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Abstract of “Uncovering Novel Phases in Complex Magnetic Materials Using
Resonant X-ray Scattering” by Benjamin Zager, Ph.D., Brown University, October
2024

Materials with strongly interacting electrons exhibit a wide variety of uncon-

ventional ordering phenomena that are both fundamentally rich and promising for

many potential technological applications. These phases often involve coupling

between spin, charge, orbital, and lattice degrees of freedom, precisely tuned by a

hierarchy of energy scales. They may also involve more subtle degrees of freedom

that may be elusive to many common experimental probes. In this thesis, I discuss

a series of resonant elastic and inelastic x-ray scattering experiments (REXS/RIXS)

on complex magnetic materials to uncover the microscopic mechanisms behind the

novel magnetic phenomena observed in these materials.

NiRh2O4 is a S = 1 frustrated diamond lattice antiferromagnet that may be

in proximity to a quantum critical point. I carried out RIXS measurements to

unravel the spin-orbital-lattice entangled ground state in NiRh2O4.

CoNb3S6 is an intercalated transition metal dichalcogenide (iTMD) exhibiting

a giant anomalous Hall effect (AHE) that cannot be explained by its putative

collinear antiferromagnetic order. Using REXS, I discovered a long-wavelength

modulation of the magnetic structure that gives rise to a novel striped pattern in

the scalar spin chirality.

The properties of iTMDs are highly sensitive to the precise stoichiometry

of intercalated 3d ions. I carried out comprehensive magnetic and structural

characterization on CoNb3S6 and the related material NiNb3S6 with varying Co

and Ni stoichiometry to understand the dependence of the magnetic properties on

sample composition.

NiGa2S4 is a nearly ideal S = 1 triangular lattice magnet which shows no long



range magnetic order and exhibits a variety of unconventional magnetic properties.

I carried out REXS measurements to probe the magnetic correlations within a

small sample volume to disentangle structural and magnetic disorder. I find a

correlation length that is longer than that found in previous measurements, as

well as a temperature-induced shift in the magnetic wavevector. Using RIXS, I

ruled out the previously reported negative charge transfer ground state and instead

found a mixed valence state.
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CHAPTER 1

Introduction

This chapter provides an overview of ceoncepts from condensed matter physics that are

essential to this thesis. The first section introduces the concept of strongly correlated materials

using the Hubbard model. It then describes the physical processes that determine the local

degrees of freedom on each ion. Next, it demonstrates how interactions occur in the simplest

case and introduces the wide variety of interactions that may occur in general. The second

section covers ordering phenomena, mainly magnetism, which arise from interactions, and the

corresponding excitations. It then covers the more exotic ordering phenomena that appear

in this thesis involving frustrated magnetism and composite degrees of freedom such as spin-

orbital moments and spin chirality. The final two sections cover the specific types of materials

appearing in this thesis. General background on solid state and condensed matter physics can

be found in [1–4]. More background on magnetism and strongly correlated materials can be

found in [5–8].

1
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1.1 Electrons in solids

1.1.1 Strongly correlated materials

The properties of crystalline solids are governed mainly by the valence electrons, which

occupy the highest energy levels. These electrons are bound by the periodic potential of the

crystal lattice where individual atomic energy levels become dispersive energy bands. This

is the scope of band theory, where the electrons are considered as effectively noninteracting

particles. The key result being that materials with a partially occupied valence band are

conductors i.e. metals, while materials with a fully occupied valence band are insulators [1, 2].

In some cases, particularly when valence electrons occupy d and f shells, interactions cannot

be ignored. In these highly localized orbitals, Coulomb repulsion is not effectively screened and

electron-electron interactions drastically alter the electronic ground state. In these strongly

correlated materials, Coulomb repulsion produces an insulating state in a material with a

partially filled valence band, known as a Mott insulator or more generally a correlated insulator.

In this state, unpaired electrons are localized to the lattice sites. Their charge, spin, and

orbital degrees of freedom interact to form a diverse range of ordering phenomena and other

emergent behaviors [5].

The main concept driving the Mott insulator state and other strong correlation effects is

the interplay between kinetic energy and Coulomb repulsion. Consider a 1D lattice with a

single electronic state available on each site, which can be occupied by up to two electrons

with opposite spin, as required by the Pauli exclusion principle. The electrons’ kinetic energy

can be described by some hopping parameter t, which is the tunneling amplitude between

neighboring sites. Coulomb repulsion can be described by an energy cost U for electrons to

occupy the same site. This gives the simplest model that can describe a correlated insulator

state, known as the Hubbard model, given by the Hamiltonian

HHub = −t
∑
⟨ij⟩σ

(c†iσcjσ + h.c.) + U
∑
i

ni↑ni↓ (1.1)



1.1. Electrons in solids 3

where c†iσ and ciσ are fermion creation and annihilation operators for an electron with spin

σ =↑, ↓ at site i, h.c. denotes the Hermitian conjugate of the first term, and niσ = c†iσciσ is the

number operator of for electrons with spin σ on site i. The notation ⟨ij⟩ denotes summing

over all nearest neighbor pairs. The average number of electrons per site is known as the

filling. We will consider the most common case of n = 1, known as half-filling.

(a)

(b) U/tE

(c)

Figure 1.1: (a) 1D Hubbard model at half-filling with randomly oriented spins. (b) Electron
hopping to a neighboring site, creating an excitation of energy U . (c) Schematic density of
states for the Hubbard model as a function of U/t. showing the Metal-insulator transition as
the partially filled valence band is split into a lower and upper Hubbard subband.

In the limit of U/t≪ 1, the Hubbard model reduces to a simple tight-binding model, which

yields a metallic state for n = 1. In the limit of U/t≫ 1, the half-filled valence band is split

into a fully occupied lower band and an empty upper band. This corresponds to an insulating

state, with energy gap Eg ∼ U −W , where W = 2zt is the bandwidth, z is the coordination

number or the number of nearest neighors for each lattice site. There is thus some critical

U = Uc ∼ W at which the system undergoes a metal-insulator transition.

1.1.2 Local degrees of freedom

In the previous section, we considered a 1D lattice with a single electronic state on each site.

However, real materials form 3D lattices with each site contributing a full atomic multiplet of

states. This section describes degrees of freedom and corresponding the energy scales related

to the local states on each site in a correlated insulator. The largest class of such materials

are compounds containing 3d transition metal ions. In these materials, the valence electron

wavefunctions are highly localized and resemble atomic orbitals. However, the spherical
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symmetry of a free ion is broken by the anisotropy of the crystal lattice. The local degree of

freedom in these materials is the many-body ground state of a dn configuration, where n ≤ 10

depends on the particular element and oxidation state. For example, 3d8 for Ni2+, 3d7 for

Co2+, and 5d5 for Ir4+. The interactions that determine this ground state are the Hund’s

coupling (also known as the intra-atomic exchange), spin-orbit coupling, and the perturbations

induced by the surrounding ions in the crystalline environment, known as the crystal field.

In this section, we will use the single-electron description to develop a simple qualitative

picture. Section 2.6 will introduce the many-body formulation used for quantitative calculations.

The electronic wavefunctions can be represented in the basis of the d orbitals, given by the

spherical harmonics with l = 2. To accomodate the anisotropy of the crystal lattice, we use

the real spherical harmonics in cartesian coordinates, which are linear combinations of the

complex spherical harmonics |l, lz⟩ = |2, lz⟩ = |lz⟩

eg

 |x2 − y2⟩ = |0⟩

|z2⟩ = 1√
2
(|2⟩+ |−2⟩)

t2g


|xy⟩ = − i√

2
(|2⟩ − |−2⟩)

|xz⟩ = − 1√
2
(|1⟩ − |−1⟩)

|yz⟩ = i√
2
(|1⟩+ |−1⟩)

(1.2)

The Hubbard U described in the previous section parameterizes the monopole component of

the Coulomb interaction that localizes electrons to their respective sites. There are also higher

order multipole components that act between electrons on the same site. These interactions

will be discussed in more detail in section 2.6, but the dominant effect can be described by

HHund = −JH
∑
i ̸=j

(2Si ·Sj + 1
2
) (1.3)

where JH called the Hund’s coupling, Si is the spin of an electron in orbital i. This interaction

causes electrons to occupy parallel spin states on separate orbitals, maximizing the total spin
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Figure 1.2: Shapes of the d orbitals in the cartesian basis. The red and blue indicate regions
of the wavefunction with opposite phase.

of the atom. For an isolated ion, this is known as the first Hund’s rule. Similar effects lead

electrons to maximize the orbital angular momentum for a given maximal spin, known as the

second Hund’s rule. By minimizing the Coulomb repulsion between valence electrons, the

spin and orbital angular momentum are determined, along with the corresponding orbital

occupation.

Spin-orbit coupling (SOC) also plays an important role in the determining the electronic

ground state. In the LS or Russel-Sanders coupling scheme relevant for (especially 3d)

transition metal ions, the SOC is given by

HSOC = λL·S, (1.4)

where λ is the spin-orbit coupling constant. S and L are the net spin and orbital angular

momentum summed over all electrons. This interaction determines the total angular momentum

J = L+S and gives the third Hund’s rule: minimize J for a less than half-filled shell (normal

multiplet), and maximize J for more than half-filled shell (inverted multiplet).
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Tetrahedral Octahedral TetragonalTetragonal

(a) (b)

(c)

Figure 1.3: (a) Tetrahedral coordination geometry (b) Octahedral coordination geometry (c)
Branching of 3d orbitals upon symmetry reduction by a tetrahedral or octahedral crystal field,
and further reduction by a tetragonal distortion, where the sign of the splitting shown here
corresponds to an elongation.

The Hund’s coupling and SOC determine the electronic ground state of an isolated atom or

ion according to Hund’s rules. In a crystal, the spherical symmetry is lowered to some discrete

symmetry determined by the local coordination geometry, classified by its point group. A

transition metal cation in a crystal is surrounded by anions called ligands, which are typically

chalcogens or halogens with fully occupied p shells (O2−, S2−, Cl−, F−, etc.). This anisotropic

environment is known as the crystal field and breaks the degeneracy of the d orbitals, which

can be explained by two mechanisms: electrostatic repulsion and metal-ligand hybridization.

In the ideal case of a purely ionic crystal, valence electrons are fully localized on each

ion, with no overlap between neighboring sites. In this case, we can consider the ligands as

negative point charges. The electrons on the metal site are repelled by these charges, which

splits the degenerate d orbitals into subsets based on their shape. The orbitals with lobes

pointing toward the ligands will have higher energy than those with lobes pointing in between
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the ligands.

For the most common case of octahedral coordination, where the ligands are centered along

the cartesian axes drawn in Fig. 1.2, the |x2 − y2⟩ and |z2⟩ orbitals are split to higher energy

while the |xy⟩, |xz⟩, and |yz⟩ orbitals are split to lower energy. Another common geometry is

tetrahedral, which has the opposite splitting to octahedral. The magnitude of the crystal field

splitting is conventionally called 10Dq.

We can classify any particular coordination geometry by its point group, which defines its

symmetries. The orbitals are split into subsets corresponding to the irreducible representations

or irreps of that point group. In Schoenflies notation, the point groups for octahedral and

tetrahedral coordination are Oh and Td respectively. The irreps for Oh, in Mulliken notation,

are eg (|x2 − y2⟩ and |z2⟩) and t2g (|xy⟩, |xz⟩, and |yz⟩). For the Td, the irreps are e and t2,

which contain the same orbitals, but without the g subscript indicating the lack of inversion

symmetry for a tetrahedron.

In the presence of the crystal field, the orbital occupation depends on the relative magnitude

of the Hund’s coupling, crystal field splitting, and SOC. In 3d ions, λ≪ 10Dq ∼ JH , so we

can typically consider the effects of SOC as a perturbation to the ground state determined

by 10Dq and JH . For 10Dq ≪ JH , the maximum spin is still favored and the electrons will

occupy the orbitals according to the first Hund’s rule, forming a high-spin state. However,

when ∆CF ∼ JH , it may be favorable to fully occupy the lower energy orbitals first, forming a

low-spin state.

In a state with partially occupied eg levels, the orbital angular momentum will be zero for

any linear combination of the two eg orbitals. This is known as orbital quenching. When the

orbital angular momentum is quenched, the spin-orbit coupling vanishes to first order and can

usually be ignored when considering the local electronic ground state (although the second

order contrbutions are important for other effects, discussed in section 1.1.3).

In a state with partially occupied t2g orbitals, the orbital angular momentum will not in
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general be quenched. We can take linear combintations of the t2g orbitals to form a basis with

effective orbital angular momentum l̃ = 1. In this case, the SOC acts to first order but the

sign is flipped (λ̃ ≈ −λ) and the order of the total angular momentum multiplets is reversed

from that given by Hund’s third rule: maximize (minimize) J for less (more) than half filled.

If the symmetry is lower than cubic, the orbitals are further split. If an octahedron or

tetrahedron is elongated or compressed along a (100) axis, leaving the other two related axes

equivalant, the symmetry is tetragonal, with point groups reduced to D4h and D2d respectively,

as shown in Fig. 1.3. In this symmetry, the t2g levels are split into b2g and eg, and the eg

levels are split into b1g and a1g.

According to the point charge model, the sign of the splittings shown Fig. 1.3 correspond

to a tetragonal elongation. However, the sign of the splitting may not always correspond to

that expected from the point charge model due to effects discussed below.

An other common symmetry is trigonal, which corresponds to a distortion along a (111)

axis, reducing Oh to D3d. This preserves the degeneracy of the eg levels, but splits the t2g

levels into a1g and e′g, where the ′ symbol distinguishes those levels from the undisturbed eg

levels from the parent symmetry. These deviations from cubic symmetry may be intrinsic to

the crystal structure or may arise from a structural distortion.

Although the cubic crystal field breaks the fivefold degeneracy of the d orbitals, there is

often some remaining degeneracy of the single-electron states. For certain fillings, this results

in an overall degeneracy of orbital occupations. For example, there is a degeneracy of the

eg states for Cu2+ (d9) or Mn3+ (d4) in an octahedral crystal field or a degeneracy of the t2

states for Ni2+ (d8) in a tetrahedral crystal field.

This degeneracy is unstable and the system may undergo a spontaneous distortion, allowing

for a lower energy orbital occupation. Although this distortion reduces the energy of the

orbital occupation, it also induces a strain with a corresponding elastic energy cost. In the

simplest model for singly or triply occupied eg states with a twofold degeneracy, we consider
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small distortions u of an octahedron, where the ligands along the z axis are displaced by

±u and the ligands along the x and y axes are displaced by ±1
2
u. The orbital splitting is

linear in u and the elastic energy is quadratic, giving an energy E = ±gu+ 1
2
Bu2, where g

is the electron-phonon coupling and B is the bulk modulus. The minimum energy occurs at

u0 = ± g
B

with E0 = − g2

2B
. This spontaneous distortion to lower the orbital energy is known as

the Jahn-Teller effect.

In a state with partially occupied t2g orbitals, the situation in more complicated. First,

a tetragonal or trigonal distortion splits the threefold degeneracy into a nondegenerate and

a doubly degenerate state. Thus, the potential energy is asymmetric with respect to u. In

addition, SOC is active to first order, and may induce a splitting comparable to the distortion-

induced splitting. The resulting spin-orbital-lattice entangled states will depend on the precise

energy scales of the interactions and may exhibit behavior that cannot be predicted by simple

qualitative considerations.

Above we considered the crystal field splitting due to electrostatic repulsion between the

d electrons and ligand ions. This provides a simple qualitative picture and captures the

proper symmetry of the splitting. However, a significant and often dominant contribution

to the crystal field splitting is due to the hybridization with the ligands. That is, the d

orbitals are mixed with the ligand orbitals. In this picture, the d orbitals are more properly

described as hybridized d-p molecular orbitals, where each d orbital hybridizes with a linear

combination of px, py, pz orbitals each of the surrounding ligands that shares the symmetry of

the corresponding d orbital.

The d orbitals with lobes pointing toward the ligand sites form σ bonds involving the p

orbitals parallel to the metal-ligand bond. The d orbitals with lobes pointing in between the

ligand sites form π bonds involving the p orbitals perpendicular to metal-ligand bond. For

example, in octahedral coordination, |x2 − y2⟩ hybridizes with the px or py orbitals of the

ligands within the xy plane, |z2⟩ hybridizes with the pz orbitals of the ligands along the z

axis. The resulting molecular orbitals retain the same symmetry of the d orbitals split by the
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Coulomb repulsion in the point charge model, however the sign and magnitude of the splitting

may differ.

A quantitative description of metal-ligand hybridization requires two parameters: the

metal-ligand hopping tpd, which may depend on the particular d and p orbitals involved in the

hopping (i.e. tpdσ or tpdπ), and the charge transfer energy ∆, which is the energy cost to move

an electron from the full ligand p shell to the partially occupied metal d shell. The charge

transfer energy includes not only the energy offset of the d and p levels, but also the Coulomb

energy cost of adding an additional electron to the metal site.

In section 1.1.1, we considered a system with direct hopping between the metal sites with

hopping parameter t and energy cost U . In most correlated materials, the metal sites are

separated by ligands, and the metal-metal hopping occurs as a second order process via the

intermediate ligands, with the effective hopping parameter tdd = t2pd/∆.

This leads to the distinction between two different types of correlated insulators. When the

lowest energy charge excitation corresponds to metal-metal hopping, dndn → dn+1dn−1, with

energy E = U , the system is called a Mott insulator (or Mott-Hubbard insulator) as described

in section 1.1.1. When the lowest energy charge excitation corresponds to ligand-metal hopping,

dnp6 → dn+1p5, with energy E = ∆, the system is called a charge-transfer insulator. We often

refer to both types collectively as Mott insulators or more generally as correlated insulators,

only distinguishing between the two different types when necessary.

1.1.3 Interactions

Starting from the 1D Hubbard model (eq. 1.1) at half filling in the limit of U/t≫ 1, we

can show how interactions occur between neighboring sites. In the undoped case, there is one

unpaired electron per site (n = 1) and the Hubbard model is said to be at half-filling. In the

limit of strong repulsion t/U ≪ 1, we expect electrons to be highly localized. We can thus

carry out a perturbation calculation to obtain an effective spin-only Hamiltonian, starting

with the repulsive term and perturbing with the hopping to second order. This calculation is
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shown in A.1. The result is known as the Heisenberg model

HHeis = J
∑
⟨ij⟩

Si ·Sj. (1.5)

where J = 4t2/U . Since J > 0, this interaction favors antiparallel alignment between nearest

neighbor spins (compare to the Hund’s interaction, eq. 1.3, which favors parallel spins on a

given site). We can picture the second order perturbation as a virtual hopping to a neighboring

site and back, which decreases the energy by −2t2/U . However, this hopping is only allowed

when the spins on each site are antiparallel, from the Pauli exclusion principle. This interaction

is called kinetic exchange or sometimes Heisenberg exchange, illustrated in figure 1.4. The

constant J is called the exchange coupling or exchange constant. In the limit of strong

repulsion at half-filling, the spin degrees of freedom of the Hubbard model can be described

by this effective Hamiltonian, which favors antiparallel alignment between neighboring spins

because virtual hopping reduces kinetic energy.

Figure 1.4: Kinetic exchange interaction arising from the virtual hopping processes in the
Hubbard model.

Eq. 1.5 is the starting point for modeling magnetism in materials with localized spins. In

real materials however, the magnetic interactions are far more complicated. Each site has a

full set of orbitals and the hopping processes may involve the intermediate ligand orbitals.

As a result, the strength and sign of the exchange interactions depend on the particular

orbital occupation and the bonding geometry between neighboring sites, as described by the

Goodenough-Kanamori-Anderson (GKA) rules [5].

There may also be exchange beyond nearest neighbor sites arising from higher order
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hopping processes. The next-nearest neighbor exchange is denoted by J ′, with the sum over

next-nearest neighbors indicated by ⟨⟨ij⟩⟩. The next-next-nearest neighbor (or third neighbor)

exchange is denoted by J ′′, with the sum over third nearest neighbors indicated by ⟨⟨⟨ij⟩⟩⟩.

These farther neighbor interactions are often negligible compared to the nearest neighbor

interactions. However, on particular lattices or for particular bonding geometries, farther

neighbor exchange may be quite strong or even dominant.

The inter-site Heisenberg exchange is isotropic in spin space and is independent of the

relative orientation of the spins to the crystal lattice. That is, the spins prefer to align with

each other along some direction (either parallel or antiparallel depending on the sign of J),

but that direction is degenerate over the surface of the unit sphere.

This degeneracy may be broken by an on-site anisotropy. In the presence of spin-orbit

coupling, the orbital anisotropy induced by the crystal field will carry over to the spin. Even

when the orbital moment is quenched, the second order contribution of spin-orbit coupling

may be sufficient to break the degeneracy. This effect causes the spin on each site to prefer or

avoid alignment with particular crystal axes and is highly dependent on orbital occupation

and lattice symmetry. For example, a uniaxial anisotropy has the form Huni = −KS2
z . When

K > 0, the spins prefer to stay along the z axis and when K < 0, the spins prefer to stay

within the xy plane. These two cases are known as easy-axis and easy-plane anisotropy,

respectively. For strong enough easy-axis anisotropy, the Heisenberg model reduces to the

Ising model. For strong enough easy-plane anisotropy, the Heisenberg model reduces to the

XY model.

In addition to on-site anisotropies that act on each individual spin, there may also be

anisotropic exchange interactions between sites. These can be described by the general bilinear

exchange tensor Ĵ (for nearest neighbors) with Hij = Si · Ĵ ·Sj. The diagonal components

correspond to the Heisenberg exchange. The off-diagonal components can be considered

separately as the symmetric and antisymmetric off-diagonal exchange. The antisymmetric
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part can be written as

HDM = Dij ·(Si × Sj) (1.6)

where the direction of the vector Dij depends on the symmetries between sites i and j, and the

magnitude depends on the relative strength of spin-orbit coupling and crystal field splitting.

This is called the Dzyaloshinskii-Moriya interaction (DMI), which can only be finite when

there is no inversion center between sites i and j.

(a) (b)DMI RKKY

Figure 1.5: (a) Dzyaloshinskii-Moriya interaction (DMI), with DMI vector Dij pointing out of
the page. (b) RKKY interaction J(r) between sites i and j separated by distance r. (c)

In certain systems with highly anisotropic spin-orbital moments, which are discussed in

section 1.2.3, there may be a bond-dependent Ising interactions, where the spin component

involved in the interaction depends on the direction of the bond. This is called a Kitaev

interaction, with the form

Hγ
ij = −KSγi S

γ
j (1.7)

for sites i and j connected by a bond associated with the spin component γ.

Another possible interaction is biquadratic exchange Hbiq = B(Si ·Sj)2, which may arise

due to magnetoelastic coupling [8–10] or higher order exchange processes for particular

orbital occupations [11]. This interaction favors parallel or antiparallel spins for B < 0 and

perpendicular spins for B > 0 [12–15].

All of the above interactions involve exchange processes between localized electrons on
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nearby sites in insulating materials. Some materials have coexisting itinerant and localized

unpaired and electrons. In this case, the itinerant electrons can mediate exchange interactions

between localized electrons. This is known as the Ruderman-Kittel-Kasuya-Yosida (RKKY)

interaction, with the form

J(rij) ∝
cos(2kF rij)

r3ij
(1.8)

between sites i and j separated by distance rij, where ℏkF is the Fermi momentum [16]. As

shown in Fig. 1.5, the RKKY interaction extends over long distances and oscillates in sign,

leading to many interesting effects as we will see in chapter 4 and 5.

1.2 Ordering phenomena

Just as the atoms and molecules in ordinary matter undergo phase transitions from a

disordered gas, to a short-range-correlated liquid, to a long-range-correlated solid, interacting

electrons will undergo phase transitions to ordered states as temperature decreases. These tran-

sitions include magnetic order, charge order, orbital order, lattice distortions, superconductivity,

metal-insulator transitions, and a wide range of other phenomena [4, 5].

1.2.1 Magnetism

Before discussing magnetic ordering, we briefly cover some basic concepts relevant to

magnetism in solids. The magnetization M of a material, which is the magnetic moment per

unit volume, responds to an applied magnetic field H according to the magnetic susceptibility

tensor

χαβ =
∂Mα

∂Hβ
. (1.9)

For an isotropic material in the linear response regime, this simplifies to M = χH, where

χ = χαβδαβ. For the layered materials in this thesis (section 1.4), we consider the in-plane and

out-of-plane susceptibilities χ⊥ and χ∥. A response with χ > 0 is known as paramagnetism

and a response with χ < 0 is known as diamagnetism. The diamagnetic response of electrons
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in completely filled inner shells (which is the majority of the electrons in the material) is

known as Larmor diamagnetism, caused by the field-induced orbital angular momentum. The

diamagnetic response due to the orbital motion of conduction electrons is known as Landau

diamagnetism. The paramagnetic response of localized spins in an insulator is known as Curie

paramagnetism. The paramagnetic response of a metal due to spin splitting of the conduction

band is known as Pauli paramagnetism.

A system of local spins on a lattice subject to the interactions described in the previous

section may undergo a phase transition at some critical temperature from a disordered

paramagnetic phase to a magnetically ordered phase. The specific type of magnetic ordering

depends on the details of the local degree of freedom (spin/orbital moment, anisotropy), the

lattice type, and the type and strength of inter-site interactions.

Ferromagnetic order is a state with all spins aligned in parallel, producing a net magneti-

zation. Antiferromagnetic order is a state with spins pointing antiparallel to their neighbors,

(or otherwise aligned with no net magnetization). Another similar possibility is ferrimagnetic

order, in which spins of different sizes are oppositely aligned, producing a net magnetization.

For typical ferro- or ferrimagnetic order, the spin do not break the translational symmetry

of the lattice. That is, the unit cell of the magnetic structure is identical to the unit cell of the

crystal structure. For antiferromagnetic order however, the translational symmetry is often

broken. That is, the spins in neighboring unit cells are oriented along opposite directions.

The spins can also form modulated structures with periodicity much longer than the lattice,

where adjacent spins rotate by a small angle within some plane. The spins may rotate within

the plane perpendicular to the propagation direction, forming a helical structure known as

helimagnetic order. They may also rotate within the same plane as the propagation direction,

known as cycloidal order. A variety of other modulated magnetic structures exist [16–18].

We can describe magnetic ordering more generally in reciprocal space using a magnetic

propagation vector or magnetic wavevector. For a lattice with multiple magnetic sites per unit
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(b) AFM

(a) FM (d) Cycloid

(c) Canted

(e) Helix

Figure 1.6: (a) Ferromagnetic order (b) Antiferromagnetic order (Néel state) (c) Canted
antiferromagnetic order (d) Cycloidal order (e) Helimagnetic order

cell, the moment on site j of unit cell n at position rn can be expressed as

mn,j =
∑
k

mk,je
ik·rn (1.10)

where mk,j is the Fourier component for site j with wavevector k, given by

mk,j =
∑
n

mn,je
−ik·rn . (1.11)

We can also define the Fourier components using the absolute positions of each site, rn,j =

rn+uj , where uj is the position of site j within the unit cell. This convention simply changes

the relative phase factor of the Fourier components for the sites in the unit cell. Because

magnetic moments must be real quantities, the Fourier components must satisfy mk,j = m∗
−k,j

[16, 19]. In anticipation of the next chapter, we can also define the magnetic structure factor,

M (k) =
∑
j

mk,je
ik·rj , (1.12)

which is simply the sum of Fourier components for the sites in the unit cell with relative phase

factors.

We can classify a magnetic structure as commensurate or incommensurate. A commensurate

structure has a propagation vector that is a rational multiple of a reciprocal lattice vector, i.e.
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k = n
m
G for integers m. An incommensurate structure has a propagation vector that is an

irrational multiple of a reciprocal lattice vector. A commensurate structure can be described

in terms of a magnetic unit cell, defining the primitive unit of translational symmetry in the

magnetically ordered phase. An incommensurate structure cannot be described in such a way.

If k = (0, 0, 0), the magnetic order does not lower the translational symmetry of the lattice

and the magnetic unit cell is identical to the structural unit cell. This is always the case for

ferro- and ferrimagnetic order. However, it may also correspond to antiferromagnetic order

when there are multiple spins per unit cell. Here, the Fourier components are simply the

moments within the unit cell, i.e. mn,j = m0,j for all n. If k = 1
2
G for some reciprocal lattice

vector G, the moments are given by mn,j = mk,j(−1)n. This is a simple antiferromagnet,

where the magnetic order is invariant under the operation of translation by one unit cell

along k followed by time-reversal. For any commensurate or incommensurate structures with

arbitrary k, with real space moments are given by

mn,j = m1,j cos(k·rn,j + ϕj)ûj +m2,j sin(k·rn,j + ϕj)v̂j, (1.13)

where ûj, v̂j and ŵ = û × v̂ are unit vectors defining an orthonormal frame. Here the

particular type of structure depends on the orientation of ûj and v̂j relative to k and the

relative magnitude of m1,j and m2,j [16].

Magnetic ordering lowers the symmetry of the paramagnetic phase. However, there may

be a degeneracy of symmetry-broken states. Thus, the system may order into different states

in distinct regions called domains. In a ferromagnet, different domains correspond to different

moment directions. The number of such domains depends on the type of anisotropy in the

system, which determines the number of degenerate orientations.

In an antiferromagnet or other complex modulated structures, there are many other types

of domains [20]. Configuration domains (also called k-domains or Q-domains) correspond to

different magnetic propagation vectors, which will typically be symmetry-related wavevectors
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for the given crystal structure. We can define the star of a magnetic propagation vector k

as the set of wavectors kα generated from k by the symmetry operations of the space group.

For a magnetic structure with propagation vector k, domains may form with any wavevector

belonging to the star of k. For example, (1
2
00), (01

2
0), and (001

2
) domains in a cubic crystal,

or (1
2
00), (01

2
0), and (1

2
1̄
2
0) domains in a hexagonal crystal. For a given configuration domain,

there may be multiple possible spin orientations. This includes different Néel vector directions

for a commensurate antiferromagnet. It also includes distinct rotational senses for helical

or cycloidal structures. For helical or other chiral structures, these are often called chiral

domains. There may also be domains with the same type of ordering, but with a phase shift.

In an antiferromagnet, this would occur as a 180°phase shift giving parallel neighboring spins.

In a incommensurate structure, this could be an arbitrary phase shift, causing a discontinuity

in the modulated structure.

A magnetic phase transition can be identified experimentally by an anomaly in the

temperature dependence of a bulk material property, such as magnetic susceptibility, heat

capacity, or electrical resistivity (although this anomaly may arise from other types of phase

transitions). Curie-Weiss law for paramagnetic response of local moments

χ =
C

T −ΘCW
(1.14)

where C is the Curie constant and ΘCW is the Curie-Weiss temperature. [21]

Bulk measurements can provide basic information such as the transition temperature, local

moment size, and anisotropy. However, the precise details of the magnetic order, including the

propagation vector(s) and moment orientations can only be determined by neutron diffraction

or resonant elastic x-ray scattering (REXS), as we will discuss in the next chapter.

We can model magnetic phase transitions as well as the properties of the paramagnetic

and ordered phases using a spin Hamiltonian such as the Heisenberg, XY , or Ising model on a

given lattice with the relevant set of interactions. However, the particular type of interactions
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and the corresponding interaction strengths must be determined. Even when the precise

parameters for a given model are known, exact solutions exist only in the simplest cases, even

in the classical limit. Thus, a variety of analytical and numerical approximation methods must

be used [3, 4, 6, 8, 13, 14, 22–32].

1.2.2 Frustrated magnetism

Although interactions generally favor long range order, it is possible for ordering to be

suppressed by interactions that cannot be simultaneously satisfied. This effect is called

frustration and can be illustrated by the two simple cases in Fig. 1.7. First consider Ising

spins on the vertices of a triangle as shown in Fig. 1.7(a), where each spin i can have the state

Sz,i = ±S with H = J(Sz,1Sz,2 + Sz,2Sz,3 + Sz,3Sz,1). For ferromagnetic exchange (J < 0), the

spins will align with either Sz,i = ±S for all i, with a ground state energy 3JS2 and a twofold

Kramers degeneracy. For antiferromagnetic exchange (J > 0), the situation is less clear. There

is no unique way for all spins to satisfy the antiferromagnetic exchange interaction, as each

spin cannot be antiparallel to both of its neighbors. The ground state energy is thus −JS2, as

there will always be one pair of parallel spins. There is now a sixfold ground state degeneracy

(three Kramers pairs). In contrast to the ferromagnetic case, each of these ground states can

be connected by a spin flip with no energy cost. Thus, the system can fluctuate over a set of

ground states. This inability to satisfy all interactions due to geometric constraints is known

as geometric frustration.

Another possibility is conflicting nearest and farther neighbor interactions, as shown in

Fig. 1.7(b). For Ising spins on the vertices of a square, nearest-neighbor antiferromagnetic

exchange J > 0 is not frustrated. However, next-nearest-neighbor antiferromagnetic exchange

(J ′ > 0), which acts along the diagonals, cannot be simultaneously satisfied. For large enough

J ′, the simple Néel state is destabilized. This form of frustration due to competing between

multiple interactions is known as exchange frustration.

These toy examples demonstrate the main concept of frustrated magnetism: conflicting
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J > 0

J > 0

J' > 0

(a) (b)

Figure 1.7: (a) Geometric frustration in an Ising model on a triangle with nearest-neighbor
antiferromagnetic exchange. (b) Exchange frustration in an Ising model on a square with
antiferromagnetic nearest- and next-nearest-neighbor exchange.

interactions produce a ground state degeneracy which enhances fluctuations and suppresses

conventional magnetic order. However, the third law of thermodynamics requires that the

system must release its residual entropy as T → 0. This results in exotic magnetic phases

that may occur at temperatures far below the energy scale of the exchange interactions. The

degree of frustration can be quantified by the frustration parameter f = |ΘCW|/Tc, where the

Curie-Weiss temperature ΘCW corresponds to the energy scale of the exchange interactions.

In real materials, the spins occupy sites on a periodic lattice and may possess a continuous

rotational degree of freedom. On a bipartite lattice, the sites can be divided into two sublattices

such that all nearest neighbors of a site on a given sublattice belong to the other sublattice.

Examples include a 1D chain, square, simple cubic, honeycomb, or diamond lattice. These

lattices support a simple Néel state for dominant nearest neighbor AFM exchange. However,

a sufficiently strong next nearest neighbor AFM exchange induces exchange frustration and

destabilizes the Néel state. On a diamond lattice, which is the topic of chapter 3, a next

nearest neighbor exchange of J ′ > 1
8
J will destabilize the Néel state. The theory of diamond

lattice magnets is discussed in [30, 33–39].

On a lattice with triangular motifs, such as a triangular, kagome, or pyrochlore lattice,

simple antiferromagnet order may be suppressed by geometric frustration, although exchange
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(a) (b)

Figure 1.8: (a) 120° order on a triangular lattice Heisenberg AFM (b) Valence bond solid on a
triangular lattice Heisenberg AFM

frustration may also be involved. The triangular lattice antiferromagnet, which is the topic of

chapter 6, is the canonical example of a geometrically frustrated magnet [4, 5, 39–43]. For a

Heisenberg model on a triangular lattice with antiferromagnetic nearest neighbor exchange,

the classical ground state is a three-sublattice Néel-like state with spins on each sublattice

oriented 120° relative to each other, as shown in Fig. 1.8(a).

For quantum spins, the exact ground state of the triangular lattice Heisenberg AFM

has not been definitively proven. There are many alternatives to the classical ground state

involving the formation of singlet states |ψ⟩ = 1√
2
(|↑↓⟩ − |↓↑⟩) or valence bonds between pairs

of spins. A state with valence bonds between nearest neighbor pairs is known as a valence

bond solid (VBS), shown in Fig. 1.8(b). The system may lower its energy further by forming

a superposition of many VBS configurations, even including valence bonds between further

neighbor spins. This is known as a resonating valence bond (RVB) state. The RVB state is

particularly notable because it is a type of quantum spin liquid (QSL), an unconventional

magnetic state that does not break any symmetries, contains highly entangled spins that may

be widely separated, and exhibits excitations with fractional quantum numbers, among other

exotic properties. The understanding and definitive realization of a QSL state is a major goal

in the field of frustrated magnetism and condensed matter physics in general [8, 39, 44–49].

Finally, we mention a different type of frustrated magnetic state that may arise in systems

with quenched disorder, known as a spin glass. This disorder may involve the spatial distribution
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of spins, such as vacancies or nonmagnetic substitutions in a magnetic material or magnetic

dopants in a nonmagnetic material. The disorder may alternatively involve randomness in

the exchange interactions, perhaps due to disorder among the nonmagnetic ions mediating

the exchange interactions, such as an oxygen or sulfur deficiency. Below the spin freezing

temperature Tf , the spins become frozen into a randomly oriented or short-range correlated

configuration characterized by slow relaxation between metastable states. Spin glasses are

of particular interest because of their unique form of symmetry-breaking and non-ergodic

behavior [50, 51].

1.2.3 Composite degrees of freedom

Spin-orbital moments

A growing paradigm in quantum materials and correlated electron physics is the study

of novel phenomena stabilized by spin-orbit coupling (SOC), including topological insula-

tors/semimetals, spin-orbit assisted Mott insulators, and spin-orbit entangled magnets. In

f -electron systems, the local ground state is dominated by SOC. However, these systems are

typically deep within the Mott insulator state with weak exchange interactions due to the

highly localized nature of the f orbitals. There is thus a large separation of energy scales,

with SOC much weaker than the Coulomb interaction and much stronger than the crystal

field and hopping energies.

In 4d and 5d transition metal compounds, the picture is quite different. These systems

have SOC comparable to the f -electron systems, but with much more spatially extended

orbitals, giving weaker Coulomb repulsion and stronger crystal field splitting and intersite

hopping. Thus the energy scales of the different local degrees of freedom coincide and the

exchange interaction strength is large, giving rise to a rich variety of spin-orbit entangled

phases [52–55]. Although the study of spin-orbital physics has mostly focused on 4d/5d

compounds, 3d compounds have recently begun to attract more attention [56–62].

The two primary cases of interest for spin-orbit entangled moments with effective total
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angular momentum J are J = 1
2

and J = 0 1. J = 1
2

moments can be realized in d5 ions (Ir4+,

Ru3+) in octahedral crystal fields, d9 ions (Cu2+) in tetrahedral crystal fields, or d7 ions (Co2+)

in octahedral crystal fields. The most notable case is J = 1
2

moments on a honeycomb lattice,

which interact via the Kitaev interaction (eq. 1.7) and are predicted to host a quantum spin

liquid ground state [63–65]. J = 0 moments can be realized in d4 ions (Ir5+, Ru4+, Re3+, Os4+)

in octahedral crystal fields, d8 ions (Ni2+) in tetrahedral crystal fields, or d6 ions (Fe2+) in

tetrahedral crystal fields. In these systems, the nonmagnetic spin-orbital singlet local ground

state competes with intersite exchange between J = 1 excited states to form a magnetically

ordered condensate analogous to a Bose-Einstate condensate. This is known as excitonic

magnetism [66].

Spin chirality

We can also consider local degrees of freedom involving multiple spins. The scalar spin

chirality is defined as the solid angle spanned by a set of three spins on a plaquette. For spins

Si, Sj, and Sk on the corners of a triangular plaquette, the scalar spin chirality is given by

χs = Si ·(Sj × Sk) (1.15)

This can only be finite for noncoplanar spins. In the adiabatic limit, a scalar spin chirality

induces an effective magnetic field on conduction electrons, b ∝ tχsn̂, where n̂ is the plaquette

normal vector and t = tijtjktki is the hopping integral around the loop i→ j → k → i. This

effect can produce an anomalous Hall effect (AHE) or other time-reversal symmetry breaking

phenomena in antiferromagnetic materials with noncoplanar spin structures [67]. Another

quantity is the vector spin chirality

χv = Si×Sj + Sj×Sk + Sk×Si. (1.16)
1Sometimes called Jeff to emphasize that these are not pure J states due to possible deviations from LS

coupling and partial mixing by the crystal field.
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This requires that the three spins be mutually noncollinear, but may be coplanar [42].

(a) (b)

Figure 1.9: (a) Scalar spin chirality χs, representing the solid angle spanned by three spins on
a triangular plaquette. (b) Vector spin chirality χv

1.3 Transition metal oxides

The largest class of strongly correlated materials is the transition metal oxides, particularly

those with 3d transition metal ions. This includes the high temperature superconducting

cuprates [68], the collosal magnetoresistance manganites [69], and many other materials

exhibiting a wide range of behaviors including as metal-insulator transitions [70], and charge,

spin, and orbital ordering phenomena [5].

1.3.1 Spinel structure

The spinel structure, which belongs to the cubic space group Fd3̄m (227), has the form

AB2X4 where A2+ and B3+ are metal ions and X2− is typically oxygen, sulfur or selenium,

with eight formula units per unit cell. In this structure, the A ions form a diamond lattice of

tetrahedrally coordinated sites and the B form a pyrochlore lattice of octahedrally coordinated

sites, as shown in Fig. 1.10. In addition to the normal spinel structure, there is also the inverse

spinel structure B3+(A2+B3+)2X4, where the half of the B3+ ions occupy tetrahedral sites

and the A2+ and other half of the B3+ ions are distributed on octahedral sites. In addition

to their diverse range of electronic and magnetic properties, spinels are especially interesting

because they host both a diamond and pyrochlore lattice, canonical examples of exchange

and geometric frustration respectively. There may be local spins on the A sites, the B sites,
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or even both. There have thus been many complex magnetic phases identified in spinels and

they remain promising for future work [71].

(a) (b)

Figure 1.10: Spinel structure, with tetrahedral A sites shown in blue and octahedral B sites
shown in green. (Created using VESTA [72])

1.4 van der Waals materials

van der Waals (vdW) materials consist of layers that are a single atom or unit cell thick,

with the layers bonded together only by van der Waals interactions. These materials are mainly

studied because they can be exfoliated to a few or even a single layer and used for devices and

heterostructures. In addition, the weak interlayer coupling allows for highly two-dimensional

(2D) magnetic behavior, where fluctuations are enhanced. The effect of interlayer coupling

can also be tuned by varying the number of layers near the monolayer limit. vdW materials

thus offer a unique platform for realizing ideal models of magnetism, with the possibility for

tuning the role of fluctuations [73–76].

1.4.1 Intercalated transition metal dichalcogenides

Transition metal dichalcogenides (TMDs) MX2, (M = transition metal ion, mainly V, Mo,

Nb, Ta, and W, and X = S, Se, Te), are a class of vdW materials that are widely studied for
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their nontrivial semiconducting and metallic properties, particularly in the use of devices and

heterostructures. These materials exhibit weakly correlated Fermi liquid-like behavior and

may exhibit phases such as superconductivity or charge density waves [77–79].

The 2H polytope of the transition metal dichalcognides (TMDs) can be intercalated with 3d

transition metals, which occupy interstitial sites in the van der Waals gap. These intercalated

transition metal dichalcogenides (iTMDs)MxTX2, with M = 3d transition metal, T = Nb,

Ta, and X = S, Se form a broad class of materials exhibiting a diverse range of electronic and

magnetic phenomena that are both fundamentally rich and promising for device applications.

These materials are highly tunable by varying the metal or chalcogen in the parent compound

2H − TX2, as well as the type and quantity of intercalated 3d ions. The 3d ions form a

superlattice of local magnetic moments between the conducting layers of the parent compound.

The parent compound is the 2H polytope, consisting of 2 layers per unit cell.

For x = 1
4

(MT4X8), the 3d ions form a 2× 2 superlattice, preserving the P63/mmc (194)

space group of the parent compound. This results in a bilayer triangular lattice of spins, with

the two spins per unit cell offset purely along the c axis. For x = 1
3

(MT3X6), the 3d ions

form a
√
3 ×

√
3 superlattice, with the lattice vectors rotated by 30° relative to the parent

lattice (denoted by
√
3×

√
3R30°), with noncentrosymmetric space group P6322 (182). This

results in a bilayer triangular lattice with the two spins per unit cell offset along both the c

axis and within the plane [80–87]. Some iTMDs of recent interest are CoNb3S6 [88–95] (see

chapters 4 and 5), NiNb3S6 [96, 97] (see chapter 5), CrNb3S6 [85, 98], FeNb3S6 [84, 99–103],

MnNb3S6 [104–107], VNb3S6 [108–111], and CoTa3S6 [112, 113].



CHAPTER 2

Experimental Techniques

This chapter introduces the main experimental techniques used in this thesis, mostly

resonant x-ray scattering. The first section covers basic x-ray diffraction from a crystal lattice.

The next section introduces the theory of the electron-photon interaction for electrons in bound

atomic states to derive the cross sections for x-ray absorption and resonant x-ray scattering.

The remaining sections cover the specific details of x-ray absorption spectroscopy (XAS),

resonant elastic x-ray scattering (REXS), and resonant inelastic x-ray scattering (RIXS).

Further details on these topics can be found in [114–120].

2.1 X-ray diffraction

In a scattering experiment, a photon beam of momentum ℏk, energy ℏω, polarization

polarization ϵ, and intensity I0 (photons per unit time) is incident upon a sample. We measure

the intensity I of the scattered beam with some momentum ℏk′, energy ℏω′, and polarization

ϵ′. We define the energy transfer ∆E = ℏω′ − ℏω and momentum transfer ℏQ = ℏk′ − ℏk,

where Q is known as the scattering vector. The angle betweem the incident and scattered

wavevectors is the scattering angle 2θ, which can be related to the magnitude of the scattering

vector by

Q =
4π

λ
sin θ (2.1)

27
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where θ = 2θ/2. In this section we consider x-ray diffraction, which is an elastic scattering

process, so we restrict ∆E = 0 and thus |k| = |k′|. We also use the kinematic approximation,

in which we neglect multiple scattering, i.e. assume each photon is scattered no more than

once.

Figure 2.1: Geometry of a scattering experiment. An x-ray beam of intensity I0 with containing
photons of energy ℏω, momentum ℏk, and polarization ϵ scatters from a sample. The beam is
scattered with some intensity I, energy ℏω′, momentum ℏk′, and polarization ϵ′. Q = k′ − k
is the scattering vector, related to the scattering angle 2θ by Q = 4π

λ
sin θ.

The intensity I measured by a detector covering solid angle ∆Ω is related to the differential

cross section
dσ

dΩ
=

I

I0∆Ω
. (2.2)

Integrating this over the unit sphere gives the total cross section

σ =

∫
dσ

dΩ
dΩ. (2.3)

We also define the scattering amplitude Mif , which is the ratio of the scattered to incident

electric field strength, or alternatively, the probability amplitude for a scattered photon with

initial state i and final state f , related to the differential cross section by

( dσ
dΩ

)
= |Mif |2 (2.4)

In a classical description, the electric field of an x-ray beam will oscillate an electron,

causing it to radiate a spherical wave. This is known as Thomson scattering, which will be



2.1. X-ray diffraction 29

described more thoroughly in the next section. Here we will just state the key results. For a

single electron, the Thomson scattering amplitude is

M = −r0|ϵ′∗ ·ϵ| (2.5)

where r0 = e2/(4πϵ0mc
2) is the electron scattering length or the classical electron radius.

The Thomson scattering amplitude for an arbitrary charge density is given by

M(Q) = −r0|ϵ′∗ ·ϵ|
∫
ρ(r)eiQ·rdr. = −r0|ϵ′∗ ·ϵ|f0(Q) ≡ fT (Q). (2.6)

where f0(Q) is the Fourier transform of the charge density. For an atom, f0 is called atomic

form factor (considering only the Thomson scattering contributions for now). For simplicity.

we will include the scattering length and polarization factor and refer to the scattering

amplitude fT as the atomic form factor.

For an arbitrary collection of scatterers at positions rm with form factors fm, the total

scattering amplitude is the sum over the individual scattering amplitudes with relative phase

factors

F (Q) =
∑
m

fm(Q)eiQ·rm .z (2.7)

A crystal lattice is composed of lattice sites Rn = n1a1 + n2a2 + n3a3, where the ai are the

lattice vectors and the ni are integers. At each lattice site n there is a unit cell containing

atoms j at positions Rn+rj with form factors fj(Q). The scattering amplitude for the crystal

can thus be factored into separate sums over the unit cell and the lattice sites:

F (Q) =
∑
n,j

fj(Q)eiQ·(Rn+rj) =

unit cell structure factor︷ ︸︸ ︷∑
j

fj(Q)eiQ·rj

lattice sum︷ ︸︸ ︷∑
n

eiQ·Rn = S(Q)L(Q). (2.8)

The lattice sum L(Q) evaluates to zero unless Q·Rn = 2πm for some integer m. We define
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the reciprocal lattice as the points

G = hb1 + kb2 + lb3 (2.9)

for integers h, k, l, called Miller indices, and reciprocal lattice vectors

b1 =
2π
V
a2 × a3, b2 =

2π
V
a3 × a1, b3 =

2π
V
a1 × a2, (2.10)

where V = a1 ·(a2 × a3) is the unit cell volume. These satisfy ai ·bj = 2πδij, where δij is the

Kronecker δ. The lattice sum will this vanish unless Q is a reciprocal lattice point. This is

known as the Laue condition, Q = G. The intensity of x-ray diffraction from a crystal lattice

can thus be described as I(Q) ∝ |S(Q)|2δ(Q−G). There is only nonvanishing intensity at

scattering vectors corresponding to reciprocal lattice points, with the intensity determined

by the unit cell structure factor, which is the sum over the form factors with relative phase

factors of the atoms in the unit cell. Using eq. 2.1 and the Laue condition, we can derive the

famous Bragg’s law (see section 5.1.5 of [114])

nλ = 2d sin θ, (2.11)

for any integer n, which relates the wavelength λ and the scattering angle to the spacing d of

a set of lattice planes corresponding to any reciprocal lattice point G.

2.2 Theory of the electron-photon interaction

A plane wave in the quantized electromagnetic field has a vector potential

A(r, t) =

√
2πℏc
V

∑
j,k

1√
k
ϵj

[
âk,je

i(k·r−ωt) + â†k,je
−i(k·r−ωt)

]
(2.12)
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where â†k,j and âk,j are photon creation and annihilation operators for a photon with momentum

ℏk and polarization ϵj. The Hamiltonian for the electron-photon interaction contains four

terms
H′ = H1 +H2 +H3 +H4

H1 =
e2

2m
|A|2

H2 = − e2

2m2c2
s·
[
∂tA×A

]
H3 = − e

m
p·A

H4 = − e

m
s·∇ ×A,

(2.13)

where p is the electron momentum operator and s is the electron spin operator. This is

derived from the low-energy limit of the Dirac equation, using the Foldy-Wouthuysen (FW)

transformation, which is valid because the relevant energy scales are far below the electron

rest energy (511 keV) [121]. The interaction is sufficiently weak that it can be treated as a

perturbation.

H1 and H2 are both quadratic in A and thus change the photon number by 0 or ±2. H3 and

H4 are linear in A, and can only change the photon number by ±1. In the scattering processes

that we are considering, the photon number is conserved, while in an absorption (emission)

process, the photon number decreases (increases). H1 describes Thomson scattering, H2

describes nonresonant magnetic scattering, and H3 and H4 describe absorption and resonant

scattering. It can be shown that in most cases H2 and H4 are much smaller than H1 and H3,

so we will neglect them here [116].

Consider a x-ray photon with momentum ℏk, energy ℏω and polarization ϵ scattering from

a single electron in a bound state |α⟩, with the initial product state |i⟩ = |α⟩|k, ϵ⟩ with energy

Ei = Eα + ℏω. The final state1 is |f⟩ = |β⟩|k′, ϵ′⟩ with energy Ef = Eβ + ℏω′.

Considering only elastic scattering2, ℏω′ = ℏω, Eβ = Eα, |β⟩ = |α⟩. To first order, the
1To distinguish the f labeling the final state from the form factor, it will only appear within a bra/ket or

as a subscript.
2Although the photon transfers momentum ℏQ to the electron, we assume that this momentum is immedi-

ately transferred to the electron’s surroundings.
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scattering amplitude is

Mif = ⟨f |H1|i⟩ =
e2

2m
⟨f ||A|2|i⟩ = −r0|ϵ′∗ ·ϵ|⟨α|eiQ·r|α⟩ (2.14)

where ⟨α|eiQ·r|α⟩ is the Fourier transform of the electron charge density. Summing over all

electrons in an atom

Mif = −r0|ϵ′∗ ·ϵ|
∑
j

⟨αj|eiQ·rj |αj⟩ = −r0|ϵ′∗ ·ϵ|f0(Q) ≡ fT (Q), (2.15)

where f0(Q) is the atomic form factor for Thomson scattering, as given in 2.1.

In an absorption process, the initial state is |i⟩ = |α⟩|k, ϵ⟩ with energy Ei = Eα + ℏω and

the final state is |f⟩ = |β⟩|0⟩ with energy Ef = Eβ = Eα + ℏω

Mif = − e

m
⟨f |p·A|i⟩ ∝ ⟨β|ϵ·peik·r|α⟩ (2.16)

Using the commutation relation for the unperturbed electron Hamiltontian p = im
ℏ [H0, r],

Mif ∝ ⟨β|ϵ·reik·r|α⟩ (2.17)

Since |k ·r| will be small at the relevant photon energies, we use the dipole approximation,

eik·r ≈ 1 (See [121] for the treatment of higher order multipole components.). We also replace

r with R =
∑
j

rj, the sum over the position operators of all electrons and generalize the

states |α⟩ and |β⟩ to many body states. We thus have the transition matrix element for x-ray

absorption

Mif ∝ ⟨β|ϵ·R|α⟩. (2.18)

Now considering a perturbation by H3 to second order, with initial state |i⟩ = |α⟩|k, ϵ⟩ with
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energy Ei = Eα + ℏω and final state |f⟩ = |β⟩|k′ϵ′⟩ with energy Ef = Eβ + ℏω′

Mif ∝
∑
n

⟨β|ϵ′∗ ·R|n⟩⟨n|ϵ·R|α⟩
ℏω + Eα − En +

i
2
Γ

(2.19)

where |n⟩ are intermediate states of energy En involving an absorbed photon and Γn is the

intermediate state lifetime. Equations 2.18 and 2.19 are the starting points for computing

XAS and RXS cross sections respectively. To explicitly calculate these matrix elements, we

require the wavefunctions for the initial, intermediate, and final states. These calculations will

be discussed in section 2.6.
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Figure 2.2: Schematic description of resonant scattering process. The initial state involes the
electron system in its ground state and a photon of energy ℏω and momentum ℏk. In the
intermediate state, the photon is absorbed to create a core hole and add an electron to an
empty valence level. In the final state, the core hole is annihilated to emit a photon of energy
ℏω′ and momentum ℏk′, leaving the valence level in some state, which may be the ground
state or an excited state.
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2.3 X-ray absorption spectroscopy (XAS)

When an atom in a material absorbs an x-ray photon, an electron in the atom is generally

excited into a continuum state (photoemission). This nonresonant absorption cross section

smoothly decreases with increasing energy. If the photon energy corresponds to an energy

difference between a core level electron and an empty valence level, the core electron is excited

into that empty state. This is called resonant absorption and gives rise toabsorption edges or

sharp upward steps in the absorption cross section. An x-ray absorption spectroscopy (XAS)

experiment measures the x-ray absorption as a function of energy across one of these edges.

The absorption edges most relevant for x-ray absorption and resonant x-ray scattering on

strongly correlated materials [see Fig. 2.3(b)] are as follows:

• 3d transition metal L-edges: 0.5-1 keV (soft x-rays)

• 3d transition metal K-edges: 5-9 keV (hard x-rays)

• 4d transition metal L-edges: tender x-ray regime: 2-4 keV (tender x-rays)

• 5d transition metal L-edges: hard x-ray regime: 9-12 keV (hard x-rays)

• Oxygen K-edge: 530 eV

In many cases, the x-ray absorption spectrum can be thought of as the density of empty

states projected on the absorbing site, weighted by the dipole matrix elements. The presence

of the core hole may also be treated as a perturbation. When the core hole wavefunction

overlaps strongly with the valence states, the XAS may consist of highly mixed multiplets

that do not necessarily correspond directly to the empty valence states. This is the case at the

3d transition metal L edges, where the 2p core hole has strong overlap with the 3d orbitals.

Although this effect significantly complicates the interpretation of the spectra, it can provide

a great deal of information about the valence electronic states (see section 2.6).

The transmitted intensity I of an x-ray beam with incident intensity I0 on a sample with

thickness t is

I(E) = I0(E)e
−µ(E)t, (2.20)
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(a) (b)

(c)

Figure 2.3: (a) Schematic of atomic absorption edges, corresponding to the binding energy of
core level electrons in a given atom (b) Absorption coefficients of select elements as a function
of energy. (c) X-ray absorption spectrum of NiRh2O4 at the Ni L3 edge measured in total
fluorescence yield.

where µ(E) is the energy-dependent absorption coefficient or absorption length, where we

neglect other processes such as scattering, which are often much weaker than absorption. The

absorption coefficient is related to the absorption cross section of an atom by µ = ρσabs, where

ρ is the atomic number density. For a material with multiple types of atoms, this becomes

µ =
∑

j ρjσabs,j . The XAS can be directly measured by measuring the transition as a function

of energy,

µ(E) = −1

t
log

I(E)

I0
. (2.21)

However, it is often not possible to directly measure XAS in transmission. For instance, soft

x-rays have an attenuation length on the order of 100 nm in solids. In an XAS experiment, we

are typically not concerned with the absolute absorption, but rather the spectral shape of the

absorption across the edge. We can instead measure the x-rays or electrons emitted by the

various core-hole decay processes as a proxy of the true x-ray absorption cross section.
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The measurement of the total x-ray emission from core-hole decay processes is called total

fluorescence yield (TFY). It is sometimes useful to measure a select energy range of emitted

x-rays, known as partial fluorescence yield (PFY). Another method is to measure the emitted

electrons, either as photoelectrons or as a drain current, known as total electron yield (TEY).

In fluorescence yield, the spectral shape is distorted due to saturation and self-absorption

effects. Electron yield does not suffer from these effects, but is more surface sensitive.

There are many different types of XAS experiments, depending on the particular absorbing

element, edge, energy range around a given edge, and x-ray polarizations. X-ray absorption

near-edge structure (XANES) measures the absorption at energies close to the edge, which

correspond to transitions to empty bound states in the valence level. The XANES provides

information about the local electronic structure at the absorping site, such as oxidation state

and spin-orbit coupling. Extended x-ray absorption fine structure (EXAFS) considers the

oscillations in the absorption far above the edge. These oscillations are due to backscattered

photoelectrons causing energy-dependent constructive or desctructive interference at the

absorbing site. This interference pattern can be Fourier transformed to obtain a real space

description of the local atomic structure, with sensitivity to details that may be missed by x-ray

or neutron diffraction measurements [114]. X-ray magnetic circular dichroism (XMCD) is the

difference in absorption, or dichroism, between opposite circularly polarized x-rays, typically

with a magnetic field along the direction of the beam to polarize the spins. XMCD provides

information about broken time reversal symmetry states such as ferromagnetic order. It is

especially useful for determining the separate spin and orbital contributions to the magnetic

moment, as well as any anisotropy in the spin density. X-ray linear dichroism (XLD) or

x-ray natural linear dichroism (XNLD) is the dichroism between x-rays with orthogonal linear

polarization. This provides information about the charge anisotropy, such as the orbital

occupation. X-ray magnetic linear dichroism (XMLD) is the XLD with the polarizations set

parallel and perpendicular to the spin alignment axis, which can be set by a magnetic field.

This provides information about the charge anisotropy induced by the spin alignment through
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spin orbit coupling. XMLD is useful for studing antiferromagnets, which do not exhibit an

XMCD signal.

2.4 Resonant elastic x-ray scattering (REXS)

In this section we consider elastic scattering with x-ray energy near an atomic absorption

edge, known as resonant elastic x-ray scattering (REXS) or resonant x-ray diffraction (RXD)

[119, 121–125]. The atomic form factor described above has the more general form

f = fT + fM + f ′ + if ′′ (2.22)

where fT corresponds to Thomson scattering, fM corresponds to nonresonant magnetic

scattering, which is usually very weak, and fR = f ′ + if ′′ is the resonant form factor, also

known as the dispersion correction, which only becomes relevant at particular photon energies

and is the topic of this section. The resonant form factor is given by eq. 2.19 restricted to

elastic scattering, i.e. the final state equals the initial state,

fR ∝
∑
n

⟨α|ϵ′∗ ·R|n⟩⟨n|ϵ·R|α⟩
ℏω − En + Eα +

i
2
Γ

(2.23)

However, it is rarely necessary to carry out quantitative calculations of the resonant scattering

amplitude for REXS. By expressing R in terms of vector spherical harmonics, we can write

fR in terms of the polarization vectors and the rank-2 resonant scattering tensor [122, 123]

fR ∝ ϵ′∗ ·f̂ ·ϵ. (2.24)

The symmetry of this tensor depends on the point group at the scattering site. For studying

magnetism, it is often sufficient to assume a spherically symmetric atom, reduced to cylindical

symmetry by a moment of orientation m, which gives

fR = F (0)ϵ′∗ ·ϵ+ F (1)(ϵ′∗ × ϵ)·m+ F (2)(ϵ′∗ ·m)(ϵ·m). (2.25)
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The first term in eq. 2.25 is only sensitive to charge scattering and will give rise to structural

Bragg peaks. It will also produce peaks from charge ordering or charge density waves, with

much higher sensitivity than non-resonant Thomson scattering.

The second and third term in eq. 2.25 are sensitive to magnetism. Considering only the

second term and using eq. 2.8, we find that a magnetic structure with propagation vector q

will give rise to magnetic scattering at Q = G± q, where G is a reciprocal lattice vector. The

third term is quadratic in m and can produce magnetic scattering at Q = G and Q = Q± 2q,

i.e. zeroth and second order satellites. This contribution is often negligible and we ignore it

here. The structure factor for resonant magnetic scattering can now be calculated as

F (Q) ∝ (ϵ′∗ × ϵ)·
∑
j

mq,je
iQ·rj , (2.26)

with corresponding intensity I = |F (Q)|2, where mq,j is the Fourier component for magnetic

propagation vector q of site j in the unit cell.

To utilize the REXS for determining the precise structure of ordered spins and orbitals,

as well as for disentangling charge, spin, and orbital degrees of freedom, we must vary the

polarizations ϵ and ϵ′ with respect to the sample frame. This can be accomplished by two

methods: (1) directly varying the polarization of the incident and/or scattered beam and (2)

rotating the sample about the azimuthal angle to change the reference frame of the scattering

tensor f̂ while maintaining the same scattering condition.

We describe the x-ray polarization relative to the scattering plane. σ polarization corre-

sponds to polarization perpendicular to the scattering plane. π polarization corresponds to

polarization within the scattering plane, perpendicular to the x-ray wavevector. The polariza-

tion dependent scattering intensity Iϵ′ϵ can thus be considered in four distinct channels for the

two incident and two outgoing polarizations: Iσ′σ, Iπ′σ, Iσ′π, and Iπ′π, which we denote by ϵ-ϵ′

(i.e. the σ-π′ channel refers to the intensity Iπ′σ). In most cases, the scattered polarization is

not resolved, so the measured intensity is a sum of two polarization channels corresponding
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to a given incident polarization: Iσ = Iσ′σ + Iπ′σ and Iπ = Iσ′π + Iπ′π. For each of these four

channels, we can relate the ϵ′∗ × ϵ factor to the scattering geometry:

σ′ × σ = 0

π′ × σ = −k̂′

σ′ × π = k̂

π′ × π = k̂′ × k̂,

(2.27)

where k̂ and k̂′ are unit vectors parallel to the wavevectors of the incident and scattered

beam. Thus, we see that the σ-σ′ channel does not contribute to magnetic scattering in

this approximation, as σ = σ′. The π-σ′ and σ-π′ channels (a.k.a. the cross-polarized

channels) are sensitive to the projection of the moment along −k′ and k respectively, i.e.

within the scattering plane, while the π-π′ channel is sensitive to the projection of the moment

perpendicular to the scattering plane. In the following sections, we will cover the formalism

for explicit calculations of the polarization dependent REXS intensity.

sample

analyzerdetector

Figure 2.4: Geometry of a typical REXS experiment. scattering vector Q, scattering angle
2θ = θ+ θ′, incident linear polarization angle α, polarization analyzer angle η, azimuthal angle
ψ,
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2.4.1 Full linear polarization analysis (FLPA)

When the linear polarization of the incident beam can be varied continuously and the

measured polarization of the scattered beam can be selected with a polarization analyzer, we

can carry out full linear polarization analysis (FLPA) [126–133].

Let Q̂ be the unit vector along the direction of the scattering vector Q and let Q̂⊥ be a

direction perpendicular to Q̂ within the scattering plane. The directions of the incident and

scattered beam are given by

k̂ = Q̂⊥ cos θ + Q̂ sin θ

k̂′ = Q̂⊥ cos θ − Q̂ sin θ.

(2.28)

where θ is half of the Bragg angle. We can represent the polarization in the basis σ (perpen-

dicular to the scattering plane) and π (parallel to the scattering plane), given by

σ = σ′ = (k̂ × k̂′)/ sin(2θ)

π = k̂ × σ

π′ = k̂′ × σ.

(2.29)

The arbitrary linear polarization vectors are then given by

ϵ = σ cosα + π sinα

ϵ′ = σ′ cos η + π′ sin η.

(2.30)

FLPA does not require any particular sample geometry and the sample angle and position

remains stationary. The guarantees that the beam is hitting the same position on the sample

with the same incident and outgoing angles, allowing for a direct comparison of intensities

within a given FLPA scan. However, it requires both a continuously variable linear polarization

angle and a polarization analyzer. The former is a common feature of soft x-ray beamlines,

but is usually not available for hard x-ray beamlines.
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2.4.2 Azimuthal rotation

Another way to vary the projection of the x-ray polarization onto the sample frame is to

rotate the sample about the scattering vector Q, known as azimuthal rotation [129, 134–138].

In the previous section, we fixed Q⊥ to be within scattering plane. Here we allow Q⊥ to

rotate by an angle ψ within the plane perpendicular to Q, where ψ = 0° corresponds to within

the scattering plane. The incident and outgoing wavevectors are

k̂ = [Q̂⊥ cosψ + (Q̂⊥ × Q̂) sinψ] cos θ + Q̂ sin θ

k̂′ = [Q̂⊥ cosψ + (Q̂⊥ × Q̂) sinψ] cos θ − Q̂ sin θ.

(2.31)

The incident and scattered polarization vectors can then be calculated from eq. 2.29. Azimuthal

rotation requires Q to be along a rotation axis of the instrument, and is thus limited to a

single Q without remounting the sample. The beam is also not guaranteed to hit the same

spot on the sample, so it is difficult to compare absolute intensity at different azimuthal angles.

To avoid this issue, one can consider the azimuthal angle dependence of the intensity ratio for

σ and π polarization.

2.4.3 Circular dichroism (CD)

The circular dichroism (CD) in the REXS intensity [129, 139–143] provides information

about the symmetry of the underlying magnetic order. For circularly polarized x-rays ϵ± =

1√
2
(σ ∓ iπ), the intensity I± = I±± + I∓± is

I± =
1

2
(|Fσ′σ|2 + |Fσ′π|2 + |Fπ′σ|2 + |Fπ′π|2)± Im(Fσ′σF

∗
σ′π + Fπ′σF

∗
π′π), (2.32)

The circular dichroism is

I+ − I− = 2 Im(Fπ′σF
∗
π′π), (2.33)

where we let Fσ′σ = 0. Thus, a necessary, but insufficient condition for finite CD is a finite

structure factor for both σ-π′ and π-π′.
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2.5 Resonant inelastic x-ray scattering (RIXS)

We now consider resonant inelastic x-ray scattering (RIXS) [116, 117, 120], where the final

state of the resonant scattering process is no longer restricted to the ground state. RIXS

is a momentum-resolved photon-in photon-out spectroscopy3 that can probe a wide range

of charge-neutral excitations. This includes intraatomic excitations within the multiplet

determined by the crystal-field, spin-orbit coupling, and Hund’s coupling, known as dd

excitations. RIXS can also probe intersite charge excitations, such as a metal-metal Mott

excitation (dndn → dn−1dn+1) or a ligand-metal charge-transfer excitation (dn → dn−1L).

RIXS can also probe collective excitations such as phonons, magnons, or other more exotic

excitations such as spinons or orbitons. In contrast to the local electronic excitations, these

collective excitations may exhibit a dispersion, which can be measured by RIXS.

The schematic of the resonant scattering process in Fig. 2.2 describes the direct RIXS

process, where the core to valence level transition is a dipole-allowed transition. This is the

dominant mechanism for RIXS at transition metal L edges and K edges of p-shell elements.

There is however an indirect RIXS process that occurs when the core-valence level transition

is not dipole-allowed, such as transition metal K-edges. Here we only consider direct RIXS.

To understand the incident energy dependence of the RIXS spectrum, one typically measures

a RIXS energy map, a series of energy-loss spectra at incident x-ray energies across the relevant

absorption edge for a given momentum transfer and polarization [see Fig. 3.1(b) and Fig.

6.5(a)].

A RIXS energy map contains two general types of energy-loss features. Raman-like features

exhibit a constant energy-loss with respect to incident energy, i.e. ∆E = Ein−Eout is constant.

Emission (or fluorescence) features exhibit a constant final energy with respect to incident

energy, i.e. Eout = Ein −∆E is constant. In a plot of intensity with Ein on the x-axis and

∆E on the y-axis, Raman and emission features appear as horizontal and diagonal lines
3As opposed to a photon-in electron-out or electron-in photon out spectroscopy.
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respectively.

Unlike REXS, which can modeled using geometric and symmetry considerations without

considering the precise atomic states, RIXS often requires explicit calculation of the cross

section to make sense of the data, which we discuss in the next section.

2.6 Multiplet calculations

To make sense of XAS and RIXS measurements, we can directly compute the spectrum by

diagonalizing the Hamiltonian of a model system. Although it is possible to model collective

excitations in RIXS [144], here we will only consider local excitations.

Starting from a set of single-electron basis states, as described in section 1.1.2, we can

define a basis of many-body Fock states, where each basis state is a particular occupation of

the single particle states. For p single particle states, each basis vector can be represented by

|n1n2 . . . np⟩, where ni = 0 or 1 is the occupation of state i. For a system with m single-electron

states and n electrons, the size N of the basis is

N =
m!

n!(m− n)!
. (2.34)

We separately consider the initial/final RIXS state (the initial XAS state) and the intermediate

RIXS state (the final XAS state). The initial/final state corresponds to a dn configuration

with Hamiltonian Hi. The intermediate state corresponds to a 2p5dn+1 configuration with

Hamiltonian Hn. After diagonalizing Hi and Hn, we can compute the RIXS and XAS cross

sections using the appropriate transition operators. The RIXS intensity is given by

IRIXS(ω, ω
′,k,k′, ϵ, ϵ′) =

∑
i

e
− Ei

k
B

T

Z

∑
f

∣∣∣∣∑
n

⟨f |D†|n⟩⟨n|D|i⟩
ℏω − En + Ei + iΓn

∣∣∣∣2 Γf/π

(ℏω − Ef + Ei)2 + Γ2
f

(2.35)

where |i⟩ and |f⟩ are eigenstates of Hi, |n⟩ are eigenstates of Hn, D is a transition operator,

Γf is the final state lifetime, Γn is the intermediate state lifetime. Here we only consider dipole
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transitions, so D reduces to a dipole operator, defined in [120, 145]. We include a sum over

thermally populated ground states weighted by a Boltzmann factor, with partition function Z.

The XAS is given by

IXAS(ω, ϵ) =
∑
i

e
− Ei

k
B

T

Z

∑
n

∣∣∣⟨n|D|i⟩
∣∣∣2 Γn/π

(ℏω − En + Ei)2 + Γ2
n

. (2.36)

2.6.1 Single-ion model

In the single-ion model, we consider a dn ion with Coulomb interaction, spin-orbit coupling

(SOC), and crystal field splitting,

Hi = HU +HCF +HSOC, (2.37)

where the Coulomb interaction is

HU =
∑

αβγδσσ′

Uασ,βσ′,γσ′,δσf
†
ασf

†
βσ′fγσ′fδσ, (2.38)

where f † and f are fermion creation and annihilation operators and U is the rank-4 Coulomb

tensor

U i,j,t,u
mli

msi ,mlj
msj ,mlt

mst ,mlumsu

=
1

2
δmsi ,mst

δmsj ,msu
δmli

+mlj
,mlt

+mlu

∑
k

Cli,lt(k,mli ,mlt)Clu,lj(k,mlu ,mlj)F
k
i,j,t,u,

(2.39)

where Cli,lt(k,mli ,mlt) are the Gaunt coefficients and F k
ijtu are the Slater integrals. This

describes the Coulomb interaction between orbitals indexed by α, β, γ, and δ, and spin

indexed by σ and σ′. Here the relevant parameters in HU are the Slater integrals F k and Gk,

which are calculated from Cowan’s code [146] using the Hartree-Fock method for free ions.

For the Coulomb interaction between two d orbitals in the single-ion model, the only relevant
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Slater integrals are F 2
dd and F 4

dd. The spin-orbit coupling is given by

HSOC = λL·S, (2.40)

where L and S are the orbital and spin angular momentum operators for the many-body state.

The crystal field HCF is given by a 5×5 matrix that is diagonal in the (dz2 , dxz, dyz, dx2−y2 , dxy)

basis. For an octahedral field with splitting 10Dq, with a tetragonal distortion that causes

splittings ∆t2g and ∆eg, these diagonal matrix elements are

Ez2 = 6Dq + 2
5
∆t2g − 4

5
∆eg (2.41)

Exz = −4Dq − 3
5
∆t2g +

1
5
∆eg (2.42)

Eyz = −4Dq − 3
5
∆t2g +

1
5
∆eg (2.43)

Ex2 = 6Dq + 2
5
∆t2g +

1
5
∆eg (2.44)

Exy = −4Dq + 2
5
∆t2g +

1
5
∆eg. (2.45)

For a tetrahedral crystal field, the value of 10Dq is simply negative. For trigonal crystal field,

the trigonal splitting δ appears as off-diagonal matrix elements

Htrig =



6Dq 0 0 0 0

0 −4Dq δ 0 δ

0 δ −4Dq 0 δ

0 0 0 6Dq 0

0 δ δ 0 −4Dq


. (2.46)

To include the spin degree of freedom, we use a 10× 10 matrix with equal crystal field splitting

for each spin the same orbital. The intermediate state (2p53dn+1) Hamiltonian is given by

Hn = Hi +Hp +Hpd (2.47)
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where Hi has the same form as above but for a 3d9 configuration. Hp is the Hamiltonian for

the 2p core levels which includes an on-site energy difference and spin-orbit coupling λ2p. Hpd

is the Coulomb interaction between the core hole and valence electrons, which is parameterized

by the Slater integrals F 2
pd, G1

pd, and G3
pd.

2.6.2 Anderson impurity model

To more accurately capture the local electronic structure in materials with strong metal-

ligand hybrization, we can use an Anderson impurity model (AIM), in which a partially filled

d shell or impurity is hybridized with a fully occupied bath of uncorrelated ligand orbitals.

For an octahedral cluster, there are 10 metal d orbitals and 36 ligand p orbitals (6 orbitals on

each of 6 ligands). However, we can reduce the basis size and drastically improve computational

efficiency using symmetry-adapted ligand orbitals. Each d orbital will only hybridize with the

set of ligand p orbitals sharing the same symmetry. We can thus consider only 10 bath states,

each consisting of a linear combination of ligand orbitals possessing the same symmetry as

a given d orbital. Each of these symmetry adapted orbitals will only hybridize with the d

orbital of equivalent symmetry.

In this model, we have the single ion Hamiltonian for the metal site, a Hamiltonian for

the uncorrelated bath states, and a hybridization or hopping matrix. The core hole in the

intermediate state is treated similarly to the single ion case. Since the numer of electrons

on the metal site is no longer fixed, we now include a the monopole part of the Coulomb

interaction to impose an energy cost for adding an electron to the metal site, parameterized by

Udd. The hopping matrix V is parameterized by the hopping parameters Veg and Vt2g, which

mix the corresponding impurity and bath states. We also set the energy offset for the impurity

and bath states, parameterized by the charge transfer energy ∆, as described in section 1.1.2.

These energies, Ed and EL, are set such that the configurations dnL10, dn+1L9, and dn+2L8

have total energy E = 0, E = ∆, and E = 2∆+ Udd. Further details are given in [147].



CHAPTER 3

Electronic structure of the frustrated

diamond-lattice magnet NiRh2O4

This chapter describes measurements of the electronic structure and lattice dynamics of

NiRh2O4, a spinel compound with Ni2+ on the tetrahedral A-sites forming the only known

realization of a S = 1 diamond lattice magnet. This material has a small tetragonal distortion

that does not fully quench the orbital degree of freedom, leading to a spin-orbital-lattice

entangled local ground state. The interplay between frustrated magnetism and competing

local ground states makes NiRh2O4 an ideal candidate for realizing exciting new phenomena

at the intersection of quantum spin liquid-like states and quantum critical phenonena.

I first present the results of resonant inelastic x-ray scattering (RIXS) measurements and

explain the key features of the spectrum using a single-ion model. I then extend this to a

two-site model to account for Ni-Rh hybridization, informed by x-ray absorption spectroscopy

measurements. Next, I present inelastic neutron scattering measurements which identify the

presence of electron phonon coupling. By including the effects of electron phonon coupling, I

am able to provide a complete description of the RIXS spectrum. This chapter is adapted

from the work published in [148]. For completeness, I note a recent work on NiRh2O4, which

uses a new synthesis method and identifies a magnetic phase transition [149].

47
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3.1 Introduction

Materials with frustrated magnetic interactions provide a platform for realizing novel phases

which avoid conventional symmetry-breaking order [8]. Such phases are acutely sensitive to

a hierarchy of competing energy scales involving spin, charge, orbital, and lattice degrees of

freedom [5]. This enables precise tuning of the collective orders in these systems to explore

new phenomena and develop new technologies [150]. Along this line, there has recently been

a significant interest in novel phases driven by strong spin orbit coupling (SOC) that has

motivated significant work on 4d/5d transition metal compounds [54]. In some cases, however,

the relatively weak SOC in 3d compounds may still become relevant. In particular, when

there is an orbital degeneracy, SOC may compete with the Jahn-Teller (JT) effect to produce

a spin-orbital-lattice entangled state [151].

The spinel structure comprises an intensely studied class of materials with both fundamental

significance and widespread applications. The general formula AB2X4 contains tetrahedrally

coordinated A2+ ions and octahedrally coordinated B3+ ions which occupy diamond and

pyrochlore sublattices respectively. In the case of magnetic B ions, the system forms a

prototypical geometrically frustrated pyrochlore magnet. On the other hand, for magnetic A

site ions, the bipartite diamond lattice may be frustrated in the presence of competing nearest

and next-nearest neighbor antiferromagnetic exchange [71]. Previously studied diamond lattice

magnets include the A-site spinels Co3O4 [152], AAl2O4 (A = Mn, Fe, Co) [153, 154], ASc2S4

(A = Mn, Fe) [155, 156], MnSc2Se4 [157], and ARh2O4 (A = Co, Cu, Ni) [158, 159], as well as

the lanthanides LiYbO2 [160] and NaCeO2 [161]. These materials host a variety of magnetic

phenomena, ranging from long-range ordered states to disordered spin liquid and spin glass

states. In many cases, especially in the presence of an orbital degree of freedom, these materials

lie near a quantum critical point, with multiple competing phases exhibiting strong sensitivity

to disorder and external perturbations [61, 162–169]. It is thus essential to characterize the

microscopic energy scales associated with the spin, lattice, and orbital degrees of freedom in

these materials.
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Another topic of recent interest is frustrated magnetism in spin-1 materials [170–172], which

support more degrees of freedom than spin-1
2
, while still being sensitive to quantum fluctuations.

In particular, recent studies have predicted spin-1 diamond lattice antiferromagnets to host

unconventional magnetic phenomena, namely topological paramagnetism [173], spiral spin

liquid phases [30], quantum critical phenomena [174], and excitonic magnetism [25].

The spinel NiRh2O4 contains spin-1 Ni2+ ions on the A sites and nonmagnetic Rh3+ ions on

the B sites, thus realizing the only known spin-1 on a diamond lattice. Early studies identified

a cubic to tetragonal structural transition at 390 K [175] and an apparent antiferromagnetic

transition at TN = 18 K [176]. However, a recent study on high quality samples found

no sign of magnetic order down to 0.1 K [159], implying that chemical disorder may have

stabilized ordering found in the original studies. In that study, specific heat and x-ray

diffraction measurements found a small entropy loss associated with the structural distortion

at T = 440 K, indicating only a partial lifting of orbital degeneracy. This finding is consistent

with the peff = 3.3µB paramagnetic moment that is significantly larger than the pure spin-

1 value of 2.83µB, implying an orbital contribution to the magnetism. The Curie-Weiss

temperature of ΘCW = −11 K indicates a large frustration parameter f = ΘCW/TN > 100.

Inelastic neutron scattering (INS) found gapped dispersive magnetic excitations suggestive

of a valence bond ground state [159]. However, an incomplete knowledge of the electronic

ground state has limited modeling of the INS data. Recent theoretical work predicted that

spin-orbit coupling, crystal fields, and correlations generate a spin-orbital singlet ground state

in NiRh2O4 [25, 177]. Such a state would explain the absence of magnetic ordering and key

features of the magnetization, specific heat, and neutron data. But measurements of the high

energy excitations characterizing the orbital configurations of NiRh2O4 are required to confirm

this picture.

In this chapter, we use a combination of resonant inelastic x-ray (RIXS), x-ray absorption

spectroscopy (XAS), and inelastic neutron scattering to provide a detailed account of the

electronic structure of NiRh2O4. We observe crystal field excitations for Ni2+ in a distorted



3.2. Experiment 50

tetrahedral environment that are well-described by a single-ion model including Coulomb

interaction, spin-orbit coupling, crystal field splitting. We find additional electronic excitations

corresponding to two-site Rh to Ni charge transfer. We also find that the orbital excitations are

coupled to optical phonons giving rise to distinct phonon sidebands that dress d-d excitations.

These results provide a detailed description of the local electronic structure of a novel frustrated

magnet along with the key energy scales required for understanding the magnetic ground

state and low-energy excitations. We have additionally shown that both covalency and lattice

dynamics play essential roles in this material and should be considered in any realistic model

for the magnetism. These insights provide guidance for exploring novel effects in NiRh2O4 and

other magnetically frustrated spinels using pressure, magetic fields, and chemical substitution.

This chapter is organized as follows. In section 3.2, we describe the experimental details.

In section 3.3, we present the RIXS, XAS, and INS results and describe our attempts to model

the data. We first use a single ion model for Ni2+ in a distorted tetrahedral crystal field, then

a minimal two-site Ni-Rh hopping model, and finally we incorporate electron phonon coupling

in order to capture the lineshapes of the RIXS spectra. Our findings are summarized in section

3.4.

3.2 Experiment

Polycrystalline NiRh2O4 was synthesized following the methods described in [159]. The

samples contain 4% nonmagnetic Rh2O3 by mass, which is not expected to contribute any

observable effects to our measurements.

Resonant inelastic x-ray scattering (RIXS) measurements at the Ni L3 edge were performed

at the soft inelastic x-ray scattering (SIX) beamline 2-ID [178] at the National Synchrotron

Light Source II (NSLS-II) at Brookhaven National Laboratory. Measurements were carried out

at 40 K and 25 K using an incident x-ray polarization in both linear horizontal (π) and linear

vertical (σ) geometries. The scattering angle was fixed at 90° to minimize the contribution
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Ni

O
Rh

Figure 3.1: Overview of Ni L3 edge RIXS data measured at T =40 K and 2θ=90°. (a) Local
coordination of Ni and Rh in NiRh2O4. Rh is octahedrally coordinated while Ni2+ 3d orbitals
are split by tetrahedral crystal field with tetragonal distortion ∆t2>0. (b) Measured RIXS
intensity vs. energy loss and incident energy measured in π polarization. The XAS measured
in total fluorescence yield is plotted in white. (c) RIXS spectrum in both π and σ polarization
at Ein=853.4 eV, indicated by the dashed line in (b). The inset shows the low-energy part of
the spectrum and an empirical fit.

from Thomson elastic scattering and giving a momentum transfer of Q = 0.61 Å−1. The

incident x-ray energy was varied across the Ni L3 edge (∼853 eV). The combined energy

resolution was determined to be 31 meV based on the full width at half maximum (FWHM)

of the elastic signal from carbon tape.

X-ray absorption spectroscopy (XAS) measurements at the O K edge were performed at

NSLS-II beamline 2-ID (SIX), measured in fluorescence yield (FY). XAS measurements at the

Rh L edges at Advanced Photon Source 4-ID-D, measured in total electron yield (TEY).

Inelastic neutron scattering (INS) measurements were performed on the Fine Resolution

Fermi chopper spectrometer (SEQUOIA) at the Spallation Neutron Source, Oak Ridge National

Laboratory. The incident neutron energy was fixed at 160 meV using the coarse resolution

chopper (FC2) rotating at 600 Hz. The same 4 g sample used in [159] was loaded in an

aluminum can, and held at 3.6 K for the measurement. Scattering contributions from the

sample environment were removed by subtraction of an empty can data set during data

reduction.
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3.3 Results

Fig. 3.1(b) shows the RIXS intensity as a function of incident energy Ein and energy loss

∆E measured at 25 K with incident π polarization. The XAS, shown in white, contains a weak

pre-edge feature at 852.9 eV, a main peak split into two features at 853.4 eV and 853.8 eV,

and a satellite peak at 856.4 eV. The RIXS spectrum shows an elastic line at ∆E=0 eV, five

Raman-like features at 0.065 eV, 0.25 eV, 0.5 eV, 1.1 eV, and 1.6 eV, a broad charge-transfer

(CT) background between 2 and 4 eV, and a fluorescence line (FL) at constant scattered

photon energy.

Fig. 3.1(c) shows RIXS scans at the main resonance of Ein = 853.4 eV, indicated by the

dotted line in Fig. 3.1(b), in both π and σ incident polarization at 40 K. The inset shows

the low energy region near the elastic line. The elastic intensity due to Thomson scattering

is expected to be strongly suppressed in the π-polarized data for the 90° scattering angle

configuration of these measurements. However, the π and σ-polarized data show similar

intensity around ∆E = 0, suggesting unresolved low energy excitations. The elastic line

cannot be fit by a single resolution-limited Voigt function, further indicating the presence

of unresolved low energy contributions. This can be explained by the ∼12 meV dispersive

magnetic excitation observed in inelastic neutron scattering [159]. By including an additional

resolution-limited Voigt function at 12 meV, we obtain an adequate fit to the quasi-elastic line,

as shown in the inset of Fig. 3.1(c) for the π-polarized data, which also includes contributions

from two overlapping higher energy peaks. A similar fit can be obtained for the σ-polarized

data, with a slightly larger contribution from the elastic peak likely originating from Thomson

scattering that contributes in that geometry.

3.3.1 Single-ion model

To identify the features in the measured spectra, we calculate the RIXS cross section [120]

from exact diagonalization of a model Hamiltonian for a single Ni2+ ion including Coulomb

interaction, spin-orbit coupling (SOC), and crystal field (CF) splitting. Calculations were
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Figure 3.2: Comparison of the two crystal field schemes used for modeling the RIXS data.
Scenario 1 (∆t2 > 0) is shown in (a) and scenario 2 (∆t2 < 0) is shown in (b). The green
ticks indicate the eigenvalues. The purple ticks in the inset indicate which eigenvalues are
dipole-allowed transitions from the ground state for comparison to the neutron data [159]. (c)
Comparison of the two schemes for modeling the Ni L3 XAS (TFY). The calculated XAS
spectra are normalized to the intensity at the maximum of the measured spectrum.

implemented using the EDRIXS package [145], with further details described in section 2.6.

The initial/final state corresponds to a 3d8 configuration with 45 states. The intermediate state



3.3. Results 54

corresponds to a 2p53d9 configuration with 60 states. The Hamiltonians for the initial (3d8)

and intermediate (3d92p5) states are given by eq. ?? and 2.47 respectively. The calculated

RIXS spectra are convolved with a 31 meV FWHM Gaussian to account for the experimental

energy-loss resolution. The spectra are calculated for 2θ = 90° scattering angle corresponding

to Q = 0.61 Å−1, powder averaged over 100 random orientations of Q uniformly sampled over

the surface of a sphere.

Onsite Coulomb interactions are parameterized by the Slater integrals: F 2
dd, and F 4

dd

describe the direct Coulomb repulsion between d electrons, F 2
pd describes direct Coulomb

repulsion between d electrons and the 2p core hole, and G1
pd and G3

pd describe the Coulomb

exchange between d electrons and the 2p core hole. Initial values for the above parameters

have been calculated for a free Ni2+ ion in 3d8 and 2p53d9 configurations by the Hartree-Fock

method using Cowan’s code [146]. To account for the reduced intra-atomic repulsion due to

covalency effects in the solid, we include empirical scale factors on Fdd, Fpd, and Gpd that are

determined by fitting to the RIXS data.

The crystal-field is parameterized by the tetrahedral splitting 10Dq<0 and the splitting

due to the tetragonal distortion ∆t2=Eb2−Ee′ , ∆e=Eb1−Ea1 . The tetrahedral crystal field (Td

point group) splits the d8 configuration into e4t42. The tetragonal distortion (Td → D2d) further

splits the e doublet into a1 (dz2) and b1 (dx2−y2) singlets, and the t2 triplet into a b2 (dxy)

singlet and e′ (dxy, dyz) doublet, as shown in Fig. 3.1(a). These symmetry considerations leave

the sign and magnitude of the splittings unconstrained. There have been no reported direct

measurements of the crystal field splitting in NiRh2O4, and there are conflicting reports of the

sign of the tetragonal splitting. This splitting cannot be constrained only from knowledge of

the crystal structure because expectations from electrostatic considerations are often inaccurate

due to additional effects from covalency and spin-orbit coupling [5]. As we will show below,

both effects are significant in NiRh2O4.

The low temperature structure reported in [159] is tetragonal with elongated NiO4 tetrahe-

dra and compressed RhO6 octahedra. This led the authors to propose a crystal field scheme
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with the t2 levels split into a lower b2 state and upper e′ states (∆t2<0), following the model

from [179], as expected from electrostatic considerations. However, the DFT calculation in

[177] suggests that the t2 levels are split into lower e′ states and an upper b2 state (∆t2>0).

We find that although a single ion model fails to reproduce the 0.25 eV peak, the asymmetric

lineshapes of the high energy peaks, and the polarization dependence of the quasielastic peak,

it enables us to distinguish the two crystal field scenarios and place useful constraints on the

magnitudes of tetragonal splitting and spin orbit coupling.

We constrain our model to maintain consistency with material trends for insulating Ni

compounds and with other spectroscopic measurements on NiRh2O4 [179, 180]. The peaks

around 0.5 eV and 1 eV fix the value of 10Dq ≈ 0.55 eV, as they correspond to e4t42 → e3t52

and e4t42 → e2t62 transitions. This 10Dq value is consistent with DFT [177] and the values for

tetrahedrally coordinated Ni2+ in other compounds [179]. We can also constrain the value

of atomic spin-orbit coupling λ by the requirement of a dipole-allowed level near 11 meV

to agree with the neutron scattering data [159]. Finally, the peak at 1600 meV corresponds

to an excitation within the Hund’s multiplet and fixes the value of Fdd. To match the

energy of the highest energy peak, Fdd must be set to 0.5, giving a Hund’s coupling of

JH = 1
14
(F 2

dd + F 4
dd) = 0.71 eV. This parameter also sets the energy of intra-t2 spin-flip

excitations (S = 1 → S = 0) between 1.1 and 1.3 eV. These excitations have minimal intensity

in the computed RIXS cross section and we do not expect to observe them above the signal-

to-noise of our data, see Fig. 3.2 (a) and (b). The 50% reduction in the intra-atomic Coulomb

interaction Fdd, compared with the atomic values, suggests strong Ni-O covalency [181] and

already indicates the inadequacy of a single ion model for NiRh2O4, we address this later in

section 3.3.2. The Slater integrals Fpd and Gpd determine the intermediate state energies and

do not affect the RIXS peak energies. However, they do influence the RIXS intensities and

energy splitting of the main XAS peak. We have tested models for tetrahedral compression

and elongation and find that they both capture many features of the data; table 3.1 shows

the best parameters for the two scenarios (1) ∆t2>0 and (2) ∆t2<0, plotted in Fig. 3.2. ∆e
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Table 3.1: Parameters for the single-ion model using ∆t2 > 0 and ∆t2 < 0. 10Dq, ∆t2, ∆e,
and λ are in meV. Fdd, Fpd, and Gpd are dimensionless.

10Dq ∆t2 ∆e λ Fdd Fpd Gpd

∆t2 > 0 -580 70 56 13 0.5 0.7 0.75
∆t2 < 0 -530 -50 -40 27 0.5 0.7 0.75

is underdetermined by our data and mainly contributes to the splitting of the peaks above

500 meV. Here, we assume that ∆e has the same sign as ∆t2. We also expect |∆e| < |∆t2|,

due to the reduced Ni-O hybridization of the e states compared to the t2 states in tetrahedral

symmetry. We find that the constraint ∆e = 0.8∆t2 provides an adequate agreement with the

data as shown in Fig. 3.2. Both models reproduce the observed peaks at 65 meV, 0.5 eV, 1 eV

and 1.6 eV and while scenario 1 better reproduces the small dichroism of the 0.5 eV feature,

scenario 2 more faithfully reproduces the negligible dichroism of the 1 eV and 1.6 eV peaks.

The high energy excitations, ∆E>500 meV, are far above the insulating gap in NiRh2O4 and

are thus coupled to delocalized states. This effect is not captured in the single-ion model and

may explain the Fano-like lineshape. However, we found that a more careful examination of

the low energy excitations for E < 100 meV enables a distinction between crystal field models.

The low energy part of the spectrum is shown in the insets of Fig. 3.2 (a) and (b), with

the purple markers indicating energy levels with nonvanishing neutron cross section. Since

photons emitted with energies close to the absorption edge are more likely to be reabsorbed,

we expect strong self absorption effects near the elastic line and our model should predict a

larger quasi-elastic intensity than what is observed. The observed intensities are also likely

modified by intersite magnetic exchange interactions [177] that are not included in our single

site model. Nevertheless, a careful comparison of the observed linear dichroism at low energy

transfers reveals that scenario 1, ∆t2>0, is more consistent with our data. The low energy

subspace of scenario 1 is equivalent to the model from [177], and yields excited states at 3∗,

11(2)∗, 22(2), and 65(3)∗ meV. The low energy subspace of scenario 2 is equivalent to the

model from [179], yielding excited states at 11(2)∗, 38∗, 55, 65(2)∗, 72, and 75 meV. Asterisks

indicate those states with nonvanishing neutron intensity and parentheses indicate the state
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degeneracy, disregarding any splitting of less than 1 meV. The calculation for scenario 1 shows

that the dominant contribution to the quasi-elastic RIXS intensity comes from the ground

state and a 3 meV excitation for both polarizations [Fig. 3.2 (a)]. This is consistent with the

nearly equivalent quasielastic lines we measured for each polarization. However, for scenario 2,

the dominant contribution comes from the ground state for σ polarization and from the 11 meV

excitation for π polarization [Fig. 3.2 (b)]. Although the energies of these excitations fall

within our experimental resolution, scenario 2 should result in a more pronounced difference

in the quasielastic lineshape between σ and π polarizations and that is not consistent with

our data.

To provide an additional check for our single ion model, we compare with the measured

x-ray absorption spectrum (XAS) at the Ni L3 edge measured in total fluorescence yield

(TFY) shown in Fig. 3.2(c). The main XAS peak is split into lower and upper peaks at

853.4 and 853.8 eV, corresponding to the states 2p5e4t52 and 2p5e3t62. In the single-ion model,

this splitting depends on 10Dq, Fpd, and Gpd. Although the XAS lineshape is known to be

distorted by TFY measurements, the calculated spectrum shows better qualitative agreement

with our data for scenario 1. In particular, a model with ∆t2 > 0 more faithfully reproduces

the relative intensities of the 853.4 and 853.8 eV peaks, and captures additional observed

intensity at 854.7 eV that is not predicted by a model with ∆t2 < 0 [Fig 3.2 (c)]. However, we

find that for either scenario, the single-ion model cannot capture the large, ∼ 3 eV, splitting

between the main peak and satellite peak at 856.4 eV.

Based on the above considerations, we conclude that scenario 1, splitting the t2 levels into

lower energy dxz, dyz orbitals and a higher energy dxy orbital, is the correct crystal field scheme

in NiRh2O4. However, there are many notable discrepancies between the single ion model and

our data. First, a single-ion model completely fails to reproduce the intense 250 meV RIXS

peaks for any reasonable set of parameters (see 3.5) and second, it does not accurately capture

the broad asymmetric lineshape of the 0.5 eV peak. Both of these features in the RIXS spectra

arise because of two distinct effects that cannot be accounted for in a single-ion description.
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Figure 3.3: (a) XAS at the O K edge for NiRh2O4 (TFY), with NiO (TFY) and ZnRh2O4

(TEY) for comparison (NiO data from [182] and ZnRh2O4 data from [183]) (b) XAS measured
at the Rh L3 edge and (c) the Rh L2 edge.

First, there is strong Ni-Rh hybridization, and second, there is strong electron-phonon coupling.

The evidence for each of these effects and a detailed discussion of their respective influence on

the RIXS spectra and magnetism in NiRh2O4 is discussed below in sections 3.3.2 and 3.3.3.

3.3.2 Ni-Rh hybridization

We now extend our model to include the influence of electronic hybridization between

Ni and Rh sites. Such metal-metal hybridization is supported both by experiment and ab-

initio calculations. Density functional theory calculations [177] have found strong Ni-Rh

hybridization is mediated by the intermediate oxygens. Furthermore, the calculation found an

insulating gap of 250 meV, with the highest occupied and lowest unoccupied states having
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mostly Rh and Ni character respectively. This suggests that the lowest interband transition

consists of Rh→Ni excitations.

We have carried out x-ray absorption (XAS) measurements at the O K and Rh L edges in

order to characterize the electronic states at the Rh and O sites in NiRh2O4. Fig. 3.3(a) shows

the O K edge XAS for NiRh2O4 measured in total fluorescence yield (TFY), with the spectra

for NiO (TFY) and ZnRh2O4 (TEY) shown for comparison. NiO provides a comparison

to bonding in an NiO6 octahedron while ZnRh2O4, being isostructural to the cubic phase

of NiRh2O4, provides a comparison to bonding in a RhO6 octahedron in the absence of an

unfilled neighboring 3d shell.

The pre-edge region contains a small peak at 530.5 eV and a large peak at 533 eV,

corresponding to O 2p states hybridized with empty metal d states. The region above 535 eV

corresponds to Ni 4sp and Rh 5sp states. By comparing to the projected density of states from

DFT calculations [177], we can assign the small pre-edge peak at 530.5 eV to the unfilled Ni t2

states and the large peak at 533 eV to the unfilled Rh eg states. The pre-edge peak intensity

is determined by both the number of empty metal states and the degree of hybridization [184].

In NiO and ZnRh2O4, where the metal sites provide two empty states per O site, the pre-edge

peak intensities are comparable. In NiRh2O4, there are 2 empty Rh states and 0.5 empty Ni

states per O site. This small increase in the number of available states alone cannot explain

the significant enhancement of pre-edge peak intensity. The intensity can thus be explained

by an increased hybridization due to the cooperative influence of the Ni and Rh. This can

be expected based on the large inductive effect of Rh3+ [185]. It may also be enhanced due

to the long range exchange interactions. In the five-site exchange pathway A-O-B-O-A via a

nonmagnetic B cation, the dominant contribution is thought to involve the empty states at

the B sites [186–188].

Fig. 3.3(b) and Fig. 3.3(c) show the XAS at the Rh L3 and L2 edges respectively, for

NiRh2O4 and reference samples with known valence: Rh acetate (2+), RhCl3 ·xH2O (3+),

Rh2O3 ·5H2O (3+), Ag3LiRh2O6 (4+) [189]. The sharp white line peaks correspond to
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Table 3.2: Table of peak positions and widths in eV extracted from the Rh L edge XAS by
fitting a Lorentzian + arctangent lineshape.

EL3 EL2 ΓL3 ΓL2
Rh acetate 3005.5(1) 3147.7(1) 2.0(1) 1.8(2)

RhCl3 ·xH2O 3005.7(1) 3148.0(1) 1.8(1) 1.6(2)
NiRh2O4 3006.1(1) 3148.3(1) 2.0(1) 1.7(2)

Rh2O3 ·5H2O 3006.3(1) 3148.5(1) 1.9(1) 1.7(2)
Ag3LiRh2O6 3007.0(1) 3149.4(1) 3.0(2) 2.4(3)

transitions from 2p core levels to empty 4d states. The Rh2+ and Rh3+ spectra contain a

single peak at each edge, while the Rh4+ spectrum contains a shoulder on the low energy side,

corresponding to the empty t2g state. As expected, this shoulder is suppressed at the L2 edge

[190]. To quantify the Rh valence, we obtain the white line peak position for each compound

from a fit to a Lorentzian plus arctangent lineshape [191, 192]. The results of this fit are

summarized in table 3.2. The reference compounds for Rh3+ show a 0.6 eV (0.5 eV) difference

in peak position at the L3 (L2) edge. The higher peak position of Rh2O3 compared to RhCl3

can be attributed to the larger covalency of the Rh-O bond compared to the Rh-Cl bond, giving

a more delocalized charge density around the Rh site in Rh2O3 [193]. We find that the peak

position for NiRh2O4 lies between these two compounds with no significant differences between

lineshapes and peak widths. This confirms that despite the strong hybridization, Rh maintains

the charge distribution of the 3+ oxidation state with no signs of charge disproportionation,

which often occurs in mixed 3d/4d compounds [194–196].

Having confirmed the strong Ni-Rh hybridization and Rh oxidation state in NiRh2O4,

we assign the RIXS peak at 250 meV to a two-site orbital excitation from Rh t2g to Ni t2,

corresponding to the transition Ni 3d8 + Rh 4d6 → Ni 3d9 + Rh 4d5. This assignment is

corroborated by our effective two site model discussed below. Although such metal-metal

charge transfer (MMCT) is well known from optical studies of spinel ferrites [197, 198], there

are few reports of these features seen in RIXS [199–201].

A full microscopic description of MMCT in NiRh2O4 is considerably complicated by the

12-fold nearest neighbor Ni-Rh coordination with intermediate Ni-O-Rh bond angles that
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Figure 3.4: Calculated RIXS spectrum from the two-site model with t = 30 meV, ∆ =
−600 meV compared with measured data. The green ticks indicate the eigenvalues. The
purple ticks in the inset indicate which eigenvalues are dipole-allowed transitions from the
ground state for comparison to the neutron data [159].

prohibit any strict orthogonality constraints on hopping pathways. In order to capture the

essential features of Ni-Rh hybridization present in the RIXS spectra, we construct a minimal

model by adding a single set of filled Rh t2g states to the single-ion model from the previous

section. To reduce the size of the Hilbert space, we neglect the empty Rh eg orbitals which

are separated by the large octahedral crystal field splitting of ∼ 2 eV on the Rh site [177].

In this two-site model, the Ni2+ and Rh3+ sites are each subject to Coulomb, crystal field,

and spin-orbit interactions, with on-site energy difference ∆ and hopping t. Since multiple

sites are involved, we now include the monopole part of the Coulomb interaction at each site

UNi = 6 eV and URh = 3 eV. We assume an equal hopping from each Ni t2 to each Rh t2g and

neglect any hopping from the Ni e levels.

The initial/final state in this model is a mixture of the configurations 3d8t62g, 3d9t52g, and

3d10t42g, with 120 total states. The intermediate state is a mixture of the configurations

2p53d9t62g and 2p53d10t52g, with 96 total states. We ignore any interactions between the core

hole and the Rh site. The initial/final state Hamiltonian is given by

Hi = HNi +HRh + V (3.1)
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where HNi and HRh are the Hamiltonians for the Ni and Rh sites, and V is the hybridization

term which mixes the single-ion states, given by

V =

0 T †

T 0

 , T =


0 t t 0 t

0 t t 0 t

0 t t 0 t

 . (3.2)

This equally mixes each of the 5 Ni d orbitals with each of the 3 Rh t2g orbitals. Since this

model considers multiple sites, we now include the monopole term in the Coulomb interaction

on each site, F 0 = U + 2
63
(F 2 + F 4), where UNi = 6 eV, URh = 3 eV. The intermediate state

Hamiltonian Hn is equivalent to that of the single-ion model, since we neglect any explicit

interaction between the core-hole and the Rh site. The effective charge transfer energy ∆ gives

the energy of the Ni 3d9 Rh 4d5 configuration relative to Ni 3d8 Rh 4d6 before any splitting.

We use this to determine the on-site energies ENi and ERh for the initial state by solving the

linear system of equations

nNiENi + nRhERh +
1
2
nNi(nNi − 1)UNi +

1
2
nRh(nRh − 1)URh = 0 (3.3)

(nNi + 1)ENi + (nRh − 1)ERh +
1
2
nNi(nNi + 1)UNi +

1
2
(nRh − 1)(nRh − 2)URh = ∆. (3.4)

In the intermediate state, we obtain the on-site energies of the Ni and Rh d orbitals E ′
Ni and

E ′
Rh, as well as the Ni 2p orbitals Ep, from the system of equations

6Ep + nNiE
′
Ni + nRhE

′
Rh +

1
2
nNi(nNi − 1)UNi +

1
2
nRh(nRh − 1)URh + 6nNiUpd = 0

(3.5)

6Ep + (nNi + 1)E ′
Ni + (nRh − 1)E ′

Rh +
1
2
(nNi + 1)nNiUNi +

1
2
(nRh − 1)(nRh − 2)URh + 6(nNi + 1)Upd = ∆

(3.6)

5Ep + (nNi + 1)E ′
Ni + nRhE

′
Rh +

1
2
(nNi + 1)nNiUNi +

1
2
nRh(nRh − 1)URh + 5(nNi + 1)Upd = 0.

(3.7)
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The effective crystal field parameters obtained from a single-ion model must also be adjusted

in the presence of hopping. As shown in Fig. 3.4, we find good agreement between data and

model for the parameters ∆ = −600 meV, t = 30 meV, 10Dq = −550 meV, λ = 13 meV, and

∆t2 = 40 meV, with the same constraint ∆e = 0.8∆t2. We also set the Rh tetragonal splitting

∆t2g = 0 meV, but the results are mostly unchanged for nonzero ∆t2g. This corresponds

to scenario 1 discussed above, but similar results are obtained for scenario 2 (see 3.5). We

emphasize that the two-site model does not preserve the symmetry of the Ni site, making it

ineffective for comparing the two scenarios. This is evident from the inset of Fig. 3.4, where

all low-energy levels have non-negligible dipole character.

Despite the simplicity, the minimal model provides a robust qualitative description of the

data, reproducing the energy of all observed RIXS excitations over a 2 eV range of energy

transfers with effective parameters describing the approximate energy scales of the Ni-Rh

hybridization. A more detailed approach should incorporate the empty Rh eg levels, which

may be essential to the long range exchange interaction, and might consider a double cluster

model [202, 203], or symmetry-adapted Rh orbitals [147]. In addition, through comparison of

high energy inelastic neutron scattering data that is sensitive to optical phonons, with the

RIXS spectra, we find that lattice vibrations enter as an essential energy scale coupled to

the electronic states in NiRh2O4. A consideration of electron phonon coupling and vibronic

excitations is thus necessary to capture the broad asymmetric lineshape of the RIXS spectra,

as discussed in the following section.

3.3.3 Electron-phonon coupling

In orbitally degenerate systems, there is a tendency for strong electron-lattice coupling. In

many cases, the degeneracy may be lifted by a static lattice distortion via the Jahn-Teller

(JT) mechanism [180, 204]. Another possibility is the formation of vibronic modes via the

dynamical JT effect, where orbital degeneracy is broken by coupling to lattice vibrations [60].

When the JT distortion energy is comparable to the spin-orbit coupling, the system may host
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Figure 3.5: (a) Inelastic neutron scattering spectra I(Q,E) of NiRh2O4 at T = 3.6 K. Collective
spin-orbit excitations are visible around 10 meV, and the highest energy optical phonons
appear between 60 and 70 meV. (b) Constant energy cuts through I(Q,E) integrated over
E±5 meV, dashed line shows the momentum dependence of the Ni2+ form-factor |f(Q)|2, solid
line is a fit to C|f(Q)|2 +AQ2 +B as described in the text. (c) Constant momentum-transfer
cut integrated over Q = 6± 1 Å−1, solid line is a fit to three Lorentzians as described in the
text.

a set of spin-orbital-lattice entangled states [151]. In NiRh2O4, the tetragonal distortion does

not fully lift the orbital degeneracy [159]. The weak tetrahedral crystal field splitting (in

comparison to octahedral) enables the JT energy to be comparable to SOC. Based on these

considerations, we expect lattice dynamics to play a key role in the low-lying spin-orbital

excitations.

Here we consider the effects of electron-phonon coupling on the RIXS spectrum of NiRh2O4.

Although the RIXS spectra may contain contributions from optical phonons, their precise

energies are obscured by the relatively coarse energy resolution on the scale of the phonon

energies, and the coincidence of optical phonons with low energy electronic excitations. In

order to more precisely quantify optical phonon energies in NiRh2O4, we have re-examined

the inelastic neutron scattering data for energies up to 100 meV, covering the full phonon

bandwidth. The high energy inelastic neutron scattering data is shown in Fig. 3.5(a). Below

20 meV, the previously reported collective spin-orbit excitation is visible. As discussed above,
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this feature was not directly resolved in the RIXS spectra, but accounts for the broadening of

the elastic line (inset of Fig. 3.1(c) and is captured by the single-ion model. At higher energies,

we observe optical phonons, centered around 65 meV, coincident with the intra-t2 excitation

in the RIXS spectrum. The quadratically increasing intensity with increasing momentum

transfer as shown in Fig. 3.5(b) indicates that this signal originates primarily from scattering

by phonons, but we also find a component attributable to magnetic scattering. By fitting this

cut to I(Q) = C|f(Q)|2+AQ2+B, where f(Q) is the Ni2+ magnetic form-factor, A,B, and C

are constants, we obtain a good description of the data with the parameters A = 0.04, B = 0.2,

C = 0.78. Optical phonon energies were extracted directly from the constant momentum

transfer cut in Fig. 3.5(c). We found that including three Lorentzian functions centered

at 57.2(6), 65.3(5), and 72(1) meV and with energy linewidths of Γ = 7.6(1.7), 7.5(2.5),

and 8.5(2.0) meV respectively was necessary to adequately describe the data. The phonon

linewidths are significantly broadened over the instrumental resolution of ∼ 4.3-meV Gaussian

FWHM at 65 meV. These high energy phonons originate from vibrations of Ni coordinating O

tetrahedra, and we expect six distinct modes in this energy range for a cubic cell that are

further split in the tetragonal phase [180, 205, 206]. Although the broad phonon lineshapes

we observed may be accounted for by unresolved phonon mode splittings, it may also indicate

phonon damping caused by coupling to other electronic excitations. Indeed, the coinciding

energy of these phonons and the intra-t2 crystal field excitation measured by RIXS suggests

the possibility of a hybridized vibrational-electronic or “vibronic” excitation in NiRh2O4.

Such electron phonon coupling occurs because the charge distribution of the excited state

on Ni repels the surrounding oxygen ions. For the intra t2 excitation at 65 meV, the extra

electron in the dxy orbital is partially screened by the resulting dxz/dyz hole. However, the

e→ t2 excitation at 500 meV similarly leaves an extra charge in the t2 levels, with a hole in

the e levels. In this case, we expect the screening to be less effective, and thus the e → t2

excitation should couple even more strongly to phonons. We can use these considerations

to model the lineshape of the 500 meV RIXS peak as a vibronic excitation. Although the
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Figure 3.6: Poisson model for phonon sidebands fit to the 500 meV RIXS peak, including
Gaussian fits to the overlapping neighboring peaks. The phonon sideband cross-section
was modeled using equation 3.8 and Huang-Rhys parameter g = 0.46(3), ω0 = 71(2) meV,
E0 = 497(2) meV, and Γ = 60(2) meV.

single-ion model indicates at least two states comprise this peak and the neutron data shows at

least three phonon modes may be involved in the coupling, we will consider a tractable model

that includes only a single electronic excitation coupled to a single phonon as such a model is

sufficient to capture the essential features of our data. Within this simplified model, we treat

the main peak at energy E0=496 meV as a bare d-d excitation, or zero-phonon line. This bare

dd-excitation is dressed by additional phonon sidebands corresponding to a d-d excitation plus

n phonons of energy Eph. We assume a Lorentzian lineshape of FWHM width Γ for each peak

separated by energy Eph with relative intensities given by a Poisson distribution [207]

In = e−g
gn

n!
, (3.8)

where g is the dimensionless electron-phonon coupling, which can be interpreted as the mean

number of phonons emitted by the excitation. Fig. 3.6 shows a fit of this minimal model

to the 500 meV RIXS peak for E0 = 497(2) meV, Eph = 71(2) meV, Γ = 60(2) meV, and

g = 0.46(3) providing an excellent description of the data. The large value of Γ compared to

the phonon energies suggests that there are many overlapping excitations within each phonon

sideband. This is consistent with the single-ion model for scenario 1 that gives two crystal field
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excitations, at 492 and 517 meV. Both of these may couple to optical phonons with energies

between 57 and 72 meV. A more complete model for electron phonon coupling in NiRh2O4

would consider the separate d-d excitations and their coupling to multiple phonons, but the

resolution of our measurement is not sufficient to constrain such a model.

3.4 Discussion and Conclusion

We have characterized the site-specific local electronic structure of NiRh2O4 using resonant

inelastic x-ray scattering and x-ray absorption spectroscopy. We have compared two possible

scenarios for the tetragonal splitting within a single ion model and showed that ∆t2 > 0 is more

likely than ∆t2 < 0, and estimated that ∆t2 = 70 meV and λ = 13 meV. These parameters are

the most relevant to modeling the magnetism in NiRh2O4 [25, 177]. The crystal field splittings

are in agreement with DFT calculations that determined ∆t2 = 100 meV and λ = 10 meV

from NMTO downfolding. The single ion model also required a 50% reduction of the Fdd

Slater parameters, suggesting a significant degree of covalency in NiRh2O4.

The O K edge XAS data suggests a significant degree of hybridization between O p states

and empty metal d states, which can only be explained by a metal-metal charge transfer

between adjacent Ni and Rh sites. The Rh L edge XAS confirmed that the Rh ions maintain

the nominal 3+ oxidation state, despite the strong hybridization and tendency toward charge

disproportionation in related systems. By extending the RIXS model to include metal-metal

charge transfer between Ni and Rh sites as parameterized by an effective hopping t=30 meV,

we captured Rh-Ni two-site excitations observed at 250 and 750 meV in the RIXS spectrum.

Such an explicit demonstration of the failure of a single ion model and requirement for metal-

metal charge transfer in NiRh2O4 highlights the importance of metal-metal hybridization

in mixed 3d-4d/5d compounds in general. This hybridization can affect both the magnetic

degrees of freedom and exchange interactions so it should be an essential consideration in the

design of novel magnetic states in materials such as spinels, double perovskites [208, 209], or

A2Mo3O8 compounds [172, 210].
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A detailed analysis of the RIXS lineshape also revealed that lattice vibrations influence the

magnetism in NiRh2O4 through strong electron-phonon coupling. Inelastic neutron scattering

reveals multiple optical phonons overlapping in energy with the intra-t2 excitation, suggesting

a hybridized orbital-lattice excitation between 60 and 70 meV. This effect was observed in

the RIXS spectra as a phonon-dressed crystal field excitation at higher energy. Our results

provide quantitative constraints on the key parameters for modeling the single-ion ground

state and low-lying excitations, as well the long-range superexchange mechanism in NiRh2O4.

We also demonstrate the importance of additional degrees of freedom, namely covalency and

phonons, which can alter magnetic ground states [211]. Our results also demonstrate the use

of RIXS for probing spin-orbit entangled states in 3d transition metal compounds [57] and for

probing hybridized states in mixed 3d-4d/5d compounds [212].

In addition to the predicted phenomena associated with spin-1 frustrated diamond lattice

antiferromagnets, we propose that NiRh2O4 may host a variety of novel magneto-elastic and

magneto-optical effects due to its rich spectrum of low-energy spin-orbital-lattice excitations

[180, 204, 213, 214]. Future studies on NiRh2O4 could use pressure, magnetic fields or chemical

substitution to explore the predicted phase diagram and observe quantum critical phenomena

[25, 30, 174]. These studies would greatly benefit from the synthesis of single crystals or

thin films. Should such crystals become available, another potentially fruitful route would

be ultrafast optics to study the spin-orbital and crystal field excitations with the lattice

out-of-equilibrium [215–217]. By resonantly exciting the lattice, it may be possible to stabilize

an excitonic condensate of J = 1 moments [25].

3.5 Additional figures for RIXS calculations

In this section, we show the dependence of the calculated RIXS spectra on the model

parameters, as well as calculated RIXS energy maps showing the incident energy dependence.

Fig. 3.7 and Fig. 3.8 show the calculated spectra from the single-ion model for scenarios 1

and 2 respectively, demonstrating the dependence on the parameters Fdd, 10Dq, ∆t2, ∆e, and
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λ. In each plot, the given parameter is varied with all other parameters fixed to the optimal

values reported in the main text. Fig. 3.9 shows the dependence of the two-site model on

the parameters ∆, t, ∆t2, ∆e, λ, and Rh ∆t2g. Fig. 3.10 and 3.11 show the incident energy

dependence of the RIXS spectra for the single-ion and two-site models respectively. The

energy loss extends up to 4 eV to allow a direct comparison to the measured RIXS map shown

in the main text.
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Figure 3.7: Calculated RIXS spectra for scenario 1, varying each parameter with all other
parameters fixed to the optimal values. Vertical gray lines mark the energies of the measured
peaks. (a) Fdd (b) 10Dq (c) ∆t2 (d) ∆e (e) λ
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Figure 3.8: Calculated RIXS spectra for scenario 2, varying each parameter with all other
parameters fixed to the optimal values. Vertical gray lines mark the energies of the measured
peaks. (a) Fdd (b) 10Dq (c) ∆t2 (d) ∆e (e) λ
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Figure 3.9: Calculated RIXS spectra for scenario 1 using the two-site model, varying each
parameter with all other parameters fixed to optimal values. (a) ∆ (b) t (c) ∆t2 (d) ∆e (e) λ
(f) Rh ∆t2g
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Figure 3.10: Calculated RIXS maps for π-polarization using the single-ion model. (a) scenario
1 (b) scenario 2
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Figure 3.11: Calculated RIXS maps for π-polarization using the two-site model. (a) Scenario
1 (b) Scenario 2



CHAPTER 4

Double-Q spin chirality stripes in the

anomalous Hall antiferromagnet CoNb3S6

CoNb3S6 is an intercalated transition metal dichalconide exhibiting a giant anomalous Hall

effect (AHE) that cannot be explained by the previously determined collinear antiferromagnetic

order. This chapter presents resonant elastic x-ray scattering (REXS) measurements that

reexamine the magnetic structure CoNb3S6. Utilizing the high momentum resolution of soft

x-ray REXS and the polarization dependence of the magnetic scattering, I uncovered a 2Q

magnetic structure that forms a striped pattern in the scalar spin chirality. These results may

provide an explanation of the AHE and enable the realization of other novel phenomena in

CoNb3S6. This chapter is adapted from work for an upcoming publication, currently available

as a preprint [218].

4.1 Introduction

Materials with complex magnetic phases beyond collinear ferro- and antiferromagnetism

exhibit a diverse range of phenomena that are fundamentally rich and promising for many

potential applications as next-generation electronic and spintronic devices. These phases

include non-coplanar, chiral, and topological spin textures [219, 220], altermagnetism [221, 222],

74
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multiferroics [223], and multipolar magnetism [224]. A commonality of all of these phases

is that the magnetic symmetries allow for the coupling between charge, magnetism, and

the lattice from which effective composite degrees of freedom emerge and give rise to novel

macroscopic responses.

Such complex magnetic phases are stabilized in transition metal dichalcogenides (TMDs)

intercalated with 3d transition metal ions through an interplay between localized spins on the

3d sites and itinerant electrons in the host layers [81, 84]. Diverse phenomena are possible

depending on the host compound, intercalation species, and intercalation ratio. CoNb3S6 is

of particular interest because it exhibits a giant anomalous Hall effect (AHE) with a nearly

vanishing uniform magnetization, implicating a non-trivial magnetic structure [88, 89, 225].

A series of neutron diffraction measurements have found the symmetry-related magnetic

propagation vectors (1
2
00), (01

2
0), and (1

2
1
2
0), but disagree on the orientation of the moments

and the presence of single-Q domains or multi-Q order [89, 95, 112, 225–227]. Elucidating the

precise details of the magnetic structure is an essential step towards understanding the origin

of the giant AHE in this antiferromagnet, and potentially tuning the properties to realize new

functionalities.

In this chapter, we reexamine the magnetic structure of CoNb3S6 using Co L3 edge resonant

elastic x-ray scattering (REXS). The exceptional momentum resolution of our measurements

reveal an exotic double-Q (2Q) magnetic order with a non-collinear commensurate Q0 = (1
2
00)

component and incommensurate Q0 ± q helical modulation. The helical modulation varies

between samples with identical bulk characterization, and even between Q-domains of a single

sample, implicating an underlying magnetic frustration that is relieved through minute lattice

strain or correlated defects. In all cases the 2Q magnetic order gives rise to a staggered scalar

spin chirality ordering with a modulated stripe or checkerboard pattern. Such a staggered spin

chirality provides strong evidence for magnetic frustration generated by biquadratic magnetic

interactions [27, 228, 229] and opens the possibility of nonlinear or nonreciprocal transport

phenomena [230] in a class of frustrated magnets.
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4.2 Experiment

Single crystals were grown using chemical vapor transport [88] with the nominal stoichiom-

etry Co:Nb:S=1:3:6. Six different samples from the same growth were measured. All samples

undergo magnetic transitions at 28.6 K, and exhibit sharp (100) Bragg peaks, indicating a

well-ordered triangular lattice of intercalated Co ions. REXS experiments were performed

at the I10 beamline at Diamond Light Source using the RASOR endstation [231] with the

experimental geometry shown in Fig. 4.3(b). Samples were mounted in the (HK0) scattering

plane to access (1
2
00) and (01

2
0) magnetic wavevectors at 2θ = 106.2° at the Co L3 edge

(778.5 eV). In this geometry the x-ray beam scatters from a natural facet on the crystal side

probing an effective area of 20×200 µm, and with a penetration depth of 0.3 µm. Thus, our

measurements probe a macroscopic sample volume containing many basal plane layers. Full

reciprocal space maps were collected for four different samples using an area detector. Full

linear polarization analysis (FLPA) was carried out on a fifth sample using a point detector

and multilayer polarization analyzer optimized for the Co L3 edge [128]. Measurements were

performed for zero-field-cooling (ZFC) and field-cooling (FC) under the application of a 0.1 T

permanent magnet along the c-axis.

Heat capacity, magnetic susceptibility, and electrical transport measurements were carried

out using a Quantum Design Physical Property Measurement System (PPMS). Susceptibility

was measured using the vibrating sample mount (VSM) with the magnetic field along the

sample c-axis. Electrical transport was measured with the van der Paux method using a 2 mA

excitation current. 50 µm Au wires were attached the samples using silver paint.

Images of the single crystals used for our measurement are shown in figure 4.1. The samples

are naturally mirror faceted; however, we note the roughness of the scattering surface of S4

seen in 4.1(b) and (c), which will be discussed below. Samples were pre-aligned on copper bars

and subsequently mounted on the copper sample holder using GE varnish. The temperature

sensor was located on the coldfinger, at the base of the sample holder closest to S4. To fit the

four samples on the sample holder, they were mounted in different geometries, with differing
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X-rays

Figure 4.1: (a) Microscope image of samples 1-4 (S1-S4). (b) Image of samples 1-4 mounted
for the RASOR endstation Diamond I10, showing the beam direction at θ = 0°. (c) Same as
(b) from a different angle.

areas in contact with the holder. Thus, each sample experiences a different cooling efficiency.

4.3 Results

4.3.1 Sample characterization

Fig. 4.2(a) shows the heat capacity of S1-S4. All samples display a clear second-order

transition at TN = 28.6 K. The entropy loss at the transition is slightly greater for S3 and

S4, indicating possible intrinsic differences between samples. Fig. 4.2(b) shows the magnetic
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ZFC

FC -12 T 

FC 12 T 

Figure 4.2: (a) Heat capacity vs. temperature for samples 1-4. (b) Magnetic susceptibility
vs. temperature measured with a 0.1 T field with both zero-field-cooling and field-cooling
for samples 1,3, and 4. (c) Anomalous Hall resistivity ρxy vs. T for samples 3 and 4. (d)
Longitudinal resistivity ρxx vs. T for samples 3 and 4.

susceptibility vs. temperature for S1, S3, and S4. S2 was too small to produce a sufficient

signal. A constant background χ0 was subtracted from each sample, with χ0 = −2, 13, and

2.3 ×10−3 emu/mol-Oe for S1, S3, and S4 respectively. All samples show a transition at

TN = 28.6 K with a large splitting between field (FC) and zero field cooling (ZFC), consistent

with previous reports [88, 91, 226, 227, 232]. Fig. 4.2(c) shows the anomalous Hall conductivity

σAxy = ρAxy/[ρ
2
xx + (ρAxy)

2] vs. temperature for S3 and S4, measured for zero-field cooling and

±12 T field-cooling. Fig. 4.2(d) shows the longitudinal resistivity for S3 and S4.
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(b)

(c)

(a)

Figure 4.3: (a) Magnetic REXS intensity in S3 at 16 K. (b) Experimental geometry, incident
(outgoing) polarization channels σ (σ′) and π (π′) correspond to α (η) of 0° and 90° respectively.
(c) Summary of observed magnetic peaks in the triangular lattice Brillouin zone. White circles
are Q0=(1

2
00) and (01

2
0), green circles show the magnetic reflections observed in S1, S2, S4,

S5 and blue squares show those found in S3 as in (a). Dashed lines with empty markers show
positions of symmetry allowed peaks that were not observed.

4.3.2 Reciprocal space map

Representative reciprocal space maps of the magnetic scattering are shown in Fig. 4.3(a).

Primary magnetic reflections at Q0=(1
2
00) and (01

2
0) were observed in all samples, consistent

with previous reports [89, 112, 225–227]. Our fine resolution measurements also revealed

satellite magnetic reflections at Q0±q [Fig. 4.3]. These satellites represent a long-wavelength

incommensurate modulation of the magnetism that was not previously observed because

of the relatively coarse momentum resolution used in the reported neutron experiments

[89, 112, 225–227].

Since magnetic order in the intercalated TMDs is known to exhibit subtle sample dependence

[103, 233], we have measured the magnetic reflections from five well characterized samples

(S1-S5) to provide a comprehensive picture of the magnetism. We observed two different

satellite wavevectors across these samples as summarized in Fig. 4.3(b). In S1, S2, S4 and S5,

satellites appear at (1
2
,±δ, 0) and (±δ, 1

2
, 0). In S3, one set of satellites appears at (±δ, 1

2
, 0)

while the other set appears at (1
2
∓ δ,±2δ, 0), i.e. purely transverse to the main peak (see 4.12).

We find δ=3.0(3)×10−3 r.l.u.=3.7(3)×10−3 Å−1 at T =14 K, corresponding to a modulation
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with 170(15) nm wavelength, or 97(10) nm for S3 (1
2
00). These observations were consistent

across multiple zero-field-cooled (ZFC) and field-cooled (FC) cycles on all samples. No spatial

variation was observable when scanning the beam across a given sample surface.

The different satellite wavevectors appearing between (1
2
00) and (01

2
0) reflections in S3

[Fig. 4.3(a)] break both C6 rotational and mirror symmetry about (110) of the P6322 space

group, while the satellite reflections observed in S1, S2, S4, and S5 possess mirror symmetry

but break the C6 rotational symmetry. Such symmetry reductions indicate that (1
2
00) and

(01
2
0) belong to distinct Q-domains as will be further confirmed by the FLPA presented below.

The observed sample and domain dependence indicates that the particular long wavelength

magnetic modulation in each domain of a given sample is selected by a symmetry-breaking field

such as small lattice strains that are quenched in during crystal synthesis, or local correlated

defects and stoichiometric variations [90, 91, 233, 234].

Fig. 4.4 shows the temperature-dependent integrated intensities at Q0=(1
2
00) and Q0+

(δ 2δ 0) from S3. The magnetic reflections have a critical temperature of TN = 28.5 K

corresponding the the onset of the Hall response [Fig. 4.4 (b)]. We also observed a smooth

decrease in the magnitude of the satellite wave vector towards Q0 as temperature is decreased

[Fig. 4.4], characteristic of a helical magnetic modulation [17]. Energy scans across the 778.5 eV

resonance are typical for Co2+ [131, 235] and confirm the magnetic origin of all observed peaks

[inset of Fig. 4.4, and Fig. 4.5 (b)].

4.3.3 Circular dichroism

Further details of the magnetic structure are revealed through polarization-dependent

REXS. All magnetic reflections exhibit finite circular dichroism (CD) (see section 2.4.3), as

shown in Fig. 4.5, arising at Q0 from non-collinearity of the commensurate component, and at

Q0±q from a helical modulation. Variation of the CD along the transverse directions suggests

the presence of opposite chirality domains on a length scale comparable to the 200 µm beam

size. We also find that the CD varies between subsequent ZFC and 0.1 T FC measurements,
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(b)

(a)

Figure 4.4: (a) Normalized temperature dependence of main and satellite peak, and δ in
satellite wavevector (δ,−2δ, 0) for S3 measured on the point detector with π polarized x-rays.
The inset shows a fixed-Q energy scan of the main peak, with the dashed line showing total
fluorescence yield (TFY). (b) Anomalous Hall conductivity σAxy of S3 determined from the
Hall and longitudinal resistivities measured in zero field after ±12 T field cooling.

especially for the (1
2
00) peaks, consistent with a redistribution of these chiral domains under

field cooling, as recently observed by optical circular dichroism [232].

A necessary condition for finite CD is a finite structure factor for both σ-π′ and π-π. This

requires both an in- and out-of-plane spin component, which indicates that the modulation is

helical and confirms the FLPA results that the commensurate component must be noncollinear

(see section 4.3.4). Fig. 4.6 shows the calculated CD as a function of canting angle ν at

µ = 109°.

The magnetic structure determined from FLPA is consistent with the CD-REXS results.

The condition for CD at Q0 is finite intensity in both σ-π and π-π, which arises from the

noncollinear moments with both in- and out-of-plane components. The CD at Q0 ± q requires

a helical structure or a more complex chiral modulation. We note that there is a contribution

to the CD from the structural peaks on second harmonic, which is forbidden for Thomson

scattering. This is due to the imperfect circular polarization of the second harmonic, giving

unequal combinations of σ and π polarization between C+ and C− [128].
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(a)

(b)

Figure 4.5: (a) Field-cooled (FC) CD. (b) FC vs ZFC cuts along (δ,−2δ, 0) at (1
2
00) and along

(δ00) at (01
2
0), averaged over 0.0025 Å−1 along the transverse direction. The normalized CD

is defined as (C+−C−)/
∫
(C++C−). Inset shows energy scans at fixed Q = (1

2
− δ, 2δ, 0).

(a) (b) (c) (d)

Figure 4.6: Dependence of the CD on the canting angle ν at Q0 = (1
2
00) and Q0 ± (0δ0) for

each of the four phase combinations with µ = 109°. The vertical dashed lines show the value
of ν determined from FLPA for each choice of phases.

4.3.4 Full linear polarization analysis (FLPA)

Orientations of the magnetic Fourier components mQ0,n
were determined from full linear

polarization analysis (FLPA) (see section 2.4.1)[128–133] by measuring the intensity at Q0 as

a function of incident polarization angle α and analyzer angle η [Fig. 4.3(b)]. As expected for
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η

(a) (b)

(c)

(d)

(e)

Figure 4.7: (a) FLPA data and model at (1
2
00) and (01

2
0). (b) Real space depiction of magnetic

structure on a single sublattice for Q0=(1
2
00) and q=(−δ, 2δ, 0) with δ=0.053 r.l.u., ϕ=45°,

µ=110°, ν=30°. (c) Co2+ triangular plaquettes used to define the intra- and inter-sublattice
scalar spin chirality contributions χ∥

s and χ⊥
s . (d) Scalar spin chirality contribution from the

inter-sublattice plaquettes χ⊥
s for the spin configuration in (c) with ∆ϕ = 0, ∆ψ=180°. The

color of each triangle represents χs projected onto the z component of the plaquette and
summed over the three plaquettes sharing a vertex plotted as black dots. (e) Same as (d) but
with ∆ϕ=180°, ∆ψ=180°.

(a) (c)(b) (d)

Figure 4.8: Additional data from FLPA measurements. (a) FLPA data at (1
2
00). (b) FLPA

calculation at (1
2
00) using the parameters from Table 4.1. (c) FLPA data at (01

2
0). (d) FLPA

calculation at (01
2
0) using the parameters from Table 4.1.

the E1-E1 contribution to magnetic scattering, the σ-σ′ intensity is always zero. The σ-π′

and π-σ′ intensity originates from the component of the moment in the crystallographic a-b

(basal) plane and the π-π′ intensity arises from the out-of-plane component. Fig. 4.8 shows

the complete FLPA dataset as a colormap along with the model calculations. We note that

the analyzer reduces the intensity by two orders of magnitude, so the signal at the satellites

was too weak to carry out FLPA.
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We considered the following 2Q magnetic structure [27] with propagation vectors Q0 and

Q0 ± q

mn(rj) = cos(q ·rj + ψn) cos(Q0 ·rj + ϕn)ûn

+sin(Q0 ·rj + ϕn)v̂n,

+cos(q ·rj + ψn +
π
2
χ) cos(Q0 ·rj + ϕn)ŵn.

(4.1)

Where n=1, 2 labels the sublattices at 2 Co sites in the unit cell, χ=±1 is the helix chirality,

ϕn and ψn are the phases on sublattice n for Q0 and Q0±q respectively, and ûn, v̂n, and ŵn

are unit vectors, assumed to be orthogonal to maintain a constant moment size. The Fourier

components of this structure are

mQ0,n
= m∗

−Q0,n
= − i

2
eiϕnv̂n

mQ0±q,n = m∗
−Q0∓q,n = 1

4
eiϕn±iψn(ûn ± iŵn).

(4.2)

We parameterize the magnetic structure with the angle µn between ûn and the lattice vector

a1=ax̂ in the a-b plane, out-of-plane canting angle νn of vn, and phases ϕn, ψn. We fit the

commensurate component mQ0,n
to the measured FLPA shown in Fig. 4.7(a). ν1=ν2 is ruled

out as this always leads to zero π-π′ intensity, inconsistent with the observed FLPA and CD.

For our analysis, we have fixed µ1=µ2=µ and ν1=−ν2= ν. We find no improvements by

relaxing these constraints.

While ϕn and ψn cannot be uniquely determined from our measurements, symmetry

constrains ∆ϕ=ϕ2−ϕ1 to either 0° or 180° [103]. We separately consider ∆ϕ=0° or ∆ϕ=180°

and find µ=109(1)° at (1
2
00) and µ=12(1)° at (01

2
0) for each case, or nearly ±80° from Q0.

The in-plane angle relative to Q0 is opposite in each domain, with the same broken symmetry

as the modulation wavevectors in S1 and S2. For ∆ϕ = 0° we find ν = 37(2)° at (1
2
00) and

ν=24(2)° at (01
2
0). While for ∆ϕ=180°, we find ν=14(2)° at (1

2
00) and ν=9(2)° at (01

2
0).

Both cases adequately describe the data at (1
2
00) while neither fully matches the intensity at

π-σ for (01
2
0). We attribute this discrepancy to a slight analyzer misalignment. Furthermore,

we cannot rule out contributions from domains with different moment orientations. The results
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Table 4.1: Parameters obtained from FLPA describing the commensurate Fourier component,
for the two possible choices of ∆ϕ.

∆ϕ = 0° ∆ϕ = 180°

Peak µ ν µ ν

(1
2
00) 109(1)° 37(2)° 109(1)° 14(2)°

(01
2
0) 12(1)° 24(2)° 12(1)° 9(2)°

of our fit are summarized in Table 4.1 and Fig. 4.7(b) shows a real-space representation of the

non-coplanar magnetic structure found in S3.

4.3.5 Description of the Magnetic structure

Our data reveal that the magnetic structure of CoNb3S6 is comprised of two propagation

vectors Q0 and q. There are two possible magnetic structures that may be consistent with this

observation. In the previous section, we considered the case with magnetic propagation vectors

±Q0 and ±(Q0±q). The second possible scenario is a structure with propagation vectors Q0

and q, giving rise to higher harmonic peaks at Q0±q. We cannot directly rule out low-angle

peaks at q that were inaccessible in our scattering geometry. However, we did not observe any

Q0±nq for n>1 higher harmonics, which would be expected in this scenario. Furthermore,

neutron experiments have not reported any evidence for q≈0 magnetic scattering [225, 226].

We thus rule out the second scenario and consider the structure with magnetic propagation

vectors ±Q0 and ±(Q0±q) given by eq. 4.1. The magnetic moment on site j can be expressed

as

m(rj) =
∑
Q

mQe
iQ·rj (4.3)

where mQ are the Fourier components of the magnetic moments, which, for this structure are

given by eq. 4.2.

The precise value of ϕn affects the real-space spin structure, ruling out ϕn = π
2
n (n =

0, 1, 2, . . .) for which either the commensurate or incommensurate components of the magnetic



4.3. Results 86

structure vanish. The precise value of ψn does not affect the real-space structure, since q is

incommensurate with the lattice. However, the relative phases ∆ϕ = ϕ2−ϕ1 and ∆ψ = ψ2−ψ1

do affect the real-space structure. The unit vectors defining the moment orientations are

ûn = x̂ cosµ+ ŷ sinµ

v̂n = −x̂ sinµ cos νn + ŷ cosµ cos νn + ẑ sin νn

ŵn = x̂ sinµ sin νn − ŷ sin νn cosµ+ ẑ cos νn

(4.4)

for n = 1, 2, where x̂, ŷ, ẑ are Cartesian coordinates with x̂ along a and ŷ in the a-b plane

of the crystallographic cell. µ defines the in-plane angle relative to the x-axis, νn defines the

out-of-plane canting angle where we assume ν = ν1 = −ν2. The definitions of coordinate

frame û, v̂, ŵ, and angles µ and ν are illustrated in Fig. 4.9.

Figure 4.9: Fourier component mQ0 of the commensurate part of the magnetic structure,
showing the in-plane angle µ and canting angle ν for the phase (a) ∆ϕ = 0°. (b) ∆ϕ = 180°.

4.3.6 Scalar spin chirality

The scalar spin chirality on a triangular plaquette of sites ri, rj , and rk with moments mi,

mj , and mk is defined as χs = mi ·(mj×mk). The effective magnetic field felt by a conduction

electron passing over this plaquette is b ∝ tχsn̂, where n̂ is the plaquette normal vector and

t = tijtjktki is the hopping integral around the loop i→ j → k → i. The lattice of magnetic



4.3. Results 87

Co sites in CoNb3S6 consists of two triangular sublattices. Thus, there are intra-sublattice

plaquettes formed by three sites in the same basal plane, as well as inter-sublattice plaquettes

formed by two sites from a given sublattice and one site from the opposite one. We denote

the intra- and inter-sublattices contributions as χ∥
s and χ⊥

s respectively. For intra-sublattice

plaquettes,

χ∥
s(r) = sin(πχ

2
) sinΦr cos

2Φr[sin(α + β)− sinα− sin β], (4.5)

where q = (αβ0)/2π is the modulation wavevector, Φr = Q0·r+ϕn, and χ is the helix chirality.

This vanishes everywhere if either α = 0 or β = 0 and is independent of ψ, µ, and ν. We can

see that χ∥
s has a fixed magnitude at all positions but oscillates in sign along the direction

of Q0. The sum of χ∥
s for the two sublattices is shown in Fig. 4.10. Since the sites on each

sublattice are offset along the direction of Q0, there is a phase difference in the contribution

from each sublattice. This causes some interference, seen as the black regions of vanishing χs.

χ⊥
s does not vanish for any particular direction of q, but vanishes as q → 0. Similarly

to χ
∥
s, χ⊥

s oscillates in sign along Q0, but also oscillates along q. The amplitude of these

oscillations depends on ν, with no oscillations for ν = 0. The precise pattern of χ⊥
s depends

on the choice of phase differences ∆ϕ and ∆ψ, plotted in Fig. 4.11. Here we show the value of

χ⊥
s projected onto the z-component of the plaquette normal and summed over each group of

three edge-sharing inter-sublattice plaquettes.

The pattern along Q0 depends on the sum ∆ϕ+∆ψ and the pattern along q depends only

on ∆ψ. For ∆ϕ+∆ψ=0° or 360°, χ⊥
s forms a stripe pattern. For ∆ϕ+∆ψ=180° χ⊥

s forms

a checkerboard pattern. For ∆ψ=0°, χ⊥
s oscillates about zero along q. For ∆ψ=180°, χs

oscillates in magnitude along q without passing through zero with an amplitude that increases

with increasing ν.

Although the magnitude of χ⊥
s is much greater than that of χ∥

s, the relative magnitude of

the effective field b is more relevant. We have already projected χ⊥
s onto the z-component

of the plaquette normal vectors, so we only need to consider the relative hopping integrals
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around each type of plaquette, t∥ = t3 and t⊥ = t′2t, where t and t′ are the in- and out-of-plane

hopping integrals along a single bond. Since the ratio of bond lengths a′/a ≈ 1.2 Å, we expect

t′ < t. Thus, the relative contribution of χ⊥
s will be reduced by a factor of t′2/t2. However,

the qualitative behavior of b remains unaffected.

−3

3

χ
s  (×10

2)

Figure 4.10: Scalar spin chirality χ∥
s from the intra-sublattice plaquettes, summed over both

sublattices for the structure Q0=(1
2
00) and q=(−δ, 2δ, 0), δ=0.053 r.l.u., ϕ=45°.

(a) (c) (d)(b)

Figure 4.11: Scalar spin chirality χ⊥
s from the inter-sublattice plaquettes projected on the z-

component of the plaquette normal vectors for the structure with Q0=(1
2
00) and q=(−δ, 2δ, 0),

δ=0.053 r.l.u. (larger than the observed value of δ = 0.003 r.l.u. to simplify visualization),
ϕ=45°, µ=110°, ν=30° (a) ∆ϕ = 0°, ∆ψ = 0°. (b) ∆ϕ = 0°, ∆ψ = 180°. (c) ∆ϕ = 180°,
∆ψ = 0°. (d) ∆ϕ = 180°, ∆ψ = 180°.

χ
∥
s forms stripes with propagation vector Q0 and no variation along q. The stripes on each

sublattice are ±90° out of phase for ∆ϕ = 0° or 180°. χ⊥
s depends on ν and forms complex

structures that depend on the choice of the phase variables. We apply the constraint ∆ψ=0°

or 180° to consider four different combinations of phases that result in stripe or checkerboard

like patterns of chirality. In all cases, the magnitudes of χ∥
s and χ⊥

s vanish as q → 0. Thus,

the incommensurate modulation is essential for providing a finite local scalar spin chirality in

CoNb3S6.

Due to the opposite canting between sublattices, χ⊥
s is much larger than χ∥

s for the values

of ν we have found. Although the relative magnitude of the intra- and inter-sublattice hopping
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integrals are unknown, the effective field produced by χ⊥
s will dominate for all feasible values

and the qualitative behavior is unchanged by χ
∥
s. In order to visualize χs, we project χ⊥

s

onto the z component of the plaquette normal vectors, shown in Fig. 4.7(d) and (e) for two

different possibilities of the relative phases. In all four cases, the scalar chirality develops an

intricate pattern, modulated along both Q0 and q.

Such staggered chirality cannot directly account for the AHE. However, the staggered

chirality in the presence of finite spin-orbit coupling may generate a net Berry curvature

that can account for the AHE [236]. Furthermore, the magnetic structure we observed may

generate a net chirality if the moment size is nonuniform, which can be described by relaxing

the orthonormality constraint on the vectors û, v̂, and ŵ. Even in the absence of a net scalar

chirality, a finite local chirality should also give rise to nonlinear or nonreciprocal transport

[230], which has been recently observed [237].

4.3.7 Calculation of the resonant magnetic x-ray scattering intensity

CoNb3S6 crystallizes in the chiral P6322 space group (182) with lattice parameters a =

5.75 Å and c = 11.89 Å. In the fully ordered structure, the Co2+ ions exclusively occupy either

the 2b, 2c, or 2d site [90]. Here we consider consider the 2c sites to be occupied, but this

choice does not affect the results. We use the lattice vectors a1 = (a, 0, 0), a2 =
a
2
(−1,

√
3, 0),

and a3 = (0, 0, c), which give reciprocal lattice vectors b1 = 2π
a
(1, 1√

3
, 0), b2 = 2π

a
(0, 2√

3
, 0), and

b3 =
2π
c
(0, 0, 1). The REXS intensity is Iϵ′ϵ(Q) ∝ |Sϵ′ϵ(Q)|2, as described in section 2.4. We

observed no intensity in the σ-σ channel, so we let F (0) = 0. We observed no second-order

satellite reflections, so we let F (2) = 0. We thus have

Sϵ′ϵ(Q) ∝ (ϵ′∗ × ϵ)·M (Q) (4.6)

where M (Q) is the magnetic structure factor. For the main magnetic reflection at Q0 = (1
2
00),

M (Q0) = − i
2
ei(

2
3
π+ϕ1)v̂1 − i

2
ei(

1
3
π+ϕ2)v̂2 (4.7)



4.3. Results 90

For the q = (0δ0) satellites,

M (Q0 ± q) =
1

4

[
iei(±

4π
3
δ+ϕ1)û1 ∓ χei(±

4π
3
δ+ϕ1)ŵ1 + iei(±

2π
3
δ+ϕ2)û2 ∓ χei(±

2π
3
δ+ϕ2)ŵ2

]
(4.8)

For the q = (δ,−2δ, 0) satellites,

M (Q0 ± q) =
1

4

[
iei(ϕ1∓2πδ)û1 ∓ χei(ϕ1∓2πδ)ŵ1 + ieiϕ2û2 ∓ χeiϕ2ŵ2

]
(4.9)

4.3.8 Reciprocal space maps for samples 1-4

(a) (b) (c) (d)

Figure 4.12: Reciprocal space maps of the magnetic scattering at (1
2
00) and (01

2
0) in the

(HK0) plane integrated over 0.003 r.l.u. along the L direction for (a) Sample 1, (b) Sample 2,
(c) Sample 3, and (d) Sample 4.

We measured reciprocal space maps of the magnetic scattering around the (1
2
00) and

(01
2
0) wavevectors in four samples (S1-S4), as shown in Fig. 4.12.4.12(a) and 4.12(b) show

the maps for S1 and S2 respectively, which show the same structure. The modulations in

the two Q0-domains are symmetry-related, but each is missing the other symmetry-allowed

q modulation. Fig. 4.12(c) shows the map for S3, as in Fig. 4.3(a). In this sample, the

modulations in the two Q0-domains are not symmetry-related. Fig. 4.12(d) shows the map for

S4 from an optically rough facet, visible in figure 4.1. Reflections from S4 on this facet only

shows the commensurate peaks with no satellites. The multiple peaks in the left panel are

different crystal grains.

Additional measurements on S4 revealed (1
2
,±δ, 0) and (±δ, 1

2
, 0) satellites on the opposite
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facet of S4 that exhibited a mirror like surface. Thus, we attribute the absence of satellite

reflections on one surface of S4 to the surface roughness evident in Fig. 4.1. This roughness

likely disrupts the incommensurate order via internal strain or structural disorder, consistent

with previous reports on itinerant magnets [238, 239].

4.3.9 Correlation lengths

Fig. 4.13 shows line cuts along the L direction for each main and satellite peak in all

samples. We fit a Lorentzian function to obtain an out-of-plane correlation length ξc. Fig.

4.14 shows in-plane transverse line cuts across each peak, which we fit to obtain an in-plane

correlation length ξab. For the satellites, the transverse direction is taken with respect to q,

rather than Q0 ± q. Fig. 4.15 and Fig. 4.16 show cuts through the structural peaks measured

on the second harmonic (1557 eV) at 30 K along the L direction and in-plane transverse

directions respectively. The structural and magnetic correlation lengths extracted from these

fits are summarized in tables 4.2 and 4.3 below. These (100)-type structural Bragg peaks

arise from the superlattice of intercalated Co ions within the NbS2 host layers and the large

correlation lengths indicate a well-ordered triangular lattice of Co ions [240] in all samples

studied.

The magnetic correlation lengths for the incommensurate structure are on the order of 100

nm, taken from transverse cuts along the satellite peaks. These peaks are nearly isotropic,

showing similar width in any direction. This confirms that the magnetic structure we observed

is intrinsic to the bulk. If the incommensurate structure was confined to the surface, these

peaks would show a truncation rod-like elongation along the direction of the surface normal

[241, 242]. In addition, we find that q is always along a high-symmetry direction, independent

of the surface orientation.
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Table 4.2: Measured correlation lengths for S1, S2, and S4.

Peak (100) (010) (1
2
00) (1

2
δ0) (1

2
δ0) (01

2
0) (δ 1

2
0) (δ 1

2
0)

Sample 1

ξab (nm) 563(8) 570(9) 151(14) 93(3) 85(2) 247(7) 107(1) 102(2)

ξc (nm) 571(5) 563(5) 212(1) 135(1) 133(1) 265(2) 143(1) 172(1)

Sample 2

ξab (nm) 274(14) 216(12) 136(2) 197(5) 90(2) 99(2) 107(2) 122(2)

ξc (nm) - 182(6) 159(2) 139(2) 112(2) 98(2) 110(2) 97(1)

Sample 4

ξab (nm) 394(8) 474(11) 469(40) - - 352(37) - -

ξc (nm) 195(2) 199(2) 146(3) - - 151(4) - -

Table 4.3: Measured correlation lengths for S3.

Peak (100) (010) (1
2
00) (1

2
+δ,−2δ, 0) (1

2
−δ, 2δ, 0) (01

2
0) (δ 1

2
0) (δ 1

2
0)

ξab (nm) 274(14) 216(12) 136(2) 197(5) 90(2) 99(2) 107(2) 122(2)

ξc (nm) 268(1) 321(2) 120(1) 111(1) 112(2) 224(3) 231(3) 153(2)

(a) (b) (c) (d)

Figure 4.13: Line cuts through the magnetic peaks along the L direction integrated over
0.005 r.l.u. along the H and K directions in (a) sample 1, (b) sample 2, (c) sample 3, and (d)
sample 4.

4.3.10 Temperature dependence of magnetic scattering

Fig. 4.17 shows the temperature dependence of the magnetic scattering for samples 1-4

measured from rocking scans on the point detector in π polarization. Above the transition, only

the (100) or (010) structural peaks from the second harmonic of the beam remain. The insets

show the integrated intensity vs. temperature with the structural peak intensity subtracted.
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(d)(c)(b)(a)

Figure 4.14: Line cuts through the magnetic peaks along the transverse in-plane direction,
integrated over 0.003 r.l.u. along the L direction and 0.005 r.l.u. along the in-plane longitudinal
direction, in (a) sample 1, (b) sample 2, (c) sample 3, and (d) sample 4.

(a) (b) (c) (d)

Figure 4.15: Line cuts through the structural peaks along the L direction, integrated over
0.005 r.l.u along the H and K directions, with maximum intensity normalized to 1 in (a)
sample 1, (b) sample 2, (c) sample 3, and (d) sample 4, measured on the second harmonic
(1557 eV) at 30 K.

(a) (b) (c) (d)

Figure 4.16: Line cuts through the structural peaks along the in-plane transverse direction,
integrated over 0.003 r.l.u. along the L direction and 0.005 r.l.u. along the in-plane longitudinal
direction, in (a) sample 1, (b) sample 2, (c) sample 3, and (d) sample 4, measured on the
second harmonic (1557 eV) at 30 K.

Although TN as measured through susceptibility and heat capacity is consistent across all

samples, the apparent TN in the REXS data varies between samples. This variation arises

from a combination of beam heating and variable cooling efficiency for samples mounted on

different locations on the sample holder as shown in Fig. 4.1.
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Sample 1 
(½00)

(a)

Sample 1 
(0½0)

(b)

Sample 2 
(½00)

(c)

Sample 2 
(0½0)

(d)

Sample 3 
(½00)

(e)

Sample 4 
(½00)

(f)

Figure 4.17: Temperature dependence of magnetic scattering measured from rocking scans
around Q0 in π polarization on the point detector for (a) sample 1 (1

2
00), (b) sample 1 (01

2
0),

(c) sample 2 (1
2
00), (d) sample 2 (01

2
0), (e) sample 3 (1

2
00), (f) sample 4 (1

2
00).

4.3.11 Sample dependence and broken symmetry

A striking feature of our results is the broken symmetry of the magnetic domain structure.

We refer to the three possible commensurate wavevectors as Q0-domains. For a given Q0-

domain, the symmetry-allowed directions of q form q-domains. For a given Q0, q pair, the

helix chirality χ = ±1 and canting direction ±ν give four types of χ-domains. In all samples,

we only observed a single q-domain for a given Q0, breaking the expected symmetry between
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each Q0. The q-domains in S3 [blue squares in Fig. 4.3(c)] break both C6 rotational and

mirror symmetry about (110). The q-domains in S1 and S2, [green circles in Fig. 4.3(c)]

break C6 rotational symmetry, while retaining mirror symmetry about the (110). This same

symmetry-breaking is exhibited by the in-plane orientation of the commensurate component

measured from FLPA. Although we did not obtain reciprocal space maps on that sample, raw

detector images show (δ00)-type peaks. It is thus likely that the in-plane orientation of the

commensurate component and the helical modulation wavevector are pinned.

In helimagnets where competing and anisotropic exchange interactions control the modula-

tion, helical wavevectors often align with the strain direction [243–247]. Similarly, small strains

can modify the Fermi surface and break degeneracies between nesting vectors in itinerant

magnets [248, 249]. The domain selection in S1, S2 and S4 can thus naturally be explained by

a residual strain along the (110) surface normal that favors q more closely aligned with (110)

[250–252]. While more significant surface roughness-induced strain or defects results in the

decoherence of long range q modulations on one surface of S4.

However, in S3, the modulations at (1
2
00) and (01

2
0) are not along symmetry-equivalent

directions and these two peaks cannot be described as separate domains of the same structure.

This suggests that the magnetic domains may be pinned to structural domains, with a different

modulation type in the different structural domains [94, 233, 234, 253, 254].

4.4 Discussion

In the absence of a uniform magnetization, non-coplanar antiferromagnets support a Hall

response through the scalar spin chirality χs=m(ri)·[m(rj)×m(rk)] with sites i, j, k on a

triangular plaquette. Conduction electrons traversing closed loops around regions of uniform

χs accumulate a net Berry phase [67], while a Berry phase can accumulate for a non-uniform χs

when spin-orbit coupling is present [236]. To check these possibilities in CoNb3S6, we compute

χs for the 2Q magnetic structure. Since there are two triangular lattice layers per unit cell in
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CoNb3S6, there may be contributions to the total spin chirality from both intra-sublattice

plaquettes within the triangular lattice basal plane χ∥
s, and inter-sublattice plaquettes χ⊥

s that

involve two sites from one sublattice and one site from the opposite one. We compute the total

scalar spin chirality using the real space spin structures found above by considering separate

contributions χ∥
s and χ⊥

s [Fig. 4.7(c)]. We find that a finite incommensurate modulation q ̸= 0

gives rise to a staggered scalar chirality in CoNb3S6, with a precise pattern that depends on

the choice relative phase and canting direction ν for the magnetic structure.

The present findings clarify the microscopic origins of the giant Hall signal in CoNb3S6.

For all physical choices of ν and relative phase parameters CoNb3S6 develops a striped or

checkerboard pattern of scalar spin chirality modulated along both Q0 and q as shown in

Fig. 4.7(d) and (e).

Thus, the large anomalous Hall signal in the presence of a staggered, not uniform, scalar

chirality implicates the importance of spin-orbit coupling in CoNb3S6 [236]. Furthermore,

a local, non-uniform, magnetic scalar chirality is expected to influence electronic transport

in other ways. For instance a finite local chirality can generate nonlinear or nonreciprocal

transport [230] as may have been recently observed [237].

We find that CoNb3S6 exhibits a unique 2Q magnetic structure with staggered scalar

spin chirality that is distinct from the reported 3Q structure [112]. While our findings are

fully consistent with polarized neutron diffraction [112], a more than order-of-magnitude

improved momentum space resolution reveals long-wavelength helical modulations that were

not accessible to the neutron experiments. Furthermore, the efficiency of REXS enabled

measurements across many samples to reveal a subtle sample and domain dependence of the

helical magnetic wavevector. Such differences between samples with similar thermodynamic

characterization and well-ordered Co triangular lattices (see section 4.3.1) is striking, but

not unexpected. Magnetic ordering in intercalated TMDs is known to be highly sensitive to

minute disorder and local structural defects [103, 104, 107, 255] that may not be apparent

in bulk measurements. Given that magnetic structures in a given sample were constant
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across many heating and cooling cycle, the sample dependent magnetic wavevectors are likely

fixed by quenched in structural domains and defects that pin magnetic domains or impart

symmetry-breaking strains [94, 233, 234, 253, 256]. Such a sample dependence is revealing

as it implicates a near degeneracy of helical wavevectors and likely competing, or frustrated,

magnetic interactions in CoNb3S6.

While competing real-space exchange interactions may stabilize 2Q magnetism [27, 257], an

itinerant Kondo model is more likely in CoNb3S6 given the 5.75 Å separation between nearest

neighbor Co sites hosting local moments. In this case, the 2Q structure arises from Fermi

surface nesting instabilities that generate effective biquadratic (four-spin) RKKY exchange

terms. For a 3
4
-filled Fermi-surface on the triangular lattice, these instabilities support the

3Q ordering in CoTa3S6 [113, 228, 254, 258–260], but away from 3
4

filling can give rise to

2Q ordering and stripes of scalar chirality similar to our observations [229, 254, 259]. The

itinerant picture is further supported by the sample dependence that indicates very small

energy differences between different incommensurate wavevectors, q. Such near degeneracy

can naturally arise in Fermi surface instability/momentum space description of the magnetism.

A biquadratic RKKY mechanism likely also underlies 3Q uniform scalar chiral ordering in

CoTa3S6 [112, 113]. The tunability of the magnetic structure demonstrated by pressure

dependence [95] and sample dependent magnetism in CoNb3S6 and CoTa3S6 [261] together

with the similarities of electronic structure between these two materials with different magnetic

structures hints at the exciting possibility of controlling the magnetism in the intercalated

TMDs to tune between different multi-Q orderings with a suitably chosen perturbation.

In summary, we have discovered a 2Q non-coplanar magnetic structure in CoNb3S6 exhibit-

ing a staggered scalar spin chirality χs. Such a magnetic structure provides strong evidence

for biquadratic interactions on the triangular lattice, and the apparent tunability of this

order revealed through a subtle sample dependence opens up possibilities for realizing and

controlling nontrivial transport phenomena in itinerant antiferromagnets. Future work is

needed to understand the mechanisms underlying this magnetic structure and its impact on
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transport properties, while experimental studies may attempt to control the magnetic domain

pattern to affect anisotropic couplings between magnetic order and electronic transport in

itinerant antiferromagnets.



CHAPTER 5

Tuning the structural and magnetic

properties of CoxNbS2 and NixNbS2

The electronic and magnetic properties of intercalated transition metal dichalcogenides

are highly sensitive to sample composition, particularly the intercalant concentration. In this

chapter, we consider the evolution of the structural and magnetic properties of CoxNbS2 and

NixNbS2 with varying composition around the ideal x = 1
3
. The chapter is split into two

separate sections covering each material.

Using x-ray diffraction, heat capacity, magnetic susceptibility, and electrical transport

measurements on CoxNbS2, we find find long-range antiferromagnetic order that continuously

evolves into a short-range correlated glassy state as x decreases from 1
3

to 0.30. Using x-ray

diffraction, magnetic susceptibility, and resonant elastic x-ray scattering (REXS) on NixNbS2,

we find two distinct structural phases, each hosting a different magnetic order. For nominal

x = 0.30, we find a 2× 2 superlattice corresponding to the ideal structure for x = 1
4

exhibiting

canted antiferromagnetic (CAF) order. For nominal x = 0.35, we find a
√
3 ×

√
3R30°

superlattice corresponding to the ideal structure for x = 1
3
, exhibiting an incommensurate

(IC) helical order along the c-axis with a weak commensurate component, consistent with a

conical or fan structure. For nominal x = 0.33, we find a similar strucure, with a decreased IC

99
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component and increased C component.

5.1 Introduction

As described in chapter 4, CoNb3S6 exhibits a novel magnetic ground state that likely

plays a role in the observed large anomalous Hall effect (AHE) and may enable a variety

of other novel effects such as nonlinear or nonreciprocal transport and optical responses

[230, 237, 262, 263]. Recently, the related material NiNb3S6 was shown to possess a helical

magnetic order with propagation vector along the c axis [96]. Although this phase is not a

fundamentally unique, it may enable other novel effects through the interplay of local moments

and itinerant electrons [97].

However, the properties of the whole class of intercalated TMDCs are highly sensitive to

the precise chemical composition and structural order, particularly of the intercalated 3d ions

[90, 101–103, 227, 261, 264–267]. In these materials, significant variation in the electronic

and magnetic properties has been reported for only slight deviations from the ideal x = 1
3
.

There are several consequences of these deviations. First, it introduces defects in the bilayer

triangular magnetic lattice, breaking the long-range periodicity and introducing random strain

fields which suppresses magnetic ordering and may induce a glassy state [50, 51, 268]. In

addition, it alters the Fermi level, which is set by the filling of the NbS2 conduction band doped

by the two electrons transferred from each Co2+ ion. This affects the strength and periodicity

of the RKKY interaction or other itinerant exchange mechanisms, as well as the nesting

vector of the Fermi surface [91–93, 95, 269–271]. Finally, may be effects involving defect

correlations and structural domains. As defects form in the superlattice, the site occupied by

each intercalant within the unit cell becomes less constrained. This allows for site disorder,

with possible spatial correlations in site occupancy. Structural domains may correspond to

coexisting
√
3×

√
3 and 2× 2 superlattice structures, or chirality domains of the

√
3×

√
3

superlattice [94, 233, 234, 253, 255, 256, 267].
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The sample composition dependence of CoxNbS2 has been previously studied in [90, 91, 227].

In [90], an AHE is observed for x ≤ 1
3

but not for x > 0.35. For x ≈ 1
3
, the AHE shows a sign

reversal below the transition and a rapid suppression at lower temperatures. As x decreases,

no sign reversal is observed and the AHE persists at lower temperatures. These samples also

exhibit an exchange bias. However, the systematic trend between x, transport properties, and

structural properties remains inconclusive. In [227], the authors find that the AHE vanishes

in underintercalated samples which also show no ferromagnetic component. However, neutron

diffraction measurements find that these samples have the same Q = (1
2
00) collinear magnetic

structure. In [91], the authors found that the weak ferromagnetic moment, along with the

AHE, vanish in sufur deficient samples.

A recent study considered the composition dependence of CoxTaS2, in which they found a

continuous variation in the electronic and magnetic properties for 0.30 < x < 1
3
, with the same

underlying ground state. For x ≥ 1
3
, they found an abrupt change in magnetic ground state

with no sign of an AHE or weak ferromagnetic moment [261]. Several works have considered

the electronic and magnetic properties of FexNbS2 for 0.31 ≥ x ≤ 0.35, finding multiple

distinct magnetic phases, as well as a charge ordered phase, that give rise to novel spintronic

properties [101–103, 266].

In this chapter, we study the evolution of the structural, magnetic, and transport properties

in CoxNbS2 and the related compound NixNbS2 over the range 0.30 < x < 0.35. Using

magnetic susceptibility, heat capacity, electrical transport, and x-ray diffraction on CoxNbS2,

we find a continuous evolution of the structural and magnetic properties with varying x. The

intercalated Co ions form a
√
3×

√
3R30° superlattice for all x considered. As x decreases

from 1
3

to 0.30, TN is suppressed and the long-range ordered state collapses into a glassy

state. The transition also splits into two stages as x decreases. The antiferromagnetic order

appears with no ferromagnetic component at higher temperature. As temperature decreases,

the ferromagnetic component appears and continues to increase as temperature decreases. All

samples exhibit an anomalous Hall effect, but the magnitude rapidly decreases for x ≤ 0.31.
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Using magnetic susceptibility, x-ray diffraction, and resonant elastic x-ray scattering (REXS)

on NixNbS2, we find two distinct structural and magnetic phases. For nominal x = 0.30,

the Ni ions form a 2 × 2 superlattice with a canted antiferromagnetic (CAF) order. For

nominal x = 0.35, the Ni ions form a
√
3 ×

√
3R30° superlattice with an incommensurate

(IC) helical order along the c-axis magnetic order, as previously observed [96]. We also find a

weak commensurate (C) component, indicating a slight conical tilting. For x = 0.33, we find

a
√
3×

√
3R30° superlattice with a partially suppressed IC component and an increased C

component.

5.2 Experiment

Magnetic susceptibility measurements were carried out a Quantum Design Physical Property

Measurement System (PPMS) using the vibrating sample mount (VSM) option. Heat capacity

measurements were carried out on a PPMS. Electrical transport measurements were carried out

on a PPMS using the van der Paux-Hall option. Single crystal x-ray diffraction measurements

were carried out on a four-circle diffractometer with a Ag Kα source and at the QM-2 beamline

at the Cornell High Energy Synchrotron Source (CHESS) [272]. Resonant elastic x-ray

scattering (REXS) measurements were carried out on the RSXS endstation of the REIXS

beamline at the Canadian Light Source (CLS) [273].

Single crystals of CoxNbS2 and NixNbS2 were grown in two steps. Polycrystalline precursor

was prepared using a mixture of Co/Ni, Nb, and S with molar ratios x : 1 : 2 for x = 0.30-0.35,

sealed in quartz tubes and heated at 900° C for 5 days, following the procedure described in

section ??. Single crystals were grown from the polycrystalline precursor using chemical vapor

transport with iodine as the transport agent, as described in section ?? and [88].
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Table 5.1: CoxNbS2 measured properties for various x. c is in units of Å, ∆S is in units of
J/mol K, A is in units of mJ/mol K2, TN is in K, and σAxy is in units of Ω−1cm−1.

Nominal x c ∆S A TN (χ) TN (ρxy) σAxy
0.30 (s1) 11.8415(9) - - - - -
0.31 (s1) 11.8463(17) 3.66 77 19.6/25.0 17.9 1.2(2)
0.31 (s2) 11.8452(3) 3.50 74 - - -
0.31 (s4) 11.8381(8) 3.22 90 14.0/20.4 14.0 1.5(2)
0.31 (s5) 11.8468(10) 3.67 65 23.3/27.2 22.8 16.1(4)
0.32 (s1) 11.8588(9) 4.20 58 27.2/28.4 27.0 125(3)
0.33 (s1) - 4.50 33 28.4 - -
0.33 (s3) 11.8669(16) 4.65 27 28.4 28.3 92(4)
0.33 (s4) 11.8708(21) - - 28.4 28.3 92(4)
0.33 (s6) 11.8708(17) - - - - -
0.34 (s2) 11.8632(9) - - - - -
0.34 (s3) 11.8652(18) 4.43 40 28.3 28.2 124(3)
0.35 (s1) 11.8532(9) 4.27 59 27.8 - -

5.3 CoxNbS2

Here we present the results of x-ray diffraction, heat capacity, magnetic susceptibility, and

electrical transport measurements on CoxNbS2 samples grown with 0.30 < x < 0.35. Instead

of explicitly determining the value of x from energy-dispersive x-ray spectroscopy (EDX) or

structural refinement, we classify the samples according to the consistent empirical trends in

our measurements. We continue to label each sample by nominal value of x used for the crystal

growth. For a given x, we label samples by number, i.e. s1, s2, . . . sn. Table 5.1 summarizes

the main results on CoxNbS2.

Before discussing the results in detail, we describe the trend between the nominal x

and actual x. We expect the lattice parameter to increase monotonically for increasing x

[103, 261, 264, 274]. However, c is maximized for x = 1
3

and decreases as the nominal x

increases above 1
3
, as shown in Fig. 5.2(b). These samples with nominal x > 1

3
fit the trends

in magnetic properties according to their lattice parameter, as discussed below. They also

contain a CoS2 impurity phase, indicated by the ferromagnetic transition at 124 K in the

susceptibility. Furthermore, the CoS2 content increases with increasing x. We conclude that

a nominal x > 1
3

promotes the formation of a CoS2 phase and results in an actual x < 1
3
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[275, 276].

5.3.1 X-ray diffraction

CoxNbS2 crystallizes in the
√
3×

√
3 superlattice for all x in the range considered here,

indicated by x-ray diffraction. Fig. 5.1(a) and (b) show reciprocal space maps in the (HK0)

plane for x = 0.31 and x = 0.33. The intense peaks correspond to the hexagonal lattice of the

NbS2 parent compound with a0 = 3.32 Å. The weaker peaks correspond to the superlattice of

intercalated Co ions, appearing at (1
3
1
3
0) positions of the host lattice, indicating a superlattice

with a =
√
3a0 = 5.75 Å with hexagonal lattice vectors rotated by 30° relative to the host

lattice (denoted by
√
3 ×

√
3R30°). Fig. 5.1(c) and (d) show the (HK1) plane, furthing

confirming the highly ordered superlattice. Fig. 5.1(e) and (f) show the (H0L) plane. The

presence of weak forbidden (00L) peaks with odd L is likely due to stacking faults [277]. Fig.

5.2(b) shows the measured c-axis lattice parameters vs. the nominal x, as described above.

The maximum and minimum of c ≈ 11.87 Å and c ≈ 11.84 Å are consistent with previously

reported values for x = 0.33 and x = 0.30 respectively [90].

5.3.2 Heat capacity

The heat capacity exhibits a strong dependence on sample composition, as shown in Fig.

5.2(a). Each sample shows one or more peaks indicating the possibility of multiple transitions

in some samples. As x decreases, TN is suppressed, and the size of the peak decreases. To

determine the magnetic contribution to the heat capacity, we subtract the nonmagnetic

contribution from the lattice and conduction electrons using a Debye-Einstein model [109]

Cp = γT + n(1− α)CD + nαCE (5.1)
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(a) (b)

(c) (d)

(e) (f)

Figure 5.1: X-ray diffraction reciprocal space maps of CoxNbS2, (a) x = 0.31 (HK0) plane
(b) x = 0.33 (HK0) plane (c) x = 0.31 (HK1) plane (d) x = 0.33 (HK1) plane (e) x = 0.31
(H0L) plane (f) x = 0.33 (H0L) plane The data in (a)-(d) is integrated over 0.02 r.l.u. along
L. The data in (e)-(f) is integrated over 0.01 r.l.u. along K. The black dot indicates the
origin of the respective plane and the gridlines correspond to the reciprocal lattice of the√
3×

√
3R30° superlattice.
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(a)

(c)

(d)

(b)

Figure 5.2: (a) Heat capacity divided by temperature vs temperature of CoxNbS2 for various x.
The dotted line shows the estimated nonmagnetic heat capacity. (b) c-axis lattice parameter
vs. nominal x. (c) Change in entropy ∆S from 2 K to 48 K vs. c-axis lattice parameter. (d)
Low temperature linear component of magnetic heat capacity A vs. c.
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Figure 5.3: CoxNbS2 heat capacity up to 300 K

where n = 10 is the number of atoms per formula unit,1 α is the mixing parameter,

CD(T ) = 9R

(
T

ΘD

)2 ∫ ΘD/T

0

x4ex

(ex − 1)2
dx (5.2)

is the Debye heat capacity with Debye temperature ΘD,

CE = 3R

(
ΘE

T

)2
eΘE/T

(eΘE/T − 1)2
(5.3)

is the Einstein heat capacity with Einstein temperature ΘE, and γ is the Sommerfeld coefficient

for the linear electronic contribution. The four metal atoms are better described by the Debye

model and the six sulfur atoms are better described by the Einstein model, which suggests

the constraint α = 0.4 [109]. A fit to eq. 5.1 gives ΘD = 290 K, ΘE = 506 K, and

γ = 37 mJ/mol K2, shown in Fig. 5.3. We have assumed that γ is equal for all samples.

However, this is not necessarily true because γ depends on the Fermi level, which varies with

x.

Subtracting the nonmagnetic contribution to the heat capacity and computing the magnetic

entropy ∆S gives the values shown in Table 5.1 and Fig. 5.2(c). After subtracting the
1We neglect differences in n for different x, as the maximum deviation of x = 0.30 gives n = 9.9. The

resulting 1% error is less than the uncertainty in the sample mass.
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nonmagnetic contribution to the heat capacity, we fit the low temperature region with

Cp = AT +BT 3, from 2-10 K. The linear coefficient A is plotted vs. c in Fig. 5.2(d) [278].

For fully ordered S = 3
2

moments, the expected entropy released by the transition is

∆S = R log(2S + 1) = R ln 4 = 11.52 J/mol K, where R = 8.315 J/mol K is the gas constant.

Susceptibility measurements have found a paramagnetic moment of 3.0-3.15µB [88, 226],

corresponding to an effective spin S ∼ 1.1, likely due to strong hybridization between the

local Co states and the conducting NbS2 states [92, 93, 95, 225, 270, 279]. This would give an

entropy of ∆S = 9.7 J/mol K. However, neutron diffraction measurements finds an ordered

moment of only 1.64-1.96µB[226, 227] (or 1.52µB for x = 0.306), corresponding to an effective

spin of S ≈ 0.8-1, with an entropy of ∆S = 8-9 J/mol K. Thus we find at most 50-60% of the

expected entropy released by the transition.

This discrepancy may be due to an overestimate of the nonmagnetic contribution and thus

underestimating the magnetic entropy. Indeed, a Curie-Weiss temperature of -150 K suggests

that magnetic correlations may exist far above TN . Another possibilities is that the ordered

moment determined from neutron diffraction is incorrect, due to an incorrect model for the

magnetic structure, as suggested by the results of chapter 4.

In addition to the large residual entropy in the most well-ordered sample, the residual

entropy continues to increase with decreasing x. This decrease can be partially explained by

the decrease in the number of Co sites, which was not accounted for in the calculation of the

molar heat capacity, since we do not have a quantitative measure of x. Although this has

a negligible effect on the calculation of the total heat capacity, it would give up to a 10%

difference in the magnetic contribution between x = 1
3

and x = 0.30. However, the change in

∆S is far larger than this discrepancy. In addition to the residual entropy, the low temperature

linear contribution to the magnetic heat capacity increases with decreasing x. Both of these

trends are consistent with a the emergence of a glassy state coexisting with antiferromagnetic

order [50, 51], similar to the behavior seen in FexNbS2 [101, 102, 280, 281].
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Based on these results, we divide the samples into two main classes to simplify further

discussion: (1) the slightly underintercalated or nearly stoichiometric samples which have

nominal x ≥ 0.32, and (2) the highly underintercalated samples, which have nominal x ≤ 0.31.

The slightly underintercalated samples correspond to the four markers on the right side of

Fig. 5.2(c) and (d), each showing a distinct heat capacity peak in the inset of Fig. 5.2 and

have c > 11.85 Å.

5.3.3 Magnetic susceptibility
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Figure 5.4: Out-of-plane magnetic susceptibility of CoxNbS2 for various x. Solid lines are
0.1 T field cooled, dashed lines are zero-field-cooled. Vertical dotted lines indicate transition
temperatures. (a) x = 0.31 s4 (b) x = 0.31 s1 (c) x = 0.31 s5 (d) x = 0.32 s1 (e) x = 0.33 s1
(f) x = 0.33 s3 (g) x = 0.34 s3 (h) x = 0.35 s1.

The sample composition also has a significant effect on the magnetic susceptibility. Fig.

5.4 shows the out-of-plane magnetic susceptibility vs. temperature for several CoxNbS2

samples. All samples show an antiferromagnetic (AFM) transition with a small out-of-plane

ferromagnetic (FM) moment after field-cooling, which either appears at TN , or at a second

transition below TN .

For x = 0.33, the FM moment appears at the same temperature as the AFM transition.

As x decreases, the FM moment appears as a separate transition at lower temperature.

These separate transitions are consistent with the peaks in the heat capacity. The transition
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temperatures are shown as dotted lines in Fig. 5.4. For x = 0.33, the FM moment is maximized

just below TN and rapidly decreases upon further cooling. As x decreases, the FM moment

arises more gradually below TN , and continues to increase upon further cooling.

The susceptibility for x = 0.33s3 is consistent with previous reports for CoxNbS2 with

x = 1
3

[88, 91, 226, 227, 232, 237]. However, there are some suble discrepancies. In Fig. 5.4(h),

the ZFC χ decreases monotonically below TN = 28.4 K. The FC χ rapidly increases below TN ,

reaching a maximum at 25.6 K (2.8 K below TN) before decresing, but remaining larger than

χ above TN .

In [88], the ZFC χ is equivalent to that in Fig. 5.4(h). However, the FC χ decreases more

rapidly after reaching its maximum at 2.5 K below TN , falling below the ZFC χ at 12 K.

Similar FC behavior is seen in [226, 227, 237]. Another discrepancy is an upturn in the ZFC

χ, which occurs just after reaching a minimum at the same temperature where the FC χ is

maximized [226, 227].

Based on the trend of the FC χ in our data, we conclude that the decrease in the FM

moment with decreasing T occurs more rapidly as x approaches the ideal 1
3
. Thus, the behavior

described above for the FC χ falling below the ZFC χ likely corresponds to x closer to 1
3

than

any of our samples.

5.3.4 Electrical transport

Fig. 5.5(a) shows the temperature dependence of the anomalous Hall conductivity σAxy of

CoxNbS2

σAxy =
ρAxy

(ρAxy)
2 + (ρxx)2

. (5.4)

These measurements were performed by field cooling under ±12 T, then measuring ρxy and

ρxx vs. temperature from 1.8-35 K under zero field. All samples exhibit an anomalous Hall

effect, with the maximum σAxy reached by each sample shown in Table 5.1 (calculated as the

average magnitude of ±12 T FC). In the samples with multiple transitions, the AHE appears
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(b)(a)

Figure 5.5: (a) Hall conductivity σxy vs. temperature for ±12 T field-cooling. (b) Longitudinal
resistivity ρxx vs. temperature.

at the lower transition where the FM moment appears. Switching the field direction switches

the sign of ρAxy. All samples show ρAxy < 0 for +12 T and ρAxy > 0 for -12 T, with the exception

of x = 0.31s5, which shows the opposite behavior, consistent with the previously reported

reversal behavior [90]. The magnitude of σAxy is maximized around x = 0.32, consistent with

[90], by comparison of lattice parameters.

Fig. 5.5(b) shows the temperature dependence of the longitudinal resistivity ρxx for ZFC.

No obvious differences were observed for ±12 FC. The slightly underintercalated samples show

show a kink at TN followed by a sharp decrease in ρxx. The highly underintercalated samples

show a significanly larger overall ρxx, with no sharp decrease at TN . Instead, there is a broad

hump, followed by a upturn, suggesting possible Kondo-like behavior.

The sharp kink in the slightly underintercalated samples is due to the reduced in scattering

of conduction electrons by disordered spins [88, 95, 282]. In the highly underintercalated

samples, the overall resistivity is increased due to impurity scattering [89]. The lack of a sharp

kink is due to the reduction of long-range spin correlations. The resistivity minima indicate

possible Kondo-like behavior or other competing phases [283–285].
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5.3.5 Discussion

We have tracked the structural, magnetic, and transport properties of CoxNbS2 as a function

of x over the range 0.30 ≤ x ≤ 1
3
. For decreasing x, find that the long-range AFM order at

x = 1
3

develops into a coexisting AFM and glassy state with short-range correlations. As x

decreases below 1
3
, the increase in Co vacancies and site disorder leads to frustrated random

exchange and smearing of the Fermi surface due to broken lattice translation symmetry.

The suppression of long-range AFM order and emergence of a glassy state is apparent from

several trends in the data. As x decreases, we observe a decrease in TN with the emergence

of a two stage transition. The heat capacity shows an increase in residual entropy and low

temperature linear component. Electrical transport measurements show a suppression in the

anomalous Hall conducitivity and a lack of a sharp decrease in longitudinal resistivity at TN .

These observations are consistent with the suppression of long range order into a phase with

short-range correlations and competing metastable states.

This coexisting AFM and spin glass state has been seen in the related compound FexNbS2

for x < 1
3

[101, 102]. This material shows a similar trend in the heat capacity, as well as

exchange bias behavior, which has been reported for underintercalated CoxNbS2 [90]. Our

observations are also similar to previous reports of coexisting AFM and spin glass states in

insulating three-dimensional frustrated magnets [286, 287]. AC susceptibility measurements

[50, 51, 288], thermoremanent magnetization [101], and magnetic field-dependent heat capacity

[100, 104, 289, 290] are required to further characterize the spin glass state.

As mentioned above, the resistivity minimum indicates Kondo-like behavior or other com-

peting phases [283–285]. Pressure-dependent neutron diffraction and transport measurements

on CoxNbS2 (x ≈ 1
3
) find a reduction in the magnetic order parameter with increasing pressure,

vanishing completely around 1.7 GPa [95, 282]. The in-plane longitudinal resistivity broadens

and develops a minumum near TN as pressure increases. Above 1.7 GPa, the minimum

disappears and the resisitivity shows no sign of magnetic order. This suggests that pressure
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and underintercalation may play a similar role in suppressing magnetic order by decreasing

the c-axis lattice parameter, which would modify the hybridization of Co moments with the

conduction band [95].

Finally, we note the discontinuous trend in the transport measurements between the slightly

and highly underintercalated samples. This crossover regime and the corresponding reversal

behavior warrants further study.

5.4 NixNbS2

5.4.1 X-ray diffraction

Fig. 5.6(a) and (b) show reciprocal space maps in the (HK0) plane for x = 0.30 and

x = 0.33. The intense peaks correspond to the hexagonal lattice of the NbS2 parent compound

with a0 = 3.32 Å. The weaker peaks correspond to the superlattice of intercalated Ni ions.

Unlike CoxNbS2, NixNbS2 crystallizes in either the 2× 2 or the
√
3×

√
3 R30° superlattice,

depending on the starting x. For the x = 0.33 sample, the superlattice peaks appear at

(1
3
1
3
0) positions of the host lattice, indicating a superlattice with a =

√
3a0 = 5.75 Å with

hexagonal lattice vectors rotated by 30° relative to the host lattice (denoted by
√
3×

√
3R30°).

Weak spurious peaks with no clear index may arise from a separate misaligned grain. For

x = 0.30, the superlattice peaks appear at (1
2
00) positions of the parent lattice, indicating

a 2× 2 superlattice, with the same orientation as the host lattice. The gridlines correspond

to the
√
3×

√
3R30° reciprocal lattice. Fig. 5.6(c) and (d) show the (HK1) plane, further

confirming the presence of these two distinct superlattice structures. Fig. 5.6(e) and (f) show

the (H0L) plane. Similarly to CoxNbS2, the presence of forbidden peaks at (00L) for odd L

indicates the presence of stacking faults.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.6: X-ray diffraction reciprocal space maps of NixNbS2, (a) x = 0.30 (HK0), (b)
x = 0.33s1 (HK0), (c) x = 0.30 (HK1), (d) x = 0.33s1 (HK1), (e) x = 0.30 (H0L), (f)
x = 0.33s1 (H0L). The data in (a)-(d) is integrated over 0.02 r.l.u. along L. The data
in (e)-(f) is integrated over 0.01 r.l.u. along K. The black dot indicates the origin of the
respective plane and the gridlines correspond to the reciprocal lattice of the

√
3×

√
3R30°

superlattice.
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Figure 5.7: χ vs. T for NixNbS2 with various x, measured with 0.1 T along the (110) direction
for field cooling and zero field cooling. Note the different y-axis ranges.

5.4.2 Magnetic susceptibility

Fig. 5.7 shows the magnetic susceptibiliy vs. temperature for different NixNbS2 samples,

measured with a 0.1 T field along the (110) direction for both field cooling and zero field

cooling. For x = 0.30 [Fig. 5.7(a)], we observe a broad transition to a weak ferromagnetic or

canted antiferromagnetic (CAF) state at TN = 56 K. For x = 0.35 [Fig. 5.7(b)], we observe

an antiferromagnetic (AFM) transition at TN = 86 K, consistent with the results of [96]. For

x = 0.33, we observe a variety of behaviors, with two representative cases shown in Fig. 5.7(b)

and (c). The first sample, x = 0.33s1, shows no sharp anomaly, but resembles a broad CAF

transition at TN = 76 K, similarly to x = 0.30. The second sample, x = 0.33s2, shows an

AFM transition at TN = 67 K similarly to x = 0.35.

5.4.3 Resonant elastic x-ray scattering (REXS)

To characterize the magnetic structures in NixNbS2, we carried out REXS at the Ni L3 edge.

The samples were mounted in the (HHL) scattering plane of the
√
3×

√
3R30° superlattice.

which corresponds to the (H0L) scattering plane for the 2× 2 superlattice. In every sample,

we find magnetic peaks around the (001) structurally forbidden Bragg peak at 2θ = 75.6° at

Ei = 851.5 eV. All measurements were performed in π polarization, which maximized magnetic

intensity and minimized contamination from the (002) structural Bragg peak arising from the

second harmonic content of the beam.

Temperature dependent scans along (00L) for the four samples discussed above are shown
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(a) (b)

(c) (d)

Figure 5.8: Temperature dependent REXS scans along (00L) for (a) x = 0.30, (b) x = 0.33s1,
(c) x = 0.33s2, and (d) x = 0.35. Note the different range along L for x = 0.30 and the
different intensity scales for each sample.

in Fig. 5.8. For x = 0.30, we find a sharp commensurate (C) peak at L = 1. For each of the

other samples, we find a broad C peak at (001) and sharp incommensurate (IC) satellites at

L = 1± δ, with δ = 0.022 - 0.030 r.l.u. dependending on temperature and sample. We fit each

peak with a pseudo-Voigt function, using one for x = 0.30 and three for each of the other

samples, with the satellites constrained to have equal width. The temperature dependence of

the fit parameters is shown in Fig. 5.9.

The intensity vs. temperature for the C and IC peaks is shown in Fig. 5.9(a), with the

IC intensity corresponding to the average of the two satellites. For x = 0.35, the intensity is

dominated by the IC component. For x = 0.33s2, the relative intensity of the C component

increases, but remains far less than the IC component. For x = 0.33s1, the C component is
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more intense than the IC component. In this sample the C component and IC component turn

on at the same temperature, while in x = 0.35 and x = 0.30, the C component appears to turn

on at a slightly lower temperature than the IC component. However, this may be due to the

difficulty in fitting such a broad component to the low intensity peak just below the transition.

This exact or near coincidence of the onset temperature for both components confirms that

the C component does not originate from impurity phase of the 2× 2 superlattice. In all cases,

the C and IC peak show a different characteristic temperature dependence.

The full width at half maximum (FWHM) for all peaks is nearly constant, except for

x = 0.30, as shown in Fig. 5.9(c). This sample may be better described by a sharp peak over a

diffuse background, with the diffuse component persisting at higher temperatures. This diffuse

component resembles critical magnetic scattering from a fluctuating partially ordered state

near the transition [291–293]. This partially ordered state is apparent in the susceptibility

[Fig. 5.7(a)], which shows a signicantly broadened transition, likely due to structural disorder.

This is also consistent with the lack of FC/ZFC splitting until far below the transition where

the sharper peak arises.

(a) (b) (c)

Figure 5.9: Temperature dependence of (a) integrated intensity, (b) magnitude of incommensu-
rate wavector δ, and (c) full width at half maximum (FWHM). The filled and empty markers
correspond to the incommensurate and commensurate peaks respectively.

5.4.4 Discussion

We have studied the structural and magnetic properties of NixNbS2 for samples with

nominally 0.30 ≤ x ≤ 0.35. For x = 0.30, the Ni ions form a 2× 2 superlattice and order into
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a canted antiferromagnetic state with a broad transition at TN = 56 K. For x ≥ 0.33, the Ni

ions form a
√
3×

√
3R30° superlattice and order magnetically into a structure with C and IC

components, indicating a conical- or fan-like structure.

Powder neutron diffraction measurements found a similar IC structure, determinining that

the moments lie within the plane, with antiparallel alignment between the two spins per unit

cell [96]. The appearance of a commensurate component in addition to the incommensurate

satellites is consistent with an out-of-plane canting. This out-of-plane component may be

parallel or antiparallel for the two spins per unit cell. The susceptibility is consistent with

parallel alignment, giving a weak FM moment.

The most intringuing result is the difference between the two samples with x = 0.33.

By decreasing x from 0.35, we observe two distinct behaviors. In x = 0.33s1, we observe

a reduction in TN , δ, and the correlation length, the transition is broadened, and the C

component is larger than the IC component. In x = 0.33s2 however, we observe an even

greater reduction in TN and δ, but the correlation length is unchanged, the transition remains

sharp, and the C component remains smaller than the IC component.

Thus, we cannot identify a conclusive trend in the magnetic properties with decreasing x.

One possible explanation is the distinct role of vacancies and site disorder. By decreasing x,

the Fermi level is decreased by hole doping, which modifies the itinerant exchange. However,

with more vacancies, the site occupied by the Ni intercalants within each unit cell becomes less

constrained. Thus, for a given x, the magnetic properties can be affected by the degree of site

disorder. These effects are further complicated by defect correlations and structural domains

[94, 233, 234, 253]. Future work should consider these effects by varying the crystal growth

conditions and thus tuning the degree of quenched disorder for a given sample composition.



CHAPTER 6

Magnetic correlations and electronic

structure of NiGa2S4

This chapter describes resonant x-ray scattering experiments on the S = 1 triangular

lattice antiferromagnet NiGa2S4. Using resonant elastic x-ray scattering (REXS), we find a

longer spin correlation length than previously found from neutron diffraction, as well as a

previously unknown temperature-induced shift in the magnetic propagation vector. We also

confirm the results of recent polarized neutron scattering measurements of the temperature

dependent spin state anisotropy. Using resonant inelastic x-ray scattering (RIXS), we rule out

the negative charge transfer ground state, instead finding a mixed valence state consisting

of predominantly Ni2+ sites in a positive charge transfer ground state with Ni1+ impurities

occupying low symmetry sites induced by sulfur vacancies.

6.1 Introduction

The triangular lattice antiferromagnet is the archetype of geometric frustration [8, 41,

42] (see section 1.2.2). For nearest neighbor Heisenberg exchange, this lattice has a 120°

ordered magnetic structure. However, higher order exchange, further neighbor interactions, or

anisotropy can suppress ordering and stabilize a quantum spin liquid state. These interactions

119
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can stabilize more exotic states involving magnetic quadrupoles (nematic order), vector spin

chirality, or emergent topological degrees of freedom [294].

NiGa2S4 is a nearly ideal realization of a S = 1 triangular lattice compound. This material

consists of weakly coupled van der Waals layers, with each layer containing a triangular

lattice of edge-sharing NiS6 octahedra between 2 layers of GaS4 tetrahedra, as shown in 6.1(a).

Despite a large Curie-Weiss temperature of 80 K, long-range magnetic order has not been

detected down to T = 50 mK. Magnetic susceptibility, heat capacity, NMR, NQR, µSR, and

ESR experiments report phenomenology common to frustrated magnets including a two-step

entropy release and critical slowing down of magnetic fluctuations at T ∗ = 8.5 K [295–300].

Neutron scattering experiments find short range incommensurate spin correlations starting

below 20 K at a wavevector of Q∗ = (0.155, 0.155, 0), as shown in Fig. 6.1(b), but even at 1

K, a significant fraction of the moment remains fluctuating [300–302]. The low temperature

magnetic heat capacity is proportional to T 2, indicating the presence of gapless linearly

dispersive modes associated with long range ordering. This suggests the ordering of some

elusive higher-order degree of freedom. A variety of explanations for this puzzling behavior

have been proposed, including a vortex binding-unbinding transition of the vector spin chirality

[303–306], quadrupolar or spin-nematic order [9, 10, 13–15], and C3-symmetry-breaking bond

order [10, 307].

The wavevector of the short-range incommensurate spiral correlations observed by neutron

diffraction can only be explained by a dominant third-nearest-neighbor antiferromagnetic

exchange and a weak nearest neighbor ferromagnetic exchange. X-ray photoelectron spec-

troscopy (XPS) measurements are consistent with a negative charge-transfer ground state, in

which the electronic ground state is dominated by a 3d9L configuration, where L is a S 3p hole.

It is this strong ligand hole character that allows for the large third-nearest-neighbor exchange

interactions driving the incommensurate spiral correlations [308, 309]. A polarized neutron

diffraction experiment found evidence for the vortex binding-unbinding transition indicated by

reversal at T ∗ of the ratio of in-plane to out-of-plane spin component [306]. The quadrupolar
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(a) (b)

Figure 6.1: (a) Crystal structure of NiGa2S4, with Ni2+, Ga3+, and S2− shown in blue, green,
and yellow respectively. (b) Approximate spin structure of NiGa2S4, showing (1

6
1
6
0) order

composed of 120° order on four 2× 2 sublattices, each shown as a different color. The true
structure is incommensurate with (0.155, 0.155, 0)

or spin-nematic order would require the presence of biquadratic exchange interactions (see

1.1.3). A recent Raman scattering study identified a phonon mode that would provide the

magnetoelastic coupling mechanism for this biquadratic exchange [9].

The magnetic properties of NiGa2S4 are known to be highly sensitive to disorder, including

substitution of Ni ions with nonmagnetic or other magnetic ions [310–312], as well as sulfur off-

stoichiometry [10, 313, 314]. Several experiments have found indirect signatures of structural

disorder, such as a weak temperature-indepedent ESR resonance [296, 297], an extra Ga NQR

peak [295, 313], and mixing of Raman and IR active phonon modes [9].

The exotic magnetic behavior of NiGa2S4 is tied to the negative charge-transfer ground

state with a small energy gap, which enhances spin and charge fluctuations. This unique

electronic structure suggests the possibiliy of a wide range of other effects involving strong

correlations and quantum critical phenomena [294]. A recent high-pressure transport and

Raman scattering study [315], found a series of pressure-induced structural transitions, one of

which coincides with a metal-insulator transition in NiGa2S4. This motivates further work

to understand the nontrivial electronic properties of this material and suggests routes for



6.2. Experiment 122

realizing additional electronic and magnetic phenomena.

Here we carry out resonant x-ray scattering on NiGa2S4 to gain insight into the intriguing

electronic and magnetic properties of this material. We use resonant elastic x-ray scattering

(REXS) to probe the intrinsic magnetic correlations in NiGa2S4 within a small sample volume

to minimize the effect of stacking faults and other structural disorder that may cut off magnetic

correlations and complicate experimental interpretation. We use x-ray absorption spectroscopy

(XAS) and resonant inelastic x-ray scattering (RIXS) to examine the local electronic structure

of NiGa2S4. In addition, the polarization dependence of the REXS cross section allows for the

determination of the spin orientations, which was left underconstrained in previous neutron

experiments.

From the REXS data, we find a correlation length for the short range correlated incommen-

surate spiral structure that is twice as large as what was previously observed with neutron

scattering. The polarization dependence is consistent with polarized neutron diffraction mea-

surements [306]. The XAS and RIXS data cannot be explained by the negative charge transfer

state proposed from previous XPS measurements. Instead, the spectrum is best described

by a Ni2+/Ni1+ mixed valence, with Ni1+ ions occupying low symmetry sites resulting from

sulfur vacancies.

6.2 Experiment

Single crystals were grown using chemical vapor transport (CVT) as described in [313],

using a starting composition of 1:2:4.04. Magnetic susceptibility was measured on a Quantum

Design Physical Property Measurement System (PPMS) using the vibrating sample mount

(VSM) option. Resonant elastic x-ray scattering (REXS) measurements at the Ni L3 edge were

carried out on the XUV diffractometer at the UE46 PGM-1 beamline at BESSY II [119, 316].

Resonant inelastic x-ray scattering (RIXS) measurements at the Ni L3 edge were carried out at

the I21 beamline at Diamond Light Source [317], with 39 meV FWHM energy-loss resolution
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(a) (b)

Figure 6.2: Magnetic susceptibility vs. temperature, measured with a 0.01 T field along the
(110) direction for both field-cooling (FC) and zero-field-cooling (ZFC).

and at the 41A beamline at the Taiwan Photon Source [318], with 60 meV FWHM energy-loss

resolution. Samples for both REXS and RIXS were cleaved immediately before loading into

the scattering chamber.

6.3 Results

6.3.1 Sample characterization

Fig. 6.2(a) shows the magnetic susceptibility vs. temperature for a typical NiGa2S4 sample.

The spin freezing transition appears as a kink with FC/ZFC splitting at T ∗ = 8.2 K. This value

of Tf , along with the FC/ZFC splitting ratio (χFC − χZFC)/χFC = 0.081 at 1.8 K, indicates

high quality, stoichiometric samples [294, 313]. Fig. 6.2(b) shows the Curie-Weiss fit of χ−1 to

the T > 150 K region, giving ΘCW = −79.9 K and µeff = 2.79µB, consistent with previous

reports.
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(a) (b)

(c) (d)

Figure 6.3: (a) REXS scans along (HH1) at Q+ in σ polarization. The dotted vertical line
indicates the H = 1

6
commensurate position. The inset shows the integrated intensity vs.

temperature for σ and π polarization. (b) REXS scans along (HH1) at Q− in π polarization.
The dotted vertical line indicates the H = −1

6
commensurate position and the solid vertical

lines show the shift in η between the maximum and minimum temperatures. The inset shows
the value of η vs. temperature. (c) Temperature dependence of peak intensity for σ and
π polarization at Q±. Intensities are absorption corrected. The inset shows the intensity
ratios Iπ(Q−)/Iσ(Q

−) and Iσ(Q+)/Iπ(Q
+), with the latter being scaled by a factor of 4. The

dotted vertical lines indicate T ∗ = 8.5 K. (d) Fixed-Q energy scan at Q+ and x-ray absorption
measured in TEY, at 4 K.

6.3.2 Resonant elastic x-ray scattering (REXS)

We carried out REXS measurements at the Ni L3 edge on NiGa2S4. The crystals were

mounted in the (HHL) plane to access the incommensurate magnetic peaks in reflection

geometry at Q± = (001) ±Q∗, Q∗ = (η, η, 0), where η ≈ 0.156 r.l.u., at a scattering angle
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2θ = 120.5°. From the x-ray absorption spectrum and fixed-Q energy scan at the magnetic

peak, shown in Fig. 6.3(d), we set the incident energy to 853.25 eV for all measurements. We

observe a small pre-edge peak, unusual for the Ni2+ L3 edge, which will be discussed in section

6.3.3.

We measured the temperature and polarization dependence of the magnetic peaks along the

(HH1) direction, as shown in Fig. 6.3(a) for Q+ with σ polarization and Fig. 6.3(b) for Q−

with π polarization. Scans at 30 K, where no magnetic intensity is observed, are subtracted

as background. The inset of Fig. 6.3(a) shows the integrated intensities vs. temperature for

both σ and π polarizations at Q+. We observe an increase in η with decreasing temperature.

The inset on the left side of Fig. 6.3(b) shows the value of η vs. temperature obtained from a

Lorentzian fit. We find that η varies from 0.1562(1) r.l.u. at 4 K to 0.1547(2) r.l.u. at 14 K.

The correlation length was determined by fitting the data with a Lorentzian lineshape

I(Q) =
A

1 + ξ2(Q−Q±)2
, (6.1)

This gives a correlation length of ξ = 63 Å at base temperature, which is a factor of 2.5

larger than the correlation length of 25 Å determined from neutron diffraction [300–302].

This indicates that the intrinsic magnetic correlations may be longer-range than previously

thought. The temperature dependent correlation length is shown in the inset on the right side

of Fig. 6.3(b).

To more closely examine the temperature dependence of the magnetic scattering, we

scanned temperature at fixed Q. Fig. 6.3(c) shows temperature scans of the peak magnetic

intensity at Q± for both σ and π polarization. The intensity of each scan at 30 K is subtracted

as background. The inset shows the intensity ratios Iσ(Q+)/Iπ(Q
+) and Iπ(Q−)/Iσ(Q

−). The

dotted vertical line indicates T ∗ = 8.5 K. The Q position was fixed at the base temperature

peak intensity during these scans. However, the shift in η does not produces a negligible error.

In order to directly compare the intensities at different Q, the data has been corrected by the
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(a) (c)(b)

Figure 6.4: Calculated intensity ratios Iσ(Q+)/Iπ(Q
+) (black) and Iπ(Q

−)/Iσ(Q
−) (blue)

from eq. 6.2 and 6.3 as a function of (a) θ for ϕ = 31° and ψ2 = 90°, (b) ϕ for θ = 82° and
ψ2 = 90°, (c) ψ2 for θ = 82° and ϕ = 31°. The horitontal dotted lines show the maximum
measured values of each ratio, as shown in the inset of Fig. 6.3.

geometric factor A = 1 + sin θ
sin θ′

, where we have assumed an isotropic absorption coefficienct

[319].

To model the polarization dependence, we compute the REXS intensity for an incommen-

surate spiral with Fourier component

mQ = sin θ cosϕx̂+ eiψ1 sin θ sinϕŷ + eiψ2 cos θẑ, (6.2)

where x̂ is parallel to Q∗, ẑ is parallel to the c axis, and ŷ = ẑ× x̂. The spin at position rn is

given by m(rn) = mQe
iQ·rn +m−Qe

−iQ·rn , where m−Q = m∗
Q. Previous neutron diffraction

measurements are consistent with either and in-plane spiral with θ = 90° and ϕ = 41° or an

out-of-plane spiral with θ = 57° and ϕ = 0° [302].

Since we do not resolve the polarization of the scattered beam, the intensity for incident σ

and π polarization are given by Iσ = Iσσ + Iπσ = Iπσ and Iπ = Iσπ + Iππ respectively, where

Iϵ′ϵ(Q) ∝ |(ϵ′ × ϵ)·M (Q)|2 is the magnetic scattering intensity for magnetic structure factor

M(Q), incident polarization ϵ, and outgoing polarization ϵ′. There is only one moment per

unit cell, so M (Q) = mQ. We can relate the polarization vectors to the incident and scattered
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x-ray wavevectors, as described in section 2.4,

Iσ ∝ |k̂′ ·mQ|2

Iπ ∝ |k̂·mQ|2 + |(k̂′ × k̂)·mQ|2.
(6.3)

Q+ and Q− are both found at 2θ = 120.5°, with θi = 106° and θi = 14.5° respectively, where

k ∥ (110) at θ = 0°. Thus, in the frame of eq. 6.2, Iσ(Q+) is most sensitive to moment along

x̂, Iπ(Q+) is most sensitive to moment along ẑ and ŷ, Iσ(Q−) is most sensitive to moment

along ẑ, and Iπ(Q−) is most sensitive to moment along x̂ and ŷ.

To compare to the data, we compute the intensity ratios Iσ(Q+)/Iπ(Q
+) and Iπ(Q−)/Iσ(Q

−),

which roughly correspond to the ratio of in-plane to out-of-plane component of mQ. The

measured values of these ratios are maximized near base temperature with 2.5 and 12 for Q+

and Q− respectively. This can be reproduced by eq. 6.2 with θ = 82(1)°, ϕ = 31(1)°, and

ψ2 = 90(1)°, as shown in Fig. 6.4. As temperature increases, the ratios both decrease toward

zero. At 15 K, the data is consistent with θ = 71(1)°, ϕ = 42(1)°, and ψ2 = 90(1)°. Thus, the

spiral becomes increasingly confined within the plane as temperature decreases.

These results are consistent with recent polarized neutron scattering, which considered

the temperature dependence of the ratio mxy/mz extracted from spin-flip and non-spin-flip

scattering channels [306]. They found a maximum of mxy/mz = 8 at T ∗ = 8.5 K, which

decreased to mxy/mz = 3 at 15 K. This ratio is related to our model by mxy/mz = tan θ,

which gives θ = 83° at 8.5 K and θ = 72° at 15 K, in close agreement with out results.

6.3.3 Resonant inelastic x-ray scattering (RIXS)

We carried out RIXS measurements at the Ni L3 edge on NiGa2S4. The sample was

mounted in the (HHL) plane and we measured RIXS spectra for variable incident energy

Ein, scattering angle 2θ, sample angle θ, incident polarization, and temperature. Fig. 6.5(a)

shows the RIXS energy map of NiGa2S4, measured at 2θ = 90°, θ = 38°, π polarization, and



6.3. Results 128

(a) (b)

Figure 6.5: (a) RIXS energy map at 2θ = 90°, θ = 38°, π polarization, 23 K (b) RIXS spectra
at 2θ = 90°, θ = 30°, π polarization, 62 K at the incident energy energies corresponding to the
black markers in (a).

23 K. The partial fluorescence yield (PFY), shown as a white line, is obtained by integrating

the RIXS intensity over energy loss at each incident energy. The black markers indicate the

incident energies of the RIXS spectra shown in Fig. 6.5(b). The data in Fig. 6.5(a) was

obtained at TPS 41A and all other RIXS data shown in this chapter was obtained at Diamond

I21. To correct for the difference in beamline energy calibration, we shift the incident energies

in the RIXS map by 2 eV.

The RIXS spectrum shows several energy-loss features that resonate at various incident

energies. Here we consider the three incident energies shown as black markers in Fig. 6.5(a),

with the individual spectra shown in Fig. 6.5(b). These correspond to a pre-edge at 853.6 eV,

main resonance at 855.3 eV, and a post-edge shoulder at 856.0 eV. The main resonance is

typical for octahedral Ni2+, with peaks at 1.01 eV, 1.16 eV, 1.83 eV, 2.34 eV, 2.87 eV, 4.1 eV.

The post-edge shoulder is also typical for octahedral Ni2+, giving rise to the 1.51 eV “exciton”

[320–325]. However, the pre-edge, with peaks at 170 meV and 530 meV, is highly unusual. No

such peak has been reported for Ni2+ compounds.

To gain further insight into the origin of this pre-edge peak, we examine the polarization
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Figure 6.6: Angle dependence of Ni L3-edge XAS (TEY) for (a) π and (b) σ polarization.

and angle dependence of the XAS. Fig. 6.6(a) and (b) show the angle-dependence of the XAS

measured in TEY for π and σ polarization respectively. For σ polarization, the polarization is

parallel to the sample rotation axis, so varying θ does not affect the intrinsic absorption cross

section. It does however vary the effective footprint of the beam onto the sample. To account

for this geometric effect, we normalize each spectrum by peak intensity. After normalization,

the σ polarized absorption is angle-independent, as expected. The variation after normalization

is due to temperature differences, as TEY is highly dependent on resistivity. The lack of angle

dependence in the relative intensity of the pre-edge confirms that it is not a surface effect.

For π polarization, the projection of the polarization onto the sample depends on θ. At

θ = 0° (grazing incidence), the polarization is along the c-axis. At θ = 90° (normal incidence),

the polarization is along the (110) direction. We find that the pre-edge intensity increases with

decreasing θ, i.e. it increases with increasing projection of the polarization along the c-axis.

We observe no sign of dispersion for any excitations. The incident angle dependence shows

only intensity changes due to geometric effects, as shown in Fig. 6.7(a-c). The RIXS spectrum

at 2θ = 150°, shown in Fig. 6.7(d), shows no change other than the expected increase in elastic

intensity. We observe minimal temperature dependence in the RIXS spectrum, as shown in 6.8

for the main resonance and pre-edge. The inelastic peaks show slight thermal broadening at
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Figure 6.7: RIXS angle dependence, π polarization, (a) θ dependence, 2θ = 90° at main
resonance, 60 K (b) θ dependence, 2θ = 90° at pre-edge, 60 K, (c) θ dependence, 2θ = 90° at
exciton, 13 K, (d) 2θ dependence, θ = 20°, at pre-edge, 60 K

both incident energies. At the main resonance, the quasielastic intensity increases, most likely

due to increased phonon scattering. However, the pre-edge quasielastic intensity is temperature

independent. This suggests that the pre-edge does not strongly couple to phonons.

We model the XAS and RIXS spectra using an Anderson impurity model (AIM), as described

in section 2.6. This model considers a Ni ion hybridized with a bath of ligand orbitals, including

an on-site Coulomb repulsion U , (Upd = 1.2U for the intermediate state), Slater integral scale

factors Fdd, Fpd, Gpd, charge-transfer energy ∆, hopping integrals Veg = −
√
3pdσ, Vt2g = 2pdπ,

bath splitting 10Dqbath = 2Tpp, spin-orbit coupling λ = 83 meV (λn = 102 meV in the

intermediate state), core hole spin-orbit coupling λc = 11.4 eV, cubic crystal field splitting
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Figure 6.8: RIXS temperature dependence dependence at 2θ = 90°, π polarization, θ = 35° at
the (a) pre-edge and (b) main resonance

10Dq, and trigonal splitting δ. For each of the cases considered below, we diagonalize the

initial and intermediate state Hamiltonians to compute the XAS and RIXS spectra. We also

compute the weight from each configuration of d orbital and ligand occupations.

We first consider the case of Ni2+ with negative charge transfer energy (∆ < 0), with the

results summarized in Fig. 6.9. This model yields a weakly split main peak at both L3 and

L2 edges, missing the post-edge shoulder and the L3 pre-edge. In addition, the satellite peak

energies and splitting are overestimated. This model can roughly capture the energy-loss of

the RIXS peaks at the main resonance, but cannot reproduce the intensities. In addition to

the peaks above 1 eV, it also predicts two peaks below 1 eV, remniscent of the peaks at the

pre-edge. However, the energy-loss and intensities cannot be reproduced. For the ground state

|Ψ⟩ = α|d8L10⟩ + β|d9L9⟩ + γ|d10L8⟩, this model gives α2 = 0.35, β2 = 0.58, and γ2 = 0.07.

This is consistent with the previous XPS results, which found α2 = 0.25 eV, β2 = 0.6, and

γ2 = 0.15 using ∆ = −1 eV [308, 309].

To obtain more suitable description of the data, we try Ni2+ with ∆ > 0. The results are

summarized in Fig. 6.10. This model accurately reproduces both the XAS and RIXS, but still

cannot capture the pre-edge. This gives a ground state occupation of α2 = 0.63 eV, β2 = 0.35,

and γ2 = 0.02.
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Figure 6.9: Calculation for Ni2+, negative charge-transfer U = 6.0 eV, Upd = 7.2 eV, Fdd = 0.85,
Fpd = Gpd = 0.8, λ = 83 meV, ∆ = −0.7 eV, 10Dq = 0.4 eV, δ = −0.15 eV, pdσ = −1.0 eV,
pdπ = 0.56 eV, Tpp = 1.0 eV, (a) Weight of d8L10, d9L9, d10L8 configurations for calculated
energy levels. (b) Calculated XAS spectrum, π polarization, θ = 20° and XAS measured from
TEY. (c) Calculated RIXS energy map, π polarization, 2θ = 90°, θ = 20°. (d) Calculated
RIXS spectrum at main resonance and measured RIXS at main resonance and pre-edge.

The pre-edge cannot be reproduced by any reasonable model for Ni2+. This suggests that

NiGa2S4 may exhibit a mixed valence state, with either Ni3+ or Ni1+ impurities. We first

consider the case of Ni3+. This valence state has a much larger Hilbert space than Ni2+ and

the parameter space cannot be as easily constrained. We thus consider a rough approximation

using the same parameters as Ni2+, with the results summarized in Fig. 6.11. The ground
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Figure 6.10: Calculation for for Ni2+, positive charge-transfer. U = 6.0 eV, Upd = 7.2 eV,
Fdd = Fpd = Gpd = 0.8, λ = 83 meV, ∆ = 1.8 eV, 10Dq = 0.55 eV, δ = 0 eV, pdσ = −1.04 eV,
pdπ = 0.58 eV, Tpp = 1.0 eV, (a) Weight of d8L10, d9L9, d10L8 configurations for calculated
energy levels. (b) Calculated XAS spectrum, π polarization, θ = 20° and XAS measured from
TEY. (c) Calculated RIXS energy map, π polarization, 2θ = 90°, θ = 20°. (d) Calculated
RIXS spectrum at main resonance and measured RIXS at main resonance and pre-edge.

state is |Ψ⟩ = α|d7L10⟩ + β|d8L9⟩ + γ|d9L8⟩ + δ|d10L7⟩ with α = 0.66, β = 0.32, γ = 0.018,

δ = 0.0002, with a high-spin state. The XAS has a rich multiplet structure, with the lowest

energy peak resembling the pre-edge. At this peak, we find RIXS peaks directly at the same

energy-loss as the obvserved pre-edge RIXS peaks. However, the intensity of the higher energy

peak is almost negligible. Furthermore, these low energy peaks also appear at higher incident
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Figure 6.11: Calculation for Ni3+, ∆ > 0 high spin state, same parameters as Ni2+ for ∆ > 0 eV.
U = 6.0 eV, Upd = 7.2 eV, Fdd = Fpd = Gpd = 0.8, λ = 83 meV, ∆ = 1.8 eV, 10Dq = 0.55 eV,
δ = 0 eV, pdσ = −1.04 eV, pdπ = 0.58 eV, Tpp = 1.0 eV, (a) Weight of d7L10, d8L9, d9L8,
d10L7 configurations for calculated energy levels. (b) Calculated XAS spectrum, π polarization,
θ = 20° and XAS measured from TEY. (c) Calculated RIXS energy map, π polarization,
2θ = 90°, θ = 20°. (d) Calculated RIXS spectrum at main resonance and measured RIXS at
main resonance and pre-edge.

energies, inconsistent with the data.

Next we try Ni1+, with the results summarized in Fig. 6.12. The ground state is |Ψ⟩ =

α|d9L10⟩+ β|d10L9⟩, with α = 0.90 and β = 0.1. The XAS is consistent with the pre-edge. To

match the low energy excitations observed at the pre-edge, this model requires 10Dq < 0 and
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Figure 6.12: Calculation for Ni1+. U = 6.0 eV, Upd = 7.2 eV, Fdd = Fpd = Gpd = 0.8,
λ = 83 meV, ∆ = 1.8 eV, 10Dq = −0.2 eV, δ = 0 eV, pdσ = −0.14 eV, pdπ = 0.5 eV,
Tpp = 1.0 eV, (a) Weight of d7L10, d8L9, d9L8, d10L7 configurations for calculated energy
levels. (b) Calculated XAS spectrum, π polarization, θ = 20° and XAS measured from TEY.
(c) Calculated RIXS energy map, π polarization, 2θ = 90°, θ = 20°. (d) Calculated RIXS
spectrum at main resonance and measured RIXS at main resonance and pre-edge.

pdπ > pdσ, which corresponds to a tetrahedral crystal field. This would require the Ni1+ ions

to occupy the tetrahedral Ga3+ sites. However, powder neuton diffraction has ruled out such

site mixing [313]. This would also be unlikely due to the instability of Ni1+ on tetrahedral sites.

It is well-known that tetrahedral Ni2+ is highly unstable [159]. Ni1+ has a larger ionic radius

than Ni2+ and would thus be even less stable. Another possibility is reduced symmetry on
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Figure 6.13: Calculations for Ni2+/Ni1+ mixture. (a) RIXS map. (b) RIXS spectra at incident
energies indicated by vertical lines in (a) plotted with measured spectra. (c) XAS spectra for
each valence and total, plotted with measured spectrum.

the octahedral site by sulfur vacancies. Raman measurements have suggested local symmetry

breaking at Ni sites due to sulfur vacancies, with the point group reduced to C3 or C3v.

Based on these results, the most likely scenario for the observed pre-edge is Ni1+ impurities

on low-symmetry sites due to sulfur vacancies. To match the data, we use a 88%/12% mixture

of Ni2+/Ni1+, as shown in Fig. 6.13. This corresponds to a 1.5% sulfur deficiency to maintain

charge neutrality, i.e. NiGa2S4−x, with x = 0.06.

6.4 Discussion

From the REXS measurements, we found a correlation length of 63 Å at 4 K. This is 2.5

larger than the maximum correlation length found in previous neutron diffraction measurements

[300–302]. The absorption length of NiGa2S4 for x-rays at the Ni L3 edge is ≈500 nm, with
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an effective probing depth of ≈200 nm at Q± [326], which corresponds to approximately 170

layers in NiGa2S4. This small depth, along with the x-ray spot size of 100 µm × 50 µm, means

that the effective sample volume probed by REXS is significantly less than that probed by

neuton scattering, which probes the entire volume of many coaligned crystals.

The larger sample volume probed in neutron experiments makes those measurements more

susceptibile to the effects of structural disorder such as stacking faults, sulfur off-stoichiometry,

residual strain, or crystal mosaic. These disorder effects, which have shown signatures in a

wide variety of experiments [9, 295–297, 313], may cut off magnetic correlations or produce

a distribution of magnetic wavevectors, leading to an effectively shorter correlation length

observed by neutron diffraction.

We observed a temperature dependence of the magnetic wavevector Q∗ = (η, η, 0), with

η increasing with decreasing temperature. This shift in η is nearly proportional to both

the intensity (which depends on the size of the ordered moment) and the correlation length,

suggesting that fluctuations play a role in setting the magnitude of the magnetic wavevector.

The freezing temperature T ∗ is known to be sensitive to sulfur stoichiometry and magnetic or

nonmagnetic impurities on the Ni site [310–313]. We expect a similar sensitivity for the onset

temperature of magnetic correlations and the corresponding temperature dependent wavevector.

This further suggests that inhomogeneity in larger sample volumes leads to broadening and

a shorter effective correlation length. Our results call into question the intrinsic magnetic

correlation length in NiGa2S4. Future work should include REXS on exfoliated flakes of

NiGa2S4 to probe the magnetic correlations approaching the monolayer limit.

The RIXS spectrum of NiGa2S4 is incompatible with a negative charge transfer ground state.

It can only be described by a mixed valence state consisting of predominantly positive charge

transfer Ni2+ with Ni1+ impurities. The Ni2+ ions exhibit a typical spectrum for octahedrally

coordinated Ni2+, similar to that of NiPS3 [320–322]. The Ni1+ ions occupy low-symmetry

sites formed by sulfur vacancies. The data is consistent with a 88% Ni2+:12%Ni1+ ratio, which

requires a 1.5% sulfur deficiency or NiGa2S4−x (x = 0.06) to maintain charge neutrality. These
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low symmetry-sites are consistent with the anomalous signals seen in a variety of experiments,

including NQR, ESR, and Raman [9, 295–297], which have been attributed to stacking faults

or site mixing in addition to sulfur vacancies. Although vacancies are most likely to occur

on the S1 sites not directly bonded to Ni ions, such a vacancy would lead to a local lattice

distortion along the c-axis. This is consistent with the observed anisotropy of the Ni1+ states.

These distortions may break local inversion symmetry, allowing for Dzyaloshinskii-Moriya

(DM) interactions [9, 313]. We note that the reported band gap in NiGa2S4 is 0.27 eV or

0.3 eV from transport [327] and XPS [309] measurements respectively. In contrast, the band

gap in NiPS3 is found to be 1.6-1.8 eV [328, 329]. Thus, the defect states must be related to

the intrinsic electronic properties of NiGa2S4, rather than arising from impurity phases or

surface effects.
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Appendix

A.1 Deriving the Heisenberg model from the Hubbard

model

Starting from the 1D Hubbard model (eq. 1.1) at half filling in the limit of U/t≫ 1, we

can show how interactions occur between neighboring sites. In the undoped case, there is one

unpaired electron per site (n = 1) and the Hubbard model is said to be at half-filling. In the

limit of strong repulsion t/U ≪ 1, we expect electrons to be highly localized. We can thus

carry out a perturbation theory to obtain an effective spin-only Hamiltonian, starting with

the repulsive term and perturbing with the hopping. There are multiple ways to carry out

this procedure. Here we follow the approach taken by Huang and Manousakis [330]. Split eq.

1.1 as HHub = H0 +H′ where

H0 = U
∑
i

ni↑ni↓ (A.1)

H′ = −t
∑
⟨ij⟩,σ

(c†iσcjσ + h.c.) (A.2)

We will only consider matrix elements within the subspace of ground states, so any operator

that takes a ground state out to an excited state will vanish. We initially allow arbitrary

139
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filling before restricting to half-filling. To 2nd order,

Heff = H′ +H′ 1

E0 −H0

H′ = H1 +H2 +H3 (A.3)

H1 = −t
∑
⟨ij⟩,σ

[c†iσcjσ + (i↔ j)] (A.4)

H2 = −2t2

U

∑
⟨ij⟩,σ

(c†jσciσniσ̄c
†
iσcjσ + c†jσ̄ciσ̄c

†
iσcjσ) (A.5)

H3 = − t
2

U

∑
⟨ijk⟩σ

[(c†kσcjσnjσ̄c
†
jσciσ + c†kσ̄cjσ̄c

†
jσciσ) + (i↔ k)] (A.6)

where σ̄ = −σ, ⟨ijk⟩ denotes sites i, j, k such that ij and jk are nearest neighbor pairs. It is

clear that H1 = H′ is a 1st order process involving a single hop between neighboring sites. At

half-filling, H1 always takes a ground state to an excited state, so this term vanishes. H2 is

a 2nd order process involving a virtual hop, where one electron hops to an neighboring site

occupied by an opposite spin electron, followed by either of the 2 electrons hopping back to

empty site. This term is allowed at half filling because the final state is a ground state. H3 is

another 2nd order virtual process which allows hopping of an empty site. This term vanishes

because there are no empty sites (holes) in the ground state at half-filling. Thus, we are left

with H2, which can be rearranged using the fermion anticommutation relations.

H2 = −2t2

U

∑
⟨ij⟩

(
c†j↑ci↑ni↓c

†
i↑cj↑ + c†j↓ci↓c

†
i↑cj↑

+ c†j↓ci↓ni↑c
†
i↓cj↓ + c†j↑ci↑c

†
i↓cj↓

)
= −2t2

U

∑
⟨ij⟩

(
ci↑c

†
i↑ni↓nj↑ + ci↓c

†
i↓ni↑nj↓

− c†i↑ci↓c
†
j↓cj↑ − c†i↓ci↑c

†
j↑cj↓

)
= −2t2

U

∑
⟨ij⟩

[
(1− ni↑)ni↓nj↑ + (1− ni↓)ni↑nj↓

− c†i↑ci↓c
†
j↓cj↑ − c†i↓ci↑c

†
j↑cj↓

]

(A.7)
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At half-filling ni↑ + ni↓ = 1, so we can express the fermion operators using the following

identities [4]

ni↑ =
1
2
+ Szi c†i↑ci↓ = S+

i

ni↓ =
1
2
− Szi c†i↓ci↑ = S−

i

H2 = −2t2

U

∑
⟨ij⟩

[
(1
2
− Szi )

2(1
2
+ Szj ) + (1

2
+ Szi )

2(1
2
− Szj )

− S+
i S

−
j − S−

i S
+
j

= const. +
4t2

U

∑
⟨ij⟩

[
Szi S

z
j +

1
2
(S+

i S
−
j + S−

i S
+
j )

] (A.8)

Dropping the constant and letting J = 4t2/U , we obtain the Heisenberg model

HHeis = J
∑
⟨ij⟩

Si ·Sj. (A.9)

In the limit of strong repulsion at half-filling, the spin degrees of freedom of the Hubbard

model can be described by this effective Hamiltonian, which favors antiparallel alignment

between neighboring spins because virtual hopping reduces kinetic energy. This interaction is

called kinetic exchange, illustrated in figure 1.4.
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