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Ethylene-Vinyl Acetate (EVA) foam is a type of closed-cell elastomeric foam that consists

of a polymeric elastomer matrix and air and is used in a wide variety of applications due to

the material’s ability to dissipate energy. Midsoles in shoes, for example, greatly benefit

from the properties of foam as the dissipation of energy reduces the impact on people’s feet

during physical activity. Most existing constitutive models can only capture certain features

of the mechanical behavior of foams during specific and limited loading conditions. As such,

we focused on a recently-developed, nonlinear, large-deformation viscoelastic constitutive

model for our studies due to its ability to capture mechanical responses in compression, over

a wide range of strain rates, and in both loading and unloading. The first aim of this thesis

focused on the material properties that appear in the constitutive model. We elucidated the

role of selected material properties in the constitutive model through finite-element-based

parametric studies of cyclic, uniaxial, compression-like deformation of a foam layer with a

flat, circular indenter. The effects on the simulated response when varying both equilibrium

and non-equilibrium material properties of the constitutive model as well as the loading

frequency were studied. The second aim of this thesis was to apply the constitutive model

to simulations of cyclic loading of a shoe midsole, specifically the geometry of the shoe

midsole from Reebok’s Zig line of shoes. This aim utilized a three-dimensional finite-

element model to simulate compression of the midsole by a flat, circular indenter. The

effects on the simulated response of the midsole when varying the frequency and position

of the indenter were examined. The results when varying frequency were analogous to

the baseline cases of the parametric studies in the first aim, and the results when varying

position were affected by the geometry of the midsole, which dictated the dominant mode

of deformation in the foam.
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Chapter 1

Introduction

1.1 Background on Foam Materials and Constitutive Mod-

eling

Ethylene-Vinyl Acetate (EVA) foam is a type of elastomeric foam that consists of a polymeric

elastomer matrix and air [1–3]. The mechanical behavior of foam is controlled by the

material properties of the elastomer matrix and the amount of air within the matrix, resulting

in the material to be highly compressible with a strong coupling between the volumetric and

distortional responses. Furthermore, the viscoelasticity of the matrix material allows foam to

absorb greater amounts of energy than ordinary elastic materials for a certain stress-level and

strain-rate. The ability to dissipate energy is why foams are commonly used in protective

equipment, mattresses, padding, and packaging materials. Midsoles in shoes, for example,

greatly benefit from the properties of foam as the dissipation of energy reduces the impact

on people’s feet as they do physical activity [1].

Many constitutive models have been created to capture the unique mechanical behavior

of elastomeric foams used in a wide variety of applications. For the equilibrium, elastic

response of foams, there are several modeling approaches for the free energy density function:

phenomenological curve-fitting approaches that depend on the principal stretches [4–10],
1
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Blatz-Ko type hyperelasticity models [11–13] that are based on the principal invariants

of the Cauchy-Green deformation tensor, hyperelastic modeling based on invariants of

the logarithmic (Hencky) strain tensor [14], homogenization-based approaches [15–18]

that consider porous elastomers with microstructures consisting of closed-cell pores, fully-

micromechanical models based on strut-type unit cells [19–23], or unit cells involving

cylindrical or spherical voids [18, 24, 25].

Elastomeric foams also have a rate-dependent mechanical behavior, in which researchers

have decomposed that response into a time-independent hyperelastic part and a time-

dependent viscoelastic part. There are typically two types of approaches for the time-

dependent viscoelastic part. The first approach is a hereditary integral model, motivated by

linear viscoelastic models and formulated in terms of relaxation or memory functions [e.g.,

8, 26–29]. The second approach is a framework based on the multiplicative decomposition

of the deformation gradient into elastic and inelastic parts [e.g., 9, 30–34].

Most existing models can capture certain features of the response of viscoelastic foams

but are often only applicable to specific loading conditions, e.g., simple compression or

only the loading portion of the response. However, applications often involve complex

deformation histories with different modes of loading and variable loading rates. In particular,

the studies presented in this thesis require a constitutive model that allows us to explore

the mechanical behaviors of a foam that can be used in an application of a shoe. As a

result, this thesis focused on the recent work of Li et al. [34], who presented a nonlinear,

large-deformation viscoelastic constitutive model for foam materials that is summarized

in the next section. This constitutive model was used for our studies because of its ability

to capture mechanical responses in compression, over a wide range of strain rates, and

in both loading and unloading. The model is complex and involves a number of material

properties, so in the first aim of this thesis, we sought to understand the role of several

important properties through finite-element-based parametric studies in cyclic indentation.

Since Li et al. [34] calibrated and validated their model for EVA, which is a common foam
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Figure 1.1: A rheological schematic of the nonlinear, large-deformation, viscoelastic consti-
tutive model. The left branch represents the equilibrium response of the material, which is
described by the hyperelastic model of Landauer et al. [14], and the non-equilibrium mate-
rial response is described by four nonlinear, Maxwell-like, non-equilibrium mechanisms in
parallel with the equilibrium branch. (Reproduced from Li et al. [34] with permission.)

material used in shoes, the second aim of this thesis was to apply the model to numerical

simulations of shoe midsoles.

1.2 Summary of the Large-deformation, Viscoelastic Con-

stitutive Model

In this section, we summarize the isotropic, viscoelastic model for large-deformation, rate-

dependent behavior of elastomeric foams, recently developed by Li et al. [34], which

will be the focus of this thesis. The constitutive model is based upon a decomposition of

the response into an equilibrium hyperelastic response and a number of dissipative, non-

equilibrium contributions, shown schematically in Figure 1.1. The left branch represents

the equilibrium hyperelastic response of the material, which is described by the model

introduced in Landauer et al. [14], and the non-equilibrium, rate-dependent material response

is described by four nonlinear, Maxwell-like, non-equilibrium mechanisms in parallel with
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the equilibrium branch. Each mechanism is denoted by an integer index α ∈ {1,2,3,4}.

The constitutive equations relate the following basic fields:1 x = χ(X, t), motion;

F = ∇χ, J = detF > 0, deformation gradient; F = RU = VR, polar decomposition of F;

V = ∑
3
i=1 λili ⊗ li, spectral decomposition of V; E = ∑

3
i=1 (ln λi)li ⊗ li, spatial logarithmic

(Hencky) strain; T, T = T⊤, Cauchy stress; ψ , free energy density per unit volume of

reference configuration.

1.2.1 Equilibrium Response

The referential free-energy density ψ is additively decomposed into equilibrium and non-

equilibrium contributions: ψ = ψeq +∑
4
α=1 ψ

(α)
neq , and the equilibrium hyperelastic response

is specified through the free-energy density ψeq, which we take to depend on the invariants

of the logarithmic strain tensor E as proposed by Criscione et al. [35], which are denoted

as {K1,K2,K3}. The first invariant K1 = tr(E) = ln(J) represents the amount of dilatation,

and the second invariant K2 = |dev(E)| ≥ 0 is the magnitude of constant-volume distortion.

The third invariant K3 = 3
√

6det(dev(E)/K2) represents the mode of constant-volume

distortion and is constant for a given distortion mode, e.g., K3 =−1 for simple compression,

K3 = 0 for simple shear, and K3 = 1 for simple tension. The equilibrium contribution

to the Cauchy stress is then obtained through the derivatives of the free-energy function

ψeq = ψ̃eq(K1,K2,K3) utilizing the chain rule and yielding [35]

Teq = J−1
[

∂ψ̃eq

∂K1
1+

∂ψ̃eq

∂K2
N+

∂ψ̃eq

∂K3

1
K2

Y
]
, (1.1)

where N = dev(E)/K2 and Y = 3
√

6N2 −
√

61−3K3N.

Following Landauer et al. [14], we take the equilibrium free-energy density function

1Notation: The symbols ∇, Div and Curl denote the gradient, divergence, and curl with respect to the
material point X in the reference configuration; grad, div, and curl denote these operators with respect to the
point x = χ(X, t) in the deformed configuration. We write trA, detA, devA, symA, and skwA to denote the
trace, determinant, deviatoric part, symmetric part, and skew part of a tensor A, respectively.



5

ψ̃eq(K1,K2,K3) to be in the following form:

ψ̃eq(K1,K2,K3) = G0
[
Xeq(K1)K2

2 +Leq(K2,K3)
]
+B feq(K1), (1.2)

where G0 and B are the ground-state shear and bulk moduli, respectively, and the phe-

nomenological functions appearing in (1.2) are summarized below.

1. The distortional/volumetric-coupling response function Xeq:

Xeq(K1) =
1
2
(
X ′

1 +X ′
2
)

K1 +
∆K

2
(
X ′

1 −X ′
2
)

ln

[
cosh

(
(K1 −K0

1 )/∆K
)

cosh
(
K0

1/∆K
) ]

+1. (1.3)

The function Xeq(K1) depends approximately linearly on K1 but with different slopes

before and after the onset of the plateau regime in compression. The parameter K0
1 < 0

is the value of K1 at which the transition to the plateau regime occurs, and ∆K > 0

is a parameter denoting the K1-range of the transition to the plateau regime. The

parameters X ′
1 and X ′

2 are the slopes of Xeq(K1) before and after the plateau regime in

compression, respectively.

2. The higher-order distortional response function Leq:

Leq(K2,K3) =C0K p
2 +C1 (1+K3)Kq

2 , (1.4)

where C0 ≥ 0 and C1 ≥ 0 are constant parameters and p > 2 and q > 2 are higher-order

exponents. The second term does not affect the response in compression (K3 =−1)

and allows for different higher-order responses in compression and tension.

3. The purely volumetric response function feq:

feq =
JC2 −C2 lnJ−1

C2
2

+
C3

r−1

[
−1

Jr−1 +
(1− Jmin)

r

(J− Jmin)r−1 + Jmin

]
, (1.5)

where J = exp(K1) is the volume ratio and Jmin, r, C2, and C3 are constant parameters.
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Equilibrium material parameters

G0 [kPa] B [kPa] Jmin C1 K0
1 ∆K X ′

1 X ′
2 C0 p q C2 C3 r

500 1000 0.16 1.2 -0.1 0.12 7 0.64 0.35 3 4 20 0.21 2

Table 1.1: Equilibrium material parameters for the closed-cell EVA foam, reported in Li
et al. [34].

The parameter Jmin represents the minimum allowable value of J, and d feq/dK1

diverges as J approaches Jmin from above. The parameter Jmin is in the range 0 <

Jmin < 1. The term involving C2 in (1.5) captures the volumetric response in tension

and prior to the plateau regime in compression, while the term involving C3 accounts

for the stiffening behavior in compression after the plateau regime.

The material parameters for the closed-cell EVA foam corresponding to the equilibrium

response (estimated using simple compression/tension data at a low strain rate of 2×

10−4 s−1 in Li et al. [34]) are shown in Table 1.1.

1.2.2 Non-equilibrium Response

The rate-dependent, viscoelastic material response is accounted for by four nonlinear,

Maxwell-like, non-equilibrium mechanisms in parallel with the equilibrium response

(Fig. 1.1). For each non-equilibrium branch, denoted by the index α , the deformation

gradient F is multiplicatively decomposed into elastic and viscous parts: F = Fe(α)Fv(α),

where Fe(α) is the non-equilibrium elastic distortion, representing the deformation of “spring”

α , with Je(α) = detFe(α) > 0, and Fv(α) is the viscous distortion, representing the deforma-

tion of “dashpot” α , with Jv(α) = detFv(α) > 0.

The free energy due to the elastic distortion of each non-equilibrium mechanism ψ
(α)
neq

is based on the elastic logarithmic strain tensor Ee(α), utilizing the following definitions:

Fe(α) = Ve(α)Re(α), left polar decomposition of Fe(α); Ve(α) = ∑
3
i=1(λ

e(α)
i )le(α)

i ⊗ le(α)
i ,

spectral decomposition of Ve(α); Ee(α) = ∑
3
i=1(lnλ

e(α)
i )le(α)

i ⊗ le(α)
i , elastic logarithmic
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strain tensor; Ke(α)
1 = tr(Ee(α)), elastic dilatation; Ke(α)

2 = |dev(Ee(α))|, magnitude of

elastic distortion; and Ke(α)
3 = 3

√
6det(dev(Ee(α))/Ke(α)

2 ), mode of elastic distortion. The

constitutive response of each non-equilibrium “spring” in Figure 1.1 is described by a

non-equilibrium free energy function ψ̃
(α)
neq (K

e(α)
1 ,Ke(α)

2 ,Ke(α)
3 ), and the corresponding non-

equilibrium contribution to the Cauchy stress for each mechanism α is then given through

the derivatives of the non-equilibrium free energy function by

T(α)
neq = Je(α)−1

[
∂ψ̃

(α)
neq

∂Ke(α)
1

1+
∂ψ̃

(α)
neq

∂Ke(α)
2

Ne(α)+
∂ψ̃

(α)
neq

∂Ke(α)
3

1

Ke(α)
2

Ye(α)

]
, (1.6)

where Ne(α) = dev(Ee(α))/Ke(α)
2 and Ye(α) = 3

√
6Ne(α)2 −

√
61−3Ke(α)

3 Ne(α). The total

Cauchy stress is then given by T = Teq +∑
4
α=1 T(α)

neq [36].

Following the decomposition of the equilibrium free-energy function (1.2), we take the

constitutive equation for the non-equilibrium free-energy function ψ̃
(α)
neq (K

e(α)
1 ,Ke(α)

2 ,Ke(α)
3 )

for each mechanism α to be additively decomposed as follows:

ψ̃
(α)
neq (K

e(α)
1 ,Ke(α)

2 ,Ke(α)
3 ) = G(α)

neq

[
X (α)

neq (K
e(α)
1 )(Ke(α)

2 )2 +L(α)
neq(K

e(α)
2 ,Ke(α)

3 )
]

+B(α)
neq f (α)

neq (K
e(α)
1 ), (1.7)

where G(α)
neq and B(α)

neq are the ground-state shear and bulk moduli, respectively, for each

mechanism α , and X (α)
neq (K

e(α)
1 ), L(α)

neq(K
e(α)
2 ,Ke(α)

3 ), and f (α)
neq (K

e(α)
1 ) are phenomenological

fitting functions for each mechanism α .

For the non-equilibrium branches, we use the same functional forms for X (α)
neq , L(α)

neq , and

f (α)
neq in (1.7) that we do for Xeq, Leq, and feq of the equilibrium branch. For simplicity, the

parameters in X (α)
neq and f (α)

neq , {K0
1 ,∆K,X ′

1,X
′
2,C2,C3,r,Jmin}, are constrained to be the same

as the parameters appearing in Xeq and feq. To further reduce the model complexity, the

ratio of the non-equilibrium bulk and shear moduli for each branch B(α)
neq/G(α)

neq = B/G0 is

constrained to be equal across all non-equilibrium branches and equal to the ratio for the
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equilibrium response. Finally, to accommodate experimental data in simple tension, the

higher-order distortional response is allowed to have branch-dependent parameters C(α)
1neq

and q(α)
neq , while the parameters C0 and p are constrained to be the same as those appearing

in (1.4) for all branches.

The evolution of the viscous distortion Fv(α) for each non-equilibrium mechanism α

(which describes the constitutive response of each “dashpot” in Figure 1.1) is given by

Ḟv(α) = Dv(α)Fv(α), Fv(α)(X, t = 0) = 1, (1.8)

where Dv(α) is the symmetric viscous stretching tensor. The constitutive equation for

the viscous stretching for each mechanism α is given through the Mandel stress for that

mechanism Me(α), which, for an isotropic material, is related to the non-equilibrium Cauchy

stress for each mechanism T(α)
neq through

Me(α) = Je(α)Re(α)⊤T(α)
neqRe(α). (1.9)

We define the equivalent shear stress for each mechanism α as

τ̄
(α) =

√
dev(Me(α)) : dev(Me(α))/2 (1.10)

and adopt the following constitutive equation for Dv(α):



Dv(α) = ˙̄γv(α)dev(Me(α))

2τ̄(α)
+

1
3

ε̇
v(α)sign

(
tr(Me(α))

)
1,

˙̄γv(α) = γ̇
(α)
0

(
τ̄(α)

τ
(α)
0

) 1
m(α)

,

ε̇
v(α) = ε̇

(α)
0

(
|tr(Me(α))|

3σ
(α)
0

) 1
m(α)

,

(1.11)
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where ˙̄γv(α) and ε̇v(α) are functions of Mandel stress invariants and denote the equivalent

shear viscous strain rate and the volumetric viscous strain rate, respectively. The material

parameter 0<m(α) ≤ 1 represents a strain-rate sensitivity exponent for mechanism α , which

is taken to be the same for both the equivalent shear (1.11)2 and volumetric (1.11)3 parts

of the viscous response. The parameter γ̇
(α)
0 > 0 is a reference shear strain rate; ε̇

(α)
0 > 0

is a reference volumetric strain rate; τ
(α)
0 > 0 is a reference shear stress; and σ

(α)
0 > 0 is a

reference mean stress. Only one of γ̇
(α)
0 and τ

(α)
0 is an independent fitting parameter for

the deviatoric response, and similarly, only one of ε̇
(α)
0 and σ

(α)
0 is an independent fitting

parameter for the volumetric response.

Let η(α) = τ̄(α)/ ˙̄γv(α) and κ(α) = |tr(Me(α))|/3ε̇v(α) denote the shear and bulk viscosi-

ties for non-equilibrium mechanism α , respectively, which are in general non-Newtonian

viscosities that depend on the respective viscous strain rates ˙̄γv(α) and ε̇v(α). If m(α) = 1,

the non-equilibrium mechanism α reduces to a Newtonian branch, and if m(α) < 1, the

mechanism α is a shear thinning branch. To reduce model complexity and the number of

adjustable material parameters, only one non-equilibrium branch (α = 1) is a shear thinning

branch, while three non-equilibrium branches (α = 2,3,4) are Newtonian branches. For all

three Newtonian branches, since m(α) = 1, the shear viscosity η(α) = τ̄α/ ˙̄γv(α) and the bulk

viscosity κ(α) = |tr(Me(α))|/3ε̇v(α) are constants. The number of parameters is further re-

duced by taking the shear and bulk viscosities to be equal, i.e., η(α) = κ(α), for each branch.

Therefore, denoting the shear relaxation time as t(α)
0 = η(α)/G(α)

neq, for each Newtonian

branch, there are two additional material parameters: {G(α)
neq, t(α)

0 } with {B(α)
neq,η

(α),κ(α)}

then given through B(α)
neq = (B0/G0)G

(α)
neq, η(α) = G(α)

neqt(α)
0 , and κ(α) = η(α), respectively.

Similarly, for the shear thinning branch, the number of parameters is reduced by taking

τ
(α)
0 = σ

(α)
0 . Because γ̇

(α)
0 is not an independent fitting parameter distinct from τ

(α)
0 , we

fix τ
(α)
0 = σ

(α)
0 = 100 kPa. To further reduce model complexity, we constrain ε̇

(α)
0 = γ̇

(α)
0 .

Therefore, for the shear thinning branch there are three additional fitting parameters: {G(α)
neq ,

m(α), γ̇
(α)
0 }. Table 1.2 summarizes the non-equilibrium parameters for the closed-cell EVA
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Non-equilibrium material parameters

G(1)
neq [kPa] m(1) γ̇

(1)
0 [s−1] C(1)

1neq q(1)neq G(2)
neq [kPa] t(2)0 [s] C(2)

1neq q(2)neq

580 0.18 3500 0 / 90 50 0 /

G(3)
neq [kPa] t(3)0 [s] C(3)

1neq q(3)neq G(4)
neq [kPa] t(4)0 [s] C(4)

1neq q(4)neq

80 2 2.5 2.1 50 0.1 0 /

Table 1.2: Non-equilibrium material parameters for the closed-cell EVA foam, reported in
Li et al. [34].

foam. These parameters were estimated using simple compression/tension data over the

strain-rate range from 10−3 s−1 to 101 s−1 in Li et al. [34], and interested readers are referred

to Figures 2 and 3 of Li et al. [34] to see the fitted stress/strain curves.

1.3 Thesis Contributions

The purpose of this thesis is twofold:

1. to elucidate the role of selected material properties in the constitutive model of

Section 1.2 through parametric studies in which these material properties are varied

in finite-element simulations of cyclic indentation and

2. to apply this constitutive model for EVA foam to simulations of cyclic loading of a

shoe midsole.

The effect of each parametric study was quantified through the maximum force applied and

the dissipation efficiency of the foam (defined in Chapter 2).

The remainder of this thesis is organized as follows. In Chapter 2, we describe how both

equilibrium and non-equilibrium properties of the constitutive model affect the response

of a foam substrate, utilizing an axisymmetric finite-element model. Then, in Chapter 3,

we apply the constitutive model to a shoe midsole and examine the effects of the loading

frequency and the position of a flat, circular indenter on the foam model. Lastly, we close
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with concluding remarks and future directions in Chapter 4.
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Chapter 2

The Effects of Material Parameters:

Parametric Studies in Cyclic Indentation

The first part of this study focused on the roles of various material parameters appearing

in the constitutive model of Section 1.2. To elucidate the effect of each parameter under

consideration on the predicted material response, we carried out parametric studies for both

equilibrium (Section 2.2) and non-equilibrium (Section 2.3) properties. These studies were

performed using Abaqus simulations, in which a flat, circular indenter is cyclically pressed

into a layer of foam (Section 2.1). The effect of each parametric study was quantified

through the maximum force applied and the dissipation efficiency of the foam.

2.1 Simulation Details and Baseline Results

The geometric configuration for the finite-element simulations was based on internal testing

procedures at Reebok International Ltd (the so-called Dynamic Impact Test (DIT)) with

experimental specifications as follows:

• Force control,

• 1000 indentation cycles at a loading frequency of 3 Hz,
13
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• Target force = 500 N (i.e., target pressure of 323 kPa),

• Indenter geometry: flat, circular contact surface with an area of 15.548 cm2

• Foam geometry: 14-16 mm thick sheet, 10 cm long × 10 cm wide

As shown in Figure 2.1, a simplified representation of Reebok’s experimental procedure

was adapted for use in the numerical simulations of the present work. An axisymmetric

model was utilized, idealizing both the indenter and the foam substrate to be circular in

cross-section. The radius of the indenter (ri) was
√

15.548/π cm to reproduce the same

contact area as in experimental testing, and its height (h) was 2 cm. The corners of the

indenter were rounded with a radius (rc) of 0.5 mm to ensure a smoother contact area with

the foam and to mitigate potential numerical issues. The radius of the foam substrate (R0)

was 10 cm with a thickness (H) of 15 mm. The foam substrate was meshed using 9,690

Abaqus-CAX4R elements (four-node, axisymmetric, quadrilateral, reduced-integration

elements with hourglass control) and the indenter was idealized as a rigid surface. Contact

between the foam substrate and the indenter was idealized with a friction coefficient of 0.4

in the simulations.

Regarding boundary conditions, nodes along the bottom of the foam substrate were

Ax
is

 o
f S

ym
m

et
ry

R0

H

h
ri

rc

δ

z

r

Figure 2.1: Finite-element configuration for axisymmetric numerical simulations of cyclic
indentation of a foam substrate.
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bounded in both directions (ur = uz = 0), and the nodes along the left side (on the axis

of symmetry) were bounded in the r direction. The displacement (δ ) of the indenter

was prescribed at its reference point, in which the only non-zero displacement component

allowed was along the z direction. This motion was prescribed so that the indenter completed

three cycles of loading onto and unloading off of the foam substrate, imposing uniaxial

compression-like deformation in the foam material beneath the indenter. Four different

loading frequencies of this cyclic motion were considered: 3 Hz, 0.3 Hz, 0.03 Hz, and

0.003 Hz.

All finite-element calculations were performed in Abaqus/Explicit, using the user-

material (VUMAT) subroutine implementation of the constitutive model in Section 1.2

developed in Li et al. [34]. The primary data collected in each simulation was the reaction

force history experienced by the indenter during cyclic indentation on the foam. This

information allowed for the creation of plots of indenter force versus displacement and for

the quantification of the force-level experienced by the indenter as well as the hysteresis

the foam material undergoes. Since foam materials, such as EVA, are used for their energy

dissipation capacity, we define a dissipation efficiency as the ratio of the area between

the loading and unloading curves to the entire area under the loading curve. A visual

representation of the indenter force versus displacement history is shown in Figure 2.2 for

a baseline case with the material parameters given in Section 1.2 and a loading frequency

of 3 Hz. After one cycle, a stabilized hysteresis loop was attained, and the loading and

unloading curves are labeled in Figure 2.2.

Although the Reebok testing protocol uses force (load) control, the representative

simulation results in Figure 2.2 were obtained under displacement control. To establish that

the dissipation efficiency may be characterized under either force or displacement control,

simulations were performed using both protocols. For load control, the force applied to the

indenter was cycled between 10 N to 500 N with a sinusoidal force history. Note that in

an explicit finite-element simulation under load control, the mass of the indenter must be
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Figure 2.2: Baseline force versus displacement curve for EVA foam under cyclic indentation
at 3 Hz with displacement control.

prescribed, so a density was also prescribed to the indenter in load control. All numerical

simulations were performed under quasi-static conditions, so the value of the density does

not affect the reported results, but for specificity, aluminum was the material choice with a

density of 2,710 kg/m3. For displacement control, the indenter displacement cycled between

0 mm to 5 mm pressing into the foam with a sinusoidal displacement history. Figure 2.3

shows that when comparing the calculated dissipation efficiencies for both displacement and

load control as a function of loading frequency, there is no significant difference between

the two types of protocols. As a result, all subsequent simulations were completed using

displacement control as this control is more manageable and straightforward to apply in

numerical simulations.

2.2 Equilibrium Material Parameters

The material parameters appearing in the equilibrium response of the large-deformation,

viscoelastic constitutive model are listed in Table 1.1 along with the baseline values for EVA.
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Figure 2.3: Comparison of calculated dissipation efficiency under displacement and load
control during cyclic indentation.

In our parametric studies, the equilibrium parameters of interest are the ground-state shear

modulus (G0), the ground-state bulk modulus (B), and the volumetric locking value (Jmin).

2.2.1 Shear and Bulk Moduli

The ground-state shear (G0) and bulk (B) moduli were changed by the same factor for each

case in this parametric study, so that the ratio (G0/B) was kept constant. The baseline

values for G0 and B were 500 kPa and 1000 kPa, respectively, and were multiplied by 10,

50, and 100 at each frequency. Figure 2.4 displays the effect of varying these two moduli

on the force versus displacement curves. A notable difference between the curves at each

frequency is that the maximum force experienced by the foam was increased as the moduli

increased. This is illustrated in Figure 2.5(left), which shows that the peak force increases

with the moduli values and that at the highest value of G0 and B, the peak force is nearly

frequency-independent. Also, compared to Figure 2.3, the hysteresis loop is not visible,

indicating that as the magnitude of G0 and B increased, the path of loading and unloading
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Effects of Varying Shear (G0) and Bulk (B) Moduli 
on Force vs. Displacement Curves at Different Frequencies
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Figure 2.4: Force versus displacement curves during cyclic indentation when varying
frequency and the ground-state moduli, G0 and B.

of the indenter in terms of force became nearly the same. This is explicitly shown through

Figure 2.5(right), where the dissipation efficiency decreases as the moduli values increase

and at the highest value of G0 and B, the dissipation efficiency is almost zero across all four

frequencies.

The results of this parametric study agree with the notion of the material moduli. By

increasing G0 and B, the material responds in a stiffer manner, resulting in more force being

applied in order to deform the material to the same amount. Moreover, in this parametric

study, only the equilibrium moduli are increased with the non-equilibrium moduli remaining
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Figure 2.5: Peak forces and dissipation efficiencies as a function of frequency during cyclic
indentation when varying G0 and B.

fixed. Therefore, the material responds in a more elastic manner, while the capacity of the

material to dissipate energy per cycle does not increase, resulting in a decreased dissipation

efficiency.

2.2.2 Volumetric Locking

As introduced in Section 1.2.1, the volumetric locking parameter (Jmin) quantifies the

minimum allowable value of volume ratio (J). A physical interpretation of this parameter

is through the porosity (volume fraction of air) of the undeformed material (φ ), where

the volumetric locking parameter may be interpreted as Jmin = 1−φ . Increasing Jmin (i.e.,

decreasing φ ) results in the material becoming stiffer sooner as there is less air in the material

to squeeze out. The baseline value of Jmin was 0.16 (Table 1.1), and for the parametric

studies, values of 0.1, 0.2, and 0.25 were considered.

Figure 2.6 displays the effect of varying Jmin on the force versus displacement curves.

Similar to the effect of increasing G0 and B, a material with higher Jmin generated a higher

force to reach the same amount of displacement. However, note from Figure 2.6 that the

force increase is only observed at high displacements and that the initial slope of the force

versus displacement curves is unaffected by Jmin. Unlike G0 and B, which increase the
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Effects of Varying Volumetric Locking Value (Jmin) on
Force vs. Displacement Curves at Different Frequencies
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Figure 2.6: Force versus displacement curves during cyclic indentation when varying
frequency and the volumetric locking parameter, Jmin.

entire force versus displacement curves, the locking parameter Jmin only affects the large

deformation response. As a result, the change in force for the Jmin parametric study was

not as drastic as for G0 and B, and the hysteresis loops are still visible. Thus, the material

remains able to dissipate a discernible amount of energy for all Jmin values tested.

Figure 2.7 explicitly shows how the peak forces and dissipation efficiencies varied with

frequency and the value of the volumetric locking parameter Jmin. With a Jmin value of 0.1,

the peak forces were the lowest, however the dissipation efficiencies were the highest. Thus,

increasing Jmin increased the peak force and resulted in a decrease of dissipation efficiency at

each frequency. In fact, we note that within the range of Jmin considered, increasing the value
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Figure 2.7: Peak forces and dissipation efficiencies as a function of frequency during cyclic
indentation when varying Jmin.

of Jmin leads to an approximate upward shift of the peak force curve and an approximate

downward shift of the dissipation efficiency curve in Figure 2.7. Moreover, the dissipation

efficiency depends nearly linearly on Jmin for all frequencies. For example, a change of

±0.05 for Jmin resulted in a change of approximately ∓0.02 for the dissipation efficiency.

2.3 Non-Equilibrium Material Parameters

Next, we consider the effects of several non-equilibrium material parameters. The non-

equilibrium shear moduli for each of the non-equilibrium branches (G(α)
neq) were the main

parameters of interest. As explained in Section 1.2, there are four non-equilibrium branches

in the constitutive model, of which the first non-equilibrium branch (Branch 1) behaves

differently than the other three branches (Branch 2, Branch 3, and Branch 4). More

specifically, Branch 1 is a non-Newtonian, shear-thinning branch, while Branches 2, 3, and 4

are Newtonian branches. As a result, Branch 1 involves an additional material parameter, the

strain-rate sensitivity exponent (m(1)), and an additional parametric study for this material

parameter was carried out for this branch.
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2.3.1 Branch 1

Strain-Rate Sensitivity Exponent and Correlating Reference Shear Strain Rate

The baseline strain-rate sensitivity exponent (m(1)) was 0.18 and the correlating reference

shear strain rate (γ̇(1)0 ) was 3500 s−1 (Table 1.2). For brevity, throughout the remainder of

this section, we drop the superscripts and refer to these material parameters as m and γ̇0. For

the parametric study, the value of m was changed to 0.1, 0.15, 0.2, and 0.25. For each case

of m, the value of γ̇0 was also changed so that the equivalent shear stress (τ̄) would be the

same at a reference equivalent shear viscous strain rate of ˙̄γv = 10−3 s−1 (Equation 1.112).

Denote the baseline values of m and γ̇0 as m∗ = 0.18 and γ̇∗0 = 3500s−1, respectively. Based

on Equation 1.11, Equation 2.1 gives how the new values of γ̇0 were calculated using each

of the values of m under consideration:

γ̇0 = (10−3 s−1)

(
γ̇∗0

10−3 s−1

)m∗/m

. (2.1)

Calculating γ̇0 in this way for each new value of m ensures that the response of the foam

material in cyclic indentation at low loading frequency is nearly the same for all values of

m under consideration and that the effect of varying m will be most evident at the higher

loading frequencies. Table 2.1 summarizes the correlating values of γ̇0 for each of the values

of m under consideration.

Figure 2.8 displays the effect of varying m on the force versus displacement curves for all

four frequencies. For the lowest frequency (0.003 Hz), there is little difference between the

curves for the different values of m. This lack of dependence on m for the lowest frequency

is also demonstrated in Figure 2.9(left) as the maximum forces have approximately the

same value for the lowest frequency for all values of m. This is due to the fact that the

m 0.1 0.15 0.18 0.2 0.25
γ̇0 [s−1] 6.016×108 7.127×104 3.500×103 7.756×102 5.149×101

Table 2.1: Values of m and correlating values of γ̇0
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Effects of Varying Strain-Rate Sensitivity Exponent (m) on
Force vs. Displacement Curves at Different Frequencies
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Figure 2.8: Force versus displacement curves during cyclic indentation when varying m.

reference strain rate γ̇0 was constrained using Equation 2.1 where 10−3 s−1 was the target

equivalent shear viscous strain rate. As the frequency increases, differences between the

force versus displacement curves for different values of m become evident in Figure 2.8,

and the dependence of the peak force on frequency in Figure 2.9(left) becomes different for

the different values of m.

In Figure 2.9(left), the peak force increases more rapidly with frequency as the value

of m is increased. Recall that Branch 1 is a non-Newtonian, shear-thinning branch and

is therefore less rate-dependent than the other non-equilibrium branches. At the lowest

value of m considered in this study (0.1), the dependence of the peak force on frequency
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Figure 2.9: Peak forces and dissipation efficiencies as a function of frequency during cyclic
indentation when varying m.

is the weakest, while as m increases, Branch 1 becomes more rate-dependent, in which

increasing the frequency leads to a strong increase in the peak force. Once m is increased

to the maximum value considered in this study (0.25), there is a steep increase in peak

force as the frequency is increased from 0.3 Hz to 3 Hz, indicating that for m = 0.25 and

loading frequencies on the order of 100-101 s−1, Branch 1 will have a strong impact on the

rate-dependence of the material behavior.

The dissipation efficiency also has similar trends as the peak force, in which the values

are closer at the lowest frequency then start to separate as the frequency increases. An

interesting result arises when m has the value of 0.1. In this case, the dissipation efficiency

decreases as the frequency increases, which is opposite to the other values of m (with

an exception of when m is 0.25 and the frequency increases from 0.3 Hz to 3 Hz). This

difference for the case of m = 0.1 is likely due to the fact that Branch 1 is less rate-dependent

when m is sufficiently small. Thus, Branch 1’s contribution to the material’s hysteresis

remains nearly constant as the frequency increases for this value of m, while the peak force

continues to increase, leading to a decrease in the dissipation efficiency. However, when

m was 0.15 and above, a higher maximum force was accompanied by sufficiently large
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increase in the amount of hysteresis, yielding a higher dissipation efficiency with increasing

frequency (again, with the exception of when m is 0.25 and the frequency increases from

0.3Hz to 3Hz). Therefore, increasing m allows for Branch 1 to have a greater impact on the

rate-dependent material behavior. We expect that there is a critical value of m between 0.1

and 0.15 where the dissipation efficiency transitions between increasing and decreasing.

The explanation as to why the dissipation efficiency decreases when m is 0.25 and the

frequency increases from 0.3 Hz to 3 Hz correlates with the reason for the steep increase

in peak force during that same range of frequency. With more rate-dependency when m is

0.25, as frequency is increased into this range, Branch 1 starts to behave in a more elastic

manner, leading to an increase in the peak force, a minimal change in the hysteresis, and a

decrease in the dissipation efficiency. This transition is expected to occur as the deformation

rate in the material begins to approach the value of γ̇0 given in Table 2.1 for each value of

m. If higher frequencies were simulated, the dissipation efficiency would likely continue to

decrease, and we expect that there would be a similar transition to decreasing dissipation

efficiencies for the other m values at sufficiently high loading frequencies. Also, if larger

values of m were simulated, this decrease may be even more drastic, and the transition to

decreasing dissipation efficiencies would likely occur at lower frequencies.

Non-Equilibrium Shear Modulus

The baseline value of the non-equilibrium shear modulus for Branch 1 (G(1)
neq) was 580 kPa

(Table 1.2), which in this subsection we refer to as Gneq. For this parametric study, the

baseline value of Gneq was multiplied by 0.1, 0.3, 3, and 5. (In Section 2.3.2, the values

of G(α)
neq for Branches 2, 3, and 4 were varied similarly except that the highest multiplier

was 10 instead of 5. Multiplying Branch 1’s Gneq by anything greater than 5 resulted in

a numerically unstable simulation due to the explicit time integration of the flow rule of

Branch 1 in the Abaqus subroutine.)
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Figure 2.10: Force versus displacement curves during cyclic indentation when varying Gneq
for Branch 1.

Figure 2.10 presents the effect of varying Gneq for Branch 1 on the force versus displace-

ment curves for each loading frequency. As the value of Gneq decreases, the hysteresis loops

become narrower for each frequency. This is more evident at the elevated frequencies of

0.3 Hz and 3 Hz, where the curves corresponding to when Gneq is multiplied by 0.1 and

0.3 are different shapes than the baseline – i.e., the top of the hysteresis loops where the

indenter displacement is greatest become thinner. However, the maximum forces remain

nearly constant as Gneq varies at each frequency. Figure 2.11(left) clearly shows how close

in value the peak forces are to each other at each frequency as Gneq varies. The outlier is

when Gneq is multiplied by 0.1 at 0.3 Hz and 3 Hz. These two points are also when the force
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Figure 2.11: Peak forces and dissipation efficiencies as a function of frequency during cyclic
indentation when varying Gneq for Branch 1.

versus displacement curves transition to a different shape than the baseline. Similar to the

parametric study of m, the steady increase in peak forces as the frequencies increase are

expected.

The dissipation efficiency does not follow the same trend as the peak forces (Figure

2.11(right)). Although the dissipation efficiencies are close in value for all frequencies when

Gneq is at its baseline and increased by multiplying by 3 and 5, the dissipation efficiencies

at the lower Gneq values are significantly different. The higher three Gneq values have an

increase of dissipation efficiency as the frequency increases, while the other two values

of Gneq have a decrease of dissipation efficiency as the frequency increases. When Gneq

is multiplied by 0.1, the value of the dissipation efficiency at 0.003 Hz is approximately

0.2 smaller than the others at the same frequency. Also, at 3 Hz, there is a difference of

approximately 0.5 between the dissipation efficiencies of the lower two values of Gneq and

the dissipation efficiencies of the other three values of Gneq.

As Gneq decreases, the dissipation efficiency decreases, which stems from the decrease in

the contribution of Branch 1 to the hysteresis. The other three non-equilibrium branches still

have the tendency to stiffen the material at higher frequencies, which along with the decrease

in hysteresis as Gneq decreases, leads to the decrease in the dissipation efficiency. Note that
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for the lowest case of Gneq and the highest frequency, the response is very nearly elastic

with only a small amount of hysteresis and hence the lowest dissipation efficiency among

the cases considered. When increasing its value of Gneq above the baseline value, Branch

1 contributes more to the hysteresis and to the maximum force, but these contributions

are small and together lead to only a modest increase in the dissipation efficiency. These

observations signify that within a certain range, the parameter Gneq has a minimal impact on

the material response.

2.3.2 Branches 2, 3, and 4

Unlike non-equilibrium Branch 1, which involves non-Newtonian rheological behavior,

non-equilibrium Branches 2, 3, and 4 are Newtonian. Hence, we discuss them together and

carry out parametric studies on each of their respective non-equilibrium shear moduli G(α)
neq .

The baseline values of G(α)
neq for Branch 2, Branch 3, and Branch 4, were 90 kPa, 80 kPa,

and 50 kPa, respectively (Table 1.2). The values of Gneq (again dropping the superscript for

brevity) for each branch were multiplied by 0.1, 0.3, 3, and 10 for each of their respective

parametric studies. The graphs of the force versus displacement curves of each branch are

included in Appendix A.

Figure 2.12 displays the peak forces and dissipation efficiencies as a function of fre-

quency for all three Newtonian branches for easy comparison of the relevant data. There are

two significant elements in Figure 2.12: (1) For cases in which Gneq is increased above the

baseline, as frequency is increased, there is a drastic increase in peak force for each branch

around a certain transition frequency, most evident when Gneq is multiplied by 10. (2) For

cases in which Gneq is increased above the baseline, there is a peak value of dissipation

efficiency around a certain frequency (again most evident when Gneq is multiplied by 10)

followed by a transition period as frequency is further increased, in which the order of the

values of dissipation efficiency flip in relation to the ordered values of Gneq for each branch.

This means that before the transition period, the dissipation efficiencies increased as the
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Figure 2.12: Peak forces and dissipation efficiencies as a function of frequency during cyclic
indentation when varying Gneq for Branches 2, 3, and 4.

value of Gneq increased, and for frequencies above the transition, the dissipation efficiencies

decreased as the value of Gneq increased. These two key observations are reversed for cases

in which Gneq is decreased relative to the baseline.
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Branch 3 clearly demonstrates both of the above elements. The drastic increase in peak

force occurs between loading frequencies of 0.03 Hz and 0.3 Hz as the slope between those

two data points is steeper than the slopes between the other points for values of Gneq that are

increased above the baseline. The peak value of dissipation efficiency happens at 0.03 Hz

with the most notable peak value close to 0.9 for the highest value of Gneq considered. From

0.03 Hz to 0.3 Hz (same frequency transition range as for the increase in peak force), the

dissipation efficiency values flip.

For Branch 2, the steepest increase in peak force for elevated values of Gneq happens

when the frequency changes from 0.003 Hz to 0.03 Hz. The transition of the dissipation

efficiencies also happen between those two frequencies. As for Branch 4, the steepest

increase in peak force for elevated values of Gneq was between 0.3 Hz to 3 Hz, and the peak

dissipation efficiency occurred at 0.3 Hz.

Branches 2 and 4 are missing some elements exhibited by Branch 3. In Branch 2, there

is no visible peak in the dissipation efficiency similar to the ones in Branches 3 and 4.

However, based on the observations with the other branches, if a frequency of one order of

magnitude lower were tested (0.0003 Hz), we expect a peak in the dissipation efficiency to

be evident. Similarly with Branch 4, there was no transition period where the dissipation

values flipped as in Branches 2 and 3. However, if a frequency of one order of magnitude

higher were tested (30 Hz), we expect that a transition of the dissipation efficiency would be

observed. At 3 Hz for Branch 4, the dissipation efficiencies at all values of Gneq do converge

around 0.55, suggesting that there would be a transition at a higher frequency.

Figure 2.12 illustrates that there is a correlation between the substantial change in peak

force and the transition period in the dissipation efficiencies. As explained in Section 1.2,

Branches 2, 3, and 4 are Newtonian branches that are each targeted to a certain characteristic

strain rate, particularly to strain rates of 10−1 s−1, 100 s−1, and 101 s−1, respectively [34].

To make this more precise, one may think of the Newtonian branches as corresponding

to certain characteristic time-scales, particularly to time-scales of 50 s, 2 s, and 0.1 s for
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Branches 2, 3, and 4 (Table 1.2) and hence to characteristic frequencies of 1/(50 s) = 0.02 s−1,

1/(2 s) = 0.5 s−1, 1/(0.1 s) = 10 s−1, respectively. As a result, the pattern of the steep increase

in peak force at certain transition frequencies observed in the simulations corroborates with

the material model. The characteristic frequency of Branch 2 is 0.02 s−1, so the increase in

peak force occurs when the frequency is increased from 0.003 Hz to 0.03 Hz. This indicates

that Branch 2 contributes more to the force level once the frequency has been increased

beyond its characteristic frequency. Then, Branch 3 begins to contribute more near its

characteristic frequency, which is an order of magnitude higher than Branch 2’s (0.5 s−1),

exhibiting the steep increase between 0.03 Hz to 0.3 Hz. Lastly, Branch 4 becomes more

prevalent near frequencies with magnitudes around 10 s−1, thus beginning to display its

significant increase in peak force as the loading frequency is increased from 0.3 Hz to 3 Hz.

In reference to the transitions in the dissipation efficiencies, this model indicates that as

the loading frequency is increased beyond a branch’s characteristic frequency, increasing

the non-equilibrium shear modulus Gneq of that branch decreases the material’s ability to

dissipate energy. This may be rationalized as follows. When a given branch is cyclically

loaded below its characteristic frequency, the corresponding “dashpot” in Figure 1.1 has

sufficient time to continuously relax, and hence that branch does not appreciably contribute

to either the peak force or hysteresis. When that branch is cyclically loaded near its

characteristic frequency, the corresponding “dashpot” flows and contributes substantially

to the hysteresis. When the branch is cyclically loaded above its characteristic frequency,

the corresponding “dashpot” does not have time to flow and behaves in a “frozen” manner,

leading to the branch to behave in a nearly elastic manner and contribute negligbly to

the hysteresis but substantially to the force level. Because the parameter Gneq scales the

contribution of a given branch to the total Cauchy stress, increasing this parameter increases

the branch’s contribution to the total hysteresis near its characteristic frequency and decreases

its ability to contribute to energy dissipation above its characteristic frequency. As such, by

increasing one branch’s Gneq, the effect of that branch on the material behavior becomes
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more apparent around its corresponding frequency. Thus, with an increasing Gneq, a decrease

in dissipation efficiency is expected once each branch traverses its corresponding frequency.

The opposite effect is true when the non-equilibrium shear modulus Gneq for a given branch

is decreased instead of increased.



Chapter 3

Application to Shoe Midsoles

The second part of this study focused on the application of the constitutive model to cyclic

indentation tests of a flat, circular indenter on a shoe midsole made of EVA foam (Section

3.1). We completed two parametric studies, through Abaqus simulations, focusing on the

effect of the loading frequency (Section 3.2) of the cyclic indentation and the effect of the

position (Section 3.3) of the indenter in reference to the shoe midsole. As in Chapter 2, the

effect of each parametric study was quantified through the maximum force applied and the

dissipation efficiency of the foam.

3.1 Simulation Details and Baseline Results

As shown in Figure 3.1, a three-dimensional model was simulated with two components, a

cylindrical indenter and a representation of a shoe midsole. The geometry of this particular

shoe midsole is from Reebok’s Zig line of shoes, and the simulation was configured to fit

those dimensions. Reebok’s Zig midsole was aptly named to describe the design of the

midsole, which has a “zig-zag” geometric pattern, creating multiple “bars” throughout the

midsole. Each bar of the midsole was numbered from 1 to 9. The indentation locations

considered in this study were bars 4 to 9. This choice was made mostly for convenience

because within this part of the midsole, the corresponding bottoms were parallel with the
33
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Figure 3.1: Configuration for numerical simulations of cyclic indentation of a shoe midsole
with a view cut along the x-z-plane.

Wmin

Figure 3.2: Top-view of the shoe midsole geometry and finite-element mesh.

ground, making the application of boundary conditions straightforwad. Thus, the nodes

along those bottoms were rigidly bounded in all three directions (ux = uy = uz = 0), as

shown in Figure 3.1.

The same cylindrical indenter geometry was used in all simulations, so the diameter

(d) was set as 40 mm to fit within the minimum width (Wmin) of the midsole, which was

44 mm. (Wmin was measured before the top of the midsole starts to curve to transition into

the wall as shown in Figure 3.2.) The bottom edge of the cylinder was rounded with a radius

(rc) of 0.6 mm to mitigate potential numerical issues, and the height (h) of the indenter was

arbitrarily chosen to be 30 mm.

All simulations were completed using displacement control, and the displacement (δ )

of the indenter along the z-direction was prescribed at its reference point. The prescribed
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movement was a displacement that sinusoidally cycled between 0 mm and 7 mm only along

the z direction for all simulations and rotation was prohibited. The indenter completed three

cycles of loading onto and unloading off of the foam, imposing uniaxial compression-like

deformation in the foam beneath the indenter. A displacement magnitude of 7 mm was

selected so an appropriate maximum displacement was achieved regardless of the indenter’s

position from bars 4 to 9 as the minimum (Hmin) and maximum (Hmax) heights were about

13.2 mm and 26.8 mm, respectively (see Figure 3.1).

The contact area of the indenter onto the midsole spanned two bars for every simulation

in order to better represent the contact between a portion of a foot with the shoe midsole as

well as to maximize the contact area of the indenter. The average length of the span of two

bars (S) was 44.7 mm, and the overall length of the midsole from the tip of the toe to the

back of the heel (L) was about 30.5 cm (Figure 3.1). For each simulation, the indenter was

rotated to be parallel with the two bars being contacted, and this contact between the foam

midsole and the indenter was idealized with a friction coefficient of 0.4 in the simulations.

Additional images of the undeformed model are shown in Figure 3.3, presenting more

views of the meshed parts. The indenter was idealized as a discrete rigid body and was

arbitrarily meshed using 243 Abaqus-R3D4 elements (four-node, three-dimensional, rigid,

quadrilateral elements). The entire midsole was meshed using 21,203 Abaqus-C3D10M

elements (ten-node, modified, quadratic, tetrahedral elements).

Just as in Chapter 2, all finite-element calculations were performed in Abaqus/Explicit,

using the VUMAT subroutine implementation of the constitutive model, and the primary

data collected was the reaction force history experienced by the indenter during cyclic

indentation on the foam. This information allowed for the comparison of maximum force

applied and the dissipation efficiency of the foam, as explained in Section 2.1. Although

those quantities are the only results discussed in Sections 3.2 and 3.3, other interesting

observations from the simulations were the stress and deformation fields experienced by

the midsole during indentation. Figure 3.4 displays relevant contour plots of the designated
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Figure 3.3: Multiple views of the undeformed shoe midsole and indenter geometry and
finite-element mesh. (a,b) Top views. (c) Side view. (d,e) Perspective views.

baseline case (the simulation that is involved in both parametric studies), which is when the

indenter spanned bars 6 and 7 (as shown in Figure 3.1) with a loading frequency of 3 Hz.
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Figure 3.4: Contour plots of the von Mises effective stress and logarithmic strain invariants
(K1, K2, and K3) for the baseline case at an indenter displacement of 7 mm onto shoe midsole.

The contour plots are only shown for the baseline case at an indenter displacement

of 7 mm to give a general example of the fields that arise in the EVA midsole during the

simulations. As shown in Figure 3.4(a), the magnitude of the von Mises effective stress

beneath the indenter is on the order of 300-500 kPa. The magnitude of stress is fairly

constant for most of the deformed material, but a peak stress does occur by the left corner of

the indenter. Contours of the invariants of the logarithmic strain tensor (K1, K2, and K3) are

also shown in Figures 3.4(b)-(d). Recall from Section 1.2.1 that K1 represents the amount

of dilatation, K2 > 0 is the magnitude of constant-volume distortion, and −1 ≤ K3 ≤ 1

represents the mode of constant-volume distortion. In Figure 3.4(b) most of the foam

beneath the indenter exhibits a negative volume change, which corresponds with the material

being compressed. However, there is some increase of volume at the three areas of curvature

where the material experiences bending. For K2, the contour plot is quite similar to the von
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Mises stress field, demonstrating the relation between deviatoric stress and strain. Lastly,

the contour plot of K3 in Figure 3.4(d) is mostly blue, indicating that the value of K3 is -1,

which is the value for simple compression. The exact fields for stress or deformation will

differ throughout the parametric studies, but the results of the maximum force applied and

the dissipation efficiency encompasses those changes.

3.2 Varying Frequency at One Position

For the first parametric study of cyclic indentation of the shoe midsole, the position of

the indenter was fixed to span bars 6 and 7, and the frequency of the cyclic motion of the

indenter was varied. The four different values of loading frequencies were 0.003 Hz, 0.03 Hz,

0.3 Hz, and 3 Hz.

Figure 3.5 shows the effect of varying the loading frequency at one position on the force

versus displacement curves. (The shakiness of the 3 Hz curve and, to a lesser extent, the other

curves in Figure 3.5 is due to the level of mass scaling selected to efficiently run the explicit

finite-element calculations but does not significantly affect the overall results.) As the

frequency increased, the maximum force experienced by the foam increased. The hysteresis

loop and hence the dissipation efficiency also increased with an increase in frequency. These

relations are explicitly shown as a function of frequency in Figure 3.6. The maximum force

and dissipation efficiency both increase with an increasing magnitude of frequency.

These results agree with our physical intuition for the viscoelastic nature of the foam

material because indenting the material to the same displacement magnitude but within

different periods of time would mean more force is required to displace the material at

a shorter time period compared to displacing the same amount during a longer period of

time. Furthermore, with an increasing loading frequency, the dissipation efficiency also

increases as more of the non-equilibrium branches contribute to the hysteresis. This result is

analogous to what occurred in the baseline cases in Chapter 2.
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Figure 3.5: Force versus displacement curves during cyclic indentation of a shoe midsole
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Figure 3.6: Peak forces and dissipation efficiencies as a function of frequency during cyclic
indentation of a shoe midsole at a fixed position.

3.3 Varying Position at One Frequency

For the second parametric study of cyclic indentation of the shoe midsole, the loading

frequency was fixed at 3 Hz, and the position of the indenter along the midsole was varied.

The five different positions considered were when the indenter was in contact with bars 4-5,
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Figure 3.7: Force versus displacement curves during cyclic indentation of a shoe midsole
when varying the position of the indenter at 3 Hz.

5-6, 6-7, 7-8, and 8-9.

Figure 3.7 shows the effect of varying the indenter position on the force versus displace-

ment curves with the frequency fixed at 3 Hz . (The shakiness in the simulated curves is

again due to mass scaling and does not significantly affect the overall results.) A noticeable

feature within this set of simulated curves is that there are three distinguishable tiers of peak

forces. The highest maximum force is when the indenter was at positions 4-5 and 8-9. The

second highest peak force is when the indenter was at positions 5-6 and 7-8. Lastly, the

lowest maximum force is from the 6-7 position.

This is clearly demonstrated in Figure 3.8(left), where the maximum forces at the two end

positions are the highest and close in value, and the values decrease going to the lowest peak

force at the middle position. However, the dissipation efficiency does not follow the same

relation, in fact, it is nearly the inverse. The 6-7 position experiences the lowest maximum

force but experiences the highest dissipation efficiency. Moreover, the end positions (4-5 and

8-9) had lower dissipation efficiencies but still of similar values to each other. Position 5-6
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Figure 3.8: Peak forces and dissipation efficiencies as a function of position during cyclic
indentation of a shoe midsole at 3 Hz.

remains within the middle of the range for dissipation efficiency, just as it did for the peak

forces. Position 7-8 is the outlier that does not follow this inverse relation of the dissipation

efficiency to the peak force. If that relation was followed, the expected outcome for the 7-8

position dissipation efficiency would be of similar value to the 5-6 position, but as shown in

Figure 3.8(right), this is not the case. In fact, the dissipation efficiency at position 7-8 is the

lowest. In Figure 3.7, one can see that although the 7-8 curve reaches a similar peak force

as the 5-6 curve, the loading curve of the stabilized hysteresis loop for position 7-8 follows

the same path as position 6-7, resulting in a lower dissipation efficiency compared to both

position 5-6 and position 6-7.

The main reason for this outcome is due to the shape of the midsole, which affects the

dominant mode of deformation of each bar and the magnitude of deformation that each bar

experiences. One feature of the midsole is that the height of each bar increases going from

bar 4 to bar 9. Since the maximum indenter displacement is the same at all positions, the

magnitude of deformation decreases going from bar 4 to bar 9. A second feature is that the

cavities within bars 4 to 7 maintain the same ratio of empty space to foam, however the

cavities in bars 8 and 9 are much less prevalent. When there is a significant cavity, as in bars
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4 to 7, the bars can be seen as being composed of two vertical beams. As such, bending

of these beams is the more dominant mode of deformation during the displacement of the

indenter. When there are less prevalent cavities, as in bars 8 and 9, the bar more resembles a

block of foam, prompting a compression-dominant deformation.

Since positions 4-5 to 6-7 all experience bending-dominant deformation, the decreasing

peak force and increasing dissipation efficiency are directly related to the decrease in the

imposed deformation magnitude as the indenter moves from position 4-5 to 6-7. Similar to

the relation demonstrated in the parametric study of Jmin (Section 2.2.2), a section of the

midsole subjected to a higher deformation magnitude (e.g. position 4-5) would cause the

material to become stiffer compared to a section subjected to a lower deformation magnitude

(e.g. position 6-7), causing a higher peak force but lower dissipation efficiency. As the

position of the indenter transitions from 6-7 to 7-8, the bars also transition in the dominant

mode of deformation. In position 7-8, bar 7 is more bending-dominant while bar 8 is more

compression-dominant. This combination of deformation types may be why the loading

curve of position 7-8 follows the loading curve of position 6-7 (bending-dominant behavior)

but reaches a higher peak force (compression-dominant behavior), thus causing a decrease

in the dissipation efficiency. In position 8-9, both bars are compression-dominant, resulting

in the increase in peak force. The dissipation efficiency increases as well because the state

of deformation in the midsole beneath the indenter is similar to the block of foam that we

considered in Chapter 2.



Chapter 4

Conclusion

4.1 Summary

In this thesis, we conducted two types of parametric studies utilizing a nonlinear, large-

deformation, viscoelastic constitutive model. The first type of parametric studies focused

on the material properties that appear in the constitutive model, and the second type of

parametric studies was focused on the application of the model to a shoe midsole. An

axisymmetric model based on Reebok’s experimental procedure was used for the studies on

material properties, and a three-dimensional model based on the geometry of Reebok’s Zig

midsole was used for the studies on a shoe midsole.

Both equilibrium and non-equilibrium material properties of the constitutive model were

studied at four different loading frequencies (0.003 Hz, 0.03 Hz, 0.3 Hz, 3 Hz). Similar

results arose when examining the effect of the ground-state shear (G0) and bulk (B) moduli

and the volumetric locking value (Jmin). When the ratio of (G0/B) and Jmin increased, the

material became stiffer, which increased the peak force while the dissipation efficiency

decreased. However, the effect of increasing G0 and B caused the material to respond in a

more elastic manner and increased the entire force versus displacement curves, while Jmin

only affected the large deformation response, which still allowed a discernible amount of
43
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energy to be dissipated. Also, the dissipation efficiency depended nearly linearly on Jmin for

all frequencies.

The non-equilibrium shear moduli for each branch (G(α)
neq) were the main parameters of

interest when studying the non-equilibrium parameters. For all four branches, increasing

their respective Gneq made the branches contribute more to the hysteresis and maximum

force. For Branch 1, these contributions were small once the non-equilibrium shear modulus

was sufficiently large, signifying that within a certain range, Gneq had a minimal impact on

the material response. For the other three branches, the increase in Gneq affected the material

behavior more prominently around their corresponding characteristic frequencies as the

contribution to the total hysteresis increased near each branch’s characteristic frequency.

Also, for loading frequencies above their characteristic frequencies, each branch continued

to contribute in attaining higher maximum forces as Gneq increased, but decreased the

material’s ability to dissipate energy.

The strain-rate sensitivity exponent (m) for Branch 1 was also examined. The material

behavior was dependent on the value of m because when m = 0.1, Branch 1’s contribution

to the material’s hysteresis remained nearly constant as the frequency increased, while the

peak force increased, leading to a decrease in dissipation efficiency. However, when m was

0.15 and above, a higher maximum force was accompanied by sufficiently large increase in

the amount of hysteresis, yielding a higher dissipation efficiency with increasing frequency.

Once m was 0.25, increasing to a frequency range above 0.3 Hz, Branch 1 started to behave

more elastically. The combination of all these observations demonstrated how the material

behaved as Branch 1 became more rate-dependent (i.e., m increased).

When the constitutive model was applied to the midsole of a shoe, two parameters were

varied, the loading frequency and the position of the indenter. As the frequency increased

when the indenter was at a fixed position, the peak force and dissipation efficiency also

increased. As the position of the indenter moved throughout the midsole, the geometry of
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the midsole affected the material response. When the bars of the midsole were bending-

dominant, a decrease in the magnitude of deformation led to a decrease in the peak force

but an increase in the dissipation efficiency. As the indenter transitioned from displacing

bending-dominant regions to compression-dominant regions, there was an initial decrease

in dissipation efficiency, however the peak force increased. The dissipation efficiency

increased, and the peak force continued to increase once the displaced region was all

compression-dominant.

4.2 Future Directions

While progress has been made, there are many directions for future work. Performing

another parametric study of the strain-rate sensitivity exponent (m) for Branch 1 with a

wider range of m and frequency would allow for our predictions stated in Section 2.3.1 to be

confirmed or denied. Also, another study that increases m by smaller increments would help

to find the critical value of m where the dissipation efficiency transitions between increasing

and decreasing. The parametric study focused on Gneq for the Newtonian branches is a

second study that could be repeated with a wider range of frequencies. By expanding

the frequency range, the missing elements, such as a visual peak of dissipation efficiency

for Branch 2 and the transition of the dissipation efficiency values for Branch 4, can be

presented.

Both parametric studies for the shoe midsole can also be expanded. The study that

varied loading frequency can be performed at multiple positions to verify the observation

that increasing frequency increases both peak force and dissipation efficiency, no matter

the region of the midsole being displaced. Moreover, the study varying position can have

smaller increments in the change of position of the indenter relative to the midsole so that

the indenter would be centered at one bar instead of between two bars. The shape of the

indenter could also be changed, such as elongating the contact area to span more than two
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bars. Lastly, these parametric studies could be applied to many different designs of shoe

midsoles or to full shoe assemblies including the other components of a shoe to see how each

performs in terms of peak forces and dissipation efficiencies within a range of frequencies.



Appendix A

Force Versus Displacement Curves for

Parametric Studies Involving

Non-Equilibrium Newtonian Branches

The following figures display the force versus displacement curves for Branches 2, 3, and 4.
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Figure A.1: Force versus displacement curves during cyclic indentation when varying Gneq
for Branch 2.
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Figure A.2: Force versus displacement curves during cyclic indentation when varying Gneq
for Branch 3.
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Figure A.3: Force versus displacement curves during cyclic indentation when varying Gneq
for Branch 4.
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