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In this thesis, we present studies of the structures of loop-level amplitudes in planar N = 4 su-
persymmetric Yang-Mills theory, via tensor diagrams and hyperbolic volumes, and singularity of

scattering amplitudes in Yang-Mills and gravity from the celestial perspective.

First, we propose to use tensor diagrams and the Fomin-Pylyavskyy conjectures to explore the
connection between symbol alphabets of n-particle amplitudes in planar A" = 4 super Yang-Mills
theory and certain polytopes associated to the Grassmannian G(4,n). We show how to assign a web
(a planar tensor diagram) to each facet of these polytopes. These web diagrams encode all known

rational letters, and all square roots of the known algebraic letters up to n = 9.

Second, we provide an explicit analytic result for the one-loop scalar n-gon Feynman integral in
n dimensions, for even n, with massless or massive internal and external edges. The result can be
represented by the volume of a hyperbolic object called orthoscheme. Furthermore, we evaluate the

general six-dimensional hexagon integral in terms of classical polylogarithms.

Finally, we show that associativity of the tree-level OPE in a celestial CF'T imposes constraints
on the coupling constants of the corresponding bulk theory. The constrained theories are interesting
as apparently well-defined celestial CFTs with a deformed wy o, symmetry algebra. We explicitly
work out the ramifications of these constraints on scattering amplitudes and find that all n-point
amplitudes constructible solely from holomorphic or anti-holomorphic three-point amplitudes vanish
on the support of these constraints. We then studied the regular terms of the OPE of MHV am-
plitudes and the partial differential equations the MHV celestial amplitudes should satisfy. These
PDEs originate from BCFW recursion of bulk amplitudes. We also investigate further structures of

the celestial dual of planar N’ =4 SYM theory from dual superconformal symmetry.
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Chapter 1

Introduction

The Standard Model of particle physics describes three of the four fundamental forces of nature —
electromagnetic, weak, and strong. It is based on quantum mechanics and special relativity, wedded
to a powerful mathematical framework called quantum field theory (QFT). It has been used to
make remarkably precise predictions of the cross-sections that are measured in particle experiments,
notably those conducted at the Large Hadron Collider (LHC). The computation of cross sections is
based on a physical quantity called scattering amplitudes. The most widely used method to compute
scattering amplitudes in quantum field theories since the 1950s is the Feynman path integral [7]. For
generic quantum field theories, Feynman path integral can only be computed via perturbation theory
at weak coupling, where amplitudes can be represented by the summation of Feynman diagrams.
The Feynman diagram is a highly efficient and visualized way of computing the amplitudes of a
scattering process and plays a fundamental role in the construction of the Standard model.
However, the computation via Feynman integral will become drastically cumbersome as the loop
level or multiplicity increases. For example, the number of Feynmann diagrams contributing to

n-gluon tree-level amplitudes in pure Yang-Mill (YM) theory is:

n 34 5 6 7 8 9
number of diagrams ‘1 3 10 38 154 654 2871

On the other hand, after summing up these huge number of diagrams, dramatic simplification may
occur and the amplitudes can be represented by only a few terms. For example, the tree-level gluon
amplitudes in the maximally-helicity-violating (MHV) sector of YM theory are given by the famous

Parke-Taylor formula [8]:
(12)*
IR -y

Therefore, one would expect a novel way to obtain (1.1) without the tiring computation in the

A(17273%T...nT) =

traditional Feynman method. More explicitly speaking, this method would derive the amplitudes
directly from the basic principle of quantum field theories — locality and unitarity — bypassing

the complexities on the detour going through the Lagrangian formalism and Feynman path integral.

1



The answer to this is on-shell recursion. The idea is performing a complex shift by a parameter
z on external momenta, and the full amplitudes — as a rational function of external kinematics
— can be obtained from collecting all the residues on poles of the amplitudes by Cauchy theorem.
According to locality, each pole should correspond to a factorization channel of the amplitudes. Also,
by unitarity, the residue on each pole — where the propagator goes on-shell — should correspond to
subamplitudes that the full amplitudes factorize into. Therefore the n-point amplitude is completely

determined in terms of lower-point on-shell amplitudes as
- 1 -
A, = ;AL(ZI)FIAR(ZI% (1.2)

where A denotes shifted amplitudes, and the sum is over all possible factorization channels I.

The first and the most famous example of on-shell recursion relation is the so-called Britto-
Cachazo-Feng-Witten (BCFW) recursion [9, 10], which applies a specific type of momentum shift
on only two external momenta (called BCEW shift). The BCFW recursion relation provides a way
to systematically construct higher point amplitudes from lower point amplitudes iteratively without
having to write down all Feynman diagrams from scratch. For example, using BCFW recursion one
can inductively prove the Parke-Taylor formula (1.1) for tree-level gluon amplitudes in the MHV
sector.

Beyond the MHV sector, one can also use BCFW recursion to compute all n-point tree-level
amplitudes in pure YM theory. Additionally, there is another type of on-shell recursion relation,
which applies all-line shift [11] to external momenta. Such recursion leads to the representation of
NEMHV amplitudes by (K +1) MHV subamplitudes. This construction is known as MHV expansion
or Cachazo-Svrcek-Witten (CSW) expansion [12].

BCFW recursion relation and CSW expansion gave a nice and elegant way of understanding tree-
level amplitudes. This success leads to the question of whether similarly straightforward methods
exist for constructing loop amplitudes, suggesting for further exploration to simplify and better
understand the calculations within quantum field theory.

We would concentrate on amplitudes in the planar maximally supersymmetric Yang-Mills theory
(N = 4 SYM), as it is one of the simplest theories to develop new tools for understanding the
dynamics of 4-dimensional quantum field theories. One perspective of simplicity originates from
its infinitely dimensional symmetry hidden from Lagrangian formalism. To represent the symmetry
manifestly, one has to perform a reparametrization of external kinematics. Consider scattering

amplitudes of n massless particles, labeled by momenta p;. The dual momenta is defined as:
Yi — Vi =15 - (1.3)
The next step is to introduce another new variable via incidence relations:
(1] = (ilay® = (ilayifs - (1.4)

Note that the second equality is because all momenta are massless. We then pair the p variables



with half of the spinor helicity formalism into a four-vector:

Z{ = (i), [mal®) , (1.5)

where I = (@,a) as an SU(2,2) index. This new four-component variables Z] are called momentum
twistors [13]. According to [14], the planar N' =4 SYM theory enjoys the dual conformal symmetry,
which acts as GL(4) transformations on momentum twistors. We can construct dual conformal

invariants from the SU(2,2) Levi-Civita symbol,
(ijkl) = eryx1 2l Z] ZiF 2} . (1.6)

When N = 4 supersymmetry is imposed, the amplitudes of all the states in the supermultiplet
combine into a superamplitude, and the momentum twistors and dual conformal symmetry can
be promoted into momentum supertwistors denoted by Z and the SU(2,2|4) dual superconformal
symmetry [14] respectively. Note that N/ = 4 SYM also enjoys the SU(2,2|4) superconformal
symmetry from Lagrangian formalism. If we combine the generators in these two symmetries, we
can obtain an infinite-dimensional symmetry called Yangian symmetry [15].

Yangian symmetry plays a crucial role in planar ' = 4 SYM theory and one can construct all
loop amplitudes from Yangian invariant functions. The n-point all loop N MHYV superamplitude is

conventionally written by factoring out the tree-level MHV amplitude:

NEMHV _ 4MHV pHNEMHV
An - An,tree P (6)

: (1.7)

where € is the regulator controlling the IR divergence. The IR divergence and dual conformal anoma-
lies of N =4 SYM amplitudes are captured by 1-loop MHV amplitudes via the BDS Ansatz [16]

PMHV(BDS) (¢) — exp lz N (P (PYY (Le) + CF) 1 0(9)) | (1.8)

L=1

where A = g2, N./(1672) is the 't Hooft coupling, and the functions f) are of the form f(*)(e) =
féL) + efl(L) + 62f2(L). The constants f.(L) and C'P) are independent of the number of external legs

n. Therefore one can represent the amplitudes by BDS normalization:

AEKMHV = AMHV pMHV(BDS) (o) p (1.9)

n,tree ' n

where R, g is called ratio function or BDS-substracted amplitudes. The ratio functions are IR finite
and strictly speaking it is these ratio functions that respect the Yangian symmetry. One can then
perform the following expansion
Rogx= Y. Yove..yos.viod (1.10)
01y 0K
The Y functions are conventionally called Yangian invariants and can be represented in terms of
Grassmannian integrals [17, 18]. The functions V' are dual conformal invariant and can then be

expanded in loop order as

Vo =1+ > AV (1.11)
L=1



In particular, Vrflo) =0 and RS’B] = 1 since all the information of 1-loop MHV amplitudes has been
absorbed in the BDS ansatz. In general, the functions Vrﬁz are highly nontrivial transcendental
functions of weight 2L. Over the past decades, numerous elegant mathematical structures of loop
amplitudes have been discovered. These structures have led to the development of techniques that
have largely simplified the computation and deepened our understanding of loop amplitudes. In the
next two sections, we will introduce several techniques on loop amplitudes of N’ = 4 SYM that were

studied in papers that this thesis is based on.

1.1 Symbol alphabets in N’ =4 SYM theory

As previously noted, the loop amplitudes in A/ = 4 SYM include highly nontrivial transcendental
functions. In this thesis, we would only concentrate on the simplest type of these — the multiple
polylogarithms (MPL).

One technique to study MPL is known as symbols [19], which is a map from MPLs to a tensor
product of symbol alphabets. For the ratio functions in loop amplitudes, these symbol alphabets are
homogeneous polynomials of the four-brackets given in (1.6) due to dual conformal invariance. The
symbols uncover the branch points, discontinuities, and differential structures of MPLs, and more
importantly, make highly nontrivial identities between MPLs manifest. In physics literature, the
symbol technique has been used to reduce the 6-point 2-loop MHV ratio function from a 17-page-
long formula [20] into only a few lines [21]. This success raises our old question of whether new,
straightforward methods can be developed to derive these simple results more directly.

The first understanding of the structure of the ratio functions was via the anomaly function
of dual superconformal symmetry, namely the Q equations [22],. Perturbatively, the Q equations
express the derivatives of L-loop n-point amplitudes in terms of one-fold integrals of (L — 1)-loop
(n + 1)-point amplitudes, thus is a powerful tool to compute the higher loop level amplitudes. So
far, the Q equations have been used to compute the symbol of loop amplitudes up to 3-loop 8-point
in the MHV sector, and 2-loop 9-point in NMHV sector [22, 23, 24, 25, 26].

Another approach to deriving symbols loop amplitudes is known as cluster bootstrap program [27].
The general idea of the program is to find the elements in the space of tensor products of symbol
alphabets that satisfy a series of restrictions from physics. In the end, it is believed that one can
obtain a unique element that meets all the physical conditions. The first step and the key to this
method is finding a proper list of symbol alphabets as the input of the bootstrap. So far there is only
an effective conjecture up to 7 points, suggesting the symbol alphabets are cluster X -coordinates in
cluster algebra [28]. For amplitudes within 7 points, there are only finitely many of these coordinates,
therefore one can always perform the bootstrapping program. However, for 8-point and beyond there
exist infinitely many such coordinates. Since the ratio function is finite, we have to select a finite
subset of these infinitely many coordinates. However, there is still a lack of data on the pattern of the
symbol alphabets appearing, except by direct computation from Feynman integrals. Therefore one

has to find an algorithm to truncate the infinite cluster algebra to “predict” the symbol alphabets.



There has been several approaches so far including Landau analysis [29, 30], tropical Grassman-
nian [31, 32, 33], and Shubert analysis [34]. Here we will discuss an approach involving Grassmannian
string integrals and tensor diagrams. In [35], we defined a map from finitely many boundary con-
figurations of Grassmannian string integrals to a specific type of cluster coordinates of momentum
twistors. These cluster coordinates can be nicely organized into an object called tensor diagrams.
However, the set of symbol alphabets we obtained from tensor diagrams is still larger than the
actual data computed from @Q equations in [24, 25, 26]. This discrepancy hints at the requirement
for refining our method, with the hope of developing a more precise approach for predicting symbol
alphabets in future investigations.

In Chapter 2 we will show how this approach can be used to truncate the infinite cluster algebra
and produce a finite list of symbol alphabets. We will also see how these symbol alphabets can be
nicely organized into tensor diagrams which also help visualize and simplify the calculus of cluster

coordinates.

1.2 One loop amplitudes and hyperbolic orthoscheme

Having discussed the abundant story on symbols of loop amplitudes, it’s still necessary to elevate
the full functions from its symbols, since amplitude is always a function that yields specific nu-
merical values, instead of an abstract tensor product. However, there are no sufficiently powerful
mathematical tools that could obtain a full function from its symbol.

In [36] we took one step towards addressing this question. In particular, we studied the class of
MPLs that appear in the most generic one-loop Feynman integrals of n-gon in n-dimension. For odd
n the integral can be represented by m-gon integrals in m-dimension with even m and m < n via
a generalized version of Gauss-Bonnet theorem [37, 38]. One key and beautiful mathematical fact
about the n-gon is that the same integral computes the volume of a simplex in (n — 1)-dimensional
hyperbolic space whose shape is set by the (Euclidean) kinematic data and propagator masses [39,
40].

Based on this connection, we provided the explicit formula for the integral in terms of MPLs in
our paper. Our work was made possible by a recent mathematical breakthrough due to Rudenko,
who provided an explicit formula for the volume of any (odd-dimensional) hyperbolic orthoscheme in
terms of a class of functions called alternating polylogarithms [41]. Orthoschemes are generalizations
of right triangles and we found an algorithm to express the volume of any simplex — and hence any
(even) n-gon integral — by recursively expressing the volume of the simplex as a sum of volumes
of orthoschemes. In Chapter 3, we will talk more about Rudenko’s contribution on orthoschemes
and how to triangulate an arbitrary hyperbolic simplex into orthoschemes to make use of Rudenko’s

formula.



1.3 Singularities in celestial amplitudes

While the Standard Model has been remarkably successful in making precise predictions for particle
experiments, it is still regarded as an incomplete story of nature, primarily due to its inability to
incorporate gravity. One basic idea to understand and construct the quantum theory of gravity
is the holography principle, based on a dual theory that lives in fewer spacetime dimensions. The
best understood and most successful example of this approach is the AdS/CFT correspondence [42].
It is conjectured that all observables in Anti de-Sitter (AdS) spacetime can be computed from
a conformal field theory (CFT) living on its lower-dimensional boundary. Over the last 25 years,
numerous complex calculations have lent substantial support to this AdS/CFT conjecture, providing
compelling evidence for its validity. More recently, celestial holography [43], which is an attempt to
apply the holography principle in asymptotically flat spacetimes, has offered a new perspective on
quantum gravity. The key step is to express scattering amplitudes on the basis of boost eigenstates,
which are known as celestial amplitudes. It is conjectured that the celestial amplitudes are correlators
in a two-dimensional CFT on the celestial sphere, namely the celestial CFT (CCFT).

Following the celestial holography principle, many properties of the correlators in CCFT follow
directly from the properties of scattering amplitudes. In particular, the operator product expansion
(OPE) in the dual CFT is controlled by the collinear limits of scattering amplitudes. In the papers
that are included in this thesis [44, 45, 46, 47], we primarily delved into such correspondence. In
principle, a fundamental property of any CFT is the existence of an associative OPE. In [44, 45], we
showed that for a generic EFT with arbitrary higher-dimension operators, the associativity might be
violated. Therefore, demanding associativity imposes non-trivial constraints on the spectrum and
Wilson coefficients of the “bulk” spacetime theory. Such constraints also have a very interesting
effect on bulk theory amplitudes. My work presented a criterion for general effective field theories
that are allowed to have a standard dual theory on the celestial sphere, through the behavior of
scattering amplitudes. We found that for CSW-constructible amplitudes, we require that all the
contributions from that only CSW-expanding three-point MHV (or MHV) vertices have to vanish.
Roughly speaking, each MHV (or MHV) three-vertex would correspond to a chiral OPE on the
celestial sphere, so associativity of the OPE would correspond to summing over all the factorization
channels into three vertices in the space-time EFT. In Chapter 5 and Chapter 6, we will elaborate
on how the associativity of celestial OPE affects the behaviors of spacetime EFT.

In Chapter 7, we also compute the all-order OPE in celestial YM and Einstein gravity at tree
level in the MHV sector. We found that the regular terms in OPE are contributed by soft and
conformal descendants of primary operators. Moreover, in Chapter 4, we will study the celestial
theory dual to ' =4 SYM in the bulk based on the emergent dual conformal symmetry discussed

in the previous sections.



Chapter 2

Symbol Alphabets from Tensor

Diagrams

This Chapter is based on [35].

The perturbative n-particle scattering amplitudes of planar maximally supersymmetric Yang-
Mills (SYM) theory are a remarkable collection of functions that reflect deep but still partially
mysterious mathematical structure. A prime example of this structure is the apparent connection [28]
between their physical singularities, which for certain amplitudes (those of polylogarithmic type)
are encoded in symbol letters [21] indicating where the amplitudes have logarithmic branch points,
and the mathematics of cluster algebras [1]. All evidence available to date is consistent with the
hypothesis that the symbol letters of all 6, 7-particle amplitudes (see [27] for a recent review) are
cluster variables of the G(4,n) cluster algebra, whereas for n > 8 it is known that certain algebraic
functions of cluster variables also appear as symbol letters (see Table 2.2)!.

Recently this connection has been approached [50, 31, 32, 51] via the study of certain fans
one can naturally associate to the tropical positive Grassmannian Trop., G(4,n) (generalizing the
construction of [52]) or (dually) certain “G(4,n)-polytopes” one can associate to G(4,n) using the
construction of [53]%. This approach is appealing because for n > 7 the G(4,n)-polytopes are
different than cluster polytopes [58] in a way that makes them seem to more faithfully encode the
symbol alphabets of SYM theory®. In particular, while the G(4,n) cluster algebra is infinite for
n > 8, these polytopes are finite for any n, which matches the supposition [60] that the symbol
alphabet of n-particle amplitudes might be finite for any fixed n. Moreover, while many facets of
the relevant polytopes are naturally associated to certain finite subsets of cluster variables (many of

which are known to appear as symbol letters of amplitudes), for n > 8 there are also “exceptional”

IThe connection between cluster algebras and singularities of amplitudes could extend well beyond SYM theory [48,
49].

2The very same polytopes also appear in the study of P*~!-generalized scattering equations for biadjoint ampli-
tudes [54, 55, 56, 57].

3Some finer aspects of this encoding for n = 7 are discussed in [32, 59].



facets that are not associated to any cluster variable. Consequently the G(4, n)-polytopes may have
room to “explain” the algebraic symbol letters that appear in n > 8-particle amplitudes®.

There have been several different but related suggestions for how, precisely, algebraic letters are
encoded in the structure of polytopes. Here we follow the framework proposed in [50], where partial
information about algebraic letters is encoded in certain formal power series associated to exceptional
facets. In that paper the authors studied a polytope called C'(4,8) (its definition is reviewed in
Section 2.6.4), finding that the cluster variables associated to its 272 non-exceptional facets include
the 172 (non-frozen) cluster variables known to appear as symbol letters of n = 8-particle amplitudes.
Moreover they conjectured a formula for the series associated to its 2 exceptional facets based on
explicit computation of the first three nontrivial terms in the associated series, extending the results
of [6] (whose method they used), and showed that it was consistent with the expected square root of
four-mass box type. Together, this was taken as evidence supporting the notion that C'(4, 8) encodes
information about the n = 8 symbol alphabet (see also [32], and [31, 51] which went further, fully
reproducing all known algebraic letters). Unfortunately the computational complexity of the series
introduced in [50] is such that computing higher order terms for n = 8, or any nontrivial terms for
n > 8, seems vastly out of reach.

“web dia-

In this paper we bring new mathematical technology to bear on this problem: the
grams” (called webs for short) and web invariants that star in the beautiful Fomin-Pylyavskyy (FP)
conjectures [3]. We propose an algorithm for assigning webs to facets of G(k,n)-polytopes. FP
conjectured that the invariant associated to a web is a cluster variable if the web can be rearranged
into a tree using certain graphical moves (in which case it is called “arborizable”). Exceptional
facets therefore correspond to non-arborizable webs. To “almost arborizable webs” (those with only
a single inner loop) we are able to associate a formal power series of webs whose invariants we can
compute exactly, using a graphical recursion. In this manner we are able to compute the complete
series associated to the exceptional facets of CT(4,8), confirming the conjecture of [50] (albeit in a
slightly different basis; see Section 2.1.2).

A prime motivation for this work was to construct and study the polytope C'(4,9) as a candidate
for encoding information about the n = 9 symbol letters known from [25]. We find that 3078 of its
3429 facets are associated with arborizable webs, and their invariants include all of the 522 (non-
frozen) cluster variables known to appear in the n = 9 symbol alphabet. We find that 324 facets
are associated to almost arborizable webs, and compute their web series exactly. These encode the
expected 9 square roots of four-mass box type that appear in [25], as well as 315 additional, more
complicated square roots. The apparent overabundance of facets suggests that Cf(4,9) might be
more complicated than needed to describe 9-particle amplitudes, although more complicated cluster
variables and square roots could certainly be discovered in future computations at higher loop.

Some recent papers [63, 64, 65, 66] have explored the connection between symbol alphabets

and plabic graphs [67, 68], and have in particular shown that the complete symbol alphabets for

41t is an interesting open question whether any information about the more complicated analytic structure of
non-polylogarithmic amplitudes (that are known to appear for n > 10 [61, 62]) is encoded in polytopes.



n = 6,7,8 (including the n = 8 algebraic letters) can be “derived” by solving certain polynomial
equations associated to plabic graphs. It is intriguing to note that the webs appearing prominently
in this paper bear superficial resemblance to plabic graphs (compare for example Figure 2.6(b) with
Fig 5.1 of [63]), and it would be interesting to see if the approach to symbol alphabets taken here
could be connected to that of [63, 64, 65]. We note that a connection between webs and plabic
graphs is known in the math literature; see Example 4.3 and Theorem 4.4 of [69].

The outline of this paper is as follows. In Section 2.1 we briefly review basic information about
G(k,n)-polytopes, cluster series, and symbol letters, and in Section 2.2 we review necessary de-
tails about webs and the FP conjectures. Section 2.3 explains our main algorithm for associating
webs to the facets of G(k,n)-polytopes. In Section 2.4 we define and compute the web series for
almost arborizable webs. The results of our computations for (k,n) up to (3,10) and (4,9), and the
implications thereof for symbol alphabets, are summarized in Section 2.5.

Node Added. After this paper was completed, we learned from G. Muller of the paper [70] by

L. Lamberti, which considers sl3 web series of the type we employ in Section 2.4.

2.1 Outline of the Paper

The central objects of study in this paper are certain d = (k—1)(n—k—1)-dimensional polytopes
associated to the Grassmannian G(k,n). In particular we are interested in the apparent connection
(for k = 4) between their facets and the symbol alphabet of n-particle amplitudes in SYM theory.
Our main result, which we apply to some polytopes associated to G(3,n < 10) and G(4,n < 9), is

a new algorithm to address the problem:

How can one efficiently extract the symbol alphabet data associated to a given G(k,n)-

polytope?

The computational complexity of existing algorithms for answering this question is reviewed in
Figure 2.2 and Section 2.6.3. In this section we very briefly review key features of these polytopes
and the relations between the structures associated to their facets, enabling us to outline our new

algorithm in Figure 2.2.

2.1.1 Warm-Up: The Polytope C(3,5)

In order to illustrate some key terminology we begin by considering the 2-dimensional polytope
called C(3,5) in [50]. It is equivalent to the associahedron [71, 72] K, as constructed in [73] and can
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X

C235 + C245

C245
—

I X,
C235 1 C135+C235

Figure 2.1: The polytope C(3,5), combinatorially equivalent to the exchange graph [1] of the G(3,5)
(or As) cluster algebra.

be realized in R? with coordinates (X7, X») by the inequalities
X120,
X220,
C135 + 235 — X1 > 0, (2.1)
235 + Coa5 — X2 > 0,
Caa5 + X1 — X2 >0,
where the ¢’s are positive constants (see Figure 2.1).
There are three natural structures we can use to label each facet F of this polytope:

1. the function in (2.1) that vanishes on F (and is positive inside the polytope),

2. the generator of the ray normal to F (we always choose the generator to be the first integer

point along the outward pointing normal ray),
3. or the G(3,5) cluster variable whose g-vector [74] is normal to F.

The correspondence between these structures for the five facets of C(3, 5) is shown in Table 2.1. Note
that by convention we always fix the overall normalization of each kinematic function so that the

coefficients of the X’s match the components of (the negative of) the corresponding generator.

2.1.2 Cluster Series

The G(k,n) cluster algebra [1, 75] is finite if and only if n+1 > d = (k—1)(n—k—1). For polytopes
associated to these algebras, it has been found (by explicit computation in all cases studied so far)
that the generator of each normal ray is a g-vector of the cluster algebra. It is this fact that allowed
us to fill in the third column in Table 2.1. In contrast, [31, 50, 32] studied polytopes associated to
the infinite algebra G(4,8) having a facet normal to

(_1717071a05_170a_171)7 (22)
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kinematic function ‘ generator ‘ cluster variable
5125 = €135 + C235 — X1 (1,0) (124)
5934 = Ca35 + Caq5 — X2 (0,1) (134)
5145 = Caas + X1 — Xo (-1, 1) (135)
S5193 = X1 (—1,0) (235)
5315 = Xo (07 _1) <245>

Table 2.1: The correspondence between kinematic functions, generators, and cluster variables for
the C(3,5) polytope. Our conventions are summarized in Section 2.6, where we also review the
definition and properties of the generalized Mandelstam variables s; ;.

which is known to not be a g-vector of G(4,8) (moreover, it is known to not even be inside the
cluster fan [6]). For this reason we call (2.2) an exceptional generator. All exceptional generators
of the polytopes studied in [31, 50, 32] are related to (2.2) by an element of the cluster modular
group®.

Since it is not possible to assign a cluster variable to exceptional facets, [50] suggested instead to
assign to each ray Ry the (formal) cluster series (called a cluster algebraic function in [50]) defined
by

fy(8) =" Blmy)t™, (2.3)
m>0
where B(y) is a cluster algebra basis element associated to the lattice point y € Z9.
In [50] it was conjectured that the cluster series associated to the ray generated by (2.2) takes

the form

1

P E——— 2.4
1-At+ Bt? (24)

in the canonical basis [77], where

A=(1256)(3478) — (1278)(3456) — (1234)(5678),

(2.5)
B =(1234)(3456)(5678)(1278).

This conjecture was checked through O(#*) by explicit computation using the character formula
of [6].

In general fg(t) may depend on the choice of basis for the cluster algebra, but we expect that
certain important properties of fg(t) are the same in any suitably reasonable basis. In particular,
we expect that it is a rational function of ¢ and that the locations of its poles (in t) are basis-
independent and located on the positive ¢ axis when the series is evaluated at any point in the
positive Grassmannian Gsq(k,n).

In Section 2.4 of this paper we introduce a closely related web series. We conjecture that a web

series exists for every ray, but we have not found the specific form of the series in general. However,

5In fact, (2.2) may be essentially unique in that all rays in R? are either inside the G(4,8) cluster fan or related to
the one generated by (2.2) by an element of the cluster modular group [76]. We thank C. Kalousios for providing
some data that supports this hypothesis.
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n-particle symbol data for n = ‘ 6 ‘ 7 ‘ 8 ‘ 9
# of rational letters 9 | 42 | 172 | 522
# of algebraic letters 0| 0 | 18 99
# of distinct square roots 0|0 2 9
C'(4,n) polytope data for n = ‘ 6 ‘ 7 ‘ 8 ‘ 9
# of facets normal to g-vectors of G(4,n) | 9 | 42 | 272 | 3078
# of exceptional facets 0|0 2 351

Table 2.2: Summary of data about known symbol letters of n-particle amplitudes in SYM theory.
On the top line we omit the n frozen variables of G(4,n).

for certain rays (those corresponding to almost arborizable webs; see Section 2.4) we prove, to all
orders in ¢, that the web series takes the form
1—Bt?
1= At+ B (26)
with A, B depending on the ray. In particular we prove that the web series associated to the ray
generated by (2.2) takes the form (2.6) with A, B given by (2.5). Evidently our web series use a
different basis than the one that gives the series (2.4), but is consistent with the abovementioned
expectations (since it has the same poles, at t = (A4+/A%Z — 4B)/(2B)). We also prove that the web
series has the form (2.6), and evaluate the corresponding A’s and B’s, for 324 normal rays of the
polytope C'(4,9) that might be relevant to the symbol alphabet of 9-particle scattering amplitudes
in SYM theory.
Finally let us note that if g is a g-vector, then B(g) is the associated cluster variable and

B(mg) = B(g)™ for any choice of basis, so the cluster series is basis-independent and geometric:

1
)= ——. 2.7
In such cases the information content of knowing fg(¢) is the same as that of knowing the cluster
variable B(g). This provides a sense in which it is reasonable—for infinite algebras—to generalize

4

the third column “cluster variable” of Table 2.1 to “cluster series” as [50] did, or to “web series”, as

we shall do.

2.1.3 Symbol Letters

Finally let us briefly review the observed connection between the symbol alphabet of n-particle
amplitudes in SYM theory and G(4,n)-polytopes. All known symbol letters (see Section 2.7 for more

details) fall into two classes: rational letters are cluster variables of G(4,n), and algebraic letters
6 a—vb

a+vb
number of each type of letter that is known to appear in various n-particle amplitudes, as well as

have the form where a, b are polynomials in Pliicker coordinates. Table 2.2 summarizes the

6 All algebraic letters currently known have degree 2, but there is no reason to doubt that letters of arbitrarily high
degree await discovery.
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X
web diagram W kinematic function Fj,
X—l

ead off

: (2.89) (2.90)
(Section 2.2

read off
(Sec 2.6.3)
web invariant [W] i ray y € Z4
[6, Corollary 7.3]

Symbol Alphabet Data Polytope Data

Figure 2.2: An outline of how our work fits into the literature. Recent studies have uncovered an
apparent connection between data associated to the facets (with normal ray y) of certain G(4,n)-
polytopes (indicated on the second column) and the symbol alphabet of n-particle amplitudes in
SYM theory (left column). One route from the former to the latter [50] (the dotted line) uses
the character formula of [6] and requires the series (2.3) to be computed term by term, with the
m-th term having computational complexity O((mw)!), where w is an integer that depends on the
facet. In this paper we employ web invariants and the Fomin-Pylyavskyy conjectures to provide
an alternate route, indicated by the arrow labeled X ~!. Here X is a map from web invariants to
kinematic functions that we define in Section 2.3. Its inverse X! can be computed in practice
by scanning over a manifestly finite set of candidate preimages W for any given Fy,. Moreover, we
provide a recursive (in m) all-order proof that for certain web invariants (those having a single closed
loop), there is a web series that sums exactly to (2.6), with A, B depending on the facet. This proof
applies to the exceptional G(4,8) generators encountered in [31, 50, 32], and here we show that it
also applies to the generators of 324 facets of the CT(4,9) polytope, for which we compute the exact
web series. Other alternate routes have been studied in [31, 51].
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the number of distinct square roots (each Vb appears in several algebraic letters, i.e. paired with
various different a’s).

Table 2.2 also summarizes data about the facets of the polytopes called Cf(4,n) in [53]. There
(and also in [31, 32]) they were constructed and studied for n < 8, and found to contain information
about the n-particle symbol alphabet in the following sense. First, the cluster variables associated
to the g-vector facets (second to last line) include all known rational symbol letters (top line). For
n = 8 it was further observed that the square roots appearing in the poles of the (conjectured)
series (2.4) associated to the two exceptional facets (bottom line), given by v/AZ —4B in terms
of (2.5) and its image under a Zg cyclic shift, agree precisely with the two distinct square roots
known to appear in algebraic symbol letters of 8-particle amplitudes (third line).

In this paper we extend this analysis to n = 9 using the algorithm summarized in Figure (2.2).
We find that the polytope CT(4,9) has 3429 facets; 3078 are normal to g-vectors of G(4,9) while
the other 351 are exceptional. The 3078 cluster variables associated to the former include the 522
(non-frozen) rational letters shown in Table 2.2. For 324 of the latter we prove that the web series
has the form (2.6); the 324 distinct square roots of the form v/A2 — 4B obtained in this way include
the 9 counted in the third line of the table. The remaining 27 exceptional facets remain more
mysterious. Although we expect that web series exist for them as well, we have not been able to
find their explicit form.

As a further application of our technology we also define and study the polytopes C'(3,n).
Interestingly we find that they do not have any exceptional facets for n < 10, which is as far as we

have computed (see Section 2.5).

2.2 Review of Tensor Diagrams and the Fomin-Pylyavskyy

Conjectures

In this section we review some basic facts about tensor diagrams, which provide a graphical way
to encode data about the cluster structure of the Grassmannian. The connection between tensor
diagrams and G(k,n) cluster algebras was first studied by Fomin and Pylyavskyy in [3]. The main
elements of this connection are given by the Fomin-Pylyavskyy (FP) conjectures, which have been
partly proved in [76]. Our work relies on the FP conjectures in a manner discussed in Section 2.5.
An sl tensor diagram is a finite graph drawn inside a disk with n marked points (labeled 1,...,n

clockwise around its boundary) satisfying the requirements:
1. all boundary vertices are colored black, and may have arbitrary valence,
2. each internal vertex may be either black or white, but must have valence k,
3. and each edge of the graph must connect a black vertex to a white vertex.

A planar tensor diagram is called a web, and a tensor diagram with no closed loops (of internal

vertices) is called a tree. If we glue all of the vertices and edges of two or more webs into the same
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disk, we get a combination of webs.

To each diagram D we can associate a tensor invariant [D] constructed as follows. First, we
associate to each boundary vertex i a k-component vector Z¢. (For k = 4 these are the familiar
momentum twistor variables that encode massless n-particle kinematic data.) Then to each white
vertex we associate €?*"?%  to each internal black vertex we associate €g,...q,, and we contract all
indices as indicated by the edges of the graph. The resulting invariant is always a homogeneous

polynomial in the Pliicker coordinates

on G(k,n). This definition suffices for our purposes, but it is not precise because when k is even it
leaves the overall sign of [D] undetermined thanks to €2 ®% = —e%1%2% For a proper definition
of tensor invariants, including a detailed discussion of how to fix this sign, we refer the reader
to [78, 69]. In practice we will determine the “correct” overall sign for any invariant by requiring
that it evaluates to a positive number when the k£ x n matrix Z is an element of the positive
Grassmannian Gso(k,n).

If W is a web satisfying certain additional conditions” we call [W] a web invariant. If W is

a combination of two or more webs Wi, Wa,... then [W] is the product of the web invariants
[Wh], [Wa],.... If [W] is not a product of two or more web invariants then we say that [W] is
indecomposable.

As their name suggests, tensor invariants are invariant under certain graphical moves known as
skein relations (see Figure 2.5) [2, 79, 78, 3]. One important application of these relations is that
they can sometimes be used to convert a web W with closed loops into a tree diagram D that is
equivalent in the sense that [D] = [W]; if this is possible then the web W is called arborizable (note
that D may or may not be a web, i.e. it may be non-planar).

The Fomin-Pylyavskyy conjectures [3] comprise several interesting connections between tensor
invariants and cluster variables. These have been proven up to G(3,9) and G(4,8) in [76]. For our
purposes the key conjecture is: the set of cluster (and frozen) variables coincides with the set of
indecomposable arborizable web invariants. Henceforth we only consider indecomposable diagrams.

In order to better familiarize the reader with tensor diagrams let us now introduce some tricks

for quickly reading off the invariants associated to certain diagrams.

2.2.1 sl, Tensor Diagrams

This case is rather trivial in an instructive way. The only structures an sl tensor diagram can have
are strands that begin and end on boundary vertices, passing along the way through an odd number
of internal vertices alternating between white and black. All internal vertices except for a single

white vertex on each strand can be removed by a skein relation (¢%’e,. = 6%). The web invariants

"For k = 3 W must be non-elliptic, which means every pair of vertices is connected by at most one edge and each
face formed by interior vertices has at least six sides [3]. For k = 4 W can have at most double edges and must
have no 2-cycles [76].
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have the form [W;;] = (i j), corresponding to the web W;; with a single strand connecting boundary

vertices 1 <1< j < n.

2.2.2 sl3 Tensor Diagrams

The invariant for any sl3 tree diagram D can be read out in a simple way [3]. First we choose any
internal vertex of D to be the central vertex v and assign a direction to each edge in such a way that
it points from the boundary of the diagram towards v; this assignment is unambiguous if D is a tree.
Then at each internal vertex except v, there must be two inward pointing edges and one outward
pointing edge. Having already assigned a vector Z; to each boundary vertex ¢, we now assign to
each internal vertex v’ # v the cross-product of the two vectors or covectors associated to the two
inward edges at v’; this is a vector if v’ is black and a covector if v’ is white. Then the invariant of
D is equal to the determinant of the three (co)vectors assigned to the three incoming edges at the
central vertex v.

Some sl3 webs and their corresponding invariants are shown in Figure 2.3. For example, let
D be the diagram shown in Figure 2.3(b). If we choose the black vertex in the middle to be the
central vertex, then the covectors assigned to the top, bottom right, and bottom left white vertices
are respectively Z; x Zy (which we immediately abbreviate to 1 x 2), 3 x 4, and 5 x 6, yielding the
tensor invariant [D] = (1 x 2,3 x 4,5 x 6) as indicated in the figure. We could also have chosen,
say, the top white vertex as the center, in which case the invariant would have been computed as
[D) = (1,2,(3 x 4) x (5 x 6)), but it is easy to check that [D] = [D]’.

1 2 1 2 2 3
1
4
6 3 6 3 9
5
8
5 4 5 4 : 6
(135) (I1x2,3x4,5x6) ((1x2)x(3x4),5,(6x7)x(8x09))

Figure 2.3: Examples of sl3 webs and their corresponding invariants.

This shortcut for computing a tensor invariant [D] can also be used if D is arborizable. For
example, by choosing the white vertex adjacent to 3 as the center, the invariant associated to the

diagram shown in Figure 2.4 evaluates to

((7Tx8)x(1x%x2),3,(4x5)x(6x8)). (2.9)

2.2.3 sly Tensor Diagrams

Again we emphasize that we have only explained how to compute tensor invariants mod sign when

k is even. In order to formulate the skein relations for sly tensor diagrams, it would be necessary
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Figure 2.4: An example of arborization, where we break the inner hexagon on the left by applying
the first and seventh skein relations shown in Figure 2.5 to the blue edges. (The blue and red
colorings serve only to guide the eye.)

to be careful about the detailed sign convention explained in [79, 78]. In Figure 2.5 we show the
equivalence relations (mod sign) that we require for the calculations in this paper.

Freed from having to worry about the sign, we can compute invariants for sl trees in a similar
manner to those of sl3. If two vertices are connected by a pair of edges then we call the pair a double
edge. After choosing a central vertex v and assigning to each edge a direction pointing towards v,
every other internal vertex v’ # v has either a double or single outgoing edge, and the other two
or three edges are incoming. Extending the k£ = 3 analysis in the obvious way, we now assign to

v’ the 1- or 2-index co- or contravariant tensor constructed by contracting e**°?

(if v’ is white) or
€aped (if v’ is black) with the tensors associated to the incoming edges (multiplied by % if there is a
double edge). Finally, at the central vertex v all edges are incoming; contracting their indices with
the appropriate € computes the diagram’s invariant (up to overall sign).

For example, if in the diagram

(2.10)

we choose the internal black vertex as the center, then the top, bottom right, and bottom left vertices

are assigned (123), (45), and (678), respectively, where we use the shorthand
A 1 a P a C
(ij) = 5 CabedZ; AR (ijk) = €aveaZ{ 22 Zf . (2.11)

Contracting indices at the central vertex computes the diagram’s invariant, which can be expressed
as (45(123) N (678)) using the notation

(ab(cde) N (fgh)) = (acde)(bfgh) — (bede){afgh) . (2.12)
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OARQ X
TAA DI
COOA DO (38 (=

Figure 2.5: The skein relations for sl and sl tensor diagrams, adapted from [2, 3]. As mentioned in
the text, the latter graphical relations are equivalences from skein relations between tensor invariants
mod overall sign. Additionally, the sl relations in the sixth and eighth lines hold with all colors
exchanged. These relations are all derivable from identities for contractions of Levi-Civita tensors;
for example the top relation on the left shows 5?(5(? = 6555 + €apeee.
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2.2.4 Non-Arborizable Web Invariants

According to the Fomin-Pylyavskyy conjectures, every cluster monomial (a product of compatible
cluster variables) in G(k,n) is an n-point sl web invariant. However, the converse is not true
because of the existence of non-arborizable webs. Their invariants are multiplicatively independent
of cluster variables and so indicate that bases for cluster algebras must (in general) have elements
beyond cluster monomials (see Section III.A of [50] for an explicit example discussed in the physics
literature). The simplest non-arborizable sl3 webs appear at n = 9 and the simplest s, webs appear

at n = 8. These include for example [3, Figure 31] and [6, (8.2)], shown in Figure 2.6.

Figure 2.6: Two of the simplest non-arborizable webs, for (a) G(3,9) and (b) G(4,38).

2.3 From Tensor Diagrams to Kinematic Functions

In this section we study a map X that associates a kinematic function F' = X ([D]) to certain tensor
invariants [D]. A key property we want the map to have is that if [D] is a cluster variable, then
X ([D]) should be the kinematic function naturally associated to [D] (in the same sense of association
as between the first and third columns of Table 2.1).

More specifically, and more generally, X is defined as follows: if [D] is a tensor invariant whose
g-vector (defined as reviewed in Section 2.6.3) is y € Z%, and if y is the first integer point along
the ray RTg (in which case we say that y and [D] are primitive), then X([D]) is the kinematic
function Fy computed according to (2.89). These steps trace counterclockwise around Figure 2.2,
when applied to a diagram that is not necessarily a web. In the rest of this section we present
conjectural formulas that compute X ([D]) for k < 4 directly, as opposed to tracing around the
figure. We have confirmed that our formulas obey the defining property for all kinematic functions
and web invariants that we have encountered in this work (summarized in Table 2.3), and conjecture
them to be valid in general. In Section 2.4 we discuss web series, which extend this discussion to
arbitrary integer points along RTy.

It is sufficient to focus our attention on indecomposable invariants; more generally we have
X([D1])-[D2]-+-+) = X([D1]) + X([D2]) + - - - . In order to make our results easily accessible to users
of two different sets of conventions we study two distinct versions of the map: X and Xgr. The

former is attached to the conventions reviewed in Sections 2.6.1-2.6.4 (and used in the example of
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Section 2.1.1), while the latter is attached to the “Langlands dual” convention where all arrows in
Figure 2.7 are reversed (see Section 2.6.5).

For k = 2 it is possible to write down an explicit general formula for the X-map, exploiting the
fact that every indecomposable sly tensor invariant has the form (i j) for i < j (see Section 2.2.1).

The associated kinematic function, for the two choices of convention, is simply
Xp((ab)) = D sy,
a+1<i<j<b

Xr(lab) = Y sij.

a<i<j<b—1

(2.13)

2.3.1 sl3 Arborizable Invariants

For &k > 2 we conjecture a recursive formula for the X-map, first for tree diagrams. In order to
apply the recursion, [D] must be written in the form obtained by reading it off from some diagram
D as described in Section 2.2.2. If we are handed [D] in some random form (as a polynomial in
Pliicker coordinates), we would first need to draw some tree diagram D whose invariant is [D].
Next, D must be put into canonical order, which means that all lines and vertices are placed so as
to minimize the number of crossed lines but without producing or annihilating any lines or vertices.
Specifically, all crossing structures of the type shown in the fourth and fifth lines of the sl3 skein
relations (Figure 2.5, left panel) should be cleared, but without using the moves shown on the first
and second lines.

The recursion is seeded by the simplest possible sl3 tensor diagrams: those with only a single

internal vertex (see for example the left panel of Figure 2.3), for which we have

Xr({abc)) = Sa+1,...,b(b+1,...,o) )
Xr({abe)) = Sea,....b—1)b,..c—1 5

(2.14)

using notation reviewed in Section 2.8.
For more general diagrams, our definition of the X-map is motivated by the G(3,6) “bipyramid

relation” of [52] (see for example (6.10) of [56] for more specificity) which in our notation reads
S(12)34 + S12(34) = S1234 + S3456 + S1256 - (2.15)

Working for a moment with the “left” conventions, we can use (2.14) to rewrite all but the first term

as X, images of cluster variables:
Saz)aa + X0((624)) = X((634)) + X1 ((256)) + X ((412)). (2.16)

We don’t yet know what to do with the first term, but one can calculate that the g-vector of S(12)34

is the same as that of the cluster variable (5 x 6,1 x 2,3 x 4), which motivates us to define

Xp((5 % 6,1 x2,3x4)) 1= X,((634)) + X,((256)) + X ((412)) — X ((624)).  (2.17)
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Our recursive definition of X, (and similar for Xg) is motivated by the desire to extend (2.17) to
more general cases without having to rely on computing g-vectors at intermediate stages.

Therefore we now consider more complicated tensor diagrams whose invariants involve cross-
products of the form (a x b, ¢ x d, e X f). Here a,b, ..., f are either all vectors or all covectors (the
expression makes no sense otherwise), and each could itself be a string of nested cross-products such
as a = (1 x 2) x (3 x 4). The generalization of (2.17) is

XL(<a X b,cxd, ex f)) = XL(<avb7 d>) +XL(<C’ d, f>) + XL(<65 fv b>) - XL(<b7 d, f)) )

(2.18)
Xr({axbyexdyex f))=Xg({a,e,d)) + Xr({c,e, f)) + Xr((e,a,b)) — Xg({a,c,e))
for vectors and
Xr({axbexdyex f))=Xr({a,e,d)) + Xp({c,e, ) + Xr({e,a,b)) — X1.({(a,c,e)), (2.10)

Xr({axb,exd,ex f))=Xgr({a,b,d)) + Xr({c,d, f))+ Xr({e, f,b)) — Xr({(b,d, f))

for covectors.

The formulas (2.14), (2.18) and (2.19) provide a recursive formula for X, and Xp for all sl3 tree
diagrams, but it may not immediately be clear how to apply the recursion to a diagram like the one
in the right panel of Figure 2.3 because its invariant has no manifest cross-product in the middle
entry. However, it is always possible to rewrite an invariant in an equivalent way that exposes a

cross-product in each entry; in this case via the identity
(1x2)x(3x4),5,(6x7)x(8x9)=(1x%x2,3%x45x((6x7)x(8x9))), (2.20)

to which one can now apply (2.19). In this example one has to perform further rearrangements at
the next step in the recursion; the important point is that it is always possible to do so.

As emphasized above, although we have written the above recursion in a seemingly general way
in terms of nested brackets, it will give inconsistent results unless [D] is expressed as the invariant
read off from a canonically ordered diagram. One obvious manifestation of the inconsistency for

improper ordering is the fact that we clearly have
(1x2,4%x3,6x5)=(1x2,3x4,5x6), (2.21)

but (2.18) and (2.19) are not invariant under ¢ <+ d, e <> f; the recursion must be applied only to
the right-hand side of (2.21).

2.3.2 sl3 Non-Arborizable Invariants

Now we propose recursion relations for computing X ([D]) when [D] is a non-arborizable invariant.
The basic step is to “unroll” each internal loop by appropriately cutting one of its edges. Consider

first the case when [D] is the invariant of a diagram having a single internal loop. Then, for any



choice of edge on the internal loop (shown in red) we define

m a .,
a c c
XL :XL TX c —XL(<m,a,c>),
b c m
a c b a ¢
Xn ~ Xg a,ﬁ/ }i ~ Xn((a,e;m)),

22

(2.22)

where we have removed the red edge of the loop and replaced it with the new red edges shown, the

blue dashed lines denote an arbitrary (even) number of additional vertices on the inner loop, and m

is an arbitrary reference point. One can check that all terms involving the reference point m cancel

out when the recursion is applied and the right-hand sides are expanded out. We emphasize again

that (2.22) is only valid when the diagram is drawn in canonical order, with minimal number of

crossings.

To see an example of the recursion at work, let us compute the kinematic functions associated

to Figure 2.6(a). Applying (2.22) and then (2.18), (2.19) we have

Xl 9

:XL(<((m x3) X (4x5))x6,7x8 9x ((1x2)x(3x 5))>) — X1.((m,3,5))
=X,((mx3,4%x5,6x8))+X((7Tx8,1x2,3x5))+X.((6x9,1x2,3x5))
— X.((6x8,1x2,3x5))— Xr((m,3,5))
= X1((1,2,5)) + X1({(4,5,8)) + X1 ((7,8,2)) + X1((2,6,9)) + X.((3,5,9))
+ X1((3,6,8)) = X0.((2,5,9)) — X0((2,6,8)) — X0((3,5,8)),

(2.23)



23

and similarly

Xr| 9

- XR(<((1 x3) X (4x5))x6,7x8 9x ((1x2)x(3x m))>) — Xgr((1,3,m)) (2.24)

=Xp((1x3,4x5,7x8))+Xp({Tx9,1x2,3xm))+ Xp({1x3,4x5,6x09))
— Xp({1x3,4x5,7%x9))—Xr((1,3,m))
+ Xr((1,3,6)) — Xr((4,7,9)) — Xr((1,3,7)) — Xr((1,4,6)).
A diagram with £ > 1 inner loops can be treated similarly, by recursively unrolling each loop via
introduction of a new reference point. All ¢ reference points will disappear in the final result.
Of course, some diagrams with internal loops are equivalent to trees by the skein relations and

it is important to check that the recursion relations we have given respect this equivalence. To see

this we must look at the two types of arborization processes. First we consider

a a
b b
l I _ K (2.25)
: C : C

Applying X, to the left-hand side and using (2.22) gives

a

m
b a b a
Xy, =Xy j b = Xp((m,a,b)). (2.26)
C C

.
S

“

The first term on the right has the form X ({(m xa,a xb,cx---)) where “ --” stands for everything

along the dotted blue semicircle and to its left in the figure. Then using (2.18) we have

(2'26) = XL(<m7 a, b>) + XL(<a7 b7 o >) + XL(<C7 T 7a>) - XL(<a7 b7 T >) - XL(<m7a7 b>)
= XL(<G,C, e >) 3

(2.27)

but this is the same as X, applied to the right-hand side of (2.25), as required.
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Next consider applying X, to the left-hand side of

b S bl
; ‘ R % (2.28)
a \ a \
which by (2.22) gives
m a

a c b
IS B I g B

c ; c

— Xp((m X a,bx cye x --)) — Xp((mya,0))
=Xr((m,a,¢)) + Xp((b,e, )+ Xr({c, -+ ,a)) — Xr({a,¢, -+ )) — Xp({(m,a,c)
= Xr((b;c, ),

(2.29)

which again is the required answer: X, applied to the right-hand side of (2.28).
We omit the proof for X g, which is essentially the same, and instead illustrate with the example

shown in Figure 2.4:

= ((7Tx8) x(1x2),3,(4x5)x(6x8))

2.30
Using (2.22) to unroll the red edge on the inner loop of the left diagram gives e
Xr({(1x3)x(4x5))x6,7x8 8x((1x2)x(3xm))))—Xgr((1,3,m))
=Xr((7,1,2)) + Xg({1,4,5)) + Xr((4,6,8)) + Xr({3,7,8)) (2.31)
+ Xr((1,3,6)) — Xr((1,3,7) — Xr((1,4,6)).
On the other hand, the right diagram in (2.30) is a tree; according to (2.19) its image under the Xp
map is
Xr({(7Tx8) x (1x2),3,(4x5)x(6x8)))
= Xgp((7,1,2)) + Xr((1,4,5)) + Xr((4,6,8)) + Xr((3,7,8)) + Xr((1,3,6)) (2.32)
- Xr((1,3,7) — Xr((1,4,6)),

in agreement with (2.31).
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2.3.3 sl; Arborizable Invariants

For k = 4 the recursion for calculating the X-map is seeded by

Xr((abed)) = Satt, . bbrL,.c(ctl,..d)] s

(2.33)
Xr({abcd)) = Sa,...b—1)b,....c~1]e,....d—1 5

using notation reviewed in Section 2.8.

There are two basic types of structures that can appear in place of simple vectors a, b, ¢, d in (2.33)
when we look at more general tree invariants. We must describe separately how to recursively handle
each type of structure.

The first type of structure that can appear in place of a vector is a tensor product involving 5

points:

1
[(ab) N (cde)] = <2a”b”eupm) (c"dﬂe”’eag75> TR (2.34)

where all Greek subscripts and superscripts run from 1 to 4 and e is the antisymmetric Levi-Civita

symbol with €1934 = €123 = 1; recall (2.11). For invariants involving one of these we have

XL(<a>b7 G (dv 6) N (f7gah)>) = XL(<a7b7 G, €>) + XL(<d €9, >)
+XL(<fvga h,C>) (<C €9, >)7 (2 35)
XR(<0‘7 b, c, (d7 6) N (faga h)>) = XR(<a7 b,d, 6>) + XR(<d7 159 >)
(

+XR(<f7a'ab7c>) (abdf>)
We could also have a structure like (2.34) but with a lower p index—as would be the case for example

if all of @, ...,e were not individual vectors but triple-products like a,, = €007 a5ag for some a;.

(Note that a, represents the plane in P? containing the three a;.). In this case we would have

XL(<a‘7bv Gy (dv e) N (fagvh)>) = XL(<a’7bv d, €>) + XL(<d fvgv >)

+XL(<f a,b,c>) (<a’bada f>)7 (236)
XR(<a7b7 Cy (d7 6) N (f’g’h») = XR(<a7b’ ) €>) + XR(<d €9, >)

+ Xr((f,9,h.0)) — Xr({c.e, 9, D)) .

The second type of structure that can appear in tree invariants is a tensor product involving 9

points:

[(a1aza3)(b1babs)(c1eacs)]" =

(01" a5 a5% €vvavyva ) (07 05757 €01 o i) (€11 €5 €5 €y myryr, J€HPATH - (2.3T)
which can appear in combinations of the form (again recall (2.11))

Cabe = ((ar1a2a3), (b1babs), (cicacs), (didads)) = (a1, as, as, (b1babs)(cicacs)(didads)) . (2.38)
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For this kind of invariant we have

X1 (Cape) = X1 ({ar, az,as3,b3)) + X, ({b1, b, b3, c3)) + X1 ({c1, c2, c3,d3))
Xr((d1,d2,ds,a3)) + X1 ({az, a3, ca,c3)) + X1 ((b2, b3, d2,d3))

—XL(<G ,a3,03,¢c3)) — X1((b2, b3, c3,d3)) — X1.({c2, C3, d3,a3))

((d2,d3, a3,b3)) + X ({as, bz, c3,d3)),

XRr(Cabe) = Xr({a1,b1,b2,b3)) + Xp((b1, c1,¢2,¢3)) + Xr({c1,d1, da, d3))
Xr((di,a1,a2,a3)) + Xg({a1, az, c1, ¢2)) + Xg((b1, b2, d1, d2))

— Xr({a1,b1,c1,¢2)) — Xr((b1,c1,d1,d2)) — Xr({c1,d1,a1,a2))

— Xr({d1,a1,b1,b2)) + Xr({a1,b1,c1,d2)).

X (2.39)

Alternatively, in the contravariant case (that is, when each of the nine entries in (2.37) represents a

plane) we have

X1(Cabe) = Xr({a1,b1,b2,b3)) + X1.((b1,c1,c2,¢3)) + Xr({c1,d1,d2,d3))
Xp((d1, a1, a2, a3)) + Xp({ay, az, c1, ¢2)) + Xp((b1, b2, dy, d2))
— Xp({ar,br,e1,e2)) — Xp((b1, e1,dr, do)) — X ((er, di, a1, as))
— Xr({(d1,a1,b1,b2)) + Xr.({a1, b1, c1,d2)),
Xr(Cave) = Xr({ar, a2, as,b3)) + Xr((b1, b2, b3, c3)) +
Xp((d1,d2, ds, a3)) + Xr({az, a3, c2,c3)) + Xr((b2, b3, d2, d3))
— Xr((az,a3,b3,¢3)) — Xp({(b2, b3, c3,d3)) — Xr((c2, c3,d3, a3))
— Xr({da,ds,as,b3)) + Xr({as, b3, cs,ds)) .

2.40
XR(<01,CQ,Cg,d3>) ( )

All of the above relations are valid only when each invariant is read off from a tree diagram

drawn in canonical order, as in the previous subsection.

2.3.4 sl; Non-Arborizable Invariants

Here we consider only inner loops which have no double edges. We have found this to be sufficient
to analyze the C(4,8) and Cf(4,9) polytopes (see Section 2.5); it would be interesting to formulate a

recursive rule for more general diagrams. We find that single-edged inner loops of sl, diagrams can
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be unrolled with the rule

b c gMm2 m g,
a d c b
X =X b Cd —XL(<m1,a,b,(c,d)ﬂm2>),
a
b C dm1 mga
a d c b
Xr =Xg b Cd —XR(<mgﬂ(a,b),c,d,m1>).
a

-

(2.41)

Here we need two reference points mi, mo for each unrolled loop. Actually, since mo is associated
to a white vertex, it is better thought of as a reference plane, i.e. a triple of reference points. All
dependence on these reference points drops out of any invariant. Of course, as always, the recursion
rule can only be applied to canonically ordered diagrams.

By way of example let us apply X, to the non-arborizable G(4,8) web shown in Figure 2.6(b):

= XL(<(m112) N(34),5,6,(78) N (1,2,(34) N (m2))>) — X1 ((m1,1,2, (34) M (ms))) (2.42)

= X1 ({((m112) N (34)), 5, 6, 8) + X1 ({7, 8, 2, (34) N (m2)))
+ X1((6,1,2,(34) N (m2))) — X1((6,8,2,(34) N (m2)))
= X1 ({m1,1,2,(34) N (m2)))
= X1 ((1246)) + X1,((3468)) + X1 ((5682)) + X1 ((7824)) — 2X 1, ((2468)),

N
N

which shows the cancellation of the reference points.
Like we discussed for the sl case, it is of course important that the recursive relations we have
given for the k = 4 X-map respect the skein equivalences shown in Figure 2.5, in particular applied

to the arborization of an inner loop. The proof is similar to the £ = 3 case but there are more cases
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of the equivalence to check. We omit the details here and instead consider the illustrative example

(2.43)

According to (2.41), the X, image of the web on the left is

X©1,((1346)) + X1 ((3468)) + X1 ((5683)) + X1, ((7834)) — 2X 1 ((3468))
= X1 ((1346)) + X1, ({5683)) + X1, ((7834)) — X1 ((3468)), (2.44)

which agrees as required with the X image of the web on the right computed from (2.35).

2.3.5 General Relations Between X; and Xp

Here we point out a few general relations between X and Xpg that can be derived from the above
definitions. First, for k = 3, it follows from (2.18) and (2.19) that

Xp(W) = Xp(Wh), (2.45)

where W is any web invariant, either arborizable or non-arborizable, and W# is obtained from W
by the replacement
a — (a+1) x (a+2) (2.46)

(which exchanges vectors and covectors). Note that if W involves something like b x (b+1) then

according to (2.46) we have
bx (b+1) = [(0+1) x (b+2)] x [(b+2) x (b+3)] = (b+1,b+2,b+3)(b+2) . (2.47)

Apart from a trivial overall factor of the frozen variable (b+1,b+2,b+3) we can effectively regard
the above transformation as
bx (b+1) — b+2. (2.48)

One can check that this makes sense because for both X; and Xg it follows from (2.18) and (2.19)
that

X (o, [(041) x (542)] X [(0+2) x (b43)], ..)) = XL ((..., b+2, ...)), (2.49)
Xp((oory [(b41) x (b42)] % [(b42) x (b+3)], ...)) = Xr({..., b+2, ...}). (2.50)

Therefore we can phrase the inverse of (2.45) and (2.46) as

Xp(W) = XL (W), (2.51)
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where W3 is obtained from W by taking
a— (a—2) x (a—1). (2.52)

Another relation between X and Xpg involves reflection. For an arbitrary web invariant W,

either arborizable or non-arborizable, we have
Ref, (X, (W)) = Xg(Ref(W)), (2.53)

where Ref relabels the external vertices of W according to a — n+1—a, and Ref, acts on kinematic

space by Sq.b.c = Sntl—c.nt—bnil—a- By combining (2.45) and (2.53) we can also say that
Ref (X, (W)) = Xg(Ref(W)) = XL(Ref(W)bS) = X (Ref(W#)). (2.54)
Analogous relations also exist for k = 4. First we have

X (W) = Xp(Wh),

. (2.55)
XR(W) = XL(W 4)a
where W and W’* are defined respectively by
a — (a+1, a+2, a+3) (2.56)
and
a— (a—3,a—2,a—1). (2.57)

The composition of #4 and by is again equivalent to the identity transformation, up to overall factors

of frozen variables. For k = 4 we again have
Ref, (X, (W)) = Xg(Ref(W)) (2.58)
(where Ref, acts in the obvious way on indices of Mandelstam variables) and hence

Ref, (XL (W) = Xp(Ref(W)) = X (Ref(W)**) = X1 (Ref(WH)). (2.59)

2.3.6 Kinematic Length

It is intuitively clear that “more complicated” webs have “more complicated” invariants, and are as-
signed by the X-map to ”more complicated” kinematic functions. In this section we formalize this no-
tion of complexity in a way that will play an important role in Section 2.5. To that end we first define
two bases [80] of the generalized kinematic space Ky, (different from the ABHY basis constructed
in Section 2.6.2). The left kinematic basis is the set { X (p) : p is a non-frozen Pliicker coordinate},
and the right kinematic basis is defined analogously using X . Note that each set contains (Z) —k
elements, the same as the dimension of Ky ., and it has been shown in [80] that they are linearly

independent in Ky, ,,, so each is indeed a basis.
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We define the left (right) kinematic length of a kinematic function F as the sum of the coefficients
of F' when expressed in the left (right) kinematic basis. Next, we define the cluster length of a web
invariant [WW] to be equal to 1/k times the number of external legs of the associated web; this is the
same as the degree of [W] when expressed as a polynomial in G(k,n) Pliicker coordinates.

Now the notion that more complicated invariants are associated to more complicated kinematic
functions is formalized in the statement that the left (or right) kinematic length of X ([W]) (or
Xr([W)])) is equal to the cluster length of [W]. It is easy to verify that this statement is true by
recursion. If p is a non-frozen Pliicker coordinate then by definition its cluster length is 1 and the
left (or right) kinematic length of X1 (p) (or Xg(p)) is 1. For more complicated invariants, we note
that in all of the recursive definitions (2.18), (2.19), (2.36), (2.39) and (2.40), each side is linear in
both kinematic and cluster length; this establishes the equality.

2.4 Web Series

A web series VW is a formal power series of webs Wi, W, ...

W=1+ Z "W, , (2.60)
m=1
to which we associate the invariant
W =14 "W). (2.61)
m=1

We are interested in web series whose invariants are cluster series of the type reviewed in Section 2.1.2.
Once a cluster algebra basis is specified (for example, the one provided by the character formula
of [6]), then each such series is (in principle) completely determined by its first nontrivial term Wj.
Therefore, we are interested to study natural ways to associate an entire web series W(W) to a
single web W, with W; = W and with the higher-order terms Wy, W3, ... being determined from
W in some manner.

One simple way to do this is via the “web thickening” procedure of [3, Definition 10.8]. If W is
any web and we take W, to be the combination of m copies of W, then [W,,,] = [W]™ and the web

series invariant is geometric:

1+ Z tm[Wm] = 1_715“4/] ) (2.62)

just like the series (2.7) for cluster variables. According to the FP conjectures, [W] is a cluster
variable precisely when W is an indecomposable arborizable web, so for such W we define the web
series W(W) by the aforementioned thickening procedure.

However if W is a non-arborizable web we seck a different definition of the web series W(WW)
because we want its invariant to not be geometric, but rather to evaluate to more complicated

rational functions such as (2.4) or (2.6). In Section 2.4.3 we provide such a definition for a class of
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indecomposable webs that we call almost arborizable—these are non-arborizable webs that can be
converted, via skein relations, to tensor diagrams (possibly non-planar) with a single closed inner
loop. (For k > 3 we further require every edge of that closed inner loop to be a single line.) We
leave for future work the study of web series associated to more complicated non-arborizable webs.
In order to connect to the notation used in Section 2.1.2 let us define A(W) = [W], the usual
web invariant, and now take a short diversion to define a new type of invariant B(WW) that we can

associate to certain almost arborizable webs.

2.4.1 sl; Almost Arborizable Webs

Let W be an almost arborizable sl3 web and let D be the equivalent tensor diagram with exactly
one inner loop. We first define By (W) and Ba(W) as follows:

e (a) Starting with D, delete all the edges on the loop that go in clockwise order from a white

vertex to a black vertex.

e (b) Now all vertices originally on the loop are divalent. Delete those vertices, fusing the two

edges at each vertex into a single edge.

e (c) Now we have a new tensor diagram where all inner vertices are trivalent, and all edges

connect a black vertex with a white vertex. Define By (W) to be the invariant of this diagram.

e (d) Repeat steps (a)—(c) but delete edges that go from white vertices to black vertices in

counter-clockwise order. Define Bo(W) to be the invariant of this diagram.

Then define B(W) = By(W)By(W). As an example let W) be our old friend, Figure 2.6(a), whose

invariant is
A(W(l)) = (145)(278)(369) — (245)(178)(369) — (123)(456)(789) — (129)(345)(678) . (2.63)

To compute By (W) we delete the edges shown here as dotted red lines, and then remove the

divalent vertices, which gives:

S o9 (2.64)
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Similarly for By(W ™)) we look at

3
1
4
S o9 (2.65)
5
8
$—6
and so we can read off
B(WWMW)Y = (123)(456)(789)(345)(678) (129) . (2.66)

To see a less trivial example, we move on to n = 10 and consider the web W) given by

(2.67)

whose invariant is

AW®) = (3x6,8x9,10 x 1)(1 x 2,4 x 5,7 x 8) — (1,2,3)(4,5,6)(7,8,9)(1,8,10)

To compute By (W?)) we look at

skein relation 10

skein relation 10
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from which we read off

B(W®) = (1,2,3)(4,5,6)(7,8,9)(1,8,10)(1,2,10)(3,4,5)(6,7,8)(1,8,9) . (2.71)

2.4.2 sl; Almost Arborizable Webs

Let W be an almost arborizable sl; web and let D be the equivalent tensor diagram with exactly
one inner loop. As mentioned above, require that all edges on the inner loop of D are single lines;
this is sufficient to cover all webs we encounter in Section 2.5. In such cases we define By (W) and
By(W) as follows:

e (a) Starting with D, delete all the edges on the loop that go in clockwise order from a white

vertex to a black vertex.

e (b) If there were initially e edges on the inner loop, then there are now e/2 pairs of connected
trivalent vertices where the loop used to be. For each pair of vertices we add another edge,

giving altogether e/2 2-cycles, and then multiply each new 2-cycle by a factor of 1/2.

e (c) Then use the skein relations to cancel each 2-cycle, which removes the factors of 1/2

introduced in the previous step.

o (d) At this stage we have a valid sl4 tensor diagram (all inner vertices are quadrivalent, and all

edges connect a black vertex to a white vertex). Define By to be the invariant of this diagram.

e (e) Repeat steps (a)—(d) but delete edges that go from white vertices to black vertices in

counter-clockwise order. Define Bs (W) to be the invariant obtained in this way.

Then define B(W) = By (W)Byo(W). To illustrate these definitions let W) be our other friend,

Figure 2.6(b), whose invariant is
AW®)) = (1256)(3478) — (1278)(3456) — (1234)(5678). (2.72)

Then to compute By we look at

skein relation
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and to compute By we look at

skein relation 8

(2.74)

from which we see that
B(W(g))z(1234)(5678)(1278)(3456}. (2.75)

Note that (2.72) and (2.75) agree with (2.5).

2.4.3 A Web Series for Almost Arborizable Webs

We now define a web series W(W) associated to every almost-arborizable web W via a slight modi-
fication of the thickening procedure of [3]. Let W be a given almost-arborizable web and let D be a
tensor diagram with a single inner loop such that [D] = [W]. To define the O(t?) term W(s) in the
web series we first draw a combination of two copies of D and then connect the two inner loops by
twisting any pair of edges. For example, if the inner loop is a hexagon then we take

e}

where we suppress the rest of the diagram, showing only the internal loop. The generalization is
clear: W(,,) is defined by combining m copies of W, cutting one identical edge on each of the m
inner loops, and gluing them back together after a (cyclic) “shift-by-one” permutation. This was
called the bracelet operation in [70], where web series and invariants constructed in this way were
studied for sl3.

Using skein relations and the definitions given in the previous two subsections, it is easy to see
that

(W) = A(W)? —2B(W),

(2.77)
Wimy] = AW) Win_py] = BW) [Win—2y]  m > 2,

where A(W) = [W] is the web invariant we start with and B(W) = By (W)By(W). Thanks to (2.77),
the invariant of the web series W(W) can be written in the form of (2.6):

1— B(W)t?

W = T Ay + BV &

(2.78)
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To summarize: we have shown that there is a natural web series W(W) one can associate to any
almost arborizable web W, and that the invariant of this series evaluates to (2.78) in terms of the
usual web invariant A(W) = [W] and a second quantity B(W) that admits a simple diagrammatic
definition. (The definition of the web series can be considered to include arborizable webs as a
special case for which B(W) = 0.)

We conjecture that for any almost arborizable W, A(W) and B(W) agree with the quantities
A and B appearing in the series (2.4) associated (via the character formula of [6]) to the ray RTy,
where y is the g-vector of [W]. It is furthermore natural to speculate that more complicated webs
(that are not almost arborizable) are associated to series with higher-order polynomials in their

denominators. We leave such questions to future work.

2.5 Results and Discussion

Now that all the pieces are finally in place we detail the application of our algorithm to the polytopes
C(3,n < 10), CT(3,n < 10), C(4,n < 8) and CT(4,n < 9), the definitions of which are reviewed in
Section 2.6.4. All of these have been constructed or analyzed in the literature, to varying degrees,
and by various methods, although only the k = 4 polytopes are of direct relevance to SYM theory. In
particular, the cluster variables associated to C(4,8) and C'(4, 8) were determined in [31, 50, 32] and
the cluster series associated to them were determined in [50]. These prior results serve as checks on
the correctness of our methods; however our results for C(3,10), Ct(3,10) and C'(4,9) are genuinely
new®.

For each polytope P on the above list, our algorithm (summarized in Figure 2.2) proceeds as
follows. Let ¢ = 1,2, ... index the facets of P, with y; being the generator of the ray normal to facet
i’ and Fy, being the associated kinematic function. Our first goal is to assign a web W; to each
facet such that Xg(W;) = Fy,'. A priori it is not guaranteed that it always possible to find such
a W;. In practice, searching for W; is feasible since for any given F},,, we only need to scan over a
manifestly finite set of sufficiently simple candidate webs—specifically, those whose length (defined
in Section 2.3.6) is at most that of Fy,. Actually we can exploit the general relations derived in
Section 2.3.5 for considerable simplification: for each facet i we only need to scan up to the length
set by the shortest image of ¢ under the D,, dihedral group. In this manner we have found webs
associated to all facets of C(3,10), CT(3,10) and C'(4,9) by scanning webs of length up to 7, 5, and
6, respectively.

The webs W; we encounter fall into three types:

1. If W, is arborizable, then (according to the FP conjectures) y; is a g-vector of the G(k,n)

cluster algebra and [W;] is a cluster variable that we associate to facet i. (Equivalently, we

8We thank N. Henke for independently corroborating our results for CT(4,9); see [33].

9This data, which is the “raw input” to our computation, was first computed in [52] for (3,6) and (3,7) (see
also [81]), [50, 82] for (3,8), [82] for (3,9), [56, 31, 50, 32, 82] for (4,8), [83] for (3,10) and [82] for (4,9).

10We choose X to match the conventions of [6], following [50].
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(1) (2) 3)

web type: arborizable almost arborizable  neither

cluster series type: (2.7) (i.e., cluster variable) (2.78) unknown
C(3,5) =C'(3,5) 5 0 0
C(3,6), C'(3,6) 16 0 0
C(3,7), CT(3,7) 42 0 0
C1(3,8) 112 0 0
C(3,8) 120 0 0
C1(3,9) 327 0 0
C(3,9) 468 3 0
C1(3,10) 1060 0 0
C(3,10) 2860 280 0
C'(4,6), C(4,6) 9 0 0
CT(4,7), C(4,7) 42 0 0
Cf(4,8) 272 2 0
C(4,8) 356 4 0
C(4,9) 3078 324 27

Table 2.3: The number of facets of types (1), (2) and (3) (defined in the text) for various polytopes.
Note that the facets of CT(k,n) are always (by construction) a subset of those of C(k,n). The set of
facets associated to each polytope is closed under the action of the Z,, cyclic group, and for the Cf
polytopes they are closed under the full D,, dihedral group as well as under parity (see Appendix A
of [28] for a discussion of parity symmetry.)

associate to facet i the cluster series 1/(1 — ¢t[W;])).

2. If W; is almost arborizable, then we can compute A(W;) and B(W;) as described in Section 2.4
and the cluster series associated to facet i is (1 — B(W;)t?)/(1 — A(W;) t + B(W;) t2).

3. In other cases we don’t yet know how to associate a web series to W;, although we conjecture
that there exists a natural way to do so; the cluster series associated to these facets may have

polynomials of degree higher than 2 in their denominators.

We summarize the number of facets of each type for various polytopes in Table 2.3. We also include
ancillary files that list, for each of these polytopes, the kinematic function Fy, and web invariant [W;]
associated to each facet. For each almost arborizable web we also include the A and B invariants
appearing in the associated series (2.78).

A few important comments about our algorithm are in order. First of all, we cannot exclude in
generality the possibility that there might exist two webs Wy, Wy with [W;] # [W3] that have the
same image Xpr(W1) = Xr(W2) = F. If this were to happen for a kinematic function F' associated
to some facet of a polytope of interest, then we would not know which web to assign to that facet.
However, we have not encountered such a situation as far as we have computed: for given F', we have
always found there is (up to skein relations, of course) precisely one web W such that Xg(W) = F
(among all possible webs below the maximum lengths we have checked).

Second, we must of course mention the possibility that the FP conjectures could be wrong for
(k,n) = (3,10) or (4,9). Then we would have to worry that there could be some web W and
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some non-web D such that (1) Xgr(W) = Xr(D) = F and (2) [D] is a cluster variable but [I¥]
is not. In such a case our algorithm would suggest associating W to the facet F, when it might
be more appropriate to associate D instead. The fact that we have not encountered any apparent
inconsistency in our calculations for CT(4,9), which furthermore are corroborated by the independent
work of [33], suggests that such worries may be postponed to higher (k,n), if not indefinitely.

Next let us comment on a few interesting features of our results. First of all we note that while
C(3,n) has facets associated to non-arborizable webs for n = 9,10 (and, presumably, for all n > 9),
these are absent from the C'(3,n) polytopes that we have studied: all facets of CT(3,n < 10) are
associated to cluster variables. It would be interesting to see if this continues to hold for higher n.

The 3 non-arborizable webs associated to C(3,9) are the three cyclic images of Figure 2.6(a) and
the 4 non-arborizable webs associated to C(4,8) are the four cyclic images of Figure 2.6(b). Out of
the 324 almost arborizable webs associated to Cf(4,9), 315 have an inner quadrilateral loop and 9

have an inner hexagon. The latter are the cyclic images of

9 =9 : (2.79)

which are skein equivalent. The figure on the left is a web with many inner loops which is almost
arborizable, as apparent by the skein-equivalent figure on the right where the inner hexagon is
highlighted in red.

The 27 webs of type (3) listed for CT(4,9) fall into three cyclic classes. Instead of drawing the
(very complicated) webs, we display here a 2-loop non-planar tensor diagram for one representative

of each cyclic class:

9 9 9 (2.80)

where we highlight the two loops in color. Each of these is skein-equivalent to a valid web (that
means, with no 2-cycles or triple edges; see footnote 7).

As already noted above, it would be very interesting to find a natural web series to associate
to these more complicated webs; the corresponding invariants might evaluate to rational functions
with higher (than quadratic) order polynomials in their denominators. It is interesting to note

that the approaches of [31, 51] also seem to encounter some difficulty when passing from G(4,8)
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to G(4,9), for essentially the same reason: Whereas the G(4,8) cluster algebra has finite mutation
type [84], and all exceptional rays can be asymptotically approached by repeated mutation on some
quiver containing an A, ; subalgebra, G(4,9) does not have finite mutation type and has arbitrarily
complicated quivers. It would be interesting to more precisely understand how (if at all) this fact

relates to webs of the type shown in (2.80).

2.6 Appendix: Conventions

2.6.1 Web Variables

We begin by reviewing the web variables of [52]. First consider the k x n web matriz

( Lewk W ) (2.81)

where W is the k X (n—k) matrix constructed as follows. Draw a (k—1) x (n—k—1) array with faces
labeled by web variables x1 through z4 (reading down each column, from left to right). Label the
horizontal lines 1,...,k from top to bottom and the vertical lines k + 1,...,n from left to right.
Give each horizontal edge a rightward orientation and each vertical edge an upward orientation. To
each path p through the diagram we associate the product of all web variables above p, which we

denote by p(x). Then the i, j element of W is given by

Wi = (D Y pla). (2.82)

pii—j+k
For example, for k£ = 3 the array looks like
4 5 6 n—1 n

3

X xs3 e T2n—9
2

To Ty . Ton—8
1

from which we can read off the G(3,n) web matrix

1 0 0 1 1+$1+£L’1$2 1+£U1+£L‘1SU2+£E1SU3+£L’1CU2£L’3+CU1ZL’2$3$4
01 0 -1 11—z —1—z1—mz23 T (2.83)
0 0 1 1 1 1

The web matrix associated to G(k,n) provides a parameterization of Gy (k,n)/T as the d web
variables range over Rim and (importantly for our purposes) the web variables are precisely the
cluster X-coordinates associated to the initial seed of G(k,n) shown in Figure 2.7. Specifically:
when evaluated on the web matrix (2.81), the cluster X-coordinate (see Section 2.6.3) attached to
any mutable node of the initial quiver is equal to the web variable x that appears in the same

position of the web array described above.
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ai,i a1,2 ay,1—1 ay

2,2 a2,1-1 az;

ag.1 k2 Ak 1—1

Figure 2.7: Initial seed for the G(k,n) cluster algebra [4, 5], where | = n — k and a, , denotes the
Pliicker coordinate (1,...,k—z, k+y—x+1,..., k+y). The arrows here are reversed (and the figure
is transposed) with respect to that used in [6]; see the discussion in Section 2.6.5.

2.6.2 Kinematic Space and Kinematic Functions

Next we review the planar kinematic variables first employed for k = 2 in the construction of [73].

We introduce (}) (generalized) Mandelstam variables [54] s;, ; fully symmetric in all indices,

k 2y
subject to the “on-shell” condition s;; .. = 0 and the “momentum conservation” condition
Z Siq i, i — 0 VZ'1 . (284)

{iQ»"' 7ik}C{17"' 7”}\{i1}
The resulting (Z) — n~dimensional space spanned by these variables is called the kinematic space
K-
Since the Mandelstam variables are not linearly independent, our next step is to define a partic-
ular basis for Ky, [53]. To that end we consider
Rin= I insieeo i) (2.85)
1<) <ip<---<ip<n
where ¢ is a positive constant that is irrelevant for our purposes. Note that thanks to (2.84), Ry »
is invariant under the torus action that rescales each Z;* independently, and therefore is well-defined
on G(k,n)/T.
Something remarkable happens when Ry, is evaluated on the G(k,n) web matrix. The (})
minors fall into two categories. First, there are n + d trivial minors that evaluate to 1 or to

monomials in web variables; these include the n frozen variables
(1,2,...,k),(2,3,...,k+1), ..., (1,2,...,k—1,n) (2.86)
as well as the d non-frozen variables of the form

(1,2, 5 L0+, k——1) 1<k, j+1<i<n—(k—j—1). (2.87)
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Each of the remaining (}) —n — d minors (I) factors into a monomial in web variables times a single
polynomial P;(x) that is unique to each minor. Moreover, each of these polynomials is subtraction
free and has constant term 1. By collecting all of the overall monomials from both the trivial and

non-trivial minors, we can rewrite [53]

Row(wr,...,wq) = [[ o3 ] Pr(a)="", (2.88)

where the product runs over all non-trivial minors, the power of each overall z, is o’ times some

linear combination of Mandelstam variables that we denote X,, and we set s; = —cj. Altogether

the total number of X, and ¢y variables is (Z) —n, and they provide the desired basis for Ky .
Here we explain the kinematic functions that first appeared in Section 2.1.1. We associate to

any point y = (y1,...,ya) in the integer lattice Z¢ the function F} on kinematic space defined by
1
Fy = — Res dlog Ry (e7¥", ..., e %), (2.89)
o' e=0

The properties of R,  ensure that Fy is always an integer linear combination of the X, and ¢;. In

fact the coefficient of X, is just y,, so we have
y=—-00x,Fy,...,0x,Fy). (2.90)

Using (2.89) and (2.90) we can pass back and forth between y and Fy at ease. The two vertical
arrows on the right side of Figure 2.2 apply this correspondence to the case when y is taken to be
the generator y of an outward-pointing normal ray to a G(k, n)-polytope.

For example, for G(3,5) a simple calculation reveals that
Rs 5(x1,22) = x?/xlxg,x"’(l )T (1 4 my) Y2 (1 4 @y 4 wyag) 29 (2.91)

where X7 = s123 and Xy = s345, and it is also easy to check that (2.89) computes the first column
of Table 2.1 from the data given in the second column.

Note it is manifest (by homogeneity) that F,, = mFy for any non-negative integer m. This
bears resemblance to the statement about cluster algebra bases that B(my) = B(y)™, but the former

holds for any lattice point y while the latter holds only if y is inside the cluster fan.

2.6.3 g-Vectors

Next we review the horizontal arrows at the bottom of Figure 2.2. We order the d+n cluster variables
(A-coordinates) appearing in the initial quiver (Figure 2.7) a1, aqg, . . ., @gn, first reading the mutable
variables down each column from left to right, and then the frozen variables counterclockwise starting
from ag9. Next recall that the associated exchange matrix is given by B;; = (#arrows i — j) —

(#arrows j — i) where 4, j run over the nodes, and the cluster X-coordinate associated to node 7 is

related to the A-coordinates of its neighbors by z; = []; afj ‘.
To any monomial [, af* we associate the vector of powers g = (g1, ..., gda+n). We introduce a

partial order on such vectors by saying that g’ < g iff g’ — g is a non-negative linear combination of
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the first d columuns of B (the columns corresponding to mutable nodes). If a is a sum of monomials
in the a; we define the g-vector of a to be that of the term whose g-vector is largest with respect
to = (if such a term exists). It is always sufficient to truncate g to its first d components. If a is a

cluster variable of G(k,n), then the g-vector of a exists and it is said to be a g-vector of the cluster

algebra.
We have therefore explained the upward pointing arrow in Figure 2.2. For example, for G(3,5)
we have
0 -1:1 0 0 1 -1
BT = ! , (2.92)
1 0:0 -1 1 -1 0

the initial cluster variables (given in the caption) are
(ar,...,a7) = ((124), (134), (123), (234), (345), (145), (125)), (2.93)

and the remaining three cluster variables are given in terms of these by

azas = azaq0e | a40a7

(235) = + + :
a9 a1a2 a1

(245) = 2195 4 2496 (2.94)
ag ag

(135) = 2396 | 9297
aq a1

Here we have written the terms in each sum in increasing order with respect to < so it is easy to read
off, from the last term in each line, the g-vectors (—1,0), (0, —1) and (—1, 1), as shown in Table 2.1.

Going the other way, down the dotted arrow in Figure 2.2 to compute the cluster variable (or
more general basis element) associated to a given lattice vector x, is not so simple. In practice one
often resorts to a computer search by repeatedly mutating away from the initial seed until one has
the fortune to chance upon a cluster variable whose g-vector is x. Of course for infinite algebras
this algorithm may take an indefinite amount of time. Even worse, x may lie outside the cluster fan
in which case one will never find a match.

One alternative, suggested in [50], is to read Corollary 7.3 of [6] as providing an explicit formula
for an element of the canonical basis [77] associated to every g that agrees with the usual cluster
algebraic definition when g lies inside the cluster fan. Although the required computation is man-
ifestly finite for any g, its enormous computational complexity makes it impractical in many cases

of interest.

2.6.4 G(k,n)-Polytopes

Before ending this section, we are finally in a position to review the construction of the G(k,n)-
polytopes of interest, which generalize the well-known Stasheff polytope [71, 72] building on a con-
struction introduced in [73]. These polytopes lie in the d-dimensional subspace Hy ,, of Ky ,, obtained
by setting all of the ¢; to positive constants. Here we see that the purpose of defining X7,..., Xy

in the previous subsection is that we can take these as coordinates on Hy .
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The polytope called C(k,n) in [50] (called P(k, n) or dual Trop G(k, n) in some other references) is
defined by taking the Minkowski sum of the Newton polytopes (with respect to x1, ..., x4) associated
to the polynomials P; appearing in (2.88). Other polytopes can be constructed by only including
proper subsets of the P; in the Minkowski sum. For example, of particular interest is the polytope
called C'(4,n) in [50] (also studied in [31, 32]). It is defined as the polytope obtained by including
only polynomials associated to (I)’s of the form (ii+1 7 j+1) or (i—1ii+1j), and may be obtained
from C(4,n) by setting to zero all c; except those corresponding to these I’s. Here we define CT(3,n)
to be the polytope obtained by keeping only (I)’s of the form (ii+1 j).

More general polytopes of the same basic type can be constructed by including other proper
subsets of the P; in the Minkowski sum, or by including polynomials obtained by evaluating more
complicated G(k,n) cluster variables on the web matrix. An example of the latter was considered
in [31].

2.6.5 Langlands Dual Conventions

Because our work touches on a wide range of previous work in the physics and math literature, we
find it helpful to clearly connect to two different choices of convention that are related to each other
by what could be called “Langlands duality” (see Remark 7.15 of [74]). By this we mean performing

the following compatible set of changes:
1. inverting each x; — 1/x; in the web parameterization of Section 2.6.1,
2. reversing each arrow in Figure 2.7,

3. and, correspondingly, changing the sign of the B-matrix with respect to which g-vectors are

computed as described in Section 2.6.3.

The conventions outlined in Section 2.6.1 through Section 2.6.3 correspond to what we call
the “left” convention starting in Section 2.3. To illustrate the different conventions we present in
Table 2.4 the “right” convention version of the G(3,5) data from Table 2.1. Note that the form of
the equations (2.94) is the same for both choices, and while the “left” g-vectors shown in Table 2.1
can be read off from the last term in each line, we can similarly read off the “right” g-vectors
(shown in Table 2.4) from the first term on each line. We explain a general relation between the two

conventions, at the level of our X-map applied to general tensor diagrams, in Section 2.3.5.

2.7 Appendix: Summary of Known Symbol Letters

Here we summarize what is known about the symbol alphabet S,, of n-particle amplitudes in SYM
theory. In this discussion we of course restrict our attention to those amplitudes which are of
polylogarithmic type, and so have conventionally-defined symbols.

Let us begin with the rational letters. All currently known rational letters are cluster coordinates

of G(4,n), which (according to the FP conjectures) means that we can represent them as arborizable
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Xo

C235 + C245

-

C235
1
— |
1
1
1 Xl

1 €135 C135+C235

Figure 2.8: The polytope C(3,5) according to the “right” conventions; see Table 2.4 and contrast
with Figure 2.1.

kinematic function ‘ generator ‘ cluster variable
S103 = 135 + Ca35 — X1 (1,0) (124)

5345 = Ca35 + Caas — Xo (0,1) (134)

s125 = X1 (=1,0) (135)

(235)

(245)

5234 X2 (07 _1)
5145 = c135 — X1 + Xo (1,-1)

Table 2.4: The correspondence between kinematic functions, generators, and cluster variables for the
C(3,5) polytope according to the “right” conventions, shown in Figure 2.8, in contrast to Table 2.1
which shows the correspondence for the “left” conventions.
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2 2
1 1
3 3
7 7
4 4
0 5 0 5
(1(23)(45)(67)) (1(23)(45)(67)) (45(678)(123))
2 3
1
4
9
5
8
“~—%

((123), (345), (567), (781)) (1,2, (34) N (567), (567) N (89))

Figure 2.9: Examples of webs, and their corresponding invariants (cluster variables), for the five
different basic types (defined in the text) of rational symbol letters that are known to appear in
SYM theory.

webs. It expected that the n-particle symbol alphabet is a strict subset of the n’-particle symbol
alphabet for all n’ > n, which corresponds to the fact that we can always make a valid n’-particle
web by adding n’ — n boundary vertices, with no edges attached, to an n-particle web. Therefore it
is convenient to categorize different types of symbol letters according to the smallest value of n at
which they first appear; we also categorize them by Pliicker degree. In this way we encounter five
basic types of rational letters for n < 9:

(1) S,,>¢ contains the Pliicker coordinates of the form (12ab) for 3 < a < b < n, and their cyclic
images. (For n < 8 all Pliicker coordinates are of this type.)

(2) Sp>7 contains letters that are quadratic in Pliicker coordinates having the form (a(bc)(de)(f g)) :=

HOREORIGOREOREON References

n

6] 15] 0 | 0] 0] 0 |35, 86,21,87, 88, 9, 27]
713 140|000 85, 90, 91, 92, 93, 94]
8 0
9 9

68 | 88 | 8 | 16 85, 95, 96, 91, 97]
117 | 270 | 63 | 72 85, 95, 96, 91, 25]

Table 2.5: Enumeration of rational symbol letters of n-particle amplitudes in SYM, based on the
results of all explicit computations available to date, and categorized according to the five types
defined in the text. The lines n = 6,7 are believed to be complete (see [60]), comprising the 15
and 49 cluster variables of G(4,6) and G(4,7), respectively. For n > 7 the counts may grow as
computations are pushed to higher order in the future; additional types of rational letters may also
appear.
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(abde)(acfg)—(abfg)lacde). Specifically, S7 contains the 14 non-Pliicker cluster variables of
G(4,7): (1(23)(45)(67)), (1(72)(34)(56)) and their cyclic images. The letters of this type for n = 8,9
are listed in [97, 25].

(3) Sp>s contains additional quadratic letters having the form (2.12); specifically (12(abc)N(def))
for3<a<b<e<d<e< f<nand their cyclic images.

(4) S,>s also contains certain cubic letters listed for n = 8,9 in [97, 25].

(5) For n > 9 S,, contains a second type of cubic letter; see [25].

In Table 2.5 we tabulate the number of cluster variables of each type that appear in the n < 9-
particle amplitudes whose symbols have been explicitly computed to date. For n > 8 the numbers
are expected to grow as higher-loop calculations are carried out, and there is no reason to expect
that more complicated types will not be encountered. However, some evidence suggests that for
every fixed value of n, the total number of symbol letters (at arbitrary finite order in perturbation
theory) might be finite [60] (unlike the number of cluster variables, which is infinite).

Next we turn to the algebraic letters that are known to start appearing in S,, for n > 8. The
two-loop NMHYV amplitudes have 18, 99 multiplicatively independent algebraic letters respectively
for n = 8,9 [97, 25]. As reviewed in Table 2.2, these respectively involve 2, 9 distinct square roots
of Pliicker polynomials; all are of four-mass box type, having the form v/A2 — 4B in terms of (2.5),
or cyclic images thereof. In our approach, as we found in Section 2.4, each of these arises from a
web series associated to (a cyclic image of) the almost arborizable web shown in Figure 2.6(b) (or,

for n =9, the same web but with a ninth boundary point added anywhere in the diagram).

2.8 Appendix: Some Notation for Kinematic Functions

In this appendix we collect some notation, originally introduced in [83], to efficiently encode certain

kinematic functions. If A is a subset of {1,...,n}, we define
Sa= Y. Sarasas- (2.95)
ay1<az<az€A

If A, B are two subsets, then we define

Sam) =Sm)a=Sa+Sm) +Sap where Sayp= Y Saam (2.96)
a1<az€A,beEB

and, on the right-hand side, (B) means the complement of B in {1,...,n}.

For k = 4 we require some additional notation. If A, B and C are subsets of {1,...,n} then we
define
Sasc) = Sic)Bja = Sa+ Sipey + Z Sajazasi T Z Sayazbiby Tt Z Sajasbe (2.97)
a;<az<agz€A a1<az€A ay,az€A
e BUC bi<byeB beB,ceC
where
Sipe) =SB+ 8@+ D Shbeit P Sbbset P Swbseres (298
b1<b2€B by <bs<bzeB b1 <bo€B

ceC,i¢ BUC ceC c1<ceeC
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and

Sa= E Saiazazay s

a1<az<az<as€A
S[B] = Z 28b1b2b3b4 + E sb1b2b3i7
b1 <bz<b3<biEB b1<b2¢<b3€B (2.99)
igB

S(C) = Z 3801020304 + Z 25010203i + Z Scycaij -

c1<ca<c3<cyel c1<ce<czelC c1<ca€C
i¢C i,j¢C



Chapter 3

One-loop Integrals from Volumes

of Orthoschemes

This Chapter is based on [36].

It is well known that Feynman integrals exhibit remarkable mathematical properties. Even the
humblest one-loop integrals, which are not only the most relevant for collider physics computations
but also feed their structure into higher loop order through differential equations, still have mysteries
awaiting discovery. In this paper, we focus on a particularly famous class of one-loop integrals: the
scalar n-gons in n dimensions. These integrals have seen so much attention that it may be surprising
to hear that there is yet more to say.

The box integral has a history stretching back over 60 years; see in particular [98, 99, 100, 101].
The (five-dimensional) pentagon, in contrast, has been evaluated only much more recently [102, 103].
One key and beautiful mathematical fact about the n-gon is that the same integral computes the
volume of a simplex in (n—1)-dimensional hyperbolic space whose shape is set by the (Euclidean)
kinematic data and propagator masses [39, 40]. The box integral was revisited in this context in [103],
making use of the Murakami-Yano formula for the volume of a hyperbolic tetrahedron [104]. Other
papers that have made use of this correspondence include [37, 105, 106, 107], and the simplicity of
the n-gon in Mellin space was pointed out in [108].

Around a decade ago there was a brief flurry of interest in the hexagon integral [20, 109, 110,
111, 112], due in part to the fact that (for special kinematics) it is related by differential equations
to some one- and two-loop integrals that appear in planar ' = 4 super-Yang Mills theory. Also, the
time was ripe for progress on loop integrals since the symbol calculus for polylogarithm functions
had recently been introduced to the physics literature [21]. However, while its symbol was cer-
tainly known [112], the problem of explicitly evaluating the fully general hexagon integral remained
unsolved, and seemed exceedingly difficult since the symbol involves 16 distinct square roots of 9

independent kinematic cross-ratios. Today the hexagon integral continues to play a starring role

47
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in developments at the forefront of multi-loop integration, in part because it is related by a sim-
ple differential equation [108] to the elliptic polylogarithmic double box integral which has received
considerable recent attention [62, 113, 114, 115, 116, 117, 118, 119]. The (IR-divergent) massless
hexagon has been evaluated to O(e) in dimensional regularization in [120].

In this paper, we provide an explicit analytic formula for the hexagon integral with arbitrary
internal and external masses, for Euclidean kinematics, in terms of the functions log, Lis and Lis
with algebraic functions of cross-ratios as their arguments. Our work was made possible by a recent
mathematical breakthrough due to Rudenko, building on the classic work of Coxeter and Béhm [121,
122, 123, 124], who provided an explicit formula for the volume of any (odd-dimensional) hyperbolic
orthoscheme in terms of a class of functions called alternating polylogarithms [41]. Orthoschemes
are generalizations of right triangles and we can compute the volume of any simplex—and hence any
(even) n-gon integral—by recursively expressing the volume of the simplex as a sum' of volumes of
orthoschemes. Rudenko’s construction works for any even n, but n = 2,4, 6 are special because only
in these cases can the answer be expressed in terms of the classical polylogarithm functions?, and
we have invested considerable effort in doing so.

Scientific progress is often nonlinear, and it was only during the course of our work that we
learned of a 1995 paper in which Kellerhals provided an explicit formula (as a one-fold integral of
weight-2 polylogarithms) for the volume of a doubly-asymptotic hyperbolic orthoscheme in 5 dimen-
sions [125]. Doubly-asymptotic means having at least two vertices on the boundary, so combined
with our triangulation algorithm, this is enough to compute the hexagon integral for massless in-
ternal propagators but still arbitrary external kinematics—a paper that should have been written a
decade ago during the hexagon’s brief heyday.

Before jumping into the details of our calculation let us make two remarks. First, it is interesting
to note that the so-called antipodal map, which reverses the order of the entries in a symbol and
has made an interesting appearance in the recent literature [126, 127], pops up in our work in two
seemingly unrelated ways. The symbol of the n-gon integral is reversed if one exchanges the Gram
matrix @ (see Section 3.1) associated to a simplex with Q~!, and the “real period” map [19] reviewed
in Appendix 3.6 has the effect of reversing the symbol of a function.

Second, it is worth emphasizing that even after the present work, the story of the n-gon integral
is certainly not yet fully told. For one thing, in order to cautiously establish a foothold in uncharted
territory we restrict our attention to the safe harbor of Euclidean kinematics, but it would certainly
be interesting to better understand the structure of the alternating polylogarithm representation in
other regions and kinematic signatures (see [103] for a nice discussion, and [128, 129] for a bootstrap
approach to computing integrals where understanding various kinematic regions plays a crucial role).

Moreover, although our triangulation algorithm gets the job done, it necessarily mangles some of the

1 As we explain in Section 3.2.2, this is not a dissection since some components may lie outside the original simplex
and therefore contribute to the volume with a minus sign. It is a conjecture of Hadwiger that any simplex can be
dissected into orthoschemes.

2Interestingly the 7- and 9-gon integrals (with massless propagators) should also be classical; we leave these as
exercises for the enthusiastic reader.
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n-gon integral’s structure: in particular, our result is not manifestly cyclically invariant. We hope
and anticipate that the full structure of the n-gon integral will be better elucidated in the future.
This paper is structured as follows. In Section 3.1 we very briefly review the relation between
n-gon integrals and the volumes of hyperbolic (n—1)-simplices. In Section 3.2 we describe the main
ideas behind Rudenko’s construction and explain our triangulation algorithm which leads to our
main result (3.23). In Section 3.3 we review Kellerhals’s formula, and in several appendices we

compile various necessary technical details.

3.1 The one-loop n-gon integral as a hyperbolic volume

We begin by briefly reviewing the well-known correspondence between one-loop Feynman integrals
and volumes of hyperbolic simplices [39, 40] (see also [103] for a nice review and many additional
details). The one-loop n-gon scalar Feynman integral in n-dimensional Euclidean space, with prop-

agators having arbitrary masses, is written in terms of dual (or region) momenta as

d"z 1 1
In($1,...,xn) = / an/2 H (.’17 — xi)Q - (31)
=1

i
After introducing Feynman parameters and integrating out x, this can be expressed as
—n/2

I,(Gy) =T (%) /Oooﬁdai 8(am — 1) zn: Gijaia; (3.2)

ij=1

in terms of the quadratic form G;; = ((2; —z;)* + m? + m3). Henceforth we view I,, as a function
of the quadratic form G directly, instead of as a function of the x; and m;.
Next, we turn our attention to hyperbolic volumes. Consider the (n—1)-dimensional hyperboloid
defined by the equation
Uiyt Y~y =1 (3.3)

in n-dimensional Euclidean space. An alternate representation of this hyperboloid, called the pro-

jective model, associates to every point

y=(yh---,ynfl,\/1+y%+-~~+y2,1) (3.4)

on the upper branch of the hyperboloid the point p in the unit (n—1)-dimensional ball given by

p=(p1,- s Pn-1) with pi:yi/\/l+yf+~--+yi_1. (3.5)

Equivalently we could view y; = p;/ \/ 1—p? —---—p2_, with the convention p,, = 1. We denote

the inner product of two points in the projective model by

n—1
(poa):==1- pigi- (3.6)
i=1
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For any point p we have 0 < (p,p) < 1, with (p, p) = 0 if and only if p lies on the S*~2 boundary of
the unit ball.
Now consider a geodesic simplex in the hyperboloid with vertices vy, ..., v,. We define the Gram

matriz @ associated to the simplex by
Qij = <’U¢,Uj> . (37)

The volume of this hyperbolic simplex depends only on the quadratic form ) and can be represented

by the integral

—n/2

Vol(Q) = +/] det Q|/0 [Tdeis(on—1) [ Y Qijaie; . (3.8)
1=1

ij=1

Note that this is manifestly invariant under rescaling Q;; — Q;;\;\;; all calculations below will only
involve ratios that are invariant under such scalings. By comparing (3.2) to (3.8) we see that the

one-loop n-point integral in n dimensions can be expressed as

In(Q) =T (ﬂ) \;%

2
Note that the @Q;; appearing here is not the Gram matrix of any simplex computed from (3.7), but

(zi — ) +mi + m}

(3.9)

can be brought to such a form by an appropriate rescaling. However, the presentation (3.9) has the
2

virtue of making the massless limit more transparent: the diagonal entries are now @;; = mj, so
an integral with all massless propagators computes the volume of a simplex with all vertices on the

boundary, which is called an ideal simplex.

3.2 Volumes of hyperbolic simplices

In order to compute the volume of the hyperbolic simplex appearing in (3.9) we proceed in two steps.
First, we review the recent mathematical breakthrough [41] that expresses the volume of a special
class of simplices, called hyperbolic orthoschemes, in terms of alternating multiple polylogarithms.
Then in Section 3.2.2 we explain a recursive procedure for dividing any simplex into orthoschemes,
thereby allowing us to compute (3.9) for any Q. In this section, we use @ (Q) interchangeably to

refer either to a simplex (orthoscheme) or to its associated Gram matrix.

3.2.1 Volumes of orthoschemes

An (n—1)-dimensional hyperbolic orthoscheme is a hyperbolic simplex for which the bounding hy-
perplanes H; can be ordered (Hy, ..., H,) in such a way that H; is orthogonal to H; for |i — j| > 1.
An equivalent definition is that there exists an ordering of the vertices (v1, ..., v,) of the orthoscheme
so that the edges (v1,v2), (v2,v3), ..., (Vn—1,v,) are mutually orthogonal. The equivalence of these
two definitions can be seen by taking the hyperplane H; to be the convex hull of all vertices except

Vi.
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A subscheme of an orthoscheme is the convex hull of an arbitrary subset of its vertices, denoted
by (I) = conv{v;|¢ € I} with I being an ordered subset of {1,...,n}. One can show that any
subscheme of an orthoscheme is again an orthoscheme.

It was shown in [122] that there is a bijection between (n—1)-dimensional orthoschemes and
configurations z = (2o, 21, . - ., 2n+1) € Mo n+2, the moduli space of n+2 points in P'. Under this

bijection the Gram matrix of the orthoscheme is expressed as [41, (6.4), Example 6.6]
Qi =9 =XA\i(20 —2:)(zj — Znt1), 1<i<j<n, (3.10)

where the \; are free parameters (associated to rescaling the Feynman parameters, as discussed in

the previous section). The condition for the orthoscheme to be hyperbolic is
Q7 > Qii Q) (3.11)

for each i # j, which we henceforth assume. (This will always be true when we study the n-gon
integral in generic Euclidean kinematics [103].) In addition one can immediately see that (3.10)
satisfies

Qi Qjk = Qik L 1<j <k, (3.12)

which is the hyperbolic Pythagorean theorem.
Inverting the relation (3.10) allows one to represent every cross-ratio of the configuration z €

My 42 in terms of the Gram matrix Q of the corresponding hyperbolic orthoscheme:

2
20,a%b,n+1 _ a,b
20,n+1%b,a Q?L,b - Qa,aQb,b ’
200%be (. — Qe
20,c%b,a ( va - Qa,a Qb,b)Qb,ch,c ’ (3 13)
Za,bZen+l ( Z,b - QaﬂQb,b)Ql%,c
Za,n+1%c,b Qa,aQb,b(Q%’c - Qb,bQC,C) ’
ZapZed 5 e(Q2 ) — Qa.aDs)(Q2 4 — QecQa.a)
Zaazes  5Qee(Qfy — La.aQda)(Q . — .pQec)
for 1 <a<b<c<d<mn, where z; ; = 2; — z;. After fixing the convenient gauge
z0=0, zn =1, Zntl = 00 (3.14)
it follows from (3.13) that the remaining z; can be expressed simply as
A
Zi = 2 . (3.15
’ Qi,i Qn,n )

For our application to the n-gon integral in generic Euclidean kinematics, the z; will always be
ordered as zp < zp, < zZp—1 < +-+ < 21 < Zp+1, opposite (but equivalent) to the convention in (6.12)
of [41]. The formulas (3.13) and (3.15) break down when a vertex of the orthoscheme is on the

boundary, a situation that we will encounter unless all of the propagators in the integral are massive.
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This indicates only an incompatibility with our gauge choice (3.14), not a breakdown of Rudenko’s
formula. In practice, we sidestep this problem by adding a mass € to each propagator and then
taking the limit ¢ — 0, under which everything is smooth for generic Euclidean kinematics, at the
end of the calculation. (This limit can be taken analytically, and should therefore be thought of
more as a bookkeeping trick; it does not require numerical extrapolation.)

Rudenko showed that the volume of any odd-dimensional orthoscheme can be expressed in terms
of these cross-ratios on the corresponding moduli space. The explicit construction in [41] is rather
involved, so we defer the details to Appendix 3.5 and simply quote here the results for the volume of
a 3-dimensional orthoscheme relevant for the four-dimensional box integral (here and in the following

we write z; ; as z;; when no confusion can arise):

1 . 201725 223245 . 201245 214223
Vol(Q=4) = zper |ALiyy | ———, ——— | —ALij, | —, ——
2 205212 225234 205214 212734

(3.16)
. 203245 201223
+ ALi; 4 <—,— )
205234 203212
and for a 5-dimensional orthoscheme relevant for the six-dimensional hexagon integral:
1 . 201267 216223245 . 201247 214723245267
Vol(Q=¢) =< per | ALiy 2 | — , —ALij o | — ,
8 207216 212234256 207214 212734247756
. 203247 201723245267 . 203267 201723236745
+ ALILQ <— 5 - AL11,2 - ’
207234 203212247756 207236 203212234256
. 201227 223247 245267 . 201227 223267 236245
—ALij 11 | — ,— ,— +ALi a1 | — y— y —
207212 Z27%34 247%56 207212 227Z36 234756
. 201227 225267  223%45 201247 214223 245267
—ALij 11 ( — y — y— +ALiy 1 | — y— y —
207212 %27%56  225%34 207214 212234 247756
. 201247 245267  214%23 201267 216223 236745
+ALij g1 | — = ,— ALiy 14| — )= =
207%14 247256 212234 207416 212236 234256 3 17

+ALi1’1’1

b b b) b
207216 212256 225234 207216 214%56 212234

. 203247 245267 201%23
—ALij 11 - - -

) ) ) )
207234 203712 247256 207234 247256 203712

_ #03%67 _ Z01%23  Z36%45 203767 236245 201223

+ALij 14

3 ) ) 3
207236 203212 234256 207236 234256 203212

205267 201225 223245

. 205267 201245 214223
—ALiy 11 - - -

( ( )
( ( )
( ( )
(_ 201267  Z16%25 223745 (_ 201267 216745 214723 )
( s )
( o )
( s )

b ) b )
207256 205212 225234 207256 205214 212234
(_ 205267  Z03%45 201223

) )
207256 205734 203712

_ALil,l,l

)
)-
)-
203247 201223 245267 >
)
)
)

|

These are expressed in terms of the alternating multiple polylogarithm defined by

k

. €; .
ALl (1, 08) 1= Z H; Lin,, ..me (€171, - - - s €60/Pk) (3.18)

61,...,€k6{—1,1} =1

and the function “per” appearing above is the real period reviewed in Appendix 3.6; there we also

provide explicit formulas for the real periods of all multiple polylogarithms of weight up to 3.
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U1

Figure 3.1: Triangulation of a hyperbolic tetrahedron into six orthoschemes. The point h; denotes
the point where the altitude from v, intersects the boundary (I), defined as the convex hull of
vertices {v;| ¢ € I'}. The six orthoschemes are {conv(va, hi 23, hi j,v:)| 4,5 € {1,2,3}, i # j}.

3.2.2 Triangulating a simplex into orthoschemes

In this section we discuss a triangulation of hyperbolic simplices into orthoschemes, beginning with
the case of a hyperbolic tetrahedron as an example. The triangulation, shown in Figure 3.1, proceeds
as follows. Let the vertices be (v1,va,v3,v4). First we find the altitude (shown in red) from the
vertex vy to the plane (vq, v, v3), and then the altitudes (shown in blue) from v4 to the edges (v1, v2),
(va,v3) and (v1,v3). Then the tetrahedron has been divided into six simplices as shown in the figure:
the convex hulls of (v4,h1,23,h23,v3), (V4,h1,2,3,h23,02), (Va,h12,3,h1,3,v1), (va,h123,h13,03),
(va, h1,2,3, h1,2,v2) and (v4, h12,3, h1,2,v1). One can show that these simplices are all orthoschemes.

This algorithm generalizes recursively. Starting with an (n—1)-dimensional simplex with vertices
(v1,...,vy), we first draw the altitudes from v,, to each boundary of dimension > 1. Each boundary
is a convex hull of some subset of (at least two of) the vertices (v1,...,v,-1) and we denote these

subsimplices by

(I) := conv({v;|i € I}) (3.19)
for any ordered subset I of (vq,...,v,—1) of cardinality 2 < |I| < n—1. We also denote the altitude
from v, to (I) by hr.

Then for every permutation o of {1,...,n—1} there is an orthoscheme

Q7 1= conv(Vs(1)s No(1),0(2)> Po(1),0(2),003)s « - 5 Ro(1),0(2), ,o(n—2)>
ha’(l),o’(?),»-- ,o(n—1) = h1,2,~-~ ,n—1, Un) . (320)

These (n — 1)! orthoschemes do not always provide a dissection because some components may lie
outside the original simplex. Such components contribute to the total volume with a minus sign,
which we will account for shortly.

Next we discuss how to represent the cross-ratios associated to each orthoscheme in terms of the

Gram matrix @ associated to the initial simplex. For any subset I of {1,...,n}, we denote by Q[I]
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the submatrix of @) obtained by keeping the rows and columns indexed by the elements of I. Using
this notation, the moduli space coordinates 27 = (2§, ..., 27, ) associated to the orthoscheme Q7
are given by
o1 detQ[o(l),...,ab(i),n] 7 l<i<n—1, (3.21)
! det Q[o(1),...,0(9)] Qn.n

with 2§ = 0, 27 =1, and 2 ,; = oo for each o (according to our choice of gauge). Then the volume

of Q7 is given by evaluating Rudenko’s formula (3.47) on (3.21):

Vol(Q7) = (eq. 3.47) . (3.22)
eq. (3.21)

As mentioned above, in general it can happen that some orthoschemes fall outside the original
simplex and therefore contribute negatively to the volume. This can be accounted for by comparing
the sign of the determinant of the Gram matrix of each orthoscheme Q7 to that of the original
simplex. Altogether, the complete formula for the volume of any odd-dimensional hyperbolic simplex

@ may be written as

sgn(o) sgn(det Q7) (eq. 3.47) (3.23)

Vol(Q) = Z sgn(det Q) eq. (3.21)

o€ESn_1

where sgn(o) denotes the signature of the permutation o. The determinant det Q% can also be
computed recursively according to our triangulation algorithm, although the full result is a bit
lengthy so we will not write it here. Plugging (3.23) into (3.9) completes our calculation of the
scalar n-dimensional n-gon integral (for even n), for arbitrary internal and external masses, in terms

of the Gram matrix @ given in (3.9).

3.3 An alternative formula for the hexagon with massless
propagators

According to the discussion in the previous sections, Rudenko’s formula can be used to compute
the one-loop scalar n-gon Feynman integral in n dimensions for any even n. It applies for general
Euclidean kinematics, including arbitrary internal and external masses, but is rather complicated to
use in practice. For example, for n = 6 one has to combine (3.17), (3.21), (3.23), and (3.55)—(3.58).
However, if we take all of the propagators to be massless (but still with arbitrary external momenta),
a simpler formula for n = 6 is available thanks to a 1995 result due to Kellerhals [125], which we
now describe.

A massless propagator in the Feynman integral corresponds to a point on the boundary of the
hyperboloid. When all propagators are massless, the corresponding hyperbolic simplex is therefore
ideal. When we triangulate a simplex using the algorithm described in Section 3.2.2, the first and
last vertices of every orthoscheme are always vertices of the original simplex. Therefore, every
orthoscheme appearing in the triangulation of an ideal simplex is doubly asymptotic, which means

having (at least) two vertices on the boundary.
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The volume of doubly asymptotic simplices in 5 dimensions was computed by Kellerhals in [125].

The volume is expressed in terms of the dihedral angles
oy = 4(HZ',Hi+1), 1€ {1,273,4,5}. (324)

For a generic orthoscheme the five dihedral angles are independent. However, for a doubly asymptotic

orthoscheme, the dihedral angles satisfy the relation
tan a; cot oy = cot g tan as = cot aptanaz = tan © =: \ (3.25)

where we have introduced two new angles o and © and one more parameter A for later convenience,
withogaogg,ogegg,and)\zo.

Kellerhals’s formula for the volume of a double asymptotic 5-dimensional orthoscheme is
1 1
Vol(Qde ) = —g{l (Ah0ia1) + 5T (A 0:a2) — 1 ()\‘1,0; g _ ao)

+ %I()\,O;O@) +1 ()\_1,0;045) }

1 T T T s
10 (G G o) 1 (o (5 o) 5 o)
+={ )i tarta)+ S - )ig—arta (3.26)
7r 0
(e ()] 1 (§ o) e )
1 (e an)iman) 1 (5 o))
0 0 m s
+I(>\;_<§+a5);§+a5+a4>+I()‘7_ §—a5);§—a5+a4>}
where [ is the weight 3 polylogarithm function defined by
1 [® A ,
I(a,b;x) := 4—/ (Liz(e*") — Liz (e *"%)) darctan(atan(b+y))
1)z
_ L fazl o at L st (a1l oy atl ooy
_S[le’l (a+1e S Liz 1 a+le T 1€
. a+1 _op a—1 5. . a+1 5 a—1 o
- L % i(b+x) L 2ib 2:b 3.97
12,1 (G—le ’CL+1€ + 12,1 a—le ) a+1e ( )
a—1 5, a+1 - a—1 5 a+1 ;
Li 2ib —2i(b+z) —Li 2ib —2ib
+ L (a—l—le a—1° 12,1 a—i—l6 Ta—1¢
. a+1 5 a—=1 5. . a+1 5 a—1 _o
— L L Cpb 7 i(b+x) L 2ib 2ib )
2.1 (a—le at+1° L P a+1°

To express Kellerhals’s formula (3.26) in terms of the Gram matrix @ of the full simplex, we can
first write the dihedral angles in terms of the cross-ratios and then use (3.21). According to the

hyperbolic geometry identities reviewed in Appendix 3.4, the map from moduli space to the dihedral

angle can be expressed as

Zi—1,i%i+1,i+2 .
a; = arccos , | ——————, 1 <i<n—-1,

Zi—1,i4+1%4,i+2

20,1%2,5%6,7
o = arctan , [ ————"—"—, (3.28)
21,225,620,7
21,2%3,4%5,620,7
© = arctan , [ ———2————
20,122,3%24,5%6,7
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With all ingredients in place, we conclude that the volume of an ideal simplex in hyperbolic 5-space,
(the type corresponding to the hexagon integral in six dimensions with massless internal propagators)

is

. sgn(o) sgn(det Q%) o
Vol(Qideal) = (eq. 3.26) (3.29)
Ug’;l sgn(det Q) eq. (3.28) leq. (3.21)
In practice this formula is significantly simpler than (3.23) when @ is ideal.
3.4 Appendix: Some hyperbolic geometry
Since an orthoscheme is defined by a sequence of planes (Hq,...,Hy,) such that H; and H, are

orthogonal if |i — j| > 2, only the dihedral angle «; between adjacent planes H; and H;y; can be
nontrivial. This angle is given by
—1 2
cos? a; = 7£1 “jll) ,
Qi Liv1it1

where Q! denotes the inverse of the matrix Q. Writing these out explicitly in terms of the entries

1<i<n-1, (3.30)

of Q and using (3.13) one can also express the dihedral angles as
cos?a; = AmLASHLIF2 g oy (3.31)
Zi—1,i4+1%4,i+2
The relation (3.31) generalizes to cross-ratios of four arbitrary points as follows. For four vertices
Va, Up, Ve, Vg satisfying 1 < b < ¢ < d, consider the subscheme (a, b, ¢,d). Denote by (vp, v¢) (a,p,c,q) the
dihedral angle between the planes of (a, b, ¢, d) which are opposite to vertices v, and v,., and similarly
for (va, vb)(a,p,e,q) and (Ve, Va)(a,p,e,qy- (Note that in this manner of notation (va, ve)(ap.ed) =

(Vb, Va)(ab,e.dy = (Var Vd)(ab,c,qy = 0.) Then we have the relations

Za,bZec,d
cos? ((vh, Ve)(ab.e.d)) = 7; de ;
a,c?b,
2b,c2d,n+1
COSQ (<v67 Ud><a,b,c,d>) = Zch nil , 1<a< b— I, (332)
,ccemn
20,a b,
COSQ (<’Ua’7 Ub)(a,b,cyd)) - ﬁ ’ ¢ + 1 S d S "
b a7c

We see that cross-ratios of the configuration of the z; in Mg 42 can be interpreted as (squares of)
cosines of dihedral angles of the orthoscheme. The only exception is when 2y and 2,41 are both
among the four points, in which case we have the special cross-ratio

20,a2b,n+1

cosh? lap = 1<a<b<n (3.33)

ZO,bZa,nJrl ’
where [, ; is the hyperbolic length of the edge between v, and vy.
One can generalize the relations (3.32) even further. For any subscheme (I) (defined in Sec-

tion 3.2.2), where I = {p1, pa,...,pm} is ordered and 3 < m < n, we have

C052 (<Up“ Upi+1>|(1)) — Zﬂz—hﬁm P;+1,Pz+2 ’ 1<i<m— 1’ (334)
Pi—15Pi+1 ~PiPi+2

with boundary cases pg := 0 and py,+1 :=n + 1.
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3.5 Appendix: Details on Rudenko’s volume formula

In this section we review the key ingredients from [41] that are needed to write down the explicit
formula for the volume of an odd-dimensional orthoscheme. The final result is given in (3.47) but
we begin with several key definitions.

A weighted alphabet is a set of weighted letters [p, m] where ¢ is an arbitrary function and m is a
positive integer, called its weight. In the following few paragraphs we define an algebra on weighted
alphabets.

We can use concatenation of letters to define words which we denote by any one of [¢1, m1][¢1, m1],
[p1,m1] ® [p1,m1], or [p1,m1]|e1,m1] without distinction. The concatenation of a sequence of
weighted alphabets is called a word. The empty word is denoted by 1.

The product of two weighted letters is defined by

[1,ma] - [p1, ma] := [p102, M1 + Mo . (3.35)
The product of a weighted letter and a word is defined by [p,m] -1 := 0 and
[p1,ma] - [p2, mal - - [k, mu] := [p1p2, M1 + mal - o, M) (3.36)

and we extend these definitions to the vector space of (formal) linear combinations of words in the
obvious way.

The quasi-shuffle product, or the star product of two words is defined by
oy m] « 1= 1x [, m] = [io,m] (3.37)

and

(lp1,ma] @ wi) * ([p2, m2] ® wa) = [p1,m1] @ ((w1) x ([p2, M2] @ w2))
+ [p2, ma2] @ (([p1,m1] @ w1) x (w2)) + ([1,m1] - [p2, M2]) @ (w1 xw2), (3.38)

where wy and ws denote words of arbitrary length.

The cross-ratio of four points is denoted

(20, 21, 72, 23] i= 2228 (3.39)
203%21
More generally, consider any even number of points z = (zq, 21, ..., z,41) in PL. For any (ordered)
even subset of the points zp = {2py, 2p; - -+ Zpayy f With po < p1 < --- < pary1, the generalized
cross-ratio is defined as
k
H[me Zpai 1> Zpass Zpaiii) if pg is even,
ar(zp) =4 ! (3.40)

-1 . .
[Zpo? Zpai—1) Pp2is ZP21‘+1] if Po 18 odd.

.

~
Il
—
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One can recursively define a map T (called arborification) from z and any even subset {po, . . ., D2k+1}
of the ordered set {0,1,...,n + 1} to the set of words by

Y Twigenr)) ® (Lowiy * Ty * Tjzasn)  if po is even,

0<i<yj<2n+1
4 is odd
j is even

Tp(z) = Z {T(l,i7j,2n+2) ® (T(l---i) *T(i...j) * T(j--»2n+2)) (3.41)
1<i<j<2n+2

i is even
j is odd

+ T(l,i,j,2n+2) . (T(l---i) *T(i-»-j) *T(j,..2n+2)) } if po is odd,

where
z z . .
_ |: Po,P17P2,P3 , 1:| if po is even,
Zpo,p3?p2,p1

T(Poapl ,p27P3)(z) -
{mepszpmpl 71:| if Do is odd (342)
Zpo,p17p2,p3

T(FO:pl)(Z) =1.

As an example, consider P = (0, 1,2,3,4,5), which gives

201225 223245 201245 2147232 2037245 201223
Tp(x) = [ ;1 ,1} — { ;1 ,1} [ ;1 ,1} . (3.43)
205221 225243 205241 212234 205243 203221
On the other hand for P = (1,2, 3,4,5,6), we have
216232 236254 216252 223245
Tp(z) = {,1 ,1] _ [ 71}
212236 234256 212256 225243
(3.44)
216254 214232 216223245
+ { , ,1 — 2.
214256 212234 212234256

The alternating multiple polylogarithm associated to a word is defined by

ALi([pr,ma] - iy mi) == Y (H 2) Limy,...;my (€13/@1 - - -, €1/%) (3.45)
€1,...,ep€{—1,1} \i=1
in terms of the familiar multiple polylogarithms (specifically, using the conventions of, for example,
[130]). This definition extends to linear combinations of words (with coefficients +1, which is all
that is needed) by
ALi(wy £ wg) = ALi(wy) £ ALi(ws) . (3.46)

With all that preparation, we are now ready to present Rudenko’s formula for the volume of the
(n—1)-dimensional hyperbolic orthoscheme Q corresponding to the configuration z = (2q, ..., 2n+1)
of n+2 points in P!:

Vol(Q) = 23_11F(”)p6r (ALi(T(O,__.JH_l)(z))) , (3.47)

where per is the real period defined in [19] and reviewed in the next appendix.
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3.6 Appendix: Real periods

In this section we give some examples for the real period map, which was first introduced in [19].

The definition of the real period is®

per(G) = (2m)"“(9) Y > (—D* V(A 0 (Q)), (3.48)

k=1 aj+-+ar=w(G)

where w denotes the weight, A is the coproduct (with A, ) (G) = G), and V is defined as

m m—1
fi fm
\Y i ] =R —— | Im | ——F7— ], 3.49
(@f> ) (1_1 @ri)= | "\ @i T) (349
where we take Im(x + iy) = iy. Note that despite the name, the real period is only real-valued for
functions of odd weight; for even weight it is purely imaginary.

The real periods are closely related to the single-valued map [131] more widely known in the

physics literature (see for example [132, 133]). Specifically, they are related by:

—1 Re sv(G(d@;2)), w(G) odd,

per(G(@=)) = ) (3.50)
—5 Im sv(G(d; 2)), w(G) even.

Weight 1 The only weight 1 function is the logarithm log(z). It has only one non-vanishing
coproduct component, A;(log(x)) = log(x). Therefore, its real period reads

per(log(z)) = —27V (log(z)) = 27 Im <102g7£f)> = — Re(log(z)) = — log(|z]) . (3.51)

Weight 2 Weight 2 functions are building blocks for the volumes of hyperbolic 3-simplices, and

the box integral in 4 dimensions. We start with Lis(x), whose coproduct components are
Ay (Lig(z)) = Lia(z), Ay 1(Liz(x)) = Liy (x) ® log(z) . (3.52)
Therefore the real period of Lis(x) is
per(Liz(x)) = 47* { V(Liz(2)) = V (L1 (2) & log(x))
) () mO) on
)

= —Im Lis(z) + Im Li; (z) Relog(z

which is ((—1) times) the Bloch-Wigner function. Similarly it is easy to see that the real period of
Lil,l(x7 y) is

per(Liy1(z,y)) = —Im Liy 1 (z,y) — Re Liy (1/2) Im Li; (2y)

-m—+1

3Here we use a definition different from that in [19] and that used in [41] by a factor of 4 , where m denotes
the weight of the function. This is in order to make the volume in (3.47) always be a positive real number (for
orthoschemes corresponding to Euclidean kinematics).
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Weight 3 Here we tabulate the real periods for weight 3 (multiple) polylogarithms, relevant for

the volumes of hyperbolic 5-simplices and the hexagon integral in 6 dimensions:
per(Lis(z)) = Re Lig(z) + (Relog(z))® Re Lij (z) — Relog(z) Re Liy(x), (3.55)

per(Lit 2(z,y)) = Re Lis 2(z,y) + Relog (1/y) Re Li,1(z,y)
—Im Li; (1/2) Relog (1/y) Im Lij (xy) + Im Li; (y) Relog (1/y) Im Li; (zy)
+Im Liy (1/2) Im Li; (zy) Relog (1/xy) — Im Lis (1/2) Im Li; (xy)
+ Im Lis(y) Im Li; (zy) — Re Liy (2) Re Lis(y) + Re Li; (1/2) Re Lis(zy)
— 2 Re Li; (z) Re Li; (y) Relog (1/y) + Re Li; (1/z) Relog (1/y) Re Li; (zy)
+ Re Li; (1/2) Re Lii (zy) Relog (1/zy) — Re Li; (y) Relog (1/y) Re Li; (xy),

(3.56)

per(Liz1(z,y)) = Re Liz1(z,y) — Relog (1/y) Re Liy1(z,y)
+ Relog (1/zy) Re Liy 1 (2, y) — Im Li; (2) Im Li; (y) Relog (1/y)
+Im Li; (1/z) Relog (1/y) Im Li; (zy) — Im Li; (y) Relog (1/y) Im Li; (zy)
+Im Li; () Im Li; (y) Relog (1/xy) + Im Li; (1/2) Im Li; (zy) Relog (1/zy)
+ Im Lix(z) Im Li; (y) — Im Lis(y) Im Li; (zy) + Im Li; () Im Lis (1/2) (3.57)
— Re Lij (y) Re Liz(zy) + Re Li; (z) Re Lii(y) Relog (1/y)
— Re Lij(z) Re Li;(y) Relog (1/2y) — Re Li; (1/2) Relog (1/y) Re Li;(zy)
+ Re Li; (1/2z) Re Li; (xy) Relog (1/xy) + Re Li; (y) Relog (1/y) Re Liy (zy)
— 2 Re Li; (y) Re Lij(2y) Relog (1/zy),
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per(Liy 11(x,y, 2)) = Im Liy(2) Im Liy 1 (2, y) — Im Li; 1 (v, 1/zy) Im Li; (zy2)
+Im Liy 1(y, 2) Im Liy (zyz) + Re Li; (1/y) Re Liy 1 (z,y2)
— Re Liy(2) Re Lij 1(x, yz) — Re Lij (z) Re Liy 1(y, 2)
+ Re Li; (1/z) Re Liy 1(zy, 2) — Re Li; (y) Re Liy 1(xy, 2) + Re Liy 11 (2, ¥, 2)
+Im Liy(2) Re Li; (1/2) Im Li; (xy) — Im Li; (y) Im Li;(2) Re Liy(x)
—1Im Li; (1/2) Re Li; (1/y) Im Li; (zyz)
+ Re Li; (1/y) Im Li; (y2) Im Li; (zyz) — Im Li; (2) Re Li; (y) Im Li; (xy)
+ Re Liy(y) Im Liy (1/zy) Im Li; (zyz) —Im Li;(2) Re Li;(y) Im Li; (xyz)
+Im Li; (1/2) Re Liy (1/zy) Im Li; (zyz) — Re Li;(z) Im Li; (yz) Im Li; (2yz)
+ Re Li;(x) Re Li;(y) Re Lij(2) — Re Li; (1/2) Re Lij(2) Re Liy(zy)
+ Re Li; (y) Re Lij(2) Re Liy(zy) — 2 Re Liy (z) Re Li; (1/y) Re Li; (yz)
+ 2 Re Liy (z) Re Lij(2) Re Liy(yz) + Re Liy (1/2) Re Liy (1/y) Re Lij(zyz)
— Re Li; (y) Re Lij (1/2y) Re Lij (zyz)
+ Re Li; (1/z) Re Li; (1/zy) Re Lij (zyz)
—2 Re Li; (1/z) Re Li;(2) Re Lij(zyz) + Re Lii (y) Re Li;(2) Re Li;(zyz)
— Re Li; (1/y) Re Lij(yz) Re Liy(zyz) + Re Li;(2) Re Lii(yz) Re Liy (zyz) .

(3.58)

3.7 Appendix: Explicit formula for the box integral in terms

of alternating polylogs

In this section, we give the explicit formula for the volume of a hyperbolic 3-simplex, related to the
box integral by (3.9). Combining (3.16), (3.21), and (3.54), one obtains

Vol(Qn=4) = 1 sgn < (Q1,2Q1,4 — Q1,1Q2,4)Q3,4 _ _ _ >
YT 2 (Q12Q1,4 — Q22Q14 — Q11Q24 + Q12Q2.4)(Q1,4 + Q2,4+ Q3.4)
. Q4 4@44 Q% 4@%4
A _ X4dd, A3, _
‘et ( b [1 A (QraQui — QuiQea)? (A% - Q4,4Q4,4)]
. 14(Q12 — Q1,1Q2) Q34 (3.59)
AL, [(Q1,2Q1,4 —Q1,1Q24)% A% %,2 - Q1,1Q2,2)1
AL 14 (@4 —Q11Q44)Q3 4
S QT = Q1101 A%(Q12Q1a — Q11Q24)

+ (perm 1,2,3) ,

where

Qi,j ;:(,1)i+jdetQ[l~~i~~n;1~-j-~n], A::detQ. (3.60)
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Now let us consider the massless limit, for which @; ; — 0. In this limit, (3.59) simplifies to
Q1,4Q3.4 Q3.4

idealy __ 1 5o r | ALi
Vol = 2 {bg ((Q1,4 +Q2,4)(Qra+ Q24+ Q3,4)> " ( i [17 Qi A ) } (3.61)
+(perm 1,2,3).

After using (3.18) and computing the real period of Liy ; via (3.54) and using the identity

1 _
Lip 1 (a1, a2) = Lis (1‘1_11) ~ Li, ( a2 ) — Lis (aras), (3.62)

2 a2—1

one can check that (3.61) finally evaluates to the familiar four-mass box function

1‘|‘L12 <w+v—u—|—\/Z> L, (w—l—v—u—\/Z)

+ (cyclic u, v, w 3.63
? w—l—v—u—\/Z w—l—v—u—l—\/z (y ) ( )

where

u=Q12Q34, v=0Q14Q23, w=Q13Q24, A= u? 4+ 0% +w? = 2(wv + uw + vw) . (3.64)



Chapter 4

Celestial Dual Superconformal
Symmetry, MHV Amplitudes and

Differential Equations

This chapter is based on [134].

The quest for flat space holography has recently received a boost owing to the realization
[135, 136, 137, 138, 43, 139, 140, 141] that scattering amplitudes in 4D flat spacetime can be recast as
correlation functions of a 2D conformal field theory living on the celestial sphere. The appearance
of the 2D conformal symmetry is due to the fact that the Lorentz group SL(2,C) acting at null
infinity of 4D Minkowski spacetime is mapped to the global conformal group acting on the celestial
sphere. Such a theory, dubbed celestial CFT (CCFT), is a potential candidate for a holographic
description of the flat space S-matrix. Unsurprisingly, it has been the subject of intense study for
the past few years. However, our understanding of CCFTs remains primitive, and in particular, a

dictionary similar to the one for the AdS/CFT correspondence remains elusive.

A path towards a better understanding of CCFTs can be forged by generating more “data”.
This involves translating well understood aspects of momentum space amplitudes into statements
about celestial correlators, as well as mapping momentum space amplitudes onto the celestial sphere
providing us with explicit examples of celestial amplitudes. The last few years have seen a lot of
progress on both accounts. Soft and collinear theorems have been studied in [142, 143, 144, 145,
146, 147, 148, 149, 150, 151, 152]. The factorization of gauge theory amplitudes into “hard” and
“soft /collinear” factors has been extended to and interpreted on the celestial sphere [153, 154, 155].
Attempts have been made to demonstrate the existence of celestial double copy relations [156, 157].
Several momentum space amplitudes have been mapped onto the celestial sphere including tree-
level gluon amplitudes [139, 158], one-loop amplitudes in scalar [159] and gauge theories [160],
all-loop four-point amplitudes [161] and string amplitudes [162]. A parallel path towards the

63
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same goal is to leverage symmetries to directly obtain constraints on CCFTs along the lines of
[163, 164, 165, 166, 167, 168, 169, 170, 171, 172].

Theories with a large symmetry group are amenable to both lines of attack. Recently celestial
superconformal symmetry of N' = 4 Yang-Mills has been studied in [173, 174]. In this paper, we
study the celestial avatar of the dual superconformal symmetry [14]. Celestial n-point tree-level
MHYV amplitudes have been computed in [158] and found to be Aomoto-Gelfand hypergeometric
functions, which satisfy a known set of differential equations [175]. We identify these equations as
arising from momentum conservation and GL(n — 4) transformations. Another set of differential
equations for the full MHV amplitude has been found in [164]. We derive versions of these equations
satisfied by colour ordered amplitudes and generalize them. We rewrite them in momentum space
and identify them as encoding properties of amplitudes under BCFW shifts. Tree-level amplitudes in
other helicity sectors and loop amplitudes are generalized hypergeometric functions satisfying more
complex differential equations. Celestial graviton amplitudes are also known to satisfy differential
equations [165]. While we have restricted ourselves to MHV gluon amplitudes in this work, we hope

to return to these topics in the future [176].

This paper is organized as follows. In Section 4.1, we quickly review superamplitudes and their
celestial counterparts. We then discuss dual conformal symmetry of momentum space amplitudes
in Section 4.2.1 and present its celestial counterpart in Section 4.2.2. In Section 4.3.1, we derive
momentum space generalizations of the differential equations found in [164] by connecting them to
the behaviour of amplitudes under BCFW shifts and in Section 4.3.2, we provide physical inter-
pretations for the hypergeometric equations satisfied by the celestial MHV tree-level amplitudes.

Finally, in Section 4.3.3, we discuss the relation between these differential equations.

4.1 Superamplitudes and celestial superamplitudes

Amplitudes in supersymmetric theories, particularly in planar N/ = 4 Yang-Mills have been the
focus of a lot of recent work. The field content of N" = 4 Yang-Mills can be packaged into an on-shell
superfield defined by

1 1 _
W(pi) =G*(pi) + 0T alp) + oy ny’ @an(pi) + gewcmf‘nf nE TP (pi) (4.1)

1 _
+ qreasopnin g’ G (pi)

Here G* are the + helicity gluons, I'P are the gluinos and ® 45 are the scalars. A, B, ... are SU(4)
R-symmetry indices. For more details, refer to [177] and [178]. The natural states to scatter in

this theory are ¥(p;) and the corresponding scattering amplitudes are called superamplitudes A,,*.

1We will focus on the colour ordered superamplitudes in the planar limit and denote them by A,. An ordering
will be specified only when necessary.
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These amplitudes can be expanded as polynomials in the Grassmann variables 7; as
n—4
A= Ank (4.2)
k=0

where A, i, is the N*MHV amplitude and has 4(k + 2) Grassmann variables. The tree-level MHV

amplitude can be compactly written as

L1 (o) A EN N § D Sy e
Ano = <12><z3>---<711>5”<§_31“> S T2 e et 9972 BRRCE)

i=1
Here \;, \; are the usual spinor helicity variables and they appear in (4.3) in the following Lorentz

invariant combinations,
(ij) = €apAl N [ij] = —€q s AN (4.4)

The MHV gluon amplitude? (with particles s and ¢ having negative helicity and the remaining n — 2
having positive helicity), which we denote by M,,, is contained in (4.3) as the coefficient of (n5)*(n;)*

(st)* 6™ (01, pi)

M= 58 )

(4.5)

Mapping these amplitudes to the celestial sphere requires the following parametrization of mo-

menta
Pt = € wiq"(z, %) i=1,...,n (46)

= qwi (1422, (2 + Zi), =iz — Z), 1 — 2%)

with ¢; = 1, —1 for outgoing and incoming particles respectively. The spinor helicity variables, the

angle and square brackets can all be written in terms of z;, Z;, w; as

1 —Z;

AP =6 V2w, < ) ; Aia = €6V2w; ( Z) ;
Z 1

~ __Z ~ . ].

)‘i,o'c Qwi “ s )\Za = 2&)2‘ ,
1 Zi

<Zj> = —2€Z‘Ej‘/wiw]'21‘j s [Z]] = 2\/wiwj2ij . (48)

The celestial superamplitude A, is the Mellin transform of the superamplitude w.r.t. to w;,

and

n

An(Jiy Ay, 20, 7)) = /[Hdw"wﬁ} An(hiywiy 2i, %) (4.9)

s
i=1 "

with similar definitions for ,Zlnk For more details, see [173, 174]. Here A; = 1+1i); is the conformal

dimension and the 2D spin J; is identified as the 4D helicity of particle i, h;.

2We will denote superamplitudes by A, 1 and the MHV gluon amplitude by M,y,.
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In this paper, we will focus only on the celestial MHV amplitudes for which we can use the

expression in (4.3) and (4.5) to write

n 4 n A A n
- dw; _ _ i1 /Wi Wy € €5 25N 15
Ao /[H - wiA"] iz Zoim S5 R 54 <Z€iwiq1>

i=1 (=2)"wy ... w212 -+ Zn1

n=1

. (4.10)
= H, SEA M,y = Ha M,
SIS
with
L Ty a3 (s tod -5k o)
1 H Z (ei €j 2i5) mit nye? T8 TR 98 OR) (4.11)

M., has already been computed in [158]. We will revisit this in Section 4.3.2 in greater detail.

4.2 Dual superconformal symmetry

4.2.1 Dual superconformal symmetry of momentum space amplitudes

The remarkable simplicity of scattering amplitudes in A/ = 4 Yang-Mills theory and our ability to
compute them stem partly from the symmetries of the theory. It is now well known that in addition
to the conventional superconformal symmetry PSU(2,2|4), tree-level amplitudes of the theory are
invariant under dual superconformal symmetry [14, 15] which can be easily seen if we define dual

momentum and supermomentum variables

(pi)ad = _)\ia)\id = (xi—xiﬂ)(m izl...,n s (412)
qfa = )\“1’/]:4 = (01‘701‘4’_1)2 i1=1 NN (413)

Dual superconformal symmetry is ordinary superconformal symmetry in variables (z;,6;). The
amplitudes are covariant under this symmetry and the generators do not annihilate them. However,
we can modify these generators such that they annihilate the amplitudes and express them in terms
of \;, A;, see [14, 15] for more details. All the generators except K and S either act trivially on
the amplitude or are equal to one of their conformal counterparts. Hence, we only present expressions
for K% and S here.

Let us first rewrite the expression for the generators K% given in [15] in a more compact form

:_Zn: Zxﬁxua 5+Z)\a)\ﬂ)\°‘—+z}\(’)\“nj g A+Z)\">\°‘

i=1 | j=1 ]

== > (AexDs AN

1<j

(4.14)

where we have made use of momentum conservation and also introduced the operator

o -
Di; = A?W - ,ﬂm\ Zm 377 ; (4.15)
7 J
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which will play an additional role in Section 4.3.

Similar manipulations on S4 lead to

8&4:_2 Z A>\7,a +Z J ]nl ~[3 Z janj 771 8 B+Z jan]

=1 | j=1 i

(4.16)

=3 (X Dji + Aiam)

1<j
4.2.2 Dual superconformal symmetry of celestial amplitudes

Symmetries have played a pivotal role in determining scattering amplitudes in N' = 4 Yang-Mills. It
is conceivable that understanding these symmetries on the celestial sphere will lead to some insight
about the putative celestial conformal field theory governing these amplitudes. Several results have
already been obtained along these lines for Poincaré [179], conformal and superconformal symmetries
[180, 173, 174, 151]. Here we take the first steps towards an understanding of the implications of ce-

lestial dual superconformal symmetry by obtaining the form of the generators on the celestial sphere.

Let O be an operator acting on the amplitude. Then, the corresponding operator @, which acts

on the celestial amplitude is defined by

OA, = / <H ‘fj wfi> OA, . (4.17)

i=1

Then the operator D; ; becomes

- o ___o_ 0 o _9
Dij = — ;e 2% [ Ay +J; Jrzijaizi Femt A A= +ZJ1 Z it a A
(4 18)
We can use this in (4.14) and (4.16) to work out the all the components of K¢ and S on the

celestial sphere

Kad B Z { ( 1 _Zi > [267:682
i<j W\ %i%j

0 0 o 0
i (Aj + Jj — leaz> + 26j€28Ai+26AJ Z 77346777‘4
J [

(4.19)
o 0 o (1 Z
—2¢je%%i (Ai —Ji + Zijaz>:| — 2¢;e9%i ,
v Zi 2%
SA :\/iz Zj e-?]Ae%Az A-—l—J-—Z“i te; 26A7n Zﬂ
@ 1 (a5 J J ) az ] [ 7 8’17
i<j J B v (4.20)

__o_ 0 o [ =%
o (s )] ()

We have explicitly checked that these generators annihilate the all tree-level celestial superam-
plitudes. Note that while the results of the next two sections will be specific to MHV amplitudes,

the results of this section hold for all helicity sectors.
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4.3 Differential equations for celestial MHV amplitudes

4.3.1 Generalized Banerjee-Ghosh equations

In [164], Banerjee and Ghosh derived a set of n— 2 differential equations satisfied by celestial n-point
MHYV gluon amplitudes at tree-level. We refer to these as BG equations. While these equations are
satisfied by the full amplitude, it is easier to work with the colour ordered amplitudes. We will use
the equation derived in [164] to derive equations for colour ordered MHV amplitudes. Transforming
to momentum space, we find that these equations encode the properties of the amplitude under
an infinitesimal BCFW shift. We will then derive generalizations of these equations for MHV

amplitudes.

Colour stripped amplitudes

It is well known that the tree-level n-gluon amplitude, M,, admits a colour decomposition

My= 3" Mu[L,7(2),7(3),...,7(n)] T[T9 T ... o] (4.21)
TESn—1
where 7 is a permutation of {1, 2, ---, n} with the requirement m(1) = 1. This decomposition

trivially carries over to celestial amplitude,

M, = (OX ...0% )= > Mu[l,7(2),7(3),...,7(n)] T[T T ...T%m] . (4.22)
TESn -1

Here Mn and Mn are the Mellin transforms of M,, and M, respectively. All undefined symbols
used for the remainder of this subsection will have the same meanings as in [164]. There the authors
derived a differential equation for M,. To do this, they imposed the constraints arising from the
current algebra of the subleading soft modes of a gluon primary on the subleading singularities of
the OPE between a gluon primary and a subleading soft mode. This leads to the identification of a
null state, which when inserted into a correlation function of n gluon primaries, leads to a differential
equation. We follow this route here albeit with minor modifications to arrive at differential equations
for the colour ordered amplitude M., (1,...n).

We begin with equation (6.5) from [164], which after making the replacement 1 — i is

[5“””Jf1 + i fee g”L_lPi_1 — (69764 Y — (A; — 1)0* Y64 %) 5Y, Pi_l] O, +=0 . (4.23)
Shifting A; — A; + 1, using OX,,; y = P04, , and inserting this into the MHV amplitude yields

[0 7 () P() — (%767 — A% %) 12, (3)] (0% ... 0%, ...O%)

(4.24)
+ T()L_1(3) (0% ...0% ...0% ) =0 .
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Performing the appropriate OPEs, this turns into a differential equation for M,

a 9 a a; an A'—J-—1+Z--8' a a a; a; an
T; oz, <(9A11 "'OAi"'OAn> - ;eﬁj J szi 3105 T <(9A11 "'OAJ'—1 '..OAH»l "'OAn>
j#i
T - -
o Z ZZ <021102102"n> + Alzj«?Z}lOZlO&;):O .
i i 98

(4.25)

This is true for each positive helicity gluon 7. Thus we have a set of (n — 2) partial differential equa-
tions satisfied by M,,. We can now extract the equations satisfied by the colour ordered amplitudes.
For the sake of concreteness, we will derive equations for the colour ordered celestial amplitude

M, (12 ...n). The relevant contribution from the first term in (4.25) is

(aa Mn (1 . n)) T Tr[Tal R AR T ity (TR R ]
Zi

= ( 0 M, (1 ... n)> i fOST Ty[To .. T o % ]

8Zi
= (88 M, (1... n)> (Te[T - - T4 TOPU T+ ] — T[T T ST % )
Z4
(4.26)

Looking at terms with the prefactor of Tr[T9 ... T*-1TeT%T%+1...] we see that the next three
terms in eq (4.25) contribute only when j =i £ 1 yielding
A 1 ~
(- 2 1 Vam
Zi-1,i Zit1,i

Ai, —Ji, -1 Zi— igif o __98 ~
+ (61'51’1 1 1 + 21, leaAi aAil)Mn(l,"' ,TL) =0,

Zi—1,i

(4.27)

and another equation with i—1 < i+1 if we look at terms with the prefactor of Tr[T%t . .. T 1T %0 T%+1 ... ],

The terms with the prefactor of
Tr[To .. T-tT*T%+1 ... %17 e T%+1 ... ] in which the insertion 7% isn’t adjacent to T'*

imply
e, 2T T 14230 oy o AT i T 14 G0 oot
B Zji T Zj—1,i
A; AV ~ ) . . )
+ < L . )}Mn[].,"',l1,Z,Z+1,...,]1,],"‘]
Z4,i Zj—1,i
1 1 ~
+ ( - )Mn[la71_17’L+1a7]_131a]7]_0 .
Zi—1,i Zit+1,i

(4.28)

Plugging in the form of the MHV celestial amplitude (4.42), it is easy to see that (4.28) is satisfied
if (4.27) is true. Thus, we will take (4.27) to be the set of independent equations satisfied by the

colour stripped amplitude.
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Momentum space origin

We can recast (4.27) as an equation acting on the momentum space amplitude M,, to get

o .. 0 (i—1i+1)
L ppen—— — = V_— 4.2
( o Al 6)\?1>M" (i + 11) Mo, (4.29)

where 1 is a positive helicity gluon. We will now demonstrate that this equation follows simply from
the properties of M,, under a BCFW shift and that we can generalize this equation to superampli-
tudes.

Consider the n-point MHV amplitude with negative helicity gluons s and ¢

(st)* 6O (351, pi)
(12)(23) -+ (n1) ’ (4.30)

Ma[123...n] =

and the BCFW shift

)\z_>Az:)\7,+Z)\]7 )\]—>§\j:5\j—z)\l (431)

For infinitesimal z, this shift is implemented on (4.30) by the operator

:)\a.i ;0,0

5] J 6)\? i, a)\jﬁ.

(4.32)

Note that this coincides with the LHS of (4.29) when j = i — 1 and 4 corresponds to a negative
helicity gluon. The RHS depends on the helicities of 7, j and we tabulate the cases below.

1. When (J;, J;) = (+, %), (=, —),

. . 1 1
Myloii...] =M, PSS ) R CES )
Gi—1,0) (i+1,7) (4.33)
(1 —1,7) (i+1,7) 2
Mn< Z(i—l,i) z(i—f—l,i} + O0(2%)

2. When (J;, J;) = (—, +), consider ¢ = s,

9 ; ((it) + = (jt))* L 1
Mn[l] = i—1,5 i ,J
<12><23>"'<<”1> 1+>Z iz—il; 1+>Z izﬁf > (4.34)
i—1,5 i+1,7 Jit 2
= mo (1o D) B0 o)

Both of these cases can be compactly summarized as

_ _ <i_17j> o <Z+17]> <j7t> . <‘7778> .
Di; My, = M, ( G—1,4) G+ L) +4 ) 0is +4 = 51,t) , (4.35)

which is a generalization of (4.29).



We can map this to the celestial sphere. Taking J; = +, we get

{ (Ai+zij£) Il O R 5 ¥ R 1] M,

Zi—1, Zit1,i

0
+ €€y <Aj_Jj—1+5jiaz_> e’ M, =0,
J

which generalizes (4.27).

Supersymmetric case

The discussion above readily generalizes to MHV superamplitudes. The super-BCFW shift

)\i—>)\i+2/\j,)\j—>)\j—2)\i,773-4—>’l734—277,24

is generated by

oAy ww - ZmaA

_ L4]._[A 1217 1< >77'L 77] (4) -
A0 = T @) ) (Zp>

Under the super-BCFW shift (4.37), the numerator of (4.39) is invariant and we have

G140 " (i—i—l,z’))

Recall that

D;jAno = — Anp (

Note that the equation above is valid for arbitrary 7 and j.

Transforming (4.40) to the celestial sphere we get

o 1, FLg) g
[— (Ai+Ji+zijaz> 4 Iy Z“’J} Ano

Zi—1,i Ri4+1,i
Z R
- — 5 A
— €€ N 5 A 877 / 'A"ao
J

+ €€ A-—J-—l—k‘--fa Bgiiggifl =0
€i€j | B — Jj Fiigs. ) € n,0 )
J

which is a generalization of (4.27) to celestial MHV superamplitudes.

4.3.2 Hypergeometric equations and their momentum space origin

71

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

The tree-level celestial MHV gluon n-point amplitudes have been computed in [158] and have been

found to be Aomoto-Gelfand hypergeometric functions. It is well known that these functions satisfy

a set of differential equations. We refer the reader to Appendix 4.4 for more details. In this section,

we will motivate these differential equations from properties of amplitudes. The celestial tree-level

MHYV n-point amplitude is given by
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n =2 —= 1(zep >0
M T 212223 ... 2Zn1 2"74 U g (l' b )
n—4 n—4 n—4 n n—a Ap—Jp—1
X / (H duc> ] (1 - Zud) (H uaA“_J”'_l> H ( x%bua) (4.42)
c=1 d=1 a=1 b=n—3 \a=1
=N§ (Z(Ai - 1)) F (a5, M)
where
U= det{Qn—37 dn—254n—1, Qn}a Ua,b = det{‘]n—iﬁa dn—2;4n—1, Qn}|b—)a s
e Uns (4.43)
Tab = ——— 77
’ e U

and F is the Aomoto-Gelfand hypergeometric function[175]. This is of the form given in (4.62) with

0 21,n-3 T1,n—2 T1,n-1 T1,n
0 B T2, n—2 T, n—1 T2 p
z = | , (4.44)
0 0 0 ... 1 xn—4, n—3 -Tn—47 n—2 xn—4,n—1 xn—4,n

which corresponds to setting (with k =n — 4 and m = n)

Za,b:(sa,b 1<a7b§n747

(4.45)
Zap = Tap 1<a<n—-4, n—3<b<n .
The polynomials ¢, are
él = ui, st gn—4 = Unp—4 ,
n—4 (446)
by = Zxa,bua, b=n-3,...,n ,
a=1
and the exponents are given by
Oéj = Aj — Jj -1 . (447)

Momentum conservation is manifest in (4.9) due to the presence of the delta function in A,,.
However, in arriving at the expression in (4.42), we have used the delta function to eliminate
Wp—3, .-.,wn. The statement of momentum conservation can now be written as a differential equa-
tion on F. Let P* be the total momentum operator acting on M,,. The corresponding celestial

operator, along the lines of (4.17) is

n
PH = Zei qé‘eaiAi , (4.48)
i1
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and we must have

Z € qfeaii M, =0 . (4.49)
i=1

We can extract four independent conditions by contracting this with the four vectors vl), b =
{n—3,n—2,n—1, n} defined by

€n 'UZ = - ENV’Mang vdn—-2pQdn—1o ;  €n—3 szfs = 6Myp[fqan vdn—1p4no (4 50)
€n—2 UZ_Q =—€e"""%_1uqn pdn—-30 5 €En-—1 vﬁ_l =P, vdn—-3 pdn—20o
Noting that v} €, gap = —Uqp, we get
n—4
9o -0 ~
[— meb Ueoda + Ue"’Ab] M, =0
a=1
. . . 5 (4.51)
= N§|1 A, —1) | e?® | — —ZTop——+1 ]| F =0,
( +Z( i )) ( Zab N )
i=1 a=1 ’
_a_
where we have used the fact that e?3a F' = a7 o%) ax‘? F. This gives us a set of differential equations
n—4
oF
> Zap = F | (4.52)
a—1 ’ 8$a,b

which correspond to eq (4.69).
The other set of differential equations eq (4.68) can be derived by noting that the form for

M,, given in (4.42) corresponds to using the momentum conserving delta function to solve for

Wn—3,...,wn. A different choice, say solving for wy, ..., w43 would lead to

Mn =27 Zﬁ’t 5(Zi(Ai71)) ! / H duc| 0| 1-— Z Ug

n—4 177
12725 - - Znl 2 v c#{k, ..., k+3} dA{k, .., k+3}
Ap—sp1 (4.53)
k+3
« H ubAb—Sb—l H Z Jf';)bua ,
b#{k, ..., k+3} b=k \a#{k..k+3}
with
U’ = det{qr, qu+1, qet2, 43} > Upy = det{qr, i1, 2, Ght3}losa >
o G U(;,b (4.54)
b €p U’
This corresponds to an integral of the form given in (4.62) but with
0 ... z1k T1, k41 T1, k+2 T1, k+3
0o 1 ... X2,k T2, k+1 T2, k+2 T2, k+3 ... 0

zZ = | . (4.55)

0 0 ... Tpak Tuaktl Tndak+2 Tn-akt3 --- 1
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Both of these are equivalent representations of the celestial amplitude and Z is defined up to GL(n—
4) transformations acting on the left. These transformations correspond to a change of solved and
unsolved variables. As shown in Appendix 4.4, this transformation property of M,, gives rise to the

differential equation (4.68).

= OF
Zz%b— = — 64 F 1<a,¢c<n-—4 . (4.56)
= azab

We need to make sense of the differentials of the gauge fixed z; ;. To do this, we first differentiate

the function F' as in (4.62) and then set z; ; to the corresponding gauge fixed values. In particular,

za,ba‘Z—Fb = 0ap aaea%c_a%aF for a, b, c € {1, ...n —4}. We can now write (4.56) in terms of the
La,b-
- OF
JF h— = _F . 4.57
Qo + Z T ’b8$ab ( )
b=n—3 ’
n 8F
(,eTRs " PR F 4 3 Tapg— =0 c#a . (4.58)
Le,b
b=n—3 ’

It can be shown that (4.58) can be derived from the rest and isn’t independent.

4.3.3 Relation between differential equations

Finally, we make a comment here about the relationship between the colour stripped BG equations
(4.27) and the hypergeometric PDEs. Recall that the celestial MHV amplitude

M, =Nsé (Z(Ai - 1)) F (%o, ) (4.59)
i

where F' is a hypergeometric function. To compare the two sets of equations, we rewrite the BG

equations as equations for F' in terms of the variables z,_ ; in (4.43). Without loss of generality, we

choose 7 = 1. After some manipulation, it can be brought to the form

i 0 € ( _ 8$2b> ( 9 0 _s2-32 )
a1+ Y wpa— | =32 (a2 T,
( ' "0 9y b) zb:ﬁ 2T Gz, dxry  Orap

b=n—-3 ’
€2 o0 __o_ 0
——ZePA1 2 | qp+ 1+ E Top=——
€ - Oz

which shows that the BG equations reduce to combinations of the hypergeometric equations.

(4.60)
F=0,

4.4 Appendix: Aomoto-Gelfand hypergeometric functions

The Aomoto-Gelfand hypergeometric functions [175] are associated to Grassmannians. In this sec-

tion, we will make this connection explicit and derive the differential equations associated to them.
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For a quick introduction, see [181] from which most of this section is adopted (with cosmetic changes).

Let Z be a k x m matrix,

Z=| : . (4.61)

The hypergeometric function associated to this matrix is

i duy . .. duy,
F(Z) = Y4 “ = 4.62
2= [ [[o0r T - (4.6
where £y (u) = 25:1 Ug Zap a0d 4 = (uq,...ug) € CP*. The polynomials /1, ..., {,, can be collec-
tively written as
b=, ... p)=u-2Z . (4.63)

A point in the Grassmannian G(k,m) is defined modulo GL(k) transformations. We would like to
understand how the function F(Z) behaves under such transformations. A GL(k) transformation,

G, acts by left multiplication on the matrix Z as Z — G - Z and we have,
(=0 =u-GZ . (4.64)
We see that the effect on F(Z) is a change of variables from u — v’ leading to
F(G-Z)=det(G)"'F(Z) . (4.65)

We can also rescale each column separately. This is effected through right multiplication by an

m x m diagonal matrix S = diag (so,. .. Sm).
S121,1 S2%21,2 .- SmZl,m
Z—7-8=]| : . (4.66)
S1 Zk,1 S92 Zl,g oo SmRkm

The polynomials transform in a simple manner as ¢; — s; ¢; resulting in
F(Z-S)=F(Z) []sp (4.67)
b=1

The transformation properties in (4.65) and (4.67) lead to the following set of differential equations
[175], [181]

OF
D abg—=-0ucF 1<ac<k, (4.68)
Ze,b
b=1 ’
k
F
Zza,b—a =F  1<b<m . (4.69)
8Za7b



Chapter 5

Deformed wi,, Algebras in the
Celestial CFT

This chapter is based on [44].

Symmetries have played a central role in shaping our understanding of fundamental physics.
They often hint towards simpler or alternate formulations of theories. The Lorentz group SO(3,1)
of 4D flat spacetime acts as the conformal group SL(2,C) on the 2D celestial sphere at null infinity.
Any theory living on the celestial sphere naturally inherits this conformal symmetry. S-matrix
elements, typically evaluated in a basis of momentum eigenstates, can be rewritten in a basis of boost
eigenstates via a Mellin transform (for massless particles) [43, 182, 139]. The resulting amplitudes
transform as correlation functions of a 2D conformal field theory on the celestial sphere. It is
conjectured that a suitable theory on the 2D celestial sphere, called Celestial CFT (CCFT), is the
holographic dual to gauge and gravity theories in 4D flat spacetime (see [183, 184, 185] for reviews).

Celestial CFTs have additional symmetries beyond the usual 2D conformal symmetry which
follow from leading and subleading soft gluon theorems and leading, subleading and subsubleading
soft graviton theorems (see [186] for a review). Remarkably, these symmetries completely fix the
leading celestial operator product expanstion (OPE) of conformal primary gluons and gravitons on
the celestial sphere in terms of the Euler beta function [187]. These OPEs have been also derived
in [144] by Mellin transforming the collinear limits of amplitudes. The Euler beta function has an
infinite sequence of poles at integer conformal weights, associated with conformally soft currents: the
first pole corresponds to the conformally soft current, the second to the subleading soft current, and
so on'. The OPEs between the conformally soft positive-helicity gluon and graviton currents have
been obtained in [196] by taking appropriate residues of the results of [187]. These OPEs can then
be used to compute the commutation relations of the modes of the soft currents [197]. Remarkably,

it was recently shown by Strominger [168] that the resulting algebra is the wedge algebra of w140

1Soft theorems in the 4D bulk translate into conformally soft theorems on the celestial sphere in which the conformal
dimensions of external particles take on specific integer values [188, 189, 190, 191, 144, 192, 193]. The infinite
tower of soft theorems has been discussed in [194, 195].
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algebra which has been extensively studied in the 90s (see [198, 199, 200, 201, 202, 203, 204]). This
W14eo Structure of the symmetry algebra holds for all spins and in the presence of supersymme-
try [196, 205, 206]. Additionally, it has also been derived from the worldsheet perspective [207, 208].
The effect of loop corrections and higher derivative interactions on conventional soft theorems has
been studied in [209, 210, 211, 212, 213, 214]. It is interesting to understand their corresponding

celestial versions and their implications for the wj o, structure.

In this paper, we consider the effect of non-minimal couplings in the bulk on the OPEs of soft
currents in the CCFT. We compute the corresponding modifications to the symmetry algebra, and
find that while the modified algebra bears some semblance to the well-known Wj ., [200], it differs
from W1, in crucial ways. We find that the Jacobi identity imposes constraints on the spectrum
and couplings of the theory. The rest of the paper is organized as follows. We review the OPEs of
soft currents in the presence of non-minimal couplings in Section 5.1. We compute the algebra in
a simplified form and demand the closure of Jacobi identities in Section 5.2. In Appendix 5.3, we
demonstrate the structure of soft current operators directly from well-known scattering amplitudes.
Appendix 5.4 provides an alternate derivation of the gluon soft current OPEs from double soft limits
of scattering amplitudes. Finally, in Appendix 5.6, we comment on an alternate definition of the

commutator for soft currents.

5.1 Soft current OPEs

The OPE for two operators of arbitrary spins, s1, s2 and conformal dimensions Ay, Ay in CCFT is
heavily constrained. They have been determined from collinear limits of scattering amplitudes [144]
and separately from asymptotic symmetries [187]. The contribution to the OPE from a three-point
interaction with bulk dimension p + 4 was worked out in full generality in [196] and takes the form?

oo

_ — 1 @) (1, 1 P+ qa =
Ohy iy (21,21) Op, 1, (22, 22) ~ — Z C’I(J ) (hl,hg) zf; OOyt hy—1 ki +hatp (22, 22) 5 (5.1)

z
12 a—0

where (h,h) = (242, £5%) are the conformal weights. The OPE in (5.1) gets modified slightly if
both operators carry a color index. In this case the right hand side must include an appropriate
group theoretical factor. In the rest of this paper, we will avoid writing color indices explicitly
unless necessary. The OPE coefficient C’,(,a) (ﬁl,ﬁg) is completely determined by the three-point
amplitude of massless particles with helicities s1, s2, —s; (where s; = s1 + so — p — 1 is the spin of
the intermediate particle in the collinear factorization channel) to be [196]
o 1 1 _ _

CI()Q) (hla hg) = _5/{81782’_8153 (2h1 +p+ Oé,2h2 +p) s (52)

where B(a,b) is the Euler beta function, ks, s, —s, is the coupling constant of the relevant three-

point amplitude which has mass dimension —p which can include contributions from multiple terms

2We are only considering the holomorphic collinear pole. Depending on s1, s2, there could be an additional anti-
holomorphic pole.
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in the Lagrangian. As an example, k292 comes from various higher derivative terms with different
R3 type contractions. Discounting the existence of massless higher spin particles in the bulk, there
are only a finite number of interactions which contribute to this OPE and we must sum over all
allowed values of p. Tt is apparent from (5.2) that the OPE coefficient has poles in A corresponding
to conformally soft limits. The soft current with dimension k for a particle with spin s is defined by
the limit

HY = lim (A — k) Opsote bre—e = lim €O prose pies (5.3)

A—k 2 0 2 e—0 2 0 2

where k = 2,1,0,—1,—-2,... for gravitons, k = 1,0,—1,... for gluons and k£ = 0,—1,—2,... for
scalars®. Again, it is understood that missing color indices are restored in the appropriate cases.
Appendix 5.3 contains more details on the derivation and structure of these soft currents. Using

this definition of soft currents and the limit

hmEF(Qi_zl +p+a+e) T (2hg+p+e) (=20 —2hy —2p—« (5.4)
=02 I (2R +2he +2p + o + 2) —2hy —p ’ ’
we obtain the soft current OPE [196]
I’Ikl’Sl (Zl,fl)Hk2’52 (22,22) ~ (55)
_ Z Fsi,s9,=s1 i io: 7(212>0‘+p _ZBI B 2B2 —Z-a 9« Frkitkat+p—1,s1+s2—p—1
> 2 212 s a! 72}_12 -p

The OPE of two positive helicity gravitons includes the term with p = 1, which is the contribution
from the usual MHV amplitude with coupling k_222, p = 3 which is the contribution from a
graviton-graviton-scalar coupling ¢ 2,2, and p = 5 which is the contribution from a non-minimal R?

coupling kg 22. The roster of soft currents considered in this paper is

e Soft graviton currents H**2

e Soft gluon currents H*+1e
e Two kinds of soft scalar currents H*%¢ (colored) and H** (uncolored).

For the sake of clarity, we explicitly write out two OPEs involving operators of color. The OPE of

two positive helicity gluons is

HFtla (21,21)Hk2’+1’b (2’2,22) ~ (56)
_ a+ 7 7
—ifete 3" Fiip-1 1 3 (F12)"7" (=21 — 2,h2 -« Ho fk+katp—11-p,c
o 2 oz a! —2hy — p
a - ya+l1 7 7
0% k110 1 T (z12)"" (2D — 2hy =2 = @) s prki ka0
Ne 2 212 4 al —2hy — 1

_ a+1 7 7
_ gabefirio 1 > (212)*"" (20 — 2Ry —2 @ o ke 0.c
2 Z12 a! —2%2 —1 ’

[e3

3Note that the k = 0 term is non trivial for scalars in the adjoint representation.
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where f2¢ is the structure of constant and accompanies gluon operators, 6%° accompanies uncol-
ored scalars, N, is the number of colors and dobc ig a total symmetric tensor defined by dgp. :=
2Tr [{T, T} T°] which accompanies colored scalars.

Finally, the OPE of a gluon and a colored scalar is

HEvALa () 7)) HR200 (25, 7)) ~ (5.7)
o ifabc K0,0,1 i Z (212)‘1 72}_7“1 - 2}_7“2 - 5aH7€1+k2—1,O,c
2z« —2hs

_ a+1 7 7
_ gaveforn b 3 (1) (=2 = 2hy =2 —a g fkaths —Le
2 oz al —2hy — 1

[e3%

Note that this time f%°¢ accompanies colored scalars while d®*° accompanies gluons and that we
have no 6*° term. We will find that the algebra of soft currents involving gravitons and gluons does

not satisfy the Jacobi identity unless we include additional scalars (see Section 5.2.2).

5.2 Algebras

The OPEs obtained in the previous sections can be used to compute the commutators of the modes
of soft currents. Following the suggestion in Appendix 5.3 we have

B
H* (5,5)= ) Zml% HE (2). (5.8)

m=—00

The modes can also be extracted from the current by the contour integral

s dz ~m+h— S >
HE () = § 5mem R 20, 59)

211
|z|=€

We define a 2D commutator as

[Hﬁ;l"sl,H%;‘SQ] (22) = %%z{hlﬁlfl%zgﬁﬁﬁle’“’sl (21,21) H"*2 (29,%5),  (5.10)
c

where the contour C is defined by the conditions z; = 22, |21| = €,|22| = € with € infinitesimal. The

OPE of soft currents with opposite spin involves both holomorphic and anti-holomorphic poles. The

commutator defined above captures the residue on the holomorphic poles only. We can alternatively

define a commutator which is sensitive to both sets of poles. However, this definition would lead to

a violation of the Jacobi identity as we will see in Appendix 5.6. A particularly striking consequence

of the definition (5.10) is

[Hﬁ;l’sl,HﬁfQ’” (22) =0 if  s1<0,8 <0, (5.11)
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since the OPE of two negative helicity soft currents only involves anti-holomorphic poles. The
algebra of the modes of the soft currents is determined by the OPE (5.5) to be

k1,8 ko,s2 | Ksi,80,—s1 - _2E1 - 2712 - 2p -«
Hm11 17H’rﬁ22 2i| - Z 2 Z ( 7252 —p (512)

D a=0

_ _ _ +p
dz1dZy _q v i1 oaie—1 (Z12)" TP <
% 2m1+h1 12;n2+h2 1 ( ) ang1+k2+p*1751+82*10*1 (2;27 22) .

2mi 2mi ! al

Performing the z; integral we get,

k1,81 ka,s2 | _
|:H7711 7H7712 :|_

s _ _
_ Z M Z —2h1 — 2h2 — 2]) — p + Oé_ i(_l)a+p+m1+7u (513)
" 2 _2B2 —p —m1 — hl al

a=0

dzs o1 Ly Lot ho—1 _ o —p—
% o Zg+a+m1+h1+m2+h2 8204Hk1+k‘2+p 1,51 +8s3—p—1 (2’2, 22) ) (514)

We can perform the last integral by using the mode expansion of HF tkatp=Lsitsa=p=1 (5, 7. in
(5.8). The result is

s _ _
_ —2hy —2hy — 2p — @ p+a

ng1,31 H@z,sﬂ - _ Ksy,s0,—s1 ! B

|: mLoTeme Z 2 Z —2ho — p —mq — hy

p a=0
(_1)a+;0+’rﬁ1+h1 (—ml — Mo j ill j EQ —p)! H@1+k2+p,1’51+52,p,1 . (515)
a! (—’fnl—mg—hl—hg—p—a)! 1+
It is useful to rewrite the above expression using the identity
' p
510 N :Z<P) I . (5.16)
(=m1 — ) (a+p+my +hy)lal o\ (—=m1 —h —2)! (a+ 2+ M1 + hy)!

The commutation relation (5.15) now becomes

p o) T T
51,82,—8 _2h1—2h2—2p—a _ -
H@1,517H@2,82} _ Ks1,s0,—s1 p ! _q)etpmath

! H’f1+k2+p*1,51+82*p*1

m1+mo
(=m1 =y —hy —hy —p—a)! (=my — by —z)! (a0 +x + 1My + hy)! (5.17)

(=M1 — Mg — hy — hy — p)

This allows us to perform the sum over o more easily to get

» - - _
— _ +mo—hy —ho—p
H@m,H’iwz} = Fovsamsr (_qyp-a(P) (T - 5.18
[ mi m2 ZZ 2 (1) T mi1—hy —p+x ( )
p xz=0

~ —my —mg —hy —hy —p Hk1+k‘2+;ll—1781+82—p—1

—’n_’Ll — iLl — X Mt ’
Restricting the sum over p to only include particles with helicities between —2 and 2 implies that
p € (Max(s1 + s2 — 3,0), Max(s1 + s2 + 1,0)). However, some values of p in this range might still be
forbidden if the corresponding amplitude does not exist. The introduction of color indices modifies

this formula in a manner analogous to the modification of the OPE.
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5.2.1 W -like currents

It is useful to define new currents which are light-transforms of the soft currents. These have
simplified the algebra and revealed its wo, structure in [168, 196, 205]. Let*

W (z,2) =T (2¢) L [Hs+2<1—q%s (z,2)] (5.19)
where ¢ = 1, 2,2,... and
_ - dw _
L [Oh,ﬁ (372)] = o mohﬁ (z,w). (520)

The conformal weights of W% are (s + 1 — ¢, 1 — ¢). Applying this definition to the mode expansion
(5.8) we get,

m=—h

X 1 s —q),s
Ws(z,2) = Z (—m+qg—1D!(m+qg—1)! _m+qu+2(1 ), (2) (5.21)

m=—00

which implies the following mode expansion

s q9,s
WS (2, z) Z W Zm+q (5.22)
with®
Wi (2) = (=m+q = D! (M +q - DHZD (). (5.23)

The commutator (5.18) takes the simplified form

p
K — _ _ _
[W”?ﬁl{sl’ ngz2)52:| — — Z Z%(—l)p z (‘Z) [ml + q1 — 1]p71[_m1 + q1 — 1]:13 (5.24)

p x=0

X [mg 4+ q2 — 1]z[—m2 + g2 — 1]p—a ngl':_q;f Lsitsz—p—1
Max(s1+s2+1,0) "
= _ 81,82, —S1 N = = Wq1+q2 p—1,51+s2—p—1
Z 9 (Q17q27m17m27 )

mi1+ma
p=Max(s1+s2—3,0)

where [a], :=a(a —1)---(a —n+ 1) is the descending Pochhammer symbol and
_ (P _ _
N (g1, g2, 71, ma,p) = »_(—1)P~* (I) [+ a1 = 1p—o[-m1 +q1 = 1]a

X [mo 4+ q2 — z[—m2 + g2 — 1]p—z.  (5.25)

While p generically ranges between Max(s; + s2 — 3,0) and Max(s; + s2 + 1,0), some values of p

are forbidden because the corresponding amplitudes do not exist. Note that N (q1, g2, M1, M2, p) is

4 As usual color indices are suppressed.

5The expression as written is valid only for modes in the range 1 — ¢ < m < ¢ — 1. Similar expressions can be
written for modes outside this range.
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symmetric under the exchange of ¢1 <> g2, M1 <> Mo for even p while it is antisymmetric for odd p.
Thus, when both W2 ** and W2 ** have no color indices, the commutator is antisymmetric under
the exchange only for odd values of p. When we include colored particles, the allowed values of p
depend on the group theoretical structure. For example, the commutator involving two gluons then

reads (note that N (q1, g2, m1,m9,0) = 1)

q1,51,a q2,52,b
[Wml , W ] (5.26)
Max(s1+s2,0)
_ . pabe Ksi,s0,—s1 = — q1+q2—1,s1+s2—p—1,c
—_Zf § 2 N(qlquam17m27p) Wﬁz1+ﬁ12
p=Max(s1+s2—2,0)
p even
ab Max(s1+s2+1,0)
4 Ks1,s0,—s1 N = = WQ1+Q2*P*1,51+52*P*1
- N 9 (q17q27m17m27p) mi+ma
¢ p=Max(s1+s2—3,0)
p odd
Max(s1+s2,0)
K _
abc § : $1,82,—S1 == q1+g2—p—1,51+s2—p—1,c
—d 9 N(Q17Q27m1am27p)wm1+m2 )
p=Max(s1+s2—2,0)
p odd

while the commutator of a gluon (or colored scalar) with a graviton or scalar reads

q1,51,a q2,52
[ sa pydzss] (5.27)
Max(s1+s2,0)
Ksi,80,—s1 — — +q2—p—1,51+s2—p—1,a
=— g 5 N (g1, g2, 1, Mg, p) Wi 192 Pmnsrmsempm o,
p=Max(s1+s2—2,0)
p odd

5.2.2 Jacobi identity

We must now demand that these commutators satisfy the Jacobi identity. To this end, we compute

the double commutator from (5.24). After some algebra, we have

(Wi W2 | Wi ] + eyelic (5.28)
S1+82+s83

= 2 )

l
K
l=s1+s2+s3—4 r=0
[ even r odd

51,82,1+1—r—s1—52 Ks1+so—1—147,83,1+2—51—s2—53

2 2

XN(QIaQQ,mlam%l_T)N(Q1+Q2_l_1+7"7QS7m1 +m27m37T)

q1+q92+q3—1—2,s1+s2+s3—1—2
X Wi g +ms

+ cyclic.

We find that the coupling constants are highly constrained by the Jacobi identities.® The Jacobi

identity for s; = so = s3 = 2 requires

(K—2,2,2 — K0,0,2) Ko,2,2 =0 353,272 =10k_222 K222 (5.29)

6 After the first version of this paper was published, [215] showed that in order for the Jacobi identity to be satisfied,
only the soft generators inside the wedge h < m < —h are allowed.
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and the one for s; = so = 2, 53 = 0 also requires
(k—2,2,2 — K0,0,2) k0,02 = 0. (5.30)
Adding on the gluons, the Jacobi identity for s; = so = 2, s3 = 1 requires
(H72,2,2 - H71,1,2) RK-1,12 = 0 K—222K11,2 = K-1,1,2K1,1,2 = K0,2,2 K0,1,1 » (5.31)
the one for s;1 = 2,55 = 1, s3 = 0 requires
(Ko,0,2 — K—1,1,2) Kko,1,1 = 0, (5.32)

the one for s; = 2,59 = s3 = 1 requires

K_1,1,2K1,1,1 = 3K1,1,2 K—1,1,1 » (5.33)
the one for s; = +2,s55 = 1, 53 = —1 requires
(k1,12 —K—222)k-1,12=0, (5.34)

the one for s; = s5 = 1, s3 = 0 requires
(K—1,1,1 — K0,0,1) k0,01 =0 (K—11,1 — K0,0,1) Ko,1,1 =0, (5.35)
and finally, the one for s; = so = s3 = 1 requires
K1 =2K_1,11FK1,1,1- (5.36)

For the final case, the Jacobi identity involving just F'3 correction k111 # 0 fails to close unless
we include a colored scalar soft current in addition to the uncolored scalar, with the coefficient the

same as that of uncolored scalar.

5.2.3 Relation to Wi

The algebra in (5.24) is a deformation of the wiyo algebra obtained in [168] in the absence of
higher derivative corrections.” There, it was conjectured that quantization of the theory would
deform w4 to the well studied Wiy [198, 199, 200, 201, 202, 203, 204, 216]. This algebra was

derived in [200, 204] by starting with a generic deformation with parameter \ of wi oo

[Vt V] = 0 NG (ma, ma) VAL 2 4 020 g, ()0 %6, g0, (537)
r=0

(here m = 0,1,2... label the modes of V') and demanding that the central charge be non-vanishing,

the structure constants satisfy the Jacobi identity while also enforcing the truncation of this algebra

"There are more generators in the algebra (5.24) than in wi4eo-
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to a finite number of terms. In particular, g%ﬂ (m1,ma,q1,q2) = 0 whenever g; + g2 — 2r < 0. These

conditions completely fix the central charge as well as the structure constants to

22q—3q!(q +2)! o g;qz
‘= (2Q+1)”(2q+3)l| 9or (m17m2) =

—= N 2 2, M1, Mo, 2 1 5.38
2(2T+1)' (q1+ aq2+ , M1, M2, T+ )7 ( )

with

g2 :ZH (20-3)(2l+1)(2r—201+3)(r—1+1)

. 5.39
1241 — 21 + 3)(2q2 — 21 + 3)(2q1 + 2q2 — 47 + 21 + 3) (5:39)

a=01=1
Note that IV in (5.38) is identical to the one appearing in (5.25). Note that when A = 0 the algebra
goes back to wyy algebra. The algebra obtained in this paper is similar to the algebra referred to
as case (1) in [216]. The function ¢3}? which has non-trivial zeroes enforcing the truncation of the
algebra is absent here. Here the truncation occurred naturally due to the absence of massless higher

spin fields.®

It is important to understand how the algebra in (5.24) is further deformed by loop corrections.
It seems plausible that they would lead to a central extension of the algebra. The scalar currents
are forced to exist for the algebra to close in the presence of non-minimal couplings. Clarifying their
origin, perhaps by linking them to the the spontaneous breaking of some symmetry would also be of
interest. Finally, the constraints on the couplings imposed by the Jacobi identity are very restrictive.

We leave a systematic study of the implications of these constraints to future work.

5.2.4 Simplest loop corrections and connection with the self-dual sector

One-loop corrections to gluon amplitudes are generically logarithmic and IR divergent. This poses
a hurdle to defining a mode expansion of the soft factor. However, one-loop amplitudes involving
only positive helicity gluons or only positive helicity gravitons® are purely algebraic and their effect

on the algebra is easily determined. The one-loop all plus gluon amplitude is [218, 219]

0 o (2] (Gk) (kL] (L)
Al (2t et = o 1<i<j§<l<n 12(33) —(n}" (5.40)

A similar expression can be obtained for the corresponding one-loop graviton amplitude [220]. Re-
markably, the OPEs and algebra computed from the collinear limits of this amplitude are identical

to the ones obtained from tree-level amplitudes. They leave the wi4o algebra undeformed.

This one-loop amplitude also happens to be the only non-zero amplitude in the self-dual sector of
Yang-Mills theory. More precisely, the only non-zero amplitudes in self-dual Yang-Mills and self-dual

gravity are the three-point tree-level amplitudes with two-positive and one-negative helicities, and

8During the preparation of the second version of this paper, [217] appeared with more detailed studies on this
deformed algebra. [217] related the algebra in (5.24) with the loop algebra of a wedged-symplecton algebra,
denoted by LW,. The symplecton algebra is a different deformation of w14 from Wi with exactly d)%i,qz =1
as we have in (5.24).

9These amplitudes vanish at tree-level.
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the one-loop amplitudes with all positive helicities [221]. Consequently, we can only define collinear
limits of positive helicity particles in the self-dual sector and the OPEs obtained from them agree
with the OPEs of positive helicity particles obtained from the full theory. It would be interesting
to analyze the effect of non-minimal couplings (obeying the self-duality condition) on the self-dual
sector. Such a theory will naturally be free of anti-holomorphic poles and provides an alternate, and

arguably more natural way to deform the wi, algebra.

5.3 Appendix: Single soft factors

We start by recalling that the Mellin transform of the amplitude is interpreted as a correlation
function of gluon primary operators [43, 139]. More specifically, we first decompose the amplitude

in trace basis as

Ap (1,2,3..n) = Y Te[TT%2 .. . T%n1] A, (1,2,3...n). (5.41)
oESH_1
Amplitudes are usually expressed as a function of spinor helicity variables p,q = Aadg. We

parametrize these as

7

1
A =egivwit; (
.

) A = ity <1> (5.42)

3

and Mellin transform the color-ordered amplitudes,

A, (1,2,3,...n) = /dm...dwnwfl—l...w,?"—lAn(l,z?),...n). (5.43)
Then we have
Tr[T"T* ... T A, (1,2,3...n) = (OX (21, 21) 0L, (22, %) ... OX" (20, Zn)) - (5.44)

When particle 1 becomes soft, we can expand the amplitude in a Laurent series as

1
An(1,2,...m) = > wy A (5.45)

r=—00

where the coefficients /TST) are independent of wy. The conformally soft limit [188, 189] Ay — k,

with £ =1,0,—1,... gives

Jim (A= F) (0% (21, 2)02, (22, %) .. OF: (20, 20)) (5.46)
1
1
aypa a dwy § : — dws dwy, IS
:TI‘[T szTn]/u)l(Al_k)wlAlrocwlT/wwn W§ZW$HA;S)

d dwn,
—Tr[rure: .. 7o) [ 2
Wo Wn,

Az A, gk
w52 .. whn ALK
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where from the last but one line to the last line we are using the identity

lim ew™* = §(w). (5.47)

e—0

We interpret this soft expansion as defining the correlation function of soft currents, i.e.
Jim (A &) <(9211’+1(zl, 2)0% (23, %) ... O (2, zn)>

= <Hk’+1’al (Zl, 51) 0222 (2’2, 22) ... OZ’; (Zn, Zn)>

Jim (A &) <ogljl(zl, 2)0% (23, %) ... O% (2, zn)>

= (HM1" (21, 2) OR (22, 2%2) - .. OX" (2, Zn)) (5.48)

n

where £ = 1,0,—1,---. All the dependence of the correlation function on the variables z1,z; is
entirely due to the soft current operator. We can thus attempt to guess the structure of the soft
current operators H*+1:¢ by examining the functional dependence of the amplitudes on 21,7 in
the soft limit. We first review the case of MHV amplitudes and see the polynomial structure of the
currents. We will then move beyond MHV amplitudes and consider the structure of soft expansion

of the 6-point NMHV amplitude and non-minimally coupled amplitudes.

5.3.1 MHYV amplitudes

We are interested in the structure of amplitudes in the soft limit. The soft limits of negative helicity
particles vanish in the MHV sector. Consider the following expression for AMEV (1,...7n), obtained
from a BCFW expansion using the shifts 5\1 = A + 2\, 5\n = 5\" — zj\l,

ay ___(n2) exp<§”1>x 9, )5 0 )xtw(z,...n). (5.49

(nl) (12) n2) ' ox, | (n2) "o,

Expressing this in terms of w;, z;, Z;, t; using

—~

=5 T T —J=> tiijnfl = _232'“2(71*17 (550)

o _1(. 9 _ ;90 _ ,9 o _t 9
AL Vi \Tows oz o) aae Jw oz Oti
gives
1 zpe Zp1 Wi 0 _ 0 9
An = ;1 21212 exp [Zmu& <UJ28Q12 + Z1287,§’2 t26t2) (551)
Z12 W1 0 _ 0 0
+ a;ﬂ (wnawn + Zlnaign - tnatn) ‘|An1 (27 .. TL)

1 zpo Zn1 O z12 0O Zn1Z12 O z12Z1n, O
— eXp C(Jl D — + = + a— + a—
W1 Zn1212 Zn2 Owa — Zp2 Owy, Znowa 0Za  Zpowa 0%,

Zn1 28 2192 28
N ( n1 282 wn)] A
Zn2 W2 Zn2 Wn
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Using the definition in (5.48) and the relation (5.46), the correlation function of the soft current
HFutla g

<Hk1,+1,a1 (21,71) (9222 (22,22) ... OZ’; (zn, Zn)> (5.52)
=Tr [T"T* ... T @...%WQAz...wS"A’TSk)ZL
w2 Wn, Zn1%12
d d
= —Tr[reTe . o] [ 2 SR R e
w2 Wn,

Znawa 07 Znawa O0Zy,

ER T Ancs
Zn2 OW2 Zn2 OWn, Zn2 W2 Zn2 Wn

X([Zm 0  zi2 O }Jr |:Zn12128+21221n 0 ]+ |:Zn1282+21228n:|>1k

1—k
=Te [T T ... T] Y HM L (20) 20 A,
m=0 2

which is a simple polynomial of degree 1 — k in Z;. A similar analysis has already been performed

for gravity and can be found in [193].

5.3.2 NMHYV and beyond

The factorization of the amplitude in (5.49) ceases to be valid beyond the MHV sector'’. While the
leading and subleading soft limits are universal [222, 223] | the remaining terms are specific to the
amplitude in question. We examine the series expansion of the NMHYV 6-point amplitude and show
that the amplitude is no longer a finite polynomial in the z, Z coordinates of the soft particle. This
suggests that the polynomial structure of soft current breaks down in the presence of more than two

negative helicity gluons. Consider the following expression for the 6-point NMHV (see for e.g [224])
Ag (17,27,37,47,5%,67) (5.53)

-~ (3|1 +2|6] 5* (P) + (115 + 6]4]3 §* (P)
- PPy [21][16] (34) (45) (5|1 +6]2] PP (23] [34] (56) (61) (5|1 + 6[2]”

where §* (P) is the momentum conserving delta function. If particle 1 becomes soft, we can expand
the amplitude as series around w; = 0. The coefficient of wf can then be identified with the

correlation function of the soft current as seen from (5.46). The structure of these correlation

10Recently, an infinite number of soft theorems involving a part of the amplitude have been found in [194, 195]
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functions is displayed below.

<Hk,71,a1 (2'1, 21) O;;a’" (227 52) . Oz;ae (267 56)>
1

k=1
(21 — 52)(51 - 26)010,0 ’
i=1,5=1
— Z awzlzl, k=0
(21 — 22)(Z1 — %) =070 (5.54)

= 1=3,7=2

1
- Z a; ;27 k=-1

(Z1 — Z2)(21 — Z6) (21 — 26)

1=0,7=0
1 i=4,j=3

— — E awzlz17 k=-2
(Zl — Zg)(zl — 2’6 Zl — 2:6 i=0,7=0

Repeating the same exercise for particle 2 yields,

<O£71a1 (Z17 21)Hk771’a2 (227 22) e OZ;}“G (267 Z6)>
1

(Z2 — 51)(52 )

ap,0 5 k=1

1=1,5=1

— E a”zlzl, k=0
Zo—21)(Z2 — Z
(2= 2)(@ =), 57, (5.55)
= 1=2,j=2
— E al,]zlzl, k=-1
Zo — (Z2 — Z
(2 2 3 1=0,7=0
1=3,7=3

g awzlzl, = -2

1=0,7=0

(52—21 Zy — Z3)

where we have omitted writing the overall trace factor. The leading and subleading soft factors are
universal as expected. However, the soft currents starting from & = —1 develop a pole in z as seen
n (5.54). This is the pole which gives the collinear limit 17||6%. The full amplitude is a sum over

all orderings and will consequently have poles in both z and Z.

5.3.3 Single soft factors in non-minimally coupled theories

We examine the structure of the soft currents when we include non-minimal couplings. In particular,
we consider the example of Yang-Mills theory supplemented by an F? interaction. First order
corrections to amplitude due to the F® operator have been computed in [225]. The 6-point NMHV

amplitude, including the first order corrections is

Ag (17,27,3%,47,57,67) (5.56)
_ 31 + 2[6)° N [1]5 + 6]4)*
Py (21) (16) [34] [45] [5]1 +6(2) ~ Pie (23) (34) [56] [61] [5]1 + 6[2)
kps  (45)° (56)” (64)° kps  [12]°[23)° [31)*
2 (12)(23) (34) (45) (56) (61) = 2 [12][23] [34] [45] [56] [61]
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Processing as in the previous sections, we obtain results similar to (5.54, 5.55) with coefficients a; ;
receiving first order corrections. It is worth pointing out here that taking the collinear limit 1|2
here will not produce only the p =1 term in the first line of (5.6). The p = 2 term in the first line
would arise only once we include second order corrections. The remaining terms would arise only if
we include the contributions from the scalars.

Equations (5.54, 5.55) show that a general Ansatz for the soft current cannot be a finite polyno-

mial in z,Z (which holds only in the MHV sector as in [197]) and we must have

—h

s,a ]‘
ks _ Z Z HEs: zm+h s (5.57)

m=—00 M=—00

For the purposes of this paper, we choose to explicitly write the mode expansion in zZ with the modes
being a function of z as

—h

s.,a k,s,a ]'
HEst = N HES(2) v (5.58)

m=—00

5.4 Appendix: Gluon OPEs from double soft limits

In this section, we derive the soft current OPEs directly from simultaneous double soft limits of scat-
tering amplitudes. We are mainly interested in the singular terms in the OPE and these correspond
to taking holomorphic and anti-holomorphic collinear limits on the simultaneous double soft limit
factor of n-gluon amplitudes. We can expand this amplitude in a basis of color-ordered amplitudes
as in equation (5.41). Collinear poles - 75 or i can only occur in the color-ordered amplitudes when
particles 1 and 2 are adjacent. We will restmct our attention to the color-ordered amplitude with
the canonical ordering. A similar result holds for the remaining relevant orderings.

The simultaneous double soft limit of two positive helicity gluons has been derived in [226, 227].

Keeping only the singular term as z; — 29, we have

z12— n2 ni)~s 12 <4
A, (11,27,3,...n) 0 <n§> <i2> exp (En;;Ala;g + <<712;A18X3) A, (2F,..00) . (5.59)

We parametrize the spinors as in (5.42). In the collinear limit,

w1 :Twp, WQ:(].—T)UJP7 z1 :ZQZZP Zp:22+7212. (560)

s _ [ (1 o
No 4+ 1% el 2 - Y
2+(n2>1 1-711\3, 1—7 7"

which then gives

A, (123, ) 2220 L L ({ e W S }{/\n/\n}) (5.61)
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Recalling that particle labelled by p is soft, we can perform a soft expansion of the amplitude to get

1 1

ZTQT(I—T

A, (1+,2+,3,...n) R ) Z w;”Hm,l (22752 -‘1-7‘212) .A(m), (562)

m=—1

where A1) = A©) = A, _,(3,...n) are universal and the rest are specific to the amplitude. We
can get the OPE by performing a Mellin transform. Recall that the celestial amplitude, which is

the correlation function of primary gluon operators is
A~n (1+, 2+, 3,... n) = <OZ’1CL1 (2’1, Zl)OX;M (ZQ, 22) ce. Oznn’a" (Zn, Zn)> (563)
= /dwl oo dwy, wlAl_l .. .wﬁ"*lAn (1*7 2%.3,.. n) .
The double soft limit is
. +,a - +,a = Sn,Qn ~ —
2%62 (005 (21, 21) 02 (22, Z2) ... OX (2nsZn)) k,1=1,0,—-1,... (5.64)

Plugging in the double soft expansion from (5.62) and using the identity (5.47) we get

1 1 = _ ifa1a2b 2_kl _kQ —n Zn o 1 -
Hk +1a (Zl,zl)Hk2’+1’a2 (32722) ~ — o Z < 1k ﬁanHk +ko 1,+1,b. (5.65)
n=0

The simultaneous double soft limit in the mixed helicity case was also derived in [226, 227]. The

singular terms in the collinear limit are given by

A(11,27,3,..,n) 12 (ni??l% exp (222 5\?35\%> A27,...,n)
(5.66)
[13] 23]

* 2y O ([13]%8‘%) A(LT, .. n).

We treat the holomorphic and anti-holomorphic collinear limits separately. In the z;5 — 0 case
we use (5.60) and find

aottt e =0 () )

ST (e ).

The procedure for performing the Mellin transform is the same as in the ++ case, we just need

(5.67)

to account for the difference in powers of 1 —7 and that the soft particle p is now of negative helicity.
We then find

(HF AL (0, 20) B 7002 (29, 23) -+ R0 (20, 2n) ) 2275
, 1 o~ (k1 —ka—n)\ 2, - L L - (5.68)
_ ’Lfal’12b5 z;) < L k2 ) ﬁa"Hkl'i‘kz 1, 1vb(z27 ZQ)A(kr‘er 1).

To take the anti-holomorphic collinear limit we take the following parametrization

w1 = TWp, LUQ:(].—T)OJZN 21 =29 = P> Zp:ZQ+T212,

23], Jw, (1) 1 (5.69)
A +®/\2 =\ 5 (zp> = F)%
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which gives

4 oo Z12—0 i 1 i ~ .
Au1%,27 3 em) 2220t ({2 VR e DA )

1 - (5.70)
= A1 (M M) An,S\n).
T At (e b A}
Taking the Mellin transform we find
(HRF0 (2, 2) HE 102 (2, 5p) - QX0 (2, ) ) 2220
1 X [(—k—1-n)\ 2 . (5.71)
_ srajasb_— ﬁanHk—H—l,-&-l,b > (k+l—1).
if Z12 nz:;) ( 1-1 ) n! (22, 22)4
The full OPE is then
jfarazb 20 [ —n)\ 27, -
HkEALa 5\ Fpl—Laz 2\ if 212 gn prk+-1,-1b
(Zla Zl) (227 22) 219 7;0 1] n
- (5.72)
B folazb —k—=1l-n Zf&anHk+lfl,+1,b'
12 = 1-1 n!

5.5 Appendix: Examples for deriving constraints of coupling
constants
In this appendix we show how we derive the constraint
3&87272 =10Kk_222 K222 (5.73)

in (5.29). The other constraints can be derived similarly. Consider the double commutator (5.28).

Take s1 = s9 = s3 = 2. We then have:

HW;%;Q,W%;Z] ,ngf} + cyclic (5.74)
l
_ Z Z R2.2,1—r—3 K3—14r2,1—4
1=2,4,6 r=0 2 2
r odd

X N (q1,q2,m1,m2,l —7) N (1 + q2 —l — 1 + 7, q3,7m1 + Mo, m3,7)

q1+q2+g3—1-2,4-1 :
X W e trma + cyclic.

Here we are interested in the coefficients of the generator W1+42+43=8-2 o the RHS. These terms

correspond to | = 6, therefore r can only be 1,3,5 in the summation. In the end the total coefficient
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is

K —r Kp—
Z %%N(QLCI%mLm%G_T)N(Ql+Q2—7+T7QS7m1+m27m377")
r=1,3,5

+ cyclic
_ n72,2,zn2,2,2 (N(qth, 1, M2, V)N (g1 + g2 — 2,71 + 12, M3, 5) (5.75)
+ N(q1,q2,m1,Mm2,5)N(q1 + g2 — 6,q3, M1 + M2, M3, 1))

2
K0,2,2

4

+ N(q1,q2,m1,m2,3) N(q1 + q2 — 4, g3, M1 + 1M2,mM3,3) + cyclic.

The N polynomials satisfy the following identity:

5, N(q1,q2,m1,m2,1) N(q1 + g2 — 2,m1 + Mg, M3, 5)

5, N(q1,q2,m1,m2,5) N(q1 + g2 — 6, q3,m1 + Mo, m3, 1) (5.76)

1 .
+ﬁN(Q1,Q2,m1>m2,3)N(Q1 + q2 — 4,43, M1 + M2, m3,3) +cyclic = 0.

Therefore (5.75) becomes

2
K—222K222 12 Ro,2,2

1 e 5!> (N(QMQQ;mlamQal)N(CIl + g2 — 2,m1 + o, M3, 5)

- - (5.77)
+ N(q1,q2,m1,m2,5)N(q1 + g2 — 6,3, M1 +m2,m3,1))

+ cyclic= 0.

For arbitrary g1, g2, m1,m2, the quadratics of N polynomials shown above are all independent,

therefore to make (5.75) vanishing, one get

312 3“% 2,2
K-222R222 = 7T (2),2,2 = 1(7)’ (5.78)
which is exactly the constraint (5.73).
5.6 Appendix: Alternate definition of commutators
k,s =
e ea- 33 et (5.79)

M=—00 M=—00

ymAh—1gmth—1prk,s . =) 5.80
7{27” % o z (z,2) (5.80)
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Having defined this mode expansion, we can define the commutator

d d dz dz
[ B = o f e f G f aa O e Gz (B

271 2m 27 271
zZ1>22 z0=0 Z1>22 Zo=0
le dZQ f le f dZQ k _
— - _Z H2’52ZZH1’IZZ
% 2 ?{ 2mi 27 27 2, %2) (21,71)
z1=0 z22>21 z1=0 Zo>Z1
le dZQ le % dZQ kl 51 _ k _
— haiad) et k252
f{ ori f{ ori ?{ omi P oamtl B0 (22,22)
zZ1=29 z29=0 Z1>22
dzy dZ2 le dzo ke k
= —H 2752 HFs1
+ f omi 7{ omi 7{ omi 7{ omi (22, 22) (21,21)
z1=0 z2>21 Zo=0
k ko,
[H o, B
_ Z Ksy,s5,—s7 Zp: _ (M1 + ma — hy — }_lg —p)!(—m1 *77712 —h1—ha *}7)!
> 2 o (ml —hl—p—l—CC)!(—’ﬁh — hy —I)!(ﬁlg—hz—il?)!(—ﬁlg—hg—p+$)!
- p! k1+ko+p—1,51+s2—p—1
X ( 1)p xm 77111-5-7312%2-:7%2 =
P (m1 —|—m2—h1—hg—p)!(—ml—mg—hl—hg—p)!

_ Z RS]7327—31 Z
> 2 o (my —hy —p+2)/(—=my — hy — x)!(mg — hg — 2)!(—ma — hy —p + )]

Pl pkitkatp—Lsitsatptl

X (_l)pizx!(p _ x)| my+mz,ma+m2

(5.82)

The Jacobi identity for commutators involving both positive and negative helicity currents is violated.



Chapter 6

On Effective Field Theories with
Celestial Dual

This chapter is based on [45].

The central tenet of celestial holography [43, 182, 139] is that a scattering amplitude of n massless
particles, with momenta {p;} and helicities {s;}, when recast in a basis of boost eigenstates, can
be interpreted as a correlation function of n operators with conformal weights (h;, h;) in a two-
dimensional celestial conformal field theory (CCFT). The four-dimensional helicity s; of particle i
is the same as the two-dimensional spin s; = h; — EZ—, and we use A; = h; + h;.

This dictionary implies that the OPE of two operators in CCFT is determined by the collinear
limit of the corresponding scattering amplitudes [144, 166, 196]. Specifically, the OPE is given by

— = 1 - m) (. 7 sPt+m am 3,
Ohy hy (21, 21) O, 1y (22, 22) ~ — Z Z CI™ (1, ho) 285 0™ O oy -1 o p (22, 22) - (6.1)

z
12 p m=0

where z;; = 2; — z; and the OPE coefficient C’ém) (h1,h2) corresponding to the contribution of an
operator with weights (hy + hy — 1, hq + hy + p +m) is given by [144, 166, 196]

O (it Fz) = 5oy, s1 1 B+ p o+, 20 + ), (6.2)
where B(a, b) is the Euler beta function and ks, s, —s, is the coupling constant appearing in the bulk
three-point scattering amplitude of particles with helicities s1, so and —sj, with s; = s1+so —p—1.
Thus there is a direct link between the bulk three-point couplings and the celestial OPE. Restricting
to tree-level and excluding massless higher spins leaves a finite roster of bulk three-point amplitudes
which could potentially contribute to the sum in (6.1). These have been tabulated in [166].

It was observed in [170] that the OPE of conformally soft graviton operators (those with A; =
2,1,0,—1,—2,...), in the absence of higher derivative interactions in the bulk, forms a symmetry
algebra. This algebra was identified as the Kac Moody algebra of the wedge subalgebra of wy
in [168]. The inclusion of higher derivative interactions in the bulk deforms the algebra as demon-

strated in [44]. In particular, note that for a given value of p, only the soft currents with A > p—1

94
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are modified. This implies that there is short list of operators that can modify the subleading and
subsubleading soft currents. This is consistent with the results of [228, 229, 209]. In [44] it was also
shown that the algebra of soft modes violates the Jacobi identity unless the bulk couplings satisfy
certain particular constraints (reviewed in Section 6.1 below). In particular, this implies that the
OPE of the soft modes is not associative for arbitrary couplings. It is natural to wonder about the
implications of celestial OPE associativity on bulk scattering amplitudes. The purpose of this paper
is to answer this question and to investigate the properties of amplitudes in theories which have an
associative celestial OPE at tree level.

The paper is organized as follows. In Section 6.1 we briefly review the constraints obtained by
imposing the Jacobi identity on the algebra of soft modes [44]. We then rephrase the question of
tree-level associativity directly at the level of bulk scattering amplitudes in Section 6.2 and show
that they yield the same constraints on the bulk couplings. In Section 6.3 we demonstrate that these
constraints lead to the vanishing of certain four-point amplitudes and we work out the consequences

on amplitudes of higher multiplicity. We close with a discussion of various open questions.

6.1 Review of the coupling constants constraints

We begin by listing all relevant three-point amplitudes and briefly reviewing the constraints among
their couplings found in [44]. The most generic scenario involves a graviton, gluons and scalars.
However, there are subsets of these particles which yield an associative OPE.

The first subset is the graviton-scalar sector, where we consider the usual Einstein-Hilbert term
with coupling proportional to K_g 22, an R3 interaction proportional to K2,2,2, all R2¢ interaction
proportional to kg 2,2 and an R¢? interaction proportional to g 2. To be more precise, we specify

this sector by the anti-holomorphic! three-point amplitudes

2++ 2++
3= [12}6 3++
@ = 5—2,2,2W = 52,2,2[12}2[23]2[13]2
1++ 1++
(6.3)
ot+ 2¢
36 3¢ 12)[13]?
(3 st (I -l
1++ 1+t

together with their holomorphic parity conjugates. Note that in this paper we don’t equate the
coupling constants of the parity conjugate amplitudes with those of the original amplitude. Namely

we regard Ks, s, 55 7 K—sy,—sq,—sg il general. The OPE of conformally soft operators satisfies the

I1We call A(151,252,3%3) anti-holomorphic if s1 4 s2 + s3 > 0 and holomorphic if s1 + s2 + s3 < 0; see (6.43).
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Jacobi identity only if the couplings are related by

(k2,22 — K0,0,2) Ko,2,2 = 0, (k—2,2,2 = K0,0,2) k0,02 = 0, (6.4)

3“8,2,2 =10K_222K222 - (6.5)

In particular, note that the presence of a scalar is required if the R? interaction has a non-zero
coefficient. The equivalence principle requires £_222 = ko,0,2, which automatically ensures (6.4),

but (6.5) is more nontrivial.

The second subset is the gluon-scalar sector defined by the three-point amplitudes

2b,+

o - pabe [12]3 . pabe
@ = 1f" k111 e 23]31] )7 =i f"k1,1,1[12][23][31]
17+
2+,b
=4 /ﬁa K0,1.1[12)2 = d" kg1 1[12)? (6.6)

[12][31]
23]

w
iy

1+

26:b

3%

= if"ro01

7Y

1+e

and their parity conjugates. Here f2¢ are the structure constants of the gauge group and d*®¢ =
2Tr[{T?,T*}T¢]. Note that we have introduced two separate scalar fields—one adjoint and one
singlet. In a general theory, the x¢ 1,1 coupling of the former could be considered independent of
that of the latter. However, imposing the Jacobi identity on the OPE of soft modes requires the
precise relative normalization already indicated in the two figures in the middle row above, and

additionally requires

(k=111 — K0,0,1) k0,01 =0, (k=111 — K0,0,1) K0o1,1 =0, (6.7)

Kgaq = 2K 111K111- (6.8)

The constraints (6.7) are automatically satisfied when we impose k_1,1,1 = Ko,0,1 as required by
gauge invariance (at the level of a Lagrangian this identity follows when the kinetic term is written

as (D¢)? where D is the gauge covariant derivative). However, the constraint (6.8) is novel.
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Finally, we can couple the two sectors by introducing additional three-point amplitudes

92—b 9+b

3t+ D) [13]4 3t+ D)
P = [ =69k, 4 o[13]2[23]2
@ NGO TR [P IR

1+ 1o
(6.9)
and their parity conjugates. In addition to the constraints in (6.4), (6.5), (6.7), and (6.8), the

celestial Jacobi identity also requires

(/‘072,2,2 - H71,1,2) K-1,1,2 = 0, (H72,2,2 - /<E71,1,2) R1,1,2 = 0, (6~10)
R-1,1,2 K1,1,2 = K0,2,2 K0,1,1 » (ffo,o,z - 5—1,1,2) Ro,1,1 = 0, (6~11)
K_1,1,2K1,1,1 = 3K1,1,2 K—1,1,1 - (6.12)

Note that all of the constraints presented above are consistent with dimensional analysis since

Ksy 2,55 Nas mass dimension 1 — [s1 + s2 + s3]

6.2 Tree-level OPE associativity from amplitudes

The standard way to check OPE associativity is to introduce a mode expansion of the participat-
ing operators and then compute their commutators using the OPE. If the OPE is associative, the
commutator of these modes must satisfy the Jacobi identity. In the context of CCFT, the bulk inter-
pretation of this procedure is opaque. Our goal in this paper is not just to check OPE associativity,
but also to interpret the condition directly at the level of momentum space scattering amplitudes.
To derive a more direct check of OPE associativity consider the following identity involving contour

integrals?:

dz; 74 dza (Oa, s, (71,21) .. On,, s, (20, Zn)) =

|z13|=2 |z23|=1
dzy ?4 dz1 (Oa, s, (71,21) .. Oa,, s, (20 Zn)) + % dzy 7{ dz1 (Oa, s, (71,21) .- Oa,, s, (20 Zn)) -
lz23]=2  |z13]=1 |z28]=2  |z12]=1

(6.13)
This is valid as long as all of the (A,,s;) are such that the correlation functions are single-valued
functions of z;. Practically, we evaluate these integrals using the OPE. Thus the identity serves as
a check on the OPE associativity. We can write this in a condensed form as

[Res Res — Res Res + Res Res} (Ony 5, (21,21) ... 0A, 5, (20, 20)) = 0. (6.14)

2—31-2 1—+32—=3 2—31-=3

2A similar analysis of the associativity of the one-loop OPE in self-dual Yang-Mills was performed in [230].
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The correlator in (6.14) is nothing but the Mellin transform of the amplitude. If we parameterize

the momenta of outgoing massless external particles as
- ] 1 . 1
pf ~ >\7,>\7, with )\1 =V 2UJ7; and )\1 = 2(4.17; _ s (615)
Zq

the transformation from momentum to boost eigenstates is implemented via the Mellin transform

(Oay,s (21,21) .. Oa, s, (205 Z0)) /H dwz ({)\1,5\1}81 ) {)\2,5\2}82 7...,{)\n,5\n}sn> .
(6.16)

Demanding

[Res Res — Res Res + Res Res} A, ({)\1, 5\1}51 , {)\27 5\2}32 et {)\n, S\n}sn) =0 (6.17)

2—31—=2 1—+32—3 2—31-=3

ensures that the same is true of the correlator. The upshot is that we can check associativity of the
celestial OPE by evaluating double residues directly on the amplitude rather than dealing with the
celestial correlators.

The first step is to isolate the collinear limits. Bearing in mind that we will later be interested
in examining the effects of (6.17) on amplitudes with various higher derivative corrections, we will
analyze the collinear limit using the all-line shift recursion relations [12, 11], reviewed briefly in
Appendix 6.5. We begin by using (6.42) to isolate the collinear channel as the momentum of

particle one approaches that of particle two

A (oA ek} AT (6.18)
s (n) e} A ) e (e )
+ {other channels} .

In terms of these, the residue is

Res A, ZAg(Xil,)\ A )mfln1({A[,L}Sl,...,{An,f\n}sn> (6.19)

where, on the right-hand side, in the limit z;5 = 0 we have

YL, de=—2 0, A= (6.20)
w1 + wo w1 + wo wl—i—wg w1+w2

In arriving at (6.19), we have made use of the fact that only anti-holomorphic three-point amplitudes

contribute to the collinear limit (see Appendix 6.5) and that the terms from other channels drop out
in this limit. Furthermore, the subamplitude A,,_; now depends only on the unshifted momenta as

the deformation parameter « vanishes in the collinear limit (see (6.39)). Applying this formula a
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second time, to compute the double residue, therefore translates (6.17) into

S| oo (a3 (3 3,)

212213 W1 + W2

! 1 Ys2 yss Y TSI S, s1 (—SI
)\SZ,AS3’)\ 1) <A 1’)\817)\ 2) 621
Z9321,1 W2 + W3A3 ( 2 3 I As I 1 Iy ( )
1 1 -~

+ As (Ap A AL ) Ag (AI)\Q)\I)} —0

231212 W1 + w3

with z7, = % (We emphasize that this equation must hold for arbitrary sz,.) Using the
three-point amplitudes defined in the previous section, it is now a straightforward (if slightly tedious)
exercise to show that (6.21) is true only when the constraints (6.4), (6.5), (6.7), (6.8) and (6.10)—

(6.12) are satisfied.

6.3 Amplitudes in EFTs with celestial dual

In this section, we will examine the properties of amplitudes in effective theories that satisfy (6.21)

or equivalently, the constraints reviewed in Section 6.1.

6.3.1 Four-point amplitudes in the graviton-scalar sector

We start with amplitudes involving external gravitons, which were computed in [231, 232]. The

amplitude involving four positive helicity gravitons is®

2++ 3++ 2++ 3++

Ay (THF 20+ 31+ 4%H) = S + ’ i
1+t 4+t 1+t g+t
(6.22)

+ (cyclic of 1,2,3)

where (cyclic of 1,2,3) refers to the diagrams obtained by making the stated replacements. Evalu-

ating the diagrams results in

Ay (1++, 2++;3++74++) =hK-222K222 (

12]4734]4
+ Ko QM + (cyclic of 1,2,3)
o S12

[12]°[34]* (1X)?(2X)? | [34]°[12]* (3X)(4.X)*
(12)  (3X)*(4X)? (34) <1X>2<2X>2>

12](23][34][41
= (10,‘{,,2,2’2,‘4}2}2’2 — 35(2)’2’2) 512513593 <[ ][ ][ ][ ]

12)(23)(34) (41) (6.23)

=0

3We will omit explicitly displaying the dependence of the amplitude on A\, A for brevity and only display the
helicities.
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where we used s;; = (ij) [¢j]. In the last line, we have imposed the constraint in (6.5) to conclude
that the amplitude vanishes.

The remaining four-graviton amplitudes A (17,2%+ 3T+ 477) A (17,277 ,37,4%"), and
their parity conjugates are not all-line shift constructible since they violate the condition (6.37).
Instead, they were computed in [231, 232, 233]:

++ ot++ ot++ 41—\ _ 2 [12][23”31]
A(1FF,27F,37%477) = kon ok —22((14)[13](34)) (12)(23) (31) 621
e 23) [14])* 1 '
AT+, 277,377 ,47F) = (23 [14])° 21[4 ) (“5,2,2512 513 — "‘3,2,0 + “3,27*2 S19 813) ’

and we note that these amplitudes are non-vanishing, even on the support of the associativity
constraints.
Moving on to amplitudes involving external scalars in addition to gravitons, the only amplitude

that is all-line shift constructible is
2++ 3+t 2++ 3t+
Ay (1++’2++’3++,4¢) — +
1++ 4¢ 1++ 49
+ (cyclic of 1,2,3)
24t @x)t (1274 (4X)°
(12)  ax)2@x)? POy 3x)?
+ (cyclic of 1,2,3)

=K_22,2K220 (6.25)

=0

and it vanishes on the support of the constraints (6.4).

6.3.2 Four-point amplitudes in the gluon-scalar sector

The situation in the gluon-scalar sector is similar: the constraints lead to the vanishing of all-line
shift constructible amplitudes. In this sector the only all-line shift constructible all-gluon amplitude

is

9+,a2 3t.as
¥ +
Ay (1+,a1 ; 9t,a2 ) RRRLE , 4+,a4) _
1+ 4104
2t,a2 3t.as 2t,a2 3t.as
¢’ ¢’ ¢ ¢ ,
+ + + (cyclic of 1,2,3)
1t 41504 1t QTG4

(6.26)
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A straightforward calculation yields

.A4 (1+,a1 , 2+,a2 , 3+,a3 , 4+,a4)

—_ pmmsepeasar e ([12] [34] (1X)(2X)  [34]*[12] <3X><4X>>

(12)  (3X)(4X) (34) (1X)(2X)
2’13,1,1

12]2[34])? 12]2[34]?
N (5a1a25a3a4[ ] [3 ] )+/€(2)7171 <da1a2bda3a4b[ ] [3 ] )—I—(CyCliC of 17273) (627)

(12) [12] (12) [12]
[13][24)?

13) Tr[T T2 T T*] + (permutation of 1,2,3).

= (4k_111K1,11 — 2K0 1)

Here we used properties of f“l’c and d®®¢, and in the last line the constraint ngJJ =2K_111K1,1,1
from (6.8) to find that this amplitude vanishes as well. The remaining four-gluon amplitudes are not
all-line shift constructible and are non-vanishing for generic couplings, even when all the constraints
from Section 6.1 are imposed.

We also find that the four-point amplitude involving three positive helicity gluons and one scalar
(either the adjoint or singlet) is vanishing. For the adjoint scalar, the full amplitude reads (here we

omit on each line “+ cyclic(1,2,3)”)

Ay (1+,a1 , 9t.az , g+sas , 4¢,a4)

9+,a2 3t.as3 9+,az2 3t.a3
-~ + " ¢

= +

1+,a1 4¢,a4 1+,a1 4(;5,(14

. 342 (4X)? . [12][34] (4X)
— j fa1a2b jazasb [ L 4 jdarazb pazasb — 6.28

if K—1,1,1K0,1,1 (12) (LX) (2X) +1 f K0,1,1K0,0,1 12) (3X) (6.28)

’ 34 (4X)? . , [12][34] (4X)
_ alagbda3a4b [ agagbda1a4b _ agalbda2a4b N

if K_11.1K0.1.1 12) (1) (2X) + (zf if ) K0,1,150,0,1 12) (3X)

. 34)%(4X)? [23][14](4X) [31][24)(4X)
—_ aladea3a4b [ _ e | sl B St S

if (H—1,1,1I€0,1,1<12><1X><2X> K0,1,1K0,0,1 23)(1X) + K0,1,1K0,0,1 31)(2X)

- raia aza 34 § 4X §
= forazbgasasb (K=1,1,1K0,1,1 — K0,1,1K0,0,1) ﬂ[2>31<)Q@>)(>
=0
on the support of the constraints (6.10), while the amplitude for the singlet scalar is:

92+:a2 3t.as
- +
Ay (1Har 202 3has 40) — 4+ (cyclic of 1,2,3)
1+»a1 4@5
2 3412 (4X)?
= —m_1,171/<071,1fa1“2b5a3b[ | _{4X) + (cyclic of 1,2,3) (6.29)

N. (12) (1X)(2X)

[z oy [ BUPAX)?[PUAX)? [24PUX)?
- ﬁ“f <<12><1X><2X> T enexen b <31><3X><1X>)

=0.
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6.3.3 Amplitudes of arbitrary multiplicity

We can now generalize the results of the previous sections to amplitudes of arbitrary multiplicity.
For amplitudes that are all-line shift constructible, the general statement is that all contributions
that involve purely holomorphic (or purely anti-holomorphic) vertices to amplitudes must vanish due
to the constraints. So, in particular, if an amplitude is all-line shift constructible and each term
breaks down into only purely holomorphic or purely anti-holomorphic three-point building blocks,
then the entire amplitude must vanish.
To see this, let us start by constructing an arbitrary four-point amplitude by using the all-line

shift recursion relations to glue together two anti-holomorphic three-point amplitudes:

a (P} P o) )

952 3s3
Py
= + (cyclic of 1,2,3) (6.30)
151 454
= Z As (~Sl 52 /:\751) #Ag (f\sf \53 5\54) + (cyclic of 1,2,3) | .
172 7' <12>[12] I 073 »7M <

S1

Using momentum conservation, we can rewrite this as

134 5~ {Ag (g 22 ) o s (A A, 33

(12) 4 [12] [34]
+As (~§1’~§3’i;51) Wlm]f‘s (j\i’f?ﬂiﬁ (6.31)
o (335150 gt e (3 5)

which must hold for arbitrary s4. This is precisely the double residue condition (6.21) on the support
of four-point momentum conservation! Hence we conclude that tree-level associativity of the celestial
OPE forces any four-point amplitude constructed solely from anti-holomorphic vertices to vanish®.

The construction of higher-point amplitudes proceeds in a similar manner. However, unlike the
four-particle case, we can encounter amplitudes that are all-line shift constructible but non-vanishing.
This can occur because none of the non-zero four-point amplitudes are purely anti-holomorphic or
purely holomorphic, so any higher-point amplitudes (when constructed via all-line shift recursion)
that receive contributions from these amplitudes will also be non-vanishing. An example is the five-
point all-plus amplitude As(17,2%,3%,4% 5%), which is all-line shift constructible but has a term
involving the product of two non-zero amplitudes Az(17,2%,3%) x A4(17,27,3%,47), the second

4The apparent asymmetry between holomorphic and anti-holomorphic in our discussion arises from our choice of
using the holomorphic all-line shift in Appendix 6.5. Of course, all conclusions hold for parity conjugate amplitudes
as well, and could be manifested by using an anti-holomorphic all-line shift instead. In constructing higher-point
amplitudes recursively, one has the freedom to independently choose the holomorphic or anti-holomorphic shift
term-by-term and in various levels of the recursion.
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of which includes both holomorphic and anti-holomorphic vertices. However, constructible higher-
point amplitudes will be vanishing at tree level if they do not receive contributions from any channels

other than those involving only purely holomorphic or anti-holomorphic vertices as building blocks.

6.4 Discussion

The constraints (6.4), (6.5), (6.7), (6.8) and (6.10)—(6.12) are incredibly restrictive. Most apparently
sensible theories fail to satisfy them. Heterotic string theory (compactified on a torus to 4D) ostensi-
bly fails to satisfy them due to the presence of R?¢ terms and the absence of an R? term.” However,
the four-positive helicity graviton amplitude vanishes in this theory as can be seen from the double
copy construction [234]. This is because 2 2 2 vanishes and the two scalars (axion and dilaton) give
contributions to the left-hand side of (6.5) that vanish when summed. While the vanishing of the
four-positive helicity amplitude does not guarantee associativity, it serves as an easy (particularly
when the spectrum involves multiple particles with the same helicity) but powerful check on OPE
associativity. It is intriguing to wonder about other contributions (massive particles, bound states,
resonances, extended objects) to the OPE of massless particles, see for e.g. [235]. If some or all of
these contributions are indeed present, this suggests that the OPE in (6.1) is incomplete and these
additional contributions might modify the analysis in this paper. Alternatively, theories which fail
to satisfy these constraints simply do not have celestial duals.

Interestingly, one other example of a theory which does satisfy the constraints is the chiral higher-
spin theory studied in [236, 237, 238]. Working in the light-cone approach, they derived the following
solution for the coupling constants after requiring Poincaré symmetry:

(Ip)s1+satsa—l

s +S9+83>0, 6.32
F(51+52+83) 1 2 3 ( )

~
'k‘./Sl,SQ,Sg

where [p is a parameter with dimension of length. One can easily check that (6.32) satisfies all the
constraints in (6.4), (6.5), (6.7), (6.8) and (6.10)—(6.12).

In light of [239, 230] it is natural to speculate about the prospect of a self-dual theory on the
support of the associativity constraints, generalizing self-dual Yang-Mills and self-dual gravity with
some higher derivative corrections. The key property of self-dual Yang-Mills and self-dual gravity
is that only the anti-holomorphic three-point vertices are nonzero, and all higher-point amplitudes
vanish at tree level. After including the higher-derivative interactions, if we continue to keep only
the anti-holomorphic three-point vertices and set the holomorphic three-point vertices to zero, then
all higher-point tree-level amplitudes will be vanishing only when the constraints are satisfied as we

have shown. We leave the study of such possibilities for future work.

6.5 Appendix: All-line shift recursion relations

In this appendix we will review the all-line shift recursion relations following [231].

5We thank Mina Himwich for pointing this out.
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The all-line shift recursion relations are based on shifting all of the external momenta. For the
purpose this appendix, we treat A, A (consequently z, Z) as independent complex variables. We will
refer to them as holomorphic and anti-holomorphic respectively. We denote a scattering amplitude

involving n massless particles (all considered outgoing) with momenta p; = \; M, oeey P = Andn

and helicities sq,...,s, by A, ({)\1, oY }Sl ey {/\n7 )\n}sn). Consider an all-line holomorphic shift

N=XNi+aow,X i=1,...,n (6.33)
where X is an arbitrary reference spinor, « is the deformation parameter and the w; are chosen to
satisfy momentum conservation

n

> widi =0. (6.34)

i=1

The deformed amplitude has the following large  behavior [231]

A, (@) = a® as a — 00 with 20=4—-n—c— Z Sis (6.35)
i=1
where ¢ is the mass dimension of the product of couplings in the amplitude. The undeformed

amplitude can be related to its residues at non-zero values of « via the residue theorem

A, (0 = 0) = ?4 %An (@)= =3 Res [;An} . (6.36)

a=0
In order to use the all-line shift recursion to compute amplitudes recursively, it is crucial that there
be no contribution to (6.36) from a residue at infinity. From (6.35) we see that this will be the case

as long as
4—n—c—Zsi<0. (6.37)
i=1

When this holds, then the tree-level deformed amplitude only has simple poles which occur when the
sum of a subset of the external momenta goes on shell. The amplitude factorizes into lower-point
subamplitudes on the residue of the pole.

In the paper, our main interest lies in the collinear channel where we have

(6.38)

The value of a that corresponds to this channel is the one that makes the intermediate momentum
Py go on shell:

(12)
w1 (X2) —ws (X1)°

PE=(12)[12] =0 — a=— (6.39)
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and we can write
(X1) . (X2)

(wide —woi) s A2 = o R
- s (XD A+ (X2) A
A = Wi — w2, I~ (X2) —wq (X1)

A = wy (X2) — wa (X1)

(’wl)\g — ’wg)\l) 5 (640)

(6.41)

We therefore have

A (oA ek} AT (6.42)
-y 4 ({;hxl}sl L i) {X,,i,}‘”) m/ln_l <{L,i1}sz {An)\n})
+ {other channels}

The other channels may include other collinear (for e.g. 34 collinear) as well as multiparticle poles.

The recursive computation of amplitudes is seeded by three-point amplitudes, which are com-
pletely fixed by Lorentz invariance and little group scaling to be®

S1+82—83 S2+83—81 S3+81—82 :
A(1%1,2%2,3%) = Ksi,sz,55[12] 23] 31] ) if 51 +s2+ s3>0, (6.43)
551,52753<12>83_81_82 <23>51_82_83 <31>82_51_53, if S1 + So + 83 < 0.

A crucial aspect of the holomorphic shift is that the holomorphic three-point amplitudes vanish.
This follows from the proportionality of the three holomorphic spinors A1, Ao and Ar in (6.40),

(6.41). Thus, only anti-holomorphic three-point amplitudes contribute in the collinear limit.

6In (6.6) and (6.9) we define certain x’s with different overall normalizations compared to this standard.



Chapter 7

All-order celestial OPE from

on-shell recursion

This chapter is based on [47].

Holography in asymptotically flat spacetimes has grown into a vividly active field of research
in recent years. An emerging candidate for such dualities is the idea of celestial holography [240].
According to its tenets, quantum gravity in zero cosmological constant spacetimes is proposed to be
dual to celestial conformal field theories (CCFT) living on lightcone cuts like the celestial sphere in
Lorentzian signature [43, 182] or the celestial torus in split signature [172]. Scattering amplitudes in
the bulk are expected to equal correlators of local operators in such CCFTs. A top-down toy model
realizing some of these expectations has also been put forward in [241].

A key observation made in [144] was that collinear limits of flat space scattering amplitudes map
to operator product expansions (OPEs) in the dual CFT. In subsequent work [166], their observation
was generalized to compute such celestial OPEs in a wide variety of theories like Yang-Mills and
Einstein gravity. They determined the singular terms in celestial OPEs by using universal collinear
limits that hold for all gluon and graviton amplitudes. In this paper, we will be concerned with
completing the program of computing these OPEs to all orders (singular as well as regular) in the
collinear expansion at tree level.

At this stage in the subject, due to open issues regarding locality and associativity of the celestial
OPE [44, 45, 215], this computation is only accessible in a specific scattering configuration called
the maximally helicity violating (MHV) sector. This corresponds to scattering two negative helicity
massless particles against multiple positive helicity massless particles. It is this configuration that we
will restrict attention to. At tree level in the MHV sector, we will show that the all-order celestial
OPE of gluons and gravitons can be very easily extracted purely from the inverse soft recursion
relations that their amplitudes satisfy.

This method bypasses a number of computational hurdles encountered in past work. In the
original works [163, 165, 242, 164] that started the study of subleading terms in celestial OPEs, the
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authors were restricted to working order-by-order in a non-systematic fashion. They only studied
regular terms at the first and second subleading orders in the collinear limit, and were also restricted
to low multiplicity amplitudes. This was because they worked with explicit expressions for the MHV
amplitudes like the Parke-Taylor or Hodges’ formulae. Mellin transforms of these formulae tend to
be highly nontrivial generalized hypergeometric functions [243]. We will show that it is incredibly
more judicious to work directly with the recursion relations. In fact, the lesson one learns this way
is that the inverse soft recursion for MHV amplitudes is equivalent to the OPE recursion in celestial
CFT. In this sense, on-shell recursion takes the guise of an emergent phenomenon. This point has
already been hinted at by other works like [244] for CSW rules or [245] for BCFW recursion.

The most powerful application of subleading terms in celestial OPEs has been to the discovery
of infinite chiral symmetries. In a beautiful series of works [149, 170, 168, 196, 207], it was gradually
realized that celestial duals of gravity and gauge theory possess symmetries generated by the loop
algebras of Ham(C?) and Maps(C2, g) respectively, with g being the gauge group’s Lie algebra. Our
results for the all-order celestial OPE will be adapted to their representation theory. Crucially, the
only descendants that appear in our OPEs will be the descendants associated to these symmetries,
along with antiholomorphic conformal descendants. There won’t be any holomorphic conformal
descendant in sight! The reason this does not shriek inconsistency is that holomorphic conformal
descendants happen to be expressible in terms of such current algebra descendants due to null state
relations [164, 165] (see also [246, 247, 248]).

In the case of MHV gluon scattering, our all-order OPE has been previously obtained from a
concrete vertex algebra realization in [249]. This specific realization was constructed by studying
twistor string theory in the MHV sector. Twistor and ambitwistor strings are a class of topological
string theories that give rise to remarkably compact worldsheet formulae for gluon and graviton
tree amplitudes in all N¥MHV sectors (i.e., amplitudes involving k + 2 negative helicity particles)
[250, 251, 252, 253, 254]. As such, the algebra of their vertex operators can be systematically matched
to the celestial OPE algebra (see also [255, 256]). However, calculating celestial OPEs from such
vertex operators becomes cumbersome rather quickly. For example, it has proven much trickier to
repeat such a calculation for the all-order MHV graviton OPE. In contrast, our recursion relation
based approach will display no such shortcomings.

In the rest of this work, we provide more details of this approach. In Section 7.1, we review
inverse soft recursion relations in the MHV sector. In Sections 7.2 and 7.3, we turn them into
all-order collinear expansions for gluon and graviton scattering respectively. These are recast as all-
order celestial OPEs both in momentum space and in the space of boost eigenstates. In Section 7.4,
we close with a discussion of possible applications and generalizations.

Appendix 7.5 discusses the behavior of soft-hard correlators at infinity, which feeds into certain
contour integral manipulations used to obtain correlators with descendant insertions. Appendix
7.6 contains the computation of the all-order OPE of soft gluon and graviton currents, again valid
within the MHV sector. Appendix 7.7 provides further details of the Mellin transforms that convert

momentum eigenstate celestial OPEs to those of boost eigenstates.
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7.1 Inverse soft recursion

In this section, we review the inverse soft recursion relations for MHV amplitudes. Brief definitions
of concepts of celestial holography will also be provided as and when required in later sections. Many

reviews of celestial holography are by now available in the literature, see for instance [184, 257].

Gluons. A tree level gluon amplitude in gauge theory can be decomposed as

A(lal 902 343, an) _ Z Calaga%.i.aanA[l 205 Un] ) (7.1)

0€ESn—2

Here, the a; are Lie algebra indices for the gauge group. A[l203---0,] denotes a color-ordered
amplitude in the ordering associated to a permutation o over n — 2 legs. It carries a factor of the
momentum conserving delta function §%(py + pa + -+ - +py,). The coefficients C'*12%3--%n are color
factors that can be written in a variety of bases. To make contact with a CFT interpretation, it is
convenient to work in the Del Duca-Dixon-Maltoni (DDM) basis [258]. DDM take the color factors
to be

Qara20s.-an — fazas, fb1a4b2 ,._fbﬂ,_wn_ibnigfbn—sanal , (7.2)

where fe. are the gauge group’s structure constants, and Lie algebra indices are raised using the
Killing form as usual.

Inverse soft recursion constructs n-point MHV amplitudes by attaching soft factors to lower
multiplicity MHV amplitudes. For color-ordered gluon amplitudes A[123---n], this recurses over
smaller color-ordered amplitudes while preserving the ordering of the labels. For concreteness, we
will take gluon 1 to be positive helicity. The two negative helicity gluons need not be explicitly
specified for the recursion to work, but the reader may feel free to take them to be gluons r and s.

Let p&® = /\‘3“/\"‘7 a=1,2,& = 1,2, denote the null momenta of the gluons, expressed in terms
of standard spinor-helicity variables [224]. The inverse soft recursion for the color-ordered MHV

amplitude only involves a single term on its right hand side:
2 R
A[1+23~-~n]:¥A[2~-~n—lﬁ], (7.3)

where the subscript on 14 singles it out as a positive helicity particle for clarity. The hatted particles
have momenta p§¢ = \§ )\2 and po& = A*\¢ with the hatted spinor-helicity variables taking the

n’n?

deformed values

s 2
Xy = Ao+ =L An = A + 70 A1 (7.4)
T n2) (n2)
Here and in what follows, (ij) := ega)\?)\f and [ij] = €4 (’S\fj\f denote Lorentz invariant spinor

contractions built out of the SL(2,C) invariant Levi Civita symbols €qg,€,4. An application of
Schouten’s identity shows that py + p3 + - -+ 4+ P = p1 + Pa + - - - + pp, so that A[2---n — 17 also
automatically contains the correct (n — 1)-point momentum conserving delta functions 6*(po + p3 +
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This recursion can be derived from BCFW recursion [259]. In the past, it has been used for
obtaining the subleading soft gluon theorem [223]. To extend it to the color-dressed amplitude
(7.1), relabel the index o,, = i and break the sum over ¢ € S,,_2 into a sum over 7 times a sum over

permutations 7 € S,,_3 of the remaining n — 3 gluons:

n
A(lal 902 303 nan) — Z Z Cala?aﬂsmaﬂnaiA[l Qg -, Z] ’ (7.5)
i=3 1€ Sn_3i]
where S,,_3[i] denotes permutations of the set {3,...,n} —{i}, so that the subscript on 7, runs over
a€{3,...,n} — {i} in the i*® summand of the first sum. Inverse soft recursions for the summands

are found by permuting the particle labels in (7.3):

A[1+27r3---7rni]:@S?imxﬁl[@ﬂ'y--wnﬂ. (7.6)

From (7.2), we also find a recursion for the DDM color factor,
CalazaWS...aﬂnai — _fa1llib Cba2a7r3~-a7rn , (77)

where C?2%s--%n-1 is an (n — 1)-gluon color factor.

Plugging these into (7.1) and using cyclic symmetry A[273---m,1] = A[i273---7,] gives a

recursion for the color-dressed MHV amplitude!

A(191 292 i) = — Z ) TO A2 % . opn) | (7.8)

N 2 ~ 1

A2 = Mg, >\2:)\2+<Z.7>>\17
(i2)

i =i A=+

The momenta of the other particles remain undeformed. We have also introduced an operator 7

that rotates the Lie algebra indices as

TO A2 . g% . pn) i= f1%, A(Q0%2 .. 30 pan) (7.10)

This is just a transformation in the adjoint representation.

Gravitons. The inverse soft recursion for graviton amplitudes can also be derived from BCFW
recursion. It was used in [261] to derive the subleading and sub-subleading soft graviton theorems.

Let M(12---n) denote an n-graviton amplitude. Take it to be an MHV amplitude with graviton
1 being positive helicity. Then it satisfies the inverse soft recursion

[1d] (i2)% s -
- 12>2M(2---z~--n). (7.11)

[
S~
=

M(1,2---n)=

(17

7

Il
w

LSee [260] for a similar treatment of tree level BCFW recursion in full generality.
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The hatted gravitons have the same spinor-helicity variables (7.9) as the hatted gluons. There is
no color-ordering to be dealt with in this case. The color factors %%, are instead replaced by
kinematic factors [1¢]/(14), reflecting color-kinematics duality. This fact is also known to translate

to a color-kinematics duality at the level of celestial OPEs [262].

If one goes beyond the MHV sector, such recursion relations involve further terms on their right
hand sides [224]. These terms generally contain multiparticle factorization poles. They cannot be
interpreted as poles in the correlators of a local vertex algebra and also break the usual notions of
associativity of the celestial OPE [215]. We leave the study of these more involved terms to the

future, which might very well require a generalization like non-local vertex algebras [263].

7.2 MHYV Gluon OPE

7.2.1 Collinear expansion

Spinor-helicity variables A{', 5\? are only defined up to the scalings (\;, 5\1) ~ (tiAi, tflj\i) for t; € C*.

7

This is known as little group scaling. Using this freedom, we choose to fix

1 - 1
Af‘:( >7 Ag:wi()’ 2,% €C, w; € C*. (7.12)
Z; Zi

zi, z; are generally taken to be complex and independent of each other. They are complex conjugates
only in Lorentzian signature where they act as coordinates on the celestial sphere. With this fixing

of the scalings, one finds
(ig) = zij [ij] = wiw;Zij (7.13)
where z;; = z; — z; and Z;; = Z; — Z;. This choice of little group fixing is the most efficient when
working with a holomorphic collinear expansion, i.e., an expansion in small z;; while keeping [ij]
arbitrary. While studying the twistorial origin of celestial OPEs, it was applied by Costello and
Paquette to great success in [244, 230].
Let us now return to the recursion relations. The main observation underpinning our derivation

of the celestial OPE is that the hatted spinor-helicity variables (7.9) can be written in the suggestive

form
/2\2::\24—225\1:5\14-:\2—2;\1,
. ) 512 ) Zi2 (714)
=N+ 22
Zi2

As a result, the inverse soft recursion (7.8) for the gluon MHV amplitude can be recast in terms of

exponentiations of linear shifts of Ao and \;:

n

-1
Az <=3 2 (1-22) e 2210 - o) f A ) (ras)

— 212 Zi2 Zi2
=3
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where we have introduced the abbreviation

e O w; 0 0
d;l =\ = (z;— — . 7.16
el ToXE w (213% e 5%‘) (710
On the right hand side of (7.15), particles 3,...,n now carry the original undeformed momenta

D3, -, Pn. On the other hand, particle 2 is depicted in bold to signify that it carries the “effective”
momentum

= A5\ 4 Xo)%. (7.17)

Because )\; =1V j=1,...,nin our little group fixing, if needed, p§® can also be written in a little
group invariant form by replacing A¢ — (AL/A5)A$.
These steps have brought the recursion to a form that is ripe for holomorphic collinear expansion.

Taylor expanding (7.15) around z12 = 0 yields

n p
A% 202ty = =Y 212 Z () 182}) T A(2%2 - o). (7.18)

Further expanding the factors of ([19;] — [102])? using the binomial theorem, one finds the all-order

collinear expansion of the tree level MHV gluon amplitude,

A(1% 982 an\ _ - p—1 L 182 T & [18i]r T A (202 an
(19292 nt) = = 20 ZZ e - [ AR™ ). (7.19)
p=0 q=0r=0 ! =3 12

This holds regardless of the helicity of gluon 2.

7.2.2 Celestial OPE of momentum eigenstates

Celestial holography posits the existence of two dimensional operators OF: (z;, 5\1) in the celestial
CFT that are dual to gluon momentum eigenstates. The subscripts denote helicities s; € {£1}.

Correlators of such operators are conjectured to reproduce scattering amplitudes in the bulk,
A(1% 292 . pan) = <og; (21, A1) 0% (29, Rg) - - O (2., Xn)> . (7.20)

In particular, one reads off conjectural operator product expansions of the dual operators by demand-
ing that the OPE expansions of the correlators reproduce collinear limits of scattering amplitudes.

The resulting operator products are known as celestial OPFEs.

Soft gluon currents. In the MHV sector, we can use this logic to read off gluon celestial OPEs
to all orders from (7.19). To do so, we need to introduce positive helicity soft gluon currents. The
soft expansion of a positive helicity hard gluon O% (z, \) with A* = w(1, 2) is a Taylor expansion in
the energy w.? Equivalently, it can be represented as a double Taylor expansion in ;\i, ;\2,

o~ (ADE(2)

0%(= ) = Kl o1

Tk, 0)(2) . (7.21)
k,6=0

20ur soft expansion starts at w? in this little group fixing instead of with the usual Weinberg soft pole w~! that
one encounters for the choice A* = \/w(1,z2), A* = \/w(1, z). This is just a convenient convention.
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The Taylor coefficients J*[k, ¢](z) are chiral currents known as soft gluon currents. Under Mobius

transformations of z, they transform as chiral conformal primaries with conformal weights h =
1-— %. Similarly, under SL(2,C) rotations of A%, the currents at fixed k + ¢ span a spin —é
representation of SL(2,C).

Celestial OPEs of these soft currents were determined in [170, 168]. Strominger further recognized
in [168] that their modes generate the loop algebra of holomorphic maps C? — g, where g is the
gauge group’s Lie algebra. Hence, this loop algebra was established to be a symmetry algebra of the
celestial CFT dual to gauge theory. For the purposes of this work, we are adopting the simplifying
notation of [244] for these currents.®

The leading singularity in (7.19) allows us to extract the singular part of the OPE. To see this,

begin by truncating (7.19) to the singular order,

A3 2% opin) = —— Y T A(292 ) 4+ O(2Y,) . 7.22
(1 n 1o Z n®") + 0(z1,) (7.22)
Global color conservation for the (n — 1)-point amplitude A(2%2---n%) gives the identity
D OTHARY ) = —TH A2 - antn) = — f102, A2t (7.23)
i=3
This is the conservation law associated to the leading soft gluon theorem [135]. Using this, we obtain
the singular part of the collinear expansion,

forezy,

212

A(19 292 ..oy = A(20 - n) 4 O(2),) . (7.24)

This provides the standard conjecture for the holomorphic hard gluon celestial OPE at order 1/z12
and all orders in z5 [144, 166, 170, 196]
ferezy

212

Oil (2717 5\1) 0322 (2’2, 5\2) ~ ng (2:2, 5\1 + 5\2) R So € {il} . (725)

Thankfully, singularities in Z12 do not come into play as long as we stay within the MHV sector,
giving us a perfect toy model to work with.
Choosing s; = +1 and expanding in :\?, 5\3, one can read off the current algebra of soft gluons,

£

Z—Ww

Tk, 0](2) J[m, n)(w) ~ TNk +m, €+ n](w). (7.26)

This has vanishing level (at least at tree level in the bulk). As mentioned before, this is the loop
algebra of Maps(C2, g) found in [168].* It originates in the symmetries of the Penrose-Ward transform
as elaborated in [244].

30ur currents are related to Strominger’s S-algebra currents as Sh;*(2) = J%p — 1+ m,p — 1 — m|(z), where
pe{l,27 ,2,. .}and |m| <p-—1.

4Holomorphic maps C? — g are generated by the monomials vy v[t“, where v1,vs are complex coordinates on C?
and t* are generators of g with Lie bracket [t®,t*] = f2.t¢. The set of such holomorphic maps has the natural
Lie algebra structure [v1 v2t“ vt tb] = U]f+mvg+"f“bctc. The soft gluon OPE is seen to be the loop algebra
based on this Lie algebra.
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It is also useful to define certain currents that fall between the hard and soft gluons:

5 T 5\1 k 5\2 r—k
TR =3 k;!)(r(— I)c)!

k=0

JUk,r —K](2), reZsg. (7.27)

These act as generating functions of the soft gluon currents. In terms of these, the positive helicity

hard gluons admit the clean decomposition

o0

0%(z, ) =Y Jr)(2,)). (7.28)

r=0
Because J%[r](z, A) is homogeneous of weight r in A% = w(1, 2), the 7" term of this expansion is

just w” times the 7" subleading soft gluon.

The OPE between soft and hard gluons can be compactly expressed as

5 sy Lme o

JU[r](21, A1) O% (23, \;) O (zi,\i) - (7.29)

21 r!
This is a momentum space version of the boost eigenstate soft-hard OPEs found in [196]. It is
obtained by relabeling 2 + 4 in (7.25), expanding 0% (z;, A1 + A;) = el%10V (2;,\;) in powers of
[10;], then comparing terms of homogeneity r in 5\‘1)‘ on both sides. The operator [19;] = A - 05,
differentiates the 5\? dependence of the hard gluon. The simple expression (7.29) is the main upshot
of using the generating functions J%[r]. OPEs between soft gluon currents J* [k, ¢](z;) and hard

gluon operators can be extracted by equating the coefficients of (A)*(A2)?,

Soft gluon descendants. In the MHYV sector, one does not encounter singularities in z;2. Com-
plexifying z;, z; (or working in split signature), one can therefore continue to treat the soft gluons
J[r](z, \) as chiral currents living on the sphere coordinatized by z. That is, we are treating A* as
an operator label rather than a coordinate on the Riemann sphere on which the CCFT is defined.

In particular, we can define J[r] descendants as the S\—dependent operators

T[] (3) 0% (22, Aa) = f Qo 1 o (20, A1) 0%2 (22, o), (7.30)

|z12|=¢ 2mi ZfQ
where € < 1 and p > 0. The integrand of the contour integral is to be understood as the radially
ordered operator product as is standard in 2d CFT.

Suppose one inserts such a descendant in a correlation function of hard gluon operators,

<Jﬁ;[r](5\1)0;ﬁ§ (22, A2) H 0% (2, S\i)>

=3

dz; 1 a 3 a 3 - a; 3

= ﬁ;nl_a % Z—;fz <J 1 [r](zl, )\1) 053 (2’2, )\2) H Osi (ZZ‘, )\1)> . (731)
=3

Since the current J%[r](z, A) transforms as a primary of weight A = 1 — /2 under Mébius transfor-

mations of z, it has a pole of order r — 2 at z = co. Because of this, the correlator on the right can

5

also a priori have a pole of order r — 2 at z; = co.

5We thank Elizabeth Himwich as well as one of the referees of this paper for emphasizing this subtlety.
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In a garden variety CFT, we would have expected such a pole to drop out entirely and only
two-particle singularities at z;; = 0 to survive. We prove in appendix 7.5 the weaker result that the
soft-hard amplitude that is supposed to equal the correlator on the right of (7.31) contains a pole
at infinity that is indeed of order at most r — 2. This is all we need for what follows. It might still
be the case that the residue at this pole vanishes, so that the pole may be spurious, but we leave
this analysis to the future. In fact, such poles are expected to be related to the absence of universal
soft theorems beyond the subleading order.

All in all, because correlators of J* [r](z1, A1) only have a pole of order r—2 or less at z; = oo, the
integrand of the contour integral in (7.31) definitely has no singularities at z; = oo for 0 <7 < p.b
In this range of r, the contour of integration can be deformed to surround all the other poles at

z1 =z, 1 =3,...,n, instead of the original pole at z; = zo. This converts the right hand side to
fzn: % dz T[] (21, A1) 022 (22, A2) Ho 2 . (7.32)
pt |z1i|_€ 27_[_1 212 ) 92 9 ]a

The pole at z;; = 0 is a simple pole with residue fixed by the soft-hard OPE (7.29). Hence, for

r < p, the descendant correlator can be expressed purely in terms of hard gluon correlators:

~ - n v _ 1 n aia;
<Ja1p[7"]()\1)0g22(22,)\2)HO?;(ZZ,)\Z)> = _ﬁ f 5 b <[]_a TOb 22, HOG Z]7 >

25
i=3 i=3 2
J#l

T A(202 3% ... pon) | (7.33)

1 <& [10y)"
=

1=3 g

3
I

To get the second line, we have used the duality statement (7.20) as well as the definition (7.10)
of the adjoint action 7;"*. Luckily, we will only require descendant correlators for the range r < p
when extracting the OPE.

All-order gluon OPE. Having defined the soft gluon descendants and their correlators, it be-
comes straightforward to extract the all-order celestial OPE from the all-order collinear expansion
(7.19).

Using the duality statement (7.20) and the descendant correlator (7.33) — taken after a shift
5\2 — :\1 + 5\2 — we get the all-order OPE expansion for CCFT correlators in the MHV sector,

n

—y oty Y CRET <J‘“ ()02 (20, A + 3a) [[ 0% (2, ii>> N

=3

As foreshadowed, the index 7 only runs up to p. So we are happily in the range in which the contour
deformation used to obtain (7.32) holds.

6Keep in mind that dz; itself has a pole of order 2 while zl_zp has a zero of order p at infinity.



115

This relation is equivalent to giving the following OPE to gluons 1 and 2:

- > AL (=T - - -
O+1 (2’1, )\1) 0522 (22, /\2) = Z Z{)Q ! Z (([(]_2]2)' Jﬁ;[r]()\l)OQj (22, /\1 + )\2) . (735)
p=0 q=0r=0 :

It can be further cleaned up by exchanging the sums over ¢ and r,

p p—T
5 13 - o
0% (21, A1) 0% (23, hg) = § :212 S : 2) Jﬁ;[r](Al)O;’j (22, A1 + M) (7.36)

r=0 q=0

This is our result for the momentum space all-order celestial OPE of two gluons participating in an
MHYV amplitude. It holds for either value so = 41 of the helicity of the second gluon. To get a feel

for this, it is useful to write out the first few terms of the sum explicitly,
Oil (21, A1) 022 (22, Ao)

- ng[ J(A1)O%2 (22, A1 + A2) + {(1 — [102]) JH4[0] (A1) + Jﬁll[l](j\l)} 022 (22, M1 + A2)

+ana { (1= 10+ L) oy R + (1 - 10a) 700180 + 3020000 f 022 K+ )
+0(2%,). (7.37)

The leading term is of course just the leading “descendant” Jg* [O](;\l)ij (22, M +Ag) = for92, 032 (22, A+
5\2). The first subleading term receives contributions from descendants of both the leading and sub-
leading soft gluon symmetries. Further terms receive contributions from soft gluons that sit at higher
orders in the soft expansion.

As expected, (7.36) matches the all-order OPE obtained from the explicit vertex algebra real-
ization coming from twistor string theory [249]. But even though finding such realizations is the
ultimate goal of the celestial holography program, computations using explicit vertex operators
can be cumbersome and depend intimately on the specific vertex algebra being studied. On the
other hand, our bottom-up derivation of the OPE from on-shell recursion is more transparent and
relatively more universal.

It also allows us to conclude that inverse soft recursion for MHV amplitudes is dual to OPE
recursion for CCFT correlators. In this sense, on-shell recursion relations can potentially emerge
from flat space holography. Since inverse soft recursion is just BCFW recursion in disguise, we hope
that a similar statement might hold for BCFW recursion beyond the MHV sector, but this is left to

future work.

7.2.3 Celestial OPE of boost eigenstates

The celestial OPE of boost eigenstates can be found by Mellin transforming the momentum space
OPE. This calculation was already performed in [249], so we only repeat the main ideas.

Suppose we restrict to split signature kinematics following the lines of [169]. Decompose the
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dotted spinor helicity variable associated to a momentum eigenstate operator O%(z, A) as

A =cw <1> , ee{£l}, we (0,00), (7.38)

with z, Z now being real and independent. Let A € C and h = (A + 5)/2, h = (A — s5)/2. Celestial
operators dual to boost eigenstates of weight A and spin s are found by Mellin transforming the

momentum eigenstate operators,

As(2,2) = /000 dw W0 (z,\). (7.39)

W

Under SL(2,R) x SL(2, R) transformations of z, z, these operators transform as conformal primaries of
weights (h, h). So the basis of boost eigenstates is also known as a conformal basis, first constructed
n [182].

Define the conformal primary positive helicity soft gluons

T (z,0) = 2RIk, — K] (2)
El(r — k)!

(7.40)
k=0
Equivalently, one can define J[r] through residues of the conformal primary gluon operators [170].
The descendants appearing in their OPE with boost eigenstates are also defined by the usual contour

integrals
dz 1

i o (2 0% ). (r.41)

T2, (E)0K! (. 0) = ¢

where the contour surrounds the pole at z = w. Let’s see how to express the celestial OPE of boost
eigenstates in terms of these descendants.

Mellin transforming both sides of (7.36) leads to the following set of integrals:

Ox/ (21, 21) OR)%2 (22, 22)

S TS Canat [Tanear

r=0 ¢q=0 m=0

g1w L a1\ £1w1 + Eaws) <
X ( 11 (21282 —‘1-0J28w2)) 21282 Jﬁ;[r](zl)Osj (22,(1122))\2>,

EaW2 EaW2

where (h;, hi) = (%, %), and 0; = 0/0%z;. The sum over m is just the Taylor expansion in

Z12 of the momentum eigenstate on the right of (7.36).

€1 = €2. In this case, we can introduce the change of integration variables

w=tw, we=(1—-tw, te€(0,1), we(0,0c0), (7.43)



under which the integral (7.42) turns into (after some math):
OEAMI_:_ (217 21) 0222"1;2 (2’2, 52)

[ele] p p—r q ’ 1
Z 2;12 Z Z Z Z /oo do w2ﬁ1+2fzz—1+r/ dt t2ﬁ1—1+r+q+m(1 _ t)in,g—q—l
—0v0

p,m=0 =0q= = 0

571”(_1)(1—3 F( 2h2 +q— q + 1) q Jtm= éaq/ﬂ-m—SJal [r]<2 )OCLQ 2 (Elwl + 52‘*)2)
(g—g")'s! (¢ —s)l(m —s)!F(—2h2+1) 2 P s2 \ 72 Eown

Performing the Mellin transform as well as the summation we finally get:
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(7.44)

;2) _

oo P 7
er _ B — P(2h1 +p + 1)
OX "1 (21, 21) OR)%2 (22, 22) = Z Z%B@hl + 7 +1m, 2hs) -
o pmmo 10 ™ (p=rIL2Zh+r+1) | (7.45)
x byt E 08 o1 (Z1)OR P, 1.6, (22, 22)-
We have put the derivation details in Appendix 7.7.
€1 = —€3. The OPE when e; = —&5 gives a similar formula only that there are two terms produced
corresponding to different ingoing/outgoing directions:
OEAl’afr(Zh 51) OR)%2 (22, 22)
I'(2h 1
Z Z —1)"*"B(2hy + 7 4+ m,—2hy — 2hy — 1 —m + 1) G o+ 1)
[ 1 (p—r)T(2h1 +7r+1)
x 2y L EROT TN (21) 0% Pay oy 1.s, (22, 22) (7.46)
0 P
el - . _ - [(2h +p+1)
+ —B(—2hy —2he —r —m +1,2h =
p;ogm! 2 e 2)(p—r)!r(21n+r+1)
x 2yt 20 JE I (Z1)OR P aysr 1.6, (21, 22) -
7.3 MHYV Graviton OPE
7.3.1 Collinear expansion
A similar story holds for MHV graviton scattering. In the choice of little group fixing A$ = (1, z;),
the inverse soft recursion (7.11) for graviton MHV amplitudes takes the form
M(1 2...n):§:M@ (B-i-m) (7.47)
: = ’ '
wherein the hatted spinor-helicity variables read
Jo= M4+ de— 2R N=h+ 24 (7.48)
242 22

These are the same as for the gluon case.
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Once again, we can expand the (n — 1)-graviton amplitude on the right in small z15 by writing

it in terms of exponentiations of linear shifts:

n ; 15 —1
M(1+2--n) = 722% d <1 Z”) exp{m([lad - [132])}M(2-~-n). (7.49)
i—s ~12 2i2 Zi2
On the right, gravitons 3, ...,n carry the undeformed null momenta ps, ..., p,, whereas the graviton

2 in bold carries the deformed null momentum pg® = /\S(;\l + ;\2)‘3‘. Expanding this in z15, one

finds the all-order collinear expansion

M2em =3 7D D rllqai: S WO gy (ma0)

q=0r=0 1=3 %32

Naively, it appears that this expansion starts at order 1/2%, instead of the universal collinear pole
1/z12 expected in a (tree level) holomorphic collinear limit. This is actually a spurious pole that
drops out due to momentum conservation.

To see this, recall that our (n — 1)-point amplitude M(23---n) comes equipped with delta

functions imposing the momentum conservation
Py + PS4+ p2Y =0. (7.51)

Contracting this with )\‘5‘5\? and using the fact that (i2) = z;2, we get the conservation law

n

D (i2)[1i] =) zip[li] = 0. (7.52)
1=3

i=3
Hence, if we write out the term of order 1/2%, in the expansion (7.50), we find that it vanishes:

n

1
—— Yzl M(2---n) = 0. (7.53)
12 523
This confirms that the collinear limit starts at order 1/z15.
So, dropping the p = 0 term in the sum (7.50), we can shift the summation index p — p+ 1 to

find the collinear expansion

p+1l ¢q n .
—[109])97" = [14][105])"
M(142 § 2121§ S : STeRS] = 7 M(2---n). (7.54)
q=0r=0 =3 g

This is our result for the all-order collinear expansion of the tree level graviton MHV amplitude.

Next let us turn this into OPE expansions.

7.3.2 Celestial OPE of momentum eigenstates

Like in gauge theory, it is expected that there exist local operators G, (zl,j\l) dual to graviton

momentum eigenstates of helicity s; € {2} and spinor-helicity data A% = (1,2;), A¥ = w;(1, %).

(2

Their correlators should compute graviton amplitudes in the bulk,

M(12---n) = <Gsl(zl,;\1)G32(22,;\2) : --Gsn(zn,S\n)> . (7.55)
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Combining this with the collinear expansion (7.54), we can once again extract the all-order OPE in

the MHV sector. Let us begin by recalling the notion of soft graviton currents.

Soft graviton currents. The soft expansion of a positive helicity graviton operator — as valid at

least within an MHV correlator — is given by the double Taylor expansion”

S DR

ik 0(2) (7.56)

The chiral operators w[k, £](z) are currents with weights h = 2 — £ with respect to the conformal

2
transformations of z. The currents at fixed k + £ also transform in a spin % representation of the
SL(2,C) that rotates A*. As shown by Strominger [168], the celestial OPEs of these currents form the
loop algebra of Ham(C?), the holomorphic symplectomorphisms of C2. In the celestial holography
literature, Ham(C?) is also referred to as the wedge subalgebra of w;;., which motivated the
notation w(k, £] for the currents. The weight h = 2 current w[0, 0] actually turns out to be central,
and its insertions in celestial correlators do not give rise to a nontrivial soft theorem. But it is
usually left in for completeness.

The first step in deriving the celestial OPE is again to extract the singular terms in the OPE.

The singular parts of the MHV collinear expansion are read off from (7.54),

M(1,2---n) = - (Z[“] = [Lil[102] + ) [14] [1@]) M(2---n) +0(2%). (7.57)
i=3 i=3 i=3
Since A} =1 in our choice of little group fixing, specific components of the (n — 1)-point momentum

and angular momentum conservation laws give the constraints

n

S [ M(2--n) = —[12] M(2--n), (7.58)
1=3
Z[u] [10;]M(2---n) = —[12][18:)M(2---n), (7.59)

thereby reducing the collinear limit to
12
M(1+2-~-n)zyM(2-~-n)+O(z?2). (7.60)
12
Applying the duality dictionary (7.55), the singular part of the hard graviton OPE is found to be
- - 12 ..
G+(Zl,)\1)G52(2:2,>\2) ~ %GSQ(Z%)\l +)\2) (761)
This is the graviton celestial OPE of [166, 170] written in momentum space. It is leading order in
z12 and all-order exact in Zjs.
Setting so = 42, Taylor expanding both sides in 5\? and 5\3‘, and equating coefficients of
AHEQ2)EAL)™ (A2)" yields the soft graviton current algebra (see Appendix 7.6 for details)
kn — ¢
wlk, €](z) wlm, n](w) ~ e wik+m—1,0+n—1}(w). (7.62)

zZ—w

7 Again, this starts at order w® instead of the usual soft graviton pole w=! due to our choice of little group fixing.
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As mentioned above, this is the loop algebra of Ham(C?).®

It provides an infinite dimensional
enhancement of the holographic symmetries of quantum gravity in flat space whose implications are
still being fervently investigated. The origin of these symmetries is again found in the twistor theory
of Penrose’s nonlinear graviton construction [207].

For our purposes, we will again be interested in working with their generating functions

5 TNk Y2\r—k
wr](z,\) = Z m wlk,r — k](2), r€Zsg. (7.63)
k=0

The hard gravitons can be expanded upon these as

Gi(z,\) = ZW[T](Z, A, (7.64)

r=0
where the 7t term is essentially w” times the 7" order soft graviton. From (7.61), one finds a
compact expression for the OPE of soft gravitons with hard gravitons,

[14] [19;]"* <

—— G, (2, Ni) - 7.65
214 (’I“ — 1)' ‘ (Z ) ( )
The boost eigenbasis version of these soft-hard OPEs were found in [196]. The central current
w[0](2,A) = w[0,0](z) of course has a regular OPE with all hard gravitons. The r = 1 OPE is

the supertranslation action. The r = 2 OPE corresponds to superrotations. And the r = 3 OPE

W[T](Zlaj\l) Gs, (2, :\i) ~

corresponds to the sub-subleading soft graviton theorem of [261].

Soft graviton descendants. Viewing w[r](z, A) as chiral currents on the sphere with coordinate
z, we define the soft graviton descendants of a hard graviton by the contour integral
< < le 1 N N
W_p[r](A1)Gs, (22, A2) == 51 wlr](z1, A1) Gs, (22, A2) (7.66)
|z12]=¢ T 219
with ¢ < 1 and p > 0. The p = 0 term is just meant to be the primary occurring on the right of
(7.65), while the p > 1 descendants correspond to regular terms in the soft-hard OPE.

The current w[r](z, A) has weight h = 2—r/2 under conformal transformations of z, so correlators
involving it can have a pole of order at most r — 4 at z = co. Using (7.55), (7.65) and a contour-
pulling argument that is identical to the gluon case, we then find that for 0 < r < p+ 2, an insertion
of such a descendant in a correlator of hard gravitons can be expressed purely in terms of hard

graviton amplitudes with one fewer particle:

<W—p[7“](5\1)G52 (22, A2) H G, (i, 5\1)> = - G _1 01 Z [u][lzgir_ M(23---n). (7.67)
i=3 i2

=3

After shifting Ao — A1+ Ao and r — 7+ 1, these are immediately recognized to be the summands

of the collinear expansion (7.54).

8Equip C2? with complex coordinates v1,v2 and a holomorphic Poisson structure
{fvg}:8v1f81}29_6112f811197 f7geQ0(C2).
Holomorphic symplectomorphisms of C? are generated by the basis of holomorphic hamiltonians vf vé with algebra
{va%,v{"vg} = (kn — ¢m) v’f+mflvg+"7l. The soft graviton currents span the loop algebra of this Poisson
algebra.
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All-order graviton OPE. Using the duality dictionary (7.55) for graviton scattering, we can

rewrite the MHV collinear expansion (7.54) as the OPE expansion

<G+(21, :\1) G32 (22, :\2) H Gsi (Zia /\z)>

i=3
1 A ( 162] ~r 3 a 3 3 - a; 3
= Zzlz ZZ (q—r)! wW_plr+ 1]()\1)0522(22,)\1 +)‘2)HOSZ(Zi’)‘i) . (7.68)
q=0r=0 =3
Again, r+1 < p+2 so our contour manipulations work. This can be further simplified by exchanging

the sums over g and r, then shifting » — r—1. When the dust settles, one finds the following all-order
OPE for two gravitons in the MHV sector:

p+2p+2—r

5 1a . L
G4 (21, M) Gy, (22, A2) = szlz Z (=02 W_p[rl(A1) Gy (22, A + A2) . (7.69)

r=1 ¢g=0

For the reader’s benefit, we write out the first few terms of this OPE explicitly

G+(Zl, ;\1) G52 (227 /\2)

_ L {(1=1182D) woll] (W) + wol2](0) } G (22, Aa + D)

+ {(1 o [182] + [12?]2> W—1[1](5\1) + (1 - [182]) W_1[2](5\1) + W_1[3](;\1)} G32 (ZQ, ;\1 + 5\2)
ran{ (1 0o+ 225 D20 i + (1 paw+ 225 ) v

+ (1 — [182]) W,2[3](5\1) + W2[4](5\1)} GSQ (22, ;\1 + 5\2) + 0(2%2) . (770)

This helps illuminate the pattern of the sums. The first term looks different from (7.61), but can be
matched if one remembers from (7.65) that the leading “descendants” are given by wo[r] (A )G, (22, A1+
A2) = [12][102])" "' G4, (22, A1 4+ A2)/(r — 1)!. The remaining terms display the various orders of soft
gravitons whose descendants enter the OPE. At the first subleading order, one finds supertransla-
tion, superrotation as well as the sub-subleading soft graviton descendants. At order 275 ! one only
needs to use descendants of soft gravitons up to order p + 2.

We find it remarkable that this can be expressed purely in terms of the soft graviton descendants
(and L_; = 0;, descendants if expanded in small zj5). It does not really require an expansion
in holomorphic conformal (or Virasoro) descendants. Moreover, explicit vertex algebra realizations
of this OPE (like the ones for the gluon OPE coming from twistor strings [249]) have not been
constructed as of the writing of this work. It would be very interesting to see if Skinner’s gravitational

twistor string [252] could fill in this gap.

7.3.3 Celestial OPE of boost eigenstates

In a similar manner to that of Section 7.2.3, we can study the celestial OPE of graviton boost

eigenstates via Mellin transforming the OPE of momentum eigenstates. The boost eigenstates of
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gravitons are defined in the same way as (7.39). Similar to (7.40), we define the conformal primary

positive helicity soft gravitons

w2 N = 2wk, e — K(2)
w(z,Z) == = Z (=] . (7.71)
One can then perform mode expansion over z on w(z, Z), whose OPE with the boost eigenstates can
be obtained by contour integrals

dz 1

2t (o =y "5 2) Oh(w,), (7.72)

w_p[r](2)Ga s (w, @) = f

The modes w_,[r](Z) can be regarded as the generators of soft descendant states. Mellin transforming

(7.69) one can get the OPE of boost eigenstates of gravitons in terms of the following integral

GR, +(21,21) GR, , (22, 22)
p+lp+l—r o

_221212 > lml/ dw wﬂ”l/ooodwzwghz1(€1°"1)T+m+1 (7.73)

r=0 ¢g=0 m=0

g1w a
X (E;w; (21282 + wz8w2)> 21505 W _p[r + 1](Z1)GEL (zg,

(51w1 + 520.)2);\ >
e EEN ).
EoW2

After some math similar to Appendix 7.7, the final OPE is

GAll +(Zla 21) G2222752 (ZQ) 22)

3 Z B(2hy + 1 +m+1,2h2) T(2hy +p + 3)
m! (p—r+ 1)!F(2h1 +r+2) (7.74)

X 213 zlzaé”w,p[r—k H(Z)GA, 4 Aptr—1,5, (225 22).

The boost eigenstate OPE when €; = —&5 is similar only that there are two terms produced corre-

sponding to different ingoing/outgoing directions:

GA, 1+ (21,21) GR, 4, (22, 22)

oo +1 " _ 7
Z”Z fll T+m+1B(2h1+r+m+1—2h1—2h2—r— m)T'(2h1 +p + 3)

(p—r+ 1)IT(2hy + 7+ 2)

p,m=0r=0

x 2y ' ZH05 wop[r + 1(21)GR, | aggr—15, (22, Z2) (7.75)

. f: pil &7t B(=2hy — 2hy — 1 — 10, 2hs) T'(2hy + p + 3)
o (p—r+ 1T (20 +7+2)

p,m=0r=0

—1 —m A _ _
X 21y " 21505 W_p[r + 1}(21)G21+A2+r71,52(z27 Z2) .

7.4 Discussion

Regular terms have proven useful for extracting differential equations satisfied by MHV amplitudes
from null state decoupling relations in CCFT [165, 164]. Remarkably, these differential equations

were already shown to be equivalent to a linearized version of tree level BCFW recursion in [134].
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Our calculation confirms that, indeed, the all-order celestial OPE is just a nonlinear extension of
this idea that reproduces the exact recursion relation.

One intriguing shortcoming of our analysis is that the recursion relation does not allow us to
obtain 3-point amplitudes from 2-point amplitudes. The latter are just meant to be the identity parts
of the S-matrix, so that the corresponding 2-point celestial amplitudes tend to take the distributional
form §(z12)0(Z12) [139]. This means we do not yet know how to apply our OPE to a 2-point CCFT
correlator and obtain the 3- and higher-point correlators. This is an important issue that needs to
be resolved before any CCFT interpretation of 4d gauge theory or gravity may be taken seriously. A
promising approach to this lies in the use of light and shadow transforms that may be cleverly used to
make the 2- and 3-point functions non-distributional [171, 167, 264, 265, 266, 267, 268, 269, 270, 271].
It would be interesting to see if our all-order OPE can be used to build higher-point MHV amplitudes
directly starting from a 2-point amplitude made non-distributional in this manner.

Another important issue facing celestial holography is to compute analogues of celestial OPE
beyond the MHV sector. The singular part of the OPE is universal and valid for all scattering
amplitudes, so it remains the same in N*MHV amplitudes. At tree level, one expects that only
the regular part may be nontrivially deformed.” Our calculation of regular terms in the MHV
OPE is meant to provide an accessible test case to develop methods for obtaining regular terms
in more involved celestial OPEs. In this way, we hope that our results bring us one step closer to
bootstrapping flat space amplitudes from constraints imposed by the existence of a celestial dual.
Going beyond pure Yang-Mills, along the lines of e.g. [272, 273], or beyond tree level, along the lines
of e.g. [274, 153], would also be interesting.

At the first few orders, the gluon OPE was worked out in [242; 164] and the graviton OPE in
[165], where holomorphic conformal descendants were found. However, at those orders, due the
existence of null states [164, 165, 246], they can be fully converted to soft current descendants
and antiholomorphic conformal descendants, consistent with our expressions (see for example [249]).
Beyond the first few orders, consistency of our results with the appearance of holomorphic conformal
descendants at arbitrarily high orders in z and z [242] would require the existence of sufficiently many
null states at each order. We leave this as an interesting question for the future. If the exact set of
null states can be written down at each order, it would also allow one to write down the OPEs in
alternative bases, with different forms useful for different situations.

Perhaps most ambitiously, if one found a way to reverse the logic of our paper and bootstrapped
the all-order celestial OPE by other means, it would provide the means of bootstrapping BCFW
recursion for MHV tree amplitudes directly from celestial CFT. Now, it turns out that MHV ampli-
tudes as well as celestial OPEs have also been explored at loop level in [239, 275, 46] and in self-dual
curved backgrounds in [276, 241, 277]. These works discover that infinite dimensional symmetries
like the w1y algebra persist in a wide range of scenarios, showing the robustness of the formalism

of celestial holography. It may be possible to construct regular terms in the associated celestial

9Here, one includes terms that are regular in the holomorphic collinear limit but singular in the antiholomorphic
one, and vice versa. It is standard to treat these limits as independent limits by complexifying momenta.
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OPEs, possibly using symmetry constraints, and derive novel recursion relations for (at least ratio-
nal parts of) amplitudes at loop level or on curved backgrounds. Perhaps the best success story
in this direction is the recent work by Costello on two-loop amplitudes in QCD-like theories [278],
wherein we expect the choice of regular terms in the OPE to translate into a choice of conformal
block.

7.5 Appendix: Poles at infinity

In going from (7.31) to (7.32), we deformed the contour and dropped the contribution from z; = co.

To justify this, we need to check whether the 1-form

% <Ja1[7"](21»5\1)HOZZ(ZhS\i)> (7.76)
12 pales

has a pole at z; = co when viewed as a bulk scattering amplitude. We will show that this has no
pole at z; = oo precisely for the range
0<r<p (7.77)

that is suggested by the expected behavior of J [r](z1, A1) as a current of weight h = 1 —r/2.

This is precisely what we will need for extracting the celestial OPE. We only show this explicitly
in the gluon case. The corresponding proof in the graviton case involves identical steps taken using
Hodges’ formula [279] for the MHV graviton amplitude (with rows and columns corresponding to
graviton 1 and the two negative helicity gravitons removed, and both reference spinors chosen to be
A$). We will avoid speculating what happens for > p (or r > p + 2 in the graviton case), but this
may be related to the residue of MHV amplitudes at infinity as obtained for instance in equation
(35) of [280].

To begin with the proof, we postulate as usual that there exist operators O (z;, A;) whose

correlation function is the gluon MHV amplitude

<Hog;(zi,ﬁi)>: D Cme2aeston A1 205+ 0y,] (7.78)
i=1

TESH_2
where A[123---n] is the Parke-Taylor color-stripped amplitude
!
A123---n)= —k — §4(p; +py+ - +pn) (7.79)
212223 " Znl
written for the configuration in which particles k,[ are negative helicity. For sake of simplicity, we
are setting A = (1, z;), A¥ = w;(1, %) from the start.

As before, take particle 1 to be positive helicity without loss of generality. The soft-hard correlator

<Ja1 [F] (21, A1) HO?,(Zz,:\z)> (7.80)
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is obtained by expanding the MHV amplitude as a series in 5\? At the level of the Parke-Taylor
amplitude, one finds the series expansion

o0

n 1
All123n] = 2N DT AR, (7.81)
212%2n1 S0 T
where D is the differential operator
1
D=— (le[lak] — Zlk[lal]) . (782)

Zkl
This expansion may be obtained by using a Fourier representation of the momentum conserving

delta functions,

o0 . r
04 (pr+ P2t pa) = /d“wz Mel(”*“*““, (7.83)
—o r

and applying the identity
20¢ APrtp)T ()\g? Y ~8 ) (Prtpi)z (7.84)
(k) O\ ONka

to replace the factors of (ip; - )" by derivatives in the external data.

—i

Since D is homogeneous of degree 1 in :\? (and thereby also in wyq), (7.80) gets contributions only

from terms of order D" in each color order. This allows us to obtain the rt! soft-limit

<J’“ [F](21, A1) HO?Z (i, 5\1*)> = ) Cmetesston 7212‘;72 , %D’"A[Q o3 0] (7.85)
i=2 0ESn_2 "
which has weight r in w; as needed. (The actual soft limit is then obtained by dividing out the
factor of w], but it is innocuous here so we leave it be.)
To complete the proof, we observe from (7.82) that D has a pole of order 1 at z; = co. So D" has
a pole of order r. Because the extra factors of z,, 2/21225, 1 have a second order zero, each summand
in the net soft-hard correlator (7.85) has a pole of order r — 2 at z; = co. On the other hand, the
1-form dz; has a pole of order 2 at infinity, while the prefactor 2 has a zero of order p. In total,
(7.76) behaves like
2] THE P (7.86)

at large z1. And as we wished to prove, this is regular at infinity for » < p.
As an aside, notice that although the hard amplitude depended on z; in a distributional manner
via its momentum conserving delta functions, the soft-hard amplitude only depends on z; rationally!

So it makes sense to study its contour integrals as a function of z;.

7.6 Appendix: Soft current OPEs

In this appendix, we obtain all-order OPEs between soft currents of both gluons and gravitons
from momentum eigenstate hard-hard OPEs. Incidentally, the same results can be obtained from

Mellin-transformed (boost eigenstate) OPEs.
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7.6.1 All-order soft gluon OPE

Consider gluons first. From the definition (7.21), the soft currents are given by its inverse form
dAE AN - 3 -
Jm,n](z) = ¢ —————AHT A" mln! 0%z, \. 7.87
monl(z) = § S S (R ) [ (7.57)
Then the current OPE can be extracted by performing the integral
Tk, 1)(2)J° [m, n)(w)

_% AL dA? dR! dR? k! 1!m! n!
S 2mid 27id2 2wkl 2miR2 (AL)R(A2)(RD)m(R2)n

0% [z, N OY [w, &]. (7.88)

Let us first look at the leading order calculation (in z — w), which already contains the main
conceptual steps. The all-order calculation is analogous and will be presented afterwards. At leading
order, the OPE between two positive-helicity hard gluons is given in (7.25) with so set to +1:

f*

0% (2,\) OY (w, k) ~ po—

0% (w, A + F). (7.89)

The hard gluon O (w, A+ ) has the soft expansion

B e Ni ~iyu/y2 ~2\v
0% (w, % + 7) = Z (M 4+ &Y (A + k%)

u,v=0

ol I, v)(w), (7.90)

which after binomial expansions becomes

O (w, A + &) = ZZZ( )( ) Z(fzi)u—i(xéy‘(@?)v—fw. (7.91)

u,v 1=0 j=0

This can now be substituted into (7.88) to obtain

Jk, 1 (z)Jb [m, n)(w)

% (k+m\ (l+n 1 .
Nz—w( 3 >< . )k!“m!n!(k—l—m)!(l—Fn)!J [k +m,l + n](w)
- 7fib; JClk 4+ m, 1+ n](w), (7.92)

where we have used the fact that only the term with i = k, u —i=m, j =1 and v — j = n gets
picked up by the contour integrals.

Now repeat the steps while keeping to all orders. The all-order hard-hard gluon OPE was given
n (7.36). Since Jﬁp[r](j\) appears in the OPE and depends on A, we need to expand it out to

perform the explicit contour integrations. Combining (7.27) and (7.30) leads to the expansion

ANGIOVEDY (COMOY i Jo[s, 7 — 8. (7.93)

= (r—s)!

Another object in (7.36) that needs expansion is

07 = g; (j) (Xi aii)t ()\ a;) | (7.94)
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With that, the soft current OPE can now be easily obtained. Substituting (7.30), (7.94) and (7.91)
into (7.36), and then the resulting expression into (7.88), we obtain

T [k, 1)(2)J° [m, n] (w)

S-Sy e () (L)) ()

x J2,[s, r—s|Jk+m—sl+n—(r—s)(w). (7.95)

Similar to before, to arrive at this expression, we have performed the contour integrals which picked

up terms satisfying
st+i+t=k wu—i—t=m, r—s+j+qgq—t=1, v—j—q+t=n. (7.96)

Not all terms in the sums necessarily contribute. In fact, during the derivation, one has to be careful
with two types of conditions. One arises from the fact that taking too many derivatives (with respect
to #! and &2 in our case) would result in zero, and this requires t < u —i and ¢ — ¢t < v — j. The
other type of conditions comes from the ranges of u, v, i and j in (7.91). After carefully treating

them, we find that only terms with
s<k4+m, r—s<l+n, s+t<k, r—s+q—t<lI (7.97)

contribute to the sum. The formula written above is, however, still correct, owning to the fact that
J[m,n] = 0 when either m or n is negative and that (") = 0 when m < n.

Performing the summations over ¢ and ¢ leads to

J2 [k, 1)(2) " [m, ) (w i WYy ()( ls><p;f;l>

= r=0 s=

(7.98)

x J [s,r — s]Jlk +m —s,1+n — (r—s)](w).

If desired, this can be written in an alternative form by swapping the order of summations and

relabeling, leading to

Tk () bl i w3 S (M (O

= s=0 r=0

X J_p[S,T]Jb[k#*m*S,l+n77"](w). (7.99)

7.6.2 All-order soft graviton OPE

The soft graviton current OPE can be derived in exactly the same way, with the analogue of (7.95)

being

H(z)w[m, n](w

2p4+2—r r

wlk,
S SR LR O(L)

X wW_pls,7 —slwlk+m —s,l+n—(r—s)|(w). (7.100)
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Performing the summations over g and ¢ gives

wlk, 1] (z)w[m, n](w) = i )P 11)52( )( 3) (p;i;f;l)

p=0 r=1s=0

(7.101)
X W_pls,r —slwlk+m —s,l+n— (r—s)|(w).

Unlike the gluon case, the r and s sums cannot be swapped to give a simpler expression.

7.7 Appendix: Mellin transforms of momentum space OPEs

In this section we provide the computation details for the OPE of boost eigenstates when &1 = 5.

Starting from (7.42), we first use the identity:

q
(EIW1 (21282 + w28w2)>

EaW2

’

!
Z £1w1 R AT
= ” ngawz e 21282
q - q oW EaW2

- Z 7'(q—7q) (Zﬁl)q (“’2% —q+ 1) (waw — ) 20,09 . (7.102)

— -7 =
Now we can see there are two contributions of d: one is from z{,04 above, the other is from z]395"

n (7.42). We prefer to merge them together:

a——i — q/ 4 ’ — /—S —
(21,09 ) (21305") = Z (q ) (=1)°m---(m—s+1)z9, 21572 0% ~* o5

S
s=0

a ")
q''m! s
Z 7 i i 9L (7.103)

Plugging (7.102) and (7.103) into (7.42), we get

Ox % (21, 21) OR2, (22, 22)

p p—7T o0

—zzazzz >y [ drtt [7 duagi

r=0 ¢g=0 m=0 ¢’=0 s=0
(=1)7~° (1w1)4*"

q'!sl(q" — s)i(m —s)! (g2w2)9
£ " m—s m—s ra a € +e 3
« <M> —112-5- aq + Jou [ (2 1)0822 <22’ (1‘”12”2))\2>

(wQawz + 1) U (wQawz - q/)

E1W1 + Eaw2 EaW2

P pP—r oo

izlz 122 Z Z Z/ dawy W%rl /Oodwzwgﬁrl
=0 0

r=0 ¢=0m=0 ¢’=0 s=0
(=1)7~° (e1w1)4*"

% q''sl(q" — s)i(m —s)! (g2w2)9

(—=2ho +1) -+ (—2h2 + ¢')
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1wy " _¢'+m—sa¢ +m—s 7a _\Aa (e1w1 + €2wa) £
_— 17) J4 02| 29, —— X2 | . 7.104
(L) a0 (s, SR, (7.101
Taking €; = €2 and use the change of integration variables
w=tw, we=(1—-tw, te€(0,1), we/(0,oc0), (7.105)

the OPE (7.104) turns into:

Ox (21, 21) OR)2 (22, 22)
p p—7r o0 q

Zi S IDIDD i/m dw ?hF2he =t /1 de Mt () g)2hemt
=0 0 0

r=0 ¢g=0 m=0 q’=0 s=0
el (=1)77%(—2hy +q — ¢')! g tm—s

8¢’ +m—s ra1 _ as E1W1 + €2wa) ~
a;]Jr J_p[TKZl)OsZ <22,(1122)/\2>’

X _
(4= q)1s! (g = )} m — 5)}(~2ha)! 2 2w
(7.106)
which equals (7.44). The t-integral produces an Euler-Beta function:
At (21, 21) O (22, 22)
00 p p—r oo q ¢ - _
_ o it —14r L (2R — )T (2R +7 4+ q+m)
_ p—1 2h14+2hy—1471 2
SIECE 33D I I) DY ML e
p=0 r=0 ¢g=0 m=0 ¢’=0 s=0 F(2h1 + 2h2 +r+ m)
T (=1)77%(=2h —q")! bm—s A +m— 3
« e (—=1)a7%( 2+q—4q) _ 21112+m 58121 +m=s ya. [r](21)0% ( 2, (e1w1 + e2w2) X
(g—q")'s! (¢’ — s)!{(m — 8)!(—2h2)! P 2 EoWwsa

(7.107)
Since the total power of Z;3 and Jy in the summand is equal to ¢/ + m — s, we replace the index
m by m := ¢ + m — s. Furthermore, we also consider changing ¢ = b:=q¢—¢, ¢ — a:=¢ — s.

Therefore the regions of summation above become

OX %1 (21, 21) OR%2 (22, Z2)

r=0m=0 a=0 s—=

2
o D min(m,p—r) p—r—a p—r—a—s

= Z Zfz_l Z /OO dw w2 t2ha—147
p=0 0 b=0 0
« (—1yatber [(2ha —a—b—8)['(2h1 +7+b+s+m)T(—2hy + b+ 1)
Y T(2hy + 2hg + 7+ m —a) bl sla! (m —a — s)! T(—2hy + 1)
(

5)08 <22, (E1w1 + awn) ;2) ,
EqW2

x Z7505" 4 [r] (7.108)

To perform the summation on a, b, s, we use the identity

min(m,p—r) p—r—a p—r—a—

SIS - s(_l)a+br(2ﬁg —a—b—s)I(2hy +r+b+s+m)I(—2hy + b+ 1)
['(2hy +2ho + 7 +m —a) bl slal (m —a — s)!T(—2hy + 1)

L(2hy +p+1)
(p—r)T(2hy +7+1)°

a=0 s=0 b=0

1 _ _
= — B(2h1 + 1+ m, 2hs) (7.109)
m:

Plugging (7.109) into (7.108), we obtain the final answer (7.45). In a similar manner, we can also
obtain the Mellin-transformed graviton OPE (7.74).
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