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and Professor Xuhui Meng from Huazhong University of Science and Technology for

their insightful guidance and generous support throughout my Ph.D. journey. Their

expertise and encouragement have been invaluable.

I owe a special debt of gratitude to my collaborators and all current and former

colleagues, whose contributions through insightful discussions, shared ideas, and

camaraderie have enriched my research and made this journey deeply fulfilling. I am

also thankful to my friends at Brown University and beyond, whose kindness and

encouragement have helped me overcome challenges along the way. Special thanks
x



to the Division of Applied Mathematics at Brown University for their invaluable

guidance and support throughout these years.

To my family, thank you for your unconditional love, unwavering belief in me, and

endless support. Your sacrifices and encouragement have been my greatest source of

strength and motivation.

Finally, I express my sincere appreciation to the funding agencies and institutions

that have supported my research. This work would not have been possible without

their generous resources and support. These include:

1. the Division of Applied Mathematics and the Graduate School at Brown Uni-

versity,

2. the ARO MURI project (“Fractional PDEs for Conservation Laws and Beyond:

Theory, Numerics and Applications”, W911NF-15-1-0562),

3. the University of Rochester CRCNS subaward (“CRCNS Research Proposal:

Waste-clearance flows in the brain inferred using physics-informed neural net-

works”, R01AT012312), and

4. the ONR Vannevar Bush Faculty Fellowship (“The Next Generation of Oper-

ator Regression Networks: Theory, Algorithms, Applications”, N00014-22-1-

2795).

I would also like to acknowledge the support from ANSYS and PredictiveIQ.

xi



Contents

Vita iv

Acknowledgments x

1 Introduction 1

2 Multi-head physics-informed neural networks for learning func-

tional priors and uncertainty quantification 10

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Learning functional priors via multi-head architectures and normaliz-

ing flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.2.1 Multi-head physics-informed neural networks (MH-PINNs) . . 15

2.2.2 Estimating the distribution of the head via normalizing flows

(NFs) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.3 Leveraging functional priors in solving downstream tasks . . . . . . . 20

2.3.1 Regularization in optimization problem . . . . . . . . . . . . . 21

2.3.2 Prior distribution in Bayesian inference . . . . . . . . . . . . . 21

2.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.4.1 Function approximation . . . . . . . . . . . . . . . . . . . . . 24

2.4.2 Nonlinear ODE system . . . . . . . . . . . . . . . . . . . . . . 28

2.4.3 Reaction-diffusion equation . . . . . . . . . . . . . . . . . . . 32

xii



2.4.4 2D steady-state nonlinear Allen-Cahn equation . . . . . . . . 34

2.4.5 A high-dimensional parametric Helmholtz equation . . . . . . 37

2.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3 Leveraging viscous Hamilton-Jacobi (HJ) PDEs for uncertainty

quantification in scientific machine learning 42

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

3.2 Connecting viscous HJ PDEs to Bayesian inference in machine learning 46

3.2.1 Bayesian inference in machine learning . . . . . . . . . . . . . 46

3.2.2 Connection to viscous HJ PDEs . . . . . . . . . . . . . . . . . 47

3.3 Riccati-based methodology . . . . . . . . . . . . . . . . . . . . . . . . 51

3.3.1 Connection using Gaussian prior to Riccati ODEs . . . . . . . 52

3.3.2 Updating the likelihood . . . . . . . . . . . . . . . . . . . . . 54

3.3.3 Updating the prior: tuning hyperparameters . . . . . . . . . . 58

3.4 Examples in scientific machine learning . . . . . . . . . . . . . . . . . 59

3.4.1 Solving a boundary-value ODE problem . . . . . . . . . . . . 61

3.4.2 Solving the 1D steady-state advection-diffusion equation . . . 66

3.4.3 Solving the 2D Helmholtz equation . . . . . . . . . . . . . . . 72

3.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4 Quantifying uncertainty arising from noisy inputs-outputs 80

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.2 Encoding physics in scientific machine learning . . . . . . . . . . . . . 84

4.2.1 Physics-informed neural networks . . . . . . . . . . . . . . . . 86

4.2.2 Neural operators . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.3 Uncertainty quantification for noisy inputs-outputs . . . . . . . . . . 88

4.3.1 Physics-informed neural networks . . . . . . . . . . . . . . . . 91

4.3.2 Neural operators . . . . . . . . . . . . . . . . . . . . . . . . . 94

xiii



4.3.3 Posterior estimate . . . . . . . . . . . . . . . . . . . . . . . . . 95

4.4 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

4.4.1 A nonlinear 1D Poisson equation with PINNs . . . . . . . . . 97

4.4.2 Inverse ODE problem in diesel engine system . . . . . . . . . 102

4.4.3 A nonlinear 2D steady-state Allen-Cahn equation with PINNs 105

4.4.4 1D Burgers’ equation with FNOs . . . . . . . . . . . . . . . . 107

4.4.5 1D time-dependent reaction-diffusion equation with multi-

input DeepONets . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.4.6 120-dimensional Darcy problem with DeepONets . . . . . . . 112

4.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

5 Physical model misspecification and uncertainty 117

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

5.2 Model misspecification in PINNs for learning governing equations . . 121

5.2.1 Learning governing equations from data using PINNs . . . . . 121

5.2.2 Correcting the model misspecification in PINNs . . . . . . . . 123

5.2.3 Uncertainty quantification . . . . . . . . . . . . . . . . . . . . 126

5.3 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.3.1 Pedagogical example: An ODE system . . . . . . . . . . . . . 129

5.3.2 Reaction-diffusion equation . . . . . . . . . . . . . . . . . . . 138

5.3.3 2D non-Newtonian flows . . . . . . . . . . . . . . . . . . . . . 141

5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

6 NeuralUQ: A comprehensive library for uncertainty quantifica-

tion in scientific machine learning 151

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

6.2 Uncertainty quantification for scientific machine learning . . . . . . . 155

6.2.1 Scientific machine learning . . . . . . . . . . . . . . . . . . . . 155

xiv



6.2.2 Uncertainty quantification . . . . . . . . . . . . . . . . . . . . 158

6.2.3 Performance evaluation and post-training calibration . . . . . 162

6.3 Overview and details of NeuralUQ . . . . . . . . . . . . . . . . . . . . 163

6.3.1 Library overview . . . . . . . . . . . . . . . . . . . . . . . . . 163

6.3.2 Library design . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

6.3.3 Details of NeuralUQ components . . . . . . . . . . . . . . . . 166

6.3.4 Customization . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

6.4 Demonstration examples . . . . . . . . . . . . . . . . . . . . . . . . . 173

6.4.1 Kraichnan-Orszag system . . . . . . . . . . . . . . . . . . . . 174

6.4.2 SIRD model for COVID-19 . . . . . . . . . . . . . . . . . . . 177

6.4.3 Inverse KdV problem . . . . . . . . . . . . . . . . . . . . . . . 181

6.4.4 100-dimensional Darcy problem . . . . . . . . . . . . . . . . . 182

6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186

7 Summary and Future Work 189

Appendix 196

A Appendix for Chapter 2 196

A.1 Details of NN architectures and training hyperparameters . . . . . . . 197

A.2 Details for performing Bayesian inference . . . . . . . . . . . . . . . . 199

A.3 Multi-task learning with multi-head neural networks . . . . . . . . . . 199

A.3.1 Basis function learning and synergistic learning . . . . . . . . 200

A.3.2 Multi-Task Learning (MTL) versus Single-Task Learning (STL)202

B Appendix for Chapter 3 205

B.1 Details of the hyperparameters in the numerical examples . . . . . . . 206

B.2 Additional results for example 1 . . . . . . . . . . . . . . . . . . . . . 206

B.3 Additional results for example 2 . . . . . . . . . . . . . . . . . . . . . 208

xv



C Appendix for Chapter 4 209

C.1 Details of hyperparameters in the numerical experiments . . . . . . . 210

C.2 Additional results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 213

C.2.1 1D nonlinear Poisson equation with PINNs . . . . . . . . . . . 213

C.2.2 1D time-dependent reaction-diffusion with DeepONets . . . . 214

D Appendix for Chapter 5 216

D.1 Details of hyperparameters in numerical experiments . . . . . . . . . 217

D.2 Additional results for the ODE system . . . . . . . . . . . . . . . . . 218

D.3 Additional results for the 1D reaction-diffusion equation . . . . . . . 219

D.4 Details for the computations in lattice Boltzman equation model . . . 221

E Appendix for Chapter 6 222

E.1 Glossary for frequently used terms . . . . . . . . . . . . . . . . . . . . 223

E.2 Customization of surrogates . . . . . . . . . . . . . . . . . . . . . . . 223

E.3 Customization of prior and inference . . . . . . . . . . . . . . . . . . 225

E.4 Data generation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227

xvi



List of Tables

2.1 Computational cost for different NFs and PI-GANs to approximate

the Gaussian process defined in (2.16) with correlation length l = 0.1.

The proposed method using MH-PINNs and NFs is a two-step method

and hence its computation is decomposed into two parts: training MH-

PINNs referred to as stage (1) and training NFs referred to as stage

(2). Sampling time is evaluated as the average time taken to generate

10, 000 samples of u in (2.15). . . . . . . . . . . . . . . . . . . . . . . 29

2.2 Estimate of λ and L2 relative error of u for the downstream inverse

problem on (2.15) using our approach and the vanilla PINN method.

The reference value for λ is 2.3609. For the noisy-data case, the error

is evaluated on the predicted mean. . . . . . . . . . . . . . . . . . . . 31

2.3 L2 relative error of u for solving (2.17) with sparse data of the initial

condition using our approach and the vanilla PINN method. For the

noisy-data case, the error is evaluated on the predicted mean. . . . . 34

2.4 L2 relative error of u for solving (2.19) with sparse data of the source

term using our approach and the vanilla PINN method. For the noisy-

data case, the error is evaluated on the predicted mean. . . . . . . . . 36

2.5 L2 relative error of u for solving (2.21) with sparse data of the source

term using our approach and the vanilla PINN method. For the noisy-

data case, the error is evaluated based on the predicted mean. . . . . 40

xvii



3.1 Relative L2 errors of the predicted means of u and f when using

continual learning and our Riccati-based approach to solve (3.17) after

different amounts of noisy measurements of f are incorporated into

the learned models. We achieve high accuracy inferences after all the

data is incorporated. . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.2 Relative L2 errors of the predicted means of u and f using different

amounts of noisy measurements of f to solve (3.20). Our Riccati-

based approach updates the learned models without requiring retrain-

ing when new data becomes available or storing and processing large

datasets in their entirety. . . . . . . . . . . . . . . . . . . . . . . . . 67

3.3 Relative L2 errors of the predicted means of u and f when solving

(3.22) using our Riccati-based approach and the sequential order of

integration shown in Figure 3.8(a). The errors significantly reduce as

more subdomains are visited but remain slightly high after all of the

data is incorporated due to the high level of noise in the data. . . . . 73

4.1 Interpretations of inputs, outputs and NN models H in PINNs and

NOs. We note that when solving hybrid problems with NOs, G is pre-

trained, often offline based on clean and simulated data, and therefore

remain fixed in reconstructing v and u from their noisy measurements.

In contrast, PINNs are directly trained with the noisy inputs-outputs

data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.2 PINN for Poisson equation: Inference of u and f with different training

data for f . The error is defined as the relative L2 error between the

exact and the prediction. . . . . . . . . . . . . . . . . . . . . . . . . 97

4.3 Errors of solving (4.15) with noisy inputs-outputs data of f using

different methods. The error is defined as the relative L2 error between

the exact and the predicted mean. . . . . . . . . . . . . . . . . . . . . 98

4.4 Inferences of λ (mean ± standard deviation) and relative L2 errors of

the predicted mean for u using different methods to solve the inverse

problem. The reference solution for λ is 0.1. . . . . . . . . . . . . . . 101

xviii



4.5 Inferences of c1, c2 (mean ± standard deviation) for the inverse ODE

problem given noisy inputs-outputs. The reference values for c1

(×10−4) and c2 (×10−3) are −2.0817 and −3.4465, respectively [290]. 102

4.6 Inferences of D and λ (mean ± standard deviation) and relative L2

errors of the predicted mean for u. The reference values for D (×102)

and λ are 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.1 ODE system: Predictions for ϕ, u and f and the reconstruction ũ.
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2.11 Solving (2.21) given data with high level noise: 300 noisy data of f

are randomly generated across the domain and corrupted by additive

Gaussian noise with mean zero and standard deviation 0.1 (approxi-

mate 100% relative noise level): (a) inferences of u and (b) inferences

of f . From left to right we present the reference of u/f , the predicted
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3.1 (See Section 3.2) Illustration of a connection between a Bayesian in-

ference problem in scientific machine learning (top) and the solution

to a multi-time viscous HJ PDE (bottom). The colors indicate the

associated quantities between problems. This color scheme is reused

in the subsequent illustrations of our connection. The arrow labels de-

scribe how the boxed quantities are related. For example, the posterior

mean in the learning problem is equivalent to the spatial gradient of

the solution to the multi-time viscous HJ PDE (red). . . . . . . . . 43

3.2 (See Section 3.2) Mathematical formulation of the connection between

a Bayesian inference problem with linear model and Gaussian likeli-

hood (top) and the solution to a multi-time viscous HJ PDE with

quadratic Hamiltonian (bottom). The content of this illustration

matches that of Figure 3.1 by replacing each term in Figure 3.1 with

its corresponding mathematical expression. The colors indicate the

associated quantities. The arrow labels describe how the boxed quan-

tities are related. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
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3.3 (See Section 3.3.1) Mathematical formulation of the connection be-

tween a Bayesian inference problem with linear model, Gaussian like-

lihood, and Gaussian prior (top) and the solution to a multi-time

viscous HJ PDE with quadratic Hamiltonian and quadratic initial

condition (bottom). The content of this illustration is a special

case of the connection in Figure 3.2, where the prior is Gaussian (set

g(θ) = 1
2
⟨θ,Λ−1θ⟩ in Figure 3.2). The colors indicate the associated

quantities. The arrow labels describe how the boxed quantities are

related. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

3.4 Results of solving (3.17) using continual learning and our Riccati-

based approach. (a) and (b) show the predicted mean and uncer-

tainty of u and f , respectively, after the 101th, 151th, and 201th noisy

data point of f becomes available. Our Riccati-based approach natu-

rally coincides with the continual learning framework while inherently

avoiding catastrophic forgetting. Our approach allows us to incre-

mentally update the learned models without accessing the historical

data (·), while also providing a quantitative metric for our confidence

in the learned models in the form of the predicted uncertainties (■).

We observe that regions of low predicted uncertainty generally coin-

cide with regions of high inference accuracy, which implies that this

confidence metric is a good indicator of the reliability of the model. . 63
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3.5 Results of tuning the standard deviation σ of the prior using our

Riccati-based approach to solve (3.17). (a) shows how the validation

error changes as σ is tuned. (b) shows the flow with respect to σ of the

predicted mean of u at different times (τ = 0.25, 0.5, 0.75). The black

dot represents the value using the original choice of σ = 1, and the

arrows represent the direction of the flow of solutions as we increase

σ from 1 (red; i.e., we evolve the corresponding Riccati ODE back-

ward) or decrease σ from 1 (blue; i.e., we evolve the corresponding

Riccati ODE forward). In contrast to conventional ML approaches,

our Riccati-based approach allows the hyperparameter to be tuned

continuously without retraining on or access to the training data. . . 65

3.6 Results of solving (3.20) using large-scale data with high noise level

and our Riccati-based approach. (a) shows the corresponding pre-

dicted mean and uncertainty (■) of u. (b) shows the inference/fitting

of f using 1, 000, 5, 000, and 100, 000 noisy data points. Note that we

do not show the predicted uncertainty of f for clarity of presentation.

Our Riccati-based approach updates the learned models incrementally

using information from one data point (·) at a time, which provides

significant computational and memory savings in big data regimes. . . 68

xxix



3.7 Intermediate result for adding the 46th data point when using active

learning and our Riccati-based approach to solve (3.20). The left side

of (a) and (b) shows the inferences of f and u, respectively, before the

placement of the new sensor and incorporation of the 46th data point.

The right side of (a) and (b) shows the updates to f and u after these

actions. The vertical black dashed line represents the location where

the 46th sensor will be placed. Note that we zoom in on the region

around the new sensor instead of showing the full domain for clarity

of comparison. Following an active learning framework, we repeat the

following steps: compute the predicted mean and uncertainty of u and

f , place a new sensor at the location of the largest predicted uncer-

tainty (■) of f , and obtain a new measurement of f (*) at the new

sensor location. Our Riccati-based approach naturally complements

this framework as it can efficiently perform repeated updates of the

predicted mean and uncertainty. . . . . . . . . . . . . . . . . . . . . . 70

3.8 Results of solving (3.22) with noisy data of f using our Riccati-based

approach while traversing the domain sequentially. (a) displays the

7× 7 uniform domain decomposition and the sequential order of inte-

gration of the domain. (b) shows the absolute errors of the predicted

means of u and f after all 49 subdomains have been visited. (c) and

(d) show 1D slices of the inferences and predicted uncertainties (■)

of u and f , respectively. These results show how our Riccati-based

approach can naturally be extended to solve higher-dimensional prob-

lems. Namely, by leveraging data streaming, our Riccati-based ap-

proach is able to overcome the computational and memory challenges

related to the higher dimension of the PDE and subsequently increased

dataset size. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
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3.9 Intermediate results of solving (3.22) using our Riccati-based approach

while traversing the domain sequentially. We collect data from each

subdomain sequentially following the pattern in Figure 3.8(a). (a)

and (b) shows the absolute errors of the inference of u and f , respec-

tively. The white crosses indicate the subdomains that have already

been visited. Our Riccati-based approach incrementally updates our

predictions as we traverse the domain, which provides computational

and memory advantages over having to process or store all of the data

from the entire domain at once. . . . . . . . . . . . . . . . . . . . . . 75

3.10 Domain decomposition with multi-level subdomain traversal. The

level one subdomain is marked in red, the level two subdomains are

marked in blue numbers, the level three subdomains are marked in

green numbers, and the level four subdomains are marked in black. 76

3.11 Intermediate results of solving (3.22) using our Riccati-based approach

while traversing the domain using the multi-level order in Figure 3.10.

(a) and (b) show the absolute errors of the inference of u and f ,

respectively. The level one subdomain is marked by the white cross,

the level two subdomains are marked by white stars, and the level

three subdomains are marked by white circles. Our Riccati-based

approach incrementally incorporates data points into the predictions

invariant to the order of the data. As such, the end result after all

the data is incorporated is identical to Figure 3.8(b)-(d), despite the

intermediate results differing. . . . . . . . . . . . . . . . . . . . . . . 77

xxxi



4.1 A schematic view of two prevalent ways of encoding physics in SciML.

In (a), we present the framework of physics-informed neural networks

(PINNs) [244], where the physics is encoded by modeling u(x) using a

NN, parameterized by θ and denoted by Mθ, and approximating f, b

via automatic differentiation and the ODE/PDE. In (b), we represent

the physics by pretrained neural operators (NOs), which are trained

offline to learn the solution operators of (4.2), often based on clean

and simulated data. The pretrained NOs effectively encode the under-

lying physics within the NN architecture and parameters [160], while

in the downstream tasks such as solving ODEs/PDEs and tackling

hybrid problems, they remain fixed and serve as equation-free surro-

gates. Here vψ and wψ denote discretizations of the input functions

v(ξv) and w(ξw), respectively, which are parameterized by ψ. Note

that in these two methods, the inputs and outputs (color-coded by

blue and red, respectively) differ, making it crucial to develop uncer-

tainty quantification (UQ) approaches to handle noisy inputs-outputs

in both scenarios. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.2 An example of using pretrained NOs to encode physics in the hy-

brid problem. In particular, we use a multi-input DeepONet [138]

to represent the physics which connects u, v and w. Here, the multi-

input DeepONet, denoted by G, takes as input w and v and outputs

u, while
⊗

denotes elementwise multiplication. In the hybrid prob-

lem, u, v, w are reconstructed with UQ from their noisy measurements

and the physics, represented by the pretrained multi-input DeepONet,

enabling synergistic learning, as shown in the predicted mean and un-

certainty. See Section 4.4.5 for details. . . . . . . . . . . . . . . . . . 87
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4.3 Results from solving (4.15) in the B-PINN framework based on noisy

inputs-outputs data of f using different approaches. The boundary

condition is clean and hard-encoded in the modeling. From left to

right are results from the original B-PINN method which ignores the

noise in x, our approach which models the noise in x, and the recasting

method which recasts the noise in x as a heteroscedastic noise in f

via first-order Taylor expansion. . . . . . . . . . . . . . . . . . . . . . 98

4.4 Results from solving (4.15) with λ unknown based on noisy inputs-

outputs data of u and noisy outputs data of f . The boundary condi-

tion is clean and hard-encoded in the modeling. We note that in this

case data of u are noisy in both the input (heteroscedastic noise; de-

fined in (4.16)) and the output while data of f are noisy in the output

but clean in the input, demonstrating the flexibility of our approach.

From left to right are results from the original B-PINN method, our

approach, and the recasting method. . . . . . . . . . . . . . . . . . . 100

4.5 Predictions for (a) pim and (b) pem for solving the inverse ODE prob-

lem in the diesel engine with noisy inputs-outputs data. Here we

employ the original B-PINN method which ignores the input noise

(left) and our approach which models the input noise (right). 40

noisy inputs-outputs data of pim and pem and 40 noisy outputs data

of fim and fem are used as the training data. . . . . . . . . . . . . . . 102

4.6 Results from solving the inverse problem of (4.22) based on noisy

inputs-outputs data with D and λ unknown. In (c) we show the

locations of the measurements of u, in which blue circles represent

the actual locations and black crosses represent the measured locations.105
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4.7 Burgers’ equation: Reconstructing u|t=0 and u|t=1 from their noisy

measurements and a pretrained FNO, which represents the physics

and serves as an equation-free surrogate. From left to right are results

from our approach with correctly specified input noise, the reference

method, and our approach but misspecifying the input noise to a

small value (0.001) in constructing the likelihood. Here, the reference

method refers to the deterministic inference in which a maximum a

posterior (MAP) estimate is performed without UQ. . . . . . . . . . . 108

4.8 Burgers’ equation: Comparison between our approach which recon-

structs u|t=0 and u|t=1 synergistically (left) and a non-synergistic

method (right), in which these two functions are reconstructed inde-

pendently from their respective sparse and noisy measurements with-

out access to data of the other function. . . . . . . . . . . . . . . . . 108

4.9 1D time-dependent reaction-diffusion equation with heteroscedastic

diffusion term: Reconstructions with uncertainties of u, k, f , as dis-

played in (a) and (b), from their sparse and noisy measurements and

a pretrained multi-input DeepONet, which represents the physics in

(4.25). White circles represent locations of measurements of u. In (c),

a non-synergistic method is employed to reconstruct k and f indepen-

dently from their respective measurements without access to data of

the other function or data of u. . . . . . . . . . . . . . . . . . . . . . 110

4.10 120-dimensional Darcy problem: Reconstructions with uncertainties

of log(λ) (shown in (a)) and u (shown in (b)) from their sparse and

noisy measurements as well as a pretrained DeepONet representing

the physics in (4.27). The white cross stands for the location where

λ is observed while the white circle stands for the location where u is

observed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
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5.1 A schematic view of PINNs for learning governing equations from

data. On the left, a general framework of PINNs is displayed where

σ denotes the activation function, θ denotes the DNN parameters, uθ

denotes the output of the DNN that is used to approximate u, and

fθ/bθ are computed via automatic differentiation [244]. An example

on learning governing equations with PINNs is illustrated on the right

panel. Here a 1D Burgers equation is learned (λ1 = 0, λ2 = 1, λ3 = −ν

where ν denotes the viscosity) given data on u. . . . . . . . . . . . . 121

5.2 In (a), a breakdown of total uncertainty in PINNs is presented. In

(b), results from PINNs encountering model misspecifications are dis-

played, where a physical model of Newtonian fluid is assumed but the

real physics, which generates the data, is non-Newtonian. The PINN

method is employed to identify the homogeneous viscosity with dif-

ferent belief weights in the loss function, i.e. pairs of wPDE and wDu

in (5.2), resulting in different pairs of PDE loss LPDE and data loss

LDu , shown in the left of (b). Due to the model misspecification, the

PDE loss LPDE and the data loss LDu cannot be minimized simulta-

neously. Three results are presented in the right of (b), corresponding

to three cases in the left, + (data are fitted well but the physics is

not satisfied), * (the physics is satisfied but data are not fitted), and

x (neither data nor physics are fitted). We note that the boundary

condition is hard-encoded in the modeling. Details can be found in

Section 5.3.3.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
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5.3 An overview of the proposed approach for correcting the misspecified

physics. Here we assume that the nonlinear differential operator F is

misspecified as F̃λ such that F̃λ[u] ̸= f , which leads to poor perfor-

mance of PINNs in learning governing equations. Compared to the

conventional PINN method shown in Figure 5.1, an additional DNN,

parameterized by ψ, is used to model the discrepancy. We note that

sψ serves two roles: (1) correcting the equation such that data of u

can be explained, and (2) modeling the discrepancy of the physics.

With posterior samples of ψ, we obtain the prediction as well as the

model uncertainty of the discrepancy. We also note that DNNs in this

figure, namely uθ and sψ, are deterministic NNs in ensemble PINNs

and Bayesian NNs (BNNs) in B-PINNs. . . . . . . . . . . . . . . . . 124

5.4 ODE system: Predictions for u, f and ϕ from ensemble PINNs with

clean and sufficient data. Ensemble PINNs with (a) the correct phys-

ical model, (b) a misspecified physical model, and (c) the misspecified

physical model plus a correction. Blue circles: Representative mea-

surements for u and f ; Red dashed line: Predicted mean; Black solid

line: Reference solution. . . . . . . . . . . . . . . . . . . . . . . . . . 132

5.5 ODE system: Predictions for u, f and ϕ from B-PINNs with noisy and

gappy data. B-PINNs with (a) correct physical model, (b) misspeci-

fied physical model, and (c) misspecified physical model plus a correc-

tion. Blue circles: Noisy measurements for u and f ; Red dashed line:

Predicted mean from B-PINNs; Black solid line: Reference solution.

Our approach alleviates the model misspecification issue significantly,

providing more accurate predictions. Compared to correctly specified

model, the increase in the predicted uncertainty is caused by the lack

of knowledge in the physical model and could be considered as model

uncertainty. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
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5.6 ODE system: Solving the identified system with the inferred f and

ϕ from B-PINNs with the initial condition u0 = 0. The inferred f

and ϕ come from (a) correct physical model, (b) misspecified physical

model, and (c) our approach. Red dashed line: Predicted mean; Black

solid line: Reference solution. It shows that the misspecified physical

model leads to wrong reconstruction ũ while our approach is able to

correct it. Due to the lack of knowledge of the model, our approach

yields larger uncertainty than the correct physical model. . . . . . . 134

5.7 Time-dependent reaction-diffusion system: Predicted mean for u and

ϕ from B-PINNs with noisy data of u and f and differently specified

reaction models. Misspecified model (u2) impairs the performance of

B-PINNs significantly in terms of the accuracy in predicting u and

ϕ. and the proposed approach is able to alleviate the issue caused by

model misspecification; see Figure 5.8 for UQ. . . . . . . . . . . . . . 139

5.8 Time-dependent reaction-diffusion system in slices (t = 0.5, 0.75):

Predicted uncertainty for u and ϕ from B-PINNs with noisy data

of u and f and differently specified reaction models. Representative

predicted uncertainties for (a) u, and (b) ϕ. Red dashed line: Pre-

dicted mean from B-PINNs; Black solid line: Reference solution. Our

approach is able to improve the the predicted mean and the predicted

uncertainty significantly. The decrease in the accuracy of predicted

mean and increase in the predicted uncertainty of our approach are

caused by the lack of knowledge over the reaction model. . . . . . . 140

5.9 2D non-Newtonian channel flow: Correcting the misspecified physics

with two different approaches, i.e. (a) modeling the discrepancy in

the equation s(y) with a DNN, and (b) modeling the unknown space-

dependent viscosity µ(y) with a DNN. In (c), the PINN training losses

are presented and they converge to smaller values for both LDu and

LPDE in the case where we add a DNN as correction as compared to

the one in which we use a DNN to approximate the viscosity. . . . . 143
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5.10 2D non-Newtonian channel flow: Predictions for u, f and the discrep-
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Chapter One

Introduction



2

Accurate modeling and prediction of the dynamic response of physical systems re-

main an open scientific problem, despite decades of successful research. Persistent

challenges include solving ill-posed problems, such as those with unknown param-

eters or boundary conditions, assimilating imprecise and/or incomplete data, and

reducing computational costs, particularly for high-dimensional systems. In this re-

gard, physics-informed machine learning and, more broadly, scientific machine learn-

ing (SciML) have emerged as promising interdisciplinary research areas. These ap-

proaches offer innovative tools for addressing many of the aforementioned challenges.

For comprehensive reviews of recent advances in this field, see [142, 60, 7, 305, 281].

Machine learning, particularly deep learning which uses neural networks (NNs),

excels at processing large volumes of data and making rapid and accurate predictions;

see, e.g., [104, 122]. SciML builds on these capabilities by integrating observational

data with available physical models. Broadly, SciML techniques can be classified

into three main categories:

1. Data-driven emulation of physical systems: These approaches utilize

large datasets to emulate physical systems. Examples include the deep operator

network (DeepONet) developed by [178], with variations discussed in [107, 298]

and theoretical insights provided by [165]. An alternative approach, the Fourier

neural operator (FNO), is presented in [171].

2. Physics-encoded architectures: These methods incorporate physics di-

rectly into the NN architecture design, as exemplified by the work of [64, 65].

3. Physics-informed optimization: In these approaches, physical constraints

are included as soft penalties in the NN optimization process. Notable examples

include the physics-informed neural networks (PINNs) proposed by [244], with

extensions detailed in [162, 269, 219, 134, 200, 151], and theoretical analyses
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found in [266, 203].

These techniques are particularly advantageous in scenarios where conventional

solvers face limitations. For instance, they are effective in addressing mixed prob-

lems with partial observational data and incomplete knowledge of the underlying

physical system (e.g., [244]). They can seamlessly incorporate noisy or multi-fidelity

data (e.g., [199, 198, 49, 50]) and generate physically consistent predictions, even

for extrapolation tasks (e.g., [315]). Additionally, they eliminate the need for com-

putationally expensive mesh generation (e.g., [244]) and benefit from open-source

software that is continuously developed and extended (e.g., [180, 121]).

Quantifying prediction uncertainty, particularly in scenarios involving noisy or

limited data and NN overparameterization, is crucial for the reliable application of

deep learning in critical domains such as physical and biological systems. Among

the various uncertainty quantification (UQ) methods in deep learning, the Bayesian

framework has been the most prominent and widely studied [209, 184, 210, 19, 164,

95, 109, 211, 124, 182, 88, 308, 24, 133, 175, 325, 287]. Alternative approaches include

methods based on ensembles of NN optimization iterates or independently trained

NNs [163, 129, 189, 93, 149, 226, 185, 84, 119, 240, 216, 57], evidential frameworks

[188, 264, 8, 44, 158, 43], combining NNs with Gaussian processes [61, 241, 167, 191,

4, 6], and the conformal prediction framework [10, 72]. While Bayesian methods and

ensemble-based techniques are discussed extensively in this chapter, readers seeking

additional insights are encouraged to consult recent review articles on UQ in deep

learning [233, 141, 37, 102, 177, 272, 293, 94, 2, 131, 207, 336, 139].

Conventionally in machine learning and data science, uncertainty is often catego-

rized into aleatoric uncertainty and epistemic uncertainty [2, 234]. Aleatoric uncer-

tainty, also known as data uncertainty, arises from the inherent variability within the
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data itself. This type of uncertainty is caused by random noise or variability in the

data distribution and is considered irreducible, as it stems from intrinsic properties

of the data rather than limitations of the model or knowledge. In contrast, epistemic

uncertainty, often referred to as knowledge or model uncertainty, originates from a

lack of understanding about the underlying processes or model. This type of uncer-

tainty occurs when the model does not have enough data or information to make

accurate predictions. While aleatoric uncertainty can only be mitigated by improv-

ing the quality of the data, epistemic uncertainty can be reduced through acquiring

additional data, refining the model, or enhancing data quality [2, 234].

Figure 1.1: A qualitative breakdown of total uncertainty describing the contributions
from data (noisy, gappy); physical models (misspecification, stochasticity); noise
models (misspecification); neural networks (architecture, hyperparameters, overpa-
rameterization); and posterior inference. Aleatoric uncertainty is due to noisy data
and cannot be reduced. Epistemic uncertainty is due to noisy and limited data,
as well as neural network overparameterization. Note that all uncertainties in this
figure are either modeled, addressed, or discussed in this dissertation.

In the context of SciML, which often involves differential equations such as ordi-

nary/partial differential equations (ODEs/PDEs) with unknown or uncertain terms

and parameters, UQ becomes an even more challenging task. Figure 1.1 summarizes

the various sources of uncertainty typically considered in these settings. Despite
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recent progress in integrating UQ with data-driven or physics-informed optimization

objectives [285, 110, 322, 215, 224, 314, 324, 316, 14, 96, 128, 143, 317, 319, 17, 66, 86,

90, 173, 198, 41, 205, 297, 315, 286, 112, 115], UQ methods are still scarcely utilized

within SciML. One reason for this limited adoption is the relatively nascent state of

UQ within the broader deep learning community, where it is still developing and has

yet to gain widespread trust and understanding. Additionally, the incorporation of

physical constraints, which are critical for many SciML problems, introduces addi-

tional complexity and computational overhead compared to standard deep learning

techniques. These factors further contribute to the hesitation within the machine

learning community to embrace UQ in SciML applications.

A significant body of existing work on UQ in SciML has primarily focused on

uncertain, imprecise, or incomplete data, which refers to uncertainty over the exact

value of the sought solution, the model parameter, the source term, and/or the

boundary term of the differential equation [234, 281, 315, 318, 174, 321, 320, 317,

335, 92, 112, 206, 173, 329, 175, 90, 325, 136]. For example, when solving a PDE,

the initial condition can only be resolved by noisy or partial measurements at some

discrete points rather than being known precisely across the domain. Figure 1.2(a)

illustrates an example of approximating a function with UQ from noisy and gappy

observations [315].

This dissertation delves deeper into UQ in SciML and addresses challenges includ-

ing data sparsity, high noise levels, high dimensionality, interpretability, large-scale

data, incremental and continual learning, hyperparameter tuning, physical model

misspecifications, noise model misspecifications, and the implementation of various

inference algorithms. Consequently, all uncertainties depicted in Figure 1.1 are ei-

ther modeled, addressed, or discussed in this dissertation, providing a comprehensive

and systematic investigation of UQ in SciML is presented.



6

(a) Regressing noisy and gappy
data [315].

(b) Solving a PDE with sparse and noisy data by leveraging
an informative functional priors (adapted from Section 2.4.3
of Chapter 2).

(c) Addressing noisy inputs in solving an inverse PDE problem (adapted from Section 4.4.1
of Chapter 4).

(d) When PINNs encounter model misspecifications (adapted from Section 5.3.3.1 of Chap-
ter 5).

Figure 1.2: (a) An example of approximating a function from its noisy and gappy
measurements (adapted from [315]). (b) Utilizing an informative functional prior
in solving a time-dependent PDE with sparse and noisy measurements of the initial
condition (adapted from Section 2.4.3 of Chapter 2). (c) An example of ignoring and
modeling the input noise when solving an inverse PDE problem with noisy inputs-
outputs data (adapted from Section 4.4.1 of Chapter 4). (d) An example of physical
model misspecifications in PINNs, in which a Newtonian flow is assumed while the
data comes from a non-Newtonian flow (Section 5.3.3.1 of Chapter 5).
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The remainder of this dissertation is organized as follows:

1. In Chapter 2, we address challenges related to data sparsity and high noise

levels in solving ODE/PDE problems with UQ by effectively leveraging func-

tional priors, learned from prior information and historical data. Specifically,

we incorporate a multi-head architecture within PINNs and present a method,

termed multi-head physics-informed neural networks (MH-PINNs), for learn-

ing functional priors, which are then utlized either as regularization terms in

deterministic setting or as prior distributions in Bayesian inference. Figure

1.2(b) provides an example of solving a time-dependent PDE with sparse and

noise measurements of the initial condition using a learned functional prior.

2. In Chapter 3, we establish a novel theoretical connection between Bayesian

inference and Hamilton-Jacobi (HJ) PDEs for UQ in SciML, offering a new in-

terpretation of UQ problems and developing an efficient Riccati-based method-

ology. This connection reveals that the posterior mean and covariance can be

recovered from the spatial gradient and Hessian of the solution to a viscous HJ

PDE. The proposed methodology provides computational advantages in con-

tinuously updating the model predictions with UQ. In this chapter, we address

challenges of interpretability, large-scale data, incremental/continual learning,

and hyperparameter tuning.

3. Chapter 4 focuses on noise model misspecifications, particularly ignoring noise

in input measurements. We develop a Bayesian approach for quantifying un-

certainty arising from noisy inputs and outputs in PINNs and neural opera-

tors (NOs). Noisy inputs include spatial-temporal coordinate measurements

in PINNs and input function measurements in NOs. The proposed method

enables PINNs to handle noisy input-output scenarios (see Figure 1.2(c)) and
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allows pretrained NOs to process noisy measurements of both input and output

functions with UQ.

4. In Chapter 5, we investigate model misspecifications and uncertainties, pre-

senting a framework to correct misspecified models and quantify uncertainty

when solving ODEs/PDEs. PINNs encode assumed physical models, which

may be imperfect, and other deep neural networks (DNNs) capture discrep-

ancies between these models and observational data. Due to the expressivity

of DNNs, this method reduces computational errors arising from model mis-

specifications, enabling applications of PINNs to complex systems with par-

tially known physics. Additionally, Bayesian PINNs (B-PINNs) and ensem-

ble PINNs quantify uncertainties from noisy or gappy data in the discovered

governing equations. An example of when PINNs encounter model misspeci-

fication, where a Newtonian flow is assumed, but the underlying physics that

generates the data is non-Newtonian, is illustrated in Figure 1.2(d).

5. In Chapter 6, we address the challenges of implementations of various inference

algorithms for UQ in SciML and present a comprehensive open-source library,

termed NeuralUQ, for UQ in neural differential equations and neural operators.

We provide an educational tutorial, for employing UQ methods for SciML in a

convenient and structured manner. The library, designed for both educational

and research purposes, supports multiple modern UQ methods and SciML

models. It is based on a succinct workflow and facilitates flexible employment

and easy extensions by the users. We first present a tutorial of NeuralUQ

and subsequently demonstrate its applicability and efficiency in four diverse

examples, involving dynamical systems and high-dimensional parametric and

time-dependent PDEs.

6. We summarize the contributions of this dissertation, discuss its limitations,
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and outline directions for future work in Chapter 7.

This dissertation provides a structured and in-depth examination of UQ in SciML,

addressing theoretical, computational, and practical challenges in this emerging field.



Chapter Two

Multi-head physics-informed

neural networks for learning

functional priors and uncertainty

quantification
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2.1 Introduction

Solving ordinary/partial differential equations (ODEs/PDEs) with incomplete and

uncertain information of the equation can pose significant challenges for both clas-

sical numerical methods and scientific machine learning (SciML) approaches due

to limited knowledge of the problem setup. For instance, consider solving a time-

dependent PDE where the initial condition is only partially specified, available only

through sparse or noisy measurements. In such cases, classical numerical meth-

ods cannot be directly applied because the problem lacks a fully defined specifi-

cation. Although recently developed SciML techniques, such as physics-informed

neural networks (PINNs) [244], can be applied in theory, they often yield low ac-

curacy and unreliable results due to the inherent ill-posedness of these problems

[142, 60, 281, 234, 201]. In these situations, effectively leveraging the prior knowl-

edge and historical information as well as quantifying uncertainty due to limited

information is essential for achieving accurate and reliable solution inference. A re-

cent work [201] has proposed to use physics-informed generative adversarial networks

(PI-GANs) [105, 317] to learn functional priors and posteriors for addressing such

challenges.

In machine learning, hard-parameter sharing architectures, especially the multi-

head structures, have demonstrated significant success in learning informative rep-

resentations, which can provide useful information for new but similar tasks. A

multi-head neural networks (MH-NN) typically consists of: (1) a shared body NN,

and (2) multiple distinct heads NNs, each associated with a specific output and ma-

chine learning task (see Figure 2.1 for a schematic). This structure enforces shared

body NN across all outputs, which can lead to a meaningful shared representation in

the body through successful training. Originally introduced for multi-task learning
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(MTL) in [40, 39], this architecture aimed to achieve inductive transfer among tasks

to reduce generalization error. The goals of using MH-NNs in MTL are multi-fold:

to enhance performance across all tasks, to learn robust and transferable repre-

sentations, and to leverage auxiliary tasks to boost the learning of primary tasks.

Recently, MH-NNs have also proven effective in meta-learning [294, 239]. In the

SciML community, similar NN architectures have been applied to solving differential

equations. For example, in [228], multiple ODEs/PDEs were solved concurrently in

a MTL framework using the multi-head architecture. Other works [16, 71, 227] con-

sidered the shared body as an informative representation, enabling fast and accurate

transfer learning. This architecture has also been integrated into PINNs for solv-

ing single ODE/PDE problems with uncertainty quantification (UQ) [318], known

as multi-output PINNs. Overall, MH-NNs have shown strong capability in captur-

ing useful, shared representations, making them an attractive choice for complex

scientific learning tasks.

While the multi-head architecture has proven effective for solving ODE/PDE

problems, most prior work has focused solely on leveraging the shared body as an

informative representation for downstream tasks, overlooking valuable information

contained within the individual heads. Although the body encapsulates certain prior

knowledge that can be useful for similar ODE/PDE problems, it may be insufficient

for achieving high accuracy, especially when data are highly sparse or corrupted by

significant noise. Furthermore, UQ becomes more challenging, as defining a prior

distribution is not as straightforward as it is with conventional neural networks

[234, 315, 348, 201].

In this chapter, we develop multi-head physics-informed neural networks (MH-

PINNs) and equip them with density estimators, specifically normalizing flows (NFs)

[220, 157], to learn from prior information and historical data, which can be lever-
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… … …

(a) The architecture of MH-PINNs.

… … …

(b) Equipping MH-PINNs with density estimators for learning functional prior and
solving downstream tasks with UQ.

Figure 2.1: A schematic view of the proposed approach for learning functional priors.
In (a), the architecture of multi-head physics-informed neural networks (MH-PINNs)
with M heads is displayed. All M functions share the same body NN, denoted as
Body, and each is associated with a head NN, parameterized by Hk, k = 1, ...,M ,
and a specific PINN task T k with the loss function Lk and data Dk. These functions
uk, k = 1, ...,M are solutions to M ODEs/PDEs, which may differ in the source
term fk, boundary term bk, and/or model parameter λk (see (2.1) for the problem
formulation). In (b), we present the breakdown of our approach: (1) training a
MH-PINN to obtain a shared representation (body NN), denoted as Body∗, and
multiple heads, denoted as {Hk,∗}Mk=1, and (2) estimating the distribution of the
head, denoted as p(H), from these heads via density estimators such as normalizing
flows NF. The estimated density is denoted as pϕ∗(H). Then the functional prior is
represented by the learned body NN and the estimated density. (A NN parameter
with a superscript ∗ indicates that it has been trained.)

aged to solve ODE/PDE problems accurately with UQ under sparse and noisy data

conditions. We refer to such prior knowledge of function as functional prior. Our

approach to learning a functional prior consists of two main steps: (1) training a

MH-PINN to obtain a shared representation, or body NN, along with multiple head
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NNs, and (2) estimating a distribution from these multiple heads using an NF. In

this chapter, fully-connected NNs are selected as the backbone architecture, where

all nonlinear hidden layers form the body and the final linear layer functions as each

head. This setup enables the density estimators to operate on low-dimensional vari-

ables, making estimation more efficient. The learned functional prior comprises the

trained body and the estimated density function. When solving a new but similar

ODE/PDE problem, the trained body is reused as an informative representation,

while a new head is optimized in a deterministic setting or inferred with UQ in a

Bayesian framework. The density function serves as either a regularization term or

a prior distribution for the new head. We will showcase this straightforward yet

effective approach with a series of examples in Section 2.4 and demonstrate that this

density function is essential for achieving accurate and reliable inferences, particu-

larly when data are sparse or noisy.

The main contributions of this work are as follows:

1. We introduce MH-PINNs equipped with density estimators to learn functional

priors, providing a richer representation of prior information than the learned

body alone in MH-PINNs.

2. We tackle downstream problems with sparse and noisy data by leveraging these

learned functional priors for improved accuracy, robustness and uncertainty

quantification.

The remainder of the chapter is organized as follows. In Section 2.2, we formu-

late the problem and present our two-step approach for learning functional priors

using multi-head architectures and normalizing flows (NFs). Section 2.3 details how

the learned functional prior can be applied to solve downstream ODE/PDE prob-
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lems, incorporating prior knowledge and historical information. In Section 2.4, we

present computational experiments, including a high-dimensional parametric PDE,

all addressing scenarios with sparse or noisy data. We summarize in Section 2.5.

2.2 Learning functional priors via multi-head ar-

chitectures and normalizing flows

In this section, we first describe how to integrate multi-head architectures into PINNs

to learn representations from solving historical tasks in Section 2.2.1. Then, in Sec-

tion 2.2.2, we will present how MH-PINNs can be turned into functional priors,

encapsulating prior information in a compact form using density estimators, specif-

ically normalizing flows.

2.2.1 Multi-head physics-informed neural networks (MH-

PINNs)

We assume that we have a family of tasks, {T k}Mk=1 where M denotes the number

of tasks and k denotes the index of task T k. Each task T k is a physics-informed

regression problem as in PINNs [244, 180, 32, 34, 346, 169, 268, 334], in which we

wish to solve the following nonlinear ODE/PDE with PINNs given data Dk:

F [uk;λk](x) = fk(x), x ∈ Ω, (2.1a)

B[uk;λk](x) = bk(x), x ∈ ∂Ω, (2.1b)



16

where uk denotes the solution for task T k, λk the model parameter, fk the source

term, and bk the boundary term. Here we assume the domain Ω, the differential

operator F and the boundary operator B are the same across all tasks. The data

for T k can be expressed as Dk :=

{
{xki,f , fki }

Nk
f

i=1, {xki,b, bki }
Nk

b
i=1, {xki,u, uki }

Nk
u

i=1

}
where

Nk
f , N

k
b , N

k
u denote the number of data for the source term, the boundary term and

the solution, respectively. We note that Nk
u = 0 when λk is known and the problem

becomes solving (2.1). The task T k is described as approximating uk, f
k, and/or bk

from data Dk and physics, which is achieved by optimizing the following PINN loss

function with gradient-descent methods [255]:

Lk(θk;Dk) = wkuLku(θk) + LkPDE(θk), (2.2)

where

Lku(θk) =
1

Nk
u

Nk
u∑

i=1

||uθk(xki,u)− uki ||2, (2.3a)

LkPDE(θk) =
wkf
Nk
f

Nk
f∑

i=1

||F [uθk ;λ
k](xki,f )− fki ||2 +

wkb
Nk
b

Nk
b∑

i=1

||B[uθk ;λk](xki,b)− bki ||2,

(2.3b)

where θk denotes the NN parameter for task T k, wku, w
k
f , w

k
b are the weighting coeffi-

cients, and ||·|| is the l2−norm. These tasks and associated data, i.e. {T k,Dk}Mk=1 are

considered as historical information and will be used for learning functional priors.

Many numerical methods including recently developed SciML approaches of-

ten tackle {T k}Mk=1 independently, without leveraging knowledge across tasks. The

PINNs method [244] was originally designed to solve these tasks independently using

NNs and also yields M uncorrelated results. In this chapter, we employ the multi-

head architecture to construct MH-PINNs and instead treat {T k}Mk=1 as a whole. We
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denote the parameter of the body by ψ and the parameter of the head associated

with the kth PINN for T k by Hk, k = 1, ...,M . All PINNs are therefore enforced

to share the same body and possess their own heads, i.e. θk = {ψ,Hk}. By this

notation, we rewrite the output of the kth PINN as

uθk(x) = uψ(x;H
k), x ∈ Ω. (2.4)

We solve all M tasks by optimizing the following loss function LMTL of ψ and

{Hk}Mk=1:

LMTL(ψ, {Hk}Mk=1; {Dk}Mk=1) =
1

M

M∑
k=1

Lk({ψ,Hk};Dk). (2.5)

We denote the optimized parameters by ψ∗ and {Hk,∗}Mk=1 for the shared body and

M heads, respectively.

The existing work involving multi-head structures for solving ODEs/PDEs typ-

ically utilizes the learned body NN, which is a representation learned from solving

{T k}Mk=1, for other new downstream tasks, such that the prior knowledge and his-

torical information can be leveraged to address similar problems [16, 71, 227]. For

example, in [71], transfer learning was conducted by reusing the learned body NN and

optimizing the individual PINN loss function with respect to the parameter of head.

Specifically, for a new task with data D :=
{
{xi,f , fi}

Nf

i=1, {xi,b, bi}
Nb
i=1, {xi,u, ui}

Nu
i=1

}
and model parameter λ, the following loss function L is optimized:

L(H;D) =
wu
Nu

Nu∑
i=1

||uψ(xi,u;H)− ui||2+
wf
Nf

Nf∑
i=1

||F [uψ;λ](xi,f ;H)− fi||2

+
wb
Nb

Nb∑
i=1

||B[uψ;λ](xi,b;H)− bi||2.

(2.6)

We denote the optimized head parameter for the new task by H∗, and the solution

to the ODE/PDE problem of the new task can then be expressed as uψ(x,H
∗), x ∈
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Ω. This treatment of the learned body NN has proven effective in the literature

for deterministic inference when data are sufficient. However, we point out and

empirically show in Section 2.4 that the loss function defined in (2.6) is not enough

to handle data sparsity or high-level noise of D, and the information contained in

the head NN has to be leveraged as well for accurate inferences and uncertainty

quantification (UQ). The details will be discussed in Section 2.3.

2.2.2 Estimating the distribution of the head via normaliz-

ing flows (NFs)

Figure 2.2: An illustration of a normalizing flow consisting ofK invertible transforms,
denoted by Ti, i = 1, ..., K (adapted from [220]). Here z0 represents the base random
variable whose distribution is tractable and known, and zK represents the target
random variable (H) whose distribution is to be estimated.

We note that by utilizing the learned body NN with the optimized parameter ψ∗

and probabilistic modeling of the parameter of the head NN (H), i.e. treating H

as a random variable, we obtain a functional prior which represents the prior in the

functional space [201] and can be expressed as:

uψ∗(x;H), x ∈ Ω, H ∼ p(H), (2.7)

where p(H) denotes the probability density function (PDF) of H. In this re-

gard, M heads obtained from the training of MH-PINNs, i.e. {Hk,∗}Mk=1, are

considered as samples from the distribution p(H) and can be used for estimating
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p(H). In this chapter, we propose to learn the distribution of H using normaliz-

ing flows (NFs), which are a class of invertiable NNs that transform a probabil-

ity density through a sequence of invertible mappings and have been extensively

used for density estimation, generative modeling, and variational inference in both

conventional [220, 157, 74, 221, 153] and scientific machine learning communities

[315, 197, 112, 327, 300]. An example of a specific NF is presented in Fig. 2.2. We

denote the PDF of the NF by p̂ϕ(H), where ϕ denotes the parameter of NF.

We choose NFs over other commonly used generative models, e.g., generative ad-

versarial networks (GANs) [105], variational auto-encoders (VAEs) [154], or diffusion

models [123], because the NF serves as both a density estimator and a generative

model. Unlike these generative models, NFs explicitly learn the distribution p(H)

from samples of H by minimizing the negative log likelihood:

− 1

M

M∑
k=1

log p̂ϕ(H
k,∗). (2.8)

The exact density p̂ϕ(H
k,∗) can be computed efficiently for any sample because,

by construction, NFs are invertible and the Jacobian determinant of the invertible

mapping is relatively easy to compute [220, 157]. We denote the optimized parameter

of NF by ϕ∗, and in the end, the functional prior represented by the body NN and

the learned distribution of the head NN is expressed as:

uψ∗(x;H), x ∈ Ω, H ∼ p̂ϕ∗(H). (2.9)

It is worth noting that in previous works on physics-informed generative methods

[317, 335, 112], NNs are trained by structured data of uk, fk, and/or bk. Our method,

on the other hand, learns through samples of the head, which are obtained from MH-



20

PINNs in the first step. This learning strategy brings two substantial advantages: (1)

flexibility in dealing with unstructured data, e.g., unstructured data; (2) simplicity

and controllability of the training by decoupling the physics-informed learning and

the generative modeling.

2.3 Leveraging functional priors in solving down-

stream tasks

In this section, we describe the details of how to leverage the functional prior

learned from historical data using the two-step method presented in the previ-

ous section to solve downstream ODE/PDE problems when data, expressed as

D =
{
{xi,f , fi}

Nf

i=1, {xi,b, bi}
Nb
i=1, {xi,u, ui}

Nu
i=1

}
, are sparse and/or noisy. We note that

in the new downstream task, the model parameter λ can be known or unknown.

Recall that in Section 2.2.1, we mentioned that existing work on utilizing multi-

head structures for solving ODEs/PDEs reuses the body NN and finds a new head

such that the PINN loss function (2.6) for the downstream task is minimized. Al-

though this strategy is efficient and accurate when data for the downstream task are

sufficient, it often fails when data are sparse and/or noisy and it does not provide

predicted uncertainty, which is crucial for reliable inferences when data are incom-

plete or uncertain. In this chapter, we propose two methods, which leverage both

the learned body NN and the distribution of the head NN:

1. For deterministic setting and when data are sparse but clean or corrupted by

low-level noise, we add to the PINN loss function (2.6) a regularization term

for H, − log p̂ϕ∗(H), such that the prior knowledge of the head NN is provided
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to regularize the behavior of H in the optimization problem.

2. For Bayesian inference and when UQ is needed, we estimate the posterior

distribution in which the likelihood is constructed as it is in regular Bayesian

inference for solving ODEs/PDEs and the prior is provided by p̂ϕ∗(H).

The details are presented below.

2.3.1 Regularization in optimization problem

Limited data often leads to overfitting and/or poor inter-/extrapolation performance

in directly minimizing the PINN loss function (2.6) for new downstream tasks. In this

regard, regularizing the head according to its distribution is capable of preventing

overfitting and providing additional prior knowledge for better inter-/extrapolation.

The regularized PINN loss function (denoted as L̃) is expressed as follows:

L̃(H;D) = L(H;D)− α log p(H) ≈ L(H;D)− α log pϕ∗(H), (2.10)

where L(H;D) is the regular PINN loss function (2.6) for data D̃ and parameter H

and α ≥ 0 is the coefficient to adjust the regularization effect. The approximation in

(2.10) is due to the approximation error in estimating the distribution of H through

NFs.

2.3.2 Prior distribution in Bayesian inference

When data are noisy and UQ is of concern, as opposed to point estimate obtained by

minimizing the regularized loss function (2.10), one may turn to Bayesian inference
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and estimate the posterior distribution. Similar as in [315, 175, 201, 348, 345, 347],

by Bayes’ theorem, the posterior distribution of H (denoted as p(H|D) is established

as follows:

p(H|D) ∝ p(D|H)p(H) ≈ p(D|H)p̂ϕ∗(H). (2.11)

The likelihood p(D|H) can be expressed as follows when data are i.i.d. and the noise

is additive Gaussian with mean zero and standard deviation σu, σf , σb for measuring

data of u, f , and b, respectively:

p(D|H) =
Nu∏
i=1

p(ui|xui , H, ψ∗)

Nf∏
i=1

p(fi|xfi , H, ψ∗)

Nb∏
i=1

p(bi|xbi , H, ψ∗), (2.12)

where

p(ui|xui , H, ψ∗) =
1√
2πσu

exp(−||uψ∗(xfi ;H)− ui||2

2σ2
u

), (2.13a)

p(fi|xfi , H, ψ∗) =
1√
2πσf

exp(−||F [uψ∗ , λ](xfi ;H)− fi||2

2σ2
f

), (2.13b)

p(bi|xbi , H, ψ∗) =
1√
2πσb

exp(−||B[uψ∗ , λ](xbi ;H)− bi||2

2σ2
b

). (2.13c)

The prior p(H) is approximated by the NF p̂ψ∗(H). Intractability of the posterior

distribution (2.11) requires approximation methods, among which Markov Chain

Monte Carlo methods, such as Hamiltonian Monte Carlo (HMC) [211], generally

provide the most accurate estimation. Moreover, the relatively low dimension of

H also enables the use of Laplace’s approximation (LA) [145] efficiently, which is

employed in this chapter as an alternative to HMC.



23

2.4 Results

In this section, we test our method for five diverse benchmarks. The first one is a

pedagogical function regression, in which we aim to demonstrate the capability of

the proposed method in learning functional priors and the importance of leveraging

learned functions prior to addressing sparse and noisy data in downstream tasks

with UQ. In the second example, we consider a nonlinear ODE system, and we

first test our method in approximating stochastic processes with the presence of

a differential operator in which we compare different NFs and also compare with

physics-informed GANs (PI-GANs) [317, 201] in learning functional priors. We then

show that the learned functional prior can also be used for solving inverse problems.

In the third example, we solve a 1D time-dependent reaction-diffusion equation with

sparse data of the initial condition by leveraging prior knowledge. The fourth and

fifth examples are a 2D steady-state nonlinear Allen-Cahn equation and a 2D 120-

dimensional parametric Helmholtz equation, respectively. In both cases, we address

data sparsity and high-level noise (100% relative noise scale).

In all examples unless stated otherwise, historical data {Dk}Mk=1 for learning func-

tional priors are assumed to be noise-free and sufficient, while D in downstream tasks

are assumed to be sparse and/or noisy, making downstream tasks of the few-shot

type. Except for the first example, results from Bayesian inference are obtained by

employing HMC. The predicted mean is denoted as µ and the predicted standard

deviation is denoted as σ and are computed from the posterior samples of functions

or unknown parameters. The predicted uncertainty is defined as 2σ in this chap-

ter. Additional details of the numerical experiments, such as NN architectures and

training strategies, can be found in Appendices A.1 and A.2. A more detailed inves-

tigation of the presented method in MTL and synergistic learning for the function
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approximation example is provided in Appendix A.3.

2.4.1 Function approximation

We start with a function regression problem using only data and no physics, which is

a degenerate instance of (2.1) with F being fixed as an identity operator, no B and

bk, and uk = fk being task-specific. In this case, Dk and D are given as {(xki , fki )}
Nk
i=1

and {(xi, fi)}Ni=1, respectively, and historical tasks {T k}Mk=1 and the downstream task

T̃ is defined as approximating functions fk and f from Dk and D, respectively. The

stochastic function f in this example is defined as follows:

f(x) = A cos(ωx) + 2βx, x ∈ [−1, 1],

A ∼ U [1, 3), ω ∼ U [2π, 4π),P(β = ±1) = 0.5,

(2.14)

where U stands for uniform distribution and P(Ξ) denotes the probability of the

event Ξ. Our goals are: (1) learn a functional prior of f from data with MH-NNs

and NFs, and (2) leverage the learned functional prior in solving downstream few-

shot regression tasks. Specifically, two downstream tasks are tackled:

1. Regressing 2 cos(2πx) + 2x from four measurements.

2. Regressing 2 cos(4πx)− 2x from five measurements.

In both downstream tasks, measurements are equidistantly distributed on [−0.9,−0.1]

and the domain for the regression problem is [−1, 1].

For the training of MH-NNs and NFs,M = 1, 000 f subject to (2.14) are sampled

(and displayed in Fig. 2.3(a)), each of which forms a regression task with 40 mea-
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(a) Learning functional prior from historical data.

(b) Regressing 2 cos(2πx) + 2x from only four measurements.

(c) Regressing 2 cos(4πx)− 2x from only five measurements.

Figure 2.3: Results for approximating the stochastic function defined in (2.14) (a
functional prior) and solving the downstream few-shot regression tasks. (a) Left:
1, 000 samples generated from the exact distribution; middle: 1, 000 samples gener-
ated from the learned generator; right: statistics computed from samples in which
we refer to the interval of mean ± 2 standard deviations as bound. (b)/(c) Results
for the downstream tasks. Left: results for clean-data cases using our method, the
transfer learning (TL) method in [71], and regular NN method; middle: results
for noisy-data cases using our method with HMC for posterior estimation and UQ;
right: results for the same noisy-data cases using our method with LA for posterior
estimation and UQ.

surements sampled equidistantly on [−1, 1] as data. Both clean and noisy data cases

are considered in these two downstream tasks. In clean-data cases, the regression

problem is solved by fine-tuning the head using gradient descent, while in noisy-data
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cases, Bayesian inference is adopted and the posterior distribution (2.11) is estimated

using HMC and LA for UQ. The noise is assumed to be additive Gaussian noise with

mean zero and standard deviation 0.2. In addition, for clean-data cases, we compare

with (1) fitting data with a NN in which no prior knowledge is leveraged and all

NN parameters are trained, and (2) a transfer learning method proposed in [71], in

which the pretrained body NN is reused but without regularization provided by the

estimated density of the head.

Results for approximating the stochastic function f and solving the downstream

tasks are presented in Figure 2.3. As shown in Figure 2.3(a), our method approx-

imates the stochastic function f well, demonstrating the capability of MH-NNs in

learning functional priors. In solving the downstream tasks with clean data, L2 reg-

ularization is imposed in the transfer learning method and regular NN method to

prevent overfitting, particularly when only four or five measurements are available.

Figures 2.3(b) and (c) illustrate that our approach yields accurate predictions and

performs significantly better than the other two methods in both tasks, especially in

regions without measurements. By comparing our approach with the NN method,

we can see that prior knowledge of f is learned from {Tk}Mk=1 and transferred suc-

cessfully to new downstream tasks. Furthermore, a comparison with the transfer

learning method reveals that the prior knowledge is encoded in both the body and

(the distribution of) the head.

In noisy-data cases, we observe that for both tasks and posterior estimating

methods, the predictions are accurate and trustworthy: the predicted means agree

with the references, and the errors are bounded by the predicted uncertainties. No-

tably, the predicted uncertainties do not increase over the interval [0, 1] and exhibit

periodic patterns even in the absence of measurements. This behavior is due to the

informative prior learned by the MH-NNs and NFs, which is imposed on the head
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in Bayesian inference.

(a) A clean-data case. (b) A noisy-data case with UQ.

Figure 2.4: Results for regression on an out-of-distribution (OOD) function: (a) a
clean-data case in which (2.10) is minimized, and (b) a noisy-data case in which the
posterior distribution (2.11) is estimated with HMC for UQ.

The target functions in the previously considered downstream tasks are in-

distribution, which allows them to be well-regressed even with limited and noisy

data, as they belong to the function space on which the functional prior was trained.

However, when downstream task functions are out-of-distribution (OOD), our ap-

proach struggles to produce accurate predictions, as shown in Figure 2.4. In this

case, the target function is defined as 2 cos(4.5π)+ x with both ω and β being OOD

and data are corrupted by the same noise type when Bayesian inference is performed.

The predictions do not match the reference because the target function lies outside

the training distribution. However, we still observe predicted periodic patterns from

the learned functional prior.
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2.4.2 Nonlinear ODE system

In this example, we consider the following ODE, which describes the motion of a

pendulum with an external force [178]:

utt = −λ sin(u) + f(t), (2.15)

where f is the external force and λ is a model parameter. Here we assume that the

initial conditions u(0) = ut(0) = 0 are known.

2.4.2.1 Forward problem

Figure 2.5: Approximating the Gaussian process defined in (2.16) with different
correlation lengths (l) as the source term in (2.15) using different NFs: spectra
of the correlation structure from the learned functional priors. We also compare
to the PI-GAN method [317]. The covariance matrix is constructed using 10, 000
generated samples and eigen-values are averaged over ten functional priors trained
independently.

We first assume that λ = 1 in (2.15) is known and we have access to historical data

of f , i.e. {Dk}Mk=1 where Dk = {(xki , fki )}
Nk

f

i=1, from which we employ our approach

to learn a functional prior. We note that by the construction of PINNs and our

method, we consequently obtain a functional prior for both f and u. In this case,

we assume that f follows a Gaussian process with the following squared exponential
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kernel function:

f(t) ∼ GP (0, K), t ∈ [0, 1], K(x, x′) = exp(−|x− x′|2

2l2
), (2.16)

where the correlation length l is set to 0.1, 0.25, 0.5. As discussed in Section 2.3, many

types of NFs have been developed recently for generative modeling and density es-

timation and our approach is compatible with all NFs. Specifically in this example,

we compare three popular NFs, RealNVP [74], MAF [221] and IAF [153], and even-

tually compare with PI-GAN [317] in learning functional priors which approximate

the Gaussian process defined in (2.16) with different correlation lengths.

MAF IAF RealNVP PI-GAN
Stage (1) 134s 134s 134s N/A
Stage (2) 252s 3939s 245s N/A
Total 386s 4073s 379s 3243s

Sampling 1.98× 10−1s 1.48× 10−2s 1.50× 10−2s 2.29× 10−3s

Table 2.1: Computational cost for different NFs and PI-GANs to approximate the
Gaussian process defined in (2.16) with correlation length l = 0.1. The proposed
method using MH-PINNs and NFs is a two-step method and hence its computation is
decomposed into two parts: training MH-PINNs referred to as stage (1) and training
NFs referred to as stage (2). Sampling time is evaluated as the average time taken
to generate 10, 000 samples of u in (2.15).

For the training of MH-PINNs and NFs as well as PI-GANs, we sample M =

2, 000 realizations of the Gaussian process defined in (2.16) with a uniform mesh of

size 65 on [0, 1]. The comparison results are presented in Figure 2.5 and Table 2.1.

From the spectral analysis of the approximated Gaussian processes shown in Figure

2.5, we observe that MH-PINNs with MAF and IAF perform comparably to PI-

GANs, while MH-PINNs with RealNVP perform slightly below. As shown in Table

2.1, the computational costs of MH-PINNs with MAF and RealNVP are significantly

lower than PI-GANs, whereas MH-PINNs with IAF are more computationally ex-

pensive. Additionally, we record the computational cost for sampling across different

learned functional priors. Table 2.1 shows that PI-GANs generate samples signifi-
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cantly faster due to their reliance on relatively shallow NNs, as opposed to the deeper

architectures required by NFs for expressivity.

Among the three NFs, IAF is the fastest for sampling, while MAF is the slow-

est; this pattern contrasts with training time and aligns with each NF’s properties:

MAF is slower on the forward pass (used for sample generation) but faster on the

inverse pass (used for density computation), while IAF exhibits the opposite behav-

ior. Although MAF is slower for sampling, considering its efficient training and good

performance in approximating the Gaussian process defined in (2.16), we select MAF

as the density estimator of our approach in all other examples in this chapter.

2.4.2.2 Inverse problem

(a) The learned functional prior of the source term.

(b) A clean-data case. (c) A noisy-data case with UQ.

Figure 2.6: Results for the inverse problems of the ODE system (2.15) with initial
conditions hard-encoded in the NN modeling. (a) Left: 1, 000 samples of f , gener-
ated from the exact distribution; middle: 1, 000 samples of f , generated from the
learned functional prior; right: statistics computed from samples. The bound is
defined as the same as in the caption of Figure 2.3. (b) Predicted f and u using
PINNs and our approach, for the downstream inverse problem with clean data. (c)
Predicted means and uncertainties of f and u using our approach, for the down-
stream inverse problem with noisy data.



31

Next, we assume λ in (2.15) is unknown, and some measurements of u and f are

available for each task T k, i.e. Dk = {{xki , fki }
Nk

f

i=1, {xki , uki }
Nk

u
i=1}. MH-PINNs are first

employed to infer uk as well as λk from data Dk and the equation, and the NFs are

used to learn from samples of Hk and λk. To this end, the learned prior is for the

joint distribution of u, f and λ. Here, we assume that f follows a truncated Karhuen-

Loeve (KL)-expansion with eight leading terms of the Gaussian process defined in

(2.16) with l = 0.1, and for each task T k, λk is set to 1
2
exp(

∫
[0,1]

(fk(t))2dt) in which

the integral is estimated via the trapezoidal rule on a uniform mesh of size 65. As

for the downstream task T , the target is to infer u and λ from sparse and/or noisy

data of u and f .

We sample M = 2, 000 of f from the KL-expansion of (2.16), and for each sam-

ple, the model parameter λ is computed and the solution u is obtained from solving

(2.15) using Matlab ode45. For each task and the training of MH-PINNs and NFs,

we assume that 33 measurements of fk and nine measurements of uk, equidistantly

distributed on [0, 1], are available, and initial conditions are hard encoded in the NN

modeling. For the downstream task T , we assume that one random measurement

of u and eight random measurements of f are available with hard-encoded initial

conditions as well. For the case with noisy measurements, we assume additive Gaus-

sian noises with mean zero and standard deviation 0.05 and 0.005 for measurements

of f and u, respectively. The reference solution is obtained by solving (2.15) with

corresponding model parameter and source term.

vanilla PINN (clean data) Our approach (clean data) Our approach (noisy data)
λ 0.8130 2.1351 2.3199± 0.2616

Error of u 58.56% 7.11% 12.77%

Table 2.2: Estimate of λ and L2 relative error of u for the downstream inverse
problem on (2.15) using our approach and the vanilla PINN method. The reference
value for λ is 2.3609. For the noisy-data case, the error is evaluated on the predicted
mean.
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Results are shown in Figure 2.6 and Table 2.2, from which we observe that our

method is able to learn the functional prior and produce accurate and trustworthy

predictions for u, f and also λ in the downstream task with limited data, in both

clean- and noisy-data cases. As shown, the PINN method yields unacceptable esti-

mate over both u and λ due to lack of data and not leveraging historical information,

while our approach is of much higher accuracy by integrating prior knowledge from

{T k}Mk=1 with the proposed approach.

2.4.3 Reaction-diffusion equation

We now test our method on the following one-dimensional nonlinear time-dependent

reaction-diffusion equation with u(1− u) as the reaction model [3]:

ut = Duxx + ku(1− u), t ∈ (0, 1], x ∈ (−1, 1), (2.17a)

u(t,−1) = u(t, 1) = 0, t ∈ (0, 1], (2.17b)

u(0, x) = u0(x), x ∈ (−1, 1), (2.17c)

where D = 0.1, k = 0.1 are the model parameters and u0(x) is the initial condition

function. In this example, we assume that the initial condition function comes from

the following distribution:

u0(x) =
(x2 − 1)

K

K∑
j=1

ξj(cos
2(jx)− 1), x ∈ [−1, 1], ξj ∼ U [0, 1), j = 1, ..., K. (2.18)

Unlike the previous example, here the stochasticity comes from the initial condition

rather than the source term. Here, we set K = 5. This example corresponds to (2.1)

with Fk and fk being the same for all tasks, and uk and bk being task-specific. In

addition to measurements of u0, points on which the PDE residuals are computed
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(a) The learned functional prior of the initial condition.

(b) A clean-data case.

(c) A noisy-data case.

Figure 2.7: Solving (2.17) with sparse data of the initial condition u0 by leverag-
ing learned prior using the proposed method. The boundary conditions are hard-
encoded. (a) Left: 1, 000 training samples of u0; middle: 1, 000 samples of u(0, ·)
from the learned generator; right: statistics computed from samples. The bound is
defined as the same as in the caption of Figure 2.3. (b) Predicted u at t = 0, 0.5, 1
using our approach and the PINN method with clean measurements. (c) Predicted
means and uncertainties of u at t = 0, 0.5, 1 using our approach with HMC for pos-
terior estimate, with noisy measurements.

are also required in both {T k}Mk=1 and downstream tasks T . Hence, data for tasks

T k, k = 1, ...,M in this example are Dk = {{(tki,f , xki,f ), 0}
Nk

f

i=1, {(0, xki,b), bki }
Nk

b
i=1}.

For the training of the functional priors, we sample M = 2, 000 functions u0(x)

from (2.18) (displayed in Figure 2.7(a)). In each task T k, we form a physics-informed
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vanilla PINN (clean data) Our approach (clean data) Our approach (noisy data)
Error 81.87% 0.92% 5.53%

Table 2.3: L2 relative error of u for solving (2.17) with sparse data of the initial
condition using our approach and the vanilla PINN method. For the noisy-data
case, the error is evaluated on the predicted mean.

regression task with 41 measurements of u0 equidistantly sampled on [−1, 1] as data

for the initial condition, and a uniform mesh 21×41 on the temporal-spatial domain

[0, 1] × [−1, 1] is used for the PDE loss. For the downstream tasks T , we assume

that five random measurements of u0 are available and the same uniform mesh for

imposing the physics is employed. The boundary conditions are hard encoded in the

NN modeling in both {T k}Mk=1 and T . For the noisy-data case, the noise is assumed

to be additive Gaussian noise with mean zero and standard deviation 0.02 for both

measurements of u0 and the equation. We present results in Figure 2.7 and Table

2.3. We can see that our method learns a good functional prior of u0, which provides

informative prior knowledge for the downstream physics-informed regression tasks in

which data are sparse and noisy. The prediction is accurate in both clean- and noisy-

data cases, and the errors in the noisy case are bounded by the predicted uncertainty.

The L2 error of u (shown in Table 2.3) indicates that our approach outperforms the

PINN method by a significant amount, and hence demonstrates the effectiveness of

bringing prior knowledge to solving similar tasks.

2.4.4 2D steady-state nonlinear Allen-Cahn equation

We now move to a 2D steady-state nonlinear Allen-Cahn equation with Dirichlet

boundary conditions [315]:

λ∆u+ u(u2 − 1) = f, x, y ∈ (0, 1), (2.19a)
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(a) Inferences of u.

(b) Inferences of f .

Figure 2.8: Results from solving (2.19) given sparse data of the source term (100
clean measurements randomly sampled across the domain): (a) inferences of u and
(b) inferences of f . From left to right we present the reference of u/f , the inference of
u/f using the presented method to leverage the prior knowledge, and the inference of
u/f using the vanilla PINN method without leveraging the learned functional prior.
Black crosses represent locations of the measurements of f .

u(x, 0) = u(x, 1) = u(0, y) = u(1, y) = 0, (2.19b)

where λ = 0.1 is a constant and f is the source term. Here, we impose a distribution

to f , which is derived from (2.19) and the following distribution of the solution u:

u(x, y) =
1

K

K∑
j=1

ξj
sin(jπx) sin(jπy)

j2π2
, x, y ∈ (0, 1), ξj ∼ U [−1, ), j = 1, ..., K, (2.20)

In this example, we use our method to learn a functional prior for both u and f

from data of f and (2.19), and employ it to solve the downstream task T with

insufficient information regarding the source term f . We set K = 10. Notably, this

example corresponds to (2.1) with Fk, bk being the same among tasks and fk, uk
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(a) Inference of u with UQ.

(b) Inference of f with UQ.

Figure 2.9: Solving (2.19) given data with high level noise: 100 noisy data of f are
randomly generated across the domain and corrupted by additive Gaussian noise with
mean zero and standard deviation 0.15 (approximate 100% relative noise level): (a)
inferences of u and (b) inferences of f . From left to right we present the reference
of u/f , the predicted mean of u/f , the absolute error of u/f , and the predicted
uncertainty of u/f . Black crosses represent locations of the measurements of f .

being task-specific. The dataset for T k is Dk = {(xki,f , yki,f ), fki }
Nk

f

i=1.

vanilla PINN (clean data) Our approach (clean data) Our approach (noisy data)
Error 73.14% 0.91% 13.91%

Table 2.4: L2 relative error of u for solving (2.19) with sparse data of the source
term using our approach and the vanilla PINN method. For the noisy-data case, the
error is evaluated on the predicted mean.

For the training of functional prior, we sample M = 2, 000 f from (2.20), each of

which is resolved with a 51× 51 uniform mesh on [0, 1]× [0, 1]. In this example, we

randomly sample another function from (2.20) and consider a clean-data case and a

noisy-data case for the downstream tasks. In both cases, 100 sparse random mea-

surements of the source term across the spatial domain are assumed to be available

(see Figure 2.8(b) for the locations of the measurements). In the noisy-data case,

we further assume that these measurements are corrupted by an additive Gaussian

noise with mean zero and standard deviation 0.15. Notably, the average absolute
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value of the clean measurements is 1
Nf

∑Nf

i=1 |fi| = 0.15468, which makes the stan-

dard deviation 0.15 of the additive Gaussian noise a high-level (approximate 100%

relative) noise scale.

Results are presented in Table 2.4 and Figures 2.8 and 2.9 for the clean-data

and noisy-data cases, respectively. We observe that leveraging prior information

is essential for solving (2.19) with sparse and noisy data of the source term. Our

approach yields accurate solutions and predictions of the source term, while the

vanilla PINN method fails due to not utilizing functional priors. As shown in Figure

2.9, our approach is also able to provide UQ: the predicted means agree with the

references and the errors are mostly bounded by the predicted uncertainties.

2.4.5 A high-dimensional parametric Helmholtz equation

The last example we test in this chapter is the 2D Helmholtz equation with stochastic

source term and Dirichlet boundary conditions [229]:

(λ2 −∇2)u = f, x, y ∈ (0, 2π), (2.21a)

u(x, 0) = u(x, 2π) = u(0, y) = u(2π, y) = 0, (2.21b)

where λ2 is the Helmholtz constant and f is defined as follows:

f(x, y) =
4

K
{
K/4∑
j=1

ξj sin(j
x− π

2π
) sin(j

y − π

2π
) + ξj+K

4
sin(j

x− π

2π
) cos(j

y − π

2π
)+

ξj+ 2K
4
cos(j

x− π

2π
) sin(j

y − π

2π
) + ξj+ 3K

4
cos(j

x− π

2π
) cos(j

y − π

2π
)},
(2.22)

where ξj, j = 1, ..., K are i.i.d. random variables subject to uniform distribution

U [−1, 1) and K represents the dimension of the randomness. In this example, we
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(a) Inferences of u.

(b) Inferences of f .

Figure 2.10: Results from solving (2.21) given sparse data of the source term (100
clean measurements randomly sampled across the domain): (a) inferences of u and
(b) inferences of f . From left to right we present the reference of u/f , the inference of
u/f using the presented method to leverage the prior knowledge, and the inference of
u/f using the vanilla PINN method without leveraging the learned functional prior.
Black crosses represent locations of the measurements of f .

consider the case where λ2 = 1 is known in all {T k}Mk=1, which corresponds to (2.1)

with Fk, bk being shared among tasks and uk, fk being task-specific. The dataset

for T k is Dk = {(xki,f , yki,f ), fki }
Nk

f

i=1. The downstream tasks are defined as the same

but with fewer and noisy measurements. We set K = 120 in (2.22), making it a

120-dimensional problem.

For the training of functional prior, we sampleM = 10, 000 functions from (2.22)

and hence 10, 000 tasks are solved simultaneously with MH-PINNs with boundary

conditions hard-encoded in the NN modeling. Each sample of f is resolved by a

50×50 uniform mesh on [0, 2π]×[0, 2π] with boundary excluded. Reference solutions
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(a) Inference of u with UQ.

(b) Inference of f with UQ.

Figure 2.11: Solving (2.21) given data with high level noise: 300 noisy data of
f are randomly generated across the domain and corrupted by additive Gaussian
noise with mean zero and standard deviation 0.1 (approximate 100% relative noise
level): (a) inferences of u and (b) inferences of f . From left to right we present
the reference of u/f , the predicted mean of u/f , the absolute error of u/f , and the
predicted uncertainty of u/f . Black crosses represent locations of the measurements
of f .

of u are obtained by solving (2.21) using the finite difference method with five-

point stencil and a 101 × 101 uniform mesh on [0, 2π] × [0, 2π]. In this example,

we randomly sample another function from (2.22) and consider both a clean-data

case and a noisy-data case for the downstream tasks. In the clean-data case, we

assume that we have access to 100 clean measurements of the source term, which

are randomly sampled across the spatial domain (shown in Figure 2.10(b)). In the

noisy-data case, we assume that 300 measurements of the source term are available:

they are randomly sampled across the spatial domain (shown in Figure 2.11(b)) and

are corrupted by an additive Gaussian noise with mean zero and standard deviation

0.1. We note that the average absolute value of the exact of these 300 measurements

is 1
Nf

∑Nf

i=1 |fi| = 0.1008, making the standard deviation 0.1 of the Gaussian noise a

high-level (100% relative) noise scale.
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vanilla PINN (clean data) Our approach (clean data) Our approach (noisy data)
Error 189.49% 2.55% 49.45%

Table 2.5: L2 relative error of u for solving (2.21) with sparse data of the source
term using our approach and the vanilla PINN method. For the noisy-data case, the
error is evaluated based on the predicted mean.

We present the results in Table 2.5 and in Figures 2.10 and 2.11 for the clean-data

and noisy-data cases, respectively. We notice that leveraging prior knowledge using

our approach significantly improves the results for both the solution and the source

term when data are sparse and clean in solving (2.21), compared to the vanilla PINN

method which does not consider any historical information. As shown in Table 2.5,

the accuracy of the solution in the noisy-data case is not as good due to the high-level

(100% relative) noise scale and high-dimensionality of this problem. However, it is

still improved and the errors between the predicted means and the references are

mostly bounded by the predicted uncertainties for both the solution and the source

term.

2.5 Summary

We have developed multi-head physics-informed neural networks (MH-PINNs) com-

bined with normalizing flows (NFs) for learning functional priors from data and

physics. The method is executed in two stages: (1) training a MH-PINN for a

shared representation and multiple heads, and (2) estimating a distribution from

these multiple heads via an NF. We have demonstrated the effectiveness of this

approach in learning functional priors in approximating stochastic functions, both

with and without differential equations. We have also evaluated the performance

and computational cost of various NFs in both training and sampling, and we have

compared our approach to physics-informed generative adversarial networks (PI-
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GANs) [317], which have been employed to address similar problems in the literature

[201, 348, 234].

Additionally, we also proposed two methods within the PINN framework to lever-

age the learned functional prior for downstream physics-informed regression tasks,

tackling the issues of data sparsity and high-level noise with uncertainty quantifica-

tion (UQ). Specifically, for deterministic settings, we solved a regularized physics-

informed regression problem, where the learned functional prior provides the regular-

ization. For Bayesian inference, we constructed a posterior in which the learned func-

tional prior serves as the prior distribution. We showcased these methods in a series

of numerical examples that address sparse and noisy data: (1) a function approxima-

tion example with sparse measurements, (2) an inverse nonlinear ODE system with

limited data of the solution and the source term, (3) a time-dependent PDE with

incomplete information of the initial condition, (4) a 2D steady-state nonlinear Allen-

Canh equation with sparse data and high-level noise, and (5) a high-dimensional 2D

parametric Helmholtz equation with sparse data and high-level noise. The presented

approach provides an effective and adaptable way to integrate prior knowledge and

historical data within the PINNs framework, making it readily applicable to a broad

range of practical problems in computational science and engineering.



Chapter Three

Leveraging viscous

Hamilton-Jacobi (HJ) PDEs for

uncertainty quantification in

scientific machine learning
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3.1 Introduction

Figure 3.1: (See Section 3.2) Illustration of a connection between a Bayesian infer-
ence problem in scientific machine learning (top) and the solution to a multi-time
viscous HJ PDE (bottom). The colors indicate the associated quantities between
problems. This color scheme is reused in the subsequent illustrations of our connec-
tion. The arrow labels describe how the boxed quantities are related. For example,
the posterior mean in the learning problem is equivalent to the spatial gradient of
the solution to the multi-time viscous HJ PDE (red).

Scientific machine learning (SciML) is a recent and evolving field consisting of

data-driven techniques for learning physics-based models [244, 142, 306, 60, 219, 242,

243, 344, 49, 260, 50, 346, 315, 201, 347, 196] that finds applications in diverse areas

[190, 34, 32, 258, 204, 175, 325, 334, 67]. While deterministic SciML models demon-

strate impressive predictive power, real-life applications often require quantitative

metrics for the trustworthiness of learned models. To this end, uncertainty quantifi-

cation (UQ) [131, 234, 348] has been integrated with SciML to create new learning

approaches that produce quantifiably high-confidence models in the absence of a

ground truth and use these confidence metrics to help inform the learning process.

In this chapter, we reinterpret certain Bayesian inference problems arising from

SciML and UQ using the framework of viscous Hamilton-Jacobi partial differential

equations (HJ PDEs) [79, 326, 81]. Specifically, we develop a new theoretical con-

nection between these Bayesian inference problems and multi-time viscous HJ PDEs

that shows that the posterior mean and covariance of the Bayesian model can be re-

covered from the spatial gradient and Hessian of the solution to an associated viscous



44

HJ PDE (Section 3.2). This connection is summarized in Figure 3.1. Our previous

work in [47, 46] establishes similar theoretical connections between deterministic

SciML problems and inviscid HJ PDEs. As such, the methodology in [47, 46] does

not automatically extend to UQ. Meanwhile, the work in [63] establishes a similar

link between Bayesian inference and viscous HJ PDEs but develops this connection

via the Cole-Hopf transformation [79] and only considers the single-time case. In

contrast, we do not rely on the Cole-Hopf transformation and consider multi-time

HJ PDEs to enable our connection to SciML.

As a first exploration of this connection, we specialize to Bayesian inference

problems with linear models, Gaussian likelihoods, and Gaussian priors (Section

3.3). In this case, the corresponding viscous HJ PDE (and hence, the Bayesian

inference problem) can be solved using Riccati ODEs [193]. The resulting Riccati-

based methodology can then be leveraged to efficiently update the model predictions

(Section 3.3.2) and continuously tune hyperparameters (Section 3.3.3). To illustrate

the potential advantages of this approach, we apply this Riccati-based methodology

to several UQ-based examples from SciML (Section 3.4). In particular, we focus on

noisy data cases and quantify epistemic uncertainty [131, 234, 348], which refers to

the uncertainty associated with the model parameters. In Section 3.4.1, we demon-

strate the potential computational advantages of our approach over more standard

SciML/UQ techniques when incrementally updating the model predictions. Namely,

we show how our Riccati-based approach naturally coincides with continual learning

while inherently avoiding catastrophic forgetting despite updating the model pre-

dictions without accessing the historical data (Section 3.4.1.1). We also show how

solving the Riccati ODEs provides a continuous flow of solutions with respect to

the hyperparameters of the model, which allows the hyperparameters to be tuned

continuously (Section 3.4.1.2). In Section 3.4.2, we demonstrate the versatility of
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our Riccati-based approach in handling different learning scenarios, e.g., big data

(Section 3.4.2.1) and active learning (Section 3.4.2.2) settings. In particular, these

examples illustrate how uncertainty metrics can be leveraged to inform how we learn.

In Section 3.4.3, we highlight the invariance of our Riccati-based approach to the

order of the data, which provides flexibility in how the data is sampled.

The contributions of this work can be summarized as follows:

• new mathematical theory connecting certain Bayesian inference problems aris-

ing from SciML to viscous HJ PDEs,

• new Riccati-based methodology for solving Bayesian inference problems with

linear models, Gaussian likelihoods, and Gaussian priors, and

• detailed experimental demonstrations of the potential computational advan-

tages of this Riccati-based approach across a variety of learning applications.

This work presents exciting opportunities to advance the theoretical foundations of

SciML and thus to create new interpretable SciML methods. While we demonstrate

promising results, further research is needed to extend the work presented here to

more general learning settings. We discuss some possible future research directions

of this work in Section 3.5. Some additional technical details and numerical results

are provided in the Appendix.
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3.2 Connecting viscous HJ PDEs to Bayesian in-

ference in machine learning

In this section, we establish a new theoretical connection between viscous HJ PDEs

and Bayesian inference in machine learning (ML). Specifically, we formulate a general

regression task in the Bayesian framework and then connect it to a viscous HJ PDE

with quadratic Hamiltonian.

3.2.1 Bayesian inference in machine learning

Bayesian inference is often adopted in ML due to its effectiveness in integrating prior

information, handling noisy data, providing uncertainty quantification and, hence,

in making quantifiably trustworthy predictions. Consider the following model [306]:

y = uθ(z) + ξ, (3.1)

where z ∈ Rℓ is the input, y ∈ Rm is the observed output, uθ : Rℓ → Rm is the

model parameterized by θ ∈ Rn, and ξ ∈ Rm is additive noise. The goal is to learn uθ

from data D = {(zi,yi)}Ni=1, where zi,yi denote measurements of z,y, respectively.

Specifically, we learn the model uθ by estimating θ from the posterior distribution

p(θ|D) (e.g., θ could be the posterior mean estimator Eθ∼p(·|D)[θ] or the maximum

a posteriori (MAP) estimator argmaxθ p(θ|D)). By Bayes’ theorem, p(θ|D) can be

computed as

p(θ|D) =
p(D|θ)p(θ)

p(D)
, (3.2)

where p(D|θ) is the likelihood, p(θ) is the prior, and p(D) =
∫
Rn p(D|θ)p(θ)dθ is

the marginal likelihood, which is independent of θ and often treated as a normal-
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izing constant. From these distributions, we obtain quantities that can be used to

statistically analyze and quantify the uncertainty in the learned model arising from

the noisy data and/or the prior on θ.

The posterior p(θ|D) often becomes analytically intractable [234, 348], partic-

ularly when either the likelihood or the prior is complicated. In these scenarios,

estimation techniques, such as Markov Chain Monte Carlo (MCMC) [211], are typi-

cally employed. Here, we create a new theoretical connection between HJ PDEs and

Bayesian inference in ML that yields opportunities for new HJ PDE-based methods

for estimating θ and p(θ|D). As a first exploration of this connection, we consider

the case where the likelihood p(D|θ) follows a Gaussian distribution and the model

uθ depends linearly on θ. In other words, we consider the case where the data

is perturbed by additive white noise (i.e., ξ is Gaussian), and we learn the model

uθ(z) = Φ(z)θ, where Φ : Rℓ → Rm×n. With some assumptions on the prior, this

scenario yields a connection to a viscous HJ PDE with a quadratic Hamiltonian.

3.2.2 Connection to viscous HJ PDEs

In this section, we detail the connection between certain Bayesian inference prob-

lems with Gaussian likelihood and viscous HJ PDEs with quadratic Hamiltonian.

Specifically, we consider the case where we learn the model uθ(z) = Φ(z)θ, where

Φ : Rℓ → Rm×n and the posterior of the parameter θ is estimated using the Bayesian

framework described in Section 3.2.1. We assume that the likelihood is Gaussian

given by p(D|θ) ∝
∏N

i=1 exp
(
− 1

2σ2
i
∥Φ(zi)θ − yi∥2

)
, where σ2

i is the variance of

the i-th data point (zi,yi). We assume that the prior distribution is given by

p(θ) ∝ exp(−1
ϵ
(−⟨x,θ⟩ + g(θ))), where ϵ > 0 is a hyperparameter and g : Rn → R

is such that θ 7→ exp(−1
ϵ
(−⟨x,θ⟩ + g(θ))) is integrable for every x ∈ Rn. Hence,
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Figure 3.2: (See Section 3.2) Mathematical formulation of the connection between
a Bayesian inference problem with linear model and Gaussian likelihood (top) and
the solution to a multi-time viscous HJ PDE with quadratic Hamiltonian (bottom).
The content of this illustration matches that of Figure 3.1 by replacing each term
in Figure 3.1 with its corresponding mathematical expression. The colors indicate
the associated quantities. The arrow labels describe how the boxed quantities are
related.

if g is quadratic, then the prior distribution is also Gaussian. Note that we use

p(θ) ∝ f(θ) to denote that the probability density function p(θ) is proportional to

f(θ), or, in other words, p(θ) = f(θ)∫
Rn f(w)dw

. Similarly, for conditional probabilities,

p(θ|D) ∝ f(θ,D) means that p(θ|D) = f(θ,D)∫
Rn f(w,D)dw

.

Remark 3.2.1. The particular form of the likelihood that we consider corresponds

to the data D being produced by yi = uθ(zi)+ ξi, where ξ1, . . . , ξN are independent,

each ξi represents Gaussian noise with zero mean and covariance matrix σ2
i I (I is

the m×m identity matrix), and uθ(z) = Φ(z)θ. The results in this chapter have a

straightforward generalization to the case where ξ1, . . . , ξN are independent, each ξi

is a general Gaussian, and uθ(z) = Φ(z)θ + c(z), where c : Rℓ → Rm is a function

independent of θ. However, for simplicity, we only present the case where c(z) = 0.

First consider the case where we have N = 1 data point (z1,y1). Denote Φ1 :=

Φ(z1). Define a Hamiltonian H : Rn → R by H(θ) = 1
2
∥Φ1θ − y1∥2 and a function
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Sϵ : Rn × [0,∞) → R by

Sϵ(x, t) = ϵ log

∫
Rn

exp

(
1

ϵ
(⟨x,θ⟩ − tH(θ)− g(θ))

)
dθ. (3.3)

Then, Sϵ satisfies the following viscous HJ PDE:


∂tSϵ(x, t) +

1

2
∥Φ1∇xSϵ(x, t)− y1∥2 +

ϵ

2
∇x · (ΦT

1Φ1∇xSϵ(x, t)) = 0 x ∈ Rn, t > 0,

Sϵ(x, 0) = J(x) x ∈ Rn,

(3.4)

where the initial condition J is defined by

J(x) = ϵ log

∫
Rn

exp

(
1

ϵ
(⟨x,θ⟩ − g(θ))

)
dθ. (3.5)

Using this HJ PDE framework, the posterior distribution p(θ|D) can be characterized

by p(θ|D) ∝ exp
(
1
ϵ
(⟨x,θ⟩ − tH(θ) − g(θ))

)
by setting the variance of the noise to

σ2
1 = ϵ

t
. By straightforward computation, the derivatives of Sϵ are given by

∂tSϵ(x, t) = −
∫
Rn H(θ) exp

(
1
ϵ
(⟨x,θ⟩ − tH(θ)− g(θ))

)
dθ∫

Rn exp(
1
ϵ
(⟨x,θ⟩ − tH(θ)− g(θ))) dθ

= −Eθ∼p(·|D)[H(θ)],

∇xSϵ(x, t) =

∫
Rn θ exp

(
1
ϵ
(⟨x,θ⟩ − tH(θ)− g(θ))

)
dθ∫

Rn exp
(
1
ϵ
(⟨x,θ⟩ − tH(θ)− g(θ))

)
dθ

= Eθ∼p(·|D)[θ],

∇2
xSϵ(x, t) =

1

ϵ

(
Eθ∼p(·|D)

[
θθT

]
− Eθ∼p(·|D)[θ]Eθ∼p(·|D)[θ]

T
)
=

1

ϵ
Covθ∼p(·|D)[θ],

(3.6)

all of which are related to the posterior expectation and posterior covariance.

Namely, computing the first and second derivatives of the solution to the viscous

HJ PDE (3.4) is equivalent (up to a multiplicative constant) to computing the first

and second moments of the posterior distribution, respectively, and the posterior

mean estimator for θ can be computed as ∇xSϵ(x, t).
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These connections can be easily generalized to the case with multiple data points

(N > 1). Denote Φi = Φ(zi), and set ϵ
ti
= σ2

i for each i = 1, . . . , N . The posterior

distribution then becomes p(θ|D) ∝ exp
(

1
ϵ
(⟨x,θ⟩ −

∑N
i=1

ti
2
∥Φiθ − yi∥2 − g(θ))

)
.

This learning problem is related to a multi-time viscous HJ PDE as follows. Define

the i-th Hamiltonian Hi : Rn → R by Hi(θ) = 1
2
∥Φiθ − yi∥2 and the function

Sϵ : Rn × [0,∞)N → R by

Sϵ(x, t1, . . . , tN) = ϵ log

∫
Rn

exp

(
1

ϵ

(
⟨x,θ⟩ −

N∑
i=1

ti
2
∥Φiθ − yi∥2 − g(θ)

))
dθ.

(3.7)

Then, Sϵ satisfies the following multi-time viscous HJ PDE:


∂tiSϵ(x, t1, . . . , tN) +

1

2
∥Φi∇xSϵ(x, t1, . . . , tN)− yi∥2 +

ϵ

2
∇x · (ΦT

i Φi∇xSϵ(x, t1, . . . , tN)) = 0 x ∈ Rn, ti > 0, i = 1, . . . , N,

Sϵ(x, 0, . . . , 0) = J(x) x ∈ Rn,

(3.8)

where the initial condition J is defined in (3.5). Using the notation of the Hamiltoni-

ansHi, the posterior distribution is also given by p(θ|D) ∝ exp
(

1
ϵ
(⟨x,θ⟩ −

∑N
i=1 tiHi(θ)− g(θ))

)
.

With straightforward computation, the derivatives of Sϵ are given by

∂tiSϵ(x, t1, . . . , tN) = −

∫
Rn Hi(θ) exp

(
1
ϵ
(⟨x,θ⟩ −

∑N
i=1 tiHi(θ)− g(θ))

)
dθ∫

Rn exp
(

1
ϵ
(⟨x,θ⟩ −

∑N
i=1 tiHi(θ)− g(θ))

)
dθ

= −Eθ∼p(·|D)[Hi(θ)],

∇xSϵ(x, t1, . . . , tN) =

∫
Rn θ exp

(
1
ϵ
(⟨x,θ⟩ −

∑N
i=1 tiHi(θ)− g(θ))

)
dθ∫

Rn exp
(

1
ϵ
(⟨x,θ⟩ −

∑N
i=1 tiHi(θ)− g(θ))

)
dθ

= Eθ∼p(·|D)[θ],

∇2
xSϵ(x, t1, . . . , tN) =

1

ϵ

(
Eθ∼p(·|D)

[
θθT

]
− Eθ∼p(·|D)[θ]Eθ∼p(·|D)[θ]

T
)
=

1

ϵ
Covθ∼p(·|D)[θ].

(3.9)

As in the N = 1 case, ∇xSϵ(x, t1, . . . , tN) and ϵ∇2
xSϵ(x, t1, . . . , tN) are equivalent

to the posterior expectation and posterior covariance matrix, respectively. These

connections can then be leveraged to compute the posterior mean estimator and to

estimate the uncertainty in the learned model. Figure 3.2 summarizes the connec-
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tions established above between Bayesian inference problems and multi-time viscous

HJ PDEs.

3.3 Riccati-based methodology

In the previous section, we established a new theoretical connection between Bayesian

inference problems with linear models and additive Gaussian noise and viscous HJ

PDEs with quadratic Hamiltonians. In this section, we show how this connection can

be leveraged to reuse existing HJ PDE solvers to create new efficient training methods

for Bayesian inference. While the theoretical connection holds more generally, in this

section, we focus on the case where the prior distribution is also Gaussian. In this

case, the corresponding viscous HJ PDEs can be solved using Riccati ODEs, which

in turn can be used to solve the original Bayesian inference problem of interest.

Specifically, we develop a new Riccati-based approach for solving these Bayesian

inference problems that

1. can add and remove data points from the training dataset invariant to the

order of the data,

2. does not require retraining on or access to previously incorporated data to

update the learned model, which may provide computational benefits, partic-

ularly when the posterior distribution must be re-computed many times, and

3. yields a continuous flow of solutions, which allows the hyperparameters in the

learning problem to be tuned continuously.
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3.3.1 Connection using Gaussian prior to Riccati ODEs

Figure 3.3: (See Section 3.3.1) Mathematical formulation of the connection between
a Bayesian inference problem with linear model, Gaussian likelihood, and Gaussian
prior (top) and the solution to a multi-time viscous HJ PDE with quadratic Hamil-
tonian and quadratic initial condition (bottom). The content of this illustration
is a special case of the connection in Figure 3.2, where the prior is Gaussian (set
g(θ) = 1

2
⟨θ,Λ−1θ⟩ in Figure 3.2). The colors indicate the associated quantities. The

arrow labels describe how the boxed quantities are related.

In this section, we discuss the special case where the prior distribution is Gaussian

with mean θ0 = Λx and covariance matrix ϵΛ, where Λ ∈ Rn×n is symmetric positive

definite. Note that this choice of mean and covariance is not as restrictive as the

notation suggests since we have freedom in picking x ∈ Rn (picking a different x

corresponds to evaluating the associated viscous HJ PDE at a different point in

space); as long as Λ is invertible (i.e., the prior is a non-degenerate Gaussian), θ0

can be chosen to be any point in Rn. This particular prior corresponds to setting

g(θ) = 1
2
⟨θ,Λ−1θ⟩, and the initial condition (3.5) of the associated viscous HJ PDE

becomes J(x) = 1
2
⟨x,Λx⟩ + ϵ

2
log det(Λ) + ϵn

2
log(2πϵ). Since the viscous HJ PDE

has quadratic Hamiltonian and quadratic initial condition, its solution Sϵ can be

computed using Riccati ODEs as follows.

We first consider the single data point case (N = 1). In this case, the solution Sϵ

to the viscous HJ PDE (3.4) is given by Sϵ(x, t) =
1
2
xTP (t)x+ q(t)Tx+ r(t), where

P : [0,+∞) → Rn×n, q : [0,+∞) → Rn, and r : [0,+∞) → R satisfy the following



53

Riccati ODEs:
Ṗ (s) + P (s)ΦT

1Φ1P (s) = 0,

q̇(s) + P (s)ΦT
1 (Φ1q(s)− y1) = 0,

ṙ(s) +
1

2
∥Φ1q(s)− y1∥2 +

ϵ

2
Tr(ΦT

1Φ1P (s)) = 0,


P (0) = Λ,

q(0) = 0,

r(0) =
ϵ

2
log det(Λ) +

ϵn

2
log(2πϵ).

(3.10)

The mean and covariance matrix of the posterior distribution are given by

Eθ∼p(·|D)[θ] = ∇xSϵ(x, t) = P (t)x + q(t) and Covθ∼p(·|D)[θ] = ϵ∇2
xSϵ(x, t) = ϵP (t),

respectively. Moreover, the MAP estimator and posterior mean estimator are

equivalent in this case (since the posterior is Gaussian) and can be computed as

θ = ∇xSϵ(x, t) = P (t)x + q(t). Note that none of these formulas involve r, and

hence, if we only care about solving the associated learning problem, the ODE for

r may be ignored. The ODE system (3.10) also has an analytical solution given

by P (s) = (Λ−1 + sΦT
1Φ1)

−1, q(s) = sP (s)ΦT
1 y1, which can be computed directly

when the dimension n is small. However, when n is large, inverting an n× n matrix

becomes inefficient, and using other numerical methods (e.g., Runge-Kutta method,

recursive least squares) to solve the Riccati ODEs (3.10) may be preferable.

Now consider the case where we have N > 1 data points. Then, the solution Sϵ to

the multi-time viscous HJ PDE (3.8) satisfies Sϵ(x, t1, . . . , tN) =
1
2
xTP

(∑N
i=1 ti

)
x+

q
(∑N

i=1 ti

)T
x + r

(∑N
i=1 ti

)
. Here, P : [0,+∞) → Rn×n, q : [0,+∞) → Rn, and

r : [0,+∞) → R are three continuous functions that satisfy the following ODE system

over the interval s ∈
[∑j−1

i=1 ti,
∑j

i=1 ti

]
for each j = 1, . . . , N :


Ṗ (s) + P (s)ΦT

j ΦjP (s) = 0,

q̇(s) + P (s)ΦT
j (Φjq(s)− yj) = 0,

ṙ(s) +
1

2
∥Φjq(s)− yj∥2 +

ϵ

2
Tr(ΦT

j ΦjP (s)) = 0,

(3.11)
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where the initial condition is the same as in (3.10). The posterior mean,

posterior covariance, and MAP/posterior mean estimator are computed identi-

cally as in the N = 1 case but with t =
∑N

i=1 ti. This ODE system also

has an analytical solution: P (s) =
(
Λ−1 +

∑j−1
i=1 tiΦ

T
i Φi + (s−

∑j−1
i=1 ti)Φ

T
j Φj

)−1

,

q(s) = P (s)
(∑j−1

i=1 tiΦ
T
i yi + (s−

∑j−1
i=1 ti)Φ

T
j yj

)
for s ∈

[∑j−1
i=1 ti,

∑j
i=1 ti

]
and

j = 1, . . . , N . When n is relatively small and there are no computational restric-

tions on accessing all N data points at once, these analytical formulas can be used

to compute the posterior mean and covariance. However, when the dimension n is

large or there are computational restrictions on the storage of or access to the entire

dataset, using numerical methods to solve the Riccati ODEs (3.11) may be more

advantageous than using the analytical formulas. In particular, our Riccati-based

approach provides potential benefits when incrementally updating the learned mod-

els. Note that while incremental, online, or recursive Gaussian Process Regression

(GPR) techniques [59, 246, 130, 195, 54, 38, 213, 232, 257] could also be employed

to sequentially update the learned models, such techniques only provide a discrete

perspective for these model updates. In contrast, our Riccati-based approach pro-

vides a continuous perspective that gives us access to a continuous flow of solutions

that allows for the addition and removal of data points as well as continuous hyper-

parameter tuning. Detailed discussions of some potential computational advantages

are presented in the remainder of Section 3.3. The theoretical connection using a

Gaussian prior is summarized in Figure 3.3.

3.3.2 Updating the likelihood

In this section, we discuss how the likelihood can be updated efficiently using our

Riccati-based methodology. Namely, we show how data points can be added or re-



55

moved from the learned model without retraining on or accessing the entire previous

training set and in a manner that is invariant to the order of the data points. We

also show how this Riccati-based framework naturally yields a continuous flow of

solutions that allows hyperparameters to be tuned continuously.

3.3.2.1 Adding and removing data points

First, consider adding a data point (zN+1,yN+1) to the training set D. Recalling that

we assume each data point is independent, the posterior distribution after adding

the (N + 1)th data point becomes

p(θ|D, (zN+1,yN+1)) ∝ p(θ|D) exp

(
− 1

2σ2
N+1

∥ΦN+1θ − yN+1∥2
)
, (3.12)

where ΦN+1 = Φ(zN+1). In the HJ PDE framework, this corresponds to augmenting

the multi-time system (3.8) with the following HJ PDE:

∂tN+1
Sϵ(x, t1, . . . , tN+1) +

1
2
∥ΦN+1∇xSϵ(x, t1, . . . , tN+1)− yN+1∥2 + ϵ

2
∇x · (ΦT

N+1ΦN+1∇xSϵ(x, t1, . . . , tN+1)) = 0.

(3.13)

Thus, adding an additional data point can be interpreted as evolving a new time

variable tN+1 from 0 to ϵ
σ2
N+1

, where σ2
N+1 denotes the variance of the (N +1)th data

point. As such, the new posterior mean

Eθ∼p(·|D,(zN+1,yN+1))[θ] = P

(
N+1∑
i=1

ti

)
x+ q

(
N+1∑
i=1

ti

)
(3.14)

and posterior covariance

Covθ∼p(·|D,(zN+1,yN+1))[θ] = ϵP

(
N+1∑
i=1

ti

)
(3.15)
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can be computed by solving the Riccati ODE (3.11) (with index j = N + 1) on(∑N
i=1 ti,

∑N+1
i=1 ti

)
with initial conditions P

(∑N
i=1 ti

)
= ΣN

ϵ
and q

(∑N
i=1 ti

)
=

µN − 1
ϵ
ΣNx, where µN := Eθ∼p(·|D)[θ] and ΣN := Covθ∼p(·|D)[θ] denote the original

posterior mean and covariance, respectively.

Next, we discuss removing one data point (zk,yk), k ∈ {1, . . . , N} from D. In the

HJ PDE framework, removing the kth data point corresponds to evolving the time

variable tk from
ϵ
σ2
k
to 0. Thus, the new posterior mean and covariance resulting from

deleting the kth data point can be computed as P (
∑N

i=1 ti − tk)x + q(
∑N

i=1 ti − tk)

and ϵP (
∑N

i=1 ti − tk), respectively, where P,q are obtained by solving the Riccati

ODE (3.11) (with index j = k) backwards on (
∑N

i=1 ti − tk,
∑N

i=1 ti) with terminal

condition P (
∑N

i=1 ti) =
ΣN

ϵ
and q(

∑N
i=1 ti) = µN − 1

ϵ
ΣNx, where we again denote by

µN ,ΣN the original posterior mean and covariance using all N data points.

Note that when adding or removing a data point, we do not require access to the

entire previous dataset D. Instead, we only require access to the previous posterior

mean µN , the previous posterior covariance ΣN , and the data point to be added or

removed; all of the information about the rest of the training data remains encoded in

the solution to the HJ PDE. As such, our Riccati-based approach provides potential

computational and memory advantages when adding or removing data points by

allowing the posterior distribution to be updated without having to retrain on the

entire dataset. Additionally, note that, due to our assumption of independent data,

the posterior mean and covariance are invariant to the order of the data points. As

a result, adding or removing data points using our Riccati-based approach is also

invariant to the order of the data; i.e., the final learned model will be the same

regardless of the order in which data points are added or removed.



57

3.3.2.2 Tuning the variance

Tuning the variance σ2
k of the kth data point can be done using a similar methodology

as that for adding or removing a data point. If we decrease the hyperparameter from

σ2
k to σ̃

2
k, the new posterior mean and covariance can be computed as P ( ϵ

σ̃2
k
− ϵ

σ2
k
)x+

q( ϵ
σ̃2
k
− ϵ

σ2
k
) and ϵP ( ϵ

σ̃2
k
− ϵ

σ2
k
), respectively, where P,q are obtained by solving the

Riccati ODE (3.11) (with index j = k) forward from s = 0 to s = ϵ
σ̃2
k
− ϵ

σ2
k
with

initial condition P (0) = Σ
ϵ
and q(0) = µ− 1

ϵ
Σx, where we denote by µ,Σ the original

posterior mean and covariance computed using the original value of σ2
k. Note that

every s ∈ [0, ϵ
σ̃2
k
− ϵ

σ2
k
] can be written as ϵ

σ̂2
k
− ϵ

σ2
k
for some σ̂2

k ∈ [σ̃2
k, σ

2
k]. Hence, as

we evolve the Riccati ODE from s = 0 to s = ϵ
σ̃2
k
− ϵ

σ2
k
, we simultaneously obtain a

flow of solutions corresponding to each σ̂2
k ∈ [σ̃2

k, σ
2
k], or, in other words, we tune the

variance continuously from σ2
k to σ̃2

k.

Similarly, if we increase the hyperparameter from σ2
k to σ̃2

k, the new posterior

mean and covariance can be computed as P (0)x + q(0) and ϵP (0), respectively,

where P,q are obtained by solving the Riccati ODE (3.11) (with index j = k)

backward from s = ϵ
σ2
k
− ϵ

σ̃2
k
to s = 0 with terminal condition P ( ϵ

σ2
k
− ϵ

σ̃2
k
) = Σ

ϵ
and

q( ϵ
σ2
k
− ϵ

σ̃2
k
) = µ − 1

ϵ
Σx. As in the previous case, evolving the Riccati ODE from

s = ϵ
σ2
k
− ϵ

σ̃2
k
to s = 0 again corresponds to continuously tuning the variance from σ2

k

to σ̃2
k, and hence, every value of P (s)x+q(s) and ϵP (s), s ∈ [0, ϵ

σ2
k
− ϵ

σ̃2
k
] corresponds

to the posterior mean and covariance using a different variance for the kth data

point.
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3.3.3 Updating the prior: tuning hyperparameters

In this section, we discuss how our Riccati-based approach can be used to update

the mean and covariance of the Gaussian prior. Tuning these hyperparameters may

improve the inference accuracy of the learned model by updating the prior as new

information becomes available.

Changing the prior mean θ0 simply requires evaluating the solution to the cor-

responding HJ PDE at a different point x = Λ−1θ0 in space, which, in turn,

only requires the posterior mean to be updated with the new x-value using some

matrix-vector multiplications and addition, while the posterior covariance remains

unchanged. Hence, tuning the prior mean is relatively cheap computationally.

Consider changing the prior covariance from ϵΛ to ϵΛ̃. Originally, the prior

covariance appears in the initial condition of the sequence of Riccati ODEs (3.11).

However, we do not have to re-solve the entire sequence of Riccati ODEs in order

to update the prior covariance. Instead, we reinterpret the prior covariance as part

of a Hamiltonian of the corresponding multi-time HJ PDE, which allows it to be

tuned using only the results of training with the original prior. Denote the original

posterior mean and covariance (computed using the the original prior) by µpos and

Σpos, respectively. Then, the new posterior mean µ̃pos and covariance Σ̃pos using the

new prior covariance ϵΛ̃ can be obtained using Riccati ODEs as follows. First, solve

the Riccati ODE (3.11) forward from s = 0 to s = 1 with Φj = Λ̃−1/2, yj = 0,

and initial conditions P (0) = Σpos

ϵ
and q(0) = µpos − 1

ϵ
Σposx. This step incorporates

information about the new prior covariance into the model and yields a solution P (1)

and q(1). Next, solve the Riccati ODE (3.11) backward from s = 1 to s = 0 with

Φj = Λ−1/2, yj = 0, and terminal conditions P̃ (1) = P (1) and q̃(1) = q(1), where

P (1),q(1) are the solutions from the previous step. This step removes information
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about the old prior covariance from the model and yields the solution P̃ (0) and q̃(0).

Finally, the new posterior mean and covariance are computed as µ̃pos = P̃ (0)x+ q̃(0)

and Σ̃pos = ϵP̃ (0), respectively.

When the new prior covariance ϵΛ̃ is a scaling of the original prior covariance

ϵΛ (i.e., Λ̃ = αΛ for some α > 0), the posterior can be updated by solving only

one Riccati ODE instead of two. Again denote the original posterior mean and

covariance computed using the original prior by µpos and Σpos. If α > 1, then the

new posterior mean and covariance can be computed as P ( 1
α
) + q( 1

α
)x and ϵP ( 1

α
),

respectively, where P,q are obtained by solving the Riccati ODE (3.11) backward

from s = 1 to s = 1
α
with Φj = Λ−1/2, yj = 0, and terminal conditions P (1) = Σpos

ϵ

and q(1) = µpos − 1
ϵ
Σposx. Similarly, if α ∈ (0, 1), then the new posterior mean and

covariance can be computed as P ( 1
α
)+q( 1

α
)x and ϵP ( 1

α
), respectively, where P,q are

obtained by solving the Riccati ODE (3.11) forward from s = 1 to s = 1
α
with Φj =

Λ−1/2, yj = 0, and initial conditions P (1) = Σpos

ϵ
and q(1) = µpos − 1

ϵ
Σposx. In both

cases, evolving the Riccati ODE yields a continuous flow of solutions corresponding

to tuning the hyperparameter α continuously; namely, every s between 1 and 1/α

corresponds to another solution with a different prior covariance ϵ
s
Λ.

3.4 Examples in scientific machine learning

In this section, we apply our methodology to three examples from SciML, in which

ML tools are employed to solve ODEs or PDEs [244, 142]. In each example, we learn
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the solution u : Rℓ → Rm and the source term f : Rℓ → Rm of a differential equation


F [u] = f in Ω,

B[u] = b on ∂Ω,

(3.16)

using noisy data and quantify corresponding epistemic uncertainties [131, 234, 348].

In the differential equation above, F and B represent linear differential and boundary

operators, respectively. Following the framework in Section 3.2.1, we estimate u using

the linear model uθ = Φ(·)θ, where Φ : Rℓ → Rm×n is the matrix whose columns are

the basis functions ϕi : Rℓ → Rm, i = 1, . . . , n. As a result, we also estimate f using

a linear model fθ = F [uθ](·) = F [Φ](·)θ.

We use the predicted mean associated with our learned models as our prediction

of the quantities of interest; i.e., our prediction for u is E[uθ|D] = ΦE[θ|D] and our

prediction for f is E[fθ|D] = F [Φ]E[θ|D]. Note that considering the predicted mean

of our learned models is equivalent to taking θ to be the posterior mean estimate.

We compute the predicted uncertainty of our learned models as their covariances:

Cov[uθ|D] = ΦCov[θ|D]ΦT and Cov[fθ|D] = F [Φ]Cov[θ|D]F [Φ]T . The predicted

uncertainty can then be used to help inform the learning process (e.g., by providing

a metric for determining when to stop learning or where more data may be needed).

When m = 1, the covariance is scalar-valued and we can take twice its square root

(i.e., twice the posterior standard deviation) as the predicted uncertainty. In each

example, we assume a Gaussian likelihood and Gaussian prior and apply the Riccati-

based methodology from Section 3.3 to compute the posterior mean and covariance.

For demonstration purposes, we use the 4th-order Runge-Kutta (RK4) method to

numerically solve the corresponding Riccati ODEs, although any other appropriate

numerical method could be used instead. Details for the choice of hyperparameters

in each example can be found in Appendix B.1. Code for all of the examples is
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publicly available at https://github.com/ZongrenZou/HJPDE4UQSciML.

3.4.1 Solving a boundary-value ODE problem

Consider the following boundary value problem:


κ
d4u

dt4
(τ) + β

d2u

dt2
(τ) + u(τ) = f(τ), τ ∈ (0, T ),

u(0) = u0, u(T ) = uT , u
′(0) = u′0, u

′(T ) = u′T ,

(3.17)

where κ = 0.0001, β = 0.01 are known constants. In this example, we solve (3.17)

using noisy measurements of u0, uT , u
′
0, u

′
T and noisy measurements of the source

term f at different times τ , which we denote by {(τi, fi)}
Nf

i=1. To demonstrate the

capabilities and potential computational advantages of our Riccati-based approach,

we consider the following three learning scenarios:

A. Continual learning: stream data of f sequentially in τ (Section 3.4.1.1),

B. Hyperparameter tuning: continuously tune the standard deviation of the prior

(Section 3.4.1.2),

C. Outlier removal: remove excessively noisy data from the learned model (Ap-

pendix B.2).

In each scenario, we use the truncated Karhunen-Loève (KL) expansion of a Gaussian

process as our linear model. Specifically, we use the leading n = 30 terms of the KL

expansion:

uθ(τ) =
n∑
k=1

θk
√
αkϕ̃k(τ), (3.18)

https://github.com/ZongrenZou/HJPDE4UQSciML
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where ϕ̃k, αk are the eigenfunctions and eigenvalues of the kernel

k(x1, x2) = exp

(
−|x1 − x2|

0.05

)
, ∀x1, x2 ∈ [−10, 10]. (3.19)

In other words, we use the basis functions {ϕk(τ) =
√
αkϕ̃k(τ), k = 1, ..., n} [315].

For more details, the analytic expansion can be found in [98, 312]. Unless otherwise

specified, we also assume that the prior on θ is standard independent Gaussian, i.e.,

θ ∼ N(0, I) where I is the n× n identity matrix. The exact solution is assumed to

be u(τ) = exp(−2τ) sin(15τ) (but treated as unknown a priori), and we set T = 1.

The data of u0, uT (u′0, u
′
T , respectively) are corrupted by additive Gaussian noise

with mean zero and standard deviation 0.01 (0.001, respectively).

3.4.1.1 Case A: continual learning

After the 101th data point After the 151th data point After the 201th data point
u 41.77% 6.79% 3.88%
f 217.27% 24.48% 3.39%

Table 3.1: Relative L2 errors of the predicted means of u and f when using continual
learning and our Riccati-based approach to solve (3.17) after different amounts of
noisy measurements of f are incorporated into the learned models. We achieve high
accuracy inferences after all the data is incorporated.

In this scenario, we learn u and f using continual learning [222, 288] to demon-

strate the potential of our Riccati-based approach for real-time inferences. Con-

tinual learning refers to learning scenarios in which data is accessed in a stream

and learned models are updated incrementally as new data becomes available. In

some cases, the historical data is also assumed to become inaccessible after it is

incorporated into the learned model, which often leads to catastrophic forgetting

([155, 222]), i.e., the abrupt degradation in the performance of learned models on

previous tasks upon training on new tasks. Here, we assume that measurements
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(a) Inferences of u with UQ.

(b) Inferences/fitting of f with UQ.

Figure 3.4: Results of solving (3.17) using continual learning and our Riccati-based
approach. (a) and (b) show the predicted mean and uncertainty of u and f , respec-
tively, after the 101th, 151th, and 201th noisy data point of f becomes available.
Our Riccati-based approach naturally coincides with the continual learning frame-
work while inherently avoiding catastrophic forgetting. Our approach allows us to
incrementally update the learned models without accessing the historical data (·),
while also providing a quantitative metric for our confidence in the learned models in
the form of the predicted uncertainties (■). We observe that regions of low predicted
uncertainty generally coincide with regions of high inference accuracy, which implies
that this confidence metric is a good indicator of the reliability of the model.

of f are streamed sequentially in τ (assume that one measurement of f becomes

available every ∆τ = T
200

) and that the previous data cannot be accessed again after

a new measurement arrives. As such, we want to update our learned models as soon

as new data becomes available. We also assume that the measurements of f are

corrupted by additive Gaussian noise with mean zero and standard deviation 0.2, so

that a Bayesian approach may be useful. We apply the Riccati-based methodology

from Section 3.3.2.1, which is naturally amenable to data streaming. In particular,

this Riccati-based approach provides computational advantages over more standard

SciML and UQ techniques in continual learning settings by using only information
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of the newly available data to update the learned model instead of retraining on the

entire dataset. These computational advantages become more significant in long-

term integration problems, in which retraining on and storage of the historical data

becomes considerably more expensive. Furthermore, although our Riccati-based ap-

proach does not rely on historical data, it does not suffer from catastrophic forgetting

as all of the information from the previous data remains intrinsically encoded in the

solution to the corresponding HJ PDE.

Figure 3.4 displays the predicted means and uncertainties of u and f after the

101th, 151th, and 201th noisy measurement of f becomes available. We see that as

more data points of f are incorporated into the learned models, the predicted means

of both u and f more closely match their exact values and the predicted uncertainties

shrink. Moreover, we see that regions of high predicted uncertainty generally coincide

with low inference accuracy, which shows that our confidence in the learned models

is correlated with their reliability. We also observe that the predicted uncertainty of

u does not develop in the same way as that of f . While the predicted uncertainty of

f is generally uniformly small on (0, τ ∗) and large on [τ ∗, T ), where τ ∗ denotes the

τ -coordinate of the currently available data point, u can often still have relatively

large predicted uncertainty on (0, τ ∗) since we do not learn u directly. Note that u

always has low predicted uncertainty on the boundaries as the boundary data were

incorporated into the learned models at the beginning of the training. Table 3.1

presents the relative L2 errors of the predicted means, which show that we achieve

high inference accuracy after all the data has been incorporated. We compute the L2

errors using trapezoidal rule with a uniform grid of size 1001 over the whole domain

[0, T ].
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(a) Validation error. (b) Predicted mean of u at different τ as the function of σ.

Figure 3.5: Results of tuning the standard deviation σ of the prior using our Riccati-
based approach to solve (3.17). (a) shows how the validation error changes as σ is
tuned. (b) shows the flow with respect to σ of the predicted mean of u at different
times (τ = 0.25, 0.5, 0.75). The black dot represents the value using the original
choice of σ = 1, and the arrows represent the direction of the flow of solutions as we
increase σ from 1 (red; i.e., we evolve the corresponding Riccati ODE backward) or
decrease σ from 1 (blue; i.e., we evolve the corresponding Riccati ODE forward).
In contrast to conventional ML approaches, our Riccati-based approach allows the
hyperparameter to be tuned continuously without retraining on or access to the
training data.

3.4.1.2 Case B: tuning the standard deviation of the prior

In the previous case, the prior distribution was set to be independent standard

Gaussian, i.e., θ ∼ N(0, σ2I), which is the usual choice for KL expansions of Gaussian

processes [306]. However, this choice may not be appropriate for every problem, and

tuning the hyperparameters of the prior may yield better results. In this section, we

demonstrate how the Riccati-based approach from Section 3.3.3 can be used to tune

the standard deviation σ of the prior continuously. In this case, the training data

consists of the same measurements of u and u′ used in Case A and 41 measurements

of f sampled equidistantly on [0, T ]. The validation data consists of 10 measurements

of f sampled randomly on [0, T ] following a uniform distribution. Both the training

and validation data are corrupted by additive Gaussian noise with mean zero and

standard deviation 0.2.

Figure 3.5 shows how the validation error and predicted mean of u develop as σ
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is tuned. Figure 3.5(b) shows that the predicted mean of u varies as σ changes, and

Figure 3.5(a) shows that the lowest validation error is not achieved with the original

choice of σ = 1, which highlights the importance of hyperparameter tuning. Recall

that tuning σ corresponds to evolving a Riccati ODE in time. Hence, tuning σ can be

done continuously and results in a continuous flow of solutions, where each solution

corresponds to a different choice of σ. This flow of solutions is obtained numerically

via the intermediary steps of RK4 and is represented by the arrows in Figure 3.5.

In Figure 3.5(a), tuning σ results in a continuous flow of validation errors, and in

Figure 3.5(b), it results in a continuous flow of inferences of u. Our Riccati-based

approach allows hyperparameter values to be explored flexibly and continuously and,

in contrast to more standard ML techniques, does not require retraining on or access

to the training dataset during the tuning process.

3.4.2 Solving the 1D steady-state advection-diffusion equa-

tion

Consider the following steady-state advection-diffusion equation with Dirichlet

boundary conditions:


D
∂2u

∂x2
(x) + κ

∂u

∂x
(x) = f(x), x ∈ (0, 1),

u(0) = u(1) = 0,

(3.20)

where D = 0.001 and κ = 1. We solve (3.20) using noisy measurements of f

at different x, which we denote by {(xi, fi)}Ni=1. To demonstrate the versatility of

our Riccati-based approach in handling different learning settings, we consider the

following two cases:
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A. The data of f are corrupted by large-scale noise but are cheap to obtain (Section

3.4.2.1),

B. The data of f are corrupted by small-scale noise but are expensive to obtain

(Section 3.4.2.2).

Case A uses a large-scale problem with a huge amount of data to show that we

can achieve high accuracy despite a large amount of noise, while Case B uses active

learning [248] to search for where new measurements are needed. In both cases, we

use the truncated KL expansion of the Brownian bridge to model u. Specifically, we

use the leading n = 50 terms of the KL expansion [98]:

uθ(x) =
n∑
k=1

θk

√
2 sin(kπx)

kπ
. (3.21)

Note that this choice of basis functions automatically enforces the Dirichlet boundary

conditions. We take the prior to be independent standard Gaussian, i.e., θ ∼ N(0, I).

3.4.2.1 Case A: large-scale data with high noise level

1, 000 data points 5, 000 data points 100, 000 data points
Error of u 44.44% 17.19% 9.49%
Error of f 41.89% 16.72% 3.81%

Table 3.2: Relative L2 errors of the predicted means of u and f using different
amounts of noisy measurements of f to solve (3.20). Our Riccati-based approach
updates the learned models without requiring retraining when new data becomes
available or storing and processing large datasets in their entirety.

In this case, we demonstrate the computational efficiency of our Riccati-based

approach on a large-scale problem. Specifically, we assume that measurements of

f are corrupted by a large amount of noise but are cheap to acquire. Thus, to

obtain accurate predictions and compensate for the high noise level, we need a lot of
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(a) Inferences of u with UQ.

(b) Inferences/fitting of f .

Figure 3.6: Results of solving (3.20) using large-scale data with high noise level
and our Riccati-based approach. (a) shows the corresponding predicted mean and
uncertainty (■) of u. (b) shows the inference/fitting of f using 1, 000, 5, 000, and
100, 000 noisy data points. Note that we do not show the predicted uncertainty of f
for clarity of presentation. Our Riccati-based approach updates the learned models
incrementally using information from one data point (·) at a time, which provides
significant computational and memory savings in big data regimes.

data. Working with such a large dataset in its entirety would be extremely expensive

in terms of both computations and memory. Instead, we apply our Riccati-based

approach from Section 3.3.2.1 to continuously learn our model without have to train

on or store the entire dataset. In this case, the measurements of f are sampled

uniformly randomly on [0, 1] and corrupted by additive Gaussian noise with mean

zero and standard deviation 2 (e.g., see in Figure 3.6(b)). We keep sampling f until

a satisfactory result is obtained (i.e., until the predicted uncertainty is sufficiently

low).

Figure 3.6 shows inferences of u and f after 1, 000, 5, 000, and 100, 000 data points

of f are incorporated into the learned models. Note that the predicted uncertainty
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at the boundary points is always zero because our choice of basis functions automat-

ically enforces the boundary conditions. Due to the high noise level, the inferences

of u and f are inaccurate when only 1,000 data points are used. Additionally, the

predicted uncertainty of u is relatively large, which indicates that the learned mod-

els are low confidence. As we incorporate more measurements of f into the learning

process, the inferences become more accurate and the predicted uncertainty of u

decreases. Once the predicted uncertainty is small enough, we determine that we

are confident in our learned model and can stop collecting data. For example, in

Figure 3.6(a), we see that the predicted uncertainty of u is significantly and suffi-

ciently reduced after using 100, 000 data points, and we stop learning. In Table 3.2,

we observe that the relative L2 errors of our inferences are also significantly reduced,

confirming that our confidence in the model is a reasonable indicator of its accuracy.

The L2 errors are computed using trapezoidal rule with a uniform grid of size 1001

over the domain [0, 1]. We again note that by using the Riccati-based methodology

from Section 3.3.2.1, we avoid having to retrain every time we acquire new data

points and never have to work with all 100,000 data points at once. Instead, our

Riccati-based approach only requires information about one data point at a time,

which provides significant computational and memory advantages in these big data

regimes.

3.4.2.2 Case B: expensive data with low noise level

In this case, we demonstrate the versatility of our Riccati-based methodology by

showing how it naturally complements an active learning approach. Active learning

refers to the ML paradigm where the training data are sampled dynamically until

a desired result is achieved (e.g., low generalization error) [265, 248, 183]. In this

section, we focus on uncertainty-based active learning [183, 108, 230], in which we
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(a) Inferences/fitting of f with UQ. (b) Inferences of u with UQ.

Figure 3.7: Intermediate result for adding the 46th data point when using active
learning and our Riccati-based approach to solve (3.20). The left side of (a) and (b)
shows the inferences of f and u, respectively, before the placement of the new sensor
and incorporation of the 46th data point. The right side of (a) and (b) shows the
updates to f and u after these actions. The vertical black dashed line represents the
location where the 46th sensor will be placed. Note that we zoom in on the region
around the new sensor instead of showing the full domain for clarity of comparison.
Following an active learning framework, we repeat the following steps: compute the
predicted mean and uncertainty of u and f , place a new sensor at the location of
the largest predicted uncertainty (■) of f , and obtain a new measurement of f (*)
at the new sensor location. Our Riccati-based approach naturally complements this
framework as it can efficiently perform repeated updates of the predicted mean and
uncertainty.

choose the new data point to be sampled from the location where the predicted

uncertainty is largest. Assume that we have access to high quality data with low-level

noise (here, we use additive Gaussian noise with mean zero and standard deviation

0.1) but that the data are expensive to collect. For example, consider the scenario

where high precision but expensive sensors are deployed to measure the value of f at

particular locations x. As a result, we have limited access to data and must carefully

select where sensors should be placed in order to obtain reliable inferences. Assume

the potential locations for sensors form a 101-point uniform grid on [0, 1]. We use the

predicted uncertainty of f to determine where the next sensor should be placed. Note

that although we could have instead used the predicted uncertainty of u to choose

the sensor location, using the predicted uncertainty of f is more consistent with the

fact that we collect measurements of f . Following the active learning framework

[248, 236, 230], we start with an empty dataset D and index i = 0 and then do the

following:
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1. Compute the posterior p(θ|D) based on the current dataset D as well as the

predicted mean and uncertainty of u and f at all potential sensor locations. If

the predicted uncertainty is sufficiently low, then terminate the procedure.

2. Identify the location where the predicted uncertainty of f is highest out of all

remaining potential locations. Label this location as xi, and place a sensor

there to measure f (denote these measurements by fi).

3. Update the current dataset D to D ∪ {(xi, fi)} and the index i to i + 1. Go

back to step 1.

To perform steps 1 and 2, we employ the Riccati-based approach from Section 3.3.2.1,

in which the models and their predicted uncertainty are updated incrementally as

new data becomes available. Note that the Riccati-based approach performs these

updates without using historical data.

Figure 3.7 displays a zoom in of the intermediate result when adding the 46th

measurement of f . The vertical black dashed line indicates where the predicted

uncertainty of f is the highest (i.e., where the new sensor is placed). While the

addition of the sensor significantly reduces the predicted uncertainty of f around

that point, it only mildly reduces the predicted uncertainty of u since we do not

learn u directly. Figure B.2 in Appendix B.3 displays intermediate results when

adding the 47th sensor, which more dramatically reduces the predicted uncertainty

of u. These results demonstrate how our Riccati-based approach can be seamlessly

integrated into an active learning framework by allowing for continual updates of the

models and uncertainty metrics that can be leveraged to interactively improve the

learning process.
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3.4.3 Solving the 2D Helmholtz equation

In this example, we solve the 2D Helmholtz equation with Dirichlet boundary con-

ditions: 
(κ2 −∆)u(x, y) = f(x, y), x, y ∈ [0, 2π],

u(x, 0) = u(x, 2π) = u(0, y) = u(2π, y) = 0, x, y ∈ [0, 2π],

(3.22)

where κ2 = 1 is the Helmholtz constant and ∆ is the Laplacian operator. We

consider the scenario where we have large-scale, noisy data of f but assume that

computational limitations prevent us from being able to process or store all of the

data at once. We use this example to show how our Riccati-based approach naturally

overcomes these computational limitations. Specifically, we decompose the domain

into multiple smaller subdomains and update our learned model on each piece one-

by-one using continual learning and the Riccati-based methodology from Section

3.3.2. Note that since the Riccati-based approach is invariant to the order of the

data points, it does not require a specific method for decomposing the domain. To

illustrate the flexibility of our approach, we decompose the domain [0, 2π]2 uniformly

into 7 × 7 equal subdomains and consider the following two patterns for traversing

the subdomains:

A. A sequential pattern (Section 3.4.3.1; e.g., see Figure 3.8(a)),

B. A multi-level order of traversal (Section 3.4.3.2; e.g., see Figure 3.10).

In both cases, we employ a linear model uθ(x, y) =
∑n

k=1 θkϕk(x, y), where {(x, y) 7→

ϕk(x, y)}nk=1 =
{
(x, y) 7→

√
2L sin( jπx

L
)

jπ

√
2L sin( kπy

L
)

kπ

}√
n

j,k=1
, n = 225, and L = 2π. Note

that these basis functions automatically enforce the boundary conditions. We learn
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the model using measurements of f that are corrupted by additive Gaussian noise

with mean 0 and standard deviation 0.5. We define f by

f(x, y) = sin(6x) sin(4y)− 0.8 sin(5x) sin(7y), (3.23)

and the solution to (3.22) can be analytically derived accordingly. To compute the

accuracy of learned models, we evaluate our inferences of u and f on a uniform grid

of size 450× 450 over the domain. To learn θ, we take noisy measurements of f at

each of the 200, 704 interior points of that grid. Hence, each subdomain contains

4, 096 measurements of f .

3.4.3.1 Case A: sequential domain decomposition

25 subdomains 40 subdomains 44 subdomains 49 subdomains (all)
Error of u 897.75% 231.56% 93.19% 9.73%
Error of f 178.51% 62.74% 20.38% 2.32%

Table 3.3: Relative L2 errors of the predicted means of u and f when solving (3.22)
using our Riccati-based approach and the sequential order of integration shown in
Figure 3.8(a). The errors significantly reduce as more subdomains are visited but
remain slightly high after all of the data is incorporated due to the high level of noise
in the data.

In this case, we traverse the subdomains sequentially using the snaking pattern

shown in Figure 3.8(a). This decomposition pattern naturally extends the sequential

data streaming pattern used for the 1D problem in Section 3.4.2.1 to the 2D problem

considered here. As such, this traversal pattern intuitively coincides with the Riccati-

based methodology for adding data points in Section 3.3.2.1.

In Figure 3.8, we see that we learn u and f fairly well, but the accuracy of the

predicted means of u and f remains compromised by the large amount of noise in

the data. In particular, Figures 3.8(c)-(d) show that the exact values are still within
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(a) Domain. (b) Absolute error of the inference.

(c) Slices of the inference of u with UQ. (d) Slices of the inference/fitting of f with
UQ.

Figure 3.8: Results of solving (3.22) with noisy data of f using our Riccati-based
approach while traversing the domain sequentially. (a) displays the 7 × 7 uniform
domain decomposition and the sequential order of integration of the domain. (b)
shows the absolute errors of the predicted means of u and f after all 49 subdomains
have been visited. (c) and (d) show 1D slices of the inferences and predicted un-
certainties (■) of u and f , respectively. These results show how our Riccati-based
approach can naturally be extended to solve higher-dimensional problems. Namely,
by leveraging data streaming, our Riccati-based approach is able to overcome the
computational and memory challenges related to the higher dimension of the PDE
and subsequently increased dataset size.

the predicted uncertainty intervals around our predicted means, which indicates that

our inferences are still reliable. In Figure 3.9 and Table 3.3, we present intermediate

results for the errors of our inferences after the domain has been partially traversed.

In Figure 3.9, we observe that the absolute error of the inference of f vanishes on

each of the visited subdomains, whereas the absolute error of the inference of u is

reduced on the visited subdomains but not necessarily eliminated. This behavior

is due to the fact that we do not learn u directly and instead learn u from data

of f and information from the PDE. In Table 3.3, we again see that the errors
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(a) Absolute error of the inference of u.

(b) Absolute error of the inference/fitting of f .

Figure 3.9: Intermediate results of solving (3.22) using our Riccati-based approach
while traversing the domain sequentially. We collect data from each subdomain se-
quentially following the pattern in Figure 3.8(a). (a) and (b) shows the absolute
errors of the inference of u and f , respectively. The white crosses indicate the sub-
domains that have already been visited. Our Riccati-based approach incrementally
updates our predictions as we traverse the domain, which provides computational
and memory advantages over having to process or store all of the data from the
entire domain at once.

significantly reduce as we traverse domain, but the final error of our inference of u

remains somewhat high due to the high noise level of the data. Since our Riccati-

based approach incrementally updates our inferences with one data point at a time,

it does not suffer from any computational or memory scaling issues related to the

large dataset size but does still depend on the numerical precision of the ODE solver.
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Figure 3.10: Domain decomposition with multi-level subdomain traversal. The level
one subdomain is marked in red, the level two subdomains are marked in blue
numbers, the level three subdomains are marked in green numbers, and the level
four subdomains are marked in black.

3.4.3.2 Case B: multi-level domain decomposition

In this section, we follow a multi-level order of subdomain traversal inspired by multi-

grid methods [113, 192] to highlight the invariance of our Riccati-based approach to

the order of the data. In the previous case, we incorporated the data sequentially.

However, this order is not required, as our Riccati-based approach can incrementally

incorporate the data into the learned models in any order. Specifically, we consider

the multi-level traversal order shown in Figure 3.10. Level one consists of the center

subdomain. Level two consists of the eight subdomains roughly centered around the

level one subdomain. Level three consists of 16 subdomains, each corresponding to

one corner of each of the level two subdomains. Level four consists of the remaining

24 subdomains. Using this type of multi-level order has the potential to allow the

learning process to stop earlier (and hence, use less data) because each level captures

information across the entire domain. As a result, the error of the inferences is more

likely to reduce uniformly across the domain. In contrast, the sequential traversal

pattern used in Section 3.4.3.1 is more likely to learn accurate predictions on the
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(a) Absolute error of the inference of u.

(b) Absolute error of the inference/fitting of f .

Figure 3.11: Intermediate results of solving (3.22) using our Riccati-based approach
while traversing the domain using the multi-level order in Figure 3.10. (a) and (b)
show the absolute errors of the inference of u and f , respectively. The level one
subdomain is marked by the white cross, the level two subdomains are marked by
white stars, and the level three subdomains are marked by white circles. Our Riccati-
based approach incrementally incorporates data points into the predictions invariant
to the order of the data. As such, the end result after all the data is incorporated is
identical to Figure 3.8(b)-(d), despite the intermediate results differing.

bottom half of the domain before learning any reasonably reliable prediction on the

top half of the domain.

Figure 3.10 shows the intermediate results using this multi-level approach. As in

the previous case, we see that the errors generally improve in/near the subdomains we

have visited. The end result (not shown) after all of the subdomains have been visited

is identical to Figure 3.8(b)-(d) with 9.73% relative L2 error for u and 2.32% relative

L2 error for f , which demonstrates the invariance of our Riccati-based approach to

the order of the data points.
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3.5 Summary

In this chapter, we established a new theoretical connection between Bayesian in-

ference problems with linear models and Gaussian likelihoods and viscous HJ PDEs

with quadratic Hamiltonian. As a first exploration of this connection, we specialized

to Gaussian priors and leveraged the result to develop a new Riccati-based method-

ology for efficiently updating the predicted models. We then demonstrated some

potential computational advantages of this Riccati-based approach by applying it to

several UQ-based examples from SciML [142, 234, 348]. In particular, these exam-

ples illustrate that this approach naturally coincides with data streaming applications

[222, 288, 265, 248]. As such, this Riccati-based approach is amenable to memory-

limited hardware architectures, such as FPGAs [146], which opens possibilities for

real-time applications requiring embedded implementations.

Some other possible future directions for this work are as follows. Currently, our

theoretical connection requires a linear model, Gaussian likelihood, and particular

assumptions on the prior. In the Gaussian setting, it would be interesting to explore

how incremental or online GPR techniques [59, 246, 130, 195, 54, 38, 213, 232, 257]

could be integrated into our Riccati-based framework to approximate the solutions

when the Riccati ODEs are difficult to solve directly using numerical ODE solvers,

particularly in big data regimes. To consider a wider range of applications, more

research is needed to extend this connection to nonlinear models, non-Gaussian like-

lihoods, and more general priors, including the development of new and efficient

numerical algorithms for these settings in high dimensions. Specifically, the link

between Bayesian inference and viscous HJ PDEs no longer holds when the Hamil-

tonian is non-quadratic. Moreover, the Riccati-based methodology in Section 3.3

further restricts the prior to be Gaussian. As such, more work is needed to ex-
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plore how this connection could be leveraged to create efficient numerical methods

for more general learning settings. Another natural extension of this work would

be to investigate how this connection could be leveraged to reuse existing efficient

ML algorithms to solve high-dimensional HJ PDEs. So far, this work only considers

the opposite direction but opens opportunities for new ML-based solvers for fields

related to HJ PDEs (e.g., stochastic optimal control [326, 81]).



Chapter Four

Quantifying uncertainty arising

from noisy inputs-outputs
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4.1 Introduction

Recent years have witnessed great progress in scientific machine learning (SciML) in

which the data and physics are combined seamlessly under modern machine learning

(ML) frameworks to address complex scientific modeling, computation and model

discovery [142]. As SciML emerges as a revolutionary paradigm, its uncertainty

quantification (UQ) becomes increasingly critical for trustworthy and reliable pre-

dictions. Numerous approaches have been proposed for UQ in SciML. To name

a few, Bayesian neural networks (BNNs) have been utilized to quantify uncer-

tainty arising from noisy (outputs) data [315, 175], physical models [346] as well

as operator learning [173, 206] in the context of solving ordinary/partial differential

equations (ODEs/PDEs), Adversarial training has been applied in [321] for UQ in

solving PDEs with physics-informed neural networks (PINNs). The deep ensemble

method has been employed for solving ODEs/PDEs [234, 348, 334], inferring ther-

mal boundary conditions from noisy measurements [270], as well as for the discovery

and forecasting of extreme events [230]. The randomized prior method has found

applications in operator learning [320]. Uncertainty stemming from solving stochas-

tic differential equations was investigated in [329, 317, 11]. Further, researchers in

[201, 344, 325, 309, 292, 137] employed the deep generative models to quantify the un-

certainties in solving ODEs/PDEs and solving Bayesian inverse problems efficiently.

A comprehensive review and a Python library for UQ in SciML can be found in [234]

and [348], respectively.

In the present study, our specific focus is to explore the uncertainties in the

predictions of two popular SciML models, e.g. the physics-informed neural net-

works (PINNs) [244] and neural operators (NOs) [178, 171]. The former encodes

the physics in the form of differential equations via automatic differentiation, while
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the latter is capable of learning the solution operator or hidden physics given train-

ing data. Generally, PINNs take as input the spatial-temporal coordinates and

outputs functions that approximate the solutions to PDEs, while NOs take the

boundary conditions and/or source terms, etc. as inputs and outputs functions,

which approximate the solutions to differential equations. Despite the plurality of

aforementioned UQ methods in SciML, we note that most of the existing works as-

sume that the inputs, e.g. spatial-temporal coordinates in PINNs, are clean and

only take into consideration the uncertainties associated with the noisy measure-

ments of outputs. However, in real-world applications the measurements on both

the coordinates and the corresponding responses may be noisy if they are measured

from sensors, e.g., particle image velocimetry (PIV) [31, 35], estimating biomechan-

ical properties of the aorta [325], hydrological modeling [147, 148]. As reported in

[70, 82, 100, 310, 284, 289, 306, 13, 261, 99, 194, 68, 225], the measurement error in

the inputs of models can present considerably greater challenges compared to noise

in the outputs, primarily attributed to the inherent model nonlinearity. To the best

of our knowledge, quantifying uncertainty originating from noisy inputs of PINNs

as well as NOs has been largely ignored. Specifically, we describe the problem of

interest as follows [70]:

ỹ = H(χ) + ϵo, (4.1a)

χ̃ = χ+ ϵin, (4.1b)

where H denotes an NN surrogate model, χ denotes the input, and ỹ and χ̃ denote

the observed target value of the output and input of H, respectively. We denote

the measurement error or noise as ϵo and ϵin for the output and input, respectively,

making the regression of χ,H a noisy input-output problem.

Studies on uncertainty arising from both noisy inputs and outputs can be traced
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back to the 1980s and 1990s within statistical research [70, 82, 100] and ML com-

munities [310, 284, 289], respectively. Regression models developed to address this

challenge are commonly referred to as errors-in-variables ormeasurement error mod-

els [306, 13, 261]. For example, Gaussian processes (GPs), which are a popular

machine learning algorithm for regression problems, have been used in modeling un-

certainty arising from noisy inputs as well as the outputs [99, 194]. However, the

aforementioned work on UQ for noisy inputs-outputs has primarily focused on func-

tion approximation problems using neural networks (NNs) and GPs, without the

involvement of physics information, e.g. ODEs/PDEs. More recently, the effect of

noisy inputs in operator learning has been studied, e.g., in [68] convergence rates

were analyzed for learning linear operators with noisy inputs-outputs data and in

[225] an errors-in-variables modeling was adopted for operator learning. Neverthe-

less, they focused on analyzing and/or mitigating the effects of noisy inputs in NOs.

How to quantify the uncertainties caused by both noisy inputs and outputs on the

SciML models, especially PINNs and NOs, remains unclear.

In this work, we present a Bayesian approach for quantifying uncertainty induced

by noisy inputs-outputs in PINNs as well as NOs. Specifically, we assume that

we have measurement errors or noise for (1) the spatial-temporal coordinates (i.e.,

inputs) as well as the values of the function (i.e., outputs) in PINNs, and (2) the

input and output functions in NOs, as illustrated in Figure 4.1. We point out

that in the current study we treat NOs as pretrained surrogates models and use

them to reconstruct the complete input and output functions from noisy and partial

measurements (see Section 4.2 for details). Hence, the NOs are pretrained and

in fact deterministic models, which is essentially different from training NOs with

UQ as in [320, 173, 92]: in this work, the unknowns are the input and output

functions instead of the NOs. This employment is one of the major functionalities
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of NOs in the literature. To name a few examples, in [171, 172], Bayesian inverse

problems were solved with pretrained FNOs where data of the solution are available;

in [201, 348, 234], a combination of NNs and pretrained DeepONets was employed

for mixed problems with partial and noisy data. While in PINNs, the unknowns

are the NNs as in the literature of PINNs, which are stochastic models within the

Bayesian framework because the NN parameters are treated as random variables.

The rest of this chapter is organized as follows. In Section 4.2, we introduce

the problem formulation, PINNs and NOs, and discuss how PINNs and NOs are

employed to encode the physics information. In Section 4.3, we present the Bayesian

framework for quantifying uncertainty arising from noisy inputs-outputs under the

frameworks of PINNs and NOs. In Section 4.4, we conduct four computational

examples to demonstrate the consequences of ignoring the noise in the inputs and

the effectiveness of our approach in addressing noisy inputs-outputs with UQ. We

summarize our work in Section 4.5.

4.2 Encoding physics in scientific machine learn-

ing

Consider the following ODE/PDE:

Fλ[u](x) = f(x), x ∈ Ω, (4.2a)

Bλ[u](x) = b(x), x ∈ ∂Ω, (4.2b)

where Ω denotes the domain, F the general differential operator, B the general

boundary operator, λ the parameter of the ODE/PDE, u, f and b the sought solution,
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(b) Neural operators (NOs)

(a) Physics-informed neural networks (PINNs)

Figure 4.1: A schematic view of two prevalent ways of encoding physics in SciML. In
(a), we present the framework of physics-informed neural networks (PINNs) [244],
where the physics is encoded by modeling u(x) using a NN, parameterized by θ
and denoted by Mθ, and approximating f, b via automatic differentiation and the
ODE/PDE. In (b), we represent the physics by pretrained neural operators (NOs),
which are trained offline to learn the solution operators of (4.2), often based on
clean and simulated data. The pretrained NOs effectively encode the underlying
physics within the NN architecture and parameters [160], while in the downstream
tasks such as solving ODEs/PDEs and tackling hybrid problems, they remain fixed
and serve as equation-free surrogates. Here vψ and wψ denote discretizations of
the input functions v(ξv) and w(ξw), respectively, which are parameterized by ψ.
Note that in these two methods, the inputs and outputs (color-coded by blue and
red, respectively) differ, making it crucial to develop uncertainty quantification (UQ)
approaches to handle noisy inputs-outputs in both scenarios.

source term and initial/boundary term, respectively, and x the spatial-temporal

coordinate. In this work we are interested in solving a class of problems using

SciML, which is referred to as the hybrid problem, i.e., inferring u, f , b, and/or λ

given data (denoted as D) and the underlying physics. Note that if λ is known and

u is not, the hybrid problem is equivalent to solving a forward ODE/PDE problem.

There are in general two common ways to encode physics in solving ODEs/PDEs

problem in SciML: taking into consideration the physics-informed losses as in PINNs

[244, 315, 277, 276] and other SciML models [269, 52, 345, 47, 46, 42, 271, 267],

which are often realized via automatic differentiation, and using pretrained NOs
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that represent the physics, e.g. DeepONets [178] and FNOs [171]. A schematic view

of these two prevalent approaches is presented in Figure 4.1. As shown, the inputs of

PINNs are spatial-temporal coordinates while they are functions in NOs. We briefly

review the PINNs as well as NOs in what follows, and interested readers are directed

to [244, 180] and [178, 171, 298, 172] for more details of PINNs and neural operators,

respectively.

4.2.1 Physics-informed neural networks

The PINN method, originally proposed in [244], addresses the hybrid problem by

modeling u(x) (and λ if λ is unknown) with a NN parameterized by θ, denoted as

uθ(x) (and λθ(x) if λ is unknown), and then modeling f(x) and b(x) with Fλ[uθ](x)

and Bλ[uθ](x) via automatic differentiation, respectively. The physics is then ex-

plicitly encoded in the training process by adding physics-informed terms involving

Fλ[uθ](x) and Bλ[uθ](x). The optimal θ can be obtained by minimizing the following

loss function:

L(θ) = wu
Nu

Nu∑
i=1

||uθ(xui )− ui||2 +
wf
Nf

Nu∑
i=1

||F [uθ](x
f
i )− fi||2

+
wb
Nb

Nb∑
i=1

||B[uθ](xbi)− bi||2 +
wλ
Nλ

Nλ∑
i=1

||λθ(xλi )− bi||2,

(4.3)

where wu, wf , wb, wλ are belief weights for balancing different terms, and || · || is

the ℓ2-norm for finite-dimensional vectors, and {xui , ui}Nu
i=1, {x

f
i , fi}

Nf

i=1, {xbi , bi}
Nb
i=1,

{xλi , λi}
Nλ
i=1 are observational data.
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Figure 4.2: An example of using pretrained NOs to encode physics in the hybrid prob-
lem. In particular, we use a multi-input DeepONet [138] to represent the physics
which connects u, v and w. Here, the multi-input DeepONet, denoted by G, takes as
input w and v and outputs u, while

⊗
denotes elementwise multiplication. In the

hybrid problem, u, v, w are reconstructed with UQ from their noisy measurements
and the physics, represented by the pretrained multi-input DeepONet, enabling syn-
ergistic learning, as shown in the predicted mean and uncertainty. See Section 4.4.5
for details.

4.2.2 Neural operators

The NOs are developed as fast solvers to families of ODEs/PDEs. Moreover, the

pretrained NOs can also be employed as surrogates to represent the physics involved

in addressing hybrid problems. This capability is regarded as one of the major func-

tions of NOs in the literature [171, 172, 201, 234, 348, 343]. In particular, the solution

operator of (4.2) is first approximated with NNs, denoted by G. The correspond-

ing training procedure is often considered as offline and is done with simulated and

clean data to ensure the physics is accurately encoded. Then the pretrained NO G

is used as a differentiable equation-agnostic surrogate, which encodes the underlying

physical knowledge between the input and output functions (see Section 4.3.2 for

details).

In this study, we choose Deep operator networks (DeepONets) [178] and Fourier
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neural operators (FNOs) [171] as two representative methods for operator learning.

Although both of them have been further developed to physics-informed versions,

which achieve higher accuracy with fewer data [298, 172], we intentionally omit the

physics-informed learning in this chapter for the sake of simplicity. DeepONet typ-

ically consists of two sub-networks: one that takes as input the spatial-temporal

coordinate x, termed the trunk net, and another that takes as input the discretized

function v, termed the branch net. On the other hand, FNO utilizes the fast Fourier

transform over the discretization of the input function. For a comprehensive compar-

ison between DeepONets and FNOs, we refer the readers to [179]. In addition to the

vanilla version, we also consider the multi-input DeepONet [138], which maps mul-

tiple functions to a single function. We employ it as an equation-agnostic surrogate

for hybrid problem involving more than two functions. An illustration of the archi-

tecture of a multi-input DeepONet and its associated hybrid problem is presented in

Figure 4.2; see Section 4.4.5 for an example.

4.3 Uncertainty quantification for noisy inputs-

outputs

In this section, we adopt the noisy input-output model formulated in (4.1) in the

hybrid problem, and present the methodology of addressing it with UQ. Recall that

we have the following model:

ỹ = H(χ) + ϵo,

χ̃ = χ+ ϵin.
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Note that in the present study, H is (1) an NN in PINNs whose parameters are

unknown, or (2) a pretrained NO whose parameters are known and fixed. Interpre-

tations of inputs, outputs and NN model H are provided in Table 4.1. As shown,

when the physics is encoded through PINNs and automatic differentiation, the input

is the spatial-temporal coordinate and the outputs are the approximations of the so-

lution u, the source term f , and/or the boundary term b. In such cases, PINNs are

trained with the noisy inputs-outputs data. When the pretrained NOs, often trained

with clean and simulated data, are used to represent the physics implicitly, the inputs

are functions, e.g. model parameter and source/boundary terms, and the output is

the approximation of u. We note that the physics could be encoded by employing

both approaches simultaneously, i.e. using pretrained NOs as surrogates and adding

physics-informed terms in the downstream training, as in [172, 298]. However, for

the sake of simplicity in this study, we do not employ the physics-informed terms in

NOs.

Methods of encoding physics Inputs Outputs Model (H) Data
PINNs x, t u/f/b uθ/fθ/bθ Measurements of x, u, f, b

Pretrained NOs v u G Measurements of v, u

Table 4.1: Interpretations of inputs, outputs and NN models H in PINNs and NOs.
We note that when solving hybrid problems with NOs, G is pretrained, often offline
based on clean and simulated data, and therefore remain fixed in reconstructing v
and u from their noisy measurements. In contrast, PINNs are directly trained with
the noisy inputs-outputs data.

We then adopt the Bayesian framework [70, 310] to address the noisy inputs-

outputs in PINNs and pretrained NOs for solving hybrid problems. Specifically, we

model the inputs χ as well as the parameter θ of the NN model H and establish

likelihoods for measurements of both the inputs χ and outputs ỹ of H following

(4.1). With the Bayes’ theorem, we have the following:

p(θ, χ|D) ∝ p(D|θ, χ)p(θ, χ), (4.4)
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where p(θ, χ|D) is the posterior, p(D|θ, χ) is the likelihood, and p(θ, χ) is the prior.

Note that in [315, 201, 234, 348], only the noise in the outputs is considered. Con-

sequently, the posterior is exclusively concerned with the NN parameter θ, i.e.

p(θ|D) ∝ p(D|θ)p(θ), and hence does not take into consideration the uncertainty

induced by noisy inputs.

Similarly, we assume independent and identically distributed (i.i.d.) distribution

for data (D = {χ̃i, ỹi}Ni=1, where N denotes the number of data) and further assume

ϵi and ϵo follow Gaussian distributions with mean zero and standard deviations σi

and σo, respectively. Then, by the independence between ỹi and χ̃i conditional χi,

the likelihood can be expressed as follows:

p(D|θ, χ) =
N∏
i=1

p(ỹi|θ, χi)p(χ̃i|χi)

=
N∏
i=1

1√
2πσo

exp(−||ỹi −H(χi)||2

2σ2
o

)
1√

2πσin
exp(−||χi − χ̃i||2

2σ2
in

),

(4.5)

where χi, i = 1, ..., N denote the actual inputs where ỹi are observed, i.e. the exact

values of χ̃i, and || · || denotes the Euclidean norm. We note that, although not

explicitly expressed, here H depends on θ; see also Table 4.1. By the independence

between the NN parameter θ and the actual input χ̃, the prior can be expressed as:

p(θ, χ) = p(θ)p(χ). (4.6)

When H is an NN and no physics or neural operator is applied, the problem degen-

erates to a function approximation problem. A pedagogical example in addressing

noisy inputs-outputs in function approximations can be found in the appendix of

[347].

We note that although in this study we assume ϵin and ϵo follow Gaussian distri-
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butions, the formulation of the noise model (defined in (4.1)) makes no assumption

on the distributions of ϵin nor ϵo. Depending on the specific data measurements

at hand, ϵin and ϵo could follow distributions with bounded support as well, e.g.

uniform distribution or truncated normal distribution. We further remark that for

certain problems in which in-domain computation is required, proper prior for χ,

i.e., p(χ) in (4.6), can be specified to ensure that χ remains inside the computational

domain even if the observed target value χ̃ is out of the domain due to the noise. A

relevant example is presented for demonstration in Section 4.4.3.

4.3.1 Physics-informed neural networks

Solving hybrid problems with noisy inputs-outputs under the PINN framework allows

us to consider scenarios where both the spatial-temporal coordinate (x) and the

value of functions (u, f, b, λ) are measured with noises. In this case, the posterior

(4.4) can be directly integrated into the B-PINN framework to handle problems

involving ODEs/PDEs with noisy inputs-outputs. We note that while diverse UQ

methods exist for PINNs, our focus in this study is directed toward the Bayesian

framework, which is widely employed for UQ in SciML due to their effectiveness and

interpretability [234]. Given i.i.d. data of the sought solution u ({x̃ui , ũi}Nu
i=1), the

source term f ({x̃fi , f̃i}
Nf

i=1), and/or the boundary term b ({x̃bi , b̃i}
Nb
i=1), the likelihood

is expressed as follows:

p(D|θ, λ, {xui }Nu
i=1,{x

f
i }

Nf

i=1, {xbi}
Nb
i=1) =

Nu∏
i=1

p(ũi|θ, xui )p(x̃ui |xui )

Nf∏
i=1

p(f̃i|θ, λ, xfi )p(x̃
f
i |x

f
i )

Nb∏
i=1

p(b̃i|θ, λ, xbi)p(x̃bi |xbi),

(4.7)
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where xui , x
f
i , x

b
i are the actual values of x̃ui , x̃

f
i , x̃

b
i , respectively, and

p(ũi|θ, xui ) =
1√
2πσuo

exp(−||uθ(xui )− ũi||22
2(σuo )

2
), (4.8a)

p(f̃i|θ, λ, xfi ) =
1√
2πσfo

exp(−||Fλ[uθ](x
f
i )− f̃i||22

2(σfo )2
), (4.8b)

p(b̃i|θ, λ, xbi) =
1√
2πσbo

exp(−||Bλ[uθ](xbi)− b̃i||22
2(σbo)

2
), (4.8c)

in which σuo , σ
f
o , σ

b
o are the scales of the additive Gaussian noise in observing u, f, b,

respectively. We note that in PINNs the value of uθ at a specific coordinate x does

not depend on the value λ, and hence we omit it. The likelihood for observing the

inputs can be expressed as follows:

p(x̃iu|xiu) =
1√

2πσuin
exp(−||xui − x̃ui ||2

2(σuin)
2

), (4.9a)

p(x̃if |xif ) =
1√

2πσfin
exp(−||xfi − x̃fi ||2

2(σfin)
2

), (4.9b)

where σuin and σfin denote the scales of the additive Gaussian noise in observing the

inputs of u and f , respectively. Here, we omit the likelihood for the input of b

because, in practice, the exact location of the boundary is often known and hence

the measured location should correspond to the actual one, i.e., x̃bi = xbi . The prior

reads as p(θ, x) = p(θ)p(x) and p(θ, λ, x) = p(θ)p(λ)p(x) for the forward problem (the

parameter of the ODE/PDE λ is known) and the inverse problem (λ is unknown),

respectively. In summary, the posterior in PINNs can be written as

p(θ, λ, {xui }Nu
i=1, {x

f
i }

Nf

i=1|D) ∝ p(θ)p(λ)
Nu∏
i=1

p(ũi|θ, xui )p(x̃ui |xui )p(xui )

Nf∏
i=1

p(f̃i|θ, λ, xfi )p(x̃
f
i |x

f
i )p(x

f
i )

Nb∏
i=1

p(b̃i|θ, λ, x̃bi).

(4.10)
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As previously explained, here we set x̃bi = xbi and therefore do not model xbi as un-

known variables. We note that for inverse problems in PINNs, λ as well as the actual

values of x̃ui , x̃
f
i are treated the same as the NN parameter θ. We further remark

that this (extended B-PINNs) framework is also capable of handling a combination

of clean and noisy inputs.

An alternative strategy for addressing noisy inputs-outputs is recasting the input

noise as a heteroscedastic output noise, as discussed in [306, 234]. For example,

[194] explored the use of Gaussian processes to handle noisy inputs-outputs through

a two-step procedure: (1) Gaussian processes regression is employed to fit the data

and (2) then the input noise is substituted by an output noise via first-order Taylor

expansion. Recall that our model for noisy inputs-outputs can be expressed as

ỹ = H(χ̃− σin) + σo and hence the two-step approach proposed in [194] can in fact

be integrated into a one-step approach via automatic differentiation [244]. We obtain

the following approximation of the original model for one-dimensional χ̃:

ỹ ≈ H(χ̃)−H′(χ̃)ϵin + ϵo. (4.11)

By adopting this approach, we do not need to model the actual input or the input

noise. Instead, the original B-PINNs method can be directly applied with a het-

eroscedastic output noise, which follows a Gaussian distribution with mean zero and

variance (H′(χ̃))2σ2
in + σ2

o . Note that this approach essentially integrates the delta

method [214] into PINNs, ignores the Hessian of H, and serves as an approximation

of the original model for noisy inputs-outputs. It may not work as well as the original

model, especially in solving ODEs/PDEs. An empirical comparison is conducted in

Section 4.4.1.
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4.3.2 Neural operators

When pretrained NOs are used to encode physics in hybrid problems, as discussed

in Section 4.2, their inputs and outputs become functions. For the sake of simplicity

in analyzing uncertainties, in this work we consider scenarios where only values of

functions are noisy and corresponding coordinates are clean. The consideration of

noisy coordinates in NOs requires the establishment of additional NNs to handle the

input functions, which is beyond the scope of this work. As shown in Figure 4.1,

solving a hybrid problem with a pretrained NO G only requires regression of the

input function, v, since the regressed output function can be obtained immediately

by G(v) where v denotes its discretization. In this regard, we directly model the

discretization of v on a mesh, denoted by vψ:

vψ := [vψ1 , ..., v
ψ
n ]
T , (4.12)

where n denotes the mesh size. The data are Du = {xui , ũi}Nu
i=1 and Dv = {ṽi}i∈Iv ,

where Iv is the index set of the grid point on which v is measured. That is, in the

hybrid problem we assume that v is observed on the subset of the same mesh used

in training G. Then, the posterior can be written as

p(vψ|D) ∝ p(Du,Dv|vψ)p(vψ) = p(Du|vψ)p(Dv|vψ)p(vψ), (4.13)

where the last equality comes from the independence of observing Du and Dv condi-

tional on vψ. Here, p(ṽ) is the prior and is either analytical known, e.g. a multivariate

Gaussian, or can be estimated from the data used to train the NO [178, 171]. The

likelihood is formulated as follows, assuming additive Gaussian noises with scales σo
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and σin in observing u and v, respectively:

p(Du|vψ) =
Nu∏
i=1

1√
2πσo

exp(−||G(vψ)(xui )− ũi||2

2σo2
), (4.14a)

p(Dv|vψ) =
∏
i∈Iv

1√
2πσin

exp(−||vψi − ṽi||2

2σin2
). (4.14b)

4.3.3 Posterior estimate

In this study, we employ the Hamiltonian Monte Carlo (HMC) [211] to obtain sam-

ples from the posterior. For fast and stable implementations, a Python library

termed NeuralUQ [348] is used. When using PINNs to encode the physics, we pri-

marily focus on the function represented by the NN, and therefore at the testing

stage clean input x is used as the inputs of the NN. In this regard, the predicted

mean û(x) estimated by 1
M

∑M
i=1 uθi(x) is used as the prediction and the predicted

variance defined as 1
M

∑M
i=1(uθi(x)− û)2 is used as the quantified uncertainty. Here,

{θi}Mi=1 are the posterior samples of the NN parameter θ (M denotes the number

of posterior samples). In NOs, we are interested in the reconstruction of the in-

put and output functions. The predicted means estimated by v̂ = 1
M

∑M
i=1 v

i
ψ and

û(x) = 1
M

∑M
i=1 G(viψ)(x) for v and u, respectively, are used as the predictions,

where {viψ}Mi=1 are the posterior samples of vψ = [vψ1 , ..., v
ψ
n ]. Similarly, the predicted

variances 1
M

∑M
i=1(v

i
ψ − v̂)2, 1

M

∑M
i=1(G(viψ)(x) − û(x))2 are used as the quantified

uncertainties.
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4.4 Numerical examples

In this section we present six computational examples: (1) a 1D nonlinear Poisson

equation, (2) an ODE system describing a diesel engine, (3) a nonlinear 2D steady-

state Allen-Cahn equation, (4) a 1D Burgers equation, (5) a 1D reaction-diffusion

equation with heteroscedastic diffusion coefficient, and (6) a 120-dimensional para-

metric Darcy problem. In the first three examples, we employ the present method

to quantify uncertainties in PINNs with noisy inputs and outputs. In the following

three examples, we use the proposed approach to quantify uncertainties when the

physics is encoded in two different pretrained neural operators, i.e., DeepONet and

FNO.

We note that the NO is pretrained offline with clean and sufficient data such that

it approximates the solution operator accurately and therefore is able to represent

the physics. Furthermore, in the downstream hybrid problem, the test functions

are in-distribution and therefore follow the physics encoded in the NOs beforehand.

In the literature of NOs [178, 171, 160], data of the input functions for training

and testing are often sampled from general distributions whose probabilistic density

functions are analytically known, e.g. Gaussian random fields. We follow this setup

in this work, and in hybrid problems with pretrained NOs, the distribution used

to generate training data is employed as the prior of the discretization of the input

functions, i.e. p(vψ) in (4.13). Details of data generation, the training of NOs, and

hyperparameters in numerical experiments can be found in Appendix C.1.
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4.4.1 A nonlinear 1D Poisson equation with PINNs

Consider the following 1D nonlinear Poisson equation:

κ
∂2u

∂x2
− λu3 = f(x), x ∈ [0, 1], (4.15)

with the Dirichlet boundary condition u(0) = u(1) = 1 and κ and λ being non-

negative constants. The data are generated by assuming u(x) = cos3(2πx), κ = 0.01

and λ = 0.1. In this example, we employ the B-PINN approach and consider noisy

measurements of u, f and x with the present approach.

4.4.1.1 Forward problem

Error of f (%) Error of u (%)
clean data 0.03 0.00

clean input and noisy output 7.16 3.57
noisy input and clean output 13.50 11.73

Table 4.2: PINN for Poisson equation: Inference of u and f with different training
data for f . The error is defined as the relative L2 error between the exact and the
prediction.

To demonstrate the importance and necessity of respecting the noise in inputs, we

start with a forward problem where κ and λ are known and we solve (4.15) given data

on (x, f). We first employ vanilla PINNs for the following three different scenarios:

clean input and output data, clean input but noisy output data, and noisy input

but clean output data. In all scenarios, the boundary condition is hard-encoded

in the model, and we assume that 51 available measurements for (x, f), which are

equidistantly distributed on [0, 1], are used to train PINNs. The measurement noise

for both x and f is additive Gaussian noise with a scale 0.01. Results are shown in

Table 4.2 and Figure C.1, from which we can see noisy data impair the performance
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of PINNs significantly. In particular, even with the same scale, the noise in x has

larger damage upon the accuracy of PINNs in solving the equation than the noise in

f .

(a) Inference/fitting of f

(b) Inference of u

Figure 4.3: Results from solving (4.15) in the B-PINN framework based on noisy
inputs-outputs data of f using different approaches. The boundary condition is clean
and hard-encoded in the modeling. From left to right are results from the original
B-PINN method which ignores the noise in x, our approach which models the noise
in x, and the recasting method which recasts the noise in x as a heteroscedastic noise
in f via first-order Taylor expansion.

Ignoring the input noise Modeling the input noise Recasting
Error of f 16.18% 8.16% 9.13%
Error of u 32.17% 28.17% 28.65%

Table 4.3: Errors of solving (4.15) with noisy inputs-outputs data of f using different
methods. The error is defined as the relative L2 error between the exact and the
predicted mean.

Now we solve (4.15) with noisy inputs-outputs data of f , i.e., (x, f). In this case,

51 data points of f are sampled equidistantly on [0, 1] and their inputs and outputs

are corrupted by additive Gaussian noise with scales 0.01 and 0.05, respectively.

The boundary condition is clean and hard-encoded in the modeling. We employ and
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compare three methods: the original B-PINN method and two of our approaches

proposed in Section 4.3.1. Results are presented in Figure 4.3 and Table 4.3. We

can see that the original B-PINN method, which ignores the noise in x, is unable to

provide accurate predictions (as shown in Table 4.3). The predicted uncertainties

of u and f (as shown in Figure 4.3) from the original B-PINN method also fail to

bound the errors between the exact and and the predictions. Slight overfitting in

predicting f is observed from results of B-PINNs shown in Figure 4.3(a), showing

the consequence of the unawareness of the input noise. Meanwhile, our approaches

present much better results in terms of the predicted means and uncertainties: er-

rors are small and bounded by the predicted uncertainties. We show in Figure 4.3(b)

that the consideration of the noise in the input with our approaches yields signif-

icantly larger quantified uncertainty in inferring u, indicating successful capturing

of uncertainty induced by noisy inputs and demonstrating the effect of uncertain

inputs in solving (4.15) with noisy data. Besides, as presented in Figure 4.3(a), the

uncertainty band of our approach, which is obtained by [µ− 2σ, µ + 2σ] where µ is

the predicted mean and σ is the predicted standard deviation, is horizontally (along

the x-axis) larger than the original B-PINNs, showing the effect of considering the

input noise. As reported in Table 4.2, modeling noises in both the coordinate and

the value f with our approaches results in significantly higher accuracy in fitting f

as well as inferring u, proving the effectiveness of the proposed approach in solving

(4.15) given noisy inputs-outputs data.

4.4.1.2 Inverse problem

We then move to an inverse problem where κ = 0.01 is known but λ is not. In this

case, we aim to identify λ as well as to reconstruct u from noisy data of u and f . We

note that the unknown parameter in the inverse problem is treated the same as the
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(a) Inference/fitting of f

(b) Inference/fitting of u

Figure 4.4: Results from solving (4.15) with λ unknown based on noisy inputs-
outputs data of u and noisy outputs data of f . The boundary condition is clean
and hard-encoded in the modeling. We note that in this case data of u are noisy in
both the input (heteroscedastic noise; defined in (4.16)) and the output while data
of f are noisy in the output but clean in the input, demonstrating the flexibility of
our approach. From left to right are results from the original B-PINN method, our
approach, and the recasting method.

NN parameter [244, 315]. Therefore, the complexity increases with the number of

unknown parameters. In this specific case, 26 data points of f and 10 data points of

u, equidistantly sampled on x ∈ [0, 1], are available. To demonstrate the flexibility

and compatibility of the proposed approach in handling a hybrid of clean and noisy

inputs, in this case we corrupt the data of u in both their inputs and outputs but

corrupt data of f only in their outputs. All the noise are assumed to be Gaussian.

The noise scales for the outputs of u and f are 0.01 and 0.05, respectively. Further,

we consider a more complex scenario by assuming a heteroscedastic noise model [234]
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Ignoring the input noise Modeling the input noise Recasting
Error of u 7.83% 4.23% 66.04%

Inference of λ 0.2793± 0.0440 0.1333± 0.0537 0.2108± 0.0459

Table 4.4: Inferences of λ (mean ± standard deviation) and relative L2 errors of
the predicted mean for u using different methods to solve the inverse problem. The
reference solution for λ is 0.1.

for the input of u, which is a function of x expressed as follows:

σin(x) = 0.001 +


0.4(x− 1/3), x ∈ (

1

3
,
1

2
],

− 0.4(x− 2/3), x ∈ (
1

2
,
2

3
],

0, x ∈ (0,
1

3
] ∪ (

2

3
, 1],

(4.16)

where σin denotes the scale of the input noise of u. Specifically, the noise scale

increases as the measurement moves away from the boundary (see the visualization

of the noise model in Figure C.2). Results are shown in Figure 4.4 and Table 4.4,

from which we can see that the original B-PINN method fails to yield trustworthy

inferences of u and λ (errors are large while predicted uncertainties are small) because

it does not take into consideration the noise in the input of u. As a comparison,

results of our approach, as displayed in Table 4.4, show significantly smaller error

in inferring λ and reconstructing u, demonstrating the effectiveness of the proposed

approach in solving the inverse problem with noisy inputs-outputs data. Moreover,

Figure 4.4(b) exhibits that our approach is capable of producing reliable predictions,

in which the predicted uncertainty bounds the error between the predicted mean

and the exact of u. Besides, we demonstrate that recasting the output noise via

Taylor expansion is ineffective in addressing the noisy inputs-outputs for the inverse

problem in this scenario.
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(a) Inference of pim. (b) Inference of pem.

Figure 4.5: Predictions for (a) pim and (b) pem for solving the inverse ODE problem
in the diesel engine with noisy inputs-outputs data. Here we employ the original B-
PINN method which ignores the input noise (left) and our approach which models
the input noise (right). 40 noisy inputs-outputs data of pim and pem and 40 noisy
outputs data of fim and fem are used as the training data.

Inference of c1 (×10−4) Inference of c2 (×10−3)
Ignoring the input noise 3.2593± 0.0573 −8.8294± 0.0577
Modeling the input noise −2.2835± 0.1008 −3.2543± 0.1012

Table 4.5: Inferences of c1, c2 (mean ± standard deviation) for the inverse ODE
problem given noisy inputs-outputs. The reference values for c1 (×10−4) and c2
(×10−3) are −2.0817 and −3.4465, respectively [290].

4.4.2 Inverse ODE problem in diesel engine system

To further test the performance of the present approach in real problems, we now

employ it to solve an inverse ODE problem in a diesel engine. The problem considered

here can be viewed as a submodel of the one developed in [290] to describe the gas

flow dynamics in a diesel engine, which is expressed as:

dpim
dt

=
RaTim
Vim

(Wc +Wegr −Wei) + fim, (4.17a)

dpem
dt

=
ReTem
Vem

(Weo −Wt −Wegr) + fem, (4.17b)

where the ideal gas constant of air Ra, ideal gas constant of exhaust gas Re, intake

manifold volume Vim, exhaust manifold volume Vem, and the intake manifold tem-

perature Tim, are known constants. In addition, the intake manifold pressure pim,

exhaust manifold pressure pem, exhaust manifold temperature Tem, compressor mass
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flowWc, exhaust gas recirculation mass flowWegr, total mass flowWei, and the mass

flow out from the cylinder Weo are time-dependent functions [290]. The total mass

flow Wei and the mass flow out from the cylinder Weo are modeled as follows [290]:

Wei =
ηvolpimneVd
120RaTim

, (4.18)

Weo = Wei +Wf , (4.19)

where ne, Vd,Wf are constants and the volumetric efficiency, denoted as ηvol, is mod-

eled as:

ηvol = c1
√
pim + c2

√
ne + c3, (4.20)

where c1, c2, c3 are referred to as the volumetric efficiency constants in the literature

[290, 208]. The description of the aforementioned constants and the corresponding

values employed in our computations are the same as in [208]. The source terms fim

and fem are assumed to be zero.

In this example, we infer the values of the volumetric efficiency constants (c1

and c2) given the noisy measurements of pim, pem, fim and fem. We note that since

ne is a constant, c2 and c3 are linearly dependent and hence we only model and

infer the values of c1 and c2. Also, we assume that Tem,Wc,Wegr and all other

constants can be measured and are treated as known for simplicity. Specifically,

we assume that we have access to 40 measurements of pim and pem, corrupted by

additive Gaussian noises in both the input and output, and 40 the measurements of

fim and fem, corrupted by additive Gaussian noises only in the output. The data

are generated using the MATLAB Simulink simulation (available at http://www.

fs.isy.liu.se/Software) [290] for t ∈ [0, 4] and the training data are assumed to

distribute at t ∈ [0, 3.5]. In the implementation, we rescale pim, pem such that their

values, as well as the right-hand sides of (4.17), are on the scale of one. We assume

http://www.fs.isy.liu.se/Software
http://www.fs.isy.liu.se/Software
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that the noise scales for the (rescaled) outputs of pim, pem and fim, fem are 0.02, 0.02,

0.2, 0.2, respectively, and the following heteroscedastic noise model for the inputs of

pim and pem is considered:

σin(t) = 0.2 +


0.19(t− 1), t ∈ [0, 1],

− 0.19(t− 1)/4, t ∈ (1, 4].

(4.21)

This noise model represents that the scale of the input noises of pim and pem peak

at t = 1 and decay as t moves away from t = 1 (the visualization of the noise model

is presented in Figure C.2(b)). Results are presented in Figure 4.5 for pim, pem

(t ∈ [0, 4]) and Table 4.5 for c1, c2, from which we can see that modeling the input

noise is necessary for accurate and trustworthy inferences when solving the inverse

problem with noisy inputs-outputs.

We would also like to discuss the computational cost for the vanilla B-PINNs and

the present method for this specific problem. The computations are performed on a

standard laptop (13th Gen Intel(R) Core(TM) i9-13900HX with 2.20 GHz processor).

In average of five independent trials, the vanilla B-PINN method took 89.1 seconds,

and the proposed approach took 92.8 seconds due to modeling and inferring the

actual inputs. As shown, the computational cost for the present approach is similar

as the vanilla B-PINNs, but is able to provide more accurate results for this specific

problem. The details of the HMC setup can be found in Appendix C.1.
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(a) Inference of u(x, y = 0.3). (b) Inference of u(x = 0.6, y).

(c) Locations of measure-
ments of u.

(d) 2D heatmaps of u .

Figure 4.6: Results from solving the inverse problem of (4.22) based on noisy inputs-
outputs data with D and λ unknown. In (c) we show the locations of the measure-
ments of u, in which blue circles represent the actual locations and black crosses
represent the measured locations.

Error of u Inference of D (×102) Inference of λ
Ignoring the input noise of u 12.17% 0.8201± 0.0293 0.8451± 0.0259
Modeling the input noise of u 4.23% 0.9522± 0.0233 0.9499± 0.0236

Table 4.6: Inferences of D and λ (mean ± standard deviation) and relative L2 errors
of the predicted mean for u. The reference values for D (×102) and λ are 1.

4.4.3 A nonlinear 2D steady-state Allen-Cahn equation with

PINNs

We consider the following 2D steady-state Allen-Cahn equation [315]:

D(
∂2u

∂x2
+
∂2u

∂y2
) + λu(1− u) = f(x, y), x, y ∈ [0, 1], (4.22a)

u(x, 0) = u(x, 1) = 0, x ∈ [0, 1], (4.22b)

u(0, y) = u(1, y) = 0, y ∈ [0, 1], (4.22c)
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where D > 0 and λ are constants. The exact expressions of u and f are obtained

from u(x, y) = sin(2πx) sin(3πy), x, y ∈ [0, 1] and D = 0.01, λ = 1. In this example,

we assume that we have 200 and 100 noisy measurements for f and u, respectively.

All the measurements are randomly sampled (subject to the 2D uniform distribution)

from the domain. The boundary conditions are assumed to be known and are hard-

encoded in the NN model. In addition, D and λ are assumed to be unknown. We

now solve the inverse problem and employ our approach to infer theD/λ, reconstruct

u, and quantify the uncertainty induced by noisy inputs-outputs. A specific prior on

the real location of the measurement, i.e., p(χ), where χ denotes the exact input, is

employed to ensure that the real location remains within the computational domain

([0, 1]2) regardless of the measured location (see the details for the prior in Appendix

C.1). Similar to the previous example, the data of u are corrupted in both their

inputs and outputs while the data of f are corrupted only in the input. We assume

that the scales of noise for the outputs of u and f are 0.01 and 0.1, respectively, and

we consider the following heteroscedastic noise model for the input of u:

σin(x, y) = 0.001 +


0.1(b− ||(x− xc, y − yc)||2, ||(x− xc, y − yc)||2 ≤ b,

0, ||(x− xc, y − yc)||2 > b,

(4.23)

where b = 0.4, σin denotes the scale of the input noise of u, and xc, yc are the

coordinates of the center of the domain, i.e., xc = 0.5, yc = 0.5. This noise model

indicates that the noise scale is determined by the distance between the exact location

of the measurement and the center of the domain and increases as the exact location

moves closer to the center (the visualization of the noise model is shown in Figure

C.2).

We present results of the inverse problem with noisy inputs-outputs in Figure

4.6 and Table 4.6, from which we observe that our approach, which models the
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input noise, is able to provide accurate inferences in u, D, and λ, compared to the

original B-PINN method which ignores the input noise. Moreover, the predicted

uncertainty of our approach successfully bounds the error between the reference and

the predicted mean. Similar to previous examples, ignoring the input noise of the

data of u affects negatively the identification of model parameters in the inverse

problem. Similarly, the computational cost was evaluated on the same machine in

average of five independent trials: the original B-PINN method took 97.6 seconds

while the proposed approach took 101.2 seconds (see Appendix C.1 for the details

of the HMC setup).

4.4.4 1D Burgers’ equation with FNOs

We now employ the present method to quantify the uncertainty in the predictions

of NOs with noisy inputs and outputs. Specifically, we consider the following 1-D

Burgers’ equation with the periodic boundary condition:

∂u

∂t
+ u

∂u

∂x
= ν

∂2u

∂x2
, x ∈ [0, 1], t ∈ (0, 1],

u(x, t = 0) = u0, x ∈ [0, 1],

(4.24)

where ν = 0.01 is the viscosity and u0 is the initial condition. Here, we first train

an FNO to learn the solution operator from the initial condition u|t=0 to u|t=1 us-

ing clean and sufficient data. With the pretrained FNO which encodes the physics,

we reconstruct u|t=0 and u|t=1 from their sparse and noisy measurements with un-

certainties. In particular, we assume that eight noisy measurements of u|t=0 (0.05

noise scale) and three of u|t=1 (0.01 noise scale) are available. We note that in this

example, the discretization of u|t=0 is the input of the FNO, which is vψ as defined

in 4.12 and displayed in Figure 4.1, while u|t=1 is the output.
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(a) Reconstruction of u|t=0.

(b) Reconstruction of u|t=1.

Figure 4.7: Burgers’ equation: Reconstructing u|t=0 and u|t=1 from their noisy mea-
surements and a pretrained FNO, which represents the physics and serves as an
equation-free surrogate. From left to right are results from our approach with cor-
rectly specified input noise, the reference method, and our approach but misspeci-
fying the input noise to a small value (0.001) in constructing the likelihood. Here,
the reference method refers to the deterministic inference in which a maximum a
posterior (MAP) estimate is performed without UQ.

(a) Reconstruction of u|t=0. (b) Reconstruction of u|t=1.

Figure 4.8: Burgers’ equation: Comparison between our approach which reconstructs
u|t=0 and u|t=1 synergistically (left) and a non-synergistic method (right), in which
these two functions are reconstructed independently from their respective sparse and
noisy measurements without access to data of the other function.

Results of our approach are presented in the first column of Figure 4.7, from

which we observe that the reconstructions are generally accurate even with limited

and noisy data and the errors between the references and the predicted means are
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bounded by the predicted uncertainties. In the second column of Figure 4.7, we

present results from reconstructing the input and output functions deterministically,

which is achieved by performing a maximum a posteriori (MAP) estimate of the pos-

terior in (4.13) with gradient descent. The comparison indicates the importance of

UQ in such hybrid problems for trustworthy and reliable predictions. Another com-

parison is also made between ignoring and respecting the noise in the measurements

of the input function. As shown in the third column of Figure 4.7, misspecifying

the scale of the input noise to a very small value (0.001) not only produces worse

inference of the input function u|t=0 but also impairs the inference of the output

function u|t=1, demonstrating the consequence of ignoring/misspecifying the noise in

the input when solving the hybrid problem with pretrained NOs.

In this example, we further compare our approach with a non-synergistic learn-

ing method for reconstructing u|t=0 and u|t=1, in which these two functions are

reconstructed independently from their respective sparse and noisy measurements

without access to information of the other function. Specifically, the posterior for

the discretiziation of the input function becomes p(vψ|Dv) ∝ p(vψ)p(Dv|vψ) and

no pretrained FNO is employed, indicating that the physics is not utilized; see

(4.14a). Meanwhile the posterior for inferring the output function reads p(vψ|Du) ∝

p(vψ)p(Du|vψ) where the pretrained FNO is employed in the likelihood p(Du|vψ); see

(4.14b). Results of this comparison are presented in Figure 4.8, from which we ob-

serve significant increase in both the errors and the predicted uncertainties in recon-

structing the input and output functions of the FNO. Although the non-synergistic

method also provides reliable predictions in which the predicted uncertainties bound

the errors between the predicted means and the references, its decoupling of the

learning of u|t=0 and u|t=1 hinders the potential for synergistic learning. Conversely,

in our approach a pretrained FNO is employed to represent the physics, bridging
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these two functions with the underlying physics. As a result, the reconstructions

benefit from the synergy of information from the physics and data of both functions,

leading to more accurate and confident predictions. The differences in predicted

uncertainties between these two approaches showcase synergistic learning realized

by our approach. In this section, we follow the same setup from [171, 179] and set

the viscosity ν = 0.1 to demonstrate our approach in tackling noisy inputs in NOs.

Other interesting topics such as Burgers’ equation with smaller or zero viscosity will

be investigated in future work.

4.4.5 1D time-dependent reaction-diffusion equation with

multi-input DeepONets

(a) Reconstruction of u.

(b) Reconstructions of k (left) and f (right). (c) A non-synergistic learning method.

Figure 4.9: 1D time-dependent reaction-diffusion equation with heteroscedastic dif-
fusion term: Reconstructions with uncertainties of u, k, f , as displayed in (a) and
(b), from their sparse and noisy measurements and a pretrained multi-input Deep-
ONet, which represents the physics in (4.25). White circles represent locations of
measurements of u. In (c), a non-synergistic method is employed to reconstruct k
and f independently from their respective measurements without access to data of
the other function or data of u.
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In this example, we consider the following reaction-diffusion PDE (adapted from

[138]):

∂u

∂t
=

∂

∂x
(0.01(|k(x)|+ 1)

∂u

∂x
) + κu2 + f(x), x ∈ [0, 1], t ∈ [0, 1], (4.25)

with zero initial and boundary conditions, where κ = 0.01, and k(x) and f(x) are

space-dependent terms, representing the diffusion and the source term, respectively.

Similar as in Section 4.4.4, we train a NO with clean and sufficient data to learn

the solution operator from k(x) and f(x) to u(x, t). We then would like to recon-

struct k, f, u from their sparse and noisy measurements. In particular, a multi-input

DeepONet [138] (see Figure 4.2 for the architecture of the NO) is employed to learn

the solution operator, represent the physics and therefore bridge k, f and u. We

then assume we have two random measurements of k, five random measurements

of f , and 30 random measurements of u, and measurements are corrupted by the

additive Gaussian noise with scale 0.05. By the independence in observing data and

the independence between priors of k and f , the posterior in this case reads:

p(kψ, fψ|Df ,Dk,Du) ∝ p(Df |fψ)p(Dk|kψ)p(Du|kψ, fψ)p(kψ)p(fψ), (4.26)

where kψ and fψ denote the discretization of k and f , respectively. A simpler case

can be found in Appendix C.2, where the diffusion term is a known constant and the

task becomes reconstructing f and u|t=1 from their sparse and noisy measurements.

Results are displayed in Figure 4.9(a-b), from which we can see all three func-

tions are reconstructed accurately and the predicted uncertainties are reasonable:

they bound the errors between the references and the predicted means. Both the

errors and the predicted uncertainties grow as one moves away from the region

where data are available. In Figure 4.9(c) we present results from a non-synergistic
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method in inferring k and f . Similar as in Section 4.4.4, the non-synergistic

method reconstructs these two functions independently from their respective mea-

surements without access to data of the other function, data of u, or the pretrained

multi-input DeepONet. Specifically, the posterior for the discretiziation of k be-

comes p(kψ|Dk) ∝ p(kψ)p(Dk|kψ) and the posterior for the discretization of f is

p(fψ|Df ) ∝ p(fψ)p(Df |fψ). By comparison, we observe significant decrease in the

errors and predicted uncertainties when our approach is employed, demonstrating

the effectiveness of the proposed approach and the pretrained multi-input DeepONet

in representing the underlying physics. The errors and predicted uncertainties from

our approach do not develop as fast as the non-synergistic method as one moves

away from the region where data are available, because information of k, f , and u

are coupled by the pretrained NO.

4.4.6 120-dimensional Darcy problem with DeepONets

We consider the Darcy’s law describing a steady flow through porous media in two

dimensions [234, 348, 285]:

∇ · (λ(x, y)∇u(x, y)) = f, (x, y) ∈ (0, 1)2, (4.27)

where λ denotes the hydraulic conductivity field, u denotes the hydraulic head, and

f = −40 is a constant. The boundary conditions are:

u(0, y) = 1, u(1, y) = 0, y ∈ (0, 1) (4.28a)

∂nu(x, 0) = ∂nu(x, 1) = 0, x ∈ (0, 1), (4.28b)

where n denotes the unit normal vector of the boundary.
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(a) Reconstruction of log(λ).

(b) Reconstruction of u.

Figure 4.10: 120-dimensional Darcy problem: Reconstructions with uncertainties of
log(λ) (shown in (a)) and u (shown in (b)) from their sparse and noisy measurements
as well as a pretrained DeepONet representing the physics in (4.27). The white cross
stands for the location where λ is observed while the white circle stands for the
location where u is observed.

In this study, we use the following model to describe the hydraulic conductivity

field, i.e. λ(x, y) = exp(k(x, y)), where k(x, y) is a sample of a truncated Karhunen-

Loève expansion of a Gaussian process with zero mean and the following exponential

squared kernel:

k(x1, y1, x2, y2) = exp(−(x1 − x2)
2

2l2
− (y1 − y2)

2

2l2
), x1, x2, y1, y2 ∈ [0, 1], (4.29)

where l = 0.25 is the correlation length. We keep the first 120 leading terms of the

expansion, which leads to a 120-dimensional parametric problem.

Similar as previous examples, a DeepONet is pretrained with clean data to rep-

resent the physical relation between λ and u: it approximates the solution operator
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which maps log(λ) to u. We assume that we have noisy and gappy data of u and

log(λ) and we reconstruct these two functions synergistically based on the pretrained

NO. In our numerical experiments, 20 measurements of u and 20 measurements of

log(λ) are randomly sampled and corrupted by additive Gaussian noises with scales

0.5 and 0.05, respectively. Results are presented in Figure 4.10. As shown, we

observe that the predicted means are accurate compared to the references and the

errors between the predicted means and the reference are mostly bounded by the

predicted uncertainties.

4.5 Summary

In this chapter, we proposed a Bayesian approach to quantify uncertainties arsing

from the noisy inputs-outputs in two prevalent scientific machine learning (SciML)

models, the physics-informed neural networks (PINNs), which encode the physics via

automatic differentiation [244], and neural operators (NOs) [160], which learn the

hidden physics from data and serve as equation-free surrogates [171, 201, 234, 348].

In particular, we targeted solving hybrid problems using PINNs and NOs. In contrast

to most existing work on uncertainty quantification (UQ) in SciML in which only

noisy outputs are considered [234], our approach encompasses the scenarios, where

the inputs of SciML models (e.g., the spatial-temporal coordinate in PINNs and the

input functions in NOs) are corrupted by noises as well. The consideration of the

noise in the inputs provides two immediate benefits: (1) the deployment of SciML

models in tackling problems where uncertainties are associated with spatial-temporal

coordinates, e.g. particle image velocimetry (PIV) [35, 31] and hydrological modeling

[147, 148], is facilitated; (2) accounting for input noise allows for the compatibility of

pretrained Neural Operators (NOs) with noisy input function measurements. This
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versatility makes the NOs more robust and adaptable in practical applications.

The proposed approach can seamlessly be combined with the PINNs, vanilla

Fourier neural operators (FNOs) [171], vanilla DeepONets [178], and multi-input

DeepONets [138] in addressing the hybrid problem with noisy inputs and outputs.

We considered six numerical examples to demonstrate the effectiveness of the present

method. Specifically, we considered three examples for PINNs, in which both the

coordinates and the corresponding responses were measured with noises, i.e., (1) a 1D

Poisson equation with PINNs, (2) an inverse ODE problem in the diesel engine, and

(3) a 2D steady-state Allen-Cahn equation. We further considered three examples for

NOs, i.e., (4) a 1D Burgers equation, where the solution was reconstructed from the

noisy and sparse measurements on the input/output functions with pretrained FNOs;

(5) a 1D time-dependent reaction-diffusion equation with heterogeneous diffusion

term in which the solution, the source term and the diffusion term were reconstructed

from noisy measurements with pretrained multi-input DeepONet; and (6) a 120-

dimensional Darcy problem, where the hydraulic head and the hydraulic conductivity

were regressed synergistically from sparse and noisy data. The results show that the

proposed method is able to provide accurate inferences and quantify uncertainties

given noisy inputs-outputs data.

In the current study, the noise in the inputs of the test cases is generally smaller

than the one in the outputs. In numerical experiments, it has been observed that

the present approaches failed to provide accurate inferences in terms of the predicted

mean and uncertainties when the noise in the inputs is significantly larger than the

noise in the outputs. Further study needs to be conducted to develop more robust

approaches for handling inputs with large noises. Further, in this work we have em-

ployed Hamiltonian Monte Carlo (HMC) [211] to estimate the posterior distribution

for the purpose of accurate posterior inference and therefore have only considered
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problems with datasets of small sizes. Efficient Bayesian approaches [234, 348], e.g.

variational inference and Laplace approximation, can be utilized to tackle more com-

plicated problems involving noisy inputs-outputs. In addition, for operator learning

problems, we only consider the case in which we have sufficient clean simulated data

to pretrain the NOs. However, in real-world applications it is possible that we only

have noisy measurements for both the input and output functions to train the NOs.

Besides, in the present study we assume that the underlying physics is accurately en-

coded through either correctly specified differential equation in PINNs or sufficiently

trained NOs, while in practice physics/model misspecification in SciML will lead to

inaccurate prediction and uncertainty quantification, as discussed in [346]. Further

study is needed to extend the proposed approach to address noisy inputs-outputs

and model misspecification at the same time. Finally, we note that the priors in

PINNs/NOs in each test case of this study is prescribed, and it will affect the pre-

dicted accuracy especially for cases with few training data. Although several ways

to optimize the prior, e.g., maximizing the marginal likelihood using variational in-

ference and Laplace, have been discussed in [234], how to obtain the best prior of

BNNs remains an open question [234]. All the limitations discussed above lead to

interesting future work on extending the presented approach to a broader range of

problems. We expect our approach to be effectively and reliably applied to various

practical tasks arising from computational science and engineering.



Chapter Five

Physical model misspecification

and uncertainty
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5.1 Introduction

Accurate governing equations or physical models are essential for understanding

and quantifying physical processes across diverse scientific disciplines, such as the

Navier-Stokes equations in fluid dynamics and the transport equations in geosciences.

Generally, the governing equations are derived based on established theories such as

the conservation of mass and momentum, thermodynamic laws, and so on. However,

there are also complex systems in which the governing equations are difficult to

obtain theoretically due to the lack of understanding for certain physical processes,

e.g., the constitutive relation in highly nonequilibrium flows [330], the forcing caused

by solar and volcanic variability in climate problems [87], non-equilibrium reactions,

etc. How to obtain analytical expressions that represent physical phenomena in

nature and engineering remains an open question.

With the rapid growth of available data and computing power, data-driven dis-

covery of governing equations based on machine learning algorithms has emerged as

a new paradigm for obtaining accurate physical models as the alternative to the-

oretical derivations [262, 29, 256, 52, 333, 168, 103, 278, 250, 332, 337, 116]. To

name a few examples, Schmidt et al. presented a symbolic regression approach to

discover equations from experimental data [262]; Brunton et al. proposed the sparse

identification of nonlinear dynamical systems (SINDy) to learn both ordinary and

partial differential equations from data [29, 256]. In addition, Chen et al. em-

ployed deep neural networks (DNNs), more specifically the physics-informed neural

networks (PINNs), which encode the physical laws into DNNs via automatic differ-

entiation [244], to discover governing equations from scarce data [52]. In most of the

aforementioned approaches, a library of candidate terms that describe all the pos-

sible physical processes is required as prior knowledge [262, 29, 256, 52]. However,
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mathematical expressions or models for certain physical processes are quite chal-

lenging to obtain in some complex real-world applications, e.g., chemical reactions

in combustion, the constitutive relation in highly partially ionized plasmas, etc. It is

probable that we miss some details of the physical process, hence misspecifying the

physical models in such scenarios [22]. An incomplete or non-comprehensive library

leads to the discrepancy between the observational data and the assumed governing

equations. In other words, the discovered governing equations may not be accurate

enough to describe the physical processes represented by the observational data.

Several recent approaches have been developed to reduce the discrepancy between

the observational data and the assumed physical models. For instance, Ebers et al.

[77] proposed to learn the missing physics or the discrepancy between the imperfect

models and the measurements using a plurality of methods, e.g. Gaussian process

regression (GPR), DNNs, etc.; Chen et al. also employed DNNs to recover the miss-

ing physics in prior models [53]; in [334, 76], combinations of PINNs and symbolic

regression were employed to identify the missing physics in biological problems, e.g.

Alzheimer’s disease; Saurabh et al. [187] and Zhu et al. [338] discovered source terms

of dynamic systems in a “gray-box” fashion with NN-based numerical integrators.

However, most of the existing work focuses on resolving the missing physics. Investi-

gations on scenarios that we misspecify the physical models are rare to the best of our

knowledge. Further, the observational data from sensors in real-world applications

are generally noisy, and may also be incomplete due to the limitation of data collec-

tion techniques. Such noisy and incomplete or gappy data lead to uncertainties in

the predictions of machine learning algorithms or more specifically the scientific ma-

chine learning algorithms [234, 348]. In addition, as widely discussed in the climate

change modeling [223, 106, 22], the incomplete understanding of physical processes

will also result in uncertainties in simulations. We point out that quantifying uncer-
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tainties arsing from noisy/gappy data as well as the incomplete understanding of the

physical processes is an important issue but has been largely ignored in the existing

literature on data-driven discovery of governing equations. In the current study, we

refer to the uncertainties in the discovered physical models as model uncertainty .

In the present work, we aim to address the issue of misspecifying physical models

as well as quantifying model uncertainty in the data-driven discovery of governing

equations. Specifically, PINNs are employed as the backbone to discover the gov-

erning equations or physical models from data due to their effectiveness as well as

easy implementations. In particular, we first encode the assumed physical models

that may be misspecified in PINNs, and add another DNN as the correction to

the misspecified model to alleviate the discrepancy between the imperfect models

and the observational data. We note that the library of candidate terms used in

[262, 29, 256, 52] is not required here since the added DNN can serve as a universal

approximator to model the discrepancy. The Bayesian physics-informed neural net-

works (B-PINNs) [315] and/or ensemble PINNs [234, 348] are used to quantify the

uncertainties in the discovered governing equations or physical models arising from

the noisy and/or gappy data. Further, the symbolic regression is utilized to obtain

the analytical expression for the unknown physics based on the trained DNNs that

are used to correct the model misspecifications in PINNs.

The rest of this chapter is organized as follows. In Section 5.2, we introduce

the model misspecification in PINNs as well as our approach to correct it, and also

the methods for quantifying uncertainties in PINN predictions. In Section 5.3, we

conduct four numerical experiments to demonstrate the effectiveness of the proposed

approach in addressing the model misspecification issue in PINNs. We summarize

the present work in Section 5.4.
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5.2 Model misspecification in PINNs for learning

governing equations

5.2.1 Learning governing equations from data using PINNs

Figure 5.1: A schematic view of PINNs for learning governing equations from data.
On the left, a general framework of PINNs is displayed where σ denotes the activation
function, θ denotes the DNN parameters, uθ denotes the output of the DNN that is
used to approximate u, and fθ/bθ are computed via automatic differentiation [244].
An example on learning governing equations with PINNs is illustrated on the right
panel. Here a 1D Burgers equation is learned (λ1 = 0, λ2 = 1, λ3 = −ν where ν
denotes the viscosity) given data on u.

Consider the following nonlinear ODE/PDE describing a physical system:

Fλ[u](x) = f(x), x ∈ Ω, (5.1a)

Bλ[u](x) = b(x), x ∈ ∂Ω, (5.1b)

where Ω is the domain, λ is the model parameter, u is the sought solution, f is the

source term, b is the boundary term, Fλ and Bλ are operators parameterized by λ,

defining the equation and the boundary condition. The PINN method is capable of

solving ODEs/PDEs given initial/boundary conditions as well as learning governing
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equations and identifying model parameters from data [244, 315, 348, 180, 32, 219,

151, 134, 135, 344, 347, 175, 174, 169, 276, 277, 198, 259, 111]. A schematic view of

the PINN method is presented in Figure 5.1, in which a DNN with σ as the activation

function and θ as the parameter is built to approximate u with uθ and f, b with fθ, bθ,

respectively, via automatic differentiation [244].

In the present study, we focus on using PINNs to learn governing equations from

data. The dataset for learning governing equations with PINNs is denoted by D,

which can be expressed as D = Du ∪ Df ∪ Db, where Du = {xui , ui}Nu
i=1 is the set of

data for u, and Df = {xfi , fi}
Nf

i=1 and Db = {xbi , bi}
Nb
i=1 are sets of data for the physics.

The model parameter λ, which defines the equation, is then obtained by optimizing

the following PINN loss function with the gradient-descent method and its variants

[255]:

L(θ) = wuLDu(θ) + LPDE(θ), (5.2)

where

LDu(θ) =
1

Nu

Nu∑
i=1

||uθ(xui )− ui||22,

LPDE(θ) =
wf
Nf

Nu∑
i=1

||Fλ[uθ](x
f
i )− fi||22 +

wb
Nb

Nb∑
i=1

||Bλ[uθ](xbi)− bi||22,

wu, wf , wb are belief weights for balancing different terms, and || · ||2 is the ℓ2-norm

for finite-dimensional vector. We note that in certain cases we may not have data

corresponding to the boundary/initial conditions, i.e., the last term in LPDE(θ), and

we can directly drop this term in the computations.
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(a) Uncertainty from physical model misspecifications.

(b) When PINNs encounter model misspecification.

Figure 5.2: In (a), a breakdown of total uncertainty in PINNs is presented. In
(b), results from PINNs encountering model misspecifications are displayed, where a
physical model of Newtonian fluid is assumed but the real physics, which generates
the data, is non-Newtonian. The PINN method is employed to identify the homoge-
neous viscosity with different belief weights in the loss function, i.e. pairs of wPDE
and wDu in (5.2), resulting in different pairs of PDE loss LPDE and data loss LDu ,
shown in the left of (b). Due to the model misspecification, the PDE loss LPDE and
the data loss LDu cannot be minimized simultaneously. Three results are presented
in the right of (b), corresponding to three cases in the left, + (data are fitted well
but the physics is not satisfied), * (the physics is satisfied but data are not fitted),
and x (neither data nor physics are fitted). We note that the boundary condition is
hard-encoded in the modeling. Details can be found in Section 5.3.3.1.

5.2.2 Correcting the model misspecification in PINNs

The computational accuracy of PINNs in learning governing equations strongly de-

pends on the encoded physical models, i.e. Fλ and/or Bλ in (5.1). However, the
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correct specification of the physics is not always guaranteed, leading to significant

discrepancy between the observational data and the assumed governing equations.

An example is demonstrated in Figure 5.2 where the flow is non-Newtonian but the

physical model is misspecified as the one for Newtonian flows (see Section 5.3.3.1

for details). As a result, the physics and the data cannot be fitted well at the same

time: the training does not land on the region “IV”, where both the losses for the

data as well as the residual of the equations are close to zero, regardless of the choice

of belief weights in the loss function (5.2), i.e. wf for the physics and wu for the

data. Three results from PINNs are sampled and displayed in Figure 5.2(b): when

uθ fits the data (which come from a non-Newtonian flow), it does not satisfy the

governing equations for Newtonian flows; when uθ is forced to follow the Newtonian

flow by setting large wPDE, it presents Newtonian behavior and thus cannot fit the

data from the non-Newtonian flow well.

Figure 5.3: An overview of the proposed approach for correcting the misspecified
physics. Here we assume that the nonlinear differential operator F is misspecified
as F̃λ such that F̃λ[u] ̸= f , which leads to poor performance of PINNs in learning
governing equations. Compared to the conventional PINN method shown in Figure
5.1, an additional DNN, parameterized by ψ, is used to model the discrepancy. We
note that sψ serves two roles: (1) correcting the equation such that data of u can be
explained, and (2) modeling the discrepancy of the physics. With posterior samples
of ψ, we obtain the prediction as well as the model uncertainty of the discrepancy.
We also note that DNNs in this figure, namely uθ and sψ, are deterministic NNs in
ensemble PINNs and Bayesian NNs (BNNs) in B-PINNs.
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The discrepancy between observational data and the assumed governing equa-

tions is caused by the physics/model misspecification. In this regard, we propose

a general approach developed upon the original PINN framework to quantify the

discrepancy as well as to correct the model misspecification. In this work, we focus

on the misspecification of the differential operator Fλ, but the proposed approach

can be easily generalized to the boundary/initial operator. In addition, prior infor-

mation is required regarding which operator is misspecified, the differential or the

boundary one. For example, if we have data on the boundaries, then we are able to

detect whether or not there is misspecification on the boundary condition and will

assign a DNN to correct it if there is. Here, we denote the misspecified differential

operator by F̃λ and then the discrepancy can be quantified as follows:

s(x) = f(x)− F̃λ[u](x). (5.3)

Inspired by the PINN method, in which the sought solution u is modeled with a

DNN parameterized by θ, we employ another DNN parameterized by ψ to model

s(x), denoted as sψ(x). The source term f(x) is approximated by F̃λ[uθ](x)+ sψ(x),

and hence the term penalizing the violation of the physics in the loss function (5.2)

is reformulated as:

LPDE(θ, ψ) =
wf
Nf

Nu∑
i=1

||F̃λ[uθ](x
f
i )+sψ(x

f
i )−fi||22+

wb
Nb

Nb∑
i=1

||Bλ[uθ](xbi)− bi||22. (5.4)

We note that sψ plays two important roles in our approach handling model mis-

specification: (1) it approximates the function quantifying the model discrepancy,

i.e. s, and (2) it allows both the data term LDu(θ) and the PDE term LPDE(θ, ψ)

to be minimized to very small values simultaneously in the training of PINNs such

that data are fitted by uθ and the (corrected) physics are satisfied. Furthermore, s

in general is a function of the solution u or possibly the derivatives of u. Here we
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treat s as a function of x and/or t, which will not affect its generality since u is

also a function of x/t. However, this setup makes the present approach a general

framework and is able to reduce the prior knowledge on the formulation of s.

5.2.3 Uncertainty quantification

As mentioned in Section 5.2.2, a key step in the present work is to learn the correction

term, i.e., sψ, that is used to fix the issue of model misspecifications in PINNs.

Generally, the measurements in real-world applications are noisy and can also be

incomplete, leading to the uncertainties in predictions from PINNs [234, 348, 347].

We refer to the uncertainties in sψ asmodel uncertainty. Here, two typical approaches

are employed for quantifying the uncertainties in sψ, i.e., ensemble PINNs [234,

348] and B-PINNs [315]. The former is computationally efficient but has difficulties

preventing overfitting when the data are noisy, while the latter is able to handle

the noisy data well but is computationally more expensive. We therefore utilize the

ensemble PINNs and B-PINNs for cases with clean and noisy data, respectively.

We now briefly review the ensemble PINNs and B-PINNs. The ensemble PINN

method follows the deep ensemble method, proposed in [163], and employs multiple

standard training of PINNs independently. That is, PINNs with the PDE loss term

in (5.4) are trained multiple times with random initialization of the DNN parameter.

Each random initialization corresponds to one initial guess for minimizing the PINN

loss function (5.2) and each training is finding one global minimum. As a result,

ensemble PINNs can be considered as identifying different maximum a posteriori

(MAP) estimates of the PINN loss function [234]. On the other hand, the B-PINN

method focuses on estimating the posteriors for θ and ψ based on the Bayes’ rule as
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follows:

p(θ, ψ|D) ∝ p(D|θ)p(θ). (5.5)

Here p(θ|D) is the density function for the posterior distribution, p(D|θ) for the

likelihood, and p(θ) for the prior. Given independent and identically distributed

(i.i.d.) data, the density function for the likelihood distribution can be written as

follows:

p(D|θ) = p(Du|θ)p(Df |θ)p(Db|θ) =
Nu∏
i=1

p(ui|xui , θ)
Nf∏
i=1

p(fi|xfi , θ)
Nb∏
i=1

p(bi|xbi , θ). (5.6)

If we further assume that the data for u, f and b follow Gaussian distribution with

mean zero and standard deviation, σu, σf and σb, respectively, then correcting it

follows that:

p(ui|xui , θ) =
1√
2πσu

exp(−||uθ(xi)− ui||22
2σ2

u

), (5.7a)

p(fi|xfi , θ) =
1√
2πσf

exp(−||Fλ[uθ](x
f
i ) + sψ(x

f
i )− fi||22

2σ2
f

), (5.7b)

p(bi|xbi , θ) =
1√
2πσb

exp(−||Bλ[uθ](xbi)− bi||22
2σ2

b

), . (5.7c)

We note that σu, σf and σb are often treated as scales of the additive Gaussian

noise in measuring data of u, fand b, respectively. Various methods, e.g. Markov

Chain Monte Carlo (MCMC) and variational inference, have been proposed to tackle

the posterior distribution (5.5). In this work, we choose to use Hamiltonian Monte

Carlo (HMC) method to estimate the posterior distribution by sampling θ and ψ

from it. We also note that here we only consider the homogeneous noise, while more

complicated noise models, e.g. the heteroscedastic noise [234], are also compatible

with the framework.

In both the ensemble PINN and B-PINN methods, we obtain samples of the NN
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parameters, from which statistics of the prediction are estimated. In general, the

mean and the standard deviation are often chosen to represent the prediction and

the uncertainty [234], respectively. Specifically in this work, we obtain samples of

θ and ψ from ensemble PINNs and/or B-PINNs, denoted by {θi}Mi=1 and {ψi}Mi=1,

respectively, where M denotes the number of samples. Then, the predicted means

of the sought solution u and the discrepancy s are estimated as follows:

û(x) ≈ 1

M

M∑
i=1

uθi(x), ŝ(x) ≈
1

M

M∑
i=1

sψi
(x), (5.8)

where û and ŝ denote the mean of u and s, respectively. Similarly, the predicted

uncertainties are:

V ar[u](x) ≈ 1

M

M∑
i=1

(uθi(x)− û(x))2, V ar[s](x) ≈ 1

M

M∑
i=1

(sψi
(x)− ŝ(x))2, (5.9)

where V ar[u] and V ar[s] denote the variance of u and s, respectively. Interested

readers are directed to [234] for a review and [348] for a comprehensive Python

library termed NeuralUQ.

We note that upon the computation of sψ(x), it can be used in various way: (1) its

value represents the model discrepancy and its uncetainty represents the uncertainty

in the physical model which we refer to as model uncertainty ; (2) it corrects the

misspecified physical models and identifies a system which explains the data; and

(3) it could also be used to obtain mathematical expressions for the missing details

of certain physical process via the symbolic regression [334, 76, 156]. Specifically in

the present work, we employ the symbolic regression method developed in [58] and

the associated Python library PySR to regress analytic mathematical expressions for

the unknown physical processes. At this step, we utilize the symbolic regression to

obtain the relation between s and u (and/or its derivatives depending on specific
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problems) in order to obtain a general expression of the governing equations, see

Section 5.3.1 for a demonstration example as well as the details of the procedure.

5.3 Results and discussion

In this section, we conduct four numerical experiments, i.e., (1) an ODE system,

(2) a one-dimensional (1D) reaction-diffusion equation, (3) a two-dimensional (2D)

channel flow, and (4) a 2D cavity flow. In the first two examples, reaction models are

possibly misspecified, and in the last two examples, we assume that we misspecify

the constitutive relation in non-Newtonian flows as Newtonian ones. In all the test

cases, we employ DNNs to correct the misspecified models as discussed in Section

5.2. Details for the computations (e.g., training steps, NN architectures, etc.) can

be found in D.1.

5.3.1 Pedagogical example: An ODE system

We first consider the following one-dimensional ODE:

du

dt
= f(t) + λu(1− u), t ∈ [0, 1],

u(t = 0) = u0,

(5.10)

where λ is a non-negative constant, u0 is the initial condition, and f is the source

term. In certain real-world applications, the reaction term, i.e., λu(1 − u) in the

right hand side of (5.10), may not be exactly known and herein it is misspecified as

an empirical model. In this regard, we study the effect of different prior knowledge

about the reaction model in the discovery of governing equation. In particular, the
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following cases are considered:

1. Case (A): The reaction term is correctly specified as λu(1− u), where λ ≥ 0 is

unknown.

2. Case (B): The reaction term is misspecified as λ cos(u), where λ ≥ 0 is un-

known.

3. Case (C): The reaction term is misspecified as λ cos(u) (with known λ = 0.2)

but we add s(t) to correct it, i.e., λ cos(u) + s(t).

We denote the reaction term as ϕ, and the target here is to identify ϕ given data

on u/f as well as differently specified models. In Case (A) and (B), the problem

degenerates to identifying the model parameter λ, and ϕ in these two cases can then

be computed by λ̃uθ(1−uθ) and λ̃ cos(uθ), respectively, where λ̃ is the PINN estimate

of λ. In Case(C), ϕ is computed by λ̃ cos(uθ) + sψ(t) where sψ is the estimation of

the discrepancy induced by the model misspecification. We note that in Case (C) we

assume λ is known and set λ = 0.2 for simplicity. This is because the discrepancy

is already modeled by s(t) and hence treating λ as unknown does not make any

difference in correcting the misspecified model.

To reduce the effect of the noisy/gappy data on the predicted accuracy, we first

test the case with clean and sufficient data. The training data are generated by

solving (5.10) with f(t) = sin(3πt) and u0 = 0 using MATLAB ode45 [132]. We

assume that we have 101 data for u and f , uniformly sampled from t ∈ [0, 1], and

we employ ensemble PINNs [348, 234] to learn the governing equation and also

quantify the uncertainties in predictions. In all the test cases here, we choose a

DNN with two hidden layers, each of which has 50 neurons and is equipped with

hyperbolic tangent as the activation function, to approximate u. The equations are
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then encoded in PINNs via the automatic differentiation [244]. Further, we utilize

an additional DNN to correct the model misspecification in Case (C), which has the

same architecture as the one used for approximating u. The Adam optimizer [152]

is applied to train the ensemble PINNs.

λ̃ Error of ϕ Error of u Error of f Error of ũ
Case (A) 1.5000± 0.0001 0.00% 0.00% 0.06% 0.01%
Case (B) 0.2254± 0.0001 41.46% 1.73% 6.87% 4.58%
Case (C) 0.2 0.55% 0.01% 0.10% 0.02%

Table 5.1: ODE system: Predictions for ϕ, u and f and the reconstruction ũ. The
metric is relative L2 error, and errors are computed between the reference and the
mean of 20 PINNs trained independently. The exact value of λ is 1.5 and λ̃ denotes
the PINN estimate of λ (λ̃ = 0.2 is fixed in Case (C)). We note that ũ is reconstructed
by solving the identified ODE system with the identified ϕ, the inferred f and the
initial condition u0. Cubic spline data interpolation is employed to approximate the
function f from the prediction of f on a uniform grid.

As shown in Figure 5.4(a), PINNs with correct physical model (Case (A)) enable

accurate inference of ϕ and the surrogate model uθ fits the data and satisfies the

ODE simultaneously. In contrast, PINNs with misspecified physical model (Case

(B)) yield completely wrong estimate of ϕ as displayed in Figure 5.4(b). In Case

(C), we add a DNN to correct the misspecified reaction model used in Case (B). As

illustrated in Figure 5.4(c) as well as Table 5.1, the predicted accuracy for ϕ improves

significantly as compared to the result in Case (B). In addition, the computational

accuracy for u, f and ϕ in Case (C) is quite similar as in the Case (A), where the

physical model is correctly specified. We also conduct the experiment in which λ

is fixed at a different value (0.1 rather than 0.2) and the discrepancy is modeled

with a DNN. As presented in Figure 5.4(d), the predicted means and uncertainties

of u, f and ϕ are similar to the ones from λ = 0.2. The above results demonstrate

the effectiveness of the present approach. We note that the predicted uncertainties

in all cases are quite small, which is reasonable since we use sufficient data for both

u and f to determine the unknown reaction term here. More results and the related



132

(a) PINN with the correct physical model.

(b) PINN with a misspecified physical model.

(c) Correcting the misspecified physical model in PINNs using an NN with fixed λ =
0.2.

(d) Correcting the misspecified physical model in PINNs using an NN with fixed λ =
0.1.

Figure 5.4: ODE system: Predictions for u, f and ϕ from ensemble PINNs with
clean and sufficient data. Ensemble PINNs with (a) the correct physical model,
(b) a misspecified physical model, and (c) the misspecified physical model plus a
correction. Blue circles: Representative measurements for u and f ; Red dashed line:
Predicted mean; Black solid line: Reference solution.

discussion for the case with clean but gappy data can be found in the appendix of

[346].
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(a) B-PINN with the correct physical model.

(b) B-PINN with a misspecified physical model.

(c) Correcting the misspecified physical model with fixed λ = 0.2.

(d) Correcting the misspecified physical model with fixed λ = 0.1.

Figure 5.5: ODE system: Predictions for u, f and ϕ from B-PINNs with noisy and
gappy data. B-PINNs with (a) correct physical model, (b) misspecified physical
model, and (c) misspecified physical model plus a correction. Blue circles: Noisy
measurements for u and f ; Red dashed line: Predicted mean from B-PINNs; Black
solid line: Reference solution. Our approach alleviates the model misspecification
issue significantly, providing more accurate predictions. Compared to correctly spec-
ified model, the increase in the predicted uncertainty is caused by the lack of knowl-
edge in the physical model and could be considered as model uncertainty.
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(a) (b) (c)

Figure 5.6: ODE system: Solving the identified system with the inferred f and ϕ
from B-PINNs with the initial condition u0 = 0. The inferred f and ϕ come from
(a) correct physical model, (b) misspecified physical model, and (c) our approach.
Red dashed line: Predicted mean; Black solid line: Reference solution. It shows that
the misspecified physical model leads to wrong reconstruction ũ while our approach
is able to correct it. Due to the lack of knowledge of the model, our approach yields
larger uncertainty than the correct physical model.

λ̃ Error of ũ
Case (A): Known model 1.4867± 0.0488 1.56%

Case (B): Misspecified model 0.0000± 0.0000 12.73%
Case (C): Corrected model 0.2 2.61%

Table 5.2: ODE system: Relative L2 error for the reconstructed u from B-PINNs.
Here the computational errors are calculated using the predicted mean from B-
PINNs.

We now keep the same setup as in Case (A) - (C) but assume that the training

data are both noisy and gappy. In these cases, 50 data of f and u are randomly

sampled from t ∈ [0, 1] and corrupted by independent additive Gaussian noises with

known noise scales (0.05 for f and 0.01 for u). As discussed in Section 5.2, we will

employ the B-PINNs to quantify the uncertainties arsing from the noise as well as

the incompleteness of the training data. As shown in Figure 5.5, (1) B-PINNs with

correct physical model can obtain accurate predictions for both u, f , and ϕ, and

the computational errors for ϕ are generally bounded by the predicted uncertainties

(Case (A), Figure 5.5(a)); (2) B-PINNs with the misspecified physical model fails to

provide accurate inference for u, f , or ϕ (Case (B), Figure 5.5(b)); and (3) B-PINNs

with a DNN as correction to the misspecified model is able to improve the predicted
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accuracy for u, f , and ϕ, as compared to the results in Case (B) (Case (C), Figure

5.5(c)). Similar as in Case (A), the computational errors for ϕ are bounded by the

predicted uncertainties here. In Figure 5.5(d), we present the result from fixing λ at

a different value (0.1). As shown, the predicted means and uncertainties of u, f and

ϕ are similar to the ones from λ = 0.2.

In addition to the relation between the computational errors and the predicted

uncertainties for ϕ discussed above, we would like to further discuss that: (1) it is

interesting to observe in Case (A) and Case (C) that the predicted uncertainty near

the right end is larger than that near the left end. We note that the results here

are reasonable since we do not have data for f on the right end; (2) the predicted

uncertainties of ϕ for t ∈ [0, 1] in Case (C) are larger than those in Case (A) although

we use the same training data as well as prior for the BNN that is used to approximate

u. We remark that the difference between the uncertainties in these two cases is

caused by the lack of knowledge on the physical model and reflects the uncertainty

in physical models.

We further verify the learned governing equation from the proposed approach.

Specifically, we solve the equation du/dt = f(t) + ϕ(t) with the inferred f , ϕ, and

the initial condition u0 = 0, using MATLAB ode45 to see if the solution for u agrees

with the reference solution. We denote the solution to the identified system by ũ. In

particular, 1000 posterior samples of f and ϕ from the B-PINNs are used to compute

ũ, as displayed in Figure 5.6. We further illustrate the relative L2 errors between

the mean for ũ and the reference solution in Table 5.2. As we can see, PINNs with

correct physical model leads to the lowest error in ũ. Adding a DNN to correct

the misspecified model can significantly improve the accuracy in ũ as compared to

the case with misspecified model, and the computational errors are slightly larger

than the ones from the correct physical model. We also present the computational
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errors for ũ from the ensemble PINNs in Table 5.1, which will not be discussed again

since the results are similar as the above ones. Finally, we would like to point out

that (1) the uncertainties in the reconstructed u (i.e., ũ) are caused by the predicted

uncertainties for f and ϕ from B-PINNs, and (2) the computational errors for the

mean of ũ in Case (A) and (C) are of the same order as the noise in the measurements,

suggesting the reasonableness of the current results.

As discussed in Section 5.2, the discovered physical models or governing equations

up to now are expressed using the trained DNNs (i.e., sψ), which are not explicitly

presented. We can then combine the proposed method with the symbolic regression

as the further step to obtain the explicit governing equations. Here we take the re-

sults in Case (C) from both ensemble PINNs and B-PINNs to demonstrate how to get

the analytical expressions for the trained NNs, i.e., sψ. Recall that with the present

methodology the reaction term is now expressed as ϕ(t) = λ̃ cos(uθ(t)) + sψ(t). As-

sume that we now have the knowledge that the reaction term is autonomous with

respect to the solution, i.e. ϕ = s(u). We can then adopt the symbolic regression

developed in [58] to find the analytical expression of s(u) from uθ and sψ. The data

for the symbolic regression are generated as {uθ(ti), sψ(ti) + λ̃ cos(uθ(ti))}Ni=1, where

ti, i = 1, ..., N are 101 uniform grids points on [0, 1], and uθ and sψ are the predicted

means from the trained ensemble PINNs/B-PINNs. As displayed in Table 5.3, the

recovered reaction model via symbolic regression agrees well with the reference so-

lution as we have sufficient clean data. However, for the case with noisy and gappy

data, the expression for the reaction model from symbolic regression does not match

the reference solution. The result is expected since we can see in Figure 5.5(c) that

the predicted mean for ϕ does not agree well with the reference solution well and

the predicted uncertainties are generally large. Generally, increasing the number

of training data is able to reduce the predicted uncertainty in B-PINNs [234, 348].



137

Here we also show that the learned reaction model agrees better with the reference

solution as we increase the training data from 50 to 101 in B-PINNs. A recommen-

dation here is to use the predicted uncertainty as guidance, i.e., we use the symbolic

regression for discovering equation when the predicted uncertainty is small to achieve

better accuracy. More results for the symbolic regression can be found in Appendix

D.2.

The method described in this section for identifying the mathematical expression

of the misspecified physics and the symbolic regression shares some similarity with

the one from [52]: both utilize DNNs and automatic differentiation to compute the

partial derivatives of the sought solution u. The main difference is that the sparse

regression method from [52] requires specification of mathematical models for all

possible physical processes as a candidate library, e.g. {u, |u|, u2, log(|u|), · · · }, while

the symbolic regression only requires specification of unitary and binary operations

[58], which brings flexibility and may avoid the curse of dimensionality.

Reference Clean and sufficient data Noisy and gappy data Noisy and sufficient data
1.5u(1− u) 1.4980u− 1.4929u2 u/(u+ 0.6213) 1.3540u− u2

Table 5.3: ODE system: Discovered equations from ϕ(u) using a symbolic regression
method [58] (see Fig D.1 for plots of the discovered models). In all three cases, the
symbolic regression is performed on the predicted mean from ensemble PINNs and
B-PINNs.
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5.3.2 Reaction-diffusion equation

We now consider the following time-dependent PDE that describes a reaction-

diffusion system:

∂u

∂t
= D

∂2u

∂x2
+ λg(u) + f(x, t), x ∈ [0, 1], t ∈ [0, 1],

u(x, 0) = 0.5 sin2(πx), x ∈ [0, 1],

u(0, t) = u(1, t) = 0, t ∈ [0, 1],

(5.11)

where D = 0.01 denotes the diffusion coefficient, g(u) = u(1 − u) is the reaction

model, λ is the reaction rate, and f(x, t) = 0 is the source term. Similar as in

Section 5.3.1, we test the following three cases:

1. Case (A): The reaction model is correctly specified and the reaction rate λ ≥ 0

is unknown.

2. Case (B): The reaction model is misspecified as u2 and the reaction rate λ ≥ 0

is unknown.

3. Case (C): The reaction model is misspecified as u2 and we correct it with a

DNN, i.e., λu2 + s (with known λ = 1).

We denote the reaction term as ϕ and we would like to identify ϕ from data of u,

f and different physical models. In Case (A)/(B)/(C), the estimate of ϕ is λ̃uθ(1−

uθ)/λ̃u
2
θ/λ̃u

2
θ+sψ, where λ̃ is the estimate of λ. We note that in Case (C) we assume

λ = 1 is known because the model misspecification induced by wrong λ can be fully

covered by s.

Here we only consider a general scenario, i.e., the training data are noisy and
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(a) Predictions for u.

(b) Predictions for ϕ.

Figure 5.7: Time-dependent reaction-diffusion system: Predicted mean for u and ϕ
from B-PINNs with noisy data of u and f and differently specified reaction models.
Misspecified model (u2) impairs the performance of B-PINNs significantly in terms
of the accuracy in predicting u and ϕ. and the proposed approach is able to alleviate
the issue caused by model misspecification; see Figure 5.8 for UQ.

gappy. In this case, we employ B-PINNs to identify ϕ with uncertainties. We assume

that we have 121 measurements on u and 195 measurements of f , which are evenly

distributed in the temporal-spatial domain (x, t) ∈ [0, 1] × [0, 1]. In addition, the

measurement errors for both u and f are assumed to be Gaussian, and the noise

scales are 0.02 and 0.05 for u and f , respectively. Further, the reference solution is

obtained by solving (5.11) with g(u) = u(1− u), λ = 2, and f(x, t) = 0. Similar as

in Section 5.3.1, we use one DNN to model the sought solution u and another DNN

to approximate the discrepancy s in Case (C). Details of the B-PINN method, e.g.

hyperparameters of NNs and HMC, can be found in Appendix D.1.

As show in Figure 5.7, we observe that: (1) the predicted means for u and ϕ agree

the best with the reference solutions as the reaction model is correctly specified

(Case (A), second column in Figure 5.7); (2) the predictions for u and ϕ show

significant discrepancy as compared to the reference solution when the reaction model
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(a) Predictions for u.

(b) Predictions for ϕ.

Figure 5.8: Time-dependent reaction-diffusion system in slices (t = 0.5, 0.75): Pre-
dicted uncertainty for u and ϕ from B-PINNs with noisy data of u and f and dif-
ferently specified reaction models. Representative predicted uncertainties for (a) u,
and (b) ϕ. Red dashed line: Predicted mean from B-PINNs; Black solid line: Ref-
erence solution. Our approach is able to improve the the predicted mean and the
predicted uncertainty significantly. The decrease in the accuracy of predicted mean
and increase in the predicted uncertainty of our approach are caused by the lack of
knowledge over the reaction model.

is misspecified (Case (B), third column in Figure 5.7); (3) the predicted mean for u

in Case (C) is similar as that in Case (A), in which the reaction model is correctly

specified; and (4) the predicted mean for ϕ in Case (C) is not as good as the one

in Case (A), but it is much better than the result in Case (B) where the reaction

model is misspecified. All the results demonstrate that the added DNNs are able to

correct the misspecified model which in turn enhance the computational accuracy

in PINNs. A demonstration example for using the symbolic regression to obtain the

explicit reaction model is presented in Appendix D.3.

We further illustrate the predicted uncertainties for both u and ϕ in Figure 5.8. In

particular, we only depict the uncertainties at one representative time for simplicity.
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As we can see, (1) the computational errors for both u and ϕ are generally bounded

by the predicted uncertainties in Case (A) (first column in Figure 5.8) and Case

(C) (third column in Figure 5.8), while they cannot be bounded by the predicted

uncertainties in the case with misspecified reaction model i.e. Case (B) (second

column in Figure 5.8), and (2) the predicted uncertainties for u and ϕ are generally

larger in Case (C) (third column in Figure 5.8) than those in Case (A) (first column

in Figure 5.8), which are similar as the results in Section 5.3.1. Again, we attribute

the difference between the predicted uncertainties for Case (A) and (C) to the model

uncertainty.

5.3.3 2D non-Newtonian flows

In this section, we test the capability of the present approach in non-Newtonian

flows where we misspecify the constitutive relation as the Newtonian one, and then

we employ DNNs to correct the misspecified models. In particular, we consider the

steady flows in a 2D channel and a 2D cavity, and the employed non-Newtonian

fluids are power-law ones. The constitutive relation in a power-law fluid is expressed

as µ = µ0|S|n−1, where µ is the dynamic viscosity of a fluid, µ0 is a constant,

S = ∇u + (∇u)T denotes the shear rate (|S| =
√

(S : S)/2), u is the fluid velocify,

and n is the power law index. Without loss of generality, the fluids are shear-thinning

(pseudoplastic, n < 1) and shear-thickening (dilatant, n > 1) in the channel and

cavity flows, respectively.
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5.3.3.1 Channel flow

The following 2D non-Newtonian channel flow is considered here and the correspond-

ing governing equation is expressed as [295]:

∂

∂y
(µ(y)

∂u

∂y
)− ∂P

∂x
= f(y), y ∈ [−H/2, H/2],

u(−H/2) = u(H/2) = 0,

(5.12)

where H = 1, ∂P
∂x

= c is a constant, and f(y) = 0. The analytical solution reads as

u(y) =
n

n+ 1
(− 1

µ0

∂P

∂x
)1/n[(

H

2
)1+1/n − |y|1+1/n]. (5.13)

For this specific case, we set n = 0.25, c = −1, H = 1, µ0 = 0.5 to generate the

reference solution as well as training data.

In the first test case, we assume that we have 30 clean measurements of u and

51 clean measurements of f , randomly and uniformly sampled from [−H/2, H/2],

respectively. We assume the fluid is a Newtonian one and the viscosity is an unknown

constant. We then employ the PINN method to identify the unknown viscosity µ1

in the following equation:

∂

∂y
(µ1

∂u

∂y
)− ∂P

∂x
= f(y), (5.14)

which describes Newtonian flows. Specifically, the boundary condition is hard-

encoded in the equation for u so that we only have two terms in the PINN loss

function (5.2), i.e., LDu for the data of u and LPDE for the equation. As shown

in Figure 5.2(b), we cannot minimize LDu and LPDE simultaneously in PINNs, re-

gardless of the choice of belief weights for those two terms, indicating that the NN
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surrogate model uθ is not able to fit the non-Newtonian data and satisfy the New-

tonian physical law at the same time.

(a) µ1
∂2u
∂y2 − ∂P

∂x + s(y) = f(y) (b) ∂
∂y (µ(y)

∂u
∂y )−

∂P
∂x = f(y)

(c) Loss history during training

Figure 5.9: 2D non-Newtonian channel flow: Correcting the misspecified physics
with two different approaches, i.e. (a) modeling the discrepancy in the equation s(y)
with a DNN, and (b) modeling the unknown space-dependent viscosity µ(y) with a
DNN. In (c), the PINN training losses are presented and they converge to smaller
values for both LDu and LPDE in the case where we add a DNN as correction as
compared to the one in which we use a DNN to approximate the viscosity.

Similar as in previous two examples in this section, we can add a DNN as the cor-

rection in (5.14) to address the model misspecification issue in PINNs. The equation

with the correction term can now be expressed as follows:

∂

∂y
(µ1

∂u

∂y
)− ∂P

∂x
+ s(y) = f(y), (5.15)

where s denotes the correction term. Here we treat µ1 as known and set µ1 = 0.1 since

we have a DNN to model the discrepancy. We present the results from the PINNs

with a correction in Figure 5.9(a), and we can see that the current predictions for

u and f agree with the reference solutions much better than in the case where the

model is misspecified.
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We note that in this specific case we can also employ other approaches to address

the issue that we cannot fit the data and satisfy the equation simultaneously in

PINNs if the physical model is misspecified. A natural way is to treat the viscosity

in (5.14) as an unknown function and employ a DNN to directly learn the constitutive

relation. We present the corresponding results in Figure 5.9(b), in which we employ

the same setup, e.g., training data, NN architecture in PINNs, as used in Figure 5.2

as well as Figure 5.9(a). As shown, PINNs with a DNN for learning the viscosity

now can fit u and f much better than the results in Figure 5.2. We then compare

the these results with the ones in Figure 5.9(a). As shown, the predictions for u are

similar, but the PINN with a DNN as correction is able to provide more accurate

predictions for f , i.e., less fluctuations are observed in Figure 5.9(a) than in Figure

5.9(b). Furthermore, we illustrate the loss histories for training PINNs in these two

approaches in Figure 5.9(c). As we can see, the training loss decreases faster and

converges to smaller values in the case where we add a DNN as correction to the

misspecified model, as compared to the approach in which we model the viscosity as

an unknown function. We conjecture that the superior performance of the proposed

approach can be attributed to the following reason: modeling the viscosity as an

unknown function via a DNN requires the accurate estimate of the derivatives in

(5.14), which is quite challenging since n < 1 results in very sharp gradients for the

viscosity around y = 0. However, the correction term, i.e., s in (5.14), is a quite

smooth function, as shown in Figure 5.10. Hence, we can expect the easier training

as well as better accuracy in the proposed method.

We now move to the noisy-data case and employ B-PINNs to quantify the model

uncertainty. The same 30 noisy measurements of u and 51 noisy measurements of

f are sampled but now they are corrupted by additive Gaussian noise with 0.005

and 0.05 noise scales, respectively. In B-PINNs, we test two specific cases, i.e., (1)
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we assume the fluid is Newtonian and encode (5.14) in B-PINNs. The objective is

then to infer the unknown viscosity given data, similar as the case in Figure 5.2;

and (2) we are not sure if the fluid is Newtonian or not, we then add a DNN as the

correction to the possible misspecified model, i.e., (5.15). Also, we note that in this

specific case s can be computed analytically by plugging the analytic solution of the

power-law fluid into (5.15): s(y) = 4µ1c
4|y|3/µ4

0 + c, which serves as the reference in

what follows.

(a) B-PINN with misspecified model.

(b) Correcting the misspecified model with a DNN in B-PINNs.

Figure 5.10: 2D non-Newtonian channel flow: Predictions for u, f and the discrep-
ancy s from B-PINNs with noisy data. B-PINNs with (a) mispecified model, and
(b) mispecified model plus a correction.

The results from B-PINNs are illustrated in Figure 5.10. As observed, the NN

surrogate uθ is not able to fit the data and satisfy the misspecified physical model at

the same time (Figure 5.10(a)). In addition, with the additional DNN for correcting

the misspecified physical model in the previous case, uθ can now fit the data and

satiafy the corrected physical model simultaneously, as shown in Figure 5.10(b).

Also, we can see that the computational errors between the predicted mean and
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the reference solution for s are bounded by the predicted uncertainties in the entire

computational domain.

5.3.3.2 Cavity flow

Next, we consider steady non-Newtonian flow in a two-dimensional lid-driven square

cavity (i.e., x, y ∈ [0, 1]), which can be described by the incompressible Navier-Stokes

equations as

∇ · u = 0, (5.16a)

u · ∇u = −∇P +∇ · [ν(∇u+ (∇u)T )] + f , (5.16b)

where u = (u, v) denotes the velocity in x− and y− directions, respectively; P is

the pressure; and ν is the kinematic viscosity. In particular, the boundary condition

for the upper wall is expressed as

u = U

(
1−

cosh[r(x− L
2
)]

cosh( rL
2
)

)
, v = 0, (5.17)

where U , r and L are constant. Specifically, r = 10, L = 1 is the length of the

cavity. In addition, the remaining walls are stationary. Here, the viscosity model is

the same as the one used in channel flow, i.e., µ = ρν = µ0|S|n−1. The objective is

to learn the governing equations, which explain the data given measurements on u,

P , and f . In particular, the training data as well as the reference solution in this

case are generated by solving (5.16a) using the lattice Boltzmann equation model

(LBE) in [295] with n = 1.5. Details for the computations in LBE can be found in

Appendix D.4.
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Similar as in Section 5.3.3.1, suppose we misspecify the governing equations as

the ones for Newtonian flows, and we then employ the present approach to correct

the model misspecification as follows:

∇ · u = 0, (5.18a)

u · ∇u = −∇P + ν0∇2u+ f + s, (5.18b)

where s = (sx, sy) are the two components correcting the momentum equations in

x− and y− directions, respectively, and fx(x, y) = fy(x, y) = 0 for x, y ∈ [0, 1]. The

continuity equation (5.18a) is correctly specified and hence does not need correction.

We assume that we have 400 random measurements of u, 400 random measure-

ments of v, and 81× 81 uniformly distributed measurements of P from the reference

solution. We evaluate the PDEs at 99×99 uniformly distributed mesh grid (residual

points). Here we consider the case with clean data and the ensemble PINNs are em-

ployed for quantifying the model uncertainty. The case with noisy data can be found

in the appendix of [346]. We would like to mention that we do not use B-PINNs

here since we need to utilize around 3.6 × 104 training data to achieve meaningful

results, which is computationally expensive as the HMC is used for posterior esti-

mation. Similarly, we test two specific cases, i.e., (1) the viscosity in (5.18b) is an

unknown constant and we do not use the correction s in PINNs, and (2) we have an

initial guess for the viscosity in (5.18b) and we add s in PINNs for the correction for

the possible misspecification. Specifically, we use one DNN to model the velocity u,

one DNN to approximate the pressure p, and one DNN to model the discrepancy in

(5.18b), i.e. s. In particular, we set ν0 = 0.0001 as the initial guess in Case (2) which

will not affect the computational accuracy in PINNs since the model discrepancy is

already leveraged by s.
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Error of u Error of v Error of fx Error of fy
Misspecified model 7.79% 11.28% 3.9153× 10−4 3.1466× 10−4

Misspecified model with correction 1.33% 2.29% 7.8389× 10−7 8.2283× 10−7

Table 5.4: 2D non-Newtonian Cavity flow: Errors of the predicted means from
ensemble PINNs. The error of u/v is defined as the relative L2 error, while the error
of fx/fy the mean squared error since the reference solutions are fx = 0 and fy = 0.

.

(a) PINNs with misspecified physical model (b) Correcting the misspecified physical model.

Figure 5.11: Non-Newtonian cavity flow: Predictions from ensemble PINNs for u
and v in contours. Red dashed line: Predicted mean; Black solid line: Reference
solution.

We present the predictions for u in Figure 5.11. As we can see, PINNs with

misspecified model lead to inaccurate inference for both u and v (Figure 5.11(a)).

The proposed approach, however, achieves much better results by adding a DNN to

correct the model misspecification. We further illustrate the computational errors for

both cases in Table 5.4, which clearly shows the effectiveness as well as superiority

of the present method. In addition, we show some representative 1D slices for the

predicted u, v, fx, and fy with uncertainties in Figure 5.12. Similarly, the PINNs

with misspecified model cannot fit the data and satisfy the physical model at the

same time (Figure 5.12(a)), while this issue can be handled well as we add a DNN

to correct the misspecified model, as shown in Figure 5.12(b).
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(a) PINNs with misspecified physical model

(b) Correcting the misspecified physical model with a DNN in PINNs

Figure 5.12: Non-Newtonian cavity flow: Predictions for u, v, fx, fy in 1D slices. Red
dashed line: predicted mean; black solid line: reference solution; uncertainty bound:
predicted uncertainty.

5.4 Summary

We presented a general approach to improve the accuracy of physics-informed neural

networks (PINNs) for discovering governing equations from data when the physical

model is misspecified. In particular, we first assume the mathematical models for

the specific problem we considered and encode them in PINNs via automatic differ-

entiation. We note that the assumed models may be misspecified in certain complex

systems since not all the physical processes are fully understood here. We then utilize

another deep neural networks (DNN) to model the discrepancy between the imper-

fect models and the observational data in order to correct the misspecified model. In

addition, to quantify uncertainties arising from noisy and/or gappy data, we employ

two typical uncertainty-induced PINNs methods, i.e., the Bayesian physics-informed

neural networks (B-PINNs) and ensemble PINNs. A series of numerical examples

are conducted to show the effectiveness of the proposed method. Specifically, we

considered (1) a reaction-diffusion system where we misspecified the reaction model,



150

and (2) non-Newtonian flows in two-dimensional channel and cavity but misspeci-

fied the fluid viscosity. The results show that the present approach can achieve good

accuracy since the added DNN is able to correct the misspecified physical models

encoded in PINNs. Also, the B-PINNs and/or ensemble PINNs can provide rea-

sonable uncertainty bounds for the discovered physical models, which reflects the

uncertainties in physical models, i.e., model uncertainty. Furthermore, we showcase

that we can seamlessly combine the proposed method with the symbolic regression

to obtain explicit governing equations based on the trained NNs using exmaples of

both ODE and PDE systems.

In the current study, we only consider model uncertainty or misspecification in

the physical model or governing equations. However, there are also cases where both

the governing equations and the boundary/initial conditions are misspecified, e.g.,

flows with slip in a channel. The present method needs to be further extended to fit

in the problems with uncertainties arsing from multiple sources rather than one. In

addition, lots of high-fidelity data are required to obtain accurate correction to the

model misspecification in both PINNs and B-PINNs, which may restrict the use of

the present method in real-world applications. A possible solution is to integrate the

current approach and the multi-fidelity modeling to reduce the amount of expensive

high-fidelity data. We will leave these interesting topics as future study. Finally, we

expect the proposed approach to be a promising tool in a wider class of applications

for solving problems where the physical processes are not fully understood.



Chapter Six

NeuralUQ: A comprehensive

library for uncertainty

quantification in scientific machine

learning
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6.1 Introduction

Physics-informed and more generally scientific machine learning (SciML) provide

potent tools for accurately modeling and predicting the dynamic response of phys-

ical systems; see [142, 60, 305, 281] for comprehensive reviews as well as [33, 234].

Neural networks (NNs) for solving ordinary/partial differential equations (ODEs,

PDEs), such as the physics-informed NN (PINN), and for learning operator map-

pings, such as the deep operator network (DeepONet), seamlessly combine scattered

observational data with available physical models (e.g. [181, 144, 283, 247, 275]).

Specifically, they can address mixed problems when only partial observational

data and information regarding the underlying physical system are available (e.g.,

[245, 33]); it is straightforward to incorporate noisy and multi-fidelity data (e.g.,

[315, 201, 344, 199, 198]); they can provide physically consistent predictions even for

extrapolatory tasks (e.g., [315]); they do not require computationally expensive mesh

generation (e.g., [244, 180]); and open-source software is available and continuously

extended (e.g., [180, 121, 159, 45, 237, 238, 114, 313]).

However, uncertainty, associated with noisy and limited data as well as NN over-

parameterization, for example, can degrade the accuracy of these models significantly

[2, 234, 282, 91]. As a result, uncertainty quantification (UQ) is paramount for deep

learning to be reliably used in critical applications involving physical and biological

systems [307, 235, 280, 15, 340, 285, 321]. In Figure 6.1, we provide an overview of

SciML problems of interest as well as different sources of uncertainty. In addition

to reliability concerns, UQ is also necessary for efficient and economical design; for

capital budgeting and risk-adaptive decision making in related projects; and even

for assessing investment opportunities involving such systems in the form of real

options [249, 69]. Clearly, this broad view of applications gives to UQ an additional
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dimension pertaining to the potential of harnessing uncertainty, and renders it an in-

dispensable research area of SciML applied to computational science and engineering

problems and beyond.

Figure 6.1: Schematic overview of a SciML problem scenario. As shown in (a),
SciML problems of interest include, but are not limited to, forward, inverse and
mixed ODEs/PDEs, and operator learning problems. Next, in the pie chart of (b)
a qualitative breakdown of total uncertainty is shown, describing the contributions
from data (noisy, gappy); physical models (misspecification, stochasticity); neural
networks (architecture, hyperparameters, overparameterization); and posterior in-
ference. Note that we mainly address two types of uncertainty in this chapter, i.e.,
aleatoric (data noise) and epistemic (NN overparameterization and limited data)
uncertainties. The latter is related to the complex loss landscapes and random ini-
tialization of NNs. Addressing physical model or NN architecture uncertainties,
indicatively, is left as future work. As shown in (c), active learning for improving
the predictions can subsequently be performed, i.e., to acquire new inputs according
to an acquisition function that is based on the output uncertainty from part (b).

Further, UQ in SciML is considerably more challenging than in traditional nu-

merical solvers because of optimization-related issues of over-parameterized NNs,

as well as the various uncertainties shown in Figure 6.1. In addition, SciML is

applied to increasingly more diverse problems, from steady to time-dependent and

high-dimensional ones, and to problems involving systems given only in the form
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of black-box models (see, e.g., [315, 201, 234, 117, 64]). Moreover, evaluating the

performance of the available UQ methods is not straightforward, especially in sit-

uations involving limited data. In this regard, Psaros et al. [234] provided an

extensive review and proposed novel methods of UQ for SciML. Nevertheless, em-

ploying current methods in large-scale applications and developing new ones, where

trustworthy implementations and fast experimentation are needed, requires an up-

to-date, well-maintained, and versatile software package. To this end, we present in

this chapter an open-source Python library termed NeuralUQ, which can be accessed

at https://github.com/Crunch-UQ4MI. We expect that NeuralUQ will be a useful

toolbox for both practitioners and researchers, who either choose to apply off-the-

shelf methods for solving their problems, or to build their own methods based on the

ones the library currently supports. In passing, we note that NeuralUQ is constantly

updated and its most recent capabilities can be viewed in the GitHub repository.

We organize the chapter as follows. In Section 6.2, we briefly present SciML,

specifically the PINN and DeepONet methods, as well as recent advances in UQ for

SciML, which are the building blocks for the library; however, other neural models for

PDEs and operators can be employed as well. In Section 6.3, we describe the design

of the NeuralUQ library, which includes model construction, posterior inference,

and performance evaluation as well as post-training calibration. In Section 6.4,

we provide four computational examples for demonstrating the applicability and

capabilities of our library. Lastly, in Section 6.5, we conclude with the findings of

this work and discuss future research.

https://github.com/Crunch-UQ4MI
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6.2 Uncertainty quantification for scientific ma-

chine learning

In this section, we first briefly describe various SciML problem scenarios and the

recently developed deep learning methods for solving them. Subsequently, we review

the related UQ methods as well as the approaches for model performance evaluation

and for post-training calibration. We also provide a glossary table of frequently used

terms in this chapter, and in ML/SciML more generally, in Appendix E.1. The

interested reader is directed to [234] for more detailed information regarding UQ

methods for SciML.

6.2.1 Scientific machine learning

Consider a nonlinear ODE/PDE describing the dynamics of a physical system as

follows:

Fλ,ξ[u(x; ξ)] = f(x; ξ), x ∈ Ω, ξ ∈ Ξ, (6.1a)

Bλ,ξ[u(x; ξ)] = b(x; ξ), x ∈ Γ, (6.1b)

where x is the Dx-dimensional space-time coordinate, Ω is a bounded domain with

boundary Γ, ξ is a random event in a probability space Ξ, while f(x; ξ) and u(x; ξ)

represent the Du-dimensional source term and sought solution evaluated at (x, ξ),

respectively. Further, Fλ,ξ is a general differential operator; Bλ,ξ is a boundary/ini-

tial condition operator acting on the domain boundary Γ; and b is a boundary/initial

condition term. Furthermore, λ(x; ξ), with x ∈ Ωλ ⊂ Ω, denotes the problem pa-

rameters. We refer to problems where the operators Fλ,ξ and Bλ,ξ are specified as
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neural ODEs/PDEs, because we use neural networks (NNs) throughout the present

work to solve them. We refer to problems involving unknown operators Fλ,ξ and

Bλ,ξ as neural operators, because we use NNs to learn them.

Given noisy data of u and λ sampled at random finite locations in Ω and Ωλ,

respectively, as well as noisy data of f and b, the objective of this problem is to

obtain the solution u(x) at every x ∈ Ω and the problem parameters λ(x) at every

x ∈ Ωλ. The dataset in this case is expressed as D = {Df ,Db,Du,Dλ}, where

Du = {xi, ui}Nu
i=1, Dλ = {xi, λi}Nλ

i=1, ui = u(xi), λi = λ(xi), and Df ,Db are given as

above. The PINN method, developed in [244], addresses the PDE problems deter-

ministically, by constructing NN approximators, parameterized by θ, for modeling

the solution u(x). The approximator uθ(x) is substituted into (6.1) via automatic

differentiation [1] for producing fθ = Fλ,ξ[uθ] and bθ = Bλ,ξ[uθ]. For solving the

mixed deterministic PDE problem, an additional NN can be constructed for mod-

eling λ(x). Finally, the optimization problem for obtaining θ in the mixed problem

scenario with the dataset D = {Df ,Db,Du,Dλ} is cast as

θ̂ = argmin
θ

L(θ), where L(θ) = wf
Nf

Nf∑
i=1

||fθ(xi)− fi||22

+
wb
Nb

Nb∑
i=1

||bθ(xi)− bi||22 +
wu
Nu

Nu∑
i=1

||uθ(xi)− ui||22 +
wλ
Nλ

Nλ∑
i=1

||λθ(xi)− λi||22. (6.2)

In this equation, {wf , wb, wu, wλ} are objective function weights for balancing the

various terms in (6.2). Following determination of θ̂, uθ̂ and λθ̂ can be evaluated at

any x in Ω, Ωλ, respectively. Overall, for neural ODEs/PDEs, two different scenarios

are considered in the present work through (6.2): (1) Forward problems, where Fλ,ξ,

Bλ,ξ, and the problem parameters λ(x) are specified and deterministic. That is, ξ

is fixed, whereas u(x) can either be unknown or partially known. (2) Inverse (or

Mixed) problems, in which Fλ,ξ and Bλ,ξ are specified and deterministic. That is, ξ is
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fixed, u(x) is partially known, and the problem parameters λ(x) are either unknown

or partially known.

For neural operators, Fλ,ξ, Bλ,ξ are unknown and stochastic, while λ(x; ξ), u(x; ξ)

are partially unknown. Note that the stochasticity of Fλ,ξ and Bλ,ξ arises from the

stochasticity in λ(x; ξ) with ξ ∈ Ξ. The available data consists of paired realizations

of f, b, u, and λ, each pair associated with a different ξ ∈ Ξ. The realizations are

considered noisy in general for u, and clean for f, b, and λ. Further, the objective

of this problem is to learn the operator mapping defined by (6.1). The DeepONet

method, developed in [178] and designed for general nonlinear operator learning,

addresses this problem by constructing an approximator using NNs, denoted by Gθ

and parameterized by θ, to model the mapping from the input function domain to the

output function domain. In the following and without loss of generality, we consider

both f and b in (6.1) as known and the problem becomes learning the mapping from

the parameter λ to the solution u. Further, each value of ξ ∈ Ξ in (6.1) corresponds

to a different λ(x; ξ) function, and thus to a different solution u(x; ξ). For any ξ ∈ Ξ,

the approximator Gθ takes as input a representation of λ(x; ξ), x ∈ Ωλ, and outputs

a function, Gθ(λ)(x; ξ), x ∈ Ω. The DeepONet consists of two sub-networks, one

that takes the coordinates x ∈ Ω as input, called trunk net, and one that takes the

discretized function λ as input, called branch net. Considering a one-dimensional

u, i.e., Du = 1, each of the two networks produces a w-dimensional output. The

two outputs are merged by computing their inner product for producing the final

prediction Gθ(λ)(x), x ∈ Ω. For learning the mapping from λ to u using the vanilla

DeepONet [179], the minimization problem with the mean squared error (MSE) loss

θ̂ = argmin
θ

L(θ), where L(θ) = 1

NNu

N∑
i=1

wi

Nu∑
j=1

||Gθ(λ(.; ξi))(xj)− u
(i)
j ||22 (6.3)
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is solved, using the training dataset D′ = {xj, ξi, λ(i), u(i)j }N,Nu

i,j=1,1, where {xj}Nu
j=1 are

the locations, {ξi}Ni=1 are the sampled events and in this case represent the unique

pairing between u and λ, u
(i)
j := u(xj, ξi) is the measurement of u at the location

xj for event ξi, λ
(i) is the representation of λ(x; ξi), and {wi}Ni=1 are belief weights

for different realizations [299]. In this work, wi = 1, ∀i ∈ {1, . . . , N}. Further, to

be consistent with neural ODEs/PDEs, we use uθ to denote the approximator for

operators in the rest of this chapter. In this case, uθ = uθ(x;λ(·; ξ)). DeepONets,

once trained, could act as PDE-agnostic surrogates encoding the hidden physics for

further learning and inferences [201]. Finally, note that in addition to supervised

learning using data as described above, DeepONet can alternatively be trained by

employing only the PINN loss during training. As shown in [107], the most effective

training is the hybrid one, where both physics and data are used in the training loss;

see also [298].

6.2.2 Uncertainty quantification

In contrast to the point estimates obtained via the optimization problems of (6.2)

and (6.3), the goal of UQ is to estimate the predictive distribution

p(u|x,D) =

∫
p(u|x, θ)p(θ|D)dθ, (6.4)

which is often referred to as Bayesian model average (BMA). In (6.4), p(θ|D) denotes

the posterior density, which can be obtained using Bayes’ rule via

p(θ|D) =
p(D|θ)p(θ)
p(D)

. (6.5)
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In (6.5), p(D|θ) is the likelihood of the data, i.e., p(D|θ) =
∏N

i=1 p(ui|xi, θ) for

independent and identically distributed (i.i.d.) data; p(θ) is the probability density

function for the prior distribution of the parameters θ; and p(D) is called marginal

likelihood or evidence, because it represents the probability that we observe D. The

evidence is given as

p(D) =

∫
p(D|θ)p(θ)dθ. (6.6)

The uncertainty of parameters θ is typically referred to as epistemic uncertainty.

Figure 6.2: A unified view of the UQ models studied in Section 6.2.2; adopted from
[234]. The model M1 can be a NN or a generator network, or nothing. The model
M2 can be a PDE or an operator, such as a pretrained DeepONet. The quantities
ϕ, ψ can be the solution u and the source f in (6.1), or vice-versa; x represents the
space-time input domain; and θ represents the parameters of the NN or the input to
the generator. Further, “χ” is used for modeling additional fields and can represent,
for example, the model parameters λ in (6.1). The dashed arrow indicates that the
connection may not exist for some problem scenarios.

Generally, inferring θ given D, i.e., computing the posterior exactly via (6.5)

is computationally and analytically intractable. This is addressed by approximate

posterior inference, which approximates the posterior by another distribution and/or

obtains representative samples from the posterior. Specifically, the Bayesian and the

deterministic frameworks are the two main families of UQ methods for SciML. The

former employs either a sampling method or a variational inference (VI) method to

obtain samples from the posterior distribution, whereas the latter can be interpreted

as an extension of standard training of deterministic NNs. Various UQ methods
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have been developed for SciML within these two frameworks. We adopt the unified

framework proposed in [234] to include all the UQ models employed in this study in

Figure 6.2, and present a short overview for them in the rest of this section.

For neural ODEs/PDEs, the solution u and/or the problem parameters λ are

modeled with surrogates parameterized by θ and denoted by M1 in Figure 6.2. The

Bayesian PINNs (B-PINNs) [319] and the functional prior (FP) [201] based on the

physics-informed generative models [317, 321] are two recently proposed physics-

informed learning approaches with UQ within the Bayesian framework. Specifi-

cally, the Bayesian neural networks (BNNs) and the generators from trained physics-

informed generative adversarial networks (PI-GANs) [317] are employed as the sur-

rogate for u/λ in these two methods, respectively. Note that the main difference

between BNNs/B-PINNs and the functional prior lies in the prior in function space

of each model. In BNNs/B-PINNs, an arbitrary prior in function space is implicitly

considered, which depends on the NN architecture and the weight/bias prior distribu-

tions that are used. However, in the functional prior model, we train GANs/PI-GANs

to learn a certain stochastic process in the function space given historical data. Upon

completion of the training phase, the output of the generator in GANs/PI-GANs,

i.e., ψθ(x) in Figure 6.2, is used to approximate the stochastic process represented

by the historical data and acts as the prior in function space for new tasks. Intu-

itively, ψθ(x) plays a similar role as the Karhunen-Loève (KL) expansion of Gaussian

processes, although ψθ(x) is more expressive and can in principle approximate arbi-

trary stochastic processes. Next, given the prior in function space, in the form of

a BNN or functional prior, either sampling or variational inference (VI) approaches

can be utilized for obtaining the posterior samples for θ given data on a new task.

In addition to the aforementioned methods, the Monte Carlo dropout [89] (MCD)

as well as the deep ensemble [163] (DEns) approaches, which employ standard, i.e.,
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deterministic, NNs as surrogates for u and/or λ, can be combined with PINNs to

quantify uncertainties in problems with known physics [329, 234].

For neural operators, a DeepONet parameterized by θ is employed as the surro-

gate for the solution u and denoted by M2 in Figure 6.2. In the Bayesian framework,

[173] employed BNNs in DeepONet and a sampling method is then utilized to obtain

the posterior samples for the parameters in BNNs. As for deterministic methods,

extensions of standard training of DeepONets, such as DEns, are used for quantify-

ing uncertainties in predictions [234, 320, 230]. These models correspond to Figure

6.2 with M2 being a DeepONet and the dashed arrows are not used. Further, the

inference input in these models, i.e. the input to the branch net, should be repre-

sented in the same way as used in the training, i.e., the number of the discrete values

as well as their locations should be the same. For a more general case in which the

inference input and/or output data are noisy and measured at a certain number of

random locations, [201] proposed to combine a pretrained DeepONet with a GAN-

based FP to quantify the uncertainties in predictions. In [234], a BNN is utilized as

an alternative to the generator of a GAN in [201]. These two models correspond to

Figure 6.2 with M1 being either a BNN or the generator from a pretrained GAN

and M2 a pretrained DeepONet.

In all cases, different θ values correspond to different functions uθ. We refer

to the surrogate combined with a distribution p(θ) for θ as a process. Following

approximate posterior inference, the posterior samples for θ are used for obtaining

the statistics of the function samples. In this regard, the value of u at a location x

given the data D is a random variable denoted by (u|x,D). The mean of (u|x,D) is
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denoted by û(x) = E[u|x,D] and approximated by µ̄(x) as

û(x) ≈ µ̄(x) =
1

M

M∑
j=1

uθ̂j(x), (6.7)

where {uθ̂j(x)}
M
j=1 is the set of NN predictions corresponding to the samples {θ̂j}Mj=1.

Further, the diagonal part of the covariance matrix of (u|x,D) is given by

V ar(u|x,D) ≈ σ̄2(x) = Σ2
u︸︷︷︸

σ̄2
a(x)

+
1

M

M∑
j=1

(uθ̂j(x)− µ̄(x))2︸ ︷︷ ︸
σ̄2
e(x)

. (6.8)

In this equation, σ̄2(x) represents the approximate total uncertainty of (u|x,D),

while σ̄2
a(x) and σ̄2

e(x) denote the aleatoric and the epistemic parts of the total

uncertainty, respectively. In practice, a Gaussian (or, e.g., a Student-t) distribution is

commonly fitted to the posterior samples. For example, we denote as N (µ̄(x), σ̄2(x))

the Gaussian approximation to the samples {uθ̂j(x)}
M
j=1 at an arbitrary location x,

where µ̄(x) and σ̄2(x) are obtained via (6.7) and (6.8), respectively.

6.2.3 Performance evaluation and post-training calibration

Performance evaluation is necessary for model selection, e.g., prior/architecture op-

timization, comparison between UQ methods, and overall quality evaluation of the

UQ design procedure [231]. As reviewed in [234], performance evaluation metrics in-

clude, but are not limited to, the relative ℓ2 error for evaluating accuracy, the mean

predictive likelihood for evaluating predictive capacity, and the root mean squared

calibration error for evaluating statistical consistency; i.e., how closely the predicted

model matches the data-generating distribution.
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Further, calibration approaches can be adopted to improve statistical consistency

in UQ for SciML [234]. Various approaches have been developed for calibration, e.g.,

[170] re-weights the predicted variance optimally to calibrate the output uncertainty;

[161] approximates the mis-calibration function and applies it to all predictive dis-

tributions, and thus modifies both the output mean and variance; and [328] fits an

empirical distribution to the scaled residuals, and also calibrates both the output

mean and variance. To use these approaches, an additional dataset is required after

training. This can be a left-out calibration dataset, similar to validation and test

sets.

6.3 Overview and details of NeuralUQ

In this section, we first present an overview of the NeuralUQ library, and subse-

quently provide details regarding its design, use, and also customization for extended

capabilities.

6.3.1 Library overview

As mentioned in the previous section, the value of u at a location x given the data

D is a random variable denoted by (u|x,D). The aim of UQ in the library is to

obtain, calibrate, compute the statistics, and evaluate the quality of samples drawn

from the posterior distribution p(u|D). To that end, in the design phase a model

is constructed that includes surrogates representing the solution u and potentially f

and/or λ, as well as likelihood functions representing the data distribution. Surro-

gates are parameterized by θ and when combined with probability distributions of θ
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Figure 6.3: Library design overview. In the design phase, a model is constructed
that includes processes representing a proposed solution family and likelihoods or loss
functions representing the data distribution. Processes include surrogates, which can
be construed as assumed functional forms, and priors distributions or variables for
the parameters of the surrogates, depending on the type of method used. Likeli-
hoods or loss functions are constructed using the data and the underlying neural
ODE/PDE. To select the solution function samples that best explain the data, a
posterior inference method is combined with the model. Finally, the obtained func-
tion samples can be calibrated using additional data. In the revision phase, metrics
are used for evaluating the performance and re-designing the solution procedure.

are represented as stochastic processes; i.e., a proposed family of solutions. To obtain

the function samples for the solutions, a posterior inference method is combined with

the model. Finally, the obtained function samples can be calibrated using additional

data. In the revision phase, metrics are used for evaluating the performance and

re-designing the solution procedure. A schematic workflow of the library is provided

in Figure 6.3 and Procedure 1.
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Procedure 1: NeuralUQ for solving SciML problems.

Step 1 Specify a process, which is composed of a surrogate as well as its parameters
θ to approximate the solution of an ODE/PDE, using the surrogates,
variables, and process modules.

Step 2 Specify the differential equations using automatic differentiation.

Step 3 Construct the likelihoods or loss functions based on the equations,
boundary/initial conditions, and/or given data, using the likelihoods
module.

Step 4 Combine the process and likelihoods/loss functions to construct a model.

Step 5 Specify an inference method using the inference module, and compile the
model with it to obtain a sampler for posterior distributions by calling
model.compile.

Step 6 Call model.run to run the compiled sampler to obtain posterior samples.

Step 7 Compute predictions with uncertainties based on (6.7) and (6.8) using the
posterior samples of θ from Step 6.

Step 8 Use the metrics module for performance evaluations using the predictions
from Step 7.

Step 9 Use the calibrations module for post-training calibration (if applicable).

6.3.2 Library design

As discussed in Section 6.2.2, there are two general UQ frameworks for SciML,

namely the Bayesian and the deterministic frameworks. The former relies on Bayes’

theorem, and includes sampling methods, such as Monte Carlo Markov Chain

(MCMC), and VI methods, such as mean-field variational inference (MFVI). The

latter relies on standard NN training, i.e., minimizing/maximizing an objective func-

tion, typically using the MSE or the maximum a posteriori (MAP) metric, between

measurements and NN predictions.

The procedural differences of the aforementioned methods necessitate the devel-
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UQ methods in NeuralUQ
UQ framework UQ family Process Inference methods

Bayesian
Samplable BNNs, Gens HMC, LD, MALA, NoUTurn
Variational BNNs, Gens MFVI, MCD

Deterministic Trainable FNNs, Gens, DeepONets DEns, SEns, LA

Table 6.1: Summary of the UQ methods implemented in NeuralUQ. NeuralUQ in-
cludes three different UQ method familie i.e., Samplable, Variational, and Train-
able. Each UQ method family has various processes and inference methods, e.g.,
BNNs+HMC in Samplable; BNNs+MFVI Variational; and FNN+DEns in Train-
able. Gens: Generators in GANs. Short and detailed descriptions for these inference
methods are provided in Table 6.2 and [234, 252, 311, 125, 23], respectively. Note
that BNNs/Generators/FNNs combined with known ODEs/PDEs are used for UQ
for neural ODE/PDE problems, while BNNs/Generators combined with pretrained
DeepONets and DeepONets using DEns are used for UQ in neural operator prob-
lems.

opment of three different UQ method families in our library, i.e., the Samplable,

Variational, and Trainable to include all the sampling-, VI- and standard-NN-based

methods, respectively. Specifically, the sampling methods target directly the unnor-

malized posterior density function, without employing and optimizing any trainable

variables. The VI-based methods employ pre-defined distributions parameterized by

trainable variables, which are optimized to approximate the true posterior distribu-

tions. Finally, the standard-NN-based UQ methods obtain point estimates for the

parameters in the surrogates using an optimizer, rather than directly sampling from

or approximating the posterior distributions. A summary of the currently supported

UQ methods in NeuralUQ is provided in Table 6.1.

6.3.3 Details of NeuralUQ components

In this section, we describe the main components, built-in functionalities and how

to use NeuralUQ.
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6.3.3.1 Processes

Figure 6.4: A breakdown of the Process module. A Process instance contains a
surrogate as well as the attributes for its parameters. Processes, used in different
UQ method families, have different surrogates and attributes for their parameters,
which are denoted with different line colors in this figure. Different combinations
of the components yield different processes, e.g., an fnn surrogate combined with a
prescribed prior distribution for its parameters results in a BNN.

As described in Procedure 1, the first step for using NeuralUQ is to specify a

process for the sought solution, e.g., BNNs or pretrained generators, according to the

task at hand. In this regard, the surrogates, variables, and Processmodules have

been developed in NeuralUQ. Specifically, the surrogates module expresses how x

and θ are combined to yield the approximators uθ(x) or λθ(x) (M1 or M2 in Figure

6.2); the variables module is used to specify the attributes of the parameters in

surrogates, e.g., prior/posterior distributions (Figure 6.4); and the Process module

is an interface for the implementation of the unified models in Figure 6.2, which

connects the surrogate with its associated parameters.

Currently, NeuralUQ provides four built-in surrogates, namely, surrogates.identity,

used as a surrogate for an unknown constant; fnn, for a fully-connected neural net-
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work (FNN); generator, for the generator of a PI-GAN pretrained with histori-

cal data; and deeponet, for a DeepONet. The variables module, on the other

hand, is used to specify the prior and/or posterior distributions of surrogate param-

eters. For instance, the prior distribution is required for surrogate parameters in the

Samplable family, while both the prior and the posterior distributions are required

for parameters in the Variational family. The built-in variables of NeuralUQ are

variables.const, used for parameters of unknown constants as well as the gener-

ators of pretrained GANs/PI-GANs; and fnn, used for FNNs and also DeepONets.

Further, as presented in Figure 6.4 (also in Table 6.1 and Section 6.3.2), different

UQ method families support different surrogates and are compatible with different

variables. In NeuralUQ, variables.fnn and variables.const are decomposed

into three different sub-modules, each one pertaining to a UQ method family of Table

6.1, i.e., variables.fnn/const.Samplable, Variational, and Trainable.

With the specified surrogate and parameters, we can then instantiate a Process

object to create a corresponding process. The surrogate and the attributes for its pa-

rameters can then be accessed via Process.surrogate and Process.prior/posterior,

respectively. Also, for problems with unknown parameters or multi-physics, more

than one process may be employed. The module Process.key can be used to trace

each process in NeuralUQ.

6.3.3.2 Likelihoods

In the Samplable and Variational families, likelihood distributions for the given data

are required to construct the unnormalized posterior distributions of the surrogate

parameters. Similarly, a metric, namely, MSE or MAP, is required for methods in the

Trainable family. In NeuralUQ, the likelihoods module can be used to define the
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likelihood distributions in Samplable and Variational, as well as the MSE/MAP met-

rics in Trainable (i.e., Step 3 in Procedure 1). In addition, the currently supported

likelihood for Samplable and Variational is the Gaussian distribution, accessed via

likelihoods.Normal, and the supported metric for Trainable is the MSE, accessed

via likelihoods.MSE. Each likelihood receives inputs, targets and processes as in-

put arguments, for specifying the locations of the measurements, the measurements,

and the corresponding processes used to model them. For tasks involving PDEs, the

argument pde to the likelihood, which is a Python callable defined separately (i.e.,

Step 2 in Procedure 1), is also required.

6.3.3.3 Inferences

Uncertainty in the sought solution and/or unknown problem parameters is associ-

ated with the uncertainty of the surrogate parameters. The inferences module

has been developed to obtain the posterior samples for the surrogate parameters in

NeuralUQ (i.e., Step 5 in Procedure 1). As shown in Table 6.1, NeuralUQ provides

various built-in inference methods in each of the UQ method families. Specifically,

NeuralUQ currently supports inferences.HMC, LD, MALA, and NoUTurn in Samplable;

inferences.VI, MCD in Variational; and inferences.DEns and SEns in Trainable.

Short descriptions of these methods can be found in Table 6.2.

6.3.3.4 Performance evaluation and post-training calibration

Performance evaluation, model revision and post-training prediction improvement

are crucial for reliably deploying UQ methods in risk-sensitive SciML settings. In

NeuralUQ, we have developed the metrics module, which currently includes two
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Inference methods
Full name Abbreviation Short description

Hamiltonian
HMC

Simulates Hamiltonian dynamics
Monte Carlo [211] followed by the Metropolis-Hasting algorithm

Metropolis-adjusted
MALA

Simulates Langevin dynamics
Langevin algorithm [252, 311] followed by the Metropolis-Hasting algorithm

Langevin dynamics [211, 301] LD One leap-frog step of HMC

NoUTurn [125, 23] NUTS
A variant of HMC that adaptively chooses
the number of steps for the leap-frog integrator

Mean-field
MFVI

Approximates p(θ|D) by a Gaussian variational
variational inference [25] distribution with diagonal covariance matrix

Monte Carlo
MCD

Approximates p(θ|D) by a Bernoulli variational
dropout [89] distribution with fixed dropout rate

Deep ensemble [163] DEns
Standard training M times independently
with random initializations

Snapshot ensemble [129] SEns
Standard training with learning rate
schedule and snapshots

Laplace
LA

Standard training followed by fitting a
approximation [279, 251] Gaussian to approximate p(θ|D)

Table 6.2: Overview of the inference methods in NeuralUQ; adopted from [234].
HMC, MALA, LD, NUTS, and MFVI are inference methods corresponding to the
Bayesian framework in Table 6.1; and DEns to the deterministic one. Note that
MCD can be interpreted and implemented in both frameworks [89]. In the present
study, we treat it as a Bayesian method.

different metrics, i.e., metrics.RL2E/MSE, and NLL (i.e., Step 8 in Procedure 1).

The former serves as an evaluation metric of the predicted mean and computes the

relative ℓ2 error (RL2E) or MSE between the predicted mean and the reference

solution, whereas the latter serves as a metric of the predicted uncertainty and

computes the negative log likelihood (NLL) [323, 240].

Further, we have developed the calibrations module for performing post-

training calibration (i.e., Step 9 in Procedure 1). Specifically, this module currently

includes one sub-module, i.e., calibrations.var, for the implementation of the

method proposed in [170]. We present a workflow for calibration in Procedure 2,

and ; a demonstration example involving post-training calibration can be found in

the GitHub repository of the library. We will keep updating NeuralUQ to support

more metrics and calibration methods, e.g., [56], in the future.
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Procedure 2: A workflow for calibration using NeuralUQ.

Step 1 Obtain uncalibrated posterior function samples at the locations x where new
measurements are available, using the posterior samples of the parameters
from Step 6 in Procedure 1.

Step 2 Choose and apply a calibration method from the calibrations module,
which takes as input the function samples from Step 1 and new
measurements.

Step 3 Obtain calibrated function samples.

6.3.4 Customization

The components of NeuralUQ, including surrogates, variables, likelihoods, and in-

ferences, are highly flexible and customizable. In this section, we describe how to

configure the library for extending current capabilities and addressing problem sce-

narios beyond the ones considered in this study.

6.3.4.1 Surrogates

As mentioned in Section 6.3.3.1, NeuralUQ currently supports four surrogates,

namely, identity, fnn, generator, and deeponet. Users may need to develop and

incorporate in the library alternative surrogates. In NeuralUQ, this can be achieved

in a straightforward manner by following Procedure 3. Demonstration examples

involving customizing new surrogates are presented in Appendix E.2.

6.3.4.2 Variables

As mentioned in Section 6.3.3.1, variables.fnn/const is decomposed into three

sub-modules for different UQ method families, and can be customized according to
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Procedure 3: Customization of a new surrogate, MySurrogate, which in-
herits from surrogates.Surrogate.

class MySurrogate(Surrogate):

def __call__(self, inputs, var_list):

"""

Returns the outputs of the function, defined by samples stored in

‘var_list‘, to the input ‘inputs‘, and also the reshaped and

tiled input, for derivative computation.

"""

the task at hand. In this section, customization of the variables in the first two

families is discussed, as the corresponding variables influence more the performance

as compared to the variables in the third one. The built-in prior distribution for

Samplable and Variational variables is the Gaussian distribution. A straightforward

customization in this context pertains to modifying the mean and/or the standard

deviation to obtain different priors. Indicatively, adding a Samplable in NeuralUQ

variable can be done by following Procedure 4, which includes the setup of the initial

values as well as the log probability density function. Another option pertains to

selecting alternative parameterized distributions for performing VI. Demonstration

examples involving prior customization as well as selecting alternative distributions

for performing VI are presented in Appendix E.3.

Procedure 4: Customization of a new Samplable variable, MySamplable,
which inherits from variables. Samplable.

class MySamplable(_Samplable):

@property

def initial_values(self):

"""Returns initial values of the variable."""

def log_prob(self, samples):

"""Returns the log probability density of ‘samples‘."""
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6.3.4.3 Inference methods

As presented in Section 6.3.3.3 and summarized in Table 6.2, NeuralUQ supports

various inference methods for each of the UQ method families, i.e., Samplable, Vari-

ational, and Trainable. However, depending on the task at hand, users may need to

develop in the library new inference methods, e.g., for reducing computational cost.

Indicatively, adding a new sampling method can be done by following Procedure 5.

In passing, note that all sampling methods included currently in NeuralUQ are im-

plemented using the TensorFlow Probability MCMC python package [166, 73], which

is computationally efficient and straightforward to use. For consistency reasons, we

recommend that users of NeuralUQ employ this package for adding new sampling

methods to the library.

Procedure 5: Customization of a new inference, MyInference, which in-
herits from inferences.Inference.

class MyInference(Inference):

def make_sampler(self):

"""Creates and returns a sampler, which will be used in ‘sampling‘

method."""

def sampling(self):

"""Performs the inference and returns samples."""

6.4 Demonstration examples

In this section, we provide four computational examples for demonstrating the appli-

cability and capabilities of our library. Specifically, we quantify uncertainty in both

neural ODEs/PDEs and neural operators applied to the following problems: (1) a

Kraichnan-Orszag system, (2) a susceptible-infected-recovered-dead (SIRD) model
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for COVID-19, (3) a Korteweg-de Vries problem, and (4) a 100-dimensional Darcy

problem. In the first three cases, we obtain and present results using uncertain

PINNs, i.e., B-PINNs combined with HMC and PINNs combined with DEns, as rep-

resentative examples of the Bayesian and deterministic methods, respectively. For

the 100-dimensional Darcy problem, we present results using the DeepONet com-

bined with two physics-agnostic models, i.e., physics-agnostic GAN functional prior

(PA-GAN-FP) and physics-agnostic BNN functional prior (PA-BNN-FP), as well

as DEns. Results corresponding to additional UQ methods and details of the com-

putations in each example, e.g., architectures of NNs and hyperparameters of the

methods, are provided in the GitHub repository of our library.

6.4.1 Kraichnan-Orszag system

The Kraichnan-Orszag model consisting of three coupled nonlinear ODEs describes

the temporal evolution of a system with several interacting inviscid shear waves,

whose initial conditions are drawn from a Gaussian distribution [291]. Here, we use

NeuralUQ to solve the inverseKraichnan-Orszag problem, i.e., identify the unknowns

in the governing equations given sparse and noisy measurements on the solutions

without the knowledge of the initial conditions. The governing equations are:

dx1
dt

= ax2x3,
dx2
dt

= bx1x3,
dx3
dt

= −(a+ b)x1x2, (6.9)

x1(0) = 1.0, x2(0) = 0.8, x3(0) = 0.5, (6.10)

where a = 1 and b = 1 are constants.

Particularly for this problem, we assume that a and b are unknown, whereas 11

noisy measurements of x1 and x3 are available, and 7 of x2; see also Figure 6.5. The
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(a)

(b)

Figure 6.5: Inverse Kraichnan-Orszag problem: Predictions corresponding to x1, x2,
and x3 using HMC (a) and DEns (b). Epistemic uncertainty is denoted by 2σ̄e,
whereas total uncertainty by 2σ̄.

noise for all measurements is assumed to be Gaussian with zero mean and a known

standard deviation set to 0.05. The objective here is to identify a and b, as well as to

reconstruct the complete solutions x1, x2, and x3 for t ∈ [0, 10], with uncertainties.

We present the predictions for x1, x2, x3 and a, b using different approaches in

Figure 6.5 and Table 6.3, respectively. As shown in Figure 6.5, for both HMC and

DEns, the predicted uncertainty increases at locations with no available data. Fur-

ther, the error between the predicted mean and the reference solution for x1, x2, x3

is bounded by the total uncertainty. Furthermore, as shown in Table 6.3, the pre-

dicted values for a and b, using both approaches, are close to the reference values.

In the table, the results using MFVI and MCD are also provided for comparisons.

In Table 6.4, we evaluate the predictions for x1, x2, x3 using the RL2E and the NLL

metrics. As shown, HMC and DEns provide the most reasonable predictions for the

mean as well as uncertainties according to the computed metrics. Next, the respec-
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tive computational costs can be found in Table 6.5. As expected, the UQ methods

HMC and DEns are more expensive than the deterministic PINN method. In this

case, we implement DEns by considering 50 independently trained PINNs and its

computational cost is approximately the same as the cost of HMC. The 50 trained

NNs used in the ensemble are trained simultaneously and independently on one CPU

by using efficient vectorization techniques [1], which deliver a considerable speedup

over training multiple PINNs in a serial manner. If more computational resources,

e.g., CPUs or GPUs, are available, DEns can be further accelerated to the level of

training a single deterministic PINN by using parallel computing. Additional imple-

mentation details for this case can be found in the caption of Table 6.5 as well as in

https://github.com/Crunch-UQ4MI.

We further demonstrate the effect of the number of training data on the predicted

uncertainty based on the above test case. In particular, we vary the number of noisy

measurements for x1, from 11 to 22 and 44, and keep the rest of the problem setup

the same. For simplicity, we only present in Figure 6.6 the predictions for x1 from

HMC and DEns. It is shown that the predicted epistemic uncertainty decreases as

we increase the number of training data, whereas the uncertainty arising from data

noise, i.e., aleatoric uncertainty, cannot be reduced by adding more training data.

HMC DEns MFVI MCD
a (mean ± std) 0.8567± 0.0500 0.8427± 0.0976 0.5706± 0.0205 0.6141± 0.0202
b (mean ± std) 1.0547± 0.0347 1.1557± 0.0404 0.9388± 0.0166 0.8931± 0.0161

Table 6.3: Inverse Kraichnan-Orszag problem: Predictions corresponding to a and b
using different methods. The reference values are a = b = 1.

https://github.com/Crunch-UQ4MI
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HMC DEns MFVI MCD
RL2E 0.0620 0.0578 0.2232 0.1527

NLL (×102) -3.7969 -4.0402 -0.1187 -1.8930

Table 6.4: Inverse Kraichnan-Orszag problem: Performance evaluation of the con-
sidered methods on test dataset. Note that NLL is computed using the total uncer-
tainty. Smaller RL2E and NLL mean better accuracy for the predictions of mean
and uncertainty, respectively. RL2E corresponds to relative L2 error, whereas NLL
to the negative log likelihood.

Methods HMC DEns Deterministic PINN
Wall time (seconds) 45.4 49.4 7.1

Table 6.5: Inverse Kraichnan-Orszag problem: Computational time for HMC and
DEns for the case in Figure 6.5. The computational time for a deterministic PINN
model is also included for comparison. For HMC, the number of burn-in steps is set
to 3,000, the step size is 0.01, and the leap-frog step is 50. Further, the adaptive step
size technique of [9] is also utilized to achieve acceptable acceptance rates. We collect
1,000 posterior samples after the burn-in phase to compute the predicted means and
uncertainties in Figure 6.5. For DEns, 50 PINNs are trained simultaneously and
independently, using the vectorization techniques of [1]. Further, we employ the
Adam optimizer [152] for the training of PINNs with 20,000 iterations in both DEns
and the deterministic PINN method. We note that this problem falls into the small-
data regime, and thus full batch training is employed in all three methods. All
the computations are performed on one AMD Ryzen 9 6900HS CPU. Additional
implementation details can be found in https://github.com/Crunch-UQ4MI.

6.4.2 SIRD model for COVID-19

Scientific models are critical tools for understanding and forecasting the spread of the

COVID-19. However, constructing models that are capable of accurately describing

the COVID-19 still remains a challenge. Here, we demonstrate the capability of Neu-

ralUQ for learning the corresponding model with uncertainties given measurements.

In particular, we consider the SIRD compartmental model with time-dependent pa-

rameters/coefficients/rates for the COVID-19 [51, 36, 263], expressed as:

dS

dt
=

−β(t)SI
n

,
dI

dt
=
β(t)SI

n
− γ(t)I − ν(t)I,

dR

dt
= γ(t)I,

dD

dt
= ν(t)I,

(6.11)

https://github.com/Crunch-UQ4MI
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(a)

(b)

Figure 6.6: Inverse Kraichnan-Orszag problem: Predictions for x1 with different
numbers of measurements on x1, using (a) HMC and (b) DEns. In each row, the
numbers of training data for x1 are 11, 22, and 44, from left to right. Epistemic
uncertainty is denoted by 2σ̄e, whereas total uncertainty by 2σ̄. The predicted
epistemic uncertainty decreases as we increase the number of training data, whereas
the uncertainty arising from data noise, i.e., aleatoric uncertainty, cannot be reduced
by adding more training data.

where β, the transmission rate, γ, the recovery rate, and ν, the death rate, are un-

known and assumed to be time-dependent functions, and n is the total population,

which is assumed to be constant and equal to the summation of S, I, R,D throughout

the time span. S(t), I(t), R(t) and D(t) are the number of individuals susceptible

to the disease, the number of individuals infected, the (cumulative) number of in-

dividuals recovered, and the (cumulative) number of individuals deceased from the

disease, respectively, at time t. In this example, we use the COVID-19 dataset from

Italy [75], which is the same as in [150].

In this problem, we utilize the data on I, R, and D in the first 160 days for

training. The objective is to predict I, R, and D for t ∈ [161, 200], and identify the
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(a)

(b)

Figure 6.7: Inverse SIRD problem: Predictions for I, R, D and also β, γ and ν,
using HMC (a) and DEns (b). Total uncertainty is denoted by 2σ̄.

unknown functions β, γ, and ν for t ∈ [0, 200]. The results from HMC and DEns

are presented in Figure 6.7. We observe that the error between the predicted mean

and the reference solution of I/R/D from both approaches is bounded by the total

uncertainties. Further, HMC and DEns yield different predictions for β and ν for

times t < 100, while they are quite similar for t > 100. Also, both methods predict a

decrease of β and ν with time. In addition, the predictions for γ from both methods

are similar, i.e., they are close to zero for t ∈ [0, 200]. Note that reference solutions

for the unknown functions β, γ, and ν, are not available and thus corresponding

comparisons are not provided here.
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(a)

(b)

(c)

Figure 6.8: Inverse KdV problem: Predictions for u(x, t) at different times, as ob-
tained by using HMC and DEns. (a) Locations of training data for u and f ; black
circles are used for u and magenta cross symbols for f . (b) HMC; t = −1.5 in the left
side and t = 0.4 in the right side. (c) DEns; t = −1.5 in the left side and t = 0.4 in
the right side. Epistemic uncertainty is denoted by 2σ̄e, whereas total uncertainty by
2σ̄. Note that the scaling for t is the same as in [21]. One could also use a different
scaling for t to make it positive only.
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6.4.3 Inverse KdV problem

The Korteweg-de Vries (KdV) equation, derived more than 150 years ago, can be

used to model surface waves in a shallow canal. It has been applied in various

disciplines for modeling surface gravity waves, internal solitons in the ocean, magma

flows, and conduit waves, for example. In this section, we solve an inverse KdV

problem using NeuralUQ. Specifically, we discover the KdV equation given data

for a system with interactions between two solitary waves. The KdV equation is

expressed in the general form:

ut − λ1uux − λ2uxxx = f, (6.12)

where λ1 and λ2 are constants, and f = 0 is considered. The exact solution can be

expressed as [21]

u = 2∂2xR, (6.13)

where

R = log

[
exp(−η1 − η2) + exp(η1 − η2) + exp(η2 − η1) +

(a1 − a2)
2

(a1 − a2)2
exp(η1 + η2)

]
,

(6.14)

and

η1 = a1x+ a31µt+ b1, η2 = a2x+ a32µt+ b2,

a1 = 1, a2 = 2, b1 = log(3)/2, b2 = b1, µ = 1,

(6.15)

where λ1 = 1.5 and λ2 = 0.25 are considered.

For the inverse problem, the objective is to identify λ1 and λ2, which are consid-

ered unknown, and to predict u in the entire spatial-temporal domain, given partial

noisy measurements on u and f . Specifically, 200 and 100 random noisy measure-
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ments on u and f , respectively, are considered available; see also Figure 6.8(a). The

noise for the measurements on both u and f is assumed to be Gaussian with zero

mean and known standard deviation set to 0.1.

Shown in Figures 6.8(b)-6.8(c) are the errors between the HMC and DEns pre-

dicted means, for u at t = −1.5 and 0.4, and the reference solutions bounded by the

predicted total uncertainties. Further, the predicted values for λ1 and λ2, which are

provided in Table 6.6, are close to the reference values for both methods.

HMC DEns
λ1 (mean ± std) 1.4095 ± 0.0372 1.5452 ± 0.0672
λ2 (mean ± std) 0.2642 ± 0.0057 0.3249 ± 0.0234

Table 6.6: Inverse KdV problem: Predictions corresponding to λ1 and λ2 using HMC
and DEns; the reference values are λ1 = 1.5 and λ2 = 0.25.

6.4.4 100-dimensional Darcy problem

Flow through porous media is studied in various disciplines, such as chemical en-

gineering, e.g., for flows in packed-bed catalytic reactors, oil recovery, e.g., for the

displacement of oil with water, and in geophysics e.g., for the transport of pollutant

in soil. A steady flow through porous media in two dimensions is considered here,

which is described by the Darcy’s law as follows:

∇ · (λ(x, y; ξ)∇u(x, y; ξ)) = f, x, y ∈ [0, 1], (6.16)

where λ is the hydraulic conductivity field, u denotes the hydraulic head, and f = 50

is considered. The boundary conditions are:

u(x = 0, y) = 1, u(x = 1, y) = 0, (6.17a)

∂nu(x, y = 0) = ∂nu(x, y = 1) = 0, (6.17b)
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where n denotes the unit normal vector of the boundary.

In general, λ(x, y; ξ) is determined by the pore structure. In this study, we

employ a stochastic model for λ(x, y; ξ) to consider porous media with different

micro-structures. In particular, λ(x, y; ξ) = exp(λ̃(x, y; ξ)), where λ̃(x, y; ξ) is a

truncated Karhunen-Loève expansion of a Gaussian process with zero mean and the

following kernel:

kλ̃(x, y, x
′, y′) = exp(−(x− x′)2

2l2
− (y − y′)2

2l2
), (6.18a)

0 ≤ x, y, x′, y′ ≤ 1, l = 0.25, (6.18b)

and we only keep the first 100 leading terms of the expansion.

We consider two different scenarios here, i.e., Case A, in which we employ a

DeepONet mapping λ̃ to u pretrained with 9900 different paired data (λ̃, u), and

the test data are partial noisy measurements on λ and u; and Case B, in which we

employ the DEns method to train a DeepONet using the same training data as in

Case A, which also maps λ̃ to u. Complete λ measurements are used as test data,

i.e., a measurement is available at each required location of the DeepONet input.

Particularly, we refer to the DeepONet trained with DEns as uncertain DeepONet

(U-DeepONet) following [234].

6.4.4.1 Physics-agnostic functional prior

For Case A, 20 noisy measurements of λ and u are assumed to be available; see also

Figures 6.9 and 6.10 for the respective locations. The objective is to reconstruct the

entire λ and u given partial noisy measurements of λ/u. Specifically, a pretrained
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(a)

(b)

Figure 6.9: 100-dimensional Darcy problem (Case A): Predictions for log(λ) and
u from PA-GAN-FP+HMC. Training data for λ are shown with circles, whereas
training data for u with cross symbols. Total uncertainty is denoted by 2σ̄.

DeepONet combined with two physics-agnostic models, i.e. a PA-BNN-FP and a

PA-GAN-FP, are considered. In particular, the PA-GAN-FP is pretrained using the

same data for training the DeepONet to learn the functional prior for λ̃, while we

specify a standard normal distribution as the prior for each parameter in the PA-

BNN-FP for the prior of λ̃. For posterior inference, HMC is used for both models.

The details for the pretrained of DeepONet and PA-GAN-FP can be found in the

GitHub repository.

With the pretrained DeepONet and the physics-agnostic models as the prior in

function space, we present the predictions for λ and u in Figures 6.9 and 6.10, respec-

tively. We observe that the errors between the predicted means and the reference

solutions for λ and u are mostly bounded by the predicted uncertainties in both

methods. Further, the predicted uncertainties from PA-GAN-FP are smaller than

those from PA-BNN-FP, which is expected since PA-GAN-FP is equipped with a
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more informative prior. Interested readers can refer to [201, 234] for more compari-

son between the GAN- and BNN-FP.

(a)

(b)

Figure 6.10: 100-dimensional Darcy problem (Case A): Predictions for log(λ) and
u from PA-BNN-FP+HMC. Training data for λ are shown with circles, whereas
training data for u with cross symbols. Total uncertainty is denoted by 2σ̄.

6.4.4.2 Uncertain DeepONet

Figure 6.11: 100-dimensional Darcy problem: Predictions obtained from U-
DeepONet and corresponding to u. Total uncertainty is denoted by 2σ̄.

For Case B, we assume that a complete input λ is available, i.e., a datapoint

is available at each required location of λ. We quantify model uncertainty in the

prediction of u using DEns. In particular, we run the DeepONet training algorithm

five times with different parameter initializations, and subsequently compute the
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predicted mean and uncertainties based on the five predictions of u; see (6.7)-(6.8).

The error between the predicted mean and the reference solution of u for an unseen

log(λ) is bounded by the predicted uncertainties, as shown in Figure 6.11.

6.5 Summary

Scientific machine learning (SciML) has emerged recently as an effective and pow-

erful tool for data fusion, solving ordinary/partial differential equations (ODEs,

PDEs), and learning operator mappings in various scientific and engineering disci-

plines. Indicative SciML models are the physics-informed neural networks (PINNs)

for solving forward and inverse ODE/PDE problems and the deep operator networks

(DeepONets) for learning operators that can, for instance, be used as fast solvers

of ODEs/PDEs. In this context, quantifying predictive uncertainties is crucial for

risk-sensitive applications as well as for efficient and economical design. In this re-

gard, a comprehensive study of UQ methods for various SciML models, e.g., neural

networks (NNs), PINNs, DeepONets, has been provided in [234].

However, due to the fact that the implementations of current UQ methods are

not straightforward, we have developed in this chapter an open-source Python li-

brary, termed NeuralUQ (available at https://github.com/Crunch-UQ4MI), that

serves as an efficient and reliable toolbox for UQ in SciML. In this study, we have

presented a detailed tutorial of NeuralUQ, followed by four numerical examples,

including dynamical systems and high-dimensional parametric and time-dependent

PDEs, to demonstrate the applicability, reliability, and efficiency of NeuralUQ. We

have further demonstrated the flexibility and customizability of NeuralUQ for sup-

porting alternative surrogates, prior and posterior parameter distributions, as well

https://github.com/Crunch-UQ4MI
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as the inference methods. Indicative such modifications have been described and

applied in regression and differential equation problems. More generally, in addition

to the UQ methods presented herein for addressing the problem scenarios of Section

6.2.1, NeuralUQ enables the users to address additional scenarios by combining the

built-in components, such as the different surrogates and inference methods.

Despite the plurality of methods implemented in NeuralUQ, appropriately se-

lecting a UQ method for solving a specific problem is not trivial. In this regard,

we provide a few empirical remarks in the following. Deterministic methods, such

as deep ensemble, are computationally efficient, and they provide reasonable model

uncertainties for both neural ODE/PDE and neural operators problems. Further,

they can handle big data by using data mini-batches, as in standard neural net-

work (NN) training. For problems with noisy data, NN parameter regularization

can be used for addressing overfitting. However, this may have a negative effect

on predicted uncertainties. Specifically, a large regularization weight can lead to

small model uncertainty, whereas a small weight may be insufficient for addressing

overfitting issues. As a potential remedy, different regularization weights can be

used and compared by evaluating their corresponding predicted uncertainties using

metrics and validation data. As for Bayesian methods, Hamiltonian Monte Carlo

(HMC) typically achieves both satisfactory computational accuracy and efficiency

for posterior estimation for problems with relatively small datasets, of the order of a

few hundred measurements. For problems involving big data, the methods Langevin

dynamics (LD), mean-field variational inference (MFVI), and Monte Carlo dropout

(MCD), which support mini-batch training in a straightforward manner, are compu-

tationally more efficient. For solving neural ODE/PDE problems without and with

historical data using Bayesian methods, we recommend the use of a BNN and the

generator of a pretrained physics-informed generative adversarial network as surro-
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gates, respectively. Further, as a rule of thumb for neural operator problems, the

physics-agnostic functional prior (PA-FP) can be used to quantify the uncertainties

caused by incomplete data, and the deep ensemble for quantifying the epistemic un-

certainties. Furthermore, the methods HMC and LD/MFVI are recommended for

problems with small and big data, respectively, if FP is used.

Overall, we envision that NeuralUQ will be used in the future in large-scale com-

putational science and engineering applications as a toolbox of reliable and efficient

UQ implementations. Clearly, such applications require up-to-date, well-maintained,

and versatile software packages. In this regard, indicative extensions of our library

relate to incorporating more neural models, such as neural ordinary differential equa-

tions (NeuralODE) [48], sparse identification of nonlinear dynamics (SINDy) [29],

and ensemble-SINDy [83], more sampling methods that can handle big data, e.g.,

stochastic gradient Hamiltonian Monte Carlo, and variational inference methods

with more accurate parameterized posterior distributions, e.g., normalizing flows.

Finally, we will continue updating the library and we also encourage future users

and researchers to develop additional components for NeuralUQ with the goal of

expanding its current capabilities and advancing the field.



Chapter Seven

Summary and Future Work
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In this dissertation, we have explored theory, methods, and software for uncertainty

quantification (UQ) in scientific machine learning (SciML), presenting a comprehen-

sive and systematic study. Building upon existing work, much of which has focused

on uncertain, imprecise, or incomplete data [234, 281, 315, 318, 174, 321, 320, 317,

335, 92, 112, 206, 173, 329, 175, 90, 325, 136], we have addressed additional challenges

in this field. Specifically, this dissertation has tackled:

1. Data sparsity and high noise levels in Chapter 2.

2. Interpretability, large-scale data, incremental/continual learning under limited

computational resource, and hyperparameter tuning in Chapter 3.

3. Noise model misspecifications in Chapter 4.

4. Physical model misspecifications in Chapter 5.

5. Implementation of modern UQ methods through the open-source library Neu-

ralUQ in Chapter 6.

While these contributions represent significant progress, UQ in SciML still faces

notable limitations. For large and complex systems, scalable UQ methods are still in-

sufficient. For example, although our work in Chapter 3 connects Bayesian inference

in SciML with Hamilton-Jacobi partial differential equations (HJ PDEs) to enable

incremental/continual learning with big or streaming data, it only applies to linear

ODEs/PDEs. Extending this approach to general nonlinear problems poses substan-

tial theoretical challenges. Furthermore, the proposed real-time UQ method, while

effective for Gaussian priors and likelihoods, cannot handle more complex data distri-

butions. Practical UQ approaches, like ensemble-based methods [234], have proven

valuable, but their theoretical foundation and the interpretation of the quantified

uncertainty, remains insufficiently explored.
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Another key remaining challenge is managing model misspecifications and model

uncertainty in physical systems, where uncertainty reflects incomplete knowledge

about models (e.g., physical models in [334, 67] and Chapter 5 and noise models in

Chapter 4). In Chapter 5, for example, we addressed physical model misspecifica-

tions in physics-informed neural networks (PINNs) [244] by introducing additional

NNs. However, this study does not explore the uncertainty levels of the physical

model or the neural operator (NO) as the surrogate model. Similarly, while Chap-

ter 5 discusses noise model misspecification, it focuses only on one specific scenario:

neglecting noise in the input of PINNs and NOs. Overall, our prior work on model

uncertainty primarily examines extreme cases of either completely known or entirely

unknown models, leaving many intermediate scenarios unexplored.

Given these limitations, the research presented in this dissertation can be ex-

tended in the following directions:

1. Scalable UQ for SciML: Scalable UQ methods for SciML face significant

challenges, including high-dimensional neural network parameters and large

data volumes. While ensemble-based methods, such as deep ensembles [163],

have demonstrated practical success in SciML [234], they often produce over-

confident predictions, particularly in noisy data scenarios, as regularization

techniques to prevent overfitting tend to suppress estimated uncertainty [348].

This presents opportunities to develop more robust and scalable UQ meth-

ods for large systems, leveraging recent advances that integrate ensemble ap-

proaches with Bayesian learning [126, 62, 303, 119]. One promising method

is Stein variational gradient descent [176], a general variational inference ap-

proach that generates samples of the target distribution via functional gradient

descent. This method has shown promise in solving prototype SciML problems
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with UQ [342, 341] and warrants further exploration for more complex systems

and real-world engineering problems.

2. Real-time UQ: Real-time UQ is crucial for risk-sensitive and complex ap-

plications such as digital twins [20, 202], autonomous systems [253, 339], and

healthcare [55, 274, 28]. However, several challenges remain. The primary one

is achieving computational efficiency without compromising accuracy, as many

existing UQ methods involve high-dimensional computations that are too slow

for real-time applications. Another obstacle lies in handling noisy, incomplete,

or rapidly evolving data, which requires robust data assimilation techniques

and adaptive models. Furthermore, integrating UQ into dynamic systems with

feedback control introduces further complexity (e.g., [186, 18]), as uncertainty

must be quantified and addressed within tight time constraints. One pos-

sible direction is to leverage UQ-related continual learning methods such as

[5, 78, 331, 28] to address these challenges, as continual learning often involves

streamed data, incremental updates, and real-time inferences [296, 288, 222].

3. Beyond optimal control: Recent studies [47, 46, 345] have highlighted the

potential of linking machine learning problems with HJ PDEs (and optimal

control) offers a promising approach to solving ODEs/PDEs with UQ, espe-

cially for large or streaming datasets. So far, this connection has only been

established for linear problems: convex loss functions, from the machine learn-

ing point of view, and linear quadratic regulators, from the optimal control

point of view. If the assumption on convexity is relaxed by allowing for gen-

eral loss functions—equivalent to nonquadratic costs in optimal control and

nonconvex Hamiltonians in HJ PDEs—then this theoretical connection could

be extended to be between machine learning problems and differential games

[80, 127] rather than optimal control such that more general learning problems
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in SciML may be interpreted or enhanced to handle more complex systems.

This connection with differential games to tackle nonlinear differential equa-

tions with high complexity is to be further explored.

4. Model uncertainty: In prior work on model misspecifications [346, 347, 67,

334], we focused on either fully known or unknown models, overlooking inter-

mediate uncertainty levels. In many scenarios, model uncertainty exists to a

certain degree. For example, in [334], we assumed that certain properties of

the reaction model for Alzheimer’s disease must be satisfied, which simultane-

ously reduced the model uncertainty. Moreover, model uncertainty can vary

over time. For instance, the lack of knowledge about physical models could

be progressively reduced by acquiring more information [120, 53]. To address

this, more advanced UQ methods need to be developed to quantify this type

of uncertainty and capture the associated time-dependent behavior in SciML

applications.

5. UQ for rare events: UQ for rare events focuses on analyzing and quantifying

low-probability but high-impact phenomena across various fields, including cli-

mate science, finance, engineering, and natural disaster modeling [140, 30, 254].

These events are characterized by their infrequent occurrence and substantial

consequences, making their prediction both essential and challenging. Recent

efforts have sought to address these challenges, particularly in modeling, sam-

pling, and mitigating data scarcity, by leveraging machine learning techniques

(e.g., [230, 273, 12, 26]). Despite these advancements, further research is needed

to develop more efficient and robust methods tailored to rare event analysis.

Finally, several open challenges in UQ persist and require further investigation:

1. Hyperparameter selection and tuning: Selecting and tuning hyperparam-
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eters in the context of UQ, such as prior distributions, regularization constants,

and NN architectures, is neither straightforward nor computationally efficient

(see, e.g., [85]).

2. Overparameterization and multi-modal posteriors: The overparame-

terization of NNs results in overly multi-modal posterior distributions in UQ.

Developing efficient methods to obtain representative samples from such dis-

tributions remains an open problem (see, e.g., [308, 212]).

3. Performance evaluation: Evaluating the performance of UQ methods is not

as straightforward as in standard NN training, where validation or test data

are typically used. This is because the true data-generating distribution is un-

known and depends on factors such as the number and quality of measurements

and the choice of hyperparameters (see, e.g., [323]).

4. Marginal predictions: Most UQ studies focus on predictions for single in-

puts, yielding marginal distributions that fail to capture correlations between,

for instance, spatially or temporally adjacent points (see, e.g., [217, 302]).

5. Robustness under distribution shift: Assessing the robustness of UQ mod-

els in cases of distribution shift, where model inputs deviate from the distribu-

tion of the training data, remains a significant challenge (see, e.g., [218, 304]).

Developing UQ models capable of detecting such cases and producing appro-

priately less confident predictions, i.e., admitting “ignorance”, is critical for

their safe deployment in real-world applications.

Addressing these challenges will require continued advancements in theoretical

understanding, algorithmic innovations, and practical implementations. By build-

ing on the foundations laid in this dissertation, future research can move closer to

achieving robust, interpretable, and scalable UQ solutions for SciML.
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A.1 Details of NN architectures and training hy-

perparameters

For all examples in Section 2.4 and Appendix A.3 except the one in Section 2.4.5,

MH-PINNs are implemented as fully-connected NNs (FNNs) with three nonlinear

hidden layers, each of which is equipped with 50 neurons and hyperbolic tangent

activation function. In Section 2.4.5, MH-PINNs are FNNs with four nonlinear

hidden layers (200 neurons and hyperbolic tangent activation function). The number

of heads is the same as the number of tasks in the corresponding examples: 1, 000 in

Section 2.4.1, 2, 000 in Sections 2.4.2, 2.4.3 and 2.4.4, and 10, 000 in Section 2.4.5.

Weights in the body of MH-PINNs are initialized with Glorot uniform initialization

[101] and biases are initialized with zero, while heads are initialized by sampling from

random normal distribution with 0.05 standard deviation, for fast training of NFs

and better performance of the learned generators.

Except for the forward problem in Section 2.4.2, NFs in this chapter are chosen

to be MAF [221] with ten bijectors, i.e. the invertible map in NFs, each of which

is a MADE [97], a NN with masked dense layers, with two nonlinear hidden layers

equipped with 100 neurons and ReLU activation function. The RealNVP [74] and

IAF [153] used in the forward problem in Section 2.4.2 also have ten bijectors, each

of which is a NN with two nonlinear hidden layers equipped with 100 neurons and

ReLU activation function. The implementation mostly follows the instructions of

TensorFlow Probability library [73] for NFs.

PI-GANs [317] implemented in Section 2.4.2 have the following architecture: the

discriminator is a FNN with three nonlinear hidden layers, each of which is equipped

with 128 neurons and Leaky ReLU activation function; the generator that takes as
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input t is a FNN with three nonlinear hidden layers, each of which is equipped with

50 neurons and hyperbolic tangent activation function; the other generator takes

as input a Gaussian random variable in 50 dimensions with zero mean and identity

covariance matrix, and is implemented as a FNN with three nonlinear hidden layers,

each of which has 128 neurons and hyperbolic tangent activation function. The input

dimensions of those three FNNs are 65, 1 and 50, and the output dimensions are 1,

50, 50, respectively.

For the training of MH-PINNs, full-batch training is deployed with Adam opti-

mizer for 50, 000 iterations. For the training of NFs, except for the forward problem

in Section 2.4.2, mini-batch training is deployed with batch size being 100 and Adam

optimizer for 1, 000 epochs. NFs in the forward problem in Section 2.4.2 are trained

for 500 epochs instead, and L2 regularization is imposed to the parameters of Real-

NVP for better performance. For all NFs, to achieve stable training, a hyperbolic

tangent function is imposed on the logarithm of the scale, computed from each bijec-

tor, such that the logarithm of the scale lies in (−1, 1). For the training of PI-GANs,

min-batch training is deployed with batch size being 100 and Adam optimizer for

100, 000 iterations. Besides, the same as in [317, 201], physics-informed Wasserstein

GANs (PI-WGANs) with gradient penalty are employed, in which the coefficient for

gradient penalty is set to be 0.1. Iteratively, five updates of the discriminator are per-

formed and followed by one update of the generators. Except in training PI-GANs,

the learning rate of Adam optimizer is set to be 10−3 and other hyperparameters

of Adam are set as default. In training PI-GANs, the learning rate is set to 10−4,

β1 = 0.5 and β2 = 0.9 in Adam optimizer for both discriminator and generators.

The training of MH-PINNs, NFs, and PI-GANs was performed on a single

NVIDIA TITAN Xp GPU.
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A.2 Details for performing Bayesian inference

Hamiltonian Monte Carlo (HMC) [211] is employed in all Bayesian inference exam-

ples for uncertainty quantification (UQ) while Laplace approximation [145] is only

employed in the first example. In this chapter, HMC with adaptive step size [166] is

used, in which the initial step size is set to be either 0.1 or 0.01, tuned for better ac-

ceptance rate. The number of burn-in samples and the number of posterior samples

are set to be 1, 000. The number of steps for the leapfrog scheme is set to be either

30 or 50, also tuned for better acceptance rate. The open-source NeuralUQ library

[348] is used as a tool for physics-informed Bayesian inference in the downstream

tasks. The ideal acceptance rate in HMC, as discussed in [201, 348], is around 60%.

In this chapter, we found chains with acceptance rate from 50% to 80% acceptable.

A.3 Multi-task learning with multi-head neural

networks

In this chapter, we primarily focused on using MH-NNs in conjunction with NFs

to estimate stochastic functions and learn informative prior knowledge from tasks

{T k}Mk=1. This was accomplished by first training MH-NNs in a MTL framework

and then training NFs to estimate the PDF of the head. The success in learning

functional priors can largely be attributed to the ability of MH-NNs in MTL to cap-

ture shared information across tasks. For physics-informed MTL with MH-PINNs,

ODEs/PDEs are solved simultaneously, and by assuming that solutions share the

same set of basis functions, we obtain samples of the coefficient set, enabling gen-

erative modeling followed by few-shot learning, which is the central objective of the
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proposed method. However, the cost or benefit of enforcing the same basis functions

across all solutions has not yet been thoroughly examined.

On the one hand, the shared body links task training, which may be beneficial

when tasks exhibit similar patterns. On the other hand, forcing all solutions to

share the same basis functions can be counterproductive if task behaviors diverge.

In particular, for tasks with sufficient data and physics, forcing them to share the

same body with all other tasks may act as a negative regularization, and single-

task learning (STL) may outperform MTL in prediction accuracy for those specific

tasks. In this section, we explore the effects of MTL using MH-NNs and provide

preliminary results and analysis by revisiting the simple function approximation

example in Section 2.4.1. We hope this initial investigation offers useful insights and

guidance for future, more rigorous research.

A.3.1 Basis function learning and synergistic learning

As discussed before, the quality and behavior of basis functions learned in MTL

are crucial to generative modeling and learning the relation and the representative

information of tasks {T k}Mk=1. We consistently noticed from numerical examples that

the initialization of the head in MH-NNs has great impact on the average accuracy

of MTL, the learning of the basis functions, and the distribution of the head. Here,

we test three initialization strategies, random normal method with 0.05 standard

deviation referred to as RN (0.05), Glorot uniform method [101] referred to as GU,

and random normal method with 1 standard deviation referred to as RN (1). In

the downstream few-shot learning tasks, we fine-tune the head without the learned

PDF, which is in fact the TL method from [71], by which the information from the

distribution of the head is excluded and the prediction accuracy is fully determined
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by the level of prior knowledge contained in the basis functions.

As shown in Figure A.1, RN (0.05) yields the least informative basis functions,

whose behavior is dominated by the hyperbolic tangent activation function of NNs.

This is further demonstrated in the downstream few-shot learning tasks using the

TL method. It also provides the worst prediction accuracy on average in MTL, as

presented in Table A.1. GN and RN (1) perform similarly. Plots of some basis func-

tions seemingly indicate that RN (1) yields better basis functions, whose behaviors

are more similar to the family of functions displayed in Figure A.1(b), which, how-

ever, does not necessarily imply richer prior knowledge in the downstream tasks, as

shown in Figure A.1(c).

It is shown empirically that compared to other two initialization strategies, MH-

NNs with RN (0.05) does not deliver accurate MTL nor synergistic learning in basis

functions. However, we noticed that, in generative modeling, it performs significantly

better in terms of accuracy and convergence speed. As shown in Figure A.1(d),

samples from the learned generator are of higher quality. We consistently found

that initializing heads with relatively small values often led to easy and fast training

of NFs and accurate learning of the generative models. We conjecture that this

happens because MH-NNs in MTL tend to contain the representative and informative

information in the heads when heads are initialized with small values, while contain

it in the basis functions when heads are initialized with relatively large values.

RN (0.05) GU RN (1)
Error (%) 0.8373± 0.2341 0.1907± 0.0690 0.3131± 0.0937

Table A.1: L2 relative errors, from MTL, for 1, 000 tasks, using different initialization
methods. The errors are displayed in the format of mean ± standard deviation,
computed over all tasks.
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(a)

(b) (c)

(d)

Figure A.1: The effect of different initialization methods of the head, in basis func-
tions learning, few-shot learning, and functional prior learning. (a) Samples of 20
basis functions from MH-NNs, trained for approximating 1, 000 f generated from
(2.14), using, from left to right, RN (0.05), GU and RN (1) initialization methods.
(b) 1, 000 training samples of f . (c) Results for two downstream few-shot regression
tasks, using TL method without the regularization informed by the learned PDF, as
opposite to the proposed approach. (d) Results for functional prior learning, using,
from left to right, RN (0.05), GU and RN (1) initialization methods.

A.3.2 Multi-Task Learning (MTL) versus Single-Task Learn-

ing (STL)

As discussed earlier, MTL with MH-NNs does not necessarily result in synergistic

learning nor higher accuracy for all tasks on average. Here, we use again the function
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approximation example in Section 2.4.1, to investigate the effectiveness of MTL with

MH-NNs, as compared to STL. The first case we consider here is assuming that the

data is sufficient. For that, we randomly choose 100 out of the 1, 000 training samples,

each one of which is approximated by a NN trained independently, and compare the

results with MH-NNs in terms of prediction accuracy. Note that in this case, a MH-

NN is trained on 1, 000 functions as before and tested on the chosen 100 functions,

while a single-head NN with the same architecture is trained on 100 functions directly.

Results are shown in Table A.2, from which it is verified empirically that MTL is

outperformed by STL under certain circumstances, e.g., when the random normal

initialization methods are used.

RN (0.05) GU RN (1) STL
Error (%) 0.7575± 0.2477 0.1362± 0.0259 0.3664± 0.1031 0.2102± 0.0794

Table A.2: L2 relative errors of f , from MTL with MH-NNs and STL with NNs, on
100 tasks. Different initialization methods are used for the heads in MH-NNs. The
errors are displayed in the format of mean ± standard deviation, computed over all
100 tasks.

The second case we consider is assuming that the data is sufficient for some tasks

while insufficient for other tasks. For that, we split equally the 1, 000 tasks into two

subsets of tasks. For the first 500 tasks, we assume we only have 10 measurements

randomly sampled on [−1, 1], while for the other 500 tasks, we assume we have full 40

measurements equidistantly distributed on [−1, 1]. MTL with MH-NNs is performed

on those 1, 000 regression tasks all at once, and the tasks are treated as equal. The

results are presented in Table A.3 and Figure A.2. We can see that, compared to STL,

MTL improves the prediction accuracy on tasks with insufficient data, providing

empirical evidence of synergistic learning. Also, interestingly, RN (1) initialization

method, which yields the worst generative models, performs the best among all

three, which agrees with our previous conjecture on the basis functions learning

with MH-NNs, that heads initialized with large values tend to force representative
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and informative information to be encoded in the basis functions.

RN (0.05) GU RN (1)
Error (%) 63.60± 24.08 40.49± 20.49 16.91± 11.08

Table A.3: L2 relative errors of f , from MTL with MH-NNs, on 500 tasks equipped
with insufficient data. The errors are displayed in the format of mean ± standard
deviation, computed over all 500 tasks.

Figure A.2: Results for three tasks with insufficient data from MTL with MH-NNs,
using different initialization methods over the head, and from STL with NNs with the
same architecture. We note that tasks with sufficient data and tasks with insufficient
data are treated equally in MTL.
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B.1 Details of the hyperparameters in the numer-

ical examples

In Section 3.4, we use RK4 to numerically solve the Riccati ODEs, where the step

size h of RK4 is chosen to achieve a balance between high accuracy and stable,

efficient computations. We use Python, the NumPy library [118], the JAX library

[27], and double precision in all numerical examples. An NVIDIA A100 GPU is used

to accelerate computations.

In Section 3.4.1.1, we use h = 5× 10−5. In Section 3.4.1.2, the baseline solution

using σ = 1 is computed using the method of least squares. Then, σ is tuned using

the values of σ and h shown in Table B.1. In Appendix B.2, the baseline solution

using the entire training set is computed using the method of least squares, and we

use RK4 with step size h = 1 × 10−5 to delete each outlier. In Section 3.4.2.1, we

use h = 1× 10−1, and in Section 3.4.2.2, we use h = 1× 10−2. In Section 3.4.3, we

use h = 2× 10−6 for both domain decomposition patterns.

σ 1 → 0.5 1 → 2 2 → 5 5 → 10 10 → 20
h 10−5 10−5 10−6 10−7 10−7

Table B.1: Step size h of RK4 when tuning σ in the hyperparameter tuning example
in Section 3.4.1.2. σ0 → σ1 denotes the case where σ is tuned from σ0 to σ1.

B.2 Additional results for example 1

In this section, we present the results of removing outliers from the trained model

when solving (3.17) using our Riccati-based methodology from Section 3.3.2.1.

Specifically, we first train the model with the entire noisy training set, and then
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(a) Inference of u.

(b) Inference/fitting of f .

Figure B.1: Deleting two outliers (×) sequentially from the trained model using our
Riccati-based approach to solve (3.17). The left column of (a) and (b) shows the
inferences of u and f , respectively, after the initial training with all data points. The
middle column shows the inferences after the first outlier is deleted, and the right
column shows the inferences after two outliers are deleted. The outliers are deleted
by solving the associated Riccati ODEs backward in time. This process only uses the
results of the previous training step and information of the point to be deleted, which
provides potential computational advantages over more standard SciML approaches
that would otherwise require retraining on the entire remaining dataset.

remove the effect of identified outliers from the learned model. Figure B.1 shows the

results of the initial training and the subsequent sequential removal of two outliers.

As expected, removing the outliers improves the model prediction accuracy. After

both outliers are removed, the exact values now lie within the uncertainty band

around the predicted means, which indicates that our models have become more

reliable. Recall that the outliers are removed by solving one step of Riccati ODEs

backward in time. As such, we do not require retraining on or access to the entire

remaining dataset, which provides potential computational savings.
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B.3 Additional results for example 2

(a) Inferences of f . (b) Inferences of u.

Figure B.2: Intermediate result for adding the 47th data point when using active
learning and our Riccati-based approach to solve (3.20). The left side of (a) and (b)
shows the inferences of f and u, respectively, before the placement of the new sensor
and incorporation of the 47th data point. The right side of (a) and (b) shows the
updates to f and u after these actions. The vertical black dashed line represents
the location (x = 0) where the 47th sensor will be placed. Note that we zoom in on
the region around the new sensor instead of showing the full domain for clarity of
comparison. Our Riccati-based approach naturally complements this active learning
framework as it can efficiently perform repeated updates of the predicted mean and
uncertainty.

In this section, we present additional results for Case B of Example 2. Recall that

in Section 3.4.2.2, we consider the scenario where we have access to high quality data

with low-level noise but sensors are expensive to deploy. As such, the location of new

data measurements must be chosen carefully. Following an active learning framework

[248], we choose the location of the next sensor to be where the predicted uncertainty

is the highest. In Figure B.2, we show the intermediate results when adding the 47th

sensor. In this case, the predicted uncertainty of u more dramatically reduces. This

example demonstrates how the potential of our Riccati-based approach for real-time

inferences allows it to be seamlessly integrated into active learning applications.
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C.1 Details of hyperparameters in the numerical

experiments

In this section, we provide details of all numerical examples presented in Section 4.4.

We use Hamiltonian Monte Carlo (HMC) [211] with adaptive step size [9] to estimate

all posterior distributions, in which the number of steps for the leap-frog scheme is set

to 50 and 1, 000 posterior samples are obtained. The number of burn-in samples and

the initial step size are tuned such that the acceptance rate between 50% and 70%

are achieved. An open-source Python library for UQ in SciML, termed NeuralUQ

[348], is used for implementations. For examples involving NOs, the functions for

hybrid problems are randomly sampled from the testing data rather than data used

to train NOs beforehand.

In Section 4.4.1, we employ BNNs with two hidden layers, each of which is

equipped with hyperbolic tangent as the activation function and has 50 neurons.

The prior of the NN parameter, i.e. p(θ), is set to independent Gaussian with mean

zero and standard deviation one. The prior of the actual inputs, i.e. p(χ), is set

to independent Gaussian with mean zero and standard deviation 100, representing

weak regularization of the actual inputs. We observed that in practice, omitting p(χ)

in the posterior, which indicates that χ follows independent uniform distribution on

a sufficiently large interval, was able to provide accurate inferences and reasonable

uncertainties as well. The prior of log(λ) is set to Gaussian with mean zero and

standard deviation one.

In Section 4.4.2, we employ one BNN for pim and one BNN for pem, and both

BNNs have two layers, each of which is equipped with hyperbolic tangent and 50

neurons. The prior of the NN parameter is set to independent Gaussian with mean
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zero and standard deviation five. The prior of the actual inputs is omitted in the

posterior estimation, indicating uniform distribution on a sufficiently large interval.

The priors of ĉ1 and ĉ2 are Gaussian with mean zero and standard deviation one. The

inferences of c1 and c2 are obtained by 104ĉ1 and 103ĉ2, respectively. In addition, we

rescale pim and pem by pim/10
4 − 15 and pem/10

4 − 15, respectively. The right-hand

sides of (4.17) are rescaled by the factor of 104 accordingly.

In Section 4.4.3, we employ one BNN with two hidden layers to model u. Each

layer has 50 neurons and hyperbolic tangent as the activation function. The prior

of the NN parameter is set to independent Gaussian with mean zero and standard

deviation one, and the priors of logD and λ are Gaussian with mean zero and

standard deviation one. In this example, we impose an additional prior over the

actual inputs to ensure that they remain inside the computational domain [0, 1]2.

To achieve this, we model ξx := F−1
Z (x) and ξy := F−1

Z (y) instead, where (x, y) is

the actual input and FZ denotes the cumulative distribution function of a standard

normal random variable, i.e. FZ(z) =
∫ z
−∞

1√
2π

exp(− s2

2
)ds. The priors of ξx and ξy

are Gaussian with mean zero and standard deviation one.

In Section 4.4.4, a vanilla FNO is employed to learn the solution operator of

(4.24), which maps the initial condition to the solution at t = 1. All hyperparameters

of this FNO and its training are the same as the ones in [171]. We use the same

data from [171] (1, 000 for training and 200 for testing where the initial condition is

generated from the distribution N (0, 625(−∆+25I)−2)) and discretize the input and

output functions on a uniform mesh with 128 grids. The pretrained FNO used for the

downstream hybrid problem achieved 0.50% relative L2 error in average on testing

data. The prior of the discretized input function is set to multi-variate Gaussian

with mean zero and covariance matrix estimated from the 1, 000 data used to train

the FNO.
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In Section 4.4.5, a multi-input DeepONet [138] is employed to learn the solution

operator of (4.25), which maps the function k in the diffusion term and the source

term f to the solution. Both input functions are discretized on a uniform mesh

with 100 grids. There are two branch nets in the multi-input DeepONet and they

both have one hidden layer with 200 neurons and ReLU activation function. The

trunk net is of the same architecture. The output dimensions of the trunk net and

the branch nets are 200. The Adam optimizer [152] with learning rate 0.001 and

default setting is employed to train the multi-input DeepONet for 200, 000 iterations.

The data of k and f are generated by a Gaussian process with zero mean and the

following exponential squared kernel:

k(x1, x2) = exp(−(x1 − x2)
2

2l2
), x1, x2 ∈ [0, 1], (C.1)

where l = 0.2 is the correlation length. We used 5, 000 data to train the DeepONet

and achieved 2.77% relative L2 error in average on 1, 000 testing data.

In Section 4.4.6, a vanilla DeepONet is employed to learn the solution operator

of (4.27), which maps the logarithm of the hydraulic conductivity log(λ) to the

hydraulic head u. Both log(λ) and u are discretized on a 31 × 31 uniform grid.

The branch net of the DeepONet has three hidden layers while the trunk net has

two hidden layers. Each layer has 128 neurons and has hyperbolic tangent as the

activation function. The output dimensions of the branch and trunk nets are 128.

We employed the same Adam optimizer to train the DeepONet for 50, 000 iterations

on 10, 000 training data and achieved 2.08% relative L2 error on 1, 000 testing data.
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C.2 Additional results

C.2.1 1D nonlinear Poisson equation with PINNs

(a) Inference/fitting of f .

(b) Inference of u.

Figure C.1: The effect of noisy inputs-outputs in solving (4.15) using PINNs. Three
scenarios are considered: clean data, noisy output but clean input data, and clean
output but noisy input data of f . The noises for input and output data are additive
Gaussian noises with the same standard deviation 0.01. Comparison shows that
noise in the input data has more significant effect upon the performance of PINNs
than noise in the output data. L2 regularization is employed to prevent overfitting
in all two noisy-data scenarios. Quantitative results can be found in Table 4.2.

(a) Section 4.4.1. (b) Section 4.4.2. (c) Section 4.4.3.

Figure C.2: Noise models for the input of u considered in different PINN problems.
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In this section, we present additional results in Figure C.1 for the example in

Section 4.4.1 where we employed PINNs to solve (4.15) with different types of data.

We observe that, even with the same noise level, the noise in the input data has a

more significant effect on the performance of PINNs than the noise in the output

data, indicating the necessity and importance of accounting for input noise in solving

PDEs.

C.2.2 1D time-dependent reaction-diffusion with DeepONets

(a) Reconstruction of f .

(b) Reconstruction of u|t=1.

Figure C.3: The homogeneous reaction-diffusion equation: Reconstructing f and
u|t=1 from their sparse and noisy measurements, in which a pretrained DeepONet
serves as an equation-free surrogate that encodes the physics. From left to right we
present results from our approach with correctly specified input noise, the reference
method (a MAP estimate), our approach but misspecifying the scale of the input
noise as a relatively small value (0.01), and a non-synergistic method.

In this section we consider a simplified case of Section 4.4.5 where the diffusion

term is a known constant across the field:

∂u

∂t
= D

∂2u

∂x2
+ κu2 + f(x), x ∈ [0, 1], t ∈ [0, 1], (C.2)
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where D = 0.01 and κ = 0.01 and f is the source term. We train a vanilla Deep-

ONet [178] with clean and sufficient data to learn the solution operator from f to

u|t=1, and then use the pretrained NO to reconstruct f and u|t=1 from their sparse

and noisy measurements. Specifically, we assume six measurements of f and three

measurements of u|t=1 are available. They are randomly sampled from x ∈ [0, 1] and

corrupted by additive Gaussian noises with scales 0.2 and 0.05, respectively.

Results are presented in Figure C.3. We can see that our approach is able to

provide accurate and trustworthy reconstructions of the input and output functions

of the NO. Comparing our approach with the MAP estimate, we observe the ne-

cessity of UQ in reconstructing functions with pretrained NOs when noisy data are

encountered. Similar to results in Section 4.4.4, misspecifying/ignoring the input

noise yields significantly worse and unreliable predictions in inferring both the input

and output functions. We also test the non-synergistic method in this case, and

larger predicted uncertainties and errors demonstrate that reconstructions of the in-

put and output functions are performed synergistically with our approach. Besides,

as shown in Figure C.3, the predicted uncertainty of f around x = 0.9 from our

approach yields a relatively small value compared to the nearby region even though

no measurement of f is available near x = 0.9. This is caused by the existence

of a measurement of u|t=1 around x = 0.9 and therefore showcases the synergistic

learning.
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D.1 Details of hyperparameters in numerical ex-

periments

In Section 5.3.1, DNNs used to model u/s have two hidden layers, each of which has

50 neurons and is equipped with hyperbolic tangent as the activation function, and

take as input t and output u/s. In Section 5.3.2, DNNs have two hidden layers and

each layer has 50 neurons and a hyperbolic tangent activation function. They take

as input x, t and output u or s. In Section 5.3.3.1, DNNs have two hidden layers

(50 neurons and a hyperbolic tangent activation function) and take as input y and

output u or s. In Section 5.3.3.2, a DNN with three hidden layers (100 neurons and

a hyperbolic tangent activation function) is used to model u, v. That is, this DNN

takes as input x, y and outputs u, v. Another DNN with three hidden layers (100

neurons and a hyperbolic tangent activation function) is used to model p. Besides,

an additional DNN with three hidden layers (100 neurons and a hyperbolic tangent

activation function) is used to correct two misspecified equations and it takes as

input x, y and outputs s2, s3.

The ensemble PINN method [234, 348] is used for clean data to obtain predictions

with UQ. In Section 5.3.1, 20 PINNs are independently trained with Adam optimizer

[152] (10−3 learning rate) for 100, 000 iterations. In Section 5.3.3.2, 10 PINNs are in-

dependently trained with Adam optimizer (10−3 learning rate) for 200, 000 iterations.

To obtain results shown in Figure 5.9, PINNs are trained with Adam optimizer for

500, 000 iterations. The learning rate decays from 10−3 to 10−5 for stable training.

The B-PINN method [315] is used for noisy data to obtain predictions with UQ. In

all related examples, parameters of DNNs are assumed to be identically independent

distributed (i.i.d.) Gaussian as the prior distribution with mean zero and standard
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deviation one. The likelihood distribution is also assumed to be independent Gaus-

sian where the standard deviation is the known noise scale for additive Gaussian

noise. In addition, Hamiltonian Monte Carlo (HMC) with adaptive step size [211]

is used to obtain posterior samples, in which the number of posterior samples is set

to 1, 000 and the number of steps for the leap-frog scheme is set to 50. The number

of burn-in samples and the initial step are tuned such that the acceptance rate lies

between 50% and 70%. A open-sourced Python library for UQ in scientific machine

learning, termed NeuralUQ [348], is used for fast and convenient implementations.

D.2 Additional results for the ODE system

(a) Clean and sufficient data (b) Noisy and gappy data (c) Noisy and sufficient data

Figure D.1: ODE system: Plots of the discovered equation ϕ(u) using symbolic re-
gression, following our approach in correcting the model misspecification; see Table
5.3 for the mathematical expressions. In (a), the symbolic regression is performed on
the predicted mean from ensemble PINNs. In (b) and (c), the symbolic regression is
performed on the predicted mean as well as the upper and lower bounds of the un-
certainty band (mean±2stds) from B-PINNs. We note that the symbolic regression
is performed on ϕ(u) instead of ϕ(t).

In Figure D.1, we present plots of the discovered equation ϕ(u) using symbolic re-

gression in various cases; see Section 5.3.1 for details and Table 5.3 for the discovered

mathematical expressions. Recall that in noisy-data cases, we employed B-PINNs

and obtained uncertainties in predicting u and ϕ. By forming the data for symbolic

regression as {uθ(ti), sψ(ti) + λ̃ cos(uθ(ti))}Ni=1, we in fact obtain uncertainty in ϕ(u)
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as well, which is leveraged in the following symbolic regression. As shown in Fig-

ure D.1, for noisy-data cases, we also perform symbolic regression on the upper and

lower bounds of the uncertainty band in predicting ϕ(u). Although the discovered

mathematical expressions in Table 5.3 from noisy-data cases are not as accurate, the

error in function values is bounded by the upper and lower bounds. Besides, due

to the increase of data, the predicted uncertainty from the noisy-and-sufficient-data

case is significantly smaller.

D.3 Additional results for the 1D reaction-diffusion

equation

In this section, we utilize the proposed method in combination with the symbolic

regression to (1) correct the misspecified physics in these cases independently and

(2) discover the explicit expression for the reaction model based on the trained NNs.

Specifically, the first test case here is Case (C) in Section 5.3.2, where the reaction

model is misspecificed as λu2 (with known λ = 1), and we use an additional NN

to correct it. The misspecified part, i.e., ϕ = λu2 + sψ in the governing equation is

illustrated in Figure 5.7. The symbolic regression is then employed to identify the

mathematical expression for ϕ, which is now treated as a function of u. The results

are presented in Table D.2, and discovered reaction model is close to the reference

solution as observed.

To further improve the predicted accuracy, we assume that we have additional

data from the same reaction-diffusion system, i.e., the governing equation is the

same, but with different initial/boundary conditions, which are shown in Table D.1.

Specifically, we assume that we have data from two additional cases where the ini-
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tial/boundary conditions are different from the one used in Case (C). We note that

the problem setups for the two new cases are the same as in Case (C), and we then

employ the proposed method to correct the misspecification of the reaction model

in PINNs. We denote the solutions as u1/u2/u3 and the corrections as s1/s2/s3 for

the cases in Table D.1 (from left to right). The learned reaction terms ϕ1/ϕ2/ϕ3 can

then be expressed as λu21 + s1/λu
2
2 + s2/λu

2
3 + s3.

Initial condition u(x, 0) = 0.5 sin2(πx) u(x, 0) = x(1− cos2(πx)) u(x, 0) = cos2(πx)
Boundary condition u(0, t) = u(1, t) = 0 u(0, t) = u(1, t) = 0 u(0, t) = u(1, t) = 1

Table D.1: Different initial and boundary conditions for the reaction-diffusion equa-
tion. The initial/boundary conditions are for Case (C) of Section 5.3.2.

Figure D.2: Data for the identification of the reaction term ϕ(u), obtained from
correcting the misspecified physics in three initial/boundary conditions (presented
in Table D.1) independently using our approach. The exact ϕ-u relation is ϕ =
2u(1− u).

We now proceed to identify the misspecified physics using symbolic regression

given data on all the three cases. Similar to Case (C), we assume that the reaction

term ϕ is a function of the solution u, i.e. ϕ = ϕ(u), and it has the same formulation

in the there test cases. We then apply the method from [58] to regress the analytic



221

One initial/boundary condition Three initial/boundary conditions
u(2.0878− 2.0745u)− 0.0229 u(1.9698− 1.9524u)

Table D.2: The identified mathematical expressions of the reaction term ϕ(u) in the
reaction-diffusion equation (5.11) using symbolic regression and data from multiple
initial/boundary conditions. The exact is 2u(1 − u). The data for the symbolic
regression are displayed in Figure D.2.

expression of the reaction term using the follownig data:

∪3
j=1{uθj(xif , tif ), λu2θj(x

i
f , t

i
f ) + sψj

(xif , t
i
f )}

Nf

i=1,

where xif , t
i
f , i = 1, ..., Nf are grid points on which the source term f is evaluated

and Nf is the number of data. The training data used in the symbolic regression

are shown in Figure D.2, in which we can see that data are scattered around the

exact ϕ-u relation. In addition, we observe that the data from the same equation but

different initial conditions are able to provide extra information, e.g. data near u = 1,

which is able improve the accuracy for identifying the reaction model, as illustrated

in Table D.2. We note that the current approach for identifying the mathematical

expressions for the misspecified physics is quite flexible and does not require the

candidate library for the all possible formulations of the reaction process as in [52].

D.4 Details for the computations in lattice Boltz-

man equation model

In this section, we provide details for generating data of the non-Newtonian Cavity

flow in Section 5.3.3.2 using the lattice Boltzman equation model (LBE) in [295].

We set Re = U2−nL/ν0 = 100, L = 1, U = 0.01, ρ = 1, n = 1.5 and use a uniform

mesh of size 101× 101 on [0, 1]2 to perform the simulations.
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In this section, we provide a glossary table in Appendix E.1, and an example for

surrogate customization, i.e., a one-dimensional regression problem, in Appendix

E.2. We then demonstrate the customization for prior in Samplable and posterior

estimation in Variational, using a one-dimensional differential equation problem, in

Appendix E.3, and provide the details for data generation in Appendix E.4.

E.1 Glossary for frequently used terms

In Table E.1, we provide a glossary table of frequently used terms in this chapter,

and in ML/SciML more generally.

Glossary
UQ uncertainty quantification SciML scientific machine learning

DNNs deep neural networks BNNs Bayesian neural networks
GANs generative adversarial networks FNN fully-connected neural network
PINNs physics-informed neural networks DeepONets deep operator networks

FP functional prior PI-GANs physics-informed GANs
PA-FP physics-agnostic FP GAN-FP GAN-based FP

BNN-FP BNN-based FP

Table E.1: Glossary of frequently used terms in this chapter.

E.2 Customization of surrogates

We demonstrate the surrogate customization, using a one-dimensional regression

problem. The target function is:

u = 1.5 sin(11x), x ∈ [−1, 1]. (E.1)

We assume that we have 3 noisy measurements of u, which are equidistantly dis-

tributed in [−0.7,−0.3]. The noise for the measurements is assumed to be Gaussian
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with zero mean and known standard deviation set to 0.05.

We employ three different surrogates for different scenarios: (1) We have neither

historical data nor prior knowledge on the formulation of the target function. We

then employ a BNN with one hidden layer which has 50 neurons and the hyperbolic

tangent activation function as the surrogate. In addition, the standard normal dis-

tribution is utilized as the prior distribution for each weight and bias in the BNN;

(2) the expression describing the target function is not considered as known, but

we have historical data for it. We then train a GAN to learn the functional prior

using historical data; and (3) we have prior knowledge regarding the target function

expressing that it is a sine function with unknown amplitude and frequency, i.e.,

A sin(ωx), where A and ω are parameters to be inferred given measurements. The

details regarding the pre-trained GAN in (2) can be seen in the GitHub repository,

and the posteriors for the parameters in each surrogate are computed using HMC.

(a) (b) (c)

Figure E.1: 1D regression problem: Predictions for u using different surrogates. (a)
BNN; (b) GAN-FP, and (c) A sin(ωx). 2σ̄: Total uncertainty.

As shown in Figure E.1, the predictions from the GAN-FP and A sin(ωx) surro-

gates are quite similar for both the predicted means and uncertainties, which are more

accurate than the results from the BNN surrogate in terms of the means. Also, the

errors between the predicted means and the reference solution are mostly bounded

by the predicted uncertainties from GAN-FP and A sin(ωx), whereas the errors are
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only partly bounded by the predicted uncertainties in BNN. Overall, we demonstrate

the flexibility and customizability of NeuralUQ by customizing problem-dependent

surrogates to achieve better predicted accuracy.

E.3 Customization of prior and inference

We demonstrate the customization for prior in Samplable and posterior estimation

in Variational, using a one-dimensional differential equation problem. Specifically,

we consider a nonlinear diffusion-reaction system expressed as follows:

D∂2xu− kru
3 = f, x ∈ [−1, 1], (E.2)

where u represents the concentration of a certain solute, D denotes the diffusion

coefficient, kr is the reaction rate, and f is the source term.

We first demonstrate the customization of prior using the example of an inverse

problem described by (E.2). In this problem, D = 0.01 is a known constant, and

we have a few noisy measurements on u, and f . The objective is to infer u and f

for x ∈ [−1, 1], and the reaction rate kr which is an unknown constant. Specifically,

we have noisy measurements of u at 5 random locations, and 17 noisy equidistant

measurements of f . We then employ a BNN as well as a Samplable variable as the

surrogate for u and kr, respectively. The equation can then be encoded using the

automatic differentiation as in PINNs. The employed BNN has 3 hidden layers with

50 neurons per layers, and the hyperbolic tangent activation function is used as the

activation function. We assume that each weight/bias has the same prior distribution

in this BNN, which is independent Gaussian here, i.e., N(0, 12). Further, we employ
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three different prior distributions for kr, i.e., kr ∼ N(0, 12), kr ∼ HalfN(0.5, 0.52)

and log kr ∼ N(0, 12), whereHalfN refers to half-normal distribution. The posterior

samples for the parameters in BNN as well as kr are obtained using HMC. We only

present the predictions for kr in Table E.2, for simplicity. As shown, the predictions

for kr are strongly affected by its prior distribution. Overall, NeuralUQ enables the

users to utilize different prior distributions to achieve better accuracy.

Priors for kr kr ∼ N(0, 12) kr ∼ HalfN(0, 12) log kr ∼ N(0, 12)
mean ± std 0.5727 ± 0.4407 0.4131 ± 0.2488 0.4538 ± 0.2550

Table E.2: Nonlinear diffusion-reaction problem: Predictions for kr with different
priors. The reference solution is kr = 0.2.

(a)

(b)

Figure E.2: Nonlinear diffusion-reaction problem: Predictions for u and f from VI
with different parameterized posteriors. (a) Mean-field Gaussian, (b) Mean-field
Bernoulli.

We proceed to show the customization of posterior estimate in Variational using

the example of a forward problem governed by (E.2). In particular, D = 0.01,

kr = 0.2, and the boundary condition is u(−1) = u(1) = 0. In addition, we assume
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that we have 10 noisy measurements of f which are randomly distributed at x ∈

[−1, 1]. The noise for the measurements, which is N(0, 0.012), is assumed to be

known. The objective is to infer u given data of f . We employ a PI-GAN, which

is the same as in [201], to solve this problem. The same historical data in [201] is

utilized here to train the PI-GAN to obtain the functional priors for u and f . Note

that HMC is employed in [201] for the posterior estimation of the parameters in PI-

GAN. Here we utilize VI with two different parameterized posterior distributions to

demonstrate the flexibility of NeuralUQ, i.e., independent Gaussian with unknown

means and standard deviations (mean-field Gaussian), and independent Bernoulli

distributions with fixed p = 0.5 as the probability of success/failure, multiplied by

unknown variables (mean-field Bernoulli). The predictions for u and f are displayed

in Figure E.2, it is observed that (1) the predicted means for u and f from the two

parameterized posteriors are similar, and (2) the errors between the predicted means

for u and f are mostly bounded by the predicted uncertainties in both methods.

Finally, note that we employ these specific prior/posterior distributions for

demonstration purposes. Interested users of NeuralUQ can also customize other

problem-dependent prior/posterior distributions by following the examples presented

above.

E.4 Data generation

Regarding data generation, in Section 6.4.1, the nonstiff differential equations solver

ode45 in Matlab is utilized for solving (6.9) to generate the training data as well

as the reference solutions; in Section 6.4.3, the training data are generated from the

exact solution of u from [21]; and in Section 6.4.4, the finite-element-based Partial
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Differential Equation Toolbox in Matlab is utilized for solving (6.16) to generate the

training data as well as the reference solutions. Note that all data as well as the

employed NNs related to this study can be accessed in the GitHub repository of

NeuralUQ.
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