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CHAPTER 1

Introduction to cosmology
“The story so far: In the beginning the Universe was created. This has made a
lot of people very angry and been widely regarded as a bad move. ”

— Douglas Adams,
The Restaurant at the End of the Universe

1.1 A Brief History

There is something foundational to humanity in looking at the stars. Evidence from cave

paintings suggests humans observed Aldebaran and the Pleiades as long ago as ∼20,000 BC

[4]– and while it’s impossible to know how ancient people imagined the architecture of the

universe, that blueprint has changed dramatically with time.

Insofar as it is possible to construct a narrative towards modern cosmology, we begin

with the Copernican Principle [5]: that the Earth is no privileged observer. Although it is

difficult to trace historically, the idea that the Earth is not the center of the universe was

massively influential and a less precise version of the foundational Cosmological Principle. The

Cosmological Principle, which is being tested continuously by modern cosmology experiments,

states that the universe is approximately the same everywhere (homogeneous) and looking

in any direction (isotropic). Isaac Newton’s Philosophiae Naturalis Principia Mathematica

assumes a version of the Copernican principle as well, by studying laws that govern the

motions of the spheres as the same laws that govern the motion of objects on Earth, in a

time period when the heavens were considered to have a separate celestial mechanics to

Earthly laws. [6]

1



CHAPTER 1 Introduction to cosmology

But the theoretical foundation of cosmology calculations is Einstein’s special [7] and

general relativity. [8, 9] As shown in Section 1.2.1, relativity is the base for understanding the

growth of the universe and how Alexander Friedmann derived the expansion of the universe

[10]. It is essential for understanding redshift, the Cosmic Microwave Background, dark

matter, structure formation, and far more.

For an observational beginning of modern cosmology, measurements of astronomical

objects have been made with varying degrees of depth and understanding for all of human

history. But the Shapley–Curtis Debate [11] was a turning point in understanding structures

of the universe; in 1920 Harlow Shapely and supporters argued that the Milky Way was the

sole universe while Heber Curtis and supporters believed that “spiral nebulae” were in fact

other galaxies similar to our Milky Way. The work of Henrietta Swan Leavitt identifying the

period-luminosity relationship in Cepheid variable stars [12] made possible Edwin Hubble’s

measurement of the distance to the Andromeda galaxy [13], proving that it was extragalactic.

This was the beginning of modern understanding of structure hierarchy in the universe,

proving our place as one solar system in one of many galaxies. Note that although many

discoveries of this period were attributed to men leading observational teams, teams of

women “computers” were often behind the measurements and development of the necessary

techniques while being segregated into lower paying and less respected positions. [14]

The 20th century was a period of rapid development in humanity’s observationally proven

understanding of the universe. There is too much history to include here, but we can sketch

some of the important developments. Hubble’s measurements of distances to nearby galaxies

and their velocities [15] along with the Friedmann equations [10] showed that the universe

is expanding rather than static. The Big Bang theory was developed by many people in

the time including those working on elemental abundances [16–19, 19–21]; although the

measurements showing that this expansion is accelerating leading to the discovery of dark

energy by Riess et al. [22] and Perlmutter et al. [23] wouldn’t occur until the 1990s. The

Big Bang theory lead naturally to the prediction of the Cosmic Microwave Background by

Dicke et al. [24], and then its discovery by Penzias and Wilson [25] in 1965. Building off the

Cosmic Microwave Background, inflation was proposed in 1980 and 1981 by Starobinsky

[26] and Guth [27]. In 1933 Fritz Zwicky’s measurements of the Coma cluster, while not
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1.2 State of current cosmology

quite correct, was the first evidence for dark matter [28] that was later supported by other

measurements of galaxy rotation curves such as the influential work by Vera Rubin and

collaborators in the late 1970s and early 1980s [29, 30].

1.2 State of current cosmology

Modern cosmology has developed a set of very successful models for explaining the majority

of observations including the expansion of the universe, primordial element abundances, the

Cosmic Microwave Background’s existence and its features, and the statistics of large scale

structure. The two main models we will consider here are Λ Cold Dark Matter (ΛCDM),

the Big Bang, and inflation. ΛCDM is characterized by a cold, non-interacting dark matter

in a flat universe currently dominated by dark energy. It is parameterized by the Hubble

constant H0, the energy density parameters for matter Ωm, baryons Ωb, and dark energy

ΩΛ, the angular scale of the sound horizon at last scattering θMC , spectral index ns, optical

depth τ , and amplitude of perturbations at a given scale (0.05 Mpc−1 for Planck) ∆2
R.

In this chapter we will describe these models in more detail, and in Section 1.2.6 will

discuss the main problems in ΛCDM.

1.2.1 Formalism

We begin with Einstein’s general relativity. A geometry is encoded by the metric

gµν(x), defined such that in locally inertial and Cartesian coordinates the metric is ηαβ =

diag(−1, 1, 1, 1) and that coordinate transformations x → x′ change the metric in the

following way:

g′ρσ(x
′) = gµν(x)

∂xµ

∂x′ρ
∂xν

∂x′σ
. (1.1)

In an expanding universe, the proper distance d(t) between two points in space will change

over time. We can describe this change from proper time t0 to t by the scale factor a(t):

a(t) ≡ d(t)

d(t0)
. (1.2)

And by convention, a(today) = 1. Note also that scale factor relates to redshift z

like a−1 = 1 + z. Then the metric in a flat, expanding universe is given by gµν =

3



CHAPTER 1 Introduction to cosmology

diag(−1, a2, a2, a2). This can be generalized to an expanding universe of any curvature

with the Friedmann–Lemaître–Robertson–Walker metric, easiest written in spherical polar

coordinates [31]

ds2 = dt2 − a2(t)

[
dr2

1−Kr2
+ r2(dθ2 + sin2 θdϕ2)

]
. (1.3)

Where K is the curvature,

K =


−1, closed, elliptical

0, flat, Euclidean

1, open, hyperbolic

(1.4)

The expanding universe’s evolution is governed by the Einstein equations [9]

Gµν + Λgµν = 8πGTµν . (1.5)

Where Gµν is the Einstein tensor describing curvature, Tµν is the stress-energy-momentum

tensor, Λ is the cosmological constant, and G is Newton’s gravitational constant. Notice

that this equation is relating terms describing spacetime geometry to the density and flux of

energy and momentum; thus the Einstein equations can be interpreted as the stress energy

momentum tensor determining curvature. The choice to write Λgµν on the left side of the

equation is a choice made for convenience here, but in reality it’s not clear. If Λgµν belongs

on the left, that implies dark energy is a property of spacetime geometry. If it belongs on

the right, that implies dark energy is dynamical and a source for energy density.

If we assume Tµν = diag(−ρ, P, P, P ) is describing a perfect fluid with energy density ρ

and pressure p, then together with the FLRW metric the Einstein equations can be simplified

to find the Friedmann equations(
ȧ

a

)2

=
8πG

3
ρ− K

a2

= H2(a) = H2
0

(∑
i

ρi

)
− k

a2

(1.6)

and
ä

a
= −4πG

3
(ρ+ 3P ) , (1.7)
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1.2 State of current cosmology

where Equation 1.6 is the 00 component of the Einstein equations and Equation 1.7 is the

ij components. The pressure as a function of density P (ρ) is called an equation of state;

together with Equations 1.6 and 1.7 the equation of state completely determines the dynamics

of a. Notice that ȧ
a , a measure of how quickly the scale factor changes, is what Edwin Hubble

was measuring locally in 1929 [15]. Thus we define H ≡ ȧ
a to be the Hubble parameter, with

H0 being its value today.

By differentiating Equation 1.6 with respect to time, doing a little algebraic manipulation

with Equation 1.7, and assuming that the curvature K does not evolve over time, you can

arrive at the conservation law

ρ̇ = −3

a
(ρ+ P ) . (1.8)

And for a perfect fluid, the density and pressure can be related through an equation of state

[31]

P = wρ (1.9)

where w is a constant that takes different values depending on the fluid in question. Equations

1.8 and 1.9 together give the scaling relation

ρ ∼ a−3(w+1), (1.10)

showing how a fluid’s density evolves with scale factor. For nonrelativistic matter like gas and

dust, w = 0 and the fluid’s energy density decreases proportional to the volume expanding.

For radiation w = 1/3, and thus ργ ∼ a−4; this is indicative of the energy density lost through

the volume expanding and through cosmological redshift. For vacuum energy w = −1 so

that energy density remains constant.

It is also useful to define the critical density ρcrit ≡ 2H2
0/8πG at which the universe is

flat, and a dimensionless density parameter Ω = ρ/ρcrit. We can now write down Equation

1.6 in a form widely used in cosmology:

H2(a) = H2
0

[
ΩMa

−3 +ΩRa
−4 +ΩΛ

]
− K

a2
. (1.11)

Where the dimensionless density parameters are ΩM for nonrelativistic matter, ΩR for

relativistic matter (i.e. radiation, neutrinos), and ΩΛ is for vacuum energy. Note that ΩM is
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CHAPTER 1 Introduction to cosmology

the sum of the dimensionless density parameters for baryons and dark matter. This is not

always the case for more exotic theories of dark matter, and in fact the calculation of several

cosmological parameters can be adjusted by proposing different a dependencies for theories

like exotic dark matter or dark radiation.

Note that for different values of a, the universe will be dominated by different components.

At very small a, early in the universe, radiation will be the dominant component. This gives

way to matter domination and then at late times, cosmological constant domination [32].

One important time to note is the epoch of matter-radiation equality, since perturbations in

the early universe will develop differently in matter domination than radiation domination.

1.2.2 Initial Conditions

One of the earliest parts of the universe’s history we can hope to understand is inflation.

Inflation proposes that the very early universe, at energies of ≳ 1015 GeV, had a period of

extremely rapid growth where the scale factor increased by a factor of ∼ 1028 [31]. Originally

proposed by Starobinsky [26] and Guth [27] in the 1980s, it solves several problems with the

standard cosmology at the time. One of which is the horizon problem: the early universe is

essentially homogeneous in all directions as will be shown in more detail in Section 1.2.4,

including those that could not be causally connected with standard Hubble expansion. The

comoving horizon is the total comoving distance light can travel,

η ≡
∫ t

0

dt′

a(t′)
. (1.12)

Without inflation, at the time of matter radiation decoupling regions of space separated by

distances farther than the comoving horizon at decoupling would have no way to homogenize.

In present day observations of primordial radiation, that works out to be regions separated by

∼ 1.6◦ in the sky [33]. The fact that observations are homogenized over the full sky excluding

small anisotropies at the scale ∆T/T ∼ 10−5 is the horizon problem. With inflation, the

entire sky could be in causal contact at very early times.

Inflation is also essential in seeding perturbations in the early universe. There is no

reason to expect perturbations in the density field to exist from just the Big Bang other

than those generated by quantum fluctuations. However a period of rapid expansion would

6



1.2 State of current cosmology

cause quantum fluctuations in the existing fields to enter the classical regime. There are two

main types of perturbations: adiabatic and isocurvature.

Primordial perturbations are usually taken to be in the radiation epoch, and after

nucleosynthesis so we only need to consider the photon, dark matter, baryon, and neutrino

components of the universe. The adiabatic mode is defined to be perturbations that leave

the ratios of species’ number density the same [34],

δ

(
nX
nY

)
= 0. (1.13)

From the equations of state for each species, this implies for adiabatic perturbations that

1

4
δγ =

1

4
δν =

1

3
δb =

1

3
δDM . (1.14)

The isocurvature mode is defined as perturbations that do not change the curvature, instead

changing the relative number density ratios. These are orthogonal modes to adiabatic ones,

although in theory there could be a mixing of both types. Pure isocurvature modes are

quantified by the entropy perturbation

SX,Y ≡ δnX
nX

− δnY
nY

=
δX

1 + wX
− δY

1 + wY
(1.15)

where wX = pX/ρX is the equation of state parameter for species X. Typically photons are

chosen as a reference point, and the baryon isocurvature mode, cold dark matter isocurvature

mode, and neutrino isocurvature mode are defined from it:

Sb ≡ δb −
3

4
δγ (1.16)

SDM ≡ δDM − 3

4
δγ (1.17)

Sν ≡ 3

4
δν −

3

4
δγ . (1.18)

Note that for the adiabatic case, these parameters are clearly equal to zero. The fourth

non-decaying mode, neutrino isocurvature velocity perturbations, arises from the additional

constraint that perturbations don’t diverge when going further back in time. However there

are currently no known mechanisms to excite this type of perturbation [35].
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CHAPTER 1 Introduction to cosmology

1.2.3 First Observables

If we rewind time in an expanding and cooling universe, the starting point must have

been localized, dense, and hot. This extremely hot soup of particles smashing into each other

was an effective nuclear reactor; but as the universe expands and cools, baryons lost enough

energy to stop forming heavy nuclei. This process and its predicted abundances are called

Big Bang Nucleosynthesis (BBN). In fact in standard cosmology the primordial abundances

of the most formed nuclei (D, 3He, 4He, and 7Li) will depend only on the baryon to photon

ratio η. Historically this was a cogent test of the Big Bang theory [36, 33], first done roughly

in the late 1940s [19, 18], but today more precise measurements of primordial abundances

are a way to test for mixing with nonstandard particle models.

The abundance of different species is described with a distribution function, the probability

of finding a particle in some volume of phase space at a given time. Assuming the cosmological

principle, we can write this as

f(p, t) =
g

(2π)3
1

e(E(p)−µ)/T (t) ± 1
, (1.19)

where g is the species’ degeneracy, E =
√
p2c2 +m2c4 is the energy, m is the mass, µ is

the chemical potential, T (t) is the temperature at time t, and the +/− of the denominator

corresponds to fermions/bosons respectively. We can then calculate the number density by

integrating over all momenta, finding in the T << m limit a Maxwell Boltzmann distribution

n = g

(
mT

2π

)3/2

e−(m−µ)/T . (1.20)

For a nucleus of mass A and charge Z, the chemical potential will be conserved in

producing ANZ from A neutrons and protons,

µA = Zµp + (A− Z)µn (1.21)

and we can therefore write down the number density [33]

nA = gA

(
mAT

2π

)3/2

e−(mA−µA)/T

= gA2
−AA3/2

(
mBT

2π

)3(A−1)/2

nZp n
(A−Z)
n eBA/T

(1.22)
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1.2 State of current cosmology

where mN = mn ≈ mp is the nucleon masses that are approximately equal and BA ≡

Zmp + (AZmn) − mZ is the binding energy. This allows us to calculate the abundance

fraction of a species

XA ≡ AnA/nN

= gA2
−AA1/2

(
mNT

2π

)3(A−1)/2

ηA−1nA−1
γ XZ

p X
A−Z
n eBA/T .

(1.23)

The neutron and proton abundances will freeze out when the rate of the following weak

interactions is lower than the Hubble rate, i.e. when they fall out of equilibrium:

n+ νe −⇀↽− p+ e−,

n+ e+ −⇀↽− p+ νe,

n −⇀↽− p+ e− + νe.

(1.24)

This sets the nucleon abundance available to form heavier elements at the time of their

decoupling ( 1 MeV). The universe is then limited by the neutron decay half life, and as such

has ∼15 minutes to form heavy elements [37]. Conservation of chemical potential from these

reactions tells us that µn = µp, so the relative abundance of neutrons to protons is simply

given by the Boltzmann term

nn
np

= e−(mn−mp)/TD ≈ 1

6
(1.25)

where the decoupling temperature for the reactions of Equation 1.24 is TD ≈ (0.7− 0.8)MeV.

Therefore Xn = 1/7, Xp = 6/7 at that temperature, and Xn (Xp) decreases (increases) as

dictated by neutron decay. But as the temperature decreases, it is not as simple as 2p+2n to

make 4He. Instead you need to first create deuterium with neutron capture p+ n→ d+ γ.

We can write down the abundance of deuterium using Equation 1.23,

XD =
3

23/2

(
(mp +mn)T

2π

)3/2

ηnγXpXne
BD/T (1.26)

This is not a rare interaction but the binding energy of deuterium, 2.22 MeV, is relatively

low. This means that there are enough photons at the high energy tail of the distribution to

keep deuterium rare until 0.07 MeV. After cooling to the formation temperature of deuterium,

the next step processes in forming heavier nuclei, D+n → 3H + γ, D + D→ 3H + p, and

9



CHAPTER 1 Introduction to cosmology

D + D → 3He + n can happen fairly quickly. Figure 1.1 shows the calculated primordial

abundance of D. Note that deuterium is the more accurate prediction in comparison to 4He

and 7Li, which are produced in stars.

Figure 1.1: Calculated abundance of deuterium relative to hydrogen n as a function of
Ωbh

2. The vertical dotted lines represent present day Ωbh
2 and the horizontal dotted lines

represent observations of deuterium abundance [1].

Deuterium is a particularly important element to calculate abundances for; we see here

that it is produced and then depleted as part of BBN, but once nucleosynthesis is over there

are only stellar processes to deplete deuterium and none to create it. Any measurement

made of deuterium abundance will be a lower bound on the primordial abundance, but it

can provide information on baryon density and the number of neutrino species. [38–41] 3He

and 4He can both be probed through measurements of hot ionized gas (HII regions), but 7Li

is studied in the surface abundances of Population II halo stars. These extremely metal-poor

stars are thought to be made of nearly primordial material, but their age means their surface

abundances may have been modified in ways that are difficult to estimate. [38]

1.2.4 Recombination and the Cosmic Microwave Background

All of the elements formed in BBN ionized. The naive assumption would be to expect

neutral hydrogen to form at temperatures around the binding energy of hydrogen, 13.6eV;

but as with deuterium the low baryon to photon ratio means that even at lower temperatures

10



1.2 State of current cosmology

there will be enough high energy photons to keep the hydrogen ionized. As the temperature

drops below ∼ 1eV, electrons and protons begin to form neutral hydrogen for the first time,

in an epoch somewhat misleadingly known as Recombination. This is also approximately the

same time as radiation decoupling1 from matter when the universe becomes “transparent” to

photons, i.e. when a photon’s mean free path is the size of the universe. This is known as

the surface of last scattering.

When the reaction rate for e− + p −⇀↽− H + γ is much larger than the Hubble rate, the

Boltzmann equation can be written as

nenp
nH

=

(
meT

2π

)3/2

e−(me+mp−mH)/T . (1.27)

If we define the fraction of ionized electrons χe ≡ ne
ne+nH

, we can rewrite in a form known as

the Saha equation [42, 43]

χ2
e

1− χe
=

1

ne + nH

[(
meT

2π

)3/2

e−(me+mp−mH)/T

]
. (1.28)

This approximation holds for equilibrium and as such is good at identifying the redshift of

recombination, but not the evolution of the ionized electron fraction. Regardless, the Saha

approximation gives us that recombination for χ = 0.5 occurs at T ∼ 0.4eV (z ∼ 1350). The

reality of recombination is more complex, as originally outlined by Peebles [44]. A photon

emitted when an electron is captured into the ground state for hydrogen is energetic enough

to ionize another hydrogen atom; instead excited states must be formed with subsequent

radiative decays bringing the electron down to a 2p state. The fall from 2p to 1s emits

a Lyman α photon that can be cosmologically redshifted so that it can no longer ionize

hydrogen.

Alternatively, we can think about the surface of last scattering2 : the redshift at which

a photon last scattered before being able to free stream through the universe. Define the

optical depth τ ,

τ ≡
∫ z

0
ne(z)χe(z)σT

dt

dz
dz (1.29)

1Photons largely stop scattering off electrons at z ∼ 1000, but electrons continue to scatter off of photons
for longer due to the low baryon to photon ratio, making the term “decoupling” an incomplete picture.[31]

2Despite the name, there is of course some spread for the probability distribution of a photon’s point of
last scattering. The “surface” has some width ∆z.
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CHAPTER 1 Introduction to cosmology

where ne(z)χe(z), the number density of electrons times the ionized electron fraction, gives

the number of free electrons at redshift z and σT is the Thomson scattering cross section.

Then we can solve for τ(zLS) = 1 to find the redshift of last scattering, zLS ∼ 1080.

The photons free streaming from last scattering are cosmologically redshifted until, from

the first three minutes of the universe, they can be observed on Earth. These are known as

the Cosmic Microwave Background (CMB). The CMB was originally predicted in conjunction

with work on Big Bang Nucleosynthesis by Alpher, Bethe, and Gamow [21] [20], but first

observed by Penzias and Wilson [25]. Figure 1.2 shows the high resolution temperature map

measure by Planck in 2013 [45].

Figure 1.2: Planck 2013 map of the CMB temperature anisotropies. Courtesy NASA/JPL–
Caltech.

The temperature is extremely uniform– a black body spectrum with average temperature

TCMB
0 = 2.7255 ± 0.0006K [46] across the sky– but not without anisotropies at the scale

∆T/T ∼ 10−5 [2]. The dipole moment was the easiest and first anisotropy to be measured,

caused by redshifting of the radiation from Earth’s motion with respect to the CMB [47].

Late time contributions to the observed anisotropies can be considered by relaxing the

assumption that photons would have no interactions since the surface of last scattering.

Some of these interactions include the Sunyaev-Zel’dovich effect (from inverse Compton
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1.2 State of current cosmology

scattering with electrons in galaxy clusters) [48–50] and the Integrated Sachs-Wolfe effect

(from gravitational redshifting in a radiation or dark energy dominated universe) [51].

However, not all anisotropies arise from late time physics. Under the theory of inflation,

primordial fluctuations were sourced from quantum fluctuations that after inflation became

over or under densities [52]. See Section 1.2.2 for details on seeding perturbations. Prior

to matter-radiation decoupling, these perturbations would continue to evolve as governed

by their Boltzmann equations, with gravity growing matter perturbations and radiation

pressure opposing collapse. These are called baryonic acoustic oscillations [53, 52, 54, 55],

and we’ll see that their imprint on the CMB can be used as a standard ruler to measure

cosmological parameters.

In the era of precision CMB measurements, this tie-dye of a map actually holds a great

deal of cosmological information that can be understood by looking at its statistics. To see

this, define the temperature anisotropies in the n̂ direction as ∆T (n̂) ≡ T (n̂)− T0. This full

sky map can be decomposed into spherical harmonics Y m
l (n̂):

∆T (n̂) =
∑
lm

almY
m
l (n̂). (1.30)

If ∆T is a Gaussian distribution, then its multipole coefficients are Gaussian random variables.

It is possible for non Gaussianities to exist, particularly sourced by some theories of inflation

[56], but no evidence has been found for it to date [57]. The coefficients alm encode information

both about the CMB and about the Earth’s position so to extract cosmologically relevant

information we must take averages over possible positions, or equivalently over possible

universes [33]. The average ⟨alm⟩ = 0, with the simplest non trivial average being:

⟨alma∗l′m′⟩ = δll′δmm′Cl (1.31)

where δij is the Kronecker delta function. We can write down the Cls by inverting a Legendre

transformation, and then what is actually observed is the coefficient Cl averaged over m:

Cobs
l ≡ 1

2l + 1

∑
m

almal,−m =
1

4π

∫
d2n̂ d2n̂′Pl(n̂ · n̂′)∆T (n̂)∆T (n̂′) (1.32)

where Pl are the Legendre polynomials. Because we cannot observationally average over

different positions to observe from, or different universes, there is an inherent limit to the
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CHAPTER 1 Introduction to cosmology

accuracy we can measure a Cl. This cosmic variance is given by〈(
Cl − Cobs

l

Cl

)2
〉

=
2

2l + 1
, (1.33)

implying that low l measurements of Cl have a high cosmic variance and should be taken

with a grain of salt. High l measurements have low cosmic variance, but are limited by

instrumentation and our understanding of the astrophysical foreground. Figure 1.3 shows the

2013 Planck measurement of the power spectrum, plotting temperature fluctuations squared

as a function of angular scale [45].

Figure 1.3: Planck 2013 CMB power spectrum (red data points), with the best fit ΛCDM
calculations plotted as a solid green line. Error bars are ±1σ uncertainties including cosmic
variance but not including foreground uncertainties. Courtesy NASA/JPL–Caltech.

The “wiggles” in the power spectrum are due to an effect called Baryonic Acoustic

oscillations (BAO). These are effectively a harmonic oscillator formed in the early universe

photon-baryon fluid. Once an overdensity enters the horizon in the radiation dominated
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1.2 State of current cosmology

epoch, radiation pressure will work to disperse baryon overdensities while gravity will work

to collapse them. But because baryons and radiation are tightly coupled, gravitational

fluctuations are sourced by dark matter overdensities. The photon baryon fluid will oscillate

in dark matter potential wells until decoupling, when photons are able to free stream away and

the matter overdensities are frozen in to their positions at decoupling. This increases power

at scales corresponding to the oscillations’ compression and rarefaction, and is dependent on

the sound horizon at recombination.

The precise shape of the power spectrum allows us to measure several cosmological

parameters. The first BAO peak corresponds to the scale of the horizon at recombination,

which is a calculable quantity dependent on a value of H0 at early times. However, the

location of the peak we actually observe is affected by the curvature of the universe. In

fact all of the peaks would shift for nonzero curvature, as photons that are initially parallel

diverge or converge depending on positive or negative K. This allows for a measurement of

curvature with the assumption of a value of the Hubble constant. Current measurements are

consistent with zero curvature [58]. The heights of the first and second peak give a measure

of the baryon energy density and total matter energy density. Figure 1.4 shows a comparison

of the theoretical CMB power spectrum with best fit ΛCDM parameters versus a flat universe

with no dark matter, computed using CAMB [59]. The power spectrum for a universe without

dark matter uses a baryonic matter abundance predicted by BBN (Ωbh
2 ∼ 0.02, shown in

Figure 1.1). You can see that the CMB power spectrum is very convincing evidence for the

existence of dark matter, since if all of the matter is baryonic, the resulting power spectrum

is a very bad fit to the Planck 2018 data [2].

While matter and radiation are still coupled, a photon will travel some finite distance

before its next collision. Therefore it can travel a distance governed by random walk statistics

depending on the density of free electrons available for scattering, and perturbations smaller

than an average random walk distance λD ∼ (neσTH)−1/2 in a Hubble time H−1 are

dampened. Specifically, very small scale perturbations are wiped out by this thermal

conductivity. During decoupling the density of electrons available for scattering decreases

and the photon’s mean free path increases, dampening fluctuations smaller than the horizon

in a process called Silk damping [60]. Smaller perturbations are more strongly affected,
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Figure 1.4: Left panel shows the theoretical CMB power spectrum with best fit ΛCDM
parameters (black line) and Planck Collaboration et al. [2] measurements (blue points). Right
panel shows the theoretical CMB power spectrum for a universe with no dark matter, and
instead Ωbh

2 = 0.02 (black line) compared to Planck Collaboration et al. [2] measurements
(blue points).

which is expressed in Figure 1.3 with peaks in the power spectrum after the third being

significantly damped. Scales less than ∼ 10Mpc are effectively completely wiped out in the

baryon distribution, and would not have had sufficient time to collapse in an entirely normal

matter universe. Thus without dark matter present to provide small scale overdensities,

galaxies would not have time to form [61].

1.2.5 Large Scale Structure

Present day cosmological structures– galaxies in galaxy clusters in superclusters– are

significantly more complex than the simple overdensities we’ve discussed so far. To arrive at

the present day universe, the matter overdensities are amplified by gravitational collapse

and baryonic matter loses energy through radiative cooling. The dark matter remains in

approximately spherical halos, but baryonic matter is able to form clouds of gas and dust

that become the first stars and galaxies.

The evolution of the gravitational potential from primordial times can be described by a

transfer function and a growth function, as schematically presented in Dodelson and Schmidt
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[31]:

Φ(k, a) = Φprimordial(k)×
{

Transfer Function(k)
}
×
{

Growth Function(a)
}

(1.34)

where the transfer function describes perturbations evolving as k crosses the horizon and

past the epoch of matter radiation equality, and the growth function describing late time

evolution of structure independent of wavelength. The transfer function can be computed

for a given cosmology by taking into account effects like Silk damping, gravitational collapse,

free streaming of relativistic dark particles, etc. using codes like The Code for Anisotropies

in the Microwave Background [CAMB] [3]. The growth function describes the growth of

matter perturbations due to their gravitational pull. This holds in the linear regime where

overdensities are small δ ≡ (ρ− ρ)/ρ≪ 1, but will break down as overdensities grow, and

N-body simulations become necessary to study structure evolution precisely.

To quantify the statistics of structure we first define the angular overdensity map

δ2(θ) =

∫ ∞

0
dχW (χ)δ(x(χ, θ)) (1.35)

where χ is the comoving distance, θ is the angle in the sky, δ(x(χ, θ)) is the three dimensional

overdensity map at position x (given by a comoving distance and angular position), and

W (χ) is a selection function. The selection function is the probability of observing a galaxy

some comoving distance away, and depends both on the universe and instrumentation. We

can then define a two dimensional two point correlation function,

ξ(r) ≡ ⟨δ2(r)δ∗2(r′)⟩

= (2π)2δ2KR(r− r′)P2(r),

(1.36)

which is essentially a measure of how the overdensity field at one point one the sky is

dependent on the density field at a projected distance r away. Typically the linear matter

power spectrum is given in Fourier space as shown in Figure 1.5, and can be well explained

by standard ΛCDM. The shape can be understood by thinking about when a given mode

enters the horizon. Small scales (large k) will enter the horizon earlier– in the epoch of

radiation domination. During radiation domination the gravitational potential will decay

once it enters the horizon, so power at larger k values will be more strongly suppressed in the

linear regime. In the non linear regime these smaller scales will be slightly enhanced due to
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collapse, as we’ll see in Chapter 2. The peak in Pm(k) corresponds to keq, the scale entering

the horizon at matter-radiation equality. In the matter dominated regime, at smaller k, the

gravitational potential is constant and the power spectrum will be ∝ k. The wiggles in the

power spectrum at k slightly larger than keq correspond to BAO, similar to the CMB power

spectrum, where power is amplified at scales corresponding to the overdensities created by

BAO.

The power spectrum normalization isn’t calculable with theory alone, and is characterized

by the parameter σ8, the expected RMS matter overdensity in a sphere of comoving radius

8h−1 Mpc

σ8 ≡ ⟨δ2m,8(x)⟩

=

〈∫
d3x′ δm(x′)W8(|x− x′|)

〉 (1.37)

where W8 is the top hat window function smoothing over a scale of 8h−1 Mpc. The scale of

8h−1 Mpc is largely used for historical reasons, but is also contains approximately the right

amount of matter to form galaxy clusters.
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Figure 1.5: Matter power spectrum at z = 0 computed using CAMB [3]. The solid black line
is the ΛCDM prediction for the linear regime, and the dotted black line includes non-linear
effects.
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An important error introduced into measuring galactic redshifts is their peculiar velocities–

galaxies are moving not only in accordance to their cosmological expansion but also with

respect to their comoving coordinates. This motion is called an object’s peculiar velocity.

Peculiar velocity along the line of sight causes redshift space distortions [62], which introduce

error in the selection function W (χ), local distance measurements based on redshift, and

other methods proposed to study local expansion like the Alcock-Paczyński test [63].

1.2.6 Problems in ΛCDM

As you can see from this chapter, the current standard model of cosmology is extremely

powerful in its predictive and explanatory power. But it is far from complete. Both direct

searches [64, 65] and indirect searches [66, 67] for particle dark matter have remained

inconclusive, and there are several unsolved problems within the ΛCDM paradigm [68]. Once

such problem is the Hubble tension at > 4σ; local measurements of the Hubble constant H0

based on Cepheids and Type 1a supernovae in the late universe measure H0 = 73.04± 1.04

km s−1 Mpc−1 [69] while early universe measurements such as the Planck mission find

H0 = 67.4± 0.5 km s−1 Mpc−1 [58]. It is still possible that this discrepancy is still due to

systematics [70]. Another related problem is the growth tension σ8, which is dependent on

changes in H0 and as such has a (2 − 3σ) tension. Measurements from weak lensing and

galaxy clustering [71] are lower than values derived from CMB measurements [58]. There are

also a number of small scale structure problems, although it is not clear if they are actual

problems or a lack of data. The core-cusp problem refers to cold dark matter simulations

predicting a density profile with approximately ρ ∝ r−1 at low radii [72, 73], while velocity

measurements indicate an approximately flat inner density profile [74–77]. The missing

satellites problem is the discrepancy between the number of low mass subhalos in the Milky

Way and the relatively low number of them seen in observations [78–81]. The too big to fail

problem is the prediction that there should be more high mass subhalos with visible matter

than observed [82–87]. This is a very abbreviated description of these problems, and are far

from the only ones remaining with ΛCDM particularly at small scales, but are the most

significant motivators for the non CDM dark matter model considered in Chapter 3.
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CHAPTER 2

Foundations of Galaxy Formation
“These learned fields. Dark and ignorant,
Unable to see here what our forebears saw,
We keep some fear of random firmament
Vestigial in us. And we think, Ah,
If I had lived then, when these stories were made up, I
Could have found more likely pictures in haphazard sky.”

— William Meredith, Starlight

2.1 Spherical Collapse

How would a matter overdensity in the early universe evolve into galaxies embedded

in dark matter halos like we see today? We call early times the “linear regime,” when

overdensities are |δ(x)| << 1 everywhere. In this regime, matter overdensities in Fourier

space evolve like a linear combination of growing and decaying modes [61]

δk ∼ t2/3, δk ∼ t−1 (2.1)

when in the matter dominated epoch. The decaying mode will quickly become negligible, so

perturbations grow like t2/3 until that growth freezes in the cosmological constant dominated

era at zmΛ equality ∼ 0.5. This is an approximation for a matter only universe, which is not

exactly true even within matter domination. The deviation of this approximation from the

full solution can be seen in the growth factor gi ≡ δ|k|=0(t)/δ|k|=0(ti), comparing the growth

in long wavelength perturbations from time ti to t. If ti is the time of matter radiation

decoupling and t is present day, the growth factor is 10% lower in the full solution than the

approximation [61].
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2.1 Spherical Collapse

To see how these overdensities might evolve in the nonlinear regime, consider the simple

example of spherical collapse. In a flat, matter dominated universe the density is

ρm(t) =
1

6πGt2
, (2.2)

so the total mass within a sphere radius ri centered on some overdensity δi at time ti is

M =
4

3
π(1 + δi)ρm(ti)r

3
i . (2.3)

The equations of motion for a test mass at radius ri is determined by Newton’s laws and

this mass M . If this overdensity is to evolve into a galaxy we can assume the test mass has

too little energy to escape, and the solution is given by

r = b(1− cos η); t =

√
a3

GM
(η − sin η) (2.4)

where b is a constant and the maximum radius the test mass reaches before collapse, rmax = 2b

at η = π, is the turnaround radius. Therefore the average overdensity is

δ(t) =
M/43πr

3

ρm(t)
− 1

=
9

2

(η − sin η)2

(1− cos η)3
− 1

(2.5)

corresponding to an overdensity at turnaround of

δ(η = 0.5) =
9π2

16
− 1 ≈ 4.55. (2.6)

By Taylor expanding Equations 2.5 and 2.4, we can find an approximate solution by for the

turnaround radius and time

rturn ≈
(
243

250

)1/3 (GMt2i )
1/3

δi
, (2.7)

tturn ≈ π

(
243

2000

)1/2 ti

δ
3/2
i

. (2.8)

And so the larger overdensities will collapse first. This is however a highly idealized model,

assuming a spherical symmetric and isolated system. In reality the dark matter will go

through virialization before forming a halo. Virialization is the process of phase mixing and

violent relaxation, after which the halo will satisfy the virial theorem. In brief, phase mixing
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is the course grained distribution appearing to cover a greater volume of phase space by

incorporating empty shells of phase space [88, 89]. Violent relaxation broadens the range

of the stars’ energies (independent of their mass) due to a time dependent potential, in

a way analogous to collisions in a gas [90]. The potential energy at turnaround is given

by Wturn = −3
5GM

2/rturn, and assuming all of the energy is potential at turnaround we

can approximate the radius containing half of the system’s mass as rHM ≃ 0.375rmax. The

average density inside the half mass radius is ρHM = 1
2M/(43πr

3
HM ). Assuming that the halo

virializes by two times the time of maximum density in our simple spherical collapse model

(when η = π in Equation 2.4), we can compute the overdensity

∆ =
ρHM

ρm(2t(η = π))
≃ 200. (2.9)

This calculation is not precise, but ∆ ≃ 200 has historically been used as a benchmark

overdensity value to define the radius of halos.

2.2 Jeans Length and Collapse

An overdensity collapsing is no guarantee that it will form into a galaxy. In fact, the self

gravity of a system can cause perturbations significant enough to become unstable. A tool

often used to contextualize the stability and collapse of gas clouds is the Jeans length. Very

roughly, it is possible to estimate that perturbations with a scale longer than some Jeans

length are unstable if the inward force of gravity can overcome the outward force of pressure.

This is called a Jeans instability, and can be calculated for a self gravitating fluid with a

pressure term, or equivalently for a stellar system supported by gradients in the stress tensor

−νσ2ij (where ν is stellar density and σij is the velocity dispersion tensor).

Let us first consider a homogeneous fluid system, and compute its linearized fluid

equations. Suppose an isolated equilibrium system has the time independent potential Φ0(x).

Now introduce a weak gravitational force due to an external potential ϵΦe(x, t) where ϵ << 1

and |Φe(x, t)| is of order |Φ0(x)|. If the perturbation is weak, the system’s response to it will

be linear and generate a density perturbation ϵρs1(x, t), where

ρs1(x, t) =

∫
d3x′ dt′R(x,x′, t− t′)ρe(x′, t′), (2.10)
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2.2 Jeans Length and Collapse

and the response density is related to the forcing density ρe(x′, t′) by the response function

R(x,x′, t− t′). An enlightening analogy made by Binney and Tremaine [61] makes use of the

polarization function P (x,x′, t− t′) that connects the response density ρs1 to total density

ρ1

ρs1(x, t) =

∫
d3x′dt′P (x,x′, t− t′)ρ1(x′, t′). (2.11)

It is then possible to draw a parallel between this gravitational scenario and electrostatics in

macroscopic media, with the analogous electrostatic polarization and displacement field [91].

Recall from electrostatics

∇ ·D = ρ; P = ϵ0χeE; D = ϵ0E+P = ϵE;
ϵ

ϵ0
= 1 + χe; (2.12)

where ϵ0 is the electric permittivity of free space, ϵ is the electric permittivity of the material,

and χe is the electric susceptibility of the material. The displacement field D resulting from

unbound charges is similar to the forcing density ρe, and ϵ0E−D = −P is the field resulting

from the media’s response, analogous to ρs1. Thus the gravitational polarization function of

Equation 2.11 is analogous to −χe. The negative sign implies a significant difference between

the electrostatic case and the gravitational case: while bound charges can move to cancel

out the displacement field imposed on the system, a gravitational response will augment the

field and can aid in collapse.

Using the definitions for response density, we can write the gravitational potential from

the stellar system

Φs(x, t) = Φ0(x) + ϵΦs1(x, t) (2.13)

and the total potential becomes

Φ(x, t) = Φ0(x) + ϵΦ1(x, t). (2.14)

Then with Euler’s equation, Poisson’s equations, and some algebra, we arrive at the linearized
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fluid equations

∂ρs1
∂t

+∇ · (ρ0v1) +∇ · (ρs1v0) = 0

∂v1

∂t
+ (v0 · ∇)v1 + (v1 · ∇)v0 = −∇(h1 +Φs1 +Φe)

∇2Φs1 = 4πGρs1

h1 =
p1
ρ0

=

(
dp

dρ

)
ρ0

ρs1
ρ0

= v2s
ρs1
ρ0

(2.15)

where h1 is the linear perturbation term h(x, t) = h0(x) + ϵh1(x, t) of specific enthalpy h

defined as

h(ρ(x, t)) ≡
∫ ρ

0

dp(ρ′)
ρ′

. (2.16)

If we consider the equilibrium state to have constant density ρ0, constant pressure p0,

and no internal motions so v0 = 0, then Euler’s equation implies that ∇Φ0 = 0. However,

Poisson’s equation states that ∇2Φ0 = 4πGρ0. This inconsistency for ρ0 ̸= 0 is solved in

Binney and Tremaine [61] by the Jeans swindle, which is the assumption that Poisson’s

equation only applies to the perturbed density and perturbed potential. 1 The Jeans swindle

and taking the unperturbed state to have to have constant density ρ0, constant pressure p0,

and v0 = 0, allows us to write Equations 2.15 as

∂ρs1
∂t

+ ρ0∇ · v1 = 0,

∂v1

∂t
= −∇(h1 +Φs1 +Φe),

∇2Φs1 = 4πGρs1,

h1 = v2sρs1/ρ0.

(2.17)

With some manipulation, Equations 2.17 can be written as one equation in Fourier space

∂2ρs1
∂t2

+ v2sk
2ρs1(k, t)− 4πGρ0ρs1(k, t) = 4πGρ0ρe(k, t). (2.18)

To find a mode, a sustained perturbation requiring no external forces, set ρe(k, t) = 0 and

ρs1(k, t) ∼ e−iωt in Equation 2.18. Then we see a mode must satisfy

ω2 = ω2
0(k) ≡ v2sk

2 − 4πGρ0 = v2s(k
2 − k2J) (2.19)

1The generalized version of a Jeans analysis for a relativistic fluid in an expanding universe do not require
the Jeans swindle to function [61].
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where kJ is the Jeans wavenumber corresponding to a Jeans wavelength λJ ,

k2J ≡ 4πGρ0
v2s

(2.20)

λ2J =
πv2s
Gρ0

. (2.21)

Short wavelength k > kJ perturbations give oscillatory solutions (ω2 > 0), while long

wavelength perturbations k < kJ will exponentially grow or decay. A perturbation will

be unstable and collapse if its λ is greater than the Jeans wavelength. This is also often

discussed in terms of a Jeans mass, the mass contained within a sphere of Jeans length

diameter.

MJ =
π5/2

6

v3s
G3/2ρ1/2

(2.22)

A mass greater than the Jeans mass within a sphere of that size will collapse under the

assumptions of an infinite and homogeneous system and the Jeans swindle.

2.3 Hierarchical Structure Formation and Extended

Press–Schechter Formalism

Imagine a region of the universe containing two nearby underdensities in the matter

dominated regime. The expansion rate of test particles in those regions will be slowed less

by gravity than in the adjacent denser regions of space. In other words, the local expansion

rate will be dominated by cosmological constant, as opposed to the matter dominated

expansion rate ∝ a−3. Thus the adjacent low density regions, called voids, will expand

until colliding and merging with each other. The result is that two adjacent voids will be

separated by an overdense sheet of matter, and three adjacent voids would create a filament.

[92] Since the universe is populated by early universe fluctuations, randomly distributing

over and underdensities, large scale structure will form into a three dimensional web of

matter filaments connected by overdense nodes. This sketched prediction has been borne

out by many hydrodynamic simulations with Cold Dark Matter and baryons, such as the

recent IllustrisTNG simulation [93], and agrees with observations of a filament structure

in the present day galaxy distribution [94–97]. The first objects will form at the nodes of
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this cosmic web, where matter is the most dense, and in general galaxies are more likely

to form along a filament than in void [61]. This is hierarchical structure formation, in that

smaller structures will form before large ones. This is described statistically by extended

Press–Schechter formalism, originally proposed by Press and Schechter [98] and elaborated

on by Bond et al. [99] and Lacey and Cole [100].

From the discussion on spherical collapse in Section 2.1, we can track overdensities before

collapse as any region exceeding a critical density. Assuming virialization by t = 2tturn, we

can use Equation 2.8 to write the critical density

δc =

(
2π

√
243

2000

ti
t

)2/3

≈
(
2.19

ti
t

)2/3

(2.23)

For a particular overdensity at location x in the sky, we can write the overdensity as Fourier

sum

δ(x) =
1

V

∑
k

δke
ik·x (2.24)

for the large but finite volume V , and consider “building” the overdensity in increments of

∆K with increasing K ≡ |k|

∆K =
1

V

∑
K≤|k|<K+dK

δke
ik·x . (2.25)

The variance σ2K of δ(x) when including only wavelengths of |k| < K will be a monotonically

increasing variable as K increases, and acts like the step number in a random walk of

δ(x). The scale K at which δ(x) crosses the critical density threshold is the scale of the

overdensity’s collapse at a given time. As t increases, the critical density threshold will

decrease and scales will enter the halo with some amount of associated mass. This can either

be continuous in σ2K , associated with a steady infall of material, or discontinuous in σ2K and

associated with a merger event.

We can now ask what the probability pK(δ) is that at a given step σ2K , an overdensity

will have value between δ and δ + dδ. If we consider a large number N positions in the sky,

the number of such overdensities is NpK(δ)dδ. Since this is for a specific K, as we change

the value of σ2K the value of those overdensities will disperse according to a diffusion equation

∂pK
∂σ2K

=
1

2

∂2pK
∂δ2

(2.26)
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where the factor of 1/2 is a diffusion coefficient, which can be found with some manipulation

from the definition of σ2K ≡ ⟨δ2⟩ =
∫
δ δ2pK(δ). The solutions to this equation that satisfy

the boundary condition of pK(δ) = 0 when σ2K(δ ≠ 0) = 0 and the normalization of∫
dδ pK(δ) = 1 are

pK(δ) =
1√
2πσ2K

exp

(
− δ2

2σ2K

)
(2.27)

and

pK(δ) =
1√
2πσ2K

[
exp

(
− δ2

2σ2K

)
− exp

(
−(δ − 2δc)

2

2σ2K

)]
, (2.28)

where one solution is for particles beginning at the origin and the other is for particles

beginning at δ = 2δc. Extended Press-Schechter formalism is a powerful tool in its simplicity,

enabling the calculation of a mass function (probability that the largest halo containing a

given mass element has scale K−1 at time t) and a merger rate (probability that halo of mass

M will undergo a merger increasing its mass to M + dM at time t). The details of these

calculations are beyond the scope of this brief overview, but follow from using the probability

of Equation 2.28 to compute the probability that the largest halo, of a large number of

overdensities δ(x), containing subhalo mass m has a mass in the interval (M,M + dM).

2.4 Dependence on Dark Matter Properties

The presence of dark matter is essential for the formation of galaxies, as is touched on

briefly in Section 1.2.4. But the effect of dark matter on structure formation doesn’t end

with its mere existence– the characteristics of the resulting structures are heavily dependent

on the specific behavior of the dark matter model. One of the clearest places to see the

effect of dark matter properties is on the prediction of a smallest possible length scale K−1
max

for halos. For a collisionless dark matter model, random particle velocities will disperse

overdensities on scales ≤ σt where σ is the velocity dispersion at time t. Prior to decoupling,

when the dark matter is relativistic, this is simply the horizon scale ∼ ct. After decoupling

the velocity dispersion damping scale will become smaller than the horizon. This can also

be thought of in terms of the virial theorem; a warm dark matter model with more kinetic

energy requires a deeper potential well (and therefore more massive halo) to remain bound,
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subsequently suppressing small scale structure for a warm dark matter model in comparison

to a cold one. Current measurements are consistent with CDM hydrodynamic simulations

over warm dark matter [101]. There are other theories that would have an effect as well, such

as fuzzy dark matter [102, 103] suppressing small scale structures with quantum pressure, as

described in greater detail in Chapter 3.
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CHAPTER 3

The viability of ultralight bosonic

dark matter in dwarf galaxies
“Where the telescope ends, the microscope begins. Which of the two possesses the
larger field of vision? Choose. A bit of mould is a pleiad of flowers; a nebula is
an ant-hill of stars.”

— Victor Hugo, Les Miserablés

3.1 Introduction

In the last 20 years, Milky Way dwarf galaxies have provided a wealth of information

regarding the nature of dark matter. As dark matter dominated systems with mass to

light ratios in excess of M/L ≳ 10, and devoid of most baryonic astrophysical complexities,

they are ideal hypothesis testing systems for some of the most fundamental properties of

dark matter. Dwarf galaxies have been used to place the most robust to-date constraints

on the annihilation [104, 105], decay [106–108], and self-interaction cross sections [109]. In

addition, their mere existence places limits on whether the dark matter particle decoupled

while relativistic.[110].

The distribution of dark matter in dwarfs is a subject of debate. Collision-less, cold

dark matter gives rise to cusps, while alternative dark matter models, like self-interacting

dark matter [112, 113] and warm dark matter (free streaming from non-zero velocities at

decoupling) [114–116], predict central profiles that are cored. The formation and dark matter

The material in this chapter is published in Goldstein et al. [111].
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distribution of these objects through complex baryonic galaxy formation arguments has

been reproduced in simulations, and the underlying physics has been at the forefront of

fundamental dark matter study.

The tool of choice in all the aforementioned studies is reconstructing the gravitational

potential using stellar kinematics (e.g., [105, 117, 118]). Measurements of stellar velocities

along the line of sight of bright red giants allows for the distribution of dark matter to be

reverse engineered [119]. Such measurements are extremely powerful because under a set of

reasonable dynamical assumptions they allow for robust potential reconstruction with well

controlled errors, especially in the case of classical dwarf galaxies. Attempts to apply such

methods to the faintest objects in the universe (ultra-faint dwarf galaxies discovered in the

last few years) carry much larger uncertainties and thus are less constraining [106, 107].

In this chapter we use stellar kinematics to test the viability of ultralight bosonic dark

matter in dwarf galaxies. Motivations for such dark matter candidates come from GUT-scale

physics, originally introduced through the solution to the strong CP problem in quantum

chromodynamics [120–122], and subsequently envisioned through cosmology and large scale

structure [102, 123–138]. Qualitatively, such objects go by the name of “fuzzy dark matter",

a term that denotes a fundamental characteristic property: the existence of a coherent

quantum state (a Bose-Einstein condensate), described by the Schrödinger-Poisson equation

and forming soliton cores instead of cusps [139, 140], for a thorough review please see Hui

et al. [102].

The quantum pressure of fuzzy dark matter arises from ultralight bosons mass ∼ 10−22

eV or scalar field DM with de Broglie wavelength about the size of the dwarf galaxy stellar

component (∼ 1 kpc). The existence of a soliton core suppresses small scale structure

[102, 141] (see [142, 143] for additional constraints from Milky Way satellites). Throughout

the chapter we will be using the terms fuzzy dark matter and/or axion-like dark matter

interchangeably to refer to dark matter that forms quantum pressure supported soliton cores.

We examine the viability of ultralight boson dark matter in dwarf galaxies using stellar

kinematics in six classical dwarf galaxies: Fornax, Sculptor, Draco, Sextans, Ursa Minor,

and Carina. We choose to use only classical dwarf galaxies because they contain enough

stars and observations (Nobs ≳ 500) to provide meaningful constraints on the dark matter
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gravitational potential.

The primary goal of this work is to determine whether ultralight bosonic dark matter is

consistent with velocity dispersion measurements, and if so, what range of parameters allow

such consistency. We find that unless the Milky Way did not have a typical evolution, the

mass of the ultralight dark matter particle must be at least m > 10−20eV .

The chapter is organized as follows: In Section 3.2 we outline the reconstruction of the

mass distribution using stellar velocity dispersion measurements (Jeans analysis). In Section

3.3 we review a set of dark matter density profiles that have been proposed in the literature

as soliton solutions to dark matter halos. Section 3.4 summarizes the observations used in

the paper, and in Section 3.5 we present the results. We conclude in Section 3.6.

3.2 Stellar kinematics potential tracers

Line of sight stellar velocity measurements from dwarf galaxies can be used in the

construction of a stellar velocity dispersion profile (velocity dispersion as a function of

radius from the center of the dwarf). The velocity dispersion traces the underlying matter

density distribution, and can be linked using the two Jeans equations, first applied to stellar

kinematics in 1919 by Jeans [144].

Define the distribution function f so that f(x,v, t)d3xd3v is the probability of finding

a star in a volume element of phase space at time t, normalized to one over all of phase

space. Probability is conserved in phase space just as mass is conserved in a fluid flow, so

the continuity equation

∂ρ

∂t
+

∂

∂x
(ρẋ) = 0 (3.1)

can be written as

∂f

∂t
+

∂

∂w
(fẇ) = 0 (3.2)

where w = (p,q) are the canonical coordinates. This can be rewritten with Hamilton’s

equation’s to derive the collisionless Boltzmann equation

∂f

∂t
+ q̇

∂f

∂q
+ ṗ

∂f

∂p
= 0. (3.3)
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When written in Cartesian coordinates and assuming a Hamiltonian with a gravitational

potential Φ, Equation 3.3 becomes

∂f

∂t
+ v

∂f

∂x
− ∂Φ

∂x

∂f

∂v
= 0. (3.4)

To relate this to observable quantities, define the stellar distribution function ν as the

probability of finding a star at location x and time t

ν(x, t) ≡
∫
d3vf(x,v, t), (3.5)

which when multiplied by the total number of stars would be the number density of stars.

We can also define the observable velocity dispersion tensor,

σ2ij(x) ≡
∫
d3v(vi − vi)(vj − vj)

f(x,v, t)

ν(x, t)

= vivj − vivj .

(3.6)

Notice that f/ν is the probability distribution of stellar velocities. To find the first Jeans

equation, integrate Equation 3.4 over all possible velocities,

∂

∂t

∫
d3vf +

∂

∂xi

∫
d3v vif − ∂Φ

∂xi

∫
d3v

∂f

∂vi
= 0. (3.7)

Where we have moved the time and position derivatives outside of the integrals, since velocity

is not dependent on those variables. Because no stars move infinitely fast, f(x,v, t) = 0

for very large |v| and the last integral goes to zero with the divergence theorem. We can

then identify the first integral as the definition of stellar distribution function ν. The second

integral can be identified using the definition of mean velocity at position x,

v(x, t) ≡
∫
d3v v

f(x,v, t)

ν(x, t)
=

1

ν(x, t)

∫
d3v vf(x,v, t). (3.8)

And as such Equation 3.7 can be simplified into the first Jeans equation:

∂ν

∂t
+
∂(νvi)

∂xi
= 0. (3.9)

This looks similar to the continuity equation, but conserving the flow of the stellar distribution

instead of fluid flow. To obtain the second Jeans equation, we multiply Equation 3.4 by vj

and integrate over all velocities,

∂

∂t

∫
d3v fvj +

∫
d3v vivj

∂f

∂xi
− ∂Φ

∂xi

∫
d3v vj

∂f

∂vi
= 0. (3.10)
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The last integral can be manipulated using integration by parts, then once again taking

advantage of the divergence theorem and the fact that f disappears for large velocities,∫
d3v vj

∂f

∂vi
= −

∫
d3v

∂vj
∂vi

f = −
∫
d3vδijf = −δijν (3.11)

where δij is the Kronecker delta function. The first and second integrals can be identified as

average velocities, and then using Equation 3.9 and the definition for velocity dispersion σ2ij ,

Equation 3.10 can be simplified into the form of the second Jeans equation

ν
∂vj
∂t

+ νvi
∂vj
∂xi

= −ν ∂Φ
∂xj

−
∂(νσ2ij)

∂xi
. (3.12)

Notice that this is analogous to Euler’s equation of fluid flow for a fluid with density ρ,

pressure p, and under a gravitational potential Φ,

ρ
∂vi
∂t

+ ρvj
∂vi
∂xj

= −ρ ∂Φ
∂xj

− ∂p

∂xi
(3.13)

where in Equation 3.12 the stellar distribution ν takes the place of fluid density and the

stress tensor νσ2ij takes the place of an anisotropic pressure. This second Jeans equation

is particularly useful in that it allows observable quantities like stellar position and line of

sight velocities to be connected in a straightforward mathematical way to the underlying

gravitational potential.

Under the assumption of a spherical and time independent system, Equation 3.12 can be

written in the following form [61],

dΦ

dr
= −GM(r)

r2

= − 1

ν(r)

d

dr

[
ν(r)u2r(r)

]
− 2

βa(r)u2r(r)

r
. (3.14)

Here, βa the orbital anisotropy is a measure of the difference between tangential and radial

dispersions,

βa(r) ≡ 1− 2u2θ(r)

u2r(r)
, (3.15)

and u2r(r) is the radial stellar velocity dispersion profile,

u2(r) = u2r(r) + u2θ(r) + u2ϕ(r). (3.16)
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The mass enclosed is M(r) defined in the usual way,

M(r) = 4π

∫ r

0
s2ρ(s)ds. (3.17)

Under the assumption of spherical symmetry and dynamical equilibrium, Equation (3.14)

has the general solution:

ν(r)u2r(r) =
1

f(r)

∫ ∞

r
f(s)ν(s)

GM(s)

s2
ds, (3.18)

where f(r) is

f(r) = 2 f(r1) exp

[∫ r

r1

βa(s)s
−1ds

]
. (3.19)

The assumption of dynamic equilibrium is implicit in the Jeans equation, but unlikely

to hold precisely for all of the Milky Way satellites that we consider. Nevertheless, various

studies have shown that violation of this assumption is unlikely to have dramatic effects on

the inferred dynamical mass [145–147]. In any case, the dynamical crossing time of a typical

Milky Way dwarf spheroidal is a small fraction of its orbital period, such that we can expect

a state of near equilibrium to hold over most of the dwarf’s orbit.

If we assume the orbital anisotropy is a constant within a given system, then the velocity

dispersion projected along the line of sight is

σ2(R)Σ(R) = 2

∫ ∞

R

(
1− βa(r)

R2

r2

)
ν(r)u2r(r) r√
r2 −R2

dr, (3.20)

where R is the projected radial distance from the center and Σ(R) is the projected stellar

density.

This formulation necessitates the use of a stellar profile. We assume a Plummer profile

[148]

ν(R) =
3L

4πR3
e

1

(1 +R2/R2
e)

5/2
, (3.21)

for which the projected stellar distribution takes the form

Σ(R) =
L

πR2
e

1

(1 +R2/R2
e)

2
. (3.22)

We use the Bayesian inference tool MultiNest [149] as implemented in the python package

PyMultiNest [150]. MultiNest operates by sampling N points from the input prior space,

then discarding the lowest likelihood L0 point. It is replaced by a new point with likelihood
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L1 if L1 > L0, and the prior volume is reduced. Going from lowest to highest likelihoods in

this way makes it easier to sum up the likelihood over the prior volume later to compute a

model’s evidence, making this tool well suited to comparing models for selection.

Following the analysis in Geringer-Sameth et al. [106], this is implemented with the

unbinned Gaussian likelihood function1

L =
N∏
i=1

1
√
2π
√
δ2u,i + σ2(Ri)

exp

[
−1

2

(ui − ⟨u⟩)2
δ2u,i + σ2(Ri)

]
. (3.23)

Here, ui is the projected velocity, Ri is the projected position, and δu,i is the observational

error in velocity of the ith star in the data set. ⟨u⟩ is the bulk velocity, which is marginalized

over with a flat prior.

3.3 Halo profiles

A key ingredient in using stellar velocities to reconstruct the dark matter distribution in

dwarf galaxies is the assumed functional form of the dark matter density profile. In order to

explore the viability of ultralight bosonic dark matter in dwarf galaxies it is necessary to

start from a basic description of the non-linear evolution of halos. This is a difficult problem

where the only way to obtain such information is through numerical simulations.

Below we first summarize the distribution of cold dark matter in halos, namely the

Navarro Frenk & White generalized profile (NFW hereafter) [151–153]. We then describe

three different prescriptions of the distribution of dark matter in fuzzy dark matter halos.

All three are based on an internal structure that contains a quantum mechanical pressure-

supported core. How the core transitions to the outer NFW-like dark matter distribution is

the subject of these three models. The differences are summarized in Table 3.1.

3.3.1 Cold dark matter distribution – NFW profile

The NFW profile [151] and subsequently its more generalized form [152, 153] are the

outcome of N-body dark matter simulations where initial thermal velocities in the dark

matter are negligible and do not affect the growth of structure (cold dark matter). The form
1For binned analysis and differences between binned and unbinned analyses [107].

35



CHAPTER 3 The viability of ultralight bosonic dark matter in dwarf galaxies

of the dark matter distribution is given by a generalized NFW,

ρNFW(r) =
ρs

(r/rs)γ [1 + (r/rs)α](β−γ)/α
, (3.24)

where ρs and rs are the characteristic density and scale radius respectively, and {α, β, γ}

describe the power law behavior of the dark matter distribution. The profile has an inner

density profile that goes as ∼ r−γ and an outer behavior characterised by ∼ r−β. The

normalization of such a profile is specified either by the characteristic density ρs and the

scale radius rs, or by the mass of the halo M∆ =
∫
ρ(r)d3r and its concentration c = R∆/rs,

where R∆ is the radius of the halo.

One has the freedom to choose how to define a halo, for example whether a halo is defined

as a virial overdensity (in this case ∆ = vir) or a fixed product of ∆ times the mean matter

density of the universe (e.g., ∆ = 200). In what follows, when we refer to the mass of an

NFW profile we will be using ∆ = 200, i.e., the NFW profile can be characterized by M200

and c200 (or R200).

This functional form of dark matter distribution has been extensively studied in numerical

simulations and has been applied in studies aimed at reconstructing the gravitational potential

of dark matter halos on many scales, from galaxy clusters [154] to the Milky Way [155] and

dwarf galaxies [106, 156].

When implemented in MultiNest, the generalized NFW parameters are sampled over flat

priors in linear space for the powers α, β, γ and in logarithmic space for the parameters

(1− βa), M200/M⊙, and c200:

−1 ≤ − log10(1− βa) ≤ +1,

log10(5× 107) ≤ log10(M200/M⊙) ≤ log10(5× 109),

log10(2) ≤ log10(c200) ≤ log10(30),

0.5 ≤ α ≤ 3,

3 ≤ β ≤ 10,

0 ≤ γ ≤ 1.2.

Note that the original NFW profile has a power law behavior given by {α, β, γ} = {1, 3, 1}.

The priors for M200 have an upper limit at M200 = 5× 109M⊙ because increasing that limit
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has minimal effect on the posteriors.

3.3.2 Soliton cores

Fuzzy dark matter distribution in collapsed halos is a highly non-linear process that

necessitates the use of numerical simulations. The large scale cosmological simulations of

[139] found that axion-like dark matter does lead to the formation of cores that reside in

the center of dark matter halos. The density of such cores at z = 0 (present epoch) is

parameterized as

ρsoliton(r) =
1.9(10m22)

−2(rc/kpc)
−4[

1 + 9.1× 10−2 (r/rc)
2
]8 109M⊙kpc−3, (3.25)

where m22 ≡ m/10−22eV is the scaled dark matter particle mass and rc is the characteristic

radius, defined to be the radius at which density drops to one half of the halo’s peak value

defined as ρsoliton(r → 0). The functional form of Eq. 3.25 is accurate to 2% for 0 < r ≲ 3rc

[139].

The soliton core extends out to the characteristic radius2,

rc ≈ 1.5m−1
22

(
M200

109M⊙

)−1/3

kpc. (3.26)

For the full wave dark matter density profile of Eq. 3.25, the numerical simulations of Schive

et al. [139], Mocz et al. [140] show that at ∼ 3rc there is a smooth transition to an NFW-like

profile.

There is however ambiguity in how the NFW profile is defined in this case ({ρs, rs}, or

{M200, c200}) and how it relates to the characteristics of the soliton, namely, {M200,m22})

in Equations 3.25 & 3.26. In other words, how is the inner part of the halo (formed early on)

related to the distribution of matter in the outskirts of the halo?

Previous work proposed different methods on how to make this transition. In this chapter

we will examine how choices affect the posteriors using stellar kinematics in dwarf galaxies.

2The original fitting function from [139] was in terms of Mvir. Here, for consistency throughout the paper
we use the relationship between M200 and Mvir for a matter density of ΩM = 0.3 [157] to express Eq. 3.26 in
terms of M200.
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Soliton core mass

It is vital to the computation time of a velocity dispersion profile to have analytical

forms for the mass enclosed at radius r, as this computation happens many times for a given

model of dark matter profile. Changing the computation from numerically calculating a

triple integral to numerically calculating a double integral significantly reduces computation

time.

With this in mind, we can use Equation 3.25 to write the mass enclosed within radius R

in the soliton core as

Mcore(≤ R) =
4π(1.9)

a(10m22)2

(
rc

kpc

)−4

r2c

∫
(r/rc)

2 dr

[1 + 9.1× 102(r/rc)2]
8M⊙pc−3. (3.27)

If we define x ≡ r
rc

and C ≡ 9.1× 10−2, then:

Mcore(≤ R) =
4π(1.9)

a(10m22)2

(
rc

kpc

)−4

r3c

∫
x2 dx

[1 + Cx2]8
M⊙pc−3 (3.28)

Focusing on just the integral in Equation 3.28, it may be rewritten with partial fractions:

Mcore(≤ R) =
4π(1.9)

a(10m22)2

(
rc

kpc

)−4

r3c

∫
1

C

[
1

(1 + Cx2)7
− 1

(1 + Cx2)8

]
dxM⊙pc−3

(3.29)

Define another change of variables such that x ≡ tan(u)/
√
C. Then we may rewrite the

integrals as follows: ∫ R/rc

0

dx

(1 + Cx2)7
=

1√
C

∫ tan−1(
√
C R/rc)

0
cos12 u du∫ R/rc

0

dx

(1 + Cx2)8
=

1√
C

∫ tan−1(
√
C R/rc)

0
cos14 u du

(3.30)

And recombine using the following reduction formula,∫
cosm u du =

sinu cosm−1 u

m
+
m− 1

m

∫
cosm−2 u du (3.31)

Such that

I(R) ≡
∫ R/rc

0

x2

[1 + Cx2]8
dx =(

9.1× 10−2
)−3/2

573440

[
249480u+ 215985 sin(2u) + 69685 sin(4u)

+ 21945 sin(6u) + 5495 sin(8u) + 973 sin(10u)

+ 105 sin(12u) + 5 sin(14u)

]
u=tan−1(

√
9.1×10−2 R/rc)

(3.32)
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3.3 Halo profiles

Table 3.1: Summary of soliton core models.

Profile Free Parameters Assumptions
NFW βa, ρs, rs, α, β, γ Cold Dark Matter

Model A βa,m22,M200, c200

Halo mass parameter M200 corresponds to both the soliton
mass parameter and the NFW halo mass parameter,

transition happens at 3rc with a transition to outer NFW.
Total halo mass can be different than M200.

Model B βam22,M
′
200, ϵ

Transition happens at rϵ = f(m22,M
′
h, ...), density

continuity ρcore(rϵ) = ρNFW(rϵ).

Model C βa,m22,M200

Transition happens at 3rc, continuous density
ρcore(3rc) = ρNFW(3rc), and second NFW parameter defined

by mass conservation.

Allowing us to rewrite Equation 3.29 for rc given in parsecs as the following computationally

efficient expression,

Mcore(≤ R) =
(4π)1.9× 1012

a(10m22)2(0.091)3/2rc
I(R) M⊙pc−3. (3.33)

Model A

The simplest soliton-like profile is one where the soliton core transitions to an NFW

profile at a radius of ∼ 3rc [142]. This is an artificially constructed halo with no physical

input other than the characteristics of the soliton core and the outer functional behavior of

the NFW profile. There is no imposed physical connection between the two.

It is composed of two profiles that are matched to have equal densities at the transition

radius

ρsoliton

∣∣∣
r=3rc

= ρNFW

∣∣∣
r=3rc

. (3.34)

In this model, the free parameters that can define the NFW profile are the mass M200,

and concentration c200. The soliton profile is defined by the same mass M200 and the mass

of the scalar dark matter particle m22.

The normalization, M200, and characteristic functional behavior given by c200, α, β, γ, of

the NFW profile do not need to correspond to physical halos as long as Eq.3.34 is satisfied.

Here, the NFW mass parameter and the mass that defines the soliton core is the same, but
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CHAPTER 3 The viability of ultralight bosonic dark matter in dwarf galaxies

concentration can vary untethered by the core’s form. The model parameters are sampled

over the following flat priors:

−1 ≤ − log10(1− βa) ≤ +1,

log10(5× 107) ≤ log10 (M200/M⊙) ≤ log10(5× 1010),

log10(2) ≤ log10(c200) ≤ log10(120),

−1 ≤ log10(m22) ≤ 3.

This model represents the simplest (alas unphysical) prescription for the dark matter

distribution in a dwarf galaxy.

Model B

A different approach for connecting the soliton core to the outer parts of the halo was

proposed in González-Morales et al. [158]. Here, the density of the soliton core is fixed to

the density of NFW profile at a transition radius that is governed by a free parameter ϵ. In

this definition,

ρsoliton

[1 + (rϵ/rsol)2]
8 =

ρNFW

(1 + rϵ/rs)2(rϵ/rs)
= ϵρsol, (3.35)

where

rϵ = rsol(ϵ
−1/8 − 1)1/2 (3.36)

and rsol = rc/0.091
0.5 with rc given by Eq.3.26 (note that Schive et al. [139] formulation is

equivalent to the formulation by González-Morales et al. [158] and Marsh and Pop [159]).

The density profile in this model is then

ρGM(r) = ρsol



1

[1 + (r/rsol)2]
8 r < rϵ

δNFW

(1 + r/rs)2(r/rs)
r ≥ rϵ

(3.37)

where

δNFW = ϵ

[
rϵ
rs

(
1 +

rϵ
rs

)2
]
. (3.38)
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3.3 Halo profiles

The free parameters chosen by MultiNest in this model are M200, c200, m22, and ϵ. These

parameters are sampled over the flat priors:

−1 ≤ − log10(1− βa) ≤ +1,

log10(5× 107) ≤ log10 (M200/M⊙) ≤ log10(5× 1010),

log10(2) ≤ log10(c200) ≤ log10(120),

log10(0.5) ≤ log10(m22) ≤ 3,

−6 ≤ log10(ϵ) ≤ 1

Note that for this halo construction it is possible to choose a halo mass parameter that

governs core size but results in a different total mass when integrating out to r200.
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Figure 3.1: Velocity dispersion as a function of radius for the six classical Milky Way Dwarfs.
Black points depict binned velocity dispersion measurements (with Poisson error bars). Gray
and blue bands represent the 68% unbinned velocity dispersion from the sampled generalized
NFW model and the soliton Model C posteriors, respectively. The vertical dashed line shows
the half-light radius.

Model C

A more physically motivated formulation of the soliton dark matter profile is proposed

by Robles et al. [103]. This formulation connects the inner core of Eq. 3.25 to an outer

NFW profile at a transition radius rα = αrc, where α is found to be α ≈ 3 (see Schive et al.

41



CHAPTER 3 The viability of ultralight bosonic dark matter in dwarf galaxies

[139], Mocz et al. [140]).

ρRBBK(r) =


ρsol(r) 0 ≤ r ≤ rα

ρNFW(r) rα ≤ r ≤ r200.

(3.39)

In this model, mass is conserved, and the total mass of a halo is the sum of the mass in the

soliton core and the mass of the corresponding NFW profile. In other words,

M200 =Mcore +MNFW(rα < r ≤ r∆) (3.40)

where Mcore is the total mass contained within the soliton core

Msoliton =

∫ rα

0
ρsolitond

3r. (3.41)

Note that we take rα = αrc = 3rc as before, although this may vary with M200 as discussed

in Robles et al. [103].

The NFW density profile is given by the generalized NFW Equation 3.24 with (α, β, γ) =

(1, 3, 1), and its shape parameters (ρs, rs) must be solved for using Equations 3.39 and

3.40. Density continuity demands that ρNFW(rα) = ρcore(rα), so we can solve for the NFW

characteristic density ρs,

ρs = ρcore(rα)
rα
rs

(
1 +

rα
rs

)2

. (3.42)

To solve for scale radius rs, we first calculate the mass contained in the outer NFW portion

of the halo
MNFW(rα < r ≤ r∆) =

= ρs

∫ b

a

4πr2(
r
rs

)(
1 + r

rs

)2 dr
= 4πρsr

3
s

[
rs(a− b)

(b+ rs)
+ log

(
b+ rs
a+ rs

)]
.

(3.43)

Plugging this in to the mass conservation requirement of Equation 3.40, we find an expression

that can be used to numerically solve for rs,

M∆ −Mcore

4πρcore(rα)r3α
=

(
1 +

rα
rs

)2( rs
rα

)2 [ rs(rα − r∆)

(r∆ + rs)(rα + rs)
+ log

(
r∆ + rs
rα + rs

)]
. (3.44)

And by varying the values of m22 and rs, we create an interpolation function for the minimum

possible halo mass Mmin
200 for a given value of m22 and wide range of values for rs.
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One important feature of this profile is that not every combination of {M200,m22}

parameters is valid. This reflects the fact that there is a minimum halo mass set by the core

size, which is determined by m22 (small halos are not allowed to form because of quantum

pressure).

We implement this model in MultiNest by sampling over the free parameters with the

following flat priors

−1 ≤ − log10(1− βa) ≤ +1,

−1 ≤ log10(m22) ≤ 3

Mmin
200 (m22)/M⊙ ≤ log10 (M200/M⊙) ≤ log10(5× 1010),

3.4 Observations

For the dwarf galaxies Carina, Fornax, Sculptor and Sextans we adopt the stellar-kinematic

data sets of Walker et al. [160]. We refer the reader to Walker et al. [161] for a detailed

description of the target selection, observation, and data reduction methods. In order to

identify stars that are members of each dwarf galaxy (as opposed to foreground contaminants

contributed by the Milky Way), we adopt the membership probabilities estimated by Walker

et al. [162], which are derived under the simplifying assumption that the velocity dispersion

within each system is constant with projected galactocentric distance. Selecting only those

stars having membership probability > 95%, the samples contain 774, 2483, 1365 and 441

probable members of Carina, Fornax, Sculptor and Sextans, respectively.

For Draco and Ursa Minor, we adopt stellar-kinematic data sets of Spencer et al. [163], who

include catalogs from multiple literature sources spanning 30 years of observations. Applying

the same simple model for distinguishing member stars from foreground contaminants, we

obtain a data set containing 692 probable member stars for Draco (341 stars which have

multiple observations, that are combined into a single measurement by taking the mean

velocity, weighted by the inverse-square of the velocity error) and 680 for Ursa Minor (284

stars that have multiple observations).

For all galaxies, we adopt the half light radii originally published by Irwin and Hatzidim-

itriou [164]. This research makes use of the VizieR catalogue access tool [165] and was
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CHAPTER 3 The viability of ultralight bosonic dark matter in dwarf galaxies

conducted using computational/visualization resources and services at the Center for Com-

putation and Visualization, Brown University.
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Figure 3.2: Halo mass and m22 posteriors for the six Milky Way dwarf galaxies. Pink
contours correspond to Model A, orange contours correspond to Model B, and blue contours
represent Model C. The gray histogram represents the halo mass posteriors for a generalized
NFW profile. Note that Model B’s contours in Fornax lie directly under Model C’s. This
illustrates the anticorrelation between m22 and M200 – high values of m22 require low halo
masses, and low values of m22 require high halo masses. This result is due to changes in the
velocity dispersion anisotropy – see text and Fig. 3.3 for details.

3.5 Results

In Figure 3.1 we show an example of fits to the velocity dispersion data for all six dwarf

galaxies. Note that the data shown in Fig. 3.1 is binned (for illustration purposes), but the

fits are obtained from the unbinned analysis as described in Section 3.2). We compare the

posterior distributions in velocity dispersion of the generalized NFW profile with one of the

soliton core profiles, Model C [103]. The reason we choose Model C is because it is the most
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physically motivated description, and allows a more direct comparison with the NFW profile

as mass is conserved in both cases (the sum of soliton core mass and the mass distributed

as NFW in Model C is the same as the total mass of an NFW-only profile). The fits show

how the data is most restrictive at the half-light radius, with the outskirts of the halos more

unconstrained as expected3.

Figure 3.2 shows the main result of this chapter. For all dwarf galaxies we find that

data allows two distinct regions in the M200 −m22 parameter space. One requires a low

value of m22 and high M200, while the other is the opposite, i.e., high values of m22 and low

M200. The reason is because as halo mass increases, the size of the soliton core gets smaller

as rc ∼ M
−1/3
200 and the density is higher as rc ∼ M

4/3
200 . In other words, as particle mass

increases, quantum effects will become less pronounced and thus the dark matter distribution

behaves more classically, and more NFW-like.

This behavior may be related to the same degeneracy that exists between ρs and rs when

one fits NFW and/or generalized NFW profiles to dwarf galaxies [166–168]. The origin of

such degeneracy is the fact that the Jeans equation is most constraining at the Plummer

radius [168]. If all models are then forced to have same mass interior to the Plummer radius,

then it is possible to have models with anticorrelated ρs and rs being equally good fits to

the data.

There are a few ways to understand why these different regions of the M200 − m22

parameter space are allowed by the data. One way is to consider the concentration in the

distribution of dark matter; a cusped profile will have more mass concentrated in the center

as compared to a cored profile of the same total mass, so the total mass for a cored model

must increase in order to fit the inner data points.

Another way to understand what drives the fit is to look at the anisotropy (see Section 3.2

as to the physical reasoning of how anisotropy can affect the fit). In Fig. 3.3 we show the

m22,M200, and anisotropy posteriors for Model C (shown as a colored scatter plot), as well

as M200 and anisotropy posteriors for the NFW model (shown as a histogram). It is clear

that Model C soliton posteriors tend to have a higher log10(1− βa) than NFW4. A higher

3The other two soliton prescriptions (Model A and Model B [158]) have similar behavior in that regard.
4Models A and B have similar behaviour.
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Figure 3.3: Same as Fig. 3.2 but as a posterior scatter plot in the m22 −M200 parameter
space for Model C in all six dwarfs. Color corresponds to the anisotropy parameter. High
mass halos that favor m22 ∼ 0 are more radially biased compared to lower mass halos that
favor m22 ≳ 2. The histogram corresponds to the mass posterior of an NFW fit to the data,
with color corresponding to the average velocity anisotropy in each bin of the histogram.

log10(1− βa) means a more tangentially biased halo with lower velocity anisotropy, which

causes a suppressed velocity dispersion at low radii. This subtle effect allows models with

similar halo mass but different mass distribution and velocity dispersion in the inner radii to

both be consistent with data.

A notable feature in Figure 3.3 is a bimodal effect for Model C posteriors, where in

addition to high log10(1 − βa) there is a mode with lower log10(1 − βa). For models with

log10(1 − βa) ∼ 0, the velocity dispersion is neither amplified or suppressed. For models

with a negative log10(1 − βa), this corresponds to more radially biased halos (higher βa),

and an amplified velocity dispersion at low radii [61]. As shown in Figure 3.3, these modes

also correspond to low m22 and high halo mass. As a result, these posteriors fit the velocity
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dispersion at low radii well, either because they are cored profiles with high density or the

radial anisotropy is radially amplified5.

Note that if we restrict the maximum limit in the prior of the particle mass to log10m22 ≤

1.5, we find similar results as in González-Morales et al. [158], namely a degeneracy between

anisotropy and m22 (or core size) – lower m22 values are preferred when the anisotropy is

allowed to be a varying constant instead of fixed at β = 0. However, when increasing the

maximum allowed particle mass to log10m22 ≤ 3, higher particle masses (and lower core

sizes) are also allowed when anisotropy is a varying constant. Therefore, it is not clear that

low m22 values are a physical outcome of the prior in the anisotropy [158], and instead this

effect may be the result of a restrictive prior in m22.

The degeneracy in the m22−M200 plane raises a question as to the meaning of halo mass.

We can interpret M200 as the mass of the halo in the field and before its interaction with the

Milky Way. In other words, the mass of the halo today must be less than the mass quoted

above. If m22 ∼ 0, then all six dwarfs require that the mass of their host dark matter halo is

approximately M200 ∼ 109.5−10M⊙. These halo masses are large compared to the masses

obtained with NFW fits (see gray histogram in Fig. 3.2). We already know that the most

massive dwarfs in the Milky Way are the Large and Small Magellanic Clouds, which means

that the six dwarfs as implied here (m22 ∼ 0) are of order O ∼ 10−1 the mass of the Large

Magellanic Cloud [169].

The question then is whether it is possible for the Milky Way to host at least six dwarf

galaxies with masses of order O ∼ 1010M⊙. We can estimate this probability of a dwarf

galaxy having a mass of order O ∼ 1010M⊙ by estimating the probability that such halo

was formed at some time in the past and it is now part of the Milky Way.

Linear perturbation theory allows such estimate. If a perturbation crosses a critical

overdensity threshold, δcollapse ≈ 1.686, then the overdensity will virialize and form a halo

of mass M at redshift z. The rareness of this fluctuation is encapsulated in the standard

5This effect is more pronounced in dwarf galaxies without stars at very low radii. For example in Draco,
the inner most star in the unbinned data is ∼ 20 pc, as compared to Sculptor with an inner most star at ∼ 5
pc.
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Figure 3.4: Scatter plot of the central black hole posteriors for Model C in the MBH/M200 –
M200 parameter space. Color corresponds to the value of m22. For comparison, the histogram
depicts M200 posterior for Model C without a black hole. Histogram color represents the
average value of m22 in a given bin.

deviation of fluctuations that contain a mass M at redshift z.

ν(M200, z) =
δcollapse

σ(M200)D(z)
, (3.45)

where σ(M200) is the variance on scale M200 and D(z) is the growth factor of linear pertur-

bations, defined such that D(z = 0) = 1 [31].

The probability that such object merged with the Milky Way is then obtained by

P(M200, z) = 1− Φ[ν(M200, z)]
MMW/M200 . (3.46)

This formulation accounts for the fact that there are MMW/M200 distinct halos that could

have merged to form the Milky Way (trials factors). The function Φ[ν(M200, z)] is the

cumulative distribution function of a standard normal distribution (with mean 0 and variance

1), and ν(M200, z) given by Eq. 3.45.
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If we assume MMW ≈ 1012M⊙ and M200 ≈ 1010M⊙ then MMW/M200 ≈ 100, therefore

the probability of the Milky Way to have merged with one 1010M⊙ object is P ≈ 0.15 (using

ΩM = 0.3, ΩΛ = 0.7, and h = 0.7 in Eq. 3.45). The probability that all six of the dwarfs we

study here have originated from a 1010M⊙ halo is thus 0.156 ≈ 10−6. We therefore conclude

that either m22 must be greater than m22 ∼ 1, or that the Milky Way halo is not a typical

1012M⊙ halo.

There is however one other possibility for halos to be described with a low m22 and a

low M200. And that is the presence of a massive black hole embedded in a soliton core. The

physical mechanism that can lead to such objects in dwarf galaxies is highly speculative,

but nevertheless it has been considered as a mechanism for generating cored profiles within

standard cold dark matter [170]. Such limits have been placed in field dwarf galaxies, as in

Reines et al. [171].

Here, we can use the same formalism described in Sections 3.3.1 and 3.3.2 to ask the

question whether a Milky Way dwarf galaxy with a soliton core can mimic the velocity

dispersion profile of a cusped profile (either described by an NFW profile or by bosonic dark

matter with an m22 ∼ 10 or greater.

We can implement this in the MultiNest analysis with the addition of a point mass at

the center of each dwarf. In both cases, the mass of the black hole is sampled over a flat

prior:

4 ≤ log10(MBH/M⊙) ≤ 9

Figure 3.4 shows a comparison of m22,M200, and MBH posteriors for Model C with a

central black hole (shown as a colored scatter plot) to m22 and M200 posteriors for Model

C without a black hole (shown as colored histograms). What is observed at low black hole

mass is the two distinct m22 −M200 regions for low black hole masses. However, as the black

hole mass increases, models with low m22 and high M200 now prefer halos of lower mass.

A halo with a black hole of order O ≳ 10−3 of the halo mass can have a soliton core with

low m22. In other words, by adding a central point mass to a cored profile, it is possible to

mimic the effects of a cusped profile (for a similar result but a different analysis in Leo 1 see

Bustamante-Rosell et al. [172]).
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Given these different models it is illuminating to ask the question whether one model is

preferred over another. This can be obtained using the log-likelihood ratio, simply the ratio

of the likelihood of one model to the likelihood of another. MultiNest is particularly well

suited to comparing models; it works by keeping a set of live points sorted by their likelihood,

and replacing the lowest point only if the next point drawn has a higher likelihood.

The evidence is the sum of likelihood over the prior volume, which can be calculated

efficiently from the live points after convergence. In Figure 3.5 we show the log likelihood

ratio log (ZX/ZY ) where X and Y are the two models being compared. A log-likelihood

ratio of greater than 10 is generally considered to be good evidence preferring one model

over the other [173], represented as being outside the shaded purple band. Positive values

prefer Model X and negative prefer Model Y .

There is no evidence of one model being preferred over another in most dwarfs, with the

exception of Ursa Minor preferring an NFW to the Model C with or without a central black

hole. However, Ursa Minor is the dimmest and most irregular of the considered galaxies,

with the fewest number of stars, as well as evidence of tidal disruption and so should be

not be taken at face value [174, 175]. Note also that even though it is possible to have a

central black hole and reasonably low mass halo with low m22, the evidence does not favor

the model with a black hole to the model without a black hole.

3.6 Conclusion

In this chapter we explore the viability of ultralight bosons as the dark matter in dwarf

galaxies. This is motivated by the large scale properties of the distribution of such dark

matter candidates. The formation of a soliton core (on kpc scales) due to quantum pressure

has been proposed as a solution to the core/cusp problem in dwarf galaxies [176–179], and

other small scale issues in galaxy formation [141].

We use stellar velocity dispersion measurements in six classical Milky Way dwarf galaxies,

and employ a Jeans analysis to reconstruct the gravitational potential. The form of the

soliton core is a fit to simulations [140, 139] that depends on the boson mass and the halo

mass. In the inner parts quantum pressure sets a core which smoothly transitions to an
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Figure 3.5: Model comparison for the six dwarf galaxies shown as the logarithm of the
evidence ratio ln(ZX/ZY ). Positive values favor model X, and negative values favor model
Y, where X and Y correspond to different models as shown in the legend. Values greater
than one, outside of the purple band, are generally considered good evidence. Note that
Draco and Ursa Minor have the least number of stars in this sample – see text for details.

NFW-like profile in the outer parts of the halo. We consider four different implementations

of the core to NFW-like transition.

We find a multimodal posterior distribution: two distinct anticorrelated regions of

particle mass and halo mass. The resulting posteriors show that that there are two allowed

regions of the parameter space: low particle masses (m22 ∼ 0) along with high halo masses

(M200 ∼ 1010), or high particle masses (m22 ≳ 2, i.e., CDM-like) with lower halo masses

(M200 ∼ [108 − 109]M⊙), consistent with [102]. This is understood in the context of the

velocity anisotropy as shown in Figure 3.3, which can suppress or supplement the velocity

dispersion to allow for two regions in parameter space. However taking into consideration

the hierarchical merging history of the Milky Way, it is very improbable for a Milky Way

size halo to have six O ∼ 1010M⊙ subhalos in addition to the Small and Large Magellanic

Clouds. Thus the high mass halos required to have low particle masses are very unlikely.

An alternate viable option for a soliton core to exist in dwarf galaxies is if a black hole is

present in the center of the dwarf galaxy. As shown in Figure 3.4, it is possible to have low

particle mass with O ∼ [108 − 109]M⊙ halos with the inclusion of a central black hole with
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mass MBH ∼ (10−2 − 10−3)M200. This is proportionally a massive black hole in comparison

to halo size, especially in context of the black hole and host spheroid mass relationship

observed in previous studies (see e.g., [180]). Furthermore, no reliable mechanism through

galaxy formation or hierarchical structure formation is known to explain their presence.

Given these models, it is natural then to ask the question whether any of the models is

considered favored by the data. Figure 3.5 depicts the evidence, a measure of favorability

among any two models. We find that this analysis and with the current state of data there

is no appreciable difference between an ultralight bosonic dark matter distribution over cold

dark matter, nor does it favor a model with a central black hole over a model without. This

holds for all of the classical dwarfs considered, with the exception of Ursa Minor (the most

irregular of the considered galaxies, and the one with the least amount of stellar velocity

dispersion data).

This work is limited by the assumption that anisotropy is constant for a given system, as

opposed to letting it vary with radius. This assumption can be relaxed in two ways: first, one

can repeat the aforementioned calculation by allowing anisotropy to vary freely. Alternatively,

it may be possible to obtain tangential velocities in the near future. If this observational

challenge is accomplished then it will be possible to fully reconstruct the three-dimensional

potential without ambiguities arising from assumptions regarding tangential velocities. We

plan to address both of these challenging topics in future work.

In summary, we conclude that ultralight bosonic dark matter of mass m ≲ 10−20eV is

extremely unlikely in six of the classical Milky Way dwarf galaxies, unless the Milky Way

has a very unusual merger history or each dwarf contains a proportionally massive black

hole. In lack of evidence for both of these requirements, we constrain the mass of the dark

matter particle to be m ≳ 10−20eV.
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CHAPTER 4

Primordial Black Holes in the

Gravitational Wave Sky
Though they be mad and dead as nails,
Heads of the characters hammer through daisies;
Break in the sun till the sun breaks down,
And death shall have no dominion.

—Dylan Thomas,
And death shall have no dominion

4.1 Introduction

4.1.1 Primordial Black Holes

Black holes are typically conceived of in the context of stars that can no longer support

their own gravity and form a singularity– when the spacetime curvature becomes infinite and

not even light can escape, as it is redshifted to infinity. However, stellar collapse is not the

only mechanism that could create a black hole. Primordial black holes (PBH) can be created

in the very early universe, and can make up a fraction of the dark matter in the universe.

There are many mechanisms for the formation of primordial black holes. As discussed in

Chapter 2, primordial fluctuations over the Jeans mass will collapse after entering the horizon

and source structure formation. Originally it was proposed that if horizon size fluctuations

are Gaussian distributed, then PBHs could arise from some of those fluctuations being dense

enough to form black holes [181, 182]. Another scenario involves a period of early matter
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domination where the universe becomes pressure-less, allowing for collapse. This epoch could

be caused by slow reheating after inflation [134, 183] or decays of superheavy particles into

non relativistic particles [184]. Other proposals include collapsing fluctuations from a wide

variety of inflation models [185, 186], or collapse from cosmic loops [187]. For all of these

mechanisms, their mass will be dependent on the horizon size at the time of formation [181]

and thus could create a monochromatic mass function (width ∆M ≈MBH), or an extended

mass function if formation takes place over a sufficiently long period of time.

Regardless of the formation mechanism, PBHs are of interest to study as possible

explanations for astrophysical phenomena [188–191], as objects where Hawking radiation

could have significant effects, as binary merger objects in LIGO/VIRGO gravitational wave

observations, or as a dark matter candidate. The parameter space for PBHs comprising 100%

of dark matter is tightly constrained especially ∼M⊙ PBHs, but it is still possible for them

to make up a significant fraction of the dark matter if they are at mass (∼ 1016 − 1017)g

[192, 193]. For them to still exist in the present day with a monochromatic mass spectrum

there is a lower limit of ∼ 5× 1014g, as any lighter PBHs would have evaporated away [194].

Additional constraints can be found through gravitational lensing, microlensing, dynamical

effects in wide binaries and globular clusters, and large scale structure [192].

4.1.2 Gravitational Waves

To understand the basic derivation of a gravitational wave, let’s begin with a linear

perturbation around flat space [195]

gµν = ηµν + hµν (4.1)

where ηµν =diag(−1, 1, 1, 1) is the Minkowski metric for flat space and |hµν | ≪ 1. We can

then expand Einstein’s equations of motions to first order in hµν , in what is called linearized

theory using the weak field approximation. The Riemann tensor to linear order becomes

Rµνρσ =
1

2
(∂ν∂ρhµσ + ∂µ∂σhνρ − ∂µ∂ρhνσ − ∂ν∂σhµρ), (4.2)
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from which we can write down the Ricci curvature tensor and Ricci scalar,

Rµν =
1

2

(
∂µ∂λh

λ
ν + ∂λ∂νhµλ − ∂µ∂νh−□hµν

)
R = ∂mu∂νh

µν −□h

(4.3)

and the Einstein equations Equation 1.5, taking Λ to equal zero becomes

Gµν = Rµν −
1

2
gµνR

= □hµν + ηµν∂
ρ∂σhρσ − ∂ρ∂νhµρ − ∂ρ∂µhνρ

= −16πG

c4
Tµν ,

(4.4)

where □ is the flat space d’Alembertian □ = ηµν∂
µ∂ν = ∂µ∂

µ and we can define

hµν ≡ hµν −
1

2
ηµνh (4.5)

with h being the contraction h ≡ ηµνhµν . In an analog to the Lorentz gauge in electromag-

netism, ∂µAµ = 0, we can choose the Lorentz gauge ∂νhµν = 0 and Equation 4.4 simplifies

to

□hµν = −16πG

c4
Tµν . (4.6)

This is a wave equation, and implies that a perturbation in flat space can create a gravitational

wave. If we are observing from outside the source, Tµν = 0, Equation 4.6 becomes □hµν = 0.

Notice that since □ = −(1/c2)∂2t +∇2, this also implies gravitational waves travel at the

speed of light.

Following the analogy with electromagnetic radiation, it’s natural to then ask about the

energy radiated in gravitational waves. The radiation can be decomposed into multipoles,

but unlike electromagnetism, in a low velocity expansion the leading nonzero term is the

quadrupole [195]. Define the quadrupole moment

Qij =

∫
d3x

1

c2
T 00

(
xixj − 1

3
r2δij

)
(4.7)

where r = |x| and T 00/c2 can be identified as mass density to the lowest order of v/c. Then

the total radiated power is
dE

dt
=

G

5c5

〈
d3Qij

dt3
d3Qij

dt3

〉
(4.8)

for d3Qij

dt3
evaluated at the retarded time t− r/c.
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As a gravitational wave propagates, spacetime is distorted a very small but measurable

amount. In an observer’s frame, this has the effect of changing distances between points on

a plane perpendicular to the direction of propagation. This effect can be measured with

a Michelson Interferometer [196]. The first detection of a gravitational wave was in 2015,

by the Laser Interferometer Gravitational Wave Observatory (LIGO) [197] and since then,

many more events have filled the gravitational wave sky. The number of gravitational wave

events observed as of the writing of this thesis is 90 [198]. The catalog of black holes and

neutrons stars observed as of 2020 is shown in Figure 4.1. An important feature to note is

the mass gap– the sparsely populated region between approximately 2.4M⊙ and 5M⊙ that

is heavier than the observed upper limit for neutron star masses [199, 200] and the observed

lower limit for stellar collapse black holes [201]. Observations of objects in that mass gap

are immediately suspicious, and in particular observations of black holes < 5M⊙ would be

an indicator of new physics, either in the formation of stellar black holes or in new ways to

form black holes like primordial black holes.

4.2 Could the 2.6M⊙ object in GW190814 be a primordial

black hole?

In recent years high precision cosmological and astrophysical observations have established

ΛCDM as the Standard Cosmological Model [58]. However one of its main components,

dark matter, has only been observed through gravitational effects and thus its exact nature

remains illusive. Direct and indirect detection experimental searches [202, 203, 64, 204–

206, 66, 207–212] as well as the Large Hadron Collider [213–215] have been unsuccessfully

searching for a Weakly Interacting Massive Particle (WIMP) as a dark matter candidate.

The most recent observed anomaly detected in the XENON1T experiment does not match

the required characteristics [216, 217] (however for a possible explanation see [218]), while the

parameter space of other popular particle candidates such as axion dark matter is shrinking

[219, 220]. Other astrophysical candidates alternative to the particle hypothesis such as dark

matter in the form of Massive Compact Halo Objects (MACHOs) have been considered,

however they are also heavily constrained from microlensing experiments [221, 222].
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Figure 4.1: A graphic of detected black holes and neutron stars, with gravitational wave
observations by LIGO/Virgo. Blue objects are black holes measured with gravitational waves,
purple are black holes measured with electromagnetic observations, orange are neutron stars
measured with gravitational waves, and yellow are neutron stars measured with electro-
magnetic observations. The highlighted event is GW190814. Courtesy Caltech/MIT/LIGO
Laboratory.

In light of gravitational wave detections by the LIGO Collaboration [223] originating

from binary black hole mergers with masses of about 30M⊙ another dark matter candidate

possibility resurfaced: primordial black holes (PBHs) formed in the early universe prior to

Big Bang Nucleosynthesis [181, 224, 182]. The possibility that LIGO has already detected

dark matter in the form of 30M⊙ PBH mergers is investigated in [225], and a wealth of

other work has been done on the merger rate of PBHs [226–230]. These black holes can

span numerous orders of magnitude in mass but, similarly to MACHOs, their parameter

space has been heavily constrained [192] though a combination of microlensing at lower

masses [231–233, 222], Cosmic Microwave Background (CMB) experiments [234, 235], and

dynamical effects in Milky Way dwarf galaxies [236–238].
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Despite that, there are still three windows for PBH masses in which PBHs can make up

[1− 10]% of the dark matter energy budget [193] and thus they remain an interesting option

for further investigations, [1016 − 1017]g, [1020 − 1024]g, and [1 − 102]M⊙. [192] However

it’s important to note that these constraints typically assume a monochromatic PBH mass

function as it is possible that a continuum distribution of masses can be established at

formation [239–243].

Recently the LIGO-Virgo collaboration announced the discovery of GW190814 [244],

a gravitational wave event originating from a binary system merger with a very small

ratio of masses M2/M1 = 0.112+0.008
−0.009. The primary component was identified as a black

hole of mass M1 = 23.2+1.1
−1.0M⊙ while the secondary object is unidentified with a mass of

M2 = 2.59+0.08
−0.09M⊙. This event is surprising for two reasons; this is the most asymmetrical

binary mass ratio to date and the secondary object’s mass lies within the so called “low mass

gap". This gap between ∼ 2− 5M⊙ owes to a complete lack of observations, in gravitational

and electromagnetic waves, of black holes with mass less than 5M⊙ or neutron stars with

mass above ∼ 2M⊙ [245–247] which are backed by the fact that current accepted stellar

evolutionary models are not able to predict compact objects in that mass range, depending on

the progenitor explosion mechanism [248]. Thus if we interpret this event as a new category

of binary system mergers the derived merger rate is between 1− 23 Gpc−3yr−1.

Any attempts to explain this relatively high rate struggle to do so within standard

astrophysical and cosmological models. As discussed in [244] and in more detail in [249],

this observation challenges most results obtained from population synthesis simulations for

isolated binaries. The observed rate cannot be explained by dynamical arguments [250] nor a

low-mass merger remnant that acquires a BH companion via dynamical interactions in dense

environments due to the lack of mass segregation of neutron stars [251]. Other proposals

include that this event was subject to gravitational lensing as discussed in [252], accretion

of supernova ejecta mass from a neutron star formation that remained bound in a binary

system [253], mergers in wide hierarchical quadruple systems [254]. This uncertainty in the

predicted rates opens up the possibility that GW190814 is the result of a previously unknown

population of mergers. There have also been several analysis considering the possibility that

the 2.6M⊙ object is a neutron star, with resulting constraints on the neutron star equation
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of state or exotic degrees of freedom [255–260].

Here, we investigate the possibility that the 2.6M⊙ object in GW190814 is a primordial

black hole. Such an explanation to GW190814 requires knowledge of the merger rate of

stellar mass black holes with primordial black holes, while the dynamics of the formation and

merger of such binaries is regulated by the formation rate of heavy stellar mass black holes.
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Figure 4.2: The formation rate of 23M⊙ black holes, under the maximal assumption that
every star with mass greater than mp,∗ will produce a 23M⊙ black hole. The thin, medium
and thick curves correspond to mp,∗ = [30M⊙, 60M⊙, 80M⊙] respectively.

4.2.1 Primordial Black Hole – Stellar Black Hole Merger Rate

We would like to characterize the probability of a 2.6M⊙ primordial black hole merger

with a 23M⊙ stellar remnant. Our plan is to first describe the rate density for such an event

and by comparing it with the observed rate density obtained from GW190814 we will be

able to assess its probability. In what follows, we will use “2” as a subscript that denotes

primordial black holes (e.g., of mass 2.6M⊙), and “1” a subscript that denotes a compact
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stellar remnant (e.g., a black hole of mass 23M⊙).

The merger rate between a primordial black hole and a stellar remnant can then be

written as

R =

∫
P ṅ1(z)n2(z)

dV

dz

dz

1 + z
. (4.9)

The rate as given in Equation 4.9 has units of merger events per year per volume, n2

corresponds to the number density of primordial black holes, ṅ1 is the number density of

stellar remnant formation at z per unit time, and dV/dz is the cosmological volume element.

The factor of 1 + z in the denominator ensures proper conversion between comoving and

physical time intervals.

The quantity P describes the probability of such a merger to occur. In some ways one

may think of P as a dimensionless “cross section" for such an interaction. It encapsulates

all the assumptions and uncertainties that stem from our lack of knowledge of the precise

physics that drives such a processes. For example a primordial black hole and a stellar origin

black hole will become bound if during weak gravitational scattering the energy loss brings

the total energy of the system below the initial kinetic energy of the pair. This process

depends on the number density and velocity distribution of black holes. Once the pair is

bound, it will take some time, τ , for gravitational wave emission to dissipate the orbital

energy of the system and lead to the merger of the two black holes. If during that time,

a third black hole interacts with the system then the binary will harden faster with the

ejection of the lightest black hole. The quantity P in Equation 4.9 qualitatively captures the

net probability of the merger, and therefore can be used to assess the potential of a merger

between a 2.6M⊙ primordial black hole and a 23M⊙ black hole of stellar origin.

We will now describe each term that enters in the rate calculation. The number density

of primordial black holes of mass M2 at redshift z can be expressed as

n2(z) = f2
ρDM

M2
(4.10)

= f2ΩM (1 + z)3
ρcrit

M2
, (4.11)

With ΩM taken to be ΩM = 0.3. The quantity f2 is the fraction of the dark matter density

in the form of primordial black holes. This fraction is heavily constrained by a swarm of
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observational arguments [231, 192, 234, 193], but in general, around M2 ≈ 2.6M⊙, f2 is less

than 1%.

It is important to note that by writing Equation 4.11 in this fashion we make the

implicit assumption of a monochromatic distribution of primordial black hole masses (of

M2 ≈ 2.6M⊙). If instead we assume a spectrum of masses then the abundance at any given

mass will be lower as compared to the monochromatic case. In addition, the number density

of primordial black holes in Equation 4.11 is set by the mean dark matter density. This

acts as a lower bound because the origin of merger events such as GW190814 is most likely

in dark matter dense environments (galactic halos) that imply a higher number density of

primordial black holes (e.g., the mean dark matter density of a dark matter halo is ∼ 200

times the mean density of dark matter we assume in Equation 4.11.
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Figure 4.3: Event rate R of 2.6M⊙ primordial black holes with 23M⊙ stellar black hole in
the P − f2 (left) and P −Mmin

p (right) parameter space. The color coding corresponds to
the derived rate from GW190814.

We can obtain the number density of 23M⊙ stellar origin black holes in the following

way. Assume that the progenitors of such black holes are massive stars whose formation rate

is given by the cosmic star formation rate, ψ(z), obtained from observations of star forming

galaxies out to high redshift [261],

ψ(z) = 0.015
(1 + z)2.7

1 + [(1 + z)/2.9]5.6
M⊙yr−1Mpc−3. (4.12)
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The mass converted to stars of mass m at redshift z is distributed according to a Salpeter-like

[262] mass function rate density,

ξ′(m, z) =
dN

dV dt d lnm
∼ m−1.35 (4.13)

We can normalize the mass function at each redshift by requiring that the integral of the

rate density of formation over all stellar masses is given by the star formation rate, i.e,

ψ(z) =
∫
ξ′(m, z) dm, where the limits of integration are from 0.08M⊙ to 120M⊙. We

assume conservatively that the mass function is independent of redshift (metallicity can

change the slope of the Salpeter mass function) – a shallower power law mass function on

small scales (e.g., Kroupa [263]) increases the abundance of high mass stars if normalized

the same way, and thus make the presented arguments even more stringent. With this

formalism, the number density rate of stellar progenitors with mass greater than mp,⋆ (and

up to mp,max = 120M⊙) is then

ṅ⋆(z) =

∫ mp,max

mp,⋆

ξ′(m, z)
m

dm. (4.14)

We interpret ṅ⋆ as the rate of formation of stellar progenitors whose stellar remnant is a

23M⊙ black hole.This is a maximal assumption as every star whose mass is greater than

23M⊙ will produce a 23M⊙ black hole. Under this assumption, the number density rate

ṅ2 of black holes of mass 23M⊙ available to merge with a primordial black hole is ṅ1 = ṅ⋆.

Figure 4.3 shows the redshift dependence of the formation rate of 23M⊙ black holes from

heavier stellar progenitors. The shape of this function is set by the star formation rate,

Equation 4.12 (peaking at z ≈ 2), while the amplitude of the function is set by the initial

mass function of stellar masses, Equation 4.13. Finally an important caveat is that only

stars with metallicities less than 0.1Z⊙ would be able to produce a black hole remnant of

the required mass which subsequently reduces ṅ1 [264].

4.2.2 Results

The LIGO observation of GW190814 provides an estimate of the merger rate of 23M⊙

black holes with 2.6M⊙ compact objects. This observed rate is Robs = [1− 23]Gpc−3yr−1.

In order to assess the probability that the 2.6M⊙ object is a primordial black hole, we set
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the merger rate of Equation 4.9 equal to the observed rate, i.e., R = Robs, and then find the

values of P and minimum progenitor mass mp,⋆ that can satisfy the equality.

Figure 4.3 shows the results of this calculation. We find that if all stars with masses

greater than 30M⊙ produce 23M⊙ black holes then the probability of LIGO GW190814

being due to the merger of a 23M⊙ black hole with a 2.6M⊙ primordial black hole is between

10−27 < P < 10−23 for 10−3 ≤ f2 ≤ 10−1. The largest the f2 the smaller P is to maintain

the same rate, while for larger mp,⋆ it needs to increase to accommodate the smaller number

of stellar black holes available.

To interpret this result we need to characterize the physical meaning behind P. The

terms in Equation 4.9 (aside from P) give all pairs of primordial and stellar black holes per

volume per time. Therefore P acts as a filter of how many of those black holes are in binaries,

and of those how many would have merged per redshift interval. We can parameterize P as

P =

(
Nbinary

Ntotal

)(
tu − τ

tu

)
(4.15)

where Nbinary/Ntotal is the fraction of objects in binary systems, tu is the age of the universe,

τ is the mean duration between the formation of the stellar black hole, the time to form

the binary system and the time it takes for it to merge. In other words, the second term

in Equation 4.15 quantifies how many of the binaries would have merged in the lifetime of

the universe. A value of τ = 0 means that merging is instantaneous after formation and all

the binary systems would have merged. On the other hand a value of τ = tu means that no

binary system would have enough time to merge by today.

Let’s consider the limiting case for which the timescale of the formation and merging

of the binary is much less than the age of the universe and thus τ ∼ 0. The derived value

of P in this case is just the fraction of primordial black holes in binaries needed to explain

the observed rate. Here, the smallness of this number (P ≈ [10−27 − 10−23]) is extremely

important – it implies (unrealistically) that less than one primordial – stellar mass black hole

merger is needed in order to satisfy the requirements in the observed cosmological volume of

LIGO, VLIGO.

The observation of one event requires at least one of all the primordial black holes in VLIGO

to have formed a binary. Therefore, P is limited by a minimum value Pmin = 1/(n2VLIGO),
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and as a consequence, Equation 4.9 limits the rate to a minimum value Rmin. This lower

bound on the rate depends only on the formation rate of the stellar remnant partner and

cannot be modified by adjusting parameters for the primordial black hole population. In

other words, the minimum rate Rmin is set only by the rate at which 23M⊙ black holes become

available.

However there is an important caveat in this case. For example if mp,⋆ = 30M⊙, Rmin is

of order 105Gpc−3yr−1 (see Figure 4.3) which would immediately exclude the possibility of

the 2.6M⊙ being a primordial black hole since Rmin is 4-5 orders of magnitude larger than

the observed rate. In order to get around this obstacle, these 5 orders of magnitude must be

attributed to the probability of forming such a system realistically and not instantaneously

as previously assumed.

In this particular example we can relax the assumption that τ ∼ 0 by setting (tu−τ)/tu ∼

10−5, and derive bound limits for the mean duration between forming a binary system and

when the system merges, as tu ⩾ τ ⩾ τmin, where τmin = (1 − 10−5)tu. This lower limit,

τmin, is set by the value mp,⋆ because of the dependence of Rmin on the stellar black holes

formation rate ṅ1. The larger mp,⋆ is, the fewer stars and thus stellar black holes are created,

reducing Rmin and allowing for smaller values of τ while maintaining the observed rate.

Note that Nbinary/Ntotal doesn’t have to be necessarily at its minimum value; there may

be more than one such binary system in VLIGO. As Nbinary/Ntotal approaches its maximum

value of N1/N2, the requirement to maintain the observed rate has to be accounted for by

reducing the temporal factor in P . This argument further limits τmin to values even closer to

the age of the universe. One way to relax that constraint would be by lowering the value of

N1 using the fact that only stars with metallicities less than 0.1Z⊙ would be able to produce

a black hole remnant of the required mass [264]. However, given that n2 is extremely large

(the MW contains of order 109 primordial black holes if we assume f = 0.01) a reduction in

n1 by even few orders of magnitude will have negligible effect on the results.

4.2.3 Conclusions

We investigated the plausibility of a primordial black hole origin of the secondary object

in GW190814. We found that even if primordial black holes account for at most one percent
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of the dark matter in the universe, the abundance of primordial black holes leads to an

observed rate that highly exceeds the observed rate of such LIGO events. In other words,

the large number of primordial black holes imply that as long as stellar progenitors produce

a 23M⊙ black hole, it is guaranteed that at least one merger event will take place within a

Hubble time.

More specifically, we showed that if at least one merger event takes place between a

primordial black hole and a stellar origin black hole within the LIGO volume implies that

the time it takes for the formation of the stellar mass black hole, the capture to a binary

and the subsequent inspiral and merger with a primordial black hole must be very close to

the age of the universe, τ ≥ τmin = (1− 10−5)tu. This is a hard bound, as any smaller value

of τmin would give rise to a higher merger rate than what has been observed with LIGO. In

other words, if such merger events can occur on faster timescales the merger rate will be

higher than observed. However the observation of GW190814 suggests that such a merger

did take place on a timescale t(z = 0.053) ≈ 12.97Gyr < τmin, contradicting our findings.

Therefore to summarize, the large abundance of O(20)M⊙ stellar origin black holes

inferred from the LIGO merger events of such black holes, together with the observed redshift

of GW190814 suggest that a primordial black hole origin of the secondary component of

GW190814 is rather unlikely.
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CHAPTER 5

Concluding Thoughts
And remember, “Patience, Patience,” is the watchword of a sage,
Not to-day nor yet to-morrow can complete a perfect age.

—Sarah Williams, The Old Astronomer
Twilight Hours: A Legacy of Verse (1868)

In this thesis, I use a Jeans kinematic analysis and gravitational waves to study the

viability of dark matter models that are alternatives or complements to Cold Dark Matter:

ultralight bosonic dark matter, and primordial black holes.

Ultralight bosonic dark matter is a boson of mass m ∼ 10−22 eV, a scale light enough

for quantum pressure to form a core in the DM density profile on kpc scales. Using stellar

velocity dispersion measurements in six classical Milky Way dwarf galaxies, I utilize a Jeans

kinematic analysis to reconstruct gravitational potentials and compare how well an ULDM

model versus CDM model fits the data. The posterior distribution for ULDM is multimodal

with two distinct and anticorrelated regions in particle mass and halo mass. Low particle

mass (m ∼ 10−22eV) and high halo mass (M200 ∼ 1010) or high particle mass (m ≥ 10−20

eV, CDM-like) with lower halo mass (M200 ∼ [108 − 109]M⊙).

Taking into consideration the hierarchical merging history of the Milky Way, it is very

unlikely for a Milky Way sized halo to host six subhalos of mass ∼ 1010M⊙ along with the

Small and Large Magellanic Clouds. Thus it is very unlikely that the dwarf galaxies are of

sufficiently high mass to be consistent with particle masses on the order of 10−22eV.

Another possibility allowing low particle mass and low halo mass is the presence of a

central black hole of mass MBH ∼ (10−2 − 10−3)M200. This is a proportionally massive
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black hole. Consider Draco as an example: for a 109.5M⊙ halo and ∼ 10−22eV particle to be

feasible, the central black hole would have to be ∼ 106.5M⊙. Observations of disc galaxies

with a central bulge show a relationship between central spheroid and central black hole mass.

If we assume the mass of the entire dwarf halo to be equivalent to the mass of the bulge and

assume that this relationship holds, you would expect to see a black hole approximately an

order of magnitude lighter [180].

Ultimately, none of these models are found to be significantly favored in comparison to

each other or CDM. The exception is CDM being favored over ULDM (with or without a

central black hole) in Ursa Minor, the most irregular of the considered galaxies, and the one

with the least amount of stellar velocity dispersion data.

This work is limited by the assumption of a spherical system, which breaks down in the

more irregular Ursa Minor, and in the assumption of a transition from soliton core to outer

NFW at three times the characteristic radius. This is a simplification that could be more

accurately dealt with by allowing it to vary as a model parameter, or with the halo mass

[103]. Velocity anisotropy is also assumed to be constant. This can be relaxed in two ways:

first, repeating the calculation while allowing anisotropy to vary with radius. Alternatively,

it may be possible to obtain tangential velocities in the near future. If this observational

challenge is accomplished then it will be possible to fully reconstruct the three-dimensional

potential without ambiguities arising from assumptions regarding tangential velocities. This

work can be done in follow up studies.

GW190814 is a gravitational wave event detected on August 14th, 2019 by the LIGO-Virgo

collaboration. It was a binary system merger between a black hole of mass M1 = 23.2+1.1
−1.0M⊙

and an unidentified object with a mass of M2 = 2.59+0.08
−0.09M⊙. I investigate the possibility

that the 2.6M⊙ object is a primordial black hole. Primordial black holes could make up a

fraction of the universe’s dark matter; this object is a candidate as it would either be the

heaviest neutron star or lightest black hole observed to date. The calculations show that even

if primordial black holes account for at most one percent of the dark matter in the universe,

the abundance of primordial black holes leads to an observed rate that highly exceeds the

observed rate of such LIGO events. In other words, the large number of primordial black

holes imply that as long as stellar progenitors produce a 23M⊙ black hole, it is guaranteed
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that at least one merger event will take place within a Hubble time. Therefore to summarize,

the large abundance of O(20)M⊙ stellar origin black holes inferred from the LIGO merger

events of such black holes, together with the observed redshift of GW190814 suggest that a

primordial black hole origin of the secondary component of GW190814 is rather unlikely.

Future work can build off of this thesis directly, by relaxing the assumptions and making

a more realistic but complex calculation. It could also build from the theory and techniques

used here; the physics behind dynamics in combination with merger rates is a powerful tool

for studying dark matter through the lens of visible light and gravitational waves. Ultimately,

there are many dark matter models still in contention. And while some techniques for

investigating them through gravity have existed since the discovery of DM, we are in an

era of rapidly expanding observational data and techniques. The completion of missions

like Gaia, upgraded LIGO/Virgo, and the Vera Rubin Observatory in the coming years will

bring a plethora of data we can use to illuminate the dark universe.
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