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Abstract of “Some Topics in Kinetic and Dispersive PDEs” by Zhimeng Ouyang,
Ph.D., Brown University, May 2021

This dissertation is devoted to the study of some topics in the theory of kinetic

equations and nonlinear dispersive systems. It is divided into two parts.

In the first part, we consider the Vlasov-Poisson-Landau system, a classical model
for a dilute collisional plasma interacting through Coulombic collisions and with its
self-consistent electrostatic field. We establish global stability and well-posedness
near the Maxwellian equilibrium state with decay in time and some regularity results
for small initial perturbations, in any general bounded domain (including a torus as
in a tokamak device), in the presence of specular-reflection boundary condition. We
provide a new improved L? — L framework: L? energy estimate combines only

with SP estimate for ultra-parabolic equations.

The second part concerns the long-time behavior of a Wave-Klein-Gordon cou-
pled system in 3D, which is a simplified model for the global nonlinear stability of
the Minkowski space-time for self-gravitating massive fields. We study the global
behavior of solutions to such systems, and prove modified wave operators for small
and smooth data with mild decay at infinity. The key novelty comes from a crucial
observation that the asymptotic dynamics is dictated by the resonant interactions.
As a consequence, our main results include the derivation of a resonant system with
good error bounds, and a detailed description of the asymptotic dynamics of such

quasilinear evolution system of hyperbolic and dispersive type.
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CHAPTER ONE

Introduction



In this thesis, we study a variety of nonlinear partial differential equations which arise
in physical contexts, including the Vlasov-Poisson-Landau system in kinetic theory,
as well as nonlinear dispersive equations such as the Wave-Klein-Gordon system in
general relativity. The results we obtain involve global existence and uniqueness of

solutions, stability of equilibrium, and large-time asymptotic behavior.

1.1 Kinetic Equations in Bounded Domains

Background. Kinetic theory describes the motion of a large number (~ 10%) of
particles. When the particles interact through Coulombic collisions, the density func-

tion F'(t,z,v) satisfies the Landau equation
F +v-V,F=Q[F,F|, (1.1.1)

with the collision term Q being a bilinear Fokker-Planck-type operator. Here F'(t,x,v)
denotes the probability a particle is present in the position z € § with velocity v € R3
at time ¢t € R,. For charged particles in plasmas, if we take the self-consistent elec-
trostatic field into account, the density functions F.(t,z,v) (for ions and electrons)

satisfy the Vlasov-Poisson-Landau system

8tFi+v~VxFij:E~VvFi = Q[F+,Fi +Q[F Fi]

(1.1.2)
E(t,7) = V, Ao / P
In bounded domains, we prescribe the specular-reflection boundary condition

F(t,z,v) = F(t,z, Rwv), (1.1.3)



where R,v = v—2(n,-v)n, and n, is the unit outward normal vector at the boundary.

For the analysis of kinetic equations in bounded domains, the fundamental dif-
ficulty lies in the singularity near the grazing set. This poses a major challenge in
establishing the global well-posedness (existence and uniqueness) and time decay of

solutions.

Main Result. In Chapter 2, we establish the global well-posedness and asymptotic
stability (almost exponential decay) for small initial perturbation near the Maxwellian
equilibrium state p. The analysis is based on low-regularity Sobolev-type and Hélder

norms.

Our results in [30] and [12] mark the first successful approach in developing global
well-posedness of kinetic equations with Landau collisions in general bounded domains
including non-convex domains (e.g. in a “donut-shape” torus, which resembles a
tokamak device). It not only presents systematic mechanism to tackle the singularity
coming from the grazing set, but also provides insight into more physically-relevant

settings.

Methodology. The proof relies on two key ingredients: energy estimate and S?
theory. The L? energy structure provides the existence of the solution and bounds
of f = ;f%(F — u). However, since Q@ contains nonlinear diffusion in the velocity
space, L™ is not enough to guarantee the uniqueness as in the Boltzmann equation
[27]; some control of V,f is needed. We apply S estimates for the ultra-parabolic
equations (counterpart of W?2? estimates for the parabolic equations) to bound the

velocity derivatives and justify the uniqueness.



In order to implement such a strategy, we introduce several new techniques:

e We develop a “two-tier energy method”, which is based on a bootstrap argu-

ment, and the delicate interaction of boundedness and decay.

e In order to utilize the S? theory, which is applicable only in the whole space
domain, we design a new flattening-reflection extension beyond the specular

boundary.

e We connect the weighted L? estimates and the SP theory through the L? — L
framework and a refined De Giorgi-Nash—Moser theory [30]. In our recent paper
[12], we develop a more elegant approach based on the S? embedding theorem

to simplify this argument.

Eventually, we obtain the weighted L? and L* estimates and decay, Holder continuity

and desired regularity results.

Future Plan. Inspired by my completed projects above, I plan to explore other
more involved models and settings. Some ongoing and potential future projects in-
clude the Vlasov-Maxwell-Landau system, the Landau equation in bounded domains

with the diffusive-reflection boundary condition.



1.2 Asymptotic Dynamics of Nonlinear Dispersive

Systems

The main theme of Chapter 3 is the study of the long-time behavior of some nonlinear
hyperbolic and dispersive systems in cases where linear scattering does not hold and

nonlinear effects have a strong impact on the qualitative behavior of solutions.

Background. We consider the Wave-Klein-Gordon (W-KG) system in three di-
mensions:
(0F — Ayu = |V 02 + 07,

(1.2.1)
(0 —A+1)v = uAv.

This coupled system consists of a semi-linear wave equation for v and a quasi-linear

Klein-Gordon equation for v .

The system was derived in [56] as a simplified model for the Einstein-Klein-Gordon
(E-KG) system, which describes the coupled evolution of the Lorentzian metric and
a self-gravitating massive scalar field. Physically, to study the global stability [45, 46]
and asymptotic dynamics of E-KG system near the Minkowski space-time is one of the
central topics in general relativity. The W-KG system keeps the same linear structure
as the E-KG system in harmonic gauge, but only preserves quadratic interactions that

involve the massive scalar field.

Main Result. This research focuses on the long-time asymptotics of the small-data

solutions to the W-KG system. In details, we prove the modified wave operators.



The key novelty lies in deriving improved “effective” dynamics that control the
asymptotic behavior. More specifically, for any solution (us,vs) of the resonant

system, there exists a solution (u,v) to the W-KG system such that as t — oo,
Vi [u(t) = use ()] || 2 + | Vew [0(8) = vao(®)] | 2 + [[0(8) = voe(8)]] ;2 — 0. (1.2.2)
Here (oo, Vo) captures the resonant interactions. Roughly speaking,

(0 — iAwa)tiog(t) ~ o ithus [(at ~ iAya)ttoo(0) +H(t)], (1.2.3)

(0 — iMoo (t) ~ e Hraei®W (9, — A, )0 (0), (1.2.4)

where Ay = |V] and Ay, = (V) = +/|V[* + 1. Also, H(t) is a low-frequency approx-
imation of [; [u(s)|?ds and O(t) ~ [ iew(s) ds where wpy is a low-frequency part of

Uso With proper multipliers.

Our analysis provides a complete characterization of the global behavior and scat-
tering for the W-KG system. In particular, our results demonstrate that the wave
operator problem actually captures the more precise scattering information, including

the critical integrable terms (which decays like (t)~1).

Methodology. One of the main difficulties comes from the fact that we have a
genuine system in the sense that the linear evolution of wave and Klein-Gordon equa-
tions admit different modes of propagation, combining to create new dynamics that

cannot simply be predicted by looking at each component of the system in isolation.

On a more technical level, it turns out that the main feature of the system above
is the slow decay of the low frequencies of wave component u in the interior of the

light cone and in particular along the characteristics associated to the Klein-Gordon



operator. This nonlinear effect ultimately leads to modified scattering for the Klein-

Gordon component.

Our proof is based on a combination of the energy method and the dispersive
analysis. We utilize both the weak formulation (energy structure) and mild formula-
tion (Duhamel’s formula). Energy estimate provides basic control of quantities under
Sobolev-type norms. Dispersive estimate offers sufficiently fast time decay in L*>

norm to handle the time integral of nonlinear terms.

In particular, for the wave operators, we focus on controlling the perturbation
globally using a combination of tools from harmonic analysis (Fourier transform,
dyadic decomposition), oscillatory integrals (non-stationary/stationary phase analy-
sis), bilinear estimates (pseudo-products operators with singular multipliers), ODE
and geometric methods (normal forms, vector fields), and delicately designed func-
tion spaces and decay-rate. We carefully analyze the nonlinear term in the frequency

space and bound the resonant and non-resonant interactions in an intricate manner.

Future Plan. In the future, we plan to study the full nonlinear E-KG system.
We intend to work on the wave-coordinates, which makes the system quasi-linear.
However, the wave component is no longer asymptotically free and requires a phase-
correction to the asymptotic behavior; its slow decay also makes the energy estimates
significantly more complicated. This can be compensated by introducing proper bi-
linear estimates and a more careful analysis of the quadratic interactions in both

semi-linear and quasi-linear levels.



CHAPTER TwO

The Vlasov-Poisson-Landau
System with the
Specular-Reflection Boundary

Condition



2.1 Introduction and Setup

2.1.1 The Vlasov-Poisson-Landau System

In this chapter we are interested in the global well-posedness and stability of the
Vlasov-Poisson-Landau (VPL) system in three dimensions, which is considered as
a fundamental collisional plasma model. In the absence of magnetic effects, the
dynamics of dilute charged particles (e.g. electrons and ions) can be described by the

Vlasov-Landau equations:

OF, +v-V,F, + ;L—+E V,F, = Q[F,,F.] + Q[F_, F,],
+

oOF_ 4+v-V,F. ——E-V,F. = Q[F,,F |+ Q[F_,F], (2.1.1)

Fi(0,2,v) = Fyi(z,v).

Here the unknowns Fl(t,z,v) > 0 are the (real-valued) density distribution functions
for ions (+) and electrons (—), respectively, at time ¢ > 0, near the position z =
(71,22, 73) € Q C R3 | and having the velocity v = (v, v, v3) € R | where Q2 denotes
a bounded domain in R3. The function E(¢, x) is the self-consistent electrostatic field
created by all plasma particles, which depends in a complex way on the distribution
functions FL(t,z,v). The constants ey, my represent the magnitude of the particles’

electric charges and masses.

The classical VPL system models the dynamics of a collisional plasma interacting
with its own electrostatic field as well as its grazing collisions. Such grazing collisions

are given by the famous Landau (Fokker-Planck) collision operator, proposed by
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Landau in 1936 ':

QIR F(v) = &2 vv-{ /R () [LFl(v')VvFg(v) - mLQFQ(U)VUFl(v')] dv’} ,

m1 my
where the (generalized) Landau collision kernel ¢ is defined as

v) = 3—1 2 ot —d, 1]. 1.
() {f |U,®M}|| Y e-d1] (2.12)

This is a non-negative symmetric 3 X 3 matrix, and we will focus on the original

physical case for Coulomb interaction corresponding to v = —d = —3.

Since the Vlasov-Poisson equations are an approximation of the Vlasov-Maxwell
equations in the non-relativistic zero-magnetic field limit, the self-consistent electric

field E(t,z) is determined by a scalar electric potential ¢(¢,x):
E=-V,0, (2.1.3)
and the electric potential ¢ satisfies the Poisson equation for electrostatics, which is

— A, =drp = 47r/ lesFy —e_F_|dv, (2.1.4)
R3

with a Dirichlet or Neumann boundary condition (and some additional conditions to

guarantee the solvability). Here p(t, z) stands for the electric charge density.

The coupled system (2.1.1) with (2.1.3) and (2.1.4) is called a Vlasov-Poisson-
Landau (VPL) system. For notational simplicity, from now on we will consider a

model system (for single-species particles, e.g. ions (+)) with all constants normalized

! The constant c¢13 = 2me?e3In A, InA = In (’}7—5) , where Ap = (ﬁ)l/2

distance and by = % a typical “distance of closest approach” for a thermal particle.

is the Debye shielding
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to be one (The analysis of the full two-species case is similar):

OF +v-V,F+E-V,F = Q[F,F],
(2.1.5)
F(0,z,v) = Fy(z,v),

where the distribution function F(¢,z,v) > 0 is defined for (¢, z,v) € [0, 00) x Q x R,

and the Landau collision operator (for Coulomb interaction) takes the form

Q1[G Fl(v) = V, - { /R 0(0—!) (G TE () F) 9,6 du}

=0, [ P9 (v—0)[GW)I;F(v) — F(v)d;G()] dv',

R3

with the Landau collision kernel (y = —3)

i VU5 _
OV (v) = {52-]- - |U|;} ol (2.1.6)

The electrostatic field E(t,z) = —V,¢(t,z), and the potential ¢(t,z) satisfies the

Poisson equation:

— A o(t, x) = p(t,x) — po := /]1@3 F(t,z,v)dv — py, (2.1.7)

where the background density py is a constant number (to be specified later). The
prescribed boundary condition for the Poisson equation is either of Dirichlet type (if

we fix values of the potential at the boundary), (for example,)
¢(t,xz) =0 for x € 02 and t >0,

or of Neumann type (if we are given fixed normal component of the electric field
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across the surface)

Ip(t, x)
on

=V,o(t,z) - n, =0 for x €0 and t >0,

which means that the electric field at the surface (of a perfect magnetic conductor)

can only have a tangential component:
E, = E(t,z) - n,=0 for x €9Q and t>0.

For the Dirichlet boundary condition, no extra restriction is needed; while solving
Poisson equation for the potential ¢ with a Neumann boundary condition requires

the neutral condition to ensure the existence:

/{/ F(t,x,v)dv—po]dx:() forall t >0,
Q L/r3

which follows by setting pg := ﬁ /] foR3 Fy(z,v)dvdr and the conservation law of

mass (2.1.22). Also a zero-mean condition

/¢(t,x)dx:0 for all t >0
Q

guarantees the uniqueness of solutions.

Maxwellian and Equations for the Perturbation

Our goal in this article is to construct unique global solutions for the Vlasov-Poisson-
Landau system (2.1.5) and (2.1.7) near equilibrium state — the (normalized) global
Maxwellian:

—[vl?

pu(v) =e
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Accordingly, we define the standard perturbation f(t,x,v) to pu by

F(t,l’,’l)) = M(U) tv /u(v) f(t,l‘,l)).

Letting f(t,x,v) be our new unknown, the Vlasov-Poisson-Landau system for the
perturbation now reads as follows (see the definition of L and I' in (2.1.10), (2.1.11),

(2.1.12), and (2.1.13)):

Of+v-Vof +Ep-Vof + Lf =T[f, f] + {Es-v} [+ 2{E; - v}/n, ( |
2.1.8

f(O,ZE,U) - f()(ZL’,U) )
where E; = —V,¢; is determined by
Aoy = [ VR 2.1.9)
R

with the Dirichlet BC

¢r=0 on 00
or the Neumann BC

% =0 on 09

on

with fQ ¢pdxr =0, Vt >0, and the neutral condition for solvability now becomes

// flt,z,v)\/p(v)dvde =0 forall t >0,
QxR3

which is automatically satisfied from the conservation of mass (2.1.24) under the

assumption that the initial data Fy has the same mass as the Maxwellian . i.e.

1
/ ,udvz—// Fy(z,v)dvde = py .
R3 |2 JJ s
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By expanding the bilinear collision operator Q[G,F] = Q[p + /119, 1t ++/1iif ]
and noting that Q [u, u] = 0, we can decompose it into a linear part and a nonlinear

part:

Qlu+vug p+yv/ufl = Qlu,ul + Qlu.vufl+ QlVug 1]+ Vg, Viuf]

= WMP{Af+ Kg+Tlg, f]} .

We define the linear operator

Li=-A-K (2.1.10)

with the expressions

Af =i PO P f] = P OB [0, + vif 1}
= 81 [O'ijajf} - O'ij?]i’l)jf + &U’f (2]_]_]_)

=V, (vaf) + (Vv - U) : (Uv)f>
Kf=p'?Q[u'?f,u] = —u‘l/zé‘i{u{@j*{uuz[aﬁf+“jf”]} !
2.1,

(2.1.12)

and the nonlinear operator

Llg, f1:= i " PQ [ %, ' 2 1= 0; [{ @V [ ] } 0; ] — { @Y [vin'?g] } O, f
— 0 [{ @Y% [1'?0;9] } F ] + {7 [van'2059] } f -
(2.1.13)

Here we introduce notation for the diffusion matrix (collision frequency) that captures
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the dissipation of the Landau collision kernel:

ol (v) == [ u](v) :/ O (v — v ) u(v)dv’, (2.1.14)

u
RS

0, () = [®*u](v), og:=0,=Pxp, (2.1.15)
o' = o"v; =[O p] v; = Y x [vju] . (2.1.16)
The last equality is due to the property that for any fixed i,
Z(I)ij(w)wjzo, wi=v—1 (2.1.17)
J

using the specific structure (2.1.6) of the Landau kernel ®.

Domain and Boundary Condition

Throughout this chapter, our domain Q := {z € R : {(z) < 0} is connected and
bounded with ((z) being a smooth function. We also assume that V{(z) # 0 on
the boundary 09 = {x : {((z) = 0}. The outward unit normal vector n, at z € 09

is given by
V((z)
IVE(a)]

Ny 1=

and it can be extended smoothly near the boundary 02. Additionally, we say that

) has a rotational symmetry if there exists a point xy and a vector w such that

[(z — z9) X W] *ny =0 (2.1.18)

for all x € 0Q2. It is worth noting that our results and methods also apply to a more

general class of “non-convex” and “non-simply connected” domains.



16

We denote also by v := 9Q x R? the phase boundary, and then we split 7 into
an outgoing boundary v, , an incoming boundary ~_ , and the singular boundary ~q

(i.e., the “grazing set”) for grazing velocities, respectively defined as

v+ ={(z,v) €v:ny,-v>0},
v- ={(z,v) €y:ny,-v <0},

Yo :={(z,v) €y:n,-v=0}.

Our problem concerns the specular-reflection boundary condition, which in terms

of the density distribution function F', can be formulated as

F(t,z,v)|, = F(t,z,Rv) (2.1.19)

s
for all t > 0, where for (z,v) € 7,

Rev:=v—2(ng - v)n,.

This is equivalent to a specular-reflection boundary condition satisfied by the pertur-
bation f:

ft,z,v)|,. = f(t,z,Ryv)|,,, Vt>0. (2.1.20)

Conservation Laws and H-Theorem

The conservation laws will play crucial role in the energy estimates.
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The conservation of electric charge is described by the continuity equation
Op +V,-j=0, (2.1.21)

where p(t,x) := [ps F'dv is the charge density, and j(t,z) := [ps v Fdv is called

the current density. In terms of the perturbation f, we may take

plfI(t x) = Vi d,
ilflt z) = /RSU\/ﬁfdv.

Under the specular-reflection boundary condition (2.1.19), It is well-known that
both total mass and total energy are conserved for the Vlasov-Poisson-Landau system

(2.1.5):

% //Q Fl)dudz =0, (2.1.22)
%{//W W F(t)dvdz + /Q |E(t)|2dx} —0. (2.1.23)

Assuming (without loss of generality, by some rescaling) that initially Fy has the
same mass and total energy as the Maxwellian p, we can then rewrite the mass-
energy conservation laws for the system (2.1.8)(2.1.9) with (2.1.20), in terms of the

perturbation f:

//szXR3 ft)y/pdvdz =0, (2.1.24)
//QX]R?, [0 (#)v/p dvde = —/Q By (1) da (2.1.25)
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Through the coupled Poisson equation we may further deduce

d B d B 00¢
T BQEf(t)-ndS = v¢f() ndS = dt on t)ds

_ / Ad(t)de = < ( Rgﬁf(t)dv) dr  (2.1.26)
_ a/QXRS\/ﬁf(t) dvdz = 0,

which means that the flux of the self-consistent electric field is conserved as well.
This property will be used in the energy estimate in Section 2.4. Under the same

assumption we also have

/ E(t) - ndS = 0. (2.1.27)
o0

Moreover, if the domain € has a rotational symmetry (2.1.18), then we will assume
additionally that the corresponding conservation of angular momentum is valid for

all t>0:

//Q y [(z = 20) x w] - v f(t, z,v)v/p(v)dvdz = 0. (2.1.28)

We also recall the celebrated H-Theorem of Boltzmann — the “entropy”
// t) InF(t) dvdx
OxR3
for the system (2.1.5)(2.1.7) is non-increasing as time passes:
d H(t) <0, Vit>0
dt - -

This suggests the asymptotic stability of the Maxwellian , for which the entropy is
minimized. (cf. [67])
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2.1.2 Linearization and Reformulation

We linearize the equation (2.1.8) by replacing the nonlinear dependence on f(t,z,v)

with a given g(t,x,v):

Of+v-Vof +Ey-Vf +Lf =Tlg, fl+{Ey-v}f+2{E;-v}/n,

(2.1.29)
f(O,x,v) - fo(l’,?)) )
where E; = —V,¢, and ¢, is solved from
— Ay = / Virgdv (2.1.30)
R3
with either Dirichlet BC or Neumann BC with [, ¢,dz=0,Vt>0.
Next we rearrange the terms —Lf = (A+ K)f and I'[g, f] as
—Lf+Tg f] = ng ‘*’Fgf (2.1.31)
with
Agf =0 [{@Y [+ p'7g] } 0; ]
— { @ [vj/ﬁ/?g} Lo.f — { @V [M1/23jg} Y ouf (2.1.32)
=V, (O'vaf) +ay-V,f
and

K,f == Kf+ 00" f — cvw; f

— 0 { @7 % [ 2059} f + {7 x [van 2039] } f .

(2.1.33)

so that all the terms of Zg f contain at least one v-derivatives of f, while Kg f has
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no v-derivatives of f. Notice that the v-derivatives 0;f in K f can always be moved
to p'/? via integration by parts and then outside the convolution by the property

(2.1.17) of the Landau kernel.

Combining terms of the same order in v, we reformulate the linearized equation

(2.1.29) as

O f+v-V,f = VU-(agvvf)Jr{ag—Eg}.VUer{Fgf+(v-Eg)f+2\/ﬁv-Ef} , (2.1.34)

where

o =PxG=dx [u+u1/29] , (2.1.35)

a; = —dYx [vj,ul/Qg + ul/Zajg} : (2.1.36)

E, =V, A;l/ Viegdv, (2.1.37)
R3

and the operator K, is defined in (2.1.33). This equation can be viewed as a kinetic

Fokker-Planck equation of the form (cf. [24])

Ohf+v-Vof =V, - (AV,f)+B-V,f+Cf, (2.1.38)

where g appears only in the coefficients of the linearized operator for f. We can also
fit it into a more general class of hypoelliptic/ultraparabolic operators of Kolmogorov
type (with rough coefficients), which allows us to apply some known estimates and

results regarding this kind of operators (see Section 2.6).

When the size of g (e.g. ||glleow ~ €) is sufficiently small, the coeflicients in
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(2.1.38) have the following basic properties (see Section 2.3 for more details):

A(t,z,v) = og(t,z,v)

= {®x [+ p?g(t,z,0)]} (v)

is a 3 X 3 non-negative matrix, retaining the same analytical properties (e.g. eigen-

values/spectrum) as o: (cf. Lemma3 in [26] and Lemma2.4 in [53])
0<(1+]v)°T < A(w) S (1+]v))7'I.

This makes the second-order v-derivatives V,, - (A \A O) an elliptic operator (but not

uniformly elliptic in v). Moreover,
B(t,z,v) == ay(t,z,v) — Ey(t, x)
is a uniformly bounded 3-dimensional vector with (cf. Appendix A in [24])
Blglllee < llaglle + [[Egllee < llglloe < -

Finally,

Cf:=K,f+ (v-Ey)f+2y/pv-Ey

is an operator bounded in some weighted L space. (cf. LemmaZ2.9 and Lemma7.1

in [53))

2.1.3 Definition and Notation

Throughout the chapter, C' will generally denote an universal constant that may

vary from line to line. The notation A < B means that A < CB for some universal
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constant C' > 0; we will use 2 and =~ in a similar standard way. Below is a collection

of definitions and notations:

Weighted Norms

w(v) = (v) = V1+ v,

Flpo = 0" F| sy = ( i >|pdv)p ,

1o = 1000 ey = (] 0150 dvae)

o o= [0 | sy = 500 (01101
[Floess = 00 ]| ey = 50 (0} £, 0)].
OxR3

Dissipation and Energy

(fr9):= [ fgdv,
RS

(ra)i= [ fodvas,

_/ 010;f0;9 + " vzvjfg}

]Rd

(f,9)s // ”0 , f0;9 + o' vzv]fg] dvdz,
QxR3
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fl29 = {f low = / ()" [6Y0;f0; f + 0c7v; f?] dv,

RB

1155 = (fs [ow == // () (670, f0;f + 0 vv; f?] dvda
OxR3

 Instant Energy:

2
12

0] = ([0, + B

 Dissipation Rate:

2
L2

Dylf ()] = ||F D), + | Es(t)

« Total Energy (Instant + Accumulative):

()] = Tolf ()] + / Dyl f ()] dr |

Trace and Integral over Phase-Boundary

Vf::f”yv ’Vif ::f|’Yi7

Pl = (] TrsstePlonsavas.)”

2.2 Main Results and Ideas

2.2.1 Background and Motivation

Despite the important role kinetic theory plays for describing a plasma, we are not

aware any global well-posed theory for classical kinetic models in a “donut shape”
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torus, which resembles a tokamak device. The fundamental difficulty lies in the singu-
larity for kinetic equations near the grazing set 7. Even for the linear free streaming
operator 0, + v - V,, the grazing set vy is always characteristic but not uniformly
characteristic, the most challenging case in the regularity study of hyperbolic PDE in
a bounded domain. In general, singularity and discontinuity is expected to develop
from the grazing set 7y, and propagate inside for a non-convex domain [25, 52, 32],
and the solutions are of BV at the best. On the other hand, regularity is expected to
deteriorate near the grazing set vy, but could be confined and localized in a convex

domain [40, 33].

Since the regularity plays an important role in establishing uniqueness in the ki-
netic theory, such a loss of regularity creates fundamental difficulties in the PDE
study. Many techniques with Sobolev norms developed for the free space are not
suitable, and completely new mathematical frameworks need to be developed. Fur-
thermore, such a loss of regularity can even alter our basic understanding of classical

boundary behavior for kinetic theory [71].

Thanks to the possibility of regularity in a convex domain for kinetic theory,
there have been important advances in various kinetic models for a plasma in convex
domains. In [40, 41], global well-posedness is established for the collisionless Vlasov-
Poisson system. In recent work of [4, 3], global well-posedness is established for the

collisional Vlasov-Poisson-Boltzmann system near Maxwellian distributions.

An L? — L™ framework for the Boltzmann equation is developed in [27] for study
of well-posedness in bounded domains, which is based on the basic L? energy esti-
mate and a bootstrap to L* bound thanks to an interaction between free streaming
characteristics and averaging in velocity in the collision operator. See subsequent de-

velopments along this direction in [18, 17, 2]. In particular, a quantitative estimate of
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macroscopic part P f in terms of the microscopic part (I —P)f for the L?- positivity

estimate is established in [16].

Our work continues the recent program to study an L? — L framework for
studying the Landau equation [53, 30]. It should be noted that due to nonlinear
diffusion in the velocity space, L> is not quite enough to ensure uniqueness as in
the Boltzmann equation; some control of V, f is needed. The framework relies on L?
energy estimate, and a recent novel De Giorgi-Nash—Moser theory for the Landau
equation, which is developed in [24]. Finally, De Giorgi-Nash—Moser theory leads to
application of S7 estimates (counterpart of W?? estimates for parabolic PDEs) to
control V, f for the uniqueness. The main novelty of our work is to give a more direct
and simplified approach with only L? energy and S% estimates in the perturbative

regime, bypassing the recent De Giorgi-Nash-Moser theory for the Landau equation.

2.2.2 Statement of the Main Theorem

We are now ready to state our main theorem, which is a low-regularity global well-

posedness and stability result for the model Vlasov-Poisson-Landau system (2.1.5)(2.1.7).

Theorem 2.2.1 (Main Theorem). Assume that for some sufficiently large velocity-
weight exponent ¥ € R, the initial data fo(x,v) : QxXR? — R satisfies the smallness

assumption

I follso.so + 1Vafollooso + IVofollsose + V5 follsose < €0 (2.2.1)

for a sufficiently small constant ¢y < 1. Let Fy(x,v) = p+ /it fo(x,v) > 0 and
has the same mass as the Mazwellian . Then we have the following global a priori

estimates:
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e (Energy estimates & L? decay). Moreover, the solution f(t,x,v) satisfies the

uniform weighted energy bounds, for ¥ < vy — %,

sup E[f(1)] < Co&[f(0)] < &5 (2.2.2)

t€]0,00)

and the (almost exponential) time-decay, if 0+ k < ¥y — % ,

—k
£ () ll2 + HEf(t)HH% < & (1 + %) (2.2.3)

forany t > 0.

e (L* bounds & pointwise decay). For any k > 0 there is an increasing function
V' = (k) such that when ¥ + 19" < ¥y, the weighted pointwise decay bounds
hold:

1F ) lloes + IEf (D)l S 20 (1+4)7" (2.2.4)
forall t>0.

e (Regularity results). In addition, it holds that

1 fllco.e(0,00)xxr?) + [[Egllota(o,00x0) S €0 (2.2.5)

for some o € (0,1], and
Vo fllLoe((0,00)x0xR3) S €0 - (2.2.6)

e O, f also satisfies all the estimates above.

Remark 2.2.1. (1) Based on our a priori estimates, it is rather standard to establish
global well-posedness. We refer to [13] for the construction of strong solutions to the

specular problem.
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(2) There exists 9y such that the system is globally well-posed for initial data satis-
fying ¥y > .

(3) For fixed 1y, this theorem guarantees that the solution decays at least in the rate
of k(). If J9 — oo, then k — oo. Hence, if we desire a faster decaying solution,
we should require that the initial data belongs proper weighted L> space. As [35]

states, this is called the almost exponential decay. Better data, faster decay.

2.2.3 Bootstrap Proposition

We implement the following bootstrap scheme:

Proposition 2.2.2 (Bootstrap Estimates). Let f(t,x,v) be a solution to the VPL-
specular problem (2.1.8)(2.1.9)(2.1.20) (or (2.1.29)(2.1.30)(2.1.20)) on some time in-

terval [0,T), T>1, with initial data fo satisfying the assumption (2.2.1).

Assume also that, for any t € [0,T], the solution f (and g) satisfies the bootstrap

hypothesis:

<t>k1||f(t)H27191 + <t>k1||atf(t)||2,191 S ér, (2.2.7)

O] fO)| o, + O20S )| 0y, S €1 (2.2.8)

and

AN

[ fllsz (0. xaxre) + 10:f l|s2(0myxaxms) < €1, (2.2.9)

AN

| Do f oo (0, x0xr3) F ([ DO f oo 0.1y xxR3) S €1, (2.2.10)

where (t) :=+V1+1t2, k; >0 (i =1,2),p>14, eg =] < 1 for some q > 1, and

see (2.6.3) for the definition of the S% norm.
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Then the following improved bounds hold for any t € [0,T] :

OO lyg, + OO O, S o1 (2.2.11)

082 F O], + 20O, S el (2.2.12)

and

A
0

[ fllsz (0 xaxre) + 10cf |52 (0,m) xxrs) (2.2.13)

||va”L°°((O,T)><Q><R3) + HDUatfHLOO((O,T)XQX]R3) 5 557 (2'2'14)

for some r,s > 1.

Remark 2.2.2. Given that the bootstrap proposition above holds true, Theorem 2.2.1
follows from a local existence result combined with a continuity argument (see Sec-
tion 2.9 for the proof). The local existence is presented in Theorem 2.9.1 and it can
be obtained by using the well-posedness for the linearized equation (cf. [30, Sec-
tion 2—5]) with a standard iteration argument under the initial assumption (2.2.1).

The majority of the rest of this chapter is devoted to the proof of Proposition 2.2.2.

The bounds (2.2.7)(2.2.8) and (2.2.11)(2.2.12) are our (low-order) weighted energy
and pointwise decay estimates (which guarantees existence). They are essentially
Sobolev-type estimates, which can be obtained through the so-called “two-tier” energy

method. It is presented in Section 2.4.

The bounds (2.2.9)(2.2.10) and (2.2.13)(2.2.14) provide uniform control on the
velocity-derivatives, (which ensures the uniqueness). Also, it provides further regu-

larity results. The proof is based on the ultra-parabolic equations and the S? theory.
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2.2.4 Overview and Idea of the Proof

We now discuss the strategy for our proofs and some of the main features of our

arguments.

Upshots of the Proof:

e Bootstrap scheme: The control of various norms in our work is tangled together:
(weighted)-L? decay — SP — C® & D, regularity — (weighted)-L> decay —
(weighted)-L? decay. In fact, each step requires almost all the other estimates.
In particular, the justification of uniqueness relies on (weighted)-L? D, and

(weighted)-L> bounds.

e Energy estimate: We delicately implement the celebrated “macro-micro decom-
position method” (kernel estimate by contradiction argument) to the Vlasov-

Poisson-Landau system to obtain the weighted L? decay:

— In order to handle the problematic nonlinear term containing the electric
field, we need to multiply e® to combine it with v - V,f. This further

requires the estimates of 0, ~ 0, f .

— Since o-norm is not strong enough to control the L? norm, we need to in-
troduce weights and use interpolation, leading to almost exponential decay.

Also, we require decay of 0,f be sufficiently fast.
— “Two-tier energy method”: decay — energy bound — decay
— O,f estimate: combine the counterpart of f

e S? estimate: We greatly simplify the L?— L —C?® framework in [53] and [30].

Instead of the DeGiorgi-Nash-Moser method, we use S? embedding theorem to
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obtain Holder continuity.

e Specular boundary problem: The SP estimate is based on an extension of the
domain €2 beyond the boundary, which is achievable for the specular case, using

the flattening-reflection technique in [30].

2.2.5 Organization

This chapter is organized as follows. In Section 2.3, we present some preliminary lem-
mas about the Landau operators. In Section 2.4, we justify the estimates (2.2.11)(2.2.12).
In Section 2.5 — 2.8, we develop the SP theory to justify the uniqueness. In particular,
in Section 2.5 and 2.6, we adapt the general SP theory to our equations. In Section
2.7, we prove the SP bounds (2.2.13) and || D, f||;~ bound (2.2.14). In Section 2.8,
we justify the || f|| ;- estimates, which is also necessary for the uniqueness proof, with
some byproducts (Holder regularity and pointwise decay). Finally, in Section 2.9, we

prove the main theorem.

2.3 Preliminaries: Basic Properties and Estimates

For convenience, we collect some basic facts and estimates in this subsection, including
the structure of the Landau collision kernel, from which we may characterize the o-
norm of dissipation and hereby estimate the Landau operators in terms of this norm.
We will omit some of those proofs but instead refer the reader to [26, Section 2, 3], [53,
Section 2], and [5, Section 2] for more details. Moreover, we prepare some preliminary

LP and elliptic estimates for our proof of the energy and S% bounds in later sections.
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Throughout this subsection, if not otherwise stated, f, g and g; represent general

functions of certain variables.

Lemma 2.3.1 (Embedding of Weighted Spaces). Let f be a function defined for
(r,v) € QxR?, and p € (1,00). For any ¥ € R and | > 1%’ there is a uniform

constant C, > 0 (depending only on the domain Q and 1) such that

£ llp0 < Cpll flloosmst (2.3.1)

Remark 2.3.1. As a corollary when p = 2, we see that the weighted L> spaces can
be embedded into weighted L? spaces at the cost of (at least) a finite (%)Jr order of
velocity-weight loss. In particular, for initial data, our assumption on weighted L>

norm guarantees contol of L? norm.

Proof. We estimate

1717y = // (07| f (. 0) P duda
@ o dvs
QOxR3
< I g // ) duda

= Gy 1/ 301

where the constant

C, = Cp(,1) = |7 (/ (v) P! dv)p <0
RS

for 1> 2, and C, ~ QY7 (555)"" is uniformly bounded as | — +oo. O

Next is a model estimate to be applied repeatedly in the following lemmas about
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the properties related to the Landau kernel (cf. [5, Proposition 2.2—2.4], [26, Lemma 2, 3]

and [53, Lemma 2.2-2.5]).

Lemma 2.3.2. Let U > =3, k(v) € C*°(R*\{0}) and m(v) € C*(R?). Assume

that for any multi-index 3 >0,

DPk(v)| < Cf|v|” P,
| <G (2.3.2)
|D’m(v)| < C} e Tl
for some Cj3 >0 and 753 > 0. Then there is Cs >0 such that
‘D’B [k+m](v)| < Cs ()18l (2.3.3)

Corollary 2.3.2.1 (Pointwise Estimate of o and ay, ). Let the (generalized) Landau
kernel ®(v) be given by (2.1.2) for —3 <~ < 1. Then c”(v) and o'(v) defined in

(2.1.14) = (2.1.16) are smooth functions of v such that
D2(w)] + [DE()] < C )+ 2.3.4)
for some Cg >0 with |5] € N.

In our case of the Coulomb interaction (i.e. v = —=3), if G = p+/ng with

sup, |9l < € <1, then

|Diod (t,z,0)] S () <1 (2.3.5)
for |B] =0,1, and
a5tz 0)] S suplglloe - (0) " < (2.3.6)

where o is given in (2.1.35) and al in (2.1.36).
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Proof. Applying Lemma 2.3.2 to k = &% with
{DB(I)ij(v)| < o[ 7217l
and m = p,v;p satisfying (2.3.2), the bound (2.3.4) follows immediately from (2.3.3).

For (2.3.5) and (2.3.6), from the definitions we clearly have
’Dfag(t,x,v)‘ < ’Dfaij(v)’ + ‘Dfa\%g(t,x,v)‘ < C’B(l—i- SLtlpHgHoo)- (1)}_1_'6',
by following the proof of Lemma 2.3.2 with slight modification, and
jay(t, e, 0)| < @ % o' %g]| + @7 [1120;9]] S supllglloe- ()7

where (for the second term) we transfer the derivatives on ¢ using integration by

parts. ]

Lemma 2.3.3 (Structure of the Diffusion Matrix). Let o = [¢"] be the diffu-

1<i, j<3
sion matriz in (2.1.15). For any v € R3, o(v) is a 3x3 real symmetric matriz. Thus

it can be diagonalized by an orthogonal matrix consisting of associated eigenvectors.

The spectrum of o(v) consists of a simple eigenvalue A\ (v) > 0 associated with
the eigenvector v, and a double eigenvalue A\y(v) > 0 associated with the eigenspace

vt . Furthermore, the eigenvalues can be written explicitly as

A(v) = /RS{l —|o- ﬂ?|2} pv—w) |w|? dw , (2.3.7)

1
o(v) = /R{1 517 m?} p(o—w) w2 dw | (2.3.8)
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W= %‘ . Asymptotically, as |v| — oo,

M(v) ~ (), Aa(v) ~ (o)
for some constants ci,co > 0.

Consequently, for v = =3, and G = p +/i1g with sup,[|g|lc < e < 1, the
matriz og(t,x,v) has three positive eigenvalues satisfying that for all t >0, x € 2,
and for any v € R3,

1

5 (07 < Agltz,0) < Clo)™ (2.3.9)

for some constant C' > 0, meaning that og is positive-definite/elliptic (but not uni-

formly elliptic in v € R, i.e. does not have a strictly positive lower bound indepen-

dent of v ).

Corollary 2.3.3.1 (Lower Bound for the o-norm). For any 3d - vector field g(v) =
{(g1,92,93), let q,]g](v) == glog = Zijzlaijgi g; denote the quadratic form associ-
ated with the diffusion matriz o(v). Denote also by P,g := (g V)V the projection
of g(v) onto the subspace spanned by the vector v. Then

a.lgl(v) = M) |Pogl’ + X)) |I-P)g|*,

where A\1(v),X2(v) are eigenvalues of o(v) given by (2.3.7) and (2.3.8).

Let |- |,9 and || - |,9 be the weighted o-norms defined in Section 2.1.5. Then

there exists Cy > 0 such that

oo = Go{ [0 Rl + [0 - Rl + [0

~ |g’§’19—% )
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and therefore,

gllos 2 1lgllo0-1 - (2.3.11)

Remark 2.3.2. Although the o-norm contains first-order velocity derivatives, it is still
not strong enough to control the L? norm. However, we manage to bound the L? by

this o-norm at the cost of a minimal half power of weight loss.

The next two lemmas on the Landau operators are useful in the energy estimates
(Section 2.4 and Section 2.9). We first record a basic estimate about the linear colli-

sion operator L (cf. the proof of [26, Lemma 6] and [53, Lemma 2.7]).

Lemma 2.3.4 (Linear Estimate for L). Let L = —A — K be given by (2.1.10) -
(2.1.12), and let ¥ € R. For any small 6 > 0, there exists Cys = Cy(d) > 0 such

that
(1=0)|gl2y — Coslugly < —(w”Ag,g) < (1+6)|gl2y + Coslugls, (2.3.12)

and
|<w2ﬂK91792>‘ < (519110,19 + Cﬂ,&\ugllz) 19200 - (2.3.13)

Here the Mazwellian 1 is a convenient choice of a mollified characteristic function
of a ball, which can be replaced by any function of v with sufficiently fast decay at

infinity. As a consequence (by taking 6 < 1 ), we have
Lo 2 29 3. 9 2
§ ’g’a,ﬂ - C§|g|a < <w Lg>g> < 5 |g|0',19 + Cﬂ’gla ) (2314>

and

1 3
b ’9’?7,19 - Cﬂ‘g‘g,ﬂ < <w219Lg,g> < B ’9’3,19 + Cﬁ’g’;ﬁ' (2.3.15)
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For the nonlinear collision operator I', we estimate (wa[gl, 92, gg) in terms
of || “llo, || ll2 and || - |l,s without higher-order regularity. Note that I'[g1, go]
is non-symmetric, so we need to estimate this nonlinear term in two different ways,
with the energy norm on two variables respectively. (cf. [26, Theorem 3] and [53,

Theorem 2.8])

Lemma 2.3.5 (Nonlinear Estimate for I"). Let I' be defined as in (2.1.13), then for

every ¥ € R, there exists Cy > 0 such that

‘(wwr[glagz],g?,)‘ < Cyllgillsollgallowll 93]l - (2.3.16)

Moreover, for any ¥ < —2, we have

|(w2ﬁr[91792]793)‘ g 019(H92|’00+HDU92H00) min{Hgl”Zﬂ) Hnga,ﬂ} Hg?)Ha,ﬂ .
(2.3.17)

The following estimates will be used in the proof of the S% bound in Section 2.7.1.

Lemma 2.3.6 (L? Estimate of K,f). Let K,f be defined as in (2.1.33) with g
satisfying the assumption (2.2.8), then for every ¥ > 0 and 1 < p < oo, it holds

that

1Bt Ny uny S 77 (U + 1Df Ny + 10 F e o)

<0 (10 gy, + 16007 )

w(lvl~n)

(2.3.18)

for any n € N.
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Proof. We split the operator as Fg = K + J,, where
Kf:= — 42 @{u[@“*{ul/g [0, f +v]~f]}} }
= 2'[17;#1/2 |:(I)”>I< {ILLl/Q [8]f + ’Ujf} } :| - ,LLl/Q |:81(D2]*{[L1/2 [ajf + Ujf] }

Jof =00 f — v, f — 9; { PV« [ul/zﬁjg} } 4+ {9V« [vi,ulﬂajg] I

We will first estimate K f as

Il ooy S 777 (F e + Do || ) - (2.3.19)

(Jv]~m)
Notice that for a € (0,1), ¥ >0, and £k =0,1,
<U>k’ua‘|v <n z9<v>19+k'ua /S niﬂ.

Also, in light of the proof of Lemma 2.3.3 which provides spectrum of the Landau

kernel ®(v), it suffices to show that

= {Jol* =[]} )] 15 S e

where a,v € (0,1), A € (=3,—1], and h(t,z,v) represents either f or 9,,f. Using

the Holder inequality, the p-th power of LHS above is bounded by
\ p
/ u? (v) / lv — /| (V) h(V') dof
3 3

< [ (ot
Sy O

S Rl

dv

( | ypdz/) dv
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The second inequality above follows in a similar manner as the proof of Lemma 2.3.2

(cf. [26, Lemma 2] ) with obvious modifications.

Now for the other part, we clearly have

10 f | oogemy < (C+ snggHoo) 1 lergermmy S 0700 Il opny - (2:3:20)

Finally, combining (2.3.19) and (2.3.20) gives us the first inequality of (2.3.18), which

immediately yields the second one. O

The last estimate for the electric field will be used repeatedly across the chapter.

Lemma 2.3.7 (L? Estimate of E;). Let E; := —V,¢; = V, A [oo/n fdv be

the electric field with potential ¢; solved from the Poisson equation

~Aoylta) = [ Vit = plfl(to

with either zero-Dirichlet or zero-Neumann BC, then for 1 < p < oo, it holds that

forany t >0,
1B @ lyre S NFO L, - (2.3.21)
Moreover, when p = oo, we have
1Bl S 1 llzge,, - (2.3.22)
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Proof. For 1 < p < oo, based on the LP estimate for elliptic equations, we have

B Olluze S sz < IO, = | [ VAT 1601 a0
< [ ||Vt st

< |lf@)]

Ly

Lg,v. |\/[_L|L€/ /S Hf(t)HLgv .

|f<t7 '7U)HLgd/U

The third and fourth inequalities are due to Minkowski’s integral inequality and

Holder’s inequality, respectively.

Additionally, in view of the continuous embedding WP(Q2) — L®(Q) for p > 3,

we also have

850,  NEsOlze < WOl = | [ Vi ey
< sl w0 [ vido
< 1ol < ol
for any ¢ > 0, then (2.3.22) follows. O

2.4 Energy Estimates: Weighted L? Decay

In this section we establish uniform weighted energy estimates and L? time-decay for
the VPL-specular problem (2.1.8)(2.1.9)(2.1.20) assuming small weighted L> norms

and decay of the solutions f and its time-derivative 0, f .

Our strategy is to adapt arguments in [3], [30], and [53]. In addition, we will
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utilize techniques in [3, Section 7] to control the extra terms related to the electric

field.

To start with, we rearrange the Vlasov-Landau equation (2.1.8) as

Wf+v-Vof +Lf—2/pv-Ep =Tlf, f] —E; Vo f + (v-Ej)f,

(2.4.1)

so that LHS has purely linear terms, leaving all the nonlinear terms on RHS. Through-

out this section, we will focus on the a priori estimates of the solution.

Theorem 2.4.1 (Energy Estimates and L? Time-Decay). Let f(t,z,v) be a solu-

tion to the VPL-specular problem (2.1.8)(2.1.9)(2.1.20) (or (2.1.29)(2.1.30)(2.1.20)

with g = f) and additional conservation law of angular momentum (2.1.28) if Q

has a rotational symmetry on some time interval [0,T], T > 1, with initial data

fo satisfying (2.2.1). Suppose also the bootstrap decay bounds (2.2.7)(2.2.8), and in

particular that

sup [|f(t)llz + sup [10:f(D)]loz + sup ||V f @), < e,
te[0,T te[0,T te[0,T]

for some ¥ >3, and where &1 < 1 is small enough.

Then the uniform weighted energy bounds holds

sup &1(0] = sup (1703, + |[Er(0)

te[0,T] t€[0,T]

2
< €5-

Furthermore, the solution decays almost exponentially with respect to time:

1 @)l + 1B @[]y S 0t~

bt [N, are [IEG

(2.4.2)

), a)

(2.4.3)

(2.4.4)
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for any t € [0,T]. Moreover, we also have

ElOf (1)) S e, (2.4.5)
and
0 D)l g + 1B D)]] 1,  20lt) ™. (2.4.6)

Remark 2.4.1. The time-decay result (2.4.4) is called almost-exponential decay, in
that the solution decays with any polynomial rate in time. This decay rate is optimal
for the Landau-Poisson system in view of our current setting as well as method, and

the reason is twofold:

(1) On one hand, the instant energy functional at each time is stronger than
the dissipation rate due to the particular structure of Landau operator, so we have
to perform interpolation between hierarchies of weighted energy norms such that

dissipation can bound a power of energy, which yields only algebraic decay.

(2) On the other hand, in comparison to periodic domains where more regular
initial assumption grants faster decay (for example, exponential decay, cf. [69]), we
can only resort to low-regularity techniques in the presence of specular-reflection

boundary, which at best yield algebraic decay.

(3) When the domain is rotational invariant, the conservation of angular momen-
tum is necessary to ensure the validity of this theorem. This is mainly owing to the

proof of Lemma 2.4.3, which leads to the positivity of L in Corollary 2.4.3.1.

It is known that the linear Landau operator L given by (2.1.10) is a self-adjoint

nonnegative operator on L?(R?). Its null space (kernel) is a five-dimensional subspace
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of L2(R?) spanned by {\/it, v\/i, |[v|3/k }, which are called collision invariants. We

introduce the following notations:

Definition 2.4.1 (Projection onto the null space of L). Let N(L) := { h € L2(R?) :

Lh = 0} denote the null space of the linear operator L with basis ey := /i, ¢; 1=

v/t (1 =1,2,3), eq := |v]*\/it, and write

N(L) = span{y/u, viv/pt (i=1,2,3), [vo[*y/u } . (2.4.7)

For the function f(¢,z,v) with fixed (¢,x), we define the projection of f in L?(R?)
onto N(L) as

Pf(t,z,v) = Z<f(t,a:,-),ei>ei =: {as(t,z) +v-by(t,z) + [v]* cp(t,2)} Vi,

1=0

where

ap(t,z) = <f(t,x,-),eg> = /Rgf(t,x,-)\/ﬁdv,
b;(t,x) = (f(t,z,),e;) = /R?jf(t,x,-)v,;\/ﬁdv,
cr(t,z) == (f(t, 2, ), eq) = /Rgf(t,x,-)|v|2\/ﬁdv.

We then recall a basic property of L (see [26, Lemma 5] for the proof, or as a

byproduct in showing the structure (2.4.7) of L).

Lemma 2.4.2 (Semi-Positivity of L). There ezxists 6 > 0 such that
(Lh,h) > §|(I —P)h|’ (2.4.8)

for a general function h(v) .
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2.4.1 Positivity of L

A crucial step toward proving the L? decay is to estimate Pf in terms of (I —P)f.
The following lemma is an adaptation of [27, Proposition 1] and [29, Proposition 2].
Since most of the proof is identical to that of [29], we will skip the details and only
provide the key ideas and steps. The new terms related to the fields can be controlled

in an obvious way.

Lemma 2.4.3. Under the same assumptions as in Theorem 2.4.1, we have

[IPs@liar + [ B0l dr s [Ja-Proiar @49

for all 0 < s <t with |t —s| € Z*.

As an immediate consequence of the lemma above, we obtain the positivity of L

with Landau dissipation, a key ingredient in the proof of Theorem 2.4.1.

Corollary 2.4.3.1 (Coercivity Estimate on L ). With the same assumptions above,

we have a sufficiently small constant ' > 0 such that

/:<Lf<7>,f<7>) ar > 6’{/:||f(r)HidT + [t

QL% dT} (2.4.10)

for all 0 < s <t with |t —s| € ZT.

Sketch of Proof. Recalling that L is semi-positive by Lemma 2.4.2, we clearly have

(Lf.f) = 8|z -P)f|2 (2.4.11)

for some ¢ > 0. Then it suffices to bound the remaining part on Pf by the coun-

terpart of (I — P)f using Lemma 2.4.3. O
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Proof of Lemma 2.4.3. This proof is an adaptation of the proof of [29, Proposition 2],

so we only point out the main difference.

We consider the equation (2.4.1). To handle the most problematic nonlinear term
(v- E)f, we combine it with the linear streaming term v -V, f (which also contains
an extra v factor) by multiplying both sides of (2.4.1) by e?, so we can rewrite the

equation as

Gt(e¢f) +U~Vx<6¢f) +L(e¢f) —2e%/nv-E = T [f, f]— e’ E-V,f +e’f 0.
(2.4.12)

We first justify the lemma for s=0, t=1. If the estimate (2.4.9) is not true no
matter how small £, is, then there exist a sequence of solutions f, to (2.4.1) with

f = fn such that for any n

1 1 1
Je=-Prmkdar < [ipnolar (2.4.13)
and || f,||co,0 < = for given ¥ > 3.

We first prove the weak compactness of f,. For any fixed ¥ < 0, we multiply
(2.4.12) for f = f, by e?(v)?’f, and integrate both sides of the resulting equation.
Similar to the argument in [29, Proposition 2] and using the fact that e®» ~ 1 by the

bootstrap assumption, we obtain

1{0)” fa (&)1l +/t (P17 dr < Ce' =01 (0)” fu(to) 172, (2.4.14)
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and

& [ 160 = 1501 > 0w

/uf J2dr, (2.4.15)

L2

for some C, C" > 0. By the bootstrap assumption (2.2.8) and the Gronwall inequality,

we obtain that

/ 1alDI2 dr > C(1— e ) 0) 4 £, (1) 2. (2.4.16)

Now we define the normalized term Z, of f, as

with

C, = \/ / 1P fu(r)|2dr

Then Z,, satisfies the equation

O (e Zy) + v - Vo (€ Zy) + L(e“ Z,,) — 2¢O /v - By,

(2.4.17)
= €Cn¢n F[fm Zn] - Onecnén En : van + Onecn¢n Zn atgbn )
where C,, are uniformly bounded by a small constant, and E, := —V,¢, with ¢,
determined by the Poisson equation
— Ay, = / VI Z,dv =: p[Z,] . (2.4.18)
R3

Thus, following similar argument in [29, Proposition 2|, we obtain the uniform bound

sup [[(v) "2 Z,(7)]2: < C

0<7<1
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for some C' > 0. Also, by the normalization we already have fol | Zn(T)||? dr = 1.
Since the eigenvalues \(v) of the matrix o(v) satisfies the bound (2.3.9), the normed
vector space with the norm || - ||, can be understood as a weighted L? Sobolev space
and is reflexive. Therefore, there exists the weak limit Z of Z,, in fol |- ||>dr. Also,

by (2.4.13), we have

/01 (I = PYZu(r)2dr < = = 0. (2.4.19)

3

By the triangle inequality, we also have that fol |PZ,.(7)||? d7 is uniformly bounded
from above. In addition, the norm || - ||, is an anisotropic Sobolev norm with respect
to direction of the velocity v by definition. Then by Alaoglu’s theorem and Eberlein-
Shmulian’s theorem, PZ,, converges weakly to PZ in fol | -]|2 d7 up to a subsequence.

Thus, we conclude that (I —P)Z =0 and Z = PZ.

Also, by taking the limit n — oo, we note that the limit Z satisfies
Z +v -V = 2\/pwv-Ez =0 (2.4.20)
in the sense of distribution.

Now our main strategy has two steps:

e Step 1: Show that the convergence Z,, — Z is actually strong in fol | -2 dr
by proving the compactness. This is almost the same as the argument in [29,
Proposition 2], so we omit the details. The basic idea is to show the compactness
in the interior and rule out the possibility of concentration near t =0, t =1 or

x € 0f).

e Step 2: We use the equation (2.4.20) and conservation laws to show that Z is



actually zero. This will be our focus below.
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Eventually, we confirm that this leads to a contradiction and thus Lemma 2.4.3 must

holds in [0, 1]. Finally, we extend the domain to arbitrary [s,t] with |t — s| > 1.

Z is indeed zero. The limit equation for Z is (since all nonlinear terms in the

equation for f vanish after normalization)
07 +v-VoZ+2/w-E=0.

Here assume that

Z:\/ﬁ<a+b-v+c|v|2>,

and

E = V:CA;I/ ViZdv := =V 0,
R3
with either DBC or NBC on ¢.

The conservation laws for mass and energy are as follows:

O ViZ =0, 8t/ lv|* /iZ = 0.
OxR3

QxR3

Also, combined with the normalized initial condition, we have

VaZ(t) = [ Jaz() =0,

QxR3 QxR3

/QxR3 ol VEZ() = /QR [v* VEZ(0) = —/Q!EIZ(O).

(2.4.21)

(2.4.22)

(2.4.23)

(2.4.24)

(2.4.25)

(2.4.26)
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If the domain €2 is rotational invariant
[(z — ) X w]-n=0, (2.4.27)

then the angular momentum is conserved

/Q RS[(x — xg) X w] - vy/pZ = 0. (2.4.28)

This is essentially [, ps[(z — 20) X v\/BZ] - w = 0, which is consistent with the
classical definition of angular momentum. Note that all conservation laws can be
directly derived from the equation (2.4.21) itself, with the normalization (2.4.25) on

initial data.

We can analyze Z as follows:

Step 1: We insert (2.4.22) into (2.4.21) and compare the coefficient of v for each
order. It is easy to check that d;a = 0 (at lowest order) and V,c = 0 (at highest

order). Hence, we have
a=a(x), c=c(t). (2.4.29)
Using conservation of mass (2.4.24), we know 0;c = 0, which means ¢ is a constant.

Based on (2.4.25), we know

/Qa =0. (2.4.30)
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Step 2: Inserting (2.4.22) into (2.4.21) and checking the term of order v;, we get

ib; + Oy, (a — ¢) = 0. (2.4.31)

Inserting (2.4.22) into (2.4.21) and checking the term of order v? and v;v;, we get

Dpbi =0,  Dyby+9,,b; =0 for i # j. (2.4.32)

Hence, Vb is a skew-symmetric matrix. Hence, using the Helmholtz decomposition

(or direct computation), b must take the form

b=>b(t)+w(t) x x (2.4.33)

for some b(t) and w(t).

From (2.4.31), we know

Hence, 0,V b is a symmetric matrix. From the last step, we know 0,V ,b is a skew-
symmetric matrix. These two requirements imply that 9,V b is a zero matrix. Hence,

V.b is a time-independent. Therefore, w = const. We know

b=0b(t)+wx z. (2.4.35)

Considering (2.4.31), we know that ;b is independent of time. Hence, b = b; + byt.
At the boundary, due to the specular reflection boundary, we always have b-n = 0.

Hence, by taking a boundary point x at which n, is parallel to by, we get by = 0. In
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summary, we have

Step 3: Since b is independent of time, in (2.4.31), we have

Oz (a — ¢) =0, (2.4.37)
which implies
a — ¢ = const. (2.4.38)
Considering the definition
Ay¢ =a, (2.4.39)
we know
Ay¢ = ¢ + const. (2.4.40)

- For NBC case, using the normalization condition / ¢ = 0, directly energy
Q

estimates yields

A 2. 4.4
/Q| ¢|+/Q|¢| 0 (2.441)

Hence, we know ¢ = 0 and thus a is a constant. Based on (2.4.30), such a

constant must be zero. Hence, a = 0.
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- For DBC, taking Laplacian in (2.4.38), we obtain

Aya— Ayé=0. (2.4.42)

Considering (2.4.39), we have

Aya—a=0. (2.4.43)

The DBC implies ¢ = 0 on 02, which implies a = const on 9. Due to the
maximum principle of the elliptic equation, we get a does not change sign in 2.
Then using the average property (2.4.30), we know the constant must be zero.

Hence, a = 0 and ¢ = const.

All in all, in both cases, we confirm that ¢ is a constant and a = 0. This further

implies E = 0 and thus ¢ = 0 from (2.4.26).

Step 4: So far, we have confirmed that a = ¢ = 0 and b = b; + W x . Based
on [27, Page 748-749] and [29], and using the conservation of angular momentum,
we obtain b = 0. (In detail, we may deduce that Z = @ X (x — zg)v\/u in £ and
[@ % (x — x0)] - n =0 on 02 by decomposing b;. If the domain is not rotational in-
variant, then there is no nonzero w to make the above true. On the other hand, if the
domain is rotational invariant, we need additional conservation of angular momentum

to justify w = 0.)

In summary, we conclude that Z = 0 and this leads to a contradiction.
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Generalizing to arbitrary 0 < s <t with |t —s| € ZT. Lett—s= N for some

positive integer N. We split

N-1
[s,t] = (U [s+7,54+7+ 1]) : (2.4.44)

=0
On each interval [s + j,s + j 4+ 1] for j = 0,1,...,N — 1, we define fi(r,z,v) =
f(r+ s+ j,x,v). Then clearly f’(r,x,v) is a solution on the time interval r € [0, 1]
with the new initial condition f7(0,z,v) = f(s + j,z,v). Note that due to the
bootstrap assumption, Ey(f?(¢)) is uniformly (in j) bounded from above (which is
used to show the boundedness of sequence Z,,). Hence, using the previous argument,

we obtain the positivity estimates.

Hence, by assembling all these domains, the positivity estimate actually holds for

the full interval [s,¢] with |t — s| = N. O

2.4.2 Weighted L? Bound and Decay

We are now ready to prove the main theorem of this section:

Proof of Theorem 2.4.1. The proof is a modification of [53, Theorem 1.4], whose idea

is brought from [68, Theorem 5.1]. Our main observation based on the relationship
1Plloo 2 Allg0-1 (2.4.45)

is that even though || - ||,s is not stronger than || - ||2» (but instead dominates the
energy norm at the cost of losing some weight), it is still possible to bound the instant

energy by a fractional power of the dissipation rate via interpolations with stronger
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energy norms of higher weight powers. This leads to the result of almost exponential

decay.

It is also worth pointing out that our coupled electric field poses considerable
difficulty in the energy-decay estimate. To overcome this, we combine various delicate
techniques and tricks in [28, Section 3 & 4] and [3, Section 7] to handle the extra terms

related to the electric field.

If t € [0,1), then by the local well-posedness result, the estimates naturally follow

(since the initial data is sufficiently small), so we focus on the t > 1 case.

Step 1. Energy Estimate without weight (9 = 0). Throughout this proof we
consider at a rearrangement of the Vlasov-Landau equation (2.1.8) with all linear

terms on the left and nonlinearities on the right:
Of+v-Vof+Lf—2ypv-E =T[f,f]-E-V,f+ (v-E)f, (2.4.46)

where E := E; = —V,¢; with ¢ := ¢; determined by the Poisson equation

AW /RS\/ﬁfdv =:plf] . (2.4.47)

To handle the most problematic nonlinear term (v- E)f, we combine it with the
linear streaming term v -V, f (which also contains an extra v factor) by multiplying

both sides of (2.4.46) by e?, so we can rewrite the equation as

8t(e¢f)+v-vx(e¢f)+L(e¢f) —2e%/pv-E = e®Tf, f] —e?E -V, f +e?f 0,0
(2.4.48)
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Multiplying e?f on both sides of (2.4.48) and integrating in (z,v) € Q2 x R3, we get

sl e g [l e}
—%[&w@@ﬂdL&%ﬂ-—[%MW2@“ﬂv%v~E (2:4.49)
— [ @5 [ erwe) s [ @ntas,

We need to estimate every term of (2.4.49) in terms of the energy norm || - |2 or
dissipation rate |||, , for which we will use repeatedly €? ~ 1 with ||¢]lc < || f]lee <

1 (see the proof of Lemma 2.3.7).

First we observe that the following two terms vanish by using integration by parts

(divergence theorem):

1// ¢’ E-V,(f*) dvdz = 0, (2.4.50)
2 OxR3

/ v, {o(ef) }dvdx - // (v ny) dvdS,

OxR3 OO XR3

= / {(/ —/ )f2|v-nx|dv}d3
0N {vng>0} {vne<0}

=0.

N[ =

(2.4.51)

Here the boundary terms cancel with each other in view of the specular-reflection

boundary condition (2.1.20).

For the other nonlinear terms, we have

I @i S 10l S elsle @4
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by (2.3.16) in Lemma 2.3.5, and

[ @n*as s 1oollesl; < 1dlalslE, (2459

where for the last inequality we modify the proof of Lemma 2.3.7. Note that we

2

o)

cannot bound this term in terms of ||f||Z, which ultimately leads to an extra term

on the RHS in (2.4.69) not being absorbed, because the o-norm is not strong enough

to control the L? norm.

The last term on the LHS of (2.4.49) is more troublesome to deal with. We first

manipulate this term as follows:

[ 2@ e = [ 2@nvivve = | pvieve)

QxR3

[ S fev @) - e Vg

— //mR (e* )/ (v n,) dvdS, — //QXRge%\/ﬁv -V f

:_// €2¢ ,uU-sz’
QOxR3

(2.4.54)

where again, we use integration by parts (divergence theorem), and the boundary
term on the third line vanishes by the specular boundary condition. Then we want
to get control of — ffﬂngezd’ nov -V, f from the original equation itself: this time
multiplying both sides of (2.4.46) by the factor eQ‘b\/ﬁ and integrating over () x R?,

we obtain

// 62¢\//7(9tf + // e* /v -V f + // 62¢\/ﬁLf — // 2e*uv-E
QxR3 QxR3 QxR3 QxR3

B //S)xR?’eQ(b\/ﬁF[f’ 1= //Q><R362¢\/EE Vel //an@ew\/ﬁ (v-E)J-
(2.4.55)
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Obviously, the last term on the LHS vanishes due to symmetry/oddness, and by the

orthogonality to the Landau operators, we see that

//QX]wa\/ﬁLf ://Qij%\/ﬁF[f, fl = 0. (2.4.56)

Also, integrating by parts gives

_ //QXRgew\/pE.vvf +//QXR362¢VE (v-E)f = 0. (2.4.57)

To sum up, we may equate the following two terms from (2.4.55) and further deduce

that

_//an@ezd)\/ﬁv.vwf B //waew\/ﬁ@tf
= / e%at( Vit fdv) dz = — / e 0, A, ¢ dx
Q R3 Q

= / 2e*(V,0) - (V,0,0) dz — / e%at(am) ds,
Q oN

ong

_ / P |Va dr = / 31 (e |V,0[?) — / 26|V, 620,
Q Q Q

_d / |EJ? - / 26 |E[2016
(2.4.58)

by using the Poisson equation (2.4.47) on the second line, followed by integration
by parts (divergence theorem). Note also that the boundary term on the third line
vanishes under either the zero- Neumann BC (% ‘ a0 = 0) or the zero- Dirichlet BC
(¢lag =0), in which case this term reduces to
d 0 d
¢ d

thanks to the conservation of flux for the self-consistent electric field (see (2.1.26)).
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Hence, combining (2.4.54) and (2.4.58) reveals that

—// 2 (¥ f)yuv-E = 4 e*?|E|? —/262¢|E|28t¢. (2.4.59)
QxRS dt Jo Q

We will combine the first term above with the first term of (2.4.49). After moving

the second to the other side, we bound it as

| 2#1BR00 S 0l | El; < 10120712 (2.4.60)

Here we justify the last inequality by modifying the proof of Lemma 2.3.7:

Ie“E|, < 1Bl < ||ol], = H / Vi fa
R

L3

< [l = [ialo b

IN

)2 £l - )2Vl

S flla-z < (1 llo -

1
2

Now in (2.4.49) we are left with the third term on the LHS, which at first can be

bounded below as

| @nuen = @en. e = slea =Pl 2 e -
(2.4.62)

due to the semi-positivity of L (see Lemma 2.4.2).

Summarizing all above, inserting (2.4.50) (2.4.51) (2.4.52) (2.4.53) (2.4.59) (2.4.60) (2.4.62)
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into (2.4.49), we arrive at

d /1
G (eI heBIE )+ s =PI 5 (Ufllo IO I LA + I0cf 18
(2.4.63)
and it naturally follows that
d 1 é 2 é 2 @ 2
L (L s+ Jemi) + levr —Pas?
. ) ) (2.4.64)
S (Il + 10 IR IA1Z + 1S 1z <§He¢fH2 + ||e¢E||2) -
Define
W(t) ::—/ |0uf (7)||, d7 . (2.4.65)
0

From the bootstrap assumption (2.2.7), we know |¢(t)| < 1, and thus e¥ ~ 1. Then

multiplying both sides of (2.4.64) above by the integrating factor e¥, we have

d
d {ew < e+ ||e¢E||;)} + et =PIIE S (Il + 1051 1712

dt
(2.4.66)
In order to get the coercivity bound (2.4.10), we need to first integrate over time (for

any 0 <s < t) and obtain

1 1
<§H€w(t)€¢(t)f(t)H§ + Hew(t)eqﬁ(t)E(t)Hi) _ (5”6w(s)6¢(5)f(5)”§ + H€¢(s)e¢(s)E(3)Hz)
t
4 / OO (1= P)f(r)||* dr

t
S (sup 5+ sup 10712 - [ 17|
>0 7>0 s

(2.4.67)

Since 1 < e?® <1 and 1 < e¥® < 1 uniformly for any ¢, applying Lemma 2.4.3
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(following the proof of Corollary 2.4.3.1) yields

2 2 ¢ 2 ¢ 2
(I oeo s+ e mol) + o4 sl + [ el
t
S ([l e 103+ [ BG); ) + (sup 1+ sup 00s12) - [ 1172 dr

(2.4.68)

forall 0 <s <t with [t —s| € ZT.

Finally, under the a priori assumption

SUp [|ffloc + sup [|0pfl < 1

this corresponding term can be absorbed into the LHS, and therefore we end up with

(Hew(t)e¢(t)f(t)||;+ He’”(t)e‘?(”E(t)H;) + 5'{/ ||f(T)HidT +/ ||E(T)||§d7}

(2.4.69)

< [Pt f(s) Iy + [l OBEs) |

Step 2. Weighted Energy Estimate (¥ > 0). Multiplying both sides of (2.4.48)

by (v)?e?f for ¥ > 0 and integrating over 2 x R?, we get

5 s lrees + // %, {ole (1))
© e nsen - // R32<v>”(e2¢f>m-E
//QXR3 219 2¢f) Lfs f]—i//QXR3< >219 2R . V //QXR3 219 ¢f 06 .

(2.4.70)

This time we aim to estimate every term of (2.4.70) in terms of the weighted energy
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norm || - ||2,9 or (weighted) dissipation rate || - |/, -

For the LHS, using the divergence theorem, the second term vanishes since

/M@V W) (ef)"} (// // > ()20 - ny| dvdS, = 0,

(2.4.71)
again by symmetry/oddness with the specular boundary condition on f. As for the

third term, we instead use (2.3.14) in Lemma 2.3.4 to bound it below as

//Q Rg(v)”(&f) L(e¢f) = (<v>wL(e¢f),e¢f) z He‘ﬁin’ﬂ—Cﬁﬂed)in. (2.4.72)

Also, for the fourth term, the trick in ¢ = 0 case does not apply, so we move this term
to the RHS and bound it directly using Holder’s inequality as well as Cauchy-Schwarz

inequality with a small parameter ¢ > 0:

[ 2w @i ® 5 10 al e, ),
< Gyl sl I f1s (2.4.73)

< ellfll2s + CocllfIIZ -

N

Here the second inequality holds because of the relation || - [[29-12 S || - [|o,0, and

~Y

also due to the same reason as in (2.4.61) .

For the RHS, we estimate (similarly to the case without weight)

//Q P (@NTIEI S IS S 1Tl 1 (2.4.74)
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by (2.3.16), and

5L sy - 5[ mow ()

S Bl flls o S I llllFI20

(2.4.75)

via integration by parts in v, and

2 2
| _wren?oo < 10olle s, S 10, AT
X
where in the last inequality we modify the proof of Lemma 2.3.7.

Collecting all the estimates in (2.4.71)—(2.4.76) above and inserting them into
(2.4.70), we obtain

d

e le? Flla0+ 12 F12 S (I flloote) 1£12 0 + Colle? £I2 + Cog 112 + 1012l £113,0 -
(2.4.77)

which further yields

d 2
pr e?flloy + 120 S CollFI5 + N0l F1150 (2.4.78)

by choosing € > 0 small enough and assuming sup, || f||«c < 1 so the corresponding
term can be absorbed into the LHS. Hence, multiplying ¢¥ on both sides (to kill the

last term on RHS), then integrating over time (for 0 < s < t), we finally get

Hew(f)e‘b(t)f(t)H;ﬁ +/Hf(r)||jﬂ9dr < Hew(s)ed’(s)f(s)H;ﬁ+Cw/ Hf(T)HidT'

(2.4.79)

Step 3. Uniform Weighted Energy Bounds. The idea of the following two steps
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is inspired by the so-called “Two-tier” energy method in [36]. The uniform energy
bound (2.4.3) and time-decay result (2.4.4) follow from weighted energy estimates
with arbitrarily strong velocity-weight and sufficiently fast decay-rate. To be specific,

we need to obtain a weighted energy inequality (9,9 € N)

29
(X 1002+ e Ocr) )
¥'=0

20 ) . )
+ & { Z Hf(7)||w,,/2 dr +/ HE(T)||2dT} (2.4.80)
9'=0"* s

29
< D[P f s+ [l IBG)
9'=0

by summing up (2.4.69) and (2.4.79) from previous two steps over ¥ € [0,29] N
N (for any given ¢ € N) with proper weight (summation factor), such that the
term ), Cg/f;Hf(T)”idT can be absorbed to LHS. Alternatively, we may derive
this energy inequality in a more rigorous way via induction on the weight-power
¥ € N (in a similar fashion to the proof of [53, Theorem 1.4] ). Note that we cannot
absorb RHS here into LHS because ¢ -norm cannot control the L? norm for fixed ¥

(at least for the largest ¥).

The estimate (2.4.80) only holds when t—s € Z* due to Lemma 2.4.3. For general

interval (s,t), we write
t—s=N-+r,

where N € Nand r € [0,1). Then for the interval [s+7, ], using the similar argument

as (2.4.80), and consider e® ~ 1 and e¥ ~ 1, we have
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29
(WOl B0
B 20 4 , ] ;
+ & { 3 £ AT +/ HE(T)H2dT} (2.4.81)
9'=0" SHT s+r

29
S D NFG+ )50+ BG + 1)
¥'=0

Based on the local well-posedness result (see Theorem 2.9.1), we obtain the bounds

in the interval [s, s + 7]

29

(X 17+l + B+

¥'=0

+ T 2 dr + " Be) sz} (2.4.82)
o TR MRl
S 2 1@+ [EG),-

Note that the initial condition (2.9.1) and the bootstrap assumptions ensure a uni-
versal time extension for all s > 0. Therefore, it is valid to apply Theorem 2.9.1 as

long as we have the smallness of || f(s)]/ocs for s > 0.

Summing up (2.4.81) and (2.4.82) and absorbing Z??:o /(s + 7“)“;19,/2 + ||E(s +

7‘)”2 to the LHS, we obtain the bounds in the interval [s, ¢]

29 ) ,
(X 10l + B0
20 ;
+ 5'{2/ Hf(7')||iﬂ9,/2d7 +/ HE(T)||§dT} (2.4.83)

s

29
S YN0 + B
V=0
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Define an instantaneous weighted energy functional

219
Walt) = S [lF O3, + [EO]
9'=0

12

Iz, + TEOI;

and the weighted dissipation rate

Vo) == > O 4 + [E@]];
~ fol, + B -

Then the estimate (2.4.83) above is actually

Wﬂ(t) -+ Cﬁ/tV19(T) dr S Wﬂ(s) . (2484)

As the first portion of our theorem, we show that the weighted energy (defined in
Section 2.1.3)

mmﬂ:%mm+émmﬂmcww@+ﬁwmw

is uniformly bounded for arbitrarily large ¢ (under the assumption of integrable

decay for ||0,f]|2): Taking s =0 in (2.4.84) results in
t
SO = Wolt) + [ V)T S0 Wal0) = ELO) S <2, (2485)
0
which concludes the uniform weighted energy bound (2.4.3).

Step 4. L? Time-Decay. Having got the boundedness, we now show that the

weighted L? norms decay at any algebraic rate.
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Based on the observation that for fixed ¢, the dissipation rate || - |,» is not
stronger than the instant energy || - |29 by (2.4.45), we shall perform interpolation
for (v)?” between the weight functions (v)??~1 and (v)?’** for any given k € N,

then bound the stronger norm by using the result (2.4.85) of last step. This yields

k

17Ol < ISR IO, < (Coulllanes) N OIEE, 1705

which further implies the dissipation rate

Let
Zy(s) == Cyx 55% /SOOW19(7')TdT. (2.4.86)
Then we get
Zi(s) = —Cypx 58% W(s) (2.4.87)
From (2.4.84) with ¢t = oo, we have
Zy(s) S Wal(s). (2.4.88)
Combining (2.4.87) and (2.4.88) yields
Z!(3) + Cype Zo(s) 5 <0. (2.4.89)

This is a Bernoulli-type differential inequality for Zy(s). We solve it over [0, s] by
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_k+1

standard ODE method with integrating factor —%Zﬂ ¥ to obtain

—k
Zy(s) Sop &2 (1 + %) . (2.4.90)

On the other hand, raising both sides of (2.4.84) to the power %, we have that for

any s <t with |t —s| > 1,
We(t) & < Wy(s) * . (2.4.91)
Integrating the above inequality over s € [%,t — 1] (for t > 2), we obtain
<% - 1) W) <op ef 2o (%) . (2.4.92)

Therefore, combining (2.4.92) with (2.4.90), we have (for ¢ large)

—k
1 2 t
W) F Son o () (1 + E) : (2.4.93)
which further yields
¢ —k
Wo(t) Sox €0 (1 + E) : (2.4.94)

Finally, with HE(zﬁ)HH1 < Hf(t)”2 by Lemma 2.3.7, we conclude (2.4.4) in our

theorem.

Step 5. 0,f Estimates. Lastly, to close the a priori estimates, we still need to prove
the similar L? decay bound for 9,f. We follow the same procedure as everything

before in this section.
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Let f:=0,f and E := 9,E. Taking 0, derivative of (2.4.46), we get the equation

Of+v-Vof + Lf —2/uv-E

. ' ' . ‘ ‘ (2.4.95)
= v A+ A} - (B BV {0 B+ (0 B)
where E := 9, Ef=E; =—-V,¢; with b =0, ¢f = ¢; satisfying
— Ny = / Vi fdv = plf] . (2.4.96)
R3

First of all, we check that the kernel estimate and coercivity result hold by re-
peating exactly the arguments of Lemma 2.4.3 and Corollary 2.4.3.1 for the new
equations with harmless temporal derivatives. The argument is almost identical, so

we omit the details.

Next, similar to the (weighted) energy estimate for f, upon multiplying (2.4.95)
by the factor e? | the last term (v-E) f is cancelled. We first multiply e?f (resp. (v)2e? f

for the weighted case) on both sides and integrate over 2 x R? to get

3 el + // Ve //Q (e*f) L(e*f) —//Mg(e%f)ﬁv.z
— [ i //Mg @i - [ s -3 s
//Q><R3 v E ff +//Q><R3 ¢f

and then we examine this resulting equation term by term. The estimates from Step 1
to Step 3 of similar form are valid for f with only a few changes in the proof which

we will point out below:

In the case without weight (¥ = 0): For the LHS’s fourth term, in order to avoid

producing higher-order derivatives terms (which we cannot control) we modify our
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previous argument in a more direct way. Extracting the main contribution of this

term, we deduce that

SRRy AR R

— —/SZQQZ.SVgC-(/Rgv\/ﬁfdv) dz = /qu'sat(/w\/ﬁfdv) dz

. . : : d [ .
= - tA:L‘ = P . 2O = — 2.
/Qwa éde /QQ(V 3) - (V,0,0) da dt/Q|E|

Here the four equality is due to the continuity equation (2.1.21) of conservation laws
(which is essentially the same kind of conserved quantity derived in a similar way
from the equation (2.4.46) in Step 1). Then the remainder can be easily controlled
by

_//Q R32 (62¢_ 1)f'\/ﬁv.E < H62¢_1HOOHU\//7]5H2HEH2
S Nl 112

and thus be absorbed as ||@]loc < |[fllee < 1.

Another difficulty is that, the nonlinearity generates two more terms containing
|£]I? and ||f||? related to f rather than f (which cannot be estimated directly, but

requires some special treatment): to be specific,

//Q Rg(e%f)F[f,f] S M ool lallflle S 1 Moo CLFIZ + 1LF1Z)

and

- 2 i E . f 2t o . _
J[ o etBevs = [ B S IV B,

S IVl fllallflle S IV Flloe (A1 + 1£13) -
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which requires the additional assumption of smallness of ||V,f|ls Also, the third

extra term

J[ @ B)1i 5 0 s NIl S 171
OxR3
needs the smallness of weighted L*° norm.

In summary, under the assumption that
S || flloe + sl flloc + supl|Voflloe <1 (2.4.97)

for some ¥ > 3 and using the similar technique to multiply e¥ on both sides, we have

(el + lesoebolf) + o { [ 1nliar + [ jgolzar}
< (Hew(s o) f (5) H2+H€w(s)e¢><s>ESH2>
+ (IOl ar + / v F Lol ar
< (e f @)l + e BS))
rsup |l [ ] ar + igguvvfnoo [l ar

(2.4.98)

for any 0 < s <t with [t —s| € ZT.

For the weighted case (¥ > 0), most of the estimates are similar to those of

weighted version for f in Step 2 simply replacing certain norms on f by those on
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f, except for the three additional terms from nonlinearity. In particular,

[ wreievs = [ eww(0) i ] e

S NElsol fllowllflloo + IV flloclf 220 1Ell2

ol 1150 + 10 Flloo (L£113.20 + 117115.5) -

AN

The rest of this substep is a simple modification of the ¥ = 0 case. Eventually,

under the assumption that

SUp | flloo + suplfllocoeg + Sgp\lfHoo + SngvaHoo <1 (2.4.99)

and using the techniques of multiplying e¥ on both sides, we obtain the weighted

energy estimate

e, + [ 1FE,ar
< ||€¢(s)€¢(s)f(5)“§,ﬁ +Cﬁ/ ||j(T)HidT (2.4.100)

. t ) - ! 2
+sup |l [ IFO dr + sup [V fll [ 7007
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Now we use these two inequalities (2.4.98) and (2.4.100) to conclude

(S 100+ o000
a’{z IR e + HEWHEdT}
< (Il e

9 9

. . t
+5up | flloe D Hfmui,ﬂ,/gdf+sglg||vvf||oo-z £l a7

¥'=0"% = ¥'=0
(2.4.101)

by summing up over ¥ € [0,9] NN for any given ¢ € N with proper weight.

Due to Lemma 2.4.3, the above result only holds for ¢t — s € Z". Using a similar
argument as in Step 3, with the help of local well-posedness result, we can extend the

estimate to arbitrary ¢ — s > 1.

Notice that there is an extra term of f with the highest-power weight (serving
as a “source term”), which forces us to combine the two weighted inequalities for f
and f with different range (summation limits) so that this term can be absorbed.

Defining

2941

Wi(t) ::ZHf HW/2+ZHf Wawse + IEO]; + B,

12

11O a0ry + 1Ol + TEG]; + TG
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and

2941 9
Volt) = D DI 00 + D2 IFOI 0 + IO + [EIL,
¥'=0 ¥'=0

12

Ol o0s + 1O + [EOL; + [BO];-

(2.4.101) together with (2.4.83) leads to

We(t) + / t%(f) dr < Wy(s). (2.4.102)

s

Finally, mimicking the derivation of (2.4.3) and (2.4.4), the desired bounds for

0, f follow. Therefore we complete the proof of the theorem. n

2.5 Extension Across the Specular-Reflection Bound-

ary

For the later use of SP theory, we need to extend the domain 2 to the whole space.

2.5.1 Extension of Solutions to the Whole Space

In this subsection, we will show step by step the way of extending our equation

satisfied on a bounded domain with specular-reflection BC to a whole space problem.
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“Boundary-Flattening” Transformation

Let

U: OxR? — H_xR3
(2.5.1)

—

(z.v) = (yw) = (V@) Av)
be the (local) transformation that flattens the boundary, where

is a non-degenerate 3 x 3 Jacobian matrix, and the explicit definition of y:zﬁ(x) will

be given below. Let

-

fty,w) = F(HTy,w) = fF(HYHy), A7w) = f(t,z,0). (2.5.2)

denote the solution under the new coordinates.

Remark 2.5.1. It is crucial that we define our transformation ¥ for both (z,v) vari-
ables in this certain form so that it preserves the characteristics and the transport

operator as explained (see also the subsection of 2.5.1 below for more details).

Suppose the boundary 0f2 is (locally) given by the graph x3 = p(z1,22), and
{(21,22,25) ER® : 235 < p(x1,22)} C Q. Inspired by Lemma 15 in [33]?, we define

y:ﬁ(ﬂf) explicitly as follows:

2The authors used spherical-type coordinates to make the map almost globally defined; here we
just prefer the standard coordinates for simplicity.
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hn
(T yo | = Ty y2) +ys - 1i(yn, v2)

Ys

Y1 —P1

= Yo TYs- | —p2

p(y1, 12) 1
Y —Ys- P T

= | Y2—ys-p2 | = |22 ]|>
p+ys T3

where we denote by p = p(y1,y2), pi = 0ip(y1,¥2),1=1,2, and

N def

(Y1, y2) = (y1>y27P(yl,y2)) € 0f)

T 2T = (1,0, py)

T on

0o & 2T = (0,1, py),

T oy

then the (outward) normal vector at the point 77(y1,y2) € 02 is chosen to be

(Y1, y2) dZEfalﬁx Oo1 = (=p1, —p2,1).

From the above definition we can see that the transformation 1; is “boundary-
flattening” because it maps the points on the boundary {z3=p(z1,x2)} to the plane
{ys = 0}. We also remark that the map is locally well-defined and is a smooth
homeomorphism in a tubular neighborhood of the boundary (see Lemma 15 of [33]

for the rigorous proof).



Directly we compute the Jacobian matrix

A =Dyt = [g_ﬁ =[O0 + y3+ Out; 0o + 3+ Dot 7]
L—ys3-p11 Y3 P12 P
= —ys-p10 I—y3-p2  —p2
£1 P2 1
00008 (5 i
1 0 —m;
=10 1 —po
pP1 P2 1

So we can write out ¥~ as

gL (y,w) — (x,v) = (7;_1(9%14_1“’)

ws P1 P2 1 ws

(1—?/3011) c W1 — Y3P12 - W2 — P1 - W3

wy I—ys-p11 —Ys-prz2 —m wy
wy | —Y3- P12 1—ys3-p2o —pP2 Wa
(93012 cwy + (1—y3paz) - wo — po - ws | =

p1 - w1+ pa - W + ws

U1

V2

U3

75

(2.5.3)
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Restricted on the boundary 02 i.e.,{y3=0}, the map becomes

U1
vy | = wi - O]+ wy - Dol + w3 - 1
U3
1 0 —p w1 w1 — P1-W3
=10 1 —po wy | = Wy — P2-W3
pr op2 1 w3 p1-w1 + parwa + W3

Now we are ready to show the key feature of the transformation U - preserving
the “specular symmetry” on the boundary: it sends any two points (z,v), (z, R.v)
on the phase boundary v = 09 x R? with specular-reflection relation to two points

on {y3=0} x R3 which are also specular-symmetric to each other.

In other words, we have the following commutative diagram (when x € 952 i.e.,

y320)2

from which we can equivalently write

Ail(Ryw) = Rx(Aflw), if y3=0.

This can be verified either geometrically by noticing that n = 017 X 017, so

AT (Ryw) = A N wi, wa, —w3) = w1 - NiT+ wa - o] — w3 - 7

= Rm(wl . 81ﬁ+ wso 82ﬁ+ ws - ﬁ) = Rz (Aflw);



7
or arithmetically using the definition R,v = v — 2(n,-v)n,.

Having this property, the specular reflection boundary condition on the solutions

is also preserved:

ft,y,w) = f(t,y, Rw), on {y;=0},

where R = diag{1,1, —1}, which allows us to construct the mirror extension (as in
the next subsection) that is consistent with this restriction and thus is automatically

satisfied.

To conclude this part, we carry out more computations for later use:

A1 O35
0
D\p—l_{ (x’”)} - - : (2.5.4)
Iy, w)
B | A1
Bd:f@}
LOy
—Y3P1m1 - W1 —Y3pP112 W2 —Y3P12 W1 —Y3P12 W2 —pP11-W1—P12-W2
—pP11-W3 —pP12-Ws3
= | —Y3Pu2 W1 —Y3p12 W2 —Y3P12 W1 —Y3Px2 W2 —P12°W1— P22 W2 | >
—pP12°W3 —pP22°W3

p11-w1 + p12-wWa P12-W1 + Pag-Wo 0
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1
A= det(A1)

(ay

= [y§ (P11P22—P%2) + Ys- (2P1,02,012—P§P11—P%Pm—ml—pm) + (p%—i—p%—i—l)}_l
(14+p3) — y3-pa —pP1P2 T Y3 P12 p1+ Y3+ (p2p12—p1p22)
—pip2 + Y3 P12 (1+p7) = y3-p11 p2 + y3-(pLp12—p2p11)

—p1+ y3'(P1022—02012) —p2 + ?/3'(02011—01012) 1- y3'(Pll +022)

+y3- (p11p22—pla)

C=ATA
y§ ’ (P% +P%2) ?J% '012(011 +/)22) Ys- (Plpn +/)2P12)
—y3-2p11 + (p3+1)  —y3-2p12 + p1p2

= Y3 pra(pri+pa2) Y3+ (PTa+p32) Y- (p1p12+pap2e) |

—y3-2p12 + prp2 —Y3-2p2 + (p3+1)

Yz (p1p1it+p2p12)  y3-(prpi2+pap2n) pi+ps+1
C~1 = AAT = L -C*.
det(C)

Remark 2.5.2. Here we just assume p is (locally) smooth enough and its derivatives
remain uniformly bounded, so that all the coefficients of transformed equations where

the above matrices appear will keep roughly the same size as the original ones.
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Mirror Extension Across the Specular-Reflection Boundary

After flattening the boundary, we then “flip over” f to the upper half space by setting

T def f(tu yla w/)7 if y’ € E_
fty ) = , (2.5.5)

f(ta Rylv RU)/), if yl € E-l—
where R=diag{1, 1, —1}. The similar notation also applies to other variables. Com-
bined with the corresponding partition of unity, we are able to define our solutions in

the whole space (locally).

Remark 2.5.3. The above construction of extension coincides with the specular re-
flection boundary condition, which in turn makes it a well-defined and continuous
extension across the boundary. This observation suggests that, unfortunately, we

cannot apply the same kind of extension to other boundary condition cases.

Also, it is worth pointing out the necessity of “continuity of f across the boundary”
lies in that, on one hand, it ensures f is indeed a solution (at least) in the weak sense in
the whole space (see Section 2.5.2); on the other hand, g will appear in the coefficients
of the ultra-parabolic form, and we require some kind of continuity of the second-order

coeflicient for the S? estimate.
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Transformed Equations

By using the chain rule with our definitions (2.5.1) and (2.5.2) of the transformation

\17, we first compute the transformed equation satisfied by f in the lower half space:3

atf = at.fa

v-Vf = (A7) {A19,F + 5]V}
= w (ATAT)Y, f + (A*lw)T(A[g—Z} AV, f

:w-Vyf+ (ABw) V!,

ag - Vof =dy- (A"VWf) = (Ady) - Vi f,
E,-V,f=E,- (A"V,f) = (AE,) - V.. f,

and

Vo (06Vof) = Vo ([A&GAT} V. f)

See (2.5.4) for explicit definition of A, B, and

E,(t,y) 2 E (1,47 (y)) = E,(t, ),

5G(t7 Y, UJ) = oG (t7 \I_}il(ya U})) = UG<t7 xz, U)'

Based on our construction of the extension (2.5.5), we then go on deriving the

3We use the column vector convention in the following matrix operation expressions.



equation satisfied by f for the upper half space:

w-V,f = (Rw') 'RV, f = v (R'R")V, f = - V, ]
(ABw) - V,.f = (ABRw') - R"V,, f = (RABRW') - Vi f,
(Ady) - Vi f = (4Aa,) - R'Vuf = (RAG,) - Vi f,
(AE,) -V, f = (AB,) - R'V,f = (RAR,) - Vi T,
Vo ([45A"Vof) = Vi - ([RAGA RV T ),
where

A(y) = A(Ry') = Aly),

B(y,w') = B(Ry', Rw') = B(y,w),

and a,, E,, o5 are a,, E,, og defined with (¢,1/,w’), respectively.

81

Summing up the above computations, we now obtain that f satisfies (pointwisely)

the following equation(s) in the lower and upper space, respectively:
at? + w/ : Vy’? - vw’ : (Avw’f) +B- vw’?"— C?,

where the coefficients A, B, and C are piecewise-defined:

R ALY AGLAT, i yeH
Aty w') = )
AY RAG, AR, if y€H,

(2.5.6)

(2.5.7)
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B % ABw' + A, — AE,, if y'cH_
B(t,y',w') = , (2.5.8)

B = RABRw' + RAa, — RAE,, if y'€ H,

—_—

(2.5.9)

Remark 2.5.4. Thanks to our design of the form of transformation (2.5.1) and exten-
sion (2.5.5), the transport operator of the equation remains invariant after change of

variables, which is vital for our future analysis.

It is also worth noting that the new second-order coefficient A preserves the pos-
itivity of oz, and thus the hypo-ellipticity of the equation, since A and R are non-
degenerate. In fact, the second-order term would also be invariant if A = DYZ was
an orthogonal matrix; i.e.,ATA = AAT = I, but that is not necessary in general and

actually unrealizable.

2.5.2 Weak Formulation of Extended Equations

After doing the extension, it is important to make sure that across the boundary the
equation(s) (2.5.6) are satisfied by f in some proper sense (at least in the weak sense).

That means f should satisfy the following weak formation of equation (2.5.6) in the
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whole space:

//RSXR:, — (f)(0)] dy'du’

/ // Os +w'-Vy)p —B- Vo] + Cfo— Vi f - (AVw/gp)}dy’dw’ds.
R3xR3

Normally a weak formation is obtained by multiplying the equation by some suit-
able test function ¢ and then integrating by parts over the domain where the equa-

tion(s) are defined i.e.,(0,¢) x (H_UH,) x R3. This process yields

//ﬁng [(fo)(t) — (F)(0)] dy'du’
L R R R

— /0 /7 fodAds

Here Q€ H_UH,, 5 £ 00 x R3 = (0H_UOH,) x R3, and d7 & (w'- Ny )d Sy dw'.

Remark 2.5.5. The only boundary-integral term I5 = fo f fodAds above comes from
integration by parts in 3/. Note that integration by parts in w’ does not produce any

boundary terms.

Compared with the above definition, this is equivalent to saying that we have to

be sure the boundary term vanishes:

A?gpd& - <//(’9H_><]R3+ //ame) Jolulny)dSydu’ =0,

which is indeed true since

Ft; oy, 0= w') = f(t 95, vh, 0+ w)
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due to continuity of f across the boundary, while the normal vectors at same point

of outer and inner boundary are of opposite directions

ny (Y5 =0—)]or_ = —ny (y5=04+)|om,

plus the coincidence of 3/'-derivative term (transport operator) on two sides.

Therefore, we can now conclude that f is a (weak) solution to the equation (2.5.6)

in the whole space.

2.5.3 Continuity of the Coefficients Across the Boundary

The S? estimate are based on a reformulation of the equation, which is of the form of
a class of kinetic Fokker-Planck equations (also called hypoelliptic or ultraparabolic

of Kolmogorov type) with rough coefficients:

hf+v-Vof =V, - (AV,f)+B-V,f+ Cf.

The properties of the coefficients used in [53] for the estimates to hold are as

follows: if ||g||~ is sufficiently small,

A(t,z,v) = 0g : 3x3 non-negative matrix, but not uniformly elliptic, 0 < (1+

[v]) 3T < A(v) S (14v|)" ' (Lemma 2.4 in [53]); continuous.

def

B(t,z,v) = a, — E, : essentially bounded 3d-vector, ||B[g]|loc < ||g]lcc < 1.

The ellipticity and boundedness of the new coefficients after extension are easy to
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check (look back the transformed equations in Section 2.5.1).

Thus we are left with one main task — checking the VMO continuity of the second-
order coefficient A across the boundary, which is necessary only for the SP estimate

(see Theorem 7.2 and Lemma 7.5 in [53]). A direct computation on (2.5.7) gives

e = |det(A™)] - ¥ * (a+i"?g)
V() = o7 = o 7 (voT)
Oy w) = (wATTAT ) V2T — (wTATTAT )2 (AT T AT,
= (w'Cw) 2.1 — (w"Cw) 3. [A ' ww A", and

wICw

ﬂ(y,w) _—— ’ ﬁ(y,,wl) _ e—w’TRéRw"

Then we have

— ‘det (Z‘l) ‘ : {(w’TRéRw’)’l/ 2, [RMTR} — (WTRCRw') /2. [w'] }

« (m+1'%g) .

Based on our definition, since we have continuity, small L*° bound and decay of G

(i.e. vanishing at infinity), the fact that A € VMO naturally follows.
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2.5.4 Conclusion

By designing a suitable “boundary-flattening” transformation, we are able to extend
our solutions to the whole space for the specular reflection boundary condition case

while preserving the form of transformed equation to the largest extent.

Remark 2.5.6. Essentially, this is a “fake-whole-space” problem and we can still utilize
the bounded domain techniques we developed here. Moreover, we do not need to

worry about the boundary condition any more.

Remark 2.5.7. For problem in bounded domains, if we do not perform domain exten-
sion, then the SP estimates we obtain are merely interior and are possibly not uniform
over the whole domain. Extension helps us to strengthen the estimate uniformity,

which can help close the proof.

In order to utilize S? theory, we only need to make sure the transformed/extended

equation of
Of +w -Vyf— Egaw;wj =3, (2.5.10)
where
S = awﬁgawjﬂa% Vuwf+Cf (2.5.11)
for B and C defined in (2.5.8) and (2.5.9), also satisfies
e (H.1): Ellipticity (eigenvalue bounds) of A = o4: remain equivalent.

e (H.2): Structure of transport operator: the structure of operator is invariant.

e (H3): A= [Eg] € VMO, especially across the boundary.



87

This makes it available to implement S? techniques in this extended domain. Since
the electric field does not change the structure/property of the ultra-parabolic opera-
tor, and the construction of flattening/reflection-transformation only depends on the

geometry of domain €2, our extension trick should preserve these properties above.

Remark 2.5.8. For the SP estimates, we need to estimate the LP norm of (2.5.11)
term by term (in the transformed variable (¢,',w’)). Compared to using the original
variable (t,z,v), for most terms there is no essential difference (almost the same).
The only exception is that we need to raise one more power of weight in estimating

B -V, f due to the extra w’ factor coming from the transformation.

Remark 2.5.9. The extension technique relies on two ingredients: transport operator
and specular reflection boundary. The fact that an external field does not spoil our

extension trick in [30] shows the robustness of our method.

2.6 Some Lemmas for the Ultraparabolic Equa-

tions

2.6.1 Structure of the Ultraparabolic Operator

In order to prove the SP estimates and further regularity results, we rewrite the
linearized equation (2.1.34) so that it takes the form of an ultraparabolic equation
(cf. [1][64]):

Of +v Vuf —0d0u,f =S, (2.6.1)
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where the source term

S(t,z,v) = 8viag(9vjf—l— {ag —Eg} Vo f + {Fgqu (U-Eg)f—l—Q\/ﬁv-Ef} )

Our equation (2.6.1) corresponds to a special case of the class of ultraparabolic op-

erators
mo N
L= ;j(2)Ore, + Y bijxiOs, — 0, (2.6.2)
iv.jzl i,j=1

with mo = 3, N = 6, Z = (X, t) S R6+1, X = (xi>1§i§6 = (U,JJ) € Rg X Ri, and
a;;(z) = ag(t,x,v) = {(IDU * [,u + ,ul/zg(t, x,v)} } (v),
bis = bys = bsg = —1 and the rest of b;; are zeros, so that

N
yZ: Z bijxiaxj —815: —(3t+vvx)

i,j=1

We now verify that the hypothesis made on the coefficients of £ are satisfied in

our case:

(H.1) The matrix of the second-order coefficients

A(z) = [a;;(z)] \<ij<s = o(t,x,v)

is symmetric, and if |||l < € is sufficiently small, there are constants ci,co > 0

such that

ahi(v) n]* < n"A(z)n < cMa(v) |n)?

for every z = (t,z,v) € R®"! and n € R®. Here A;(v),As(v) > 0 are equivalent to
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the eigenvalues of oy , satisfying

(o) = (14 o), Ao(v) = (L+ o))

3

v

Therefore, the principal part of £ is an elliptic operator on R? , also it is uniformly

elliptic restricted on a bounded subset of v € R3. (see Lemma 2.3.3 in Section 2.3)

(H.2) The constant matrix

B .= [blﬂ} 1<i, j<6 = s Bl - 0 —1 0

is upper triangular with » =1, my = m; = 3, and Bj is a 3 x 3 block matrix of

rank 3.

It is known that under the conditions (H.1) and (H.2), the operator L,, obtained
by freezing the coefficients a;; at any fixed point zg € RN is called “hypoelliptic”.
In our case, the equation (2.6.1) is parabolic only in the velocity variable, while the
(Liouville) transport operator ) has a mixing effect in the position-velocity phase
space. We then identify two algebraic-geometric structures in the space of (¢, z,v) €
R; x R3 xR3 associated to £, or more precisely, induced by the transport operator
Y. Note that the “frozen” operators L,, with a constant matrix A = [aijh <i, j<3

are invariant with respect to the following group actions.

Definition 2.6.1 (Group of Translations). For every z := (t,z,v), w := (1,§,v) €

R; xR3 xR?, set the binary operation to be

zow := (t,z,v) 0 (1,{,v) = (t+ 7, 2+ E+T0, 0+ V).
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Then (Rt XR3xR3 o) is a (non-commutative) Lie group with the identity element

0:=(0,0,0), and the inverse of an element is

z7 = (ta,v) = (=t —z+tv, —v).

Also, the left-translation defined by the mapping 7Ty, : z — woz gives a group action

on itself, and so we call this the “left-translation group associated to L£”.

Definition 2.6.2 (Group of Dilations). The group of positive real numbers under
multiplication, denoted by (R, -), defines a group action on R; x R x R?: for any

A>0,it acts on z:= (t,x,v) as

Axz =D\ (t,z,v) = (>\2t, N, )\U) ,

where we can write

D()) := diag(\?, \I3, Aly)

and we call (D())) - the “dilation group associated to L.

A

Remark 2.6.1. (1) The operator L,, is invariant with respect to both group actions

above. For the left-translations, we have

Loy [f(Woz)] = (Laof)(Woz);

with respect to the dilation group (D()\)) in particular, L£,, is homogeneous of

A>07

degree 2:
Log[fAx2)] =X (L f)(A512).

(2) The translation group preserves the Lebesgue measure in R because the
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Jacobian determinant of the transformation 7T,

O(woz)

P =1.

det JTW = '

On the other hand, we will denote by the integer

Q+2 :=1x3+3x3+2=14

the “homogeneous dimension” of R®*! with respect to (D()\)) where ) = 12 is

A>07

called the corresponding “spatial homogeneous dimension”, in view that

det D()\) = A9*2.

We introduce now a quasi-norm and a quasi-distance in the space Ry x R3 x R3 |
related to the groups of translations and dilations defined above. In terms of the
topology generated by this quasi-distance, we will add a compatible Holder condition

on the variable coeflicients for the second-order term.

Definition 2.6.3 (Quasi-Norm). For any z := (t,z,v) € R"1\{0}, define the

“quasi-norm” ||z|| := p to be the unique positive solution to the equation
(A T L
g e T

while if z =0, we set ||z]] =0.

Remark 2.6.2. We call || - || a “quasi-norm” because it does not exactly satisfy the

three requirements to qualify as a usual norm, but instead has the following properties:

(a) Positive-definiteness: ||z|| >0; ||z||=0 < z=0;
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(b) D(X)-homogeneity of degree1 (scalability): ||A=*z| = A|z]|, VA > 0;

(¢) Generalized triangle inequality (subadditivity): ||z o w| < Cy(||z]|+|w]|) for

some constant Cy > 1 depending only on the operator )V;

(d) Bounded inverse (stability): ||z7!|| < Cyl|z|| for some positive constant C, .

With this quasi-norm we associate the “quasi-distance”:

Definition 2.6.4 (Quasi-Distance). For every z := (t,z,v), w := (7,&,v) € RS+
define

d(z,w) := Hw_lo z|| ,

where
w oz = (1,6, v) o (t,1,v) = (t —Tr—&—(t—T)v, v — 1/) .
In addition, we define also the d-ball centered at z with radius r as
B,(z) = {weR" :d(z,w) <r} .

Remark 2.6.3. From Remark 2.6.2 it follows that d is a “quasi-distance” satisfying

the relaxed axioms: there exists some positive constant C'y such that
(a) Positive-definiteness: d(z,w) >0; d(z,w) =0 < z=w;
(b) Quasi-symmetry: % dw,z) <d(z,w) < Cyd(w,z);

(¢) Generalized triangle inequality: d(z, w) < Cy[d(z,y) +d(y,w)].

Moreover, note that 8,(0) = D(r)B;(0) due to the D(\)-homogeneity of degree 1

of || - || (see Remark 2.6.2). Together with the invariance of Lebesgue measure with
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respect to the translation group, and the notion of homogeneous dimension from

det D()\) = A\9*% (see Remark 2.6.1), we have
(1) = 92 m(3,(0)

where m(-) denotes the Lebesgue measure and so m(%81(0)) has the same value as the
volume of the Euclidean unit ball in R, Therefore it implies that (R;xR3xR?, dz, d)

is a homogeneous metric-measure space.

The quasi-distance d induces a topology on R;xR3xR3 in a natural way, which

allows us to define the Holder space C' Lk * and the space VMO, accordingly:

Definition 2.6.5 (C’Ek’o‘ Space). Let II be an open set in R¥*!, We say a real-
valued function f on II satisfies the £-Hélder condition, or has (uniform) £-Holder

continuity, if there exist constants « € (0,1] and M > 0 such that
|f(z) — f(w)| < M|w loz|"
for every z,w € II. In this case, f can be equipped with a semi-norm

|f(2) — f(w)]
o (= SUP —m———— .
Hlegea 3= By w ol
The L£-Hoélder space C/*(II) consists of functions on II having continuous deriva-
tives up to order k and such that the k-th partial derivatives are (uniformly) £-Holder
continuous with exponent «. Additionally, if the function f and its derivatives up
to order k are bounded on the closure of (bounded) II, then the L£-Hélder space

C’Lk “(II) is a Banach space with respect to the norm

1£lloge = 1 fllx + max | D%f| o
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where [ ranges over multi-indices and

= max sup |D?f(z)] .
||f||ok(n) ek ze§| f( )|

Definition 2.6.6 (VMO, Space). For every function f € L] (RNH), we set

loc

11l <= sup . |f2) = fuld.
n(r) = Sup][ £ (2) — fn,|dz.
By

p<r

Then we define

BMO. (RM+!) = {f e LL (RN |If]l. < +oo},

VMO (R™™) 1= {f € BMOE (RY™) sy ny(r) = 0}

Te get the desired a priori estimates, we need to make an additional regularity

assumption on the second-order coefficients of L:

(H.3) The coefficients a;;(z) := o (t, ,v) belong to the space VMO, (the space

of “vanishing mean oscillation” functions with respect to L), i.e.
a;;(z) € VMO, (]Rt xR3 x Ri) .

To have this, it suffices to assume that there are constants a € (0,1] and M’ > 0
such that

|g|cgv°‘ < M.
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2.6.2 Sobolev Estimates for the Ultraparabolic Equation

Before presenting our main lemmas, we define the following Sobolev-type spaces, that

we will denote by S7(II), in order to emphasize their dependence on the operator L.

Definition 2.6.7 (S% Space). Let II € R¥*! be an open set. For p € (1,00), we

define the S% space

SUTD) i= {f € LA(W0) 2 03, f , Ou, S, VI € L), 0,5 =1,2,3}

and assign the norm

=

HfHSZ(H) = <||f”LP(H + HD”fHI;P(H) + Hngf” + HnyLP(]'[)) ) (263)

where ) = —(at +uv- Vm) , and we use the simplified notations

”D f”LP(H = Z ||8szHLp (I1) *

D% oy = ZHé’wvjf!\ip<n>-

i,7=1

Remark 2.6.4. The definition of the S7 space is related to the structure of the oper-
ator L especially the transport operator ), capturing precisely its anisotropy, while

the variable coefficients a;;(z) do not play any role.

Now we provide a key local a priori estimate for the derivatives 0,,,,f and Vf
of solutions to the ultraparabolic equation —Lf = S, if the conditions (H.1) - (H.3)
are fulfilled. The proofs and further references about the results listed below can be

found in [1][64].

Lemma 2.6.1 (Local S% Estimates). Let IT be a bounded open set in R, xR3xR3



96

and f be a solution in 11 to the equation (2.6.1) of the form —Lf = S, where the
ultraparabolic operator L is given by (2.6.2). Suppose that the conditions (H.1)-
(H.3) are verified in 11, and that f € LP(I1), S € LP(II) with p € (1,00).

Then Yf € Ly (1), Oy f € Li (1) (i,j = 1,2,3). More precisely, for

loc loc

every open subset II' CC 1II, there exists a positive constant C depending on
p, dist(I', IT) , eigenvalues (elliptic constant) of A(z), and o, M related to the Hélder

semi-norm of a;;(z), such that

1Yl oy < Cr (ISzean + 1 flzeam) (2.6.4)

D% N oy < Cr (ISHlzeqy + I o) - (2.6.5)

IN

Remark 2.6.5. The proof of this lemma is based on representation formulas derived
from the fundamental solution of £, as well as some singular integral estimates (cf. [1,
Section 2]). Those arguments in the original proof reveals the way how the constant

C: depends on parameters:
01 = OQ(Al,AQ) . 03 (diSt(H/, H), P, &, M) s

where Aj, Ay are the smallest and the largest eigenvalue of A(z), respectively. To be

specific, there exists o' > 0 such that

Co(Ar, As) < C(AT +Ag)™
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2.6.3 The Embedding Theorem for S? Spaces

For the Sobolev-type space S% defined above, we recall some embedding results of
Sobolev and Morrey types, which will play an important role in the proofs in Section
2.7. The proofs and further references about the results listed below can be found in

[1]]64].

Lemma 2.6.2 (Sobolev-Morrey Embedding). Let u € SL(RN) with p € (1,00) .

2

N+1 1 ,
1) If 2p < @Q+2, then u € L™"(RY), where - = a5

1
p

9 i 2> Q42 and p<Q 2, then u e ORI (RYH), where o, = 2922

1

. N+1 s S 1 .
3)if p<Q+2, then O, u € L2(RYT) for i =1,2,3, where o= ok

1
p

1) if p>Q+2, then dyu € CP*(RNTY) for i =1,2,3, where oy = @.

Moreover, the above inclusions are continuous embeddings, (i.e. SH(RNT!) < LI(RNF!)

or SERN*Y) — CE’Q(RN“) for the first two cases).

Corollary 2.6.2.1. Letting N+ 1 =7 and Q) + 2 = 14 for our problem, we have
the following continuous embeddings into Holder spaces: for any u € SE(R,xR3xR3)

with p € (1,00),

1) if T<p<14, then u € CP" (R, xREXRE) with ay =2 - € (0,1), such
that

ulgoer S lullsy

2) if p> 14, then Oyu € CP (R, xR3xR3) for i =1,2,3, with ag =1 — 1;4 €
(0,1), such that

Dutlgges S lullsy -
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Remark 2.6.6. The continuous embeddings above are actually a direct consequence

of the Sobolev-Morrey inequalities.

Finally, we conclude this section by a Gagliardo-Nirenberg type interpolation in-
equality, which gives the bound on the intermediate derivatives D,u from the control

of the highest derivatives D2 u and additional information on the function u itself.

Lemma 2.6.3 (Interpolation I). Let u € SL(II) with p € (1,00), and II being

an open set in RN, For any 0 < € < 1, there exists a constant C. = g > 0
(depending only on p ) such that
[Dutl| iy < el Dovtel| oy + Ce Nl oy - (2.6.6)

2.7 S} Estimates and Holder Continuity

2.7.1 S}, Bound

In this section we prove the S} bound in (2.2.13).

Proposition 2.7.1. With the notations and hypothesis in Proposition 2.2.2, we have

||f||s§((0,T)xQxR3) N (2.7.1)

for some s > 1.

Proof. With the assumption (2.2.9), (in the interior) we have |g|C£,a < g1 for some
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€ (0,1] thanks to Lemma 2.6.2 (and particularly Corollary 2.6.2.1) of the Sobolev-
Morrey embedding, Also, based on the discussion in Section 2.5, (after extension)
A(z) = og(t,z,v) belongs to VMO,. Hence, it satisfies the continuity condition
(H.3).

Thus we may apply Lemma 2.6.1 with

II'=1I,:= (0,7) x O x {v e R’ :n = 1/2 < |v| <n+1/2} ,

M=1L,:= (0,T+1) x Qx {veR*:n—1 < | <n+1},

for all n € N, where Q denotes an extension of the domain €2 beyond the boundary
(constructed in Section 2.5). We also need a time extension for —1 < ¢ < 0 using
the initial data. (see [53, (7.1)] for the construction). In particular, this requires the

initial condition (2.2.1).

Then the local S} estimates give

19 gy < €2 (IS By + 1 W) (2.72)

1028 iy < €2 (IS Wy + 1 W) (2.7.3)
where
S = 0,080, f + {ag — By} - Vuf + {Eyf + (v By)f +2/fiv By}
From Remark 2.6.5 we can write the constant as
C, = C(e1)n* ~ O(n")

for some a > 0, and C(e;) denotes a general positive constant depending on
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|9|C£0va 5 €1 -

Also, we have a standard interpolation (see Lemma 2.6.3)

1Dty < 102y + S A1, - 27

where II can be II, for n = 1,2,--- (and & to be determined later). Therefore, by
(2.7.2)(2.7.3) and (2.7.4),

||f||51’(1‘[/ = ||f||Lp I,) + HD fHLp 1) + HD f“L;D(H’ + ||nyLP )
< Clenn - {11, + 1/, }
< € {000, 7 L,y + (00~ Ba) - e [,

R gy + 11 Ea) A1y + I23/F0 - Bl + 1 }

(2.7.5)

Summing up over |v| ~ n € N the inequality above, we estimate the RHS term

by term :

Z Cler) n™ - || fI1Ls (M) Z n - n—p19H< f”LP(Hn)

neN neN
S H< fH P((0,T)xQxR3) Z np ) (276)
neN
S H fHLP ((0,T)x2xR3) ~

Here we make the infinite series convergent by adding some sufficiently large velocity-

weight with exponent 9 > a + % (so that p(a —9) < —1).

Since ||0u,0 s Nlaglle < llgllee (Corollary 2.3.2.1), and [|Egllec < llgllo

Hoo ~
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(Lemma 2.3.7), we have

AN

AN

IN

AN

AN

> Clenyn - {90080, £,y + 100 = Bo) - Vo I}, }

neN

> 1 [1Dof o,

neN

S (eal|D2 s + 2 1 )

neN

an(“_ﬂ)ngD fHLp ) T Znap n’Pe'~ leHLP(Hn

neN neN

2 DR A S | L) PR S
neN neN

e'ef + 5/71H QﬁfHLP (0,T)xIxR3) *

(2.7.7)

In the second inequality we apply (2.7.4) to each n € N with ¢, = e'n ™, where &'

can be chosen as a suitable small parameter (to be determined later).

Similarly, by Lemma 2.3.6 as well as (2.7.4),

> Clen™ Ky fllfom,

neN

S 3w (W omsseay + 12 oy 167 i, )

S (I oty + 14007 £ e Z ) (278)
S NP5 Ao mxaxesy T & I o myeanms) + €00 FI oo xaxs)

S et + ) 1l omynnns,



102

Using ||Eglloo S |19llec and ||Ef|jze S ||f]lze (see Lemma 2.3.7), we also have

> Cen™ [0 Bo) fll o,y S 22 n™ - n gl )™ £l

neN neN
S 1Hlf”/:p( 0,T)xQxR3) Z nP@=? (2.7.9)
neN
5 1 H 19+1f||Lp( 0,7)xQxR3) *

with z9>a—|—%,and

2061 v Hz\//_“} EfHLpHn S Znap n pﬂ”2 VH - EfHLPHn

neN neN

AN

H2< \/ﬁv Ef (t,z HLP (0, T)xQxR3)  (2.7.10)

HEfHLP ((0,T)x) | (v >19+1\/_ LP(R3)

AN

5 ||f|| ((0,T)xQ2xR3) ~

Combining (2.7.5)—(2.7.10), we obtain (for some J* > 1+ 2a + %)

Hf” (0.T)xOxXRS) S el + ¢ 7(v waLP 0T)xxR3) T et [|(v ﬁHfH ((0,T)x2xR3)

< € Hl(w) f”LP( 0.1)xQxR3) T ofer).

(2.7.11)

Finally, it remains to bound the weighted LP norm: using the standard inter-
polation (for 2 < p < oo, by Holder inequality), followed by the strong (almost-
exponential) L? decay (Theorem 2.4.1, which allows us to utilize the “stronger” initial

condition (2.2.1) with sufficiently large weight, as well as the bootstrap assumption
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(2.2.8) ), we see that

[(v)”

)75, dt

sy = [ OE et < [ 150150
< / (82 foll2 e
T
S e [
0

< P 517’(“2";72).

(2.7.12)

Note that for any k > 1 , the time integral above is uniformly bounded with respect

r(5)

to T'. Hence, upon letting s =1+ 222 > 1 and & = =g = 5{1_1, we deduce
from (2.7.11) and (2.7.12) that | f|[%s o r)oxms) S €17 with s = 5 = 14232 L>1,
which completes the proof. O]

2.7.2 Holder Continuity

As a direct corollary of the S% bound (Proportion 2.7.1) and the embeddings for S

spaces (Corollary 2.6.2.1), we deduce the following uniform Holder Continuity results.

Corollary 2.7.1.1. With the notations and hypothesis in Proposition 2.2.2, we have

that

1) if p> 17, then with alzmin{1,2—%} € (0,1],

‘f|0£0’a1((0,T)><Q><]R3) N £y ; (2.7.13)

2) if p> 14, then with azzl—% €(0,1),

|va|C£’a2((0,T)><Q><R3) Sers (2.7.14)
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where s > 1 can be chosen the same as in Proportion 2.7.1.

2.7.3 L* Bound on V,f

We now point out that Corollary 2.7.1.1 easily contains the bound for ||V, f|/z~ in

(2.2.14), a crucial element to ensure the uniqueness (see Section 2.9 for the proof).

Corollary 2.7.1.2. With the notations and hypothesis in Proposition 2.2.2 (for p >

14 ), we have

| Do flloe 0,y x0xr3) S €7 (2.7.15)

for some s > 1.

Proof. Note also that taking ¢t =7,z =&, v; =v; (j # i) gives ||w_1oz|| = |v;—v4,

and so

— | tim ft,x,v)— f(-  vye0) <sup’f(z)_f(w)|

vi—v; v — Y T azw  ||[wloz||

|00, f

= |f|C£’1 )

provided that the limit exists (almost everywhere) i.e. the derivatives are well-defined

in some (weak) sense.

If p > 14, then this result can be deduced immediately from (2.7.14). ]
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2.8 Pointwise Estimates and Regularity Results

2.8.1 Weighted L*° Decay

So far we have gained control of the energy (L? norm) of our solutions (Theorem 2.4.1)
and have known that they are Holder continuous (Corollary 2.7.1.1). Remembering a
prototype of Gagliardo-Nirenberg interpolation below allows us to conclude that the
solution f actually belongs to some other “intermediate spaces”, and in particular,

is uniformly bounded. (cf. [58, Proposition 12.84])

Lemma 2.8.1 (Interpolation II). Let u : R™ — R be Hélder continuous with expo-
nent 0 < a <1 and such that u € LI(R™) for some 1 < q < oo. Then u belongs
to L"(R™) for all ¢ <r < oo and to C*(R™) for all 0 < 3 < o, with
e 1 N I
1—065

‘U|CO’5(R") < CH“”%Q(R”)‘“’C“”@")’

a+n/r
a+n/q

a—p
a+n/q

for some constant ¢ = c(n,a,q) >0, where 6; = and 6y =

Motivated by these interpolation inequalities above, we further prove the weighted
L% decay bound in (2.2.12) based on our known weighted L? decay and Holder con-
tinuity results. Intuitively, the heuristics is that a continuous function with small
L? norm should have magnitude of comparable size. In fact, it suffices to show the

following;:

Proposition 2.8.2. For any § > 0, there exists € = &(8) > 0 such that if )| f(t)]|2.9, <
e for some ky,91 > 0, and |f|Cga < M with some o € (0,1) and M > 0, then

OF2( f(t)||o,0, < 0, where (14 5)ky <k and (1+ &)y <9y
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Proof. We use the method of contradiction. Assuming the contrary, there exists
8o > 0 such that no matter how small & > 0 is, we always have (&) f(t)]|cos, >

do . In other words, without loss of generality, there is a point z = (t,z,v) where

(Y2 (v)?2 f(t,x,v) > &, or, equivalently,

do

Rl (2.8.1)

ft,z,v) >

From |f|02a < M we have for any point w = (7,&,v),
|f(z) — f(w)| < M|w"o zHa.

Let d (z,w) denote the restriction of the quasi-distance d on the phase-space R3 xR?
where Z := (z,v), W := ({,v). Then (R3xR?, dz, d ) is a homogeneous metric-
measure space with “spatial homogeneous dimension” () = 12. For fixed ¢, consider
a d-disk

Dt

T

@)= {¥ eRIx RS : d(2,W) <}

1
in the phase-space centered at z = (x,v) with radius r = (W) “ . Then for

every point (t,&,v) with w = (,v) € DL(z), we have

do
‘f(t,z,v)—f(t,f,l/ﬂ < W>

which, together with (2.8.1), implies

do

f(t,&v) > S [ (o) (2.8.2)

Also, it is easy to check that (v) ~ (v) in DL(Z) up to an error of O(dy) .
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Now we estimate the weighted L? norm with (given) time-growth:

Ky V)20 Ndvde )
OOl = 00 (] w060 P

2 (00" sy - m(94(2)

0" s () g

_ 601-&-2 <t>k (1+ ) < >191 ( 6)192.

N

12

Letting k1 — (1+£)k, > 0 and ¥ — (14 £) 95 > 0, we obtain

EE ) o, 2 6070 (2.83)

Note that this lower bound is a fixed positive number. However, on the other hand,
our assumption is that (£)¥[|f(¢)||2.s, < € for arbitrarily small ¢ > 0. We thus get

a contradiction. O

2.8.2 Holder Regularity

As a byproduct, we have the following result:

Corollary 2.8.2.1. With the notation and hypothesis in Proposition 2.2.2, we have

Hf”cg’a((O,T)xQx]W) + [Efllcraqomx) S €7 (2.8.4)

for some s > 1, and where « takes the same values as oy in (2.7.13).

Remark 2.8.1. This regularity result actually includes the bound of ||E f||Wt1,oo for f
being a solution to the coupled system, which is an improvement compared to the

L estimate for the Poisson equation in Lemma 2.3.7 .
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Proof. The Hoélder continuity i.e. semi-norm bound (2.7.13) in Corollary 2.7.1.1, to-

gether with the L> bound (2.2.12), gives bound for the Hélder norm Hf|’C£,a :

For the corresponding electric field E; := —V,¢; = V, A7 [ /ufdv =
V. A1p[f], we apply the standard Schauder’s estimates for elliptic equations to
get (cf. [54, Section 4.1])

[Er @] e < [or@)]

e S |1oLA®) | o =

s V M(U) f(t, ) U) dv
< /]Rd V N(U) Hf(t7 '77})"0241 dv
< g [ V@I 5 fllepe

0
Cy”

for any ¢ > 0. Also, by the definition of Hélder norms (see Definition 2.6.5) ,
Bsllcpe < [Bsll e + 0[] o + [0 o
S e +110if [z + 10ef |0 -

In summary, we have

s e < IFllgpe + 10efllcoe -

O

Remark 2.8.2. In a similar manner as Step 5 in the proof of Theorem 2.4.1 and using
the same notation, we take 0; derivative of the equation (2.6.1) (treated as nonlinear

equation), and arrange the resulting equation in the desired ultraparabolic form for

f.

Then we may redo everything for f with apparent modifications. Eventually, we

arrive at the bounds (2.2.12),(2.2.13), and (2.2.14) for f.



109

2.9 Proof of the Main Theorem: Global Well-posedness

In this final section we will prove the global well-posedness of solutions stated in
Theorem 2.2.1, including global existence, uniqueness, and the bounds (2.2.2) —(2.2.6)
global in time. Additionally, by a similar argument as [53] and [30], we can show the

non-negativity of the density-distribution function F'.

2.9.1 Global Regularity

We start with the construction of global solutions to the Vlasov-Poisson-Landau sys-

tem (2.1.8) (2.1.9).

Step 1. Local Existence. The proof of this result is an obvious modification of the
argument in [30, Section 2—5] combined with the standard approximation technique.

Since this is not the major emphasis of this chapter, we will simply record the result.

Theorem 2.9.1 (Local Well-posedness). There exists a sufficiently small constant
o < 1 such that for some large velocity-weight exponent ¥y € R, the initial data

fo(x,v) : Q x R* = R satisfies the smallness assumption

1 follsewo + IVafolloeso + 1VoSollocsn + IV3 follscwy < €0 (2.9.1)

Let Fy(z,v) = p+ /i fo(z,v) > 0 and has the same mass as the Mazwellian 1 .

Then we have the following conclusions:

e (Existence & Uniqueness). There exists a unique solution f(t,z,v) on [0,1] x

Q x R® to the Viasov-Poisson-Landau system (2.1.8)(2.1.9) for perturbation
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with the specular-reflection boundary condition (2.1.20) and the conservation
laws (2.1.24)(2.1.25). Also, F(t,x,v) = p+ /i f(t,x,v) > 0 satisfies the
system (2.1.5)(2.1.7) with (2.1.19).

e (Energy estimates). Moreover, the solution f(t,x,v) satisfies the uniform

weighted energy bounds, for ¥ < 9y — %,

sup Es[f(1)] < Cy&[f(0)] < 2. (2.9.2)

te(0,1]

e (L™ bounds). There is ¥ > 0 such that when ¥ + 9" < 0y, the weighted

pointwise bounds hold:

1F@®)lloon + [[Er @)l S €0 (2.9.3)

for all t €[0,1].

e (S% bounds). For the ST norm defined in (2.6.3), we have

||f||S£((0,1)><Q><]R3) 5 €0 - (294)

e (Regularity results). In addition, it holds that

”fHCOvO‘((O,l)XQXRS) + ||Ef||011a((0,1)x9) 5 €0 (2~9-5)

for some o € (0,1], and

||vvf||L°°((0,1)><Q><]R3) NEE (2.9.6)



111

e O, f also satisfies all the estimates above.

Step 2. Bootstrapping. The global regularity part of the theorem is a consequence
of Proposition 2.2.2 and the local existence result, via a standard bootstrap-continuity

argument.

Define

T.(g) = sup {T > 0 : for every choice of initial data satisfying Ey[f(0)] < ¢, there exists

a solution on [0, 7] achieving the data and satisfying

Eslf(t)] <egfor0<t< T}.

Local well-posedness theorem justifies that such T, > 0 is well-defined. Also, T, is
non-increasing with respect to . Now we claim that there exists 0 < ¢y < € such that
T.(g9) = oo. If this is not true, then 0 < T (gp) < oco. We will show the contradiction

that actually the solution can be extended pass T, (o).

For every Ty € (0,T.), we know there exists a solution achieving the initial data
Eslf(0] < g9 < € and satisfying Ey[f(t)] < e for any 0 < ¢t < Tj. The boostrapping

theorem justifies that now we actually have the improved estimate Ey[f(71)] < €.

Let T be the new initial time. Local well-posedness theorem implies that now we
have extended solution to t € [Ty, T} + T] Since we can always take T} sufficiently

close to T, such that T} + T > T..

Then it remains the verify that for ¢ € [T1, Ty + T, we have E[f(t)] < e1. Local
well-posedness theorem tells us now in the extended interval, we have Ey[f(t)] <

Co&s|f(T71)] < Cyel. Since s > 1, for sufficiently small £1, we always have Cyej < e;.
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Hence, the estimate also holds.

All in all, we extend the solution beyond T, which achieves the initial data and sat-
isfies the estimate Ey[f(t)] < 1. Then this is clearly a contradiction to 7} definition.

Therefore, the claim is proved and the solution exists globally.

2.9.2 Uniqueness

We now prove that the solution is unique.

Proof. Suppose that (f;,E;) and (f2,E2) are two global solutions to the VPL-
specular problem (2.1.8)(2.1.9)(2.1.20) with bounds (2.2.2) - (2.2.6) holding true glob-
ally. Then for i = 1,2, (f;,E;) satisfies

Ofi+v-Vafi+ Lfi—2y/pv-E; = Tf;, il —Ei - Vo fi + (v-Ey) fi, (2.9.7)

where E; := Ef, = —V, ¢, with ¢; := ¢y, solved from the Poisson equation

- 80— [ Vifdv = plf]. 2.0.8)

Note that (2.9.7) has all the linear terms on its LHS, while terms on RHS are the

nonlinearities. Let f = f1 — fo be the difference of two solutions and so E :=

E; — E; = Ef. Then from (2.9.7) we get the equation

Of +v-Vof + Lf —2/iv-E

= {Nﬁfl]*ﬂf%f]} - {E'va1+E2'va~}+{(U'E)f1+ (UEz)f} -
(2.9.9)
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For a similar reason as in the proof of Theorem 2.4.1 (in the energy estimate), we
multiply €2 on both sides of the equation above, so that the last term on RHS can

be merged into the second term on LHS. This way the equation becomes

@(e‘”f) +U'Vx(€¢2f) +L(e¢2f) —2e” /v - E

=L+ o+ I3+ Js,

(2.9.10)

where

Sy = e?T[f, fi] + e T fo, f],
Jy = —{ed’QE-val + e¢2E2-vvf},
Jg = €¢2 (’U . E)fl 5

J4 = €¢2f6t¢2 .

Multiplying both sides of (2.9.10) by <U>2196¢2]? for ¥ < —2 (the same weight power
as in Lemma 2.3.5, in order to apply the estimate (2.3.17) for T'[-, -] term) and

integrating over (z,v) €  x R?, we get

sallemily + 5 [ v {u(ei))
L D UED = [ 2 B
S ARG LR RCECT
L wre Ry [ e

Now we estimate term by term from (2.9.11): We first observe that e ~ 1 since

(2.9.11)

2lloo S |[f2ll0 < 1 (see the proof of Lemma 2.3.7).
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On the LHS, the second term vanishes since

%/QxRSVI'{”(‘f@f)Q} _ %(//%—//7_)(e¢2f)2|v-nx|dvd5m _ 0. (29012)

using the divergence theorem along with the specular boundary condition. By (2.3.15)

in Lemma 2.3.4, the third term can be bounded below as

I[P 1) = (0P D) ) 2 1T 1, - ol I,
(2.9.13)

Also, we move the fourth term to the other side and bound it above using Holder’s

inequality:

//Mg2<v>”<e”’2f>¢ﬁv~E < @) VRl ol Ell, < eI, -
(2.9.14)

The last inequality is valid because

leEll, < 1Bl < (o7, = H/R3\/ﬁfdv )
< [ IVETlde = [ @0l a0
< 16Tl [,

S N fllaw S el

by modifying the proof of Lemma 2.3.7 (with ¢ < —2).
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For the RHS, we estimate

//QXR3<U>219(@¢2f) Jp = //QXRS<U>219(€¢2JF){6¢2 F[f, fl] + e?2 F[fg,f]}
S (Ifllso + 1Dufilloe) [ FIL, + I fallo | 712, (2015)

< eolle”fll,

where we apply (2.3.17) to the first term and (2.3.16) to the second (see Lemma 2.3.5).

Also,

//QxRS <U>219(6¢2J;> J2

— [ @B+ B v
= _//QXR3<U>219(6¢2J?)6¢2E.vvfl + %//QXR3 E, - Vv<<v>”> (e¢2f)2 (2.9.16)

S AD il Bl 6% Fll, o] )], + 1Ballo]|e®F]3,

S e flls -

noting that with ¢ < —2 we have |<’U>19‘2 < 00. In addition,

[ iyn = [ @)oo B

S ||f1||oo,19+1HG@JFHMHe"”]?]”2 (2.9.17)

S e fll5
and

//M3<”>w(e¢2f )i = //QX]RJW”(e@f )t f 0i

< [l0ralloo][e? £, (2.9.18)

S lokallfle 5, S e il -
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Collecting all the estimates in (2.9.12)—(2.9.18) above and plugging them into

(2.9.11), we then absorb 50He¢2inﬂ9 from (2.9.15) into LHS and obtain
d _ ~ _ _
a1 o +lle Flloy = Colle Fllsy < e F 15, -

which further yields
d _ _
gl 1l < Clle L, - (2.9.19)

Hence, by the Gronwall inequality, we have that for every ¢ € [0, 00),
52 52
e F (O], < e le™F(O)]]5,, =0

noticing that f,(0) = f,(0) = fo and thus f(0) = 0. This actually implies that
f (t) =0 for all £ >0, since e?”> > 0 and also due to the continuity of the solutions.

Therefore, we conclude that the solution exists uniquely. O



CHAPTER 'THREE

Modified Wave Operators for the

Wave-Klein-Gordon System
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3.1 Introduction

3.1.1 The Wave-Klein-Gordon System

In this chapter we are interested in the global behavior of the Wave-Klein-Gordon

(W-KG) system in 3 + 1 space-time dimensions:

—Ou = A“"9,v05v + Dv?,
(3.1.1)

(-O0+ 1)v = uB*?0,05v + Fuv,

where (J:= —92+ A is the d’Alembert operator. The unknowns u,v : Rf x R3 — R
are real-valued functions, and A%?, B’ D and E are real constants. Without loss of
generality we may assume that A% = A% and B*’ = BP* «,3€{0,1,2,3}. For

convenience we will also assume that B =0 .!

Our main focus is the description of asymptotic behavior for small solutions to a
prototype of the above system:

(0 — ANu = |V 0> + 02,
(3.1.2)

02— A+1)v = ulv.
t

This coupled system consists of a semi-linear wave equation for v and a quasi-linear

Klein-Gordon equation for v .

! This can be achieved by adding some higher order terms in the second equation in (3.1.1), which
do not change the analysis.
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3.1.2 Background and Motivation

The system (3.1.1) was derived by LeFloch-Ma [56] as a simplified model for the
Einstein-Klein-Gordon (E-KG) system, which describes the coupled evolution of the
Lorentzian metric and a self-gravitating massive scalar field. We refer to LeFloch-Ma

[56, 57], lonescu-Pausader [45, 46, 47] and Wang [70] for more details.

Consider an Einstein field equation for an unknown space-time (M, g)
1
Gag = Rag — §R 8as = Ta/j, (313)

where G5 is the Einstein tensor, g is a Lorentzian metric, R,z is the Ricci tensor
and R is the scalar curvature, and 7,3 is the energy-momentum tensor of matter in

the space. In the presence of massive field ¢, T,z is given by

Top := DatDgtp — gaﬁ( WD+ %) (3.1.4)

where D denotes covariant derivatives. Using Bianchi identities D*G, = 0, we may

derive the evolution of the massive scalar field v as

Ogt) —1h = 0, (3.1.5)

where Oy = g*’D,Ds. If we choose the wave coordinates satisfying —Ogz® =

0 for a=0,1,2,3, then (g, ) satisfies the Einstein-Klein-Gordon system

wQ
Rap = DatDpth = -8ap: (3.1.6)

Ogyp — ¢ = 0. (3.1.7)
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Further under the harmonic gauge, the above system reduces to

~Og8ap = 2000051 + 1°gas — Fi (8, 08) =0, (3.1.8)

—Ogp + ¢ =0, (3.1.9)
where ﬁg ;= g*%9,05, and F, EBQ(g, 0g) contains all higher-order terms.

The global stability and asymptotic behavior of the Minkowski space-time are
central topics in general relativity. The small data global well-posedness, regularity
and stability of the Einstein-Klein-Gordon system were studied in LeFloch-Ma [57],

Tonescu-Pausader [46] and Wang [70].

Heuristically, in the Einstein-Klein-Gordon system, if we replace the deviation of
the Lorentzian metric g from the Minkowski metric by a scalar function u, replace
the massive scalar field 1) by v, and neglect the higher-order interactions involving
(i.e. ignoring Ff;(g, 0g)), we arrive at the Wave-Klein-Gordon system (3.1.1).

The small data global well-posedness, regularity and stability of the Wave-Klein-
Gordon system were studied in LeFloch-Ma [56], Ionescu-Pausader [45], Dong-Wyatt
[14]. The lower-dimensional results can be found in Ma [60, 59], Ifrim-Stingo [42] and
Stingo [66]. Some earlier results on wave and Klein-Gordon type equations can be

found in Georgiev [21] and Katayama [50].

Roughly speaking, LeFloch-Ma [56, 57|, Wang [70], and Dong-Wyatt [14] used
a refined hyperbolic foliation method (see also LeFloch-Ma [55]), which requires re-
stricted initial data (e.g. compactly supported). This restriction can be slightly lifted

to treat more general data (see Ma [61] for a model equation).

On the other hand, Tonescu-Pausader [45, 46, 47] relies on the so-called space-time
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resonance method. It combines the energy method and Fourier analysis to study
the global well-posedness of quasi-linear dispersive equations. Generally speaking,
energy method combined with vector fields may handle the higher-order regularity
terms, and Fourier analysis with normal forms could justify the dispersive decay of
lower-regularity terms. This method has been proven to be very effective in many
kinds of nonlinear dispersive equations. We refer to Delort-Fang [6], Delort-Fang-
Xue [7], Germain-Masmoudi-Shatah [22, 23], Gustafson-Nakanishi-Tsai [37], Deng
[8], Deng-lonescu-Pausader [9], Deng-lonescu-Pausader-Pusateri [10], Guo-Ionescu-
Pausader [31], Guo-Pausader [34], Ionescu-Pausader [43, 44], Deng-Pusateri [11], and
Tonescu-Pusateri [48]. In this work, we will follow this path to study the long-time

behavior of the Wave-Klein-Gordon system.

3.1.3 Main Result

The Wave-Klein-Gordon system does not have a null structure, but it presents an
intricate resonant pattern, which is reflected in the asymptotic behavior. Ionescu-
Pausader [45, Remark 1.3] pointed out the modification to linear scattering for the

Wave-Klein-Gordon system. We interpret their result as follows.

Theorem 3.1.1 (Modified Scattering). Let (u,v) be a global solution of the system

(3.1.2). Then there exists a scattering profile (V2*, VE9) such that

: s it Vv wa —
th_glo H (0, —i|V|)u(t) —e Ve L 0, (3.1.10)
and
- . (V) HOEY) k||
tliglo H((’?t (V))u(t) —e Ve L 0, (3.1.11)
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where O(t, V) is a phase-correction operator depending on u.

Remark 3.1.1. This theorem indicates that the wave component u scatters linearly

and the Klein-Gordon component v undergoes nonlinear scattering.

In this chapter, we will focus on the the converse statement — existence of wave
operators, namely that every possible asymptotic behavior is achieved. More pre-
cisely, we intend to justify that any asymptotic dynamic arises in a unique way as the

limit of a solution to the W-KG system.

Theorem 3.1.2 (Main Theorem — Modified Wave Operator, informal version). As-
sume the scattering data (V2*(x), VE9(x)) is sufficiently small under suitable weighted

Sobolev-type norms. Then there exists a unique global solution (u,v) of the system

(3.1.2) such that

tli)r& H (at 3 ’v| )u(t) i e—it|V| (Vgga + 7:[00@)) ’ Lo =0, (3.1.12)
and
lim H (8 — i(V))u(t) — e U=l (3.1.13)
t—o0 L2

Here Hoo(t, ) is a function depending on VX9 and D (t,V) is a phase-correction

operator that explicitly depends on (V2 V).

Remark 3.1.2. We would like to make a few remarks:

(1) This theorem is just an informal version and the precise statement of the the-
orem (Theorem 3.2.1) is in Section 3.2.6. H is the inverse Fourier transform
of Ho defined in (3.2.65) and Dy (t, V) is the operator corresponding to a
modification Dy (t,€) of the free Klein-Gordon dispersion (see (3.2.68) for the

definition).
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—_

(2) In the Fourier space, D(t, &) is a real-valued nonlinear function of V4Y which
takes into account the low-frequency part of @ In particular, the fact that
|Doo(t,€)| — o0 as t — oo indicates a genuine nonlinear scattering for the KG

component.

(3) Compared with Theorem 3.1.1, we may notice that Theorem 3.1.2 has an extra
term Hoo (which is ~ O(1) as t — oo). This term actually provides a more
precise description of the asymptotic behavior for the Wave-Klein-Gordon sys-
tem. In fact, the notation VX* in the two theorems does not refer to the same
quantity. Instead, we may write ‘7;”?1 = V¥ + H,, + fast-decaying term, for

@ in Theorem 3.1.1 and V¥ in Theorem 3.1.2.

(4) Our result also applies to the original W-KG system (3.1.1). For simplicity we
will work with the model system (3.1.2), but all our arguments can be carried

out for the general case (3.1.1) as well.

3.1.4 Difficulties and Methods

The energy structure for the Wave-Klein-Gordon system can be explained heuristi-
cally as follows (see Ionescu-Pausader [45, Section 1.3.1]): The structure of the W-KG

system is characterized by the bilinear interactions

Wave +— KG x KG

KG + Wave x KG
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Let £ be a commutative vector field and 0 be either time or space derivative. Then

applying £ to the Wave-Klein-Gordon system (3.1.2) yields

O(L[u])

12

ov - L]ov], (3.1.14)

(O +1)(Lv]) ~ Llu] - % + u- L[0%]. (3.1.15)

It is clear that the order of derivatives for the nonlinear terms are imbalanced. Since

the standard energy estimate may only control
[1£[0u]l[ > and [[L]v]][ g1, (3.1.16)

then we have difficulty bounding £[u]-9*v (in the sense that £[u] is not included in the
energy and 9%v cannot be handled via integration by parts). Notice that u - £[0?v]
may be handled using integration by parts in the energy estimate, so we will not

4

discuss it in the following. To overcome the above difficulty, lonescu-Pausader [45]

1
introduced |V|™2 term in the energy structure of the wave equation.

I and the Klein-Gordon component

Ideally, the wave component ||u||y ke S (t)~
0]l yrkee S (t)~2 based on the standard dispersive estimates. For the wave equation,

energy estimate implies

) (3.1.17)

V|2 EWHH < H|V|-% (81} - E[c%])

HL2

S (021100 g 1€100]1 2 S (B LBV

~J

for the frequency |£| = (¢)~!. On the other hand, for the Klein-Gordon equation,
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energy estimate implies

LW S €0 - 02| S ||1V17% (19172 £low]) - 0% (3.1.18)

L2

S 04 020 | 19172 2loul| s 0!

V175 £lou]| |
L2
for the frequency [£| = (t)~!. Now if we can control the energy
1
H|V| 25[3“]HL2 and |[L[o]||1 . (3.1.19)
we may close the bootstrapping.

In the above analysis, we leave out the part with frequency [¢] < (¢)7'. This
cannot be handled by the energy structure with dispersive estimate, and this part
will not decay to zero as t — co. In other words, in the long run, only the part with
€] < (t)7! will play a role in the asymptotic behavior. In the Wave-Klein-Gordon

system, we will extract this part and call it a resonant system for (uf*, vf9).

For the modified wave operator, we assume that the initial data for the resonant
system has been prescribed, i.e. (uf* v#9) is given. We intend to construct a solution
(u,v) to the Wave-Klein-Gordon system (3.1.2) such that u®¥ — u and v — v as
t — o0o. Denote g¥% = u — u® and ¢ = v — v, We insert it into the Wave-Klein-
Gordon system (3.1.2) to get an equation for (g*¢, g*). This equation has similar
structure as (3.1.2) with some extra terms:

Og"“* = —0uf™ + |9g"* + oulS|* + |g** + u™|*
(3.1.20)
(O+1)g" = —(O+ Dv + (" + u™)A(g" + v5).

We will design a fixed-point argument such that (g*¢, g*9) is well-posed for t € [T, 00)
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and satisfies

lim g"*(t) = lim g™ (t) = 0. (3.1.21)

t—o0

The nonlinear terms can be further divided into three categories: quadratic terms
(two components are both g*® or g*9), linear terms (one component is g** or g*¥ and

the other one is u®¥ or vf9),

and forcing terms (two components are both u®% or
vF9). In particular, the most difficult estimate lies in the forcing terms, and we have

to delicately utilize the cancellation with the resonant system.

Compared with Ionescu-Pausader [45], where they allow the solutions to grow

mildly in energy norms as t — oo (i.e. nonlinear estimate is like (t)~1+°)

, our case
is more challenging, in the sense that we must prove (g“?, g*9) decays as t — oo (i.e.
nonlinear estimate is like (t)~17%). The faster decay rate is extremely crucial for our
proof. This is particularly difficult for the forcing terms since the resonant system at
most decays at (t)~!, so we must delicately analyze the difference between the forcing

terms and the resonant part —Ouf®® and —(O + 1)v®% in (3.1.20), and eliminate the

low-frequency contributions.

To summarize, the key to our proof is the energy estimate and analysis of the
three types of nonlinear terms. The most difficult terms are forcing terms related to
the resonant system. In particular, we focus on controlling the perturbation globally
using a combination of tools from Fourier and harmonic analysis (Fourier transform,
dyadic decomposition), oscillatory integrals (non-stationary/stationary phase analy-
sis), bilinear estimates (pseudo-products operators with singular multipliers), ODE
and geometric methods (normal forms, vector fields), and delicately designed function

spaces and decay rate.
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3.2 Setup of the Problem

3.2.1 Reformulation of the Equations: Duhamel’s Formula

Throughout this chapter the Fourier transform is defined as

fiey = 7106 = em 7 [ e fa)de. (3.2.)

Define the operators on R?

N =V = FZUEE, A= (V)= VNEF1=Z1OF, (322)

which relate to the dispersion relations for the wave and Klein-Gordon equation,

respectively.

We denote also the corresponding multipliers in frequency space by

Awa,+(§) - Awa(é) = |§| ) Akg,—f—(f) = Akg(g) = <§> =V ’§|2 + 17

Awa,— (5) == _Awa,-i-(f) 5 Ak’g,—(f) = _Akg,‘i-(g) :

(3.2.3)

The (complex-valued) normalized solutions U™, U* of the system (3.1.2) are

defined by

U (t) := [0y — iAwa] ult), UR(t) := [0, — iAgg] (1), (3.2.4)
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along with
gwet .= ywe Ukst .= Uhs
_ - (3.2.5)
Uve= = Uwe = [0 + iAya) u(t), Uk .= Uks = [0, + i) v(t),
so that the solutions u, v can be recovered from U"* U*9 by the formulas
Opu = L (Uv@ 4+ Twa) = Re (U™) , O = 3(UR + Uks) = Re (U") ,
Ayou = 4 (Uve — Uwa) = —Im (U) , Aggv = $(U* — Uks) = —Im (U*9) ,

u:m(U“’“—W):—W%'Im(UW), v:m(ng—W):—W%Im(ng) )
(3.2.6)

Conjugating with the linear propagator operator e := Z 1" .Z  we define

the associated profiles V%, V* by
VW (t) i= ethwewe(y) VRI(t) = e 9 (1) (3.2.7)

and denote also

Vwa,+ = Jwe — eit|V\ Uwa<t) 7 ng,+ — ng _ eit(V) ng(t) ’
L L (3.2.8)
Vwa— .— Jwa — o=it|V] W(i) 7 Vko— .= kg = o—it(V) ng(t) :
which under the Fourier transform become
VRt g) = AT E), V(1) = o1 TM(1,6),
(3.2.9)

W(t, £) = o itlél W(t7 £), {ﬁ;(t’ £) = e~ 1t(&) W(t, €).
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Remark 3.2.1. From the above definition we can see that

— —
——— —_— =

Ve (t,€) = Voar (t,€) = Vwart(t, —), VAo~ (t,€) = VRar(t,€) = Vka+(t, —€).
(3.2.10)

Now we reformulate the system (3.1.2) to derive the Duhamel’s formulas for Vwa
and Vs, Observing that both equations in (3.1.2) are of hyperbolic and dispersive
type with quadratic nonlinearities, we first write them in terms of the normalized
variables U"?, U* as quadratic dispersive equations of the form

(0 + iAye) UM = N = Q"% (v,v) := |V pv|* + 07,

(3.2.11)
(0r +1Aky) UM = N = QM (u,v) := ulw,

where the (quadratic) nonlinearities can be expressed as pseudo-product operators

Nwa — azxéan) (U U) _ Zﬂii(ngi Uk:g :I:)
(3.2.12)
Nk’g — Tkg Z bkg []kg7 Uwa,:l:)

ii

of the general form

Tem(f.0) = F10(f19) = 7 / m(E,m) FE—man) dn

with the symbol-type multiplier m(&,n) carrying information of the quadratic inter-

action (e.g. dispersion/wave-type, derivatives).

Since the normalized solutions U®, U*9 display oscillations itself, and we want to
isolate all the oscillations in a unique factor e*®&"  we then need to introduce the

profiles V¢ Vk9 as in (3.2.7) so that (3.2.11) can be rewritten in terms of the new
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unknowns as

atvwa _ eitAwana — e 1tAwa 27;1;11 :FltAknggvi7e:FltAknggvj:) , (3213)
OV = Mo NKI = ko N " TR (oFilhko ko E Fithwa vty (3.2.14)
+,+

from which we see that V“ V*9 evolve purely nonlinearly (which is more stable).

Taking the Fourier transform (combined with its differentiation and product-

convolution properties) and using the formulas (3.2.6) and identities (3.2.9), we obtain

OV ua(t,€) = MO we = N~ TP [yhen yho] (¢ ¢), (3.2.15)
L1,L2€{+,—}
DT = O = 3 L[V yeen)g),  (3216)
v1,e26{+,—}
where

L2 (RG] ne) = jent [ e a0 FenGiman,

(I)L;;f (&n) == Awal§) — Akg,n(g_n) — Nigois (1)

= [&] = u(€—n) — aln),

(E-n)-n—1
(E=mn)
(3.2.17)

aub2(§777) = Akg(£ n)Akg( )[(5_77) /i 1} = 141100
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and
L1t2 1 _3 i di1e2 ~ -~
L) [F.6)(0.6) = 30m) 3 [ @506 Pt e-nO(tn) dn,

(I)Lligb2 &n) = Akg(g) - Akg,n(g_n) — Nuwan ()
(3.2.18)

= (&) — u(—n) —wlnl,

E—n]? |€—n)?
b,,.,(&n) = = L NS N
Em) = e g Rt~ 2 e

In later proofs we will also use the notation I[F, G] for the same expression as I[F, G],

1.e.

—_

L. [F.G)te) =100 [F,G(t,9),

—_—

L. [F.Glt¢) =1, [F,G]@,¢).

Our analysis is largely based on the nonlinear phases ®“**  which measure the

quadratic interactions between different wave-types.

3.2.2 Vector Fields

The major component of our analysis relies on the energy estimates for the system

(3.1.2). These energy estimates involve vector fields, which correspond to the sym-

metries of the linearized equations.

We denote by 9y := 0, and 0; := 0,, for ¢ = 1,2,3. Define the Lorentz vector



132

fields I'; and the rotation vector fields €2,
Fj = (L’jat + taj, ij = flfj(i)k - xk(’?j, (3219)

for j,k = 1,2,3. These vector fields commute with both the wave operator —[]
and the Klein-Gordon operator —[J + 1. For any multi-index a = (a1, as, a3) € N3,

b= (b1,by,b3) € N°, with |a| = 37, a;, [b] = Y27, b;, we define

j=1
[ :=TPrery, Q=R (3.2.20)
For any n € N, define V,, as the set of differential operators of the form

V, = {L =T |a| + |b] < n} . (3.2.21)

Define U#® and U}? in a similar manner as U** and U*, with £L[u] instead of u
and L[v] instead of v. The same notation applies to all the other variables, like V**
and Vﬁkg :

UE(t) = (0 — iMua) (L)) (B), UL (E) = (9 — 1hg) (L)) (D),
(3.2.22)

VEe(t) i= ethwa e (t), VEI(t) = et U (1),

Similarly, the functions L[u], L]v] can be recovered from the normalized variables

Uwe U by the formulas

O(Llu]) = & (Vg + UF") = Re (U£") (L)) = §(UE +UE') = Re(U)
Mol Llu]) = & (Up ~TF") = ~Im (Ug*) ,  AuglLlo]) = 4 (UF — U ) = ~Im(UL).
Llu] = 5 (U —TF7) = — i Im (U2") . Lo = 5= (U — U ) = — &5 Im(U)?)

(3.2.23)
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With the definitions above, the system (3.2.11) yields, for any £ € V,,

(0 + iApa)UR* = NP = L[|V p0]* + 07,
(3.2.24)

(0 + 1A UL = N3 = LulAv].

For any smooth function f(z), we define f.(z) when the vector field £ is applied
to f. Note that in our formulation, all the variables can be categorized into three
levels: (u,v) level; (U™ U) level; (V¥ Vk9) level. f is typically a function at
(Vwa Vk9) level, but £ can only be directly applied at (u,v) level, so fr # L[f].

Instead, we have to go back and forth between the three levels. To be specific, for

example,
Vﬁwa _ eitAwa (at . iAwa)E [f <e—it/\wavwa . eitAwaW>:| , (3225)
Vﬁkg — eitAkg (at o lAk;g)E |:2ng <e—it/\kgvkg _ eitl\kgm):| . (3226)

3.2.3 Resonant System

We now discuss the main intuition behind the derivation of the “resonant system”
which drives the asymptotic behavior of our original system. As explained in Sec-
tion 3.2.1, we will focus on the evolution of Vwa and Ve by looking at the Duhamel’s

formulas (3.2.15) and (3.2.16).
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Quadratic Phases

In (3.2.15) and (3.2.16), the behavior of the oscillatory integral is largely characterized

by the phase functions ®;:> and @ ?. which have the general form

Dy RPXR® = R, (3.2.27)

Doy (§,1) = Ao (§) = M€ — 1) = Au(n)

for

o, pu,v € P :={(wa,+), (wa,—), (kg,+), (kg,—)}. (3.2.28)

In fact, our resonant /stationary-phase analysis is based on essentially only one type

of quadratic phase functions

(&1, &) = Arg(&1) £ Agg(&2) £ Awal&s +&2) (3.2.29)

= (1) £ (&2) £ & + &,

which has the lower bound

&1+ &

(61, &)| 2 : 3.2.30
N2 e el (6230
Based on (3.2.17) and (3.2.18), if |£[,|€ — |, || € [0,b] for b > 1, then
| D (&m)| > Il | DY (& m)| > Inl (3.2.31)
wa 777 - 4b27 kg 777 - 4b2 L.

Therefore, we expect that the interactions where the wave component has very small
frequencies, in particular when t|£| < 1 or t|n| < 1, will play an important role in

the analysis.
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Analysis of the Resonances

Recall that (3.2.15) and (3.2.16) yield Duhamel’s formulas of the form

V(t,¢) = //Rg e ED (e, )V (s, 1)V (s,7) dnds. (3.2.32)

In order to prove long-range scattering, it is desirable to control the above oscillatory
integral uniformly in time. From the viewpoint of “stationary phase”, we may want
to take advantage of the oscillating factor €*®&m . This can create rapid decay as
time becomes large (and thus yields smallness), except on the sets where the phase

is stationary in either of the integration variables:

e Time resonant set 7 := {({,) € R* x R® : ®(¢,n) = 0} — stationary over

time s.
e Space resonant set S := {(¢,) € R¥ xR?: V,®(,n) =0} — stationary in 7.

e Space-time resonant set R :=7 NS — stationary in both s and 7.

Therefore the main contribution of (3.2.32) comes from those points where both ®

and V,® vanish.
By (3.2.31), (3.2.17) and (3.2.18), we can verify that for ®?:

R=T=ocCcS={=2n} for 1o =++,—,
(3.2.33)

R=T=8={=0} for 1119 = +—, —+,
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Lt |
and for & ~:

R=T=2CS={n=0} for 1119 = —+, ——,
(3.2.34)

R=T=8={n=0} for ty190 = ++,+ — .
We call it the “non-resonant” case if R = T = @, for which we can handle using
the normal form method (integration by parts in time). The rest (11t = +—, —4 for
Wave and 119 = ++, +— for KG) are called the “resonant” case, which is the part

that contributes to the “resonant system”.

Extraction of the “Resonant System”

Our general approach of obtaining the principal part of ‘A/(t, ¢) will be to first restrict
the integral in the Duhamel’s formula near the resonant set and then analyzing the
resulting contribution: the “resonant system” emerges from the reduction of (3.2.15)
and (3.2.16) to resonant interactions. Below we give a schematic description of our

main steps.

Step 1: Low-Frequency Outputs for Wave Component. As discussed in the
previous section, for the wave equation, we will focus on the resonant case 1110 =
+—, —+ (when the two inputs have the opposite signs) and look at the contribution

of low-frequency outputs:

€] S (67 (3.2.35)



137

To be precise, we may take a cutoff function (see the rigorous definition of p<( in

Section 3.2.5)

p<o(E)F). (3.2.36)

The cutoff is made time-dependent (shrinking as ¢t — oo) in order to trade size of
support for time decay. Here the exponent % is a convenient number slightly smaller

than 1 (which is chosen from later proofs).

We start from (3.2.15) with (¢1,02) = (+,—) or (—,+) when |{| is small. By

Taylor expansion with respect to & up to the first order (here 1o = —¢1),
D (€)= €] = 1 (€—n) — walm) = [&] = {(€=m) — ()} (3.2.37)
f’ n . ®L1L2,0
~ |£| Tl = wa (é?ﬁ)

(n)

On the other hand, taking £ = 0, we get

Ay, (€,1) ~ 2, (3.2.38)

F(t,6—n) ~ F(t,—n). (3.2.39)

Substitute all the elements above into (3.2.17) and let

g 1 . -, — —
I."t¢) = 5(%)‘% /R 3 e ua En kot (¢t ) Ve~ (t,7) d, (3.2.40)
—+ 1 ppp— — —
L. 0= 5ent [ @i Pty (3:241)
R

7,0 L. —_— —_—
By change of variable 1 +— —n in I;a and noticing that V*9:=(t, —n) = Vkot(t,n),
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we see that

wa

. 1 (6] Em) ——— —
L. "09= sen? [ THVsanio-e -nd (3242
R
Vo2 [ at(a-£) [Tk (e |
= semt [ ) VR )| an,
R3

-+, 1 : it(1€]-52) |7 ko 2
L9 = gen [ 8 | a (3249
R3

Finally, tagging the low-frequency cutoff, we arrive at

h(t.€) = peo(6®?) - {I0. 1.0 + L .0 (3.2.44)
= ) Epa(e®?) [ ) [T )| an
We further define
H(.6) = peo(elt)) - {70.0) + [ his. 90 (3:2.45)

5. [ s [ [ o650 [T (s,
— vanle?) {70, + en) [ [ 8 [T anas .
0o Jrs
Remark 3.2.2. We expect that, roughly speaking, W(t,ﬁ) ~ H(t,¢) and
B, Vwa(t,€) = h(t,€) + R(t,¢). (3.2.46)

Here R™* should be a remainder which has sufficiently fast time decay in some suitable
norm (see (3.2.98) and (3.2.99)) to guarantee convergence to the resonant system. In
other words, the low-frequency outputs of wave component contribute a bulk term A

that decays at a critical rate (t)~! (see Lemma 3.4.15).
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Step 2: High-Low Interactions and “Phase Shift” for KG Component.
The next step is to measure the feedback contribution of the low-frequency bulk

h(t,&) to the nonlinear interactions of the Klein-Gordon equation.

This time for the Klein-Gordon equation, we focus on the resonant case ty19 =

++, +— (when one of the inputs is V*97) and look at the high-low interactions:

Il < (&) (<€D (3.2.47)

We start from (3.2.16) with (t1,¢2) = (+,4) or (+,—) when || is small. By

Taylor expansion with respect to n up to the first order (here 1; = +),

DL (& m) = (&) — (&—n) —waln| = {(&) — (=)} — 2 0] (3.2.48)
Sl -l = @),
On the other hand, taking n = 0, we get

|€|

bﬂz(f?n) ~> < > | | (3.2.49)
Vkot(t,€—n) ~ Vh(t,€). (3.2.50)

Moreover, we formally replace the low-frequency part of m(t, n) by the contribu-
tion coming from H*(¢,n), where H*(t,n) = H(t,n) = H~(t,—n) is given by (3.2.45).

Note that H(t,n) contains a cutoff p<o(n(t >§) Let
I+L2’1 1 -3 it<1>+‘2’°(§n ’§| kg L2
kg,0 (tag) 4(27T) 2 5 S < > ’n‘v (t f)H (t 77) d777 (3251)
R

= lo— —*|£| kg (Tﬂﬂﬂm)l L2
e Ve [ ) g ay
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By change of variable n — —n in I kg0 » We have

omy L s /R3 o) Ly dan  (3.2.52)

Lo (16 = - @ o

4(

_ o1l -t (3-1) L gy

fen TR [ e ) ay

Hence,

10,0+ T3 0 = St 7. [ e L g an)

{€)

(3.2.53)
where we let
1 s el {/ it( 52 —jnl) L }
C(t, &) = =(2m) 2 -Im e\ @) __H(t,n)dn . 3.2.54
(.8 = 5m) 2 75 g oy 1 (6 ) dn (3.2.54)
Remark 3.2.3. We will see that (3.2.16) can be written as
AVFI(t€) = 1C(,E) - VR(1,€) + RY(1,0). (3.2.55)

where R is a remainder which decays sufficiently fast in time in some suitable norm
(see (3.2.100) and (3.2.101)). In particular, C(t¢,€) is not integrable in time (see
Lemma 3.4.19). This shows that the KG component is essentially transported by the
low frequencies of wave bulk. Eventually, we will renormalize V*9 to incorporate this
modification via a phase correction/shift using the fact that C(¢,&) € R. This is a
similar phenomenon to the one occurring in the scattering-critical equations, such as
the critical nonlinear Schrodinger equations and 2D water waves (see [39, 51, 38, 48,

49)).
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Step 3: The Resonant System and Long-Time Asymptotics. Collecting all
the contributions from previous steps (see (3.2.46) and (3.2.55)), we extract the “res-

onant system” as

B, Vwa(t &) ~ h(t,£), (3.2.56)
B VEI(t,€) ~ iC(L,€) - VFa(t,€), (3.2.57)
and further deduce that
- - :
V(e €) ~ V(0 €) + /0 h(s, €) ds, (3.2.58)
Vha(t,€) ~ ePEOVE(0, €), (3.2.59)

where the phase correction

D(t,§) ::/O C(s,&)ds (3.2.60)

is a real-valued nonlinear function of V*¢ which takes into account the low-frequency
part of wave component. In particular, it grows mildly to infinity in time (see
Lemma 3.4.20), and therefore will lead to genuine nonlinear scattering for the KG

component.

The asymptotic dynamics and modified scattering for the W-KG system can be

explained heuristically as follows:

(1) The wave and Klein-Gordon components are generated linearly by initial data;

(2) The KG component interacts with itself in the wave equation to produce a
large low-frequency wave component |u(t,z)| ~ t~'e? (if t > 1 and |z| < ct)

supported at low frequency [&| < 1/t;
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(3) In the Klein-Gordon equation, this large low-frequency wave component inter-
acts again with the high frequencies of the Klein-Gordon component to produce

a “phase shift”.

The “Asymptotic Profile”

Now that we have identified the asymptotic system (the so-called “resonant system”)
that governs long-time behavior of the W-KG system, our next step is to construct
from there an “asymptotic profile” (which still depends on t) as the limit of a nonlinear

profile V as t — oo.

Let the (V¥ Vk9) be the initial data, i.e.

oo ) o

—_

Vwa(0,6) = Vme(€), Vk(0,€) = VAY(€). (3.2.61)

Motivated by (3.2.58)(3.2.59), we define the “asymptotic profile” (¥ ¥*9) (which

can be understood as an asymptotic approximation of (V% Vk9)) as follows:

Twa(t,€) = V(&) + Hoo(t, ), (3.2.62)
Pha(1,€) == oP=COVH(¢), (3.2.63)
where
3 7 : EnN T o 2
Poolt,€) = (2m)Fpo (€(1)7) - / =) v () [t (3.2.64)
RS
Heoo(t, &) == /thoo(s,f) ds, (3.2.65)
0

Haa(t,€) 1= oo (§(1)F) -{ V" () + Hae (1.6) | (3.2.66)



143

and

Coolt,€) = %(zw)—i‘% Im{/R eit(f?_m)ﬁHm(t,n) dn} , (3.2.67)
Dot €) i /0 Cou(s,€) ds. (3.2.68)

Remark 3.2.4. For all functions above, we also define its positive and negative coun-

terpart in the same way as VE: for a complex-valued function S (t,€), let g?f(t, €)=

S(t,€) and 5~ (t,€) == S(t, —¢).

3.2.4 Equations of Perturbation

In this subsection, we will take the difference between the profile (V¥ V*9) of so-
lutions and the asymptotic profile (¥ #*9) as our perturbation unknown, and

derive the equations for this new unknown. We represent the perturbation G**(t, ),

G*9(t,z) by
Gua(t,€) = Vwa(t, ) — (@(5) + Hoolt, 5)) , (3.2.69)
Gha(t,€) = Vha(t, €) - (emw“@i’z\g(&) + %ooa,f)) . (3.2.70)

Here B (t,£) comes from contributions of the non-resonant part and is given by

Boo(t,€) := —/ (Pt =Pl (s, ) ds, (3.2.71)
t
bocl(t.6) = > I;f[e—mgo“vﬂvo’zgv—,ﬂgg. (3.2.72)
e{+,—}

Remark 3.2.5. From (3.2.69) and (3.2.70) we see that Gua = Vwa — Jwa and Gk~
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Vhe — 77’“\9; the latter is slightly different compared with the expression (3.2.63) of #*9.
In particular, it contains a non-resonant contribution 8.,. This is due to technical
difficulties in nonlinear estimates (see Section 3.6). Roughly speaking, though being

~1 and will be captured by the asymptotic analysis.

non-resonant, b, decays like (t)
However, it will not affect the final result since the time integral 8., decays like
(t)=§ (see Lemma 3.4.25). In other words, the the estimate of non-resonant part will

improve upon taking time integration.

Our goal is to show that given any resonant system starting from (V. V*9) there
exists a unique solution (V%% V*9) to the W-KG system such that their difference
goes to zero under some proper topology (which we will specify in Section 3.2.5) as

t — o0, i.e.

lim G(t,€) =0, Jim Gho(t,€) = 0. (3.2.73)
—00

t—o0

Inserting (3.2.69)(3.2.70) into (3.2.15)(3.2.16), we obtain the system for (G*¢, G*9)

9,Gve = — (3.2.74)

S T [Glar g R g Gl ¢ R g
+ wa |GF9H TRV 4B GRote TRV B2 |
L17L2€{+77}

and

—

S I Gren WD kg | gan Grears 4 R0E | 4y
+ kg Gg,1+e OOVOO +%007G 72+V00 +Hoo )
L17L2€{+»7}
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with final data
Gua(00,6) =0, GH (0o, &) =0. (3.2.76)

It suffices to consider the well-posedness of (G¥*, G*) as solutions to (3.2.74)(3.2.75)

(3.2.76).

3.2.5 Definition and Notation

Throughout the chapter, C' will generally denote a universal constant that may vary
from line to line. The notation A < B means that A < CB for some universal

constant C' > 0; we will use 2 and ~ in a similar standard way.

Littlewood-Paley Projections

In order to make the following analysis more precise, we need a good way of local-
ization in Fourier space and physical space, which then allows us to quantify the

variables in terms of time.

We first use a standard (inhomogeneous) dyadic decomposition of the indicator

t

function 1 (0,400

) to localize in ¢. Fix a smooth cutoff function 7 : Ry — [0,1] sup-

ported in [0,2] and equal to 1 in [0, 1], and define for any m € N,

Tm(t) == 7(t/2™) —7(t/2™7Y), m>1;
+oo (3.2.77)
(1) =1=) 7ul(t) =7(t),
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so that the sequence of functions {Tm(t)}meN has the properties

supp7o C [0,2], suppr, C 271,27 (m > 1), Zrm(t) =1. (3.2.78)

m=0

In other words, in the support of 7,, we have t &~ 2™. Also, we choose the function

7 in such a way that |7/ (¢)] < 27™.

Also, we introduce the (homogeneous) dyadic decomposition? in three dimensions.
Fix a smooth radial cutoff function ¢ : R® — [0,1] that equals 1 for |z| < 1 and
vanishes for |z| > 2. For any k € Z, denote by kT := max(k,0) and k= :=
min(k,0). Let

or(2) == gp(z/Zk) —(z/2" Y, keZ (3.2.79)

be a sequence of functions with the properties

suppypr C {z € R : |z| € [2M71, 2511} ngk(z) =1 (zeR*{0}), (3.2.80)

so that in the support of ;, we have |z| ~ 2F. We define also

vr(z) = Z vr(z) forany I C R,

kelnZ

P<A = Peoo,d]s  PoA = PlAtoc) s  P<A = Pleoo,d)y  P>A = P(A400) forany A€ R.

Let

T ={(k,j) €L XLy : k+j>0 ie j>—k}.

2The homogeneous dyadic decomposition differs from the inhomogeneous one in that it decom-
poses also near the origin.
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Given any k € Z, for any (k,j) € J , we further define

Pj s j > —k~ ;
pH =3 (3.2.81)
p<j, J=—k7,

and notice that, for any fixed k € Z,

Z gpg-k)(z) =1 (zeR*\{0}).

jz—k~

Definition 3.2.1 (Littlewood-Paley Projections). (1) Let Py (k € Z) denote the

standard Littlewood-Paley projection on R? defined by the Fourier multiplier &

Sok<§>:
Poi=Fon(©) F,  Puf(€) = el F(E). (3.2.82)

Similarly, for any A € R, define the operator P<4 (resp. P-4) on R? by the Fourier

multiplier & — p<a(§) (resp. = p>a(§)).

(2) For (k,j) € J, let the operator @), be defined as

Qinf(x) == ¢} Pif(x). (3.2.83)

(3) For (k,j) € J, let the operator 2j; be defined as

Dirf(x) = Pr-2,k+2 {<P§-k)' Pkf} (x). (3.2.84)
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(4) Furthermore, let

Quinf = > Quif: (3.2.85)
k<<

Depnf= Y. 2wl (3.2.86)
k- <i<

Remark 3.2.6. (i) In our case we have A(§) = w(|{]), so we will focus on quantifying
the “energy” |£|. The direction is also important, but can usually be recovered by

commuting with the rotation vector fields.

(ii) In view of the Heisenberg’s uncertainty principle®, the operators @z are

relevant only when 2728 >1 ie. j+k 2 0, which explains the definitions above.

(iii) The Littlewood—Paley operators give a decomposition of the identity (at least

formally):

Y P=id, Y Rf=1;

keZ keZ
> Q=P Y Quf=Y_PBf=/[; (3.2.87)
Jj2—k= (k.J)eg keZ
> 2y =P, Zgjkf d Pf=7f.
> —k— kj)eT keZ

31t states that the more precisely the position (in physical space) of some particle is determined,
the less precisely its momentum (frequency) can be known, and vice versa.
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Norms and Function Spaces

Set the parameters

Ny :=40, N;:=3, d:=10, §=10"1°
N(0) := Ny, N(n):= Ny —dn,

H(0) := 800, H(n):=800—200n,
and

Hyy(n) = Hyy(n) = H(n +1),

., (n) = N (n) = N(n) 5.

Time-Independent Norms. We define the norms characterizing time-independent
data (designed for (V¥¢ V%9)). Assume f(z) is a function of certain regularity defined
for z € R3. Define f; as in (3.2.25) and (3.2.26).

Define the “data spaces”

Yo={f:lf

y, <00} (3.2.88)
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for 1 = 1, 2, with the norms

‘= sup su \V4 2 H 3.2.89
£, = sup sup |[IV17% £ (32:89)
+ sup sup sup (QN("2)’“+2§ H%&JE‘ ) ),

n<N1—1LeV, le{1,2,3} k€Z Lg
1£lly, = sup sup 1 fell grven-s) (3.2.90)
Ny LEVy,

+ sup sup  sup (QN(” L HSOka&fﬁ‘ )
n<N1—1LeV, e{1,2,3} kEZ ?

Time-Dependent Norms. Next we define the time-dependent norms. Assume

f(t,z) is a function of certain regularity defined for ¢ € [1,00) and z € R3.

Define the “working spaces” (to run the fixed-point argument on G*® and G*9)

Xi={f:Ifllx, <oo} (3.2.91)
for 1 = 1, 2, with the norms
1fllx, = flls, £ N fll7y,  (for G*%), (3.2.92)
1, =1 lls, + I fllg,  (for G™), (3.2.93)
where
_1
Iflls, == sup sup sup ((t>H(”)‘5H!V1 chH > (3.2.94)
t€[l,00) n<Ny LEV, HN(n)
£l o= s sup sup s (@700 o, T ).
te[l,00) n<N1—1 LEV,,,£€{1,2,3} kEZ L

(3.2.95)
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and
1flls, = sup sup sup (<>H““5ufﬁngwm>), (3.2.96)
te[l,00) n<N1 LEV),
o= sp sup supsup ({2 o 7| )
tel,00) n<N1—1 LV, £€{1,2,3} kEZ L?

(3.2.97)

We also need to introduce the auxiliary norms measuring corresponding variables

with time derivatives (for 9,G*® and 9,G*9):

HfHSi ;= sup Ssup sup (<t>1+H1/1/;a(n)62Nwa(n) ng;Jg’ 2), (3.2.98)
Lg

t€[1,00) <Ny LEV,

Ifll = sup  sup M)chwwmmmw—ka<nM@®‘
' tel,00) n<N1—1 LEV, £€{1,2,3} kEZ

(3.2.99)

and

Il i= sup sup sup ( ()!52 500 [, 7
2 te[l,00) n<Ny LEV,

J, (3.2.100)

{

1 n + —i —_~
|flz;:= sup sup  sup sup (<>ff N 0, (e 0O )| 2).
2 te[l,00) n<N1—1 LEV,, £e{1,2,3} kEL Lg

(3.2.101)

Remark 3.2.7. Roughly speaking, the designed X; norms indicate that the perturba-
tion (G*%, G*) decays mildly in time in certain Sobolev-type and weighted L? norms.
Notice also that there is an energy hierarchy expressed in terms of the parameters
H(n) (for decay rate) and N(n) (for regularity /weight), in the sense that the vari-
ables with more vector fields are allowed to decay slightly slower than those with

fewer vector fields, in weaker Sobolev spaces.

2
LE

)
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3.2.6 Main Theorem and Proposition

As a counterpart of the forward problem, in this work we establish the existence
of wave operators, namely that any (modified) asymptotic profile leads to a unique

global nonlinear solution that converges to it.

Provided that (V2 V*) € Y; xY; is given. Our goal is to justify that (3.2.74)(3.2.75)

(3.2.76) can uniquely determine a solution (G%*, G*9). Below is our main theorem.
Theorem 3.2.1 (Main Theorem — Modified Wave Operator, precise version). There
exists g > 0 such that if the scattering data (V2 V) € Y| x Yy satisfies

Vet (|, + Ve, < <o, (3.2.102)

then there exists a unique solution (u,v) of the system (3.1.2) on t € [1,00) with the

associated profile (Vwa, ng) € X1 x Xy satisfying
[Vee — el o+ |[VR =9 S e, (3.2.103)
where the asymptotic profile (V™ V%) is explicitly given by (VX V) through

(3.2.62) —(3.2.68).

Remark 3.2.8. Since X; norms contain time growth, the above theorem actually im-
plies that V' and ¥ demonstrate the same asymptotic behavior in certain norm as

t — oo.

Theorem 3.2.1 follows from a fixed-point argument. Our main task is to prove the

following bootstrap proposition.

Proposition 3.2.2. There ezists g > 0 (sufficiently small) such that for any 0 <
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€§80; Zf

Veelly, S IIVa&lly, Se (3.2.104)
ey, Se 6™y, S e
then we have the improved bound
ey, + 6%y, < e (3.2.105)

The rest of this paper is concerned with the proof of Proposition 3.2.2, which con-

sists of Proposition 3.7.4, Proposition 3.7.5, Proposition 3.8.4 and Proposition 3.8.5.

Remark 3.2.9. Based on Lemma 3.4.25, we know |[Booll;2 < 2(t)~s+. Hence, the

presence of B, in (3.2.70) will not affect the main result.

3.2.7 Strategy of the Proof

In order to close the fixed-point argument, we plan to attack it in two steps:

e Step 1: Nonlinearity Estimates.
We first estimate the right-hand side nonlinear terms in (3.2.74) and (3.2.75).
The quadratic terms 1[G, G] and linear terms I[G,#] may be handled with
standard dispersive estimates. However, the forcing terms I[”V ,¥] is much
more delicate. This relies on a frequency decomposition, where we have to
utilize the resonant terms h. and C. to cancel out the slow-decaying low-
frequency contributions, integration by parts in 77 for the high-frequency terms,

and stationary-phase argument to handle the non-resonant terms. A direct
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consequence of this step is the estimate of time derivatives of the unknowns, i.e.

S! and 7T} norms bound.

e Step 2: Solution Estimates.

Then we turn back to the bound of the original solution itself in .S; and 7T; norm.

Here actually we treat them in completely different fashion.

— Energy estimates: S; norm is the classical energy norm, so we resort to
the energy structure of the perturbation equation, which heavily relies on

the trilinear estimates and S; norm bounds.

— Vector fields: T; norm is much trickier. We utilize the Lorentz vector
fields to generate a relation in the mild formulation (note that we cannot
directly take O, derivative in the mild formulation since it will hit the
phase function and generate (t) growth), which is closely related to T!

)

bounds.

In this procedure, we need to utilize both the normal forms and vector fields. Normal
form method helps to improve estimates of time integrals; vector fields help improve
dispersive estimates. We will delicately analyze all kinds of terms showing up in
the resonant system and the perturbation equations, and these estimates actually

constitute most part of this chapter.

Remark 3.2.10. Essentially, our proof mainly relies on the energy estimates in Sobolev
space. Since we use the normal form transformation (integration by parts in time),
in turn we must estimate the time derivatives. Since we need 2, estimate and
integration by parts in 7, we also require &, derivative estimates (Lemma 3.3.16) and

vector fields (Lemma 3.3.11).
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3.2.8 Organization

This chapter is organized as follows: in Section 3 and Section 4, we present some
preliminary lemmas and a priori estimates on the solution and data; in Section 5 and
Section 6, we discuss the nonlinear estimate for S; and 7] norms using the Duhamel’s
formula without time integration; finally, in Section 7 and Section 8, we study the

energy estimates for S; norms and the regularity estimates for 7; norms.

3.3 Preliminaries: Some Lemmas

In this section, we record several preliminary lemmas and analytical tools. Most of

them can be found in Ionescu-Pausader [45], so we will omit the proofs.

3.3.1 Basic Analytic Tools

Lemma 3.3.1 (Stationary Phase). Let ¢(z) € C*(R™) and a(z) € C(R"). xq is the
only non-degenerate critical point of ¢, that is V,¢(xo) = 0 and det (V2¢(x0)) # 0.

Then for t € R™, we have

' 5 ité(zo) i 9
/ elt<15(96)a(ac)cuj — (Q_W) © T engn(vm(xo)) (a(xo) + O(t‘1)> as t — oo.
' P |det (Vi) |

(3.3.1)

Here sgn(A) represents the number of positive eigenvalues minus the number of neg-

atwe eigenvalues.
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Proof. This is basically an integration by parts argument. See Evans [19, Section

4.5.3] and Stein-Shakarchi [65, Section 8.2]. O

Lemma 3.3.2 (Non-Stationary Phase). (i) For ¢(n) € L*(R") with ¢ # 0, we

have

. 1 .
ist) st
e i1/}88(6 ). (3.3.2)

(it) For (n) € H'(R™) with Vb # 0, we have

1

eisd) —
. 2
is [V,

Vb - V, (€Y, (3.3.3)

Proof. These rely on direct computation, so we omit the proof. O

Remark 3.3.1. The identity (3.3.2) is mainly used to perform integration by parts in
the temporal variable, and (3.3.3) is mainly used to perform integration by parts in

the frequency variables.
Lemma 3.3.3. For f,g € L? satisfying
fl@)= > Puf(x), gx)= > Puglx), (3.3.4)
ki=—c0 ko=—00
we have that for k € Z,

Pi(fg) ~ Z Pk((Pklf)<szg)> (3.3.5)

klszZk

+ Z Pk<(Pk1f)(Pk2g)>+ Z Pk((Pk1f)(Pk29)>'

ki1~k>ko+2 ko~k>ky+2

The summation is over all possible combination of ky, ko € 7Z.



Proof. Let h(x) = f(x)g(x). Hence,

~ ~

e = (F+a)(©) = | Fie—natnan

Hence, we actually want to find the region that

€l € 2" 2M,je—ml e 207,20, nf € 27T, 2.

Then if k; ~ ko, we know
€ =l + [n] ~ [2mextk)H o],
which means k ~ kj ~ ky. Otherwise, if |k; — ko| > 2, we have

’5 _ 77‘ + |?7’ ~ [Qmax(k17k2)+l’ 2max(k:1,k2)—1]

Y

which means k ~ max(ky, k2).
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(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)

]

Remark 3.3.2. This lemma provides the effective region of convolution in frequency

space. For convenience, we denote this set for fixed k € Z by

Xk::{(kl,k2)€Z2:k1:k22k or ki ~k>ky+2 or k22k2k1+2},

and we will frequently take the summation over (ki, k2) € xx (sometimes we simply

write for short as >, , ).

We record the following basic inequalities used repeatedly in the nonlinear esti-

martes.
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Lemma 3.3.4 (Young’s Inequality). Suppose that f € LP(R3) and g € LY(R3) and

1 1 1
4 =14=

5 3.3.10
p g r ( )
with 1 < p,q,r < oco. Then we have

1 gl S AN o llall o - (3.3.11)
Proof. See Duoandikoetxea [15, Corollary 1.21]. O

Lemma 3.3.5 (Minkowski’s Integral Inequality). Given measure spaces (X, u) and

(Y, v) with o-finite measures. Then for 1 < p < oo,

( /X pdu(m)>; < /Y ( /X |f<x,y)|pdu(x))’l’dy(y>. (3.3.12)

Proof. See Duoandikoetxea [15, Page xviii]. O

/Y f(z,y)dv(y)

3.3.2 Preliminary Estimates

Lemma 3.3.6 (Bilinear Estimates). (i) Assume that £ > 2, fi,-+- , fo, fex1 € L*(R3),

and M : (R3)* — C is a continuously compactly supported function. Then

M, &) &) - o) forn (=& -+ — E)dé - - &, (3.3.13)

' (RB)Z

ST M oy Wl = el el oees
1 1

1
for any exponent py,--- ,ps, pes1 € [1,00] satisfying — + -+ — + — = 1.
n Pe Dot
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1 1 1
(ZZ) [f q,p1,p2 € [1’ OO] Satzsfymg - =—+ 7 then
9 P P2

Hﬁ]< Wﬂuamﬂma—g—mmo

S HfgilMHLl(RSXW) ”fHLm HgHLP2 .
La

(3.3.14)

Proof. This is lonescu-Pausader [45, Lemma 3.2]. O

Lemma 3.3.7 (Lower Bound for Quadratic Phases). Let ®" and @' be the
quadratic phases giwen in (3.2.17) and (3.2.18). Assume |£],|n|,|§ —n| € [0,b] for

b>1. Then we have

e €] i il
[P &m| = g5 PR En] = 4y (3.3.15)
Proof. This is Ionescu-Pausader [45, Lemma 3.3]. O

Lemma 3.3.8 (Lorentz Vector Fields). Assume p € {wa, kg} and
(& +iA)U = N, (3.3.16)
on [1,00) x R3. If V(t) = e U and ¢ € {1,2,3}, then for any t € [1,00), we have

DU (,€) = i(06N) (1,€) + ¢8O0 [, (&) (1,€)] (3.3.17)

Proof. This is Ionescu-Pausader [45, Lemma 6.1]. O
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3.3.3 Linear Estimates

This subsection is about the linear estimates either in the physical space or in the
frequency space. In the following lemmas, o > 0 denotes a sufficiently small constant.
When it is present, the inequality constant might depend on ¢. Also, for all rotation

vector fields €2,

o= Y 12 f e - (3.3.18)

laf<1

Lemma 3.3.9. For any f € L*(R?), (k,j) € J and « € (Z,)3, we have

HDg jkaLQ < glali ijf’ " "Dggjkf“Lw s2V | 28| . (3319)
¢ é ¢ ¢
Proof. This is lonescu-Pausader [45, (3.17)]. O
Lemma 3.3.10. For any f € L*(R®) and (k,j) € J, we have
| @7 - 25| < 29270 1B e (3.3.20)
¢
Proof. This is Tonescu-Pausader [45, (3.21)]. O
Lemma 3.3.11. For any f € L*(R?) and (k,j) € J, we have
— N J ey 2GR
|27 . < min{2% Qs I, 282725 Qe gy } - (3:3.21)
¢

Proof. This is Ionescu-Pausader [45, (3.18)]. O
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Lemma 3.3.12 (Dispersive Estimates). For any f € L*(R?) and (k,j) € J, we have

—itAwa . 3k 3k 5\ —
e 2 f | S min {2%, 2% 270) 7 L 1Q 2

. : 5 SJ 2
70 2 f|| o S min {232k’ 2423 3} 1650 F 2

Proof. This is lonescu-Pausader [45, (3.24),(3.28)].

Lemma 3.3.13. For any f € L*(R?) and (k,j) € J, if |t| > 1, we have

e e 25 f||, . S (t)~'os (1 + 2”“(1&))§ Qi SNl o> if 2 < (1),

k
2

e it @ f| . S (1122 if 29 < (¢)22 s,

o

e’
é

Proof. This is lonescu-Pausader [45, (3.26),(3.27)].

(3.3.22)

(3.3.23)

(3.3.24)

(3.3.25)

Lemma 3.3.14. For any f € L*(R3) and (k,j) € J, if 1 < 22*"=2(t), we have

He_itAngjk:f“Loo 5 <t>—%25k+2—k72% <1 + 22k57 <t>>§ ||Q]kf||H%1 , Zf 2] S 2/4:7 <t>,

He—it/\kgggjkf”lloo < <t>—g25k+

Qund|| . i ¥ 51
3

Proof. This is Ionescu-Pausader [45, (3.29),(3.30)].

Lemma 3.3.15. For any 1 < p < oo, we have

|@wt| < |t
Lr Lr

|@<at|| |7,
Lr Lpr

(3.3.26)

(3.3.27)

(3.3.28)

(3.3.29)
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Proof. Since Qi f = ¢§k) - Ppf, we know

—

@l = [ (= n B n (3.3.30)

Hence,

ol || s B ||l 3.3.31
e, = 7, 1, aam
In particular, { gpgk) H ;1 S 1 uniformly in j by scaling invariance. O

Remark 3.3.3. This lemma indicates that we can use P} to bound @);;. A natural

corollary is that we can use @), to bound 2.

Lemma 3.3.16. For f € L*(R®) and k € Z, let

(3.3.32)

A= 1B+ S o)
/=1

)
2
Le

b= (X @1l ) (33.33)

j=—k~
Then for any k € Z,
AcS Y B, (3.3.34)
Ik —h|<d
and
s pren A if k>0,
B, < Zlk k<4 k|k,k/| (3.3.35)
Zk’/EZ Akl27 2 Zf k S 0.
Proof. This is Tonescu-Pausader [45, Lemma 3.5]. O

Remark 3.3.4. Roughly speaking, this lemma means that Ay ~ By, i.e. they are



163

comparable.

3.3.4 Nonlinear Estimates
Lemma 3.3.17. For f,g € L*(R3), we have

fe 2 min{ky k2,
| [P . Pag]|| , S 230058 | P fll 2 | Pragl (3.3.36)
13

and

[T [t Pras]|, < mim { 5 Pr e I Peale 10 Al e P -
3

(3.3.37)

Proof. Note that

~

L [P d Pug] = | 500, ¢ (o (- Fe.6-0) (pu03temn) dr

R3

(3.3.38)

Since |a,,,,(&,n)| < 1, a,,,, will not play a role in the estimate.

Using Young’s inequality with (p,q,7) = (2,2, 00), we have

H%Ig; [Pklf; szg]

o SR Pl ([ o) o

3
< 228 [P fll 2 1Pragl e



164

and with (p,q,r) = (2,1,2), we have

HSOkIZ;Q [Pi, f, szg]’

3
o S P flle [Pyl S 227 || Py fl 2 1 Pl e - (3.3.40)
3

Similarly, we may show that

L1t 3
s [P £ Pragl ||, < 255 186 f 12 | Prsolle- (3.3.41)
13

Hence, (3.3.36) is justified. On the other hand, (3.3.37) follows from Lemma 3.3.6

with <p17p27Q> = (OO7272) or <p17p27Q) = (27 0, 2) L

Lemma 3.3.18. For f,g € L*(R?), we have

loLi [P s, Pug] |, < 23 mntiskebatig= By s | Poglly . (33.42)
3
and
loLy [P, Pl (3.3.43)

£

< okig—he min{ ||efitAkng1fHLoo 1 Prall g2 s 11 P | 2 ”eiitAMPk?g”Loo }

Proof. Note that for |€—n| ~ 2% and |n| =~ 2%, |b,,,,(&,7)| < 2M27%2. Then the rest

is similar to the proofs of (3.3.36) and (3.3.37). O

Lemma 3.3.19. For f,g,h € L*(R?), we have

‘ //R s &P (€, 1) Py F(€ —1) Py () Pib () dndé (3.3.44)

3 min
<98 (kk1,k2) ||Pk1ﬂ|L2 ||szg||L2 “Pkb”L2 )
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and

k1

it m Baie-n st Pib(e) ands (3345
RS xR
< min { e By ] 1Pl 18 e 1Pl [l Po] . 1P

1P Fle [ Paglye e Poo] .. ).

Proof. This is a direct consequence of Lemma 3.3.17. O

Lemma 3.3.20. For f,g,h € L*(R3), we have

’ // b€ ) Puf(€ ) P (n) PUb(€) ddg (3.3.46)

S 2amintkkgh ok | Bl || Pl e (| Pibl o

and

k1

' //R o O BE BT —n)Pr,a(n)Peb(€) dndé ' (3.3.47)

SoMah min{ |74 P §|| o 1Pra8ll 2 1 Peb 2 5 1 P ll 2 |7 Pryg|| oo (1 PeBl 12

1Pl | Pragl o le 7 Pib | -

Proof. This is a direct consequence of Lemma 3.3.18. O
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3.4 A Priori Estimates

Let

X(t;n) = (t)"HM? (3.4.1)
Y (k,t;n) = (t) " HrFDog=Nnt Dkt (3.4.2)
Z(k;n) := 2~ N=2k" (3.4.3)

3.4.1 L? Estimates of G** and G*

Lemma 3.4.1. Assume (3.2.104) holds. Then for any L € V,, with 0 < n < Ny,

sop ([ w17¢ czeco)

)|
LEVn,

) S eX(t;n), (3.4.4)

HN(n) H HN(n)

and for any 0 <n < Ny —1,

—_—

et G|, + 27 |ede G|
3

L2

(2
sup sup | 22
€

) SeY(k,t;n).
LEVn 0e{1,2,3} keL

(3.4.5)

Proof. This can be directly obtained from (3.2.104) based on the definition of X; and

X, norms. O

Remark 3.4.1. Using the definition of Sobolev spaces with Fourier transform, this

lemma actually yields the L? bound for G** and G*9. For any k € Z and for any



OSnSNh

HPkG%a(t) HLQ < eX(t n)Q%kQ—N(n)lﬁ’

| PG ()] 2 S X (85 m)27 VAT,
and for any 0 <n < Ny — 1,

| erde Gt

<eY(k t;n)2 2k,
L

<eY(k,t;n)27"

kg
[rdecz],,
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(3.4.6)

(3.4.7)

(3.4.8)

(3.4.9)

Lemma 3.4.2. Assume (3.2.104) holds. Then for any L € V,, with0 <n < N; —1

and (k,j) € J, we have

27| QG (1) o S €Y (k,t;n)27 3",

2j||ijG'Zg(t)||L2 <eY(k, t;n)27F"
and

|P.GE(t)]] o S €Y (k,t;m)27 3Rk,

PGP ()|, S €Y (k,t;n)27" 28

(3.4.10)

(3.4.11)

(3.4.12)

(3.4.13)

Proof. (3.4.10)(3.4.11) are direct consequences of Remark 3.4.1 and (3.3.35). Sum-

ming over j > —k~, we get (3.4.12)(3.4.13).

]

Lemma 3.4.3. Assume (3.2.104) holds. Then for any L € V,, with0 <n < N; —1
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and (k,j) € J, we have

[ BGee(t)|) 2 S ety HO o~ (Nm—3)k g3k" (3.4.14)
PG (t)]| . S ety Hnthog=NmkT k™, (3.4.15)

Proof. These follow from a combination of Remark 3.4.1 (if £ > 0) and Lemma 3.4.2

(if k < 0). 0

Remark 3.4.2. Lemma 3.4.3 is an improved version for Remark 3.4.1. In particular,
“2F77 in (3.4.15) is favorable when k < 0. We will use these bounds in Lemma 3.4.3

repeatedly in the following energy estimates.

3.4.2 L™ Estimates of G¥* and G*9

Lemma 3.4.4. Assume (3.2.104) holds. Then for any L € V,, with 0 <n < N; —1
and (k,j) € J, we have

e 00 @ G0 5 Y (ki i {270, ()7} 2 (34.16)

HefitAngjkGlzg(t)”Loo < 8Y(k,t;n) min {Q%k, 231#231‘ (t>*%}2*j2*k+' (3.4‘17)

Proof. Combining Lemma 3.3.12 and Lemma 3.4.2 yields these bounds. O]

Lemma 3.4.5. Assume (3.2.104) holds. Then for any L € V,, withn < Ny — 1 and
(k,7) € J, we have

3 Jle e 2,6 (1)), S Y (K #in) min {2”, ln(t>(t>‘1}2k, (3.4.18)

Jj=—k~

> [le 0 2GR (1)]| . S &Y (k. tsm) min {28285, 28728 )71k (3.4.10)

Jj=—k=
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Proof. Summing up (3.4.16) in Lemma 3.4.4, we have

3 fle e 2,680, SeY(kitn) Y min{Q‘j,(t>_1}2k. (3.4.20)

j2—k— j=—k~

For the first term in the minimum of (3.4.18), we naturally have

> e e 2y Gre||,. S Y (kitin) Y 2728 SeY(k tn)2t 28 (3.4.21)

j=>—k= j>—k—

For the second term in the minimum, we divide it into two cases:

o If 279 > (t)~!, then since —k~ > 0, there are at most In(t) such j. Hence, by

(3.4.20) we have the summation

> le e 2G| e S Y (K, tn) Int) (1) 12", (3.4.22)

23> (1)1

e If 277 < (t)7!, then we naturally have

efitAw“Qszua N S EY(k, t; TL) 2*3'2’C S {—jY(/{I, t; TL) <t>*12k.
J L

2-i<(t)~1 273<(t)~!

(3.4.23)
Summarizing the above two cases, we arrive at the desired result (3.4.18).
On the other hand, for (3.4.19), we have from (3.4.17) that

3 He_im’“gc@jkGlZg <SeY(ktin) Y min{z%z—jr’“*,22k*2%<t>‘3}.
LOO

Jj2—k= jz—k~

(3.4.24)
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For the first term in the minimum of (3.4.24), we have

S He—imkyo@jkG’? SeY(ktn) Y 2%2792 0 (3.4.25)
LOO

iz—hk- 2=k~

- + sk
<Yk, t;n)22 28 275 < oY (k,t;n)2' 727

For the second term in the minimum of (3.4.24), j power is positive, so we cannot
directly sum up over j. The key is to combine both bounds in (3.4.24). We further

divide it into two cases:

o If 27 < (1)2F272F" then 2% 27927F" > 22" 25 (4)=2. Hence, we choose the

second term in the minimum of (3.4.24) to sum up over j and get

Yo 2 oh(r) i < o (t>—%<(t>%2%k2—“> < (By~l2sktoik (3.4.26)

Jjz—k~

o If 27 > (1)2+2-2" then 2% 2792°F" < 22625 ()= Hence, we choose the first

term in the minimum of (3.4.24) to sum up over j and get

S 2%orig <o¥ k! <<t>_12_’“22k+> < (1)y'2aRosk . (3.4.27)

Jj2—k~

Summarizing the above two cases, we have that

< (t) 122k ouk (3.4.28)
Loo

]

Lemma 3.4.6. Assume (3.2.104) holds. Then for any £ € V,, with 0 <n < N; — 2
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and (k,7) € J with 1 < 22k7(t), we have for some sufficiently small o > 0,

> He‘“k%@jkGig(t)H <eY(k tin+1)(t) 2 tE2% ok =D (3.4.29)

[o°
j2—k=

Proof. Based on Lemma 3.3.14, we know

e 2nale | s @i 2 (2 0)" |eac] . (3430
Q
From Lemma 3.4.2, we have
HijGig‘ oa SEY (R tin+ 1)27727+" (3.4.31)
Q
Combining the above two, we have
He—“AngjkG’zg S eY(k (i 2 o (2%’ <t)> S (3.4.32)
Summing up over 7 > —k~, we have
3 He—imngka’zg _SeY(ktnr 1) iz ey (2%* (t>> S (3.4.33)
2k t
Hence, our result naturally follows. O]

Remark 3.4.3. Roughly speaking, Lemma 3.4.5 and Lemma 3.4.6 provide the disper-

sive estimates

o™ e G (t)]] o ~ ()7 (3.4.34)
7 k0 G ()] o ~ (8) 2. (3.4.35)

This is consisent with the standard dispersive estimates for the wave equation and
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Klein-Gordon equations. However, there is a delicate trade-off between time decay

and the weights of k, k*, k™.

3.4.3 Estimates of VY and Vo’gg

Lemma 3.4.7. Assume (3.2.104) holds. Then for any L € V,, with 0 < n < Ny,

1PV e S €2 (ki — 1)23F, (3.4.36)
IPVELN e S €2 (ksn — 1), (3.4.37)
and for any 0 <n < Ny —1,
H%%@ s eZ(kyn)2 7, (3.4.38)
3
H%%VfioHLg S eZ(kin)27" (3.4.39)
3

Proof. Based on the definition of Y; and Y5 norms, this is similar to the proof of

Lemma 3.4.1 and Remark 3.4.1. ]
Lemma 3.4.8. Assume (3.2.104) holds. Then for any L € V,, with0 <n < N; —1

and (k,j) € J, we have

2| QuVEs | o S eZ(ksn)2 2k, (3.4.40)

2N|QuVel e S eZ(kim)27 (3.4.41)
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and
|PVEL| o S eZ(ksn)273F2b (3.4.42)
| PVES || e S eZ(ksm)277 28 (3.4.43)
Proof. See the proof of Lemma 3.4.2. O

Lemma 3.4.9. Assume (3.2.104) holds. Then for any L € V,, with0 <n < N; —1
and (k,j) € J, we have

[PVl ,e S eZ(kyn)22t (3.4.44)
PV |, <eZ(k;n)2k . (3.4.45)
Lol
Proof. See the proof of Lemma 3.4.3. O]

Lemma 3.4.10. Assume (3.2.104) holds. Then for any L € V,, with0 <n < Ny —1
and (k,j) € J, we have

|e7 e 2, Ve ||, o S €Z(k;n) min {2‘j : <t>‘1}2’“, (3.4.46)
o™ 25 V29 ||, S €Z(k;n) min {Q%k, 23" 31 (1) 72 }2427’#' (3.4.47)
Proof. See the proof of Lemma 3.4.4. m

Lemma 3.4.11. Assume (3.2.104) holds. Then for any L € V,, with 0 < n < N; —1
and (k,j) € J, we have

> [le e 2 Vs | S 22 (kin) min {25 Inge)(e) 2", (3.4.48)

Jj=—k=

3 (e 2,V ||, S Z(k;n) min {2%’“*2%“,2 DLy (t)_l}. (3.4.49)

jz—k~

(NI
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Proof. See the proof of Lemma 3.4.5. [

Remark 3.4.4. Note that we have In(t) term in the estimate. Unlike the G** estimate
in Lemma 3.4.5 which has (t)~#(*+1) decay to kill the logarithmic term, this is a
major troublemaker for later proofs since it does not give exact one order decay. We

need an improved version (see Lemma 3.4.14).

Lemma 3.4.12. Assume (3.2.104) holds. Then for any L € V,, with 0 <n < Ny —2

and (k,j) € J with 1 < 2%7°(t), we have for some sufficiently small o > 0,

3 He*imkae@jkvfio < eZ(kyn+ 1)) 3520 9k G-9), (3.4.50)
>k~ r
Proof. See the proof of Lemma 3.4.6. n

Lemma 3.4.13. Assume (3.2.104) holds. Then for any L € V,, with 0 < n < N, we

have that for some sufficiently small o > 0,

|2V | s eztinye oo, (3.4.51)

ol

3
HP,TVEO < eZ(k;n)27 270 (3.4.52)

b LOO

3

and

ngkvﬁio < eZ(kyn)2"5 o ho kg kY (3.4.53)

Le
'Pkaio S eZ(kyn)2 2k 27k (3.4.54)

LOO

3

Proof. Based on (3.3.21) in Lemma 3.3.11, we know

o(j+k)

Hgy/k@go < 2897 k75T HijVgu:goHHg,l . (3.4.55)

oo
L§



From Lemma 3.4.8, we know
||ijvﬁujgoHHo,1 S 5Z(l€; n)2_j2_§.
Q

Combining the above two bounds, we have

< eZ(k;n)2” s Pom i3k,
LOO

| v,
3

Summing up over 5 > —k~, we have

N

—
wa
Hpkvﬁ,oo

< eZ(k;n)2
Le

For k >0, k= k™ and for k <0, k = k~. Hence, we arrive at (3.4.52).

Similarly, based on (3.3.21) in Lemma 3.3.11, we know

—_— 7 _ o'('+k)
2uVE | s2heE |lgav
L Hy
From Lemma 3.4.8, we know
Hijvggo S e (ksm) 22k
Q

Combining the above two bounds, we have

< eZ(k;n)2" 5 o bo ko Tkt

_—

g

ngkvﬁ,oo
Lg

Summing up over 5 > —k~, we have

PV S eZ(kn)2G 9k om0=kg=hT,

Le
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(3.4.56)

(3.4.57)

(3.4.58)

(3.4.59)

(3.4.60)

(3.4.61)

(3.4.62)
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For k> 0, k = kT and for k <0, k = k~. Hence, we arrive at (3.4.54). m

Lemma 3.4.14. Assume (3.2.104) holds. Then for any L € V,, with 0 <n < Ny —2
and (k,j) € J, we have

> et 2 vl L S eZ(kin 4+ 1) () 12k, (3.4.63)

Jj=—k~

Proof. Let 2% = (Y2272, We divide it into the following cases:

e If 28" < (t)7', then by Lemma 3.4.11, we have

> et 2 vl . S eZ(kin)2b 28 SeZ(kin)(t) 12k (3.4.64)

>k
o If 28" > (t)7' and j < Jp, by (3.3.25) in Lemma 3.3.13, we have

[e7 e 2y i VEL || oo S (1) 7127 (3.4.65)

—_—
wa
‘QSJOkVE,oo

-
Lg

Based on Lemma 3.3.10 and Lemma 3.4.9, we have

|ecmVirs — ocuves| < > By, (3460)
£ gk

< eZ(k;n)27% .

a
|2 ~v

P VA
Also, based on the proof of Lemma 3.4.13, we know

. <eZ(k;n)27F . (3.4.67)
3

o@/?wa < m
STk VLo o0 ~ ||FF Y Lio0
3
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In total, we have

|Qeuie || s ez(kim2 ™. (3.4.68)
— ) [,°
3
Hence, we have
le™ " D g VeS| oo S €Z (ks m) (1) 12 27F (3.4.69)

For £ > 0, k= = 0, so the desired result naturally holds. For £ <0, k = k™, so

we know 22%27%" = 2" Hence, our desired result is true.

o If 2 > (t)"' and j > Jy and 2% < (t) and 27 < (t), by (3.3.24) in Lemma

3.3.13, we have

o7 2o Ve e € 007125 (14 250)) [ QuVENl g - (3:4.70)

j=Jo

Lemma 3.4.8 implies

|QuVE | yor S eZ(kin + 1)279275. (3.4.71)

~Y

Combining them together, we have

[

o 2V S 3 2 him+ D712 (14 20) T (@47

j=Jo

S eZ(ksn 4+ 1)(t) T TR 28k
j=Jo

S eZ(kyn +1)(t) 252Gk,

Then for o > 0 small, our result naturally holds.

o If 28 > ()"t and j > Jy and 2% < (t) and 27 > (t), then 277 < (¢)~!. Using
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Lemma 3.4.10, we have

e e Lo Ve o S e2(kim) D 2728 S eZ(kin)(f) 712" (3.4.79)

27I<(t) L
o If 28 > (t)"! and j > Jy and 2% > (t), we know k > 0 and k = k™. Hence, by
Sobolev embedding theorem, we have

e LoV e S NPVER e S IPEVER

_1
S e | |v[2 vEe

This suffices to close the proof.

O

Remark 3.4.5. Compared with Lemma 3.4.11, the key improvement here is that we

get rid of In(¢). This is crucial for later estimates.

3.4.4 Estimates of h,, and H.

The low-frequency part he(t, &) and Hso(t,€) of the wave component are defined in
(3.2.64) and (3.2.65). Note that the low-frequency cutoff function in he and He
implies that [¢] < (t)~% < 1. Hence, all estimates in this subsection do not have k*

part.

Lemma 3.4.15. Assume (3.2.104) holds. Then we have

lprhooll 2 S €2(t)7122%, (3.4.75)
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and

lorhooll e S €*(t) 727" (3.4.76)
Also, we have

lordechocll 2 S %22, (3.4.77)
and

l4o0g ool oo S €727 (3.4.78)

Proof. Based on (3.2.64), we know

heo(t, &) ~ ¢<0(§<t>§)-/m Sit(lE-52) @(n)rdn. (3.4.79)

. ) — 2 . 2_ . 2 .
Let 1(&,m) = |€] — %}7 Then V,3) = % and V?ﬂﬁ _ 6 n)(n><n>§(£ ) |nl . which

yields |V, | ~ [£] (n)~! and ‘V%@D{ ~ |¢| (n)~2. Using integration by parts in 1 (see

(3.3.3)) and estimates in Lemma 3.4.7, we obtain

kool o S <t>*12*’“HVo’ég < 227k (3.4.80)

Hl

2
Ln n

Also, by Holder’s inequality and taking into account the measure of the support of

Yk, we have

lorhocllzs S 22* lorhooll e S €255 (t) 7" (3.4.81)



Noting that

O o (1,6) = (oo 600)F) - [ |V )],

the O¢,hoo estimates follow.

Lemma 3.4.16. Assume (3.2.104) holds. Then we have
lenHollz < 203k
and
H%HwHLm < gk
Also, we have
HSOka@HOOHLg < 2975k

Y

and

H‘Pka&HOOHLgo N g2 %,

Proof. We first use integration in time (see (3.3.2)) to obtain

Hoot, §) ~ /Ot 90§0(§<8>%) /}R3 s(lel- ’ng ‘ dnds

VY R ) ‘.
/Rai(\sr—%) () =) ] o
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(3.4.82)

(3.4.83)

(3.4.84)

(3.4.85)

(3.4.86)

(3.4.87)

Here the cutoff ¢« (€<s>%) only sets an upper bound |§|7% for the time integration
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limit. It will not intervene the integral estimate. Notice that

o () 1) <1 (3.4.83)

i (Jel - §2)

Hence, using Lemma 3.4.7, we obtain

- 2
loctocliz S 27 [ ) [VEG)] an s 227, (3489
R
and

3 17—

lorHooll e S 22° loxHooll e S £722% (3.4.90)
On the other hand, note that

t : is(16l-52) [y7Re (|

O, Hoo / p<o(£(s)%) / (e (61 Vs ()| s (3.4.91)
0 R3

The key is to handle the extra (s). Integration by parts in 1 as in the proof of Lemma
3.4.15 creates (s)~'[€|7" (thus the net effect is to lose [£|™"). We then apply the above

argument to obtain

2

londe Hooll oo S 27|V S %27, (3.4.92)
HTI
and
3 15—
lone Hooll 2 S 22" lon0e Hooll o S e?2ah (3.4.93)
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Lemma 3.4.17. Assume (3.2.104) holds. Then for (k,j) € J, we have

ot 2 (P M) S P (20072, 3499

Lo ~

and

3 (e e 2 (F T ) ||, S € min <2k*, 1n<t)(t>_1>2k (3.4.95)

jz—k~

Proof. 1t is similar to the proof of Lemma 3.4.10 and Lemma 3.4.11 using Lemma

3.4.16. =

Lemma 3.4.18. Assume (3.2.104) holds. Then we have

> e e 2 (F T HG) || o S EX(E T2 (3.4.96)
Jjz—k~
Proof. 1t is similar to the proof of Lemma 3.4.14 using Lemma 3.4.16. O]

3.4.5 Estimates of C,, and D,

The definitions of Co(t, &) and Dy (t, §) are given in (3.2.67) and (3.2.68).

Lemma 3.4.19. Assume (3.2.104) holds. Then we have
||<kaooHLgo < e23%(1) M In(t), (3.4.97)
and

1ok Cooll L= S £25% (1)~ n(t). (3.4.98)



183

Proof. Recall that

P L (s L
Coo(t, &) ~ G {/Re © |77|Hoo(t,77) dn}, (3.4.99)
where

Hoo(t,€) = po(§(8)) - { V(&) + Hao(1.) }- (3.4.100)

We will focus on H., part, and the similar techniques can apply to @ part. We

look at
it S 1 it &0 1
/ () o ({8 %) Hao 8, 9) iy = / ) gy () iy
R3 l In|<(E) 8 l
(3.4.101)
From Lemma 3.4.16, we know
Hoo(t, ) S E21E17, (3.4.102)
[0, Hoo (8, ) S €7 1] (3.4.103)
For |n| < (t)7!, we directly integrate to obtain
(&n_ 1 _
/ oit (7 |’7‘)—Hoo(t,77) dn‘ S 52/ In| 2 dnp < ()7L (3.4.104)
s ul nlS(o1

z
8

For (t)~' < |n| < (t)78, we use integration by parts in n following (3.3.3) with
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— |n|. Since |V,1| ~ [¢|" and |V%¢‘ ~ |n|™", we get

V(& n) =
w(n_ 1
‘ / e gy (1) dy (3.4.105)
-1 shnls® % ul
st [ Iy £ < e 1) s,
O~ I<Inl<(e) ™8
Therefore, from the definition of C.,, we have
(3.4.106)

Coo(t:€) S €% [€° (1)~ Int).

Next we turn to the bound of V.C. If V¢ hits #, then following the proof of

Lemma 3.4.19, we get the desired result. Hence, we focus on the case where V¢ hits

the integral:

(t>n\eit(%"l)ﬁ7—lo@(t,n)dn (3.4.107)

= [ ety

R?"

g &n_ 1
Ve / (% "|)|—’Hoo(t,n) dn ~
R3 n

Note that now we do not have the singularity of |n|~" anymore. Using again integra-

tion by parts in 7, we obtain

(3.4.108)

U8 )7, H (¢, m) dn.

7
8

it &n— 1
€2 (D) g (k) dn + 1€

; e
i 7] Inl:S¢t)
Then for both terms, we may follow the above discussion for C,, estimate to get

(3.4.109)

‘/ (e (8 (1) dn‘ S EXEP (1) In(t),
nl<t) %
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which concludes the proof of (3.4.98). O

Lemma 3.4.20. Assume (3.2.104) holds. Then we have

o Dooll e S 2% (In(t))’, (3.4.110)

and
106 Docl e S 2% (In(t))”. (3.4.111)
Proof. It follows from taking time integral of Lemma 3.4.19. [

Lemma 3.4.21. Assume (3.2.104) holds. Then for 1 < n < Nj, we have

Hcpk [emw“’f)vo’zg(g)h 2 Se(n(t)’*Z(k;n —1)2% . (3.4.112)
L
3
Also, for 1 <n < Ny — 1, we have
9, (P67~ < ()’ Z(k:n — 1)2% 3.4.113
Sok &e € 00(5) r NS(H<>) (7n ) ‘ ( )
LE

Proof. Let T/I//?g(t,f') = POV (¢). Based on (3.2.26), we have
WhI(£,€) ~ ¢ithro© £ [o-thrs T ho (¢, €)|. (3.4.114)
(Here we use L to denote the corresponding vector field under Fourier transform.)

We first consider n = 1 case. For rotation vector fields, we know

0, (e—itAkg(f)M//:?g(t? 5)) _ omithig(© Rﬁjk eti(t,£)>V£g(§) D (t6) (ijvoigg (g)ﬂ '

(3.4.115)



Hence,

S 1C (. 6) HLOOHVO’EQ H §+)

For Lorentz vector fields, we know

fj (e_itAkg(ﬁ) I/I//?g(t, f))

_ e—itAkg(f){i<§> [8§jem"°(t’§)volzg(§) L eiDoo(t,E)aéj Volzg(g)]

%emo@(t,ﬁ)@(g) + tf_J (ug)eibw(t,&)@(f)

i ©

+ [agjcoo(t, £)e POV (€) + Coo(t, £) D, P> BOVII (€) +

Hence,

HSOkWZ:Cg(tv 5) 12

S (1+ [ VeDut,€) Iz + VeCaot, O] o + 1)
N

S e(n(t))* Z(k;n —1)2F.

In summary, we have verified that for n = 1,

HS%@(R{)HLE S €(ln(t>)22(k;n 1)k
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V()| , S =2k - 1)2
3

(3.4.116)

(3.4.117)

€t 07190, V(6] |

(3.4.118)

C(t:)]l-)

(3.4.119)

For n > 1, we may continue the above process. However, the newly created terms are

always combination of the above. With the techniques in Lemma 3.4.19 and Lemma

3.4.20 in hand, the result will follow. The similar argument also applies to the 0,
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estimate. O

Lemma 3.4.22. Assume (3.2.104) holds. Then for 1 <n < Ny and (k,j) € J, we

have
Z eitAkgcij{yl [eiDoo(t,E)VO’Zg(g)] } (3.4.120)
< e(In(t))*Z(k;n — 1) min (2%’1’*2%’“, 93k 93k” <t>-1).
Proof. 1t is similar to Lemma 3.4.11 using Lemma 3.4.21. [

Lemma 3.4.23. Assume (3.2.104) holds. Then for 0 <n < Ny and (k,j) € J with

1 < 22K°(t), we have for some o sufficiently small,

3 e“Angjk{ﬁl [emw(tvﬂvo’zg(g)] } (3.4.121)
G>—k~ LI
S e(t)7EE (Inft)) *Z(k; n)2** 27 (379,
Proof. 1t is similar to Lemma 3.4.12 using Lemma 3.4.21. [

Remark 3.4.6. For n = 0 case, the result also holds, but it does not have In(t) since

there is no vector fields applied.

3.4.6 Estimates of b, and B,

Recall that b, and B, are non-resonant contributions defined in (3.2.72) and (3.2.71).

Lemma 3.4.24. Assume (3.2.104) holds. Then we have

orbooll 2 S e2(t) 127 NIWF, (3.4.122)
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and

0k0¢,boo]| 2 S €727 NE, (3.4.123)

Y

Proof. Note that

T\ @) emn—ata) 1=
b / <o (n(tyF) (@ +e=m sz _LEZI" (3.4.124)
2 2 [ ealnt?) &= Il

X <90klem°°Vo’Zg’_) (t, E=n)er, HY? (n) dn.

Since Ho, has a cutoff function ¢« (f(tﬁ), using Lemma 3.4.7 and Lemma 3.4.18,

we have

kool e S 28272 |y, eP>VEET| [Jehee By (F 7 H2)|
k1,k2 L2
<N okt <€2N(N0)k1+) <g<t>12N<N0>’f? 2’f2>
k1,k2

+ +
5 E 52 <t>—12k1 2—N0k31 —Nok:2 .
k1,k2

Then the result naturally follows from Lemma 3.3.3. The £ derivative estimates follow

with an extra (t) created. O

Lemma 3.4.25. Assume (3.2.104) holds. Then we have

0 Booll 12 < €2(t) 5 In(t)2- NI, (3.4.125)

and

k0, Booll 2 S €2(1)5 In(t)2~ N, (3.4.126)

Y
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Proof. Note that
Boo eti(t’@/ e P=(sp_(s5,€)ds. (3.4.127)
t

For the non-resonant case, ¥(&,n) := (§) + (§—n) — t2|n| satisfies |¢| 2 1. Noticing
that by (00, &) = 0 due to the cutoff function, we then integrate by parts in time using

(3.3.2) to obtain

/e%MMMW (3.4.128)

2 —
7\ —iDso(s is 6_77 iDoo ,— wa,io L2
/ /RS <,O<o 8 Doo(s:8) w—<£|_n> |’77‘ (eD vk >(s,£—77)(VOO : +7—[OO)(S,17) dnds

_ z l —iDoo (£,€) it |5_77|2 iDeo 1 ,kg,— B wa,io 2
= [ el ) e P B (P ) (1 6 (V2 M) ()

/émfi%

X O (90<o( (s)® )e oo (5:6) (eiD“Vo]Zg’_> (s,£—n) (v;gm —i—’i—léﬂ,)(s,n)) dnds.

In the following estimates, we will focus on the H!2 part and the bounds for V_7**? is
similar and even simpler. on the right-hand side of (3.4.128), we call the first integral
M, and split the second integral into My, M3, My when 0y hits different parts. The
first term M in (3.4.128) does not have time integral, so we may directly bound its

L? norm by Lemma 3.4.7 and Lemma 3.4.16 as

HsOk/‘M;lHLQ 5 Z 2%min(k7klyk2)2k1 2—]g2
k1,k2

<Y 23kagh (ez(/ﬁ;n)z—'ﬁ*) (522%k5 ) < S5 Z(k;n).

k1,k2

gpklvggg’-HLQ lowH2 (3.4.129)

For the second term in (3.4.128), we further discuss the effects of 0;. Note that

Os<o (n(sﬁ) ~ |n|(s) "5 <o (n(s)g). Then the resulting quantity M, is bounded by
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Lemma 3.4.7 and Lemma 3.4.16 as

VAP / kgt | v o ws ), (34130)
k1,k2
S Z/ s) 82k (a7 (k)2 M) (220 )
k1,k2

< / ()" Z(kin) < (1) 52 (k).

t

Next, since 0,6 P=(58) = iC (s, £)eP=(¢) the resulting quantity Ms is bounded using
Lemma 3.4.7, Lemma 3.4.19 and Lemma 3.4.16 as

JoeMslle 3 [ " ad g gt (299 () n(s)) o V| | lenHll

k1,ka

< Z/ )L In(s) 23kt <eZ(k1;n)2*’ﬁ+) (aZQ%kS)
k1,ko

< / ) ¥ In(s) Z(kin) < B~ i) Z(k: m). (3.4.131)
t

Finally, since 0sH2 = h'2, the resulting quantity M, is bounded using Lemma 3.4.7

and Lemma 3.4.15 as

lokMill 2 S / Ry R—
k1,k2

<Z/ 242 (2 (kyim)2 ) ()25

k1,k2

V| ehzl  (34132)

S [ S F 2t £ S0 20m).

t

Summarizing all above, we have that

06 Booll ;2 < €2() 5 In(t) Z (ks n). (3.4.133)

~Y

The £ derivative estimates follow with an extra (t) created. O
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Remark 3.4.7. Comparing Lemma 3.4.24 and Lemma 3.4.25, we can clearly see that
the estimate of 8., is much better than direct integrating over time in the estimate
of bo,. The main reason is that 8, has time integration, which allows us to make use
of integration by parts in time (normal forms) for the non-resonant case. However,
without time integration, b., estimate is similar to that of the resonant terms, which

decays rather slowly.

Lemma 3.4.26. Assume (3.2.104) holds. Then for (k,j) € J, we have

3 [l 28|, S e(t)F () Z (ki n — 1) min (Q%k*zék*, z%k*zé’f(trl).

jz—k~

Proof. 1t is similar to the proof of Lemma 3.4.11 using Lemma 3.4.25. O

Lemma 3.4.27. Assume (3.2.104) holds. Then for (k,j) € J with 1 < 2% {(t), we

have for some o > 0,

ST |l 2B ||, S () TFE R In(t) Z(kyn)2 27 GTHL (3.4.135)

j=—k~

Proof. 1t is similar to the proof of Lemma 3.4.12 using Lemma 3.4.25. O
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3.5 Bounds on the Nonlinearities of Wave Equa-

tion

Based on (3.2.74), in order to control 9;G%“, it suffices to bound for any £ € V,, with

0 S n S va
it €) T — (3.5.1)
tit2 kg, kg,
S ¥ Lrferner]
L1,L2 t12€6{+,—}

—_— —
n IL1L2 Gkg,Ll 12iD2 ng,Lz + B2
wa L1 € S r L2,00
2

tie2€{+,—}
BE 9 kg kgis
Doo 5 )
P i (o W)
ti2€{+,—} !

]:/“\L2 LliD%W L1 inDé%ﬁg,\Lz L2 h
+ E E wa e 00 - + %Lhoo , 1€ 0 - + %52700 —NLoo (-
1 2

‘617[:2 L17L2€{+77}

> £1.Lo is a summation over all combinations of vector fields £, € V,,, and Ly € V,,
with ny +ne =n and £ = L1 0 L5 (due to Leibniz rule). Also, all variables here with

Ly or L5 should be understood in the sense of (3.2.25) and (3.2.26).

3.5.1 S} Estimates

Lemma 3.5.1. Assume (3.2.104) holds. For any L € V,, with 0 < n < Ny, we have

< 2(t) (I HLa (M) = Nia(mk 93k (35.9)

~

2
Lg

§ : 2| ~kgur kg
90]4; Iwa |:G£1 7G£2

t126{+,—}
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Proof. Without loss of generality, we assume n; < ny. For simplicity, we temporarily
ignore ¢ and ¢y superscripts. Our proof mainly relies on two types of bounds (3.3.36)

and (3.3.37).

In principle, based on Remark 3.4.1 (the worst scenario is that all £ hit the same

G*9 then we cannot use Lemma 3.4.3), we always have

HP@G’Z@ |, Sty g, (3.5.3)

Then we focus on the bounds of Py, Gl;ﬂ . Note that we always have n; < N; — 2 since

ny < ny and ny +ny < n < Ny, and that k™ < max{k]", k5 } due to Lemma 3.3.3.

We first discuss the case when n = N; = 3. We divide it into several cases:

e Case I: For 2" < (t)71, (3.3.36) and Lemma 3.4.3 justify that

k k
5 H%Iwa PLGE, PLGY] , (3.5.4)
k1,k2
g Z 2%min{k1,k2,k} HPkl Gigl ) HPkQG,]ZZ
k1,k2 "
<3 b gy (s<t>—H<”“‘52‘N(””kl+2kl> (€<t>_H(n2)52_N(m)k;)
k1,k2

< S b (1) 7L gy~ +H (239N )R ~N(na)if g

k1,k2

< 622%16*<t>f(l+H(n1)6+H(n2)é)27 min{N(n1),N(n2)}k*
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Note that

H(m) + H(np) = Hly(n), min {N(m), N(n) b > Nj,(n).  (3.5.5)
e Case IT: For 28" > ()1 and 2% < 28 (3.3.37) and Lemma 3.4.5 imply that

Z H%Iwa [Pkl Gy, PkgGlZﬂ

(3.5.6)

‘L2

k1,k2
< itAgg P Gk‘g P Gkg
~ € k1 L1 ko Lo
L L2
k1,k2

<y (5<t>_H(m+1)52—(N(m+1>—g)k1+2;k; <t>_1) <8 <t>—H(n2)62—N(n2)k;’>

k1,k2

< Z £2 <t) -1 <t>f(H(m+1)+H(n2))527(N(m+1)7%)kffN(nz)k;r 2%]{

k1,k2

S g2 <t>_(1+H(n1)6+H(n2)6)2— min{N(nl)—g,N(ng)}k+2%k*‘

Note that summation over k; will result in 23k Also, we have

H(ny +1) + H(ny) > H" (n), min {N(n1 +1)— g,N(ng)} > N (n).

(3.5.7)

e CaseIIl: For 2 > (t)~1 and 2" < 27F (#)~1 (3.3.36) and Lemma 3.4.3 justify
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> ke [PuGi. PG | (3.5.8)
k1,k2 L
2 min k k

sy amennay]m.ct).,
k1 ,k2

< Z 23k_ (5 n1)52 N(n1)k] 2k ) <€<t>H(n2)52N(n2)k;r>
ot ko

< Z 5222 n1)+H(n2))52 N(nl)k‘Jr N(n2)k > 2k‘
1 ko

< €2 <t>—(1+H(n1)5+H(n2)5)2— min{N(nl),N(ng)}k+2%k_ '

Note that summation over k; will result in 27 (¢)~!, and that
H(ny)+ H(ny) > H! (n), min {N(nl),N(ng)} > N/, (n). (3.5.9)

Case IV: For 28~ > ()~ and 2% > 2% and 2M > 277 (#)71 (3.3.37) and

Lemma 3.4.6 implies (in this case, we naturally have 22%1 (t) > 2k 2% () > 1)

Z HSOkIwa [PIUGE’ szGiZ]

k1,k2

S e paGi

k1,k2

<Z(

k1,k2

< Z 5222

k1,k2

)m (3.5.10)

kg
Loo Hpk2 G, L

H(n1+2)69—(N(n1+2)— )kf2 ky (53— Z)<t>g+g) (€<t>H(n2)52N(n2)k;)

—% (t)~ (H(n1+2)+H (n2))0+§ 9—(N(n1+2)—4)k{ —N(n2)k3 9 Tky (g—ékf g—ék),
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Note that 272% 27257 < (£)2. Hence,

Z ngk]:wa [Pleigw szGigz] (3.5.11)

k1,k2

L2

< Z 522%’“7 (t}’l <t) —(H(n1+2)+H(n2))6+% 27(N(7~L1+2)74)k1+fN(nQ)kQ+ 95kT

k1,k2

S g2 (t) —(1+H(n1)5+H(n2)6)—§2— min{N(n1+2)~4,N(n2)}kT 93k~

Here we have for o ~ ¢,

H(ny +2) + H(ng) — é > Hj,(n), min {N<n1 +2) - 4,N(n2>} 2> Nyq(n)-

(3.5.12)

The above discussion works perfectly well for n = Ny = 3 (i.e. (n1,n9) = (0,3) or
(n1,mn2) = (1,2)). For the other n, there are subtle issues (a naive application of the

above recipe does not give sufficient control to NV},,,), so we need a detailed discussion:

e n =2 (e (ny,ng) = (0,2) or (ny,n2) = (1,1)): If (ny,na) = (0,2), then the
above recipe works well. However, if (ny,n2) = (1,1), we need to discuss based
on k, kq, ke values. Based on Lemma 3.3.3, if k ~ ko > ki or k1 ~ ko > k, we
can still use the above recipe; if k >~ k; > ko, then in Case I through Case IV,

we interchange the status of G and G, which can improve N/,

e n=1 (e (n;,ny) =(0,1)) or n =0 (i.e. (ny,n2) = (0,0)): Based on Lemma
3.3.3, it k ~ ky > ky or ki ~ ke > k, we can still use the above recipe; if
k ~ ki > ko, then in Case I through Case IV, we interchange the status of G]Z“i

k
and G7.
2
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Lemma 3.5.2. Assume (3.2.104) holds. For any L € V,, with 0 < n < Ny, we have

S a e (e Ee) my ]

tse2€{+,—} Lg
(3.5.13)
Z Ok Igf |:<eL1iDLoé VO]ZQ,LI)EI + Ll o GIZ_Z L2:| 2 <e <t> (1+H(n)6)27N(n)k+2§k

L

v e2e{+,—}

Proof. Basically, the proof is similar to that of Lemma 3.5.1. The only difference is
that we do not have H(ny) time decay, so we should always assign L? to ngl’“ or
G’Z‘;’LQ. Then <e“m£@>ﬁ + B (e”’iDg@) . + B,  may take L? or
L> with Lemma 3.4.7, Lemma 3.4.11, Lemma 3.4.25 and Lemma 3.4.27 following the

argument in the proof of Lemma 3.5.1.

e If only partial £ hits G*9, then we have sufficient time decay and kT decay since

less L yields faster decay rate.

e If the full £ hits G*9, then this term already achieve the critical time decay and

k™ decay in the desired result.

In both cases, we can get the desired result. O]

Lemma 3.5.3. Assume (3.2.104) holds. For any £ € V,, with 0 < n < Ny, we have

sok{ S L[(emvaen) (e Rve) emy ] - hg,oo}

L1,L2 11,026{+,—}

2
L

< g2(t) AT HmN =Nk 93k~ (3.5.15)
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Proof. Based on the proof of Deng-Pusateri [11, Lemma 4.2], we have (up to fast-

decaying terms)

h[,’oo ~ Z hﬁl,ﬁz,oo (3516)
L1,L2

=3 Cn ea(e)l) - [ U (@RI (o (e mB) () d,
R3

Ll L2

In the following estimates, let g = (yﬂ@é%vo’gg’“) and gy = (e”iDégVo]ég“) .
£1 £2

Step 1. Resonant Case: (11,t2) = (+,—) or (t1,t2) = (—,+)

We further decompose I:;z into low-frequency and high-frequency parts:

Step 1-1. Resonant Case - Low Frequency

We may decompose

T 1

¥<o (£<t>%) ’ I;: [é\la ‘6\2} - Ehﬁl,ﬁg,oo (3518)
= panleh ] [ Ha (€t et
—2 [ G -t
R3

=N+ S+ S,



where

[

A= peolel®) [ D (6n) ~ A0 )

00|~

o wliel—&n) | ~ N
Fy = 2p<o(&(t)) / {elt%(g’")—et(g' W)t 6~ n)ga(t, ) dn,
R3

i _En\ [ o ~ ~
S = 2pc0lel0F) [ VD [Gitt.e=0) = i~ e o
For .}, noticing that

(€-=n)-n—1

ja-s (&) =2| = ‘1 (=)

—2\5@\,

we may use (3.3.36) and Lemma 3.4.21 to obtain

3 7\~ ~ 7,1
lorill e S 25%2%0<0 (25t)%) 1910 12 192]l 12 S ()77 227
For .#,, noticing that

gtuiien _ Gtlle=5)| — |o(lerren—m) _ t(e=5) | < g2 1

Y

we may use (3.3.36) and Lemma 3.4.21 to obtain

13

3 7 ~ ~ _13 1lp-—
lonTallpe S 222 ()00 (250)%) 1102 G2l 2 S ()75 22%
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(3.5.19)
(3.5.20)

(3.5.21)

(3.5.22)

(3.5.23)

(3.5.24)

(3.5.25)

/5 is a bit more delicate. Minkowski’s integral inequality and Lemma 3.4.7 imply

&

~

8597(75, -+ Cf) de

~

< ‘

2
0 L2

€]
S [ o=l e 5 el fongi )l

€] ~
s/ |0Gi(t, —n + cB)|| e
0 n

(3.5.26)
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Then we may use (3.3.36) and Lemma 3.4.21 to obtain

3 z ~ ~ _13 1l,-
lon-sll e < 225020 (25)%) 1711 1y 12l 2 S ()75 227 (3.5.27)

Y

In total, we have for (11,t9) = (—,+) case

N =T | o1,
peo(€(t)s)- 1, (31, ) — 5heiLa L ()R PELE (3.5.28)

L2

By a similar argument, we may justify (¢q,t2) = (+, —) case.

Step 1-2. Resonant Case - High Frequency

For the high-frequency part, we bound

@k{%ﬁzo(ﬂt)g) : I/iu? [Pk T1s P102] }

@k{¢20(€<t>g)' L. (4. 5) }

LQSZ

k1,k2 L2

(3.5.29)

If Qmin(kik2) < <t)_%, we integrate by parts in 7 using (3.3.3), and apply Lemma 3.4.21
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and (3.3.36) to obtain

>

k1,k2

Sy 2

k1,k2

(3.5.30)

wk{wzo (Et)7)- IEQ (081 G1, P12 G2 }

L2

oo (&(t) %) : Igf (01T, O, 02

LOO

3 —1la— A~ -~
S 225072 e gill g lowdallm
k1,k2

< Z £293k (1) 1o~ N(m)k =N(na)ks ohy +ky
k1,k2

< 22257 ()~ min{N(m) N2}

If gmin(kik2) > <t>*% and max(ky, ko) > 0 (without loss of generality, we assume

ki1 2 ki), we apply (3.3.37) and Lemma 3.4.23, Lemma 3.4.12 to obtain

2.

k1,k2

¢k{9020(§<t>;)' :Eu? [or 91, 01, 32] }

(3.5.31)

L2

S Z nglﬂg\lHL? He_itAkngQgQHLoo
k1,ka

< Z £2 <t>—g—%—%2—N(”1)’€T—N(n2)k;2_]“1_(%_%)2]“2_
k1,k2

< Z 52<t>f%+%2*N(n1)’ff*N(n2)k§2’“5
k1,k2

< 822%’( <t>—%+% 9= min{N(nl)yN(nz)}k+.

[f omin(kik2) > <t>*% and max(ki, k) < 0, we integrate by parts in 7 using (3.3.3),
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and apply (3.3.37) and Lemma 3.4.22, Lemma 3.4.11 to obtain

7 L1l —~ —~

Z Sﬁk{@zo (&()5)- Iq;; [r, 01, 90k292]} (3.5.32)
k1,k L2
1,R2

SY 727 0k, e, il e (|7 Py
k1,k2

< Z £2 <t>—22—N(n1)k;r—zv(n2)k2+2%k; oky
k1,k2

< 522%k_ <t>7%27 min{N(nl),N(ng)}k"".

In total, we have
‘ @k{ﬂ%o (f@g) : I;f [@klgAh @kggAﬂ } < 52<t)_%+%2_N(”)k2%k_. (3.5.33)
L2

Step 2. Non-Resonant Case: (t1,t2) = (+,+) or (t1,t2) = (—, —)
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Using stationary phase argument in Lemma 3.3.1 (with 7. = £/2), we have

=53

o L% (3.5 (3.5.34)

L2

L1L2

ol (001, 01, 52)

k1 ko L?
i1
< Z 22 SOkI 1 2 golﬂgla 90ng2:|
k1,k2 Lee
3 3 §
<Y 20k (r) 20k ||90k191|\Loo 1Prs G2l oo
k1,k2

Remark 3.5.1. The application of stationary phase argument highly depends on the

non-resonant phase, which is not applicable to the resonant phase.

Step 3. B, o Terms

Note that all terms related to B, o, can be bounded in a similar manner as Lemma

3.5.1 since Lemma 3.4.25 and Lemma 3.4.26 provide sufficient time decay. O

Combining Lemma 3.5.1, Lemma 3.5.2 and Lemma 3.5.3, we get the following

proposition:

Proposition 3.5.4. Assume (3.2.104) holds. For any L € V,, with 0 < n < N, we

have

||s0k8tG}ga||Lg < g2 (1)~ Ha(m) g =Nia(mkT 93k~ (3.5.35)
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3.5.2 7] Estimates

Lemma 3.5.5. Assume (3.2.104) holds. For any L € V, with 0 <n < N; — 1 and

¢ e {1,2,3}, we have

Proof. The proof is similar to that of Lemma 3.5.1 and of [45, Lemma 4.2].

< e2(t)Hia(mig-Nia(mk* o3k~ (3 5 36)

~

N

2
L

I, [G’gv“,c’gﬂ(t,g)w / Q1P g, L (€, GE (t, E-n)GEY () Ay (3.5.37)

R3

Note that & derivative may hit the phase e iAwagit®ue®  the multiplier a,,,, or

G (E=).

o If & derivative hits the phase e_itAwaeit‘b@W, then we have an extra (t) term

popping out. Following exactly the same argument as in the proof of Lemma

3.5.1, we get the desired result.

o If & derivative hits the multiplier a,,,,, then nothing happens and we follow the

same proof of Lemma 3.5.1.

—

o If & derivative hits Gigl’” (§—mn), then we simply use (3.3.36) and Lemma 3.4.1

to obtain

— — —
L1t2

ol [% (06, G5, on, G‘;@ﬂ (3.5.38)

< 2% min{k}l ,]CQ ,k‘}
~

L2

—

Py (a& Glzg;Ll )

—

kg,i2
90k2 G,Cz

L2 L2

< £2 <t>—(H(n1+1)+H(n2))52§ min{k1,kg,k}z—(N(nl—i-l)-l-l)kf'—N(nz)k;' '
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Here, through change of variables in the convolution, we can always assume

k1 < ks, so we know both H! (n) and N/ (n) requirements can be met.

]

Lemma 3.5.6. Assume (3.2.104) holds. For any L € V,, with 0 < n < N; — 1 and
¢ e {1,2,3}, we have

i

. =P e
i [t T G (o5757) o, ] )
2

L3,00 )
Lg
(3.5.39)
' @kage {e—it/\wa(ﬁ) 1222 [(eLliD;}, Volgg,n)C + 53211700 ’ Glz@;,m] } 2 S 62 <t>—H{U’a(n)SQ—N{éa(n)kJrQ%k*‘
1 L
£
(3.5.40)
Proof. 1t is similar to the proofs of Lemma 3.5.2 and Lemma 3.5.5. m

Lemma 3.5.7. Assume (3.2.104) holds. For any L € V, with 0 <n < N; — 1 and
¢ e {1,2,3}, we have

goka&{e—imwdf) (3.5.41)

% I/LI\LQ Llipgﬁ%\bl 4+ B4 LQiDgﬁga\L? 4 93L —h
wa € o0 r L1,00 € S r L2,00 L,00
1 2

L1,L2 11 ,006{+,—}

2
L&

< 2 (t)Hiba(mig-Nia(mk9zh™ (3.5.42)

Proof. 1t is similar to the proofs of Lemma 3.5.3 and Lemma 3.5.5. m
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Combining Lemma 3.5.5, Lemma 3.5.6 and Lemma 3.5.7, we get the following
proposition:

Proposition 3.5.8. Assume (3.2.104) holds. For any L € V,, with 0 <n < N; —1

and { € {1,2,3}, we have

H%pkafz{@ - e‘”A““)hc,mH < e2(t)Huamog=Nia(mk* g3k~ (3.5.43)

2
L

3.6 Bounds on the Nonlinearities of Klein-Gordon

Equation

Based on (3.2.75), in order to control 9,G%, it suffices to bound for any £ € V,, with

OSRSNl,

et hra O NI {iCoo (emw Vol + SBOO) } — broo (3.6.1)

L

-y { T Lrezen]

L1,Lo ~ r0e{+,—}

_'_ Z IL1L2 |:Gkg L1 VZ;;&O? + HEQ OO:|

v1,e2€{+,—}
T (enRvien) By, G }
t12€{+,—} £

S T TR[(emvE) | em L T

L1,L9 11,006{+,—}

_ Z icﬁg,oo <eiDm@)£ — Z iC£27OO%£1’QO - bﬁ,oo},

[:l,ﬁz ! £17£2
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>r,.r, 18 a summation over all combinations of vector fields £1 € V,,, and £y € Vp,
with nqy +ng =n and £ = L1 o L. Again, all variables here with £; or £, should be
understood in the sense of (3.2.25) and (3.2.26).

3.6.1 S Estimates

Lemma 3.6.1. Assume (3.2.104) holds. For any L € V,, with 0 < n < Ny, we have

tit2 kg,t1 wa, Lo
E SOkag [Gﬁl 7G52

2
ti,e2€{+,—} Le

< 82<t>7(1+H,’c/g(n)6)27N,’c’g(n)k+' (362)

Proof. For simplicity, we temporarily ignore ¢; and ¢y superscripts. Considering

Lemma 3.3.3, it suffices to discuss the cases k1 < ko and ky < ky.

e Case I: ky < ky and ny < Ny — 1. We use (3.3.43) combined with Lemma 3.4.5

and Lemma 3.4.1 to get

> |enkis [Pucl PG| (3.63)
k1,ko L

S 2|l R, G|l [|PLGEL
K1,k

< Z <€<t>1<t>H(n1+1)52(N(m+1)g)kf2§kl) (€<t>H(n2)52N(m)k;2;k2)
E1,ko

< Z £2 (t>_1 <t>—(H(m+1)+H(n2))52—(1v(n1+1)—g)kj—N(n2+1)k;2%k;+§k;

k1,k2

5 £2 <t>—(1+H(m+1)6+H(n2)6)2—min{N(n1+1)—g,N(n2+1)}k+'
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Note that

H(ny + 1)+ H(ny) > H,(n), min {N(n1 1) - g,N(ng + 1)} > N, (n).

(3.6.4)

e Case II: &y < kg and ny = N;. We use (3.3.43) combined with Lemma 3.4.1

and Lemma 3.4.5 to obtain

> H%Ikg [Pleig,PkQGm} L (3.6.5)
k1,k2

I
k1,k2

< Z <8<t>—H(N1)62—N(N1)kf'> <8<t>—1<t>—H(1)5 1n<t>2—N(1)k;'2k2_)
k1,k2

< Z g2 <t>*1<t>*(H(N1)+H(1))5 1n<t>2*N(N1)k1+*N(1)k2+2k§
k1,k2

< 82 <t>—(1+H(N1)6+H(1)6) 1H<t>2_min{N(N1)’N(1)}k+.

Note that
H(Ny)+ H(1) > Hy,(N1), min {N<N1),N(1)} > Ny (Ny). (3.6.6)

e Case III: ky < ky and ny < Ny —1. We use (3.3.43) combined with Lemma 3.4.5
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and Lemma 3.4.1 to get

> el PGl PocE]| | (3.6.7)
k1,k2

S22 PG| e PG
k1,k2

5 Z 2k1 2—k:2 (€<t>—H(n1)62—N(n1)kf) <E<t>—1<t>—H(n2+l)6 1n<t>2—N(n2+1)k;2k2)
k1,k2

5 Z 62<t>_1 <t>—(H(n1)+H(n2+1))5 ln<t>2—(N(m)—1)1cf—1\f(ng+1)k;r k1
K1,k

< 82 <t>7(1+H(n1)6+H(n2+1)5) ln<t>2* min{N(n1)—1,N(na+1)}k* )

Y

Note that

H(m)+ H(ny +1) > HY,(n), min {N(nl) —1,N(ny + 1)} > N{. (n).

(3.6.8)

e Case IV: ky < k; and ny = N;. This is the most complicated case. The key is

to control the singular term 27%2 . We need to bound

ol | PLGY, P, G : 3.6.9
g 1 2 L 5
k1,ka L
The only possible control of P, G#* is through Lemma 3.4.1 as
1P, G2l o S ety NI NI g3k (3.6.10)

This is not enough and only provides 22%2 . Then it remains to bound Py, G

part and provide another 222 | Notice that this has been achieved in the wave
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nonlinear estimate (Lemma 3.5.1). We just need to discuss the four cases (re-

placing k= by k; there) to get the desired estimate

> Hsoklkg [Ple’“g,PkgG%“] ‘ S () MmN MR (36.11)
k1,k2 E
This suffices to close the proof.
O

Lemma 3.6.2. Assume (3.2.104) holds. For any L € V,, with 0 < n < Ny, we have

< 22 <t>—(1+H(n)5)2—N(n)k+
2"

Z Pk I g [Gigl " Vg;ao? +HZ, oo]
11,e2€{+,—}

(3.6.12)

—

—_—
w2 | iDLy kg, ' —wais

< 22 <t>7(1+H(n)6)27N(n)k+
L1 ~
v1,t2€{+,—}

2
LE

(3.6.13)

Proof. The proof is similar to that of Lemma 3.6.1. The only difference is that we do
not have H(ny) time decay, so we should always assign L? to G]Zgl’“ or G, The
other part V.2 + H}z, (e“mg}’@g’\”> . + B, 00 may take L? or L™ following
the argument in the proof of Lemma 3.6.1. Then based on the similar analysis as in
Lemma 3.5.2 and using the results from Lemma 3.4.18, Lemma 3.4.14 and Lemma

3.4.26, we get the desired result. O
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Lemma 3.6.3. Assume (3.2.104) holds. For any L € V,, with 0 < n < Ny, we have

e . iDg},/k,\L . /wm L
gpk{ > Ly (et 1>Ll+%glm,vﬁwj+%gw] (3.6.14)
L1,L2 11,026{+,—}

_ Z iCLQ,oo <eti@>£ _ Z iCL:z,OO%Ll’oo - b,Cpo}

L1,L0 ! L1,L2

2
L

5 &2 <t> 7(1+H(n)5)27N(n)k+ .

Proof. Based on the proof of Deng-Pusateri [11, Lemma 4.2], we have (up to fast-

decaying terms)

2
Croo(t,€) ~ %(2@—3’ . {/Rs eit(?‘?—"')ﬁ[{ﬁm(a n) dn}. (3.6.15)

We may decompose
I [(eumé%vo’gw)ﬁl (Ve )| (3.6.16)
T 1 ;})/k,\L 7 /wﬁ L
=1, [(e R 1)£1 sp<o(n(t)?) <Vg2,05 + Hfz,ooﬂ
LI [(epwﬁg\>
g oo

7N\ (Trwa,iz L
o P20 (U<t>8) (v@,&? + Hé,oo)]'
1

Step 1. Low Frequency - Resonant Case (t1,t2) = (+,+) or (t1,t2) = (4, —)

Let g1 = (e‘liDgVolZg’”>£ and g» = p<o (n<t>%) <V£‘;aof + H? ) = Hp . Then

L2,00
1
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we have
3 I+‘2 L] —1Cey ool (3.6.17)
we{+,—}
:[—’—L2 ~ 57] LQT] |§|
~ Z ke |91, 92] — Z L2 (% o] |92(t ;) dn.
voe{+,—} L2€{+ -} U

We only focus on the (iq,t9) = (+, +) case. The (11, t2) = (4, —) case can be handled

in a similar way. It suffices to consider

Ik/?[ﬁ,ffz] — G /RS (%) |<£|> T ’ga(t ,m) dn (3.6.18)
= [ g nmt - 7o) [ ST ge
=% + Ky + X3,
where

A 1t<I>+ &mn) |£’

= [ Ee e - e et nan Go
| [eetrem _ g |10 L~

R : /Ra{ © }<§>| 9 91(t,§—n)g2(t, n) dn, (3.6.20)
_ e o

= [ )~ GO dr (36.21)

Note that due to the cutoff in s, all integral over 7 is restricted to < (n(t)%). For

%1, note that

<In|. (3.6.22)

[€  [g=n/?
€ (-




Using (3.3.42), Lemma 3.4.21 and Lemma 3.4.16, we obtain

1

lonill 2 S 22% 1G] 2 l1Gall 2 S €348) 7.
For %5, note that
ei@;;(g,n) _ eit(f'—’;—n) < |77|2-
Using (3.3.42), Lemma 3.4.21 and Lemma 3.4.16, we obtain

3 A . _35
loeall e < 225227 (|Gl 2 1 Gall e S €3(8) 775

~

P53 is a bit more delicate. Minkowski’s integral inequality implies

191(6=n) = 01 ()l 2

7]
0391(§ — cnp)de
0

<

~Y

Il
< | lodice =il ae

2
Lé

I
S [ 10l de S 1l 106Gl
0

Then we may use (3.3.42), Lemma 3.4.20 and Lemma 3.4.21 to obtain

_21

3 z ~ ~ 2
lonsll 2 < 22%0<0 (250)%) 1911l gy |Gl 2 S ()75 (In2))”.

In total, we have

—_— 2

o - e &n_ 1

L, [7.5] —91/ o' (18 n)ﬁ—gz(t,n) dn
R3 (&) [nl

Step 2. Low Frequency - Non-Resonant Case (t1,t3) = (—,+) or (t1,t2) = (

213

(3.6.23)

(3.6.24)

(3.6.25)

(3.6.26)

(3.6.27)

_’_)
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By the definition of b, we directly have

>y I 1 Go) — b = 0. (3.6.29)

L1,L2 1ae{+,—}

Step 3. High Frequency

Since the high-frequency cutoff will eliminate Moo, we let §; = e1iP= Vflg ~ and
G2 = @ Then it suffices to bound
SOk:/ (pzo(n<t>%)eit(<§>—b1(§ n)—t2|n|) |€ 77| 91(75 £— 77)92( )d77 (3.6.30)
s E—mn .
S sok/ P30 (n(t)? )e O -niEn =i <|§ 7;" |Pk191(t§ 1) Pr,g2(17) dn
k1,k2 2

o Case I: If 2251(¢)s < 1, then using (3.3.43), we have

D

o /3 9020(77<15>§)eit(<§>ﬂ1<5 malal) <|€ T>]|’ ‘Pklgl(t ,§— H)szgz( ) dn
R

k1,k2 12
+ 19— D —12itAwa
< Z ok +2k o~k Pk191HL2 He SitA Pk292HLoo
k1,k2
< Z 2]€T+2k1_ 2—1432 <€(ln<t>)22—N(n1—4)kT2k;> (€<t>—12—N(n2—2)k;2k2>
k1,k2
< Z e (In(t 22*N(n174)k1++kf+3kl’fN(n272)k2+
1 koo
< ety ~5(Int))” - > 9~ N(1—4)k{ +k1—N(n2—2)k;
max(ki,k2)>k
< g2(t) -+ g= Nk (3.6.31)

Here in the second inequality we use Lemma 3.4.7 and Lemma 3.4.14. In the

last inequality we may take the summation over ki, ko for max(ky, ks) > k in
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view of Lemma 3.3.3.

e Case II: If 22kf(t>% 2 1 and ky 2 ko and ky < 0, then we use Lemma 3.4.23 and
(3.4.48) to obtain

>

sok/S 0 (n(t)3) e —uEn =l <‘5 7;|| |Pk191(t§ 1) Pryg2(n) dn
R

k1,k2 L2
A 1 —
S 2N e P, ﬂszgz
k1,k2 N L3
SZ ok He—it/\kgpklglum sz HPngQ‘ _
k1,k2 L
<N 2 (Infe)) (1)~ 2 W) =9k Nk g =k (G=9)=3ky
k1,k2
<D (Inf) (1) 2 S (NI -NE (1) 5G9 (1) s
k1,k2
< Z e (In( >)2 9~ (N(n1)=5)kf —N(n2)k (3.6.32)
k1 ko
e Case III: If 22kf<t)% 2 1 and ky 2 ko and ke > 0, then
TN —t —t é Ui
Z Spk’/ @ZO(n<t>8>et(<£> 1e=m)—ealal) <‘ >|’ ‘Plﬂgl(t 6 77)Pk:292( )d77
k1,k2 R? L2
+ —i —_—
SJ Z ok He tAkQPklngLoo HPk2gg )
k1,k2 L
< Z 62(1n<t>)2<t>—%+%2—(N(n1)—5)k1+—N(nz)k§Q—RI(%—%)
k1,k2
<N ()7 (In(r))” 27 Wm0k Nk (3.6.33)
k1,k2
e Case IV: If 22k1(¢)s > 1 and ky < ks, then we have
§—n*
s iNE 3.6.34
€= il (3639
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We first integrate by parts in 7 using (3.3.3), and then use Lemma 3.4.7, Lemma
3.4.21 and (3.4.48) to obtain that

sok/g o () ) e (O —u = =l <|§ 7>7|| |Pk191(tr5 1) Peyg2(n) dn
R

k1,k2 L2
T i — —n)—1t g

Sy @k/[ po(n(t)s)e@malemm el = L Sl 3 P g1 (t.€=1) Pryga(n) dy
K1 ko R3 <§ 77>| |

SO Pag| 2 e Page |
k1,k2

<N )72 (Infr)) 2 Nk =Nk (3.6.35)
k1,k2

For the term with derivative after integration by parts, we always assign L2,
and the other term with L. Note that now 272, even present, is not a big

deal since it grows at most ()s.

Step 4. B oo Terms

In bounding
Z SOk{ Z IL1L2 [ £1 00 7V£‘;ao;2 + 7‘[222700] — 10[427005351700}, (3.6.36)
L1,L2 ti2€{+,—}

all terms related to B, - can be controlled as in Lemma 3.6.1 since B, » has

sufficient time decay as in Lemma 3.4.25 and Lemma 3.4.26. O]

Combining Lemma 3.6.1, Lemma 3.6.2 and Lemma 3.6.3, we get the following

proposition:

Proposition 3.6.4. Assume (3.2.104) holds. For any L € V,, with 0 < n < Ny, we
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have

H‘PkatGZg

s £2 ()~ (LHHL (M8 =Ny (m)k* (3.6.37)
L
3

3.6.2 T, Estimates

Lemma 3.6.5. Assume (3.2.104) holds. For any L € V,, with 0 < n < N; — 1 and
¢ e {1,2,3}, we have

l

Proof. The proof is similar to that of Lemma 3.6.1 and of [45, Lemma 4.3]. Since

< 2 () Mg mMog=Nig(mk™ (3 6.38)

~Y

pdx fem I ot o] |

2
L

L, [G’Zgl’“,GZUZ’L?](t,f)N / &Pk by, (€, )G (t, E—n)GE2 (t,n) dn, (3.6.39)

R3

¢, derivative may hit the phase e se®ks” | the multiplier biyiy, OT GIZ“Z (E—n).

o If ¢ derivative hits the phase e Atse'®%”  then we have an extra (t) term
popping out. Following exactly the same argument as in the proof of Lemma

3.6.1, we get the desired result.

o If & derivative hits the multiplier b,,,,, then nothing happens and we follow the

same proof of Lemma 3.6.1.

—

o If & derivative hits Gigl’“ (€—n), then we simply use (3.3.42) and Lemma 3.4.1
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to obtain

—_

L1t2

’soklkg [sokla&Gﬁl  Phs “’} (3.6.40)
2
,S 2%m1n{k1,k2,k}2 ko Soklangk% ngkz/wa\u )
L

5 e2 <t) —(H(n1+1)+H(n2))62% min{kl,kg,k}Q—%kg 2—(N(n1+1)+1)kf—N(n2)k2+‘

This works for k; < k. If ky > ko, then through change of variables in the
convolution, we can always transfer the derivative to Gz.", so we know both

Hy,(n) and Ni (n) requirements can be met.

]

Lemma 3.6.6. Assume (3.2.104) holds. For any L € V, with 0 <n < N; — 1 and
¢ e {1,2,3}, we have

i

< 62 <t> —H,’C/g(n)52—N]’€’g (n)kt :

Lo,00

010k, {e_im’“g(g) IHLQ [Gk‘q’” Ve id +HE oo} }

(3.6.41)

S ety 5Ny

i

@ka&, {e—itAkg(g) 121;2 [( L11Doo ng’“>£ + %El o G’Lﬁus,w] }

2
L&

(3.6.42)

Proof. 1t is similar to that of Lemma 3.6.2 and Lemma 3.6.5. m

Lemma 3.6.7. Assume (3.2.104) holds. For any L € V, with 0 <n < N; — 1 and
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¢ e {1,2,3}, we have

cpka&{e—imkg@( So> Ly (emvie) ey VAR,
El ’ ) ’

L1,L9 11 ,00={+,—}

— Z icﬁz,oo (eti@) o - Z icﬁg,oo%ﬁl,oo - bC,oo)}

L1,L2 L1,L2 L?
S €3(t) MhaMog Ny (T, (3.6.43)
Proof. Tt is similar to that of Lemma 3.6.3 and Lemma 3.6.5. O

Combining Lemma 3.6.5, Lemma 3.6.6 and Lemma 3.6.7, we get the following

proposition:

Proposition 3.6.8. Assume (3.2.104) holds. For any L € V,, with0 <n < N; —1
and ¢ € {1,2,3}, we have

< 2 (t)~Hha(mog N (T, (3.6.44)

Sﬁka@{/\/’g‘q - e_itAkg(5)< Z 1Cry 00 (eiD“Vo]Zg> + Z 1Czy00B 1y 00 bc,oo)}
1 L2

L
L1,L9 L1,L2 3




220

3.7 Energy Estimates for Wave Equation

3.7.1 S; Estimates

We start from the equation (3.2.74) with vector fields:
0,Go = oM ONwa (3.7.1)

Multiplying |¢] 7 (£)2V (")@ on both sides and integrating over ¢ € R3, we have

0L =RE (3.7.2)
where
CACESEY [Nt I (373)
and
Re, = /R 3 €] (g)2H M) <eitAwa<s> Nga — hﬁm> Gua de. (3.7.4)
Hence, we have
EL (1) = — /t T RE (s)ds. (3.7.5)

Similar to the nonlinear analysis, in order to estimate £Z,(t), it suffices to bound the

time integral of every term in (3.5.1) for eitAwa(g)./\/fFl — It oo

Remark 3.7.1. It seems that we can directly apply nonlinear estimates in Lemma

3.5.1, Lemma 3.5.2 and Lemma 3.5.3 to obtain the desired result. However, this is
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not always workable since nonlinear estimates do not have sufficient time decay and
kT weight, so we have to redo the estimates term by term. In particular, the time

integral will play a key role.

Lemma 3.7.1. Assume (3.2.104) holds. For any £ € V,, with 0 < n < Ny, we have

/ / 61T (Gl G| G agds| S S0 (37.6)
t R3

Proof. Without loss of generality, we assume n; < no and n; + no = n. Also, we

ignore ¢; and ¢ when there is no confusion. We intend to bound

La[62.GEor) = [ [ dme g g aen 1)
t R3xR3

G (5,6 —n)GYI (s, )G (s, €) dndeds .

Here a(£,n) will not play a role in the estimate since |a(£, )| < 1. It is convenient to

write

mlaler] = [ ff mlod i one (378)
t R3 xR3

—

X PG (5,6 —n) P, GX2 (5,1) PG (s, €) dpdéds .

Here 7,,(s) is a time cutoff function defined in (3.2.77).
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If 1 <ny <ny <n—1, then we integrate by parts in time using (3.3.2) to get

m’Twa

Tk (G G GiE*) ~ /t T KR (G G G (s) ds (3.7.9)
+ /t T KEE R [0,GY G, G2 (s) ds
+ /t T KRk (G 0,6, G4 (s) ds

+ / T KRk (G GRY 0,64 (s) ds,
t

where

eisPwa SNy — —
Koat =[G, G, GE] = //R s B SO PL G (€ Pu G () PG () dnde
X wa
(3.7.10)
Note that for |£] ~ 2¥ and s ~ 2™,
eisfbwa
5| < €|t =27k, (3.7.11)
and that
Tl S 1, | S27" R s (3.7.12)

From (3.3.44) in Lemma 3.3.19, we know

isPoyq

(S

il . 27k [

wa ~Y

‘ // Pr, (6§ =) Pr,9(n) Pib (&) dndg
R3xR3

— n 3 min
< 27N MK gy min(kkrka) | Pl || Pyall e | b 12

_1 -
< 2 BN | B | Pl 1P (3.7.13)
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Also, based on Lemma 3.4.1, we have

[P GR9 |, S e(t)~ oo Nk (3.7.14)

| PG|, S ety Hnog-Nowkd (3.7.15)

PGyt || o S ety o NOIRT g3k, (3.7.16)
L lL

and based on Proposition 3.5.4 and Proposition 3.6.4, we have

[Py 0GR ||, S () Miamn)d gy =1 =Nl (ki (3.7.17)
| PG| o < () Mhan2)d gy ~1o Ny (na)ks (3.7.18)
[ PoyGee|| o S e2(t)~Hialmi () ~1g=Nig (kT 93k~ (3.7.19)

Note the following facts, which suffice to close the estimate:

e We have enough time decay

H(ny) + H(ng) + H(n) > 2H(n), (3.7.20)
HY (n1) + H(ny) + H(n) > 2H(n), (3.7.21)
H(ny) + Hy, (ns) + H(n) > 2H(n), (3.7.22)
H(ny) + H(ng) + H,(n) > 2H(n). (3.7.23)

This relies on the fact that 0 < ny,ny < n, and that terms with less derivatives

have faster time decay.
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e We have enough k™ weight

min (N(nl), N(n2)> + N(n) — 5> 2N(n), (3.7.24)
min (N,;;(nl), N(ng)) + N(n) — 5 > 2N(n), (3.7.25)
min (N(nl), N,;;](nQ)) + N(n)— 5> 2N(n), (3.7.26)
min <N(n1),N(n2)> +N" (n) — 5> 2N(n). (3.7.27)

This also relies on the fact that 0 < ny,no < n, and that terms with less

derivatives have better k™ weight.

e We have enough k= weight. | P,G¥%| ;. and ||P0,G$*||,- always provide an

1 —
extra 23 |

Now the only remaining case is when ny = 0 and ny = n. (If we continue using
integration by parts in time, time decay is enough, but k™ weight is not.) Instead,

we use (3.3.45).

e Case k; ~ k > ko: For n < 2 (time decay is delicate), we use Lemma 3.4.5 to

get

—

' // e 6174 B G (6 n) P G () LG (€) dndg‘ (3.7.28)

5 271{:22N(n)k‘+ e*itAkg P]@Gigz

kg
Pkl Gﬁl

N InG

< 9—k92N (n)k* (€<t>—H(n1)52—N(n1)k;r> <6<t>—1<t>—H(n2+1)52—(N(n2+1)—g)kJQ;k;)

% (5(t> —H(n)so—N(n)k* Q;k)

< 3 (t>‘1 <t) —(H(m)+H(n2+1)+H(n))62—N(n1)kf'—(N(n2+1)—g)k§'+%k2_ +N(n)kt+1k™ —k

~Y
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For n > 2 (k™ weight is delicate), we use Lemma 3.4.5 to get

' //Rs el 1)) Py G (€—n) Py G (n) PG E(€) dnd| - (3.7.29)

SJ 2—k22N(n)k+ e—itAkg Pk1 Gig1 ||Pkaa||L2

| pec

5 2—k22N(n)k‘+ (E(t)_1<t>_H(n1+1)62_(N(n1+1)_g)kl 2214:1) (€<t>—H(n2)52—N(n2)k;)

% (€<t>—H(n)52—N(n)k+ 2;1@)

5 63<t>—l<t>—(H(m+1)+H(n2)+H(n))§2—(N(m+1)—%)k;f’+%kf—N(ng)ké‘—i—N(n)k*—&-%k*‘

e Case ky ~ k > k;: We choose (00,2,2) in (3.3.45) and use Lemma 3.4.5 as

above to close the estimate.

e Case k; ~ ky > k: We may use integration by parts in time as in the case

0 < ny,ny < n (note that now k™ weight is sufficient).

]

Lemma 3.7.2. Assume (3.2.104) holds. For any £ € V,, with 0 < n < Ny, we have

5 53 <t>_2H(n)6,

Lo L2,00

[ [l L [ (eoms i) g, ] -G aeas

(3.7.30)

5 53 <t>_2H(n)6.

e I“”[(“Dévm)ﬁ +zBLm,GgL2} -G deds

(3.7.31)
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Proof. By Cauchy-Schwartz inequality, we have

(3.7.32)

/ R RER] [G’“’“ (Dwf’%‘?\) + B2, - G deds

Lo

—

> -1 n) 142 /\L Loi L2/,\L L
</ H|§| 2<§>H( T [Gigl, 3 (GQDooVO’zg 2)L %52 OO}
t

ds,

wa

llert e e |
L2 L

3

and

AL (V) wmy L GlR] - GRashs| (3.7.39)
< / H|§|%<5>H<">Iii§f [(cvmtvaem) oy G| e be oaE]| as.
t L1 L2 L

Then Lemma 3.5.2 and Lemma 3.4.1 will close the proof. O

Lemma 3.7.3. Assume (3.2.104) holds. For any £ € V,, with 0 < n < Ny, we have

‘ | [ ererocy (37.34)

x { S LI|(emvden) vy (o) s ] - hc,oo} dds
L L

L1,L2 11 ,006{+,—} ! 2

S 63 <t> —2H(n)6.

Proof. Similar to the proof of Lemma 3.7.2, we may use Lemma 3.5.3 and Lemma

3.4.1 to get the bound. [

Remark 3.7.2. Note that the nonlinear estimates in Lemma 3.5.2 and Lemma 3.5.3
are better than that of Lemma 3.5.1. This makes the proofs of Lemma 3.7.2 and

Lemma 3.7.3 much shorter than that of Lemma 3.7.1.

Combining Lemma 3.7.1, Lemma 3.7.2 and Lemma 3.7.3, we get the following
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proposition:

Proposition 3.7.4. Assume (3.2.104) holds. For any L € V,, with 0 < n < Ny, we

have

|EE (G, Gpo]| S 3(t)~2H o, (3.7.35)

This concludes the estimate of ||G“’“ in Proposition 3.2.2.

Is,

3.7.2 T, Estimates

We now estimate & derivatives of @ Deriving from (3.7.1), we get the equation
[0, + iAo (€)] <e—imw<@§lg\a) = Nwa — o ithue®p, (3.7.36)

Taking ¢ = wa in Lemma 3.3.8, we know

I, (emc:;ga) (£,€) = 0, [/\/Ag . e’“A”“(@hLm] (£,€) + e e © g, [Aya(6) G ¢, 5)] .
(3.7.37)
Note that Awa(€) = |¢]. Inserting
O (Ml OFF(1.6)] = Mun 0 G (1.6) + LG (1.6 (373%)
into (3.7.37) yields
e MO0, (6) (0, GE(1,€)) = T (e—i/tA:G%“) (t,€) (3.7.39)

: N wa —i e i 5 wa
105 [ NF* — e Oh ] 1,€) — e O LG (1,6).
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Multiplying the above equality by 2_%kg0k and estimating in L2, we obtain
Q%k ngka&z@

-1 A wa
L S 27 (et o) (3.7.40)

L2

o, [T - e ]

L L2
Based on the energy estimate in Proposition 3.7.4, we have
23 H@kFe(emG%a) 12 < e ()T ig N DkT (3.7.41)
2 HJ@ L, Sex(t) oo, (3.7.42)
Based on the nonlinear estimate in Proposition 3.5.8, we have
L Hgoka& [/\757 - e_itA“’“(f)hgm} ‘ |, S () i L (37.43)

Combining (3.7.40)—(3.7.43), we get the following proposition:
Proposition 3.7.5. Assume (3.2.104) holds. For any L € V,, with 0 <n < N; — 1,

we have

2" H%a@@ < e (t) At Dog-N(nt kT (3.7.44)

L2

This concludes the estimate of ||Gw“ in Proposition 3.2.2.

I,
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3.8 Energy Estimates for Klein-Gordon Equation

3.8.1 S5 Estimates

We start from the equation (3.2.75) with vector fields:

G = M ONE S e, (emoovofgg)cl =Y iCr0eBree — broo. (3.8.1)
[:l,ﬁz £17£2

—

Multiplying (€)2N( G on both sides and integrating over £ € R?, we have

0Eiy = Ricgs (3.8.2)
where
1 2
and
Rigy = /Rg<€>2H(”) G (t,€) (3.8.4)
X {emg@) N9 Z 1Cry 00 (emoovo’zg) _ Z 1CryoeBry 0o — bL,OO} de.
L1,L2 £ L1,L2
Hence, we have
Eiy(t) = —/ Rig(s) ds. (3.8.5)
t

Similar to the nonlinear analysis, in order to estimate £, (t), it suffices to bound the

time integral of every term in (3.6.1) for eitAkg(é)./\/’fg— {i Ce <eiD°° V£g+%oo> }E— br 0o
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Lemma 3.8.1. Assume (3.2.104) holds. For any L € V,, with 0 < n < Ny, we have

—

2H ;1;2 Zglu’ Gz;z,bz} . GZQ(& 5) dfds < 83<t>_2H(n)6. (3.8.6)

~Y

R3

Proof. We ignore ¢; and ¢ when there is no confusion. We focus on the bound of

1[0, G = [ [ e O G s, -G s )G (. €) ddeas.

(3.8.7)

Denote by

Iy G 6L G :/ //RSXRJm(@ s () 2N (¢, ) (3.8.8)

o — /\

X P, G (5,6 1) P, GEe(5,1) PG (s, €) dndéds .

For the case 1 < ny; < my < n — 1, we integrate by parts in time using (3.3.2) to

get
Ty (o, 0. 6 = [ AR OO0 @89)
+/ Kklﬂ ko [a nglvGﬁgﬁG]Zg}(s)dS
+ / W (G 0.GRe G (s) ds
t
4 / ,Ck k1 ko [G]Zgﬂ G[:2 O, Gig} (S) ds,
t
where
eiSng — _— - -
Ky (G, G, G = // 5 ("N M) Py G (=) PG () PG (&) dd
R3 xRR3 g

(3.8.10)
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Note that for |¢| ~ 2¥ and s ~ 2™,

eisq:‘kg _1 &
B, Sl 27, (3.8.11)
g
(& )| < % ~ oMok (3.8.12)
and that
Tl ST, |l S27 s (3.8.13)

From (3.3.44) in Lemma 3.3.19, we know

k1 ko < 2N ohig—ks | €°TH
N BT
g

‘ // Bof(é—n) Prag(n) Bb(€) dude
R3 xR3
< kg 2hap2N(mkT g minkkike) | o 5| | Pyl 2 || Pb]) e

_1 n
< 202728 2N B | Pyl || Pebl e (3.8.14)

Also, based on Lemma 3.4.1, we have

1P G o S ety N (3.8.15)
[P, G2]| o S ety 11Nk gzke (3.8.16)
| PG| 2 S ety Hmog=NemkT, (3.8.17)

and based on Proposition 3.5.4 and Proposition 3.6.4, we have

[P 0G| o S 2(t) ™1 i) Ny (ks (3.8.18)

[P
| Prad G| o S ()71 Hiana)dg=Nig (kT g3k (3.8.19)

PG|, < & (1)1l msg=NE, )k (3.8.20)
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Then following a similar argument as in the proof of Lemma 3.7.1, we may close the

estimate.

When n; = 0 and ny = n, we use (3.3.47) and discuss the following cases:

o Case ky >~ ky > k or ko ~ k > ki: We use Lemma 3.4.5 to get

‘ I e b P G (6 - n) PG () PG €) dndf‘ (3.8.21)
R3 xR3

5 2k1 2—k2 22N(n)kJr Hpkl e_itAk:g G/Zgi |PI~:G]ZQ

’p’@G%SHL? | HL2

|
S, k1 27k222N(n)k+ (8<t>1H(m+1)52(N(m+1)g)kfr2§kl> (€<t>H(n2)62N(n2)k;2;k2)

% (€<t>—H(n)§2—N(n)k+)

< 3 <t>flf(H(nl+1)+H(n2)+H(n))627(N(n1+1)fg)kffN(n2)k;+N(n)k+ 2%kf+%k; ok19—k2

o Case ky ~ k > ky: If n <2 (time decay is delicate), we use Lemma 3.4.5 to get

\ // O ) PG (€~ PLGE (PG (©) dndg‘ (3.8.22)

5 2/61 2—k2 22]\/(71)]4:Jr Pk;l G%Ql

—itA wa
‘PkQG waGL2

k
P.GY?
‘kﬁm

LQ‘ LOO‘

5 2k1 2—k2 22N(n)kJr (€<t>—H(n1)62—N(n1)kf) (€<t>_1 ln(t> <t>—H(n2+1)62—(N(n2+1)—1)k;r2k2)

% (€<t>H(n)§2N(n)k+)

< &3 1n(t> (t) —1—(H(nl)+H(n2+1)+H(n))52—N(n1)kf—(N(n2+1)—1)1<;2++zv(n)k+ oky ok19—k2

If n > 2 (N(n) is relatively small, but we must find a term providing 2*2;
however, G¥® in L? only provides 2%’“2), then we use integration by parts in

time to close the estimate.
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When ny = n and ny = 0, we use (3.3.47) and discuss the following cases:

o Case ky >~ k > ko or ky ~ ky > k: We choose (2,00,2) in (3.3.47) and use

Lemma 3.4.5 as above to close the estimate.

o Case ky ~ k > ki: If n < 2, we choose (00,2,2) in (3.3.47) and use Lemma

3.4.5. If n > 2, we may use integration by parts in time to close the proof.

]

Lemma 3.8.2. Assume (3.2.104) holds. For any £ € V,, with 0 < n < Ny, we have

2H ")Im2 Gkg R Vs HE, oo] ' ng déds| < 63<t>72H(n)é>

L2,00

RS

(3.8.23)

5 63 <t>_2H(n)5.

2H L1L2 eLliD;Wg,\Ll + %Ll @ . ak\g dé-d
R3 00 £ L1000 9Ly L S

(3.8.24)
Proof. By Cauchy-Schwartz inequality, we have
n L1L2 kg 1 T was Xk
@ T GEVER v Hg, |- G dgas (3.8.25)

(eAMGhl ds,

2
L

< / | L [Ga Vs + .
t

2
L
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and

O (v PHVE) by | GE] G gl (38.26)
R3 L1
< / H<§>H Ty [(eotvie) oy GER)| @ 0G| as
Then Lemma 3.6.2 and Lemma 3.4.1 will close the proof. O]

Lemma 3.8.3. Assume (3.2.104) holds. For any £ € V,, with 0 < n < Nj, we have

[T 3 B[, v o]

L1,L2 11 a={+,—}

— Z icl;%oo (eiDm@> ) - Z icllg,oo%ﬁl,oo - bll,oo} dde

Ly,Lo Ly,Lo

< g3() M3 (3.8.27)

Proof. Similar to the proof of Lemma 3.8.2, we may use Lemma 3.6.3 and Lemma

3.4.1 to get the bound. [

Combining Lemma 3.8.1, Lemma 3.8.2 and Lemma 3.8.3, we get the following

proposition:

Proposition 3.8.4. Assume (3.2.104) holds. For any L € V,, with 0 < n < N, we

have

ghla. el

< 3(t)2H M), (3.8.28)

This concludes the estimate of ||Gkg H S in Proposition 3.2.2.
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3.8.2 7T, Estimates

—_

We now estimate & derivatives of G*. Deriving from (3.8.1 , we get the equation
c g g

[0 + iy (6)] (€740 G ) (3.8.29)
_ Ngg N e—itAkg(ﬁ){ Z iCLg,oo (eiDooVOlZ!?) + Z 1C£2 oo‘Bgl 0 T+ bgoo}
L1,L2 £ L1,L2

Taking 1 = kg in Lemma 3.3.8, we know

L —

I, <e*imkg G’zg) (t,€) (3.8.30)
— iafg {Ngg . efitAkg(f) |: Z icﬁz,oo <eiDooVO]ZQ>£ + Z ICL2 Oo%ﬁl ~ + b, oo:| }(t, f)

El 7£2 [:1 ﬁg

e [0, (GR (1.6)]

Note that Ak, (&) = (£). Inserting

e [ Mo G ()] = Mg (06 G (1.6) + 75GE(.6) (3.8.31)
into (3.8.30) yields
—ltAk:g Akg(g) (a&ai\g@, f)) (3832)
=T, (e*itAkgGlg?) (t, 5) _ o itArg(€ <€g> Gkg(t g)

_ 18&{_/\/59 _ o ithig(€) { Z T (eiDooVO]?) + Z 1Cry00Bri 00 + b2 oo} }(t,g) .

517[:2 El ﬁg
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Multiplying the above equality by ¢ and estimating in L?, we obtain
il

gaka&c;?’ (3.8.33)

L2

<aureemact)

Sﬁkagg{/\/’fg — e 1thre(0) [ Z 1Cry.00 (eiD""Vo@g> 1 + Z 1Cry,00Bry 00 T bﬁ,oo:| }

L
Ly,L2 L1,L2

——
‘ + HPng
L2 L2

_|_

L2

Based on the energy estimate in Proposition 3.8.4, we have

ﬁg kg < 3\ —H(n+1)d9—N(n+1)k+
ngkrg(e )| st 2 , (3.8.34)
Hpkc;? |, Sed(py RN (3.8.35)

Based on the nonlinear estimate in Proposition 3.6.8, we have

90198@{/\/’59 — e He(0) [ Z 1Cry 00 (etiVO@g)ﬁ + Z 1Cy,00B1y 00 T bﬂ,oo:| }

L1,L2 YLt

LQ

< e2(t) Mg (M= Nig(mk™ (3.8.36)

Combining (3.8.33) —(3.8.36), we get the following proposition:

Proposition 3.8.5. Assume (3.2.104) holds. For any L € V,, with 0 <n < Ny — 1,

we have

o™ < cs <t>—H(n+1)52—N(n+1)k+_ (3.8.37)

kg
Spka&. GC 12

This concludes the estimate of ||Gk9 H m in Proposition 3.2.2.
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