The Riemannian Langevin Equation and Its
Applications in Random Matrix Theory and Gibbs
Sampling Problems
By
TIANMIN YU
B.S., Peking University, 2018

B.Econ, Peking University, 2018

Thesis
Submitted in partial fulfillment of the requirements for the Degree of Doctor of

Philosophy in the Department of Applied Mathematics at Brown University

PROVIDENCE, RHODE ISLAND

May 2024



©) Copyright 2024 TTANMIN YU



This dissertation by Tianmin Yu is accepted in its present
form by the Division of Applied Mathematics as satisfying the

dissertation requirement for the degree of Doctor of Philosophy.

Date
Govind Menon, Ph.D., Advisor
Recommended to the Graduate Council
Date
Jerome Darbon, Ph.D., Reader
Date
Yair Shenfeld, Ph.D., Reader
Approved by the Graduate Council
Date

Thomas A. Lewis, Dean of the Graduate School



Acknowledgements

I would like to express my deepest gratitude to my committee chair Prof. Govind
Menon for his continuous support on every side of my academic life. It is my fortunate
to work with you focusing on problems that are really interesting to me. I also want
to thank Prof. Jerome Darbon and Prof. Yair Shenfeld for agreeing to read my
thesis and providing precious comments. I also had great pleasure of working with
Prof. Xiangxiong Zhang and Prof. Jianfeng Lu, thank you for your guidance in our
collaboration and your appreciation. Thanks should also go to my colleagues Tejas
Kotwal, Jake Mundo and Zsolt Veraszto. I appreciate the time we talk freely about

every aspect of our research.

I'm deeply indebted to my family and friends. I thank my parents for trusting me
to pursue my life. Special thanks go to my fiancee Peiwen Zhu for her companion and
spiritual support all the time. I thank my friends Dr. Xiaoyu Xie, Dr. Ziyao Xu, Dr.
Enrui Zhang, Dr. Zhen Zhang, Mengjie Liu, Dr. Tong Shen, Dr. Kun meng, Qian
Zhang, Sicheng Liu, Xin Lian and Xiaoding Yang for their help throughout the past
5 years. In particular, I really enjoy the time with Sicheng Liu and Xiaoding Yang
chatting in our office about everything mathematical or non-mathematical. Thank

all my friends for the time we spend in Providence.

v



Contents

0__Overview|

(1 The Riemannian Langevin Equation|

(1.1 Background . . .. ... ... ... ...
L2 SDE onmanifoldd. . . . . ... ... ..o
[1.3  Transition properties of Brownian motion|. . . . . . . . . ... .. ..
(1.4  Riemannian Langevin Equation| . . . . . . .. .. .. ... ... ...

2 Siegel Brownian motion|

p.2

[2.2.2  SDE, martingales on manifolds| . . . . . .. .. ... ... ..

[2.2.3  Brownian motion and orthogonal projections|. . . . . . . . ..

[2.2.4  Some matrix algebra to beused| . . . . . ... ...

15
22



[2.4.2  Metric and gradient flow| . . . . . . ... ...

P5

Well-posedness and Non-colliding property| . . . . . . . .. ... ...

[3 Gibbs sampling problem on PSD matrices|

13.1.2  Two special Riemannian metrics of S|

[3.1.3  Riemannian Langevin equation| . . . . . . ... ... ... ..

[3.1.4  Connection to existing works and contributions| . . . . . . . .

B2

Brownian motion constructed by smooth orthonormal frames

B3

B

Convergence analysisof RLE(. . . . ... ... ... ... ... ....

[3.4.1 Convergence to Gibbs| . . . . . . ... ... ... ... .. ..

[3.4.2  Rate convergence: review of general results/ . . . . . . . .. ..

vi



13.4.3

Bakry-Emery-Ricci tensor for the embedded geometry| .....

100

|3.4.4 Bakry-Emery-Ricci tensor for the Bures-Wasserstein metric| .. 106

B!

(3.4.5  Numerical illustrationl . . . ... ... ... ... ... .. 108
Numerical schemes for Gibbs sampling problem| 110
MO Abstractl . . . . . ..o 110
M1 Introductionl . . . . . . .. . Lo 111

4.1.1 Problem statementl . . . . . . .. ... 0oL 111

“.1.2  Two Riemannian metrics on S, . . . . .. .. ... ... .. 112

[4.1.3  Langevin dynamics and the Riemannian Langevin equation|. . 113

[4.1.4 Riemannian Langevin Monte Carlo sampling schemes| . . . . . 115

[4.1.5 Some applications and related work| . . . . . . . ... ... .. 117

[4.1.6  Organization of the paper| . . . . . . . ... . ... ... ... 119
1.2  Riemannian Langevin equations on S| . . . . ... ... ... ... 120

[4.2.1 The Riemannian Langevin equation for embedded geometry |

(ST gr)l - - o 120

[4.2.2  The Riemannian Langevin equation for Bures-Wasserstein ge- |

ometry (Sy7,gpw)| - - - - oo 122
4.3 Two Riemannian Langevin Monte Carlo schemes| . . . . . . . . . .. 125

[4.3.1 Scheme E for the embedded geometry|. . . . . . . . . ... .. 125

4.3.2 Scheme BW for the Bures-Wasserstein metrid . . . . . .. .. 129
4.4 Examples with analytical formulae, . . . . . . .. ... ... ... .. 132

.41 Scalar random variables . . . .. ... ... 132

42 Example l E(X)=||X]|[%] ... ... ... .......... 134

.43 Example II: £(X)=Tr(XlogX) ... ... ... ... .... 135

44 Example HL E(X) =3[ X —AllZ] . .. ... .......... 136

[4.4.5 MCMC numerical integration| . . . . . . ... ... ... ... 139
o  Numerical testsl . . . . . . . ..o 141

vil



4.5.1 Numerical validation of the scalar variable D(X)| . . . .. ..

[4.5.2  MCMC numerical integration| . . . . . . ... ... ... ...

[>.1.3  Riemannian Langevin equationl . . . . . ... ... ... ...

[b.1.4  Riemannian geometries in optimization| . . . . . . . . . . . ..

[>.1.5 A comparison of SGD with RLEl. . . . . ... .. .. ... ..

[>.2  Brownian motion and conic programs| . . . . . .. .. ... ... ...

[>.3  Brownian motion examples|. . . . . .. ..o

[>.4 Additional properties| . . . . . ... ...

[.4.1 Divergence of volume| . . . . . . . . .. ... L.

6 RLE in Deep Linear Network]

[6.1.1 Deep Linear Network{ . . . . . . .. ... ... ... ......

viii



[ Summary| 185

X



Chapter 0O

Overview

This dissertation contains a preliminary part and several parts of applications in
different problems. The first part introduces Brownian motion on manifolds and Rie-
mannian Langevin Equation. The other parts include applications in random matrix
theory, Gibbs sampling problem, Conic programming, and deep linear network. In
each parts we are in the situation where there is a microscopic space and a macro-
scopic space, and we can use the transition property of Brownian motion to operate

on the microscopic space to affect macroscopic space.

The Riemannian Langevin Equation (RLE) lies in the interdisciplinary field of
probability theory, Riemannian geometry, and optimization problems. Brownian mo-
tion on Riemannian manifolds was used to solve geometric problems in probabilistic
methods in the 1980s, with the advantage of being more intuitive and explicit. On
the optimization side, the RLE is the natural relaxation of gradient descent, giving
more consideration to the geometric properties of the underlying space rather than
solely the objective function. The evolution of a point through the flow is replaced
by the diffusion of a probability distribution, and the optimal solution is replaced by

an equilibrium measure. Such relaxation makes a trade-off between precision, speed,



and other flexibilities, e.g., less dependence on initialization, avoiding being stuck at

saddle points or local minima.

The stochastic feature of the RLE also leads to phenomena that will never appear
in gradient flow. Conserved quantities in gradient flow give directions of motion that
do not affect the optimization process, so a reduced system with cyclic variables
removed is desired. However, in the RLE, the diffusion of cyclic variables still produces
mean curvature flow and will twist the target function in the reduced system. This
phenomenon coincides with the minimal free energy principle (instead of energy) in
thermodynamics and could be explained as the effect of entropy. In the chapter [}, we
will further discuss this relationship and find that it is congruent with Boltzmann’s

explanation of entropy.

This thesis contains several concrete examples and applications of Brownian mo-
tions on different manifolds, which connect the theory of Riemannian Langevin equa-
tion and stochastic numerical algorithms based on it. Comparing with existing liter-
ature about RLE, the main advantage of these works is that the geometric structure
of the problem is emphasized, in the sense that all motivation and intuition are com-
ing from geometric principle, and proofs are all based on analysis of Riemannian

geometry.

The organization of this thesis is as follows: The first chapter [1] introduces the
main concepts and properties of Brownian motion on Riemannian manifolds and the
Riemannian Langevin equation. The following chapters are joint work papers with

different collaborators.

Chapter [2]is a joint work with Govind Menon on application of Brownian motion
on Random matrix theory. In this paper, a geometric framework for constructing
stochastic processes which generate deterministic processes is discussed and applied

to Siegel upper half space, a canonical Symplectic space with hyperbolic geometry.



This framework is based on Riemannian submersion and the deterministic motion is
driven by mean curvature. In the example of Siegel upper half space, the Brownian
motion is explored and the evolution of spectrum gives a hyperbolic variant of Dyson
Brownian motion. This work may be interesting to people working on Symplectic

geometry and probability theory.

Chapter [3 and chapter 4| are joint works with Shixin Zheng, Jianfeng Lu, Govind
Menon and Xiangxiong Zhang. The two papers concerns the theoretical part and
numerical part of the Gibbs sampling problem on the manifold of fixed rank positive
definite matrices, where Riemannian Langevin equation is the main tool used to
generate desired Gibbs distribution. The main results are two explicit RLE on the
manifold as well as two numerical schemes using Euler-Maruyama discretization. The
discussion of convergence and verification of equilibrium, as well as the use of the
sampling on numerical integral are also included. This work may be interesting to

people in the area of optimization and statistics on manifolds.

Chapter [5] is a joint work with Govind Menon. In this work, RLE serves as
stochastic relaxation of interior point method in conic programming. Specifically,
RLE is discussed on convex cones equipped with Cheng-Yau metric, the Hessian
metric generated by canonical barrier. Properties of Brownian motion associated to
canonical barrier are proved, and a concrete example of Lorentz cone is discussed in
detail. As an extension of classical optimization algorithm, this work may attract
people working on optimization. Also, this work provides analysis of Cheng-Yau
metric in a probabilistic prospective and may be interesting to people interested in

Kahler geometry.

Chapter [0]is a joint work with Govind Menon, where the effect of mean curvature
flow of Brownian motion is used to explain the implicit regularization phenomena in

deep learning, i.e. even there are multiple optimizer in the parameter space, only a few



of them appears in practice without introducing any external force. The model under
consideration is Deep Linear Network (DLN) where all active functions are identity, so
the system is totally linear and easier to analyze than general deep neutral networks.
The product of many matrices is the main object to analyze, which was discussed in
random matrix theory literature. This work may be interesting to people working on

theory of deep neutral network or random matrix theory.



Chapter 1

The Riemannian Langevin

Equation

The Riemannian Langevin Equation on a Riemannian manifold (M, g) with en-

ergy £ € C?(M) stands for the following SDE

dX, = —grad £(X,)dt + dBY” (1.0.1)

with BY” being Brownian motion on (M, g) under temperature % Terms to be
defined later, the purpose of this chapter is to go through the preliminaries of the
Riemannian Langevin equation, and the main goal is to express Brownian motion as
solution to SDEs. Direct constructions can be found in[L.2] and indirect constructions
are in [L3l Based on well-established theories of Brownian motion on Riemannian

manifolds, the main contributions in this chapter is 4| where a topological obstacle of

expressing Brownian motion using SDE is solved for a class of Riemannian manifolds.



1.1 Background

Main definition about stochastic processes on manifolds follows [43]. Let (M, g)
be a smooth Riemannian manifold, the following definitions are needed: for f €
C?(M), the Riemannian gradient grad f is an element in X (M), the collection of all
vector fields on M, defined by

(grad f, V) = Vf = df(V) (1.1.1)

for any V' € X(M), where (-, -) is the inner product of two vector fields defined by
the metric, df(V') is the contraction of 1—form df and vector field V', and V f is the
action of V' on f, the directional derivative of f along V. In local coordinate chart

{2}, d = dim M, grad f is expressed by

J0f 9

d 1.1.2
grad f =g Bt B (1.1.2)
where {2 }L, is locally a basis of X(M), g¥ is the inverse of metric g;; = (32, 22).

For any (smooth) vector field V = Vi-2: € X(M), with components {V*} |, the

divergence divV is the function

0

divV = _\/_8 -

(Vg V" (1.1.3)

where g = det(g;;) is the determinant of matrix g,;.

Combining these two operator we get the Laplace-Beltrami operator Ay, for f €

C*(M)

Ay f =divgrad f (1.1.4)



as the generalization of Laplacian in Euclidean spaces.

Assuming the understanding of Levi-Civita connection V on Riemannian man-
ifolds, the Riemannian Hessian of a function f € C?(M) is the symmetric 2—form

field in X(T*M ® T* M), given by

o*f of

U =VAf = (50 - Ty )dat © da? L.1.
Vof =Vdf (axz&ﬂ waxk’) ' ®dx (1.1.5)
where
1
Ty = 59" (igju + 0ig — Oigiy) (1.1.6)

is Christoffel Symbol, and the following relationship holds

f 1 Of

0xidri Y ogk

Agf =Te(V?f) = g"(

) (1.1.7)

With connection V on Riemannian manifold, the concept of martingale can be
defined as follows: a M-valued semimartingale X, is called a V-martingale if for any

f € C>®(M), the following R-valued process

X0 - %0 - [ VX, dX,) (1.1.8)

is a local martingale, where V2f is the Hessian of f.

Such characterization of martingale on manifolds overcame the problem that there
is in general no analogue of linear functions on manifolds which can be used to de-
scribe martingales on Euclidean spaces. Also, the definition of martingale depends
on connection, meaning that the concept of martingale depends on geometry of the
underlying space. Although the connection can be defined independently without the

knowledge of the metric, in the following contents only Levi-Civita connection will



be considered, as this special connection provides much more information.

This definition of martingale on manifolds is different from the one in [43], but
we use this for simplicity. It also worth noting that when (M, g) is just R™, this

definition of martingale is the parallel of local martingale in Euclidean spaces.

Brownian motion on Riemannian manifolds is similarly defined by the follow-
ing: a M-valued semimartingale X, is called a Brownian motion on (M, g) with
temperature %, if for any f € C*°(M), the following R-valued process

1 t

f(Xt)_f(XO)_B ; Agf(Xs)ds (1.1.9)

is a local martingale. By the property A, = TrV?, Brownian motion is a V—martingale.

On Riemannian manifolds with Levi-Civita connection, the knowledge of Brow-
nian motion is in fact equivalent to the knowledge of the metric, as under local

coordinate chart,

Ay(r'2?) = 2'Aya? + 27 Ayx' + 2(grad o', grad 27) = o' A 27 + 27 A2t + 297
(1.1.10)

so the inverse metric g% is obtained.



1.2 SDE on manifolds

In Euclidean spaces R™, SDE can be written in both Ito form

X! = zn: ol (X)dB] + p'(Xy)dt (1.2.1)
j=1
and Stratonovich form
dX! = Zn: ol (X¢) o dB! + b'(X,)dt (1.2.2)
j=1
with tranformation rule
b= i _j%n:l %afg%i (1.2.3)

where {o?}7,_,, {0',p'};=, are smooth functions, and {B’};", are n independent

standard Brownian motion.

Being more intuitive, solution to Ito SDE is a local martingale as long as u’ = 0,
with the cost that the evolution of functions follows Ito’s formula. The advantage of

Stratonovich SDE is that it preserves differential structure, in the sense that for any

f e C®(R"),

"0 , "0
1,7=1 =1

On manifolds, in fact, Stratonovich SDE turns out to be more general. Without

the assumption of metric structure, on a differential manifold M, a SDE can be



written as follows
!
dX, =) Vai(X)odZ (1.2.5)
a=1

where {V,}\_; C X(M) are [ vector fields, {Z*},_, are | R-valued semimartingale.

A M-valued process X is said to be a solution to this SDE if for any f € C*°(M),

¢ 1
F(X.) = F(Xo) + / S VL (X, 0dZe (1.2.6)

It worth noting that in the following content only weak solution is considered, i.e.
two solutions X El) and X 152) to the SDE are regarded as the same as long as for each
feC®M), f(X My and f(X 9) have the same distribution. Existence of solution

to SDE will not be discussed here.

The analogue of Ito’s SDE on manifolds requires the understanding of connection,
and we have the following theorem providing a useful construction of Brownian motion

on Riemannian manifolds,

Theorem 1. On a Riemannian manifold (M, g) equipped with Levi-Civita connection
V, given smooth vector fields {V ,}'._,, the solution to the following SDE is a V-

martingale

l
1
dX, =) (Va(X,) 0dBy - 5 Vv Vadt) (1.2.7)

a=1

where { B} _, are | independent R—valued standard Brownian motions.

Proof. By definition of the solution to SDE, for any f € C*°(M)

F(X) = (X)) + /O t 3 (Va F(X,)odBe — %vvava f(Xs)ds> (1.2.8)

10



Using the property
VIV(f)=Vf(V,V)+Vy VS (1.2.9)
and transform the Stratonovich integral into Ito integral, we have

(Val (X)ABS + SVo(Va(£)(X s — 5Ty, Vo f(X.)ds)

MN

f(Xt) :f(Xt) + /Ot

a=1

MN

=f(X) + /Ot (Vaf(Xs)ng“ +V2f(Va,Va)(Xs)ds> (1.2.10)

a=1

As the integral fot V.f(X;)dBy is a local martingale, X is a V-martingale. [

With this theorem, we are able to construct V-martingales using SDE on mani-
folds. In particular, if vector fields {V .}, _; forms the inverse metric g, we are able

to construct Brownian motion on (M, g).
Theorem 2. If vector fields {V 4}, satisfies that

l
> ViV = g7 (1.2.11)

a=1

on each local coordinate chart, where V! =V ,(z") is the coordinate of V ,, then the

solution to the following SDE is a Brownian motion on (M, g) with temperature +

@

l
dX, = Zl (@va(xt) o dB2 — %VVaVQ(Xt)dt) (1.2.12)

where { B} _, are | independent R—valued standard Brownian motions.

Remark 1. Expressing Brownian motion as a solution to SDE is an old question and

11



it is well known that if the Laplace-Beltrami operator can be expressed as
1
= 5ZV?JFVO (1.2.13)
then the solution to the SDE

dX, = ZV 1) odBi + V(X ,)dt (1.2.14)

is a Brownian motion on the manifold (M,g), where {Bi}._, are [ independent

R—valued Brownian motions.

This result is implicitly stated in the work [11]. The relationship between Vy and
{V}._, was also discussed in literature [82] for Brownian motion on Lie groups, and

on Riemannian manifolds the results are similar.

Remark 2. The decomposition [1.2.11}is commonly used for construction of Brownian
motions and appears in literature including [57, 86]. This theorem is the natural
extension of these results to manifolds, while the difference turns out to be some

topological restrictions which is partially solved in [4]

Proof. Following the computation above, take any f € C*®(M),

f(X +/ Z V(X dBO‘+V2f(Va,Va)(XS)ds)

0

+/O; \/>Vaf dBa+BAgf( )ds) (1.2.15)

12



where we used the property

l

l
w Of
2 _ _ AV
;Vf(vavv _Z:: $Zaxj l]a k)vv
0*f of . .
= Tk &
(zeﬁaﬂ Y Ok )9
=A,f (1.2.16)
Therefore, X, is a Brownian motion with temperature on (M, g). ]

This theorem provides a way to express Brownian motion on (M, g) as a solution
to a SDE. Now the only problem is the existence of such vector fields {V ,}!_,

fact, there are several choices of the vector fields satisfying the condition.

Corollary 3. If {V o }4mM s a global orthonormal basis of X(M), then the solution

to the SDE

dimM 1
dX, = \/> Vo(X0) 0 dB] — Sy, Vadi) (1.2.17)

is a Brownian motion with temperature 5 on (M, g), where {B}3™" are dimM

independent R—valued standard Brownian motions.

This corollary requires the existence of a global orthonormal basis of X(M), which
doesn’t hold in general because of some topological restriction. Manifolds having
global basis is called parallelizable, and many manifolds are not parallelizable, e.g.

S?. However, using partition of unity we are able to do much more extension.

Corollary 4. If (M, g) has the following finite open cover {Ug}j., where each Uy
is simply connected, let {pv}Q”Z1 be the partition of unity associated to this cover,

and {V ., }3mM be orthonormal basis locally defined on each U, then for each a7,

13



vector field |/p, Vi, s globally well-defined, and the solution to the SDE

m  dimM
1
dXt Z Z pWVa«, Xt> o dB v vavaw/pwvaﬁdt) (1218)
=1 a=1

is a Brownian motion with temperature % on (M, g), where {B;""|1 < o < dimM, 1 <

v < m} are m x dimM independent R-valued standard Brownian motions.

With this corollary, Brownian motion on a wide class of manifolds can be de-

scribed as solution to SDE.

In the following contents, we use B P o denote Brownian motion on a Rieman-

nian manifold (M, g) with temperature . In a SDE of the form
dX, = p(X,)dt + dB?° (1.2.19)

the term dBf”B should be understood as the summation

dBY? = \/7V o dBM — EVVaVa(Xt)dt> (1.2.20)

for vector fields satisfying the condition in [2}

14



1.3 Transition properties of Brownian motion

Brownian motion exhibits geometric properties of the manifolds, the knowledge
of Brownian motion is equivalent to the knowledge of metric. In the case (M, g)
is a submanifold or a quotient manifold of another Riemannian manifold (M, j),
the images of Brownian motion under corresponding maps are also related to metric

obtained by Riemannian immersion and submersion.

In the case (M, ¢) is a Riemannian submanifold of (M, §), the metric ¢ is obtained

by projecting § onto T'M, i.e.
gU,vV)=g(U,V) (1.3.1)
for U,V € (M). The Levi-Civita connections V and V are also related by
g(VuV. W) =§(VyV W) (1.3.2)

say VyV is also the orthogonal projection of ViV onto T M.

The difference between two connections making a V—martingale not necessarily

a V—martingale. We have the following property

Proposition 5. Let (M, g) be a Riemannian submanifold of (M, §), with i : M — M

the inclusion map. For any f € C°(M), X € M, Y =i(X), we have
Ay(f 0i)(X) = Telrm(V2A)(Y) + Hf(Y) (1.3.3)

where Tr|pp is the trace in the subspace TM C TM, and H(Y) is the mean

15



curvature of M at Y, defined as
Z (Vi Vi)t (1.3.4)

for {V;}dmM < ¥(M) is an orthonormal basis locally defined in a neighborhood of

Y, and (U)* is the projection of U to the normal space (T M)*.

Proof. This is a point-wise property and we only need to prove this for any X € M.
Take a smooth curve v(t) : [-1,1] — M, with v(0) = X. Let V be a vector field
with 4(t) = V (y(t)). Take derivative of (f od)(y(t))) = f(i(y(t))) at t = 0, we have

V(foi)(X)=Vf(Y) (1.3.5)

where V =i, (V) € TM is just V itself, but we use this notation to distinguish with

V € T M. Take secondary derivative we have

VvV (foi)(X)+ VA(foi)(V,V)(X) = VyVi(Y)+Vf(V,V)(Y) (13.6)

Take summation of V' over an orthonormal basis {V,;}&mM Jocally defined in a

neighborhood of X, we have

Ay(f 0 ))(X) =Te|rpVEF(Y) + Z(@mvi—vviVi)f(Y)

:Tr|TMﬁ2f(Y) + Z (@VVZ)J_JC(Y)

=Tr| (VYY) + Hf(Y) (1.3.7)

The expression of Laplace-Beltrami operator A, above can be used to describe

16



Brownian motion on (M, g).

Corollary 6. Let (M, g) be a submanifold of (M, §) with induced metric, and i :
M — M be the inclusion map. Then the image X, = i(B?") of Brownian motion

Bf’ﬂ is the solution to the following SDE

l
dX, = Z; (\/%Va(Xt) odB® — %VVaVQ(Xt)dt) + %H(Xt)dt (1.3.8)

where {B}! _, are | independent R-valued standard Brownian motion, {V ,}!_, C

X(M) are vector fields satisfies
Y ViVl =g" (1.3.9)

and H(X) is the mean curvature of M at X.

Remark 7. This result is widely known and appears in literature [61] for submanifolds

of Euclidean spaces and [85] for submanifolds of general Riemannian manifolds.

Now consider the case where (M, §) has an isometry Lie group G, and M = M /G
is the quotient manifold, with 7 : M — M the canonical projection map. For
each X € M, the preimage 7—*(X) is a G-orbit in (M,§). The metrics g on
M and g are related through Riemannian submersion as follows. For each X and
Y € 7 }X), the differential 7, : Tx M — Ty M is surjective, and the kernel
Ker(m,)y C TyM is in general non-empty. Using § we can find the orthogonal
complement Ker(m,)y C Ty M, then restricted to Ker(r,)y, 7, is a bijection. For

cach U,V € TxM, let U,V be their unique preimage in Ty M respectively, we

17



define

g(U,V)=g(U,V) (1.3.10)

then m becomes a Riemannian submersion. Notice that as G is an isometry group,

this definition of g doesn’t depend on the choice of Y € 771(X), so it is well defined.

The Levi-Civita connection V and V are also related as follows, for U,V €

X(M),

VoV = m(VgV) (1.3.11)

where 7, : TM — TM is the differential of 7 : M — M, U , V are the unique vector
fields in Ker(r,)* such that 7, (U) = U, 7, (V) = V.

Similarly, we have the following property

Proposition 8. Let G be an isometry Lie group of (M, §), and M = M/G be the
quotient manifold, 7 be the canonical projection. ¢ is defined such that 7 : (M, §) —
(M, g) is a Riemannian submersion. The for any f € C*(M), X € M, Y €
7 1(X) C M, we have

Ag(fom)(Y) +H(fom)(Y)=A,f(X) (1.3.12)

where H is the mean curvature of 7~'(X) regarded as a Riemannian submanifold of

M.

In particular, as 7~'(X) is an isometry group orbit, H(X) = m.(H(Y)) is a

vector field well defined on M, i.e. doesn’t depend on the choice of Y € 771(X), the

18



equality can be written as
Ag(fom)(Y) = B, f(X) — Hf(X) (1.3.13)

Proof. Take a smooth curve 7 : [—1,1] — M with 5(0) = Y, let v(t) = 7(5(t)).
V and V are the vector fields such that 4(t) = V(5(t)) and #(t) = V((t)). Take

derivative of f(y(t)) = (f om)(F(¢t)) at t = 0, we have

VX)=V(fom)(Y) (1.3.14)

Take secondary derivative, we have

VyVHX)+ V2V, V)(X)=ViV(for)(Y)+V3(for)(V,V)(Y) (1.3.15)

Take summation of V over an orthonormal basis E = {V;}4mM Jocally defined in
a neighborhood of Y, such that F; = {V;}4™M is an orthonormal basis of Ker(m,)",
then Fy = {Vi}?i:md{:/‘;MH is an orthonormal basis of Ker(m,). For V € Ey, m, (V) = 0,

so the L.H.S is zero. For V' € Ej, we have V'V = 7,(Vy V), therefore

Agf(X) =Y VyV(for)(Y)+Az(fom)(Y) (1.3.16)

VGEQ

Since f o 7 is a constant over 7~'(X), only the part of V'V in Ker(r, )+ =
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T(7~}(X))* makes non-zero contribution, thus

—H(fom)(Y) (1.3.17)

This proposition also leads to the description of Brownian motion

Corollary 9. Let (M, §) and (M, g) be Riemannian manifolds and 7 : M — M is a
Riemannian submersion. Let BY” be the Brownian motion on M and X, = 7(B?"”)

be its image in M, then X, is a solution to the following SDE

l
4X, = Z(\/%Va(Xt) odBY — %vvava(xt)dt) - %H(Xt)dt (1.3.18)
a=1

where {B}._, are [ independent R—valued standard Brownian motions, {V,},_,

satisfies
> ViVl =g (1.3.19)
and H(X) = m,(H(Y)) for Y € 7 1(X), where H is the mean curvature of

(X)C MatY.

Remark 10. This result is first found in [49] and seems to be rarely known. The
condition that the mean curvature vector is a constant on the fiber seems to be
deliberate, but is natural in the case that the Riemannian submersion comes from

taking quotient of a Riemannian manifold with respect to an isometry group.
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For the vector field H, the following proposition connects it with G-group orbit

volume [77]

Proposition 11. Let (/\;l, g) with isometry group G. Let M = M/G and 7 : M — M
be canonical projection. ¢ is defined such that 7 is a Riemannian submersion. Define
Q(X) = vol(z~*(X)) to be the volume of 7~1(X), then the mean curvature H of

group orbit 771(X) at Y € 771(X), and the projection vector field H satisfies

H(Y)=—grad(Som)(Y) (1.3.20)

H(X)=—grad S(X) (1.3.21)

where S(X) = logQ(X), grad and grad are the gradient operator in (M, g) and

(M, §) respectively.
Combine these two, we have the following

Proposition 12. Let (M, §) and (M, g) be Riemannian manifolds and i : M — M is a
Riemannian submersion. Let B?’B be the Brownian motion on M and X, = W(Btg’ﬁ)

be its image in M, then X is a solution to the following SDE
1
dX, = Bgrad S(X,)dt + dB?” (1.3.22)

where S(X) = log vol(7~ (X))

Notice that the function S(X) = log vol(7~!(X)) coincides with the definition of
Boltzmann entropy S = log {2, we also call S(X) an entropy function. The SDE
could be explained as, the image of Brownian motion is another Brownian motion

drifted by entropy gradient.
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1.4 Riemannian Langevin Equation

Inspired by the SDE (12)), we define Riemannian Langevin Equation (RLE) as

follows

dX, = —grad £(X,)dt + dB?”

where £ € C?(M) is an energy function.

(1.4.1)

As extension of Langevin equation in Euclidean spaces, the following propositions

are all parallel

Proposition 13. [Fokker-Planck Equation] The density p, of X satisfies the following

PDE

1
opr = div(ggrad pr + pigrad 8)

Proof. For any f € C*(M), the evolution of f(X;) is

1

df<Xt) = (5

Ay f(X,) — grad Sf(Xt)> dt + local martingale

so the generator of X, is £ = %Ag — grad &£, then the dual

1
Lp= BAgp + div(pgrad €)

and p; satisfies

1

ﬁAgpt + div(p; grad €)

8tpt = ﬁ*/)t =
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It is easy to see that p, oc e™%¢ is the equilibrium measure of . To make sure

ps is well-defined, we require that
Zg ::/ e PEdV < o0 (1.4.6)
M

where dV = /gdz; - - - dx,,, g = det(g;;) is the volume form, so p, = Ziﬁe_ﬁ‘g defines a

probability measure on M.
In this case, we have the following convergence property

Proposition 14. Suppose € satisfies that Zs < oo, take any function ¢ € C?*(R;)
such that ¢(-) > ¢(1) = 0,¢"(-) > 0, then F(p) == [,, ¢(L£)p.dV defines a Lyapunov
functional for (13)). If the initialization satisfies F'(py) < oo, we have the convergence
limy o F(pt) = 0.

Proof. Using we get

d 1 Pty . Pt
—F _——/ ¢’ (—)div(p.grad —)dV
1 ne P P 2
== px@" (—)|grad —|2dV <0 1.4.7
B Jm (P*)’ P+ lg ( )

where |grad f|? = ¢"/0; f0; f is the norm of grad f. The equality holds only if grad L=

0, i.e. p = p., so we are done. [

Corollary 15. When & satisfies Z3 < oo, we have the convergence of z—i — 1 in
L3(p.dV), p; — p. in KL-divergence, i.e. take ¢(z) = (r — 1) and ¢(z) = zlogz —

r + 1, we have

lim [ po(2—1)2av =0 (1.4.8)
t—o00 M p*
lim [ plog 2tdv =0 (1.4.9)
t—00 M P
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Consider the case where (M, g) has an isometry group G and £ is also invariant

under G, i.e.

EhoY)=E(Y) (1.4.10)

for Y € M,h € G, and hoY is the group action. Let the quotient manifold M =
M /G equipped with metric g such that the canonical projection 7 is a Riemannian

submersion.

Proposition 16. In the settings above, if Y, satisfies the RLE

dY, = — grad € + dB?” (1.4.11)
then X; = m(Y) is a solution the the RLE

dX, = —grad F + dBY"’ (1.4.12)

where F =& — %S, £ € C*(M) satisfies £ = £ o, and S(X) = log vol(7~1(X)).

The shift of energy function in Riemannian Langevin equation makes the main
difference of stochastic relaxation from gradient descent. Variables that have no effect

on target function and geometry still affect the process of optimization.
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Chapter 2

Siegel Brownian motion

2.0 Abstract

We construct an analogue of Dyson Brownian motion in the Siegel half-space H
that we term Siegel Brownian motion. Given f € (0, 0], a stochastic flow for Z; € H
is introduced so that the law of the eigenvalues A, of the cross ratio matrix R (Z;, ¢1,,)
is determined, after a change of variables to o(A) € (0,00)", by the It6 differential

equation

1 sinh o* 2
do® = = | cotho? L dt Zawk, k=1,... 2.0.1
7T 3 <CO 7 l; cosh ol — coshaé) * \/; b RO )

where W, is a standard Wiener process in R"™.

This interacting particle system corresponds to stochastic gradient ascent

1 2
dO't = §VS(O't) + \/%th, (202)

where S(0) = logvol Oy, is a Boltzmann entropy that enumerates the microstates

in the group orbit Oy = {Z € H |eig (R(Z,41,)) = A }. In the limit 8 = oo, the group
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orbits O,, evolve by motion by minus a half times mean curvature.
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2.1 Introduction

2.1.1 Outline

In a recent paper, the first author along with Huang and Inauen, introduced a ge-
ometric construction of Dyson Brownian motion [44]. This paper uses this framework
to derive an analogue of Dyson Brownian motion in a symmetric space with negative
curvature. We focus on the Siegel half-space H for clarity. While the method can be

generalized, it is best understood through this example.

The space H consists of n x n complex symmetric matrices whose imaginary part

is positive definite, written
H={Z=X+iY|[X=X",Y=Y",Y >0} (2.1.1)
It is equipped with a metric gy expressed in terms of the 1-forms dZ as follows

g = Tr(Y'dZ Y td2). (2.1.2)

This space was first studied in depth by Siegel [83]. He showed that H is a
symmetric space with negative curvature that generalizes the Poincaré upper half-

plane [83] Thms 1-4]. Maobius transformations of the Poincaré upper half-plane,
a b
w = (az +b)/(cz + d), where € SL(2,R), are replaced by automorphisms

of H of the form
W =(AZ+ B)(CZ + D)*l. (2.1.3)

Here the n x n real matrices A, B,C, D correspond to elements of the symplectic
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group Sp(n, R) as follows. They are the elements of block matrices M such that

A B 0 I
M = ., MTIM=J, J= , (2.1.4)
C D

-1 0

where [ is the n X n identity matrix.

Siegel characterized automorphisms of H that map a given pair of points (Z, Z;)

into a pair (W, W;) by introducing the matrix-valued cross-ratio
NR(Z,2,)=(Z - 2)(Z - 7Z))(Z - Z)(Z - Z,)"". (2.1.5)

The invariants of the group action (2.1.3) are the eigenvalues of R(Z, Z;): there is
an automorphism of H mapping (Z, Z;) into (W, W;) if and only if R(Z, Z,) and
R(W, W) have the same eigenvalues [83, Thm. 2]. These eigenvalues always lie

within the interval [0, 1] (a proof is presented in Section [2.3).

We construct a stochastic process Z; € H such that if A, = (\},...,\}") are the

eigenvalues of R(Z;,4I), and of > 0 is the positive solution to the implicit equation

k

tanh? % =N, 1<k<n, (2.1.6)
then o, = (o},...,07) has the same law as the unique strong solution to the Ito
differential equation

sinh o7

1
do¥ = i(coth oF + Z
Ik

2
)dt+\/%thk, E=1,...,n. (2.1.7)

cosh of — cosh o/

Here W, = (W}, ..., W}*) is a standard Wiener process in R”.

Equation (2.1.7)) is an analogue of Dyson Brownian motion because they both

correspond to stochastic gradient ascent in a geometric sense. For these reasons, we
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call the interacting particle system in equation (2.1.7) Siegel Brownian motion.

Let us now introduce geometric stochastic gradient ascent through examples. We
then state two theorems that describe this structure for Siegel Brownian motion. The

underlying well-posedness theory parallels that of Dyson Brownian motion. We show

in Section 2.5 that equation (2.1.7)) has global strong solutions for 5 > 2.

2.1.2 Motion by curvature and stochastic flows

Let z € R, let r = |z] and let P, and P} denote the orthonormal projections
onto the tangent and normal space to the circle S”~! of radius 7 at the point z. Let

B; be a standard Wiener processes in R™ and consider the Ito SDE

2
dz = P, dB; + \/%sz dB,. (2.1.8)

This SDE is designed so that the point z; evolves because of independent tangential
and normal stochastic fluctuations with the parameter 8 > 0 describing the anisotropy
of these fluctuations. In the limit 8 = oo, there are only tangential fluctuations and

we use [t6’s formula to observe that
d(|z|*) = d(2f z) = dzf 2z + 28 dz + d2/ dz = (n — 1) dt. (2.1.9)
It follows that the radius r; evolves deterministically by

. n—1
Tt =

. 2.1.10
27"75 ( )

Thus, when = oo each point z; evolves tangentially and stochastically, but the

spheres S'~! evolve deterministically by motion by (minus a half times) curvature.

For arbitrary § € (0,00], a similar calculation yields that the radius r; has the
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same law as the solution to the SDE

n—1 2 1 2
dr, = o dt + \/%th = 5VS(T,:)dlt + \/%th- (2.1.11)

Here W, is a standard one-dimensional Wiener process, and
S(r) = logvol (S*71),

with vol(S™~1(r)) denoting the n — 1 dimensional volume of the sphere S”~!  is the
Boltzmann entropy. Observe again that the diffusion of r; is due to the normal
fluctuations driven by B;, whereas the tangential fluctuations in z; give rise to the

normal drift through the Ito6 correction.

2.1.3 General principles

This example can be systematized through the use of Riemannian submersion.
Euclidean space R™ is foliated by concentric circles of radius » > 0 centered at the
origin. The space of radii, r € [0,00), may be identified with the quotient space
R™/O(n) and equipped with a metric via Riemannian submersion. When construct-
ing the SDE (2.1.8]), we introduced stochastic forcing upstairs, with independent

horizontal and vertical fluctuations and an anisotropy parameter 5 > 0.

In a recent paper [44], this approach was used to construct Dyson Brownian
motion at inverse temperature 5 € (0,00]. In this case, the space upstairs is the
space of Hermitian matrices equipped with the Frobenius norm, writen (H(n), Fr); the
space downstairs is the Weyl chamber of eigenvalues; and the foliation corresponds to
isospectral matrices generated by the unitary group [44, §2.1]. Each matrix M € H(n)
may be diagonalized, written M = UAU*, so that it lies on a U(n) orbit Oy C Her(n).

We again use the projections Py, and Pj; onto the tangent and normal spaces to Ty Ox
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to define the It6 differential equation

2
dM,; = Py, dX, + \/%Pﬁtht, (2.1.12)

where X; is the standard Wiener process in (H(n), Fr).

Equation (2.1.12)) is a model for Dyson Brownian motion in the following sense.
It is shown in [44, Thm. 1] that the eigenvalues of M;, written A, = (A}, ..., A\, have

the same law as the unique strong solution to the It6 differential equation

1 2
N = Ak_AjdH\/%th’ 1<k<n. (2.1.13)
J#k

Here W, denotes the standard Wiener process in R” and we assume, given M, € H(n),

that \g € R™ is the spectrum of M, presented in increasing order.

Equation (2.1.13) may also be written as
1 2
d\ = §VS()\) dt + \/%th, S(A) = logvol(O,). (2.1.14)

The gradient in A is with respect to the usual Euclidean metric. This is the metric on
R™ obtained by pushing forward the Frobenius metric on H(n) under the map that
sends a matrix to its eigenvalues. This is the natural Riemannian submersion in this
problem. Again, in the limit § = oo, the group orbits O,, evolve deterministically by

motion by minus a half times mean curvature.

2.1.4 A new matrix model

Dyson Brownian motion is the fundamental interacting particle system in random
matrix theory. Despite its extensive study, the geometric properties revealed by the

construction in [44] have not been noticed before. The simplicity of equation (2.1.12))
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suggests that other interesting particle systems may be generated through this method.

This viewpoint motivated the construction in this paper.

The use of the Siegel half-space allows us to illustrate our method in a symmetric

space with negative curvature. In order to do so, we must replace each term in

equation (2.1.12)) by a geometric analogue.

First, the driving process X; in equation (2.1.12)) is replaced by Browian motion,
denoted By, in (H, g). This process may be constructed in several ways, as explained

in Section [2.2| below; we follow [43] [47].

The analogue of the foliation of R™ by concentric circles must be provided by
a foliation of H using a suitable group of isometries (observe that an O(n) action
generates the concentric circles). We fix the point il,, as the origin in H so that its
stabilizer subgroup G;;, < Sp(n,R) provides the desired group of isometries. Let
w1 H — H/G;, be the canonical projection from H to the quotient space. By
Siegel’s theorem, the moduli space under this group action may be parametrized by

the eigenvalues of the cross-ratio R(Z,¢1,). Precisely, the quotient space is

H/Gi, = {A € [0,1)" A\ < Ao < A} (2.1.15)

To make the quotient space a manifold it is necessary to avoid singularities at the

boundary, and we must ensure the motion remains in

This space is also equivalent to the quotient of a subset H C H by G; I,

H ={Z € H|R(Z,il,) has no zero or repeated eigenvalues }, Q= H/Gyr, .
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It is clear that Q is a manifold. We equip it with a metric using Riemannian submer-

sion as described below.

For each A\ € Q, define the subset of H

On={Z € H| cigR(Z,il,) = A} (2.1.17)

Then O, is a smooth manifold immersed in H and it is the G;;, group orbit of
any Z in it. For each Z € O, we then define the orthogonal projection operators

Py, P# to the tangent space Tz O, and its orthogonal complement T, O3 respectively.

Fix 8 € (0,00] and assume given Z, such that the eigenvalues of R(Zg,i[) are

distinct and lie in (0, 1). We consider the (formal) [t6 stochastic differential equation

dZ, = Pz, (dB,) + \/gpzﬁth), Z(0) = Z,. (2.1.18)

This expression is only formal because stochastic differential equations in H must
be defined using the Stratonovich rule to ensure coordinate invariance. The precise
definition of equation (2.1.18)), as well as its well-posedness theory, is presented in
Section and Section We define the stopping time 73 as the first time at
which eigenvalues to R(Z;, 21) collide. In particular, 754 = +oo for § > 2. We then

have the following

Theorem 3. Let Z, be the unique strong solution to the SDE (2.1.18), let A\, =
eig (R(Zy,i1,)) and define o, using equation (2.1.6). Then o, has the same law as

the unique strong solution to the SDE (2.1.7) on the maximal interval of existence

[0,7’5).
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Define the Boltzmann entropy of the group orbit O, by the formula
S(A) = log vol(O,), (2.1.19)

where the volume form is obtained from the metric ¢ on H. We changed variables
from A to o in equation (2.1.6)) in order that the metric in o-space is the standard
Euclidean metric on R™. Thus, V.S(0) in equation (2.1.21) below denotes the usual

Euclidean gradient of the entropy S(o).

Theorem 4. There is a universal constant ¢, > 0 such that

S(o) = Zlog sinh o* + Z log | cosh o® — cosh o'| 4 c,,. (2.1.20)
k=1

1<k<iI<n

Equation (2.1.7)) is equivalent to stochastic gradient ascent of Boltzmann entropy

1 2

Remark 5. We have adopted the Boltzmann sign convention for entropy: it is chosen
so that our systems evolve to maximize entropy. Conceptually this corresponds to

maximizing disorder in the gauge group in each of our examples.

Remark 6. We use the convention in geometric analysis to define the mean curvature
of an immersion u : N' — (M, g) of a smooth manifold A into a Riemannian manifold
(M, g)): it is the trace of the second fundamental form of u with respect to the metric
g. As a guide, it is helpful to note that the mean curvature of a sphere S"~! points

inwards and it has magnitude (n — 1)/r.

Remark 7. The mean curvature is usually obtained as the first variation of a volume
functional. However, for Riemannian submersion of group orbits generated by isome-

tries, the mean curvature is also the negative of the gradient of the entropy (evaluated
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upstairs) [78, p.3350]. This is why in all the examples above the group orbits move

by motion by minus a half curvature in the limit g = oc.

Remark 8. It is well known that Dyson Brownian motion may be generalized us-
ing representation theory to the Dunkl process and radial Heckman-Opdam process
(see [45], §2] for a comprehensive treatment of these processes, including a history and
explicit examples). It is natural to expect a relationship between these processes and
Siegel Brownian motion (compare for example equation and [45, Eq. 2.35]).
However, we have been unable to determine such a link. Our approach makes no
use of representation theory beyond what is implicit in Siegel’s classical work on H;
instead our tools are a combination of standard stochastic differential geometry and

facts from [83].

The following section provides background material about SDE on manifolds.
This is followed by the proofs of Theorem [3] and Theorem [ The well-posedness

theory is described in Section [2.5]
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2.2 Background: SDE and martingales on mani-

folds

2.2.1 Outline

In this section, we assume given a smooth manifold M (a differentiable mani-
fold with a C*° structure) and we review some facts about SDE and martingales on
manifolds. The main objective is to explain the definition of equation (2.1.18]). Our

primary sources for stochastic differential geometry are [43, [47].

Notation . We use bold font to denote M-valued processes and vector fields on M.
Coordinates of these processes are written in the standard font. For example, let
© = (p!,...,0%) be local coordinates on an open set U C M. The i-th coordinate of
an M-valued process X is denoted by X/ = ¢'(X;). A vector field V' on M can be

described in coordinates as V(X) = V/(X)9; = Vi(X)aZ“ X € U. For a function

feC®M), V(f)=V(df)=df(V) gives the directional derivative of f along V.

2.2.2 SDE, martingales on manifolds

The Stratonovich formulation is used to define SDE on manifolds. A typical SDE
on M is as follows. Assume given [ vector fields {V,...,V;} on M, an Rl-valued

driving semimartingale Z, and write
!
dX, =) ViX)odZ (2.2.1)
a=1

The use of the Stratonovich formulation ensures that the usual chain rule applies,
ensuring coordinate invariance of the solution to the SDE. The solution theory uses

semimartingales in the following way:.
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Definition 1. Let M be a smooth manifold and (€2, F.,P) a filtered probability
space. Let 7 be an F,-stopping time. A continuous M-valued process X, defined on
[0,7) is called an M-valued semimartingale if f(X,) is a real valued semimartingale

on [0,7) for all f € C>®(M).

Definition 2. An M-valued semimartingale X defined up to a stopping time 7 is a

solution to the SDE (2.2.1) if for all f € C*°(M),

! t
(X)) = f(X0)+Z/O Vof(X)odZe, 0<t<r. (2.2.2)

These two definitions are intrinsic. Only the differentiable structure on M has
been used to define the SDE (2.2.1]), since we have only used the concept of vector
fields. However, in order to define martingales taking values in M, the manifold
must be equipped with a connection V. For Riemannian manifolds, we always use

the Levi-Civita connection.

Definition 3. Assume M is a smooth manifold equipped with a connection V. An
M-valued semimartingale X is called a V-martingale if and only if the following

process is a R-valued local martingale for all f € C*°(M):
1 t
NI(X), = f(X1) — f(Xo) — 5/ V2 f(dX,,dX ), (2.2.3)
0

where V2f is the Hessian of f under V.

In our model, the driving semimartingales are Wiener processes or just ¢. The

SDE we are concerned with have the following form:
!
1
ax, =y (Va(Xt) o dWi = Vv, Va(Xt)dt> (2.2.4)

a=1

where (W}, ..., W]) are independent Wiener processes, and VvV, is the covariant
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derivative of V', along itself. The deterministic correction is introduced in equa-

tion ([2.2.4)) in order that we could formally regard equation (2.2.4)) as the I1t6 SDE
!
dX, =) Va(X,)dWy. (2.2.5)
a=1

More precisely, we have

Proposition 1. The solution to the SDE (2.2.4) is a V-martingale.

Proof. Inserting equation (2.2.2)) into equation ([2.2.3), we only need to show that the

following process is a local martingale [43, Prop 2.5.2,pp. 56] :

NIO0= 3 ([ (VasXooaws = (v, Varxa)ai— 3 [ 9iva vaxod),

(2.2.6)

But since V(V f) = (Vv V) f + Vy(df)(V) = (VyV)f + V2f(V,V), we com-

bine the last two terms to obtain

l

VIO =3 ([ Verxoeaws -5 [ vavapxoa)

a=1
l

_ Z/t Vo f(X,)dWe. (2.2.7)

0

2.2.3 Brownian motion and orthogonal projections

When the manifold is Riemannian we may characterize Brownian motion in sev-

eral ways. Orthonormal bases provide a direct approach.

Corollary 1. Let {V ,}!'_, be an orthonormal basis for TM. Then the solution to
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the SDE

- 1
dX, =) (VaodWy - Vv, Vadi) (2.2.8)

a=1

has generator A = Tr(V?), so that it is a Brownian motion on M.

Proof. For any f € C*°(M), we have

A0 = 1(X0) =3 [ (Val(Xo)odWs = 590 Vaf(X)as)  (229)

T« [l

; /0 SV (Ve Va)(X,)ds

:/tlAf(Xs)ds.
.2

]

At this stage we are able to define the projection operator P onto a submanifold
O C M clearly. For drift terms in an SDE, no new ideas are required: we simply
project the drift vector to T'O. For diffusion term that is an V-martingale in an SDE,

e.g. with a single driving vector field,
1
dX; =V odW, — §VVth, (2.2.10)
we define

1
P(AX1) = P(V) o dW; = S Vi) P(V)dt. (2.2.11)

To understand this projection, we have the following Lemma:

Lemma 4. Let f € C*®(M), X, solves SDE (2.2.10) and is a V-martingale. By
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(2.2.3), we could write

1
df(X:) = §V2f(V, V)dt + some local martingale . (2.2.12)

Let X7 be the solution to the SDE:
1
dX7 = P(V)odW, — SVpw P(V)dt. (2.2.13)
then we have

1
df(X?) = §V2f(P(V), P(V))dt + some local martingale. (2.2.14)

For an SDE with both diffusion and drift terms, we decompose the RHS of the
SDE into the sum of a V-martingale diffusion term and drift term and project them
respectively. The result is that the evolution of f(X?), for f € C°°(M) and a solution
to the projected SDE X7, only contains the values of Vf and V2f in the subspace

to be projected.

When we have an orthonormal basis {V ,}?_, of TM such that {V,}?¢_, is also

an orthonormal basis of TO, and X, satisfies equation ([2.2.8)), we have

d
1
P(AX,) =) (Voo dW — SVy, Vadi), (2.2.15)
a=1 2
d 1
PHAX,) = > (VaodWy — 5 Vv Vadi). (2.2.16)
a=d+1

This is the form in which we will prove Theorem |3| and Theorem
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2.2.4 Some matrix algebra to be used

In this section, we introduce some matrix algebra to be frequently used in the

following sections.

We first introduce a matrix representation of u(n), the Lie algebra of unitary

group U(n). Define

(& 6T — € eT
g ::“‘f—\/ﬁ’”, 1<k<l<n, (2.2.17)
Bkz = iekek, 1 S k S n, (2.2.18)
T T
By = 35 Tk 1<k<l<n. (2.2.19)

V2

then u(n) is the linear space spanned by these vectors

u(n) = Span({a }<pcr<n U {Br b 1<hen U {Briti<h<icn) » (2.2.20)

— {A € Myyn|A = —At = —(A)T} .

The validity of this statement can be verified by dimension counting.

We should note that this basis of u(n) is also orthonormal under the inner product

Re(Tr(UVT)):

Re(Tr(ai o)) = 0udj, Re(Tr(8iB])) = 6s, Re(Tr(BiiBL,)) = dudj, (2.2.21)

Re(Tr(ay;8})) =0, Re(Tr(a;;8},)) =0, Re(Tr(8;B},) =0.

Their commutator is defined to be [A, B] := AB — BA. We are not going to write

down all commutators, but the following property will be used:
Tr([A, B]B') = —Tx([A, B]|B) = —Tr(AB* — BAB) = 0. (2.2.22)
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which means that the commutator [A, B] is perpendicular to B (and A by symmetry)
under inner product. By the completeness of the inner product Re(Tr(UVT)), we
have that the commutator [A, B], for A, B chosen from the basis above, is a linear

combination of basis vectors other than A and B.

In the analysis of symmetric matrix X € Sym(n), its diagonalization X = PM PT
always exists, where P € O(n) and M is n x n diagonal matrix. For complex sym-

metric matrices we also have the following decomposition.

Lemma 5 (Takagi, [87, Theorem 2|). Each complex symmetric matriz A can be
decomposed to A = QMQ™, where M = diag (1, ..., 1) 48 a real nonnegative diagonal

matriz and Q € U(n).

Such decomposition provides an isomorphism between linear vector spaces: the
tangent spaces T'Sym(n,C) and TR @ u(n). To be specific, we consider the following

basis of TSym(n, C): define £, ET matrices as:

Ef = epel Bl =iegel 1<k<n, (2.2.23)

,ekelT + ele{ ekelT + ele{

Bl =¢=t "k EE = , 1<k<l<n. 2.2.24
k,l \/5 k,l \/5 — — ( )
and define tangent vector fields:
Iy : 1.(dX) = QEEQT, 1<k<n, (2.2.25)
g : u (dX) = 2u.QELQT, 1<k<n, (2.2.26)
U(k,1,1) 'u,(;ﬁu)(dX) = (,uk + MZ)QE]g’ZQT, 1<k<li<n, (2.2.27)
u(k7l,2) . ’U,(kJQ)(dX) = (,uk — M[)QE,?JQT, 1 S k<l S n. (2228)
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We also use the following basis of TR" ® u(n):

I, : U(dM) = eper ,  1,(dQ) =0, 1<k<n, (2.2.29)
Ui iy (dM) =0, wiy (dQ) = QB 1<k<n, (2.2.30)
Wi o Wean(dM) =0, w1 (dQ) =QBy, 1<k<i<n, (2231)
Wiroy o Wepoy(dM) =0,  ug,0(dQ) = Qagy, 1<k<i<n. (22.32)

We claim that these two set of vector fields are exactly the same vector fields.
More precisely, let 7 : R* @ U(n) — Sym(n,C),7(M,Q) = QMQT be the bijection
between R” ® U(n) and Sym(n,C), and 7, : TR™ ® u(n) — T'Sym(n,C) be the
differential of 7, or the pushforward map, we have 7,(v') = v for v being any vector

fields defined above.

To see this, one should check the following matrix identities:

lerer, M] =0, [, M] = (s, — Nl)Eif,l )

{Br, M} = 2uiE} {Bry, M} = (e + Ml)Eé,z -

for M being diagonal matrix, where {4, B} = AB + BA is the anti-commutator.
Then by taking the differential of X = QMQT:

dX =Q(dM + Q'dQM + MdQ™ (Q") Q" (2.2.33)
(dw := Q'dQ) =Q(dM + dwM + Mdw")Q"
=Q(dM + dwM — Mdw)Q*

—Q(AM + [Re(dw), M] + {i Im(dw), M})Q" .
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we may verify for example that

exel + eer

7% QT (2.2.34)

W11y (AX) =Q{ B, M}IQT = Qx + w)(

= (e + ) QEL,Q" = w1y (dX).
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2.3 Proof of Theorem

The proof of Theorem [3| consists of two parts. First, we express the SDE (|2.1.18)|)
for Z; on H in a more explicit form using the orthonormal bases described in Sec-
tion Next, we use eigenvalue perturbation theory, the definition of the cross-ratio
R(Z;,il,) and the change of variables from \; to o, to show that o, satisfies .
Almost all the work lies in explicit computations related to the change of basis. The
eigenvalue perturbation theory is standard, except near repeated eigenvalues. The
well-posedness theory in Section [2.5] allows us to focus on the case of distinct eigen-

values.

The outline of the computation of the basis is as follows. Following Siegel, we
first change variables from H to the equivalent of the unit disk for complex symmetric
matrices (the domain D below). This is a convenient coordinate system, since it makes
several properties of the cross-ratio matrix obvious. We will find an orthonormal
basis {Ly}7_, U {U;}*, for TH, such that {U,;}/, is also an orthonormal basis
of TO,, and {L;}}?_, C TOx. By Riemannian submersion, {L}z—; also gives an

orthonormal basis of T'A (identifying Ly, with dr(Ly)). Then by Corollary [1 we are

able to construct Brownian motion on (#,g); equations (2.2.15)) and ([2.2.16]) then
complete the definition of the SDE (12.1.7]).

2.3.1 The unit disk D

The domain of symmetric complex matrices defined by
D={W=W"|I-WW >0} (2.3.1)

is the analogue of the open unit disk in C. Since W = W7, the matrix I — WW is

Hermitian and the notation I — WW = 0 means that it is positive definite.
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The conformal mapping z — j—jr; maps the Poincaré upper half-plane to the unit

disk in C. We write the analogous transformation for the Siegel half-space H as
R=p(Z)=(Z —il,)(Z +il,)"". (2.3.2)

Since Z = Z7 and these matrices commute, we have R = RT for Z € H, a property
that we will use repeatedly. Siegel showed that D = ¢(H) by adapting the proof
of conformal equivalence between the upper half-plane and the unit disk to several

complex variables (see [83] 11.4]).

The transformation (2.3.2)) plays an important role in our work because the cross-

ratio matrix (7, ¢1,,) may be written
R(Z,il,) = RR. (2.3.3)
Since R = RT we find immediately that
RT = (RR)" = R"TR" = RR =R. (2.3.4)

Thus, R is Hermitian positive semi-definite. This property allows us to obtain precise
descriptions of the orbits O, and the metric g as outlined below. We begin with a

classical

Lemma 6. The domain D may be expressed as
D =p(H) ={QMQ"|Q € U(n), M is diagonal, 0 < p; <1,i=1,..,n}. (2.3.5)
Proof. The first equality in equation ({2.3.5)) follows from [83] II.4]. The second equal-

ity is also straightforward. We decompose R = QM Q7T using Lemma |5 and invert
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equation (2.3.2) to find

Im(Z) =(I, — R)"'(I, — RR)(I, — R)™"

=(Q" = MQ") (I, - M*)(Q - QM) ™. (2.3.6)

It is immediate that Im(Z) = 0 if and only if y? < 1 fori=1,...,n. O

Lemma 7. For Z € H and )\ = eig R(Z, i1,,), the orbit O, is represented by

Or = ¢~ ({QMQT|M = diag(p1, ., ), Q € U(n)}) (2.3.7)

where X = (2, ..., u2).

Proof. By equation (2.3.3) and Lemma [f, the eigenvalues of R(Z,41,) are just the

diagonal elements {p?}? ;. Thus,

p(Oy) = {QMQ"|M = diag(p1, .., 1), Q € U(n)} (2.3.8)

where A = (u3, ..., u2). O

2.3.2 The orthonormal basis

Now we will construct an orthonormal basis of TH and TO,. As ¢ : H — D is
an analytic bijection and we will equip D with metric that is compatible with ¢ later,
we can regard (H,gy) and (D, gp) as the same Riemannian manifold, while Z and
R are just two coordinate systems on the this manifold. Also, vector fields related
by the pushforward map dzn (e.g. w in (2.2.25) and u' in (2.2.29)) are regarded as

representations of the same vector field under different coordinate systems.

In this section we will mainly use R and its diagonalization R = QMQT as
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coordinate system. According to section [2.2.4] we already have a basis (2.2.25)) of
TrD = TrSym(n,C) for R € D.

By definition of u vector fields (2.2.29), we also know that for each Z € O,

T705 = Span({wp Hr—y U {1 F<kaicn U {t2) Fi<iazn) - (2.3.9)

Now we will compute the metric gp that is compatible with settings above. In
view of bilinear form, we just need to compute the transformation coefficient of dr
and get gp. In a geometric point of view, we have gp = gy in the sense that they
are the same tensor in X(T*H ® T*H) represented by different coordinate systems.

Under the geometric point of view, we use

R=(Z —il,)(Z+il,)™, Z=14i(l,+R)(I,—R)™", (2.3.10)

dZ =2i(I, — R)"*dR(I, — R)™*,
1
2

=Y = (I, — R)™'(I, — RR)(I, — R)™",

andY =—(Z—~Z)= (I, — R)"(I, — RR)(I,, — R)™* (2.3.11)

and compute

gn =Tr(Y1'dZY'dZ) = Tr(Y 'dZ(Y) 'dZ) (2.3.12)
=Tv([(L — R)(I = RE)™ (I, — R)|[23(L, — R)dR(1, — B)"]
[(Zn = R)(I, = RR)™" (I, — R)][(—2i)(I, — R)"'dR(I, — R)“])

—4 Tr(([n — RR)"MdR(I, - RR)—ldR> = gp.

Notice that when n = 1, gp = (14_‘1|Z;‘1§)2 coincides with the Poincaré metric on

the unit disk. From now on we will only use gy for both gy and gp, as they are
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conceptually the same geometric object. In the following theorem, we will show that

the metric gy is diagonalized under the basis ([2.2.25)). Thus, if we normalize the basis
(2.2.25)) we will get an orthonormal basis.

Theorem 9. The following vector fields { Ly }3—; U{U (&) }p—1 U{U (k1.m) }1<k<i<nm=1,2
give an orthonormal basis of X(TH). Moreover, {U (1) (Z)}7_19{U (k1.m)(Z) }1<k<i<nm=12

giwe an orthonormal basis of T;O) for each Z € Oy and A € W.

At a point p(Z) = R = QMQT, where M = diag(tanh %1, ..., tanh %), the vector

fields are defined as follows

Li(dR) = ﬁQ<eke{) o7, 1 <k<n, (2.3.13)
2 cosh” &
1
U(dR) = ——— (iekeg ) o7, 1<k<n, (2.3.14)
2 cosh” &
U (dR) = ! Q(i(e’“elT i elez))QT 1<k<l<n, (23.15)
(kL) 2 cosh %k cosh %l V2 ’ - - o
1 ekelT + 6[6% T
U 10 (dR) = . 1<k<l<n (2316
(r02)(dR) 2 cosh %k cosh %l ( V2 >Q ( )

In order to simplify notation, we will use {U;}?, to denote the union {Uw i v
{U (k1,m) }1<k<i<nm=12 and use U; for any vector field in {Ui}?il, when there is no

confusion.

Proof. Notice that all L and U vectors are just normalized I and u vectors. We only
need to prove that gy is diagonalized under I and w basis (2.2.25)), and extract all

coefficient of squares.
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To do this, we first transform gy into (M, Q) system. Use (2.2.33), we get gy

gy =4 Tr((]n — RR)"dR(I, — RR)—ldR> (2.3.17)
—4 Tr((]n ~ MY AM + [Re(dw), M] + {i Tm(dw), M})
(I, — M?)~Y(dM + [Re(dw), M] — {i Im(dw), M}))
—4 <Tr(([n — M?)~HdM + [Re(dw), M])(I, — M?)~Y(dM + [Re(dw), M]))
o+ Te((F, — M2)~ {Im(dw), MH(E, — M2)~ {Im(dw), M}))
—4 <Tr((]n — M?)~2dMdM)
+ Te((Z, — M?)7H[Re(dw), M](I, — M?)'[Re(dw), M])

+ Tr((L, — M)~ {Im(dw), M}(I, — M?)~{Im(dw), M})) .

where we used the fact that (I, — M?) and dM are diagonal and [Re(dw), M| has

zero diagonal.

Take linear combination of basis with constant coefficients

chlk+zdku(k+ Z di i1 W(k,1) + Z dy1,2U(k,1,2)5 (2.3.18)

1<k<i<n 1<k<i<n

we find that gy (v, v) becomes a sum of squares

k=1
Mk + ) 2 Mk — Mz) 2
+ Z dk 41T Z di1,2-
1<k<l<n — )1 - 1<k<l<n — ) (1 = pif)

Thus, the vectors {Ix}p_; U {ww}i_y U {%u1) <icicn U {812 h<k<i<n give an

orthogonal basis. We normalize this basis to obtain an orthonormal basis ([2.3.13]).
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For example, we can check that

1 1
2 cosh %k o 2 cosh %k
4 1

2
e == 1
(1— M%)Q(Qcosh%k)

(L, Ly) =gu( li)

Y

1 U (k,1,2) 1 U (k,1,2)
U U = N a
gu (a2 Uer2) gH(Q cosh %’c cosh %l (e — 1) 2 cosh % cosh %l (e — )
1 2 4(Nlc - Ml)2

=1.

_(2 cosh % cosh %l(uk — ) (1= p) (1 — pf)

2.3.3 Covariant derivatives

To determine all terms in SDE [2.2.8] we have the following Lemma for the ex-

pression of V'V for all L and U vectors.

Lemma 8. The covariant derivatives VgU and VL are given by:

Vi, Li =0, 1<k<n, (2.3.20)

Vo, Ug = —cotho® Ly, 1<k<n, (2.3.21)
VUi Ulkan) = — coth(%k + %Z)L’“ ;L L 1<k<l<n, (2.3.22)
VU pin Uiz = — coth(%k - %Z)L’“ ; L , 1<k<l<n. (2.3.23)

Proof. For a vector field V' € X(TH), We could compute VyV by computing
(VyV, V') using Koszul’s formula [30, Theorem 3.6, Page 55], for V' = ") ayLy+

Zil b;U; with arbitrary constant coefficients a;’s and b;’s, where (-,-) = g3(-, ).

Koszul’s formula is simplified in our case because all inner products between U

51



and L vectors are constants. For example,

(Vu,Ui, L) =U(U;, Ly,) — %Lk<Uian> — (Ui, Li|. Uy) = ([Ly, U}, U3)

(2.3.24)

where the first two terms vanish because (U;,U;) = 1 and (U, L;) = 0.

We give a proof of the expression of Vg, Ly and Vy, ,, U k12), then the compu-

tations are similar for others.

To prove Vi, Ly = 0, we need a fact discovered by Siegel in [83 Theorem 3, Page

3], implying that the translation of each o is a geodesic. Also, notice that

O'l l

!
Ly(o") =(2cosh® ) Ly (tanh %) — (2 cosh? %)Lk(ul) - (2.3.25)

which means L; = (a%k)v say L; is the unit vector field tangent to the geodesic of

o® translation. Therefore Vi, Ly = 0.

For U (1,2), according to the formula above, we first need to distinguish those
vector fields that are commutative with U ;;2), or whose commutator with U 4 2)

are perpendicular to U 4 2).

We first argue that (Vy,U;,U;) = 0 for all U;, U vectors. This is a result from
(2.2.22)): the commutator [U;, U;] does not contain U; or U term.

For (Vy,U;, Ly,), U2 is by definition (2.2.29)) commutative with 1., (thus L,,),
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SO

0 ) 1
o™ 2 ginh(Z=2")

2
0 1
l ))u(k7l72)

o™ "2 sinh("kT_")

Uk — Ol 5km — 5lm

7 )T

(L, U r1.2)] =( U(,2)] (2.3.26)

=(

= — coth(

WU (r,1.2) -

Thus, VUW’Z)U(;CJ’Q) is given by orthonormal decomposition below:

n

vU(k,l,2) U(k,l,Z) - Z<VU(19,Z,2) U(k‘,l,2)7 Lm>Lm (2327)
m=1
= Z (L, U1.2)), Uk 1.2)) L
m=1
- O'k—O'l 5km_5lm
:mz_:l — coth(———)(="5—") L,
kol L,—L
:—coth(g 0)( i by,

2 2

2.3.4 Evolution of spectrum

Now it suffice to prove theorem [3] i.e. to compute the evolution of spectrum

M Z,) = (tanh® %1, .., tanh® Z-).

Proof of theorem 1. Let My = M(Z;). By definition (2.2.2)), the evolution of M,
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satisfies the following SDE:

n? o 1
M, = (Ui(M) 0 AW = Vo, Us(M)at) (2.3.28)

i=1

2 < 1
+ \/% > (Lk(Mt) o AW} — §VLkLk(Mt)dt>
k=1
=1 2 o 6 k=1 .

where {W/}?*, and {W}}?_, are n? 4+ n independent Wiener processes.

Two facts were used in the computation above: U;(dM) = 0 for all U; € {U,;}~

by definition (2.2.29)), and Vi, Ly =0 for k =1, ...,n from Lemma .

ﬁékl which is

Using the expression of Vy,U; in (2.3.20), and Ly(y;) = -

equivalent to Li(M;) = %, we can write down the SDE exactly as:

n k
th:Zd tanh(—))exe, (2.3.29)
k=1
eke,C elelT
ekek Ut + O't 2 cosh? " 2 cosh? %l
_Z—coth 2cosh rdt + > 5c oth(=——") 5 dt
2 1<k<lI<n
. N [ ekeg - €l€l
oy — Oy, 2cosh? <~ 2cosh? £ ekek k
3 gttt ety B o ean,
1<k<i<n 2 2 i—; 2cosh” &
- 1 1 sinh( 0
= —_— X = coth )+ L dt
P <2 coshg(%k) 2 #Zk cosh(of) — cosh(at))
2 1
——————odW, )e e
52cosh2(“;) ook

As {exey }i_, are linearly independent, the coefficients on the two sides coincide
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and we get the evolution of tanh(%ﬁ). Using chain rule we find the evolution of oF:

1 sinh(o%) 2
do¥ == (coth(ZL : dt + /= x LodW/
71T (co )+ Z cosh(of) — COSh(Ut)) * \/; * 2o

Ik
1 sinh(o%) 2
= (coth( —t L dt \/idW’“
T2 (co 2 )+ #Zk cosh(of) — COSh(Ut)) N gt

which is (2.1.7)).
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2.4 Proof of Theorem

In this section, we evaluate the Boltzmann entropy S : @ — R defined in equa-

tion (2.1.19)) and prove Theorem .

2.4.1 Orbit volume

For each A € Q, the orbit O, is naturally a Riemannian submanifold of H

equipped with the induced metric go, , defined by
go, (v, V') = gu(v,v'), (2.4.1)

for v,v' € TO,.

We first introduce a collection of n? 1-forms to be the basis of X(7T*0,). Denoted
{w?’ € X(T*O,) that are dual to the orthogonal basis {u’}?’, defined in (2.2.25).
That is,

u'(w!) =8, i,j=1,..,n%, (2.4.2)
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using (2.3.19) the metric gp, has the form

- 4(2Mk)2 k k

k=1

4 Z 4 (g, +1Nl) wkbD) g (kL1)
1<k<l<n 1= pp)(1 = i)

i Z Hk —1/~Ll) o®l2) ® okid2)
1<k<l<n — ) (1 = pf)

+ 0!
_4< h2 ok, 12 " (k1) (k1)
E sin @ w® + E sin (—2 Jw ® w

1<k<I<n

4 Z smh2 - ) kl2)®w(kl2)>

1<k<i<n

Let M, be the matrix of go, under basis {w'}" 1, then the volume form is

= /det(M,,,) /\?:1 w' and vol(Oy) = [, dV gives the volume of orbit Oy.

Notice that det(M, ) only depends on A, and is a constant on O), we can extract

it out and get

vol(0,) = 2" Hsinh ot H Sinh( )smh o / (2.4.4)
Ox j=1

k=1 1<k<i<n
and we will argue that the integral [ or /\;il w' is a constant that does not depend on
A, so we have the following
Theorem 10. For \ € Q, the volume of orbit Oy is given by
! k l

k _
vol(0y) = CHsmha [T sinh( ";U)smh(" 7 (2.4.5)

1<k<l<n

where C,, is a constant that only depends on n.

Proof. We only need to show that the integral foA /\Zi1 w'= [, /\7:21 wifor \, N € Q.
A
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To do this we consider a bijection

¢: 0\ = Oy, for Z= ¢ (QMQ") € Ox, ¢(2) = ¢~ (QM'Q").

i.e. ¢ is the map that preserves the U(n) component of R coordinate.

Since ¢ is a diffeomorphism between O, and Oy, using ¢*(w’ o ¢) € X(T*O,),

the pullback of wi o ¢ : Oy — T*Oy, we can use change of variable formula to get

/ow./\“ ‘/ o0 - (2.4.6)
/O /\¢ (W' 0 9),

A =1

Now we will show that ¢*(w’o¢) = w'. This is the direct result of ¢, (u;) = u;0¢,
to prove which consider Z' = ¢(Z) for Z € O, and an arbitrary function f € C*(Oy),

then we need to prove that ¢.(u;(2))f = wi(Z')f.

Let the matrix-valued derlvatlve deﬁned by df = Tr( dQ), we have

6. 2)f =] 0 0(2) = (5L ) (.(0Q))z)

Q)
wl(2)f =Te((5)2 (w(dQ)z).

where we used the fact that Z and Z’ has the same ) component. As (u;(dQ))z =
(u;(dQ))z from (2.2.29), we proved that ¢.(uw;(2))f = w;(Z")f.

Then by
u;(¢"(w' 0 8)) = ¢ (u;)(w' 0 ) = (u; 0 @)(w' 0 @) = dt, (2.4.7)
we proved that ¢*(w' o @) = w'.
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So the integral is a constant:
/ /\w—/ /\(;5 (Wio¢) = / /\ . (2.4.8)
Oy =1 Ox j—1 =1

]

Take logarithm and using the formula sinh(%f?) sinh(%?) = %;C%h(b), we get

the Boltzmann entropy

S(o) =logvol(O,) = Zlogsmha + Z log | cosh o® — cosha'| 4+ ¢,. (2.4.9)

1<k<iI<n

2.4.2 Metric and gradient flow

We have already computed the Boltzmann entropy function S(o), and to find a
gradient flow we will also need a metric g in the spectrum space Q. The natural

selection is to make the projection 7 : H — Q a Riemannian submersion.

Now as we already have an orthonormal basis of TH and it is clear that
Ker(dn) = Span({Ui}?;) : Ker(dr)* = Span({Lk}Z:1> . (2.4.10)

By definition of a Riemannian submersion, {dn(Ly)}}_; will be an orthonormal

basis in T'Q. Using (12.3.25)) we have

go = Zdakdak, (gQ)_l = ZLk (24 Lk . (2411)
k=1 k=1

Therefore, the gradient of S(o) is just the usual differential grad S(do*) = %.

Comparing SDE (| and the entropy m we conclude that the evolution of

(o, ...,0™) is just the Langevin equation maximizing Boltzmann entropy S.
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2.5 Well-posedness and Non-colliding property

In this section, we prove the existence and uniqueness of strong solution of SDE
(2.1.7), when 8 > 2 and the initial condition satisfies Ay € Q, i.e. 0o = (o), are
all distinct and non-zero. The essential observation is that Boltzmann entropy S(o;)
is a local submartingale and with probability 1 it is bounded below, which avoids
collision of eigenvalues. This strategy is commonly used for the well-posedness of
Dyson Brownian motion in random matrix theory, and our proof adapts arguments

used in 2] [§].

Theorem 11. When 8 > 2, with initial condition oq = (o))", such that S(og) >
—00, there exists a unique strong solution to the SDE (2.1.7), and S(oy) > —oo for

allt > 0 almost surely.

Our overall strategy is to consider an auxiliary SDE with a cut-off of the coef-
ficients in such that well-posedness is guaranteed, and properly define some
stopping times so that the solution to the auxiliary SDE also solves SDE before
they stopped. We then define the solution of SDE to be equal to the solution
of auxiliary SDE before stopping, then we let the stopping times goes to infinity to

obtain a solution almost surely defined for all £ > 0.

The auxiliary SDE is as follows: define N(o) = log(d_;,cosho?), for k >
—S(0q), K > N(0p), let at(k’K) solves the SDE as follows:

AN = (o ®F k. K) (= (coth(aBF) + sSin dt + \/deZ ,
) ( )( ( gcosh cosh( (k. K))j) B t>

(2.5.1)
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where n(o, k, K) = h(_Sk(o))h(N[(g)) and h is a smooth function with

h(z) = . (2.5.2)

Thus, when S(¢) > —k, N(o) < K, the SDE ({2.5.1) and the SDE (12.1.7)) coincides.

Now define two stopping times

Tex =inf{t > 0|S(cPF)) < K}, (2.5.3)

Tpx :=inf{t > O|N (")) > K} (2.5.4)

Notice that when S(o) > —k and N(o) < K, 0%, S(0), 25 are all bounded, where

95 = e—sa(,()i) is bounded because e is smooth in {o € R"|N(s) < K}. We now

have the following two Lemmas for T}, x and 74 k.
Lemma 9. Fort > 0,k > —S(0p), limg 0o P[Tk x < t A T, x| = 0 uniformly in k.
Lemma 10. For K > N(oy),t > 0, limy_,o P{rex < T x ANt] = 0.

Corollary 2. Given t > 0, almost surely there exists k. > —S(0¢), K. > N(0g) such

that t < Tk, g, N Tk, k.-

Proof. For each n € N, there exists K,, such that

P[Tk,Kn <tA Tk,Kn] < 2—n’ (255)

for all k > —S(09) by Lemma [0} There also exists k,, such that

Pl7i, i, <t ATy, k] <277, (2.5.6)

by Lemma |10]
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Since P[t > Tkan N Tkan} < P[Tkn,Kn <tA TknaKn] -+ P[Tkan <tA Tk'naKn]

> Pt > Thy ke, A Thy i) < 00 (2.5.7)

n=1

by the Borel-Cantelli Lemma, with probability 1, {t > T}, x, A Tk, i, foey happens

finitely often. Hence, there exist an integer m such that ¢ < T} . A Tk, K- [
Corollary [2 leads to proof of Theorem [11] directly:

Proof of Theorem [T, For all k > —S(00), K > N(0y), SDE (2.5.1) has a unique

strong solution J§ ) because coefficients of drift and diffusion are all Lipschitz.

For each t > 0, almost surely there exists k,, K, such that t < 7, x, A Tk, k.,

we define o, = U,Ek* K, By uniqueness of solution of SDE , such definition is
well-defined and does not depend on the choice of k,, K., because afk’K) = at(k/’K/)
when ¢ S Tk, K A TkJ( and ¢ < N N Tk’,K"

It is clear that o, is a solution to SDE , and uniqueness follows the unique-
ness of th’K of SDE ([2.5.1)).

The finiteness of S(o;) comes from that ¢ < 74, k., which means S(oy) > —k,. O
The proof of Lemma [J] and Lemma [10] are as follows:

Proof of Lemma[d Consider N** = N(Ufk’K)), using 1t6’s formula, when ¢ < 7 ¢ A

T} Kk, we have

kK sinh ag ’K))i ,
NF AW (2.5.8)
i=1 Zl 1COSh( )

I 1> 1smh2(ask K))
+/ ( B B >, COSh(Us ’K))i)Q)ds.
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As agk’K) is bounded for 0 < s < t A 7, k A T} i, each term on the R.H.S are

integrable. Take expectation of Niar, a7,

K]P)[Tk,K <tA Tk’,K] SE[Nt/\Tk,K/\Tk,K] (259)
t/\TkJ(/\Tk,K
=L ds|
0

t/\Tk,K/\Tk,K
=L ds)
0

3
+

D= =

<N(oo) + (

Do |

=N (o) + (

o3
4

<N(a0) + (

o3
+
=

so limp oo P[T) x < t A T i) = 0 uniformly in k.

O

Proof of Lemma[I( We show that when 3 > 2, Stk t/\Tk ATy ) 15 a submartingale.

We start with the following observation:

AS +|VS|? = c,, (2.5.10)

where A =" | Baigat za -

¢, = M)

is the Laplacian in Euclidean sense, [VS|? = 31" (£2)2, and

When t < 7, x A Ty, using [t0’s formula and SDE (2.1.7)), we have

S0 ) =5(a0) + (1|v5\2 + lAS)ds + Wi (2.5.11)
0o 2 5 80’

ZS(UO)+/Ot(%ﬂé—%)yvsde/ \f&ﬂdwz

When 0 < s < t A 1x A1)k, every integral above are integrable. Using the
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condition 8 > 2, we have

S(00) < E[Sinn, xcnti ] (2.5.12)

Also, Siaramy is bounded above by a constant Cx depending on K, we have

S() < E[St/\Tk,K/\Tk,K] < —]{?]P)[Tkj( <tA Tkz,K] + OK(l — ]P)[Tkj( <tA Tk,K]) , (2513)

which leads to limy_,o P[mx < t AT k] = 0 for given ¢ > 0, K > N(op).
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Chapter 3

Gibbs sampling problem on PSD

matrices

3.0 Abstract

We construct Riemannian Langevin equations (RLE) on the manifold of fixed
rank positive semi-definite matrices, for a suitable smooth energy function under two
classical Riemannian metrics. One metric is associated with the embedded geometry
in Euclidean space, and the other one is Bures-Wasserstein metric. Based on the
interplay of mean curvature and intrinsic Brownian motion in Riemannian immersion
and submersion, we use orthonormal global smooth frames for parallelizable manifolds
to give a simpler construction of Brownian motion, which is different from the classical
Eells-Elworth-Malliavin approach yet more useful for obtaining Ito form of Brownian

motion toward constructing efficient Riemannian Langevin Monte Carlo schemes.
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3.1 Introduction

3.1.1 Problem statement

We consider the stochastic process X; on the manifold of positive semi-definite

(PSD) matrices of fixed rank S defined by
S = {X € R™"|X = X7, X = 0, Rank(X) = p} , (3.1.1)
solving the following Riemannian Langevin equation (RLE)

dX; = —grad £dt + dBY” | (3.1.2)

For a given energy function £ € C?*(S}") and a metric g equipped to S, where
B%” stands for the intrinsic Brownian motion on the Riemannian manifold (S}, g),

and grad is Riemannian gradient, 5 > 0 is inverse temperature.

RLE (3.1.2)) connects to both Gibbs sampling problem and optimization problem
on 8P, The equilibrium distribution of RLE (3.1.2) is Gibbs measure

1

Py = —e ¢ Zg = / e PEdV (3.1.3)
ZB S"»P

+

where dV' = \/det(g)dz is the volume form and we require Z5 < oo. As the metric
appears in the volume form, Gibbs measures associated to the same energy function
€ on 8P equipped with different metrics are different. In the zero temperature limit
b — oo, RLE reduces to gradient descent and p, concentrates to the global

minima of £.

The main contributions of this paper are two simple and explicit forms of RLE
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on S}* under ¢gg induced metric from Euclidean metric, and ggw the Bures-
Wasserstein metric, companioned with convergence analysis based on Bakry—Emery
criteria, that provide new methods doing Gibbs sampling and optimization problem
on the manifold S7”. Also, both RLEs can be extended to general Riemannian man-
ifolds with certain conditions. The most subtle part in RLE is the construction of
intrinsic Brownian motion on Riemannian manifolds which has been well studied in
literature, e.g. [43] [47, 84], 10]. Different from the usual Eells-Elworth-Malliavin con-
struction through horizontal lift to frame bundle, in this paper we assumed stronger
conditions and provide a construction which is simpler and more practicable for nu-
merical applications, see . Further more, for the specific case )7, we are taking
advantage of its structure (as an embedded manifold or a quotient manifold) and
providing even simpler SDEs for Brownian motions on it [12][I3] The key phenomenon
here is the interplay between Brownian motion and (negative) mean curvature flow,
as well as gradient ascent of log volume of group orbit which is called a Boltzmann
entropy in this paper. These connections appear in literature [50} 84] [78] while less

well-known.

In a separate paper [94], our Riemannian Langevin schemes are reported. The
foundation of the Riemannian Langevin schemes in [94] is the Riemannian Langevin

equation, which is the focus of this paper.

The technical tools used in this paper includes stochastic analysis on manifolds
(see [43]) and Riemannian geometry (see [30]). Corresponding definition and nota-
tions are also introduced in section [3.2] as well as main theorems. In section we
discussed the convergence based on classical Bakry—Emery criteria for two metrics

respectively, with concrete computation for curvature tensor of (Sﬁ’p L IE)-
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3.1.2 Two special Riemannian metrics of S}”

S!" as a constrained system is naturally a submanifold of Sym(n) = {X €
R™" X = XT}, the collection of all n x n positive semi-definite matrices. Sym(n)
can be equipped with Euclidean metric g(A, B) = Tr(ABT), where A, B are two
vectors in T'Sym(n) and Tr is the trace of matrices. The induced metric gg, defined
by the restriction of g on T'S}”, gives the natural metric structure on S}” as a

submanifold [91]. i.e.

gex(A,B) = g(A, B) = Tr(AB"), A, BeTxS}". (3.1.4)

This metric gg is also called embedded metric in this paper.

On the other hand, S is naturally (more precisely, is homeomorphic to) a
quotient manifold of R}*?, where R7*? is the collection of full rank n x p matrices.
This can be understood through the decomposition X = YY7 for X € S}?, YV €
R7*P. By the invariance of X under the action Y — Y@, @ € O,, the orthogonal

group, we can see Sy < RI*? /0O,

Equip R™*? with Euclidean metric g(U, V) = Tr(UV7T), g induces a metric on
the quotient R}*?/O, through Riemannian submersion for the natural projection.
This metric pulling back to S”, denoted by ggw, is known as Bures-Wasserstein

metric [70, [69]. The metric gpy is also called quotient metric in this paper.

3.1.3 Riemannian Langevin equation

Riemannian Langevin equation (RLE) on a Riemannian manifold (M, g) is of the

following form:

dX, = —grad £dt + dBY” (3.1.5)
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where X; is a M-valued process, grad is Riemannian gradient, BY P is the intrinsic

Brownian motion on the manifold (M, g) with temperature % SDEs on manifolds
are defined in the weak sense [43], i.e. (3.1.2) defines a process with infinitesimal
generator Lf = —gradE(f) + %Ag f, where A, is the Laplace-Beltrami operator

under metric g.

RLE (3.1.2) is a natural extension of the following Langevin equation in Euclidean

space

2
dz, = —VEdt + \/%th, (3.1.6)

where W, is a R" valued Brownian motion. To extend this equation to Riemannian
manifolds, Euclidean coordinates = is replaced by local coordinates on manifolds,
so the whole SDE should be written in a coordinate free form. The gradient V& is
replaced by Riemannian gradient, and Brownian motion W; should also be replaced by
intrinsic Brownian motion on Riemannian manifolds. For this sake, SDE on manifolds
are written in the coordinate-free Stratonovich form. On the other hand, to be
a martingale on manifolds, Bf’ﬁ should satisfy a Ito6 form SDE, which makes Ito-
Stratonovich correction naturally appear in SDE of Bf”B , e.g. Such correction
term possesses a meaning of mean curvature in the situation where M is a embedded
manifold in its ambient space[12] and gives a drift of entropy gradient in the situation
where M is a quotient manifold [I3] This phenomenon has been studied in depth by

the authors (TY and GM) and their co-authors in literature [71, [72] [48].

The Fokker-Planck equation describing the density p; of X, also extends to Rie-
mannian case naturally. Density p of X on a Riemannian manifolds are defined in

the following sense, for any f € C*(M),

B = [ a0 = [ po)f@faetgie, 617
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where x : M — Q is a coordinate chart and g;; is the matrix of g, dV = /det(g;;)
is the volume form. Because of the dependence of AV on the metric, densities on the

same manifold with different metric may give different value of E[f].

Fokker-Planck equation for p; is

1 1 1
Opr = diV(Bgradpt + prgradf) = ﬁ&-(\/gg”(gﬁjpt + p0;E)) (3.1.8)

and will be discussed in[3.4] Fokker-Planck type equation has been studied extensively
in literature, but the considerations on Riemannian manifolds are limited. e.g. the
equation lies in the situation where coefficients are varying and the elliptic
condition ¢7¢&; > k|¢|* for some constant £ > 0 may not be satisfied, which is

beyond a common assumption in existing literature.

Though the Brownian motion on manifolds can be also constructed by the classical
Eells-Elworthy-Malliavin’s approach ,e.g., [32, [66] 84], 43| T0], our approach gives an

explicit expression, which can be easily implemented for numerical schemes.

3.1.4 Connection to existing works and contributions

PSD fixed rank matrices are related to matrices in many problems such as distance
matrices [8§] and covariance matrices in statistics, and have been used in applications
including kernels in machine learning [73], semidefinite optimization [19], etc. Classi-
cal Riemannian optimization algorithms over S"* under different metrics have been

well studied, e.g., see [911 53] [70), 06] and references therein.

For the two metrics on S*, Embedded geometry gp was studied in [91], BW
metric was mentioned in [53), [70]. There are also other metrics considered on S\,

e.g. see [70, 96].

Studies on Riemannian Langevin algorithms arises in recent years [22] 23| 35| 62],
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and all of them use exponential map to implement Brownian motion. In a separate
paper [94] concerning numerical implementation of RLE introduced in this paper,
we simply used Euler-Murayama discretization to do MCMC. There are also other
Langevin-based Markov Chain Monte Carlo schemes as long as Hamiltonian Monte
Carlo schemes on manifolds studied in literature [38, 20l [74, 05, ©2]. Langevin

dynamics with simulated annealing is also an established approach [65].

Standard Fokker-Planck equation is a well-studied object, see e.g.[15], 33, 14] on
the well-posedness problem. On the convergence of Fokker-Planck type equations,
we refer to [9], Bl R9] discussing several types of Fokker-Planck equation in different

senses.
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3.2 Brownian motion constructed by smooth or-
thonormal frames

The classical Eells-Elworth-Malliavin approach is an intrinsic approach utilizing
only orthonormal frames for the tangent bundle, which is usually difficult to use
for designing numerical schemes. An extrinsic approach using embedding was given
in [43]. In this section, we provide a different yet more explicit intrinsic construc-
tion of Brownian motion, under the assumption of the existence of an orthonormal
global smooth frame, i.e., for parallelizable manifolds, e.g., ST”. The assumption of
Parallelizable manifolds is quite restrictive since most manifolds such as S? are not
parallelizable, see [60]. On the other hand, such an assumption can be relaxed by
considering partition of unity, e.g., the approach in this section can still be used to

get an intrinsic construction of Brownian motion on non-parallelizable manifolds like

S?, see Remark [19]in Section [3.2.2]

3.2.1 Notation

Our notation about Riemannian geometry follows most of those in [30} [I], and
Einstein summation convention is used. All functions and vector fields, differential
forms are assumed to be smooth unless otherwise stated. For a given Riemannian
manifold (M, ¢g) with dimension dimM = d, T, M and T;M denote its tangent
space and cotangent space at x € M, T'M and T* M denote its tangent bundle and
cotangent bundle, X(T'M) and X(7T*M) denote the collection of all smooth vector

fields and 1-form fields on M. For simplicity, X(7'M) is just written as X(M).

Although our main focus in this paper is S}*, results in this section apply to a
more general class of manifolds. To this end, in this section, we will use bold font

for a point X € M or a vector field v € X(M) to emphasize that they may not
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be necessarily related to S{". The directional derivative of function f along vector
field v is denoted by v(f), which is also equal to the contraction of v and 1-form df
(written as v(df) or df(v)).

Given u,v € X(M), V,v denotes the Levi-Civita connection. Notice that V is
also used to denote the covariant differential of a tensor ([30, Definition 5.7]), e.g.,
for f € C®(M), Vf =df € X(T*M), and for w € X(T*M), Vw is defined by
Vuw(u,v) = u(w(v)) —w(Vyw) € X(T*M & T*M) for u,v € X(M).

Let 2 : M — Q C R? be a coordinate chart. The Riemannian gradient operator

grad : C*°(M) — X(M) is defined by

LOf 0
— g il
gradf = g 2 (o),

VfeCO®(M),

where g% defined by ¢“g;; = 4}, is the inverse metric.

The divergence operator div : X(M) — C*°(M) maps a vector field v = v*(;2)

to a function on M:

dive = —i(\/detgvi),

where det g = det(g;;) is the determinant of matrix g;;.

The Riemannian Hessian is defined by Hess f = V(df) = V2f:

2 TR ) dg J
0ztOx7 K 8&:’“)013: ® d’,

Hess f = V2f = (

where Ffj is Christoffel symbol. The Riemannian Hessian tensor is symmetric:

Hess f(u,v) = g(Vygradf,v) = g(Vygradf,u), VYu,v € X(M).
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The Riemannian Hessian satisfies ([I, Prop. 5.5.2]):
Hess f(u,v) = Vf(u,v) = u(vf) — (V) f, Vf € C¥(M),Vu,v € X(M),
which implies

V2f(v,v) =v(vf) — (Vyv)f, Vfe€C®M), Vv e X(M). (3.2.1)

The Laplace-Beltrami operator is defined by
A, f = div (gradf), Ve C®(M).

Given an orthonormal basis {v]}{; C X(M), A, is equal to the trace of V%

d
Ngf =D V2f(vj,v), VfeC®M). (3.2.2)
=1

Following definition of standard Brownian motion on manifolds [84) [43], we define

Definition 11. The Brownian motion with temperature T = % on (M, g), denoted

by BY #is a M-valued random processes with the generator %Ag satisfying

t
1
f(Bf’ﬁ) = f(Bg’ﬁ) +/ BAgf(Bg’ﬂ)ds + some local martingale ,Vf € C*(M).
0

3.2.2 Brownian motion as a solution to SDE

Our first result is a simple way to construct Brownian motion on Riemannian
manifolds using SDE, when an orthonormal basis of X(M) is given. A basis of X(M)
is also called a global smooth frame, and a manifold with a global smooth frame is

called parallelizable [60]. An orthonormal basis of X(M) can be obtained by applying
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Gram-Schmit procedure to a global smooth frame, see [29, Section 7.7].

Lemma 12. For a parallelizable Riemannian manifold (M, g) with dimension d, let
{v;}L, be an orthonormal basis of X(M). Let BY” be a Brownian motion on (M, g)

with temperature T = %, then Bf’ﬁ 1s a solution to the following SDE:

d

dX,; = Z (\/%vl(X )odW/ — 5vmvi(xt)dt), (3.2.3)

i=1

where {W}¢_, are d independent R-valued Wiener processes.

Proof. By Definition we only need to show that the SDE solution X, satisfies

f(X) — f(Xy) = /Ot %Agf(Xs)ds + some martingale, Vf € C*(M).

By [43, Definition 1.2.3], f(X,) satisfies

¢ d
f(X,) = f(Xo) :/ Z(\/gvif(Xs)ode— %Vvivif(Xs)ds)
ig ] . v; S
/ \f (XU, + S0 (00) (X5 — 57001/ (X)0)

L% o
Z V ’Uza’vz S)d$+/ Z\/jvzf(XS)dWsz
0o = VB

= / BAgf(XS)ds + local martingale (3.2.4)
0

where we have used Strantonich-It6 conversion, and ( -

[]

Remark 17. The assumption of the manifold being parallelizable, e.g., existence of
global smooth basis of X(M), does not hold in general. For instance, the only paral-

lelizable spheres are S, S?,S7, see [60]. Thus Lemma [12| only applies to very special
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manifolds.

Remark 18. This result is consistent with the well known fact that Brownian motions
are solutions to SDE in the form dX; = V,(X;) o AW + Vy(X¢)dt, if the Laplace-
Beltrami operator can be written in the form Ay = 13> V24V, see [43]. The result
in Lemma simply means that the Laplace-Beltrami operator can be written in

such a form using orthonormal basis of X(M) on a parallelizable manifold.

Remark 19. The results in Lemma can be extended to more general manifolds,
by using partition of unity. See [30, Theorem 5.6] for existence of differentiable of
partition of unity. Assume {(p;, U;) }icz is a partition of unity of the manifold M and
each U; C M is parallelizable, Lemma (12| can be used to construct %piAg on each
U; C M. For example, the sphere S? is not parallelizable, but we can have a partition
of unity (p1, Uy), (p2, Us) where Uy, Uy are S? with north and south pole removed, then
we can have an orthonormal basis {v;y, }7_, on U; for each j. Define u; ; = VPV U;

and consider the following SDE

2 2
1
= > \/> w; (X ) o AW/ — ﬁvui’jum(Xt)dt), (3.2.5)

=1 j5=1

where {W;” }7 -1 are 2 x 2 of independent R valued Wiener processes. Because p;
vanishes outside of U;, u;; is well defined on the whole S?, so is the SDE (3.2.5).
Following the proof of Lemma [12] the solution to (3.2.5]) is the Brownian motion on
S2.

As explained in Remark above, partition of unity will not essen-
tially affect the key results in following contents. But for simplicity, we

will consider only the parallelizable manifolds.

As Lemmashows that we are able to construct BY” using SDE (8.2.3), formally
we also use dB?” to denote the R.H.S of SDE (3.2.3) in RLE (3.1.2)), where all vector
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fields are evaluated at X, instead of BY” i.e. by RLE (3.1.2)), we actually mean the
following SDE

dX, = —grad&(X dt+z \/7 vi(X,) o dW — vafui(xt)dt) (3.2.6)

where {v;}!, is an orthonormal basis of X(M).

3.2.3 Brownian motion on an embedded submanifold

Let (M, g) with dimension d be a Riemannian submanifold of (M, §) of dimension
d with an isometric inclusion map i : M — M, dimensions d, d, and Levi-Civita
connections V, v respectively. For convenience, we regard X € M the same as its
image i(X) € ﬂ, we regard v € T'x M the same as its image di(v) € Ti(x)Mv. For

an isometric immersion (see [30, 55, 52]), we have
T(X)M =TxM® (Tx./\/l)L

and the Levi-Civita connections satisfy :

Vuv = Vv — (V,0)h, (3.2.7)

where u, v are local smooth vector fields on M and (-)* is the orthogonal projection
o (TM)*. The second fundamental form IT : TM @ TM — (TM)* is defined by
(see |30} 55]):

II(u,v) = (V,v)*, (3.2.8)

which is a bilinear map and does not depend on the derivatives of u, v.

At each X € M, for each g € (T'x M)+, IT is associated to a linear self-adjoint
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map Sy : T'x M — T'x M:

9(Sy(u),v) = g(I (u, v),n) (3.2.9)

for all u,v € T'x M. The trace of S, is well defined for each m and is linear in 1. The
mean curvature vector [30, 52] of M at X is defined as H € (Tx M)+ satisfying

1
G(H,n) = STr Sy, foralln e (Tx M)*. (3.2.10)

With an orthonormal basis {v;}¢; C X(M) locally defined in the neighborhood
of X, we can easily find the trace of S,. By (3.2.8)), (3.2.9) and (3.2.10), the mean

curvature vector has the expression

1 d

H(X) = - ;(mm)i : (3.2.11)

We first state a result connecting Brownian motion with the mean curvature
vector, which was first discussed by Lewis in [90] 61] for submanifolds in Euclidean
space, see also [82] Chapter 5]. The mean curvature vector was also pointed out
by Stroock in [84, Chapter 4] and [85], Section 5] for a general embedded manifold.
In the following theorem, for a parallelizable manifold submanifold, we are able to
give a more explicit characterization of relation between Brownian motion and mean

curvature vector.

Theorem 12. Let (M, g) be an Riemannian submanifold of (M, G), with the isomet-
ric immersion i : M — Mv, dimensions d, d, and Levi-Ciwita connections V, v respec-

tively. Assume M is parallelizable, with an orthonormal basis {v;}¢_, of X(M), then

the Brownian motion B’ on M is the solution to SDE ([3.2.3). Let Z, = i(BY")
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be its image in M, then for any f € Cw(ﬂ), the evolution of f(Zt) s given by

d
1
EZ vl,vldt+ﬁHthdt+ZfZthdW;, (3.2.12)

where S0 V2 (v, v;) is the trace of V2f in the subspace TM C TM.

Remark 20.

d -
—H f(Z,)dt + local martingale, (3.2.13)

df(z,) = lTr!m??fchf + 5

B

Proof. Let f = f oi be the restriction of f on M, then f(Bf’ﬁ) = f(Zt). By
Lemma , the evolution of f(BY”) can be described as

d

F(BY) Z([ (B o dwg—%vmuif(Bgﬁ)dQ, (3.2.14)

=1

and we just need to express them in terms of f and its derivatives in M. By regarding

v; as a vector field also in %(Mv), we have
v.f(Z,) = v, f(BYP). (3.2.15)
The Levi-Civita connections for an isometric immersion gives (3.2.7)) thus

Vo, Ui = Vo, v; — (Vo 0:)" . (3.2.16)

79



Thus we have

df(2,) = df(B?”) (3.2.17)

7 . | a
—v;f(Z;) o dW} — Vvl Zf (Z,)dt Vo, v; ¢)dt
(/2 LVawf (o) + Z 2)

=

o

=1

2 = i leos 1 -
(\/%viﬂzt)dwt + 100 (Z00) + LAHT(Z)at

o

=1

where we have used Strantonich-I1t6 conversion and also (|3 in the last step, similar

to the derivation in ([3.2.4)). O

3.2.4 Brownian motion via Riemannian submersion

A surjective submersion 7 : (M, §) — (M, g) is Riemannian if dr is a lincar
isometry from Ker(dr)t onto Tx M for all X € M. Properties and facts about
Riemannian submersion that we will use can be found in [76]. For each Z € M,

7 HZ) C M is also a Riemannian submanifold of M and it is also called a fiber.

Next, we state the result that the Brownian motions via Riemannian submersion

is also related to the mean curvature of each fiber. This result is first proved in [49].

Theorem 13. Let 7 : (M, §) — (M, g) be a Riemannian submersion. Let H(X)
be the mean curvature normal vector at X of the fiber 7= (m(X)) C M. If M and
M have dimensions d and d, then each fiber has dimension d—d. For any fixed
Z = (X)), assume that h = dr(H (X)) is independent of different X € n=Y(Z), so
that h(Z) is a vector field in X(M). Let BY® be the Brownian motin on (M, g), B”
be the Brownian motin on (M,§) and Z, = w(B%?), then Z, solves the following
SDE

dZ, = _d-dy Z,)dt + dBY” 3.2.18
B
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or equivalently,

412 = 1= npizar+

5 —A,f(Zy)dt + local martingale, Yf € C*(M).

p
(3.2.19)

Proof. For each X € M, Z = m(X)eM, f=forme C"O(//\/lv) is a constant on

771(Z), we have

v, f =0 i=1,2,....d—d, (3.2.20)

Vo, vif = (Vo,0) " f i=1,2,....d—d. (3.2.21)

Let f=fome COO(M), then f(Z,) = f(B?”) and
o 1 -
df(Z,) = df(B%") = EAgf(Bf’ﬁ)dt + local martingale, (3.2.22)
thus we only need to prove the following identity for X € M and Z = m(X):

Aof(X) = A,0(2) — (A~ Dhf(2). (3.2.23)

To this end, consider a smooth curve 74 : [-1,1] — M with 4(0) =

~—r
“><
—
=t

v(t) = 7(3(t)). Let V and V be the vector fields such that 5(t) = V(5(¢)) and
4(t) = V(y(t)). Take derivative of f(~(t)) = f(3(t)) at t = 0, we have

Vf(Z)=V[f(X). (3.2.24)
Take the second order derivative, V/(V f)(Z) = V(V f)(X). With (3.2.1), we have
VvV (Z)+Vf(V,V)(Z)=VyVFX)+ V2V, V)(X). (3.2.25)
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Next, we consider orthononormal vector fields £ = {Vi}c.i: locally defined on M
in a neighborhood U around X, which satisfies that {V;(Y)}<, is an orthonormal
basis of Ty M and E;, = {V;(Y)}L, is an orthonormal basis of Ker(dr)' at Y, for
any Y € U C M. Such an orthonormal basis can be obtained by Gram-Schmit
procedure to smooth vector fields [29, Section 7.7]. Then F, = {Vi}fzd 41 Is an
orthonormal basis of Ker(dw). In other words, E; contains orthonormal horizontal

vector fields and Es contains orthonormal vertical vector fields.

For V € By, V = dn(V) = 0, so the L.H.S is zero. Take summation we have

= 3 (Ve ViX) + TRV VX)), (3.2.26)

VEEQ

For V € E), we have VvV = dr(Vy V), therefore

Y VAV, V)(Z) = Z VAV, V)(X). (3.2.27)
thus,
Agf(Z) = Vy V(X) +25f(X) (3.2.28)

Since f is a constant over 7~(Z), only the part of Vi, V in Ker(m, )" = T(7~(Z))*

makes non-zero contribution, thus

—Hf(X) (3.2.29)
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By assumption on H, Hf(X) = hf(Z), so we are done. O

Remark 21. In the settings above, it is asserted in [78] that —h = grad S, S(Z) =
logvol(7=1(Z)), where grad is with respect to metric g, we conclude that Z; solves

the following RLE

dZ, = grad S(Z,)dt + dB?"” . (3.2.30)
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3.3 Explicit Riemannian Langevin equation on S.”

In the following sections, we provide 2 RLEs in explicit form on the manifold S77

equipped with different metrics.

3.3.1 Embedded metric case

Sym(n) = {X € R™"X = XT} could be equipped with Euclidean metric
g(U, V) = Tr(UV?T) which induces a metric gp on the submanifold S}, defined

by

ge.x (U, V) =Tr(UVT) X e8P UV eTxS” (3.3.1)

We would like an explicit form of SDE (3.1.2)) describing the evolution of the
entries of the matrix {(X;);;}7;—;, which will benefit numerical implementation. For

g, we have the following theorem:

Theorem 14. Let X; = Q:\,QT, A = diag(\y, ..., A\, 0, ...,0), then RLE (3.1.2) takes

the following form

dX, = Px,(—DE(X,))dt + \/%dwt"’p’xt + %H(Xt)dt (3.3.2)

where DE is the gradient of £ under Euclidean metric of Sym(n)

o€ o .. _oE
8X11 0X12 8X1n
o€ 2 . €
0X 9X 0Xon
DE = | X 0Xe 2 (3.3.3)
ee o . _0E
| X1 0Xn2 0Xnn |
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Px, is the projection operator Tx,Sym(n) — Tx,S}7,
A B (n— A
Py, (Q: e ptr) QtT) =@ e

(Bpx(n-)" Cln—pyx(n-p)

(BpX(nfp))T

B

pX (n—p)

O(n—p)x (n—p)

QF

(3.3.4)

X, . . . ) . .
dWP 2 s diffusion term in Tx,SI*, and H(X;) is the mean curvature correction.

AW =@,

H(Xt) =@

AWt SdWT Sed Wy
1 Lp D,p 1 p,p+1
7§th th TEth
1 1,p+1 1 p,p+1
1 1n 1 Jx0)
i 7§th AR TEth O
Opo OpX(n—p)
o Qf
_O(n—p)xp i=1 A_i[nfp
p(p+1)

1 1,n_

1 p’n
7§th
0

(3.3.5)

where {W;” 11<i<pivi<j<n are np + 5= independent standard Brownian motions in

R.

Proof of theorem[1J]. (S}, gr) is an embedded submanifold of (Sym(n), Tr(dXdX™)),

so corollary (12| applies. As a Euclidean space, the covariant derivative V=Dis just

the usual derivative with respect to X. For the evolution of coordinate X;, notice

that each function X;; have vanishing Hessian 62){@ = D2X;; = 0, so we only need

to construct an orthonormal basis of TSi’p and evaluate the mean curvature H of

SYP. For RLE (3.1.2), The drift term grad £ is just give by the projection of DE to

TS,

The tangent space TS* has been well studied in literature, see [96] for reference.
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Here we just introduce an orthonormal basis of (T'S"”). For X € S”, consider its
diagonalization X = QAQ”, Q € O,, A = diag(\y, ..., 2, 0,...,0), Ay > Ag > -+ >
Ap > 0. We define the desired vector fields v; by giving the directional derivatives
v;(X)

vi(X) = Qeie; QT 1<i<p

eiel +ejel
v;(X) = Q—— LT 1<i<pi+1<ji<n (3.3.6)

V2

where e; is the i¢-th unit column vector.

Equivalently, we could define these vector fields using their action on ) and A:

vi(A) = eie] , v;(Q) =0 1<i<n
—eie] + eje]

¢ V2(h = )

—eel 4+ ejel
vi(A) =0, v4(Q) =Q—L=—

V2

1<i<pi+l1<j<p

1<i<pp+1<j<n  (3.37)

Let Z={1,..,p} U{(ij)|1 <i<p,i+1<j<n}, weuse {vr}er to denote this

orthonormal basis.

To compute the mean curvature, we should compute (D,,v;)* for each I € Z,

where the normal space NS} is known to be

Opxp Opx (n—p)

NoagrSy? = {Q Q"|Y € Sym(n —p)} (3.3.8)

Om—p)xp  Y(n—p)x(n-p)
Still benefited from the vanishing Hessian of coordinate X, we have

’U[(’U[(X)) = D2X(’U[,'U]) + DUI’U[(X) = DUI’U[(X) (339)
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SO

Do, v1(X) =v;(v,(X)) = v;(v,(QAQT)) = v, (Q(v;(A) + [wr, A)QT)
=Q(v(vi(N)) + [vr(wr), A] + [wr, v (A)] + [wr, [wr, A]NQT

=Qlwr, [wr, AJJQT (3.3.10)

where wr = Q7 'v;(Q).

From some computation, we find

(Dy,v:)" =0 i=1,..,n
(,Dvijvij)L:O 1<4,7<p
T
€€
(Do, viy)" = Q=Q" 1<i<pp+1<j<n (3.3.11)
and mean curvature
p
1 0 s (.
QAQT — Z )\_ PP px(n—p) QT (3.3.12)
i=1 Otn—p)xp  L(n—p)x(n—p)

Now we can write down the evolution of X; when X; solves RLE (3.1.2)), with

each term explicitly known to us:

1
dX; = — Px,(DE(X,))dt + BH(Xt )dt + Z \/710[ X,)dw}! (3.3.13)

IeT

87



3.3.2 Bures-Wasserstein metric case

The manifold ST can also be viewed as a quotient manifold R?*?/0O,,, for which
the noncompact Stiefel manifold R}*? is called the total space. Denote the natural

projection as

7 RYP = R0,

For any Y € R?*P, the equivalence class containing Y is

Y] =7 (7(Y)) ={YO|O € O},

which is an embedded submanifold of R}*P([I, Prop. 3.4.4]). The tangent space of
Y] at Y is therefore a subspace of TyR}*P called the wvertical space at Y, and is

denoted by Vy = {YQ|QT = —Q,Q € RP*?}, see [96].

Define
m:RPP — SP
Y —»YYT
Then 7 is invariant under the equivalence relation and induces a bijection v on
R?*?/O,, such that m = v o 7. For any function £(X) defined on S"”, there is a
function F defined on R™*? that induces &: for any X = YY7T € SUP F(Y) :=
Eon(Y)=E(YYT). This is summarized in the diagram below:

nxp
R}

In particular, 8" is diffeomorphic to R?*?/O, under 7, see [96]. For any Y € R*P,
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the flat metric for the total space R}*?,

g(U; V) = TI"(UTV)7VU’ V e TY]RZXP — R"XP

induces a metric on the quotient manifold R?*?/0O, through Riemannian submersion,

which is called Bures-Wasserstein metric, see [70)], 69, 96].

The explicit expression of gpy on S}* is as follows:

gew (U, V) = Tr(w™) VYU,V € Tx ST, u,v € TyRM™P

st.dn(u) = U,dr(v) = V,u,v € Ker(dm)* (3.3.14)

where X has decomposition X = YY7 dr(u) = Yu? +uY7 is the differential of T,
and u € Ker(dn)t & YTu = «’Y. The conditions on u,v are equivalent to that

u, v are the horizontal lift of U,V respectively. Details will be discussed in proof of

theorem [15

For gpw, we have the following theorem describing a R”*P-valued process Y;, such

that X; = Y;Y," gives the solution to SDE (3.1.2)) in (S}, gsw).

Theorem 15. Let Y; = (Y;;) solves the following SDE in R}*?

oY 2 ”
dYi; = — 8a;,)dt+ \fgdwgf 1<i<n1<j<p (3.3.15)

where ®(Y') = S(YYT)+%S(Y) is the enerqy function with a correction term, S(Y') =
52y i log(of + 02), {oi}i_, are p singular values of Y.

Then X, = YY" solves SDE (3.1.2) in (S}, gpw).

Lemma 13. The gradient of the correction term S at the point Y = QX PT is given
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2#10%0710? 0 0
0 Zj;ézogUTer; 0
gradS(Y) = @ 0 R PT
0 0
0 X 0

Proof. The differential of S is given by

1<~ < 20;do; + 20;do;
dS 252 Z J J

2 2
0? + 04
i=1 j=i+1 i T

(3.3.16)

(3.3.17)

Therefore, the derivative (also the gradient) of S in represented by matrix is given

by
Z#IU%UT;JZ 0 0
0 2#2# 0
gradS(Y) = @ 0 R pT
0 0
0 X 0
for Y = QuPT
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Remark 22. For gg and ggw, the volume form dV are different, so for any test function

f e C®(8}7), the expectation of f with respect to p, may not be the same.

Proof of theorem[15. We first prove the expression of Bures-Wasserstein metric through
Riemannian submersion. Recall that Riemannian submersion requires that dmy :
Ker(dry )t = Tr)SY? gives an isometry for each Y € R?*P, so understanding of

Ker(dm)* is essential.

Since 7(Y) = YY7T dry (u) = Yul +uY?, Ker(dry) = {v € RVP|Yol +0YT =
0}. Ker(dr)* is therefore defined by

Ker' (dry) = {u € R™?|Tr(uwv”) =0, Yo" + YY" =0} (3.3.19)

For each u € Ker*(dny), take v = Y(YTu — u”Y) € Ker(dny), we have

1 1
Tr(uv™) :§Tr(uvT +oul) = —§Tr((YTu —u"Y)(YTu—d"Y)") =0 (3.3.20)

SO
Ker(dry) = {u e R”?|YTu=u"Y} (3.3.21)
The proof of theorem [15]is the direct application of [I3] When Y; is a Brownian
motion on R"*?, X; = 7(Y;) solves RLE on (S}”, gpw) with & = —%S. We also

need the fact that, for any € € C°(M), where 7 : (M, §) — (M, g) is a Riemannian
submersion, dr(grad £) = grad &, i.e. there is no different between taking gradient of

a function on M or M )

Thus, if ¥; solves RLE of & = £ + 13, 7(Y;) solves RLE on (ST*, gpw) of energy

1
B
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&. The fact that we can just add the Brownian motion term and gradient flow term
to get a RLE should be understood in the generator sense, i.e. the generator of RLE

is the sum of generators of a Brownian motion and a gradient flow.

What is left now is to check the condition for mean curvature H, and compute
the function S(X). In the rest of the proof, we are not using the assertion of [7§]
that S(X) = logvol(7~!(X)) but analyzing H from its definition. To do this we
will construct an orthonormal basis {w;}rez U {vs}ser € X(TR}*P), such that
Span({v;}secs) = Ker(dr) and Span({w;}rez) = Ker(dr)t. By dimension counting

we have | 7| = dim O, = @7 IZ| = np — p(pz—l)_

For Y € R™ P its singular value decomposition Y = QX PT always exists, where
Q€ 0,,P e 0, and ¥ = diag(oy,...,0,,0,...,0), 0y > --- > 0, > 0. Define the
following vector fields {w;; }1<i<piti<j<n, {Si}i—; and {vi;}1<i<j<p, and we use their

action on Y matrix to describe them, i.e.

Usj -= U5

(V) = Q(——eie? + —2 e e)PT 1<
,/Uf—i-a]z ,/03—1—0]2-

Uij =y

JY) = Q2 — ——L ;T PT
NG \/ o7 03

where e; is n X 1, -th standard unit vector, and ¢; is p x 1, i-th standard unit vector.

By checking that this basis is orthonormal and that v;;(YY7T) = v,;(Y)Y7T +
Y’UZ']‘(YT) = 0, we can see that {w[}jez = {uij}lgi§p7i+1§j§nU{Si}le and {'UJ}JGJ -

{vij }1<i<j<p are the desired vector fields.

Now we need to compute the mean curvature H(Y) of Oy = 7 '(n(Y)) and
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check that dr(H (Y')) depends only on 7(Y"). By definition,

H(Y) =Y (Dy,v,)*(Y) (3.3.23)
JeJ

where ()1 is the component in NOy = (TOy)*.

What remains is to compute D,,,v;, by either Koszul’s formula or direct com-
puting derivative, and we will use the latter. As all Christoffel symbols vanishes in
Euclidean space under entry-wise basis, the matrix D, ,v;(Y) = v (v;(Y)). There-

fore the action of v; on @, Y, PT of the SVD of YV is needed. In fact, we have

1
’UZ‘]'(Q) = 0, ’Uij(Z) = O, ’Uij(PT) = —(51‘5? — 53‘5?)PT 1 S 7 <] S p
01-2 + 0J2-
(3.3.24)
SO
(Do vij)(Y) = vi(v35(Y)) =v5(Q (3.3.25)
\/U + 0 \/O
%7 Jﬁ i
1 T T\ pT
(Eﬁj —¢€;6; )P
g; O'j

= Q(oiee; + O'Jejé?])PT =

84
2 2 3 2 2
Ui+aj Ui+aj O'i‘i‘O'j

an important observation here is that s; is the gradient of the function o;(Y), i.e.

s; = D(o;), therefore by chain rule

1
Dy, vij = =D(5 log (o} + 7)) (3.3.26)



As 0, is a function defined on 8", for X =YY Y = QXP?, define S(Y) =

S(X) = E1§i<j§p % 10g(Ui2 + sz), we have

H=-DS, h=dr(H)=—grad,, S (3.3.27)
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3.4 Convergence analysis of RLE

3.4.1 Convergence to Gibbs

We first provide some Riemannian version of standard results on Langevin equa-
tion (3.1.2)): the Fokker-Planck equation which describes the evolution of law p; of

X, and the convergence of p; to Gibbs distribution.

Proposition 2. Let p; be the law of Xy, where X, solves RLE (3.1.2), then the

evolution of p; satisfies the following Fokker-Planck equation

1

ﬁaz-wag”(%ajpt 1 p0E)  (341)

1
Orpy = div(g gradp; + p; grad€) =

where g" is the inverse of metric g;; and g = det(g;;).

The convergence of Fokker-Planck type equation has been studied extensively in
literature [68], 3, 89], and a general convergence result based on entropy dissipation is

the following:

Proposition 3. Suppose the energy function £ satisfies that
Zg ::/ e PEdV < o0 (3.4.2)
M

S0 Py = Ziﬁe_ﬁg defines a probability measure on M.

Take any function ¢ € C*(Ry) such that ¢(-) > ¢(1) = 0,¢"(-) > 0, then
F(p) = fM gb(p%)p*dv, where AV = /gdxy ---dx, is the volume form, defines a
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Lyapunov functional for (3.4.1)), and we have that

d 1/ Pty 1. Pt
GFe0 =5 | o ivipmaa
1 wy P P 2
=—— [ po"(—)|grad —|:dV < 0 3.4.3
B Jm (p*)| Px ’g ( )

where |grad f|2 = g”0;f0; f is the norm of grad f.
Thus, the convergence lim; o, F(p;) = 0 is assured.

The candidates of ¢ includes a wide class of functions with ¢(h) = hlogh—h+1
and @¢(h) = (h—1)? being two extremals [68]. For the first choice ¢(h) = hlogh—h+1

we get the convergence of KL-divergence

lim Dgr(pe||ps) =0 (3.4.4)
t—00

so the total variation distance d(py, p«) also converges to 0 by Pinsker’s inequality

6(P,Q) < 1/3DkL(P, Q). For the other choice ¢(h) = (h —1)* we get the L? conver-

gence of \;_ZT t0 \/Ps-

. Pt N2 T Pt 2 _
tli{g) M(P* 1) p*detliglo /vt( > Vps) dV =0 (3.4.5)

3.4.2 Rate convergence: review of general results

Now as the convergence is guaranteed, we are more concerned about rate conver-
gence. A detailed analysis on the condition for rate convergence is beyond the scope of
this paper. In this section we just review some classical results on the convergence of
Fokker-Planck type equations and provide some simple modification on Riemannian

manifolds.

It is well known that the following logarithmic Sobolev inequality implies dissi-
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pation of KL-divergence (¢(h) = hlogh — h + 1) in a exponential rate

/ 1 log f2du — / F2dp(log / F2dp) < / jgradf2du, (3.4.6)

where du = p,dV is a probability measure on M, f € C>*°(M), XA > 0 is a constant.
Then take f = | /[’j—i we have

2 0 g d
DKL(pth*)_X/ p*lgradw/p—tlﬁdv — oy g e (edlps) (3.4.7)

22

which leads to Dy (p|[ps) < Ce™ 5"

On a Riemannian manifold it is well known that the logarithmic Sobolev inequal-

ity is implied by the Bakry-Emery criteria [9], which can be stated as in [68]:

Theorem 16. Let ¢ € be a probability measure on a Riemannian manifold M,
Hess& + Ric > \g, where g is the metric, Hess is the Riemannian Hessian, and
Ric is the Ricci curvature tensor on the manifold. Then, =€ satisfies a logarithmic

Sobolev inequality with constant X.

In the literature, Ric,, = Ric+Hess € is also called the Bakry—Emery—Ricci tensor,
and a triple (M, g, &) is often called Bakry-Emery manifold, where the measure on
M is e=8)av.

For the Gibbs distribution e=#¢, the Bakry—Emery—Ricci tensor should be refined

accordingly. The following calculation was given in [62]:

Lemma 14. For the Gibbs measure e %, the second order carré du champ operator
18

1
—5 Ricy(gradf, grad f) + — Hess & (grad f, gradf).

Lo(f, f) = %!Hessf!f, + ;

8
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Thus the Bakry-Emery-Ricci tensor should be written as [62]:
. 1.
Riceo = =Ric + Hess €.
B
And Bakry—Emery’s curvature dimension condition is
1
BRic(h, h) + HessE(h, h) > pg(h,h), Vh e TxS)”,

where ¢ is the metric, and p > 0 can be a function.

If p > A > 0 for a constant A\, then we obtain logarithmic Sobolev inequality with
contant A\, which further implies the exponential convergence to equilibrium with

speed .

In general, to obtain a sharp estimate of lower bound of p, it is quite difficult. For
instance, even the Riemannian Hessian is nontrival to estimate [06] for an arbitary

energy function £.

Remark 23. Hopf-Rinow theorem states that the geodesic completeness is equivalent
to the metric space completeness for a connected smooth Riemannian manifold. So M
is not complete thus not compact, e.g., a sequence of rank-2 matrices can converge
to a rank-1 matrix. Many results, especially those from differential geometry and
Riemannian geometry, are often for a compact manifold. If needed, we may consider
a compact modification of S7*. For example, let M = {X € R""|X = X7 X »
0,rank(X) = p} and we can also consider a compact version of it M. = {X €
R™™MX = XT X = 0,rank(X) =p, 0< A < Apg <--- < Ay < 1} where e > 0
is a very small number. It looks possible to modify and extend the results in this
paper to such a compact manifold. But for convenience, we only discuss the original

manifold 8" without considering any compactness.
The Bakry-Emery criteria for S}P under two metrics will be discussed in the
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following sections. Below we discuss some cases beyond Bakry—Emery condition.

1. The standard Holley-Stroock perturbation Lemma [42] applies in our case. A

simple proof can be found in [59, Lemma 1.2], with a probability measure on

R" replaced by a probability measure on M.

Lemma 15. If a probability measure dm = e P¢dV € P(M) satisfies a loga-

rithmic Sobolev inequality with X,

/lengQdm /fzdmlog/ f2dm) < /\gradf| dm  (3.4.8)

then for another probability measure dm’ = e PE+e) with e € L®(M), it sal-

isfies a logarithmic Sobolev inequality with \e 2P °%¢

inf \qe.

, where osce = sup e —

2. In [89, Theorem 3], a polynomial decay of the form Dy (pi||ps) < < for any

k > 0 is built with growth conditions on the energy function £. The key

construction is a bound H (f|p.) < CI(f|p«)'°M(f)°, where s > 0 is arbitrary,

0 > 0 depends on s

\V4 V*
H(f|p*)=/flog£, 1(f1p.) /f| A

5= / F@)(1+ o) Ede, (3.4.9)

and a slow growth condition on M(p;)

Mi(pr) < My(po) + Cist (3.4.10)

This theorem is for Euclidean case only, but a Riemannian version is also ex-

pected.

99



3. The Fokker-Planck equation (3.4.1)) (5 = 1)can be revised to

with D = (¢g“) being the inverse metric under a coordinate chart z : M — €,
and py = \/gp, £ = E—log \/g. In [3| section 2|, the exponential L? convergence
of f—;j to /p. for the equation above was studied and the condition is the

spectrum gap of a Hamiltonian H

A AV
H(f,f)—/ﬂv(\/p_*) DY

)psdx (3.4.12)

As /p. is apparently the ground state with energy 0, if the spectrum o(#H) of
H has a positive spectrum gap, i.e. the positive part of spectrum o(H) has a
positive distance Ag to 0, then we have exponential decay of H\;’—I% — VPsll2)

with rate e ?ot,

3.4.3 Bakry-Emery-Ricci tensor for the embedded geometry

In this section, we will see that the Ricci tensor of (S, gg) is indefinite in the
region where some of the eigenvalues are much smaller than others, which in fact

breaks the Bakry—Emery’s condition.

In the evaluation of Rice, for embedded manifold S, the second fundamental

form IT plays a central role and explanations are as follows.

Using flatness of the ambient space Sym(n), Riemannian curvature tensor could be
expressed by Gauss-Codazzi equation using only second fundamental form, so Ricci
curvature tensor is known. Also, the Riemannian Hessian of any energy function
£ € C>(S}") which is the restriction of a function & € C°(Sym) defined in the

ambient space, can be expressed in terms of second fundamental form II along with
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Hessian and gradient of £. As follows are the two Lemmas:

Lemma 16. [Gauss-Codazzi Equation] Let (M, g) be a embedded manifold of (M, §),
ie. M C M and g(v,v) = g(v,v) for allv € X(M). Let R, R be the Riemannian
curvature tensor of M and M respectively, I : X(M) @ X(M) — X(M)* be the
second fundamental form of M, then for XY, Z, W € X(M)

(RIX,YV)Z,W) = (R(X,Y)Z,W) — (IL(X, W), IL(Y, Z)) + (II(X, Z), I (Y, W)) ,
(3.4.13)

where (-,+) = g(+,-).

Lemma 17. Let (M,g) be a embedded manifold of (M, ), with a function f €

—

C*° (M) whose restriction on M is denoted by f. For v € X(M), the Riemannian

Hessian Hess f(v,v) and Hess f(v,v) satisfies
Hess f(v,v) = Hess f(v,v) + (I(v,v), grad f) . (3.4.14)

Proof. Let v : [—1,1] — M be a smooth curve such that 4(¢f) = v(y(¢)) holds for
t € (—¢, €) with some € > 0. Denoted by 7 : [—1,1] = M, 5(t) = 7(t) the same curve
in the ambient space, then f(v(t)) = f(3(t)). Taking second order derivative on both

sides we get

F(y(®) =((v, grad f)) = (V,v, grad f) + Hess f(v,v) (3.4.15)

= F(3(t)) =((v, grad ) = (V,v, grad f) + Hess f(v,v). (3.4.16)

As II(v,v) = (Vo) = Vv — Vo, and for any u € X(M), (u,grad f) =
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(u,grad f), we have

(ﬁvv, grad f} =(Vyv + II (v, v), grad f}

=(V,v,grad f) + (IT(v,v), grad f) . (3.4.17)

O

Corollary 3. If gr~adf~ = grad f, then Hess f is just the restriction of Hess f In
particular, for f = 1|X|3 = Y0, A2 € C®(S}7), we have Hess f = gp. (i.e.

i=1""
Hess f(v,v) = gg(v,v)).

Remark 24. [06, Proposition 3.7] has given the expression of Riemannian Hessian

Hess f for the embedded geometry:
Hess f(X)[éx] = PR (V2 F(X)[Ex]) + P (VA(X)(XTER)" + (5 X' VF(X)).

In particular, for f(X) = % | X H?,, by plugging f in the expression one can verify that

Hess f(X) is indeed the identity mapping.

Corollary 4. At X € 8TF, with X = QAQT. For any vector field v € X(TS}?), the

second fundamental form is given by
II x(v,v) = Px(Qw, [w, A]]Q"), (3.4.18)

where w = Q7w (dQ) is an anti-symmetric matriz represents the Q-component of v,

[A, B] = AB — BA is the matriz commutator, and Py 1is the projection operator to
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(TxS™P)*, given by

Apxp B x(n—p)
Px(Q o i
(Bpx(n-p)"  Cln-p)x(n—p) (Opx(n-p))"  Cln-pyx(n-p)

(3.4.19)

Proof. For any constant matrix n € (Tx,S}7), Xo = QoAoQ}, we prove that

(ITx,(v,v),m) = (Qolwo, [wo, Ao]]QG, 1) - (3.4.20)

To do this, consider an auxiliary function f,(X) = Tr(Xn) = (X, 1) € C*>(Sym(n)).
Under Euclidean metric §, the Hessian of f vanishes, but the restiction f of f may

has non-vanishing Hessian.

Let v(t), ¥(t) be the same as in the proof of Lemma|l7, with 7(0) = X,. Consider

the secondary derivative of f(5(t))

(A1) = (v, grad f)) = (Vyv, grad f) + Hess f(v, v). (3.4.21)

Notice that grad f =7, and Hess f = 0. When t =0, n € (T SyP)*, so we find

F(3(0)) = (Vov,n) = (I x,(v,0),7) . (3.4.22)

On the other hand, consider the secondary derivative of f((¢)) = Tr(Q(t)A(H)QT (t)n),

with convention w(t) = Q' (t)Q(t), we have

F8) =(Tr(QUA + [w, ADQTn) ) = Te(Q(R + [, A] + 2[w, A] + [, [, A])Q") .
(3.4.23)
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Take t = 0, all terms in the parentheses except Qlw, [w, A]]QT vanish as they are

in T, S while n € (Tx,ST")*, thus

(Qolewo, [wo, AaJQF, 1) = F(1(0)) = F(5(0)) = (I x, (v, v), 1) (3.4.24)

Now we are able to compute Ricci tensor Ric for (877, gg).

Theorem 17 (Ricci tensor for S7). Under the orthonormal basis {v;}iez, the Ricci

tensor Ric of (8%, gg) is given by

Ric(v,v) Zrl Z (3.4.25)

n— p+l)
7

; — \P 0 P n T Ly
for an arbitrary vector v =3 7, c;vi+ 3 1) D iy Cijvig, where rp = 5-(h— "5

h = Zzlz\

Proof. We first provide the second fundamental form in explicit form. Using [, we

can compute and get

0 0 (i
Oi(w,o)=Q| 7 pr(l 7 e (3.4.26)
O(n—p)xp i=1 X, CiCi

P

— b n 9. i i An . .
wherev =) 7 v+ 0, Zj:i—H ¢;jv;; for arbitrary coeflicient {¢; }7_;U{ci; h<i<p.i<j<n,

and ¢; = Z?:pﬂ ci;e; € R"7P is a vector defined for 1 <7 < p.

Through parallelogram formula, we get

Opx 0 X (n—p)
Oy(v,o)=qQ| 77 ) pl C‘CLC{CT T (3.4.27)
O(n—p)xp i=1 ,\7%
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By Gauss-Codazzi equation [16] we get the Riemann curvature tensor

R(v',v,v,v") =(IT x(v,v), I x(v',v")) — (I x(v,v"), II x(v,v"))

| "1 e + !
_Tr Z )\ /C/ ZA_,LC’L )) Tl" ((; )\—’LT)Q)

(3.4.28)
Taking trace with respect to v’, we get Ricci tensor as
P n
Ric(v,v) =Trace, R(v',v,v,v') = Z Z R(vij,v,v,v))
k=1 j=p+1
P P n 1
T T T
=hTr (Z )\_icici ) — Z Z Tr (2)\% crel (epell + el . e,
i=1 k=1 j=p+1
p n P n
_Zh x = ( Z C?j) - Z Z \2 (ci] +lexl?)
i=1 voj=p+1 k=1 j=p+1
p n
1 n—p+1
=Y =Y @) (3.4.29)
i=1 " v j=p+1
O

Remark 25. In fact, by taking the trace of Ric we can see that Ric is never positive

definite when p < ”—H as
n-— p + 1 u 1 n—p+1 1
Trie=3 3 =T (3 - R S )
i=1 j=p+1 Z i=1 " i=1 "
(3.4.30)
3p—n—1 "1
<n—p)——F— Z 3 (3.4.31)

Corollary 5. The Bakry-Emery-Ricci tensor Rics, for (ST7, gp, HIX|[%) is as fol-
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lows:

n

MWWFEN+1MJZ€$xZﬁW-ZC; (3.4.32)

; BA; . e
=1 Jj=p+1 1<i<j<p

with the smallest eigen value achieved at every vector in Spaun{'vkj}’]?:pJr1

1 n—p+1

n—p-—1
h & -
ﬁ)\k( 2k

2072

) > 1 (3.4.33)

700, min =1+

where k = argmingeg o p}%(h — ”;—’;\J_rl), and M\, is the smallest eigenvalue of X.

3.4.4 Bakry—Emery—Ricci tensor for the Bures-Wasserstein

metric

In this section we consider the Bakry—Emery—Ricci tensor of the Bakry—Emery
manifold (R?*?/O,, gsw, h) where h is the energy function on R?*?/O,, : h(m(Y)) =
E(YYT). By O'Neill’s formula [30] and flatness of R?*?, the manifold (S, gpw) has
nonnegative sectional curvature, therefore nonnegative Ricci tensor, which results in

the following proposition.

Proposition 4. For the Bakry-Emery manifold (R2*?/O,, gpw, h), the Bakry-Emery-

Ricci tensor satisfies the following inequality: for any &xvy € TryRY*P /O,

Ricoo (&), &er) 2 (VEEVYT)YEy + & YT YEy + & Y7 ) 40w (2VEVYT)Ey &),
(3.4.34)

Proof. Recall that the Bakry—Emery Ricci tensor is defined as

1
Ricy, = ERiC + Hess,
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and recall that Ric is nonnegative as mentioned above, we have

Ric,, > Hess.

By [96], we have

g (Hess h((V)[exn): Gxr)) = (VEXY Ve +6YT).YE +617)

+9sw(2VE(YYT)Ey, & ). (3.4.35)

Hence we completes the proof. O

Corollary 6. If in particular, £(X) = %||X||é, then (3.4.34)) satisfies the following

Bakry-Emery’s curvature dimension condition.

Ricoo(@r(Y)v §7r(Y)) > 20—prW(£7r(Y)7 §7r(Y)), \V/&r(y) S Tw(y)R:}Xp/Op, (3436)

where o, > 0 is the smallest positive singular value of Y.

Proof. Since £(X) =1 | X%, we have

Ric (e brr)) > (VEOYDYVE +EYTLYE +EYT) + 0o QVEVYTVEE)
_ _ 2 _
= Hyfi +5YYTHF + HYTfYHiﬂ

T |
> v e

o 2
Then it follows from [96, Lemma 7.1] that HY&:C + fYYTH > 20,98w (§x(v): & (v))-
F
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3.4.5 Numerical illustration

The mathematical theory of convergence speed of SDE to its equilibrium has
been well studied, as is reviewed in [cite analysis paper]. One particular application
of the two Riemannian Langevin schemes is to use them to numerically study the
SDE solutions, e.g., by taking very small time steps, a Riemannian Langevin scheme
approximates the Riemannian Langevin equation on the manifold. We have shown
comparison of the Langevin equation on (S}”, gg), (ST, gpw), R™*" in Figure [3.4.1]
in which we can see interesting differences between two metrics. With all three figures
in Figure[3.4.1] we can see that the SDE on (81", ggw) has a much faster convergence

to its Gibbs measure than the SDE on (817, gg).
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——Langevin Monte Carlo on Euclidean space of square matrices
—Riemannian Langevin Monte Carlo on the manifold with metric gg
Riemannian Langevin Monte Carlo on the manifold with metric gpy |
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(a) Convergence of SDEs to the equilibrium.
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(b) The true CDF of D = ||X||z on

(S}, 9g). This implies the blue curve
in Figure (a) has not reached equilib-

rium at Time=1.

t

(c) The true CDF of D = | X||z on
(81", g9Bw), and empirical CDF of 5E6
samples from the Scheme BW after
Time=5.

Figure 3.4.1: For S}” with n = 5,p = 3, the dimension is N = 12, and R™*" has
dimension 25. The Gibbs measure is e=*® with 8 = 0.4 and & = 1| X||%. The
time step size is le — 4. The initial guess is a random PSD matrix of rank-3 with
eigenvalues = [1000,1000,1000].
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Chapter 4

Numerical schemes for Gibbs

sampling problem

4.0 Abstract

This paper introduces two explicit schemes to sample matrices from Gibbs distri-
butions on 877, the manifold of real positive semi-definite (PSD) matrices of size nxn
and rank p. Given an energy function £ : 87” — R and certain Riemannian metrics
g on S, these schemes rely on an Euler-Maruyama discretization of the Rieman-
nian Langevin equation (RLE) with Brownian motion on the manifold. We present
numerical schemes for RLE under two fundamental metrics on S"”: (a) the metric
obtained from the embedding of S}"* C R™*"; and (b) the Bures-Wasserstein metric
corresponding to quotient geometry. We also provide examples of energy functions

with explicit Gibbs distributions that allow numerical validation of these schemes.
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4.1 Introduction

4.1.1 Problem statement

Consider the space of real, symmetric positive semi-definite matrices with size

n x n and rank p, denoted by
S ={X e R""X = X", X = 0,rank(X) = p}. (4.1.1)

Given an energy € : S}” — R and a parameter 8 > 0 referred to as the inverse

temperature, our goal is to sample efficiently from the Gibbs distribution

1 :
ps(X) = Z—Be*%(X)pmf(X), Zg = /S e PEXD e (XY dX. (4.1.2)

+

Gibbs measures must be defined with respect to a base measure. In this work, we
equip the space S}* with a Riemannian metric g and choose pyer(X)dX = (/det g(X)dX
to be the canonical volume form associated to the metric g. This volume form is ex-

pressed in coordinates for the metrics studied in this paper in Section [4.4]

This sampling problem is related to the optimization problem minyegr» & (X)
since in the limit f — oo the Gibbs distribution concentrates at the global minima
of £(X). Minimization problems over the space S|* arise in many areas, especially
semidefinite programming and machine learning, and have been studied extensively.
Gibbs distributions originate in statistical physics, while the sampling problem may
also be seen as a stochastic variant of the optimization problem. For these reasons,

the sampling problem has a broad range of applications; see Section below.

The main contribution of this paper are efficient sampling schemes for pg based on

Langevin dynamics. Our approach builds on the geometric theory of optimization; in
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particular, we extend Riemannian optimization on 7% [91], 06] to Gibbs sampling as
follows. In [01] it was recognized that two commonly used gradient descent schemes
over §}* are time discretizations of Riemannian gradient flows, where 87 is equipped
with the two natural Riemannian metrics listed below. We combine this observation
with the theory of Brownian motion on Riemannian manifolds to obtain Riemannian

Langevin equations and explicit sampling schemes.

The reader unfamiliar with these concepts should note that while the abstract the-
ory serves to guide our work, the schemes presented in this paper may be implemented
without requiring a complete understanding of the underlying theory. Further, while
this paper is focused on the two numerical schemes below, the underlying frame-
work can be used to extend other Riemannian gradient descent schemes to sampling
schemes for the Gibbs measure. The new phenomenon that arises is the interplay
between Brownian motion and curvature in the Riemannian Langevin equation. This
interplay has been studied in depth by two of the authors (TY and GM) and their

co-workers in recent papers for geometries used in optimization and physics [48] [71].

4.1.2 Two Riemannian metrics on S}"”

Given X € S}?, let X = YYT be a low-rank decomposition where Y € R"*?.
We use two fundamental metrics on S} obtained from this parametrization, from
the Euclidean metric for either the variable X or the variable Y through the use of
Riemannian embedding and Riemannian submersion respectively. These are the two

most natural ways of defining metrics on S\*.

The flat metric for X corresponds to the embedded geometry of S}” in the Eu-
clidean space R™*™ [O1]. Precisely, we consider the natural Riemannian embedding
SP — R™™ and use the Frobenius norm on R™*" to define a metric on S}"*. Denote

it by gg, then gp(A, B) = Tr(AT B) for any two square matrices A, B in the tangent
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space of S}*, where Tr denotes the trace of a matrix.

On the other hand, we may also use the flat geometry on Y to define a metric
on ST, We observe that if YY7 = X, then it is also true that YY7 = X where
Y =YO and O € O,, the orthogonal group of dimension p. Thus, we may identify

SyP < R*P/O,, as a quotient space, with a quotient map
m:RPP — RP*P/0O,
Y= [Y]={YO|0e€O,}.

Here R}*? denotes full rank matrices.

The quotient space structure can be enhanced with a Riemannian metric through
the use of Riemannian submersion. Roughly, the metric for X corresponds to the met-
ric for Y in a manner that respects the splitting of the tangent space at Y into the
space of the group action and its complement. If R”*? is equipped with Euclidean met-
ric, then the metric induced by the submersion is often called the Bures-Wasserstein

metric on S} = RI*? /O, denoted by gpw (see [L3], 69} [70]).

4.1.3 Langevin dynamics and the Riemannian Langevin equa-
tion
We now explain how Langevin equations may be defined intrinsically on (S, g).

Let us first recall the Langevin equation on R™. Assume given a potential or
energy function £ : R® — R and let W, denote the standard Wiener process on R".

The Langevin equation for the potential £ is the Ito differential equation

The Fokker-Planck equation describes the evolution of the probability density of z;.
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With p(z,t) de = P(z; € (xz,2 + dz)), we have

1

atpzﬁ

Np+ V- (pVE). (4.1.4)

The Gibbs density (with reference density being uniform with respect to Lebesgue
measure) is the unique equilibrium of equation (4.1.4)) under natural growth assump-

tions on the energy £ as x| — oo.

The Langevin equation immediately yields a numerical scheme for (approximate)
sampling from the Gibbs distribution. Fix a step size At > 0, let t, = kAt, k =
0,1,..., and let z; denote the numerical approximation to at time t;. The
Euler-Maruyama scheme to approximate equation , also known as Langevin

Monte Carlo in the statistics literature, is

2AL
Tpy1 = ) — AtVE (1) + \/ 7&, (4.1.5)

where &, = (&},...,&") is an i.i.d. sequence of standard Gaussian vectors in R™. This
scheme is explicit. In order to extend it to sampling from (4.1.2) we must understand

how to modify the Langevin equation on the Riemannian manifold (S}, g).

First, the term V& must be replaced by the Riemannian gradient, written as
grad€. The more subtle modification of equation concerns the noise. The
natural analogy is to replace the Wiener process W, on R"™ with Brownian motion
on the Riemannian manifold (877, g) at inverse temperature 3, denoted Bf’ﬂ . This

yields the (formal) Riemannian Langevin equation on (S}*, g)

dX, = —grad€(X,)dt + dBY”. (4.1.6)

This equation is only formal because stochastic differential equations on mani-
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folds must be defined using the Stratonovich formulation in order to ensure coordinate
independence (It6 differentials do not satisfy the chain rule, while Stratonovich dif-
ferentials do) [43, 47]. On the other hand, It6 differential equations are convenient
for analysis as well as simulation. Thus, in formulating the Riemannian Langevin
equation, it is necessary to first formulate the appropriate Stratonovich equation and
then compute the deterministic I[t6—Stratonovich correction. A central observation in
our work is that this correction term is due to curvature and is explicitly computable

for several Riemannian geometries relevant to optimization [44] 48] [71].

4.1.4 Riemannian Langevin Monte Carlo sampling schemes

For the two metrics considered in this paper, the It6—Stratonovich correction due
to curvature may also be computed explicitly, yielding the SDEs in Section [4.2] The
rigorous analysis of these SDEs is presented in the companion paper [93], and we
focus on numerical algorithms in this paper. The Euler-Maruyama approximation to

these SDEs yields the numerical sampling schemes listed below.

The SDEs also admit other numerical approximations. We have chosen the Euler-
Maruyama schemes because these schemes are fully explicit, simple to state, imple-
ment and numerically validate. They are generalizations of the popular unadjusted
Langevin Monte Carlo for sampling in Euclidean spaces. Further, these schemes

reduce to deterministic Riemannian gradient descent methods in the limit g — oo.

Scheme E for the embedded geometry

For the embedded manifold (S, gg), the scheme is

9At | Bii Biz At 2 0 0
Xk‘+1 :PSz,p Xk—Atgradg<Xk)+Qk \/> +7Z)\i Z )
BB o BiEt o 1.,
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where Pgne is the Euclidean projection to STPand X, = QrAQT is the full SVD of
Xy € S with eigenvalues Ay > --- > X\, > 0. The entries of By, arei.i.d. drawn from
\/g/\f (0,1). The entries of the symmetric By are defined as follows: the diagonal en-
tries are i.i.d. drawn from N(0,1), and off-diagonal entries are b;; = b;; ~ \/EN(O, 1).
When [ = oo, equation (4.1.7) reduces to X1 = PST;’P (Xy — At grad€(Xy)), which
is the Riemannian gradient descent on (S}, gg), see [I, 06]. We refer to (4.1.7)) as
Scheme E.

In this scheme, the term

At 0 0
— > )\i in equation (4.1.7) is the correction
ﬁ i=1 0 [n_p

due to the mean curvature of the embedding of ST — R™ ",

Scheme BW for the Bures-Wasserstein metric

For the quotient manifold (R?*?/O,, ggw ), the scheme is

2At At o
Yigr = Vi — ARVEYLY )i + 4/ 5 Bt Z U [2;; Ugﬁaz} Vi, (418)
Jig# ey

where By, is n-by-p matrix with entries being i.i.d. standard Gaussian, Y}, = Uy X, VI €

R"*? is the compact SVD with singular values o;, and LZ 023:02] is the diagonal
Bii= R P>
matrix whose i-th diagonal entry is 3 7. We refer to (4.1.8) as Scheme BW.
gz 0

The Riemannian Langevin Monte Carlo scheme (4.1.8) can be viewed as a natural

extension of Burer-Monteiro gradient descent method
Yir1 = Vi — At2VE(VLY )Y, (4.1.9)

which is the simplest low-rank gradient descent method for minimizing £(X) under
the constraint X € S}P. It is clear that as § — oo, (4.1.8) reduces to (4.1.9).
The Burer-Monteiro gradient descent method is equivalent to a Riemannian gradient

descent method on the quotient manifold R}*?/0O, with Bures-Wasserstein metric,
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see [96].

Gibbs distribution sampling and numerical validation

While the Gibbs distribution always has the same density function e#¢ with
respect to prf, the reference density p.or depends on the metric. Thus, the two schemes
and , generate samples for two different probability distributions. In
order to validate our schemes, we choose energy functions that allow an explicit
computation of these densities for both metric. These energy functions yield matrix
integrals of independent analytic interest. They also allow side-to-side benchmarking
for different Gibbs samplers on S7P. We demonstrate the efficiency of sampling from
these Gibbs distributions numerically. Further analysis on convergence to equilibrium

as t — oo using the Bakry-Emery criterion is considered in the companion paper [93].

Finally, while we do not discuss their convergence and efficiency approximating
SDE as the step-size At — 0; this is possible following existing approximation results

56, 241, 62).

4.1.5 Some applications and related work

Applications of PSD matrices

Positive semi-definite (PSD) fixed rank matrices arise in many problems such
as distance matrices [88] and covariance matrices in statistics, and have been used
in applications including kernels in machine learning [73], semidefinite optimization
[19], quantum information, etc. Riemannian optimization algorithms over S}* under

different metrics have been well studied, e.g., see [91], 46}, [70, [06] and references therein.

Langevin dynamics and Monte Carlo schemes on manifolds
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There is an extensive literature on Langevin dynamics in statistics and related
areas, with interest in nonconvex optimization [22] 23], as well as machine learning

such as generative models [31].

In recent years, there has been interest in studying Langevin diffusion and Monte
Carlo Markov Chain (MCMC) schemes on manifolds [25] 26, 38, 17, 20} 05, (74 36}, 58,
62]. In this paper, we are interested in Riemannian Langevin Monte Carlo schemes

on S

In the statistics literature, manifold Langevin schemes have been studied in [38,
20]. However, these schemes apply only to simpler embedded manifolds M C R”
with explicit geodesics such as the sphere and Stiefel manifolds. The above schemes
do not directly apply to the manifold 87, even for the embedded geometry. In [95],
a sampling scheme using projection to surface is constructed; however, this is not a

Langevin scheme.

In general, a Langevin scheme can be used for either optimization [92] 62], or
Monte Carlo type numerical integration, which is common in Bayesian statistic. For
optimization, stochastic optimization by Langevin dynamics with simulated anneal-
ing is an established approach [65]. In [22], underdamped Langevin schemes are
shown to be much more efficient than the overdamped case . For sampling,
Metropolis-adjusted Langevin algorithm [38] is often used. For simplicity, we focus on
the simple schemes and without considering any of simulated annealing,
underdamped Langevin, or Metropolis-adjustment, to which it is possible to extend
our schemes. Though the Riemannian optimization on 8" can be easily extended
to Hermitian PSD matrices of fixed rank [96], we remark that such an extension for

Langevin dynamics would be significantly different.
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4.1.6 Organization of the paper

In Section we state the explicit formulae for the SDE (4.1.6) and Gibbs mea-

sure on the manifold S}” under two metrics gg and ggw. We then derive the schemes

(4.1.7) and (4.1.8) in Section 4.3} The energy functions and Gibbs distributions used

to benchmark the schemes are presented in Section [4.4, The numerical results are

studied in Section [4.5
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4.2 Riemannian Langevin equations on S}"

In this section, we state the It6 form of the Riemannian Langevin equation
for both Riemannian geometries studied in this paper. The theoretical basis for these
SDEs is discussed at greater depth in [93]. The main ideas are as follows: (a) the
abstract theory of Brownian motion on Riemannian manifolds is used to define the
Riemannian Langevin equation in Stratonovich form for the metrics g and gpw
on S5 (b) the Ito-Stratonovich conversion rule is used to compute the associated
It6 form of these SDEs and it is observed that the Ito-Stratonovich correction term
corresponds to mean curvature. This approach yields the SDEs below. These SDEs

are used to develop numerical schemes in Section

4.2.1 The Riemannian Langevin equation for embedded ge-
ometry (S, g)

Let X € S have the compact SVD X = UAU” with U € R™*. Let U, €
R™("=P) be a matrix with columns orthonormal to columns of U. The tangent space

of ST at X = UAUT € S is given by [91], [96]:

H KT| |UT
TxSYP = [U UJ_:| . VK e R"P*P v ¢ RPP 0T = H
K 0| |UT

The induced metric gg by the embedding S} — R™ " is then defined as
gr(A,B) = Tr(ATB), VA, BeTxST?,

which is the Frobenius inner product for two matrices.

Equation (4.1.6) describes the evolution of a point X; € S"” in abstract terms.
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We now rewrite it in a simpler equivalent form describing the evolution of the entries
of the matrix entries {(X;);}7,—; representing X,. Let us write X = UAU" for
the compact singular value decomposition (SVD) of X. We further assume that the
singular values A = diag(Ay, ..., A\,) are written in decreasing order. We suppress the
subscript ¢ in the following equations, though the reader should note that U and A

depend on X;.

Then we find that the law of X; is determined by the It6 differential equation

2 1
dX, = —grad€(X,)dt + \/%dwt”’P’Xf + EH(Xt)dt. (4.2.2)

Pt s the orthogonal projection of white

In this equation, the stochastic forcing W,
noise in R"*" onto Tx,S"*. Precisely, given W} for 1 < i < n and Wti’j forl1 <i<
J < n independent standard one-dimensional Wiener process, we set

1 1 1, 1 1,p+1 1 1,n
awy e AT AW 7AW
1 1, 1 p+1 1 n T
de,p,Xt — U U ﬁth P e thp ﬁthpp ... Ethp U
t - Lawlhrett Lo Lgpwprtt 0 o 0 T ’
V2 ¢ V2 t 1
1 1n 1 n

The term H(X}) is the mean curvature of the embedding S} — R™". We adopt
the convention in geometric analysis: the mean curvature is defined as the trace of

the second fundamental form of the embedding. Explicitly, we have

& Opxp  Opx(n—p ur
H(X,) = (Z %) lU UL} ) . (4.2.3)

=1 On—p)xp  In—p Ut

The following feature of equation (4.2.2)) is fundamental. The stochastic forcing is the
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naive projection of white noise in the ambient space R"*" onto T'x,S}". Intuitively,
when one uses the Euler-Maruyama discretization, the role of this term is to update
X, by taking unbiased random steps in any direction in the tangent space. However,
[to calculus has a subtle interplay with the geometry of the embedding, and in order
to keep X, on the manifold S}, it is necessary to include the correction term given

by the mean curvature.

4.2.2 The Riemannian Langevin equation for Bures-Wasserstein
geometry (S}", gpw)

The manifold S7” can also be viewed as a quotient manifold R?*?/O,,, for which
the noncompact Stiefel manifold R?*? is called the total space. Denote the natural

projection as

7 :RPP — RI>*P/O,.

For any Y € R?*P, the equivalence class containing Y is
Y] =r"'(n(Y)) ={YO | O € O,},

which is an embedded submanifold of R?*? (see e.g., [I, Prop. 3.4.4]). The tangent
space of [Y] at Y is therefore a subspace of TyRI*P called the wvertical space at Y,
and is denoted by Vy = {YQ | QT = —Q,Q € RP*P}, see [90].
Define
g :RP — S

Y —»YYT,

Then 6 is invariant under the equivalence relation and induces a bijection 6 on
R™? /O, such that § = § o 7. For any function £(X) defined on 87", there is a

function F' defined on R™*? that induces &: for any X = YYT € S'P, F(Y) :=
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Eof(Y)=E(YYT). This is summarized in the diagram below:

nxp
R}

In particular, S}* is diffeomorphic to R?*?/O, under 6, see [96]. For any Y €
R?*P the flat metric for the total space R?*P, correction term corresponds to mean

curvature.

g(a,b) = Tr(a”b),Va,b € TyRM*P = R™*P

induces a metric on the quotient manifold R?*? /O, which is called Bures-Wasserstein
metric, see [70, [69, 96]. Another way to understand the Bures-Wasserstein metric at

X € 8PP < RPP /O, is via the map 6:

gsw (A, B) = Tr(ab") VA, B € TxS}?, a,b € TyRM?

s.t.d0(Y)[a] = A,dO(Y)[b] = B,a,b € Ker(dd(Y))* (4.2.4)

where X has decomposition X = YY7T df(Y)[a] = Ya® + aY7 is the differential of
0 at Y, and a € Ker(dd(Y))*t & YTa =a’Y.

The Riemannian Langevin equation is now determined by the geometry of Rie-
mannian submersion. We must obtain an Ito differential equation for Y;, such that

X; =Y,Y," is a matrix that has the same law as the solution to (4.1.6) in (S, gsw ).

In comparison with equation , we see that the natural choice for white
noise driving Y; is white noise in R™*P. This is the stochastic differential dW;, where
W, = {W”}1<icn1<j<p consists of np independent standard one-dimensional Wiener
processes. However, as in equation (4.2.2)) we must include a deterministic correc-

tion. This correction corresponds to mean curvature again, but in a more subtle way
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than (4.2.2)). The equivalence class of Y such that X = YY7 is a group orbit of O,
embedded within R™*?. The logarithm of the volume of this group orbit constitutes

a natural Boltzmann entropy. It may be computed explicitly, and we find

S(Y)= %Z Z log(o} + 07) (4.2.5)

i=1 j=i+1

where {o;}!_, are singular values of Y. It is known that VS(Y’) is the mean curvature

of the group orbit in R"*? 78], p.3505].
We then have the following Ito differential equation for Y; such that X; = ;I
has the same law as the solution to (4.1.6)).

_0E(YYT) 19S(Y)

2 g
dY,; = — ———2dt —daw — = dt. 1<i<n,1<4j<np. 4.2.
1) (‘9Y,J + \/; Wt 6 8Y;J ) >1xMn, = j =P ( 6)

The correction term can be explicitly computed using the following

Lemma 18. IfY € R™P has SVD as Y = QXPT with singular values o;, then the

gradient of the correction term S is given by VS(Y') = QX PT where ¥ is a diagonal

. . . . o o o
matriz with diagonal entries Y, P > iso e SRR 2D jtp agﬁ
J J J
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4.3 Two Riemannian Langevin Monte Carlo schemes

To get a simple Riemannian Langevin Monte Carlo sampling scheme, we only
consider convenient discretization and approximation methods, which can be easily
and efficiently implemented. For the Brownian motion term, we consider the most

straightforward and simplest discretization of the SDEs (4.2.2]) and (4.2.6), i.e., the

Euler-Maruyama type discretization.

One extra complication from the manifold constraint is how to approximate the
exponential map. For optimization algorithms on Riemannian manifolds [1], retrac-
tion, which is at least a first order approximation to the exponential map, is often
used. For instance, for approximating an ODE %X = —grad€(X) on a manifold
M, with any retraction operator R, mapping to M, a simple forward Euler type

approximation, or equivalently the Riemannian gradient descent method, is given by

Xk+1 = RM [Xk—‘rl — At gradS(Xk)]

In particular, when combining the Euler-Maruyama type discretization for SDE
and the simple Riemannian gradient descent by retraction, we get the two simple

Riemmanian Langevin Monte Carlo schemes as follows.

4.3.1 Scheme E for the embedded geometry

The Riemannian gradient

For a given energy function £(X), its Riemannian gradient grad€(X) of at X €
S}P, is the Euclidean projection of the Euclidean gradient VE(X) € R™*" defined as
VE(X)]i; = aiXiE(X), onto the tangent space Tx S, see [I, 91, 96]. It is straight-

forward to verify that VE(X) is a symmetric matrix for any differentiable £ and
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any X € S'?. For any given X € S}7?, let X = UAU” be its compact SVD. Let
Py =UU" and Py, = U, UT =1 —UU". By derivations in [96], grad€(X) can be

computed and represented as

UTVE(X)U UTVEX)U, | |UT
grad€(X) = [U UJ
UTVE(X)U 0 ur

— PyVE(X)Py + Py, VE(X)Py + PyVE(X)Py, .

The compact implementation of computing grad€(X) is given in Algorithm .

Algorithm 1 Compact computation of the Riemannian gradient grad€(X)
Require: The compact SVD of X € SVF: X = UAU”

Ensure: grad€(X) =UHU" + U,U" + UU] € TxS}"”
T+ VEX)U
H <« U'T
U, «T-UH

The retraction by projection

Let §™*™ denote symmetric matrices, then the Euclidean projection P smr SV —
S}7 is a convenient retraction operator, see [I, 91, 96]. A straightforward implemen-

tation is given in Aglorithm [2|

Algorithm 2 Computation of the retraction Pgrr (X + Z)
Require: the compact SVD of X: X = UAUT € ST, Z € S™".

Ensure: Psro(X +7) = Q+AL QT € STP.
(@ Ay) = svd(X + 2)

Up <~ Q4(,1:p) Ay Ay(1:p,1:p)
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A Riemannian Langevin Monte Carlo scheme

For approximating the SDE (4.2.2)) on (S}”, gg), with the retraction operator and
Euler-Maruyama method for SDE, we have the scheme (4.1.7), which can be more

explicitly written as

A= AUTVE(X)U + /3 Biy —AtUTVE(X)UL + (/%5 B | |UT
Xir1 = Pgnr [U U } » ‘ )
+ | —awTvex)u + /2B Mg, T
=1
(4.3.1)

where X;, = UAU? is the compact SVD of X, € S with eigenvalues \; > Ay >
--+ > X, > 0. The third term in the right hand side is the white noise term in the
tangent space Tx,S}F. Entries of Bjg € RP*"P) are i.i.d drawn from \/EN(O, 1),

and By, € RP*P are defined as follows.

N(0,1)

By = R (4.3.2)

N(0,1)

with b;; = bj; ~ \/g/\/' (0,1). The implementation details of the scheme (4.1.7)) are
given as follows in the Algorithm
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Algorithm 3 The Riemannian Langevin Monte Carlo scheme (4.1.7)) for (S}, gg)
Require: initial iterate X; € S}7; full SVD of X;: X; = Q1A QT

1: for k=1,2,...,N do

2: Compute Riemannian gradient

& = grad€(Xy) > See Algorithm
3: Compute noise term

Bi1 Bio P 0 0
_ [ IR

B=y% | . 5L
4: Obtain the new iterate by retraction

Xjy1 = Pgro (X — At& + QpBQT) > See Algorithm
5: end for

Remark 26. The mean curvature correction term is necessary for avoiding rank de-
ficient samples in the following sense. A sampling scheme on S might generate a
sample X with a rank numerically close to p — 1, and the mean curvature correction

term in the scheme (4.1.7) would be huge if A, — 0, thus it will force iterate X}, to

stay away from the boundary of S}

Remark 27. Notice that the complexity of computing SVD of X + Z in Algorithm
would be O(n?) in a naive implementation. For a Riemannian gradient method, if
Z € Tx, 8", a compact implementation of computing Psnr(X + Z) in [96] is only
O(np?) + O(p?), which is no longer possible for the Langevin Monte Carlo scheme
due to the mean curvature correction term in the normal space. On the other
hand, if Lanczos type algorithm is used for computing to top p eigen-componenes of
X + Z, it seems possible to explore the special structure in to find a more
efficient implementation, but we do not consider a more compact implementation in

this paper.
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4.3.2 Scheme BW for the Bures-Wasserstein metric

The Riemannian gradient and a simple retraction operator

Given a smooth energy function £(X) defined on S}*, the corresponding function

h on R?*? /O, satisfies

h:R7P/0, — R
~ (4.3.3)
m(Y) = E(B(n(Y))) = E(B(Y)) = E(YYT).

Observe that the function F(Y) := £(YYT) satisfies F(Y) = hon(Y) = £ o B(Y).
The Riemannian gradient of h at 7(Y") is a tangent vector in Ty R} *? /O, . The next
theorem is given in [Il Section 3.6.2], showing that the horizontal lift of gradh(w(Y"))

can be obtained from the Riemannian gradient of F’ defined on R7*P.

Theorem 18. The horizontal lift of the gradient of h at w(Y') is the Riemannian

gradient of F at'Y. That is,

gradh(m(Y)), = gradF(Y).

For the Bures-Wasserstein metric, the following result is proven in [96]:

Proposition 28. Let € be a smooth real-valued function defined on S"” and let F :
R™? - R:Y — EYYT). Assume YYT = X. Then the Riemannian gradient of F
is given by

gradF(Y) =2VE(YYT)Y

where VE(+) is the gradient of £ w.r.t. X.

In [69, Prop. A.8|, the relationship between the horizontal lifts of the quotient
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tangent vector &y lifted at different representatives in [Y] is given:

Lemma 19. Let n be a vector field on R}*P/O,, and let 7 be the horizontal lift of n.

Then for each' Y € RI*P, we have
nyo = MyO

for all O € O,.

The retraction on the quotient manifold R?*?/0O, can be defined using the re-

traction on the total space R}*?. For any A € TyR}*? and a step size 7 > 0,

Ry (TA) =Y +TA,

is a retraction on R?*? if Y + 7 A remains full rank, which is ensured for small enough
7. Then Lemma [19|indicates that R satisfies the conditions of [I, Prop. 4.1.3], which
implies that

Ry (Tha(vy) i= m(Ry (7)) = n(Y + 77y (4.3.4)

defines a retraction on the quotient manifold R?*?/0O, for a small enough step size

7> 0.

Finally, we give an example of what these results imply by considering the Rie-
mannian gradient descent method for minimizing £(X) over (S}, ggw). With the
simple retraction (4.3.4]), the Riemannian gradient descent method for minimizing

the function h[r(Y)] on R?*?/0O, is given by
Yir1 = Vi — ARVE(YLY,)Ys,

which is the simple Burer-Monteiro gradient descent method for minimizing £(X)

over 8Y". See Section 5.1 in [96] for details.
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A simple Riemannian Langevin Monte Carlo scheme

With the Euler-Maruyama discretization for SDE (4.2.6)), and the simple retrac-
tion and Riemannian gradient as given previously, a simple Riemannian Langevin
Monte Carlo scheme for approximating the Riemannian SDE (4.2.6) on the Rieman-

nian manifold (S7"”, ggw) can be given as

[2At At
Yip1 = Vi — ARVE(YLY,)Y, + 7& + FU {Zm i #] VI (4.3.5)

where By, is n-by-p matrix with i.i.d. A(0, 1) entries and Y;, = UXVT is the compact

SVD of Y with singular values o; > 0 forv=1,2,--- ,p.

Notice that all operations are performed in the space of size n x p. For finding
compact SVD of Y, one can first compute QR decomposition of Y, which costs
O(np*) +O(p?®). Then compute SVD of size p x p, which is O(p?). So the complexity
of this scheme is O(np?) + O(p?) for each iteration. For large n and small p, Scheme
BW should be cheaper than Scheme E in each iteration, but they generate different
samples for different Gibbs distributions which depend on the metric, i.e., Scheme
BW cannot replace Scheme E for generating Gibbs distribution defined by embedded

geometry.
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4.4 Examples with analytical formulae

In this section, we provide a few examples with analytical formulae so that they
can be used in numerical experiments for testing the two schemes (4.3.1)) and (4.3.5)

on the Gibbs distribution.

For the rest of this section, X = QAQT € S}7 denotes the full SVD with de-

scending eigenvalues Ay > Ay > --- >\, > 0.

4.4.1 Scalar random variables

Let X be a random variable satisfying the Gibbs distribution on 87" with dimen-
)

p(p—1
2

sion N =np— under either metric, then X is a matrix-valued random variable.
For convenience, we consider a scalar random variable D = D(X) as a function of

X € 8" eg., D= |X|r where || - [|r is the matrix Frobenius norm.

We consider the distribution function for the scalar random variable D:

Pr[D < d] = Ziﬁ / e AV, Zg= / e PEav, (4.4.1)
Ug M

where U, := {X € S7"”|D(X) < d} is the domain of integral. For simplicity we only
consider symmetric functions such that the random variable D, the energy function &,
and the volume form are all invariant under the group action by the orthogonal group
O,,. We consider an energy function £ satisfying £(X) = £(0OXOT), VO € O,, so
that Gibbs distribution function only depends on the spectrum of X when considering
(.4.1) with D = [|X||p = /AT + -+ A2. Since O, is an isometry group for both
metrics gg and ggw, the volume form dV in the two cases is also invariant under O,,

action.

Notice that @ and A can be used as coordinates of the manifold S}”*. The volume
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form expressed by coordinates () and A is given by
P
dV = /det g(] [ d\)dpo, (4.4.2)

=1

where o, is the Haar measure on O,, and g is the matrix of metric gp or gpw

expressed under coordinate ) and \. For gg its determinant det g is

detg=( [ =N A7) (4.4.3)

1<i<y<p 1<i<p

and for ggw it is

detg=( ] %)( IT A ). (4.4.4)

1<i<j<p 1<i<p

So for gg the distribution Pr[D < d] is expressed as

1
Pr[D < d] = / e PEdV

[1X|F<d
X / 6755()\1,...,)\;;)( H ‘)\z — )\]D ( H A?*P)dAl . d)\p,
$ A2<a? 1<i<g<p 1<i<p

i=1
X;>0,i=1,...,p

(4.4.5)

where we have used the fact that the integrand does not depend on the coordinate

Q € O,, so the integral of up, only provides a constant coefficient. As we could

Pr[D<d]
Pr[D<o0]’

always renormalize Pr[D < d] by considering the quotient we only need the

dependence of the integral on parameter d.
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Similarly, for the Bures-Wasserstein metric ggy we have

Pr[D < d] « / e PG (T H)\Qd/\l---d/\p
w/)\+>\

1<z<j<p 1<i<p
(4.4.6)

Next we give a few energy functions.

4.4.2 Example I: £(X) = %HXH%

This is the simplest example. Using the general expression above, for embedded

geometry g we have

_B 3y
Pr[D < d] / ¢ QiglAf( H X = A ( H APYAN, - d),

1<i<y<p 1<i<p
> AZ<d?
=1
X;>0,i=1,...,p
d 5 P P
_B,2 N_ _
:/e 20 p 1(/ [I lwi—wl ][Il 7] ] dw)dp
0 Si_l 1<i<j<p i=1 i=1

d
(T kel TTe) [0
i=1 0

L, 1<i<ji<p
gp—t =

+

d

oc/e_gpsz_ldp, (4.4.7)

0

| p
where we have used the spherical coordinate for (A, ..., \,) = pw, with p = [ > \?
i=1

being the radius and w € S%' = SP~' N RY being the coordinate on the positive

orthant of unit sphere.
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For ggw, similarly we have

d
Pr[D < d] oc/e_ﬂ”Z,oJ?V_ldp. (4.4.8)

0

Now we can see that SD? = f||X||% is subject to x*(N) distribution for the

embedded metric gg, and XQ(%) distribution for the Bures-Wasserstein metric.

4.4.3 Example II: £(X) = Tr(X log X)

We consider the von Neumann entropy
E(X)=Tr(Xlog X) = Z)\log)\

and construct a more interesting example. The minimizers of £(X) = Tr(X log X)

on S}7? are matrices X € ST with spectrum A\ = --- =), =e™!

The random variable we consider is still D = || X||p. Since £(X) = Tr(X log X) =

p
> Ailog A; only depends on spectrum, the argument in the previous section about
i=1

integral on O, still applies. Similar to (4.4.7)), for gg we have

B3 Alog; b b
pp<d= [ "E I - a T[T
=1 =1

1<i<j<p
b3} Af<42
by ;Oz 1,...,
D D
/ [T = MTTne =TT ax.
1<i<j<p i=1 i=1
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and for ggy we have

Pr(D < d) = / II

1<i<j<p

wimad | GRS | C8

z A2<a?

Although we do not have a closed expression for both cases, such integrals can

be easily approximated by an accurate quadrature.

4.4.4 Example III: £(X) = 1||X — A%

We consider a quadratic function £(X) = 1[|X — A[[% where A € S7 with
D = ||X — Al|r. In this example, O,, symmetry does not hold, and we can only make

an estimate of the distribution function.

The random variable D we are considering now is D = || X — A||, its distribution

function is evaluated as
Pr(D < d) / e 2Dy (4.4.9)
Uq

where U; = {X € SYP|D(X) < d}. Using delta function, formally we can simplify

136



the integral to

D < d O( 1{D<d}e 2 dV (4410)

J,
J,

_B,2
( / Loy 37°8(D — p)dp)dV
0

o0

\c\

1{p<d}e 2p / 5 D — p)dV)d
d

/ _1{D pydV)dp

d
= [ e (| 1p_pdV)dp
/oe2dp(/ 0=V
d
d
:/e§P2 Vi (p)dp
; dp

(4.4.11)

where Vp(p fM Lip<ppdV = fD<

In general it is difficult to calculate [ D<p dV, but we consider the following ap-

proximation. Consider the volume of the ball By (r) = Ba(r) N 87", where
Ba(r)={X € 8" ||X — A||r <7}

It is difficult to compute Vol(B*(r)), but we propose the following estimate, for fixed
Ae S

Vol(BIF(r) ~ ar™, ¢ 1, (4.4.12)

where « is a constant that does not depend on r, N is the dimension of S"”. For g,

« is exactly the volume of unit ball in RY, while for gz, o depends on dimension

N and A € ST".

For the embedded geometry, the approximation (4.4.12) can be justified by the
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following arguments:

1. The second fundamental form II.4 of the manifold is vanishing for fixed A and

¢ — 00. See [93].

2. The Riemannian curvature tensor of ambient space S™*™ is 0. Applying the
Gauss equation [30, Prop 3.1] we can express the Riemannian curvature tensor

R of (8", gg) in terms of its second fundamental form II:

(R(x,y)z,w) = —(II(x, 2), II(y,w)) + (I (x,w), II(y, z)), (4.4.13)

x,y,z,w e TS!? (U, V) = Tr(UVT) is the metric in S™*", .

Thus, with vanishing IT we have vanishing Riemannian curvature tensor, and

zero sectional curvature.

3. Vanishing extrinsic curvature and intrinsic curvature means that the neighbor-

hood is approximately an Euclidean space, so the ball B.}’(r) is approximately

N

just a ball in RY and has volume ar?, with a being the volume of a unit ball.

For the ggw metric, following similar arugments, we can get the same approxi-
mation (4.4.12). We emphasize that the approximation (4.4.12)) is accurate only if ¢
is large enough. Putting all this together, when A has eigenvalues Ay > --- > A\, > 1,

we have the following

d t
d

Pr(D < d) /e‘iDQdV:/e‘SPQd—( / dV)dp%/egpszldp, (4.4.14)
p
0

D<d 0 D<p

where X stands for being approximately proportional to.
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4.4.5 MCMC numerical integration

It is well known that MCMC can be used for integrating a function numerically,
and that one of the main advantages is that the convergence rate is independent of
the dimension. Both schemes in this paper are MCMC type sampling schemes on the
manifold. Suppose we have generated samples X; satisfying the Gibbs distribution

on the manifold, e.g.,

L e
X, ~ Z_ﬁe B (X)dVg,

where Zg = [ e ~BFEX)AV is an unknown normalization factor and dV is the volume
S
form depending on the metric. Then for approximating the integral of a nice function

f(X) on the same manifold [ f(X)dV, we can use

S

. f f(X)dv

Ez;ﬂXi)e/BS(xi) f IV~ 7, /f (4.4.15)
1= S"p Snp

because each f(X;)e**X?) is a random variable with expectation

E [£(X,)e% / F(X) P KB Ky,

and the left hand side is a random variable with expectation

m

1 WPE(X) oA EXD] _ 1
S (X ] ZE Zﬁyl Fxav

E

i=1

where the expectation E[-] is taken w.r.t. Gibbs distribution under corresponding

metric.

So using the generated samples X;, we can approximate the integral [ f(X)dV

n,p
S+
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up to a constant Zz that does not depend on f(X). Notice that the additional advan-
tage of Monte Carlo type quadrature on a manifold is that we do not need to know
what dV is. On the other hand, Zs cannot be approximated by the same approach.
Though we do not consider any specific application for numerical integration, equa-
tion (4.4.15) can be used as one way to validate the Riemannian Langevin Monte
Carlo schemes.

For the following special functions, it is possible to calculate exact integrals. For
the energy function £(X) = 3 || X%, and a special integrand f(X) = | X ||% e m XU
with £ > —N,m > 2, a > 0, using the results in the distribution of D = || X]||r
is

d
for metric gg : Pr[D < d] x / e’gprN’Idp, (4.4.16)
0

d
for metric gpw @ Pr[D < d] « / e‘g’ﬁp%_ldp7 (4.4.17)
0

so the integral on the manifold could be expressed by expectation of a random vari-

able, which leads to

1 [¢] m
for gs i | SOV = B[ (X)e¥IF] = E[D"e~5 et
+
_ AR e pa/m) (kA M) /m)
a I pN—le=57dp B 5(8/2)~N20(N/2) a
1 2 pym
for gpw 7 o F(X)AV = E[f(X)e?IXIIF] = E[DFe~n D" e5D?)
+
_Jg e B g i dp e /m) T ((k+ N/2)fm)
I p>le27dp 5(8/2)~NAT(N/4)

(4.4.19)
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4.5 Numerical tests

In this section we test the samples generated by the two Riemannian Langevin

Monte Carlo schemes (4.3.1)) and (4.3.5)) on the examples constructed in the previous

section. The samples are generated by the following procedure: we run the iterative

schemes (4.3.1)) or (4.3.5)) for sufficiently many m iterations then take the last m

iterates as the samples for the Gibbs distribution. Both m and m should be chosen
such that the (m —m)-th iterate has already reached equilibrium e.g., 7 is 6,000, 000

and m is 5,000, 000 for specially chosen energy functions and parameters 3.

Now suppose we have generated samples X; € S (i = 1,---,m) for either
metric. In order to test or show the numerical convergence to the Gibbs distribution,

we will consider two kinds of numerical tests.

The first kind of tests is to test on the scalar random variable D(X) = || X||r
or D(X) = || X — Al|r as described in Section [4.4 Then we compare the cumula-
tive distribution function (CDF) of the random variable D with its empirical CDF

calculated from the MCMC samples.

Denote the true CDF of D by Fip(t) := Pr(D < t). The empirical CDF of samples

is

where 1p(x,)<¢ takes value 1 if D(X;) < t, and value 0 if otherwise. The Kol-

i

mogorov—Smirnov test statistic (K-S statistic) is defined by

KSp :=sup |Fp(t) — Fp(t)]. (4.5.1)

In our numerical tests, we compute the KS statistic by taking the maximum

difference of Fp and Fpp at 100 equally spaced points in the interval [0, ?,,,,] where
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FD(tmaa:) ~ 1.

The second kind of tests is on the integral examples in Section 4.4.5, let X be
a random variable satisfying Gibbs distribution on the manifold S under either

metric. Define

_ pex) _ 1
pi=Efe ) = o [ fav

s
Given m samples X; € ST”, we define
1 m
T —— X)), 4.5.2
fim = — Z f(Xi)e (4.5.2)

Notice that samples generated by MCMC are not independent. If we assume

o? 1= var (f(Xl)eﬁg(Xl)) + ZZCOV (f(Xl)eﬁg(Xl), f(XHk)eﬁg(XH’“)) < 00,
k=1

then by the Markov Chain Central Limit Theorem[51], 37], as m — oo, we have

Vi = 1) = N(0,0%) (4.5.3)

where the convergence is in the sense of distribution. Thus if m > 1, %ﬁ roughly

follows the distribution A'(0, O(:1)) and the relative error term ‘%‘ roughly follows
the folded normal distribution with mean O(—) and variance O(--). Hence we can

use [i,, defined in (4.5.2]) to estimate p = Ziﬂ J f(X)dV, and the relative error is
s
1

O(—=).

4.5.1 Numerical validation of the scalar variable D(X)

The manifold S}* has dimension N = np — p(p — 1)/2. For both metrics, we

consider three examples in Section 4.4 with special energy functions £ in the Gibbs
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distribution e=#¢ and the CDF for the scalar variable D(X):

1. Example I: £(X) = 1 || X||2 with the CDF for D(X) = || X||¢:

For gp i Fp(t) = Pr(| X[, <t) oc [ e p"dp,

S —

For gpw :  Fp(t) = Pr(|| X < 1) o</e 27 pN2-1q),
0

2. Example II: £(X) = Tr(X log X) with the CDF Fp(t) = Pr(||X|| < t) for
D(X) = || X]|#:

For g : Fp(t) / H i — Al ﬁ |\ | PPN f[dAi’
i—1 i—1

which is a p-fold integral and can be approximated accurately by quadrature

such as Simpson’s rule for relatively small values of p, e.g., p = 2, 3.

3. Example III: £(X) = 3 || X — A||% where A € ST” has cigenvalues \; > --- >
Ap > 1, with the CDF for D(X) = ||X — A||p:

t
For both gg and gpw :  Fp(t) = Pr(||X — Al <1t) X /e_gprN_ld,O-
0

In implementation of the scheme, the step size At and (5 in schemes (4.3.1)) and
(4.3.5) are two parameters that need to be tuned to reach equilibrium with reasonable

computing time. We first use a numerically stable At then adjust 8 so that the noise
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term has reasonable variance. And of course one needs a sufficient large number
of iterations for schemes and to reach their equilibrium state, and
a sufficient large number m of samples to observe numerical convergence toward the
Gibbs distribution through the scalar random variable D, e.g., the KS statistic (4.5.1])
should be small. See Figure [4.5.1} Figure [4.5.2] Figure [4.5.3| and Figure for the

numerical results.

o Empirical CDF o Empirical CDF
~ True ~ True CDF
—~ 1t 1t
-~ -~
\ \
] & ]
= <
=05/ =05
=
& &
0 j : 0
0 2 4 6 8 10 0

4 6 8
t

(a) Scheme E ([4.3.1) on (S}"*,gg) with
At = 0.001 and g = 0.4. The error be-
tween two CDFs is KS = 0.0054.

(b) Scheme BW (4.3.5) on (S}*,gpw)
with At = 0.001 and 5 = 0.4. The er-
ror between two CDFs is K.S = 0.0023.

Figure 4.5.1: Example I: £(X) = %||X||;,n = 5,p = 3 and manifold dimension is
N = 12. The empirical CDF is computed by 5£6 MCMC samples generated after
6F6 iterations of the Riemannian Langevin Monte Carlo schemes. Both CDFs of
scheme E and scheme BW are evaluated at 100 equally spaced points on [0, 10] and
[0, 8], respectively, and the difference can be measured by the KS statistic (4.5.1]).

4.5.2 MCMC numerical integration

We consider special cases k = 0, m = 2 in the examples (4.4.18) and (4.4.19)), then
(4.4.18) reduces to (g)N/2 and (4.4.19)) reduces to (g)N/‘l. In other words, we may

verify the numerical convergence of samples X; to Gibbs distribution by verifying

m

1 a=B | x. |12 &
F . _E =S IXllE (N2 4.5.4
or gg m — (S (Oé> ’ ( )
I o= abyy 2 B
or gpw oy Ze 2 - (a) ( )



o Empirical CDF o Empirical CDF
’ ~ True CDF ’ ~ True CDF
Vi VI f
= & = s
ol $ ol
=057 & =057 o
~ L ~ ®
A s A s
0 5 10 15 0 5 10 15
t t
(a) Scheme E ([#.3.1) on (S}, gg) with (b) Scheme BW (4.3.5) on (S)”,gpw)
At = 0.001 and 8 = 0.5. The error be- with At = 0.001 and 5 = 0.5. The er-
tween two CDF's is K.S = 0.0096 ror between two CDF's is K.S = 0.0043.

Figure 4.5.2: Example II: £(X) = Tr(X log X), n = 5,p = 3 and manifold dimension
is N = 12. The empirical CDF is computed by 56 MCMC samples generated after
6F6 iterations of the Riemannian Langevin Monte Carlo schemes. Both CDFs are

evaluated at 100 equally spaced points on [0, 15], and the difference can be measured
by the KS statistic (4.5.1]).

o Empirical CDF o Empirical CDF
- True CDF
/S 1 [ /_‘: 1 [
VI VI
= = g
= =
=05 & =05 £
=~ ® ~ &
A o
0 /. | | S ‘ ‘
0 5 10 15 20 0 5 10 15
t t
(a) Scheme E (4.3.1) on (S)",gg) with (b) Scheme BW (4.3.5) on (SY*,gpw)
At = 0.001 and 8 = 0.5. The error be- with At = 0.001 and 5 = 0.5. The er-
tween two CDFs is K'S = 0.006. ror between two CDFs is K.S = 0.0043.

Figure 4.5.3: Example II: £(X) = Tr(X log X), n = 10, p = 2 and manifold dimension
is N = 19. The empirical CDF is computed by 5E£6 MCMC samples generated after
6F6 iterations of the Riemannian Langevin Monte Carlo schemes. Both CDFs of
scheme E and scheme BW are evaluated at 100 equally spaced points on [0, 20] and
[0, 15],respectively, and the difference can be measured by the KS statistic .
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(a) Scheme E ([£.3.1) on (S}, gg) with (b) Scheme BW (4.3.5) on (S)”,gpw)
At = 0.001 and 8 = 0.4. The error be- with At =2E-7 and 8 = 0.4. The error
tween two CDF's is K'S = 0.0084. between two CDF's is K.S = 0.0052.

Figure 4.5.4: Example III: £(X) = 1 || X — A||%, n = 5,p = 3 and manifold dimension
is N = 12. The nonzero eigenvalues of A are equally spaced between 10000 and
20000. The empirical CDF is computed by 5E6 MCMC samples generated after
6F6 iterations of the Riemannian Langevin Monte Carlo schemes. Both CDFs are

evaluated at 100 equally spaced points on [0, 10], and the difference can be measured
by the KS statistic (4.5.1]).

In Figure we indeed observe the O(1/+/m) for the relative error of numerical

integration.

4.5.3 A numerical study of the convergence to equilibrium

The general mathematical theory of convergence of a Langevin equation to its
equilibrium measure has been well studied; we consider the specific case of the RLE
studied here in the companion paper [93]. One particular application of the two
Riemannian Langevin Monte Carlo schemes is to use them to numerically study the
SDE solutions, e.g., by taking very small time steps, a Riemannian Langevin Monte
Carlo scheme approximates the Riemannian Langevin equation on the manifold. We
have shown comparison of the Langevin equation on (8¢, gg), (SI7, 9w ), R™™ in
Figure [£.5.6] in which we can see interesting differences between two metrics. With
all three figures in Figure we can see that the SDE on (S, ggw) has a much

faster convergence to its Gibbs measure than the SDE on (S}, gg).

146



Error Decay Rate Comparison Error Decay Rate Comparison

10° 10°
—oe— Relative error —e— Relative error
§ - - ~1/sqrt(m) - - ~1/sqrt(m)
107!
21072

LIJ | -

1079 ¢ el

1074 ! : 10’4 L .

10° 10° 107 10° 10° 107
Number of Samples Number of Samples

(a) Integration on (S)?, gg) via samples gen- (b) Integration on (S}, gpw) via samples
erated by Scheme E (4.3.1) with A¢ = 0.001 generated by Scheme BW (4.3.5) with At =
and 8 = 0.4. 0.001 and 8 =0.4.

Figure 4.5.5: Convergence rate of the relative error of ‘%’ MCMC integration

on the manifold with n = 10,p = 2 and dimension N = 19. Parameters are a =
0.75, 8 = 0.4, for which it is a numerical integration of the function £(X) = 1 || X [

on the manifold S”. The error shown is the averaged one of 12 independent runs.
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——Langevin Monte Carlo on Euclidean space of square matrices
—Riemannian Langevin Monte Carlo on the manifold with metric gg
Riemannian Langevin Monte Carlo on the manifold with metric gpy |
103+ 3
Ry
[~ 102¢ E
10'F 3
1000 - .
107 1072 10° 102
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(a) Convergence of SDEs to the equilibrium.
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12| x  True CDF
1
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= Q: 2
% 04t 04 ¢ s
]
0.2 0.2 s
Z &
0 S et |
0 2 4 6 8 10 0 2 4 6 8 10
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(b) The true CDF of D = ||X||z on

(S}, 9g). This implies the blue curve
in Figure (a) has not reached equilib-

rium at Time=1.

t

(c) The true CDF of D = | X||z on
(81", g9Bw), and empirical CDF of 5E6
samples from the Scheme BW after
Time=5.

Figure 4.5.6: For S}” with n = 5,p = 3, the dimension is N = 12, and R™*" has
dimension 25. The Gibbs measure is e=*® with 8 = 0.4 and & = 1| X||%. The
time step size is le — 4. The initial guess is a random PSD matrix of rank-3 with
eigenvalues = [1000,1000,1000].
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4.6 Conclusion

We have constructed two efficient Riemannian Langevin Monte Carlo schemes for
sampling PSD matrices of fixed rank from the Gibbs distribution on the manifold S}
equipped with two fundamental metrics. We have also provided several examples for

which these sampling schemes can be numerically validated.
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Chapter 5

RLE in conic programming

5.1 Introduction

5.1.1 Outline

We study Riemannian Langevin equations (RLE) that arise naturally in the study
of conic programs. The RLE extends the classical Langevin equation in statistical
physics to the setting of a Riemannian manifold. It is of interest in optimization
because the RLE provides a mathematical model that unifies the analysis of several

algoritheorems. In particular:

1. Canonical Riemannian geometries and Gibbs measures may be associated to

both conic programs and certain models of deep learning.

2. RLE have been shown to arise as diffusion limits of certain SGD schemes in

machine learning [75].

3. RLE may be used to define Monte Carlo schemes to sample Gibbs measures,

extending geometric methods for optimization to Gibbs sampling [94].
The main contributions in this paper are a general result (Theorem below) on
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Brownian motion on cones equipped with a canonical metric and an explicit analysis

of the Lorentz cone.

5.1.2 The canonical metric

Assume given a regular convex cone K C R"™. The canonical barrier on K is the

convex solution to the Monge-Ampere equation
1 2 o
F:§10g det D°F, =z € K°, (5.1.1)

with the boundary condition F'(z) — 400 as x — 0K. The existence and uniqueness
of this solution is a deep result in PDE theory due to Cheng and Yau [2I]. We call
the Hessian D?F the canonical metric. In what follows, we write g = D?F for brevity

and equip K with the metric g to obtain the Riemannian manifold (K, g).

Hildebrand and Fox have independently established that F' is a logaritheoremi-
cally homogeneous self-concordant barrier with parameter n [40, [34]. The canonical
barrier has several other surprising geometric properties; see [41]. It is identical to the
universal barrier of Nesterov and Nemirovskii when K is homogeneous. In this case,
several examples of F' have been computed by Giiler [39]. Another barrier, termed the
entropic barrier has been introduced by Bubeck and Eldan [1§]. In general, the rela-
tionship between these barriers remains somewhat mysterious. The Monge-Ampere
equation was first studied because of its importance in the Calabi conjecture
in geometry and its reappearance in optimization theory is surprising. This paper

sheds a different light on these connections using probabilistic methods.
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5.1.3 Riemannian Langevin equation

Recall that the Langevin equation associated to the loss function F : R” — R, at

inverse temperature 5 > 0, is formulated mathematically as the Ito SDE

2

where {B;}:>o denotes standard Brownian motion on R".

Given an n-dimensional Riemannian manifold (M, g) with metric g and a loss

function E : M — R we consider the Riemannian Langevin equation (RLE)
dX, = —grad E(X,) dt + dB". (5.1.3)

Both the gradient and the Brownian motion at inverse temperature § are now com-
puted with respect to the Riemannian metric g. While we have stated the RLE as an
It6 equation to demonstrate that it is the natural extension of to (M, g), equa-
tion (p.1.3)) is only formal, since SDE on manifolds must be stated in Stratonovich

form to ensure coordinate invariance. The more accurate form of ((5.1.3)) is
[State Stratonovich SDE here and label it eq:rl2]

In particular, the Brownian motion B?® on (M, g) must be defined carefully as
discussed below. Let f € C*°(M) be a test function. The infinitesimal generator L

of the diffusion ([5.1.3)) is

1

(1/det gg" 0, 1.4
\/ma’b( € gg a]f)ﬂ (5 )

Ef:—gradE(f)—i-%Af, where Af =

is the Laplace-Beltrami operator, grad denotes the gradient with respect to g, and

the volume form is computed in coordinates using det g = det(g;;).
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The Fokker-Planck equation, 0,p = L*p, where the dual is with respect to the

volume form of g, takes the form
. 1
Oyp =div (pgradF), F=FE+ 3 log p. (5.1.5)
The free energy, F, is constant in equilibrium and we find the Gibbs density

1 ST
p(qj) = Z—e_BE(x), Zg = / Q_BE(x) detgd:z:. (516)
B M

An important feature of metrics arising in conic programs and deep learning is that
the volume f 1 Vdet gdr may be infinite. Thus, the above calculations are only

formal. The existence of Gibbs measures is a subtle problemma.

5.1.4 Riemannian geometries in optimization

The framework of the RLE provides a natural geometric unity between conic
programs and deep learning. What changes is the underlying Riemannian manifold

(M, g). Let us illustrate this idea with examples.

First, in the setting of conic programs, the role of Riemannian geometry in interior
point methods is implict in Karmarkar’s early work on linear programming [54]. A
systematic treatment of the underlying Riemannian geometry was provided by Bayer

and Lagarias [12]. They showed in particular,
Here we are given a convex polytope C' € R"

Given a convex barrier and a vector ¢ € R", the conic program min,cc ¢’z may

be solved by taking the 8 — oo limit of the central path

z(0) = argmin, {F(s) + Oc’'s}. (5.1.7)
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Further, z(6) above is the solution to the Riemannian gradient flow

dx

0 —gradg(ch), g= D?*F, z(0) = argminF. (5.1.8)

That is, the Hessian of the barrier F' provides the underlying Riemannian metric.
We now see immediately that the RLE is the natural stochastic dynamical system

corresponding to the gradient flow (5.1.8)).

Riemannian metrics have also been extensively used in geometric deep learn-
ing [16]. A matrix model that allows a comparison between deep learning and conic
programs is the deep linear network [5] [6, 27]. The training space for a network of
depth N is the product space of d x d matrices Mév. Given W = (Wx, Wx_1,..., W)
the observable is the product V' = WyWy_;---W;. Learning problemmas like ma-
trix completion may be modeled as a Euclidean gradient descent for a cost func-
tion L(W) := E(V). Then for suitable initial conditions, the Euclidean gradient
flow, W; = —Vw,L(W), 1 < i < N corresponds to the Riemannian gradient flow,

V= —grad,E(V), where the metric g acts by

1 N

9(Z0, 22) = WA () Z2), An(Z) = 5 Y (WWI)S Z2(W'W)%.  (5.1.9)

=1

In order to explore the nature of the Riemannian Langevin equation in opti-
mization, we must understand Brownian motion on Riemannian manifolds like those
above. This is a problemma of some depth. We illustrate this by computing explicit
expressions for Brownian motion in some fundamental cones, using expressions for

the barrier from [39)].
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5.1.5 A comparison of SGD with RLE

Stochastic gradient descent (SGD) schemes in machine learning typically arise as
follows. An empirical loss function F : R™ — R, for a training parameter z, is defined
1

through a finite sum E(z) = & SV ei(), where g5(z) = e(z;y;, ) denotes a loss

function evaluated on a finite set of training data {(y;, 2;)})*;. The loss function is

minimized using the stochastic gradient descent scheme

" = 2F — 3 Ve (2, (5.1.10)

where i, is chosen randomly from the set {1,..., N} and v, is a time step.

Several variants of SGD have been explored since the classic work of Robbins and
Monro [81]. What is different in modern maching learning is the large size of n and N
and the protocol for the learning rate . Diffusion limits of SGD replace the discrete
iteration above with stochastic differential equations (SDE); these SDE depend on
the manner in which v, — 0, n — 0o and N — co. Some examples of this approach
are the stochastic modified equation (SME) proposed in [63], the variational analysis
using Kullback-Leibler divergence proposed in [67], and homogenized SGD (HSGD)
defined in [79].

The RLE provides a dynamical system to the study the Gibbs measure associated
to F', whereas SGD schemes seek the minimum of E. In algoritheoremic terms, the
Euler-Murayama discretization of the RLE provides a Riemannian Langevin Monte
Carlo (RLMC) scheme to sample from the Gibbs measure. Despite the obvious differ-
ence between optimization and sampling, these techniques are closely related. When
f — oo and E has a unique global minimum at z, € M, we expect the Gibbs
measures to concentrate at z, as § — oo with rigorous asymptotics provided by the

Bakry-Emery technique and large deviations theory.
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In practice, the design and analysis of RLMC algoritheorems requires an explicit

understanding of the underlying Riemannian geometry.
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5.2 Brownian motion and conic programs

Manifold-valued Brownian motion may be defined in several ways [43]. We use
the following definition in this note: an M-valued semimartingale X, is called a

Brownian motion on M, with temperature T' = %, if for any f € C*°(M),
1 t
f(Xy) = f(Xo) + B/ Af(X)ds + a local martingale. (5.2.1)
0

We denote Brownian motion on (M, g) at temperature 7' = % by B’

Proposition 5. The quadratic variation process of f(BYP) for f € C®(M) is

[f(BP)], /|gradf |ds (5.2.2)

where |gradf|? := ¢ 0,f0;f.
Corollary 7. The covariation process of f1(BY?) and fo(BY") for fi, fo € C=(M)

18

[f1(B9?), f,(B9)], = % / (gradf, - gradf,)(B?")ds (5.2.3)

0
where gradf - gradfay := ¢, f10; fa.

Proposition [5| allows us to analyze Brownian motion through a careful choice of
coordinate functions. We will choose f such that Af = 0 and |gradf|*> = 1, so that

F(B?P) — f(B%?) has the same law as an R-valued standard Brownian motion.

Let us now assume M is a regular convex cone K C R"”, let F' denote its canonical

barrier, and equip K with the Hessian metric

_F
95 = Oxiozi

(5.2.4)

157



Theorem 19. Consider Brownian motion B¥® on (K, g). The process %(F(Bf’ﬂ) -

F(Bg’ﬁ)) has the same law as a standard Brownian motion on the line.

Proof. We will use the logaritheoremic homogeneity of F and the Monge-Ampere

equation to establish the identities
gradF = —z, |gradF|>?=n and AF =0. (5.2.5)

Theorem (19| follows immediately from these identities.

The first identity uses logaritheoremic homogeneity. Since F'(Ax) = F(x)—nlog A

for A € R, z € K, we may differentiate with respect to A and set A = 1 to find
'O F (z) = —n. (5.2.6)

Next, the differential of F' with respect to 27 is 0;F (z) = —2'0;0;F (x) = —g;;a* by

equation . Thus, each component of the gradient of F is
(grad )" = %0, F = —a*. (5.2.7)
This proves the first identity in equation . It immediately follows that
lgradF|* = (¢ 0,F)0;F = —1/0;F = n. (5.2.8)

Finally, we show that AF' = 0 as follows

AF = div(gradF) = —\/dl_tai(\/det gz')
ety

) 1 )
= —0i(x") — x’@i(é logdet g) = —n — 2'0;F = 0,

where we have used the Monge-Ampere equation (5.1.1]) and equation ([5.2.8)). ]
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The above theorem sheds new light on the mysterious reappearance of the Cheng-

Yau metric in optimization theory. Let us understand it better with examples.

159



5.3 Brownian motion examples

5.3.1 Positive orthant

Denoted by R? = {z € R"|2* > 0,i = 1, ...,n} the positive orthant. The canonical

barrier and its Hessian metric are

F(z)=— Zlogxl, g = Z erer (5.3.1)

Then for each choice of coordinate, we have the identity in law

log z*(BY") — log 2 (BY") = ﬁBZ i=1,.,n (5.3.2)

where {B/}"_, are n independent standard Brownian motion on R.

5.3.2 Cube

Next we consider a convex set, the cube B,, = (0,1)". We find that

n

= sin(ma?) dx’dx
_ 1 = 5.3.3
;:1 0g—— g= E m’ (5.3.3)

sin? le

Similar calculations yield the identity in law

a7t ( B9 '
#)) = %BZ (5.3.4)

' (BY

log(tan( )) — log(tan(

where {B{}""_, are n independent standard Brownian motions on R.
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5.3.3 Lorentz cone

A deeper example is provided by the Lorentz cone

(5.3.5)
where z = (2°,...,2"). The canonical barrier F' on K, is given by
1 1
F(z) = —n;_ log(z” Ax) + nt log(n+1), A=diag(1,-1,—-1,---,—1).
The metric g, its inverse, and volume form are as follows
n+1 Aikl'kA‘l.Tl
i = — = (A — 2———7—), 5.3.6
Jis mTAx( J T Az ) ( )
. 1 - o
g7 = e ((xTA:c)B” — 23:'1:1:3) , (5.3.7)
1\ %
n+
derla) = (%) = i) 539

where B = A~! is the inverse of A. In our case we have B = A, but these matrices

are conceptually distinct.

We characterize Brownian motion on K, using the auxiliary functions

vn+1 bl )2
fo(x) = 5 log (xTA?L" , be L;LLH. (5.3.9)

Here we have introduced the light-cone

Ly ={beR"">0,0"Bb=0}.
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Pick n vectors {b;}7, C L, and define the n + 1 functions

1

\/ﬁF, and fZ:fbl Z:]_,,TL

1=

We choose a drift and covariance tensor as follows

0 i n—1 .
=0, - i=1,...,n 5.3.10
I W= ( )

%9 =1 — b Bb; exp (—i}%) . d,j=1,...n (5.3.11)
n

Finally, set % = 1 and ¥%¥ = 0 when exactly one of the indices is zero.

Theorem 20. Denote by B; Brownian motion on (K1, g) with B = 2. The stochas-
tic processes fi := f{(By) satisfy the Ité6 SDE

dff = p'dt +oldB], fi=f(Bo) i=0,1,..,n. (5.3.12)

In particular, each f} is itself identical in law with a Brownian motion with constant

drift.

Proof. We only need to check that
§Afz =u', and gradf'-gradf’ =%", i,57=0,...,n. (5.3.13)

First, when ¢ = j = 0, this is just the claim of Theorem [I9, When exactly one of

the indices is zero, we use equation ((5.2.5)) and the fact that (j;z); is a homogeneous

polynomial of order 0 to obtain

1

df0. gradf! =
grad f* - grad f e

grad F(df") = — o, f = 0. (5.3.14)

1
vn+1
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Finally, consider the case when both ¢ and j are space-like. We start with the

following property: for b,b' € L,

1 b b,
T T . T 9 )
gradlog(b' z) - gradlog(b™ z) = T (( Az)BY — 22" xj) bTxﬁ
I (" Ax)
= 2 — (b'BY) ). 3.1
n+1 ( ( )(bTx)(b’Tx)> (5.3.15)

Using the fact that log(b?z) = \/%(fb — f%) and gradf, - gradf° = 0, we have

gradf, - gradfy = (n + 1)gradlog(b’z) - gradlog(b" ) — |grad f°|?

=1- (b%b’)%
=1— (b"BY)exp (-ﬁ%) : (5.3.16)
In particular, we find that |gradfy|* = 1 because b" Bb =0 when b € zL; ,
The proof of the first identity in equation (5.3.13]) is a computation:
T 3\ T b; 1 - 2T Ax
(grad log(b'z))" = e 1((:1; Az)BY — 21" arj)bT = 1(2:76’ ~ . Bb;)
= Alog(b'z) = dletg&-(\/M(grad log(b"x))")
8,((grad log(b"z))") + (grad log(bTx))iGiF
- al( fT‘ixBijb )) + (grad F)'d; log(b"x)
:nil(Q(nle)—Q)—l Hi (5.3.17)
Thus, finally we have
Afy = AWF Tloglh"a) + ) = =
[
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5.4 Additional properties

5.4.1 Divergence of volume

Theorem 21. Let K C R™™ be a reqular convex cone, F be its canonical barrier,
and g be the metric generated by F defined on K°. Then the volume of K°, defined
by the integral Vol(K) := [, v/det gdz is always infinite.

Proof. Without loss of generality, assume K¢ is in the region xg > 0, so K, = K N

{zo = s} is non-empty and finite for s > 0, and K = UK.

As the canonical barrier F' of K satisfies Monge-Ampere equation, we have

Vdet g = Vdet D2F = eF

<Vol(K) :/ efda. (5.4.1)
By homogeneity of F:
F(zg,x1,...,x,) = F(1, ﬂ, . ﬁ) — (n+1)logzg (5.4.2)
Zo Lo

Let s = wo, y; = 7= fori =1,...,n, and f(y) = F((1,y)), the volume of K has the

following expression:

Vol(K) = / efda

:/ ef(y)—(n—l—l)logssndsdy
Ry xKi

:(/OOO 1ds) X (/K e/Wdy) . (5.4.3)
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The first factor is clearly divergent, which makes Vol(K) infinite.

5.4.2 Mean curvature of level surface

Theorem 22. Let K C R™™! be a reqular convex cone, F be its canonical barrier, and
g be the metric generated by F' defined on K°. Fora € R, let G, = {x € K|F(z) = a}

be the level surface of F, then G, has mean curvature 0.

Proof. As G, has codimension 1, the mean curvature H should be proportional to

grad ' = —x, i.e. H = ¢(z)x, and we can evaluate c¢(z) by evaluating H(F), so

H
c(x) = :1:((FF'))'

Let {u;}"; be an orthonormal basis of T'G,, by definition we have

n

H(F) =) (Vyu)(F)

=1

= [wi(wi(F)) = V*F(u,w)]

1
x, x
vn+1l " vn+1

),

= Zn:ul(ul(F)) — AF + V*F(

where we used the fact that \/nljlaz along with {u;}?_; forms an orthonormal basis of

K° Asu;(F) =0, AF =0, we have

1

n+1

— L [a(@(F) - (Voz)(F)]

H(F) = V2F(z, )

= [@(x(F)) — (Vox, grad F)]

= [x(x(F)) + (Vez, x)] . (5.4.4)

Since (F) = —n — 1 is a constant, (x(F)) = 0. Also, as (x,x) = n+ 1 is
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a constant, (Vyx, x) = Lz((z,x)) = 0, so we conclude that H(F) = 0, therefore

H =0. [l
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Chapter 6

RLE in Deep Linear Network

6.1 Introduction

6.1.1 Deep Linear Network

Deep neutral network has become the central technique of artificial intelligence,
while mathematical theories on deep neutral network and explanations of its effective-
ness are not satisfactory at this stage. To approach rigorous analysis of deep neutral
network, possible simplified models include two-layer neutral network [64] and deep
linear network (DLN) [4]. DLN is the deep neutral network with all activation func-
tions being identity map, which is a highly simplified model but still preserves proper-
ties of deep neutral networks, e.g. number of parameters can be extremely larger than
data size, so the study of DLN can help understanding overparametrization problem

in deep neutral networks.

Overparametrization or overfitting problems arises in classical regression models,
and methods including ridge regression and Lasso regression are known as explicit

regularization to mitigate this problem. In practice, however, deep neutral network
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seems to avoid overfitting problem without explicit regularization, which is called im-
plicit regularization. In the work [28] the implicit regularization in DLN is interpreted
as the effect of state space volume. The volume of state space is based on the hidden

Riemannian structure in the gradient flow of DLN [7].

In this paper, we obtain the same Riemannian structure of DLN in a pure geo-
metric way. We also provide description of Riemannian Langevin dynamics on the
balanced manifold of DLN, explaning the effect of state space volume on the choice
of minimizer of objective function. The effect of state space volume on optimization
problems is common when stochastic gradient descent algorithms are applied. From
the dynamical point of view, projection of Brownian motion from higher dimensional
parameter space to lower dimension space produces a repulsion given by mean cur-
vature of fiber. In view of stationary distribution, the volume of state space provides

a further factor on the Gibbs distribution, resulting in implicit regularization.

6.1.2 Balanced manifold of DLN

An N-layer DLN with width d is described by N of d x d real valued matrices
{Wi}X¥,. Given input 2 € RY, the output of each layer is defined by z; = W,z
for 2 = 1,..., N and the overall output zyy = Wzy where W = WxyxWny_1--- WolW;.

Optimization problem of DLN can be formalized as

i EW 6.1.1
wo B V) O+

for some energy function £ € C?(R%*.

A common choice of the energy function E(W) is

E(W) = Z [y — W92 = Z [y — Wy Wi_y - Wl 202 (6.1.2)
J J
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for dataset {(Z(j),y(j))}j-

When applying gradient flow on E(W), it is observed [4] that G; = W, W1 —

W,WTI fori=1,..,N — 1 are conserved quantities, and the variety
{W e REYNWL Wi =WW/i=1,..,N -1} (6.1.3)

foliated by rank r of W;’s gives balanced manifolds. In this paper, we restrict our

attention to the balanced manifold with full rank and distinct eigenvalues. Define:

M ={W e R"YN W Wiy =WWT, i=1,..,N—1,

W; is full rank with distinct singular values,7 =1, ..., N} ) (6.1.4)

With each W; being full rank, the product W is also full rank. Let N/ =
{W € R™>W is full rank with distinct singular values} be the image of M under
¢: (Wi, Wy) = W = WyWx_q--- Wi, we will explore the geometric structures
of M and N, regarding M as a submanifold of (R¥*¢)Y and N a quotient manifold

of M.
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6.2 Main results

The main result of this paper are two theorems describing the effect of mean
curvature of fiber ¢~(W) on the evolution of W. The first theorem provides the
volume of ¢~!(1W), and the second theorem describes the effect of mean curvature in

the optimization of E(W).

Theorem 29. For each W € N with SVD W = QxXQ7, Qn,Qo € O(d), X =

diag(oy, ..., 04), the volume of ¢~!(W) is given by

vol(7! (W) = e~ [ ) e

3 6.2.1
van(Xv) ( )

where ¢q = vol(O(d)) = 22443 TT7_ F’T—i) is the volume of orthogonal group O(d) [80].

Remark 30. This theorem should be compared with Theorem 1.1 in [28] where the

volume form of A is computed. The product of vol(¢~'(W)) and the volume form in

28] gives a measure on N that for each U C N evaluates the volume of ¢~ 1(U) C M.

Once the volume is given, the mean curvature of fiber ¢~ (W) is given by H(W) =
—gradlog vol(¢~1(W)) [T7]. Therefore, if W, solves the Riemannian Langevin equa-
tion with energy function E(W) = E(¢(W)), W, = ¢(W,) solves Riemannian Langevin
equation with Helmholtz free energy function F(W) = E(W) — %log vol(¢~t(W)).

Theorem 31. If W, solves RLE
dW, = =D(E o0 ¢)(W,)dt + d B (6.2.2)

where Bf’ﬁ is the Brownian motion on M, with metric g induced by the metric
SOV Tr(dW;dW]T) in Euclidean space. D is the differential operator, and D(E o ¢)

is the differential of E o ¢ with respect to Nd? variables.
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Then W, = ¢(WW,) solves the following RLE
dW, = —grad, . F(W;)dt + dB#’ (6.2.3)
where F(W) = E(W) — %log vol(¢~1(W)), and gu is defined as

gy =Tr(A7H(AW)daw™)
N

A(Z) =Y WWT) S ZWTW)'F

(6.2.4)

In explicit form, for W, = Qx Zizl MNerel Q' W, solves the following SDE:

N

dw, = — Z(WtWT) “DE(W,)(WIW,)'~ dt

=1

)\QN 1 )\k’
B ZZQN )\2N )\2N - )\% — /\ZQ)AkN 1ek€k dit

k=1 £k
VENAYTAB [ By
2 2
T 50N | e dBt VNN A Qg
1 d
EZ DAN=2QTat (6.2.5)
k=1

where DE here is the differential of E with respect to d? variables, {B/"'}1<j<q are

d? independent R-valued standard Brownian motions.

In the explicit form of RLE above, the first two terms are corresponding to the

gradient of energy and entropy term in F, and the last two terms are the Brownian

motion on the manifold (N, gx).
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6.3 (Geometric analysis of M

We first provide a theorem about the structure of M. The constraint W W, =
W, W T gives strong restriction on the eigenvalues and eigenvectors of matrices Wiy, ..., Wj.

We have the following theorem providing a parametrization of M

Theorem 32. For each W € M, there exists a diagonal matrix A € R? and N + 1

matrices {Q;}Y, C O(d), such that
Wi = Q:AQ], (6.3.1)

Proof. Let the SVD of each W; be W; = Q;A;PF. The condition G; = WL , W —

W;WI requires that
Q:AIQ] = PinAL, Pl i=1,.,N—1, (6.3.2)

so a possible solution is that A;, = A, and Py =Q; foralli=1,.... N — 1. O

Remark 33. In the region where singular values of W are all distinct, the map R? ®
(O(d))¥*1 — M is locally bijective. Under operation Q; — @Q;E for E being a
permutation matrix with entries being +£1 and ¢« = 1,..., N — 1, the image W € M
is the same, and the group generated by these operations is finite. Up to these finite

operations, we regard the SVD: W; = Q;AQT ;| as uniquely determined.
In the case W has repeated eigenvalues, there are infinitely many choices of SVD.

From theorem the constraints for W € M is transformed into the restric-
tion on the SVD decomposition of each W;. As all W, share the same spectrum A
and their O(d) components cancel each other, it is easy to see that W = ¢(WW) =

WaWy_1--- WoW; = QnANQE, and for given W with distinct singular values, the
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fiber ¢=1(W) on M is homeomorphic to (O(d))N 1.

With the parametrization, we are able to analyze the tangent space of M by
differentiating parameters. The following theorem describes the tangent space of M

and provides an orthonormal basis of X(M).

Theorem 34. The following vector fields provides an orthonormal basis of X(M).
Let each W; be expressed as W; = Q;AQT |, where A = diag(\y, ..., \g), then for

1 =1,..., N, define the following vector fields:

1

L;(W;) \/NQZBJ‘@JT 1 (6.3.3)
for j=1,...,d and
1 . (i—=1)pm . ipm
kil _
Uy (W2) _\/N(Az TN 2 cos 1) @ [Qesin =37 = Ausin T Jerer
1 :
+ (A sin (= Upr Ak sin %)elef] T, (6.3.4)

e — A i— —i
Ug"(Wi) = o —yaw M M Queref QF s (6.3.5)
k l
k,l )‘%_AlQ N—iyi—1 TNHT
Uy (W) = ov—yaw e AT Qiewer @iy s (6.3.6)
k l

forp=1,...,. N—land 1 <k <l <d.

Remark 35. With the parametrization of M, we can find tangent vector fields of Ri
and O(d) respectively and consider their push forward on X(M) to establish basis
of X(M). Then orthonormalize the basis we will get an orthonormal basis. In the
following proof, vector fields {/;}&, (defined below) are the push forward of tangent

vector fields on R‘i and {‘/pk7l}1§]€<l§d’ogpSN are those on (O(d))N+1.

Proof. First consider the case where singular values {\;}¢_, are all distinct. Using

the parametrization of M, we are able to get a basis of X(M). For j =1, ..., d, define
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vector field [; as

lj(Wp) :Qpeje?Qp—l P = 1, ceey N (637)

and for 1 <k <l1<d,p=0,...,N, define vector field V;)k’l as

—epef + eef

V;;k’l(Wp) =@y NG AQ;}F—l
—epel + el
Vpk’l<Wp+1) - - QerlA%Qg
VI (W,) =0 if g #p,p+1 (6.3.8)

where when p € {0, N}, the only non-zero actions are V;'(W;) and V' (Wy).

The metric g = sz\; Tr(dW;dW') is expressed by a square matrix of dimension

d+ (N+1)@. The matrix is block diagonalized in the following way: g(I;, V') =0

for all choices of index j,p, k,l, and g(‘/;f’l, V,m") = 0 as long as the pair £, is not

equal to the pair m,n. Therefore, ¢ is block diagonalized as

g1
91,2
g= v (6.3.9)

d—1,d
9y

with (¢1)i; := g(li, 1;) being d x d matrix, and (gi'), := g(VP VED being (N +1) x
(N + 1) matrix.

With further computation, we have g; be equal to N x I, a scalar matrix, and
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g‘k/’l being the following tridiagonal matrix

SO +HA) =N
ESVS VD VD RS 5y
NN A2

Y
SN A2 A SN

N 24 2)

(N+1)x(N+1)

(6.3.10)

By finding a proper matrix P such that Pg‘k/’lPT = Iyy1 is diagonal, the vec-
tor fields defined by Ullf’l = Zé\[zo ququ’l for p = 0,...,N are orthonormal, i.e.
g(UIﬁ“’l,U;f,’l) = 4,y for p,p’ = 0,...,N, therefore we are able to determine an or-

thonormal basis of X(M).

The choice of P matrix is not unique. In the following we provide details about

finding P associated to U*! vector fields.

We first find eigenvalues and eigenvectors of the following submatrix of g‘k,’l with

the knowledge about Chebyshev polynomial.

YLD IS VY
WP Ry,
g= . (6.3.11)
PLIEED VI VY
WP Y.

(N=1)x(N-1)
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Such ¢ has decomposition SgST = ¥ with SST = Iy_,

2 . pgm
Spq:”ﬁsm(T) p,g=1,...N —1

ap:/\i+)\l2—2)\k/\lcos(%) p=1,.,N—-1
Y =diag(oy,...,on_1)
)\QN _ )\QN
det(g) =2 —"L— (6.3.12)
A2 — N2

Now consider g(“/’l, we still need other two vectors sg, sy to form an orthonormal
basis. By the symmetry (g‘k/’l)m- = (g‘k/’l)N_i,N_j for 7,j = 0,..., N, we can require s

and sy to satisfy (so); = (sy)n—; for i =0, ..., N.

As we require sog‘k,’ZST — 0, where S is the extension of S to (N +1) x (N +1)

matrix with Spq = \/%sin(%) for p,q =0,..., N, we have

Sogy = (co 00 - 0 CN) (6.3.13)

50 o is the linear combination of the first and last column of (gi')~1.

2N _ 2N
Let Dy = det(g) = /\’i\gﬂi , using Cramer’s rule and the tridiagonal shape of
k l
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g‘k,’l, it is not difficult to find

A+ A2 AN

WP EY.

1
’ det(g‘k;l)

()\k)\l)z det(

_ (M)’ (Dy—ip1 — 5(AF + A7) D)
Do — (A + M) Dnyr + 1(AF +A)? Dy
ey
(A7 = AN = AFY)

(555 + ().

then ((gi") ")y o ((3) + (f\—’;)_z) by symmetry.

l

Notice the following orthogonal property

N

S (g5 (R (R0 = g,
oy

A
,q=0 !

A+ N

— A\

— A\

A2+

(6.3.14)

(6.3.15)

we can choose (sg); = (’;—’;)Z and (sy); = (’/\\—’;)N_i, the corresponding norm are

= 3l m5 VG
1 2 2 A 2N

=5 =D =)
1 2 2 A 2N

ON 25()‘1 - )‘k)(()\_]i> -1)
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Therefore, we found an orthogonal vectors of g‘k}’l. After normalization, we have

2
Py =
" \/ 07 = M0F =)

XA

P 2 i (’Ljﬂ')
- — : in(=2—
! N+ A7 — 2Xp A cos(F)) N

2 N . .
Py = AL N i=1,..N—1,57=0,..,N
f \/ OZ =)y =)
with Pgi' PT = Iy (6.3.17)

Now we are going to consider the Riemannian submersion ¢ : M — N, (W) =
WxWhny_1---Wi. N is the collection of matrices W with full rank, and the metric is

determined through Riemannian submersion.

Theorem 36. The metric on N

gy =Tr(A7(aW),dw?) (6.3.18)
A(Z) =Y (Wwh S z(Wrw)'w (6.3.19)

i=1
makes ¢ : M — N a Riemannian submersion.

Remark 37. This metric is known in the work [7] from the analysis of gradient flow,
by projection to the gradient flow of W, into that of W, = ¢(W,). Here we provide

a geometric view of this metric from Riemannian submersion.

Proof. To define gy through Riemannian submersion, we should make ¢, : (Ker ¢,)* —
TN an isometry, where ¢, : TM — TN is the differential of ¢. Thus, finding an or-

thonormal basis of (Ker ¢, ) and determine the projection of the basis to TN actually
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provides an orthonormal basis of TV, so gy is obtained.

We claim that all UI’f’l vector fields with 1 <k <l <dandp=1,...,N —1 are in
the kernel of ¢,. In fact, as each U} is a linear combination of vector fields {qu’l}flvz_ll
and V(W) = 0, we conclude that U}(W) = 0.

By counting dimension, Ker ¢, has dimension d+(N+1) @ —d*> = (N-1)

SO Ulf’l in fact provides a basis of Ker ¢,. Therefore, the other vector fields gives an

orthonormal basis of (Ker ¢,)*, which are

L;(W) :\/N/\jy_lQNejejTQo (6.3.20)

/\2N - )\QN
Uy (W) = | a5 @nerei Qo (6.3.21)
k l
/\2N _ )\QN
UN' (W) = ﬁ@,vekemo (6.3.22)
k l

The orthonormal basis describes the metric g defined through Riemannian sub-
mersion completely. To confirm that this metric coincides with the one defined in

6.3.18, we write [6.3.18 into the following form: for W = QnyANQo, defined the
matrix-valued 1-form dM by A~ (dW) = QndMQT, we have

N
AW =) " QNANHAMA* QY (6.3.23)

=1

SO

(QNAW Qo) =N X3 —2dM;;
NI p2n

(QNAW Qo) :Wdel - (6.3.24)
kAN
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Now

g =Tr(QndMQq (dW)T)

—Tr(dM(QR AW Qo)")
TAaAw A2 — )2
—Z o AQNQS P 30 s (QRAW Qo)+ (QRAW Q)
1<k<I<d

(6.3.25)

It is clear that the vector fields defined are orthonormal under gxr, therefore g

coincides with the metric obtained through Riemannian submersion. [

In the orthonormal basis described above, {‘{fﬂl <k<l<d1<p<N-1}are
vectors corresponding to the rotation in (O(d))¥~! that does not change the product
W = WxWy_y--- WoWi, which also gives a tangent space isomorphism between
Te~H(W) and (O(d))¥~t. With this understanding, we can evaluate the volume of

fiber ¢~1(WW) using change of variable rule.
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6.4 Proof of main results

Proof of theorem [29. For W = QnANQ?, consider the map h : (O(d))N=! — ¢~ (W)

h(Q1, -, Qn-1) = (QNAQN_1, Qn-1AQN s, ., Q1AQg) (6.4.1)

It is clear that the push forward of the following vector fields

—epef + e}

O‘];J(Qq) = 0pgQq V2

(6.4.2)

for 1<k<l<d 1<p<N—1are just Vp’“’l, ie. h*(a’;’l) = Vpk’l.

Let the volume form corresponding to Haar measure on (O(d))¥~! be dvo, the
volume form corresponding to measure on fiber ¢~ (W) be dv;. The change of vari-

able is written as

v -1 = = * 4.
ol(671 (1) Al(W)dvf /(O(d))mhmvf) (6.4.3)

where h* is the pull back map of h.

Now we claim that h*(dv;) = /det(G)dvo, where Gripmng = g(VPh, Vi) is the
metric matrix of dimension (N — 1)@. Let {wh'[1 <k <1<d1<p<N-—1}be
the 1-form fields on (O(d))¥~" that is dual to vector fields {oji!|l <k <1 <d,1 <
p<N—1}, and {1 <k <1 <d,1<p<N—1} be the 1-form fields on ¢~ (W)

that is dual to vector fields {V!|1 < k <1< d,1 <p < N — 1}, then the volume
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forms can be written as

_ kL
dvo = /\ “p

1<k<i<d,1<p<N-1

dvy =+/det(G) A QO (6.4.4)

1<k<I<d,1<p<N-—1

By h*(a’;’l) = Vpk’l, we have the dual w;;’l = h*(Q’;J), SO

h*(dvy) =+/det(G)h*( A Qb

1<k<I<d,1<p<N-—1

=+/det(G) /\ wlg’l

1<k<i<d,1<p<N-1

—/det(G)dvo (6.4.5)

As a result in theorem [34] the matrix G is block diagonalized with each block

being [6.3.11] its determinant is given by

AN 2N
1<k<i<d 'k l
so we have
)\QN )\2N )\2N )\QN
vol(p' (W) =[] / dvo = |
1<k<i<d 1<k<i<d
(6.4.7)
1
Replacing A; by oY, we get the desired result. O]

With Riemannian submersion ¢ : M — N determined, we are able to describe
the A-image of Brownian motion on M. As the fiber ¢~'(W) € M is in fact the

orbit of an isometry group (O(d))V~!, the Brownian motion on M projected to N
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is a Brownian motion with drift %grad log vol(¢~1(1)). Similarly, for a process W,
solving Riemannian Langevin equation on M with energy function E (W), the image
W, = ¢(W,) solves Riemannian Langevin equation on N with free energy function

F(W) = E(W) - 5S(W), where S(W) = log vol(¢~'(W)).

Proof of theorem[31 The assertion of RLE is standard result of RLE theory,

and we only need to prove the explicit form of RLE [6.2.5]

For the term grad, (W), for each vector Z € TN, we have

gn(grad, B, Z)(W) = Z(E(W)) = Te(DE(W)(Z(W))") = gn (A(DE(W)), Z)

(6.4.8)
S0
N
grad, B(W) = ADE(W)) = Y (WW,) T DE(W,) (W] W;) ¥ (6.4.9)
i=1
The gradient of entropy term can be evaluated as follows, notice that the vector
field Ly = \/Lﬁa;i,g and that S(W) = logvol(¢~1(W)) is a function of {\z}{_,

d
arad,, S(W) = gu(grad,, S, L) Le(W)

k=1

Z e QN)\N Lerel QT (6.4.10)

For the Brownian motion term, the diffusion term is given by the orthonormal
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basis L(W) and UP' (W), UE' (W), and the drift term is

| 1<
5o W =5 3 (Lu(Ia(W)) = VEL(V)
+% <k lzd 0.N <U”’€71(U§7Z<W)) VQU%U;”(WD (6.4.11)
<I<d,p=

With some computation, we find that the second sum is 0, and that V%’Z L, =0,

SO

—1) ZQN)\N Zepel QT (6.4.12)

Q
QI’—‘

Tbl'—
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Chapter 7

Summary

This thesis contains the theory and several applications of Riemannian Langevin
Equation in different problems. The most direct use of RLE to do Gibbs sampling
problem is presented in chapters [3|[d, and the stochastic relaxation of interior point
method in conic programming is discussed in chapter [5] In chapters[2][6] the phenom-
ena of entropy ascent companion with Brownian motion are emphasized. In chapter
it is used to generate random matrix models, and in [6] it is used to explain implicit

regularization in deep linear network.

There are still many unknown questions and potential directions in each of chap-
ters. For chapters[3|[d], the convergence analysis of the Riemannian Langevin MCMC is
not satisfied, and some criteria beyond Bakry—Emery curvature condition is expected.
Also, the extension of RLE and Gibbs sampling to other manifolds is naturally mo-

tivated, e.g. the manifold of n x m matrices with fixed rank p.

In chapter [2 the parallel theorems in Dyson Brownian motion are not fully ob-
tained. In particular, the proper scaling of the spectrum and the limit of spectrum
measure is not solved. On the other hand, as a symplectic manifold, chapter [2| fo-

cused on its Riemannian structure, while the interaction between Brownian motion
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and symplectic manifold is also expected.

In chatper [5, a natural question about RLE in conic programming is the equilib-
rium measure. As the metric is generated by the barrier function which diverges at
the boundary of cone, the geodesic distance from a interior point to a boundary point
is infinite, and the volume of the manifold ”concentrates” on the boundary. Thus
RLE describes the evolution of a measure from the interior to the boundary, but the

equilibrium measure on the boundary is not known.

The entropy ascent argument is used in chapter[6]to explain implicit regularization
for DLN, and it is natural to ask about deep neutral networks. Without knowledge
of balanced manifold, as well as the geometric structure in real deep neutral network,
entropy argument cannot be applied directly, but the idea of maximizing volume of

preimage in parameter space can be generalized.

In summary, Riemannian Langevin Equation lies in the interdisciplinary area
of probability, Riemannian geometry and optimization, serves as a useful tool for
practical problems, and also attracts theoretical interests. As a theory based on Rie-
mannian geometry, RLE provides good explanation of entropy effect in optimization,
but is also restricted by the compatible requirement of geometric structures. There
are many prospective areas where RLE may be applied, many questions about RLE

that need answers, and also many possible theories beyond RLE.
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