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Topological phases of matter have recently attracted intense interest. Among topological phases,
topological quantum liquids, such as fractional quantum Hall liquids and gapped quantum spin
liquids, possess exotic excitations with fractional statistics, known as anyons. They are of great
interest to quantum information science. The most direct method to probe anyonic statistics in-
volves electronic interferometers, which have proven successful in fractional quantum Hall liquids
very recently. This thesis gives a comprehensive description of the interferometery technique and
explains how electronic interferometers can be adapted to thermal interferometry that can probe
the non-Abelian anyonic statistics of charge-neutral excitations in Kitaev spin liquids. We compare
the Fabry–Pérot geometry and the Mach–Zehnder geometry and identify unique signatures of Ising
statistics in Kitaev spin liquids. Furthermore, the idea of thermal interferometry can be generalized
to probe almost any Abelian or non-Abelian anyonic statistics in topological liquids. In general, the
absence of interference current in a Mach–Zehnder device is a smoking-gun evidence of non-trivial
anyonic statistics. This thesis also addresses the problem of electronic quantum Hall interferometers
with multiple edge channels, explaining how a closed inner edge channel affects the measured I–V
curve at a finite source-drain bias voltage. When the inner mode is completely reflected and the
outer mode is partially transmitted, we find striking features at low temperatures related to the
resonance of excitations of the closed inner channel. However, these features disappear rapidly with
increasing temperature. Another feature brought by the closed inner channel is the exponential
decay in the I–V curve at a high bias, which is due to the fluctuations of the quasiparticle number
on the inner channel.
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Preface

In modern condensed matter physics, topology is an important concept in studying the exotic
properties of matter. The introduction of topology starts with Kosterlitz and Thouless’ discovery
of topological phase transitions in 1973 [1]. Since von Klitzing discovered the integer quantum
Hall effect (IQHE) in 1980 [2], the phrase “topological phase of matter” was coined to describe a
phase of matter whose properties are precisely quantized in a wide range of parameters. Topological
quantum liquids are a subset of topological phases. Strong quantum fluctuations in topological
quantum liquids prevent them from forming a crystal-like phase [3]. This thesis focuses on two
primary examples of topological quantum liquids: fractional quantum Hall (FQH) states and gapped
quantum spin liquids (QSL). They exhibit “topological orders”, and have fractional excitations
known as anyons. These anyons have different exchange statistics from fermions or bosons and can
be used to build a topological quantum computer.

As implied in the title, the interferometry technique is the main theme of this thesis. Electronic
interferometers are proven to be powerful tools for probing the fractional statistics of anyons in the
ν = 1/3 FQH state. This thesis aims to extend the theory of interferometers in two directions: one
is electronic interferometers for quantum Hall (QH) states with multiple channels, and another is
thermal interferometers for topological liquids with an arbitrary topological order. The latter goal
originates from the problem of adapting the interferometry technique to gapped QSLs. QSLs are
known to have no charge excitations; hence, there is no electric current to measure. However, thermal
transport is universal in all topological liquids, and we will show that thermal interferometers are
capable of probing neutral excitations in spin liquids.

Chapter 1 of this thesis is an introduction to fundamental concepts in topological liquids, anyons,
and electronic quantum Hall interferometers. We introduce the thermal interferometers for spin
liquids in Chapter 2, where we focus on the Kitaev spin liquid. We compare the Fabry–Pérot
geometry and the Mach–Zehnder geometry and identify unique signatures of Ising statistics in Kitaev
spin liquids. The idea of thermal interferometry is generalized to probe almost any Abelian or non-
Abelian anyonic statistics in topological liquids. In general, the absence of interference current in a
Mach–Zehnder device is a smoking-gun evidence of non-trivial anyonic statistics. Chapter 3 addresses
the problem of electronic quantum Hall interferometers with multiple edge channels, explaining how
a closed inner edge channel affects the measured I–V curve at a finite source-drain bias voltage.
When the inner mode is completely reflected and the outer mode is partially transmitted, we find
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striking features at low temperatures related to the resonance of excitations of the closed inner
channel. However, these features disappear rapidly with increasing temperature. Another feature
brought by the closed inner channel is the exponential decay in the I–V curve at a high bias, which
is due to the fluctuations of the quasiparticle number on the inner channel.
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1.4.1 Fabry–Pérot geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.4.2 Mach–Zehnder geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2 Thermal interferometry in topological quantum liquids 18
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.2 Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2.1 Single point contact . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
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Chapter 1

Introduction

1.1 Fractional quantum Hall effect

xI

HV

B

Figure 1.1: The basic setup for the Hall effect. Source: D. Tong, “Lectures on the quantum Hall
effect”, arXiv:1606.06687 [hep-th].

The classical Hall effect, shown in Fig. 1.1, is a well-known phenomenon in classical electrody-
namics. When a voltage VH is applied to a conductor under a magnetic field B, it will generate a
steady transverse current Ix. It occurs when the electrostatic force balances the Lorentz force on
charge carriers (electrons or holes). To reach the quantum limit, one needs to restrict the motion of
electrons to a two-dimensional (2D) plane, which can be realized in semiconductor devices. These
electrons form the so-called two-dimensional electron gas (2DEG). In 1980, von Klitzing found that
when applying a perpendicular magnetic field to the 2DEG, its transverse resistance Rxy is quantized
at integer values [2],

Rxy =
Vy
Ix

= 1
ν

h

e2
(1.1)

where ν = 1, 2, 3, . . . is known as the filling factor. This is known as the integer quantum Hall
effect (IQHE). These integer quantum Hall (IQH) states manifest themselves as plateaux in the
plot of transverse resistance Rxy versus magnetic field B. Later in 1982, the quantization of Rxy at
fractional filling factors, which is known as the fractional quantum Hall effect (FQHE), was observed
in experiments [5, 6]. The first observed fractional filling factors are 1/3 and 2/3, but more filling

1
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Figure 1.2: Fractional quantum Hall traces in 2D hole systems. The longitudinal resistance Rxx
(black and blue) and transverse resistance Rxy (red) are traced against the perpendicular magnetic
field B⊥. The fractional quantum Hall states are marked with their filling factors. Source: C. Wang
et al., “Even-denominator fractional quantum Hall state at filling factor ν = 3/4”, Phys. Rev. Lett.
129, 156801 (2022)

factors have been observed subsequently, including, but not limited to, 1/5, 2/5, 3/7, 4/3, and 5/2.
Fig. 1.1 shows the FQHE in 2D hole systems, and a number of fractional filling factors are visible,
including an exotic ν = 3/4 filling [7].

1.1.1 Landau levels and integer quantum Hall effect

To understand the quantum Hall effect, one has to solve the problem of free electrons under a
magnetic field B in quantum mechanics first. It turns out that the eigen energy of electrons is
quantized at the so-called Landau levels,

En = ℏωB
(
n+ 1

2

)
, (1.2)

where ωB = eB/m is the cyclotron frequency and the Landau level index n = 0, 1, 2, . . . is an
integer. If we adopt a symmetric gauge for the magnetic field, the vector potential is set to A =
(−yB/2, xB/2), and the wave function of the state in the lowest Landau level (n = 0) takes a simple
form [4],

ψ0,m(z, z̄) = 1
√
2π2mm!

zm

lm+1
B

e−|z|2/4l2B (1.3)

where z = x − iy and z̄ = x + iy are complex coordinates, m is the angular momentum quantum
number, and lB is the magnetic length defined by

lB =
√

ℏ
eB

. (1.4)

https://doi.org/10.1103/PhysRevLett.129.156801
https://doi.org/10.1103/PhysRevLett.129.156801
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To find the degeneracy N of each Landau level, we notice that the probability density |ψ0,m|2 is
maximized on a ring of radius

√
2mlB , then

N = A

2πl2B
= AB

Φ0
, (1.5)

where A is the area of the sample and Φ0 is the magnetic flux quanta defined by

Φ0 = 2πℏ
e

= B × 2πl2B . (1.6)

In fact, the IQHE is the result of ν fully-filled Landau levels of non-interacting electrons. The
density of electrons of ν fully-filled Landau levels is

n = B

Φ0
ν, (1.7)

which is consistent with the experimental fact that the center of a plateau occurs at the magnetic
field

B = n

ν

h

e
= n

ν
Φ0. (1.8)

Using the so-called “Laughlin’s charge pumping” argument, one can show that the resistivity Rxy is
indeed quantized at integer values in a Corbino geometry [8]. Actually, the transport properties of
the QHE could be better understood in terms of the edge states [9]. Every real-world material has
its boundary, and the boundary of a two-dimensional material is its edge. The confining potential
on the edge leads to edge excitations without an energy gap, while the bulk state has an energy
gap ℏωB set by the Landau levels. Furthermore, the disorder potentials inside the material will
create localized states in the bulk, but the edge states will remain extended. It is known that only
the extended states carry the electric current, and the energy of a localized state lies either above
or below the extended states in a given Landau level. Therefore, this explains the robustness of
plateaux in the Hall resistance plot versus the magnetic field.

To summarize, the IQH state is a quantum liquid state with a gapped bulk and gapless edge
states. The bulk is also called incompressible due to the analogy of hydrodynamics. However, the
same picture cannot explain the FQH states, since one expects no energy gap for partially filled
Landau levels. The crucial ingredient missing in the argument is the Coulomb interaction between
electrons, and the FQHE is a problem of strongly corrected electrons rather than non-interacting
electrons. In 1983, Laughlin constructed a many-body wave function that can explain the FQHE
at filling factor ν = 1/3 [10]. This ground-breaking result leads to theoretical studies of QH states
at various filling factors, and opens the door to a new world of topological order. Like IQH states,
FQH states are also incompressible quantum liquids and host gapless edge excitations. The most
striking feature of FQH states is that they have quasiparticle excitations with fractional charge and
fractional statistics.

The next two subsections are devoted to the FQHE, including aspects of their bulk physics
and edge modes. This arrangement is a reflection of the bulk-edge correspondence, which is a
widely accepted idea for topologically non-trivial systems. It asserts that there is a one-to-one
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correspondence between the bulk physics and the edge physics. In the context of QH physics,
the bulk is described by Chern–Simons theories in 2 + 1 dimensions, and the edge is described by
conformal field theories in 1 + 1 dimensions.

1.1.2 Physics in the bulk

Laughlin wave function

At filling factor ν = 1/m, where m is an odd integer, the many-body bulk state is described by the
Laughlin wave function [8],

Ψ(zi) ∼
∏
i<j

(zi − zj)m exp
(
−

n∑
i=1

|zi|2

4l2B

)
, (1.9)

where zi is the complex coordinate of the i-th electron, and n is the total number of electrons. This
state is an incompressible quantum fluid with a gapped spectrum. Excitations in FQH states are
called quasiparticles or quasiholes. The wave function for the FQH state with a localized quasihole
sitting at a complex coordinate η is given by

Ψqh(zi) ∼
n∏
i=1

(zi − η)
∏
k<l

(zk − zl)m exp
(
−

n∑
i=1

|zi|2

4l2B

)
. (1.10)

One can show that a quasihole carries a fractional charge of e/3 [10] and obeys a fractional statistics
with an exchange phase of α = π/m [11, 12]. In contrast, a quasiparticle carries a fractional charge
of −e/3 but has the same exchange phase of π/m. The exchange phase of the combined object with
n quasiholes is n2π/m. Excitations with fractional statistics are called anyons and will be discussed
in detail in Section 1.3.

Hierarchical states

The Laughlin wave function is only for FQH states at filling factor ν = 1/m, and it was pointed out
later that quasiparticles and quasiholes can form a QH condensate on top of the ν = 1/m state and
give birth to a daughter state [12, 13]. One can successively build FQH states in this way, and these
states are called hierarchical states. For the daughter states of ν = 1/m, the additional filling factor
due to the quasiparticles is

νquasi = ± 1
2pm2 ±m

, (1.11)

where p is a positive integer, and the total filling factor is

ν = 2p
2pm± 1 , (1.12)

where −1 is for quasiparticles and +1 is for quasiholes. When m = 3, p = 1, the daughter state due
to quasiparticles is ν = 2/5, and the daughter state due to quasiholes is ν = 2/7. If we continue to
condense quasiparticles of the ν = 2/5 state and keep doing these, we can get a series of hierarchical
states with ν = 3/7, 4/9, 5/11, . . . As will be seen in the subsequent sections, these hierarchical states
can be thought of as composite electrons with integer fillings, and they have multiple edge channels.
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Composite fermion

The composite fermion picture introduced by Jain [14, 15] provides an alternative and more intuitive
way to understand the FQH states. In this picture, the FQH states of electrons can be viewed as the
IQH states of composite fermions, which are electrons attached with an infinitely thin magnetic flux
tube. We attach 2s units of magnetic flux quanta Φ0 to electrons and let these composite fermions
form an IQH state under magnetic field B∗ with filling factor ν∗ = p, where s and p are integers.
From the theory of IQHE, |B∗| = nΦ0/p, where n is the density of electrons. Next, we smear out the
flux attached to the electrons to a uniform magnetic field, and the total magnetic field for electrons
is

B = B∗ + 2snΦ0 = nΦ0(2s±
1
p
). (1.13)

We can immediately find the filling factors for electrons

ν = nΦ0

B
= p

2sp± 1 . (1.14)

A sequence of these states is known as the Jain sequence. When s = 1 and B∗ > 0, ν =
1/3, 2/5, 3/7, 4/9 for p = 1, 2, 3, 4. These are exactly the hierarchical states we have seen in the
previous section—daughter states of the ν = 1/3 Laughlin state. The composite fermion also tells
us what happens when the Landau level is hall-filled. When s = 1, p→ ∞, the filling factor ν → 1/2,
but the effective magnetic field for composite fermions B∗ → 0 simultaneously. In the absence of
a magnetic field, the state is a Fermi liquid of composite fermions without an energy gap, and this
explains why no FQH plateau at ν = 1/2 is observed in experiments.

Non-Abelian states

Despite the absence of a ν = 1/2 plateau, a FQH plateau at ν = 5/2 is visible in experiments,
suggesting that the ν = 5/2 state is an incompressible fluid. Since 5/2 = 2 + 1/2, the state should
have a fully-filled lowest Landau level with both spins and a half-filled second Landau level. One
candidate for the half-filled incompressible state is the non-Abelian Moore–Read Pfaffian state,
where the composite fermions pair up and form a px+ ipy superconducting state. The Moore–Read
wave function for an even number of electrons at filling factor ν = 1/m, where m is an even integer,
is given by [16]

Ψ(zi) = Pf
(

1
zi − zj

)∏
i<j

(zi − zj)m exp
(
−

n∑
i=1

|zi|2

4l2B

)
, (1.15)

where Pf denotes the Pfaffian of a skew-symmetric matrix. The wave function of two quasihole
excitations at coordinates η1 and η2 is

Ψqh(zi) = Pf
(
(zi − η1)(zj − η2) + (zj − η1)(zi − η2)

zi − zj

)∏
i<j

(zi − zj)m exp
(
−

n∑
i=1

|zi|2

4l2B

)
. (1.16)

Each quasihole excitation has an electric charge of e/2m. It is shown that the 2n-quasiholes states
are degenerate, and the degeneracy is 2n−1 [17]. This is quite an exotic property since it suggests
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that the Hilbert space dimension of a single quasihole is
√
2. In fact, quasiholes of the Moore–Read

Pfaffian state are non-Abelian anyons that follow the Ising statistics, while excitations of hierarchical
states are Abelian anyons. Since the Moore–Read Pfaffian state is a px + ipy superconductor of
composite fermions, it also has Majorana fermion excitations. The Ising topological order in this
non-Abelian state manifests in the presence of both anyonic excitations. These non-Abelian anyons
are also seen as candidates for topological qubits, which can be used to build a topological quantum
computer [18].

Effective theory: Chern–Simons theory

Effective theories are powerful tools to study low-energy excitations in the topological phases of
matter. The effective theory for the bulk of a ν = 1/m (m odd) FQH liquid is a Chern–Simons
theory in 2 + 1 dimension with a Lagrangian density [3]

L = − 1
4πν aµ∂νaλϵ

µνλ + e

2πAµ∂νaλϵ
µνλ, (1.17)

where µ, ν, λ take the values of 0, 1, 2, ϵµνλ is the Levi-Civita tensor, Aµ is the vector potential for
the magnetic field, and aµ is an emergence gauge field such that the electron number current Jµ is
given by

Jµ = 1
2π∂νaλϵ

µνλ. (1.18)

If we use jµ for the quasiparticle number current and assume the quasiparticle carries l units of aµ
charge, then the effective theory has an additional term

L = ...+ laµj
µ. (1.19)

We can find that the quasiparticle carries a fractional electric charge of −lνe. Furthermore, the sta-
tistical phase of exchanging two quasiparticles is l2νπ. Both properties match those of the combined
object of l fundamental quasiparticles that carry electric charge −νe. Indeed, the Chern–Simons
theory in Eq. (1.17) and the Laughlin wave function describe the same FQH state.

According to the hierarchical picture, quasiparticles can form their own condensate. We use
a matrix K to construct the corresponding Chern–Simons theory for hierarchical states [3]. The
Lagrangian density is

L = − 1
4πKIJaIµ∂νaJλϵ

µνλ + e

2π qIAµ∂νaIλϵ
µνλ (1.20)

where aIµ is the gauge field for the I-th condensate, and q is a charge vector that tells how the
gauge fields couple to the magnetic field. The filling factor of the state is found to be ν = qTK−1q.
If we denote the quasiparticle current of a hierarchical state as jµ, and add the following term to
the Lagrangian density

L = · · ·+ lIaIµj
µ, (1.21)
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where lI are integers, the charge and statistical phase of the quasiparticle labeled by l are

Ql = −elTK−1q, θl = πlTK−1l. (1.22)

The matrix K and charge vector q, together with the Wen–Zee shift S and spin vector s [19], are
topological quantum numbers that characterize the topological orders of Abelian QH states. The
Wen–Zee shift S and spin vector s are associated with QH states on a curved space. If we ignore S
and s, two states (K1, q1) and (K2, q2) are equivalent if there exists a W ∈ SL(n,Z) that

q2 =Wq1, K2 =WK1W
T . (1.23)

For example, the ν = 2/5 state described by K1 =
(

3 −1
−1 2

)
, q1 =

(
1
0

)
is equivalent to K2 =(

3 2
2 3

)
, q2 =

(
1
1

)
. The transformation matrix is W =

(
1 0
1 1

)
.

As one would expect, the effective theory for non-Abelian QH states is the non-Abelian Chern–
Simons theory. In a general Chern–Simons theory, the gauge field aµ is a Lie-algebra-valued field. If
the corresponding Lie group G is a non-Abelian group, then the theory is known as a non-Abelian
Chern–Simons theory. A Chern–Simons theory also contains a quantized coupling constant k, which
is called the level. Therefore, the Abelian Chern–Simons theory in Eq. (1.17) is a U(1) Chern–
Simons theory at level k = 1/ν. The Chern–Simons theory for the ν = 1/2 Moore–Read Pfaffian
state has two gauge fields: one is U(1) at level 2, and another is SU(2) at level 2. More details of
the non-Abelian Chern–Simons theory can be found in Ref. [20].

1.1.3 Physics on the edge

Effective theories for FQH edges are conformal field theories in 1+1 dimension. For Abelian states,
their edge excitations are chiral Luttinger liquids. At filling factor ν = 1/m, the Lagrangian of a
right-moving edge is

L = − ℏ
4πν

∫
dx [(∂xφ)(∂t + v∂x)φ] (1.24)

where φ is a Bose field, and v is the velocity of the edge mode. The edge Hamiltonian is given by

H = ℏv
4πν

∫
dx (∂xφ)2. (1.25)

The equal-time commutation relation is

[φ(x), φ(y)] = iπν sgn(x− y). (1.26)

The charge density of the FQH edge is
ρ = e

2π∂xφ. (1.27)

The operator that annihilates quasiparticles with charge −νe (or create quasiholes with charge νe)
is given by a vertex operator,

Ψ(x) = F
√
2πa

eikF xe−iφ(x), (1.28)
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where F is a unitary Klein factor and a is a cutoff length [21, 22]. One can verify the charge of
the quasiparticle operator by computing the commutator of the charge density and the quasiparticle
operator,

[ρ(x), ψ(y)] = νeδ(x− y)ψ(y). (1.29)

As a side note, one can always scale the field φ without changing the edge physics, and a convenient
choice is φ̃ = φ/

√
ν, in which the correlation function is [φ̃(x), φ̃(y)] = iπ sgn(x − y) and the

quasiparticle annihilation operator is Ψ(x) = F√
2πae

ikF xe−i
√
νφ̃(x).

For Abelian hierarchical FQH states characterized by the K-matrix and charge vector q, its
Lagrangian is

L = − ℏ
4π

∫
dx (KIJ∂tφI∂xφJ + VIJ∂xφI∂xφJ), (1.30)

where V is a positive-definite matrix. The edge Hamiltonian is

H = ℏ
4π

∫
dxVIJ∂xφI∂xφJ , (1.31)

with commutation relations given by

[φI(x), φJ(y)] = iπ(K−1)IJ sgn(x− y). (1.32)

The charge density is given by

ρ = e

2π qI∂xφI , (1.33)

and a quasiparticle operator of the form

Ψl ∝ e−ilIφI (1.34)

annihilates quasiparticles of charge Ql = −elTK−1q. One can simultaneously diagonalize K and V
by the transformation φI → UIJ φ̃I , such that

K̃IJ = (UTKU)IJ = sIδIJ , ṼIJ = (UTV U)IJ = vIδIJ , (1.35)

where sI = ±1 represents the parity of the eigenvalues of K and vI > 0. The Hamiltonian and
commutation relations can be expressed as

H =
∑
I

ℏvI
4π

∫
dx (∂xφ̃I)2, (1.36)

[φ̃I(x), φ̃J(y)] = iπsIδIJ sgn(x− y). (1.37)

We can see that vI is the velocity of the I-th eigenmode, and sI determines its chirality, with +1
for right-moving and −1 for left-moving.

The edge theory of the non-Abelian Pfaffian state at filling factor ν = 1/2 consists of a chiral
boson charge mode and a co-propagating Majorana neutral mode [23, 24]

L = − ℏ
2π

∫
dx (∂xφ)(∂t + vc∂x)φ+ iℏ

4π

∫
dxψ(∂t + vn∂x)ψ, (1.38)
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where vc and vn are velocities of the charge mode and the neutral mode respectively. The corre-
sponding Hamiltonian is

H = ℏvc
2π

∫
dx (∂xφ)2 −

iℏvn
4π

∫
dxψ∂xψ, (1.39)

where the boson operator satisfies the usual commutation relation in Eq. (1.26), and the Majorana
fermion operator ψ satisfies the anticommutation relation

{ψ(x), ψ(y)} = 2πδ(x− y). (1.40)

The electron operator is given by Φel = ψei
√
2φ. The operator for quasiparticles with charge e/4

is Φ1/4 = σeiφ/2
√
2, where σ is the (non-local) Ising spin field in the free Majorana fermion theory.

Details of the free Majorana fermion theory and its connection with the Ising model can be found
in Chapter 12 of Ref. [25].

1.2 Quantum spin liquid

Unlike the FQHE, another kind of topological phase, the spin liquid, is yet less understood in
experiments. QSLs are highly correlated spin systems, and our understanding of quantum spin
liquids started with the theoretical proposals made by Anderson in 1973 [26]. Some spin liquids
with gapped bulk excitations have non-trivial topological orders, including the Kalmeyer–Laughlin
liquid [27] and the Kitaev magnet [28]. Since the proposal of the Kitaev magnet, there have been
many experimental attempts to find any material that can realize this topological phase. Some [29]
claimed that RuCl3 has a Kitaev spin liquid phase, but some other experiments cast doubts on this
claim [30]. In this section, I will give a brief introduction to the Kitaev magnet model, and discuss
its topological order and edge theory.

Figure 1.3: The Kitaev magnet defined on a honeycomb lattice. Source: D. Aasen et al., “Electrical
probes of the non-Abelian spin liquid in Kitaev materials”, Phys. Rev. X 10, 031014 (2020).

The Kitaev magnet is a model of spins on a honeycomb lattice model, with the Hamiltonian

https://doi.org/10.1103/PhysRevX.10.031014
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defined by
H = −Jx

∑
x links

σxj σ
x
j − Jy

∑
y links

σyj σ
y
j − Jz

∑
z links

σzjσ
z
j (1.41)

where σx, σy, σz are spin (Pauli) operators, Jx, Jy, Jx are coupling parameters, and x, y, z-links refer
to links of three different orientations, marked with green, red, and blue in Fig. 1.3. Kitaev showed
that it can be exactly solved by a spin-fermion transformation:

σα = ibαc, (1.42)

where bα and c are emergent fermions and α = x, y, z. The Hamiltonian is transformed into

H = i

4
∑
j,k

2Jαûjkcjck, (1.43)

where ûjk = ibαj b
α
k and it commutes with the Hamiltonian.

Jx Jz= =0Jy Jz= =0

=1,Jx =1,Jy

=1,Jz Jx Jy= =0

gapless

gappedAz

Ax Ay

B

Figure 1.4: Phase diagram of the Kitaev magnet. Source: A. Kitaev, “Anyons in an exactly solved
model and beyond”, Ann. Phys. (N. Y.) 321, 2–111 (2006).

There are two distinct phases in the Kitaev magnet model depending on the parameters (Jx, Jy, Jz),
and the phase diagram is shown in Fig. 1.4. Phase B is gapless, but one can open a gap by applying
an external magnetic field and adding a perturbation H ′ to the original Hamiltonian,

H ′ = −H · σ, (1.44)

where H is the magnetic field. Two types of excitations would emerge in the gapped phase B: one
is emergent Majorana fermion ψ, and another is Z2-vortex σ, as known as the Ising anyon. The
statistics of the σ excitations is the same as the e/2m quasiparticles in the Moore–Read Pfaffian
state discussed in the previous section.

Similar to the case of FQHE, the edge of the gapped bulk hosts chiral gapless excitations. Since
the gapped bulk has excitations with the Ising statistics, by the bulk-edge correspondence, its edge
theory also contains the free Majorana fermion theory like the Moore–Read Pfaffian state. The edge
Hamiltonian is

H = − iℏv4π

∫
dxψ∂xψ, (1.45)

where v is the edge velocity. The only difference is that there is no charge mode in the Hamiltonian,
as one would expect from the fact that the Kitaev magnet is a spin model.

https://doi.org/10.1016/j.aop.2005.10.005
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1.3 Anyons

In the previous two sections, we showed that topological liquids with topological orders have exotic
excitations with fractional statistics. This seems to be incompatible with our basic notions of particle
statistics in quantum mechanics, namely the classification of fermions and bosons. As explained in
standard quantum mechanics textbooks, exchanging two particles would induce a phase factor eiα

to their wave function
ψ(r1, r2) → eiαψ(r2, r1). (1.46)

Therefore, when one particle goes in a full circle around the other, it acquires a phase eiθ = e2iα in
its wave function. Usually, we think the two-particle system returns to its original state after one
cycle, and hence 2α = 2nπ. However, it was pointed out that particles in two (spatial) dimensions
do not necessarily follow this rule [32]. Wilczek coined the name “anyons” for particles that do not
follow the boson or fermion statistics [33]. The exchange of anyons is a unitary operator on the state,
and is also called braiding because it is described by representations of the braid group [20, 28]. We
usually use a braiding diagram shown in Fig. 1.5 to illustrate the braiding process. If braiding acts
on the state of anyons as a single phase factor, then the anyon is an Abelian anyon; otherwise, it is
a non-Abelian anyon. Equivalently, we call an anyon non-Abelian if there are degenerate states for
n anyons at fixed positions.

Figure 1.5: A typical braiding diagram of anyons.

Anyons are closely related to the topological order. Characterizing a topological order is equiv-
alent to characterizing the anyonic excitations it contains. To achieve this, we use the algebraic
theory of anyons [28, 34]. Let the letters a, b, c, . . . denote different types of anyons. They form
a finite set M . This letter is also known as the superselection sector, the topological charge, or
simply the label. Two anyons with topological charge a and b can have a total topological charge c
in multiple ways, forming a Hilbert space V cab. This process, known as fusion, is governed by fusion
rules written as

a× b =
∑
c

N c
abc, (1.47)

where N c
ab = dimV cab is the fusion multiplicity that counts the number of ways of fusing a and b
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into c. Equivalently, anyons with topological charge c can also be split into a and b in N c
ab ways,

and the Hilbert space is the split space V abc . The set M contains a trivial topological charge, also
known as a vacuum sector, denoted by 1. Each anyon a has its own unique antiparticle ā, such that
N1
ab = δbā. A quantum dimension da can be defined for anyons with topological charge a, such that

the Hilbert space dimension of fusing n anyons ∼ (da)n when n is large. When two anyons a and b
fuse, the probability that they fuse into anyon c is

pcab = N c
ab

dc
dadb

. (1.48)

Another important piece of information in the fusion theory is the F -matrix, denoted as F dabc, which
appears when we fuse three anyons of topological charge a, b, c into d. Specifically, the matrix F dabc
is a transformation from

⊕
e V

ab
e ⊗ V ecd to

⊕
f V

af
d V bcf .

The braiding of two anyons a, b that fuse into c is represented using the R-matrix Rabc defined
as the transformation between two split spaces V abc and V bac in the counterclockwise direction. The
topological spin θa is a complex number associated with anyon a and is defined by

θa = d−1
a

∑
c

dc TrRaac . (1.49)

The absolute value of the topological spin is always unity, and θa = θā. When a and b fuse to c, the
statistical phase exp

(
iφcab

)
of a circling around b can be calculated from the topological spins,

Rbac R
ab
c = θc

θaθb
idV ab

c
= exp(iφcab) idV ab

c
. (1.50)

It is also worth mentioning the topological S matrix defined by

sab =
1
D

∑
c

N c
ab̄

θc
θaθb

dc, (1.51)

where D =
√∑

a d
2
a is known as the global dimension.

As examples, the data for anyons in the semion order and Ising order are shown in Table 1.1 and
1.2.

Table 1.1: Basic data in the algebraic theory of semions.
Algebraic property Value
Topological charge 1, s (semion)
Fusion rule s× s = 1
Quantum dimension d1 = ds = 1
F -matrix F ssss = −1, other F -matrices = 1
R-matrix Rss1 = i
Topological spin θ1 = 1, θs = i

1.4 Electronic interferometry

Electronic interferometers, especially their applications in FQH systems, are studied extensively in
the past 20 years, both in theories [18, 35–56] and experiments [57–78]. They are analogies to their
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Table 1.2: Basic data in the algebraic theory of Ising anyons.
Algebraic property Value
Topological charge 1, σ (Ising anyon), ψ (Majorana fermion)
Fusion rule σ × σ = 1+ ψ, σ × ψ = σ, ψ × ψ = 1
Quantum dimension d1 = dψ = 1, dσ =

√
2

F -matrix Fσσσσ =
(
1/
√
2 1/

√
2

1/
√
2 −1/

√
2

)
, Fσψσψ = −1, Fψσψσ = −1, other F -matrices = 1

R-matrix Rσσ1 = e−πi/8, Rσσψ = e3πi/8, Rσψσ = Rψσσ = e−πi/2, Rψψ1 = −1
Topological spin θ1 = 1, θψ = −1, θσ = eiπ/8

optical counterparts. But instead of photons, it is quasiparticles that travel in loops inside the
device. When quasiparticles travel, they would braid with other localized quasiparticles inside the
loop and hence introduce an additional braiding phase to the interference current. By measuring
the current, one can identify the fractional statistics of the quasiparticles and further understand
the topological order of the QH liquid.

1.4.1 Fabry–Pérot geometry

V

V

S

QPC2QPC1

QPC1 QPC2

2DEG

2DEG

D2

G

D1

D2

QPC2QPC1

L 1
15

L 1
3

ν = 2 /5

ν = 1 / 3

V

D1

G

S

2DEG

ν = 2 /5

ν = 1 / 3

ν = 0

G

S D1

(vacuum)(a)

(b)

D2

×

Figure 1.6: Schematics of a Fabry–Pérot interferometer (a) and a Mach–Zehnder interferometer (b).

Two basic geometries for electronic interferometers are the Fabry–Pérot type and the Mach–
Zehnder type. We first discuss the Fabry–Pérot interferometer shown in Fig. 1.6(a). The QPC1 and
QPC2 in the figure refer to the quantum point contacts. A quantum point contact is a constriction
in the QH liquid created by either applying a gate voltage or etching the edges. Two edges are
brought close by a quantum point contact, allowing quasiparticles to tunnel between the edges. The
Fabry–Pérot interferometer has two counter-propagating edges, and quasiparticles can tunnel across
either of the QPCs. The tunneling amplitudes at two QPCs are denoted as Γ1 and Γ2. When we
apply a bias voltage on the edge, to the lowest order of Γ1,2, the quasiparticles would follow one of
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the two paths: one is S-QPC1-D2, and another is S-QPC2-D2. The interference loop is the difference
between the two paths, and the quasiparticle going around this loop would acquire a phase. The
cross inside the interference loop denotes localized quasiparticles. For Abelian FQH states, this
phase is the combination of the Aharonov–Bohm (AB) phase and a total statistical phase,

θ = 2π e
∗

e

BAI
Φ0

+NLθa, (1.52)

where e∗ is the quasiparticle charge, AI is the area of the interference loop, θa is the phase of a
single quasiparticle, and NL is the number of localized quasiparticles. The tunneling electric current
of the interferometer is

IT = e∗(|Γ1|2 + |Γ2|2)r0(V, T ) + 2e∗|Γ1Γ2|r1(V, T ) cos θ, (1.53)

where V is the bias voltage and T is the temperature. It is worth mentioning that if the voltage
bias is not applied symmetrically on two edges, the phase θ has an additional contribution from the
charge accumulated on the edges, which is equal to 2eaṼ /ℏv, where a is the distance between the
QPCs and Ṽ is an average of the voltages on two edges [39].

Eq. (1.52) and Eq. (1.53) are actually results of a highly idealized case, where the bulk is in
an incompressible QH state and the bulk-edge coupling is absent. The situation for experiments
might be much more complicated. If the bulk state is a compressible state and the interfering edge is
coupled to the compressible bulk, then the interference pattern would fall into a Coulomb-dominated
(CD) regime, different from the ideal Aharonov–Bohm (AB) regime [49, 55]. However, we will focus
on the ideal AB regime in this thesis.

For QH liquids at ν = 1/m, the oscillatory coefficient r1(V, T ) in Eq. (1.53) can be computed in
the weak backscattering limit, namely, assuming small Γ1,2. If we set the edge velocity v = 1, r1
will be expressed as [35]

r1(V, T ) ∼ 4(πT )2g−1B
(
g − i

ωJ
2πT , g + i

ωJ
2πT

)
Hg(ωJ , a, T ) sinh

(ωJ
2T

)
, (1.54)

where g = ν, ωJ = e∗V/ℏ, a is the distance between two QPCs, B(x, y) is the Beta function, and
Hg(ω, x, T ) is defined by

Hg(ω, x, T ) = 2πΓ(2g)Γ(g)
e−2gπT |x|

sinh ω
2T

Im
{
eiω|x| F (g, g − i ω

2πT ; 1− i ω
2πT ; e

−4πT |x|)
Γ(g + i ω

2πT ) Γ(1− i ω
2πT )

}
, (1.55)

where Γ(x) is the Gamma function, and F is the hypergeometric function. When m = 1, the bulk
state is an IQH state and the tunneling particles are free fermions; therefore, the tunneling current
can be solved exactly for any Γ1,2, and the result is

r1(V, T ) ∼
4π2T

sinh(2πTa) sin(ωJa). (1.56)

Recent experiments have successfully observed the fractional statistics in the ν = 1/3 FQH state
using electronic Fabry–Pérot interferometers [70]. Novel device designs that screen the Coulomb in-
teractions made this breakthrough possible. The experimental conductance plot is shown in Fig. 1.7,
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Figure 1.7: Conductance oscillations versus magnetic field and side gate voltage in the Fabry–Pérot
interferometer. Source: J. Nakamura et al., “Direct observation of anyonic braiding statistics at the
ν = 1/3 fractional quantum Hall state”, Nat. Phys. 16, 931 (2020)

where the side gate voltage Vg on the vertical axis is used to change the interference area AI . Values
of the discrete phase jumps in this figure are close to the theoretically predicted value ∆θ = 2π/3,
which is twice the value of the exchange phase of quasiparticles in a ν = 1/3 FQH state.

For the non-Abelian Moore–Read Pfaffian state at ν = 5/2, it was shown that there is no
interference pattern when the number of localized e/4 quasiparticles in the bulk is odd [36, 37].
This is the even-odd effect. To explain this effect, we notice that the total topological charge of
localized quasiparticles is σ when the number of localized quasiparticles is odd. The tunneling e/4
quasiparticle also carries a topological charge σ, and it will fuse with the total localized charge σ,
with a result of 1 or ψ in equal probabilities. The two fusion channels lead to two statistical phases
that differ by π. They cancel each other, and hence no interference current would appear.

1.4.2 Mach–Zehnder geometry

The Mach–Zehnder geometry, shown in Fig. 1.6(b), also has two QPCs, and resembles the Fabry–
Pérot geometry. There are two major differences. First, the two edges in a Mach–Zehnder interfer-
ometer are co-propagating; therefore, the interference current depends on the difference of distances
between QPCs along two edges, not the sum. Second, the drain denoted by D2 is topologically
inside the interference loop; therefore, the interference phase depends on the topological charge of
the drain, which determines the state of a Mach–Zehnder interferometer. The topological charge of
the drain changes after each tunneling event; therefore, the state of the interferometer will change
during the measurement, and all measured quantities should be averaged over all possible states.

https://doi.org/10.1038/s41567-020-1019-1
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Figure 1.8: Transitions between states of a Mach–Zehnder interferometer in a Laughlin ν = 1/m
FQH liquid (a) and a Pfaffian ν = 5/2 FQH liquid (b) at zero temperature. Source: D. E. Feldman
et al., “Shot noise in an anyonic Mach-Zehnder interferometer”, Phys. Rev. B 76, 085333 (2007).

Fig. 1.8(a) shows transitions in a ν = 1/m FQH liquid, and the label denotes the number of
quasiparticles in the drain mod 1/ν. The transition rate connecting state n and state n+1 is given
by

pk = (|Γ1|2 + |Γ2|2)r0(V, T ) + 2|Γ1Γ2|r1(V, T ) cos
(
2π e

∗

e

BAI
Φ0

+ θk

)
, (1.57)

where θk = 2πνk is the statistical phase accumulated by the quasiparticle when it encircles n
quasiparticles, and r0 and r1 are coefficients defined in Eq. (1.53). At zero temperature, the average
current is

I = e∑1/ν−1
k=0 tk

, (1.58)

where tk = 1/pk is the average time for one transition [39].
Transitions in a Pfaffian ν = 5/2 FQH state are shown in Fig. 1.8(b), and the states are labeled

by both the number of quasiparticles mod 4 and the topological charge. The transition rates are
still given by Eq. (1.52), but the statistical phase now takes four difference values, θk = πk/2,
k = 0, 1, 2, 3 [40]. Since the Pfaffian state is a non-Abelian state with Ising order, by its fusion
rules, a state of interferometer with topological charge σ has equal probabilities to transit into two
different states, and we need to multiply the transition rate pk by the probability 1/2.

If we consider the shot noise in the Mach–Zehnder interferometer defined by

S(ω) = 1
2

∫ ∞

−∞
dt eiωt⟨Î(0)Î(t) + Î(t)Î(0)⟩, (1.59)

https://doi.org/10.1103/PhysRevB.76.085333
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the non-Abelian states would show unique features. At zero temperature, the Fano factor, which
is defined as the ratio between shot noise and current in the unit of electron charge e, is smaller
than 1 for Laughlin states and can be greater than 1 for the Pfaffian state [40]. Also, in the high-
frequency limit, the shot noise shows no inference effect for an arbitrary fractional statistics, while
the interference would appear for fermions [40].



Chapter 2

Thermal interferometry in
topological quantum liquids

2.1 Introduction

A key feature of topological order is the existence of anyons obeying fractional statistics [55]. The
statistics of Abelian anyons manifests itself in braiding phases, accumulated by particles traveling
around each other. To define the statistics of non-Abelian anyons one also needs to know how
different particles fuse into composite anyons. Fractional statistics has been discussed for decades
in the context of the fractional quantum Hall effect (QHE), and multiple probes of anyons in the
quantum Hall effect have been proposed [55]. Several of them have recently been implemented [55].

The bulk-edge correspondence hypothesis connects the statistics of anyons in the bulk of a 2D
system with the structure of a 1D gapless edge theory [3]. The latter determines the quantized
thermal conductance at the temperatures much below the bulk energy gap [79–81]. Thus, the
experimentally measured thermal conductance [82–84] gives an evidence of fractional statistics. In
particular, fractional quantization of thermal conductance has brought experimental evidence of
non-Abelian statistics in the QHE at ν = 5/2 in GaAs [83]. Thermal conductance yields however a
rather indirect evidence of statistics. A more direct approach involves anyon collision experiments
[85]. Arguably, the most direct approach is anyonic interferometry [35–40, 49, 62, 69, 70].

The idea of anyonic interferometry naturally follows from the definition of the braiding phase.
The schematics of the setup is illustrated in Fig. 2.1. Two QHE edges are brought close to each
other at two constrictions. Charge tunnels between the edges at the constrictions and hence two
paths emerge, which connect source S1 and drain D2 via one of the two constrictions. The electric
current in D2 depends on the phase difference of the two trajectories. The phase difference includes
a sample-dependent contribution from the constrictions, the Aharonov–Bohm phase, proportional
to the device area, and the statistical phase, which depends on the number of anyons localized in
the device. Only the sum of the three phases is observed, but they can be disentangled by changing

18
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the magnetic field. Indeed, the non-universal phase shows a weak field dependence, the Aharonov–
Bohm phase changes continuously, and the statistical phase jumps every time a new anyon enters
the device. This has been observed [70] at ν = 1/3, and interesting interferometry data exist at
other filling factors [55].
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Figure 2.1: Schematics of an electronic interferometer. Constrictions bring the QHE edges closer.
This facilitates the tunneling of charge from one edge to the other. Interference between the two
paths that connect source S1 to drain D2 gives information about a localized anyon indicated with
a × symbol.

Quantum Hall anyons carry charge. What about neutral systems such as Kitaev magnets [28]?
The Aharonov–Bohm technique is no longer applicable in the absence of an electric current. We
propose to employ thermal currents instead. In contrast to an electric, spin, or any other current, an
energy current can flow in any system. This idea was introduced for one particular anyon type, Ising
anyons in Kitaev magnets, in the Letter [86] and in a rather different form in Ref. [87]. In this chapter
we systematically address signatures of various possible Abelian and non-Abelian fractional statistics
in thermal interferometry experiments. The idea applies to both charged and neutral anyons, but
has to be implemented in somewhat different ways in those two cases. Indeed, the magnetic field
may not be a useful knob in chargeless systems, and hence a different knob is needed. As we show,
useful information comes instead from the comparison of different interferometer topologies.

A possibility [29] that α-RuCl3 hosts a neutral Kitaev liquid with non-Abelian Ising statistics
has attracted much interest recently. The existing experimental results are controversial [30], and
one of our motivations consists in the development of a probe of anyonic statistics, suitable to a
Kitaev spin liquid.

Thermal interferometry of fermions has been previously investigated for heterostructures based
on topological superconductors [88]. We demonstrate that heat transport changes dramatically for
anyons in comparison with fermions and bosons.

We introduce two interferometer topologies: Fabry–Pérot and Mach–Zehnder in Sec. 2.2. We
also briefly review Ising topological liquids [28] in that section, since the Ising topological order is
particularly important for us. An interferometer is made of two constrictions. As a starting point it
is hence essential to analyze a single constriction. We do that in Sec. 2.3.1 in the simplest problem
of tunneling between two separate topological liquids. In that case, only bosons can tunnel through
a point contact. We consider a single tunneling contact in an Ising liquid in Sec. 2.4.1 and address
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a general statistics in Sec.2.5.2. In the low-energy limit, the heat current through a constriction
exhibits scaling as a function of the temperature at a fixed ratio of the temperatures on the two
sides of the device. It is easy to identify the scaling exponent for an arbitrary anyon statistics. The
exponent is different for different anyon types and hence can be used as a probe of topological order.
In the most interesting case of a Kitaev spin liquid, we go beyond scaling analysis and derive a
general expression for the heat current as a function of the two temperatures.

A single-constriction probe of statistics is indirect. The bulk of this chapter focuses on double-
constriction geometries, which allow probes of anyon braiding. Sec. 2.3.2 considers the Fabry–
Pérot and Mach–Zehnder interferometers made of two separate topological liquids so that only
bosons can tunnel through the vacuum between the two liquids. After that warming-up exercise,
Sec. 2.4 contains a detailed study of the two interferometer geometries for Ising anyons in Kitaev
liquids. We discover that the heat current depends on the topological charge localized inside a
Fabry–Pérot interferometer. This can be used to probe statistics provided that we can control the
trapped topological charge. If such control is unavailable, a dramatically different behavior of the
heat current in a Mach–Zehnder interferometer can be combined with Fabry–Pérot data to identify
fractional statistics.

Sec. 2.5 investigates interferometry for an arbitrary topological order. The case of Abelian
statistics is straightforward in both interferometer geometries. For non-Abelian statistics we have to
separately consider the tunneling of anyons which are identical and different from their antiparticles.
Sec. 2.6 addresses another signature of topological order: telegraph noise of heat current in Fabry–
Pérot devices with a hole. We discuss experimental realizations and summarize in Sec. 2.7.

Several Appendixes contain technical details. Appendix B addresses a toy model of fermion
tunneling in interferometers for Kitaev spin liquids. Appendix C contains detailed calculations for
an interferometer made of two separate Kitaev magnets. Appendix D deals with correlation functions
of Ising anyon operators in Kitaev systems. Appendix E goes through the tedious calculations of the
heat current in a Fabry–Pérot interferometer made of a single piece of a Kitaev material. Appendix F
discusses subtleties of Mach–Zehnder interferometry. Appendix G considers an exotic topological
order that defies naive expectations of how interference of anyons works in a Fabry–Pérot device.
Appendix H contains detailed calculations of telegraph noise. Appendix I addresses the dependence
of the heat current on the interferometer size for systems with a single edge mode.

2.2 Models

In this section we introduce the three basic models we consider below: a single constriction between
two edges of a topological liquid, a Fabry–Pérot interferometer, and a Mach–Zehnder interferometer.

We focus on systems with a bulk energy gap and gapless edge states [20, 55]. The fractional
quantum Hall effect gives rise to many such systems. Another relevant situation involves some
spin liquids, a Kalmeyer–Laughlin liquid [27] being the simplest example. Non-Abelian statistics
in Kitaev magnets has recently attracted much interest, and we will pay particular attention to
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Kitaev magnets [28]. Their edge theory contains a single chiral Majorana mode. The low-energy
Hamiltonian of one right(left)-moving edge is [20, 28]

H = ∓ iv

4π

∫
dxψ∂xψ, (2.1)

where v is the edge velocity. The Majorana fermion ψ satisfies the anticommutation relation,

{ψ(x), ψ(y)} = 2πδ(x− y). (2.2)

Kitaev magnets contain three types of anyons: trivial bosons 1, Majorana fermions ψ, and Ising
anyons σ. These quasiparticles obey the following fusion rules:

ψ × ψ = 1; ψ × σ = σ; σ × σ = 1+ ψ, (2.3)

where the final equality represents two possible fusion outcomes. The topological spin θx of these
quasiparticles is given by θ1 = 1, θψ = −1, and θσ = eiπ/8. The topological spin determines the phase
φcab accumulated when a quasiparticle of type a encircles a quasiparticle of type b in counterclockwise
sense under the assumption that they fuse to a quasiparticle of type c: exp

(
iφcab

)
= θc/(θaθb).

Another important piece of information is the quantum dimension of anyons. It is 1 for 1 and ψ,
and

√
2 for σ. More details and a discussion of other topological orders can be found in Refs. [55,

89].

2.2.1 Single point contact
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Figure 2.2: A single quantum point contact (QPC) is shown, where the two counter-propagating
edges of the spin liquid come close and the tunneling between the edge modes takes place as indicated
with a dashed line.

To discuss the tunneling behavior in the presence of point contacts between two different edges,
we consider the model depicted in Fig. 2.2. The two edges host counter-propagating edge modes,
and could either be edges of the same spin liquid, or different spin liquids. The lower and upper
edges have two different temperatures, T1 and T2. This is achieved by bringing either of them in
thermal equilibrium with its source S1 or S2, maintained at the temperature T1 or T2.

The Hamiltonian of this single-point-contact tunneling model is of the form

H = H1 +H2 +HT , (2.4)
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where H1,2 are the free Hamiltonians for the two chiral edges, and HT is the tunneling Hamiltonian
describing the tunneling of quasiparticles through the quantum point contact.

In general, the tunneling Hamiltonian can be written in the following form,

HT = ΓT̂ + Γ∗T̂ †, (2.5)

where T̂ is a tunneling operator responsible for transporting one quasiparticle from the lower edge to
the upper edge. When the tunneling quasiparticle is its own antiparticle, T̂ and T̂ † are equivalent,
hence,

HT = ΓT̂ , (2.6)

where Γ is a real tunneling amplitude that ensures Hermiticity of the tunneling Hamiltonian HT .
The Hamiltonians (2.5,2.6) include only one most relevant tunneling process. This is justified at low
energies for many topological orders.

In the presence of a tunneling point contact, the heat current flowing along the edges can tunnel
across the contact, thus introducing a tunneling heat current IT . Here we treat the contact Hamil-
tonian HT as a perturbation and assume a small Γ. We can find the operator ÎT for the heat current
using the Heisenberg equation of motion,

ÎT = ∂H1

∂t
= −i[H1, H1 +H2 +HT ] = −i[H1, HT ]. (2.7)

Strictly speaking, the above expression gives the energy current. It is the same as the heat current
provided that the electric current is zero. Otherwise, a correction, proportional to the square of the
electric current, is conventionally subtracted 1. We will ignore this complication, that is, we will
assume a zero electric current. In the most interesting case of spin liquids, the electric current is
constrained to be zero. In quantum Hall systems with a non-zero electric current, the energy and
heat currents can be related to each other via known results for the electric current.

To the lowest order in perturbation theory, the expectation value of the heat current is

⟨IT (t)⟩ = −i
∫ t

−∞
dt′⟨[ÎT (t), HT (t′)]⟩. (2.8)

The tunneling heat current should be proportional to |Γ|2, IT = r(T1, T2)|Γ|2, where the factor
r(T1, T2) depends on the details of the edge theory and the nature of tunneling quasiparticles.
Typically, the tunneling of one quasiparticle type dominates in the low-energy regime of interest
for this chapter. The dominant tunneling operator is the most relevant tunneling operator in the
renormalization group sense. We will assume below that only one quasiparticle type together with
its anti-particle can tunnel.

1The heat current is usually defined as the difference between the energy current and the product of the chemical
potential and the particle current. The heat and energy currents become the same if the product of the particle
number and the chemical potential is subtracted from the Hamiltonian. In the case of the Ising topological order,
the number of the Majorana fermions is not defined and the chemical potential is always zero
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Figure 2.3: Schematics of (a) Fabry–Pérot and (b) Mach–Zehnder interferometers. Heat travels
from sources S1 and S2 to drains D1 and D2 along chiral edges and tunnels between the edges at
the two point contacts shown with dashed lines. A localized anyon is marked with a × symbol.

2.2.2 Fabry–Pérot interferometer

Following the discussion of the single-point-contact tunneling, we are in a position to consider ther-
mal interferometers. Electronic Fabry–Pérot interferometers have been introduced to study the
Aharonov–Bohm effect and fractional statistics in the quantum Hall regime [55]. This chapter
considers a thermal Fabry–Pérot interferometer shown in Fig. 2.3(a). The device is similar to its
electronic counterpart. It contains two point contacts, QPC1 and QPC2, located at coordinates x1
and x2. When a heat-carrying quasiparticle tunnels through the interferometer from the lower edge
to the upper edge, it could take either of the two paths S1-QPC1-D2 or S1-QPC2-D2. This results in
quantum interference, whose phase depends on the quasiparticle excitations in the central region be-
tween QPC1 and QPC2 as well as the device’s size and the tunneling contacts’ details. For electronic
interferometers in QHE systems, the interference phase contains a sample-dependent contribution
from QPCs, an Aharonov–Bohm phase, proportional to the magnetic flux through the interferome-
ter, and a statistical phase due to quasiparticle excitations inside the interference loop. On the other
hand, for a thermal interferometer probing charge-neutral excitations, the Aharonov–Bohm phase
is absent.

The tunneling Hamiltonian in a Fabry–Pérot interferometer is

HT = Γ1T̂1 + Γ2T̂2 +H.c., (2.9)

where Γ1,2 are two generally complex tunneling amplitudes, T̂1 is the tunneling operator that cor-
responds to the transfer of a quasiparticle from the lower to upper edge through QPC1, and T̂2
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corresponds to the transfer through QPC2. In the absence of localized quasiparticles in the inter-
ference loop, the tunneling thermal current takes the general form,

IT = (|Γ1|2 + |Γ2|2)r(T1, T2) + 2Re{[Γ1Γ∗
2r̃(T1, T2, L1 + L2)]}, (2.10)

where Re stands for the real part, Li denotes the distance between the two point contacts along
edge i = 1, 2, and r̃(T1, T2, L1 + L2) describes the interference term in the thermal current. In
the presence of bulk quasiparticles, this term depends additionally on the statistical phase induced
by these localized quasiparticles. The sum of the two distances enters the coefficient r̃, if only one
edge mode exists and the edge velocities are identical on the two edges of the device. Otherwise,
the length dependence of r̃ is more complicated. See Appendix I for the derivation of the length
dependence and a detailed discussion of the relevant assumptions.

In an Abelian quantum Hall liquid with the filling factor ν = 1/(2m + 1), the statistical phase
accumulated by an anyon of charge νe around n localized anyons of the same charge is equal to
φ = 2πνn. However, for the tunneling of non-Abelian quasiparticles, we need to take the anyon
fusion rule into consideration since it is possible for two non-Abelian anyons to fuse in more than
one fusion channel. A detailed discussion can be found in Sec. 2.5.

2.2.3 Mach–Zehnder interferometer

A Mach–Zehnder interferometer [55, 57, 90] shown in Fig. 2.3(b) is superficially similar to a Fabry–
Pérot interferometer. It also has two tunneling contacts and two interfering paths from S1 to D2.
Yet, it has an important topological difference from the Fabry–Pérot setup: Drain D2 is inside the
interference loop. Hence, in contrast to Fabry–Pérot interferometry, each tunneling event changes the
localized topological charge in the central region. As a result, the statistical phase φ, accumulated
by an anyon on the interference loop, changes after each quasiparticle tunneling event. Also, as
seen from Fig. 2.3(b), the two edges in a Mach–Zehnder interferometer have the same propagation
direction, thus, the thermal current depends on the difference of the distances between the point
contacts on the two edges and not the sum, see Appendix I and Ref. [39].

The state of a Mach–Zehnder interferometer is characterized by the localized topological charge
in the central region. Transitions between different states can be analyzed through a continuous-time
Markov chain model.

The situation is particularly interesting if the tunneling anyon, whose topological charge is de-
noted as x, is its own antiparticle. The tunneling Hamiltonian for a single point contact is given in
Eq. (2.6). The tunneling Hamiltonian in a Mach–Zehnder interferometer is

HT = Γ1T̂1 + Γ2T̂2e
iα, (2.11)

where Γ1,2 are two real tunneling amplitudes at the two quantum point contacts, and the phase α
ensures Hermiticity [86]. We compute the phase α in Appendix F. When the tunneling of x changes
the localized topological charge from a to b, the tunneling rate can be expressed as [40]

pbxa = P bxap̃(T1, T2,Γ1,Γ2, φ
b
xa, |L1 − L2|), (2.12)
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where P bxa = N b
xadb/(dxda) is the fusion probability for x× a→ b, N b

xa is the fusion multiplicity, dα
is the quantum dimension of anyon α, and p̃ incorporates the dependence on the temperatures T1,2,
the tunneling amplitudes Γ1,2, the statistical phase φbxa, and the interferometer size. When the path
of topological charge x encloses localized charge a, according to the algebraic theory of anyons, the
statistical phase is exp

(
iφbxa

)
= θb/(θaθx), where θα are topological spins [28, 55].

In what follows we will assume that |L1 − L2| is much shorter than the thermal length v/T ,
where v is the edge velocity. This will allow neglecting the interferometer size.

If we use fa to denote the probability of the localized topological charge being a, we can write
down the following kinetic equation [40],

ḟa =
∑
b

fbp
a
xb −

∑
c

fap
c
xa. (2.13)

This equation can also be written in a matrix form, ḟa = Mabfb, where the matrix entries Mab are
the tunneling rates,

Mab = paxb − δab
∑
c

pcxa. (2.14)

When the system is in dynamical equilibrium, ḟa = 0, one can solve for fa. The average thermal
current is given by

IMZ = ∆E
∑
ab

fap
b
xa, (2.15)

where ∆E is the average heat transferred across the point contact by a tunneling event. Since
we neglected the interferometer size, the statistical distribution of the transferred energy in one
tunneling event is the same for all combinations of the topological charges a and b, and the same as
for a single tunneling contact. Indeed, in our limit, the two constrictions can be fused into one.

As an example, a detailed calculation for interferometers built for probing the Ising topological
order is shown in Sec. 2.4.

2.3 Tunneling between topological liquids

As a warming-up exercise, we consider tunneling between two Ising topological liquids through
vacuum.

2.3.1 Single constriction

In the case of two adjacent spin liquids, some edge excitations may tunnel from one spin liquid to the
other. Before we compute the thermal current in the two-constriction geometry, consider first the
case of a single point contact. In this case, we will not obtain any interference effects. Nonetheless,
we do obtain some non-trivial thermal transport.
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The edge Hamiltonians have the standard form (2.1). Every contribution to the Hamiltonian
must be topologically trivial. In particular, any allowed interaction between the two topological
liquids is described by operators, which are products of two Bose fields acting on each of the liquids.
Hence, the form of the tunneling Hamiltonian is such that only pairs of Majorana fermions tunnel,

HT = −Γψ1(x0)∂xψ1(x0)ψ2(x0)∂xψ2(x0). (2.16)

Here x0 is the location of the constriction.
We can now define the thermal current as the time derivative of the free Hamiltonian of one of

the edges and use the Heisenberg equations of motion as in Eq. (2.7). One obtains

ÎT = −vΓ
(
∂xψ1(x0)∂xψ1(x0) + ψ1(x0)∂2xψ1(x0)

)
ψ2(x0)∂xψ2(x0). (2.17)

Using perturbation theory (2.8), in Appendix C, we compute the thermal current between two spin
liquids to the lowest order in the tunneling amplitude Γ as,

⟨IT ⟩non-intΓ = 4π9Γ2

2835v8
[
41(T 8

2 − T 8
1 ) + 62T 2

1 T
2
2 (T 4

2 − T 4
1 )
]
. (2.18)

This is the contribution to the thermal current due to a single constriction between two spin liquids.
Its non-trivial temperature dependence is a signature of the Ising topological order. It is instructive
to compare the result with the heat current in a Luttinger liquid of topologically trivial bosons. The
action density is Ln ∼ (∂tθn)2 + (∂xθn)2 on edge n = 1, 2. The tunneling operator T̂ ∼ ∂xθ1∂xθ2.
An easy calculation shows that the thermal current scales as the fourth power of the temperatures
∼ T 4

1 , T
4
2 . For a 1D system of free electrons, the heat current scales as the square of the temperature.

Thus, the ∼ T 8
1 , T

8
2 scaling in the above result is a signature of a non-trivial topological order. The

same is true for the non-trivial coefficients 41 and 62.
In the two-constriction geometry, as considered in the next part of the section, the result we just

obtained will exactly be the non-interference contribution from each of the constrictions. A detailed
derivation of the above expression can be found as the non-interference part of the full calculation
in Appendix C, where we consider a Fabry–Pérot interferometer. The calculations rely on some
equations from Appendix B, where we consider a simpler model, in which single Majorana fermions
are allowed to tunnel between the edges. This is only allowed when the edges surround the same
spin liquid. In such a situation, fermion tunneling is not the most relevant tunneling process, as
discussed in the next section. It can become the leading contribution to transport near a resonance.

2.3.2 Double constriction

We now turn our attention to the double constriction geometry. In this case, interference effects will
come into play. The two-constriction geometry we consider here is the Fabry–Pérot interferometer
made of two spin liquids.

Similar to a single constriction geometry, the tunneling Hamiltonian is just the sum of individual
tunneling Hamiltonians at the two constrictions, x1 and x2,

HT = −
∑
i=1,2

Γiψ1(xi)∂xψ1(xi)ψ2(xi)∂xψ2(xi). (2.19)
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Figure 2.4: This curve shows how the total thermal current IT = 2⟨IT ⟩non-intΓ + ⟨IT ⟩int varies with
x21 when the limit T1 → 0 is taken.

Using this tunneling Hamiltonian, we find the tunneling thermal current operator as defined in
Eq. (2.7),

ÎT = −
∑
i=1,2

[
Γi
(
∂xψ1(xi)∂xψ1(xi) + ψ1(xi)∂2xψ1(xi)

)
ψ2(xi)∂xψ2(xi)

]
. (2.20)

Using perturbation theory in Eq. (2.8), one can now compute the thermal current between two spin
liquids to the lowest order in the tunneling amplitude. In the T1 = 0 limit and setting Γ1 = Γ2 = Γ,
we find this expression to be,

⟨IT ⟩ = 2⟨IT ⟩non-intΓ + ⟨IT ⟩int (2.21)

where,

⟨IT ⟩int =
8π9Γ2T 8

2
3v8

[
(7− 80 coth2X2 + 105 coth4X2)

1
sinh4X2

− 105
X8

2
+ 10
X6

2

]
. (2.22)

Here we have defined Xi = 2πTix21/v, where x21 is the separation between the two constrictions.
We assume the separation to be the same on both edges. The non-interference term ⟨IT ⟩non-intΓ is
just the thermal current obtained in the single constriction geometry (2.18). The variation of the
total thermal tunneling current with the separation between the two constrictions X2 = 2πT2x21/v
is shown in Fig. 2.4. The general expression for this tunneling thermal current in the case of T1 ̸= 0
and when the tunneling amplitudes at the two constrictions are not equal, i.e., Γ1 ̸= Γ2, is given in
Appendix C.

A curious feature of the above result is a non-monotonous dependence of the heat current on the
distance between the tunneling contacts, Fig. 2.4. Similar behavior would be natural for charged
systems in a magnetic field due to Aharonov–Bohm oscillations. Significantly, we deal with a neutral
spin liquid. See Ref. [87] for related curious behavior.
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The analysis of the Mach–Zehnder geometry is very similar and does not add much to the Fabry–
Pérot case. This is a consequence of the trivial mutual statistics of tunneling bosons and confined
anyons.

2.4 Ising anyon tunneling

We now address the tunneling of Ising anyons between the two edges of a topological liquid. As
we will see, different tunneling currents correspond to different topological charges, trapped in an
interferometer. It is not, however, obvious how to control the trapped charge. As an alternative
approach to probing anyon statistics, one can compare heat currents through Fabry–Pérot and
Mach–Zehnder interferometers.

2.4.1 Single constriction

We start with a single constriction. We discover that at a fixed ratio of the edge temperatures T1/T2,
the tunneling heat current scales as ∼ T

1/4
1 . This is a signature of fractional statistics.

The most relevant tunneling operator transfers a single Ising anyon from one edge of the spin
liquid to the other. These two edges, being the edges of the same spin liquid, can be thought of
as parts of a single edge connected by an infinitely remote section [47, 91]. Correlation functions
for the entire system decompose as products of correlation functions on the upper and lower edges
along with a phase factor that depends on topological order [24]. The decomposition of correlation
functions is discussed in Appendix D.

Within the conformal-field-theoretic treatment, the correlation functions of the primary operators
are holomorphic functions of the complex coordinate w = vτ±ix = i(vt±x), where τ is the imaginary
time. We may compute the thermal correlation functions of the primary fields using the conformal
transformation between coordinates w on a cylinder [25, 50] and coordinates z on a plane, given
as z = e2πiw/vβ , where β = 1/T is the reciprocal of the edge temperature; then the two-point
correlation functions satisfy the following relation,

⟨σ(w1)σ(w2)⟩ =
(
2πiz1
vβ

)h(2πiz2
vβ

)h
⟨σ(z1)σ(z2)⟩, (2.23)

where h = 1/16 is the holomorphic conformal dimension of the Ising anyon field. With this we arrive
at the thermal two-point correlation function of the Ising anyon field as,

⟨σ(w1)σ(w2)⟩ =
(
πT

v

) 1
8 1
sin 1

8 [πT (w1 − w2)/v]
(2.24)

The temperature T appearing in the two-point function corresponds to one of the edges. Introducing
a regulator ϵ, the two-point function for the two edges can be written as,

⟨σ1(x, t)σ1(0, 0)⟩ =
(πT1/v)1/8

sin1/8[πT1(ϵ+ i(t− x/v))]
(2.25)

⟨σ2(x, t)σ2(0, 0)⟩ =
(πT2/v)1/8

sin1/8[πT2(ϵ+ i(t+ x/v))]
(2.26)
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QPC

Figure 2.5: Geometry, in which the two edges of the spin liquid are treated as spatially separated
parts of the same edge. The dashed line shows a long segment, of length L, connecting the two edges
of the interferometer.

We may now treat the two opposite edges of the same spin liquid as different parts of a single edge
connected by a long edge segment of length L (See Fig. 2.5). This allows us to use the above result
and obtain the four-point correlation function in the limit of L → ∞. This has been computed in
Appendix D. Once we obtain the thermal four-point correlation functions, we are in a position to
use the perturbation theory, as considered previously, to compute the thermal tunneling current due
to Ising anyon tunneling. To separate the interference effects from the rest of the physics of the
problem, we first consider the case of a single point contact and later generalize the calculation to
interferometers.

The tunneling Hamiltonian creates anyons, which fuse to vacuum, on both sides of the constric-
tion. Since the Ising anyon is its own antiparticle, the tunneling Hamiltonian creates anyons of the
same type, and thus the form of the tunneling Hamiltonian can be written as,

HT = e−iπ/16Γσ2(x0, t)σ1(x0, t). (2.27)

The subscripts on the Ising anyon field operators denote the side, on which the edge lies and are
defined in the limit L → ∞, as σ2(x) ≡ σ(L − x) and σ1(x) ≡ σ(x). The phase e−iπ/16 is fixed by
the hermiticity condition for the tunneling Hamiltonian. Indeed, the average of HT must be real.
The form of the tunneling Hamiltonian suggests that the effect of a single point contact is to allow
the tunneling of a single Ising anyon from one edge to the other. This is then treated perturbatively
to the lowest order. The expectation value of the tunneling thermal current is given by Eq. (2.8).
The full calculation can be found as the non-interference part of the calculation in Appendix E. We
find the thermal current to be,

⟨IT ⟩non-intΓ = Γ2(πT1)
1
8 (πT2)

1
8
cos(3π/8)
4
√
2v1/4

Fnon-int(T2/T1), (2.28)

where the Fnon-int(n) function in the integral representation is given as,

Fnon-int(n) =
∫ ∞

0
dτ

(
1

τ
5
4n

1
8
− cosh(τ)

sinh
9
8 (τ)

1
sinh

1
8 (nτ)

)
. (2.29)

See Fig. 2.6(a) for the plot of Fnon-int. Note that the calculation given in Appendix E corresponds
to the Fabry–Pérot geometry, and the single-point-contact case corresponds to the non-interference
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part of the full calculation. A non-linear temperature dependence of the thermal current comes
from the scaling dimension of the Ising anyon tunneling operator. Thus, it provides an experimental
signature for fractional quasiparticle tunneling at a single point contact. In particular, at fixed
T2/T1, the tunneling heat current scales as T 1/4.
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Figure 2.6: (a) The behavior of the function Fnon-int(n). (b) The behavior of the function Fint(n, χ)
for n = 1.5, 2, 3. The dotted horizontal lines in (b) show the values of 2Fnon-int(n) for n = 1.5, 2, 3,
which become equal to Fint(n, χ) as χ→ 0.

A universal scaling behavior has been predicted for tunneling electrical currents in fractional
quantum Hall liquids, but theory rarely agrees with the data (for a review, see [55]). This has
multiple reasons, at least one of which, specifically, long-range Coulomb forces [92, 93], is absent in
a spin liquid. Thus, there may be a better chance to observe scaling in the tunneling heat current
than for an electric current.

We now generalize our single-contact calculation to a Fabry–Pérot interferometer geometry, where
the fractional quasi-particle interference effects and anyon braiding effects become relevant.

2.4.2 Fabry–Pérot geometry

The behavior of the tunneling thermal current obtained in the previous subsection captures the
non-trivial topological charge of an anyon. Single-point-contact measurements therefore provide a
probe of the topological charge of the quasiparticles involved in the tunneling process. A more direct
evidence of statistics involves the braiding of two quasiparticles in the two-point-contact geometry.
In this section, we generalize the previous calculation to a Fabry–Pérot interferometer geometry.

We use the two-point thermal correlation functions given in Eq. (2.25). These correlation func-
tions are in turn used to compute the four-point correlation functions (Appendix D). The calculation
relies on the factorization into products of correlations functions on two separate edges [23]. To find
the thermal current operator, we use the Heisenberg equation along with the tunneling Hamiltonian,
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which in this geometry takes the form,

HT = e−iπ/16Γ1σ2(x1, t)σ1(x1, t) + e−iπ/16Γ2σ2(x2, t)σ1(x2, t), (2.30)

where xi is the coordinate of the ith constriction, and correspondingly, Γi is its tunneling amplitude.
We now apply perturbation theory to compute the lowest order expectation value using Eq. (2.8).

We start with the simplest case of a trivial topological charge trapped inside the device. We
summarize the results here. Detailed calculations are contained in Appendix E.

In the simplest limit Γ1 = Γ2 ≡ Γ, we arrive at an expression that has the following form,

⟨IT ⟩ = 2⟨IT ⟩non-intΓ + ⟨IT ⟩int, (2.31)

where ⟨IT ⟩non-intΓ is the contribution of a single point contact given in Eq. (2.28), and ⟨IT ⟩int is the
interference term that has the form (in the limit Γ1 = Γ2 ≡ Γ),

⟨IT ⟩int = Γ2(πT1)
1
8 (πT2)

1
8
cos(3π/8)
4
√
2v1/4

Fint(T2/T1, πT1x21), (2.32)

where the function Fint(n, χ) in the integral representation is given as,

Fint(n, χ) =
∫ ∞

0
dτ

(
1

τ
9
8 sinh

1
8 (2nχ)

− cosh(τ)
sinh

9
8 (τ)

1
sinh

1
8 (nτ + 2nχ)

− cosh(τ + 2χ)
sinh

9
8 (τ + 2χ)

1
sinh

1
8 (nτ)

)
.

(2.33)

The function Fint is plotted in Fig. 2.6(b). It can be checked that this function has the property
that limχ→0 Fint(n, χ) = 2Fnon-int(n), where Fnon-int(n) is defined in Eq. (2.29). Therefore in the
x21 ≡ x2 − x1 → 0 limit, the two-point-contact case reduces to that of a single point contact. Note
that the thermal current in the general case of Γ1 ̸= Γ2 is computed in Appendix E. The only
difference from the above result is the substitution of Γ2 in the non-interference contribution with
(Γ2

1 + Γ2
2)/2 and with Γ1Γ2 in the interference contribution.

So far we assumed a trivial trapped topological charge in the device. The above result is easily
extended to the other possible trapped topological charges ψ and σ. Since σ accumulates the phase
π on a circle around ψ, the interference contribution changes its sign in comparison with the above
equation. For the trapped charge σ, the even-odd effect is present [36, 37]. The tunneling anyon has
two equally likely fusion channels with the trapped anyons: 1 and ψ. The corresponding interference
phases φ1σσ = −i log

(
θ1/θ

2
σ

)
and φψσσ = −i log

(
θψ/θ

2
σ

)
differ by π. Hence, only the non-interference

contribution to the heat current survives.
If one can control the trapped topological charge, the existence of three different heat currents at

the three possible trapped topological charges gives a signature of the Ising statistics. Presently, it is
not clear how to control the trapped charge. As long as a device with the trapped charge σ or ψ can
be fabricated, it will be possible to also obtain another trapped topological charge by doubling the
size of the device: for example, connecting two identical devices, each of which confines σ, yields the
total confined charge σ×σ, which can be either 1 or ψ. It might happen, however, that the trapped
charge is always 1. In that case, the Fabry–Pérot device would not be able to tell Ising anyons from
bosons or fermions. To overcome this issue we consider a Mach–Zehnder interferometer.
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2.4.3 Mach–Zehnder geometry

As we already observed, Fabry–Pérot interferometry, in the case of spin liquids, although sensitive
to the enclosed topological charge, may not be very informative since it requires control over the
topological charge enclosed between the two constrictions. In the case of electronic Fabry–Pérot
interferometry, this issue did not arise since anyonic excitations in the sample carry charge. The
number of the trapped excitations depends on the magnetic flux. Hence, the magnetic field becomes
an external control parameter. Anyonic excitations in a Kitaev spin liquid, however, do not carry
charge. Therefore magnetic field fails to provide such a control. It, instead, becomes useful to
compare thermal transport in the Fabry–Pérot and Mach–Zehnder interferometers [86].

We thus turn to the double constriction case in the Mach–Zehnder geometry. In this geometry,
one of the drains is topologically inside the loop, over which the interference phase is accumulated.
Hence, with each tunneling event, the confined topological charge changes. The effective two-point
tunneling Hamiltonian is given as,

HT = Γ1T̂1 + Γ2T̂2e
iα. (2.34)

where Γi, i = 1, 2 are real tunneling amplitudes, T̂i are two tunneling operators that transfer Ising
anyons from the outer edge to the inner edge, Fig. 2.3. The phase α ensures the Hermiticity of the
tunneling Hamiltonian HT . This phase is computed in Appendix F. For Ising anyons, α = π/8 as
a consequence of the general rule that exp(iα) equals the topological spin of the tunneling anyon
(Appendix F).

As highlighted in Sec. 2.2.3, since in the Mach–Zehnder interferometer the tunneling probability
changes with each tunneling event, the thermal current is defined in terms of the tunneling rates pcσb
given by Eq. (2.12). For the case of Ising anyons, we find the following tunneling rates,

pσσψ =
[
Γ2
1 + Γ2

2 − 2Γ1Γ2 cos(π/8)
]
p(T1, T2), (2.35)

pσσ1 =
[
Γ2
1 + Γ2

2 + 2Γ1Γ2 cos(π/8)
]
p(T1, T2), (2.36)

where p(T1, T2) is computed in the single-point-contact geometry as,

p(T1, T2) = 2π
∑
m,n

∣∣∣⟨m|e−iπ/8σ2(x0)σ1(x0)|n⟩
∣∣∣2 δ(Em − En)Pn(T1, T2). (2.37)

According to Eq. (2.28),

p(T1, T2) = (πT1)
1
8 (πT2)

1
8
cos(3π/8)
4
√
2v1/4

Fnon-int(T2/T1). (2.38)

We remind the reader that, to simplify equations, we assume the temperature low enough for the
thermal length v/T to exceed the interferometer size.

Since the Ising anyon σ is its own anti-particle, i.e., one of the fusion channels gives vacuum
on fusing two σ anyons, we obtain the following relation from the algebraic theory of anyons [see
Eq. (F.15)], in terms of the quantum dimensions, pbσa = paσb(d2b/d2a). This allows us to compute
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the remaining non-zero tunneling rates. Plugging this relation into Eq. (2.13), we solve for the
probability fa in dynamical equilibrium,

fσ = 1
2; f1 = fψ = 1

4 . (2.39)

Finally, the average heat ∆E transferred in each tunneling event can be computed from a setup with
a single point contact as a ratio between r(T1, T2), calculated in Sec. 2.4.1, and p(T1, T2). Given
the tunneling rates pcσb, the probabilities fa, and the average transferred heat ∆E, we can find the
thermal current from Eq. (2.15),

IT = (Γ2
1 + Γ2

2)(πT1)
1
8 (πT2)

1
8
cos(3π/8)
4
√
2v1/4

Fnon-int(T2/T1), (2.40)

where the function Fnon-int is defined in Eq. (2.29). We notice that the thermal current in the Mach–
Zehnder geometry for Ising anyon tunneling is just the sum of the thermal current contributions
from each of the single constrictions as found in Sec. 2.4.1, and the interference term is absent. This
is a general feature of non-trivial topological orders as we will see in the next section where we treat
an arbitrary anyon statistics.

The above behavior is quite different from the Fabry–Pérot geometry with a trivial trapped
topological charge. It is also quite different from the behavior expected from bosons and fermions
in the Mach–Zehnder geometry. Indeed, bosons and fermions show the same interference pattern in
both geometries. Thus, a comparison of the two interferometer geometries provides a signature of
the Ising statistics even if the trapped topological charge is bound to be trivial in the Fabry–Pérot
setup. Note that a comparison of theory and experiment requires the knowledge of Γ1,2. It can be
obtained from a single-point-contact geometry.

2.5 Arbitrary anyon statistics

In addition to the Ising topological order in a Kitaev spin liquid, we would like to extend our
theory of thermal interferometers to the case where anyons tunnel between two edges of an arbitrary
topological phase of matter. We will use the algebraic theory of anyons in Ref. [28], and adopt
the assumption that the distances L1,2 along the two edges between the two point contacts in the
interferometer are much less than the thermal length l = v/T . This assumption allows us to use an
effective one-point tunneling amplitude for the interferometer and simplify the expressions for the
tunneling thermal current.

As in previous sections, we start with a single point contact, then consider the interferometry of
Abelian anyons and the interferometry of non-Abelian anyons. Before addressing technical details,
we list the key results in the next subsection.

2.5.1 Summary of interferometry

For a topologically trivial system, the same behavior is expected in the Fabry–Pérot and Mach–
Zehnder geometries. The interference phase does not depend on what particles are trapped in the
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device. Thus, one easily checks that in an interferometer with two tunneling amplitudes Γ1,2 at the
constrictions, the heat current scales as |Γ1 +Γ2|2. Indeed, this is obvious from applying the results
of the subsection on Abelian statistics to the case of the trivial topological order.

On the other hand, for non-trivial statistics, the thermal current through a Fabry–Pérot device
depends on the trapped topological charge. The number of the possible values of the current reflects
the number of possible anyon types. The current through the interferometer depends on the mutual
statistical phases of the tunneling and trapped anyons. As is clear from Secs. 2.5.4 and 2.5.5, in the
case of non-Abelian statistics, the current also depends on the fusion rules for the topological order.

Thus, a Fabry–Pérot device allows the identification of the topological order provided that one
can control the trapped topological charge. If the trapped topological charge is always trivial, the
Fabry–Pérot approach cannot distinguish non-trivial orders from the trivial order. We have to rely
instead on the Mach–Zehnder geometry. Its behavior is strikingly simple and general: For any
nontrivial topological order, the heat current scales as |Γ1|2 + |Γ2|2.

2.5.2 Single contact

We rely on Eq. (2.7) for finding the thermal current operator and Eq. (2.8) for the average heat
current. For the purposes of this section, the exact forms of the operators and currents are unim-
portant. It will suffice to know their scaling dimensions. The current operator scales as the time
derivative of the tunneling Hamiltonian. The average current scales as the time integral of the
product of that time derivative and the tunneling Hamiltonian. Thus, the average current scales as
a power of the temperature T 2g, where g is the scaling dimension of the tunneling operator. The
exponent depends on statistics. For Ising anyons, g = 1/8 in agreement with the previous results.
In the ν = 1/3 Laughlin state [3] with the edge action 3

4π
∫
dxdt[±∂tφ∂xφ− v(∂xφ)2] and the charge

density e∂xφ/(2π), the anyon tunneling operator is Γ exp(iφ1 + iφ2) +H.c., where the indices 1 and
2 refer to the two edges. Then g = 1/3.

2.5.3 Interferometry of Abelian anyons

In an Abelian topological order, the fusion channel of any pairs of anyons is unique, therefore there
exists the smallest integer m, such that the fusion result of m anyons of type x is in the vacuum
sector. In the following subsections, we will discuss the two cases m = 2 and m > 2 separately.

Tunneling anyon is its own antiparticle.

We first consider the case when m = 2; i.e. x × x = 1, where 1 denotes vacuum. Obviously, x is
its own antiparticle. One example is the semion topological order [27, 94]: it contains only one type
of non-trivial topological charge s, and the only non-trivial fusion rule is s× s = 1; the topological
spin of s is θs = i.

Given the one-point contact Hamiltonian HT = ΓT̂ , where Γ is a real amplitude, the thermal
current can be written as IT = r(T1, T2)Γ2 as demonstrated in Sec. 2.2. The tunneling rate is
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p(T1, T2)Γ2, where p(T1, T2) can be found with Fermi’s golden rule:

p(T1, T2) = 2π
∑
mn

|⟨m|T̂ |n⟩|2δ(Em − En)Pn(T1, T2), (2.41)

|n⟩, |m⟩ are eigenstates of the unperturbed edge Hamiltonian, En,m are the total energies of the two
edges for the corresponding state, and Pn is the Gibbs distribution. The average heat transferred in
each tunneling event is ∆E = r(T1, T2)/p(T1, T2).

For a Fabry–Pérot interferometer, the tunneling Hamiltonian is given as

HT = Γ1T̂1 + Γ2T̂2, (2.42)

where Γ1,2 are real amplitudes. The localized topological charge has at least two possible values: 1
or x. Below we focus on these two possibilities only. Depending on the sector, the tunneling current
has two different values,

IFP1 = (Γ1 + Γ2)2r(T1, T2), (2.43)

IFPx = |Γ1 + Γ2e
iφ1

xx |2r(T1, T2), (2.44)

where exp
{
(iφ1xx)

}
= θ1/(θxθx) is the braiding phase. For semions, this phase factor is −1. This

result actually applies to any Abelian statistics, as long as x is its own antiparticle and not a
fermion or boson. Indeed, the topological spin of vacuum should satisfy θ1 = θ4x = 1, hence θx = ±i
or ±1. The second option describes bosons and fermions and so we are left with θx = ±i and
exp
(
iφ1xx

)
= −1.

In a Mach–Zehnder interferometer, the tunneling Hamiltonian in Eq. (2.11) contains an additional
phase eiα = θx in front of Γ2, as discussed in Appendix F. In the two sectors 1 and x, the effective
one-point amplitudes are Γ1+Γ2θx and Γ1+Γ2 exp

{
(iφ1xx)

}
θx respectively. We further see that the

tunneling rates are

p1 = |Γ1 + Γ2θx|2 p(T1, T2), (2.45)

px = |Γ1 − Γ2θx|2 p(T1, T2). (2.46)

Since θx = ±i, the two rates are equal, but we will stick to the same notations as for other statistics.
The kinetic equation is now

ḟx = f1p1 − fxpx = 0. (2.47)

Applying the requirement that the total probability is unity, we obtain the following solution:

fk = 1
pk

(
1
p1

+ 1
px

)−1

, k = 1, x. (2.48)

The thermal current reads

IMZ = ∆E
∑
k=1,x

fkpk = 2r(T1, T2)
p(T1, T2)

(
1
p1

+ 1
pa

)−1

= (Γ2
1 + Γ2

2)r(T1, T2), (2.49)

where the final equality only applies for θx = ±i. The comparison with the experiment requires the
knowledge of Γ1,2 and r. They can be found from a single-contact setup.
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Tunneling anyon is not its own antiparticle

Now we consider the case when m > 2, which implies that x is not the same as its antiparticle x̄.
To analyze the tunneling at a single point contact, we write down the tunneling Hamiltonian,

HT = ΓT̂ +H.c., (2.50)

where T̂ is the tunneling operator which creates a particle-antiparticle pair at the constriction.
Similar to Eq. (2.41), the thermal current can be expressed as

IT = 2π|Γ|2
∑
mn

∆E
[
|⟨m|T̂ |n⟩|2 + |⟨m|T̂ †|n⟩|2

]
δ(Em − En)Pn(T1, T2), (2.51)

where ∆E is the energy change on the upper edge in the process |n⟩ → |m⟩. This equation contains
two summations for T̂ and T̂ † respectively. The two sums are equal in the low-temperature limit.
Indeed, we expect that a conformal-field-theoretic description exists for the edge theory in that
limit. The tunneling operator T̂ for an Abelian topological order can be represented as an exponent
exp(iφ) of a Bose field φ. The conjugate operator T̂ † = exp(−iφ). The edge theory is quadratic in
Bose fields and hence invariant with respect to the transformation φ → −φ. This transformation
exchanges T̂ and T̂ †. Hence, the two contributions to IT are equal. The above argument may fail at
a non-zero voltage in a conducting system if a carriers electric charge. The reason is that changing
the sign of the Bose field will then also require changing the sign of the voltage. We assume zero
voltage and find that

IT = |Γ|2r(T1, T2), (2.52)

where the factor r(T1, T2) can be expressed as

r(T1, T2) = 4π
∑
mn

∆E|⟨m|T̂ |n⟩|2δ(Em − En)Pn(T1, T2). (2.53)

A similar argument shows that the tunneling rates of x and x̄ in the same direction are the same.
The tunneling rates are |Γ|2p±(T1, T2) for the tunneling of x (+) and x̄ (−), where, by an alternative
form of Fermi’s golden rule [95],

p+(T1, T2) =
∫ ∞

−∞
dt ⟨T̂ †(t)T̂ (0)⟩, (2.54)

p−(T1, T2) =
∫ ∞

−∞
dt ⟨T̂ (t)T̂ †(0)⟩. (2.55)

The above expressions change into each other when the sign of φ is changed. Hence p+(T1, T2) =
p−(T1, T2). We will also use the notation p(T1, T2) = p+(T1, T2) + p−(T1, T2).

The above discussion shows that the tunneling of x̄ transfers the same amount of average heat
as the tunneling of x. The tunneling thermal current can be rewritten as

IT = ∆E |Γ|2p(T1, T2), (2.56)

where ∆E = r(T1, T2)/p(T1, T2) is the average heat transferred.
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It is easy to generalize from the single-constriction case to the Fabry–Pérot geometry with two
tunneling contacts with the tunneling amplitudes Γ1,2. One just needs to substitute Γ → Γ1 +
Γ2 exp(iθ) in Eq. (2.52), where θ is the statistical phase accumulated by a on a circle around the
topological charge, trapped in the interferometer.

Now we come back to the Mach–Zehnder interferometer. We assume that the initial localized
topological charge is 1 (vacuum) and denote the localized topological charge inside the device after
k tunneling events of x as bk, hence b0 = 1 and bk = kx. Clearly, bk is periodic in k, bk+m = bk.
As we will see below, the same result for the average heat current obtains for any initial trapped
charge of the form nx. If the initial trapped charge is not nx, our calculations require only a minor
modification, and the final result for the heat current does not change.

For a Mach–Zehnder interferometer, its tunneling Hamiltonian is

HT = Γ1T̂1 + Γ2T̂2 +H.c. (2.57)

When the localized topological charge is bk, the effective one-point tunneling amplitude is Γ1 +
Γ2 exp

{
(iφk+1

k )
}
for the tunneling of x, and Γ∗

1 + Γ∗
2 exp

{
(iφk−1

k )
}
θ2x for the tunneling of x̄, where

exp
{
(iφk+1

k )
}

= θbk+1/(θxθbk) and exp
{
(iφk−1

k )
}

= θbk−1/(θx̄θbk). The origin of the factor θ2x in
the tunneling amplitude for x̄ can be understood in the spirit of Eqs. (F.12-F.14) as well as from
physical considerations: T †

2 describes tunneling of x from the inner edge of the interferometer to
the outer edge. As a result, x̄ is created and left behind on the inner edge. It affects the statistical
phase in the tunneling amplitude.

The two tunneling rates for x and x̄ can be written down separately,

p+k = 1
2

∣∣∣Γ1 + Γ2e
iφk+1

k

∣∣∣2 p(T1, T2), (2.58)

p−k = 1
2

∣∣∣Γ∗
1 + Γ∗

2e
iφk−1

k θ2x

∣∣∣2 p(T1, T2). (2.59)

It is worth noting that the following equations hold in the algebraic theory of anyons [28, 34],

|θx| = 1, θx = θx̄, θbk = (θx)k
2
. (2.60)

Using these relations, we can find the phases in the tunneling rates to be complex conjugate to each
other,

eiφ
k+1
k =

θbk+1

θxθbk
= (θx)2k, (2.61)

eiφ
k
k+1 = θbkθ

2
x

θx̄θbk+1

= (θx)−2k = (θ∗x)2k. (2.62)

Hence p+k = p−k+1, which shows that the tunneling rates for x and x̄ are the same, regardless of the
topological charge of the localized anyon. The kinetic equation now reads

ḟk = fk−1p
+
k−1 + fk+1p

−
k+1 − fk(p+k + p−k ), (2.63)

with k = 0, 1, . . . ,m− 1. After setting ḟk = 0, the equation becomes

fk+1p
+
k − fkp

+
k = fkp

+
k−1 − fk−1p

+
k−1, (2.64)
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which means that fk = 1/m is independent of k. Hence, the heat current is proportional to the
average tunneling amplitude

IT = r(T1, T2)
1
m

m−1∑
k=0

|Γ1 + Γ2θ
2k
x |2 = (|Γ2

1|+ |Γ2|2)r(T1, T2). (2.65)

For comparison, the thermal current in a Fabry–Pérot interferometer has m distinct values

IFPk =
∣∣∣Γ1 + Γ2e

iφk+1
k

∣∣∣2 r(T1, T2). (2.66)

2.5.4 Tunneling of non-Abelian anyons, which are their own antiparticles

Now we study the non-Abelian situation. As in the Abelian situation, we start with the case where
the tunneling anyon is its own antiparticle. Examples of such anyons include Ising and Fibonacci
anyons. The fusion rule can be written as

x× x = 1+ . . . , (2.67)

where . . . represents other possible fusion channels. The one-point tunneling Hamiltonian should be

HT = ΓT̂ = Γe−iπhx x̂2(x1)x̂1(x1), (2.68)

where Γ is a real tunneling amplitude, x̂2x̂1 is the operator that creates a pair of anyons on the
opposite edges of the interferometer, and hx is the scaling dimension of the anyon field with topo-
logical charge x. Note that the topological spin θx and the scaling dimension hx are related [28] as
θx = ei2πhx for a holomorphic field x. Similar to the Abelian case, we can find the thermal current
in a one-point contact geometry using Eq. (2.8), IT = r(T1, T2)Γ2. The average heat transferred
in each tunneling event is the ratio between r(T1, T2) and p(T1, T2), where p(T1, T2) is given by
Eq. (2.41).

In a Mach–Zehnder interferometer, the effective two-point tunneling Hamiltonian is given in
Eq. (2.11), where the additional phase eiα is equal to θx. In a process where the tunneling anyon
changes the trapped topological charge from a to b, the corresponding tunneling rate is

pbxa = P bxap(T1, T2)|Γ1 + eiφ
b
xa+iαΓ2|2, (2.69)

where P bxa = N b
xadb/(dxda) and exp

(
iφbxa

)
= θb/(θaθx), as in Eq. (2.12).

We can further write down and compare the tunneling rates for two different, yet related fusion
routes for the localized anyon, x× a→ b, and x× b→ a,

pbxa = N b
xa

db
dxda

∣∣∣∣Γ1 + Γ2 ·
θb
θxθa

· θx
∣∣∣∣2 p(T1, T2), (2.70)

paxb = Na
xb

da
dxdb

∣∣∣∣Γ1 + Γ2 ·
θa
θxθb

· θx
∣∣∣∣2 p(T1, T2). (2.71)
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In the algebraic theory of anyons [28], N b
xa = Na

x̄b = Na
xb and |θa| = |θb| = 1. Since Γ1,2 are

real amplitudes, by comparing the two equations we find that pbxa = (db/da)2paxb. Thus the kinetic
equation (2.13) can be reduced to

ḟa =
∑
b

paxb

[
fb −

( db
da

)2
fa
]
= 0. (2.72)

It is easy to read out the solution, fa = d2a/D
2, whereD =

√∑
a d

2
a is known as the global dimension.

The tunneling heat current through a Mach–Zehnder interferometer is

IMZ = I0 + I1 + I∗1 , (2.73)

where

I0 = (Γ2
1 + Γ2

2)r(T1, T2)
∑
ab

N b
xa

dadb
dx

1
D2

= (Γ2
1 + Γ2

2)r(T1, T2), (2.74)

and

I1 = Γ1Γ2r(T1, T2)
∑
ab

N b
xa

dadb
dx

1
D2

θb
θa

= Γ1Γ2r(T1, T2)
θx
dx

∑
a

sax̄s1a = 0. (2.75)

Here, we have used the identity dadb =
∑
cN

c
abdc. We also use the notion of the topological S-matrix

sab = 1
D

∑
cN

c
ab̄
dc

θc
θaθb

and the orthogonality between sxa/sx1 and s1a/s11 [28, 40]. Therefore, IMZ =
(Γ2

1 + Γ2
2)r(T1, T2), and the heat current shows no interference in a Mach–Zehnder interferometer.

For comparison, the Fabry–Pérot current for a localized anyon of type a is

IFPa =
∑
b

N b
xa

db
dxda

∣∣∣∣Γ1 + Γ2 ·
θb
θxθa

∣∣∣∣2 r(T1, T2). (2.76)

Now we test our results for the Fibonacci topological order. The Fibonacci topological order has
only one non-trivial fusion rule: τ × τ = 1+ τ . The quantum dimension of a Fibonacci anyon τ is
dτ = (1 +

√
5)/2 ≡ ϕ, and its topological spin is θτ = e4πi/5 [20, 34]. According to Eq. (2.69), the

tunneling rates in a Mach–Zehnder device are

pτττ = 1
ϕ
|Γ1 + Γ2|2 p(T1, T2), (2.77)

p1ττ = 1
ϕ2

∣∣∣Γ1 + Γ2e
−4πi/5

∣∣∣2 p(T1, T2), (2.78)

pττ1 =
∣∣∣Γ1 + Γ2e

4πi/5
∣∣∣2 p(T1, T2). (2.79)

The kinetic equations are

ḟτ = f1p
τ
τ1 + fτp

τ
ττ − fτ (pτττ + p1ττ ), (2.80)

ḟ1 = fτp
1
ττ − f1p

τ
τ1. (2.81)
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The solution is

fτ =
pττ1

p1ττ + pττ1
= ϕ2

1 + ϕ2 , (2.82)

f1 = p1ττ
p1ττ + pττ1

= 1
1 + ϕ2 . (2.83)

After a substitution back into the equation for the thermal current, one gets

IMZ = (Γ2
1 + Γ2

2)∆E p(T1, T2) = (Γ2
1 + Γ2

2)r(T1, T2). (2.84)

This confirms that Eqs. (2.73-2.75) is a general solution for all kinds of anyons in this category.
In summary, anyons that are their own antiparticles show no interference in the Mach–Zehnder

geometry.

2.5.5 Tunneling of non-Abelian anyons, which are not their own antipar-
ticles

Now let us consider the situation where the tunneling anyon x is different from its antiparticle
x̄. More specifically, we consider a topological order in which the fusion results of x × x and
a × ā = 1 + . . . share no common topological charges for all possible a. This condition is satisfied
by many interesting topological orders, including the Z3-parafermions and the k = 3,M = 1 Read–
Rezayi state [89]. This property is automatically satisfied for charged anyons x since x× x carriers
electric charge and a× ā is neutral.

We will rely on the following statement for such systems: if x could fuse with a into b, then
Na
xb = 0; that is, the available topological charges from the fusion between x and b do not include

a. The proof of the statement is the following. Assume that x × a = b + . . . and x × b = a + . . . ,
then x× x× a = x× b+ · · · = a+ . . . . Hence, x× x× a× ā = a× ā+ · · · = 1+ . . . Hence, x× x

contains the antiparticle for at least one fusion channel in a× ā. Since a× ā contains each possible
fusion outcome together with its antiparticle, we obtain the desired result.

This result means that the Hermitian conjugate tunneling operators T̂ and T̂ † that transfer x
between the two edges contribute independently to the tunneling process. This significantly simplifies
our discussion below. For completeness, we give an example of an topological order that does not
satisfy our condition in Appendix G.

The contributions to the thermal current from T̂ and T̂ † are denoted as |Γ|2r±(T1, T2) re-
spectively. Using the perturbation theory and conformal field theory (CFT), one can show that
r+(T1, T2) = r−(T1, T2). First, we write the two quantities as integrals in the perturbation theory,

r+(T1, T2) = −i
∫ t

−∞
dt′⟨[T̂ ′†(t), T̂ (t′)]⟩, (2.85)

r−(T1, T2) = −i
∫ t

−∞
dt′⟨[T̂ ′(t), T̂ †(t′)]⟩, (2.86)

where T̂ = x̂2(x, t)ˆ̄x1(x, t) is the tunneling operator, and T̂ ′ = −x̂2(x1, t)∂t ˆ̄x1(x1, t). In 2D CFT,
four-point correlation functions with two fields on each edge can be decomposed into products of
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two-point correlation functions (Appendix D); furthermore, the correlation function of two fields is
fully determined by their conformal weights, or equivalently their scaling dimensions [25]. Using
these two properties, one can find that ⟨[T̂ ′†(t), T̂ (t′)]⟩ = ⟨[T̂ ′(t), T̂ †(t′)]⟩, hence r+(T1, T2) and
r−(T1, T2) are equal. By the same argument, the tunneling rates given by p±(T1, T2)|Γ|2, where
p+(T1, T2) =

∫
dt⟨T̂ †(0)T̂ (t)⟩ and p−(T1, T2) =

∫
dt⟨T̂ (0)T̂ †(t)⟩, are also equal to each other. The

average heat transferred in a tunneling event is

∆E = r+(T1, T2)
p+(T1, T2)

= r−(T1, T2)
p−(T1, T2)

. (2.87)

In Mach–Zehnder interferometers, we consider again the two-point tunneling Hamiltonian given
in Eq. (2.57). We assume that the temperature is so low that the distance between the two contacts
along the edges is much shorter than the thermal length. Then it is legitimate to “fuse” the two
contacts into one. The effective tunneling amplitude depends on the statistical phase accumulated by
an anyon around the interferometer. When considering the process, in which the localized topological
charge changes from a to b, we need to find out whether it’s x or x̄ tunneling that results in this
fusion. Moreover, if x and a can fuse to b, then x̄ and b can fuse to a since N b

xa = Na
x̄b. Now we

could write the tunneling rates as

pbxa = N b
xa

db
dxda

∣∣∣Γ1 + Γ2e
iφ+
∣∣∣2 p+(T1, T2), (2.88)

pax̄b = Na
x̄b

da
dx̄db

∣∣∣Γ∗
1 + Γ∗

2e
iφ−

θ2x

∣∣∣2 p−(T1, T2), (2.89)

where eiφ+ = θb/(θxθa), eiφ
− = θa/(θx̄θb), and the origin of the θ2x factor is the same as in the

previous section. We observe that

pbxa =
d2b
d2a
pax̄b. (2.90)

The matrix M in the kinetic equation (2.13) is of the following form,

Mab = paxb + pax̄b − δab
∑
c

(pcxb + pcx̄b), (2.91)

but note that paxb and pax̄b cannot be nonzero at the same time. The same applies to pcxb and pcx̄b.
Using Eq. (2.90) we solve the kinetic equation: fa = d2a/D. We now repeat the calculations from
Eqs. (2.74) and (2.75) with almost no changes. The final result is

IMZ ∼ |Γ1|2 + |Γ2|2. (2.92)

The Fabry–Pérot current for a localized anyon a in the fusion channel x× a→ b is

Ibxa =
∣∣∣∣Γ1 + Γ2 ·

θb
θxθa

∣∣∣∣2 r+(T1, T2). (2.93)

The total thermal current in the Fabry–Pérot setup is obtained by averaging over all possible fusion
outcomes of x (x̄) and the trapped anyon a:

IFPa =
∑
b

(
N b
xa

db
dxda

Ibxa +N b
x̄a

db
dx̄da

Ibx̄a

)
. (2.94)

We again emphasize that for a fixed b, it is impossible that both N b
xa and N b

x̄a are nonzero.
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2.6 Noise in Fabry–Pérot interferometers

We now focus on the Ising statistics again. As we discussed, a Fabry–Pérot interferometer provides
a clear signature of the Ising statistics as long as the trapped topological charge is under control. If
that is not the case, we should compare the Fabry–Pérot and Mach–Zehnder geometries. Fabricating
a Mach–Zehnder device is more challenging than making a Fabry–Pérot interferometer. In this
section we propose an alternative approach to probing statistics on the basis of telegraph noise in a
Fabry–Pérot device with a hole.

We consider the case where an inner closed edge is present in a Fabry–Pérot interferometer, and
weak tunneling between the bottom edge and the inner edge is possible, as depicted in Fig. 2.7. The
average time between tunneling events at position x3 is τ . Each tunneling event at x3 changes the
topological charge trapped between QPC1 and QPC2. Because of that, the thermal current from
S1 to D2 is subject to change over time. We assume that τ is much longer than the average time
between tunneling events at QPC1 and QPC2 (Fig. 2.7). As in the previous section, we assume that
the interferometer is shorter than the thermal length. As before, the tunneling amplitudes at QPC1
and QPC2 are Γ1 and Γ2. τ is determined by the tunneling amplitude at QPC3.
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Figure 2.7: Fabry–Pérot interferometer with an inner closed edge inside the device. Telegraph noise
due to weak tunneling between the bottom edge and the inner edge at x3 gives an alternative way to
probe statistics. As in a Mach–Zehnder device, each tunneling event changes the enclosed topological
charge.

We consider the zero-frequency thermal shot noise given by the following equation [96],

S(ω → 0) = lim
ω→0

∫ ∞

−∞
dt S(t)eiωt, (2.95)

where
S(t) = ⟨{IT (t), IT (0)}⟩ − 2⟨IT (t)⟩⟨IT (0)⟩, (2.96)

the angular brackets denote averaging, the curly brackets stand for an anticommutator, and IT is
the total thermal current between the upper and lower edges through QPC1 and QPC2.

We will treat the tunneling process at QPC3 as a Poisson process. We use the following notations:
t0 < 0 is the start time, tk is the time when the k-th tunneling event happens, and the time interval
between successive events follows an exponential distribution, whose rate parameter λ = 1/τ . A
tunneling event results in a change of the topological charge of the inner edge. The charge changes
from σ to 1 or ψ with equal probability, but the next tunneling event must change it back to σ.
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In this picture, we assume that the initial topological charge of the inner edge is σ, and the heat
current at any time t is

IT (t) = I0 +∆I
∞∑
k=1

skθ(t− tk), (2.97)

where I0 = Iσ = r(T1, T2)(Γ2
1 +Γ2

2) is the current at time t0, ∆I = 2r(T1, T2)Γ1Γ2, and the random
variables sk = ±1 [97]. We treat s2k−1 as independent random variables with the probabilities
P (s2k−1 = −1) = P (s2k−1 = 1) = 1/2, while the value of s2k completely depends on s2k−1 via the
constraint s2k−1s2k = −1. Note that the heat currents between the upper and lower edges for the
inner-edge topological charges 1 and ψ are I1 = Iσ +∆I and Iψ = Iσ −∆I. Thus, our definition of
the current satisfies all the requirements we set above. The intervals τk = tk− tk−1 are independent
and identically distributed exponential random variables,

P (τk > t) = e−λt, t ≥ 0. (2.98)

Let us define N(t) as the total number of the tunneling events at QPC3 during the time interval
(t0, t],

N(t) = max{k ≥ 0 : tk ≤ t}. (2.99)

This is known as a Poisson process, and N(t) satisfies the Poisson distribution

P (N(t) = n) = e−λ(t−t0)
(λ(t− t0))n

n! . (2.100)

After taking the average with respect to the random variables s2k−1 and τk, we find (see Appendix H)

lim
ω→0

∫ ∞

−∞
dt eiωtS(t) = 2(∆I)2τ(1− eλt0). (2.101)

In the limit t0 → −∞, the equation above reduces to 2(∆I)2τ , and we can conclude that

S(ω → 0) = 8τ [r(T1, T2)]2Γ2
1Γ2

2. (2.102)

If τ is large, a high noise can be observed.

2.7 Conclusions

We have learned that interferometry can be done with neutral anyons as long as we focus on thermal
current. The basic idea of a thermal interferometer probe is rather similar to electronic interferom-
etry. However, details of the setup differ. Controlling and measuring an electric current is relatively
straightforward even for low currents used in experiments with the fractional quantum Hall effect.
Dealing with tiny thermal currents is harder.

A breakthrough idea [98] allowed probing thermal currents in the quantum Hall effect. It turns
out that thermal measurements can be reduced to purely electric measurements on the basis of
Joule’s law. This, of course, relies on a finite electrical conductance in QHE systems. Additional
ideas are needed to deal with neutral systems such as Kitaev magnets. A crucial challenge is a very
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Figure 2.8: (a) The junction between a quantum spin liquid (QSL) and an integer quantum Hall
liquid mediated by a superconductor (SC). The ν = 1 edge state (double arrow), under the influence
of a superconductor, gets separated into two co-propagating Majorana fermions. Due to strong
interactions with the QSL, one of the Majorana modes and the spin liquid’s edge Majorana mode
form a gapped fermion condensate (faded line under the superconductor without any arrow) which
partially ‘sews’ the two subsystems together. An emergent Majorana mode then continues on the
edge of the QSL before recombining again with another Majorana mode on the other edge. Details
of this process can be found in Ref. [31]. (b) Using the process described in (a), one can now consider
a QSL interferometer between two superconducting junctions with two quantum Hall liquids. The
whole system is then attached to an electrical source and drain and allows one to electrically probe
the chiral Majorana edge states of the QSL.

low temperature at which the experiment has to be conducted. Indeed, the constriction size cannot
be smaller than the unit cell size. This means the scale of the order of at least a ∼ 1 nm in α-RuCl3.
The interferometer size should be at least an order of magnitude bigger, yet it should be shorter
than the thermal length ℏv/T , where the edge velocity v ∼ a∆/ℏ, with ∆ being the energy gap,
is estimated at ∼ 105 cm/s. Besides, the temperature should be much lower than the energy gap
∆ estimated at a few Kelvin [29]. Thus, we have to deal with sub-Kelvin temperatures. Thermal
currents ∼ T 2/h scale as the square of the temperature and are hard to probe in that temperature
range.

One approach was advocated in Ref. [87] . The idea builds on using edge-phonon interactions for
a sufficiently long edge. Such interactions are highly irrelevant in the renormalization group sense,
and we will not address that approach here. See Ref. [87] for details. Two other approaches are
possible. Both reduce a thermal measurement to an electric noise measurement.

One approach requires a junction of a spin liquid and a quantum Hall systems. It was proposed
that such a junction between a Kitaev magnet and an integer QHE liquid can be mediated by a
superconductor [31]. The edge structure is illustrated in Fig. 2.8(a). We can see that the QHE edge
splits into a neutral channel running under a superconductor and a neutral edge of the Kitaev liquid.
The modes recombine on the other side of the superconducting junction. We now consider a setup
with an interferometer between two superconducting junctions [Fig. 2.8(b)]. If the QHE bars on the
two sides are maintained at the same temperature, the noise in the drain equals the Nyquist noise
at the common temperature. In a non-equilibrium situation, relevant for this chapter, the noise is
no longer given by the Nyquist formula and depends on the tunneling heat current.

In another approach, heat is transferred between the interferometer edge and a quantum wire.
The standard technique [82, 83, 98] can then be used to measure the heat current in the wire by
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Figure 2.9: Interaction between the quantum wire and the spin liquid is more relevant in the renor-
malization group sense near the hole.

connecting it with a QHE system. The leading interaction of the wire and the Kitaev edge in contact,
ψ∂xψ∂xφ, is proportional to the charge density ∼ ∂xφ in the wire and the energy density on the
Kitaev edge. It is highly irrelevant in the renormalization group sense at low energies. Thus, a long
region of contact may be needed. Two observations mitigate this challenge. First, the relevancy
of the interaction can be increased by using the geometry from Fig. 2.9. Here a hole is made near
the Kitaev edge. The interaction of the wire with the Kitaev liquid near the point, where the hole
approaches the edge, is σ1σ2∂xφ with σ1,2 denoting anyon operators on the edge of the hole and the
outer edge of the Kitaev liquid. This interaction is significantly more relevant than the interaction
without the hole, provided that the system is tuned close to resonance so that the σ1σ2 interaction
is suppressed.

It is also important that the interferometry experiment does not require probing the precise
energy current on the edge. It is enough to compare corrections to the edge thermal current due to
the tunneling contacts at different trapped topological charges. This can be accomplished even if
only a small portion of the heat current is transferred from the edge of the spin liquid to the wire.
Indeed, the difference of the transferred heat currents with and without tunneling contacts in the
Kitaev liquid is proportional to the tunneling heat current through the interferometer.

A Mach–Zehnder device cannot be confined in a single plane due to its complicated topology
(Fig. 2.3). This is a fabrication challenge. We would like to emphasize that this challenge has
been overcome for quantum Hall liquids [57, 90]. On the other hand, quantum coherence persists
in Mach–Zehnder interferometers at a longer size than in Fabry–Pérot devices. Indeed, the current
through a Fabry–Pérot interferometer depends on the sum of the distances between the tunneling
contacts along the two edges. In the Mach–Zehnder case, only the length difference matters. In
particular, the heat current depends on the combination of the thermal length and that difference
(Appendix I). Thus, interference can be observed at shorter thermal lengths and higher temperatures
than in a Fabry–Pérot interferometer of a similar size.

Interferometry is the most direct probe of statistics. A less direct but simpler probe involves
heat current through a single contact. It scales as a universal power of the temperature at a fixed
ratio of the temperatures on the two edges across the contact.

In conclusion, Fabry–Pérot interferometry shows distinct values of the heat current through the
interferometer for each possible topological charge confined in the device. It may be challenging to
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control the trapped topological charge, in which case the heat current through the interferometer
might be the same for anyons as for bosons and fermions. One can then distinguish anyons from
fermions and bosons by using a Mach–Zehnder setup. A striking feature is the absence of interference
signal in a Mach–Zehnder device for any non-trivial topological order. Besides, anyonic statistic
induces a high telegraph noise of the heat current in a Fabry–Pérot device with a hole.



Chapter 3

Quantum Hall interferometry with
multiple edge channels

3.1 Introduction

Interferometric methods have proven to be a powerful experimental tool for the investigation of
quantum Hall systems [18, 35–39, 49–51, 55–58, 61, 63–66, 69–73, 75, 76]. Most dramatically, for
fractional quantized Hall states, interferometry has provided direct measurements of the fractional
statistics as well as the fractional charges of quasiparticle excitations. More generally, for both integer
and fractional quantum Hall states, interferometry has provided information about the nature of
the modes that propagate along the edges of the interferometer, including their interactions with
localized charges in the bulk. At a higher level, interferometer experiments provide some sensitive
tests of our understanding of quantum Hall states in real materials.

In this chapter, we restrict ourselves to quantum Hall interferometers of the Fabry–Pérot type
[35]. In this geometry, two constrictions allow charged quasiparticles or electrons to tunnel between
the chiral edge modes on the two sides of a quantum Hall region (Fig. 3.1). When a voltage difference
is applied between the two edges of the device, any particles that tunnel across the constrictions
will reduce the current transmitted along the edges, and this will lead to a decrease in the measured
electrical conductance. If quasiparticles can propagate coherently along the edges between the two
constrictions, the tunneling amplitudes will add coherently with a phase difference that depends on
the magnetic flux passing through the interferometer region, with possible additional contributions
due to quantum statistics when fractionally-charged quasiparticles are involved. As the enclosed
flux is sensitive to relatively small changes in the applied magnetic field or to changes in the area
of the device caused by changes in the voltage applied to nearby gates, changes in these parameters
can lead to interference oscillations in the electrical resistance of the device. It should be noted that
changes in the interferometer area can result from Coulomb interactions between the edge modes
and charges in the bulk, as well as from direct interactions with the gates [49].

47
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Experiments are most frequently carried out in the limit of small source-drain voltages, where
the transmitted current is a linear function of the applied voltage. Further information can be
obtained, however, from measurements at larger voltages. Voltage-dependencies in the case where
the quantized Hall state has a single propagating mode along each edge, such as at filling factors ν = 1
or ν = 1/3, were discussed in Ref. [35] in 1997. The analysis predicted an oscillatory dependence of
the interference amplitude on the applied voltage, with a voltage scale determined by the edge-mode
velocity and the length of the interference path. The precise form of the voltage-dependence was
found to depend on the filling factor ν.

In this chapter, we extend the theory to the case where there are two co-propagating modes on
each edge. Specifically, we consider a fractional case with bulk filling factor ν = 2/5 and the integer
case ν = 2. We take into account the Coulomb coupling between charge fluctuations along the two
modes on a given edge, but we assume that over longer distances interactions are well screened, due
to the presence of a nearby conducting gate. We also assume weak scattering of charges between
the two edge modes. This assumption is justified in the case of ν = 2, because the associated
particles have different spins in the two modes. In the case of ν = 2/5, scattering between the
modes should be strongly suppressed due to their relatively large spatial separation [75, 99]. At the
same time, inter-mode scattering cannot be ignored on the laboratory time scale. We will see that
such rare scattering events dramatically suppress the observed time-averaged interference current in
the non-linear regime.

When the interferometer edge contains two co-propagating modes, different interference phenom-
ena can occur depending on the nature of the constrictions. If the constrictions are only weakly
pinched off, tunneling will occur only between the inner modes of the two edges, while the outer
modes pass freely through the constrictions [see Fig. 3.1(a)]. We shall see that in this case, the
presence of the outer mode has relatively little effect on the interference signal, and the voltage-
dependence of the interference amplitude is similar to what one would predict for the inner mode
alone, using the formulas of Ref. [35]. The situation is more interesting in the regime where the
constrictions are pinched to the extent that the inner mode is completely reflected, while the outer
mode passes through the constrictions with only weak backscattering [see Fig. 1(b)]. This physical
situation was previously addressed for ν = 2 and T = 0 under the assumption of an infinite edge
velocity [51]. We go well beyond that limiting case.

In another difference from the earlier work, we consider asymmetric voltage bias. It is usually
assumed that the voltage bias is applied symmetrically, that is, the potentials Vd and Vu of the
lower and upper edges equal ±V/2, where V is the bias. In actual experiments [76] the bias is often
asymmetric. We thus introduce the bias voltage V = Vd−Vu and the average voltage Ṽ = (Vu+Vd)/2,
which can often be treated as independent parameters. The degree of asymmetry is measured by the
parameter η = Ṽ /V , which ranges from 0 to 1/2. Note that for a linear relation Ṽ = ηV between the
bias and average voltages, the conductance depends on the derivatives of the current with respect
to both V and Ṽ .

Experiments in the case of ν = 2/5 appear to be in a regime where the Coulomb coupling between
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the two edge modes is relatively weak [75]. On the other hand, in the integer case, experiments can
fall in a regime where the two modes are strongly coupled. Such strong coupling has been proposed
[53] to explain the “pairing” phenomenon [67, 68] in GaAs systems, where the oscillation period in a
range of filling factors above ν = 2 coincides with what one might expect for particles of charge 2e,
and it has been observed directly in a graphene interferometer [76]. Consequently, in our analysis,
we will focus on the strong-coupling regime for ν = 2 but the weak coupling regime for ν = 2/5.

The current through the interferometer naturally depends on the number of quasiparticles inside
the interference loop. Besides their statistical effect in the fractional quantum Hall case, quasipar-
ticles interact electrostatically with edge channels. For bulk quasiparticles, the latter effect may
be neglected if the bulk-edge interaction is well screened, as we assume in this chapter. The effect
cannot be neglected for anyons on the inner edge, which forms a closed loop. Thus, we have to
account for possible fluctuations of the number of such anyons. In the linear transport regime, all
fluctuations are thermal and become unimportant in the low-temperature regime we consider in this
chapter. In the nonlinear transport regime, it is possible for charge to tunnel between the inner loop
and the outer edge channels so that a small leakage current flows through the device. The tunnel-
ing time scale is much longer that the travel time of a charge through the interferometer along its
edges. The main consequence of the fluctuations of the charge on the inner loop consists in a rapid
suppression of the interference current at large voltages, since the fluctuations in the interferometry
phase grow with the voltage bias. There is also a transport resonance when the bias voltage times
a quasiparticle charge matches an energy level difference on the inner channel.

In the bulk of this chapter, we assume that Coulomb interactions between charges in the two-
dimensional electron system are sufficiently screened by a nearby gate or gates that we can treat
the interactions as instantaneous and local in space. However, in some of the most important
experiments, screening is provided by a nearby two-dimensional electron gas, whose conductivity is
itself strongly affected by the applied magnetic field [75, 100]. Even if the electron density in the
screening layer is such that it is not in a quantized Hall state, the layer should have a longitudinal
conductivity that will be much smaller than its Hall conductivity. In this case, the screening currents
will be chiral and largely confined to the boundary of the layer [101]. Therefore, it may be appropriate
to model the screening layer as an added chiral edge state, with its own capacitance and edge velocity,
Coulomb coupled to the charges in the measured quantum Hall layer. We consider a model of this
type in Section 3.5.

The organization of this chapter is as follows. In Section 3.2, we introduce the models used in
this chapter. In Section 3.3, we consider in detail the integer quantum Hall effect at ν = 2, while
in Section 3.4, we consider ν = 2/5. Effects of a screening layer are addressed in Section 3.5. In
all cases we start a section with a discussion of the regime of the fixed charge on the inner island,
formed by the closed edge channel. In that regime, tunneling between co-propagating edge channels
can be neglected. We then address the regime of the fluctuating island charge. This amounts to
averaging the results for the fixed charge over the statistical distribution of the charge on the inner
edge channel. The fixed charge approximation applies in two cases: when the time-scale of the
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experiment is shorter than the time over which the island charge changes, and if the island charge
does not fluctuate at all, as may be the case in the linear transport regime. We separately consider
asymmetric and symmetric voltage bias at ν = 2. Since experiments [75] at ν = 2/5 were performed
at an approximately symmetric voltage bias, we assume that the bias is symmetric in the discussion
of ν = 2/5.

In Section 3.6 we consider effects beyond lowest order in the backscattering at the contacts in
the simplest case of an interferometer in the ν = 1 quantum Hall state, with a single edge mode.
For non-interacting electrons, the problem is exactly solvable [35]. However, the solution predicts a
dependence on the source-drain voltage that does not agree with the data in, e.g., Ref. [76], which
were taken in a situation where electrons are 50 percent reflected at each contact. This forces us to
consider the possible effects of Coulomb interactions.

Our findings are summarized in Section 3.7. Some technical details are addressed in Appendices J,
N, O, and P. Appendix K contains a careful calculation of the Aharonov–Bohm phase. Experimental
data are usually presented as a Fourier transform of the interference contribution to the current.
We address subtleties of such a Fourier transform in Appendices L and M.

3.2 Model

3.2.1 Edge modes

We start with the model of a quantum Hall (QH) liquid with two co-propagating chiral edge modes.
The outer mode separates the filling factor ν1 from 0, and the inner mode separates the filling factor
ν1 from the filling factor ν = ν2 + ν1. One example from the integer QH effect (IQHE) is the ν = 2
liquid, where ν1 = ν2 = 1; another example from the fractional QH effect (FQHE) is the ν = 2/5
liquid, where ν1 = 1/3 and ν2 = 1/15. The Lagrangian of a single chiral left-moving QH edge in the
absence of the intermode interaction is

L = ℏ∂xφo(∂t − vo∂x)φo
4π + ℏ∂xφi(∂t − vi∂x)φi

4π , (3.1)

where vo and vi are the velocities of the outer and inner modes. To describe the opposite propagation
direction, one needs to change the sign in front of the time derivatives. The Bose fields φ describe
the linear charge densities on the edge channels, − e

√
νi∂xφ
2π , for a left-moving channel with filling

factor discontinuity νi. The charge density of a right-moving channel is defined with the opposite
sign: e

√
νi∂xφ
2π .

In contrast to the case of a single edge mode, a Fabry–Pérot interferometer can now be operated
in two ways: inner mode tunneling in Fig. 3.1(a) and outer mode tunneling in Fig. 3.1(b). In both
cases, we assume that the distances between two quantum point-contacts (QPC1 and QPC2) are
the same along the two edges, and the coordinates of QPC1 and QPC2 are x1 and x2. The distance
is denoted as a = x2 − x1. An adjustment for an asymmetric device with the different distances is
straightforward. Fig. 3.1(a) shows the situation of inner mode tunneling, where tunneling occurs
between the counter-propagating modes on the upper (u) and lower (d) edges at the two QPCs.
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(a)

(b)

Figure 3.1: Schematics of an electronic Fabry–Pérot interferometer with filling factor ν = 2/5,
showing inner mode (a) and outer mode (b) tunneling. Tunneling is shown with dashed lines. On
each edge of the interferometer, there are two co-propagating edge modes.

Fig. 3.1(b) shows the situation of outer mode tunneling, where the inner bulk region is completely
pinched off by the side gates, and the inner mode forms a closed loop within the interference loop,
leading to the direct tunneling through the outer bulk. Inner mode tunneling has been extensively
studied in the past (see, in particular, Ref. [50]), and we address that case only briefly. The main
focus of this chapter is a technically harder and physically richer case of outer mode tunneling.

The Lagrangian (3.1) is written in a gauge such that the vector potential of the magnetic field
is along the edge away from the tunneling contacts. The vector potential is orthogonal to the x-
direction in the contacts. Thus, the effect of the magnetic field on the open edge channels is fully
captured by an Aharonov–Bohm phase in the tunneling operators. This phase depends continuously
on the magnetic field. The coupling of the vector potential with the current along the closed inner
loop is responsible for phase jumps.

Obviously, the noninteracting model (3.1) is oversimplified. In fact, it fails to explain the results
observed in the experiment for ν = 2/5 FQHE [75]. A more realistic model adds a short-range
Coulomb interaction to the Lagrangian [51],

Le = −ℏw
2π (∂xφo)(∂xφi), (3.2)

where the Coulomb repulsion strength w > 0. The total Lagrangian L+ Le can be diagonalized by
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introducing the following transformation,(
φo

φi

)
=
(
cos θ − sin θ
sin θ cos θ

)(
φ1

φ2

)
(3.3)

where φ1,2 are the edge eigenmodes. Having in mind ν = 2/5, we expect that the bare velocity vo of
the outer 1/3 mode is faster than the velocity vi of the inner 1/15 mode. If we choose 0 < θ < π/4
satisfying tan(2θ) = 2w/(vo − vi), then the diagonalized Lagrangian is

L+ Le =
ℏ∂xφ1(∂t − v1∂x)φ1

4π + ℏ∂xφ2(∂t − v2∂x)φ2
4π , (3.4)

with the velocities of the eigenmodes being

v1 = 1
2

[
vo + vi +

√
(vo − vi)2 + 4w2

]
, (3.5)

v2 = 1
2

[
vo + vi −

√
(vo − vi)2 + 4w2

]
. (3.6)

In the following sections, we shall deal with the inner and outer mode tunneling in the presence
of short-range interaction. We discuss tunneling contacts in subsection 3.2.2. Subsection 3.2.3
deals with the case of the open inner channel. Subsections 3.2.4 and 3.2.5 address a much harder
problem of the closed inner channel. We make the assumption that the interaction strength w is less
than √

vivo and hence v2 > 0 as thermodynamic stability demands. We also assume weak tunneling
between the modes on a single edge. At ν = 2/5, this is justified by a relatively large separation
of the two edge channels and a small interferometer size. At ν = 2, one should also remember that
the tunneling between the outer and inner modes involves spin flip. Nevertheless, rare tunneling
events are important at a high bias. We thus approach the problem in two steps. First, we neglect
inter-mode tunneling in subsection 3.2.4. This amounts to computing the tunneling current through
the interferometer on a short time scale. Next, we introduce inter-mode tunneling between co-
propagating channels in subsection 3.2.5. We only consider inter-mode tunneling events in the
closed-loop geometry 1(b) since only in that case there is long-term memory of rare tunneling events
due to the charge conservation on the closed loop. The memory effect means that the interference
current, computed at a fixed charge of the inner island, should be averaged over all possible chargers
on the inner loop. In principle, tunneling between the edges and localized states in the bulk of
the interferometer can affect the current even in geometry 1(a), where both channels are open. We
will not consider this part of physics in this chapter. Such tunneling was addressed in the linear
transport regime at finite temperatures in Ref. [49].

Most of our analysis assumes symmetric voltage bias, Ṽ = 0. Yet, the experiment [76] at ν = 2
was performed at asymmetric bias. We extend the theory to the asymmetric case in subsection 3.2.6.

3.2.2 Quantum point contacts

In general, for a two-point Fabry–Pérot interferometer where quasiparticles with charge e∗ tunnel
and a voltage bias V is applied, the total Hamiltonian is Ĥ + ĤT , where Ĥ describes the edges and
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ĤT describes the interedge tunneling. The edge Hamiltonian Ĥ is the sum of the Hamiltonians of
the upper and lower edges,

Ĥ = ℏv1
4π [(∂xφu1 )2 + (∂xφd1)2] +

ℏv2
4π [(∂xφu2 )2 + (∂xφd2)2], (3.7)

where the indexes u and d refer to the top and bottom edges. As shown in Fig. 3.1, we choose
the lower edge to be right-moving and the upper edge to be left-moving; therefore, their Bose fields
satisfy the following commutation relation [21],

[φd/uj (t, x), φd/uk (t, y)] = ±iπ sgn(x− y)δjk, (3.8)

where the plus sign corresponds to the lower edge (d) and the minus sign corresponds to the upper
edge (u). The tunneling Hamiltonian ĤT is expressed as

ĤT = Γ1T̂ (t, x1) + Γ2T̂ (t, x2) + h.c., (3.9)

where T̂ (t, x) are the tunneling operators, x1,2 are the locations of the QPCs, and Γ1,2 are the
tunneling amplitudes. Voltage bias enters as a difference of the chemical potentials of the edges.
It can be eliminated in a usual way [39] in the interaction representation so that the tunneling
Hamiltonian becomes

ĤT = Γ1e
iωJ tT̂ (t, x1) + Γ2e

iωJ tT̂ (t, x2) + h.c., (3.10)

where ωJ = e∗V/ℏ is the effective Josephson frequency, e∗ is the charge of the tunneling particle,
and V ≡ Vd − Vu is the bias voltage, i.e., the difference between voltages applied to the upper and
lower edges. The bias voltage affects the average charge density on the edges. For a asymmetrically
applied voltage bias, where Vu + Vd ̸= 0, this may alter the net charge on the edge and induce a
voltage-dependent shift in the interference phase [39]. We shall address this effect further below.

The tunneling current operator is the time derivative of the charge of one edge and can be
represented as

ÎT = ie∗

ℏ
[Γ1e

iωJ tT̂ (t, x1) + Γ2e
iωJ tT̂ (t, x2)− h.c.]. (3.11)

Throughout this chapter, except for Section 3.6, we will work in the weak backscattering regime,
i.e., we assume a small tunneling amplitude for each quantum point contact and treat the tunneling
Hamiltonian ĤT as a perturbation. In the lowest-order perturbation theory, the expectation value
for the current is found using the following standard formula,

IT = − i

ℏ

∫ 0

−∞
dt⟨[ÎT (0), ĤT (t)]⟩. (3.12)

By defining
P (t, x) = ⟨T̂ (t, x)T̂ †(0, 0)⟩ = ⟨T̂ †(t, x)T̂ (0, 0)⟩, (3.13)

which satisfies the relation P ∗(t, x) = P (−t,−x), one can write down the non-interference part of
the tunneling current IT = Inon-int + Iint as

Inon-int =
e∗

ℏ2

∫ 0

−∞
dt(|Γ1|2 + |Γ2|2)(e−iωJ t − eiωJ t)[P (−t, 0)− P (t, 0)], (3.14)
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and the interference part as

Iint =
e∗

ℏ2

∫ 0

−∞
dt(Γ1Γ∗

2e
−iωJ t − c.c)[P (−t,−a)− P (t, a)] + (Γ∗

1Γ2e
−iωJ t − c.c)[P (−t, a)− P (t,−a)],

(3.15)

where a = |x1 − x2| is the distance between the two QPCs.
In the next two subsections we address the structure of the correlation functions for inner and

outer mode tunneling. Another component of the model is the phase difference ϕ between the two
tunneling amplitudes. Its behavior is rather subtle for outer mode tunneling. We discuss it in
subsection 3.2.5.

3.2.3 Inner mode tunneling

In this section, we discuss the inner mode tunneling case shown in Fig. 3.1(a), with quasiparticle
charge e∗ = ±νe, and voltage bias V . The quasiparticle charge can also be written as e∗ = nν2e,
where n is an integer, since ν/ν2 is an integer. We touch inner mode tunneling only briefly. A
detailed investigation of inner mode tunneling can be found in Ref. [50].

According to the bosonization technique, the tunneling operator T̂ (t, x) = δ−n
2ν2ein

√
ν2φ

u
i (t,x)e−in

√
ν2φ

d
i (t,x),

where δ is a short-time cutoff. We will denote the correlation function (3.13) as Pi since we deal
with the inner modes.

Using standard formulas for correlation functions of Bose fields, it is easy to find that at zero
temperature,

Pi(t, x) = Gd(t, x)Gu(t, x), (3.16)

where
Gd,u(t, x) = [δ + i(t∓ x/v1)]−n

2ν2 sin2 θ[δ + i(t∓ x/v2)]−n
2ν2 cos2 θ. (3.17)

We hence obtain an analytical result for the non-interference current as follows:

Ii,non-int =
2πe∗(|Γ1|2 + |Γ2|2)

Γ(2n2ν2)ℏ2
|ωJ |2n

2ν2−1 sgn(ωJ). (3.18)

For the interference current, we first introduce exp(iϕ) as the phase difference between Γ1 and
Γ2, i.e., Γ1/Γ2 = |Γ1/Γ2| exp(iϕ). The phase difference includes an Aharonov–Bohm phase, the
statistical phase due to any localized anyons, a non-universal phase due to microscopic details of
the tunneling contacts, and a possible correction due to asymmetry of the voltage bias (see Section
3.3). Since interference experiments are conducted in a regime where the interferometer contains a
large number of flux quanta, a relatively small change in magnetic field or gate voltage can alter the
Aharonov–Bohm phase by a large amount, while phase shifts due to changes in the contacts remain
negligible. In our discussions, below, we also assume that there are no changes in the number of
localized anyons produced by changes in the applied voltages or magnetic fields.

Noticing that Pi(t, x) = Pi(t,−x), we can write the expression for Ii,int as,

2e∗

ℏ2
|Γ1Γ2| cosϕ

∫ 0

−∞
dt
[
e−iωJ tP (−t, a)− eiωJ tP (−t, a) + c.c.

]
. (3.19)
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At a finite temperature T , we need to replace the zero-temperature correlation functions with the
finite-temperature ones. This can be done by a conformal transformation [102], and the result is

Gd,u(t, x) = (πT/ℏ)n
2ν2 [sin πT (δ + i(t∓ x/v1))/ℏ]−n

2ν2 sin2 θ × [sin πT (δ + i(t∓ x/v2))/ℏ]−n
2ν2 cos2 θ,

(3.20)

where we have taken kB = 1.

3.2.4 Outer mode tunneling: fixed island charge

In this section, we discuss the geometry in Fig. 3.1(b) for the outer mode tunneling, where the
tunneling charge e∗ is mν1e, the tunneling operator T̂ (t, x) is δ−m2ν1eim

√
ν1φ

u
o (t,x)e−im

√
ν1φ

d
o(t,x),

and δ is the ultra-violet cutoff. However, in contrast to the inner mode tunneling, due to the
presence of the inner closed loop, the correlation function (3.13), Po(t, x), does not have a simple
form as Pi(t, x) in Eq. (3.16). Indeed, even without tunneling, the interaction between the closed
inner channel and the outer ν1 channel scatters the two incoming ν1 edge modes, φdo(ω, x1) and
φuo (ω, x2), into the outgoing modes, φuo (ω, x1) and φdo(ω, x2). That scattering process in the main
focus of subsection 3.2.4. In this subsection, we neglect inter-mode tunneling between the inner and
outer channels. See subsection 3.2.5 for its discussion.

Scattering problem

We start by solving the problem without tunneling not only between co-propagating modes but also
at the QPCs. Naively, the scattering problem involves four incoming and four outgoing channels:
there are two incoming and two outgoing outer edge channels and two incoming and two outgoing
inner edge channels. Fortunately, the chirality of the transport allows ignoring a half of those
channels as we demonstrate below. This gives a major simplification in comparison with those QH
states that have non-chiral edges such as the ν = 2/3 state.

Before we can proceed, we need to specify what sections of the inner and outer edge channels
interact with each other in Fig. 1(a). We assume that the nearby inner and outer modes interact
on the top and bottom sides of the device for all x except in a narrow vicinity of points x1 and x2.
No other other pairs of modes interact. In our model, the interaction strength is always the same
whenever it is nonzero.

We next observe that nothing that happens downstream has any effect upstream (downstream
and upstream mean down and up with respect to the propagation direction of chiral modes). Thus,
we can ignore the interaction of all outgoing channels on the left and on the right of the interfer-
ometer. More interestingly, we can ignore the interaction of the incoming modes. The reason is
that the solution of the scattering problem below only requires the knowledge of the time-dependent
correlation functions of the outer incoming modes in point x1 on the lower edge and point x2 on the
upper edge. These correlation functions are the same as on an infinite edge that does not contain
any inter-mode interactions downstream from the point x1 for the bottom edge and x2 for the top
edge. Such a non-interacting edge is in thermal equilibrium. In any point x far downstream from x1
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and x2, the time-dependent correlation functions are the same as if no intermode interaction existed
at any point of the edge. Yet, the correlation functions far downstream from the point contacts are
exactly the same as in the point contacts since all elementary excitations travel ballistically with
the same speed.

Thus, we can ignore the inner edge modes to the left of x1 and to the right of x2.
To understand the scattering process quantitatively, we will use the frequency-space representa-

tion of the Bose fields [21]. For a left- or right-moving field with velocity v,

φ(t, x) = −
∫ ∞

0

dω
√
ω
[e−iωtφ(ω, x) + H.c.]e−ωδ/2, (3.21)

where
φ(ω, x) = e∓iωx/vφ(ω, 0). (3.22)

φ(ω, x) satisfies the following commutation relation,

[φ(ω, x), φ†(ω′, x)] = δ(ω − ω′). (3.23)

Such a relation applies in the limit of an infinitely long edge, which is relevant for the outer edge
channels. The Bose fields that describe the closed inner channel in the interferometer drop out after
the equations of motion are solved. The equations of motion are the first order differential equations
for the charge densities ∼ ∂xφ, which are derivatives themselves. We ignore that subtlety below and
proceed as if one could remove one partial derivative with respect to the coordinates from all terms
in the equations. This simplifies notations and does not affect our final results.

The outgoing fields depend on the incoming fields as follows,(
φuo (ω, x1)
φdo(ω, x2)

)
= S

(
φdo(ω, x1)
φuo (ω, x2)

)
, (3.24)

with S being an unitary 2× 2 matrix. Next, we try to find the matrix S by solving the propagation
equations and boundary conditions. A similar problem was solved in Ref. [51], and we follow its
approach here. In the region between the two QPCs, due to the interaction, the free-propagating
fields are the eigenmodes in Eq. (3.3), hence, they satisfy the following equations,

φdj (ω, x2) = eiωa/vjφdj (ω, x1), (3.25)

φuj (ω, x2) = e−iωa/vjφuj (ω, x1), (3.26)

with j = 1, 2. In addition, the closed loop should satisfy the continuity conditions at the positions
of the QPCs, where the interaction is minimal,

φdi (ω, x1) = φui (ω, x1), (3.27)

φdi (ω, x2) = φui (ω, x2). (3.28)
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Solving for φuo (ω, x1) and φdo(ω, x2), we can find

S11 = −
sin2 θ cos2 θ

(
e

iaω
v1 − e

iaω
v2

)2
−1 +

(
sin2 θe

iaω
v1 + cos2 θe

iaω
v2

)2 , (3.29)

S12 =
2ie

iaω(v1+v2)
v1v2

[
sin2 θ sin

(
aω
v1

)
+ cos2 θ sin

(
aω
v2

)]
−1 +

(
sin2 θe

iaω
v1 + cos2 θe

iaω
v2

)2 . (3.30)

From the symmetry of the equations, S11 = S22 and S12 = S21.

Correlation functions

We can now compute Po(t, x) at zero temperature using the formula for free Bose fields A, B, C
and D,

⟨eiAe−iBeiCe−iD⟩ = exp
[
− 1

2(⟨A
2⟩+ ⟨B2⟩+ ⟨C2⟩+ ⟨D2⟩)

+⟨AB⟩ − ⟨AC⟩+ ⟨AD⟩+ ⟨BC⟩ − ⟨BD⟩+ ⟨CD⟩
]
, (3.31)

and the zero-temperature correlation functions between free chiral fields φ and φ†,

⟨φ(ω, x)φ†(ω′, x)⟩ = δ(ω − ω′)Θ(ω), (3.32)

⟨φ†(ω, x)φ(ω′, x)⟩ = 0 (3.33)

(remember that ω is necessarily positive). All correlation functions can be expressed in terms of the
correlation functions of the incoming outer edge modes at x1 and x2. The incoming fields in those
two points are uncorrelated with each other due to chirality. Their self-correlation functions assume
equilibrium values unaffected by the inner mode.

Computing ⟨T̂ (t, x1)T̂ †(0, x1)⟩ gives

Po(t, 0) = δ−2m2ν1 exp
{
−m2ν1

∫ ∞

0

dω

ω
[2− (S11 + S∗

11)](1− e−iωt)e−ωδ
}
, (3.34)

and computing ⟨T̂ (t, x2)T̂ †(0, x1)⟩ gives

Po(t, a) = δ−2m2ν1P1(a) exp
{
−m2ν1

∫ ∞

0

dω

ω
[2− (S12 + S∗

12)e−iωt]e−ωδ
}
, (3.35)

where

P1(a) = exp
(
2m2ν1

∫ ∞

0

dω

ω
S∗
11e

−ωδ
)

(3.36)

is a real number. We note that Po(t, a) satisfies the relation Po(t, a) = Po(t,−a) as well.
We simplify the equations for the tunneling current as

Io,non-int =
2e∗

ℏ2
(|Γ1|2 + |Γ2|2)

∫ ∞

−∞
dt sin(ωJ t) ImPo(−t, 0), (3.37)

Io,int =
4e∗

ℏ2
|Γ1Γ2| cosϕ

∫ ∞

−∞
dt sin (ωJ t) ImPo(−t, a), (3.38)
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where exp(iϕ) is the phase difference between Γ1 and Γ2.
At a finite temperature T , we substitute the Bose–Einstein distribution into the correlation

functions of the Bose fields, i.e.,

⟨φ(ω, x)φ†(ω′, x)⟩ = δ(ω − ω′)
1− e−ℏω/T , (3.39)

⟨φ†(ω, x)φ(ω′, x)⟩ = δ(ω − ω′)
eℏω/T − 1

. (3.40)

Therefore we can find Po(t, x) at a finite temperature as

Po(t, 0) = δ−2m2ν1 exp
{

−m2ν1

∫ ∞

0

dω

ω
[2− (S11 + S∗

11)]
(

1− e−iωt

1− e−ℏω/T + 1− eiωt

eℏω/T − 1

)
e−ωδ

}
,

(3.41)

Po(t, a) = δ−2m2ν1P1(a) exp
{

−m2ν1

∫ ∞

0

dω

ω

[2− (S12 + S∗
12)e−iωt

1− e−ℏω/T +
2− (S12 + S∗

12)eiωt

eℏω/T − 1

]
e−ωδ

}
,

(3.42)

where

P1(a) = exp
[
2m2ν1

∫ ∞

0

dω

ω

(
S∗
11

1− e−ℏω/T + S11

eℏω/T − 1

)
e−ωδ

]
. (3.43)

To numerically compute the current in Eq. (3.37) and (3.38), one needs to compute the integral
in the expression for Po(t, x) first. Unfortunately, there is no known analytical result for Po(t, x).
However, following a technique similar to that used in Ref. [51], one can write the integral in Po(t, x)
as a series. The details of this series expansion are explained in Appendix J.

3.2.5 Aharonov–Bohm phase and the average current on the laboratory
time scale

We compute the interference contribution to the current and represent it as

Ii,int = Ĩ cosϕ, (3.44)

where ϕ is an effective Aharonov–Bohm phase, accumulated by the interfering charges. Our focus
above was on Ĩ. The rich physics of the phase ϕ in the linear transport regime has been discussed
in previous work on Coulomb-dominated interferometry [49, 55], and much of the same discussion
applies to a well-screened case. It is not a goal of this manuscript to address the behavior of the phase
in detail in the linear regime at finite temperatures. Some subtleties of its behavior are addressed in
Appendices K and L. In the main text, we limit ourselves with a few comments and focus instead
on the limit of low temperatures with the emphasis on non-linear transport. This regime is greatly
affected by intermode tunneling between the inner and outer channels in the closed loop geometry
of Fig. 1(b). Tunneling to localized states in the bulk of the interferometer may also be important,
but will not be considered in this chapter.
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The general structure of the phase factor is

exp(iϕ) = exp
[
iC + i(α0Ṽ + α1λ1) + iγN

]
, (3.45)

where C is a constant, depending on microscopic details, such as the structure of the tunneling con-
tacts; the α0Ṽ term represents the dependence of the phase on the average voltage Ṽ = (Vd+Vu)/2
due to the dependence of the area of the open channel on the chemical potential; γ represents the
phase due to N electrons confined on the inner channel at ν = 2 or due to N confined quasiparticles
at ν = 2/5. In both cases, Coulomb interaction of the N particles with the outer edge channel
changes its area. At ν = 2/5, γ also includes a statistical phase of anyons. The value of γ can
always be chosen between −π and π without affecting the phase (3.45) by adding a multiple of 2π,
and we will assume such a choice. Finally, λ1 represents an additional control parameter, such as
the magnetic flux, and α1 is a constant. One can think of α1λ1 as the Aharonov–Bohm phase due
to the magnetic field through a fixed nominal area within the outer channel.

The total charge of the inner channels is easy to compute when it is open. It equals

Q = e∗[linear function of the voltages + β1λ1], (3.46)

where β1 is a constant and e∗ the quasiparticle charge. As discussed below, the charge of the closed
inner edge is quantized. Still, Eq. (3.46) is an important reference point in that case too. In
particular, in the linear response regime, N = Q/e∗ is the nearest integer to the prediction of the
above equaiton.

Linear regime

If tunneling happens between the inner edges of the device, a simple model of a fixed-area interfer-
ometer may apply. The phase ϕ then combines a statistical phase due to localized anyons in the bulk
of the device (at ν = 2/5 only) and the standard Aharonov–Bohm phase proportional to the fixed
area of the device, the magnetic field, and the charge of a tunneling quasiparticle. The situation is
more complex when the inner channel is closed.

Indeed, in that case the fixed-area model does not work since the charge confined by the inner
edge cannot change continuously in response to changing magnetic field or chemical potential. It is
quantized as an integer number of electron charges at ν = 2 and an integer number of e/3 charges
at ν = 2/5. The area within the channel jumps every time a new quasiparticle is added. Between
such glitches, the area within the inner edge changes continuously to make sure that it confines a
fixed magnetic flux. This may have an effect on the area confined by the outer edge, which in turn
determines ϕ. Indeed, as the inner island compresses, more of its charge moves away from the outer
edge. In the presence of a top gate, this decreases the electrostatic potential created by the charge
of the inner island near the outer edge. The outer edge then adjusts its position to minimize its
energy. In the strong-coupling regime, the total charge near the outer edge is independent of the
magnetic flux and is set by the gate and bias voltages. Hence, at ν = 2, a decrease of the area of
the inner loop must be compensated by an equal increase of the area within the outer channel. As a
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result, the change of the Aharonov–Bohm phase in response to a small change of the magnetic field
is the same as in a ν = 1 device of the double area. This was indeed observed experimentally [76].

From time to time, the charge within the inner channel jumps. This jump is screened by an
opposite-sign jump of the charge within the outer channel. In the strong coupling regime, the
screening charge is exactly equal to one quasiparticle charge. Hence, at ν = 2, such jumps are
invisible in interferometry.

Appendix K computes the dependence of ϕ on the potentials Vd and Vu of the lower and upper
edges in the intermediate coupling case. The dependence is linear between jumps of the charge of the
inner channel. Such jumps result in discontinuities of ϕ. Appendix L analyses the Fourier transform
of the current with respect to various control parameters in the presence of such glitches.

Glitches are only discontinuous at zero temperature. They are still sharp as long as the temper-
ature is lower than the charging energy. In such a regime, one can extract ϕ from the experimental
data by fitting the size of the jumps and the continuous change of the current between the jumps
using an amplitude Ĩ, which does not depend on the magnetic field. At higher temperatures, the
charge confined by the inner loop strongly fluctuates. The physics is similar to the fluctuations of
the bulk charge in a poorly screened device. We do not address this effect here and refer the reader
to earlier work [49].

Nonlinear regime

We now address slow fluctuations of the charge confined by the closed inner edge due to the tun-
neling between co-propagating edge modes on each side of the interferometer in the closed-loop
geometry. The tunneling rate between the co-propagating channels is negligible in comparison with
the tunneling rate through the QPCs. Nevertheless, it qualitatively modifies the physics.

We start with ν = 2.

ν = 2 case. We will only address charge fluctuations in the low-temperature limit. This differs
from our results in the short-time regime, which apply at any temperature. The fluctuations are
driven by the potential difference between the upper and lower edges of the interferometer. Their
origin can be visualized in the model of non-interacting electrons on the QHE edges at ν = 2, Fig.
3.2. The inner edge possesses a discrete set of electron energy levels. Electrons from the lower
edge with a higher chemical potential can tunnel into available states of the inner edge below the
chemical potential. This is a slow process, involving spin flips. Between such rare tunneling events,
the inner edge equilibrates with the environment. The energy of the inner edge does not conserve
due to its Coulomb interaction with the outside world. Thus, we expect the inner edge to relax into
the lowest-energy state consistent with its charge. This happens on a much faster time scale than
the tunneling events into the inner loop. At the same time, the chemical potential of the upper open
edge is below the chemical potential of the inner loop. This leads to tunneling from the inner loop
to the upper edge channel. Again, the inner loop rapidly sets into a ground state after any such
tunneling event.
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The above picture only applies in the non-linear transport regime. If the chemical potentials of
the upper and lower edges are close to each other, the inner edge is unlikely to have an energy level
between the two chemical potentials. This prevents the tunneling into the inner island.

In general, the tunneling rates between the inner loop and the outer edges depend on microscopic
details. We will adopt a simple model in which the tunneling matrix elements are the same for all
states of the inner edge. In other words, we simply assume that the tunneling rate between the
lower and inner edges is proportional to the number of the empty energy levels on the inner edge
below the chemical potential of the lower edge. The tunneling rate between the upper and inner
edges is similarly proportional to the number of the occupied states on the inner edge above the
chemical potential of the upper edge. This describes Ohmic transport since the currents between
the inner loop and outer edges are proportional to the chemical potential differences between the
inner island and the outer edges. The quantization of the charge of the inner edge means that its
zero-temperature chemical potential assumes a discrete set of values. The number of possible values
for a given voltage bias depends on the magnetic flux and other parameters and changes by ±1 as
they vary. In other words, at a fixed bias, two different level numbers k and k + 1 are possible,
depending on the magnetic flux or other parameters. This leads to periodic singularities in the
Fourier transform of the current with respect to the magnetic field or other control parameters every
time the voltage bias reaches a value consistent with a different set of the numbers (k, k + 1) of the
electron levels in the transport energy window on the inner loop.

The range of possible electron numbers N on the inner edge as a function of Vd and Vu is
computed in Appendix K. We denote the minimal and maximal allowed values for given Vd and Vu
as Nu < Nd. We now introduce a kinetic equation for N .

The distribution function of the number of electrons N is fN , and we consider its rate of change.
When there are N − 1 electrons on the inner edge, the electrons on the lower edge have enough
energy to tunnel into any one of the unfilled Nd − (N − 1) levels, and we assume that the tunneling
rates are all equal to Γio. The rate of the N − 1 → N transition is ΓiofN−1[Nd− (N − 1)]. Similarly,
the rate of the N + 1 → N transitions is ΓiofN+1(N + 1 − Nu). Finally, the combined rate of the
N → N − 1 and N → N + 1 processes is ΓiofN [(N − Nu) + (Nd − N)]. Therefore we have the
following kinetic equation,

ḟN = −ΓiofN (Nd −Nu) + ΓiofN−1[Nd − (N − 1)] + ΓiofN+1(N + 1−Nu). (3.47)

The stationary distribution function for N can be found to be

fN =
CN−Nu

Nd−Nu

2Nd−Nu
. (3.48)

We will now average the interference current over fN . This requires us to average the phase
factor (3.45) in Eq. (3.44), where we use α0 = −2ea/ℏvo, Eq. (K.6), and γ = 2πw/vo (mod 2π),
−π < γ ≤ π, Eq. (K.7).
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Figure 3.2: Schematics of the kinetics of quasiparticles on the inner loop in the low-temperature
limit. The dashed arrows on the right represent the tunneling of quasiparticles from the lower edge
into Nd −N unfilled states. The dashed arrows on the left represent the tunneling of quasiparticles
from N −Nu filled states into the upper edge.

We observe that from the binomial formula,

1
2Nmax

Nmax∑
N=0

CNNmax
eiθN = 1

2Nmax
(1 + eiθ)Nmax = (eiθ/2)Nmax cosNmax(θ/2). (3.49)

Hence, the expected value of the phase factor is

Nd∑
N=Nu

fN exp
[
iC + i(α0Ṽ + α1λ1) + iγN

]
=exp

{
iC + i(α0Ṽ + α1λ1) + i

γ

2 (gu + gd) + (2β0
vo
w
) log

(
cos γ2

)
V

+ F (gd)
[
−iγ2 − log

(
cos γ2

)]
+ F (gu)

[
−iγ2 + log

(
cos γ2

)]}
, (3.50)

where V = Vd − Vu and we use the function F (g) = g − [g], where [x] is the nearest integer to x,
and gu and gd are computed in Appendix K.2 as

gu = β0(
2vo
w
Vu − Vu − Vd) + β1λ1; (3.51)

gd = β0(
2vo
w
Vd − Vu − Vd) + β1λ1. (3.52)

As discussed in above, Eq. (3.46), and Appendix L, λ1 is a control parameter, such as a gate voltage
or the magnetic flux through the inner loop, and β1 is a constant that depends on microscopic
details.

A striking feature of the above expression is the (Vd − Vu)(log cos γ2 ) term, responsible for the
exponential suppression of the current at a large voltage bias Vd−Vu. Note also that if γ = π, there
is no interference current as long as Nu ̸= Nd.
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ν = 2/5 case. We will use an Ohmic model similar to the ν = 2 problem. This may seem unjustified
since the tunneling of fractionally charged quasiparticles is typically non-Ohmic in FQHE. That is,
however, not the case for tunneling between co-propagating edge channels. Indeed, the edge theory
with co-propagating modes can be interpreted as a chiral conformal field theory. Tunneling terms in
the Hamiltonian must be Bose fields as is the case for any contribution to the Hamiltonian. Hence,
their scaling dimension is integer. That integer is usually 1. In particular, this is the case for the
inter-channel tunneling of e/3 anyons at ν = 2/5. Since the scaling dimension is the same as at
ν = 2, the use of a similar model is justified.

We again find a binomial distribution fN for the quasiparticle number. The statistical phase is
computed in Appendix K and equals γ = 2πν1(

√
ν1w√
ν2vo

+1). We can always assume that −π < γ ≤ π

by adding an irrelevant multiple of 2π. We also compute the coefficient α0 = −2ν1ea/ℏvo in
Appendix K. Finally, we average the phase factor over fN and find

Nd∑
N=Nu

fN exp
[
iC + i(α0Ṽ + α1λ1) + iγN

]
=exp

[
iC + i(α0Ṽ + α1λ1) + i

γ

2 (Nd +Nu) + (Nd −Nu) log
(
cos γ2

)]
=exp

{
iC + i(α0Ṽ + α1λ1) + i

γ

2 (gu + gd) + (2β0
vo
w
)ν2
ν1

log
(
cos γ2

)
V

+ F (gd)
[
−iγ2 − log

(
cos γ2

)]
+ F (gu)

[
−iγ2 + log

(
cos γ2

)]}
, (3.53)

where the definitions of gu and gd have been modified according to the discussion of ν = 2/5 in
Appendix K:

gu =
√
ν2
ν1

β0(
2vo
w

√
ν2Vu −

√
ν1Vu −

√
ν1Vd) + β1λ1 (3.54)

gd =
√
ν2
ν1

β0(
2vo
w

√
ν2Vd −

√
ν1Vu −

√
ν1Vd) + β1λ1. (3.55)

As at ν = 2, the above expression reveals exponential suppression of the current at a high bias
V = Vu − Vd. As before, γ = π implies no interference current for Nu ̸= Nd.

3.2.6 Asymmetric bias

In the previous subsections, we have discussed the response under the assumption that the bias
voltage V is applied symmetrically to the two edges, i.e., that the voltages Vd and Vu applied to the
lower and upper edges are equal to V/2 and −V/2 respectively. However in many experiments, the
bias is applied asymmetrically, in many cases only to one of the edges. This is the case, for example,
in the experiments of Ref. [76]. In the general case we may write

Vd/u = Ṽ ± V/2 (3.56)

where Ṽ is the average of the applied voltages and V is their difference. A non-zero value of Ṽ can
introduce an additional phase factor into the tunneling amplitudes [39]. This reflects the charge,
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accumulated in the interferometer due to the applied voltage. Indeed, the phase accumulated by a
particle on a path around an interferometer is proportional to the charge localized in the device [56].

In this subsection we address the effect of non-zero Ṽ . We limit our discussion to ν = 2 since
the relevant experiments [75] at ν = 2/5 involve symmetric bias. We also assume a fixed charge of
the inner island, since the the fluctuations of the island charge do not differ qualitatively between
the cases of symmetric and asymmetric bias.

If Ṽ ̸= 0 but V = 0, the system will remain in a state of thermal equilibrium, with some
alteration of the total charge, which will generally lead to a shift in the interference phase ϕ. At a
low temperature, the charge of the inner channel assumes a fixed value that minimizes the energy
shifted by the total charge times the chemical potential. In what follows in this subsection, we will
assume such a fixed charge of the inner loop even at a nonzero V . In addition to the bias, the fixed
charge may depend on the magnetic flux and various gate voltages (parameter λ1 in Eq. (3.45)).
This may matter even in the symmetric case. At low temperatures, the fixed charge assumption
always holds in the linear transport limit of the low voltage bias V = Vd − Vu.

Application of a symmetric bias V to the device will then lead to an interference current with
an altered phase but with an amplitude computed in precisely the same way as in the case of a
symmetric bias. Thus we may write

Iint = Ĩ cosϕ, (3.57)

where ϕ depends on Ṽ but is independent of V , while Ĩ depends on V but not on Ṽ .
An important experimental quantity is differential conductivity, dI/dV . If the voltage is applied

asymmetrically, with Ṽ = ηV , we have

dIint
dV

= dĨ

dV
cos(ϕ)− ηĨ sin(ϕ) dϕ

dṼ
. (3.58)

Typically, values of dI/dV are obtained over a range of control parameters, such as the magnetic
field and/or one or more gate voltages, and one takes a Fourier transform of the data with respect
to these parameters. The transform will have peaks at frequencies corresponding to the interference
oscillations, and we wish to compute the amplitudes of these peaks. Asymmetry in the applied
voltage can have an important effect on these amplitudes.

In the case of a Fabry–Pérot interferometer at ν = 1, the factor dϕ/dṼ is a constant, equal to
2ea/ℏv. [See Ref. [39] and Section 3.6 below.] However, the case of ν = 2 is more complicated. In
particular, for interference of the outer mode, when the inner mode is completely reflected at the
point contacts, the charge on the inner edge is restricted to integer values. At low temperatures,
the accumulated charge on the inner edge minimizes the energy of the system. Since only an integer
number of electrons can tunnel into the inner edge, the accumulated charge changes discontinuously
as one more electron is added or removed in response to the changing bias. This may result in a
discontinuous jump in ϕ due to the Coulomb interaction of the inner and outer edge modes. As
a result, the interference phase will not depend linearly on Ṽ or on parameters such as B or the
gate voltages, so that the interference current is no longer a simple sinusoidal function of these
parameters. As discussed in Appendix L this situation leads to an array of Fourier peaks, whose
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amplitudes may be analyzed separately. In the remainder of this subsection, we shall ignore this
complication and assume that ϕ is a linear function of Ṽ and the other parameters, so that dϕ/dṼ is
a constant. However, we show in Appendix L, the essential results for the amplitude of the dominant
finite-frequency Fourier peaks are unchanged after the phase jumps are properly taken into account,
except for renormalization by a voltage-independent constant.

This linearity assumption is actually valid in the limit of very strong mode coupling, where an
integer jump in the charge of the inner mode will be compensated by an opposite integer jump in
the charge of the outer mode. The interference phase will consequently jump by a multiple of 2π,
which will have no effect on the interference signal. In this limit, therefore, it is appropriate to
ignore the jumps, so that ϕ is a linear function of Ṽ . This near-invisibility of phase jumps in the
strong-coupling regime is also responsible for the appearance of a flux period normally associated
with particles of charge 2e (cf. Appendix L). In this case, we find

dϕ

dṼ
= −2ea

ℏvo
, (3.59)

as shown in Appendix K.
In the discussions above we ignored any effects on the edge modes due to changes in the occu-

pation of localized states in the bulk of the interferometer. This accords with our assumption that
the quantum Hall system is well screened by nearby gates. If this is not the case, the slope |dϕ/dṼ |
may be reduced below the value 2ea/(ℏvo).

From the analysis of the previous section, we obtain for the outer mode

Ĩ = 4e
ℏ2

|Γ1||Γ2|
∫ ∞

−∞
dt sin(ωJ t) ImPo(−t, a). (3.60)

Now, if we perform the Fourier transform of (3.58) with respect to ϕ, the amplitude A is

A =
[(

dĨ

dV

)2

+
(
η
dϕ

dṼ
Ĩ

)2
] 1

2

. (3.61)

3.3 Results for ν = 2 QH liquids

In this section, we discuss our numerical results for ν = 2 QH liquids, where ν1 = ν2 = 1, and
concentrate on the outer mode tunneling as shown in Fig. 3.1(b). We start with the case when
the charge, confined by the inner loop, is time-independent. We first consider an easier problem
of symmetrically applied bias. We next address asymmetric bias. We discuss non-linear transport
in the regime of fluctuating charge on the inner island in subsection 3.3.3. Note that the results
of subsections 3.3.2 apply in the linear transport regime, even if the tunneling amplitude between
co-propagating modes is not negligible, since at low temperatures, in the linear regime, the charge
of the inner loop does not fluctuate.
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3.3.1 Inner mode tunneling

We first briefly discuss the inner mode tunneling case for ν = 2 interferometers. In this case, the
bulk would not form a closed island, and the linearity of ϕ over Ṽ always holds, so that

dϕ

dṼ
= − 2ea(vo − w)

ℏ(vivo − w2) = −2ea
ℏv1

. (3.62)

To derive this equation one needs to remember that the same bias is applied to all open channels.
The Fourier amplitude of the interference contribution to the conductance is thus given by Eq. (3.61).
If we plot the Fourier amplitude curves for different choices of asymmetry factor η in Fig. 3.3, we
can see that asymmetrically applied voltage bias lifts the curve.
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1Figure 3.3: Inner mode tunneling at ν = 2. Fourier amplitudes A of the differential conductance
∂I/∂V with different choices of η are plotted. The ratio between the faster and slower velocities of
the normal modes is fixed at v1 = 5v2, and the temperature T = 0.

3.3.2 Outer mode tunneling: fixed island charge

Here we ignore tunneling between the inner and outer edge channels and hence assume a fixed charge
of the inner closed loop. We start with the simplest limit of the symmetric voltage bias. In that case
Ṽ = 0 in Eq. (3.45). The Fourier transform of the current with respect to the control parameter
λ1, Eq. (3.45), is trivial and essentially reduces to computing Ĩ.

Since vo ≈ vi due to the approximate symmetry of the spin-up and -down channels, the edge
is in the strong interaction regime, i.e., θ = π/4. The interaction strength w is reflected in the
normal-mode velocities v1,2, where v1 is the velocity of the charged mode and v2 is the much slower
velocity of the neutral mode. A related problem was considered in Ref. [51] in the limit of an
infinite velocity of the charged mode. This limit is problematic from the point of view of locality
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1Figure 3.4: Outer mode tunneling at ν = 2 at a fixed island charge. The plots show the dependence
of the Fourier amplitude of the conductance on the voltage bias at different velocity ratios when the
bias voltage is applied symmetrically. The temperature is represented with a dimensionless quantity
Θ2 = Ta/ℏv2, and is fixed at Θ2 = 1/20.

since all events are causally related in a system with an infinite velocity of excitations. Ref. [51]
focuses on zero temperature only and contains no plots of the voltage dependence of the interference
current. Such plots are the main focus of this section, where we also address finite temperatures. In
subsection 3.3.1 we also address the asymmetry of the voltage bias.

One of the experimentally measured quantities is the Fourier amplitude with respect to the
Aharonov–Bohm (AB) phase ϕAB of the differential conductance dI/dV . We shall concentrate on
that quantity, since it was the focus of recent experimental work [75, 76] at ν = 2 and ν = 2/5.
This AB phase is introduced into the current through the phases of the tunneling amplitudes, hence,
only the interference current shows the AB oscillations. The results of calculations along the lines of
Section 3.2.4 and Appendix J are illustrated in Fig. 3.4. Note a series of nodes with the distance of
roughly π in units of eV a/ℏv2. This corresponds to eV = 2πℏv2/2a, where 2a is the perimeter of the
interferometer, that is, to the lowest excitation energy on the loop of length 2a (v2 is considerably
slower than v1).

Experiments in graphene were performed at a highly asymmetric voltage bias. This modifies the
I–V curves as discussed in Section 3.2.6 and below.

Asymmetric bias

As above, linear dependence of the interference phase on the control parameters is assumed. Several
plots of the Fourier amplitude at a finite temperature are shown in Fig. 3.5. In contrast to the ν = 1
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1Figure 3.5: Outer mode tunneling at ν = 2 at a fixed island charge. The plots show the dependence
of the Fourier amplitude A, Eq. (3.61), on the voltage bias at a finite temperature when the bias
voltage is applied asymmetrically. The temperature is represented with a dimensionless quantity
Θ2 = Ta/ℏv2, and is fixed at Θ2 = 1/20. (a) Fourier amplitude curves at different velocity ratios.
(b) The ratio between the faster and slower velocities of the normal modes is fixed at v1 = 5v2, and
Fourier amplitude curves with different choices of η are plotted.

interferometer (see Ref. [35]), where

Ĩ = e

ℏ3
(Γ1Γ∗

2 + Γ∗
1Γ2)

4π2T

sinh(2πTa/ℏv) sin(ωJa/v), (3.63)

these curves are no longer periodic in the voltage. When the asymmetry η and bias voltage V are
both small, the Fourier amplitude is close to dĨ/dV , which represents the differential conductance
at ϕAB = 0. When η is greater, the values of the Fourier amplitude at the nodes increase and are
non-zero, but the positions of the first few minima are relatively unchanged.

Even though no periodicity is seen, the plots exhibit a series of nodes whose distance is roughly
π in units of eV a/ℏv2 just like in the symmetric case. This corresponds to eV = 2πℏv2/2a, where 2a
is the perimeter of the interferometer. This is the lowest excitation energy on the loop of length 2a
as we already saw in subsection 3.3.2. The plots show the absolute value of the Fourier amplitude.
It is thus natural to associate the effective period with twice the distance between successive nodes.
We then discover approximately the same period as in Eq. (3.63) at v = v2.

The above results apply in the weak backscattering regime. A perturbative calculation is insuffi-
cient for stronger tunneling. Note that for Fabry–Pérot interferometers, an exact solution is known
at ν = 1 [35]. This solution only works in the absence of inter-channel interaction near QPCs. We
review the solution in Section 3.6 and also discuss the heating effect due to interactions across QPCs.
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3.3.3 Outer mode tunneling: fluctuating island charge

We present here results for the current, averaged over phase fluctuations. Since we only solved the
kinetic problem at zero temperature, the results apply only at low temperatures. At the same time,
we consider an arbitrary voltage bias. We expect that the interference contribution to the current is
suppressed by both high temperatures and high voltages, and the voltage and temperature effects
should be comparable at T ∼ eV .

The current follows equation (3.44) with the averaged phase factor (3.50). Motivated by the usual
way to present experimental data, we focus on the Fourier transform of the conductance with respect
to a control parameter λ1 such as the magnetic field. Technical details of the Fourier transform can
be found in Appendix M.

We now show results for several choices of the parameters in Fig. 3.6. We plot the voltage
dependence of one prominent Fourier harmonic with respect to λ1. In all cases we choose the
harmonic of frequency α1, Eq. (3.50). This is a natural choice since α1λ1 should be understood as
the a naive Aharonov–Bohm phase 2πΦ/Φ0, where Φ is the magnetic flux through the nominal area
of the device and Φ0 is a flux quantum. This choice also corresponds to m = 0 in Appendix M. As
discussed in that appendix, dominant harmonics correspond to small m. They are also likely less
sensitive to temperature effects. The value of β1 (3.51,3.52) does not matter since it just rescales
the plots. In all cases we set T = 0. The rest of the parameters are listed in the figures. The key
difference from the case of the fixed island charge consists in a rapid decay of the signal at large V .

Another interesting feature is present at a discrete set of voltages. See, in particular, rectangular
boxes and the inset in Fig. 3.6(c). One observes discontinuities in the Fourier amplitude of the
conductance. Their origin is due to the tunneling between the outer modes and the inner island.
As shown in Appendix K, the maximal and minimal electron numbers Nd and Nu on the inner loop
equal Nd,u = [gd,u], where gd,u are given by Eqs. (K.10,K.11) and the square brackets denote the
nearest integer. If gd−gu = β0

2vo
w (Vd−Vu) is an integer, then the number Nd−Nu+1 of the energy

levels, available for transport between the outer edges through the inner loop, is exactly gd − gu +1
irrespective of the flux λ1 (see Appendix K). For non-integer gd − gu, the number of the available
levels depends on the flux and varies between the largest integer less than gd− gu+1 and the lowest
integer greater than gd − gu + 1. In other words, the structure of the set of the available levels as
a function of the flux changes at the integer values of gd − gu. This results in singularities in the
Fourier transform with respect to λ1 at

V = mw

2β0vo
(3.64)

at each integer m. This feature can be used to extract the parameters of the edge theory from the
data.
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1Figure 3.6: Outer mode tunneling in ν = 2 interferometers for fluctuating island charge. (a) The
dependence of the dominant Fourier amplitude on the voltage bias at zero temperature with a
symmetric bias. (b) Fourier amplitude curves at different velocity ratios with a totally asymmetric
bias. (c) The ratio between the faster and slower velocities of the normal modes is fixed at v1 = 5v2,
and Fourier amplitude curves with different choices of η are plotted. Rectangular boxes and the
inset show resonance features due to tunneling between co-propagating modes.
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3.4 Results for ν = 2/5 FQH liquids

In this section, we consider the interferometer in Fig. 3.1 for ν = 2/5 QH liquids, where ν1 = 1/3
and ν2 = 1/15. We only study the case of symmetric voltage bias since the bias was applied
symmetrically in the relevant experiment [75].

3.4.1 Inner mode tunneling

For the inner mode tunneling, we numerically computed the differential conductance of the inter-
ference current, and the results are shown in Figs. 3.7 and 3.8. In Fig. 3.7, we plot the voltage
dependence of the Fourier amplitude of the interference contribution to the conductance with re-
spect to the magnetic flux at a weak coupling θ = π/16. One can observe that the location of
the first node depends on the temperature, while the locations of the subsequent nodes show little
temperature dependence.

It is instructive to compare the low-voltage, low-temperature limit with the same limit at ν = 1/3.
In the latter case the tunneling current follows I ∼ V 2×1/3−1 = V −1/3 so that the current grows at
low voltages. This is no longer the case at ν = 2/5, where the low-voltage current follows the relation
I ∼ V 2×3/5−1 = V 1/5. Of course, the perturbation theory only applies as long as the conductance
G ∼ V −4/5 remains small.
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1Figure 3.7: Inner mode tunneling at ν = 2/5. The dependence of the Fourier amplitude of the differ-
ential conductance of the interference current on the voltage bias is shown at different temperatures,
with θ = π/16 and v1 = 5v2. Θ1 is the dimensionless temperature Ta/ℏv1.
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1Figure 3.8: Inner mode tunneling at ν = 2/5. The dependence of the Fourier amplitude of the
conductance on the voltage bias is shown at different interaction strengths (represented with θ),
with v1 = 5v2 and T = 0.

3.4.2 Outer mode tunneling

Fixed island charge

In this limit the charge of the inner closed loop is assumed to be independent of the voltage bias
and the magnetic flux. We also assume a symmetric application of the voltage bias. It is then
straightforward to plot the Fourier transform of the interference contribution ot the conductance
with respect to the magnetic flux.

Figs. 3.9 and 3.10 show numerical results for the differential conductance of the interference
current, with θ = π/16 and v1 = 5v2. Immediately, one can notice a striking feature of resonance in
these curves when the temperature is low enough.

The first resonance occurs when eV a/3ℏv1 ≈ π/5, therefore ℏωJ ≡ e
3V ≈ πℏv1/(5a) = πℏv2/a.

This reminds us of the energy levels of a closed edge mode En = 2πℏnv/L, where n is an integer, v
is the edge velocity, and L is the circumference of the edge. Therefore, the resonance occurs when
the Josephson energy ℏωJ of the tunneling quasiparticle matches the energy levels of plasmons on
the inner mode, which are nℏπv2/a. As can be seen from Fig. 3.9, there is a second resonance
when eV a/3ℏv1 ≈ 2π/5, in agreement with this picture. One can also check what happens when we
change the ratio between v1 and v2, and the plots are shown in Fig. 3.10. When the ratio v1/v2 gets
larger, the resonance occurs at a smaller value of eV a/3ℏv1. All these findings are consistent with
our interpretation.

There is one issue in our argument: one can treat the closed inner 1/15 mode as an eigenmode
only in the weak interaction limit. To find out what happens in the strong interaction limit, we show



73

(a)

0:0 0:1 0:2 0:3 0:4 0:5 0:6

eVa=3�„v1

0

2

4

6

8

10

Fo
ur

ie
ra

m
pl

itu
de

of
@
I
=
@
V

‚1 D 0
‚1 D 1=50
‚1 D 1=20
‚1 D 1=10

� D �=16, v1 D 5v2

1

(b)

0:0 0:5 1:0 1:5 2:0 2:5

eVa=3�„v1

0

1

2

3

4

5

Fo
ur

ie
ra

m
pl

itu
de

of
@
I
=
@
V

‚1 D 1=50
‚1 D 1=20
‚1 D 1=10

� D �=16; v1 D 5v2

1Figure 3.9: Outer mode tunneling at ν = 2/5 at a fixed island charge. The Fourier amplitude of
the interference contribution to the conductance is shown at different temperatures, with θ = π/16,
v1 = 5v2, and Θ1 = Ta/ℏv1. (a) A zoom-in view of the conductance curve for a better visualization
of the first few resonances. (b) The conductance curve over a wider range, showing the modulation
due to the outer mode.
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1Figure 3.10: Outer mode tunneling at ν = 2/5 at a fixed island charge. Comparison of Fourier
amplitudes of the differential conductance ∂I/∂V for different velocity ratios v1/v2, with θ = π/16
and Θ1 = Ta/ℏv1 = 1/50.

conductance curves at different θ in Fig. 3.11. Clearly, resonance is suppressed at strong interactions.
We give a theory of the resonance feature in the above plots in Appendix N. We find that at a
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1Figure 3.11: Outer mode tunneling at ν = 2/5 at a fixed island charge. The Fourier amplitude of
the differential conductance ∂I/∂V of the interference current is shown for different θ, with v1 = 5v2
and T = 0.

weak interaction θ and zero temperature, the width of the resonance scales as θ2 and it height as
θ−2/3.

Fluctuating island charge

Just like at ν = 2, our analysis builds on the case of a fixed island charge and involves averaging
the Aharonov–Bohm phase factor over the distribution of the charge of the inner loop. We use the
results of Section II and the Fourier expansion from Appendix M. As at ν = 2, our results apply
only at low temperatures, and they are illustrated in Fig. 3.12 and 3.13. We plot one prominent
Fourier harmonic with respect to the magnetic field λ1. As at ν = 2 we focus on zero temperature
and chose the harmonic of frequency α1. This corresponds to the m = 0 harmonic from Appendix M
and is a natural choice since α1λ1 can be understood as the naive Aharonov–Bohm phase 2πΦ/3Φ0,
where Φ is the magnetic flux through the nominal area of the device and Φ0 is the flux quantum.
The value of β1 does not matter since it only sets the scale of the vertical axis.

In contrast to ν = 2, we see two types of resonance features in the conductance: the resonance
from plasmon scattering, addressed in subsection 3.4.2, and the resonance from inter-mode tunneling,
similar to the one discussed in Section 3.3 at ν = 2. The plasmon resonance manifests itself as a
sharp maximum with a nearby minimum on the curve. The inter-mode tunneling resonance is seen
as a sharp drop on the curve at eV a/3πℏv1 ≈ 0.4. There are also discontinuities of the Fourier
amplitude of the conductance at other voltages. Their locations can be deduced in the same way as
Eq. (3.64) using the modified definitions of gd,u from the ν = 2/5 subsection of Appendix K. One
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finds

V = m
ν1w

2ν2β0vo
, (3.65)

where m is an integer, ν1 = 1/3, and ν2 = 1/15. As at ν = 2, resonances allow extracting the
parameters of the edge theory from the data.

Another important feature is a rapid decay of the current at a high voltage. As at ν = 2, this is
a manifestation of the long-time fluctuations of the Aharonov–Bohm phase due to the fluctuations
of the charge on the inner loop. Note a similarity of the red curve in Fig. 3.13 with the red curve for
a fixed island charge in Fig. 3.11. It reveals little suppression of interference by the fluctuations of
the island charge. The reason is that γ in Eq. (3.53) is relatively close to 0 at θ = π/4 and v1 = 5v2.
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1Figure 3.12: Outer mode tunneling at ν = 2/5 for fluctuating island charge. The dominant Fourier
amplitude of the differential conductance ∂I/∂V of the interference current is shown for different
velocity ratios v1/v2, with θ = π/16 and T = 0.

3.5 Effects of a screening layer on ν = 2/5 FQH liquid

The key to the breakthrough interferometry experiment [70] were screening layers greatly suppressing
bulk-edge interaction. A screening layer has a finite σxx and hence can be modeled as a metal plane
in the low-frequency regime. This seems to justify the model of short range interaction on the edges
of the 2D electron gas. However, one should remember that the low frequency description is only
valid for slow processes such as the change of the charge localized in the bulk of the sample. A
high-frequency language is necessary when addressing the intermode interaction on the edges since
the relevant time is the time spent by edge charges in the interferometer. This time is controlled
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1Figure 3.13: Outer mode tunneling at ν = 2/5 for fluctuating island charge. The dominant Fourier
amplitude of the differential conductance ∂I/∂V of the interference current is shown for different θ,
with v1 = 5v2 and T = 0.

by the edge velocity and the mesoscopic interferometer size. Since σxx is orders of magnitude lower
than σxy in the screening layers [100], it is legitimate to neglect σxx in the high-frequency regime.

This means that the screening layers should be modeled in the same way as quantum Hall edges,
that is, by a chiral Luttinger liquid model. For simplicity, we only consider a model with a single
screening layer and a single chiral channel in it. Strictly speaking, such model must include long-
range interactions between the two edge modes of the 2D electron gas and the edge mode of the
screening layer. This results in the renormalization of the velocity of the overall charged mode. The
renormalization, however, depends on the edge length only logarithmically. For that reason, we will
assume short range interactions and set the speed of the overall charged mode to be much greater
than all other edge-mode velocities.

In this section we only focus on ν = 2/5.

3.5.1 Edge structure

We start with the original Lagrangian L0 = L+ Le with two eigenmodes, φ1 and φ2,

L0 = ℏ(∂xφ1)(∂tφ1 − v1∂xφ1)
4π + ℏ(∂xφ2)(∂tφ2 − v2∂xφ2)

4π (3.66)

Since the Coulomb interaction couples to the total charge of the 2/5 edge, it is better to use the
charge and neutral modes. The definitions of the charge and neutral modes, φc and φn, are(

φc

φn

)
=

√ 5
6

1√
6

1√
6 −

√
5
6

(φo
φi

)
. (3.67)
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Under this transformation,

L0 = ℏ
4π

(
∂xφc∂xφn

)(∂tφc
∂tφn

)
− ℏ

4π

(
∂xφc ∂xφn

)( vc Ucn

Ucn vn

)(
∂xφc

∂xφn

)
, (3.68)

where

vc =
1
6
[√

5 sin(2θ)(v1 − v2) + 2 cos(2θ)(v1 − v2) + 3(v1 + v2)
]
, (3.69)

Ucn = 1
6(v1 − v2)

[
− 2 sin(2θ) +

√
5 cos(2θ)

]
, (3.70)

vn = 1
6
[
−
√
5 sin(2θ)(v1 − v2)− 2 cos(2θ)(v1 − v2) + 3(v1 + v2)

]
. (3.71)

We model the additional screening layer as a ν = 1 QH liquid, and its edge mode φs interacts
with the charge mode φc of the ν = 2/5 FQH liquid via Coulomb interaction, hence bringing an
extra term to the Lagrangian,

L1 = ℏ
4π [(∂xφs)(∂t − vs∂x)φs − 2U(∂xφc)(∂xφs)], (3.72)

where vs is the velocity of the edge mode of the screening layer, and U > 0 describes the strength
of the Coulomb interaction.

Now we rewrite the total Lagrangian L0 +L1 as Lcs +Ln, where Lcs describes the contribution
that depends on φc and φs only,

Lcs =
ℏ
4π [(∂xφc)(∂tφc) + (∂xφs)(∂tφs)]−

ℏ
4π

(
∂xφc ∂xφs

)(vc U

U vs

)(
∂xφc

∂xφs

)
, (3.73)

and Ln contains the interaction energy associated with φn,

Ln = ℏ
4π [(∂xφn)(∂t − vn∂x)φn − 2Ucn(∂xφc)(∂xφn)]. (3.74)

Next, we define the overall charge mode φρ and a neutral mode φσ by transforming the modes φc
and φs, (

φρ

φσ

)
=

√ 2
7

√
5
7√

5
7 −

√
2
7

(φc
φs

)
. (3.75)

After the transformation, Lcs is expressed using φρ and φσ,

Lcs =
ℏ
4π

(
∂xφρ ∂xφσ

)(∂tφρ
∂tφσ

)
− ℏ

4π

(
∂xφρ ∂xφσ

)( vρ Uρσ

Uρσ vσ

)(
∂xφρ

∂xφσ

)
, (3.76)

where

vρ =
1
7(2

√
10U + 5vs + 2vc), (3.77)

Uρσ = 1
7(3U −

√
10vs +

√
10vc), (3.78)

vσ = 1
7(−2

√
10U + 2vs + 5vc). (3.79)
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Ln becomes

Ln = ℏ
4π

[
(∂xφn)(∂t − vn∂x)φn − 2

√
2
7Ucn(∂xφρ)(∂xφn)− 2

√
5
7Ucn(∂xφσ)(∂xφn)

]
. (3.80)

We expect that the velocity of the overall charge mode φρ is much greater than the velocities of
the two neutral modes. Therefore, we can make an approximation when finding the eigenmodes: to
the lowest order, we treat φρ as one of the eigenmodes and ignore the interaction between φρ and
φn, as well as the interaction between φρ and φσ. Hence, the total Lagrangian can be rewritten as

Lcs + Ln = ℏ
4π

[
(∂xφρ)(∂t − vρ∂x)φρ + (∂xφσ)(∂t − vσ∂x)φσ

+ (∂xφn)(∂t − vn∂x)φn − 2Uσn(∂xφσ)(∂xφn)
]
, (3.81)

where Uσn =
√

5/7Ucn.
We need another parameter ψ to diagonalize the interaction matrix between φσ and φn. The

transformation is given by (
φσ

φn

)
=
(
cosψ − sinψ
sinψ cosψ

)(
φa

φb

)
. (3.82)

If we assume vn < vσ and 0 < 2ψ < π/2, then

tan(2ψ) = 2Uσn
vσ − vn

, (3.83)

and the eigenmode velocities are

va = 1
2(vσ + vn +

√
(vσ − vn)2 + 4U2

σn), (3.84)

vb =
1
2(vσ + vn −

√
(vσ − vn)2 + 4U2

σn). (3.85)

Finally, a relation between the eigenmodes (φρ, φa and φb) and the original modes (φo, φi, and
φs) can be represented as φoφi

φs

 =M

φρφa
φb

 , (3.86)

where the matrix M is
√

5
21

sinψ√
6 + 5 cosψ√

42
cosψ√

6 − 5 sinψ√
42

1√
21

√
5
42 cosψ −

√
5
6 sinψ −

√
5
6 cosψ −

√
5
42 sinψ√

5
7 −

√
2
7 cosψ

√
2
7 sinψ

 . (3.87)

3.5.2 Inner mode tunneling

For ν = 2/5, quasiparticles with charge e∗ = e/5 tunnel between the inner edge channels, and the
tunneling operator T̂ should be written as

T̂ (t, x) = δ−3/5e3iφ
u
i (t,x)/

√
15e−3iφd

i (t,x)/
√
15. (3.88)
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Using standard formulas for correlation functions of Bose fields, it is easy to find that at zero
temperature,

Pi(t, x) = Gd(t, x)Gu(t, x), (3.89)

where

Gd,u(t, x) = [δ + i(t∓ x/vρ)]−gρ [δ + i(t∓ x/vσ)]−ga [δ + i(t∓ x/vc)]−gb , (3.90)

and the three exponents are

gρ =
3M2

21
5 = 1

35 , (3.91)

ga =
3M2

22
5 =

(
− sinψ

√
2

+ cosψ
√
14

)2

, (3.92)

gb =
3M2

23
5 =

(
sinψ
√
14

+ cosψ
√
2

)2

. (3.93)

A conformal transformation yields the correlation function at a finite temperature (cf. Eq. (3.20)).
Fig. 3.14 shows the interference contribution to the nonlinear conductance as a function of the

voltage. The figure reveals remarkably regular oscillations for the chosen parameters. This reflects
a general rule that outer mode tunneling behaves in a simpler way than inner mode tunneling.
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Figure 3.14: Inner mode tunneling at ν = 2/5 with a screening layer. The Fourier amplitude of the
differential conductance of the interference current is shown for different temperatures. Parameters
are chosen as θ = π/16, ψ = arctan(1/3), and vs = 3v1 = 15v2. The dimensionless temperature
Θ1 = Ta/ℏv1.
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3.5.3 Outer mode tunneling

In this section, we discuss outer mode tunneling for ν = 2/5, where e∗ = e/3 and T̂ (t, x) =
δ−1/3eiφ

u
o (t,x)/

√
3e−iφ

d
o(t,x)/

√
3 are used.

Fixed island charge

We first neglect tunneling between co-propagating modes and solve a scattering problem for bosons,
similar to Section 3.2.4. We use this to compute the current on the short time scale, on which the
fluctuations of the Aharonov–Bohm phase can be ignored. We assume a symmetrically applied bias.

We have six incoming edge modes and six outgoing ones. As before, the incoming and outgoing
modes, separating the ν = 1/3 and ν = 2/5 liquids, drop out. Hence, scattering is described by a
4× 4 matrix S̃, instead of a 2× 2 matrix in Sec. 3.4.2,

φuo (ω, x1)
φus (ω, x1)
φdo(ω, x2)
φds(ω, x2)

 = S̃


φdo(ω, x1)
φds(ω, x1)
φuo (ω, x2)
φus (ω, x2)

 (3.94)

Again, we try to find the matrix S̃ by solving the propagation equations with boundary condi-
tions. In the region between the two QPCs, due to interaction, the free-propagating fields are the
eigenmodes φρ, φa, and φb. They satisfy the following equations,

φdj (ω, x2) = eiωa/vjφdj (ω, x1), (3.95)

φuj (ω, x2) = e−iωa/vjφuj (ω, x1), (3.96)

with j = ρ, a, b. In addition, the closed loop should satisfy the continuity conditions at the positions
of the QPCs, where the interaction is minimal,

φdi (ω, x1) = φui (ω, x1), (3.97)

φdi (ω, x2) = φui (ω, x2). (3.98)

Due to the complexity of the edge structure, the coefficients in the equations above are complicated,
hence the expressions for the matrix elements of S̃ are not as simple as Eq. (3.29) and (3.30).
Nevertheless, S̃ is also a unitary and symmetric matrix. It has some additional symmetries: S̃11 =
S̃33, S̃22 = S̃33, S̃12 = S̃34, and S̃14 = S̃23. Some of these symmetries are consequences of the
inversion symmetry of the device. In Appendix O, we show the expressions for S̃11 and S̃13, which
are too complicated to be displayed here. These are the only matrix elements needed below.

Computing ⟨T̂ (t, x1)T̂ †(0, x1)⟩ gives

Po(t, 0) = δ−2/3 exp
{
− 1

3

∫ ∞

0

dω

ω
[2− (S̃11 + S̃∗

11)](1− e−iωt)e−ωδ
}
, (3.99)

and computing ⟨T̂ (t, x2)T̂ †(0, x1)⟩ gives

Po(t, a) = δ−2/3 exp
{
− 1

3

∫ ∞

0

dω

ω
(2− 2S̃∗

11 − (S̃13 + S̃∗
13)e−iωt)e−ωδ

}
. (3.100)
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Now it is clear that of the six independent entries of S̃, only two, S̃11 and S̃13, are needed for
computing the tunneling current. An example of such calculation is shown in Fig. 3.15. The zero
temperature curve shows a remarkably complex behavior that greatly simplifies as the temperature
is raised.
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Figure 3.15: Outer mode tunneling at ν = 2/5 with a screening layer at a fixed island charge. The
Fourier amplitude of the differential conductance of the interference current is shown for different
temperatures. Parameters are chosen as ψ = arctan(1/8), vρ = 3va = 9vb. The dimensionless
temperature Θρ = Ta/ℏvρ.

Fluctuating island charge

The analysis closely follows the analysis of the long-time limit in the model of an ideal metallic
screening layer without an additional chiral channel (Section 3.4). We use Green’s functions from
the previous subsection and the results of Appendix P, which addresses the minimum and maximum
charges of the inner loop as functions of the bias. Fig. 3.16 shows an example of nonlinear transport
behavior in this model at zero temperature. As in the previous sections, we do not care about the
coefficient β1 when we plot the Fourier transform with respect to the flux. We also only show the
Fourier harmonics of frequency α1, as in all previous plots for fluctuating island charge. One can
see a complicated voltage dependence of the interference current. The dominant feature is the rapid
decay at large voltages.

3.6 Fabry–Pérot interferometers at ν = 1
The bulk of this chapter focuses on two-channel edge states. The one-channel case is much better
understood theoretically. The simplest one-channel situation is the integer QH effect at ν = 1.
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Figure 3.16: Outer mode tunneling at ν = 2/5 with a screening layer for fluctuating island charge.
The dominant Fourier amplitude of the differential conductance of the interference current is shown.
Parameters are chosen as ψ = arctan(1/8), vρ = 3va = 9vb, and T = 0.

At ν = 1, the simplest model of an interferometer is just the model of free electrons. It can be
easily solved exactly [35]. Recent experimental results for the non-linear I–V curve do not agree
with the exact solution, however [76]. Instead, a rapid decrease of the current at high voltages
is seen. This is similar to our predictions in the long-time limit in the two-channel problem, but
the same physics cannot explain the experiment at ν = 1 since there is no closed inner loop that
could accommodate fluctuating charge. In fact, the charge in the localized states in the bulk of
the interferometer fluctuates at a high voltage bias. However, localized quasiparticles generate no
statistical phase since all quasiparticles are electrons. Their Coulomb field is efficiently screened by
the top gate.

Instead, the explanation is likely due to Coulomb interactions between the counter-propagating
edges across the point contacts. These are the regions, where the edges approach each other closely,
and screening may be unable to suppress electrostatic forces. In this Section, we propose a model
to account for that effect. Another crucial part of the explanation involves energy dissipation at the
contacts. Such dissipation is irrelevant in the previous Sections since we assumed a low tunneling
current. The experiments at ν = 1, however, were performed in the regime of strong tunneling.

We start with a review of the exact solution in the absence of interactions. We consider right- and
left-moving channels with the same velocity v. Consider first a single scatterer that allows electron
tunneling between the channels. The scatterer is characterized by its reflection and transmission
coefficients. The coefficients establish a relation between the incoming right- and left-moving waves
ψR− and ψL+ and the outgoing waves ψR+ and ψL−. Similar to our approach to the two-channel
problem, we consider waves of each frequency separately. A general relation between the incoming
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ductance at ν = 1. (a) without heating; (b) with heating. The temperature is represented with a
dimensionless quantity Θ = Ta/ℏv.

and outgoing waves is (
ψR+(ω)
ψL−(ω)

)
=
(

t r

−r∗ t

)(
ψR−(ω)
ψL+(ω)

)
, (3.101)

where t and r are complex amplitudes and ω is the energy. T = |t|2 and R = |r|2 are the trans-
mission and reflection coefficients for a single contact. For a geometry with two point-contacts, the
transmission coefficient is

T (ω) = |t1|2|t2|2

1 + |r1|2|r2|2 + (r1r∗2e2iωa/v + r∗1r2e
−2iωa/v)

, (3.102)

where a is the distance between the two point-contacts, and indexes 1 and 2 refer to the two contacts.
When a source-drain bias voltage V = Vd − Vu is applied on the two edges, we again use the

dimensionless quantity η to describe the asymmetry of the bias, so that the voltage Vd applied to
the right-moving channel is (2η + 1)V/2 and the voltage Vu applied to the left-moving channel is
(2η − 1)V/2. At a finite temperature T , the total current is

I = e

∫ ∞

−∞

dω

2π T (ω + (2η − 1)ωJ/2)
[

1
eβ(ω−ωJ ) + 1

− 1
eβω + 1

]
. (3.103)

where β = ℏ/T and ωJ = eV . The tunneling current is IT = (e2/h)V − I.
Below, we focus on the special case motivated by the experimental setup in [76]. We consider

the completely asymmetric case, where η = 1/2, i.e., Vd = V and Vu = 0. The total differential
conductance takes a simple form,

G = e

ℏ
∂I

∂ωJ
= e2

ℏ

∫ ∞

−∞

dω

2π T (ω)βf(1− f), (3.104)
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where f = 1/(eβ(ω−ωJ ) + 1). We also focus on the situation of half transmission, hence the trans-
mission and reflection coefficients for a single contact satisfy the following relations: |t1|2 = |t2|2 =
|r1|2 = |r2|2 = 1

2 , and

r1r
∗
2 = 1

2e
−i(ϕ0+ϕAB), (3.105)

where ϕ0 is the relative phase of Γ1 and Γ2, and ϕAB is the AB phase. The transmission coefficient
is reduced to

T (ω) = 1
5 + 4 cos(−ϕ0 − ϕAB + 2ωa/v) . (3.106)

Using these equations, it is easy to find that the current is periodic in ωJ with a period of 2πv/a(2η+
1). The plots of the Fourier amplitude (with respect to ϕAB) of the differential conductance are
given in Fig. 3.17(a). It is clear that the amplitude of the interference current oscillates with respect
to ωJ with a period of πv/a.

This exact result was obtained by ignoring the Coulomb interaction across the point contacts.
The interacting problem is no longer exactly solvable. An important consequence of interactions
is that they lead to dissipation effects, which come into play if one works beyond the lowest order
in the backscattering at the constrictions. In particular, the tunneling of one particle across a
constriction can lead to particle-hole excitations in the adjacent edge channels, which may reduced
the interference signal in a manner similar to an increase in temperature. Here, we provide a
rough estimate of these effects with a simple model. We use a non-interacting model at a higher
temperature to describe the interacting case, with an effective temperature chosen self-consistently.

The heat power W due to the tunneling current is ITV . We assume that a portion r of the
heat power is absorbed inside the interferometer. This heat power rITV leaves the device along
the edges. The heat current along the edges is quantized at π2k2BT

2
1 /6h per channel [55], where T1

is the effective temperature. The thermal energy, brought into the interferometer by the incoming
edge channels is set by the ambient temperature T . We thus arrive to the following energy balance
equation,

π2k2B
6h (T 2

1 − T 2) = r
ITV

2 , (3.107)

where a 2 in the denominator comes from the fact that the energy is equally absorbed by the upper
and lower edges. Combing Eqs. (3.103) and (3.107) and recognizing β in Eq. (3.103) as ℏ/T1, one
can self-consistently solve for the tunneling current IT for any given set of T , V , and ϕAB, therefore
finding the conductance and its Fourier amplitude. The plots are shown in Fig. 3.17(b). They
resemble the curves obtained from a recent experiment with graphene [76].

We see that the Fourier amplitude in Fig. 3.17(b) decays with increasing source-drain voltage,
unlike for the non-interacting case. We note that a similar decay of the interference signal would
be expected for interacting systems with multiple edge modes, if one goes beyond the limit of weak
backscattering considered in earlier sections of this chapter. This effect would be present in addition
to the effect of the fluctuating charge on the inner loop.
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3.7 Summary

In the main part of this chapter, we have used bosonization methods to study nonlinear behavior of a
quantum Hall Fabry–Pérot interferometer at finite source-drain voltage, in cases where the quantum
Hall state contains two modes propagating in the same direction. Important examples are when the
bulk filling factor is ν = 2/5 or ν = 2. We focus on the situations where the constrictions defining the
interferometer region are either slightly pinched off, so that the inner mode is weakly backscattered
while the outer mode is completely transmitted, or where the constriction is pinched off to an extent
that the inner mode is completely reflected while the outer mode is weakly backscattered. These
analyses were confined to situations where the interfering channel is only weakly backscattered,
because situations with stronger backscattering are difficult to treat using the bosonization approach.
In Section 3.6, however, we examined effects of intermediate backscattering in an exactly solvable
model [35], with non-interacting electrons and only one edge mode, at ν = 1.

The most interesting and challenging cases involve tunneling between the outer edge modes in
devices where the inner mode forms a closed loop. In contrast to the tunneling between inner edge
modes, these cases involve a nontrivial scattering process for bosonic edge plasmons between the
opposite edges of the device. After the scattering problem is solved, however, the residual tunneling
of quasiparticles can be treated perturbatively in the weak-backscattering limit. If the edge modes
are not too strongly coupled, we find resonance features in the I–V curves at low temperatures,
which emerge due to resonance states of plasmons on the closed inner channel. The resonances
contain information about the velocity of the inner edge mode. A quantitative analytic theory of
the resonances is possible in the limit of weak intermode interaction.

Previous investigations [51] have considered the theory for interferometers at ν = 2, with strongly
coupled edge modes, in the limit where the fast mode velocity is taken to infinity. Here we have
extended the theory to the physically realistic case of finite edge velocities. We have also addressed ef-
fects of asymmetrically-applied voltage bias, since this is relevant for recent experiments in graphene
[76]. Another novel effect addressed in this work is weak tunneling between co-propagating edge
channel. While the leakage current through the inner closed loop is negligible in comparison with the
total current through the interferometer, the long-term memory of tunneling events has a dramatic
effect on the tunneling current at high voltages. Most importantly, the interference contribution to
the current rapidly decays as a function of voltage in agreement with experiments. We have only
addressed the memory effect at zero temperature, and an extension of the theory to finite tempera-
tures would be important. Indeed, we find that many features of the I–V curve are highly sensitive
to the temperature in the model without tunneling between co-propagating channels.

Given the role of efficient screening in the seminal experiments [70, 75] at ν = 2/5, we have
studied a model where the quantum Hall layer is Coulomb-coupled to a parallel electron layer with
high conductivity. Due to effects of the applied magnetic field, we argue that the screening layer
should be well represented by an extra chiral edge channel, coupled to the two edge channels of the
quantum Hall liquid. The predicted I–V curve exhibits a rich set of features at low temperatures,
though most features are suppressed as the temperature increases.
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Because the calculations described above were done in the limit where the interfering mode
is weakly backscattered, there are no effects analogous to heating as the applied voltage becomes
large. For the non-interacting model with finite backscattering studied in Section 3.6, there is also
no heating because of the absence of interaction effects. Indeed, one finds for the non-interacting
model that the interference amplitude does not decay at large source-drain voltage but behaves as
a periodic function of the applied voltage. In Section 3.6, we make a qualitative estimate of the
effects of heating that should occur when interactions as well as strong backscattering are taken into
account, which also should be applicable to cases where several propagating modes are present.

Interesting experimental data have arrived for nonlinear transport in multi-channel quantum
Hall interferometers, and new experiments are being performed. We expect that new data, espe-
cially at low temperatures, will provide an opportunity for fruitful comparison with the theory. We
predict resonance features in the weak coupling regime at ν = 2/5, but the temperature was not
sufficiently low to observe them in the recent experiment [75]. At the same time, our prediction of
rapid suppression of interference at a high voltage bias even for weak tunneling at ν = 2/5 agrees
with the data [75]. The focus of our theory at ν = 2 is on weak tunneling that can be treated
perturbatively. At the same time, the experiment [76] focuses on the 50% transmission regime, and
lower transmission is required for comparison with our work. Fortunately, the experimental regimes
needed for comparison with this chapter are within reach.



Chapter 4

Conclusions

Electronic interferometers are powerful tools to probe fractional statistics. Recently years have
seen major experimental breakthroughs in the observation of fractional statistics in FQH states
using interferometers. These include the following experiments: Fabry–Pérot interferometers that
directly measure the braiding phase at filling factor ν = 1/3 [70] and ν = 2/5 [75]; a Mach–Zehnder
interferometer that shows the interference and braiding of anyons with a ν = 1/3 edge mode in the
ν = 2/5 bulk [74]; Fabry–Pérot interferometers that demonstrate the fractional statistics at filling
factor ν = 1/3 through telegraph noise [77, 78].

We have achieved huge success in this direction, but some challenges also emerge. First, most
experiments were performed with a single ν = 1/3 edge mode and obtained nice results. This is not
surprising since the quantum Hall interferometry is known to be robust when there is only one chiral
edge mode, and the phase measured is related to the total charge inside, which is also fractionalized
for Laughlin states [56]. However, compared with the case of a single-channel interferometer, the
data collected for a two-channel interferometer are vague and hard to interpret. In Chapter 3, we
address some subtleties in the electronic Fabry–Pérot interferometers with multiple edge channels.
When quasiparticles on the outer mode tunnel, the closed loop formed by the totally reflected inner
channel and the quasiparticle number fluctuations on the inner channel are important factors that
affect the behavior of the measured current at a finite bias voltage. Still, there are other subtleties
that remain open to us.

Second, there is no direct way to probe charge neutral excitations in quantum spin liquids using
electronic interferometers. The thermal interferometers proposed in Chapter 2 of this thesis can
overcome this challenge. By combining the results from thermal Fabry–Pérot interferometers and
thermal Mach–Zehnder interferometers, we can see unique signatures of fractional statistics in an
arbitrary system with non-trivial topological order, no matter whether the system is charged or not.

Last but not least, an exact solution cannot be obtained when the electronic quantum Hall
Fabry–Pérot interferometer is operated under its optimal regime at fractional filings. In one of our
works that is not included in this thesis, a new interferometer geometry is proposed and it admits a
simple yet exact analytical solution under any regime [103]. This new geometry combines features
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from both the Fabry–Pérot geometry and Mach–Zehnder geometry, and allows probing the fractional
statistics of FQH states in the Jain sequence with ν = p/(2p+ 1).

To conclude, the study of interferometers in topological liquids is entering a golden age right now.
Interferometer experiments that explore more kinds of topological systems are expected to unveil
the fractional statistics in these systems for us. We hope the work presented in this thesis will serve
as building blocks for future theoretical and experimental investigations of fractional statistics and
topological orders in topological quantum liquids.



Appendix A

Measurement of the heat current

1

3

4

2

Figure A.1: Chiral quantum Hall edges 1 and 2 enter a piece of metal, and channels 3 and 4 exit it.

We assume that the heat current J is carried from the contact point of Kitaev and quantum Hall
(QH) edges by the QH edge that exchanges heat with the magnetic material. We label that QH
edge as edge 1. The heat current J can be measured with a high precision with the method from
Refs. [82, 98]. Edge 1 is absorbed by a small piece of metal (Fig. A.1) which also absorbs edge 2 in
equilibrium at the ambient temperature T0. Edge 2 carries the heat current Ji = KT 2

0 /2 into the
piece of metal, where K is the quantized thermal conductance of a QH edge. Two chiral edges (3
and 4) emanate from the piece of metal. Their temperatures equal the temperature Tm of the piece
of metal. Hence, they carry the total heat current Jo = 2KT 2

m/2. From the energy conservation,
J = Jo − Ji. Hence, J can be found from the known temperature T0 and the temperature Tm. The
latter temperature can be determined from the low-frequency electric-current noise on edge 3. The
noise is defined as

S3 = lim
ω→0

∫ ∞

−∞
dt⟨I3(t)I3(0) + I3(0)I3(t)⟩ exp(iωt), (A.1)

where I3 is the electric current. The noises on the other edges have similar definitions. According
to the fluctuation-dissipation theorem, the noise S2 = 2GT0, where G is the quantized electrical
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conductance of a QH edge.
The incoming currents I1 and I2 are uncorrelated. This does not hold for the currents I3 and I4.

The currents I3,4 can be represented as

In = ITn +GδV, (A.2)

where ITn is the “Nyquist” contribution which alone would produce the noise 2GTm. It describes
thermal fluctuations and results from the Gibbs distribution for the outgoing electrons. The second
contribution is due to the voltage fluctuations δV in the piece of metal. The voltage fluctuations
can be found from charge conservation:

2GδV + IT3 + IT4 = I1 + I2. (A.3)

Since the currents I1, I2, IT3 , and IT4 are uncorrelated, computing S3 is straightforward. An amplifier,
measuring that noise, is always connected with another chiral channel at the ambient temperature
T0. Thus, the observed noise

S = GTm + S1

4 + 5
2GT0, (A.4)

where S1 can be measured separately.
Equation (A.4) allows computing the heat current J . In general, this heat current differs from

the heat current JM flowing from the interferometer along the edge of a Kitaev magnet. Fortunately,
the absolute value of JM is of little interest. In the presence of anyons in the interferometer, the heat
currents JM and J acquire corrections, proportional to Γ2

1,2. Information about fractional statistics
can be extracted from the comparison of the corrections in different configurations.



Appendix B

ψ tunneling

Here we compute, in the leading order, the tunneling thermal current in a two-constriction Fabry–
Pérot interferometer with single-Majorana-fermion tunneling from one edge of the spin-liquid to the
other edge of the same spin-liquid, see also Ref. [87]. Several equations from this appendix are used
in the calculations presented in Appendix C. The full Hamiltonian for the system is given as,

H = v

4π

∫ L/2

−L/2
dx
[
− i : ψ1∂xψ1 : +i : ψ2∂xψ2 :

]
+HT . (B.1)

where HT is the single-Majorana fermion tunneling Hamiltonian at the quantum point contacts.
The geometry of the Fabry–Pérot interferometer is shown in Fig. 2.3(a). The subscripts 1 and 2
on the Majorana fermion field ψ denote the two edges of the spin liquid. We work in the L → ∞
limit and impose the periodic boundary conditions ψa(x) ≡ ψa(x + L). The edges have different
temperatures T1,2. The free field Hamiltonian can be diagonalized by working in the Fourier space,
defining,

ψ1(x) =
√

2π
L

∑
k

eikxψ1,k, (B.2)

ψ2(x) =
√

2π
L

∑
k

e−ikxψ2,k. (B.3)

We first compute the Majorana-fermion two-point thermal correlation function,

⟨ψ1(x, t)ψ1(0, 0)⟩ =
2π
L

∑
k,q

eik(x−vt)e−kϵ⟨ψkψq⟩ =
2π
L

∑
k,q

eik(x−vt)e−kϵ
δk+q

e−βvk + 1
(B.4)

L→∞−−−−→
∫
dk

eik(x−vt+iϵ)

e−βvk + 1
= − πT1

v sin[iπT1(x/v − t+ iϵ)] . (B.5)

The expression for ψ2 is similar with a different temperature. The tunneling Hamiltonian is given
as,

HT = −iΓ1ψ2(x1, t)ψ1(x1, t)− iΓ2ψ2(x2, t)ψ1(x2, t), (B.6)
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where xi is the location of the ith constriction (see Fig. 2.3(a)), and Γi is its real tunneling amplitude.
Using the equation of motion, we can identify the tunneling current operator as,

ÎT (t) = iΓ1ψ2(x1, t)∂tψ1(x1, t) + iΓ2ψ2(x2, t)∂tψ1(x2, t), (B.7)

where the time derivatives are computed from the edge theory without tunneling. An easy derivation
consists in computing the commutator of the tunneling Hamiltonian with one of the edge Hamilto-
nians. We now use perturbation theory to compute the average thermal current to the first non-zero
order in the tunneling amplitudes,

⟨IT ⟩ = −i
∫ t

−∞
dt′
[
Γ2
1⟨[ψ2(x1, t)∂tψ1(x1, t), ψ2(x1, t′)ψ1(x1, t′)]⟩

+ Γ2
2⟨[ψ2(x2, t)∂tψ1(x2, t), ψ2(x2, t′)ψ1(x2, t′)]⟩

+ Γ1Γ2
(
⟨[ψ2(x1, t)∂tψ1(x1, t), ψ2(x2, t′)ψ1(x2, t′)]⟩

+ ⟨[ψ2(x2, t)∂tψ1(x2, t), ψ2(x1, t′)ψ1(x1, t′)]⟩
)]
, (B.8)

where the first two terms correspond to the independent single constriction contributions, and the
last two terms are the interference terms between the two constrictions. Therefore, we can write the
total thermal current as comprised of the non-interference and interference terms,

⟨IT ⟩ ≡
∑
j=1,2

⟨IT ⟩non-intΓj
+ ⟨IT ⟩int. (B.9)

In the following two subsections, we individually focus on the non-interference and interference
contributions. Note that the non-interference contribution ⟨IT ⟩non-intΓj

corresponds to the jth con-
striction, j = 1, 2 and is exactly what we obtain when we consider a single constriction geometry as
shown in Fig. 2.2. Therefore, the thermal current in the single constriction case can be found as the
non-interference part, corresponding to one of the tunneling amplitudes Γj , of the full calculation
that is presented in this appendix.

Our calculations assume that the two edges of the interferometer remain in equilibrium at the
temperatures of the sources. This assumption is legitimate for weak tunneling despite the nonequi-
librium nature of tunneling transport, if the average time between two consecutive tunneling events
is much longer then the travel time along the edges between the two constrictions [39]. See a detailed
discussion of the validity conditions for the perturbation theory in Ref. [39]. Note that the physical
situation is different from Ref. [104], where a strongly nonequilibrium edge state emerges due to the
coexistence of counter-propagating channels of different temperatures on the same edge. In our case,
the temperatures of the drain and source connected to the same edge are approximately equal.

Some topological orders allow counter-propagating edge modes on the same edge. Then equi-
libration processes on the edge change slightly the edge temperatures at small Γi. This effect is
irrelevant in the lowest-order perturbation theory.



93

B.1 Non-interference term

We first compute the non-interference terms. We use the above derived thermal correlation functions,
in which we set v = 1,

⟨ψ1(x1, t1)ψ1(x2, t2)⟩ =
πT1

sin[πT1(ϵ+ i(t1 − t2 + x2 − x1))]
, (B.10)

⟨ψ2(x1, t1)ψ2(x2, t2)⟩ =
πT2

sin[πT2(ϵ+ i(t1 − t2 + x1 − x2))]
. (B.11)

Plugging these into the non-interference contribution ⟨IT ⟩non-intΓj
to the thermal current due to the

jth constriction, we obtain the expression,

⟨IT ⟩non-intΓj
= Γ2

j

∫ t

−∞
dt′

[
(πT2)(πT1)2 cos[πT1(ϵ+ i(t− t′))]

sin2[πT1(ϵ+ i(t− t′))] sin[πT2(ϵ+ i(t− t′))]
+ (t↔ t′)

]
, (j = 1, 2).

(B.12)

Defining τ ≡ πT1(t− t′) and n = T2/T1, we write the above integral as,

⟨IT ⟩non-intΓj
= π2Γ2

jT1T2

∫ ∞

−∞
dτ

cos(−iτ + ϵ)
sin2(−iτ + ϵ) sin[n(−iτ + ϵ)]

. (B.13)

Since the ϵ→ 0 limit is to be taken after evaluating the integral, to evaluate the integral, we deform
the integration contour as shown in Fig. B.1(a),

⟨IT ⟩non-intΓj
= π2Γ2

jT1T2

[∫ −ϵ

−∞
dτ

cos(−iτ)
sin2(−iτ) sin(−inτ)

+
∫
C

dτ
cos(−iτ)

sin2(−iτ) sin(−inτ)

+
∫ ∞

ϵ

dτ
cos(−iτ)

sin2(−iτ) sin(−inτ)

]
. (B.14)

Here C is a half-circle near the origin. Pictorially, the integration contour is deformed as shown in
Fig. B.1(a). Close to the origin, the integration variable can be defined as τ = ϵeiθ .

(a)

Re.�/

Im.�/

O

C

(b)

Re.�/

Im.�/

O

C1 C2
�� �

Figure B.1: Contours used to compute the integrals in Appendices B, C and E. Contour (a) is used
for the non-interference terms, and contour (b) is used for the interference terms. χ is proportional
to the distance x21 between the constrictions.

On inspection, it’s easy to see that the first and the last integrals cancel out, hence only the
integral along the contour C gives a non-zero contribution,∫

C

dτ
cos(−iτ)

sin2(−iτ) sin(−inτ)
=
∫ 0

π

dθ
τ cosh τ

sinh2 τ sinh(nτ)
. (B.15)
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Since ϵ is small, we may use the expansion,

cosh τ
sinh2 τ sinh(nτ)

= 1
nτ3

+ 1− n2

6nτ +O(τ). (B.16)

Using this, we evaluate the integral in the ϵ→ 0 limit,∫ 0

π

dθ
τ cosh τ

sinh2 τ sinh(nτ)
= π(n2 − 1)

6n =
π(T 2

2 − T 2
1 )

6T1T2
. (B.17)

Putting the result of the integral back into the expression for the non-interference terms in the
thermal current we obtain, ∑

j=1,2
⟨IT ⟩non-intΓj

=
π3(Γ2

1 + Γ2
2)

6 (T 2
2 − T 2

1 ). (B.18)

This is the contribution to the thermal current from two independent constrictions. Calculation
of the thermal current in the single constriction geometry would involve only the non-interference
contribution ⟨IT ⟩non-intΓj

due to one of the constrictions.

B.2 Interference term

In the double constriction Fabry–Pérot geometry, there is an interference contribution as well, which
we compute now,

⟨IT ⟩int = Γ1Γ2

∫ t

−∞
dt′

[
(πT2)(πT1)2 cos[πT1(ϵ+ i(t− t′ + x21))]

sin2[πT1(ϵ+ i(t− t′ + x21))] sin[πT2(ϵ+ i(t− t′ − x21))]

+ (πT2)(πT1)2 cos[πT1(ϵ+ i(t′ − t− x21))]
sin2[πT1(ϵ+ i(t′ − t− x21))] sin[πT2(ϵ+ i(t′ − t+ x21))]

+ (x21 → −x21)
]
.

(B.19)

Like before, for convenience, we define τ ≡ πT1(t− t′), χ ≡ πT1x21, and n = T2/T1,

⟨IT ⟩int = π2Γ1Γ2T1T2

∫ ∞

0
dτ

[
cos[i(τ + χ) + ϵ]

sin2[i(τ + χ) + ϵ] sin[n(i(τ − χ) + ϵ)]
+ cos[−i(τ + χ) + ϵ]

sin2[−i(τ + χ) + ϵ] sin[n(−i(τ − χ) + ϵ)]

]
+ (χ→ −χ) (B.20)

= π2Γ1Γ2T1T2

∫ ∞

−∞
dτ

[
cos[−i(τ + χ) + ϵ]

sin2[−i(τ + χ) + ϵ] sin[n(−i(τ − χ) + ϵ)]
+ (χ→ −χ)

]
. (B.21)

The integral is evaluated using the contour defined in Fig. B.1(b). After deforming the contour
around τ = ±χ as shown in Fig. B.1(b), we observe that the only surviving terms are

⟨IT ⟩int = −iπ2Γ1Γ2T1T2

∫
C1+C2

dτ

[
cosh(τ + χ)

sinh2(τ + χ) sinh[n(τ − χ)]
+ cosh(τ − χ)

sinh2(τ − χ) sinh[n(τ + χ)]

]
,

(B.22)
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The integration variable near −χ is given by η = ϵeiθ − χ, and the integration variable near χ is
given by η = ϵeiθ + χ. Again, since ϵ is small, we use the series expansions to perform the integrals
and then take the ϵ→ 0 limit,

cosh τ
sinh2 τ

= 1
τ2

+ 1
6 +O(τ2), (B.23)

1
sinh τ = 1

τ
− τ

3 +O(τ3). (B.24)

Using these expansions, we arrive at the expression,

⟨IT ⟩int = 2π3Γ1Γ2

[
T 2
2
cosh(2πT2x21)
sinh2(2πT2x21)

− T 2
1
cosh(2πT1x21)
sinh2(2πT1x21)

]
. (B.25)

Combining the interference and non-interference terms together, we arrive at the expression for the
thermal current,

⟨IT ⟩ =
π3(Γ2

1 + Γ2
2)

6 (T 2
2 − T 2

1 ) + 2π3Γ1Γ2

[
T 2
2
cosh(2πT2x21)
sinh2(2πT2x21)

− T 2
1
cosh(2πT1x21)
sinh2(2πT1x21)

]
. (B.26)



Appendix C

ψ∂xψ tunneling

In this appendix, we compute the tunneling thermal current between adjacent spin liquids as dis-
cussed in the main text in Sec. 2.3. Note that the calculation for the single constriction geometry,
as discussed in Sec. 2.3.1, corresponds to the non-interference part ⟨IT ⟩non-intΓ (here Γi = Γ) of the
full calculation in the double constriction Fabry–Pérot geometry which we present in this appendix.
We set the edge velocity v = 1. Therefore, the final answers should be divided by v8. We rely on
Green’s functions, computed in Appendix B.

From perturbation theory and the expression of the tunneling thermal current operator, Eq. (2.17),
the leading contribution to the tunneling thermal current is

⟨IT (t)⟩ = −4(Γ2
1 + Γ2

2)π9T 5
1 T

4
2

∫ ∞

−∞
dτ

cos[iπT1(τ + iϵ)]
sin5[iπT1(τ + iϵ)]

1
sin4[iπT2(τ + iϵ)]

− 4Γ1Γ2π
9T 5

1 T
4
2

[∫ ∞

−∞
dτ

cos[iπT1(τ + χ+ iϵ)]
sin5[iπT1(τ + χ+ iϵ)]

1
sin4[iπT2(τ − χ+ iϵ)]

+ (χ→ −χ)
]
(C.1)

= 4i(Γ2
1 + Γ2

2)π9T 5
1 T

4
2

∫ ∞

−∞
dτ

cosh[πT1(τ + iϵ)]
sinh5[πT1(τ + iϵ)]

1
sinh4[πT2(τ + iϵ)]

+ 4iΓ1Γ2π
9T 5

1 T
4
2

[∫ ∞

−∞
dτ

cosh[πT1(τ + χ+ iϵ)]
sinh5[πT1(τ + χ+ iϵ)]

1
sinh4[πT2(τ − χ+ iϵ)]

+ (χ→ −χ)
]
,

(C.2)

where χ is the distance between the two tunneling contacts divided by v. We assume χ > 0. We
redefine the variables for convenience, η = πT1τ , λ = T2/T1, and χ→ πT1χ. This gives,

⟨IT (t)⟩ = 4i(Γ2
1 + Γ2

2)π8T 4
1 T

4
2

∫ ∞

−∞
dη

cosh η
sinh5(η + iϵ)

1
sinh4(λη + iϵ)

+ 4iΓ1Γ2π
8T 4

1 T
4
2

[∫ ∞

−∞
dτ

cosh(η + χ)
sinh5(η + χ+ iϵ)

1
sinh4(λη − λχ+ iϵ)

+ (χ→ −χ)
]
. (C.3)

This expression consists of the non-interference contributions due to each of the constrictions inde-
pendently, and the interference contribution. Therefore, the total tunneling thermal current can be
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written as ⟨IT ⟩ =
∑
j=1,2⟨IT ⟩non-intΓj

+ ⟨IT ⟩int, where the non-interference and interference contribu-
tions are given as,

⟨IT ⟩non-intΓj
= 4iΓ2

jπ
8T 4

1 T
4
2

∫ ∞

−∞
dη

cosh η
sinh5(η + iϵ)

1
sinh4(λη + iϵ)

, j = 1, 2, (C.4)

⟨IT ⟩int = 4iΓ1Γ2π
8T 4

1 T
4
2

[∫ ∞

−∞
dτ

cosh(η + χ)
sinh5(η + χ+ iϵ)

1
sinh4(λη − λχ+ iϵ)

+ (χ→ −χ)
]
. (C.5)

In the following two subsections, we focus on the non-interference and interference contributions
separately. Note that the non-interference contribution ⟨IT ⟩non-intΓj

corresponding to each Γj , j = 1, 2,
is exactly what we obtain when we consider single constriction geometry between two different spin
liquids. Therefore, the thermal current in the single constriction case, as discussed in Sec. 2.3.1, can
be found as the non-interference part, corresponding to one of the tunneling amplitudes Γi, of the
full calculation presented in this appendix.

C.1 Non-interference term

First we consider the non-interference contribution (Eq. (C.4)) to the tunneling thermal current. It
can be rewritten as,

⟨IT ⟩non-intΓj
= 4iΓ2

jπ
8T 4

1 T
4
2

∫ ∞

−∞
dη

cosh η
sinh5 (η + iϵ) sinh4(λη + iϵ)

(C.6)

= 4iΓ2
jπ

8T 4
1 T

4
2

[∫ −ϵ

−∞
dη

cosh η
sinh5 (η) sinh4(λη)

+
∫ ∞

ϵ

dη
cosh η

sinh5 (η) sinh4(λη)

+
∫
C

dη
cosh η

sinh5 (η) sinh4(λη)

]
(C.7)

= 4iΓ2
jπ

8T 4
1 T

4
2

∫
C

dη
cosh η

sinh5 (η) sinh4(λη)
, (C.8)

where j = 1, 2. Here, the integration contour is deformed as shown in Fig. B.1(a). Close to the
origin, the integration variable can be written as η = ϵeiθ. Since ϵ≪ 1, we expand the integrand,

cosh η
sinh5 (η) sinh4(λη)

= · · ·+ 1
η

[
41(λ8 − 1)
2835 λ4 + 62(λ4 − 1)

2835 λ2

]
+O(η0). (C.9)

All the terms in . . . contain negative odd powers of η, and since dη = iϵeiθdθ, on integration from π

to 0, these terms give zero. The only non-zero contribution comes from the 1/η term. This allows
us to perform the integral and take the ϵ→ 0 limit, and we thus obtain,∑

j=1,2
⟨IT ⟩non-intΓj

= 4π9(Γ2
1 + Γ2

2)
1

2835 [41(T
8
2 − T 8

1 ) + 62T 2
1 T

2
2 (T 4

2 − T 4
1 )]. (C.10)

This is the non-interference contribution to the thermal current due to two independent constrictions.
The results discussed in the main text in Sec. 2.3.1 correspond to ⟨IT ⟩non-intΓj

where Γj is set to Γ.
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C.2 Interference term

We now look at the interference contribution to the tunneling thermal current, Eq. (C.5); this is
given as,

⟨IT ⟩int = 4iΓ1Γ2π
8T 4

1 T
4
2

[∫ ∞

−∞
dη

cosh(η + χ)
sinh5(η + χ+ iϵ)

1
sinh4(λη − λχ+ iϵ)

+ (χ→ −χ)
]
. (C.11)

The contour can be deformed according to Fig. B.1(b) and the integral rewritten as,

⟨IT ⟩int = 4iΓ1Γ2π
8T 4

1 T
4
2

[∫ −χ−ϵ

−∞
dη

cosh(η + χ)
sinh5(η + χ)

1
sinh4(λη − λχ)

+
∫
C1

dη
cosh(η + χ)
sinh5(η + χ)

1
sinh4(λη − λχ)

+
∫ χ−ϵ

−χ+ϵ
dη

cosh(η + χ)
sinh5(η + χ)

1
sinh4(λη − λχ)

+
∫
C2

dη
cosh(η + χ)
sinh5(η + χ)

1
sinh4(λη − λχ)

+
∫ ∞

χ+ϵ
dη

cosh(η + χ)
sinh5(η + χ)

1
sinh4(λη − λχ)

+ (χ→ −χ)
]
, (C.12)

where the contours C1 and C2 represent respectively the integration variable going over the upper
half-plane near −χ with η = ϵeiθ−χ, and similarly the integration variable going over the upper half-
plane near χ with η = ϵeiθ +χ. The integrals are evaluated using the contour shown in Fig. B.1(b).
Rearranging these integrals allows the cancellation of a few terms, and we are left with,

⟨IT ⟩int = 4iΓ1Γ2π
8T 4

1 T
4
2

[∫
C1

dη
cosh(η + χ)
sinh5(η + χ)

1
sinh4(λη − λχ)

+
∫
C2

dη
cosh(η + χ)
sinh5(η + χ)

1
sinh4(λη − λχ)

+ (χ→ −χ)
]
. (C.13)

We now use the following expansions to compute the above integrals,

1
sinh4(ϵeiθ + 2χ)

= 1
sinh4(2χ)

− 4ϵeiθ cosh(2χ)
sinh5(2χ)

+ ϵ2e2iθ

sinh4(2χ)

[
10 cosh2(2χ)
sinh2(2χ)

− 2
]

− 4ϵ3e3iθ

3 sinh4(2χ)

[
15 cosh3(2χ)
sinh3(2χ)

− 7 cosh(2χ)
sinh(2χ)

]
+ ϵ4e4iθ

3 sinh4(2χ)

[
105 cosh4(2χ)
sinh4(2χ)

− 80 cosh2(2χ)
sinh2(2χ)

+ 7
]
+O(ϵ5). (C.14)

Similarly, we have,

cosh
(
ϵeiθ + 2χ

)
sinh5(ϵeiθ + 2χ)

= cosh(2χ)
sinh(2χ) + ϵeiθ

[
1

sinh4(2χ)
− 5 cosh2(2χ)

sinh6(2χ)

]
− ϵ2e2iθ

[
7 cosh(2χ)
sinh5(2χ)

− 15 cosh3(2χ)
sinh7(2χ)

]
+ ϵ3e3iθ

3

[
80 cosh2(2χ)
sinh6(2χ)

− 105 cosh4(2χ)
sinh8(2χ)

− 7
sinh4(2χ)

]
+O(ϵ4). (C.15)
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Using these, we find the interference contribution to the thermal current,

⟨IT ⟩int = 4iΓ1Γ2π
8T 4

1 T
4
2

[∫ 0

π

dθiϵeiθ
[

1
ϵ5e5iθ

− 1
3ϵ3e3iθ

+O(ϵ)
]

1
sinh4(λϵeiθ − 2λχ)

+
∫ 0

π

dθiϵeiθ
cosh

(
ϵeiθ + 2χ

)
sinh5(ϵeiθ + 2χ)

[
1

ϵ4λ4e4iθ
− 2

3ϵ2λ2e2iθ
+O(ϵ0)

]
+
∫ 0

π

dθiϵeiθ
cosh

(
ϵeiθ − 2χ

)
sinh5(ϵeiθ − 2χ)

[
1

ϵ4λ4e4iθ
− 2

3ϵ2λ2e2iθ
+O(ϵ0)

]
+
∫ 0

π

dθiϵeiθ
[

1
ϵ5e5iθ

− 1
3ϵ3e3iθ

+O(ϵ)
]

1
sinh4(λϵeiθ + 2λχ)

]
. (C.16)

Now we observe that all the terms with negative odd powers of ϵ give non-zero contributions, since
we integrate from π to 0 (even powers of ϵ come with e2inθ that gives zero on integration unless
n = 0). The term of order ϵ0 will also give a non-zero contribution. All positive powers of ϵ vanish
since we take the ϵ→ 0 limit at the end of the calculation. We need to make sure that the remaining
ϵ-dependent terms with odd negative powers cancel out so that in the ϵ → 0 limit, the integral
remains well behaved. Indeed that happens since in Eq. (C.16), we note that in the first and fourth
integrals (and similarly the second and third integrals), the negative odd powers of ϵ terms come
with opposite signs, which is how they cancel. Out of all these, the only remaining terms that give
a non-zero contribution are ϵ0-order terms,

⟨IT ⟩int = Λ
[∫ 0

π

dθi
2λ4

3 sinh4(2λχ)

[
105 cosh4(2λχ)
sinh4(2λχ)

− 80 cosh2(2λχ)
sinh2(2λχ)

+ 7
]

−
∫ 0

π

dθi
2
3

λ2

sinh4(2λχ)

[
10 cosh2(2λχ)
sinh2(2λχ)

− 2
]

+
∫ 0

π

dθi
1
3

[
80 cosh2(2χ)
sinh6(2χ)

− 105 cosh4(2χ)
sinh8(2χ)

− 7
sinh4(2χ)

]
2
λ4

−
∫ 0

π

dθi

[
1

sinh4(2χ)
− 5 cosh2(2χ)

sinh6(2χ)

]
4

3λ2

]
, (C.17)

where we defined Λ = 4iΓ1Γ2π
8T 4

1 T
4
2 for convenience. This integral can now be computed to give,

⟨IT ⟩int = 4Γ1Γ2π
9T 4

1 T
4
2

[
2λ4

3 sinh4(2λχ)

[
105 cosh4(2λχ)
sinh4(2λχ)

− 80 cosh2(2λχ)
sinh2(2λχ)

+ 7
]

+ 2λ2

3 sinh4(2λχ)

[
2− 10 cosh2(2λχ)

sinh2(2λχ)

]
− 2

3λ4 sinh4(2χ)

[
105 cosh4(2χ)
sinh4(2χ)

− 80 cosh2(2χ)
sinh2(2χ)

+ 7
]

− 2
3λ2 sinh4(2χ)

[
2− 10 cosh2(2χ)

sinh2(2χ)

]]
. (C.18)
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Plugging back the values of χ and λ gives,

⟨IT ⟩int =
8
3Γ1Γ2π

9

{
T 8
2

sinh4(2πT2x21)

[
105 cosh4(2πT2x21)
sinh4(2πT2x21)

− 80 cosh2(2πT2x21)
sinh2(2πT2x21)

+ 7
]

+
T 2
1 T

6
2

sinh4(2πT2x21)

[
2− 10 cosh2(2πT2x21)

sinh2(2πT2x21)

]
−

T 8
1

sinh4(2πT1x21)

[
105 cosh4(2πT1x21)
sinh4(2πT1x21)

− 80 cosh2(2πT1x21)
sinh2(2πT1x21)

+ 7
]

−
T 6
1 T

2
2

sinh4(2πT1x21)

[
2− 10 cosh2(2πT1x21)

sinh2(2πT1x21)

]}
. (C.19)

Finally, combining the interference and non-interference contributions to the thermal current
gives the total tunneling thermal current,

⟨IT ⟩ = π9(Γ2
1 + Γ2

2)
4

2835 [41(T
8
2 − T 8

1 ) + 62T 2
1 T

2
2 (T 4

2 − T 4
1 )] +

8
3Γ1Γ2π

9

[
+ T 2

1 T
6
2 csch4(2πT2x21)

[
2− 10 coth2(2πT2x21)

]
− T 6

1 T
2
2 csch4(2πT1x21)

[
2− 10 coth2(2πT1x21)

]
+ T 8

2 csch4(2πT2x21)
[
105 coth4(2πT2x21)− 80 coth2(2πT2x21) + 7

]
− T 8

1 csch4(2πT1x21)
[
105 coth4(2πT1x21)− 80 coth2(2πT1x21) + 7

] ]
. (C.20)

We now analyze this expression by varying X1 ≡ 2πT1x21/v at a fixed ratio n ≡ T2/T1 (Fig. C.1(a)),
and then by varying the ratio of the temperatures at a fixed X1 ≡ 2πT1x21/v (Fig. C.1(b)). If the
two edges of the spin liquids are maintained at constant temperatures, the parameterX1 is controlled
by the distance between the two constrictions x21. We also see from Fig. C.1(a) that as X1 → 0,
at Γ1 = Γ2, the tunneling thermal current equals twice the non-interference contribution ⟨IT ⟩non-intΓ

indicated by the broken line in Fig. C.1(a).
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Figure C.1: Thermal current between two spin liquids when Γ1 = Γ2 = Γ. (a) Variation with X1
at a fixed temperature ratio. The broken line shows the value of 2⟨IT ⟩non-intΓ . (b) Variation with
n = T2/T1 shows the expected monotonic behavior.



Appendix D

Decomposition of correlation
functions of Ising fields

In this appendix, we demonstrate how the correlation functions of the fields defined on two edges
can be decomposed into the product of two correlation functions of the fields on the same edge. To
achieve this, we assume that the two edges are connected by a long section of length L. We will
take this length to be infinite to achieve the decomposition.

The tunneling operators create two excitations that fuse to vacuum on both sides of the con-
striction at x0. Since Ising anyons are their own antiparticles, the form of the tunneling operator at
the times t and t′ is

T12 ≡ σ2(x0, t)σ1(x0, t) (D.1a)

T34 ≡ σ2(x0, t′)σ1(x0, t′), (D.1b)

up to a constant factor ∼ exp(−iπ/16). The subscript on the Ising field corresponds to the edge
on which it is defined, and since the two edges are assumed to be connected, the two fields can be
written in terms of each other as σ2(x0) = σ1(L − x0). Notice however, this is well defined only in
the L→ ∞ limit. We use the following coordinates,

u1 = t− x0 (D.2a)

u2 = t− (−x0 + L) (D.2b)

u3 = t′ − x0 (D.2c)

u4 = t′ − (−x0 + L) (D.2d)

and assume that the edge velocity v = 1. In this convention, the four-point functions can then be
computed using the relation [25]

⟨T12T34⟩2 = 1
2

[(
z13z24

z12z23z34z14

)1/4

+
(

z14z23
z13z24z12z34

)1/4
]
, (D.3)
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where zij = sin[πT (ϵ+ iuij)]/πT , and uij ≡ ui − uj . Notice that when we take the L → ∞ limit,
the first term drops out and we arrive at the expression,

⟨T12T34⟩ ∼
1
√
2

eiπ/8

(z13z24)1/8

(
sinh(πTu14) sinh(πTu32)
sinh(πTu12) sinh(πTu34)

)1/8
L→∞−−−−→ eiπ/8

√
2(z13z24)1/8

(D.4)

We now notice that the final expression, after taking the limit, can be written as a product of
two-point functions defined on one of the edges, Eq. (2.25). Therefore,

⟨σ2(x0, t)σ1(x0, t)σ2(x0, t′)σ1(x0, t′)⟩ =
eiπ/8
√
2

⟨σ2(x0, t)σ2(x0, t′)⟩⟨σ1(x0, t)σ1(x0, t′)⟩. (D.5)

The choice of the branch in the above formula is dictated by the hermiticity of the tunneling operators
∼ exp(−iπ/16)σ2σ1. Indeed, the average of the square of a tunneling operator must be real and
positive.



Appendix E

σ tunneling

In this appendix, we compute the thermal tunneling current due to Ising anyon tunneling at two
point contacts at x1 and x2 in the Fabry–Pérot geometry (Fig. 2.3 (a)). The single constriction
calculation is the non-interference part ⟨IT ⟩non-intΓj

of the full calculation presented in this appendix
with contributions from only one of the tunneling amplitudes Γj , j = 1, 2. We assume identical
distances between the tunneling contacts along the two edges and identical edge velocities on the
two edges. Since the result depends only on the sum of the edge lengths (Appendix I), the first
assumption can be easily removed.

In the calculation, we assume that the interferometer confines a trivial topological charge. We
generalize to an arbitrary confined charge in the main text.

The full tunneling Hamiltonian is given by,

HT = e−iπ/16Γ1σ2(x1, t)σ1(x1, t) + e−iπ/16Γ2σ2(x2, t)σ1(x2, t). (E.1)

We define the current operator using the Heisenberg equation of motion,

I
(1)
T = ∂H1

∂t
= −i[H1, H] = −i[H1, HT ], (E.2)

where H1 and H2 correspond to the free field Hamiltonian (2.1) defined on the left- and right-moving
edges respectively. From here, we identify the current operator as,

I
(1)
T = −e−iπ/16Γ1σ2(x1, t)∂tσ1(x1, t)− e−iπ/16Γ2σ2(x2, t)∂tσ1(x2, t), (E.3)

where all Heisenberg operators are defined in terms of the edge Hamiltonian without tunneling. Using
perturbation theory, we obtain the expectation value of the thermal current due to the tunneling,
to the lowest non-zero order,

⟨I(1)T (t)⟩ = −i
∫ t

−∞
dt′⟨[I(1)T (t), HT (t′)]⟩. (E.4)

104



105

Inserting the operators into the above expression gives,

⟨I(1)T (t)⟩ = ie−iπ/8
∫ t

−∞
dt′
[
Γ2
1⟨
[
σ2(x1, t)∂tσ1(x1, t), σ2(x1, t′)σ1(x1, t′)

]
⟩

+Γ2
2⟨
[
σ2(x2, t)∂tσ1(x2, t), σ2(x2, t′)σ1(x2, t′)

]
⟩

+Γ1Γ2⟨
[
σ2(x1, t)∂tσ1(x1, t), σ2(x2, t′)σ1(x2, t′)

]
⟩

+Γ1Γ2⟨
[
σ2(x2, t)∂tσ1(x2, t), σ2(x1, t′)σ1(x1, t′)

]
⟩
]
. (E.5)

From here we see that the thermal current is composed of non-interference and interference contri-
butions, ⟨IT ⟩ =

∑
j=1,2⟨IT ⟩non-intΓj

+ ⟨IT ⟩int. The thermal correlation functions are

⟨σ1(x1, t1)σ1(x2, t2)⟩ =
(πT1)1/8

sin1/8[πT1(ϵ+ i(t1 − t2 + x2 − x1))]
(E.6)

⟨σ2(x1, t1)σ2(x2, t2)⟩ =
(πT2)1/8

sin1/8[πT2(ϵ+ i(t1 − t2 + x1 − x2))]
(E.7)

and, of course, the cross-correlations go to zero in the L → ∞ limit (Appendix D). To simplify
notations, we set v = 1. In the following two subsections, we separately focus on the non-interference
and interference contributions.

E.1 Non-interference term

Using the above correlation functions and the results of Appendix D on the four-point correlation
functions, we first compute the expression for the non-interference contribution (j = 1, 2).

⟨I⟩non-intΓj
=

Γ2
j

8
√
2

∫ t

−∞
dt′

[
(πT2)

1
8 (πT1)

9
8 cos[πT1(ϵ+ i(t− t′))]

sin 9
8 [πT1(ϵ+ i(t− t′))] sin 1

8 [πT2(ϵ+ i(t− t′))]

+ (πT2)
1
8 (πT1)

9
8 cos[πT1(ϵ+ i(t′ − t))]

sin 9
8 [πT1(ϵ+ i(t′ − t))] sin 1

8 [πT2(ϵ+ i(t′ − t))]

]
. (E.8)

Defining πT1(t− t′) ≡ τ and n = T2/T1, we can simplify the above integral,

⟨IT ⟩non-intΓj
= −

Γ2
j

8
√
2
(πT1)

1
8 (πT2)

1
8

∫ 0

∞
dτ

[
cos(iτ + ϵ)

sin 9
8 (iτ + ϵ) sin 1

8 [n(iτ + ϵ)]
+ cos(−iτ + ϵ)

sin 9
8 (−iτ + ϵ) sin 1

8 [n(−iτ + ϵ)]

]

=
Γ2
j

8
√
2
(πT1)

1
8 (πT2)

1
8

∫ ∞

−∞
dτ

cos(−iτ + ϵ)
sin 9

8 (−iτ + ϵ) sin 1
8 [n(−iτ + ϵ)]

. (E.9)

To evaluate the integral, we deform the contour as shown in Fig. B.1(a),

⟨IT ⟩non-intΓj
=

Γ2
j

8
√
2
(πT1)

1
8 (πT2)

1
8

[∫ −ϵ

−∞

dτ cos(−iτ)
sin 9

8 (−iτ) sin 1
8 (−inτ)

+
∫
C

dτ cos(−iτ)
sin 9

8 (−iτ) sin 1
8 (−inτ)

+
∫ ∞

ϵ

dτ cos(−iτ)
sin 9

8 (−iτ) sin 1
8 (−inτ)

]
. (E.10)
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Near the origin, the integration variable can be written as τ = ϵeiθ. Carefully taking the ϵ→ 0 limit
and writing the integrands in terms of hyperbolic functions, we get a phase factor depending upon
the location on the contour,

⟨IT ⟩non-intΓj
=

Γ2
j

8
√
2
(πT1)

1
8 (πT2)

1
8

[∫ ∞

ϵ

dτ e−i
5π
8 cosh τ

sinh
9
8 τ sinh

1
8 (nτ)

+
∫
C

dτ cos(−iτ)
sin 9

8 (−iτ) sin 1
8 (−inτ)

+
∫ ∞

ϵ

dτ ei
5π
8 cosh τ

sinh
9
8 τ sinh

1
8 (nτ)

]
(E.11)

⟨IT ⟩non-intΓj
=

Γ2
j

8
√
2
(πT1)

1
8 (πT2)

1
8

[∫ ∞

ϵ

dτ 2 cos(5π/8) cosh τ
sinh

9
8 τ sinh

1
8 (nτ)

+
∫
C

dτ cos(−iτ)
sin 9

8 (−iτ) sin 1
8 (−inτ)

]
. (E.12)

To evaluate the integral over the contour C, we note that τ ∼ ϵ, so we expand the integrand as,

cos(−iτ)
sin 9

8 (−iτ) sin 1
8 (−inτ)

∣∣∣∣∣
τ=0

= 1
n

1
8 (−iτ) 5

4
+O(τ 3

4 ). (E.13)

Since dτ = iτdθ, in the ϵ→ 0 limit, higher order terms vanish. The only remaining term is∫
C

dτ cos(−iτ)
sin 9

8 (−iτ) sin 1
8 (−inτ)

=
∫
C

dτ
1

n
1
8 (−iτ) 5

4
= ei

5π
8

∫ 0

π

dθ iϵeiθ
1

n
1
8 ϵ

5
4 ei

5θ
4

= − 4
n

1
8 ϵ

1
4
2 cos(5π/8).

(E.14)

We note that the divergence of this term cancels the divergence of the first integral in Eq. (E.12).
We thus write it in a similar form,

4
ϵ

1
4
=
∫ ∞

ϵ

dτ
1
τ

5
4
. (E.15)

Therefore the expression for the non-interference term is∑
j=1,2

⟨IT ⟩non-intΓj
=

(Γ2
1 + Γ2

2)
4
√
2

(πT1)
1
8 (πT2)

1
8 cos(5π/8)

∫ ∞

0
dτ

[
cosh(τ)

sinh
9
8 (τ) sinh

1
8 (nτ)

− 1
n

1
8 τ

5
4

]

=
(Γ2

1 + Γ2
2)

4
√
2

(πT1)
1
8 (πT2)

1
8 cos(3π/8) Fnon-int(n), (E.16)

where we defined Fnon-int(n) as in Eq. (2.29). Note that the non-interference contribution, individu-
ally for each of Γj , j = 1, 2, is exactly what we obtain when we consider single-constriction geometry.
Results discussed in the main text in Sec. 2.4.1 corresponds to ⟨IT ⟩non-intΓj

where Γj is set to Γ of the
single constriction.

E.2 Interference term

We now look at the interference contribution.

⟨IT ⟩int =
Γ1Γ2

8
√
2
(πT1)

9
8 (πT2)

1
8

∫ t

−∞
dt′

[
cos[πT1(ϵ+ i(t− t′ + x21))]

sin 9
8 [πT1(ϵ+ i(t− t′ + x21))] sin

1
8 [πT2(ϵ+ i(t− t′ − x21))]

+ cos[πT1(ϵ− i(t− t′ + x21))]
sin 9

8 [πT1(ϵ− i(t− t′ + x21))] sin
1
8 [πT2(ϵ− i(t− t′ − x21))]

+ (x21 ↔ −x21)
]

(E.17)



107

Defining τ ≡ πT1(t− t′), χ ≡ πT1x21, and n = T2/T1, we may simplify the above integral,

⟨IT ⟩int =
Γ1Γ2

8
√
2
(πT1)

1
8 (πT2)

1
8

∫ ∞

−∞
dτ

[
cos[ϵ− i(τ − χ)]

sin 9
8 [ϵ− i(τ − χ)] sin 1

8 [n(ϵ− i(τ + χ))]

+ cos[ϵ− i(τ + χ)]
sin 9

8 [ϵ− i(τ + χ)] sin 1
8 [n(ϵ− i(τ − χ))]

]
(E.18)

Like before, we can now deform the contour as shown in Fig. B.1(b),

⟨IT ⟩int =
Γ1Γ2

8
√
2
(πT1)

1
8 (πT2)

1
8

[∫ −χ−ϵ

−∞
dτ I +

∫
C1

dτ I +
∫ χ−ϵ

−χ+ϵ
dτ I +

∫
C2

dτ I +
∫ ∞

χ+ϵ
dτ I + (χ↔ −χ)

]
,

(E.19)

where the integrand I is given as

I = cos[−i(τ − χ)]
sin 9

8 [−i(τ − χ)] sin 1
8 [−in(τ + χ)]

. (E.20)

The integration variable near −χ is given by η = ϵeiθ − χ, the integration variable near χ is given
by η = ϵeiθ + χ. We now look at each contribution to (E.19) individually. In particular,∫ −χ−ϵ

−∞
dτ

cos[−i(τ − χ)]
sin 9

8 [−i(τ − χ)] sin 1
8 [−in(τ + χ)]

=
∫ ∞

χ+ϵ
dτ

e−i
5π
8 cosh(τ + χ)

sinh
9
8 (τ + χ) sinh

1
8 [n(τ − χ)]

(E.21)∫ −χ−ϵ

−∞
dτ

cos[−i(τ + χ)]
sin 9

8 [−i(τ + χ)] sin 1
8 [−in(τ − χ)]

=
∫ ∞

χ+ϵ
dτ

e−i
5π
8 cosh(τ − χ)

sinh
9
8 (τ − χ) sinh

1
8 [n(τ + χ)]

(E.22)

Similarly,∫ ∞

χ+ϵ
dτ

cos[−i(τ − χ)]
sin 9

8 [−i(τ − χ)] sin 1
8 [−in(τ + χ)]

=
∫ ∞

χ+ϵ
dτ

ei
5π
8 cosh(τ − χ)

sinh
9
8 (τ − χ) sinh

1
8 [n(τ + χ)]

(E.23)∫ ∞

χ+ϵ
dτ

cos[−i(τ + χ)]
sin 9

8 [−i(τ + χ)] sin 1
8 [−in(τ − χ)]

=
∫ ∞

χ+ϵ
dτ

ei
5π
8 cosh(τ + χ)

sinh
9
8 (τ + χ) sinh

1
8 [n(τ − χ)]

(E.24)

Combining Eqs. (E.21-E.24) together gives,

I1 ≡
∫ −χ−ϵ

−∞
dτ [I + (χ↔ −χ)] +

∫ ∞

χ+ϵ
dτ [I + (χ↔ −χ)]

= 2 cos(5π/8)
∫ ∞

χ+ϵ
dτ

[
cosh(τ − χ)

sinh
9
8 (τ − χ) sinh

1
8 [n(τ + χ)]

+ (χ↔ −χ)
]

(E.25)

In the final expression, we make a variable shift τ → τ − χ, giving,

I1 = 2 cos(5π/8)
∫ ∞

ϵ

dτ

[
cosh(τ)

sinh
9
8 (τ) sinh

1
8 [n(τ + 2χ)]

+ cosh(τ + 2χ)
sinh

9
8 (τ + 2χ) sinh

1
8 (nτ)

]
(E.26)



108

We now look at the integrals corresponding to path C1 in Eq. (E.19),∫
C1

dτ
cos[−i(τ − χ)]

sin 9
8 [−i(τ − χ)] sin 1

8 [−in(τ + χ)]
∼
∫ 0

π

dθiϵeiθ
e−i

5π
8 cosh(2χ)

sinh
9
8 (2χ)(nϵeiθ) 1

8

ϵ→0−−−→ 0 (E.27)∫
C1

dτ
cos[−i(τ + χ)]

sin 9
8 [−i(τ + χ)] sin 1

8 [−in(τ − χ)]
=
∫ 0

π

dθ iϵeiθ
cos
(
−iϵeiθ

)
sin 9

8 (−iϵeiθ) sin 1
8 [in(2χ− ϵeiθ)]

=
∫ 0

π

dθ iϵeiθ
1

(−iϵeiθ) 9
8 sin 1

8 (in2χ)

= ei
π
2

sinh
1
8 (2nχ)

∫ 0

π

dθ iϵeiθ
1

ϵ
9
8 ei

9θ
8

= −eiπ2 (1− e−i
π
8 )

sinh
1
8 (2nχ)

∫ ∞

ϵ

dτ
1

τ9/8
(E.28)

Similarly, the integrals corresponding to path C2,∫
C2

dτ
cos[−i(τ − χ)]

sin 9
8 [−i(τ − χ)] sin 1

8 [−in(τ + χ)]
=
∫ 0

π

dθ iϵeiθ
cos
(
−iϵeiθ

)
sin 9

8 (−iϵeiθ) sin 1
8 [−in(2χ+ ϵeiθ)]

=
∫ 0

π

dθ iϵeiθ
1

(−iϵeiθ) 9
8 sin 1

8 (−in2χ)

= ei
5π
8

sinh
1
8 (2nχ)

∫ 0

π

dθ iϵeiθ
1

ϵ
9
8 ei

9θ
8

= −ei 5π8 (1− e−i
π
8 )

sinh
1
8 (2nχ)

∫ ∞

ϵ

dτ
1

τ9/8
(E.29)∫

C2

dτ
cos[−i(τ + χ)]

sin 9
8 [−i(τ + χ)] sin 1

8 [−in(τ − χ)]
∼
∫ π

0
dθiϵeiθ

ei
5π
8 cosh(2χ)

sinh
9
8 (2χ)(nϵeiθ) 1

8

ϵ→0−−−→ 0 (E.30)

Combining the non-zero contributions from Eqs. (E.27-E.30),

I2 ≡
∫
C1+C2

dτ [I + (χ↔ −χ)] = −(eiπ2 − ei
3π
8 + ei

5π
8 − ei

π
2 )

sinh
1
8 (2nχ)

∫ ∞

ϵ

dτ
1

τ9/8
= −2 cos(5π/8)

sinh
1
8 (2nχ)

∫ ∞

ϵ

dτ
1

τ9/8

(E.31)

Finally, the integrals over the interval [−χ+ ϵ, χ− ϵ] in Eq. (E.19) are∫ χ−ϵ

−χ+ϵ
dτ

cos[−i(τ − χ)]
sin 9

8 [−i(τ − χ)] sin 1
8 [−in(τ + χ)]

= e−iπ/2
∫ χ−ϵ

−χ+ϵ
dτ

cosh(χ− τ)
sinh

9
8 (χ− τ) sinh

1
8 [n(χ+ τ)]

(E.32)∫ χ−ϵ

−χ+ϵ
dτ

cos[−i(τ + χ)]
sin 9

8 [−i(τ + χ)] sin 1
8 [−in(τ − χ)]

= eiπ/2
∫ χ−ϵ

−χ+ϵ
dτ

cosh(χ+ τ)
sinh

9
8 (χ+ τ) sinh

1
8 [n(χ− τ)]

(E.33)

Clearly the sum of these two integrals vanishes. Now we combine all non-zero contributions, specif-
ically Eqs. (E.26) and (E.31). Notice that the divergences are canceled out once these integrals are
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combined to give the interference contribution to the thermal current as,

⟨IT ⟩int =
Γ1Γ2

4
√
2
(πT1)

1
8 (πT2)

1
8 cos(5π/8)

∫ ∞

0
dτ

[
cosh(τ + 2χ)

sinh
9
8 (τ + 2χ) sinh

1
8 (nτ)

+ cosh(τ)
sinh

9
8 (τ) sinh

1
8 (nτ + 2nχ)

− 1
τ

9
8 sinh

1
8 (2nχ)

]

= Γ1Γ2

4
√
2
(πT1)

1
8 (πT2)

1
8 cos(3π/8) Fint(n, χ) (E.34)

where we defined the function Fnon-int(n, χ) as in Eq. (2.33). We thus arrive at the expression for
the total thermal current due to anyon tunneling,

⟨IT ⟩ =
(πT1)

1
8 (πT2)

1
8 cos(3π/8)

4
√
2

[
(Γ2

1 + Γ2
2) Fnon-int(n) + Γ1Γ2 Fint(n, χ)

]
(E.35)

The edge velocity was set to 1 above. Therefore the answer should be divided by v1/4.



Appendix F

Tunneling in Mach–Zehnder
geometry

The purpose of this appendix is to find the additional phase α in the Mach–Zehnder tunneling
Hamiltonian, Eq. (2.34). We will do this with three different methods, all of which produce the
same result. The first approach involves the calculation of a partition function in conformal field
theory (CFT) and will only be used for the Ising statistics. The second and third approaches will be
applied to a general case. The second method builds on the algebraic theory of anyons. The third
method uses detailed balance.

In our first approach we also use the principle of detailed balance, assuming that the temperatures
of the edges are equal. For a stationary distribution, the transition probabilities pbσa satisfy the
detailed balance equations, which state that the probabilities associated to the process σ × a → b

and the reverse process σ × b→ a are related. The two probabilities are given as,

pbσa = 2π
ℏ
∑
nm

|⟨m|HT |n⟩|2δ(Em − En)P an (T, T ) (F.1a)

paσb =
2π
ℏ
∑
nm

|⟨n|HT |m⟩|2δ(En − Em)P bm(T, T ). (F.1b)

Notice that these two probabilities differ only by the partition functions in the Gibbs factors P an =
exp(−En/T )/Za(T ), where the partition functions are calculated in the superselection sectors defined
by the topological charge a. Now the ratio of the two probabilities in the above equations equals
the ratio of the partition functions, which can be computed using conformal field theory.

We first solve for the energy spectrum of fermions on each of the two edges. This calls for the
choice of the boundary conditions, periodic (Ramond), or anti-periodic (Neveu–Schwarz). The two
are related by a twist field operator σ of conformal dimension hσ = 1/16, which is precisely the Ising
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field we worked with in Sec. 2.4.1. This then leads to the following spectra in the two sectors [25]:

HR. =
2π
L

[∑
k>0

kc−kck +
1
24

]
k ∈ Z (Ramond) (F.2)

HN.S. =
2π
L

[∑
k>0

kc−kck −
1
48

]
k ∈ (Z+ 1/2) (Neveu–Schwarz) (F.3)

The energy spectra in the two sectors can now be used to compute the partition functions of the
system in the fermionic, ψ, and anyonic, σ, topological sectors. Notice that the above equations
correspond to only one of the edges. To compute the partition function of the full system we also
take into account the other edge independently of the first. We now calculate the partition function
of one of the edges for the ψ sector that corresponds to the Ramond boundary case,

Zψ = Tr
(
e−βHR.

)
= Tr

( ∏
k∈Z+

exp(−2πβkn̂k/L) exp(−2πβ/24L)
)

=
∏
k∈Z+

exp(−2πβ/24L)
(
1 + exp(−2πβk/L)

)
. (F.4)

For the σ sector that corresponds to the Neveu–Schwarz boundary case, we get a similar expression
except that the sum runs over (Z+ 1/2),

Zσ = Tr
(
e−βHN.S.

)
= Tr

 ∏
k∈Z+∪{0}

exp
(
−2πβ(k + 1/2)n̂k+ 1

2
/L
)
exp(2πβ/48L)


=

∏
k∈Z+∪{0}

exp(2πβ/48L)
(
1 + exp(−2πβk/L) exp(−πβ/L)

)
(F.5)

The overall exponential factor in both partition functions is irrelevant since in the thermodynamic
limit L→ ∞, it gives 1. We now compute the ratio of the remaining product terms,

P ≡
∏
k∈Z+ (1 + exp(−2πβk/L))∏

k∈Z+∪{0} (1 + exp{(−2πβk/L)} exp(−πβ/L)) (F.6)

logP = − log(2) +
∞∑
k=0

[log (1 + exp(−2πβk/L))− log(1 + exp(−2πβk/L) exp(−πβ/L))] (F.7)

Since we are interested in the thermodynamic limit, we take the continuum limit. Substituting
2πβk/L = t, we have

∑
k∈Z∪{0} → (L/2πβ)

∫∞
0 dt. Therefore we have,

log(P ) = − log(2)− L

2πβ

∫ ∞

0
dt log

(
1 + e−te−πβ/L

1 + e−t

)
= − log(2) + 1

2

∫ ∞

0
dt

(
e−t

1 + e−t

)
+O

(
1
L

)
(F.8)

= − log(2) + 1
2 log(2) +O

(
1
L

)
L→∞−−−−→ log

(
1
√
2

)
(F.9)

As mentioned before, a free system is described by the sum of free Hamiltonians on each edge of the
interferometer and therefore, the total partition function will be the product of the two partition
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functions obtained above. Thus,

Ztotal
ψ

Ztotal
σ

= 1
2 . (F.10)

This then gives the detailed balance condition pσσψ = 2pψσσ, and from the comparison with the
tunneling probabilities from Sec. 2.4.3,

pσσψ = p(T1, T2)|Γ1 − Γ2e
iα|2, pψσσ = p(T1, T2)

2 |Γ1 − Γ2e
iα−iπ/4|2, (F.11)

we obtain the phase α = π/8 + nπ. The choice of the integer n has no effect on physics. As a
consistency check, it can be seen that this choice of α also makes the tunneling Hamiltonian (2.34)
Hermitian. Indeed this phase can also be directly computed by demanding Hermiticity condition as
we now demonstrate.

S1 D1

S2 D2

S1

D2

D1

S2

→
QPC1 QPC2 QPC1 QPC2

≅
S1 D1

S2 D2

QPC1 QPC2

̂T1 ̂T2

A

B

S1 S2 S1 D1
A

B

̂T1 ̂T2

Figure F.1: In the low-energy effective model of a Mach–Zehnder interferometer, the two tunneling
operators T̂1,2 describe anyon transfer along the two dashed lines between points A and B.

In this discussion we do not specialize to the case of the Ising statistics and only assume that the
tunneling anyon x is its own antiparticle. We simply demand that the tunneling Hamiltonian HT =
Γ1T̂1+Γ2T̂2e

iα be Hermitian, and compare HT and H†
T . Note that this Hamiltonian corresponds to

the case when the tunneling anyon x is its own anti-particle. The case x ̸= x̄ is treated in Secs. 2.5.3
and 2.5.5.

We observe that the statistical phase exp
(
iφcab

)
describes the phase accumulated by an anyon a

on a full counterclockwise circle around an anyon b under the assumption that the two anyons fuse
to c. Restricting ourselves to the low-energy effective model, we see that the two tunneling operators
T̂1,2, transfer anyons between the same points, taking them from point A on the lower edge to point
B on the upper edge, see Fig. F.1. This forms a closed loop, and therefore allows us to relate the two
tunneling operators, restricted to a particular topological sector, via a statistical phase exp

(
iφcab

)
.

However, since we deal with non-Abelian anyons, we also need to restrict ourselves to a particular
fusion channel. Therefore we introduce the projectors Πa = Π†

a that project to the sector with the
trapped topological charge a. Using this we can now relate the two tunneling operators as,

ΠcT̂2Πb = ΠcT̂1Πb exp(iφcxb). (F.12)
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The Hermiticity of the tunneling Hamiltonian requires T̂2eiα = T̂ †
2 e

−iα. We can now restrict this
tunneling operator to a particular fusion channel,

ΠcT̂2Πbeiα = (ΠbT̂2Πc)†e−iα. (F.13)

We observe that the operator on the left hand side transfers an anyon x from point A on the lower
edge to point B on the upper edge when initially the trapped topological charge is b, and at the
end, x and b fuse to c inside the Mach–Zehnder interferometer. The operator on the right hand
side however describes the reverse process. We now make use of the relation in Eq. (F.12) and the
relation T̂1 = T̂ †

1 to obtain,

e2iαΠcT̂1Πb = θ2xΠcT̂1Πb, (F.14)

where we used the equation exp
(
iφcxb

)
= θc/(θxθb). This fixes the phase exp(iα) = ±θx.

We now turn to another method to compute the phase α again using the principle of detailed
balance. The heat current goes to zero in the case when the temperatures of the two edges are
equal, however, the tunneling probabilities are non-zero. For a stationary distribution, the transition
probabilities pbxa satisfy the detailed balance conditions between the processes x×a→ b and x×b→
a. The probabilities are given by Eqs. (F.1a) and (F.1b) with x in place of σ. Notice that the
probabilities of these processes differ only by their partition functions calculated in a particular
superselection sector. We computed the ratio of the partition functions in different superselection
sectors explicitly for the Ising anyon case and found it to be a constant that in turn gives the detailed
balance condition. In fact we see that for a general case, the ratio of the partition functions, each
computed in a particular superselection sector, is independent of the tunneling amplitudes Γ1,2, and
therefore the ratio of the probabilities pbxa/paxb is independent of Γ1,2. This restriction allows us
to compare the probabilities of the mutually reverse processes and fix the phase α, provided the
tunneling anyon, in this case anyon x, is other than a fermion or a boson. We may now compare
the probabilities for the two processes x× a→ b and x× b→ a,

pbxa = N b
xa

db
dxda

|Γ1 + Γ2e
iα+iφb

xa |2p(T, T ), and paxb = Na
xb

da
dxdb

|Γ1 + Γ2e
iα+iφa

xb |2p(T, T ). (F.15)

As argued above, their ratio should be independent of Γ1,2, which amounts to saying that the ratio
λ ≡ |Γ1+Γ2 exp(iϕ1)|2

|Γ1+Γ2 exp(iϕ2)|2 is independent of Γ1,2, where we defined ϕ1 = α+ φbxa and ϕ2 = α+ φaxb. This
gives a condition on the angles ϕ1,2,

cos(ϕ1)− λ cos(ϕ2) =
(λ− 1)(Γ2

1 + Γ2
2)

2Γ1Γ2
. (F.16)

We want this condition to be independent of Γ1,2 for arbitrary Γ1,2. This is only possible when λ = 1.
This then gives, cos(ϕ1) = cos(ϕ2), or ϕ1 = 2nπ±ϕ2, where n ∈ Z. The first case, ϕ1 = ϕ2 mod 2π,
puts no restriction on α, when φbxa = φaxb mod 2π. This however implies that φxx1 = φ1xx. This is
only possible for θx = ±1, i.e., for tunneling particles, which are bosons or fermions. Assuming that
is not the case, we use the other condition, ϕ1 = −ϕ2 mod 2π, to obtain a restriction on α,

eiα = ±e−i
(φb

xa+φa
xb

)
2 . (F.17)
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Upon using exp
(
iφcab

)
= θc

θaθb
, we get eiα = ±θx consistent with the Hermiticity condition, as well

as the phase found for the special case of Ising anyons.



Appendix G

Topological order with unusual
fusion rules

In Sec. 2.5.5, we consider anyon models having the following property: if x ̸= x̄, the fusion results
of x × x and a × ā share no common topological charge for all possible a. It is not true that all
anyon models satisfy this requirement. As a counterexample, an anyon model is constructed in this
Appendix through the approach used in Ref. [105].

We briefly summarize the approach in this paragraph. Given a discrete group H̄, one can extend it
to a quasi-triangular Hopf algebra D(H̄) with the basis {

g

x }g,x∈H̄ . Different representations of the

Hopf algebra D(H̄) are interpreted as anyons with different topological charges (called superselection
sectors in [105]), and the representations are labeled in two steps: (1) find the Ath conjugacy class
AC of H, of which Ag1 is an element; (2) find the αth representation αΓ of the centralizer AN of
Ag1 in H̄. We use |AC, αΓ⟩ or ΠAα to denote the topological charges or representations. An explicit
construction of a representation of D(H̄) is as follows: (1) Let AC = {Ag1,Ag2, . . . ,Agk}; (2) choose
representatives {Ax1,Ax2, . . . ,Axk} of the equivalence classes in H̄/AN under the requirement Agi =
Axi

Ag1
Ax−1

i ; (3) denote basis elements of the irreducible representation αΓ as αvj ; (4) in the vector
space V Aα spanned by |Agi, αvj⟩, where i = 1, 2, . . . ,dimα and j = 1, 2, . . . , k, a representation of
D(H̄) is

ΠAα (
g

x )|Agi, αvj⟩ = δg,xAgi x−1 |xAgi x−1, αΓ
(
Ax−1

l xAxi
)
αvj⟩, (G.1)

where the index l is chosen by letting Agl = xAgix
−1. To find the fusion rules, we consider the tensor

product of two representations of the algebra D(H̄), ΠAα ⊗ΠBβ . Using comultiplication ∆ : D(H̄) →
D(H̄) ⊗D(H̄), one interprets the product as another representation of D(H̄). The decomposition
of the tensor product into irreducible representations,

ΠAα ⊗ΠBβ = NABC
αβγ ΠCγ , (G.2)

is known as a fusion rule.
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Here we only consider the sector whose conjugacy class is that of the identity element e of the
group H̄, also known as the magnetic vacuum sector. The conjugacy class is the set 1C = {e}.
The centralizer 1N is thus H̄, and H̄/1N contains only one equivalence class, namely H̄, whose
representative is chosen to be e. For a unitary irreducible representation αΓ of 1N = H̄, we can find
the representation Π1

α of D(H̄) on the vector space spanned by the basis |e, 1vi⟩ as

Π1
α(
g

x )|e, αvi⟩ = δg,e|e, αΓ(x)αvi⟩. (G.3)

The above representations of D(H̄) are equivalent to those of H̄. The tensor product of two repre-
sentations of H̄ can be decomposed into irreducible representations of H̄. Hence, the fusion rule for
Π1
α, Π1

α ⊗Π1
β = N11γ

αβ1Π
1
γ , is equivalent to αΓ⊗ βΓ = N11γ

αβ1
γΓ.

Table G.1: Character table of the group C3
2 .F8, adapted from Ref. [106]. This group has 10 conjugacy

classes, each of them corresponds to one column in the table. There are 10 irreducible representa-
tions, whose characters are shown in the rows. ζ7 is used to denote exp(2πi/7) in this table.

class 1 2 4A 4B 7A 7B 7C 7D 7E 7F
size 1 7 28 28 64 64 64 64 64 64
ρ1 1 1 1 1 1 1 1 1 1 1
ρ2 1 1 1 1 ζ47 ζ67 ζ27 ζ57 ζ7 ζ37
ρ3 1 1 1 1 ζ27 ζ37 ζ7 ζ67 ζ47 ζ57
ρ4 1 1 1 1 ζ57 ζ47 ζ67 ζ7 ζ37 ζ27
ρ5 1 1 1 1 ζ37 ζ7 ζ57 ζ27 ζ67 ζ47
ρ6 1 1 1 1 ζ7 ζ57 ζ47 ζ37 ζ27 ζ67
ρ7 1 1 1 1 ζ67 ζ27 ζ37 ζ47 ζ57 ζ7
ρ8 7 7 −1 −1 0 0 0 0 0 0
ρ9 14 −2 −2i 2i 0 0 0 0 0 0
ρ10 14 −2 2i −2i 0 0 0 0 0 0

Now we provide an example where H̄ = C3
2 .F8 is a group of order 448. Table G.1 is its character

table. Anyons corresponding to the representations in the table are denoted as |e, ρi⟩. Note that
this should not be confused with the basis |e, αvi⟩ used above.

Observe that ρ9 and ρ10 are conjugate representations and their tensor product is ρ9 × ρ10 =
ρ1+ρ2+ · · ·+ρ7+3ρ8+6ρ9+6ρ10. The tensor product of ρ9 with itself is ρ9×ρ9 = 4ρ8+6ρ9+6ρ10.
Identifying |e, ρ1⟩ as the vacuum, we find that |e, ρ9⟩ and |e, ρ10⟩ are mutual antiparticles, and further
|e, ρ9⟩ × |e, ρ9⟩ → |e, ρ8⟩, |e, ρ10⟩ × |e, ρ9⟩ → |e, ρ8⟩. In the tunneling problem we considered, this
means that both |e, ρ9⟩ and its antiparticle contribute to the process where the topological charge
on edge 2 changes from |e, ρ9⟩ to |e, ρ8⟩. Hence, in general, one cannot separate the operators T and
T † as done in Eq. (2.51). However, as seen in this example, anyon models with such a property are
complicated, so we omit the discussion of those models in the main text.



Appendix H

Calculation of the average noise

This appendix provides details of the noise calculation from Sec. 2.6. Specifically, we calculate
the expectation value of some expressions containing the heat current with respect to the random
variables s2k−1 and tk. First, consider the expectation value of the heat current IT (t), Eq. (2.97),

⟨IT (t)⟩ = I0 +∆I
∞∑
k=1

⟨sk⟩θ(t− tk). (H.1)

After averaging over the Bernoulli random variables s2k−1, the ∆I term vanishes, so we find that
⟨IT (t)⟩ = I0. Then we consider the expression IT (0)IT (t) in the definition of the noise (Eq. (2.95)),

IT (0)IT (t) = I20 +I0∆I
( ∞∑
k=1

skθ(−tk)+
∞∑
k=1

skθ(t− tk)
)
+(∆I)2

( ∞∑
k=1

skθ(−tk)
)( ∞∑

k=1
skθ(t− tk)

)
.

(H.2)
To find the average, we choose to average over the Bernoulli random variables s2k−1 first, then we
take the average over the Poisson process tk. First, when averaging over all s2k−1’s, only terms
containing s2k−1s2k = −1 or (sk)2 = 1 are non-zero.

⟨IT (0)IT (t)⟩avg. = I20 +(∆I)2
( ∞∑
k=1

−θ(−t2k−1)θ(t− t2k)−θ(−t2k)θ(t− t2k−1)+
∞∑
l=1

θ(−tl)θ(t− tl)
)
.

(H.3)
Following the definition in Eq. (2.99), N(0) is used to denote the total number of tunneling events
up to the time t = 0, and our subsequent analysis will depend on the parity of N(0). When N(0) is
odd, we have t2n−1 ≤ 0 < t2n. The coefficient of (∆I)2 is found to be

−
n∑
k=1

θ(−t2k−1)θ(t− t2k)−
n−1∑
k=1

θ(−t2k)θ(t− t2k−1) +
2n−1∑
l=1

θ(−tl)θ(t− tl) = θ(t− t2n−1)− θ(t− t2n).

(H.4)
The following integral appearing in the definition of the zero-frequency noise gives,

lim
ω→0

∫
dt eiωt

[
⟨IT (0)IT (t)⟩avg. − ⟨IT (t)⟩⟨IT (0)⟩

]
= (∆I)2(t2n − t2n−1). (H.5)
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On the other hand, N(0) being even is equivalent to the condition t2n ≤ 0 < t2n+1. The coefficient
of (∆I)2 vanishes in such case:

−
n∑
k=1

θ(−t2k−1)θ(t− t2k)−
n∑
k=1

θ(−t2k)θ(t− t2k−1) +
2n∑
l=1

θ(−tl)θ(t− tl) = 0. (H.6)

Thus, the corresponding integral in the definition of the noise also vanishes.
Finally we can find the average integral under the Poisson process given by the τk’s. Since we

know that only odd N(0) contribute, the expectation value could be written as

(∆I)2
∑

odd n,
n>0

P (N(0) = n)
∫ 0

t0

dtn

∫ ∞

0
dtn+1 f(tn+1, tn) (tn+1 − tn), (H.7)

where f(tn+1, tn) is the joint conditional probability distribution function for tn and tn+1 under
the condition N(0) = n. Poisson process has the property that it is memoryless: given N(0) = n,
tn+1 is exponentially distributed with the parameter λ and independent of the history up to time 0.
Furthermore the distributions of tn+1 and tn are independent, and we know that

E(tn+1|N(0) = n) = τ, E(tn|N(0) = n) = t0
n+ 1 . (H.8)

So the average coefficient of (∆I)2 is

∑
odd n,
n>0

eλt0
(−λt0)n

n!

(
τ − t0

n+ 1

)
= eλt0τ sinh(−λt0) + eλt0

1
λ

∑
odd n

(−λt0)n+1

(n+ 1)! (H.9)

= eλt0τ sinh(−λt0) + eλt0τ [cosh(−λt0)− 1] (H.10)

= τ(1− eλt0). (H.11)

It is now straightforward to obtain Eq. (2.101) in Sec. 2.6.



Appendix I

Dependence of the tunneling heat
current on the size of the
interferometer

In this appendix, we discuss the dependence of the tunneling heat current on the interferometer
size. We consider topological orders allowing a single edge mode. One of such orders is the Ising
order in Kitaev liquids. For simplicity, we assume that the edge velocity is coordinate-independent
and identical on both edges. It is easy to generalize our results to coordinate-dependent veloci-
ties. We also assume that the tunneling operators at the two constrictions have precisely the same
structure except for an overall amplitude multiplying the tunneling operator. The latter assumption
is true for many topological orders as long as it is legitimate to focus on only the most relevant
tunneling operator. As claimed in Sec. 2.2.2 and 2.2.3, the tunneling heat current in a Fabry–Pérot
interferometer depends on the sum of the distances between the tunneling contacts along the two
edges, L1 + L2. The heat current in a Mach–Zehnder interferometer depends on the difference of
the distances |L1 − L2|.

We consider the tunneling of anyons of type x with an arbitrary statistics: x̂1,2(y, t) is the operator
that creates an anyon with topological charge x on edge 1 or 2 of the interferometer at position y and
time t, and ˆ̄x1,2(y, t) creates its antiparticle. The two tunneling operators across one constriction are
Hermitian conjugate to each other; we use T̂ ∼ x̂2(y, t)ˆ̄x1(y, t) and T̂ † ∼ x̂1(y, t)ˆ̄x2(y, t) to denote
them. We adopt the following convention: when considering two separate edges, lower and upper,
the coordinate axes on the two edges are always chosen to be in the same right-moving direction.

For a Fabry–Pérot geometry, on the lower edge (edge 1), the two constrictions are labeled by their
coordinates y1 and y2, and the distance between them is L1 = y2 − y1. We choose the coordinates
on the upper edge (edge 2) to be y1 and y2 + ℓ, then L2 = L1 + ℓ. The tunneling Hamiltonian is
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given by

HT = Γ1T̂1 + Γ2T̂2 +H.c. = Γ1x̂2(y1, t)ˆ̄x1(y1, t) + Γ2x̂2(y2 + ℓ, t)ˆ̄x1(y2, t) + H.c. (I.1)

By the same argument as in Appendix E, the operator for the tunneling heat current is

IT = Γ1T̂ ′1 + Γ2T̂ ′2 +H.c. = −Γ1x̂2(y1, t)∂t ˆ̄x1(y1, t)− Γ2x̂2(y2 + ℓ, t)∂t ˆ̄x1(y2, t) + H.c., (I.2)

where T̂ ′1,2 = −x̂2(y1, t)∂t ˆ̄x1(y1, t) contains the time derivative on ˆ̄x1. The derivative should be
computed in the theory without tunneling. One can find the interference terms in the expectation
value of the heat current as

−i
∫ t

−∞
dt′
{
Γ1Γ∗

2⟨[T̂ ′1(t), T̂ †
2 (t

′)]⟩+ Γ1Γ∗
2⟨[T̂ ′†

2(t), T̂1(t′)]⟩ −H.c.
}
. (I.3)

Due to the translational symmetry, the two-point correlation functions can be expressed as

⟨x̂1(y1, t1)ˆ̄x1(y2, t2)⟩ = ⟨ˆ̄x1(y1, t1)x̂1(y2, t2)⟩ = G1(t1 − t2 − y1 + y2), (I.4)

⟨x̂2(y1, t1)ˆ̄x2(y2, t2)⟩ = ⟨ˆ̄x2(y1, t1)x̂2(y2, t2)⟩ = G2(t1 − t2 + y1 − y2). (I.5)

Since the correlation functions of the form ⟨x̂2(y1)ˆ̄x1(y2)x̂1(y3)ˆ̄x2(y4)⟩ can be decomposed into con-
formal blocks ⟨x̂2(y1)ˆ̄x2(y4)⟩⟨ˆ̄x1(y2)x̂1(y3)⟩, we find the following relations,

⟨T̂ ′1(t)T̂ †
2 (t

′)⟩ − ⟨T̂1(t′)T̂ ′†
2(t)⟩ ∝ G′

1(t− t′ + y21)G2(t− t′ − y21 − ℓ) + (t↔ t′), (I.6)

where G′ denotes the derivative of G, and

⟨T̂ ′†
2(t)T̂1(t′)⟩ − ⟨T̂ †

2 (t
′)T̂ ′1(t)⟩ ∝ G′

1(t− t′ − y21)G2(t− t′ + y21 + ℓ) + (t↔ t′). (I.7)

Hence, the integral in Eq. (I.3) can be written as∫ t

−∞
dt′
{
⟨[T̂ ′1(t), T̂ †

2 (t
′)]⟩+ ⟨[T̂ ′†

2(t), T̂1(t′)]⟩
}
∝
∫ ∞

−∞
dτ [G′

1(τ)G2(τ − 2y21 − ℓ) +G′
1(τ)G2(τ + 2y21 + ℓ)].

(I.8)

Combining this equation with Eq. (I.3), we find that the tunneling heat current in a Fabry–Pérot
interferometer depends on L1 + L2 = 2y21 + ℓ.

For the Mach–Zehnder geometry, we make the same choice for the coordinates of the two con-
strictions on the upper and lower edges. Naively, the tunneling Hamiltonian can be written as,

HT = Γ1T̂1 + Γ2T̂2 +H.c. = Γ1x̂2(y1, t)ˆ̄x1(y1, t) + Γ2x̂2(y2 + ℓ, t)ˆ̄x1(y2, t) + H.c. (I.9)

This naive Hamiltonian is actually incorrect though it will be useful to us below. The problem is that
the above Hamiltonian violates locality: the two tunneling operators do not commute. The issue
can be fixed in a systematic way with the help of Klein factors. Besides fixing the commutativity
problem, the Klein factors keep track of the confined topological charge.

An alternative approach is based on Appendix F. The tunneling paths in the two constrictions
run on the two sides of the hole in the interferometer. This leads to a number of technical challenges.
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S1 D1

S2 D2
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D1
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QPC1 QPC2 QPC1 QPC2

≅
S1 D1

S2 D2

QPC1 QPC2

Figure I.1: Topology of a Mach–Zehnder interferometer. Dotted lines show tunneling contacts.
The paths through QPC2 in the left panel can be deformed as in Appendix F. This results in the
configuration from the right panel.

In particular, it becomes impossible to connect the upper and lower edges as in Appendix D. The
problem can be solved by flipping one of the two tunneling paths to the other side of the hole (Fig. I.1)
as in Appendix F. Klein factors are no longer needed after that since the topological charge between
the tunneling paths no longer changes after each tunneling event. Also, the tunneling operators no
longer have to commute since the two tunneling paths cross (Fig. I.1). Of course, this comes at the
price of the model being useful for computing the tunneling probability only for a given value of
the trapped topological charge in a given fusion channel with the tunneling anyon. This is enough,
however, for the purposes of this appendix and justifies the use of the above non-local Hamiltonian.

In contrast to the Fabry–Pérot geometry, the two edges are co-propagating. The correlation
function on edge 2 should be of the form,

⟨x̂2(y1, t1)ˆ̄x2(y2, t2)⟩ = ⟨ˆ̄x2(y1, t1)x̂2(y2, t2)⟩ = G2(t1 − t2 − y1 + y2) (I.10)

We focus on the interference contribution again,

⟨T̂ ′1(t)T̂ †
2 (t

′)⟩ − ⟨T̂1(t′)T̂ ′†
2(t)⟩ ∝ G′

1(t− t′ + y21)G2(t− t′ + y21 + ℓ) + (t↔ t′), (I.11)

and

⟨T̂ ′†
2(t)T̂1(t′)⟩ − ⟨T̂ †

2 (t
′)T̂ ′1(t)⟩ ∝ G′

1(t′ − t− y21)G2(t′ − t− y21 − ℓ) + (t↔ t′). (I.12)

Comparing with the expression for the interference contribution to the tunneling heat current in the
Fabry–Pérot geometry, we can obtain the result for a Mach–Zehnder interferometer by replacing the
parameter 2y21 + ℓ with ℓ. We have consequently shown that the tunneling heat current in Mach–
Zehnder interferometers depends on the difference of the distances between the two point contacts
on the two edges, i.e. |L1 − L2|.



Appendix J

Series expansion of Po(t, x)

Ref. [51] provides a technique to represent Po(t, x) as an exponential function of a series, for θ = π/4
and v1 → ∞. We follow this technique in this appendix, and extend it to an arbitrary θ and a more
general v1, as well as to the finite-temperature regime.

J.1 Zero temperature

For the purpose of numerical integration, it is better to write Po(t, a) as the product P1(a)P2(t, a)P3(t)
of the following three expressions,

P1(a) = exp
(
2m2ν1

∫ ∞

0

dω

ω
S∗
11e

−ωδ
)
, (J.1)

P2(t, a) = exp
[
m2ν1

∫ ∞

0
dω

1
ω
(S12 + S∗

12 − 2)e−iωte−ωδ
]
, (J.2)

P3(t) = δ−2m2ν1 exp
[
− 2m2ν1

∫ ∞

0

dω

ω
(1− e−iωt)e−ωδ

]
= (δ + it)−2m2ν1 . (J.3)

We will set v1 = kv2, where k is an integer. All our plots correspond to such a choice of the velocities.
It is straightforward to generalize to a rational k. The technique does not generalize to the case,
where k is an irrational number, but this is irrelevant from the physical point of view. Now we take
the coefficients S11 and S12 as functions of the dimensionless variable ω′ = aω/v1. Expanding S11

and S12−1 in series in ξ = eiω
′ , we can find

S11 =
∞∑
n=0

an(1− ξ)ξn, (J.4)

S12 − 1 =
∞∑
n=0

bn(1− ξ)ξn, (J.5)

where an and bn are real numbers. Next, we will make use of the following formula,

f(η,A) =
∫ ∞

0

dω

ω
(1− e−iωη)e−ωA = ln

(
1 + i

η

A

)
. (J.6)
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Therefore, P1 and P2 in Eqs. (J.1) and (J.2) can be expressed in the following form,

P1(a) = exp
{
2m2ν1

∞∑
n=0

anf(1, in+ v1δ

a
)
}
, (J.7)

P2(t, a) = exp
{
m2ν1

∞∑
n=0

bn
[
f(−1,−in+ i

v1t

a
+ v1δ

a
)f(1, in+ i

v1t

a
+ v1δ

a
)
]}
. (J.8)

For the purpose of numerical computations, we only keep a finite number of terms in these expansions,
and the exact number of terms depends on the rate of convergence. One can show that the rate of
convergence increases as we increase θ. For the curves shown in Fig. 3.11, we keep 400 terms for
θ = π/32; 300 terms for θ = π/16; 100 terms for θ = π/8; 80 terms for θ = π/4.

J.2 Finite temperature

At a finite temperature T , Po(t, a) can be written as P1(a)P2(t, a)P3(t) as well. The finite-temperature
expressions of the factors are

P1(a) = exp
[
2m2ν1

∫ ∞

0

dω

ω

(
S∗
11

1− e−ℏω/T + S11

eℏω/T − 1

)
e−ωδ

]
, (J.9)

P2(t, a) = exp
[
m2ν1

∫ ∞

0

dω

ω
(S12 + S∗

12 − 2)
(

e−iωt

1− e−ℏω/T + eiωt

eℏω/T − 1

)
e−ωδ

]
, (J.10)

P3(t) = δ−2m2ν1 exp
[
−2m2ν1

∫ ∞

0

dω

ω

(
1− e−iωt

1− e−ℏω/T + 1− eiωt

eℏω/T − 1

)
e−ωδ

]
= (πT/ℏ)2mν2

1

sin2mν2
1 [(πT/ℏ)(δ + it)]

.

(J.11)

To derive an expansion at a finite temperature, a generalization of Eq. (J.6) is required. We use
the following formula (for a derivation, see Ref. [21]),

g(η,A, β) =
∫ ∞

2π/L

dω

ω

(
e−iωη

1− e−βω
+ eiωη

eβω − 1

)
e−ωA

= − ln
{
2β
L

sin
[
π

β
(A+ iη)

]}
, (J.12)

where the limit L → ∞ is assumed. One can check the agreement with Eq. (J.6) by computing
g(η,A, β)− g(0, A, β) in the limit of β → ∞.

We take the coefficients S11 and S12 as functions of the dimensionless variable ω′ = aω/v1 again,
but use a different expansion in ξ = eiω

′ ,

S11 =
∞∑
n=0

cnξ
n, (J.13)

S12 − 1 =
∞∑
n=0

dnξ
n. (J.14)

For a side note, one can derive the following relations between an, bn and cn, dn,

cn = an − an−1, c0 = a0, (J.15)

dn = bn − bn−1, d0 = b0. (J.16)
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In Eqs. (J.9) and (J.10), P1 and P2 can be represented as

P1(a) = exp
[
2m2ν1

∞∑
n=0

cng(n,
v1δ

a
,
ℏv1
Ta

)
]
, (J.17)

P2(t, a) = exp
{
m2ν1

∞∑
n=0

dn[g(−n+ v1t

a
,
v1δ

a
,
ℏv1
Ta

)g(n+ v1t

a
,
v1δ

a
,
ℏv1
Ta

)]
}
. (J.18)

J.3 Series representation of Po(t, 0)
Finally, for the completeness of the discussion, we give an expansion for Po(t, 0) as well. At zero
temperature, we write Po(t, 0) as P3(t)P4(t), where P3(t) is given in Eq. (J.3) and P4(t) is

exp
{
m2ν1

∫ ∞

0

dω

ω
(S11 + S∗

11)(1− e−iωt)e−ωδ
}
. (J.19)

We adopt the expansion of S11 in the form of Eq. (J.13). Therefore P4 is represented as

exp
{
m2ν1

∞∑
n=0

cn
[
f(v1t

a
,−in+ v1δ

a
) + f(v1t

a
, in+ v1δ

a
)
]}
. (J.20)

At a finite temperature, P3(t) is given in Eq. (J.11), and P4 is

exp
{
m2ν1

∫ ∞

0

dω

ω
(S11 + S∗

11)
(

1− e−iωt

1− e−ℏω/T + 1− eiωt

eℏω/T − 1

)
e−ωδ

}
, (J.21)

which can be represented in the following series form,

exp
{
m2ν1

∞∑
n=0

cn[g(0,
v1δ

a
− in,

ℏv1
Ta

)− g(v1t
a
,
v1δ

a
− in,

ℏv1
Ta

)

+ g(0, v1δ
a

+ in,
ℏv1
Ta

)− g(v1t
a
,
v1δ

a
+ in,

ℏv1
Ta

)]
}
. (J.22)



Appendix K

Effect of asymmetric bias and
charge fluctuations on the
Aharonov–Bohm phase

We need to consider the phase due to the accumulation of charge in the device, in addition to the
usual Aharonov–Bohm phase. This additional phase depends on the bias voltages applied to the
lower and upper edges. Also, as discussed in Appendix L, it exhibits discrete jumps when the charge
on the closed inner channel changes between its allowed quantized values. In the first part of this
Appendix, we explicitly calculate this additional phase for the ν = 2 interferometer in terms of the
bias voltages Vd, Vu, and the total charge of the inner mode Ne, where N is an integer. We also
determine possible occupation numbers on the closed inner edge as functions of the bias at zero
temperature. In the second subsection, we perform a similar calculation at ν = 2/5.

K.1 ν = 2
The charge density of the right- or left-moving ν = 1 mode is ± e∂xφ

2π . We first write down the
Hamiltonian in terms of the original outer and inner modes,

H = a

[
ℏvo
4π (∂xφuo )2 +

ℏvi
4π (∂xφui )2 +

2ℏw
4π (∂xφuo )(∂xφui ) +

ℏvo
4π (∂xφdo)2 +

ℏvi
4π (∂xφdi )2 +

2ℏw
4π (∂xφdo)(∂xφdi )

]
−a
[
Vd
e∂xφ

d
o

2π + Vu

(
−e∂xφ

u
o

2π

)]
, (K.1)

where ±e∂xφ/2π stay for average time-independent charge densities, which do not depend on the
coordinate on the lower and upper edges.

To find the phase factor, we must know the charge densities in the ground state. Therefore, we
minimize the Hamiltonian with respect to the charge densities [39]. The total charge on the inner
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channel is Ne, therefore we have a constraint

e∂xφ
d
i

2π −
e∂xφ

u
i

2π = Ne

a
, (K.2)

where a is the distance between the QPCs.
We first assume a constant N = 0. Differentiating the Hamiltonian with respect to the three

variables ∂xφui , ∂xφuo and ∂xφdo, we find the condition for the extrema

∂xφ
u
i = qui = − e(Vd − Vu)w

2 (vivo − w2) , (K.3)

∂xφ
u
o = quo = −2eVuvivo − eVuw

2 − eVdw
2

2vo (vivo − w2) , (K.4)

∂xφ
d
o = qio = 2eVdvivo − eVuw

2 − eVdw
2

2vo (vivo − w2) . (K.5)

To make the ground state expectation values ⟨∂xφu/do/i ⟩ vanish, we shift the fields φ
u/d

o/i → φ
u/d

o/i −q
u/d

o/i x,
and the additional phase factor for Γ2 is then given by

exp
[
i(quo − qdo)a

]
= exp

[
− ie(Vd + Vu)a

ℏvo

]
(K.6)

This phase depends only on the outer mode velocity vo.
Next, we consider the general case when the charge on the inner edge is Ne ̸= 0 and induces an

additional charge of −Ne(w/vo) on the outer edge. Then, the outer-edge phase factor is

exp
[−ie(Vd + Vu)a

ℏvo
+2πiN w

vo

]
. (K.7)

As an example, when vi = vo and the ratio between the eigen-mode velocities is v1 = 5v2, from
Eq. (3.5), we can find vo = vi = 3v2 and w = 2v2. Therefore, the phase jump due to each electron
charge in the inner channel is +4π/3, which equals −2π/3 (mod 2π). At zero temperature, the
phase jumps happen when the energy is the same for two subsequent values of N .

We now address the dynamics of N . To set up the kinetic equations, we need to count the
number of the available states on the inner loop. To do this we introduce the chemical potential eVi
of the inner loop, that is, subtract a

[
Vi

e
2π∂xφ

d
i − Vi

e
2π∂xφ

u
i

]
from the Hamiltonian. Our task is to

count available values of the electron number n on the inner edge for Vd > Vi > Vu. The number of
electrons that minimizes the Hamiltonian for a given choice of Vi is

N = [β0
(
2vo
w
Vi − Vu − Vd

)
], (K.8)

where [x] is the nearest integer to x and

β0 = ea

2πℏ
w

vivo − w2 . (K.9)

Within the above model the maximal and minimal occupancy of the inner loop can be obtained
by substituting Vi = Vd and Vi = Vu. There is, however, two subtleties, which require a slight
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modification of our model. The inner loop may couple to various gates. In the simplest model,
the electrostatic coupling shifts Vi by a constant. A similar shift is needed to accommodate the
coupling of the current along the inner loop and the magnetic field [39]. With this in mind, we set
N = Nu ≡ [gu] for Vi = Vu and N = Nd ≡ [gd] for Vi = Vd, where the brackets mean the nearest
integer,

gu = β0(
2vo
w
Vu − Vu − Vd) + β1λ1, (K.10)

gd = β0(
2vo
w
Vd − Vu − Vd) + β1λ1, (K.11)

and λ1 is a control parameter, such as the magnetic flux. β1 is a constant that depends on the
details of the system. In general, multiple control parameters may be present. We ignore this point
to make the notations simpler. We assume that Vd > Vu and hence Nd > Nu. Then the range of
possible number of electrons on the inner loop is between Nd and Nu.

K.2 ν = 2/5
When ν = 2/5, the Hamiltonian is given by

H = a
[ℏvo
4π (∂xφuo )2 +

ℏvi
4π (∂xφui )2 +

2ℏw
4π (∂xφuo )(∂xφui )

+ ℏvo
4π (∂xφdo)2 +

ℏvi
4π (∂xφdi )2 +

2ℏw
4π (∂xφdo)(∂xφdi )

− Vd
√
ν1
e∂xφ

d
o

2π − Vu
√
ν1

(
−e∂xφ

u
o

2π

)
− Vi

√
ν2

e

2π∂xφ
d
i +Vi

√
ν2

e

2π∂xφ
u
i

]
. (K.12)

where ν1 = 1/3 and ν2 = 1/15. If we assume that quasiparticles with charge ν1e can tunnel into the
inner edge from the outer edge channels, then a general restriction on the charge of the inner edge
is

√
ν2
e∂xφ

d
i

2π −
√
ν2
e∂xφ

u
i

2π = Nν1e

a
. (K.13)

The Aharonov–Bohm phase introduced by the variation of the charge density in response to the
voltage bias and the electric field of N quasiparticles on the inner edge is

exp
(
iϕAB2/5

)
= exp

[
i
√
ν1(∂xφuo − ∂xφ

d
o)a
]
. (K.14)

It is computed the same way as at ν = 2:

exp
(
iϕAB2/5

)
= exp

{
i

[
−eν1(Vd + Vu)a

ℏvo
+ 2πN(ν1

√
ν1/

√
ν2)

w

vo

]}
(K.15)

There is also an additional statistical phase 2πNν1.
Just like at ν = 2, we need to find the minimal and maximal numbers Nu and Nd of the

quasiparticles, consistent with the chemical potentials Vu and Vd. The calculation follows the same
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route as at ν = 2. We find Nu = [gu] and Nd = [gd], where the brackets mean the closest integer,
with a slightly different definitions of gu,d than at ν = 2,

gu =
√
ν2
ν1

β0(
2vo
w

√
ν2Vu −

√
ν1Vu −

√
ν1Vd) + β1λ1; (K.16)

gd =
√
ν2
ν1

β0(
2vo
w

√
ν2Vd −

√
ν1Vu −

√
ν1Vd) + β1λ1. (K.17)

Just like above, the β1λ1 term accounts the effect of the variations of the magnetic field and gate
voltages on the closed inner loop.



Appendix L

Fourier Expansion with Phase
Jumps

We discuss here effects of phase jumps arising from an integer constraint on the charge on a closed
inner mode on the Fourier expansions of the interference current and the differential conductance.
We limit our discussion to the short-time limit at ν = 2. It also applies to linear transport.

Assume the effective Aharonov–Bohm phase ϕ can be written as

ϕ = C + αL + P (g) (L.1)

where C is a constant,

αL =
N∑
j=0

ᾱjλj , (L.2)

g =
N∑
j=0

β̄jλj , (L.3)

and P is a periodic function of g, where λj , for 1 ≤ j ≤ N are parameters such as the magnetic
field and various gate voltages, while λ0 = Ṽ . The coefficients ᾱj , β̄j are constants that depend on
details of the system, and with no loss of generality, we can choose the period of P to be 1.

To describe sharp phase jumps, we choose P to be a sawtooth function,

P (g) = γ̄(g − [g] +D), (L.4)

where [g] is the closest integer to g, and D is a constant. Such a choice is justified by the discussion
in Section 3.2.5. Without loss of generality, we can set D = 0 by changing the value of C. Then

P (g) =
∑
n

γne
2πing, (L.5)

where γn = iγ̄(−1)n/2πn and γ0 = 0.
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A similar expansion can be used in a situation where the inner mode is not perfectly reflected
at the QPCs. In this case, the saw-tooth steps will be rounded, and the values of γn will fall off
exponentially at large n.

In the same way, we can write

eiP (g) =
∑
n

cne
2πing =

∑
n

cne
2πin(β̄0Ṽ+

∑
β̄jλj). (L.6)

The coefficients cn may be expanded in terms of products of the γn, if γ̄ is small.
We wish to take the Fourier transform of eiϕ with respect to one or more of the parameters λj

for j ≥ 1. In the simplest case, we just choose j = 1, and hold λj fixed for all other j. (Without loss
of generality, we can set these parameters equal to zero by adjusting the constant C and shifting
λ1.)

Let us define
h(k) =

∫ ∞

−∞
dλ1e

−ikλ1eiϕ (L.7)

We then find that
h(k) = 2πeiC

∑
n

cne
iṼ (ᾱ0+2πnβ̄0) δ(k − ᾱ1 − 2πnβ̄1). (L.8)

We see that a non-zero value of Ṽ leads to linear shifts in phases but no change in the magnitudes
of the various Fourier components.

If γ̄ = 0, we have
h(k) = 2πδ(k − ᾱ1)eiᾱ0Ṽ eiC (L.9)

More generally, if γ̄ = 2πm, where m is an integer, we have cn = 0 for n ̸= m, and

h(k) = 2πδ(k − ᾱ1 − 2πmβ̄1)eiṼ (ᾱ0+2πmβ̄0)eiC . (L.10)

If m is not an integer, h will contain multiple Fourier components, but the largest peak in h(k) will
correspond to the integer n that is closest to m.

As an example, we consider the case where the parameter λ1 = BĀ, where Ā is the nominal
area enclosed by the outer edge mode, ignoring the small periodic area oscillations that occur as one
varies parameters. Then ᾱ1 = e/ℏ. We assume that the nominal area enclosed by inner mode is
slightly smaller than Ā, and we write it as rĀ, where r is slightly smaller than 1. Then 2πβ̄1 = re/ℏ,
The n = 0 peak of the Fourier transform then occurs at a frequency k = e/ℏ while the n = 1 peak
occurs at k = (1+r)e/ℏ ≈ 2e/ℏ. In the limit of strong coupling, where v1/v2 → ∞, we have γ̄ → 2π,
and only the n = 1 peak survives.

Using Eq. (3.44) from the main text, we have

Iint =
Ĩ(V )
2

∑
n

[eiλ1(ᾱ1+2πnβ̄1)e2πinβ̄0Ṽ cne
iCeiᾱ0Ṽ + c.c.]. (L.11)

Then
dIint
dV

=
∑
n

[(An +A′
n)eiλ1(ᾱ1+2πnβ̄1)e2πinβ̄0Ṽ + c.c.], (L.12)
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where

An = 1
2
dĨ

dV
cne

iCeiᾱ0Ṽ , (L.13)

A′
n = iη(Ĩ/2) cneiCeiᾱ0Ṽ (2πnβ̄0 + ᾱ0), (L.14)

and η = dṼ /dV . If we calculate
∫∞
−∞ dλ1e

−ikλ1(dIint/dV ), the Fourier transform of (L.12), we will
obtain a set of δ-function peaks at frequencies k = k±n = ±(ᾱ1 + 2πnβ̄1), with amplitudes given by
(An +A′

n)e2πinβ̄0Ṽ or its complex conjugate. If ᾱ1 is not commensurate with 2πβ̄1, these peaks are
distinct, and their amplitudes can be measured separately. The magnitudes will be independent of
Ṽ and will be given by

An = (|An|2 + |A′
n|2)1/2. (L.15)

In our model, if one is in the strong coupling regime, where γ̄ is close to 2π, the dominant coefficient
cn will come from n = 1, and the dominant term in (L.12) will come from n = 1.

If ᾱ1 and 2πβ̄1 are commensurate, however, some of the peaks may coincide. Thus, if r = 1, we
have k+1 = k−−3, resulting in a single peak with an amplitude (A1+A′

1)e2πiβ̄0Ṽ +(A∗
−3+A′∗

−3)e6πiβ̄0Ṽ .
Then, if c−3 is not negligible compared to c1, the magnitude will depend on Ṽ and on the phase
offset eiC . As remarked above, the coefficients other than c1 all vanish in the limit of strong coupling
between the modes.

The discussions above can be readily generalized to finite temperatures if one replaces eiP (g) in
(L.6) by a thermal average ⟨eiP (g)⟩ and takes into account the Gaussian phase distribution arising
from thermal fluctuations of the charge on the outer edge. Thermal fluctuations will typically lead
to an exponential decrease of the interference signal at high temperatures, with the weaker Fourier
coefficients cn decaying faster than the dominant one. The discussion can also be readily generalized
to situations where one considers two or more parameters λj and takes a multidimensional Fourier
transform with respect to them.

We finally comment on the slope dϕ

dṼ
. If 2a is taken to be the same for the two modes, we find

ᾱ0 = 2πβ̄0 = −2 ea

ℏ(vo + w) , (L.16)

γ̄ = 2πw/vo. (L.17)

The slope dϕ/dṼ between phase jumps is then given by

dϕ

dṼ
= ᾱ0 + γ̄β̄0 = −2 ea

ℏvo
, (L.18)

as found in Appendix K.
By contrast, the slope extracted in an interference experiment from the dominant n = 1 Fourier

peak will be given by
∆ϕ
∆Ṽ

= −4 ea

ℏ(vo + w) , (L.19)

as implied by (L.11). This will be somewhat larger than the differential rate if w < vo. This
difference can also be understood from the results of Appendix K. When Ṽ is increased by the
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amount necessary to change ϕ by 4π, the occupations of the inner and outer modes will have each
increased by one, so that one phase jump will have occurred. If the negative charge jump on the
outer mode has a magnitude less than one, this will reduce the change ∆Ṽ necessary to produce a
net increase of one electron on the outer edge.

In Section 3.2.5, we average the phase factor over the distribution function fN , where N is
fluctuating between Nd and Nu. If we assume Vd = Vu = Ṽ , then Nd = Nu and N would no longer
fluctuate. The effective phases reduces to

ϕ = C + α0λ1 + α1λ1 + γN, (L.20)

where N = [g] and g = κβ0Ṽ + β1λ1. For the case of ν = 2, κ = 2(vo −w)/w. Now ϕ has the same
form as in Eq. (L.1), and one can hence make connections between the coefficients αj , βj and ᾱj , β̄j .
We assume γ̄ = γ + 2πl, where l is an integer, and we have the following relations,

ᾱj + (2πl + γ)β̄j = αj , (L.21)

−β̄0 = κβ0, (L.22)

−β̄1 = β1. (L.23)



Appendix M

Fourier expansion of a
discontinuous function

We consider the Fourier expansion of the following function,

exp[iC1F (g +A) + iC2F (g +B)] =
∑
m

ame
i2πmg, (M.1)

where A,B,C1, C2 are constants and F (g) = g − [g]. The form of the above function is motivated
by Eq. (3.50). The Fourier coefficient am is given by the formula

am =
∫ 1

2

− 1
2

dg e−i2πmg exp[iC1F (g +A) + iC2F (g +B)]. (M.2)

We find that F (g +A) can be written as,

F (g +A) = F (g +A− ⌊A⌋) =

g +A− ⌊A⌋ − 1
2 < g < 1

2 − (A− ⌊A⌋)

g +A− ⌊A⌋ − 1 1
2 − (A− ⌊A⌋) < g < 1

2

. (M.3)

In the following calculations, we will use the notation a ≡ A−⌊A⌋ and b ≡ B−⌊B⌋. We first assume
that a > b. Then

C1F (g +A) + C2F (g +B) =


C1(g + a) + C2(g + b) − 1

2 < g < 1
2 − a

C1(g + a− 1) + C2(g + b) 1
2 − a < g < 1

2 − b

C1(g + a− 1) + C2(g + b− 1) 1
2 − b < g < 1

2

. (M.4)

Next, am can be found as

am = ieiC1a+iC2b

2πm− C1 − C2
e−i(2πm−C1−C2)/2

×[e−i(2πm−C1−C2)(−b)e−iC1(−e−iC2 + 1) + e−i(2πm−C1−C2)(−a)(−e−iC1 + 1)]. (M.5)
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One can analyze the case of a < b by the substitution A↔ B and C1 ↔ C2 so that

am = ieiC1a+iC2b

2πm− C1 − C2
e−i(2πm−C1−C2)/2

×[e−i(2πm−C1−C2)(−a)e−iC2(−e−iC1 + 1) + e−i(2πm−C1−C2)(−b)(−e−iC2 + 1)]. (M.6)

Due to the definitions of a and b, there seems to be an apparent discontinuity in our coefficient am
(M.5) and (M.6) when A or B is an integer. However, this discontinuity is actually absent. Indeed,
in the limit a→ 1−, b is less than a. We now use (M.5) and find that

am = ie−i(2πm−C1−C2)/2

2πm− C1 − C2
eiC1+iC2b

×[e−i(2πm−C1−C2)(−b)e−iC1(−e−iC2 + 1) + ei(−C1−C2)(−e−iC1 + 1)]. (M.7)

In the limit a→ 0+,

am = ie−i(2πm−C1−C2)/2

2πm− C1 − C2
eiC2b

×[e−iC2(−e−iC1 + 1) + e−i(2πm−C1−C2)(−b)(−e−iC2 + 1)]. (M.8)

One can see that the two limits are equal, hence no discontinuity occurs.
Eq. (M.5) simplifies in terms of the parameter γ = 2πw

vo
(mod 2π), C1 = −γ

2 − i log
(
cos γ2

)
, and

C2 = −γ
2 + i log

(
cos γ2

)
found in Eq. (3.50) as

am = − 2
2πm+ γ

eiπm(a+b−1) cosa−b(γ/2)
(
sin
[
(2πm+ γ)(a− b)− γ

2

]
+ cos−1(γ/2) sin

[
(2πm+ γ)(b− a)

2

])
= 2 tan(γ/2)

2πm+ γ
eiπm(a+b−1) cosa−b(γ/2) cos

[
(2πm+ γ)(a− b)− γ

2

]
. (M.9)

The result for a < b can be found by exchanging a↔ b and C1 ↔ C2,

am = − 2
2πm+ γ

eiπm(a+b−1) cosa−b(γ/2)
(
sin
[
(2πm+ γ)(b− a)− γ

2

]
+ cos(γ/2) sin

[
(2πm+ γ)(a− b)

2

])
= 2 sin(γ/2)

2πm+ γ
eiπm(a+b−1) cosa−b(γ/2) cos

[
(2πm+ γ)(a− b)

2

]
. (M.10)

We expect a large contribution from m = 0 in the strong coupling regime γ = 2πw
vo

(mod 2π) ≈ 0.



Appendix N

Theory of the resonance

In this section, we provide a quantitative theory of the resonance seen in Fig. 3.9. We assume weak
interaction between the inner and outer edge modes, i.e., θ is small. From Eq. (3.35), we can find
the correction ∆P to Po(t, a) due to this weak interaction. The correction from ∆S11 is merely a
constant (independent of t) after integration and can be ignored. The correction due to ∆S12 equals

∆P = 1
3P

0
o (t, a)

∫ ∞

0

dω

ω
∆(S12 + S∗

12)e−iωte−ωδ, (N.1)

where P 0
o (t, a) = [δ + i(t + a/v1)]−1/3[δ + i(t − a/v1)]−1/3 is the value of Po(t, a) when θ = 0. By

looking at Eq. (3.30), we can find that

∆S12 = −
2θ2

(
e

iaω(v1+v2)
v1v2

(
cos
(
aω
v1

)
− cos

(
aω
v2

)))
+O

(
θ4
)

(
−1 + e

2iaω
v2

)
− 2θ2

(
e

2iaω
v2 − e

iaω(v1+v2)
v1v2

)
+O (θ4)

. (N.2)

To the lowest order, the poles of ∆S12 can be found by calculating the zeroes of the denominator,
and we can write the poles as aωn/v2 = nπ + ϵn + i∆n, where

ϵn + i∆n = −iθ2[1− (−1)neinπ/k] (N.3)

with k = v1/v2. In this equation, we notice that ∆n = −θ2[1 − (−1)n cos(nπ/k)] ≤ 0. One needs
to go to the next order in θ, if the above imaginary part is zero. Below we only focus on leading
resonances with small n and assume that the imaginary part of Eq. (N.3) is nonzero.

To find ∆P , we first assume that t > 0 and consider the contour integral,∫
C1+C2+C3

dz

z
∆(S12 + S∗

12)e−izte−zδ, (N.4)

where C1 : z = s, s ∈ (0,∞) is the positive real axis, C2 : z = Reiφ, φ ∈ (0,−π/2), R → ∞ is a
quarter circle, and C3 : z = is, s ∈ (−∞, 0) is the negative imaginary axis. We denote the residue of
∆S12 at the nth pole as Mn, and find the value of the integral as

D1(t) = 2πi
∑
n

(
Mne

−iωnt

ωn

)
. (N.5)

135



136

The integral along C2 is obviously zero. The integral along C3 is a featureless function of t since the
integrand has no poles close to the imaginary axis. We call that function h(t). Notice that h(t) is a
real function. Therefore, we can write∫ ∞

0

dω

ω
∆(S12 + S∗

12)e−iωte−ωδ = D1(t)− h(t) (N.6)

when t > 0. When t < 0, we close the contour in the counterclockwise direction and observe that
the integral along C1 is D2(t)− h(−t), where

D2(t) = −2πi
∑
n

(
Mne

−iωnt

ωn

)∗

. (N.7)

For all signs of t, we can conclude that the value of the integral is D(t)− h(|t|), where

D(t) = 2πi
∑
n

[
sgn(t)Re

(
Mne

−iωnt

ωn

)
+ i Im

(
Mne

−iωnt

ωn

)]
. (N.8)

Looking at the formula for the interference current,

2e∗

ℏ2
|Γ1Γ2| cosϕ

∫ 0

−∞
dt
[
e−iωJ tP (−t, a)− eiωJ tP (−t, a) + c.c.

]
, (N.9)

we focus on the correction to the current due to D(t), which can be expressed as

∆I = 2e∗

ℏ2
|Γ1Γ2| cosϕ

∑
n

∫ 0

−∞
dt[

2πi
3 P 0

o (−t, a)
Mn

ωn

(
e−i(ωJ−ωn)t − ei(ωJ+ωn)t

)
+ c.c.

]
. (N.10)

We thus expect a resonance when ωJ is close to v2(nπ+ϵn)/a ≈ nπv2/a. The width of the resonance
is set by v2∆n/a ∼ θ2. The height of the conductance maximum can be estimated from the zero
bias anomaly for quasiparticle tunneling at ν = 1/3. To estimate the height we use the voltage on
the order of the resonance width. Then the height is proportional to Mn∆−1/3

n /ωn ∼ θ4/3. The
conductance peak scales as Mn∆−4/3

n ωn ∼ θ−2/3. All these predictions are in qualitative agreement
with the features of the resonance observed in Fig. 3.11. A quantitative comparison is not possible
at large θ.



Appendix O

Scattering matrix for the ν = 2/5
FQH liquid with a chiral channel in
the screening layer

The matrix entry S̃11 can be written as the ratio of two expressions R11 and Q, S̃11 = R11/Q. The
numerator R11(eiaω/vρ , eiaω/va , eiaω/vb ;ψ) is

−5
[
− 4

√
7 sin(3ψ)

(
e

iaω
va − e

iaω
vb

)(
4e

iaω
vρ + 9e

iaω
va − 13e

iaω
vb

)
+
√
7 sin(ψ)

(
−44e

iaω(vρ+va)
vρva + 36e

iaω(vρ+vb)
vρvb + 4e

2iaω
vρ − 62e

iaω(va+vb)
vavb + 53e

2iaω
va + 13e

2iaω
vb

)
−28 cos(3ψ)

(
e

iaω
va − e

iaω
vb

)(
−4e

iaω
vρ + 3e

iaω
va + e

iaω
vb

)
+7 cos(ψ)

(
4e

iaω(vρ+va)
vρva − 12e

iaω(vρ+vb)
vρvb + 4e

2iaω
vρ − 62e

iaω(va+vb)
vavb + 29e

2iaω
va + 37e

2iaω
vb

)
−40

√
7 sin(5ψ)

(
e

iaω
va − e

iaω
vb

)2
+ 56 cos(5ψ)

(
e

iaω
va − e

iaω
vb

)2 ]
(O.1)

The denominator Q(eiaω/vρ , eiaω/va , eiaω/vb ;ψ) is(√
7 sin(ψ) + 7 cos(ψ)

){
5
(
e

iaω
va − e

iaω
vb

) [√
7
(
15 sin(4ψ)

(
e

iaω
va − e

iaω
vb

)
− 4 sin(2ψ)

(
e

iaω
vρ + 10e

iaω
va + 10e

iaω
vb

))
−12 cos(2ψ)

(
e

iaω
vρ + 10e

iaω
va + 10e

iaω
vb

)
+ 5 cos(4ψ)

(
e

iaω
va − e

iaω
vb

) ]
+4
(
20e

iaω(vρ+va)
vρva + 20e

iaω(vρ+vb)
vρvb + e

2iaω
vρ + 100e

iaω(va+vb)
vavb + 150e

2iaω
va + 150e

2iaω
vb − 441

)}
(O.2)
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The matrix element S̃13 is written as R13/Q. The numerator R13(eiaω/vρ , eiaω/va , eiaω/vb ;ψ) is

3
{
25

√
7 sin(5ψ)e

iaω
vρ

(
e

iaω
va − e

iaω
vb

)2
−2

√
7 sin(3ψ)

[
10e

iaω(vρ(va+vb)+vavb)
vρvavb + 30e

iaω(2vρ+va)
vρva + e

iaω(vρ+2va)
vρva − 40e

iaω(2vρ+vb)
vρvb

−e
iaω(vρ+2vb)

vρvb − 125e
iaω(2va+vb)

vavb + 125e
iaω(va+2vb)

vavb + 154e
iaω
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+
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iaω
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]
+35 cos(5ψ)e
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(
e
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iaω
vb
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+7 cos(ψ)
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iaω
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iaω
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]
−14 cos(3ψ)

[
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iaω(2vρ+va)
vρva + e

iaω(vρ+2va)
vρva − 20e
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(O.3)



Appendix P

Effects of charge tunneling
between co-propagating modes in
the presence of a chiral channel in
the screening layer

We need to understand possible values of the charge on the inner closed loop at zero temperature
in the presence of a voltage bias. For this we need to minimize the effective Hamiltonian

Heff = H − Vd
√
ν1
e∂xφ

d
o

2π − Vu
√
ν1

(
−e∂xφ

u
o

2π

)
− Vi

√
ν2

e

2π∂xφ
d
i + Vi

√
ν2

e

2π∂xφ
u
i , (P.1)

where H is the Hamiltonian from Section 3.5; Vd > Vu set the chemical potentials of the lower and
upper open channels in the 2D electron gas and Vi sets the chemical potential of the inner loop; the
indexes d and u refer to the upper and lower parts of the outer and inner channels. The chemical
potential of the screening layer is set to 0.

We use the following notation for the coefficients:

A = ℏvi
2π , B = ℏvo

2π , C = ℏw
2π , E = ℏvs

2π , D1 =
√

5
6
ℏU
2π , D2 =

√
1
6
ℏU
2π ,

α =
√
ν1
eVu
2π , β =

√
ν1
eVd
2π , δ =

√
ν2
eVi
2π , ñ = ν1√

ν2

2πN
a

, (P.2)

where N is the number of the quasiparticles on the inner closed loop.
The minimization of the Hamiltonian at a fixed N yields

H[α, β;n] = a

(
P

Q
− δñ

)
(P.3)
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where

P =2(α+ β)(D1D2 − CE)

×
[
A
(
D2

1 −BE
)
+BD2

2 + C2E − 2CD1D2
]
ñ

+
(
A
(
D2

1 −BE
)
+BD2

2 + C2E − 2CD1D2
)2
ñ2

+E
(
2B
(
α2 + β2) (D2

2 −AE
)
+ C2E(α+ β)2

)
+D2

1
(
2AE

(
α2 + β2)−D2

2(α− β)2
)
− 2CD1D2E(α+ β)2 (P.4)

and

Q = 4
(
D2

1 −BE
) (
A
(
D2

1 −BE
)
+BD2

2 + C2E − 2CD1D2
)

(P.5)

The number of quasiparticles that minimizes the energy equals

N = [
√
ν2
ν1

β0 (2Λ
√
ν2Vi −

√
ν1Vu −

√
ν1Vd)], (P.6)

where the bracket means the closest integer, β0 is defined as

β0 = ea

2πℏ

√
5
6 U

2 − wvs

vi( 56U2 − vovs) + vo
1
6U

2 + w2vs − 2w
√
5
6 U

2
, (P.7)

and we use another shorthand notation

Λ =
D2

1 −BE

D1D2 − CE
=

vovs − 5
6U

2

wvs −
√
5
6 U

2
. (P.8)

Similar to the discussion at ν = 2, we need to find the maximal and minimal allowed N = Nd, Nu

by substituting Vi = Vd, Vu. We find Nu = [gu] and Nd = [gd], where the bracket means the closest
integer, and gu,d are defined as

gu =
√
ν2
ν1

β0 (2Λ
√
ν2Vu −

√
ν1Vu −

√
ν1Vd) + β1λ1 (P.9)

gd =
√
ν2
ν1

β0 (2Λ
√
ν2Vd −

√
ν1Vu −

√
ν1Vd) + β1λ1. (P.10)

As before, β1λ1 reflects the energy dependence on the magnetic flux through the nominal area
of the inner loop or a gate voltage. The N -dependent part of the Aharonov–Bohm phase equals
exp{(iγN)}, where γ = 2πν1(

√
ν1√
ν2Λ + 1) (mod 2π), −π < γ ≤ π.

As in Section 3.2, at zero temperature, the allowed population numbers N on the inner loop
follow a binomial distribution fN . The average Aharonov–Bohm phase factor

Nd∑
N=Nu

fN exp
[
iC + i(α0Ṽ + α1λ1) + iγN

]
=
∑
n

ane
iC exp[i(2πnβ1 + α1 + γβ1)λ1] exp

{
i

[
α0 + 2γ

√
ν2
ν1

β0(Λ
√
ν2 −

√
ν1)
]
Ṽ

}
× exp

[
2β0Λ

ν2
ν1

log
(
cos γ2

)
V

]
, (P.11)
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where

α0 = −2ν1ea
ℏ

vs

vovs − 5
6U

2 , (P.12)

and α1λ1 contains information about the magnetic flux through the device.
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