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1.1 What is Physics-Informed Learning

Based on how much information we have for the physical laws and data, physical

problems and associated methods can be classified into three categories, shown

in Figure 1.1. In the first category, i.e., the small data regime, we assume that we

know lots of physics, usually in the form of partial differential equations (PDEs),

while data are provided for the initial and boundary conditions of a PDE. The

classic PDE solvers like the finite element method, finite difference method, lie in

this category. At the opposite extreme is the big data regime, where we may have

little or no knowledge of physics. In such regime, a pure data-driven learning

approach may be the most effective. The most ubiquitous regime in applications

is the middle one, where we have some data and some physics, possibly missing

some parameter values or even an entire term in the PDE. This is the regime

where we need physics-informed learning, aiming to integrate data and partial

knowledge of the governing physical laws in a unified way.

Lots of Physics Some Physics

Data

Physics

No Physics

Big DataSmall Data Some Data

Figure 1.1: Schematic to illustrate three possible categories of physical problems and associated
methods.

While there have been other physics-informed learning frameworks, e.g., ker-

nel methods like Gaussian processes for solving PDEs [104, 108], methods based

on deep neural networks for physics-informed learning, e.g., [44, 110], have re-

cently attracted increasingly more attention, due to their ability to tackle high

dimensional, nonlinear PDE problems. There are various ways to incorporate the
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partial knowledge of physics into the deep learning system. Here we introduce

two approaches that are used in this dissertation:

• Employ neural networks with specially designed architectures so that the

neural network functions satisfy some hard constraints. For example, we

can use the gradient of a neural network to approximate a curl-free field.

Other examples in literature include using the determinant function to ob-

tain anti-symmetry under the exchange of input variables [98], and use

summation/averaging operations to obtain invariance under permutation in

many-body systems [151].

• Design loss functions to apply soft constraints of physical laws, for example,

the residual of PDE in the strong form [110], the energy based on variational

form of the PDE [132], etc. Compared with classic grid-based numerical

methods where the derivatives are approximated by numerical schemes,

neural networks have analytical derivatives by performing automatic differ-

entiation, and get rid of the numerical error introduced by discretization.

In general, the incorporated physical knowledge benefits the learning algo-

rithm in the following aspects:

• Make the results more reliable, in particular when the neural network model

is specially designed. The soft penalty in the physics-informed loss could

also act as a regularization term to avoid overfitting.

• Integrate and leverage the data collected from different sources or at different

time instants, which are intrinsically connected via physical laws.

• Reduce the number of data required in the learning algorithm. For example,
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if we use our knowledge of the PDE and data for the source term, we may only

need the data at the boundary to learn the solution. The built-in symmetry

and invariance can also reduce the data requirement, and possibly accelerate

the training.

1.2 Why Generative Adversarial Networks (GANs)

for Physics-Informed Learning

The aim of generative adversarial networks (GANs) is to train a generator that

takes noise as input and outputs “fake” samples, and we wish the generated

samples to be able to approximate real data distributions. GANs deal with this

problem by introducing two neural networks, namely the generator G and the

discriminator D, and train them in an adversarial way.

In general, there are two perspectives for GANs. The first perspective is to

view GANs as a two-player zero-sum game between the generator G and the

discriminator D. The discriminator takes a sample as input and aims to tell if it is

“real”, i.e., sampled from the data set, or “fake”, i.e., generated by the generator.

Meanwhile, the generator tries to “deceive” the discriminator by mimicking the

true data distribution. The hope is that the iterative adversarial training of G and

D will lead to the Nash equilibrium of this zero-sum game, where the generated

distribution will be identical to the target distribution of real data. The second

perspective is that the discriminator gives the distance between the generated

distribution and the target distribution in a variational form. For example, vanilla
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GANs can be formulated as:

min
G

max
D

V(G#N ,D),

V(G#N ,D) = Ex∼G#N log(1 −D(x)) + Ex∼Q log(D(x))

= Ez∼N log(1 −D(G(z))) + Ex∼Q log(D(x)),

(1.1)

while Wasserstein GANs (WGANs) can be formulated as:

min
G

max
D is 1-Lipschitz

V(G#N ,D),

V(G#N ,D) = −Ex∼G#ND(x) + Ex∼QD(x)

= −Ez∼ND(G(z)) + Ex∼QD(x),

(1.2)

where Q represents the target distribution,N represents input noise, # is the push-

forward operator, thus G#N represents the generated distribution. In vanilla

GANs and WGANs, maxD V(G#N ,D) and maxD is 1-Lipschitz V(G#N ,D) are nothing

but the Jensen-Shannon (JS) divergence and the Wasserstein-1 distance up to con-

stants between G#N and Q, respectively.

GANs have achieved remarkable success within a short time for diverse tasks

of generating synthetic data, such as images [11, 50, 63, 155], texts [146, 153, 32, 69],

and even music [146, 87, 141, 42]. The ability of GANs in learning probability distri-

butions from data suggests its potential application in physics-informed learning

for stochastic physical and biological systems, which motivates this dissertation.

We list the specific attributes of GANs for such tasks as follows:

• Instead of artificially designing a form to parameterize the random variables

or stochastic processes etc., GANs can learn the parameterization from data,

significantly reducing human effort. For example, we don’t need a clear
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knowledge of the hidden stochastic dimensions in advance. This is because

GANs map the input noise to the output distribution in a nonlinear way.

If the input noise dimension is lower than the target one, the generator

can approximate the target distribution by “twisting” the manifold, where

the generated distribution is concentrated on. If the input noise dimension

is higher than the target one, the generator map can be in a “contracted”

way so that the generated distribution is concentrated on a low dimensional

manifold.

• GANs can tackle high dimensional stochastic problems. The dimension here

could refer to that of the hidden random variable, e.g. in Chapter 2 we tackle

a stochastic differential equation with over 100 stochastic dimensions, or

that of the physical space, e.g., in Chapter 3 we tackle a stochastic ordinary

differential equation with 100 physical dimensions.

• GANs can extract information from the “ensemble” instead of individual

samples and leverage unpaired data. An example in the context of image

translation is CycleGAN [155], where the GANs learn how to translate im-

ages into other styles, with unpaired images as data. In this example, the

GANs learn the information of image styles from the ensemble. In the con-

text of physics-informed learning, GANs can also extract the information

from the distributions of observed particles or sensor outputs.

1.3 Organization of Dissertation

This dissertation is organized as follows. The chapters are written in a self-

contained way, so that the readers can start from any of them.
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In Chapter 2 we introduce physics-informed GANs (PI-GANs) to solve for-

ward, inverse and mixed problems of stochastic differential equations (SDEs) in

a unified manner based on limited number of scattered measurements. Unlike

standard GANs relying solely on data for training, here we encoded into the

architecture of GANs the governing physical laws in the form of SDEs using au-

tomatic differentiation. We solved forward, inverse, and mixed problems without

changing the framework of PI-GANs, obtaining both the means and standard de-

viations of the stochastic solution and the diffusion coefficient in good agreement

with ground truth.

The stochastic systems tackled in Chapter 2 are time-independent. In Chap-

ter 3 we extend the application of GANs to stochastic dynamic inference of parti-

cle systems governed by stochastic ordinary differential equations (SODEs) with

Brownian motions and Lévy processes. By training a physics-informed generative

model that generates “fake” sample paths, we aim to fit the observed particle dis-

tributions with a curve in the probability measure space, which is induced from

the inferred particle dynamics. Here the differences between distributions can

be quantified by the adversarial losses in GANs, especially in high dimensional

problems. We name this method as generative “ensemble-regression” (GER), in

analogy to the classic “point-regression”, where we infer the dynamics by per-

forming regression in the Euclidean space. We illustrate the GER by learning the

drift and diffusion terms of SODEs with Brownian motions and Lévy processes

up to 100 dimensions. We also discuss how to treat cases with noisy or truncated

observations.

Apart from systems consisting of independent particles, in Chapter 3 we also

tackle nonlocal interacting particle systems with unknown interaction parameters.

Specifically, we employ a neural network as a surrogate of the velocity field in the
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spatio-temporal domain. We introduce a physics-informed loss function based

on the differences between the accelerations calculated by material derivative and

particle interactions in the generated particle system. By doing so, we enforce the

velocity surrogate to be consistent with our partial knowledge of dynamics and

the learned interaction parameters.

The idea of employing neural networks as velocity surrogates in generators,

and using loss functions augmented to the adversarial losses to apply additional

constraints to the generators, can be extended to a wide range of applications.

In Chapter 4 we propose a potential flow generator with L2 optimal transport

regularity, which can be easily integrated into different versions of GANs. The

generator not only tries to transport the input distribution to the target one, but

also aims to find the one with minimum L2 transport cost. The loss function

for training the generator is the original adversarial loss augmented with the

residual of a Hamilton-Jacobi equation, which is the optimality conditions for the

transport map. We show that the potential flow generator can be applied in image

translation tasks, e.g., translating a no-smiling faces to smiling faces belonging to

the same people, using unpaired training data.

While GANs proved to be powerful for high dimensional distributions, in

Chapter 3 we also observed that it could fail for low dimensional problems. In

Chapter 5 we argue that a possible underlying reason is that the target optimum

function for the discriminator varies as the generator evolves, and propose the

measure-conditional discriminator with stationary optimum as a plug-and-play

module for different GANs. We show that compared with the vanilla discrimina-

tor, the measure-conditional discriminator is more robust w.r.t. the GAN losses,

discriminator/generator iteration ratios, and optimizer hyperparameters, and sig-

nificantly outperforms the vanilla one in generative ensemble regression. More-
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over, a variant of measure-conditional discriminator can also handle multiple

target distributions, perfectly matching the scenario of generative ensemble re-

gression, or act as a surrogate model of statistical distances such as KL divergence.

Finally, we present the application of GANs in Bayesian uncertainty quantifi-

cation in Chapter 6. In the first part of the chapter, we introduce Bayesian physics-

informed neural networks (B-PINNs) to solve linear or nonlinear PDEs with noisy

data for both forward and inverse problems. The uncertainties arising from the

scattered noisy data could be naturally quantified in the Bayesian framework [75].

The choice of priors for B-PINNs may have a significant influence on the posterior

predictions especially in the cases with small data. Therefore, in the second part

of this chapter, we show the effectiveness of physics-informed GANs in learning

informative functional priors. We will also discuss why sometimes GANs fail to

learn priors for posterior estimation, and how to make improvements.



Chapter Two

Physics-Informed GANs for

Stochastic Differential Equations
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2.1 Introduction

Generative adversarial networks (GANs) have achieved remarkable success within

a short time for diverse tasks of generating synthetic data, such as images [11, 50,

63, 155], texts [146, 153, 32, 69], and even music [146, 87, 141, 42]. GANs can learn

probability distributions from data, an attribute suggestive of its potential appli-

cation to modeling the inherent stochasticity and extrinsic uncertainty in physical

and biological systems.

The specific data-driven approach to modeling physical and biological systems

depends crucially on the amount of data available as well as on the complexity

of the system itself, as illustrated in Figure 2.1. The classical paradigm for which

many different numerical methods have been developed over the last fifty years

is shown in the top plot of Figure 2.1, where we assume that the only data avail-

able are the boundary and initial conditions while the specific governing partial

differential equation (PDE) and its associate parameters are precisely known. On

the other extreme (lower plot), we may have a lot of data, e.g. in the form of

time series, but we may not know the governing physical law, e.g. the underlying

PDE, at the continuum level; many problems in social dynamics fall under this

category although work so far has focused on recovering known PDEs from data

only, e.g. see [120, 18, 102]. Perhaps the most interesting category is sketched in

the middle plot, where we assume that we know the physics partially, e.g. in an

advection-diffusion-reaction system the reaction terms may be unknown, but we

have several scattered measurements in addition to the boundary and initial con-

ditions that we can use to infer the missing functional terms and other parameters

in the PDE and simultaneously recover the solution. It is clear that this middle

category is the most general case, and in fact it is representative of the other two
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categories, if the measurements are too few or too many. This is the mixed case that

we address in this chapter but with the significantly more complex scenario, where

the solution is a stochastic process due to stochastic excitation or an uncertain ma-

terial property, e.g. permeability or diffusivity in a porous medium, or uncertainty

in the initial and boundary conditions. Hence, we employ stochastic differential

equations (SDEs) to govern these stochastic solutions and other stochastic fields.

Figure 2.1: Schematic to illustrate three possible categories of physical problems and associated
available data. We use the term “PHYSICS” to imply the known physics for the target problem.

Taking inspiration from the work on physics-informed neural networks for

deterministic PDEs [106, 107], here we employ GANs for stochastic problems

in the second category of Figure 2.1. We wish to encode the known physics,

more specifically, the SDEs, into the architecture of GANs while at the same time

exploit the feature of GANs to model and learn the unknown stochastic terms

in the equations from data. This approach represents a seamless integration of

mathematical models and data, for system inference/identification as well as mixed

problems. This is an emerging paradigm in machine learning research addressing

engineering applications, where typically the physics is very complex and we only

have partial measurements of forcing or material properties. To this end, recent

advances include using Gaussian process regression [38, 118, 13, 109, 94, 142] and
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deep neural networks (DNNs) [59, 60, 52, 106, 88, 124] to solve forward problems

as well as Bayesian estimation [125] and DNNs [105, 157] for inverse problems.

However, to the best of our knowledge, published works are mostly dealing with

deterministic systems. There have only been very few works published on data-

driven methods for SDEs, e.g., [29, 101] for forward problems, and they deal with

parabolic partial differential equations, backward stochastic differential equations,

or forward-backward stochastic differential equations, which are different from the

problems we are going to deal with in this chapter; For the inverse problem, Zhang

et.al. [148] have recently proposed a DNN based method that learns the modal

functions of the quantity of interest, which could also be the unknown system

parameters. While robust, this method suffers from the “curse of dimensionality”

in that the number of polynomial chaos expansion terms grows exponentially as

the effective dimension increases, leading to prohibitive computational costs for

modeling stochastic systems in high dimensions. In this chapter, we start from

a new perspective, and propose the physics-informed GANs (PI-GANs) to solve

SDEs. Our method is flexible in that without changing the general framework,

it is capable of solving a wide range of problems, from forward problems to

inverse problems and in between, i.e., mixed problems. Moreover, PI-GANs

learn probability distributions from data, and do not suffer from the “curse of

dimensionality”. As a result, we can tackle SDEs involving stochastic processes

with high effective dimensions. In addition, PI-GANs can make use of data

collected from multiple groups consisting of multiple sensors with no alignment

between data in the groups.

The organization of this chapter is as follows. In Section 2.2, we set up the data-

driven problems. In Section 2.3, we give a brief review of GANs and the specific

version we use, namely Wasserstein GANs with gradient penalty (WGAN-GP).
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Our main algorithms are introduced in Section 2.4, followed by a detailed study

of the performance of our methods in Section 2.5, where we first consider the

learning of stochastic processes from a limited number of realizations and dis-

cuss the currently under-studied issue of overfitting in WGAN-GP. Subsequently,

we present solutions of stochastic PDEs for different types of available data and

different dimensions. We conclude in Section 2.6 with a brief summary.

2.2 Problem Setup

To illustrate the main idea of PI-GANs we consider the following stochastic dif-

ferential equation:

Nx[u(x;ω); k(x;ω)] = f (x;ω), x ∈ D, ω ∈ Ω,

Bx[u(x;ω)] = b(x;ω), x ∈ Γ,
(2.1)

whereNx is a general differential operator,D is the d-dimensional physical domain

in Rd, x is the d-dimensional spatial coordinate, Ω is the probability space, and ω

is a random event. The coefficient k(x;ω) and the forcing term f (x;ω) are modeled

as random processes, and thus the solution u(x;ω) will depend on both k(x;ω) and

f (x;ω). Bx is the boundary condition operator acting on the domain boundary

Γ. As a pedagogical example, in this chapter we consider the one-dimensional

elliptic SDE, which retains most of the main features of more complex SDEs:

−
1
10

d
dx

[
k(x;ω)

d
dx

u(x;ω)
]

= f (x;ω), x ∈ [−1, 1],

u(−1) = u(1) = 0,

(2.2)
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where k(x;ω) and f (x;ω) are independent stochastic processes, and k(x;ω) is strictly

positive. For simplicity, we impose homogeneous Dirichlet boundary conditions

on u(x;ω).

We consider a general scenario for Equation 2.1, where we have a limited num-

ber of measurements from scattered sensors for the stochastic processes. Specifi-

cally, we place sensors at {xk
i }

nk
i=1, {xu

i }
nu
i=1, {x f

i }
n f

i=1 and {xb
i }

nb
i=1 to collect “snapshots”

of k(x;ω), u(x;ω), f (x;ω) and b(x;ω), where nk, nu, n f and nb are the numbers of

sensors for k(x;ω), u(x;ω), f (x;ω) and b(x;ω), respectively. Here, one “snapshot”

represents a simultaneous read of all the sensors, and we assume that the data

in one snapshot correspond to the same random event ω in the random space Ω,

while ω varies for different snapshots. Note that each snapshot is the concate-

nation of snapshots from k(x;ω), u(x;ω), f (x;ω) and b(x;ω), thus it is actually a

vector of size (nk + nu + n f + nb). Suppose we have a group of N snapshots, then

we denote the accessible data set as {T(ω( j))}Nj=1 defined as

{T(ω( j))}Nj=1 = {(K(ω( j)),U(ω( j)),F(ω( j)),B(ω( j)))}Nj=1,

K(ω( j)) = (k(xk
i ;ω

( j)))nk
i=1,

U(ω( j)) = (u(xu
i ;ω( j)))nu

i=1,

F(ω( j)) = ( f (x f
i ;ω( j)))

n f

i=1,

B(ω( j)) = (b(xb
i ;ω

( j)))nb
i=1.

(2.3)

The corresponding terms in Equation 2.3 are omitted if we put no sensors for that

specific process.

In this chapter, we assume that we always have a sufficient number of sensors

for f (x;ω) in Equation 2.2. The type of the problems varies depending on the
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number of sensors on k(x;ω) and u(x;ω): as we decrease the number of sensors

on k(x;ω) while increase the number of sensors on u(x;ω), the problems gradually

transform from forward to mixed and finally to inverse problems.

Moreover, we could have more than one group of snapshots of measurements.

For example, in addition to the existing old sensors, we may place some new

sensors, collecting and utilizing data from both the new and the old sensors. In

this scenario, we have two groups of data: the newly collected data, and the

previously collected data solely from the old sensors. In the case of multiple

groups, our accessible data are

{{Tt(ω(t, j))}Nt
j=1}

M
t=1 = {{(Kt(ω(t, j)),Ut(ω(t, j)),Ft(ω(t, j)),Bt(ω(t, j)))}Nt

j=1}
M
t=1, (2.4)

where M is the number of groups, t is the index for the groups, and Nt is the

number of snapshots in group t. The random event ω(t, j) denotes the random

instance of the j-th snapshot in group t. Note that the sensor setups in different

groups could be different, and we use {xk,t
i }

nk,t

i=1 to denote the position setup of nk,t

sensors for k in group t (similarly for other terms). More importantly, snapshots

from different groups could be collected independently, so that the snapshots in

different groups do not have to be aligned or paired.

2.3 A Brief Review of GANs and WGANs

Before moving to our main algorithms, we briefly review GANs and WGANs.

Consider the problem of learning a distribution Pr on Rd, given data sampled

from Pr. Suppose we have a DNN Gθ(·) parameterized by θ that takes the random
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variable ξ ∈ Rm as input and outputs a sample Gθ(ξ) ∈ Rd. The random input

ξ is sampled from a prescribed distribution Qz (e.g., uniform, Gaussian), and we

denote the distribution of Gθ(ξ) as Pg. We want to approximate Pr with Pg.

GANs deal with this problem by defining a two-player zero-sum game be-

tween the generator Gθ(·) and the discriminator Dρ(·), which is another DNN

parameterized by ρ. The discriminator takes a sample x ∈ Rd as input and aims

to tell if it is sampled from Pr or Pg. Meanwhile, the generator tries to “deceive”

the discriminator by mimicking the true distribution Pr. In vanilla GANs [37], the

two-player zero-sum game is defined as follows:

inf
θ

sup
ρ
Ex∼Pr[log

(
Dρ(x)

)
] + Eξ∼Qz[log

(
1 −Dρ(Gθ(ξ))

)
]. (2.5)

Correspondingly, the loss functions for the generator and discriminator are

Lg = Eξ∼Qz[log
(
1 −Dρ(Gθ(ξ))

)
],

Ld = −Ex∼Pr[log
(
Dρ(x)

)
] − Eξ∼Qz[log

(
1 −Dρ(Gθ(ξ))

)
].

(2.6)

If the discriminator is optimal, Lg measures the Jensen-Shannon (JS) divergence

between Pr and Pg up to multiplication and addition by constants:

JS(Pr,Pg) =
1
2

KL(Pr||M) +
1
2

KL(Pg||M), (2.7)

where M = (Pr+Pg)/2, and KL(·||·) is the Kullback-Leibler divergence [37]. By train-

ing the generator and discriminator iteratively, ideally we can make Pg approach

Pr in the sense of the JS divergence.

However, the JS divergence does not always provide a usable gradient for

the generator, especially when the two distributions concentrate on low dimen-
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sional manifolds [4]. As a consequence, training vanilla GANs is quite a delicate

process and could be unstable [4]. To fix this problem, Wasserstein GANs with

clips on weights (weight-clipped WGANs) [4] and WGANs with gradient penalty

(WGAN-GP) [43] were proposed. Similar to vanilla GANs, the two-play zero-sum

game in WGANs is formulated as

inf
θ

sup
ρ

Dρ is 1-Lipschitz

Ex∼Pr[Dρ(x)] − Eξ∼Qz[Dρ(Gθ(ξ))]. (2.8)

The difference between weight-clipped WGANs and WGAN-GP is mainly on the

technique of imposing the Lipschitz constraint for Dρ: weight-clipped WGANs

force ρ to be bounded during the training, while WGAN-GP adds a gradient

penalty to the loss function for the discriminator1. To be specific, in WGAN-GP

the loss functions for the generator and discriminator are defined as

Lg = −Eξ∼Qz[Dρ(Gθ(ξ))],

Ld = Eξ∼Qz[Dρ(Gθ(ξ))] − Ex∼Pr[Dρ(x)] + λEx̂∼Px̂[(‖∇x̂Dρ(x̂)‖2 − 1)2],
(2.9)

where Px̂ is the distribution generated by uniform sampling on straight lines

between pairs of points sampled from Pr and Pg, and λ is the gradient penalty

coefficient.

Instead of the JS divergence in vanilla GANs, in WGANs the loss function

for the generator corresponds to the Earth Mover or Wasserstein-1 distance (W1)

between Pr and Pg:

W1(Pr,Pg) = inf
γ∈Γ(Pr,Pg)

E(x,y)∼γ[‖x − y‖], (2.10)

1In [4] and [43], the discriminators are names as “critics”, but in this dissertation we still use
the name of discriminators for consistency with other versions of GANs, including vanilla GANs.
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where Γ(Pr,Pg) denotes the set of all joint distributions γ(x,y) whose marginals are

Pr and Pg, respectively. W1 distance is continuous and differentiable almost every-

where with respect to the parameters in the generator under a mild constraint [4].

As a result, WGANs do not suffer from the problem of mode collapse as would

occur to vanilla GANs [4]. Moreover, according to [43], training WGAN-GP is

more stable than weight-clipped WGANs.

Figure 2.2: Evolution of generated distributions Pg for two different input dimensions and two
different target distributions during training. The red dots are samples from Pg and the black
dots are samples from Pr. We visualize the distributions in R10 by plotting sample projections in
the first two dimensions. (a) The support of Pr is a hypercube, Qz = N(0, I10). (b) The support
of Pr is a hypercube, Qz = N(0, 1). Notice that the support of Pg is always a curve, but it gets
increasingly twisted in filling the hypercube and minimizing W1(Pr,Pg). (c) The support of Pr
is a curve, Qz = N(0, I10). Notice that Pg gets increasingly concentrated in fitting the curve and
minimizingW1(Pr,Pg). (d) The support of Pr is a curve, Qz = N(0, 1).

To demonstrate the effectiveness of WGAN-GP, we apply it on four toy prob-

lems of approximating distributions inR10, as illustrated in Figure 2.2. We consider

two types of Pr: one is a uniform distribution on a hypercube in R10, while the

other one is a uniform distribution concentrated on a curve embedded inR10. For

both cases of Pr, we test with an input of either 1-D or 10-D standard Gaussian
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noise, i.e., Qz = N(0, 1) or Qz = N(0, I10). In all four cases, the generator converges

and generates samples with distribution Pg close to the real distribution Pr, even

for the cases where the dimension of Qz mismatches the support of Pr. Due to its

robustness, we use WGAN-GP as our default version of GANs in this chapter.

2.4 Methodology

2.4.1 Approximating Stochastic Processes with GANs

As a pedagogical problem, let us first consider the problem of modeling a stochastic

process f (x;ω) on the domain D ∈ Rd with GANs. We use the total N snapshots

of f (x;ω) sensor data as our training set:

{F(ω( j))}Nj=1 = {( f (xi;ω( j)))ns
i=1}

N
j=1, (2.11)

where ns is the number of sensors and {xi}
n
i=1 are positions of the sensors. We

use a feed forward DNN f̃θ(x; ξ) parameterized by θ as our generator to model

the stochastic process f (x;ω). The generator takes the concatenation of a noise

vector ξ ∼ Qz fromRm and the coordinate x as the input, while the output is a real

number representing f̃θ(x; ξ). Let

{F̃(ξ( j))} j = {( f̃θ(xi; ξ( j)))ns
i=1} j (2.12)

be the generated “fake” snapshots, where {ξ( j)
} j are instances of ξ with j as the

index.
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The discriminator Dρ(·) is implemented as another feed forward DNN param-

eterized by ρ. The GAN strategy shall be applied by feeding both the real and

generated snapshots into the discriminator, and train the generator and discrim-

inator iteratively with the Adam optimizer [54] according to Equation 2.9. The

detailed algorithm is presented in Algorithm 1.

Algorithm 1 GANs for approximating stochastic processes.

Require: training steps nt, the gradient penalty coefficient λ, the number of dis-

criminator iterations per generator iteration nd, the batch size n, Adam hyper-

parameters α, β1, β2, initial values θ0 and ρ0 for the parameters generator θ and

ρ.

1: for st = 1,2,...,nt do

2: for sd = 1,2,...,nd do

3: Sample n snapshots {F( j)
}
n
j=1 from the training data set.

4: Sample n random vectors {ξ( j)
}
n
j=1 ∼ Qz.

5: Sample n uniform random numbers {ε( j)
}
n
j=1 ∼ U[0, 1].

6: for j = 1,2,...,n do

7: F̂( j)
← ε( j)F( j) + (1 − ε( j))F̃(ξ( j))

8: L( j)
← Dρ(F̃(ξ( j))) −Dρ(F( j)) + λ(‖∇F̂( j)Dρ(F̂( j))‖2 − 1)2

9: end for

10: ρ← Adam(∇ρ 1
n

∑n
j=1 L( j), ρ, α, β1, β2)

11: end for

12: Sample n random vectors {ξ( j)
}
n
j=1 ∼ Qz.

13: θ← Adam(∇θ 1
n

∑n
j=1 −Dρ(F̃(ξ( j))), θ, α, β1, β2)

14: end for
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2.4.2 Solving Stochastic Differential Equations with PI-GANs

Consider Equation 2.1, as illustrated in Figure 2.3, solving SDEs with PI-GANs

consists of the following three steps.

First, we use two independent feed forward DNNs, namely k̃θk(x; ξ) and

ũθu(x; ξ) parameterized by θk and θu, to represent the stochastic processes k(x;ω)

and u(x;ω) in the aforementioned way.

Second, inspired by the physics-informed neural networks for deterministic

PDEs [106], we encode the equation into the neural networks system by applying

the operatorNx and Bx on the feed forward DNNs k̃θk(x; ξ) and ũθu(x; ξ) to generate

“induced” neural networks, which are formulated as

f̃θu,θk(x; ξ) = Nx[ũθu(x; ξ); k̃θk(x; ξ)] (2.13)

and

b̃θu(x; ξ) = Bx[ũθu(x; ξ)]. (2.14)

Differentiation in Nx and Bx are performed by automatic differentiation [6]. We

then use f̃θu,θk(x; ξ) and b̃θu(x; ξ) as the generators of f (x;ω) and b(x;ω), respec-

tively. Note that both f̃θu,θk(x; ξ) and b̃θu(x; ξ) are induced from ũθu(x; ξ) and

k̃θk(x; ξ), thus the parameters θk and θu are directly inherited from ũ and k̃.

In the third step, we incorporate our training data to conduct adversarial

training. The training data are collected as a group of snapshots in Equation 2.3.
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Figure 2.3: Schematic of solving SDEs with PI-GANs. The round corner rectangles in the blue
and yellow boxes represent feed forward neural networks. The parallelograms in the green box
represent the neural networks induced by operators (Nx and Bx). The ellipses represent snapshots
from sensors, and the gray arrows represent sampling procedures. The bracket in the yellow box
represents concatenation.

The corresponding generated “fake” snapshots are

{G(ξ( j))} j = {(K̃(ξ( j)), Ũ(ξ( j)), F̃(ξ( j)), B̃(ξ( j)))} j,

K̃(ξ( j)) = (k̃θk(x
k
i ; ξ

( j)))nk
i=1,

Ũ(ξ( j)) = (ũθu(xu
i ; ξ( j)))nu

i=1,

F̃(ξ( j)) = ( f̃θk,θu(x f
i ; ξ( j)))

n f

i=1,

B̃(ξ( j)) = (b̃θu(xb
i ; ξ

( j)))nb
i=1,

(2.15)

where {ξ( j)
} j are instances of ξwith j as the index. We could then feed the generated

snapshots and real snapshots into discriminator, and train the generators and

discriminators iteratively. With well trained generators, we can then calculate all

the statistics with sample paths created by the generators.

If the snapshots are collected in M groups (M > 1), we will also need to generate
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M groups of “fake” snapshots:

{{Gt(ξ(t, j))} j}Mt=1 = {{(K̃t(ξ(t, j)), Ũt(ξ(t, j)), F̃t(ξ(t, j)), B̃t(ξ(t, j)))} j}Mt=1,

K̃t(ξ(t, j)) = (k̃θk(x
k,t
i ; ξ(t, j)))nk,t

i=1,

Ũt(ξ(t, j)) = (ũθu(xu,t
i ; ξ(t, j)))nu,t

i=1,

F̃t(ξ(t, j)) = ( f̃θk,θu(x f ,t
i ; ξ(t, j)))

n f ,t

i=1,

B̃t(ξ(t, j)) = (b̃θu(xb,t
i ; ξ(t, j)))nb,t

i=1,

(2.16)

where ts are the indices for the groups, ξ(t, j) is an instance of ξ for each (t, j),

{xk,t
i }

nk,t

i=1 is the position setup of nk,t sensors for k in group t (similarly for other

terms). We will also use multiple discriminators {Dρt(·)}
M
t , with each discriminator

focusing on one group of snapshots, while the generators need to “deceive” all

the discriminators simultaneously.

We give a formal and detailed description of our method in Algorithm 2. For

the case where we only have one group of data, we set M = 1. For simplicity, here

we set the weight in the generator loss function at = 1 for each t, which works

well, but the method of setting {at}
M
t=1 requires further study.
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Algorithm 2 PI-GANs for solving stochastic differential equations.

Require: training steps nt, the gradient penalty coefficient λ, the number of dis-

criminator iterations per generator iteration nd, the batch size n, Adam hyper-

parameters α, β1, β2, initial values θk0, θu0 and {ρt0}
M
t=1 for the parameters θk, θu

and {ρt}
M
t=1, the weights in the loss function for the generators {at}

M
t=1

1: for st = 1,2,...,nt do

2: for sd = 1,2,...,nd do

3: for t= 1,2,...,M do

4: Sample n snapshots {T( j)
t }

n
j=1 from training data group t.

5: Sample n random vectors {ξ(t, j)
}
n
j=1 ∼ Qz.

6: Sample n uniform random numbers {ε(t, j)
}
n
j=1 ∼ U[0, 1].

7: for j = 1,2,...,n do

8: Ĝt
( j)
← ε( j)T( j)

t + (1 − ε( j))Gt(ξ(t, j))

9: L( j)
t ← Dρt(Gt(ξ(t, j))) −Dρt(T(t, j)) + λ(‖∇

Ĝt
( j)Dρt(Ĝt

( j)
)‖2 − 1)2

10: end for

11: ρt ← Adam(∇ρt
1
n

∑n
j=1 L( j)

t , ρt, α, β1, β2)

12: end for

13: end for

14: Sample n random vectors {ξ( j)
}
n
j=1 ∼ Qz.

15: θ← Adam(∇θ
∑M

t=1 at( 1
n

∑n
j=1 −Dρt(Gt(ξ( j)))), θ, α, β1, β2), where θ = (θk, θu)

16: end for

Note that our method does not explicitly distinguish the three types of prob-

lems described Section 2.2. Solving forward problems, inverse problems or mixed

problems actually uses the same framework.
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2.5 Computational Results

The following settings are commonly shared by all the test cases. We use tanh

as the activation function instead of the commonly used ReLU activation func-

tion for generator neural networks, because piece-wise linear functions are not

suitable for solving SDEs, where we may need to take high order derivatives.

For discriminator neural networks, we also use tanh as the activation function, if

not specifically mentioned. The feed forward DNNs for generators in the follow-

ing numerical experiments have 4 hidden layers of width 128, if not specifically

mentioned. The sizes of the input layer into the generators vary and will be

specified case by case. As the default settings, the discriminators have hidden

layers of the same size as that of the generators, except for the ones in Section 2.5.1

with 4 hidden layers of width 64, the one in the 120-dimensional problem in

Section 2.5.2 which we will specify its size later, and the one for the additional

group of snapshots on u(x;ω) in Section 2.5.3 that has 4 hidden layers of width

16. To initialize the DNNs, we use the uniform Xavier initializer for weights and

zero initializer for biases. The distribution Qz of the noise input into the gen-

erators is an independent multi-variate standard Gaussian distribution. For the

hyper-parameters in loss functions and optimizers, we use the default values of

λ = 0.1,nd = 5, α = 0.0001, β1 = 0.5, β2 = 0.9, as in the toy problem in [43]. The sen-

sors are placed equidistantly in the domain. Our algorithms are implemented with

Tensorflow. For the cases of solving PDEs, in order to generate the data as well

as the references solutions, we numerically simulated the sensor measurements

with Monte Carlo method using the finite difference scheme. All the references

solutions are generated from 1 × 105 Monte Carlo sample paths.
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2.5.1 A Pedagogical Problem: Approximating Stochastic Processes

In this section, we test the problem of approximating stochastic processes. Con-

sider the following Gaussian processes with zero mean and squared exponential

kernel:

f (x) ∼ GP
(
0, exp

(
−(x − x′)2

2l2

))
,

x ∈ D = [−1, 1],

(2.17)

where l is the correlation length.

Effect of the Number of Sensors and Snapshots

We consider three different choices of correlation length l: l = 1, 0.5, 0.2, and two

sensor numbers for f (x;ω): 11 and 6, and fix the number of snapshots to be

1000. For l = 0.2 we also consider a supplementary case, where we have 1 × 104

snapshots. The training sample paths and positions of sensors are illustrated in

Figure 2.4. For each case, we run the code three times with different random seeds.

The batch size in all the cases is 1000. The input layer of the generators has width

of 5, i.e., the input noise is a four-dimensional random vector.

To decide when to stop the training process, we calculate the W1 distances

between the empirical distributions of generated snapshots and training snapshots

W1(P̂n
g, P̂n

t ), where P̂n
g is the empirical distribution of n generated snapshots from

Monte Carlo sampling and P̂n
t is the empirical distribution of n snapshots from the

training set, using the python POT package [33]. In our tests, we set n = 1000. We

plot theW1 distances in Figure 2.5. Note that theW1 distances decay and converge

during the training, indicating that the generated distributions approach the real
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Figure 2.4: Sample paths of Gaussian processes with the sensor locations denoted by the vertical
dashed lines. We use the correlation length l = 1 (left), 0.5 (middle), 0.2 (right), and 6 sensors (top)
and 11 sensors (bottom).

distributions. We stop the training after 1 × 105 steps since W1(P̂n
g, P̂n

t ) is stable.

In each run, we select the 11 generators at training step in the last 10001 steps

with a stride of 1 × 103; all together, we have 33 generators for each case. From

each selected generator, we generate 1 × 104 sample paths based on the Halton

quasi-Monte Carlo method, and calculate its spectra, i.e. the eigenvalues of the

covariance matrices from the principal component analysis.

The results are illustrated in Figure 2.6, from which we conclude that:

1. When we fix the number of snapshots to be 1000, as the correlation length

decreases, the gap between our generated processes and the reference be-

comes wider. This is because smaller l results in higher effective dimension,

and more subtle local behavior of the stochastic processes; however, this gap

could be narrowed if we increase the number of snapshots.

2. The approximations in the cases with 11 sensors are better than the approxi-
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Figure 2.5: W1 distances W1(P̂n
g, P̂n

t ) versus training steps, for different correlation lengths and
number of sensors. The decay ofW1 distances becomes slow after about 2 × 104 steps and hard
to see after 8 × 104 steps. We set the number of sample snapshots for empirical distribution to be
n = 1000. The means and two standard deviations are from 3 independent runs and 10 batches of
n generated snapshots and training snapshots in each run.

mations in the cases with 6 sensors if we have sufficient training data. This is

reasonable since we need more sensors to describe the stochastic processes

with small correlation length.

3. Despite the fact that the input noise into the generator is a four-dimensional

vector, the spectra of the generated processes approximate the spectra of

the target processes with much higher effective dimensionality. This makes

sense since the low dimensional manifold could fold and twist itself to fill

the high dimensional region, as discussed earlier.

Different Kernels

To show that our method can learn various spatial correlation structures, apart

from the squared exponential kernel shown above, we also test the problem of



30

Figure 2.6: Spectra of the correlation structure for the generated processes of different correlation
lengths with the squared exponential kernel. The training sets consist of the processes where the
training snapshots are collected from, and the reference is calculated from 1×105 independent sam-
ple paths. The means and two standard deviations are calculated from the selected 33 generators
for each case; the standard deviations are very small.

approximating stochastic processes with an exponential kernel:

f (x) ∼ GP
(
0, exp

(
−
|x − x′|

l

))
, x, x′ ∈ D = [−1, 1], (2.18)

where l is the correlation length. Similar to the squared exponential kernel above,

we test the 4 cases with the different correlation lengths and number of snapshots.

The results are illustrated in Figure 2.7, and we can see the improvement as

we increase the number of sensors and snapshots, as well as that the spectra of

generated processes fit the reference values given sufficient sensors and snapshots,

just like in the squared exponential kernel case.
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Figure 2.7: Spectra of the correlation structure for the generated processes for different correlation
lengths with the exponential kernel. The training sets consist of the processes where the training
snapshots are collected from, and the reference solution is calculated from 1×105 independent sam-
ple paths. The means and two standard deviations are calculated from the selected 33 generators
for each case; the standard deviations are very small.

To further illustrate that our method can learn different spatial correlation struc-

tures, in Figure 2.8 we plot the covariance of the generated processes evaluated at

randomly selected pairs of coordinates, for both types of covariance kernels. To

be more specific, for each case we randomly select 1000 pairs of (x, x′) from the

domain, calculate the covariance of the generated processes at x and x′, and then

show the scatter plots of the covariance against the distance between x and x′. We

can see that for both cases, the scatter plots fit well with the analytic reference,

showing that our method can reveal the different spatial correlation structures.
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Figure 2.8: Scatter plot of covariance of the generated processes evaluated at randomly selected
pairs of coordinates, for both squared exponential kernel and the exponential kernel. Each blue
or orange dot represents the covariance of generated random processes with different structures,
evaluated at a randomly selected pair of points (x, x′). The black and purple lines indicate the refer-
ence covariance from the exact expressions of the squared exponential kernel and the exponential
kernel, respectively.

WGAN-GP Versus Vanilla GANs

We compare the performance of WGAN-GP and the vanilla GANs in approximat-

ing stochastic processes for the following two cases:

1. A Gaussian process in Equation 2.17 with l = 0.2.

2. A stochastic process with fixed 0 boundary condition. Specifically, we con-

sider f (x) = (x2
− 1)g(x), where g(x) is a Gaussian process:

g(x) ∼ GP
(
0, exp

(
−(x − x′)2

2 × 0.22

))
, x, x′ ∈ D = [−1, 1].

In both cases, we use 1×104 snapshots collected from 11 sensors as training data.

In Figure 2.9 we show the means and standard deviations of generated processes

trained by WGAN-GP and the vanilla GANs. We can see that both versions of

GANs produce good approximations for case 1. However, the vanilla GANs fail in
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case 2, while WGAN-GP still generates a good approximation. This agrees with the

theory in [43] that vanilla GANs are not suitable for approximating distributions

concentrated on low dimensional manifolds (the two fixed boundaries in this

case), since the JS divergence cannot provide a usable gradient for the generators.

Figure 2.9: Mean and standard deviation of random processes generated by WGAN-GP and
vanilla GANs: For case 1, both versions of GANs perform well, but the vanilla GANs failed in case
2, while the WGAN-GP can still provide accurate results. The vertical dashed lines represent the
positions of sensors.

Overfitting Issues

It was pointed out in [43] that the discriminator can overfit the training data given

sufficient capacity but too little training data. Here we report the same issue in

our method. Take the case of approximating the stochastic process where the

correlation length is l = 0.2 with 11 sensors and 10000 training snapshots as an

example. We plot the negative discriminator loss −Ld for the training set and the
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validation set in Figure 2.10a. As training goes on, the negative discriminator loss

gradually increases for the training set while still decreases for the validation set.

The gap between them implies that the discriminator overfits the training data,

and gives a biased estimation of theW1 distance between the real distribution and

generated distribution, just as is reported in [43].

(a) (b)

Figure 2.10: Overfitting of the discriminator and generator. (a) Negative discriminator loss on
the training set and validation set versus the training steps in three independent runs. (b) W1
distances W1(P̂n

g, P̂n
t ) and W1(P̂n

g, P̂n
v) versus the training steps in three independent runs. The

means (markers) and two standard deviations (vertical lines on the marker) come from ten groups
of (P̂n

g, P̂n
t , P̂

n
v). The black horizontal line is the empirical expectation ofW1(P̂n

r 1, P̂n
r 2) from 50 groups

of (P̂n
r 1, P̂n

r 2).

How about the overfitting of generators? In our problem, the overfitting of

generators comes in two types:

Type-1 : Overfitting in the random space: The distribution of generated snapshots

recovers the empirical distribution of the training snapshots instead of the

true underlying distribution. In the worst case, the generated snapshots are

concentrated on or near the support of training data.

Type-2 : Overfitting in the physical space: The generated stochastic processes be-

come worse after extensive training, and tend to match the real processes

only at the sensor locations and display large variations where there is no

sensor.
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We first report that we did not detect type-2 overfitting in our experiments.

Actually, this type of overfitting would be reflected on the mean and standard

deviation of generated processes, which fit the reference values pretty well in

our experiments. We attribute this to the property of GANs that the target for

the generator is to approximate a distribution rather than a single point on the

sensors. As a result, the generator does not need to overfit a specific value on the

sensors in order to decrease the loss.

As for the type-1 overfitting, we could detect it in our experiments. As depicted

in Figure 2.10b, we can see this from theW1 distances between empirical distri-

butions of the generated snapshots and the training snapshots or the validation

snapshots, i.e.,W1(P̂n
g, P̂n

t ) orW1(P̂n
g, P̂n

v), where P̂n
g, P̂n

t and P̂n
v are empirical distri-

butions of generated snapshots, training snapshots and validation snapshots, n is

the number of snapshots. Here, we set n = 1000. We can see that as the training

goes on,W1(P̂n
g, P̂n

v) converges around the expectation ofW1(P̂n
r 1, P̂n

r 2), where P̂n
r 1

and P̂n
r 2 are independent empirical distributions of n snapshots from real distri-

bution Pr. However, W1(P̂n
g, P̂n

t ) goes down below the reference line, indicating

that the generated snapshots tend to approximate the empirical distribution of

the training snapshots instead of the true underlying distribution, in other words,

type-1 overfitting actually happened.

Finally, we point out that type-1 overfitting is less harmful than underfitting:

in our problems, even in the worst case where the generated distribution is con-

centrated on or near the support of training data, we can still recover the sample

paths whose snapshots are concentrated on or near the training snapshots, and

based on these sample paths we can still obtain decent estimations.
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2.5.2 Forward Problem

Effects of Input Noise Dimension and Number of Training Snapshots

We consider the elliptic SDE 2.2, and k(x;ω) and f (x;ω) as the following indepen-

dent stochastic processes:

k(x) = exp
[1
5

sin
(3π

2
(x + 1)

)
+ k̂(x)

]
k̂(x) ∼ GP

(
0,

4
25

exp
(
−(x − x′)2

))
f (x) ∼ GP

(1
2
,

9
400

exp
(
−25(x − x′)2

)) (2.19)

In this case, we need 13 dimensions to retain 99% energy of f (x;ω). We put 13

k-sensors , 21 f -sensors and 2 u-sensors on the boundary of physical domain D.

The positions of the sensors and some sample paths of k(x;ω), u(x;ω) and f (x;ω)

are illustrated in Figure 2.11.

Figure 2.11: Forward problem: the sample paths and sensor locations of k, u, and f . The vertical
dashed lines denote the locations of sensors.

To study the influence of input noise dimension, we fix the number of training

snapshots to be 1000, and vary the input noise dimension to be 2, 4, 20 and 50.

Subsequently, we fix the input noise dimension as 20 and vary the number of

training snapshots to be 300, 1000 and 3000 to study the influence of the number

of training snapshots. During the training process, we keep the batch size to
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be the total number of training snapshots. One notable condition here is the

independence of k(x;ω) and f (x;ω). To reflect this, we shuffle the alignment of

snapshots from k(x;ω) and f (x;ω) in each training step. For each case, we run the

code three times with different random seeds. We stop the training after 1 × 105

steps, and then select 33 generators and generate 1 × 104 sample paths from each

generator in the same way as in Section 2.5.1 to calculate the following statistics.

Our main quantity of interest in this problem is the mean and standard devi-

ation of u(x;ω), i.e., µ(x) = Eω[u(x;ω)] and σ(x) =
√
Ew[(u(x;ω) − µ(x))2]. We look

into the relative error defined as

relative error in mean:

∥∥∥µ̂(x) − µ(x)
∥∥∥

2∥∥∥µ(x)
∥∥∥

2

,

relative error in standard deviation:
‖σ̂(x) − σ(x)‖2
‖σ(x)‖2

,

(2.20)

where ‖·‖2 is the L2 norm, µ̂(x) and σ̂(x) are the inferred mean and standard de-

viation of u(x;ω). In Figure 2.12, we show the relative error of inference from

generated processes, and compare it with the relative error of the stochastic collo-

cation method and the Monte Carlo full trajectory sample paths of u(x;ω). We can

see that:

1. Our errors are of the same magnitude with the errors calculated from 1000 full

trajectory sample paths of u(x;ω), showing the effectiveness of our method

considering that we only have 1000 snapshots on sparsely placed sensors for

k(x;ω), f (x;ω) and boundary of u(x;ω).

2. The stochastic collocation method gives a better solution, but it requires a full

knowledge of k(x;ω) and f (x;ω), including the covariance kernel function,

which is far beyond our accessible data.
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3. When we increase the dimension of input noise, we can see that the error

of mean does not change too much, but the error of the standard deviation

decreases. We attribute this to the fact that although a low dimensional

manifolds could twist itself to fill in the high dimensional region, higher

dimensional manifolds produce better approximations by filling in the high

dimensional region more efficiently.

4. With fixed input noise dimension, the error decreases as the number of

training snapshots increases.

Figure 2.12: Forward problem for different input noise dimensionality (left part of the panel) and
the number of training snapshots (right part of the panel): relative errors of inferred mean and
standard deviation of the stochastic solution u(x;ω). The colored bars and the corresponding black
lines represent the mean and two standard deviations of the relative errors calculated from the
selected 33 generators for each case. The grey bars and the black lines represent the expectation
and two standard deviations of the relative error if we calculate the mean and standard deviation
of u(x;ω) from a random draw of 1000 u(x;ω) sample paths. The black bar (before the vertical
dashed line) is the relative error from stochastic collocation method with 630 collocation points.
The reference solutions are calculated from 1 × 105 u(x;ω) sample paths.

We also illustrate the spectra of the generated processes for f (x;ω) in Figure 2.13

to verify that the generated processes captured the covariance structure of f (x;ω).

We can see that the spectra of our generated processes fit the reference solution

well. With fixed number of training snapshots, as we increase the input noise

dimension, the gap between our generated processes and the reference solutions
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(a) (b)

Figure 2.13: Forward problem: spectra of generated right-hand-side f (x;ω) processes. (a): Varying
input noise dimension for a fixed number of snapshots at 1000. (b): Varying the number of training
snapshots for a fixed dimension of input noise at 20. The inset plots are the zoom-ins of the
eigenvalues of high frequency modes. The means (markers) and two standard deviations (vertical
lines on the markers) are calculated from the selected 33 generators. The reference curves are
calculated from another 1 × 105 independent f (x;ω) sample paths.

narrows. With fixed input noise dimension, the gap narrows as we increase the

number of training snapshots. These observations on the spectra are similar with

those about the error of u.

We further check the correlation between the generated processes. The corre-

lation coefficient C( f1(x;ω), f2(x;ω)) between two stochastic processes f1(x;ω) and

f2(x;ω) (x ∈ D) is defined as

C( f1(x;ω), f2(x;ω)) =
1
n

n∑
i=1

∣∣∣∣∣∣∣ Cov( f1(xi;ω), f2(xi;ω))√
Var( f1(xi;ω))Var( f2(xi;ω))

∣∣∣∣∣∣∣ , (2.21)

where xi is the uniform grid points in D. Here, we set n = 201 for C(k, f ), while

n = 199 for C(k,u) to exclude the boundary points for u.

From Table 2.1 we can see that our generated processes for k(x;ω) and f (x;ω) are

weakly correlated, while the generated processes for k(x;ω) and u(x;ω) are strongly

correlated. All the correlation coefficients are close to the reference values.
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2 dim 4 dim 20 dim 40 dim

C(k, f ) 3.4±2.1 % 2.3±1.6 % 2.5±2.3 % 2.7±1.8 %

C(k,u) 74.3±1.3 % 73.6±1.0 % 73.8± 0.9 % 73.2±0.8 %

300 snapshots 3000 snapshots reference

C(k, f ) 2.5±1.8 % 2.5±1.5 % 0

C(k,u) 74.0±0.9 % 72.4±1.5 % 72.5 %

Table 2.1: Forward problem: correlation coefficient between the generated random processes. The
mean and two standard deviations are calculated from the selected 33 generators for each case.
The reference for C(k, f ) comes from the assumption that k(x;ω) and f (x;ω) are independent, while
the reference for C(k,u) is calculated from Equation 2.21 with 1×105 independent samples of k(x;ω)
and u(x;ω) paths.

High Dimensional Problems

Here, we solve the stochastic differential equation where the correlation length

of f (x;ω) is relatively small. Let k(x;ω) and f (x;ω) be independent stochastic

processes as follows:

k(x) = exp
[1
5

sin
(3π

2
(x + 1)

)
+ k̂(x)

]
,

k̂(x) ∼ GP
(
0,

4
25

exp
(
−(x − x′)2

))
,

f (x) ∼ GP
(

1
2
,

9
400

exp
(
−(x − x′)2

a2

))
.

(2.22)

Two cases are considered, i.e., case 1: a = 0.08, and case 2: a = 0.02. Note

that to retain 99% energy of f (x;ω), we need 30 dimensions for case 1 and about

120 dimensions for case 2. For case 1, we put 13 k-sensors, 41 f -sensors, and 2

u-sensors on the boundaries of our domain of interest D, and set the input noise

dimension to be 20. For case 2 we put 13 k-sensors, 161 f -sensors, and 2 u-sensors

on the boundaries, and set the input noise dimension to be 100. In both cases, we
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use 1×104 snapshots as training data while we set the batch size to be 1000. Again,

we shuffle the alignment of snapshots of k(x;ω) and f (x;ω) during the training to

reflect their independence.

In practice, for case 2, we increase the number of hidden layer to 8, and follow

the design of ResNet [45] by adding shortcut connections in the neural networks,

since it has been reported that shortcut connections help the training of deep

neural networks [45]. More specifically, for two adjacent hidden layers zl and zl+1,

zl+1 = zl + σ(Wlzl + bl) where Wl and bl are weights and biases respectively, and

σ is the activation function. While keeping using tanh activation function in the

generator neural network for case 2, in the discriminator neural network we use a

leaky ReLu activation function [76] with negative slope of 0.01, since it works well

especially for higher resolution modeling in other application of GANs [100].

For case 1, we run the code three times with different random seeds and stop

the training after 2 × 105 steps. We then select 33 generators and generate 1 × 104

sample paths from each generator, in the same way as in Section 2.5.1, to calculate

the error of u(x;ω) as well as the spectra of f (x;ω). For case 2, we run the code

one time (due to the high computational cost) and stop the training after 4 × 105

steps. We then select 11 generators in the last 10001 training steps, with the stride

of 1000 steps, and generate 1 × 104 sample paths from each generator to calculate

the error of u(x;ω) as well as the spectra of f (x;ω). We report that for a single

run, compared with case 1, the wall clock computational time in case 2 is about 18

times (about ×9 for each step, and ×2 for total number of steps), while the number

of stochastic dimensions in case 2 is about four times larger than in case 1.
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(a) Case 1, a = 0.08 (b) Case 1, a = 0.08

(c) Case 2, a = 0.02 (d) Case 2, a = 0.02

Figure 2.14: Forward problem with stochastic right-hand-side process f (x;ω) of high dimensional-
ity. Figure (a) and (b) correspond to case 1 where the effective dimension is 30, while figure (c) and
(d) correspond to case 2 where the effective dimension is about 120. Left: relative errors of inferred
mean and standard deviation of u(x;ω). The red bars and their associated black lines represent
the mean and two standard deviations of relative errors from the selected generators. The grey
bars and their associated black lines represent the expectation and two standard deviations of
relative errors calculated from 1 × 104 sample paths of u(x;ω). Right: the spectra of generated
process versus the reference values. The means (red markers) and two standard deviations (red
vertical lines on the markers) are calculated from the selected generators. The reference values are
calculated from 1 × 105 Monte Carlo sample paths of u(x;ω) and f (x;ω).

The results are illustrated in Figure 2.14. For case 1, we can see that the spectra

fit the reference values well. The error is in the same magnitude with the error

calculated from 1 × 104 sample paths of u(x;ω). In case 2, we can see that we



43

managed to capture the spatial correlation roughly for the first 120 components,

while after the first 120 components the eigenvalues of generate processes deviated

from the reference values. Compared with case 1, in case 2 the error in mean is

similar, while the error in standard deviation is larger but still within 8%.

2.5.3 Inverse and Mixed Problems

In this section, we show that our method can manage a wide range of problems,

from forward problems to inverse problems, and mixed problems in between. In

particular, we solve the three types of problems governed by Equation 2.2, where

k(x;ω) and f (x;ω) are independent processes as follows:

k(x) = exp
[1
5

sin
(3π

2
(x + 1)

)
+ k̃(x)

]
,

k̃(x) ∼ GP
(
0,

4
25

exp
(
−(x − x′)2

))
,

f (x) ∼ GP
(1
2
,

9
400

exp
(
−(x − x′)2

))
.

(2.23)

We consider the following four cases of sensor placement:

Case 1 : 1 k-sensor, 13 u-sensors (including 2 on the boundary), 13 f -sensors.

Case 2 : 5 k-sensors, 9 u-sensors (including 2 on the boundary), 13 f -sensors.

Case 3 : 9 k-sensors, 5 u-sensors (including 2 on the boundary), 13 f -sensors.

Case 4 : 13 k-sensors, 2 u-sensors on the boundary of u, 13 f -sensors.

Note that case 1 is an inverse problem, case 4 is a forward problem, while case

2 and 3 represent mixed problems. For each case, we use 1000 snapshots for



44

training. Note that in cases 1-3, we cannot shuffle the alignment of snapshots from

k(x;ω) and f (x;ω) as in Section 2.5.2 since both k(x;ω) and f (x;ω) are correlated

with u(x;ω). For consistency, in this section, we do not shuffle the alignment of

snapshots for any of the four cases. We set the batch size to be 1000 and the input

noise dimension to be 20. For each case, we run the code three times with different

random seeds. The training stops after 2 × 105 steps, and we select 33 generators

and generate 1 × 104 sample paths from each generator in the same way as in

Section 2.5.1 to calculate the mean and standard deviation of k(x;ω) and u(x;ω).

Figure 2.15: Relative errors of inferred mean and two standard deviations for both k(x;ω) and
u(x;ω) in inverse problem (blue left most bars), mixed problems (green and purple bars) and
forward problem (pink bars). The colored bars and the corresponding black lines represent the
mean and two standard deviations of the relative errors calculated from the selected 33 generators
for each case. Also shown on the right part of the panel are two reference cases, the green shaded
bars corresponding to NN-aPC method [148] for the case 2 on the left, and the grey bars and their
associated black lines corresponding to the expectation and two standard deviations of relative
error calculated from 1000 independent sample paths of k(x;ω) or u(x;ω). The reference values are
calculated from 1 × 105 Monte Carlo sample paths of k(x;ω) and u(x;ω).

In Figure 2.15 we compare the relative errors with reference solutions calculated

from Monte Carlo sample paths as well as the method proposed in [148]. The

relative errors of u(x;ω) and k(x;ω) are defined as in Equation 2.20. We can see that

our errors are in the same order of magnitude with errors from 1000 sample paths,

showing the effectiveness of our method in solving all three types of problems.

Also, for the case of 5 k-sensors and 9 u-sensors, our method achieves comparable
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accuracy with the method in [148].

2.5.4 Multiple Groups of Training Data

Finally, we test our method for the case where we have multiple groups of snap-

shots as training data. In particular, we perform our test based on the case 4 in

Section 2.5.3. Apart from the sensors in that case, we put one additional u-sensor

at position x = 0, and collect another group of 1000 snapshots at this additional

sensor. Hence, we have two groups of training data:

Group 1 : 13 k-sensors, 2 u-sensors on the boundary of u, 13 f -sensors. 1000

snapshots.

Group 2 : 1 u-sensor at x = 0. 1000 snapshots.

Again, we emphasize that the two groups of snapshots cannot be aligned. Note

that a single snapshot in group 2 is almost useless since we cannot align it with

another snapshot in group 1. However, the ensemble of the snapshots in group 2

actually can tell the distribution for u(x;ω) at x = 0.

To utilize the data in two groups, we apply Algorithm 2 with the number of

discriminators M = 2. In this case, we set the training batch size as 1000 while

the input noise dimension as 20. We run the code three times with different

random seeds. The training stops after 2 × 105 steps, and we select 33 generators

and generate 1 × 104 sample paths from each generator in the same way as in

Section 2.5.1 to calculate the mean and standard deviation of k(x;ω) and u(x;ω).

In Figure 2.16, we plot the errors of the inferred k(x;ω) and u(x;ω) in this case as
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Figure 2.16: Relative errors of inferred mean and two standard deviations for both k(x;ω) and
u(x;ω) using 1 group of data (pink) and 2 groups of data (light green). The colored bars and the
corresponding black lines represent the mean and two standard deviations of the relative errors
calculated from the selected 33 generators for each case. The reference values are calculated from
1 × 105 Monte Carlo sample paths of k(x;ω) and u(x;ω).

well as errors from case 4 in Section 2.5.3. Compared with the results obtained by

only using one group of data, in this case, the error of the standard deviation of

u(x) decreases significantly, showing the capability of our method in learning from

the ensemble of snapshots in group 2. To the best of our knowledge, our method is

so far the only one that can manage this case.

2.6 Summary of Chapter

We proposed physics-informed generative adversarial networks (PI-GANs) as

a data-driven method for solving stochastic differential equations (SDEs) based

on a limited number of scattered measurements. PI-GANs are composed of a

discriminator, which is represented by a simple feed forward deep neural network
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(DNN) and of generators, which are a combination of feed forward DNNs and a

neural network induced by the SDE. We assumed that partial data are available in

terms of different realizations of the stochastic process obtained simultaneously

at different locations in the domain. We trained the generators and discriminator

iteratively with the loss functions employed in WGAN-GP [43] so that the joint

distribution of generated processes approximates the target stochastic processes.

We also proposed a more general architecture with multiple discriminators to

deal with cases, where data are collected in multiple groups, i.e., data collected

independently from different sets of sensors.

We first tested WGAN-GP in approximating Gaussian processes for different

correlation lengths. As shown in Figure 2.6, we obtained good approximation

of the generated stochastic processes to the target ones even for a mismatch be-

tween the input noise dimensionality and the effective dimensionality of the target

stochastic processes. The approximations were improved by increasing the num-

ber of sensors and snapshots. We also compared WGAN-GP and vanilla GANs,

and concluded that vanilla GANs are not suitable for approximating stochastic

processes with deterministic boundary condition, as shown in Figure 2.9. We

further studied the overfitting issue by monitoring the negative discriminator

loss (Figure 2.10a) and Wasserstein distance between empirical distributions (Fig-

ure 2.10b). We found that overfitting occurs also in the generator in addition to

the discriminator as previously reported.

Subsequently, we considered the solution of elliptic SDEs requiring approx-

imations of three stochastic processes, namely the solution u(x;ω), the forcing

f (x;ω), and the diffusion coefficient k(x;ω). Without changing the framework, we

were able to solve a wide range of problems, from forward to inverse problems,

and in between, i.e., mixed problems where we have incomplete information for
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both the solution and the diffusion coefficient. As shown in Figure 2.12 and Fig-

ure 2.15, we obtained both the means and standard deviations of the stochastic

solution and the diffusion coefficient in good agreement with benchmarks. In

the case of the forward problem, we studied the influence of dimensionality of

the input noise into the generators in Figure 2.12, and found that although small

dimensionality can also work, high dimensionality for the input noise leads to

better results. Moreover, we tested PI-GANs for a relatively high dimensional

problem with f (x;ω) of stochastic dimension 30. In Figure 2.14 we showed that

the inferred mean and standard deviation of u(x;ω) as well as the spectra of f (x;ω)

match the reference values well. Finally, we applied PI-GANs consisting of two

discriminators to a stochastic problem with two groups of snapshots available for

training, where the second group includes snapshots from only a single sensor for

u(x;ω). We could see in Figure 2.16 that the error decreases compared with the

error of the case where we only have the first group of data. This demonstrates

the capability of PI-GANs to utilize information from multiple groups of data and

learn from an ensemble of snapshots, even when a single snapshot is useless.

Finally, we comment on the computational cost due to high dimensionality

of stochastic problems. In Section 2.5.2 we investigate the two cases with 30 and

about 120 stochastic dimensions respectively. For a single run, the wall clock

computational time in case 2 is about ×18 times of that in case 1 and the stochastic

dimension is about ×4 times, while the relative errors in both cases are of the same

magnitude, suggesting that the overall computational cost increases with a low-

order polynomial growth, hence PI-GANs can, in principle, tackle such problems

with very high dimensional stochastic dimensions.



Chapter Three

Generative Ensemble Regression:

Learning Particle Dynamics from

Observations of Ensembles with

GANs
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3.1 Introduction

Classic methods for inferring the ordinary differential equation (ODE) dynamics

from data usually require observations of a point or particle governed by the ODE

at different time instants. We refer this learning paradigm as “point-regression”.

More specifically, as illustrated in Figure 3.1, in point-regression problems we

aim to infer the governing ODE of a point and perhaps also the initial condition,

given the (possibly noisy) observations of its coordinates at different time instants.

Typically, we optimize the dynamics and the initial coordinate so that the inferred

curve matches the data in the Euclidean distance. Let us consider, for simplicity,

the one-dimensional linear regression with quadratic loss as an example. Given

observations of x at multiple t, we want to optimize the parameter a in the ODE

dxt/dt = a as well as the initial point x0 = b so that the mean squared L2 distance

between predictions and data points is minimized, where a and b are the slope

and the intercept of the linear function. Other examples in this category include

logistic regression, recurrent neural networks [47] and the neural ODE [19] for

time series, etc.

For systems consisting of an ensemble of particles, point-regression may fail to

apply. For example, we want to infer the governing stochastic ordinary differential

equations (SODE) from observations of particle ensembles at discrete and sparse

time instants, but the data of an individual particle are not sufficiently informative

for dynamic inference. Another example is a system consisting of a large number

of interacting particles, even close to the mean field limit, e.g., we may want to infer

how the fish interact with each other from discrete snapshots of the fish school. In

such scenarios, instead of learning from individual particles, we need to learn from

the particle ensembles. Specifically, we wish to infer the governing dynamics and
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perhaps also the initial condition, using observations of an ensemble of particle at

discrete time instants. We call an observation at a single time instant a “snapshot”,

where part or all of the particle coordinates in the ensemble are recorded. Since the

particles could be indistinguishable in observations, especially in a large system,

we thus consider the case where the data are not labeled with particle indices, in

other words, we cannot pair data across snapshots.

𝑡
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Figure 3.1: Schematic showing the two paradigms of point-regression and ensemble-regression for
dynamic inference. In point-regression problems (black labels), we aim to fit the point coordinates
(blue dots) from data with the inferred curve (orange curve), determined by the initial coordinate
x0 as well as the ODE dxt/dt = fθ(xt, t), where fθ is a function. As an analogue, in ensemble-
regression problems (red labels), we aim to fit the distributions of the ensemble in the snapshots
(blue dots) with the inferred curve (orange curve), determined by the initial distribution ρ0 as well
as the PDE ∂ρt/∂t = Lθ(ρt, t), where Lθ is an operator.

We call this paradigm “ensemble-regression” in analogy to the “point-regression”.

As illustrated in Figure 3.1, the initial condition and dynamics for particles would

induce a curve t→ ρt in the probability measure space, where ρt denotes the par-

ticle distributions at time t. Such ρt will be governed by a corresponding partial

differential equation (PDE), e.g., the Fokker-Planck equation if the particles are
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governed by SODEs of diffusion processes. We aim to optimize the dynamics and

the initial distribution so that the inferred curve matches the distributions from

the data, and the differences can be quantified with certain metrics.

Herein we propose a new method to perform ensemble-regression. We use a

generative model with deep neural networks as build blocks, which will generate

“fake” particle systems, to represent the inferred curve in the probability measure

space, and then perform regression in the probability measure space with the

inferred curve. We thus name our method as generative ensemble-regression. In this

chapter we test the sliced Wasserstein (SW) distance [25] and the loss in generative

adversarial networks (GANs) [37, 43] as two examples of metrics, the latter proved

to be very effective when analyzing high dimensional data [28] in our problems.

The deep generative model is physics-informed in that our partial physical

knowledge of the dynamics will be encoded into the architecture or the loss func-

tion. Such physical knowledge is sometimes essential for a correct dynamic infer-

ence, since the particle dynamic can be not unique even if the curve t→ ρt and its

governing PDE are fully given. For example, the following two particle dynamics

withN(0, 1) as the initial distribution will lead to the same curve ρt = N(0, t + 1):

• Standard Brownian motion with no drift.

• dxt/dt = xt/(2t + 2) with no diffusion, i.e., xt = x0

√
t + 1.

However, if we know that the particle dynamic is in the form of dxt/dt = vt(x, t), so

that ρt is governed by the continuity equation dρt/dt = −∇ · (vtρt), and vt is limited

to the L2(ρt;Rd) closure of {∇ϕ : ϕ ∈ C∞c (Rd)}, then the solution of vt is unique, for

any curve t → ρt absolutely continuous from [a, b] to P2(Rd), where P2(Rd) is the
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Wasserstein-2 space of probability measures with finite quadratic moments in Rd

[2, 1].

In the generative model, we use discretized ODE or SODE with unknown

terms parameterized as neural networks. This is referred as the “neural ODE”

and “neural SDE” in the literature [19, 68, 48, 71, 127, 128], but in applications the

observations are mainly a time series, i.e., observations of a single particle. The idea

of employing a neural networks as velocity surrogates with physics-informed loss

functions in particle systems was also used for solving mean field game/control

problems [115]. There are other works using GANs to solve inverse problems,

including [140, 143], where GANs were applied to learn parameters in time-

independent stochastic differential equations, and [70] where GANs were applied

to learn the random parameters from the (paired) observations of independent

ODEs.

In this chapter, we tackle two typical types of particle systems: (1) indepen-

dent particle systems governed by SODEs, and (2) interacting particle systems

governed by nonlocal flocking dynamics. For inferring dynamics governed by

SODE, most algorithms are based on observations of a sample path, and perform

the inference by calculating or approximating the probability of observations con-

ditioned on the system parameters, using Euler-Maruyama discretization [30, 31],

Kalman filtering [119], variational Gaussian process-based approximation [3, 131],

etc. There are other works inferring the stochastic dynamics with the (estimated)

densities from the perspective of Fokker-Planck equations [5], but this approach

is hard to scale to high dimensional problems. For flocking dynamic systems,

other researchers infer the key parameters in the influence function by fitting the

velocity field via Bayesian optimization [80], or fitting the density field by solving

a system of transformed PDEs and optimizing the parameters [81]. But these
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methods require the knowledge of the initial condition, including the distribution

and velocity field.

3.2 Problem Setup

We start from a system consisting of an ensemble of particles, where the dynam-

ics of the particles is independent of other particles. The most commonly used

stochastic processes in physics and biology are diffusion processes and Lévy pro-

cesses; in particular, the particle dynamics is governed by the stochastic differential

equation:

dXt = µtdt + σtdBt, t ≥ 0, (3.1)

for diffusion processes, and

dXt = µtdt + σtdLαt , t ≥ 0, (3.2)

for Lévy processes, where Xt ∈ Rd is the position of a particle at time t with

X0 randomly drawn from the initial distribution ρ0, µt ∈ Rd is the deterministic

drift,Bt andLαt are the d-dimensional standard Brownian motion and the α-stable

symmetric Lévy process, respectively, and σt ∈ Rd×d is the diffusion coefficient. In

the mean field limit, the density of the particles would be governed by Fokker-

Planck equations or fractional Fokker-Planck equations. For simplicity, in this

work we assume that µt is a function of Xt while σt is constant, but, in principle,

our proposed method can also tackle the time-dependent case.

Apart from systems consisting of independent particles, we further consider

systems where particles interact with each other and the particle distributions
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exhibit more complicated behavior. As an example, we consider the Cucker-

Smale particle model [22], which describes individuals in flocks with nonlocal

interactions. The individual or particle motion is characterized by the following

governing equations:

dX (i)
t /dt = µ(i)

t ,

dµ(i)
t /dt =

1
N − 1

∑
j,i

φ(‖X (i)
t −X

( j)
t ‖)(µ

( j)
t − µ

(i)
t ),

(3.3)

where the superscripts denote the index of the particles, N � 1 is the number of

particles in the system, and φ is the influence function. Here, we set

φ(r) = cd,α|r|−(d+α), cd,α =
αΓ( d+α

2 )

2πα+d/2Γ(1 − α/2)
, (3.4)

where Γ is the gamma function, d is the dimension of X (i)
t , and α is the factor that

characterizes the decay rate of particle interactions as the distance r grows. In

the mean field limit, as N grows the density of the particles is governed by the

following fractional PDE:

∂ρ

∂t
+ ∇ · (ρu) = 0,

∂u
∂t

+ u · ∇u = [L,u](ρ),

[L,u](ρ)(x) = p.v. cd,α

∫
Rd

u(y) − u(x)
‖x − y‖d+α

ρ(y)dy,

(3.5)

where ρ is the density, u is the velocity field, and p.v. means the principle value.

Note that α determines the fractional order.

We consider the scenario where the data available are the observations of the

particles coordinates at different time instants {ti}
n
i=1 with 0 ≤ t1 < t2... < tn, namely

“snapshots”. In other words, the data Di for time ti will be a set of samples
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drawn from ρti , the particle distributions at ti. If {Di}
n
i=1 are observations of the

same set of particles and we can distinguish these particles, we refer to these

cases as the “paired” observations since we can pair the particles from different

snapshots. In other cases, {Di}
n
i=1 are observations of different sets of particles, or

we cannot distinguish the particles. We refer to these cases as the “unpaired”

observations. In this chapter we mainly focus on the unpaired cases, but we

also present some work on the paired cases in Section 3.5, where we introduce

how to reduce the effective dimensionality and we prove a theorem to support

the introduced method. For independent particle systems, we assume that we are

unaware ofµt andσt, or we may only know the parametrized forms of these terms,

and we aim to infer these terms directly or through a proper parametization. For

interacting particle systems, we assume we know the forms of the dynamics and

the influence function, i.e., Equation 3.3 and 3.4, but need to infer the velocity field

and the key parameter α.

3.3 Methodology

To perform ensemble regression, we will use a generative model with deep neural

networks to represent a curve in the probability measure space. Note that the

curve is determined by the initial condition ρ0 and the governing equation, hence,

the generative model consists of two parts. In the first part, we employ a feed-

forward neural network G to represent ρ0. In particular, G takes samples from

random noise N , e.g., Gaussian noise, as input and the generated distribution

G#N is intended to approximate ρ0, where # denotes the push forward operator.

The second part of the generative model will generate “fake” particle trajectories

with initial coordinates generated by G, and the marginal distribution ρ̃t at time
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Figure 3.2: Schematic of the generative model for ensemble-regression. We first use a feed-forward
neural network to map the input noise to the output X̃0 ∈ Rd, whose distribution ρ̃0 is intended
to approximate the initial distribution ρ0. Subsequently, we apply the discretized ODE or SODE
with trainable parameters to generate particle trajectories X̃t for t > 0 with X̃0 as the initial
condition (brown curves). Differences between the distributions of X̃t and the snapshots from
data are quantified as (a part of) our loss function. For interacting particle systems, a neural
network is employed as the velocity surrogate to generate the particle trajectories. Another loss
function term, namely the Newton loss LNewton, is defined to quantify the consistency between
the particle accelerations derived from the material derivatives, and the forces calculated from the
particle interactions. With LNewton, we enforce the inferred velocity to be consistent with our partial
knowledge of the dynamics.

t ≥ 0 will be used to represent ρt in the curve.

Our knowledge of the physics will be incorporated into the generative model

in two ways. For non-interacting particle systems, our knowledge including the

form of the drift and diffusion as well as the type of stochastic processes will be

directly embedded into the architecture of the generative model in the second part.

For interacting particle systems, while we have no direct knowledge of the velocity

field, we will enforce the inferred velocity to be consistent with our knowledge of

the dynamics with a physics-based soft penalty. In the following, we introduce the

details of the learning algorithm for both types of systems separately. A schematic

overview of the method is shown in Figure 3.2.



58

3.3.1 Non-Interacting Particle Systems

For non-interacting particle systems, generating particle trajectories is relatively

straightforward by directly applying the discretization of governing SODE or

ODE. For example, if the particle trajectories are diffusion processes or Lévy pro-

cesses, we can use the following forward Euler scheme:

X̃0 = G(z), z ∼ N

X̃(i+1)∆t = X̃i∆t + µt∆t + σt

√

∆tξi, i ≥ 0,

or X̃(i+1)∆t = X̃i∆t + µt∆t + σt∆t1/αζα,i, i ≥ 0,

(3.6)

where ∆t is the time step, ξi and ζα,i are i.i.d. standard Gaussian random variables

and α-stable random variables, respectively. We could represent µt and σt with

neural networks if they are unknown, or represent the unknown parameters with

trainable variables if we know their parameterized form.

Our target is to tune the trainable variables in the generative model, including

the parameters in G and those for parameterizing µt and σt, so that the generated

marginal distribution ρ̃ti fits the dataDi for each i. We thus need to define a distance

function d(·, ·) to measure the difference between the two input distributions, which

can be estimated from samples drawn from the two distributions. Consequently

the loss function in non-interacting particle systems is defined as:

Ldistribution =

n∑
i=1

d(ρ̃ti , ρ̂Di), (3.7)

where ρ̂Di is the empirical distribution induced from the sample set Di. We will

refer to it as the distribution loss.
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There could be many ways to define d, including Wasserstein distances, max-

imum mean discrepancy, etc. In this chapter we use two approaches to define

d.

First we choose the squared sliced Wasserstein-2 (SW) distance [117, 25] as the

function d:

d(µ, ν) = SW2
2(µ, ν) :=

∫
Sd−1

W2
2(πe#µ, πe#ν)dHd−1(e), (3.8)

where W2 is the Wasserstein-2 distance, and πe#µ is the one dimensional distribu-

tion induced by projecting µ onto the direction e, defined by

(πe#µ)(A) = µ({x ∈ Rd : e · x ∈ A}),∀A ∈ B(R), (3.9)

similarly for πe#ν. Hd−1 is the uniform Hausdorff measure on the sphere Sd−1. In

short, the squared sliced Wasserstein-2 distance is the expectation of the squared

Wasserstein-2 distance between the two input measures projected onto uniformly

random directions. The sliced Wasserstein-2 distance is exactly the Wasserstein-

2 distance for one-dimensional distributions, but is easier to calculate for higher

dimensional distributions. We present the details of the estimation in Section 3.6.1.

We also use GANs to obtain d. The generative model we introduced above can

generate “fake” samples X̃ti at {ti}
n
i=1, and for each i, we use a discriminator Di to

discriminate generated samples X̃ti and real samplesXti fromDi. The adversarial

loss given by Di can act as a metric of the difference between ρ̃ti and ρ̂Di . In

particular, we use WGAN-GP [43] as our version of GANs in our chapter, with

d(ρ̃ti , ρ̂Di) = −EX̃ti∼ρ̃ti
[Di(X̃ti)] + EXti∼ρ̂Di

[Di(Xti)], (3.10)
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and the loss function for each discriminator Di is defined as

LDi =EX̃ti∼ρ̃ti
[Di(X̃ti)] − EXti∼ρ̂Di

[Di(Xti)]

+ λEx̂i∼ρx̂i
[(‖∇x̂iDi(x̂i)‖2 − 1)2], for i = 1, 2...n,

(3.11)

where ρx̂i is the distribution generated by uniform sampling on straight lines be-

tween pairs of points sampled from ρ̃ti and ρ̂Di , and λ = 0.1 is the gradient penalty

coefficient. Here, d(ρ̃ti , ρ̂Di) can be mathematically interpreted as the Wasserstein-

1 distance between the two input distributions. WGAN-GP is computationally

more expensive than the sliced Wasserstein distance since we need to train the

generative model and the discriminators iteratively, but it is more scalable to high

dimensional problems, for which we made a comparison in Section 3.6.1.

3.3.2 Interacting Particle Systems

The straightforward discretization of the governing Equations 3.3 cannot be di-

rectly applied to generate “fake” particle trajectories in interacting particle sys-

tems, especially for those with strong nonlocal interactions, since the computa-

tional cost for one time step would be O(N2), where N is the number of particles

required so that the system is close to the mean field limit, which makes the learn-

ing almost intractable. Instead, we propose to first employ a neural network µ̃

as a surrogate model of the velocity field µt in the spatial-temporal domain to

generate trajectories, and then apply an additional penalty in the loss function to

enforce the velocity field µ̃ to be consistent with the Equations 3.3. In this chapter
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we use the forward Euler scheme to generate trajectories:

X̃0 = G(z), z ∼ N

X̃(i+1)∆t = X̃i∆t + µ̃(X̃i∆t, i∆t)∆t, i ≥ 0,
(3.12)

where ∆t is the time step. By employing the surrogate model for velocity, the

computational cost for generating the particle trajectories is linear, instead of

quadratic, with the number of particles.

To enforce µ̃ to be consistent with our knowledge of the dynamics of Equa-

tions 3.3, we first randomly generate K particle trajectories with Equation 3.12,

denoted as {{X̃ (k)
i∆t}

I
i=0}

K
k=1, and then calculate the “forces” applied on these k parti-

cles by another M randomly generated particles {{Ỹ (m)
i∆t }

I
i=0}

M
m=1, using the formula

of interactions in Equations 3.3, where we replace the unknown parameter αwith

a trainable variable. Meanwhile, from the velocity field µ̃we can directly calculate

the accelerations for these k particles using a material derivative. The forces and

accelerations should be consistent with each other. We can thus define an L2 loss:

LNewton =
1

I + 1

I∑
i=0

1
K

K∑
k=1

(F (k)
i − a

(k)
i )2,

F (k)
i =

1
M

M∑
m=1

φ(‖X̃ (k)
i∆t − Ỹ

(m)
i∆t ‖)(µ̃(Ỹ (m)

i∆t , i∆t) − µ̃(X̃ (k)
i∆t, i∆t)),

a(k)
i =

Dµ̃(X̃ (k)
i∆t, i∆t))

Dt
=
∂µ̃(X̃ (k)

i∆t, i∆t))
∂t

+ µ̃(X̃ (k)
i∆t, i∆t)) · ∇µ̃(X̃ (k)

i∆t, i∆t)),

(3.13)

and we name it as the Newton loss. The time span [0, I∆t] should cover the time

for the latest snapshot tn, and in this chapter we simply set I as the ceiling of tn/∆t.

To reduce computational cost, the average over I + 1 time steps in LNewton can also

be approximated by mini-batch, i.e., taking average over B random time steps in

each training step.
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For one time step, the computational cost is O(KM) for calculating the force

terms and O(K) for the acceleration terms. Note that M should be larger than or

equal to N, but K can be much less than N, thus the total computational cost for

LNewton can be much less than O(N2), and this makes the learning tractable.

In the end, the loss for interacting particle systems will be a combination of the

Newton loss and the distribution loss:

L = ηLNewton +
1
n

n∑
i=1

d(ρ̃ti , ρ̂Di), (3.14)

where the weight η is set as 1 in this chapter.

3.3.3 Modifications to the Distributions

In order to provide flexibility and adapt the method to different problems, we can

also modify the generated distribution and real data before feeding them to the

distance function d and calculate the distribution loss. We present some examples

here.

In some cases ρt may have heavy tails, e.g., when the particle trajectories

correspond to a Lévy process. The heavy tails could spoil the training, since the

rare outlier samples could dominate the loss function. We can choose a suitable

bounded map h : Rd
→ Rd to preprocess both the generated samples and the

real data so that the heavy tails are removed. If the observations of the particle

coordinates are noisy, we can also perturb the generated samples to add artificial

noise. By scaling the artificial noise with trainable variables, the size of the noise

in observations can also be learned. If we can only make observations of particles
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in a specific domain, i.e., the observations are truncated, we will also filter the

generated samples using a corresponding mask so that the effective domain for

the generated samples and observations are the same.

3.4 Computational Results

All the neural networks in this section are feed-forward neural networks with three

hidden layers, each of width 128, except the discriminator for high dimensional

problems which is a ResNet with 5 hidden layers, each of width 256, and shortcut

connections skipping one hidden layer. We use the leaky ReLu [76] activation

function with α = 0.2 for the discriminator neural networks in WGAN-GP, while

using the hyperbolic tangent activation function for other neural networks. The

neural network weights are initialized with the uniform Xavier initializer, and

the biases are initialized as 0. The variables for parameterizing the diffusion and

noise size are initialized as 0 (before been activated by the softplus function). The

drift parameters are initialized as 0 in 1D problems, −0.5 in high dimensional

problems, and randomly initialized with standard Gaussian distribution in 2D

problems. The batch size for the distribution loss is 1000 for non-interacting

particle systems, except in the 2D problem with truncated observations, where we

generate 10000 samples to compensate the loss of samples due to filtering. We use

the Adam optimizer [54] with lr = 0.0001, β1 = 0.9, β2 = 0.999 for the cases using

the sliced Wasserstein distance, while lr = 0.0001, β1 = 0.5, β2 = 0.9 for the cases

with WGAN-GP. The time step in the generative model is set as ∆t = 0.01.
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Figure 3.3: Results for 1D problems with (a) Brownian Motion and (b) Lévy process as the stochastic
term. The two rows of (b) show the results with (top row) and without (bottom row) bounded map
pre-processing, respectively. The first column visualizes densities estimated from training data.
The second column shows the inferred drift functions in the end of training. The third column
shows the inferred coefficient for the stochastic term during training. The fourth and fifth columns
show the inferred densities in the two cases of using a cubic polynomial and a neural network to
parameterize the drift, respectively. The solid lines and shaded areas refer to the mean and two
standard deviations of three runs with different data.

3.4.1 1D Problems: Brownian Motion and Lévy Process

In this section, we test our method on the 1D problems using the sliced Wasserstein

distance as d. We first consider the SODE with Brownian motion and then with

the α-stable symmetric Lévy process as the stochastic term:

dXt = (Xt − Xt
3)dt + dBt,

or dXt = (Xt − Xt
3)dt + dLαt , t ≥ 0,

(3.15)

where α = 1.5, with ρ0 = N(0, 0.04).

Note that we have no knowledge of ρ0 in learning. Also, we assume we know

that the stochastic term has a constant coefficient but we need to infer it; here
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the ground truth is 1.0. To represent the unknown coefficient, we use a trainable

variable rectified by a softplus function softplus(x) = ln(1 + ex), which ensures

positivity. As for the drift µ(x) = x − x3, we consider the following two cases for

both SODE problems. In case 1, we know that the drift µ(x) is a cubic polynomial

of x. In this case, we use a cubic polynomial a0 + a1x + a2x2 + a3x3 to parameterize

µ(x), and want to infer the four coefficients a0, a1, a2 and a3. In case 2, we only

know that the drift µ(x) is a function of x and hence we use a neural network to

parameterize µ(x).

For the SODE problem with Brownian motion, we first prepare a pool of 105

sample paths, then independently draw 10, 000 samples at t = 0.2, 0.5, 1.0 from

the pool as our training data. The results for both cases of drift parameterization

are illustrated in Figure 3.3a. In the figure, all the densities are estimated using

Gaussian kernel density estimation with Scott’s rule, and the inferred densities

and the reference densities come from 106 samples produced by the generative

model or simulation.

Both cases of drift parameterization provide a good inference of the diffusion

coefficient, with an error less than 7% after 2 × 105 training steps, in all the runs.

When using the cubic polynomial parameterization, the inferred drift fits well

with the ground truth, with the relative L2 error about 3% in [−3, 3] averaged over

three runs. The inferred drift using the neural network only fits the ground truth

in the region between -1.5 and 1.5. This is reasonable since the particles mainly

concentrate in this region, and we can hardly learn the drift outside this region,

where the training data are sparse. However, we note that such an inference of drift

is sufficiently good for an accurate time extrapolation of the particle distribution

at t = 5.
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One interesting observation is that in case 1 the inferred densities are more ac-

curate than those estimated from the training data. This is because our knowledge

of the governing SODE bridges the limited samples in three snapshots, and as we

infer the density at, e.g., t = 0.2, we are not only utilizing the data at t = 0.2 but

also implicitly leveraging the data at t = 0.5 and 1.0. We can make an analogy in

the context of linear regression: multiple noisy data are helpful for inferring the

hidden ground truth, since they are bridged by the regressed linear function. We

present a more detailed discussion on this topic in Section 3.6.2.

For the SODE problem with Lévy process, we prepare 1.5 × 105 sample paths,

then independently draw 10, 000 samples within the region [−1000, 1000] at t =

0.2, 0.5, 1.0 from the pool as our training data. To prevent instability during the

training, we apply double precision and clip the generated α-stable random vari-

able in Equation 3.2 between −100 and 100.

We first test our method without pre-processing the samples as in the problem

with Brownian motion. As we can see in the second row of Figure 3.3b, the

inferences are far away from the ground truth. This is due to the heavy tail

of ρt in the Lévy process: some samples far away from 0, although rare, could

dominate the loss function and spoil the training. To deal with this problem, we

then apply a bounded map h(x) = 2 tanh(x/2) to all the generated and real samples

before feeding them to d. The results are shown in the first row of Figure 3.3b

where we can see the inferences are much improved. In case 2 where the drift is

parameterized by neural networks, the inferred drift outside [−1.5, 1.5] is better

than that in the problem with Brownian motion. This is because the samples are

more scattered in the Lévy case.
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3.4.2 2D Problems: Various Scenarios of Observations

In this section, we test our method on 2D problems using the sliced Wasserstein

distance as d, with various scenarios of observations. We consider the following

2D SODE:

dXt = µ(Xt)dt +

s0 0

s1 s2

 dBt (3.16)

where

µ(x) = ∇xϕ(x), (3.17)

and
ϕ(x) = − (x1 + a0)2(x2 + a1)2

− (x1 + a2)2(x2 + a3)2 for x = (x1, x2).
(3.18)

The parameters are set as a0 = a1 = s0 = s1 = s2 = 1.0, a2 = a3 = −0.5. We set

the initial distribution as ρ0 = N(0, I2). We assume we know that the diffusion

coefficient is a constant lower triangular matrix but we need to infer the three

unknown parameters s0, s1, s2. In particular, we use (softplus(s̃0), s̃1, softplus(s̃2))

to approximate (s0, s1, s2), where s̃0, s̃1, s̃2 are three trainable variables. Similar as in

the 1D problems, we consider the following two cases for the drift. In case 1, we

know the form of µ and ϕ in Equation 3.17 and 3.18 but we need to infer a0, a1, a2

and a3 ((a0, a1) and (a2, a3) are exchangeable). In case 2, we only know that µ is a

gradient of ϕ in Equation 3.17, but we have no knowledge of ϕ. In this case, we

use a neural network to parameterize ϕ.

For the training data, we prepare 105 sample paths, and consider the following

various scenarios of observations at t = 0, 0.1, 0.2, 0.3, 0.5, 0.7, 1.0. The data are

visualized in Section 3.6.3.
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• Scenario 1: we assume that our observations are ideal, i.e., we make accurate

observations of all the particle coordinates as the training data.

• Scenario 2: we assume that our observations are noisy. Specifically, we make

observations of all the particle coordinates, but each coordinate is perturbed

by an i.i.d. random noise N(0, e2I2), where e is set as 0.2 but also need to be

inferred during learning.

• Scenario 3: we assume that our observations are truncated. Specifically, we

make observations of the particle coordinates in Ω = (∞, 0.5) × R, with the

particles outside of Ω dropped.
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Figure 3.4: Inferred drift and diffusion in 2D problems, with (a) ideal observations, (b) noisy
observations, and (c) truncated observations. In (a), the left column shows the results in case 1
where the drift is parameterized by four parameters, while the right column shows the results
in case 2 where the drift is parameterized by a neural network. In the top right figure of (a), we
visualize the drift field where the training data are dense. The red and black arrows represent the
inferred drift and the exact drift, respectively. For each arrow, the length represents the norm of
the drift, scaled by 0.1. The green dots are samples from the merged training data.

For the first scenario, the inferred drift and diffusion are illustrated in Fig-

ure 3.4a. In case 1, all the inferred drift and diffusion parameters approach the

ground truth during the training, with relative error less than 0.3% for each ai and

less than 4% for each σi after 2× 105 training steps. In case 2, the inferred diffusion
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parameters are also close to the ground truth, with error comparable with that in

case 1. In the region where the training data are dense (i.e., the density estimated

from all the training data is no less than 0.05), the inferred drift field has a relative

L2 error about 13%. The inference is much worse in other regions, and the reason

is the same as in the 1D problem: the neural network can hardly learn the drift

field where the training data are sparse.

For the second and third scenarios, we apply the technique of perturbing and

filtering the generated samples, respectively. In Figure 3.4b and Figure 3.4c we

show the results of case 1 with the drift parameterized by four parameters. After

2 × 105 training steps, all the parameters converge to ground truth. For scenario

2, the error is less than 0.5% for each drift parameter ai, less than 3% for each

diffusion parameter si, and about 5% for the noise parameter e. For scenario 3, the

error is less than 0.2% for each drift parameter ai, less than 1% for each diffusion

parameter si. We remark that we failed to learn the drift with neural network

parameterization in the second and third scenario, suggesting a room for further

improvements.

3.4.3 Higher Dimensional Problems

In this section, we test our method on higher dimensional non-interacting particle

systems. Note that the sliced Wasserstein distance does not perform well in

high dimensional problems, and we thus switch to the WGAN-GP to provide d.

The comparison between the sliced Wasserstein distance and WGAN-GP in high

dimensional problems is presented in Section 3.6.1.
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We consider a d-dimensional SODE:

dXt = µ(Xt)dt + σdBt (3.19)

where

µ(i)(Xt) = X(i)
t − (X(i)

t )3, i = 1, 2..., d, (3.20)

for µ(i) as the i-th component of µ ∈ Rd, and X(i)
t is the i-th component of Xt ∈ Rd.

We set the diffusion coefficient matrix as

σ =



s1 0 0 0 · · · 0

s′2 s2 0 0 · · · 0

0 s′3 s3 0 · · · 0

0 0 s′4 s4 · · · 0
...

...
...

...
. . .

...

0 0 0 · · · s′d sd


, (3.21)

where the 2d−1 nonzero entries {si}
d
i=1 and {s′i}

d
i=2 are set as 1. The initial distribution

is ρ0 = N(0, 0.04Id). Due to the non-diagonal diffusion coefficient matrix, the

motion in different dimensions are coupled.

We prepare 105 sample paths and observe all the particle positions at t =

0.2, 0.5, 1.0 as our training data. We use a cubic polynomial with four variables

to parameterize µ(i) as a function of X(i)
t for each i, while using 2d − 1 trainable

variables to learn the nonzero entries in the diffusion coefficient matrix, with the

diagonal entries rectified by a softplus function for positivity. In other words, we

use 6d − 1 variables to parameterize the drift and diffusion for the d-dimensional

SODE. The results are shown in Figure 3.5. Even for the 100-dimensional problem,

after 6 × 105 training steps, the average error of the diffusion coefficients is about



71

0.04, and the average relative L2 error of the drift in the interval [−3, 3] in each

dimension is about 14%.
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Figure 3.5: Inferred drift in the end of training and diffusion parameters during training, in 5D,
10D, 50D and 100D problems. The solid lines and shaded areas are the mean and two standard
deviations over all i and three runs with different random seeds.

It may appear surprising that we can solve a 100-dimensional problem with

only 105 samples since usually an exponentially large number of samples is re-

quired to describe the distribution. However, we remark that the difficulty of the

learning task is significantly reduced since our partial knowledge, i.e., the form of
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the SODE, is encoded into the generator.

3.4.4 Interacting Particle Systems

In this section we consider the 1D and 2D cases of the interacting particle system

with governing equations 3.3. To prepare the training data, we follow [80] and set

the initial condition, including the density and velocity as

ρ0(x) = 1[−0.75,0.75]
π
3

cos
(2πx

3

)
,

µ0(x) = −
1
2

sin
(2πx

3

)
,

(3.22)

for the 1D case and

ρ0(x1, x2) = 1[−0.75,0.75]2

(
π
3

)2

cos
(2πx1

3

)
cos

(2πx2

3

)
,

µ0(x1, x2) =

(
−

1

2
√

2
sin

(2πx1

3

)
,−

1

2
√

2
sin

(2πx2

3

)) (3.23)

for the 2D case, where 1 is the indicator function. Using the Velocity-Verlet method

with time step 0.01, we perform simulations with 1024 and 9976 particles for the

1D and 2D cases, respectively, and generate data at t = 0.5, 0.6, ..., 2.0, i.e., 16

snapshots in total. The input radius r of the influence function φ(r) is clipped to

be at least rmin = 0.01, both in simulation and learning, to avoid the singularity.

While using the same number of particles and make observations at the same time

instants as in [80], our method does not require knowledge of the initial condition

or the velocity field in the data snapshots, as opposed to their method based on

Bayesian optimization to infer α.
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Figure 3.6: Results for the 1D and 2D problems of interacting particle systems. (a): The inferred
alpha in 1D and 2D problems. (b): The inferred velocity field against the reference velocity from
simulation in the 1D problem. The dots also show the distribution of training data. (c): The
inferred velocity field (red arrows) against the reference velocity from simulation (black arrows)
in the 2D problem. For each arrow, the length represents the norm of the velocity scaled by 0.3.
The green dots are random samples from training data.

We apply the sliced Wasserstein distance for the distribution loss, with the

batch size equal to the number of particles in training data. When calculating the

distance at each time instant, the generated and real distributions are normalized

with the mean and standard deviation of the real distribution. For the Newton
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loss, we set K = 16, M = 10000 and B = 10. We use 2 × sigmoid(β) to represent

the inferred α so that the inference is bounded by 0 and 2, and the variable β is

initialized as 0.

The results are visualized in Figure 3.6. For the 1D case, the inferred α is 0.492

with ground truth 0.5 in the end of training. As a comparison, the inference is

0.480 for the 1D case in [80]. Our inferred velocity field also matches well with

the reference ground truth at different time instants, even at t = 0 and 0.25 when

we have no observations at all. This is because we incorporated the knowledge of

dynamics in the learning system. For the 2D case, while the inferred velocity field

also matches well with the ground truth, the inferred α is 0.469 with ground truth

0.5 in the end of training, i.e., about 6% error, much larger than in the 1D case.

We attribute the error to the fact that the singularity problem for φ(r), where the

order for r is dimension-dependent, is more severe in the 2D case. In Section 3.6.4,

we show that as we increase rmin from 0.01 to 0.1, the error is reduced from 6% to

2%. Alternatively, in the 2D case we also try to directly use the data at t = 0.5 as

the starting coordinates to generate trajectories for t ≥ 0.5 (M is also reduced to

the data size 9976), so that the initial generator G is removed from the generative

model. By doing so, the number of trainable variables is reduced and the learning

becomes easier. The inferred α is 0.493 in the end of training. As a comparison,

the inference is 0.513 for the 2D case in [80]. However, we remark that while this

strategy helps to infer αwithout extra data, we cannot infer the velocity or density

for 0 ≤ t < 0.5.

While unpaired observations of particle positions are sufficient for the inference

of velocity field and α in this problem, we remark that for other problems, it might

be difficult or even impossible to infer particle dynamics with these data. For such

cases, additional information of the velocity field or paired observations may be
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helpful.

3.5 Paired Observations

We should note that the convergence of the marginal distribution in each snapshot

does not necessarily lead to the convergence of the joint distribution of coordinate

tuples (Xt1 ,Xt2 , ...,Xtn). While the joint distribution is not available for unpaired

observations that we are focused on so far, in other cases where the observed

particle coordinates can be paired across snapshots, it is possible to improve the

inference by fitting the joint distribution of coordinate tuples with the correspond-

ing generated joint distribution.

In [26], the authors pointed out that Wasserstein convergence of the distribution

of (Xt1 ,Xt2 , ...,Xtn) is equivalent to Wasserstein convergence of the distributions of

(Xti ,Xti+1) for all i = 1, 2, ...,n − 1, if (Xt1 ,Xt2 , ...,Xtn) is a Markov chain. However,

the sample spaces for {Xti}
n
i=1 are limited to be finite and discrete in [26], thus the

result doesn’t apply to dynamic systems in continuous spaces. Here, we present

a new theorem for continuous sample spaces:

Theorem 1. Let (X1,X2, ...XT) be a Markov chain of length T ≥ 3 and we use Xi: j to

denote the nodes (Xi,Xi+1...X j), for i ≤ j. Suppose the domain Dt for Xt is a compact

subset of Rdt for t = 1, 2...T. We use the lq (q ≥ 1) Euclidean metric for all the Euclidean

spaces with different dimensions.

Let {PXi: j
n }
∞

n=1 and PXi: j be probability measures of Xi: j for i ≤ j, PXi|X j
n and PXi|X j be the

corresponding probability transition kernels. If PXt:t+1
n converges to PXt:t+1 in Wasserstein-p

(p ≥ 1) metric for all t = 1, 2...T − 1, PXt|Xt+1
n and PXt+2|Xt+1 as functions of Xt+1 are C-
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Lipschitz continuous in Wasserstein-p metric for all t = 1, 2...T − 2 and n, where C is a

constant, then PX1:T
n converges to PX1:T in Wasserstein-p metric.

We present the proof for Theorem 1 in Section 3.6.5. The assumption on the

continuity of the probability transition kernels is not required for finite discrete

sample spaces in [26], but the theorem does not hold without it for continuous

sample space. We provide a counter-example in Section 3.6.6.

The theorem states that under certain conditions, we can set our goal as fitting

the distributions of (Xti ,Xti+1), i.e., coordinate pairs from adjacent snapshots. This

should be easier compared with directly fitting the distribution of (Xt1 ,Xt2 , ...,Xtn),

since the effective dimensionality is reduced. We still can view this approach as

“ensemble-regression”, except that instead of a curve, we try to fit the data with a

2D surface (ti, t j) → ρti,t j in the probability measure space, where ρti,t j denotes the

joint distributions of (Xti ,Xt j).
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Figure 3.7: Inferred drift function in the end of training and diffusion coefficient during training
for the OU process problem, using a linear function or a neural network to parameterize the drift
function.

As an illustration, we study the 1D Ornstein–Uhlenbeck (OU) process:

dXt = −Xtdt +
√

2dWt, (3.24)
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with ρ0 = N(0, 1), so that ρt = N(0, 1) for any t > 0. This is a special example as the

governing SODE is not unique given ρt. We make observations of 100 particles at

t = 0.1, 0.2, 0.3, 0.4, 0.5, 0.75, 1.0 as data, and compare the inferences by fitting the

marginal distributions of individual coordinates or the joint distributions of adja-

cent coordinate pairs using the SW distance. The drift function is parameterized

by a linear function y(x) = ax or a neural network, while the diffusion coefficient

is represented by a trainable variable rectified by a softplus function. We present

the results in Figure 3.7, where we can clearly see the failure in the cases of fitting

the marginal distributions, while fitting the joint distributions works very well.

3.6 Supplementary Material

3.6.1 Sliced Wasserstein Distance and Comparison with WGAN-

GP

Recall that the squared sliced Wasserstein-2 distance is the expectation of the

squared Wasserstein-2 distance between the two input measures projected onto

uniformly random directions. To estimate SW2(µ, ν) from samples of µ and ν, we

use the following process introduced in [25].

• Draw samples independently from µ and ν with batch size b, denote as U

andV.

• Uniformly sample m pr ojection directions {e j}
m
j=1 in Rd. In this chapter we

set m = 1000.
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• For each random direction e j, project and sort the samples inU andV in the

direction of e j, getting {ui, j}
b
i=1 and {vi, j}

b
i=1, where ui, j ≤ ui+1, j and vi, j ≤ vi+1, j

for i = 1, 2...b − 1. Calculate L j =
∑b

i=1(ui, j − vi, j)2/b.

• Calculate L =
∑m

j=1 L j/m as the estimation of squared SW2(µ, ν).

Compared with GANs, the sliced Wasserstein distance does not need discrim-

inators, and is more robust than WGAN-GP in low dimensional problems. Take

the following 1D problem as an example. We consider the SODE:

dXt = adt + bdBt, t ≥ 0, (3.25)

with ρ0 = N(−0.5, 0.5). We set a = b = 1 so that the exact solution is

ρt = N(t − 0.5, t + 0.5). (3.26)

We have 10, 000 samples at t = 0.5 and 1.5, respectively, as the training data, and

wish to infer the constant drift and diffusion coefficients. The input noise to the

generator is uniform noise from -1 to 1. The results are shown in Figure 3.8.
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Figure 3.8: Inferred drift and diffusion coefficient during the training, using (a) sliced Wasserstein
distance and (b) WGAN-GP. The black dashed lines represent the ground truth, while the multiple
colored lines represent the results in three independent runs.

We can clearly see oscillations of the inferred drift coefficient for WGAN-
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GP. This can be attributed to the two-player game between the generator and

discriminator, which was also reported in [23].
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Figure 3.9: Results of 2D, 5D, 10D and 20D problems, using (a) the squared sliced Wasserstein-2
distance or (b) WGAN-GP for d. The solid lines and shaded areas represent the mean and two
standard deviations of the errors over all dimensions.
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We did not observe significant oscillations using WGAN-GP in higher dimen-

sional problems. Indeed, WGAN-GP outperforms the sliced Wasserstein distance

in high dimensional problems. Taking the following simple SODE problem as an

example, where the motions are uncoupled between dimensions:

dX(i)
t = (X(i)

t − (X(i)
t )3)dt + dB(i)

t , i = 1, 2, ...d (3.27)

where X(i)
t is the i-th component of Xt ∈ Rd, with ρ0 = N(0, 0.04Id). We prepare

105 sample paths and observe all the particle positions at t = 0.2, 0.5, 1.0 as our

training data. We use a cubic polynomial a(i)
0 + a(i)

1 x + a(i)
2 x2 + a(i)

3 x3 to parameterize

the i-th component of the drift. We use another trainable variable rectified by a

softplus function to represent the diffusion coefficient s(i) = 1 in each direction. In

total, 5d variables are used to parameterize the d-dimensional SODE.

The results are shown in Figure 3.9. While the SW distance works for 2D

problems, it does not scale well to high dimensional problems, for which WGAN-

GP gives much better inferences.

3.6.2 A Study on the Density Estimation

In this section, we wish to show that our method can make use of the SODE and

multiple snapshots to reduce the error of density estimation from limited samples.

We consider the one-dimensional SODE:

dXt = (4Xt − Xt
3)dt + 0.4dBt, t ≥ 0, (3.28)

with ρ0 = 0.5N(−0.5, 0.32) + 0.5N(0.5, 0.32).
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We test the following two cases of training data sets. In both cases we have

1000 samples at t = 0.05, 0.1, 0.15, 0.2, 0.25, but the particle trajectories are different.

• Case 1: We make observations from different sets of trajectories at different

time instants.

• Case 2: We make observations from the same set of trajectories at different

time instants.

We assume that we know Equation 3.28, but have no knowledge of ρ0. We

could make the analogy of performing linear regression, where we know the slope

but do not know the intercept. In Figure 3.10 we show the comparison between the

inferred densities and the densities estimated directly from data. All the densities

are estimated using Gaussian kernel density estimation. The inferred densities

and the ground truth come from 105 samples produced by the generative model

or simulation, with bandwidth decided by the Scott’s rule. To remove the effect

of bandwidth selection in the density estimation directly from data, we perform a

grid search of the optimal bandwidth factor via the L2 error against ground truth,

from 0.01 to 0.5 with grid size 0.01 (Scott’s rule suggests about 0.25).

The grid search strategy is actually infeasible in practice since we don’t know

the ground truth, but it should perform better than any bandwidth selector. De-

spite that, in Figure 3.10a we can clearly see that in case 1 our inferred densities

with naive Scott’s rule significantly outperform the ones estimated directly from

training data with grid search. This cannot be attributed to the number of samples,

since in case 2 the inferred densities with our method cannot perform better, as

shown in Figure 3.10b.
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Figure 3.10: Integrated squared errors (ISE) of the inferred density functions at different time
instants in (a) case 1 and (b) case 2. The squared errors are integrated from -4 to 4. The colored lines
show the ISE averaged over three independent runs, while the markers with the corresponding
colors show the ISE in each run.

The different performances in two cases are reasonable. In case 1, our method

can utilize the SODE and the observations at multiple time instants to reduce the

error from limited samples. As we infer the density at t = 0.05, we are not only

utilizing the data at t = 0.05 but also implicitly taking advantage of the data at

later time instants. In case 2, since the observations come from the same sample

paths, the observations at later time instants cannot provide additional information

considering that the SODE is already known. Let us again make an analogy in the

context of linear regression: if the observations have independent noise, multiple

observations will be more helpful than a single observation. However, if the

observations have the same noise, multiple observations cannot help us more

than a single observation, if we already know the slope.



84

3.6.3 Training data in 2D Problems with Various Scenarios of

Observations

In Figure 3.11 we visualize the training data in 2D problems with various scenarios

of observations.
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Figure 3.11: Samples from the training data in 2D problems with ideal, noisy, or truncated obser-
vations.

3.6.4 Effect of Clipping Radius in the Interacting Particle System

In this section we study the effect of various clipping radius rmin from 0.01 to

0.1, both in the simulation for data generation and the learning algorithm. We

remark that changing rmin in this range would not make a huge difference to the

system behavior, since the dynamics are dominated by non-local interactions. In

Figure 3.12 we show the inferred α during the training. As rmin increase from 0.01

to 0.1, the inferred α in the end of training increases from 0.469 to 0.490, with the

ground truth 0.5. This supports that the error mainly comes from the singularity
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Figure 3.12: Inferred α in the 2D interacting particle system during training, with different clipping
radius rmin.

problem of φ(r) when r is small.

3.6.5 Proof for Theorem 1

The proof is based on the weak convergence: convergence of a sequence of prob-

ability measures {Pn}
∞

n=1 to a probability measure P in the Wasserstein-p metric

is equivalent to the weak convergence plus the convergence of p-th moments

of {Pn}
∞

n=1 to P [130]. Here, the weak convergence means EPn[ f (x)] converges to

EP[ f (x)] for each f ∈ F , where F = {all bounded and continuous functions} or

F = {all bounded and Lipschitz functions}, which are equivalent[57]. Note that

in Theorem 1 we assume that the domain for Xt is a compact subset of Euclidean

space for each t, thus ‖X1:T‖
p is a bounded and continuous function of X1:T. The

convergence of p-th moment then directly comes from the weak convergence,

i.e., we only need to show that {Pn}
∞

n=1 converges to P weakly. This is proved in

Lemma 4 below.
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The notations are inherited from Theorem 1. For simplicity, we will some-

times use X,Y,Z to represent the nodes in sequence, and use PXY to represent the

probability measure of (X,Y), etc.

Lemma 1. Let Py mapping from the Euclidean space to the probability measure space be

C-Lipschitz in Wasserstein-p metric (p ≥ 1). For any f (x, y, z) : Rdx × Rdy × Rdz → R

K-Lipschitz,

g(x, y) =

∫
f (x, y, z)dPy(z)

is (C + 1)K-Lipschitz.

Proof. Note that

∣∣∣g(x + ε, y + ξ) − g(x, y)
∣∣∣

=

∣∣∣∣∣∫ f (x + ε, y + ξ, z)dPy+ξ(z) −
∫

f (x, y, z)dPy(z)
∣∣∣∣∣

≤

∣∣∣∣∣∫ f (x + ε, y + ξ, z)dPy+ξ(z) −
∫

f (x + ε, y + ξ, z)dPy(z)
∣∣∣∣∣+∣∣∣∣∣∫ f (x + ε, y + ξ, z)dPy(z) −

∫
f (x, y, z)dPy(z)

∣∣∣∣∣ .
(3.29)

Firstly

∣∣∣∣∣∫ f (x + ε, y + ξ, z)dPy+ξ(z) −
∫

f (x + ε, y + ξ, z)dPy(z)
∣∣∣∣∣

≤KW1(Py,Py+ξ)

≤KWp(Py,Py+ξ)

≤CK‖ε‖,

(3.30)

where the first inequality comes from the Kantorovich–Rubinstein formula [130]

and that f (x + ε, y + ξ, z) is K-Lipschitz. The last inequality comes from that Py is

C-Lipschitz in Wasserstein-p sense.
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Secondly,

∣∣∣∣∣∫ f (x + ε, y + ξ, z)dPy(z) −
∫

f (x, y, z)dPy(z)
∣∣∣∣∣

≤

∫ ∣∣∣ f (x + ε, y + ξ, z) − f (x, y, z)
∣∣∣ dPy(z)

≤

∫
K‖(ε, ξ)‖dPy(z)

=K‖(ε, ξ)‖.

(3.31)

We conclude that

∣∣∣g(x + ε, y + ξ) − g(x, y)
∣∣∣ ≤ (C + 1)K‖(ε, ξ)‖, (3.32)

i.e. g(x, y) is (C + 1)K-Lipschitz �

Lemma 2. If PXY
n converge to PXY weakly, then PX

n converge to PX weakly.

Proof. For any bounded and continuous function f (x)

∫
f (x)PX

n (x) −
∫

f (x)PX(x)

=

"
f (x)PXY

n (x, y) −
"

f (x)PXY(x, y)→ 0.
(3.33)

The convergence comes from the weak convergence of PXY
n and that f (x) is bounded

and continuous as a function of x and y. �

Lemma 3. Suppose PYZ
n converge to PYZ weakly, PZ|Y=y is Lipschitz in Wasserstein-p

metric. For any g(y, z) : Rdy ×Rdz → R bounded and Lipschitz, we have"
g(y, z)dPZ|Y=y

n (z)dPY
n (y)

−

"
g(y, z)dPZ|Y=y(z)dPY

n (y)→ 0.
(3.34)
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Proof. Since g(y, z) is bounded and continuous, and PYZ
n converge to PYZ weakly,

"
g(y, z)dPYZ

n (y, z) −
"

g(y, z)dPYZ(y, z)→ 0, (3.35)

i.e. "
g(y, z)dPZ|Y=y

n (z)dPY
n (y)

−

"
g(y, z)dPZ|Y=y(z)dPY(y)→ 0.

(3.36)

Since g(y, z) is bounded and Lipschitz, PZ|Y=y is Lipschitz, we have

∫
g(y, z)dPZ|Y=y(z) (3.37)

is Lipschitz. Further since PY
n converge to PY weakly (from Lemma 2):"

g(y, z)dPZ|Y=y(z)dPY
n (y)

−

"
g(y, z)dPZ|Y=y(z)dPY(y)→ 0.

(3.38)

Combining 3.36 and 3.38, we have"
g(y, z)dPZ|Y=y

n (z)dPY
n (y)

−

"
g(y, z)dPZ|Y=y(z)dPY

n (y)→ 0.
(3.39)

�

Lemma 4. Let (X1,X2, ...XT) be a Markov chain of length T ≥ 3 and we use Xi: j to denote

the nodes (Xi,Xi+1...X j), for i ≤ j. Suppose the domain Dt for Xt is a compact subset of

Rdt for t = 1, 2...T. We use the lq (q ≥ 1) Euclidean metric for all the Euclidean spaces

with different dimensions.
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Let {PXi: j
n }
∞

n=1 and PXi: j be probability measures of Xi: j for i ≤ j, PXi|X j
n and PXi|X j be the

corresponding probability transition kernels. If PXt:t+1
n converges to PXt:t+1 weakly for all

t = 1, 2...T − 1, PXt|Xt+1
n and PXt+2|Xt+1 are C-Lipschitz continuous in Wasserstein-p metric

for all t = 1, 2...T − 2 and n, where C is a constant, then PX1:T
n converges to PX1:T weakly.

Proof. We start from the case T = 3. For simplicity, we use X,Y,Z to denote the

nodes in sequence.

For any f (x, y, z) K-Lipschitz and bounded, we have

∫
f (x, y, z)dPXYZ

n (x, y, z)

=

∫ (∫
f (x, y, z)dPZ|Y=y

n (z)
)

dPXY
n (x, y)

=

∫
(gn(x, y) − g(x, y))dPXY

n (x, y)

+

∫
g(x, y)dPXY

n (x, y),

(3.40)

where

g(x, y) =

∫
f (x, y, z)dPZ|Y=y(z)

gn(x, y) =

∫
f (x, y, z)dPZ|Y=y

n (z).
(3.41)

From Lemma 1, since f (x, y, z) is Lipschitz, PZ|Y=y is Lipschitz in Wasserstein-

p sense, we have g(x, y) is Lipschitz. g(x, y) is also bounded since f (x, y, z) is

bounded. So we have

∫
g(x, y)dPXY

n (x, y)→
∫

g(x, y)dPXY(x, y), (3.42)

since PXY
n converge to PXY weakly.
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We then need to show
∫

(gn(x, y) − g(x, y))dPXY
n (x, y) converges to 0. We prove

by contradiction. Suppose it does not converge, then there exists ε > 0 and a

subsequence of n (denote as i) such that

∣∣∣∣∣∫ (gi(x, y) − g(x, y))dPXY
i (x, y)

∣∣∣∣∣ ≥ ε,∀i. (3.43)

Without loss of generality, we assume that

∫
(gi(x, y) − g(x, y))dPXY

i (x, y) ≥ ε > 0,∀i, (3.44)

i.e. $
f (x, y, z)dPZ|Y=y

i (z)dPX|Y=y
i (x)dPY

i (y)

−

$
f (x, y, z)dPZ|Y=y(z)dPX|Y=y

i (x)dPY
i (y) ≥ ε > 0,∀i.

(3.45)

Let

hi(y, z) =

∫
f (x, y, z)dPX|Y=y

i (x), (3.46)

then "
hi(y, z)dPZ|Y=y

i (z)dPY
i (y)

−

"
hi(y, z)dPZ|Y=y(z)dPY

i (y) ≥ ε > 0,∀i.
(3.47)

Note that f is K-Lipschitz, PX|Y=y
i is K-Lipschitz, we have hi are all K(C + 1)-

Lipschitz, thus uniformly equicontinuous. Also hi(y, z) are uniformly bounded by

the bound of f , and the domain for (Y,Z) is compact (since the domain Dt for Xt is

compact for all t). By the Arzela-Ascoli theorem, there exists a subsequence j such
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that h j → h uniformly, where h is K(C + 1)-Lipschitz and bounded. Therefore,

"
(h j(y, z) − h(y, z))dPZ|Y=y

j (z)dPY
j (y)

−

"
(h j(y, z) − h(y, z))dPZ|Y=y(z)dPY

j (y)→ 0.
(3.48)

From Lemma 3 "
h(y, z)dPZ|Y=y

j (z)dPY
j (y)

−

"
h(y, z)dPZ|Y=y(z)dPY

j (y)→ 0.
(3.49)

We then have "
h j(y, z)dPZ|Y=y

j (z)dPY
j (y)

−

"
h j(y, z)dPZ|Y=y(z)dPY

j (y)→ 0.
(3.50)

We have a contradiction between Equation 3.47 and 3.50. We finish the proof for

T = 3.

We then prove the case for general T by induction. Suppose it holds for T = N,

we now prove it for T = N + 1.

From the conditions for the case T = N + 1 and that the theorem holds for

T = N, we have PX1:N
n converges to PX1:N weakly and PX2:N+1

n converges to PX2:N+1

weakly. We now view X1 as X, view the Cartesian product of X2:N as Y, and view

XN+1 as Z, so we have PXY
n converges to PXY weakly and PYZ

n converges to PYZ

weakly. Also PX|Y
n and PZ|Y are C-Lipschitz continuious and Wasserstein-p metric

for all n, since PX|Y
n = PX1|X2

n and PZ|Y = PXN+1|XN from the Markovian property, and

that ‖X2‖ ≤ ‖X2:N‖, ‖XN‖ ≤ ‖X2:N‖. Therefore, from the theorem for T = 3 case we

have that PXYZ
n converges to PXYZ weakly, i.e., PX1:N+1

n converges to PX1:N+1 weakly.

�
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3.6.6 A Counterexample in Continuous Sample Space

As a direct implementation of Corollary 7 in [26], for the Markov chain X1:T in a

finite discrete sample space, PXt:t+1
n converges to PXt:t+1 in Wasserstein-p sense for

each t = 1, 2...T − 1 implies that PX1:T
n converges to PX1:T in Wasserstein-p sense.

However, if the Markov chains are defined in the continuous sample space, the

implementation is, in general, not correct without further assumptions, e.g., the

assumption of continuity for probability transition kernels. In this section, we

provide a counterexample to show that.

We consider the Markov chain with T = 3 and use X,Y,Z to denote the nodes

in sequence. We define PXYZ
n as follows:

PXYZ
n (0, 0, 0) =

1
2
,

PXYZ
n (1,

1
n
, 1) =

1
2
,

(3.51)

and PXYZ as following:

PXYZ(0, 0, 0) =
1
4
,

PXYZ(0, 0, 1) =
1
4
,

PXYZ(1, 0, 0) =
1
4
,

PXYZ(1, 0, 1) =
1
4
.

(3.52)

We can easily check that PXY
n converges to PXY in Wasserstein-p metric, since

PXY
n (0, 0) =

1
2
,

PXY
n (1,

1
n

) =
1
2
,

(3.53)
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and
PXY(0, 0) =

1
2
,

PXY(1, 0) =
1
2
,

(3.54)

Similarly PYZ
n converges to PYZ in Wasserstein-p metric. However, PXYZ

n does not

converge to PXYZ in Wasserstein-p metric: the support of PXYZ
n and (0, 0, 1) always

have a distance larger than 1.

3.7 Summary of Chapter

In this chapter, we introduce a new method for inferring the governing dynamics

of particles from unpaired observations of their coordinates at multiple time in-

stants, namely “snapshots”. We fitted the observed particle ensemble distribution

with a physics-informed generative model, which can be viewed as performing

regression in the probability measure space. We refer to this approach as gener-

ative “ensemble-regression”, in analogy to the classic “point-regression”, where

we infer the dynamics by performing regression in the Euclidean space.

We first applied the method to particle systems governed by independent

stochastic ordinary differential equations (SODE) with Brownian or Lévy noises,

where we inferred the drift and the diffusion terms from a small number of snap-

shots. In the Lévy noise case, we demonstrated that the heavy tails in the dis-

tributions could spoil the training, but we addressed this issue by applying a

preprocessing map to both the generated and target distributions. In scenarios

with noisy or truncated training data, we modified the generated distributions

accordingly by perturbing or filtering the generated samples. We then addressed

high-dimensional SODE problems using the adversarial loss in GANs. We also
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managed to learn the parameters for particle interactions in a nonlocal flocking

systems. Finally, we investigate scenarios of paired observations and discuss how

to reduce the dimensionality in such cases by proving a convergence theorem that

provides theoretical support.



Chapter Four

Potential Flow Generator with L2

Optimal Transport Regularity for

GANs
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4.1 Introduction

A big family of generative models, for example, generative adversarial networks

(GANs) [37, 4, 116] and normalizing flow models [111, 55, 19], can be employed

to find a generator that could map the input distribution to the target distribu-

tion. In general, given the input and target distributions, a plethora of such maps

can be found to accomplish this task. In many cases, especially when the input

distributions are purely noise, the specific maps between input and output are

of little importance as long as the generated distributions match the target ones.

However, in other cases like the image-to-image translation, where both input and

target distributions are distributions of images, the generators are required to have

additional regularity such that the input individuals are mapped to the “corre-

sponding” outputs in some sense. If paired input-output samples are provided, Lp

penalty could be hybridized into generators loss functions to encourage the output

individuals to fit the ground truth refisola2017image. For the cases without paired

data, a popular approach is to introduce another generator and encourage the two

generators to be the inverse maps of each other, as in CycleGAN [156], DualGAN

[145] and DiscoGAN [53], etc. However, such a pair of generators is not unique

and lacks a clear mathematical interpretation of its effectiveness.

In this chapter we introduce a special generator, i.e., the potential flow gen-

erator, with L2 optimal transport regularity. By applying such a generator, not

only are we trying to find a map from the input distribution to the target one, but

we also aim to find the optimal transport map that minimizes the total squared

Euclidean transport distance. In Figure 4.1 we provide a schematic comparison

between generators with and without optimal transport regularity. While both

generators provide a scheme to map from the input distribution to the output dis-
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tribution, the total squared transport distance in the left generator is larger than

that in the right generator. Note that the generator with optimal transport regu-

larity has the characteristic of “proximity” in that the inputs tend to be mapped

to “nearby” outputs. As we will show later, this “proximity” characteristic of L2

optimal transport regularity can be utilized in image translation tasks. Compared

with other approaches like CycleGAN, the L2 optimal transport regularity has a

much clearer mathematical interpretation.

Figure 4.1: Schematic of generator without and with L2 optimal transport regularity.

We want to clarify that the L2 optimal transport regularity here is different

from the L2 regularization commonly used in machine learning; that is, we do not

penalize the norm of parameters, and the L2 optimal transport regularity is not

related to overfitting. It also serves different objectives compared with the optimal

transport theory in the well-known Wasserstein GANs. On the one hand, the

optimal transport theory used in Wasserstein GANs is used to provide a metric

(Wasserstein distance) between the output distribution and the target one, but it

does not help to regularize the generator map itself. On the other hand, the L2

optimal transport regularity is only for the generator map itself, and is not related

to the metric between the output distribution and the target one.
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There have been other approaches to learn the optimal transport map or its

variants in generative models. For example, [122] proposed to first learn the

regularized optimal transport plan and then the optimal transport map, based on

the dual form of regularized optimal transport problem. Also, [137] proposed

to learn the unbalanced optimal transport plan in an adversarial way derived

from a convex conjugate representation of divergences. In the W2GAN model

proposed by [65], the discriminator’s objective is the 2-Wasserstein metric so that

the generator is supposed to recover the L2 optimal transport map. In [122]

and [137] the authors also take advantage of the characteristic of “proximity” for

optimal transport in tasks like image translation, domain adaption, etc.

All the above approaches need to introduce, and are limited to, specific loss

functions to train the generators. Our proposed potential flow generator takes a

different approach in that with only a slight augmentation to the original gener-

ator loss functions, our generator can be integrated into a wide range of gener-

ative models with various generator loss functions, including different versions

of GANs and normalizing flow models. This simple modification makes our

method easy to adopt on various tasks considering the existing rich literature and

the future developments of generative models.

In Section 4.2 we present a formal definition of optimal transport map and the

motivation to apply L2 optimal transport regularity to generators. In Section 4.3 we

give a detailed formulation of the potential flow generator and the augmentation

to the original loss functions. Results are then provided in Section 4.4. We include

the discussion and conclusions in Section 4.5.
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4.2 Generative Models and Optimal Transport Map

First, we introduce the concept of push-forward, which will be used extensively

in the chapter.

Definition 1. Given two Polish spacesX and Y,B(X) andB(Y) the Borel σ-algebra onX

and Y, and P(X),P(Y) the set of probability measures on B(X) and B(Y). Let f : X→ Y

be a Borel map, and µ ∈ P(X). We define f#µ ∈ P(Y), the push-forward of µ through f ,

by

f#µ(A) = µ( f −1(A)),∀A ∈ B(Y). (4.1)

With the concept of push-forward, we can formulate the goal of GANs and

normalizing flow models as to train the generator G such that G#µ is equal to

or at least close to ν in some sense, where µ and ν are the input and target

distributions, respectively. Usually, the loss functions for training the generators

are metrics of closeness that vary for different models. For example, in continuous

normalizing flows [19], such metric of closeness is DKL(G#µ||ν) or DKL(ν||G#µ). In

Wasserstein GANs (WGANs) [4, 43], the metric of closeness is the Wasserstein-

1 distance between G#µ and ν, which is estimated in a variational form with

the discriminator neural network. More specifically, in GANs we define a two-

player zero-sum game between the generator G(·) and the discriminator D(·). The

discriminator takes a sample as input and aims to find if it is generated by the

generator, i.e., sampled from G#µ, or from a real dataset, i.e. sampled from ν.

Meanwhile, the generator tries to “deceive” the discriminator by approximating

the target distribution ν. The two-player zero-sum game in WGANs is defined as

follows:

min
G

max
D is 1-Lipschitz

Ey∼ν[D(y)] − Ex∼µ[D(G(x))], (4.2)
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where Ey∼ν[·] represents the expectation with y sampled from ν. The Lipschitz

constraint for D could be imposed via the gradient penalty [43], spectral normal-

ization [86], etc. For example, in WGANs with gradient penalty (WGAN-GP), the

loss functions for the generator and discriminator are defined as

Lg = − Ex∼µ[D(G(x))],

Ld =Ex∼µ[D(G(x))] − Ey∼ν[D(y)]+

ηEx̂∼Px̂[(‖∇x̂D(x̂)‖2 − 1)2],

(4.3)

respectively, where Px̂ is the distribution generated by uniform sampling on in-

terpolation lines between pairs of points sampled from ν and G#µ, and η is the

gradient penalty coefficient.

Now we introduce the concept of optimal transport map as follows:

Definition 2. Given a cost function c : X × Y → R, and µ ∈ P(X), ν ∈ P(Y), we let

T be the set of all transport maps from µ to ν, i.e., T := { f : f#µ = ν}. Monge’s optimal

transport problem is to minimize the cost functional C( f ) among T, where

C( f ) = Ex∼µc(x, f (x)) (4.4)

and the minimizer f ∗ ∈ T is called the optimal transport map.

In this chapter, we are concerned mostly with the case where X = Y = Rd

with L2 transport cost, i.e., the transport c(x,y) = ‖x − y‖2. We assume that µ

and ν are absolute continuous w.r.t. Lebesgue measure, i.e. they have probability

density functions. In general, Monge’s problem could be ill-posed in that T could

be empty set or there is no minimizer in T. Also, the optimal transport map could

be non-unique. However, for the special case we consider, there exists a unique
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solution to Monge’s problem [15, 36].

Informally speaking, with L2 transport cost the optimal transport map has the

characteristic of “proximity”, i.e. the inputs tend to be mapped to nearby outputs.

In image translation tasks, such “proximity” characteristic would be helpful if we

could properly embed the images into Euclidean space such that our preferred

input-output pairs are close to each other. A similar idea is also proposed in [137]

for unbalanced optimal transport. Apart from image translations, the L2 optimal

transport problem is important in many other aspects. For example, it is closely

related to gradient flow [2], Fokker-Planck equations [117], flow in porous media

[93], etc.

4.3 Methodology

4.3.1 Potential Flow Formulation of Optimal Transport Map

We assume that µ and ν have probability density ρµ and ρν, respectively, and

consider all smooth enough density fields ρ(t,x) and velocity fields v(t,x), where

t ∈ [0,T], subject to the continuity equation as well as initial and final conditions

∂tρ + ∇ · (ρv) = 0,

ρ(0, ·) = ρµ, ρ(T, ·) = ρν.
(4.5)
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The above equation states that such velocity field will induce a transport map: we

can construct an ordinary differential equation (ODE)

du
dt

= v(t,u), (4.6)

and the map from the initial point to the final point gives the transport map from

µ to ν. The time dependent density fields ρ(t,x) is then induced from v.

In general the solution of (ρ,v) in Equation 4.5 is not unique, since the transport

map from µ to ν is not unique. As is proposed by [9], for the transport cost function

c(x,y) = ‖x − y‖2, the minimal transport cost is equal to the infimum of

T
∫
Rd

∫ T

0
ρ(t,x)|v(t,x)|2dxdt (4.7)

among all (ρ,v) satisfying equation (4.5). The optimality condition for v is given

by

v(t,x) = ∇φ(t,x) (4.8)

∂tφ +
1
2
|∇φ|2 = 0. (4.9)

In other words, the optimal velocity field is actually induced from a flow with time-

dependent potential φ(t,x), which satisfies the Hamilton-Jacobi(HJ) equation 4.9.

In this chapter we integrate this formulation in the deep generative models. In-

stead of solving Monge’s problem and find the exact L2 optimal transport map,

which is unrealistic due to the errors arising from training the neural networks,

our goal is to regularize the generators in a wide range of generative models,

so that the generator maps could approximate the L2 optimal transport map at

least in low dimensional problems. The maps would also be endowed with the
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characteristics of “proximity” so that we can apply them and design interpretable

learning machines for engineering problems.

4.3.2 Potential Flow Generator

The potential φ(t,x) is the key function to estimate, since the velocity field could

be obtained by taking the gradient of the potential and consequently the trans-

port map could be obtained from Equation 4.6. There are two strategies to use

neural networks to represent φ. One can take advantage of the fact that the time-

dependent potential fieldφ is actually uniquely determined by its initial condition

from Equation 4.9, and use a neural network to represent the initial condition of

φ, i.e. φ(0,x), while approximating φ(t,x) via time discretization schemes. Alter-

natively, one can use a neural network to represent φ(t,x) directly and later apply

the PDE regularity for φ(t,x) in Equation 4.9. We name the generators defined

in the above two approaches as discrete potential flow generator and continuous

potential flow generator, respectively, and give a detailed formulation as follows.

Discrete Potential Flow Generator

In the discrete potential flow generator, we use the neural network φ̃0(x) : Rd
→ R

to represent the initial condition of φ(t,x), i.e. φ(0,x). The potential field φ(t,x)

as well as the velocity field v(t,x) could then be approximated by different time

discretization schemes. As an example, here we use the first-order forward Euler

scheme for the simplicity of implementation. To be specific, suppose the time

discretization step is ∆t and the number of total steps is n with n∆t = T, then for
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i = 0, 1...n, φ(i∆t,x) could be represented by φ̃i(x), where

φ̃i+1(x) = φ̃i(x)−
∆t
2
|∇φ̃i(x)|2, for i = 0, 1, 2...,n − 1. (4.10)

Consequently, the velocity field v(i∆t,x) could be represented by ṽi(x), where

ṽi(x) = ∇φ̃i(x), for i = 0, 1...n. (4.11)

Finally, we can build the transport map from Equation 4.6:

ũ0(x) = x,

ũi+1(x) = ũi(x)+∆tṽi(ũi(x)), for i = 0, 1, 2...n − 1,
(4.12)

with G(·) = ũn(·) be our transport map.

The discrete potential flow generator has built-in optimal transport regularity

since the optimal condition (Equation 4.9) is encoded in the time discretization

(Equation 4.10). However, such discretization also introduces nested gradients,

which dramatically increases the computational cost when the number of total

steps n is increased. In our tests, we found that even n = 5 is almost intractable.

Continuous Potential Flow Generator

In the continuous potential flow generator, we use the neural network φ̃(t,x) :

R × Rd
→ R to represent φ(t,x). Consequently, the velocity field v(t,x) can be

represented by ṽ(t,x), where

ṽ(t,x) = ∇φ̃(t,x). (4.13)
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With the velocity field we could estimate the transport map by solving the ODE

(Equation 4.6) using any numerical ODE solver. As an example, we can use the

first-order forward Euler scheme, i.e.

ũ(0,x) = x,

ũ((i + 1)∆t,x) = ũ(i∆t,x)+∆tṽ(i∆t, ũ(i∆t,x)),

for i = 0, 1, 2...n − 1,

(4.14)

with

G(·) = ũ(T, ·) (4.15)

be the transport map, i.e. the generator in generative models, where ∆t is the time

discretization step and n is the number of total steps with n∆t = T.

In the continuous potential flow generator, increasing the number of total

steps will not introduce high order differentiation, therefore we can have large n

for better accuracy of the ODE solver. Different from the discrete potential flow

generator, the optimal condition (Equation 4.9) is not encoded in the continuous

potential flow generator, therefore we need to penalize Equation 4.9 in the loss

function, as we will discuss in the next subsection.

One may come up with another strategy of imposing the L2 optimal transport

regularity: to use a vanilla generator, which is a neural network directly mapping

from inputs to outputs, and penalize the L2 transport cost, i.e., the loss function is

Lvanilla = Loriginal + αEx∼µ‖G(x) − x‖2, (4.16)

where Loriginal is the original loss function for the generator, and α is the weight

for the transport penalty. We emphasize that such a strategy is much inferior to
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penalizing Equation 4.9 in the continuous potential flow generator. When training

the vanilla generator with L2 transport penalty, no matter how we weight the L2

transport cost penalty, we always have to make a trade-off between “matching

the generated distribution with the target one” and “reducing the transport cost”

since there is always a conflict between them, and consequently G#µwill be biased

towards µ. On the other hand, there is no conflict between matching the distribu-

tions and penalizing Equation 4.9 in the continuous potential flow generator. As

a consequence, the continuous potential flow generator is robust with respect to

different weights for the PDE penalty. We will show this in Section 4.4.

4.3.3 Training the Potential Flow Generator

While the optimal condition (Equation 4.9) has been considered in the above two

generators, the constraints of initial and final conditions have so far been neglected.

However, the constraint of initial and final conditions provides the principle to

train the neural network: we need to tune the parameter in the neural network φ̃

so that G#µmatches ν. This could be done using either GANs or normalizing flow

models.

We note that the potential flow generator can be integrated into various gener-

ative models; we only need to replace the generator in the original model with the

discrete or continuous potential flow generator we introduced above, and train

the potential flow generator with the loss function defined as follows. For the

discrete one, the loss function is identical to the original generator loss. For the

continuous one, as we will see in Equation 4.18 and 4.21, the loss function is the

original generator loss augmented with an additional penalty for PDE residual.

We do not need to change the other parts of the generative models, e.g., the loss
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functions for the discriminators in GANs, the training processes, etc.

Loss in GAN Models

For the discrete potential flow generator, since the optimal transport regularity

is already built-in, the loss for training G is simply the original GAN loss for the

generator, i.e.

LD-PFG = Loriginal, (4.17)

where Loriginal actually depends on the specific version of GANs. For example,

if we use WGAN, then Loriginal = −Ex∼µ[D(G(x))], where D is the discriminator

neural network.

For the continuous potential flow generator, as mentioned above, we also need

to make φ̃ satisfy Equation 4.9 for the optimal transport regularity. Inspired by

the applications of neural networks in solving forward and backward problems of

PDEs [58, 110, 124], we penalize the squared residual of the PDE on the so-called

“residual” points, i.e., the random points in the domain where we evaluate the

residual of the PDE. In particular, the loss for continuous potential flow generator

would be

LC-PFG = Loriginal + λE(t,x)∼B(∂tφ̃(t,x) +
1
2
|∇φ̃(t,x)|2)2, (4.18)

whereλ is the weight for PDE residual penalty,B is the distribution for the residual

points (t,x).

Theoretically, Equation 4.9 should be satisfied in the entire spatial-temporal

domain. Note that we actually only care aboutφ in the support ofρ in Equation 4.5,

which determines the velocity and thus the transport map for the input samples.
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Therefore, we sample the residual points in the following way: we first collect the

points on the “trajectories” of input samples, i.e.,

B =

n⋃
i=0

⋃
x j∈I

{(i∆t, ũ(i∆t,x j))}, (4.19)

where I is the set of samples from µ in batch. For each point in B, we then

perturb the temporal coordinate t with uniform noiseU(−∆t/2,∆t/2) (except for

the points with t = 0 or t = T, where the uniform noise is replaced by U(0,∆t/2)

andU(−∆t/2, 0), respectively), and perturb the spatial coordinatexwith Gaussian

noise N(0, I), where I is the identity matrix. In this way, in principle we make

the support of B cover the entire spatial-temporal domain, while also adaptively

putting more weight on the support of ρ.

As an example of applying the continuous potential flow generator, here we

give a detailed algorithm for WGAN-GP with a continuous potential flow gener-

ator in Algorithm 3. We use θd to represent the parameters in the discriminator

neural network D(·), while we use θg to represent the parameters in the potential

neural network φ̃ as well as the generator G(·) defined by Equation 4.13, 4.14 and

4.15. Compared with the vanilla WGAN-GP, we only replace the generator, and in

line 19 augment the original generator loss Loriginal with the PDE residual penalty,

for which we need to sample residual points from line 14 to line 18, to get the new

generator loss Lg.

Loss in Normalizing Flow Models

Our continuous potential flow generator could be viewed as a further development

of Neural ODEs [19] applied to generative models, i.e. the continuous normalizing
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Algorithm 3 WGAN-GP with continuous potential flow generator.

Input: The PDE residual penalty coefficient λ, the gradient penalty coefficient η,
the number of discriminator iterations per generator iteration nd, the batch
size m, Adam optimizer hyperparameters.

1: Initialisation: discriminator parameters θd, generator parameters θg.
2: while θg has not converged do
3: for s = 1, 2, ...,nd do
4: Sample m data {x j}

m
j=1 from the training dataset of the input distribution

µ.
5: Sample m data {y j}

m
j=1 from the training dataset of the target distribution

ν.
6: Sample m random numbers {ε j}

m
j=1 uniformly from 0 to 1.

7: for j = 1, 2, ...,m do
8: ŷ j ← ε jy j + (1 − ε j)G(x j)
9: end for

10: Ld ←
1
m

∑m
j=1[D(G(x j)) −D(y j)+

11: η(‖∇ŷ jD(ŷ j)‖2 − 1)2]
12: θd ← Adam(∇θgLd, θd)
13: end for
14: Sample m data {x j}

m
j=1 from the training dataset of the input distribution µ.

15: Loriginal ← −
1
m

∑m
j=1 D(G(x j))

16: for i = 0, 1, ...,n do
17: for j = 1, 2, ...m do
18: (t′i, j,u

′

i, j) ← (i∆t, ũ(i∆t,x j)) + ξ, where ξ is the perturbation noise
described after Equation 4.19.

19: end for
20: end for
21: Lg ← Loriginal + λ

(n+1)m

∑n
i=0

∑m
j=1(∂tφ̃(t′i, j,u

′

i, j) + 1
2 |∇φ̃(t′i, j,u

′

i, j)|
2)2

22: θg ← Adam(∇θgLg, θg)
23: end while
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flow. The difference mainly lies in that we set the velocity as the gradient of a

time-dependent potential function, and an augmented PDE loss is required for

the generator. We refer the readers to [152] and [114] for more relevant works on

Neural ODEs and optimal transport. Just as in Neural ODEs, for the continuous

potential flow generator G, we can estimate the inverse map x = G−1(y) by solving

the ODE
dw(t)

dt
= −ṽ(T − t,w(t)) = −∇φ̃(T − t,w(t)) (4.20)

with initial condition w(0) as y and w(T) as the corresponding x = G−1(y).

While both density matching and maximum likelihood training could be ap-

plied, here we take the latter as an example: we assume that the density of µ

and samples from ν are available, then in the vanilla normalizing flow model, we

will maximize Ey∼ν[log pG#µ(y)], where pG#µ is the density of G#µ. Note that this is

equivalent to minimizing DKL(ν||G#µ). Consequently, the augmented loss for the

continuous potential flow generator is:

LC-PFG = − Ey∼ν[log pG#µ(y)] + λE(t,x)∼B(∂tφ̃(t,x) +
1
2
|∇φ̃(t,x)|2)2, (4.21)

where as in the GAN model, B is the distribution for the residual points (t,x) for

estimating the residual of PDE (Equation 4.9), and λ is the weight for the PDE

penalty.

To estimate Ey∼ν[log pG#µ(y)], we have the ODE that connects the probability

density at inputs and outputs of the generator:

d
dt

log
(
p(ũ(t,x))

)
= − ∇ · ṽ(t, ũ(t,x))

= − ∆φ̃(t, ũ(t,x)),
(4.22)
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where the density p(ũ(0,x)) = pµ(x) is the density ofµ at inputx, while p(ũ(T,x)) =

pG#µ(G(x)) is the density of G#µ at output G(x). In practice, for each y, we solve

the following equation system induced from Equation 4.20 and 4.22:

dw(t)
dt

= −∇φ̃(T − t,w(t))

dq(t)
dt

= ∆φ̃(T − t,w(t)),
(4.23)

with initial condition w(0) = y and q(0) = 0. We can then calculate log pG#µ(y) =

log pµ(w(T)) − q(T), and then use samples from ν in training data to estimate

Ey∼ν[log pG#µ(y)]. In Section 4.4.1 we will use the first-order Euler scheme and

second-order midpoint scheme to solve the system of equations 4.23, and we can

see both work well.

Note that when applying maximum likelihood training, the density of µ could

be unnormalized, since multiplications with pµ would merely lead to a constant

difference in the loss function. Finally, we remark that the discrete potential flow

cannot be trivially applied in normalizing flow models since we found that the

time step size is too large to calculate the density accurately.

4.4 Computational Results

Except in the regularized discrete optimal transport solver and official CycleGAN,

all the neural networks are feedforward neural networks of 5 hidden layers, each

of width 128 for 2D problems, or 256 in image translation tasks. For potential flow

generator, the activation function is tanh for the smoothness of φ̃. The activation

function in vanilla generator in Figure 4.2 is also tanh. All the other activation
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functions are leaky ReLU [77] with negative slope 0.2, except in the regularized

discrete optimal transport solver and official CycleGAN.

The batch size is set as 1000 for all the cases except in Table 4.2 and in offi-

cial CycleGAN. We use 1000 random projection directions to estimate the sliced

Wasserstein distances. In the WGAN-GP model the coefficient for gradient penalty

is 0.1, and we do 5 discriminator updates per generator update.

In potential flow generators, the time span T is 1.0. We set the number of total

time steps n = 4 in discrete potential flow generators, while n = 100 in continuous

potential flow generators for 2D problems and n = 10 in image translation tasks.

The PDE penalty weight λ for continuous potential flow generator is set as 1.0 by

default, except those in the 2D problems where we compare different generators.

We use the Adam optimizer [54] for all the problems. In the 2D problems,

the learning rate is set as l = 10−5, β1 = 0.5, β2 = 0.999 in sliced Wasserstein

generator, while set as l = 10−5, β1 = 0.5, β2 = 0.9 in WGAN-GP, and we train the

generators for 100, 000 iterations in both models. In the normalizing flow model

we set l = 10−4, β1 = 0.9, β2 = 0.999, and train the generator for 10, 000 iterations.

In image translation tasks we set l = 10−4, β1 = 0.5, β2 = 0.9, and train the generator

for 100, 000 iterations for our method and CycleGANs with FNN, while 200, 000

iterations for vanilla GAN.

4.4.1 2D Problems

In this subsection, we apply the potential flow generators to several two-dimensional

problems. We mainly study the following two problems where we know analyt-
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ical solutions for the optimal transport maps. In problem 1 we assume that

both µ and ν are Gaussian distributions with µ = N([0; 0], [0.25, 0; 0, 1]) and

ν = N([0; 0], [1, 0; 0, 0.25]). In this case the optimal transport map is f ((x, y)) =

(2x, 0.5y). In problem 2 we assume that µ and ν are concentrated on concen-

tric rings. In polar coordinates, suppose µ has (r, θ) uniformly distributed on

[0.5, 1] × [0, 2π), while ν has (r, θ) uniformly distributed on [2, 2.5] × [0, 2π), where

r and θ are radius and angle, respectively. In this case the optimal transport map

is f ((r, θ)) = (r + 1.5, θ) in polar coordinates. Samples from µ and ν as well as the

optimal transport map in both problems are illustrated in Figure 4.2. We prepared

40,000 samples for the input distribution and target distribution in each problem

as training data for Section 4.4.1 and 4.4.1, and 1000 samples for Section 4.4.1.

Vanilla Generator Versus Potential Flow Generator

For the above two problems we compare the following methods: (a) vanilla gen-

erator with L2 transport cost penalty, i.e., using the loss function in Equation 4.16

with GAN loss as Loriginal, (b) discrete potential flow generator, and (c) continuous

potential flow generator with PDE penalty. For the vanilla generator and the con-

tinuous potential flow generator, we test different weights for the penalty in order

to compare the influence of penalty weights in both generators. As for the GAN

loss for generators, we use the sliced Wasserstein distance (SWG) , due to its rela-

tively low computational cost, robustness, and clear mathematical interpretation

in low dimensional problems [25].

In Figure 4.2 we illustrate the maps of different generators. A more systematic

and quantitative comparison for each case is provided in Table 4.1, where we

show the mean and standard deviation of the statistics from three independent
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runs. The best results are marked as bold. We also provide the statistics of 40, 000

samples from the target distribution as reference for the errors induced from the

limited samples in training data.
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Figure 4.2: Comparison of different methods: vanilla generator with L2 transport cost penalty,
discrete potential flow generator (D-PFG), continuous potential flow generator (C-PFG), and Cy-
cleGAN in (a) problem 1 and (b) problem 2. The red and blue arrows represent the map of
generators, the black arrows represent the analytical optimal transport map.

Table 4.1: Comparison between different generators on two problems

Problem 1 Problem 2
Std in x-axis Std in y-axis Error of map Mean of norm Error of map

Exact 1.000 0.500 2.250
40,000 samples 1.000±0.004 0.500±0.002 2.250±0.001
Vanilla (α=0.1) 0.919±0.004 0.592±0.003 0.108±0.002 2.107±0.002 0.146±0.003
Vanilla (α=0.01) 0.985±0.005 0.499±0.006 0.439±0.587 2.227±0.004 0.973±1.319
Vanilla (α=0.001) 0.992±0.009 0.493±0.001 0.462±0.593 2.243±0.002 1.000±1.311
D-PFG 0.993±0.001 0.498±0.002 0.018±0.006 Fail sometimes
C-PFG (λ=10.0) 0.997±0.007 0.502±0.001 0.018±0.005 2.241±0.002 0.034±0.002
C-PFG (λ=1.0) 0.994±0.002 0.502±0.002 0.018±0.005 2.244±0.001 0.045±0.003
C-PFG (λ=0.1) 0.994±0.002 0.500±0.003 0.017±0.001 2.243±0.001 0.049±0.011

As we already mentioned, vanilla generators with L2 transport penalty would

make G#µ biased towards µ to reduce the transport cost from µ to G#µ. This is
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clearly shown in both problems with the penalty weight α = 0.1. In fact, we

observed more significant biases with larger penalty weights. For the cases with

smaller penalty weights α = 0.01, 0.001, in some of the runs, while G#µ are close to

ν, the maps of generators are far from the optimal ones, which shows that the L2

transport penalty cannot provide sufficient regularity if the penalty weight is too

small. These numerical results are consistent with our earlier discussion about the

intrinsic limitation of the L2 transport penalty.

On the other hand, the potential flow generators give better matching between

G#µ and ν, as well as smaller errors between the estimated transport maps and

the analytical optimal transport maps. Notably, in both problems, the continuous

potential flow generators give good results with a wide range of PDE penalty

weights ranging from 0.1 to 10, which shows the superiority of the PDE penalty

in the continuous potential flow generators compared with the transport penalty

in vanilla generators. We also report that while in the first problem the discrete

potential flow generator achieves a comparable result with the continuous po-

tential flow generators, in the second problem we encountered “NAN” problems

during the training of the discrete potential flow generator in some of the runs.

This indicates that the discrete potential flow generator is not as robust as the

continuous one, which could be attributed to the high order differentiation and

small total time steps n in the discrete potential flow generators.

CycleGAN Versus Potential Flow Generator

We also apply CycleGAN on the above two problems, with different random

seeds. Here, we use feedforward networks as generators and discriminators,

with WGAN-GP [43] for the GAN loss function, and L1 loss for cycle-consistency
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loss with weight 5. In Figure 4.2 we illustrate the maps of G (red arrows) and

F (blue arrows), i.e. the two generators in CycleGAN. The red and blue arrows

overlap with opposite directions, which indicates that G and F are approximately

the inverse map of each other, as we expected from the cycle-consistency loss.

However, the maps are totally different in the three runs with different random

seeds, which agrees with our discussion in Section 4.1 that the generator pair in

CycleGAN is not unique. Moreover, the generator maps are less “regular” than

the maps from the potential flow generator. Specifically, we can hardly interpret

the generator maps given by CycleGAN.

Discrete Regularized Optimal Transport Solver Versus Potential Flow Generator

Finally, we compare the continuous potential flow generator in SWG and WGAN-

GP with the discrete regularized optimal transport (RegOT) solver1 introduced

by [122]. We still use the two problems as in Section 4.4.1 and 4.4.1, i.e., the

transport map between two Gaussian distributions and between concentric rings,

except that we decrease the size of the training datasets to 1000 for all the methods

compared here, which is of the same magnitude as the original training dataset

in the test code of the RegOT solver. All the setups of their method are kept as

default, except for the training data and batch size, which would be specified later.

The results of the output distributions as well as the errors between estimated

transport maps and the analytical optimal transport maps for each case are shown

in Table 4.2, where we show the mean and standard deviation of the statistics from

three independent runs. The best results are marked as bold. We also provide the

1We used the code from https://github.com/vivienseguy/Large-Scale-OT, with the author’s per-
mission. Their approach consists of two steps: (1) computing a regularized optimal transport
plan, and (2) learning an optimal map by approximating the barycentric projection of the obtained
optimal transport plan.
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statistics of 1000 samples from the target distribution as reference for the errors

induced from the limited samples in training data.

Table 4.2: Comparison between discrete regularized OT solver and C-PFG on two problems

Problem 1 Problem 2
Std in x-axis Std in y-axis Error of map Mean of norm Error of map

Exact 1.000 0.500 2.250
1000 samples 1.000±0.022 0.500±0.011 2.250±0.005
RegOT, bs=50 0.925±0.030 0.456±0.008 0.102±0.011 2.195±0.007 0.234±0.057
C-PFG, bs=50, SWG 0.960±0.020 0.489±0.009 0.084±0.013 2.143±0.008 0.245±0.048
C-PFG, bs=50, WGAN 1.001±0.004 0.505±0.015 0.141±0.035 2.250±0.013 0.293±0.115
RegOT, bs=1000 All fail All fail
C-PFG, bs=1000, SWG 1.023±0.023 0.507±0.013 0.089±0.004 2.245±0.008 0.193±0.057
C-PFG, bs=1000, WGAN 1.027±0.027 0.516±0.015 0.118±0.010 2.244±0.009 0.201±0.058

We first set the batch size as 50, which is the default batch size of the discrete

regularized optimal transport solver. In this case, the errors of maps are similar for

all three methods, while the output distributions of the continuous potential flow

generator in WGAN-GP match the best with the target ones. As is well known,

the gradients of the sample Wasserstein loss are biased [7], thus the output distri-

butions are biased for SWG, especially when the batch size is small. Therefore, we

increased the batch size to 1000. In this case, we encountered “NAN” problems for

all the runs for the discrete RegOT solver. SWG and WGAN-GP with continuous

potential flow generators are stable, and we can see an improvement in the output

distributions for the SWG, as we expected.
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More Benchmark Problems in GAN and Normalizing Flow Models
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Figure 4.3: Potential flow generator in (a) WGAN-GP and (b) continuous normalizing flow for
different problems with (middle row) first-order Euler scheme and (bottom row) second-order
midpoint scheme. Each column shows the setup and results of one problem. The top row shows
the samples or the unnormalized density functions of µ (purple) and ν (orange), the other rows
show the map estimated by potential flow generator G and samples of G#µ.
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Apart from the previous two problems, we also apply WGAN-GP and continuous

normalizing flow models with continuous potential flow generators to several

more complicated distributions. The results are illustrated in Figure 4.3.

We can see the match between G#µ and ν in each of the problems, as well

as that the samples of µ tend to be mapped to nearby positions. This shows

the effectiveness of the continuous potential flow generator in various generative

models, as well as the characteristics of “proximity” in the potential flow generator

maps due to the L2 optimal transport regularity.

4.4.2 Image Translation Tasks

In this section, we aim to show the capability of continuous potential flow gener-

ator in dealing with high dimensional problems, and also to show its advantage

in image translations tasks with unpaired training data. We use WGAN-GP for

the GAN loss. Before feeding the images into the generators, we embed them

into a Euclidean space, where the L2 distances between embedding vectors should

quantify the similarities between images. In this chapter we apply the principal

component analysis (PCA) [49], a simple but highly interpretable approach to

conduct the image embedding.

The MNIST Dataset

We first test the problem of translation between the MNIST images [62]. We divide

the MNIST training dataset into two clusters: (a) images of digits 0 to 4, and (b)

images of digits 5 to 9. We view the two clusters of images as samples of µ and ν,
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respectively, i.e., we want to find the optimal transport map from images of digits

0 to 4 to images of digits 5 to 9. The dimensionality of Euclidean space, i.e. the

total components in PCA, is set as 100.

Figure 4.4: Potential flow generator on the MNIST. In each raw, the top images are the inputs,
while the bottom images are the corresponding outputs.

In Figure 4.4 we randomly pick images from the test dataset and show the

corresponding inputs and outputs (more images in Figure 4.5). As we can see,

the potential flow generator tends to translate images of digit 0 to digit 6, digit

1 to digit 7, digit 3 to digit 5 or 8, and digit 4 to digit 9. This is consistent with

our previous discussion about the characteristics of “proximity” in that the input

digits and output digits “look similar”, and the corresponding embedding vectors

should be close in the L2 distance.
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(a) Training dataset

(b) Testing dataset

Figure 4.5: Potential flow generator on the MNIST (a) training and (b) testing datasets. In each raw,
the top images are reconstructed from the input vectors, while the bottom images are reconstructed
from the corresponding output vectors.
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The CelebA Dataset
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Figure 4.6: Comparison between our method, vanilla WGAN-GP, CycleGAN with WGAN-GP as
GAN loss and L1 or L2 loss as cycle-consistency loss, as well as official CycleGAN. The first two
rows are the original images and their projections on the 700-dimensional Euclidean space induced
by PCA, which are similar. The next five rows are the corresponding outputs. The last three rows
are the reconstructed images from different CycleGANs.

In this section, we test the translation task between the CelebA images [72]. We

randomly pick 60000 images from the CelebA training dataset and divide them

into two clusters: (a) images with attribute “smiling” labeled as false, and (b)

images with attribute “smiling” labeled as true. The images are cropped so that

only faces remain on the images. We view the two clusters as samples of µ and

ν, respectively. The total number of components in PCA is set to 700. Note that

our goal is to generate images of smiling faces belonging to the same people as in

input images. The difficulty lies in that the training data are unpaired and actually

we do not have the ground truth as a reference.

We compare our method against vanilla WGAN-GP, and CycleGAN with
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WGAN-GP for GAN loss. In CycleGAN we use L1 or L2 loss as cycle-consistency

loss, with weight = 10 as in [156]. To make a fair comparison, for each generator

and discriminator, we use a feedforward neural network (FNN) with the same

size of hidden layers (5×256). We also test the official CycleGAN on this problem,

where we feed the cropped face images (with resizing but without random jitter

cropping) instead of embedding vectors into the model.2 The results of images

randomly picked from the test dataset are shown in Figure 4.6. More figures for

our method are presented in Figure 4.7.

For most of the images, our method could successfully translate the no-smiling

faces to smiling faces belonging to the same people. Some of the output images

are blurred since it is difficult to learn the high order modes of PCA with FNN.

Vanilla WGAN-GP and CycleGAN with FNN totally failed, in that the input

and output images come from different people. This comparison clearly showed

the necessity of additional regularity for the generators in translation tasks with

only unpaired data, and that GAN loss + cycle-consistency loss cannot provide

sufficient regularity.

The official CycleGAN is decent in performance, generating images less blurred

than our method, but failed to change the countenance for some images. Note that

the number of parameters in official CycleGAN is about 30 times more than that

in our method, and the total training time is more than two times of our method

on a single NVIDIA Tesla V100 GPU.

2We used the code from https://www.tensorflow.org/tutorials/generative/cyclegan. The size of
the training dataset is reduced to 1000 for official CycleGAN, which is similar to the horse-to-zebra
dataset. The number of total epochs is set back to 200 as in the original CycleGAN paper.
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(a) Training dataset

(b) Testing dataset

Figure 4.7: Potential flow generator on the CelebA (a) training and (b) testing datasets. In each raw,
the top images are reconstructed from the input vectors, while the bottom images are reconstructed
from the corresponding output vectors.
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4.5 Summary of Chapter

In this chapter we propose potential flow generators with L2 optimal transport

regularity as plug-and-play generator modules that could be easily integrated

into a wide range of generative models. In particular, we propose two versions:

the discrete one and the continuous one. For the discrete version, the L2 optimal

transport regularity is directly encoded in, while for the continuous version we

only need a slight augmentation to the original generator loss functions to impose

the L2 optimal transport regularity.

We firstly show that the potential flow generators are able to approximate

the L2 optimal transport maps in 2D problems. The continuous potential flow

generator outperforms the discrete one as well as the discrete regularized opti-

mal transport solver [122] in robustness. The continuous potential flow generator

is also applied to WGAN-GP and continuous normalizing flow models to show

its extensive application in generative models, where we also illustrate the char-

acteristic of “proximity” for the potential flow generator due to the L2 optimal

transport regularity. Subsequently, we show the effectiveness of our method in

image translation tasks using unpaired training data from the MNIST dataset and

the CelebA dataset. Our method can yield decent results with only PCA, a linear

embedding method, and without convolutional neural networks. We can also see

that our method significantly outperforms the vanilla WGAN-GP and CycleGAN

using feedforward neural networks as generators.

Apart from image-to-image translations, it is also possible to apply the po-

tential flow generator to other translation tasks, if the translation objects could

be properly embedded into Euclidean space. This paves the way to mathemati-
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cally interpretable learning machines. Moreover, as we discussed in Section 4.3.3,

the potential flow generator naturally provides the inverse map, and thus could

be directly used to infer a latent representation for a given data sample in GAN

models [21].

In this chapter, the linear embedding method in translation tasks actually leads

to the blurred patterns in the output images, which is also the case (even more

severe) for vanilla WGAN-GP and CycleGAN using the same embedding method.

A possible improvement to our method is to combine the potential flow generator

with other embedding methods, e.g. autoencoders with convolutional neural

networks.



Chapter Five

Measure-Conditional Discriminator

with Stationary Optimum for GANs

and Statistical Distance Surrogates
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5.1 Introduction

Generative adversarial networks (GANs) [37] have proven to be successful in

training generative models to fit the target distributions. Apart from tasks of

image generation [16, 156], text generation [154, 32], etc., GANs have also been

used in physical problems to infer unknown parameters in stochastic systems [140,

143, 138]. Due to the variety of the generative models, GAN loss functions, and

the need for high accuracy inferences, such tasks usually set a strict requirement

to the robustness of GANs, as well as the similarity between the generated and

target distributions in various metrics.

The optimum for the discriminator is, in general, non-stationary, i.e., it varies

during the training, since it depends on the generated distributions. Such issue

could lead to instability or oscillation in the training. Here, we propose a simple but

effective modification to the discriminator as a plug-and-play module for different

GANs, including vanilla GANs [37], Wasserstein GANs with gradient penalty

(WGAN-GP) [43], etc. The main idea is to make the discriminator conditioned on

the generated distributions, so that its optimum is stationary during the training.

The neural network architecture of the measure-conditional discriminator is

adapted from DeepSets neural network [147], which is widely used in point cloud

related tasks. It is also used in GANs [66] where each sample corresponds to a

point cloud, while we target on more general tasks where each sample corresponds

to a particle, an image, etc. In [74], the discriminator takes the mixture of real and

generated distributions (instead of individual samples) as input, but it also has

a non-stationary target optimum, and performs worse than our discriminators in

experiments. We also emphasize the difference between the measure-conditional
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discriminator and conditional GANs [85]. Conditioned on a vector featuring

the target distributions, the conditional GANs still have a non-stationary target

optimum for the discriminator and are limited to the scenarios where the samples

can be categorized. Moreover, the measure-conditional discriminator can also

be applied in conditional GANs, by making the original discriminator further

conditioned on the generated distributions.

In Section 5.2 we discuss why we need stationary target optimum for the

discriminator. In Section 5.3 we give a detailed description of the proposed dis-

criminator neural networks and how to apply them in GANs. In Section 5.4 we

extend the application of measure-conditional discriminators as surrogate models

of statistical distances. The experimental results are shown in Section 5.5 with

supplementary information in Section 5.6. We conclude in Section 5.7.

5.2 Why Stationary Target Optimum for the Discrim-

inator

In general, there are two mathematical perspectives for GANs. The first perspec-

tive is to view GANs as a two-player zero-sum game between the generator G and

the discriminator D. The hope is that the iterative adversarial training of G and

D will lead to the Nash equilibrium of this zero-sum game, where the generated

distribution will be identical to the target distribution of real data. The second

perspective is that the discriminator gives the distance between the generated

distribution and the target distribution in a variational form. For example, vanilla



130

GANs can be formulated as:

min
G

max
D

V(G#N ,D),

V(G#N ,D) = Ex∼G#N log(1 −D(x)) + Ex∼Q log(D(x))

= Ez∼N log(1 −D(G(z))) + Ex∼Q log(D(x)),

(5.1)

while Wasserstein GANs (WGANs) can be formulated as:

min
G

max
D is 1-Lipschitz

V(G#N ,D),

V(G#N ,D) = −Ex∼G#ND(x) + Ex∼QD(x)

= −Ez∼ND(G(z)) + Ex∼QD(x),

(5.2)

where Q represents the target distribution,N represents input noise, # is the push-

forward operator, thus G#N represents the generated distribution. In vanilla

GANs and WGANs, maxD V(G#N ,D) and maxD is 1-Lipschitz V(G#N ,D) are nothing

but the Jensen-Shannon (JS) divergence and the Wasserstein-1 distance up to con-

stants between G#N and Q, respectively.

5.2.1 Non-Stationary Target Optimum Hurts: An Illustrative Ex-

ample

From both two perspectives of GANs, the discriminator will approach its optimum

D∗ in each iteration. However, we will use the following illustrative example to

demonstrate that D∗ could be totally different as we perturb the generator, and

such issue would lead to the oscillation of both generator and discriminator during

training. This illustrative problem is adapted from [24] with different analysis.

We first consider a linear discriminator as well as a translation function as the
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Figure 5.1: Results for the illustrative example of oscillation. (a): vanilla discriminator using
gradient descent with learning rate 0.01. (b-d): vanilla discriminator using optimistic mirror
descent, with learning rate 0.1, 0.01, and 0.001, respectively. Note that the multiplications of
learning rate and training iterations are kept the same. (e): measure-conditional discriminator
using gradient descent with learning rate 0.01. The red and blue lines show the generator and
discriminator parameters in both two dimensions, while the black horizontal lines represent the
ground truth for the generator parameters.

generator, i.e.,

Dw(x) = 〈w, x〉 =

d∑
i=1

wixi,

Gθ(z) = z + θ, z ∼ N(0, I) =: N

(5.3)

with the target real distribution Q = N(v, I). The goal is to learn θ with ground

truth θ∗ = v.

The WGAN with weight-clipping is formulated as

min
θ

max
|wi|≤c
−Ez∼ND(G(z))) + Ex∼QD(x), (5.4)

where c > 0 is the weight-clipping bound. In practice, we will use the empirical

distributions to calculate the expectations, but if we calculate it analytically, we
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have the following min-max formulation:

min
θ

max
|wi|≤c
〈w, v − θ〉. (5.5)

This two-player game has a unique equilibrium at θ = v,w = 0, which appears

to be satisfactory. However, if we set θ = v + ε, where ε , 0 is the inevitable

small fluctuation vector due to the randomness of the training data, moments in

the optimizer, etc., then w would achieve the corresponding optimum at −sgn(ε)c,

where “sgn” denotes the component-wise sign function. In other words, the

optimal w would jump between c and −c for each entry as θ fluctuates around

the ground truth. Such issue of jumping optimum will lead to the oscillation of

both the generator and discriminator during training, as is illustrated in Figure

5.1a, where we test on a 2D problem with ground truth v = (3, 4) and c = 10.

Note that even if we set the discriminator as a general 1-Lipschitz function as in

Equation 5.2, the corresponding optimum will be D∗(x) = −ε · x/|ε| + d, which is

still sensitive to the small fluctuation ε, where d is an arbitrary constant.

To remove the oscillation, [24] proposed to replace the gradient descent (GD)

for the min-max formulation (5.5)

wt+1 − wt = η(v − θt) =: ηẇt,

θt+1 − θt = ηwt =: ηθ̇t,
(5.6)

with the optimistic mirror descent (OMD)

wt+1 − wt = 2η(v − θt) − η(v − θt−1) = ηẇt − η
2θ̇t−1,

θt+1 − θt = 2ηwt − ηwt−1 = ηθ̇t + η2ẇt−1,
(5.7)

where η is the learning rate. However, we report that the oscillation decay with
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OMD could be very slow when a small learning rate is used, as is illustrated in

Figures 5.1b,5.1c,5.1d. This is because the differences between the OMD and GD

update, −η2θ̇t−1 and η2ẇt−1, are second order w.r.t. η, i.e., one order higher than

the GD update, ηẇt and ηθ̇t. The difference between the GD and OMD dynamics

thus vanishes as η goes to zero.

In the following, we will propose a much simpler and more effective strategy

to remove these oscillations.

5.2.2 Benefits of Stationary Target Optimum

Since the aforementioned problem is due to the fact that the target optimum for the

discriminator is non-stationary, to remove the oscillation, we propose to modify

the discriminator architecture so that its target optimum is stationary during the

training.

While keeping the generator and min-max formulation unchanged as in Equa-

tions 5.3 and 5.4, we set the discriminator

Dw(x) =

d∑
i=1

wixi(Ex∼Q(x) − Ez∼N (Gθ(z)))i (5.8)

where (·)i denotes the i-th component. The only differences between Equations 5.3

and 5.8 are the weights for wixi. If we calculate the expectations in the min-max

formulation 5.4 analytically, we will have

min
θ

max
|wi|≤c

d∑
i=1

wi(vi − θi)2. (5.9)
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For this min-max problem, any w with non-negative entries andθ = v is a Nash

equilibrium. If we setθ = v+εwith ε , 0, then w would achieve the corresponding

optimum at c for each entry, i.e., the target optimum for the discriminator is

stationary. As shown in Figure 5.1e, the oscillation is totally removed. Each entry

of w is heading to the optimum c in the early stage of training, while the change

becomes negligible after θ converges to v, indicating that the Nash equilibrium is

achieved.

The magic of the above solution lies in the fact that by designing the discrimi-

nator properly, we have a stationary target optimum for the discriminator during

the training. Is this possible for more general GAN tasks where generators and

discriminators are neural networks, and the target distributions are more flexible?

Note that the discriminator in Equation 5.8 can be interpreted as a discriminator

conditioned on the generated and target distribution, so for more general GAN

tasks we can simply design the discriminator as

Dmc = Dmc(x,G#N), (5.10)

where G#N is the generated distribution. The target distribution Q is omitted

in the input since it is usually fixed in a GAN task, but we will revisit this in

Section 5.4. We name the discriminator in Equation 5.10 as a “measure-conditional

discriminator” since it is conditioned on the probability measure corresponding to

the generated distribution. The proposed measure-conditional discriminator can

be a plug-and-play module in a variety of GANs. We only need to replace the

original discriminator D(·) with Dmc(·,G#N), while the generator and the min-max

formulation of GANs will be kept unchanged. A more detailed introduction of

the measure-conditional discriminator in GANs will be presented in Section 5.3.
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We can see that by taking G#N as part of the input, the measure-conditional

discriminator will have a stationary target optimum during the training process.

Indeed, for a general GAN problem originally formulated as

min
G∈G

max
D∈D

V(G#N ,D), (5.11)

with two examples given in Equation 5.1 and Equation 5.2, the target optimum

for the measure-conditional discriminator is

D∗mc(x,G#N) =

(
arg max

D∈D
V(G#N ,D)

)
(x). (5.12)

Although G#N varies during the training, D∗mc is a function of G#N and x is

stationary.

From the perspective of statistical distances, the target optimum D∗mc is exactly

a surrogate model for the distance between G#N and Q. For example, in vanilla

GANs,

Ez∼N log
(
1 −D∗mc(G(z),G#N)

)
+ Ex∼Q log

(
D∗mc(x,G#N)

)
(5.13)

represents the JS divergence between G#N and Q up to constants, while in WGANs,

−Ez∼ND∗mc(G(z),G#N) + Ex∼QD∗mc(x,G#N) (5.14)

represents the Wasserstein-1 distance between G#N and Q up to constants.

It is hard to attain the target optimum D∗mc, considering that it is a function

of measures. However, we note that Dmc does not need to attain D∗mc for the

convergence of GANs. Indeed, we only require Dmc to approximate the optimum

for G#N , instead of the whole space of probability measures.
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The vanilla discriminator only utilizes the result of the previous one iteration to

provide the initialization. If the optimum is sensitive to the generated distribution

as in the above illustrative example, in each iteration, the vanilla discriminator

need to “forget the wrong optimum” inherited from the previous iteration and

head for the new one in a few discriminator updates. In contrast, the measure-

conditional discriminator progressively head for the stationary target optimum

in all the iterations. In fact, even outdated generated distributions can be used

to train the measure-conditional discriminator. If the optimum is sensitive to

the generated distribution, the measure-conditional discriminator does not need

to forget the inheritances from previous iterations, but only need to learn the

sensitivity w.r.t. the input measure.

To some extent, the generator and the measure-conditional discriminator are

trained in a collaborative way, in that the generator adaptively produces new dis-

tributions as training data to help the discriminator approximate D∗mc, while the

discriminator provides statistical distances to help the generator approach the tar-

get distribution. This concept is actually similar to reinforcement learning in the

actor-critic framework [40], with parallelism between the generator and actor, as

well as between the discriminator and critic.

5.3 Measure-Conditional Discriminator in GANs

Proposed in [147], the DeepSets neural network having the form of H(X) =

g(
∑

xi∈X f (xi)) is widely used to represent a function of a point cloud X. The

summation can be replaced by averaging to represent a function of probability

measure P, i.e., H(P) = g( 1
n

∑n
i=1 f (xi)) where {xi}

n
i=1 are samples from P.
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In order to take a probability measure and an individual sample simultaneously

as the discriminator input, we adapt the neural network architecture above to get

Dmc(x,P) = h(Ey∼P[ f (y)], g(x)) ≈ h(
1
n

n∑
i=1

f (yi), g(x)) (5.15)

where f , g and h are neural networks, and {yi}
n
i=1 are samples from P.

The measure-conditional discriminator is a plug-and-play module in a various

GANs. The only modification is to replace D(·) with Dmc(·,G#N). For example, in

vanilla GANs, the loss functions for the generator and the discriminator are

Lg =Ez∼N log(1 −Dmc(G(z),G#N))

+ Ex∼Q log(Dmc(x,G#N)),

Ld = − Ez∼N log(1 −Dmc(G(z),G#N))

− Ex∼Q log(Dmc(x,G#N)),

(5.16)

respectively. In WGAN with gradient penalty (WGAN-GP), the loss functions are

Lg = − Ez∼NDmc(G(z),G#N) + Ex∼QDmc(x,G#N),

Ld =Ez∼NDmc(G(z),G#N) − Ex∼QDmc(x,G#N)

+ λEx̂∼ρx̂(‖∇x̂Dmc(x̂,G#N)‖2 − 1)2,

(5.17)

respectively, where λ is the weight for gradient penalty, and ρx̂ is the distribution

generated by sampling uniformly on interpolation lines between pairs of points

sampled from real distributions and generated distributions. Note that the ex-

pectation over the real distribution Q cannot be removed from the generator loss,

since this term dependents on the generator now.
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5.4 Measure-Conditional Discriminator for Statistical

Distances Surrogate

The target distribution is usually fixed in GANs, thus omitted in the input of Dmc.

Taking one step further, we will build a measure-conditional discriminator Dsr

conditioned on two probability measures P and Q, which can act as a surrogate

model to approximate the statistical distances between P and Q. Specifically, the

neural network Dsr is formulated as

Dsr(x,P,Q) = h(Ey∼P[ f1(y)],Ey∼Q[ f2(y)], g(x))

≈ h(
1
n1

n1∑
i=1

f1(yP
i ),

1
n2

n2∑
i=1

f2(yQ
i ), g(x))

(5.18)

where f1, f2, g and h are neural networks, and {yP
i }

n1
i=1 and {yQ

i }
n2
i=1 are samples from

P and Q, respectively.

5.4.1 Unsupervised Training with Variational Formula

We will train Dsr using the variational form of the statistical distances, in the same

spirit as in GANs. Here, we take the KL divergence as an example, which has the

following variational formula [91]:

DKL(P||Q) = sup
g>0

(
Ex∼P[log

(
g(x)

)
] − Ex∼Q[g(x)] + 1

)
,

= sup
(
Ex∼P[g(x)] − Ex∼Q[exp

(
g(x)

)
] + 1

)
.

(5.19)
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Thus, the loss function for Dsr can be written as

LKL = E(P,Q)∼µ[−lKL(P,Q)]

lKL(P,Q) = Ex∼P[Dsr(x,P,Q)] − Ex∼Q[exp(Dsr(x,P,Q))] + 1,
(5.20)

where µ represents the distribution for the probability measure pairs (P,Q) in the

training. Ideally, lKL(P,Q) will approximate DKL(P,Q) if Dsr achieves optimum.

Similar loss functions can be constructed for many other statistical distances like

JS divergence, total variation etc., provided with variational forms as in Equa-

tion 5.19. We also give an example of a surrogate model with results for the

optimal transport map in Section 5.6.5.

Note that after the optimization of Dsr (which can be offline), via a forward

propagation of Dsr, we can estimate lKL(P,Q) as an approximation of DKL(P,Q) for

various (P,Q) pairs sampled from µ, and even for (P,Q) pairs that are never seen

in the training procedure (thanks to the generalization of neural networks). The

computational cost for the forward propagation grows linearly w.r.t. the sample

size. More importantly, no labels are required to train Dsr. Instead, we only need

to prepare samples of P and Q as training data.

Here, µ can, of course, be prescribed by the users. It can also be decided ac-

tively during the training, depending on specific tasks. In the context of GANs,

with Q being different target distributions and P being the corresponding gen-

erated distributions, (P,Q) samples can be induced from a family of GAN tasks.

(P,Q) samples can also be induced from a single GAN task, if we need to fit mul-

tiple target distributions simultaneously, e.g., the distributions at multiple time

instants in time-dependent problems. We will demonstrate this with an example

in Section 5.5.
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5.4.2 Transfer Learning with Statistical Distance Surrogate

As a surrogate model of statistical distances between distributions, it is possible

that a well-trained Dsr can be transferred to GANs and act as a discriminator

without any update. For example, if Dsr is pretrained with Equation 5.20, the

generator can be trained with the loss function Lg = lKL(G#N ,Q), with lKL from

Equation 5.20. However, training G with a frozen Dsr requires that (G#N ,Q) is not

an outlier of µ. This typically means that the degree of freedom for G is limited.

Alternatively, the pretrained Dsr can be employed as an initialization of the

discriminator and be fine-tuned in GANs. With Q fixed as the target distribution,

Dsr is reduced to a function of P and x, just as Dmc. We can then train it iteratively

with the generator as in Section 5.3 . Note that the loss function in GANs should

coincide with that in the pretraining of Dsr. For example, if Dsr is pretrained

with Equation 5.20, then the loss functions for the generator G is given by Lg =

lKL(G#N ,Q), while the loss functions for Dsr is −Lg.

5.5 Computational Results

We show some results for the experimental comparisons in this section. The

detailed neural network architectures are given in Section 5.6.1. We emphasize that

although measure-conditional discriminators Dmc have more inputs than vanilla

ones, the neural networks for both are designed to have almost the same number

of parameters for the same problem. For each set-up in Section 5.5.1 and 5.5.2 we

run the code with three different random seeds; the colored lines and shaded areas

in the figures represent the mean and standard deviation.
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5.5.1 2D Distributions

We first compare the vanilla discriminator and Dmc for different GAN setp-ups on

2D problems. In particular, we test the vanilla GANs and WGAN-GP with different

discriminator/generator iteration ratios, and (β1, β2) in the Adam optimizer (the

initial learning rate is set as 0.0001).
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Figure 5.2: Comparison between the vanilla discriminator and measure-conditional discriminator
Dmc (ours) in three 2D problems. Each row represents the results for one problem. (a): The three

target distributions. (b-g): Ŵ1(P,Q) against generator iterations, using different versions of GANs,
discriminator/generator iteration ratios, and (β1, β2) in Adam optimizer. (b): Vanilla GAN, 1:1,
(0.5, 0.9), (c): Vanilla GAN, 1:1, (0.9, 0.999), (d): WGAN-GP, 1:1, (0.5, 0.9), (e): WGAN-GP, 1:1, (0.9,
0.999), (f): WGAN-GP, 5:1, (0.5, 0.9), (g): WGAN-GP, 5:1, (0.9, 0.999). The y-axes are shared for

each row, and the black dashed lines represent Ŵ1(Q,Q).

To evaluate the generated distribution P = G#N , we take the expectation of

empirical Wasserstein-1 distance, i.e., Ŵ1(P,Q) := EP̂n,Q̂n
[W1(P̂n, Q̂n)] as an approxi-

mation of W1(P,Q), where P̂n is the (random) empirical measure of P with n = 1000

samples, similarly for Q̂n. We average over 100 empirical Wasserstein distances,

which can be calculated via linear programming, to calculate the expectation. The

target distributions and results are shown in Figure 5.2 with more results in Sec-

tion 5.6.2. It is clear that for all set-ups except WGAN-GP with iteration ratio 5:1

and (β1, β2) = (0.5, 0.9), the measure-conditional discriminator significantly out-



142

performs the vanilla discriminator in achieving smaller Wasserstein distances or

converging faster. In fact, the measure-conditional discriminator is very robust

w.r.t. the versions of GANs, the iteration ratio, and the optimizer hyperparameters,

achieving approximately the same performance in different set-ups, in contrast to

the vanilla discriminator.

5.5.2 Stochastic Dynamic Inference

To further show the advantage of measure-conditional discriminator, here we

compare it with the vanilla discriminator on the problem of inferring stochastic

dynamics from observations of particle ensembles, following the framework in

[138]. Specifically, we consider a particle system whose distributions at t > 0,

denoted as ρt, are determined by the initial distribution ρ0 = N(0, 0.22) and the dy-

namics for each particle, which is governed by the stochastic ordinary differential

equation:

dx = (a0 + a1x + a2x2 + a3x3)dt + σdWt, (5.21)

where a0 = 0, a1 = 1, a2 = 0, a3 = −1, σ = 1, and Wt is the standard Brownian

motion. We consider the scenario where we do not know ρ0, {ai}
3
i=0 and σ, but

have observations of 105 indistinguishable particles at t = 0.2, 0.5, 1.0, which can

be viewed as samples from ρ0.2, ρ0.5 and ρ1.0. Our goal is to infer {ai}
3
i=0 and σ from

these observations.

Taking the standard Gaussian noise as input, the generator G is a feedforward

neural network whose output distribution aims to approximate ρ0, followed by a

first-order numerical discretization of Equation 5.21 with {ai}
3
i=0 and σ replaced by

trainable variables (the variable for σ is activated by a softplus function to guaran-
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tee positivity), so that the particle distributions at any t > 0 can be generated. Note

that we need to tune the feedforward neural network as well as the five trainable

variables to fit the target distributions ρ0.2, ρ0.5 and ρ1.0 simultaneously.
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Figure 5.3: Comparison between different set-ups in the task of stochastic dynamic inference.
(a): WGAN-GP, vanilla discriminator, Adam optimizer, (b): WGAN-GP, vanilla discriminator,
Optimistic Adam optimizer, (c): WGAN-GP, Dmc, Adam optimizer, (d): WGAN-GP, Dsr, Adam
optimizer, (e): BGAN with Adam optimizer. First row: the absolute error of the inferred dynamic
parameters {ai}

3
i=0 and σ against generator iterations. Second row: the generated distributions at

t = 0.2, 0.5, 1.0, in the end of the training, with the dashed black lines showing the ground truth.

We compare the following set-ups in WGAN-GP: (a) vanilla discriminators

with Adam optimizer, (b) vanilla discriminators with Optimistic Adam optimizer

[24], which is the combination of Adam and optimistic mirror descent, (c) Dmc
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in Equation 5.15 with Adam optimizer, (d) Dsr in Equation 5.18 with Adam opti-

mizer. We emphasize that the discriminator/generator iteration ratio is set as 5:1

and (β1, β2) = (0.5, 0.9), for which the measure-conditional discriminator does not

outperform the vanilla one in Section 5.5.1. We also compare with another version

of GAN, i.e., (e) BGAN [74], where the discriminator also takes a distribution

(instead of individual samples) as input. In short, the BGAN discriminator takes

the mixture of real and generated samples as input and aims to tell the ratio of real

samples.

For set-up (a,b,c,e) we have to use three discriminators, denoted as D0.2,D0.5,D1.0,

to handle ρ0.2, ρ0.5, ρ1.0, respectively. The losses for the discriminators and the gen-

erator are
LDt = Ld(G,Dt, ρt), t = 0.2, 0.5, 1.0

LG =
∑
t∈S

Lg(G,Dt, ρt),S = {0.2, 0.5, 1.0}
(5.22)

where Ld(G,Dt, ρt) and Lg(G,Dt, ρt) are discriminator and generator loss functions,

given generator G, discriminator Dt, and a single target distribution ρt. We only

need one Dsr in set-up (d) since Dsr can also take various ρt as input. In particular,

the discriminator and generator loss functions for Dsr are LDsr =
∑

t∈S Ld(G,Dsr, ρt)

and LG =
∑

t∈S Lg(G,Dsr, ρt), respectively.

In Figure 5.3 we visualize the results for the inferred dynamic parameters {ai}
3
i=0

and σ, as well as the generated distributions at t = 0.2, 0.5, 1.0 for each set-up. More

results are presented in Section 5.6.3. Note that Dmc significantly outperforms the

vanilla discriminator with the Adam or Optimistic Adam optimizer, even with a

5:1 iteration ratio. Dsr achieves results as good as if not better than Dmc, and the

performance is almost independent of the random seed. Moreover, since only one

discriminator is involved, set-up (d) has less than half discriminator parameters
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compared with other setups. Such a difference in the model size will be even

larger for problems with more time instants. As for BGAN, two out of three runs

encountered the “NAN” issue, while the rest one did not outperform WGAN-GP

with a measure-conditional discriminator.

5.5.3 Surrogate Model for KL Divergence

We consider the problem of approximating DKL(P||Q) by using the surrogate model

Dsr. We set µtrain and µtest as probability measures on d-dimensional Gaussian

distributions, denoted asN(m,Σ). We set mi ∼ U([0.15, 0.5]∪[−0.5,−0.15]) forµtrain,

while mi ∼ U([−0.15, 0.15]) for µtest, where the subscripts represent the component

indices. For both µtrain and µtest we set
√

Σi,i ∼ U([0.5, 1.0]), and the correlation

coefficient Σi, j/
√

Σi,iΣ j, j ∼ U([−0.5, 0.5]) for i , j.

The surrogate model is trained with P and Q i.i.d sampled from µtrain, with

the batch size set as 100 for (P,Q) pairs, and 1000 samples for each P and Q, i.e.,

n1 = n2 = 1000 in Equation 5.18. The surrogate model is then tested on three

cases: (a): P ∼ µtrain,Q ∼ µtrain, (b): P ∼ µtrain,Q ∼ µtest, (c): P ∼ µtest,Q ∼ µtest.

Note that there are d(d + 3) degrees of freedom for each (P,Q) pair. For such cases

there exists an analytical formula for DKL(P||Q) as a ground truth: DKL(P||Q) =

1
2 [log |Σq|

|Σp|
− d + tr(Σ−1

q Σp) + (mp −mq)TΣ−1
q (mp −mq)].

We compare the surrogate model against direct calculation via DKL(P,Q) =

Ex∼P[log(P(x))−log(Q(x))], where the densities are estimated via the kernel density

estimation with Gaussian kernel and Scott’s rule [121], for dimensionality d = 2.

In Figure 5.4 we quantify the accuracy against floating-point operations (FLOPs).

Note that the computational cost grows linearly w.r.t. the sample size in the
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Figure 5.4: Comparison between the surrogate model and direct calculation for the KL divergence.
For each line, the sample size, i.e., n1 and n2 in Equation 5.18, increases from 1000 to 10000, to
improve accuracy in the cost of FLOPs.

surrogate model, while quadratically w.r.t. the sample size in the direct calculation.

The surrogate model outperforms the direct calculation in that it can achieve

smaller errors with the same FLOPs for all the three (P,Q) distributions in test.

In Section 5.6.4, we show scatter plots of the inference against the ground truth

for dimensionality d = 2 and 3, as well as the results of transferring the surrogate

model to GANs.

5.6 Supplementary Material

5.6.1 Neural Network Architectures

In this section, we present the neural network architectures used in Section 5.5. All

noises into the generators are multi-variant standard Gaussians. An additional

sigmoid activation is applied to the discriminator outputs in vanilla GANs. We

emphasize that the vanilla discriminator and measure-conditional discriminator

Dmc share almost the same number of parameters in the same problem.
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2D problem:

generator (33,666 parameters): 2 dense
−−−→ 128 −→ ReLU dense

−−−→ 128 −→ ReLU dense
−−−→

128 −→ ReLU dense
−−−→ 2; vanilla discriminator (33,537 parameters): 2 dense

−−−→ 128 −→

ReLU dense
−−−→ 128 −→ ReLU dense

−−−→ 128 −→ ReLU dense
−−−→ 1; Dmc (33,921 parameters), f

and g: 2 dense
−−−→ 128 −→ ReLU dense

−−−→ 64, h: 128 dense
−−−→ 128 −→ ReLU dense

−−−→ 1.

Stochastic Dynamic Inference: generator for ρ0 (33,409 parameters): 1 dense
−−−→

128 −→ tanh dense
−−−→ 128 −→ tanh dense

−−−→ 128 −→ tanh dense
−−−→ 1; vanilla discriminator

(49,921×3 parameters): 1 dense
−−−→ 128 −→ LeakyReLU dense

−−−→ 128 −→ LeakyReLU dense
−−−→

128 −→ LeakyReLU dense
−−−→ 128 −→ LeakyReLU dense

−−−→ 1; Dmc (50,177×3 param-

eters), f and g: 1 dense
−−−→ 128 −→ LeakyReLU dense

−−−→ 64, h: 128 dense
−−−→ 128 −→

LeakyReLU dense
−−−→ 128 −→ LeakyReLU dense

−−−→ 1. Dsr (66,881 parameters), f1, f2

and g: 1 dense
−−−→ 128 −→ LeakyReLU dense

−−−→ 64, h: 192 dense
−−−→ 128 −→ LeakyReLU dense

−−−→

128 −→ LeakyReLU dense
−−−→ 1. The discriminator architecture in BGAN is from the

original paper [74], with 4 hidden layers, each of width 128, and LeakyReLU

activation, 99,329×3 parameters in total.

KL Surrogate Model: Dsr (6,137 parameters), f1, f2 and g: 2 dense
−−−→ 32 −→

tanh dense
−−−→ 32 −→ tanh dense

−−−→ 8, h: 24 dense
−−−→ 32 −→ tanh dense

−−−→ 32 −→ tanh dense
−−−→ 1.

5.6.2 More Results for 2D Problems

In Figure 5.5 we show the comparison between the vanilla discriminator and

measure-conditional discriminator Dmc on three 2D problems, using vanilla GAN

with 5:1 discriminator/generator iteration ratio. We encountered “NAN” issue

occasionally with both discriminators, the corresponding runs are omitted. The
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measure-conditional discriminator outperforms the vanilla one, as in Section 5.5.
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Figure 5.5: More results for the comparison between the vanilla discriminator and measure-
conditional discriminator (ours) in three 2D problems. (a): The three target distributions. (b):
Vanilla GAN, 5:1, (0.5, 0.9), (c): Vanilla GAN, 5:1, (0.9, 0.999). See a more detailed caption in
Figure 5.2

5.6.3 More Results for Stochastic Dynamic Inference

In Figure 5.6 we show the results of Dmc and Dsr with the Optimistic Adam opti-

mizer on the task of stochastic dynamic inference, using the same neural networks

as in Section 5.5. The results are similar to those with the Adam optimizer, with a

slight improvement.
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Figure 5.6: Comparison between different set-ups in the task of stochastic dynamic inference. (a):
WGAN-GP, Dmc, Optimistic Adam optimizer, (b): WGAN-GP, Dsr, Optimistic Adam optimizer.
See a more detailed caption in Figure 5.3.

In addition, in Figure 5.7 we show the results using smaller neural networks

for the vanilla discriminator and Dmc (the number of hidden layers for the vanilla

discriminator and h in Dmc is reduced by 1). For the vanilla discriminator, the

Optimistic Adam optimizer manages to remove the high-frequency oscillation,

compared with the Adam optimizer, but the inferred parameters are still incorrect.

In contrast, both optimizers give good inference with Dmc discriminator, and the

Optimistic Adam optimizer performs better in that the inference converges faster.
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Figure 5.7: Comparison between different set-ups in the task of stochastic dynamic inference, using
smaller discriminator neural networks. (a): WGAN-GP, vanilla discriminator, Adam optimizer,
(b): WGAN-GP, vanilla discriminator, Optimistic Adam optimizer, (c): WGAN-GP, Dmc, Adam
optimizer, (d): WGAN-GP, Dmc, Optimistic Adam optimizer. See a more detailed caption in
Figure 5.3.
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5.6.4 More Results for the Statistical Distance Surrogate

As a supplement of Figure 5.4, in Figure 5.8a, 5.8b we show the scatter plots of the

inference of KL divergence against the ground truth for dimensionality d = 2. In

Figure 5.8c, 5.8d we also show the results for the 3D case, with a larger Dsr neural

network (128 as the hidden layer width and 32 as the output dimension of f1, f2

and g).

As a proof of concept, we then employ the 2D surrogate model as a discrim-

inator in GAN. The target distribution is set as N(m,Σ) with m = [0.1,−0.1] and

Σ = diag([0.3, 0.6]), which is a sample from µtest. The generator is defined as G(z) =

Az + b, and we test with two generator set-ups: (1) A = diag([a1, a2]), b = [b1, b2]

with 4 degrees of freedom, and (2) A = [[a1, a2], [0, a3]], b = [b1, b2] with 5 degrees of

freedom, both having ground truth for the parameters. We compare the following

three set-ups of the discriminator: (a) Dsr transferred from the well-trained sur-

rogate model and is further trained in GAN, (b) transferred Dsr without further

training in GAN, (c) random initialized Dsr with training in GAN. The generator

parameters during the GAN training are visualized in Figure 5.8e, 5.8f. One can

see that for discriminator set-up (b), the generator parameters are not too bad

in the first generator set-up with 4 degrees of freedom, but totally failed in the

second generator setup. A possible explanation is that G#N becomes an outlier of

µtrain during the training and thus Dsr cannot provide correct statistical distances.

Discriminator set-ups (a) and (c) worked well in both generator setups, but note

that the set-up (a), i.e. the one with transfer learning, converges faster and does

not have the burrs on the curve. This demonstrates the benefit of the transfer

learning with the pretrained Dsr.
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Figure 5.8: Results for the KL divergence surrogate model. (a-d): Inference against the ground
truth. (a): 2D, 1000 samples, (b): 2D, 10000 samples, (c): 3D, 1000 samples, (d): 3D, 10000 samples.
(e-f) Generator parameters during the GAN training with different generator and discriminator
set-ups. (e): The first generator set-up, with 4 degrees of freedom. (f): The second generator
set-up, with 5 degrees of freedom. Different colors represent different generator parameters, while
different line styles represent the results from different discriminator setups and the ground truth.
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5.6.5 Surrogate Model for Optimal Transport Map

In [123] the authors proposed a two-step method for learning the barycentric pro-

jections of regularized optimal transport, as approximations of optimal transport

maps between continuous measures. Their method solves the map between one

pair of measures in one training process, but we can make a modification with

measure-conditional discriminators and obtain a surrogate model for the optimal

transport maps between various pairs of measures.

Specifically, we use two Dsr neural networks, denoted as Dsr,G and Dsr,D to

approximate the transport map and an auxiliary function, respectively. The first

step in [123] is to maximize

Ex∼P,y∼Q[u(x) + v(y) −
1
4ε

(u(x) + v(y) − c(x, y))2
+], (5.23)

which is the variational form of the optimal transport cost with L2 regularization,

where u and v are two neural network to train, ε = 0.02 is the regularization

weight, and c(x, y) is set as ||x − y||2. Utilizing the symmetry between the optimal

u and v if we swap P and Q, we use Dsr,D(P,Q, x) and Dsr,D(Q,P, y) to replace u(x)

and v(y), respectively. The loss function for Dsr,D writes as

LD =E(P,Q)∼µEx∼P,y∼Q

[−Dsr,D(P,Q, x) −Dsr,D(Q,P, y)

+
1
4ε

(Dsr,D(P,Q, x) + Dsr,D(Q,P, y) − c(x, y))2
+].

(5.24)

The second step in [123] is to train f to minimize

Ex∼P,y∼Q[
1
2ε

c(y, f (x))(u(x) + v(y) − c(x, y))+], (5.25)
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so that the minimizer f ∗ is the barycentric projection of the regularized optimal

transport, which can be viewed as an approximation of the optimal transport map

from P to Q. We will use Dsr,G(P,Q, x) to replace f (x), and the loss function for Dsr,G

writes as
LG =E(P,Q)∼µEx∼P,y∼Q[

1
2ε

c(y,Dsr,G(P,Q, x))

(Dsr,D(P,Q, x) + Dsr,D(Q,P, y) − c(x, y))+],
(5.26)

Note that we take the expectation over (P,Q) in Equation 5.24 and 5.26, so that in

the end of training, Dsr,G(P,Q, x) will approximate the optimal transport map from

P to Q for various (P,Q) pairs.
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Figure 5.9: Results of the surrogate model for optimal transport maps between 16 pairs of Gaussian
distributions. The red arrows represent the barycentric projection maps given by the surrogate
model Dsr,G, while the black arrows represent the reference optimal transport maps from linear
programming.
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[123] propose to train u and v until convergence, and then train f . But we

found that training Dsr,D and Dsr,G iteratively after a warming-up training of Dsr,D

also works. We train and test with P,Q independently sampled from the 2D

µtrain in Section 5.5.3, and show the results after 200,000 iterations with 10,000

warming-up steps in Figure 5.9. The reference map is the empirical optimal

transport map between 1000 samples, calculated by the POT package [33] using

linear programming. One can see that the surrogate model provides a similar

transport map as the reference.

5.7 Summary of Chapter

In this chapter we propose measure-conditional discriminators as a plug-and-

play module for a variety of GANs. Conditioned on the generated distributions

so that the target optimum is stationary during training, the measure-conditional

discriminators are more robust w.r.t. the GAN losses, discriminator/generator

iteration ratios, and optimizer hyperparameters, compared with the vanilla ones.

A variant of the measure-conditional discriminator can also be employed in the

scenarios with multiple target distributions, or as surrogate models of statistical

distances.

Note that even outdated generated distributions can be used to training the

measure-conditional discriminator. It is worth to study if training the discrimina-

tor with generated distributions from a replay buffer, which contains the generated

distributions in history just as in off-policy reinforcement learning, can further

improve the performance. Also, as a proof of concept, the neural network archi-

tectures in this chapter have a very straight-forward form, leaving a lot of room
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for improvements. For example, different weights can be assigned to the samples

of the input distributions, which is similar to importance sampling in statistics

or the attention mechanism in deep learning. Moreover, the statistical distance

surrogate can be applied as a building block in replacement of direct calculation

in more complicated models.



Chapter Six

Bayesian Uncertainty Quantification

for Partial Differential Equations

with Physics-Informed GANs
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6.1 Introduction

The state-of-the-art in data-driven modeling has advanced significantly in appli-

cations across different fields [61, 113, 78, 17, 10], due to the rapid development

of machine learning and the explosive growth of available data collected from

different sensors (e.g., satellites, cameras, etc.). In general, purely data-driven

methods require a large amount of data in order to get accurate results [110]. As a

powerful alternative, recently the data-driven solvers for partial differential equa-

tions (PDEs) have drawn an increasing attention due to their capability to encode

the underlying physical laws in the form of PDEs and give relatively accurate

predictions for the unknown terms with limited data. In the first case we need

“big data” while in the second case we can learn from “small data” as we explicitly

utilize the physical laws or more broadly a parameterization of the physics.

Two typical approaches are the Gaussian processes regression (GPR) for PDEs

[104], and the physics-informed neural networks (PINNs) [110, 73]. Built upon

the Bayesian framework with built-in mechanism for uncertainty quantification,

GPR is one of the most popular data-driven methods. However, vanilla GPR has

difficulties in handling the nonlinearities when applied to solve PDEs, leading to

restricted applications. On the other hand, PINNs have shown effectiveness in

both forward and inverse problems for a wide range of PDEs [149, 140, 82, 83, 79].

However, PINNs are not equipped with built-in uncertainty quantification, which

may restrict their applications, especially for scenarios where the data are noisy.

In previous work, the physics-informed generative adversarial networks were

employed to quantify parametric uncertainty [140], and also polynomial chaos

expansions in conjunction with dropout were utilized to quantify total uncer-
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tainty [149]. In addition, approaches using the Bayesian inference for quantifying

uncertainties of PDE problems have also been developed recently [67, 135, 136].

Note that (1) the methods developed in [67, 135, 136] focus on solving inverse

PDE problems, and (2) the boundary conditions as well as the source terms are

assumed to be known in [67, 135, 136]. However, we may only have access to

sparse and noisy measurements on the boundary conditions and the source terms

in real-world applications.

Figure 6.1: Schematic of the Bayesian physics-informed neural network (B-PINN). P(θ) is the prior
for hyperparameters as well as the unknown terms in PDEs, P (D|θ) represents the likelihood of
observations (e.g., u, b, f ), and P(θ|D) is the posterior. The blue panel represents the Bayesian
neural network while the green panel represents the physics-informed part.

In the first part of this chapter, we propose Bayesian physics-informed neural

networks (B-PINNs) to solve linear or nonlinear PDEs with noisy data for both

forward and inverse problems, see Figure 6.1. We note that all the information

of boundary conditions/sources terms comes from noisy measurements in the

present approach. The uncertainties arising from the scattered noisy data could

be naturally quantified due to the Bayesian framework [75]. B-PINNs consist of

two parts: a parameterized surrogate model, i.e., a Bayesian neural network (BNN)
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with prior for the unknown terms in a PDE, and an approach for sampling the

posterior distributions of the parameters in the surrogate model. In particular, we

employ the Hamiltonian Monte Carlo (HMC) [90, 89] or the variational inference

(VI) [39, 14] for estimation of the posterior distributions. We will validate the

proposed B-PINNs method and conduct a systematic comparison for both the

forward and inverse PDE problems given noisy data.

The choice of priors for B-PINNs may have a significant influence on the

posterior predictions especially in the cases with small data. In the second part of

this chapter, we propose to use physics-informed GANs to learn functional priors,

which can then be used in B-PINNs. We will show that physics-informed GANs

can learn informative priors that benefit the uncertainty quantification. We will

also discuss why sometimes the learned prior fails for posterior estimation, and

how to make improvements.

6.2 B-PINNs: Bayesian Physics-Informed Neural Net-

works

We consider a general partial differential equation (PDE) of the form

Nx(u;λ) = f , x ∈ D,

Bx(u;λ) = b, x ∈ Γ,
(6.1)

whereNx is a general differential operator, D is the d-dimensional physical domain,

u = u(x) is the solution of the PDE, and λ is the vector of parameters in the PDE.

Also, f = f (x) is the forcing term, and Bx is the boundary condition operator
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acting on the domain boundary Γ. In forward problems λ is prescribed, and hence

our goal is to infer the distribution of u at any x. In inverse problems, λ is also to

be inferred from the data.

We consider the scenario where our available dataset D are scattered noisy

measurements of u, f and b from sensors:

D = Du ∪D f ∪Db, (6.2)

whereDu = {(x(i)
u , ū(i))}Nu

i=1, D f = {(x(i)
f , f̄ (i))}

N f

i=1, Db = {(x(i)
b , b̄(i))}Nb

i=1.We assume that

the measurements are independently Gaussian distributed centered at the hidden

real value, i.e.,

ū(i) = u(x(i)
u ) + ε(i)

u , i = 1, 2...Nu,

f̄ (i) = f (x(i)
f ) + ε(i)

f , i = 1, 2...N f ,

b̄(i) = b(x(i)
b ) + ε(i)

b , i = 1, 2...Nb,

(6.3)

where ε(i)
u , ε(i)

f and ε(i)
b are independent Gaussian noises with zero mean. We also

assume that the fidelity of each sensor is known, i.e., the standard deviations of

ε(i)
u , ε(i)

f and ε(i)
b are known to be σ(i)

u , σ(i)
f and σ(i)

b , respectively. Note that the size

of the noise could be different among measurements of different terms, and even

between measurements of the same terms in the PDE.

We first consider the forward problem setup. The Bayesian framework starts

from representing u with a surrogate model ũ(x;θ), where θ is the vector of

parameters in the surrogate model with a prior distribution P(θ). Consequently,

f and b are represented by:

f̃ (x;θ) = Nx(ũ(x;θ);λ), b̃(x;θ) = Bx(ũ(x;θ);λ). (6.4)
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Then, the likelihood can be calculated as:

P(D|θ) = P(Du|θ)P(D f |θ)P(Db|θ),

P(Du|θ) =

Nu∏
i=1

1√
2πσ(i)

u
2

exp

− (ũ(x(i)
u ;θ) − ū(i))2

2σ(i)
u

2

 ,
P(D f |θ) =

N f∏
i=1

1√
2πσ(i)

f

2
exp

− ( f̃ (x(i)
f ;θ) − f̄ (i))2

2σ(i)
f

2

 ,
P(Db|θ) =

Nb∏
i=1

1√
2πσ(i)

b

2
exp

− (b̃(x(i)
b ;θ) − b̄(i))2

2σ(i)
b

2

 .

(6.5)

Finally, the posterior is obtained from Bayes’ theorem:

P(θ|D) =
P(D|θ)P(θ)

P(D)
' P(D|θ)P(θ), (6.6)

where “'” represents equality up to a constant. Usually the calculation of P(D) is

analytically intractable, thus in practice we only have an unnormalized expression

of P(θ|D). To give a posterior u at any x, we can sample from P(θ|D), denoted as

{θ(i)
}
M
i=1, and then obtain statistics from samples {ũ(x;θ(i))}Mi=1. We focus mostly on

the mean and standard deviation of {ũ(x;θ(i))}Mi=1, since the former represents the

prediction of u(x) while the latter quantifies the uncertainty.

In the case of inverse problems, we can build the surrogate model for u in the

same way as above. However, apart from θ, we also need to assign a prior distri-

bution for λ, which could be independent of P(θ). The likelihood is the same as in

Equation 6.5, except that P(D|θ), P(Du|θ), P(D f |θ) and P(Db|θ) should be replaced

by P(D|θ,λ), P(Du|θ,λ), P(D f |θ,λ) and P(Db|θ,λ), respectively. Consequently,
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we should calculate the joint posterior of [θ,λ] as

P(θ,λ|D) =
P(D|θ,λ)P(θ,λ)

P(D)
' P(D|θ,λ)P(θ,λ) = P(D|θ,λ)P(θ)P(λ), (6.7)

where the last equality comes from the fact that the priors for θ and λ are inde-

pendent.

The parameter λ in the PDE is a vector in the above problem setup, however,

we remark that the same framework could be applied in the cases where the

parameter is a field or fields depending on x, by representing the parameter with

another surrogate model, e.g., a neural network.

We remark that all the information of boundary conditions/source terms comes

from noisy measurements in the present approach. If we have the analytical

expression for these terms, in order to generate a proper synthetic data set for

our tests we can select some points and get corresponding observations with very

small noise in our framework.

Since the forward problems and inverse problems are formulated in the same

framework, in the following we will use θ to represent the vector of all the un-

known parameters in the surrogate models for the solutions and parameters. We

denote the dimension of θ, i.e., the number of unknown parameters, as dθ.

6.2.1 Prior for Bayesian Physics-Informed Neural Networks

We consider a fully-connected neural network with L ≥ 1 hidden layers as the

surrogate model, see Figure 6.1. Let us denote the input of the neural network as
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x ∈ RNx , the output of the neural network as ũ ∈ R, and the l-th hidden layer as

zl ∈ RNl for l = 1, 2...N. Then

zl = φ(wl−1zl−1 + bl−1), l = 1, 2...L,

ũ = wLzL + bL,
(6.8)

where wl ∈ RNl+1×Nl are the weight matrices, bl ∈ RNl+1 are the bias vectors, φ is

the nonlinear activation function, which is the hyperbolic tangent function in the

present study, and z0 = x, N0 = Nx, and NL+1 = 1 for the convenience of notation.

When using a neural network as a surrogate model, the unknown parameters θ

are the concatenation of all the weight matrices and bias vectors.

(a) (b) (c)

Figure 6.2: Comparison between the B-PINNs’ prior distributions and Gaussian distributions.
The red lines and histograms represent the density of B-PINNs’ outputs (a) ũ(x), (b) dũ(x)/dx, and
(c) d2ũ(x)/dx2 at x = 0, 0.5, and 1. The black lines are the density functions of the corresponding
Gaussian distributions with zero mean and the same standard deviations as the B-PINNs’ outputs.

In the application of Bayesian neural networks, a commonly used prior for θ

is that each component of θ is an independent Gaussian distribution with zero

mean, and the entries ofwl and bl have the variances σw,l and σb,l, respectively, for

l = 0, 1...L [90, 89]. In this case, it can be shown that the prior of the function ũ(x)

is actually a Gaussian process as the width of hidden layers goes to infinity with
√

Nlσw,l fixed for l = 1, 2...L [89, 64, 95].

However, we remark that due to the finite width of the neural networks, the
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derivatives of ũ could be far from Gaussian processes. For example, in Figure 6.2

we compare the prior of B-PINNs with Gaussian distributions, where Nx = 1,

L = 2, N1 = N2 = 50, σb,l = σw,l = 1, for l = 0, 1, 2. We can see that although the

priors of ũ(x) at various x match the corresponding Gaussian distributions, the

priors of dũ(x)/dx and d2ũ(x)/dx2 are not close to the Gaussian distributions.

6.2.2 Posterior Sampling Approaches for Bayesian Physics-Informed

Neural Networks

In this subsection, we introduce two approaches to sample from the posterior

distribution of the parameters in B-PINNs: the Hamiltonian Monte Carlo (HMC)

method and the variational inference (VI) method.

Hamiltonian Monte Carlo (HMC) Method

Hamiltonian Monte Carlo, which is known as a golden approach for sampling

from posterior distributions, is an efficient Markov Chain Monte Carlo (MCMC)

method based on the Hamiltonian dynamics [90, 89, 12]. In this approach, we first

simulate the Hamiltonian dynamics using numerical integration, which is then

corrected by a Metropolis-Hastings acceptance step.

Suppose the target posterior distribution for θ given a certain number of ob-

servationsD is defined as

P(θ|D) ' exp(−U(θ)), (6.9)
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where

U(θ) = − ln P(D|θ) − ln P(θ). (6.10)

To sample from the posterior, HMC first introduces an auxiliary momentum

variable r to construct a Hamiltonian system

H(θ, r) = U(θ) +
1
2
rTM−1r, (6.11)

whereM is a mass matrix, which is often set to be identity matrix, I . Then HMC

generates samples from a joint distribution of (θ, r) as follows

π(θ, r) ∼ exp
(
−U(θ) −

1
2
rTM−1r

)
. (6.12)

As we simply discard the r samples, the θ samples have marginal distribution

P(θ|D).

Specifically, the samples are generated from the following Hamiltonian dy-

namics

dθ = M−1rdt, (6.13a)

dr = −∇U(θ)dt. (6.13b)

We use the leapfog method to discretize Equation 6.13. Furthermore, to reduce

the discretization error, we employ a Metropolis-Hastings step. The details for

implementing the HMC method are displayed in Algorithm 4.
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Algorithm 4 Hamiltonian Monte Carlo

Require: initial states for θt0 and time step size δt.

1: for k = 1, 2...N do

2: Sample rtk−1 fromN(0,M ),

3: (θ0, r0)← (θtk−1 , rtk−1).

4: for i = 0, 1...(L − 1) do

5: ri ← ri −
δt
2 ∇U(θi),

6: θi+1 ← θi + δtM−1ri,

7: ri+1 ← ri −
δt
2 ∇U(θi+1),

8: end for

9: Metropolis-Hastings step:

10: Sample p from Uniform[0, 1],

11: α← min{1, exp(H(θL, rL) −H(θtk−1 , rtk−1))}.

12: if p ≥ α then

13: θtk ← θL,

14: else

15: θtk ← θtk−1 .

16: end if

17: end for

18: Calculate {ũ(x,θtN+1− j)}Mj=1 as samples of u(x), similarly for other terms.

Variational Inference (VI) Method

In the variational learning, the posterior density of the unknown parameter vector

θ = (θ1, θ2...θdθ ), i.e., P(θ|D), is approximated by another density function Q(θ; ζ)

parameterized by ζ.
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While there are various choices for Q (the normalizing flow model introduced

in Section 6.2.6 is also one of the choices), a common choice in the deep learning

community is the mean-field Gaussian approximation [34, 112, 144], i.e. Q is a

factorizable Gaussian distribution as follows:

Q(θ; ζ) =

dθ∏
i=1

q(θi; ζµ,i, ζρ,i), (6.14)

where ζ = (ζµ, ζρ), ζµ = (ζµ,1, ζµ,2...ζµ,dθ ), ζρ = (ζρ,1, ζρ,2...ζρ,dθ ), and q(θi; ζµ,i, ζρ,i)

is the density of the one-dimensional Gaussian distribution with mean ζµ,i and

standard deviation ln
(
1 + exp

(
ζρ,i

))
. In this approach, we can tune ζ to minimize

DKL(Q(θ; ζ)||P(θ|D)) ' Eθ∼Q[ln Q(θ; ζ) − ln P(θ) − ln P(D|θ)], (6.15)

where DKL denotes the Kullback-Leibler (KL) divergence.

Here we employ the Adam optimizer [54] to train ζ. The detailed algorithm

is given in Algorithm 5. We refer the readers to [14] for more details. As a

clarification, “VI” in the rest of the chapter indicates the version of mean field

Gaussian approximation with KL divergence minimization introduced in this

section.
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Algorithm 5 Variational inference

Require: an initial state for ζ.

1: for k = 1, 2...N do

2: Sample {z( j)
}
Nz
j=1 independently fromN(0, Idθ ).

3: θ( j)
← ζµ + ln

(
1 + exp

(
ζρ

))
� z( j), j = 1, 2...Nz, � denotes element-wise

product.

4: L(ζ)← 1
Nz

∑Nz
j=1[ln Q(θ( j); ζ) − ln P(θ( j)) − ln P(D|θ( j))].

5: Update ζ with gradient ∇ζL(ζ) using Adam optimizer.

6: end for

7: Sample {z( j)
}
M
j=1 independently fromN(0, Idθ ).

8: θ( j)
← ζµ + ln

(
1 + exp

(
ζρ

))
� z( j), j = 1, 2...M.

9: Calculate {ũ(x,θ( j))}Mj=1 as samples of u(x), similarly for other terms.

6.2.3 Computational Results

In this section we present a systematic comparison among the B-PINNs with

different posterior sampling methods, i.e., HMC (B-PINN-HMC) and VI (B-PINN-

VI), as well as the dropout [149, 35] for 1D function approximation, and 1D/2D

forward/inverse PDE problems.

In all the cases, we employ a neural network with 2 hidden layers, each with

width of 50, for B-PINNs. The prior for θ is set as independent standard Gaussian

distribution for each component. Such size of the neural network and the prior

distribution are inherited from [144]. In the 1D case, the covariance function for

ũ is shown in Figure 6.15b (Section 6.2.6). In HMC, the mass matrix is set to the

identity matrix, i.e., M = I [144], the leapfrog step is set to L = 50δt, the initial
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time step is δt = 0.1, the burn-in steps are set to 2, 000, and the total number

of samples is 15, 000. In VI, the Adam optimizer is employed for training, and

the total number of training steps is N = 200, 000 with batch size Nz = 5. The

hyperparameters for Adam optimizer are set as l = 10−3, β1 = 0.9, β2 = 0.999.

In the dropout method, we randomly drop a certain number of neurons with a

predefined probability (i.e., dropout rate) at each training step [35]. The number

of the training steps is 200, 000. The hyperparameters for the Adam optimizer

are set as l = 10−3, β1 = 0.9, β2 = 0.999. To quantify the uncertainty, the strategy

used in [149] is also employed here, i.e., after finishing the training we run the

forward propagation of DNNs M times with the same dropout rate as in training,

and then compute the mean and standard deviation based on the samples. When

estimating the means and standard deviations, we set the number of samples

M = 10, 000 for all the methods in each test case.

Function Regression

In this section, we test the posterior sampling methods introduced above on a

function regression task. In this task, the B-PINNs is reduced to a BNN. The

framework is the same as that for solving PDEs, except that our data set only

involves the unknown function u(x), thus the likelihood is P(D|θ) = P(Du|θ). The

test function is expressed as

u(x) = sin3(6x), x ∈ [−1, 1], (6.16)

and we use 32 training points placed in [−0.8,−0.2] ∪ [0.2, 0.8], with observation

noise εu ∼ N(0, 0.12).
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We note that the prior for BNNs is a Gaussian process with zero mean as the

width of each hidden layer goes to infinity [89, 64, 95]. In our case where the

width is 50, we could see from Figure 6.2a that the prior at several single points

matches well the Gaussian distribution. We thus view the prior as a Gaussian

process approximately. Although the analytical expression for the kernel cannot

be calculated, it could be estimated from independent samples of neural network

functions (100, 000 samples), as shown in Figure 6.15b. Therefore, GPR could be

applied and provide reference solutions for the posterior estimations, denoted

as BNN-GPR. Note that such reference solution is not analytical and the errors

could come from the Gaussian process assumption for neural networks with finite

width as well as the empirical estimation of the kernel. The results are shown

in Figure 6.3. We can see from Figure 6.3a-6.3b that (1) the predictive means

are observed to be similar to the exact function u(x), and the predicted standard

deviations from these two methods are quite similar, and (2) the standard devia-

tions (i.e., uncertainty) become larger at the regions with fewer training data, i.e.,

x ∈ [−1,−0.8] ∪ [−0.2, 0.2] ∪ [0.8, 1], which is reflected in the growing uncertainty

due to lack of data.

Note that the dimension of the unknown parameters θ is 2701 in our case using

BNNs as prior. Despite the high dimensionality, HMC also provides posterior

estimation (Figure 6.3b) similar to the reference solution (Figure 6.3a) in this case,

which shows its effectiveness in sampling from high dimensional distributions.

As for the BNN-VI, the uncertainty at x ∈ [−0.2, 0.2] is observed to be larger, while

the uncertainty around x ∈ [−1,−0.8] ∪ [0.8, 1] is underestimated. Such results

indicate that VI is not as accurate as HMC in posterior estimation, which could

be attributed to the fact that the samples are actually drawn from Q in Equation

6.14, which is limited to a family that could be too small to give a reasonable



172

approximation of the posterior distribution.

(a) (b) (c)

(d) (e) (f)

Figure 6.3: Function approximation and comparison among different approaches. (a) BNN-GPR,
(b) BNN-HMC, (c) BNN-VI, (d) Dropout with drop rate 1%, (e) Dropout with drop rate 5%, (f)
Dropout with drop rate 20% (4 hidden layers with 100 neurons per layer).

Since both the architecture of the DNNs and the dropout rate are known to

have strong effects on the certainty quantification, we test there different cases: (1)

2 hidden layers with 50 neurons and dropout rate 0.01, (2) 2 hidden layers with

50 neurons and dropout rate 0.05, and (3) 4 hidden layers with 100 neurons and

dropout rate 0.2. We use the same dropout rate at the prediction step as that used

in the training process to quantify the uncertainty. As we can see from Figure

6.3d-6.3f, the uncertainties appear to be uniform for all the x ∈ [−1, 1], which is not

reasonable at all in this case. Furthermore, the predictive mean is quite different

from the exact function u(x) at the gap data zones, and the differences are far

beyond the two standard deviations.

We further test the performance of the BNN-HMC for cases with larger noise

scales, i.e., (a) εu ∼ N(0, 0.32), and (b) εu ∼ N(0, 0.52). As shown in Figure 6.4,
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the results from BNN-HMC agree with those from BNN-GP. In addition, the

standard deviations (i.e., uncertainty) become larger at the regions with fewer

training data, i.e., x ∈ [−1,−0.8] ∪ [−0.2, 0.2] ∪ [0.8, 1], which is similar as results

in Figure 6.3. However, the predictive means do not fit the exact solutions in

x ∈ [−0.8,−0.2]∪ [0.2, 0.8] as well as the results in Figure 6.3a-6.3b due to the larger

noise.

(a) (b)

Figure 6.4: Function approximations for cases with larger noise. (a) εu ∼ N(0, 0.32). (b) εu ∼
N(0, 0.52).

It is worth mentioning that while the priors for the BNNs with infinite width

have been well studied [89, 64, 95], the choice of priors for BNNs with finite width

remains an open question. More discussion about the influence of architecture of

the neural networks as well as the prior distributions of the parameters will be

presented in Section 6.2.6. To keep consistent, we will employ the same architec-

ture of DNNs with the dropout as the BNNs, i.e., 2 hidden layers with 50 neurons
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in the following.

Forward Problem: 1D Poisson Equation

(a)

(b)

Figure 6.5: 1D linear Poisson equation - forward problem: predicted u and f from different methods
with two data noise scales. (a) ε f ∼ N(0, 0.012), εb ∼ N(0, 0.012). (b) ε f ∼ N(0, 0.12), εb ∼ N(0, 0.12).

We consider the following linear Poisson equation:

λ∂2
xu = f , x ∈ [−0.7, 0.7], (6.17)

where λ = 0.01. The solution for u is u = sin3(6x), and f can be derived from Equa-

tion 6.17. Here we assume that the exact expression of f is unknown, but instead
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we have 16 sensors for f , which are equidistantly distributed in x ∈ [−0.7, 0.7].

Furthermore, we have two sensors at x = −0.7 and 0.7 to provide the left/right

Dirichlet boundary conditions for u. We assume that all the measurements from

the sensors are noisy, and we consider the following two different cases: (1)

ε f ∼ N(0, 0.012), εb ∼ N(0, 0.012), and (2) ε f ∼ N(0, 0.12), εb ∼ N(0, 0.12). The

results of B-PINN-HMC, B-PINN-VI and dropout, are illustrated in Figure 6.5.

We see that the B-PINN-HMC gives reasonable posterior estimation in that

(1) the error between the means and the exact solution is mostly bounded by

the two standard deviations, (2) the standard deviation increases with increasing

noise scale. However, B-PINN-VI completely failed to provide predictions to the

solution u. Finally, the prediction given by dropout seems to match the data, but

the predictive means for u and f differ from the exact solutions. We also note that

the uncertainties provided by the dropout are not reasonable, e.g., (1) there is no

significant differences between uncertainties for u in the two cases with different

noise scale, and (2) a large part of the exact solution does not lie in the two standard

deviation confidence intervals.
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(a) (b)

(c) (d)

Figure 6.6: 1D linear Poisson equation: Application of active learning. (a) N = 8, (b) N = 12, (c)
N = 16, (d) N = 18. N represents the number of training samples for f . Blue circle: Training
samples at current step. Magenta plus: Added training sample for the next step.

We proceed to consider the case in which we have a very limited number of

sensors for f . In particular, we assume that we only have 8 sensors for f , which

are randomly distributed in x ∈ [−0.7, 0.7]. The predicted u and f are illustrated in

Figure 6.6a. Note that here we only present the results from B-PINN-HMC since

it is the most accurate among all the approaches tested in this study. As shown,

the predicted means for u and f are quite different from the exact solutions. This

is reasonable since 8 point are not enough for this complex f . Meanwhile, the

predictive uncertainties for both u and f are observed to be much larger than in

Figure 6.5, which suggests that the predicted u and f may be inaccurate given

such a limited number of observations on f . To improve the accuracy and reduce

the uncertainty, we apply active learning as in [103]. Specifically, we can add more

training samples at the location, which has the largest uncertainty. As shown in

Figure 6.6, the predicted means for u and f approach the exact solutions as more

data of f have been collected, consistent with the shrinking uncertainty.
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Forward Problem: 1D Flow Through Porous Media with Boundary Layer

We now consider flows through a horizontal channel filled with a uniform porous

medium governed by the following equation:

−
νe

φ
∂2

xu +
νu
K

= g, x ∈ [0, 1], (6.18)

where g denotes the external force, νe is the effective viscosity, φ is the porosity,

ν is the fluid viscosity, K is the permeability; the x direction is orthogonal to the

channel, and u(x) is the velocity along the channel. No-slip boundary conditions

are imposed on the upper/bottom walls, i.e., u(x) = 0 at x = 0 and 1. The exact

solution for u is

u =
gK
ν

[
1 −

cosh(r(x −H/2))
cosh(rH/2)

]
, (6.19)

where r =
√

νφ
νeK

. For the present case, νe = ν = 10−3, φ = 0.4, K = 10−3. We set the

hidden unknown external force g = 1 for which we collect data from sensors.

Here we assume that we have 16 sensors for g equidistantly placed in x ∈

[0, 1]. In addition, two sensors for u are placed at x = 0 and 1 for Dirichlet

boundary conditions. Two different scales of Gaussian noise in the measurements

are considered, i.e., (1) εg ∼ N(0, 0.012), εb ∼ N(0, 0.012), and (2) εg ∼ N(0, 0.12),

εb ∼ N(0, 0.12), which is the same as in Section 6.2.3. The results of different

methods are presented in Figure 6.7.

The B-PINN-HMC provides reasonable predictions for both means and uncer-
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tainties, even for the steep velocity profile in the boundary layer. The dropout is

able to provide accurate predictions for the means, but the predictive uncertainties

are not reasonable, i.e., the noise scale has little influence on the predicted stan-

dard deviations in the two dropout cases. Meanwhile, the B-PINN-VI can provide

accurate means for the case with εg ∼ N(0, 0.012), εb ∼ N(0, 0.012), but it failed for

the case with larger noise.

(a)

(b)

Figure 6.7: 1D flow through porous media with boundary layer: predicted u from different
methods with two data noise scales. (a) εg ∼ N(0, 0.012), εb ∼ N(0, 0.012). (b) εg ∼ N(0, 0.12),
εb ∼ N(0, 0.12).

Forward Problem: 1D Nonlinear Poisson Equation

Here we consider the following 1D nonlinear PDE

λ∂2
xu + k tanh(u) = f , x ∈ [−0.7, 0.7], (6.20)

and we use the same solution for u as the case in Section 6.2.3, i.e., u = sin3(6x). In

addition, λ = 0.01, and k = 0.7 denotes the reaction rate which is a constant, while

f can then be derived from Equation 6.20. We assume that we have 32 sensors for

f , which are equidistantly placed in x ∈ [−0.7, 0.7]. In addition, two sensors for u
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are placed at x = −0.7 and 0.7 to provide Dirichlet boundary conditions. Here, we

also consider two different scales of Gaussian noise in the measurements, i.e., (1)

ε f ∼ N(0, 0.012), εb ∼ N(0, 0.012), and (2) ε f ∼ N(0, 0.12), εb ∼ N(0, 0.12), which is

the same as in Section 6.2.3. The results of B-PINN-HMC, B-PINN-VI and dropout

are illustrated in Figure 6.8.

(a)

(b)

Figure 6.8: 1D nonlinear Poisson equation - forward problem: predicted u and f from different
methods with two data noise scales. (a) ε f ∼ N(0, 0.012), εb ∼ N(0, 0.012). (b) ε f ∼ N(0, 0.12),
εb ∼ N(0, 0.12).

The B-PINN-HMC provides good predictions for both u and f , which are

similar as the results in Section 6.2.3. While able to give predicted means close to

the exact solutions, B-PINN-VI and dropout can hardly give accurate uncertainty

quantification for u(x), e.g., (1) in the B-PINN-VI, the standard deviation for the
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case with noise scale 0.1 is observed to be large at the boundaries even though

we have observations for the boundary conditions, (2) the noise scale has little

influence on the predicted standard deviations in the two dropout cases.

Forward Problem: 2D Nonlinear Reaction-Diffusion Equation

We further consider the following nonlinear Reaction-Diffusion equation, which

is a widely used model for multi-phase flows:

λ(∂2
xu + ∂2

yu) + u(u2
− 1) = f , x, y ∈ [−1, 1], (6.21)

whereλ = 0.01 represents the mobility, and u is the order parameter, which denotes

different phases. Here, we employ the exact solution for u = sin(πx) sin
(
πy

)
.

In addition, Dirichlet boundary conditions are imposed on all the boundaries.

Similarly, we assume that we have 500 sensors for f , which are uniformly randomly

distributed in the domain. In addition, we also have 25 equally distributed sensors

for u at each boundary. Here we also consider two different noise scales on

all the measurements, i.e., (1) ε f ∼ N(0, 0.012), εb ∼ N(0, 0.012), and (2) ε f ∼

N(0, 0.12), εb ∼ N(0, 0.12). The results of B-PINN-HMC, B-PINN-VI and dropouts,

are illustrated in Figure 6.9.

Similarly, the B-PINN-HMC can provide predictive means close to the exact

solutions, and the errors are mostly bounded by two standard deviations, which

increases as the noise scale increases in the data. However, both the B-PINN-VI

and the dropout with different drop rates fail to provide accurate means as well as

uncertainties. Specifically, (1) the errors for the predicted u from the B-PINN-VI

and the two dropouts can be even larger than 50% in part of the domain, (2) the
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errors for u are not bounded by two standard deviations in the B-PINN-VI or in

the two dropouts, and (3) the increase of the noise scale has little influence on the

standard deviation when the dropout is employed.

(a)

(b)

Figure 6.9: 2D Reaction-Diffusion equation - forward problem: Predicted errors and standard
deviations for u from different methods with two data noise scales. (a) ε f ∼ N(0, 0.012), εb ∼
N(0, 0.012). (b) ε f ∼ N(0, 0.12), εb ∼ N(0, 0.12).
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Inverse Problem: 1D Diffusion-Reaction System with Nonlinear Source Term

The PDE considered here is the same as Equation 6.20. However, k becomes an

unknown parameter now. The objective here is to identify k based on partial

measurements of f and u.

We assume that we have 32 sensors for f , which are equidistantly placed in

x ∈ [−0.7, 0.7]. In addition, two sensors for u are placed at x = −0.7 and 0.7

to provide Dirichlet boundary conditions. Apart from the boundary conditions,

another 6 sensors for u are placed in the interior of the domain to help identify k.

We also assume that Gaussian noises are present for all the measurements. Two

different scales of the noise are considered, i.e., (1) ε f ∼ N(0, 0.012), εu ∼ N(0, 0.012),

εb ∼ N(0, 0.012) and (2) ε f ∼ N(0, 0.12), εu ∼ N(0, 0.12), εb ∼ N(0, 0.12).

The results of B-PINN-HMC, B-PINN-VI and dropouts are illustrated in Figure

6.10. The predicted means of u and f from the B-PINN-HMC fit the exact functions

well for both cases. The errors of u and f using B-PINN-VI and dropout are

observed to be larger than those using B-PINN-HMC for the case with noise scale

0.1.

The predicted values of k from different methods are displayed in Table 6.1.

The predicted means of k for both cases using the B-PINN-HMC are quite accurate,

with the error less than one standard deviation. Moreover, the standard deviation

increases as the noise scale increases. The results show the effectiveness of the

B-PINN-HMC in identifying the unknown parameter and quantifying the uncer-

tainty arising from the scattered noisy data. The errors for B-PINN-VI are larger

than B-PINN-HMC, although bounded by two standard deviations. As for the

dropout, we use k from the last 10, 000 training steps as samples to calculate the
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mean and standard deviation, which is different from the posterior sampling used

above. We observe that: (1) in both cases of noise scale, the errors of the predicted

means with both dropout rates are larger than those from B-PINN-HMC, (2) the

error increases as we increase the dropout rates, (3) for the case with dropout rate

5%, the standard deviation decreases as we increase the noise scale, which is not

reasonable.

Noise scale B-PINN-HMC B-PINN-VI Dropout-1% Dropout-5%

0.01
Mean 0.705 0.708 0.714 0.669

Std 5.75 × 10−3 4.01 × 10−3 4.38 × 10−3 2.02 × 10−2

0.1
Mean 0.665 0.775 0.746 0.633

Std 5.63 × 10−2 3.58 × 10−2 6.508 × 10−3 6.45 × 10−3

Table 6.1: 1D diffusion-reaction system with nonlinear source term: Predicted mean and standard
deviation for k using different uncertainty quantification methods. The exact value for k is 0.7.
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(a)

(b)

Figure 6.10: 1D diffusion-reaction system with nonlinear source term - inverse problem: predicted
u and f from different methods with two data noise scales. (a) ε f ∼ N(0, 0.012), εu ∼ N(0, 0.012),
εb ∼ N(0, 0.012). (b) ε f ∼ N(0, 0.12), εu ∼ N(0, 0.12), εb ∼ N(0, 0.12).

In Section 6.2.6 we also provide another case with less data on u. The error and

uncertainty of inferred k is consequently larger than the results in Table 6.1 with the

same noise size. The accurate prediction of u also demonstrates the effectiveness

of B-PINN-HMC for the extrapolation of u with the help of the PDE constraint.

It is worth mentioning that the accuracy of the prediction would be significantly

reduced if the scale of exact k does not match the prior. As an example, we first
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rewrite the equation in Section 6.2.3 as

λ∂2
xu + kα tanh(u) = f , x ∈ [−0.7, 0.7], (6.22)

where α is a constant, and kα = 0.7. The objective is to infer k with known α and

the measurements on u and f . Note that the solution for the above equation is the

same as in Section 6.2.3 if the same boundary conditions are employed. Therefore,

we use the same training data as the above case with noise scale εu ∼ N(0, 0.012),

and ε f ∼ N(0, 0.012). We only present the results of B-PINN-HMC since it is the

most accurate among all the tested approaches in the present study. To ensure

the convergence of the HMC, we use two different burn-in steps, i.e., 50,000 and

100,000. For the case of k = 50, if we still use the prior k ∼ N(0, 1), we would

significantly underestimate k as shown in Table 6.2.

For cases where we do not have a clear knowledge of k’s scale, which for

example could range from the magnitude of 1 to 100, another prior, e.g., log(k) ∼

N(0, 12), can be applied. In practice, we could replace k with exp(k′) and set the

prior for k′ as N(0, 12). For the same problem where k = 50, as displayed in

Table 6.2, the predicted k becomes more accurate using the new prior, and the

computational errors are now bounded by the two standard deviations.
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Prior for k Nburnin = 50, 000 Nburnin = 100, 000

k ∼ N(0, 12)
Mean 42.77 43.27

Std 1.39 × 10−1 6.65 × 10−2

log(k) ∼ N(0, 12)
Mean 50.39 50.39

Std 3.90 × 10−1 3.96 × 10−1

Table 6.2: 1D diffusion-reaction system with nonlinear source term: Predicted mean and standard
deviation for k using different priors with exact value k = 50.

We further test the cases with k = 100 (α = 0.07) and k = 0.7 (α = 1) using the

prior log(k) ∼ N(0, 12). As shown in Table 6.3, the predicted means for k converge

to the exact values in both cases and the errors are bounded by two standard

deviations.

exact k Nburnin = 50, 000 Nburnin = 100, 000

100
Mean 100.78 100.75

Std 7.95 × 10−1 8.08 × 10−1

0.7
Mean 0.705 0.706

Std 5.6 × 10−3 5.2 × 10−3

Table 6.3: 1D diffusion-reaction system with nonlinear source term: Predicted mean and standard
deviation for exact k = 0.7 and k = 100, using the prior log(k) ∼ N(0, 12).
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(a) (b)

Figure 6.11: 2D nonlinear diffusion-reaction system: Training data for u and f . (a) Distribution of
u. Black circle: training sample for u, (b) Distribution of f . Black cross: training samples for f .

Inverse Problem: 2D Nonlinear Diffusion-Reaction System

We consider the following PDE here

λ(∂2
xu + ∂2

yu) + ku2 = f , x, y ∈ [−1, 1], (6.23)

where λ = 0.01 is the diffusion coefficient, k represents the reaction rate, which is

a constant, and f denotes the source term. Here we assume that the exact value

for k is unknown, and we only have sensors for u and f . Specifically, we have

100 sensors which are randomly sampled in the physical domain (Figure 6.11) for

u and f . we also have 25 equally distributed sensors for u at each boundary for

the Dirichlet boundary condition. Similarly, all the measurements are noisy and

two noise scales are considered here, i.e., (1) ε f ∼ N(0, 0.012), εu ∼ N(0, 0.012),

εb ∼ N(0, 0.012), and (2) ε f ∼ N(0, 0.12), εu ∼ N(0, 0.12), εb ∼ N(0, 0.12). We then

aim to estimate the reaction rate k given the measurements of u and f .

As we can see in Table 6.4, for both cases with noise scale 0.1 and 0.01, the

predictive means using the B-PINN-HMC are quite accurate with errors less than
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Noise scale B-PINN-HMC B-PINN-VI Dropout-1% Dropout-5%

0.01
Mean 1.003 0.895 1.050 1.168

Std 5.75 × 10−3 2.83 × 10−3 2.00 × 10−3 3.04 × 10−3

0.1
Mean 0.978 1.116 1.020 1.169

Std 4.98 × 10−2 3.45 × 10−2 4.21 × 10−3 4.15 × 10−3

Table 6.4: 2D nonlinear diffusion-reaction system: Predicted mean and standard deviation for the
reaction rate k using different uncertainty-induced methods. k = 1 is the exact solution.

5%. Also, the standard deviations, which represent the uncertainties, are in the

same order of magnitude as the errors of predictive means. The uncertainty

decreases as the scale of noise in data decreases. The results show the effectiveness

of these two models in identifying the unknown parameter and quantifying the

uncertainties arising from the noise in data. As for the B-PINN-VI, the relative

errors between the predicted mean value of k from and the exact k are greater

than 10% for both cases. With regards to the dropout, the means and the standard

deviations for k are calculated in the same way as in Section 6.2.3. The predicted

means for k from the dropout with dropout rate 0.01 are quite close to the exact k.

As the dropout rate increases to 0.05, the errors become about 17% for both cases.

The above results show that the dropout rate has a strong effect on the predictive

accuracy. However, there is no theory on the choice of the optimal dropout, which

clearly restricts its usefulness in applications. In addition, the influence of the

noise scales on the standard deviations is not significant, indicating dropout is not

suitable for quantifying uncertainty from noisy data.

Inverse Problem: Six-Dimensional Source Inversion problem

We now apply the B-PINNs to a high-dimensional contaminant source inversion

problem, in which the locations of three contaminant sources are inferred based on
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a number of noisy observations. Specifically, we consider the following diffusion-

reaction system in a two-dimensional spatial domain:

−λ(∂2
x + ∂2

y)u − f2 = f1, x, y ∈ [0, 1], (6.24)

where u is the concentration of the contaminant,λ = 0.02 is the diffusion coefficient,

and f2 is the unknown source, which is parameterized as

f2 =

3∑
i=1

ki exp
[
−0.5
‖x − xc,i‖

2

0.152

]
, (6.25)

where k = (2,−3, 0.5) are known constants, and xc,i denote the centers of the

contaminant, which will be inferred based on the noisy observations of u and f1.

Here, we set the exact f1 as f1 = 0.1 sin(πx) sin
(
πy

)
and the exact locations

for three sources are: xc,1 = (0.3, 0.3), xc,2 = (0.75, 0.75), and xc,3 = (0.2, 0.7). We

consider the case where the noise for the measurements is: εu ∼ N(0, 0.12) and

ε f1 ∼ N(0, 0.012). The solvepde package in Matlab with 1893 triangle meshes

is used to solve u. We then utilize 1,000 and 200 random samples for u and f1

as training data, respectively. The priors for the hyperparameters in the BNNs

and the unknown parameters in the PDE are N(0, 12) and log
(
xc,i

)
∼ N(0, 12),

respectively. As displayed in Table 6.5, the B-PINN-HMC is the only approach

that is capable of providing accurate predictions for all xc,i, i.e, (1) the predicted

means are quite close to the exact solution, and (2) the computational errors are

all bounded by the one standard deviation.
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xc,1 xc,2 xc,3

B-PINN-HMC
Mean (0.3024, 0.3014) (0.7492, 0.7481) (0.1926, 0.6984)

Std (×10−3) (3.6, 4.9) (3.4, 2.5) (24.5, 24.8)

B-PINN-VI
Mean (0.3226, 0.1847) (0.4788, 6.27 × 10−4) (0.2288, 0.2764)

Std (×10−4) (2.04, 2.22) (1.99, 1.40) (8.11, 7.93)

Dropout-1%
Mean (0.3037, 0.3218) (0.7158, 0.7367) (0.4300, 0.7336)

Std (×10−4) (4.84, 6.82) (3.63, 4.00) (21.0, 19.0)

Dropout-5%
Mean (0.4181, 0.4413) (0.6693, 0.6521) (0.7319, 0.6127)

Std (×10−4) (5.20, 6.09) (4.16, 4.41) (8.15, 6.39)

Table 6.5: Source inversion problem: Predicted mean and standard deviation for the locations using
different uncertainty-induced methods. The exact locations for three sources are: xc,1 = (0.3, 0.3),
xc,2 = (0.75, 0.75), and xc,3 = (0.2, 0.7).

In Section 6.2.6, we show another high-dimensional case, where the unknown

term in the PDE is a field parameterized by a neural network; these results also

show the effectiveness of the B-PINN-HMC.

6.2.4 Comparison with PINNs

In this section, we will conduct a comparison between the B-PINN-HMC and

PINNs for the 1D inverse problem in Section 6.2.3. We employ the Adam optimizer

with l = 10−3, β1 = 0.9, β2 = 0.999 to train the PINN, with the number of the

training steps set as 200, 000. The results of the PINNs are shown in Figure 6.12.
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(a) (b)

Figure 6.12: 1D diffusion-reaction system with nonlinear source term (PINNs): Predicted u and f
with two data noise scales. (a) ε f ∼ N(0, 0.012), εu ∼ N(0, 0.012), εb ∼ N(0, 0.012). (b) ε f ∼ N(0, 0.12),
εu ∼ N(0, 0.12), εb ∼ N(0, 0.12).

As shown in Figure 6.12, the predicted u and f could fit all the training points.

In the cases where the noise scale is as small as 0.01, the predictive u and f

agree well with the exact solutions. However, as the noise scale increases to 0.1,

significant overfitting is observed in PINNs. In addition, PINNs predict k to be

0.705 and 0.591 for the noise level at 0.01 and 0.1, respectively, while the reference

exact solution is 0.7. Comparing with the results of B-PINN-HMC in Table 6.1, we

conclude that PINNs can provide prediction with similar accuracy as the B-PINN-

HMC for the case with small noise in data, while B-PINN-HMC shows significant

advantange in accuracy over PINNs for the case with large noise. While PINNs

could overcome overfitting if additional regularization for the parameters are

applied in the loss, it cannot quantify uncertainties of the predictive results.

Now, we conduct a brief comparison on the computational cost between PINNs

and B-PINN-HMC based on the inverse problem. We run both the PINNs and

B-PINN-HMC codes on two CPUs (Intel Xeon E5-2643). For the PINN, the com-

putational time is about 10 minutes, while it takes about 20 minutes for the B-

PINN-HMC. Despite this relatively small increase for B-PINNs versus PINNs for

this small problem, we expect that when we scale up the data size and neural

network size the difference in cost will increase accordingly. Considering the ac-
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curacy as well as the reliable uncertainty provided, the B-PINN-HMC may be a

better approach than the PINNs for scenarios with large noise.

6.2.5 Comparison with the Truncated Karhunen-Loève Expan-

sion

So far we have shown the effectiveness of B-PINNs in solving PDE problems.

As we know, a neural network is extremely overparametrized. Hence, we want

to investigate if we can use other models with less parameters for our surrogate

model in the Bayesian framework. For example, we consider the Karhunen-Loève

expansion, a widely used representation for a stochastic process in the following

study.

Truncated Karhunen-Loève Expansion

Assume u(x) is a stochastic process with mean µ(x) and covariance function (also

called “kernel”) k(x,x′), then the KL expansion of u is

u(x) = µ(x) +

∞∑
i=1

√
αiψi(x)θi, (6.26)

where ψi are the orthogonal eigenfunctions, αi are the corresponding eigenvalues

of the kernel, and θi are mutually uncorrelated random variables. In practice, we

could truncate the expansion to n terms as our surrogate model for u:

ũ(x;θ) = µ(x) +

n∑
i=1

√
αiψi(x)θi, (6.27)
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where θ = (θ1, θ2...θn) is the parameter in the surrogate model whose prior distri-

bution is given by the KL expansion.

One of the main differences between the truncated Karhunen-Loève expansion

and neural networks as surrogate models is the number of parameters. For exam-

ple, in this section, the neural network used in 1D problems has 2701 parameters.

As a comparison, the truncated Karhunen-Loève expansion used in Section 6.2.5

only has 20 parameters. The small number of parameters makes it possible to use

another approach to sample from the posterior, namely the deep normalizing flow

(DNF) models.

In general, using DNF to sample from a target distribution ν consists of the

following three steps [139]:

1. Define a bijective transformation G : Rdθ → Rdθ and prescribe an input

distribution µI of the dimension Rdθ . Usually, the bijective transformation is

parameterized by deep neural networks and the input distribution can be a

standard multivariate Gaussian distribution.

2. Note that the bijective transformation G will map the input distribution to an

output distributionµO = G#µI. We then train the parameters in G to minimize

F(µO, ν), where F is a functional that measures the difference between two

distributions. Ideally, µO and ν will be sufficiently close to each other after

this procedure.

3. Finally, we sample from the input distribution µI, denoted as {z( j)
}
M
j=1. Then

{G(z( j))}Mj=1 as samples of µO can be used to approximate the statistics of ν.

We leave the details of the DNF in Section 6.2.6.
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Results and Comparisons

In this section we apply the truncated Karhunen-Loève expansion to solve the

forward and inverse nonlinear PDE problems as described in Section 6.2.3 and

Section 6.2.3. In particular, we consider the Gaussian process of zero mean and

exponential kernel

k(x, x′) = exp
(
−
|x − x′|

0.25

)
, x ∈ [−1, 1], (6.28)

and use the first 20 terms of the KL expansion as our surrogate model for u, which

retains about 92% of the energy. For this case, the eigenvalues and eigenfunctions

in the KL expansion are solved analytically, and the prior for the unknown pa-

rameters is the product of independent standard Gaussian distributions. We refer

the readers to example 4.1 in Chapter 4 in [134] for details.

(a) (b)

Figure 6.13: 1D nonlinear Poisson equation (KL) - forward problem: Predicted u and f with two
data noise scales. (a): ε f ∼ N(0, 0.012), εb ∼ N(0, 0.012). (b): ε f ∼ N(0, 0.12), εb ∼ N(0, 0.12).

The predicted u and f are illustrated in Figure 6.13-6.14. The results from the

KL-HMC and KL-DNF are almost the same, and the predicted means for u and

f are close to the exact solutions. In addition, the predicted k is displayed in
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(a) (b)

Figure 6.14: 1D diffusion-reaction system with nonlinear source term (KL): Predicted u and f with
two data noise scales. (a) ε f ∼ N(0, 0.012), εu ∼ N(0, 0.012), εb ∼ N(0, 0.012). (b) ε f ∼ N(0, 0.12),
εu ∼ N(0, 0.12), εb ∼ N(0, 0.12).

Noise scale KL-HMC KL-DNF

0.01
Mean 0.706 0.705

Std 5.63 × 10−3 2.63 × 10−3

0.1
Mean 0.694 0.709

Std 5.82 × 10−2 5.21 × 10−2

Table 6.6: 1D diffusion-reaction system with nonlinear source term (KL): Predicted mean and
standard deviation for k using KL. The exact value for k is 0.7.

Table 6.6. Similarly, the predicted means for both cases fit the exact solution quite

well. Furthermore, we also note that (1) the standard deviation increases with the

increasing noise scale, and (2) the errors are bounded by two standard deviations.

All the results are similar as those from the B-PINNs presented in Section 6.2.3

and Section 6.2.3.

As for the computational cost, the DNF takes about one day to finish the

training for the 1D diffusion-reaction problem, while it takes about 4 mins for

the HMC. Although the DNF is computationally much more expensive than the

HMC, we would like to remark that upon completion of the training, it is more

convenient to draw independent samples from the target distribution using DNF
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compared with HMC. This strength of DNF has no significant benefit in current

work, but could be helpful for other tasks.

Here, we also conduct a brief comparison on the computational cost between

the KL-HMC and the B-PINN-HMC based on the 1D diffusion-reaction problem.

Due to the relatively small number of parameters in the truncated KL expansion, in

the 1D test cases, KL-HMC takes much less time than B-PINN-HMC. In particular,

KL-HMC takes about 4 mins compared to about 20 mins for B-PINN-HMC. How-

ever, we remark that the truncated KL expansion would suffer from the “curse

of dimensionality” when approximating high dimensional functions, while deep

neural networks are known to be efficient for high-dimensional function approxi-

mation [20].



197

6.2.6 Supplementary Material

BNNs with Different Priors

(a) (b) (c)

(d) (e)

Figure 6.15: Covariance functions k(x1, x2) = cov(ũ(x1), ũ(x2)) for BNNs with different architectures.
L = 2, σb,l = 1 for l = 0, 1, 2 in all the cases. (a) N1 = N2 = 20, σw,0 = 1.0, σw,1 = σw,2 =

√
5/2 (b)

N1 = N2 = 50, σw,0 = σw,1 = σw,2 = 1.0, (c) N1 = N2 = 100, σw,0 = 1.0, σw,1 = σw,2 =
√

1/2. (d)
N1 = N2 = 20, σw,0 = σw,1 = σw,2 = 1.0, (e) N1 = N2 = 100, σw,0 = σw,1 = σw,2 = 1.0.

The posterior distribution depends on both the prior and the observed data in

the Bayesian framework. Given the same observation, surrogate models with

similar prior distributions should also provide similar posterior distributions.

For the cases of input dimension Nx = 1, we illustrate the covariance functions

for five representative priors in Figure 6.15, which are estimated from 100, 000

independent samples of neural network parameters drawn from the prior. Note

that
√

Nlσw,l is fixed for cases (a), (b) and (c), and we can see that the covariance

functions are similar for the three cases.
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(a) (b) (c) (d)

Figure 6.16: BNN-HMC with different priors for function approximation. L = 2, σb,l = 1 for
l = 0, 1, 2 in all the cases. (a) N1 = N2 = 20, σw,0 = 1.0, σw,1 = σw,2 =

√
5/2, (b) N1 = N2 = 100,

σw,0 = 1.0, σw,1 = σw,2 =
√

1/2, (c) N1 = N2 = 20, σw,0 = σw,1 = σw,2 = 1.0, (d) N1 = N2 = 100,
σw,0 = σw,1 = σw,2 = 1.0.

We plot the results for approximating the same function in Equation 6.16

with same data, using BNNs with different architectures in Figure 6.16. The

predicted means and standard deviations are observed to be quite similar for

cases in Figure 6.16a-6.16c, which is consistent with the fact that the covariance

functions of the priors for these three cases are similar (Figure 6.15a-6.15c). In

addition, the results in Figure 6.16c-6.16d are different from those in Figure 6.3e,

which is not surprising since their covariance functions are totally different (Figure

6.15).

Deep Normalizing Flow Models

Deep normalizing flow (DNF) models provide a powerful mechanism for sam-

pling from a wide range of probability distributions. While there have been many

versions of normalizing flow models, as a demonstrating example, in this chapter

we use a potential flow to build the bijective transformation. We refer the readers

to [139, 152] for similar approaches. In particular, the bijective transformation G

is defined as the map from u at time t = 0 to T of the following ODE:

du
dt

= ∇ϕ(u, t; ζ), (6.29)
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where ϕ(u, t; ζ) is represented by a deep neural network with parameter ζ, which

takes the concatenation of u and t as input, and outputs a real number. Conse-

quently, we have the following ODE for the probability density:

d ln P(u(t), t)
dt

= −∇2ϕ(u, t; ζ), (6.30)

where P(u, 0) = PµI (u) is the density of µI at u, and P(u,T) = PµO(u) is the density

of µO at u.

Here, we use the forward Euler scheme to solve the ODE (6.29). Suppose the

time step is δt = T/n, then

u0(z) = z,

ui(z) = ui−1(z) + δt∇ϕ(ui−1(z),
(i − 1)T

n
; ζ), i = 1, 2...n

(6.31)

so that G(z) = un(z). Similarly, we have the forward Eular scheme for ODE (6.30):

ln P0(u0(z)) = ln PµI (z),

ln Pi(ui(z)) = ln Pi−1(ui−1(z)) − δt∇2ϕ(ui−1(z),
(i − 1)T

n
; ζ), i = 1, 2...n

(6.32)

so that ln P(G(z),T) = ln Pn(un(z)).

For our problems, where the target distribution ν is given by the posterior
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density P(θ|D), we tune the parameters in ϕ to minimize

F(µO, ν) = DKL(µO||ν)

= Eθ∼µO[ln P(θ,T) − ln P(θ|D)]

' Eθ∼µO[ln P(θ,T) − ln P(θ) − ln P(D|θ)]

= Ez∼µI [ln P(G(z),T) − ln P(G(z)) − ln P(D|G(z))],

(6.33)

where DKL represents the Kullback-Leibler divergence, and “'” represents equality

up to a constant. In this chapter we employ the Adam optimizer to train ζ.

Ideally, µO and νwould be sufficiently close to each other after the convergence

of F(µO, ν). We could then sample {z( j)
}
M
j=1 from µI, and get statistics of P(θ|D) from

{G(z( j))}Mj=1.

The detailed algorithm is given in Algorithm 6.

Algorithm 6 Normalizing Flow

Require: an initial state for ζ.

1: for k = 1, 2...N do

2: Sample {z( j)
}
Nz
j=1 independently from µI.

3: L(ζ)← 1
Nz

∑Nz
j=1[ln P(G(z( j)),T) − ln P(G(z( j))) − ln P(D|G(z( j)))].

4: Update ζ with gradient ∇ζL(ζ) using Adam optimizer.

5: end for

6: Sample {z( j)
}
M
j=1 independently from µI.

7: Calculate {ũ(x,G(z( j)))}Mj=1 as samples of u(x), similarly for other terms.

Here we set time span T = 1, and time steps in the forward Euler scheme

n = 50 in the forward problems, while n = 10 in the inverse problems. The neural
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networks for ϕ have 3 hidden layers, each of width 128. For all the cases, the total

training steps N = 100, 000 and batch size Nz = 16. The hyperparameters for the

Adam optimizer are set as l = 10−4, β1 = 0.9, β2 = 0.999.

Inferring Space-Dependent Reaction Rate

We consider the following one-dimensional diffusion-reaction system in which

the reaction rate is a function:

λ∂2
xu − ku = f , x ∈ [0, 1], (6.34)

where λ = 0.01 is the diffusion coefficient, u is the solute concentration, k is a

space-dependent reaction rate, and f = sin(2πx) is the source term. The objective

is to infer k given noisy measurements on u and f .

Here, we set the unknown reaction rate as

k = 0.1 + exp
[
−0.5

(x − 0.5)2

0.152

]
. (6.35)

In addition, the condition u(x) = 0 is imposed at x = 0 and 1. To generate training

data, we first employ the bvp5c package with 1,000 uniform grids in Matlab to

solve u. We then randomly select 50 points for u and f , respectively, and make

observations with Gaussian noise on these points as our training data, specifically,

two noise scales are considered: (a) εu ∼ N(0, 0.012), ε f ∼ N(0, 0.012), and (b)

εu ∼ N(0, 0.12), ε f ∼ N(0, 0.12)).

We employ another neural network to parameterize the reaction rate, which

has the same architecture as the NN for u used before, i.e., 2 hidden layers with
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(a)

(b)

Figure 6.17: Space-dependent reaction rate: Predicted k, u and f using B-PINN-HMC. (a) εu ∼
N(0, 0.012), and ε f ∼ N(0, 0.012). (b) εu ∼ N(0, 0.12), and ε f ∼ N(0, 0.12).

50 neurons per layer. In addition, the activation function as well as the priors for

the weights/biases are all kept the same as the previous ones. For brevity, we only

present the results from the B-PINN-HMC. As shown in Figure 6.17, the predicted

means for k in Figure 6.17a fit the exact solution better than in Figure 6.17b.

Furthermore, the errors in both cases are mostly bounded by the two standard

deviations, which indicates the reliability of the predictive uncertainties.
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Extrapolation with B-PINNs

(a) (b)

Figure 6.18: Extrapolation with B-PINNs: Predicted u and f using B-PINN-HMC with a limited
number of observations on u. (a) εu ∼ N(0, 0.012), ε f ∼ N(0, 0.012). (b) εu ∼ N(0, 0.12), ε f ∼
N(0, 0.12).

Here we test B-PINN-HMC on the 1D inverse problem considered in Section 6.2.3

lacking one-side boundary condition of u. In particular, we only employ 4 mea-

surements on u at x ≤ 0, aiming to infer k and also extrapolate u at x > 0 with the

help of the PDE constraint as well as the 40 uniform measurements on f . We also

test two cases with different noise scales, i.e., (a) εu ∼ N(0, 0.012), ε f ∼ N(0, 0.012),

and (b) εu ∼ N(0, 0.12), ε f ∼ N(0, 0.12).

As shown in Figure 6.18, it is interesting to find that the predicted means for

u fit the exact solution quite well in the range of x ∈ [0, 0.7] even though we have

no observations of u for x > 0, which clearly demonstrates the effectiveness of
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our method for the extrapolation of u with the PDE constraint. In addition, the

predicted means and standard deviations for k in the two cases are: (a) 0.695 and

0.009, and (b) 0.647 and 0.078. Both results are in good agreement with the exact

values.

6.3 Physics-Informed GANs for Priors in Bayesian

Uncertainty Quantification

In Section 6.2 we introduced how to use B-PINNs to perform uncertainty quantifi-

cation for forward and inverse PDE problems in the Bayesian framework. There

still remains an important question: how to set the prior distributions? While we

have discussed the prior for B-PINNs in Section 6.2.6, we still have little knowledge

about how to set the prior distributions for the neural network parameters, given

a prescribed functional prior. Such functional priors could come from various

sources, here we list some of them:

• A random field model based on people’s belief, e.g., a Gaussian process with

a certain kernel.

• Simulation results with different parameters, boundary/initial conditions,

etc.

• Historical data collect from sensors placed on an hidden random field.

In the latter two cases, usually we do not have access to an analytical expression

of the prior, but instead only have finite data collected from a hidden distribution.
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Also, these data could be collected from multiple random fields in a system, which

are governed by some PDEs, and we thus need to leverage the physical knowledge

to integrate these data for the prior of the system.

Actually, the physics-informed GANs (PI-GANs) introduced in Chapter 1 al-

ready provided a tool to integrate data from multiple random fields and model

stochastic physical systems, leveraging the physical knowledge in the form of

stochastic differential equations. This inspires us to use PI-GANs to learn the

prior. In [96, 97], GANs are also proposed to provide priors for images, but here

we use physics-informed GANs to learn the functional priors with data collected

from scattered sensors placed on various terms that are intrinsically connected by

the physics.

6.3.1 Learning Priors with Physics-Informed GANs

Taking an equation of the formNxu(x) = f (x) as an example, where L is a general

differential operator. We will use a generative model Gη(x; ξ) (namely a generator),

which is a function of the spatial coordinate x and noise ξ, typically standard

Gaussian, to represent the prior for u. Here η denotes the parameters in Gη.

We will discuss the architectures of Gη later. Consequently, we use NxGη(x; ξ)

to represent the prior for f , where the derivatives of Gη can be calculated by

auto differentiation. Similarly for the boundary b. With the “snapshots” as data,

i.e., simultaneous reads at finite sensors of u, f and b, we will train Gη(x; ξ) in

an adversarial way, so that generated “fake” snapshots can approximate the real

ones. The details are presented as follows.
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We will use
ũη(x; ξ) = Gη(x; ξ)

f̃η(x; ξ) = NxGη(x; ξ)

b̃η(x; ξ) = BxGη(x; ξ)

(6.36)

to represent u(x), f (x), and boundary b(x), where Bx is the boundary operator.

Suppose we place Nu u-sensors at {x̄(i)
u }

Nu
i=1, N f f -sensors at {x̄(i)

f }
N f

i=1, and Nb b-

sensors at {x̄(i)
b }

Nb
i=1. Simultaneous read of all these sensors would yield so-called

“snapshots”, which is a random vector in RNu+N f +Nb , denoted as T ∼ Pr,T ∈

RNu+N f +Nb , where Pr is the distribution for T. This is the data we use to train the

generator Gη to learn the prior.

On the other hand, we can generate “fake snapshots” Q(ξ) ∈ RNu+N f +Nb with

Gη:

Q(ξ) = (Ũ(ξ), F̃(ξ), B̃(ξ)),

Ũ(ξ) = (ũη(x̄(i)
u ; ξ))Nu

i=1,

F̃(ξ) = ( f̃η(x̄(i)
f ; ξ))

N f

i=1,

B̃(ξ) = (b̃η(x̄(i)
b ; ξ))Nb

i=1.

(6.37)

We can use another neural network as the discriminator, which takes the real

or fake snapshots as input and output a real number, denoted as Dρ with ρ as

the parameters. Here we use Wasserstein GAN with gradient penalty (WGAN-

GP) [43] as the a version of GANs in this section, which can be interpreted as using

Wasserstein-1 distance as the metric between the generated distributions and the
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target one. Then the loss function for Gη and Dρ are

LG = −Eξ[Dρ(Q(ξ))],

LD = Eξ[Dρ(Q(ξ))] − ET∼Pr[Dρ(T)] + λET̂∼Pi
(‖∇T̂Dρ(T̂)‖2 − 1)2,

(6.38)

where Pi is the distribution induced by uniform sampling on interpolation lines

between independent samples of T and Q(ξ), and λ is the gradient penalty coeffi-

cient. In this section we set λ = 0.1.

Once Gη(x; ξ) is well-trained, it can be viewed as a map that transports a

distribution of ξ to the functional distribution of u, and in particular, the standard

multivariate Gaussian distribution to the learned functional prior of u. To estimate

the posterior of u and f , we only need to sample the posterior distribution of ξ,

and this can be done in the same spirit as B-PINNs.

Suppose we have the dataset D = Du ∪ D f ∪ Db defined in Equation 6.2 and

6.3 in the posterior estimation stage. Then, the likelihood for ξ can be written as:

P(D|ξ) = P(Du|ξ)P(D f |ξ)P(Db|ξ),

P(Du|ξ) =

Nu∏
i=1

1√
2πσ(i)

u
2

exp

− (ũη(x(i)
u ; ξ) − ū(i))2

2σ(i)
u

2

 ,
P(D f |ξ) =

N f∏
i=1

1√
2πσ(i)

f

2
exp

− ( f̃η(x(i)
f ; ξ) − f̄ (i))2

2σ(i)
f

2

 ,
P(Db|ξ) =

Nb∏
i=1

1√
2πσ(i)

b

2
exp

− (b̃η(x(i)
b ; ξ) − b̄(i))2

2σ(i)
b

2

 .

(6.39)

Combined with the prior P(ξ) = (2π)−k/2 exp
(
−‖ξ‖2/2

)
where k is the dimensionality
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of ξ, the posterior is obtained from Bayes’ theorem:

P(ξ|D) =
P(D|ξ)P(ξ)

P(D)
' P(D|ξ)P(ξ), (6.40)

With the posterior sampling approaches introduced in Section 6.2.2, e.g., HMC,

we can sample from P(ξ|D) , denoted as {ξ(i)
}
M
i=1, and then obtain the posteriors of

u and f from samples {ũη(x; ξ(i))}Mi=1 and { f̃η(x; ξ(i))}Mi=1.

Comparing the posterior in this Section and in Section 6.2, the main mod-

ification is to replace the Bayesian neural network ũ(x;θ) with a more general

generator Gη(x; ξ). To get different functional priors, in ũ(x;θ) we can only tune

the architecture and activation functions, or the priors distributions for θ. Here

in Gη(x; ξ), the prior for ξ is fixed, e.g., Gaussian, and we can tune η for different

functional priors. But we remark that ũ(x;θ) can also be viewed as a special case

of the generator Gη(x; ξ), if we reparameterize θ with ξ and η, e.g., θ = ξ�η1 +η2,

η = (η1,η2).

6.3.2 Different Generator Architectures for Learning Priors

In this section, we test with different architectures for Gη(x; ξ). In each architecture,

the prior for ξ is set as the standard multivariate Gaussian distribution. For all

neural networks we use hyperbolic tangent activation function.

The first architecture is induced from Bayesian neural networks. We set

Gη(x; ξ) = ũ(x; ξ � η1 + η2), η = (η1,η2), where ũ(x;θ) is a neural network with

θ as parameters. The entries of η1 and η2 are initialized as 1 and 0, respectively.

The input and hidden layers are scaled by the square root of layer dimensions
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when multiplied with weight matrices. Since the dimensionality of ξ equals to

the number of neural network parameters, here we test a relatively small feed

forward neural network with two hidden layers, each of width 20, thus ξ has 481

dimensions.

The second architecture is similar to the generator in PI-GANs. We set Gη(x; ξ)

as a deep neural network taking the concatenation of x and ξ as input, and η as

the neural network parameters. Here we test a feed forward neural network with

three hidden layers, each of width 128.

The third architecture is inspired by Karhunen-Loève expansion 6.26. In par-

ticular, we set Gη(x; ξ) = g̃η1(x) · h̃η2(ξ)/
√

d, where d is the dimensionality of ξ, g̃η1

and h̃η2 are two neural networks with η1 and η2 as parameters, respectively. Here

we test g̃η1 and h̃η2 with 3 hidden layers, each of width 64, and output dimension

the same as the dimension of ξ. We can see here g̃η1(x) acts as the “basis” and h̃η2(ξ)

acts as the “random variables”. Note that h̃η2(ξ) is not limited to be Gaussian, thus

Gη(x; ξ) can represent non-Gaussian stochastic processes.

Here we compare the above three architectures on the Poisson equation

−0.1∆u = f (6.41)

with different priors for u and f .

In the first problem, we set the target priors for u as

u = softplus(A) sin
(
softplus(ω)x

)
(6.42)

with A ∼ N(1.5, 0.32) and ω ∼ N(3.0, 0.72). The prior for f can be obtained
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correspondingly. We place two u-sensors at -1 and 1 and 21 equidistant f -sensors

from -1 to 1, and generate 10000 snapshots to train the generators. The dimension

for the input noise ξ is set as 10 for the second and third generator architecture,

and the batch size is set as 128. The training takes 106 steps for all three generators.

The target prior and learned priors are visualized in Figure 6.19. In the posterior

estimation stage, we provide two observation data with noise size 0.2 for each of u

and f , and use HMC to estimate the posteriors, which are visualized in Figure 6.20.

We can see that for this case the learned priors and posteriors are close to the target

ones.

Note that the estimated u posteriors always pass through (0, 0), which is be-

cause the u priors always pass through (0, 0). Such an informative prior for u can

only be obtained through the PDE since we only have two u-sensors at −1 and

1. This example shows the capability of PI-GANs to learn an informative prior,

which benefits the Bayesian uncertainty quantification, with the help of the PDE.
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Figure 6.19: Target priors for u and f , as well as the learned priors with different generator
architectures. (a) The target priors, the grey vertical dashed lines represent the locations of sensors.
(b-d) The learned priors with the first, second, and third generator architecture, respectively. The
red curves and shaded areas represent the mean and two standard deviations, while the black
dashed curves represent the sample functions.
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Figure 6.20: Posteriors for u and f , using the target priors and the learned priors with different
generator architectures. (a) The posteriors using the target priors. (b-d) The posteriors using the
learned priors, with the first, second, and third generator architecture, respectively. The curves
and shaded areas represent the mean and two standard deviations.

In the second example, we set the target prior for u as a Gaussian process:

u ∼ GP(0, k(x, x′))

k(x, x′) = exp
(
−

(x − x′)2

2 × 0.42

)
.

(6.43)

The prior for f can be obtained correspondingly. We place 41 u-sensors and 41

f -sensors equidistantly from -1 to 1, and generate 10000 snapshots to train the

generators. The dimension for the input noise ξ is set as 40 for the second and

third generator architecture, and the batch size is set as 1024. The training takes

106 steps for the first generator architecture, and 105 for the rest two. We visualize

the covariance of the generated functions at x and y against the distance |x − y| in

Figure 6.21. In the posterior estimation stage, we provide two observation data

for u and nine observation data for f , all with noise size 0.01, and use HMC to

estimate the posteriors, which are visualized in Figure 6.22.
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Figure 6.21: Covariences of learned priors at x and y against the distance |x − y|, with different
generator architecture. (x, y) are randomly sampled from [−1, 1]2. (a-c): The first, second, and third
generator architecture, respectively. The three rows show the results with three random seeds.

For this case, although the covariances of the priors learned by the three gener-

ators match the covariances of the target prior (the analytical kernel), the estimated

posteriors are pretty different. The posteriors given by the first architecture are

reasonable in that the ground truth is mostly bounded by the two standard devi-

ations, but the error and uncertainty are larger than the posterior with the target

prior. The second architecture fails in that error is large, and the uncertainty is

significantly underestimated. The third architecture outperforms the second one,

but is not very robust.
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The results here shows the influence of generator architectures. It is important

to notice that even the learned prior are statistically consistent with the target

prior, the corresponding estimated posterior could be inconsistent. We discuss

this issue in the next section.

1.0 0.5 0.0 0.5 1.0
x

2

1

0

1

2

3

4
Posterior with Target Prior

inferred u
inferred f
ground truth

data for u
data for f

(a)

1.0 0.5 0.0 0.5 1.0
x

2

1

0

1

2

3

4
Posterior with Learned Prior
inferred u
inferred f
ground truth

data for u
data for f

1.0 0.5 0.0 0.5 1.0
x

2

1

0

1

2

3

4
Posterior with Learned Prior
inferred u
inferred f
ground truth

data for u
data for f

1.0 0.5 0.0 0.5 1.0
x

2

1

0

1

2

3

4
Posterior with Learned Prior
inferred u
inferred f
ground truth

data for u
data for f

(b)

1.0 0.5 0.0 0.5 1.0
x

2

1

0

1

2

3

4
Posterior with Learned Prior
inferred u
inferred f
ground truth

data for u
data for f

1.0 0.5 0.0 0.5 1.0
x

2

1

0

1

2

3

4
Posterior with Learned Prior
inferred u
inferred f
ground truth

data for u
data for f

1.0 0.5 0.0 0.5 1.0
x

2

1

0

1

2

3

4
Posterior with Learned Prior
inferred u
inferred f
ground truth

data for u
data for f

(c)

1.0 0.5 0.0 0.5 1.0
x

2

1

0

1

2

3

4
Posterior with Learned Prior
inferred u
inferred f
ground truth

data for u
data for f

1.0 0.5 0.0 0.5 1.0
x

2

1

0

1

2

3

4
Posterior with Learned Prior
inferred u
inferred f
ground truth

data for u
data for f

1.0 0.5 0.0 0.5 1.0
x

2

1

0

1

2

3

4
Posterior with Learned Prior
inferred u
inferred f
ground truth

data for u
data for f

(d)

Figure 6.22: Posteriors for u and f using the target prior and learned priors. (a) The posteriors
corresponding to the target Gaussian process prior. (b-d) The posteriors estimated with the priors
learned by the first, second, and third generator architecture, respectively. The three rows show
the results with three random seeds. The curves and shaded areas represent the mean and two
standard deviations.
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6.3.3 Why the Prior Learned by Wasserstein GANs Fails for Pos-

terior Estimation

There are mainly two reasons:

• A series of generated multivariate distributions converge to the target dis-

tribution in Wasserstein distance does not implies that the statistics of the

conditional distributions converge to the statistics of the target conditional

distribution.

• Even if the conditional distributions converge to the target conditional dis-

tribution, the corresponding distributions in the input noise space could be

multi-modal, and hard to be sampled from with HMC method.

Here we construct an example. We set the target distribution of T asU([0, 1]2),

the uniform distribution on [0, 1]2, and the generated distributions Qn as uniform

distributions on the graph of y = arccos(cos(nπx))/π, x ∈ [0, 1], for n = 1, 2....

The input noise z could be sampled from U([0, 1]) and the generator function is

(z, arccos(cos(nπz))/π).We visualize the generated distributions Qn in Figure 6.23.
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Figure 6.23: Illustration of the generated distributions Qn for n = 2, 5, 20, 50. Qn is the uniform
distributions on the graph of the function.

It is not hard to see that Qn converges to T in the Wasserstein distance. However,
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for any n and for any x ∈ [0, 1], the conditional distributions Qn(y|x) are Dirac delta

distributions δarccos(cos(nπx))/π, while the conditional distribution T(y|x) is U([0, 1]).

On the other hand, for any y ∈ (0, 1), while we can show that Qn(x|y) converge

to T(x|y), i.e.,U([0, 1]), the corresponding distributions for z are uniform discrete

distributions with n modes.

In the above example the input noise dimension is less than the target distri-

bution dimension, but even if the former is no less than the latter, it is still possible

that some of the input noise dimensions are curled up so that the generated dis-

tributions still concentrate on low dimensional manifolds.

6.3.4 Improve the Learned Priors with Gradient Penalty for Gen-

erators

In the above illustrative example, the gradient of the generator function w.r.t. the

input noise z increases as n goes to infinity. This inspires us to penalize the gradient

of generator to improve the learned prior for posterior estimation.

Take the second problem in Section 6.3.2 as an example, where we have Nu = 41

u-sensors and N f = 41 f -sensors to learn the prior. We define the gradient penalty

as

Lgrad = Eξ
1

Nu + N f


Nu∑
i=1

‖∇ξũη(x̄(i)
u ; ξ)‖2 +

N f∑
i=1

‖∇ξ f̃η(x̄(i)
f ; ξ)‖2

 , (6.44)

where x̄(i)
u and x̄(i)

f are the locations of u-sensors and f -sensors. We augment the

original generator loss LG in Equation 6.38 with γLgrad to train the generator, where

γ is the penalty weight. Eξ in Equation 6.44 can be estimated by Monte Carlo, using

the same batch of ξ as in the original generator loss function LG in Equation 6.38.
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Figure 6.24: Covariences of learned priors at x and y against the distance |x − y|, with different
gradient penalty coefficients γ for the second generator architecture. (x, y) are randomly sampled
from [−1, 1]2. (a-c): γ = 0.1, 1.0, 10.0, respectively. The three rows show the results with three
random seeds.

In Figure 6.24 and Figure 6.25 we show the learned priors and correspond-

ing estimated posteriors for using the second generator architecture with γ =

0.1, 1.0, 10.0. Here the batch size is reduce to 128 to reduce computational cost.

The estimated posteriors show no improvements for γ = 0.1, but show the trend

of improvement as we further increase γ. However, as γ increases, from the co-

variance we can also notice the inaccuracy of the learned prior, which is due to

the bias introduced by the gradient penalty. Future research could investigate

other regularization techniques for the generator to improve the training of GANs
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to learn priors, for example, spectral normalization, which was originally pro-

posed to regularize the discriminator [86] and later also applied to regularize the

generator [150] in image generation tasks.
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Figure 6.25: Posteriors for u and f using the learned priors, with different gradient penalty
coefficients γ for the second generator architecture. (a-c) γ = 0.1, 1.0, 10.0, respectively. The three
rows show the results with three random seeds. The curves and shaded areas represent the mean
and two standard deviations.
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6.3.5 Supplementary Material

Deep Normalizing Flow for Posterior Surrogates with the Learned Priors

While we can perform posterior estimation with HMC, it takes times for HMC to

converge. In some scenarios, we may need online posterior estimation, and HMC

is too slow to give timely results. In such scenarios, a posterior surrogate which

takes the online observations as input and output the posterior samples, would

be useful for fast posterior estimation.

Here we use deep normalizing flow models to learn posterior surrogates, and

show a simple example as a proof of concept. The idea of using invertible neural

networks for posterior surrogates is proposed in [99], here we use it in Bayesian

inference of PDE problems. Specifically, we use the prior learned by the second

architecture, in the first problem of Section 6.3.2. We then make observations at

two u-sensors and two f -sensors, with the ground truth (A, ω) sampled from a

hidden distribution ν, and the observation noise is N(0, 0.22). Note that ν can be

different from the prior, here we set A ∼ U([1.0, 2.0]) and ω ∼ U([2.0, 4.0]), A and

ω are independent.

In Section 6.2.6, we already introduced how to train deep normalizing flow

models to approximate the posterior distributions conditioned on a single set

of observations. The method used here is similar. We list the differences and

important hyperparameters as follows:

• Instead using ∇ϕ to represent the velocity, here we directly use a neural

network ϕ to represent the velocity, aiming to reduce the computational
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cost. In particular, ϕ is a ResNet [45] with 5 hidden layers, each of width 128,

shortcut skipping one hidden layer. We set time span T = 1, and use 20 time

steps, i.e. step size is 0.05.

• Apart from u and t, ϕ also takes the four observations of u and f as input.

• In each train step of ϕ, we randomly generate a set of noisy observations of

u and f , and calculate the corresponding posterior used in the loss function

of the flow model Equation 6.33. Note that the loss function is based on

analytical unnormalized posterior densities, and we do not need to prepare

posterior samples for the training.
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Figure 6.26: The posterior conditioned on ten sets of observations, predicted by the deep normal-
izing flow as a surrogate model. The first and third row are for u, while the second and forth row
are for corresponding f . The red lines and shaded areas represent the mean and two standard
deviations.
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We train the flow model for 106 steps. Once trained offline, the surrogate model

need no further training when predicting the posteriors with new sets of observa-

tions. It takes about 3 seconds to make predictions for 10 sets of observations on

MacBook Pro 2018 with 2.9 GHz 6-Core Intel Core i9 CPU. We show the predicted

posteriors in Figure 6.26, where we can see that the trained surrogate model gives

reasonable predictions.

6.4 Summary of Chapter

There are many sources of uncertainty in data-driven PDE solvers, including

uncertainty associated with noisy and gappy data, uncertainty associated with

unknown parameters, and uncertainty associated with the type of PDE that models

the target phenomena. In this chapter, we address the data uncertainty for solving

forward and inverse PDE problems in the Bayesian framework, based on noisy

data associated with the solution, source terms and boundary conditions.

In the first part of this chapter, in order to quantify uncertainty and improve

the accuracy of PINNs, we propose Bayesian physics-informed neural networks

(B-PINNs), using a Bayesian neural network for the solution with likelihood func-

tion induced from the PDE, combined with different estimators for the posterior,

namely, the Hamiltonian Monte Carlo (HMC) method and the variational infer-

ence (VI). We conduct a comprehensive comparison among different methods, i.e.,

the B-PINNs with HMC, B-PINNs with VI (more specifically the mean field Gaus-

sian approximation with Kullback-Leibler divergence minimization), and PINNs

with dropout, which is also used to quantify the uncertainty of neural networks.

Our experiments demonstrate good accuracy and robustness of B-PINN-HMC, but
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B-PINN-VI usually gives unreasonable uncertainties, which could be attributed to

the fact that the posterior distribution is approximated by a factorizable Gaussian

distribution in this version of VI. The above findings are consistent with those

reported in [34, 112, 144]. Moreover, dropout can hardly provide satisfactory

uncertainty quantification, in agreement with [144].

While the choice of priors for B-PINNs may have a significant influence on the

posterior predictions especially in the cases with small data, such choice of priors,

including the architecture of neural networks and the prior distribution for the

parameters etc., is a great challenge. In the second part of this chapter, we propose

to use physics-informed GANs to learn priors for the solution. The learned prior

can then be used in B-PINNs. We compared different architectures to represent

stochastic processes for the solution, and show that even the learned prior are

statistically consistent with the target prior, the corresponding estimated posterior

could be inconsistent. We discussed the underlying reasons with an illustrative

example, and propose to penalize the gradient of generator to improve the learned

prior for Bayesian uncertainty quantification.



Chapter Seven

Conclusion
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7.1 Summary

Motivated by the ubiquitous demand of leveraging both data and partial knowl-

edge of physical laws for stochastic modeling and uncertainty quantification, in

this dissertation, we developed a series of methods centered around generative

adversarial networks (GANs) for physics-informed learning.

We firstly proposed physics-informed GANs to solve forward, inverse, and

mixed problems of time-independent stochastic differential equations, using data

collected from sensor measurements. Using neural networks for parameterizing

the stochastic processes, we showed that physics-informed GANs can solve prob-

lems with high stochastic dimensions. We then extended the application of GANs

to dynamic inference with observations of particle ensembles as data, namely

“generative ensemble regression”. A physics-informed loss function is applied

when inferring the nonlocal interactions in generative ensemble regression. A

similar idea is also used in the development of the potential flow generator for

GANs, which not only tries to transport the input distribution to the target one,

but also aims to find the one with minimum L2 transport cost. We showed the

effectiveness of the potential flow generator in image translation tasks with un-

paired training data. To address the oscillation and instability problem of GANs

in generative ensemble regression tasks, we developed the measure-conditional

discriminator for GANs. We showed that the measure-conditional discriminator

is more robust than the vanilla one, and improves the stochastic dynamic infer-

ence in generative ensemble regression tasks. Finally, we introduced Bayesian

uncertainty quantification for partial differential equations (PDEs) with physics-

informed GANs. We first proposed Bayesian physics-informed neural networks

to solve forward and inverse PDE problems with noisy and gappy data, and sub-
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sequently proposed to use physics-informed GANs to learn functional priors for

the Bayesian uncertainty quantification.

7.2 Other Generative Models

Apart from GANs, there are other deep generative models, here we list them and

discuss their attributes. Future research could explore the possibility of applying

these generative models for physics-informed learning.

Autoencoders [46] are deep learning models for dimensionality reduction.

They introduce two neural neural networks: encoder and decoder. The for-

mer one is designed to translate a high-dimension vector into a corresponding

low-dimensional code, while the latter one is designed to reconstruct the high-

dimensional vector from the low-dimensional code. In general, autoencoder is

trained by enforcing the composition of encoder and decoder to be an identity

map. The variational autoencoder (VAE) [56], as a probabilistic version of au-

toencoder, translates the input vector into stochastic codes, and the decoder can

be viewed as a generative model if one samples the codes and decodes them

into reconstructed vectors. VAE and GANs can both generate synthetic data and

provide latent representations of the given data. Currently the CIFAR-10 image

generation benchmark shows that GANs-based models [51] outperforms VAE-

based models [133], but the gap is very small, suggesting the future potential of

VAE-based models.

Normalizing flow models [27, 19] are constructed by the composition of a se-

quence of invertible transformations. The most important attribute of normalizing



225

flow models is that the density of the data can be estimated via such invertible

transformations. Therefore, they can be trained with density-related loss func-

tions, and used in density-related tasks. Apart from generating synthetic data and

provide latent representations as GANs and VAE, normalizing flow models can

also perform density estimation for data, or sample from prescribed (unnormal-

ized) density functions, which could be hard for common versions of GANs and

VAE. In Chapter 6 we applied normalizing flow models in posterior sampling.

Deep autoregressive models formulate a high-dimensional probability distri-

bution as the product of a series of conditional distributions. Autoregressive

models can also estimate the density and generate synthetic data, but an impor-

tant characteristic is that they generate high-dimensional samples dimension by

dimension based on the conditional distributions, where the i-th component is

conditioned on the first i − 1 components. They can be used for general data like

images [129], but perhaps they are more suitable for very-high dimensional data

with natural conditioning structure, for example, time series [92].

Finally, we should note that many models have been proposed as the hy-

brid of the deep generative models introduced above, for example, the hybrid

of adversarial training and VAE [84], and the hybrid of GANs and normalizing

flow models [41]. Such models could combine the advantages of different deep

generative models.
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7.3 Open Problems and Future Work

The application of physics-informed GANs in Chapter 2 and 6 relies on using

neural networks to approximate stochastic processes. While there have been works

on approximating stochastic processes using neural networks [126, 8], it is still not

clear how to select the neural network architectures for a better approximation of

specific stochastic processes, which requires future investigation.

When applying GANs to learn functional priors, we empirically found that

WGAN-GP could fail with a certain generator architecture, although the learned

prior is still statistically consistent with the target one. While we have discussed

the underlying reason and proposed a method for improvement, more systematic

studies are still required. Future research should investigate employing different

adversarial loss functions, different generator architectures, or different regular-

ization methods for the generator, to improve the learned prior for posterior

estimation.

In Chapter 2 we use physics-informed GANs to solve stochastic differential

equations and mainly consider the mean and standard deviation of the stochastic

solution as our quantity of interest. For such purposes, we empirically observed

that as we increase the stochastic dimension from 30 to about 120, the compu-

tational time grows in a low-order polynomial rate with the same number of

snapshots as data. However, if we apply GANs for other purposes, for example,

learning prior distributions from data for posterior estimation, the growth rate of

data requirement and computational cost with respect to the stochastic dimension

is not clear yet. Also, it is not clear if we can reduce the data requirement by

designing neural networks with special architectures, or apply soft constraints
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and regularization techniques to reflect our knowledge of the distribution. Such

problems need future theoretical and empirical study.

We have shown in Chapter 3 that GANs can be applied to learning particle

dynamics based on observations of ensembles. It is possible to apply similar meth-

ods to learn the interaction parameters for particle-based simulation methods. In

particular, we will fit the target mass and velocity distributions coming from the

analytical solution or other simulation methods that are accurate but expensive.

We leave this promising research direction for future work.
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