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3.4.3 Bakry-Émery-Ricci tensor for the embedded geometry . . . . . 100
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Chapter 0

Overview

This dissertation contains a preliminary part and several parts of applications in

different problems. The first part introduces Brownian motion on manifolds and Rie-

mannian Langevin Equation. The other parts include applications in random matrix

theory, Gibbs sampling problem, Conic programming, and deep linear network. In

each parts we are in the situation where there is a microscopic space and a macro-

scopic space, and we can use the transition property of Brownian motion to operate

on the microscopic space to affect macroscopic space.

The Riemannian Langevin Equation (RLE) lies in the interdisciplinary field of

probability theory, Riemannian geometry, and optimization problems. Brownian mo-

tion on Riemannian manifolds was used to solve geometric problems in probabilistic

methods in the 1980s, with the advantage of being more intuitive and explicit. On

the optimization side, the RLE is the natural relaxation of gradient descent, giving

more consideration to the geometric properties of the underlying space rather than

solely the objective function. The evolution of a point through the flow is replaced

by the diffusion of a probability distribution, and the optimal solution is replaced by

an equilibrium measure. Such relaxation makes a trade-off between precision, speed,
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and other flexibilities, e.g., less dependence on initialization, avoiding being stuck at

saddle points or local minima.

The stochastic feature of the RLE also leads to phenomena that will never appear

in gradient flow. Conserved quantities in gradient flow give directions of motion that

do not affect the optimization process, so a reduced system with cyclic variables

removed is desired. However, in the RLE, the diffusion of cyclic variables still produces

mean curvature flow and will twist the target function in the reduced system. This

phenomenon coincides with the minimal free energy principle (instead of energy) in

thermodynamics and could be explained as the effect of entropy. In the chapter 1, we

will further discuss this relationship and find that it is congruent with Boltzmann’s

explanation of entropy.

This thesis contains several concrete examples and applications of Brownian mo-

tions on different manifolds, which connect the theory of Riemannian Langevin equa-

tion and stochastic numerical algorithms based on it. Comparing with existing liter-

ature about RLE, the main advantage of these works is that the geometric structure

of the problem is emphasized, in the sense that all motivation and intuition are com-

ing from geometric principle, and proofs are all based on analysis of Riemannian

geometry.

The organization of this thesis is as follows: The first chapter 1 introduces the

main concepts and properties of Brownian motion on Riemannian manifolds and the

Riemannian Langevin equation. The following chapters are joint work papers with

different collaborators.

Chapter 2 is a joint work with Govind Menon on application of Brownian motion

on Random matrix theory. In this paper, a geometric framework for constructing

stochastic processes which generate deterministic processes is discussed and applied

to Siegel upper half space, a canonical Symplectic space with hyperbolic geometry.
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This framework is based on Riemannian submersion and the deterministic motion is

driven by mean curvature. In the example of Siegel upper half space, the Brownian

motion is explored and the evolution of spectrum gives a hyperbolic variant of Dyson

Brownian motion. This work may be interesting to people working on Symplectic

geometry and probability theory.

Chapter 3 and chapter 4 are joint works with Shixin Zheng, Jianfeng Lu, Govind

Menon and Xiangxiong Zhang. The two papers concerns the theoretical part and

numerical part of the Gibbs sampling problem on the manifold of fixed rank positive

definite matrices, where Riemannian Langevin equation is the main tool used to

generate desired Gibbs distribution. The main results are two explicit RLE on the

manifold as well as two numerical schemes using Euler-Maruyama discretization. The

discussion of convergence and verification of equilibrium, as well as the use of the

sampling on numerical integral are also included. This work may be interesting to

people in the area of optimization and statistics on manifolds.

Chapter 5 is a joint work with Govind Menon. In this work, RLE serves as

stochastic relaxation of interior point method in conic programming. Specifically,

RLE is discussed on convex cones equipped with Cheng-Yau metric, the Hessian

metric generated by canonical barrier. Properties of Brownian motion associated to

canonical barrier are proved, and a concrete example of Lorentz cone is discussed in

detail. As an extension of classical optimization algorithm, this work may attract

people working on optimization. Also, this work provides analysis of Cheng-Yau

metric in a probabilistic prospective and may be interesting to people interested in

Kahler geometry.

Chapter 6 is a joint work with Govind Menon, where the effect of mean curvature

flow of Brownian motion is used to explain the implicit regularization phenomena in

deep learning, i.e. even there are multiple optimizer in the parameter space, only a few

3



of them appears in practice without introducing any external force. The model under

consideration is Deep Linear Network (DLN) where all active functions are identity, so

the system is totally linear and easier to analyze than general deep neutral networks.

The product of many matrices is the main object to analyze, which was discussed in

random matrix theory literature. This work may be interesting to people working on

theory of deep neutral network or random matrix theory.
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Chapter 1

The Riemannian Langevin

Equation

The Riemannian Langevin Equation on a Riemannian manifold (M, g) with en-

ergy E ∈ C2(M) stands for the following SDE

dX t = −grad E(X t)dt+ dBg,β
t (1.0.1)

with Bg,β
t being Brownian motion on (M, g) under temperature 1

β
. Terms to be

defined later, the purpose of this chapter is to go through the preliminaries of the

Riemannian Langevin equation, and the main goal is to express Brownian motion as

solution to SDEs. Direct constructions can be found in 1.2 and indirect constructions

are in 1.3. Based on well-established theories of Brownian motion on Riemannian

manifolds, the main contributions in this chapter is 4 where a topological obstacle of

expressing Brownian motion using SDE is solved for a class of Riemannian manifolds.
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1.1 Background

Main definition about stochastic processes on manifolds follows [43]. Let (M, g)

be a smooth Riemannian manifold, the following definitions are needed: for f ∈

C2(M), the Riemannian gradient grad f is an element in X(M), the collection of all

vector fields onM, defined by

⟨grad f,V ⟩ = V f = df(V ) (1.1.1)

for any V ∈ X(M), where ⟨·, ·⟩ is the inner product of two vector fields defined by

the metric, df(V ) is the contraction of 1−form df and vector field V , and V f is the

action of V on f , the directional derivative of f along V . In local coordinate chart

{xi}di=1, d = dimM, grad f is expressed by

grad f =gij
∂f

∂xi

∂

∂xj
(1.1.2)

where { ∂
∂xi}di=1 is locally a basis of X(M), gij is the inverse of metric gij = ⟨ ∂

∂xi ,
∂
∂xi ⟩.

For any (smooth) vector field V = V i ∂
∂xi ∈ X(M), with components {V i}di=1, the

divergence divV is the function

divV =
1
√
g

∂

∂xi
(
√
g V i) (1.1.3)

where g = det(gij) is the determinant of matrix gij.

Combining these two operator we get the Laplace-Beltrami operator ∆g, for f ∈

C2(M)

∆gf = div grad f (1.1.4)

6



as the generalization of Laplacian in Euclidean spaces.

Assuming the understanding of Levi-Civita connection ∇ on Riemannian man-

ifolds, the Riemannian Hessian of a function f ∈ C2(M) is the symmetric 2−form

field in X(T ∗M⊗ T ∗M), given by

∇2f =∇df = (
∂2f

∂xi∂xj
− Γk

ij

∂f

∂xk
)dxi ⊗ dxj (1.1.5)

where

Γk
ij =

1

2
gkl(∂igjl + ∂jgil − ∂lgij) (1.1.6)

is Christoffel Symbol, and the following relationship holds

∆gf = Tr(∇2f) = gij(
∂2f

∂xi∂xj
− Γk

ij

∂f

∂xk
) (1.1.7)

With connection ∇ on Riemannian manifold, the concept of martingale can be

defined as follows: aM-valued semimartingale X t is called a ∇-martingale if for any

f ∈ C∞(M), the following R-valued process

f(X t)− f(X0)−
1

2

∫ t

0

∇2f(dXs, dXs) (1.1.8)

is a local martingale, where ∇2f is the Hessian of f .

Such characterization of martingale on manifolds overcame the problem that there

is in general no analogue of linear functions on manifolds which can be used to de-

scribe martingales on Euclidean spaces. Also, the definition of martingale depends

on connection, meaning that the concept of martingale depends on geometry of the

underlying space. Although the connection can be defined independently without the

knowledge of the metric, in the following contents only Levi-Civita connection will
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be considered, as this special connection provides much more information.

This definition of martingale on manifolds is different from the one in [43], but

we use this for simplicity. It also worth noting that when (M, g) is just Rn, this

definition of martingale is the parallel of local martingale in Euclidean spaces.

Brownian motion on Riemannian manifolds is similarly defined by the follow-

ing: a M-valued semimartingale X t is called a Brownian motion on (M, g) with

temperature 1
β
, if for any f ∈ C∞(M), the following R-valued process

f(X t)− f(X0)−
1

β

∫ t

0

∆gf(Xs)ds (1.1.9)

is a local martingale. By the property ∆g = Tr∇2, Brownian motion is a∇−martingale.

On Riemannian manifolds with Levi-Civita connection, the knowledge of Brow-

nian motion is in fact equivalent to the knowledge of the metric, as under local

coordinate chart,

∆g(x
ixj) = xi∆gx

j + xj∆gx
i + 2⟨gradxi, gradxj⟩ = xi∆gx

j + xj∆gx
i + 2gij

(1.1.10)

so the inverse metric gij is obtained.
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1.2 SDE on manifolds

In Euclidean spaces Rn, SDE can be written in both Ito form

dX i
t =

n∑
j=1

σi
j(Xt)dB

j
t + µi(Xt)dt (1.2.1)

and Stratonovich form

dX i
t =

n∑
j=1

σi
j(Xt) ◦ dBj

t + bi(Xt)dt (1.2.2)

with tranformation rule

bi = µi −
n∑

j,k=1

1

2
σk
j

∂σi
j

∂xk
(1.2.3)

where {σi
j}ni,j=1, {bi, µi}ni=1 are smooth functions, and {Bi}ni=1 are n independent

standard Brownian motion.

Being more intuitive, solution to Ito SDE is a local martingale as long as µi = 0,

with the cost that the evolution of functions follows Ito’s formula. The advantage of

Stratonovich SDE is that it preserves differential structure, in the sense that for any

f ∈ C∞(Rn),

df(Xt) =
n∑

i,j=1

σi
j

∂f

∂xi
(Xt) ◦ dBj

t +
n∑

i=1

bi
∂f

∂xi
(Xt)dt (1.2.4)

On manifolds, in fact, Stratonovich SDE turns out to be more general. Without

the assumption of metric structure, on a differential manifold M, a SDE can be
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written as follows

dX t =
l∑

α=1

V α(X t) ◦ dZα
t (1.2.5)

where {V α}lα=1 ⊂ X(M) are l vector fields, {Zα}lα=1 are l R-valued semimartingale.

AM-valued process X t is said to be a solution to this SDE if for any f ∈ C∞(M),

f(X t) = f(X0) +

∫ t

0

l∑
α=1

V αf(Xs) ◦ dZα
s (1.2.6)

It worth noting that in the following content only weak solution is considered, i.e.

two solutions X
(1)
t and X

(2)
t to the SDE are regarded as the same as long as for each

f ∈ C∞(M), f(X
(1)
t ) and f(X

(2)
t ) have the same distribution. Existence of solution

to SDE will not be discussed here.

The analogue of Ito’s SDE on manifolds requires the understanding of connection,

and we have the following theorem providing a useful construction of Brownian motion

on Riemannian manifolds,

Theorem 1. On a Riemannian manifold (M, g) equipped with Levi-Civita connection

∇, given smooth vector fields {V α}lα=1, the solution to the following SDE is a ∇-

martingale

dX t =
l∑

α=1

(V α(X t) ◦ dBα
t −

1

2
∇V αV αdt) (1.2.7)

where {Bα
t }lα=1 are l independent R−valued standard Brownian motions.

Proof. By definition of the solution to SDE, for any f ∈ C∞(M)

f(X t) = f(X t) +

∫ t

0

l∑
α=1

(
V αf(Xs) ◦ dBα

s −
1

2
∇V αV αf(Xs)ds

)
(1.2.8)
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Using the property

V (V (f)) = ∇2f(V ,V ) +∇V V f (1.2.9)

and transform the Stratonovich integral into Ito integral, we have

f(X t) =f(X t) +

∫ t

0

l∑
α=1

(
V αf(Xs)dB

α
s +

1

2
V α(V α(f))(Xs)ds−

1

2
∇V αV αf(Xs)ds

)
=f(X t) +

∫ t

0

l∑
α=1

(
V αf(Xs)dB

α
s +∇2f(V α,V α)(Xs)ds

)
(1.2.10)

As the integral
∫ t

0
V αf(X t)dB

α
t is a local martingale, X t is a ∇-martingale.

With this theorem, we are able to construct ∇-martingales using SDE on mani-

folds. In particular, if vector fields {V α}lα=1 forms the inverse metric gij, we are able

to construct Brownian motion on (M, g).

Theorem 2. If vector fields {V α}lα=1 satisfies that

l∑
α=1

V i
αV

j
α = gij (1.2.11)

on each local coordinate chart, where V i
α = V α(x

i) is the coordinate of V α, then the

solution to the following SDE is a Brownian motion on (M, g) with temperature 1
β

dX t =
l∑

α=1

(√ 2

β
V α(X t) ◦ dBα

t −
1

β
∇V αV α(X t)dt

)
(1.2.12)

where {Bα
t }lα=1 are l independent R−valued standard Brownian motions.

Remark 1. Expressing Brownian motion as a solution to SDE is an old question and
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it is well known that if the Laplace-Beltrami operator can be expressed as

1

2
∆g =

1

2

l∑
i=1

V 2
i + V 0 (1.2.13)

then the solution to the SDE

dX t =
l∑

i=1

V i(X t) ◦ dBi
t + V 0(X t)dt (1.2.14)

is a Brownian motion on the manifold (M, g), where {Bi
t}li=1 are l independent

R−valued Brownian motions.

This result is implicitly stated in the work [11]. The relationship between V 0 and

{V i}li=1 was also discussed in literature [82] for Brownian motion on Lie groups, and

on Riemannian manifolds the results are similar.

Remark 2. The decomposition 1.2.11 is commonly used for construction of Brownian

motions and appears in literature including [57, 86]. This theorem is the natural

extension of these results to manifolds, while the difference turns out to be some

topological restrictions which is partially solved in 4.

Proof. Following the computation above, take any f ∈ C∞(M),

f(X t) =f(X0) +

∫ t

0

l∑
α=1

(
V αf(Xs)dB

α
s +∇2f(V α,V α)(Xs)ds

)
=f(X0) +

∫ t

0

l∑
α=1

(√ 2

β
V αf(Xs)dB

α
s +

1

β
∆gf(Xs)ds

)
(1.2.15)

12



where we used the property

l∑
α=1

∇2f(V α,V α) =
l∑

α=1

(
∂2f

∂xi∂xj
− Γk

ij

∂f

∂xk
)V i

αV
j
α

=(
∂2f

∂xi∂xj
− Γk

ij

∂f

∂xk
)gij

=∆gf (1.2.16)

Therefore, X t is a Brownian motion with temperature 1
β
on (M, g).

This theorem provides a way to express Brownian motion on (M, g) as a solution

to a SDE. Now the only problem is the existence of such vector fields {V α}lα=1. In

fact, there are several choices of the vector fields satisfying the condition.

Corollary 3. If {V α}dimM
α=1 is a global orthonormal basis of X(M), then the solution

to the SDE

dX t =
dimM∑
α=1

(

√
2

β
V α(X t) ◦ dBα

t −
1

β
∇V αV αdt) (1.2.17)

is a Brownian motion with temperature 1
β
on (M, g), where {Bα

t }dimM
α=1 are dimM

independent R−valued standard Brownian motions.

This corollary requires the existence of a global orthonormal basis of X(M), which

doesn’t hold in general because of some topological restriction. Manifolds having

global basis is called parallelizable, and many manifolds are not parallelizable, e.g.

S2. However, using partition of unity we are able to do much more extension.

Corollary 4. If (M, g) has the following finite open cover {Uβ}mβ=1 where each Uβ

is simply connected, let {ργ}mγ=1 be the partition of unity associated to this cover,

and {V α,γ}dimM
α=1 be orthonormal basis locally defined on each Uγ, then for each α, γ,

13



vector field
√
ργVα,γ is globally well-defined, and the solution to the SDE

dX t =
m∑

γ=1

dimM∑
α=1

(

√
2

β
ργV α,γ(X t) ◦ dBα,γ

t − 1

β
∇√

ργV α,γ

√
ργV α,γdt) (1.2.18)

is a Brownian motion with temperature 1
β
on (M, g), where {Bα,γ

t |1 ≤ α ≤ dimM, 1 ≤

γ ≤ m} are m× dimM independent R-valued standard Brownian motions.

With this corollary, Brownian motion on a wide class of manifolds can be de-

scribed as solution to SDE.

In the following contents, we use Bg,β
t to denote Brownian motion on a Rieman-

nian manifold (M, g) with temperature 1
β
. In a SDE of the form

dX t = µ(X t)dt+ dBg,β
t (1.2.19)

the term dBg,β
t should be understood as the summation

dBg,β
t =

l∑
α=1

(√ 2

β
V α(X t) ◦ dBα,β

t − 1

β
∇V αV α(X t)dt

)
(1.2.20)

for vector fields satisfying the condition in 2.
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1.3 Transition properties of Brownian motion

Brownian motion exhibits geometric properties of the manifolds, the knowledge

of Brownian motion is equivalent to the knowledge of metric. In the case (M, g)

is a submanifold or a quotient manifold of another Riemannian manifold (M̃, g̃),

the images of Brownian motion under corresponding maps are also related to metric

obtained by Riemannian immersion and submersion.

In the case (M, g) is a Riemannian submanifold of (M̃, g̃), the metric g is obtained

by projecting g̃ onto TM, i.e.

g(U ,V ) = g̃(U ,V ) (1.3.1)

for U ,V ∈ (M). The Levi-Civita connections ∇ and ∇̃ are also related by

g(∇UV ,W ) = g̃(∇̃UV ,W ) (1.3.2)

say ∇UV is also the orthogonal projection of ∇̃UV onto TM.

The difference between two connections making a ∇−martingale not necessarily

a ∇̃−martingale. We have the following property

Proposition 5. Let (M, g) be a Riemannian submanifold of (M̃, g̃), with i : M̃ →M

the inclusion map. For any f ∈ C∞(M̃), X ∈M, Y = i(X), we have

∆g(f ◦ i)(X) = Tr|TM(∇̃2f)(Y ) + H̃f(Y ) (1.3.3)

where Tr|TM is the trace in the subspace TM ⊂ TM̃, and H̃(Y ) is the mean

15



curvature ofM at Y , defined as

H̃ =
dimM∑
i=1

(∇̃Ṽ i
Ṽ i)

⊥ (1.3.4)

for {Ṽ i}dimM
i=1 ⊂ X(M̃) is an orthonormal basis locally defined in a neighborhood of

Y , and (U)⊥ is the projection of U to the normal space (TM)⊥.

Proof. This is a point-wise property and we only need to prove this for any X ∈M.

Take a smooth curve γ(t) : [−1, 1] → M, with γ(0) = X. Let V be a vector field

with γ̇(t) = V (γ(t)). Take derivative of (f ◦ i)(γ(t))) = f(i(γ(t))) at t = 0, we have

V (f ◦ i)(X) = Ṽ f(Y ) (1.3.5)

where Ṽ = i∗(V ) ∈ TM̃ is just V itself, but we use this notation to distinguish with

V ∈ TM. Take secondary derivative we have

∇V V (f ◦ i)(X) +∇2(f ◦ i)(V ,V )(X) = ∇̃Ṽ Ṽ f(Y ) + ∇̃2f(Ṽ , Ṽ )(Y ) (1.3.6)

Take summation of V over an orthonormal basis {V i}dimM
i=1 locally defined in a

neighborhood of X, we have

∆g(f ◦ i)(X) =Tr|TM∇̃2f(Y ) +
dimM∑
i=1

(∇̃Ṽ i
Ṽ i −∇V i

V i)f(Y )

=Tr|TM∇̃2f(Y ) +
dimM∑
i=1

(∇̃Ṽ i
Ṽ i)

⊥f(Y )

=Tr|TM∇̃2f(Y ) + H̃f(Y ) (1.3.7)

The expression of Laplace-Beltrami operator ∆g above can be used to describe
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Brownian motion on (M, g).

Corollary 6. Let (M, g) be a submanifold of (M̃, g̃) with induced metric, and i :

M→ M̃ be the inclusion map. Then the image X t = i(Bg,β
t ) of Brownian motion

Bg,β
t is the solution to the following SDE

dX t =
l∑

α=1

(√ 2

β
V α(X t) ◦ dBα

t −
1

β
∇V αV α(X t)dt

)
+

1

β
H(X t)dt (1.3.8)

where {Bα}lα=1 are l independent R-valued standard Brownian motion, {V α}lα=1 ⊂

X(M̃) are vector fields satisfies

l∑
α=1

V i
αV

j
α = gij (1.3.9)

and H(X t) is the mean curvature ofM at X t.

Remark 7. This result is widely known and appears in literature [61] for submanifolds

of Euclidean spaces and [85] for submanifolds of general Riemannian manifolds.

Now consider the case where (M̃, g̃) has an isometry Lie group G, andM = M̃/G

is the quotient manifold, with π : M̃ → M the canonical projection map. For

each X ∈ M, the preimage π−1(X) is a G-orbit in (M̃, g̃). The metrics g on

M and g̃ are related through Riemannian submersion as follows. For each X and

Y ∈ π−1(X), the differential π∗ : TXM → TY M̃ is surjective, and the kernel

Ker(π∗)Y ⊂ TY M̃ is in general non-empty. Using g̃ we can find the orthogonal

complement Ker(π∗)
⊥
Y ⊂ TY M̃, then restricted to Ker(π∗)

⊥
Y , π∗ is a bijection. For

each U ,V ∈ TXM, let Ũ , Ṽ be their unique preimage in TY M̃ respectively, we
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define

g(U ,V ) = g̃(Ũ , Ṽ ) (1.3.10)

then π becomes a Riemannian submersion. Notice that as G is an isometry group,

this definition of g doesn’t depend on the choice of Y ∈ π−1(X), so it is well defined.

The Levi-Civita connection ∇̃ and ∇ are also related as follows, for U ,V ∈

X(M),

∇UV = π∗(∇̃Ũ Ṽ ) (1.3.11)

where π∗ : TM̃ → TM is the differential of π : M̃ →M, Ũ , Ṽ are the unique vector

fields in Ker(π∗)
⊥ such that π∗(Ũ) = U , π∗(Ṽ ) = V .

Similarly, we have the following property

Proposition 8. Let G be an isometry Lie group of (M̃, g̃), and M = M̃/G be the

quotient manifold, π be the canonical projection. g is defined such that π : (M̃, g̃)→

(M, g) is a Riemannian submersion. The for any f ∈ C∞(M), X ∈ M, Y ∈

π−1(X) ⊂ M̃, we have

∆g̃(f ◦ π)(Y ) + H̃(f ◦ π)(Y ) = ∆gf(X) (1.3.12)

where H̃ is the mean curvature of π−1(X) regarded as a Riemannian submanifold of

M̃.

In particular, as π−1(X) is an isometry group orbit, H(X) = π∗(H̃(Y )) is a

vector field well defined onM, i.e. doesn’t depend on the choice of Y ∈ π−1(X), the
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equality can be written as

∆g̃(f ◦ π)(Y ) = ∆gf(X)−Hf(X) (1.3.13)

Proof. Take a smooth curve γ̃ : [−1, 1] → M̃ with γ̃(0) = Y , let γ(t) = π(γ̃(t)).

Ṽ and V are the vector fields such that ˙̃γ(t) = Ṽ (γ̃(t)) and γ̇(t) = V (γ(t)). Take

derivative of f(γ(t)) = (f ◦ π)(γ̃(t)) at t = 0, we have

V f(X) = Ṽ (f ◦ π)(Y ) (1.3.14)

Take secondary derivative, we have

∇V V f(X) +∇2f(V ,V )(X) = ∇̃Ṽ Ṽ (f ◦ π)(Y ) + ∇̃2(f ◦ π)(Ṽ , Ṽ )(Y ) (1.3.15)

Take summation of Ṽ over an orthonormal basis E = {Ṽ i}dimM̃
i=1 locally defined in

a neighborhood of Y , such that E1 = {Ṽ i}dimM
i=1 is an orthonormal basis of Ker(π∗)

⊥,

then E2 = {Ṽ i}dimM̃
i=dimM+1 is an orthonormal basis of Ker(π∗). For Ṽ ∈ E2, π∗(Ṽ ) = 0,

so the L.H.S is zero. For Ṽ ∈ E1, we have ∇V V = π∗(∇̃Ṽ Ṽ ), therefore

∆gf(X) =
∑
Ṽ ∈E2

∇̃Ṽ Ṽ (f ◦ π)(Y ) + ∆g̃(f ◦ π)(Y ) (1.3.16)

Since f ◦ π is a constant over π−1(X), only the part of ∇̃Ṽ Ṽ in Ker(π∗)
⊥ =
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T (π−1(X))⊥ makes non-zero contribution, thus

∑
Ṽ ∈E2

∇̃Ṽ Ṽ (f ◦ π)(Y )

=
∑
Ṽ ∈E2

(
∇̃Ṽ Ṽ

)⊥
(f ◦ π)(Y )

=H̃(f ◦ π)(Y ) (1.3.17)

This proposition also leads to the description of Brownian motion

Corollary 9. Let (M̃, g̃) and (M, g) be Riemannian manifolds and π : M̃ →M is a

Riemannian submersion. Let Bg̃,β
t be the Brownian motion on M̃ and X t = π(Bg̃,β

t )

be its image inM, then X t is a solution to the following SDE

dX t =
l∑

α=1

(

√
2

β
V α(X t) ◦ dBα

t −
1

β
∇V αV α(X t)dt)−

1

β
H(X t)dt (1.3.18)

where {Bα
t }lα=1 are l independent R−valued standard Brownian motions, {V α}lα=1

satisfies

l∑
α=1

V i
αV

j
α = gij (1.3.19)

and H(X) = π∗(H̃(Y )) for Y ∈ π−1(X), where H̃ is the mean curvature of

π−1(X) ⊂ M̃ at Y .

Remark 10. This result is first found in [49] and seems to be rarely known. The

condition that the mean curvature vector is a constant on the fiber seems to be

deliberate, but is natural in the case that the Riemannian submersion comes from

taking quotient of a Riemannian manifold with respect to an isometry group.
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For the vector field H , the following proposition connects it with G-group orbit

volume [77]

Proposition 11. Let (M̃, g̃) with isometry group G. LetM = M̃/G and π : M̃ →M

be canonical projection. g is defined such that π is a Riemannian submersion. Define

Ω(X) = vol(π−1(X)) to be the volume of π−1(X), then the mean curvature H̃ of

group orbit π−1(X) at Y ∈ π−1(X), and the projection vector field H satisfies

H̃(Y ) =− ˜grad (S ◦ π)(Y ) (1.3.20)

H(X) =− gradS(X) (1.3.21)

where S(X) = log Ω(X), grad and ˜grad are the gradient operator in (M, g) and

(M̃, g̃) respectively.

Combine these two, we have the following

Proposition 12. Let (M̃, g̃) and (M, g) be Riemannian manifolds and i : M̃ →M is a

Riemannian submersion. Let Bg̃,β
t be the Brownian motion on M̃ and X t = π(Bg̃,β

t )

be its image inM, then X t is a solution to the following SDE

dX t =
1

β
gradS(X t)dt+ dBg,β

t (1.3.22)

where S(X) = log vol(π−1(X))

Notice that the function S(X) = log vol(π−1(X)) coincides with the definition of

Boltzmann entropy S = logΩ, we also call S(X) an entropy function. The SDE (12)

could be explained as, the image of Brownian motion is another Brownian motion

drifted by entropy gradient.
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1.4 Riemannian Langevin Equation

Inspired by the SDE (12), we define Riemannian Langevin Equation (RLE) as

follows

dX t = −grad E(X t)dt+ dBg,β
t (1.4.1)

where E ∈ C2(M) is an energy function.

As extension of Langevin equation in Euclidean spaces, the following propositions

are all parallel

Proposition 13. [Fokker-Planck Equation] The density ρt of X t satisfies the following

PDE

∂tρt = div
( 1
β
grad ρt + ρtgrad E

)
(1.4.2)

Proof. For any f ∈ C∞(M), the evolution of f(X t) is

df(X t) = (
1

β
∆gf(X t)− grad Ef(X t)

)
dt+ local martingale (1.4.3)

so the generator of X t is L = 1
β
∆g − grad E , then the dual

L∗ρ =
1

β
∆gρ+ div(ρ grad E) (1.4.4)

and ρt satisfies

∂tρt = L∗ρt =
1

β
∆gρt + div(ρt grad E) (1.4.5)
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It is easy to see that ρ∗ ∝ e−βE is the equilibrium measure of (13). To make sure

ρ∗ is well-defined, we require that

Zβ :=

∫
M

e−βEdV <∞ (1.4.6)

where dV =
√
gdx1 · · · dxn, g = det(gij) is the volume form, so ρ∗ =

1
Zβ
e−βE defines a

probability measure onM.

In this case, we have the following convergence property

Proposition 14. Suppose E satisfies that Zβ < ∞, take any function ϕ ∈ C2(R+)

such that ϕ(·) ≥ ϕ(1) = 0, ϕ′′(·) > 0, then F(ρ) :=
∫
M ϕ( ρ

ρ∗
)ρ∗dV defines a Lyapunov

functional for (13). If the initialization satisfies F (ρ0) <∞, we have the convergence

limt→∞F(ρt) = 0.

Proof. Using (13) we get

d

dt
F(ρt) =

1

β

∫
M

ϕ′(
ρt
ρ∗

)div(ρ∗grad
ρt
ρ∗

)dV

=− 1

β

∫
M

ρ∗ϕ
′′(

ρ

ρ∗
)|grad ρ

ρ∗
|2gdV ≤ 0 (1.4.7)

where |grad f |2g = gij∂if∂jf is the norm of grad f . The equality holds only if grad ρ
ρ∗

=

0, i.e. ρ = ρ∗, so we are done.

Corollary 15. When E satisfies Zβ < ∞, we have the convergence of ρt
ρ∗
→ 1 in

L2(ρ∗dV ), ρt → ρ∗ in KL-divergence, i.e. take ϕ(x) = (x − 1)2 and ϕ(x) = x log x −

x+ 1, we have

lim
t→∞

∫
M

ρ∗(
ρt
ρ∗
− 1)2dV = 0 (1.4.8)

lim
t→∞

∫
M

ρt log
ρt
ρ∗

dV = 0 (1.4.9)
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Consider the case where (M̃, g̃) has an isometry group G and Ẽ is also invariant

under G, i.e.

Ẽ(h ◦ Y ) = Ẽ(Y ) (1.4.10)

for Y ∈ M̃, h ∈ G, and h ◦ Y is the group action. Let the quotient manifoldM =

M̃/G equipped with metric g such that the canonical projection π is a Riemannian

submersion.

Proposition 16. In the settings above, if Y t satisfies the RLE

dY t =− grad Ẽ + dBg̃,β
t (1.4.11)

then X t = π(Y t) is a solution the the RLE

dX t = −gradF + dBg,β
t (1.4.12)

where F = E − 1
β
S, E ∈ C2(M) satisfies Ẽ = E ◦ π, and S(X) = log vol(π−1(X)).

The shift of energy function in Riemannian Langevin equation makes the main

difference of stochastic relaxation from gradient descent. Variables that have no effect

on target function and geometry still affect the process of optimization.

24



Chapter 2

Siegel Brownian motion

2.0 Abstract

We construct an analogue of Dyson Brownian motion in the Siegel half-space H

that we term Siegel Brownian motion. Given β ∈ (0,∞], a stochastic flow for Zt ∈ H

is introduced so that the law of the eigenvalues λt of the cross ratio matrix R(Zt, iIn)

is determined, after a change of variables to σ(λ) ∈ (0,∞)n, by the Itô differential

equation

dσk
t =

1

2

(
cothσk

t +
∑
l ̸=k

sinhσk
t

coshσk
t − coshσl

t

)
dt+

√
2

β
dW k

t , k = 1, . . . , n, (2.0.1)

where Wt is a standard Wiener process in Rn.

This interacting particle system corresponds to stochastic gradient ascent

dσt =
1

2
∇S(σt) +

√
2

β
dWt, (2.0.2)

where S(σ) = log volOλ(σ) is a Boltzmann entropy that enumerates the microstates

in the group orbit Oλ = {Z ∈ H |eig (R(Z, iIn)) = λ}. In the limit β =∞, the group
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orbits Oλt evolve by motion by minus a half times mean curvature.
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2.1 Introduction

2.1.1 Outline

In a recent paper, the first author along with Huang and Inauen, introduced a ge-

ometric construction of Dyson Brownian motion [44]. This paper uses this framework

to derive an analogue of Dyson Brownian motion in a symmetric space with negative

curvature. We focus on the Siegel half-space H for clarity. While the method can be

generalized, it is best understood through this example.

The space H consists of n×n complex symmetric matrices whose imaginary part

is positive definite, written

H =
{
Z = X + iY

∣∣X = XT , Y = Y T , Y ≻ 0
}
. (2.1.1)

It is equipped with a metric gH expressed in terms of the 1-forms dZ as follows

gH = Tr(Y −1dZ Y −1dZ̄). (2.1.2)

This space was first studied in depth by Siegel [83]. He showed that H is a

symmetric space with negative curvature that generalizes the Poincaré upper half-

plane [83, Thms 1-4]. Möbius transformations of the Poincaré upper half-plane,

w = (az + b)/(cz + d), where

 a b

c d

 ∈ SL(2,R), are replaced by automorphisms

of H of the form

W = (AZ +B)(CZ +D)−1. (2.1.3)

Here the n × n real matrices A,B,C,D correspond to elements of the symplectic
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group Sp(n,R) as follows. They are the elements of block matrices M such that

M =

 A B

C D

 , MTJM = J, J =

 0 I

−I 0

 , (2.1.4)

where I is the n× n identity matrix.

Siegel characterized automorphisms of H that map a given pair of points (Z,Z1)

into a pair (W,W1) by introducing the matrix-valued cross-ratio

R(Z,Z1) = (Z − Z1)(Z − Z̄1)
−1(Z̄ − Z̄1)(Z̄ − Z1)

−1. (2.1.5)

The invariants of the group action (2.1.3) are the eigenvalues of R(Z,Z1): there is

an automorphism of H mapping (Z,Z1) into (W,W1) if and only if R(Z,Z1) and

R(W,W1) have the same eigenvalues [83, Thm. 2]. These eigenvalues always lie

within the interval [0, 1] (a proof is presented in Section 2.3).

We construct a stochastic process Zt ∈ H such that if λt = (λ1
t , . . . , λ

n
t ) are the

eigenvalues of R(Zt, iI), and σk
t > 0 is the positive solution to the implicit equation

tanh2 σ
k
t

2
= λk

t , 1 ≤ k ≤ n, (2.1.6)

then σt = (σ1
t , . . . , σ

n
t ) has the same law as the unique strong solution to the Itô

differential equation

dσk
t =

1

2
(cothσk

t +
∑
l ̸=k

sinhσk
t

coshσk
t − coshσl

t

)dt+

√
2

β
dW k

t , k = 1, . . . , n. (2.1.7)

Here Wt = (W 1
t , . . . ,W

n
t ) is a standard Wiener process in Rn.

Equation (2.1.7) is an analogue of Dyson Brownian motion because they both

correspond to stochastic gradient ascent in a geometric sense. For these reasons, we
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call the interacting particle system in equation (2.1.7) Siegel Brownian motion.

Let us now introduce geometric stochastic gradient ascent through examples. We

then state two theorems that describe this structure for Siegel Brownian motion. The

underlying well-posedness theory parallels that of Dyson Brownian motion. We show

in Section 2.5 that equation (2.1.7) has global strong solutions for β ≥ 2.

2.1.2 Motion by curvature and stochastic flows

Let z ∈ Rn, let r = |z| and let Pz and P⊥
z denote the orthonormal projections

onto the tangent and normal space to the circle Sn−1
r of radius r at the point z. Let

Bt be a standard Wiener processes in Rn and consider the Itô SDE

dzt = Pzt dBt +

√
2

β
P⊥
zt dBt. (2.1.8)

This SDE is designed so that the point zt evolves because of independent tangential

and normal stochastic fluctuations with the parameter β > 0 describing the anisotropy

of these fluctuations. In the limit β =∞, there are only tangential fluctuations and

we use Itô’s formula to observe that

d(|zt|2) = d(zTt zt) = dzTt zt + zTt dzt + dzTt dzt = (n− 1) dt. (2.1.9)

It follows that the radius rt evolves deterministically by

ṙt =
n− 1

2rt
. (2.1.10)

Thus, when β = ∞ each point zt evolves tangentially and stochastically, but the

spheres Sn−1
rt evolve deterministically by motion by (minus a half times) curvature.

For arbitrary β ∈ (0,∞], a similar calculation yields that the radius rt has the

29



same law as the solution to the SDE

drt =
n− 1

2rt
dt+

√
2

β
dWt =

1

2
∇S(rt)dt+

√
2

β
dWt. (2.1.11)

Here Wt is a standard one-dimensional Wiener process, and

S(r) = log vol (Sn−1
r ),

with vol(Sn−1(r)) denoting the n − 1 dimensional volume of the sphere Sn−1
r , is the

Boltzmann entropy. Observe again that the diffusion of rt is due to the normal

fluctuations driven by Bt, whereas the tangential fluctuations in zt give rise to the

normal drift through the Itô correction.

2.1.3 General principles

This example can be systematized through the use of Riemannian submersion.

Euclidean space Rn is foliated by concentric circles of radius r > 0 centered at the

origin. The space of radii, r ∈ [0,∞), may be identified with the quotient space

Rn/O(n) and equipped with a metric via Riemannian submersion. When construct-

ing the SDE (2.1.8), we introduced stochastic forcing upstairs, with independent

horizontal and vertical fluctuations and an anisotropy parameter β > 0.

In a recent paper [44], this approach was used to construct Dyson Brownian

motion at inverse temperature β ∈ (0,∞]. In this case, the space upstairs is the

space of Hermitian matrices equipped with the Frobenius norm, writen (H(n),Fr); the

space downstairs is the Weyl chamber of eigenvalues; and the foliation corresponds to

isospectral matrices generated by the unitary group [44, §2.1]. Each matrixM ∈ H(n)

may be diagonalized, writtenM = UΛU∗, so that it lies on a U(n) orbit OΛ ⊂ Her(n).

We again use the projections PM and P⊥
M onto the tangent and normal spaces to TMOΛ
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to define the Itô differential equation

dMt = PMtdXt +

√
2

β
P⊥
Mt

dXt, (2.1.12)

where Xt is the standard Wiener process in (H(n),Fr).

Equation (2.1.12) is a model for Dyson Brownian motion in the following sense.

It is shown in [44, Thm. 1] that the eigenvalues of Mt, written λt = (λ1
t , . . . , λ

n
t ), have

the same law as the unique strong solution to the Itô differential equation

dλk
t =

∑
j ̸=k

1

λk − λj

dt+

√
2

β
dW k

t , 1 ≤ k ≤ n. (2.1.13)

HereWt denotes the standard Wiener process in Rn and we assume, givenM0 ∈ H(n),

that λ0 ∈ Rn is the spectrum of M0 presented in increasing order.

Equation (2.1.13) may also be written as

dλt =
1

2
∇S(λ) dt+

√
2

β
dWt, S(λ) = log vol(Oλ). (2.1.14)

The gradient in λ is with respect to the usual Euclidean metric. This is the metric on

Rn obtained by pushing forward the Frobenius metric on H(n) under the map that

sends a matrix to its eigenvalues. This is the natural Riemannian submersion in this

problem. Again, in the limit β =∞, the group orbits Oλt evolve deterministically by

motion by minus a half times mean curvature.

2.1.4 A new matrix model

Dyson Brownian motion is the fundamental interacting particle system in random

matrix theory. Despite its extensive study, the geometric properties revealed by the

construction in [44] have not been noticed before. The simplicity of equation (2.1.12)
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suggests that other interesting particle systems may be generated through this method.

This viewpoint motivated the construction in this paper.

The use of the Siegel half-space allows us to illustrate our method in a symmetric

space with negative curvature. In order to do so, we must replace each term in

equation (2.1.12) by a geometric analogue.

First, the driving process Xt in equation (2.1.12) is replaced by Browian motion,

denoted Bt, in (H, g). This process may be constructed in several ways, as explained

in Section 2.2 below; we follow [43, 47].

The analogue of the foliation of Rn by concentric circles must be provided by

a foliation of H using a suitable group of isometries (observe that an O(n) action

generates the concentric circles). We fix the point iIn as the origin in H so that its

stabilizer subgroup GiIn < Sp(n,R) provides the desired group of isometries. Let

π : H → H/GiIn be the canonical projection from H to the quotient space. By

Siegel’s theorem, the moduli space under this group action may be parametrized by

the eigenvalues of the cross-ratio R(Z, iIn). Precisely, the quotient space is

H/GiIn = {λ ∈ [0, 1)n|λ1 ≤ λ2 . . . ≤ λn} . (2.1.15)

To make the quotient space a manifold it is necessary to avoid singularities at the

boundary, and we must ensure the motion remains in

Q = Int(H/GiIn) = {λ ∈ (0, 1)n|λ1 < λ2 . . . < λn} . (2.1.16)

This space is also equivalent to the quotient of a subset H̃ ⊂ H by GiIn

H̃ ={Z ∈ H |R(Z, iIn) has no zero or repeated eigenvalues }, Q = H̃/GiIn .
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It is clear that Q is a manifold. We equip it with a metric using Riemannian submer-

sion as described below.

For each λ ∈ Q, define the subset of H

Oλ = {Z ∈ H | eigR(Z, iIn) = λ}. (2.1.17)

Then Oλ is a smooth manifold immersed in H and it is the GiIn group orbit of

any Z in it. For each Z ∈ Oλ we then define the orthogonal projection operators

PZ , P
⊥
Z to the tangent space TZOλ and its orthogonal complement TZO⊥

λ respectively.

Fix β ∈ (0,∞] and assume given Z0 such that the eigenvalues of R(Z0, i I) are

distinct and lie in (0, 1). We consider the (formal) Itô stochastic differential equation

dZt = PZt(dBt) +

√
2

β
P⊥
Zt
(dBt), Z(0) = Z0. (2.1.18)

This expression is only formal because stochastic differential equations in H must

be defined using the Stratonovich rule to ensure coordinate invariance. The precise

definition of equation (2.1.18), as well as its well-posedness theory, is presented in

Section 2.2.2 and Section 2.5. We define the stopping time τβ as the first time at

which eigenvalues to R(Zt, iI) collide. In particular, τβ = +∞ for β ≥ 2. We then

have the following

Theorem 3. Let Zt be the unique strong solution to the SDE (2.1.18), let λt =

eig (R(Zt, iIn)) and define σt using equation (2.1.6). Then σt has the same law as

the unique strong solution to the SDE (2.1.7) on the maximal interval of existence

[0, τβ).
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Define the Boltzmann entropy of the group orbit Oλ by the formula

S(λ) = log vol(Oλ), (2.1.19)

where the volume form is obtained from the metric g on H. We changed variables

from λ to σ in equation (2.1.6) in order that the metric in σ-space is the standard

Euclidean metric on Rn. Thus, ∇S(σ) in equation (2.1.21) below denotes the usual

Euclidean gradient of the entropy S(σ).

Theorem 4. There is a universal constant cn > 0 such that

S(σ) =
n∑

k=1

log sinhσk +
∑

1≤k<l≤n

log | coshσk − coshσl|+ cn. (2.1.20)

Equation (2.1.7) is equivalent to stochastic gradient ascent of Boltzmann entropy

dσt =
1

2
∇S(σt)dt+

√
2

β
dWt. (2.1.21)

Remark 5. We have adopted the Boltzmann sign convention for entropy: it is chosen

so that our systems evolve to maximize entropy. Conceptually this corresponds to

maximizing disorder in the gauge group in each of our examples.

Remark 6. We use the convention in geometric analysis to define the mean curvature

of an immersion u : N → (M, g) of a smooth manifold N into a Riemannian manifold

(M, g)): it is the trace of the second fundamental form of u with respect to the metric

g. As a guide, it is helpful to note that the mean curvature of a sphere Sn−1
r points

inwards and it has magnitude (n− 1)/r.

Remark 7. The mean curvature is usually obtained as the first variation of a volume

functional. However, for Riemannian submersion of group orbits generated by isome-

tries, the mean curvature is also the negative of the gradient of the entropy (evaluated
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upstairs) [78, p.3350]. This is why in all the examples above the group orbits move

by motion by minus a half curvature in the limit β =∞.

Remark 8. It is well known that Dyson Brownian motion may be generalized us-

ing representation theory to the Dunkl process and radial Heckman-Opdam process

(see [45, §2] for a comprehensive treatment of these processes, including a history and

explicit examples). It is natural to expect a relationship between these processes and

Siegel Brownian motion (compare for example equation (2.1.7) and [45, Eq. 2.35]).

However, we have been unable to determine such a link. Our approach makes no

use of representation theory beyond what is implicit in Siegel’s classical work on H;

instead our tools are a combination of standard stochastic differential geometry and

facts from [83].

The following section provides background material about SDE on manifolds.

This is followed by the proofs of Theorem 3 and Theorem 4. The well-posedness

theory is described in Section 2.5.
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2.2 Background: SDE and martingales on mani-

folds

2.2.1 Outline

In this section, we assume given a smooth manifold M (a differentiable mani-

fold with a C∞ structure) and we review some facts about SDE and martingales on

manifolds. The main objective is to explain the definition of equation (2.1.18). Our

primary sources for stochastic differential geometry are [43, 47].

Notation . We use bold font to denoteM-valued processes and vector fields onM.

Coordinates of these processes are written in the standard font. For example, let

φ = (φ1, ..., φd) be local coordinates on an open set U ⊂ M. The i-th coordinate of

anM-valued process X t is denoted by X i
t = φi(X t). A vector field V onM can be

described in coordinates as V (X) = V i(X)∂i = V i(X) ∂
∂φi , X ∈ U . For a function

f ∈ C∞(M), V (f) = V (df) = df(V ) gives the directional derivative of f along V .

2.2.2 SDE, martingales on manifolds

The Stratonovich formulation is used to define SDE on manifolds. A typical SDE

on M is as follows. Assume given l vector fields {V 1, ...,V l} on M, an Rl-valued

driving semimartingale Z, and write

dX t =
l∑

α=1

V α(X t) ◦ dZα
t . (2.2.1)

The use of the Stratonovich formulation ensures that the usual chain rule applies,

ensuring coordinate invariance of the solution to the SDE. The solution theory uses

semimartingales in the following way.
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Definition 1. Let M be a smooth manifold and (Ω,F∗,P) a filtered probability

space. Let τ be an F∗-stopping time. A continuousM-valued process X t defined on

[0, τ) is called anM-valued semimartingale if f(X t) is a real valued semimartingale

on [0, τ) for all f ∈ C∞(M).

Definition 2. AnM-valued semimartingale X defined up to a stopping time τ is a

solution to the SDE (2.2.1) if for all f ∈ C∞(M),

f(X t) = f(X0) +
l∑

α=1

∫ t

0

V αf(X t) ◦ dZα
s , 0 ≤ t < τ. (2.2.2)

These two definitions are intrinsic. Only the differentiable structure on M has

been used to define the SDE (2.2.1), since we have only used the concept of vector

fields. However, in order to define martingales taking values in M, the manifold

must be equipped with a connection ∇. For Riemannian manifolds, we always use

the Levi-Civita connection.

Definition 3. AssumeM is a smooth manifold equipped with a connection ∇. An

M-valued semimartingale X is called a ∇-martingale if and only if the following

process is a R-valued local martingale for all f ∈ C∞(M):

N f (X)t := f(X t)− f(X0)−
1

2

∫ t

0

∇2f(dXs, dXs), (2.2.3)

where ∇2f is the Hessian of f under ∇.

In our model, the driving semimartingales are Wiener processes or just t. The

SDE we are concerned with have the following form:

dX t =
l∑

α=1

(
V α(X t) ◦ dWα

t −
1

2
∇V αV α(X t)dt

)
(2.2.4)

where (W 1
t , ...,W

l
t ) are independent Wiener processes, and ∇V αV α is the covariant
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derivative of V α along itself. The deterministic correction is introduced in equa-

tion (2.2.4) in order that we could formally regard equation (2.2.4) as the Itô SDE

dX t =
l∑

α=1

V α(X t) dW
α
t . (2.2.5)

More precisely, we have

Proposition 1. The solution to the SDE (2.2.4) is a ∇-martingale.

Proof. Inserting equation (2.2.2) into equation (2.2.3), we only need to show that the

following process is a local martingale [43, Prop 2.5.2,pp. 56] :

N f (X)t =
l∑

α=1

(∫ t

0

(
V αf(X t) ◦ dWα

s −
1

2
(∇V αV α)f(X t)

)
dt− 1

2

∫ t

0

∇2f(V α,V α)(X t)dt
)
.

(2.2.6)

But since V (V f) = (∇V V )f +∇V (df)(V ) = (∇V V )f +∇2f(V ,V ), we com-

bine the last two terms to obtain

N f (X)t =
l∑

α=1

(∫ t

0

V αf(X t) ◦ dWα
s −

1

2

∫ t

0

V α(V αf)(X t)dt
)

=
l∑

α=1

∫ t

0

V αf(X t)dW
α
t . (2.2.7)

2.2.3 Brownian motion and orthogonal projections

When the manifold is Riemannian we may characterize Brownian motion in sev-

eral ways. Orthonormal bases provide a direct approach.

Corollary 1. Let {V α}nα=1 be an orthonormal basis for TM. Then the solution to
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the SDE

dX t =
n∑

α=1

(V α ◦ dWα
t −

1

2
∇V αV αdt) (2.2.8)

has generator ∆ = Tr(∇2), so that it is a Brownian motion onM.

Proof. For any f ∈ C∞(M), we have

f(X t)− f(X0) =
n∑

α=1

∫ t

0

(
V αf(Xs) ◦ dWα

s −
1

2
∇V αV αf(Xs)ds

)
(2.2.9)

=
n∑

α=1

∫ t

0

1

2
∇2f(V α,V α)(Xs)ds

=

∫ t

0

1

2
∆f(Xs)ds .

At this stage we are able to define the projection operator P onto a submanifold

O ⊂ M clearly. For drift terms in an SDE, no new ideas are required: we simply

project the drift vector to TO. For diffusion term that is an ∇-martingale in an SDE,

e.g. with a single driving vector field,

dX t = V ◦ dWt −
1

2
∇V V dt, (2.2.10)

we define

P (dX t) = P (V ) ◦ dWt −
1

2
∇P (V )P (V )dt . (2.2.11)

To understand this projection, we have the following Lemma:

Lemma 4. Let f ∈ C∞(M), X t solves SDE (2.2.10) and is a ∇-martingale. By
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(2.2.3), we could write

df(X t) =
1

2
∇2f(V ,V )dt+ some local martingale . (2.2.12)

Let Xp
t be the solution to the SDE:

dXp
t = P (V ) ◦ dWt −

1

2
∇P (V P (V )dt . (2.2.13)

then we have

df(Xp
t ) =

1

2
∇2f(P (V ), P (V ))dt+ some local martingale . (2.2.14)

For an SDE with both diffusion and drift terms, we decompose the RHS of the

SDE into the sum of a ∇-martingale diffusion term and drift term and project them

respectively. The result is that the evolution of f(Xp
t ), for f ∈ C∞(M) and a solution

to the projected SDE Xp
t , only contains the values of ∇f and ∇2f in the subspace

to be projected.

When we have an orthonormal basis {V α}nα=1 of TM such that {V α}dα=1 is also

an orthonormal basis of TO, and X t satisfies equation (2.2.8), we have

P (dX t) =
d∑

α=1

(V α ◦ dWα
t −

1

2
∇V αV αdt), (2.2.15)

P⊥(dX t) =
d∑

α=d+1

(V α ◦ dWα
t −

1

2
∇V αV αdt). (2.2.16)

This is the form in which we will prove Theorem 3 and Theorem 4.
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2.2.4 Some matrix algebra to be used

In this section, we introduce some matrix algebra to be frequently used in the

following sections.

We first introduce a matrix representation of u(n), the Lie algebra of unitary

group U(n). Define

αk,l :=
ele

T
k − eke

T
l√

2
, 1 ≤ k < l ≤ n , (2.2.17)

βk := iekek , 1 ≤ k ≤ n , (2.2.18)

βk,l := i
ele

T
k + eke

T
l√

2
, 1 ≤ k < l ≤ n . (2.2.19)

then u(n) is the linear space spanned by these vectors

u(n) = Span({αk,l}n1≤k<l≤n ∪ {βk}1≤k≤n ∪ {βk,l}1≤k<l≤n) , (2.2.20)

=
{
A ∈Mn×n|A = −A† := −(Ā)T

}
.

The validity of this statement can be verified by dimension counting.

We should note that this basis of u(n) is also orthonormal under the inner product

Re(Tr(UV †)):

Re(Tr(αi,jα
†
k,l)) = δikδjl , Re(Tr(βiβ

†
k)) = δik , Re(Tr(βi,jβ

†
k,l)) = δikδjl , (2.2.21)

Re(Tr(αi,jβ
†
k)) = 0 , Re(Tr(αi,jβ

†
k,l)) = 0 , Re(Tr(βiβ

†
k,l)) = 0 .

Their commutator is defined to be [A,B] := AB−BA. We are not going to write

down all commutators, but the following property will be used:

Tr([A,B]B†) = −Tr([A,B]B) = −Tr(AB2 −BAB) = 0 . (2.2.22)
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which means that the commutator [A,B] is perpendicular to B (and A by symmetry)

under inner product. By the completeness of the inner product Re(Tr(UV †)), we

have that the commutator [A,B], for A,B chosen from the basis above, is a linear

combination of basis vectors other than A and B.

In the analysis of symmetric matrix X ∈ Sym(n), its diagonalization X = PMP T

always exists, where P ∈ O(n) and M is n × n diagonal matrix. For complex sym-

metric matrices we also have the following decomposition.

Lemma 5 (Takagi, [87, Theorem 2]). Each complex symmetric matrix A can be

decomposed to A = QMQT , where M = diag (µ1, ..., µn) is a real nonnegative diagonal

matrix and Q ∈ U(n).

Such decomposition provides an isomorphism between linear vector spaces: the

tangent spaces TSym(n,C) and TRn⊗u(n). To be specific, we consider the following

basis of TSym(n,C): define ER, EI matrices as:

ER
k = eke

T
k , EI

k = ieke
T
k , 1 ≤ k ≤ n , (2.2.23)

EI
k,l = i

eke
T
l + ele

T
k√

2
, ER

k,l =
eke

T
l + ele

T
k√

2
, 1 ≤ k < l ≤ n . (2.2.24)

and define tangent vector fields:

lk : lk(dX) = QER
k Q

T , 1 ≤ k ≤ n , (2.2.25)

u(k) : u(k)(dX) = 2µkQEI
kQ

T , 1 ≤ k ≤ n , (2.2.26)

u(k,l,1) : u(k,l,1)(dX) = (µk + µl)QEI
k,lQ

T , 1 ≤ k < l ≤ n , (2.2.27)

u(k,l,2) : u(k,l,2)(dX) = (µk − µl)QER
k,lQ

T , 1 ≤ k < l ≤ n . (2.2.28)
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We also use the following basis of TRn ⊗ u(n):

l′k : l′k(dM) = eke
T
k , l′k(dQ) = 0 , 1 ≤ k ≤ n , (2.2.29)

u′
(k) : u′

(k)(dM) = 0 , u′
(k)(dQ) = Qβk , 1 ≤ k ≤ n , (2.2.30)

u′
(k,l,1) : u′

(k,l,1)(dM) = 0 , u′
(k,l,1)(dQ) = Qβk,l , 1 ≤ k < l ≤ n , (2.2.31)

u′
(k,l,2) : u′

(k,l,2)(dM) = 0 , u′
(k,l,2)(dQ) = Qαk,l , 1 ≤ k < l ≤ n . (2.2.32)

We claim that these two set of vector fields are exactly the same vector fields.

More precisely, let π : Rn ⊗ U(n) → Sym(n,C), π(M,Q) = QMQT be the bijection

between Rn ⊗ U(n) and Sym(n,C), and π∗ : TRn ⊗ u(n) → TSym(n,C) be the

differential of π, or the pushforward map, we have π∗(v
′) = v for v being any vector

fields defined above.

To see this, one should check the following matrix identities:

[eke
T
k ,M ] = 0 , [αk,l,M ] = (µk − µl)E

R
k,l ,

{βk,M} = 2µkE
I
k , {βk,l,M} = (µk + µl)E

I
k,l .

for M being diagonal matrix, where {A,B} = AB + BA is the anti-commutator.

Then by taking the differential of X = QMQT :

dX =Q(dM +Q−1dQM +MdQT (QT )−1)QT (2.2.33)

(dω := Q−1dQ) =Q(dM + dωM +MdωT )QT

=Q(dM + dωM −M d̄ω)QT

=Q(dM + [Re(dω),M ] + {i Im(dω),M})QT ,
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we may verify for example that

u′
(k,l,1)(dX) =Q{βk,l,M}QT = Q(µk + µl)(

eke
T
l + ele

T
k√

2
)QT (2.2.34)

=(µk + µl)QEI
k,lQ

T = u(k,l,1)(dX) .
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2.3 Proof of Theorem 3

The proof of Theorem 3 consists of two parts. First, we express the SDE (2.1.18)

for Zt on H in a more explicit form using the orthonormal bases described in Sec-

tion 2.2. Next, we use eigenvalue perturbation theory, the definition of the cross-ratio

R(Zt, iIn) and the change of variables from λt to σt to show that σt satisfies (2.1.7).

Almost all the work lies in explicit computations related to the change of basis. The

eigenvalue perturbation theory is standard, except near repeated eigenvalues. The

well-posedness theory in Section 2.5 allows us to focus on the case of distinct eigen-

values.

The outline of the computation of the basis is as follows. Following Siegel, we

first change variables from H to the equivalent of the unit disk for complex symmetric

matrices (the domainD below). This is a convenient coordinate system, since it makes

several properties of the cross-ratio matrix obvious. We will find an orthonormal

basis {Lk}nk=1 ∪ {U i}n
2

i=1 for TH, such that {U i}n
2

i=1 is also an orthonormal basis

of TOλ, and {Lk}nk=1 ⊂ TO⊥
λ . By Riemannian submersion, {Lk}k=1 also gives an

orthonormal basis of TΛ (identifying Lk with dπ(Lk)). Then by Corollary 1, we are

able to construct Brownian motion on (H, g); equations (2.2.15) and (2.2.16) then

complete the definition of the SDE (2.1.7).

2.3.1 The unit disk D

The domain of symmetric complex matrices defined by

D = {W = W T
∣∣I −WW̄ ≻ 0} (2.3.1)

is the analogue of the open unit disk in C. Since W = W T , the matrix I −WW̄ is

Hermitian and the notation I −WW̄ ≻ 0 means that it is positive definite.
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The conformal mapping z 7→ z−i
z+i

maps the Poincaré upper half-plane to the unit

disk in C. We write the analogous transformation for the Siegel half-space H as

R = φ(Z) = (Z − iIn)(Z + iIn)
−1. (2.3.2)

Since Z = ZT and these matrices commute, we have R = RT for Z ∈ H, a property

that we will use repeatedly. Siegel showed that D = φ(H) by adapting the proof

of conformal equivalence between the upper half-plane and the unit disk to several

complex variables (see [83, II.4]).

The transformation (2.3.2) plays an important role in our work because the cross-

ratio matrix R(Z, iIn) may be written

R(Z, iIn) = RR̄. (2.3.3)

Since R = RT we find immediately that

R̄T = (R̄R)T = RT R̄T = RR̄ = R. (2.3.4)

Thus, R is Hermitian positive semi-definite. This property allows us to obtain precise

descriptions of the orbits Oλ and the metric gH as outlined below. We begin with a

classical

Lemma 6. The domain D may be expressed as

D = φ(H) =
{
QMQT

∣∣Q ∈ U(n),M is diagonal, 0 ≤ µi < 1, i = 1, ..., n
}
. (2.3.5)

Proof. The first equality in equation (2.3.5) follows from [83, II.4]. The second equal-

ity is also straightforward. We decompose R = QMQT using Lemma 5 and invert
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equation (2.3.2) to find

Im(Z) =(In −R)−1(In −RR̄)(In − R̄)−1

=(Q̄T −MQT )−1(In −M2)(Q− Q̄M)−1. (2.3.6)

It is immediate that Im(Z) ≻ 0 if and only if µ2
i < 1 for i = 1, . . . , n.

Lemma 7. For Z ∈ H and λ = eig R(Z, iIn), the orbit Oλ is represented by

Oλ = φ−1
(
{QMQT |M = diag(µ1, ..., µn), Q ∈ U(n)}

)
(2.3.7)

where λ = (µ2
1, ..., µ

2
n).

Proof. By equation (2.3.3) and Lemma 5, the eigenvalues of R(Z, iIn) are just the

diagonal elements {µ2
i }ni=1. Thus,

φ(Oλ) = {QMQT |M = diag(µ1, ..., µn), Q ∈ U(n)} (2.3.8)

where λ = (µ2
1, ..., µ

2
n).

2.3.2 The orthonormal basis

Now we will construct an orthonormal basis of TH and TOλ. As φ : H → D is

an analytic bijection and we will equip D with metric that is compatible with φ later,

we can regard (H, gH) and (D, gD) as the same Riemannian manifold, while Z and

R are just two coordinate systems on the this manifold. Also, vector fields related

by the pushforward map dπ (e.g. u in (2.2.25) and u′ in (2.2.29)) are regarded as

representations of the same vector field under different coordinate systems.

In this section we will mainly use R and its diagonalization R = QMQT as

47



coordinate system. According to section 2.2.4, we already have a basis (2.2.25) of

TRD = TRSym(n,C) for R ∈ D.

By definition of u vector fields (2.2.29), we also know that for each Z ∈ Oλ

TZOλ = Span
(
{u(k)}nk=1 ∪ {u(k,l,1)}1≤k<l≤n ∪ {u(k,l,2)}1≤k<l≤n

)
. (2.3.9)

Now we will compute the metric gD that is compatible with settings above. In

view of bilinear form, we just need to compute the transformation coefficient of dπ

and get gD. In a geometric point of view, we have gD = gH in the sense that they

are the same tensor in X(T ∗H ⊗ T ∗H) represented by different coordinate systems.

Under the geometric point of view, we use

R =(Z − iIn)(Z + iIn)
−1, Z = i(In +R)(In −R)−1 , (2.3.10)

dZ =2i(In −R)−1dR(In −R)−1 ,

and Y =
1

2i
(Z − Z̄) = (In −R)−1(In −RR̄)(In − R̄)−1 (2.3.11)

=Ȳ = (In − R̄)−1(In − R̄R)(In −R)−1 ,

and compute

gH =Tr(Y −1dZY −1dZ̄) = Tr(Y −1dZ(Ȳ )−1dZ̄) (2.3.12)

=Tr
(
[(In − R̄)(In −RR̄)−1(In −R)][2i(In −R)−1dR(In −R)−1]

[(In −R)(In − R̄R)−1(In − R̄)][(−2i)(In − R̄)−1dR̄(In − R̄)−1]
)

=4Tr
(
(In −RR̄)−1dR(In − R̄R)−1dR̄

)
= gD.

Notice that when n = 1, gD = 4dzdz̄
(1−|z|2)2 coincides with the Poincaré metric on

the unit disk. From now on we will only use gH for both gH and gD, as they are
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conceptually the same geometric object. In the following theorem, we will show that

the metric gH is diagonalized under the basis (2.2.25). Thus, if we normalize the basis

(2.2.25) we will get an orthonormal basis.

Theorem 9. The following vector fields {Lk}nk=1∪{U (k)}nk=1∪{U (k,l,m)}1≤k<l≤n,m=1,2

give an orthonormal basis of X(TH). Moreover, {U (k)(Z)}nk=1∪{U (k,l,m)(Z)}1≤k<l≤n,m=1,2

give an orthonormal basis of TZOλ for each Z ∈ Oλ and λ ∈ W.

At a point φ(Z) = R = QMQT , where M = diag(tanh σ1

2
, ..., tanh σn

2
), the vector

fields are defined as follows

Lk(dR) =
1

2 cosh2 σk

2

Q
(
eke

T
k

)
QT , 1 ≤ k ≤ n, (2.3.13)

U (k)(dR) =
1

2 cosh2 σk

2

Q
(
ieke

T
k

)
QT , 1 ≤ k ≤ n, (2.3.14)

U (k,l,1)(dR) =
1

2 cosh σk

2
cosh σl

2

Q
(i(ekeTl + ele

T
k )√

2

)
QT , 1 ≤ k < l ≤ n, (2.3.15)

U (k,l,2)(dR) =
1

2 cosh σk

2
cosh σl

2

Q
(ekeTl + ele

T
k√

2

)
QT , 1 ≤ k < l ≤ n. (2.3.16)

In order to simplify notation, we will use {U i}n
2

i=1 to denote the union {U (k)}nk=1∪

{U (k,l,m)}1≤k<l≤n,m=1,2 and use U i for any vector field in {U i}n
2

i=1, when there is no

confusion.

Proof. Notice that all L and U vectors are just normalized l and u vectors. We only

need to prove that gH is diagonalized under l and u basis (2.2.25), and extract all

coefficient of squares.
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To do this, we first transform gH into (M,Q) system. Use (2.2.33), we get gH

gH =4Tr
(
(In −RR̄)−1dR(In − R̄R)−1dR̄

)
(2.3.17)

=4Tr
(
(In −M2)−1(dM + [Re(dω),M ] + {i Im(dω),M})

(In −M2)−1(dM + [Re(dω),M ]− {i Im(dω),M})
)

=4
(
Tr((In −M2)−1(dM + [Re(dω),M ])(In −M2)−1(dM + [Re(dω),M ]))

+ Tr((In −M2)−1{Im(dω),M}(In −M2)−1{Im(dω),M})
)

=4
(
Tr((In −M2)−2dMdM)

+ Tr((In −M2)−1[Re(dω),M ](In −M2)−1[Re(dω),M ])

+ Tr((In −M2)−1{Im(dω),M}(In −M2)−1{Im(dω),M})
)
.

where we used the fact that (In −M2) and dM are diagonal and [Re(dω),M ] has

zero diagonal.

Take linear combination of basis with constant coefficients

v =
n∑

k=1

cklk +
n∑

k=1

dku(k) +
∑

1≤k<l≤n

dk,l,1u(k,l,1) +
∑

1≤k<l≤n

dk,l,2u(k,l,2), (2.3.18)

we find that gH(v,v) becomes a sum of squares

gH(v,v) =
n∑

k=1

4

(1− µ2
k)

2
c2k +

n∑
k=1

4(2µk)
2

(1− µ2
k)

2
d2k (2.3.19)

+
∑

1≤k<l≤n

4(µk + µl)
2

(1− µ2
k)(1− µ2

l )
d2k,l,1 +

∑
1≤k<l≤n

4(µk − µl)
2

(1− µ2
k)(1− µ2

l )
d2k,l,2.

Thus, the vectors {lk}nk=1 ∪ {u(k)}nk=1 ∪ {u(k,l,1)}1≤k<l≤n ∪ {u(k,l,2)}1≤k<l≤n give an

orthogonal basis. We normalize this basis to obtain an orthonormal basis (2.3.13).
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For example, we can check that

gH(Lk,Lk) =gH(
1

2 cosh σk

2

lk,
1

2 cosh σk

2

lk)

=
4

(1− µ2
k)

2
(

1

2 cosh σk

2

)2 = 1 ,

gH(U (k,l,2),U (k,l,2)) =gH(
1

2 cosh σk

2
cosh σl

2

u(k,l,2)

(µk − µl)
,

1

2 cosh σk

2
cosh σl

2

u(k,l,2)

(µk − µl)
)

=(
1

2 cosh σk

2
cosh σl

2
(µk − µl)

)2
4(µk − µl)

2

(1− µ2
k)(1− µ2

l )
= 1 .

2.3.3 Covariant derivatives

To determine all terms in SDE 2.2.8, we have the following Lemma for the ex-

pression of ∇V V for all L and U vectors.

Lemma 8. The covariant derivatives ∇UU and ∇LL are given by:

∇Lk
Lk =0 , 1 ≤ k ≤ n , (2.3.20)

∇U (k)
U (k) =− cothσkLk , 1 ≤ k ≤ n , (2.3.21)

∇U (k,l,1)
U (k,l,1) =− coth(

σk

2
+

σl

2
)
Lk +Ll

2
, 1 ≤ k < l ≤ n , (2.3.22)

∇U (k,l,2)
U (k,l,2) =− coth(

σk

2
− σl

2
)
Lk −Ll

2
, 1 ≤ k < l ≤ n . (2.3.23)

Proof. For a vector field V ∈ X(TH), We could compute ∇V V by computing

⟨∇V V ,V ′⟩ using Koszul’s formula [30, Theorem 3.6, Page 55], for V ′ =
∑n

k=1 akLk+∑n2

i=1 biU i with arbitrary constant coefficients ak’s and bi’s, where ⟨·, ·⟩ = gH(·, ·).

Koszul’s formula is simplified in our case because all inner products between U
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and L vectors are constants. For example,

⟨∇U i
U i,Lk⟩ =U i⟨U i,Lk⟩ −

1

2
Lk⟨U i,U i⟩ − ⟨[U i,Lk],U i⟩ = ⟨[Lk,U i],U i⟩ ,

(2.3.24)

where the first two terms vanish because ⟨U i,U i⟩ = 1 and ⟨U i,Lk⟩ = 0.

We give a proof of the expression of ∇Lk
Lk and ∇U (k,l,2)

U (k,l,2), then the compu-

tations are similar for others.

To prove ∇Lk
Lk = 0, we need a fact discovered by Siegel in [83, Theorem 3, Page

3], implying that the translation of each σk is a geodesic. Also, notice that

Lk(σ
l) =(2 cosh2 σ

l

2
)Lk(tanh

σl

2
) = (2 cosh2 σ

l

2
)Lk(µl) = δkl , (2.3.25)

which means Lk =
(

∂
∂σk

)
, say Lk is the unit vector field tangent to the geodesic of

σk translation. Therefore ∇Lk
Lk = 0.

For U (k,l,2), according to the formula above, we first need to distinguish those

vector fields that are commutative with U (k,l,2), or whose commutator with U (k,l,2)

are perpendicular to U (k,l,2).

We first argue that ⟨∇U i
U i,U j⟩ = 0 for all U i,U j vectors. This is a result from

(2.2.22): the commutator [U i,U j] does not contain U i or U j term.

For ⟨∇U i
U i,Lm⟩, u(k,l,2) is by definition (2.2.29) commutative with lm (thus Lm),
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so

[Lm,U (k,l,2)] =[(
∂

∂σm
),

1

2 sinh(σ
k−σl

2
)
u(k,l,2)] (2.3.26)

=(
∂

∂σm
(

1

2 sinh(σ
k−σl

2
)
))u(k,l,2)

=− coth(
σk − σl

2
)(
δkm − δlm

2
)U (k,l,2) .

Thus, ∇U (k,l,2)
U (k,l,2) is given by orthonormal decomposition below:

∇U (k,l,2)
U (k,l,2) =

n∑
m=1

⟨∇U (k,l,2)
U (k,l,2),Lm⟩Lm (2.3.27)

=
n∑

m=1

⟨[Lm,U (k,l,2)],U (k,l,2)⟩Lm

=
n∑

m=1

− coth(
σk − σl

2
)(
δkm − δlm

2
)Lm

=− coth(
σk − σl

2
)(
Lk −Ll

2
) .

2.3.4 Evolution of spectrum

Now it suffice to prove theorem 3, i.e. to compute the evolution of spectrum

λ(Zt) = (tanh2 σ1

2
, ..., tanh2 σn

2
).

Proof of theorem 1. Let Mt = M(Zt). By definition (2.2.2), the evolution of Mt
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satisfies the following SDE:

dMt =
n2∑
i=1

(
U i(Mt) ◦ dW̃ i

t −
1

2
∇U i

U i(Mt)dt
)

(2.3.28)

+

√
2

β

n∑
k=1

(
Lk(Mt) ◦ dW k

t −
1

2
∇Lk

Lk(Mt)dt
)

=
n2∑
i=1

−1

2
∇U i

U i(Mt)dt+

√
2

β

n∑
k=1

Lk(Mt) ◦ dW k
t ,

where {W̃ i
t }n

2

i=1 and {W k
t }nk=1 are n2 + n independent Wiener processes.

Two facts were used in the computation above: U i(dM) = 0 for all U i ∈ {U i}n
2

i=1

by definition (2.2.29), and ∇Lk
Lk = 0 for k = 1, ..., n from Lemma 8.

Using the expression of ∇U i
U i in (2.3.20), and Lk(µl) = 1

2 cosh2 σk

2

δkl which is

equivalent to Lk(Mt) =
eke

T
k

2 cosh2 σk

2

, we can write down the SDE exactly as:

dMt =
n∑

k=1

d
(
tanh(

σk

2
)
)
eke

T
k (2.3.29)

=
n∑

k=1

1

2
coth(σk

t )
eke

T
k

2 cosh2 σk

2

dt+
∑

1≤k<l≤n

1

2
coth(

σk
t + σl

t

2
)

eke
T
k

2 cosh2 σk

2

+
ele

T
l

2 cosh2 σl

2

2
dt

+
∑

1≤k<l≤n

1

2
coth(

σk
t − σl

t

2
)

eke
T
k

2 cosh2 σk

2

− ele
T
l

2 cosh2 σl

2

2
dt+

√
2

β

n∑
k=1

eke
T
k

2 cosh2 σk

2

◦ dW k
t

=
n∑

k=1

( 1

2 cosh2(σ
k

2
)
× 1

2

(
coth(

σk
t

2
) +

∑
l ̸=k

sinh(σk
t )

cosh(σk
t )− cosh(σl

t)

)
dt

+

√
2

β

1

2 cosh2(σ
k

2
)
◦ dW k

t

)
eke

T
k

As {ekeTk }nk=1 are linearly independent, the coefficients on the two sides coincide,
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and we get the evolution of tanh(
σk
t

2
). Using chain rule we find the evolution of σk

t :

dσk
t =

1

2

(
coth(

σk
t

2
) +

∑
l ̸=k

sinh(σk
t )

cosh(σk
t )− cosh(σl

t)

)
dt+

√
2

β
× 1 ◦ dW k

t

=
1

2

(
coth(

σk
t

2
) +

∑
l ̸=k

sinh(σk
t )

cosh(σk
t )− cosh(σl

t)

)
dt+

√
2

β
dW k

t

which is (2.1.7).
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2.4 Proof of Theorem 4

In this section, we evaluate the Boltzmann entropy S : Q → R defined in equa-

tion (2.1.19) and prove Theorem 4.

2.4.1 Orbit volume

For each λ ∈ Q, the orbit Oλ is naturally a Riemannian submanifold of H

equipped with the induced metric gOλ
, defined by

gOλ
(v,v′) = gH(v,v

′) , (2.4.1)

for v,v′ ∈ TOλ.

We first introduce a collection of n2 1-forms to be the basis of X(T ∗Oλ). Denoted

{ωi}n2

i=1 ⊂ X(T ∗Oλ) that are dual to the orthogonal basis {ui}n2

i=1 defined in (2.2.25).

That is,

ui(ωj) = δij , i, j = 1, ..., n2 , (2.4.2)
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using (2.3.19) the metric gOλ
has the form

gOλ
=

n∑
k=1

4(2µk)
2

(1− µ2
k)

2
ω(k) ⊗ ω(k) (2.4.3)

+
∑

1≤k<l≤n

4(µk + µl)
2

(1− µ2
k)(1− µ2

l )
ω(k,l,1) ⊗ ω(k,l,1)

+
∑

1≤k<l≤n

4(µk − µl)
2

(1− µ2
k)(1− µ2

l )
ω(k,l,2) ⊗ ω(k,l,2)

=4
( n∑

k=1

sinh2 σkω(k) ⊗ ω(k) +
∑

1≤k<l≤n

sinh2(
σk + σl

2
)ω(k,l,1) ⊗ ω(k,l,1)

+
∑

1≤k<l≤n

sinh2(
σk − σl

2
)ω(k,l,2) ⊗ ω(k,l,2)

)
.

Let Mλ,ω be the matrix of gOλ
under basis {ωi}n2

i=1, then the volume form is

dV =
√
det(Mλ,ω)

∧n2

i=1 ω
i and vol(Oλ) =

∫
Oλ

dV gives the volume of orbit Oλ.

Notice that det(Mλ,ω) only depends on λ, and is a constant on Oλ, we can extract

it out and get

vol(Oλ) = 2n
2

n∏
k=1

sinhσk
∏

1≤k<l≤n

sinh(
σk + σl

2
) sinh(

σk − σl

2
)

∫
Oλ

n2∧
i=1

ωi (2.4.4)

and we will argue that the integral
∫
Oλ

∧n2

i=1 ω
i is a constant that does not depend on

λ, so we have the following

Theorem 10. For λ ∈ Q, the volume of orbit Oλ is given by

vol(Oλ) = Cn

n∏
k=1

sinhσk
∏

1≤k<l≤n

sinh(
σk + σl

2
) sinh(

σk − σl

2
) (2.4.5)

where Cn is a constant that only depends on n.

Proof. We only need to show that the integral
∫
Oλ

∧n2

i=1 ω
i =

∫
O′

λ

∧n2

i=1 ω
i for λ, λ′ ∈ Q.
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To do this we consider a bijection

ϕ : Oλ → Oλ′ , for Z = φ−1(QMQT ) ∈ Oλ , ϕ(Z) = φ−1(QM ′QT ) .

i.e. ϕ is the map that preserves the U(n) component of R coordinate.

Since ϕ is a diffeomorphism between Oλ and Oλ′ , using ϕ∗(ωi ◦ ϕ) ∈ X(T ∗Oλ),

the pullback of ωi ◦ ϕ : Oλ → T ∗Oλ′ , we can use change of variable formula to get

∫
Oλ′

n2∧
i=1

ωi =

∫
ϕ(Oλ)

n2∧
i=1

ωi (2.4.6)

=

∫
Oλ

n2∧
i=1

ϕ∗(ωi ◦ ϕ) ,

Now we will show that ϕ∗(ωi ◦ϕ) = ωi. This is the direct result of ϕ∗(ui) = ui ◦ϕ,

to prove which consider Z ′ = ϕ(Z) for Z ∈ Oλ and an arbitrary function f ∈ C∞(Oλ′),

then we need to prove that ϕ∗(ui(Z))f = ui(Z
′)f .

Let the matrix-valued derivative ∂f
∂Q

defined by df = Tr( ∂f
∂Q

dQ), we have

ϕ∗(ui(Z))f =ui(f ◦ ϕ(Z)) = Tr
(
(
∂f

∂Q
)Z′(ui(dQ))Z

)
,

ui(Z
′)f =Tr

(
(
∂f

∂Q
)Z′(ui(dQ))Z′

)
,

where we used the fact that Z and Z ′ has the same Q component. As (ui(dQ))Z′ =

(ui(dQ))Z from (2.2.29), we proved that ϕ∗(ui(Z))f = ui(Z
′)f .

Then by

uj(ϕ
∗(ωi ◦ ϕ)) = ϕ∗(uj)(ω

i ◦ ϕ) = (ui ◦ ϕ)(ωi ◦ ϕ) = δij , (2.4.7)

we proved that ϕ∗(ωi ◦ ϕ) = ωi.
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So the integral is a constant:

∫
Oλ′

n2∧
i=1

ωi =

∫
Oλ

n2∧
i=1

ϕ∗(ωi ◦ ϕ) =
∫
Oλ

n2∧
i=1

ωi . (2.4.8)

Take logarithm and using the formula sinh(a+b
2
) sinh(a−b

2
) = cosh(a)−cosh(b)

2
, we get

the Boltzmann entropy

S(σ) = log vol(Oλ) =
n∑

k=1

log sinhσk +
∑

1≤k<l≤n

log | coshσk − coshσl|+ cn . (2.4.9)

2.4.2 Metric and gradient flow

We have already computed the Boltzmann entropy function S(σ), and to find a

gradient flow we will also need a metric gΛ in the spectrum space Q. The natural

selection is to make the projection π : H → Q a Riemannian submersion.

Now as we already have an orthonormal basis of TH and it is clear that

Ker(dπ) = Span
(
{U i}n

2

i=1

)
, Ker(dπ)⊥ = Span

(
{Lk}nk=1

)
. (2.4.10)

By definition of a Riemannian submersion, {dπ(Lk)}nk=1 will be an orthonormal

basis in TQ. Using (2.3.25) we have

gQ =
n∑

k=1

dσkdσk , (gQ)
−1 =

n∑
k=1

Lk ⊗Lk . (2.4.11)

Therefore, the gradient of S(σ) is just the usual differential gradS(dσk) = ∂S
∂σk .

Comparing SDE (2.1.7) and the entropy (2.1.20) we conclude that the evolution of

(σ1, ..., σn) is just the Langevin equation maximizing Boltzmann entropy S.
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2.5 Well-posedness and Non-colliding property

In this section, we prove the existence and uniqueness of strong solution of SDE

(2.1.7), when β ≥ 2 and the initial condition satisfies λ0 ∈ Q, i.e. σ0 = (σi
0)

n
i=1 are

all distinct and non-zero. The essential observation is that Boltzmann entropy S(σt)

is a local submartingale and with probability 1 it is bounded below, which avoids

collision of eigenvalues. This strategy is commonly used for the well-posedness of

Dyson Brownian motion in random matrix theory, and our proof adapts arguments

used in [2, 8].

Theorem 11. When β ≥ 2, with initial condition σ0 = (σi
0)

n
i=1 such that S(σ0) >

−∞, there exists a unique strong solution to the SDE (2.1.7), and S(σt) > −∞ for

all t > 0 almost surely.

Our overall strategy is to consider an auxiliary SDE with a cut-off of the coef-

ficients in (2.1.7) such that well-posedness is guaranteed, and properly define some

stopping times so that the solution to the auxiliary SDE also solves SDE (2.1.7) before

they stopped. We then define the solution of SDE (2.1.7) to be equal to the solution

of auxiliary SDE before stopping, then we let the stopping times goes to infinity to

obtain a solution almost surely defined for all t > 0.

The auxiliary SDE is as follows: define N(σ) = log(
∑n

i=1 coshσ
i), for k >

−S(σ0), K > N(σ0), let σ
(k,K)
t solves the SDE as follows:

d(σ
(k,K)
t )i = η(σ

(k,K)
t , k,K)

(1
2
(coth(σ

(k,K)
t )i +

∑
j ̸=i

sinh(σ
(k,K)
t )i

cosh(σ
(k,K)
t )i − cosh(σ

(k,K)
t )j

)dt+

√
2

β
dW i

t

)
,

(2.5.1)
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where η(σ, k,K) = h(−S(σ)
k

)h(N(σ)
K

) and h is a smooth function with

h(x) =


1 x ≤ 1

0 x ≥ 2

. (2.5.2)

Thus, when S(σ) > −k, N(σ) < K, the SDE (2.5.1) and the SDE (2.1.7) coincides.

Now define two stopping times

τk,K := inf{t > 0|S(σ(k,K)
t ) ≤ −k} , (2.5.3)

Tk,K := inf{t > 0|N(σ
(k,K)
t ) ≥ K} . (2.5.4)

Notice that when S(σ) > −k and N(σ) < K, σi, S(σ), ∂S
∂σi are all bounded, where

∂S
∂σi = e−S ∂(eS)

∂σi is bounded because eS is smooth in {σ ∈ Rn|N(σ) ≤ K}. We now

have the following two Lemmas for Tk,K and τk,K .

Lemma 9. For t > 0, k > −S(σ0), limK→∞ P[Tk,K < t ∧ τk,K ] = 0 uniformly in k.

Lemma 10. For K > N(σ0), t > 0, limk→∞ P[τk,K < Tk,K ∧ t] = 0.

Corollary 2. Given t > 0, almost surely there exists k∗ > −S(σ0), K∗ > N(σ0) such

that t < τk∗,K∗ ∧ Tk∗,K∗.

Proof. For each n ∈ N, there exists Kn such that

P[Tk,Kn < t ∧ τk,Kn ] < 2−n , (2.5.5)

for all k > −S(σ0) by Lemma 9. There also exists kn such that

P[τkn,Kn < t ∧ Tkn,Kn ] < 2−n , (2.5.6)

by Lemma 10.
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Since P[t > Tkn,Kn ∧ τkn,Kn ] ≤ P[τkn,Kn < t ∧ Tkn,Kn ] + P[Tkn,Kn < t ∧ τkn,Kn ]

∞∑
n=1

P[t > Tkn,Kn ∧ τkn,Kn ] <∞ (2.5.7)

by the Borel-Cantelli Lemma, with probability 1, {t > Tkn,Kn ∧ τkn,Kn}∞n=1 happens

finitely often. Hence, there exist an integer m such that t ≤ Tkm,Km ∧ τkm,Km .

Corollary 2 leads to proof of Theorem 11 directly:

Proof of Theorem 11. For all k > −S(σ0), K > N(σ0), SDE (2.5.1) has a unique

strong solution σ
(k,K)
t because coefficients of drift and diffusion are all Lipschitz.

For each t > 0, almost surely there exists k∗, K∗ such that t < τk∗,K∗ ∧ Tk∗,K∗ ,

we define σt = σ
(k∗,K∗)
t . By uniqueness of solution of SDE (2.5.1), such definition is

well-defined and does not depend on the choice of k∗, K∗, because σ
(k,K)
t = σ

(k′,K′)
t

when t ≤ τk,K ∧ Tk,K and t ≤ τk′,K′ ∧ Tk′,K′ .

It is clear that σt is a solution to SDE (2.1.7), and uniqueness follows the unique-

ness of σ
(k,K)
t of SDE (2.5.1).

The finiteness of S(σt) comes from that t < τk∗,K∗ which means S(σt) > −k∗.

The proof of Lemma 9 and Lemma 10 are as follows:

Proof of Lemma 9. Consider Nk,K
t = N(σ

(k,K)
t ), using Itô’s formula, when t ≤ τk,K ∧

Tk,K , we have

Nk,K
t =N(σ0) +

√
2

β

∫ t

0

n∑
i=1

sinh(σ
(k,K)
s )i∑n

l=1 cosh(σ
k,K
s )l

dW i
s (2.5.8)

+

∫ t

0

(n
2
+

1

β
− 1

β

∑n
i=1 sinh

2(σ
(k,K)
s )i

(
∑n

i=1 cosh(σ
(k,K)
s )i)2

)
ds .
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As σ
(k,K)
s is bounded for 0 ≤ s ≤ t ∧ τk,K ∧ Tk,K , each term on the R.H.S are

integrable. Take expectation of Nt∧τk,K∧Tk,K
:

KP[Tk,K < t ∧ τk,K ] ≤E[Nt∧τk,K∧Tk,K
] (2.5.9)

≤N(σ0) + (
n

2
+

1

β
)E[
∫ t∧τk,K∧Tk,K

0

ds]

=N(σ0) + (
n

2
+

1

β
)E[
∫ t∧τk,K∧Tk,K

0

ds]

≤N(σ0) + (
n

2
+

1

β
)t ,

so limK→∞ P[Tk,K < t ∧ τk,K ] = 0 uniformly in k.

Proof of Lemma 10. We show that when β ≥ 2, S(σ
(k,K)
t∧τk,K∧Tk,K

) is a submartingale.

We start with the following observation:

∆S + |∇S|2 = cn , (2.5.10)

where ∆ =
∑n

i=1
∂2

∂σi∂σi is the Laplacian in Euclidean sense, |∇S|2 =
∑n

i=1(
∂S
∂σi )

2, and

cn = n(n+1)(2n+1)
6

> 0.

When t ≤ τk,K ∧ Tk,K , using Itô’s formula and SDE (2.1.7), we have

S(σ
(k,K)
t ) =S(σ0) +

∫ t

0

(
1

2
|∇S|2 + 1

β
∆S)ds+

∫ t

0

n∑
i=1

√
2

β

∂S

∂σi
dW i

s (2.5.11)

=S(σ0) +

∫ t

0

(
cn
β

+ (
1

2
− 1

β
)|∇S|2)ds+

∫ t

0

n∑
i=1

√
2

β

∂S

∂σi
dW i

s

When 0 ≤ s ≤ t ∧ τk,K ∧ Tk,K , every integral above are integrable. Using the
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condition β ≥ 2, we have

S(σ0) < E[St∧τk,K∧Tk,K
] (2.5.12)

Also, St∧τk∧TK
is bounded above by a constant CK depending on K, we have

S0 < E[St∧τk,K∧Tk,K
] < −kP[τk,K < t ∧ Tk,K ] + CK(1− P[τk,K < t ∧ Tk,K ]) , (2.5.13)

which leads to limk→∞ P[τk,K < t ∧ Tk,K ] = 0 for given t > 0, K > N(σ0).
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Chapter 3

Gibbs sampling problem on PSD

matrices

3.0 Abstract

We construct Riemannian Langevin equations (RLE) on the manifold of fixed

rank positive semi-definite matrices, for a suitable smooth energy function under two

classical Riemannian metrics. One metric is associated with the embedded geometry

in Euclidean space, and the other one is Bures-Wasserstein metric. Based on the

interplay of mean curvature and intrinsic Brownian motion in Riemannian immersion

and submersion, we use orthonormal global smooth frames for parallelizable manifolds

to give a simpler construction of Brownian motion, which is different from the classical

Eells-Elworth-Malliavin approach yet more useful for obtaining Itô form of Brownian

motion toward constructing efficient Riemannian Langevin Monte Carlo schemes.
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3.1 Introduction

3.1.1 Problem statement

We consider the stochastic process Xt on the manifold of positive semi-definite

(PSD) matrices of fixed rank Sn,p
+ defined by

Sn,p
+ =

{
X ∈ Rn×n

∣∣X = XT , X ≻ 0,Rank(X) = p
}
, (3.1.1)

solving the following Riemannian Langevin equation (RLE)

dXt = −grad Edt+ dBg,β
t , (3.1.2)

For a given energy function E ∈ C2(Sn,p
+ ) and a metric g equipped to Sn,p

+ , where

Bg,β
+ stands for the intrinsic Brownian motion on the Riemannian manifold (Sn,p

+ , g),

and grad is Riemannian gradient, β > 0 is inverse temperature.

RLE (3.1.2) connects to both Gibbs sampling problem and optimization problem

on Sn,p
+ . The equilibrium distribution of RLE (3.1.2) is Gibbs measure

ρ∗ =
1

Zβ

e−βE , Zβ =

∫
Sn,p
+

e−βEdV , (3.1.3)

where dV =
√

det(g)dx is the volume form and we require Zβ < ∞. As the metric

appears in the volume form, Gibbs measures associated to the same energy function

E on Sn,p
+ equipped with different metrics are different. In the zero temperature limit

β → ∞, RLE (3.1.2) reduces to gradient descent and ρ∗ concentrates to the global

minima of E .

The main contributions of this paper are two simple and explicit forms of RLE
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14 15 on Sn,p
+ under gE induced metric from Euclidean metric, and gBW the Bures-

Wasserstein metric, companioned with convergence analysis based on Bakry-Émery

criteria, that provide new methods doing Gibbs sampling and optimization problem

on the manifold Sn,p
+ . Also, both RLEs can be extended to general Riemannian man-

ifolds with certain conditions. The most subtle part in RLE is the construction of

intrinsic Brownian motion on Riemannian manifolds which has been well studied in

literature, e.g. [43, 47, 84, 10]. Different from the usual Eells-Elworth-Malliavin con-

struction through horizontal lift to frame bundle, in this paper we assumed stronger

conditions and provide a construction which is simpler and more practicable for nu-

merical applications, see 12. Further more, for the specific case Sn,p
+ , we are taking

advantage of its structure (as an embedded manifold or a quotient manifold) and

providing even simpler SDEs for Brownian motions on it 12 13. The key phenomenon

here is the interplay between Brownian motion and (negative) mean curvature flow,

as well as gradient ascent of log volume of group orbit which is called a Boltzmann

entropy in this paper. These connections appear in literature [50, 84, 78] while less

well-known.

In a separate paper [94], our Riemannian Langevin schemes are reported. The

foundation of the Riemannian Langevin schemes in [94] is the Riemannian Langevin

equation, which is the focus of this paper.

The technical tools used in this paper includes stochastic analysis on manifolds

(see [43]) and Riemannian geometry (see [30]). Corresponding definition and nota-

tions are also introduced in section 3.2, as well as main theorems. In section 3.4 we

discussed the convergence based on classical Bakry-Émery criteria for two metrics

respectively, with concrete computation for curvature tensor of (Sn,p
+ , gE).

67



3.1.2 Two special Riemannian metrics of Sn,p
+

Sn,p
+ as a constrained system is naturally a submanifold of Sym(n) = {X ∈

R
n×n|X = XT}, the collection of all n × n positive semi-definite matrices. Sym(n)

can be equipped with Euclidean metric g(A,B) = Tr(ABT ), where A,B are two

vectors in TSym(n) and Tr is the trace of matrices. The induced metric gE, defined

by the restriction of g on TSn,p
+ , gives the natural metric structure on Sn,p

+ as a

submanifold [91]. i.e.

gE,X(A,B) = g(A,B) = Tr(ABT ) , A,B ∈ TXSn,p
+ . (3.1.4)

This metric gE is also called embedded metric in this paper.

On the other hand, Sn,p
+ is naturally (more precisely, is homeomorphic to) a

quotient manifold of Rn×p
∗ , where Rn×p

∗ is the collection of full rank n × p matrices.

This can be understood through the decomposition X = Y Y T for X ∈ Sn,p
+ , Y ∈

R
n×p
∗ . By the invariance of X under the action Y → Y Q, Q ∈ Op, the orthogonal

group, we can see Sn,p
+ ≂ R

n×p
∗ /Op.

Equip Rn×p
∗ with Euclidean metric g(U, V ) = Tr(UV T ), g induces a metric on

the quotient Rn×p
∗ /Op through Riemannian submersion for the natural projection.

This metric pulling back to Sn,p
+ , denoted by gBW , is known as Bures-Wasserstein

metric [70, 69]. The metric gBW is also called quotient metric in this paper.

3.1.3 Riemannian Langevin equation

Riemannian Langevin equation (RLE) on a Riemannian manifold (M, g) is of the

following form:

dX t = −grad Edt+ dBg,β
t , (3.1.5)
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where X t is aM-valued process, grad is Riemannian gradient, Bg,β
t is the intrinsic

Brownian motion on the manifold (M, g) with temperature 1
β
. SDEs on manifolds

are defined in the weak sense [43], i.e. (3.1.2) defines a process with infinitesimal

generator Lf = −grad E(f) + 1
β
∆gf , where ∆g is the Laplace-Beltrami operator

under metric g.

RLE (3.1.2) is a natural extension of the following Langevin equation in Euclidean

space

dxt = −∇Edt+
√

2

β
dWt , (3.1.6)

where Wt is a R
n valued Brownian motion. To extend this equation to Riemannian

manifolds, Euclidean coordinates x is replaced by local coordinates on manifolds,

so the whole SDE should be written in a coordinate free form. The gradient ∇E is

replaced by Riemannian gradient, and Brownian motionWt should also be replaced by

intrinsic Brownian motion on Riemannian manifolds. For this sake, SDE on manifolds

are written in the coordinate-free Stratonovich form. On the other hand, to be

a martingale on manifolds, Bg,β
t should satisfy a Itô form SDE, which makes Itô-

Stratonovich correction naturally appear in SDE of Bg,β
t , e.g.12. Such correction

term possesses a meaning of mean curvature in the situation whereM is a embedded

manifold in its ambient space 12, and gives a drift of entropy gradient in the situation

whereM is a quotient manifold 13. This phenomenon has been studied in depth by

the authors (TY and GM) and their co-authors in literature [71, 72, 48].

The Fokker-Planck equation describing the density ρt of X t also extends to Rie-

mannian case naturally. Density ρ of X on a Riemannian manifolds are defined in

the following sense, for any f ∈ C∞(M),

E[f(X)] =

∫
M

ρ(X)f(X)dV =

∫
Ω

ρ(x)f(x)
√
det(gij)dx , (3.1.7)
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where x :M → Ω is a coordinate chart and gij is the matrix of g, dV =
√

det(gij)

is the volume form. Because of the dependence of dV on the metric, densities on the

same manifold with different metric may give different value of E[f ].

Fokker-Planck equation for ρt is

∂tρt = div(
1

β
gradρt + ρt gradE) =

1
√
g
∂i(
√
ggij(

1

β
∂jρt + ρt∂jE)) , (3.1.8)

and will be discussed in 3.4. Fokker-Planck type equation has been studied extensively

in literature, but the considerations on Riemannian manifolds are limited. e.g. the

equation 3.1.8 lies in the situation where coefficients are varying and the elliptic

condition gijξiξj > κ|ξ|2 for some constant κ > 0 may not be satisfied, which is

beyond a common assumption in existing literature.

Though the Brownian motion on manifolds can be also constructed by the classical

Eells-Elworthy-Malliavin’s approach ,e.g., [32, 66, 84, 43, 10], our approach gives an

explicit expression, which can be easily implemented for numerical schemes.

3.1.4 Connection to existing works and contributions

PSD fixed rank matrices are related to matrices in many problems such as distance

matrices [88] and covariance matrices in statistics, and have been used in applications

including kernels in machine learning [73], semidefinite optimization [19], etc. Classi-

cal Riemannian optimization algorithms over Sn,p
+ under different metrics have been

well studied, e.g., see [91, 53, 70, 96] and references therein.

For the two metrics on Sn,p
+ , Embedded geometry gE was studied in [91], BW

metric was mentioned in [53, 70]. There are also other metrics considered on Sn,p
+ ,

e.g. see [70, 96].

Studies on Riemannian Langevin algorithms arises in recent years [22, 23, 35, 62],
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and all of them use exponential map to implement Brownian motion. In a separate

paper [94] concerning numerical implementation of RLE introduced in this paper,

we simply used Euler-Murayama discretization to do MCMC. There are also other

Langevin-based Markov Chain Monte Carlo schemes as long as Hamiltonian Monte

Carlo schemes on manifolds studied in literature [38, 20, 74, 95, 92]. Langevin

dynamics with simulated annealing is also an established approach [65].

Standard Fokker-Planck equation is a well-studied object, see e.g.[15, 33, 14] on

the well-posedness problem. On the convergence of Fokker-Planck type equations,

we refer to [9, 3, 89] discussing several types of Fokker-Planck equation in different

senses.
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3.2 Brownian motion constructed by smooth or-

thonormal frames

The classical Eells-Elworth-Malliavin approach is an intrinsic approach utilizing

only orthonormal frames for the tangent bundle, which is usually difficult to use

for designing numerical schemes. An extrinsic approach using embedding was given

in [43]. In this section, we provide a different yet more explicit intrinsic construc-

tion of Brownian motion, under the assumption of the existence of an orthonormal

global smooth frame, i.e., for parallelizable manifolds, e.g., Sn,p
+ . The assumption of

Parallelizable manifolds is quite restrictive since most manifolds such as S2 are not

parallelizable, see [60]. On the other hand, such an assumption can be relaxed by

considering partition of unity, e.g., the approach in this section can still be used to

get an intrinsic construction of Brownian motion on non-parallelizable manifolds like

S2, see Remark 19 in Section 3.2.2.

3.2.1 Notation

Our notation about Riemannian geometry follows most of those in [30, 1], and

Einstein summation convention is used. All functions and vector fields, differential

forms are assumed to be smooth unless otherwise stated. For a given Riemannian

manifold (M, g) with dimension dimM = d, TxM and T ∗
xM denote its tangent

space and cotangent space at x ∈ M, TM and T ∗M denote its tangent bundle and

cotangent bundle, X(TM) and X(T ∗M) denote the collection of all smooth vector

fields and 1-form fields onM. For simplicity, X(TM) is just written as X(M).

Although our main focus in this paper is Sn,p
+ , results in this section apply to a

more general class of manifolds. To this end, in this section, we will use bold font

for a point X ∈ M or a vector field v ∈ X(M) to emphasize that they may not
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be necessarily related to Sn,p
+ . The directional derivative of function f along vector

field v is denoted by v(f), which is also equal to the contraction of v and 1-form df

(written as v(df) or df(v)).

Given u,v ∈ X(M), ∇uv denotes the Levi-Civita connection. Notice that ∇ is

also used to denote the covariant differential of a tensor ([30, Definition 5.7]), e.g.,

for f ∈ C∞(M), ∇f = df ∈ X(T ∗M), and for ω ∈ X(T ∗M), ∇ω is defined by

∇ω(u,v) = u(ω(v))− ω(∇uv) ∈ X(T ∗M⊗ T ∗M) for u,v ∈ X(M).

Let x :M→ Ω ⊂ Rd be a coordinate chart. The Riemannian gradient operator

grad : C∞(M)→ X(M) is defined by

gradf = gij
∂f

∂xi
(
∂

∂xj
), ∀f ∈ C∞(M),

where gij defined by gijgjk = δik is the inverse metric.

The divergence operator div : X(M)→ C∞(M) maps a vector field v = vi( ∂
∂xi )

to a function onM:

div v =
1√
det g

∂

∂xi
(
√
det gvi),

where det g = det(gij) is the determinant of matrix gij.

The Riemannian Hessian is defined by Hess f = ∇(df) = ∇2f :

Hess f = ∇2f = (
∂2f

∂xi∂xj
− Γk

ij

∂f

∂xk
)dxi ⊗ dxj,

where Γk
ij is Christoffel symbol. The Riemannian Hessian tensor is symmetric:

Hess f(u,v) = g(∇ugradf,v) = g(∇vgradf,u), ∀u,v ∈ X(M).
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The Riemannian Hessian satisfies ([1, Prop. 5.5.2]):

Hess f(u,v) = ∇2f(u,v) = u(vf)− (∇uv)f, ∀f ∈ C∞(M),∀u,v ∈ X(M),

which implies

∇2f(v,v) = v(vf)− (∇vv)f, ∀f ∈ C∞(M),∀v ∈ X(M). (3.2.1)

The Laplace-Beltrami operator is defined by

∆gf = div (gradf), ∀f ∈ C∞(M).

Given an orthonormal basis {v′
i}di=1 ⊂ X(M), ∆g is equal to the trace of ∇2:

∆gf =
d∑

i=1

∇2f(v′
i,v

′
i), ∀f ∈ C∞(M). (3.2.2)

Following definition of standard Brownian motion on manifolds [84, 43], we define

Definition 11. The Brownian motion with temperature T = 1
β
on (M, g), denoted

by Bg,β
t , is aM-valued random processes with the generator 1

β
∆g satisfying

f(Bg,β
t ) = f(Bg,β

0 ) +

∫ t

0

1

β
∆gf(B

g,β
s )ds+ some local martingale ,∀f ∈ C∞(M).

3.2.2 Brownian motion as a solution to SDE

Our first result is a simple way to construct Brownian motion on Riemannian

manifolds using SDE, when an orthonormal basis of X(M) is given. A basis of X(M)

is also called a global smooth frame, and a manifold with a global smooth frame is

called parallelizable [60]. An orthonormal basis of X(M) can be obtained by applying
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Gram-Schmit procedure to a global smooth frame, see [29, Section 7.7].

Lemma 12. For a parallelizable Riemannian manifold (M, g) with dimension d, let

{vi}di=1 be an orthonormal basis of X(M). Let Bg,β
t be a Brownian motion on (M, g)

with temperature T = 1
β
, then Bg,β

t is a solution to the following SDE:

dX t =
d∑

i=1

(√ 2

β
vi(X t) ◦ dW i

t −
1

β
∇vi

vi(X t)dt
)
, (3.2.3)

where {W i
t }di=1 are d independent R-valued Wiener processes.

Proof. By Definition 11, we only need to show that the SDE solution X t satisfies

f(X t)− f(X0) =

∫ t

0

1

β
∆gf(Xs)ds+ some martingale, ∀f ∈ C∞(M).

By [43, Definition 1.2.3], f(X t) satisfies

f(X t)− f(X0) =

∫ t

0

d∑
i=1

(√ 2

β
vif(Xs) ◦ dW i

s −
1

β
∇vi

vif(Xs)ds
)

=

∫ t

0

d∑
i=1

(√ 2

β
vif(Xs)dW

i
s +

1

β
vi(vif)(Xs)ds−

1

β
∇vi

vif(Xs)ds
)

=

∫ t

0

d∑
i=1

1

β
∇2f(vi,vi)(Xs)ds+

∫ t

0

d∑
i=1

√
2

β
vif(Xs)dW

i
s

=

∫ t

0

1

β
∆gf(Xs)ds+ local martingale (3.2.4)

where we have used Strantonich-Itô conversion, (3.2.1) and (3.2.2).

Remark 17. The assumption of the manifold being parallelizable, e.g., existence of

global smooth basis of X(M), does not hold in general. For instance, the only paral-

lelizable spheres are S1,S3, S7, see [60]. Thus Lemma 12 only applies to very special
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manifolds.

Remark 18. This result is consistent with the well known fact that Brownian motions

are solutions to SDE in the form dXt = Vα(Xt) ◦ dWα
t + V0(Xt)dt, if the Laplace-

Beltrami operator can be written in the form ∆g =
1
2

∑
α V

2
α +V0, see [43]. The result

in Lemma 12 simply means that the Laplace-Beltrami operator can be written in

such a form using orthonormal basis of X(M) on a parallelizable manifold.

Remark 19. The results in Lemma 12 can be extended to more general manifolds,

by using partition of unity. See [30, Theorem 5.6] for existence of differentiable of

partition of unity. Assume {(ρi, Ui)}i∈I is a partition of unity of the manifoldM and

each Ui ⊂ M is parallelizable, Lemma 12 can be used to construct 1
β
ρi∆g on each

Ui ⊂M. For example, the sphere S2 is not parallelizable, but we can have a partition

of unity (ρ1, U1), (ρ2, U2) where U1, U2 are S2 with north and south pole removed, then

we can have an orthonormal basis {vi,Uj
}2i=1 on Uj for each j. Define ui,j =

√
ρjvi,Uj

and consider the following SDE

dX t =
2∑

i=1

2∑
j=1

(√ 1

β
ui,j(X t) ◦ dW i,j

t −
1

β
∇ui,j

ui,j(X t)dt
)
, (3.2.5)

where {W i,j
t }2i,j=1 are 2 × 2 of independent R valued Wiener processes. Because ρi

vanishes outside of Ui, ui,j is well defined on the whole S2, so is the SDE (3.2.5).

Following the proof of Lemma 12, the solution to (3.2.5) is the Brownian motion on

S2.

As explained in Remark (19) above, partition of unity will not essen-

tially affect the key results in following contents. But for simplicity, we

will consider only the parallelizable manifolds.

As Lemma 12 shows that we are able to constructBg,β
t using SDE (3.2.3), formally

we also use dBg,β
t to denote the R.H.S of SDE (3.2.3) in RLE (3.1.2), where all vector
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fields are evaluated at X t instead of Bg,β
t , i.e. by RLE (3.1.2), we actually mean the

following SDE

dX t = −gradE(X t)dt+
n∑

i=1

(

√
2

β
vi(X t) ◦ dW i

t −
1

β
∇vi

vi(X t)dt) (3.2.6)

where {vi}ni=1 is an orthonormal basis of X(M).

3.2.3 Brownian motion on an embedded submanifold

Let (M, g) with dimension d be a Riemannian submanifold of (M̃, g̃) of dimension

d̃ with an isometric inclusion map i : M → M̃, dimensions d, d̃, and Levi-Civita

connections ∇, ∇̃ respectively. For convenience, we regard X ∈ M the same as its

image i(X) ∈ M̃, we regard v ∈ TXM the same as its image di(v) ∈ Ti(X)M̃. For

an isometric immersion (see [30, 55, 52]), we have

Ti(X)M̃ = TXM⊕ (TXM)⊥

and the Levi-Civita connections satisfy :

∇uv = ∇̃uv − (∇̃uv)
⊥, (3.2.7)

where u,v are local smooth vector fields onM and (·)⊥ is the orthogonal projection

to (TM)⊥. The second fundamental form II : TM⊗ TM→ (TM)⊥ is defined by

(see [30, 55]):

II(u,v) = (∇̃uv)
⊥ , (3.2.8)

which is a bilinear map and does not depend on the derivatives of u,v.

At each X ∈ M, for each η ∈ (TXM)⊥, II is associated to a linear self-adjoint
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map Sη : TXM→ TXM:

g̃(Sη(u),v) = g̃(II(u,v),η) (3.2.9)

for all u,v ∈ TXM. The trace of Sη is well defined for each η and is linear in η. The

mean curvature vector [30, 52] ofM at X is defined as H ∈ (TXM)⊥ satisfying

g̃(H ,η) =
1

d
TrSη, for all η ∈ (TXM)⊥. (3.2.10)

With an orthonormal basis {vi}di=1 ⊂ X(M) locally defined in the neighborhood

of X, we can easily find the trace of Sη. By (3.2.8), (3.2.9) and (3.2.10), the mean

curvature vector has the expression

H(X) =
1

d

d∑
i=1

(∇̃vi
vi)

⊥ . (3.2.11)

We first state a result connecting Brownian motion with the mean curvature

vector, which was first discussed by Lewis in [90, 61] for submanifolds in Euclidean

space, see also [82, Chapter 5]. The mean curvature vector was also pointed out

by Stroock in [84, Chapter 4] and [85, Section 5] for a general embedded manifold.

In the following theorem, for a parallelizable manifold submanifold, we are able to

give a more explicit characterization of relation between Brownian motion and mean

curvature vector.

Theorem 12. Let (M, g) be an Riemannian submanifold of (M̃, g̃), with the isomet-

ric immersion i :M→ M̃, dimensions d, d̃, and Levi-Civita connections ∇, ∇̃ respec-

tively. AssumeM is parallelizable, with an orthonormal basis {vi}di=1 of X(M), then

the Brownian motion Bg,β
t on M is the solution to SDE (3.2.3). Let Zt = i(Bg,β

t )
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be its image in M̃, then for any f̃ ∈ C∞(M̃), the evolution of f̃(Zt) is given by

df̃(Zt) =
1

β

d∑
i=1

∇̃2f̃(vi,vi)dt+
d

β
H f̃(Zt)dt+

d∑
i=1

√
2

β
vif̃(Zt)dW

i
t , (3.2.12)

where
∑d

i=1 ∇̃2f̃(vi,vi) is the trace of ∇̃2f̃ in the subspace TM⊂ TM̃.

Remark 20.

df̃(Zt) =
1

β
Tr|TM∇̃2f̃dt+

d

β
H f̃(Zt)dt+ local martingale, (3.2.13)

Proof. Let f = f̃ ◦ i be the restriction of f̃ on M, then f(Bg,β
t ) = f̃(Zt). By

Lemma 12, the evolution of f(Bg,β
t ) can be described as

df(Bg,β
t ) =

d∑
i=1

(√ 2

β
vif(B

g,β
t ) ◦ dW i

t −
1

β
∇vi

vif(B
g,β
t )dt

)
, (3.2.14)

and we just need to express them in terms of f̃ and its derivatives in M̃. By regarding

vi as a vector field also in X(M̃), we have

vif̃(Zt) = vif(B
g,β
t ) . (3.2.15)

The Levi-Civita connections for an isometric immersion gives (3.2.7) thus

∇vi
vi = ∇̃vi

vi − (∇̃vi
vi)

⊥ . (3.2.16)
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Thus we have

df̃(Zt) = df(Bg,β
t ) (3.2.17)

=
d∑

i=1

(√ 2

β
vif̃(Zt) ◦ dW i

t −
1

β
∇̃vi

vif̃(Zt)dt
)
+

1

β

d∑
i=1

(∇̃vi
vi)

⊥f̃(Zt)dt

=
d∑

i=1

(√ 2

β
vif̃(Zt)dW

i
t +

1

β
∇̃2f̃(vi,vi)(Zt)dt

)
+

1

β
dH f̃(Zt)dt,

where we have used Strantonich-Itô conversion and also (3.2.1) in the last step, similar

to the derivation in (3.2.4).

3.2.4 Brownian motion via Riemannian submersion

A surjective submersion π : (M̃, g̃) → (M, g) is Riemannian if dπ is a linear

isometry from Ker(dπ)⊥ onto TXM for all X ∈ M. Properties and facts about

Riemannian submersion that we will use can be found in [76]. For each Z ∈ M,

π−1(Z) ⊂ M̃ is also a Riemannian submanifold of M̃ and it is also called a fiber.

Next, we state the result that the Brownian motions via Riemannian submersion

is also related to the mean curvature of each fiber. This result is first proved in [49].

Theorem 13. Let π : (M̃, g̃) → (M, g) be a Riemannian submersion. Let H(X)

be the mean curvature normal vector at X of the fiber π−1(π(X)) ⊂ M̃. If M̃ and

M have dimensions d̃ and d, then each fiber has dimension d̃ − d. For any fixed

Z = π(X), assume that h = dπ(H(X)) is independent of different X ∈ π−1(Z), so

that h(Z) is a vector field in X(M). Let Bg,β
t be the Brownian motin on (M, g), Bg̃,β

t

be the Brownian motin on (M̃, g̃) and Zt = π(Bg̃,β
t ), then Zt solves the following

SDE

dZt = −
d̃− d

β
h(Zt)dt+ dBg,β

t , (3.2.18)
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or equivalently,

df(Zt) = −
d̃− d

β
hf(Zt)dt+

1

β
∆gf(Zt)dt+ local martingale , ∀f ∈ C∞(M).

(3.2.19)

Proof. For each X ∈ M̃,Z = π(X) ∈ M, f̃ = f ◦ π ∈ C∞(M̃) is a constant on

π−1(Z), we have

vif̃ = 0 i = 1, 2, ..., d′ − d , (3.2.20)

∇̃vi
vif̃ = (∇̃vi

vi)
⊥f̃ i = 1, 2, ..., d′ − d . (3.2.21)

Let f̃ = f ◦ π ∈ C∞(M̃), then f(Zt) = f̃(Bg̃,β
t ) and

df(Zt) = df̃(Bg̃,β
t ) =

1

β
∆g̃f̃(B

g̃,β
t )dt+ local martingale, (3.2.22)

thus we only need to prove the following identity for X ∈ M̃ and Z = π(X):

∆g̃f̃(X) = ∆gf(Z)− (d̃− d)hf(Z) . (3.2.23)

To this end, consider a smooth curve γ̃ : [−1, 1] → M̃ with γ̃(0) = X, let

γ(t) = π(γ̃(t)). Let Ṽ and V be the vector fields such that ˙̃γ(t) = Ṽ (γ̃(t)) and

γ̇(t) = V (γ(t)). Take derivative of f(γ(t)) = f̃(γ̃(t)) at t = 0, we have

V f(Z) = Ṽ f̃(X). (3.2.24)

Take the second order derivative, V (V f)(Z) = Ṽ (Ṽ f̃)(X). With (3.2.1), we have

∇V V f(Z) +∇2f(V ,V )(Z) = ∇̃Ṽ Ṽ f̃(X) + ∇̃2f̃(Ṽ , Ṽ )(X). (3.2.25)
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Next, we consider orthononormal vector fields E = {Ṽ i}d̃i=1 locally defined on M̃

in a neighborhood U around X, which satisfies that {Ṽ i(Y )}d̃i=1 is an orthonormal

basis of TY M̃ and E1 = {Ṽ i(Y )}di=1 is an orthonormal basis of Ker(dπ)⊥ at Y , for

any Y ∈ U ⊂ M̃. Such an orthonormal basis can be obtained by Gram-Schmit

procedure to smooth vector fields [29, Section 7.7]. Then E2 = {Ṽ i}d̃i=d+1 is an

orthonormal basis of Ker(dπ). In other words, E1 contains orthonormal horizontal

vector fields and E2 contains orthonormal vertical vector fields.

For Ṽ ∈ E2, V = dπ(Ṽ ) = 0, so the L.H.S is zero. Take summation we have

0 =
∑
Ṽ ∈E2

(
∇̃Ṽ Ṽ f̃(X) + ∇̃2f̃(Ṽ , Ṽ )(X)

)
. (3.2.26)

For Ṽ ∈ E1, we have ∇V V = dπ(∇̃Ṽ Ṽ ), therefore

∑
V ∈E

∇2f(V ,V )(Z) =
∑
Ṽ ∈E1

∇̃2f̃(Ṽ , Ṽ )(X). (3.2.27)

thus,

∆gf(Z) =
∑
Ṽ ∈E2

∇̃Ṽ Ṽ f̃(X) + ∆g̃f̃(X) (3.2.28)

Since f̃ is a constant over π−1(Z), only the part of ∇̃Ṽ Ṽ in Ker(π∗)
⊥ = T (π−1(Z))⊥

makes non-zero contribution, thus

∑
Ṽ ∈E2

∇̃Ṽ Ṽ f̃(Y )

=
∑
Ṽ ∈E2

(
∇̃Ṽ Ṽ

)⊥
f̃(Y )

=H f̃(X) (3.2.29)
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By assumption on H , H f̃(X) = hf(Z), so we are done.

Remark 21. In the settings above, it is asserted in [78] that −h = gradS, S(Z) =

log vol(π−1(Z)), where grad is with respect to metric g, we conclude that Zt solves

the following RLE

dZt = gradS(Zt)dt+ dBg,β
t . (3.2.30)

83



3.3 Explicit Riemannian Langevin equation on Sn,p+

In the following sections, we provide 2 RLEs in explicit form on the manifold Sn,p
+

equipped with different metrics.

3.3.1 Embedded metric case

Sym(n) = {X ∈ R
n×n|X = XT} could be equipped with Euclidean metric

g(U, V ) = Tr(UV T ) which induces a metric gE on the submanifold Sn,p
+ , defined

by

gE,X(U, V ) = Tr(UV T ) X ∈ Sn,p
+ , U, V ∈ TXSn,p

+ (3.3.1)

We would like an explicit form of SDE (3.1.2) describing the evolution of the

entries of the matrix {(Xt)ij}ni,j=1, which will benefit numerical implementation. For

gE, we have the following theorem:

Theorem 14. Let Xt = QtΛtQ
T
t , Λ = diag(λ1, ..., λp, 0, ..., 0), then RLE (3.1.2) takes

the following form

dXt = PXt(−DE(Xt))dt+

√
2

β
dW n,p,Xt

t +
1

β
H(Xt)dt (3.3.2)

where DE is the gradient of E under Euclidean metric of Sym(n)

DE =



∂E
∂X11

∂E
∂X12

· · · ∂E
∂X1n

∂E
∂X21

∂E
∂X22

· · · ∂E
∂X2n

...
...

. . .
...

∂E
∂Xn1

∂E
∂Xn2

· · · ∂E
∂Xnn


(3.3.3)
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PXt is the projection operator TXtSym(n)→ TXtS
n,p
+ ,

PXt(Qt

 Ap×p Bp×(n−p)

(Bp×(n−p))
T C(n−p)×(n−p)

QT
t ) = Qt

 Ap×p Bp×(n−p)

(Bp×(n−p))
T 0(n−p)×(n−p)

QT
t

(3.3.4)

dW n,p,Xt
t is diffusion term in TXtS

n,p
+ , and H(Xt) is the mean curvature correction.

dW n,p,Xt
t =Qt



dW 1,1
t · · · 1√

2
dW 1,p

t
1√
2
dW 1,p+1

t · · · 1√
2
dW 1,n

t

...
. . .

...
...

. . .
...

1√
2
dW 1,p

t · · · dW p,p
t

1√
2
dW p,p+1

t · · · 1√
2
dW p,n

t

1√
2
dW 1,p+1

t · · · 1√
2
dW p,p+1

t 0 · · · 0

...
. . .

...
...

. . .
...

1√
2
dW 1,n

t · · · 1√
2
dW p,n

t 0 · · · 0


QT

t

H(Xt) =Qt

 0p×p 0p×(n−p)

0(n−p)×p

∑p
i=1

1
λi
In−p

QT
t (3.3.5)

where {W i,j
t }1≤i≤p,i+1≤j≤n are np+ p(p+1)

2
independent standard Brownian motions in

R.

Proof of theorem 14. (Sn,p
+ , gE) is an embedded submanifold of (Sym(n),Tr(dXdXT )),

so corollary 12 applies. As a Euclidean space, the covariant derivative ∇̃ = D is just

the usual derivative with respect to X. For the evolution of coordinate Xt, notice

that each function Xij have vanishing Hessian ∇̃2Xij = D2Xij = 0, so we only need

to construct an orthonormal basis of TSn,p
+ and evaluate the mean curvature H of

Sn,p
+ . For RLE (3.1.2), The drift term grad E is just give by the projection of DE to

TSn,p
+ .

The tangent space TSn,p
+ has been well studied in literature, see [96] for reference.
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Here we just introduce an orthonormal basis of (TSn,p
+ ). For X ∈ Sn,p

+ , consider its

diagonalization X = QΛQT , Q ∈ On, Λ = diag(λ1, ..., λp, 0, ..., 0), λ1 > λ2 > · · · >

λp > 0. We define the desired vector fields vi by giving the directional derivatives

vi(X)

vi(X) = Qeie
T
i Q

T 1 ≤ i ≤ p

vij(X) = Q
eie

T
j + eje

T
i√

2
QT 1 ≤ i ≤ p, i+ 1 ≤ j ≤ n (3.3.6)

where ei is the i-th unit column vector.

Equivalently, we could define these vector fields using their action on Q and Λ:

vi(Λ) = eie
T
i , vi(Q) = 0 1 ≤ i ≤ n

vij(Λ) = 0 , vij(Q) = Q
−eieTj + eje

T
i√

2(λi − λj)
1 ≤ i ≤ p, i+ 1 ≤ j ≤ p

vij(Λ) = 0 , vij(Q) = Q
−eieTj + eje

T
i√

2λi

1 ≤ i ≤ p, p+ 1 ≤ j ≤ n (3.3.7)

Let I = {1, ..., p} ∪ {(ij)|1 ≤ i ≤ p, i+1 ≤ j ≤ n}, we use {vI}I∈I to denote this

orthonormal basis.

To compute the mean curvature, we should compute (DvI
vI)

⊥ for each I ∈ I,

where the normal space NSn,p
+ is known to be

NQΛQTSn,p
+ =

{
Q

 0p×p 0p×(n−p)

0(n−p)×p Y(n−p)×(n−p)

QT
∣∣Y ∈ Sym(n− p)

}
(3.3.8)

Still benefited from the vanishing Hessian of coordinate X, we have

vI(vI(X)) = D2X(vI ,vI) +DvI
vI(X) = DvI

vI(X) (3.3.9)
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so

DvI
vI(X) =vI(vI(X)) = vI(vI(QΛQT )) = vI(Q(vI(Λ) + [ωI ,Λ])Q

T )

=Q(vI(vI(Λ)) + [vI(ωI),Λ] + [ωI ,vI(Λ)] + [ωI , [ωI ,Λ]])Q
T

=Q[ωI , [ωI ,Λ]]Q
T (3.3.10)

where ωI = Q−1vI(Q).

From some computation, we find

(Dvi
vi)

⊥ = 0 i = 1, ..., n

(Dvij
vij)

⊥ = 0 1 ≤ i, j ≤ p

(Dvij
vij)

⊥ = Q
eje

T
j

λi

QT 1 ≤ i ≤ p, p+ 1 ≤ j ≤ n (3.3.11)

and mean curvature

H(QΛQT ) = (

p∑
i=1

1

λi

)Q

 0p×p 0p×(n−p)

0(n−p)×p I(n−p)×(n−p)

QT (3.3.12)

Now we can write down the evolution of Xt when Xt solves RLE (3.1.2), with

each term explicitly known to us:

dXt =− PXt(DE(Xt))dt+
1

β
H(Xt)dt+

∑
I∈I

√
2

β
vI(Xt)dW

I
t (3.3.13)
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3.3.2 Bures-Wasserstein metric case

The manifold Sn,p
+ can also be viewed as a quotient manifold Rn×p

∗ /Op, for which

the noncompact Stiefel manifold Rn×p
∗ is called the total space. Denote the natural

projection as

π̃ : Rn×p
∗ → R

n×p
∗ /Op.

For any Y ∈ Rn×p
∗ , the equivalence class containing Y is

[Y ] = π̃−1(π̃(Y )) = {Y O|O ∈ Op} ,

which is an embedded submanifold of Rn×p
∗ ([1, Prop. 3.4.4]). The tangent space of

[Y ] at Y is therefore a subspace of TYR
n×p
∗ called the vertical space at Y , and is

denoted by VY =
{
Y Ω|ΩT = −Ω,Ω ∈ Rp×p

}
, see [96].

Define

π : Rn×p
∗ → Sn,p

+

Y 7→ Y Y T .

Then π is invariant under the equivalence relation and induces a bijection γ on

R
n×p
∗ /Op such that π = γ ◦ π̃. For any function E(X) defined on Sn,p

+ , there is a

function F defined on Rn×p
∗ that induces E : for any X = Y Y T ∈ Sn,p

+ , F (Y ) :=

E ◦ π(Y ) = E(Y Y T ). This is summarized in the diagram below:

R
n×p
∗

R
n×p
∗ /Op Sn,p

+ R

π=γ◦π̃
π̃

γ E

In particular, Sn,p
+ is diffeomorphic to Rn×p

∗ /Op under γ, see [96]. For any Y ∈ Rn×p
∗ ,
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the flat metric for the total space Rn×p
∗ ,

g(U, V ) = Tr(UTV ), ∀U, V ∈ TYR
n×p
∗ = R

n×p

induces a metric on the quotient manifold Rn×p
∗ /Op through Riemannian submersion,

which is called Bures-Wasserstein metric, see [70, 69, 96].

The explicit expression of gBW on Sn,p
+ is as follows:

gBW (U, V ) = Tr(uvT ) ∀U, V ∈ TXS
n,p
+ , u, v ∈ TYR

n×p
∗

s.t. dπ(u) = U, dπ(v) = V, u, v ∈ Ker(dπ)⊥ (3.3.14)

where X has decomposition X = Y Y T , dπ(u) = Y uT + uY T is the differential of π,

and u ∈ Ker(dπ)⊥ ⇔ Y Tu = uTY . The conditions on u, v are equivalent to that

u, v are the horizontal lift of U, V respectively. Details will be discussed in proof of

theorem 15.

For gBW , we have the following theorem describing a Rn×p
∗ -valued process Yt, such

that Xt = YtY
T
t gives the solution to SDE (3.1.2) in (Sn,p

+ , gBW ).

Theorem 15. Let Yt = (Yij) solves the following SDE in Rn×p
∗

dYij =−
∂Φ(Y )

∂Yij

dt+

√
2

β
dW ij

t 1 ≤ i ≤ n, 1 ≤ j ≤ p (3.3.15)

where Φ(Y ) = E(Y Y T )+ 1
β
S(Y ) is the energy function with a correction term, S(Y ) =

1
2

∑p
i=1

∑p
j=i+1 log(σ

2
i + σ2

j ), {σi}pi=1 are p singular values of Y .

Then Xt = YtY
T
t solves SDE (3.1.2) in (Sn,p

+ , gBW ).

Lemma 13. The gradient of the correction term S at the point Y = QΣP T is given
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by

gradS(Y ) = Q



∑
j ̸=1

σ1

σ2
1+σ2

j
0 · · · 0

0
∑

j ̸=2
σ2

σ2
2+σ2

j
· · · 0

...
. . . . . .

...

0 · · · · · ·
∑

j ̸=p
σp

σ2
p+σ2

j

0 · · · · · · 0

...
. . . . . .

...

0 · · · · · · 0



P T (3.3.16)

Proof. The differential of S is given by

dS =
1

2

p∑
i=1

p∑
j=i+1

2σidσi + 2σjdσj

σ2
i + σ2

j

=
n∑

i=1

(
∑
j ̸=i

σi

σ2
i + σ2

j

)dσi (3.3.17)

Therefore, the derivative (also the gradient) of S in represented by matrix is given

by

gradS(Y ) = Q



∑
j ̸=1

σ1

σ2
1+σ2

j
0 · · · 0

0
∑

j ̸=2
σ2

σ2
2+σ2

j
· · · 0

...
. . . . . .

...

0 · · · · · ·
∑

j ̸=p
σp

σ2
p+σ2

j

0 · · · · · · 0

...
. . . . . .

...

0 · · · · · · 0



P T (3.3.18)

for Y = QΣP T

90



Remark 22. For gE and gBW , the volume form dV are different, so for any test function

f ∈ C∞(Sn,p
+ ), the expectation of f with respect to ρ∗ may not be the same.

Proof of theorem 15. We first prove the expression of Bures-Wasserstein metric through

Riemannian submersion. Recall that Riemannian submersion requires that dπY :

Ker(dπY )
⊥ → Tπ(Y )Sn,p

+ gives an isometry for each Y ∈ Rn×p
∗ , so understanding of

Ker(dπ)⊥ is essential.

Since π(Y ) = Y Y T , dπY (u) = Y uT + uY T , Ker(dπY ) = {v ∈ Rn×p|Y vT + vY T =

0}. Ker(dπ)⊥ is therefore defined by

Ker⊥(dπY ) =
{
u ∈ Rn×p

∣∣Tr(uvT ) = 0, Y vT + vY T = 0
}

(3.3.19)

For each u ∈ Ker⊥(dπY ), take v = Y (Y Tu− uTY ) ∈ Ker(dπY ), we have

Tr(uvT ) =
1

2
Tr(uvT + vuT ) = −1

2
Tr
(
(Y Tu− uTY )(Y Tu− uTY )T

)
= 0 (3.3.20)

so

Ker⊥(dπY ) =
{
u ∈ Rn×p

∣∣Y Tu = uTY
}

(3.3.21)

The proof of theorem 15 is the direct application of 13. When Yt is a Brownian

motion on Rn×p, Xt = π(Yt) solves RLE on (Sn,p
+ , gBW ) with E = − 1

β
S. We also

need the fact that, for any E ∈ C∞(M), where π : (M̃, g̃)→ (M, g) is a Riemannian

submersion, dπ( ˜grad Ẽ) = grad E , i.e. there is no different between taking gradient of

a function onM or M̃.

Thus, if Yt solves RLE of E ′ = Ẽ + 1
β
S̃, π(Yt) solves RLE on (Sn,p

+ , gBW ) of energy
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E . The fact that we can just add the Brownian motion term and gradient flow term

to get a RLE should be understood in the generator sense, i.e. the generator of RLE

is the sum of generators of a Brownian motion and a gradient flow.

What is left now is to check the condition for mean curvature H , and compute

the function S(X). In the rest of the proof, we are not using the assertion of [78]

that S(X) = log vol(π−1(X)) but analyzing H from its definition. To do this we

will construct an orthonormal basis {wI}I∈I ∪ {vJ}J∈J ⊂ X(TRn×p
∗ ), such that

Span({vJ}J∈J ) = Ker(dπ) and Span({wI}I∈I) = Ker(dπ)⊥. By dimension counting

we have |J | = dimOp =
p(p−1)

2
, |I| = np− p(p−1)

2
.

For Y ∈ Rn×p
∗ , its singular value decomposition Y = QΣP T always exists, where

Q ∈ On, P ∈ Op and Σ = diag(σ1, ..., σp, 0, ..., 0), σ1 ≥ · · · ≥ σp > 0. Define the

following vector fields {uij}1≤i≤p,i+1≤j≤n, {si}pi=1 and {vij}1≤i<j≤p, and we use their

action on Y matrix to describe them, i.e.

uij := uij(Y ) = Q(
σj√

σ2
i + σ2

j

eiε
T
j +

σi√
σ2
i + σ2

j

ejε
T
i )P

T 1 ≤ i < j ≤ p (3.3.22)

uij := uij(Y ) = Qejε
T
i P

T 1 ≤ i ≤ p, p+ 1 ≤ j ≤ n

si := si(Y ) = Qeiε
T
i P

T 1 ≤ i ≤ p

vij := vij(Y ) = Q(
σi√

σ2
i + σ2

j

eiε
T
j −

σj√
σ2
i + σ2

j

ejε
T
i )P

T 1 ≤ i < j ≤ p

where ei is n× 1, i-th standard unit vector, and εi is p× 1, i-th standard unit vector.

By checking that this basis is orthonormal and that vij(Y Y T ) = vij(Y )Y T +

Y vij(Y
T ) = 0, we can see that {wI}I∈I = {uij}1≤i≤p,i+1≤j≤n∪{si}pi=1 and {vJ}J∈J =

{vij}1≤i<j≤p are the desired vector fields.

Now we need to compute the mean curvature H(Y ) of OY = π−1(π(Y )) and
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check that dπ(H(Y )) depends only on π(Y ). By definition,

H(Y ) =
∑
J∈J

(DvJ
vJ)

⊥(Y ) (3.3.23)

where (·)⊥ is the component in NOY = (TOY )
⊥.

What remains is to compute DvJ
vJ , by either Koszul’s formula or direct com-

puting derivative, and we will use the latter. As all Christoffel symbols vanishes in

Euclidean space under entry-wise basis, the matrix DvJ
vJ(Y ) = vJ(vJ(Y )). There-

fore the action of vJ on Q,Σ, P T of the SVD of Y is needed. In fact, we have

vij(Q) = 0, vij(Σ) = 0, vij(P
T ) =

1√
σ2
i + σ2

j

(εiε
T
j − εjε

T
i )P

T 1 ≤ i < j ≤ p

(3.3.24)

so

(Dvij
vij)(Y ) = vij(vij(Y )) =vij(Q(

σi√
σ2
i + σ2

j

eiε
T
j −

σj√
σ2
i + σ2

j

ejε
T
i )P

T ) (3.3.25)

=Q(
σi√

σ2
i + σ2

j

eiε
T
j −

σj√
σ2
i + σ2

j

ejε
T
i )vij(P

T )

=Q(
σi√

σ2
i + σ2

j

eiε
T
j −

σj√
σ2
i + σ2

j

ejε
T
i )

1√
σ2
i + σ2

j

(εiε
T
j − εjε

T
i )P

T

=− 1

σ2
i + σ2

j

Q(σieiεi + σjejεj)P
T = − σi

σ2
i + σ2

j

si −
σj

σ2
i + σ2

j

sj

an important observation here is that si is the gradient of the function σi(Y ), i.e.

si = D(σi), therefore by chain rule

Dvij
vij = −D(

1

2
log(σ2

i + σ2
j )) (3.3.26)
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As σi is a function defined on Sn,p
+ , for X = Y Y T , Y = QΣP T , define S̃(Y ) =

S(X) =
∑

1≤i<j≤p
1
2
log(σ2

i + σ2
j ), we have

H = −DS̃ , h = dπ(H) = −gradgBW
S (3.3.27)
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3.4 Convergence analysis of RLE

3.4.1 Convergence to Gibbs

We first provide some Riemannian version of standard results on Langevin equa-

tion (3.1.2): the Fokker-Planck equation which describes the evolution of law ρt of

X t, and the convergence of ρt to Gibbs distribution.

Proposition 2. Let ρt be the law of X t, where X t solves RLE (3.1.2), then the

evolution of ρt satisfies the following Fokker-Planck equation

∂tρt = div(
1

β
gradρt + ρt gradE) =

1
√
g
∂i(
√
ggij(

1

β
∂jρt + ρt∂jE)) (3.4.1)

where gij is the inverse of metric gij and g = det(gij).

The convergence of Fokker-Planck type equation has been studied extensively in

literature [68, 3, 89], and a general convergence result based on entropy dissipation is

the following:

Proposition 3. Suppose the energy function E satisfies that

Zβ :=

∫
M

e−βEdV <∞ (3.4.2)

so ρ∗ =
1
Zβ
e−βE defines a probability measure onM.

Take any function ϕ ∈ C2(R+) such that ϕ(·) ≥ ϕ(1) = 0, ϕ′′(·) > 0, then

F(ρ) :=
∫
M ϕ( ρ

ρ∗
)ρ∗dV , where dV =

√
gdx1 · · · dxn is the volume form, defines a
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Lyapunov functional for (3.4.1), and we have that

d

dt
F(ρt) =

1

β

∫
M

ϕ′(
ρt
ρ∗

)div(ρ∗grad
ρt
ρ∗

)dV

=− 1

β

∫
M

ρ∗ϕ
′′(

ρ

ρ∗
)|grad ρ

ρ∗
|2gdV < 0 (3.4.3)

where |grad f |2g = gij∂if∂jf is the norm of grad f .

Thus, the convergence limt→∞F(ρt) = 0 is assured.

The candidates of ϕ includes a wide class of functions with ϕ(h) = h log h−h+1

and ϕ(h) = (h−1)2 being two extremals [68]. For the first choice ϕ(h) = h log h−h+1

we get the convergence of KL-divergence

lim
t→∞

DKL(ρt||ρ∗) = 0 (3.4.4)

so the total variation distance δ(ρt, ρ∗) also converges to 0 by Pinsker’s inequality

δ(P,Q) ≤
√

1
2
DKL(P,Q). For the other choice ϕ(h) = (h− 1)2 we get the L2 conver-

gence of ρt√
ρ∗

to
√
ρ∗.

lim
t→∞

∫
M
(
ρt
ρ∗
− 1)2ρ∗dV = lim

t→∞

∫
M
(
ρt√
ρ∗
−√ρ∗)2dV = 0 (3.4.5)

3.4.2 Rate convergence: review of general results

Now as the convergence is guaranteed, we are more concerned about rate conver-

gence. A detailed analysis on the condition for rate convergence is beyond the scope of

this paper. In this section we just review some classical results on the convergence of

Fokker-Planck type equations and provide some simple modification on Riemannian

manifolds.

It is well known that the following logarithmic Sobolev inequality implies dissi-
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pation of KL-divergence (ϕ(h) = h log h− h+ 1) in a exponential rate

∫
M

f 2 log f 2dµ−
∫
M

f 2dµ(log

∫
M

f 2dµ) ≤ 2

λ

∫
M
|gradf |2gdµ , (3.4.6)

where dµ = ρ∗dV is a probability measure onM, f ∈ C∞(M), λ > 0 is a constant.

Then take f =
√

ρt
ρ∗

we have

DKL(ρt||ρ∗) ≤
2

λ

∫
M

ρ∗|grad
√

ρt
ρ∗
|2gdV = − β

2λ

d

dt
DKL(ρt||ρ∗) (3.4.7)

which leads to DKL(ρt||ρ∗) ≤ Ce−
2λ
β
t

On a Riemannian manifold it is well known that the logarithmic Sobolev inequal-

ity is implied by the Bakry-Émery criteria [9], which can be stated as in [68]:

Theorem 16. Let e−E be a probability measure on a Riemannian manifold M,

Hess E + Ric ≥ λg, where g is the metric, Hess is the Riemannian Hessian, and

Ric is the Ricci curvature tensor on the manifold. Then, e−E satisfies a logarithmic

Sobolev inequality with constant λ.

In the literature, Ric∞ = Ric+Hess E is also called the Bakry-Émery-Ricci tensor,

and a triple (M, g, E) is often called Bakry-Émery manifold, where the measure on

M is e(−E)dV .

For the Gibbs distribution e−βE , the Bakry-Émery-Ricci tensor should be refined

accordingly. The following calculation was given in [62]:

Lemma 14. For the Gibbs measure e−βE , the second order carré du champ operator

is

Γ2(f, f) =
1

β2
|Hess f |2g +

1

β2
Ricg(gradf, gradf) +

1

β
Hess E(gradf, gradf).
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Thus the Bakry-Émery-Ricci tensor should be written as [62]:

Ric∞ =
1

β
Ric + Hess E .

And Bakry-Émery’s curvature dimension condition is

1

β
Ric(h, h) + Hess E(h, h) ≥ ρg(h, h), ∀h ∈ TXSn,p

+ ,

where g is the metric, and ρ > 0 can be a function.

If ρ ≥ λ > 0 for a constant λ, then we obtain logarithmic Sobolev inequality with

contant λ, which further implies the exponential convergence to equilibrium with

speed λ.

In general, to obtain a sharp estimate of lower bound of ρ, it is quite difficult. For

instance, even the Riemannian Hessian is nontrival to estimate [96] for an arbitary

energy function E .

Remark 23. Hopf–Rinow theorem states that the geodesic completeness is equivalent

to the metric space completeness for a connected smooth Riemannian manifold. SoM

is not complete thus not compact, e.g., a sequence of rank-2 matrices can converge

to a rank-1 matrix. Many results, especially those from differential geometry and

Riemannian geometry, are often for a compact manifold. If needed, we may consider

a compact modification of Sn,p
+ . For example, let M = {X ∈ Rn×n|X = XT , X ⪰

0, rank(X) = p} and we can also consider a compact version of it Mε = {X ∈

R
n×n|X = XT , X ⪰ 0, rank(X) = p, 0 ≤ λp ≤ λp−1 ≤ · · · ≤ λ1 ≤ 1

ε
} where ε > 0

is a very small number. It looks possible to modify and extend the results in this

paper to such a compact manifold. But for convenience, we only discuss the original

manifold Sn,p
+ without considering any compactness.

The Bakry-Émery criteria for Sn,p
+ under two metrics will be discussed in the

98



following sections. Below we discuss some cases beyond Bakry-Émery condition.

1. The standard Holley-Stroock perturbation Lemma [42] applies in our case. A

simple proof can be found in [59, Lemma 1.2], with a probability measure on

R
n replaced by a probability measure onM.

Lemma 15. If a probability measure dm = e−βEdV ∈ P(M) satisfies a loga-

rithmic Sobolev inequality with λ,

∫
M

f 2 log f 2dm−
∫
M

f 2dm log(

∫
M

f 2dm) ≤ 1

λ

∫
M
|grad f |2gdm (3.4.8)

then for another probability measure dm′ = e−β(E+e) with e ∈ L∞(M), it sat-

isfies a logarithmic Sobolev inequality with λe−2β osc e, where osc e = supMe −

infMe.

2. In [89, Theorem 3], a polynomial decay of the form DKL(ρt||ρ∗) ≤ C
tκ

for any

κ > 0 is built with growth conditions on the energy function E . The key

construction is a boundH(f |ρ∗) ≤ CI(f |ρ∗)1−δMs(f)
δ, where s > 0 is arbitrary,

δ > 0 depends on s

H(f |ρ∗) =
∫

f log
f

ρ∗
, I(f |ρ∗) =

∫
f |∇f

f
− ∇ρ∗

ρ∗
|2

Ms(f) =

∫
f(x)(1 + |x|2)

s
2dx , (3.4.9)

and a slow growth condition on Ms(ρt)

Ms(ρt) ≤Ms(ρ0) + Cst (3.4.10)

This theorem is for Euclidean case only, but a Riemannian version is also ex-

pected.
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3. The Fokker-Planck equation (3.4.1) (β = 1)can be revised to

∂tpt = ∇ · (D(∇pt + pt∇E)) (3.4.11)

with D = (gij) being the inverse metric under a coordinate chart x :M→ Ω,

and pt =
√
gρt, E = E−log√g. In [3, section 2], the exponential L2 convergence

of pt√
p∗

to
√
p∗ for the equation above was studied and the condition is the

spectrum gap of a Hamiltonian H

H(f, f) =
∫
Ω

∇( f
√
p∗
)TD∇( f

√
p∗
)p∗dx (3.4.12)

As
√
p∗ is apparently the ground state with energy 0, if the spectrum σ(H) of

H has a positive spectrum gap, i.e. the positive part of spectrum σ(H) has a

positive distance λ0 to 0, then we have exponential decay of || pt√
p∗
−√p∗||L2(Ω)

with rate e−λ0t.

3.4.3 Bakry-Émery-Ricci tensor for the embedded geometry

In this section, we will see that the Ricci tensor of (Sn,p
+ , gE) is indefinite in the

region where some of the eigenvalues are much smaller than others, which in fact

breaks the Bakry-Émery’s condition.

In the evaluation of Ric∞ for embedded manifold Sn,p
+ , the second fundamental

form II plays a central role and explanations are as follows.

Using flatness of the ambient space Sym(n), Riemannian curvature tensor could be

expressed by Gauss-Codazzi equation using only second fundamental form, so Ricci

curvature tensor is known. Also, the Riemannian Hessian of any energy function

E ∈ C∞(Sn,p
+ ) which is the restriction of a function Ẽ ∈ C∞(Sym) defined in the

ambient space, can be expressed in terms of second fundamental form II along with
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Hessian and gradient of Ẽ . As follows are the two Lemmas:

Lemma 16. [Gauss-Codazzi Equation] Let (M, g) be a embedded manifold of (M̃, g̃),

i.e. M ⊂ M̃ and g(v,v) = g̃(v,v) for all v ∈ X(M). Let R, R̃ be the Riemannian

curvature tensor of M and M̃ respectively, II : X(M) ⊗ X(M) → X(M)⊥ be the

second fundamental form ofM, then for X, Y, Z,W ∈ X(M)

⟨R̃(X, Y )Z,W ⟩ = ⟨R(X, Y )Z,W ⟩ − ⟨II(X,W ), II(Y, Z)⟩+ ⟨II(X,Z), II(Y,W )⟩ ,

(3.4.13)

where ⟨·, ·⟩ = g̃(·, ·).

Lemma 17. Let (M, g) be a embedded manifold of (M̃, g̃), with a function f̃ ∈

C∞(M̃) whose restriction on M is denoted by f . For v ∈ X(M), the Riemannian

Hessian ˜Hess f̃(v,v) and Hess f(v,v) satisfies

Hess f(v,v) = ˜Hess f̃(v,v) + ⟨II(v,v), grad f̃⟩ . (3.4.14)

Proof. Let γ : [−1, 1] → M be a smooth curve such that γ̇(t) = v(γ(t)) holds for

t ∈ (−ϵ, ϵ) with some ϵ > 0. Denoted by γ̃ : [−1, 1]→ M̃, γ̃(t) = γ(t) the same curve

in the ambient space, then f(γ(t)) = f̃(γ̃(t)). Taking second order derivative on both

sides we get

f̈(γ(t)) =(̇⟨v, grad f⟩) = ⟨∇vv, grad f⟩+Hess f(v,v) (3.4.15)

= ¨̃f(γ̃(t)) =(̇⟨v, ˜grad f̃⟩) = ⟨∇̃vv, ˜grad f̃⟩+ ˜Hess f̃(v,v) . (3.4.16)

As II(v,v) = (∇̃vv)
⊥ = ∇̃vv − ∇vv, and for any u ∈ X(M), ⟨u, grad f⟩ =

101



⟨u, ˜grad f̃⟩, we have

⟨∇̃vv, ˜grad f̃⟩ =⟨∇vv + II(v,v), ˜grad f̃⟩

=⟨∇vv, grad f⟩+ ⟨II(v,v), grad f̃⟩ . (3.4.17)

Corollary 3. If ˜grad f̃ = grad f , then Hess f is just the restriction of ˜Hess f̃ . In

particular, for f = 1
2
||X||2F =

∑p
i=1 λ

2
i ∈ C∞(Sn,p

+ ), we have Hess f = gE. (i.e.

Hess f(v,v) = gE(v,v)).

Remark 24. [96, Proposition 3.7] has given the expression of Riemannian Hessian

Hess f for the embedded geometry:

Hess f(X)[ξX ] = P t
X(∇2f(X)[ξX ]) + P p

X

(
∇f(X)(X†ξpX)

∗ + (ξpXX
†)∗∇f(X)

)
.

In particular, for f(X) = 1
2
∥X∥2F , by plugging f in the expression one can verify that

Hess f(X) is indeed the identity mapping.

Corollary 4. At X ∈ Sn,p
+ , with X = QΛQT . For any vector field v ∈ X(TSn,p

+ ), the

second fundamental form is given by

IIX(v,v) = P⊥
X

(
Q[ω, [ω,Λ]]QT

)
, (3.4.18)

where ω = Q−1v(dQ) is an anti-symmetric matrix represents the Q-component of v,

[A,B] = AB − BA is the matrix commutator, and P⊥
X is the projection operator to
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(TXSn,p
+ )⊥, given by

P⊥
X (Q

 Ap×p Bp×(n−p)

(Bp×(n−p))
T C(n−p)×(n−p)

QT ) = Q

 0p×p 0p×(n−p)

(0p×(n−p))
T C(n−p)×(n−p)

QT .

(3.4.19)

Proof. For any constant matrix η ∈ (TX0S
n,p
+ ), X0 = Q0Λ0Q

T
0 , we prove that

⟨IIX0(v,v), η⟩ = ⟨Q0[ω0, [ω0,Λ0]]Q
T
0 , η⟩ . (3.4.20)

To do this, consider an auxiliary function f̃η(X̃) = Tr(X̃η) = ⟨X, η⟩ ∈ C∞(Sym(n)).

Under Euclidean metric g̃, the Hessian of f̃ vanishes, but the restiction f of f̃ may

has non-vanishing Hessian.

Let γ(t), γ̃(t) be the same as in the proof of Lemma 17, with γ(0) = X0. Consider

the secondary derivative of f̃(γ̃(t))

¨̃f(γ̃(t)) = (̇⟨v, ˜grad f̃⟩) = ⟨∇̃vv, ˜grad f̃⟩+ ˜Hess f̃(v,v) . (3.4.21)

Notice that ˜grad f̃ = η, and ˜Hess f̃ = 0. When t = 0, η ∈ (Tγ(0)Sn,p
+ )⊥, so we find

¨̃f(γ̃(0)) = ⟨∇̃vv, η⟩ = ⟨IIX0(v,v), η⟩ . (3.4.22)

On the other hand, consider the secondary derivative of f(γ(t)) = Tr(Q(t)Λ(t)QT (t)η),

with convention ω(t) = Q−1(t)Q̇(t), we have

f̈(γ(t)) =
(̇
Tr
(
Q(Λ̇ + [ω,Λ])QTη

))
= Tr

(
Q(Λ̈ + [ω̇,Λ] + 2[ω, Λ̇] + [ω, [ω,Λ]])QTη

)
.

(3.4.23)
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Take t = 0, all terms in the parentheses except Q[ω, [ω,Λ]]QT vanish as they are

in TX0S
n,p
+ while η ∈ (TX0S

n,p
+ )⊥, thus

⟨Q0[ω0, [ω0,Λ0]]Q
T
0 , η⟩ = f̈(γ(0)) = ¨̃f(γ̃(0)) = ⟨IIX0(v,v), η⟩ (3.4.24)

Now we are able to compute Ricci tensor Ric for (Sn,p
+ , gE).

Theorem 17 (Ricci tensor for Sn,p
+ ). Under the orthonormal basis {vI}I∈I, the Ricci

tensor Ric of (Sn,p
+ , gE) is given by

Ric(v,v) =

p∑
i=1

ri(
n∑

j=p+1

c2ij) (3.4.25)

for an arbitrary vector v =
∑p

i=1 civi+
∑p

i=1

∑n
j=i+1 cijvij, where ri =

1
λi
(h− n−p+1

2λi
),

h =
∑p

i=1
1
λi
.

Proof. We first provide the second fundamental form in explicit form. Using 4, we

can compute and get

IIX(v,v) = Q

 0p×p 0p×(n−p)

0(n−p)×p

∑p
i=1

1
λi
cic

T
i

QT (3.4.26)

where v =
∑p

i=1 civi+
∑p

i=1

∑n
j=i+1 cijvij for arbitrary coefficient {ci}ni=1∪{cij}1≤i≤p,i<j≤n,

and ci =
∑n

j=p+1 cijej ∈ Rn−p is a vector defined for 1 ≤ i ≤ p.

Through parallelogram formula, we get

IIX(v,v
′) = Q

 0p×p 0p×(n−p)

0(n−p)×p

∑p
i=1

1
λi

cic
′T
i +c′ic

T
i

2

QT (3.4.27)
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By Gauss-Codazzi equation 16, we get the Riemann curvature tensor

R(v′,v,v,v′) =⟨IIX(v,v), IIX(v
′,v′)⟩ − ⟨IIX(v,v

′), IIX(v,v
′)⟩

=Tr
(
(

p∑
j=1

1

λi′
c′i′c

′T
i′ )× (

p∑
i=1

1

λi

cic
T
i )
)
− Tr

(
(

p∑
i=1

1

λi

cic
′T
i + c′ic

T
i

2
)2
)

(3.4.28)

Taking trace with respect to v′, we get Ricci tensor as

Ric(v,v) =Tracev′R(v′,v,v,v′) =

p∑
k=1

n∑
j=p+1

R(vkj,v,v,vkj)

=hTr (

p∑
i=1

1

λi

cic
T
i )−

p∑
k=1

n∑
j=p+1

Tr (
1

2λ2
k

ckc
′T
k (ckc

′T
k + c′kc

T
k ))
∣∣
c′k=ej

=

p∑
i=1

h× 1

λi

(
n∑

j=p+1

c2ij)−
p∑

k=1

n∑
j=p+1

1

2λ2
k

(c2kj + |ck|2)

=

p∑
i=1

1

λi

(h− n− p+ 1

λi

)(
n∑

j=p+1

c2ij) (3.4.29)

Remark 25. In fact, by taking the trace of Ric we can see that Ric is never positive

definite when p < n+1
3
, as

TrRic =

p∑
i=1

n∑
j=p+1

1

λi

(h− n− p+ 1

2λi

) = (n− p)
(
(

p∑
i=1

1

λi

)2 − n− p+ 1

2

p∑
i=1

1

λ2
i

)
(3.4.30)

≤(n− p)
3p− n− 1

2

p∑
i=1

1

λ2
i

(3.4.31)

Corollary 5. The Bakry-Émery-Ricci tensor Ric∞ for (Sn,p
+ , gE,

1
2
||X||2F ) is as fol-
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lows:

Ric∞(v,v) =

p∑
i=1

(1 +
1

βλi

(h− n− p+ 1

λi

))(
n∑

j=p+1

c2ij) +
∑

1≤i<j≤p

c2ij (3.4.32)

with the smallest eigen value achieved at every vector in Span{vkj}nj=p+1

r∞,min =1 +
1

βλk

(h− n− p+ 1

2λk

) > 1− n− p− 1

2βλ2
p

(3.4.33)

where k = argmini∈{1,2,...,p}
1
λi
(h− n−p+1

2λi
), and λp is the smallest eigenvalue of X.

3.4.4 Bakry-Émery-Ricci tensor for the Bures-Wasserstein

metric

In this section we consider the Bakry-Émery-Ricci tensor of the Bakry-Émery

manifold (Rn×p
∗ /Op, gBW , h) where h is the energy function on Rn×p

∗ /Op : h(π(Y )) =

E(Y Y T ). By O’Neill’s formula [30] and flatness of Rn×p
∗ , the manifold (Sn,p

+ , gBW ) has

nonnegative sectional curvature, therefore nonnegative Ricci tensor, which results in

the following proposition.

Proposition 4. For the Bakry-Émery manifold (Rn×p
∗ /Op, gBW , h), the Bakry-Émery-

Ricci tensor satisfies the following inequality: for any ξπ(Y ) ∈ Tπ(Y )R
n×p
∗ /Op,

Ric∞(ξπ(Y ), ξπ(Y )) ≥
〈
∇2E(Y Y T )[Y ξ

T

Y + ξY Y
T ], Y ξ

T

Y + ξY Y
T
〉
+gBW (2∇E(Y Y T )ξY , ξY ).

(3.4.34)

Proof. Recall that the Bakry-Émery Ricci tensor is defined as

Ric∞ =
1

β
Ric + Hess ,
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and recall that Ric is nonnegative as mentioned above, we have

Ric∞ ≥ Hess .

By [96], we have

gBW (Hessh(π(Y ))[ξπ(Y )], ξπ(Y )) =
〈
∇2E(Y Y T )[Y ξ

T

Y + ξY Y
T ], Y ξ

T

Y + ξY Y
T
〉

+gBW (2∇E(Y Y T )ξY , ξY ). (3.4.35)

Hence we completes the proof.

Corollary 6. If in particular, E(X) = 1
2
∥X∥2F , then (3.4.34) satisfies the following

Bakry-Émery’s curvature dimension condition.

Ric∞(ξπ(Y ), ξπ(Y )) ≥ 2σpgBW (ξπ(Y ), ξπ(Y )), ∀ξπ(Y ) ∈ Tπ(Y )R
n×p
∗ /Op, (3.4.36)

where σp > 0 is the smallest positive singular value of Y .

Proof. Since E(X) = 1
2
∥X∥2F , we have

Ric∞(ξπ(Y ), ξπ(Y )) ≥
〈
∇2E(Y Y T )[Y ξ

T

Y + ξY Y
T ], Y ξ

T

Y + ξY Y
T
〉
+ gBW (2∇E(Y Y T )ξY , ξY )

=
∥∥∥Y ξ

T

Y + ξY Y
T
∥∥∥2
F
+
∥∥Y T ξY

∥∥2
F

≥
∥∥∥Y ξ

T

Y + ξY Y
T
∥∥∥2
F
.

Then it follows from [96, Lemma 7.1] that
∥∥∥Y ξ

T

Y + ξY Y
T
∥∥∥2
F
≥ 2σpgBW (ξπ(Y ), ξπ(Y )).
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3.4.5 Numerical illustration

The mathematical theory of convergence speed of SDE to its equilibrium has

been well studied, as is reviewed in [cite analysis paper]. One particular application

of the two Riemannian Langevin schemes is to use them to numerically study the

SDE solutions, e.g., by taking very small time steps, a Riemannian Langevin scheme

approximates the Riemannian Langevin equation on the manifold. We have shown

comparison of the Langevin equation on (Sn,p
+ , gE), (Sn,p

+ , gBW ), Rn×n in Figure 3.4.1,

in which we can see interesting differences between two metrics. With all three figures

in Figure 3.4.1, we can see that the SDE on (Sn,p
+ , gBW ) has a much faster convergence

to its Gibbs measure than the SDE on (Sn,p
+ , gE).
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(a) Convergence of SDEs to the equilibrium.
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(b) The true CDF of D = ∥X∥F on
(Sn,p+ , gE). This implies the blue curve
in Figure (a) has not reached equilib-
rium at Time=1.
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(c) The true CDF of D = ∥X∥F on
(Sn,p+ , gBW ), and empirical CDF of 5E6
samples from the Scheme BW after
Time=5.

Figure 3.4.1: For Sn,p
+ with n = 5, p = 3, the dimension is N = 12, and Rn×n has

dimension 25. The Gibbs measure is e−βE(x) with β = 0.4 and E = 1
2
∥X∥2F . The

time step size is 1e − 4. The initial guess is a random PSD matrix of rank-3 with
eigenvalues = [1000,1000,1000].
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Chapter 4

Numerical schemes for Gibbs

sampling problem

4.0 Abstract

This paper introduces two explicit schemes to sample matrices from Gibbs distri-

butions on Sn,p
+ , the manifold of real positive semi-definite (PSD) matrices of size n×n

and rank p. Given an energy function E : Sn,p
+ → R and certain Riemannian metrics

g on Sn,p
+ , these schemes rely on an Euler-Maruyama discretization of the Rieman-

nian Langevin equation (RLE) with Brownian motion on the manifold. We present

numerical schemes for RLE under two fundamental metrics on Sn,p
+ : (a) the metric

obtained from the embedding of Sn,p
+ ⊂ Rn×n; and (b) the Bures-Wasserstein metric

corresponding to quotient geometry. We also provide examples of energy functions

with explicit Gibbs distributions that allow numerical validation of these schemes.
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4.1 Introduction

4.1.1 Problem statement

Consider the space of real, symmetric positive semi-definite matrices with size

n× n and rank p, denoted by

Sn,p
+ = {X ∈ Rn×n|X = XT , X ⪰ 0, rank(X) = p}. (4.1.1)

Given an energy E : Sn,p
+ → R and a parameter β > 0 referred to as the inverse

temperature, our goal is to sample efficiently from the Gibbs distribution

ρβ(X) =
1

Zβ

e−βE(X)ρref(X), Zβ =

∫
Sn,p
+

e−βE(X′)ρref(X
′) dX ′. (4.1.2)

Gibbs measures must be defined with respect to a base measure. In this work, we

equip the space Sn,p
+ with a Riemannian metric g and choose ρref(X)dX =

√
det g(X)dX

to be the canonical volume form associated to the metric g. This volume form is ex-

pressed in coordinates for the metrics studied in this paper in Section 4.4.

This sampling problem is related to the optimization problem minX∈Sn,p
+
E(X)

since in the limit β → ∞ the Gibbs distribution concentrates at the global minima

of E(X). Minimization problems over the space Sn,p
+ arise in many areas, especially

semidefinite programming and machine learning, and have been studied extensively.

Gibbs distributions originate in statistical physics, while the sampling problem may

also be seen as a stochastic variant of the optimization problem. For these reasons,

the sampling problem has a broad range of applications; see Section 4.1.5 below.

The main contribution of this paper are efficient sampling schemes for ρβ based on

Langevin dynamics. Our approach builds on the geometric theory of optimization; in
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particular, we extend Riemannian optimization on Sn,p
+ [91, 96] to Gibbs sampling as

follows. In [91] it was recognized that two commonly used gradient descent schemes

over Sn,p
+ are time discretizations of Riemannian gradient flows, where Sn,p

+ is equipped

with the two natural Riemannian metrics listed below. We combine this observation

with the theory of Brownian motion on Riemannian manifolds to obtain Riemannian

Langevin equations and explicit sampling schemes.

The reader unfamiliar with these concepts should note that while the abstract the-

ory serves to guide our work, the schemes presented in this paper may be implemented

without requiring a complete understanding of the underlying theory. Further, while

this paper is focused on the two numerical schemes below, the underlying frame-

work can be used to extend other Riemannian gradient descent schemes to sampling

schemes for the Gibbs measure. The new phenomenon that arises is the interplay

between Brownian motion and curvature in the Riemannian Langevin equation. This

interplay has been studied in depth by two of the authors (TY and GM) and their

co-workers in recent papers for geometries used in optimization and physics [48, 71].

4.1.2 Two Riemannian metrics on Sn,p+

Given X ∈ Sn,p
+ , let X = Y Y T be a low-rank decomposition where Y ∈ Rn×p.

We use two fundamental metrics on Sn,p
+ obtained from this parametrization, from

the Euclidean metric for either the variable X or the variable Y through the use of

Riemannian embedding and Riemannian submersion respectively. These are the two

most natural ways of defining metrics on Sn,p
+ .

The flat metric for X corresponds to the embedded geometry of Sn,p
+ in the Eu-

clidean space Rn×n [91]. Precisely, we consider the natural Riemannian embedding

Sn,p
+ ↪−→ R

n×n and use the Frobenius norm on Rn×n to define a metric on Sn,p
+ . Denote

it by gE, then gE(A,B) = Tr(ATB) for any two square matrices A,B in the tangent
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space of Sn,p
+ , where Tr denotes the trace of a matrix.

On the other hand, we may also use the flat geometry on Y to define a metric

on Sn,p
+ . We observe that if Y Y T = X, then it is also true that Ỹ Ỹ T = X where

Ỹ = Y O and O ∈ Op, the orthogonal group of dimension p. Thus, we may identify

Sn,p
+ ≂ Rn×p

∗ /Op, as a quotient space, with a quotient map

π : Rn×p
∗ → Rn×p

∗ /Op

Y 7→ [Y ] = {Y O | O ∈ Op} .

Here Rn×p
∗ denotes full rank matrices.

The quotient space structure can be enhanced with a Riemannian metric through

the use of Riemannian submersion. Roughly, the metric forX corresponds to the met-

ric for Y in a manner that respects the splitting of the tangent space at Y into the

space of the group action and its complement. If Rn×p
∗ is equipped with Euclidean met-

ric, then the metric induced by the submersion is often called the Bures-Wasserstein

metric on Sn,p
+ ≂ Rn×p

∗ /Op, denoted by gBW (see [13, 69, 70]).

4.1.3 Langevin dynamics and the Riemannian Langevin equa-

tion

We now explain how Langevin equations may be defined intrinsically on (Sn,p
+ , g).

Let us first recall the Langevin equation on Rn. Assume given a potential or

energy function E : Rn → R and let Wt denote the standard Wiener process on Rn.

The Langevin equation for the potential E is the Itô differential equation

dxt = −∇E(xt) dt+

√
2

β
dWt. (4.1.3)

The Fokker-Planck equation describes the evolution of the probability density of xt.
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With ρ(x, t) dx = P(xt ∈ (x, x+ dx)), we have

∂tρ =
1

β
△ρ+∇ · (ρ∇E) . (4.1.4)

The Gibbs density (with reference density being uniform with respect to Lebesgue

measure) is the unique equilibrium of equation (4.1.4) under natural growth assump-

tions on the energy E as |x| → ∞.

The Langevin equation immediately yields a numerical scheme for (approximate)

sampling from the Gibbs distribution. Fix a step size ∆t > 0, let tk = k∆t, k =

0, 1, . . ., and let xk denote the numerical approximation to (4.1.3) at time tk. The

Euler-Maruyama scheme to approximate equation (4.1.3), also known as Langevin

Monte Carlo in the statistics literature, is

xk+1 = xk −∆t∇E(xk) +

√
2∆t

β
ξk, (4.1.5)

where ξk = (ξ1k, . . . , ξ
n
k ) is an i.i.d. sequence of standard Gaussian vectors in Rn. This

scheme is explicit. In order to extend it to sampling from (4.1.2) we must understand

how to modify the Langevin equation on the Riemannian manifold (Sn,p
+ , g).

First, the term ∇E must be replaced by the Riemannian gradient, written as

gradE . The more subtle modification of equation (4.1.3) concerns the noise. The

natural analogy is to replace the Wiener process Wt on Rn with Brownian motion

on the Riemannian manifold (Sn,p
+ , g) at inverse temperature β, denoted Bg,β

t . This

yields the (formal) Riemannian Langevin equation on (Sn,p
+ , g)

dX t = −gradE(X t)dt+ dBg,β
t . (4.1.6)

This equation is only formal because stochastic differential equations on mani-
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folds must be defined using the Stratonovich formulation in order to ensure coordinate

independence (Itô differentials do not satisfy the chain rule, while Stratonovich dif-

ferentials do) [43, 47]. On the other hand, Itô differential equations are convenient

for analysis as well as simulation. Thus, in formulating the Riemannian Langevin

equation, it is necessary to first formulate the appropriate Stratonovich equation and

then compute the deterministic Itô–Stratonovich correction. A central observation in

our work is that this correction term is due to curvature and is explicitly computable

for several Riemannian geometries relevant to optimization [44, 48, 71].

4.1.4 Riemannian Langevin Monte Carlo sampling schemes

For the two metrics considered in this paper, the Itô–Stratonovich correction due

to curvature may also be computed explicitly, yielding the SDEs in Section 4.2. The

rigorous analysis of these SDEs is presented in the companion paper [93], and we

focus on numerical algorithms in this paper. The Euler-Maruyama approximation to

these SDEs yields the numerical sampling schemes listed below.

The SDEs also admit other numerical approximations. We have chosen the Euler-

Maruyama schemes because these schemes are fully explicit, simple to state, imple-

ment and numerically validate. They are generalizations of the popular unadjusted

Langevin Monte Carlo for sampling in Euclidean spaces. Further, these schemes

reduce to deterministic Riemannian gradient descent methods in the limit β →∞.

Scheme E for the embedded geometry

For the embedded manifold (Sn,p
+ , gE), the scheme is

Xk+1 = PSn,p
+

Xk −∆t gradE(Xk) +Qk

√2∆t

β

B11 B12

BT
12 0

+
∆t

β

p∑
i=1

1
λi

0 0

0 In−p


QT

k

,
(4.1.7)
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where PSn,p
+

is the Euclidean projection to Sn,p
+ , and Xk = QkΛQ

T
k is the full SVD of

Xk ∈ Sn,p
+ with eigenvalues λ1 ≥ · · · ≥ λp > 0. The entries of B12 are i.i.d. drawn from√

1
2
N (0, 1). The entries of the symmetric B11 are defined as follows: the diagonal en-

tries are i.i.d. drawn from N (0, 1), and off-diagonal entries are bij = bji ∼
√

1
2
N (0, 1).

When β =∞, equation (4.1.7) reduces to Xk+1 = PSn,p
+

(Xk −∆t gradE(Xk)), which

is the Riemannian gradient descent on (Sn,p
+ , gE), see [1, 96]. We refer to (4.1.7) as

Scheme E.

In this scheme, the term
∆t

β

p∑
i=1

1
λi

0 0

0 In−p

 in equation (4.1.7) is the correction

due to the mean curvature of the embedding of Sn,p
+ ↪−→ R

n×n.

Scheme BW for the Bures-Wasserstein metric

For the quotient manifold (Rn×p
∗ /Op, gBW ), the scheme is

Yk+1 = Yk −∆t2∇E(YkY
T
k )Yk +

√
2∆t

β
Bk +

∆t

β
Uk

[ ∑
j:j ̸=i

σi

σ2
i +σ2

j

]
ii

V T
k , (4.1.8)

whereBk is n-by-pmatrix with entries being i.i.d. standard Gaussian, Yk = UkΣkV
T
k ∈

Rn×p is the compact SVD with singular values σi, and

[ ∑
j:j ̸=i

σi

σ2
i +σ2

j

]
ii

is the diagonal

matrix whose i-th diagonal entry is
∑
j:j ̸=i

σi

σ2
i +σ2

j
. We refer to (4.1.8) as Scheme BW.

The Riemannian Langevin Monte Carlo scheme (4.1.8) can be viewed as a natural

extension of Burer-Monteiro gradient descent method

Yk+1 = Yk −∆t 2∇E(YkY
T
k )Yk, (4.1.9)

which is the simplest low-rank gradient descent method for minimizing E(X) under

the constraint X ∈ Sn,p
+ . It is clear that as β → ∞, (4.1.8) reduces to (4.1.9).

The Burer-Monteiro gradient descent method is equivalent to a Riemannian gradient

descent method on the quotient manifold Rn×p
∗ /Op with Bures-Wasserstein metric,
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see [96].

Gibbs distribution sampling and numerical validation

While the Gibbs distribution always has the same density function e−βE with

respect to ρref , the reference density ρref depends on the metric. Thus, the two schemes

(4.1.7) and (4.1.8), generate samples for two different probability distributions. In

order to validate our schemes, we choose energy functions that allow an explicit

computation of these densities for both metric. These energy functions yield matrix

integrals of independent analytic interest. They also allow side-to-side benchmarking

for different Gibbs samplers on Sn,p
+ . We demonstrate the efficiency of sampling from

these Gibbs distributions numerically. Further analysis on convergence to equilibrium

as t→∞ using the Bakry-Emery criterion is considered in the companion paper [93].

Finally, while we do not discuss their convergence and efficiency approximating

SDE as the step-size ∆t→ 0; this is possible following existing approximation results

[56, 24, 62].

4.1.5 Some applications and related work

Applications of PSD matrices

Positive semi-definite (PSD) fixed rank matrices arise in many problems such

as distance matrices [88] and covariance matrices in statistics, and have been used

in applications including kernels in machine learning [73], semidefinite optimization

[19], quantum information, etc. Riemannian optimization algorithms over Sn,p
+ under

different metrics have been well studied, e.g., see [91, 46, 70, 96] and references therein.

Langevin dynamics and Monte Carlo schemes on manifolds
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There is an extensive literature on Langevin dynamics in statistics and related

areas, with interest in nonconvex optimization [22, 23], as well as machine learning

such as generative models [31].

In recent years, there has been interest in studying Langevin diffusion and Monte

Carlo Markov Chain (MCMC) schemes on manifolds [25, 26, 38, 17, 20, 95, 74, 36, 58,

62]. In this paper, we are interested in Riemannian Langevin Monte Carlo schemes

on Sn,p
+ .

In the statistics literature, manifold Langevin schemes have been studied in [38,

20]. However, these schemes apply only to simpler embedded manifolds M ⊂ R
n

with explicit geodesics such as the sphere and Stiefel manifolds. The above schemes

do not directly apply to the manifold Sn,p
+ , even for the embedded geometry. In [95],

a sampling scheme using projection to surface is constructed; however, this is not a

Langevin scheme.

In general, a Langevin scheme can be used for either optimization [92, 62], or

Monte Carlo type numerical integration, which is common in Bayesian statistic. For

optimization, stochastic optimization by Langevin dynamics with simulated anneal-

ing is an established approach [65]. In [22], underdamped Langevin schemes are

shown to be much more efficient than the overdamped case (4.1.5). For sampling,

Metropolis-adjusted Langevin algorithm [38] is often used. For simplicity, we focus on

the simple schemes (4.1.7) and (4.1.8) without considering any of simulated annealing,

underdamped Langevin, or Metropolis-adjustment, to which it is possible to extend

our schemes. Though the Riemannian optimization on Sn,p
+ can be easily extended

to Hermitian PSD matrices of fixed rank [96], we remark that such an extension for

Langevin dynamics would be significantly different.
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4.1.6 Organization of the paper

In Section 4.2, we state the explicit formulae for the SDE (4.1.6) and Gibbs mea-

sure on the manifold Sn,p
+ under two metrics gE and gBW . We then derive the schemes

(4.1.7) and (4.1.8) in Section 4.3. The energy functions and Gibbs distributions used

to benchmark the schemes are presented in Section 4.4. The numerical results are

studied in Section 4.5.
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4.2 Riemannian Langevin equations on Sn,p+

In this section, we state the Itô form of the Riemannian Langevin equation (4.1.6)

for both Riemannian geometries studied in this paper. The theoretical basis for these

SDEs is discussed at greater depth in [93]. The main ideas are as follows: (a) the

abstract theory of Brownian motion on Riemannian manifolds is used to define the

Riemannian Langevin equation in Stratonovich form for the metrics gE and gBW

on Sn,p
+ ; (b) the Itô-Stratonovich conversion rule is used to compute the associated

Itô form of these SDEs and it is observed that the Itô-Stratonovich correction term

corresponds to mean curvature. This approach yields the SDEs below. These SDEs

are used to develop numerical schemes in Section 4.3.

4.2.1 The Riemannian Langevin equation for embedded ge-

ometry (Sn,p+ , gE)

Let X ∈ Sn,p
+ have the compact SVD X = UΛUT with U ∈ Rn×p. Let U⊥ ∈

R
n×(n−p) be a matrix with columns orthonormal to columns of U . The tangent space

of Sn,p
+ at X = UΛUT ∈ Sn,p

+ is given by [91, 96]:

TXS
n,p
+ =


[
U U⊥

]H KT

K 0


UT

UT
⊥

 : ∀K ∈ R(n−p)×p,∀H ∈ Rp×p, HT = H

 .

(4.2.1)

The induced metric gE by the embedding Sn,p
+ ↪−→ R

n×n is then defined as

gE(A,B) = Tr(ATB), ∀A,B ∈ TXS
n,p
+ ,

which is the Frobenius inner product for two matrices.

Equation (4.1.6) describes the evolution of a point X t ∈ Sn,p
+ in abstract terms.
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We now rewrite it in a simpler equivalent form describing the evolution of the entries

of the matrix entries {(Xt)ij}ni,j=1 representing X t. Let us write X = UΛUT for

the compact singular value decomposition (SVD) of X. We further assume that the

singular values Λ = diag(λ1, ..., λp) are written in decreasing order. We suppress the

subscript t in the following equations, though the reader should note that U and Λ

depend on Xt.

Then we find that the law of Xt is determined by the Itô differential equation

dXt = −gradE(Xt)dt+

√
2

β
dW n,p,Xt

t +
1

β
H(Xt)dt. (4.2.2)

In this equation, the stochastic forcing W n,p,Xt
t is the orthogonal projection of white

noise in Rn×n onto TXtS
n,p
+ . Precisely, given W i

t for 1 ≤ i ≤ n and W i,j
t for 1 ≤ i <

j ≤ n independent standard one-dimensional Wiener process, we set

dW n,p,Xt
t =

[
U U⊥

]



dW 1
t · · · 1√

2
dW 1,p

t
1√
2
dW 1,p+1

t · · · 1√
2
dW 1,n

t

...
. . .

...
...

. . .
...

1√
2
dW 1,p

t · · · dW p
t

1√
2
dW p,p+1

t · · · 1√
2
dW p,n

t

1√
2
dW 1,p+1

t · · · 1√
2
dW p,p+1

t 0 · · · 0

...
. . .

...
...

. . .
...

1√
2
dW 1,n

t · · · 1√
2
dW p,n

t 0 · · · 0



UT

UT
⊥

 ,

The term H(Xt) is the mean curvature of the embedding Sn,p
+ → Rn×n. We adopt

the convention in geometric analysis: the mean curvature is defined as the trace of

the second fundamental form of the embedding. Explicitly, we have

H(Xt) =

(
p∑

i=1

1

λi

)[
U U⊥

] 0p×p 0p×(n−p)

0(n−p)×p In−p


UT

UT
⊥

 . (4.2.3)

The following feature of equation (4.2.2) is fundamental. The stochastic forcing is the
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naive projection of white noise in the ambient space Rn×n onto TXtS
n,p
+ . Intuitively,

when one uses the Euler-Maruyama discretization, the role of this term is to update

Xt by taking unbiased random steps in any direction in the tangent space. However,

Itô calculus has a subtle interplay with the geometry of the embedding, and in order

to keep Xt on the manifold Sn,p
+ , it is necessary to include the correction term given

by the mean curvature.

4.2.2 The Riemannian Langevin equation for Bures-Wasserstein

geometry (Sn,p+ , gBW )

The manifold Sn,p
+ can also be viewed as a quotient manifold Rn×p

∗ /Op, for which

the noncompact Stiefel manifold Rn×p
∗ is called the total space. Denote the natural

projection as

π : Rn×p
∗ → Rn×p

∗ /Op.

For any Y ∈ Rn×p
∗ , the equivalence class containing Y is

[Y ] = π−1(π(Y )) = {Y O | O ∈ Op} ,

which is an embedded submanifold of Rn×p
∗ (see e.g., [1, Prop. 3.4.4]). The tangent

space of [Y ] at Y is therefore a subspace of TYRn×p
∗ called the vertical space at Y ,

and is denoted by VY =
{
Y Ω | ΩT = −Ω,Ω ∈ Rp×p

}
, see [96].

Define

θ : Rn×p
∗ → Sn,p

+

Y 7→ Y Y T .

Then θ is invariant under the equivalence relation and induces a bijection θ̃ on

Rn×p
∗ /Op such that θ = θ̃ ◦ π. For any function E(X) defined on Sn,p

+ , there is a

function F defined on Rn×p
∗ that induces E : for any X = Y Y T ∈ Sn,p

+ , F (Y ) :=
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E ◦ θ(Y ) = E(Y Y T ). This is summarized in the diagram below:

Rn×p
∗

Rn×p
∗ /Op Sn,p

+ R

θ:=θ̃◦ππ

θ̃ E

In particular, Sn,p
+ is diffeomorphic to Rn×p

∗ /Op under θ̃, see [96]. For any Y ∈

Rn×p
∗ , the flat metric for the total space Rn×p

∗ , correction term corresponds to mean

curvature.

g(a, b) = Tr(aT b),∀a, b ∈ TYRn×p
∗ = Rn×p

induces a metric on the quotient manifold Rn×p
∗ /Op, which is called Bures-Wasserstein

metric, see [70, 69, 96]. Another way to understand the Bures-Wasserstein metric at

X ∈ Sn,p
+ ≂ Rn×p

∗ /Op is via the map θ:

gBW (A,B) = Tr(abT ) ∀A,B ∈ TXSn,p
+ , a, b ∈ TYRn×p

∗

s.t. dθ(Y )[a] = A, dθ(Y )[b] = B, a, b ∈ Ker(dθ(Y ))⊥ (4.2.4)

where X has decomposition X = Y Y T , dθ(Y )[a] = Y aT + aY T is the differential of

θ at Y , and a ∈ Ker(dθ(Y ))⊥ ⇔ Y Ta = aTY .

The Riemannian Langevin equation is now determined by the geometry of Rie-

mannian submersion. We must obtain an Itô differential equation for Yt, such that

Xt = YtY
T
t is a matrix that has the same law as the solution to (4.1.6) in (Sn,p

+ , gBW ).

In comparison with equation (4.2.2), we see that the natural choice for white

noise driving Yt is white noise in Rn×p. This is the stochastic differential dWt, where

Wt = {W ij
t }1≤i≤n,1≤j≤p consists of np independent standard one-dimensional Wiener

processes. However, as in equation (4.2.2) we must include a deterministic correc-

tion. This correction corresponds to mean curvature again, but in a more subtle way
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than (4.2.2). The equivalence class of Y such that X = Y Y T is a group orbit of Op

embedded within Rn×p. The logarithm of the volume of this group orbit constitutes

a natural Boltzmann entropy. It may be computed explicitly, and we find

S(Y ) =
1

2

p∑
i=1

p∑
j=i+1

log(σ2
i + σ2

j ) (4.2.5)

where {σi}pi=1 are singular values of Y . It is known that ∇S(Y ) is the mean curvature

of the group orbit in Rn×p [78, p.3505].

We then have the following Itô differential equation for Yt such that Xt = YtY
T
t

has the same law as the solution to (4.1.6).

dYij =−
∂E(Y Y T )

∂Yij

dt+

√
2

β
dW ij

t −
1

β

∂S(Y )

∂Yij

dt, 1 ≤ i ≤ n, 1 ≤ j ≤ p. (4.2.6)

The correction term can be explicitly computed using the following

Lemma 18. If Y ∈ Rn×p
∗ has SVD as Y = QΣP T with singular values σi, then the

gradient of the correction term S is given by ∇S(Y ) = QΣ̃P T where Σ̃ is a diagonal

matrix with diagonal entries
∑

j ̸=1
σ1

σ2
1+σ2

j
,
∑

j ̸=2
σ2

σ2
2+σ2

j
, · · · ,

∑
j ̸=p

σp

σ2
p+σ2

j
.
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4.3 Two Riemannian Langevin Monte Carlo schemes

To get a simple Riemannian Langevin Monte Carlo sampling scheme, we only

consider convenient discretization and approximation methods, which can be easily

and efficiently implemented. For the Brownian motion term, we consider the most

straightforward and simplest discretization of the SDEs (4.2.2) and (4.2.6), i.e., the

Euler-Maruyama type discretization.

One extra complication from the manifold constraint is how to approximate the

exponential map. For optimization algorithms on Riemannian manifolds [1], retrac-

tion, which is at least a first order approximation to the exponential map, is often

used. For instance, for approximating an ODE d
dt
X = −gradE(X) on a manifold

M, with any retraction operator RM mapping to M, a simple forward Euler type

approximation, or equivalently the Riemannian gradient descent method, is given by

Xk+1 = RM[Xk+1 −∆t gradE(Xk)].

In particular, when combining the Euler-Maruyama type discretization for SDE

and the simple Riemannian gradient descent by retraction, we get the two simple

Riemmanian Langevin Monte Carlo schemes as follows.

4.3.1 Scheme E for the embedded geometry

The Riemannian gradient

For a given energy function E(X), its Riemannian gradient gradE(X) of at X ∈

Sn,p
+ , is the Euclidean projection of the Euclidean gradient ∇E(X) ∈ Rn×n defined as

[∇E(X)]ij =
∂

∂Xi
E(X), onto the tangent space TXSn,p

+ , see [1, 91, 96]. It is straight-

forward to verify that ∇E(X) is a symmetric matrix for any differentiable E and
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any X ∈ Sn,p
+ . For any given X ∈ Sn,p

+ , let X = UΛUT be its compact SVD. Let

PU = UUT and PU⊥ = U⊥U
T
⊥ = I − UUT . By derivations in [96], gradE(X) can be

computed and represented as

gradE(X) =

[
U U⊥

]UT∇E(X)U UT∇E(X)U⊥

UT
⊥∇E(X)U 0


UT

UT
⊥


= PU∇E(X)PU + PU⊥∇E(X)PU + PU∇E(X)PU⊥ .

The compact implementation of computing gradE(X) is given in Algorithm 1.

Algorithm 1 Compact computation of the Riemannian gradient gradE(X)

Require: The compact SVD of X ∈ Sn,p
+ : X = UΛUT

Ensure: gradE(X) = UHUT + UpU
T + UUT

p ∈ TXS
n,p
+

T ← ∇E(X)U

H ← UTT

Up ← T − UH

The retraction by projection

Let Sn×n denote symmetric matrices, then the Euclidean projection PSn,p
+

: Sn×n −→

Sn,p
+ is a convenient retraction operator, see [1, 91, 96]. A straightforward implemen-

tation is given in Aglorithm 2.

Algorithm 2 Computation of the retraction PSn,p
+

(X + Z)

Require: the compact SVD of X: X = UΛUT ∈ Sn,p
+ , Z ∈ Sn×n.

Ensure: PSn,p
+

(X + Z) = Q+Λ+Q
T
+ ∈ Sn,p

+ .

(Q+,Λ+) = svd(X + Z)

U+ ← Q+(:, 1 : p) Λ+ ← Λ+(1 : p, 1 : p)
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A Riemannian Langevin Monte Carlo scheme

For approximating the SDE (4.2.2) on (Sn,p
+ , gE), with the retraction operator and

Euler-Maruyama method for SDE, we have the scheme (4.1.7), which can be more

explicitly written as

Xk+1 = PSn,p
+

[U U⊥

]Λ−∆tUT∇E(Xk)U +
√

2∆t
β
B11 −∆tUT∇E(Xk)U⊥ +

√
2∆t
β
B12

−∆tUT
⊥∇E(Xk)U +

√
2∆t
β
BT

12
∆t
β

p∑
i=1

1
λi
In−p


UT

UT
⊥


 ,

(4.3.1)

where Xk = UΛUT is the compact SVD of Xk ∈ Sn,p
+ with eigenvalues λ1 ≥ λ2 ≥

· · · ≥ λp > 0. The third term in the right hand side is the white noise term in the

tangent space TXk
Sn,p
+ . Entries of B12 ∈ Rp×(n−p) are i.i.d drawn from

√
1
2
N (0, 1),

and B11 ∈ Rp×p are defined as follows.

B11 =



N (0, 1)

. . . bij

bji
. . .

N (0, 1)


(4.3.2)

with bij = bji ∼
√

1
2
N (0, 1). The implementation details of the scheme (4.1.7) are

given as follows in the Algorithm 3.
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Algorithm 3 The Riemannian Langevin Monte Carlo scheme (4.1.7) for (Sn,p
+ , gE)

Require: initial iterate X1 ∈ Sn,p
+ ; full SVD of X1: X1 = Q1Λ1Q

T
1

1: for k = 1, 2, . . . , N do

2: Compute Riemannian gradient

ξk := gradE(Xk) ▷ See Algorithm 1

3: Compute noise term

B =
√

2∆t
β

B11 B12

BT
12 0

+ ∆t
β

p∑
i=1

1
λi

0 0

0 In−p


4: Obtain the new iterate by retraction

Xk+1 = PSn,p
+

(Xk −∆tξk +QkBQT
k ) ▷ See Algorithm 2

5: end for

Remark 26. The mean curvature correction term is necessary for avoiding rank de-

ficient samples in the following sense. A sampling scheme on Sn,p
+ might generate a

sample X with a rank numerically close to p− 1, and the mean curvature correction

term in the scheme (4.1.7) would be huge if λp → 0, thus it will force iterate Xk to

stay away from the boundary of Sn,p
+ .

Remark 27. Notice that the complexity of computing SVD of X + Z in Algorithm

2 would be O(n3) in a naive implementation. For a Riemannian gradient method, if

Z ∈ TXk
Sn,p
+ , a compact implementation of computing PSn,p

+
(X + Z) in [96] is only

O(np2) + O(p3), which is no longer possible for the Langevin Monte Carlo scheme

(4.1.7) due to the mean curvature correction term in the normal space. On the other

hand, if Lanczos type algorithm is used for computing to top p eigen-componenes of

X + Z, it seems possible to explore the special structure in (4.3.1) to find a more

efficient implementation, but we do not consider a more compact implementation in

this paper.
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4.3.2 Scheme BW for the Bures-Wasserstein metric

The Riemannian gradient and a simple retraction operator

Given a smooth energy function E(X) defined on Sn,p
+ , the corresponding function

h on Rn×p
∗ /Op satisfies

h : Rn×p
∗ /Op → R

π(Y ) 7→ E(β̃(π(Y ))) = E(β(Y )) = E(Y Y T ).

(4.3.3)

Observe that the function F (Y ) := E(Y Y T ) satisfies F (Y ) = h ◦ π(Y ) = E ◦ β(Y ).

The Riemannian gradient of h at π(Y ) is a tangent vector in Tπ(Y )Rn×p
∗ /Op . The next

theorem is given in [1, Section 3.6.2], showing that the horizontal lift of gradh(π(Y ))

can be obtained from the Riemannian gradient of F defined on Rn×p
∗ .

Theorem 18. The horizontal lift of the gradient of h at π(Y ) is the Riemannian

gradient of F at Y . That is,

gradh(π(Y ))Y = gradF (Y ).

For the Bures-Wasserstein metric, the following result is proven in [96]:

Proposition 28. Let E be a smooth real-valued function defined on Sn,p
+ and let F :

Rn×p
∗ → R : Y 7→ E(Y Y T ). Assume Y Y T = X. Then the Riemannian gradient of F

is given by

gradF (Y ) = 2∇E(Y Y T )Y

where ∇E(·) is the gradient of E w.r.t. X.

In [69, Prop. A.8], the relationship between the horizontal lifts of the quotient
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tangent vector ξπ(Y ) lifted at different representatives in [Y ] is given:

Lemma 19. Let η be a vector field on Rn×p
∗ /Op, and let η̄ be the horizontal lift of η.

Then for each Y ∈ Rn×p
∗ , we have

η̄Y O = η̄YO

for all O ∈ Op.

The retraction on the quotient manifold Rn×p
∗ /Op can be defined using the re-

traction on the total space Rn×p
∗ . For any A ∈ TYRn×p

∗ and a step size τ > 0,

RY (τA) := Y + τA,

is a retraction on Rn×p
∗ if Y + τA remains full rank, which is ensured for small enough

τ . Then Lemma 19 indicates that R satisfies the conditions of [1, Prop. 4.1.3], which

implies that

Rπ(Y )(τηπ(Y )) := π(RY (τηY )) = π(Y + τηY ) (4.3.4)

defines a retraction on the quotient manifold Rn×p
∗ /Op for a small enough step size

τ > 0.

Finally, we give an example of what these results imply by considering the Rie-

mannian gradient descent method for minimizing E(X) over (Sn,p
+ , gBW ). With the

simple retraction (4.3.4), the Riemannian gradient descent method for minimizing

the function h[π(Y )] on Rn×p
∗ /Op is given by

Yk+1 = Yk −∆t2∇E(YkY
T
k )Yk,

which is the simple Burer-Monteiro gradient descent method for minimizing E(X)

over Sn,p
+ . See Section 5.1 in [96] for details.
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A simple Riemannian Langevin Monte Carlo scheme

With the Euler-Maruyama discretization for SDE (4.2.6), and the simple retrac-

tion and Riemannian gradient as given previously, a simple Riemannian Langevin

Monte Carlo scheme for approximating the Riemannian SDE (4.2.6) on the Rieman-

nian manifold (Sn,p
+ , gBW ) can be given as

Yk+1 = Yk −∆t2∇E(YkY
T
k )Yk +

√
2∆t

β
Bk +

∆t

β
U

[∑
j:j ̸=i

σi

σ2
i +σ2

j

]
ii

V T , (4.3.5)

where Bk is n-by-p matrix with i.i.d. N (0, 1) entries and Yk = UΣV T is the compact

SVD of Y with singular values σi > 0 for i = 1, 2, · · · , p.

Notice that all operations are performed in the space of size n × p. For finding

compact SVD of Y , one can first compute QR decomposition of Y , which costs

O(np2)+O(p3). Then compute SVD of size p× p, which is O(p3). So the complexity

of this scheme is O(np2) +O(p3) for each iteration. For large n and small p, Scheme

BW should be cheaper than Scheme E in each iteration, but they generate different

samples for different Gibbs distributions which depend on the metric, i.e., Scheme

BW cannot replace Scheme E for generating Gibbs distribution defined by embedded

geometry.
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4.4 Examples with analytical formulae

In this section, we provide a few examples with analytical formulae so that they

can be used in numerical experiments for testing the two schemes (4.3.1) and (4.3.5)

on the Gibbs distribution.

For the rest of this section, X = QΛQT ∈ Sn,p
+ denotes the full SVD with de-

scending eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λp > 0.

4.4.1 Scalar random variables

Let X be a random variable satisfying the Gibbs distribution on Sn,p
+ with dimen-

sion N = np− p(p−1)
2

under either metric, then X is a matrix-valued random variable.

For convenience, we consider a scalar random variable D = D(X) as a function of

X ∈ Sn,p
+ , e.g., D = ∥X∥F where ∥ · ∥F is the matrix Frobenius norm.

We consider the distribution function for the scalar random variable D:

Pr[D < d] =
1

Zβ

∫
Ud

e−βEdV, Zβ =

∫
M

e−βEdV, (4.4.1)

where Ud := {X ∈ Sn,p
+ |D(X) < d} is the domain of integral. For simplicity we only

consider symmetric functions such that the random variable D, the energy function E ,

and the volume form are all invariant under the group action by the orthogonal group

On. We consider an energy function E satisfying E(X) = E(OXOT ), ∀O ∈ On, so

that Gibbs distribution function only depends on the spectrum of X when considering

(4.4.1) with D = ||X||F =
√
λ2
1 + · · ·+ λ2

p. Since On is an isometry group for both

metrics gE and gBW , the volume form dV in the two cases is also invariant under On

action.

Notice that Q and Λ can be used as coordinates of the manifold Sn,p
+ . The volume
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form expressed by coordinates Q and Λ is given by

dV =
√

det g(

p∏
i=1

dλi)dµOn , (4.4.2)

where µOn is the Haar measure on On, and g is the matrix of metric gE or gBW

expressed under coordinate Q and λ. For gE its determinant det g is

det g =
( ∏
1≤i<j≤p

|λi − λj|2
)( ∏

1≤i≤p

λ
2(n−p)
i

)
, (4.4.3)

and for gBW it is

det g =
( ∏
1≤i<j≤p

|λi − λj|2

λi + λj

)( ∏
1≤i≤p

λ
(n−p)
i

)
. (4.4.4)

So for gE the distribution Pr[D < d] is expressed as

Pr[D < d] =
1

Zβ

∫
||X||F<d

e−βEdV

∝
∫

p∑
i=1

λ2
i
<d2

λi>0,i=1,...,p

e−βE(λ1,...,λp)
( ∏
1≤i<j≤p

|λi − λj|
)( ∏

1≤i≤p

λn−p
i

)
dλ1 · · · dλp,

(4.4.5)

where we have used the fact that the integrand does not depend on the coordinate

Q ∈ On, so the integral of µOn only provides a constant coefficient. As we could

always renormalize Pr[D < d] by considering the quotient Pr[D<d]
Pr[D<∞]

, we only need the

dependence of the integral on parameter d.
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Similarly, for the Bures-Wasserstein metric gBW we have

Pr[D < d] ∝
∫

p∑
i=1

λ2
i
<d2

λi>0,i=1,...,p

e−βE(λ1,...,λp)
( ∏
1≤i<j≤p

|λi − λj|√
λi + λj

)( ∏
1≤i≤p

λ
n−p
2

i

)
dλ1 · · · dλp

(4.4.6)

Next we give a few energy functions.

4.4.2 Example I: E(X) = 1
2 ||X||

2
F

This is the simplest example. Using the general expression above, for embedded

geometry gE we have

Pr[D < d] ∝
∫

p∑
i=1

λ2
i
<d2

λi>0,i=1,...,p

e
−β

2

p∑
i=1

λ2
i ( ∏

1≤i<j≤p

|λi − λj|
)( ∏

1≤i≤p

λn−p
i

)
dλ1 · · · dλp

=

d∫
0

e−
β
2
ρ2ρN−1

( ∫
Sp−1
+

∏
1≤i<j≤p

|ωi − ωj|
p∏

i=1

|ωi|n−p

p∏
i=1

dω
)
dρ

=
( ∫
Sp−1
+

∏
1≤i<j≤p

|ωi − ωj|
p∏

i=1

|ωi|n−p

p∏
i=1

dω
) d∫

0

e−
β
2
ρ2ρN−1dρ

∝
d∫

0

e−
β
2
ρ2ρN−1dρ, (4.4.7)

where we have used the spherical coordinate for (λ1, ..., λp) = ρω, with ρ =

√
p∑

i=1

λ2
i

being the radius and ω ∈ Sp−1
+ = Sp−1 ∩ Rp

+ being the coordinate on the positive

orthant of unit sphere.
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For gBW , similarly we have

Pr[D < d] ∝
d∫

0

e−βρ2ρ
N
2
−1dρ. (4.4.8)

Now we can see that βD2 = β||X||2F is subject to χ2(N) distribution for the

embedded metric gE, and χ2(N
2
) distribution for the Bures-Wasserstein metric.

4.4.3 Example II: E(X) = Tr(X logX)

We consider the von Neumann entropy

E(X) = Tr(X logX) =

p∑
i=1

λi log λi

and construct a more interesting example. The minimizers of E(X) = Tr(X logX)

on Sn,p
+ are matrices X ∈ Sn,p

+ with spectrum λ1 = · · · = λp = e−1.

The random variable we consider is stillD = ||X||F . Since E(X) = Tr(X logX) =
p∑

i=1

λi log λi only depends on spectrum, the argument in the previous section about

integral on On still applies. Similar to (4.4.7), for gE we have

Pr(D < d) =

∫
p∑

i=1
λ2
i
<d2

λi>0,i=1,...,p

e
−β

p∑
i=1

λi log λi
∏

1≤i<j≤p

|λi − λj|
p∏

i=1

|λi|n−p

p∏
i=1

dλi

=

∫
p∑

i=1
λ2
i
<d2

λi>0,i=1,...,p

∏
1≤i<j≤p

|λi − λj|
p∏

i=1

|λi|n−p−βλi

p∏
i=1

dλi,

135



and for gBW we have

Pr(D < d) =

∫
p∑

i=1
λ2
i
<d2

λi>0,i=1,...,p

∏
1≤i<j≤p

|λi − λj|√
λi + λj

p∏
i=1

|λi|
n−p
2

−βλi

p∏
i=1

dλi.

Although we do not have a closed expression for both cases, such integrals can

be easily approximated by an accurate quadrature.

4.4.4 Example III: E(X) = 1
2 ||X − A||2F

We consider a quadratic function E(X) = 1
2
||X − A||2F where A ∈ Sn,p

+ with

D = ||X−A||F . In this example, On symmetry does not hold, and we can only make

an estimate of the distribution function.

The random variable D we are considering now is D = ||X−A||F , its distribution

function is evaluated as

Pr(D < d) ∝
∫
Ud

e−
β
2
D2

dV (4.4.9)

where Ud = {X ∈ Sn,p
+ |D(X) < d}. Using delta function, formally we can simplify

136



the integral to

Pr(D < d) ∝
∫
M

1{D<d}e
−β

2
D2

dV (4.4.10)

=

∫
M
(

∫ ∞

0

1{ρ<d}e
−β

2
ρ2δ(D − ρ)dρ)dV

=

∫ ∞

0

1{ρ<d}e
−β

2
ρ2(

∫
M

δ(D − ρ)dV )dρ

=

∫ d

0

e−
β
2
ρ2(

∫
M

d

dρ
1{D−ρ}dV )dρ

=

∫ d

0

e−
β
2
ρ2 d

dρ
(

∫
M

1{D−ρ}dV )dρ

=

∫ d

0

e−
β
2
ρ2 d

dρ
VD(ρ)dρ

(4.4.11)

where VD(ρ) =
∫
M 1{D<ρ}dV =

∫
D<ρ

dV .

In general it is difficult to calculate
∫
D<ρ

dV , but we consider the following ap-

proximation. Consider the volume of the ball Bn,p
A (r) = BA(r) ∩ Sn,p

+ , where

BA(r) =
{
X ∈ Sn×n : ||X − A||F < r

}
.

It is difficult to compute Vol(Bn,p
A (r)), but we propose the following estimate, for fixed

A ∈ Sn,p
+ :

Vol(Bn,p
cA (r)) ≈ αrN , c≫ 1, (4.4.12)

where α is a constant that does not depend on r, N is the dimension of Sn,p
+ . For gE,

α is exactly the volume of unit ball in RN , while for gBW , α depends on dimension

N and A ∈ Sn,p
+ .

For the embedded geometry, the approximation (4.4.12) can be justified by the
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following arguments:

1. The second fundamental form IIcA of the manifold is vanishing for fixed A and

c→∞. See [93].

2. The Riemannian curvature tensor of ambient space Sn×n is 0. Applying the

Gauss equation [30, Prop 3.1] we can express the Riemannian curvature tensor

R of (Sn,p
+ , gE) in terms of its second fundamental form II:

⟨R(x,y)z,w⟩ = −⟨II(x, z), II(y,w)⟩+ ⟨II(x,w), II(y, z)⟩, (4.4.13)

x,y, z,w ∈ TSn,p
+ , ⟨U, V ⟩ = Tr(UV T ) is the metric in Sn×n, .

Thus, with vanishing II we have vanishing Riemannian curvature tensor, and

zero sectional curvature.

3. Vanishing extrinsic curvature and intrinsic curvature means that the neighbor-

hood is approximately an Euclidean space, so the ball Bn,p
cA (r) is approximately

just a ball in RN and has volume αrN , with α being the volume of a unit ball.

For the gBW metric, following similar arugments, we can get the same approxi-

mation (4.4.12). We emphasize that the approximation (4.4.12) is accurate only if c

is large enough. Putting all this together, when A has eigenvalues λ1 ≥ · · · ≥ λp ≫ 1,

we have the following

Pr(D < d) ∝
∫

D<d

e−
β
2
D2

dV =

d∫
0

e−
β
2
ρ2 d

dρ

( ∫
D<ρ

dV
)
dρ ∝∼

t∫
0

e−
β
2
ρ2ρN−1dρ, (4.4.14)

where ∝∼ stands for being approximately proportional to.
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4.4.5 MCMC numerical integration

It is well known that MCMC can be used for integrating a function numerically,

and that one of the main advantages is that the convergence rate is independent of

the dimension. Both schemes in this paper are MCMC type sampling schemes on the

manifold. Suppose we have generated samples Xi satisfying the Gibbs distribution

on the manifold, e.g.,

Xi ∼
1

Zβ

e−βE(X)dVg,

where Zβ =
∫

Sn,p
+

e−βE(X)dV is an unknown normalization factor and dV is the volume

form depending on the metric. Then for approximating the integral of a nice function

f(X) on the same manifold
∫

Sn,p
+

f(X)dV, we can use

1

m

m∑
i=1

f(Xi)e
βE(Xi) ≈

∫
Sn,p
+

f(X)dV∫
Sn,p
+

e−βE(X)dV
=

1

Zβ

∫
Sn,p
+

f(X)dV, (4.4.15)

because each f(Xi)e
βE(Xi) is a random variable with expectation

E
[
f(Xi)e

βE(Xi)
]
=

1

Zβ

∫
Sn,p
+

f(Xi)e
βE(Xi)e−βE(Xi)dV,

and the left hand side is a random variable with expectation

E

[
1

m

m∑
i=1

f(Xi)e
βE(Xi)

]
=

1

m

m∑
i=1

E
[
f(Xi)e

βE(Xi)
]
=

1

Zβ

∫
Sn,p
+

f(X)dV,

where the expectation E[·] is taken w.r.t. Gibbs distribution under corresponding

metric.

So using the generated samples Xi, we can approximate the integral
∫

Sn,p
+

f(X)dV
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up to a constant Zβ that does not depend on f(X). Notice that the additional advan-

tage of Monte Carlo type quadrature on a manifold is that we do not need to know

what dV is. On the other hand, Zβ cannot be approximated by the same approach.

Though we do not consider any specific application for numerical integration, equa-

tion (4.4.15) can be used as one way to validate the Riemannian Langevin Monte

Carlo schemes.

For the following special functions, it is possible to calculate exact integrals. For

the energy function E(X) = 1
2
∥X∥2F , and a special integrand f(X) = ∥X∥kF e−

α
m
∥X∥mF

with k > −N,m > 2, α > 0, using the results in 4.4.2, the distribution of D = ||X||F

is

for metric gE : Pr[D < d] ∝
∫ d

0

e−
β
2
ρ2ρN−1dρ, (4.4.16)

for metric gBW : Pr[D < d] ∝
∫ d

0

e−
β
2
ρ2ρ

N
2
−1dρ, (4.4.17)

so the integral on the manifold could be expressed by expectation of a random vari-

able, which leads to

for gE :
1

Zβ

∫
Sn,p
+

f(X)dV = E[f(X)e
β
2
||X||2F ] = E[Dke−

α
m
Dm

e
β
2
D2

]

=

∫∞
0

ρke−
α
m
ρm+β

2
ρ2ρN−1e−

β
2
ρ2dρ∫∞

0
ρN−1e−

β
2
ρ2dρ

=
1
m
(α/m)−

k+N
m Γ((k +N)/m)

1
2
(β/2)−N/2Γ(N/2)

(4.4.18)

for gBW :
1

Zβ

∫
Sn,p
+

f(X)dV = E[f(X)e
β
2
||X||2F ] = E[Dke−

α
m
Dm

e
β
2
D2

]

=

∫∞
0

ρke−
α
m
ρm+β

2
ρ2ρ

N
2
−1e−

β
2
ρ2dρ∫∞

0
ρ

N
2
−1e−

β
2
ρ2dρ

=
1
m
(α/m)−

k+N/2
m Γ((k +N/2)/m)

1
2
(β/2)−N/4Γ(N/4)

.

(4.4.19)
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4.5 Numerical tests

In this section we test the samples generated by the two Riemannian Langevin

Monte Carlo schemes (4.3.1) and (4.3.5) on the examples constructed in the previous

section. The samples are generated by the following procedure: we run the iterative

schemes (4.3.1) or (4.3.5) for sufficiently many m̃ iterations then take the last m

iterates as the samples for the Gibbs distribution. Both m̃ and m should be chosen

such that the (m̃−m)-th iterate has already reached equilibrium e.g., m̃ is 6, 000, 000

and m is 5, 000, 000 for specially chosen energy functions and parameters β.

Now suppose we have generated samples Xi ∈ Sn,p
+ (i = 1, · · · ,m) for either

metric. In order to test or show the numerical convergence to the Gibbs distribution,

we will consider two kinds of numerical tests.

The first kind of tests is to test on the scalar random variable D(X) = ∥X∥F

or D(X) = ∥X − A∥F as described in Section 4.4. Then we compare the cumula-

tive distribution function (CDF) of the random variable D with its empirical CDF

calculated from the MCMC samples.

Denote the true CDF of D by FD(t) := Pr(D ≤ t). The empirical CDF of samples

is

F̂D(t) :=
1

m

m∑
i=1

1D(Xi)≤t,

where 1D(Xi)≤t takes value 1 if D(Xi) ≤ t, and value 0 if otherwise. The Kol-

mogorov–Smirnov test statistic (K-S statistic) is defined by

KSD := sup
t

∣∣∣FD(t)− F̂D(t)
∣∣∣ . (4.5.1)

In our numerical tests, we compute the KS statistic by taking the maximum

difference of FD and F̂D at 100 equally spaced points in the interval [0, tmax] where

141



FD(tmax) ≈ 1.

The second kind of tests is on the integral examples in Section 4.4.5, let X be

a random variable satisfying Gibbs distribution on the manifold Sn,p
+ under either

metric. Define

µ := Ef(X)eβE(X) =
1

Zβ

∫
Sn,p
+

f(X)dV.

Given m samples Xi ∈ Sn,p
+ , we define

µ̂m :=
1

m

m∑
i=1

f(Xi)e
βE(Xi). (4.5.2)

Notice that samples generated by MCMC are not independent. If we assume

σ2 := var
(
f(X1)e

βE(X1)
)
+ 2

∞∑
k=1

cov
(
f(X1)e

βE(X1), f(X1+k)e
βE(X1+k)

)
<∞,

then by the Markov Chain Central Limit Theorem[51, 37], as m→∞, we have

√
m(µ̂m − µ)→ N (0, σ2) (4.5.3)

where the convergence is in the sense of distribution. Thus if m ≫ 1, µ̂m−µ
µ

roughly

follows the distributionN (0,O( 1
m
)) and the relative error term

∣∣∣ µ̂m−µ
µ

∣∣∣ roughly follows

the folded normal distribution with mean O( 1√
m
) and variance O( 1

m
). Hence we can

use µ̂m defined in (4.5.2) to estimate µ = 1
Zβ

∫
Sn,p
+

f(X)dV , and the relative error is

O( 1√
m
).

4.5.1 Numerical validation of the scalar variable D(X)

The manifold Sn,p
+ has dimension N = np − p(p − 1)/2. For both metrics, we

consider three examples in Section 4.4 with special energy functions E in the Gibbs
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distribution e−βE and the CDF for the scalar variable D(X):

1. Example I: E(X) = 1
2
∥X∥2F with the CDF for D(X) = ∥X∥F :

For gE : FD(t) = Pr(∥X∥F ≤ t) ∝
t∫

0

e−
β
2
ρ2ρN−1dρ,

For gBW : FD(t) = Pr(∥X∥F ≤ t) ∝
t∫

0

e−
β
2
ρ2ρN/2−1dρ.

2. Example II: E(X) = Tr(X logX) with the CDF FD(t) = Pr(∥X∥F ≤ t) for

D(X) = ∥X∥F :

For gE : FD(t) ∝
∫

p∑
i=1

λ2
i
<t2

λi>0,i=1,...,p

∏
1≤i<j≤p

|λi − λj|
p∏

i=1

|λi|n−p−βλi

p∏
i=1

dλi,

For gBW : FD(t) ∝
∫

p∑
i=1

λ2
i
<t2

λi>0,i=1,...,p

∏
1≤i<j≤p

|λi − λj|√
λi + λj

p∏
i=1

|λi|
n−p−1

2
−βλi

p∏
i=1

dλi.

which is a p-fold integral and can be approximated accurately by quadrature

such as Simpson’s rule for relatively small values of p, e.g., p = 2, 3.

3. Example III: E(X) = 1
2
∥X − A∥2F where A ∈ Sn,p

+ has eigenvalues λ1 ≥ · · · ≥

λp ≫ 1, with the CDF for D(X) = ∥X − A∥F :

For both gE and gBW : FD(t) = Pr(∥X − A∥F ≤ t) ∝∼

t∫
0

e−
β
2
ρ2ρN−1dρ.

In implementation of the scheme, the step size ∆t and β in schemes (4.3.1) and

(4.3.5) are two parameters that need to be tuned to reach equilibrium with reasonable

computing time. We first use a numerically stable ∆t then adjust β so that the noise
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term has reasonable variance. And of course one needs a sufficient large number

of iterations for schemes (4.3.1) and (4.3.5) to reach their equilibrium state, and

a sufficient large number m of samples to observe numerical convergence toward the

Gibbs distribution through the scalar random variable D, e.g., the KS statistic (4.5.1)

should be small. See Figure 4.5.1, Figure 4.5.2, Figure 4.5.3, and Figure 4.5.4 for the

numerical results.

0 2 4 6 8 10
0

0.5

1

Empirical CDF

True CDF

(a) Scheme E (4.3.1) on (Sn,p+ , gE) with
∆t = 0.001 and β = 0.4. The error be-
tween two CDFs is KS = 0.0054.

0 2 4 6 8
0

0.5

1

Empirical CDF

True CDF

(b) Scheme BW (4.3.5) on (Sn,p+ , gBW )
with ∆t = 0.001 and β = 0.4. The er-
ror between two CDFs is KS = 0.0023.

Figure 4.5.1: Example I: E(X) = 1
2
∥X∥2F , n = 5, p = 3 and manifold dimension is

N = 12. The empirical CDF is computed by 5E6 MCMC samples generated after
6E6 iterations of the Riemannian Langevin Monte Carlo schemes. Both CDFs of
scheme E and scheme BW are evaluated at 100 equally spaced points on [0, 10] and
[0, 8], respectively, and the difference can be measured by the KS statistic (4.5.1).

4.5.2 MCMC numerical integration

We consider special cases k = 0,m = 2 in the examples (4.4.18) and (4.4.19), then

(4.4.18) reduces to (β
α
)N/2 and (4.4.19) reduces to (β

α
)N/4. In other words, we may

verify the numerical convergence of samples Xi to Gibbs distribution by verifying

For gE :
1

m

m∑
i=1

e−
α−β
2

∥Xi∥2F → (
β

α
)N/2, (4.5.4)

For gBW :
1

m

m∑
i=1

e−
α−β
2

∥Xi∥2F → (
β

α
)N/4. (4.5.5)
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(a) Scheme E (4.3.1) on (Sn,p+ , gE) with
∆t = 0.001 and β = 0.5. The error be-
tween two CDFs is KS = 0.0096
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True CDF

(b) Scheme BW (4.3.5) on (Sn,p+ , gBW )
with ∆t = 0.001 and β = 0.5. The er-
ror between two CDFs is KS = 0.0043.

Figure 4.5.2: Example II: E(X) = Tr(X logX), n = 5, p = 3 and manifold dimension
is N = 12. The empirical CDF is computed by 5E6 MCMC samples generated after
6E6 iterations of the Riemannian Langevin Monte Carlo schemes. Both CDFs are
evaluated at 100 equally spaced points on [0, 15], and the difference can be measured
by the KS statistic (4.5.1).
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(a) Scheme E (4.3.1) on (Sn,p+ , gE) with
∆t = 0.001 and β = 0.5. The error be-
tween two CDFs is KS = 0.006.
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1

Empirical CDF

True CDF

(b) Scheme BW (4.3.5) on (Sn,p+ , gBW )
with ∆t = 0.001 and β = 0.5. The er-
ror between two CDFs is KS = 0.0043.

Figure 4.5.3: Example II: E(X) = Tr(X logX), n = 10, p = 2 and manifold dimension
is N = 19. The empirical CDF is computed by 5E6 MCMC samples generated after
6E6 iterations of the Riemannian Langevin Monte Carlo schemes. Both CDFs of
scheme E and scheme BW are evaluated at 100 equally spaced points on [0, 20] and
[0, 15],respectively, and the difference can be measured by the KS statistic (4.5.1).
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(a) Scheme E (4.3.1) on (Sn,p+ , gE) with
∆t = 0.001 and β = 0.4. The error be-
tween two CDFs is KS = 0.0084.
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(b) Scheme BW (4.3.5) on (Sn,p+ , gBW )
with ∆t =2E-7 and β = 0.4. The error
between two CDFs is KS = 0.0052.

Figure 4.5.4: Example III: E(X) = 1
2
∥X − A∥2F , n = 5, p = 3 and manifold dimension

is N = 12. The nonzero eigenvalues of A are equally spaced between 10000 and
20000. The empirical CDF is computed by 5E6 MCMC samples generated after
6E6 iterations of the Riemannian Langevin Monte Carlo schemes. Both CDFs are
evaluated at 100 equally spaced points on [0, 10], and the difference can be measured
by the KS statistic (4.5.1).

In Figure 4.5.5 we indeed observe the O(1/
√
m) for the relative error of numerical

integration.

4.5.3 A numerical study of the convergence to equilibrium

The general mathematical theory of convergence of a Langevin equation to its

equilibrium measure has been well studied; we consider the specific case of the RLE

studied here in the companion paper [93]. One particular application of the two

Riemannian Langevin Monte Carlo schemes is to use them to numerically study the

SDE solutions, e.g., by taking very small time steps, a Riemannian Langevin Monte

Carlo scheme approximates the Riemannian Langevin equation on the manifold. We

have shown comparison of the Langevin equation on (Sn,p
+ , gE), (Sn,p

+ , gBW ), Rn×n in

Figure 4.5.6, in which we can see interesting differences between two metrics. With

all three figures in Figure 4.5.6, we can see that the SDE on (Sn,p
+ , gBW ) has a much

faster convergence to its Gibbs measure than the SDE on (Sn,p
+ , gE).

146



10
5

10
6

10
7

Number of Samples

10
-4

10
-3

10
-2

10
-1

10
0

E
rr

o
r

Error Decay Rate Comparison

Relative error

1/sqrt(m)

(a) Integration on (Sn,p+ , gE) via samples gen-
erated by Scheme E (4.3.1) with ∆t = 0.001
and β = 0.4.
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(b) Integration on (Sn,p+ , gBW ) via samples
generated by Scheme BW (4.3.5) with ∆t =
0.001 and β = 0.4.

Figure 4.5.5: Convergence rate of the relative error of
∣∣∣ µ̂m−µ

µ

∣∣∣ MCMC integration

on the manifold with n = 10, p = 2 and dimension N = 19. Parameters are α =
0.75, β = 0.4, for which it is a numerical integration of the function E(X) = 1

2
∥X∥2F

on the manifold Sn,p
+ . The error shown is the averaged one of 12 independent runs.
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(a) Convergence of SDEs to the equilibrium.

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1

1.2
True CDF

(b) The true CDF of D = ∥X∥F on
(Sn,p+ , gE). This implies the blue curve
in Figure (a) has not reached equilib-
rium at Time=1.
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(c) The true CDF of D = ∥X∥F on
(Sn,p+ , gBW ), and empirical CDF of 5E6
samples from the Scheme BW after
Time=5.

Figure 4.5.6: For Sn,p
+ with n = 5, p = 3, the dimension is N = 12, and Rn×n has

dimension 25. The Gibbs measure is e−βE(x) with β = 0.4 and E = 1
2
∥X∥2F . The

time step size is 1e − 4. The initial guess is a random PSD matrix of rank-3 with
eigenvalues = [1000,1000,1000].
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4.6 Conclusion

We have constructed two efficient Riemannian Langevin Monte Carlo schemes for

sampling PSD matrices of fixed rank from the Gibbs distribution on the manifold Sn,p
+

equipped with two fundamental metrics. We have also provided several examples for

which these sampling schemes can be numerically validated.
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Chapter 5

RLE in conic programming

5.1 Introduction

5.1.1 Outline

We study Riemannian Langevin equations (RLE) that arise naturally in the study

of conic programs. The RLE extends the classical Langevin equation in statistical

physics to the setting of a Riemannian manifold. It is of interest in optimization

because the RLE provides a mathematical model that unifies the analysis of several

algoritheorems. In particular:

1. Canonical Riemannian geometries and Gibbs measures may be associated to

both conic programs and certain models of deep learning.

2. RLE have been shown to arise as diffusion limits of certain SGD schemes in

machine learning [75].

3. RLE may be used to define Monte Carlo schemes to sample Gibbs measures,

extending geometric methods for optimization to Gibbs sampling [94].

The main contributions in this paper are a general result (Theorem 19 below) on
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Brownian motion on cones equipped with a canonical metric and an explicit analysis

of the Lorentz cone.

5.1.2 The canonical metric

Assume given a regular convex cone K ⊂ Rn. The canonical barrier on K is the

convex solution to the Monge-Ampère equation

F =
1

2
log det D2F, x ∈ Ko, (5.1.1)

with the boundary condition F (x)→ +∞ as x→ ∂K. The existence and uniqueness

of this solution is a deep result in PDE theory due to Cheng and Yau [21]. We call

the Hessian D2F the canonical metric. In what follows, we write g = D2F for brevity

and equip K with the metric g to obtain the Riemannian manifold (K, g).

Hildebrand and Fox have independently established that F is a logaritheoremi-

cally homogeneous self-concordant barrier with parameter n [40, 34]. The canonical

barrier has several other surprising geometric properties; see [41]. It is identical to the

universal barrier of Nesterov and Nemirovskii when K is homogeneous. In this case,

several examples of F have been computed by Güler [39]. Another barrier, termed the

entropic barrier has been introduced by Bubeck and Eldan [18]. In general, the rela-

tionship between these barriers remains somewhat mysterious. The Monge-Ampère

equation (5.1.1) was first studied because of its importance in the Calabi conjecture

in geometry and its reappearance in optimization theory is surprising. This paper

sheds a different light on these connections using probabilistic methods.
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5.1.3 Riemannian Langevin equation

Recall that the Langevin equation associated to the loss function E : Rn → R, at

inverse temperature β > 0, is formulated mathematically as the Itô SDE

dXt = −∇E(Xt) dt+

√
2

β
dBt, (5.1.2)

where {Bt}t≥0 denotes standard Brownian motion on Rn.

Given an n-dimensional Riemannian manifold (M, g) with metric g and a loss

function E :M→ R we consider the Riemannian Langevin equation (RLE)

dXt = −gradE(Xt) dt+ dBg,β
t . (5.1.3)

Both the gradient and the Brownian motion at inverse temperature β are now com-

puted with respect to the Riemannian metric g. While we have stated the RLE as an

Itô equation to demonstrate that it is the natural extension of (5.1.2) to (M, g), equa-

tion (5.1.3) is only formal, since SDE on manifolds must be stated in Stratonovich

form to ensure coordinate invariance. The more accurate form of (5.1.3) is

[State Stratonovich SDE here and label it eq:rl2]

In particular, the Brownian motion Bg,β
t on (M, g) must be defined carefully as

discussed below. Let f ∈ C∞(M) be a test function. The infinitesimal generator L

of the diffusion (5.1.3) is

Lf = −gradE(f) +
1

β
∆f, where ∆f =

1√
det g

∂i(
√

det ggij∂jf), (5.1.4)

is the Laplace-Beltrami operator, grad denotes the gradient with respect to g, and

the volume form is computed in coordinates using det g = det(gij).
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The Fokker-Planck equation, ∂tρ = L∗ρ, where the dual is with respect to the

volume form of g, takes the form

∂tρ = div (ρ gradF ) , F = E +
1

β
log ρ. (5.1.5)

The free energy, F , is constant in equilibrium and we find the Gibbs density

ρ(x) =
1

Zβ

e−βE(x), Zβ =

∫
M

e−βE(x)
√

det g dx. (5.1.6)

An important feature of metrics arising in conic programs and deep learning is that

the volume
∫
M

√
det g dx may be infinite. Thus, the above calculations are only

formal. The existence of Gibbs measures is a subtle problemma.

5.1.4 Riemannian geometries in optimization

The framework of the RLE provides a natural geometric unity between conic

programs and deep learning. What changes is the underlying Riemannian manifold

(M, g). Let us illustrate this idea with examples.

First, in the setting of conic programs, the role of Riemannian geometry in interior

point methods is implict in Karmarkar’s early work on linear programming [54]. A

systematic treatment of the underlying Riemannian geometry was provided by Bayer

and Lagarias [12]. They showed in particular,

Here we are given a convex polytope C ∈ Rn

Given a convex barrier and a vector c ∈ Rn, the conic program minx∈C cTx may

be solved by taking the θ →∞ limit of the central path

x(θ) = argmins∈C{F (s) + θcT s}. (5.1.7)
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Further, x(θ) above is the solution to the Riemannian gradient flow

dx

dθ
= −gradg(c

Tx), g = D2F , x(0) = argminF. (5.1.8)

That is, the Hessian of the barrier F provides the underlying Riemannian metric.

We now see immediately that the RLE is the natural stochastic dynamical system

corresponding to the gradient flow (5.1.8).

Riemannian metrics have also been extensively used in geometric deep learn-

ing [16]. A matrix model that allows a comparison between deep learning and conic

programs is the deep linear network [5, 6, 27]. The training space for a network of

depth N is the product space of d×d matrices MN
d . Given W = (WN ,WN−1, . . . ,W1)

the observable is the product V = WNWN−1 · · ·W1. Learning problemmas like ma-

trix completion may be modeled as a Euclidean gradient descent for a cost func-

tion L(W) := E(V ). Then for suitable initial conditions, the Euclidean gradient

flow, Ẇi = −∇Wi
L(W ), 1 ≤ i ≤ N corresponds to the Riemannian gradient flow,

V̇ = −gradgE(V ), where the metric g acts by

g(Z1, Z2) = Tr(A−1
N (Z1)Z2), AN(Z) =

1

N

N∑
i=1

(WW T )
N−i
N Z(W TW )

i
N . (5.1.9)

In order to explore the nature of the Riemannian Langevin equation in opti-

mization, we must understand Brownian motion on Riemannian manifolds like those

above. This is a problemma of some depth. We illustrate this by computing explicit

expressions for Brownian motion in some fundamental cones, using expressions for

the barrier from [39].
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5.1.5 A comparison of SGD with RLE

Stochastic gradient descent (SGD) schemes in machine learning typically arise as

follows. An empirical loss function E : Rn → R, for a training parameter x, is defined

through a finite sum E(x) = 1
N

∑N
i=1 εi(x), where εi(x) = ε(x; yi, zi) denotes a loss

function evaluated on a finite set of training data {(yi, zi)}Ni=1. The loss function is

minimized using the stochastic gradient descent scheme

xk+1 = xk − γk∇εik(xk), (5.1.10)

where ik is chosen randomly from the set {1, . . . , N} and γk is a time step.

Several variants of SGD have been explored since the classic work of Robbins and

Monro [81]. What is different in modern maching learning is the large size of n and N

and the protocol for the learning rate γ. Diffusion limits of SGD replace the discrete

iteration above with stochastic differential equations (SDE); these SDE depend on

the manner in which γk → 0, n→∞ and N →∞. Some examples of this approach

are the stochastic modified equation (SME) proposed in [63], the variational analysis

using Kullback-Leibler divergence proposed in [67], and homogenized SGD (HSGD)

defined in [79].

The RLE provides a dynamical system to the study the Gibbs measure associated

to F , whereas SGD schemes seek the minimum of E. In algoritheoremic terms, the

Euler-Murayama discretization of the RLE provides a Riemannian Langevin Monte

Carlo (RLMC) scheme to sample from the Gibbs measure. Despite the obvious differ-

ence between optimization and sampling, these techniques are closely related. When

β → ∞ and E has a unique global minimum at x∗ ∈ M, we expect the Gibbs

measures to concentrate at x∗ as β →∞ with rigorous asymptotics provided by the

Bakry-Emery technique and large deviations theory.
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In practice, the design and analysis of RLMC algoritheorems requires an explicit

understanding of the underlying Riemannian geometry.
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5.2 Brownian motion and conic programs

Manifold-valued Brownian motion may be defined in several ways [43]. We use

the following definition in this note: an M-valued semimartingale X t is called a

Brownian motion onM, with temperature T = 1
β
, if for any f ∈ C∞(M),

f(X t) = f(X0) +
1

β

∫ t

0

∆f(Xs)ds+ a local martingale. (5.2.1)

We denote Brownian motion on (M, g) at temperature T = 1
β
by Bg,β

t .

Proposition 5. The quadratic variation process of f(Bg,β
t ) for f ∈ C∞(M) is

[f(Bg,β)]t =
1

β

∫ t

0

|gradf(Bg,β
s )|2gds (5.2.2)

where |gradf |2 := gij∂if∂jf .

Corollary 7. The covariation process of f1(B
g,β
t ) and f2(B

g,β
t ) for f1, f2 ∈ C∞(M)

is

[f1(B
g,β), f2(B

g,β)]t =
1

β

∫ t

0

(gradf1 · gradf2)(Bg,β
s )ds (5.2.3)

where gradf1 · gradf2 := gij∂if1∂jf2.

Proposition 5 allows us to analyze Brownian motion through a careful choice of

coordinate functions. We will choose f such that ∆f = 0 and |gradf |2 = 1, so that

f(Bg,β
t )− f(Bg,β

0 ) has the same law as an R-valued standard Brownian motion.

Let us now assumeM is a regular convex cone K ⊂ Rn, let F denote its canonical

barrier, and equip K with the Hessian metric

gij =
∂2F

∂xi∂xj
. (5.2.4)
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Theorem 19. Consider Brownian motion Bg,β
t on (K, g). The process

√
β√
n
(F (Bg,β

t )−

F (Bg,β
0 )) has the same law as a standard Brownian motion on the line.

Proof. We will use the logaritheoremic homogeneity of F and the Monge-Ampère

equation to establish the identities

gradF = −x, |gradF |2 = n and ∆F = 0. (5.2.5)

Theorem 19 follows immediately from these identities.

The first identity uses logaritheoremic homogeneity. Since F (λx) = F (x)−n log λ

for λ ∈ R+, x ∈ K, we may differentiate with respect to λ and set λ = 1 to find

xi∂iF (x) = −n. (5.2.6)

Next, the differential of F with respect to xj is ∂jF (x) = −xi∂i∂jF (x) = −gijxi by

equation (5.2.4). Thus, each component of the gradient of F is

(gradF )k = gjk∂jF = −xk. (5.2.7)

This proves the first identity in equation (5.2.5). It immediately follows that

|gradF |2 = (gij∂iF )∂jF = −xj∂jF = n. (5.2.8)

Finally, we show that ∆F = 0 as follows

∆F = div(gradF ) = − 1√
det g

∂i(
√
det gxi)

= −∂i(xi)− xi∂i(
1

2
log det g) = −n− xi∂iF = 0,

where we have used the Monge-Ampère equation (5.1.1) and equation (5.2.8).
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The above theorem sheds new light on the mysterious reappearance of the Cheng-

Yau metric in optimization theory. Let us understand it better with examples.
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5.3 Brownian motion examples

5.3.1 Positive orthant

Denoted by Rn
+ = {x ∈ Rn|xi > 0, i = 1, ..., n} the positive orthant. The canonical

barrier and its Hessian metric are

F (x) = −
n∑

i=1

log xi, g =
n∑

i=1

dxidxi

(xi)2
. (5.3.1)

Then for each choice of coordinate, we have the identity in law

log xi(Bg,β
t )− log xi(Bg,β

0 ) =
1√
β
Bi

t i = 1, ..., n (5.3.2)

where {Bi
t}ni=1 are n independent standard Brownian motion on R.

5.3.2 Cube

Next we consider a convex set , the cube Bn = (0, 1)n. We find that

F (x) = −
n∑

i=1

log
sin(πxi)

π
, g =

n∑
i=1

π2 dxidxi

sin2(πxi)
. (5.3.3)

Similar calculations yield the identity in law

log(tan(
πxi(Bg,β

t )

2
))− log(tan(

πxi(Bg,β
0 )

2
)) =

1√
β
Bi

t (5.3.4)

where {Bi
t}ni=1 are n independent standard Brownian motions on R.
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5.3.3 Lorentz cone

A deeper example is provided by the Lorentz cone

Kn+1 =

x ∈ Rn+1|(x0) ≥

√√√√ n∑
i=1

(xi)2

 , (5.3.5)

where x = (x0, . . . , xn). The canonical barrier F on Kn+1 is given by

F (x) = −n+ 1

2
log(xTAx) +

n+ 1

2
log(n+ 1), A = diag(1,−1,−1, · · · ,−1).

The metric g, its inverse, and volume form are as follows

gij = −
n+ 1

xTAx

(
Aij − 2

Aikx
kAjlx

l

xTAx

)
, (5.3.6)

gij = − 1

n+ 1

(
(xTAx)Bij − 2xixj

)
, (5.3.7)√

det(gij) =

(
n+ 1

xTAx

)n+1
2

= exp(F ), (5.3.8)

where B = A−1 is the inverse of A. In our case we have B = A, but these matrices

are conceptually distinct.

We characterize Brownian motion on Kn+1 using the auxiliary functions

fb(x) =

√
n+ 1

2
log

(bTx)2

xTAx
, b ∈ L+

n+1. (5.3.9)

Here we have introduced the light-cone

L+
n+1 =

{
b ∈ Rn+1|b0 > 0, bTBb = 0

}
.
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Pick n vectors {bi}ni=1 ⊂ L+
n+1 and define the n+ 1 functions

f 0 =
1√
n+ 1

F, and f i = fbi i = 1, . . . , n.

We choose a drift and covariance tensor as follows

µ0 = 0, µi =
n− 1

2
√
n+ 1

, i = 1, . . . , n. (5.3.10)

Σij = 1− bTi Bbj exp

(
−f i

t + f j
t√

n+ 1

)
, i, j = 1, . . . n. (5.3.11)

Finally, set Σ00 = 1 and Σij = 0 when exactly one of the indices is zero.

Theorem 20. Denote by Bt Brownian motion on (Kn+1, g) with β = 2. The stochas-

tic processes f i
t := f i(Bt) satisfy the Itô SDE

df i
t = µidt+ σi

jdB
j
t , f i

0 = f i(B0) i = 0, 1, ..., n. (5.3.12)

In particular, each f i
t is itself identical in law with a Brownian motion with constant

drift.

Proof. We only need to check that

1

2
∆f i = µi, and gradf i · gradf j = Σij, i, j = 0, . . . , n. (5.3.13)

First, when i = j = 0, this is just the claim of Theorem 19. When exactly one of

the indices is zero, we use equation (5.2.5) and the fact that (bT x)2

xTAx
is a homogeneous

polynomial of order 0 to obtain

gradf 0 · gradf i =
1√
n+ 1

gradF (df i) = − 1√
n+ 1

xk∂kf
i = 0. (5.3.14)
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Finally, consider the case when both i and j are space-like. We start with the

following property: for b, b′ ∈ L+
n+1,

grad log(bTx) · grad log(b′Tx) = − 1

n+ 1

(
(xTAx)Bij − 2xixj

) b′i
bTx

bj
bTx

=
1

n+ 1

(
2− (bTBb′)

(xTAx)

(bTx)(b′Tx)

)
. (5.3.15)

Using the fact that log(bTx) = 1√
n+1

(fb − f 0) and gradfb · gradf 0 = 0, we have

gradfb · gradfb′ = (n+ 1)grad log(bTx) · grad log(b′Tx)− |gradf 0|2

= 1− (bTBb′)
(xTAx)

(bTx)(b′Tx)

= 1− (bTBb′) exp

(
−fb + fb′√

n+ 1

)
. (5.3.16)

In particular, we find that |gradfb|2 = 1 because bTBb = 0 when b ∈ xL+
n+1.

The proof of the first identity in equation (5.3.13) is a computation:

(
grad log(bTx)

)i
= − 1

n+ 1
((xTAx)Bij − 2xixj)

bi
bTx

=
1

n+ 1
(2xi − xTAx

bTx
Bijbj)

⇒ ∆ log(bTx) =
1√
det g

∂i
(√

det g(grad log(bTx))i
)

= ∂i
(
(grad log(bTx))i

)
+
(
grad log(bTx)

)i
∂iF

= ∂i
( 1

n+ 1
(2xi − xTAx

bTx
Bijbj)

)
+ (gradF )i∂i log(b

Tx)

=
1

n+ 1
(2(n+ 1)− 2)− 1 =

n− 1

n+ 1
. (5.3.17)

Thus, finally we have

∆fb = ∆(
√
n+ 1 log(bTx) + f 0) =

n− 1√
n+ 1

.
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5.4 Additional properties

5.4.1 Divergence of volume

Theorem 21. Let K ⊂ Rn+1 be a regular convex cone, F be its canonical barrier,

and g be the metric generated by F defined on Ko. Then the volume of Ko, defined

by the integral Vol(K) :=
∫
Ko

√
det gdx is always infinite.

Proof. Without loss of generality, assume Ko is in the region x0 > 0, so Ks = K ∩

{x0 = s} is non-empty and finite for s > 0, and K = ∪s>0Ks.

As the canonical barrier F of Ko satisfies Monge-Ampère equation, we have

√
det g =

√
detD2F = eF

⇐Vol(K) =

∫
Ko

eFdx . (5.4.1)

By homogeneity of F :

F (x0, x1, ..., xn) = F (1,
x1

x0

, ...,
xn

x0

)− (n+ 1) log x0 (5.4.2)

Let s = x0, yi =
xi

x0
for i = 1, ..., n, and f(y) = F ((1, y)), the volume of K has the

following expression:

Vol(K) =

∫
Ko

eFdx

=

∫
R+×K1

ef(y)−(n+1) log ssndsdy

=
( ∫ ∞

0

1

s
ds
)
×
( ∫

K1

ef(y)dy
)
. (5.4.3)
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The first factor is clearly divergent, which makes Vol(K) infinite.

5.4.2 Mean curvature of level surface

Theorem 22. Let K ⊂ Rn+1 be a regular convex cone, F be its canonical barrier, and

g be the metric generated by F defined on Ko. For α ∈ R, let Gα = {x ∈ K|F (x) = α}

be the level surface of F , then Gα has mean curvature 0.

Proof. As Gα has codimension 1, the mean curvature H should be proportional to

gradF = −x, i.e. H = c(x)x, and we can evaluate c(x) by evaluating H(F ), so

c(x) = H(F )
x(F )

.

Let {ui}ni=1 be an orthonormal basis of TGα, by definition we have

H(F ) =
n∑

i=1

(∇ui
ui)(F )

=
n∑

i=1

[
ui(ui(F ))−∇2F (u,u)

]
=

n∑
i=1

ui(ui(F ))−∆F +∇2F (
1√
n+ 1

x,
1√
n+ 1

x) ,

where we used the fact that 1√
n+1

x along with {ui}ni=1 forms an orthonormal basis of

Ko. As ui(F ) = 0, ∆F = 0, we have

H(F ) =
1

n+ 1
∇2F (x,x)

=
1

n+ 1

[
x(x(F ))− (∇xx)(F )

]
=

1

n+ 1

[
x(x(F ))− ⟨∇xx, gradF ⟩

]
=

1

n+ 1

[
x(x(F )) + ⟨∇xx,x⟩

]
. (5.4.4)

Since x(F ) = −n − 1 is a constant, x(x(F )) = 0. Also, as ⟨x,x⟩ = n + 1 is
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a constant, ⟨∇xx,x⟩ = 1
2
x(⟨x,x⟩) = 0, so we conclude that H(F ) = 0, therefore

H = 0.
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Chapter 6

RLE in Deep Linear Network

6.1 Introduction

6.1.1 Deep Linear Network

Deep neutral network has become the central technique of artificial intelligence,

while mathematical theories on deep neutral network and explanations of its effective-

ness are not satisfactory at this stage. To approach rigorous analysis of deep neutral

network, possible simplified models include two-layer neutral network [64] and deep

linear network (DLN) [4]. DLN is the deep neutral network with all activation func-

tions being identity map, which is a highly simplified model but still preserves proper-

ties of deep neutral networks, e.g. number of parameters can be extremely larger than

data size, so the study of DLN can help understanding overparametrization problem

in deep neutral networks.

Overparametrization or overfitting problems arises in classical regression models,

and methods including ridge regression and Lasso regression are known as explicit

regularization to mitigate this problem. In practice, however, deep neutral network

167



seems to avoid overfitting problem without explicit regularization, which is called im-

plicit regularization. In the work [28] the implicit regularization in DLN is interpreted

as the effect of state space volume. The volume of state space is based on the hidden

Riemannian structure in the gradient flow of DLN [7].

In this paper, we obtain the same Riemannian structure of DLN in a pure geo-

metric way. We also provide description of Riemannian Langevin dynamics on the

balanced manifold of DLN, explaning the effect of state space volume on the choice

of minimizer of objective function. The effect of state space volume on optimization

problems is common when stochastic gradient descent algorithms are applied. From

the dynamical point of view, projection of Brownian motion from higher dimensional

parameter space to lower dimension space produces a repulsion given by mean cur-

vature of fiber. In view of stationary distribution, the volume of state space provides

a further factor on the Gibbs distribution, resulting in implicit regularization.

6.1.2 Balanced manifold of DLN

An N -layer DLN with width d is described by N of d × d real valued matrices

{Wi}Ni=1. Given input z0 ∈ Rd, the output of each layer is defined by zi = Wizi−1

for i = 1, ..., N and the overall output zN = Wz0 where W = WNWN−1 · · ·W2W1.

Optimization problem of DLN can be formalized as

min
W=(WN ,...,W1)

E(W ) (6.1.1)

for some energy function E ∈ C2(Rd×d.

A common choice of the energy function E(W ) is

E(W ) =
∑
j

||y(j) −Wz(j)||2 =
∑
j

||y(j) −WNWN−1 · · ·W2W1z
(j)||2 (6.1.2)
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for dataset {(z(j), y(j))}j.

When applying gradient flow on E(W ), it is observed [4] that Gi = W T
i+1Wi+1 −

WiW
T
i for i = 1, ..., N − 1 are conserved quantities, and the variety

{
W ∈ (Rd×d)N

∣∣W T
i+1Wi+1 = WiW

T
i , i = 1, ..., N − 1

}
(6.1.3)

foliated by rank r of Wi’s gives balanced manifolds. In this paper, we restrict our

attention to the balanced manifold with full rank and distinct eigenvalues. Define:

M =
{
W ∈ (Rd×d)N

∣∣W T
i+1Wi+1 = WiW

T
i , , i = 1, ..., N − 1,

Wi is full rank with distinct singular values, i = 1, ..., N
}
. (6.1.4)

With each Wi being full rank, the product W is also full rank. Let N =

{W ∈ Rd×d|W is full rank with distinct singular values} be the image of M under

ϕ : (W1, ...,WN) → W = WNWN−1 · · ·W1, we will explore the geometric structures

ofM and N , regardingM as a submanifold of (Rd×d)N and N a quotient manifold

ofM.
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6.2 Main results

The main result of this paper are two theorems describing the effect of mean

curvature of fiber ϕ−1(W ) on the evolution of W . The first theorem provides the

volume of ϕ−1(W ), and the second theorem describes the effect of mean curvature in

the optimization of E(W ).

Theorem 29. For each W ∈ N with SVD W = QNΣQ
T
0 , QN , Q0 ∈ O(d),Σ =

diag(σ1, ..., σd), the volume of ϕ−1(W ) is given by

vol(ϕ−1(W )) = cN−1
d

√
van(Σ2)

van(Σ
2
N )

= cN−1
d

∏
1≤i<j≤d

√√√√ σ2
i − σ2

j

σ
2
N
i − σ

2
N
j

(6.2.1)

where cd = vol(O(d)) = 2
1
2
d(d+3)

∏d
r=1

π
r
2

Γ( r
2
)
is the volume of orthogonal group O(d) [80].

Remark 30. This theorem should be compared with Theorem 1.1 in [28] where the

volume form of N is computed. The product of vol(ϕ−1(W )) and the volume form in

[28] gives a measure on N that for each U ⊂ N evaluates the volume of ϕ−1(U) ⊂M.

Once the volume is given, the mean curvature of fiber ϕ−1(W ) is given byH(W ) =

−grad log vol(ϕ−1(W )) [77]. Therefore, if W t solves the Riemannian Langevin equa-

tion with energy function Ẽ(W ) = E(ϕ(W )),Wt = ϕ(W t) solves Riemannian Langevin

equation with Helmholtz free energy function F (W ) = E(W )− 1
β
log vol(ϕ−1(W )).

Theorem 31. If W t solves RLE

dW t = −D(E ◦ ϕ)(W t)dt+ dBg,β
t (6.2.2)

where Bg,β
t is the Brownian motion on M, with metric g induced by the metric∑N

i=1 Tr(dWidW
T
i ) in Euclidean space. D is the differential operator, and D(E ◦ ϕ)

is the differential of E ◦ ϕ with respect to Nd2 variables.
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Then Wt = ϕ(W t) solves the following RLE

dWt = −gradgN
F (Wt)dt+ dBgN ,β

t (6.2.3)

where F (W ) = E(W )− 1
β
log vol(ϕ−1(W )), and gN is defined as

gN =Tr(A−1(dW )dW T )

A(Z) =
N∑
i=1

(WW T )
N−i
N Z(W TW )

i−1
N (6.2.4)

In explicit form, for Wt = QN

∑d
k=1 λ

N
k eke

T
kQ

T
0 , Wt solves the following SDE:

dWt =−
N∑
i=1

(WtW
T
t )

N−i
N DE(Wt)(W

T
t Wt)

i−1
N dt

+
1

β

d∑
k=1

∑
l ̸=k

QN(
Nλ2N−1

k

λ2N
k − λ2N

l

− λk

λ2
k − λ2

l

)λN−1
k eke

T
kQ

T
0 dt

+

√
2

β
QN


√
NλN−1

1 dB1,1
t

√
λ2N
1 −λ2N

2

λ2
1−λ2

2
dB1,2

t · · ·√
λ2N
1 −λ2N

2

λ2
1−λ2

2
dB1,2

t

√
NλN−1

1 dB1,1
t

. . .

...
. . . . . .

QT
0

+
1

β

d∑
k=1

QN(N − 1)λN−2
k QT

0 dt (6.2.5)

where DE here is the differential of E with respect to d2 variables, {Bk,l
t }1≤k,l≤d are

d2 independent R-valued standard Brownian motions.

In the explicit form of RLE above, the first two terms are corresponding to the

gradient of energy and entropy term in F , and the last two terms are the Brownian

motion on the manifold (N , gN ).
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6.3 Geometric analysis of M

We first provide a theorem about the structure ofM. The constraintW T
i+1Wi+1 =

WiW
T
i gives strong restriction on the eigenvalues and eigenvectors of matricesWN , ...,W1.

We have the following theorem providing a parametrization ofM

Theorem 32. For each W ∈ M, there exists a diagonal matrix Λ ∈ Rd
+ and N + 1

matrices {Qi}Ni=0 ⊂ O(d), such that

Wi = QiΛQ
T
i−1 (6.3.1)

Proof. Let the SVD of each Wi be Wi = QiΛiP
T
i . The condition Gi = W T

i+1Wi+1 −

WiW
T
i requires that

QiΛ
2
iQ

T
i = Pi+1Λ

2
i+1P

T
i+1 i = 1, ..., N − 1 , (6.3.2)

so a possible solution is that Λi = Λi+1 and Pi+1 = Qi for all i = 1, ..., N − 1.

Remark 33. In the region where singular values of W are all distinct, the map Rd
+ ⊗

(O(d))N+1 → M is locally bijective. Under operation Qi → QiE for E being a

permutation matrix with entries being ±1 and i = 1, ..., N − 1, the image W ∈ M

is the same, and the group generated by these operations is finite. Up to these finite

operations, we regard the SVD: Wi = QiΛQ
T
i−1 as uniquely determined.

In the case W has repeated eigenvalues, there are infinitely many choices of SVD.

From theorem 32, the constraints for W ∈ M is transformed into the restric-

tion on the SVD decomposition of each Wi. As all Wi share the same spectrum Λ

and their O(d) components cancel each other, it is easy to see that W = ϕ(W ) =

WNWN−1 · · ·W2W1 = QNΛ
NQT

0 , and for given W with distinct singular values, the
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fiber ϕ−1(W ) onM is homeomorphic to (O(d))N−1.

With the parametrization, we are able to analyze the tangent space of M by

differentiating parameters. The following theorem describes the tangent space ofM

and provides an orthonormal basis of X(M).

Theorem 34. The following vector fields provides an orthonormal basis of X(M).

Let each Wi be expressed as Wi = QiΛQ
T
i−1, where Λ = diag(λ1, ..., λd), then for

i = 1, ..., N , define the following vector fields:

Lj(Wi) =
1√
N
Qieje

T
j Q

T
i−1 , (6.3.3)

for j = 1, ..., d and

Uk,l
p (Wi) =

√
1

N(λ2
k + λ2

l − 2λkλl cos
pπ
N
)
Qi

[
(λk sin

(i− 1)pπ

N
− λl sin

ipπ

N
)eke

T
l

+ (λl sin
(i− 1)pπ

N
− λk sin

ipπ

N
)ele

T
k

]
QT

i−1 , (6.3.4)

Uk,l
0 (Wi) =

√
λ2
k − λ2

l

λ2N
k − λ2N

l

λi−1
k λN−i

l Qiele
T
kQ

T
i−1 , (6.3.5)

Uk,l
N (Wi) =

√
λ2
k − λ2

l

λ2N
k − λ2N

l

λN−i
k λi−1

l Qieke
T
l Q

T
i−1 , (6.3.6)

for p = 1, ..., N − 1 and 1 ≤ k < l ≤ d.

Remark 35. With the parametrization ofM, we can find tangent vector fields of Rd
+

and O(d) respectively and consider their push forward on X(M) to establish basis

of X(M). Then orthonormalize the basis we will get an orthonormal basis. In the

following proof, vector fields {li}di=1 (defined below) are the push forward of tangent

vector fields on Rd
+ and {V k,l

p }1≤k<l≤d,0≤p≤N are those on (O(d))N+1.

Proof. First consider the case where singular values {λi}di=1 are all distinct. Using

the parametrization ofM, we are able to get a basis of X(M). For j = 1, ..., d, define
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vector field lj as

lj(Wp) =Qpeje
T
j Qp−1 p = 1, ..., N (6.3.7)

and for 1 ≤ k < l ≤ d, p = 0, ..., N , define vector field V k,l
p as

V k,l
p (Wp) =Qp

−ekeTl + ele
T
k√

2
ΛQT

p−1

V k,l
p (Wp+1) =−Qp+1Λ

−ekeTl + ele
T
k√

2
QT

p

V k,l
p (Wq) =0 if q ̸= p, p+ 1 (6.3.8)

where when p ∈ {0, N}, the only non-zero actions are V k,l
0 (W1) and V k,l

N (WN).

The metric g =
∑N

i=1Tr(dWidW
T
i ) is expressed by a square matrix of dimension

d+(N+1)d(d−1)
2

. The matrix is block diagonalized in the following way: g(lj, V
k,l
p ) = 0

for all choices of index j, p, k, l, and g(V k,l
p , V m,n

q ) = 0 as long as the pair k, l is not

equal to the pair m,n. Therefore, g is block diagonalized as

g =



gl

g1,2V

. . .

gd−1,d
V


(6.3.9)

with (gl)ij := g(li, lj) being d× d matrix, and (gk,lV )pq := g(V k,l
p , V k,l

q ) being (N +1)×

(N + 1) matrix.

With further computation, we have gl be equal to N × Id, a scalar matrix, and
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gk,lV being the following tridiagonal matrix

gk,lV =



1
2
(λ2

k + λ2
l ) −λkλl

−λkλl λ2
k + λ2

l −λkλl

−λkλl λ2
k + λ2

l

. . .

. . . . . . . . .

. . . . . . −λkλl

−λkλl λ2
k + λ2

l −λkλl

−λkλl
1
2
(λ2

k + λ2
l )


(N+1)×(N+1)

(6.3.10)

By finding a proper matrix P such that Pgk,lV P T = IN+1 is diagonal, the vec-

tor fields defined by Uk,l
p =

∑N
q=0 PpqV

k,l
q for p = 0, ..., N are orthonormal, i.e.

g(Uk,l
p , Uk,l

p′ ) = δpp′ for p, p′ = 0, ..., N , therefore we are able to determine an or-

thonormal basis of X(M).

The choice of P matrix is not unique. In the following we provide details about

finding P associated to Uk,l vector fields.

We first find eigenvalues and eigenvectors of the following submatrix of gk,lV with

the knowledge about Chebyshev polynomial.

g =



λ2
k + λ2

l −λkλl

−λkλl λ2
k + λ2

l

. . .

. . . . . . . . .

. . . λ2
k + λ2

l −λkλl

−λkλl λ2
k + λ2

l


(N−1)×(N−1)

. (6.3.11)
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Such g has decomposition SgST = Σ with SST = IN−1

Spq =

√
2

N
sin(

pqπ

N
) p, q = 1, ..., N − 1

σp =λ2
k + λ2

l − 2λkλl cos(
pπ

N
) p = 1, ..., N − 1

Σ =diag(σ1, ..., σN−1)

det(g) =
λ2N
k − λ2N

l

λ2
k − λ2

l

(6.3.12)

Now consider gk,lV , we still need other two vectors s0, sN to form an orthonormal

basis. By the symmetry (gk,lV )i,j = (gk,lV )N−i,N−j for i, j = 0, ..., N , we can require s0

and sN to satisfy (s0)i = (sN)N−i for i = 0, ..., N .

As we require s0g
k,l
V S̃T = 0, where S̃ is the extension of S to (N + 1) × (N + 1)

matrix with S̃pq =
√

2
N
sin(pqπ

N
) for p, q = 0, ..., N , we have

s0g
k,l
V =

(
c0 0 0 · · · 0 cN

)
(6.3.13)

so s0 is the linear combination of the first and last column of (gk,lV )−1.

Let DN = det(g) =
λ2N
k −λ2N

l

λ2
k−λ2

l
, using Cramer’s rule and the tridiagonal shape of
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gk,lV , it is not difficult to find

((gk,lV )−1)0,i =
1

det(gk,lV )
(λkλl)

i det(



λ2
k + λ2

l −λkλl

−λkλl λ2
k + λ2

l

. . .

. . . . . . . . .

. . . λ2
k + λ2

l −λkλl

−λkλl
1
2
(λ2

k + λ2
l )


(N−i)×(N−i)

)

=
(λkλl)

i(DN−i+1 − 1
2
(λ2

k + λ2
l )DN−i)

DN+2 − (λ2
k + λ2

l )DN+1 +
1
4
(λ2

k + λ2
l )

2DN

=
(λkλl)

i(λ2N−2i
k + λ2N−2i

l )

(λ2
k − λ2

l )(λ
2N
k − λ2N

l )

∝
(
(
λk

λl

)N−i + (
λk

λl

)i−N
)
, (6.3.14)

then ((gk,lV )−1)N,i ∝
(
(λk

λl
)i + (λk

λl
)−i
)
by symmetry.

Notice the following orthogonal property

N∑
p,q=0

(gk,lV )pq(
λk

λl

)p(
λk

λl

)N−q = 0 , (6.3.15)

we can choose (s0)i = (λk

λl
)i and (sN)i = (λk

λl
)N−i, the corresponding norm are

σ0 =
N∑

p,q=0

(gk,lV )pq(
λk

λl

)p(
λk

λl

)q

=
1

2
(λ2

k − λ2
l )((

λk

λl

)2N − 1)

σN =
1

2
(λ2

l − λ2
k)((

λl

λk

)2N − 1) (6.3.16)
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Therefore, we found an orthogonal vectors of gk,lV . After normalization, we have

P0j =

√
2

(λ2
k − λ2

l )(λ
2N
k − λ2N

l )
λj
kλ

N−j
l

Pij =

√
2

N(λ2
k + λ2

l − 2λkλl cos(
iπ
N
))

sin(
ijπ

N
)

PNj =

√
2

(λ2
k − λ2

l )(λ
2N
k − λ2N

l )
λN−j
k λj

l i = 1, ..., N − 1, j = 0, ..., N

with Pgk,lV P T = IN+1 (6.3.17)

Now we are going to consider the Riemannian submersion ϕ :M→N , ϕ(W ) =

WNWN−1 · · ·W1. N is the collection of matrices W with full rank, and the metric is

determined through Riemannian submersion.

Theorem 36. The metric on N

gN =Tr(A−1(dW ), dW T ) (6.3.18)

A(Z) =
N∑
i=1

(WW T )
N−i
N Z(W TW )

i−1
N (6.3.19)

makes ϕ :M→N a Riemannian submersion.

Remark 37. This metric is known in the work [7] from the analysis of gradient flow,

by projection to the gradient flow of W t into that of Wt = ϕ(W t). Here we provide

a geometric view of this metric from Riemannian submersion.

Proof. To define gN through Riemannian submersion, we should make ϕ∗ : (Kerϕ∗)
⊥ →

TN an isometry, where ϕ∗ : TM→ TN is the differential of ϕ. Thus, finding an or-

thonormal basis of (Kerϕ∗)
⊥ and determine the projection of the basis to TN actually
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provides an orthonormal basis of TN , so gN is obtained.

We claim that all Uk,l
p vector fields with 1 ≤ k < l ≤ d and p = 1, ..., N − 1 are in

the kernel of ϕ∗. In fact, as each Uk,l
p is a linear combination of vector fields {V k,l

q }N−1
q=1

and V k,l
q (W ) = 0, we conclude that Uk,l

p (W ) = 0.

By counting dimension, Kerϕ∗ has dimension d+(N+1)d(d−1)
2
−d2 = (N−1)d(d−1)

2
,

so Uk,l
p in fact provides a basis of Kerϕ∗. Therefore, the other vector fields gives an

orthonormal basis of (Kerϕ∗)
⊥, which are

Lj(W ) =
√
NλN−1

j QNeje
T
j Q0 (6.3.20)

Uk,l
0 (W ) =

√
λ2N
k − λ2N

l

λ2
k − λ2

l

QNele
T
kQ0 (6.3.21)

Uk,l
N (W ) =

√
λ2N
k − λ2N

l

λ2
k − λ2

l

QNeke
T
l Q0 (6.3.22)

The orthonormal basis describes the metric gN defined through Riemannian sub-

mersion completely. To confirm that this metric coincides with the one defined in

6.3.18, we write 6.3.18 into the following form: for W = QNΛ
NQ0, defined the

matrix-valued 1-form dM by A−1(dW ) = QNdMQT
0 , we have

dW =
N∑
i=1

QNΛ
2N−2idMΛ2i−2QT

0 , (6.3.23)

so

(QT
NdWQ0)jj =Nλ2N−2

j dMjj ,

(QT
NdWQ0)kl =

λ2N
k − λ2N

l

λ2
k − λ2

l

dMkl . (6.3.24)
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Now

gN =Tr(QNdMQT
0 (dW )T )

=Tr(dM(QT
NdWQ0)

T )

=
d∑

j=1

(QT
NdWQ0)

2
jj

Nλ2N−2
j

+
∑

1≤k<l≤d

λ2
k − λ2

l

λ2N
k − λ2N

l

(
(QT

NdWQ0)
2
kl + (QT

NdWQ0)
2
lk

)
(6.3.25)

It is clear that the vector fields defined are orthonormal under gN , therefore gN

coincides with the metric obtained through Riemannian submersion.

In the orthonormal basis described above, {V k,l
p |1 ≤ k < l ≤ d, 1 ≤ p ≤ N−1} are

vectors corresponding to the rotation in (O(d))N−1 that does not change the product

W = WNWN−1 · · ·W2W1, which also gives a tangent space isomorphism between

Tϕ−1(W ) and (O(d))N−1. With this understanding, we can evaluate the volume of

fiber ϕ−1(W ) using change of variable rule.
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6.4 Proof of main results

Proof of theorem 29. For W = QNΛ
NQT

0 , consider the map h : (O(d))N−1 → ϕ−1(W )

h(Q1, ..., QN−1) = (QNΛQ
T
N−1, QN−1ΛQ

T
N−2, ..., Q1ΛQ

T
0 ) (6.4.1)

It is clear that the push forward of the following vector fields

αk,l
p (Qq) = δpqQq

−ekeTl + ele
T
k√

2
(6.4.2)

for 1 ≤ k < l ≤ d, 1 ≤ p ≤ N − 1 are just V k,l
p , i.e. h∗(α

k,l
p ) = V k,l

p .

Let the volume form corresponding to Haar measure on (O(d))N−1 be dvO, the

volume form corresponding to measure on fiber ϕ−1(W ) be dvf . The change of vari-

able is written as

vol(ϕ−1(W )) =

∫
ϕ−1(W )

dvf =

∫
(O(d))N−1

h∗(dvf ) (6.4.3)

where h∗ is the pull back map of h.

Now we claim that h∗(dvf ) =
√
det(G)dvO, where Gklp,mnq := g(V k,l

p , V m,n
q ) is the

metric matrix of dimension (N−1)d(d−1)
2

. Let {ωk,l
p |1 ≤ k < l ≤ d, 1 ≤ p ≤ N−1} be

the 1-form fields on (O(d))N−1 that is dual to vector fields {αk,l
p |1 ≤ k < l ≤ d, 1 ≤

p ≤ N − 1}, and {Ωk,l
p |1 ≤ k < l ≤ d, 1 ≤ p ≤ N − 1} be the 1-form fields on ϕ−1(W )

that is dual to vector fields {V k,l
p |1 ≤ k < l ≤ d, 1 ≤ p ≤ N − 1}, then the volume
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forms can be written as

dvO =
∧

1≤k<l≤d,1≤p≤N−1

ωk,l
p

dvf =
√
det(G)

∧
1≤k<l≤d,1≤p≤N−1

Ωk,l
p (6.4.4)

By h∗(α
k,l
p ) = V k,l

p , we have the dual ωk,l
p = h∗(Ωk,l

p ), so

h∗(dvf ) =
√
det(G)h∗(

∧
1≤k<l≤d,1≤p≤N−1

Ωk,l
p )

=
√
det(G)

∧
1≤k<l≤d,1≤p≤N−1

ωk,l
p

=
√
det(G)dvO (6.4.5)

As a result in theorem 34, the matrix G is block diagonalized with each block

being 6.3.11, its determinant is given by

det(G) =
∏

1≤k<l≤d

λ2N
k − λ2N

l

λ2
k − λ2

l

(6.4.6)

so we have

vol(ϕ−1(W )) =
∏

1≤k<l≤d

√
λ2N
k − λ2N

l

λ2
k − λ2

l

∫
(O(d))N−1

dvO = cN−1
d

∏
1≤k<l≤d

√
λ2N
k − λ2N

l

λ2
k − λ2

l

(6.4.7)

Replacing λi by σ
1
N
i , we get the desired result.

With Riemannian submersion ϕ :M → N determined, we are able to describe

the N -image of Brownian motion on M. As the fiber ϕ−1(W ) ∈ M is in fact the

orbit of an isometry group (O(d))N−1, the Brownian motion on M projected to N
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is a Brownian motion with drift 1
β
grad log vol(ϕ−1(W )). Similarly, for a process W t

solving Riemannian Langevin equation onM with energy function E(W ), the image

Wt = ϕ(W t) solves Riemannian Langevin equation on N with free energy function

F (W ) = E(W )− 1
β
S(W ), where S(W ) = log vol(ϕ−1(W )).

Proof of theorem 31. The assertion of RLE 6.2.3 is standard result of RLE theory,

and we only need to prove the explicit form of RLE 6.2.5.

For the term gradgN
E(W ), for each vector Z ∈ TN , we have

gN (gradgN
E,Z)(W ) = Z(E(W )) = Tr(DE(W )(Z(W ))T ) = gN (A(DE(W )), Z)

(6.4.8)

so

gradgN
E(W ) = A(DE(W )) =

N∑
i=1

(WtW
T
t )

N−i
N DE(Wt)(W

T
t Wt)

i−1
N (6.4.9)

The gradient of entropy term can be evaluated as follows, notice that the vector

field Lk =
1√
N

∂
∂λk

, and that S(W ) = log vol(ϕ−1(W )) is a function of {λk}dk=1

gradgN
S(W ) =

d∑
k=1

gN (gradgN
S, Lk)Lk(W )

=
d∑

k=1

Lk(S)Lk(W )

=
d∑

k=1

1√
N

∂S

∂λk

Lk(W )

=
d∑

k=1

∂S

∂λk

QNλ
N−1
k eke

T
kQ

T
0 (6.4.10)

For the Brownian motion term, the diffusion term is given by the orthonormal
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basis Lk(W ) and Uk,l
0 (W ), Uk,l

N (W ), and the drift term is

1

β
∆gNW =

1

β

d∑
k=1

(
Lk(Lk(W ))−∇gN

Lk
Lk(W )

)
+

1

β

∑
1≤k<l≤d,p=0,N

(
Uk,l
p (Uk,l

p (W ))−∇gN
Uk,l
p
Uk,l
p (W )

)
(6.4.11)

With some computation, we find that the second sum is 0, and that ∇gN
Lk
Lk = 0,

so

1

β
∆gNW =

1

β

d∑
k=1

Lk(Lk(W ))

=
1

β
(N − 1)

d∑
k=1

QNλ
N−2
k eke

T
kQ

T
0 (6.4.12)
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Chapter 7

Summary

This thesis contains the theory and several applications of Riemannian Langevin

Equation in different problems. The most direct use of RLE to do Gibbs sampling

problem is presented in chapters 3 4, and the stochastic relaxation of interior point

method in conic programming is discussed in chapter 5. In chapters 2 6, the phenom-

ena of entropy ascent companion with Brownian motion are emphasized. In chapter 2

it is used to generate random matrix models, and in 6 it is used to explain implicit

regularization in deep linear network.

There are still many unknown questions and potential directions in each of chap-

ters. For chapters 3 4, the convergence analysis of the Riemannian Langevin MCMC is

not satisfied, and some criteria beyond Bakry-Émery curvature condition is expected.

Also, the extension of RLE and Gibbs sampling to other manifolds is naturally mo-

tivated, e.g. the manifold of n×m matrices with fixed rank p.

In chapter 2, the parallel theorems in Dyson Brownian motion are not fully ob-

tained. In particular, the proper scaling of the spectrum and the limit of spectrum

measure is not solved. On the other hand, as a symplectic manifold, chapter 2 fo-

cused on its Riemannian structure, while the interaction between Brownian motion
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and symplectic manifold is also expected.

In chatper 5, a natural question about RLE in conic programming is the equilib-

rium measure. As the metric is generated by the barrier function which diverges at

the boundary of cone, the geodesic distance from a interior point to a boundary point

is infinite, and the volume of the manifold ”concentrates” on the boundary. Thus

RLE describes the evolution of a measure from the interior to the boundary, but the

equilibrium measure on the boundary is not known.

The entropy ascent argument is used in chapter 6 to explain implicit regularization

for DLN, and it is natural to ask about deep neutral networks. Without knowledge

of balanced manifold, as well as the geometric structure in real deep neutral network,

entropy argument cannot be applied directly, but the idea of maximizing volume of

preimage in parameter space can be generalized.

In summary, Riemannian Langevin Equation lies in the interdisciplinary area

of probability, Riemannian geometry and optimization, serves as a useful tool for

practical problems, and also attracts theoretical interests. As a theory based on Rie-

mannian geometry, RLE provides good explanation of entropy effect in optimization,

but is also restricted by the compatible requirement of geometric structures. There

are many prospective areas where RLE may be applied, many questions about RLE

that need answers, and also many possible theories beyond RLE.
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