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2.10 Triplets of a single training case for the P-V response. A dataset
triplet is composed of images u (strut and damage fields), volume of
injection Vk, and its corresponding pressure Pk. . . . . . . . . . . . . . . 33

2.11 Learning the pressure–volume curve using different input data and
trunk network architectures. (a) Errors and deviations of different
network architectures trained to learn the pressure–volume curve. The
trunk net is chosen as a fully-connected network (FNN) for each run,
while the branch net is chosen as a convolutional neural network (CNN)
or a FNN, respectively. The networks trained with damage fields have
a lower testing error than those without, given the same training cases.
The error bars show one standard deviation from 5 runs with different
initiation. (b, c) The training and testing errors are plotted against
the number of training cases. FNN and CNN (trunk net) trained with
damage fields are plotted in blue, while those without damage fields
are plotted in red. (d, e) Using the same color style, the losses vs
training epochs are plotted for FNN and CNN, respectively. . . . . . . 35
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2.12 DeepONet for predicting P-V responses. Model predictions (dashed
lines) for training cases 1 and 2 are compared with the true data (black
line, first column). In particular, model predictions with and without
damage fields are plotted in red and blue, respectively. The mid-
dle and right columns compare the testing data with models trained
with(red)/without(blue) the current damage field. Notice that the or-
ange line represents the predicted P-V curves based on the prediction
of Net D. The branch net is a FNN trained with 1900 training cases. The
true data were generated from the phase-field finite element solver.
Note that the pressure values are normalized to O(1) by dividing by 100. 36

2.13 L2
2 errors with different regularization parameters for Net P-V and

Net D. We train a Net P-V and a Net D with 1,000 training cases using
different regularization parameter α. . . . . . . . . . . . . . . . . . . . . 43

2.14 Training/Testing results of DeepONet for predicting displacement
fields. Model predictions and true displacement fields are shown in
the first and second columns, while the third column presents their
absolute difference. (a, b) show the results for a training case at steps 0
and 57, while (c, d) represent for a testing case at steps 0 and 47. The
length unit is µm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

2.15 Mean square errors (MSE) for predicting displacement fields against
the number of training cases and epochs. The network architectures
are the same in Table 1. The shaded area represents one standard
deviation from 5 runs with different initiation. . . . . . . . . . . . . . . 45

2.16 Testing results of DeepONet for predicting damage fields based on
partial information. (a) Model predictions and (b) true displacement
fields at steps 0, 20, and 40 are shown, whereas the predictions are only
based on strut maps. (c) Testing loss of models with different inputs
versus injection volume. The red bars indicate testing loss (L2 error)
of model predictions with strut and damage field as input whereas the
blue bars are predictions based only on strut maps. The error bars
show the one standard deviation from 5 runs with different initialization. 46

2.17 Testing results of DeepONet for predicting displacement fields based
on partial information. (a) Model predictions and (b) true damage
fields at steps 0, 20, and 40 are shown, whereas the predictions are based
only on strut maps. (c) Testing loss of models with different inputs
versus injection volume. The red bars indicate testing loss (L2 error) of
model predictions with strut and damage fields as input whereas the
blue bars are predictions only based on strut maps. The error bars show
the one standard deviation from 5 runs with different initializations. . 47

2.18 Maximum volume and pressure distributions. Because the data-
generating finite element simulations of dissection were executed until
failure, the training and test data used to develop and validate the
P-V predictive models presented herein exhibited a large range of
maximum injection volume and pressure values. (a) Kernel density
estimation of the maximum volume data yielded two primary sub-
populations of samples: one tightly concentrated around ∼3500 µm3

and another more variable group of samples that failed earlier. The
overall distribution is well described by a two-component Gaussian
mixture. (b) The distribution of maximum pressure values was uni-
modal and nearly Gaussian. GMM, Gaussian mixture model; KDE,
kernel density estimation. . . . . . . . . . . . . . . . . . . . . . . . . . . 49
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2.19 Statistical analysis of the pressure-volume data. (a) Percentiles and
(b) correlations of observed pressure as a function of the injection vol-
ume. (c) Standard deviation of observed pressure as a function of
the injection volume. (d) Standard deviation of volume-specific pres-
sure plotted against the mean pressure observed at the same volume,
showing a nearly linear relation. (e) While at low volumes, the pres-
sure data is positively skewed, the skewness is closer to zero at higher
volumes. (f) Similarly, pressure distributions are leptokurtic at low
volumes, but approach a kurtosis of 3 at higher volumes. Together,
these metrics suggest that the pressure distributions at high volumes
are nearly Gaussian (cf Fig. 2.18(b)). . . . . . . . . . . . . . . . . . . . . 50

2.20 Preprocessing of the strut map for linear regression. (a) In the first
version of the model, the input elastin strut map data is downsampled
to half of its size along each dimension. In downsampling, each ad-
jacent 2 × 2 block of pixels in the strut map is reduced to one pixel,
whose value is set to the mean in the original pixel block. (b) In the
second version of the model, the original strut map is first cropped to
include only the top-left region surrounding the injection, and then the
cropped strut map is downsampled, leading to a substantially reduced
input space. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

2.21 Absolute values of the least-squares linear P-V model coefficients.
(a) Due to the large input space in the first version of the model, the
regression results in spurious coefficient values in regions far from the
injection site, suggesting possible overfitting. (b) The reduced input
space yielded similar results in the remaining coefficients. In both mod-
els, pressure predictions at low injection volumes (e.g. ≤ 1000 µm3) are
dominated by the elastin microstructure along the immediate bound-
ary of the initial injection region, but broader regions of the tissue
contribute to the model at higher volumes (∼2000 µm3). . . . . . . . . . 52

2.22 Performance of the linear P-V model for three representative sam-
ples. (a) In the first version of the model, the uncertainties in pre-
dicted pressure values estimated from the training data are substan-
tially smaller than the errors observed in validation against the test
data, indicating that the model overfits the training data. (b) In the sec-
ond version of the model, which utilizes a cropped and downsampled
strut map as its input, the uncertainties estimated from the training
and test data are approximately equal. CI, credible interval. . . . . . . 53

2.23 Results of the linear model for predicting P-V responses. Model pre-
dictions (dash lines) for training cases 1 and 2 are compared with the
true data (black line, first column). In particular, model predictions
with and without damage fields are plotted in red and blue, respec-
tively. The other columns compare the testing data with models trained
with (red)/without (blue) the current damage field. The branch net is
FNN trained with 1900 training cases. The true data were generated
from the phase-field finite element solver. . . . . . . . . . . . . . . . . . 54

2.24 Neighborhood normalized stiffness maps. Maps of the tissue stiffness
averaged over 1×1, 3×3, and 5×5 pixel neighborhoods, for a represen-
tative sample. The stiffness values were computed directly from the
elastin strut map, and normalized to the prescribed elastin stiffness,
which is 20× greater than that of the non-elastin matrix. . . . . . . . . . 57
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2.25 Logistic regression results. (a) Best-fit coefficients for the logistic re-
gression model, showing contributions of damaged neighboring pixels
and effective local tissue stiffness. (b) Corresponding map of the con-
tribution of local tissue stiffness to the probability of tearing. . . . . . . 57

2.26 Logistic regression-based damage prediction. True (i.e. finite element-
derived) and predicted (by the logistic regression model) maps of dam-
age, shown at frames one-third (t1/3) and two-thirds (t2/3) of the way
through the simulation as well as at the final simulation time (t1). The
damaged region is displayed in white, while the locations of elastin
struts are shown as red dots. . . . . . . . . . . . . . . . . . . . . . . . . . 59

3.1 Schematic of imaging-driven modeling of aortic mechanics. (a) Aorta
isolation from mouse models. A segment of the descending thoracic
aorta (DTA) was isolated from euthanized mice and was (1) cannulated
and mounted on a biaxial loading device. (b) The segmented aorta was
pressurized and loaded to in vivo states where two-photon imaging
and mechanical data were collected. The collected data were analyzed
separately: (c) the mechanical data were used to quantify mechanical
parameters in the four-fiber model and (d) the imaging data were post-
process in a specific pipeline for geometry reconstruction. (e) Detailed
computational modeling was developed using parameters fitted from
(c) and particle representation of the microstructure from (d). . . . . . 67

3.2 “spiky” kernel in SPH with the kernel radius h. . . . . . . . . . . . . 68
3.3 Algorithms that introduce deposition prestretch in SPH. Left: The

inner wall is fixed with incremental deposition prestretch (∆G). The
wall is free to move in the radial direction while being bounded in
the circumferential direction. Right: Once the deposition prestretch is
imposed, the inner wall is moved in the radial direction until the end
of the moving step. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

3.4 Inflation test and wall stresses predicted by the mean-behavior SPH
model. Left: SPH particles at the initial (blue) and loaded (orange)
configuration. Right: Circumferential stresses predicted from the SPH
(red dots) and an analytical thick-wall model during inflation. . . . . . 77

3.5 Procedures of imaging processing and microstructure reconstruction.
(a) A stack of raw images that represent elastic lamellae was processed,
(b) filtered, and (c) thresholded through a customized pipeline. (d) The
thresholded images are converted into particles with collagen (yellow)
coating on the outer and smooth muscle filled in the intralamellar space
(blue). (e) The reconstructed geometry is transformed in a cylindrical
coordinate with curvature. . . . . . . . . . . . . . . . . . . . . . . . . . . 77

3.6 Reconstructed microstructure for the (a) mgR and (b) WT model.
Mass fraction of each constituent: (Elastin, WT) 44.58%, (SMC, WT)
32.12%, (Adventitia, WT) 23.30%; (Elastin, mgR) 45.99%, (SMC, mgR)
21.68%, (Adventitia, mgR) 32.33%. . . . . . . . . . . . . . . . . . . . . . 79

3.7 Microstructure and stresses distribution in the WT (top) and mgR
(bottom) predicted from SPH simulations. The stresses are simulated
at diastole (80 mmHg). . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

3.8 Distribution of the radial (σr) and circumferential (σθ) stresses in the
WT (left) and mgR (right) model. The predicted stresses from SPH
are plotted with the blue solid lines with the dashed lines representing
analytical solutions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
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3.9 Benchmark testing for parallel efficiency of LAMMPS SMD. We test
the code efficiency for a fixed size problem run on different numbers of
processors. Speedup factors of LAMMPS SMD (out implementation)
are bounded by the theoretical speedup. . . . . . . . . . . . . . . . . . . 85

3.10 Fitting from the four-fiber model (red lines) with best-fit parameters
and biaxial testing data (dots) for the WT mouse. . . . . . . . . . . . . 86

3.11 Fitting from the four-fiber model (red lines) with best-fit parameters
and biaxial testing data (dots) for the mgR (Marfan) mouse. . . . . . 87

4.1 Schematic of a PINN for solving inverse problem for Cahn-Hilliard
and Navier-Stokes PDEs. Circled by blue boxes, Net U and Net W
represent surrogate models for the PDEs solution whose derivatives
can be computed with automatic differentiation (AD). The computed
derivatives are used in the loss function to restrict model outputs such
that they satisfy the system of PDEs in Ω. For inverse problems, the
residual between sensor measurements u|data and model outputs ûΩ are
included in the loss function. We use ADAM to optimize the model
parameters θ (weights and biases) and search the unknown values of
the material parameters from the PDEs λ to minimize the loss function. 95

4.2 2D flow past a thrombus. (a) The computational domain is a channel
with walls on the top and bottom boundaries with the inlet flow u(t, y)
entering from the left side.; φ=1 corresponds to fluid. A thrombus
with a permeable core φ = −1 and shell φ = 0 is present at the bottom
boundary. (b) Sampling points for inferring permeability include initial
points (?) at the time t0, inner points (?) from t1 to tn, boundary points
(?) on boundaries, and point measurements (?) with PDE solutions. . 98

4.3 Prediction and error of 2D flow past a thrombus for various perme-
ability values at t = 0.63. Representative snapshots of the reference
data for permeability value κ (a) 50 (b) 0.5 (c) 0.005 (d) 0.0005 are shown
against the predicted phase and velocity field. The first column shows
the reference simulation results while the second shows the results
from the PINNs. The third column shows the absolute value of the
difference between references and model predictions. The network is
informed by 10,000 point measurements drawn from t ∈ [0.33, 0.63]. . . 100

4.4 Performance and history of PINN on predicting permeability of 2D
flow past a thrombus withκ ranging from 0.0005 to 50. (a) Comparison
of the inferred values with the reference values. (b) Mean relative L2
errors for phase and velocity field when κ varies from 0.0005 to 50.
The plots in (c, d, e, f) illustrate the inference of the permeability with
respect to the number of iterations of PINN when κ = 50, κ = 0.5,
κ = 0.005, and κ = 0.0005. The number of training points is 10,000. . . 101

4.5 Effect of the number of training points on the accuracy of PINNs.
Ntotal = 100,000. Plots (a, d, g, j) show comparison of reference and
inferred permeability for a different number of training points from
0.1% of the total number of points to 40%. The second and the third
column show the mean of relative L2 error for (b, e, h, k) velocity field
and (c, f, i, l) phase field over time for different numbers of training
points. We shaded the area where the error is lower than 1%. . . . . . 103
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4.6 Predictions of 2D flow past a thrombus trained with noisy phase
field measurements. (a) Inferred permeability and (c) mean relative
L2 errors between the model predictions and the reference for phase εφ
and velocity field εv. Noise is added to the phase field with the noise
level ranged from 0 to 20%. Here, 10,000 data points are scattered in
the spatio-temporal domain as the training data to infer the permeability.104

4.7 2D flow past a thrombus with phase dependent permeability. (a)
History of network losses (Loss PDE, Loss IC, Loss BC, and Loss Data)
and (b) inferred the permeability κ as a function of φ. (c) The values of
a and b at each epoch. (d) Comparison of phase field and velocity field
for κ(φ) at t = 0.78 and their absolute error. The core permeability is
0.001 and the shell permeability is set 1 as the actual values. 10,000 data
points are scattered in the spatio-temporal domain from 30 snapshots
(t ∈ [0.03, 0.93]) as the training data to infer the permeability. . . . . . . 105

4.8 (a) Schematic for viscoelastic thrombus in a cavity, (b) history losses
for each term, and (c) inference of λe. (a) We impose a time-dependent
sinusoidal vertical velocity v(t, x) = −(1 − cos(2πt)) sin(2πx) at the top
boundary, and set the left and right sides as periodic. We changed
the weight for each loss term at epoch 600,000. Training data points
are scattered among the spatio-temporal domain to train the network,
including 20,000 phase field points from the inner spatio-temporal do-
main, 2,000 pressure measurements at boundaries, and 1,000 initial
points. Loss PDE: loss for the PDEs residuals, Loss BC: loss for bound-
ary conditions, Loss IC: loss for initial conditions, Loss Data: loss for
measurements data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.9 Viscoelastic thrombus in a cavity. The first column presents the phase
field distribution φ, velocity field v, and pressure distribution p from
reference data, respectively. The second column shows the same field
predictions from the model at t = 0.48. The absolute difference between
the data and the model predictions are plotted in the third column. . . 109

4.10 2D flow past a viscoelastic biofilm setup. (a) The computational do-
main is a channel with wall boundaries on the top and bottom sides,
and with flow u(t) entering from the left side. A viscoelastic biofilm
is present at the bottom boundary. (b) Training points include initial
points (?) at time t0, inner points (?) from t1 to tn, boundary points (?)
on the boundaries, and point measurements (?) with PDE solutions.
The sampling points are refined within the dashed line area to improve
the results of the PINN model. . . . . . . . . . . . . . . . . . . . . . . . 110

4.11 History of (a) network losses and inference for (b, c) λe and κ against
the number of training epochs for the biofilm problem. The full time
window is from 0.02 to 1.16. . . . . . . . . . . . . . . . . . . . . . . . . . 112

4.12 2D flow past a viscoelastic biofilm. With λe and κ unknown at the
same time, we sample 15,000 phase field data, 2,000 pressure points at
boundaries, and 1,000 initial points as the training data for parameters
inference and field regression. The time is from 0.02 to 1.16. Represen-
tative snapshots (at t0 = 0.02, t1 = 0.44, and t2 = 0.86) of the reference
(a) phase field and (b) velocity fields are shown against the predicted
phase and velocity from the model. The first column shows the ref-
erence fields from simulation, the second shows the predicted results
from PINNs, and the third column shows the absolute value of the
difference between the references and the model predictions. . . . . . 113
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4.13 Effect of the number of training points on the prediction value of
λe with κ value as known. (a, g) Predicted λe versus the number of
training points for case with zero κ and non-zero κ. (b-f, h-l) The mean
relative error L2 versus the number of training points for each field
when κ = 10 and κ = 0.01. We also plotted the inference results and L2
error given various training data sources such asφ+u+p,φ+p, and only
with φ. For the one with pressure information and phase field, inner
(Ω) and boundary (∂) pressure measurements are used respectively to
train the neural network. We shaded areas with lower than 5% of error.
t ∈ [0.02, 1.16], Ntotal = 200, 000. . . . . . . . . . . . . . . . . . . . . . . . 115

4.14 2D flow past a viscoelastic biofilm trained with noisy measurements
with λe unknown. (a) The inferred λe. (b) presents the mean relative L2
errors between the model predictions and the references for each field.
Noise is added to the phase field with the noise level ranged from 0 to
20%. Here, 16,000 (8%) data points are scattered in the spatio-temporal
domain. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116

4.15 A posteriori practical identifiability analysis of κ to the phase field.
(a-d) Phase field difference between κ is set as true values and inferred
values. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

4.16 2D flow past a viscoelastic biofilm for λe = 15 and 0.1. The first
two lines show the phase field different at t0 = 0.44 and t1 = 0.86.
The middle two lines and the last two lines show the comparison of
velocity and pressure at t0 and t1. The last column presents the absolute
difference between fields data when λe = 15 and 0.1. . . . . . . . . . . . 122

4.17 Results for the biofilm case with additional results. We train the
PINN model with p + u and φ + u as comparisons, and we plot the
inference results and errors on the top of Fig. 4.13 with opaque lines
indicating the new results. The shaded areas indicate that the error is
lower than 5%. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

4.18 Effect of using a pre-trained model on the inference of κ = 0.005 and
0.0005. (a, c) compare the history of inferred κ from the model with
and without pre-training versus epochs. (b, d) shows the training loss
versus epochs for each model. The pre-trained model is adopted as the
weights and biases for κ = 0.5 at last epochs. . . . . . . . . . . . . . . . 125

4.19 Relative L2 error over the full time window for the (a) cavity and (b)
biofilm example. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

5.1 Schematic of learning functional priors (yellow box) and posterior
estimation (green box). (1) Prior knowledge of the function family will
inform a physics-informed generative adversarial network (PI-GAN)
in the training stage. (2) Upon the completion of training PI-GAN, the
model will be incorporated in a sampler to (3) estimate the posterior
conditioned on new data D. . . . . . . . . . . . . . . . . . . . . . . . . . 131

5.2 Physics-informed generative adversarial networks (PI-GANs). The
generator of PI-GAN is a DeepONet with a vector of noise ξ and stretch
λ as the input of the branch and trunk net. The network predicts the
corresponding stress σθ,r which can be calculated by taking the partial
derivatives (physics-informed) of the intermediate output (strain en-
ergy density W). The generated data and real data will be transmitted
to the discriminator for estimating their difference. . . . . . . . . . . . . 134
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5.3 Uncertainty quantification of 1D four-fiber model. a: 1280 random
samples of σθ. b: Mean and standard deviation band computed from
Bayesian inference with functional priors. c: Mean and standard devi-
ations predicted by Gaussian process. . . . . . . . . . . . . . . . . . . . 140

5.4 Prediction errors at different noise scales and number of points. The
color represents the magnitude of error defined in Equ. 5.9. . . . . . . . 142

5.5 Mean and standard deviations (STD) for inferring σθ given five
sparse measurements. (a) Mean (red) and two STD (yellow) of σθ
versus true stress (blue). Line comparison at λz = 1.51 and λθ = 1.51
are plotted in (b) and (c). The network is only trained to with σθ. . . . 143

5.6 Informative inference of stresses and energy based on 8 measure-
ments of σθ and σz. The mean (red) and 2 STD (orange) are plotted
with the true data (blue) for (a) σθ, (b) σz, and (c) W. The network is
trained with both σθ and σz. . . . . . . . . . . . . . . . . . . . . . . . . . 144

5.7 Uninformative inference of stresses and energy based on 8 measure-
ments of σθ. The mean (red) and 2 STD (orange) are plotted with the
true data (blue) for (a) σθ, (b) σz, and (c) W. The network is trained with
both σθ and σz. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

5.8 Stresses inference for three different genotypes: (a) wild-type, (b)
Fbn1mgR/mgR, and (c) hBAC+mWT. The contours of nonlinear re-
gression (Nonlin. Reg.) are calculated with all data collected from
ex-vivo experiements whereas the functional prior (func. prior) esti-
mates the mean of subject-specific constitutive relations only based on
6-7 points cluster at high stretches. Taking the nonlinear regression
results as reference, the prediction errors range from 0.05 to 0.11. . . . 147

6.1 Schematic of multiscale modeling with DeepONet. (a) In a multiscale
mechanics system, traction T(x, t) acts on the boundary of domain Ω,
which is decomposed into sub-domains described by a variety of micro-
scopic models. A macroscopic model describes the response in the bulk
region whereas nonlinear, microscopic, or data-driven models capture
the detailed response in the small regions. (b) DeepONet, composed of
a branch and a trunk net, is able to learn the response of the microscopic
systems (from simulated or multi-modal data) and serve as a surrogate
in the multiscale system. MD: molecular dynamics, DPD: dissipative
particle dynamics, SPH: smoothed particle hydrodynamics, PD: peri-
dynamics, NL FEM: nonlinear finite element, FEM: finite element, MF:
multifidelity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

6.2 Schematic architecture of DeepONet. DeepONet learns the mapping
operator G from an input function g to its corresponding output func-
tion G(g). The input of branch and trunk net are g and y ∈ Rp, which
represents a discretized function from g(x1) to g(xm) and information
such as coordinates and time, respectively. Note that the output di-
mension of the trunk net, n, is consistent with that of the branch net.
The final output G(g)(y) is computed as the dot product of b and t. . . 158
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6.3 A flexible framework in domain decomposition. The proposed cou-
pling framework is able to adopt either (a) overlapping or non-overlapping
domain decomposition coupled with Dirichlet, Neumann, or Robin
boundary conditions at the interface. As an illustration, (b) presents
a Robin-type boundary condition imposed on model I with interfacial
solution û(x1) updated by a relaxation scheme. Dirichlet and Neumann
boundary can be imposed by adjusting the value of R1 and R2. The re-
laxation parameter, θ, is either fixed at a value or updated dynamically.
Tn

II(x1) represents the Neumann-related information at x1 from Model
II, e.g., traction or derivatives. . . . . . . . . . . . . . . . . . . . . . . . 162

6.4 Setup of the Poisson equation. (a) A 1 × 1 unit square is decomposed
into two overlapping regions, ΩNN (light blue) and ΩFEM (meshed).
ΩFEM is bounded by Γ1 and Γ0, whereas ΩNN is a 0.3 × 0.3 square in
the center with boundary Γ2. (b) DeepONet takes uFEM|Γ2 as input and
yields the solution in ΩNN, denoted as uNN|ΩNN . (c) Formulation of an
overlapping D-D method. Given the boundary condition on Γ0, the
coupling framework iteratively updates the corresponding boundary
condition on Γ1. The relaxation parameter θ is either fixed or updated
based on the Aitken’s rule [311]. . . . . . . . . . . . . . . . . . . . . . . 164

6.5 Results of coupling FEM and DeepONet for the Poisson equation.
(a-b) Model predictions from the FEM and DeepONet with the corre-
sponding absolute errors in ΩFEM and ΩNN. (c) Model predictions at
the interfaces (u|Γ1 and u|Γ2) and the true solution (red line). The relative
errors of model predictions at the interfaces are far less than 1%. Please
see Fig. 6.4 for ΩNN and ΩFEM. . . . . . . . . . . . . . . . . . . . . . . . . 167

6.6 Parametric studies of the Poisson equation. (a) Given a boundary
condition on Γ0, the convergence history of the coupling model varies
with the coupling method (Robin or Dirichlet) and parameter θ. (b)
The model is trained with data generated from a random field with
α = 5. We test the generalization ability represented by the relative
errors of the coupling model for cases corresponding to α = 1 to 10. (c)
Box plots of relative errors for DeepONets trained with 100 to 900 cases.
Each column shows the coupling results by testing with 50 different
cases. The shaded area indicates that the relative error on Γ1 is less than
1%. Notice that we present the error with respect to the ground truth
to show the convergence and accuracy of our framework. . . . . . . . . 168

6.7 Setup of the time-dependent problem (heat equation). (a) The spatio-
temporal domain is decomposed into two sub-domains with Γ as the
interface between FEM and NN domain. (b-c) Formulation of the
coupling framework for the heat equation. The framework first solves
for un+1,k+1

FEM from FEM with updated information at the interface ũ at k-th
step. Then, the computed derivative at Γ is transmitted into DeepONet,
which predicts the spatial derivative in ΩNN (c). The solution in ΩNN is
computed based on a time-stepping scheme, followed by a relaxation
update (b). The initialization at k = 0 and n = 0 is described in the main
text. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
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6.8 Results of coupling FEM and DeepONet for the heat equation. (a)
Model predictions from DeepONet and FEM. DeepONet predicts the
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Introduction
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1.1 Specific Aims

Aortic dissection is responsible for significant morbidity and mortality in chil-

dren, young and older adults [79, 189, 88]. One possible outcome for an artery

undergoing dissection is that the crack turns inward and forms a false lumen,

while the other one can be the crack turning outward and causing lethal internal

bleeding. Although most of the studies focused on the stage with a developed

false lumen, there has been modest attention on the initiation and propagation of

aortic dissection. One hypothesis states that aggregates of glycosaminoglycans

(GAGs) play an important mechanical role in facilitating aortic dissection, fol-

lowed by many in silico investigations [103, 272, 104]. However, the underlying

biomechanical factors (such as elastin alignment and intralamellar collagen) are

neglected, which are imperative in predicting the dissection outcomes. This sig-

nificant knowledge gap causes difficulty in understanding the mechanism of the

initiation and propagation of aortic dissection.

In this thesis, we propose to investigate GAGs-initiated aortic dissection and

its relevant biomechanical systems by developing imaging-driven multimodality

and multifidelity computational and artificial intelligence models. Specifically,

synthetic and ex vivo data, such as subject-specific geometries, regional wall dis-

placement, and collagen/elastin alignment, will be incorporated in machine learn-

ing and particle-based models for investigating the initiation and propagation of

aortic dissection under the influence of subject-specific biomechanical factors. In

addition, we will inform relevant ex vivo/synthetic data to novel physics-informed

models for inferring underlying biomaterial and biomechanical properties. Thus,

we propose the following specific aims:
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Figure 1.1: Thesis architecture and the challenges to address.

Aim 1: Use novel ex-vivo data collected from mouse models in conjunction

with simulated data to develop computational models for investigating intramu-

ral delamination processes and its relevant biomechanical systems. Toward this

end, we will develop neural operators (DeepONet) informed by continuum-level

finite element models and imaging-driven particle models to investigate vascular

biomechanics and the early stage of aortic delamination.

Aim 2: Develop machine learning models to quantify uncertainty of subject-

specific biomechanical properties of the aorta based on measurable data. Toward

this end, I will develop physics-informed machine learning to non-invasively infer

the regional biomaterial properties of a thrombus in an artery based on synthetic

imaging data. Then, we will develop a probabilistic framework to learn the

functional knowledge of the constitutive model of the aorta (described by the four-

fiber family model) using generative adversarial network (GAN) and DeepONet.

The trained models will be combined with a Bayesian inference framework to

enable efficient quantification of the posterior of biomechanical stresses given

sparse measurements.
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Fig. 1.1 presents a schematic of this thesis. Under the umbrella of vascular

mechanics and diseases, this thesis developed a series of robust computational

models and machine learning models with uncertainty quantification to address

the pressing challenges in understanding aortic dissection, e.g., nonlinearity and

complexity of the system, unknown mechanism, expensive data acquisition and

in silico investigations, etc. We will address Aim 1 in Chap 2, 3, and Chap 6.

Chap 4 and 5 will address Aim II. Completing the proposed aims will contribute

towards building an improved patient-specific probabilistic modeling of chronic

dissection and interventional planning in the future.

1.2 Background

Thoracic aortic aneurysm and dissection cause significant morbidity and mortal-

ity [207, 192, 103], with estimates up to 10,000 to 15,000 deaths per year in the USA

alone. Particularly troublesome is that aortic dissections are the cause of death in

over 5% of all young people suffering sudden cardiac death [47, 264]; that is, this

lethal condition affects young and old alike. Left ventricle contraction distends

the aorta wall at systole, whereas the aortic wall recoils to propel forward blood

circulation at diastole. The aorta must maintain structural integrity since it is

subjected to long-term axial and radial stresses. However, any process that results

in weakening of the aortic wall may lead to a higher local stress field which may

initiate intramural dissections.

One hypothesis states that dissection may arise from aggregates of glycosamino-

glycans (GAGs) in the media layer. Although GAGs compose only 2-5% weight of

the aorta, they are important contributors in maintaining normal arterial structure
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and function. Aggregations of GAGs, e.g. hyaluronan and versican, are primarily

found within the extracellular space of the media in arteries. In particular, aggre-

gates of versican are negatively charged, tending to imbibe water and generating

a local Donnan swelling pressure. Increasing evidence [53, 127, 273] suggests

that abnormal increases in GAGs that induce Donnan swelling pressure would be

detrimental to structure integrity, for these pathological poolings of GAGs could

lead to a devastating condition of local stress concentrations that may initiate

intramural dissections. Initial delamination of the aortic wall propagates within

the medial layer, but can turn inward and connect with the true lumen to form a

so-called false lumen within the wall or turn outward and lead to a rupture in the

presence of a compromised adventitia.

1.3 Prior Research

Most prior studies of the biomechanics of aortic dissections have followed along

four lines. (i) In a series of papers from 1987-98, Roach and colleagues focused

on the intramural (blood) pressure needed to propagate an initial medial defect

within the thoracic aorta [91, 163, 36, 250, 266, 225]; they consistently found that

static pressures needed to be 500 mmHg or more to dissect the normal wall. Prokop

et al. [93, 267, 183] reported similar values under static loading, but emphasized

that the pressure for dissection was lower (∼ 200 mmHg) under pulsatile flow. (ii)

More recently, multiple groups have used either in vitro flow loops or computa-

tional fluid dynamics models to estimate blood flow and pressure within the false

lumen of a dissection [115, 206, 247, 116]. One of the main conclusions from these

papers is “lack of a distal tear could result in increased diastolic pressure within

the false lumen which may cause an increased risk of false lumen expansion and
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rupture” [261]. Similar suggestions hold in the case of a partial thrombosis that

blocks the outlet of a false lumen. (iii) In contrast, Holzapfel and colleagues re-

ported experimental and computational results on the propagation of dissection

in mode I tearing tests [256, 74, 243]. Among other findings, they showed that

the energy of dissection was greater in axial than circumferential directions in the

excised human abdominal aorta, which emphasizes the importance of anisotropy

of the wall. Pasta et al. [197] performed similar tearing tests, albeit more appro-

priately on normal and diseased human ascending aortas. They reported that

delamination strength was lower in the inner than the outer wall and that aortic

disease lowers this strength further. Each of these three lines of investigation

has provided new insight into the propagation of a pre-existing defect, but none

have addressed the similarly important biomechanical mechanisms of initiation

or subsequent early effects of intramural thrombus on the dissecting aortic wall.

(iv) Finally, a few groups have performed finite element analyses of wall stress in

the ascending aorta and arch to try to identify reasons for the preferential initia-

tion of dissections in this region [185, 73, 168]. Most are inappropriately based on

homogenized linear elasticity, hence such studies fail to account for the detailed

histopathological or biomechanical and genetics-based data that are available. In

conclusion, failing to account for impacts from detailed mathematical models, bio-data,

and in vitro geometry together contribute inaccuracy in predicting the propagation of

delamination in aortic dissection.

Remark: There exist three main hypotheses on explaining, from a mechanistic

point of view, the initiation and propagation of aortic dissection. The first one

assumes that the dissection may arise from an intimal defect on the intramural

wall. Following this line, many insightful in-silico works assess the risk of a false

lumen for further dissection [200] and investigate the stress distribution for an
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artery with flaps [215]. Another theory hypothesizes that a dissection may occur

at or near the region with a concentrated stress field: the subclavian arterial wall

has higher stresses than its surrounding vessels due to a sharp bifurcation from the

aortic arch [65]. The third is that aortic dissection may arise from accumulates of

GAGs, where each contains a pooling of negatively charged solutions that draws

water into it. The combination of osmotic pressure and internal stresses on the

artery wall will predispose the artery to dissection. Based on this hypothesis,

a series of in-silico studies use smoothed particle hydrodynamics [221, 4] and

finite element model [226, 227] to illustrate the role of accumulates of GAGs on

the progression of dissection. This research is based on the thrid hypothesis for

studying the role of biomechanical factors in aortic delamination.

1.4 Significance and Innovations

Due to the emergency nature, aortic dissection cannot be observed directly in

vivo: cracks could propagate asymptotically and unconsciously. Hence, it is hard

to monitor the early stage of dissection, not to mention studying the underlying

biomechanics. One crucial output of this computational study is to quantify, for

the first time, the role of biomechanical conditions in either preventing or pro-

moting the early-stage propagation of dissection on a vessel wall (Chap 2 and

3). Using a computational model allows us to study the dissection progression of

a subject-specific geometry under diverse biological and mechanical conditions,

which will provide more quantitative insights to unveil their roles, respectively.

An improved understanding of the mechanisms can enhance our knowledge in

predicting, preventing, and managing aortic dissection in humans. Another im-

portant output of this study comes from the development of probabilistic mod-
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els for quantifying biomechanical properties based on sparse measurements

(Chap 4 and 5). Quantification of subject-specific biomechanical properties will,

in turn, enable more accurate subject-specific modelings which can predict dis-

section on different mouse model. Third, although we focus on aortic dissection,

the computational framework we developed in this research can be translated

into other arterial dissections and damage as well, including intracranial, cervical,

carotid, renal, and coronary [263].

This proposal is novel because we will employ novel multimodality imaging

data to inform our models: using unique ex vivo data will allow us to delineate

factors that initiate and propagate a dissection (Aim 1). We will understand the

strong biological variability inherent to dissection by using different mouse models

where each mouse model exhibits a biological variability to inform the proposed

probabilistic predictive frameworks. Another innovation is using neural networks

to combine ex vivo/synthetic data for characterizing material properties (aortic

wall/thrombus) with uncertainty quantification (Aim 2).

1.5 Organization of Dissertation

This thesis is organized as follows: In Chap 2, we develop a data-driven surro-

gate model of the delamination process for differential strut distributions using

DeepONet, a new operator–regression neural network. This surrogate model is

trained to predict the pressure–volume curve of the injected fluid and the dam-

age progression within the wall given a spatial distribution of struts, with in

silico data generated using a phase-field finite element model. Then, Chap 3

presents a particle-based computational model for investigating dissection pro-
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gression based on the ex-vivo mouse aorta. The computational geometries are

subject-specific, reconstructed from two-photon imaging data. We perform a se-

ries of in-silico mechanical tests for the aorta of the wild-type and Marfan mice. In

Chap 4 and 5, however, we develop machine learning models for quantification

of biomechanical properties of thrombus and arterial wall, which are vital for ac-

curate patient-specific modeling. We employ physics-informed neural networks

(PINNs) to infer properties of biological materials using synthetic data. In par-

ticular, we successfully apply PINNs on inferring permeability and viscoelastic

modulus from thrombus deformation data, which can be described by the fourth-

order Cahn-Hilliard and Navier-Stokes Equations (Chap 4). In Chap 5, we propose

to employ a probabilistic machine learning model in conjunction with a Bayesian

sampling algorithm to efficiently estimate the posteriors of the constitutive rela-

tionships. The last chapter, however, serves as an exploratory attempt to accelerate

multiscale simulations by combining machine learning and finite elements. Back-

ground that are more specific to each aim can be found at the beginning of each

chapter.



Chapter Two

Simulating Progressive Intramural

Damage Leading to Aortic Dissection

Using DeepONet – an

Operator-Regression Neural Network



11

2.1 Abstract

Aortic dissection progresses mainly via delamination of the medial layer of the

wall. Notwithstanding the complexity of this process, insight has been gleaned by

studying in vitro and in silico the progression of dissection driven by quasi-static

pressurization of the intramural space by fluid injection, which demonstrates that

the differential propensity of dissection along the aorta can be affected by spatial

distributions of structurally significant interlamellar struts that connect adjacent

elastic lamellae. In particular, diverse histological microstructures may lead to dif-

ferential mechanical behavior during dissection, including the pressure–volume

relationship of the injected fluid and the displacement field between adjacent

lamellae. In this chapter, we develop a data-driven surrogate model of the de-

lamination process for differential strut distributions using DeepONet, a new

operator–regression neural network. This surrogate model is trained to predict

the pressure–volume curve of the injected fluid and the damage progression within

the wall given a spatial distribution of struts, with in silico data generated using

a phase-field finite element model. The results show that DeepONet can provide

accurate predictions for diverse strut distributions, indicating that this compos-

ite branch-trunk neural network can effectively extract the underlying functional

relationship between distinctive microstructures and their mechanical properties.

More broadly, DeepONet can facilitate surrogate model-based analyses to quantify

biological variability, improve inverse design, and predict mechanical properties

based on multi-modality experimental data.
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2.2 Introduction

Aortic dissection, a cardiovascular condition resulting in high mortality, manifests

within the medial layer of the aortic wall due to physical separation of the lamel-

lar units (Fig. 2.1(a)). The normal medial microstructure in Fig. 2.1(b) reveals a

sandwich structure wherein elastic lamellae delimit intralamellar media (cells and

extracellular matrix) and are connected by interlamellar struts (fibrillins, elastin,

and collagens) [191]. One possible outcome for an artery undergoing dissection

is that the tear turns inward and forms a false lumen, while another possibility

involves the tear turning outward and causing vessel rupture; the latter scenario

can be lethal. Although most studies have focused on the stage with a developed

false lumen, there has been little investigation of the initiation and propagation

of aortic dissection from a mechanistic perspective. This knowledge gap prevents

further predictive modeling endeavors.

There exist several hypotheses aiming at bridging this knowledge gap. One

hypothesis states that dissection may arise from an intimal defect; that is, a defect

within the luminal surface. Following this line, many insightful in silico works

assessed the risk of a false lumen for further dissection [200] and investigated the

stress distribution for an artery with flaps [215, 115, 206, 116, 185, 73, 168]. These

works provided new insights into the propagation of a pre-existing defect, but

did not address the initiation of aortic dissection. Another theory hypothesizes

that a dissection may occur at or near a region with a concentrated stress field;

for example, the subclavian branch of the aorta has higher stresses due to a sharp

geometric and material discontinuity [65].

Additionally, it has been hypothesized and demonstrated that aortic dissec-
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tion may arise from focal accumulations of glycosaminoglycans (GAGs) [102, 226],

which are highly negatively charged and thus imbibe and sequester water. The

combination of Gibbs-Donnan swelling pressure and internal stresses on the arte-

rial wall can predispose to dissection, leading to a higher probability of rupture.

Based on this concept, a series of in silico studies have used smoothed particle

hydrodynamics [221, 4, 3] and standard finite element modeling [226, 227] to illus-

trate the role of accumulations of GAGs on the progression of dissection. Seminal

work by Roach and colleagues focused instead on directly measuring the intra-

mural (blood) pressure needed to propagate an initial medial defect within the

thoracic aorta [91, 163, 36, 250, 266, 225], which provided further insights into

dissection from in vitro experiments. They consistently found that static pressures

needed to be 500 mmHg or more to dissect the normal wall and examined the

mechanical properties of the porcine aorta at different locations by injecting fluid

quasi-statically. Their studies have shed light on the mechanism and characteris-

tics of GAG-induced dissection initiation and propagation.

Most recently, Ban et al. [11] developed a phase-field finite element model

to investigate aortic dissection with a histologically motivated microstructure;

specifically, they simulated studies by Roach and colleagues [225] focusing on the

pressure-volume (P-V) curve associated with the intramural fluid that initiates

and drives intramural damage. The realistic microstructure (Fig. 2.1(b)) is sim-

plified and represented in the phase-field model; Fig. 2.1(c) shows the top view

of an elastic strut distribution, which varies substantially from sample to sample.

The variability in the elastin architecture leads to a corresponding difference in

mechanical properties, dissection propensity, and severity from sample to sample

and along the aorta (which is highest in the ascending thoracic aorta and lower in

the abdominal aorta). Yu et al. [309] further showed numerically and experimen-
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Figure 2.1: Sketch of the aortic wall and its microstructure. (a) The aortic wall consists of three
layers: intima, media, and adventitia. (b) Artistic rendering of the lamellar microstructure of the
aortic media by O’Connell et al. [191], reproduced with permission, plus (c) its representative
volume element for the finite element simulation. 1: medial layer, 2: elastic lamellae, 3: lamellar
media, 4: elastic (interlamellar) strut, 5: top view of the interlamellar struts (in white) shown as a
strut map. z: axial, θ: circumferential, r: radial.
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tally that the pressure drops induced by interlamellar damage to collagen follow

a power-law behavior, indicating a possibility of predicting dissection based on

the microstructure of the extracellular matrix. The power-law behavior was con-

firmed by Ban et al [11]. Conversely, Holzapfel and colleagues used a phase-field

modeling approach to investigate the propagation of dissection in mode I tear-

ing [256, 74, 243]. The computational cost associated with performing enough

finite element simulations to empirically uncover precise relationships between

tissue microstructure and dissection propagation is prohibitive, however. Hence,

there is a critical need to develop a reliable surrogate model of the process by

which dissection propagates within the aortic wall. Such a model will greatly

facilitate further in silico investigations into this pathology, with the ultimate goal

of developing computational tools to clinically assess and predict dissection prop-

agation on a patient-specific basis, while also quantifying uncertainties associated

with the resulting prognoses.

The potential of machine learning has grown rapidly in recent years, and the

development of machine learning-based surrogate models for fast and accurate as-

sessments has emerged as a key application of interest [27, 136, 210]. Importantly,

physics-informed neural networks (PINNs) [133, 213] serve as one of the most

promising models in scientific machine learning. PINNs penalize the residual of

governing physics-based relations for the system in the loss function, where the

partial derivatives are computed through automatic differentiation. This frame-

work has been applied to predict flow fields [112, 166] and their variants [108],

fracture progression [82], risk assessment [156, 143], and material property infer-

ence [305, 317, 154, 315] among many other applications [29, 118]. In biomedical

engineering, PINNs have shown potential in cardiac activation mapping [232], in-

ferring arterial boundary conditions [128], and inferring thrombus material prop-
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erties [305] as summarized in [5]. Yet, for a system with different boundary/initial

conditions, one has to retrain the network for each case, making the algorithm

time-consuming. Hence, there is a pressing need to develop models that can learn

the operator level of mapping between functions; that is, predicting the physical

system under diverse boundary/initial conditions. Lu et al. [159] developed the

data-driven framework “DeepONet,” an operator–regression neural network that

learns the mapping between functions with theoretical guarantees. DeepONet has

shown its effectiveness in predicting multiscale and multiphysics problems [31],

bubble growth [145], and crack prediction in brittle materials [83]. Li et al. [139]

developed a Fourier neural operator for learning parametric partial differential

equations.

In this chapter, we consider the phase-field intralamellar damage model de-

veloped in [11] as a prototypical model to investigate dissection for a heteroge-

neous arterial wall. The mechanical process in the fluid-injection initiated arterial

damage problem is well-characterized by its underlying P-V curve and damage

progression. To the best of our knowledge, this is the first attempt to predict

dissection progression and mechanical behavior in a heterogeneous aortic wall

using scientific machine learning. We will demonstrate that details of the char-

acteristic pressure drops can be well-characterized by incorporating the current

damage field; otherwise, the model prediction will lead to a mean-field average

without detailed pressure drops. Moreover, we investigate model performance in

predicting the damage field given the observable displacement field.

The chapter is organized as follows. In section 2.3, we introduce the phase-field

model that generates synthetic data, summarize a linear regression-based model

used as a baseline comparison, and provide details of the DeepONet approach. In

section 2.4, we introduce the data preparation, followed by the prediction results
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of DeepONet for the corresponding P-V curve and damage field. Moreover,

we evaluate the effect of network structure on testing errors. In section 2.5, we

conclude by interpreting the results as well as discussing further applications of

the presented model.

2.3 Methods

2.3.1 Phase Field Model

We employ a validated phase-field finite-element method [86] to simulate progres-

sive damage in the native aortic wall. Unlike previous particle methods [221, 3],

the phase-field model gives a continuum description of a discontinuous tear. The

phase field variable φ(x, t) ∈ [0, 1] satisfies

φ(x, t) =


0, intact region,

1, fully torn region.
(2.1)

We adopt the same phase-field model developed in [11] to describe the progres-

sion of dissection within the heterogeneous aortic media driven by a quasi-static

injection of fluid. In modeling the delamination, we sought to find the displace-

ment u, a pressure-like Lagrange multiplier p that enforces near incompressibility

of the normal wall tissue, a Lagrange multiplier m that controls fluid injection, and

phase field φ by the minimization of total energy Etotal,

(ui, pi,mi, φi) = argmin
u,p,m,φ

Etotal(u, p,m, φ), (2.2)
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at each increment of injection, step i. The total energy Etotal is expressed as

Etotal = Edeform + Etear + Epressurized-fluid, (2.3)

where these three terms represent the energy contributions from elastic deforma-

tion, tearing, and forced fluid injection within the medial layer.

The native aortic wall is modeled as a hyperelastic material, with the strain

energy density function Wwall used to calculate effects of elastic wall displacement.

Specifically, Wwall is modeled as a Fung exponential stiffening material [96, 227]:

Wwall =
c
2

(λ2
1 + λ2

2 + λ2
3 − 3) +

4∑
i=1

ci
1

4ci
2

(eci
2[(λi)2

−1]2
− 1), (2.4)

where c, ci
1, and ci

2 are material constants. Here, λ1, λ2, and λ3 are principal stretch

ratios and λi are stretch ratios in one of the four primary directions associated with

the intramural fibrous constituents, mainly collagens (i = 1, 2, 3, and 4 represent

axial, circumferential, and two diagonal directions, respectively). We use material

properties reported in Ref. [228] based on previous biaxial experiments on human

aortas [76]. The stiffness of the struts and the matrix differ by a factor of 20 such

that their arithmetic mean yields the properties of the homogeneous wall.

An approach similar to the perturbed Lagrangian method is used to constrain

the nearly incompressible condition of the vascular wall:

Wvol = −(1 − φ)3p(λ1λ2λ3 − 1) +
p2

2ε
, (2.5)

where p2/(2ε) serves as a regularization term with ε � 1, and p is a Lagrange

multiplier that enforces the incompressibility constraint that the determinant of



19

the deformation gradient equals unity in the non-damaged tissue. The cubic

expression, (1 − φ)3, causes a rapid relaxation of the incompressibility condition

in the damaged tissue [138], which ensures that incompressibility is not enforced

over fully damaged tissue.

The total energy of deformation of the wall is:

Edeform =

∫
V

[((1 − φ)2 + ε)Wwall + Wvol] dV, (2.6)

where the term (1 − φ)2, proposed in the [24], serves as a degrading function for

the damage region, and ε� 1 serves as a regularization term.

The tearing energy can be expressed as [7, 24]:

Etear =
3Gc

8

∫
V

(
φ2

l
+ l

∣∣∣∇φ∣∣∣2) dV, (2.7)

with the critical energy release rate of tearing Gc set, respectively, as 5.77 or 0.20 J/m2

for the radial struts and surrounding matrix to reproduce the pressure–volume

curve in [225]. V is the volume of tissue. This approach enables a representation of

the two-dimensional tear by the three-dimensional damage field, φ. The damage

variable (φ) decays over a small length-scale, l, on the same order of magnitude

as the mesh cell size. l was set as 0.1 µm in the model.

Following an initiation event, the dissection advances with the continued injec-

tion of pressurized fluid. We constrain over the total volume of the injected fluid

by using a Lagrange multiplier m to prescribe the total volume of fluid, Vinjection,

with

Epressurized-fluid = m
(∫

V
φλ1λ2λ3 dV − Vinjection

)
. (2.8)
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Note that prescribing the pressure-load during the increase of the volume of

injection would present a computational challenge. If pressure were prescribed as

traction boundary conditions, then the oscillations of pressure after tearing may

not be captured because of instabilities, that is, multiple volumes have the same

pressure. Therefore, we introduce Eq. 2.8 to prescribe the volume of injection,

Vinjection, incrementally with m, a global Lagrange multiplier. The minimization of

energy with respect to m allows the prescribed value of Vinjection to represent the

damaged volume of the injection pool in the deformed configuration. Eq. 2.8 is a

novel method to control the injection volume during the injection process.

We iteratively minimize the total energy at each loading step by taking the

variational derivative in the direction of u, p, m, and φ. A numerical viscous-like

damping term was used to facilitate the numerical solution. We use the Bubnov–

Galerkin method and the FEniCS [6] finite element package to solve the resulting

nonlinear weak formulation.

2.3.2 Histologically Motivated Microstructure

Microstructures generated for the phase-field model are motivated by the realistic

histology of the murine aortic wall. We present a 3D image of the wall acquired by

multiphoton microscopy [38] to illustrate the sandwich-like structure wherein the

medial layer is composed, on average, of 5-6 layers of elastic lamellae indicated by

the green pixels in Fig. 2.2. In Fig.2.2(a), we show a subvolume of reconstructed

murine aorta under ex vivo biaxial loading equivalent to physiological conditions.

We compare the cross-section of an artificial-generated microstructure used in

the phase-field simulations with a real aortic wall in (b), showing a qualitative

consistency between the two geometries. Different components of the arterial
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Figure 2.2: Histologically motivated microstructure of the murine aortic wall under biaxial
loading. (a) 3D imaging of the murine arterial wall by multiphoton microscopy. Aortic wall
(b) initiating and (c) propagating intralamellar delaminations, including histologically motivated
microstructure for the phase-field model. Green: elastic lamellae. Blue: Smooth muscle cell nuclei.
Red: Collagen in the adventitia. Scale bar: 100 µm.
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wall are distinguished by colors: adventitial collagen is denoted by red, elastic

lamellae by green, and smooth muscle cell nuclei by blue.

Admittedly, we notice that the real geometry is not homogeneous in the sense

that the elastic lamellae in the phase-field geometry can be clearly identified.

Nonetheless, it is still representative in that the strut, matrix, and lamellae struc-

tures are preserved. In Fig. 2.2(c), we compare an ongoing aortic dissection be-

tween the phase-field model and real arterial wall, where a visible false lumen can

be observed from both images.

2.3.3 Linear Model

First, we consider a linear regression model to predict P-V data from an elastin

strut map, which will serve as a (low-fidelity) baseline model for comparison with

our higher-fidelity DeepONet results. In this approach, the inner product between

the array of tissue microstructure s, where si j = 0 indicates non-elastin matrix and

si j = 1 indicates the presence of an elastin strut, and a coefficient array ai jk was used

to predict the observed pressure P as a function of injection volume V. Specifically,

at a particular injection volume Vk,

Pk − P̄k =
∑

i

∑
j

ai jk

(
si j − s̄i j

)
+ εk

for P̄k = E [Pk] ≈
1
N

N∑
n=1

(Pk)n

and s̄i j = E
[
si j

]
≈

1
N

N∑
n=1

(
si j

)
n
,

(2.9)
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Figure 2.3: Summary of the linear P-V model. At each volume Vk, the corresponding pressure Pk
is predicted from the elastin strut map si j and a set of volume-specific linear regression coefficients
ai jk. Elastin struts (si j = 1) are displayed in black, while non-elastin matrix (si j = 0) pixels are
displayed in white.

where E[ · ] denotes the expected (mean) value. P̄k and s̄i j are the expected values

of the pressure and the tissue microstructure indicator function, respectively, each

estimated from the sample means of the training data; n is the training sample

index, N is the training data sample size, and εk ∼ N(0, σ2
k) is the pressure residual

unexplained by a linear function of the strut map input (Fig. 2.3). The model

coefficients ai jk were determined directly via least-squares linear regressions of

the volume-specific P-V data generated from the phase-field model. Detailed

statistical analysis to establish the approximate normality of Pk(Vk) as well as

examination of model performance are presented in Supplemental Material, where

a second low-fidelity (logistic regression) model is found as well.

2.3.4 DeepONet

Next, consider the general architecture of DeepONet; we refer the reader to [159]

for more details. DeepONet was proposed for learning nonlinear operators by

mapping input functions into corresponding output functions. Let G be a non-
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linear operator taking an input function u and yielding the output function G(u).

Evaluation of the function G(u) at y ∈ Rn is a real number and can be denoted

as G(u)(y), where y is typically a vector containing coordinates and other infor-

mation. In practice, the input function u is represented discretely by its values

[u(x1),u(x2), ...,u(xm)]T at a finite set of locations {xi}
m
i=1. The architecture of the

(unstacked) DeepONet is shown in Fig. 2.4(a). The branch net and the trunk net

take the function u (in the form of [u(x1),u(x2), ...,u(xm)]T) and the vector y as in-

puts, and yield intermediate outputs [b1, b2, ..., bp]T and [t1, t2, ..., tp]T, respectively.

In the last layer, DeepONet merges these two outputs by taking their pointwise

multiplication:

G(u)(y) ≈
p∑

k=1

bktk + b0, (2.10)

where we include an additional bias term b0 ∈ R as a trainable variable as it

may reduce the generalization error. With such a setup, the i-th sample from the

training/testing dataset gives a triplet [u(i), y,G(u(i))] (branch input, trunk input,

and output) with the following structure





u(i)(x1) u(i)(x2) · · · u(i)(xm)

u(i)(x1) u(i)(x2) · · · u(i)(xm)
...

...
. . .

...

u(i)(x1) u(i)(x2) · · · u(i)(xm)


,



y1

y2

...

yN


,



G(u(i))(y1)

G(u(i))(y2)
...

G(u(i))(yN)




, (2.11)

where evaluation of the function u(i) at [x1, x2, . . . , xm] is copied N times to match

the evaluation of G(u) at points y j ∈ Rn ( j = 1, 2, . . . ,N). The dimension of each

term on the right hand side is (N,m), (N,n), and (N, 1).

We develop two DeepONets (Net D and Net P-V in Fig. 2.4(b)) for two dif-

ferent tasks: predicting damage progression and corresponding pressure–volume
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Figure 2.4: A schematic of DeepONet for fluid injection-induced dissection problems and its
training data. (a) An unstacked DeepONet for learning an operator G : u → G(u) that takes
two inputs, [u(x1),u(x2), ...,u(xm)] and y, and returns the scalar G(u)(y). The trunk net is a fully-
connected neural network (FNN) whereas the architecture of the branch net varies depending on
the problem. (b) Training data for the problem. First, we train Net D whose input u contains the
elastic struts map and the current surface displacement map to predict the damage field at the
current state. Next, the predicted damage field is taken as an input for Net P-V for predicting the
corresponding pressure-volume curve for the injection fluid. Each network is trained separately
and coupled for prediction.

curves. The architecture of the branch net and the trunk net is selected to adapt

the structure of their input data. In this chapter, the inputs of the branch net

([u(x1),u(x2), ...,u(xm)]T) are a stack of 2D images indicating in-plane fields of phys-

ical quantities, including the strut distributions, damage progression, and dis-

placement profiles depending on specific tasks. In view of this, we mainly adopt

a convolutional neural network (CNN), an efficient architecture for processing

images, as the architecture of the branch net. A fully-connected neural network

(FNN) is also considered for the branch net for comparison. For the trunk net, we

always choose the FNN model due to the small dimensions (no more than two)

of the input y, which can be the in-plane spatial coordinates or the injected fluid

volume depending on specific tasks. We will provide more details regarding the

definition of the tasks in section 2.4.

We adopt the mean squared error (MSE) to measure the discrepancy between
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the model prediction and the data. To avoid overfitting and to improve the

generalization capability of the model, we introduce a L2 regularization term in

the loss function, which penalizes large values of weights and biases in the trunk

net and the final output layer. Therefore, the total loss L can be expressed as

L =
1

MN

M,N∑
i, j=1

(Gmodel(u(i))(y j) − Gdata(u(i))(y j))2 + α
K∑

i=1

ξ2
i , (2.12)

where M is the size of the dataset, Gmodel is the operator learned by the DeepONet,

Gdata is the target operator, ξi (i = 1, 2, . . . ,K) is the i-th trainable parameter of the

trunk net and the output layer, and α is the weight of regularization (10−7 or 10−6

in this chapter [324, 44]; see also sec. S1).

2.4 Results

2.4.1 Data Preparation

The phase-field finite element model provided synthetic training data for the

DeepONet. Motivated by the multiphoton images, the phase-field model con-

sisted of several elastic lamellae with intralamellar material to model the medial

layer (Fig. 2.5). Medial delamination was driven by injecting pressurized fluid

between two consecutive elastic sheets, with the fluid injected quasi-statically.

Initially, increments of fluid volume elastically deform the wall, causing the top-

most elastin sheet to bulge. At a critical pressure, the matrix began to tear while the

radial struts sustained the fluid pressure. The struts also resisted fluid propagation

both by keeping the adjacent sheets together and by acting as strong barriers. As

the injected fluid volume increased, however, a few of the struts snapped, result-
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Figure 2.5: 3D snapshots for injection-induced delamination in the phase-field model at (a) an
early stage and (b) a progressed stage. Note that (c, d) show enlarged views with details: (1) elastic
lamellae, (2) damage region, (3) elastic struts, (4) intralamellar media, (5) a strut being torn, and
(6) a broken strut. (e) Illustration of a pressure-volume response and its corresponding dissection
state. A pressure drop results from irreversible tearing of the elastic struts and matrix indicated in
the circle, with their corresponding displacement fields on the right. The computational geometry
is symmetric with respect to the transparent part in (c) and (d), hence only half of the damage
and displacement fields (for the transparent right side) are shown for illustration, with grey pixels
showing struts and red indicating damage or high displacement.
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ing in a sudden drop of pressure shown in Fig. 2.5(e). Given the experimentally

observed stochastic distribution of the position of struts, this process results in a

stochastic variation of pressure in response to the injection of intramural fluid [11].

To acquire the requisite training and testing datasets for DeepONet, we gen-

erated 2,100 phase-field solutions, each with a different stochastic distribution of

strut position. In each case, the outputs from the finite element model include

the P-V curve and two planar fields; the displacement field records the rising of

the innermost medial elastic lamina and the damage field marks the tearing of

tissue as the fluid progresses. Averaging over a section in the intralamellar space,

where the fluid is injected, produces pixel-wise maps based on the finite element

solution (Fig. 2.5). The injected volume in each case varies from 1.3 × 103µm3 to

3.5 × 103µm3.

The computational cost for training a DeepONet with 1900 training samples

is approximately 620 min/1000 epochs on a NVIDIA V100 GPU. The prediction

cost is trivial compared with the cost of training, which is less than 1s. Each FEA

simulation was run over about 12 hours (wall-clock) using a single computing

node with 20 processors. To ensure robustness and reliability, we routinely train a

network 5 times for each case with different parameter initialization.

2.4.2 Damage Field Prediction (Net D)

Although the displacement field can be experimentally observed in vitro [17], the

damage field is a hidden quantity that is difficult to observe directly. In this section,

we infer the current damage field based on the displacement field using DeepONet

(see also Fig. S2 - S5 in Supplemental Material). The triplet of the training dataset
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Figure 2.6: Image downsampling. Damage, displacement, and strut images can be downsampled
by taking the average within a 4×4 kernel (yielding 2 × 2 image domains for the linear regression
model, 6 × 6 image domains for the DeepONet model). Note that the physical meaning for each
field after downsampling is: (a) the percentage of damage within a pixel, (b) mean displacement,
and (c) percentage of strut within a pixel.
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Figure 2.7: Triplets of a single training case for predicting damage progression. A dataset triplet
is composed of images u (strut and displacement fields), a vector y containing pixel coordinates
xi, y j and volume of injection Vk, and the damage percentage Di.

Branch Net Channels Trunk Net Width

CNN (small) [4, 8, 12] FNN (small) [50, 50, 50]

CNN (large) [10, 25, 50] FNN (large) [100, 100, 100]

Table 2.1: Model architectures for predicting damage progression. The trunk net is chosen
as a fully-connected neural network (FNN) with three hidden layers while the branch net is a
convolutional neural network (CNN) with three blocks. Each block contains a convolutional layer,
a LeakyReLU layer, and a batch normalization layer.

is presented in Fig. 2.7 where the input and output are listed within. The trunk

net input y is a concatenation of pixel coordinates (xi, y j) and injection volume Vk

at the kth injection step with the output G(u)(y), the percentage of damage at that

pixel. To evaluate model performance, we use 1,900 finite-element simulations

as the training data and 200 simulations for testing, where each case contains 20

to 100 injection steps. Each simulation contains a different microstructure with

initial damage imposed at one boundary. As fluid is quasi-statically injected into

the medial layer, the corresponding damage progression is distinctive due to the

difference in the strut map. We list the model architecture in Table 2.1.

First, we qualitatively show the ability of DeepONet to predict the damage

progression in Fig. 2.8(a); compare the model prediction and true damage data
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Figure 2.8: Training/Testing results of DeepONet for predicting damage progression. Model
predictions and true damage fields are shown in the first and second columns, while the third
column presents their absolute difference. (a, b) show the results for a training case at steps 0 and
60, while (c, d) represent a testing case at steps 0 and 48. The damage field indicates the percentage
of torn material in the region at a particular pixel.
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Figure 2.9: Errors for predicting damage fields against the number of training cases and epochs.
The network architecture is shown in Table 2.1. The shaded area indicates the one standard
deviation averaged from 5 runs with different initiation.

at the initial stage with the absolute error plotted in the third column. A later

injection stage is plotted in Fig. 2.8(b). The largest absolute error for damage field

prediction is below 10% at the damage tip. In (c, d), we compare the inference

results for the damage field from a testing case. We again find an overall good

agreement between model prediction and the true damage field at the initial step

and last injection step (48). In general, the model predictions agree well with the

simulations, with smaller errors at the initial loading step and larger errors at later

steps.

Furthermore, we investigate the influence of the number of training cases

on the prediction errors by training a network with a fixed architecture with

different data. The number of training cases increases from 10 to 1,900, causing

the testing error to drop from O(10−1) to O(10−3) with the training error increasing

slightly as shown in Fig. 2.9(left). The values of testing error quickly converge to

that of the training, indicating an improvement in performance with increasing

training cases. Fig. 2.9(b) plots the errors against training epochs. We compare a
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Figure 2.10: Triplets of a single training case for the P-V response. A dataset triplet is composed
of images u (strut and damage fields), volume of injection Vk, and its corresponding pressure Pk.

large network structure with three hidden layers, each with 100 neurons, and a

small network structure with three hidden layers and 50 neurons (Table 2.1). By

employing the small network, the testing error ends up at around 0.001 compared

with 0.004 from the larger network, indicating that the small network is better

than the large network.

2.4.3 Pressure–Volume Curve (Net P-V)

In this section, we investigate the performance of DeepONet in predicting the

associated P-V curves generated by the phase-field finite element model for many

different microstructures (see Fig. S6 - S7 in Supplemental Material for an analysis

of these synthetic data), which serves as the second part of the overall framework,

based on model predictions of Net D. To train such a network, however, we use the

true damage field from the data as training data while incorporating the predicted

damage field in our previous experiments (see Sec. 2.4.2). The training dataset is

a triplet with a structure listed in Fig. 2.10. For computational convenience, the

microstructure of a heterogeneous wall and current damage fields are represented

by down-sampled 6× 6 images as the input of the branch net. The trunk net input
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y is the injected volume Vk with the output G(u)(y) for the corresponding fluid

pressure Pk at kth injection step. We use the same training and testing data in Net

D to evaluate the model performance.

First, we quantitatively investigate how the performance is influenced by the

branch net architecture. We choose the branch net as either a FNN or a CNN trained

with/without the damage field, respectively, with the detailed structure listed in

Table 2.2. We fix the trunk net with a structure [1, 50, 50, 50]. We plot the errors and

deviations for the different network architectures for the P-V curve in Fig. 2.11(a)

and observe that errors associated with either CNN or FNN without the damage

field are significantly larger than those with the damage field. In particular, the

testing error is almost an order lower than for the case without damage data, at

O(10−3). Figs. 2.11(b) and (c) show the training loss and testing loss versus the

number of training cases. The testing error reduces from O(10−2) to O(10−4) with

the number of training cases increasing from 10 to 1,900. The error bars show

one standard deviation from 5 runs with different initiation. The results indicate

that the DeepONet with FNN as the branch net has a slightly smaller training and

testing error than that of CNN. Moreover, we plot the training and testing loss

for FNN and CNN trained with/without information on the damage fields. The

number of training and testing cases is again 1900 and 200, respectively. Both the

training and testing errors with damage fields are smaller than the training/testing

errors without the damage field. In addition, incorporating damage progression

can avoid overfitting, which is pronounced in the testing error history shown in

(d).

Then, we compare the model prediction and the phase-field model results

(black lines) in Fig. 2.12. The branch net is a FNN with structure [64, 50, 50,

50] while the trunk net is a FNN with network structure [1, 50, 50, 50]. We
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Figure 2.11: Learning the pressure–volume curve using different input data and trunk network
architectures. (a) Errors and deviations of different network architectures trained to learn the
pressure–volume curve. The trunk net is chosen as a fully-connected network (FNN) for each run,
while the branch net is chosen as a convolutional neural network (CNN) or a FNN, respectively.
The networks trained with damage fields have a lower testing error than those without, given
the same training cases. The error bars show one standard deviation from 5 runs with different
initiation. (b, c) The training and testing errors are plotted against the number of training cases.
FNN and CNN (trunk net) trained with damage fields are plotted in blue, while those without
damage fields are plotted in red. (d, e) Using the same color style, the losses vs training epochs
are plotted for FNN and CNN, respectively.
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Figure 2.12: DeepONet for predicting P-V responses. Model predictions (dashed lines) for
training cases 1 and 2 are compared with the true data (black line, first column). In particular,
model predictions with and without damage fields are plotted in red and blue, respectively. The
middle and right columns compare the testing data with models trained with(red)/without(blue)
the current damage field. Notice that the orange line represents the predicted P-V curves based
on the prediction of Net D. The branch net is a FNN trained with 1900 training cases. The true
data were generated from the phase-field finite element solver. Note that the pressure values are
normalized to O(1) by dividing by 100.
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Branch Net Width Trunk Net Width

FNN [50, 50, 50] FNN [50, 50, 50]

CNN [4, 8, 12] FNN [50, 50, 50]

Table 2.2: Model architecture for the P-V curve. The trunk net is a fully-connected neural network
(FNN) with three hidden layers. The branch net can be a FNN or a convolutional neural network
(CNN) with three blocks, where each block contains a convolutional layer, a LeakyReLU layer, and
a batch normalization layer. [4, 8, 12] indicates the number of channels in each block.

compare the model predictions from DeepONet models trained with different

types of data: one with the true/predicted damage field and the other one without.

It is not practical to have the true damage field as input since it is a hidden

quantity, thus we employ the predicted damage fields from Net D as the input

in this model. Qualitatively, the one without the damage field (blue line) can

only learn the overall trend of a P-V curve both for training and testing cases,

whereas the detailed pressure drop feature cannot be captured in the absence of

the damage field in training. However, with information from the damage field,

the overall performance improves significantly, shown via the orange and red

dash lines. As mentioned above, the true damage is currently a hidden quantity

whereas only the predicted damage progression is available in practice. Hence,

we plot the predicted P-V curve based on the true and predicted damage fields

for further comparison. Although predictions based on the true data slightly

outperform the predicted damage field, both capture the detailed underlying

mechanics by matching better with the phase-field data, which implicitly indicates

that a learned relationship exists between the structure and its corresponding

mechanical property.

In Table 2.3 we present all errors for the different models, including the low-

fidelity linear regression model (see Supplemental Material). In training, the L2
2

error for DeepONet with the damage field in the input is 5.22 × 10−4 and the
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Training Errors L2
2 Error Relative Error

DeepONet(Damage) 5.22 × 10−4 3.10%

DeepONet(No Damage) 1.08 × 10−3 4.15%

Linear Model 2.26 × 10−3 6.48%

Testing Errors

DeepONet(True Damage) 7.55 × 10−4 3.70%

DeepONet(Predicted Damage) 1.37 × 10−3 4.88%

DeepONet(No Damage) 4.36 × 10−3 8.62%

Linear Model 2.47 × 10−3 6.67%

Table 2.3: Error Table for predicting P-V curves using different models, both high (DeepONet) and
low (linear regression) fidelity. See also Fig. S8 - S11.

relative error is approximately at 3%. As baseline models, the DeepONet model

without damage and the linear model are trained using the microstructure alone

and P-V curves. Their L2
2 error is significantly higher, on the order of O(10−3), with

relative errors of 4% and 6%, respectively. As for the testing errors, the DeepONet

model using the true damage field has the lowest error at 7.55 × 10−4 (3.7%).

The DeepONet model using predicted damage fields has a relatively low error

at 1.37 × 10−3 (4.88%), exhibiting its practicality in a more realistic scenario. The

baseline models, however, have the largest error with the relative error reaching

8.62% and 6.67%.

2.5 Discussion

In this chapter, we demonstrate the potential of DeepONet for predicting the

mechanical behavior of a heterogeneous aortic wall under dissection, here as

reflected by the P-V curve and damage field in the case of a pressure-driven
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injection of fluid within the medial layer; we use over 2000 phase-field finite

element simulations as synthetic data. The model leverages recent advances in

the operator learning model DeepONet. The predicted P-V curves agree well

with the reference data produced by the phase-field finite element model. The

damage field can be inferred based on the observable displacement field and the

initial distribution of interlamellar radial struts, suggesting a potential approach to

estimate the damage field from limited imaging data. When including the inferred

damage field, the predicted P-V curve has a smaller error than the baseline models.

We also investigated the network structure and its impact on model generalization:

a network with a smaller size tends to have a lower testing error.

Practically, due to the extremely complicated mechanics, pure data-driven

modeling without information on intralamellar damage progression would lead

to an inaccurate inference of the P-V curve. A possible mitigation option will

be incorporating the underlying physics into the network, which transforms the

framework to physics-informed DeepONet [275, 83]. In addition, our in silico

simulations only show dissection progression within the medial layer, without

developing in the radial direction. Although not done, we could also adopt an

encoder-decoder framework [9, 106] as a potential replacement of Net D. However,

the advantage of DeepONet is the introduction of a trunk net, which makes the

network capable of predicting continuous P-V curves. Moreover, DeepONet is

more flexible in that its prediction can be an image or a 1D function as shown in

Net P-V and Net D.

An actual aortic delamination may yield three distinct outcomes: it may turn

inward to form a false lumen or re-entry site, turn outward resulting in rupture,

or stabilize, with possible subsequent healing or reinitiation. One reason that

our model did not yield these different scenarios is our oversimplification of the
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real elastic lamellae structure: at this stage, our computational model only in-

cludes a minimal set of essential features required for reproducing the stepwise

progressive tearing behavior, illustrating the possibility of reproducing the ex-

perimentally observed stepwise increases of pressure by the presence of radial

struts [225]. Nonetheless, in future works, more detailed models may be devel-

oped, for instance, by accounting for the angular distribution of the orientation

of fibers [268] or introducing actual heterogeneities in mural structure and prop-

erties [310], which may be inferred from imaging data, or by computationally

accounting for tissue degeneration [78].

Some multiscale models represent the crack tip region using a finely discretized

model with a coarse macroscopic model for the bulk region [239, 313]. Nonethe-

less, few works use multiscale modeling to study hyperelastic material tearing by

injection. Certainly, multiscale modeling is useful for elucidating microstructural

damage and deformation for dissection. Another possible improvement would

be to incorporate this model into a probabilistic framework, where uncertainty

is modeled by predicting the mean and variance of the quantity of interest while

also accounting for uncertainties in the tissue mechanical properties [286, 223]. It

is a natural framework in terms of describing a complicated bio-system with vari-

ability. Another promising extension of this work would be feature extraction and

identification enabled by machine learning. From the phase-field simulations, we

can generate a correspondence between dissection progression and microstruc-

ture. It would then be possible to learn the relation between local structures and

their contribution to the mechanical properties, which enables a more interpretable

machine learning model.
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2.A Additional Details

We trained both Net P-V and Net D with different regularization parameters. As

shown in Fig. 2.13, we found that Net P-V and Net D have a lower testing error

and higher generalization when α = 10−6 and 10−7, respectively (see Eq. 12).

2.B Prediction of Displacement Fields

In this section, we present a network for predicting the displacement field based

on the damage field at the current step. We aim to show the capability of the

network to infer the displacement field given experimental measurements. The

triplet of the training dataset is similar to that in Fig. 7 (main text) whereas the

displacement and damage fields are taken as the output and input, respectively.

We use the same simulations as in Sec. 2.4.3 as training data.

We show the performance of DeepONet in predicting the displacement fields

in Fig. 2.14, where we plot the predictions in a similar fashion. The training data

contains 1,900 cases with 200 additional cases for testing. We trained the model

for 3,000 epochs on a single NVIDIA V100 GPU; (a) and (b) show the model

prediction and true damage data at the initial and a later stage with the absolute
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Figure 2.13: L2
2 errors with different regularization parameters for Net P-V and Net D. We train

a Net P-V and a Net D with 1,000 training cases using different regularization parameter α.

error plotted in the third column. In (c, d), we compare the inference results for the

displacement field from a testing case. The inferred displacement field matches

the true data well, with the maximum pixel-wise relative error less than 5%.

Next, we investigate the number of training cases on the influence of prediction

errors by training a network with a fixed architecture with differing amounts of

data. With the increase of training data, the training error and testing error drop

to 2 × 10−4 and 6 × 10−5. The figure on the right shows the training/testing error

against epochs for a large and small network. The large one contains three hidden

layers each with 100 neurons, whereas the small one contains three hidden layers

and 50 neurons. By employing the small network, the testing error reduces from

0.08 to 0.001 while the training cases increase from 10 to 1,900. The performance

of the small network, indicated by the distance between training and testing error,

is better than that of the large network.
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Figure 2.14: Training/Testing results of DeepONet for predicting displacement fields. Model
predictions and true displacement fields are shown in the first and second columns, while the third
column presents their absolute difference. (a, b) show the results for a training case at steps 0 and
57, while (c, d) represent for a testing case at steps 0 and 47. The length unit is µm.
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Figure 2.15: Mean square errors (MSE) for predicting displacement fields against the number
of training cases and epochs. The network architectures are the same in Table 1. The shaded area
represents one standard deviation from 5 runs with different initiation.

2.C Field Predictions Based on Strut Maps

The ultimate goal is to develop a reliable surrogate model of dissection only

with the information of strut maps for each subject. Due to the nature of this

complex system, however, our data-driven modeling renders a satisfactory and

reliable result only with the guidance of additional information, e.g., the damage or

displacement field. In this section, we conduct a quantitative comparison between

models with partial (strut) and additional (displacement/damage) information. In

Fig. 2.16, we show the testing results for predicting damage fields based on strut

maps. Fig. 2.16 (a) shows the current damage field at steps 0, 20, and 40 from a

model with strut maps. These results can qualitatively match the true damage

progression at an early injection stage shown by a small injection volume, but the

error will drastically grow at later stages (step 40 or later). A more quantitative

result is presented in (c) where testing errors for the two models (with an error bar)

show the overall performance over different injection stages. In general, both the
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Figure 2.16: Testing results of DeepONet for predicting damage fields based on partial infor-
mation. (a) Model predictions and (b) true displacement fields at steps 0, 20, and 40 are shown,
whereas the predictions are only based on strut maps. (c) Testing loss of models with different
inputs versus injection volume. The red bars indicate testing loss (L2 error) of model predictions
with strut and damage field as input whereas the blue bars are predictions based only on strut
maps. The error bars show the one standard deviation from 5 runs with different initialization.
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Figure 2.17: Testing results of DeepONet for predicting displacement fields based on partial
information. (a) Model predictions and (b) true damage fields at steps 0, 20, and 40 are shown,
whereas the predictions are based only on strut maps. (c) Testing loss of models with different
inputs versus injection volume. The red bars indicate testing loss (L2 error) of model predictions
with strut and damage fields as input whereas the blue bars are predictions only based on strut
maps. The error bars show the one standard deviation from 5 runs with different initializations.

blue bars, representing predictions based on the strut map, and the red bars show

growth from a small to a large injection volume. However, with the guidance

of additional information, i.e., displacement fields, the network achieves a much

better prediction with orders-of-magnitude lowering of testing errors. A similar

trend is observed in Fig. 2.17 for predicting displacement fields.

2.D Exploratory Analysis of Pressure–Volume Data

Because the data-generating finite element simulations of dissection were executed

until failure, the training and testing data used to develop and validate the Net

P-V presented herein covered disparate ranges of injection volume and pressure



48

values. To examine the statistical characteristics of the resulting training and

testing data, we quantified the empirical distributions of the observed volume

and pressure values, as well as several moments of those distributions. Hence, we

generate another dataset with 1,000 cases using the same approach as that for the

main text. However, the size of strut maps is now 36 × 32.

Diffusion-based kernel density estimation [23] (optimal bandwidth h = 52µm3)

of the maximum injection volume attained by the finite element simulations

yielded two primary sub-populations of samples: one tightly concentrated around

∼3500 µm3 and another more variable group of samples that mostly experienced

failure at lower injection volumes (Fig. 2.18(a)). We found that the overall dis-

tribution of maximum volume values was well described by a Gaussian mixture

model with K = 2 components. In contrast, the distribution of maximum pressure

values was unimodal and nearly Gaussian (Fig. 2.18(b)) with mean value at 68

kPa.

To further quantify the distribution of observed injection pressures, we ex-

amined various percentiles and correlations of the pressure data as a function

of the injection volume (Fig. 2.19(a,b)). We found that the effective width of the

volume-specific pressure distribution increased monotonically with injection vol-

ume, which can be summarized through a corresponding monotonic increase in

the standard deviation (Fig. 2.19(c)). Moreover, we found that the standard devi-

ation of the pressure distribution was linearly proportional to the corresponding

mean observed pressure at the same injection volume (Fig. 2.19(d)). The pressure

data were positively skewed especially at low injection volumes, though more

symmetric as volume (and mean pressure) increased (Fig. 2.19(e)). Similarly, pres-

sure distributions were leptokurtic at low volumes, but approached a kurtosis of 3

at higher volumes. Together, these metrics suggest that the pressure distributions
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Figure 2.18: Maximum volume and pressure distributions. Because the data-generating finite
element simulations of dissection were executed until failure, the training and test data used
to develop and validate the P-V predictive models presented herein exhibited a large range of
maximum injection volume and pressure values. (a) Kernel density estimation of the maximum
volume data yielded two primary sub-populations of samples: one tightly concentrated around
∼3500 µm3 and another more variable group of samples that failed earlier. The overall distribution
is well described by a two-component Gaussian mixture. (b) The distribution of maximum pressure
values was unimodal and nearly Gaussian. GMM, Gaussian mixture model; KDE, kernel density
estimation.

at high volumes are nearly Gaussian (Fig. 2.19(f)), consistent with our qualitative

examination of the maximum pressure distribution (Fig. 2.18(b)).

2.E Linear Model Prediction of the Pressure–Volume

Curve

To examine the effects of varying complexity in the input space, we applied the

aforementioned linear model to two preprocessed versions of the elastin strut

map: (1) a version of the strut map that was downsampled to half its size along

each dimension (Fig. 2.20(a)), and (2) a version of the strut map that was first

cropped to only the 20 × 10 top-left region surrounding the initial injection site

and then downsampled as in the first version (Fig. 2.20(b)). In downsampling,
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Figure 2.19: Statistical analysis of the pressure-volume data. (a) Percentiles and (b) correlations
of observed pressure as a function of the injection volume. (c) Standard deviation of observed
pressure as a function of the injection volume. (d) Standard deviation of volume-specific pressure
plotted against the mean pressure observed at the same volume, showing a nearly linear relation.
(e) While at low volumes, the pressure data is positively skewed, the skewness is closer to zero at
higher volumes. (f) Similarly, pressure distributions are leptokurtic at low volumes, but approach
a kurtosis of 3 at higher volumes. Together, these metrics suggest that the pressure distributions
at high volumes are nearly Gaussian (cf Fig. 2.18(b)).
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Figure 2.20: Preprocessing of the strut map for linear regression. (a) In the first version of the
model, the input elastin strut map data is downsampled to half of its size along each dimension.
In downsampling, each adjacent 2 × 2 block of pixels in the strut map is reduced to one pixel,
whose value is set to the mean in the original pixel block. (b) In the second version of the model,
the original strut map is first cropped to include only the top-left region surrounding the injection,
and then the cropped strut map is downsampled, leading to a substantially reduced input space.

each adjacent 2 × 2 block of pixels in the strut map is reduced to one pixel, whose

value is set to the average fraction of elastin in the original pixel block (this is

equivalent to the application of a box filter to the original strut map). The total

input size was thus 288 in the first version of the model but only 50 in the second

version. The additional cropping step served to substantially reduce the input

space, thus limiting the complexity of the model and reducing the potential for

the model to overfit the training data while performing worse on the testing data.

Alternatively, a regularization scheme could have been incorporated (e.g. via

ridge or lasso regression); however, such approaches typically penalize coefficient

magnitudes even in regions where the optimal coefficients are legitimately (i.e.

non-spuriously) high. In contrast, cropping leaves those coefficients unpenalized

while still removing spurious coefficients from distant tissue regions that should

not be expected to contribute to the delamination response.

Regression results from both versions of the linear model yielded consistent

trends in the corresponding optimal coefficient maps (Fig. 2.21). In both models,
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Figure 2.21: Absolute values of the least-squares linear P-V model coefficients. (a) Due to the
large input space in the first version of the model, the regression results in spurious coefficient
values in regions far from the injection site, suggesting possible overfitting. (b) The reduced input
space yielded similar results in the remaining coefficients. In both models, pressure predictions
at low injection volumes (e.g. ≤ 1000 µm3) are dominated by the elastin microstructure along the
immediate boundary of the initial injection region, but broader regions of the tissue contribute to
the model at higher volumes (∼2000 µm3).

pressure predictions at low injection volumes (e.g. ≤ 1000 µm3) were dominated

by the elastin microstructure along the immediate boundary of the initial injection

region. At higher volumes (∼2000 µm3), after the injection region has enlarged in

a sample-specific manner, broader regions of the tissue contribute to the model

prediction, though the dominant coefficients still neighbor the (current) injection

region. Due to the large input space in the first version of the model (downsampled

only), the regression also results in spurious coefficient values in regions far from

the injection site, suggesting possible overfitting of the training data.

To assess the performance and robustness of each version of the linear model,

we examined the discrepancy in the distribution of model residuals for both the
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Figure 2.22: Performance of the linear P-V model for three representative samples. (a) In the first
version of the model, the uncertainties in predicted pressure values estimated from the training
data are substantially smaller than the errors observed in validation against the test data, indicating
that the model overfits the training data. (b) In the second version of the model, which utilizes a
cropped and downsampled strut map as its input, the uncertainties estimated from the training
and test data are approximately equal. CI, credible interval.

training and testing data. In the first version of the model, where the input

strut map data was only downsampled, the residuals in pressure prediction were

substantially larger in the testing data compared to the training data (Fig. 2.22(a)),

indicating that the model overfits the training data. In contrast, training and testing

residuals were almost identical in the second version of the model, where the input

strut map data was both cropped and downsampled (Fig. 2.22(b)). This improved

performance was especially pronounced at higher injection volumes, where the

average ratio between the root-mean-square testing and training residuals was

∼1.6 in the downsampled-only model, but only ∼1.1 in the downsampled and

cropped model.
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Figure 2.23: Results of the linear model for predicting P-V responses. Model predictions (dash
lines) for training cases 1 and 2 are compared with the true data (black line, first column). In
particular, model predictions with and without damage fields are plotted in red and blue, respec-
tively. The other columns compare the testing data with models trained with (red)/without (blue)
the current damage field. The branch net is FNN trained with 1900 training cases. The true data
were generated from the phase-field finite element solver.

Fig. 2.23 compares predictions of the linear model and the DeepONet model

proposed in the main text. The black solid lines represent the P-V curves from the

finite-element simulations while the purple line denotes the mean linear model

prediction. As mentioned, the predictions from the linear model can only capture

the overall trend of the P-V curve, failing to characterize the detailed pressure

drop induced by struts that break. Results from other models are also plotted as

a comparison. A more quantitative comparison of errors for the linear model is in

Table 3.
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2.F Iterative Prediction of the Damage Field Using Lo-

gistic Regression

Consider, too, a logistic regression model to iteratively predict the damage field

data from the elastin strut map and predicted damage values at preceding injection

volumes. This model was developed to serve as a further baseline/proof-of-

concept model for comparison with our higher-fidelity DeepONet results. In this

approach, given a design matrix X describing the current tissue microstructure

and a set of model parameters β, the probability of a particular pixel being the

next to experience damage is modeled by a logistic function using

Pr (tear) =
1

1 + e−Xβ . (2.13)

From our mechanistic understanding of the underlying tear propagation, we

included in X parameters related to the current damage state of the tissue sur-

rounding the pixel of interest as well as a quantification of the local tissue stiffness,

both of which are known to influence the instantaneous tearing location and di-

rection [11]. The local damage state was described using one-hot encodings of

the number of lateral and diagonal neighbors that were currently damaged, while

the local stiffness was described using 1×1, 3×3, and 5×5 neighborhood averages

of the underlying tissue constituent stiffness moduli, to account for the distance-

dependent effect of local stiffness. Including a constant term, this results in 10
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model parameters βi corresponding to the design matrix

X =


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T

, (2.14)

where 1a(x) is the indicator function (equal to 1 if x = a and 0 otherwise),

{ndam, lat, ndam, diag} are the number of damaged lateral and diagonal neighbors,

and {µ1×1, µ3×3, µ5×5} are the local tissue stiffness values averaged over the corre-

sponding neighborhood sizes. The stiffness values were normalized to the stiffness

of elastin and the stiffness of the non-elastin matrix was prescribed as 1/20th of the

elastin stiffness following [11] (Fig. 2.24).

The resulting best-fit coefficients showed that the number of currently dam-

aged neighbors and the local tissue stiffness both contribute substantially to the

probability that a given pixel will be the next to experience damage—that is, to

tear (Fig. 2.25(a)). An increase in the number of currently damaged neighbors,

whether lateral or diagonal, was associated with an increased probability of tear-

ing pressure Pr(tear). In contrast, greater local tissue stiffness was associated with

a smaller Pr(tear). Note that while the absolute value of β10 is largest among the

stiffness-associated parameters, this does not imply that the average 5× 5 stiffness
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Figure 2.24: Neighborhood normalized stiffness maps. Maps of the tissue stiffness averaged over
1×1, 3×3, and 5×5 pixel neighborhoods, for a representative sample. The stiffness values were
computed directly from the elastin strut map, and normalized to the prescribed elastin stiffness,
which is 20× greater than that of the non-elastin matrix.

Figure 2.25: Logistic regression results. (a) Best-fit coefficients for the logistic regression model,
showing contributions of damaged neighboring pixels and effective local tissue stiffness. (b)
Corresponding map of the contribution of local tissue stiffness to the probability of tearing.



58

is most predictive of tearing, since the contribution of this parameter is spread over

25 total pixels. Rather, the relative contribution of each neighborhood to Pr(tear) is

computed by the product of the corresponding parameter and the neighborhood

size. The resulting map of the effective contribution of stiffness to the probability

of tearing is heterogeneous but fairly diffuse (Fig. 2.25(b)), highlighting the length

scale of which the differential stiffness acts. For an elastin strut surrounded by

a non-elastin matrix, the normalized stiffness contribution to decreasing Pr(tear)

from the elastin pixel itself is 4.944, while the remaining 3×3 neighborhood pixels

contribute 0.767 each and the still-remaining 5× 5 neighborhood pixels contribute

0.406 each, consistent with the stiffness effect decreasing monotonically with dis-

tance.

To evaluate the predictive capability of the model, we numerically simulated

the iterative propagation of damage, starting from the initial injection region.

In each time step, Pr(tear) was computed for every yet-undamaged pixel, us-

ing the elastin strut map and the predicted damage field from the previous time

step as predictors, then the damage was assigned to the pixel with the highest

Pr(tear). While the order in which pixels experienced damage often differed from

the “ground-truth” finite element results, the evolution of the predicted damaged

region qualitatively matched the shape of the true damaged region (Fig. 2.26).

Note especially that this model, while simple in its construction, predicted cor-

rectly that damage is substantially less likely—and thus delayed—in areas where

there is a high density of elastin struts, particularly when those struts are spatially

aligned and form a “barrier” to tear propagation.

On the whole, the results from this logistic regression-based predictive model

suggest that the damage field can be well described by accounting primarily for

the state of the tissue microstructure along the immediate boundary of the current
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Figure 2.26: Logistic regression-based damage prediction. True (i.e. finite element-derived) and
predicted (by the logistic regression model) maps of damage, shown at frames one-third (t1/3) and
two-thirds (t2/3) of the way through the simulation as well as at the final simulation time (t1). The
damaged region is displayed in white, while the locations of elastin struts are shown as red dots.
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damaged region, though a more complex modeling framework is needed to im-

prove accuracy in predicting the nuanced patterns in the evolving tear propagation

and the corresponding pressure–volume relation. In the DeepONet approach, we

thus prescribed a convolutional neural network (CNN) architecture to the trunk

net, since this architecture similarly relies disproportionately on interactive effects

between small neighborhoods of pixels (section 3.3).



Chapter Three

Computational Modeling of Aortic

Mechanics Based on Microimaging
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3.1 abstract

The aortic wall experiences dissection and failure as a result of injury, age, and

disease, which are closely related to variations in the microstructures of the me-

dial layer. The variations dramatically affect the mechanical properties of the

aortic wall and its potential pathophysiological outcomes, including dissection

progression. Given the complexity of the aortic wall, we develop a particle-based

computational model for investigating the underlying aortic biomechanics based

on ex vivo microimaging that reveals realistic microstructure of the subject. The

computational geometries are collected and reconstructed from two-photon imag-

ing data of a wild-type and a mgR (Marfan) mouse, based on which we perform a

series of in-silico mechanical tests. The averaged intramural stresses predicted by

the particle model shows an agreement with the analytical solution, whereas the

Marfan mouse aorta exhibits a more disrupted radial stress distribution led by the

structural deterioration by fenestration on the elastin in the media. The results fur-

ther indicate that structural integrity may also contribute in vessel delamination

since we observe a more distributed tensile radial stresses in the Marfan model

than the wild-type model. This work is the first attempt of utilizing imaging-

driven modeling based on two-photon imaging for investigating underlying aor-

tic mechanics. The proposed computational model provides a novel framework

for quantitatively analyzing complex dynamics and elucidating mechanisms of

each constituents based on multimodality data.

keywords: Smoothed Particle Hydrodynamics, Two-Photon Imaging, Soft Tis-

sue, Aortic Dissection, Four-Fiber Family
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3.2 Introduction

Aortic dissection is a life-threatening disease that manifests within the medial

layer, leading to delamination and mechanical failure of the aortic wall along

with other severe clinical conditions [189]. In particular, acute aortic dissection in

the thoracic aorta propagates within a few seconds, which poses a challenge to

randomized trials, rapid diagnosis, and prognosis in clinics to prevent the patients

from high mortality rate [79, 130]. Various imaging modalities – including MRI,

CT, and echocardiogram – are among the standard investigations in clinics [79].

The aortic wall is, in essence, a complex system, which is composed of three

primary layers: tunica intima, tunica media, and tunica adventitia. The innermost

intima layer does not contribute significantly to the mechanical behavior of the

aortic wall, except for the subendothelial layer in coronary arteries [98]. The me-

dial and adventitial layer, on the other hand, are fundamental to the load-bearing

capacity at lower and higher pressure, respectively [15]. The medial layer consists

of laminar units, which are mainly composed of collagen fibers (Type I and III,

in the circumferential direction), elastin, and smooth muscle cells [270]. The ad-

ventitia, the outermost layer, is mainly made up of fibroblasts, fibrocytes, collagen

fibers (Type I [102]), and other ground substances [270]. Although tremendous

progress has been made in delineating and analyzing the various constituents and

their functions in this complex system, the fact that the underlying mechanisms

of dissection initiation and propagation are still poorly understood is partially

contributed by the complexity of the internal microstructure and the myriad as-

sociations and interactions between proteins, proteoglycans (PGs), and growth

factors of the vascular matrix [121].
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Notwithstanding the majority of aortic dissection cases observed in clinics

arises from an intimal tear [253, 189, 194], there are, yet, a relatively significant

portion of dissection cases occurred without structure damage in the endothelial.

Apart from the hematoma hypothesis proposed by [194, 271], aortic dissection is

embodied in another hypothesis proposed by Humphrey [102], which illustrates

the mechanical contributions of glycosaminoglycans/glycoproteins (GAGs/GPs) in

the artery (thoracic). By Gibbs-Donnan swelling pressure, loss of tensile stiffness,

and development of local stress concentration, GAGs/PGs could contribute to the

delamination of elastic lamellae via one of the aforementioned approaches.

There exist many experimental findings that shed light on the new hypoth-

esis. Seminal work from Roach and colleagues investigated pressure-induced

delamination of the aortic wall at various locations [91, 163, 225], which qual-

itatively described some mechanical characteristics of GAG-induced dissection.

More works further identified that abnormal accumulation of GAGs – along with

loss of smooth muscle, fragmentation of elastic fiber, and remodeling of fibrillar

collagens – are among the main histological features in the aortic tissues from

patients with thoracic aortic aneurysm and dissection (TAAD) [45, 102, 306].

A series of computational investigations that account for nonlinearity, hetero-

geneity, and anisotropy in the aorta have been conducted to rigorously under-

stand the wall mechanics with GAGs/PGs presented. In [227, 226], the authors

developed two complementary models, a finite-element model and a continuum-

based model, whose results suggested that (1) the important roles of GAGs/PGs

in mechanosensing and integrity of the aorta and (2) abnormal aggregates may

lead to pathological conditions that would reduce the overall integrity of the aortic

wall. Ehsan et al. [11, 12] introduced microstructure-motivated phase-field finite

element model to mimic an injection-driven dissection. The model represents the
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crack propagation by phase-field evolution, without adopting the expensive mesh

enrichment required in extended FEM [178, 322]. Another way of modeling dissec-

tion propagation is to adopt particle methods, represented by smoothed particle

hydrodynamics ([157, 3, 221, 4]), peridynamics ([240, 312]), or dissipative particle

dynamics ([284]). In particular, the SPH with the four-fiber family model ([3, 4])

provides further insights into the complicated interaction between lamellar units

and GAG pools at the progression stage of aortic dissection. One interesting find-

ing is that, unlike in a real scenario, dissection progresses only within intralamel-

lar space (circumferential direction) based on all simulations represented without

turning directions. It is assumed that the heterogeneity of local microstructure may

induce the turning of delamination, which poses a pressing need to develop an

imaging-driven, not just microstructure-motivated, computational model based

on realistic microstructure provided by imaging modalities.

Recently, the development of modern imaging techniques, namely, two-photon

microscopy (TPM), has greatly facilitated the understanding of vascular mechan-

ics [90, 262, 310, 37]. TPM is an advanced modality suitable for investigations

of regional microstructural properties for biomaterial due to its non-destructive

nature and good penetration depth [92]. Cavinato et al. [38] combined ex vivo

biomechanical testing with TPM to quantify layer-specific microstructural proper-

ties in murine aortas. In particular, primary extracellular matrix components, such

as fibrillar collagen and elastic lamellae, can be acquired and reconstructed, pro-

viding a viable approach to developing quantitative modeling based on realistic

geometries.

In this work, we address investigating the GAG-induced dissection hypothesis

by developing an imaging-driven particle model whose geometry is acquired

based on realistic microimaging data. The particle model is adopted based on
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smoothed particle hydrodynamics (SPH) with the four-fiber family model for

describing the nonlinear behavior of the multi-constituent arterial wall [10, 74].

Herein, the geometry adopted was acquired using TPM acquired from a loading

state in the biaxial mechanical testing.

We organize the paper as follows: In Sec. 3.3, we introduce the methodology,

including TPM and a computational model. In Sec. 3.4, we report the results

that process the TPM image stacks, approaches to construct the 3D geometry, and

simulations on which we perform detailed simulations based. At last, we conclude

with a short discussion at the end.

3.3 Methodology

We present the models needed to develop the computational framework in this

section. The overall workflow is shown in Fig. 3.1. A segment of the descending

thoracic aorta was isolated and cannulated on a biaxial loading device. Next,

mechanical forces from the device and microstructural imaging from TPM were

collected simultaneously while pressurizing and stretching the DTA segment to

its in vivo states. The collected data was analyzed and postprocessed for detailed

microstructural reconstruction and parameter fitting for the constitutive model,

based on which the particle simulations for revealing detailed local mechanics

were performed. Experimental details of vessel isolation and biaxial loading were

elaborated in [38, 62]. We will briefly introduce the basic formulation of the particle

model, the constitutive model for arterial mechanics, and the imaging processing

pipeline for imaging reconstructions.
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Figure 3.1: Schematic of imaging-driven modeling of aortic mechanics. (a) Aorta isolation from
mouse models. A segment of the descending thoracic aorta (DTA) was isolated from euthanized
mice and was (1) cannulated and mounted on a biaxial loading device. (b) The segmented aorta
was pressurized and loaded to in vivo states where two-photon imaging and mechanical data
were collected. The collected data were analyzed separately: (c) the mechanical data were used to
quantify mechanical parameters in the four-fiber model and (d) the imaging data were postprocess
in a specific pipeline for geometry reconstruction. (e) Detailed computational modeling was
developed using parameters fitted from (c) and particle representation of the microstructure from
(d).
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Figure 3.2: “spiky” kernel in SPH with the kernel radius h.

3.3.1 Smoothed Particle Hydrodynamics

In Sec. 3.3.1, we introduce the framework of total lagrangian smoothed particle

hydrodynamics (TLSPH), which refers to the initial configuration as the reference

state. The framework is suitable for simulating vascular biomechanical problems

shown by [3, 4]. The methods of discretizing the equilibrium equation with TLSPH

and pre-loading the configuration to its in vivo states will be discussed in Sec. 3.3.1

and 3.3.1.

TLSPH

In TLSPH, physical quantities are approximated based on kernel methods. Let us

consider a function f (X) and its approximation ĝ(Xi) at point Xi

ĝ(Xi) =

∫
f (X)W(X − Xi)dX, (3.1)

We define W as a weighting kernel:

W(R j, h) = A


(h − R j)3, R j < h,

0, R j ≥ h,
(3.2)
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where h is the radius of the kernel illustrated in Fig. 3.2. The equation above

denotes that one integrates the information from a discrete point if the distance

(R j) between X j and the reference point is within the kernel h and neglect the

point when R j ≥ h. Coefficient A is defined as A = 10/πh5 in two dimensions or

A = 10/πh6 in three dimensions.

In TLSPH, g(Xi) is numerically approximated as a function of particle volume

V j and kernel W(R j, h) as

g(Xi) =
∑
j∈S

f jV jW(R j, h), (3.3)

Taking the gradient of g(Xi) with respect to its reference coordinate X

∇Xg(Xi) =
∑
j∈S

f jV j∇XW(R j, h),

∇XW(R j, h) = (
∂W(R j, h)
∂R j

)
R j

|R j|
,

If f (X) is a vector, then the integration rule rewrites as

∇Xg(Xi) =
∑
j∈S

f j ⊗ V j∇XW(R j, h) (3.4)

Then, we introduce two ad-hoc numerical corrections. Introducing the follow-

ing equation guarantees the symmetrization of force [180]:

∇Xg(Xi) =
∑
j∈S

( f j − fi)V j∇XW(R j, h). (3.5)
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Modifying kernel W as following preserves the first-order completeness [217]:

∇̃XW(R j, h) = A−1
∇XW(R j, h), (3.6)

Ai =
∑
j∈S

V j∇XW(R j, h) ⊗ R j (3.7)

Equilibrium equation and Constitutive Model

In this section, we briefly discuss the equilibrium equation and its form in TLSPH.

The governing equation of solid mechanics writes:

∇ · P + ρ0b = ρ0ẍ, (3.8)

P is the first Piola-Kirchhoff stress (PK1) and b denotes the body force. ρ0 is

the referential mass density. The PK1 stress can be expressed as a function of

deformation gradient F and strain energy densityW.

Pi = FiSi = 2Fi
∂W
∂C

, (3.9)

where the deformation gradient F in TLSPH is defined as:

Fi =
∂xi

∂Xi
=

∑
j∈S

r j ⊗ V j∇̃XW(R j, h) (3.10)

As shown in [22], the equilibrium equation for each particle is equivalent as

the Newton’s law:

miẍi = f int + f ext + f hg, (3.11)
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where the internal forces is

f int
i =

∑
j∈S

ViV j(Pi∇̃XW(Ri, h) − P j∇̃XW(Ri, h)). (3.12)

fext denotes the external forces acting on each of the particles where, herein, fext

is 0. To suppress spurious hourglassing mode, we adopt an addition term f hg

from [71]

f hg
i =

∑
j∈S

−α
EViV jW(R j, h)

2R2
j

(δi + δ j)
r j

r j
(3.13)

For updating the displacement field, particle velocity, and acceleration, we adopt

the forward Euler method. We refer the reader to [221, 71] for more details.

Deposition Prestretch

The total Lagrangian framework refers to the initial configuration as the reference

state. However, the ex-vivo imaging data were collected at a pressurized state with

axial deformation being stretched to its in-vivo state. That being said, the internal

stresses were not zero at the initial configuration [62, 56, 13]. In addition, there

exist residual stresses induced by cell-mediated deposition and developmental

pre-stretches even at an unloaded state (the inner pressure is zero). Simulating

vascular mechanics at in vivo states requires further consideration that incorporate

the preloadings and prestresses [34]. Thus, we adopt a different approach by

introducing deposition prestretches to the deformation gradient [34, 15].

Imposing deposition prestretch to a static system has been discussed exten-

sively in previous works. Herein, we consider imposing prestretches to a dynam-

ical system in two stages, illustrated in Fig. 3.3. Consider a quarter-circle aorta
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Figure 3.3: Algorithms that introduce deposition prestretch in SPH. Left: The inner wall is fixed
with incremental deposition prestretch (∆G). The wall is free to move in the radial direction while
being bounded in the circumferential direction. Right: Once the deposition prestretch is imposed,
the inner wall is moved in the radial direction until the end of the moving step.
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with particles at 0◦ and 90◦ being free to move in the radial direction. In stage I,

we start our simulations from the in-vivo configuration with the total deformation

gradient F as the identity matrix. We fix the displacement of the particles on the

inner vessel wall while setting the outer surface as traction-free. Next, we stretch

each constituent in their principal directions by adding an incremental stretch ∆G

to the original stretch tensor G for constituent Γ, which represents elastin (e), col-

lagen (col), and smooth muscles (smc). The overall deformation gradient is then

modified as FΓ = FΓGΓ , I and accordingly, the Cauchy stress σ , 0. In an ideal

computational setup where the material is incompressible and homogeneous, the

particles should remain at their original locations after imposing prestretches.

However, due to the nearly incompressible assumption, structural heterogeneity,

and the numerical deficiency of SPH at boundaries [80, 279], the particles will

slightly deviate from their reference state in our simulations. The incremental

prestretch is set as very small to avoid a sudden acceleration of particles. Once,

the stretch tensor GΓ for each constituent is loaded to their in-vivo state, we unlock

the displacement of the inner wall in stage II by moving the inner wall along the

radial direction. We record the pressure and stresses in each direction during stage

II to reproduce the biaxial loading state in experiments.

3.3.2 Four-fiber Model

We adopt the four-fiber family model, a widely accepted constitutive law, as

the strain energy function W(C,M) for modeling mechanical behavior of the

aorta [10, 107, 62]. The four-fiber model describes the aorta as hyperelastic and

anisotropic with fiber-reinforcement in four directions. Its strain energy density
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writes as

W(C,M) = φe
Γ[
µ

2
(I1−3)−µ ln(J)+

K0

2
(
J2
− 1
2
−ln J)]+

4∑
i=1

φi
Γ[

ki
1

4ki
2

(exp
{
(ki

2(I4i − 1)2
}
)−1)],

(3.14)

where principal invariants I1 and I4i are defined based on the right Cauchy Green

strain (C), deformation gradient F, and fiber directions Mi,

I1 = C : I, J = det F, I4i = C : Mi ⊗Mi,

M1 = [0, 0, 1],

M2 = [0, 1, 0],

M3 = [0, cos(α), sin(α)],

M4 = [0, cos(α),− sin(α)]

α is the fiber orientation with respect to the circumferential direction. µ is the shear

modulus and ki
1,2, i = 1, ..., 4 are the fiber modulus and exponential coefficients in

the axial (i = 1), circumferential (i = 2), and two symmetric diagonal directions

(i = 3, 4). In addition, constituents in the aorta are inherently differentiated by

microstructures that contain different components. To model such heterogeneity,

we introduce mass fraction φ for different groups Γ (elastin eln, media med, and

adventitia adv) in directions i [4]. The above parameters are usually calibrated

using nonlinear regression methods based on experimental data [62].

3.3.3 Two-photon microscopy

We use signals in different TPM channels to delineate the main constituents of

the descending thoracic aortic wall: fibrillar collagens, elastic fibers (main com-
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ponents of elastic lamellae), and cell nuclei. Each constituent was detected at a

different wavelength: we use the second harmonic generation (SHG) signal at

wavelength 390-425 nm to detect collagen structures and collect the two-photon

auto-fluorescent signal of elastic fibers at 500-550 nm. Elastic fibers and fibril-

lar collagens are represented in the green and red channels as shown in Fig. 3.1.

Nuclei were detected using fluorescent signals with a wavelength higher than

550 nm. However, nuclei distributions (blue channel) are not utlized when re-

constructing the computational geometry since the nuclei signal is highly aligned

with the elastins, leading to difficulties in constituent delineation. The in-plane

(axial-circumferential) view of field ranges 500 µm × 500 µm with imaging resolu-

tion and out-of-plane step size at 0.48 and 1µm/pixel. The samples were collected

at diastole with inner pressure at 80 mmHg and axial stretch at 1.45. We post-

process the collected data following the procedures adopted in [38]. The images

are transformed from a circumferential-axial into a polar coordinate using a custom

MATLAB algorithm for facilitating microstructural analysis. The final geometry

is transformed back to Cartesian coordinate for considering curvature. We refer

the reader to find more details in [38].

3.4 Results

3.4.1 Benchmark testing

To verify the implementation of the hyperelastic SPH model, we first consider

a benchmark problem: inflation test for a quarter-circle aorta. Particles on the

inner wall are fixed at stage I and then set to move in the radial direction for
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Parameter Symbol Value

Initial Radius (inner/outer) Ri, Ro 8.0 mm, 8.5 mm

Elastin-dominated material constant µ 31.466 kPa

Axial collagen parameters k1
1, k1

2 1.417 kPa, 0.541

Circumferential collagen parameters k2
1, k2

2 12.914 kPa, 0.237

Diagonal collagen parameters k3,4
1 , k3,4

2 4.584 kPa, 0.843

Fiber orientation (circumferential) α 0.7941

Deposition Pre-stretch Ge
θ,G

e
z,Gc

1,2,3,4,G
smc 1.4, 1.59, 1.2, 1.0

Mass fraction φe, φ1,2,3,4 1.0, 1.0

Table 3.1: Parameters used in the benchmark mean-behavior model. The parameters are fitted
based on biaxial data of a WT model.

mimicking inflation. We assume the deposition prestretches of the elastin are 1.4

(circumferential) and 1.59 (axial). The prestretches for the fiber families are all set

to 1.2. We employ the algorithm presented in Fig. 3.3 to impose the deposition

prestretches before moving the inner wall. The inner radius at the initial state

is 8 mm with the wall thickness at 0.5 mm (shown as blue particles in 3.4). We

tabulate parameter values of the constitutive model in Table 3.1. Fig. 3.4 shows that

the passive mean-behavior SPH models describe well the mean circumferential

stresses (σθ) during inflation, agreeing with the thick-wall analytical model. The

circumferential stresses are averaged from the inner particles with the exclusion

of the corner ones.

3.4.2 Imaging reconstruction

In this section, we discuss a customized pipeline in ImageJ and Python for post-

processing the transformed raw images from TPM. As shown in Fig. 3.5(a), a stack

of transformed raw images in the green channel represents the microstructure
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Figure 3.4: Inflation test and wall stresses predicted by the mean-behavior SPH model. Left: SPH
particles at the initial (blue) and loaded (orange) configuration. Right: Circumferential stresses
predicted from the SPH (red dots) and an analytical thick-wall model during inflation.

Figure 3.5: Procedures of imaging processing and microstructure reconstruction. (a) A stack of
raw images that represent elastic lamellae was processed, (b) filtered, and (c) thresholded through
a customized pipeline. (d) The thresholded images are converted into particles with collagen
(yellow) coating on the outer and smooth muscle filled in the intralamellar space (blue). (e) The
reconstructed geometry is transformed in a cylindrical coordinate with curvature.
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Constitutent WT Histo. (%) mgR Histo. (%)

(Media) Elastin 54 38

(Media) SMC 24 20

(Media) Collagen 15 17

(Media) Others 7 25

(Adventitia) Elastin 0.5 1

(Adventitia) SMC 10 5

(Adventitia) Collagen 87 82

(Adventitia) Others 3 12

Media Volume Fraction 76 68

Table 3.2: Mass fractions of each constituent for the WT/mgR model. The parameters are
collected from histological analysis.

of elastic fibers. In (b), we employ a series of filters to denoise the raw images,

then take pixel average in the axial direction to further enhance the contrast of

elastic fibers. Next, we adopt a local thresholding filter to extract elastic fibers

after manual labeling (Fig. 3.5(c)). Following the previous step, we design a cus-

tomized python pipeline to transform the thresholded structure into a particle

representation of the subject-specific microstructure, where main constituents are

denoted and identified with different colors. Smooth muscle cells are filled within

the intralamellar space represented by blue particles. In particular, images from

TPM does not provide enough resolution to resolve fibrous level microstructure,

i.e., single fiber orientation and its distribution. Hence, we coat a layer of ad-

ventitia particles on the top of the media while keeping the mass fraction of the

media consistent with our histological analysis (Table 3.2). Then, our customized

pipeline processes each slice of the image stack and transforms the 3D structure

to the Cartesian coordinate for preserving bending moments (Fig. 3.5 (d-e)).

Fig. 3.6 shows a slice of raw images and its particle representation after being
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Figure 3.6: Reconstructed microstructure for the (a) mgR and (b) WT model. Mass fraction of
each constituent: (Elastin, WT) 44.58%, (SMC, WT) 32.12%, (Adventitia, WT) 23.30%; (Elastin,
mgR) 45.99%, (SMC, mgR) 21.68%, (Adventitia, mgR) 32.33%.

Parameter Symbol WT mgR

Initial Radius (inner/outer, at 80 mmHg) Ri, Ro 473.1 mm, 545.1 mm 386.4 mm, 432.0 mm

Elastin-dominated material constant µ 165.051 kPa 113.536 kPa

Mass fraction (elastin) φe
eln, φ

1,2,3,4 0.395, 0 0.38, 0

medial collagen parameters (tensile) k1,2,3,4+
1 , k1,2,3,4+

2 136.996 kPa, 7.7326 85.324 kPa, 33.2863

medial collagen parameters (compression) k1,2,3,4−
2 0.01 0.001

Mass fraction (intralamellar) φe
int, φ

1
int, φ

2
int, φ

3,4
int 0.395, 0.0366, 0.4010, 0.0702 0.38, 0.0007, 0.2140, 0.0776

adventitia collagen parameters k1,2,3,4+
1 , k1,2,3,4+

2 277.140 kPa, 21.0304 424.112 kPa, 23.734

Mass fraction φe
adv, φ

1
adv, φ

2
adv, φ

3,4
adv 0.007, 0.2052, 0, 0.3939 0.01, 0.0038, 0.1176, 0.3743

Fiber orientation (circumferential) α 1.004 0.7225

Deposition Pre-stretch Ge
θ,G

e
z,Gc

1,2,3,4 1.6, 1.45, 1.1 1.8, 1.6, 1.1

Table 3.3: Parameters used in the WT/mgR multilayer model. The parameters are fitted and
collected based on biaxial fitting and histological imaging processing [62]. eln: elastin, int: in-
tralamellar substances, adv: adventitia.

post-processed. It is noticeable that the WT model is thicker than the mgR model

with more continuous elastic layers in the media. The mgR model, however, has

rather discontinuous elastic lamellae due to fenestrations on the elastin, leading

to a reduced load-bearing capacity. The first and last layers in the circumferential

direction are duplicated and extended circumferentially so that a quarter-circle

shape is formed (Fig. 3.7 left column).
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Figure 3.7: Microstructure and stresses distribution in the WT (top) and mgR (bottom) predicted
from SPH simulations. The stresses are simulated at diastole (80 mmHg).

3.4.3 Imaging-driven simulations

We perform numerical simulations for investigating the internal stresses of the

aorta with detailed microstructures. First, we perform parameter fittings for each

model following the procedures in [62]. Combining the mass fractions collected

from histological analysis, we tabulate the final fitted parameters in Table 3.1.

Notice that the SMC mass fraction in the mgR model (φ2
int) is dramatically reduced

from 40% (WT) to 20%, substituted by other ground substances, such as GAGs.

We present more comparison of fitted results with biaxial loading data in 3.B.

We present stress distributions of the two models at diastole in Fig. 3.7. Com-

paring transmural distributions of stresses reveals a fundamental difference in the

role of load-bearing between the WT and mgR model. Regarding the circumfer-
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Figure 3.8: Distribution of the radial (σr) and circumferential (σθ) stresses in the WT (left) and
mgR (right) model. The predicted stresses from SPH are plotted with the blue solid lines with the
dashed lines representing analytical solutions.

ential stress σθ, the medial layer in the WT model accounts for significantly more

stresses than the adventitia layer at diastole. The relatively continuous elastic lay-

ers guarantee more uniform distribution of σθ through the aortic wall. The media

in the mgR model, however, partially shifts its loading to the adventitia, especially

when the microstructure beneath is more disrupted (shown by an abrupt increase

in σθ at 60◦). In the radial direction, the disruption in σr of the mgR model is

more pronounced than in the WT model due to the discontinuous elastin in the

media. We observed a qualitative correspondence between the fenestration on

the elastin and tensile radial stresses, indicating that abnormal geometric factors,

such as fenestrations or GAG pools, could alter the local stress distributions. Given

that dissection progresses due to tensile, not compression stress, the distinctive

microstructure of mgR models may also contribute to the failure of the aorta.

Next, we compare the mean transmural stresses in the radial and circumferen-

tial directions and present the averaged results in Fig. 3.8. The dashed curves that

represent the analytical solutions at 80 mmHg are compared with the averaged



82

SPH predictions through the wall. Although being locally disrupted in the mgR

model, the mean σr from SPH corresponds well with the analytical solutions. We

also observe an agreement for the mean σθ in the WT model: σθ in the media is

approximately at 175 kPa whereas σθ in the adventitia quickly drops to around

50 kPa. The statistical results from SPH can capture this drop with satisfactory

accuracy. For the mgR model, however, σθ in the media from SPH and analytical

solutions corresponds well with a little discrepancy in the adventitia. We also

observe the load-shifting effect in this stress comparison where the magnitude of

increase in σθ is about 100 kPa in the mgR adventitia. Such load-shifting effect

is consistent with the observation in [15] where the authors also found that the

effect is more pronouced at supranormal pressure conditions. The reason why

SPH simulations can only qualitatively match the transmural stresses of the an-

alytical solution comes from that the SPH takes underlying microstructure into

consideration whereas the analytical results are computed based on a homoge-

nized assumption in each layer. Hence, heterogeneity of realistic microstructures

may lead to variations and even disruptions reflected in mean stresses.

3.5 Discussion

In this work, we develop a particle modeling framework for investigating aor-

tic mechanics based on TPM data. Particles representing aortic microstructures

are postprocessed and reconstructed by a customized pipeline using ImageJ and

python. We employ a constituent-specific four-fiber model for describing stress-

stretch relationships where the model parameters are fitted using biaxial loading

data. Due to the imaging data being collected at loaded states, we also intro-

duce “deposition prestretch” to preload the reconstructed geometry to its in-vivo
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states. To verify the accuracy of our SPH implementation, we perform an inflation

test where the predicted stresses match well with its analytical solutions. Then,

we utilize the model to simulate the internal stresses of a WT and mgR model.

The averaged transmural stresses are in agreement with the analytical solutions

with detailed local stress distributions revealed by SPH. We further demonstrate

that discontinuous elastic layers led by fenestrations could deteriorate the local

microstructure by turning compressive radial stresses to tensile.

This is the first attempt at utilizing realistic microstructures for investigating ar-

terial biomechanics. Such a framework can be extended to investigate biomechan-

ical problems for other arteries when microstructure plays an important role in

local biomechanics. Certainly, more improvements and directions can be adopted

and considered in the future. Firstly, we will incorporate active stresses as it can

protect aortas from delamination by reducing vessel deformation [211, 184]. An-

other important direction is to implement GAGs into the mgR model since GAGs

account for 21% of the mass fraction in the mgR model. In addition, performing

3D simulations is also interesting to look into since one could track the preferential

orientations of dissection progression once delamination occurs [244].

There exist challenges and limitations for this imaging-driven modeling. One

interesting observation from our numerical fitting procedures: the more parame-

ters to fit, the less confident the results are. Developing a detailed computational

model requires as much information on material properties as possible, whereas

some of them are challenging to estimate from our current constitutive model

and fitting framework. Ad-hoc assumptions on deposition prestretches and col-

lagen fiber parameters are usually made to simplify parameter fitting procedures,

but these assumptions may fail in real scenarios. Certainly, if more features are

included in the computational model, one has to ask the question that if their
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material properties can be inferred based on measurable data. Modeling dam-

age of soft material is another important part to consider when modeling aortic

dissection since choosing different damage models may lead to different, or even

contradicting results. In addition, deposition prestretch works well for a relatively

homogenized aorta, however, introducing such a technique into a non-uniform,

heterogeneous microstructure may lead to numerical instability.
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3.A Parallel efficiency

Our code is developed based on LAMMPS SMD, a particle simulation package

for solving problems in continuum mechanics [72, 71]. We implement constitutive

models for hyperelastic materials, such as Neo-Hookean, HGO, and four-fiber

models, into the existing framework while enabling heterogenous material simu-

lations. Unlike previous SPH implementation for hyperelastic materials [4, 221],

the package inheres the parallel framework of LAMMPS [205], making our new
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Figure 3.9: Benchmark testing for parallel efficiency of LAMMPS SMD. We test the code ef-
ficiency for a fixed size problem run on different numbers of processors. Speedup factors of
LAMMPS SMD (out implementation) are bounded by the theoretical speedup.

implementation readily for large scale simulations.

Fig. 3.9 shows computational speedup of LAMMPS SMD for a fixed-size uni-

axial tension problem with 10,000 particles. The simulations are performed on

Frontera, TACC with Intel Xeon Platinum 8280. We define the computational

speedup as the ratio of wall time on single processor (T1) over multiple processors

(Tn). Theoretically, if the code scales perfectly, the speedup increases linearly with

the increase in the numbers of processors. We perform the fixed-scale problem

on various processors, ranging from 1, 4, 8, and up to 128. The realistic speedup,

albeit limited by other time consumption such as message passing, presents a

nearly linear increase with the increasing numbers of processors. The overall

performance represents a good parallal efficiency of the framework.
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Figure 3.10: Fitting from the four-fiber model (red lines) with best-fit parameters and biaxial
testing data (dots) for the WT mouse.

3.B Bilayer model parameter fitting

We follow the parameter fitting algorithm proposed in [62] to find a set of optimal

parameters that minimize the difference in axial force and intramural pressure

between four-fiber models and experiments. The fitted parameters are shown in

Table 3.3. We compare four-fiber model predictions (red lines) and experimental

measurements from biaxial tests (dots) for the WT (Fig. 3.10) and mgR model

(Fig. 3.11).
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Figure 3.11: Fitting from the four-fiber model (red lines) with best-fit parameters and biaxial
testing data (dots) for the mgR (Marfan) mouse.



Chapter Four

Non-invasive Inference of Thrombus

Material Properties with

Physics-Informed Neural Networks
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4.1 Abstract

We employ physics-informed neural networks (PINNs) to infer properties of bio-

logical materials using synthetic data. In particular, we successfully apply PINNs

on inferring permeability and viscoelastic modulus from thrombus deformation

data, which can be described by the fourth-order Cahn-Hilliard and Navier-Stokes

Equations. In PINNs, the partial differential equations are encoded into a loss

function, where partial derivatives can be obtained through automatic differen-

tiation (AD). In addition to tackling the challenge of calculating the fourth-order

derivative in the Cahn-Hilliard equation with AD, we introduce an auxiliary net-

work along with the main neural network to approximate the second-derivative

of the energy potential term. Our model can simultaneously predict unknown

material parameters and velocity, pressure, and deformation gradient fields by

merely training with partial information among all data, i.e., phase field and

pressure measurements, while remaining highly flexible in sampling within the

spatio-temporal domain for data acquisition. We validate our model by numer-

ical solutions from the spectral/hp element method (SEM) and demonstrate its

robustness by training it with noisy measurements. Our results show that PINNs

can infer the material properties from noisy synthetic data, and thus they have

great potential for inferring these properties from experimental multi-modality

and multi-fidelity data.
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4.2 Introduction

Thrombus deformation and failure [220, 219] are important in deep vein thrombo-

sis [283, 137, 132], pulmonary embolism [237, 164], and atherothrombosis [299, 59],

where a key concern is thrombus failure and subsequent shedding of emboli,

which can cause life-threatening complications under certain conditions. If we

model a thrombus as a porous medium, where fibrin is loosely connected around

the core area [287], we can study its interaction with blood flow using mathemati-

cal models, i.e., the Cahn-Hilliard and Navier-Stokes Equations [254]. Phase field

modeling gives a macroscopic representation of thrombus deformation whereas

the microscopic details such as the fibrin network and platelets are neglected.

This system of governing equations can still reflect the mechanical interactions of

a thrombus and its ambient blood flow [321, 254, 148]. Material properties, e.g.,

the permeability and viscoelastic modulus, in the governing equations play an

important role in thrombus mechanics. Specifically, they can be indicators for the

possibility of vessel occlusion and thromboembolism, since pieces of thrombus

could be detached by the local shear stress and be transported to distal ves-

sels [51]. Therefore, there is a pressing need to infer material properties from

measurements, which is central to predicting thrombus shape and deformation

under diverse hemodynamic conditions and assessing the risk of thromboem-

bolism and other clinical consequences. Similar estimation of unknown param-

eters from data is also a central problem in electrocardiology and medical image

reconstruction [162, 111, 89, 231], geophysics [175, 259, 233, 297], and many other

fields [249, 288, 20, 46, 144].

However, the values of permeability and viscoelasticity are patient-specific

and difficult to quantify from either experimental measurements or traditional
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numerical simulations using the finite element or finite volume method. A variety

of numerical methods for inverse problems, i.e., Bayesian approaches [43, 293, 33],

smoothing approaches [216, 142], and adjoint methods [203, 171, 187], have been

developed to infer PDE parameters from data.

Recent advances in solving inverse problems using deep learning techniques

provide us with a promising alternative to identify PDE parameters [176]. In par-

ticular, physics-informed neural networks (PINNs) [213, 214] is a relatively simple

framework, which encodes the information from governing equations describing

physical conservation laws. Specifically, the residuals of physics equations are

encoded into the loss function of the neural network as constraints such that the

network outputs satisfy the PDE equations as well as the initial and boundary con-

ditions. Conceptually, adding these physical constraints restricts the optimizing

weights and biases in a constrained space. Also, PINNs is a mesh-less frame-

work since partial derivatives can be computed with automatic differentiation

(AD) in most neural network packages. As a result, the residuals of PDEs can be

evaluated at random points in the spatio-temporal domain for training effectively

and efficiently. Additionally, for forward problems, the training data is unpaired;

PINNs does not require any data other than the spatio-temporal coordinates of

training points (and the initial/boundary conditions). Successful applications of

PINNs range from flow visualization [214] to high-speed flows [166], stochastic

PDEs [314], fractional PDEs [195], and cardiac flows [128], to name a few. For

inverse problems with unknown parameters in PDEs, PINNs can infer even hun-

dreds of parameters based only on measurements with a limited number of train-

ing points and without any prior knowledge of the unknown parameters [214].

In PINNs, solving inverse problems follows the same workflow as forward prob-

lems only by penalizing the difference between point measurements and model
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predictions to the loss function. Unknown values of the parameters are set as

model variables such that they can be optimized based on the gradients of the

loss function with respect to their value. The potential of PINNs to infer param-

eters or their distributions has been explored for highly-nonlinear [213], stochas-

tic [314], ill-posed [214, 213], multi-fidelity problems [173], non-homogeneous

material properties infernce [317], and other cases [251, 42].

In this chapter, we apply PINNs to identify values of two parameters, namely,

the permeability and viscoelastic modulus in the Cahn-Hilliard and Navier-Stokes

equations. This is perhaps the first attempt to leverage the power of PINNs as a

new method to infer physiological parameters using high-order multi-physics and

multi-field nonlinear PDEs. In addition, to tackling the challenge of calculating the

fourth-order derivative in the Cahn-Hilliard equation with AD, we introduce an

auxiliary network along with the main neural network to approximate the second-

derivative of the energy potential term. Moreover, we investigate the effects of the

number of training points, the influence of noisy data, and different types of data

on the accuracy of our inferred results.

The remainder of the chapter is organized as follows: In section 4.3, we present

the Cahn-Hilliard and Navier-Stokes system of equations as well as the PINN

model. In section 4.4, we present the fields construction and parameter inference

results for representative cases such as a thrombus and a biofilm in a channel. We

also explore the sensitivity of the PINN predictions by reducing the number of

training data, adding noise, and using partial data from some of the fields. We

conclude in section 4.5 with a brief summary.
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4.3 Methods

4.3.1 Cahn-Hilliard and Navier-Stokes Equations

Mechanical interaction between thrombus and blood flow as a fluid-structure

interaction (FSI) problem can be modeled by the Cahn-Hilliard and phase field

coupled Navier-Stokes equations (referred as Navier-Stokes equations) in fully-

Eulerian coordinates [321]:

ρ(
∂u
∂t

+ u · ∇u) + ∇p = ∇ · (σvis + σcoh + σela) − µ
(1 − φ)u

2κ(φ)
, (4.1)

∇ · u = 0, (4.2)

∂ψ
∂t

+ u · ∇ψ = 0, (4.3)

∂φ

∂t
+ u · ∇φ = τ∆ω, (4.4)

ω = ∆φ + γg(φ), (4.5)

where u(x, t), p(x, t)σ(x, t), andφ(x, t) represent the velocity vector, scalar pressure,

stress tensor, and scalar phase field; g(φ) equals the derivative of the double-well

potential (φ2
− 1)2/4h2, where h is the interfacial length; ψ = [ψ1, ψ2] denotes the

auxiliary vector whose gradients are the components of the deformation gradient

tensor F as follows:

F :=

−
∂ψ1

∂y −
ψ2

∂y

∂ψ1

∂x
∂ψ2

∂x

 .
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Equation (1) is the Navier-Stokes equation with viscous, elastic, and cohesive

stresses, respectively, which can be written as:

σvis = µ∇u, (4.6)

σela = ∇ · (λe
(1 − φ)

2
(FFT

− I)), (4.7)

σcoh = λ∇ · (∇φ ⊗ φ). (4.8)

Equation (2) is the continuity equation and equation (3) denotes the transport of

ψ. The fourth-order Cahn-Hilliard equation is decoupled into two second-order

equations in equations (4) and (5) for formulating the weak form; γ, τ, andλ are the

interfacial mobility, relaxation parameter, and mixing energy density, respectively.

Note that the material parameters of interest are viscoelastic modulus λe and

permeability κ(φ), which are to be determined from the data by PINNs. Other

PDE parameters are assumed as known.

We impose Dirichlet boundary conditions u = g, (x, t) ∈ Γi×(0,T) for velocity at

the inlet Γi, and no-slip boundary on the wall Γw. Neumann boundary conditions,

i.e., ∂φ∂n = ∂ω
∂n = ∂ψ

∂n = 0, x ∈ Γw∪Γi∪Γo are imposed forψ, φ, andω on all boundaries,

and for pressure and velocity at the outlet Γo. This model is feasible for both 2D and

3D but we only consider two-dimensional (2D) physical domain in this chapter

for proof of concept demonstration.

4.3.2 Physics-Informed Neural Networks (PINNs)

In Fig. 4.1 we show a schematic of PINNs. Given the time t and coordinates x,

y of training points as inputs, we construct two fully-connected neural networks,
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Figure 4.1: Schematic of a PINN for solving inverse problem for Cahn-Hilliard and Navier-
Stokes PDEs. Circled by blue boxes, Net U and Net W represent surrogate models for the PDEs
solution whose derivatives can be computed with automatic differentiation (AD). The computed
derivatives are used in the loss function to restrict model outputs such that they satisfy the system
of PDEs in Ω. For inverse problems, the residual between sensor measurements u|data and model
outputs ûΩ are included in the loss function. We use ADAM to optimize the model parameters θ
(weights and biases) and search the unknown values of the material parameters from the PDEs λ
to minimize the loss function.
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Net U and Net W, where the outputs of Net U represents a surrogate model for the

PDE solutions u, v, p, and φ and the outputs of Net W are PDE solutions ω, ψ1,

and ψ2. We denote the PDE solutions as û concatenated by the outputs from Net

U and Net W, whose derivatives with respect to the inputs are calculated using

AD. Then, we formulate the total loss L as the combination of PDEs residual loss

(LPDE), initial and boundary condition loss (LIC, LBC), and data loss Ldata as follows:

L = ω1LPDE + ω2LIC + ω3LBC + ω4Ldata, (4.9)

and

LPDE(θ,λ; XPDE) =
1
|XPDE|

∑
x∈XPDE

∥∥∥ f (x, ∂tû, ∂xû, ..., ∂xxû, ...;λ)
∥∥∥2

2
, (4.10)

LBC(θ,λ; XBC) =
1
|XBC|

∑
x∈XBC

‖B(û, x)‖22, (4.11)

LIC(θ,λ; XIC) =
1
|XIC|

∑
x∈XIC

∥∥∥û − ut0

∥∥∥2

2
, (4.12)

Ldata(θ,λ; Xdata) =
1
|Xdata|

∑
x∈Xdata

‖û − udata‖
2
2, (4.13)

where ω1, ω2, ω3, and ω4 are the weights of each term. The training sets XPDE,

XBC, and XIC are sampled from the inner spatio-temporal domain, boundaries, and

initial snapshot, respectively. Xdata is the set that contains sensor coordinates and

point measurements; |·| denotes the number of training data in the training set. In

particular, B represents a combination of the Dirichlet and Neumann residuals at

boundaries. Finally, we optimize the model parameters θ and the PDE parameters

λ = [λe, κ] by minimizing the total loss L(θ,λ) iteratively until the loss satisfies the

stopping criteria. Optimizing the total loss is a searching process for λ such that

the outputs of the PINN satisfy the PDE system, initial/boundary conditions, and

point measurements. We use the mean relative L2 error (ε), same as in [214], to



97

quantify errors between reference data and model predictions:

ε := (
1
N

N∑
i

[û(xi) − u(xi)]2)/(
1
N

N∑
i

[u(xi) −
1
N

N∑
i

u(xi)]2) (4.14)

4.4 Results

To demonstrate the inference ability of the PINN model, we adopt four represen-

tative cases for parameters inference. The high-resolution training datasets are

generated from the spectral/hp element solver NEKTAR [117] coupled with the

Cahn-Hilliard equations with 3rd-order Jacobi polynomials. For the neural net-

work architecture, our preliminary results suggested that using 9 hidden layers

with 20 neurons per layer for Net U and Net W could be a good balance be-

tween the network representation capacity and computational costs. We use the

ADAM optimizer [126] with learning rate 0.001 to train the model for a number

of epochs, which is defined as the number of complete passes through the full

training dataset.

The two material parameters of interest are normalized as follows. For per-

meability κ, we follow the normalization in [287], where κ =
k f

a2
f
, k f is the true

permeability and a f is the fibrin radius. The elastic modulus λe of the thrombus

is normalized by the magnitude of a characteristic velocity (3.33 × 10−3m/s) and

length (3 × 10−4m), and it is typically of O(10 − 10−1) with units in Pa [321, 290].
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Figure 4.2: 2D flow past a thrombus. (a) The computational domain is a channel with walls on the
top and bottom boundaries with the inlet flow u(t, y) entering from the left side.; φ=1 corresponds
to fluid. A thrombus with a permeable core φ = −1 and shell φ = 0 is present at the bottom
boundary. (b) Sampling points for inferring permeability include initial points (?) at the time t0,
inner points (?) from t1 to tn, boundary points (?) on boundaries, and point measurements (?)
with PDE solutions.

4.4.1 Inference of Permeability

Thrombus in a channel with uniform permeability

To infer the permeability κ in the Cahn-Hilliard and Navier-Stokes equations, we

perform simulations for a semi-circle permeable thrombus in a channel with a

steady parabolic flow coming from the left. This setup represents an idealized

thrombus with an impermeable core consisting of a fibrin clot and a permeable

shell region consisting of loosely-packed and partially-activated platelets. This

model has been adapted as an idealized thrombus in previous works [321, 292, 300].

We impose a Neumann type boundary condition forφ andψ as∇φ ·n = ∇ψ ·n = 0,

where n is the unit vector perpendicular to the boundaries. We set the density ρ

= 1, viscosity µ = 0.1, λ = 4.2428 × 10−5, τ = 10−6, viscoelastic modulus λe = 0, and

the interface length h= 0.05. These parameters in PINNs are non-dimensionalized

values so as to be consistent with the CFD solver. The thrombus is present in the

middle of the channel as shown in Fig. 2(a) with a uniform permeability in the

core (φ = −1) and in the outer shell layer (φ = 0). In general, the inlet velocity
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u(t, y) can be time-dependent, but in this case it is set as steady 0.3(y − 2)y. In

plot (b), we sample coordinates of training data in the initial snapshot t0 (?), inner

spatio-temporal domain from t1 to tn (?), and at boundaries (?). Moreover, we also

sample point measurements (?) including their coordinates and PDEs solutions

in the spatio-temporal domain to calculate the data loss term in the total loss.

In this section, the point measurements only contain scalar data from the phase

field φ as the data source to recover the velocity field and the value of κ. In this

chapter, we refer to the phase field point measurements as training data, which are

randomly drawn from all points in the inner spatio-temporal domain. For each

case, 1,000 points are drawn from an initial snapshot, each containing information

on the phase field, velocity field, and pressure field as initial conditions. Since

we want the network to satisfy the governing equations in the spatio-temporal

domain and satisfy the boundary conditions, we randomly sample 25,000 inner

points to compute the PDE residuals and 1,000 boundary points to compute the

residuals at boundaries. Noting in particular that point measurements and inner

points are drawn from the inner spatio-temporal domain, the former contains the

PDE solutions whereas the latter does not. The number of inner points, initial

points, and boundary points will remain the same unless specifically mentioned

for all the cases in the following context.

In Fig. 4.3, we first show four simulation cases with permeability values

from 10−3 to 102. We first consider a simple case with the value of κ uniform

across the core and shell areas as proof of concept. We randomly sample 10,000

phase field point measurements in the spatio-temporal domain to infer κ for each

case. The first column shows the reference data of phase and velocity fields at

t = 0.63 as ground truth. As shown in Fig. 4.3(a), the thrombus is permeable,

thus fluid can penetrate the core and shell of the thrombus. In Fig. 4.3(b)-(d),



100

Figure 4.3: Prediction and error of 2D flow past a thrombus for various permeability values at
t = 0.63. Representative snapshots of the reference data for permeability value κ (a) 50 (b) 0.5 (c)
0.005 (d) 0.0005 are shown against the predicted phase and velocity field. The first column shows
the reference simulation results while the second shows the results from the PINNs. The third
column shows the absolute value of the difference between references and model predictions. The
network is informed by 10,000 point measurements drawn from t ∈ [0.33, 0.63].
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Figure 4.4: Performance and history of PINN on predicting permeability of 2D flow past a
thrombus with κ ranging from 0.0005 to 50. (a) Comparison of the inferred values with the
reference values. (b) Mean relative L2 errors for phase and velocity field when κ varies from 0.0005
to 50. The plots in (c, d, e, f) illustrate the inference of the permeability with respect to the number
of iterations of PINN when κ = 50, κ = 0.5, κ = 0.005, and κ = 0.0005. The number of training
points is 10,000.

the fraction of fluid in the thrombus falls off dramatically as a result of a decrease

of the thrombus permeability and an accelerated area is formed on the top of

the thrombus. Unlike the thrombus with large κ, fluid can hardly flow through

the impermeable thrombus and the phase deformation becomes relatively small.

In other words, the deformation of phase fields is noticeable when κ is large,

but is minimal for permeability 0.0005. In Fig. 4.3, the second column depicts

the predicted phase and velocity fields, and the third column shows the absolute

error. The model predictions agree well with the reference data for both phase and

velocity fields. The error in the phase field is mainly distributed on the thrombus

interface with a maximum absolute error smaller than 10% for all cases. However,

the velocity error grows with the decrease of permeability with the largest local

error reaching 10% under the bottleneck region. Overall, the results show that the

PINN model can regress PDE solution fields and infer parameters from synthetic

data.
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We summarize the results of parameter inference, mean relative L2 errors as

well as the history of inference value in Fig. 4.4. Plot (a) shows that all the inferred

κ values fall near the diagonal line, indicating a good agreement between the

reference and inferred values. Plot (b) shows the mean relative L2 error for each

case: the maximum relative error for velocity prediction is below 0.6% and for

the phase field is less than 0.02%. Figs. 4.4 (c-f) depict the convergence history

of parameter retrieval in the training process to the true different values of κ. For

κ = 0.5 and 0.005, the inferred network predictions converge to the true values

with 2% and 20% error. For κ = 50, the system is insensitive to the variations

in κ and a posteriori practical identifiability analysis is provided in the Appendix.

For κ = 0.0005, the velocity field has a sharp interface on the top of the thrombus

surface. These reasons may lead to a discrepancy between the true and inferred

value, causing a relatively large error in this special case.

To investigate the effect of the number of training points on the model predic-

tion ability, we retrain the model for the same cases as in Fig. 4.3 and Fig. 4.4 with

a different number of training points from 0.1% up to 40% of the total number

of points (100,000). To clarify, the training points in Fig. 4.5 only include point

measurements in the inner spatio-temporal domain. Figs. 4.5 (a, d, g, j) show the

trend of the inferred values changing with the spatio-temporal resolution of the

training data. Generally, the inference results converge toward the true value with

mild deviations if the training data is greater than 2,500 training points (2.5% of

the total number of points). The second and the third column show the mean of

relative L2 errors for velocity and phase fields. The velocity errors for κ equals 0.5

and 50 are one order smaller than those of small permeability, indicating better

predictions when κ is large. The phase field errors are all lower than 1% if the

training data is above 2.5% of the total number of points. Hence, for this case, we
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Figure 4.5: Effect of the number of training points on the accuracy of PINNs. Ntotal = 100,000.
Plots (a, d, g, j) show comparison of reference and inferred permeability for a different number of
training points from 0.1% of the total number of points to 40%. The second and the third column
show the mean of relative L2 error for (b, e, h, k) velocity field and (c, f, i, l) phase field over time
for different numbers of training points. We shaded the area where the error is lower than 1%.
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Figure 4.6: Predictions of 2D flow past a thrombus trained with noisy phase field measurements.
(a) Inferred permeability and (c) mean relative L2 errors between the model predictions and the
reference for phase εφ and velocity field εv. Noise is added to the phase field with the noise level
ranged from 0 to 20%. Here, 10,000 data points are scattered in the spatio-temporal domain as the
training data to infer the permeability.

conclude that it is sufficient to guarantee convergence and good results if 2.5% of

points are used to make inferences.

Furthermore, to validate the robustness of our model to noisy measurements,

we add white noise N(0, 1) to the input data, i.e., phase field φ, in the following

way:

φ̂ = clip(φ + σN(0, 1)), φ̂ ∈ [−1, 1], (4.15)

where σ is the noise level. We add normal-distributed white noise signals to the

reference data φ and impose a clip function to restrain the value of φwithin -1 and

1. We test the value of the noise level σ up to 20% of the variance and train the

model with these noisy data. The reference permeability value in these cases is set

as 0.01. Fig. 4.6 (a) plots the inferred κ against various noise levels, showing that

the inferred value is not affected by the added noise. In plot (b), the relative L2

errors for phase and velocity field show slight increase as the noise level increases.
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Figure 4.7: 2D flow past a thrombus with phase dependent permeability. (a) History of network
losses (Loss PDE, Loss IC, Loss BC, and Loss Data) and (b) inferred the permeability κ as a function
of φ. (c) The values of a and b at each epoch. (d) Comparison of phase field and velocity field for
κ(φ) at t = 0.78 and their absolute error. The core permeability is 0.001 and the shell permeability
is set 1 as the actual values. 10,000 data points are scattered in the spatio-temporal domain from
30 snapshots (t ∈ [0.03, 0.93]) as the training data to infer the permeability.

In particular, the predictions of the velocity field is more sensitive to the noise

as εv increases from less than 1% at σ = 0 to 25% at σ = 0.20. In general, the

good agreement in parameter inference and small increment in field predictions

demonstrate strong robustness of the PINN model to noisy data.

Thrombus in a channel with space-dependent permeability

Unlike the aforementioned idealistic case, in a real thrombus, the permeability

varies spatially depending on the volume fraction (φ), with the core area much

less permeable than the outer shell. To validate the inference ability of the PINN
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for a space-dependent permeability, we test another case with the κ = 1 for the

shell area and κ = 0.001 for the core area as shown in Fig. 4.7. Since the core

area is hardly permeable while the shell has a larger κ, we expect a non-uniform

displacement from the thrombus core and shell as the outer layer moves with

ambient flow and the inner layer stays still. To express such spatial variation

explicitly, we consider a relation between φ and κ in this case:

κ(φ) = eaφ + b, (4.16)

where a and b are model parameters to be optimized in the PINN model and the

true values of a and b are 6.90 and 0.0. Since the fluid phase (φ = 1) does not have

permeability, we only consider κ for the core (φ = −1) and shell layer (φ = 0).

In Fig. 4.7 we present the history of the different losses, namely PDE loss,

boundary condition loss (Loss BC), initial condition loss (Loss IC), and data loss

(Loss Data) in (a). Plot (b) shows the inference result for κ as a function of φ; the

permeability at core area (κ(φ = −1) = 0.0011) and shell area (κ(φ = 0) = 1.0003)

match the reference values well. Plot (c) shows that the model parameter quickly

converges to the true values.

We present the reference data φre f , vre f and the model predictions φpred, vpred

and their difference at t = 0.78 in plot (d). The field predictions exhibit a good

agreement compared with the ground truth data. The errors for the phase field are

mainly distributed in and around the outlet layer of the thrombus and the errors

in velocity field are mainly confined within the shell layer.
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Figure 4.8: (a) Schematic for viscoelastic thrombus in a cavity, (b) history losses for each term,
and (c) inference of λe. (a) We impose a time-dependent sinusoidal vertical velocity v(t, x) =
−(1 − cos(2πt)) sin(2πx) at the top boundary, and set the left and right sides as periodic. We
changed the weight for each loss term at epoch 600,000. Training data points are scattered among
the spatio-temporal domain to train the network, including 20,000 phase field points from the inner
spatio-temporal domain, 2,000 pressure measurements at boundaries, and 1,000 initial points. Loss
PDE: loss for the PDEs residuals, Loss BC: loss for boundary conditions, Loss IC: loss for initial
conditions, Loss Data: loss for measurements data.

4.4.2 Inference of viscoelastic Modulus

The viscoelastic modulus is another important parameter that has to be estimated

indirectly. There are few rheometry experiments that measure the viscoelastic

shear modulus λe with oscillatory shear deformation. We assume homogeneity

and isotropy of the thrombus for simplicity. To explore the viability of parameter

inference from imaging data, we consider two typical setups as illustration: a

thrombus in a cavity and a biofilm in a channel.

Viscoelastic thrombus in a cavity

We first consider a viscoelastic thrombus in a 1×1 cavity as shown in Fig. 4.8

(a). This example represents a benchmark test for simulating the deformation of

a viscoelastic material. The top layer with the light gray color denotes the fluid

phase while the bottom layer with the darker color indicates the initial state of



108

the viscoelastic thrombus. We impose a time-dependent sinusoidal vertical flow

v(t, x) = −(1−cos(2πt)) sin(2πx) at the top boundary. At the left and right boundary,

we set the Dirichlet boundaryφ(y) = tanh
(
y − 0.5

)
/
√

2h and the periodic boundary

for velocity; we also set ∇φ · n = 0 at the top boundary and φ = −1 on the bottom

wall. We sample 20,000 phase field points and 2,000 pressure points at boundaries

from 20 consecutive snapshots (t ∈ [0.03, 0.63]) in addition to 1,000 initial points.

To train this neural network, we only utilize the phase field information and some

pressure measurements at the boundaries as data sources. Such data acquisition

does not require information other than the phase field from the inner spatio-

temporal domain, such as the pressure or auxiliary vector field ψ, and hence it

can potentially be used in a real experimental setup. The weights are chosen as

followed:

ω1 = ω3 = 1, ω2 = ω4 = 5, epoch ∈ [1, 600,000], (4.17)

ω1 = 10, ω3 = ω2 = ω4 = 1, epoch ∈ [600,001, 900,000], (4.18)

We set ρ = 1, µ = 0.01, h = 0.02, λ = 2.5 × 10−9, and τ = 10−4.

In Fig. 4.8 we present in plot (b) the history of the loss for each term and in

plot (c) the inferred value of the viscoelastic modulus. In plot (b), the PDE loss

(blue line) converges around 10−3 and the other losses balanced at the same order

with the PDE loss after redistributing the weights at epoch 600,000. Another result

of changing the weights is that the inferred value for λe converges closer to the

reference value 0.25.

Fig. 4.9 compares the reference data and the model predictions at time t = 0.48.

Phase, velocity, and pressure fields are plotted respectively on each row, and the

last column plots the absolute difference between the data and predictions. We can
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Figure 4.9: Viscoelastic thrombus in a cavity. The first column presents the phase field distribution
φ, velocity field v, and pressure distribution p from reference data, respectively. The second column
shows the same field predictions from the model at t = 0.48. The absolute difference between the
data and the model predictions are plotted in the third column.
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εv εφ εp εψ1 εψ2

Full 3.511 × 10−2 1.157 × 10−3 2.391 × 10−3 2.636 × 10−2 2.450 × 10−2

Half 4.494 × 10−3 4.129 × 10−4 1.057 × 10−3 2.516 × 10−2 2.236 × 10−2

Table 4.1: Summary of the mean relative L2 error for the thrombus in a cavity over half and
full time window. Training points in the cavity problem are sampled from t ∈ [0.03, 0.63]. The
half window relative errors are defined as the errors from t ∈ [0.03, 0.33], whereas the full window
relative errors are defined as the errors from t ∈ [0.03, 0.63]

.

Figure 4.10: 2D flow past a viscoelastic biofilm setup. (a) The computational domain is a channel
with wall boundaries on the top and bottom sides, and with flow u(t) entering from the left side.
A viscoelastic biofilm is present at the bottom boundary. (b) Training points include initial points
(?) at time t0, inner points (?) from t1 to tn, boundary points (?) on the boundaries, and point
measurements (?) with PDE solutions. The sampling points are refined within the dashed line
area to improve the results of the PINN model.

observe excellent inferred results for φ, p, and v with some minor discrepancies at

the interface layer and top periodic layer. Additionally, our model renders high-

resolution results in fields construction as can be seen in the summary of the mean

relative L2 error in Table 4.1. The first row shows the mean errors for each field

over the full snapshots, while the second row lists the mean errors over the first

half among all snapshots. As the data indicate, the errors increase as the system

develops since the full time window errors are all greater than those at the first

half time window. But overall, we can conclude that the model infers the fields

for each variable with satisfactory accuracy.
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Biofilm in a channel

In this section, we consider a thin biofilm sitting in a channel. This case is used

to mimic the oscillatory shear experimental setup [321] whereas the thrombus is

detached from the top surface, unlike the original setup. It is also representative

for studying the mechanics of thromboembolism caused by plaque formation and

rupture. Other biological implications of biofilms can be found in [254], where

biofilms are aggregations embedded in a self-produced matrix of extracellular

polymeric substances. From a mechanical point of view, we expect to see a different

mode of oscillation on a biofilm when changing λe [321]. However, this effect may

not be distinguishable for a semi-circular thrombus and it will make parameter

inference even more challenging. Hence, we choose the biofilm as a benchmark

example.

A thin viscoelastic biofilm is present in the middle of a channel with oscillatory

flow u(t, y) = 0.9 sin(2πt)(2y − y2) coming from the left side of the domain. We

expect to observe a swinging movement of the biofilm with the oscillatory flow.

Similar to the sampling strategy on the inference of permeability, we sample the

four types of points from this domain as shown in Fig. 4.10(b): initial points (?),

inner points (?), boundary points (?), and points with measurements (?). Since

the dynamics is rich in the area indicated by the black dash line, we refine the

density of sampling points from t0 to tn within the box for better accuracy. For

this 2D flow, we set λ = 4.2428 × 10−5, τ = 0.5, ρ = 1, and µ = 0.1, and the interface

width h = 0.04.

In the first test, with λe and κ unknown, we aim to infer the parameters and

recover the whole field from the training data. The model is informed with 15,000
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Figure 4.11: History of (a) network losses and inference for (b, c) λe and κ against the number
of training epochs for the biofilm problem. The full time window is from 0.02 to 1.16.

phase field data in the spatio-temporal domain, 2,000 pressure measurements at

boundaries, and 1,000 initial points. Fig. 4.11(a) shows the history of the training

losses where the loss PDE is the largest among all losses and the loss for data

measurements and initial conditions are the lowest. The inferred values for the

two unknown parameters are in plot (b) and (c), indicating that the predicted λe

and κ converge towards the actual values, at 8.27 and 0.006, as compared to the

true value of λe = 10 and κ = 0.005. To show the regressed fields, we compare

the reference data and model predictions for phase and velocity fields at times

t0 = 0.02, t1 = 0.44, and t3 = 0.86 in Fig. 4.12. The first column of Fig. 4.12 shows

the actual distribution of phase and velocity fields from the reference data, and

the second column shows the regressed fields from the PINN model. In plot (a),

we observe overall good phase predictions in the second column with some minor

smoothing effects around the sharp interface of the biofilm. Plot (b) presents the

comparisons for the velocity field, and we observe that the fluid is forced to pass

from the top of the biofilm, with local acceleration because of the impermeability

of the biofilm. The model predictions vpred show the capability of the PINN for

capturing such effects and regressing the velocity field. The absolute error for the

velocity field is generally below 10% with larger differences at the flow restricted

area and close to the bottom boundary. We summarize the mean relative L2 error
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Figure 4.12: 2D flow past a viscoelastic biofilm. With λe and κ unknown at the same time, we
sample 15,000 phase field data, 2,000 pressure points at boundaries, and 1,000 initial points as
the training data for parameters inference and field regression. The time is from 0.02 to 1.16.
Representative snapshots (at t0 = 0.02, t1 = 0.44, and t2 = 0.86) of the reference (a) phase field and
(b) velocity fields are shown against the predicted phase and velocity from the model. The first
column shows the reference fields from simulation, the second shows the predicted results from
PINNs, and the third column shows the absolute value of the difference between the references
and the model predictions.
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εv εφ εp εψ1 εψ2

Full 2.396 × 10−2 9.700 × 10−3 2.260 × 10−4 2.665 × 10−3 7.453 × 10−4

Half 1.417 × 10−2 8.893 × 10−3 9.090 × 10−5 1.490 × 10−3 4.016 × 10−4

Table 4.2: Summary of the mean relative L2 error for the biofilm problem over half and full
time window. Training points in the biofilm problem are sampled from t ∈ [0.02, 1.16]. The half
window relative errors are defined as the errors from t ∈ [0.02, 0.56], whereas the full window
relative errors are defined as the errors from t ∈ [0.02, 1.16].

in Table 4.2; the mean error for the first half time window is relatively smaller than

the full time.

However, there still exists a relatively large error for inferred value of λe. There

are three possible reasons. First, the dynamics are not very sensitive to the variation

in λe. In the Appendix (Figure 15), we perform a posteriori sensitivity analysis and

compared the phase and velocity field with λe at 15 and 0.1, demonstrating that

the variation in elastic modulus mainly affects the shape and velocity around the

biofilm interface. Hence, it is crucial to have an accurate prediction of the moving

boundary of this fluid-structure system. Second, the interface around the biofilm

is relatively sharp with rectangular corners, which poses additional difficulties

in capturing the detailed but important interface dynamics. On the other hand,

PINNs perform well when on inferringλe when the system with similar governing

equations has a less sharp interface in Fig. 4.9. Lastly, the Cahn-Hilliard equation

is essentially a fourth-order PDE system, hence, posing a challenge for neural

networks to approximate such a high-order system.

Furthermore, we assess to the inference ability with different numbers and

types of data. The number of training points (only includes phase field point

measurements) is indicated by its ratio to the total number of points. We set κ

as a known parameter to focus on the modulus λe. The first two rows in Fig.
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Figure 4.13: Effect of the number of training points on the prediction value of λe with κ value as
known. (a, g) Predicted λe versus the number of training points for case with zero κ and non-zero
κ. (b-f, h-l) The mean relative error L2 versus the number of training points for each field when κ
= 10 and κ = 0.01. We also plotted the inference results and L2 error given various training data
sources such as φ+ u + p, φ+ p, and only with φ. For the one with pressure information and phase
field, inner (Ω) and boundary (∂) pressure measurements are used respectively to train the neural
network. We shaded areas with lower than 5% of error. t ∈ [0.02, 1.16], Ntotal = 200, 000.
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Figure 4.14: 2D flow past a viscoelastic biofilm trained with noisy measurements with λe un-
known. (a) The inferred λe. (b) presents the mean relative L2 errors between the model predictions
and the references for each field. Noise is added to the phase field with the noise level ranged from
0 to 20%. Here, 16,000 (8%) data points are scattered in the spatio-temporal domain.

4.13 present the inferred λe and mean of relative L2 error for each field for the

biofilm problem. The third and fourth rows show the same results for κ = 0.01.

The inferred modulus convergences to the true value with an increasing amount

of data used in training. Hence, the more training points and more data sources

we use, the more accurate the results. Moreover, we shaded the 20% error region

between λe = 8 and 12 in (a, g) which includes most of the points for yellow,

black, and blue lines. By contrast, the errors in parameter inference exhibit a poor

performance if only the phase field data are employed to train the neural network.

Additionally, we also compare the change of the errors for each variable with

the increasing number of training points in (b-f) and (h-l), and almost all points

fall below or on the verge of the 5% error region shaded with gray except the

training with too small training data or modality. These results demonstrate that

it is sufficient to infer λe with a limited amount of data from the phase field and

pressure measurements at the boundaries.
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Finally, we investigate the inference ability on λe of the model to noisy mea-

surements. We repeat a set of similar noisy tests as that in permeability inference.

Results in Fig. 4.14 are obtained with 16,000 (8%) points measurements with the

maximum noise level at 20%. The noise level is similar to that defined in equation

4.15 where we denote the percentage with respect to the noise variance. Fig. 4.14

(a) shows the inferred viscoelastic modulus at various noise levels. The inferred

value is around 8 with some minor oscillations. Plot (b) illustrates that all the

errors exhibit no or very little increase with the increasing intensity in noise level.

Hence, we conclude that the PINN shows good robustness to noisy measurements

given these findings.

4.5 Discussion

In this chapter, we demonstrate the potential of PINNs to infer material proper-

ties of thrombus in a flow field, i.e., permeability and viscoelastic modulus, from

authentic data. Such modeling leverages the recent advances in deep learning

algorithms for scientific machine computing by penalizing the Cahn-Hilliard and

Naiver-Stokes equations, which provides a mathematical description for throm-

bus deformation. Our findings agree well with permeability reference values over

a wide range, i.e., from O(10−4) to O(101), and the model predictions match with

the simulation results from the high-order spectral/hp element method. In par-

ticular, only based on the phase field distribution, the PINN model inferred the

value of permeability for a thrombus in a channel, suggesting a potential approach

to directly estimate material properties from imaging data. For the inference of

viscoelastic modulus, we show that it will be sufficient to make the inference given

that the phase field data along with some pressure measurements at boundaries
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serve as input to the model. We also demonstrated the robustness of model infer-

ence with noisy measurements for both parameters. In addition, we successfully

use PINNs to address a thrombus with a heterogeneous permeability, i.e., different

permeabilities at the core and shell layer.

Phase field modeling is a special case where the concentration field can be

converted from gray-scale values of the image pixels through calibration, and

material properties can be directly obtained from in operando imaging data [320].

In our system, the multiple components and the complex geometry of a thrombus

can be represented by the gray values of each pixel, which increases the possibility

of using experimental images to learn thrombus properties in the future.

In this research, we have demonstrated that PINNs can regress the entire

fields and unknown parameters given only partial measurements (phase field and

pressure at boundaries). This provides a novel and viable way to incorporate

data from imaging techniques and multi-modality data to train physics-informed

deep learning models for field regression and non-invasive parameter inference in

biomedical systems. A possible future improvement will be to employ instead of

the governing PDEs, the Gibbs energy functional that is minimized to derive the

PDEs; this may be advantageous as lower-order derivatives as well as a smaller

number of equations is involved. Another future improvement will be to consider

a more realistic and representative setup such as inferring parameters for a 3D

thrombus with more realistic shape and unsteady ambient flow. Since predic-

tions on the interface have a substantial impact on parameter inference, a domain

decomposition based PINN model [108] can be adopted to better capture the dy-

namics around the interface. Also, solving such PDEs in variational form [125, 124]

can help to reduce the highest order.
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In terms of current limitations, one foreseeable challenge may come from the

low imaging resolution, which causes difficulties to delineate and convert the pres-

ence of a shell layer with partially-activated platelet to the gray-scale values of

the images. Incorrect quantification of such area can lead to a mismatch between

the true and inferred value. Another possible limitation of the current study for

biomedical applications is that our approach requires that the system must be rep-

resented via explicit governing differential equations, whereas the governing equa-

tions for many biological processes are not known a priori. Promising remedies to

overcome such challenge are data-driven system identification [28, 165, 230, 238],

or variational system identification [277, 278] for discovering hidden governing

equations from noisy and sparse data. Also, high dimensionality and lack of

boundary/initial information could deteriorate the overall accuracy of the model

predictions.

In ongoing work, we are extending our research by exploring the possibility

of using imperfect PDE constraints and also noise-filtering techniques for realis-

tic imaging data. Furthermore, although PINNs are less data-hungry compared

to traditional data-driven models, the amount of data used in training, from an

experimental point of view, is still quite intensive given the small dimensions

and limited spatio-temporal resolution of imaging. In particular, the inference of

biomechanical properties of a realistic thrombus depend on its internal proper-

ties, topology, and ambient flow (possibly surrounded by turbulent flow [242]),

which requires considerable data to fully capture such dependencies. In vivo or

in vitro experimental data combining multi-modality imaging techniques, such as

ultrasound (US) and optical coherence tomography (OCT), or panoramic-digital

imaging correlation (pDIC), can accurately reflect the real vessel geometries and

material properties. However, the morphological diversity of a thrombus and
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expensive experimental cost make acquiring sufficient experimental data imprac-

tical. Multi-fidelity frameworks [158, 173], leveraging data from different modali-

ties, seem to be promising for addressing these issues given the insufficient amount

of high fidelity data. Specifically, the high fidelity data can be realistic, but expen-

sive experimental imaging data with actual material properties (i.e., viscoelastic

modulus and permeability). On the other hand, considerable low-fidelity in silico

data represented by computational results from finite-element simulations can be

generated. The multi-fidelity machine-learning framework can learn to optimally

combine the multi-modality experimental data with simulations to obtain a re-

sponse surface for the biomechanical properties of a thrombus in response to the

morphological and physiological variables. We are currently working on extend-

ing this multi-fidelity/multi-modality framework, and we will report our results

in a future publication.
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4.A A posteriori practical identifiability analysis

We perform a posteriori sensitivity analysis to κ in Fig. 4.15. We rerun a set

of simulations for a thrombus in a channel with κ = 50 − 0.0005 and plot the

phase field difference when κ is set as the true value and inferred value. In (a)

the maximum difference in the phase field for κ = 50 is at 2.5 × 10−5 while the
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Figure 4.15: A posteriori practical identifiability analysis of κ to the phase field. (a-d) Phase field
difference between κ is set as true values and inferred values.

maximum difference for κ = 0.0005 is almost 1,000 times larger, showing that

the system is relatively insensitive to variations in κ when permeability is large.

Therefore, the system is less “sensitive” when κ = 50 than κ is at O(1 − 10−4) and

it is harder to have an accurate inference results when κ = 50.

In Fig. 4.16 we present fields comparison when λe = 0.1 and 15 for the biofilm

problem. In Fig. 4.16 (a), we observe small differences between the deformation of

the biofilm at the same time where most of the differences appear at the interface.

Plot (b) compares the velocity field where we observe an acceleration area on the

top of the biofilm. However, the main inconsistency is caused by the velocity

inside the biofilm. In plot (c) we show the pressure field comparison and we

observe an overall similar pressure distribution for λe at different values with

minor differences close to the center. Overall, the results in Fig. 4.16 and 4.15

demonstrate that the parameter sensitivity for κ and λe pose a difficulty on the

inverse inference to the unknown parameters.
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Figure 4.16: 2D flow past a viscoelastic biofilm for λe = 15 and 0.1. The first two lines show the
phase field different at t0 = 0.44 and t1 = 0.86. The middle two lines and the last two lines show the
comparison of velocity and pressure at t0 and t1. The last column presents the absolute difference
between fields data when λe = 15 and 0.1.
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Figure 4.17: Results for the biofilm case with additional results. We train the PINN model with
p + u and φ+ u as comparisons, and we plot the inference results and errors on the top of Fig. 4.13
with opaque lines indicating the new results. The shaded areas indicate that the error is lower
than 5%.
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4.B Supplementary results for the inference of vis-

coelasticity

In this section, we present two more additional tests result from the network

trained with φ+ u (green line) and u + p (purple line) in Fig. 4.17 on the top of Fig.

4.13. The inferred parameter value on the purple line has the largest error among

all lines, and the phase field error ended at the order of 1, indicating converged

training results from the PINN model by only using information from velocity

and pressure fields. The green line shows the results from training with φ and u.

While the error in (e-i) shows a satisfactory agreement with the actual data, the

inferred parameter value still cannot match the true value very well. We use these

two tests as a supplementary proof to show the importance of pressure data on

the inference of λe.

4.C Inferring permeability from a pre-trained model

In this section, we briefly discuss the possibility to infer parameter values from

a pre-trained model. To be more specific, we use the weights and biases of a

network for inferring κ = 0.5 as the initial state to infer κ = 0.005 and 0.0005.

Figure 4.18 plots the value of κ and total loss against training epochs for PINNs

with a pre-trained model and randomized initialization. For κ = 0.005, (a) and (b)

show that the model with pre-training shows a faster convergence on inferring κ

and minimizing loss compared with the model without pre-training. However,

pre-training may not be helpful for impermeable thrombus (κ = 0.0005) even if

the initialization of κ is far from the true value. So the effect of using a pre-trained
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Figure 4.18: Effect of using a pre-trained model on the inference of κ = 0.005 and 0.0005. (a, c)
compare the history of inferred κ from the model with and without pre-training versus epochs. (b,
d) shows the training loss versus epochs for each model. The pre-trained model is adopted as the
weights and biases for κ = 0.5 at last epochs.

model as initialization for faster convergence is case dependent and needs a more

detailed and careful discussion in our future work.

4.D Relative error over time

In this section, we plot the relative L2 error over time for the cavity and biofilm

example. The errors in the first half window are smaller than that in the full time

window. The relative errors in every field increase over time, hence suggesting
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Figure 4.19: Relative L2 error over the full time window for the (a) cavity and (b) biofilm example.

that longer time integration may cause larger deviations on the field predictions.
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5.1 Abstract

Quantification of patient-specific biomechanical properties facilitates diagnosis

and prognosis of cardiovascular diseases in clinics. Traditionally, quantifying

parameter values of a constitutive model utilizes nonlinear regression algorithms

based on extensively collected yet noisy data. In this chapter, we utilize a recently

proposed Bayesian framework, functional prior, to accurately learn the priors and

efficiently estimate the posteriors of the constitutive relationships. The model that

incorporates physics-informed generative adversarial networks (PI-GANs) and

a sampler, No-U-Turn (stems from Hamiltonian Monte Carlo, HMC), is trained

with synthetic data, which are generated from a widely-accepted constitutive

model, four-fiber family model, for informing the priors. Then, we combine

the generator in PI-GANs with No-U-Turn to make posterior inference based

on sparse data measurements that are collected from either synetheticd data or

ex-vivo biaxial mechanical tests for mouse with various genotypes. We have

demonstrated that the estimated means can accurately recover the subject-specific

constitutive relationships with standard deviations indicating the confidence of

predictions. In future, the framework has great implications to estimate patient-

specific mechanical properties of arteries with efficiency and accuracy.

5.2 Introduction

To quantitatively describe the biomechanics, mechanobiology, and physiopathol-

ogy of the aorta, accurate constitutive modeling is an essential problem that has

been investigated over decades. Considerable progress has been made in model-
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ing the mechanical behavior of the aorta [101, 70, 241, 265, 68, 69, 96, 10]. Most

of the models are phenomenological: each term in the constitutive models is

motivated to mimic the macroscopic behavior of underlying microstructure.

Next, we will briefly review the internal microstructure of the arterial wall.

The aorta consists of three main layers: intima, media, and adventitia. Intima is

the innermost layer of the aorta, which is made of a single layer of endothelial

cells. The intima does not play an important role in load bearing, whereas the

other two layers take most of the responsibility. The medial layer consists of a

complex structure of smooth muscle cells, elastin, and collagen fibrils. Elastic

lamellae delimit intralamellar media that are made of smooth muscle cells and

extracellular matrix. The collagen fibrils are mostly oriented in the circumferential

direction. The adventitia is the outer layer of the aorta and consists mainly of

collagen fibers, fibroblasts, and other ground substances. The adventitia serves

to provide support to the aorta and enhance the stability and strength of the

overall structure, particularly at high pressure. The interaction between many

constituents, glycoproteins, and other components in the aorta together formulate

a highly complex and nonlinear system.

Based on the microstrucutre of the aorta, a family of exponential models that

account for fibers alignment and orientation, has received much success in describ-

ing the mechanical behavior of healthy aorta. Two famous models among of them

include the Holzapfel-Gasser-Odgen (HGO or two-fiber family) model [96] and

the four-fiber family model [10]. Specifically, the models contain an isotropic term

described by the Neo-Hookean strain energy density for the ground substances

and anisotropic terms (several exponential terms) for characterizing the nonlin-

ear support by fibrous extracellular matrix in diverse directions [62, 170, 107].

Interestingly, it is found that the four-fiber model performs better in predicting
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biomechanics than the two-fiber model [107]. The model parameters are usu-

ally quantified by nonlinear regression algorithms such as Levenberg-Marquardt

(LM) [75, 170].

However, traditional nonlinear regression algorithms are often suffered from

converging into local minimum despite that a sufficient amount of data from ex-

vivo is required. Such an issue may cause the algorithm renders the parameter

with extreme values, which are away from the physiological values. In addition,

acquisition of ex-vivo experimental data is subject to noise that is sourced from

experimental techniques, subject-specific internal microstructures, human errors,

and etc. Noisy measurements may deteriorate the accuracy of nonlinear regres-

sion for quantifying both healthy and diseased artery parameters. In addition,

nonlinear regression algorithms alone cannot show the confidence of predictions.

Hence, there is a pressing need to develop a model that performs uncertainty

quantification (UQ) of the aortic material properties given noisy and sparse mea-

surements.

Recently, the field of biomechanics has drawn more attention to UQ as biolog-

ical systems are usually subject to a great variability [190, 57], such as in cardio-

vascular system [303, 257, 235, 234], electrocardiology [49], cerebral systems [236],

or aortic vessels [19, 246]. In particular, Rego et al. [223] have addressed this issue

by developing a Bayesian framework for quantifying the local material properties

of ascending thoracic aorta. The above UQ works are developed based on poly-

nomial chaos expansion or Monte Carlo methods, which are standard methods in

UQ.

In recent years, UQ with machine learning is a fast developing area [208,

114] with successful applications in high-dimensional problems [260], solving
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Figure 5.1: Schematic of learning functional priors (yellow box) and posterior estimation (green
box). (1) Prior knowledge of the function family will inform a physics-informed generative
adversarial network (PI-GAN) in the training stage. (2) Upon the completion of training PI-GAN,
the model will be incorporated in a sampler to (3) estimate the posterior conditioned on new data
D.

stochastic partial differential equations (PDEs) [295, 314, 298], among many other

areas. In particular, a promising model, functional prior [174], utilizes physics-

informed generative adversarial networks (PI-GANs) [296] for learning functional

priors of the system and infers posteriors based on a Bayesian framework, such

as Markov Chain Monte Carlo (MCMC) or Hamiltonian Monte Carlo (HMC). The

model has been demonstrated its performance, accuracy, and flexibility with great

potential to learn hidden knowledge thanks to its data-driven nature.

The present chapter aims to utilize the functional prior framework to infer

constitutive relations of the aorta based on subject-specific data in a probabilistic

approach. As a proof of concept, such a framework enables efficient posterior

inference based on sparse measurements (Fig. 5.1). Prior knowledge of the con-

stitutive laws is learned by a PI-GAN [296, 298, 81]. Physics-informed learning

is a family of machine learning trained with the information of governing equa-
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tions expressed in various forms. We refer the reader to these papers for more

details [30, 112, 224, 317, 305, 155, 119]. In particular, learning priors are achieved

in an adversarial training process where the generator aims at approximating the

data distribution and the discriminator tries to distinguish if the input is from true

data or is generated from the generator. Herein, we adopt the framework so that

the generator predicts the energy of the arterial wall whose derivatives are used

to compute Cauchy stresses, measurable quantities from experiments [62]. This

physics-informed feature provides a possibility of network training using experi-

mental data. After training, a Bayesian framework based on MCMC or HMC will

incorporate the generator for estimating the likelihood. As the output of Bayesian

sampling algorithm, a distribution of noise conditioned on new data is generated

and transmitted to the generator again for estimating the means and standard

deviations of stresses.

The chapter structure is listed below: In Sec. 5.3, we briefly describe the func-

tional prior framework and its two components: PI-GAN and Bayesian inference.

In Sec. 5.4, we report the inference accuracy for benchmarks in 1D and 2D, followed

by performing posterior inference based on ex-vivo experimental data. Finally,

we conclude with a short discussion in 5.5.

5.3 Methodology

In this section, we briefly describe the four-fiber family model in 5.3.1, PI-GAN

for learning functional priors in 5.3.2, and the sampling algorithm for estimating

posteriors in 5.3.3.
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5.3.1 Four-Fiber family model

We adopt the four-fiber family model as the constitutive law for describing the

mechanical behavior of the aorta due to its wide acceptance and accuracy [10,

107, 62]. The model serves as a proof-of-concept for illustrating the learning

ability of the functional prior framework, which, in general, can learn a wider

class of constitutive models without a given function form. The four-fiber model

describes the aorta as hyperelastic, anisotropic, and fiber-reinforced in four diverse

directions. The strain energy density is written as:

W =
µ

2
(I1 − 3) +

4∑
i=1

ki
1

4ki
2

(exp
{
ki

2(I4i − 1)2
}
− 1), (5.1)

where µ is shear modulus and ki
1,2, i = 1, ..., 4 are fiber modulus and exponential

coefficients for the four fiber groups that are oriented along the axial (i = 1),

circumferential (i = 2), and two symmetric diagonal directions (i = 3, 4). The above

parameters are usually calibrated using nonlinear regression methods based on

experimental data [62]. I1 is the first principal invariant and I4i denotes the fourth

principal invariant corresponding to the i−th fiber group:

I1 = trC,

I4i = C : Mi ⊗Mi, i = 1, .., 4
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Figure 5.2: Physics-informed generative adversarial networks (PI-GANs). The generator of PI-
GAN is a DeepONet with a vector of noise ξ and stretch λ as the input of the branch and trunk
net. The network predicts the corresponding stress σθ,r which can be calculated by taking the
partial derivatives (physics-informed) of the intermediate output (strain energy density W). The
generated data and real data will be transmitted to the discriminator for estimating their difference.

where C is the right Cauchy Green tensor and Mi indicates the fiber family orien-

tations:

M1 = [0, 0, 1],

M2 = [0, 1, 0],

M3 = [0, cos(α), sin(α)],

M4 = [0, cos(α),− sin(α)]

α is the angle of the diagonal families with respect to the circumferential direction.

5.3.2 Learning functional priors: PI-GAN and DeepONet

PI-GANs: We briefly introduce PI-GANs in this section. As shown in Fig. 5.2, the

overall framework is divided into two parts: a generator and a discriminator. The

generatorG aims at approximating the data distribution PD as accurate as possible
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whereas the discriminator D is trained to distinguish the distance between real

data and generated data from G. The two parts are trained in an adversarial ap-

proach until the networks reach the equilibrium [81]. Quantitatively, the generator

aims at minimizing:

LG = −Eξ∼P(ξ)[D(G(ξ))], (5.2)

and the discriminator is trained to minimize:

LD = Eξ∼P(ξ)[D(G(ξ))] − ED∼PD[D(D)] + λregED∼PD(||∇TD(D)||2 − 1)2, (5.3)

The first two terms denotes that to discriminate the generated data G(ξ) and real

data D. The last term serves as a gradient penalty term to regularize the training

dynamics. The gradient coefficient penalty λreg is chosen as 0.1. More details can

be found in [174].

DeepONet: We choose the Deep Operator Network (DeepONet) as the gen-

erator structure [159]. The network consists of a branch and a trunk net. The

branch net takes a vector of random variables ξ evaluated at x1, x2, ..., xm as input

and yields a latent vector b = [b1, b2, ..., bn]. The trunk net takes stretches λ as the

input and outputs a vector t = [t1, t2, ..., tn] with the same dimensionality as b. In

the original framework of DeepONet, the network outputs takes a linear combi-

nation of b and t (yout = Σn
i=1biti) to approximate the function of interest. In this

research, we modify the network output as the energy density of material W since

energy is more informative and general than stresses. Because the energy density

has a tendency of exponential growth at large stretches, we adopt an exponential

form as the model output after pointwise multiplication: y = exp
{
(yout)

}
− 1. The

modification has two advantages: first, we empirically observe that such a modi-

fication increases the expressivity of networks for the exponential family; second,
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the results of linear combination yout is controlled in O(100).

The standard bi-axial loading tests can only measure stresses, not energy [77].

Hence, it is practical to utilize stresses as training data while keeping the energy

density as an output. Introducing physics-informed learning is a suitable solution

for solving such an issue. Physics-informed machine learning [119, 213, 30] is an

emerging field where the network is trained and regularized using the governing

equations or other physical prior knowledge in either FNN or DeepONet [84].

Assume the material is incompressible (J = 1), the Cauchy stresses (σ) can be

calculated by taking partial derivatives of energy density:

σ = −p + FSF T = −p +


λr

λθ

λz


∂W
∂λ

(5.4)

where ∂W
∂λ is calculated using automatic differentiation in machine learning pack-

ages [1]. Notice that a Lagrange multiplier p is added to each direction for imposing

incompressibility. Since we assume the aorta is a thin wall by neglecting the radial

stress:

σr = −p +
∂W
∂λr

λr = 0, (5.5)

where λr = 1/λθλz. As for the discriminator, we choose FNN as the network

structure whose size will be introduced in Sec. 5.4.

Remark: Constitutive modeling using machine learning is a fast growing area

where many insightful works has been proposed [155, 169, 66, 26, 151, 97, 150].

One of the most common network structures is FNN, which learns the determin-

istic relations between stretch and strain for certain types of material. However,

DeepONet is more flexible and powerful on learning mappings between func-
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tions [159, 304, 301, 146] and can be further adopted into a probabilistic framework:

we seek to find a function (ξ) in a latent space that could implicitly represent the

constitutive relation of a new sample, then DeepONet could be trained to learn

the mapping between the latent space representation and its corresponding con-

stitutive law. The function in a latent space ξ is sampled conditioned on some

measurements T by a sampling algorithm stemed from MCMC, which will be

introduced in the Sec. 5.3.3.

5.3.3 Posterior inference

In this section, we introduce the methodology of posterior inference. As mentioned

in the previous section, the generator is trained to learn the functional relations

between a distribution of noise ξ and σ(λ; ξ), from which we compute the mean

and standard deviation of σ. However, the distribution of ξ is not a multivariate

Gaussian as that in training: ξ is sampled from P(ξ|D) via MCMC condition

conditioned on new data D. Consider we have N new data measurements D,

Bayes’s theorem states that

P(ξ|D) =
P(D|ξ)P(ξ)

P(D)
' P(D|ξ)P(ξ) (5.6)

where ' denotes that equality up to a constant since P(D) is non-tractable. P(D|ξ)

is the likelihood (probability of D conditioned on ξ) defined as:

P(D|ξ) =

N∏
i=1

1
√

2πε2
exp

(
−

(σG(λ; ξ) − σ)2

2ε2

)
,

σG(λ; ξ) is the generator prediction at λ given noise ξ and ε is the standard de-

viation of the data. σ is the measurement data. Note the if measurements of
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Case Dimension Training Data Measurement Data

1 1 Synthetic Synthetic

2 2 Synthetic Synthetic

3 2 Synthetic Experiments

Table 5.1: Setup for the three examples.

multiple variables are available (e.g. circumferential and axial stresses), the new

likelihood is simply the joint distribution of those variables assuming the data are

independent. The prior P(ξ) is defined as a multivariate Gaussian distribution:

P(ξ) = (
1
√

2π
)dξ exp

{
−
||ξ||2

2

}
(5.7)

In this work, we adopt the No-U-Turn sampling scheme, which is a HMC with

adaptive path length as the sampling scheme [94]. Once the noise ξ conditioned

on D is generated, we will use the generator G to compute uG(x; ξ). We refer the

sampling algorithm in this chapter as No-U-Turn for simplicity. More technical

details can be found in [174].

5.4 Results

In this section, we illustrate the performance of our framework by several exam-

ples: inferring one-dimension (1D) and two-dimension (2D) constitutive modeling

with synthetic data and experimental data. All of the networks are trained on a

NVIDIA GeForce RTX 2060 GPU.
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Name Type Structure Input Output

Branch Net (Generator) FNN [50, 64, 64, 64, 50] ξ t

Trunk Net (Generator) FNN [1, 64, 64, 64, 50] λθ b

Discriminator FNN [15, 64, 64, 64, 1] yi ydis

Table 5.2: Structure and size of the PI-GAN in Case I. FNN: fully-connected neural networks.

5.4.1 Case I: 1D Constitutive Law

We first study the feasibility of applying functional priors for learning the four-fiber

family model in 1D. We generate training data at a fixing axial stretch λz = 1.72.

The input dimension of the trunk network is set as 1 (λθ, circumferential direction).

One empirical observation from experiments [63, 170] shows that the abdominal

aorta in a mouse preserves its length over a cardiac cycle, meaning that the in-vivo

axial stretch is nearly a constant. Hence, the problem setting is meaningful in this

sense.

In Table 5.2, we tabulate more details of the PI-GAN model. All of the networks

in case I are chosen as fully-connected neural network (FNN) with three hidden

layers. Each hidden layer contains 64 neurons. We adopt DeepONet [159] as

the generator whose branch net takes a vector of random variable ξ with 50

dimensions. The trunk net takes the circumferential stretch (λθ) as input. The

output of the generator is formulated as yout = exp{(bt)} − 1 where b and t denotes

the output of the branch and trunk net.

To train the PI-GAN model, we randomly sample the four-fiber parameters

from the range listed in table 5.3. The mean values are adopted from [62] with a

relatively wide variation. An illustration of the four-fiber model in 1D is presented
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Parameters Mean Value Magnitude Range

µ 8.633 [0.1, 5.0]

k1
1 9.34 [0.1, 5.0]

k1
2 0.137 [0.01, 2.0]

k2
1 4.447 [0.1, 5.0]

k2
2 0.046 [0.01, 2.0]

k3,4
1 0.015 [0.1, 5.0]

k3,4
2 1.193 [0.01, 2.0]

α 28 [0.1, 2.0]

Table 5.3: Four-fiber family parameters and their range. All of the training data are generated
with parameters uniformly sampled within the range. The data is adopted from [62].

Figure 5.3: Uncertainty quantification of 1D four-fiber model. a: 1280 random samples of σθ. b:
Mean and standard deviation band computed from Bayesian inference with functional priors. c:
Mean and standard deviations predicted by Gaussian process.



141

in Fig. 5.3(a). The figure contains 1,280 samples in a training batch with σθ ranges

from O(10−1) to O(101). The training epochs is set as 100,000 with the Adam

optimizer [126]. Upon the completion of training, the objective now is to infer the

posteriors of circumferential stresses based on sparse and noisy measurements.

Assume that we have five noisy measurement points of σθ that are randomly

distributed in λθ ∈ [1.3, 1.6]. These points are sampled from the four-fiber model

with parameter values set as the mean in Table 5.3. Specifically, the noise e for the

sampled points is assumed to satisfy a Gaussian distribution with its mean and

variance at 0 and 1. The noise scale ε is set as 0.1. Hence, measurements σθ are

computed as:

σθ = σ̄θ + εe, e ∼ N(0, 1), (5.8)

In Fig. 5.3(b), we present the posterior inference from our framework (red dashed

line), which matches well with the true data (black line). The relative error ε f p is

approximately at 0.02. The error is defined as follows:

err =
||σ̄pred − σ̄true||

||σ̄true||
(5.9)

The means and standard deviations are averaged over 1,000 predictions from PI-

GAN based on noise vectors sampled from No-U-Turn. The shaded area indicates

two standard deviations. As a comparison, Fig. 5.3(c) presents the means and

standard deviations from Gaussian process (GP) regression. The GP model does

not incorporate any prior knowledge from the four-fiber family, hence it renders

a prediction with a higher error (err = 0.22). Notice that, under current circum-

stance, only five measurement points are available, making the standard nonlinear

regression fails since the system is under-estimated: the number of variables is

larger than the number of available points.
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Figure 5.4: Prediction errors at different noise scales and number of points. The color represents
the magnitude of error defined in Equ. 5.9.

Name Type Structure Input Output

Branch Net (Generator) FNN [50, 64, 64, 64, 50] ξ t

Trunk Net (Generator) FNN [2, 64, 64, 64, 50] [λθ, λz] b

Discriminator (σθ) FNN [625, 200, 200, 200, 1] σi ydis

Discriminator (σθ and σz) FNN [1250, 250, 250, 250, 1] [σi, σz] ydis

Table 5.4: Structure and size of the PI-GAN in Case II.

Then, we investigate the impact of noise and the number of measurements on

the model performance. It is clear to observe that, in Fig. 5.4, more measurement

points with a lower noise level (ε) could lead to more accurate predictions whereas

fewer points with larger noise scales would deteriorate the accuracy.

5.4.2 Case II: 2D Constitutive Law

Next, we proceed to examine the model performance in inferring 2D constitutive

relationships using synthetic data.
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Figure 5.5: Mean and standard deviations (STD) for inferringσθ given five sparse measurements.
(a) Mean (red) and two STD (yellow) of σθ versus true stress (blue). Line comparison at λz = 1.51
and λθ = 1.51 are plotted in (b) and (c). The network is only trained to with σθ.

We first consider inferring only circumferential stress σθ. In the training

stage, we inform the PI-GAN by σθ sampled at stretches ranging from (λθ, λz) ∈

[1.0, 1.65] × [1.0, 1.65]. The parameters are sampled from the range in Table 5.3.

The structure of PI-GAN is shown in Table 5.4. We still consider FNN as the model

structure with a larger network size than that of case I. A distribution of ξwith 50

random variables sampled from multivariate Gaussian distribution is sent to the

branch net as training input. The energy W and circumferential stress σθ at λθ and

λz are predicted as the output of the generator. In particular, σθ at a mesh size of

25 by 25 is estimated and transmitted to the discriminator whose outputs will be

used to calculate the statistical distance between the generated data and true data.

The noise level ε is set to 0.1. The network is trained adversarially over 100,000

epochs.

Once the network is trained, we move to infer the posterior. We first collect

five noisy measurements of σθ at high stretches as the data for No-U-Turn. In

particular, the noisy measurements are generated with the same parameter values

shown in the second column of Table 5.3. Then, we generate 1,000 distributions of

ξ conditioned on the five measurement points and feed the ξ into the generator.
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Figure 5.6: Informative inference of stresses and energy based on 8 measurements of σθ and σz.
The mean (red) and 2 STD (orange) are plotted with the true data (blue) for (a) σθ, (b) σz, and (c)
W. The network is trained with both σθ and σz.

At a result, 1,000 realizations of σθ(λz, λθ; ξ) are collected to calculate the statistical

results (Fig. 5.5). In Fig. 5.5(a), the mean σθ matches with the true solution with an

error at 0.04. The prediction error of σθ is bounded by two standard deviations in

the whole domain. Notice that the posterior inference is conducted only based on

five noisy measurements whereas the nonlinear regression is underdetermined in

this scenario. We further compare the predicted σθ at λz = 1.51 and λθ = 1.51 in

Fig. 5.5(b) and (c). It is interesting to observe that the uncertainty is larger at a

higher stretch, corresponding to the region where σθ vary the most.

Then, we move to infer the circumferential (σθ) and axial (σz) stress simultane-

ously. We keep the generator structure the same as in the previous example. To

inform the priors of σθ and σz to PI-GANs, we choose to concatenate the predicted

σθ and σz as the input of the discriminator where the input dimension increases

from 625 to 1,250. The generator in conjunction with the No-U-Turn model infer

the posterior of σθ,z based on eight randomly distributed measurement data at
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Figure 5.7: Uninformative inference of stresses and energy based on 8 measurements of σθ. The
mean (red) and 2 STD (orange) are plotted with the true data (blue) for (a) σθ, (b) σz, and (c) W.
The network is trained with both σθ and σz.

high stretches (shown in Fig. 5.6). We present the response surface of σθ, σz and

energy density W in Fig. 5.6 (a), (b), and (c), respectively. The posterior mean

of σθ and W correspond well with the true solution with errors at 0.06 and 0.10.

However, there is a discrepancy between the mean σz and its true solution as the

error falls at the edge of two standard deviations.

Interestingly, we then investigate if posterior inference is accurate based only

on partial information, i.e., eight measurements of σθ. As shown in Fig. 5.7, the

estimation of σθ is accurate and informative whereas the predicted σz and energy

density are uninformative, represented by large uncertainty bands. This result

indicates that accurate inference of stresses and energy density fields relies on

stresses information on both circumferential and axial directions. Otherwise, the

inference are not useful as the uncertainty becomes overwhelmingly large. This

observation not only reaffirm that deformation/stress in λθ and λz are biomechan-

ically independent, but also, from a statistically perspective, they are uncorrelated
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and independent. Another interesting point is that the proposed framework is

able to predict the energy density given that no prior knowledge of the energy

profile is informed to the network.

5.4.3 Case III: 2D Constitutive Law with Ex-vivo Data

To study the framework’s potential for inferring constitutive relations from real-

istic data, we present the inference results based on experimental data collected

from mice with various genotypes. The three exemplary animal models collected

from published studies are re-analyzed herein [201, 294, 245, 129, 109].

• Wild-type (WT) C57BL/6J control mice [109],

• Fbn1mgR/mgR mice: the fibrillin-1 is expressed at 15-25% of its normal level [129],

• Eln+/+ (hBAC+mWT) mice: the elastin is expressed to 115% of its normal

level [109].

The stress/stretch data were collected from standard ex-vivo bi-axial loading

tests [62]. After data acquisition, we perform a nonlinear regression algorithm

for searching the best four-fiber parameters based on all the collected data (typi-

cally more than 900 points). Despite discrepancies at certain stretches, four-fiber

models with fitted parameters still render a good approximation of the overall

subject-specific biomechanics, which is taken as the best approximation of the

experimental data in this study.

Informing good parameter priors is essential for inference accuracy. However,

it is hard to quantify the range of parameter distributions for various genotypes
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Figure 5.8: Stresses inference for three different genotypes: (a) wild-type, (b) Fbn1mgR/mgR,
and (c) hBAC+mWT. The contours of nonlinear regression (Nonlin. Reg.) are calculated with all
data collected from ex-vivo experiements whereas the functional prior (func. prior) estimates the
mean of subject-specific constitutive relations only based on 6-7 points cluster at high stretches.
Taking the nonlinear regression results as reference, the prediction errors range from 0.05 to 0.11.
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since the data acquisition is expensive and time-consuming. The costly experimen-

tal procedure forbids the viability of high-throughput experiments and further re-

stricts quantification of the physiological parameters range from existing data. As

a proof-of-concept, we adopt the parameters range shown in Table 5.3 since it as-

sumes a relatively wide range of variation based on the WT model collected in [62].

Using the same PI-GANs in Sec. 5.4.2, we present the uncertainty quantification to

three exemplary model with different genotypes shown in Fig. 5.8. We randomly

sample 6 or 7 points that contains (λθ, λz; σθ, σz) in (λθ, λz ∈ [1.4, 1.6] × [1.4, 1.6])

from each case.

As shown Fig. 5.8(a), stresses inference for WT renders a good approximation

with errors at εσθ = 0.05 and εσz = 0.08, respectively. As mentioned, the generator

is trained based on parameters sampled from a WT model. Hence, the model

is expected to have a good performance for the inference of WT models. The

posterior inference for the other two genotypes, however, ends up with higher

errors, ranging from 0.08−0.11. One possible explanation is that the distributions of

the other genotypes are essentially different from the WT model. Fbn1mgR/mgR and

hBAC+mWT have inherently different microstructure and biomechanical behavior,

which are reflected by variations in parameters values and distributions for the two

diseases group. Also, it is interesting to notice that the stress contour lines from

the PI-GAN are rather flat whereas the contour lines from nonlinear regression

exhibit a more complex and nonlinear behavior, reflected by local curvatures of

the contour plots. However, the overall results indicate that our model is capable

of capturing the overall trend of stresses based on sparse measurements.
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5.5 Discussion

In this chapter, we adopt a generative machine learning model to infer subject-

specific constitutive relations of the aorta with uncertainty quantification. The

model is trained with generated data from the four-fiber family model. The model

parameters are adopted from published data [62] for WT mice with relatively

wide variations, which improves the model performance for different samples.

The prior knowledge of the constitutive model is informed to PI-GANs, which is

utilized to estimate the likelihood function in No-U-Turn in a following step. The

posterior of noise vectors conditioned on sparse measurements are then sampled

from No-U-Turn and transmitted to the generator of the PI-GAN for inferring

the posterior of stresses in the functional space. We illustrate the performance

of this framework with three examples. The first two examples utilize synthetic

data as measurements. The last example demonstrates the model’s potential for

inferring constitutive relationships based on realistic measurements from various

genotypes.

Informing prior knowledge into neural networks can enhance the accuracy and

efficiency of the framework: Prediction errors and standard deviations from our

framework are reduced compared to that of GP, whose results are more likely to be

affected by noise and are uninformative outside the sampling range. Unlike linear

or nonlinear regressions, the framework is not constrained by certain numerical

rules, e.g., the number of data points must be greater than the number of unknown

parameters. This feature shows strength over traditional nonlinear regression

algorithms for inference with sparse measurements and for complex models with

considerable parameters. Moreover, the mean and standard deviations are more

informative than traditional algorithms without uncertainty quantification as they
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represent the expectation and confidence of the prediction.

The advantages of adopting functional priors model lie in learning systems

without explicitly function forms. Admittedly, for systems with explicit form,

e.g., four-fiber models, traditional Bayesian inference with model equations could

be more efficient and reliable [223] (referred as model-driven approach). How-

ever, there are certain limitations of the four-fiber model, which could restrict the

applicability of the model-driven approach. One basic assumption of the four-

fiber model is that fiber interactions between different alignments are neglected.

In addition, as much success as the four-fiber family for healthy aortas, modeling

mechanical behavior of the aorta with microstructure defects or genetic deficien-

cies still needs to be investigated. Nowadays, four-fiber models are still widely

used as the constitutive model for mice with various genotypes. The model pa-

rameters are quantified following the same regression procedures as the healthy

one. However, some of the model assumptions may not work well in this scenario,

leading to nonphysical predictions of the constitutive model under some loading

conditions.

Data-driven modeling is a promising approach to this problem. Training the

network with realistic data could inform hidden knowledge that is not described

by the four-fiber model a priori to the generator. Utilizing machine learning on

modeling constitutive behavior could circumvent such problems by data-driven

modeling without assuming a known form as the network learns the system be-

havior implicitly. On the other hand, however, traditional data-driven modeling

is data-intensive, which could be further exacerbated by introducing the uncer-

tainty of the model. In reality, it is not practical to collect as much data as needed

to train a generative neural network. One possible mitigation is to incorporate

both synthetic and experimental data in network training. The generative model is
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trained mostly by synthetic data and is regularized by experimental data at certain

stretches. Another possible improvement is to develop a multifidelity Bayesian

neural network where data from four-fiber models and experiments serve as the

low and high-fidelity data, respectively [172]. In addition, other improvements

that may consider in the future are: (1) adopting more accurate parameter for

different genotypes, (2) searching for better prior distributions, or (3) developing

generative networks that are easier to train than GANs.
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6.1 Abstract

Multiscale modeling is an effective approach for investigating multiphysics sys-

tems with largely disparate size features, where models with different resolutions

or heterogeneous descriptions are coupled together for predicting the system’s

response. The solver with lower fidelity (coarse) is responsible for simulating

domains with homogeneous features, whereas the expensive high-fidelity (fine)

model describes microscopic features with refined discretization, often making

the overall cost prohibitively high, especially for time-dependent problems. In

this work, we explore the idea of multiscale modeling with machine learning and

employ DeepONet, a neural operator, as an efficient surrogate of the expensive

solver. DeepONet is trained offline using data acquired from the fine solver for

learning the underlying and possibly unknown fine-scale dynamics. It is then

coupled with standard PDE solvers for predicting the multiscale systems with

new boundary/initial conditions in the coupling stage. The proposed framework

significantly reduces the computational cost of multiscale simulations since the

DeepONet inference cost is negligible, facilitating readily the incorporation of a

plurality of interface conditions and coupling schemes. We present various bench-

marks to assess accuracy and speedup, and in particular we develop a coupling

algorithm for a time-dependent problem, and we also demonstrate coupling of a

continuum model (finite element methods, FEM) with a neural operator represen-

tation of a particle system (Smoothed Particle Hydrodynamics, SPH) for a uniaxial

tension problem with hyperelastic material. What makes this approach unique is

that a well-trained over-parametrized DeepONet can generalize well and make

predictions at a negligible cost.
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6.2 Introduction

Predicting and monitoring complex systems, where small-scale dynamics and

interactions affect global behavior are ubiquitous in science and engineering

[280, 5, 54, 255, 14]. In disciplines ranging from material fracture [95] to design

problems [64], models at microscale have shown their capability in represent-

ing detailed material response. However, despite their improved accuracy, the

usability of microscopic models is often compromised by several computational

challenges. Specifically, microscopic models require a small spatio-temporal scale

to fully resolve small-scale details and capture underlying stochastic dynamics,

leading to a prohibitive computational expense. Therefore, simulating material

dynamics at meso- or macroscale using microscopic models is still largely beyond

reach. In addition, although bottom-up approaches such as fine-grained atomistic

models have provided important insights into processes at microscale, they gen-

erally do not scale up to finite-size samples [276, 319, 113]. These challenges raise

the need for efficient mathematical models and algorithms, which are capable of

capturing small-scale behaviors while being computationally expedient.

In the last two decades, a variety of multiscale approaches have been pro-

posed to address these challenges. Microscopic effects often concentrate locally,

whereas a continuum model can accurately describe the system in the rest of the

domain. Solving such a continuum model by well-established numerical meth-

ods would reduce the computational cost. Following this domain-decomposition

strategy, several works that combine continuum and microscopic models have

been proposed [193, 149, 289, 188, 258, 123, 252, 122, 48] to model multiscale sys-

tems. Another approach focuses on developing a fast surrogate as the fine-scale

model represented by homogenization [323, 16, 281, 58, 308, 21]. For example,
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[177] considered an approximation model of a partial differential equation (PDE)

that contains small-scale oscillations in its coefficients, in essence, replacing these

coefficients in the model with effective properties so that the resulting solutions

can adequately approximate the solutions of the original problem. However,

quantifying effective properties poses a challenging task in light of the feasibility

of acquiring parameter values and the level of accuracy of the homogenized PDE

model compared to the original microscopic model.

Recently, deep learning algorithms have been proposed for simulating phys-

ical problems [35, 119, 318, 30, 202]. In particular, neural networks have been

employed in conjunction with standard numerical models to address the afore-

mentioned challenges in multiscale modeling [274, 8, 212, 199, 5, 222, 40]. In [8],

Arbabi et al. proposed a data-driven method that trains deep neural networks to

learn coarse-scale partial differential operators based on fine-scale data. In [18],

Bhatia et al. presented a novel paradigm of multiscale modeling that couples mod-

els at different scales using a dynamic-important sampling approach. A machine

learning model is employed to dynamically sample in the phase space, hence

enabling an automatic feedback from micro to macro scale. In [169], Masi and

his collaborators developed a thermodynamics-based artificial neural network

(TANN) and applied it in multiscale modeling of materials with microstructure.

Their results demonstrated that TANN is capable of implicitly learning the con-

stitutive model from data and predicting the corresponding stress fields based on

state variables. The authors also demonstrated that TANN is capable of solving

boundary value problem in a multiscale system with complex microstructure using

double-scale homogeneization scheme. Other applications of machine learning in

multiscale modeling include parameter inference [285, 204, 291, 196], uncertainty

quantification [39, 229], data-driven modeling [39, 222, 209, 105, 308, 153], etc.
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In the last few years, a new family of machine learning model, deep neural

operators, have been proposed to learn the solution operator of a PDE system

implicitly [139, 141, 159, 307]. Unlike another type of scientific machine learning,

physics-informed neural networks (PINNs) [213], these neural operators can solve

a PDE system given a new instance of interface conditions or model parameters

without retraining [32, 147, 302, 146, 140, 84, 167]. Hence, such computational

advantage enables neural operators to serve as an efficient surrogate model in

multiscale coupling tasks, and especially for time-depenendent multiscale prob-

lems, which even today have remained prohibitively expensive. Among the state-

of-the-art neural operators, the Deep Operator Network (DeepONet) serves as a

unique model with exceptional generalization capability and flexibility, which can

learn the solution operator in irregular domains even in the presence of noise [160].

Another possibility is to use the Fourier neural operator (FNO), which is fast but is

limited to complex geometries and structured data [139, 141]. Herein, we choose

DeepONet as the surrogate model. For a more thorough comparison between

DeepONet and FNO, we refer the reader to [160, 131].

The present chapter aims to address the aforementioned challenges by develop-

ing a new multiscale coupling framework, as demonstrated in Fig.6.1. Specifically,

the new framework couples a surrogate of the microscopic system (DeepONet)

with a standard finite element method (FEM) that represents the macroscopic

model. The coupling framework is flexible in choosing the domain decomposi-

tion algorithms, the types of boundary condition, or the nature of multiphysics

problems (static or time-dependent). In addition, the surrogate model can learn

from a plurality of fine-resolution microscopic systems or from experimental data

(Fig. 6.1(b)). Our approach is the first attempt to couple neural operators with

standard numerical solvers using a concurrent coupling method.
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Figure 6.1: Schematic of multiscale modeling with DeepONet. (a) In a multiscale mechanics
system, traction T(x, t) acts on the boundary of domain Ω, which is decomposed into sub-domains
described by a variety of microscopic models. A macroscopic model describes the response in the
bulk region whereas nonlinear, microscopic, or data-driven models capture the detailed response
in the small regions. (b) DeepONet, composed of a branch and a trunk net, is able to learn
the response of the microscopic systems (from simulated or multi-modal data) and serve as a
surrogate in the multiscale system. MD: molecular dynamics, DPD: dissipative particle dynamics,
SPH: smoothed particle hydrodynamics, PD: peridynamics, NL FEM: nonlinear finite element,
FEM: finite element, MF: multifidelity.

The chapter is organized as follows: In Sec. 6.3.1, we briefly introduce Deep-

ONet and the adopted coupling algorithms. In Sec. 6.4, we report the coupling

performance for a series of benchmarks, including a 2D Poisson equation, a 1D

heat problem, and a uniaxial tension problem with elastoplastic materials and

hyperelastic materials. We conclude by a brief discussion on the implications of

the presented model in Sec. 6.5. In the appendices, we give an overview of the

smoothed particle hydrodynamics (SPH) method and present additional results

for FEM and SPH simulations. Finally, we provide further details on the network

training and data generation.
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Figure 6.2: Schematic architecture of DeepONet. DeepONet learns the mapping operator G from
an input function g to its corresponding output function G(g). The input of branch and trunk
net are g and y ∈ Rp, which represents a discretized function from g(x1) to g(xm) and information
such as coordinates and time, respectively. Note that the output dimension of the trunk net, n, is
consistent with that of the branch net. The final output G(g)(y) is computed as the dot product of
b and t.

6.3 Methodology

In this section, we introduce the general architecture of DeepONet (Sec. 6.3.1) and

the domain decomposition methods for the coupling framework (Sec 6.3.2).

6.3.1 Deep Operator Network (DeepONet)

We briefly summarize the general architecture of DeepONet employed in this

work. Let Ω ⊂ Rp be a bounded open set, which is the domain of our input and

output functions; DeepONet can learn a general continuous operator between two

Banach spaces of functions taking values in Rd f and Rdu , respectively. We denote

the input and output function spaces as A = A(Ω; Rd f ) and U = U(Ω; Rdu). The

network aims at approximating a mapping G : A→U between an input function
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g ∈ A and its corresponding output function G(g) ∈ U. Although DeepONet

can learn mappings between vector-valued functions, for simplicity of exposition

we focus on learning scalar-valued functions (du = 1) in the following. For any

y ∈ Ω ⊂ Rp, G(g)(y) ∈ R is the evaluation of function G(g) at y. As shown

in Fig. 6.2, the branch network takes a function g in its discrete representation

[g(x1), g(x2), ..., g(xm)] at locations {x j}
m
j=1 as input and yields an array of operator

features, {bi}
n
i=1, as its output. The trunk network takes y as input and yields

another array of operator features, {ti}
n
i=1. Finally, G(g)(y) can be approximated

by [159, 41]:

G(g)(y) ≈
n∑

i=1

biti. (6.1)

In this work, we adopt fully-connected neural networks as the architecture of both

sub-networks. We refer the readers to [159, 135] for theoretical analysis and error

estimations of DeepONet.

Regarding the loss function, we adopt the mean squared error (MSE) which

measures the square of L2 norm between model predictions and training data.

Given M sample input functions g(i), i = 1, · · · ,M, and the ground-truth of their

corresponding output functions, Gdata(g(i))(·) on a set of N points {y j}
N
j=1, the loss is

expressed as:

L =
1

MN

M∑
i=1

N∑
j=1

(Gmodel(g(i))(y j) − Gdata(g(i))(y j))2 + R̂, (6.2)

where Gmodel is the learned operator of DeepONet for approximation and Gdata(g(i))(y j)

denotes the data measurements for the i-th output function at j-th evaluation point.

R̂ is an additional loss term for the purpose of regularization (see Sec. 6.4.1 and

Eq. 6.11).
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6.3.2 Coupling Methods

Here we introduce the procedure of coupling DeepONet with a numerical model.

Consider a system defined on a computational domain Ω; we decompose the

domain into ΩI and ΩII according to the features in each domain. These two do-

mains are described by a macroscopic model (model I) and a microscopic model

(model II), respectively. In this chapter, we choose model I as FEM. Nonetheless,

the proposed procedure can be generalized to couple other mesh-based mod-

els [198, 120, 100, 269] or particle (meshfree) models [181, 60, 85, 218] as shown in

Fig. 6.1(b). Model II represents a DeepONet, which serves as a surrogate for the

microscopic, fine-scale model.

Notably, the domain decomposition can be either overlapping or non-overlapping.

Fig. 6.3(a) shows an one-dimensional illustration of the domain decomposition

method. For the overlapping setting, Γ1 (= {x1} for this 1D case) represents the

internal boundary of model I and Γ2 (= {x2}) is the boundary of model II. The

overlapping region is ΩI ∩ΩII = [x2, x1]. The two models communicate with each

other by exchanging interface conditions on Γ1 and Γ2. For the non-overlapping

setting, we have Γ1 = Γ2 := Γ (x1 = x2 for this 1D case) and the two model ex-

changes interface information on Γ. Fig. 6.3(b) and Algorithm 1 summarize the

iterative procedure of the coupling framework with a Robin-type boundary con-

dition [311]. For the n-th iteration, we utilize quantities (·)n to calculate (·)n+1. To

initiate the coupling procedure (n = 0), we start with an initial guess of the inter-

face solution value u0(x1) and derivative-related information T0(x1) on Γ1. Then,

we take a linear combination of these quantities and forms a Robin-type boundary

condition on Γ1, namely, h̃0(x1) = R1un(x1) + R2T0(x1), which is applied on Model I.

The method proceeds by solving for un+1
I (x), x ∈ ΩI, from Model I, and interpolat-
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ing the computed solution or its derivatives at Γ2. The interpolated information

will then be transmitted to Model II as the boundary condition. Then, we solve

for un+1
II (x), x ∈ ΩII, from Model II with the transmitted interface condition on Γ2

and interpolate its solution on Γ1. If the stopping criterion

∣∣∣∣∣∣un+1
I − un

I

∣∣∣∣∣∣2
L2(ΩI)

+
∣∣∣∣∣∣un+1

II − un
II

∣∣∣∣∣∣2
L2(ΩII)

< ε, (6.3)

is satisfied, the coupling result is considered to be converged. The solution for the

two domains is:

uI(x) := un+1
I (x), x ∈ ΩI, (6.4)

uII(x) := un+1
II (x), x ∈ ΩII. (6.5)

If the solution is not converged, we proceed to update the interface information

on Γ1 with a relaxation formulation: h̃n+1(x1) = (1 − θ)hn+1
I (x1) + θhn+1

II (x1) where

hn+1
I,II = R1un

I,II(x1)+R2T0
I,II(x1) are the Robin boundary condition from Model I and II.

Here, the relaxation parameter θ ∈ [0, 1] can be either fixed or updated according

to the Aitken’s rule [179, 311]. Then, we proceed to a new iteration by transmitting

the updated boundary condition h̃n+1(x1) to Model I and repeating the procedure

stated above with n← n+1. This procedure is repeated until the stopping criterion

is satisfied. These coupling algorithms have their origin to the classical Schwarz

coupling methods [152, 182, 67] and an iterative patching algorithms [67].
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Figure 6.3: A flexible framework in domain decomposition. The proposed coupling framework
is able to adopt either (a) overlapping or non-overlapping domain decomposition coupled with
Dirichlet, Neumann, or Robin boundary conditions at the interface. As an illustration, (b) presents
a Robin-type boundary condition imposed on model I with interfacial solution û(x1) updated by
a relaxation scheme. Dirichlet and Neumann boundary can be imposed by adjusting the value of
R1 and R2. The relaxation parameter, θ, is either fixed at a value or updated dynamically. Tn

II(x1)
represents the Neumann-related information at x1 from Model II, e.g., traction or derivatives.

Algorithm 1 Coupling Method. Γ1 := ∂ΩI, Γ2 := ∂ΩII. If non-overlapping, Γ1 = Γ2,
else Γ1 , Γ2.

Initialization: Set model I with u(x1) = 0 and model II with u(x1) = 0
Main Loop:
for n = 0 : nmax − 1 do

Model I (FEM):

• Receive the interface information h̃n(x1) from Model II (x1 ∈ Γ1).

• Solve for un+1
I from Model I.

• Calculate un+1
I (x2) or

∂un+1
I
∂x |x2 and pass it to Model II (x2 ∈ Γ2).

Model II (NN):

• Receive the interface information un+1
I (x2) or

∂un+1
I
∂x |x2 from Model I (x2 ∈

Γ2).

• Solve for un+1
II /Tn+1

II from Model II.

• Calculate hn+1
II (x1) = R1un+1

II (x1) + R2Tn+1
II (x1).

• Calculate h̃n+1(x1) = (1 − θ)hn+1
II (x1) + θhn+1

I (x1) and pass it to Model I
(x1 ∈ Γ1).

If converged, stop;
end for
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Problem Model I Model II/Training Data Interface Condition Overlap

2D Poisson FEM DeepONet/FEM D-D, R-D Yes

1D Heat FEM DeepONet/FEM N-D No

2D Elastoplasticity Linear Elastic FEM DeepONet/Elastoplastic FEM N-D No

2D Hyperelasticity Hyperelastic FEM DeepONet/Hyperelastic SPH N-D, R-D/R-N No

Table 6.1: Setup for the four examples. D-D: Dirichlet-Dirichlet, R-D: Robin-Dirichlet, N-D:
Neumann-Dirichlet, R-N: Robin-Neumann

6.4 Results

In this section, we present the simulation results of four benchmark problems: 2D

Poisson equation, 1D heat equation, 2D elastoplasticity, and 2D hyperelasticity, to

demonstrate the applicability of our method. The detailed settings of these four

examples, including the choices of model I and model II, interface conditions, and

whether domains overlap, are provided in Table 6.1. For interface conditions,

we studied four types of conditions, namely, Dirichlet-Dirichlet (D-D), Robin-

Dirichlet (R-D), Neumann-Dirichlet (N-D), and Robin-Neumann(R-N). The first

letter represents the boundary condition for Model I and the second letter for

Model II. For each problem, our framework consists of two stages. In the first

stage, we train a DeepONet offline to obtain a surrogate of model II. Then, we

couple Model I with DeepONet in the online stage using our proposed coupling

method. Training data of elastoplastic FEM in Sec. 6.4.3 and hyperelasticity in

Sec. 6.4.4 are generated by Abaqus [2] and an SPH solver [71]. All the other

usages of FEM (including FEM solver for model I and generation of training data

for model II) are based on the FEniCS package [6] using second-order Lagrange

polynomials. For all experiments, the networks are trained on a NVIDIA GeForce

RTX 2060 GPU. The FEM simulations are performed on two 6-core Intel Core

i7-8700 CPUs.
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Figure 6.4: Setup of the Poisson equation. (a) A 1 × 1 unit square is decomposed into two
overlapping regions, ΩNN (light blue) and ΩFEM (meshed). ΩFEM is bounded by Γ1 and Γ0, whereas
ΩNN is a 0.3 × 0.3 square in the center with boundary Γ2. (b) DeepONet takes uFEM|Γ2 as input
and yields the solution in ΩNN, denoted as uNN |ΩNN . (c) Formulation of an overlapping D-D
method. Given the boundary condition on Γ0, the coupling framework iteratively updates the
corresponding boundary condition on Γ1. The relaxation parameter θ is either fixed or updated
based on the Aitken’s rule [311].

6.4.1 Poisson equation

We first study the feasibility of the proposed framework for solving a static

problem. Let us consider a Poisson equation described by the PDE system in

Ω := ΩFEM ∪ΩNN:

−∆u(x) = f (x), in Ω = [0, 1]2, (6.6)

u(x) = u|Γ0(x), on Γ0, (6.7)

where we set f (x) = 6 for all x ∈ Ω. As shown in Fig. 6.4(a), we decompose one

domain into two overlapping subdomains, namely ΩFEM = [0, 1]2/[0.4, 0.6]2 (with

an internal boundary Γ1) and ΩNN = [0.3, 0.7]2 (with a boundary Γ2). In ΩFEM, the
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system is governed by Eqs. (6.6) and (6.7) with an boundary condition

u(x) = ũ|Γ1(x), on Γ1. (6.8)

In this example, we first verify the efficacy of the coupling framework with a D-D

interface condition. For this setup, in ΩNN, the system is governed by Eqs. (6.6)

and (6.7) with input

u(x) = uFEM|Γ2 , on Γ2. (6.9)

After presenting the results of the D-D case, we display results of parametric

studies for better demonstrating the influence of other factors that may influence

the convergence rate.

In the offline stage, we train a DeepONet as a surrogate of FEM for predicting

solution in ΩNN. First, we sample a set of boundary conditions u|Γ2 from a random

field with α = 5, a parameter in the correlation function in Eq. (6.53). Qualita-

tively, a smaller α results in a less smooth function. More details of the random

field generation are provided in 6.D. Then, we solve the Poisson equation with

the randomly sampled boundary conditions using FEM, whose computational

results in ΩNN are collected as the training cases. We generate 1,000 cases as the

training dataset of DeepONet following the aforementioned process. As shown

in Fig. 6.4(b), the branch network input uFEM|Γ2 comes from an interpolation of the

FEM solution on Γ2, while the trunk network takes the coordinate x (∈ ΩNN) as

its input. The network output is uNN(x). We present more details related to the

network training in 6.C.

After the completion of the offline training, we proceed to the coupling stage
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as shown in Fig. 6.4(c). Given a fixed boundary condition on Γ0, we initiate the

coupling framework with an initial guess of u on Γ1, which is typically zero. Then,

we solve the governing equation in ΩFEM with FEM and interpolate the solution

on Γ2 (denoted as uFEM|Γ2), which will be used as the input of the branch network.

With this input, the DeepONet then predicts uNN|ΩNN , the solution of the Poisson

equation in ΩNN. Following that, a relaxation scheme is adopted to update the

interface condition on Γ1 as: ũ|Γ1 = (1−θ)uFEM|Γ1 +θuNN|Γ1 , which will later be used

as the boundary condition of FEM in the next iteration. The coupling iteration

continues until the solution u converges.

We show the performance of our coupling framework for the Poisson equation

in Fig. 6.5. We fix the relaxation parameter as θ = 0.5 and impose a boundary

condition on Γ0 from the testing dataset (unseen to the DeepONet in the training

stage). Figs. 6.5(a-b) show a comparison between the FEM ground truth (first

column; computed directly in Ω) and the predictions from the coupling framework

(second column; first row in ΩFEM from FEM, second row in ΩNN from DeepONet)

together with their difference (third column). We observe an agreement between

the coupling predictions and the ground truth. The maximum absolute error

presented in the third column is less than 1%. We also note that the error is larger

in ΩFEM, especially in the region close to its external boundary Γ0. The observed

error is mostly dominated by the interpolation accuracy in the FEM, not the error

of the coupling framework. We further show a quantitative comparison between

models prediction and ground-truth on Γ1 and Γ2 in Fig. 6.5(c): the predictions from

coupled FEM/NN (blue dashed lines and green triangles, respectively) accurately

reproduce the true solution (red lines) with a relative error at around 0.07%.

In addition to the results shown in Fig. 6.5, we also conducted parametric stud-

ies on diverse factors that influence the performance of our framework, including:
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Figure 6.5: Results of coupling FEM and DeepONet for the Poisson equation. (a-b) Model
predictions from the FEM and DeepONet with the corresponding absolute errors in ΩFEM and
ΩNN. (c) Model predictions at the interfaces (u|Γ1 and u|Γ2 ) and the true solution (red line). The
relative errors of model predictions at the interfaces are far less than 1%. Please see Fig. 6.4 for
ΩNN and ΩFEM.
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Figure 6.6: Parametric studies of the Poisson equation. (a) Given a boundary condition on Γ0, the
convergence history of the coupling model varies with the coupling method (Robin or Dirichlet)
and parameter θ. (b) The model is trained with data generated from a random field with α = 5.
We test the generalization ability represented by the relative errors of the coupling model for cases
corresponding to α = 1 to 10. (c) Box plots of relative errors for DeepONets trained with 100 to 900
cases. Each column shows the coupling results by testing with 50 different cases. The shaded area
indicates that the relative error on Γ1 is less than 1%. Notice that we present the error with respect
to the ground truth to show the convergence and accuracy of our framework.

convergence of the framework with different coupling methods (Fig. 6.6(a)); the

coupling accuracy influenced by the extrapolation capability of the DeepONet

(Fig. 6.6(b)) and the number of training cases (Fig. 6.6(c)). In Fig. 6.6(a), conver-

gence of errors with different boundary conditions is plotted against iterations.

The shaded area indicates that the relative error is less than 1%. Specifically, given

various values of the relaxation parameter θ (θ = 0.25, 0.5 and 0.75), the displace-

ment errors with Dirichlet boundary conditions satisfy the stopping criterion (L2

error less than 2 × 10−3, or equivalently, relative error less than 1%) at iteration 37,

18, and 12, respectively. With the Aitken’s relaxation strategy forθ (see, e.g., [311]),

the coupling error (denoted as “Dirichlet-Aitken”) converges a bit faster than that

of a fixed relaxation parameter θ = 0.75. We also adopt a Robin-type boundary

(Robin-Aitken) with dynamic update in θ (purple line). In this case of Robin

boundary condition, the system in domain ΩFEM is governed by Eqs. (6.6) and
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(6.7) with a Robin boundary:

R1u + R2
∂u
∂n

= g, on Γ1, (6.10)

where we set R1 = 1 and R2 = 1. Since the FEM needs both the information of the

solution and its derivative in the normal direction from DeepONet to update the

Robin boundary condition, we adjust the training loss of the network following

the strategy. The regularization term R̂ in Eq. (6.2) is set as:

R̂ =

(
∂u
∂n

∣∣∣∣∣
NN
−
∂u
∂n

∣∣∣∣∣
true

)2

, x ∈ Γ1 (6.11)

to regularize the partial derivative with respect to the normal direction of Γ1.

In Eq. (6.2), the partial derivative term is computed by taking the automatic

differentiation of the network output with respect to the trunk net input x [84,

275, 305, 317, 315]. We assign the weight of the regularization term as 1. With the

employment of the Robin boundary condition, we observe that the method only

takes two iterations to reach a relatively small error.

In Fig. 6.6(b), we show the generalization ability of DeepONet and its impact

on the accuracy of the coupling framework by testing with boundary conditions

outside the training region. The minimal relative errors of u|Γ2 are plotted against

the correlation lengthα of the random field that was used to generate training data.

When the correlation lengthα increases, the sampled curves become smoother and

vice versa. Notice that we train the network on training samples with α = 5 and

test its performance on α ranging from 1 to 10, each with 50 testing cases. The

relative errors drop from around 10% to less than 1% with α increasing from 1 to

5. For α > 5, the errors are statistically stable.
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Figure 6.7: Setup of the time-dependent problem (heat equation). (a) The spatio-temporal
domain is decomposed into two sub-domains with Γ as the interface between FEM and NN
domain. (b-c) Formulation of the coupling framework for the heat equation. The framework
first solves for un+1,k+1

FEM from FEM with updated information at the interface ũ at k-th step. Then,
the computed derivative at Γ is transmitted into DeepONet, which predicts the spatial derivative
in ΩNN (c). The solution in ΩNN is computed based on a time-stepping scheme, followed by a
relaxation update (b). The initialization at k = 0 and n = 0 is described in the main text.

Fig. 6.6(c) exhibits the accuracy of the coupling framework as a function of the

generalization ability of DeepONet, which is reflected by the number of training

cases for DeepONet. The median of the relative errors of u|Γ1 decreases slightly

when the number of training cases increases from 100 to 300 and then stays

statistically stable even with further increase. The computational results implicitly

suggest that after 300 training cases, the errors are most contributed by the accuracy

of boundary interpolation, not the generalization of DeepONet. The shaded area

in (b-c) denotes relative error at 1%.

6.4.2 Heat equation

Next, we investigate the performance of the coupling framework for a dynamic

problem, namely, 1D heat equation, with a N-D method. Consider a PDE system
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in Ω := ΩFEM ∪ΩNN:

∂u
∂t

= K
∂2u
∂x2 , for (x, t) ∈ Ω := [0, 1.0] × [0, 10.0], (6.12)

u(x, 0) = u0(x), for x ∈ [0, 1.0], (6.13)

ux(x, t) = 0, for (x, t) ∈ Γ0 := {0, 1.0} × [0, 10.0], (6.14)

where the thermal diffusivity K is set as 0.1. As shown in Fig. 6.7(a), we decompose

the computational domain Ω into two non-overlapping subdomains: ΩFEM :=

(x, t) ∈ [0, 0.5]×[0, 10.0] for FEM and ΩNN := (x, t) ∈ [0.5, 1]×[0, 10.0] for DeepONet.

The interface is Γ := {0.5}×[0, 10]. For the FEM subdomain ΩFEM, we set a Dirichlet

boundary condition at the interface Γ:

u(x, t) = ũ(x, t) for (x, t) ∈ Γ, (6.15)

where ũ is the updated and relaxed solution at the interface. For the DeepONet

subdomain ΩNN, we impose the interfacial flux from FEM K ∂uFEM
∂x as input.

The coupling method is illustrated in Fig. 6.7(b-c). The solution process is a

nested loop with indices n and k, where k represents the time step and n is the

current iteration step. To initiate the framework, we set both n and k as zero with

an initial guess of interfacial flux for the FEM. The FEM solves for the solution

(un+1,k+1
FEM |ΩFEM) in ΩFEM at time step k + 1 given the solution at the previous time step

k, denoted as u∞,kFEM|ΩFEM . Then, we transmit the flux at Γ, K
∂un+1,k+1

FEM
∂x |Γ, to DeepONet

as a part of the trunk net input (Fig. 6.7(c)). The branch network takes the system

solution in ΩNN at k-th time step as input. The output of DeepONet estimates

an approximation of the diffusion term K
∂2un+1,k+1

NN
∂x2 . The solution in ΩNN is then

calculated by a semi-discretized heat equation with the backward Euler method:

un+1,k+1
NN (x) = un,k

NN(x) + ∆t · K
∂2un+1,k+1

NN
∂x2 . Next, the interfacial flux ũn+1,k+1 is updated by
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the relaxation scheme:

ũn+1,k+1 = (1 − θ)un+1,k+1
FEM

∣∣∣
Γ1

+ θun+1,k+1
NN

∣∣∣
Γ1

(6.16)

In this example, we fix the relaxation parameter θ = 0.5. If the updated interfacial

flux is not yet converged, we continue to the next iteration. Otherwise, if the flux

is converged, then we proceed to the next time step in the outer loop and restart

the inner loop with the reset iteration step n = 0.

Herein, we summarize the training procedure of DeepONet. We generate 1,000

initial conditions in x ∈ [0.5, 1.0] from a Gaussian random field with constant mean

0 and correlation length 0.3. For each case, we randomly sample the flux at u|Γ1 20

times based on a uniform distribution from -3 to 3 as the boundary conditions. The

training data of DeepONet is then generated by running FEM simulations on ΩNN

with the sampled initial/boundary conditions. Note that training a DeepONet

in a spatio-temporal domain with disparate boundary/initial condition is a data-

demanding task: one needs to sample in the spatio-temporal domain. Also,

performance of the framework may be deteriorated when the network extrapolates

the solution outside the training domain. Hence, we alleviate the challenges by

training the network to learn the implicit spatial derivative operator K ∂2u
∂x2 with an

explicit method to advance in time. In practice, we acquire the spatial derivative

K ∂2u
∂x2 in ΩNN from FEM simulations running from from t = 0 to 1.0 with dt = 0.1. The

simulated spatial derivative is then collected and utilized for DeepONet training.

For more details of the network training, we refer the reader to Sec. 6.C.

The coupling results are shown in Fig. 6.8. Fig. 6.8(a) shows the prediction

from both models in the spatio-temporal domain Ω. In Fig. 6.8(b), the solution

of DeepONet at x = 0.75 is plotted against time. The prediction from DeepONet
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Figure 6.8: Results of coupling FEM and DeepONet for the heat equation. (a) Model predictions
from DeepONet and FEM. DeepONet predicts the solution in x ∈ ΩNN while FEM predicts the
solution for x ∈ ΩFEM. The black line at x = 0.5 denotes the interface of the two domains. The
solution at x = 0.75 (indicated by the white dashed line) is presented in (b). (c) The mean square
errors of FEM (red) and DeepONet (blue) vs time (t).

shows a good agreement with the ground truth solution even for the temporal

region outside the training dataset (t > 1), indicating that the proposed framework

works well for extrapolation. The mean-squared errors (MSE) of both models

in the coupling framework are plotted against time in Fig. 6.8(c): the coupling

framework shows stability and accuracy over long-time integration. Although the

prediction errors grow with the increase of t, we note that the errors accumulate

at a relatively low rate, demonstrating that the proposed coupling framework is

capable of solving a time-dependent system. It may be misleading that, from

t ∈ [2, 7], DeepONet outperforms FEM since the mean squared error of DeepONet

is lower than that of FEM. In our concurrent coupling framework, the errors in

FEM is induced by the oscillatory errors from DeepONet. Therefore, one can

observe that the errors from FEM and DeepONet are both in a similar scale. In

general, one might observe a slightly better accuracy from DeepONet, but these
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Figure 6.9: Setup of the elastoplasticity problem. (a) A 2l × 2l solid plate is clamped on the
bottom edge with a traction t0 distributed on the top edge. (b) The yellow region (ΩFEM) is
modeled with linear elasticity, whereas the blue region (ΩNN) is modeled with elastoplasticity.
Interfacial displacement (Dirichlet boundary condition) u|Γ computed from FEM is transmitted to
DeepONet as input. (c) The DeepONet estimates the stress components in ΩNN, σNN |ΩNN , based on
which the interfacial traction tNN |Γ can be calculated accordingly. The predicted traction is updated
and provided to FEM as a Neumann-type boundary condition. In this example, we set the interior
circle radius ri = 0.1, the interface circle radius ro = 0.3, and the plate size l = 1.

observations are generally problem-dependent and do not indicate that the data-

driven DeepONet has a better generalization ability than FEM.

6.4.3 Elastoplasticity

In this section, we test the proposed framework for predicting the elastoplastic

behavior of a solid material. As shown in Fig. 6.9(a), we consider a plane strain

problem for a square-shaped solid of size 2l × 2l with a circular void of radius ri,

where vertical tension is applied on its top edge. In this example, we take l = 1,

ri = 0.1. For linear elastic materials, the kinematics, constitutive relation, and
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equilibrium equations are as follows:

ε =
1
2

(∇u + ∇uT), (6.17)

σ = λtr(ε)I + 2µε, (6.18)

0 = ∇ · σ + b, (6.19)

where ε, u, and σ are the strain, displacement, and (Cauchy) stress; λ and µ are

Lamé moduli, which we take as λ = 0.5769 and µ = 0.3846, and I is the identity

tensor. In this example, we consider a solid subject to no body load, and therefore

set the body force term b as zero.

To model the plastic behavior of the material, we consider small-deformation,

rate-independent elastoplasticity with isotropic hardening. The additive decom-

position of the strain tensor writes ε = εe + εp, where εe and εp are the elastic and

plastic strains, respectively. The elastic strain εe is related to the stress by

σ = λtr(εe)I + 2µεe. (6.20)

The plastic strain εp is purely deviatoric (i.e., tr(εp) = 0). We define the deviatoric

stress s, the increment of the equivalent plastic strain dε̄p, and the equivalent

tensile stress (Mises stress) σ̄ as

s = σ −
1
3

tr(σ)I , (6.21)

dε̄p =

√
2
3

dεp : dεp, (6.22)

σ̄ =

√
3
2

s : s, (6.23)

respectively. The flow directionNp and the increment of the plastic strain dεp are
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given by

Np =

√
3
2

s
σ̄
, (6.24)

dεp =

√
3
2

dε̄pNp. (6.25)

Then, the yield function f can be defined as

f = σ̄ − Y(ε̄p), (6.26)

where the linear strain-hardening function Y is taken as

Y(ε̄p) = Y0 + H0ε̄
p, (6.27)

The initial strength Y0 = 0.1 and the hardening modulus H0 = 0.3 are taken as

two constant material parameters. The aforementioned mechanical quantities are

subject to the Kuhn-Tucker complementary conditions:

f ≤ 0, dε̄p
≥ 0, (dε̄p) f = 0. (6.28)

In addition, when f = 0, the consistency condition dε̄pd f = 0 also needs to be

satisfied.

Due to the setup of our boundary value problem, the plastic deformation con-

centrates around the void whereas the material is dominated by elastic behaviors

in regions away from the void. Hence, we decompose the square domain into two

non-overlapping subdomains (see Fig. 6.9(a-b)): the internal region ΩNN, which is

an annulus with interal radius ri = 0.1 and external radius ro = 0.3 (on Γ), modeled

by DeepONet as a surrogate for the solid’s elastoplastic response; the external
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region ΩFEM, modeled by FEM for linear elasticity. The two regions share a com-

mon interface on Γ. In ΩNN, we train several DeepONets as surrogates of each

stress components to capture the plastic behavior. First, we sample 1,000 displace-

ment boundary conditions on the top edge using the sampling method described

in 6.D.2, and employ the sampled data as boundary conditions. Then, we solve for

the displacement and stress fields in the entire domain with a FEM solver based on

the elastoplasticity model described above. Next, we collect the simulation results

in ΩNN, which will be employed as the training data of DeepONets. As depicted in

Fig. 6.9(c), DeepONet can predict the corresponding Cauchy stresses in ΩNN with

input as the displacement at the interface. In 2D problems, the Cauchy stress σ(x)

for each material point is a 2 × 2 symmetric matrix. Therefore, to model the stress

we only need to predict its three components, namely, σ11, σ12, and σ22. For each of

these components, we train an independent DeepONet separately as a surrogate

of these quantities. The traction at the interface t|Γ is calculated accordingly based

on the predicted stress from the DeepONets. More details regarding the training

of this network are presented in 6.C.

Then, we employ the trained DeepONets in the coupling framework. As

depicted in Fig. 6.9, DeepONets and FEM communicate at the interface Γ by

transmitting the information of displacement and traction (Fig. 6.9). The interfacial

displacement, uFEM|Γ, is computed in FEM and transmitted to the DeepONets as

the input of the branch network. Then, the network solves for the corresponding

stress in ΩNN and calculates the traction at the interface (tNN|Γ). In the next iteration,

the computed traction tNN|Γ will be imposed as the boundary condition of the FEM

model. In this example, we employ a relaxation scheme for the traction from the

DeepONets. The relaxation parameter θ is fixed at 0.5.

We present the coupling results with a N-D interface condition in Fig. 6.10. In
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Figure 6.10: Results of coupling FEM and DeepONet in elastoplaticity. (a-b) Results of the
normal stress in y direction (σ22) and equivalent plastic strain (ε̄p). From left to right: True value,
FEM/DeepONet predicted value from coupling, and their absolute errors. (c) Displacement and
traction at the interface Γ. True values and predicted values from coupling are presented. Solid
lines: displacement and traction of true data in x (blue) and y (red) directions. Dashed lines:
displacement and traction of the model predictions in x (yellow) and y (black) directions. (d) The
history of the relative errors of the coupling model at the interface. εFEM and εNN refer to the L2
error of displacement and traction from FEM and DeepONet, respectively. Notice that we present
the error with respect to the ground truth to show the convergence and accuracy of our framework.
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Figs. 6.10(a-b), we plot the ground truth solution from FEM in the first column,

the predictions from our coupling framework in the second column, together with

their differences in the third column. In plot (a), we show the results of the normal

stress (σ22) in the vertical direction of ΩFEM. The results of the equivalent plastic

strain, ε̄p in ΩNN are provided in plot (b). Although the coupling framework

has generally well reproduced the stress component σ22 in the bulk region of

ΩFEM, there exist relatively large errors at the top edge and the bottom corners.

These errors either originate from numerical interpolation in the FEM solver or are

caused by a reduced solution regularity. Apart from these regions, the errors are

controlled at a low value with the maximum relative error lower than 10%. In ΩNN,

the profile of ε̄p is well captured by the coupling scheme with the maximum relative

error of ε̄p less than 10%. The results demonstrate that plasticity in the region of

interest is well predicted by the surrogate model. To provide a further quantitative

verification of our coupling framework, we plot the ground-truth, the predictions

of displacement, and traction components on Γ in Fig. 6.10(c) as functions of θ, the

angle in polar coordinate. The solid lines denote the ground-truth results from the

nonlinear FEM. The dashed lines denote the predicted values of the framework.

The model predictions match the ground truth well, with relative errors smaller

than 2%. Fig. 6.10(d) shows the efficiency of the coupling framework: the L2

errors between model predictions and the ground truth reach a plateau at the

fourth iteration.

6.4.4 Hyperelasticity

In the previous examples, DeepONet was trained based on data generated from

FEM and was coupled with another FEM in the online stage. These examples
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Parameter µ K k1 k2 α

Value 0.3846 0.8333 0.1 1.5 π/2

Table 6.2: Parameters value of the HGO model. We set the value of k1, k2, and α the same for i = 1
and 2.

illustrated the capability of our coupling framework in solving both static and

dynamic problems. In this section, we demonstrate the capability of our frame-

work in concurrently coupling a continuum model (FEM) with a surrogate from

smooth particle dynamics (SPH) for describing a microscopic particle system. We

consider using the coupled framework to predict the mechanics of a hyperelastic

material. We first derive the energy minimization formulation of the continuum

model. We denote by ψ the strain energy density of the hyperelastic model and

seek to find a displacement field u : Ω → R2 that minimizes the total potential

energy Ψ:

Ψ =

∫
Ω

ψ(u)dx −
∫

Ω

b · udx −
∫

ΓN

T0 · uds. (6.29)

Here, b denotes the body force in Ω, T is the traction load applied on the Neumann

boundary ΓN. Hence, the total potential energy Ψ is the integration of strain energy

density, ψ, over the entire domain Ω, deduced by the energy contributions from

the body force b, the traction T.

We consider the Holzapfel-Gasser-Odgen (HGO) model [96] to describe the

constitutive behavior of the material in this example. Essentially, the material is

hyperelastic, anisotropic, fiber-reinforced in diverse directions. Its strain energy

density is:

ψ =
µ

2
(I1 − 3) − µ ln(J) +

k1

2k2

2∑
i=1

(exp
{
(k2〈Ei〉

2
}
) − 1) +

K
2

(
J2
− 1
2
− ln J), (6.30)
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where 〈·〉 denotes the Macaulay bracket. In this model, the fiber strain of the two

fiber groups is expressed as:

Ei = κ(I1 − 3) + (1 − 3κ)(I4i − 1), i = 1, 2, (6.31)

where k1 and k2 are fiber modulus and the exponential coefficient, respectively, I1 is

the first principal invariant, and I4i is the fourth principal invariants corresponding

to the i−th fiber group. Mathematically, for the i−th fiber group with angle direc-

tion αi from the reference direction, I4i is calculated by nT
i Cni, where C is the right

Cauchy-Green tensor and ni = [cosαi, sinαi]T. In our simulations, we consider a

material with fiber reinforcement in the vertical direction (see Fig. 6.11 right for

illustration). Therefore, for both fiber groups we set αi = π/2. In Eq. (6.31), fiber

dispersion is denoted asκ, whose value ranges from 0 to 1
3 . Intuitively, κ = 0 means

no fiber dispersion whereas κ = 1
3 represents an isotropic fiber dispersion. In this

example, we consider the fiber oriented vertically with no dispersion (κ = 0). All

parameter values in this example are summarized in Table 6.2.

We now present the problem set up of this example. As depicted in Fig. 6.11(a),

we consider a 2D unit square plate with a centered circular void (radius as 0.1).

The plate deforms under a uniaxial tension, T0(x), applied on its top edge. The

bottom edge is clamped. We model the material response of the entire domain

using an SPH model, whose solution is taken as the ground-truth solution. More

details of the SPH model are provided in 6.A. To develop a coupling model, we

consider a similar setting as in the previous example and decompose the entire

domain Ω into two non-overlapping subdomains. Then, we train DeepONets

using SPH data to obtain a surrogate for the internal domain while the external

region is described by a continuum FEM model. Models in these two domains

communicate by exchanging proper interface conditions on their common inter-
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Figure 6.11: Setup of the hyperelasticity problem. (a) A unit square is decomposed into ΩNN
and ΩFEM. We impose a non-uniform traction boundary condition on the top edge and fix the
displacement at the bottom and train multiple DeepONets to represent the mechanics of an SPH
model. The material is reinforced by fibers in the vertical direction. Information at the interface
(displacement u and first Piola-Kirchhoff stress P) is transmitted between DeepONet and FEM. (b)
Traction and displacement in different directions are exchanged at the interface Γ. FEM predicts
the external domain while the DeepONet is trained based on SPH data. (c) Two types of DeepONet
are proposed to predict the mechanics of the system: predicting stresses based on displacement
information (green boxes) and vice versa (yellow boxes).
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face, Γ. In Fig. 6.11(b) we present a schematic of information transmission of the

coupling framework with a N-D method. At the n-th interation, the FEM solver

receives an updated distributed traction on Γ from DeepONets and solves the

updated displacement field, un
FEM, with the given information. Then, the FEM

transmits the updated displacement information un
FEM|Γ to DeepONets. With the

displacement on Γ as input, DeepONets estimate the first Piola-Kirchhoff (PK1)

stresses in ΩNN. Based on the predicted PK1 stresses, we then calculate the surface

traction on Γ and other associated quantities, such as the equivalent plastic strain

ε̄p and von Mises stress σ̄, accordingly. At the n-th iteration, the system solution

at the interface Γ is updated as T̃(x) = (1 − θ)Tn
I (x) + θTn

II(x).

Next, we briefly describe the training process of DeepONet. To generate the

training/testing dataset, we sample 1, 000 different traction loading T0(x) on the

top edge from a random field (see Algorithm in Sec. 6.D). Then, for each sampled

traction loading, we perform an SPH simulation to obtain the solutions in the

entire domain and collect the corresponding solutions of displacement and PK1

stress fields of in ΩNN. Among these 1000 samples, 900 cases are employed as the

training data while the rest is kept as testing data. As depicted in Fig. 6.11(c), we

consider two approaches for network training. In the first approach, the network

(Netu2s) takes the displacement at the interface (u|Γ) as input and predicts PK1 stress

as the output. In the second approach, the interfacial traction T|Γ is employed as

the input of the network (Nets2u), yielding the displacement field as output. These

approaches provide a flexibility of imposing different interface conditions. We

adopt the first approach in the N-D method and combine the information of the

two approaches (û and T̂) in the R-D/R-N method.

Fig. 6.12 shows the coupling results of a typical testing case with a N-D method.

In Fig. 6.12(a-b), we compare the vertical displacement u2 in ΩFEM (first row) and
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Figure 6.12: Results of coupling FEM and DeepONet in the hyperelasticity problem. Results of
(a) displacement in ΩFEM and (b) P22 in ΩNN. From left to right: prediction from SPH, prediction
from FEM, and their absolute differences. (c) Predicted displacement and traction at the interface.
Predictions from both FEM and DeepONets are compared with the true data. Solid lines: displace-
ment and traction of true data in x (blue) and y (red) directions. Dashed lines: displacement and
traction of the model predictions in x (yellow) and y (black) directions.
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Model Wall Time

FEM-SPH ∼ 4h

FEM-DeepONet < 1s

Table 6.3: Wall time comparison for SPH and DeepONet per iteration in the hyperelastic problem.
The excessive cost of SPH is exacerbated because we use a time-dependent SPH solver to simulate
a static problem.

the PK1 stress component P22 in ΩNN (second row) between the SPH ground truth

(first column) and the FEM/NN prediction (second column). The prediction errors

are displayed in the third column. We observe that the coupling results match

well with the ground truth solution with the largest prediction errors distributed

near the bottom corners. The errors are partially induced by the numerical inter-

polations in the FEM and reduced regularity in that region. To further examine

the prediction accuracy, in Fig. 6.12(c) we plot a quantitative comparison of dis-

placement and traction on the interface Γ as functions of the polar coordinate

angle θ. Despite some numerical discrepancies between SPH and FEM (see 6.B),

the FEM/DeepONet predictions shown in dashed lines successfully reproduce the

SPH simulation results depicted in solid lines. Therefore, our proposed method

is capable of capturing the mechanics from SPH with a substantially improved

efficiency: the time cost of performing an SPH simulation is approximately 4 hours

whereas running its surrogate just takes a fraction of a second (Table 6.3). Admit-

tedly, the excessive cost of SPH is exacerbated because we use a time-dependent

SPH solver to simulate a static problem. Nonetheless, we can see that replacing a

particle model with its surrogate in a multiscale coupling framework poses unique

advantages in both efficiency and programming easiness.

To further illustrate the flexibility and investigate the convergence rate of our

coupling framework, we employ a R-D/R-N coupling method to our framework

with a variety of values of the Robin coefficient R. To clarify, R-D/R-N means that
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Figure 6.13: L2 errors of the interfacial displacement in the hyperelastic multiscale model with
a Robin boundary. The red line with Robin coefficient R=0.25 converges fastest among the testing
cases. The black solid line represents the relative error history of a Neumann boundary condition
(R=0). The shaded area indicates that the relative error is less than 2%. Notice that we present the
error with respect to the ground truth to show the convergence and accuracy of our framework.

the FEM, imposed with a Robin-type boundary condition, separately transmits the

information of displacement and traction to Netu2s and Nets2u in order to update the

Robin information in the next step. The continuum model with a Robin boundary

condition is modified as:

Ψ =

∫
Ω

ψ(u)dx −
∫

Ω

b · udx −
∫

ΓN

T0 · uds −
∫

ΓR

(
r −

1
2

Ru
)
· uds. (6.32)

r is the Robin boundary condition applied on the interface ΓR. We define r as:

r = T̂ + R · û, for x ∈ ΓR, (6.33)

where R is the (positive) Robin coefficient, T̂ and û are the known traction and

displacement.

The coupling procedure is changed as well. At the n-th iteration, we first solve
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the FEM model with a Robin boundary condition r̃n(x). Then, we transmit the

interfacial traction and displacement of FEM to Netu2s and Nets2u, respectively. The

corresponding displacement ûn+1 and tractions T̂n+1 are estimated by DeepONets

and used to update the Robin boundary condition: r̃n+1(x) = (1−θ)rn+1
FEM(x)+θrn+1

NN (x).

Here, θ = 0.5 is taken as a fixed relaxation parameter.

We further study the convergence of interfacial displacement errors with dif-

ferent values of R. In Fig. 6.13, we highlight the results from the N-D coupling

method with the black line and the results of R-D/R-N with R = 0.25 (best result)

in red. The shaded area indicates 2% equivalent relative error of the test case.

Due to the nonlinearity of the problem, it generally takes more iterations for the

coupling framework to reach the stopping criterion. When taking a R-N coupling

method with a sub-optimal Robin coefficient (such as R = 5.0 as shown in the

purple line of Fig. 6.13), the coupling framework fails to converge. This fact again

demonstrates the importance of choosing an appropriate coupling method.

6.5 Discussion

In this chapter, we propose an efficient concurrent coupling framework for mul-

tiscale modeling of mechanics problems. In lieu of coupling an expensive mi-

croscopic model, we propose to employ a deep neural operator, DeepONet, as a

surrogate to approximate the microscopic solution in the domain with fine-scale

features. The response in the coarse-scale domain is simulated by a standard nu-

merical model, such as the finite element method. The two models are coupled

concurrently by exchanging information at the interface until convergence. To

verify the performance of this framework, we study four benchmarks including
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solving static and dynamic problems for different materials. We have also demon-

strated that the framework is readily applicable for various interface conditions.

The results show that the cases with a Robin boundary condition tend to converge

faster than a Neumann/Dirichlet boundary condition. Moreover, the predictions

of the coupled model agree well with the true solution acquired from a numerical

method, indicating the generalization ability of DeepONet and the accuracy of the

proposed framework.

In addition, using a neural operator as surrogate enables the model to be trained

directly from data. Such a model is particularly promising for learning dynamics

of complex materials without explicit constitutive models. Moreover, coupling

DeepONet with FEM substantially improves the computational efficiency in mul-

tiscale modeling: DeepONet predicts the expensive microscopic behavior only

at a fraction of second. Hence, the overall computational cost of the proposed

framework could be shorten by orders of magnitude than the existing multiscale

coupling methods. In addition, we can train the surrogate model to learn based

on partial information: it can predict the information only at the interface and

neglect dynamics inside the microscopic region. Thus, the overall framework

behaves as an artificial-intelligence type boundary condition, which would poten-

tially improve the efficiency especially in the scenarios where only the macroscopic

dynamics is of interest.

As a further note, we would like to point out the keys to build a successful

neural operator based coupling framework with guaranteed convergence and to

avoid possible pitfalls. First, the generalization ability of DeepONet determines if

the result converges and its convergence rate. Utilizing an accurate neural operator

model takes fewer iterations to converge. However, a poorly trained model could

lead to slow convergence or even divergence. Second, normalizing data is another
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key to convergence. In our experiments, the training data are at disparate scales,

ranging from 10−3
− 101. Properly normalization of the training data would be

essential to the convergence of numerical iterations. In addition, choosing proper

coupling strategies, such as the right Robin coefficient, also plays a critical role

in guaranteeing fast numerical convergence as it affects the condition number

of the stiffness matrix in FEM and the coupling system [52]. A large condition

number may lead to a slow convergence or even divergent result in the coupling

framework (see Sec. 6.4.4 and [87, 55]).

Certainly, more improvements and directions can be considered in the future.

Learning directly from data facilitates a unique feature that DeepONet can learn

data that comes from different scales, which has been demonstrated in Sec. 6.4.4.

In the future, it would be interesting to develop a data-driven model from noisy

data, such as molecular dynamics and dissipative particle dynamics, as presented

in Fig. 6.1. In addition, overcoming the multiscale characteristic length and time

scale would be another challenge in multiscale modeling with machine learn-

ing, that is, the time and length of a microscopic model are usually orders of

magnitude smaller than the continuum model, causing challenges in network

training and long-term predictions. The coupling results may drift away from

the true solution or even diverge due to inaccurate predictions from surrogate

models. Another improvement would be considering microstructures and ge-

ometric variations (see [169]). Developing an operator-learning neural network

that can predict dynamics with different geometric variations would be a great

improvement for broadening the application of the proposed method. Also, sim-

ulating fracture progression [110] is another natural and promising application of

the multiscale coupling framework. As fracture progresses, the field of interest

that includes the damage region may also move along with the tip of a crack.
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Such modification is particularly useful for problems with discontinuity and/or

multiple phases, such as fracture, phase transition, shock wave capturing, and

etc. Our framework can be further extended to employ other coupling methods

such as quasicontinuum [248], multigrid [25], or serves as a surrogate model for

heterogeneous multiscale method (HMM) [282], etc.
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6.A Smoothed Particle Hydrodynamics

In this section, we briefly introduce the basic formulation of the Total Lagrangian

Smoothed Particle Hydrodynamics (TLSPH). We refer the reader to [221, 71] for

more details. In the SPH framework, physical quantities are approximated with

the neighboring information in a kernel. Consider a function f (X) at Xi can be

approximated by ĝ(Xi) with the integration

ĝ(Xi) =

∫
f (X)W(X − Xi)dX, (6.34)
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where W(X) is a weighting kernel which is chosen as a third-order polynomial

W(R j, h) = A


(h − R j)3, R j < h,

0, R j ≤ h,
(6.35)

h denotes the radius of the integration kernel; R j is defined as the distance between

X j and the reference point in the kernel Xi with A = 10/πh5 in two dimensions or

A = 10/πh6 in three dimensions. SPH numerically approximates the integration

as

g(Xi) =
∑
j∈S

f jV jW(R j, h), (6.36)

where V j is the volume of particle j. The gradient of g(Xi) with respect to its

reference coordinate is

∇Xg(Xi) =
∑
j∈S

f jV j∇XW(R j, h) (6.37)

with

∇XW(R j, h) = (
∂W(R j, h)
∂R j

)
R j

R j
(6.38)

For a vector f (X), its gradient to the referential coordinate is approximated as the

following using the integration rule:

∇Xg(Xi) =
∑
j∈S

f j ⊗ V j∇XW(R j, h) (6.39)

We then introduce two ad-hoc corrections for keeping symmetrization and first-

order completeness [180].

∇Xg(Xi) =
∑
j∈S

( f j − fi)V j∇XW(R j, h). (6.40)
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Another correction guarantees the first-order completeness [217], the corrected

gradient tensor is defined as

∇̃XW(R j, h) = A−1
∇XW(R j, h) (6.41)

where the shape tensor A is

Ai =
∑
j∈S

V j∇XW(R j, h) ⊗ R j (6.42)

We introduce the SPH integration to the governing equation of solid at the

continuum level. The equilibrium equation is:

∇ · P + ρ0b = ρ0ẍ (6.43)

where P is the first Piola-Kirchhoff stress tensor, b the body force vector, ρ0 the ref-

erential mass density, and ẍ the acceleration. We define the deformation gradient

as

Fi =
∂xi

∂Xi
=

∑
j∈S

r j ⊗ V j∇̃XW(R j, h) (6.44)

According to basic continuum mechanics law,

Pi = FiSi = 2Fi
∂W
∂C

(6.45)

As proved in [22], the internal forces emerge from the divergence of the first

Piola-Kirchhoff stress P:

miẍi = f int + f ext, (6.46)
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where the internal forces is expressed as

f int
i =

∑
j∈S

ViV j(Pi∇̃XW(Ri, h) − P j∇̃XW(Ri, h)). (6.47)

We adopt another correction for suppressing spurious hourglassing mode [71]

f hg
i =

∑
j∈S

−α
EViV jW(R j, h)

2R2
j

(δi + δ j)
r j

r j
(6.48)

The deformation derivative in time is approximated as

Ḟ =
1
∆t

(Ft+1
− Ft) (6.49)

We adopt the strain energy functionW(C,M) for a fiber-enhanced tissue pro-

posed in [96]

W(C,M) =
c
2

(I1− 3)− c ln(J) +
k1

2k2

2∑
i=1

(exp
{
(k2〈Ei〉

2
}
)− 1) +

K0

2
(
J2
− 1
2
− ln J), (6.50)

where principal invariants, I1 and I4 are defined as,

I1 = C : I, J = det F, I4 = C : M ⊗M (6.51)

The parameters are set the same as the FEM model in Sec. 6.4.4. We refer the

reader to [221, 4] for more details.
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Figure 6.14: Comparison of SPH and FEM. (a) We impose the same Dirichlet boundary condition
on the top and internal circle for a FEM and SPH model. (b-c) Interfacial displacement and traction
of both models.

6.B Accuracy of FEM and SPH

To compare the numerical solution of the FEM and SPH model, We present their

computational results for a same benchmark problem. The problem is set up as

shown in Fig. 6.14(a). We impose a distributed traction boundary condition on

the top edge and impose a displacement boundary condition (Dirichlet-type) at

the interface for both models shown in Fig. 6.14(b): the displacement in x and y

at the interface are plotted against the angle θ. The corresponding tractions at

the interface are presented in Fig. 6.14(c). The solid lines are the FEM tractions

in x and y directions with the dashed lines denoting the SPH results. The results

correspond well in general with some deviation around θ = π/2 and θ = 3π/2

due to the difference in numerical integration methods. This discrepancy partially

contributes to the overall errors observed in Sec. 6.4.4.
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Figure 6.15: Network size for various problems. We tabulate the branch/trunk network size for
the four examples in Sec. 6.4 with the number of training epochs.

6.C Network Training Details

We explain the details of network training in this section. Network architecture for

each problem is presented in Fig. 6.15. We adopt a fully-connected neural network

(FNN) with four layers for all the sub-networks. The input layer dimension of the

branch net depends on the number of points at the interface, which ranges from

51 to 120 in our examples. Three hidden layers are concatenated with the input

layer where we adopt the hyperbolic tangent function as the activate function.

Each hidden layer has 100 or 150 neurons shown in Fig. 6.15. To minimize the loss

function for each case, we set the training epoch as 100,000 steps for the heat and

Poisson example and 1,000,000 for the other two examples. Moreover, we illustrate

the error history of a few cases in Fig. 6.16 where each cases shows a relatively

small difference between the training and testing errors. The low testing errors

indicating a good generalization capability of the network. More specifically, we

tabulate the input/output of each network in Fig. 6.17 with MSEs of the training

and testing data for each case.

We define the following metrics proposed in [50] to quantitatively characterize

the efficiency of our framework.

Rt =
Ct

NsCs
,Re =

Ce

Cs
,N∗e = Ns +

Ct

Cs
. (6.52)
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Here, Rt is the training ratio where the time cost for training the DeepONet (Ct)

is divided by the number of simulations (Ns) and the cost in time (Cs) for each

simulation in the training dataset. Re represents the ratio of time on one forward

prediction in DeepONet over performing a standard numerical solver. The break

even time N∗e indicates the number of evaluations in the numerical solver where

training a DeepONet costs as much as using numerical solvers. Beyond this point,

surrogate modeling will be more efficient than a classical PDE solver. Taking the

elastoplasticity case as an example, each elastoplastic FEM takes approximately

30s (Cs = 30s) on a single CPU where we generated 1,000 (Ns = 1000) samples as the

training data. The DeepONet training takes 62 min (Ct = 3720s) on a single GPU.

The time cost of each forward evaluation using DeepONet (Ce) is 0.0014s. Thus,

using this information, we obtained Rt = 0.124, Re = 4.6 × 10−5, and N∗e = 1124.

That means, as far as the resultant surrogate model is used for more than 1124

times in prediction tasks, DeepONet will be a more efficient choice.

6.D Data Generation

6.D.1 Random field generation

We provide an overview of the algorithms of random fields generation using Fast

Fourier Transformation (FFT). Let W(x) be a Gaussian white noise random field

on Rd. A random field φ(x) can be sampled by

φ(x) = F −1(γ1/2
F (W))(x) (6.53)
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Figure 6.16: History of Training/testing errors of DeepONet for different problems.

Figure 6.17: Details of network setup (inputs/outputs and MSE errors of training/testing) for
each example in Sec. 6.4.



198

where F and F −1 denote Fourier transformation and its inverse. γ represents a

correlation function ‖k−α‖ where ‖k‖ is the L2 norm of the wave number k ∈ Rd. In

Sec. 6.4.1, 6.4.2, and 6.4.4, we adopt this method for generating the training data

with α = 5. We refer the reader to find more theoretical details in [134].

6.D.2 Sampling in elastoplasticity

In the case of elastoplasticity, the non-uniform tension t0(x) (see Fig. 6.9) is gener-

ated by

t0(x) =

3∑
i=1

Ai

i
cos (ix) +

3∑
i=1

Bi

i
sin (ix), (6.54)

where Ai,Bi ∼ N(0, 0.052) (i ∈ {1, 2, 3}) are independent normal random variables.

We choose the standard deviation as 0.05 to make sure that the dataset contains

similar numbers of cases with and without plastic deformation.



Chapter Seven

Conclusion
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7.1 Summary

Aiming to address the need for quantitative understanding of GAG-initiated aor-

tic dissection and its relevant biomechanical systems, I develop a series of com-

putational and machine learning models for both forward predictions of aortic

mechanics and dissection and inverse characterizations of vascular biomechan-

ical properties. First, I employ an operator-regression network for predicting

injection-caused dissection progression for diverse histological microstructures.

We implicitly demonstrate that our model can effectively extract the underlying

functional relationship between distinctive microstructures and their mechanical

properties. Yet, 3D realistic microstructures are simplified into 2D images in the

model where linkings between elastic lamellae are neglected. Hence, I developed

a computational model for investigating dissection progression based on ex-vivo

mouse aortas to incorporate the missing information. Our results recover the mea-

sured mechanical data with detailed descriptions of internal stress conditions. The

proposed computational model provides further evidence that microstructures

play an important role in dissection progression that eventually leads to vessel

rupture. In the next two chapters, I explore the application of PINNs/DeepONets

in inferring thrombus and vascular properties based on measurable data. The

material properties, including permeability, viscoelasticity, or constitutive rela-

tionships, are accurately recovered from data in a deterministic and probabilistic

approach. Lastly, I develop a novel framework by combining machine learning

with finite elements which can be used for facilitating fast multiscale modeling in

biomechanical systems.
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7.2 Open Questions and future work

As discussed by Karnik [121], the delicate yet complex interactions between the in-

ternal microstructure and a myriad of proteins, proteoglycans, and growth factors

of the vascular matrix lead to difficulties in delineating, analyzing, and measuring

the properties and functions of various constituents. Quantitative investigations

of these constituents and their interplay can greatly facilitate the understanding

of vascular physiology/pathophysiology and diseases, including the mechanism

of the initiation and propagation of aortic dissection. The thesis serves as an en-

deavor to fill these gaps by synergistically integrating computational and machine

learning models with experimental measurements for aortic dissection. Although

some insights have been gleaned by the computational research in this thesis, a

series of open questions still exists as the motivations of my research. Possible

mitigations and future directions are briefly discussed after each question.

• How do GAGs affect dissection progression? Although we have developed

a computational model based on two-photon microscope in Chap 3, where

information of the main components is incorporated in the reconstructed ge-

ometry. Yet, we need perform more simulations to investigate local stresses

with presence of GAGs. In addition, because two-photon imaging can-

not reflect distributions of GAGs, simulating the aortic biomechanics with

GAGs need to artificially incorporate different GAG distributions, which

may not faithful predict the correct progression path if delamination is initi-

ated. Hence, we will address this by sampling different GAGs distribution

and summarize the statistics. Possible significant factors, such as mass frac-

tion, the concentration of ions, distribution of GAGs (localized or distributed)

as well as their interactions with different mouse models and impacts on the
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directions of damage progression will be studied completely and thoroughly.

• How to combine knowledge from experimental with synthetic data into

a network for inferring a class of constitutive modeling? We employ

a network for accurate learning functional priors of constitutive relation-

ships and efficient inference based on sparse measurements (Chap 5). How-

ever, the prior knowledge for the PI-GANs was provided by the four-fiber

model, which is a widely-accepted yet simplified model since important

information, such as fiber interactions, is missing. The model assumes

that fibers in each direction are independent and do not interact with each

other whereas developing a more accurate constitutive modeling requires

tremendous insights and is time-consuming. Leveraging abundant data

generated from four-fiber models with accurate yet expensive ex-vivo data,

or multifidelity modeling, is a possible way of developing more accurate

constitutive modeling and efficient constitutive inference based on sparse

measurements [172, 61, 186, 173, 161, 99].

• How to incorporate data from microstructures, genetics, and molecular

level information to constitutive modeling? Macroscopic stretch-stress

relationships are a resultant effect that is affected by collective factors at mi-

croscales, such as genetics, underlying microstructure, molecular expression,

and others. There exist hundreds, if not thousands, of proteins, proteogly-

cans, genotypes, and other factors that control the biomechanical phenotypes

of a vascular system. Modeling such a complex process with explicit expres-

sion is expensive, even unrealistic. Hence, more recent works address this

question by incorporating information from ex-vivo imaging [97, 150] and

genetics [316] using data-driven models.
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Shah, M. Loebe, D. Böckler, A. B. Lumsden, and H. von Tengg-Kobligk.

Longitudinal computational fluid dynamics study of aneurysmal dilatation

in a chronic debakey type iii aortic dissection. Journal of Vascular Surgery,

56(1):260–263, 2012.

[117] G. Karniadakis and S. Sherwin. Spectral/hp element methods for computational

fluid dynamics. Oxford University Press, 2013.

[118] G. E. Karniadakis, I. G. Kevrekidis, L. Lu, P. Perdikaris, W. Sifan, and L. Yang.

Physics-informed machine learning. Nature Reviews Physics, 2021.

[119] G. E. Karniadakis, I. G. Kevrekidis, L. Lu, P. Perdikaris, S. Wang, and L. Yang.

Physics-informed machine learning. Nature Reviews Physics, 3(6):422–440,

2021.

[120] G. E. Karniadakis and S. Sherwin. Spectral/hp element methods for computational

fluid dynamics. Oxford University Press, 2005.

[121] S. K. Karnik, B. S. Brooke, A. Bayes-Genis, L. Sorensen, J. D. Wythe, R. S.

Schwartz, M. T. Keating, and D. Y. Li. A critical role for elastin signaling in

vascular morphogenesis and disease. Development, 2003.

[122] I. G. Kevrekidis, C. W. Gear, J. M. Hyman, P. G. Kevrekidis, O. Runborg,

C. Theodoropoulos, et al. Equation-free, coarse-grained multiscale compu-

tation: enabling microscopic simulators to perform system-level analysis.

Commun. Math. Sci, 1(4):715–762, 2003.



219

[123] I. G. Kevrekidis and G. Samaey. Equation-free multiscale computation:

Algorithms and applications. Annual Review of Physical Chemistry, 60:321–

344, 2009.

[124] E. Kharazmi, Z. Zhang, and G. E. Karniadakis. Variational physics-informed

neural networks for solving partial differential equations. arXiv preprint

arXiv:1912.00873, 2019.

[125] E. Kharazmi, Z. Zhang, and G. E. Karniadakis. hp-vpinns: Variational

physics-informed neural networks with domain decomposition. arXiv

preprint arXiv:2003.05385, 2020.

[126] D. P. Kingma and J. Ba. Adam: A method for stochastic optimization. arXiv

preprint arXiv:1412.6980, 2014.

[127] M. G. Kinsella, S. L. Bressler, and T. N. Wight. The regulated synthesis

of versican, decorin, and biglycan: extracellular matrix proteoglycans that

influence cellular phenotype. Critical Reviews™ in Eukaryotic Gene Expression,

14(3), 2004.

[128] G. Kissas, Y. Yang, E. Hwuang, W. R. Witschey, J. A. Detre, and P. Perdikaris.

Machine learning in cardiovascular flows modeling: Predicting arterial

blood pressure from non-invasive 4d flow mri data using physics-informed

neural networks. Computer Methods in Applied Mechanics and Engineering,

358:112623, 2020.

[129] A. Korneva, L. Zilberberg, D. Rifkin, J. Humphrey, and C. Bellini. Absence

of ltbp-3 attenuates the aneurysmal phenotype but not spinal effects on

the aorta in marfan syndrome. Biomechanics and modeling in mechanobiology,

18(1):261–273, 2019.



220

[130] N. T. Kouchoukos and D. Dougenis. Surgery of the thoracic aorta. New

England Journal of Medicine, 336(26):1876–1889, 1997.

[131] N. Kovachki, Z. Li, B. Liu, K. Azizzadenesheli, K. Bhattacharya, A. Stuart,

and A. Anandkumar. Neural operator: Learning maps between function

spaces. arXiv preprint arXiv:2108.08481, 2021.

[132] P. A. Kyrle and S. Eichinger. Deep vein thrombosis. The Lancet,

365(9465):1163–1174, 2005.

[133] I. E. Lagaris, A. Likas, and D. I. Fotiadis. Artificial neural networks for

solving ordinary and partial differential equations. IEEE Transactions on

Neural Networks, 9(5):987–1000, 1998.

[134] A. Lang and J. Potthoff. Fast simulation of gaussian random fields. Monte

Carlo Methods and Applications, 17(3):195–214, 2011.

[135] S. Lanthaler, S. Mishra, and G. E. Karniadakis. Error estimates for deep-

onets: A deep learning framework in infinite dimensions. arXiv preprint

arXiv:2102.09618, 2021.

[136] K. Lee and K. T. Carlberg. Model reduction of dynamical systems on non-

linear manifolds using deep convolutional autoencoders. Journal of Compu-

tational Physics, 404:108973, 2020.

[137] A. W. Lensing, P. Prandoni, M. H. Prins, and H. Büller. Deep-vein thrombo-

sis. The Lancet, 353(9151):479–485, 1999.

[138] B. Li and N. Bouklas. A variational phase-field model for brittle fracture

in polydisperse elastomer networks. International Journal of Solids and Struc-

tures, 182:193–204, 2020.



221

[139] Z. Li, N. Kovachki, K. Azizzadenesheli, B. Liu, K. Bhattacharya, A. Stu-

art, and A. Anandkumar. Fourier neural operator for parametric partial

differential equations. arXiv preprint arXiv:2010.08895, 2020.

[140] Z. Li, N. Kovachki, K. Azizzadenesheli, B. Liu, K. Bhattacharya, A. Stuart,

and A. Anandkumar. Multipole graph neural operator for parametric partial

differential equations. arXiv preprint arXiv:2006.09535, 2020.

[141] Z. Li, N. Kovachki, K. Azizzadenesheli, B. Liu, K. Bhattacharya, A. Stuart,

and A. Anandkumar. Neural operator: Graph kernel network for partial

differential equations. arXiv preprint arXiv:2003.03485, 2020.

[142] H. Liang and H. Wu. Parameter estimation for differential equation models

using a framework of measurement error in regression models. Journal of

the American Statistical Association, 103(484):1570–1583, 2008.

[143] L. Liang, M. Liu, C. Martin, J. A. Elefteriades, and W. Sun. A machine

learning approach to investigate the relationship between shape features

and numerically predicted risk of ascending aortic aneurysm. Biomechanics

and Modeling in Mechanobiology, 16(5):1519–1533, 2017.

[144] C. Lieberman and K. Willcox. Goal-oriented inference: Approach, linear

theory, and application to advection diffusion. SIAM Review, 55(3):493–519,

2013.

[145] C. Lin, Z. Li, L. Lu, S. Cai, M. Maxey, and G. E. Karniadakis. Operator

learning for predicting multiscale bubble growth dynamics. arXiv preprint

arXiv:2012.12816, 2020.

[146] C. Lin, Z. Li, L. Lu, S. Cai, M. Maxey, and G. E. Karniadakis. Operator

learning for predicting multiscale bubble growth dynamics. The Journal of

Chemical Physics, 154(10):104118, 2021.



222

[147] C. Lin, M. Maxey, Z. Li, and G. E. Karniadakis. A seamless multiscale

operator neural network for inferring bubble dynamics. Journal of Fluid

Mechanics, 929, 2021.

[148] F.-H. Lin, C. Liu, and P. Zhang. On hydrodynamics of viscoelastic fluids.

Communications on Pure and Applied Mathematics, 58(11):1437–1471, 2005.

[149] P. Lin. Theoretical and numerical analysis for the quasi-continuum approxi-

mation of a material particle model. Mathematics of Computation, 72(242):657–

675, 2003.

[150] K. Linka, C. Cavinato, J. D. Humphrey, and C. J. Cyron. Predicting and

understanding arterial elasticity from key microstructural features by bidi-

rectional deep learning. Acta Biomaterialia, 2022.
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