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Abstract of “Sharp large deviation estimates and their applications to asymptotic con-
vex geometry”, by Yin-Ting Liao, Ph.D., Brown University, October 2022

The study of high-dimensional measures is an integral part of probability, statistics and
asymptotic convex geometry, where the object of interest is the normalized volume mea-
sures of a convex body. A common theme is to try to analyze these high-dimensional
objects by looking at their lower-dimension projections. Classical theorems in prob-
ability theory on independent and identically distributed random variables, such as
the law of large numbers and central limit theorem, provide information about scalar
projections of high-dimensional product measures along a particular direction (i.e.,
the direction (1,...,1)). Although the study of (typical) projections of more general
(non-product) high-dimensional measures dates back to Borel, only recently has a the-
ory begun to emerge in the field of asymptotic convex geometry, which in particular
identifies the role of certain geometric assumptions that lead to better behaved pro-
jections. In this thesis, we study large deviation properties for random projections of
high-dimensional measures and their applications to asymptotic convex geometry. The

thesis is divided into three parts as follows.

In the first part of the thesis, we study large deviation principles for random mul-
tidimensional projections, which are averaged over the randomness of the projections
(the so-called annealed setting). Antilla et al. showed that if a random vector X" € R"
satisfies a thin-shell condition, which is a quantitative estimate on how the mass is
concentrated around a thin sphere, then for most directions 9", fluctuations of most
lower-dimension projections (X", 0") are almost Gaussian. We introduce an asymptotic
thin-shell condition, which describes the asymptotic rate of concentration of the mass
around a thin sphere as the dimension grows to infinity, and show that this condition
is sufficient for annealed random projections of the high-dimensional vector to satisfy

a large deviation principle. We also verify the asymptotic thin-shell condition for sev-



eral classes of high-dimensional measures including normalized volume measures of

a large class of Orlicz balls.

In the second part of the thesis, we obtain refined sharp large deviation estimates
for annealed random projections under an additional asymptotic density condition and
apply these large deviation estimates to study problems of interest in asymptotic convex
geometry. The study of intersections of convex bodies was originated by a classical
question raised by Milman, “What is the volume left in a unit £ ball after removing
a t-multiple of £7 ball?” To answer this question, Schechtman and Schmuckenschldger

studied the limit of the ratio of

Bi(1) N Bl ()| and

B(1)

, where Bj(f) is an £} ball
with radius t. They showed that an interesting phase transition occurs in t: the ratio
converges to either 0 or 1in a certain subcritical and supercritical regime, respectively. The
critical regime is more subtle and was finally resolved after a decade by Schechtman,
who showed the ratio converges to 1/2 as n — oo. The corresponding results for other
classes of convex bodies were not as well understood. We extend these results to Orlicz
balls and obtain again a phase transition by deriving a sharp estimate for the volume
of the intersection of two Orlicz balls. Various other volumetric properties for Orlicz

balls are also obtained.

In the last part of the thesis, we study quenched (i.e., conditioned on the random
projection bases) large deviation estimates for random multidimensional projections,
and investigate what geometric information they capture about the high-dimensional
measures. LDPs for random projections of £ balls were obtained in Gantert et al.
While they captured some geometric information, they could not distinguish between
balls and spheres. Sharp large deviation estimates were originated obtained for sums
of independent and identically distributed random variables {X;};cny by Bahadur and

Ranga Rao. With the perspective that such a sum can be viewed as the projection of a
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product measure in the (1, ..., 1) direction, we generalize these results in two ways. First,
we look at projections along a random fixed direction 6" € $"~! sampled uniformly
from the unique rotational invariant measure on $"'. Next, we consider random
vectors X" € RR" distributed according to some non-product measures. The main
idea behind the derivation of the corresponding sharp large deviation estimates is to
identify the correct change of measure for the rare event corresponding to the deviation
and to obtain a quantitative central limit theorem under this change of measure. We
also propose an importance sampling algorithm to numerically approximate the tail
probability or the volume of spherical caps of £; balls. Numerical simulations show
that the sharp large deviation estimate is a very good approximation even when the

dimension of the vector is not particularly high.
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CHAPTER ONE

Introduction



With the emergence of big data, there is an urgent need to develop new ideas and
techniques for handling enormous amounts of data. As the dimension (i.e., number
of features) of a dataset increases, the computational cost of analyzing the data grows
exponentially, a phenomenon known as the curse of dimensionality. One way to over-
come the curse of dimensionality is to use dimension reduction by capturing the main
teatures of a high-dimensional dataset using a lower-dimensional space. A dimension
reduction technique that is commonly used when there is no a priori knowledge of the
dataset is Projection Pursuit [22,37], which projects the data onto random directions
and only chooses those in which the projected data is not close to Gaussian. However,
such projection directions are scarce due to the universality result that most random
projections of (a large class of) high-dimensional measures look Gaussian [51]. When
there is an abundance of data, a potentially valuable alternative is to look at rare events
or the tails of random projections in order to capture information about or to distinguish

among different high-dimensional data or more general measures.

The study of high-dimensional probability distributions through their lower-
dimensional projections, especially random projections, is a common theme in a wide
range of areas, including geometric functional analysis [39], statistics and data analysis
[22,31], information retrieval [38,69], machine learning [60] and asymptotic geomet-
ric analysis [8,51]. In the latter case, the study of lower-dimensional projections is
also interesting from a theoretical perspective as it relates to fundamental questions in
asymptotic convex geometry. Dvoretzky’s theorem states that every high-dimensional
normed vector space has a lower-dimensional subspace that is “close” to a Euclidean
space. Finite-dimensional Banach spaces are characterized by the level sets of their
norm, which are (symmetric) convex sets. Therefore, Dvoretzky’s theorem can be
viewed as saying something about high-dimensional convex sets — specifically, that

most of their (sufficiently) lower-dimensional sections are elliptic. From a probabilistic



point of view, it is natural to also consider the normalized volume measure of a con-
vex set, or more general high-dimensional measures, and consider their projections.
A significant result is the central limit theorem for convex sets [51], which says that
if a random variable X" is distributed uniformly on an isotropic (i.e., having mean
0 and covariance matrix proportional to the identity matrix) convex body, then its
one-dimensional scalar projections (X", 0") along most directions 6" on the unit (n —1)-

dimensional sphere $"~! in R” is almost Gaussian.

In order to set this result in context, first consider a sequence of independent and
identically distributed (i.i.d.) random variables {X;};eny C IR with mean 0 and variance

1, the classical central limit theorem says as n — oo,

1 n
— X, —» Z weakly,
\/’Z g

where Z is a standard normal random variable. Beyond the central limit theorem fluc-
tuation regime, large deviation principles capture the rate of decay of tail probabilities.
A fundamental result in large deviation theory is Cramér’s theorem, which provides
an exponential rate of decay of the probability of a rare event. To be more precise, let
S":= 1y, X;. Define A(A) = E[¢**1] and let I(a) be the Legendre transform of A, de-
fined to be l(a) := sup, i {aA — A(A)}. Then under suitable condition on the (marginal)

distribution of X3, for a > E[X;], we have thatas n — o
1 n
- log P(S" > a) — —I(a).

Both the central limit theorem and Cramér’s theorem can be viewed in a geometric



point of view. The empirical mean can be written as the inner product,

ZX“—— X", \n3"), (1.1)

<|

where X" = (Xj,...,X,;) and 3" := #(1, 1,---,1) € $'. Hence, a natural question
is to understand projections along directions, possibly random, other than the typical
direction 3. Moreover, one can go beyond product measures and consider more general

measures.

As mentioned earlier, a significant result in this direction is the so-called central
limit theorem (CLT) for convex sets, which roughly says that most k-dimensional pro-
jections (equivalently, marginals) of an n-dimensional isotropic convex body are close
to Gaussian in the total variation distance, when # is sufficiently large and k is of a
smaller order than n* for some universal constant « € (0,1). Although foreshadowed
by results of Sudakov [77], Diaconis and Freedman [22] and von Weizsdcker [80], the
conjecture that most marginals are Gaussian was precisely formulated by Anttila, Ball
and Perissinaki in [8] (see also [18]). Specifically, they showed that if the Euclidean
norm of a symmetric high-dimensional random vector X" satisfies a certain concen-
tration estimate referred to as the “thin shell” condition, then “most” of its marginals

are approximately Gaussian.

Definition 1.0.1. Given ¢ > 0, a random vector X € IR" is said to satisfy the ¢ thin shell

—-m <€)§€.

They also verified this condition for random vectors uniformly distributed on a certain

condition if for some m € (0, ),

[1XII
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class of convex sets whose modulus of convexity and diameter satisfy certain assump-
tions. Subsequently, the thin shell condition was verified for various classes of convex
bodies by several authors, with a breakthrough verification due to Klartag [51] for any
isotropic log-concave distribution, which, in particular, includes the uniform distribu-
tion on an isotropic convex body (see also [32] for a simplified proof). The result of
[8] was further extended to general high-dimensional measures by Meckes [61], who
showed that whenever an n-dimensional random vector satisfies a quantitative version
of the thin shell condition, then most k-dimensional marginals are close to Gaussian (in
the bounded-Lipschitz distance) if k < 2logn/loglogn, and that the latter cutoff for k

is in some sense the best possible.

While the central limit theorem for convex sets is a beautiful universality result,
it implies that most lower-dimensional projections do not provide much information
about the high-dimensional measure. In contrast, large deviation principles (LDPs)
are typically non-universal and distribution-dependent, and only recently has work
begun to emerge in the study of LDPs for high-dimensional convex bodies. Since we
are considering random projections of random vectors, the randomness come from
two different sources. We consider two different scenarios, quenched (conditioned on
the random projection bases) and annealed (averaging over all the directions) random
projections. A first result on random projections of £; balls for p € (1, o] was studied
in [34], where they obtained the large deviations for both annealed and quenched
random projections. They also showed in [33] the atypicality of Cramér’s theorem
which considered quenched random projections of product measures. (See also Section

2.1.2 for discussion on other related works.)

In Chapter 2, we consider the large deviation principle for annealed random projec-

tions. In the thesis [48], Kim and Ramanan proposed the asymptotic thin shell condition



which extends the previous results [34] to more general measures beyond £} balls and
product measures, and more general projections, beyond one-dimensional projections
A sequence of random vectors is said to satisfy the asymptotic thin shell condition if the
sequence of scaled norms satisfies an LDP at speed n. However, for p € (1,2), é’; balls
do not satisfy the asymptotic thin shell condition, where the sequence of scaled norms
satisfies an LDP at speed n#/?, [43]. We extend the asymptotic thin shell condition in
[48] to include these cases. Under this extension, we are faced with the challenge to es-
tablish LDPs of products or more general functions of multiple random vectors where
different random vectors satisfy LDPs at different speeds, and deal with the subtleties
involved to resolve these competing speeds to determine the speed of the LDP of the
function of interest. We obtain the large deviation principles under the asymptotic
thin shell condition in three regimes of dimension k, of random projections — constant
k, = k, sublinear 1 < k, < n and linear k, ~ n. We provide examples satisfying the
asymptotic thin shell condition, including £, balls for p € (1, eo], superquadratic Orlicz

balls and a class of Gibbs measure.

While the LDP only provides asymptotic log equivalents of the probability (i.e.,
only exponential decay), in Chapter 3, we obtain refined large deviation estimates for
annealed random projections which include a correction ”or prefactor” that refines the
exponential decay one obtains from the LDP. Such refined large deviation estimates
for product measures were first given in Bahadur and Ranga Rao [10], which we now
briefly recall. Given a sequence of independent and identically distributed (i.i.d.)
random variables (X;)ien, for each n € IN, let S denote the corresponding empirical
mean S" = %Xi. Under suitable assumptions on the (marginal) distribution of X it was
shown in [10] that

~nl(a)

" _ e
P(S" >a) = P, (1+0(1)). (1.2)



where I is the Legendre transform of A, the logarithmic moment generating function
of Xj, and 7, > 0 and o0, > 0 are suitable constants specified below. Key ingredients of
the proof in [10] include first identifying a “tilted” measure under which the rare event
on the left-hand side of (3.1) becomes typical, and second, establishing a quantitative
CLT for the sequence (5"),en under the tilted measure. Specifically, this tilted measure

is also another product measure of the form ®"P, where P, is given by

@ = P Xi=A()

dP ’
with 7, being the unique positive constant such that under ﬁl%, X7 has mean a. The
constant o2 in (3.1) is the variance of X; under E. The second step of establishing a
quantitative CLT is in this case standard given the product form of the tilted measure,
and appeals to well known Edgeworth expansions that also involve the third moment
of S, under P,. The techniques of sharp large deviation turn out to be useful in asymp-
totic convex geometry. The difficulty here involves considering non-independent sum-
mands and identifying correct tilted measures. We also provide a generalization of a
one-dimensional Laplace approximation to resolve asymptotic integral with different
speeds in the exponent. We apply the technique to obtain various quantities of interests

including sharp volume estimates of Orlicz balls and volume ratio of intersections of

Orlicz balls.

In Chapter 4, we turn to quenched random projections. As in Chapter 3, we consider
the sharp estimates for £, balls. We also include the simpler case of product measures to
illustrate the main idea. Unlike for annealed random projection, we lose the symmetry
in the quenched case, that is, when conditioning on a direction sequence and need
to take care of additional technicalities. The obtained sharp large deviation estimates

provide additional geometric information that was not observed in the large deviation



principles. Along the way, we also provide an importance sampling algorithm to
approximate the volume of £ spherical caps and establish a central limit theorem for

functionals direction sequences which might be of independent interest.

1.1 Preliminary and background results on large devia-

tion principles

We set some initial notation and definitions, with a particular emphasis on large devia-
tions terminology. First, for a,b € R, we will use a V b and a A b to denote max(a, b) and
min(a, b), respectively. Next, for p € [1, 0], let |- ||, denote the 5;1 norm (with some abuse
of notation, we use common notation for the £§ norm on IR" for any n € IN). We use the

notation N(u, 0?) to denote a normal random variable with mean u and variance 2.

Given a topological space X with Borel o-algebra 8, let £(X) denote the space of
probability measures on X. By default, we impose the topology of weak convergence
on P(X): recall that a sequence {u,},en C P(X) is said to converge weakly to u € P(X),
also denoted as p = p, if and only if for every bounded continuous function f on X,
f fdu, — f fdu as n — oo. On occasion, when X = R?, we will consider subsets of

probability measures that have certain finite moments. For 4 > 1 and d € IN, define

Py(R7) := {v ePMY: | |x|Tv(dx) < oo},

R4

Then, a sequence of probability measure {v,},en C P,(R?) converges to v € P, (RY)
with respect to the g-Wasserstein topology if we have weak convergence v, = v and

convergence of g-th moments f]Rd |x|7v,(dx) — f]Rd |x|7v(dx). In fact, as elaborated in



[79, Sec. 6], the g-Wasserstein topology can be metrized by a distance function called

the g-Wasserstein metric, which we denote ‘W,. Next, for g > 0, let

M,(v) = fR (), vePRY, (1.3)

denote the g-th moment map. In our analysis, we will frequently consider the following

subset: for j € N, define K, ; ¢ P(R?) as
Ky = {v e PRY) : My(v) < j}. (1.4)

Lemma 1.1.1. Fix j € N. For any q € [1,2), the set K5; C P>(IR?) is compact with respect to

the g-Wasserstein topology. In addition, K5 ; is convex and non-empty.

Proof. The proof is a simple modification of the proof of the j = 1 case given in [50,

Lemma 3]. O

We refer to [21] for general background on large deviations theory. In particular,

we recall the definition:

Definition 1.1.2. Let X be a regular topological space with Borel o-algebra 8. A
sequence {P,},en C P(X) is said to satisty a large deviation principle (LDP) at speed s,, with

rate function I : X — [0, oo] if [ is lower-semicontinuous and for allT € B,

- inrf I(x) < liminf - log P,(T') < limsup + log P, () < —infI(x),
xel* n—oo N n— 00 n xel’

—

where I and T are the interior and closure of T, respectively. We say I is a good rate
function (GRF) if, in addition, it has compact level sets. Analogously, a sequence of

X-valued random variables {1, },cn is said to satisfy an LDP at speed s, and with a rate
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function I if the sequence of their laws {IP o 1,,},eiy satisfies an LDP at the same speed

and with the same rate function.

Remark 1.1.3. Let {P,},en be a sequence of probability measures satisfying an LDP at
speed s, with GRF I that has a unique minimizer m. It is immediate from the definition
of the LDP that I(m) = 0 and that then, for any speed ¢, such thatt,/s, — 0, the sequence
{P,}nen also satisfies an LDP at speed t,, but with a degenerate rate function y,,, which

is defined to be 0 at m and +oo elsewhere.

Remark 1.1.4. Let {P,},en be a sequence of probability measures satisfying an LDP at
speed s, with GRF I and suppose b, is another sequence such that s,/b, — A € (0, o).
Then it is immediate from the definition that {P,},cn also satisfies an LDP at speed b,

with GRF AL

As a useful tool, we recall the following definition.

Definition 1.1.5. Let X be a metric space with distance d, equipped with its Borel
o-algebra. Two sequences of X-valued random variables {1,},en and {fj,},en are expo-

nentially equivalent at speed s, if for all 6 > 0,

lim sup sl log IP(d(1y, fin) > 0) = —oo0. (1.5)

n—

Remark 1.1.6. The notion of exponential equivalence is valuable because if an LDP holds
for {n,},en, then an LDP holds for an exponentially equivalent sequence {fj,},en With

the same GREF (see, e.g., Theorem 4.2.13 of [21]).

Remark 1.1.7. Let {a,},en be a sequence in R that converges to s € R as n — oo.
Suppose {U,},en satisfies an LDP in R at speed b, with a GRF I. Then the sequences
{a,Uy}nen and {all, },en are exponentially equivalent at speed b,. Indeed, for any M €

(0, ), since {U,}.en satisfies an LDP with a GRF, there exists K € (0, ) such that



11

limsup, . 3+ logP(|U,| > K) < =M. Given 6, M € (0, «), pick ¢ > 0 such that 6/¢ > K.
Then

lim llog]P(lanUn —all,| > 6) < lim bllog (P(la, —a| > &)+ P (U, > 06/¢))

n—0o0 n

< lim bllog]P(|Un| > K)

<-M.
Since M is arbitrary, we obtain the desired exponential equivalence by sending M — co.

For some of our LDPs, the resulting rate functions will be expressed in terms of the

following quantities. For v € P(IR), define the entropy of v as

h(v) = —ﬁlog(%)dv, (1.6)

for v with density (with respect to Lebesgue measure dx), and h(v) := —oco otherwise.

Furthermore, for v, u € P(IR), define the relative entropy of v with respect to u as

H(v|u) := fR 1og(g—;)dv (1.7)

if v is absolutely continuous with respect to u, and H(v|u) := +oo otherwise. Given a

function A : R — R, let A* be its Legendre-Fenchel transform defined by

N (x) = supi{xt — A(t)}, x€eR. (1.8)

teR

The following contraction principle for LDPs is used multiple times throughout the
paper.

Lemma 1.1.8 (Contraction principle). [21, Theorem 4.2.1] Let X and Y be Polish spaces
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and f : X — Y a continuous function. Suppose {X,}nen is a sequence of X-valued random
variables and satisfies an LDP in X at speed s, with GRF Ix. Then {f(Xy)}nen Satisfies an
LDP in Y at speed s, with GRF Iy defined by

Iy(y) =inf{Tx(x): x € X, f(x) = yl.

Finally, we state a simple lemma that is used multiple times in our proofs.

Lemma 1.1.9. Suppose {U,}nen, {Vilnen and {W, } e satisfy LDPs in R at speed vy, B, and vy,
with GRFs Jy, Jv and Jw, respectively. Let o, = p, < Vi, (i.€., Bu/Yn — 0asn — o0). Assume
{Up}nen is independent of {V,}en and Jw has a unique minimizer m. Then {(U,, Vy, Wy)tnen
is exponentially equivalent to {(U,, V,, m)},en and satisfies an LDP at speed «, with GRF
J : R® — [0, o] defined by

Juw) + Jy(©), w=m,
J(u,0,w) := (1.9)

+00, otherwise.

Moreover, if m # 0, then {V,,W,},,en satisfies an LDP at speed o, with GRF v = Jy(v/m).

Proof. Define Y, := (U,, V,, W,) and Y, := (U, V,,m). By the independence of {U,,},en
and {V,}uen, {Yuluen satisfies an LDP at speed a,, with GRF | defined in (1.9) (this is
easily deduced from the definition of the LDP, but the fact that the rate function for
(Uy, V) is Ju(u) + Jy(v) follows from [21, Exercise 4.2.7] with X = R, Y = R? and F being
the identity mapping; the stated rate function for (U,, V,, m) follows as an immediate
consequence). Now, for € > 0, we have

, > e) = lim ilog]P(lwn —m| > €) = —oo,

n—o0 alfl

lim i log P (|

n—oo an

Yn _Yn
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where the last equality follows because ]y has a unique minimizer at m and {W,},en
satisfies an LDP at speed y,, > «,, as in the observation of Remark 1.1.3. Thus, {Y,},en
is exponentially equivalent to (Y, e at speed a,,. By Remark 1.1.6, this implies {Y, },en
satisfies an LDP with speed «a, with the same GRF as {Y,}uen. This proves the first

assertion of the lemma.

The second assertion follows by applying the contraction principle to the mapping

F:R® - R defined by F(u, v, w) = vw. m|



CHAPTER Two

Annealed large deviation estimates for

random projections
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2.1 Introduction

In this chapter, we introduce a large deviation analogue of the results in [8]. Whereas the
latter work shows that fluctuations of (most) random projections of high-dimensional
vectors that satisfy a thin shell condition can be characterized (as almost Gaussian),
our work characterizes tail behavior (at the level of annealed LDPs) for projections and
their associated norms onto (possibly growing) random subspaces of high-dimensional
random vectors that satisfy an asymptotic thin shell condition. In particular, our work
goes beyond the more studied specific setting of measures on ¢; balls or spheres, and
also univariate LDPs, although we also obtain new results in this setting (see Remark
2.6.5). Specifically, for any sequence of random vectors {X},,«n whose scaled Euclidean
norms satisfy an LDP (see Assumption 2.1.3 and its specific case Assumption 2.1.3%), we
characterize the tail behavior of the corresponding sequence of orthogonal projections
of X onto a random k,-dimensional basis, k, < 1, drawn from the Haar measure on the
Stiefel manifold V,,; of orthonormal k,-frames in IR", as the dimension n goes to infinity
with k,/n — A € [0,1]. Assumption 2.1.3 (or rather, a slight strengthening of it) can be
viewed as an “asymptotic thin shell” condition since it implies that for all sufficiently
large 1, the random vector X" satisfies the thin shell condition (see the discussion at
the end of Section 2.1.1). Note, however, that for growing subspaces, in contrast to
CLT results where approximate Gaussian marginals holds only for k, < 15;1)% [61]
(or k, ~ n® [51] if one assumes additional regularity of X such as logconcavity), the
annealed LDP results indicate three crucial regimes for {k,},cn, constant, sublinear and

linear (see also [3] for £, balls).

A summary of our main results is as follows (the precise definition of LDPs, rate

functions, and the Stiefel manifold are given in Section 1.1 and Section 2.1.1):
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1. LDPs in the constant regime (Theorem 2.3.3): Given Assumption 2.1.3%, or a mod-
ification of it stated as Assumption 2.3.1, in the setting where k, = k for every
n, we establish an (annealed) LDP for the sequence of k-dimensional random

projections of X™.

2. LDPs in the sublinear and linear regimes (Theorems 2.4.1 and 2.5.1): Given Assumption
2.1.3, in the setting where {k,},cn satisfies k, — oo, we establish (annealed) LDPs
for the sequence of empirical measures of the coordinates of the k,-dimensional
projections of X™. This LDP is established with respect to the g-Wasserstein
topology for g < 2, which is stronger than the weak topology. The rate function
is shown to have a different form in the sublinear (k,/n — 0) and linear (k,/n —

A € (0,1]) regimes.

3. LDPs for norms of random projections (Corollary 2.3.4 and Theorems 2.4.5, 2.4.4 and
2.5.2): We establish LDPs for sequences of £, norms of the multi-dimensional
random projections in all regimes, with two different scalings considered in the

sublinear regime.

4. Illustrative examples (Section 2.6): To show that our theory unites disparate ex-
amples under a common framework, recovering, and in some cases extending,
existing results for £} balls, while also covering new examples, we verify our as-
sumptions for many sequences {XM}, N of interest, including product measures,
the uniform measure on certain scaled £} balls and generalized Orlicz balls, and
Gibbs measures (see Remark 2.1.4). Along the way, we obtain several results
of potentially independent interest. Specifically, in Theorem 2.6.4 we show that
when p € [1,2), the LDP for Euclidean norms of multi-dimensional projections of
¢, balls exhibits an interesting phase transition depending on whether the ratio
k,/n*/®*) is asymptotically finite or infinite, thus disproving a conjecture in [3]

(see Remark 2.6.5 for more details). In addition, we also obtain the asymptotic
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logarithmic volume of Orlicz balls, as elaborated in Remark 2.6.11. (See also

recent extensions due to [42] and [56]).

The formulation of the correct form of the asymptotic thin shell condition that would
also allow one to consider fg balls, when p € [1,2), is somewhat subtle, and involves
a suitable rescaling argument. Verification of the asymptotic thin shell condition for
£, balls, for all p > 1, makes use of a probabilistic representation for the uniform mea-
sure on fg balls (see [71,75] and Section 2.6.1 for details). However, such probabilistic
representations are not available for Orlicz balls, and so we develop a new approach
in which the tail probability is expressed as a volume ratio (see (3.2.14) in the proof
of Proposition 2.6.7), and the asymptotics of this volume ratio is determined using a
tilted measure with respect to Lebesgue measure. Subsequent work that uses similar
ideas to obtain the volumetric properties and the thin shell concentration for random
vectors in Orlicz balls includes [2,42]. More recently, detailed estimates of intersec-
tions and differences of Orlicz balls have been obtained in [58]. We leave for future
work the identification of more sequences {X™},cn of random vectors that satisfy the
asymptotic thin shell (and related) conditions. Furthermore, although here we focused
on Euclidean (and more general £;) norms of the random projections, since they are
of special relevance in asymptotic convex geometry, our results could potentially be
used to also investigate other symmetric functionals of lower-dimensional projections
that are of interest, such as the volume or barycenter of the projected body, or other

functionals of interest in high-dimensional statistics.
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2.1.1 Projection Regimes and Assumptions

For each 1 € IN, consider a random vector X that takes values in R”. For k € IN, let I;
denote the k x k identity matrix, and forn > k,let V,,, = {A € R™>* : ATA = [} denote the
Stiefel manifold of orthornomal k-frames in R”. Here, the constraint ATA = I, ensures
that the columns of A are orthonormal. As is well known, V,,; is a compact subset of
R"™*, being the pre-image of the closed set {[;} under the continuous map A — ATA
that is also bounded (by Vk with respect to the Frobenius norm). We are interested
in the orthogonal projection of X™ onto a random k,-dimensional subspace, where

1<k, <n. Tothisend, fixn € N,1 <k, <n, and let

A, = [An,kn @ j)]izl,...,n; =1,k

be an n X k, random matrix drawn from the Haar measure on the Stiefel manifold
V., (i.e., the unique probability measure on V, ;, that is invariant under orthogonal
transformations). Note that the random matrix AZ’kn linearly projects a vector from n
to k, dimensions. We assume that for each n € N, A, is independent of X™  and
for simplicity, we assume that the sequences {X™},en and {A,x, }ien are defined on a
common probability space (2, 7, P), although dependencies across n are immaterial

for the questions we address.

We aim to analyze the large deviation behavior of the coordinates of random pro-
jections AT X® of X™ in three regimes, constant, linear and sublinear, depending on

how the dimension k, of the projected vector changes with n:

Definition 2.1.1. Given a sequence {k,},en C IN, we say:

1. {k.}nen is constant at k, for some k € IN, denoted k, =k, if k, = k for all n € IN;
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2. {ky}nen grows sublinearly, denoted 1 < k, < n, if k, — oo butk,/n — 0;

3. {knlnew grows linearly with rate A, for some A € (0,1], denoted k,, ~ An, if k,/n — A.

When {k,},en is constant at some k € IN, then one can investigate when the sequence
of vectors {Ag,an“l) = AZ,kX(n)}"éN satisfies an LDP in the space R*. In contrast, when
k, increases to infinity, in order to even pose the question of existence of an LDP, one
must first embed the sequence {AZ/kH X™), o of random vectors of different dimensions
into a common topological space. Thus, we prove an LDP for the sequence {L"},en of

empirical measures of the coordinates of the k,-dimensional random vectors AT, X®):

1 ¢
= k_ 6 A Xn))] ne N (2].)
n =

Remark 2.1.2. Note that the law of A, x, is invariant under permutation of its k,, columns,
so the k, coordinates of AZ’an(”) are exchangeable. Thus, the empirical measure L" in
(2.1) encodes the essential distributional properties of the coordinates of the projection,
and hence, serves as a natural choice for a common infinite-dimensional embedding of

the k, coordinates of AT X, forall n € N.

We now present our main condition on the sequence (XM}, en.

Assumption 2.1.3. The sequence of scaled norms {||X™||,/ Vi}.en satisfies an LDP at

speed s, with GRF Jx : R — [0, oo].

When a special case of Assumption 2.1.3 holds with speed s, = n, we say that
Assumption 2.1.3* holds, i.e. the sequence of scaled norms {||X™)|,/ V/n},an satisfies an

LDP at speed n with GRF Jx : R — [0, co].
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Remark 2.1.4. The special case of Assumption 2.1.3* is important because, as shown
in Section 2.6, it is satisfied by several important sequences of measures, including
those whose elements are taken from a large family of product measures (see Proposi-
tion 2.2.7), the uniform measure on an 5”; ball of radius n'/?, with p > 2 (see Proposition
2.2.8) or, in fact, a more general class of measures that includes the uniform measure
on an Orlicz ball defined via a superquadratic function (see Proposition 2.6.7), and a
general class of Gibbs measures with superquadratic potential and interaction func-
tions (see Proposition 2.2.11). However, Assumption 2.1.3* no longer holds when X®
is uniformly chosen from an fg ball of radius n'/? with p € [1,2). Indeed, this can be
deduced from the sharp large deviation upper bounds obtained in [68] and [35]. In
addition, Theorem 1.3 of [43] shows that {||[X™||2/ Vn},en satisfies an LDP with speed

s, = n?/2. These results motivate the more general condition stated in Assumption 2.1.3.

Remark 2.1.5. The general form of Assumption 2.1.3 is also of interest because of its con-
nection to the Kannan-Lovdasz-Simonovits (KLS) conjecture formulated in [46] (also see
[1] for a nice exposition), which is one of the major open problems in convex geometry.
Indeed, Theorem A in [4] states that the KLS conjecture is false if there exists a sequence
of isotropic and log-concave random vectors {X™},cn satisfying Assumption 2.1.3 ei-
ther with s, < /n and nontrivial Jx or with s, = Vn and inf.; {inf.-; [x(x)/t} = 0 for
some ty € (1, c0). It is shown in [4] that when X™ is uniformly distributed on the ¢! ball
of radius 7, then {X"} satisfies Assumption 2.1.3 with s, = /n, but the condition on the
rate function Jx is not satisfied (which is consistent with the fact that the KLS conjecture
is widely believed to be true). In view of this observation, it would be interesting to
extend our verification of Assumption 2.1.3 to more general measures such as Orlicz
balls (respectively, Gibbs measures) with superlinear functions (respectively, poten-
tials), extending the corresponding results obtained in this article for superquadratic

functions (respectively, potentials).
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When Assumption 2.1.3 is satisfied with a GRF Jx that has a unique minimum at
m € R,, go then for all sufficiently large 1, the random variable X satisfies the thin
shell condition of [8, Equation (1)]. To be more precise, note that the observation that
the minimum of [x, which is equal to zero, is achieved uniquely at m, together with the

fact that s, — oo, implies that for every c > 0, there exists {0/}sen With 6, | 0 such that
Vseinf{Jx(x) : |x —m| > 6, x € R} > c.

Setting ¢, := max(d, 2¢7¢ V), it then follows from Assumption 2.1.3 and the definition

of the LDP (see Definition 1.1.2) that ¢, | 0 as £ — oo, and for every ¢ € IN, there exists

|

In particular, this implies the following weak limit:

N, € IN such that

| | XM

\n

2

—m

> 85] < g, for all n > Np. (2.2)

X ()
X v, e R,
N

Thus, we refer to the strengthening of Assumption 2.1.3 with Jx having a unique
minimum as the asymptotic thin shell condition. Note that the thin shell condition is
usually stated for isotropic random vectors X and with m = 1, but since we do
not restrict our consideration to only isostropic random vectors X®, we phrased the
condition above for arbitrary m > 0. Just as the thin shell condition yields a central
limit theorem in the sense that the projections of X can be shown to be close to
Gaussian (see, e.g., [8,51]), our results, summarized in the next three sections, show
that the asymptotic thin shell condition implies that the empirical measures {L"},,en

of the coordinates of the projections of X satisfy an LDP in the sublinear and linear
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regimes (with the weaker Assumption 2.1.3 sufficing in the latter regime).

Remark 2.1.6. There exist sequences {X"},en for which the corresponding random
projections satisfy an LDP, but the thin shell condition fails to hold. For example, this
can happen when Assumption 2.1.3 holds with a rate function Jx that has multiple
minima, as can happen for certain Gibbs measures (see Section 2.2.1) with non-convex
potentials F and G. As another example, let X be distributed according to a mixture
of two Gaussian distributions in IR” both with mean 0 and covariance matrices I, and
21, respectively. In other words, the density of X takes the form fxw = 1 + 3o for
a positive definite matrix C, where ¢c denotes the Gaussian density with mean 0 and
covariance matrix C. Then {X™},cn does not satisfy the thin shell condition since half
its mass is concentrated around the thin shell of radius v/ and the other half around
the thin shell of radius V2n. However, it is easy to show that the sequence {(XM™),en
satisfies Assumption 2.1.3* (e.g., since the sequence of norms of each of the Gaussian
distributions in the mixture satisfies an LDP trivially, the LDP for the sequence of norms

of the mixtures can be deduced from results in [23]).

2.1.2 Prior works

First steps towards studying LDPs of sequences of one-dimensional projections were
taken in [33], [48] and [34], where it was shown that such LDPs capture geometric
information about the convex body. However, LDPs for random projections have been
first largely restricted to the setting of high-dimensional product measures [33] or the
uniform measure on the (suitably renormalized) unit ball or sphere in the space £} for
some p € [1,00) [3,4,34,43,44,58], and secondly, limited to univariate LDPs (i.e., in
R) involving either the projection of a high-dimensional random vector onto a ran-

dom one-dimensional subspace [34] or (annealed) LDPs of the Euclidean norm of an
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orthogonal projection onto a k,-dimensional subspace, with k, possibly tending to in-
tinity [3,4]. Indeed, the first paper to consider LDPs for norms of projections of scaled
£, balls onto growing subspaces was [3], with further results obtained in subsequent
papers (see, e.g., [4,43,44]). (Strictly speaking, in [3] the authors analyze norms of
random vectors uniformly distributed on scaled £, balls projected onto k-dimensional
subspaces indexed by the Grassmannian, whereas we analyze norms of random pro-
jections of more general random n-dimensional vectors (including those uniformly
distributed on scaled £} balls) projected onto k-dimensional orthogonal bases indexed
by the Stiefel manifold. In the annealed setting considered here, the Grassmanian and
Stiefel manifold perspectives can be seen to be equivalent due to the exchangeability
of the coordinates of the projections, but in quenched settings, as considered in [55],
it is more appropriate to consider the Stiefel manifold.) The only prior example of a
multivariate LDP that we know in this context is for the particular case of projections
of a random vector sampled from a scaled £; ball onto the first k canonical directions
[12, Theorem 3.4]. Further, in all cases, the analysis for non-product measures has fo-
cused on £ balls, where the analysis is greatly facilitated by a convenient probabilistic
representation of the uniform measure on the £, ball (see [75, Lemma 1] or [71]), or a
slightly more general class of measures supported on the £ ball that admit a similar
probabilistic representation (see [13] or Section 2.2 of [4]). Such a representation has
also been exploited in recent work [58] that obtains refined or sharp large deviations

estimates for (quenched) random projections of £} balls and spheres.
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2.2 Results under Assumption 2.1.3*

When Assumption 2.1.3* is satisfied, various LDPs in different regimes had been ob-
tained in [48]. We collect the results here for completeness and provide the more general

results in the latter sections.

Theorem 2.2.1 (constant, k, = k). Suppose {k,},en is constant at k € IN, and Assumption
2.1.3* holds with GRF Jx. Then {n~" 2AZ’kX(”)}neﬂ\I satisfies an LDP in R* at speed n, with GRF
Iaxx : R* — [0, oo] defined by

Taxi(0) = inf {]X(”x”z) 1log(1—c2)}. (2.3)

Theorem 2.2.2 (sublinear, 1 < k, < n). Suppose {k,},en grows sublinearly and Assumption
2.1.3* holds with GRF Jx. Also, suppose that [x has a unique minimum at m > 0. Let H be the
relative entropy functional defined in (1.7). Then, for every q € [1,2), {L"},en satisfies an LDP
in P,(R) at speed k,,, with GRF I, : P,(R) — [0, co], defined by

Ik, () := H(ulym)-

Recall the definition of the second moment map M(-) from (1.3).

Definition 2.2.3. For A € (0, 1], define H, : P(R) — [0, o0] as

-Ah Al 2 A if Mh(v) <1/A,
Hy () = (v) + 2 log(2me) + 4 og(1 Yo (V)) if M(v) / 0

400, otherwise,

where we adopt the convention that 0log 0 = 0 and hence, 01og(0/0) =
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Note that if AM,(v) = 1, then H,(v) = co when A < 1, but (due to our convention)

Hi(v) = —h(v) +  log(2me) when A = 1.

Remark 2.2.4. Since h is strictly concave and M, is linear, from the definition in (2.4), H,
is strictly convex. A direct verification shows that H,(y1) = 0, and the strict convexity

of H, shows that y; is the unique minimizer of Hj.

Theorem 2.2.5 (linear, k, ~ An). Fix q € [1,2). Suppose {k,}nen grows linearly with rate
A € (0, 1] and Assumption 2.1.3* holds with GRF Jx. Then {L"},en satisfies an LDP in P,(R)
at speed n with GRF I , : P,(IR) — [0, co], where for u € Py(R),

I, (ue) = i?Afw {Ix(c) - F log (1 - %) + Alog(c)} (2.5)
— Ah(u) + 4 log(2me) + 52 log(1 — A), (2.6)

where we use the convention that 0log0 = 0.

For any g € (0, ) and n € IN, define
Yy = 1AL X, (2.7)

Moreover, set M, to be the g-th absolute moment of a standard Gaussian random

variable,

a g+1
M, = [R N |x|7 exp(—x*/2)dx = TF( 5 ) (2.8)

Theorem 2.2.6. Suppose { X"}, satisfies Assumption 2.1.3* and k, ~ An forsome A € (0,1].
Then, for q € [1,2] the sequence {”_1/qY;kn}"€N satisfies an LDP at speed s, with GRF ]]g/“,
where for x € Ry,

) = inf {H0) 4 Jx @ AM0) = (%)q} (2.9)

veP(R),ceRy
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with M, the g-th moment map as in (1.3) and M, the g-th absolute moment of a standard

Gaussian random variable.

2.2.1 Examples

In the thesis [48], the author gives some examples that satisfy Assumption 2.1.3*. We

will provide yet another important class of examples, Orlicz balls, in Section 2.6.2.

Product measures

Lemma 2.2.7 (i.i.d. case). Let X;, Xy, ... be a sequence of i.i.d. real-valued random variables,

and let X" := (X4, ..., X,). Suppose that we have
A(f) := log E[¢™1] < o

for t in some open ball of non-zero radius about 0, and let A* be the Legendre transform of A
defined in (1.8). Then, {X™},en satisfies Assumption 2.1.3* with Jx(x) := A*(x?) for x € R,
and Jx(x) := +oo otherwise. Moreover, m = +/E[|X1|?] is the unique minimizer of Jx.

{, balls when p € [2, c0)

Consider random vectors uniformly distributed on scaled £, balls. More precisely,
forn € Nandp > 0, define XP) to be a random vector uniformly distributed on nt/ P]B;,

where IBZ denotes the unit f;-ball:

B := {xe]R” : Y bl < 1}.
k=1
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We see that when p € [2, ), the sequence {X"P)},oy satisfies Assumption 2.1.3*. How-
ever, for p € [1,2), we show in Section 2.6.1.2 that the sequence {X")},cy satisfies

instead the more general Assumption 2.1.3.

Proposition 2.2.8. For n € N and p € [2,00), {X"P)},cn satisfies Assumption 2.1.3* with
sn = nand GRF [x, where

-1 ] 0,1],
Jx2(x) = ogx Jre(dl

+00 otherwise,

and for p > 2,
inf,.[Llog & + Fy(y)]  ifx € (0,1),

+00 otherwise.

]X,p(x) =

Moreover, [x, has a unique minimizer at m := m(p) defined in (2.20).

The last result can also be deduced from Proposition 2.6.7 on Orlicz balls in Sec-
tion 2.6.2 by choosing V(x) = |x|'. Proposition 2.2.8 and Theorem 2.2.1 together yield

the following corollary.

Corollary 2.2.9. Fix p € [2,00), let k, be constant at k € IN and let Jx, be defined as in
Proposition 2.2.8. Then {n~'2Al X}, satisfies an LDP in R* at speed n with GRF
Inxo x : RE — [0, 0] defined by

. X
Inxo) ((X) := 01<rc1<f1 {]X,p (@) — %log (1 — Cz)} , XE€ R,

The particular case when k, = 1, for all range of p € [1, o) was studied in [34]; see

Theorem 2.2 therein.

Gibbs measures
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We now consider the case when the random vector X is drawn from a Gibbs
measure on configurations of n interacting particles. To be precise, let F : R — (—00, 0]
be a “confining” potential, G : R X R — (—o0, o] an “interaction” potential, and for

n € N, define a Hamiltonian H,, : R" — (—o0, o0] given by

H,(x) := %Zn:l-"(xi) + %Zn: Zn: G(xi, xj)), xe€R"
i=1

i=1 j=1,j#i

As in [24], we assume that there exists a non-atomic, o-finite measure ¢ on IR which,

along with the potentials F and G, satisfies the following conditions:

1. F and G are lower semicontinuous on the respective sets on which they are finite;

2. thereexistsa € [0,1) and ¢ € R such that F satisfies fR e~ =F® ¢(dx) < oo, inf, F(x) >

¢, and inf(, yerxr [G(x, y) + a(F(x) + F(y))] > ¢;

3. there exists a Borel measurable set A C R with ¢(A) > 0 such that

[F(x) + F(y) + G(x, )] £(dx){(dy) < oo;

AXA

4. forall A € R, we have
f exp [A(2 + v?) = F(x) — F(y) - G(x, )| €(dx)¢(dy) < oo.
RXR

Under the above conditions, it is straightforward to verify that for n € N, Z, :=

fw e~ () ¢31(dx) is finite and so we can define P, € P(R) as follows:

1
P, (dx) := Z—e_”H”(")f‘X’”(dx), x € R" (2.10)

n

Further, let Q, € P(R) be the empirical measure of the coordinates of X, when the
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latter is drawn from P,; more precisely, set Q,, := % Y.i=1 Oy, which is a random P(R)-

valued element.

Theorem 2.2.10 (Theorem 2.7 and Lemma 2.6 of [24]). Under the conditions stated above,
{Qnlnen satisfies an LDP in P»(IR) equipped with the 2-Wasserstein topology, at speed n, with
GRF 7. : P>(R) — [0, oo] defined by

T.(u):=T(u)— inf I(u), (2.11)

ueP>(R)

1
10 = HGil0 + 5 [ Gl puoutin + | Feowc),

with H being the relative entropy functional defined in (1.7).

Proposition 2.2.11 (Gibbs measures). Suppose F, G and € satisfy the conditions stated above,
and for n € IN, suppose X™ is drawn from P, of (2.10). Then {X™},cn satisfies Assumption
2.1.3* with GRF

Jx() =1inf{T.(1) : p € Po(R), x = yMp()}, 220,

with I, as defined in (2.11).

Remark 2.2.12. In a similar fashion, the large deviation results in the recent work of
[59, Theorem 2.8] can be combined with the contraction principle to show that As-
sumption 2.1.3* is also satisfied by sequences of Gibbs measures associated with a class
of interaction potentials G : R¥ — (—o0, co] that capture k-tuple interactions, for fixed

k € IN.
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2.3 Results in the constant regime

To cover more general sequences {X™}, e like the uniform measure on an é’g ball with

p € [1,2), we propose the following modification of Assumption 2.1.3*.

Assumption 2.3.1. There exists a positive sequence {s,,},en Withlim, . s, = lim, & 11/5, =
oo such that the sequence of scaled norms {/5,||X™||,/n},en satisfies an LDP in R at

speed s, with GRF Jx : R — [0, o0].

Remark 2.3.2. 1t is easy to see, by a simple rescaling argument, that Assumption 2.1.3*
is equivalent to a modified version of Assumption 2.3.1, in which one requires that
{VSallX™|l,/n)}en satisfies an LDP at a speed s, that satisfies s,/n — r, with r € (0, )
rather than r = 0. Indeed, this modified version of Assumption 2.3.1 would hold with

GRF ]g? if and only if Assumption 2.1.3* is satisfied with GRF Jx(x) :=r ]g)( Vrx).

Theorem 2.3.3 (constant, k, = k). Suppose {k,}nen is constant at k € IN, and that Assumption
2.3.1 holds, with sequence {s,}nen and GRF Jx. Then {n~'2AT, X"}, satisfies an LDP in R¥
at speed s, with GRF Iaxy : R* — [0, oo] defined by

x| ¢

Taxa() = inf {]X (T) ; 5}. (2.12)

The proof of Theorem 2.3.3 is given in Section 2.7.2, where the role of Assumption
2.3.1in the proof is discussed in detail. The rate function takes the form in (2.12) because
rare events for n™'/2AT X" occur through a combination of the “radial” component

represented by Jx, and the “angular” component represented by ¢ +— ¢?/2.

As an immediate corollary of Theorem 2.3.3, we have the following LDP for the
corresponding scaled {”,; norms (or in the case g € (0, 1), quasi-norms) of random pro-

jections.



31

Corollary 2.3.4 (constant, k, = k). Suppose {ky}nen, {X™}hen, {Snlnen and Inxy are as in

Theorem 2.3.3. Then {n~'/ ZYZ Jnen, defined in (2.7), satisfies an LDP at speed s, with GRF

Jem(x) = inf {Tax(@) « llzlly =2}, xR, (2.13)
zeRk

Proof. This is an immediate consequence of the LDP for {n~'/2AT X"}, in Theorem
2.3.3 and the contraction principle (Lemma 1.1.8) applied to the continuous mapping

R* 5 x - |lx]l, € R. O

2.4 Results in the sublinear regime

Recall that if, instead of being constant, the sequence k, tends to infinity as n — oo, then
our goal is to establish an LDP for the sequence of empirical measures {L"},cn of (2.1).
We start in this section by analyzing the sublinear regime. Section 2.4.1 summarizes
our LDP results for the sequences of empirical measures {L"},cn and Euclidean norms
of the randomly projected vectors. Section 2.4.2 contains additional results on LDPs for
a different scaling of Euclidean norms as well as more general g-norms, with g € [1, 2),

of projected vectors that is suitable for the sublinear regime.

2.4.1 LDPs for the empirical measures and norms of projected vectors

In what follows, we will write y,, to denote the Gaussian measure on R with mean 0

and variance ¢?; that is, for o > 0, let

P(R) 3y, ~ N(0,0%). (2.14)
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Theorem 2.4.1 (sublinear, 1 < k, < n). Suppose {k,},en grows sublinearly and Assumption
2.1.3 holds with associated speed s, and GRF Jx. Also, suppose that Jx has a unique minimum

at m > 0. Let H be the relative entropy functional defined in (1.7). Then, for every q € [1,2),

1. If s, > ky, {L"}sew satisfies an LDP in P,(R) at speed k,, with GRF I, : Py(R) —
[0, o], defined by
Lk, (1) := H(ulym)-

2. If sy = ky, {L"} e satisfiesan LDP in P,(R) at speed k,,, with GRF 11 , : P,(IR) — [0, o0],
defined by
Ly, (1) = inf {H(ulye) + Jx(0)} -

3. If sy < ky, {L"} e satisfies an LDP in P,(R) at speed s,, with GRF I, : P;(R) —

[0, o], defined by
Jx(),  w=vye

Lk, (u) ==
+00, otherwise.

As in Theorem 2.3.3, the rate functions above can again be decomposed into a
radial component, represented by Jx (as a consequence of Assumption 2.1.3), and “an
angular” component A, x,, which is captured by the relative entropy term. Depending
on the relative rate of growth of k, and s,, different parts dominate the rate function,

with both terms being present only when s, = k,,.

Next, as in the constant regime (see Corollary 2.3.4), we also establish LDPs for
the sequence of scaled Euclidean norms of the random projections. To deal with cases
when Assumption 2.1.3* is not satisfied, it is not sufficient to consider Assumption 2.3.1
as in the constant regime. Instead, we will need to introduce the following refinement

of Assumption 2.1.3.
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Assumption 2.4.2. Thereexistr € [0, oo],a GRF ](r) R — [0, 00], and a positive sequence

{Sn}nen satistying s, — oo, s,/n — 0 and s,/k, — r as n — oo, such that

1. if € [0, 00), then { Vk,||X®||2/n},en satisfies an LDP at speed s, with GRF .

2. if r = oo, then { \/5,|IX"||,/n},en satisties an LDP at speed s, with GRF J (o),

The following simple observation is analagous to the one made in Remark 2.3.2.

Remark 2.4.3. It is easy to see that Assumption 2.4.2 holds with r € (0, o), {s,},en and
GRF J? if and only if it also holds with 1 = 1, {s/, := ky},en, and GRE J(x) := 1] (+/rx),
x € [0,00). Therefore, in essence, one need only consider the cases r € {0,1, o0} in

Assumption 2.4.2.

Theorem 2.4.4. Suppose k, grows sublinearly, and recall the definition of YZ,k given in (2.7).

1. If Assumption 2.1.3* holds with GRF ], then {n™'?Y} },cn satisfies an LDP in R at
speed n with GRF J5*" : R — [0, o], defined by

Jb(x) = inf {_llog(1—c2)+]x( )}

c€(0,1)

2. If Assumption 2.4.2 holds with r € [0, c0], {s,}nen and GRF ]9 then {n~12y? ¢ neN
satisfies an LDP in IR, at speed s, when r € {0, oo} and at speed k,, when r € (0, 00), with
GREJ5" : R — [0, o], where

I (), ifr=0,
() = 1nfc>o{ —logc + r]X ( . )}, ifr € (0,00),

infeo {S + I (2)}, if r = oo.
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Note that there is a transition in the form of the LDP depending on the relative
growth rates of {s,},en and {k,}.en. The implications of these results for the special case
when X® is the uniform measure on an €; ball, and their relation to the work of [3], is

discussed in Section 2.6.1.2; see Theorem 2.6.4 and Remark 2.6.5.

2.4.2 LDP for an alternative scaling of g-norms of projections

In this section, we show that we can also establish LDPs for a different scaling of
the norm, and in this case we consider not just the Euclidean norm, but g-norms for
g € [1,2]. More precisely, we consider the sequence {k;l/ qYZ i tnen- For g € [1,2) and

teRorg=2andt < 1/2, define

1 1
Ay (t) :=1o f ex (tx”’——xz)dx, teR, 2.15
q(f) g Vo p(thl" -3 (2.15)

and let A} be the Legendre transform of A,.

Theorem 2.4.5. Fix q € [1,2], suppose 1 < k, < n and Assumption 2.1.3 holds with
speed s, and GRF ]x, which additionally has a unique minimum at m > 0. Also, recall the
definition of Y;,k given in (2.7). Then {k, Y qYZ,k,,}neN satisfies an LDP at speed s, Ak, with GRF
o™ : R — [0, oo] defined by

A; (x7/m7), if sy > ky,
T30 1= Sinfe [N + x (0/0)), ifsn =K, @16)
Tx(x/ M), if 5 < ko,

forx >0, andil\;;“b(x) := o0 for x < 0.
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The proof of Theorem 2.4.5 is given in Section 2.8. When g € [1,2), the LDP
for {k;l/ qu,k,l}ﬂeN is an immediate consequence of Theorem 2.4.1 and the contraction
principle. For g = 2, the contraction principle no longer applies since the moment map
Ms(+) is not continuous in P, (IR) for g < 2. We take a different approach to the proof for
all cases q € [1,2], by looking directly at the norm, instead of using the LDP of empirical
measures. In the special case when g = 2 and X™ is uniformly distributed on the scaled
¢y ball of radius n'/?, with p € [2, o] (or admits a slightly more general representation),

the LDP for {Y7]

k”}”GN was also obtained in [4, Theorem B].

2.5 Results in the linear regime

Theorem 2.5.1 (linear, k, ~ An). Fix q € [1,2). Suppose {k,}nen grows linearly with rate
A € (0,1] and Assumption 2.1.3 holds with sequence {s,,},en and GRF Jx. Then {L"},cn satisfies
an LDP in P,(R) at speed s, with GRF I ) : P,(R) — [0, co], where

1. If s, = n, then for u € P,(R),

inf {]X(c) - Hlog (1 - %) + /\log(c)}

I () = & VAR (2.17)
— Ah(u) + 4 log(2me) + 52 log(1 - A),

where we use the convention that 0log0 = 0.

2. If s, < n, then for u € Py(R)

] (C)/ =Y
I (u) == : g

+00, otherwise.
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The LDP of the sequence of £, norms of the randomly projected vectors is given in

the following theorem.

Theorem 2.5.2. Suppose { X"}, o satisfies Assumption 2.1.3, and k, ~ An for some A € (0, 1].
Then, for q € [1,2] the sequence {n‘l/qYZ,kn}neN defined in (2.7) satisfies an LDP at speed s,
with GRF ]]1;/“, where for x € Ry,

.fve c€+7'{ AM qu, .n:;
i = infyepw), IR{ A(v) + Jx (0) (V) (C)} if sp=n 218)

]X(W)/ ifs, <mn,

with M, the g-th moment map as in (1.3) and M, the g-th absolute moment of a standard

Gaussian random variable defined in (2.8).

The proof of Theorem 2.5.2 is deferred to Section 2.9.2. It is shown there that when
g € [1,2), the result is an immediate consequence of Theorem 2.5.1 and an application
of the contraction principle. However, even though the rate function still takes an
analogous form when g = 2, the contraction principle is no longer applicable in that
setting because the LDP of Theorem 2.5.1 only holds in the g-Wasserstein topology
for g € [1,2). Despite this apparent gap, using a different argument in Section 2.9.2
we show that the result nevertheless holds. In the process, we provide an alternative
representation for the rate function (2.18) for all g € [1, 2] (see Proposition 2.9.1). This
is a manifestation of a somewhat nuanced technical issue, which is elaborated upon in

Remark 2.9.4.



37

2.6 Examples satisfying the main assumptions

In this section, we present several examples of sequences of random vectors {(XM™),en

that satisfy the asymptotic thin-shell assumptions.

2.6.1 Scaled ¢, balls forp € [1,2)

We consider random vectors uniformly distributed on scaled £} balls. More precisely,
for n € Nand p > 0, define X"'”) to be a random vector uniformly distributed on 7'/},

where ]B; denotes the unit f;-ballz
B, := {xelR” : leklp < 1}.
k=1

2.6.1.1 Preliminaries

For p € [1, ), let f, be the density of the p-generalized normal distribution:

1
WD) = T+ 1)

e, xeR,

where T denotes the Gamma function, and let £&”) denote a p-generalized normal
random variable, namely one with density f,. We provide here a useful tail estimate:

fort >0,

p-1 o 2 1., p-1
> P > — Pl . .
5 logt|>P(EY]° > t) > 2 1 P pt 5 logt]. (2.19)

1
2exp|—=t"* -
p
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This estimate was proved in [3, Lemma 5.3] for p € [1, 2), but can easily be extended to

include p = 2. Now, let

(2.20)

Also, let U be a uniform random variable on [0,1] and {ég’g )}Z-E]N be a sequence of
iid. random variables with density f, independent of U. For n € IN and p € [1, o),
denote EMP) = (Egp), ., é,(f)). In this section, we take advantage of the following useful

representation of X"? obtained in [75, Lemma 1]:

g(n,p)

X0 @ iipypisn (2.21)

Emp)

:
In view of the representation (2.21), we first establish a property of p-generalized

normal random variables which we strengthen from the result in [65].

Lemma 2.6.1. Let p € [1,2], let {k,},en satisfy k, — oo as n — co. Then, given any {b,},en
such that k, /b, — 0as n — oo, the sequence {b; Zfil(égp ))Z}neN satisfies an LDP at speed bﬁ/ 2

and GRF Jp : R — [0, oo] defined by

Tep):={""

Proof. Fixp € [1,2),t > 0, and denote & := égp). Define m := ]E[cf%] and for n € IN define
S, = Zﬁl(éf —m). Since k, /b, — 0 as n — oo, by Theorem 3 in [65], with #, x,, therein

and ¢ replaced by k,, b,t and 1 — p/2, we see that

P (Sy > but) = kP (£ = m > byt) (1 + 0(1)).
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Hence, by (2.19) and the convergence k, /b, — 0 asn — oo,

lim — log]P( bl 5, > t) = ~Te (D). (2.22)

n—oo b p/2

Forp = 2, the sum Zﬁl cfiz is distributed as a chi-squared distribution with k, degrees

of freedom. Hence for ¢t > 0, we have the following tail probability estimate:

1

(bnt + m)kn/Z—le—(anm)/Z.

Since k, /b, — 0 as n — oo, we again have

lim llog]P(b1 S, > t)

= b im B2 et + ) k—l og2— /2 ¥ 120k 2y - Knl2
2 now by, by by
__£+1 kn1 bnt+m_log(bnt+m)_ﬁ_logkn
B RE= P b, 2b,  2b,
t
=~ (2.23)

where the second equality follows from Stirling’s approximation.

Let T, := b,! Zﬁl & = S, + mky,/b,. We now combine the two estimates (2.22)
and (2.23) to show that {T),} e satisfies an LDP at speed bZ/ * with GRF J¢p- Fixaclosed
set F C R. If 0 € F, then inf,f J¢,(x) = 0, and the large deviation upper bound is
automatic since IP(T), € F) < 1. Suppose 0 ¢ F. Let b := inf{f > 0 : § € F}. Then for
b > 1 > 0, by the positivity of T,, (2.22) or (2.23) and the monotonicity of J,

lim sup bl logIP(T, € F) < 11m sup bl log IP(T,, € [b, o))

=00 n n
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< lim sup # logIP(T,, € [b— 1, 0))

n—oo n

= —jé,p(b - 1).
Letting 7 — 0 and appealing to the continuity and monotonicity of 7, we obtain

lim sup bl logIP(T, € F) = —inl_fjg,p(x),
XE

n—o0
n

which completes the proof of the upper bound.

Next, fix an open set U C R. If 0 € U, then inf,; J¢,(x) = 0. Since U is open,
there exists ¢ > 0 such that (-¢,¢) € U. Since k,/b, — 0 as n — oo, the strong
law of large numbers implies lim,,_,.. P(T,, € (—¢,¢)) = 1. Hence, the large deviation
lower bound follows. Next suppose 0 ¢ U. For 6 > 0, there exists p € U such that
Jep(B) <infrey Jep(x) + 0. Pick € > O such that (B —¢,+¢) C U. If § < 0, then the large
deviation lower bound is trivial. Suppose p > 0. Then for ¢ > 7 > 0,

hmmfb— logIP(T,, € U) > hmmfb— logIP(S, € (B—¢,p+¢€—1))

n—o00
n n

= lim inf bL log [IP(S, € (B —¢€,00)) =IP(S,, € [B+ € — 1,00))]

n

= hmmfb—logIP (Sn € (B—¢€,00))

n

= —jé,p(,g —€)
2 _}CQL{;jép(X) -9,

where the third equality follows by the monotonicity of J;, and the last inequality by
the continuity of J¢, on choosing ¢ sufficiently small. The large deviation lower bound

then follows on sending 6 to 0. This completes the proof of the lemma. m|
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2.6.1.2 Verification of Assumptions 2.3.1 and 2.4.2 when p € [1,2)

When p € [1,2), it should be noted that annealed LDPs associated with the random
vectors {X"P}, N defined in Proposition 2.2.8 occur at different speeds than in the case
p > 2; see Theorem 2.3 of [34]. In particular, from Theorem 1.3 of [43] it follows that
in this case the sequence of scaled norms {|| X",/ Vn},en satisfies an LDP at speed
nP/2. Thus, in this case {X"P)},cy satisfies Assumption 2.1.3 with s, = /2 and unique
minimizer m = m(p) defined in (2.20). In particular, Assumption 2.1.3* is not satisfied.
We show that nevertheless, Assumption 2.3.1 does hold. In what follows, let U, {& 5”) Yien,

and &P be as in the representation of X" in (2.21), and note that then

Now

XMy sl (2.24)

n ||g(n,p)“p [y n

Proposition 2.6.2. For p € [1,2), {X")}, o satisfies Assumption 2.3.1 with speed s, :=

n%!/@*) and GRF

Jxp(x):={ P (2.25)

Proof. Fix p € [1,2). It follows from [34, Lemma 3.3] that {U"/"},cN satisfies an LDP at
speed n, and from Cramér’s theorem and the contraction principle that {||£P)||,/n'/P},en
also satisfies an LDP at speed n. Moreover, it is easy to see that both sequences converge
almost surely to 1. Since, in addition, £"#) and U are independent, appealing again to
the contraction principle it follows that their ratio W,, := UY"n'/? /||E®P)||, also satisfies
an LDP at speed n. Furthermore, since W,, — 1 almost surely as n — oo, the LDP rate
function for {W,},,en has the unique minimizer 1. Given s, < n and the representation

in (2.24), an application of (the last assertion of) Lemma 1.1.9, with W,, as above, m =1,
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Va =1, Vyy i= A5IE"P)|ly/n, and B, = s, shows that to establish the proposition it

suffices to prove that {V,},cn satisfies an LDP with speed s, and GRF Jx,. To this end,
N | (_
n

using the relation i

n P2\ /2 . .
Yiz1(&E) ) , the contraction principle, Lemma 2.6.1
with k, = n and b, = n?/s, therein, and the property that s, < 1, we can conclude
that { 1/5,]|E"P||2/n},en satisfies an LDP at speed n”s,” /2 with GRF | xp given in (2.25).

. . . 2
Finally, since s, = n%/?*/), we obtain n’s,” 2=, O

Next, we turn to verifying Assumption 2.4.2. In the following lemma, we show that
for 1 < p < 2, different conditions in Assumption 2.4.2 are satisfied according to the

growth speed of k,,.

Proposition 2.6.3. When p € [1,2), let ]x,, be defined as in (2.25). Then {X"P)}, oy satisfies
Assumption 2.4.2 with GRF ]g? = Jxp for all r € [0, 0], where s, is defined by

nnk;l’/z, if ky > n¥ICem,
I

n2Pl@),if k= n®/C) or k, < n?/CH),

Proof. Let s, be as defined in the proposition. As in Assumption 2.4.2, let r € [0, o0]
be the limit of s,/k, as n — co. It is easy to see that r = 0 if k, > n?/@), r = 1 if
k, = n?/®*P) and r = co when k, < n*/@*")_ Now, set c, := Vn/k, if r € [0, o) and
¢y == \n/s, if r = 0o and note that ¢, — o0 as n — 0. By (2.21), we have the following

representation
X0, @ e [l

i e i e

We first claim that {||E"P)||,/(c, Vn)}uen satisfies an LDP at speed s, < n. Indeed, by

n € IN.

Lemma 2.6.1 with k, = n and b, = ¢n there, the fact that b, — o0 as n — oo and the

contraction principle with the mapping x — +Xx, {| 1EEP|2 /ey \/ﬁ)} N satisfies an LDP at

ne

speed n”/2cl, with GRF | xp givenin (2.25). By [34, Lemma 3.3], Cramér’s theorem and the
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contraction principle, the independence of EMP) and U, and the contraction principle,
we see that W, := UY"n'/7/||E¢P)]|, satisfies an LDP at speed n and further, it also
converges almost surely to 1. The lemma then follows upon applying Lemma 1.1.9 with

Vi = 1PN/ (cy V) and W, := UV P [||EOP|,, m =1, y, =nand B, :=s, <n. O

When combined with the results of Section 2.4.1, the last two propositions imply the
following LDPs for norms of projections in the constant and sublinear regimes. Here,

we focus on the norm Y(zn,;’: ), which is defined as in (2.7) but with X® replaced with

XP. The corresponding results for the differently scaled norms {k, " ZY(Z"];” )} sen Were

obtained in Theorem B of [4].

Theorem 2.6.4. Fixp € [1,2).

1. Suppose k, is constant at k € N. Then {n~'2AT X0}, o satisfies an LDP in R* at

speed s, = n*/ @) with GRF Iyxp x : RF — [0, co] defined by

+2
Iaxw (%) = % 2P P2 x e R,

Moreover, {n~!/ 2Y;”If)}n€N satisfies an LDP with GRF

%xzw(wz), x>0,
Iy () := (2.26)
' 400, x < 0.

2. Suppose k,, grows sublinearly.

(a) If k, < n®/®*), Then {nY ZY;"];” N e satisfies an LDP in R at speed n*/®*P) with

GRF Jy» : R — [0, 0], which is equal to . defined in (2.26).
2,k

2kn
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(b) Ifk, = n?/C*). Then (n™2Y\"") e satisfies an LDP in R at speed n*/@*) with
GRF J,» : R — [0, 0] defined by

2kn

%Eézp)r’ —log(c(x)), xx=0,

Jyo ()=
" +00, x < 0.
where ¢(x) € [1 + xP/#P*2, 00) is the unique positive solution to ¢"*? — ¥ — x¥ = 0.

(c) Ifk, > n*/@*P). Then {n‘l/zYé",f)}neN satisfies an LDP in R at speed n?k,”” with

GRFJ,» : R — [0, oo] defined by
2,kn

]Iygjzn (x) =
which is equal to [x, in (2.25) of Proposition 2.6.2.

Proof. In the constant regime, Proposition 2.6.2 shows that {X"?)} satisfies Assumption
2.3.1 with rate function [x, taking the explicit form given in (2.25). Subsituting this into
Theorem 2.3.3, we see that {n~/2AT X"/}, satisfies an LDP in R* at speed s, = n?/*7)

with GRF

Il e +2
Lo () = mf{pc,, to(= ’9 "™, x e R (227)

The LDP for the norm follows from the contraction principle applied to x + [|x||,.

In the sublinear regime, Proposition 2.6.3 shows that {X"*)} satisfies Assumption
2.4.2 with GRF Jx, (for all values of r € [0, 0]) and at speed s, = n®/@*) in case (a),

which corresponds to r = oo, and in case (b), which corresponds to r = 1, and speed
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Sy, = npk,;p/ ? in case (c), which corresponds to r = 0. Together with Theorem 2.4.4(ii),
this immediately implies case (c) and case (a) follows from the second equality in (2.27)
above. On the other hand, if case (b) holds, Theorem 2.4.4(ii) and the expression for Jx,

in (2.25) show that for x > 0,

N | x*
Ty ()= inf { 7 loget p—}

_p+2 xP

= oy qp log((x)),

where ¢(x) is the unique positive solution to ¢**? — ¢ — x* = 0, whose existence and
uniqueness is guaranteed by Descartes” rule of signs (see e.g. [5]). Since x > 0, the

unique positive solution satisfies ¢(x) > 1. Furthermore, ¢(x) = (c(x)? + x7)/¢+2) >

(1 + xP)VP+2) > 1 4 xP/(P+2), 0

In a similar fashion, applying Theorem 2.4.1 and Theorem 2.5.1, one can also deduce
LDPs for the empirical measures of the coordinates of the sequences of projections of
X™ = X" in the sublinear and linear regimes. Furthermore, in the linear regime, sim-
ilar LDP results for the norms of these projections can be deduced from Theorem 2.5.2
on noting that {X(P)}, o satisfies Assumption 2.1.3. But, we do not state these results

since they were already obtained in Theorem 1.2 of [3].

Remark 2.6.5. Theorem 2.6.4 shows that when p € [1,2), the speed of the LDP for
Euclidean norms of k,-dimensional projections of £} balls exhibits an interesting phase
transition depending on whether the ratio k, /n?/?*? is asymptotically finite or infinite,
and the form of the rate function also differs depending on whether the limit is zero,
strictly positive or infinite. Indeed, note that x* > x*/¢(x)P = ¢(x)? — 1 > x?/%*2_ Hence,
a comparison of cases (b) and (c) of the last theorem above shows that the faster the

growth of the speed k,,, the faster the growth of the rate function | (x),as x — oo. This
2,kn
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disproves a conjecture in [3] (see the statement after Theorem 1.2 therein), which states
that the LDP (that is, speed and rate function) of these Euclidean norms should be the
same in the constant and sublinear cases. This behavior is in contrast to the case of ¢,
balls, with p > 2, where the rate functions of the (Euclidean) norms of the projections

in the sublinear and constant cases coincide (see Proposition 2.2.8).

2.6.2 Orlicz and generalized Orlicz balls

We now consider the class of Orlicz and generalized Orlicz balls. These form anatural class
of examples because, like the uniform measure on any convex set, the uniform measure
on a generalized Orlicz ball is logconcave, and much like fg balls, the coordinates of
a uniformly distributed random vector satisfy a certain “subindependence” property
known as “negative association” [70], and (under suitable conditions) the Orlicz ball

satisfies the KLS conjecture [54].

Definition 2.6.6. We say V'is an Orlicz functionif V : R — R, U{co} is convex and satisfies
V(0) = 0and V(x) = V(—x) for x € R. Let the domain of V be Dy := {x € R : V(x) < oo}.

We say V is superquadratic if
V(x)/x*> = 00, asx — oo. (2.28)
In particular, 2-convex Orlicz functions are superquadratic in the sense of Defini-

tion 2.6.6, and this includes the case V(x) = [x[’, with p > 2. Fix a superquadratic

Orlicz function V, and denote the associated symmetric Orlicz ball by

B, := {x eR": Z Vix) < n}. (2.29)
i=1
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We also discuss so-called generalized Orlicz balls, associated with a sequence of
superquadratic Orlicz functions V; : R — R, i € IN. These generalized Orlicz balls,
which are induced by a norm defined by functions that vary with dimension, are also

known in the literature as Musielak-Orlicz balls [63]. For n € IN, define the set

By, v, = {x ER": ) Vifx) < n}. (2.30)

In contrast with the usual (symmetric) Orlicz ball, the generalized Orlicz ball By,

need not be invariant to permutations of the coordinates.

We verity Assumption 2.1.3* for symmetric and generalized Orlicz balls in Sections
2.6.2.1 and 2.6.2.2, respectively. As mentioned above, the special case B}, = n'/”B},
with p > 2, was analyzed in Proposition 2.2.8. However, unlike B}, whose study is
facilitated by the probabilistic representation (2.21), there is no analogous representation
for general B}, making its analysis significantly more complicated. Instead, our proof
shows that one can represent B, in terms of an exponential Gibbs measure; this idea
has been subsequently further exploited in [42]. Conditions like 2-convexity (and 2-
concavity) often arise in the local theory of Banach spaces. In our case this condition
arises naturally because we are also considering 2-norms in this section. However, it
would be interesting to investigate whether an analogous analysis can be carried out
for Orlicz balls defined via superlinear but subquadratic Orlicz functions V (it is worth
noting that we have been able to cover the special case of {; balls with p € [1,2)) or
whether there is a more fundamental obstruction. In the following, by a slight abuse
of notation, we use |A| to denote the volume of a measurable set A C IR"” and use dx to

denote the integral over Lebesgue measure in R or R".
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2.6.2.1 Symmetric Orlicz balls

In analogy with (1.3), for v € P(R), define My : P(R) — R as

My(v) = ‘L; V(x)v(dx), (2.31)

for v such that the integral in the last display is finite. Also, for b > 0, define py; € P(IR)

as follows: for x € Dy, where Dy is the domain of V as specified in Definition 2.6.6,

typ(dx) == Z%be‘”"‘)dx, (2.32)

with Zy;, being the normalizing constant Zy;, := e V@ dx. Moreover, define
7 g g 4 DV

J(u,0) := sup {su +tv —log (f esv(x)”xzdx)} for u,veR,, (2.33)
Dy

$<0,teR

We now state the main result of this section.
Proposition 2.6.7 (Annealed example, Orlicz). Suppose V is a superquadratic Orlicz func-
tion and for n € N, let X" ~ Unif(BY). Then {X™},en satisfies Assumption 2.1.3* with
Jx = Jxv, where

Jxv(z) :== J(1,2%) — sup {s —log (f eSV(x)dx)} , z€R,. (2.34)
Dy

s<0

Moreover, there exists a unique b* > 0 such that My (uvy) = 1 and Jx v has a unique minimizer

m := \[My(uvy), with M, as defined in (1.3).

The proof of Proposition 2.6.7, which is given at the end of the section, relies on

certain properties of the function J specified in (2.33), which we state in the lemma
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below, whose proof is relegated to Section 2.11. For s < 0, t € IR, define v,; € P(IR) as

1
v (dx) := Z—eSV(")“"de, x € Dy,
st

sV (x)+tx

N o« o 2 N . . . . .
where Z;; is the normalizing constant Z,; := fD e dx, which is finite since V is
v

superquadratic and s < 0.

Lemma 2.6.8. Suppose V is a superquadratic Orlicz function and let J be defined in (2.33).

1. For u,v € Ry and (u,v) lying in the interior of the domain of J, there exists a unique
(s,t) € R_ X R such that the supremum in the definition of (2.33) of J(u,v) is attained.

Moreover, this (s, t) satisfies My (vs;) < u and My(vsy) = 0.

2. There exists a unique constant b* > 0 such that My(uvy-) = 1. Moreover, v — J(1,v) is

a convex function with minimizer m = My (uvy+), and furthermore,

minJ(1,x) =7 (1,m) = sup {s —log ( f esv(x)dx)}. (2.35)
xeR, Dy

s<0

3. Forv > m, the supremum in the definition (2.33) of J (1, v) is attained at (s,t) € R_. xR,

while for 0 < v < m, the supremum is attained at (s, t) € R_ X R_.
4. Foru,v € R, such that 9 (u,v) < o0, 9,9 (1,v) < 0.

Remark 2.6.9. Let V, V be Orlicz functions, and suppose now that the definition of J in

(2.33) is replaced with
J(u,v) := sup {su +tv —log ( f esv(x)”‘?(x)dx)} for u,veR,. (2.36)
s<0,teR Dy

Then, as can be seen from the proof in Section 2.11, the conclusions of Lemma 2.6.8

continues to hold, with My and J in place of M, and 7, respectively, as long as
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V(x)/V(x) = 00 as x — oo.

Proof of Proposition 2.6.7. Fix a superquadratic Orlicz function V (see Definition 2.6.6).
For a measurable set A C R, define IB;V[A] =B, N{xeR": Yo xf € nA}, and note

that
B; ,[A]]

By

Iv oo, _
P (E Z(Xi )2 e AJ = , (2.37)

i=1

which expresses a tail probability in terms of the ratio of volumes of two convex bodies.
We now proceed in three steps to characterize the asymptotics of these volumes in order

to estimate the tail probabilities.

Step 1. For any closed set F C R, we will establish an upper bound on the numerator

in (3.2.14),

lim sup % log

n—-oo

B}, [F]| < - inf 7 (1, %). (2.38)

With b, > 0 as defined in property 2 of Lemma 2.6.8, and M, as defined in (1.3),
set m := My(uyyp). Next, set ay := min{x € [m, +o0) N F} and a_ := max{x € [0,m] N F}.

Assume a_ < m < a,. Then

B"jﬂ{xelR”:foZn%}

i=1

+

Bj ,[F]| <

IB"“,m{xe]R”:foSna_}

i=1

By [[as, 00)]| +

B}, [[0, a-1]|. (2.39)

Fix s < 0 and t > 0, and note that then

i=1 i=1

B; yllas, )] = {x € R": exp [s Z V(xi)) > " exp (t xlz] > enta+} ,
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and therefore, it follows that

n n
|IB§/V[[0¢+, oo)]| < f exp (s Z V(x;) —ns + tZ X — nta+) dx
B yllaseo)] i=1 i=1

n n
< A f exp (s V(x) +t xz) dx.
©vy Z:‘ Z:‘ l

Hence, for every s < 0 and t > 0, we see that

n—oo

1 2
lim sup - log |IB§,V[[04+, oo)]| < —s—ta, +log (‘L oSV dx).
v

Taking the infimum over s < 0 and t > 0, we obtain

5<0,t>0

= — sup {s +ta, —log ( f esv(")”xzdx)}
5<0,t>0 Dy

= —j(l, 0(.,.),

1 2
lim sup —log B [, 00)]| < inf {—s — ta, +log ( jl; gV dx)}
n—00 14

where, since a,. > m, the last equality follows by property 3 of Lemma 2.6.8.

Similarly, once again fixing s < 0 but now also choosing t < 0, we have

B} ,[[0, a-)]| < — sup {s +ta_ - log (f esv(")”"zdx)}
Dy

, 1
lim sup — log
n—o0 n $<0,t<0

= _j(ll OC_),

where, noting that a_ < m, the last inequality once again follows by property 3 of

Lemma 2.6.8. Together with (2.39), the last two displays show that

lim sup l logIBZV[F]I <-min(J(1,ay),910,a)) = —irelkfj(l,x),

n—ooo N
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where the last equality follows from the convexity of x — (1, x) and the fact that m is
the unique minimizer of J(1,-), as established in property 2 of Lemma 2.6.8, and the

definitions of a_ and a... This proves the claim (2.38) in this case.

On the other hand, if a, = m or a_ = m, then by property 2 of Lemma 2.6.8,
inf.er J(1,x) = J (1, m). We first obtain an estimate of the volume of the Orlicz ball BY,.

Fors <0,

1 1 -
—log |B},| < —1lo f expl|s }y V(x;)—ns|dx
n 5183 no oy Vi) p( ;‘ )

< -s+log ( f esv(x)dx).
Dy

The claim (2.38) then follows in this case as well since

By

lim sup % log IB;IV[F]| < limsup % log

< —sup {s —log ( f eSV(x)dx)}
s<0 Dy

=-minJ(1,x)

xeR4

< _mlnj(ll x)/

x€eF

where the second inequality follows on taking the infimum over s < 0 in the last display

and the equality on the third line follows from (2.35).

Step 2. For any open set U C IR, we will show the lower bound

lim inf%log B, [U]| > - inf 7 (1, ). (2.40)
n—00 4 Xe

Since infyey J(1,x) = infreunp,,, J (1, x), with the latter being infinity if the inter-
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section is empty, it suffices to only consider U that lies in the interior of the domain of
J(1,-). By property 4 of Lemma 2.6.8, 9,9 (1,v) < 0, and so foreachv € R, u = J(u,v)
is decreasing. By the convexity, and hence continuity, of (i, v) = J(u,v) in R, xR, for

every ¢ > 0, there exist 0 < y <1 and z € U such that
ianlj(l,x) > J(y,z) — e (2.41)
xe

Pick 6 > 0 small such that (z — 6,z + 6) C U. Let (s, t,) be the value that attains the
supremum in the expression (2.33) for J (v, z), which exists by property 1 of Lemma 2.6.8

since U lies in the interior of the domain of (1, ). Define

1y 1v
n._ n. - . - Z 2
Aé._{xe]R .Ogn'E_1V(xZ)<1,z 6<n§ xi<z+6}

i=1

and 7, := Zs,1, = fD ) eV 4y which is finite by the definition of (s, t.), the defini-
tion of J (v, z) in (2.33) and the finiteness of J (y, z). Suppose t. < 0. We then obtain the

following estimate for the lower bound:

By, [U]| > f dx
A}l

o

n
= f (Zyz>n e~ Lz V(xﬂ—fzx?H _1 S VE R g5
4 i=1 Z%Z
n

> exp (10105 2, ~ s, - - 0) [ [ 5o

AY il 2y

The case t, > 0 can be handled analogously, simply by replacing z — 6 with z + 6 on the

right-hand side.

Let {2, be a sequence of iid continuous random variables with density

Ziesyv(x)”ZxQ. Since (s, t;) attains the supremum in (2.33) of J(y,z), by property 1

Yz
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of Lemma 2.6.8, E[V(E))] <y < 1and ]E[Ef] = z. Then the integral in the last display

can be rewritten as

n 1 1 n 1 n
f H — eV gy — P < _ZV(Ei) <l,z-6< —ZEf <z+06]|,
O AT 3 =

6 i=
which converges to 1 by the weak law of large numbers and finiteness of the respective
moments. Thus, combining the last two displays with the expression for J(y,z) in
(2.33) and the definition of (s, t.), we obtain

1 _
lim inf - log B, [U]| > log Z,,- — s,(y — 6) — t(z — 6)

=-J(y,2z) +5,0 + 1.0

> —inf J(1,x) + & +5,0 + 1,9,
xel

where the last inequality invokes (2.41). Since ¢ and 6 are arbitrary, this implies the

desired lower bound in (2.40).

Step 3. We claim that the denominator of (3.2.14) satisfies

n—oo 11

lim 1 log |By,| = —sup {s —log ( f esv(x)dx)} . (2.42)
s<0 Dy

Since B}, = B} ,[R.], applying (2.38) with F = R, and (2.40) with U = (0, ), we
obtain

.1 ar
%1_{2 - log |By,| = —x1€r]}zf+ J(1,x).
The claim then follows from (2.35) of Lemma 2.6.8.

Finally, the combination of (2.42), (2.38) and (2.40) with (3.2.14) yields an LDP for
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{% Zle(X?)Z}neN at speed n with rate function

J(1,x) —sup {s —log (f eSV(x)dx)} .
5<0 Dy

The proposition then follows by an application of the contraction principle to the

mapping x — /x. O

Remark 2.6.10. The relation (2.42) provides the asymptotic logarithmic volume of an
Orlicz ball. A careful inspection of the argument shows that this limit result does
not require the super-quadratic restriction on the Orlicz function; it is the LDP for the
norms that uses this restriction. Indeed, let V and V be Orlicz functions such that
V(x)/V(x) = o as x — oo, let J be defined as in (2.36). and for any measurable set
A C R define IB"E/[A] = {x e R": Y., V(x;) € nA}. Then, we see from Step 1 in the proof

of Proposition 2.6.7 that the following more general inequality holds:

lim sup % log

n—

By [A]IN ]B’;/[B]| <— inf J(x, ), for closed sets A, B C R,.
x€A,yeB

Remark 2.6.11. After the first version of this paper was posted on arXiv, the asymptotic
logarithmic volume of an Orlicz ball was also obtained in [42], where they also estab-
lished further refined estimates using ideas from sharp large deviations estimates (see,

e.g., [10,58]).
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2.6.2.2 Generalized Orlicz balls

Suppose that By, is close to a symmetric Orlicz ball in the following sense: there

----- Vi

exists an Orlicz function V : R, — R, such that as n — oo,
1 |]B]\1/ ABY, v, |

—log — —00, (2.43)
n 7By VB |

where By, is the Orlicz ball as defined in (2.29), and for any sets A,B C R", AAB =

[A\ B] U [B\ A] represents the symmetric difference of A and B.

Lemma 2.6.12 (Generalized Orlicz). Fix Orlicz functions {V}ien and V that satisfy (2.43),
and are uniformly superquadratic in the sense that there exists a constant cy € (0, 00) such
that for x > cy, Vi(x) > x* for i € N and V(x) > x*. Suppose X" ~ Unif(B}, | ). Then,
(XM}, satisfies Assumption 2.1.3* with Jx v, defined as in (2.34), but with V replaced with
V.

Proof. Let X ~ Unif(B}), U™ ~ Unif(B}, UBj ) and X ~ Unif(B}, ) be

independent random vectors defined on a common probability space. Define

W .= u(n)l{u(")elB;} ) + X(n)l{u(")elB” v
1 n

,,,,, ViVn

W(n) = U(")l{wn)e]B‘n_/} + X(n)l{u(n)¢IB‘ﬂ_/}.

First note that conditioned on {U™ € By v U™ has the same distribution as X®. By

-----

definition, X is supported on BY, v, - For ameasurable set A C By, we have

,,,,, Vi’

-----

.....
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.....

=P(X" e A)P(U" B}, ,)+P(X®ecA)P(U”¢B] )

= 1P(X<"> eA).

d . @ s
Hence, W® D xm . A similar argument can be used to show that W® 9@ X™  thus

-----

to the contraction principle applied to x — +/x, Proposition 2.6.7 and Remark 1.1.6, it
suffices to show that {IIW(”)H% /n}yen is exponentially equivalent (see Definition 1.1.5) to

W1 /1) e

To this end, let x := c%/ +1, where cy is the positive finite constant stated in

the lemma, and note that By, |, C xvnB} and B}, ¢ xvnB} since for x € B},

Vi
Yimixr < YL + Vi(x) < (¢, + 1)n = «x*n, where the last inequality uses (2.30), and
for x € B, YiLy x7 < YiL(cy, + V(x:) < (¢}, + 1)n = x°n, where the last inequality uses

(2.29). Thus,

A, 2 2
WO w2
n n

1, -
= — )2 - )2 < n n n
— WO — IWPIG] < K logmgnsy, -

Therefore, for every 6 > 0,

1 B 1
1o P (I~ IWOIR | > 6) < - tog P (humeasyon, 1> 0)
1 n n n
= ;loglP(U( '€ (B, ABY, vn))
~Lige By ABY, |
(B U By,

which converges to —co as n — oo by (2.43). This establishes the desired exponential
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equivalence and thus completes the proof. |

2.7 Proofs of LDPs for the random projections

In this section, we prove the main large deviation results, namely, Theorems 2.3.3,2.4.1
and 2.5.1, which deal with the constant, sublinear and linear regimes, respectively.
At many points, we will refer to certain properties of the top row of A, ;,, which we
tirst establish in Section 2.7.1. Sections 2.7.2, 2.7.3 and 2.7.4 consider the regimes of
{k,} constant, sublinear and linear, respectively. Throughout, let (;,(,, ..., denote a
sequence of i.i.d. standard Gaussian random variables, let ("= ({,...,C) € R, let

e1:=(1,0,...,0) € R".

2.7.1 The top row of A,

Lemma 2.7.1. Fix k,n € N such that k < n. Then the following relation holds:

Auk(1,-) = (Aup(L, 1), ..., Aux(1, ) © % (2.44)

Proof. Let O, be a random n X n orthogonal matrix (i.e., sampled from the normalized
Haar measure on the group of n X n orthogonal matrices). Let I, x be the n X k matrix of

ones on the diagonal and zeros elsewhere. Note that
T @or
An,k - In,kon’

which implies that A, (1, ) is equal in distribution to the vector of the first k elements
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in the top row of O,. The marginal distribution of the top row of O, is the uniform
measure on the unit sphere of R", which establishes the identity (2.44), due to the
classical fact that C™/||C™)]|, is uniformly distributed on the unit sphere in R" (see, e.g.,
[62]). O

Lemma 2.7.2. Fix n € N and k < n. Suppose X" is an n-dimensional random vector
independent of A, x. Then the following relation holds:
(AL 75, 1Xl) & (AL, X
1k | XO)|, 2] — n,kell || ”2)
Proof. As in Lemma 6.3 of [34], which considered the case k = 1, this result is eas-
ily deduced from the fact that the distribution of A, is invariant under orthogonal

transformations and independent of X™. In particular, fix n € N and given any n X n

orthogonal matrix O, and x € R", we have

X (d) X
(Ar s ) © (AL,0;" o i)

Now, given e; € §"!, for any y € §"! let R(y) € V,,, be the unique orthogonal matrix
O, such that O, 'y = ¢;. Itis easy to see that R : "' — V,,,, is a measurable map. Then,

for any x € R”, substituting O,, = R(x/||x|l,) in the last display it follows that

(A ) 2 (AL (R ) ) = (8T )

Since A! is independent of X, the above relation holds when x is replaced with X®.

O

In the settings in which {k,},en grows, we will first analyze the empirical measure
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of the k, elements in the top row of VnA,,. Thatis, let
|
= Y Sapay neEN (2.45)
j=1
Recall that P(IR) is always equipped with the weak topology unless otherwise stated.

Lemma 2.7.3. For n € N, let X" be independent of Ay, and recall the definition of L" given
in (2.1). Then we have
n ( ) AN n
L'() = pa(-x Vr/IXOl).

Moreover, the map P(R) x (0, ) 3 (v,¢) = v(- X c!) € P(R) is continuous.

Proof. For each n € IN, using the definition of L" from (2.1) and Lemma 2.7.2, we have

1y )1y
FO = ki 4 6||x<n>||2( pg ) 0= EZ Xz (AT, e (.)

j=1 whn [ X[y ]

=
=

k

Zé a (X VX)),
j=

=

?Ir—‘

from which the first assertion of the lemma follows by (2.45). Continuity of the map
(v,¢) - v(- x c!) follows if and only if as n — oo a sequence of random variables
{Bulnen converging in distribution to B and a sequence of constants {c,} converging
to ¢ implies that ¢,B, converges to ¢B in distribution as n — oo, which follows from

Slutsky’s theorem [53, Theorem 13.18]. O

Lemma 2.7.4. Suppose {0} e and (|| X2/ Vn}nen satisfy LDPs, both at speed s,, and with
GRFs 1 : Py(R) — [0,00] and I, : R, — [0, co], respectively. Then {L"},en satisfies an LDP
at speed s, with GRF defined by

I = _inf (L) +Le):u=v(-xch}, pePyR).

veP,(R),ceR+
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Proof. By the independence of A, and X®, {34, [IX"|l,/ Vn}uen satisfies an LDP at
speed s, with GRF

P,(R) xRy > (v,c) = Ii(v) + Ix(c) € [0, oo].

The claim follows on applying the contraction principle to the mapping F : #,(R)xXR, —
P,(R) defined by F(v,c) = v(- x c") O

Lemma 2.7.5. Let {Cj}jen be i.i.d. N(0,1) random variables, (' = (4, ...,C,) and consider

the sequence

V= Z 5, neN. (2.46)

Then {vu}nen satisfies an LDP in P(IR) with respect to the weak topology, at speed k,, with GRF
H(:ly1). Moreover, for a sequence {s,}nen such that s, < ky,, {Vu}nen satisfies an LDP in P(R)
with respect to the weak topology at speed s, with GRF

V) = O vEN e (2.47)

+00 else

Proof. The first claim is a direct conclusion of Sanov’s theorem [21, Theorem 2.1.10]
while the second claim follows since H(-[y1) : P(IR) — [0, o0] is convex with a unique

minimizer at 3, as in the observation of Remark 1.1.3. O

We now document an elementary observation since it will be used multiple times

in the sequel.
Remark 2.7.6. Let {Cj}jen be iid. N(0,1) random variables, let {k,},cn be a sequence
of positive integers that converges to infinity and let C, := é Z’]le C?, n € N. Itis

easy to see that the log moment generating function of ? is given by —1 log(1 — 2f) for
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t < 1/2 and infinity, otherwise. Hence, it is an immediate consequence of Cramér’s
theorem [21, Theorem 2.2.1] that {C,},en satisfies an LDP in R at speed k, with GRF

Je : R = [0, 00] of the form

Bl - 2logt, t>0,

J(t) == sup {st + %log(l - 25)} = (2.48)
seR +o00, t<0.

2.7.2 Proof of the LDP for random projections in the constant regime

This section is devoted to the proof of Theorem 2.3.3. Throughout this section, fixk € IN
and suppose k, = k for each n € IN. We first give the main idea behind the proof. Due

to Lemma 2.7.2 we have

L7
—A, X

\n

@ 1 n X
0@ L AT o lx = A1, X
Vi " \

(2.49)

where {A, x(1, -)},en is independent of (X"}, en. Thus, the question essentially reduces to
understanding the following: suppose two independent sequences of random vectors
{Vulnen and {W, },en (With at least one-being real-valued) satisfy LDPs at speeds {,}nen,
and {y,}nen with GRFs Jy and Jw, respectively. Then we want to understand when
an LDP with a non-trivial rate function can be deduced for the product sequence
Z, :=V,W,, ne€N. When 8, = y,, then this is a simple application of the contraction
principle. We will see that this is the case when Assumption 2.1.3* holds, that is, when
{IXl,/ Vn}uen satisfies an LDP at speed 71, by showing that then {A, (1, )},en also
satisfies an LDP at speed n. On the other hand, if , < y, or , > v,, then the idea
is to find sequences {b,},en and {s,},en such that {b,V,},en and {b,'W,},.en both satisfy

non-trivial LDPs at the same speed s,, and once again apply the contraction principle.
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This falls into the case of Assumption 2.3.1, which states that {b,||X"™|,/ Vn}.en, with
b, = Vs,/n, satisfies a non-trivial LDP at speed s,, and thus the proof in this case follows

by showing that {b;' A, x(1, )},en also satisfies a non-trivial LDP at speed s,

Proof of Theorem 2.3.3. Suppose Assumption 2.3.1 holds with sequence {s, },en and GRF
Jx. From Lemma 2.7.2 and (2.44), denoting C™ := (y, ..., ;) with {Clien ii.d. N(0,1)

random variables, we have

0@ a0 Kk e VS IXOlL (2.50)

Vol

1
—AT X
\/ﬁ nk

Now, consider the sequence of vectors

2

NI

K= ol G n

, nelN,

2,
which are almost surely well-defined. Then (;/ +/s, is a N(0,1/s,) random variable with
sp — o0 asn — oo. Hence, by the Girtner-Ellis theorem, the sequence {C%/ /5, },en
satisfies an LDP in R at speed s, with GRF x + ||x||?/2. Assumption 2.3.1 implies
that { /5,]|X"||2/n}.en satisfies an LDP, also at speed s,, and with GRF Jx. Finally, by
Remark 2.7.6, the contraction principle applied to x — 1/ v/x and the strong law of large
numbers, { Vi/||C™||2},en satisfies an LDP at speed n and converges almost surely to 1,

which implies that the associated GRF has a unique minimum at 1.

Together with the independence of {(;}i-1,. x and X®, and Lemma 1.1.9 (with U, =
CO/\Br, Vi = ABllXWla/n, W, = Vn/||IC™|l, and m = 1), this implies that R, satisfies
an LDP with GRF given by R x R, X R, 3 (r1,75,73) > 12 4 [ (r3) if r, = 1 (and +oo
otherwise). Combining this with (2.50) and the contraction principle for the continuous

mapping RFXIR? 3 (11,75, 13) b 111213 € RY, it follows that the sequence of k-dimensional
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vectors, {n~'2AT X"}, ., satisfies an LDP at speed s, with GRF

2
lIrll2

IAX,k(x) = mf{ >

. lxll,| ¢
—glg{fx( C +2 !

which coincides with the expression given in (2.12). This completes the proof of

+ ]X(7’3) 11 € IRk, r3 > O,X = 7’11"3}

Theorem 2.3.3. a

2.7.3 Proof of the empirical measure LDP in the sublinear regime

1<k, <n

We now present the proof of Theorem 2.4.1. We first start with an auxiliary result.

Proposition 2.7.7. Fix g € [1,2). Suppose {k,}.en grows sublinearly. Then, {{i} },en defined
in (2.45) satisfies an LDP in P4(IR) at speed k, with GRF H(:[y1) : P(R) — [0, co].

Proof. Recall that {Cj};en are i.i.d. N(0,1) random variables, (" = ({4, ...,C,). Due to

(2.45) and Lemma 2.7.1, {1} }en @ {V,}en, Wwhere

Py 1=
n

le
Z O yiig e 1 € N
=1

We now claim (and justify below) that {v,},en defined in Lemma 2.7.5 is exponentially

equivalent (at speed k,) to the sequence {7/,},en defined in (2.46).

To prove the claim, let z, := Vn/||C"™||, and let dg. denote the bounded-Lipschitz

metric (which metrizes weak convergence). Then, letting BL(IR) denote the space of
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bounded Lipschitz functions f : R — R with Lipschitz constant 1,

kn kn
1 1
Ao (o, 7a) < sup —Z|f(c,> €zl k—Z ~ Gl = k=10 ) I

f€eBL(R) ki =1 j=1 j=1

Hence, for 6,¢ > 0, we have

kn ki
1 1 ¢ 0
P(dBL(vn,vn>>5)<1P[|zn—1 Ll |>6]<1P[n]2|c]|> ]+1P(|zn—1|>e).

j=1

Since (; has a finite exponential moment, Cramér’s theorem [21, Theorem 2.2.1] implies

Ky
lim llog]P[ L Z ICjl > 6/6] =—1(0/e),
f’l ]:1

for some convex and superlinear rate function 7. Also, by Cramér’s theorem for
Y.i-1 C2/n, the continuity of x - 1/+/x on (0,c0) and the contraction principle, the
sequence {z,}.en satisfies an LDP at speed n. Hence, due to the sublinear growth of k,,
we have

1
lim o log P(|z, — 1| > €) = —oo0.

Combining the last three displays, we find that
.1 _
lim — log P(dg (v, ) > 0) < =1 (0/€).

The claim of exponential equivalence follows on sending € — 0, due to the superlin-

earity of 7.

In light of Remark 1.1.6, the last observation taken together with Lemma 2.7.5
implies that {{I }.cn satisfies an LDP in (RR) at speed k, with GRF H(:[y1). In order to

strengthen the LDP for {{I} },.cn, by [21, Corollary 4.2.6], it suffices to show that {{I} },en
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is exponentially tight in #,(IR). Since {{I} },en @

{Tu}nen and for each j > 0, the set K; ;
defined in (1.4) is compact with respect to #,(IR) due to Lemma 1.1.1, if suffices to show

that for ¢ > 0, there exists M < oo such that
o1 . o1 .
lim —log P(¥, € K; ;) = lim o log P(M,(9,) > M) < —¢. (2.51)

2

Now note that {Ma(7,) = ¢ Z';il ”;Tj)”z}nelN and by Remark 2.7.6, {[|IC%|12/k,},en and
{IIC™13/n},en satisfy LDPs at speed k, and 1, respectively, both with the same GRF ]2 (x)
defined in (2.48). Thus, {n/ IIC(”)H%}”GN also satisfies an LDP at speed n by the contraction
principle. Together with Lemma 1.1.9 and the fact that ] has a unique minimizer at 1,

this implies the sequence {M;(7,)},en satisfies an LDP at speed k, with GRF J.. Now,
for ¢ > 0, pick M such that [2(M) > ¢. We then obtain

lim kllog P(My(7,) > M) < —=Jo(M) < —¢,
which proves (2.51), and thus concludes the proof of the lemma. O

Proof of Theorem 2.4.1. By Assumption 2.1.3, ||X™||,/ v/n satisfies an LDP at speed s, with
GRF Jx and when s, > k, by Remark 1.1.3 (and the additional assumption that Jx has a
unique minimizer m), {||X"|,/ Vn}.en also satisfies an LDP at speed k, with (degenerate)
rate function x,,. Also, by Proposition 2.7.7 and Remark 1.1.3, {{I’} },cn satisfies an LDP
at speed k, with GRF H(:|y1) and, when s, <k, {{l} }sen also satisfies an LDP at speed

s, with (degenerate) GRF y,, defined in Remark 1.1.3 (see also Lemma 2.7.5).

Combining the above observations with Lemma 2.7.4, we see that {L"},cn satisfies
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an LDP at speed s, A k, with GRF I x,, where when s, > k,,

L) = inf  AHODD) +xu(@) s p = (- xe D)

= H(u(- xm)ly1)
= H(uly:(- xm™))

= H(ulym),

whens, = k,,

I, ()= inf  {H@1) +Jx(0) : p = v(-x ™)

veP,(R),ceR+

= inf {H(ulye) + Jx(@)},

and when s, < k,,,

I, (u) = inf {Xyl(V) + Jx(c) s pu=v(-x c_l)}

veP;(R),ceR+
|Jxe), p=e
+00, otherwise.
This proves Theorem 2.4.1. m|

2.7.4 Proof of the empirical measure LDP in the linear regime k, ~ An

Throughout this section, suppose {k,},en grows linearly with rate A € (0,1]. As in the
sublinear regime, we first analyze the sequence of empirical measures {{i; },cn of (2.45)

as a precursor to the analysis of {L"},cn of (2.1).
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Proposition 2.7.8. Fix q € [1,2). Suppose k, grows linearly with rate A € (0,1]. Then, the
sequence {[Iy }nen satisfies an LDP in P, (R) at speed n with GRF H, of (2.4).

The proof of the above result is deferred to the end of this section. Taking it as given,

we now prove the main LDP in the linear regime.

Proof of Theorem 2.5.1. Suppose Assumption 2.1.3 is satisfied with corresponding se-
quence {s,}.en. First, suppose s, = n. Then, along with Proposition 2.7.8 and

Lemma 2.7 4, this implies that {L"},,c satisfies an LDP at speed n with GRF IAIL, 1, defined
by

B = _inf |Hi@)+]x(c) : u() = v(-x )},

VeP(R),ceRR,

= inf {Hi(u(-x ) +Jx@)},  p€PR).
In turn, since H(v) = o0 if Mp(v) > 1/A and My (u(- X ¢)) = Ma(u)/c?, this implies

()= inf  {Hi(u(-xc)+Jx@)}), pePR). (2.52)
> \AM(u)
Now for u € P(R) and ¢ > /AM;(u), the definitions of H, and / in (2.4) and (1.6),
respectively, imply
H(u(- X 0)) = =Ah(u(- X 0)) + 3 log(27e) + 5 log (=t )

= —Ah(u) + Alog(c) + 5 4 2 log(2me) + 14 log(#)

T-(A/®) Mz ()

= Alog(c) - 52 log (1 - AMZ(”)) Ah(u) + 4 log(2me) + 52 log(1 — A).

When substituted back into (2.52), this shows that for every u € P(IR), ]AIL,;L(‘u) =T a(p),

with the latter defined as in (2.17).
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Next, consider the case s, < n. By Lemma 2.7.8, {{i; },cn satisfies an LDP at speed
s, with GRF H,. Therefore, by Remark 1.1.3 and Remark 2.2.4, {1} },en also satisfies an
LDP at speed s, with GRF yx,,. Then, by Assumption 2.1.3 and Lemma 2.7.4, {L"},en
satisfies an LDP at speed s, with GRF

inf {)(yl(v) + Jx(c) s u=v(-x c_l)}

veP(R),ceR,

]X(C)r U="Ye

+00, otherwise,

which coincides with the expression for I; ,(u) given in Theorem 2.5.1 for the case

S, < 1. O

Remark 2.7.9. Note that the above proof in particular shows that, under Assumption
2.1.3 the rate function I; ) (i) from Theorem 2.5.1 in the linear regime in the case s,, = 1,

satisfies, for A > 0,

Ia() = inf [Hi((- X ) + Jx(©)},

with H, defined as in (2.4).

The rest of this section is devoted to the proof of Proposition 2.7.8, which is broken

down into the intermediate steps given by Lemmas 2.7.10 and 2.7.11 below.

Lemma 2.7.10. Suppose k,/n — A € (0,1] as n — oo, and {C;}jen is an i.i.d. sequence with

common law 1 (the standard normal distribution). If A € (0, 1), then the sequence

Z ¥ _—k Z o¢;, Z@ , neN, (2.53)

j=kn+1
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satisfies an LDP in [P(R)]* X R, at speed n with GRF I , defined by
Lia(u,v,s) := AH(uly:) + (1 = A) Hvy) + % [s = AM(n) — (1 —A)My(v)],

if AMo(u) + (1 — A)Ma(v) <5, and I z(u, v, s) := +oo otherwise. On the other hand, if A = 1

then the sequence

1 ki 1 n
{k—Z(SC], EZCZ]' n €N,
" =1 =1

satisfies an LDP in P(R) X R, at speed n with GRF I, ; defined by
L (u, ) = H(uly1) + 3 [s — Ma(u)],

if Mo(u) <'s, and I 1(u, s) := 400 otherwise.

Proof. Our approach is to apply the approximate contraction principle of Proposition

2.10.1 and Corollary 2.10.2, with the following parameters:

e Y =1R;
e X =R=X%
o c(x) =x% forx € R;

forn €N, let £ == L Y 0 € P(R), and L7 = A=Y, L 0, € P(R);

forn € IN, let Cﬁf) = ch,(f) = fch(x)Lg)(dx), fori=1,2.

First, let A € (0,1), consider (£,,C,) = (L,(ql),C,(})). Then the domain D of (2.75) takes
the form D = {a@ € R : loglE[eAf]“C%] < o0} = (=00,4), and s0 0 € D° = D. Thus,

F(x) = sup,_, 12 QX, which is equal to Ax/2 if x > 0, and equal to co otherwise, and
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f cdy = My(u). Thus, by Corollary 2.10.2, the sequence {£,C!"},cn satisfies an LDP
at speed n and with GRF J) = ](Al), defined by

AH(ulyr) + [t = Mo(u)] - if Mo(u) <

+00 else.

JO(, ) =

Similarly, another application of Corollary 2.10.2 shows that the sequence (L?,C2),en
satisfies an LDP at speed n with GRF J® = |, defined by

](2)(1/, M) = (1 - A)H(Vb/l) + %[M - MZ(V)] if Mz(V) <u;
+00 else.

Due to the independence of Cj,j € N, and the contraction principle applied to the

mapping P(R) X R X P(R) X R > (u,t,v,u) = (u,v, At + (1 — A)u), the sequence

{1:53), LY, 2 f cdLD +(1-2) f chff)} (2.54)
nelN

satisfies an LDP at speed n with GRF
(u,v,8) = tin%{ {](1)(y, D+ ]P0w,u): At+ (1 - ANu = s} =La(u,v,8).
JUE

To complete the proof, note that because k,/n — A deterministically, the sequences

n

A 1-2 1%
2 B 2 2
c LG e LG and {;ZCJ}
j=1 =l ) o 1) en

are exponentially equivalent (recall Definition 1.1.5). Hence, the sequence in (2.54) is
also exponentially equivalent to (2.53), and the latter thus satisfies an LDP at speed n
with GRF Il,/\'
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Now, let A = 1. We see from the derivation above that the sequence {.E,(ql),C,(})}neN
satisfies an LDP at speed 1 with GRF |, and that the two sequences {é Z';il C?}HE]N and
{% Z]'Ll C?}%N are exponentially equivalent. Hence, from Remark 1.1.6, we obtain the

desired LDP. O

Lemma 2.7.11. Supposek,/n — A € (0,1] and let {C;}jen be as in Lemma 2.7.10. If A € (0, 1),

the sequence of pairs of measures

n

by

1 1

k. > 8 v o — Y. Syigeon |, nEN, (2.55)
=1 j=knt1

satisfies an LDP in [P(R)]? at speed n with GRF I, , defined by

La(u,v) =T (u,v,1)
= AH(uly1) + (1 = A)Hly1) + 3 (1 = A My(u) — (1 = 1) Ma(v)),

if AMp(u) + (1 = A)My(v) <1, and I, ,(u,v) := oo otherwise. On the other hand, if A = 1,
then the sequence {kln Z’]‘Ql 6\/@, Jico, Inen satisfies an LDP in P(IR) at speed n with GRF I,
defined by

La(u) = H(uly:) + 3 (1 - Ma(p)),

if Mo(u) <1, and I 1(u, v) := +00 otherwise.

Proof. Below we present the proof only for the case A € (0, 1) since the case A = 1 can

be argued in an exactly analogous fashion. Due to Slutsky’s theorem, the map

[P(R)]Z xRy 3 (@, 7,s) — (F‘(' % 51/2)’ (- x 51/2))’
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is continuous. Then, applying the contraction principle with this map to the LDP of

Lemma 2.7.10, we find that the sequence in (2.55) satisfies an LDP with GRF:

. _ o . 1/2 — (. 1/2
(H’V)Hp,ve?l(%{se]&r {Il,A(H/V/S)-‘U—[J( Xs/%),v=7(-Xs )}
= inf{AH(u(- x s P)ly2) + (1= D HE(- x572)n)

+1[s = AsMa(u) — (1 = DsMa(v)] = s 2 As Ma(u) + (1 — A)s Ma(v))

inf {A H(uly: (- 3 8'%) + (1 = 1) Hovlya (- xs12)

+5[1=AMx(u) = (1= A)Mp(v)] : 12> AMp(u) + (1 - A)Mz(v)}

Assuming 1 > A M,(u) + (1 — A) M(v), noting that

d]/l _ 1 x?
IOg (W(X)) = —E IOgS - (1 - S)E,

and using the chain rule for relative entropy, the right-hand side of the previous display

is equal to

AH(uly:) + (1 = A)H(vly1)
+ inf {2 (L1ogs + SMy(u)) - (1 - A) (L logs + FM(v))
+5[1-AMa(p) - (1 - 1) M)
=la(pv) =3 + 5 inf (s ~logs)

= IZ,/\((u/ V)'

On the other hand, if 1 < A My(u) +(1—A) M,(v) is violated, then (by the convention that
the infimum over an empty set is infinite) is infinite, which is again equal to I 1(y, v).

This completes the proof. |
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We now turn to the proof of Proposition 2.7.8. First, for A € (0,1], define

%log(£)+ %log(ll_‘?z), 0<z<],

Joa(z) = (2.56)

00, otherwise,

where we use the convention 0log 0 = 0log(0/0) = 0.

Proof of Proposition 2.7.8. We first prove that {{I; },en satisfies an LDP in £(R) with re-
spect to the weak topology, with GRF H), of (2.4). Due to the representation for A, x, (1, -)

established in Lemma 2.7.1, it suffices to show that the sequence

k

. 1\

Vy = E ; 6\/EC/‘/”C(”)”2’ ne N, (2.57)
satisfies an LDP in P(IR) at speed n with GRF H,.

We deduce in the following the case for A € (0,1). The case for A = 1 can be shown
using a similar calculation and is hence omitted. Combining the LDP established
in Lemma 2.7.11 with the contraction principle applied to the projection mapping:
(P(R))* 3 (m1, 1) — 11 € P(R), it follows that {D,},en satisfies an LDP at speed n
with GRF given by u + inf,epw) 1 (1t, V). Now, note that for u,v € P(R) such that
AM,(u) + (1 = A)M,(v) <1, we have

La(u,v) = =Ah(p) + 5 log(2m) + §Ma(u)
—(1-A)h) + % log(2m) + %Mz(v)
+3(1 = AMa(u) = (1 = 1) My(v))

= —Ah(u) — (1 - Dh(v) + 3 log(2me),
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where £ is the entropy functional defined in (1.6). Thus,

inf I (u,v) = —Ah(u) + %log(Zne) + eig(fR) (A =-MDh): 1 -A)M(v) <1 - AMy(u)}

veP(R)
1- /\Mz(#)}

= —Ah(u) + %log(Zne) +(1-A7) veislg(f]R) {—h(v) : Mo(v) < )

Since M,(v) > 0, the right-hand side above is equal to infinity if 1 < AM,(y). On
the other hand, if AM,(u) < 1, then recalling that the maximum entropy probability
measure under a second moment upper bound of z is the Gaussian measure with mean
zero and variance z (see, e.g., Section 12 of [20]), we have

equ}(f La(u,v) = —Ah(u) + 1 log(2me) — 52 log (27’(6—1_/\1%\2(#))

= —Ah(u) + 5 log(2me) + 5% log(l /\Mz(#))

= H(u).
Thus, we have shown that the rate function is H,(u), as desired.

To strengthen the LDP on #(IR) to an LDP on #,(R) (i.e., with respect to the g-
Wasserstein topology), via an appeal to [21, Corollary 4.2.6] it suffices to show that
{05 }hen is exponentially tight in #,(R). Since for each j > 0, the set K ; defined in (1.4)
is compact in the g-Wasserstein topology by Lemma 1.1.1. By the definition of K ;, the
definition of M, in (1.3), and the identity {i"} 9 ¥, established in (2.45) and Lemma 2.7.1,

and the definition of ¥, in (2.57),

(kn)
(1) € Ky ) = (9, € Ks ) = (Ma(0) > M) = { k£||||%<">||||22 > «/M} (2.58)

When k,/n — A € (0,1], by [3, Lemma 4.2], {||C%)||,/[IC™||2},en satisfies an LDP at
speed n with GRF J,, defined in (2.56), and { /M2 (¥,)},en is exponentially equivalent



76

to {[IC%)]lo/(VAIIZ™||,)}uen at speed 1 by Remark 1.1.7. Combining this with (2.58) and
Remark 1.1.6, when M = 4/A, we obtain

.1 .1 IE%ll Vi
lim —logIP(7y € K5,,) = lim —1lo ]P(—> M| < =J1(2) = —oo.
a0 108 HHA © By ) = 1M 2108 Aol 2,1
This proves the desired exponential tightness of {{I'} },en in P (IR). O

2.8 Proofs of g-norm LDPs in the sublinear regime, 1 <

k,<n

In this section we prove Theorems 2.4.4 and 2.4.5. Recall from (2.7) that Y;, =
IAT, XO,.

Proof of Theorem 2.4.4. Fix {k,},en that grows sublinearly. From Lemma 2.7.2 and (2.44),

we have the following distributional identity,

oy @ JE X, el VR V], 250)
o eell, v el Ve

Suppose Assumption 2.1.3* holds, in which case {”X(”) ./ Ve satisfies an LDP at
speed n with GRF Jx. On the other hand, by [3, Lemma 4.2], {{|C%")]|,/|IC%||2} e satisfies

an LDP at speed n with GRF

—1log(1-x%), x€[0,1),
Je(x) == (2.60)
+o00, otherwise.
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Due to the independence of ¥ and X, the result follows by Lemma 1.1.9.

Now, suppose Assumption 2.4.2 holds with sequence {s,},en;, 7 € [0, co] and GRF ['. ©
We will make repeated use of the following simple observation: by Remark 2.7.6 and the
contraction principle applied to the map x — v, {IC*)|l2/ VK, }nenw and {|[C™l2/ Vituen
satisfy LDPs at speed k, and n, respectively, with the same GRF J(x?), and hence,
{Vr/lIC™|a}en also satisfies an LDP at speed n, and all three sequences converge
almost surely to 1 by the strong law of large numbers. We now consider three cases.
Case2.8.1. Supposer = 0. Thenss, < k, < n. By the case assumption, { Vk,||X™|l2/n}en
satisties an LDP at speed s, with GRF ]§?). Hence, the result in this case follows by (2.59),
the observation above and a dual application of Lemma 1.1.9 with (V,,, W,,) therein first
being (VkaIX?la/n, 1IC% |,/ Vk.) and then (ICEIIX P12/, Nr/IC®]L).

Case 2.8.2. Suppose r € (0,00). By Remark 2.4.3, { Vk,||X™||,/n},en satisfies an LDP at
speed k, and with GRF 7])(y/rx). Then (2.59), the independence of X® and (", the
observation above and Lemma 1.1.9 together show that (nV ng’kn }.en satisfies an LDP

at speed k, with GRF

5™ (x) == ir;g{czz_ 1_ logc +r](r)( Vrx )}

Case 2.8.3. Suppose r = co. Again from the reformulation (2.59), we have

2yn @ HC(k”)H / \sn \/_Hx(n)
szn | " /\/_ "

1/2
1 k

o —[s— C]
n i=1

and (because r = o) k,/s, — 0 as n — oo, by Lemma 2.6.1 (with p = 2) and the

(2.61)

Since

B
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contraction principle applied to t = Vt, {[|C%]l,/ /5, }uen satisfies an LDP at speed s,
with GRF J(t) = #2/2 if t > 0, and J(f) = co otherwise. By the case assumption,
{ VSl Xl /n},en satisfies an LDP at speed s, with GRF ]g?o). The independence of
{Ci}iew and X™, together with the contraction principle applied to the product mapping
(x,y) — xy, then implies that {V, := ||[C*|,,||X"||,/n},en satisfies an LDP at speed s,
with GRF infe.o{c?/2 + J3(x/c)}. The lemma follows on applying Lemma 1.1.9 with
{V)wew defined above, W, := (||[C™|./ Vn)™', n € N, and m = 1.

Proof of Theorem 2.4.5. Fix q € [1,2] and suppose k, grows sublinearly. = From

Lemma 2.7.2 and (2.44), we have the following reformulation

CHYayn @ ”C(kn)“q /k’l/q ”X(n)
n

2
= 2.62
q,kn | C(n) ( )

VA

where (" := (Cy, ..., C,) with {(}ien being i.i.d. N(0, 1) random variables. Consider the

following sequence of random vectors

e, e

||C(kn)
nI:[ ki/q , \/E , \/ﬁ

2 , mnelN.

By Assumption 2.1.3, {||IX™||,/ Vn}.en satisfies an LDP at speed s, with GRF Jx. By
Cramér’s theorem and the contraction principle, {||C*]], k9, satisfies an LDP at
speed k, with GRF J¢,(x) := Ay (x7) if x > 0, with A, defined in (2.15), and J¢4(x) = o
if x < 0. Note that A} is strictly convex with unique minimizer M},/ 7. Similarly,
{IClo/ Vn}uen satisfies an LDP at speed n with GRF [ »(x) := A;(xz) if x > 0 (and is

equal to infinity otherwise) with unique minimizer 1.
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To prove the theorem, we will use Lemma 1.1.9 to show that in each of the three
regimes, {R,},en satisfies an LDP at speed s, A k, with a GRF Ji that we identify in each
case. In view of (2.62) and the contraction principle, this would imply that {k, 1 Y;,k,, baeN

satisfies an LDP at speed s, A k, with GRF

EUb(u) = 1nf {]R(x/ yl Z) U= %/ X, y’Z > O} : (263)

Case 2.8.4. Suppose k, < s,. Then we also have k, < n, and by Lemma 1.1.9 and
the additional assumption that Jx has a unique minimizer m, {R,},en is exponentially
equivalent at speed k, to (||C*||,/ k! 1,m), which satisfies an LDP at speed k, with GRF
Jr(x,y,2) = Jeq4(x) when y = 1 and z = m, and Jr(x, y,z) = +oo otherwise. Then (2.63)
shows that Eub(u) = Joq(u/m) = Ay(u?/mf) for u > 0, and is equal to positive infinity
otherwise.

Case 2.8.5. Suppose s, = k,. Since k, < n, again invoking Lemma 1.1.9 and the
additional assumption that Jx has a unique minimizer m, we have the exponential
equivalence at speed k, between {R,},en and {([IC*]], /KT 11X,/ Vi) hwen. Hence,
{Ru}nen satisfies an LDP at speed k, with GRF Jr(x, y,z) = J¢4(x) + Jx(z) when y = 1, and
Jr(x, y,z) = +00 otherwise. Moreover, (2.63) shows thatj]\f]“b(u) = infuso{ AZ(¥7) + Jx(u/x)}
if u > 0, (and is equal to +oco otherwise).

Case 2.8.6. Suppose s, < k,. Then k, < n implies s, < n, and so Lemma 1.1.9 and
the observation that the GRF ], has M;/ 7 as its unique minimizer imply that {R,},en
is exponentially equivalent at speed s, to the sequence {(M;/ 11, 11X/ V1) }wen, and
therefore satisfies an LDP at speed s, with GRF Jr(x, y,z) = Jx(z) when x = M},/ T and
y =1, and Jr(x,y,z) = +oo otherwise. When combined with (2.63) this implies that

’]]\Zub(u) = ]X(u/M;/q) if u > 0 (and is equal to +co otherwise).
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2.9 Proofs of g-norm LDPs in the linear regime

The goal of this section is to prove Theorem 2.5.2. Throughout, fix A € (0,1], and
assume k, ~ An. Also, for g € [1,2] and 1,k € N, k < n, recall the definition n~1/ YZ,kn =
nY qIIAZ,an(”)IIq given in (2.7). Section 2.9.1 contains a simple proof that is valid when
g € [1,2). Section 2.9.2 is devoted to the more involved case of 4 = 2 in the linear regime,
which also then provides an alternative proof and alternative form of the rate function

in the case g € [1, 2).

29.1 Thecaseqe€|[l,2)

Proof of Theorem 2.5.2 when q € [1,2). Fix g € [1,2), and observe that with M,, L", Yg,kn
and A, x, defined as in (1.3), (2.1), (2.7) and Section 2.1.1, respectively, it follows that

1/q
k — n - n
(ﬁMq(Ln)) —_— Uq”AZ,an( )”q =n quq,kn'

Then, the LDP for {L"},cn in Theorem 2.5.1 and the contraction principle applied to the
continuous map #,(R) 3 v - (/\Mq)l/ 1(v) € R imply that {AM,(L")},cn satisfies an LDP
with GRF

i) o= (I a(k) = AM ()™ = x).

inf
HEP(R)
Since %Mq(L”) is exponentially equivalent to AM,(L") at speed n by Remark 1.1.7, this
implies (by Remark 1.1.6) that {n‘l/”/YZ . }nen also satisfies an LDP at speed n with GRF

lin

qA°
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If x < 0, we infimize over an empty set, and so ;i/‘i(x) = —o0. Now, if s, = n, using
the expression for II; ; given in Remark 2.7.9, we see that for x > 0,

i) = inf {WA(yC X ¢)) + Jx(©) : [AM, ()] = x},

ceR,, ueP(R)

= i AFL0) + (@) M x eI = o,

ceR;, veP(R

= it A0 + 160 s 0] =2,

ceR4,veP(R)
which coincides with (2.18).

On the other hand, if s, < n, using the identity I; ,(u) = Jx(c) if u = y. (and infinity,

otherwise) established in Theorem 2.5.1, we have for x > 0,

Ij3(x) = infx(0) : AM, ()" = )

= Inf{Jx(0) : (AIM)'" = x]
X
= ]X((/\Mq)l/q)’

where M, is as defined in (2.8). This proves (2.18). O

2.9.2 The case g = 2 and alternative proof for g € [1,2)

We now provide an alternative proof of Theorem 2.5.2 for g € [1, 2), which also extends
to the case ¢ = 2. This yields an alternative representation for the rate function ]]};3 of
(2.18). To introduce this representation, fix g € [1,2] and define the following functions.

Let
1

V2n

Ang(t, t) == log f exp (hlxl" + (t = D) dx,  (t, 1) € R (2.64)
R
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Note that for g € [1,2), we have Ay ,(t1,t;) < oo when t; € Rand £, < % On the other

hand, for g = 2, we have Ay 4(t1,t2) < co when t; + £, < % We also define

1
Ag(ts) :=1o f exp ((t; — H)x?)dx, t; € R (2.65)
B3 & K Vor P( 2 ) 3
Note that Ag(t3) < oo for t3 < % Let A} . and A} denote the Legendre-Fenchel trans-
forms of Ay, and Ag, respectively. For g € [1,2) and A € (0, 1), define

1
XM

Joi@) = inf {AA;#(("“"Z))+ (1= DA, (i) . 7= 1—} (2.66)

(x1,%2,x3)€ER3 A 1-A h (x2 + x3)1/2

and define for A =1,

z):= inf
Jia(2) (x1,72)€R

1/q
{Aj\/q((xl,xz)):z: 4 } (2.67)

(x2)1/?

Also, recall the definition of J, 1, A € (0, 1], from (2.56).

We then have the following result.

Proposition 2.9.1. Fix g € [1,2]. Suppose {k,},en grows linearly with rate A € (0,1], and
that Assumption 2.1.3 holds with associated GRF ]x. Then, the sequence of scaled {j norms of

random projections, {n=/1 Yy, = n~4||AT an(”)IIq}neN, satisfies an LDP at speed n with GRF

1500 = inf {1,0@) + x®) s x=v2), xeR.. (268)

The proof of Proposition 2.9.1 relies on an auxiliary result stated in Lemma 2.9.2,
which concerns an LDP related to the top row of the matrix A, x,. As in Section 2.7, let

C1,Cy, ... denote a sequence of i.i.d. standard Gaussian random variables, independent
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of X, and let (™ := ((y,...,C,) € R". Due to Lemmas 2.7.2 and 2.7.1, we have

e @ (Ci,-., Cry)

(n)
AL X = AL R X7l = A e IXOll = ==X € R
2

1k |1 X0

Therefore, for n € N and all 4 € [1, oo], we have

kll
@ 12170l [IXll

ICO0L yn

n-l/w; =n AT, X7, (2.69)

Given (2.69) and Assumption 2.1.3, a natural step to proving Proposition 2.9.1 is to

establish an LDP for the sequence {n'/271/4||C®)]|. /|C||,}en.

Lemma 2.9.2. Suppose {k,}en grows linearly with rate A € [0, 1]. For q € [1, 2], the sequence

n1/2—1/q ”C(kn)”q _ 1/2-1/q ”(Cl/ ceey Ck,,)”q

= —_—, IN, 2.70
T T A (2.70)

satisfies an LDP in R at speed n with GRF J, » of (2.66) and (2.67) for q € [1,2) and (2.56) for
qg=2.

Proof. Fix q € [1,2). For n € IN. We start with the observation that the quantity in (2.70)
can be represented in terms of a continuous mapping of a vector of scaled i.i.d. sums:

foreachn € N,

k kn n

IC] 1y 1

1/2-1/q 1 _ - q

n =T(Z,), Z,:= [ e, , 2.71)
11 n Z:l n L Zk (
i i ] 1
where T is the continuous map
1/q
3 %1
T:R’> (x1,x2,x3) =» ————— € R.

(2 + x3)1/2
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We now establish an LDP for the sequence {Z,},en. To this end, for fixed A € (0, 1),
we first establish LDPs of the related sequences

Ky

qu &, Bi=ax )G neN.

Note that for q € [1, 2], the origin (0, 0) lies in the interior of the domain of A, ;, which
is the logarithmic moment generating function of (|(;|7, C%). Since the {(;};en are i.i.d.,
by Cramér’s theorem [21, Theorem 2.2.1] the sequence {A, ;},en satisties an LDP in R?
at speed k, with GRF A} q(-/ A), and hence (by Remark 1.1.4 and the fact that k,/n — A)
also satisfies an LDP in R? at speed n with GRF AN} (-/A). Similarly, since 0 belongs
to the interior of the domain of Ag, the logarithmic moment generating function of ,
the sequence {B,},cn satisfies an LDP in R at speed n with GRF (1 — A)AL(-/(1 — A)).
Since k,/n — A and (n — k,)/n — 1 — A deterministically, by Remarks 1.1.6 and 1.1.7,

Z N(tel CZ) bien and {1 Z;‘Z=kn+1 C?}neN satisfy LDPs at speed n with the same GRFs as
{Angten and {B,},en, respectively. Combined with the independence of A, ; and B,
and Lemma 1.1.9, it follows that the sequence {Z,},en satisfies an LDP in R® at speed n

with GRF

(xll x2)

(x1, %2, X3) > AAZ,q( 3

) (- )\)A*(1 A) reRS,

and with the GRF equal to —co otherwise. Finally, use (2.71), the LDP for {Z,},en and
the contraction principle for the map T defined above to show that the sequence in

(2.70) satisfies an LDP with the GRF J, , of (2.66).

Next, suppose A = 1. We see that the sequence {A, ;},cn is exponentially equivalent
to {(% Z;Zl |Cil7, % Y1 C)}ien by Remark 1.1.7. An application of the contraction princi-

ple to the map (x1, x2) = xi/ 1 x;/ 2 yields the LDP for the sequence in (2.70) with speed
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n and GREF (2.67).

The case g = 2 was also considered in [3, Lemma 4.2]), but can be obtained via (a
simpler form of) the argument given above. To be self-contained, we provide some
details. In this case, the quantity of interest is T(Z,), where Z,, is the R?>-valued
random vector that coincides with the second and third components of Z,,, and T maps
(x2,x3) = X2/ (x2 + x3)'/?, and the arguments above show that {Z,)}sen satisfies an LDP at
speed n with GRF AAL (-/A)+(1-A)A% (-/(1 — A)) and thus, by the contraction principle,
(ICEN /T en satisfies an LDP with GRF

o « (X2 <[ X3 Y. 2_ X2 }
= f AL — 1-MDA : = .
J24(2) (xgicl;l)e]RZ {/\ B ( A ) (1= (1 - A) z X + X3

Noting that Ap is the log moment generating function of the chi-squared distribution,
it follows from Remark 2.7.6 that Aj(x) = J2(x) = %(x —1-1logx), for x > 0 and infinity,
otherwise. Substituting this into the expression for J, 1(z) in the last display and solving

the optimization problem yields (2.56). m|

Proof of Proposition 2.9.1. Recall from Lemma 2.9.2 that the sequence {n'/2~V9(|C% ||, /[IC™||o} e
satisfies an LDP with GRF J, ;. In addition, Assumption 2.1.3 states that the sequence
{IX®™]l2/ Vn}uen satisfies an LDP with GRF Jx. Given the equality in distribution of
(2.69), the contraction principle applied to the continuous function (y,z) — yz yields
that the sequence of scaled fg norms of random projections, {Y;/kn }en, satisfies an LDP

at speed n with GRF ]_]};I}\ of (2.68). O

Remark 2.9.3. Note that it follows from Proposition 2.9.1 and the proof of Theorem 2.5.2
for g € [1,2) in Section 2.9.1 that ]_]17“}‘t = ]];“j forallg € [1,2).

To complete the proof of Theorem 2.5.2 we show that this relation also holds for
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q=2.

Proof of Theorem 2.5.2 in the case q = 2. First, consider the case s, = n. Fix A € (0, 1). The
result for A = 1 follows on using the convention that 0log 0 = 0log 0/0 = 0 everywhere

in the derivation below. By Proposition 2.9.1, it suffices to show that [}, = [}%}. In view

of (2.18), (2.68), and (2.56), it clearly sulffices to show that for z% € (0, 1),

1-4 (1 Az)— inf  H,©). (2.72)
—Z VvEP(R):z2=AM;(v)

Joa(2) = 5 log(5) +

since when z? ¢ (0,1) both J,(z) and the right-hand side above are infinite. For

2 € (0,1), substituting the expression for H, from (2.4), we obtain

. _ . /\
VEP(IR):}ZIJE/\Mz(V) WA(V) B VEP(IR):}ZIJE/\Mz(V){ -4 h(V) T2 log(zne) + ].Og( M ))}
=- sup Ah(v) + 2 5 log(2me) + 14 log( )

VeP(R):22= My (v)
Recall that the maximum entropy probability measure constrained to have second
moment z?/A is the Gaussian measure with mean zero and variance z%/A (see, e.g., Ex.
12.2.1 of [20]). Since the entropy of such a Gaussian equals § log(2mez?/1), we have

inf Hi(v) = =4 log(2mez®/A) + £ log(2me) + 152 log(%) =Joa(2),

vEP(R):z22=AM;(v)

which proves (2.72). This completes the proof of the equality ]Ih“ = Ji* in this case.

Now, suppose s, < n. By (2.69), it follows that n~/2Y? " @ V,W,W!, where
Vi = IXD2/ vn, Wy, = vk /nl|C*|l/ Vk, and W, = vn/[IC™|l,. Noting that k,/n — A
as n — oo, we see that {W,},en and {W)},en converge almost surely to (AM;)!/? and

1, respectively (by the strong law of large numbers), and satisfty LDPs at speed n (by
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Remark 2.7.6 and the contraction principle). Since by assumption, {V,,},cn satisfies an
LDP at speed s, < n with GRF Jx, by Lemma 1.1.9 the sequence {V} = V,W,},en
satisties an LDP at speed s, with GRF Jx. Since the GRF of {W)},cn has a unique
minimum at m := (AM;)"/?, by Lemma 1.1.9 {V/,W,},en satisfies an LDP at speed s,

with GRF Jx(-/m), which coincides with the expression in (2.18). O

Remark 2.9.4. Recall that in the sublinear/linear regime, when g = 2 the contraction
principle cannot be applied because the LDP of Theorem 2.5.1 holds with respect to the
g-Wasserstein topology only for g € [1,2). Moreover, the LDP for {{I} },en of (2.45) as
stated in Proposition 2.7.8 also holds with respect to the g-Wasserstein topology only
for g < 2. However, in the case g = 2, (2.72) still establishes a variational problem
that explicitly relates the rate function J,, of (2.56) to the rate function H, of (2.4), in
the same manner as if the contraction principle were applicable. We claim that this
inconvenient gap is related to a more fundamental obstacle. To illustrate this concretely,
consider the case where Xj, Xy, ... areii.d. exponential random variables with mean 1.

It is known that:

1. Due to Sanov’s theorem, the sequence of empirical measures {+ Y, 5x,}nen satis-
ties an LDP in P(IR) with GRF H(:|| Exp(1)), where we write Exp(1) to denote the

exponential distribution with mean 1.

2. Due to Cramér’s theorem [21, Theorem 2.2.1], the sequence of empirical means

{1 ¥i1 Xi}new satisfies an LDP in R with GRF

L(B) :=p—logp —1.
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3. An explicit calculation establishes the expression
L(B) = inf {H(ullExp(1)): du=pgy¢.
= int, {FGExpa) - [ da =]

Note that if the map u — f]Rxdy were continuous, then the LDP of point 2. above
would follow from point 1., point 3., and an application of the contraction principle.
However, the map u fody is not continuous with respect to the weak topology
on probability measures. Moreover, the result of [81, Theorem 1.1] applied to the
exponential distribution indicates that the LDP of point 1. does not hold with respect to
the 1-Wasserstein topology. This suggests that the apparently cryptic transitionatq = 2
in the nature of the proof of Theorem 2.5.2 and the result of Theorem 2.5.1 is in a sense
a manifestation of a more common sticking point in large deviations theory. In other
words, even in the simple setting of i.i.d. random variables, the continuity required
by the contraction principle fails to hold, but the consequences (i.e., a large deviation

principle and a variational formula for the rate function) do still hold in many instances.

210 An approximate contraction principle

In this section, we recall the approximate contraction principle established in Section
6.2 of [14], and establish a corollary of it that we use in the proof of the LDP in the linear
regime in Section 2.7.4. Recall that given a,b € IR, we will use a V b and a A b to denote

max(a, b) and min(a, b), respectively.

Let X be a Polish space. Let X be a separable Banach space with topological dual
space X*, and let (-, -) : X* XX — R denote the associated dual pairing. Fix a continuous

map ¢ : © — X, and let {£,},en be a sequence of P(X)-valued random elements. For
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r € (0, o0o] and a continuous function W : & — R such that P-a.s., fz(W(x) V0)L,(dx) < oo

foralln € N, let

A;(W) := limsup % log E [e”(fz W(X)L”(dxw)] , (2.73)
and also let
A(W) := sup A (W). (2.74)
>0

We introduce the “domain” of A, defined in the following manner: let

D :={aeX : Ala,c("))) < oo}, (2.75)

D, ={ae X' :dp>1,pa € D).

Then, for x € X, let

F(x) := sup{a, x). (2.76)
aeD,

Lastly, for n € IN, we define the X-valued random variable C,, := fz c(x) L,(dx).

Proposition 2.10.1 (Proposition 6.4 of [14]). Suppose that:

1. {L,}nen satisfies an LDP in P(X) at speed n with GRF Iy,
2. {L,, Culnen satisfies an LDP in P(X) X X at speed n with some convex GRF I;

3. for any sequence {Wy}nen, in the set
{V+{(a,c()):V:X—> R continuous and bounded, « € D} (2.77)

such that W,, | Wy, to a limit Wy : £ — R that is continuous and bounded above, we
have

lim sup A(W,)) £ A(W). (2.78)

n—oo
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Then, we have the following representation for the GRF 1L, for all u € P(X) and s € X:

Io(u) + F(s = [Ledp) if I(u) < oo,

+00 else,

I(u,s) == (2.79)

with F as defined in (2.76).

The following corollary considers a special case where the conditions of Proposition

2.10.1 can be easily verified.

Corollary 2.10.2. Let X be a Polish space and X be a separable Banach space. Suppose that
{ku}nen grows sublinearly with rate A € (0,1], each L, is the empirical measure of k, i.i.d.
Y-valued random variables 11, . . ., N, with common distribution u (that does not depend on n),

and for continuous W : £ — R, define
A(W) := log E[¢! V0] (2.80)
Also, let ¢ : . — X be a continuous map such that 0 lies in the interior D° of the set
D :=|a e X : A, e())) < o}, (2.81)

and let C,, := fz c(x)L,(dx). Then {L,,C,} satisfies an LDP with GRF given by (2.79), where
Iy(v) := AH(v|u) and F(x) = sup,_s.{(a, X).

Proof. We start by verifying the conditions of Proposition 2.10.1.

The fact that {£,},en satisfies an LDP in P(X) at speed k, with GRF H(:|u) follows
from Sanov’s theorem on the Polish space P(X) (see, e.g., Theorem 6.6.9 of [45]). Since

k,/n — A, this immediately implies that { £, },cn satisties an LDP at speed n with GRF
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Iy(-) := AH(-|u), so condition 1. of Proposition 2.10.1 is satisfied.

Next, note that (£, C,) = é Z’;il(ém, c(n;)) € P(X) x X. Therefore, it follows from
Cramér’s theorem on any locally convex topological space (see, e.g., Theorem 6.1.3 and
Corollary 6.16 of [21]), with an appeal to the assumption that 0 lies in ©°, the interior
of the set D of (2.81), that {(L,, C,)}sen satisfies an LDP in P(X) X X at speed k, with a

convex GRE. Since k,/n — A € (0, 1], condition 2. of Proposition 2.10.1 is satisfied.

As for condition 3., first consider any sequence {W,},en such that for each n € IN,
W, =V, +{ay, c(-)) for V,, bounded and continuous, and a, € D. Due to the assumption
that a7 € D, and the boundedness of V;, we have X(Wl) < oo, s0 if W, | W, then by

the dominated convergence theorem,
lim A(W,) = A(We). (2.82)

To complete the proof, it clearly suffices to show that D = D, for the domains O and
D defined in (2.81) and (2.75), respectively, and that relation (2.82) holds when A is
replaced with A. In turn, to show the latter, it suffices to prove that A = AA. Indeed,
note that for any continuous W : £ — R such that P-a.s., fZ(W(x) V 0)L,(dx) < oo for
all n € N, by the definitions of A and A from (2.73) and (2.74), respectively, the i.i.d.

assumption on {r]l-}i.‘”1 and the fact that k,/n — A, we have

AW) = A TAL(W)
> A7 TA(W)
> 77! lim AW AR)

= A" lim A(W A R)

= lim AW AR)
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= AW),

where the first inequality uses the elementary observation that A, < A, for every r
implies A < A, and the second equality uses this observation along with the fact that

the converse inequality also holds when both functions are evaluated at W A R, since
then fZ(W(x) A R)L,(dx) < R implies A(W A R) = AR(W A R) < A(W A R). Thus, we

have shown A = A-1A,,, which completes the verification of condition 3.

The corollary then follows from Proposition 2.10.1 and the identity O° = D,.

2.11 Properties of the function 7 of (2.33)

We recall here the definition of the subdifferential of a convex function. Let f : R —

R U {oo} be a convex function. Then the subdifferential at a point x € R" is defined to be
df(x):={seR": f(y) > f(x) +(s,y—x) foall yeR"L

Note that when f is differentiable at x, the subdifferential df(x) has only one element,
which is the gradient Vf(x). For further discussion of subdifferentials, the reader is

referred to Chapter X in [36].

Proof of Lemma 2.6.8. Before proving the individual properties, we make a general ob-

servation. Recall that Dy is the domain of V. For u, v € R,, define H: R_ X R — R to
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be
H(s, t) := su + tv — log f eV g (2.83)

Dy
By definition, H is differentiable. We first show that H is concave. For this, by (2.83) it
suffices to show that (s, t) - log va eV 0+ dy is convex. Indeed, by Holder’s inequality,

for A € (0,1) and (s1, 1), (s2,t2) € R_ X R, we see that

logf e(sl)\+sz(1—)\))V(x)+(t1/\+t2(1—/\))x2dx
Dy

1/A 1/(1-1)
< log [(L esl/\V(x)+t1/\x2dx) (j; esz(l—/\)V(x)+t2(l—/\)x2dx) ]
v v

— l log esl/\V(x)+t1/\x2dx + 1 lOg esz(l—)\)V(x)Hz(l—/\)xzdx‘
A Dy 1-A Dy

In particular, H is strictly concave if and only if V' # 0 in the domain of V.

We now turn to the proof of property 1. Let (1,v) € R? be in the interior of the
domain of J. Then by [36, Theorem 1.4.2], since J is convex, the subdifferential
at (u,v) is nonempty, dJ(u,v) # 0. Therefore there exists s € R_, t € R such that
(s,t) € dJ (u,v). Since J and (s,t) — log va V@ dy are both convex, both functions
satisfy the condition in [36, Theorem 1.4.1]. Hence, we see that there exist s € R_ and
t € R such that J (1, v) = H(s, t). If H is strictly concave, then automatically (s, t) is the
unique maximizer in the supremum of (1, v) in (2.33). If H is not strictly concave, then
V = 0 in its domain, and so by (2.33), J (v) = sup,_ g, {su + tv — log( va etxzdx)}, from
which it clearly follows that (0, t) is the unique maximizer (since v > 0). Next, again by
the last display and [36, Theorem 1.4.1], we see that (u,v) € dlog va eV gy By the

definition of a subdifferential, we conclude that

u> ilog ( f es‘“x)”xzdx) = f V() (dx) = My (vsy),
ds Dy Dy
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v= 4 log ( f esv(x)”xzdx) = f X2V, (dx) = My(vsy), (2.84)
Dy Dy

where (2.84) holds due to the differentiability of ¢ > log va eVO+¥ dy - This proves

property 1.

To see why property 2 holds, note that by the duality of the Legendre transform [84,

Equation (12)], the minimizer of J(1,) is obtained at m such that

d
%j(l,v) . =t(m) = 0. (2.85)

=m

Substituting this relation back into (2.84), we obtain 1 = My (Vsyu)0) and m = Mo (Vsim),0)-
Setting b* = —s(m) > 0 and observing that v,y = py_ for any s, we conclude that
1 = My(Vsgmy,0) = My(uvp) and m = My (Vsimy0) = Ma(pvp:). Now, (2.35) follows since the
supremum on the right-hand side of (2.35) is attained at 1 = My (vsum)0) and (2.84) is

uniquely solvable. This proves property 2.

For the remaining properties, first note that by the duality of the Legendre trans-
form, the supremum in the definition (2.33) of J(u,v), when finite, is attained at
(0uT (u,0),9,T (u,v)) € R_xIR. This proves property 4. By the convexity of v = J(1,v)
and the fact that it uniquely attains its minimum at the value m defined above, we see
that d,J(1,v) > 0if v > m and 9,9 (1,v) < 0if 0 < v < m. This proves property 3, and

completes the proof of the lemma. O



CHAPTER THREE

Annealed sharp large deviation

estimates
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3.1 Introduction

Asymptotic convex geometry is concerned with properties of convex bodies in high
dimension. Due to a useful representation of uniform random variables on £}, a series
of work on the volume of the intersections of two f;’ balls was studied in [13,73,75,76].
Recently, [42] extends the study of volumetric properties to Orlicz balls. They study the
volume ratio and relate the uniform measure on an Orlicz ball to Gibbs measures. On
the other hand, the g-norm of % balls are studied in [43] and [44]. A refinement of the
previous results is obtained in [47]. Finally, the random projections of vector sampled
from a convex body is also of interests [3,4,34]. All these properties of convex bodies are
important in asymptotic convex geometry. The aim of this paper is to use the technique

of sharp large deviation estimates to shed insights into all problems mentioned above.

Limit theorems in probability, including the concentration inequality, the cen-
tral limit theorem and the large deviation principles, have well been used to study
high-dimensional convex bodies. =~ Concentration inequality for norms of high-
dimensional measures [8,28,29,51,52,67,68] is closely connected with the Kannan-
Lovész-Simonovits conjecture. The CLT’s and LDP’s for norms of £} balls is studied
in [43,44,49]. Antilla, Ball and Perissinnnaki showed in [8] that the “thin-shell con-
dition” implies that the projection along most directions are approximately Gaussian.
Klartag [52] later showed the central limit theorem for convex sets that uniform mea-
sures on compact convex sets satisfy the thin-shell condition. The result of [8] was
turther extended by Meckes to more general measures and a quantitative bound is
obtained [61]. Apart from the central limit theorem, the large deviation principle was
introduce in asymptotic convex geometry in [34] to study the tails of random projec-

tions of £} balls. We see that probability theory helps with finding new insights in
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convex bodies. Recently, the sharp large deviation estimate is also used to study the

random projection and norms of £ balls [42,47,58] but these are still less well-studied.

In this chapter, we introduce another aspect of probability theory to asymptotic
convex geometry. The refinement for large deviation principles was first shown by
Bahadur and Ranga-Rao [9]. For a sequence of independent and identically distributed
(i.i.d.) random variables {X;},cy under suitable condition on each X;, we have the
following estimate

1 e—n]l(a)

P (E Y Xi> a] = %—zmu +0(1)). (3.1)

i=1
The first results of sharp large deviation estimates in asymptotic convex geometry was
given in [58] where they obtained a sharp estimate of the tail of quenched random
projections of £} balls and spheres. Another instance of sharp large deviation estimates
is in [42]. Kabluchko and Prochno derived various volumetric of Orlicz balls using the
technique of sharp large deviation estimates. Very recently, Kaufmann [47] shows the
sharp tail estimate of g-norms of uniform vectors distributed on £} balls and spheres.

We extend and generalize in this article many of the results mentioned above.

Our first contribution is a sharp estimate of the volume of the intersections of two
Orlicz balls, Theorem 3.2.12. The sharp estimate is then used to resolve an open problem
for volume ratios in [42] under the critical case. Secondly, we find both the upper tail
and lower tail of Orlicz norms of uniform measures on Orlicz balls, Theorem ?? and ??.
The LDP for Orlicz balls are given in [49] while here we obtain the sharp large deviation
estimates. We also extend the results in [47], where Kaufmann obtained the upper tail of
g-norm for £, balls. Finally, we propose an “asymptotic thin-shell estimate” which is a
sufficient condition to obtain a sharp large deviation estimates for random projections.
A sufficient condition for the LDP of random projections was given previously in [49]

and the “asymptotic thin-shell estimate” is a refinement of the LDP results.
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3.2 Main results

3.2.1 Sharp large deviation estimates for random projections

Our first main result is sharp large deviation estimates for multidimensional random
projections of high-dimensional vectors. For n € IN, let X be a random vector in R".
For k € IN, let I denote the k Xk identity matrix and for n > k denote the Stiefel manifold
of k-frames in IR" to be

Vo= 1A e R : ATA = [},

For k, < n, let A,x, be an n X k, random matrix drawn from the Haar measure on
the Stiefel manifold V,,;,. We consider the orthogonal projection of X onto the k,-
dimensional subspace spanned by the column of A, for different regimes of the

sequence {k,},en, denoted AT X

Previously, Antilla, Ball and Perissinnaki [8] showed that when X satisfies a “thin-
shell condition”, the random projections are close to Gaussian, thus leading to a central
limit theorem for random projections. Subsequently, Kim, Liao and Ramanan [49]
proposed an “asymptotic thin shell condition” and showed that this implies that the
sequence of random projections satisfy an LDP. In this article, we aim to find a sufficient

condition under which we obtain a sharp LDP for random projections.

We state our main assumption:

Assumption 3.2.1 (Thin shell density estimate). The sequence {X},\ satisfies the
following property. For eachn € IN, IIX(”)H% /n has a density f". Moreover, the sequence
{fulnen satisfies a (], h, f)-representation by which we mean there exist a lower semicon-

tinuous function | : R — [0, 0], a differentiable function # : R — [0, ), a € R and a
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domain Dj such that
(x) = nPh(x)e Y1 +0(1)), VYxe D, (3.2)

uniformly on any compact neighborhood of x in D;.

Remark 3.2.2. Assumption 3.2.1 implies the asymptotic thin shell condition introduced

in [49], i.e., the sequence {||X(”) / Vn}uen satisfies an LDP with rate function J.
The additional condition in Assumption 3.2.1 requires that the density of IIX(”)H%/ n

takes the form givenin (3.2). This allows us to obtain the sharp large deviation estimates.

In Sections 3.2.1.1-3.2.1.3 below, we report results for three different scaling regimes
of the projection dimension k,: constant (k, = k), a-sublinear k, < n* and (A, a)-linear
(k, = An+r,, A € (0,1) and r, < n®). In Section 3.2.1.4, we present examples that satisfy
the sharp density estimate, which include the uniform measure on normalized £, balls,

p > 2, and Orlicz balls.

3.2.1.1 Sharp estimates for projections in the constant regime

In the constant regime, where k, = k, the sequence {n~"2AT X"}, .\, was shown in [49,

Theorem 2.8] to satisfy an LDP in R* with GRF Izx : RF - [0, o] defined by

Inxx(x) == inf {](@) — 1log (1 - CZ)}. (3.3)

c€(0,1) c
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Define J°" : R x R, — [0, ] to be

—_— ~3log (1= IIxll3) + T (v7), Il <1, o)

00, otherwise.

and for a measurable set Y c R, define
Dy = {(x,y) e R* xR, : x\y €Y, |Ixl, < 1}. (3.5)

Theorem 3.2.3 (Constant k, = k). Fix k € IN. Suppose {X"},en satisfies Assumption 3.2.1
with parameters (J,h,p). Let Y C R¥ be a measurable set such that inf.cy Inxx(Y) < oo.
Suppose there exists (xy, yy) € Dy C RF X R that uniquely attains the infimum of J°" over
Dy. Moreover, suppose Dy is smooth at (xy, yy) and yy € D;. Then there exists a constant

V¥r € Ry such that

P (n—l/ZAZ/kX(n) € 'Y) — nﬁ_lc%),;:e_nIAX/k(Y)(l + 0(1)), (36)
where
con h( Y) ~k/2-1
Cr = =2 (1~ )
Yk

We first have the following observation on the rate function Ixx, defined in (3.3).
Lemma 3.2.4. 1. x — Iaxx(x) is spherical symmetric.

2. Iaxx(x) = I axk(||xll,), where fAX,k : Ry — [0, o0] is an increasing function defined to be

Tax(r) = inf {—% log(1 - ) +] (g)}
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The proof of Theorem 3.2.3 is given in Section 3.3.4.1 and Lemma 3.2.4 is deferred

to Section 3.7.

Remark 3.2.5. We contrast (3.6) with the sharp tail estimates for the quenched 1-
dimensional projection fg ball obtained in [58]. Let X"” be uniformly distributed

on the f;} ball

B = {xeR": Z P < nl,
i=1

for p > 2. Given 6 = {0"},on with 0™ € §"!, let Py denote the probability P con-
ditioned on A,; = 6. Let o be any probability measure on [, S"™" such that its
image 0"~! under the coordinate projection coincides with the unique rotation invariant
measure on §""!. Then it was shown in [58] that for every a > 0, there exist constant

Kap € R, and mappings C,?, R, : R" - R such that

Ca(0")

e (@)+ \/ZRZ’”(9<”))(1 +o(1)).
Kap V21N

Py (n™'2A], X" > ) =
Note that in the case of fz balls, p > 2, we show in Section 3.2.1.4 that Assumption 3.2.1
is satisfied with f = 1/2. We can see from Theorem 3.2.3, the main difference is in the
exponent of the refined estimates. We do not have an extra term here because we are

averaging over all directions but not quenching on a particular direction sequence.

Another immediate observation from the estimate above is that in the constant

regime, only the constant C{}

’+ depends on the projection dimension k. We will see that

this is not the case for the sublinear and linear regimes.

Next, we consider different choice of sets Y in Theorem 3.2.3. In particular, we

consider the norm of the projection n~*2AT X For g € [1,00) and a € R, define

Yy = {x € R |lx]l, > a). (3.7)
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One thing to note here is that the proof used in Theorem 3.2.3 does not work in the
following theorem since the assumption for the set Y, is not satisfied and a slight

different approach should be taken.

Fori=1,...,k lete; € R be the standard basis vector. From Lemma 3.2.4, we see
that for different g the set of minimizers W, (a) of Ixxx over Y,, have fundamentally

different structure:

1. For g € [1,2), Wyi(a) = {15 Zi'(:l tei : 1 € {=1,1}}, consists of 2 distinct points.
2. For g =2, Wo(a) = {x € R*: ||x]|, = a} is a (k — 1)-dimensional surface.
3. Forg € (2,00), Wyx(a) = {te; : 1 = {-1,1},i = 1,..., k} consists of 2k distinct points.

Theorem 3.2.6. Suppose {X"} e satisfies Assumption 3.2.1 with parameters (], h, ). Assume

that infueyqlk IAX,k(I/l) < 00,

1. For q # 2, let wy, be any point in ‘W, (a). Suppose (Xg,,Y,q) attain the minimum of
Inxi(wgq) in (3.3) and y,, € Dj. Let CZ;I}( be defined as in Theorem 3.2.3 with (x,, Y,)

replaced by (Xg,, Yya)-

(a) Ifg €[1,2), then

P (n_l/ 2||ar, x > a) = 2P Ce e aa) (1 + o(1)). (3.8)
(b) If g € (2, 00), then
P (n-l/z X0, > ) = 2k e @ 4 o)), (39)
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2. For q = 2, let (12, Y2,) attain the infimum of the 1-dimensional

Inxx(a) :=

nf {2 logl - 1)+ J(VD)).

1
r€R |r|<1,yeR+ v A[y=a,

Then, there exists a constant yson such that

P (n-lf2 AT x|, > a) = nﬁ+k5_3C;f’;fke‘”lf‘x/kmf”)(l +0(1)), (3.10)
where
Ccon R kT( h(]/z,a) (1 |7’ 2)_k/2_1
a2k [(k/2 + 1)2k/2-1/2 ygfan 2] :

In the special case when k = 1, the three expressions in (3.8), (3.9) and (3.10) coincide
because there is no difference between Y,, for different 4 when k = 1. The proof of
Theorem 3.2.6 is given in Section 3.3.4.2. The proof is a modification of the proof of
Theorem 3.2.3. In the first two cases, g # 2, we first isolate each minimizer, apply
Theorem 3.2.3 and then sum up each tail estimate using symmetry. On the other hand,
when g = 2, we have a whole surface of minimizers. Here, we instead utilize the

spherical symmetry to reduce the problem to a 1-dimensional problem.

We will show in Section 3.2.1.4 that when X is uniformly distributed on an Orlicz
ball, y,, always lies in the admissible domain D;. In the theorem above, we see that
the growth of the prefactor depends on k and the dependence on k is due to the non-

uniqueness of the minimizer of (x, y) — —% log(1 — |Ixl3) + J(\/y) over Dy.
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3.2.1.2 Sharp estimates for norms of projections in the sublinear regime

We next turn to sublinear regime. Define
Yy, = IAL XU, (3.11)

When k, < n, by [49, Theorem 2.11], the sequence {Y? k. }.en satisfies an LDP in R with
GREJ5™ : R + [0, c0], defined by

1300 = inf {—% log(1— &) + ](%)} (3.12)

Define J*"* : R? — [0, co] to be

—1log (1 - |x? , 1,
ot gy o | OBA IO D, < 019

00, otherwise.

and for a > 0 define
D, ={x,y) e RXRy : xfy >a,|x| < 1}. (3.14)

Theorem 3.2.7 (a-sublinear regime). Fix a sequence {k,},en C IN and a < 1 such that
k,/n* — 0asn — oco. Suppose {X"},en satisfies Assumption 3.2.1 with parameters (], h, p).
Fora > 0 such that inf,., ]];“b(x) < 00, suppose there exists (x,, y,) € dD, that uniquely attains
the infimum of [*"> over D,. Moreover, suppose (X4, Y,) is a smooth boundary point of D, and

Ya € Dy. Then there exists a constant Y5> € R, such that

P (Yg,kn > a) — CZUb(XW ya)nﬁ_%kée_”infmﬂiub(x)Jrk” logan’,ub(Xa)(l + 0(1))/ (3_15)
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where
Csub(x ) — \/Eh(y)
a 'y . yzubx3/2 (1 _ x2)’
1 log k;, 1 x? -5 k
sub R _ n _n
M (x) = > (1 log + Togn log(1 — xz) + Tog log|1 - (3.16)

The proof is given in Section 3.3.4.3

3.2.1.3 Sharp estimates for norms of projections in the linear regime

Finally, suppose that k,, grows linearly with n atrate A, k,,/n — A asn — oco. It is shown

in [49] that {Y}) k,,}”E]N satisfies an LDP in R with GRF ]];?Ab : R - [0, 00], defined by

. ) A A 1-A 1-A X
IM(x) = inf {Elogc—2 + log 1 + ](—)}. (3.17)

ce(0,1)

Define i : R?> — [0, oo] to be

%logf—z + 1_TAlog 11__32 +J(\y), Ixl <1,

J™(x, y) = (3.18)

00, otherwise.

Theorem 3.2.8 ((A, a)-linear regime). Fix A € (0,1) and a < 1. Let n,k,,r, € IN be such
that k, = An +r, and r,/n* — 0asn — oo. Suppose {X"},en satisfies Assumption 3.2.1 with
parameters (J,h, B). For a > 0 such that inf,., ]]gj}t(x) < oo, suppose there exists (X,, Ya) € 0D,

that uniquely attains the infimum of J™ over D,. Moreover, suppose (X,, Ya) is a smooth

boundary point of D, and y, € D;. Then there exists a constant y'™ € R, such that

a

P (Yg,k,, S 11) _ Cili,r/l\(xa’ ya)nﬁ—le—ninfx>a]I?}‘(x)HnM;fR(xa)(l +o(1)). (3.19)
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where
V2(A - A%)2h(y)

it (1-a2)

C};ﬁ (x,y) :=

Tn

(1-M)n Ty
— (1 + py )log (1 — - A)n))' (3.20)

: 1 x? An r
lin . 2 n
M3"(x) == E(—log(/\—)\ )+10g(1 —x2)_(1 + —)log(l + _An)

The proof of Theorem 3.2.8 are given in Section 3.3.4.4. In the sublinear and linear
regimes, we see that in the exponent of the tail estimates, there is not only a term coming
from the LDP, but also a sublinear (in 7) correction term. Once again, similar to the
constant regime in Theorem 3.2.6, when X™ is uniformly distributed on an Orlicz ball,

Y, lies in the admissible domain D; for both the sublinear and linear regime.

3.2.1.4 Orlicz balls and Assumption 3.2.1

Let V be an Orlicz function as defined below.

Definition 3.2.9. A function V : R — R with V(0) = 0 is said to be an Orlicz function if

it is convex, symmetric, that is, V(x) = V(—x) for x € IR, and satisfies lim,_,., V(x) = 0.

For R € R,, define the Orlicz ball

B(R) := {x eR": Z V(x) < nR}. (3.21)

i=1
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For Orlicz functions V7, V, with Vi(x)/V,(x) — oo as x — oo, define
Av,v,(t, t2) = log f Vi Va® gy - (# 1) e RC X R, (3.22)
R
and the Legendre transform of A,

Jv, v,(t, 1) := sup {sita + soty — A(sy, 82)dx} . (3.23)

S1 <0,Sz€1R

When V,(x) = x* and V; is superquadratic, in the sense that V;(x)/x* — o0 as x — oo,
Jv, 2 was used in [49] to establish an LDP for the 2-norm of a random vector uniformly
distributed on the Orlicz ball By, (1). Below, we provide a substantial generalization of

this result that provides more refined asymptotics for more general V.

Fors e R_and t € R define

1
s, (dx) = Z—esvl(")”VZ(x)dx where Z; := f V120 gy (3.24)
R

st

which is finite because of the assumption that V; is convex and dominates V; at infinity.

Moreover, for a function V : R — R, we define the moment map to be

My () = fR V)i, (3.25)

Since V; and V, are convex functions, the derivatives of V; and V, exist almost every-

where and we set for a.e. (x1,x;) € R?

G(x1,%2) := |V} (x1) V5 (x2) = Vi (x2) V(1)) - (3.26)

We make the following assumptions.
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Assumption 3.2.10. V; and V, are differentiable functions that satisfy the following

conditions:

1. Vi(x)/V}(x) is strictly increasing in IR,, which implies that V;(x)/V,(x) — oo as

X — 00,

2. There exist r,7, > 0 and such that 1/G, defined in (3.26), lies in L"(N) N L2(N°)

for some neighborhood N C R? of the origin.

3. Further assume there exists T € [—oo,0] such that My, (uo,), defined in (3.25), is

finite for all f < T and is infinite fort > T.

Recall Jv, v, defined in (3.23). In the special case when V,(x) = x?, define for z € R,

Jue(2) = Jve,2°) - W (1), (3.27)

and

AV,xZ(Sl, 52) = lOg f eslv(x)+szx2dx.
R

Let Dy,. be the admissible domain of Jy,, so that for (x1,x2) € Dy, (t,t2) =

VAy.2(x1, x2) attains the supremum of Jv, v,(x1, x2) in (3.23).

Theorem 3.2.11. Let V be an Orlicz function. Suppose the pair of Orlicz functions (V, x?)
satisfies Assumption 3.2.10. For n € IN, let X"V be uniformly distributed on the Orlicz ball
BY,(1). Then there exist 0 > 0 and T < 0 such that {X"V},en satisfies Assumption 3.2.1 with

parameters, | := Jy, p:=1/2, and

o |7| det(HTv(1,x))"?

h(x) :=
(X) \/2_77 |81j\/,x2(11 x)|

D;:={x € R, :(l.x) € Dy},
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and moreover, for a > 0 such that the infimum of [**°, defined in (3.13), over D, is finite, if

(Xa, Ya) is the minimizer, then y, € D;.

The proof of the theorem is given in Section 3.5.1. The constants 7 and ¢ coincide
with the constants 7; and o; defined in Proposition 3.4.7. Theorem 3.2.11, when com-
bined with the main theorems in Section 3.2.1, implies sharp large deviation estimates
for annealed random projections for uniform random variables on Orlicz balls. This

generalizes previous results in [49].

3.2.2 Volumetric properties of Orlicz balls

Given two Orlicz functions V; and V,, we are interested in the asymptotic behavior

of the volume of intersections B?,l(Rl) N B"}Z(Rz)|. Now we state our result on the

asymptotic volume of intersections.

Theorem 3.2.12. Let V1 and V, be two Orlicz functions that satisfy Assumption 3.2.10 with
T € [-0,0]. Fix Ry > 0.

1. There exists a unique t1(Ry) < 0 such that Ry = My, (te,r,)0) and if T > —oo, then there

exists a unique T,(Rq) < 0 such that Ry = My, (Ho,to(r,))-

2. Define my = mi(Ry) := My,(Uo,ry)) if T > —oo and 0 otherwise. Also define my =
my(R1) := My, (Ueyry)0)- Then, setting I = Jv, v,, we have

B}, (Ry) N B}, (Ry)|
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1 det(Hess J(R1,Rp))!? -nJ (R1,R)
371 1017 Ry Ra)02.9 Ry, R)| € (1+0(1)),

l:f mp < Ry < my,

_ 1 det(Hess J (Rq,mp))*/? e—nj(Rl,mz)(l + 0(1))’ lf R, = my,

2V21n |9, (Rq,my)| V9229 (Ry,mz)

1 detHess TR -nT (Rim)(1 4 o(1)), if Ry>my.

V271 |91 (Ry,m2)| A/ 92T (Ry,mz)

Remark 3.2.13. As R, increases, we see that the asymptotic volume exhibits a phase

transition at R, = m,(R;), when the prefactor (or pre-multiplicative factor in front of

/2 and no longer

the exponentially decaying term) changes its order from n™! to n~
depends on R,. The latter occurs because roughly speaking, in the so-called high
overlap regime R, > my(Ry), B?,l (R;) is essentially contained in BV"/Z(RZ) and so the
volume of the intersection asymptotically equals that of B, (R1). On the other hand,

in the lower overlap regime R, < my(R;), the intersection is of a smaller order and

depends on R, in addition to the shape of V5.

The proof of the theorem is given in Section 3.4. In the theorem above, we see a
transition for different values of R,. In particular, when R, > m,, the estimate does no
depend on R, because, intuitively, B’{,l (R1) is mostly contained in B?,Z (Ry), and hence
in the asymptotics the volume of the intersection approximately equals the volume
of B’{,] (Rq). For the region where R; below m;, we do not have an estimate of the

intersection.

To obtain the sharp volume of a single Orlicz ball, By, (R1), we may naively take

R, = +o0 in the theorem and obtain

1 det(Hess T (Ry, my))"/?

V211 |01 (R1, ma)| 02T Ry, m3)

By, (Ry)| = eI+ o(1).

We show in Proposition 3.4.7 that the volume is indeed given as in the last display;,

although this requires a different proof.
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A related question that has been studied in the literature is the asymptotics of the

sequence of ratio

B!, (R1) N B, (Ry)|
B, (R)|

(3.28)

In [73], Schechtman and Schmuckenschlédger first considered the problem of finding
the limit of (3.28) for the subclass of £}, balls. They showed that the ratio of the volumes
of an £} ball and an £; ball converges to either 0 or 1 in the low overlap and high
overlap regimes. The critical case was resolved after a decade by [76], who showed
the ratio converges to 1/2 as n — 0. One reason to consider £} ball is that we have
a convenience representation of uniform random variables on an ¢} balls. However,
in the general setting of Orlicz balls, no such representation is available. In [49], they
tirst looked at an LDP for the 2-norm of uniform random variables on Orlicz balls. It is
shown that the proof in [49] relies on estimates, at an exponential scale, of the volumes
of the intersection of ) balls and Orlicz balls. In [42], Kabluchko and Prochno extended
the ideas further and related an asymptotic representation of Orlicz balls to a class of
Gibbs measures, and used that to show that in the subcritical and supercritical regimes,
respectively, once again the ratio converges to 0 or 1 exponentially fast. Theorem 3.2.12
leads us to the following immediate corollary, which resolves an open question raised
in [42] under Assumption 3.2.10. We use a different proof based on the sharp asymptotic

estimates for intersections of Orlicz balls obtained in Theorem 3.2.12.

Corollary 3.2.14. Let V1 and V, be two Orlicz functions that satisfy Assumption 3.2.10. Let

my(-) be defined as in Theorem 3.2.12. Then as n — oo,

By, (R) N By, (Ra)| 1
B, (Ry)| 2

if Ro=my(Ry).

The proof of the corollary is given in Section 3.4.4.
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3.3 Tail estimates for random projections
We start with multidimensional reformulations. Let {;}ien be a sequence of ii.d.

standard Gaussian random variables and denote &M = (&y,...,&)). By [49, Lemma

4.2], for k, < n, we have

Ky (1)
n12AT X(n)@ &) HX 2 (3.29)
n,ky 'CE(H) , \/ﬁ ’
and
@ €], %],
Yy, =n"IAL X, = . (3.30)
" ’ leeo], v
Define
&) ||X(”)||§) . (IIE“‘”IIz ||X(”)||§)
= , , and S":= , ) 3.31
(||§(”)||2 n ECI (3.51)

Since {&}ien and X™ are independent and both with densities (the latter by Assumption

3.2.1), both 5" and 5" have densities, which we denote by fs: and fs., respectively.

Recall the definitions of Dy and D, in (3.5) and (3.14), respectively. By (3.29), for a

measurable set Y C R", we can rewrite the tail probability in (3.6) as an integral

_ &kn) ”X(n)”z
12 AT (n) _ — . _
P (n '2AT, X" e Y) P(”é(’””z 7 €Y fm Fon(x, y)dxdy

Similarly, for a > 0, the tail probabilities of interest in (3.15) and (3.19) can be written as

€], 10y,
_— > = an (X, Y)dxdy. 3.32
ol v " fﬂfs(xy)xy (3.32)

P(Y;, >a)= 113[
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Thus, to obtain tail estimates, we first understand the density of &%/||E™||, in Section
3.3.1 and then use that to obtain expansions for the densities of 5" and 5" in Section
3.3.2. In Section 3.3.3, we recall a generalized Laplace approximation. These results are

used to prove Theorems 3.2.3, 3.2.7 and 3.2.8 in Section 3.3.4.

3.3.1 Density estimates related to &

Note that the first k, coordinates of 5" is related to Dirichlet random variables.

Lemma 3.3.1. Fix k,n € N and k < n. The density of the R*-valued random vector

.o (51—5';)
(Zr, &)’
is given by
16 (1ot )T, ve(-L1f suchthat i, <1
fo(x) = e (L E ) 2 o)

0, otherwise.

Proof. Define the R**!-valued and R¥-valued random vectors

o (& T &) )

1= - , and -
21’21 ";2 Zi:l 512

Sincefori=1,...,n, 51.2 is chi-square, or equivalently Gamma(1/2, 2), distributed, G has
a Dirichlet distribution with parameter (1/2,---,1/2,(n — k)/2), which has density

TB) 4 o " S
.- x:, » x€(0,1) such that inzl.

r(y)r(s)
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Hence, the density of G is given by

=
—
N3
N—
NI»—'

k1
k k
% [1 Z xl] , x€(0,1)f such that Z x < 1.

=1 i=1

Using a change of variables y = +/x and exploiting the symmetry of the Gaussian

distribution, one then obtains (3.33). The density of VG is then given by

x; < 1.

M-

fyet) = 2kr(% ( i )_1 (0,1)° such th
~(x X , x€(0, such that
e

Finally, by the symmetry of the Gaussian distribution, we obtain the density of G,

k
, x€(=1,1) such that szz <L

i=1

Using similar arguments, we obtain the following density.

Lemma 3.3.2. Fix k,, n € N, with each k, < n. Let G := ||E®)||y/||E™||,. Then the density of

G is given by

&kn—% _ _2_1 _
PR e o AR A, xe(0,1), -

0, otherwise.

Proof. Since G? = Y/(Y + Z) where Y = Y, &2 and Z = Y1, ,, & are independent chi-

square distribution with k, and n—k, degree of freedom, respectively, G*> ~Beta(k, /2, (n—
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k.)/2) and has density

kn n—kn
x2 7 1-x)2 1 xe€(0,1).

The lemma follows by a simple change of variables along with the symmetry of £%). O

3.3.2 Density estimates for 5" and 5"

We first obtain an asymptotic expansion for the density fs of the vector S" in the
following lemma, which combines Lemma 3.3.1 and Assumption 3.2.1. The following

lemma will be used in the proof of the tail estimate in the constant regime. Define
D; :={x e R : |||, < 1}. (3.35)

Lemma 3.3.3. Fix k € IN. Recall the function J" defined in (3.4). Suppose {X"},en satisfies
Assumption 3.2.1 with parameters (], h, B). Let S" be defined in (3.31) and fs: be its density.
Then

n -3

k2 -1 tcon
farlx,y) =P (Zn) h(y) (1= 1kdB) = e @01+ o(1)), (3.36)

uniformly in any compact neighborhood of (x, y) € D¢ X Dy. In particular, for (x,y) € Dg X Dy,

for (6, y) = fon(llxlly, ), where

faly) = (%)k/z ) (1) T o), (3.37)

uniformly in any compact neighborhood of (r,y) € [0,1] X Dj.
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Proof. Fixk,n € N, n > k. Define

r)r(s)

By Assumption 3.2.1, the independence of {&;}ien and X™ Lemma 3.3.1, and the

expression (3.4) for Jr, 5" := (E®/||EM]],, [ X2 /n) has the asymptotic density:

k —k/2-1 k
forbey) = Bi,k [1 ) Z ] o (3 o8 [1 i Z D HPh(y)e (1 +o(1))
P k —k/2-1
_ n _ > —nJoOn (x, )
= Bn,kh(y) (1 ; xi] e (1 +o(1)), (3.38)

By = Z _ (1 +0(1)
SR R o] =iz e
k/2
:(27”) (1 +0(1)). (3.39)

Combining (3.38) and (3.39), we obtain (3.36). The expression in (3.37) follows as an
immediate consequence since fs:(x, y) is spherically symmetric in (3.36) and for r € (0, 1)

the neighborhood of ||x||; = 7 is bounded and contained in D;. O

Next, we obtain asymptotic expressions for the density fz. of the vector 5" defined
in (3.31) in the sublinear and linear regimes. This will be used in the proofs of Theorems

3.2.7 and 3.2.8 in Section 3.3.4.

Lemma 3.3.4. Recall the definitions of [***, M*™*, ' and M\ in (3.13), (3.18), (3.16) and

(3.20), respectively. Fix k,,n € N and k, < n. Suppose {X"},en satisfies Assumption 3.2.1
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with parameters (], h, B). Let fg be the density of S". Then

1. (sublinear regime) for k, < n, we have

Tlﬁk,% _n sub(y oo n Sub (5
folo) = g e (s T +o(1)),  (3.40)

uniformly in any compact neighborhood of (x, y) € (0,1) X Dy;

2. (linear regime) for A € (0,1), k, = An + r, and r,, = o(n),

nﬁ+ (/\ /\2) h(y) _n]hn(x Y)

+ry MR (x)
e (1 +o(1), (3.41)

fgn(X, ]/)

uniformly in any compact neighborhood of (x, y) € (0,1) X D;.

Proof. Fix n, k, € IN, k, < n. Define

By Assumption 3.2.1, the independence of {&;},en and X®, Lemma 3.3.2, and the ex-

pression (3.13) for [*"*, we have

Bn K

for(x,y) = ﬂ

(1 = 22)" % h(y) exp (=", ) (1 + o(1)), (3.42)

uniformly in any compact neighborhood of (x,y) € (0,1) x D;. Applying Stirling’s

formula we see that

(1 + o(1)). (3.43)

1
2o 27t( 1y —1) Pt
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We now consider the two regimes separately.

1. If k, < n, then

B, = ' K21 + (1
n,kn - \/Ekﬁ”/z(n —kn)(”—kn)/z n ( +0( ))

1 (n\a/? 1 12
Y (E) (1- %)(n—k,1)/2k” (1+o(1)

[k, k,logn logk, 1-¢ k,
Eexp( 2 (1_10gn lognlogl_; '

Hence, using (3.42) and the definitions of J*"" in (3.13) and M’ in (3.16), we obtain

+

(3.40).

2. If k, = An + r, and r, = o(n), then substituting it in (3.43), we have

1 1 1/2 n"?
B, = —K/2(1-A 1+0(1
= \/g/\l/z(l - )2 exp (—n (% log A + L ; A log(1 - /\)))

oo 1)1+ 2o )

1-A)n Ty
+ (1 — py )log (1 — - A)n))) (1+0(1)),

Hence, using (3.42) and the definitions of [ in (3.18) and M'™ in (3.20), we

obtain (3.41).
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3.3.3 A generalized Laplace approximation

Finally, we state an Laplace type asymptotic integral from [58] that is used multiple

times in the proof.

Definition 3.3.5. Given m, d € IN, and a bounded domain D ¢ R"*, we say that the

sequence h" : R — R, n € N, admits a ( f,x*, a, §")-representation if for each n € IN,

W'(x) = ¢"(x)e™™, xeD,

where

1. f is a nonnegative function that is smooth in D and achieves its minimum on

cl(D), the closure of D, at a unique point x,

2. there exists a € (0, 1) such that for each n € IN sufficiently large, g"(x) = exp(r"(x))

is smooth with

[r"(x) = "(x")] < Cn|lx = x*||, for all x in a neighborhood of x".

Remark 3.3.6. Suppose there exist smooth functions t and r such that ¢" has the form
g"(x) = t(x) exp(k,r(x)). Moreover, t(x) # 0 for x in a neighborhood of x* and k,/n* — 0
asn — oo for o < 1. Then g¢" satisfies the second property in the definition because there
< Cllx = 7]

exists C € (0, o0) such that for x in a neighborhood of x*, [log t(x) — log t(x")

and |r(x) — r(x*)] < C|lx — x7]|.

Proposition 3.3.7 (Proposition 5.3 [58]). Let D C R be a bounded domain whose boundary

is a differentiable (d — 1)-dimensional hypersurface. Let h" : R — R, n € IN, be a sequence
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of functions admitting a (f, x*, o, §")-representation in D in the sense of Definition 4.6.5. Then

I = WO\ = (27’()(d_1)/2 det(L;l (L1 — Lz))_l/Z Y
. f@ (X = S Fess F () (), V Fe S

()™ (1 +o(1)),
where for i =1,2, L; is the Weingarten map at x* € dD of the surface C;, where

Ci:=1{y: f(y) = f(x")} and C, :=0D.

3.3.4 Proofs of tail estimates for random projections
3.3.4.1 Constant regime

Proof of Theorem 3.2.3. Invoking the representation in (3.29) and the definition of §” in

(3.31), we can write

O IXM|,
[eol, Vo

where Dy is defined in (3.5). By the assumption that (xy, yy) € dDy and yy € D;, we

P(n~'?AT X" e Y) =P €eY|=P(5" € Dy),

have (xy, yy) € D: X D;, where D is defined in (3.35). For any bounded measurable

neighborhood U of (xv, yy), write
P(n Al X" e Y)=P(5" € Dy nU)+ P (5" € Dy N L), (3.44)
For the first term in the last display, Lemma 3.3.3 implies

P(S"eDynU) = fon(x, y)dxdy

DynU
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k/2 _k_4q _
= (32) f hy) (1= 1IB) e dxdy(1 + o(1),
27-[ DynU y( 2) y

where we used the boundedness of U and the fact that (xv, yy) € D: X D;. Since by
assumption, (xy, yy) uniquely attains the infimum of Jeor over Dy, from the definition

of Iax in (3.3), we have the following relation

f Jcon x . f Tcon x’
(%) ;QDY] ( y) xer,yeﬂggllxllze(Ofl)] ( y)
_ Iz} _ 1 _ @
B xenrl,]cgo,l) {] ( c 2 log <1 ¢ )
= ianAX,k(x)- (345)
xeY

Since (xy, yv) lies on the smooth part of the boundary Dy, we can invoke (3.45) and
Proposition 4.6.7 with d, ¢", D and f therein replaced with k + 1, 1, Dy N U and f,

respectively, to obtain

k/2 (27Z)k/2 h(yY) (

_k_q
n(k+2)/2 ’)/Con - ”xYH§) ’ e_nIAX/k(Y)(l + 0(1))/ (346)
Yk

P(3" € Dy N U) = nﬁ(m)
for some constant Y € R,, which can be explicitly calculated using Proposition 4.6.7.

For the second term in (4.105), since (xy, yy) € U is the unique minimizer of J*"

over Dy, from (3.45), there exists 6 > 0 such that

x, y)ez)muc (x,y) > lgf@Y] (x, y) + 0 = Iaxx(Y) + 6,

where we used the relation (3.45) in the last equality. Itis shownin [49] thatifk, = k € N,
then the sequence {S"},cn satisfies an LDP at speed n with rate function [°" defined

in (3.4). By the LDP for {S"},c, for the closed set Dy N U° we have the following upper
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bound,

1 ~ -
lim sup - logP(S" e Dy N U) < - . y)i?)fmur JMx, y) < —Iaxx(Y) — 0.

Hence, the second term in (4.105) is negligible with respect to (4.111). Finally, combin-
ing (4.105) and (4.111), we obtain (3.6). O

3.3.4.2 Proof of norm tail estimates in the constant regime

Proof of Theorem 3.2.6. We discuss each case in the following.

Case (1)(a). First, fix k € N, g € [1,2) and w,, € W, (a). Consider a neighborhood
U c R* of w,,. From (3.3) and (3.7), we see that

I AXk (Tq,a) =1 AXk (wq,a)

- inf {—% log(1 — IIxl3) + J( \/?)}

x€RK,||x]l,<1,y€R X \/U=10y,4

1 2
= _E IOg(l - ||xq,a||2) + ]( V]/q,a)-
By assumption, y,, € D;, we may apply Theorem 3.2.3 to obtain
P (n_l/zAZ,kX(n) c u) — 2knlj—1C;[Oqlllke—nIAX,k(Yq/ﬂ)(l + 0(1)).

Now, note that the expression on the right-hand side does not depend on the partic-
ular point w,, € W,i(a). Therefore, since |‘Wq,k(a)| = 2F for g < 2,we combine the

contribution at each minimizers and , to obtain

P (n AT X" € Y,,) = 2P (n72A], XM € Yy N U).
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Case (1)(b). For g € (2, ), we have 2k minimizers. Hence again by the symmetry and

Theorem 3.2.3, we have

P n_1/2AT X(n) €eY,,)= anﬁ—lccon e_”IAX'k(Yflr”)(l + 0(1))
nk 9, a,q.k

Case (2). For g = 2, since the minimizers are not isolated, we may not apply Theo-
rem 3.2.3 directly. Instead, let 5" be defined in (3.31) and as usual fs: denote its density.
By Lemma 3.3.3,

(k)
P(n 1 2AT X" € 1y,) = 113[—”‘E oot a]

i<,

= f f fan(x, y)dydx
[Ixll, Vy>a

krtk/2
———— fa(r, y)drdx.
f f s LKI2+1)77

Recall the definition of D, in (3.14) and (72,4, ¥2,.) in the theorem. Pick a neighborhood
U of (1’2# , ]/Z,a) in .Z)a. Then

fertk/2
P(n?2A XW eY,,) = ——— (f an (1, Y)drdx +f an (7, drdx). 3.47
(' PAnX €)= g ||, St | o). 647)

For the first term above, we have the following asymptotic expansion by [15, Equation

(8.2.24)] and the fact that y,, € Dy,

n k/2 5 —k/2-1 2,n 1/2 ~
Forr, y)drdx = (—) nlfzh(yz,a)(1 _ |r2,a|2) Le Maxi 01241 4 o(1)).
D,NU 2n 7/ 2,4

Therefore, the second term on the right-hand side of (3.47) is negligible with respect

to the first term by the LDP for {n™'/2AT X"}, [49, Theorem 2.7]. Hence, we obtain,
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using the definition of Cgf’zr,‘k below (3.10),

P (n”2AT X" € Yo,)

B3 Wy,
kmt n (Y2,0) (1 B |r2,a

2 —k/2-1 i (a)
" T(k/2+ 1) 252172 yoon 2) e Ak (1 + o(1))

k,
= P e o)1 (1)),

3.3.4.3 Proof of norm tail estimates in the sublinear regime

Proof of Theorem 3.2.7. Recall the definition of O, in (3.14). By (3.32) and (3.31), for any

bounded measurable neighborhood U of (x,, v,), we split the probability into two parts

P(Yy, >a)=P($"eD,nU)+P(5" e D,NU). (3.48)

For the first term in the last display, since (x,, y,) € (0, 1) X Dj, we have the following

estimate by (3.40) and the boundedness of U:

P (5” €D, N LI) = f fan(x, y)dxdy

D,NnU
Bi1/2 ]
_n \’/‘n_ %e—nﬁuwxwkn log MM gy dy(1 + o(1)).
Tt D,NU -

Since by assumption, (x,, ,) is the unique minimizer of Jub over D,. By the definition

of 5, we have the following relation

T (0, Ya) = L " (x, y) = inf [ (x). (3.49)
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Since in the sublinear regime, by assumption, k,/n* — 0 as n — oo, we see from the

definition of M5 in (3.16) that,

lim (ky log n)ME™ (x4, Ya)

n—oo ne

=0.

By assumption, (x,, y,) lies in the smomoth part of dD,. We then have the following
asymptotic integral by Proposition 4.6.7 and Remark 4.3.1 with d, g", D and f therein
replaced with 2, x™%2(1 — x2)'h(y) exp(k, log nM:">(x)), D, N U and [, respectively,

~ ﬁ 1/2 1/2 h a : sub sub
]P(Sn €D, N u) _ n kn (277) (y ) o Hinfsa 1570 (1) +ky log nMy (x”)(l +0(1)) (3.50)

VR V(1 = )

for some constant 5" € R, where we also use the relation (3.49).

For the second term in (3.48), since (x,, ¥,) € U is the unique minimizer of J*"* over
D,, there exists 6 > 0 such that

. Tsub . Tsub _ qrsub
(x,y)le%famuc] (x,y) > (x,ly?ef@ﬂ] (x,y)+06=05"@) + 0.

where we used (3.49) in the last equality. It is shown in [49] that {S"},en satisfies an
LDP with rate function J[*"" in the sublinear regime. By the LDP upper bound for the
sequence {5"},en;,

: 1 on c : Tsub __sub _
llri?_)s;lpgloglws €D, N < omE T y) < D3 @)

Hence, the second term in (3.48) is negligible with respect to (4.111). Finally, combin-
ing (3.48) and (3.50), we obtain (3.15). O
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3.3.4.4 Proof of norm tail estimates in the linear regime

Proof of Theorem 3.2.8. Recall the definition of O, in (3.14). By (3.32) and (3.31), for any

bounded measurable neighborhood U of (x,, ,), we split the probability into two parts

(1 ixe1,
|&@]l, Vn

eY|=P(5"eD,nU)+P(5" e D, NLI). (3.51)

For the first term in the last display, we have the following estimate by (3.41) and the

boundedness of U,

P($"eD,NU) = f Fon(x, y)dxdy

D,NU

Tlﬁ+%(/\ - /\2)1/2 h(y) —n Ty ) MR (x
= [ e sy o)
0

By the assumption, the infimum of [ over D, is attained uniquely at a smooth

boundary point (x,, ¥.) € dD,. By the definition of ]]1213, we have the following relation

Tlin(xa/ ya) = (xin)LfZ) Tlin(x/ ]/) = %{I;Lflllzlf/l\(x) (3-52)

Since r,/n* as n — oo, we then have the following asymptotic integral by Proposi-
tion 4.6.7 and Remark 4.3.1,
nf hy) — (2m)'2

A — AZ 1/2
\/%( ) (1 —x2) n¥?

P(S$"eD,nU)= ¢ e IO (1 4 (1))

(3.53)

for some constant " € R,.
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For the second term in (3.51), since (x,, ¥,) € U is the unique minimizer of J'" over
D,, there exists 6 > 0 such that

: Tlin : Tlin _ rlin
(x,y)é%fmw] (x,y) > (x,ly?e%a] (x,y)+6=],5@) +0.

where we used (3.52) in the last equality. It is shown in [49] that {5"),.en satisfies an
LDP with rate function J*"> in the sublinear regime. By the LDP upper bound for the
sequence {5"},en;,
. 1 on c . Tlin lin
_ < — — -4
hxls::p ~logP (5" e DN ) < (x’y)lelg)fmuc] (¥, y) < T8 (@) -

Hence, the second term in (3.51) is negligible with respect to (3.53). Finally, combin-
ing (3.51) and (3.53), we obtain (3.19). O

3.3.4.5 Proof of Lemma 3.3.4

3.4 Volumetric estimates of Orlicz balls

Fix Orlicz functions V; and V,, s < 0 and ¢+ € R, and consider the vector
X, Vi(X), YLy Va(X))), where {Xi}., is a sequence of ii.d. random variables with
distribution u;;, defined in (3.24). We proceed to find an asymptotic density estimate
of the vector (Y;; V1(X)), Yii; Va(X))) and then obtain sharp estimates of the intersec-
tion on integrating the density over the appropriate domain. However, there are two
main obstacles. First, the properties of the rate function defined in (3.23), obtained in
Lemma 3.4.1 are more involved than the one-dimensional counterpart. Second, tech-

nical issues arise in the use of Fourier analysis to obtain a sharp density estimate since
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for each i € IN, the vector (V1(X;), V»(X;)) does not have a density. After dealing with
these two problems in Lemma 3.4.1 and 3.4.4, we give the proof of Theorem 3.2.12 in

the end of this section.

3.4.1 Preliminary results

3.4.1.1 Properties of function Jv, v,

Fix Orlicz functions V7 and V. In this section, we first obtain properties of the function

J = Jv, v, defined in (3.23).

Lemma 3.4.1. Recall the definitions of the moment map My in (3.25) and measures 15, in (3.24).
Suppose V1 and V, are two Orlicz functions satisfying Assumption 3.2.10 with T € [—o0,0].
Fix er R2 > 0.

1. R- 3 s+ My, (us) is strictly increasing and there exists a unique t1(Rq) < 0 such that

Ry = My, (i, r)),0)-

2. If T > —oo, then t = My, (1o,) is strictly increasing and there exists a unique t2(R;) < 0

such that Ry = My, (Lo,z,(ry))-

3. Define mi(R1) := My,(foyry) and ma(R1) = My, (e ry0)- If Ra > mi(Ry) and
(R1,Ry) lies in the interior of the domain of J then (s1,52) = VA(Ry, Ry), where A :=
Av, v, is defined in (3.22), attains the supremum of J(Ri,Rz) in (3.23). Moreover
IRy, Ry) <0, and if 2, (Rq,Ry) > 0, then Ry > my(Ry).

Proof. We start by proving property (1). Fixt < s < 0 and for A € (0,1), by Holder’s
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inequality, we have

1-A
logfe()\s+(1 /\)t)Vl(x)dx < log (f sVl(x)dx (f etVl(x)dx) ]
R R

=Alog | ¢V1®dx + (1 - A)logf eV1®dy,

=

Moreover, the inequality is strict because by Definition 3.2.9 of Orlicz functions when t <
s, R 3 x > ¢V1W7"10 jgsnot a constant and hence, the function R_ 3 s — log f V10 dx is

strictly convex. R_ 3 s = My, (usp) is the derivative of log f V1)

dx, and thus the map
R_ 3 s = My, (usp) is strictly increasing. To show the existence of 7; = 71(R;) < 0 such
that Ry = My, (i+,r,)0), it suffices to show that s - Ris — log [ ¢®1@dx tends to —co as
s T 0and as s — —oo because it then implies by the mean value theorem that there exists

71 such that Ry = £ log fesvl(")dxlszﬁ = My, (s, 0)- Sinceass T 0, — log f]R eV1dx — —oo,

we only need to consider the case s — —co. Now, for any s <0 and ¢ > 0,

log fﬂzesvl(x)dx log fé 2 V10 dx
<

S t
sV1(e)
< lOg L>|x|>£/2€ ' dx

s
_ log(e/2) +sVi(e)

S

where the second inequality follows because V; is convex and symmetric about the
origin and is therefore increasing in R,. Taking first the limit superior as s — —oo and

then the limit superior as € | 0, by the continuity of V;, which is a consequence of V;

log f]R V10 gy
s

being a convex function on R, we see that limsup__, <0, and thus

log | V1™ dx
fim S{R ] gf—] e

§——00

S

Finally, the uniqueness of such a 7; follows from the fact that R_ 3 s = My, (usp) is
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strictly increasing. This proves the first property of the lemma.

For the second assertion, first note that

d

%le(ﬂo,t) = My, .v,(tos) — My, (to )My, (to,t),

which is greater than 0 by the symmetry of iy and the monotonicity of V; and V, in R..
Hence, t = My, (uo,) is monotonically increasing. Fix R; > 0. To show the existence of
T = T2(R1) such that Ry = My, (uo,1,), it suffices to show that lim;_,_ My, (tto) = 0 and
limyr My, (4o) = co. Then the uniqueness of 7,(R;) follows from the monotonicity of
My, (pos). Now, fix € > 0. By Assumption 3.2.10, V}(x) > 0 for x > 0. This implies that
V,(¢e) > 0 and we may choose 6 > 0 such that V() — V,(6) > 0 because V5 is increasing

in R, by Definition 3.2.9. For t < T, we see that

f]R Vi(x)etV2®dyx
f]Rer2(x>dx
FVa (%) £V (x)
flxl<e Vi(x)e'"2Mdx f|x|25 Vi(x)e'"2Mdx
tV.
fIRe 2(X)dx fé+l>|x|>b’e

f|x|>g 17 (x)e(t—T)V2(5)+TV2(x)dx
etV2(0)

My, (uoys) =

Vo) dx

< Vi(e) +

< Vi(e) + V2O V20) TV f Vy(x)eT2 04y,

lx|>e

where the second inequality follows because V, is increasing in IR,. Letting first
t — —oo, we obtain

lim sup My, (uo,s) < Vi(e).

t——o0
Since ¢ > 0 is arbitrary, by the continuity of V; and the fact that V;1(0) = 0, on taking

¢ — 0, we obtain lim;_,_ My, (to+) = 0.
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We next show that limyr My, (uo,) = oo. First, suppose T < 0. Then, we have, by

Fatou’s lemma,

Vi(x)eV2Wdx  liminfyr |, Vi(x)e'V2®dx
lim inf My, (pio,r) > lim inf fR - — 1 fI;V ~ o,
1T T f]Re 29 dx fIRe O

where the last equality follows from the definition of T in Assumption 3.2.10. Next,

suppose T = 0. For K > 0, we have by the monotonicity of V; on R, that for t <0,

1 f]RetVZ(")dx
My, (tio) - f]va(x)etvz(x)dx
Vi (K)—l f|x|>1< v, (x)etVz(X)dx + ek etV20 4y
[, Vi(@)eV2dx
2etV2(K)

f|x|51< Vi (x)erz(x)dx'

< V] (K)_l +

Letting t T 0, we obtain lim inf;;0 My, (to,) > V1(K) by the definition of T in Assumption
3.2.10. Since K > 0 is arbitrary and V;(x) — oo as x — oo by Assumption 3.2.9, sending

K — oo yields limy My, (o) = oo. This proves the second assertion of the lemma.

For the last assertion, note that J is the Legendre transform of A defined in (3.22).
Hence, by duality of the Legendre transform, for Ry, R, > 0, VI (Ry, Rz) = (s1,5,) where
(s1,52) = (51(R1, R2), 52(R1, Ry)) that attains the supremum in the expression for J(R1, R»)
in (3.23). Since R, > m;(R;), we see that t; = 1. J(Ry, Ry) is strictly less than 0 and
(t1,t) lies in the interior of the domain of A. Since by assumption, (R;, R;) also lies
in the interior of the domain of 7, the duality of Legendre transform implies that
(t,t2) = VA(Ry, Ry). Next, if t, = 32T (Ry1, Ry) > 0, then we have t; = 1. (R, Ry) < 0.

This in turn implies that R, > m;(Ry). O

Lemma 3.4.2. Let V, and V, be two Orlicz functions satisfying Assumption 3.2.10. Recall
the definition of J := Jv, v, in (3.23). Fix Ry, R, € R,. Let my := my(Ry) and my := my(R;)
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be defined as in Lemma 3.4.1. Then

1. the infimum of J over [0, R1] X [0, Ry] is uniquely attained at

(R1,Ry), Zf my; < Ry <my
(1, up) = (3.54)

(R, myp), if Rp>my;

2. the infimum of J over [0, R1] X [Ry, o0) is uniquely attained at

(R, my), if Ry, <my
(u1,up) = (3.55)

(RllRZ)/ Zf R2 > My and j(Rl,Rz) < 00,

Furthermore, d,J (R1, Rz) < 0 for my < Ry < my and 0,9 (R, my) = 0.

Proof. Recall the definition of A in (3.22). Define A := [0, R;] X [0, R,]. Let J achieve its
minimum over A at (11, uy), which can be assumed without loss of generality to belong
to D, the domain of J. We claim that the (11, ) € JA. To see why, suppose to the

contrary that (1, u,) lies in the interior of A. Then it must be that

Vj(l/ll, I/lz) =0. (356)

Since A is convex, by duality of the Legendre transform, A is the Legendre transform
of J. Hence, (3.56) implies that A(0,0) = —J (u1, u,). Since (u3,u;) € Dy, this implies
that J (11, up) is finite, which contradict the fact that A(0,0) = oo from (3.22). Hence,

this proves the claim and in fact shows that V.7 (3, u,) # (0,0).

We now turn to the proof of property (1). Fix Ry, R, > 0. From the definitions
of 71(Ry) and my(R;) given in Lemma 3.4.1, VA(71(R1),0) = (Ry, m2(R;1)). Duality of
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the Legendre transform implies that VI (Ry, m2(R1)) = (11(Ry),0). For any y > m;(R;),
define (t1(y), t2(y)) = VI (R1,y). Then ty(m(R;)) = 0. By the strict convexity of 7,
y = t(y) is strictly increasing. This implies that d»J (R, Rz) = t2(Rz) < 0 for m;(R;) <
Ry < my(Ry) and 0> J (Ry, my) = t(my(Ry)) = 0, and thus the infimum of J over A is
(y1,R2) for some y; € [0,R;] if Ry < my(R;) and (y1,m2(R;)) for some y; € [0,Rq] if
R, > my(R;). Since by assumption R, > m;, we see that 1.9 (y1, R2) < 1T (R1,Rz) <0,
where the last inequality follows from Lemma 3.4.1. We conclude that the minimizer

is (Rl,Rz) if mp < R2 < m2(R1) and (R1/ m2(R1)) if R2 > mQ(Rl).

Next, we turn to the proof of property (2). Define B := [0,R;] X [R, o). From the
argument above, we see that the minimizer is attained at (R;, ) for some y € R,. Since
92 J (R, y) < 0if y > my(R,) and the equality holds if and only if y = m,(R;), we see that

the minimizer is attained at (Ry, m>(R;)) if Ry < my(R;) and (Ry, Ry) if Ry > m»(Ry). O

3.4.1.2 Intersections of Orlicz spheres

Lemma 3.4.3. Let V and V, be two Orlicz functions that satisfy Assumption 3.2.10. Then
for any z1,z, € Ry, the number of intersections of two Orlicz spheres, C; = {x € R* :

Vi(x1) + Vi(xp) = z1} and Cy = {x € R? : V(x1) + Va(x2) = 2} is bounded by 8.

Proof. By the symmetry of Orlicz functions, it suffices to show that there is at most
1 intersection in the region {(x1,x;) € R, : x;1 > x, > 0}. Now, suppose the two
spheres intersect at a point (x},x;) with x] > x5 > 0. Then the slopes of C; and C; at
(x1,x;) are =V (x])/V](x;) and —V)(x])/V,(x5), respectively. By the Assumption 3.2.10
that Vi/ V7’ is strictly increasing in R, we see that the slope of C, at (x’;, x5) is greater

than that of C;. This implies that there cannot be two intersections in the region
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{(xl,xz) ER, x> x> 0} O

3.4.2 Density estimates and Laplace approximations
3.4.2.1 Density estimates for a 2-dimensional vector

For t := (t;,t;) € R- X R. Let {Xi}ien be i.i.d. (absolutely) continuous random variables

with law y; defined in (3.24). Define the 2-dimensional vector

n

[V, Val = Y (Vi(X), Va(X). (357)

i=1

Lemma 3.4.4. Let V, and V, be two Orlicz functions that satisfy Assumption 3.2.10. Fix
t:=(t,t) € R. X R Let S} = S![V1, V5] be defined as in (3.57). Then for each n > 1, S} has
a density, denoted as fs» and for sufficiently large n, the inverse Fourier transform formula can

be applied to f.

Proof. Consider the transformation 7~ : R*? - R, X R, defined by
T (x1,x2) := (Vi(x1) + Vi(x2), Va(x1) + Va(x2)) - (3.58)

Hence, the Gacobian of T exists almost surely and is equal to the function G defined in

(3.26),
_ d(z1,2,) _
d(x1, %)

G(x1,x2)

[Vi(x1)V3(x2) = Vi(x2) V()] -

Moreover, Assumption 3.2.10 implies G is nonzero almost surely, which implies that

fs2 has a density. Furthermore, this implies fs: has a density for n > 1.
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Let ¢" be the Fourier transform of fs;l- Then for s := (s1,5,) € R?,

©*(s1,8) = f % fo (dx)
R2 !
= f eiZ‘JZ:I<s’(V1(x/)'V2(x/)>f(x1)... Fa)dxy - - -dx,,
Ril

where f is the density of X; and is given by (3.24) to be

el1V1(0)+2Va(x)

f(X)=f

» el V1(0)+02Va(x) dy

To prove the lemma, it suffices to establish the claim that ¢? lies in L7(IR?) for some g > 2
because by Holder’s inequality, the integrand in the last display lies in L'(IR?) for all

sufficiently large 7.

To prove the claim, let R(7)) C RR? be the range of the transformation 7". For
z € R(T), the solutions to z = 7 (x) coincide with the intersections of two Orlicz spheres
{x € R?: Vi(x1) + Vi(x2) = z1} and {x € R? : Vy(x1) + Va(x2) = 2o}. Let & ¢ IN U {0} be
the number of solutions to z = 7 (x), which satisfies &= € {0, ..., 8} due to Lemma 3.4.3,
denote the solutions by x? €eR?j=1,...,8let x'; . Under the transformation of 7, we

have for s = (s1,5,) € R?,

oits2 1
(PZ(SLSZ) = fR(T) ¢ >Zf(x]1)f( g(x

. A

It suffices to show that z +— Z’f 1 f(le) f(x] )G L(xz

pe©),
Lr = f

L 2) lies in LP(R(7")) for some
p
() f () | dz1dz2 < oo,

Goe,, ]2)
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since then the Hausdorff-Young inequality [30, Theorem 8.21] implies ¢? lies in LI(IR?)
forg=p/(p-1) € (2, ).

Since sup,_ . &% < 8, by the inequality |ay + - - + a,[” < WP~ H(la1) +- - - +|a,[), we have

that

Z

Ly < 8’“‘1fR Z

D “j=1

p
1
fx0)f (x?,z)g(xz—

= dZ1 de
17 %50)

= Sp_lf |f(x1)f(x2)|p 1G(x1, )7 dxydxs
R2

p p

_ qp-1 p| 1
=0 [ sl [

where N is the neighborhood of the origin specified in condition (2) of Assumption

-1
-1 p 1
dxydx, + & j);c |f(x1)f(xz)| ‘Q(nyz)

-1
dxldX2,

3.2.10. By condition (2) of Assumption 3.2.10, there exist r1,r, > 0 such that 1/G lies in

L (N) and L>(N°). Pick p < 1 + min{ry, r,}. By Holder’s inequality,

ri+1-p -1

rm r 1 rn T
ri+1l-p
dX1dxz) (j;/ ‘g(xl/XZ) dX1dxz)

ro+1-
pra ]
B d?quZ
Ne

which is finite because (x1, x2) = f(x1)f(x2) lies in L' (IR?) for any r > 0.

Ly < g ( fN o))

r

1
g(xll xZ)

+< 87! ( fN c |f(1) f(x2) dx1dx2) )

3.4.2.2 A Laplace approximation result

Before giving the proof, we state a sharp density estimate for sum of i.i.d. random

variables obtained in [6].



137

Lemma 3.4.5 (Theorem 3.1 and Remark 3.2 [6]). Let {Y,},en be a sequence of i.i.d. R*-valued
random vectors whose log moment generating function A\ is finite in a neighborhood of the origin
and let D, be its domain. Define 8" =: Y\, Y; and its density by fx.. Suppose that for some n,
S" has a density to which the inversion Fourier theorem can be applied. Let I be the Legendre
transform of A. Define the admissible domain D; := {x € R? : x = VA(A) for some A € D3}.

Then for every x € Dy,

0 \d2
fon = (E) det(Hess I(x))2e™™(1 + o(1)),

where the expansion holds uniformly for x in any compact subset contained in Dj.

3.4.2.3 Proof of Theorem 3.2.12

For a measurable set U C R, Orlicz function V and n € IN, define
n n 1 -
BL[U] := {x €R': Z V(x) C u}. (3.59)

Lemma 3.4.6. Let Vy and V, be two Orlicz functions that satisfy Assumption 3.2.10. Fix
Ry > 0. Let E C Ry be an interval with E C (m1(R,), 00), where mq(Ry) is defined in Lemma
3.4.1. Suppose the infimum of J = Jvy,v,, defined in (3.23), over [0,R;] X E is attained

uniquely at (uy, u,), and let U; be a neighborhood of u; for i = 1,2. Then

det(H Ry, 115))'/2
BY [[0, Ry] N Uy ] N BY, [E N ]| = f L det(Hess TRy Vo) 7 @i gy, 1 + o(1)).

2t 270 01T (Ry, o))

Proof. Fix Orlicz functions Vi, V,, t := (t1,t,) € R_ X R and let S} := S}[V, V], defined
in (3.57), for n € N and fs; be its density, which exists by Lemma 3.4.4. Fix R; > 0 and

U; as in the lemma. Then the volume of A" := B’{,l[[O, R NnUin B’{,Z[E N U;] can be
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written as

|A"| = f dx
An
A

n
= Z:ll,tz et iz Vilti)=h L, Va(xi) H —Z1 et1V1(xi)+t2Vz(xi)dXi
! i=1 Tt
= ZZ,tz e—ntlyl—ntznysf(yl, yZ)dyldyZ (360)

y1€[0,R1]NUy, y2€ENU>

Recall that the law of X; is u; defined in (3.24). Define the log moment generating
function,

Ai(s1,52) = log E [eV10s220] (5, 5) € IR,

and note that from (3.23) that, with A defined in (3.22),
A¢(s1,82) = A(s1 + t1, 5 + tp) —log Zy, 4,.
Hence, by (3.23), it follows that for (x1, x;) € Dy,
Nj(x1,x2) —log Zy, 1, + t1x1 + tax, = T (X1, x2), (3.61)
where we set J = Jv, v,.

Since /; is finite near the origin by assumption, using Lemma 3.4.4 to justify the
application of Lemma 3.4.5 with d = 2, Y; = (V1(X)), V2(X))), {Xi}nen 11.d. with law p,

using (3.62), which also implies Hess J = Hess A}, we obtain
Zp e T o (g, xp) = % det (Hess J (x1, x,)) /2 e T ®12)(1 4 0(1)), (3.62)

where the estimate is uniform in any compact subset of D 4. From (3.60) and (3.62), we
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then have the following estimate:

IA"| = f Z det(Hess J (31, 42)) eIy, y»(1 + o(1)).
[0,R,1NU;xENU, <7C

We now obtain Laplace type asymptotics for the integral in the last display. For
12 € EN U,, applying Lemma 3.4.2(3) with R, = y, > m; by the assumption of E, we
have d1J(Ry,12) < 0. Therefore, the minimum of y; — J(y1,y2) over [0,R;] N U; is
achieved at R;. Hence, applying [83, Theorem 1 of Chapter II] to the inner integral

below and setting both a and u therein to 1, we obtain

|A"| = f (f 21 det(Hess J (v, yz))l/ze_"j(yl’yZ)dyl) dya(1 + o(1))
ENU, [0,R1]NU;

_ f 1 det(Hess T (Ry, 12))"/>

e—HJ(Rl'W)dyz(l +0(1)).
A, 27 |913(R1'y2)|

3.4.3 Proof of Theorem 3.2.12

Proof of Theorem 3.2.12. Fix Orlicz functions V5, V, satisfying Assumption 3.2.10. The
tirst assertion of the theorem follows from properties (1) and (2) of Lemma 3.4.1. We
now turn to the second assertion. Let J := Jv,v,. By Lemma 3.4.2, the infimum of
J over [0,Rq] X [0, R,] is uniquely attained at a point (13, u,) that satisfies (3.54). For

i =1,2, let U; be an open neighborhood of u;. We separate the volume into two parts

2
() B.(R)
i=1

2

() Bu.II0,RI N U]

i=1

2

(1)By 10, Rl n U]

i=1

= + : (3.63)
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For the first term in (3.63), recalling (3.59), we have by Lemma 3.4.6 with & = [0, R;]

that

Y= e TR gy, (1 + o(1)).

- 1/2
MBuloRINU| = f 1 det(Hess J (Ry, 1))
i=1 [0

Ralnt; 270 Ialj(Rl, y2)|
(3.64)

To obtain the asymptotics of this integral, we discuss three different regimes.
1. Subcritical (m; < R, < my): Since d,J (R1,Rz) < 0 and (3.4.2), by Lemma 3.4.2,

applying [83, Theorem 1 of Chapter II] with both a and u therein set equal to 1,

we obtain

m n 1 det(Hess J (Ry, R,))"/?
211?101 J (R, Ry)[ 02 (Ry, Ro)|

1 det(Hess J(Ry,Ry))"?

21|01 T (R, Ra)| 02T (R1, Ry)|

e‘”j(Rl'RZ)(l +0(1))

e TRIRI(T 4 o(1)). (3.65)

2. Critical (Ry = my): In the so-called critical regime, we have instead 0,7 (R, R2) =0
by Lemma 3.4.2. Hence, applying [83, Theorem 1 of Chapter II] to the integral in

(3.64), but with @ and u therein replaced by 1 and 2, respectively, we obtain

am = L Vr det(Hess J(Rq, my))'/?
27 V232 91T (Ry, mo)| InT (Ry, 1)

1/2
1 det(Hess T (Ry, m,)) IR (] 4 (1)), (3.66)

" 2\2mn 01T (R1, m2)| /02T (R1, m>)

e T Rim) (1 4 (1))

3. Supercritical (R, > m;y): For the supercritical regime, >, J(Ry,m;) = 0 by

Lemma 3.4.2. The asymptotic expression of V" is twice that of the critical case
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because by (3.64),

det(Hess T (Ry, y))'2
= f L detHess TRy Yol 7 gk imgy, 1 + o(1)) (3.67)
[0,m2]

au, 2T |81J(R1,yz)|
N f 1 det(Hess J(Ry, y2))?
2, Ro N 2T |313’(R1,y2)|
_n 2 Vi det(Hess J(Ry,my))'?
229, Ry, mo)| I T Ry, )
1 det(Hess J (Ry, m,))"? IR (1 4 o(1)), (3.68)

T N2 101 Ry, m2)| o Ry, m2)

e TR gy, (1 + o(1))

eI Rum (1 4 (1))

where the second equality follows from [83, Theorem 1 of Chapter II] with a and

u therein replaced by 1 and 2, respectively.

Since (u1, 1) achieves the unique infimum of J over [0, R;] X [0, R;] and u; € U, for

i = 1,2, there exists 6 > 0 such that

j(X1,X2) > j(ul, MQ) + 0. (369)

inf
x1€[0,R1 1NUE x,€[0,Ro 1ML

By [49, Proposition 3.11 and Remark 3.14], we see that the second term in (3.63) satisfies

2

() By, 10, RN U]

i=1

< —j(u1,u2) - 0. (370)

1
lim sup - log

n—-oo

Combining (3.70) and the estimates in (3.65), (3.66) and (3.68), we see that the second
term on the right-hand-side of (3.63) is negligible with respect to V" in each regime.
Hence, the theorem follows from (3.63), (3.65), (3.66) and (3.68).
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3.4.4 Volume of Orlicz balls

We start with a sharp estimate of the asymptotic volume of Orlicz balls, which is
also obtained in [42]. We provide a different proof in Section 3.6 to make the paper

self-contained.

Proposition 3.4.7. Let V be an Orlicz function and recall the definition of V', from (2?). Then
for R > 0O, there exists a constant Tz € R_ that uniquely achieved the supremum of W3,(R)

in (??) and satisfies

R=R . (3.71)

Moreovet, if o is the variance of [y, defined in (3.24), then

e " ®(1 + 0(1)). (3.72)

1
B'(R)| = ———
v i VZTCHGR |TR|

Remark 3.4.8. Note that the form of the sharp estimate (3.72) is very similar to the sharp

large deviation estimate in (3.1). Indeed, formally (3.72) can be viewed as saying

{x eR": Z V(x) < n} “=rp [Z V(X)) < R],
i=1 i=1

where “{X;}icn is distributed according to Lebesgue measure”. Hence, Wy, defined in

B (R)| =

(4.15), is the analogue of the log-moment generating function and the tail estimate (3.72)

takes a form similar to (3.1).

Combining Proposition 3.4.7 and Theorem 3.2.12, we immediately obtain Corol-

lary 3.2.14

Proof of Corollary 3.2.14. Fix Orlicz functions V; and V; and let Ry, R, > 0. Recall
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the definitions of A in (3.22) and let 7 := 71(R;) be the unique value such that R; =
My, (Ur,(ry)0,0) as in Theorem 3.2.12(1), which by (3.24) and (3.22) implies R; = d;1A(, 0).
Also note that 7 coincides wit the quantity 7z, in Proposition 3.4.7. On the other hand,
from the definition of m, in Theorem 3.2.12(2), (3.24) and (3.22), it follows that m,(R;) =
My, (u-0) = d2A(7,0). Therefore, when R, = m,(R,), it follows that VA(7,0) = (R, R»)
and (7,0) € D, achieves the supremum in (3.23) since A is the Legendre transform
of J and by duality of the Legendre transform VJ(R;, R;) = (7,0). Hence, we have
J (R, Ry) = \I’§,1 (R;) defined in (??). Let 0 = og, and 7, be defined as in Proposition
3.4.7. Combining Proposition 3.4.7, Theorem 3.2.12(2), and the identities 7z, = 7 and
J(Ry,Ry) = ‘I”{/l (Ry), we obtain

By, (Ri) N B'f/z(Rz)| _ odet(Hess J (R, Ry))"?
By, (R1)| 20T (R1,Rz)

n—oo

By duality of the Legendre transform, we see that

92T (R1,R») _ f s1V1(0)+82 V(%)
det(Hess J (R1, Ry)) = Jn (log ]Re ax

= g°.

(51152):(Tr0)

The corollary then follows from the last two displays. O

3.5 Examples verifying the assumptions

3.5.1 Proof of Theorem 3.2.11

Proof of Theorem 3.2.11. Fix an Orlicz function V such that (V, x?) satisfies Assumption
3.2.10. Let X" = X"V be uniformly distributed on BY,(1) and let fy: be the density of



144

Q" := Y. (X")?/n. For a measurable set Y C R, define B, [Y]:= {x e R": 1 Y7 V(x;) <

1,1 Y, x* € Y}. Then, we have

By Y]]

P(S"eXY)= |B"}(1)|'

(3.73)

For t < 0, recalling from (3.24) that Zy; := f]R e!'V®dx, note that

n
" 1
B[] =f dx = Z’é,tf e T Vo) [ ] e @d;
BYIY] BY[Y] A

If we define f5: to be the density of Q" := (XL, V(Y3), XL, Y?) with {Yi}ien Lid.

distributed according to py;, defined in (??), and D := {y € R?*: y; € [0,1], y» € Y}, then

we have

ByIY1| = Z3, f e for(y)dy. (3.74)

D

Next, define

Ay(s1,52) :==1ogE [eslV(Xl)+s2X§]

and let A} be the Legendre transform of A;. Denoting J = Jy., by (3.23), for (x1, x,) €

D4, we have

Aj(x1,%2) —log Zy; + tx; (3.75)
= Sup {xl(sl + t) + X287 — log ZV,t - log f eslv(x)+szxzdx}
s1€R,sp€lR R
1
= sup {xl(Sl + 1) + x5, — log f e(51+t)v(x>+52x2_etV(X)dx}
s1+t<0,50€R R ZV,t

=J(x1,x2), (3.76)
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where the second inequality follows since V' is superquadratic by Assumption 3.2.10

and hence the integral is infinite whenever s; + ¢ > 0.

Note that A, is finite near the origin. Lemma 3.4.4 ensures that there exists N € IN
such that for n > N, the inverse Fourier transform can be applied to fo.. Therefore, we
may apply Lemma 3.4.5 with d = 2 to conclude that, for x in the admissible domain

DV,XZI

for(x) = % det (Hess AX(x))"/2 e™80(1 + (1)),

where the estimate is uniform in any compact neighborhood of x € Dy,.. Recall

D := {x € R, : (1,x) € Dy.2}. Now, by (3.73), (3.74) and (3.76),

Zy, _
fQ” (x2) = — f e ntxlan (xl,xz)dxl
B:(1)| Joa
1 n

= det (Hess J (x1, x2)) /2 e T @12) gy (1 + o(1)).
By (1)] 27 ﬁm v 1

For fixed x, € Dj, the minimum of x; — J(x1,x;) over [0,1] is attained at x; = 1 by
Lemma 3.4.2. To simplify the integral, apply [83, Theorem 1 of Chapter II], with s = 0,

a =1and p =1, to obtain for x € Dj,

1 n ldet (Hess (1, x))"/?
Bl (1)| 2mn 01T (1, x)|

fon(x) = e T1(1 4 o(1)). (3.77)

Using Proposition 3.4.7, to get an expression for |B],(1)|, we see that there exist g; > 0,

71 < 0 such that

1 1det(Hess J(1,0))" (50
2nn 01T (1, %)|

o1 |71| det (Hess J(1, x))"?
Von g (%)

for(%) = V2mnon |1l Yi0)(1 +0(1))

e (TAD-Y,M) (1 4 o(1))

= Vi
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3 \/ﬁal |t1| det (Hess J (1, x))l/2 IV
Var g @)

(1 +o0(1)),

where the last equality follows from (3.27). This proves that the sequence {X""},en

satisfies Assumption 3.2.1 with | = Jy, a = 1/2 and h as stated in the theorem.

To prove the second assertion of the theorem, it remains to show that y,, defined
in the theorem, belongs to D;. Recall the definition of [*** in (3.13) and D, in (3.14),
observe that

: Tsub : 1 |ﬂ|2
1zr)1uf] (x,y) = inf {—Elog (1 — —) + J( \/y)}

y>lal® y

Taking the derivative with respect to y of the term being infimized on the righ-hand

side, we obtain

1 el 1,
2—y 2y W

Since y > |la?, the minimizer y, satisfies J'(y,) > 0, and thus (3.27) implies 0> Jv2(1, ya) >
0. Applying Lemma 3.4.1(3) with V; = V, V(x) = x?, R; = 1 and R, = y,, it follows that

Y. > my(1). Hence (1, y,) € Dy,2, which implies that y, € D;. O

3.6 Sharp volume estimates of Orlicz balls

To obtain the sharp estimate of Orlicz ball. We follow the proof of [9] with a slight

modification.

Proof of Proposition 3.4.7. Fix R > 0. The existence and uniqueness of 7 := 7 follows

from the first assertion of Lemma 3.4.1. Since 7 achieves the maximum in (??), we
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obtain (3.71). By (??) and the definition of 7 := 1§,
W (R) = Rt —log Zy,. (3.78)

To calculate the volume of BY,(R), recalling the measure iy, from (2?), we write

|BL(R)| = f dx
{xeR®:1I Y1, V(x)<R}

n
= f Zy.e " Lt V) H tv,(dx;).
{xeRm:1 ¥, V(x)<R} i=1

This can be viewed as “tilting” the uniform measure on B},(R) by ®"uy, restricted to

BL(R).

Let {Yi}ien be a sequence of i.i.d. random variables distributed according to iy, and

let 02 be the variance of Y;. Note that (3.71) implies IE[V(Y;)] = R and for n € IN, define

_ Z?:l V(Yl) —nR

n.
ur: e

4

and let H" be the cumulative distribution function (cdf) of U". Then, integration by

parts yields

BI(R)| = Z,e f( e
0

— Z?/,Te_nRT (e—nl/Zgrx(Hn(x) _ H(O))Kjioo + nl/ZGTf e_nl/ZGTx(Hn(x) _ H(O))dX)

—00

0
= Z’&Te—nRTnl/Zon e—n1/2GTx(Hi’l(x) _ H(O)dx, (379)

o0

where the last equation uses the fact that lim,_,_ g~ o (H"(x) — H(0)) = 0 since T < 0.

Let @ be the cdf of a standard normal random variable. Since V is convex and
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lim,_,. V(x) = oo, and the density ., of Y7 is absolutely continuous with respect to

Lebesgue measure, V(Y1) is not latticed valued. By [26, Theorem 2]
H'(x) = H'(x) + o(n"'?)
uniformly in x € R and

T X L .
H'(x) := O(x) — 60321/2(%—1)5(3 %

where y; is the third moment of V(Y;). Since 7 < 0, this implies

0
n1/2an e_”l/z"”(H”(x) —H@O)dx=T,+o0 (n_l/z) , (3.80)

[o0]

where

0 0
r,:= nl/ZGTf e_”l/z‘m‘(H”(x) — H"(0)dx = f e_”m“”(H”)’(x)dx +0 (n_l/z) ,

0] —00

with the last equation follows by integration by parts. Now, the Fourier transform of

0] o is —1/(n'?0t — i€) and that of (" is

e (1 Lo (—i£)3).

6027’11/2

Parseval’s formula and the symmetry of the Gaussian density shows that

— 1 _1 X3 . 3) _52/2
I, =— — (1 — d
21 f]R n2gt +i& ( * 662711/2( i£)’)e ¢

-1 fno—zfz_i\/ﬁmé (1 X3 (_ié)s)e_gz/zdé
R

" 2n ot no?t? + &2 602n'/2

_ -1 f 1;102212 N T2X3 54 e_(2/2d£
2 not Jr\no?t? + & 60(no?t* + £2)
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= _—1(1 +0(1)), (3.81)
2MNot

where the third equality follows because T, is real and the last inequality by the domi-

nated convergence theorem.

Combining this with (3.79), (3.80) and (3.81), we finally obtain

-1 -1 .
BL(R)| = ———Z1 e "(1 + o(1)) = ———e ™" ®(1 + 0(1)).
v | V2mnot K V2nnot
Hence, (3.72) follows on observing 7 € IR_. O

3.7 Proof of Lemma 3.2.4

Proof of Lemma 3.2.4. We can rewrite the rate function as

z>|lxll2

1 u
Inxi(x) = inf {_E log (1 - M) +](z )} = Iax(llxlly)-
For the second claim, let r{ > r, > 0. We have

ou{-2)2- -3}

Since {z > r1} C {z > r,}, we then obtain

fxstr) = inf{ =3 log (1= 2) + @)} = inf {105 (1= 2) + 1@} = Taxatr).

yodyl



CHAPTER Four

Quenched sharp large deviation

estimates for random projections
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4.1 Introduction

In this chapter, we first describe analytic sharp large deviation results obtained in [58]
in the setting of £ balls and spheres (see Section 4.3). To provide a flavor of the
main ingredients of the proofs of sharp large results for projections, we then establish
such large deviation estimates for projections of product measures (see Theorem 4.2.3),
which provide a refinement of rough large deviation results for product measures
obtained in [33]. The refined large deviation results for both product measure and &
balls mentioned above are obtained in the quenched setting, namely conditioned on
the sequence of projection directions. It is noteworthy that while the (quenched) large
deviation rate function obtained in [34] coincides for balls and spheres, the (quenched)
sharp large deviations estimates of [58] distinguish between these different measures.
This shows that the prefactor does indeed capture important additional geometric
information beyond the rate function. We then use the tilted measure arising in the
large deviations analysis to develop importance sampling algorithms for estimating

tail probabilities.

In addition to providing a mechanism for distinguishing between high-dimensional
distributions, large deviation or tail estimates also provide insight into outliers, which
are of increasing importance with the preponderance of high-dimensional data. Go-
ing beyond £} balls, Chapter 2 introduced a general condition on sequences of high-
dimensional measures called the asymptotic thin shell condition, under which the
corresponding sequence of (possibly multidimensional) random projections satisfies
an (annealed) LDP. The tail probabilities estimated in the case of £, balls allow one to
estimate geometric quantities of relevance such as the fraction of volume of a spherical

p-cap of an £}, ball. Thus, sharp large deviation estimates for more general sequences
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of measures and related computational algorithms could potentially be useful more

broadly in asymptotic convex geometry.

4.1.1 Prior Work on Sharp Large Deviation Estimates for Sums

The first sharp large deviation results for sums were obtained by Bahadur and Ranga-
Rao in [10]. Given a sequence of i.i.d random variables {X,,},en, under suitable assump-

tions they showed that

1 n e—n]I(a)
Pl=Y Xi>a|l=———(1+0(1), (4.1)
- 0,7, N21tn

where Iis the Legendre transform of the log moment generating function, and o,, 7, > 0
are the variance under the tilted measure and the minimizer that attains the infimum
in the Legendre transform I(a). The main idea behind the proof of [10] is to express
the probability on the left-hand side as an expectation with respect to a tilted i.i.d.
measure, with marginals that have mean 4, then use Parseval’s identity to transform the
expectation under the tilted product measure and finally invoke quantitative versions

of the central limit theorem under the tilted measure to obtain the estimate.

In this chapter, we consider instead the random projection of i.i.d. random variables.
Consider a probability space (IP, Q, ). Let S"~! denote the unit sphere in IR” and define

5 to be the sequence space of unit vectors in each dimension:
§:=]]s"". (4.2)
n=1

Let © be a random element defined on the probability space and take values in the

sequence space $, defined in (4.2), let @" € S"! denote the n-th element of that sequence.
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Consider a measure o on the sequence space 5 which has the property that for each
n € N, the image measure under the coordinate map, © = ©,0?%,...,0",.--) -~ 0",
coincides with the unique rotation invariant measure 6"~ on $"!. Note that we do not
assume that the coordinates {®},cy are independent. For 0 € 5, we will denote IPy to be
the probability measure conditioning on the sequence 6. Now the random projection

can be reformulated as a randomly weighted sum

1 n
E;X?(WG)?),

where we condition on 0" = (07, ..., 0}), arandom vector sampled from the unit sphere
in R". Here we renormalized the random direction so that vn0" is typically of order
1. The main difference from [10] is that conditioned on the direction, though the terms
in the sum we consider here are still independent, they are no longer identically dis-

tributed anymore. The result analogous to (4.1) for such sums is given in Theorem 4.2.3.

Another result for conditional sharp large deviation estimate was previously ob-
tained by Bovier and Meyer in [17] where they looked at i.i.d. weights instead. In
[40], Joutard showed a sharp large deviation principle for arbitrary sequences. The
proof technique is similar to [17] by adopting [19]. However, our rate functions do not
satisfy their assumption (A.2). Some other results for sharp large deviation in different
settings can be found in the reference of [40]. A very recent sharp large deviation
principle result is obtained for weakly dependent sum [27]. The proof is similar to ours

using an Edgeworth expansion to further estimate the tail probability.

As an attempt to go from independent to nonindependent, we also look at random

projections of random vectors X" sampled from uniform measure on £, sphere/ball
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in R". We rescale the projection and consider

n

T ) ).

i=1

The sum above is neither independent nor identically distributed conditioning on the
direction 0". Also the direction ®" is noti.i.d and is different from the assumptionin [17].
Instead of directly attacking the sum, we utilize a representation for the measure on
f;’ spheres and calculate the tail measure under a transformation. In particular, we
consider a sharp large deviation estimate in multi-dimension, which require a different
technique from the 1-d case. Other than obtaining the sharp estimates, we also prove a

CLT for a function of the coordinates, which is closely related to the CLT results in [44].

4.1.2 Notation

Given a twice differentiable function f : R — R, we use Hess f to denote the d x d
Hessian matrix of f. Also, given a m X d matrix A, let AT denote its transpose and when
m = d, let detA denote its determinant. For q € IN, define the function space L,(IR?) to
be

Ly(R?) := {f:le—>1R:f |f|qu<oo}.
R4

For p € (1,00) and n € N, let || - ||, denote the p-norm in R", that is, for x =
(x1,...,x,) €R",

— 1/
1%l = (2l + <+ feal) 7

Let S;,"l and By denote the unit £ sphere and ball, respectively:

$":={(xeR":|xll,, =1} and Bj:={xeR":|lxll,, <1}. (4.3)
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Also, define the cone measure on fg as follows: for any Borel measurable set A C 5;1—1,

vol([0,1]A)

pnp(A) = VolBy) (4.4)

where [0,1]JA = {xa € R" : x € [0,1],a € A}, and vol denotes Lebesgue measure.
Note that when p € {1,2, 0}, the (renormalized) cone measure coincides with the
(renormalized) surface measure, and is equal to the unique rotational invariant measure
on $"! with total mass 1. For the special case p = 2, we use just || - || to denote || - |,.2,

the Euclidean norm on R", $*! to denote Sg‘l and o, to denote (1, ,.

Recall that P(IR) is the set of probability measures on IR. For p € [1, o), denote

Pp(R) := {v € P(R) : flul” v(du) < oo},
R
and equip #,(IR) with the p-Wasserstein distance defined to be

W,(v,v) ;= inf f =y ndx, dy), v,v' € P,(R). (4.5)
R2

nell(v,y’)

where I'l(v,v’) denotes the set of couplings of v and v’ or equivalently, the set of proba-
bility measures on IR? whose first and second marginals coincide with v and v/, respec-
tively.

We now define a function with polynomial growth in the natural way.
Definition 4.1.1. Given m € IN, we say that a function f : R — R has polynomial

growth of degree m if there exist T € R and C € (0, o) such that

|f(t)| <C(y"+1), for |t>T.
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We say a function f : R — R has polynomial growth if it has polynomial growth of

degree m for some m € IN.

We now recall the definition of the p-Wasserstein distance on probability measures.

Lemma 4.1.2 (Definition 6.8 and Theorem 6.9 of [79]). Let (v"),en C Pp(R) and v € Pp(R).

Then the following two statements are equivalent:

1. W,(v",v)— 0.

2. For any continuous ¢ : R — R that has polynomial growth of degree p

"(dx) — dx).
f]R PV () fR V()

4.2 Tail probabilities for projections of product measures

4.21 Analytical results

Foreachn € IN, let X" = (X7, ..., X]}) € R" be a sequence of independent and identically
distributed random variables with a common probability distribution n € P(R) and
independent of ®. For n € IN, let W** be the normalized scalar projection of X" along

the direction ®", defined as

1 n
W= — Y X"er. (4.6)
Vi L

We now introduce notation to state a quenched large deviation principle (LDP) for
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the sequence {W"*} that was obtained in [33, Theorem 2.4]. Define

A(t) :=logE[e¥1], teR, (4.7)

W(t) = fR At)pa(du), teR, (4.8)

where u, is the standard Gaussian distribution. Let I, be the Legendre transform of
W, defined as follows:

I.(t) := sup{st = W(s)], telR. (4.9)
s€eR

Theorem 4.2.1. [33, Theorem 2.4] Assume that A satisfies the following averaged fourth-

moment condition

VteR, f |A(tu)|* ua(du) < oo.
R

Then for o-a.e. 0, under Py the sequence {W™>} satisfies an LDP with the convex, good rate

function 1, defined in (4.9).

In the following, we obtain a sharp large deviation estimate of the probability of
W™ being larger than some positive number a, which captures not only the exponential

rate, but also the pre-factor in the spirit of Bahadur and Ranga-Rao [10].

We say that a function f : R — R has polynomial growth (of degree m) if there

exists m € N and T € R such that
[f| < Ct+1), for |t>T.

We impose the following assumptions:

Assumption 4.2.2. The log moment generating function A defined in (4.7) satisfies the

following properties.
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1. A" has polynomial growth.

2. The characteristic function of X;, ¢(t) := E [eitxl] t € R satisfies Cramér’s condi-
tion:

lim sup |qb(t)| <1

|t|— 00

We now present our main theorem.

Theorem 4.2.3. Suppose Assumptions 4.2.2 holds. Fix a > E[X;] such that I(a) < co. Then
there exist T,, {Oulnen € Ry, mappings {R}en, (€M} nen : S"1 — R such that for o-a.e. O,
G (")

Po(W™™ > g) = ————¢ " I=0(1 4 o(1)), (4.10)
0,7, N21tn

where

CHO") = e VIRIO)+ (")

The proof of Theorem 4.2.3 is given in Section 4.5. We first do a change of measure
where under the change of measure, the quenched sum in (4.6) remains a sum of
independent random variables. We next show a refined CLT under the change of
measure using the Edgeworth expansion. The main differences of our proof from [10]
are that we do not have i.i.d. random variables and hence the tilted measure here
is slightly different from the usual one in Cramér’s theorem and that since (4.6) is a
projection onto random directions, we need a strong law of large numbers and a central

limit theorem for the direction sequences.

The sharp LDP of the projection onto the (1,1,...,1) direction is given in (4.1).
To compare with the random projection in Theorem 4.2.3, we see that we have an

additional factor C(0"). This term shows up because the sum we consider in (4.6) is



159

not identically distributed. The exact definition of R} and ¢ can be found in (4.61)
and (4.62). A further analysis of R} and c], is given in Proposition 4.5.6. We see that both
terms are zero if the direction sequence were tobe (1,1, .. ., 1). The extra correction terms
have a Gaussian fluctuation of 6" dependency. A similar result of this kind can also be
seen in [17], where they considered i.i.d. weights as opposed to our non-independent
direction sequences. Despite not having i.i.d. weights, the direction sequence {0’}
is “asymptotic independent”. Thus, we could possibly use a similar method to [17] to
obtain our results. However, in order to extend the results to £} balls instead of only

product measures a different approach is taken here and the proof in Section 4.5 could

provide intuition to the more complicated proof of £, balls given in [58].

4.2.2 Numerical results

The estimation in Theorem 4.2.3 gives an approximation to the tail probability. How-
ever, in the proof we use a tilted measure in (4.55), and it turns out that the measure Q"
is the correct measure if we want to use importance sampling to approximate the tail

probability.

To be more precise, for a > 0, let 7, be the constant in Theorem 4.2.3. Let f be the
density of X;. Given a direction 0" € S™1 consider the following densities of random
variables X;‘,

flx) = e VOGO £y, for j=1,...,n.

We then calculate the expectation

E = Po(W™™ > a).

Vi

n n
j=1 j=1
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Therefore, we can calculate the empirical mean and get an approximation of the tail

probability.

In the following, we use importance sampling with the proposed measure to ap-
proximate the tail probability of random projected sum of i.i.d. uniform random vari-
ables U[-1,1]. We first randomly sample a direction sequence. Then the importance

sampling is done with 10* iterations for each n = 10,11, ..., 200.

Apart from importance sampling, in orange line, we calculate the approximation
given in our Theorem 4.2.3, in red line, the large deviation principles without pre-
factor, in blue line, and also the exact value of the probabilities, in purple line. We do
the simulation for small and large values of a. In both cases, the IS and sharp LDP
both work very well, and is close to the exact values. For the exact value, we calculate
the product of the characteristic functions, and take the inverse transform to get the
density. However, the exact calculation fails to work for large a since the probability is

too small.

Tail probability
Tail probability

(a) Linear scale. (b) Log scale.

Figure 4.1: Po(W™> > 0.1592). We can see that the importance sampling match almost
perfectly with the exact value. The sharp large deviation estimate also capture the
pre-factor very well.
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Figure 4.2: a = 0.6236. Log scale. For a much bigger a, we still have that the importance
sampling and sharp large deviation principle is doing very well. However, the exact
calculation fails to work at around n = 30.

4.3 Tail probabilities for projections for £; spheres

Fix p € (1,00). Consider a probability space (€, ,P) on which are defined three
independent sequences © = (0"),en, X = (X)), and X = (?( ), ene Where © takes
values in the sequence space $ := ®,enS" !, with ©” € §"7! denoting the n-th element of
that sequence and each X"?)/X®#) is distributed according to the cone/volume measure
tnp on the unit K;, as defined in (4.4). We assume that ® has distribution o, where o is any
probability measure on $ whose image under the mapping 6 € $ — 0" € §"! coincides

with o0, the unique rotation invariant measure on " 1. The dependence between the



162

random vectors ©" for different n € IN can be arbitrary. For 0 € 5, denote Py to be
the probability measure IP conditioned on ® = 0, and let E and [Ey denote expectation
with respect to P and PPy, respectively. For n € N, let W"?) be the normalized scalar

projection of X"? along ©" defined as
wp o 1PN
WP = MZ}Q e, (4.11)
i1

and similarly let W) be the normalized scalar projection of X®? defined as

n

Ay nl/p Y (11,p)
W= Y x"er. (4.12)
i=1

First, in Section 4.3.1, we set notation that is used in describing the quenched sharp
large deviation estimates. In Section 4.3.2 we recall the quenched LDP for £}, spheres of
[34] and obtain an important simplification of the quenched LDP rate function obtained
therein, which in particular shows that it is convex and has a unique minimum. The
latter property will be crucial for our analysis. We then present our sharp large deviation
results for projections of £} spheres. The corresponding results for £; balls are give in
Section 4.3.3. Finally, in Section 4.3.4 we provide a brief outline of the proof, and present

a more detailed comparison of our results with classical Bahadur-Ranga Rao bounds.

4.3.1 Preliminary notation

Fixp € (1, ). Let y, € P(R) be the p-th Gaussian distribution with density

1 P
L — _lyl /p
fp(y) . 2;91/PF(1 4 %)6 ’ y € ]R/ (413)
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where I' is the Gamma function. For t1,¢, € Rand t, < 1/p, define

Ayt 1) = log( f ewleyl"yp(dy)), (4.14)
R
and
\I]p(tl,tz) ::pr(utl,tz)yz(du). (415)
R

Also, let \If; be the Legendre transform of W,

W (t, t2) := sup {151 + taso — Wy(s1,52)), £, €R, (4.16)

$1,52€R

and let J, C R? be the effective domain of Wy,

Jp = {(x1, %) € R? : W, (x,x2) < oo}, (4.17)

Since by Lemma 5.8 in [34], A, defined in (4.14) is strictly convex on its effective
domain, which we denote by ID,, W, is also strictly convex on ID,. By Lemma 5.9
in [34], W, is essentially smooth, lower-semicontinuous and hence closed. Therefore by
Theorem 26.5 of [72], VW, is one-to-one and onto from the domain of W), to JJ,. Thus, for
each (x1, xy) € J, there exists a unique A, such that VW,(A,) = x, which in turn implies

that A, uniquely achieves the supremum in (4.16), implying that
VW, (A,) = X, (4.18)

and

W (x) = (x, Ay) = W), (4.19)

Remark 4.3.1. Since W, is a strictly convex smooth function, the inverse function theorem
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and (4.18) imply that the mapping x +— A, is also smooth.

4.3.2 Results on projections of £, spheres

We first state a quenched LDP for the sequence (W), . It follows from Theorem 2.5,
Lemma 3.1 and Lemma 3.4 of [34] that for g-a.e. 6, under PPy, the sequence (W),
satisfies an LDP with (speed n and) a quasiconvex good rate function

L(t) = inf \I];(Tl, T2), (4.20)

-1
11€R,72>0:117, /p:t

where recall that a quasiconvex function is a function whose level sets are convex. Note
that the rate function is insensitive to the projection directions, in the sense that it is the

same for o-a.e. 0.

We show in the following lemma that the infimum in (4.20) is attained uniquely at
(t,1), yielding a simpler form for the rate function that shows that it is strictly convex
and has a unique minimizer. The latter is a crucial property for both obtaining sharp

large deviation estimates and developing importance sampling algorithms.
Lemma 4.3.2. For p € (1, 00) and a > 0 such that W} (a, 1) < oo,

inf \I/;(Tl, 1)) = \I’;(a, 1) = sup {a51 + 8, — \I/p(s1,52)}.

-1
T1 €]R,T2>0:T1T2 /p:a 51,5€R

The proof of Lemma 4.3.2 is relegated to Section 4.9; when combined with Theorem
2.5, Lemma 3.1 and Lemma 3.4 of [34], it yields the following simpler form of the
quenched LDP.

Theorem 4.3.3. Fix p € (1,0). For o-a.e. 6, under Py, the sequence (W"P),c satisfies an
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LDP with the strictly convex, symmetric, good rate function I, given by

I,(a) := W, (a,1) = sup {a51 + 55 — \I/p(sl,sz)}. (4.21)

$1,5€R

We now introduce notation to state the sharp large deviation estimate for W)
Recall the definitions of W, \I/;, J, and A, from Section 4.3.1 and for x € J, define
H, = H,,. by

H, = (Hess W,)(Ay), (4.22)

where we suppress the dependence on p from A, and H,. Also, fix a > 0 such that
I,(a) < co. With some abuse of notation, we write A, = A, and H, = H,., where

a* = (a,1). Note that then A, = (1,1, A,2) € R? is the unique maximizer in (4.21), that is,
\Ij;(a/ 1) = aAa,l + Au,z - \Pp(/\a,ll Au,Z)/ (423)

and

H, = (Hess \pr) (Ao). (4.24)

Next, define the positive constants &, = £, , and k, = «k,, via the relations

&r = (Haho, Ao) det H,, (4.25)

(A2, + A2,)%2p(p — 1)a
K2i=1- 1" T PP . (4.26)
|A§,2(7'{[1)11 —= 201 A0 (H; )12 + /\5,1(7{[1)22| (@% + p?)3/2

Remark 4.3.4. Although it is not obvious that the right-hand side of (4.26) is positive,

this will be apparent from the proof of Theorem 4.3.5.
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Finally, also define the following functions: for x € R,

fa (x) Ap (XAa,lz /\u,z),
fa,l (x) = xalAp(X/\a,ll Aa,z)/ (427)
lap(x) = N, (XA41, As2).

Note that the dependence on p of these functions is again not explicitly notated.

We are now ready to state the sharp large deviation estimate for scaled projections of
£, spheres. Recall for 0 € 5, we denote Py to be the probability measure P conditioned

on® = 6.

Theorem 4.3.5. Fix p € (1,00) and a > 0 such that IL,(a) < co. Then the following statements

hold with constants &, = &, , and K, = «,, defined as in (4.25) and (4.26), respectively:

(i) For n € IN, there exist mappings R = R}, : $"" — Rand ¢} = c;,: 8" — R* such

that for o-a.e. 0,

G (")

o T @+ VRO 4 o(1)), (4.28)
Koo V21N

1139 (W(n,p) > a) =

where

Cu(@") = exp 14 e 0")

2) : (4.29)

(ii) Moreover, there exist sequences of random variables (r, = r;lﬂ)neN, (sn = SZ,a)nelN/ and
(tni = t;,a,i)”dN’ i = 1,2, (defined on some common probability space) such that for each

n €N,

N Y P 1
(R}(®"), ch(@")) = (rn + \/Esn + 0( \/ﬁ)’ (tp1 +0(1), tyo + 0(1))), (4.30)
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and asn — oo,
(ru, Snstna, tn2) = R, S, T, Ty),
where

(m/ 61 fz:1/ Ez:2) =

(- SEC@)ZID, SR D21 § - S8 [6,07] 3,6 - 28 [6,,2)7] B),

Z is a standard Gaussian random variable, and (ﬁ, 5,@, 6) are jointly Gaussian with

mean 0 and covariance matrix X, = ¥, that takes the following explicit form:

Cov(lu(2),tu(2))  Cov(tu(2),Z%)  Cov(lu(2),lu(Z2))  Cov(lu(Z),{op(2))

Cov(lo1(2), fol2)) Cov(lui(Z),Z%) Cov(lan(2),€1(2)) Cov(loi(Z), Lap(2))
Cov(£a2(2),6(2)) Cov(lea(Z),Z?) Cov(lea(Z),£e1(Z)) Cov(lao(Z), €ap(2))

(
Cov(Z2,6,(2)) Cov(Z2,7?) Cov(Z?,€,1(2)) Cov(Z?,€,5(2))

(

(

(4.31)

An outline of the proof of Theorem 4.3.5 is given in Section 4.3.4, with full details
provided in Sections 4.6.5 and 4.6.6; the precise definitions of the functions c; and R

are given in (4.83) and (4.84), respectively.

Remark 4.3.6. We will refer to the term 1{2"_9\/"_6\/'12"(9") in (4.28) as the “prefactor” since
it is of lower order than ¢™"%@, as follows from the statement of the LDP. In addition, it
follows from (4.29)-(4.30) that (in distribution) R?(6") and C/(0") are both of order 1; see

also Lemma 4.6.8 for further estimates. Further insight into the form of the prefactor

can be found in Section 4.3.4; see Remark 4.3.14.

Asmentioned above, the leading order term in (4.28) that depends on 0is vn R} ,(6").
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The following proposition describes the additional geometric information contained
in this term beyond what is available in the rate function I, which characterizes the

asymptotic exponential decay rate of the projection under Py for o-a.e. 0.

Proposition 4.3.7. Fix p € (1,00), a > 0 such that T,(a) < oo and let R} , be the mapping in
Theorem 4.3.5. Then

1. Forp =2, R} (0") is a constant regardless of the direction 6" € §"';

2. For p > 2, the maximum of R}, ,(0") over 0" € §"~! is attained at (+1,+1,...,+1)/ Vn,

while the minimum is attained at +e; for j=1,...,n;

3. For p < 2, the minimum of R} ,(0") over 6" € S"1 is attained at (£1,+1,...,+1)/n,

while the maximum is attained at +e; for j=1,...,n,
where e; is defined to be the basis vector in IR".

As a corollary, combining the two parts of Theorem 4.3.5, we obtain an alternative

expression for the distribution of the conditioned tail probability:

Corollary 4.3.8. Fix p € (1,00) and a > 0 such that I,(a) < co. For n € IN, recall the
definitions of (*n)neN, (Su)nen and (ty)new in Theorem 4.3.5 (ii), and that of H, from (4.24).
Then

Po (W™ > a) := P(W" > a|@") @ _ My s Vir(1 + o(1)),

K0 V27N

where

M, = exp (sn + ”7{;1/2121

2) . (4.32)

Moreover, as n — oo,

(M) = (exp ( + 11722 ), %), (4.33)
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where (R, S, T4, T,) is defined as in Theorem 4.3.5(ii).

Proof. By (4.28), (4.29) and (4.30), the tail probability can be written as

ellH 20| +o()

K& V21N

— M, oM+ \/ﬁrﬂ(l +0(1)),

K.&a V21N

]P@ (W(n,p) > a) (i) e—n]Ip(a)+ \/ﬁr,,+s,,+o(1)(1 + 0(1))

since exp(0(1)) = 1 + o(1). Also, from the relation (4.32), the mapping (r,,, 5y, ty,1, tn2)
(M,,, ,) is continuous. Therefore, we may apply the continuous mapping theorem to
the last display, and invoke Theorem 4.3.5(ii) to obtain the joint convergence stated

in (4.33). O

Remark 4.3.9. In Theorem 4.3.5 and Corollary 4.3.8 we only consider values p € (1, o)
because when p € (0,1), when the fg balls are no longer convex, the existence of even an
LDP has not been established, and when p = 1 the quenched LDP has a different form
that is not universal in the sense that it only exists when the sequence of projection
directions satisfies a certain additional condition, and in that case, the speed of the
LDP is n/ \/@ rather than 7, and the associated rate function depends on a certain

asymptotic function of the projection directions (see [34, Theorem 2.6]).

4.3.3 Results on projections of £, balls

Next, we state the corresponding sharp large deviation results for balls. For p € (1, o0)
and a > 0, recall that A, is the first coordinate of the maximizer A, in the expression for

\If;(a) in (4.19), and H, is as defined in (4.24), and define the positive constant y, = y,,
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via the relation

alp —1 2 2
Ve = A2 (1 +ak,1)* detH, —%AM + ?a(%(a)l‘z1 +(Hy)y + %((Ha);} . (4.34)

Theorem 4.3.10. Fix p € (1, 00) and a > 0 such that I,(a) < co. Then for n € N,

o
Va V271

Po (WP > a) = @+ VIRIO") (1 4 (1)), (4.35)

where C} is defined in (4.29), o = Yy is the constant defined in (4.34), and R}, c, are the

constants given in Theorem 4.3.5.

Remark 4.3.11. (i) Note that the tail probability in (4.35) has a geometric interpreta-
tion, in that it characterizes the volumes of spherical caps (at level a) of £} balls

along the direction 0".

(ii) While it follows from the results of [34] (see Theorem 4.3.3) that the LDPs for
random projections of £} balls and spheres coincide (in the sense that they have
the same speed and rate function), we see from (4.28) and (4.35) that although
the two prefactors have a similar form, their actual values differ significantly as
borne out by the numerical computations in [57]). Thus, the sharp large deviation

estimates obtained here are sufficiently refined to distinguish these two objects.

Similar to Corollary 4.3.8, we have the following immediate corollary for balls:

Corollary 4.3.12. Fix p € (1,00) and a > 0 such that I,(a) < co. For n € IN, recall the
definitions of (M,)nen and (1,)nen in Corollary 4.3.8. Then

Po (WO > ) @ Mgy 4 o(1)),

Ya V21N

where (4.32) and (4.33) hold.



171

Remark 4.3.13. Proposition 4.3.7 shows how the sharp large deviation estimates re-
flect the difference in the geometry of £ spheres for p € (1,2) and p > 2. This
motivates obtaining sharp large deviation estimates for projections of more general
high-dimensional objects to uncover new geometric information about these objects.
Theorem 4.3.5 and Theorem 4.3.10 show that the sharp estimate for the £ ball dif-
ters from that for the sphere, thus further emphasizing the usefulness of sharp large

deviation estimates over LDPs.

434 A reformulation and the proof outline

Fix p € (1,0). As mentioned in the introduction, one of the reasons the estimate
(4.28) is challenging to establish is that W?) is a randomly weighted sum of random
variables that are not independent, where the random weights are also themselves not
independent. In this section we provide a brief outline of our proof and additional
insight into the form of the sharp large deviation estimates, contrasting them with

existing results, and explaining the role of various constants.

The first step of the proof is to reformulate the probability of the rare event in terms
of a certain two-dimensional random vector 5"”) using a well known probabilistic
representation for the random vector X#) that we now recall. Assume without loss of
generality that the probability space (2, ¥, IP) is large enough to also support an i.i.d.
sequence of generalized p-th Gaussian random variables (ng))ieN, independent of ©,
and define the n-dimensional random vector Y := (ng ) ..., Y?), where each Y;p ) has

density f, defined in (4.13). Then, it follows from [74, Lemma 1] (see also a statement
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of this property at the bottom of p. 548 in [16]) that

<) @ Y #.p)

— _ neN, (4.36)
[yen|,

where recall that ||x[|,,, denotes the p-norm in R”. Define the R?-valued random vector

_ 1 v«
(np) . — n
SP.—nE (\/E®].]

=1

]. ’r). (4.37)

In view of (4.11) and the independence of X (4.36),and O, fora > 0and 0 € G,

we may rewrite the tail probability on the left-hand side of (4.28) as

nvAp)
Py (W(n,p) > a) =P n \/_9 Y ]

N

; 1p
=P|= Z Vo > a[ |Y(.”)"7J

]

=1

=Py (5" € D,), (4.38)

where

={(x,y) eR*:y>0,x>ay'’t}. (4.39)

On the other hand, again from [74, Lemma 1], we also have an equivalent represen-

tation for X
Yp)

X @ 1/n
||Y(n,p) ’
np

neN, (4.40)

where is a uniform random variable on [0, 1], independent of the sequence (Y"?),cN.
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Define the R3-valued random vector

. 1 v« 1 v«
np) .— | 2 ny () L ‘ ®)
N nglx/E@].Yj,nEle
= J=

p,1/n] _ (g(n,n)ll/n>. (4.41)

From the equivalent representation (4.40), for a > 0 and 0 € §, we may rewrite the tail

probability of WP as

— 1/p & \/EQ’?Y(P)
]PQ((W(”/F)>Q):]P 7’1_ yn___ T ] >a

n o ||Y(n,P)

np

1/p
1 v 1 v p
_ 1/n = nvAp) S »)
=P - 21 \/Eejyj >a[n§ |Yj ‘)
]:

=1

=Py (3" € D,,), (4.42)

where

Dyo = {(xl,xz, YeER :1>y>0,x>0,xy> ax;/p}. (4.43)

While several results on sharp large deviations in multiple dimensions have been
obtained (see, e.g., [6,41] as well as [11] for a comprehensive list of references), none
of these cover the cases of interest in (4.38). In particular, the work [6] considers
empirical means of i.i.d. random vectors whereas, under [Py, S0 is the empirical mean
of non-identical random vectors, and further, the results of [41] also do not apply
since Assumption (A.2) of [41] therein is not satisfied here, in particular since we have
an additional +/n factor in the exponent of (4.28) compared with [41, Equation (3)].
Instead, our proof proceeds by first exploiting quantitative asymptotic independence

.....

asymptotic estimates for certain Laplace-type integrals stated in Section 4.6.

Remark 4.3.14. Comparing the estimate in (4.28) with the sharp large deviation estimate
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for the projection of an i.i.d. sum onto the vector 3" = (1,1,...,1)/ Yn givenin (4.1), we
see that &, here plays a role similar to 0,7, in (4.1). On the other hand, the additional
constant «, in (4.28) arises due to the geometry of the domain D, , defined in (4.39) and
the fact that we obtain this estimate by reformulating it in terms of a a two-dimensional
sharp large deviations problem. From a technical point of view, the additional 0"-
dependent terms R/ (0") and C}(0") arise because we are considering (quenched) sharp
large deviations of a vector 5"” whose independent summands are not identically
distributed under Py on account of the different weights arising from the coordinates
of 0". From their exact definitions given in (4.84) and (4.83), it is easy to see that both
these terms would vanish if we considered 6" € §"~! with identical weights such as

o =3"=(1,1,...,1)/ V.

4.3.5 An Importance Sampling Algorithm

To numerically compute the tail probability Po(W"?) > a) = ]Eg[l{w(n,p)>a}] using stan-
dard Markov Chain Monte Carlo (MCMC), for any 6" € $"!, one would have to
generate independent samples of X"#) from the cone measure p,,, defined in (4.4), and
use the empirical mean as an estimate of the expectation. However, since the proba-
bility is very small, this is inefficient or computationally infeasible for even moderate
values of n. In this section, we propose an alternative importance sampling (IS) algorithm
to more efficiently compute the tail probability numerically, for a range of values of 1,
and compare this with the analytical estimate obtained in Theorem 4.3.5. For a > 0, fix
p € (1,00) and recall the constant A, defined in (4.23). Also, recall the definition of the
density f, in (4.13). Given n € N let Yo = (?&n’p), .. .,Yfin’p)), where Yj.n’p), j=1...,n,

are random variables defined on (Q2, ¥, IP) that are independent under IPy foreach 0 € §
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such that ?;"’p ) has density

i) = exp (o (VHOLY [yl ) = Ay (V61 401, Aa2)) o), yER,  (444)

where we suppress the explicit dependence of ]F‘;f]. on 0". Also define

1p & ?;””’ )G);?
(4.45)

WP .— n
= Hy(n,m

np

In view of (4.44) and (4.45), it then follows that

n

T |

=1

Po(W™ > ) = Eg

’f(n,;ﬂ)
j

P)> + A, ( Vb A, 1, /\a,Z)):| .
(4.46)

The IS algorithm estimates the tail probability on the left-hand side of (4.46) by first
sampling a direction 0" according to ¢, and sampling from i.i.d. copies of the vector
Y0p) = (?’i, YD), independently of the 0" sample, to approximate the expectation

on the right-hand side of (4.46) by a standard Monte Carlo estimate.

10° ' ' ' ' . '

—SLD —SLD
— 18 N —is |
LDP N LDP
N

o
S

Tail probability
S
A

Tail probability

10»30 +

10740+

0 500 1000 1500 2000 20 40 60 80 100 120 140 160 180 200
Dimension Dimension

(a)a =0.1. (b)a=0.7.

Figure 4.3: Log scale plot of estimates of Po(W® > a) vs. dimension.

The results are displayed in Figures 1-2 and Tables 1-2. In each case, the IS estimate

is computed as above, the LDP estimate is @ (ie., with 1 as a prefactor), and
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the sharp large deviation (SLD) estimate is the prefactor (see Remark 4.3.6) times
e”"@, We consider p = 3 with only 100 samples since we do not have closed form
expressions for various functions needed in the IS simulation, thus requiring greater
computational effort per sample. In Table 4.1 we also calculate the confidence interval
of the IS estimate and tabulate the relative distance between the SLD and IS estimates,
computed as (SLD — IS) x 100/IS. First, we see from Figure 4.3 that the LDP estimate is
not a good enough approximation, but the sharp large deviation (SLD) estimate does
a much better job. For large a, namely a = 0.7, in Figure 4.3(B) and Table 4.1, we see
that the SLD and IS estimates match pretty well even for small n (namely, even n = 20).
However, this is not the case for a small, namely fora = 0.1. In this case, as evident from
Figure 4.3(A) and Table 4.2, the SLD estimate appears to achieve the same accuracy

only for much larger n, which reflects the dependence of the o(1) term in (4.28) on a.

n SLD IS Relative distance Confidence Interval

20 | 6.8707 x10° | 5.3317 x 10°° 27.18% [3.4203 x 107°,7.2430 x 107°]
80 | 2.5403 x 1078 | 3.4245x 10718 —25.82% [1.5542 x 107'8,5.2948 x 107'8]
140 | 6.9378 x 107! | 6.1856 x 10731 12.16% [2.5305 x 10731,9.8407 x 10~3']
200 | 2.8813 x 1073 | 1.6547 x 10743 74.13% [4.0920 x 107%*,2.9002 x 10~43]

Table 4.1: Estimates of Pg(W®# > 0.7) for p = 3. The sample size for IS is 100.

n SLD IS Relative distance Confidence Interval

20 |6.9193x 107! | 3.2004 x 107! 116.20% [2.5636 x 1071,3.8372 x 107']
420 | 1.1317 x 1072 | 8.3597 x 1073 35.38% [5.6085 x 1073,1.1110 x 1072]
820 | 6.0651 x 10™* | 5.2198 x 10~* 16.19% [3.2412 x 107%,7.1985 x 1074]
1220 | 3.7235 x 107 | 4.4306 x 10~ 15.96% [2.8312 x 107°,6.0299 x 107°]

Table 4.2: Estimates of Pg(W®# > 0.1) for p = 3. The sample size for IS is 100.

Finally, we also ran simulations for different realizations 6 of the direction sequence

0. We see from Figure 4.4 that different direction sequences result in fluctuations
around the basic sharp large deviation estimate, which ignores the 0"-dependent terms
in the prefactor in (4.28), i.e., e @ /1c,E, V2mn. As shown in Theorem 4.3.5(ii), these

fluctuations converge in distribution to functionals of a multidimensional Gaussian
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vector with an explicit covariance matrix.

1071°

10720 |~

Tail probability
3
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10723 . . . .
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Figure 4.4: Log scale plot of estimates of Po(W"? > 0.7) vs. dimension for p = 3.

Solid line is e"%@ /x,&, V2mn. Scatter points are SLD estimates for different direction
sequences.

4.4 Asymptotic Independence Results for the Weights

Foreachn € Nand 6 €5, let Lg denote the empirical measure of the coordinates of the

scaled projection direction Vn6":

n 1 -
Ly:=— Y6 o (4.47)
i=1

We first recall a strong law of large numbers for (Ly),cn that was established in [33,

Lemma 5.11]. Recall that y, denotes the standard normal distribution.

Lemma 4.4.1 (Lemma 5.11 of [33]). Forp € (1, o), for o-a.e. O € S,

W, (L’g, yz) -0, asn— oo.



178

Next, we establish a central limit theorem refinement of Lemma 4.4.1. Given an
iid. array (Z" = (Z;?, j = 1...,n))uen of standard normal random variables, for any

twice continuously differentiable function ¢, define

Q2 (Vazr Y
| -7, (4.48)

R . j
80 = )~ iz

=1

and set

Palh) 1= Z

n 1’1 Wzn n
P(Z; )—fqb(x)yz(dx) + ¢ (Z5) (HZ"H ~Z; ﬂ (4.49)
For any probability measure n € P(IR), define n(F) := fRP(x)n(dx), for any Borel

measurable function F: R —» R.

Lemma 4.4.2. Given a thrice continuously differentiable function F : R — R and two twice
continuously differentiable functions G1, G : R — Rsuch that F'”", G} and G} have polynomial

growth in the sense of Definition 4.1.1, we have the following expansion,

Vit (LY (F) = y2(F), LS(G1) = 12(G1), L(Ga) = 72(G))
1
n

@

@ ( PA(F) + %@(F) ¥ o( ),fn(cl) +o(1), 7(Ga) + o(l)),

where $,, and 7, are as defined in (4.48) and (4.49), and as n — oo,

(i’\n(F)r §n(F)/ i’\n(Gl)r ?n(GZ))
1

— 1 , —~ 1 " ~5 = 1 , ~ = ’ ~
N (91 - SEIF (D210, SEIF (D219, € - SE[G1(2)Z] D, 6 - SE[Gy(2)Z] D)
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where (ﬁ, 5, 65, @) is jointly Gaussian with mean 0 and covariance matrix

Cov(F(Z),F(Z)) Cov(F(Z),Z%) Cov(E(Z),G(Z)) Cov(F(Z),Gx(Z)
Cov(Z%,F(Z))  Cov(Z%,Z%)  Cov(Z2,Gi(Z))  Cov(Z% Gx(2))

Cov(G1(Z),F(Z)) Cov(Gi(Z),Z2) Cov(Gi(Z),Gi(Z)) Cov(Gi(Z),Gx(Z))
Cov(Go(Z), F(Z)) Cov(Ga(Z),72) Cov(Ga(Z), Gi(Z)) Cov(Gy(Z), Go(Z))

where Z is a standard normal random variable.

This result is similar in spirit to [43, Theorem 1.1], which establishes a central limit
theorem for the sequence of g-norms of Vn®", n € N. In Lemma 4.4.2, we obtain
fluctuation estimates for suitable joint functionals of /n®", for which we first apply a

Taylor expansion to the functionals. The proof of Lemma 4.4.2 is deferred to Section 4.10.

4.5 Proof for product measures

4.5.1 Preliminary results

Define the empirical measure of the direction 6", Ly, as in (4.47).

We first define the Gartner-Ellis cumulant functions. For 6" € S*! and t € R define

]. n,00
W,0n(f) := —log g 1] (4.50)
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By the definition of W™ in (4.6), and the i.i.d. nature of the sequence {X!}, we have

\Ijn,e” (t) = % log H IEQ [e \/ﬁX?Q?t]
j=1
1 v ;
= ; A(Vn6")
= f A(tu)Ll(du). (4.51)

Recall from Assumption 4.2.2 that A has polynomial growth. Therefore, we may

apply Lemma 4.4.1 and the definition of W in (4.15) to obtain the following corollary:

Corollary 4.5.1. For o-a.e. O, for every t € R,

W, 0i(t) = f A(tu)Ll(du) — f At pa(du) = W(). (4.52)

By [33, Lemma 3.8], the function W is differentiable on R. The strict convexity of W
follows from the strict convexity of A. Note that Cramér condition in Assumption 4.2.2
rules out the case for X; being a point mass. Therefore we may pick 7, to be the unique

number that attains the supremum in the Legendre transform
I(a) = at, — VY(1,). (4.53)
From the smoothness, the supremum is attained at derivative being 0 and thus we have
W'(t,) = a. (4.54)

By the strict convexity, W’ is strictly increasing. Since W’'(0) = E[X;] and a > E[Xj], 7,

is strictly positive.
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For each n € IN, let Q" be a new measure on R" that is absolutely continuous with

respect to Py, with the likelihood ratio

n
dQ . eTaan'oo_n\yn(Ta)

dTI)H._

Note that Q" is a probability measure because

]EG [e'ranW”"x’] — en\I’n(T,,)‘

Now, define

_ ‘/E(Wn'oo — )

On

u":

where

a, := Eg: [W"*] and o, := nVarg: [W"*]

so that U" has zero mean and unit variance under Q".

Define
H"(x) := Q"(U" < x),
and

Xn = ]EQ” [lanunla] .

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

The proof of Theorem 4.2.3 relies crucially on the following refined CLT under the
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change of measure. Its proof is deferred to Section 4.5.5. Let H be the cumulative

distribution function of a standard Gaussian random variable.

Proposition 4.5.2. Let W"*, a,, 0,, x, and H" be defined as above. Then for o-a.e. O, the

limit of {0,} exists,

0, := lim o, > 0.

n—00
Moreover, for o-a.e. 0,
n ~1’l 1
sup [H"(x) - H'(x)| = 0 (—) (4.60)
xeR n
where H" is defined to be
Tn Xn 2 1 —x2/2
H"(x) := H(x) — X —1)——e""%,

i o

and the sequence {x,,/0>}nen is uniformly bounded:

sup AN
3
neN Oy

4.5.3 Proof of Theorem 4.2.3

Fix a > 0, 7, as in equation (4.53), and recall the definition of a, and o2 in (4.57). For

n € IN define

R}(0") == Vn (Wy(t,) — ¥(10)), (4.61)

(O = Vnta—a) (4.62)

n
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For conciseness, we will omit the dependency on 6" in R} and ¢/ in the rest of the proof.

Claim 4.5.3. We first claim that for 0 € 5",
Po(W™™ > g) = K,e =@, (4.63)

where

Kn =e \nt,o,c+ R f e~ T0n \/ﬁden(x).

(ca,)

Proof of Claim 1. First, to identify the values a, and o, explicitly, we calculate the mean
and variance of W"* under Q", by differentiating the cumulant generating function to
obtain
7,00 d tWhe n
]EQn [W ! ] = E e dQ

— e—n\I’n(Ia) %fe(HTﬂn)W"/""d]Pe

t=0

t=0

=W (1,).
Similarly, the variance of W™* satisfies
Varg:(W"®) = @ (4.64)
Therefore,

a, =V (1,), and o>=W/(1,).

By Assumption 4.2.2, u — uA’(tu) has polynomial growth.Similar to Corollary 4.52, by
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Lemma 4.4.1 and equation (4.54), the expectation converges

V(1) = V(1) = a.

By (4.55) and (4.56), we have

IPQ(WH’OO > ll) = f CHPQ

{Wn°>q}

— f en\I’n (Tq)—Tn W™ dQn
{Wneo>q}

_ Wt —tat) f - taon Vi
{Wne>q}

_— en(\yn(’fa)_”faan) f e Ta0n \/ﬁden(x)
(ci,00)

— en(\I’(Tﬂ)—Iaa+Tu(a—an)+R§/ \/ﬁ) f o~ Ta0n \/ﬁden (X)

(c,2)

— Kne—nllw(a)’

where we use the definitions of c, R and (4.53). |

We next apply Proposition 4.5.2 to obtain a further expansion of the integral.

Claim 4.5 4.

e VMTaoncy f g "aon \mde”(x) = ¢ V1Taonti f g "aon \mxdﬁ”(x) +o(n71?). (4.65)
(c7,00)

(cz,00)
Proof of Claim 2. Using integration by parts for the integral in (4.63), we see that

f e VA" (x) = 1,0, Vn f e V(" (x) — H"(c}))dx
(c2,%0) Ca

=1,0,Vn | eV (H (x) — HY(c"))dx

n
Cl'l



185
+1aon N | e VE(H (x) — H(x))dx
+ 7,0, V1 f e~ W VI (H (M) — HY(¢"))dx.

From (4.60) and using integration by parts again, we can further deduce that

f e~ VIEGHN () = 7,0, Vi f e~ N (H (x) — H™(c"))dx
(ci,0) c
+20(n Y10,V f gm0 VX gy

= f e~ VI (x) + 20(n/2)e e Vici,
(cf,00)

The claim follows by multiplying both sides by the factor e Vi@, |

Let @ be the characteristic function of a standard Gaussian random variable. In the

next claim, we use Fourier transform to estimate the integral in (4.65).

Claim 4.5.5.

n ~ 1 tch)T,0,
e Vil f e VI (x) = 5= f COSCE)T0n Ny 4 OO, (466)
(c00) 27 t2 + 0272n

Proof of Claim 3. The Fourier transform of %CD is @, and the Fourier transform of

g~ Ta0n ‘/ﬁxl(cg,oo) is

[e¢]

eitx—'raon Vnx

it - Taan VE
-1

74 A1 n
— oitci—Ta0n Vnc! ,

(lt — TaOy \/E)

(o)
f e—'[a()'n \/ﬁxl(ct’;,oo)elxtdx —
—00

— N
x=cj

where the last equality above uses the positivity of 7,0,. Also the Fourier transform of
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dH" is

f e™dH" (x) = D(f)
R

1+ \/_( 1t)3]

For a complex number z, denote its complex conjugate as z. Using the last two

displays and Parseval’s formula, we have

1 —e-itey
Vnt,opc! o~ Ta0n Vnx n
e a dH X —— () (1 +
«f(;Z,OO) ()= zn‘ﬁl;it_'taan‘/% ()|

\/_
1 ,ch(t)[l \/_( zt)] . (4.67)

21 Jgr it + 1,0, V0

— = 1f)]

We first bound the second term in the integral on the right-hand side of (4.67) as

follows:

1tc

1 el X
— D(t it)3dt| < f t " (—it)}|dt
27’£f]1;it+’£a0n\/_ () \/_( ) T 2m Jy t+Ta0n () 3\/_ :
1 f Tl Xn 3
- PO(H)dt
T JR /#2 + 12020 60,
= O(n_l)’ (468)

by the uniform bound of {x,,/03} proved in Lemma 4.5.2 and the dominated convergence

theorem.

Since the the left-hand side of (4.67) is a real number, the first term in the integral

on the right-hand side takes the form

n

itc))

1 eitc;' 1 f { }
— ——Pt)dt = — | Re{ ————— »D(t)dt
2 J it + 10,40 ® 2n it + 1,0, V1 ®
1 fcos(tcg)’cagn \Vn + tsin(tc?)

2n t2 + o212n

D()dt
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1 cos(tc!)t,0, Vn

-1
27 2 + o2 O(t)dt + O(n™), (4.69)

where the last equality follows from the convergence of ¢, to 0, and the dominated

convergence theorem.

From the two estimates (4.68) and (4.69), the claim is proved. O

Combining all the claims, we conclude that

Po(W™™ > a) = el (a)+1R7(0) ( \/_ f COS(tC"(@” )’C (1)t + 0(1))

0,T, V2mn 2+ 05150

oo (@)+1R(O")

= — (\/ﬂfcos(tc”(@” )@(t)dt+0(1))

e—nllm(a)+nR” 9”)+c”(9")2
= (1 +o(1)). (4.70)
0,T, V211

4.5.4 A central limit theorem result

To identify the order of R}(®") and c];(©").

Proposition 4.5.6. There exist sequences of random variables {r, := 17},eN, {5y = i }nen and

{ty := th}wen such that forn € IN,
() 1 1
R} (©"), 0, (©" —s, +o|l—],t, +0(1)].
(R3(©"), 0,;(©") = ( Nz ( \/ﬁ) ( ))
Further, let f(x) := A(t,x). We have the following convergence

(s t) = (A= SELF 21D, GBI @210, — (B 5 (ELF @21 + ELF )7 D),
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where Z is a standard Gaussian random variable and (A,B,C,D) is jointly Gaussian

with mean 0 and covariance matrix L. defined to be the covariance matrix of the vector

(D), f(D), f" (D22, Z°).

Combining Theorem 4.2.3 and Proposition 4.5.6, we immediately obtain the fol-
lowing corollary, which is of a similar flavor to the case for ¢ spheres and balls of

Corollaries 2.5 and 2.9 in [58].

Corollary 4.5.7. Suppose Assumptions 4.2.2 holds. Fix a > E[X;] such that 1(a) < oo.

Assuming the constants defined in Theorem 4.2.3 and Proposition 4.5.6, we have

1,00 @) et/ —nlleo (@) + V7
Pe(W"® >q) = —————=e™"> "(1+ o(1)).

0,T, N2Ttn

With Lemma 4.4.2, we need only to identify the corresponding functions F and G in

Proposition 4.5.6.

Proof of Proposition 4.5.6. Let F(x) := f(x) = A(1,x) with A as in (4.7). Define G(x) :=
x/A\’(7,x). Then F and G are smooth functions by the smoothness of moment generating

functions. Also recall from (4.61), (4.51), and (4.8) that the expression for R} is

RZ(®H) = \/E(\I]n(Ta) _\p(Ta)) = \/E(fA(Tau)Ln@(du) - fA(Tuu)[JZ(du))
. x/%( f F(ut)Lyo(du) - f F(u)uz(du)), (471)

and from (4.62), (4.57) and the fact that W’(t,) = a from (4.54) that ¢ is given as

e Vi@ ma) 1 \/ﬁ( f WA (Tatt)Ly o (dit) — f uA’(Tau)yz(du))

On On



189

- Gln\/ﬁ ( f G(u)L,,e(du) — f G(M)Hz(d”))-

Note that we need Assumption 4.2.2 to interchange differentiation and integration for

W'(1,).

By Assumption 4.2.2, F and G satisfy the assumption in the lemma, and therefore
we get the expansion. Moreover, observe that G'(x) = xG'(x)/7, and G”(x) = (F'(x) +

xF"'(x))/7,. We may further simplify the expression for ¢, and obtain

b= %(B - % (EIF/(2)Z] + EIF"(2)22]) D).

a

4.5.5 A refined CLT under the change of measure

In this section, we prove a Berry-Esseen bound for U". We apply the Edgeworth

expansion in Theorem 4.3 and Corollary 4.4 of [7].

Define

Y7 = \/E(X;?@’; — B [X]07]).
We start with a lemma to show that the assumptions in the corollary is satisfied.

Lemma 4.5.8. Suppose Assumption 4.2.2 holds. Then for o-a.e. O,

lim 0, = E[Z2A"(z,2)] > 0,

n—oo
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where Z denotes a standard Gaussian random variable. Moreover, for o-a.e. O,

sup X—; < oo, and
n On

3
Y].j e vz}] 0. 4.72)

Y
]

1y
AEEIOEZlIEin
]:

1 n
" E VarQn(Y?) = nVarg:(W">) = o2,
=

We now identify the limit of the sequence {0?},en. Since 02 = W//(t,), by (4.51) and

taking derivative, we obtain
]' - n 144 n
o7 = — ) (V0PN (Vo)
j=1
= f w? N (T,u) L (du).

Note that by Assumption 4.2.2, the function u?>A”(7,u) has polynomial growth. By

Lemma 4.4.1, we see that for g-a.e. 0, as n tends to infinity,

o2 = f u N ()Ll (du) — f PN (an)pa(du) = E 22N (1,2)], (4.73)

where Z denotes a standard Gaussian random variable. The variance is zero only when
A" =0, in which case X; is a point mass. However, this violates the Cramér condition

in Assumption 4.2.2. Therefore, the variance is strictly positive.
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Define pi(n) for k = 3, 4 to be

A |
j=1

Suppose Assumption 4.2.2 holds. From the relation between cumulants and central

moments, we have
1 1 "
_ 2 n
pa(n) = 307, + — 2_1 (A(r, VD) . (4.74)

The first term converges as is shown in (4.73). By Assumption 4.2.2, the second term

also converges from Lemma 4.4.1. Therefore p4(n) is uniformly bounded in 7.

/4

By the Cauchy-Schwartz inequality and the concavity of x — x*4, we have

)

3/4
4
]J

The term on the right is uniformly bounded, and therefore p;(n) is also uniformly

n

ps(m < =Y (Eol

=1

-
S[E]Z;IE@[

= (pa(m)**.

3/4

n
Y;

Y;

bounded in #.

Combining the convergence of {0,},en, (4.73), and the positivity of o2, with the
boundedness of third absolute moment, we conclude that the coefficient y,/o> is uni-

formly bounded.

Y”
j

Next, we show that for € > 0, (4.72) holds for g-a.e. 6. On the set { > € \/ﬁ} we
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have

n3
Y].‘ 1{

n4
Y].| 1{

n4
Y].H

e Bl

1 n
< lEn[
e\/ﬁn; ©
1
evn

Y
]

-
g;‘]EQn[

pa(n).

Again by the uniformly boundedness of p4(n1), the term on the right-hand side converges

to 0. Thus, the limit (4.72) holds. O

Proof of Proposition 4.5.2. The firstand last assertions follow immediately from Lemma 4.5.8.

Next let (Pyv]?(t) be the characteristic function of Y;? under Q",

qu]".(t) .= Egy [ eitY};l] .

Then we claim that

|t| 200 n—00 11

lim lim Z ‘qby;;(t)‘ - 0.
j=1

To see why the claim is true, by definition of the change of measure in (4.55), we

have

1y 1y
_ 1 ity"
y o] = X [Eer[]
j=1 j=1
1 ]E[eit\/ﬁx;’e;’ﬂn \/ﬁx;lej’?]
i E [eT“ ‘/EX?G?]
n
_ L N7 | A vion-aG Vi)
n
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L (du).

— f|€A((it+T”)u)_A(T”u)

Since gbyj} is a characteristic function, the norm of the characteristic function is smaller
than 1 for any real number t. We can apply the convergence of L,9 to u, from

Lemma 4.4.1 and the continuity of

7 eA((it+Ta)Z)—A(TaZ) fOl‘ = IR,
to conclude that for c-a.e. 0,
1 n
. Z ‘ dr (t)' SE | PAi+T)2)-ATZ)| (4.75)
j=1

By Assumption 4.2.2, the characteristic function satisfies the Cramér condition,

lim sup "™ < 1, for x € R/{0}.

|t|— 00

Note that the term in the expectation on the right-hand side of (4.75) is again bounded

by 1 almost surely. Hence, by the dominated convergence theorem, we have

|t|—>00 n—oo

lim sup lim % Zn: ‘(1))/;?(1')’ <L
j=1

Now, we can apply Corollary 4.4 in [7] to Y, and use (4.56) to obtain

=175

n Yn
H'(x) =Q"(U" <x) = Q"( < x).

\no,
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Thus, we conclude from the corollary that for o-a.e. 0,

sup |H”(x) — ﬁ”(x)| =0 (L\/_) .

xeR n

4.6 Proof of the sharp large deviation estimate for spheres

Throughout this section, fix p € (1,0), and for n € N, recall from Section 4.3.4 the
definition of the two-dimensional random vector 5" := 50" = 1 ¥'% ( \/ﬁG);?Y]-, 1Y),
where (Y))jen is an ii.d. sequence of random variables with common density f, as in
(4.13), and for 6 € S, let l_zg denote the (joint) density of 5" under Py, where in this
section we will typically suppress the dependence of /%, 5" and Y; and other quantities

on p. In view of (4.38), we then have

Po (W > a) = P (5" € D) = f 1)(x, y)dxdy, (4.76)

D,

where D, = D, , is the domain defined in (4.39).

Remark 4.6.1. Note that /. depends on 0 only through 6". For notational simplicity
throughout we will adopt the convention that for quantities that depend on both n
and 0", we will use a superscript n to denote the former dependence and a subscript 0

instead of 0" to denote the dependence on 0".

The key ingredients required to estimate the tail probability in (4.76) are an asymp-

totic expansion for the joint density /i in Proposition 4.6.4 of Section 4.6.2, a multi-
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dimensional generalized Laplace approximation stated in Proposition 4.6.7 in Section
4.6.3, and a certain estimate that justifies the application of this Laplace approximation
that is stated in Lemma 4.6.8 of Section 4.6.4. The proofs of Proposition 4.6.4 is some-
what involved and hence deferred to Section 4.8. Instead, these results are first used
in Sections 4.6.5 and 4.6.6 to prove Theorem 4.3.5. We first state a preliminary result in

Section 4.6.1.

4.6.1 Estimates on the joint logarithmic moment generating function

We obtain an estimate on the growth of the log moment generating function A, of

(Yj/

Yj|p) defined in (4.14), which will be useful in the subsequent discussion. The

following expression was established in [33, Lemma 5.7]:

__ 1 _ b
Ap(t, 1) = ; log(1 — pt2) + logM,, ((1 — ptz)l/V))' 4.77)
for
(i t) €D, :={(t, 1) € R?: t, < 1/p}, (4.78)
where
M, (t):=E[e"], teR, (4.79)

is the moment generating function of Y;. In order to understand the growth in ¢, of the

derivatives of A, it suffices to understand the derivatives of log M,, .

Lemma 4.6.2. For 1 <p < oo, let M, and A, be as defined in (4.79) and (4.14), respectively.

Then for every k € N U {0},
k

d
t— T logM,,(t),

exists and has at most polynomial growth, in the sense of Definition 4.1.1. Therefore, for
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ke NU{0}, and any t, < 1/p,
t1 (g 8i(9§/\p(t1, tz)

has at most polynomial growth.

The proof of Lemma 4.6.2 involves conceptually straightforward (though detailed)

estimates, and is thus deferred to Section 4.11.

4.6.2 An asymptotic expansion for the joint density

The main result of this section is Proposition 4.6.4, which provides an asymptotic
expansion for the joint density /1 of the two-dimensional random vector 5" under Py.

To state the result, for n € IN, define

V= (Ve |y, j=1,...n (4.80)
For t = (t,t,) € C?, the Laplace transform of (Yj, inp) is given by
(1) 1= E [Vl (4.81)

byl , T e :
wrblT| = gRetY RVl shows that @, is finite precisely when

The observation |e
Ref{t;} < 1/p, or equivalently, (Re{t;},Re{t,}) lies in ID,, the effective domain of A,

defined in (4.78). For t = (t;,t;) € ID, and O € 5, also define

1 n
W (f) ::Engq)p(\/Eeytl,tz): fIR log @, (uty, t,)L})(du), (4.82)
j=1
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where L} is the empirical measure of the coordinates of \n0O", as defined in (4.47).

Remark 4.6.3. Since log®, = A, on D, for (t,t;) € D,, R 3 u  log®,(uty, t,) is
continuous and has polynomial growth by Lemma 4.6.2. Hence, Lemma 4.4.1 shows

that for every t = (t;,t,) € D, and 0-a.e. 0,as n — oo,

\yzlg(t) - ‘fn;log CDP(Mtl, tz))/z(du) = \I/p(t),

where the last equality holds by the definition of W, given in (4.15).

Next, recall the definition of JJ, from (4.17) and for x € ], also define for 0 € 5,
(0" := \nV (WZ,G(AX) - \I/p(/\x)) , H(O") := Hess \I’Z,Q(Ax), (4.83)

and

RY(0") = V(W) 4(Ay) = Wp(Ay)), (4.84)

where we drop the explicit dependence on p from ¢}, H} and R}, and note that the

right-hand sides above indeed depend on 6 only through 0" (see Remark 4.6.1).

Fora > 0, with the same abuse of notation used for H,, earlier, we let ¢! and R/ denote
the functions c. and R!., respectively, where a* = (a,1). We show in Section 4.8.2 that
c?(0") and H}(0") are the mean and covariance matrix, respectively, of # 2?21(‘7}1 - X),

with V;? as in (4.80), under a certain quenched tilted measure; see (4.134) and (4.135).

Proposition 4.6.4. Fix p € (1,00), n € IN, and recall the definitions of W, \I’;,]]p and \PZ,G
given in (4.15), (4.16), (4.17) and (4.82), respectively, and for x € ], recall the definitions of
H,, ci(-) and R}(-) from (4.22), (4.83) and (4.84), respectively. Then for g-a.e. O,

hi(x) = %g"é(ne-”“’?(’“)(l +o(1)), (4.85)
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and the expansion in (4.85) is uniform on any compact subset of JJ,, where g}, is the smooth
function defined by
gi(x) == det7{;1/26WRZ(@")EIIH;”%W")IIZ, (4.86)

Section 4.8 is devoted to establishing Proposition 4.6.4, with the final proof given in

Section 4.8.4.

4.6.3 A multidimensional generalized Laplace approximation

Recall from (4.76) that the tail probability of interest is obtained by integrating the
function fz’é specified in Proposition 4.6.4 over the domain D, defined in (4.39). Due to
the additional dependence of n in gj;, we cannot directly apply conventional Laplace
approximations such as those in [15, Chapter 8] or [83, Chapter V]. Instead, in Propo-
sitions 4.6.6 and 4.6.7, we first establish a generalization of multidimensional Laplace

approximations that can accommodate such n-dependent terms

Definition 4.6.5. Given m, d € IN, and a bounded domain D c R"*, we say that the

sequence h" : R™4 — R, n € N, admits a ( f,x*, a, §")-representation if for each n € IN,
n'(x) = ¢"(x)e™®, xeD,

where

1. f is a nonnegative function that is smooth in D and achieves its minimum on

cl(D), the closure of D, at a unique point x*,

2. there exists a € (0, 1) such that for each n € IN sufficiently large, g"(x) = exp(r"(x))
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is smooth with

[r"'(x)| < Cn®||x]l, for all x in a neighborhood of x".

We start with a multidimensional extension of a result in [66].

Proposition 4.6.6. Given m, d € IN, and a bounded domain D C R™ X ]Ri containing the
origin. Suppose the sequence h" : R™% — R, n € N, admits a ( f,x*, a, g")-representation

with x* = (0,0,...,0). Then we have the following asymptotic expansion:

j; I (x)dx = (iz)mnf g (1 + o(1)). (4.87)
[T Buea ) T 22,0

The proof is deferred to Section 4.13. We now obtain an alternative representation
for this integral. Recall the definition of Weingarten maps, for example, from [6, Section
4]. Let D be a hypersurface in R?. Denote the tangent space at a point x € D to be T(D)
and the normal vector field at x to be N,. Then the Weingarten map at x is defined
to be the linear map L, : T,(D) — T(D) where L,(v) := J,N, and J, is the directional
derivative in the direction of v. Also, for a map L, let L~ denote its inverse and recall

that det(A) denotes the determinant of a matrix A.

Proposition 4.6.7. Let D C R? be a bounded domain whose boundary is a differentiable (d—1)-
dimensional hypersurface. Let h" : R™* — R, n € IN, be a sequence of functions admitting a

(f, x*, o, §")-representation in D in the sense of Definition 4.6.5. Then

@r) D2 det(L;Y(Ly — Ly)) ™'/

n ._ n _ 1N+ ,—nf(x")
= f@h () = n@ D2 (Hess (¢ )V f(x), V()28 ()™ + o))
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where for i = 1,2, L; is the Weingarten map at x* € dD of the surface C;, where

Ci=1{y: f(y) = f(x")} and C, :=dD.

Proof. The proof will make use of arguments in [15] as well as a result from [6]. Let 1"
and (f,x", @, g") be as in the statement of the lemma. We first consider the special case

g" = 1, when the result can be deduced via classical Laplace asymptotics. Specifically,

7= f I (x)dx = f e,
D D

Then 7" coincides with the integral in [15, Equation (8.3.63)] when A, 1, ¢ and g therein

let i := /™ and

are replaced with n,d, — f and 1 here. By the stated properties of D, there exists a local
chart of a coordinate system G : Ny — U of N, C dD around x*, for some subset
U c R*1. Let 9. be the Jacobian matrix of the transformation G at x*, and let J
denote its transpose. Then, under the stated conditions on f and D, [15, Equation

(8.3.63)] gives the following estimate

1/2

e (1 + 0(1)). (4.88)

f —nf() 4y = (2m)¢D7 'det(jjj*)
b° T @2 det Hess(f o G2V f(x)]

Next, to further simplify the expression in the last display, by [6, Equations (4.5) and
(4.6)], it follows on identifying DG(0), I and A therein with 7., f and Hess(f o G(x")),

respectively, that

1/2

|det(J7T.) _ det(L;'(Ly — Ly)) ™2
|det Hess(f o Gx))[V2[VF(x)  (Hess f~1(x")Vf(x*), Vf(x)l/2’

(4.89)

with L, L, as in the lemma. (Note that there is an erroneous additional factor of V2mn

in the denominator of equation Equation (4.6) in [6], which we have corrected.) The
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proposition in the case ¢" = 1 then follows on combining the last two displays.

On the other hand, let N be a neighborhood of x*. Since dP is a differentiable
(d—1)-dimensional hypersurface, there exists an one-to-one continuously differentiable
transformation F : N — N C R x R%! such that F maps x* to the origin. Setting

Je(x) € RY x R? to be the Jacobian matrix of F at x. We can write

7= f e Wy = f et Jr(x)| e F gy,
D D)

Then Proposition 4.6.6 with m, d ¢" and f therein replaced with 1, d — 1, |det J¢(x)| and

f o F71, respectively, implies there exists a constant C' = C'(F, D, f) € (0, o) such that

(2n)(d—1)/2C/

I" = e e 01 4 0(1)). (4.90)

Comparing (4.88), (4.89) and (4.90), we see that

B det(L71(Ly — L))~/
" (Hess f1(x)Vf(x), V(x )2

’

(4.91)

Now consider the case of general g" and let N be a neighborhood of x*. By the
assumption in Definition 4.6.5, there exist @ € (0,1) and C € (0, o) such that g"(x) =
exp(r"(x)) with |r"(x)| < Cn®|lx||, on a neighborhood of D. By the differentiability of F,

we again have |r" (F‘l(x))i < Cn®||x|l,. Hence, under the same transformation F, we may

apply Proposition 4.6.6 and (4.91) to obtain
n (zn)(d—l)/ZC/ n(a*\,—nfx*
I =— Gon 8 e 1 +0(1))

@R det(L Ly - Ly)
- n(d+1)/2<HeSS f—l (x*)Vf(x*), Vf(x*))l/Z

&' (x)e™ (1 +o(1)).
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4.6.4 Continuity estimates for terms in the prefactor

In order to apply Proposition 4.6.7 to the expression for k), given in (4.85)-(4.86), we
need to verify that /% satisfies Definition 4.6.5. The following lemma will be useful in

verifying property (2) of Definition 4.6.5.

Lemma 4.6.8. Fix p € (1,00). For every y € J, and a € (1/2,1), for ¢ > 0 with B.(y) C J,,
there exists E = E(y, a, €) € (0, 0), for o-a.e. O, there exists N = N(y, «, €,0) € IN such that
forx € B.(y)and n > N,

| ViR}(0") — VnR}(0") (4.92)

SEn“Hx—y 5

and

fl7c 2exonl; - 74 exien

2‘ < Bn 2 |lx - y||2. (4.93)

Fixa € (1/2,1),p € (1,0), y € J, and ¢ > 0 such that B.(y) C J,. From (4.14), (4.81)
and the fact that Y is a p-th Gaussian random variable, it follows that A, = log ®, on
D,, where ID, is the domain of @, defined in (4.78). When combined with (4.84), (4.82)
and (4.15), this shows that

\/ERZ(QH) = Z 108 (DP( \/EG?/\x,ll /\X,Z) -E [log q)p(ZAx,l/ Ax,Z)] ’

=1

where Z is a standard normal random variable. Since x + A, is smooth by Remark

4.3.1, there exists C’' € (0, o) such that ||Ax - Ay” <C

X — y” for x € B.(y). Therefore,
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to show (4.92), it suffices to show that given any fixed s = (s1,s,) € ID,, for ¢’ > 0 with
B./(s) € ID,, there exist C’ € (0, 00) and a random integer N = N(s, ¢’) such that IP-almost

surely,

n

Y (KO, ) — E[K(Zt, )])| < Cne lIE], for |l <& andn>N, (4.94)

=1

where for (tl, tz) c Dp,s = {(ul, MQ) eR?: Uy < 1/p - 52},

Ks(t, t2) := log Dp((s1 + 1), (2 + 2)) — log Dy(s1, 52). (4.95)

Let Z, (Z;)jen be independent standard Gaussian random variables on the probabil-
ity space (', 7/, ’). Then, letting Z™ := (Z;,...,Z,), we have (e.g. see Section 4.3.4

or [74, Lemma 1]),
@ (Z1,...,Zy)
| 7()

In view of this, we first state the following lemma.

(©1,...,0e1) = (4.96)

Lemma 4.6.9. With the notation above, fix @ € (1/2,1]. Let D = R X (—oco,T) and let
K : D — R be a twice continuously differentiable function. Suppose for t, € (=0, T), the
mappings t; = 1K (ty, 1), t1 = 012K (t1, ) and t; — 11K (11, t2) have polynomial growth,
Definition 4.1.1. Then for ¢ > 0 with B.(0) C ID, there exist C € (0, o) and a random integer
Non (Y, F"’,P’") such that IP’-almost surely

( (” ”tl,tz) E[K(Zty, tz)]]

We first show how this lemma can be used to prove Lemma 4.6.4, and only present

<Cn®|ltll, for |tl<e andn>=N. (4.97)

the proof of Lemma 4.6.9 in Section 4.14.
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Proof of Lemma 4.6.8. We begin with (4.92). First, note from (4.96) that a statement about
Z™ holds IP’-almost surely if and only if the same statement with Z® replaced by ©"
holds IP-almost surely. Since ®, is finite near the origin, ®, is smooth on its domain
D, and hence, for any s € ID,, the functional K, from (4.95) is twice continuously
differentiable on its domain ID,;. Since log®, = A, on D,, from the expression in
(4.95), Lemma 4.6.2 implies that the mappings t; = 1 Ki(t1, t2), t1 = d12K(t, t2) and
t1 = JdnKi(t, t2) have polynomial growth for t, < 1/p —s,. Therefore, Lemma 4.6.9
implies that for each s € ID, and a € (1/2,1), for ¢ > 0 with B.(0) C D, there exists
C € (0, 0) and a random integer N = N(s, a, €) such that (4.97) holds IP’-almost surely.
Since 0 = P o (@™)7!, the aforementioned equivalence between statements about Z

and ©", this implies (4.94) holds and thus, (4.92) also holds.

We now turn to the proof of (4.93). Fori =1,2,and (t,t,) € D, ;, define

K,i(tlr tz) = 071- IOg CDP((sl + tl), (Sz + tz)) — (91- IOg (Dp(Sl,Sz). (498)

Note that for i = 1,2, by the smoothness of ®,, K, ; from (4.95) is twice continuously dif-
ferentiable on its domain ID, ; and also the mappings t; = 1K, i(t1, t2), t = 012K i1, t2)
and t; = d11’K.i(t1, t2) have polynomial growth for ¢, € D, by log®, = A, on ID, by
Lemma 4.6.2. Thus, fori = 1,2, K, satisfies the assumption in Lemma 4.6.9. Hence,
(4.83), (4.82), (4.96), Lemma 4.6.9 and the equivalence between statements about Z®
and ©", imply that for every y € J, and a € (1/2,1], for ¢ > 0 with B.(y) C J,, there
exists & = E(y, ¢, @) € (0, ), for o-a.e. 0, there exists N = N(y, «, ¢, 0) € N such that for

x€B.(y)andn > N,

| Ve (6m) - Vet (0] < Ent v -y, i=12, (4.99)

2/



where ¢ = (¢" ,c” ). Now consider instead fori =1,2, (t;,t,) € D,
X 1x7 72x

«;,i(tl’ tz) = 81- log CDp(tl, tz).
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(4.100)

By the smoothness of x = A, in Remark 4.3.1, there exist C’ € (0, o) such that |[A,|| < C’

for x € B.(y). Hence, (4.100) and Lemma 4.6.9 imply that for every y € J, and a €

(1/2,1], there exists ' = E'(y, ¢, a) € (0, ), for o-a.e. 0, there exists N’

N such that for x € B,(y) and n > N’,

| Vil (0] < Ent A, < CER?, i=1,2

Recall the definition of H, in (4.22). The following relation

||7_{—1/2 n(en

2
— Z [Z(W 1/2)chx(9n)J

j=1

implies that the left-hand side of (4.93) can be written as

Il 2eem)|; = [l s 0m)r| < ZA737,

where fori=1,2,

~

2
Aln - Z((q_{;l/Z)ijc;;x(Qn) _ (7_{y—1/2)ijc7,y(9n))

=1

2
By i= |} (CH )6, (07) + (M, )i (6).

=1

=N'(y,a,¢,0) €

(4.101)

(4.102)

Recall the definitions of W, and A, in (4.15) and (4.18), respectively. By the smooth-
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ness of W, and A, in Remark 4.3.1, x = H, 112 is also smooth and there exists C” € (0, o)

such that I(Wx_l/z)ij — (Wy_l/z)ljl < C”

x—y” and |(7—(;1/2)ij| < C” for x € B.(y) and
i,j =1,2. Hence, by (4.99) and (4.101), for o-a.e. 0, x € B,(y) and n > max{N, N},

2
A? < Z ‘((7—{;1/2)1]6,;;(971) _ (?_{;1/2)1-]{‘7’]/(9”))
j=1

¢;(0%)

2 2
< [(H Py = ()] Y ) H)] Y |en (07 - et (0")
j=1 j=1
<2(C'C'E + C'En 2 x -y, - (4.103)
Next, by (4.101), for o-a.e. 0, x € B.(y) and n > N’,

B! <2C"C'E'n* 12 (4.104)

Therefore, (4.93) follows from (4.102)-(4.104).

4.6.5 Proof of Theorem 4.3.5(1)

We are now ready to prove the main estimate (4.28). Fix p € (1, o0) and a > 0 such that
IL,(a) < oo and recall the definition of the domain D, = D,, given in (4.39). By (4.20),

Lemma 4.3.2 and the fact that I, (4) is increasing fora € R,

inf W(x) = infT,(+) = I,(a) = inf  Wi(r,1) = Vg, 1).

-1
xeD, 71€R,12>0:71 7, -



207

Hence, the infimum of W} in the closure cl(D,) of D, is attained at a* := (a,1). Moreover
due to (4.21), the assumption Il,(2) < oo implies W} (a,1) < o, and hence, a* = (a,1) € J,
defined in (4.17). Further, by (4.39), a* is a point on the boundary dD, of D, where
the boundary is smooth. Let U be any open neighborhood of a* such that U c R2 :=
{(x,y) € R?: x > 0,y > 0}, and note that the boundary of U N D, is also smooth at a*.

Then, for 6 € 5, we can split the probability of interest from (4.76) into two parts:
Po(S"€D,) =Py(5" € D,NnU) + Py (5" € D, N UF). (4.105)

The proof will proceed in two steps. In the key first step, we will estimate the first
term on the right-hand side of (4.105) by integrating the estimate of the density /. of 5"
obtained in Proposition 4.6.4 over the domain D, N U, and then analyze the asymptotics
of the resulting Laplace type integral, as n — oo using Proposition 4.6.4, Proposition
4.6.7 and Lemma 4.6.8. The second step will involve using the LDP for (5")en to show

that the second term on the right-hand side of (4.105) is negligible.

Step 1. Using the expressions for fzg and g, from (4.85) and (4.86), respectively, and

the fact that the domain D, N U is bounded, we have for o-a.e. 0,

Py (5” eD,n u) = f fzg(x)dx = 1Ig(l + 0(1)), (4.106)
D.NU 27
where
I} = f gh(x)e ™ dx, (4.107)
D.nU

To apply Proposition 4.6.7 to (4.107), replace d, ", f, x* and D with 2, Sps \I/;, a‘ and

D,NU, respectively, for 0 € $, and note that then 7" corresponds to 7 5 of (4.107). To see
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that the assumptions of the lemma are satisfied, note that the domain D, N U is bounded
with smooth boundary, g is smooth by Lemma 4.6.4. Further, note that by (4.15), (4.77)
and Lemma 4.6.2, W, is twice (in fact infinitely) differentiable onID, = Rx{t, : t, < 1/p}.
Hence, by the duality of the Legendre transform [84, Section IIL.D], it follows that Wy,
is twice differentiable at the point 4", which lies in J,, the effective domain of ‘I’; and
achieves its minimum uniquely ata* € d(D,NU). The nonnegativity of W, follows since
W), is a rate function. Thus, f = W} and a" satisfy property (1) of Definition 4.6.5 for
D = D, N U. On the other hand, from (4.86), let &y = exp(r"(x)) with

2

ra(x) == log det H; ' + VnRU(©") + ||H; " c(6")

Lemma 4.6.8 and the smoothness of x + log H;"/?, which follows from Remark 4.3.1
and (4.22), imply that for a sufficiently small neighborhood of x*, for any a € (1/2,1),
there exists a finite random variable N such that for -a.e. 6, for alln > N, for g-a.e. 0, 7},
satisfies property (2) of Definition 4.6.5. Thus, /. admits a (W), a", a, §) representation
and we may apply Proposition 4.6.7. Now, also note by the duality of the Legendre

transform, and the definition of A, ; in (4.23), we have
8j\11;(a*) = /\a,j/ for ] = 1, 2,

and (Hess W)(a") is the inverse of (Hess W})(4,). Since (Hess W,)(1,) = H, by (4.24), we

conclude from Proposition 4.6.7 that

. (2m)'2 (L 1(Lay = La2)) ™'/
O i (Hala, Aa)'1?

(@) "1 + (1)), (4.108)

where L,; and L,, are the Weingarten maps of the curves C; := {x € R? : \If;(x) =

\I/;(a, 1)}and Cy :={x e R?: x; = ax;/p}, evaluated ata* = (a, 1).



209

To further simplify (4.108), note that it follows from [6, Example 4.3] that in R?,
the Weingarten map is reduced to multiplication by the inverse of the radius of the
osculating circle, which is equal to the absolute value of the curvature. Recall that
for a curve in IR? defined by the equation T(x, y) = 0 for a sufficiently smooth map

T :R*> - R, the curvature at a point x* on the curve is given by the formula

T2y — 2T, T, Ty + T2T,,
(T + T)3/?

(x7).

Thus, to calculate the curvature of the curve C; at a*, use the above formula with
T(x,y) = ¥,(x,y) — W, 1) and x* = a*, and substitute the relations %‘I’;(a*) = Auj,s

j = 1,2, and the definition of H, mentioned above to conclude that

a,l —

/15,2(7‘[[ D11 = 2441 A00(H; 1 + Ail (H; 1)22|

2 2 \3/2
(Au,l + Au,z) /

(4.109)

On the other hand, the curvature of the graph of a function y = T(x) at the point

(x, T(x)) for sufficiently smooth T : R — Ris given by [T (x)| /(1 + (T")2(x))*?. Recalling
the definition of D, from (4.39), we can apply this with T(x) = (x/a)’ to compute the
curvature of C, = dD, at a* as:

plp—1a

a2 = m (4.110)

Substituting these calculations back into the expressions (4.106), (4.107) and (4.108),
and recalling the definition of &, and «, from (4.25) and (4.26), we conclude that for
g-a.e. 0,

Ca(0")

Py(S" €D, NU) =
’ K0 V27N

e @+ VIRIO") (1 4 (1)), (4.111)

Step 2. We now turn to the second term in (4.105). Note that by the continuity of W,
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there exists 7 > 0 such that

L, W50 > W50+

By the refinement in Lemma 4.3.2 of the (quenched) large deviation principle for S”
established in [33, Proposition 5.3], \I’; achieves its unique minimum in D, ata* = (g, 1).

Thus, for o-a.e. 0,

lim sup % logPy (S" € D, N U°) < -W@) -1, (4.112)

n—o00

which shows that the term in (4.112) is negligible with respect to (4.111).

When combined, (4.29), (4.84), (4.86), (4.105), (4.111) and (4.112) together yield (4.28).

This completes the proof of Theorem (i).

4.6.6 Proof of Theorem 4.3.5(i1)

We start by obtaining expansions for R} (©") and c(©"). First, note that the functions
s, U1 and ¢, defined in (4.27) and their derivatives up to second order (for ¢,; and
t,») and third order (for £,) are continuous and have at most polynomial growth by

Lemma 4.6.2. Therefore, setting

Ty = i’\n(fa)/ Sy = §n(£a)/ tn,l = ?n(ga,l)/ tn,Z: = 7/"\n(&z,z)/
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where 7, and 3, are defined in (4.49) and (4.48), respectively, we can apply (4.83), (4.84)

and Lemma 4.4.2 to obtain

RI(©") = 1nZ (6(VO)) - EL£,(2))
i=1
@7’ 1 —S +0( 1 )
n \/—n v—

n(@n Z al( \/_®n [&ll(z)]
=1 a 2( \/_®n a Z(Z)]

tn,
@ o).
tn,Z

Moreover, Lemma 4.4.2 also shows that we have the convergence

(rnr Sns tn,lr tn,Z) =

('93 - %]E[&'Z(Z)Z]ﬁ %IE[K;’(Z)ZZ]@,@ — %]E [ggll(z)z] D6 - e [g;lz(z)z] 5),

where (ﬁ, 5, @, 6) is jointly Gaussian with mean 0 and covariance matrix (4.31).

4.7 Proof of the sharp large deviation estimate for balls

Fix p € (1,00) and a > 0 such that I,(a) < co. From the definitions in Section 4.3.4,
specifically (4.42), note that we have the following expression for the tail probability of

projections of £; balls:

Py (:\/T/(”"’) > a) = f by (x1, X2, y)dx1dxody, (4.113)
D,
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where for 0 € 5, I_)g(xl,xz,y) is the density under Py of the random vector Stp) =
(Sm», 1) defined in (4.41), and D, := D,, C R? is the domain defined in (4.43). By
the independence of and Y7, for x € R* and y € (0,1], b(x1, x2, y) is the product of
h(x1,x5), the density of S™#) under [Py evaluated at (x, x2), and the density of /" at y,
which is equal to v logy Hence, by Proposition 4.6.4, we have the following uniform

estimate of b): for o a.e. 6,

2

Bg(xll X2, y) = ;Z_nigg(xll xZ)e_nF(Xl’x2,y)(]- + 0(1))1 (xll xZ) € RZ’ ]/ € (O/ 1]/ (4114)

where g7 is as defined in (4.86), and

F(x,y) := W,(x) —logy, x=(x1,x)€R?ye(0,1]. (4.115)

Thus, as in Section 4.6.5, the integral (4.113) of interest is once again a Laplace-type
integral, and so one expects the significant contribution to come from the value of the

integrand in a neighborhood of the point

arg min_ F(xy,x,y) =(a,1,1), (4.116)
(x1,x2,y)€D,

where the last equality follows from Lemma 4.3.2 and [34, Lemma 3.2]. However, in
this case, the boundary of the domain 9, is not smooth at the point (4,1,1), and so
the same method, in particular Lemma 4.6.7, cannot be applied. Instead, in the next

section, we use Proposition 4.6.6.
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4,71 Proof of Theorem 4.3.10

We are now ready to prove Theorem 4.3.10 by combining the observations at the
beginning of the section with Proposition 4.6.6, in a manner similar to the proof for

spheres in Section 4.6.5.

Proof of Theorem 4.3.10. Fix p € (1,00) and a > 0 such that I,(a) < co. For 0 € §, recall
that the density of S" can be expressed as in (4.113) and (4.114), and recall the assertion
in (4.116) that the minimum of the function F in (4.115) on D, is attained at (,1, 1).
Thus, for any open neighborhood U of (4,1, 1), we split the probability into two parts.
Fix 0 € 5. Then

Py (8" € D,) =Py (8" € D, N U) + Py (8" € D, NL). (4.117)

For the first term in (4.117), we have the following estimate from (4.113) and (4.114):

_ - n? 1
P n N - ~an , —nF(xl,xz,y)d dx-d ;
9(8 €D U) = f@amu yge(xl X)e x1dxody
2
= ;_71 o Gp(x,x, y)e_”F (xl"‘z'y)dmdxzdy, (4.118)
D.NU
where
~1N 1 =1
Solx1, x2, ) = ?g@(xler)/ (4.119)

with gy as defined in (4.85) and F(x1, x2, y) = W},(x1, x2) — log y as in (4.115).

The bulk of the proof is devoted to the asymptotics of the Laplace type integral



214

in (4.118). In order to apply Proposition 4.6.6, we first do a change of variables to
transform the domain of integration. Let T : 9, — R® be the mapping that takes
(x1,x2,y) to (X, Y, Z) such that

X=xy-av” Y=1-y, Z=x-1 (4.120)

Note that the transfrormation T is invertible in a neighborhood of (g, 1, 1), the Jacobian

of this transformation is 1, the image of D, under this transformation is
D,={X,¥,2)eR:0<Y<-1,Z>-1,X>0,

and T maps the minimizer (4,1,1) of F to (0,0,0). Hence, under the transformation T,

setting U := T(U), we write (4.118) as

2

Py (S" €D, N u) = ;_n f_ CFoTNX,Y, Z)e T XY DIXAYAZ. (4.121)
D,NU

Let v;j := 0 9 9F(a,1,1). Then, from (4.120), we have

19293
oF o onm dy
W(O’ 0,0) = V005 + L0105y + Voo 5% 000)
= Ty 000
= V100,
JF X+a(l+2)Yr
=—(0,0,0) = vigo — Voot
oY (1-Y)? 000)

= Av100 — Voo1,

OF L a@+ )0
aZ(OIOIO) - leOp 1 _y

+ Vo10

(0,0,0)

=0
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2F FF 60,0 = a(1+ 2Z)4-»p . a(l+2Z2)0-»p . a(p — 1)\ (1 + Z2)0-»/r-1
022 vzoop 1y U110 -y V100 7 Y
a1+ Z)-ny
+0110—W + Voo
P B (0,0,0)
a 20 a(P 1)
V100 + Vo20-

= —U200 + — V110 —
p
Combining (4.115) with the duality of the Legendre transform, simple calculations yield

V1o = 9y W, (a7) = Aag,
voo1 = —1,

viyp = 03, WV, @) = (Ho)1,

X1,X2

Voo = 03,V @) = (Ho),

X2,X2

U0 = 02 W @) = (Ho)11 -

X2,X2

We apply Lemma 4.6.6 to the transformed integral (4.121) with ", f, x* and D therein
replaced with & o I, FoT7%,(0,0,0)and Z~),1. The assumptions of the Proposition then
follows from Lemma 4.6.8. Moreover, F, defined in (4.115), and so F o 7!, is smooth
in a neighborhood of (0,0, 0). Expanding the integrand using (4.119), (4.86), (4.21) and
the identity T71(0,0,0) = (4,1, 1), substituting the expressions for JF/dX, dF/dY and

0%F/dZ? obtained above, and recalling the definition of y, in (4.34), we obtain

n V21t 1 ~n _ —nFox-1
o X 8 0 T7Y0,0,0)e Y 0001 4 o(1))
n> \/an

- E nd’z y

_ Cu(e ) e—n]Ip(a)+\/ﬁRZ(9")(1 + 0(1)) (4122)

- Vo N21n

H’g(S”EZ_)aﬂU)z

~8o(@)e (L +o(1))
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For the second term in (4.117), as in the proof of £, spheres in (4.112), one can invoke
the quenched large deviation principle for S" established in [34, Proposition 5.3] along
with the fact that the rate function has a unique minimum, as proved in Lemma 4.3.2
to show that it is negligible with respect to (4.122). Thus, (4.42), (4.117) and (4.122),
together, yield (4.35). O

4.8 The joint density estimate

This section is devoted to the proof of the density estimate obtained in Proposition 4.6.4.
As usual, throughout fix p € (1,0). In Section 4.8.1 an identity for the joint density
is established in terms of an integral. This integral is then shown in Section 4.8.2 to
admit an alternative representation as an expectation with respect to a tilted measure.
The latter representation is used in Section 4.8.3 to obtain certain asymptotic estimates.

These results are finally combined in Section 4.8.4 to prove Proposition 4.6.4.

4.8.1 An integral representation for the joint density

Lemma 4.8.1. Fix n € N and 6 € 5, and recall the definitions of Wy, J,, Ay, ©p and W7, in
(4.15), (4.17), (4.19), (4.81) and (4.82), respectively, and recall that fzg is the density, under Py,
of S" defined in (4.37). Then for all sufficiently large n, and x € [, the following identity holds,

2
Hia(x) = (%) ¢ MW" o= (D) 7y (4.123)
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where

) n@,(VnOM Ay +ity), Ao + it)
T)(x) := f ) H ’ ! dt. (4.124)
R2 ]':1 CDP( \/EQ?/\XJI /\X,Z)

Moreover, there exists s > 1 such that (ty,t,) — (1_[’]7:1 D,( \/ﬁ@’;()\l +1it), Ay + ity))?/" lies in

L1 (R?) for all sufficiently large n.

Proof. Let D, be as in (4.78), fix x € J,, and omit the subscript x from A, € D, C R* and
the superscript p from many quantities for notational simplicity. Recall the definition
of V;? in (4.80) and for 0 € §, let [’ be the density of the sum Z';:l V;? under Py. The

moment generating function of this sum is given by

f YT (y)dy = By [eUL’Z?:1 Vi >]
R2

n

_ Ay AVROTY 44| Y

— H]EG [e il | ]l < OOI
=1

where Y3,...,Y, are ii.d. with density f, defined in (4.13) and the finiteness follows
because A € D, and thus A, < 1/p. Then the Fourier transform of the integrable

function x - e¥[(x) is given as follows: for t € R?,

f e(/\+it,y)l_g(y)dy — ]EG [e<)\+it,z;':1 V;’):I
R2
[Teole
_ E, [e(/\+1t,V7>]
j=1

= H O,(VIOH (A + it1), A + ita). (4.125)
j=1

Note that we use the convention for characteristic functions and thus put i in place of

—27 in the Fourier transform.
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We now make the following claim:

Claim. There exists s > 1 such that forany A € Dy, t € R*and j,k € {1,...,n}, j # k, we have

) S
Ky (A 1) = fw ‘cpp( VO (M +iti), Ay + it2) @, (V1O (Ar + itr), A + ity)| dt < co.
(4.126)

We defer the proof of the claim, first showing how the lemma follows from the
claim. By Holder’s inequality, the claim and the boundedness of the moment generating
function @, the product on the right-hand side of (4.125) lies in IL; (IR?) for all sufficiently
large n, which proves the second assertion of the lemma. We may then apply the inverse

Fourier transform formula and obtain, for all sufficiently large #,
_ 1\? T
I'(x) = (—) f et T @,(VHOM (A + ita), Az + i)t (4.127)
]RZ

21 ;
j=1

(Note that it is in precisely to ensure this application of the inverse Fourier transform
formula that we have the stipulation in the lemma that n be sufficiently large.) Next,
recall that for any x € J,, A = A, is chosen so that (4.19) is satisfied. Also, by (4.37)
and (4.80), we have

qn 1 - /1
5= Y v
=1
Hence, using (4.127), (4.19) and (4.82) we see that the density flg of 5" under Py is given

by

R (x) = n?T}(nx)

n\? . n
= | — —(A+it,nx) n ) .
_(27'() f]Rze g‘bp(\/ﬁ@j(h+zt1),A2+zt2)dt
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n
=) [ T @, (VO (A + itr), Ag + i)t

2
) e—n\I’;(x)
j=1

I
=

2

n
MYy =it H D, (VRO (A +ity), Ay + it)dt
j=1

— 5

2
) e—n\P;,(x)

I
=

2

(l)z o101 ()= () f i) ﬁ @ (VO] (i +ih), A + it) it
2 R2 q)p( \/E@;l/\l, /\2)

=

A

for x € J,. Since the right-hand side coincides with the definition of flg given in (4.123)
and (4.124), this proves the first part of the lemma given the claim. It only remains to

prove the claim.

Proof of the claim. Fixn € N, jk € {1,...,n}, j # k, and let 0 = Dg’j’k be as in the
remark after the claim and set 6; := 6’]7 and 6, := 6]. Let v := ﬁg’j’k denote the density
of V;l + Vi under IPg. We assert that to prove the claim it suffices to show that the
function R? 5 z - e?29(z) lies in L14,(IR?) for some 7 € (0,0). Indeed, then by the
Hausdorff-Young inequality [30, Theorem 8.21], the Fourier transform of z — ¢#3(2)
lies in IL;, where s is the “conjugate exponent” of 1 + r. By (4.80) and (4.81), this is

equivalent to saying that (4.126) holds withs =1 +1/r > 0.

To this end, we start by establishing an expression for ©. Note from (4.80) that
V;Z + V]Z’ = T(Y}, Yx), where (Y})jen are ii.d. with common density f, and T := Tk is

the transformation given by, for (11, 12) € R?,

T(y1,y2) = (Vn(01y1 + O21p2), y1|p + |y2|p)-

Note from the definition that T is differentiable. Given (z1,z,) € R?, we solve for
(z1,22) = T(y1,y2). We see that z, should be positive for there to be a solution. On

the other hand, for z, > 0, consider the curves {y € R? : z; = Vn(01y1 + 62y2)} and
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ly e R : z, = |y1|p + |y2|p}. The solution of (z1,z2) = T(y1,y2) is the intersection
of the two curves above, which are a line and an 5;% ball, respectively, Hence, there
are two solutions when |z1| < z;/ P61/ 77D 4 |0,/ PNYe-Dlp =: M(z,), one solution
when |z1| = M(z,) and no y € IR? such that T(y) = (z1,22) and when |z;| > M(z,). For
|z1] < M(z;), we define y* and y~ to be the two points such that T(y*) = T(y~) = (z1, z2).
Then by the change of variables formula and the differentiability of T, we may write

the density D as

o5, 2) 27, )
o620 = [ HODH0D | S |+ 500 |G Mt

_ (‘8(% Y3)
d(z1,22)

Ay, y;)
8(21,22)

) e_ZZ/p1{Zz>0,{|21I<M(Zz)}/

where |d(y1, Y2)/9(z1,22)| is the Jacobian of the transformation T. A simple calculation

yields

8(]/1/ yZ) 1

d(z1,22)

1

- ) 4.128
\np (4128

" [~

O2sgn(y1) |y1 g O1sgn(y») |]/z

where sgn(-) denotes the sign function.

For r > 0, we see that

1+r
f |eAlzl+AzzZD(zl,zz)| dz,dz,
]RZ

N E AR
_ Mz +Aaz—z /p| 1 1772 1772 1 dzd
fn;z |€ ( d(z1, 22) d(z1,22) ) (22201 <Mz 21022
. 8(y+ y+) 1+r a(y_ y_) 1+r
< r /\121+)\222—Zz/p 1+ 1772 1772 1 - - d d
<2 ﬁqz |e ( a(zllzz) 8(21,22) {22>0,|z1|<M(2,)} 210422

r

dyldyz,

1+r

(9(}/1, yz)
d(z1,22)

e/\1 V(611 +92y2)+(/\2—%)(|y1 |p+|y2 |p))

2 [
RZ
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where the inequality follows from (a + b)'*" < 2"(a'*" + b'*") for a, b € R,.

Let N c R? be a neighborhood of the origin. Then

1+r
f |eA121+A2ZZD(zl,22)| dz,dz,
]RZ

1 1+ 19(y1, y2) |
_or V@02 (a3 ) ([ +|we )| | AT T g
f]Rsz' d(z1,22) Y1ey2
I 1+r a(]/l; ]/2) r
4+ oM VO +02y)+ (2= (|| +[va[) Avdi.
\fll;szf d(z1,22) 182

Sincep € (1,00)and x € JJ,impliespA, = pA,, < 1,itfollowsthate
lies in IL,(IR?) for any r > 0. Moreover, by (4.128), there exists r; > 0 small enough such
that the Jacobian lies in IL,, (N). On the other hand, there exists 0 < r, < co large enough
such that the Jacobian lies in IL,,(N°). Thus, by Holder’s inequality, there exists » > 0
such that the last display is finite. This completes the proof of the claim, and therefore

of the lemma.

4.8.2 Representation of the integrand in terms of a tilted measure

We next obtain a representation for the integrand of the integral 77 in (4.124) using a
change of measure. From Section 4.3.4, recall the i.i.d. sequence of random variables
(Y})jen defined on (Q, ¥, IP) that have density f, and are independent of © = (©"),cn.
Fix a > 0 such that I,(a) < oo, recall the definition of A = A, from (4.19). Fix n € N,
consider a “tilted” measure P" = P on (Q, F) such that the (marginal) distribution

of ®" remains unchanged but conditioned on ® = 0 € §, {Y;?, j =1,...,n} are still

M W(91y1+92y2)+(/\2—%)(|y1|p+|y2|p))
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independent, but not identically distributed, with Y having density f];l = Ag]” given by

Fiw) = exp (o, (V03 o)) = Ay (V0144 1)) ), yER, (4.129)

with A, as defined in (4.14) and as before we omit the explicit dependence and other
quantities of ﬁ“ on p and a. For 0 € 5, denote by ﬁlg’é and Eg the probability and
the expectation taken with respect to IP", conditioned on 0, and likewise, let \7&2(-)
and éBV;(., -) denote the conditional variance and conditional covariance, respectively,

under Pg.

Recall from (4.14) and (4.81) that A,(t) = log @,(t) for t € R?. Then, by (4.80), (4.81)
and (4.129), it follows that for j = 1,...,nand B = (81, f2) € R?,

=[BT DV (Bi+A1) fa+Ad)
Ej [e ’ ] T T o (Vi) (4.130)
and hence,
wn [t — T [ L6V _ n
Ey V7] = v By [*" ]’ﬁ:((w) = Viog @,(Vn6! Ay, 1o). (4.131)
Denoting V;? = (V;fl, V;fz), by (4.130), we also have fork,[ = 1,2,
Cove (Vi V) = B [ V3 V3| - 5 [V 5 [ 7
_ 2 Tn [ BV wn [vm 1 mon [vm
= 05 Eg [ ”ﬁ:(o,o) - B [V [ V)
= J;,log @,(VnOjAy, Ay). (4.132)
For x € JJ,, define ?;g to be
—~ 1 ©
Vii=— ) (V7 -x). (4.133)
i g\
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Lemma 4.8.2. For x € JJ, and 0 € S, recall the definitions of V;?, D, ct, H and VZ given
in (4.80) (4.81), (4.83) and (4.133). Then

cl(o") =Ey[vr], (4.134)

(HZ (O 1ty = Var, ((t,V2)),  forall t € R2. (4.135)

Moreover, for t = (t1, 1) € R?,

~ [ ils v . e Dy( VRO (Ayy +ity), Ao + it)
Aax,e(t) = IEZ [el<t' \/EV"'>] = e—z(t,nx) H ’ ] (4136)

j=1 (Dp( \/ﬁ@’; /\x,lz Ax,Z)

Furthermore, for g-a.e. 0, as n — oo, H'(60") converges to the quantity H, defined in (4.22).

Proof. We fix 0 € 5 and x in the domain JJ, of W, defined in (4.17) and omit the subscript

x from A, for notational simplicity. By (4.131), (4.133), the definition of \PZ,G in (4.82)

and (4.18), we have,
B [Vi] = < L (ot Fal?j) = <= X (o Viog (04 Vo1, 1)
=1 =1
= % (—nx + nV\I’Z,Q(/\))

= VnV (\y;,@(A) - \PP(A)).

When combined with (4.83), this proves (4.134). Similarly, by the independence of
V;?, j=1,...,n, under ﬁg, (4.132), the definition of \PZ/Q in (4.82) and the definition of
H in (4.83), it follows that

Vary (£ VE) = 3 Var, (1, 77)) = <H @), ),
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which proves (4.135). Also, by the definitions of [T and /\;ﬁ in (4.136) and (4.133),
respectively, the independence of V}“, j=1,...,n, under ﬁg and the relation (4.130), it

follows that for t € R?,

ﬂne(t) _ e_i<t,nx> ﬁ Eg [ei(t,V7)] _ e—i(t,nx> ﬁ q)p( \/ﬁ@}. (/\1 + Zt1)/ Ay + ltz),
" i D,( V1021, A2)

=

which proves (4.136).

It only remains to establish the convergence stated in the last assertion of the lemma.
By (4.83) and (4.82), it follows that for each i, j = 1, 2, there exists a, § € IN such that the

entry (H}(0"));j can be written as
(H(O™M) —1i(\/‘9" ©29 log @,( V6" Ay, A
x i~y n0;)*dyd, log ©,(Vno;Ay, As)
=1
=fu“&?&ilogCDp(u/\l,/\z)Lg(du).
R

Since, the moment generating function ®, is smooth, the mapping u +— ¢(u) :=
u“&i‘&i log @,(uA1, Az) is continuous. Moreover, ¢ has polynomial growth by Lemma 4.6.2.

Since Lemma 4.4.1 implies that ‘W, (Lg, 7/2) — 0asn — oo, it follows that
(7{;1(9”))1.]. — fu“&‘f&’i log @, (1A, Ay)ya(du) = (Wx)ij,
R

where from Lemma 4.1.2(2) that, as n tends to infinity, the last equality follows by the
definition of H, in (4.22). |



225

4.8.3 Estimates of the integrand

.....

(4.80), respectively. There exist constants C < oo such that for all n € N and for o-a.e. O,

%Zﬁﬁg[ V' -E ] Z]E” [ v - BV ] <C, (4.137)
j=1
and for all n € IN,
—_ — — — 13 —_
Eg[ v BV ] <C. (4.138)

Proof. Due to the following standard inequalities, (2> + b*)*? < C'(la]® + |b’) and

s laP <G XL |aj|4)3/ 4 to show (4.137) it suffices to show the boundedness of

%;Eg[ ~E 7)) ] and Z]E[ —E;;[V;;])j.

We show boundedness of just the first term; boundedness of the second can be shown
analogously. Using following relation between cumulants and central moments, by

simple calculation we have

L L E (7 -F (7]
]:
o] (S LA R R R
j=1

= 3Var, (V1) + f}R 94 (log Dy (1A 41, Ax2))Ll (). (4.139)

Now, by (4.135), \F@;;(Vg’l) = (H!(0"),; and so by the last assertion of Lemma 4.8.2,

—_— —~
for o-a.e. 0, as n — oo, Vary (V") converges to (H,)11. Also, since the function R 3+
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8‘11(10g D, (uA, 1, Ayp)) is continuous and has polynomial growth (the latter by Lemma
4.6.2), Lemma 4.4.1 and Lemma 4.1.2(2) together show that for o-a.e. 0, the second term
on the right-hand-side of (4.139) also has a finite limit as n — co. Therefore, for o-a.e.

0, the sum of the two terms is uniformly bounded.
Next, we deal with the second inequality. By (4.133), we have
- Ej[Vy] =

v - Ea[v1]).

By Jensen’s inequality, we further obtain

3

Z - E3[7"])

1 v /e, =

%;(VJ_
4

ZE; [Z(vgl—ﬁég[v;jl]) +%TE’;;( (v, ﬁg[v;gzl)]

=1

IA

41\ 3/4

IA

Now, to show the boundedness of the last display, it suffices to show the boundedness

of

.....

" 4
_E} [Z (Vi = E’é[%l)]
_ %Z‘EZ[ ]En Vn ]+ 6 Z ]E”[ v - ]En[vnl]) ] [(V;“m —EZ[V;,”])Z]

1<i<j<n
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2
1 v =, [/ — 4 2% = [/o ~ 4
<7 L (77, - Batv, )| + 6[; B (v, - Eat7y,)) ]]
J= j=1

which is bounded above by (4.137). This proves (4.138). O

Lemma 4.8.4. Fix x € JJ, and recall the definitions of H, ®,, c, HY, V" and [} o given in
(4.22), (4.81), (4.83) (4.133) and (4.136), respectively. Then for o-a.e. O and every neighborhood
U c R? of the origin, there exist a neighborhood u of x and a constant C € (0,1) such that for
all sufficiently large n,

1/n —_
<C yel. (4.140)

sup
telc

[

Furthermore, for o-a.e. O, there exist a neighborhood U C R? of the origin and a neighborhood

u of x such that for all sufficiently large n,

t 14~ n
NN e—ztcy(e )
g yﬂ( Vi )

Proof. We omit the subscript x of A, for notational simplicity. Now, for 0 € §,and t € R?,

<exp (—% ((H, - eDt, t>) yel, tel (4.141)

the relation (4.130) yields the inequality

D,( \/EQ?(M +ity), Ay + itp)

ei(t,\_/;?)
(I)p( ‘/EQ;/I/\ll AZ)

By e < |

] <1 (4.142)

Noting from (4.81) that @,(t) is the Fourier transform of the joint density of (Y7, [Y1[F),
evaluated at +it, we can apply the Riemann-Lebesgue lemma [30, Theorem 8.22] to

obtain
[(vao A~ 1) ine = 1) 5 00 = |@(VHOIA + it), Az + it)] > 0.

Now for 8’]? # 0, ||t]l — oo implies II(\/EG’;(Z'/\l —1),iAy — £)|| = oo. Thus, under the
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assumption that 07 # 0, we see that

Dy ( \/59';(/\1 +it1), Ay +itp)
(DP( \/E67A1/ /\2)

llll—c0

Since @, is a moment generating function which converges to 0 at infinity, ®, is strictly
smaller than 1 other than at the origin. For any neighborhood of the origin U c R?* and

any 0 < K < oo, there exists 0 < r < 1 such that for all t € U, if K < ‘\/ﬁ@’}“ < Kand

9;? # 0, then
D, ( \/EQ?(Al +ity), Ay + itp)

<T.
q)p( \/EQT;/\D AZ)
This implies
O, (VO (M +it), Ap + i) 1 fer o
<r I,
D,( \/ﬁ@’}/\l, A2)
Combining this with (4.136) yields the inequality
7Ll
sup ﬂx,g(t)'l/ﬂ <7 {K‘ls Vo' SK,()]’T’#O}.
telc

Since %Z;l:l 1 = L3([K™', K] \ {0}) whose limit, as n — oo, is dominated by

{K*1§| x/ﬁe;? <K}

CK 1= V2 ([K‘l, K]) > 0 due to Lemma 4.4.1, we have for g-a.e. 9,

1
o] " < e <.

lim sup sup
UC

n—oo te

Thus, for -a.e. 0, we have a uniform bound 0 < C < 1 such that for all sufficiently large

nl
|1/n

sup <C (4.143)

teuc

o)

Since @, is uniformly continuous in A, by definition and A, is a smooth function of x

by the inverse function theorem applied to (4.19), we may choose a neighborhood U of
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x such that for y € u,

sup
telr

~ 1/n
mat| <G

i.e., for o-a.e. 0 and all sufficiently large n (possibly depending on 0), (4.140) holds.

Next, note that by (4.136) and (4.134), for t € IR?,

t : neon o T _Tnrim
ﬁZ,G (_)e—l(t,cx(e » — IEZ [ez<t,Vx ]EQIVX]>] .

Vi

Thus, for 0 € 5, by (4.135) and [25, Lemma 3.3.7], we have the following expansion:
]
]

For ¢ > 0, by (4.138) of Lemma 4.8.3, we may choose a neighborhood U C R? of

N7} t —i(t,ct(o" 1 neAn
xux,G (%)e (tex (M) _ 1+ §<Hx (9 )t, t>

(VI —EBVID

snzg[

< P By || V2 - By

the origin with small enough radius so that the right-hand-side of the last display is
bounded by ¢||t||* for t € U. On the other hand, by the convergence of H!(6") to H,
established in Lemma 4.8.2, for g-a.e. 0, there exists ¢ > 0 such that H(0") — ¢l is

positive definite for all sufficiently large n (possibly depending on 0) and for t € U,

1 1
< 1= (OO - et ) < exp (~5(HE) ~ D), B).

t 4 AN
“’l;llg (W) e_l<tlcx(9 )>

Note that the right-hand side of the last display converges to the integrable function
exp(—%((?*[x — &)t t)) as n tends to infinity. Similar to the proof of (4.140), the uni-
formity of the bound in (4.141) follows from the definition in (4.83), (4.82) and the

aforementioned uniform continuity of @, in x. m|
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4.8.4 Proof of the joint density estimate

We now combine the lemmas established in Sections 4.8.1-4.8.3 to prove the estimate

for the density /i, of 5" obtained in Proposition 4.6.4.

Proof of Proposition 4.6.4. Fix n € IN. Combining Lemma 4.8.1, (4.84) and (4.136) of

Lemma 4.8.2, we see that for x € J, and o-a.e. 0,
% eV VRO — f 0", (Hdt. 4.144
40 = e 2 | a® (4.144)
When compared with (4.85) and (4.86), to prove the proposition, it suffices to show that
i f a7 (Ot = det H:V exp (||7{;1/2c;(9")||2) (1 +0(1),
27 R
with the approximation uniformly for x in any compact set of JJ,..

Let U c R? be a neighborhood of the origin. We split the integral in the last display

f or (bt f ar ()t + f ar (bt (4.145)

Now, by the estimate (4.140) in Lemma 4.8.4, we have for C € (0,1) and s > 1,

‘ f o (Hdt| < f ot y(p|de < f
uc ! uc ! uc

From the definition of i” , in (4.136) and Lemma 4.8.1, we see that | oy G(t)ls/ "isintegrable.

into two parts

s/n

o () (4.146)

Hence, the right hand side of (4.146) tends to zero exponentially fast as n tends to
infinity. Moreover, the convergence is uniform in a neighborhood of x by (4.140) from

Lemma 4.8.4.
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Recall the definition of {1 , in (4.136). By (4.133) and (4.134), the characteristic

function of V" is given by fi", (=) e @), Since the sequence (V" 2N satisfies the
X g y (ux,e \n q x

Lyapunov-type condition stated in (4.137) of Lemma 4.8.3, the central limit theorem
implies that it converges weakly to a centered Gaussian distribution with covariance

matrix H,. Thus, the corresponding characteristic functions satisfy

o (L\/_) O 5 oxp (—%(th, t)) . (4.147)
’ n

Now, by (4.141) of Lemma 4.8.4 and (4.147), we may apply the dominated conver-

gence theorem, and use (4.147) to obtain for o a.e. 0,

1 t
0" tdtz—f 0" (—)dt
J = | o
-1 f exp (itcl(0") ~ 3ot 1)) at

l ztc”(G” t —itc}(0") _ _1 n

+nfm (M(\/ﬁ)e exp( S(H(O )t,t)) dt
1 o 1

== f}R exp (ztcx(Q) 2(7{xt,t>)dt(1+o(1)),

with H, as in (4.22). Using standard properties of Gaussian integrals, this implies that

f o (tydt = 27” det H; "> exp (||71; 1/2(:;(9”)”2) (1 +0(1)), (4.148)
u

Combining (4.86), (4.144), (4.145), (4.148) and the estimate of the integral over U°
in (4.146), we conclude that the asymptotic expansion for the density /% (x) given in

(4.85) holds uniformly for x in any compact subset of J,.

Finally, by the definition of A, in (4.19) and the inverse function theorem, the

mapping x — A, is smooth. Therefore, combining (4.86), (4.22), (4.83) and (4.84), we
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conclude g is smooth. ]

4.9 Infimum of the rate function

In this section, we analyze the infimum of the rate function.

Proof of Lemma 4.3.2. Recall from (4.16) and (4.20), that we have the following expres-

sion for the rate function: for t € IR,

]Ip(t) = inf ‘II;(Tl, T2)

-1
T1€R,7>0:117, /p:t

= inf \I/; (T 1, "'Eg)
T E]R,72>0:11?£] =t

inf W(Tt, Th), (4.149)

T2>0

where \I’;(fzt,?;) =sup, . .r {slfzt + 55T — W, (s1, 32)} )

By Lemmas 5.8 and 5.9 of [33], ¥, is essentially smooth, convex and lower semi-
continuous; see Definition 2.3.5 of [21] for the definition of essential smoothness. Thus,
by convexity, for t,7 € R, when \I/;(Tt, ) < oo, there exist s; = s;j(tt,77), i = 1,2, that

attain the supremum in the definition of \P;,(Tt, ), i.e.,
\IJ;(Tt, Tp) =517t + Sz’[p - \IJP(Sl, 52), (4150)

where, by (4.15), W,(s1,52) = f Ay(usy, 82)y2(du), with y, being the standard Gaussian

measure and A, defined as in (4.14). Note that sy, s, satisfy the following first order
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conditions:
Tt = A1 Wy (s1,52) and 7 = 0, Wy(s1,52),

where d; represents the partial derivative with respect tos;, fori = 1,2. From [33, Lemma

5.9], we can exchange the order of differentiation and integration to obtain

al\yp(SIISZ):f”alAp(u51/52)V2(du)/
R (4.151)

32\I’p(51,52):fgzl\p(usl,sz)yz(du)-
R

To calculate these integrals, we first recall the expression for A, established in [33,

Lemma 5.7],

_ 1 S1
Ay(51,82) = , log(1 - psy) + logM,, ((1 — psz)l/P)' (4.152)

where M, denotes the moment generating function of the measure y, with density

defined in (4.13). Differentiation yields

M;p ((1—22)”%’) 1

d1A\,(usy,82) = ,
143p\ U517, 52 M]/p((l_uzl)l/l“)(l _p52)1/p
e (4.153)
Ao\ (usy,52) = 1 My, ((1—pSz)”” ) Usq
24%p r=2) = 577 us — +)/p*
L=ps2 M, (qoay) (1= ps2)m0
Combining all the above relations, we obtain
M, ()
Vp \ (1-psp) 1P u
Tt = f p \Q p) — )1/py2(du), (4.154)
R M, () (1~ ps2
1 M, ((1—22)1/?) us;
T = f + Va(du)
— u — (p+1)/
[ e
1 t
L (4.155)

- 1—psy 1-psy’
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and note that (4.155) implies

™ps, + tts; = 7 — 1. (4.156)
p

Now, in view of (4.149), to compute I,(t) we have to first take the derivative of
\I/;(Tt, 77) with respect to 7 and set it to 0. Note that in the following, s;, s, are functions

of T and t satisfying (4.154) and (4.155). Using (4.15) and (4.149), we first rewrite

W,(s1,52) as

W, (s1,82) = f/\ (us1, 82)y2(du)
R

L

P

usq
Og(l pSZ) + LIOgMW ((1 _ psz)l/p)VZ(du)-
From equations (4.150)-(4.156), we obtain

i‘lf*(’ct ) = dT (s17t + 527 = Wy (51, 5))

drt
ds 51 a 852 1
= — —_Z7P TP~ 1_ 722
aT’ct+slt+anc + psyT e p—
B f M, ((1—1052)1/”) dsi  u L9 us (@)
R My ((1 —ps2 )w) It (1- ps2)'? It (1 —psy)trtt 2
0s1 0sy 4 0sy 1 0s1 81Tt 08y
- 2P p-1 _ 272 R P e
8”(Tt+slt+(9’cT Tpet dt 1—ps, ot 1—ps, dt
ds, (1 —psy) — syt — 1 ~
87? ;1 2)P521 + psy v
= st + pszﬂ’_l
-

Setting the derivative computed above to 0, we conclude that the minimum over 7 > 0

in (4.149) is attained at T = 1. Substituting this back into the definition of I,, we conclude
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that I,(f) = W}(t, 1) which, along with (4.16), proves Lemma 4.3.2. O

4.10 Proof of the Central Limit Theorem for the empirical

measure

Proof of Lemma 4.4.2. Let (Z’]?, j =1,...,n),en be independent standard Gaussian ran-

dom variables. Then note that (e.g. see Section 4.3.4 or [74, Lemma 1])

zZ"
(@) ]
CHE ) (4.157)
[1Z27]]
where we use ||Z"]| = ||Z"|],, to denote the Euclidean norm of the vector Z" :=

(Z”/ . ,ZZ)

Since F is a thrice continuously differentiable function, we may apply Taylor’s

theorem, for x € R and / > 0 to obtain

F(x +h) = F(x) + F'(x)h + 1w,

F// (X) F/// ('i.’)
h2
2 TG

for some x € (x, x + h). With the expansion above, we obtain

n Z”
7L F(\/_ ”Zn”] E[F(Z)]
n ) o \/ﬁzn ) F//(Z;z) \/EZ;I ) 2
= W a P(Z].)—]E[P(Z)]+F(Z )( 1z Zj)+ > [ 27 —Zj]

+

F/N(Azd;l) \/ﬁz? 3
— Z” ,
6 12"l /
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0 FZ (NAzZE Y
! (4.158)

, 1, 1 -
_rn(F)+\/%sn(F)+\/E; 6 V4

where 7,(-) and 3,,(-) are defined in (4.49) and (4.48), respectively, and Z“ € Rliesbetween
Z']? and \/ﬁZ’]?/ 1Z"|l.

In the following, the notation 0(1) means having order o(1) in probability IP. We first
show that the last term in (4.158) is of order o(1/n) in probability. By assumption, [F"”|

has polynomial growth, so there exist g > 0 and C < oo such that
[F”’(H)] < C(L +t|"), VteR.

Therefore, for each n € N,

n NP (Vnz Y g
j Ji — |1
| <& (1+ z*?)
L% [nznn f] 6 j

=1

Since Z;l lies between Z;’ and \/EZ;Z /IZM|, and v/ ||Z"] converges to 1 almost surely.

For each 0 < C < oo, there exists N = N(w) such that a.s. for alln > N,

Z]

<

Z]

(1+0).

Combining the last two inequalities above, we obtain for some constant C’ < oo, and

alln > N,

n FIII (Z)]/l) 3

L

j=1

iz,
2

Z]

3
7| < (1+
iz f] )

[

)
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Nz = v s

=C
N VAY

%Z *a+lz).

=1

Z;

Z;

From the Gaussian concentration inequality (see [78, Theorem 3.1.1]), there exists a

universal constant ¢ such that for 6 > 0,
P(Iz"l - V| > 6) < 267,
Given € > 0, we have

1 n 3 n
P(%lnz I= Vo] > e) =P ([IZ"l - V| > n'/e€'?)

—re2/3,41/3
< g7

— 0, as n— oo (4.159)

On the other hand, since (Z’]?) j=1,.,n are independent, by the strong law of large
numbers for triangular arrays, as n tends to infinity, almost surely
1 n
)
j=1

‘a+lz) 5 E [12° (1 +1217). (4.160)

7

7

Similarly, the strong law of large numbers also ensures that as n tends to infinity,

12"l
Vn

— 1, as. (4.161)

Together, (4.159), (4.160) and (4.161) show that

n FNI (Zl]’l)

L

=1

[

3
iz _27) ~ o
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We may then rewrite (4.158) as follows:

i z"
% [ZF(‘/E”Zi”) -E [F(Z)]] = Pu(F) + %s}(F) + o(%) (4.162)
j=1

Due to the assumption that I/, G}’ and G; all have polynomial growth, the variances
of F(Z), F(Z)Z,F"(Z)Z?, Gi(Z), G{(Z)Z, Gy(Z) and G}(Z)Z are all finite. Define sequences
(9’[11)/ (%n)/ (Q:n)/ (Qn)/ (@1’!)/ (C(Tfn)/ ((571) and (3571) as fOHOWS:

n

1 1
Ay 1= — F(Z") - E[F(2)]), B, = — F(z")Z" - E[F'(2)Z]),
W;((]) [F(2))) WH((,)] [F(2)2])
L 1 - 77 n ny\2 _ 17 2 . 1 - n 2 _
6= R L@@ -BE 02, =) (2] -1).
1 - n . 1 - ’ n n__ ’
1 v 1 v
o= L (G2(Z)) - ElGx(2))), =L (Gxz)z; - ElG,@)Z]).

By the multivariate central limit theorem, (2, B,,¢,, ©,, €,, &, ®,, H,) converges in
distribution to a jointly Gaussian random vector M := (2, B, €, D, €, §, ©, $) in R® with

mean 0 and covariance matrix

(E)ij = Cov(M;, M)), for i,j=1,...,6, (4.163)

where

(M1, M, M5, My, M5, M, M7, M3) := (F(Z), F(2)Z,F"(2)2?,7%,G:\(Z), Gy(2)Z, Go(2), GQ(Z)Z) :

By the Skorokhod representation theorem, we can find (%,,, B,, €,,, ©,, €., §u, ©1, Hn)
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and M := U, B,E,9,¢,F,6,9) all defined on some common probability space, such

that

Dy R 7 ~ 3 & <

(Q’Il’ll %nl (Sn/ gl’ll (Ei’ll %nr ®71/ S57’1/M) (QIHI %71/ cgi’ll D1’ll (gl’ll 81’1/ 61’!/ S51’!/ M)

and

(QITZI %711 G1’1/ D7’1/ (EVU 87’1/ (611/ 5511) - M a.s. (4164)

Now, we substitute (U, B,, ¢, D, €, ., ®,, H,) into (4.162), and we first take care

of r,

=

7u(F) = L F(Z") - [F(Z)]+F’(Z”)[ nnz" Z’?]
= B Nzmp 7
“”7(\/’ +(Vn, +n1E[P’(Z)Z])W:/Sgii"n;z)m]
= U, + Vi |E[F(Z)Z] + WJ(@%;;;;;?
(G )

where H; : R?> - R is the mapping

, 1-(1+y)?
Hi(x, y) := (E[F'(Z2)Z] + x) S

Since %n / Vnand 5,1 / \/n converge to 0 almost surely by (4.164), we consider the Taylor

expansion of H; at (0, 0):

1-(1+y~

Hi(x,y) = 1+ y)!72

X
(y)=(0,0)

+ (E[F(Z2)Z] + x) y

(x,y)=0,0)

-1
2(1 4+ y)3?

+O0(x* + %)



- —%IE[F’(Z)Z] + 0@ +1P).

Combining the last three displays, we obtain

, B2 D2
\/ﬁ E[F(2)Z] + O(— + —]J

E[F'(Z)Z]D, +1E[F’(Z)Z]O(

7u(F) 2 U, + V|-

_w - LE

NI*—‘

2 2
v—-w)
By the a.s. convergence, (ﬁn, 5n) - (ﬁ, 5), we see that as n tends to infinity,

B2 D2
n + n
Vi n

— 0, a.s.

Applying Slutsky’s lemma and the almost sure convergence above, we obtain
#.(F) = A — %E[F'(Z)Z]EB,

asn — oo,

Similarly, for s, we have

n 2
0= 3 Y P @ -1
=1
1 ’"” 2 Q: 1 ’
e S e )
@1 (S Do
- 2 HZ[‘/E/ \/ﬁ)’

240

(4.165)
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where H, : R?> — R is the mapping

2
Hy(x, y) = (E[F"(2)Z%] + x) (ﬁ - 1) , (o y) eRA

Note that €,/ v and D,/ Vi converge to 0 almost surely by (4.164). We now apply the
Taylor expansion to H; at (0,0) and obtain

Hy(x,y) = i]E[F”(Z)ZZ]yZ + 00 + ).

With the above expansion for H,, we write

s @1, 9
3,(F) = 5 E[F (Z)Zz]®2+0(ﬁ \/ﬁ]

_1
3

E[F"(Z)Z%]? (4.166)

as n tends to infinity, which holds since D, — D almost surely. This completes the

analysis of the expansion for F. Fix i = 1,2, we next consider the expansion for G;

Following the same method, we can write

1y Z;
Vi {;;Gi Vi ”Zn”] E[G/(2)]
1 - P n 4 n \/EZ;! n 1 44 l’l \/ﬁzn n 2
=— 2 Gl-(Zj)—lE[Gi(Z)]+Gi(Zj)[”Zn” —zj]+zc( )( T z].] .

Again by assumption, G!" has polynomial growth, and thus the last term is of order

0(1). Hence, we may rewrite the terms above as follows:

1y Z;
aE ; G, [ x/ﬁm) ~E[G/(2)]
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\nZzZ"
Z (Z) - E[GH(2)] + G’(Z”)[”Z—n”] - z]'?] +o(1)
=1

= 7,(G:) + o(1). (4.167)

Thus, the expansion in Lemma 4.4.2 follows from (4.157), (4.165) (4.166) and (4.167).
The second assertion of the lemma is a consequence of (4.165), (4.166), the analog
of (4.165) with F replaced with G; and the joint convergence of (ﬁn, 5,7,@,1) = (ﬁ, 5,@)

and (U, D,, §,) = A, D, G). O

411 Proof of Lemma 4.6.2

Proof. For p = 2, y, is the standard Gaussian, logM,,(t) = */2 and so the lemma

follows.

Next, we consider the case p > 2. Let Y be a generalized p-th Gaussian random

variable with density as in (4.13). The moments of Y are given in [64] by

0, modd,

(e

) 7

E[Y"] = (4.168)

m even.

Note that dlog M, (t)/dt = E[Ye"]/E[e"], and for each k > 1, d*log M, (t)/dt" is a

linear combination of products of functions the form

E [Y”ety

W, for n= ,...,k.

>
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Therefore, we only need to show that these functions have at most polynomial growth.
The case when k = 0 then follows since the derivative of log M, has polynomial growth,

thus, log M, also has polynomial growth.

We first consider the case when 7 is odd and the case when 7 is even can be deduced

analogously. Note that for t € R and n odd,

1/py2m+1+ 2m+2+n
1 ()2t (2me e )

tY 0 2
E [Yne ] _ Zm:ot " T(m+1+n)
E [eY] - (p1/7)2r (22
o4
Yonzo 2" r(2m+1)p

1/py2m+1+ 2m+2+n
| (ptfpyprteny(2eezen )

Z‘x’ t2m+
m=0 TQm+1+n)
- 1/p)2 2m+1
ye o PPPIT(2L)
m=n’ r@m+1)

1/p)2m+1+n1—~( M)
4

Yoo paml 4
m=0 T(m+1+n)

1/p\2m+2n! T 2m+2n’ +1)
(p1/py2m+2n r( 2 )

T'Qm+2n’+1)

Z‘x’ t2m+2n’
m=0

Pick n” = (n — 1)/2 to obtain

1/p\2m+1 2m+2+,
(pl/p)2m+ +nr( mp n)

E [YnetY] " Zi:o $2m

X T2m+1+n)
B[] ~ P Lo e
m=0 T(2m+n)

Now, note that for each m € IN U {0},

(Pl/ p)zn;zzmni(zjm;“n) pz /p T (2m+2+n ,
= ’ <Q@m+1+n)yt<1,
(pUrprnar(2en)  2m+ 14+ ny <2m+1+n)
T'(2m-+n) b

where the second to last inequality is due to Wendel [82, Equation 7]. Thus, we have

shown that E[Y"¢!Y]/EE[e'Y] < #>7", which has at most linear growth for any n € N.

Lastly, we turn to the case when 1 < p < 2. We simply demonstrate the case k = 1,
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the general result can be deduced using similarly. Again, we start with k = 1, and for
general k € IN U {0}, the result can be deduced using the same technique as in the case

p>2.

In view of (4.168) we have for t € R,

q E|Ye"|
—logM, (t) = ——=
dt Yr E[et]
0 E Y2m+2
B Yo, tmuw
- o0 E[Y2m
Y=o 2" ([Zm)!]

1/;1)2m+2r( 2m+3 ) o " (pl/p)2m+2r( 2m+3 )
p m+ P
oyt Lm=nt Tm+2)

o (pl/p)mr(M)
Zmzo gam F(2m+1)p

Zn—l fam+1 (p
m=0

(pl/p)2m+2r(%)

-1 1/p\2m+2 2m+3 ) 2m+1
< nz" 1 (p™) F( p ) I Tm+2)
- T @2m+2) Yo t2m (p!/py2nr(21)
m=0 T@m+1)
1/p 2m+2n+2r( 2m+2n+3)

n-1 1/p\2m+27 ( 2m+3 S (el 7
— Z t2m+1 (p ) I ( p ) " 211+1 Zm:o t T2m+2n+2)

=1 ['@m+2) Yoo 12 ()

m=0 T(2m+1)

where the inequality follows from E[e''] > 1, which is due to Jensen’s inequality.

To conclude the proof of the lemma, it suffices to show that there exists n € IN such

that for all m € IN U {0}

1/py2m+2n+271( 2m+2n+3
') (223

T@mT2n+2) _ 2L (@2m+2n+3)/p)T 2m+1) -
(pH/py2rT (2L r(2m+1)/p)TCm+2n+2) ~
T@m+1)

To this end, pick a,b € IN such that the following inequalities hold:

(2m+1)(1—119)—1<a<(2m+1)(1—%);
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(2m+2n)(1—1)—§<b<(2m+2n)(1—1)—§+1. (4.169)
p; P P} P

Then we have the inequality

LN Ry S S S (4.170)
p p p p

Now we use the identity I'(z + 1) = zI'(z) and the chosen 4, b above to obtain

222 IF(@m+2n+3)/p)I 2m+1)
I'(2m+1)/p)T 2m +2n +2)

e T(@m +1)(22L)... (225 4 ) T (2w 1 p 4 1)
r (2”;7“ +a+ 1) T(2m +2n +2) (2m+;”+3) ce (2”“}3“3 + b)
< i 2m+1)---2m+1 +ap)

=P Cmt2n+3)-@m+2n+3+bp)
where the inequality follows from (4.169) and (4.170). We further see that

we I'((2m +2n + 3)/p) T (2m + 1)
" T(@m+ D)/p)T @m+2n+2)
ons1 2m+1 2m+1+ap 1
2m+2n+3m2m+2n+3+ap(2m+2n+3+(a+1)p)---(2m+2n+3+bp)

p2n+1 1
- 2n+3+@+1p)---2n+3+bp)

b—a
< p2n+1 1
- 2n+3+@+1)p)

_2
1V

) , p 2n( 1 )
Qn+3+@+1p)7) \2n+3+@+1p)

which tends to zero as n tends to infinity, uniformly in m. This concludes the proof of

the lemma. O
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4.12 Geometric information in sharp large deviation es-

timates

Fix p € (1,00) and n € IN. We now demonstrate how sharp large deviation estimates
encode geometric properties of the underlying high-dimensional measure. First ob-
serve from the estimate in (4.28) that the leading order term that depends on 0 is R}(0"),
which, in turn, depends on 6 only through \If;‘ﬂ(/\a), as evident from its definition in

(4.84). From the definitions in (4.14), (4.19)and (4.82), we have
1 n
W, o) = " Z Ay ( ‘/EQ;ZMJ, Aa,z) / (4.171)
j=1

where we suppress the 0" dependence in W We tirst state a lemma regarding the

properties of A, in [33].

Lemma4.12.1. [33,Lemma?7.5] Letp € (1,00)andt, < 1/p. Themap R, 5 t; = Ay(VHh, £)

is concave but not linear for p > 2, linear for p = 2 and convex but not linear for p < 2.

Proof of Proposition 4.3.7. From the definition of R}}(6") in (4.84), it suffices to understand
the behavior of (4.171). Since by (4.19), A,» < 1/p. We may apply Lemma 4.12.1 in the

following proof.

First, for p = 2, from (4.14) and (4.77), a simple calculation yields

1 Ai,l

21-2A,,

1
AZ(/\a,lr Aa,Z) = _E 108(1 - ZAu,Z) +

Hence, by (4.171) and the last display, W} ,(A,) does not depend on 6 and thus is a

constant.
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Next, consider p > 2. By 4.12.1, A, ( vV /\a,z) is concave but not linear. By the
definition of A, in (4.14) and the symmetry of the p-th Gaussian distribution (4.13),

A,(+, Ag2) is an even function. Therefore, for 0" € g1

—ZA VRO Ay, Aug) = ZA ((rO2(h02 o)
<A, JZ(@’;P(A,Z,])% Aa,z]
=1

- Ap ( ‘/ﬁ/\a,lr Aa,Z) .

Moreover, since A, ( V- Aa,z) is not linear, the equality in the last display holds only
when

@) =@ == O =

Thus, we conclude that the maximum of ‘I’ZIQ(/\Q) is attained at (+1,+1,...,+1)/ Vn.

On the other hand, to identify the minimizers of 6" + \I]Z,e()\ﬂ)' note from
Lemma 4.12.1 and the fact that A, (-, A,) is even, we can write WZIG(A“) =F(6",...,00,
where F = F, is defined to be

1 n
Tttt == Y A ( N Au,z) . (4.172)

=1

for (t,...,t,) lies in the compact domain

A ={(tl,tz,...,tn)e]R’j:Zt]:l}.
=1

Since ¥ is strictly concave by Lemma 4.12.1, the minimum of # is obtained at the ex-

treme points of A, namely, the vectors, e, j = 1,...,n. Thus, by (4.172), the minimum
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of \IJZ’Q(/\Q) is also attained at

0" =+e;, for j=1,...,n

The case p < 2 follows from the same argument on interchanging maxima and

minima, and invoking now the convexity of t; = A,( Vti, t,) from Lemma 4.12.1. O

4.13 Proof of Proposition 4.6.6

Proof. For the smooth function f, for any multi-index a = (a3, ..., a4), we define f, :=
Note that D contains a neighborhood of x* = (0,0, ..., 0), which equals the origin, and
D = Dn (R" x R%). Since f is smooth in D and its minimum over cl(D) is attained at
x*, wehave Vf(x*)-(a1,...,a,,0,...,0) =0forallg; € R,i =1,...,m, which implies that
fi=0fori=1,...,m. Moreover, since f achieves its minimum uniquely at x*, f; > 0

fori =1,...,m. By Taylor’s theorem, we may then write f as
f(x) = Zl‘ S+ Pi) + iz;l fixi(1+ Pi(x)), forxeD

where (P;)i-1,..,m+a are smooth real-valued functions on D. We will proceed by making
several changes of variables. We start with the transformation T; : R” X RY — R™ X R%

where u = T1(x) is defined to be

ui:x,-(1+Pi(x))1/2, i=1,....m and u;=x;(1+Pix), i=m+1,..., m+d.
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Note that the Jacobian of this transformation is 1 for x € D. Let u* := Ty(x*) = (0, ...,0).
Let D’ := T1(D) and note that D’ ¢ R" x RY contains a neighborhood of the origin. For

u € D’, define
m+d

F(u) := f(T; () = Zf” 1 + Z ;. (4.173)

i=1 i=m+1

Let m* be the maximum of F in D’ or equivalently, of f in D. Next, consider an
additional change of variables T, :: R" X R? — R, X [11/2, 7t,2]" x [0, 1/2]*"! by letting
(&, 0,¢) = Tr(u) be such that

28 . -
ui=|—=] cos0O;---cos0O;_sin0;, i=1,...,m,
fz‘i
= 0 2p 2 2 b . sin? b =1 d-1
um+l—f cos? 01 - - - cos® 0,, cos® P - - - cos” P;_1 sin” ¢b;, 1=1,...,d-1,
m+i
Upsd = f cos® Oy - - - cos® 0,, cos® ¢y - - - C0S” Py_p COS” Py_1, (4.174)
m+d

for 0, € [-n/2,m/2],i=1,...,m,¢; € [0,1t/2],i=1,...,d—1and & € [0,m"]. Since for
i=m+1,...,m+d, u; € R, the domain of ¢; is restricted to [0, /2], and thus we may
take the square in cosines and sines fori = m +1,...,m + d. Therefore, T, is a modified
version of polar coordinates and is well-defined. From (4.173) and (4.174), F(u) = & for

u € R™* and we have the Jacobian

8(”1/ Tty um+d)

8(é/ 91/"' Qm/(z)l/“ (i)d 1)

(4.175)

(2 5 m/2+d—1 d-1 )
Hc0s2d+m 0, | | cos* 1% ¢ sin ¢ (4.176)

) fm+1 fm+d \/fll fmm i=1 i=1

Next, define G"(u) := ¢"(T} (u)). Using the change of variables T;, we see that

:fh”(x)dx:f G"(u)e "y, (4.177)
D D’



250

Since D’ ¢ R™ X RY, we see that D’ is covered by the family of surfaces F(u) = t for
€ [0,m’], i.e., D" C Usepomeiiu € R*1 : F(u) = t}, Note also that D’ is bounded and VF

is nonzero in D’. Using the method of resolution of multiple integrals [83, Theorem 9,

Chapter V], we then have
I' = f (e " dt, (4.178)
0
where
't = f G a4 teo,m, (4.179)
{F(u)=t} k+1 F2

with dA denoting the surface element of the surface F(u) = t. Then, recalling the second

change of variables in (4.174), we have

dA
—— = ]dOdo.
v - 1099

If 7(&, 0, @) denotes the transformation of " under T, o T7, then,

(E) = @y (4.180)

fosr fura N1 foum
m

v f f o (E0.0) H cog2d+m=1-i g.
Oe[-n/2,m/2]m Jpel[0,m/2]4-1 i=1

(Zt)m/2+d—1ei‘“(t) m 7l

cos® 172 ¢y, sin idpdO

d-1

i=1

/2 _ d-1 27 .
cos?" 171 940 f cos® 1% ¢ sin pdep,

fm+1"'fm+d \/fl,l"'fm,m :!:1[ -7/2 i=1 Y0

(4.181)

for some function 7(t) that satisfies for some ¢ > 0, |[7'(t)| < Cn“t for nlargeand t € (0, ¢)

because |r"(x)| < Cn®||x|| for n large and x in a neighborhood of the origin. From (4.178)
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and (4.181), we have

om/2+d-1 m 7T/2

I = 2d+m 1- zede f COSZd_l_zi(PSil’l (]5(1(]5
fm+1 fm+d'\/fll fmm 1_1[ —77/2 1_[

Xf tm/2+d 1e—nt+r"(t)dt.
0

Now, we apply Theorem 2.1 from [66, Chapter 9], with p, 7, q, A, u, and v being t, 7,

tm/2+d=1 41/2 + d, 1 and 1 and obtain

2m/2+d—1 m /2 r (m/2 N d)
" = os2+m=1-i 940 f cos2—1- 21 inpdp—r1e*4)
fm+1 fm+d Vfll fmm H —ﬂ/2 H nm/d+2
2 m/2
= G g"() (1 +o0(1)).
nd+m/2 Fur1* frurd m
O

414 A uniform deviation estimate

We now establish Lemma 4.6.9. Key ingredients of the proof include the Gaussian
concentration inequality and certain deviation estimates that are uniform with respect
to a class of functions, much in the spirit of uniform Glivenko-Cantelli or Donsker

classes.

Proof of Lemma 4.6.9. Fix € > 0. We first apply Taylor’s theorem to the function K. For

x € R and (t1,t;) € D, note that (xty,t,) € ID, and thus

K(xt1, t2) = K(O, t2) + 1K (p(xt1, t2), t2)xt, (4.182)
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where p(-, -) is a function with | p(xty, t2)| < |xt1|. By the polynomial growth assumption,

there exist g, C € (0, o) such that

sup |01 K (xt1, t)] < C(1 + &7 |x]), (4.183)
lIEll<e
sup |01 K (xt, )| < CA+ & |xl?), for j=1,2. (4.184)

lltll<e

By (4.182), for ||t|| < ¢,
Z( [H ( )Htl'tz) IE [(K(Ztlftz)]) = t; (It + (1)), (4.185)

where

, - Vi VnZ
() : ]1{917((p(“ ()|’|t1,t2), 2) [z |]| 1K (p(Zit, 1) 12) Z1 |, (4.186)

Ig(t) = (817( (p (Z]'tl, tz) , tz) Z] -E [817((p(Zt1, tz), tz)Z]) . (4187)

=1

= 0

The proof follows in several steps.

Step 1. We will use the Gaussian concentration inequality to establish a bound on I} ().
Specifically we claim that there exist C; € (0, o0) and a random integer N; € IN such that

IP’-almost surely, for n > Nj,

sup |n_“IT(t)| < (C. (4.188)

lltl<e
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To prove (4.188), note from (4.182) that for x € IR, [|f|| < ¢,

d dg (W(xtl,tz)t— KO, fz)) = hK(xt, b, ift #0,
- (K (p(xty, 1), tr)x) = { ¥ 1
HK(O, 1), ift =0.

Together with (4.183), this implies that for x € R,

d -
— (1K (p(xt1, t2), t2)x)| = sup [01K (xt1, t2)] < C(1 + &7 [x]").

sup
dx lItl<e

lltl<e

Therefore, by the mean value theorem, there exists Z; € R lying between Z; and

iz, 2

| =lox; tm)j

such
1,t2) VnZ J 817((Z t1,t2

(II ol el

Since Zj lies between Z; and vVnZ;/ ”Z(”)

converges to 1 almost surely.

,and Vn/ ”Z(”)

For each 0 < C < oo, there exists a random integer N} € N such that IP’-almost surely,

forn > N,

|Z]| < |Zj|(_f forj=1,...,n

Combining the last three displays and (4.186), we obtain I’’-almost surely for n > N,

—an \/E =1 - = 17 .
ﬁtlnlg In Il(t)| < ”ZT -1 C% ]Z;(l + (Ce)1 |Z]| )|Z]|
(\/ﬁ _ Hz(n )n1/2 a n .
- 1+ (Ce)|Z:|) |Z; (4.189)
ol | Cr

From the Gaussian concentration inequality [78, Theorem 3.1.1], given any C] € (0, o),
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there exists ¢ € (0, o) such that
P02 VAl > G) = Pl - ¥ > 7)< 2

which is summable because a > 1/2. Hence, by the Borel-Cantelli lemma, there exists

a random integer N7" € IN such that IP’-almost surely for n > N7,

nl/Z—a |||Z(n)

- V| <C;. (4.190)

On the other hand, since (Z;);cn are independent, by the strong law of large numbers,

as n — oo, almost surely

2

%2(1 +(Ce)|Z|" |Z;| = E[(1 + (Ce)'12") 2]  and
j=1

1. (4.191)

Together, (4.189), (4.190), and (4.191) imply (4.188).

Step 2. We now establish a bound on I)(t) defined in (4.187). We claim that there exist

C; € (0, ) and a random integer N, € IN such that IP’-almost surely, for n > N,,

sup [ I (1) < Co. (4.192)

llll<e

With a view to proving (4.192), recall the definition of g in (4.183). Since @ > 1/2, we

may choose > 0 so that
2a —1-2Bg >0 and define r,:=n’. (4.193)

Next, define the truncation of (x, (t1,t,)) = d1K(p(xt, t2), t2)x as follows: for x € R and
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t = (t1,t2) € B(0),

817( (P (xtll tZ) ’ tZ) X, lf |x| <Tu
T, (x, {) == (4.194)

I K (p (sgn(X)rut1, t2) , t2) sgn(x)r,, if |x| > 1y,

where sgn is the sign function defined on R by sgn(x) = 1 if x > 0 and sgn(x) = -1 if

x < 0. We bound (4.192) above by the sum of three terms,

sup [n ™" Li(t)| < I3 + I, + I, (4.195)

lltll<e

where

n

I3 := sup|— (Tu(Z),) - E[T.(Z,D])]], (4.196)
[ R
1 n
Iy := sup|— (K (p(Zit, 1), 2)Z; = Tu(Zj, )|, (4.197)
lItl<e P
1 n
I}y = sup E| — Z (MK (p(Zit1, t2), £)Z; = Tu(Z;, D) |- (4.198)
ltl<e =

For the first term I7, in (4.196), we start by proving the following.
Claim. Forx € Rand ||t|| < ¢, t — T,(x, t) is Lipschitz continuous with constant C(1+&7r1)r2.

Proof of the claim. First, note that by (4.182) and (4.194), for |x| < r,, ||t|| < e and t; # 0,

9, To(x, 1) = 9y (W(Xfl,fz) - K(O, fz)) _ xt101 K (xty, t2) + K(xty, t2) — K(O, t2)

2
t 2

1
= 5523117((5, tr),

where £ is a constant such that |£| < |xt,| from Taylor’s theorem, and for |x| < 7, [|t]| < €
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and t; =0,
2T, ) = lim (317( (p(xty, tp), ) x = 1K (0, 1) x) ~ lim K(xt1,t) = K(O, t2) — 1K (0, t2)xt;
-0 t H—0 t%
= %xzc?lﬂ((O, tz)

By (4.184) and the last two displays, we have |x| < 1, [|t]| < ¢,
104 Tu(x, ] < C(A + eTrl)r. (4.199)
Similarly, for |x| < r,, |||l < e and t; # 0,

QtzTn(x, t) = 3t2

K(xti, t2) = KO, t2)\  AHK(xty, t) — LK, 1)
tl B tl
= 58127((51 t2)/

where by Taylor’s theorem ¢ is a constant such that || < |xt,|. Also for x| <1y, |It|| < €

and t; = 0, by (4.194),
9, Ty(x,t) = 94, (1K (0, t2) x) = xd12K (0, £,).
The last two displays and (4.184) imply that
10, Tu(x, 1) < €A + e™))r,, forx € Rand ||t < e. (4.200)
Thus, the claim follows from (4.199) and (4.200). O

For n € IN, define

€
"TCA + enrlyrint-a

and k, = [(C(l + sqr:’l)rznl—“ﬂ . (4.201)

n
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-----

u,v € Bs, (Iy),

- 2
T (x, 1) — T, 0)] < [l = 0l C(1+ )2 < =

T (4.202)
Therefore, we have
1 n
Iy < sup sup |— Y (Tu(Z;, 1) - E[TA(Z 1))
k=1,....k, tEan (lk) ]‘:1
1 n
< sup %Z( sup T,(Z;,t) —]E[ sup Tn(Zj,t)D
k=1,... ks 77 \teBs, () teBs, (k)
+n'™E| sup Ty(Zt)— inf T, (Z1)
teBs, (Iy) t€Bs,, (k)
1 n
< sup n—Z( sup T,(Z;,t)—E| sup Tn(Zj,t)D +2e, (4.203)
k=1,...,kn ]':1 tEBén(lk) tEBén(lk)

where the last inequality follows from (4.202). Together, (4.183) and (4.194) imply

sup T,(Z;,t)

teBs,, (Ix)

< C( + &),

Hence, by the union bound and Hoeffding’s inequality [78, Theorem 2.2.6], for any

n € N and C; € (0, ) we have

1 n
P| sup _aZ sup T,(Z;,t)—E| sup T,(Z;, ||l > Cs
k=1, |TF =1 \teBy, () teBs, (Ix)

k, 1 &
<) Pll— sup Tn(Zj,t)—]E[ sup Tn(Zj,t)D > Cs

kZ:; (” ; (teBon(lm teB, (1)

20>
<2k exp|-————=]|,
nC2(1 + etr])?

which is summable in n by (4.201) and (4.193). By the Borel-Cantelli lemma and (4.203),
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it follows that there exists a random integer N3 € IN such that IP’-almost surely, for

n > N3, almost surely,
I, < Cs + 2e. (4.204)
Next, we deal with the quantity I, in (4.197). Note that by (4.197), (4.194) and
(4.183)

(|zj| Ca+e|Zi") +r.Ca + 5%)) Lz o

Il
[

Hence for C4 € (0, 0), Markov’s inequality implies

n

Z (1zi]Ca+e|z|'y + rC + 7)) 1y > Ca

i=1

1
]P(IZZ > C4) < ]P(ﬁ

1 . .
< C—4n1‘“]E | (Zj|Ca+e|z) + rCa +emr) 1y |-

Now, for any k € IN U {0}, the Laplace approximation (see e.g. [83, Chapter 2]) implies

2
= ™

1 $2 k—
E|1Z[F 11z, | = 2 f Xk e Zdx =2r, 2e" 7 (1 +o(1)).
[ e }] {x>r,} V27T

Hence, there exist C, € (0, ) and Ny € IN such that for n > Ny and k € IN U {0},

Nl:‘b

E [|Z|k 1{|Z|>rn}] < C:LT];E_ .

The last three displays together yield the following bound on the tail probability of I7,:

’

C ~ 2
P(I%, > Cy) < —n'™ (rnC(l + equ)) e 2,
Cy



259

Since this is summable in 1 due to the definition of r, in (4.193), by the Borel-Cantelli

lemma, there exists a random integer N5 € IN such that IP’-almost surely, for n > Nj,

I, < Cy. (4.205)

Finally from (4.197), (4.198) and (4.205), we see that IP’-almost surely I); < [E[I},] < Cy4
for n > N5. When combined with (4.195), (4.204) and (4.205), this yields (4.192). Now,
by (4.185), (4.188) and (4.192), we have almost surely, for ||f|| < € and n > max{Ni, N},

< nth](Cr + C) < (G + Co)n” |,

[| ()||t1,t2] E[K(Zt, )]

which implies that (4.97) holds IP’-almost surely and concludes the proof of the lemma.



CHAPTER FIVE

Open questions and ongoing work
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In this thesis, we study large deviations estimates for high-dimensional measures and

convex bodies. Here, we list some ongoing and future works:

e In Section 2.6.2, we verified the asymptotic thin shell condition for random vec-
tors uniformly distributed on an Orlicz ball, only when the associated Orlicz
function is superquadratic. It is natural to ask what would happen in the case
of subquadratic (but superlinear) Orlicz functions. A special case of this would
include £ balls for p € [1,2), which is fully understood. In this particular case,
one needs to look at (sharp) large deviation estimates for heavy-tailed random

variables (because Cramé’s Theorem does not apply anymore).

¢ In the study of intersections of Orlicz balls, we have thus far only understood
the asymptotic behavior of the volumes of the intersections for a certain range
of values of the radius. The full range is not understood, and one expects the
exponential rate of decay in these regions to be different from the usual one.
Therefore, new ideas and techniques would likely be needed to obtain the sharp

large deviation estimates.

¢ In the case of quenched random projections, in Chapter 4 we studied only 1-
dimensional projection. We are currently working on the case when the dimension
is fixed to be a constant k € IN. It would be interesting to ask what the LDP or
sharp large deviation estimate would be when the projection dimension k, of a
random vector in R" grows with n. This question is nontrivial because it is not
even clear what common underlying space the projection should be embedded

into as 7 is increased.

e In the annealed settings, we consider more general objects than £} balls and in-

clude superquadratic Orlicz balls and a class of Gibbs measures. Other objects of
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interests in convex geometry including zonotopes and Lorentz balls could also be
considered. On the other hand, for the quenched setting, it would also be inter-
esting to consider generalization of our results to understand more unstructured

probability measures than the normalized volume measures on fg balls.

Many of our results focus on the theoretical aspects of projections of high-
dimensional measures. One potential application of these results is to design
hypothesis testing algorithms for distinguishing data sampled from different un-

derlying high-dimensional measures.

Another possible application of our results is on the refinement of the Johnson-
Lindenstrauss Lemma. The Johnson-Lindenstrauss (J-L) Lemma shows that with-
out any distributional assumption on data, high-dimensional data can be mapped
to a lower-dimensional space such that the Euclidean geometry (distances be-
tween data points) of the data is mostly preserved. More precisely, the J-L Lemma
suggests that for a set of n points, it is possible to embed these points to a sub-
space of dimension log(n)/e? while the distances between points are “perturbed
by at most ¢.” The result in the J-L Lemma is universal and no distribution on the
data is assumed. A natural question is to ask whether given some information of
the underlying data, one can obtain a more refined result and further reduce the

dimension of the lower-dimensional space.
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