
level. Sometimes, this will result in a restoration of the identity address. However, when
this does not occur, the new addresses will be those that occur at the second elevated
level. One simply repeats this procedure until the addresses of all the permutations have
been reached. Thus, the links shown in the network of Fig. 9.6. represent the orbits
of the addresses of the permutation elements under the action of the three pair-wise

adjacent 2-cycle permutations (12), (23), and (34).

9.1.5 The permutohedron

In the mathematics literature, the concept of permutohedra seems first to have been
a topic of a study carried out by Pieter Schoute (1846 -1923) in 1911 [164]. Further

informative readings on this subject can be found in the references [165-168].

The appropriate permutohedron, in the context we require, is a polytope that can
be constructed by using the network shown in Fig. 9.6 and conceiving of that image as
a net. One can begin with a truncated octahedron® where each vertex of the truncated

octahedron represents a permutation element.

The colors of the links are related to the three permutations links (12), (23), and (34)
respective by blue, green, and red as shown by the epigram to the lower right side of Fig.

9.7.

2 A simplified discussion of the truncated octahedron can be found at
https://en.wikipedia.org/wiki/Truncated _octahedron
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Figure 9.7: S4 Permutation Elements and the Truncated Octahedron

The network shown in Fig. 9.6 perfectly aligns with the permutohedron shown in

Fig. 9.7.

A way to see this is to begin with the image in Fig. 9.7 and treat it as a frame that
can be ‘adorned’ by the individual permutations listed in Fig. 9.2. By matching each

“bra-ket address,” one is led to a figurative “Christmas tree” seen in Fig. 9.8.

(23) (34)
1 | O (1] | |

(12)
-

Figure 9.8: {P[y)} -+ {Pg} addresses adorning the permutohedron

Having completely adorned the permutohedron vertices with the color-coded labels
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of the individual permutations from the subsets, one can check that the thirty-six edges

connect the vertices in precisely the same manner as shown in the network of Fig. 9.6.

From a visual examination of Fig. 9.8, it is clear that the subset elements {Py} - -
{Pg} occur in a highly symmetrical arrangement of the four colors about the adorned
permutohedron. So the next obvious step is to mathematically quantify this symmetrical

arrangement of the four colors.

Stated in a different fashion, the appearance of the 4D, N' = 1 supersymmetrical
minimal quartets is equivalent to solving a coloring problem. Start with four colors and
the truncated octahedron with no labeling of nodes, by using the colors, what is the

maximally symmetrical choice for painting the nodes? The answer is the SUSY quartets.

9.1.6  The permutohedron, X, and ) Transformations

The existence of the permutohedron also brings into clear focus the meaning of the
transformations shown in Eq. (9.1.19) and Eq. (9.1.20). Let us illustrate this in the case
of one example. Consider only the P (illustrated in Fig. 9.14 below). If the (12)
permutation is applied to it, the four light blue nodes shown in Fig. 9.14 “move” to
the locations of the brown nodes in Fig. 9.13. If the (23) permutation is applied after
the (12) permutation, then the four light blue nodes shown in Fig. 9.14 “move” to the
locations of the green nodes in Fig. 9.9. The X, and ) transformation correspond to
left or right multiplication of the elements of the quartets by different orders and power

of the permutation elements (12), (23), or (34).

The remainder of this section is devoted to the mathematical calculation that quan-

tifies all these observations of this section.

9.1.7 The 300 “Correlators” of the S4 permutohedron

In the previous sections, the presentation contained arguments and visual images
based only on the properties of the truncated octahedron to propose that the L, matrices
that can be used to define SUSY systems in 1D are in fact solutions to a four-color
problem on the truncated octahedron. From here on, we will present the calculational

evidence that supports the discussions in the earlier sections.
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For this purpose, there is introduced a function denoted by Ay, [P[al A)> Pl B]] that
we will call a “two-point correlator.” This function assigns a number of the minimal
Bruhat distance between the elements Py 4 and Py p) contained in S4. This means this
is a symmetric 24 x 24 matrix with 300 possible entries. The symbol P4 4] is meant to
denote the a-th element in the dissected subset A. If the two subsets are such that A
= B, we will call these “intra-quartet correlators”, and if the two subsets are such that

A # B, we then call these “inter-quartet correlators.”

We can begin our calculations by considering the case where A = B = 1 that corre-
sponds to the first of the dissected subsets according to Fig. 9.2. The four permutation
elements belonging to this subset have the corresponding vertices “blocked out” by green

quadrilaterals in Fig. 9.9.

Figure 9.9: permutohedron & Colored P[;; Subset Elements

From simply counting the number of links it takes to “travel” from a given specified
element a in the set Py to a second specified element b in Py we are able to create a
table. The rows of the table are listed according to the lexicographical ordering of the

element in Py and the columns of the table are listed according to the lexicographical
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ordering of the elements in Ppyj also.

P P (1423) (2314) (3241) (4132)
[1]
(1423) 0 1 6 2
(2314) 4 0 2 6
(3241) 6 2 0 4
(4132) 2 6 4 0

Table 9.1: {CM} — {CM} Two — Point Correlator Values

The information in the table above can be used to determine the values of Ay [Pq)1), Pl

in the form of a matrix.

0O 4 6 2
4 0 2 6
A [Plap)s Pyl = (9.1.21)
6 2 0 4
2 6 4 0

It is clear that the trace of this matrix vanishes and a direct calculation of its eigen-

values yield {12, 0, —4, —8} expressed in descending order.

There are five more cases ((9.1.22), (9.1.23), (9.1.24), (9.1.25), and (9.1.26)) where A
= B. Direct calculations for each of these yield the same value for the traces as well for
the sets of eigenvalues. This is true even though the six matrices involved are all distinct.
However, the six matrices possess many similarities. For instance, each one contains six
entries that are either 2’s, 4’s, or 6’s. In no row or column do these numbers appear

twice. There are exactly 3! = 6 ways to satisfy this condition, hence six quartets.

Intuitively, something like this should have been an expectation by looking back at
the image in Fig. 9.8. If we assign the standard right-handed z-y-z coordinate axes to the
image in Fig. 9.8, where z-axis points out of the paper, it is apparent that each quartet
has two of its members on the opposite faces of square faces that are perpendicular to

the coordinate axes.

In the remainder of this subsection, we will illustrate the explicit analogous results

for the remaining cases were A = B.
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Intra-quartet Pz Correlators of the S4 permutohedron In this subsection, we illus-
trate the intra-quartet two-point correlators associated with Pg). The quartet members
are indicated by purple quadrilaterals on some of the vertices of the permutohedron,
the correlators are shown in tabular form, and finally, this same data is presented as a

matrix.

Figure 9.10: permutohedron & Py Subset Elements

The data contained in Ay.[Pq)2), Pppjg) is presented below first in tabular and in

Pral (1342) (2431) (3124) (4213)
Ldr)
(1342) 0 6 2 4
(2431) 6 0 4 2
(3124) 2 4 0 6
(4213) 4 2 6 0

Table 9.2: {TM} — {T'M} Two — Point Correlator Values
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matrix form.

0 6 2 4
6 0 4 2
Az [Plajz)s Pzl = (9.1.22)
2 4 0 6
4 2 6 0

Intra-quartet P 3} Correlators of the S4 permutohedron In this subsection, we illus-
trate the intra-quartet two-point correlators associated with P3). The quartet members
are indicated by rust color quadrilaterals on some of the vertices of the permutohedron,
the correlators are shown in tabular form, and finally, this same data is presented as a

matrix.

23 (39
TTER T 1]

Figure 9.11: permutohedron & P[3 Subset Elements

The data contained in Ay.[Py3), Pppjg] is presented below first in tabular and in
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P (1324) (2413) (3142) (4231)
Ldt)
(1324) 0 1 2 6
(2413) 4 0 6 2
(3142) 2 6 0 4
(4231) 6 2 4 0

Table 9.3: {VM} — {V M} Two — Point Correlator Values

matrix form.

0 4 2 6
4 0 6 2
A [Plajg)s Pzl = (9.1.23)
2 6 0 4
6 2 4 0

Intra-quartet P4 Correlators of the S4 permutohedron In this subsection, we illus-
trate the intra-quartet two-point correlators associated with P4). The quartet members
are indicated by dark blue quadrilaterals on some of the vertices of the permutohedron,
the correlators are shown in tabular form, and finally, this same data is presented as a

matrix.

The data contained in Ay.[Pqja), Pppja) is presented below first in tabular and in

(1432) (2341) (3214) (4123)
[4]
(1432) 0 6 4 2
(2341) 6 0 2 4
(3214) 4 2 0 6
(4123) 2 4 6 0

Table 9.4: {VM}; — {VM}; Two — Point Correlator Values

matrix form.

A [Plaja)y Pppjag] = (9.1.24)

N e O O
\]
[en}

S O
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Figure 9.12: permutohedron & Py Subset Elements

Intra-quartet P[5 Correlators of the S4 permutohedron In this subsection, we illus-

trate the intra-quartet two-point correlators associated with P[5). The quartet members

are indicated by brown quadrilaterals on some of the vertices of the permutohedron,

the correlators are shown in tabular form, and finally, this same data is presented as a

matrix.

The data contained in Ag[Py5), Pppis)] is presented below first in tabular and in

(1243) (2134) (3421) (4312)
Pis)
(1243) 0 2 6 4
(2134) 2 0 4 6
(3421> 6 4 0 2
(4312) 4 6 2 0

Table 9.5: {VM}s — {V M}y Two — Point Correlator Values
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Figure 9.13: permutohedron & P[5 Subset Elements

matrix form.

0 2 6 4
2 0 4 6
Az[Plas)s Piojs)] = (9.1.25)
6 4 0 2
4 6 2 0

Intra-quartet P[g) Correlators of the S4 permutohedron In this subsection, we illus-
trate the intra-quartet two-point correlators associated with Pg). The quartet members
are indicated by light blue quadrilaterals on some of the vertices of the permutohedron,
the correlators are shown in tabular form, and finally, this same data is presented as a

matrix.

The data contained in Ag.[Pe), Pppjg)] is presented below first in tabular and in
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(12)
-

(23)
BT

(34)
|l

Figure 9.14: permutohedron & P Subset Elements

Pl (1234) (2143) (3412) (4321)
[6]
(1234) 0 2 1 6
(2143) 2 0 6 1
(3412) 4 6 0 2
(4321) 6 4 2 0

Table 9.6: {VM}3 — {VM}3 Two — Point Correlator Values
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matrix form.

0 2 4 6
2 0 6 4
A [Plaje)s Pl = (9.1.26)
4 6 0 2
6 4 2 0

9.1.8 Inter-Quartet Results

In this section, we will give the explicit numerical result for the inter-quartet calcu-

lations without reference to any diagrams.

Given the six P 4] subsets, the minimal number of links it takes to travel from a given
specified element a in the set P4 to a second specified element b in the set P|p) where
A # B can form a table/matrix. From simply counting 6 x 5 = 30, we can create in total
30 inter-quartet correlator matrices. Note that all these matrices satisfy the property
that their transpose matrices have the same eigenvalues as themselves. Therefore we will

only present half of them.

P
g (1423) (2314) (3241) (4132)
Piel
(1234) 2 2 4 4 .
(2143) 2 2 4 4 -
(3412) 4 4 2 2
(4321) 4 4 2 2

Matrix Eigenvalues: {12, —4, 0, 0} Matrix Trace = 8
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Py
(1342) (2431) (3124) (4213)
Plol
(1234) 2 4 2 4
(9.1.28)
(2143) 4 2 4 2
(3412) 2 4 2 4
(4321) 4 2 4 2
Matrix Eigenvalues: {12, —4, 0, 0} Matrix Trace = 8
Py
(1324) (2413) (3142) (4231)
Plol
(1234) 1 3 3 5
(9.1.29)
(2143) 3 1 5 3
(3412) 3 5 1 3
(4321) 5 3 3 1
Matrix Eigenvalues: {12, —4, —4, 0} Matrix Trace = 4
Py
(1432) (2341) (3214) (4123)
Plel
(1234) 3 3 3 3
(9.1.30)
(2143) 3 3 3 3
(3412) 3 3 3 3
(4321) 3 3 3 3

Matrix Eigenvalues: {12, 0, 0, 0}

Matrix Trace — 12
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Pis)
(1243) (2134) (3421) (4312)
Plol
(1234) 1 1 5 5
(9.1.31)
(2143) 1 1 5 5
(3412) 5 5 1 1
(4321) 5 5 1 1
Matrix Eigenvalues: {12, —8, 0, 0} Matrix Trace = 4
P
(1423) (2314) (3241) (4132)
Pis)
(1243) 1 3 5 3
(9.1.32)
(2134) 3 1 3 5
(3421) 5 3 1 3
(4312) 3 5 3 1
Matrix Eigenvalues: {12, —4, —4, 0} Matrix Trace = 4
Pz
(1342) (2431) (3124) (4213)
Pis)
(1243) 3 3 3 3
(9.1.33)
(2134) 3 3 3 3
(3421) 3 3 3 3
(4312) 3 3 3 3

Matrix Eigenvalues: {12, 0, 0, 0}

Matrix Trace — 12
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Py
(1324) (2413) (3142) (4231)
Pis]
(1243) 2 2 4 4
(9.1.34)
(2134) 2 2 4 4
(3421) 4 4 p 2
(4312) 4 4 2 2
Matrix Eigenvalues: {12, —4, 0, 0} Matrix Trace = 8
Pla
(1432) (2341) (3214) (4123)
Pis)
(1243) 2 4 4 2
(9.1.35)
(2134) 4 2 2 4
(3421) 4 2 2 4
(4312) 2 4 4 2
Matrix Eigenvalues: {12, —4, 0, 0} Matrix Trace = 8
P
(1423) (2314) (3241) (4132)
Pla
(1432) 1 5 5 1
(9.1.36)
(2341) 5 1 1 5
(3214) 5 1 1 5
(4123) 1 5 5 1

Matrix Eigenvalues: {12, —8, 0, 0}

Matrix Trace — 4
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Py
(1342) (2431) (3124) (4213)
Pla
(1432) 1 5 3 3
(9.1.37)
(2341) 5 1 3 3
(3214) 3 3 1 5
(4123) 3 3 5 1
Matrix Eigenvalues: {12, —4, —4, 0} Matrix Trace = 4
Py
(1324) (2413) (3142) (4231)
Pla
(1432) 2 4 2 4
(9.1.38)
(2341) 4 2 4 2
(3214) 2 4 2 4
(4123) 4 2 4 2
Matrix Eigenvalues: {12, —4, 0, 0} Matrix Trace = 8
P
(1423) (2314) (3241) (4132)
P
(1324) 3 3 3 3
(9.1.39)
(2413) 3 3 3 3
(3142) 3 3 3 3
(4231) 3 3 3 3

Matrix Eigenvalues: {12, 0, 0, 0}

Matrix Trace — 12
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P2
(1342) (2431) (3124) (4213)
P
(1324) 1 5 1 5
(9.1.40)
(2413) 5 1 5 1
(3142) 1 5 1 5
(4231) 5 1 5 1
Matrix Eigenvalues: {12, —4, 0, 0} Matrix Trace = 4
P
(1423) (2314) (3241) (4132)
P
(1342) 2 4 4 2
(9.1.41)
<2431) 4 2 2 4
(3124) 4 2 2 4
(4213) 2 4 4 2

Matrix Eigenvalues: {12, —4, 0, 0} Matrix Trace = 8

9.1.9 20,736 permutohedronic “Correlators” Via Eigenvalue Equivalence Classes

For an adinkra, if we remove all dashing considerations, the remaining graph is
called the chromotopology of the adinkra. In the context of chromotopology, there’s
only one “seed” adinkra required to generate all four-color minimal adinkras: the Vier-
ergruppe’ [169]. The total number of four-color minimal adinkras carrying different
chromotopology is ord(S3) x ord(S4) = 144. More generally, as shown in [169], left cosets
of the Vierergruppe via S3 generate all elements of Sy (which are our L), and the Cox-
eter group BCfa“A = :l:HaSé‘VA, where H® just corresponds to a sign flip and V4 is

the Vierergruppe.

3 The Vierergruppe or Klein 4-group corresponds Pler-
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In order to generate these 144 adinkras, we can start from the six Py, sets we pre-
sented before. Each of them belongs to a family of adinkras that are generated by per-
forming color permutations. For example, look at Py = {(1423), (2314), (3241), (4132) }.
Although it looks like a set, the order of matrices does matter! We can assign L-matrices

for this adinkra as

L, = (1423), Ly = (2314) , Ly = (3241) , Ly = (4132) (9.1.42)

Note that the index I attached on L-matrices L, labels the color. By doing color permu-
tations, there are in total 4! = 24 descendant adinkras. One example is to switch color

1 and color 2, i.e.

L; = (2314) , Ly = (1423) , Ly = (3241) , Ly = (4132) (9.1.43)

We can label these six families as {P[i]}’ where each family has 4! adinkras. Clearly,

there’s no intersection between any two families.

Then, we can study all 144 x 144 = 20,736 distance matrices and classify them by
eigenvalues. In order to give a clear presentation as well as maximize computational

efficiency, these 20,736 matrices can be classified based on their origins as below.

(1.) 3,456 = 4! x 4! x 6 matrices generated by two adinkras from the same family
{Pu}-
(2.) 17280 = 4! x 4! x 2 x 15 matrices generated by two adinkras from two different

families {P;} and {P[;}. Note that the results in section 9.1.8 imply that this class

can be further divided into four subclasses:
(2.1) (i,5) = (1,2),(1,6),(2,6),(3,4), (3,5), (4,5)
(2.2) (i,7) = (2,3),(5,6), (1,4)
(2.3) (i,4) = (1,3),(2,5), (4,6)

(2'4) ('La]) = (L 5)7 (274)3 (3> 6)
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It turns out that many of these 20,736 distance matrices have the same eigenvalues.
Finally, there are only 15 unique sets of eigenvalues. Table 9.7 shows the summary
of eigenvalue equivalent classes of 20,736 distance matrices. You can find intermediate

tables obtained from class (1) to class (2.4) in Appendix H.

] Eigenvalues \ # of Matrices \ Trace ‘
12,8,4,0 144 24
12,8,0,0 864 20
12,4,4,0 144 20
12,4,0,0 2,016 16
12,8, —4,0 144 16
12,0,0,0 12,672 12
12,—4,4,0 576 12

12,44, —4i,0 288 12
12, —4v/2,4v/2,0 288 12
12, —4iv/2,4iv/2,0 288 12
12,-4,0,0 2,016 8
12,-8,4,0 144 8
12,-8,0,0 864 4
12,—4,—4,0 144 4
12,-8,—4,0 144 0

Table 9.7: Eigenvalue Equivalent Classes of 20,736 Distance Matrices

In Section 9.1.7 and 9.1.8, we discussed a small subset of this analysis. Let’s discuss

one more explicit example: consider an adinkra A belong in family {’P[I]} with L-matrices
Lia = (2314) , Lya = (3241) , Ly 4 = (1423) , Ly 4 = (4132) (9.1.44)

and adinkra B belong in family {P;} with L-matrices

Lip = (2314), Lop = (1423) , Lyp = (3241), Lyp = (4132)  (9.1.45)
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Then the distance matrix corresponding to these two adinkras is

B
(2314) (1423) (3241) (4132)

A

(2314) 0 4 2 6

(9.1.46)

(3241) 2 6 0 4
(1423) 4 0 6 2
(4132) 6 2 4 0

whose eigenvalues are {12, —4+/2,4+/2, 0}.

9.1.10 The View Beyond 4D, N' = 1 SUSY

In this section, we wish to connect the current presentation relating the geometry of
the orbits of elements described by the permutohedron to previous discussions [75,76,170]

that go beyond the exemplary case of BCy used in this work.

The faces that minimally connect all the elements contained in any single quartet are
squares. Among the subsets Py}, -+, Pjg], there is an element that has the minimum
values with respect to lexicographical ordering. This is the identity element () and we
note () € Pjg)- In the following, we will go beyond the case related to 4D, N" = 1 SUSY
to discuss similar structures that have been found for arbitrary values of N'. Let us recall
that Pg) is “Klein’s Vierergruppe” and we will concentrate on this generalization for

arbitrary N.

Already in the work of [75,76] the existence of a recursive procedure was demonstrated
for how to construct the analog of the Vierergruppe that is needed for all values of N.
We will present this recursion in an appendix. In the work of [170], the case for N' = 8,

the analog of the elements of the Vierergruppe, was presented as Py where explicitly we
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see

Pr=() , P2=(12)(34)(56)(78) , P3=(13)(24)(57)(68) , Py= (14)(23)(58)(67)
Ps = (15)(26)(37)(48) , Ps = (16)(25)(38)(47) , Pr=(17)(28)(35)(46)

Py = (18)(27)(36) (45)
(9.1.47)

as the index franges from 1, ..., 8.

Looking back at Fig. 9.9 the Vierergruppe consists of the permutation elements
(1234), (2134), (1243), and (2143), all of which occur at the ‘base” of the permutohe-
dron related to 4D, N' = 1 minimal supersymmetry representations. By comparison,
the permutation elements of Sg that appear in Eq. (9.1.47) must occur at the “base”
of the permutohedron related to 4D, N = 2 minimal supersymmetry representations.
Application of the pair-wise adjacent permutations (23), (34), (45), (56), (67), and (78)
to all the permutation elements that appear in Eq. (9.1.47) will lead to the complete

permutohedron associated with 4D, A/ = 2 minimal supersymmetry representations.

The size of the permutation matrices “jumps” by a factor of the N values belong to

sequence of numbers given by
1, 2, 4, 8,9, 10, 12, 16, 17, 18, 20, 25,... (9.1.48)

We borrow language from nuclear physics # and call these “magical” values of A/. Once
the matrix representation of the permutations is known, it is straightforward by tedious

matter to convert the results into either ()-notation of ()-notation.

Using the recursion formula of [170] we previously generated the explicit matrix
formulations of the “bases” for any value of N. For the magic number cases where

1 < N <16 leads to

Pl — HZ )
(9.1.49)

1
Py = o )

?See the webpage at https://en.wikipedia.org/wiki/Magic_number_ (physics) on-line.
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for N' = 2
Pr = L ® Db
P, = o ® o
(9.1.50)
Py = o ® I
P, = I © of
for N = 4,
P =L © L © I
P, =L © ILhb @ o
P = L © o @ I
Pr = L ® o @ of
(9.1.51)
Ps = o ® o ® Iy
Ps = o @ L ® o
Pr = o © L ® Iy
Ps = o @ o @ of
for V' = 8,
P =1L o L, @ IL @ I
P, =0 @ Ih @ I @ I
Py = o © L @ Ih ® o
Py, = o @ Ih @ o @ Iy
Ps = o © b ® o @ o (9.1.52)
Ps = ol @ ol @ o @ I
P = o ® ol ® I, ® o
Ps = o @ o @ I, @ I
Py = 0! @ ol ® o ® o
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for N =9,
P =L © L @ L @ L @ I
P, = ol 9 L 9 L 9 L ®© D
Ps = L © o ©@ I, @ I @ I
P, =0 @ L © I, @ I, ® o
Ps = o @ Ih @ I, @ o ® I
(9.1.53)
Ps = o @ Ih @ I ® o ® o
P = o @ Ih @ o ® o ® Iy
Ps =0 © L ® ol @ L ® o
Py =0 @ I @ o8 @ b ® I
Po = o © L @ o ® o ®@ of
for N' = 10,
P =L @ ILhi @ L @ L @ L ® I
P, =0 @ Lh @ ILh ® Ih @ I ® I
P; =L ® ol @ ol @ Ih @ L @ I
Py, = b @ ol @ h @ Ih © h @ I
P = L @ Ih @ o @ Ih @ I ® Iaxo
Ps = ol @ ILh @ I, @ Ih, @ I, ® o
(9.1.54)
Pr = o 9 L 9 L ® ¢ @ o0 @ Iy
Ps =0 © L @ L @ L ® o @ o
Py = o 9 h @ ILh @ o @ Ih ® Iy
Po =0 @ Ih @ Ih ® ol @ Ih ® o
Pi =0 @ Ih @ I, @ ot @ Ih ® I
Po =0 © Lh @ Ih, © ¢ @ o @ o
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for N =12, and

Pr =L b @ ILh @ Ih @ ILh @ I @ I )
P, =0 @ L @ L @ I, @ I, @ I, ® I ;
Py = @ Lh @ I, ® o @ ILh @ I ® Iy ;
P, =L © Ih ©® o0 @ I @ I @ I © I ;
P, =L @ Ih @ o @ ol @ Ih @ b @ Iy ,
Ps =1L, ® 6! @ 6! 9 I, 8 I, @ L, ® I )
Pr =L © o @ h @ o @ b @ Ih @ I )
Ps = © o @ b @ I ® I @ I @ Iy
(9.1.55)

Po = Ih ©® o @ ol @ ¢ @ Ih @ I, @ Iy ,
Po =o' @ L © L @ ILh @ ILh @ I, ® of ,
Pui =0 @ L @ L © L @ I, @ o ® Iy )
Po =oc @ L 9 b @ L @ L ® o ® o ,
Py = ol @ Ih @ Ib @ Ih ® o @ o @ Iy ;
Pu =0 @ L @ L ® L ® ot @ Ih ® of ,
Pis = o @ L @ ILh @ I, @ o @ b @ I ,
P = o @ Ih @ L © L ® ol @ o @ of ,

1

for N' = 16. In these equations, the quantities o!,0?,and o refer to the usual 2 x 2

Pauli matrices and I refer to the identity matrix.

After these are converted into ()-notation, it is possible to calculate the correlators for
any of these cases. This is a topic for future study. Since there exists a recursion formula
to derive the last eight of these from the first eight, it is conceivable that it should be
possible to derive the intra-N-tet correlators, along with their eigenvalues, and traces,

in complete generality.

Collectively the sets of permutation objects that appear in Eq.(9.1.49) to Eq.(9.1.55)

have informally been given the names of “diadems.”
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9.1.11 Conclusion

In 9.1, we have used structures that are intrinsic to the Coxeter Group BCy in order to
discuss how their elements are organized to provide representations of four-dimensional

N =1 SUSY.

It is of interest to note none of the eigenvalues for the inter-quartet correlators align
with that of the intra-quartet correlators. It is also true that none of the traces of the

inter-quartet correlators vanish as in the case of the intra-quartet correlators.

As seen from the results in (9.1.27) to (9.1.41) only three values of traces and four
sets of eigenvalues occurred for the distributions of the various inter-quartet eigenvalues

and traces. These are shown in the table below.

Traces 12
Eigenvalues

(PP (Pl Prs)

(12,0,0,0) - -
(PP
(PP (Pl Pe))

(12,-4,0,0) (P2l P3) (P Pe) (P3| Ppay) -

(P3| Ps) (P Prs)
(12,4, —4,0) (Py|Ps) (P Pray) ) )
‘ (P3| Pe))
(12,-8,0,0) (PP (Ps)|Pre)) - -

Table 9.8: Eigenvalue/Trace Distribution of Two-Point Correlator Values

These can be compared to the eigenvalues and traces of the intra-quartet correlators

were given by (12,0, —4, —8) and 0 respectively.

If we calculate the “length” (by use of the usual Euclidean metric) of the eigenvectors
associated with the intra-quartet correlators, it takes the value of v/224. This may be
compared to the “lengths” found for the inter-quartet correlator eigenvectors. Working

from top to bottom in the rightmost column of Table 23, the respective lengths are /144,

v/ 160, /176, and /208, respectively.

Thus, we conclude that the SUSY quartets in S are precisely the ones that lead to

the maximum possible value of the lengths of the eigenvectors for quartet correlators.
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The use of the two-point quartet correlators reveals symmetries of how the SUSY
quartets are embedded in the permutohedron in other ways also. One of the most amusing

interpretations is that the SUSY quartets are the solutions to a set of Sudoku puzzles!

For example, looking at the results in Equations (9.1.21), (9.1.22), (9.1.23), (9.1.24),
(9.1.25), and (9.1.26), it is apparent that every column and every row in these matrices
sum to twelve. One is required to place zeros in every diagonal entry and then follow the

remaining rules stated under the first full paragraph under (9.1.21).

This Sudoku-puzzle solution interpretation also follows for every table (and therefore
every associated matrix) in the list of results shown in Equations (9.1.27) - (9.1.41) where
the sums of the columns and rows are the same. The rules in these cases start with a

“source set” of numbers 1, ..., 5, 6, but become considerably more baroque to state.

We believe the most powerful implication of the observations in this work is that
the representation theory for SUSY for all values of A can be interpreted as a Sudoku
puzzle where the diadems set the start of rules. This means an essential part of a
comprehensive understanding of the representation rules for SUSY can be studied solely
and a mathematical problem of diadem embeddings into Sg...with no reference at all to

QFT.

9.2 Adinkra Height Yielding Matrix Numbers: Eigenvalue Analysis of Min-

imal Four-Color Adinkra Isomorphisms

This section is based on [85].

9.2.1 Introduction

The discovery of the role played by the GR(d, N) “Garden Algebras” [75,76] in the
generation of representations of spacetime SUSY triggered the introduction of adinkras
[77] in order to allow the technology of graph theory to include and expand prior existing
results. Among these results was an algorithm for generating dimensions of the minimal
linear representations for all possible supersymmetrical systems. This is encoded in a
function denoted by dpn(N) [75,76] where N is the number of one-dimensional super-

charges. In an adinkra graph, links denote the orbits of the one-dimensional projections
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of space-time functions in a supermultiplet under the action of space-time supercharges.
The nodes of an adinkra graph are projections of the fields of a supermultiplet when their
functional dependence is restricted to solely depend on time. Since their introduction,

adinkras have also opened gateways to insights in the physics and mathematics of SUSY.

On the physics side, one of the most striking implications uncovered is every off-shell
linear supersymmetrical system that allows for the solution of the initial value problem
involves adinkras containing error-correcting codes [78-80[. This apparently implies an
information-theoretic foundation is present in all supersymmetrical particle, field, and

string theories.

On the mathematics side, in a correspondingly striking implication, it is now known
adinkras, due to the work of [91, 92], may be regarded as examples of Grothendieck’s
“dessin d’ enfant” and thereby define a class of Riemann surfaces. From this vantage
point, the heights of the nodes in an adinkra correspond to an integer-valued discrete

Morse function defined over these Riemann surfaces.

In 1970, the mathematician Banchoff [37]° introduced a form of discrete Morse func-
tions for oriented triangular meshes. For the case of the Riemann surfaces associated
with adinkras, it is the value of the heights of the nodes (made into a piecewise-linear
function over the meshes constructed by linear extension across the edges and faces of
the plaquettes) that are used to define the Morse function. So the height assigned to

each node may be also be called the“Banchoff index” of the node.

Within 4D theories generally not all of the bosonic fields contained within a super-
multiplet possess the same engineering dimensions. In a similar manner, in the general
case, not all fermionic fields contained in a supermultiplet possess the same engineering
dimensions. At the level of adinkra graphs, the engineering dimension of a particular
projection of a space-time field determines the literal height at which the node represent-
ing that projection appears in the graphs. Fields with the lowest engineering dimension
appear at the lowest level of an adinkra graph. Fields of higher engineering dimensions

appear at higher levels in the graph.

® The publications [91,92] pointed toward the relevance of this work.
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A special class of adinkras is those in which all the bosonic nodes in the adinkra
appear at the same height and all the fermionic nodes in the adinkra have the same
height (but which is different from the bosonic node height). These are called “valise”
adinkras. In terms of the field theories of which such adinkras are their projections, all
bosonic fields in the supermultiplet possess the same engineering dimension. A similar

statement can be made about the fermionic fields of the supermultiplet.

Even before the introduction of adinkras, the phenomenon of “node lifting” and “node
lowering” had been noticed [84]. The effect of lifting nodes in adinkra graphs was in-
vestigated in [107,108,171-175]. In this paper, we study all 36,864 four-color valise
adinkras associated with the Coxeter Group BC4 and define an isomorphism algorithm
of adinkras. To study the effect of lifting bosons in a four-color valise adinkra on isomor-
phism, we developed a symbolic program. Using the program, one can compute eigen-
values of “Banchoff-matrices” of all sixteen corresponding adinkras after lifting bosonic
nodes given L-matrices of a valise adinkra. We are able to analyze calculation results for
all 36,864 valise adinkras and find that dashing plays only a minor role and there is a
mirror symmetry for lifting bosonic nodes in matters of isomorphism. A summary of the
calculations can be found in a Mathematica notebook available at the HEPTHools Data

Repository on GitHub.

9.2.2 Review of 36,864 Four-Color Valise Adinkras

First, we will briefly review L-matrices. Here we use the 4D, N' = 1 chiral multiplet

as an example. We have in our conventions for 4D quantities,

DA =ty , DuB = i(v")2 , DuF = (v")20uy , DG = i(v°+y")20, 0
Dawb = Z.(’)ﬂu)abap,A - (757u>abauB - 2‘C'abF + (75)abG .

(9.2.1)

These equations are still valid if we restrict the functions only to be dependent on

the t-coordinate. Under this restriction, we get the 4D, A’ = 1 chiral multiplet on the


https://hepthools.github.io/Data/
https://hepthools.github.io/Data/
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0-Brane. Define

P =Wy, P =Wy , Py =103 | Py = Wy

(9.2.2)
®, =A , ®y =B , b3 =F , b, =G ,
and rewrite (9.2.1) on the 0-Brane in the form
d
Dy = (Ri)j i (9.2.3b)

where I = 1,2, 3,4 is the color index.

Note that in (2.2) the projections of the 4D fields A and B are directly related to
adinkra nodal functions according to ®; = A, ®3 = B, while the projections of the 4D
fields F’ and G are related to adinkra nodal functions according to dg®s = F, 0p®4 = G.
That is the adinkra nodal functions ®3 and ®,4 are the integrals of the projections of the
4D fields F' and G. Whenever an integral is used to define an adinkra node starting from
the projection of a 4D field, we refer to this process as “nodal lowering.” This concept

was first presented in the work of [84].

Consequently, we derive the explicit form of L-matrices:

1 0 O 0 0O 1 0 O
00 0 -1 0O 01 0
(Ll)zk ’ (LQ)UC = )
01 0 0 -1 0 0 O
0 0 -1 0 0O 0 0 -1
(9.2.4)
0O 0 1 0 0 0 01
0O -1 0 0 1 0 0 O
(L3);; =  (La)yy, =
0O 0 0 -1 0 0 1 0
1 0 0 O 01 0 O

The R-matrices can be obtained by the relation (R;) = [(L;)]”, where T superscript
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means transposition. The general algebra for dx d matrices describing N supersymme-
tries, known as the GR(d, N) algebra (garden algebra) is

(L) (B + (L) (Bi)yy = 2012035 (9.2.5)

(RI)Z‘];(LJ)ij + (RJ)i];(LI)kj = 25IJ(Sij
The (Ly),; and (Ry);, matrices described by Eqs. (9.2.4) satisfy the GR(4,4) algebra.

The adinkra diagram for the off-shell chiral multiplet where the associated L-matrices
appear in Eq. (9.2.4) is shown as Figure 9.15, where D;-green, Do-violet, Ds-orange, Dy-
red.

/ d'tG

Figure 9.15: Valise Adinkra for Chiral Supermultiplet with F' & G Nodes Lowered

Next, we will briefly introduce an algorithm to obtain all four-color valise adinkras.
The recent work [144] studied how to generate all 36,864 four-color valise adinkras from

only two basis valise adinkras given the titles of “quaternion adinkras.”

By definition, BCy is the group of signed permutations of four elements. BCYy can
be expressed as plus or minus one times a sign flip element times a permutation element

times an element of the Viererrgruppe.
BCF™4 = £ HOSHVA, (9.2.6)
where H?® is a sign flip element and ¢ = 1,2, ..., 8

1 =A{(), (12), (13), (23), (1), (2), (3), (123)}, (9.2.7)

S% is a permutation element and p=1,2,...,6

St =1{0),(12), (13), (23), (123), (132)}, (9.2.8)



Chapter 9. SUSY Holography 253

V4 is an element of the Viererrgruppe and A = 1,2, 3,4
VA ={(), (12)(34), (13)(24), (14)(23)}. (9.2.9)

The explicit matrix forms for these elements are given in [144]. As in [144], we refer to

sign flips such as H® as simply flips and permutations such as SgVA as flops.

All four-color valise adinkras can be generated by combinations of transformations.

(9.2.10)

where (LSQ)) jj and (ESQ)) ]-5 denote the L-matrices associated with the quaternionic basis

adinkras to be given shortly.

The counting is summarized in the following table. The total product is 36,864.

Thus, there are totally 36,864 four-color valise adinkras.

index |+ |a|pu|A|b|v|~
count | 2 | 8|6 |4 |8|6]| 2

We define BC4 color transformations as (BC’fa“ A) 17, where I,J are the color in-
dices; BCy boson transformations as (BC';t ak A)ij, where 7, j are the bosonic indices;

B( fermion transformations as
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(BCT™* A)%J , where 7, j are the fermionic indices. The definitions of the L-matrices asso-

ciated with the quaternion basis adinkras ) and @ take the explicit forms,

1000 0 -1 0 0
0100 1 0 0 0
L@ L@ - ’
0010 0 0 0 -1
0001 0 0 1 0
0 0 —10 00 0 -1
00 0 1 00 -1 0
L@ = L@ = 7
1 0 0 0 01 0 0
0 -1 0 0 10 0 0
(9.2.11)
1000 0 10 0
5 0100 5 |-1 00 0
@ - 1@ ’
0010 0 00 —1
0001 0 01 0
00 -1 0 0 0 0 —1
~ (o0 0o -1 = lo 0o 1 0
L@ 1@
10 0 0 0 -10 0
01 0 0 1 0 0 0

Since the early 1980s [176] and in later work (see for example [177-180]) it has
been understood that division algebras play a significant role in the representations of
spacetime SUSY. The results in (2.11) situate these previous observations in the context
of GR(d, N) algebras. In fact, the embedding of the quaternions realized by the matrices
in (2.11) also matches the initial presentation on GR(d, N) algebras in [75,76]. The

recursion formulae given in these earliest works on Garden Algebras also solve a puzzle.

The division algebras only exist up to the octonions. This is equivalent to 4D, N
— 2 spacetime SUSY. Since realizations of SUSY exist beyond 4D, N/ = 2, the puzzle
was to ask, “What replaces the division algebras for the higher theories?” In the works

of [75,76] using a recursion formula that realizes Bott periodicity, such extensions were
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created for all values of V.

9.2.3 Adinkra Height Related 4D, N' = 1 Minimal Supermultiplets

The chiral supermultiplet is only one member of a group of ten such supermultiplets

that lead to adinkras of the same general form as that shown in Fig. 9.15.

There are three versions of the 4D, A/ = 1 chiral supermultiplet related to the standard
version discussed above by Hodge duality transformation applied to the auxiliary fields.
These take the forms shown in equations (9.2.12), (9.2.13), and (9.2.14), respectively.

Hodge — Dual #1 Chiral Supermultiplet : (A, B, ¥q, £, G)

DA = ¢, , DB = i(v")a" s ,
. 1 ouv
Dawb = Z(’Y“)abauA - (’757H)ab8uB - chab(f " paaf;u/p) + (VB)QbG s
Daful/p = _(VJ)abea,u,prb , DG = i(fyg)’}”u)abap,wb )
(9.2.12)
Hodge — Dual #2 Chiral Supermultiplet : (A, B, Yq, F, 4. p)
DoA = ¢a o DaB = i(7")d" vy ,
. . 1 o uv
DaT/)b = ’L('y#)abauA - (’757#)(1178113 - zC(JLbF + 5(75)111)(6 . paaguup) )
D.F = (7M)abauwb > Daguup = _(757U)ab60uup7/}b )
(9.2.13)
Hodge — Dual #3 Chiral Supermultiplet : (A, B, Ya, f10 5 8uvp)
DoA = ¢a o DaB = i(7")a" ,
Dayp = i('yu)abauA - (’)’5’7“)(11)3”B
1 1 (9.2.14)
- igcab(eolwpaafuup) + 5(75)ab(€olwpaaguup) )
Daful/p = _(’Yg)abeguypwb , Dagul/p = _(7570)ab60uupwb

The engineering dimensions of the three-form gauge fields that appear above are the
same as those of the A and B fields. So in an adinkra without node lowering, these

three-form fields appear at the same height as the A and B fields. This has implications
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for how the component fields in these supermultiplets are related to the graph shown in

Fig. 9.15.

For the Hodge — Dual #1 Chiral Supermultiplet one should perform the replace-

ment in Fig. # 1. of the auxiliary fields according to
/ dt FF — fi93 R G —- G R (9.2.15)

where f123 is the purely spatial component of the Lorentz 3-form fis3.

For the Hodge — Dual #2 Chiral Supermultiplet one should perform the replace-

ment in Fig. # 1. of the auxiliary fields according to
F - F | / dtG — g123 (9.2.16)

where gjo3 is the purely spatial component of the Lorentz 3-form gjos3.

For the Hodge — Dual #3 Chiral Supermultiplet one should perform the replace-

ment in Fig. # 1. of the auxiliary fields according to

/th — f123 R /dtG — g123 (9.2.17)

where fio3 is the purely spatial component of the Lorentz 3-form fio3 and gia3 is the

purely spatial component of the Lorentz 3-form gio3.

The parity transformations and Hodge dual transformations carried out on the stan-
dard chiral supermultiplet can be extended to vector supermultiplets as well. This leads
to the supermultiplets described by the four equations seen in (9.2.18) - (9.2.21) accord-
ing to:

Vector Supermultiplet : (Ay, Xp, d)

DzzA,u = (’Y,u)ab)\b )
Doy = —i%([’YN,’YV])ab(auAV - &,AH) + (75)abd > (9'2'18)

D,d = i(’YS’Yu)ab 8u>\b )
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Axial — Vector Supermultiplet : (U, Xb, 5)

Dy Uu = i(’VS’YM)abXb )
Do = (%[ Y Dap (8.Uy — 9,U,) + iCapd (9.2.19)

Dod = — (")’ duh

Hodge — Dual Vector Supermultiplet : (A, Xo, dyvp)

W)}
Q
d
=
[l
~.
=)
ot
g
Q
o
pd
o

L

51 Cab (7P Dyd,uy,) 5 (9.2.21)

Da)\b = %(VS[PY#aVV])ab(auUV - al/Up,) + 4

One can continue by applying Hodge transformations to the propagating physical
bosons of the chiral supermultiplet. There are theories associated with performing the
duality on either the scalar or pseudoscalar in the supermultiplet. In the former case,
this leads to the tensor supermultiplet shown in (9.2.22), while in the latter case the

duality transformation leads to the axial-tensor supermultiplet shown in (9.2.23).

Tensor Supermultiplet : (¢, Buy, Xa)

DagD = Xa > DC’«BMV = 7411([7/1«’71/]>abXb )
(9.2.22)

Doxy = i(’}/”)abau@ - (757H)ab€upgTapBaT ,
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Axial — Tensor Supermultiplet : (¢, Cpy, Xa)

1

Da@ = —i (VM)ab%a ) Dacuu - iz(’ys[

f)/u ) VV])ab %b I
(9.2.23)

Daj(vb = - (757M>ab a,u,SZ — 1 (’Y“)ab e,u,pa‘rapccr’r )
From these results, it is seen there are no explicit auxiliary fields in either case. Implicitly,

such fields are present in the gauge two-forms contained in each supermultiplet.

One might be tempted to continue the process of performing a Hodge duality on the
remaining scalar or pseudoscalar in either of the two versions of a tensor supermulti-
plet above. This was carried out in a little-known work by Freedman many years ago.
However, the field theory that results from this “dualization” is distinguished from all
the other supermultiplets described in this section. Namely, one can use the transforma-
tion laws of the ten supermultiplets given in (9.2.1), (9.2.12), ..., (9.2.23) to show the
condition

{Da, Dy} = i2(7")ap0y (9.2.24)

is satisfied (up to gauge transformations) on every component field...except in the case
where Hodge dualization is carried on scalar and pseudoscalar in the two tensor super-

multiplets above.

So all toll, there are ten minimal off-shell 4D, N' = 1 supermultiplets.

9.2.4 HYMNs: Height Yielding Matrix Numbers

Valise adinkras have the advantage of being the simplest type of adinkra. However,
we know that when attempting to use adinkra-based arguments to re-construct higher
dimensional field theory representations, the simplicity of valise adinkras interacts with
the requirement of the realization of Lorentz symmetry in the higher dimensions [107,108,
173]. There can arise obstructions as pointedly noted in [173,175] where the conditions
for selecting which adinkras can be used as a basis for the re-construction of 2D world
sheet supersymmetric theories. These works demonstrate that the shape of a non-valise
adinkra is an important attribute to knowing what higher dimensional physics relates to

which adinkra systems.
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In the works of [171,172,174] two apparently distinct approaches were presented as
a way to characterize the shape of non-valise adinkras. In particular, the second of these
approaches in [174] makes explicit the appearance of a particular matrix derived from
the L-matrices and R-matrices. These derived matrices can be called the “left B-matrix”
and the “right B-matrix.” Due to their relations to the work in [37] this is a highly
appropriate name. The eigenvalues of the B-matrices relate to the shape of all adinkras
including therefore, non-valise ones. In the following discussion, we are going to define

the B-matrices in a manner that is slightly different from the work [174].

In the work of [174] a proposition was made for when two adinkras are isomorphic.
If two adinkras are isomorphic, their eigenvalues for By, = LyRy_1Lny_9--- and Br =
RyxLy_1Rn_2--- and chromocharacters are the same. For non-valise adinkras, the

chromocharacter is defined as the trace of the By, matrix with setting all HYMN’s to 1.

We have recently developed a new algorithm to determine whether any two adinkras
are isomorphic. In this section, we will briefly describe the isomorphism algorithm using
the simplest non-trivial adinkras. We begin by revisiting the valise adinkra for the chiral

multiplet, where we notice the mass dimensions of the fields are:

@] =1 , [W]=3/2 . (9.2.25)

For any valise adinkra, the bosons will all have the same mass dimension and the fermions
will all have the same mass dimension that is one-half higher than the bosons. We can
raise the nodes associated with the auxiliary bosons F' and G via the raising operator

M, defined below along with its inverse, the lowering operator M ~!

100 0 10 0 0
01 0 0 Lot o o

M = . M= (9.2.26)
00 d O 00 [dt 0
00 0 & 00 0 [dt
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The M operator raises nodes by performing the field redefinition:
A
- B
O =M = (9.2.27)
F
G
This results in the following mass dimensions for the tilded fields ®;:
(D] = [Bo] =1 , [@3] = [@4] = 2 (9.2.28)
Operating on Eq. (9.2.3a) from the left with M results in the following:
DiM® =MLV
D;® =iL; U (9.2.29)
where we have defined ¥ = ¥ and L; as follows
Ly = ML; (9.2.30)
Inserting M~'M = I into Eq. (9.2.3b) results in
D;¥ = RIM'M® |
D;¥ = R;® (9.2.31)

We write the results in Egs. (9.2.29) and (9.2.31) succinctly as the transformation laws

for ® and U:

D;®

D;¥

= iL; U

= R

(9.2.32a)

(9.2.32D)

It is straightforward to show that L; and R; satisfy the garden algebra, Eq. (9.2.5),

written instead in terms of these tilded matrices. The adinkra matrices L 7 and RI now
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have height information, in the derivatives and integrals, and can be expressed as the

three-level adinkra in Fig. 9.16

Figure 9.16: Adinkra for Chiral Supermultiplet without F' & G Nodes Lowered

To investigate such node liftings of adinkras, it will be advantageous to forget the inte-
gral /derivative nature of lowering/raising nodes and instead simply use mass parameters

to keep track of the lowered /raised nodes. We make the substitution

(‘90F — mF s 60G —mG . (9.2.33)

For instance, for the chiral multiplet, M and its inverse could have been defined instead

as

100 0
010 0

M(m) = , (9.2.34)
00 m 0
00 0 m

and Egs. (9.2.29) through (9.2.32) would have followed the same as before. We refer to

mass parameters such as m as HYMNs: height-yielding matrix numbers.

Next, we generalize HYMN'’s to arbitrarily sized d x d adinkras. The GR(d, N) SUSY

transformation laws are

D;® =iL; ¥ | (9.2.35)
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D;¥ =R/ (9.2.36)

where a dot above a field indicates a time derivative: ® = d®/dt. The L; and Ry
matrices realize the closed N = 4 SUSY algebra for d bosons and d fermions as the

GR(d, N) algebra

LiR;+LjRr = 20r714xa (9.2.37)

RiL;y+ RjyL; = 261514%4 s (9.2.38)

with I;xq the d x d identity matrix.

We define the node raising operator M (m,w) that acts on an arbitrary number of d

bosons as
mPt 0 0 0
0 mPr 0 0
M(m,w) = 0 0 mp3 0 , (9.2.39)
0
0 0 0 mPd
_ 0 1 2 d—1 : o
w = p12° +p22° +p32°+ -+ pg2 ,  with p; =0,1 (9.2.40)

where the word parameter w is as in [157]. The node raising operator M (m,w) has the

following combination properties

M1,w) = lixa (9.2.41)
M (m, w)M (p, w) = M (mp, w) (9.2.42)
M (m, w1)M(m,ws) = M(m,w, +ws) (9.2.43)
[M(m,w)] ™" = M(m™"w) (9.2.44)

M (m, w)[M(u,w)]™" = M(m/u,w) (9.2.45)



Chapter 9. SUSY Holography 263

We denote a raised node boson collection as ®(m, w)

O (m,w) = M(m,w)® . (9.2.46)

Multipling Eq. (9.2.35) from the left by M (m,w) and inserting I yxg = M (p1, w)[M (p, w)] =

into the right hand side of Eq. (9.2.36) results in

DiM(m,w)® = iM(m,w)L;¥

DI M) M) = BTG MG
We now make the matrix redefinitions
Li(m,w) = M(m,w)L; , Rr(p,w)=R;M(u ' w) (9.2.48)
which along with the field redefinitions in Eq. (9.2.46) reduces Eqs. (9.2.47) to
D;®(m,w) =iL;(m,w)¥ , D;¥ = Ry(u,w)®(u,w) (9.2.49)

It is important to make clear the meaning of the matrices L;(m,w) and Rr(u,w) as
these are the “deformed” version of the L; and R for adinkras where some number of
bosonic and fermionic nodes have been lifted from the corresponding level in a valise
adinkra within the context of BC4 related adinkras. It will be necessary to modify our
formalism in the future to handle the cases where nodes can be lifted to a height that is

greater than one about that which the node appears in a corresponding valise adinkra.

The redefined matrices L;(m,w) and Ry(u,w) satisfy the GR(d, N) algebra in the

©— m limit:

Li(m,w)Ry(p,w) + Lj(m,w)Ry(,w) = M(m,w)(L;Ry+ LyR;)M(u 1, w)
=267 M (m, w)M (1, w)
=20r7M(m/p, w)

— 25[JId><d s for n—m (9.2.50)
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where going from the second to third line we have made use of the property in Eq. (9.2.41)
and in going from the third to last line have made use of the property in Eq. (9.2.45).
The same results holds in the g — m limit for the Ry L+ RyL; algebra in Eq. (9.2.38),

though the details are different:

RI(M? w)LJ(ma w) + RJ(:“? ’LU)L[(m, w)
=RiM(u ', w)M(m,w)Ly + RyM (™, w)M(m,w)L;
=RiM(m/u,w)Ly+ RyM(m/p,w)Ly

—R;Ly+ RjL; =2017l4%xq ,for y—m . (9.2.51)
In order to describe adinkras uniquely, the color-dependent block matrix C; associ-
ated with the I-th color is defined as

0 L
! (9.2.52)

~
Il

Rr 0

Since every path can be covered by looking at the N distinct color paths from a boson

or fermion, we can define the B matrix by multiplying all of the color matrices

B=CnCn_1CNn_9---C7 . (9.2.53)
If N is odd,
0 LNRyn_1---L 0 B
B= NENSLTEL S (9.2.54)
RNLy_1-+- Ry 0 Br 0
and if N is even,
LyRy 1 Ry 0 Br 0
0 RnLy_1---14 0 Bg

Any reader familiar with our work in [174] will recognize these definitions from that

work. We here make the additional identification that the non-vanishing upper left-hand



Chapter 9. SUSY Holography 265

entry in the last expression of (9.2.55) is what we mean by the left Banchoff matrix and
accordingly the non-vanishing upper right-hand entry in the last expression of (9.2.55)
is the right Banchoff matrix. It also is of note that in the case of odd values of N, the
square of the matrix in (9.2.54) can be used to define the left Banchoff and right Banchoff

matrices.

Permuting fermionic or bosonic nodes does not influence the eigenvalues of the B
matrix. We prove this in the following. We can assign that if we relabel fermionic nodes,
the permutation matrix is Pp; if we relabel bosonic nodes, the permutation matrix is

Pp. Thus, after relabeling,

L; — PgL;Pr, R — PLR;PL | (9.2.56)

Consequently, when N is odd,

LyRn_1---L1 — PgLNPpPLRN_1PL...PgL1Pr = Pg(LNRy_1---L1)Pr
RNLy_1---Ry — PERNPLPRLN_1Prp---PERPL = PE(RNLy_1---R1)PL

(9.2.57)

When N is even,

LNRy_1---Ry — PgLNyPrPERN_1PL---PERPL = Pp(LNRy_1---R1)PE
RNLN_1---L1 — PERNPLPgLyN (Pp---PgL1Pp = PE(RyLy_1---L1)Pp

(9.2.58)

For all N, we can obtain

Pg 0 PL 0
B | " B| B . (9.2.59)
0 PL 0 Pr

Thus, eigenvalues of B will not be changed after relabeling nodes, although eigenvalues

of Ly...L1 and Ry...R; may be changed when N is odd.

We thus make the conjecture the eigenvalues of B matrix carry all information about

shape isomorphism. Two adinkras are isomorphic if and only if eigenvalues of By, and
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Bpr and chromocharacters are the same.

The parameter x, defines the two equivalence classes for GR(4,4) valise adinkras
with respect to signed permutations of bosonic and fermionic nodes [144]. The general

definition of x, for adinkras with an arbitrary number of colors N is [171,172]

1 1 LIy In
e —— I'r(L; Rr,---L/R 9.2.60
Xo d zn(N) N!E 7“( JERRT D) / ]N) ) ( )

where the last matrix in the trace will be Lr, if IV is odd and Ry, if N is even. The
quantity dpin(N) is a function of N first identified in the original works on Garden

Algebras |75, 76]

272, N=1,7 mod (8)

22, N=2,4,6 mod (8)
dmin(N) = . (9.2.61)
272, N=3,5 mod (8)

N

=8 mod (8)

So far, the effect of lifting nodes on adinkra isomorphism is unknown generally. In
order to study this effect, we are developing a symbolic program described through the

examples given in the following subsections.

9.25 HYMNs for GR(2,2)

Figure 9.17 shows one of the simplest two-color adinkras. The adinkra matrices for

this adinkra are the following where Li-green and Lo-purple:

1 0 1 0
Ly = , R = ;
0 1 0 1
(9.2.62)
0 —1 0 1
L2 — 5 R2 —
1 0 -1 0

In Fig. 9.17 for instance, we can raise the first bosonic node with M(m,1), the

second with M (m,2) and both with M(m,3) = M(m,1)M(m,2). These matrices and
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Figure 9.17: An example of a GR(2,2) valise adinkra.

the corresponding raised boson collections ®(m,w) are

T)’L(I)l
®(m,1) =
D)
dq
®(m,2) =
m<I>2
m<1>1
®(m,3) =
m®Po

)

9

m 0
M(m,1) = , (9.2.63a)
0 1
1 0
M(m,2) = , (9.2.63b)
0 m
m 0
M(m,3) = . (9.2.63¢)
0 m

Figure 9.18: Valise and raised versions of the GR(2,2) adinkra of Fig. 9.17. The tilded

bosons are identified as ®; = m®;.

According to Eq. (9.2.48), the adinkra matrices associated with Fig. 9.18 and nodal

redefinitions in Eq. (9.2.63a) are as follows. The adinkra matrices corresponding to the
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leftmost adinkra in Fig. 9.18 with boson one raised are

m 0 p b0
Ll(m7 1) - ) Rl(M: 1) - ’
0 1 0 1
(9.2.64)
0 —m 0 1
LQ(m7 1) = ) RQ(M? 1) =
1 0 10

The adinkra matrices corresponding to the middle adinkra in Fig. 9.18 with boson two

raised are

1 0 1 0
Ll(m’ 2) = ) Rl(:qu) = ,
0 m 0 pt
(9.2.65)
0 —1 0 ul
L2(m7 2) = 5 RQ(:U72) =
m 0 —1 0

The adinkra matrices corresponding to the rightmost adinkra in Fig. 9.18 with both

bosons raised are

m 0 pt o0
Ll(m73) = ’ Rl(:u'v?’) = )
0 m 0 ut
(9.2.66)
0 —m 0 put
LQ(mv 3) = ) RQ(/’L7 3) =
m 0 -t 0
The two color C7 matrix and B matrix given by Egs. (9.2.52) and (9.2.89) are
0 L LsR; O
Cr= , B=0CyC = . (9.2.67)
Rr 0 0 Roly

The eigenvalues of B are invariant with respect to fermionic and bosonic nodal trans-
formations as described previously for the arbitrary IV color case. With respect to color
transformations, the eigenvalues of B are invariant with respect to even numbers of flips
and flops, but odd numbers of flips and flops negate all eigenvalues. This is because

of the GR(2,2) algebra relation LyRy = —LjRy. The consequences of raising nodes are
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unknown as to the eigenvalues, so we next turn to the tabulation of all GR(2, 2) adinkras,

valise and raised.

In total, there are 16 distinct GR(2,2) valise adinkras as shown in Fig. 9.19. These

are tabulated in terms of sign flips H{ and permuations S5 where a = 1,2 and p = 1,2

HY ={0,@M} , S5 ={0.02)} . (9.2.68)

Analogous to the BC notation of [144] that was summarized in Sec” 9.2.2, all 16 adinkras

in Fig. 9.19 are succinctly labeled as

Ly =+ HESYLYHY Ry = (17T (9.2.69)

where Lgo) corresponds to the adinkra in Fig. 9.17 with adinkra matrices as in Eq. (9.2.62)

and the T superscript means transpose. This is analogoous to the BCy4 notation of [144]

that was summarized in Sec’ 9.2.2.

Similar to the BCy case, there are isometries of GR(2,2) adinkras that reduce the
total number of distinct adinkras from the 64 total possible BCy boson x BCy fermion

transformations to the 16 distinct adinkras in Fig. 9.19. These isometries are:

Ly =XL1y (9.2.70a)

(X,») € (9.2.70D)

These isometries are the reason that Eq. (9.2.69) can be written as it is, in terms of only
flips on boson one, flops of bosons one and two, flips of fermion one, and an overall factor
of plus or minus one. Altogether, these are the 16 possibilities that take a given starting
GR(2,2) valise adinkra to all other possible GR(2,2) valise adinkras. There is nothing

0 111
01

special about our choice for L , it was chosen at random.
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(a) "' = LYY (b) L

4

.
|
|
|
|

(B) L?—IZI (f) LT221
IR
7/
| Ny
N
| // \
|, N
(i) L:’}—IIZ (k.) L[—212 (l) LI_H2
. .
N |
Ny I I
AN !
P N | |
(m) L2 () L} (0) L™ () L7

Figure 9.19: All 16 GR(2,2) valise adinkras. The white nodes are bosons, the black
fermions, in numerical left to right order as in Fig. 9.17.
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Next, we construct the 64 possible raisings of each of the 16 GR(2,2) adinkras as in
Eq. (9.2.48):

L (m,w) = M(m,w)L7™" . Rp™(uw) = Ry™M(p™w) . (9.2.71)

As in Eq. (9.2.67), we construct BFe#b()

sap Ly (m, w) Ry (1, w) 0
B (m7 s 'LU) - +aud taub
0 Ry ™ (i, w) Ly (m, w)
no a, t, b sum. (9.2.72)

This inspires us to calculate the eigenvalues of the following six matrices (no a, u, b

sum):
LI (m, w) RE™ (p, w) = —LF" (m, w) RE" (p,w) (9.2.73)
M (m/p, w) = LE (m, w) RE™ (1, w) = LE™ (m, w)RZ ™ (1, w) (9.2.74)
Ry (p,w) Ly ™ (m,w) Ry ™ (p,w) Ly ™ (m,w) (9.2.75)
RY™ (p,w) Ly ™ (m,w) , Ry™(p, w) L™ (m,w) . (9.2.76)

The calculation of these eigenvalues amounts to solving the following characteristic poly-

nomials (no a, p, b sum):

0 = det (L;t““”(m, W) RE™ (1, w) + AIM) : (9.2.77)
0 = det (M (m/p, w) — Aaxa) (9.2.78)
0 = det ( RZ" (u, w) LT (m, w) — Maxa) (9.2.79)

: (9.2.81)

( )

0 = det (Rf““”(u, w) L (i, AIM) : (9.2.80)
( )
( ) (9.2.82)
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Owing to Eq. (9.2.73), the plus sign in Eq. (9.2.77) corresponds to the eigenvalues of

L, w) By (1, w).

9.2.6 HYMNS for GR(4,4)

Consider lifting one, two, three, and four bosonic nodes in a four-color valise adinkra
with four bosons and four fermions. From Sec. 9.2.2, we have known there are 36,864
GR(4,4) valise adinkras in total. Similar to the analysis in GR(2,2) case, we define node

raising operators:

m 0 0 0 pit 00 0
0 1 00 ) 0 100
M(m,1) = s M(p=,1) = ) (9.2.83)
0 010 0 010
0 001 0 0 0 1
1 0 00 1 0 00
0 m 0 0 . 0 u;' 00
M(m,2) = L M(pt,2) = , (9.2.84)
0 0 10 0 0 10
0 0 01 0 0 01
1000 10 0 0
01 00 ) 01 0 0
M(m,4) = s M(p=,4) = ) (9.2.85)
00 m 0 00 1o
00 0 1 00 0 1
1 00 0 100 0
010 0 ) 010 0
M(m,8) = , M(p=,8) = , (9.2.86)
001 0 001 0
000 m 00 0 pt
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For example, if we lift the i-th bosonic node, then the corresponding L; and R; for

the lifted adinkra are

Li(m,w) = M(m,w)L; , Rr(p,w) = RiM(u" ', w) , (9.2.87)

where w = 2¢~1. Lifting more than one bosonic nodes can be described in the similar
way. For example, the Lyand R; matrices after lifting the ¢ —th and j —th bosonic nodes
are:

Li(m,w) = M(m, 2" YM(m,2 "L, |

(9.2.88)

Ri(pw) = ReM(u—b, 27 )M (u!,2971)
where node raising operators commute to each other, which means that lifting the i — th
node first then the j — th node describes the same thing as lifting the j — th node first
then the ¢ — th node. In order to study isomorphic properties of non-valise adinkras, we

have to study the B matrix

0 Ly 0 Ls 0 Lo 0 I

Ry 0)J\Rs 0)\R 0/ \R 0
(9.2.89)
LyR3LoRy 0

0 RyL3Ro L

Next, we construct the 589,824 possible raisings of each of the 36,864 GR(4,4) valise

adinkras. Then we have

Br(m, p,w) = Lg(m,w)Rs(u, w)Le(m,w)Ry(p,w) (9.2.90)

Bgr(m, p,w) = Ra(p, w)Ls(m,w)Ra(p, w)Ly(m,w) (9.2.91)

where the word parameter w can be 0,1,2,3,...15. A summary using a Mathematica

notebook can be found at the HEPTHools Data Repository on GitHub.


https://hepthools.github.io/Data/
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Let us define the HYMN ratio parameter p to connect m and u,
p= 2 (9.2.92)
I

We shall find that the eigenvalues of the matrices described previously will depend only

on this ratio parameter.

9.2.7 Eigenvalues for GR(2,2)

As shown by Eq. (9.2.71), there are 64 possible GR(2,2) valise and raised adinkras.
The eigenvalues of L1 (m, w) Ry (p, w), La(m,w) Ry (p, w), Ri(p, w)Li(m,w), Ri(p, w)La(m,w),
Ry(p, w)Li(m,w), and
Ro(p, w)La(m,w) define equivalence classes of GR(2,2) adinkras. We find

e all sixteen valise GR(2, 2) adinkras give the same eigenvalues:

Ll(mvw)Rl(:uv ) {17 1}; LQ(mﬂw)Rl(ﬂaw): {i7 _i};

Ry(p, w)Ly(m,w) « {1, 1}
Rl(:u'vw) ( 7w) {Z7 _’L} RQ(M? )Ll(m7w): {iv _7;};
R2(:U'7w) ( ,’U)) {1 ) }

e all GR(2,2) adinkras with one boson at the top give the same eigenvalues:

Li(m,w)Ri(p,w) : {1, p}; La(m, w)Ra(p, w) : {iy/p, —iy/p};

Ri(p,w)Ly(m,w) : {1, p};
Rl(:uvw) ( 7w) { \/ﬁ: _iﬁ}; RQ(M? w)Ll(mv ’LU): {Z\/ﬁv _i\/ﬁ};
Ry(p, w)La(m, w) : {1, p}

e all GR(2,2) adinkras with two bosons at the top give the same eigenvalues:

Li(m,w)Ri(p,w) : {p, pt;  La(m,w)Ri(p,w) : {ip , —ip};
Ri(p, w)Ly(m,w) : {p, p};

Ry (p, w)La(m,w) : {ip , —ip}; Ro(p,w)Li(m,w): {ip, —ip};
Ry(p, w)La(m,w) : {p, p}

These eigenvalue equivalence classes are summarized in Table 9.9
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Table 9.9: Eigenvalue equivalence classes of GR(2,2)

# of adinkras

bosons at the top

Type w | Total Number | Eigenvalue equivalence class in each class
Valise Adinkras 0 16 all 16
Adinkras with one
boson at the top 1.2 32 all 32
Adinkras with two 3 16 all 16

9.2.8 Eigenvalues for GR(4,4)

As Br,(m, p, w) and Br(m, p, w) are found to depend only on p, we refer to these here

as B (p,w) and Br(p,w). We have calculated the eigenvalues of By (p, w) and Br(p, w)

for all 589,824 possible valise and raised adinkras. These eigenvalue results are as follows:

[1]

2]

3]

4]

[5]

36,864 GR(4,4) valise adinkras split into two classes: xp = =1, in each class

adinkras give the same eigenvalues

BL(p7w) : X0{1717171}; BR(pvw) *Xo {_17_17_17_1}

147,456 GR(4,4) adinkras with one boson raised split into two classes: yg = +1,

in each class adinkras give the same eigenvalues
Br(p,w) : xo{1,L,p,p};  Brlp,w): xo{-1,—1,—p,—p}
227,184 GR(4,4) adinkras with two bosons raised split into six eigenvalue equiv-

alence classes EB%XO), EB%XO), and EB:gXO). In each class, the matrices Bp(p,w)

and Bg(p,w) have the same eigenvalues

EB): Br(p,w) : xo{p, p,p,p}; Br(p,w) : xo{~1,~1,—p —p*}

EBY®): Br(p,w) : x0{L.1, 0% p*}; Br(p:w) : xo{—p,—p,—p: —p}

EB): Br(p,w) : xo{p.p.p.0}: Brlp,w) : xo{—p.—p.—p.—p}

147,456 GR(4,4) adinkras with three bosons raised split into two classes: xo = £1,
in each class adinkras give the same eigenvalues

Br(p,w) : xo{p:p, 0, 0*}; Br(p,w) : xo{=p,—p,—p* —p*}

36,864 GR(4,4) adinkras with all four bosons raised split into two classes: g = %1,
in each class adinkras give the same eigenvalues

Br(p,w): xo{p* % 0% p*}; Brp,w) : xo{—p* —p* —p* —p*}
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These eigenvalue equivalence classes are summarized in Table 9.10.

Table 9.10: Number of Adinkras in each Eigenvalue equivalence classes of GR(4,4)
# of adinkras

Eigenvalue Equivalence Classes

Type w Total Number in each class
Valise Adinkras 0 36,864 xo = *+1 18,432
One Boson 1,2,4,8 147,456 Yo = £1 73,728

Raised Adinkras

Two Bosons (£) (+) (£)

Raised Adinkras 3,5,6,9,10,12 221,184 EBy, EBy E33 36,864
Three Bosons

Raised Adinkras 7,11,13,14 147,456 xo = x1 73,728
Four Bosons 15 36,864 Yo = +1 18,432

Raised Adinkras

(£)

There is an interesting relationship between adinkras within the E'B;” equivalence
classes for two raised bosons. For a given valise adinkra, raising bosons one and two are
in the same equivalence class as raising bosons three and four. The same holds for raising
one and three or two and four as well as for one and four or two and three. In terms
of words, for a given valise adinkra raising two bosons with either the word code w or
15 — w will lead to the same equivalence class. Specifically, these word pairs are (3,12),
(5,10) and (6,9). It is important to note that this does not mean that all adinkras raised
with word w = 3 have the same By and Bpg eigenvalues as all adinkras raised with word
w = 12, but merely that given a particular valise adinkra, raising with word w = 3 will
lead to the same By, and Bp eigenvalues as instead raising the same valise adinkra with
word w = 12. Possibly, some adinkras raised with the word w = 3 may be in the same

equivalence class as other adinkras raised with the word w = 5 for instance, it depends

on how the valise adinkras are related by signed bosons and fermion permutations.

In order to relate this discussion back to the supermultiplets discussed in section
9.2.3, let us make a series of observations about the structure of the superfields that

describe them

When no node lowering is applied to the 4D, A/ = 1 tensor supermultiplet or Hodge
Dual # 3 chiral supermultiplet, under the action of projection to 1D, N = 4 supermul-
tiplets, these are within the class of adinkras with w = 0. When no node lowering is
applied to the 4D, NV = 1 vector supermultiplet, the Hodge Dual # 1, or Hodge Dual

# 2 chiral 4D, N’ = 1 chiral supermultiplets, under the action of projection to 1D, N
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= 4 supermultiplets, these are within the class of adinkras with w = 1,2,4, or 8. When
no node lowering is applied to the 4D, A/ = 1 chiral supermultiplet, under the action of
projection to a 1D, N = 4 supermultiplet, it is within the class of adinkras with w = 3,
5, 6,9, 10, and 12. When no node lowering is applied to the 4D, N’ = 1 field strengths
of the tensor supermultiplet, Hodge Dual # 1, or Hodge Dual # 2 chiral supermultiplet,
under the action of projection to 1D, N = 4 supermultiplets, these are within the class of
adinkras with w = 7, 11, 13, 14. The spinor field strengths for all of these supermultiplets

correspond to w = 15.

9.2.9 Conclusion

From Figure 9.18, it was clear starting from the reference valise adinkra a number of
other adinkras with lifted nodes that can be constructed from it occur as follows. There
was one adinkra with no nodes lifted, two adinkras with one node lifted, and finally,
one adinkra with two nodes lifted. Looking vertically in the column that labels “Total
Number” in Table 9.9, we see the ratios of 1:2:1, i. e. the binomial coefficient for two
choose an integer. In turn, this implies that the actions of lifting nodes versus using flips

and flops to generate all sixty-four adinkras commute one with the other.

Looking vertically in the column that labels “Total Number” in Table 9.10, we see
the ratios 1:4:6:4:1, i. e. the binomial coefficient for four choose an integer. As in the
two-color case, this also implies that the actions of lifting nodes versus using flips and

flops to generate all adinkras commute one with the other.

This analysis also provides a simple way to see the number® of adinkras associated

with BC4 and with all possibility of raised nodes is equal to 4! x 36,864 = 884,736.

The observations in this work reveal that the HYMN’s, i. e. the eigenvalues of the
Banchoff matrices for the adinkras investigated, can be used to cleanly partition these
sets of adinkras into distinct classes. Apparently, the actions of the flipping and flop-
ping operation preserve these classes. This offers an explicit route whereby considering
instead of individual adinkras as the basis for higher-dimensional supermultiplets, it is

the emergent class structure of adinkras that provides such a basis.

6 This number counts both y, = % sectors in the work of [24].
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Adinkras are interesting and useful tools to study supersymmetry for their abilities to
encode information about higher dimensional supersymmetry. In this paper, we applied
the HYMN’s to study non-valise adinkras. The B matrix is defined by HYMN’s and its
eigenvalues carry all information about isomorphisms in shape. A program to calculate

eigenvalues of B-matrices has been developed in the Python language.

The introduction of the matrix M (m,w) as the nodal raising operator has implica-
tions for future directions of research. Previous mathematical “devices” introduced for
the analysis of adinkras include holoraumy [181] and the Gadget [182]. But all such
previous discussions have been restricted to valise adinkras. Clearly, these can now be
modified by appropriate introductions of M (m,w) into their definitions. As well, future
study of the holoraumy, Gadget, HYMN’s, and y, all seems indicated to ascertain their
dependence on adinkra dashing as well as the impacts of M (m,w). Finally with the
introduction of M (m,w) a re-examination of the work in [107] and [108] is also possible

to be extended to the entire 36,864 BC related adinkras.
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Appendix A

Superspace Conventions

A.1 Notation in 4D, N/ = 1 Superspace
A.1.1 Two-component Notation

In this appendix, we review the two-component notation in 4D, N’ = 1 superspace.

First, the algebra that super-covariant derivatives satisfy is

{Da, Dg} = {Da, Dg} = 0 (A.1.1)
{Da, Ds} =10, (A.1.2)
where o, & =1, 2.
D? = 1iD*D, (A.1.3)
D’ = 1D"D, (A.1.4)
O = 10°*0aq (A.1.5)
= =2
/ d*0d’0 = D* D" [y_5.0 (A.1.6)

(Da)* = —Da (A.1.7)
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(D) =D (A.1.8)
— (D2)* =D (A.1.9)
where * means hermitian conjugation.
Useful identities:

D,D? = DaD° = 0 (A.1.10)

D*D’ = DD + i0** D, (A.1.11)

D*D? = D2D* + i9°9D, (A.1.12)

D,Ds = —Cu3D? (A.1.13)

D'D’D, = D'D?D, = 2D?D’ + i9**D, D, (A.1.14)

D’D? = D*D° + O + i0°“D,Ds (A.1.15)

D?D° = D°D? + O + i9°“Dg Dy (A.1.16)

We can relate a vector label g in a Cartesian coordinate basis to the acv basis by a

set of Clebsch-Gordan coefficients, the Pauli matrices:

. 1 . 1 .
For fields : VO = — (03) VY | Vb = — (60)0q V¢ A1.17
\/ﬁ( b) \/i( ) ( )
1 .

For derivatives : Jas = (02)aa O , O = 3 () O (A.1.18)

. 1 . .
For coordinates : %% = 3 (op)* 2 b = (09)aq ¢ (A.1.19)

Pauli matrices satisfy:

(00)** (0D)aa = 26,0 (A.1.20)
(00 (00) 55 = 204" 55" (A.1.21)

A.1.2 Four-component Notation

Using the Kronecker product, we can create the covariant gamma matrices using the

Pauli matrices:
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N =i®®0®) [ =0 (A.1.22)
P’ =("®0%) [ =@ (A.1.23)

These can all be seen to be real. When talking about the entry in the a* row and

bt column of the u'" gamma matrix, the symbol would be (7#),°.

The metric:

We define the fifth gamma matrix as follows

-1

0

0 0
0 0
0 —1
1 0
0 —1
1 0
0 0
0 0

o o O

—_

o o O

—1

o o O
[an}

0 0

.

o o O

(A.1.24)

(A.1.25)

(A.1.26)
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With gamma matrices, the algebra reads:
[Da Dg} = iy %/33@ , (A.1.27)
[Mab, Do} = (7 D Dg (A.1.28)
[M@7a£] = ng[gab] ) (A129)
[(Map, Med] = nefa Mg = NaaMue (A.1.30)
Multiplication Table:
V2t = 4% 4 o] (A.1.31)
yaybe — palbyd 4 jeabedn5o (A.1.32)
YA = —iyyl (A.1.33)
a,. 1 a . Q
it = ety — ity (A.1.34)
yebye = —pfligt] g jestedySay (A.1.35)
cd c cd
VoY = (5[a[ e }b] — (5@ (5b] + tey (A.1.36)
ab 1
y2inS = §ef[ ]7[2] (A.1.37)
yabinBae — _eabedy el b (A.1.38)
iy9ye = iySy2 (A.1.39)
- a 1 a
- 5¢ b[2]7[2] (A.1.40)
iv°iy® = —1 (A.1.41)
PiyPye = —% A.1.42
iyiy "y g (A.1.42)
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- 5. a.b 1 ab[Z} ab, b
0Pt = S¢S + iy (A.1.43)
i'y5'yg'y@ = m“[b'y5vc] — em’u (A.1.44)
iy y4y® = 42 (A.1.45)
ity = 42 4 (A.1.46)
Fierz Identities:
5,765° = —~(1 w4 Lop (A.1.47)
@9 = —501Mas()” + (v as (V)" L
1 . 1, .,
()05 = = 5(Mas(ry)° + 5(1%)apC?
. - o (A.1.48)
- 5(7Q[ D)’ — 146*[ 2 (g as ()
aby v _ 1 la bl\vd L abed 5. \Y9
()@ = = 5(1as(¥)° + ige®(v)as(v770)
1 1,
“20 s (P )+ 56%)asC (A1.49)
146@[2]( 2)as (")’
. 1
i) 850 = —zi(’y[”)aﬁ(vg’wu)w + 3¢ Lee J(vepas (v (A.1.50)
1 1
(1) = — 7P Omlas()™ — i5(as(r)?
(A.1.51)

_ Lo

4 2

1,
Y2Das(v)” + 1= (YD) 0 (YPyp))
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A.2 Notations & Conventions in 10D

In this section, we briefly summarize the convention that we adopted for 10D sigma

matrices. The Clifford algebra is
(0% as(dD)7 + (02)ap(02)? = 20%5,7 | (A.2.1)
where the inverse metric 72 is:
n% = diag(—1,+1,+1, +1,+1,+1,4+1,+1,+1,+1) . (A.2.2)

In 10D, the Dirac spinor has 2°/2 = 32 components. We use undotted Greek index to
denote 16 component left-handed Majorana spinor, and dotted index to denote right-

handed ones,

W) =4* , (@Y =y° (A.2.3)
where a =1,...,16 and & = 1,...,16. We raise and lower the spinor indices by spinor
metric C, ; as follows:

Yy =0Chy o Ya=10C
’ g g (A.2.4)

Ca»yCaB — 57/3 , CA/BCQB — 5’ya

The sigma matrices are bispinors. There are three types of them: purely left-handed:

(0%ap » (0)as (0 )ap (A.2.5)
purely right-handed (related to purely left-handed by the following):

(04)* = Cadcﬁﬁ(ag) (o2beyoB — Co‘dCﬁB(aL”c)dﬁ- ’

o (A.2.6)
(O_abcde)aﬂ — Caacﬁ,ﬁ (Uadee)dB :

and mixed bispinors:

Coz,B 5 (0’7)045 ’ (Gabcd)aB s (A27)
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which have relations

0.5 =C%C, ;. (o) =0 (o) 5, (0%9), = O (0%d) s . (A28)

Definition of g-matrices with more Lorentz indices:
(09)ap(02)?7 =(09) 7 + 1225, (A.2.9)
(0D)as(09)?" = — (62) 7 + 5, (A.2.10)
(Ug)aﬂ(a@)ﬁv :(O-LbC)OW + n@[b(ag:])ow (A.2.11)
(02)a?(0%) 5y =(092) 0y — 7% (0D) (A.2.12)
(0%) 05 (c2e) 07 =(gabedy v 4 %ng[b(ggl])av (A.2.13)
(0%9) 4 5(0%)P7 = — (62d) 7 + Lpal(ged)) 7 (A.2.14)
(a@)aﬁ(am)[ﬂ :(UM)M + %ng[b(gﬂ])av (A.2.15)
(02e) B (6%) g, =(o2bele) ., — %WE[Q(U@])M (A.2.16)
(0%) 3 (02l ) P :%eabcdeﬁﬂ(g[éq)av + in@[b(gﬂﬁ)oﬂ (A.2.17)
(otedel) 5 (0%)P = — LeabedefW(g )7 4 Lyalb(gedel]y v (A.2.18)

and

(Ug)dg(gb)m =(o9) 47 + 25, (A.2.19)
(Ub)a[a(gg)m = — (09) 7 + by (A.2.20)
(ag)dﬁ((,@)ﬂﬁ =(oabe)d 4 palb( gy (A.2.21)
(U@)aﬁ(Ug)gﬁ =(0%) 45 — 1 (6D) 45 (A.2.22)
(Ug)dﬁ,(a@)ﬁﬁ =(o%bedy ¥ %ng[b(ggl])d‘v (A.2.23)
(UM)QB(UQ)M — — (o%ed) T 4 Lpab(ged) (A.2.24)
(Jg>a6<JM)BW = (abede)dy 4 %n@[b(aﬂ]yw (A.2.25)
(Um)dg(gg)&y —(otbedey, — Lpalb(gedely, . (A.2.26)
(0%) p(otetel )3 — g cabedefBl () 5 b peded]) (A.2.27)
(UM[)QB(JQ)/% =L eabedef (g ), 7 4 Anale(geded]y 7 (A.2.28)
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The sigma matrices with five vector indices satisfy the self-dual / anti-self-dual identities:

1

([5))ap =56[5][5}(0[s])a5 (A.2.29)
ey 1 5 o
(7)) f=- 56[5][5] (o75) g (A.2.30)
3~ s e P 3 A.2.31
O)ap =~ 51605 (o) ap (A.2.31)
& 1 &
(o7) " :56[5][ W)™ (A.2.32)

(0%)ap =(0%)a (A.2.33)
(09)ap = — (0°) o (A.2.34)
(02e%) 5 =(0 2% 54, (A.2.35)

From the definition, we can easily work out the trace identities:

(0a)ap(o?)* = 165,", (A.2.36)
(0ap)s (0°0) 5 = ~165,; 5b]f, (A.2.37)
(Oabe)ap(09ed)B = = 160, ds, 5]f, (A.2.38)
(Cabed) . (090) 2 = = 160;,9, L5 5? (A.2.39)
(Tabede)ap (1212 [5[a 5,768} 561 + €gbede Loheg) (A.2.40)
and
(00)45(0D)% = 160,2, (A.2.41)
(ab) 5(0@)5 = —163,55,, (A.2.42)
(Tabe) g (09) 3 = 166, 46,5 ]f, (A.2.43)
(Taped) (0S80 & o= 16%57 5.8 1, (A.2.44)

ij fghij
(Cabede) 5 5(012250) 3 [5[a 0,206,601 — upege” - (A.2.45)
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From the definition, we can also derive the following 10D sigma matrices identities:

(00)" (o) o)) ” =54(00)*” (A.2.46)
(02)7(0,2)5%(0%).f =6(0,22)% + T (04)*” — 86,4(0))*” (A.2.47)
(o) () 2 (o13) 5 = — 10(075)™ (A.2.48)
(05) () (o) ;| == 10(o)" (A.2.49)
(05))ap(0%)*(00)" =0 (A.2.50)

as well as the following Fierz identities:

1, . 1 1
0065 = 2o { (09as (0" + 5, (M )as (o) + 71 (0Paslo)™ ] (A251)
5(56’7 1 o€ oy 1 (5] oy A.2.52
@85 =161 209a8(00" + (0 as (o)™ } (A-2:52)
N o 1 3
550y, =1{200%) 45007 + 5 (07)4015) "} (A.2.53)
27, ., 1 1
(o) (0)5" =5 (09a8(00) + 10 )as (o) = 52 (0P ap(o)™  (A2:54)
27, ., 1
(0! ])(a6(0[2])5) —Z(U*)aﬂ(ffg)é7 - @( [5])0413(0'[5])57 (A.2.55)
5 27 1 .
(ol ])(a6(0[2])5) —Z(U )as( )7 — 172((7[5])@@’("[5})57 (A.2.56)
1
56{6}(%)75 :E{5a7(aé)55+2( [2}) (%[2})&S (%[1]) ( H)
o 5 1 s (A.2.57)
+ 0 ua)™ = (o)) ()%
5 (00)" =2 {857 (o)™ + (o) ] (00) ™ = (o)) (o)
L . . (A.2.58)
+ (01 (0400)% = 55 (ona) (0% |
€ ]' e
(0%)5708 =76 { = (@)as(e)° + (1)as(0)
1 e 1 € e
— 51 (0@)an(@9) 4 2 (0Pas(0 ) + (0% )as(opy)?
1 1
i m(0[4][d)aﬂ(gg][4})v5 i 5(0@[3])046(‘7[3])76}
(A.2.59)
1
(0%) 135 =15{ = 2(0m)as(014)7° + 2(01)as(o)?
(A.2.60)

L 1 e L de
+ 41 as @I 4+ 2 (0015 |
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(o) (o) =3 {8 (0

j<2 16 )75 + 6 nC[a(O-b])

1

(o) (b))’ — 5l o) Prrega (o)

(A.2.61)
3!

1
21010 d (001ef) ™ = gretalonge)d’ ()7

— 5P o) + 5
+ a0 W) LI — (o)) 1)}
(0,200 =2~ 95.7(00)% — 2 (0P (o)™ — Toyy) (o)

— 5O o) — S (o) (@)}
(01)" (0y™)” =351 — 2Aow)* (™)

+ (0.[1])aﬁg[g[d(%]zl[l})w _ 2(0-[4)(345(0@]@)’76

o+ 01a (o) ()77 = 810 (01)*7 (o)

+ 1( op3)) 01,4 (o AP0

+ (0[2]@)&6(%]@[2}) _ (0[2}[d)a5(09]@[2])75
1186 SRRl (A.2.63)

_ 2(0[1}@)(16(0@[1])75 + 2(0[1]@)11/3(0@[1])75

+ %5[2[4(%”2])aﬁ(gg}[ﬂ)% _ 15@[4(0@1[2})aﬁ(%m)w

— 0 [d (Ub] Ml])ocﬁ(gm)vé — 2(0, b[d)aﬁ( ]) o
1 1

= 5(0) () + (o) (o 1)

1 i3la .
N 75[2[4(%}’”3]) '8(0[3]) — (0210 B4y (el

+ 2(0 ™) (o7}

1 1
@(0[4})0%2[@(%][4]) o *(U[g}g)aﬁ(gaib[?»])’y(s
1

[

(0[2]g[g)a5 (o312 )75

[\)

(A.2.62)

1 )
(o) (o) = = 58, (o) = 507 (o)™ + (o) (o)
T s (A.2.64)
P CRORICANG
1
(013 (04§ =15 {12(01)as(0 )7 4+ 12(6% Mo (o)
5 5 (A.2.65)

+ 2 (0)ap (@) 4 2 (o) o (0}
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{(02)a7C% = ()0 ()" —

50'45(%)76 _ 1 {(ag dv(]éﬁ + (U[ll)dW(%[I])JB _

1
3!
1

4]
1

3!

(
(Gae)a’ (@) + L (oam)a’ (1)}
(

(0a2))a” ()27 + E(Ug[4])a7(0[4])55

289
(0[3])aﬁ 0_2[3])5 dotd
(A.2.66)
(0[3])(&7 02[3])66
(A.2.67)

Finally, we list the explicit (real) representations of the sigma matrices in terms of

tensor products of Pauli matrices:

and

(s =l @@L &I

(M)ag =02 @ 02 @ 02 ® o
(0%)ap =02 @ 0* @1y ® 0!
(0% ap =0* @ * Ry ® 0>
(Mg =0* @' @c? @1,
(0°)ap =0* @ ° @ 0> @1y
(0% ap =0* @Iy @ ' @ 0?
(0)ap =02 @1 ® 0® ® o
(M) ap =0 @Iy @1, 1,

(0Nap =0° @ L@ @1y

()P =—LeLRL I,

() =02 © 02 © 02 © o
(02 =0’ 20’1 @ o'
(0H =2 @02 @1, ® 03
(M =’ @0l @21,
(09 =02 0ot o’ @],

(0_6)a6 202®H2®01®0’2

(A.2.68)
(A.2.69)
(A.2.70)
(A.2.71)
(A.2.72)
(A.2.73)
(A.2.74)
(A.2.75)
(A.2.76)

(A.2.77)

(A.2.78)
(A.2.79)
(A.2.80)
(A.2.81)
(A.2.82)
(A.2.83)

(A.2.84)
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(0 =2 @1, ® 0° @ o (A.2.85)
<0,8>aﬂ :0'1 RIL R I (A286)
(0") =0’ 9T @ ©1; (A.2.87)

Basis: A 16 x 16 matrix has 256 independent components. And we have six kinds of

16 x 16 matrices: Mg, MoP, Maéﬂ M‘j‘B, Maﬁ, MdB. The basis is:

(0%)ap = (0%)pa — {10}
(0)ag = (01 go — {126}
(0)as = ()50 — {120}

57 —={1}

(A.2.88)
(o) —{45}
(o) 2 {210}

For first four kinds of matrices we can also consider the sym and antisym basis: Sym
part: {136} = {10} + {126} and the antisym part:{120}. The other two kinds of
matrices: {256} = {1} + {45} + {210}.

A.3 Notations & Conventions in 11D

In this section we briefly summerize the convention that we adopted for 11D gamma

matrices. Our 32x 32 gamma matrices are defined by the Clifford algebra:

{v%4"} = 221 (A.3.1)

where T denotes the 32x32 identity matrix and the inverse metric 72 follows the "most

plus" signature:
n%® = diag(—1,41,+1,+1,+1,+1,4+1,+1,+1,+1,+1) . (A.3.2)

D—
It is known that D-dimensional space-time Dirac spinor has 2% components when D

is odd, and 2P/2 components when D is even. Hence in 11D, the spinor indices of the
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gamma matrices, denoted by «, 3, and so forth, run from 1 to 32.

One can raise and lower the spinor indices via the "spinor metric", C,g, which sat-
isfies:

Cop = —Cpa , CopC?¥ =457 . (A.3.3)

The gamma matrices with multiple vector indices are defined through the equations:

Aol —nab | ab (A.3.4)
Aoy = b 4 pab (A.3.5)
aybe —~abe | palbd (A.3.6)
beya _abe _ albd] (A.3.7)
yeybed —yabed 4 1 nalbycd] (A.3.8)
ybedoya — _ abed 4 1palbed] (A.3.9)
yybode _abode L palbcde (A.3.10)
ybedeya _abede _ 1 yalb cde (A.3.11)
~aybedef L Emﬁfﬂm + %n@[bfy@ﬂ (A.3.12)
phedef e — _ 1 abedef(3], o 1 palb,cdef] (A.3.13)

The symmetric relations of the gamma matrices are given by:

(v*)as =(7*)Ba (A.3.14)
(V) =(7*) ga (A.3.15)
(Y)ap = = (1) g (A.3.16)
(722) 5 = — (y22) g, (A.3.17)
(Y2240 05 =(722%€) (A.3.18)

(Ya)a® (72)5* = 320, (A.3.19)
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(Yab)a” ()5 = 320,55, (A.3.20)
(vase)a” (40) 5 = ~820,5,%0, (A.321)
(Yaea)o” (vL2) 5 = 326,6,76.%6 (A.3.22)
(Yabede)o® (V122) 5 = 326,16,%5 25,6 1 (A.3.23)

as well as the following Fierz identities:

1 1
5895 =161 ~ 09es()”" + 5P ap (1) = 510 asls) | (A3.24)

1
(P EOR)F =16{ — T009as () + 190 as (12)™ + 75 (1P )as (1) |

(A.3.25)

Finally, we list the explicit representations of 11D gamma matrices in terms of tensor

products of Pauli matrices:

Spinor metric:

Cop= -0 0L LeLel (A.3.26)
Gamma matrices:
()’ =ir? @@L oLl (A.3.27)
(WMo =ot @ o?®o? @0 ® o” (A.3.28)
(P’ =o' @’ o’ @@ (A.3.29)
() =0' @0’ @0’ @ ®0® (A.3.30)
(e =ct®o’ 0ol @2 @l (A.3.31)
(D)o =c'®* @’ @’ @I (A.3.32)
(9o’ =0'® o’ @ @ o' ® 0? (A.3.33)
(VD)o =0t @ 2 ® I @ 0° © o (A.3.34)
PP =0' @' 0L eLel (A.3.35)
(W)’ =0t @’ @l @ @1, (A.3.36)

(e’ =0? 0L e Lol el (A.3.37)
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Basis: A 32 x 32 matrix has 1024 independent components. The basis is:

('7/@)046 = (')’Q)ﬁoc — {11}

(" as = (F)ga — {55}

5] — (~19]

(vas = (77)pa — {462} (A.3.38)
Coé/j = - Cﬁa — {1}

(Yas = — ()50 — {165}

(Map = — (1) sa — {330}

Sym part: {528} = {11} + {55} + {462} and the antisym part:{496} = {1} + {165} + {330}.

In the derivation of the cubic irreducible monomials, we encountered a number of

Fierz identities. In the following, we list the ones relevant to derive our results.

A.3.1 For {32} #-monomials

1 1 1

Cise Cgla = 3*2{0[65 Csla + 5(7[3])[65 (Vi3))8)a — 5(7[4])[65 (7[4})5@} ;o (A3.39)

1 11

se ) gla = 33{9900[65 Csja = 5™ 5 (V) 510 — Z(’YM])[GB (7[4})5@} :
(A.3.40)
495 11 3
(V™) e () g1a = —TC[Eﬁ C(S}a_Z(’Y[g})[eﬁ (’7[3])5}a+ﬁ(7[4])[e,8 (Ya)s)e - (A3.41)
A.3.2 For {320} #-monomials

a 1 a 1 a 1 a

cww»m::w{—cww>m—gmﬁm¢wmkh+2wpmﬁmm&1(A3Q)

1 a 1,
— 0™ 0hae + 50 s (maa)

1 a a
33{900[65(72)5}a = (s (¥ gata = 130 s ()10

1 . p
- 1(7[4])[65(7*[4})5@ + (7*[3])[65(7[3])5@} :

()5 (Ve =

(A.3.43)
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. 45 . 1
(e )pra = — 5 Cles(®)a1a — 4 (v YD) 1es (7)ol — (’Y*[ Dies(v2)sla
1 a 1
+ 17),(7[4])[ (Y fa)ola — (7*[ Des(Va)aa
(A.3.44)
45 1 . 3 .
()5 (V) gla = 5 Cles(1®))a — 1(7[3})[55(’7 *[3})5](1 ne 22 5 (V2) g
: (A.3.45)
- ﬁ( ) s (14 4)ola — (’Y*[ Nes(va)ole
. 315 . 7 21 .
(M) e G )pra = — 5 Cles(V a1 + 7 (v ) e (Vi1 — *(7*[2])[55(7[2])5}01
1 a
- E(7[4])[65(7*[4])5}a - Z(%[ D18 (V) 8o

(A.3.46)

A.3.3 For {1,408} #-monomials

. . 1
(Y22 5 (Vo) gja = ZC[eﬁ(W*b)(ﬂa +10 W) (V¥ ) 510 + (’V*[ D)) 1a

1
s s (7 )jes (1 [})6la*1(’7*[ Dese)ea
(A.3.47)
63 . . a
(52) e (Pi)gta = 2 Clea e+ 501 1es (12451~ 5 (2N (o)
1 a
~ om0 e (™
(A.3.48)
ab[l 9 ab 1
O s ot = = 550101 )ata — (1o ()i + 64( 77915 121 1

7 1
+ —= (M) s (V) s — 64(7[3“ )it (2 13)) 510 + 64(77[ Des(2)de

32
5 (M) es (Ve

32 x 4l5!
(A.3.49)
9 u 5 )
0 0l = 56[65(7*17) o+ 5(7*[ Dies () 2(7—1’[2})[43(7[21)51a
1
a0 (M

(A.3.50)
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63 1 21
(VB se (213 g1 = ZC[eﬁ(W@)a]a - 1(7[3])[65(’7@[3})5104 - 1(7@[1})[56(7[1})6]a
1 a 1 ab
+50 7P s (V131 g1 — méf{g[m(7[4])[eﬁ(7[5])5}a

(A.3.51)

1 1 1
ab ab
Cise(¥*)gla = 5{ Cies(Y) 510 + 3!(7[3])[6/3(7*[3])5}04 + 5(7[2“ )6V 12) 8]a
a 1 1 a
— (@M s (V) sla + o ( By (72 3)61a 2(74’[2})[65(7[2])5@

1
- ﬁﬁ@[4][5] (7[4])[65(7[5})5@}
(A.3.52)

A.3.4 For {3,520} #-monomials

C 1 aoc 1 aoc
(7%) (5 Cja = 33{ 8(Y"2) 50 + 130 BB (y3) (e (V) 1
1 1
+ Z ('7[2”&)[ 5(77] [2]) [ 5( [ Jlab )[66(77][1])5%1 - ('YLbC)[e,BC(S]a
1 a C 1 a c
~ € S () es (V) ol + 12( B s ][3])5]a + 1(7[2][*”)[55(7][2})5]@

+ (ybelty ,8('7[1])6}&} :

(A.3.53)

1
Clse (V) g0 = 33{ (7 )sja — 13l eBI0T (15)) 8 (V5]
1 a be 1 abc
+ 1(7[2“»[65@“)5}& + 5 O (e — <vi>[€gca]a
L abeafa a c
- QGLMM (Vap1es(va))ela — 12( YP) sy ][3])5](1 1 (V[QM)[@B(V ][2})5@

- (7@[1])[5(7[1])5@} ,
(A.3.54)
abcl[1] 1 abc 2 abcl[3][5]
(YD e ga = 33{ — 8Cs(V™) g0 — s (
- (’7[2][ )[EB( ][2])5]a 3( [1][ab )[EB(’Y][”)BM + 8( )[EBC§]a (A355)

1 C a aoc
+ 6(7[3”“)[%71)*][ Dala T (’7[2][*)[%(’7*][2})5@ + G(WL“])[EB(WM)(S](X} ,

Y3)) (8 (V[5]) 8
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1 12
(yMHla )[56(7][1})} =3 { 48 Clep (V) 510 — 13l e2BICT (ya) 15 (151 ) g

a be a
27715 (4" st = 6 (M) e5(r )sta — 48 (75 Cia

() e + 20250 e+ 36 (s}
(A.3.56)

3"

c 1 abc 4' ac
(7[2“@)[56(7*}[2})5}(1 = 32{3360[ (Y%)s0 — =131 € BB (1) 165 (V5)sJa

+ 407 st + 28 (D) (s + 336 (790

48 apea)fal
San e

+ 168 (7@[1])[65(7[1])5](1} ,

wmﬂmma+¢Wme%ma+uW@mm%ma

(A.3.57)
(7[2}[2)[&(7@ [2})5}(1 = 312 { 336 Crep(y abey s la + 5?; el (V)18 (V5] 8]
+ 400 e — 28 () (v e + 336 (1) 105
_ Ti! eI (3 ) s (v sje — %(7[3}[@)[65(7@][3])5@ + 4('7[2][@)[6,3('7g][2])6]a
— 168 (7@[1])[65(7[1])5]04}
(A.3.58)

A.3.5 11D Gamma Matrix Multiplication Table

We have given previously the definitions we use for the 11D ~-matrices. For the
convenience of our readers, we review a number of these below and as well present some

new results.

Identities with unique expressions

Yy = %+ &4 (A.3.59)
T We = Vet 0 g (4.3.60)
Y ed = Vbed T 5006 Ved) (A.3.61)
Vo Voede = Vbede + %5&@7@] ’ (A.3.62)

VY Vocdef = 3 bedef V5 T 1O Vedes] - (A.3.63)
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7Ly, = 4%, — 5,120 (A.3.64)

Y Yede = V*ede — 501 Vae? — 010" vel (A.3.66)

Y vedes = 5%t e) + 50 Vaen? — 5000 Ver) (A.3.67)

Y Vedesy = 1€ edess M) — 70 Vaesg)” — 5i01c*0a ez (A.3.68)

Yy = Py + 641970 (A.3.69)

v Eryge = ’YLI’C@Jr%é[d[“’y el — 6125094 (A.3.70)

Y ger = e el + 10142 + 3614202y — 04125.20 ) (A.3.71)
Y Ydesg = %6@@&[4]7[4] + 15010 esg ™ — 100 ypg S — 040054y

(A.3.72)

yobedy, = yubed _ Lgplaybed (A.3.73)

yeelyey = et Plyg) + g6yt — 3o oyl (A.3.74)
Y erg = sy ey — 1301 g™ — G020 Py + 0200,

(A.3.75)

,Yabcde,yi — ;'Gabcde [5}7[5] + 4'5f[a bede] 7 (A376)

VMVQ _ abcdefg[ ]7[4] + . 5[}” [a,yg]bcde} _ %5]0[@57@7@] (A.3.77)

Identities with multiple expressions Sometimes, multiplication of our general 11D ~ ma-

trices can yield multiple equivalent expressions. The following cases of this phenomenon

are relevant to know about in the discussion of irreducible monomials.
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For 7[3]7[5], the V[5)-term has multiple expressions.

Y de fgh
= 1m0l “ecron™ [5}7[5] 51 degon ™ ig) + 150100V pgn ) — 501055 vgn
= gi€ aeson MV 1) — 51€% deson 3] + 1501 0 v pgm ) — 5614005 Vgn
= am e Mnlla) — %6@@@[3]%31 + 150100V gm — 5012025 g
(A.3.78)

For 7[4]7[4], the v[5-term has multiple expressions.

,yabcd,ygﬁh
= sl e o ]7[5] — 516 eon g — 5020 ugn ™ — 5101205 0yt + 02050
= e — 3 €2 e pan P — $0120 Pygn D — 3011200, vy ® + 612626,
- _4!13'6[ }efgh[a 0 [4] — 316 abe efgh[ ]7[3} - ‘5[6[ 5f Tgh ]*] - _5[e[a5fb5g ’Yh]*} +de [a5fb5 c5h*}
(A.3.79)
For 7[4]7[5], the vjy-term has multiple expressions.
,yabcd,yg&m
= — amimOle “epgnn ™ — 36 esons ™12 — 31000 Vgna
+ %5@[@5 f%gm }d} + 5[§g5 ib(;gg(;ﬁd,m
- _3!13'6[ ]efghz[@V ][ 5 — peed deg@hz[ }’7[2} 20 la 5f Y ghi)® cd] (A.3.80)

+ %5@[@5 ib(ggg,yM }d} + 5[§g5 ib(ggg%d,m

[3labed 2]

lefah Vi3] — 3¢ eroni 2 — 1100 Vg

4'3' 2131€

+ %5[2[% f%gm }d} + 5[§Q5 i%g%ﬁd’ﬁ]
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For 7[5]7[3], the v[5-term has multiple expressions.

,yabcde,yfgh 5'4@ 5[f[a 6gmbcde][5} 5] — ?}' ¢ fgh[ ] s+ o5 (5[ [a 5 b h]@] %5 i[g(;gb%gv@]
=€l g ) — gﬁw@mm + 1507 205 9 — 50510555
:ﬁe[él]fgh[abcd,ye] ] — ab defgh[ ]’Y[g] + 125[)”[ 5gﬁh]%] l(sf[a(; b(5 c de}

(A.3.81)
For 7[5]7[4], the yjy-term has multiple expressions.
,yabcde,)/&m
= Tl egni™ — e i Py — 301,120, ypg
— 150171%0,20, %y + 551%5,26,,%6,%°
= i i) — 56 pgna Vo) — 2015 00" vha (A.3.82)
— 1501748, %y + 571%5,26,,%6,%°
= — e poni N — 5 poniPlypey — 3101140 g

- 150y 14530 %) + 55%2&5@951@7@

For 7[5]7[5}, both 75-term and 7(3-term have multiple expressions. The different

7[5)-term expressions are:

7j5)-term coefficient
5[i[259 6@7] <l 5!3!13!2!
[f[a My !
5[f[ €ghi ]*[4]’7’”4} IR
abcde 1
e’ e [fghVig)[3] apn
6[3] [abcf}’*}[ 3] 313121
The different 7(3-term expressions are:
7[3]—tbelcrlm ‘ Coefﬁclzient
O om0l |~
P e |
6[2]f hij [abcd,yg} 2] — 15
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abcde

Therefore, we have 5 x 3 = 15 different expressions of Vfghi; With right symme-

tries and good coefficients. One example would be

abede cde][5] bede][3]

1 a
Vi)~ T 0lf LEQMJ}

n eabcdeﬂw[llwu _ %5@[252%@9@]@] _ %5[i[g5g%bgéi¢'ﬁ]§] (A.3.83)

1 b
YV ghi = FEmmiOl [95{6@1‘] i3]

+ 0,128,06,25,%5,;

A.3.6 Additional Useful Identities for 11D Gamma Matrices

Over and above previous results, the list of identities below are useful particularly

with regards to the discussion on deriving irreducible # monomials.

™ =11, (A.3.84)
e = -110 (A.3.85)
B = —990 (A.3.86)
Y™ = 7920 (A.3.87)
e = 55440 (A.3.88)
Pl = —90% (A.3.89)
Y aer v = —67%er — 1300 Vey) (A.3.90)
Y ey = 69%defg — Ol Vefg) (A.3.91)
e = —72092 (A.3.92)
VBlyg = —72092 | (A.3.93)
Ve Yera P = 487 + 240 %Vsg) (A.3.94)
Ve s v = —484%esg + 240 %5y (A.3.95)
Vs vesgn e = 48v%eson — 881V pgn (A.3.96)
Y Yergn v = 489 epgn + 80 Vpgn (A.3.97)
e = 504002 (A.3.98)
Yy vsgny™Me = 3369 pgn — 1680 %ygr) (A.3.99)
[4]a

V) Vfgniy T = A8Y% fghi + 560 Ygni) (A.3.100)
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7[@7@,7@] - _2’7@@_ 25[;5}71] , (A.3.101)
abl2 Yhi V) 85&[@7@}@ + 405[&52@71] ’ (A.3.102)
7 j1m Y %6@21@[517[5} + 0340 M) (A.3.103)
ST N 1%_)6(14)@,7]ﬂ 7+ 86,200, (A.3.104)
~Bllan 2] 3] —1008y2L | (A.3.105)

~13] [QV@@’YQ] 3 967@@ﬁ _ 336(5@9539’@ 7 (A.3.106)
Ay ity %E@ o™ (A.3.107)
~abl1] Vhsi V] —3’7@@' + g 5&[27@]@ + 75&%}71} , (A.3.108)

Y My éf“fbuﬂww[g’} + %5[1[%@191 - g%g 3 ) (A.3.109)
yAlal = 1444 (A.3.110)
APl ¥y = 808,95y (A.3.111)
Yy imA Y 1356@11@[517 ) — 165,26 ) (A.3.112)
7[3]7@[3] 50472 (A.3.113)
VWP = —48y2; — 1680202y (A.3.114)
Yy iim s = %Easzmw[‘f’] + 873129 1 (A.3.115)
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Appendix B

Chiral and Vector Supermultiplets from
the 4D, A/ = 1 Unconstrained Scalar
Superfield

In this appendix, we present an expanded discussion of the mathematical structures
that support the validity of the “splitting” of the adinkras presented in Figure 3.3. The
vector supermultiplet shown in the figure is well familiar, but this is not so for the chiral
supermultiplet shown. We will begin with the vector supermultiplet. The notational

conventions used in the following discussion are those of Superspace [100].

The vector supermultiplet contains a 1-form gauge potential A, that is part of a
super 1-form with different sectors given by

Ay = DV , A, = —iD,V , A, = [D;

a &

DJv . (B0

The vector supermultiplet field strength superfield W, is determined in terms of an

unconstrained real scalar superfield V' by

W, = iD'DV , W, = —iDD,V , V =V . (B.0.2)

«
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The definition of W is invariant under gauge transformations with a chiral parameter

A that takes the form

Vi =V +iA-A), D:A = DA = 0 . (B.0.3)

The components of the prepotential superfield V' can be defined by the projection method

C=V|, xa =iDaV| , X3 = —iDV| ,
_ 1
M =D*V| , M= D2v\ . A = 5[Dd, D,V | (B.0.4)
_ . 1 -
Ao = iDDLV| , A, = —iDDV| , D = iDO‘DQDaV\

All the components of V' can be gauged away by nonderivative gauge transformations
except for A ;, A, Xd, and D', where the vector and spinor are the physical components

and D’ is an auxiliary component. We find the action to be

1 _
S = / dad W = - / d'zd'0 VDD’D.V . (B.0.5)

However, a superfield with the same structure as V can also be used to describe an
entirely different supermultiplet. To distinguish this second supermultiplet from the first,
we will use the symbol V to denote its prepotential. This second supermultiplet contains
a 3-form gauge potential Ag,. that is part of a super 3-form with different sectors given
by

Anpy = Aaﬁ& = A =0 , A. = iCaVCB,-YV ,

ape (B.0.6)

—5 5
Aage = =C3.CaDy)V . Awe = caue[D’, DIV

This super 3-form theory has been discussed previously in the works of [100, 183] and

more recently in [184] in terms of component fields.

The chiral supermultiplet that is contained in a real unconstrained scalar superfield

has a gauge-invariant superfield field strength of the form

O=D*%, I=D%, V=Y . (B.0.7)
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where the prepotential V has gauge transformations
1 .
Vo= v-i(D%ﬁD“w&) , Dow, =0 . (B.0.8)
The physical component fields of this gauge 3-form multiplet are
¢ =1 =D , ¢ =1 =DV ,
72 _ [ —_
Yo = DoII| = D,DV| , %, = D.I| = D,D*V| ,
) ) (B.0.9)
h = (DII+DT)| = {D£D"}V| ,
. —2— 1 1 .
f = —'L(DQH—D H)| == ﬁﬁmagfl@‘ == iaaa[Dd,Da]V’

The quantity f is the field strength of the component gauge 3-form Ay, so that the
field strength f is invariant. Interpreted the other way, the chiral supermultiplet is that
with component content (¢, ¢, @ba,@&, h, f), and the supermultiplet corresponding to the
bottom right diagram of Figure 3.3 is one of the Hodge-dual variants’ of the chiral
supermultiplet with component content (¢, ¢, wa,@d,mALbc). This is done by taking
one of the auxiliary fields f to its Hodge-dual gauge 3-form A, as shown in the last line

of (B.0.9).

The action for this supermultiplet is given by
_ 1 _ _ _
S = /d4xd29HH = 2/d4x d*60d'0 v {D*D” + DD}V . (B.0.10)

and when this is evaluated at the level of component fields, this action contains the
d’Alembertian for the complex component scalar field ¢, the Dirac operator for the
component spinor v, the square of f - the kinetic term for the component 3-form and

the square of h - real spin-0 auxiliary field.

The first result in (B.0.9) shows that the propagating spin-0 states associate with ¢
occur at the quadratic 6 level of V. However, the final equation in (B.0.6) shows that

the component 3-form is at the same level.

I There are three of them. Two of them can correspond to Figure 3.3 with one of the auxiliary
fields replaced by its Hodge-dual - see equations (3.6) and (3.7) in [184]. The third one is
obtained by replacing both of the auxiliary fields to their Hodge-duals, as shown in (3.8) in the
reference.
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Appendix C

SO(10) Irreducible Representations

Here we list the SO(10) irreducible representations by Dynkin labels and dimensions [68].

Dynkin label | Dimension
(00000) 1
(10000) 10
(00001) 16
(00010) 16
(01000) 45
(20000) 54
(00100) 120
(00020) 126
(00002) 126
(10010) 144
(10001) 144
(00011) 210
(30000) 210
(11000) 320
(01001) 560
(01010) 560
(40000) 660
(00030) 672
(00003) 672
(20001) 720
(20010) 720
(02000) 770
(10100) 945
(10020) 1,050
(10002) 1,050
(00110) 1,200
(00101) 1,200
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Dynkin label | Dimension
(21000) 1,386
(00012) 1,440
(00021) 1,440
(10011) 1,728
(50000) 1,782
(30010) 2,640
(30001) 2,640
(00040) 2,772
(00004) 2,772
(01100) 2,970
(11010) 3,696
(11001) 3,696
(01020) 3,696
(01002) 3,696
(00200) 4,125
(60000) 4,290
(20100) 4,312
(12000) 4,410
(31000) 4,608
(20020) 4,950
(20002) 4,950
(10003) 5,280
(10030) 5,280
(01011) 5,940
(00120) 6,930
(00102) 6,930
(00031) 6,930
(00013) 6,930/
(03000) 7,644
(40001) 7,920
(40010) 7,920
(02001) 8,064
(02010) 8,064
(20011) 8,085
(10101) 8,800
(10110) 8,800
(00022) 8,910
(70000) 9,438
(00005) 9,504
(00050) 9,504
(00111) 10,560

Table C.1: SO(10) irreducible representations
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Appendix D

More About Two-Forms

Let the projection operators be

[p(i)]gbgd — 1 5@25@1 + iegbgd} ) (D.0.1)

[p(Jr)]gdi + [7)(*)]@94 — %5@25@]4 7 (D.0.2)
[P [PH)gtL = [P (D.0.3)
[p(i)}gégd [P(jF)]gfi -0 . (D.0.4)

Ay = A 4 40 (D.0.5)
In terms of projection operators defined in (D.0.1), we have

+
AG = PPNap Ay (D.0.6)
From Equations (D.0.3) and (D.0.4), we know that contractions among self-dual 2-
forms or contractions among anti-self-dual 2-forms would retain, while the contraction

between a self-dual 2-form and an anti-self-dual 2-form would vanish.
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Moreover, recall the identity

Ptk = L abed (D.0.7)

and the definition of the spinor projection operators

(P®)7 = 157+ (M)a"] (D.0.8)

The direct calculation tells us

(PE92) 7 = P () (D.0.9)
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Appendix E

10D Weyl Scaling Properties of Weight

> % Super Tensors

In this appendix, we record the Weyl scaling transformation laws for the super torsion
and super curvature tensors of scale weight equal or greater than three-halves in the

respective cases of the N' = 2A, N' = 2B and N = 1 theories.

E.1 10D, N =2A

05T = SLTw" + i1 (01)* (Vg Val) — iz (010)** (VL) Ty

— il (oW (VLT 7+ ik (o) (VL) Tt (E.L1)

Bl
(55Ta7b;y = 3LTabﬂ/+Z ( Ola )‘W(Vb]v L) — 1z (O'[a) ’B(vaL)T,B\Q]:Y

«

iL (o) (V,L)T uz‘%(%)w(véL)Tf : (E.1.2)

Blb)

0sRap® = 3LRo% — Toy4(VIL) + L T0y(0%),° (V5L) + 10y (0 “)s (V L)
+ £(0%) P (Vy VL) + i1 (03)° (VsL) Rop® + it (o )Wv LR de
— (Vo VEL)§E | (E.1.3)

O5Ry" = SLR;,% — To (VL) + 1T,,7(0%), (V5 L) + $T5, (0%)°(V L)
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N %( 7) (va L) +it (O'b)é'g(szL)R&@@ + i%(o’b)‘sﬂ(véL)RdB@

—(V; V)5 (E.1.4)
JsRap® = 2LRp% — T4 (VIL) + 11,47 (%), (V5L) + 117 (0% d). (v L)
- i%(g[g)aﬁ(vaL)Rﬁ’&]@ - i%(a[ﬂ)dﬁ(vdl’) 5‘1)] (V[GVLL)(SQ]E}

(E.1.5)

E.2 10D, N =2B

0sTw” = (3L + L)Tw" +i(01)* (VyValzz L + 155L)) — i(o ) (Va (5L + 25L)) T

—i(00)* (Val(55L + 155 L) Tgy " + (00 (Va(55L + 155 L)) Tws®
3

(E.2.1)
0sTw” = (3L + L)Tw +i(01)*(VyVa(ayL + 25L)) — i(01,) ™ (Val(as L + 2=L)) T "

_i(g[g)aﬁ(va(sizf"' 16OL)) Ib]y—H( )76(V5(%z 12670L)) ab®
(E.2.2)

0sRap® = (3L + L)Rap® — 21004 (VEI(L + L)) + 1Ty (09),°(VsL) + 170y (09),° (VL)
+ £(0%)P (Vy VL) +i(03)°" (Vs(35L + 5 L)) Rape
+i(00)” (Vs(35L + 55 L) Rog™ — 5(Va VUL + 1)5d (E.2.3)

SsRap™ = (3L + L)Rwm™ — 3 ab[d(vel(L+ L)) + + T (0%),° (Vs L) + + T (049),° (Vs L)
+1(0%), P (Vy VL) +i(03)°" (Vs(a5 L + 2=L)) Rape

+i(00) (Vs(55L + 55 L)) Ryg™ — (Vo VUL + T)5d (E.2.4)

SsRawp®™ = (L + L)Rap™ — 3T A(VH(L + L)) + 1T (6%),° (V5 L) + t T (09),° (VL)

—Z'(‘T[g)(m(v ( L+ 1267()L))Rﬁ\b]@_i(0[@)aﬁ(v (?%Z 12670L))RBIQ]@
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— XV, VYL +D)opd . (E.2.5)

E3 10D, N =1

05Ty = 5LTw" + 13(01)" (VyVal) — i3 (01)*(VaL) Tay”
+ 2 (0)"(VsL) Tt (E.3.1)
0sRap® = 3L Ryp% — T 4(VIL) + T (0%),° (VsL)
+ 209 (VoVsL) + i2(0)P(VsL)Rag® — (VoVEL)GS |
(E.3.2)

0sRaw® = 2L Ry — T3 (VL) + 1T,7(0%),%(VsL)
— i 2(01) P (Va L) Rgy®® — (V(, VL)
(E.3.3)
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Appendix F

Adynkra Libraries in 10D

In this appendix, we explicitly present the adynkra libraries of all superfields that appear

in equation (8.0.4) in the text.

F.1 Dynkin Label Library of Vi ,1,0,0

e Level-0: [0,0,1,0,0]
e Level-1: [0,0,0,0,1] @ [1,0,0,1,0] ®[0,1,0,0,1] & [0,0,1,1,0]

o Level-2: [0,0,0,0,0] & [0,1,0,0,0] & [2,0,0,0,0] & (2)[0,0,0,1,1] & [0,2,0,0,0] &
[1,0,1,0,0] & [1,0,0,2,0] & [1,0,0,0,2] & [0,0,2,0,0] & [0,1,0,1, 1]

e Level-3: [0,0,0,1,0](2)[1,0,0,0,1]a(2)[0,1,0,1,0]&[0,0,0,0,3]&[2,0,0,1,0] &
(2)[0,0,1,0,1] & [0,0,0,2,1] & (2)[1,1,0,0,1] & [0,2,0,1,0] & [1,0,1,1,0] &
[1,0,0,1,2] ©[0,1,1,0,1]

o Level-4:  (2)[0,0,1,0,0] & [0,0,0,0,2] & (2)[1,1,0,0,0] & (3)[1,0,0,1,1] &
(2)0,1,1,0,0] & [0,1,0,2,0] @ (3)[0,1,0,0,2] & (2)[2,0,1,0,0] & [1,2,0,0,0] &
2,0,0,0,2][0,0,0,1,3]&0,0,1,1,1] 4 [0,2,1,0,0] & (2)[1,1,0,1,1]&[1,0,1,0, 2]

e Level-5: [1,0,0,1,0]8(3)[0,1,0,0,1]6(2)[2,0,0,0, 1]6[0,0, 1, 1,0]6(2)0,0,0, 1, 2|&
3,0,0,1,0] & (3)[1,1,0,1,0] & (2)[1,0,0,0,3] @ (2)[0,2,0,0,1] & (4)[1,0,1,0,1] &
[1,0,0,2,1] & (2)[2,1,0,0,1] & [0,1,1,1,0] & [0,0,1,0,3] & (2)[0,1,0,1,2] &
2,0,1,1,0] &[1,2,0,1,0] & [2,0,0,1,2] & [1,1,1,0, 1]
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o Level-6: [2,0,0,0,0]40,0,0,1,1]44,0,0,0,0] & (2)[0,2,0,0,0] & (2)[1,0,1,0,0] &
[1,0,0,2,0] & (3)[1,0,0,0,2] & (2)[2,1,0,0,0] & [0,0,0,0,4] & (2)[0,0,2,0,0] &
(3)[0,1,0,1,1] & (2)[0,0,1,0,2] & (4)[2,0,0,1,1] & [0,0,0,2,2] & [3,0,1,0,0] &
2,2,0,0,0] @ [3,0,0,2,0] & [3,0,0,0,2] & (3)[1,1,1,0,0] & [1,1,0,2,0] &
(3)[1,1,0,0,2] & [1,0,0,1,3] & (2)[1,0,1,1,1] & [0,2,0,1,1] & [2,0,2,0,0] &
0,1,1,0,2] ®[2,1,0,1,1]

e Level-7: [1,0,0,0,1]@(0,1,0,1,0]&[0,0,0,0,3] & (2)[2,0,0,1,0] & (2)[0,0,1,0,1] &
0,0,0,2,1] @ (3)[3,0,0,0,1] & (4)[1,1,0,0,1] & [4,0,0,1,0] & [0,2,0,1,0] &
(4)[1,0,1,1,0] @ (3)[1,0,0,1,2] & (3)[2,1,0,1,0] @ [0,1,0,0,3] & [2,0,0,0,3] &
(3)[0,1,1,0,1] & [0,0,2,1,0] & [0,1,0,2,1] & (3)[2,0,1,0,1] & [1,2,0,0,1] &

3,1,0,0,1]®(2)[2,0,0,2,1]®[0,0,1,1,2]®[3,0,1,1,0]é[1,1,1,1,0]/e[1,0,2,0, 1] &

[1,1,0,1,2]

o Level-8: [0,0,1,0,0]4[3,0,0,0,0]&1,1,0,0,0]& (3)[1,0,0,1,1]&(2)[0,1,1,0,0] &
(

@
(2)0,1,0,2,0] ® (2)[0,1,0,0,2] & (5)[2,0,1,0,0] @& [1,2,0,0,0] @& (2)[3,1,0,0,0] &
(2)[2,0,0,2,0] @ (2)[2,0,0,0,2] & (3)[0,0,1,1,1] & (2)[1,0,2,0,0] & (3)[3,0,0,1, 1] &
0,2,1,0,0] & (4)[1,1,0,1,1] & [4,0,1,0,0] & (2)[1,0,1,2,0] & (2)[1,0,1,0,2] &
[1,0,0,2,2] ©[2,1,1,0,0] [0,0,3,0,0] &[2,1,0,2,0] & [2,1,0,0,2] & [0,1,1,1,1] &

2,0,1,1,1]

e Level-9: [1,0,0,1,0]&[0,1,0,0,1]®0,0,0,3,0](2)[2,0,0,0,1] & (2)[0,0,1,1,0] &
0,0,0,1,2] & (3)[3,0,0,1,0] @ (4)[1,1,0,1,0] & [4,0,0,0,1] & [0,2,0,0,1] &
(4)[1,0,1,0,1] & (3)[1,0,0,2,1] & (3)[2,1,0,0,1] & [0,1,0,3,0] & [2,0,0,3,0] &
(3)[0,1,1,1,0] & [0,0,2,0,1] @& [0,1,0,1,2] & (3)[2,0,1,1,0] & [1,2,0,1,0] &

3,1,0,1,0]®(2)[2,0,0,1,2]&[0,0,1,2,1]®[3,0,1,0,1]6[1,1,1,0,1]6&[1,0,2, 1,0]&

[1,1,0,2,1]

o Level-10: [2,0,0,0,0][0,0,0,1,1]6[4,0,0,0,0]®(2)[0,2,0,0,0]&(2)[1,0,1,0,0]&
(3)[1,0,0,2,0] & [1,0,0,0,2] & (2)[2,1,0,0,0] & [0,0,0,4,0] & (2)[0,0,2,0,0] &
(3)0,1,0,1,1] & (2)[0,0,1,2,0] & (4)[2,0,0,1,1] & [0,0,0,2,2] & [3,0,1,0,0] &
2,2,0,0,0] @ [3,0,0,2,0] @ [3,0,0,0,2] & (3)[1,1,1,0,0] & (3)[1,1,0,2,0] ®
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F.2

[1,1,0,0,2]6[1,0,0,3,1]®(2)[1,0,1,1,1]®[0,2,0, 1, 1]6[2,0,2,0,0]®[0, 1, 1,2, 0]
2,1,0,1,1]

Level-11:  [1,0,0,0,1] & (3)[0,1,0,1,0] & (2)[2,0,0,1,0] & [0,0,1,0,1] &
(2)[0,0,0,2,1] & [3,0,0,0,1] & (3)[1,1,0,0,1] @ (2)[1,0,0,3,0] & (2)[0,2,0,1,0] &
(4)[1,0,1,1,0] & [1,0,0,1,2] @& (2)[2,1,0,1,0] & [0,1,1,0,1] & [0,0,1,3,0] &
(2)[0,1,0,2,1] & [2,0,1,0,1] & [1,2,0,0,1] 6 [2,0,0,2,1] & [1,1,1, 1, 0]

Level-12:  (2)[0,0,1,0,0] & [0,0,0,2,0] & (2)[1,1,0,0,0] & (3)[1,0,0,1,1] &
(2)[0,1,1,0,0] & (3)[0,1,0,2,0] & [0,1,0,0,2] & (2)[2,0,1,0,0] & [1,2,0,0,0] &
2,0,0,2,0]©10,0,0,3,1}®10,0,1,1,1]®[0,2,1,0,0] @ (2)[1,1,0,1,1]&[1,0,1,2,0]

Level-13: [0,0,0,0,1]a(2)[1,0,0,1,0]&(2)[0,1,0,0,1]6[0,0,0,3,0]&[2,0,0,0, 1]&
(2)[0,0,1,1,0] & [0,0,0,1,2] & (2)[1,1,0,1,0] & [0,2,0,0,1] & [1,0,1,0,1] &
[1,0,0,2,1] ©[0,1,1,1,0]

Level-14: [0,0,0,0,0] & [0,1,0,0,0] & [2,0,0,0,0] & (2)[0,0,0,1,1] & [0,2,0,0,0] &
[1,0,1,0,0] & [1,0,0,2,0] & [1,0,0,0,2] & [0,0,2,0,0] & [0,1,0,1, 1]

Level-15: [0,0,0,1,0] & [1,0,0,0,1] & [0,1,0,1,0] & [0,0,1,0,1]

Level-16: [0,0,1,0,0]

Dynkin Label Library of V11,01

Level-0: [1,0,1,0,1]

Level-1: [1,0,1,0,0] & [1,0,0,0,2] & [0,0,2,0,0] & [0,1,0,1,1] & [0,0,1,0,2] &
2,0,0,1,1] & [1,1,1,0,0] & [1,1,0,0,2] & [1,0,1,1, 1]

Level-2: [1,0,0,0,1] & [0,1,0,1,0] & [0,0,0,0,3] & [2,0,0,1,0] & (2)[0,0,1,0,1] &
0,0,0,2,1] @ [3,0,0,0,1] & (3)[1,1,0,0,1] & [0,2,0,1,0] & (3)[1,0,1,1,0] &
(3)[1,0,0,1,2] @ [2,1,0,1,0] & [0,1,0,0,3] & [2,0,0,0,3] ® (3)[0,1,1,0,1] &
0,0,2,1,0]&[0,1,0,2,1]&(2)[2,0,1,0,1]&[1,2,0,0,1]®[2,0,0,2,1]®[0,0,1,1,2|®
[1,1,1,1,0] @ [1,0,2,0,1] & [1,1,0,1,2]
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o Level-3: [0,0,1,0,0] & [0,0,0,2,0] & [0,0,0,0,2] & [3,0,0,0,0] & (2)[1,1,0,0,0] &
5)[1,0,0,1,1) 6 (4)[0,1,1,0,0] & (3)[0,1,0,2,0] & (4)[0, 1,0,0,2] & (4)[2,0, 1,0, 0] &
2)[1,2,0,0,0] & [3,1,0,0,0] & (2)[2,0,0,2,0] & (4)[2,0,0,0,2] & [0,0,0,3,1] &
2)[0,0,0,1,3] & (5)[0,0,1,1,1] @ [1,0,0,0,4] & (4)[1,0,2,0,0] & (2)[3,0,0,1,1] &

5)[1,0,1,0,2] & (2)[1,0,0,2,2] & (2)[2,1,1,0,0] & [0,0,3,0,0] & [2,1,0,2,0] &

@
2)[2,1,0,0,2] & [0,0,2,0,2] @ [0,1,0,1,3] & (3)[0,1,1,1,1] @

(5)

(2)

(2)

(2)[0,2,1,0,0] @ (7)[1,1,0,1,1] & [0,2,0,2,0] & (2)[0,2,0,0,2] & (2)[1,0,1,2,0] &
(5)

(2) [2,0,0,1,3] @
(2)

2)[2,0,1,1,1] @ [1,1,2,0,0] @ [1,2,0,1,1] & [1,1,1,0,2]

o Level-4:  (2)[1,0,0,1,0] @ (4)[0,1,0,0,1] & (2)[0,0,0,3,0] & (4)[2,0,0,0,1] &
(5)[0,0,1,1,0] & (4)[0,0,0,1,2] @ (3)[3,0,0,1,0] & (8)[1,1,0,1,0] & (4)[1,0,0,0, 3] &
[4,0,0,0,1] @ (5)[0,2,0,0,1] & (11)[1,0,1,0, 1] & (7)[1,0,0,2, 1]

3]

(7)[2,1,0,0,1] @
2)[0,1,0,3,0] & [2,0,0,3,0] & (8)[0,1,1,1,0] & (3)[0,0,1,0,3] & (5)[0,0,2,0,1] &
(2)

8)[0,1,0,1,2] & (7)[2,0,1,1,0] & [0,0,0,2,3] & (4)[1,2,0,1,0] & (2)[3,1,0,1,0] &

® g @

(4)[1,1,0,0,3] &
3)[3,0,1,0,1] & (9)[1,1,1,0,1] & [2,2,0,0,1] & [3,0,0,2,1] & [1,0,0,1,4] &

(2)
(8)
(7)[2,0,0,1,2] @ (3)[0,0,1,2,1] ® [0,3,0,0,1] & [3,0,0,0,3]
(3)
(3)[1,0,2,1,0] & (4)[1,1,0,2,1]®(2)[0,2,1,1,0] & (4)[1,0,1,1,2] & (2)[0,2,0,1,2] &
(2)

2)[0,1,2,0,1] & [0,1,1,0,3] & (2)[2,1,1,1,0] & [2,0,2,0,1] & (2)[2,1,0,1,2] &
2,0,1,0,3] @ [1,2,1,0, 1]

o Level-5: [0,1,0,0,0]4[2,0,0,0,0] & (3)[0,0,0,1,1]&[4,0,0,0,0] & (4)[0,2,0,0,0] &
(7)[1,0,1,0,0] & (6)[1,0,0,2,0] & (5)[1,0,0,0,2] & (5)[2,1,0,0,0] & [0,0,0,4,0] &

0,0,0,0,4] & (6)[0,0,2,0,0] & (13)[0,1,0,1,1] & (6)[0,0,1,2,0] & (7)[0,0,1,0,2] &
2)[0,3,0,0,0] & (12)[2,0,0,1,1] @ (5)[0,0,0,2,2] & [4,1,0,0,0] & (6)[3,0,1,0,0] &

)
3)[2,2,0,0,0]@(3)[3,0,0,2,0]&(5)[3,0,0,0,2]a(13)[1,1,1,0,0]&(9)[1, 1,0,2,0] &

12)[1,1,0,0,2]6(3)[1,0,0,3,1]®(7)[1,0,0, 1,3]®(2)[0, 1,0, 0, 4] (6)[0,1,2,0,0] @
)

)
)

4)[0,1,1,2,0]®(8)[0,1,1,0,2]®(11)[2,1,0,1, 1]

( (

) B ( (
[0,2,0,1,1]@(2)[4,0,0,1,1]®(2)[2,0,0,0, 4] ®(6)[2,0,2,0,0] @
1) ®(4)[1,2,1,0,0](4)[0,1,0,2,2]®
2 (

3)[2,0,1,2,0]®(8)[2,0,1,0,2] & (2)[3,1,1,0,0] ¢ (3)[0,0,2,1,1]

(

(

(
(16)[1,0,1,1,1]& (9
(

( 2)[0,0,1,1,3]®
(

D
2)[1,2,0,2,0] & (4)[1,2,0,0,2] & (3)[2,0,0,2,2] & [3,1,0,2,0] & (2)[3,1,0,0,2] &

[1,0,3,0,0][0,3,0,1,1]&[0,2,2,0,0]&[1,0,1,0,4]6(3,0,0,1,3]&(3)[1,1,0, 1, 3] &
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(2)[1,0,2,0,2] @ (2)[3,0,1,1,1] ® (6)[1,1,1,1,1] @ [0,2,1,0,2] & [2,2,0,1,1] &
2,1,2,0,0]©(2,1,1,0,2]

o Level-6: [0,0,0,1,0] @ (3)[1,0,0,0,1] & (7)[0,1,0,1,0] & (2)[0,0,0,0,3] &

6)[2,0,0,1,0]&(7)[0,0,1,0,1]&(7)[0,0,0,2,1]&(6)[3,0,0,0, 1]&(13)[1,1,0,0, 1] &
5)[1,0,0,3,0] @ (3)[4,0,0,1,0] @& (10)[0,2,0,1,0] @ (17)[1,0,1,1,0] &
14)[1,0,0,1,2] & (12)[2,1,0,1,0] & (6)[0,1,0,0,3] ® [5,0,0,0, 1] & (7)[2,0,0,0, 3] &

(

(

(14)

(16)[0,1,1,0, 1]&(2)[0,0,0, 1,4]8(2)[0,0, 1, 3,0]&(7)[0, 0,2, 1,0]6(13)[0, 1,0, 2, 1]&
(17)[2,0,1,0,1] & (2)[0,0,0,3,2] @& (11)[1,2,0,0,1] & (7)[3,1,0,0,1] @&
(11)[2,0,0,2,1] @ (9)[0,0,1,1,2] @ [1,0,0,0,5] & (3)[0,3,0,1,0] & [3,0,0,3,0] &
(3)[1,1,0,3,0] @ (7)[3,0,1,1,0] & [4,1,0,1,0] & (16)[1,1,1,1,0] & (4)[2,2,0,1,0] &
(7)[3,0,0,1,2](10)[1,0,2,0,1]&(6)[1,0, 1,0, 3]&(3)[0, 2,0,0, 3]&(16)[1, 1,0, 1, 2] &
4,0,0,0,3] @ (6)[0,2,1,0,1] & (3)[1,0,0,2,3] & [1,3,0,0,1] & (2)[4,0,1,0,1] &
(6)[1,0,1,2,1] & (4)[0,2,0,2,1] & (4)[2,1,0,0,3] @ [0,0,3,0,1] & [3,2,0,0,1] &
[4,0,0,2,1] & (3)[0,1,2,1,0] @& [0,1,0,1,4] & [0,0,2,0,3] & (9)[2,1,1,0,1] &
(3)[2,0,2,1,0] @ [2,0,0,1,4] & (4)[2,1,0,2,1] & (4)[0,1,1,1,2] & (2)[1,2,1,1,0] &
(4)[2,0,1,1,2] @ [3,1,1,1,0] & (2)[1,2,0,1,2] & [3,1,0,1,2] & [3,0,2,0,1] &
(2)[1,1,2,0,1] ®[1,1,1,0, 3]

o Level-7:  [1,0,0,0,0] & (4)[0,0,1,0,0] & (3)[0,0,0,2,0] & (2)[0,0,0,0,2] &

(
(2)[3,0,0,0,0] & (5)[1,1,0,0,0] & (13)[1,0,0,1,1] & [5,0,0,0,0] & (12)[0,1,1,0,0] &
(11)[0,1,0,2,0]%(9)[0,1,0,0,2]8(12)[2,0,1,0,0]4(8)[1,2,0,0,0]4(5)[3,1,0,0, 0]
(

9)[2,0,0,2,0]&(9)[2,0,0,0,2]&(5)[0,0,0,3,1]&(5)[0,0,0,1,3]&(15)[0,0,1, 1, 1] &

)
(15)
[1,0,0,4,0]¢(3)[1,0,0,0,4]¢(13)[1,0,2,0,0] ¢ (12)[3,0,0,1,1]4(10)[0,2,1,0,0] &
28)[1,1,0,1,1]¢(3)[1,3,0,0,0]¢(4)[4,0,1,0,0]4(8)[0,2,0,2,0]6(9)[0,2,0,0,2]®
13)[1,0,1,2,0] & (15)[1,0,1,0,2] & (2)[3,2,0,0,0] @ (2)}4,0,0,2,0] @
(

4)[4,0,0,0,2]@(12)[1,0,0,2,2]8(14)[2,1,1,0,0]6(3)[0,0,3,0,0]&(9)[2, 1, 0,2, 0]&

(
(
(
(13)[2,1,0,0,2] & [0,0,1,0,4] & [0,0,0,2,4] & (2)[0,0,2,2,0] & (4)[0,0,2,0,2] &
(4)[0,1,0,3,1] ® (7)[0,1,0,1,3] & (16)[0,1,1,1,1] & [5,0,0,1,1] & (3)[2,0,0,3,1] &
(71)[2,0,0,1,3] & [0,3,1,0,0] & (3)[0,0,1,2,2] & [3,0,0,0,4] & (17)[2,0,1,1,1] &
(4)[3,0,2,0,0] & (2)[1,1,0,0,4] & [0,3,0,2,0] & [0,3,0,0,2] & (7)[1,1,2,0,0] &
(

11)[1,2,0,1,1] & (7)[3,1,0,1,1] & [4,1,1,0,0] & (2)[2,2,1,0,0] & (2)[3,0,1,2,0] &
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(5)[3,0,1,0,2] & (5)[1,1,1,2,0] & (9)[1,1,1,0,2] & [4,1,0,0,2] & [2,2,0,2,0] &
(2)[2,2,0,0,2] & (2)[3,0,0,2,2] & [0,1,3,0,0] @ (5)[1,1,0,2,2] & (4)[1,0,2,1,1] &
(2)[1,0,1,1,3] & [0,2,0,1,3] & [2,0,3,0,0] & (2)[0,2,1,1,1] & [0,1,2,0,2] &
[4,0,1,1,1] @[2,1,0,1,3] @ [2,0,2,0,2] @ (3)[2,1,1,1,1]

o Level-8:  (2)[0,0,0,0,1] & (5)[1,0,0,1,0] & (8)[0,1,0,0,1] & (3)[0,0,0,3,0] &

6)[2,0,0,0,1](10)[0,0,1,1,0]®(7)[0,0,0,1,2]d(6)[3,0,0, 1,0/®(16)[1,1,0,1,0]d

(6)

(5)[1,0,0,0,3] & (4)[4,0,0,0,1] @& (12)[0,2,0,0,1] & (19)[1,0,1,0,1] &
(17)[1,0,0,2, 1] @ (15)[2,1,0,0, 1] & (6)[0,1,0,3,0] ® [5,0,0,1,0] & (5)[2, 0,0, 3, 0] &
(19)[0,1,1,1,0][0,0,0, 4,1] & (4)[0,0,1,0,3] & (8)[0,0,2,0,1] & (17)[0,1,0, 1,2] &
(19)[2,0,1,1,0] & (4)[0,0,0,2,3] @& (14)[1,2,0,1,0] & (8)[3,1,0,1,0] @&
(16)[2,0,0,1,2]&(10)[0,0,1,2,1)&(5)[0,3,0,0, 1]&(4)[3,0,0,0, 3]&(8)[1, 1,0,0, 3]
(12)[3,0,1,0, 1]&(3)[4,1,0,0,1]8(22)[1, 1,1,0, 1]&(7)[2, 2,0,0,1)&(7)[3,0,0, 2, 1]&
(2)[1,0,0,1,4]&(10)[1,0,2,1,0]6(3)[1,0,1,3,0/&(2)[0,2,0,3,0]6(18)[1,1,0,2, 1]&
(7)]0,2,1,1,0]@(3)[1,0,0,3,2]®(2)[1,3,0,1,0](3)[4,0,1,1,0]®(12)[1,0, 1,1, 2] &
(7)[0,2,0,1,2] & (2)[2.1,0,3,0] @ [0,0,3,1,0] & [3,2,0,1,0] & (3)[4,0,0,1,2] ®
(5)0,1,2,0,1](2)[0,1,1,0,3]®(10)[2,1,1, 1,0]&(2)[0, 1,0, 2, 3] & (6)[2,0, 2,0, 1] &
(10)[2,1,0,1,2] ® (3)[2,0,1,0,3] ® [5,0,1,0,1] & (4)[0,1,1,2,1] & [0,0,2,1,2] &
[1,2,0,0,3] & [2,0,0,2,3] & [3,1,0,0,3] & (3)[1,2,1,0,1] & (4)[2,0,1,2,1] &
(3)[3,1,1,0,1] & (2)[1,2,0,2,1] & [3,1,0,2,1] & [3,0,2,1,0] & (2)[1,1,2,1,0] &

[1,0,3,0,1] ®[3,0,1,1,2] ® (2)[1,1,1,1, 2]

e Level-9: [0,0,0,0,0]a(3)[0,1,0,0,0]6(2)[2,0,0,0,0]6(6)[0,0,0, 1, 1]4[4, 0,0, 0, 0)&
(6)[0,2,0,0,0]&(10)[1,0,1,0,0]&(8)[1,0,0,2,0]®(7)[1,0,0,0,2]&(6)[2,1,0,0,0]&
0,0,0,4,0] & [0,0,0,0,4] @ (8)[0,0,2,0,0] & (19)[0,1,0,1,1] & (9)[0,0,1,2,0] &
(8)[0,0,1,0,2]a(5)[0,3,0,0,0]4(16)[2,0,0, 1, 1]&(8)[0,0,0, 2, 2] &(2)[4, 1,0,0, 0] &
(8)[3,0,1,0,0]6(6)[2,2,0,0,0]4(6)[3,0,0,2,0]&(6)[3,0,0,0,2]&(19)[1,1,1,0,0]&
(16)[1,1,0,2,0] & (15)[1,1,0,0,2] & (8)[1,0,0,3,1] & (8)[1,0,0,1,3] & [0,4,0,0,0] &
0,1,0,4,0] @ [0,1,0,0,4] & (8)[0,1,2,0,0] & (24)[1,0,1,1,1] @& (16)[0,2,0,1,1] &
(5)[4,0,0,1,1] & [2,0,0,4,0] & [2,0,0,0,4] & [5,0,1,0,0] & (9)[2,0,2,0,0] &
2,3,0,0,0] & [5,0,0,0,2] @& (9)0,1,1,2,0] & (9)[0,1,1,0,2] & (20)[2,1,0,1,1] &
0,0,0,3,3] & (8)[1,2,1,0,0] & (9)[0,1,0,2,2] & (9)[2,0,1,2,0] & (10)[2,0,1,0,2] &



Appendix F. Adynkra Libraries in 10D 318

(5)[3,1,1,0,0]® (5)[0,0,2,1,1] & (2)[0,0,1,3,1] & (2)[0,0,1,1,3] & (6)[1,2,0,2,0] &
(7)1,2,0,0,2]%(8)[2,0,0,2,2]&(3)[3,1,0,2,0] % (5)[3,1,0,0,2] & (2)[1,0,3,0,0] &
(2)[0,3,0,1,1] & [0,2,2,0,0] & [3,0,0,3,1] & (2)[3,0,0,1,3] & (3)[1,1,0,3,1] &
(4)[1,1,0,1,3] & (2)[1,0,2,2,0] & (2)[1,0,2,0,2] ¢ [4,0,2,0,0] & (6)[3,0,1,1,1] &
(12)[1,1,1,1,1] & [4,1,0,1,1] & [0,2,1,2,0] & [0,2,1,0,2] & (3)[2,2,0,1,1] &
(2)[2,1,2,0,0] & [4,0,1,0,2] @& (2)[1,0,1,2,2] & [0,2,0,2,2] & [2,1,1,2,0] &
(

2)[2,1,1,0,2] ©[0,1,2,1,1] © [2,1,0,2,2] & [2,0,2, 1, 1]

o Level-10:  (2)[0,0,0,1,0] & (5)[1,0,0,0,1] & (8)[0,1,0,1,0] & (3)[0,0,0,0,3] &

6)[2,0,0,1,0]9(9)[0,0,1,0,1]&(7)[0,0,0,2,1]6(4)[3,0,0,0,1]®(14)[1,1,0,0, 1]&
5)[1,0,0,3,0] @ (2)[4,0,0,1,0] & (11)[0,2,0,1,0] & (17)[1,0,1,1,0] &
14)[1,0,0,1,2] & (12)[2,1,0,1,0] & (5)[0,1,0,0,3] ® [5,0,0,0, 1] & (4)[2,0,0,0, 3] &

)
)
14)[2,0,1,0,1] & (3)[0,0,0,3,2] @ (12)[1,2,0,0,1] & (6)[3,1,0,0,1] &
)

(
(
(
(16)[0,1,1,0,1]&[0,0,0,1,4] & (3)[0,0,1,3,0] & (7)[0,0,2,1,0] & (14)[0,1,0,2, 1] &
(
(13)[2,0,0,2,1]6(8)[0,0,1,1,2]®(4)[0,3,0, 1,0](2)[3,0,0, 3,0]®(5)[1,1,0,3,0]&
(7)[3,0,1,1,0] ® [4,1,0,1,0] @ (17)[1,1,1,1,0] & (5)[2,2,0,1,0] & (6)[3,0,0,1,2] &
[1,0,0,4,1] & (7)[1,0,2,0,1] & (2)[1,0,1,0,3] & (2)[0,2,0,0,3] & (15)[1,1,0,1,2] &
4,0,0,0,3] @ (6)[0,2,1,0,1] & (3)[1,0,0,2,3] & (2)[1,3,0,0,1] & (2)[4,0,1,0,1] &
(9)[1,0,1,2,1] & (5)[0,2,0,2,1] & (2)[2,1,0,0,3] & [3,2,0,0,1] & [4,0,0,2,1] &
(3)[0,1,2,1,0] & [0,1,1,3,0] @ (8)[2,1,1,0,1] & [0,1,0,3,2] & (3)[2,0,2,1,0] &
(6)[2,1,0,2,1] @ [2,0,1,3,0] & (3)[0,1,1,1,2] & [0,0,2,2,1] & [2,0,0,3,2] &
(2)[1,2,1,1,0] & (3)[2,0,1,1,2] & [3,1,1,1,0] & (2)[1,2,0,1,2] & [3,1,0,1,2] &

(3,0,2,0,1] ®[1,1,2,0,1] & [1,1,1,2,1]

e Level-11:  [1,0,0,0,0] & (4)[0,0,1,0,0] & (2)[0,0,0,2,0] & (3)[0,0,0,0,2] &
3,0,0,0,0] & (5)[1,1,0,0,0] & (11)[1,0,0,1, 1] & (10)[0, 1,1,0,0] & (7)[0, 1,0, 2, 0] &
(9)[0,1,0,0,2] & (8)[2,0,1,0,0] & (6)[1,2,0,0,0] 6 (2)[3,1,0,0,0] & (6)[2,0,0,2,0] &
(6)[2,0,0,0,2] @ (3)[0,0,0,3,1] & (4)[0,0,0,1,3] & (11)[0,0,1,1,1] & [1,0,0,4,0] &

[1,0,0,0,4] & (8)[1,0,2,0,0] & (6)[3,0,0,1,1] & (7)[0,2,1,0,0] & (19)[1,1,0,1,1] &

(2)[1,3,0,0,0] @ [4,0,1,0,0] & (5)[0,2,0,2,0] & (6)[0,2,0,0,2] & (9)[1,0,1,2,0] &

(9)[1,0,1,0,2] & [3,2,0,0,0] & [4,0,0,2,0] & [4,0,0,0,2] & (8)[1,0,0,2,2] &

(8)[2,1,1,0,0] & [0,0,3,0,0] & (6)[2,1,0,2,0] & (6)[2,1,0,0,2] & (2)[0,0,2,2,0] &
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0,0,2,0,2] & (3)[0,1,0,3,1] & (3)[0,1,0,1,3] & (10)[0,1,1,1,1] & (3)[2,0,0,3,1] &

(2)[2,0,0,1,3] & [0,3,1,0,0] & (2)[0,0,1,2,2] & (9)[2,0,1,1,1] & [3,0,2,0,0] &

o
0,3,0,0,2] & (3)[1,1,2,0,0] @ (7)[1,2,0,1,1] & (3)[3,1,0,1,1] & [2,2,1,0,0] &
3,0,1,2,0] & [3,0,1,0,2] @& (3)[1,1,1,2,0] @ (3)[1,1,1,0,2] & [2,2,0,0,2] &

o1

)
(3,0,0,2,2]®(3)[1,1,0,2,2]®[1,0,2,1,1]®[1,0,1,3,1]®[0,2,1,1,1] B [2,1,1,1,1]

o Level-12:  [0,0,0,0,1] & (3)[1,0,0,1,0] & (6)[0,1,0,0,1] & [0,0,0,3,0] &

4)[2,0,0,0,1] & (5)[0,0,1,1,0] & (5)[0,0,0,1,2] & (2)[3,0,0,1,0] & (8)[1, 1,0, 1,0] &

@ & (
4)[1,0,0,0,3]@(6)[0,2,0,0,1]e(11)[1,0,1,0,1]®(7)[1,0,0,2,1]®(6)[2,1,0,0, 1] &
® (

2)[0,1,0,3,0] @ (2)[2,0,0,3,0]6(8)[0,1,1, 1,04 (2)[0,0, 1,0, 3] & (4)[0,0,2,0,1] &

6)[2,0,0,1,2] @ (4)[0,0,1,2, 1] (2)[0,3,0,0,1] & (2)[1,1,0,0,3]®(2)[3,0,1,0,1] &

)
8)[1,1,1,0,1] & (

2)[2,2,0,0,1] @ (2)[3,0,0,2,1] & (3)[1,0,2,1,0] & [1,0,1,3,0] &

(4)

(4)

(2) &

(8)[0,1,0,1,2] @ (7)[2,0,1,1,0] & [0,0,0,2,3] @ (5)[1,2,0,1,0] & (2)[3,1,0,1,0] &

(6) P

(8) (

(6)[1,1,0,2,1] @ (2)[0,2,1,1,0] & [1,0,0,3,2] & (3)[1,0,1,1,2] & (2)[0,2,0,1,2] &
2

0,1,2,0,1]&(2)[2,1,1,1,0]@(2)[2,1,0,1,2]®[0, 1,1, 2, 1]&[1,2,1,0, 1]&[2,0, 1,2, 1]

o Level-13:  [0,1,0,0,0] @ [2,0,0,0,0] & (2)[0,0,0,1,1] & (2)[0,2,0,0,0] &

(4)[1,0,1,0,0] & (2)[1,0,0,2,0] & (4)[1,0,0,0,2] & (2)[2,1,0,0,0] & [0,0,0,0,4] &
(3)[0,0,2,0,0] & (6)[0,1,0,1,1] & (2)[0,0,1,2,0] & (4)[0,0,1,0,2] & [0,3,0,0,0] &
(5)[2,0,0,1,1] & (2)[0,0,0,2,2] & [3,0,1,0,0] & [2,2,0,0,0] & [3,0,0,2,0] &
3,0,0,0,2] & (5)[1,1,1,0,0] & (3)[1,1,0,2,0] & (5)[1,1,0,0,2] & [1,0,0,3,1] &
(2)[1,0,0,1,3] & (2)[0,1,2,0,0] & (6)[1,0,1,1,1] & (3)[0,2,0,1,1] & [2,0,2,0,0] &
0,1,1,2,0] & (2)[0,1,1,0,2] & (3)[2,1,0,1,1] & [1,2,1,0,0] & [0,1,0,2,2] &

[2,0,1,2,0] ®[2,0,1,0,2] ¢ [0,0,2,1,1] & [1,2,0,0,2] & [2,0,0,2,2] & [1,1,1,1,1]

e Level-14: [1,0,0,0,1] @ [0,1,0,1,0] & [0,0,0,0,3] & [2,0,0,1,0] & (2)[0,0,1,0,1] &
0,0,0,2,1] @ [3,0,0,0,1] @& (3)[1,1,0,0,1] & [0,2,0,1,0] ® (3)[1,0,1,1,0] &
(3)[1,0,0,1,2] @ [2,1,0,1,0] & [0,1,0,0,3] & [2,0,0,0,3] ® (3)[0,1,1,0,1] &
0,0,2,1,0]®[0,1,0,2,1]&(2)[2,0,1,0,1]®[1,2,0,0,1]6[2,0,0,2,1]6[0,0,1,1,2]&
[1,1,1,1,0] ©[1,0,2,0,1] & [1,1,0,1,2]

o Level-15: [1,0,0,1,1] & [0,1,1,0,0] & [0,1,0,0,2] & [2,0,1,0,0] & [2,0,0,0,2] &
0,0,1,1,1] @[1,0,2,0,0] @ [1,1,0,1,1] & [1,0,1,0, 2]
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e Level-16: [1,0,1,0,1]

F.3 Dynkin Label Library of Vi30,0,0,1
o Level-0: [3,0,0,0, 1
e Level-1: [3,0,0,0,0] @ [2,0,1,0,0] & [3,1,0,0,0] & [2,0,0,0,2] & [3,0,0,1,1]

o Level-2: [2,0,0,0,1] & (2)[3,0,0,1,0] & [1,1,0,1,0] & [4,0,0,0,1] & [1,0,1,0,1] &
(2)[2,1,0,0,1] ©[2,0,1,1,0] & [3,1,0,1,0] & [2,0,0,1,2] & [3,0,1,0,1]

o Level-3: [4,0,0,0,0] & [0,2,0,0,0] & [1,0,1,0,0] & [1,0,0,2,0] & (2)[2,1,0,0,0] &
0,1,0,1,1] @ (3)[2,0,0,1,1] & [4,1,0,0,0] & (3)[3,0,1,0,0] & [2,2,0,0,0] &
3,0,0,2,0] & (2)[3,0,0,0,2] & (2)[1,1,1,0,0] & [1,1,0,2,0] & [1,1,0,0,2] &
[1,0,1,1,1]&[4,0,0,1,1]&[2,0,2,0,0](2)[2,1,0,1,1]®[2,0,1,0,2]®[3,1,1,0,0]®
3,1,0,0,2]

o Level-d:  (2)[0,1,0,1,0] & (2)[2,0,0,1,0] & [0,0,0,2,1] & (3)[3,0,0,0,1] @
(3)[1,1,0,0,1] @ [1,0,0,3,0] @ (2)[4,0,0,1,0] ® (2)[0,2,0,1,0] & (3)[1,0,1,1,0] &
[1,0,0,1,2]®(4)[2,1,0,1,0]&[5,0,0,0,1]®[2,0,0,0,3]6[0,1,1,0,1]6[0,1,0,2,1]&
(4)[2,0,1,0,1]@(2)[1,2,0,0,1] & (4)[3,1,0,0,1] & (2)[2,0,0,2, 1] (2)[3,0,1,1,0] &
[4,1,0,1,0] ® (2)[1,1,1,1,0] & [2,2,0,1,0] & (2)[3,0,0,1,2] & [1,0,2,0,1] &
[1,1,0,1,2]®[4,0,0,0,3]&[4,0,1,0,1] & [2,1,0,0,3]® [3,2,0,0, 1] & (2)[2,1,1,0,1]

e Level-5: [0,0,1,0,0][0,0,0,2,0]&[3,0,0,0,0]& (2)[1,1,0,0,0] & (3)[1,0,0,1,1] &
5,0,0,0,0] & (3)[0,1,1,0,0] & (3)[0,1,0,2,0] & [0,1,0,0,2] & (4)[2,0,1,0,0] &
(3)[1,2,0,0,0] & (3)[3,1,0,0,0] & (3)[2,0,0,2,0] & (2)[2,0,0,0,2] & [0,0,0,3,1] &
0,0,1,1,1] & (2)[1,0,2,0,0] & (5)[3,0,0,1,1] & [5,1,0,0,0] & (2)[0,2,1,0,0] &
(6)[1,1,0,1,1] & [1,3,0,0,0] & (3)[4,0,1,0,0] & [0,2,0,2,0] & [0,2,0,0,2] &
(2)[1,0,1,2,0] & [1,0,1,0,2] @ (2)[3,2,0,0,0] & [4,0,0,2,0] & (3)[4,0,0,0,2] &

[1,0,0,2,2] & (5)[2,1,1,0,0] & (2)[2,1,0,2,0] & (4)[2,1,0,0,2] & [0,1,1,1,1] &

5,0,0,1,1]@[2,0,0,1,3]&[3,0,0,0,4]&(3)[2,0,1,1,1]®[3,0,2,0,0]®[1,1,2,0,0]®

(2)[1,2,0,1,1] @ (3)[3,1,0,1,1] @ [4,1,1,0,0] @ [2,2,1,0,0] & (2)[3,0,1,0,2] &

[1,1,1,0,2] & [4,1,0,0,2] & [2,2,0,0, 2]
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o Level-6: [0,0,0,0,1]®(2)[1,0,0,1,0]a(3)[0,1,0,0, 1]®[0,0,0, 3,0]®(2)[2,0,0,0, 1]
3)[0,0,1,1,0] @ [0,0,0,1,2] & (3)[3,0,0,1,0] & (6)[1,1,0,1,0] & (3)[4,0,0,0,1] &
4)[0,2,0,0,1] & (4)[1,0,1,0,1] & (4)[1,0,0,2,1] & (6)[2,1,0,0,1] & [0,1,0,3,0] &
2)[5,0,0,1,0] @ [2,0,0,3,0] & (4)[0,1,1,1,0] & (2)[0,1,0,1,2] & (6)[2,0,1,1,0] &

(
(
(
(
(2)[0,3,0,0,1] & (2)[3,0,0,0,3] & [1,1,0,0,3] & (6)[3,0,1,0,1] & (4)[4,1,0,0,1] &
(

)

)

)

5)[1,2,0,1,0] & (5)[3,1,0,1,0] & [6,0,0,0,1] & (4)[2,0,0,1,2] & [0,0,1,2,1] &
)

5)[1,1,1,0,1] @ (4)[2,2,0,0,1] @ (2)[3,0,0,2,1] & [1,0,2,1,0] @& (3)[1,1,0,2,1] &
0,2,1,1,0]&[5,1,0,1,0]&[1,3,0,1,0]6(2)[4,0,1,1,0]&(1,0,1,1,2]6[0,2,0,1,2]®
3,2,0,1,0] @ (2)[4,0,0,1,2] & (3)[2,1,1,1,0] & [2,0,2,0,1] & (3)[2,1,0,1,2] &
2,0,1,0,3] & [5,0,1,0,1] @ [3,1,0,0,3] @ [1,2,1,0,1] @ (2)[3,1,1,0, 1]

e Level-7: [0,0,0,0,0]@ (2)[0,1,0,0,0]&[2,0,0,0,0] (3)[0,0,0,1,1] &[4,0,0,0,0] &
(3)[0,2,0,0,0] @ (4)[1,0,1,0,0] & (3)[1,0,0,2,0] & (2)[1,0,0,0,2] & (3)[2, 1,0,0,0] &
(2)[0,0,2,0,0] & [6,0,0,0,0] & (6)[0,1,0,1,1] & (2)[0,0,1,2,0] & [0,0,1,0,2] &
(3)[0,3,0,0,0] & (6)[2,0,0,1,1] & [0,0,0,2,2] & (3)[4,1,0,0,0] & (5)[3,0,1,0,0] &
(4)[2,2,0,0,0] @ (3)[3,0,0,2,0] & (3)[3,0,0,0,2] & (7)[1,1,1,0,0] @& (5)[1, 1,0,2,0] &
(4)[1,1,0,0,2]e[1,0,0,3,1]@®[1,0,0,1,3]®[0,4,0,0,0]®[0,1,2,0,0]&[6,1,0,0,0]a
(5)[1,0,1,1,1]@(5)[0,2,0,1, 1] & (5)[4,0,0,1,1] & (3)[5,0,1,0,0] & (3)[2,0,2,0,0] &
[4,2,0,0,0]9[2,3,0,0,0]6[5,0,0,2,0](2)[5,0,0,0,2]6[0,1,1,2,0/&0,1,1,0,2]&
(9)[2,1,0,1,1] & (4)[1,2,1,0,0] & [0,1,0,2,2] & (2)[2,0,1,2,0] & (3)[2,0,1,0,2] &
(5)[3,1,1,0,0] @ (2)[1,2,0,2,0] & (3)[1,2,0,0,2] & (2)[2,0,0,2,2] & (2)[3,1,0,2,0] &
(4)[3,1,0,0,2]&[6,0,0,1,1]&[0,3,0,1,1]®[3,0,0,1,3]®[1,1,0,1,3]4[4,0,2,0,0]&
(3)[3,0,1,1,1] & (2)[1,1,1,1,1] & (2)[4,1,0,1,1] & (2)[2,2,0,1,1] & [2,1,2,0,0] &

4,0,1,0,2] & [2,1,1,0,2]

o Level-8:  (2)[0,0,0,1,0] & (3)[1,0,0,0,1] @ (4)[0,1,0,1,0] & [0,0,0,0,3] @
(3)[2,0,0,1,0] @ (4)[0,0,1,0,1]® (2)[0,0,0,2, 1] & (3)[3,0,0,0, 1] & (6)[1,1,0,0, 1]

[1,0,0,3,0] & (3)[4,0,0,1,0] & (5)[0,2,0,1,0] @ (6)[1,0,1,1,0] & (4)[1,0,0,1,2] &

®
(7)[2,1,0,1,0] & [0,1,0,0,3] & (3)[5,0,0,0,1] & [2,0,0,0,3] & (5)[0,1,1,0,1] &
S

(

®
0,0,2,1,0] & (3)[0,1,0,2,1] & (6)[2,0,1,0,1] & (7)[1,2,0,0,1] & (6)[3,1,0,0,1] &
(2)6,0,0,1,0] & (5)[2,0,0,2,1] & [0,0,1,1,2] & (3)[0,3,0,1,0] & [3,0,0,3,0] &

[1,1,0,3,0] @ [7,0,0,0,1] & (6)[3,0,1,1,0] & (4)[4,1,0,1,0] & (6)[1,1,1,1,0] &
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(5)[2,2,0,1,0] & (4)[3,0,0,1,2] & [1,0,2,0,1] & [0,2,0,0,3] & (5)[1,1,0,1,2] &
[4,0,0,0,3] & (2)[0,2,1,0,1] & [1,0,0,2,3] & (2)[5,1,0,0,1] & (2)[1,3,0,0,1] &
(4)[4,0,1,0,1] & [1,0,1,2,1] & [0,2,0,2,1] & [2,1,0,0,3] & (2)[3,2,0,0,1] &
(2)[4,0,0,2,1] & (5)[2,1,1,0,1] & [2,0,2,1,0] & (3)[2,1,0,2,1] & [5,0,1,1,0] &
[5,0,0,1,2]®[1,2,1,1,0]®(2,0,1,1,2]®(2)[3,1,1,1,0]®[1,2,0,1,2]®[3,1,0,1,2]®

(3,0,2,0,1]

o Level-9: [1,0,0,0,0]4(3)[0,0,1,0,0][0,0,0,2,0] 4 (2)[0,0,0,0,2] &3,0,0,0,0] &

3)[1,1,0,0,0] & (5)[1,0,0,1,1] & [5,0,0,0,0] & (5)[0,1,1,0,0] & (2)[0,1,0,2,0] &

@
4)[0,1,0,0,2] & (5)[2,0,1,0,0] & (4)[1,2,0,0,0] & (3)[3,1,0,0,0] & (3)[2,0,0,2,0] &

9)[1,1,0,1,1]

(

3)[2,0,0,0,2] & [0,0,0,1,3] & [7,0,0,0,0] & (3)[0,0,1,1,1] & (3)[1,0,2,0,0] &
( 3)[1,3,0,0,0]®
(

® (
4)[4,0,1,0,0] @ (2)[0,2,0,2,0](3)[0,2,0,0,2] & (2)[1,0,1,2,0] @ (3)[1,0,1,0,2] &
@ (

(3)

(4)

(3)
(6)[3,0,0,1,1] @ (2)[5,1,0,0,0] & (4)[0,2,1,0,0]
(4)

(3) 7)[2,1,1,0,0]®
(5)

=

) ®
3)[3,2,0,0,0] @ (3)[4,0,0,2,0]®(2)[4,0,0,0,2] & (2)[1,0,0,2,2] ®
5)[2,1,0,2,0] @ (4)[2,1,0,0,2] @ [0,1,0,1,3] @ (2)[0,1,1,1,1] @ (3)[5,0,0,1,1] @
2,0,0,3,1]®(2,0,0,1,3]®[6,0,1,0,0]®[0,3,1,0,0]®[6,0,0,0,2]&(5)[2,0,1,1,1]&
(2)[3,0,2,0,0] @ [0,3,0,0,2] & [1,1,2,0,0] & (5)[1,2,0,1,1] & (6)[3,1,0,1,1] &
(2)[4,1,1,0,0] @ (2)[2,2,1,0,0] @ (2)[3,0,1,2,0] & [3,0,1,0,2] & [1,1,1,2,0] &
[1,1,1,0,2] @ [4,1,0,2,0] & [4,1,0,0,2] ® [2,2,0,2,0] ©[2,2,0,0,2] ® [3,0,0,2,2] ®

[1,1,0,2,2] & [4,0,1,1,1] & [2,1,1,1, 1]

e Level-10:  [0,0,0,0,1] & (2)[1,0,0,1,0] & (4)[0,1,0,0,1] & (3)[2,0,0,0,1] &
(2)[0,0,1,1,0]&(2)[0,0,0,1,2]&(3)[3,0,0,1,0] & (5)[1,1,0,1,0] & (2)[1,0,0,0,3] &
(2)[4,0,0,0,1] & (4)[0,2,0,0,1] & (6)[1,0,1,0,1] & (2)[1,0,0,2,1] & (6)[2,1,0,0, 1] &
(2)[5,0,0,1,0] & [2,0,0,3,0] & (3)[0,1,1,1,0] & [0,0,1,0,3] @& [0,0,2,0,1] ®
(3)[0,1,0,1,2] & (6)[2,0,1,1,0] & (5)[1,2,0,1,0] & (6)[3,1,0,1,0] & [6,0,0,0,1] &
(4)[2,0,0,1,2] & (2)[0,3,0,0,1] & [1,1,0,0,3] @ (4)[3,0,1,0,1] & (3)[4,1,0,0,1] &
(5)[1,1,1,0,1] & (4)[2,2,0,0,1] & (4)[3,0,0,2,1] & [1,0,2,1,0] & (3)[1,1,0,2,1] &
4,0,0,3,0]®[0,2,1,1,0]®[5,1,0,1,0]a[L,3,0,1,0]&(3)[4,0,1,1,0]&[1,0,1,1,2]&
0,2,0,1,2] & [2,1,0,3,0] & (2)[3,2,0,1,0] & [4,0,0,1,2] & (4)[2,1,1,1,0] &
(2)[2,1,0,1,2]®[5,0,1,0,1][1,2,1,0,1]®[2,0,1,2,1]&[3,1,1,0,1] & [3,1,0,2,1]
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o Level-11: [0,1,0,0,0] & [2,0,0,0,0] & [0,0,0,1,1] & [4,0,0,0,0] & (2)[0,2,0,0,0] &

F.4

(3)[1,0,1,0,0] & [1,0,0,2,0] & (3)[1,0,0,0,2] & (3)[2,1,0,0,0] & [0,0,0,0,4] &
0,0,2,0,0] & (3)[0,1,0,1,1] & (2)[0,0,1,0,2] & [0,3,0,0,0] & (5)[2,0,0,1,1] &
(2)[4,1,0,0,0] @ (4)[3,0,1,0,0] & (3)[2,2,0,0,0] & (3)[3,0,0,2,0] & (2)[3,0,0,0,2] &
(5)[1,1,1,0,0] & (2)[1,1,0,2,0] & (4)[1,1,0,0,2] & [1,0,0,1,3] & [0,1,2,0,0] &
(3)[1,0,1,1,1] & (2)[0,2,0,1,1] & (3)[4,0,0,1,1] & [5,0,1,0,0] & (2)[2,0,2,0,0] &
[4,2,0,0,0] & [2,3,0,0,0] & [5,0,0,2,0] & [0,1,1,0,2] & (6)[2,1,0,1,1] &
(2)[1,2,1,0,0] @ (2)[2,0,1,2,0] & [2,0,1,0,2] & (3)[3,1,1,0,0] & [1,2,0,2,0] &
[1,2,0,0,2]9[2,0,0,2,2]6(3)[3,1,0,2,0]4[3,1,0,0,2]6[3,0,0,3,1]6([3,0,1,1,1]&
[1,1,1,1,1] @ [4,1,0,1,1] & [2,2,0,1, 1]

Level-12: [1,0,0,0,1] & [0,1,0,1,0] & [0,0,0,0,3] & (2)[2,0,0,1,0] & [0,0,1,0, 1] &
3)[3,0,0,0,1] @ (4)[1,1,0,0,1] @ (2)[4,0,0,1,0] & [0,2,0,1,0] & (2)[1,0,1,1,0] &

(3)

(2)[1,0,0,1,2] & (4)[2,1,0,1,0] & [0,1,0,0,3] & [2,0,0,0,3] & (2)[0,1,1,0,1] &
(4)[2,0,1,0,1] @ (2)[1,2,0,0,1] & (3)[3,1,0,0,1] & (2)[2,0,0,2,1] & [3,0,0,3,0] &
(3)

3)[3,0,1,1,0] @ (2)[4,1,0,1,0] & (2)[1,1,1,1,0] & (2)[2,2,0,1,0] & [3,0,0,1,2] &
[1,0,2,0,1] 6 [1,1,0,1,2] & [3,2,0,0,1] @ [4,0,0,2,1] & [2,1,1,0,1] & [2,1,0,2, 1]

Level-13: [3,0,0,0,0] & [1,1,0,0,0] & [1,0,0,1,1] & [0,1,1,0,0] & [0,1,0,0,2] &
(3)[2,0,1,0,0] & [1,2,0,0,0] & (2)[3,1,0,0,0] & [2,0,0,2,0] & (2)[2,0,0,0,2] &
[1,0,2,0,0] & (3)[3,0,0,1,1] & (2)[1,1,0,1,1] & [4,0,1,0,0] & [1,0,1,0,2] &
3,2,0,0,0]9[4,0,0,2,0]&(2)[2,1,1,0,0]®[2,1,0,2,0]6[2,1,0,0,2]&[2,0,1,1,1]&
3,1,0,1,1]

Level-14: [2,0,0,0,1] & (2)[3,0,0,1,0] & [1,1,0,1,0] @ [4,0,0,0,1] & [1,0,1,0,1] &
(2)[2,1,0,0,1] & [2,0,1,1,0] & [3,1,0,1,0] @ [2,0,0,1,2] & [3,0,1,0,1]

Level-15: [4,0,0,0,0] & [2,1,0,0,0] & [2,0,0,1,1] & [3,0,1,0,0] & [3,0,0,0,2]

Level-16: [3,0,0,0, 1]

Dynkin Label Library of Vi 0,0,0,0

Level-0: [4,0,0,0,0]
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Level-1: [3,0,0,0,1] & [4,0,0, 1, 0]
Level-2: [2,0,1,0,0] @ [3,1,0,0,0] & [3,0,0,1,1] & [4,0,1,0,0]

Level-3: [3,0,0,1,0] & [1,1,0,1,0] & [4,0,0,0,1] @ [2,1,0,0,1] & [2,0,1,1,0] &
3,1,0,1,0] @ [3,0,1,0,1] & [4,1,0,0,1]

Level-4: [4,0,0,0,0] & [0,2,0,0,0] & [1,0,0,2,0] & [2,1,0,0,0] & [2,0,0,1,1] &
[4,1,0,0,0] &[3,0,1,0,0] &[2,2,0,0,0] & [3,0,0,2,0] & [3,0,0,0,2] & [1,1,1,0,0] ®
[1,1,0,2,0] @ [4,0,0,1,1] & [2,0,2,0,0] & [4,2,0,0,0] & [5,0,0,0,2] & [2,1,0,1,1] &
3,1,1,0,0] @ [3,1,0,0,2]

Level-5: [0,1,0,1,0] & [2,0,0,1,0] & [3,0,0,0,1] & [1,1,0,0,1] & [1,0,0,3,0] &
[4,0,0,1,0]9[0,2,0,1,0]6[1,0,1,1,0]&(2)[2,1,0,1,0]6[5,0,0,0,1]&(2,0,1,0, 1]&
[1,2,0,0,1]®(2)[3,1,0,0,1]®[2,0,0,2,1]®[3,0,1,1,0]6[4,1,0,1,0/&(1,1,1,1,0]&
2,2,0,1,0]@[3,0,0,1,2] & [4,0,0,0,3] &[5,1,0,0,1] & [4,0,1,0,1] 6 [3,2,0,0,1] &
2,1,1,0,1]

Level-6: [0,0,1,0,0] & [1,1,0,0,0] & [1,0,0,1,1] & [0,1,1,0,0] & [0,1,0,2,0] &
(2)[2,0,1,0,0] & [1,2,0,0,0] & [3,1,0,0,0] & [2,0,0,2,0] & (2)[3,0,0,1,1] &
5,1,0,0,0] & [0,2,1,0,0] & (2)[1,1,0,1,1] & [1,3,0,0,0] & (2)[4,0,1,0,0] &
1,0,1,2,0]9[3,2,0,0,0]6[4,0,0,0,2]6(2)[2,1,1,0,0]6[2,1,0,2,0/62,1,0,0,2]&
5,0,0,1,1]®[6,0,1,0,0]6[2,0,1,1,1]6(1,2,0,1,1]&(2)[3,1,0,1,1]&[4,1,1,0,0]&
2,2,1,0,0] & [3,0,1,0,2] & [4,1,0,0,2]

o Level-7: [0,0,0,0,1] & [1,0,0,1,0] & [0,1,0,0,1] & [2,0,0,0,1] & [0,0,1,1,0] &

3,0,0,1,0]&(2)[1,1,0,1,0]&[4,0,0,0,1]®[0,2,0,0,1]6[1,0,1,0,1]®[1,0,0,2, 1]&
(2)[2,1,0,0,1] & [5,0,0,1,0] & [0,1,1,1,0] & (2)[2,0,1,1,0] & (2)[1,2,0,1,0] &
(2)[3,1,0,1,0] & [6,0,0,0,1] & [2,0,0,1,2] & [0,3,0,0,1] & [7,0,0,1,0] &
(2)[3,0,1,0,1] & (2)[4,1,0,0,1] & [1,1,1,0,1] & (2)[2,2,0,0,1] & [3,0,0,2,1] &
[1,1,0,2,1]6(5,1,0,1,0] & [1,3,0,1,0] & [4,0,1,1,0] & [3,2,0,1,0] & [4,0,0,1,2] &
2,1,1,1,0]®[2,1,0,1,2] & [5,0,1,0,1] @ [3,1,1,0, 1]

o Level-8: [0,0,0,0,0] & [0,1,0,0,0] & [2,0,0,0,0] & [0,0,0,1,1] & [4,0,0,0,0] &

0,2,0,0,0]&[1,0,1,0,0] &[1,0,0,2,0] &[1,0,0,0,2] & [2,1,0,0,0] & [0,0,2,0,0] &



Appendix F. Adynkra Libraries in 10D 325

6,0,0,0,0]9[0,1,0,1,1]60,3,0,0,0]6(2)[2,0,0,1,1]6[4,1,0,0,0]6(3,0,1,0,0]a
(2)[2,2,0,0,0] & [3,0,0,2,0] & [3,0,0,0,2] & (2)[1,1,1,0,0] & [8,0,0,0,0] &
[1,1,0,2,0/@®[1,1,0,0,2] & [0,4,0,0,0] &[6,1,0,0,0] & [1,0,1,1,1] 6 [0,2,0,1,1] &
(2)[4,0,0,1,1]6[5,0,1,0,0]&[2,0,2,0,0]®[4,2,0,0,0]&[2,3,0,0,0]6[5,0,0,2,0] &
5,0,0,0,2] & (3)[2,1,0,1,1] & [1,2,1,0,0] & (2)[3,1,1,0,0] & [1,2,0,2,0] @
[1,2,0,0,2] ©[2,0,0,2,2] [3,1,0,2,0] ®[3,1,0,0,2] ©[6,0,0,1,1] & [4,0,2,0,0] &
3,0,1,1,1] & [4,1,0,1,1] & [2,2,0,1, 1]

e Level-9: [0,0,0,1,0] & [1,0,0,0,1] & [0,1,0,1,0] & [2,0,0,1,0] & [0,0,1,0,1] &
3,0,0,0,1]®(2)[1,1,0,0,1]&[4,0,0,1,0]®[0,2,0,1,0]6[1,0,1,1,0]6[1,0,0,1,2]&
(2)[2,1,0,1,0] @ [5,0,0,0,1] @ [0,1,1,0,1] & (2)[2,0,1,0,1] & (2)[1,2,0,0,1] &
(2)[3,1,0,0,1] & [6,0,0,1,0] & [2,0,0,2,1] & [0,3,0,1,0] & [7,0,0,0,1] &
(2)[3,0,1,1,0] & (2)[4,1,0,1,0] & [1,1,1,1,0] & (2)[2,2,0,1,0] & [3,0,0,1,2] &
[1,1,0,1,2]®[5,1,0,0,1] &[1,3,0,0,1] &[4,0,1,0,1] & [3,2,0,0,1] & [4,0,0,2,1] &
2,1,1,0,1] @[2,1,0,2,1] & [5,0,1,1,0] & [3,1,1,1,0]

e Level-10: [0,0,1,0,0] & [1,1,0,0,0] & [1,0,0,1,1] & [0,1,1,0,0] & [0,1,0,0,2] &
(2)[2,0,1,0,0] & [1,2,0,0,0] & [3,1,0,0,0] & [2,0,0,0,2] & (2)[3,0,0,1,1] &
5,1,0,0,0] & [0,2,1,0,0] & (2)[1,1,0,1,1] & [1,3,0,0,0] & (2)[4,0,1,0,0] &
[1,0,1,0,2]9[3,2,0,0,0]6[4,0,0,2,0]6(2)[2,1,1,0,0]6[2,1,0,2,0/62,1,0,0,2]&
5,0,0,1,1]@[6,0,1,0,0]6[2,0,1,1,1]6(1,2,0,1,1]&(2)[3,1,0,1,1]&[4,1,1,0,0]&
2,2,1,0,0] & [3,0,1,2,0] & [4,1,0,2,0]

o Level-11: [0,1,0,0,1] & [2,0,0,0,1] & [3,0,0,1,0] & [1,1,0,1,0] @ [1,0,0,0,3] &
[4,0,0,0,1]9[0,2,0,0,1]6[1,0,1,0,1]&(2)[2,1,0,0,1]6[5,0,0,1,0/&[2,0,1,1,0]&
[1,2,0,1,0]9(2)[3,1,0,1,0/&[2,0,0,1,2]6[3,0,1,0,1]6[4,1,0,0,1]&(1,1,1,0, 1]&
2,2,0,0,1]@[3,0,0,2,1] &[4,0,0,3,0] &[5,1,0,1,0] & [4,0,1,1,0] & [3,2,0, 1,0] &
2,1,1,1,0]

o Level-12: [4,0,0,0,0] & [0,2,0,0,0] & [1,0,0,0,2] & [2,1,0,0,0] & [2,0,0,1,1] &
[4,1,0,0,0] @[3,0,1,0,0] @[2,2,0,0,0] & [3,0,0,2,0] & [3,0,0,0,2] & [1,1,1,0,0] &
[1,1,0,0,2] ® [4,0,0,1,1] & [2,0,2,0,0] & [4,2,0,0,0] ® [5,0,0,2,0] & [2,1,0,1,1] @
3,1,1,0,0] @ [3,1,0,2,0]
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e Level-13: [3,0,0,0,1] & [1,1,0,0,1] & [4,0,0,1,0] & [2,1,0,1,0] & [2,0,1,0,1] &
3,1,0,0,1] & [3,0,1,1,0] & [4,1,0,1,0]

o Level-14: [2,0,1,0,0] & [3,1,0,0,0] & [3,0,0,1,1] & [4,0, 1,0, 0]
o Level-15: [3,0,0,1,0] & [4,0,0,0,1]

e Level-16: [4,0,0,0,0]
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Appendix G

Permutations Expressed As Matrices

In this appendix, we simply express the permutations associated with S as 4 x 4 ma-

trices.
1 0 0O 0 0 01
01 00 1 0 0 0

0 , (12) = (13) =
00 10 0 0 0 0 0
00 01 0 0 1 0 0
0 0 01 1 0 0 0 0
01 0O 00 0 0 0

(14) , (23) , (24)
0010 01 0 0 0 0
1 0 0 O 0 0 1 1
1 0 00 0 1 0 0 1 0
01 00 00 0 0 0 1

(34) . (123) L (124)
0 0 01 10 0 0 0 0
0 01 0 00 1 1 0 0
00 1 0 0 0 0 0 0 1
1 0 0O 01 0 1 0 0

(132) . (134) . (142)
01 00 0 0 1 0 0 0
0 0 0 1 1 0 0 01 0
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00 01 1 00 1 0
0100 001 0 0

(143) = , (234) = , (243) = )
1 000 000 0 0
0010 010 0 1
0100 010 0 1
0010 000 0 0

(1234) = , (1243) = , (1324) = ,
00 01 1 00 0 0
1 000 001 1 0
0010 000 0 0
1 00 0 0 1 1 0

(1342) = , (1423) = , (1432) = ,
00 01 1 00 0 0
0100 010 0 1

01 00 00 1

1 000 0 0
(12)(34) = , (13)(24) = , (14)(32) =

00 01 10 0

0010 0 1 0
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Appendix H

Eigenvalue Equivalence Classes

Eigenvalues ‘ # of Matrices ‘ Trace ‘
12,8,4,0 144 24
12,8,0,0 288 20
12,4,0,0 288 16
12,8, -4, 0 144 16
12,0,0,0 1,152 12
12, —4v/2,4v/2,0 288 12
12, —4iv/2,4iv/2,0 288 12
12,-4,0,0 288 8
12,-8,4, 0 144 8
12,-8,0,0 288 4
12,-8,-4,0 144 0

Table H.1: Eigenvalue Equivalent Classes of 3,456 Distance Matrices in Class (1)

Eigenvalues ‘ # of Matrices ‘ Trace ‘

12,4,0,0 1,152 16
12,0, 0, 0 4,608 12
12,4,0,0 1,152 8

Table H.2: Eigenvalue Equivalent Classes of 6,912 Distance Matrices in Class (2.1)

Eigenvalues ‘ # of Matrices ‘ Trace ‘

12,8, 0,0 576 20
12,0,0,0 2,304 12
12,-8,0,0 576 4

Table H.3: Eigenvalue Equivalent Classes of 3,456 Distance Matrices in Class (2.2)
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’ Eigenvalues ‘ # of Matrices ‘ Trace ‘
| 12,0,0,0 | 3,456 | 12|

Table H.4: Eigenvalue Equivalent Classes of 3,456 Distance Matrices in Class (2.3)

Eigenvalues ‘ # of Matrices ‘ Trace ‘

12, 4, 4,0 144 20
12, 4,0, 0 576 16
12,0, 0, 0 1,152 12
12, 4, 4,0 576 12

12,4, —4i, 0 288 12
12, 4,0, 0 576 8
12, 4, 4,0 144 4

Table H.5: Eigenvalue Equivalent Classes of 3,456 Distance Matrices in Class (2.4)
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