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CHAPTER 1

Introduction

In this thesis, we study the regularity theory for p-Laplace type equations. Physi-

cally, such equations arise from various materials, including dielectrics, plastic mould-

ing, plasticity phenomena, viscous flows in glaciology, electro-rheological and thermo-

rheological fluids. See e.g. [5, 14, 40, 46, 61, 81, 82]. Due to their degenerate and

nonlinear nature, regularity theory for these equations is still not complete.

In the remaining part of this chapter, we introduce our main results on the

nonlinear potential theory for p-Laplace type equations with measure data and stress

concentration for nonlinear high contrast composite materials involving the p-Laplacian.

We also present some important ideas and methods used to obtain those results. Details

of the nonlinear potential theory can be found in Chapter 2 and 3, which are based

on [36] and [35]. Detailed analysis on the nonlinear composite materials will be given

in Chapter 4 and 5, which are based on [33] and [32].
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1.1 Nonlinear potential theory

In this section, we introduce the potential theory for the gradient of solutions to

elliptic and parabolic p-Laplace type equations with measure data. We consider

− div(|Du|p−2Du) = µ in Ω ⊂ Rn, (elliptic case)

and

ut − div(|Du|p−2Du) = µ in ΩT := Ω× (−T, 0) ⊂ Rn+1, (parabolic case)

in the singular range p ∈ (1, 2), where µ is a locally finite signed Radon measure. A

major difficulty for these equations in the range p ∈ (1, 2− 1
n
] (for the elliptic case)

and p ∈ (1, 2− 1
n+1

] (for the parabolic case), is that the gradient of solutions (even

when µ is the Dirac measure) fail to belong to L1
loc. To overcome this difficulty, we

develop iteration schemes to estimate the so-called Lq-mean oscillation of the gradient

of solutions with q ∈ (0, 1), namely,

inf
Θ∈Rn

( 
B
|Du−Θ|q

)1/q
for domains B ⊂ Ω (or ΩT ). With the help of comparison estimates with homogeneous

equations, reverse Hölder inequalities, and stopping time arguments, we are able to

establish pointwise gradient estimates and optimal conditions ensuring boundedness

or continuity of the gradient in a singular range of p.
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1.1.1 p-Laplace type equations with measure data

Let Ω ⊂ Rn (n ≥ 2) and µ be a locally finite signed Radon measure supported in

Ω. Consider the following quasi-linear elliptic equation with measure data:

− div(a(x,Du)) = µ in Ω, (1.1.1)

where the nonlinear tensor a(·) satisfies Ladyzhenskaya & Ural’tseva’s conditions in

the gradient variable, i.e.:


|a(x, z)|+ |z||∂za(x, z)| ≲ |z|p−1

⟨∂za(x, z)ξ, ξ⟩ ≳ |z|p−2|ξ|2

and the oscillation with respect to the space variable can be quantified via a modulus

of continuity of Dini type:

|a(x1, z)− a(x2, z)| ≲ ω(|x1 − x2|)|z|p−1,

with ω(·) concave, non-decreasing, lim
ρ→0+

ω(ρ) = ω(0) = 0 and
´ 1

0
ω(t)dt

t
<∞. In recent

decades, people are interested in establishing a potential theory for the gradient of

solutions, namely estimating Du by some potentials of µ.

(a) For the linear growth case p = 2, in the pioneering work [74], Mingione proved a

pointwise upper bound of the gradient of solutions in terms of the linear Riesz

potential I
|µ|
1 .

(b) Duzzar-Mingione [38] and Kuusi-Mingione [56] showed that the pointwise upper

bound of the gradient in terms of the linear Riesz potential I
|µ|
1 also holds when

p ∈ (2− 1
n
, 2) and p ∈ (2,∞) (where solutions are W 1,1

loc ).

(c) For the singular case when p ∈ (3n−2
2n−1

, 2 − 1
n
], Nguyen-Phuc [77] secured a

3



pointwise upper bound of the gradient in terms of nonlinear Wolff potentials

P
|µ|
γ for γ ∈ ( n

2n−1
, n(p−1)

n−1
) ⊂ (0, 1), under some extra assumptions on ω and the

continuity of ∂za.

Here

I
|µ|
1 (x,R) :=

ˆ R

0

|µ|(Bt(x))

tn−1

dt

t

is the linear (truncated) Riesz potential, and

P|µ|
γ (x,R) :=

ˆ R

0

( |µ|(Bt(x))

tn−1

)γ dt
t

is a nonlinear (truncated) Wolff potential.

In a joint work with H. Dong [36], we extended the pointwise gradient estimates

via linear potential in (a) and (b) to the singular range p ∈ (3n−2
2n−1

, 2− 1
n
) and obtained

Lipschitz estimates for the more singular case when p ∈
(
1, 3n−2

2n−1

]
.

Theorem 1.1.1 (Chapter 2, Theorems 2.1.1, 2.1.3). Let p ∈ (1, 2), u be a solution to

(1.1.1), and BR(x) ⊂ Ω. Then we have the following Lipschitz estimate

∥Du∥L∞(BR/2(x)) ≲ ∥I|µ|1 (· , R)∥
1

p−1

L∞(BR(x)) +R− n
2−p∥Du∥L2−p(BR(x)).

Moreover, if p ∈ (3n−2
2n−1

, 2), we also have pointwise gradient estimate

|Du(x)| ≲ [I
|µ|
1 (x,R)]1/(p−1) +

( 
BR(x)

|Du|2−pdy
) 1

2−p
. (1.1.2)

We also extended the optimal gradient continuity criterion for p ≥ 2 in [56] to the

singular range p ∈ (1, 2).

Theorem 1.1.2 (Chapter 2, Theorem 2.1.4). Let p ∈ (1, 2) and u be a solution to

4



(1.1.1). If

lim
R→0

I
|µ|
1 (x,R) = 0 locally uniformly in x ∈ Ω, (1.1.3)

then Du is continuous in Ω. In particular, assumption (1.1.3) holds when µ belongs

to the Lorentz space L(n, 1) locally in Ω.

We should mention that the pointwise gradient estimates (1.1.2) has been recently

proved by Nguyen-Phuc [79] for the range p ∈ (1, 3n−2
2n−1

] and their proof merges improved

comparison estimates with the techniques developed in the our work [36]. To conclude,

a complete (local) potential theory for the gradient of solutions to p-Laplace type

equations is now available for all exponents p > 1.

1.1.2 Parabolic p-Laplace type equations with measure data

Let ΩT := Ω× (−T, 0) ⊂ Rn+1 (n ≥ 2) and and µ be a locally finite signed Radon

measure supported in ΩT . Consider the following parabolic p-Laplace type equation

with measure data

ut − div(a(x, t,Du)) = µ in ΩT , (1.1.4)

where the nonlinear tensor a(·) satisfies the same Ladyzhenskaya & Ural’tseva’s

conditions in the gradient variable and Dini condition in the space variable as in

Section 1.1.1, but can be merely measurable in the time variable. The parabolic

setting is more involved due to the lack of certain scaling properties. We denote the

standard parabolic cylinder by Qr(x, t) := Br(x) × (t − r2, t), and the (truncated)

parabolic Riesz potential by

I
|µ|
1 (x, t; r) :=

ˆ r

0

|µ|(Qρ(x, t))

ρn+1

dρ

ρ
.

For the case when p > 2− 1
n+1

(where the gradient of solutions belong to L1
loc), Kuusi-

Mingione [55, 59] proved pointwise upper bounds of the gradient of solutions in terms

5



of the parabolic Riesz potential I
|µ|
1 , and fine criteria for continuity of the gradient.

In a joint work with H. Dong [35], we extended their results to the sub-critical range

p ∈ ( 2n
n+1

, 2 − 1
n+1

]. We overcame the difficulties by using intrinsic geometries and

estimating the Lq-mean oscillation of the gradient of solutions with q ∈ (0, 1) as

mentioned above.

Theorem 1.1.3 (Chapter 3, Theorems 3.1.2, 3.1.3). Let p ∈ ( 2n
n+1

, 2− 1
n+1

], u be a

solution to (1.1.4), and Q2r(x, t) ⊂ ΩT . Then we have

|Du(x, t)| ≲ [I
|µ|
1 (x, t; 2r)]

2
(n+1)p−2n +

(  
Qr(x,t)

(|Du|+ 1)q dxdt
) 2q

2q−n(2−p)
.

Moreover, if

lim
r→0

I
|µ|
1 (x, t; r) = 0 locally uniformly in (x, t) ∈ ΩT , (1.1.5)

then Du is continuous in Ω. In particular, assumption (1.1.5) holds when µ belongs

to the Lorentz space L(n+ 2, 1) locally in ΩT .

We remark that p > 2n/(n + 1) is a natural assumption that guarantees the

existence of fundamental solution to the parabolic p-Laplace equation (the Barenblatt

solution; see [10], [87, Chapter 11], [55, Section 1.3]).

1.2 Nonlinear high contrast composite materials

In this section, we introduce the nonlinear conductivity problems arising from high

contrast composite materials. We study the insulated (or perfect) conductivity problem

with closely spaced insulators (or perfect conductors) embedded in a homogeneous

matrix where the current-electric field relation is the power law J = σ|E|p−2E. The

electric field may blow up as ε, the distance between the inclusions approaches 0.

6



We quantitatively analyze the concentration of the electric field E = −Du between

the inclusions, where u is the voltage potential. The linear case (p = 2) is already

interesting and has attracted a lot of attention in recent decades. See e.g. [3, 4,8,9,28,

29,62,63,88–91].

1.2.1 Nonlinear insulated conductivity problem

Let Ω ⊂ Rn (n ≥ 2) be a bounded domain with C2 boundary, and let D0
1 and D0

2

be two C2 open sets inside Ω with diam(D0
i ) > c > 0 and dist(D0

1 ∪ D0
2, ∂Ω) > c > 0,

touching at the origin with the outer normal of ∂D0
2 being the positive xn-axis. We

write variable x as (x′, xn), where x
′ ∈ Rn−1. For ε > 0, translating D0

1 and D0
2 by ε

2

along the xn-axis, we denote

Dε
1 := D0

1 + (0′,
ε

2
), Dε

2 := D0
2 − (0′,

ε

2
),

and Ω̃ε := Ω \ (Dε
1 ∪ Dε

2). See Figure 1.1.

Figure 1.1: Domain with closely spaced inclusions

When the two inclusions Dε
1,Dε

2 are insulators, we set σ = 1Ω̃ε and then the voltage

7



potential uε is the unique solution to the following equation


− div(|Duε|p−2Duε) = 0 in Ω̃ε,

∂uε
∂ν

= 0 on ∂Dε
i , i = 1, 2,

uε = φ on ∂Ω,

(1.2.1)

where φ ∈ C2(∂Ω) is given, and ν = (ν1, . . . , νn) denotes the outer normal vector on

∂Dε
1 ∪ ∂Dε

2 (pointing towards Ω̃ε). By the regularity of Dε
1 and Dε

2, we can assume

that near the origin, the part of ∂Dε
1 and ∂Dε

2, denoted by Γε
+ and Γε

−, are the graphs

of two functions of x′:

Γε
+ =

{
xn =

ε

2
+ h1(x

′), |x′| < 1

2

}
, Γε

− =

{
xn = −ε

2
+ h2(x

′), |x′| < 1

2

}
, (1.2.2)

where h1 and h2 are strictly convex and strictly concave C2 functions, respectively,

satisfying

h1(0
′) = h2(0

′) = 0, Dx′h1(0
′) = Dx′h2(0

′) = 0.

The goal is to estimate the electric field −Duε in Ω̃ε. By classical C1,α estimates

for the p-Laplace equation and the maximum principle, Duε(x) should be uniformly

bounded when x ∈ Ω̃ε ∩ {x ∈ Rn : |x′| ≥ 1/2}.

For the linear case (p = 2), Ammari-Kang-Lim [4] and Bao-Li-Yin [9] proved that

the optimal blow-up rate of the gradient is ε−1/2 when n = 2 and recently Dong-Li-

Yang [28, 29] obtained the optimal blow-up rate ε−1/2+γ when n ≥ 3, where γ > 0 is a

explicit constant depending on n and the principal curvatures of ∂D0
1 and ∂D0

2.

However, their arguments heavily rely on the linear structure and do not work in

the nonlinear case (p ̸= 2).

In a joint work with H. Dong and Z. Yang [33], in dimension n = 2 we obtained

almost optimal blow-up rate of the gradient, and for the case when n ≥ 3, we proved

8



an upper bound of the gradient to be of order ε−1/2+β for some β > 0, and showed

that the singularity of the gradient diminishes as p → ∞ or n → ∞. We overcame

the difficulties due to nonlinearity by different flattenings and extensions at different

scales, delicate iteration arguments using mean oscillation estimates, and constructing

suitable super-solutions and sub-solutions.

Theorem 1.2.1 (Chapter 4, Theorems 4.1.1, 4.1.3). Let n = 2, ε ∈ (0, 1), uε be the

solution to (1.2.1), and x ∈ Ω̃. When p ∈ (1, 3], we have

|Duε(x)| ≲ (ε+ |x′|2)−1/2∥φ∥L∞(∂Ω).

When p > 3, then for any δ > 0, we have

|Duε(x)| ≲δ (ε+ |x′|2)−1/(p−1)−δ∥φ∥L∞(∂Ω).

Theorem 1.2.2 (Chapter 4, Theorems 4.1.2, 4.1.3, 4.1.5). Let p > 1, n ≥ 3,

ε ∈ (0, 1), uε be the solution to (1.2.1), and x ∈ Ω̃. Then there exists β =

β(n, p,D2h1(·), D2h2(·)) > 0 such that

|Duε(x)| ≲ (ε+ |x′|2)−1/2+β∥φ∥L∞(∂Ω).

Moreover, β → 1/2 as p→ ∞ and β → 1/2 as n→ ∞.

When n = 2, the blow-up rates ε−1/2 for p ∈ (1, 3] and ε−1/(p−1)−δ for p > 3 in

Theorem 1.2.1 are almost optimal in the sense that we constructed the following

example:

Theorem 1.2.3 (Chapter 4, Theorem 4.1.4). Let n = 2, ε ∈ (0, 1), Ω = B5, D1,D2

be the unit balls centered at (0, 1 + ε/2) and (0,−1 − ε/2), respectively. Let φ = x1

9



and uε be the solution to (1.2.1). Then for any δ > 0, when p ∈ (1, 3],

∥Duε∥L∞(Ω̃∩B
8
√

ε/δ
) ≳δ ε

−1+δ
2 ,

and when p > 3,

∥Duε∥L∞(Ω̃∩B
8
√

ε/δ
) ≳δ ε

−1+δ
p−1 .

1.2.2 Nonlinear perfect conductivity problem

We adopt the same notation for the domains Ω, D0
1, D0

2, Dε
1, Dε

2, Ω̃
ε as in Section

1.2.1. When the two inclusions Dε
1,Dε

2 are perfect conductors, the voltage potential uε

is the unique solution to the following equation



− div(|Duε|p−2Duε) = 0 in Ω̃ε,

uε = U ε
i on ∂Dε

i , i = 1, 2,ˆ
∂Dε

i

|Duε|p−2Duε · ν = 0 i = 1, 2,

uε = φ on ∂Ω,

(1.2.3)

where φ ∈ C2(∂Ω) is given, ν = (ν1, . . . , νn) is the outer normal vector, and U ε
1 , U

ε
2

are two constants determined by (1.2.3)3.

When p ≥ (n+1)/2, Gorb-Novikov [43] showed that as ε→ 0+, uε converges (both

weakly in W 1,p(Ω) and strongly in C1(K) for any K ⊂⊂ Ω̃0) to the unique solution of



− div(|Du0|p−2Du0) = 0 in Ω̃0,

u0 = U0 on ∂D0
1 ∪ ∂D0

2,

2∑
i=1

ˆ
∂D0

i

|Du0|p−2Du0 · ν = 0,

u0 = φ on ∂Ω,

(1.2.4)

10



where Ω̃0 := Ω \ (D0
1 ∪ D0

2) and U0 is a constant determined by (1.2.4)3. In this case,

the flux along ∂D0
1, denoted by

F :=

ˆ
∂D0

i

|Du0|p−2Du0 · ν,

can be nonzero.

When p ∈ (1, (n+1)/2), in a joint work with H. Dong and Z. Yang [32], we proved

that as ε→ 0+, uε converges (in the same sense) to the unique solution of



− div(|Du0|p−2Du0) = 0 in Ω̃0,

u0 = Ui on ∂D0
i \ {0}, i = 1, 2,ˆ

∂D0
i

|Du0|p−2Du0 · ν = 0, i = 1, 2,

u0 = φ on ∂Ω,

(1.2.5)

where U1 and U2 are two constants determined by (1.2.5)3.

For the linear case p = 2 and n ≥ 2, the optimal blow-up rate was obtained in

[3, 4, 8]. Li-Li-Yang [63] and Li [62] established asymptotic expansions of Duε(x) for

sufficiently small ε and x′, when n = 2, 3.

For the nonlinear case when p ≥ (n+ 1)/2 and F ≠ 0, Gorb-Novikov [43] proved

that the optimal blow up rate of Duε is of order Θ(ε)/ε, where

Θ(ε) :=


ε

2p−n−1
2(p−1) , p >

n+ 1

2
,

| ln ε|−
1

p−1 , p =
n+ 1

2
.

In the joint work with H. Dong and Z. Yang [32], for any p > 1 and n ≥ 2, we

obtained an asymptotic expansion of Duε(x) for sufficiently small ε and x′.

Theorem 1.2.4 (Chapter 5, Theorem 5.1.1). Let n ≥ 2, uε, F , U1, U2, Θ(ε) be as

11



above, x ∈ Ω̃ε, and η(x) := h1(x
′) − h2(x

′) + ε, where h1, h2 are defined in (1.2.2).

Then the following holds:

(i) If p ≥ (n+ 1)/2, when ε and |x′| are sufficiently small, we have

Duε(x) =
(
0′, η(x)−1Θ(ε) sgn(F)(K|F|)1/(p−1)

)
+R1(x, ε),

where K > 0 is an explicitly computable constant in terms of n, p, and D2
x′(h1 −

h2)(0
′).

(ii) If p ∈ (1, (n+ 1)/2), when ε and |x′| are sufficiently small, we have

Duε(x) =
(
0′, η(x)−1(U1 − U2)

)
+R2(x, ε).

The remainders R1 and R2 are of higher order with respect to η(x)−1Θ(ε) and η(x)−1,

respectively.

Our proof of Theorem 1.2.4 involves a delicate C1,α estimate, which implies a better

estimate for the oscillation of Duε in the xn direction.
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CHAPTER 2

Gradient estimates for singular

p-Laplace type equations with

measure data

We are concerned with interior and global gradient estimates for solutions to a class

of singular quasilinear elliptic equations with measure data, whose prototype is given

by the p-Laplace equation −∆pu = µ with p ∈ (1, 2). The cases when p ∈
(
2− 1

n
, 2
)

and p ∈
(
3n−2
2n−1

, 2− 1
n

]
were studied in [38] and [77], respectively. In this chapter, we

improve the results in [77] and address the open case when p ∈
(
1, 3n−2

2n−1

]
. Interior

and global modulus of continuity estimates of the gradients of solutions are also

established.

2.1 Introduction

We consider the quasilinear elliptic equation with measure data

−div(A(x,Du)) = µ (2.1.1)
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in a domain Ω ⊂ Rn, where n ≥ 2. Here µ is a locally finite signed Radon measure in

Ω, namely, |µ|(BR(x) ∩ Ω) < ∞ for any ball BR(x) ⊂ Rn. By setting |µ|(Rn\Ω)=0,

we will always assume that µ is defined in the whole space Rn. The vector field

A = (A1, . . . , An) : Ω×Rn → Rn is assumed to satisfy the following growth, ellipticity,

and continuity conditions: there exist constants λ ≥ 1, s ≥ 0, and p > 1 such that

|A(x, ξ)| ≤ λ(s2 + |ξ|2)(p−1)/2, |DξA(x, ξ)| ≤ λ(s2 + |ξ|2)(p−2)/2, (2.1.2)

⟨DξA(x, ξ)η, η⟩ ≥ λ−1(s2 + |ξ|2)(p−2)/2|η|2, (2.1.3)

and

|A(x, ξ)− A(x0, ξ)| ≤ λω(|x− x0|)(s2 + |ξ|2)(p−1)/2 (2.1.4)

hold for every x, x0 ∈ Ω and every (ξ, η) ∈ Rn ×Rn\{(0, 0)}, and ω : [0,∞) → [0, 1] is

a concave non-decreasing function satisfying

lim
r→0+

ω(r) = ω(0) = 0

and the Dini condition ˆ 1

0

ω(r)
dr

r
< +∞. (2.1.5)

A typical model equation is given by the (possibly nondegenerate) p-Laplace

equation with measure data and s ≥ 0:

−div
(
a(x)(|Du|2 + s2)

p−2
2 Du

)
= µ in Ω, (2.1.6)

where a(·) is a Dini continuous function in Ω, satisfying

0 < λ−1 ≤ a(x) ≤ λ (2.1.7)
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and

|a(x)− a(x0)| ≤ λω(|x− x0|) (2.1.8)

for every x, x0 ∈ Ω.

By a (weak) solution to Eq. (2.1.1), we mean a function u ∈ W 1,p
loc (Ω) such that

the distributional relation

ˆ
Ω

⟨A(x,Du), Dφ⟩ dx =

ˆ
Ω

φ dµ

holds whenever φ ∈ C∞
0 (Ω) has compact support in Ω. We use BR(x) to denote the

open ball of radius R centered at x and we set

BR = BR(0), ΩR(x) = Ω ∩BR(x).

The gradient estimates for the super-quadratic case when p ≥ 2 were well studied

in the literature. See [37, 39, 56, 74, 75]. However, the corresponding results for the

singular case when p ∈ (1, 2) are far from complete.

In this chapter, we are concerned with only the singular case when p ∈ (1, 2).

For singular quasi-linear equations, the case when p ∈
(
2− 1

n
, 2
)
was considered

in the pioneering work [38], in which the authors proved that under the conditions

(2.1.2)-(2.1.5), if u ∈ C1(Ω) solves (2.1.1), then it holds that

|Du(x)| ≤ C
[
IR1 (|µ|)(x)

] 1
p−1 + C

 
BR(x)

(|Du(y)|+ s) dy

for every ball BR(x) ⊂ Ω with R ∈ (0, 1], where C = C(n, p, λ, ω). Here
ffl
E
stands for
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the integral average over a measurable set E and

IR1 (|µ|)(x) =
ˆ R

0

|µ|(Bt(x))

tn−1

dt

t
(2.1.9)

is the truncated first-order Riesz potential. Later, the case when p ∈
(
3n−2
2n−1

, 2− 1
n

]
was

treated in [77], in which the authors obtained a pointwise gradient bound involving the

Wolff potential under stronger assumptions on A and ω. Namely, under the conditions

(2.1.2)-(2.1.4) and further assuming that

|DξA(x, ξ)−DξA(x, η)|

≤ λ(s2 + |ξ|2)(p−2)/2(s2 + |η|2)(p−2)/2(s2 + |ξ|2 + |η|2)(2−p−α0)/2|ξ − η|α0

(2.1.10)

and ˆ 1

0

ωγ(r)
dr

r
< +∞

for some α0 ∈ (0, 2− p) and γ ∈
(

n
2n−1

, n(p−1)
n−1

)
⊂ (0, 1), if u ∈ C1(Ω) is a solution to

(2.1.1), then it holds that

|Du(x)| ≤ C[PR
γ (|µ|)(x)]

1
γ(p−1) + C

( 
BR(x)

(|Du(y)|+ s)γ dy
) 1

γ
,

where C = C(n, p, λ, α0, ω, γ) and

PR
γ (|µ|)(x) =

ˆ R

0

( |µ|(Bt(x))

tn−1

)γ dt
t

is a truncated nonlinear Wolff potential. We recall that in general, the truncated Wolff

potential is defined as

WR
β,p(|µ|)(x) =

ˆ R

0

(
|µ|(Bt(x))

tn−βp

) 1
p−1 dt

t
, β ∈ (0, n/p]. (2.1.11)
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Our first main result is stated as follows.

Theorem 2.1.1 (Interior pointwise gradient estimate). Let p ∈
(
3n−2
2n−1

, 2
)
and suppose

that u ∈ W 1,p
loc (Ω) is a solution to (2.1.1). Then under the assumptions (2.1.2)-(2.1.5),

there exists a constant C = C(n, p, λ, ω) such that the estimate

|Du(x)| ≤ C
[
IR1 (|µ|)(x)

] 1
p−1 + C

( 
BR(x)

(|Du(y)|+ s)2−p dy

) 1
2−p

(2.1.12)

holds for any Lebesgue point x of the vector-valued function Du, with BR(x) ⊂ Ω and

R ∈ (0, 1].

Remark 2.1.2. Our pointwise bound in Theorem 2.1.1 using Riesz potential IR1 (|µ|) is

an improvement of the bound in [77, Theorem 1.1] which contains the Wolff potential

PR
γ (|µ|), since

IR1 (|µ|) ≤ C P2R
γ (|µ|)

1
γ ∀ γ < 1.

The conditions on ω and A in Theorem 2.1.1 are also weaker. In particular, (2.1.10)

is not assumed.

For the more singular case when p ∈
(
1, 3n−2

2n−1

]
, which was open, we obtain the

following Lipschitz estimate.

Theorem 2.1.3 (Interior Lipschitz estimate). Let p ∈ (1, 2) and suppose that u ∈

W 1,p
loc (Ω) is a solution to (2.1.1). Then under the assumptions (2.1.2)-(2.1.5), there

exists a constant C = C(n, p, λ, ω) such that the estimate

∥Du∥L∞(BR/2(x)) ≤ C
∥∥IR1 (|µ|)∥∥ 1

p−1

L∞(BR(x)) + CR− n
2−p∥|Du|+ s∥L2−p(BR(x)) (2.1.13)

holds for any BR(x) ⊂ Ω and R ∈ (0, 1].

We also obtain a modulus of continuity estimate of Du in Theorem 2.4.3, which

directly implies the following sufficient condition for the continuity of Du.
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Theorem 2.1.4 (Gradient continuity via Riesz potential). Let p ∈ (1, 2) and u ∈

W 1,p
loc (Ω) be a solution to (2.1.1). Assume that (2.1.2)-(2.1.5) are satisfied and the

functions

x → IR1 (|µ|)(x) converge locally uniformly to zero in Ω as R → 0. (2.1.14)

Then Du is continuous in Ω.

Recall the Lorentz space Ln,1 is the collection of measurable functions f such that

ˆ ∞

0

|{x : |f(x)| ≥ t}|
1
n dt <∞.

Theorem 2.1.4 has the following corollary.

Corollary 2.1.5 (Gradient continuity via Lorentz spaces). Let p ∈ (1, 2) and u ∈

W 1,p
loc (Ω) be a solution to (2.1.1). Assume that (2.1.2)-(2.1.5) are satisfied and

µ ∈ Ln,1 holds locally in Ω. (2.1.15)

Then Du is continuous in Ω.

We remark that the Lorentz-space result above was proved in [58] for a p-Laplacian

system similar to (2.1.6) when p ∈ (1,∞).

A further, actually immediate, corollary of Theorem 2.1.4 concerns measures with

certain density properties.

Corollary 2.1.6 (Gradient continuity via density). Let p ∈ (1, 2) and u ∈ W 1,p
loc (Ω)

be a solution to (2.1.1). Assume that (2.1.2)-(2.1.5) are satisfied and µ satisfies

|µ|(Bρ(x)) ≤ Cρn−1h(ρ) (2.1.16)
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for every ball Bρ(x) ⊂⊂ Ω, where C is a positive constant and h : [0,∞) → [0,∞) is

a function satisfying the Dini condition

ˆ R

0

h(r)
dr

r
<∞ for some R > 0. (2.1.17)

Then Du is continuous in Ω.

We remark that Theorem 2.1.4 and Corollaries 2.1.5 and 2.1.6 above are indeed

the sub-quadratic –p ∈ (1, 2)– counterparts of [56, Theorem 1.5 and Corollaries 1.6,

1.7]. See also [37, Theorems 1, 3, and 4] and [75, Theorems 5.5 and 5.6]. We refer the

reader to [37,56, 75] for a discussion of the borderline nature of the assumptions in

these results.

Another interesting consequence of Theorem 2.4.3 is the following gradient Hölder

continuity result.

Corollary 2.1.7 (Gradient Hölder continuity via density). Let p ∈ (1, 2) and u ∈

W 1,p
loc (Ω) be a solution to (2.1.1). Then under the assumptions (2.1.2)-(2.1.5), there

exists a constant α ∈ (0, 1) depending only on n, p, and λ, such that if ω(r) ≤ Crβ

whenever r > 0 and |µ|(Bρ(x)) ≤ Cρn−1+β whenever Bρ(x) ⊂⊂ Ω, for some constants

C > 0 and β ∈ (0, α), then u ∈ C1,β
loc (Ω).

Remark 2.1.8. We should stress that the constant α in Corollary 2.1.7 is the natural

Hölder exponent of the gradients of solutions to corresponding homogeneous equations

with x-independent nonlinearities (cf. Lemma 2.2.2). Therefore, our result in Corollary

2.1.7 provides the best possible Hölder exponent for the gradient of the solution. The

previous Corollary is an improvement of the gradient Hölder regularity result by

Liebermann [70, Theorem 5.3], who proved u ∈ C1,β1

loc for some β1 = β1(n, p, λ, β) ∈

(0, 1) under the same assumptions.

We also obtain up-to-boundary gradient estimates for the p-Laplace equations with
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measure data in domains with C1,Dini boundaries.

Definition 2.1.9. Let Ω be a domain in Rn. We say that Ω has C1,Dini boundary if

there exists a constant R0 ∈ (0, 1] and a non-decreasing function ω0 : [0, 1] → [0, 1]

satisfying the Dini condition

ˆ 1

0

ω0(r)
dr

r
< +∞,

such that the following holds: for any x0 = (x01, x
′
0) ∈ ∂Ω, there exists a C1,Dini

function (i.e., C1 function whose first derivatives are uniformly Dini continuous)

χ : Rn−1 → R and a coordinate system depending on x0 such that

sup
|x′

1−x′
2|≤r

|Dx′χ(x′1)−Dx′χ(x′2)| ≤ ω0(r), ∀r ∈ (0, R0),

and that in the new coordinate system, we have

|Dx′χ(x′0)| = 0, ΩR0(x0) = {x ∈ BR0(x0) : x1 > χ(x′)}.

Our global pointwise gradient estimate and Lipschitz estimate are stated as follows.

Theorem 2.1.10 (Boundary pointwise gradient estimate). Let p ∈
(
3n−2
2n−1

, 2
)
and

suppose that u ∈ W 1,p
0 (Ω) is a solution to (2.1.6) with Dirichlet boundary data u = 0

on ∂Ω. Assuming that (2.1.5), (2.1.7), and (2.1.8) are satisfied and Ω has a C1,Dini

boundary characterized by R0 and ω0 as in Definition 2.1.9, then there exists a constant

C = C(n, p, λ, ω,R0, ω0) such that estimate

|Du(x)| ≤ C[IR1 (|µ|)(x)]
1

p−1 + C

( 
ΩR(x)

(|Du(y)|+ s)2−p dy

) 1
2−p

(2.1.18)

holds for any Lebesgue point x ∈ Ω of the vector-valued function Du and R ∈ (0, 1].

Moreover, if u ∈ C1(Ω̄), the estimate (2.1.18) holds for any x ∈ Ω̄.
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Theorem 2.1.11 (Boundary Lipschitz estimate). Let p ∈ (1, 2) and suppose that

u ∈ W 1,p
0 (Ω) is a solution to (2.1.6) with Dirichlet boundary data u = 0 on ∂Ω.

Assuming that (2.1.5), (2.1.7), and (2.1.8) are satisfied and Ω has a C1,Dini boundary

characterized by R0 and ω0 as in Definition 2.1.9, then there exists a constant C =

C(n, p, λ, ω,R0, ω0) such that the estimate

∥Du∥L∞(ΩR/2(x)) ≤ C
∥∥IR1 (|µ|)∥∥ 1

p−1

L∞(ΩR(x)) + CR− n
2−p∥|Du|+ s∥L2−p(ΩR(x)) (2.1.19)

holds for any x ∈ Ω̄ and R ∈ (0, 1].

As a corollary, we also obtain the global Lipschitz estimate when Ω is bounded.

Corollary 2.1.12. Let Ω ⊂ Rn be a bounded domain. Under the assumptions of

Theorem 2.1.11, there exists a constant C = C(n, p, λ, ω,R0, ω0, diam(Ω)) such that

∥Du∥L∞(Ω) ≤ C
∥∥I11(|µ|)∥∥ 1

p−1

L∞(Ω) + Cs.

A global modulus of continuity estimate is established in Theorem 2.5.10 under

the same assumptions of Theorem 2.1.11. One may also deduce corresponding up-to-

boundary gradient continuity results from Theorem 2.5.10 similar to Theorem 2.1.4

and Corollaries 2.1.5-2.1.7 from Theorem 2.4.3.

Let us give a brief description of the proofs. We first apply an iteration argument to

get an Lγ0-mean oscillation estimate of the gradients of solutions to the homogeneous

equation with x-independent nonlinearities

−div(A0(Dv)) = 0

in Section 2.2, where γ0 ∈ (0, 1). Our proofs of the interior gradient estimates are

then based on a comparison estimate between the original solution u of (2.1.1) and
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the solution to the homogeneous equation −div(A(x,Dw)) = 0 in a ball BR with the

boundary condition u = w on ∂BR. The outcome is the inequality

( 
BR

|Du−Dw|γ0 dx
)1/γ0

≤ C

[
|µ|(BR)

Rn−1

] 1
p−1

+ C
|µ|(BR)

Rn−1

 
BR

(|Du|+ s)2−p dx,

(2.1.20)

which holds for some constant γ0 ∈ (0, 1). The details can be found in Lemma 2.3.2.

For the case when p ∈
(
3n−2
2n−1

, 2
)
, we can choose γ0 = 2− p, which is the same integral

exponent on the right hand side. We then borrow an idea in [25] by estimating the

Lγ0-mean oscillation to adapt the iteration scheme used, for instance, in [38]. However,

for the case when p ∈
(
1, 3n−2

2n−1

]
, we are only able to prove the comparison estimate

(2.1.20) for some γ0 < 2 − p and that is the reason why we only obtain Lipschitz

estimates instead of pointwise gradient estimates in this case.

For the gradient estimates up to the boundary, we use the technique of flattening

the boundary and generalize the interior oscillation estimates to half balls. We adapt

an idea in [19] to establish the global Lγ0-mean oscillation estimates by a delicate

combination of the interior estimates and the estimates near a flat boundary. To

this end, we also apply an odd extension argument to derive an Lγ0-mean oscillation

estimate on half balls for homogeneous equations with x-independent nonlinearities.

This argument only works for equations in diagonalized form, such as the p-Laplace

equation, so the global estimates for general equations remain open. As a partial

result in this direction, we refer the reader to [77] for a weighted pointwise boundary

estimate under the condition that ∂Ω is sufficiently flat in the sense of Reifenberg.

We also refer the reader to [15, 68] for boundary regularity results for quasi-linear

equations with sufficiently regular right-hand side.

The rest of the chapter is organized as follows. In the next section, we derive

22



an Lγ0-mean oscillation estimate of solutions to the homogeneous equation with x-

independent nonlinearities. In Section 2.3, we give the proof of Theorem 2.1.1. Section

2.4 is devoted to the Lipschitz estimate and the interior modulus of continuity estimate

of the gradient of solutions as well as its corollaries. Finally, in Section 2.5 we consider

the corresponding boundary estimates.

2.2 An oscillation estimate

This section is devoted to the proof of the following interior oscillation estimate for

solutions to the homogeneous equation

−div(A0(Dv)) = 0 in Ω, (2.2.1)

where A0 = A0(ξ) is a vector field independent of x satisfying conditions (2.1.2) and

(2.1.3) for some s ≥ 0, λ ≥ 1, and p > 1. In this section, we denote the integral

average over BR(x) by (·)BR(x).

Theorem 2.2.1. Let v ∈ W 1,p
loc (Ω) be a solution to (2.2.1) and γ0 ∈ (0, 1). Then there

exist constants α ∈ (0, 1) depending on n, p, and λ, and C > 1 depending on n, p, λ,

and γ0, such that for every BR(x0) ⊂ Ω and ρ ∈ (0, R), we have

inf
q∈Rn

( 
Bρ(x0)

|Dv − q|γ0
)1/γ0

≤C
( ρ
R

)α
inf
q∈Rn

( 
BR(x0)

|Dv − q|γ0
)1/γ0

. (2.2.2)

To prove the above theorem, we first recall a classical oscillation estimate. Estimates

of this type, with different exponents involved, were developed in [24,38,69].

Lemma 2.2.2. Let v ∈ W 1,p
loc (Ω) be a solution to (2.2.1). There exist constants C > 1

and α ∈ (0, 1) depending only on n, p, and λ, such that v ∈ C1,α
loc (Ω) and for every
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BR(x0) ⊂ Ω and r ∈ (0, R), we have

 
Br(x0)

|Dv − (Dv)Br(x0)|p dx ≤ C
( r
R

)αp  
BR(x0)

|Dv − (Dv)BR(x0)|p dx.

The lemma above directly implies the following corollary.

Corollary 2.2.3. Under the conditions of Lemma 2.2.2, there exist constants C > 1

and α ∈ (0, 1) depending only on n, p, and λ, such that for every BR(x0) ⊂ Ω, we

have

Rα[Dv]Cα(BR/2(x0)) ≤ C

( 
BR(x0)

|Dv − (Dv)BR(x0)|p
)1/p

, (2.2.3)

and for any r ∈ [R/2, R),

[Dv]Cα(Br(x0)) ≤ C
Rn/p+1−α

(R− r)n/p+1

( 
BR(x0)

|Dv − (Dv)BR(x0)|p
)1/p

. (2.2.4)

Proof. Without loss of generality, we assume x0 = 0. For any x ∈ BR/2 and r ≤ R/2,

by Lemma 2.2.2 we have

 
Br(x)

|Dv − (Dv)Br(x)|p ≤ C
( r
R

)αp  
BR/2(x)

|Dv − (Dv)BR/2(x)|
p

≤ C
( r
R

)αp  
BR

|Dv − (Dv)BR
|p.

By Campanato’s characterization of Hölder continuous functions, we obtain (2.2.3).

Now for any r > R/2 and z ∈ Br, using (2.2.3) and the triangle inequality, we have

[Dv]Cα(B(R−r)/2(z)) ≤ C(R− r)−α

( 
BR−r(z)

|Dv − (Dv)BR−r(z)|p
)1/p

≤ C
Rn/p

(R− r)n/p+α

( 
BR

|Dv − (Dv)BR
|p
)1/p

. (2.2.5)

Thus for any x, y ∈ Br, let N = min
{
m ∈ Z : m > 2|x−y|

R−r

}
. We can divide the line
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segment connecting x and y into N equal segments using x1, ..., xN−1, x0 = x, and

xN = y, such that

|xk − xk+1| =
|x− y|
N

<
R− r

2
.

Then by the triangle inequality and (2.2.5), we have

|Dv(x)−Dv(y)| ≤
N−1∑
k=0

|Dv(xk)−Dv(xk+1)|

≤ C
N−1∑
k=0

Rn/p

(R− r)n/p+α

(ˆ
BR

|Dv − (Dv)BR
|p
)1/p ∣∣∣∣x− y

N

∣∣∣∣α
≤ CN1−α Rn/p

(R− r)n/p+α

(ˆ
BR

|Dv − (Dv)BR
|p
)1/p

|x− y|α

≤ C

(
R

R− r

)1−α
Rn/p

(R− r)n/p+α

(ˆ
BR

|Dv − (Dv)BR
|p
)1/p

|x− y|α,

which directly implies (2.2.4). The corollary is proved.

Now we are ready to give the proof of Theorem 2.2.1.

Proof of Theorem 2.2.1. As before, without loss of generality, we assume x0 = 0.

Clearly for any Bρ = Bρ(0) ⊂ Ω, there exists qρ = (q
(1)
ρ , ..., q

(n)
ρ ) ∈ Rn such that

( 
Bρ

|Dv − qρ|γ0
)1/γ0

= inf
q∈Rn

( 
Bρ

|Dv − q|γ0
)1/γ0

.

Also, it is easily seen that

q(i)ρ ∈ Range(Div |Bρ). (2.2.6)

We claim that there exists a constant C depending only on n, p, λ, and γ0, such

that

∥Dv − qρ/2∥L∞(Bρ/2) ≤ C

( 
Bρ

|Dv − qρ|γ0
)1/γ0

(2.2.7)
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holds for any Bρ(x0) ⊂ Ω.

We prove the claim by using Corollary 2.2.3 and iteration.

For any R/2 < r < R ≤ dist(x0, ∂Ω), using (2.2.4) and the triangle inequality, we

get

∥Dv − qr∥L∞(Br) ≤ rα[Dv]Cα(Br)

≤ C
Rn/p+1

(R− r)n/p+1

( 
BR

|Dv − (Dv)BR
|p
)1/p

≤ C
Rn/p+1

(R− r)n/p+1

( 
BR

|Dv − qR|p
)1/p

≤ C
Rn/p+1

(R− r)n/p+1
∥Dv − qR∥

p−γ0
p

L∞(BR)

( 
BR

|Dv − qR|γ0
)1/p

≤ ε∥Dv − qR∥L∞(BR) + Cε

(
Rn/p+1

(R− r)n/p+1

) p
γ0
( 

BR

|Dv − qR|γ0
)1/γ0

,

where we used Young’s inequality with exponents p/γ0 and p/(p− γ0) in the last line.

Now taking rk = (1− 2−k)ρ, r = rk, and R = rk+1, we have

∥Dv − qrk∥L∞(Brk
)

≤ ε∥Dv − qrk+1
∥L∞(Brk+1

) + Cε2
kβ

( 
Brk+1

|Dv − qrk+1
|γ0
)1/γ0

≤ ε∥Dv − qrk+1
∥L∞(Brk+1

) + Cε2
kβ+n/γ0

( 
Bρ

|Dv − qρ|γ0
)1/γ0

,

where β = (n+ p)/γ0. Taking ε = 3−β, multiplying both sides by εk and summing in
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k, we get

∞∑
k=1

εk∥Dv − qrk∥L∞(Brk
) ≤

∞∑
k=1

εk+1∥Dv − qrk+1
∥L∞(Brk+1

)

+ C

( 
Bρ

|Dv − qρ|γ0
)1/γ0

,

where the summations are finite and C = C(n, p, λ, γ0). By subtracting

∞∑
k=2

εk∥Dv − qrk∥L∞(Brk
)

from both sides of the above inequality, we obtain (2.2.7). The claim is proved.

Now we are ready to prove (2.2.2). If r ≤ R/4, by (2.2.3), (2.2.6), and (2.2.7) we

get

( 
Br

|Dv − qr|γ0
)1/γ0

≤ Crα[Dv]Cα(BR
4
)

≤ C
( r
R

)α 
BR

2

|Dv − (Dv)BR
2

|p
1/p

≤ C
( r
R

)α 
BR

2

|Dv − qR
2
|p
1/p

≤ C
( r
R

)α
∥Dv − qR

2
∥L∞(BR

2
) ≤ C

( r
R

)α( 
BR

|Dv − qR|γ0
)1/γ0

.

If r > R/4, we have

( 
Br

|Dv − qr|γ0
)1/γ0

≤
( 

Br

|Dv − qR|γ0
)1/γ0

≤ C
( r
R

)α( 
BR

|Dv − qR|γ0
)1/γ0

.

The theorem is proved.
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2.3 Interior pointwise gradient estimates

In order to prove the interior pointwise gradient estimates, we follow the outline

of arguments given in [77] while replacing their oscillation estimates with our new

oscillation estimate in Section 2.2. We also borrow an idea in [25] by estimating the

Lγ0-mean oscillations of solutions, where γ0 ∈ (0, 1).

Let u ∈ W 1,p
loc (Ω) be a solution to (2.1.1) and B2r(x0) ⊂⊂ Ω. We consider the

unique solution w ∈ u+W 1,p
0 (B2r(x0)) to the equation


−div(A(x,Dw)) =0 in B2r(x0),

w =u on ∂B2r(x0).

(2.3.1)

We first recall an interior reverse Hölder inequality that can be found in [41, Theorem

6.7].

Lemma 2.3.1 ([77], Lemma 3.1). Let w be a solution to (2.3.1). There exists a

constant θ1 > p depending only on n, p, and λ such that for any t > 0, the estimate

( 
Bρ/2(y)

(|Dw|+ s)θ1 dx

) 1
θ1

≤ C

( 
Bρ(y)

(|Dw|+ s)t dx

) 1
t

(2.3.2)

holds for all Bρ(y) ⊂ B2r(x0), where C = C(n, p, λ, t) > 0.

We also have the following comparison result, which generalizes and refines similar

results in [38,76,78].

Lemma 2.3.2. Let w be a solution to (2.3.1) and assume that p ∈ (1, 2). Then for

any γ0 ∈ (0, 2− p] when p ∈
(
3n−2
2n−1

, 2
)
or γ0 ∈

(
0, (p−1)n

n−1

)
when p ∈

(
1, 3n−2

2n−1

]
, it holds
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that

( 
B2r(x0)

|Du−Dw|γ0 dx
)1/γ0

≤ C

[
|µ|(B2r(x0))

rn−1

] 1
p−1

+ C
|µ|(B2r(x0))

rn−1

 
B2r(x0)

(|Du|+ s)2−p dx,

where C is a constant depending only on n, p, λ, and γ0.

Proof. The case when p ∈
(
1, 3n−2

2n−1

]
and s = 0 was proved in [78, Lemma 2.1] and their

proof also works for the case when p ∈
(
1, 3n−2

2n−1

]
and s > 0. Therefore, we only focus

on the case when p ∈
(
3n−2
2n−1

, 2
)
and s ≥ 0. By scaling invariance (see [38, Remark 4.1]

for example), we may assume that B2r(x0) = B2 and |µ|(B2) = 1. For k > 0, using

φ1 = T2k(u− w) := max
{
min{u− w, 2k},−2k

}
as a test function in (2.1.1) and (2.3.1) and recalling (2.1.3), we have

ˆ
B2∩{|u−w|<2k}

gs(u,w) ≤ Ck with gs(u,w) =
|D(u− w)|2

(|Dw|+ |Du|+ s)2−p
. (2.3.3)

By the triangle inequality, we have

|D(u− w)| = gs(u,w)
1
2 (|Dw|+ |Du|+ s)

2−p
2

≤ gs(u,w)
1
2 (|D(u− w)|+ 2|Du|+ s)

2−p
2

≤ Cgs(u,w)
1
2 |D(u− w)|

2−p
2 + Cgs(u,w)

1
2 (|Du|+ s)

2−p
2 .

Using Young’s inequality with exponents 2
p
and 2

2−p
, we obtain

|D(u− w)| ≤ Cgs(u,w)
1
p + Cgs(u,w)

1
2 (|Du|+ s)

2−p
2 . (2.3.4)
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Now we set

Ek = B2 ∩ {k < |u− w| < 2k} and Fk = B2 ∩ {|u− w| > k}.

Using the Sobolev inequality, Hölder’s inequality, and (2.3.4), we obtain

k|{x : |u− w| > 2k} ∩B2|
n−1
n ≤ C

( ˆ
B2

|T2k(u− w)− Tk(u− w)|
n

n−1

)n−1
n

≤ C

ˆ
Ek

|D(u− w)|

≤ C

ˆ
Ek

(
gs(u,w)

1
p + gs(u,w)

1
2 (|Du|+ s)

2−p
2

)
≤ C|Ek|

p−1
p

(ˆ
Ek

gs(u,w)
) 1

p
+ C

(ˆ
Ek

gs(u,w)
) 1

2
(ˆ

Ek

(|Du|+ s)2−p
) 1

2
.

(2.3.5)

From (2.3.3) and (2.3.5), we get

k
1
2 |F2k|

n−1
n ≤ Ck−

1
2
+ 1

p |Fk|
p−1
p + CQ

2−p
2

1 ,

where Q1 := ∥|Du|+ s∥L2−p(B2). Therefore, by taking the sup in k ∈ (0,∞), we obtain

∥u− w∥1/2
L

n
2(n−1)

,∞
(B2)

≤ C∥u− w∥1/p−1/2

L
2−p

2(p−1)
,∞

(B2)

+ CQ
2−p
2

1 .

Since 3n−2
2n−1

< p < 2, we have

n

2(n− 1)
>

2− p

2(p− 1)
,

which implies

∥u− w∥1/2
L

n
2(n−1)

,∞
(B2)

≤ C∥u− w∥1/p−1/2

L
n

2(n−1)
,∞

(B2)
+ CQ

2−p
2

1 .
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Thus, by Young’s inequality, we obtain

∥u− w∥
L

n
2(n−1)

,∞
(B2)

≤ C + CQ
2−p
2

1 . (2.3.6)

Let k, l > 0 and q = n
2(n−1)

. By the Chebyshev inequality and (2.3.3), we have

|{x : gs(u,w) > l} ∩B2|

≤ |{x : |u− w| > k} ∩B2|+ |{x : |u− w| ≤ k, gs(u,w) > l} ∩B2|

≤ Ck−q∥u− w∥qLq,∞(B2)
+

1

l

ˆ
B2∩{x:|u−w|≤k}

gs(u,w) dx

≤ Ck−q∥u− w∥qLq,∞(B2)
+
Ck

l
.

By choosing

k =
[
l∥u− w∥qLq,∞(B2)

] 1
1+q
,

we get

l
q

1+q |{x : gs(u,w) > l} ∩B2| ≤ C∥u− w∥
q

1+q

Lq,∞(B2)
,

Therefore, by taking the sup in l ∈ (0,∞), we obtain

∥gs(u,w)∥
L

q
1+q ,∞

(B2)
≤ C∥u− w∥Lq,∞(B2). (2.3.7)

Let γ0 ∈ (0, 2−p]. By (2.3.4) and Hölder’s inequality with exponents 2/p and 2/(2−p),

we get

ˆ
B2

|D(u− w)|γ0 ≤ C

ˆ
B2

(
gs(u,w)

γ0
p + gs(u,w)

γ0
2 (|Du|+ s)

γ0(2−p)
2

)
≤ C

( ˆ
B2

gs(u,w)
γ0
p

)
+ C

(ˆ
B2

gs(u,w)
γ0
p

) p
2
(ˆ

B2

(|Du|+ s)γ0
) 2−p

2

≤ C∥gs(u,w)∥γ0/p
L

q
1+q ,∞

(B2)
+ C∥gs(u,w)∥γ0/2

L
q

1+q ,∞
(B2)

Q
γ0(2−p)

2
1 .

(2.3.8)
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In the last inequality, we used the fact that

γ0
p
<

q

1 + q
, γ0 ≤ 2− p.

Combining (2.3.6), (2.3.7), and (2.3.8), we have

ˆ
B2

|D(u− w)|γ0 ≤ C + CQ
γ0(2−p)
1 ,

which implies the desired result.

We now let v ∈ w +W 1,p
0 (Br(x0)) be the unique solution to


−div(A(x0, Dv)) =0 in Br(x0),

v =w on ∂Br(x0).

(2.3.9)

By testing (2.3.1) and (2.3.9) with v − w, we obtain an estimate for the difference

Dv −Dw:  
Br(x0)

|Dv −Dw|p dx ≤ Cω(r)p
 
Br(x0)

(|Dw|+ s)p dx. (2.3.10)

Detailed proof of this result can be found in [38, Eq. (4.35)]. Thus by (2.3.2) and

Hölder’s inequality, we get

 
Br(x0)

|Dv −Dw|γ0 dx ≤ Cω(r)γ0
 
B2r(x0)

(|Dw|+ s)γ0 dx. (2.3.11)

For a ball Bρ(x) ⊂⊂ Ω and a function f ∈ W 1,p
loc (Ω), there exists qx,ρ(f) ∈ Rn such

that ( 
Bρ(x)

|Df − qx,ρ(f)|γ0
)1/γ0

= inf
q∈Rn

( 
Bρ(x)

|Df − q|γ0
)1/γ0

.
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We denote qx,ρ = qx,ρ(u) and

ϕ(x, ρ) = inf
q∈Rn

( 
Bρ(x)

|Du− q|γ0
)1/γ0

.

Since

|qx,ρ −Du(x)|γ0 ≤ |qx,ρ −Du(z)|γ0 + |Du(z)−Du(x)|γ0 ,

by taking the average over z ∈ Bρ(x) and then taking the γ0-th root, we obtain

|qx,ρ −Du(x)| ≤ Cϕ(x, ρ) + C
( 

Bρ(x)

|Du(z)−Du(x)|γ0 dz
)1/γ0

.

Therefore, from the definition of ϕ and the fact that 0 < γ0 < 1, we obtain that

lim
ρ→0

qx,ρ = Du(x) (2.3.12)

holds for any Lebesgue point x ∈ Ω of the vector-valued function Du.

Proposition 2.3.3. Suppose that u ∈ W 1,p
loc (Ω) is a solution to (2.1.1). Then for any

ε ∈ (0, 1) and B2r(x0) ⊂⊂ Ω, we have

ϕ(x0, εr) ≤Cεαϕ(x0, r) + Cε

(
|µ|(B2r(x0))

rn−1

) 1
p−1

+ Cε
|µ|(B2r(x0))

rn−1

 
B2r(x0)

(|Du|+ s)2−p

+ Cεω(r)

( 
B2r(x0)

(|Du|+ s)2−p

) 1
2−p

,

(2.3.13)

where α ∈ (0, 1) is the constant in Theorem 2.2.1, γ0 is the same constant as in

Lemma 2.3.2, Cε is a constant depending on ε, n, p, λ, and γ0, and C is a constant

depending on n, p, λ, and γ0.
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Proof. By Theorem 2.2.1 and the definition of qx,ρ(·), we have

( 
Bεr(x0)

|Du− qx0,εr(u)|γ0
) 1

γ0

≤
( 

Bεr(x0)

|Du− qx0,εr(v)|γ0
) 1

γ0

≤ C

( 
Bεr(x0)

|Dv − qx0,εr(v)|γ0
) 1

γ0

+ C

( 
Bεr(x0)

|Du−Dv|γ0
) 1

γ0

≤ Cεα
( 

Br(x0)

|Dv − qx0,r(v)|γ0
) 1

γ0

+ Cε
− n

γ0

( 
Br(x0)

|Du−Dv|γ0
) 1

γ0

≤ Cεα
( 

Br(x0)

|Dv − qx0,r(u)|γ0
) 1

γ0

+ Cε
− n

γ0

( 
Br(x0)

|Du−Dv|γ0
) 1

γ0

≤ Cεα
( 

Br(x0)

|Du− qx0,r(u)|γ0
) 1

γ0

+ Cε
− n

γ0

( 
Br(x0)

|Du−Dv|γ0
) 1

γ0

.

(2.3.14)

Moreover, by (2.3.11) and the fact that |ω(r)| ≤ 1, one has

 
Br(x0)

|Du−Dv|γ0 ≤
 
Br(x0)

|Du−Dw|γ0 +
 
Br(x0)

|Dw −Dv|γ0

≤ C

 
B2r(x0)

|Du−Dw|γ0 + Cω(r)γ0
 
B2r(x0)

(|Dw|+ s)γ0

≤ C

 
B2r(x0)

|Du−Dw|γ0 + Cω(r)γ0
 
B2r(x0)

(|Du|+ s)γ0 .

(2.3.15)

Thus from (2.3.14) and (2.3.15), we have

ϕ(x0, εr) ≤ Cεαϕ(x0, r) + Cε

( 
B2r(x0)

|Du−Dw|γ0
)1/γ0

+ Cεω(r)

( 
B2r(x0)

(|Du|+ s)γ0
)1/γ0

.

(2.3.16)

Now we can apply Lemma 2.3.2 to bound the second term on the right-hand side of

(2.3.16) to conclude the proof.

Now we are ready to prove Theorem 2.1.1.

Proof of Theorem 2.1.1. We prove the theorem at a Lebesgue point x = x0 of the

vector-valued function Du, assuming that BR(x0) ⊂ Ω. Since p ∈
(
3n−2
2n−1

, 2
)
, we choose
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γ0 = 2 − p in Lemma 2.3.2. Choose ε = ε(n, p, λ, α) ∈ (0, 1/4) sufficiently small so

that Cεα ≤ 1/4, where C is the constant in (2.3.13).

For an integer j ≥ 0, set rj = εjR, Bj = B2rj(x0),

Tj =

( 
Bj

(|Du|+ s)2−p dx

) 1
2−p

, ϕj = ϕ(x0, rj), qj = qx0,rj .

Applying (2.3.13) yields

ϕj+1 ≤
1

4
ϕj + C

(
|µ|(Bj)

rn−1
j

) 1
p−1

+ C
|µ|(Bj)

rn−1
j

T 2−p
j + Cω(rj)Tj.

Let j0 and m be positive integers to be specified later such that j0 ≤ m. Summing

the above inequality over j = j0, j0 + 1, . . . ,m, we obtain

m+1∑
j=j0

ϕj ≤ Cϕj0 + C
m∑

j=j0

(
|µ|(Bj)

rn−1
j

) 1
p−1

+ C
m∑

j=j0

|µ|(Bj)

rn−1
j

T 2−p
j + C

m∑
j=j0

ω(rj)Tj.

(2.3.17)

Since

|qj+1 − qj|γ0 ≤ |qj+1 −Du(x)|γ0 + |Du(x)− qj|γ0 ,

by taking the average over x ∈ Brj+1
(x0) and then taking γ0-th root, we obtain

|qj+1 − qj| ≤ Cϕj + Cϕj+1.

Then, by iterating, we get

|qm+1 − qj0| ≤ C

m+1∑
j=j0

ϕj,
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which together with (2.3.17) implies

|qm+1|+
m+1∑
j=j0

ϕj ≤Cϕj0 + |qj0|+ C
m∑

j=j0

(
|µ|(Bj)

rn−1
j

) 1
p−1

+ C
m∑

j=j0

|µ|(Bj)

rn−1
j

T 2−p
j + C

m∑
j=j0

ω(rj)Tj.

(2.3.18)

By the definition of ϕj0 , we have

ϕj0 ≤ C

( 
Bj0

|Du|γ0 dx
) 1

γ0

≤ CTj0 .

Since

|qj0|γ0 ≤ |Du(x)− qj0|γ0 + |Du(x)|γ0 ,

by taking the average over x ∈ Brj0
(x0) and taking the γ0-th root, we obtain

|qj0 | ≤ Cϕj0 + C

( 
Bj0

|Du|γ0 dx
) 1

γ0

≤ CTj0 .

Therefore, (2.3.18) implies that

|qm+1|+
m+1∑
j=j0

ϕj ≤CTj0 + C

m∑
j=j0

(
|µ|(Bj)

rn−1
j

) 1
p−1

+ C

m∑
j=j0

|µ|(Bj)

rn−1
j

T 2−p
j + C

m∑
j=j0

ω(rj)Tj.

(2.3.19)

By (2.1.5) and the comparison principle for Riemann integrals, there exists j0 =

j0(n, p, ε, C, ω) > 1 sufficiently large such that

4
1
γ0 (2ε)

− n
γ0C

∞∑
j=j0

ω(rj) ≤
1

10
, (2.3.20)

where C is the constant in (2.3.19).
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Note that by the comparison principle for Riemann integrals,

m∑
j=j0

|µ|(Bj)

rn−1
j

≤ C

ˆ 2rj0−1

0

|µ|(Bρ(x0))

ρn−1

dρ

ρ
(2.3.21)

and since p < 2 we also have

m∑
j=j0

(
|µ|(Bj)

rn−1
j

) 1
p−1

≤ C

(ˆ 2rj0−1

0

|µ|(Bρ(x0))

ρn−1

dρ

ρ

) 1
p−1

. (2.3.22)

To prove (2.1.12) at x = x0, it is sufficient to show that

|Du(x0)| ≤ CTj0 + C

(ˆ 2rj0−1

0

|µ|(Bρ(x0))

ρn−1

dρ

ρ

) 1
p−1

. (2.3.23)

To this end, we consider the following possibilities.

Case 1: If |Du(x0)| ≤ Tj0 , then (2.3.23) easily follows.

Case 2: If Tj < |Du(x0)|, ∀j0 ≤ j ≤ j1, and |Du(x0)| ≤ Tj1+1, then since

γ0 = 2− p < 1, we have

|Du(x0)| ≤
( 

Bj1+1

(|Du|+ s)γ0 dx

)1/γ0

≤ 2
1
γ0

( 
Bj1+1

|Du|γ0 dx
)1/γ0

+ 2
1
γ0 s

≤ 2
1
γ0 (2ε)

− n
γ0

( 
Brj1

(x0)

|Du|γ0 dx

)1/γ0

+ 2
1
γ0 s

≤ 4
1
γ0 (2ε)

− n
γ0 (ϕj1 + |qj1 |) + 2

1
γ0 s,

(2.3.24)

where the last inequality follows from the definitions of ϕj1 and qj1 . Now applying
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(2.3.19) with m = j1 − 1 and using (2.3.21) and (2.3.22), from (2.3.24) we get

|Du(x0)| ≤C ′Tj0 + C ′′
(ˆ 2rj0−1

0

|µ|(Bρ(x0))

ρn−1

dρ

ρ

) 1
p−1

+ C ′′
ˆ 2rj0−1

0

|µ|(Bρ(x0))

ρn−1

dρ

ρ
· |Du(x0)|2−p

+ C ′
m∑

j=j0

ω(rj)|Du(x0)|+ 2
1
γ0 s,

where C ′ = 4
1
γ0 (2ε)

− n
γ0C, C is the constant in (2.3.19), and C ′′ is a constant depending

on n, p, and λ. Hence using (2.3.20) and Young’s inequality, we find

|Du(x0)| ≤ CTj0 + C

(ˆ 2rj0−1

0

|µ|(Bρ(x0))

ρn−1

dρ

ρ

) 1
p−1

+
1

5
|Du(x0)|+ Cs.

This implies (2.3.23) as desired.

Case 3: If Tj < |Du(x0)| for any j ≥ j0, then from (2.3.19), (2.3.21), and (2.3.22)

we have for any m > j0,

|qm+1| ≤CTj0 + C

(ˆ 2rj0−1

0

|µ|(Bρ(x0))

ρn−1

dρ

ρ

) 1
p−1

+ C

ˆ 2rj0−1

0

|µ|(Bρ(x0))

ρn−1

dρ

ρ
· |Du(x0)|2−p + C

m∑
j=j0

ω(rj)|Du(x0)|

≤CTj0 + C

(ˆ 2rj0−1

0

|µ|(Bρ(x0))

ρn−1

dρ

ρ

) 1
p−1

+ C

ˆ 2rj0−1

0

|µ|(Bρ(x0))

ρn−1

dρ

ρ
· |Du(x0)|2−p +

1

10
|Du(x0)|.

Here we used (2.3.20) in the last inequality. Letting m→ ∞ and using (2.3.12), we
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get

|Du(x0)| ≤CTj0 + C

(ˆ 2rj0−1

0

|µ|(Bρ(x0))

ρn−1

dρ

ρ

) 1
p−1

+ C

ˆ 2rj0−1

0

|µ|(Bρ(x0))

ρn−1

dρ

ρ
· |Du(x0)|2−p +

1

10
|Du(x0)|.

Then using Young’s inequality, we deduce (2.3.23). The proof is completed.

2.4 Interior Lipschitz estimate and modulus of con-

tinuity estimate of the gradient

In this section, we give the proof of the Lipschitz estimate in Theorem 2.1.3 and

derive an interior modulus of continuity estimate of Du under the same conditions.

We first adapt the argument in [25] to obtain some decay estimates from Proposition

2.3.3. Let α ∈ (0, 1) be the same constant as in Theorem 2.2.1, α1 ∈ (0, α), R ∈ (0, 1]

and BR(x0) ⊂ Ω. Choose ε = ε(n, p, λ, γ0, α, α1) > 0 sufficiently small such that

Cεα−α1 < 1 and εα1 < 1/4,

where C is the constant in (2.3.13).

Proposition 2.3.3 implies that for any B2r(x) ⊂⊂ BR(x0),

ϕ(x, εr) ≤εα1ϕ(x, r) + C

(
|µ|(B2r(x))

rn−1

) 1
p−1

+ C
|µ|(B2r(x))

rn−1

(
∥Du∥L∞(B2r(x)) + s

)2−p

+ Cω(r)
(
∥Du∥L∞(B2r(x)) + s

)
.

(2.4.1)

Denote

g(x, r) =
|µ|(Br(x))

rn−1
, h(x, r) = g(x, r)

1
p−1 . (2.4.2)
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By iteration, from (2.4.1) we get

ϕ(x, εjr) ≤εα1jϕ(x, r) + C

j∑
i=1

εα1(i−1)h(x, 2εj−ir)

+ C

j∑
i=1

εα1(i−1)g(x, 2εj−ir)
(
∥Du∥L∞(B2r(x)) + s

)2−p

+ C

j∑
i=1

εα1(i−1)ω(εj−ir)
(
∥Du∥L∞(B2r(x)) + s

)
for any B2r(x) ⊂⊂ BR(x0) with r ∈ (0, R/4). Thus,

ϕ(x, εjr) ≤εα1jϕ(x, r) + Ch̃(x, 2εjr) + Cg̃(x, 2εjr)
(
∥Du∥L∞(B2r(x)) + s

)2−p

+ Cω̃(εjr)
(
∥Du∥L∞(B2r(x)) + s

)
, (2.4.3)

where we defined

h̃(x, t) :=
∞∑
i=1

εα1i
(
h(x, ε−it)[ε−it ≤ R/2] + h(x,R/2)[ε−it > R/2]

)
,

g̃(x, t) :=
∞∑
i=1

εα1i
(
g(x, ε−it)[ε−it ≤ R/2] + g(x,R/2)[ε−it > R/2]

)
,

ω̃(t) :=
∞∑
i=1

εα1i
(
ω(ε−it)[ε−it ≤ R/2] + ω(R/2)[ε−it > R/2]

)
.

(2.4.4)

Here we used the Iverson bracket notation, i.e., [P ] = 1 if P is true and [P ] = 0

otherwise. We obtain the following lemma from (2.4.3).

Lemma 2.4.1. Let B2r(x) ⊂⊂ BR(x0) ⊂ Ω with r ≤ R/4. There exists a constant C

depending only on ε, n, p, λ, γ0, and α1, such that for any ρ ∈ (0, r], we have

40



(i)

ϕ(x, ρ) ≤ C
(ρ
r

)α1

ϕ(x, r) + Ch̃(x, 2ρ)

+ Cg̃(x, 2ρ)
(
∥Du∥L∞(B2r(x)) + s

)2−p
+ Cω̃(ρ)

(
∥Du∥L∞(B2r(x)) + s

)
,

(2.4.5)

(ii)
∞∑
j=0

ϕ(x, εjρ) ≤C
(ρ
r

)α1

ϕ(x, r) + C

ˆ ρ

0

h̃(x, t)

t
dt

+ C
(
∥Du∥L∞(B2r(x)) + s

)2−p
ˆ ρ

0

g̃(x, t)

t
dt

+ C
(
∥Du∥L∞(B2r(x)) + s

) ˆ ρ

0

ω̃(t)

t
dt.

(2.4.6)

To prove Lemma 2.4.1, we need the following technical lemma.

Lemma 2.4.2. Let BR(x0) ⊂ Ω. Then there exist constants c1 and c2 depending on

ε, n, p, and α1, such that for any fixed x ∈ BR(x0) and any f ∈ {ω̃, g̃(x, ·), h̃(x, ·)}, it

holds that c1f(t) ≤ f(s) ≤ c2f(t), whenever 0 < εt ≤ s ≤ t.

Proof. We will only show the proof for g since the other cases are similar. For fixed

x ∈ BR/4(x0), we set

G(x, r) =


g(x, r) if 0 < r ≤ R/2,

g(x,R/2) if r > R/2,

and observe that by (2.4.4),

g̃(x, r) =
∞∑
i=1

εα1iG(x, ε−ir).

Suppose that 0 < εt ≤ s ≤ t. It is easy to see from the definitions of g and G

that G(x, s) ≤ ε1−nG(x, t) and therefore g̃(x, s) ≤ ε1−ng̃(x, t). Also the fact that
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0 < εs ≤ εt ≤ s implies that g̃(x, εt) ≤ ε1−ng̃(x, s). On the other hand,

g̃(x, t) = ε−α1

∞∑
i=1

εα1(i+1)G(x, ε−(i+1)εt) ≤ ε−α1 g̃(x, εt).

The lemma is proved.

Now we are ready to prove Lemma 2.4.1.

Proof of Lemma 2.4.1. We first prove Assertion (i). For given ρ ∈ (0, r], let j be an

integer such that εj+1 < ρ/r ≤ εj. Then by (2.4.3) with ε−jρ in place of r, we get

ϕ(x, ρ) ≤εα1jϕ(x, ε−jρ) + Ch̃(x, 2ρ) + Cg̃(x, 2ρ)
(
∥Du∥L∞(B

2ε−jρ
(x)) + s

)2−p

+ Cω̃(ρ)
(
∥Du∥L∞(B

2ε−jρ
(x)) + s

)
≤C

(ρ
r

)α1

ϕ(x, r) + Ch̃(x, 2ρ) + Cg̃(x, 2ρ)
(
∥Du∥L∞(B2r(x)) + s

)2−p

+ Cω̃(ρ)
(
∥Du∥L∞(B2r(x)) + s

)
.

Therefore, Assertion (i) holds. Now applying (2.4.5) with εjρ in place of ρ and

summing in j, we get

∞∑
j=0

ϕ(x, εjρ) ≤C
(ρ
r

)α1

ϕ(x, r) + C
∞∑
j=1

h̃(x, 2εjρ)

+ C
(
∥Du∥L∞(B2r(x)) + s

)2−p
∞∑
j=1

g̃(x, 2εjρ)

+ C
(
∥Du∥L∞(B2r(x)) + s

) ∞∑
j=1

ω̃(εjρ).

Hence, by using Lemma 2.4.2 and the comparison principle for Riemann integrals, we

can easily get (2.4.6). The lemma is proved.
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Recall the definition of qx,ρ from Section 2.3. Since we have

|qx,ερ − qx,ρ|γ0 ≤ |Du(z)− qx,ρ|γ0 + |Du(z)− qx,ερ|γ0 ,

by taking the average over z ∈ Bερ(x) and then taking the γ0-th root, we obtain

|qx,ερ − qx,ρ| ≤ Cϕ(x, ερ) + Cϕ(x, ρ).

Then, by iterating, we get

|qx,εjρ − qx,ρ| ≤ C

j∑
i=0

ϕ(x, εiρ).

Therefore, by using (2.3.12), we obtain that

|Du(x)− qx,ρ| ≤ C
∞∑
j=0

ϕ(x, εjρ) (2.4.7)

holds for any Lebesgue point x ∈ Ω of the vector-valued function Du.

Now we are ready to prove the interior Lipschitz estimate.

Proof of Theorem 2.1.3. We prove the theorem around a given point x = x0 assuming

that BR(x0) ⊂ Ω with R ∈ (0, 1] and

∥∥IR1 (|µ|)∥∥L∞(BR(x0))
<∞. (2.4.8)

We first derive an a priori estimate for the case when u ∈ C1 and then use approxima-

tion to prove the general case.

Step 1: The case when u ∈ C1
(
BR(x0)

)
.
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Using (2.4.6) with ρ = r and (2.4.7), we obtain that

|Du(x)− qx,ρ| ≤Cϕ(x, ρ) + C

ˆ ρ

0

h̃(x, t)

t
dt

+ C
(
∥Du∥L∞(B2ρ(x)) + s

)2−p
ˆ ρ

0

g̃(x, t)

t
dt

+ C
(
∥Du∥L∞(B2ρ(x)) + s

) ˆ ρ

0

ω̃(t)

t
dt

holds for any B2ρ(x) ⊂⊂ BR(x0) with ρ ∈ (0, R/4].

Note that

|qx,ρ| ≤ Cϕ(x, ρ) + Cρ−n/γ0∥Du∥Lγ0 (Bρ(x)) ≤ Cρ−n/γ0∥Du∥Lγ0 (Bρ(x)).

Combining the above two inequalities, we have

|Du(x)| ≤Cρ−n/γ0∥Du∥Lγ0 (Bρ(x)) + C

ˆ ρ

0

h̃(x, t)

t
dt

+ C
(
∥Du∥L∞(B2ρ(x)) + s

)2−p
ˆ ρ

0

g̃(x, t)

t
dt

+ C
(
∥Du∥L∞(B2ρ(x)) + s

) ˆ ρ

0

ω̃(t)

t
dt.

(2.4.9)

Note that ω̃ also satisfies the Dini condition (2.1.5); see [31, Lemma 1]. Thus we can

take ρ0 = ρ0(n, p, λ, ω, α1, γ0, R) ∈ (0, R/4] sufficiently small such that

C

ˆ ρ0

0

ω̃(t)

t
dt ≤ 3−1−n/γ0 ,

where C is the constant in (2.4.9). Then for any B2ρ(x) ⊂⊂ BR(x0) with 0 < ρ ≤ ρ0,

by (2.4.9) and Young’s inequality, we have

|Du(x)| ≤Cρ−n/γ0∥Du∥Lγ0 (Bρ(x)) + C

ˆ ρ

0

h̃(x, t)

t
dt

+ C

(ˆ ρ

0

g̃(x, t)

t
dt

) 1
p−1

+ 3−n/γ0
(
∥Du∥L∞(B2ρ(x)) + s

)
.

(2.4.10)
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For k ≥ 1, we denote ρk = (1− 2−k)R. Since ρk+1 − ρk = 2−k−1R, we have B2ρ(x) ⊂

Bρk+1
(x0) for any x ∈ Bρk(x0) and ρ = 2−k−2R. We take k0 sufficiently large such that

2−k0−2 ≤ ρ0. Then by (2.4.10) with ρ = 2−k−2R, we have for any k ≥ k0 that

∥Du∥L∞(Bρk
(x0)) + s

≤ 3−n/γ0(∥Du∥L∞(Bρk+1
(x0)) + s) + C

(
2k+2

R

)n/γ0

∥Du∥Lγ0 (Bρk+1
(x0))

+ C sup
x∈Bρk

(x0)

ˆ R
2

0

h̃(x, t)

t
dt+ C sup

x∈Bρk
(x0)

(ˆ R
2

0

g̃(x, t)

t
dt

) 1
p−1

+ s

Multiplying the above inequality by 3−nk/γ0 , and summing the terms with respect to

k = k0, k0 + 1, · · · , we obtain that

∞∑
k=k0

3−nk/γ0(∥Du∥L∞(Bρk
(x0)) + s)

≤
∞∑

k=k0+1

3−nk/γ0(∥Du∥L∞(Bρk
(x0)) + s) + CR−n/γ0(∥Du∥Lγ0 (BR(x0)) + s)

+ C sup
x∈BR(x0)

ˆ R
2

0

h̃(x, t)

t
dt+ C sup

x∈BR(x0)

(ˆ R
2

0

g̃(x, t)

t
dt

) 1
p−1

+ Cs,

where each summation is finite. By subtracting

∞∑
k=k0+1

3−nk/γ0(∥Du∥L∞(Bρk
(x0)) + s)

from both sides of the above inequality, we get the following L∞-estimate for Du:

∥Du∥L∞(BR/2(x0)) + s ≤ CR−n/γ0∥Du∥Lγ0 (BR(x0))

+ C sup
x∈BR(x0)

ˆ R
2

0

h̃(x, t)

t
dt+ C sup

x∈BR(x0)

(ˆ R
2

0

g̃(x, t)

t
dt

) 1
p−1

+ Cs,

(2.4.11)
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We can simplify the terms in (2.4.11) to get

∥Du∥L∞(BR/2(x0)) ≤ C
∥∥IR1 (|µ|)∥∥ 1

p−1

L∞(BR(x0))
+ CR− n

2−p∥|Du|+ s∥L2−p(BR(x0)). (2.4.12)

Indeed, by the definition of g̃ in (2.4.4), we have

ˆ R/2

0

g̃(x, t)

t
dt =

∞∑
i=1

εα1i

ˆ R/2

0

g(x, ε−it)

t
[ε−it ≤ R/2] dt

+
∞∑
i=1

εα1i

ˆ R/2

0

g(x,R/2)

t
[ε−it > R/2] dt.

The first term above is equal to

∞∑
i=1

εα1i

ˆ εiR/2

0

g(x, ε−it)

t
dt =

∞∑
i=1

εα1i

ˆ R/2

0

g(x, t)

t
dt ≤ CIR1 (|µ|)(x).

The second term is equal to

∞∑
i=1

εα1i ln(ε−i)g(x,R/2) ≤ Cg(x,R/2) ≤ CIR1 (|µ|)(x).

Therefore, ˆ R/2

0

g̃(x, t)

t
dt ≤ CIR1 (|µ|)(x). (2.4.13)

We can similarly get

ˆ R/2

0

h̃(x, t)

t
dt =

∞∑
i=1

εα1i

ˆ R/2

0

h(x, t)

t
dt+

∞∑
i=1

εα1i ln(ε−i)h(x,R/2)

≤ C
(ˆ R

0

g(x, t)

t
dt
) 1

p−1
+ C

(
IR1 (|µ|)(x)

) 1
p−1 ≤ C

(
IR1 (|µ|)(x)

) 1
p−1 .

(2.4.14)

Recalling the fact that γ0 ≤ 2 − p (cf. Lemma 2.3.2), using (2.4.13), (2.4.14), and

Hölder’s inequality, from (2.4.11) we obtain (2.4.12).

Step 2: The general case.

46



We take r1 ∈ (0, R), r2 = (R+ r1)/2, and a sequence of standard mollifiers {φk}

such that for any positive integer k,

φk ∈ C∞
0 (B1/k(0)), φk ≥ 0, and

 
B1/k(0)

φk = 1.

Then we mollify µ and A by setting

µk(x) = (µ ∗ φk)(x), Ak(x, ξ) = (A(·, ξ) ∗ φk)(x), x ∈ Br2(x0).

We note that Ak is well defined and satisfies the growth, ellipticity and continuity

assumptions (2.1.2)-(2.1.4) in Br2(x0) for k > 1/(R − r2). By the corollary after

[45, Theorem 1], (2.4.8) implies µ ∈ W−1,p′(Br2(x0)), where p
′ = p/(p − 1), and

therefore

∥µk − µ∥W−1,p′ (Br2 (x0))
→ 0. (2.4.15)

Next we let uk ∈ u+W 1,p
0 (Br2(x0)) be the unique solution to


−div(Ak(x,Duk)) =µk in Br2(x0),

uk =u on ∂Br2(x0).

(2.4.16)

Choosing uk − u as a test function in (2.4.16), we obtain

ˆ
Br2 (x0)

⟨A(x,Duk), Duk⟩dx

=

ˆ
Br2 (x0)

⟨A(x,Duk), Du⟩ dx+
ˆ
Br2 (x0)

(uk − u) dµk.

(2.4.17)

Using the fundamental theorem of calculus, (2.1.2), (2.1.3), and Young’s inequality
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with exponents p and p/(p− 1), we have

ˆ
Br2 (x0)

⟨A(x,Duk), Duk⟩ dx

=

ˆ
Br2 (x0)

(ˆ 1

0

⟨DξA(x, tDuk)Duk, Duk⟩ dt+ ⟨A(x, 0), Duk⟩
)
dx

≥
ˆ
Br2 (x0)

(ˆ 1

0

λ−1(s2 + |Duk|2t2)
p−2
2 |Duk|2 dt− λsp−1|Duk|

)
dx

≥ λ−1

ˆ
Br2 (x0)

(s2 + |Duk|2)
p−2
2 |Duk|2 dx−

ˆ
Br2 (x0)

λsp−1|Duk| dx

≥ c(λ, p)

ˆ
Br2 (x0)

|Duk|p dx− C ′(λ, p)

ˆ
Br2 (x0)

sp dx.

On the other hand, using (2.1.2) and Young’s inequality, we obtain

ˆ
Br2 (x0)

⟨A(x,Duk), Du⟩ dx+
ˆ
Br2 (x0)

(uk − u) dµk

≤ λ

ˆ
Br2 (x0)

(s2 + |Duk|2)
p−1
2 |Du| dx+ ∥uk − u∥W 1,p

0 (Br2 (x0))
∥µk∥W−1,p′ (Br2 (x0))

≤ 1

4
c(λ, p)

ˆ
Br2 (x0)

(|Duk|+ s)p dx+ C ′′(λ, p)

ˆ
Br2 (x0)

|Du|p dx

+
1

8
c(λ, p)∥Duk −Du∥pLp(Br2 (x0))

+ C ′′(λ, p) ∥µk∥p
′

W−1,p′ (Br2 (x0))
.

Therefore, (2.4.17) implies that

∥Duk∥pLp(Br2 (x0))
≤ C∥|Du|+ s∥pLp(Br2 (x0))

+ C∥µk∥p
′

W−1,p′ (Br2 (x0))
, (2.4.18)

where C is a constant not depending on k.

Now we recall a well-known inequality

c−1
(
s2 + |ξ1|2 + |ξ2|2)

p−2
2 ≤ |V (ξ2)− V (ξ1)|2

|ξ2 − ξ1|2
≤ c
(
s2 + |ξ1|2 + |ξ2|2)

p−2
2 , (2.4.19)
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where c = c(n, p) > 1 is a positive constant and the mapping V (·) is defined as

V (ξ) = (|ξ|2 + s2)
p−2
4 ξ, ξ ∈ Rn.

Combining (2.1.3) and (2.4.19) yields

c−1
0 |V (ξ2)− V (ξ1)|2 ≤ ⟨A(x, ξ2)− A(x, ξ1), ξ2 − ξ1⟩,

for some positive constant c0 = c0(n, p, λ). We note that the above inequality also

holds for Ak. Then choosing (uk − u)1Br2 (x0) as a test function in (2.1.1) and (2.4.16),

we have

c−1
0

ˆ
Br2 (x0)

|V (Duk)− V (Du)|2 dx

≤
ˆ
Br2 (x0)

⟨Ak(x,Duk)− Ak(x,Du), Duk −Du⟩ dx

=

ˆ
Br2 (x0)

⟨A(x,Du)− Ak(x,Du), Duk −Du⟩ dx+
ˆ
Br2 (x0)

(uk − u) d(µk − µ)

≤ ∥A(·, Du)− Ak(·, Du)∥Lp/(p−1)(Br2 (x0)) · ∥uk − u∥W 1,p
0 (Br2 (x0))

+ ∥uk − u∥W 1,p
0 (Br2 (x0))

· ∥µk − µ∥W−1,p′ (Br2 (x0))
.

From the definition of Ak, by using the Minkowski inequality and (2.1.4), we obtain

∥A(·, Du)− Ak(·, Du)∥Lp/(p−1)(Br2 (x0)) ≤ λω(1/k)
(ˆ

Br2 (x0)

(s2 + |Du|2)
p
2 dx

) p−1
p
,

which together with (2.4.15) and (2.4.18), yields

ˆ
Br2 (x0)

|V (Duk)− V (Du)|2 dx→ 0.

49



By (2.4.19), we have

|Duk −Du|p ≤ c|V (Duk)− V (Du)|p
(
|Duk|2 + |Du|2 + s2

) p(2−p)
4

and therefore using Hölder’s inequality with exponents 2/p and 2/(2− p), we obtain

that

ˆ
Br2 (x0)

|Duk −Du|p dx

≤ c
(ˆ

Br2 (x0)

|V (Duk)− V (Du)|2 dx
) p

2
( ˆ

Br2 (x0)

(
|Duk|2 + |Du|2 + s2

) p
2 dx

) 2−p
2
,

which implies that

Duk → Du strongly in Lp(Br2(x0)).

Thus there exists a subsequence {kj} such that Dukj → Du almost everywhere in

Br2(x0).

Since Ak and µk are smooth in x, by the classical regularity theory (see, for instance,

[22],[83]), we know that uk ∈ C1,α
loc (Br2(x0)). Therefore the Lipschitz estimate (2.4.12)

from Step 1 holds for uk in Br1/2(x0). Namely,

∥Duk∥L∞(Br1/2
(x0)) ≤ C

∥∥Ir11 (|µk|)
∥∥ 1

p−1

L∞(Br1 (x0))
+ Cr

n
2−p

1 ∥|Duk|+ s∥L2−p(Br1 (x0)).

Note that by direct computation, for any t > 0, it follows that

µk(Bt(x)) =

ˆ
Rn

µ(Bt(x− y))φk(y)dy.

Therefore, for sufficiently large k, by the Fubini–Tonelli theorem we have

∥∥Ir11 (|µk|)
∥∥
L∞(Br1 (x0))

≤
∥∥Ir11 (|µ|)

∥∥
L∞(Br2 (x0))

.
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Thus by taking k = kj ↗ ∞ and then r1 ↗ R, we obtain the Lipschitz estimate

(2.1.13) around x = x0.

In the rest of the section, we derive an interior modulus of continuity estimate

of Du under the conditions of Theorem 2.1.3. Recall that we fixed an ε ∈ (0, 1/4)

sufficiently small such that

Cεα−α1 < 1 and εα1 < 1/4,

where C is the constant in (2.3.13), α ∈ (0, 1) is the same constant as in Theorem

2.2.1 and α1 ∈ (0, α). We also took a ball BR(x0) ⊂ Ω with R ∈ (0, 1]. Similar to

(2.4.4), we define

ω̃(t) =
∞∑
i=1

εα1i
(
ω(ε−it)[ε−it ≤ R/2] + ω(R/2)[ε−it > R/2]

)
,

Ĩρ1(|µ|)(x) =
∞∑
i=1

εα1i
(
Iε

−iρ
1 (|µ|)(x)[ε−iρ ≤ R/2] + I

R/2
1 (|µ|)(x)[ε−iρ > R/2]

)
,

W̃ρ
1/p,p(|µ|)(x)

=
∞∑
i=1

εα1i
(
Wε−iρ

1/p,p(|µ|)(x)[ε
−iρ ≤ R/2] +W

R/2
1/p,p(|µ|)(x)[ε

−iρ > R/2]
)
.

(2.4.20)

Here we also used the Iverson bracket notation, i.e., [P ] = 1 if P is true and [P ] = 0

otherwise, and I1 and W1/p,p are the Riesz and Wolff potentials defined in (2.1.9) and

(2.1.11), respectively. We note that since 1/(p− 1) > 1, we have

Wρ
1/p,p(|µ|)(x) ≤ C

(
I2ρ1 (|µ|)(x)

) 1
p−1 , (2.4.21)

so that W̃ρ
1/p,p(|µ|)(x) and Ĩρ1(|µ|)(x) are bounded and converge to zero as ρ→ 0 as

long as IR1 (|µ|)(x) is finite.

Our interior modulus of continuity estimate is stated as follows.
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Theorem 2.4.3. Assume the conditions of Theorem 2.1.3 and α1 ∈ (0, α), where α

is the constant in Theorem 2.2.1. Then there exist a constant C = C(n, p, λ, α1, ω),

such that for any R ∈ (0, 1], BR(x0) ⊂ Ω, x, y ∈ BR/4(x0) being Lebesgue points of

the vector-valued function Du, it holds that

|Du(x)−Du(y)|

≤ CM
[ ( ρ

R

)α1

+

ˆ ρ

0

ω̃(t)

t
dt
]
+ C

∥∥W̃ρ
1/p,p(|µ|)

∥∥
L∞(BR/4(x0))

+ CM2−p
∥∥Ĩρ1(|µ|)∥∥L∞(BR/4(x0))

(2.4.22)

where ρ = |x− y|, ω̃, W̃1/p,p, and Ĩ1 are defined in (2.4.20), and

M := R− n
2−p∥|Du|+ s∥L2−p(BR(x0)) +

∥∥IR1 (|µ|)∥∥ 1
p−1

L∞(BR(x0))
.

Note that due to (2.4.21), the term
∥∥W̃ρ

1/p,p(|µ|)
∥∥
L∞(BR/4(x0))

in (2.4.22) can be

replaced with the sup norm of a summation of the truncated Riesz potentials similar

to (2.4.20).

Proof of Theorem 2.4.3. For any x, y ∈ BR/4(x0) being Lebesgue points of Du, by the

triangle inequality, we have

|Du(x)−Du(y)|γ0

≤ |Du(x)− qx,ρ|γ0 + |qx,ρ − qy,ρ|γ0 + |Du(y)− qy,ρ|γ0

≤ 2 sup
y0∈BR/4(x0)

|Du(y0)− qy0,ρ|γ0 + |Du(z)− qx,ρ|γ0 + |Du(z)− qy,ρ|γ0 .

We set ρ = |x − y|, take the average over z ∈ B(x, ρ) ∩ B(y, ρ), and then take the
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γ0-th root to get

|Du(x)−Du(y)| ≤ C sup
y0∈BR/4(x0)

|Du(y0)− qy0,ρ|+ Cϕ(x, ρ) + Cϕ(y, ρ)

≤ C sup
y0∈BR/4(x0)

∞∑
j=0

ϕ(y0, ε
jρ) + C sup

y0∈BR/4(x0)

ϕ(y0, ρ)

≤ C sup
y0∈BR/4(x0)

∞∑
j=0

ϕ(y0, ε
jρ). (2.4.23)

Here we used (2.4.7) in the second inequality.

If ρ < R/8, by using (2.4.23), (2.4.6) with R/8 in place of r, and the fact that

BR/4(y0) ⊂ BR/2(x0) ∀y0 ∈ BR/4(x0),

we obtain

|Du(x)−Du(y)|

≤ C
( ρ
R

)α1

∥Du∥L∞(BR/2(x0)) + C sup
y0∈BR/4(x0)

ˆ ρ

0

h̃(y0, t)

t
dt

+ C
(
∥Du∥L∞(BR/2(x0)) + s

)2−p

sup
y0∈BR/4(x0)

ˆ ρ

0

g̃(y0, t)

t
dt

+ C
(
∥Du∥L∞(BR/2(x0)) + s

)ˆ ρ

0

ω̃(t)

t
dt.

(2.4.24)

Clearly, (2.4.24) still holds when ρ ≥ R/8.

We can simplify the terms in (2.4.24) as follows. For any y0 ∈ BR/4(x0) and

ρ ∈ (0, R/2), by the definition of g̃ in (2.4.4), we have

ˆ ρ

0

g̃(y0, t)

t
dt =

∞∑
i=1

εα1i

ˆ ρ

0

g(y0, ε
−it)

t
[ε−it ≤ R/2] dt

+
∞∑
i=1

εα1i

ˆ ρ

0

g(y0, R/2)

t
[ε−it > R/2] dt.
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Recalling the definition of Ĩ1 from (2.4.20), the first term above is equal to

∞∑
i=1

εα1i
( ˆ ρ

0

g(y0, ε
−it)

t
dt[ε−iρ ≤ R/2] +

ˆ εiR/2

0

g(y0, ε
−it)

t
dt[ε−iρ > R/2]

)
=

∞∑
i=1

εα1i
( ˆ ε−iρ

0

g(y0, t)

t
dt[ε−iρ ≤ R/2] +

ˆ R/2

0

g(y0, t)

t
dt[ε−iρ > R/2]

)
=

∞∑
i=1

εα1i
(
Iε

−iρ
1 (|µ|)(y0)[ε−iρ ≤ R/2] + I

R/2
1 (|µ|)(y0)[ε−iρ > R/2]

)
= Ĩρ1(|µ|)(y0).

The second term is equal to

∞∑
i=1

εα1i[ε−iρ > R/2] ln(2ε−iρ/R)g(y0, R/2).

Let K be the positive integer such that ε−Kρ > R/2 and ε−(K−1)ρ ≤ R/2. Then we

have

∞∑
i=1

εα1i[ε−iρ > R/2] ln(2ε−iρ/R) =
∞∑

i=K

εα1i ln(2ε−iρ/R)

= εα1K

∞∑
i=K

εα1(i−K)
(
ln(2ε−Kρ/R) + (i−K) ln(ε−1)

)
≤
(2ρ
R

)α1
∞∑

i=K

εα1(i−K)(i−K + 1) ln(ε−1) ≤ C
( ρ
R

)α1

.

Therefore, ˆ ρ

0

g̃(y0, t)

t
dt ≤Ĩρ1(|µ|)(y0) + C(ρ/R)α1g(y0, R/2)

≤Ĩρ1(|µ|)(y0) + C(ρ/R)α1IR1 (|µ|)(y0).
(2.4.25)
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We can similarly get the following estimate

ˆ ρ

0

h̃(y0, t)

t
dt ≤

∞∑
i=1

(
εα1i

ˆ ε−iρ

0

h(y0, t)
dt

t
[ε−iρ ≤ R/2]

+

ˆ R/2

0

h(y0, t)
dt

t
[ε−iρ > R/2]

)
+ C

( ρ
R

)α1

h(y0, R/2)

≤ W̃ρ
1/p,p(|µ|)(y0) + C(ρ/R)α1

(
IR1 (|µ|)(y0)

)1/(p−1)
.

(2.4.26)

Using (2.1.13), (2.4.25), and (2.4.26), from (2.4.24) we obtain (2.4.22). The theorem

is proved.

Proof of Theorem 2.1.4. Since the set of Lebesgue points of Du is dense in Ω, it

suffices to show the right-hand side of (2.4.22) converges to zero when ρ→ 0. In fact,

we have

∥Ĩρ1(|µ|)∥L∞(BR/4(x0)) ≤
∞∑
i=1

εα1i
(
∥Iε

−iρ
1 (|µ|)∥L∞(BR/4(x0))[ε

−iρ ≤ R/2]

+∥IR/2
1 (|µ|)∥L∞(BR/4(x0))[ε

−iρ > R/2]
)
,

which must converge to 0 by using (2.1.14) and the dominated convergence theorem.

We can similarly prove the convergence of other terms in (2.4.22).

Proof of Corollary 2.1.5. By [37, Lemma 3] with p = 2 and k = 1, the assumption

(2.1.15) implies (2.1.14). Therefore Corollary 2.1.5 follows from Theorem 2.1.4.

Proof of Corollary 2.1.6. This is an immediate corollary of Theorem 2.1.4 since the

assumption (2.1.14) is verified by (2.1.16) and (2.1.17).

Proof of Corollary 2.1.7. We choose α1 ∈ (β, α) in Theorem 2.4.3. Then Corollary

2.1.7 follows by a direct computation using (2.4.22).
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2.5 Global gradient estimates for the p-Laplacian

equations

This section is devoted to the proof of the global pointwise gradient estimate in

Theorem 2.1.10, the Lipschitz estimate in Theorem 2.1.11, Corollary 2.1.12, as well as

the derivation of a global modulus of continuity estimate of Du stated in Theorem

2.5.10 for the following (possibly nondegenerate) p-Laplace equation with Dirichlet

boundary condition:


−div

(
a(x)(|Du|2 + s2)

p−2
2 Du

)
= µ in Ω,

u = 0 on ∂Ω,

(2.5.1)

where a(·) satisfies (2.1.5), (2.1.7), and (2.1.8), and Ω has a C1,Dini boundary charac-

terized by R0 and ω0 as in Definition 2.1.9.

First, we derive a gradient estimate around any point x0 ∈ ∂Ω. Without loss of

generality, we assume that x0 = 0 ∈ ∂Ω. Then we can choose a local coordinate

around x0 = 0 and a function χ as in Definition 2.1.9 such that χ(0′) = 0. Let

Γ(y) = (y1 + χ(y′), y′) and Λ(x) = Γ−1(x) = (x1 − χ(x′), x′).

Note that the determinants of the Jacobian of Γ(·) and Λ(·) are equal to 1. Since Ω has

C1,Dini boundary, from the proof of [19, Lemma 2.2], there exists R1 = R1(ω0, R0) ∈

(0, R0) such that

|Dx′χ(x′)| ≤ 1/2 if |x′| ≤ R1, (2.5.2)

Ωr/2 ⊂ Γ(B+
r ) ⊂ Ω2r ∀ r ∈ (0, R1/2]. (2.5.3)

Therefore, there exist constants c1(n) and c2(n) depending only on n, such that for
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any x ∈ Ω̄ and 0 < r ≤ R1,

c1(n)r
n ≤ |Ωr(x)| ≤ c2(n)r

n. (2.5.4)

Now we use the technique of flattening the boundary. We denote u1(y) = u(Γ(y)),

a1(y) = a(Γ(y)), and µ1(A) = µ(Γ(A)) for any Borel set A ⊂ Rn. Then u1 satisfies


divy

(
a1(y)(|DΛ Dyu1|2 + s2)

p−2
2 (DΛ)TDΛ Dyu1

)
= µ1 in B+

R1/2
,

u1 = 0 on BR1/2 ∩ ∂Rn
+.

(2.5.5)

We set

A1(y, ξ) = a1(y)(|DΛ ξ|2 + s2)
p−2
2 (DΛ)TDΛ ξ.

By direct computations with (2.5.2) in hand, A1 satisfies the following conditions with

ω1 = ω + ω0 and some constant λ1 = λ1(n, p, λ):

|A1(y, ξ)| ≤ λ1(s
2 + |ξ|2)(p−1)/2, |DξA1(y, ξ)| ≤ λ1(s

2 + |ξ|2)(p−2)/2, (2.5.6)

⟨DξA1(y, ξ)η, η⟩ ≥ λ−1
1 (s2 + |ξ|2)(p−2)/2|η|2, (2.5.7)

|A1(y, ξ)− A1(y0, ξ)| ≤ λ1ω1(|y − y0|)(s2 + |ξ|2)(p−1)/2 (2.5.8)

for every y, y0 ∈ B+
R1/2

and every (ξ, η) ∈ Rn × Rn\{(0, 0)}.

Suppose that 4r ≤ R1. We now consider the unique solution w ∈ u1 +W 1,p
0 (B+

2r)

to the equation 
−divy(A1(y,Dyw)) =0 in B+

2r,

w =u1 on ∂B+
2r.

(2.5.9)

We first derive a boundary version of the reverse Hölder’s inequality.
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Lemma 2.5.1. Let w be a solution to (2.5.9). There exists a constant θ1 > p depending

only on n, p, and λ, such that for any t > 0, the estimate

( 
B+

ρ/2
(y0)

(|Dyw|+ s)θ1 dx

)1/θ1

≤ C

( 
B+

ρ (y0)

(|Dyw|+ s)t dx

)1/t

(2.5.10)

holds for all B+
ρ (y0) ⊂ B+

2r, where C = C(n, p, λ, t) > 0.

Proof. For simplicity, we still denote D = Dy through this proof. First we prove

a Caccioppoli type inequality in half balls. Suppose that y0 ∈ B2r ∩ ∂Rn
+ and

B2ρ(y0) ⊂⊂ B2r. Let ζ be a nonnegative smooth function satisfying ζ = 1 in Bρ(y0),

|Dζ| ≤ 2ρ−1, and ζ = 0 outside B2ρ(y0). Using ζ
pw as a test function in (2.5.9), we

get the following

0 =

ˆ
B+

2r

⟨A1(y,Dw), ζ
pDw⟩ dy + p

ˆ
B+

2r

⟨A1(y,Dw), ζ
p−1wDζ⟩ dy := I + II. (2.5.11)

Using the fundamental theorem of calculus, (2.5.6), (2.5.7), and Young’s inequality

with exponents p and p/(p− 1), we have

I =

ˆ
B+

2r

ζp
(ˆ 1

0

⟨DξA1(y, tDw)Dw,Dw⟩ dt+ A1(y, 0)Dw
)
dy

≥
ˆ
B+

2r

ζp
(ˆ 1

0

λ−1
1 (s2 + |Dw|2t2)

p−2
2 |Dw|2 dt− λ1s

p−1|Dw|
)
dy

≥ c(λ1, p)

ˆ
B+

2r

ζp|Dw|p dy − C ′(λ1, p)

ˆ
B+

2r

ζpsp dy.
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On the other hand, using (2.5.6) and Young’s inequality, we have

|II| ≤ pλ1

ˆ
B+

2ρ(y0)

(s2 + |Dw|2)
p−1
2 ζp−1|wDζ| dy

≤ 1

2
c(λ1, p)

ˆ
B+

2r

ζp(s2 + |Dw|2)
p
2 dy + C ′′(λ1, p)

ˆ
B+

2ρ(y0)

|wDζ|p dy

≤ 1

2
c(λ1, p)

ˆ
B+

2r

ζp(sp + |Dw|p) dy + C ′′(λ1, p)

ˆ
B+

2ρ(y0)

|wDζ|p dy.

Therefore, (2.5.11) implies the following Caccioppoli type inequality

ˆ
B+

ρ (y0)

|Dw|p dx ≤ Cρnsp + Cρ−p

ˆ
B+

2ρ(y0)

|w|p dx. (2.5.12)

Since w = u = 0 on B2r ∩ ∂Rn
+, by the Sobolev-Poincaré inequality,

(ˆ
B+

2ρ(y0)

|w|p dx

)1/p

≤ Cρ1+
n
p
−n

q

(ˆ
B+

2ρ(y0)

|Dw|q dx

)1/q

(2.5.13)

for any q such that max
{
1, np

n+p

}
≤ q < p. Thus by combining (2.5.12) and (2.5.13),

we have

( 
B+

ρ (y0)

(|Dw|+ s)p dx

)1/p

≤ C

( 
B+

2ρ(y0)

(|Dw|+ s)q dx

)1/q

.

Similarly, the following interior version of estimate

( 
Bρ(y0)

(|Dw|+ s)p dx

)1/p

≤ C

( 
B2ρ(y0)

(|Dw|+ s)q dx

)1/q

holds for all B2ρ(y0) ⊂⊂ B+
2r. Therefore, by a standard covering argument and

Gehring’s lemma, we get (2.5.10).

We also have a boundary comparison result analogous to Lemma 2.3.2 by following

almost the same proof.
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Lemma 2.5.2. Let w be a solution to (2.5.9) and assume that p ∈ (1, 2). Then for

any γ0 ∈ (0, 2− p] when p ∈
(
3n−2
2n−1

, 2
)
and γ0 ∈

(
0, (p−1)n

n−1

)
when p ∈

(
1, 3n−2

2n−1

]
, it holds

that

( 
B+

2r

|Dyu1 −Dyw|γ0 dx

)1/γ0

≤ C

[
|µ1|(B+

2r)

rn−1

] 1
p−1

+ C
|µ1|(B+

2r)

rn−1

 
B+

2r

(|Dyu1|+ s)2−p dx,

where C is a constant depending only on n, p, λ, and γ0.

We now let v ∈ w +W 1,p
0 (B+

r ) be the unique solution to


−divy(A1(0, Dyv)) =0 in B+

r ,

v =w on ∂B+
r .

(2.5.14)

We also have an estimate for the difference Dv−Dw analogous to (2.3.10) by following

almost the same proof as that of [38, Eq. (4.35)]:

 
B+

r

|Dyv −Dyw|p dx ≤ Cω0(r)
p

 
B+

r

(|Dyw|+ s)p dx.

Thus by (2.5.10) and Hölder’s inequality, we get

 
B+

r

|Dyv −Dyw|γ0 dx ≤ Cω0(r)
γ0

 
B+

2r

(|Dyw|+ s)γ0 dx.

Next we prove an oscillation estimate for v.

Lemma 2.5.3. Let v be a solution to (2.5.14). There exists constant C > 1 depending
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only on n, p, λ, and γ0, such that for any half ball B+
ρ ⊂ B+

R ⊂ B+
r , we have

inf
θ∈R

( 
B+

ρ

|Dy1v − θ|γ0 + |Dy′v|γ0
)1/γ0

≤ C
( ρ
R

)α
inf
θ∈R

( 
B+

R

|Dy1v − θ|γ0 + |Dy′v|γ0
)1/γ0

,

(2.5.15)

where α ∈ (0, 1) is the same constant as in Theorem 2.2.1.

Proof. Let v̄ be an odd extension of v in Br, namely,

v̄(y) =


v(y) if y1 ≥ 0,

− v(−y1, y′) if y1 < 0.

Then since

A1(0, ξ) = a1(0)(|ξ|2 + s2)
p−2
2 ξ,

v̄ ∈ W 1,p(Br) is a solution to the equation

−divy

(
a1(0)(|Dyv̄|2 + s2)

p−2
2 Dyv̄

)
= 0 in Br.

Thus we can apply Theorem 2.2.1 to v̄ to get

inf
q∈Rn

( 
Bρ

|Dyv̄ − q|γ0
)1/γ0

≤C
( ρ
R

)α
inf
q∈Rn

( 
BR

|Dyv̄ − q|γ0
)1/γ0

.

Since v̄ is an odd function in y1, by the triangle inequality, there exists θρ ∈ R such

that

( 
B+

ρ

|Dy1v − θρ|γ0 + |Dy′v|γ0
)1/γ0

≤ C inf
q∈Rn

( 
Bρ

|Dyv̄ − q|γ0
)1/γ0

.
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By the triangle inequality again, it is easily seen that

inf
q∈Rn

( 
BR

|Dyv̄ − q|γ0
)1/γ0

≤ C inf
θ∈R

( 
B+

R

|Dy1v − θ|γ0 + |Dy′v|γ0
)1/γ0

.

Then (2.5.15) is a direct consequence of the three inequalities above.

Lemma 2.5.4. Suppose that u1 ∈ W 1,p(B+
R1
) is a solution to (2.5.5). Then for any

ε ∈ (0, 1) and r ∈ (0, R1/4], we have

inf
θ∈R

( 
B+

εr

|Dy1u1 − θ|γ0 + |Dy′u1|γ0
)1/γ0

≤ Cεα inf
θ∈R

( 
B+

r

|Dy1u1 − θ|γ0 + |Dy′u1|γ0
)1/γ0

+ Cε

(
|µ1|(B+

2r)

rn−1

) 1
p−1

+ Cεω1(r)

( 
B+

2r

(|Dyu1|+ s)2−p

) 1
2−p

+ Cε
|µ1|(B+

2r)

rn−1

 
B+

2r

(|Dyu1|+ s)2−p,

(2.5.16)

where α and γ0 are the same constants as in Proposition 2.3.3, Cε is a constant

depending on ε, n, p, λ, and γ0, and C is a constant depending on n, p, λ, and γ0.

Proof. By using Lemmas 2.5.1, 2.5.2, and 2.5.3, the proof is almost identical to that

of Proposition 2.3.3, so we omit it.

We now define

ψ(x0, r) = inf
θ∈R

( 
Ωr(x0)

|D1u− θ|γ0 + |Dx′u|γ0
)1/γ0

.

Let ε ∈ (0, 1) and r ∈ (0, R1/4]. By using change of variables, (2.5.3), (2.5.4), and the
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triangle inequality, we have

inf
θ∈R

( 
B+

εr

|Dy1u1 − θ|γ0 + |Dy′u1|γ0
)1/γ0

= inf
θ∈R

( 
Γ(B+

εr)

|D1u− θ|γ0 + |D1u Dx′χ+Dx′u|γ0
)1/γ0

≥ C inf
θ∈R

( 
Ωεr/2

|D1u− θ|γ0 + |Dx′u|γ0
)1/γ0

− C ′

( 
Ωεr/2

|D1u Dx′χ|γ0
)1/γ0

≥ Cψ(0, εr/2)− C ′ω1(εr/2)

( 
Ωεr/2

|Du|γ0
)1/γ0

,

(2.5.17)

where C and C ′ are positive constants depending only on n and γ0. Similarly,

inf
θ∈R

( 
B+

r

|Dy1u1 − θ|γ0 + |Dy′u1|γ0
)1/γ0

= inf
θ∈R

( 
Γ(B+

r )

|D1u− θ|γ0 + |D1u Dx′χ+Dx′u|γ0
)1/γ0

≤ C ′′ inf
θ∈R

( 
Ω2r

|D1u− θ|γ0 + |Dx′u|γ0
)1/γ0

+ C ′′
( 

Ω2r

|D1u Dx′χ|γ0
)1/γ0

≤ C ′′ψ(0, 2r) + C ′′ω1(2r)

( 
Ω2r

|Du|γ0
)1/γ0

,

(2.5.18)

where C ′′ is a positive constant depending only on n and γ0. Therefore, by using

(2.5.17), (2.5.18), (2.5.2), and (2.5.4), (2.5.16) implies that

ψ(0, εr/2) ≤ Cεαψ(0, 2r) + Cε

(
|µ|(Ω4r)

rn−1

) 1
p−1

+ Cεω1(2r)

( 
Ω4r

(|Du|+ s)2−p

) 1
2−p

+ Cε
|µ|(Ω4r)

rn−1

 
Ω4r

(|Du|+ s)2−p.

By replacing ε/4 and 2r with ε and r respectively, we obtain

Corollary 2.5.5. Suppose that u ∈ W 1,p
0 (Ω) is a solution to (2.5.1) and x0 ∈ ∂Ω.
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Then for ε ∈ (0, 1/4), r ≤ R1/2, and α, C, Cε as above, we have

ψ(x0, εr) ≤ Cεαψ(x0, r) + Cε

(
|µ|(Ω2r(x0))

rn−1

) 1
p−1

+ Cεω1(r)

( 
Ω2r(x0)

(|Du|+ s)2−p

) 1
2−p

+ Cε
|µ|(Ω2r(x0))

rn−1

 
Ω2r(x0)

(|Du|+ s)2−p.

(2.5.19)

As in Section 2.3, for any x ∈ Ω̄, we define

ϕ(x, ρ) = inf
q∈Rn

( 
Ωρ(x)

|Du− q|γ0
)1/γ0

and choose qx,r ∈ Rn such that

( 
Ωr(x)

|Du− qx,r|γ0
)1/γ0

= inf
q∈Rn

( 
Ωr(x)

|Du− q|γ0
)1/γ0

. (2.5.20)

We remark that our definition of ϕ is invariant under any orthogonal change of

coordinates as in Definition 2.1.9 and that (2.3.12) still holds for any Lebesgue point

x ∈ Ω of the vector-valued function Du from the same argument as in Section 2.3.

Moreover, if we assume u ∈ C1(Ω̄), then (2.3.12) actually holds for any x ∈ Ω̄.

2.5.1 Global pointwise gradient estimates

To prove the pointwise gradient estimate for p ∈
(
3n−2
2n−1

, 2
)
, we choose γ0 = 2−p and

ε = ε(n, p, λ, α) ∈ (0, 1/4) sufficiently small such that Cεα ≤ 1/4 for both constants

C in (2.3.13) and (2.5.19). Fix x0 ∈ ∂Ω and R ≤ R1/2. For j ≥ 0, set rj = εjR,

Ωj = Ω2rj(x0),

Tj =

( 
Ωj

(|Du|+ s)2−p dx

) 1
2−p

, ϕj = ϕ(x0, rj), and ψj = ψ(x0, rj).
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Applying (2.5.19) yields

ψj+1 ≤
1

4
ψj + C

(
|µ|(Ωj)

rn−1
j

) 1
p−1

+ C
|µ|(Ωj)

rn−1
j

T 2−p
j + Cω1(rj)Tj.

Let j0 and m be positive integers such that j0 ≤ m. Summing the above inequality

over j ∈ {j0, j0 + 1, . . . ,m} and noting that ϕj ≤ ψj ≤ CTj, we obtain that

m+1∑
j=j0

ϕj ≤
m+1∑
j=j0

ψj ≤ CTj0 + C
m∑

j=j0

(
|µ|(Ωj)

rn−1
j

) 1
p−1

+ C
m∑

j=j0

|µ|(Ωj)

rn−1
j

T 2−p
j + C

m∑
j=j0

ω1(rj)Tj

(2.5.21)

for any x0 ∈ ∂Ω and R ≤ R1/2.

On the other hand, according to (2.3.17),

m+1∑
j=j0

ϕj ≤ Cϕj0 + C
m∑

j=j0

(
|µ|(Ωj)

rn−1
j

) 1
p−1

+ C
m∑

j=j0

|µ|(Ωj)

rn−1
j

T 2−p
j + C

m∑
j=j0

ω(rj)Tj

(2.5.22)

holds for any x0 ∈ Ω and R > 0 such that rj0 = εj0R < dist(x0, ∂Ω)/2.

We now define

Ω′
j = Ω8rj(x0), Zj =

( 
Ω′

j

(|Du|+ s)2−p dx

) 1
2−p

.

Then we can obtain the following lemma.

Lemma 2.5.6. Suppose that u ∈ W 1,p
0 (Ω) is a solution to (2.5.1), x0 ∈ Ω̄, and
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R ≤ R1/6. Then we have

m+1∑
j=j0

ϕj ≤ CZj0 + C
m∑

j=j0

(
|µ|(Ω′

j)

rn−1
j

) 1
p−1

+ C
m∑

j=j0

|µ|(Ω′
j)

rn−1
j

Z2−p
j + C

m+1∑
j=j0

ω1(rj)Zj,

(2.5.23)

where C is a constant depending only on n, p, λ, and γ0.

Proof. First when x0 ∈ ∂Ω, since Ωj ⊂ Ω′
j, we have Tj ≤ CZj. Thus (2.5.21)

directly implies (2.5.23). It remains to prove the lemma for x0 ∈ Ω. Since (2.5.22)

holds when rj0 < dist(x0, ∂Ω)/2, we only need to show that (2.5.23) holds when

rj0 ≥ dist(x0, ∂Ω)/2. Now assume rj1 ≥ dist(x0, ∂Ω)/2 and rj1+1 < dist(x0, ∂Ω)/2.

By (2.5.22), we have

m+1∑
j=j1+1

ϕj ≤ Cϕj1+1 + C
m∑

j=j1+1

(
|µ|(Ωj)

rn−1
j

) 1
p−1

+ C

m∑
j=j1+1

|µ|(Ωj)

rn−1
j

T 2−p
j + C

m∑
j=j1+1

ω(rj)Tj.

(2.5.24)

By (2.5.4), we also have

ϕj1+1 ≤

( 
Ωrj1+1 (x0)

|Du− qx0,rj1
|γ0
)1/γ0

≤ Cϕj1 . (2.5.25)

Now for any j ∈ {j0, j0 + 1, . . . , j1}, rj ≥ dist(x0, ∂Ω)/2. Choose y0 ∈ ∂Ω such that

d := dist(x0, ∂Ω) = |y0 − x0|, so that Ωrj(x0) ⊂ Ω3rj(y0) and Ω6rj(y0) ⊂ Ω8rj(x0).
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Thus by using (2.5.21) at y0 ∈ ∂Ω, we have

j1∑
j=j0

ϕj ≤ C

j1∑
j=j0

ϕ(y0, 3rj)

≤ CYj0 + C

j1∑
j=j0

(
|µ|(Ω6rj(y0))

rn−1
j

) 1
p−1

+ C

j1∑
j=j0

|µ|(Ω6rj(y0))

rn−1
j

Y 2−p
j + C

j1+1∑
j=j0

ω1(3rj)Yj

≤ CZj0 + C

j1∑
j=j0

(
|µ|(Ω′

j)

rn−1
j

) 1
p−1

+ C

j1∑
j=j0

|µ|(Ω′
j)

rn−1
j

Z2−p
j + C

j1+1∑
j=j0

ω1(rj)Zj,

(2.5.26)

where

Yj :=

( 
Ω6rj

(y0)

(|Du|+ s)2−p dx

) 1
2−p

.

Recall that ω1 = ω+ω0. Combining (2.5.24), (2.5.25), and (2.5.26), we obtain (2.5.23).

The lemma is proved.

Proof of Theorem 2.1.10. With (2.5.23) in place of (2.3.17), we can easily get the

global pointwise gradient estimate (2.1.18) using the same ideas as in the proof of

Theorem 2.1.1.

2.5.2 Global Lipschitz estimates and modulus of continuity

estimates of the gradient

Let x0 ∈ Ω̄ and 0 < R ≤ R1. For any fixed α1 ∈ (0, α), let α2 = (α1 + α)/2, and

choose ε = ε(n, p, λ, γ0, α, α1) ∈ (0, 1/4) sufficiently small such that εα2 < 1/4 and

Cεα−α2 < 1 for both constants C in (2.3.13) and (2.5.19). Next we define

g1(x, r) =
|µ|(Br(x) ∩BR/2(x0))

rn−1
, h1(x, r) = g1(x, r)

1
p−1 ,

ω∗
1(r) := ω1(r)[r ≤ R/2] + ω1(R/2)[r > R/2],
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and

ĝ1(x, t) =
∞∑
i=1

εα2ig1(x, ε
−it), ğ1(x, t) =

∞∑
i=1

εα1ig1(x, ε
−it),

ĥ1(x, t) =
∞∑
i=1

εα2ih1(x, ε
−it), h̆1(x, t) =

∞∑
i=1

εα1ih1(x, ε
−it),

ω̂1(t) =
∞∑
i=1

εα2iω∗
1(ε

−it), ω̆1(t) =
∞∑
i=1

εα1iω∗
1(ε

−it),

Indeed, we have

ω̆1(t) =
∞∑
i=1

εα1i
(
ω1(ε

−it)[ε−it ≤ R/2] + ω1(R/2)[ε
−it > R/2]

)
:= ω̃1(t),

ğ1(x, t) ≤
∞∑
i=1

εα1i
(
g(x, ε−it)[ε−it ≤ R/2] + g(x0, R/2)[ε

−it > R/2]
)
,

h̆1(x, t) ≤
∞∑
i=1

εα1i
(
h(x, ε−it)[ε−it ≤ R/2] + h(x0, R/2)[ε

−it > R/2]
)
,

(2.5.27)

where the functions g and h are defined in (2.4.2).

Using the same iteration technique as in Lemma 2.4.1, we can obtain from (2.5.19)

that

ψ(x, ρ) ≤ C
(ρ
r

)α2

ψ(x, r) + Cĥ1(x, 2ρ)

+ Cĝ1(x, 2ρ)
(
∥Du∥L∞(Ω2r(x)) + s

)2−p

+ Cω̂1(ρ)
(
∥Du∥L∞(Ω2r(x)) + s

) (2.5.28)

holds for any x ∈ ∂Ω, B2r(x) ⊂ BR/2(x0), and 0 < ρ ≤ r.

Similarly, from (2.4.1) and the fact that ω ≤ ω1, we have

ϕ(x, ρ) ≤ C
(ρ
r

)α2

ϕ(x, r) + Cĥ1(x, 2ρ)

+ Cĝ1(x, 2ρ)
(
∥Du∥L∞(Ω2r(x)) + s

)2−p

+ Cω̂1(ρ)
(
∥Du∥L∞(Ω2r(x)) + s

) (2.5.29)
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for any B2r(x) ⊂⊂ Ω, B2r(x) ⊂ BR/2(x0), and 0 < ρ ≤ r.

By combining (2.5.28) and (2.5.29), we will show the following estimates.

Lemma 2.5.7. Let x ∈ Ω̄ and B2r(x) ⊂ BR/2(x0). There exists a constant C

depending only on ε, n, p, λ, γ0, and α1 such that, for any 0 < ρ ≤ r ≤ R1, we have

(i)

ϕ(x, ρ) ≤C
(ρ
r

)α2

r−n/γ0∥Du∥Lγ0 (Ωr(x)) + Ch̆1(x, ρ)

+ Cğ1(x, ρ)
(
∥Du∥L∞(Ω2r(x)) + s

)2−p

+ Cω̆1(ρ)
(
∥Du∥L∞(Ω2r(x)) + s

)
,

(2.5.30)

(ii)

∞∑
j=0

ϕ(x, εjρ) ≤C
(ρ
r

)α2

r−n/γ0∥Du∥Lγ0 (Ωr(x)) + C

ˆ ρ

0

h̆1(x, t)

t
dt

+ C
(
∥Du∥L∞(Ω2r(x)) + s

)2−p
ˆ ρ

0

ğ1(x, t)

t
dt

+ C
(
∥Du∥L∞(Ω2r(x)) + s

) ˆ ρ

0

ω̆1(t)

t
dt.

(2.5.31)

To prove Lemma 2.5.7, we also need the following technical lemma.

Lemma 2.5.8. Let x, y ∈ Ω̄ and p ∈ (1, 2). Then for g1, h1, ĝ1, ĥ1, ğ1, h̆1, ω̂1, ω̆1 defined

as above, we have the following:

(i) There exist constants C1, C2 > 0 depending on ε, n, p, α and α1 such that for

any fixed x ∈ Ω̄, and any f ∈
{
ĝ1(x, ·), ĥ1(x, ·), ω̂1, ğ1(x, ·), h̆1(x, ·), ω̆1

}
, we have

C1f(t) ≤ f(s) ≤ C2f(t), whenever 0 < εt ≤ s ≤ t.

(ii) There exists a constant C > 0 depending on ε, n, p, α and α1 such that for any
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0 < εr ≤ ρ ≤ r with Ωρ(x) ⊂ Ωr(y), and any F ∈ {ĝ1, ĥ1, ğ1, h̆1}, we have

F (x, ρ) ≤ CF (y, r).

(iii) For any 0 < ρ ≤ r, there exists a constant C > 0 depending on ε, n, p, α and

α1 such that the following hold

(ρ
r

)α2

ω̂1(r) ≤ Cω̆1(ρ),(ρ
r

)α2

ĝ1(x, r) ≤ Cğ1(x, ρ),(ρ
r

)α2

ĥ1(x, r) ≤ Ch̆1(x, ρ).

Proof. We will only show the proof for g since the other cases are similar. Noting that

g1(x, s) ≤ ε1−ng1(x, t), g1(x, εt) ≤ ε1−ng1(x, s)

whenever εt ≤ s ≤ t and ĝ1(x, t) ≤ ε−α2 ĝ1(x, εt), assertion (i) follows. Assertion (ii)

follows similarly by observing the fact that Ωε−iρ(x) ⊂ Ωε−ir(y) whenever i ≥ 0 since

Ωρ(x) ⊂ Ωr(y). It remains to prove assertion (iii). Since 0 < ρ ≤ r, there exists an

integer j ≥ 0 such that ε−jρ ≤ r < ε−j−1ρ. Therefore, by part (i),

(ρ
r

)α2

ĝ1(x, r) ≤ Cεα2j ĝ1(x, ε
−jρ)

≤ C
∞∑
j=0

∞∑
i=1

εα2(i+j)g1(x, ε
−i−jρ)

= C

∞∑
k=1

kεα2kg1(x, ε
−kρ) ≤ Cğ1(x, ρ),

where we used the fact that kεα2k ≤ Cεα1k in the last inequality, since α1 < α2.

Now we are ready to prove Lemma 2.5.7.
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Proof of Lemma 2.5.7. Without loss of generality, we may assume x = 0. Note that

if r/16 ≤ ρ ≤ r, then (2.5.30) follows from the definition of ϕ. Hence we only need to

consider the case when 0 < ρ < r/16. We consider the following three cases:

r/4 ≤ dist(0, ∂Ω), dist(0, ∂Ω) ≤ 4ρ, 4ρ < dist(0, ∂Ω) < r/4.

Case 1: r/4 ≤ dist(0, ∂Ω). Set r1 = r/16. Since B4r1 ⊂ Ω, from (2.5.29) we have

ϕ(0, ρ) ≤ C

(
ρ

r1

)α2

ϕ(0, r1) + Cĥ1(0, 2ρ)

+ Cĝ1(0, 2ρ)
(
∥Du∥L∞(Ω2r1 )

+ s
)2−p

+ Cω̂1(ρ)
(
∥Du∥L∞(Ω2r1 )

+ s
)
.

Thus we can easily get (2.5.30) from Lemma 2.5.8 and the fact that

ϕ(0, r1) ≤ Cr−n/γ0∥Du∥Lγ0 (Ωr).

Case 2: dist(0, ∂Ω) ≤ 4ρ. Choose y0 ∈ ∂Ω such that dist(0, ∂Ω) = |y0|. Then

B10ρ(y0) ⊂ B14ρ ⊂ Br and from (2.5.28), we have

ϕ(0, ρ) ≤ Cψ(y0, 5ρ)

≤ C
(ρ
r

)α2

ψ(y0, r/2) + Cĥ1(y0, 10ρ)

+ Cĝ1(y0, 10ρ)
(
∥Du∥L∞(Ωr(y0)) + s

)2−p
+ Cω̂1(5ρ)

(
∥Du∥L∞(Ωr(y0)) + s

)
.

Thus from the fact that Ωr(y0) ⊂ Ω2r, Ωr/2(y0) ⊂ Ωr, and Ω10ρ(y0) ⊂ Ω14ρ, we get

(2.5.30) by using Lemma 2.5.8.

Case 3: 4ρ < dist(0, ∂Ω) < r/4. Set r1 = dist(0, ∂Ω)/4 > ρ. Using (2.5.29), we
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obtain

ϕ(0, ρ) ≤ C

(
ρ

r1

)α2

ϕ(0, r1) + Cĥ1(0, 2ρ)

+ Cĝ1(0, 2ρ)
(
∥Du∥L∞(Ω2r1 )

+ s
)2−p

+ Cω̂1(ρ)
(
∥Du∥L∞(Ω2r1 )

+ s
)
.

On the other hand, choose y0 ∈ ∂Ω such that dist(0, ∂Ω) = |y0|. Therefore, Br1 ⊂

B5r1(y0), Br(y0) ⊂ B2r and from (2.5.28) we have

ϕ(0, r1) ≤ Cψ(y0, 5r1)

≤ C
(r1
r

)α2

ψ(y0, r/2) + Cĥ1(y0, 10r1)

+ Cĝ1(y0, 10r1)
(
∥Du∥L∞(Ωr(y0)) + s

)2−p
+ Cω̂1(5r1)

(
∥Du∥L∞(Ωr(y0)) + s

)
.

Noting that Ωr(y0) ⊂ Ω2r, Ωr/2(y0) ⊂ Ωr, and Ω10r1(y0) ⊂ Ω14r1 , we get (2.5.30) by

combining the last two estimates and applying Lemma 2.5.8.

Finally, replacing ρ with εjρ and summing in j, we get (2.5.31) by using Lemma

2.5.8 and the comparison principle of Riemann integrals. The lemma is proved.

Remark 2.5.9. We emphasize that Lemma 2.5.7 has a local nature. Indeed, it can

be seen from the proof that we only need Dirichlet boundary condition u = 0 on

∂Ω ∩ BR/2(x0) and C1,Dini regularity of ∂Ω ∩ BR/2(x0) for these estimates to hold.

Therefore, our Lipschitz estimates and modulus of continuity estimates, which will be

deduced from Lemma 2.5.7, also have a local nature.

Recall the definition of qx,r from (2.5.20) and keep (2.5.4) in mind. By following

almost the same proof of (2.4.7), we obtain that for any Lebesgue point x ∈ Ω of the

vector-valued function Du and ρ ∈ (0, R1],

|Du(x)− qx,ρ| ≤ C

∞∑
j=0

ϕ(x, εjρ), (2.5.32)
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where C is a constant depending only on n and γ0.

Proof of Theorem 2.1.11. We will prove a boundary Lipschitz estimate

∥Du∥L∞(ΩR/16(x0)) ≤ C
∥∥IR1 (|µ|)∥∥ 1

p−1

L∞(ΩR(x0))
+ CR− n

2−p∥|Du|+ s∥L2−p(ΩR(x0)) (2.5.33)

for any x0 ∈ ∂Ω and R ≤ R1, assuming that

∥∥IR1 (|µ|)∥∥L∞(BR(x0))
<∞. (2.5.34)

Then (2.1.19) follows by a standard covering argument using (2.1.13) and (2.5.33).

The proof of (2.5.33) is similar to that of Theorem 2.1.3 so we will only focus on the

differences.

Step 1: The case when u ∈ C1(ΩR/2(x0)).

With (2.5.31) in place of (2.4.6), using the same iteration technique as in the proof

of Theorem 2.1.3, we get the following estimate:

∥Du∥L∞(ΩR/4(x0)) + s ≤ CR−n/γ0∥Du∥Lγ0 (ΩR/2(x0))

+ C sup
x∈ΩR/2(x0)

ˆ R
2

0

h̆1(x, t)

t
dt+ C sup

x∈ΩR/2(x0)

(ˆ R
2

0

ğ1(x, t)

t
dt

) 1
p−1

+ Cs.

(2.5.35)

Using (2.5.27) and direct computations, we have

ˆ R/2

0

ğ1(x, t)

t
dt ≤ C IR1 (|µ|)(x) + C

|µ|(BR/2(x0))

Rn−1
,

ˆ R/2

0

h̃1(x, t)

t
dt ≤ C

(
IR1 (|µ|)(x)

) 1
p−1 + C

(
|µ|(BR/2(x0))

Rn−1

) 1
p−1

.

Therefore, from (2.5.35) and the fact that γ0 ≤ 2− p (cf. Lemma 2.5.2), we obtain

∥Du∥L∞(ΩR/4(x0)) ≤ C
∥∥IR1 (|µ|)∥∥ 1

p−1

L∞(ΩR(x0))
+ CR− n

2−p∥|Du|+ s∥L2−p(ΩR(x0)). (2.5.36)
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Step 2: The general case.

We use an approximation argument with the aid of the regularized distance

introduced by Lieberman [67]. Here we refer to a modified version in [26]. Let

d(·) be the regularized distance defined in [26, Lemma 5.1] (ψ(·) in that paper) and

Ωk = {x ∈ Ω : d(x) > 1/k}. Then from [26, Lemma 5.1], we know that Ωk has a

smooth boundary and the C1,Dini-properties of ∂Ωk are the same as those of ∂Ω up to

some constant independent of k. We take a sequence of standard mollifiers {φk} and

mollify µ and a by setting

µk(x) = (µ ∗ φk)(x), x ∈ Ω; ak(x) = (a ∗ φk)(x), x ∈ Ωk.

We know that µ ∈ W−1,p′(ΩR(x0)) and therefore

∥µk − µ∥W−1,p′ (ΩR(x0))
→ 0.

Recalling the fact that we have a C1,Dini coordinate in ΩR(x0) since R ≤ R1, we can

take a sequence of cut-off functions ζk ∈ C∞(Rn) satisfying ζk = 1 in Ωk/4 ∩BR(x0),

ζk = 0 in (Ω\Ωk/2) ∩BR(x0), and ∥Dζk∥L∞ ≤ 16k.

Next we let uk ∈ uζk +W 1,p
0 (Ωk ∩BR(x0)) be the unique solution to


−div

(
ak(x)(|Duk|2 + s2)

p−2
2 Duk

)
=µk in Ωk ∩BR(x0),

uk =uζk on ∂(Ωk ∩BR(x0)).

(2.5.37)

Since uk = uζk = 0 on BR(x0) ∩ ∂Ωk, we can always assume uk ∈ uζk +W 1,p
0 (ΩR(x0))

by taking the zero extension of uk in (Ω\Ωk) ∩BR(x0). Since u = 0 on BR(x0) ∩ ∂Ω,
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by Hardy’s inequality, we have

∥uDζk∥
Lp
(
ΩR(x0)

) ≤ 16∥ku∥
Lp
(
(Ω\Ωk/4)∩BR(x0)

)
≤ C∥u(x)/d(x)∥

Lp
(
(Ω\Ωk/4)∩BR(x0)

) ≤ C∥Du∥
Lp
(
(Ω\Ωk/4)∩BR(x0)

) → 0

as k → ∞. Therefore, we know that

∥u− uζk∥W 1,p(ΩR(x0)) → 0. (2.5.38)

Thus by choosing uk−uζk as a test function in (2.5.37), following the proof of (2.4.18),

and using (2.5.38), we can show that ∥Duk∥Lp(ΩR(x0)) is uniformly bounded in k. Also,

choosing (uk−uζk)1ΩR(x0) as a test function in (2.5.1) and (2.5.37), similarly we obtain

ˆ
ΩR(x0)

|V (Duk)− V (Du)|2 dx→ 0 as k → ∞,

which again implies

Duk → Du strongly in Lp(ΩR(x0)).

By the classical boundary regularity theory (see, for instance, [68]), we have uk ∈

C1(Ωk ∩BR/2(x0)). Note that for sufficiently large k, there exists xk ∈ BR(x0) ∩ ∂Ωk,

such that |xk − x0| ≤ R/16. Thus BR/16(x0) ⊂ BR/8(xk), BR/4(xk) ⊂ BR/2(x0) and

BR/2(xk) ⊂ B3R/4(x0). Therefore, using (2.5.36) in Step 1 and Remark 2.5.9, we get

∥Duk∥
L∞
(
Ωk∩BR/16(x0)

) ≤ ∥Duk∥
L∞
(
Ωk∩BR/8(xk)

)
≤ C

∥∥IR/2
1 (|µk|)

∥∥ 1
p−1

L∞
(
Ωk∩BR/2(xk)

) + CR− n
2−p∥|Duk|+ s∥

L2−p
(
Ωk∩BR/2(xk)

)
≤ C

∥∥IR/2
1 (|µk|)

∥∥ 1
p−1

L∞
(
Ωk∩B3R/4(x0)

) + CR− n
2−p∥|Duk|+ s∥

L2−p
(
Ωk∩B3R/4(x0)

).
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By extracting a subsequence and taking the limit as k → ∞, we obtain (2.5.33).

Proof of Corollary 2.1.12. By testing (2.5.1) with u, following the proof of (2.4.18),

we obtain

∥Du∥Lp(Ω) ≤ C∥µ∥
1

p−1

W−1,p′ (Rn)
+ Cs,

where p′ = p/(p− 1). From [45, Theorem 1], we also have

∥µ∥W−1,p′ (Rn) ≤ C
( ˆ

Rn

W1
1,p(|µ|)d|µ|

) p−1
p ≤ C

∥∥I11(|µ|)∥∥L∞(Ω)
.

Therefore, Corollary 2.1.12 follows by combining (2.1.19), Hölder’s inequality, and the

last two inequalities.

Now we turn to global modulus of continuity estimates of the gradient. Recall that

we fixed an ε ∈ (0, 1/4) sufficiently small such that

Cεα−α2 < 1 and εα2 < 1/4

for both constants C in (2.3.13) and (2.5.19), where α ∈ (0, 1) is the same constant

as in Theorem 2.2.1, α1 ∈ (0, α), and α2 = (α1 + α)/2. We also took R ∈ (0, R1] and

defined

ω̃1(t) =
∞∑
i=1

εα1i
(
ω1(ε

−it)[ε−it ≤ R/2] + ω1(R/2)[ε
−it > R/2]

)
,

Ĩρ1(|µ|)(x) =
∞∑
i=1

εα1i
(
Iε

−iρ
1 (|µ|)(x)[ε−iρ ≤ R/2] + I

R/2
1 (|µ|)(x)[ε−iρ > R/2]

)
,

W̃ρ
1/p,p(|µ|)(x)

=
∞∑
i=1

εα1i
(
Wε−iρ

1/p,p(|µ|)(x)[ε
−iρ ≤ R/2] +W

R/2
1/p,p(|µ|)(x)[ε

−iρ > R/2]
)
,

(2.5.39)

where we used the Iverson bracket notation, i.e., [P ] = 1 if P is true and [P ] = 0
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otherwise, and I1 and W1/p,p are the Riesz and Wolff potentials defined in (2.1.9) and

(2.1.11), respectively.

Our global modulus of continuity estimate of the gradient is stated as follows.

Theorem 2.5.10. Assume the conditions of Theorem 2.1.11 and α1 ∈ (0, α), where

α is the constant in Theorem 2.2.1. Then there exist constants R1 = R1(R0, ω0) ∈

(0, R0) and C = C(n, p, λ, α1, ω, R0, ω0), such that for any x0 ∈ Ω̄, R ∈ (0, R1], and

x, y ∈ ΩR/4(x0) being Lebesgue points of the vector-valued function Du, it holds that

|Du(x)−Du(y)|

≤ CM1

[ ( ρ
R

)α1

+

ˆ ρ

0

ω̃1(t)

t
dt
]
+ C

∥∥W̃ρ
1/p,p(|µ|)

∥∥
L∞(ΩR/4(x0))

+ CM2−p
1

∥∥Ĩρ1(|µ|)∥∥L∞(ΩR/4(x0))

(2.5.40)

where ρ = |x− y|, ω1 = ω + ω0, ω̃1, W̃1/p,p, and Ĩ1 are defined in (2.5.39), and

M1 := R− n
2−p∥|Du|+ s∥L2−p(ΩR(x0)) +

∥∥IR1 (|µ|)∥∥ 1
p−1

L∞(ΩR(x0))
.

Proof. For any x, y ∈ ΩR/4(x0) being Lebesgue points of Du and ρ > 0,

|Du(x)−Du(y)|γ0

≤ |Du(x)− qx,ρ|γ0 + |Du(y)− qy,2ρ|γ0 + |qx,ρ − qy,2ρ|γ0

≤ |Du(x)− qx,ρ|γ0 + |Du(y)− qy,2ρ|γ0 + |Du(z)− qx,ρ|γ0 + |Du(z)− qy,2ρ|γ0 .

We set ρ = |x− y|, take the average over z ∈ Ωρ(x), and then take the γ0-th root to
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get

|Du(x)−Du(y)|

≤ C |Du(x)− qx,ρ|+ C |Du(y)− qy,2ρ|+ Cϕ(x, ρ) + Cϕ(y, 2ρ)

≤ C
∞∑
j=0

ϕ(x, εjρ) + C

∞∑
j=0

ϕ(y, 2εjρ) + Cϕ(x, ρ) + Cϕ(y, 2ρ)

≤ C sup
y0∈ΩR/4(x0)

∞∑
j=0

ϕ(y0, 2ε
jρ),

where we used the fact that Ωρ(x) ⊂ Ω2ρ(y) in the first inequality and (2.5.32) in the

second inequality.

If ρ < R/16, by using (2.5.31) with R/8 in place of r and the fact that

ΩR/4(y0) ⊂ ΩR/2(x0) ∀y0 ∈ ΩR/4(x0),

we obtain

|Du(x)−Du(y)|

≤ C
( ρ
R

)α2

∥Du∥L∞(ΩR/2(x0)) + C sup
y0∈ΩR/4(x0)

ˆ ρ

0

h̆1(y0, t)

t
dt

+ C
(
∥Du∥L∞(ΩR/2(x0)) + s

)2−p

sup
y0∈ΩR/4(x0)

ˆ ρ

0

ğ1(y0, t)

t
dt

+ C
(
∥Du∥L∞(ΩR/2(x0)) + s

)ˆ ρ

0

ω̆1(t)

t
dt.

(2.5.41)

Clearly, (2.5.41) still holds when ρ ≥ R/16. Using (2.5.27) and similar calculations as

in the proof of Theorem 2.4.3, for any y0 ∈ ΩR/4(x0) and ρ ∈ (0, R/2), we have

ˆ ρ

0

ğ1(y0, t)

t
dt ≤ Ĩρ1(|µ|)(y0) + C

( ρ
R

)α1 |µ|(BR/2(x0))

Rn−1
, (2.5.42)

ˆ ρ

0

h̆1(y0, t)

t
dt ≤ W̃ρ

1/p,p(|µ|)(y0) + C
( ρ
R

)α1
(
|µ|(BR/2(x0))

Rn−1

) 1
p−1

. (2.5.43)
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Using (2.1.19), (2.5.42), and (2.5.43), (2.5.41) implies (2.5.40). The theorem is proved.
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CHAPTER 3

Gradient estimates for singular

parabolic p-Laplace type equations

with measure data

We are concerned with gradient estimates for solutions to a class of singular

quasilinear parabolic equations with measure data, whose prototype is given by

the parabolic p-Laplace equation ut − ∆pu = µ with p ∈ (1, 2). The case when

p ∈
(
2 − 1

n+1
, 2
)
were studied in [55]. In this chapter, we extend the results in [55]

to the open case when p ∈
(

2n
n+1

, 2 − 1
n+1

]
if n ≥ 2 and p ∈ (5

4
, 3
2
] if n = 1. More

specifically, in a more singular range of p as above, we establish pointwise gradient

estimates via linear parabolic Riesz potential and gradient continuity results via certain

assumptions on parabolic Riesz potential.
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3.1 Introduction

In this chapter, we consider the quasilinear parabolic equation with measure data

ut − div(a(x, t,Du)) = µ (3.1.1)

in a cylindrical domain ΩT = Ω × (−T, 0) ⊂ Rn, where Ω ⊂ Rn is a bounded

domain and T > 0. Here and in what follows, the operators “D” and “div” stand

for the gradient and divergence with respect to the space variable x. Moreover, µ

is a finite signed Radon measure in ΩT , namely, |µ|(ΩT ) < ∞. The vector field

a = (a1, . . . , an) : ΩT ×Rn → Rn is assumed to satisfy the following growth, ellipticity,

and continuity conditions: there exist constants 0 < ν ≤ L, s ≥ 0, and p > 1 such

that

|a(x, t, ξ)|+ (s2 + |ξ|2)1/2|Dξa(x, t, ξ)| ≤ L(s2 + |ξ|2)(p−1)/2, (3.1.2)

⟨Dξa(x, t, ξ)η, η⟩ ≥ ν(s2 + |ξ|2)(p−2)/2|η|2, (3.1.3)

and

|a(x, t, ξ)− a(x0, t, ξ)| ≤ Lω(|x− x0|)(s2 + |ξ|2)(p−1)/2 (3.1.4)

hold for every x, x0 ∈ Ω, t ∈ (−T, 0), and (ξ, η) ∈ Rn×Rn\{(0, 0)}, where ω : [0,∞) →

[0, 1] is a concave non-decreasing function satisfying

lim
ρ→0+

ω(r) = ω(0) = 0

and the Dini condition ˆ 1

0

ω(ρ)
dρ

ρ
< +∞. (3.1.5)
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A typical model equation is given by the (possibly nondegenerate) parabolic p-Laplace

equation with measure data and s ≥ 0:

ut − div
(
(|Du|2 + s2)

p−2
2 Du

)
= µ in ΩT .

By a (weak) solution to the equation (3.1.1), we mean a function

u ∈ C0(−T, 0; L2(Ω)) ∩ Lp(−T, 0; W 1,p(Ω))

such that the distributional relation

−
ˆ
ΩT

uφt dxdt+

ˆ
ΩT

⟨a(x, t,Du), Dφ⟩ dxdt =
ˆ
ΩT

φdµ

holds whenever φ ∈ C∞
0 (ΩT ) has compact support in ΩT .

The gradient estimates for the super-quadratic case when p ≥ 2 were well studied in

the literature. See [39,59,60] and also [37,56,57,74] for estimates for elliptic problems.

However, the corresponding results for the singular case when p ∈ (1, 2) are still not

complete.

In this chapter, we are concerned with only the singular case when p ∈ (1, 2).

3.1.1 Pointwise gradient estimates

The first gradient potential result for singular parabolic p-Laplace type equations

was obtained by Kuusi and Mingione in [55] for the case when p ∈ (2− 1
n+1

, 2] using

intrinsic geometry and exit time arguments. More precisely, they first showed that

there exists a constant c = c(n, p, ν, L, ω) such that if

c

 
Qλ

rλ
(x0,t0)

(|Du|+ s) dxdt+ c

ˆ 2rλ

0

|µ|(Qλ
ρ(x0, t0)

ρn+1

dρ

ρ
≤ λ
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for some constant λ > 0, then |Du(x0, t0)| ≤ λ. Here rλ := λ(p−2)/2r and

Qλ
ρ(x0, t0) := Bρ(x0)× (t0 − λ2−pρ2, t0) (3.1.6)

is called an intrinsic cylinder for ρ, λ > 0. They also used the intrinsic Riesz

potential result above to establish the following parabolic Riesz potential bound

when p ∈ (2− 1
n+1

, 2]:

|Du(x0, t0)| ≤ c [I
|µ|
1 (x0, t0, 2r)]

2/[(n+1)p−2n]

+ c
(  

Qr(x0,t0)

(|Du|+ s+ 1) dxdt
)2/[2−n(2−p)]

holds for any solution u to the equation (3.1.1) in the standard parabolic cylinder

Q2r(x0, t0) := B2r(x0)× (t0 − 4r2, t0) ⊂ ΩT . Here

I
|µ|
1 (x0, t0; r) :=

ˆ r

0

|µ|(Qρ(x0, t0))

ρn+1

dρ

ρ
(3.1.7)

is the truncated first-order parabolic Riesz potential. For more notation in parabolic

(intrinsic) geometry, see Section 3.2.1 below.

In this chapter, we extend their results to include the case when p ∈ (p∗(n), 2− 1
n+1

],

where

p∗(n) := max
{ 2n

n+ 1
,
3n+ 2

2n+ 2

}
=


5

4
when n = 1,

2n

n+ 1
when n ≥ 2.

(3.1.8)

Note that p∗(n) < 2− 1
n+1

holds for every integer n ≥ 1. Moreover, it is clear that if

p ∈ (p∗(n), 2− 1
n+1

], then

0 < max
{ n+ 2

2(n+ 1)
,
(2− p)n

2

}
< p− n

n+ 1
≤ 1
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so that we can choose a constant q ∈ (0, 1) satisfying

q ∈
(
max

{ n+ 2

2(n+ 1)
,
(2− p)n

2

}
, p− n

n+ 1

)
⊂ (0, 1). (3.1.9)

Our first main result is stated as follows.

Theorem 3.1.1 (Intrinsic Riesz potential estimate). Let u be a solution to (3.1.1) with

p ∈ (p∗(n), 2 − 1
n+1

], where p∗(n) is defined in (3.1.8). Let q ∈ (0, 1) satisfy (3.1.9).

Under the assumptions (3.1.2)–(3.1.5), there exist constants c ≥ 1 and R0 ∈ (0, 1/2],

both depending only on n, p, ν, L, q, and ω, such that the following holds for a.e.

(x0, t0) ∈ ΩT : If

c
( 

Qλ
rλ

(x0,t0)

(|Du|+ s)q dxdt
)1/q

+ c

ˆ 2rλ

0

|µ|(Qλ
ρ(x0, t0))

ρn+1

dρ

ρ
≤ λ, (3.1.10)

where λ > 0 is a constant, rλ := λ(p−2)/2r ∈ (0, R0], Q
λ
2rλ

(x0, t0) ⊂ ΩT , and Q
λ
ρ(x0, t0)

is the intrinsic cylinder defined in (3.1.6), then it holds that

|Du(x0, t0)| ≤ λ.

Theorem 3.1.1 implies pointwise gradient estimates in standard parabolic cylinders

as in Theorem 3.1.2 below.

Theorem 3.1.2 (Pointwise gradient estimate via parabolic Riesz potential). Let u be

a solution to (3.1.1) with p ∈ (p∗(n), 2− 1
n+1

], where p∗(n) is defined in (3.1.8). Let

q ∈ (0, 1) satisfy (3.1.9). Under the assumptions (3.1.2)–(3.1.5), there exist constants

c ≥ 1 and R0 ∈ (0, 1/2], both depending only on n, p, ν, L, q, and ω, such that

|Du(x0, t0)| ≤ c [I
|µ|
1 (x0, t0, 2r)]

2/[(n+1)p−2n]

+ c
( 

Qr(x0,t0)

(|Du|+ s+ 1)q dxdt
)2q/[2q−n(2−p)] (3.1.11)
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holds for a.e. (x0, t0) ∈ ΩT and every Q2r(x0, t0) ≡ B2r(x0)× (t0 − 4r2, t0) ⊂ ΩT with

r ∈ (0, R0], where I
|µ|
1 is the parabolic Riesz potential defined in (3.1.7).

We remark that a preliminary assumption p > 2n
n+2

always occurs in regularity

theory for parabolic p-Laplace type equations. See for instance [23]. In this chapter,

we need the lower bound p > 2n
n+2

for the applications of reverse Hölder type estimates

(Theorem 3.4.2) and Lipschitz estimates (Theorem 3.4.5). Our proofs of the main

theorems require a stronger assumption p > 2n
n+1

when n ≥ 2. At the time of this

writing, it is not clear to us whether this assumption is optimal for these potential

estimates to hold. However, we note that the assumption p > 2n
n+1

is also needed

for the existence of fundamental solution to the parabolic p-Laplace equation (the

Barenblatt solution; see [10],[87, Chapter 11], [55, Section 1.3]), and the Harnack

inequalities (see [23, Chapter 7]).

3.1.2 Gradient continuity results

In [55], the authors proved a sufficient condition for gradient continuity in the

case when p ∈ (2− 1
n+1

, 2), namely, the Riesz potential I
|µ|
1 (x0, t0, r) → 0 uniformly

with respect to (x0, t0) when r → 0. We extend that result to the case when

p ∈ (p∗(n), 2− 1
n+1

].

Theorem 3.1.3 (Gradient continuity via Riesz potential). Let u be a solution to

(3.1.1) with p ∈ (p∗(n), 2 − 1
n+1

], where p∗(n) is defined in (3.1.8). Assume that

(3.1.2)–(3.1.5) are satisfied and that the functions

(x, t) 7→ I
|µ|
1 (x, t, r) converge locally uniformly to zero in ΩT as r → 0. (3.1.12)

Then Du is continuous in ΩT .

Recall the Lorentz space Ln+2,1 is the collection of measurable functions f such
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that ˆ ∞

0

|{(x, t) : |f(x, t)| ≥ h}|
1

n+2 dh <∞.

Theorem 3.1.3 has the following corollary.

Corollary 3.1.4 (Gradient continuity via Lorentz spaces). Let u be a solution to

(3.1.1) with p ∈ (p∗(n), 2 − 1
n+1

], where p∗(n) is defined in (3.1.8). Assume that

(3.1.2)–(3.1.5) are satisfied and that

µ ∈ Ln+2,1 holds locally in ΩT . (3.1.13)

Then Du is continuous in ΩT .

A further, actually immediate, corollary of Theorem 3.1.3 concerns measures with

certain density properties.

Corollary 3.1.5 (Gradient continuity via density). Let u be a solution to (3.1.1) with

p ∈ (p∗(n), 2 − 1
n+1

], where p∗(n) is defined in (3.1.8). Assume that (3.1.2)–(3.1.5)

are satisfied and that µ satisfies

|µ|(Qρ(x, t)) ≤ cDρ
n+1h(ρ) (3.1.14)

for every standard parabolic cylinder Qρ(x, t) = Bρ(x)× (t0 − ρ2, t0) ⊂⊂ ΩT , where

cD is a positive constant and h : [0,∞) → [0,∞) is a function satisfying the Dini

condition ˆ R

0

h(r)
dr

r
<∞ for some R > 0. (3.1.15)

Then Du is continuous in ΩT .

We also establish the following measure density criterion to ensure gradient Hölder

continuity, which is a parabolic generalization of Lieberman’s result in [70]. Recall

that in parabolic setting, for any β ∈ (0, 1) and any set C ⊂ Rn+1, the Hölder space
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C0,β(C) is the collection of measurable functions f such that

∥f∥C0,β(C) := sup
C

|f |+ sup
(x1,t1),(x2,t2)∈C
(x1,t1 )̸=(x2,t2)

|f(x1, t1)− f(x2, t2)|
|(x1, t1)− (x2, t2)|βpar

<∞, (3.1.16)

where

|(x1, t1)− (x2, t2)|par := max{|x1 − x2|,
√

|t1 − t2|}

is the parabolic distance between those two points. Moreover, C0,β
loc (C) is defined as

the collection of measurable functions f such that f ∈ C0,β(K), for every compact set

K ⊂⊂ C.

Theorem 3.1.6 (Gradient Hölder continuity via Riesz potential). Let u be a solution

to (3.1.1) with p ∈ (p∗(n), 2 − 1
n+1

], where p∗(n) is defined in (3.1.8). Assume that

(3.1.2)–(3.1.5) are satisfied and that ω, µ satisfies

ω(r) ≤ cDr
δ and |µ|(Qρ(x, t)) ≤ cDρ

n+1+δ (3.1.17)

for every r ∈ (0, 1) and every standard parabolic cylinder Qρ(x, t) = Bρ(x) × (t0 −

ρ2, t0) ⊂⊂ ΩT , where cD ≥ 1 and δ ∈ (0, 1). Then there exists an exponent β ∈ (0, 1)

depending only on n, p, ν, L, cD, and δ, such that Du ∈ C0,β
loc (ΩT ).

Let us give a brief description of the proofs. We first prove decay estimates of the

Lq-mean oscillation of the gradient for a solution to the homogeneous equation with

x-independent nonlinearity

vt − div(a(x0, t, Dv)) = 0, (3.1.18)

where q ∈ (0, 1) and x0 ∈ Rn is fixed. Here by the Lq-mean oscillation of Dv in a
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domain C ⊂ Rn+1, we mean

inf
Θ∈Rn

(  
C
|Dv −Θ|q dxdt

)1/q
.

Our proof of the decay estimates adapts the singular iteration scheme in [55, Section

3] to the Lq setting for q ∈ (0, 1). For the precise definition of the Lq-mean oscillation

with q ∈ (0, 1) and some of its properties, see Section 3.2.2. We also refer the reader

to [17,19,25,26,31,36,53] for its applications in other problems.

Our proofs of the pointwise gradients estimates and the gradient continuity results

are all based on the decay estimates for Dv mentioned above and comparison estimates

between the original solution u to (3.1.1) and a solution v to (3.1.18). As a bridge

between u and v, we introduce the solution w to the homogeneous equation

wt − div(a(x, t,Dw)) = 0

in a cylinder Q with the boundary condition w = u on ∂parQ. Under appropriate

boundary condition on v, we obtain an Lp bound for Dw − Dv, which originated

from [54, Lemma 4.3]. We also utilize a comparison estimate between u and w in

[80, Lemma 3.1], which provides an Lq bound for Du−Dw in terms of µ for some

q ∈ (0, 1). By proving a reverse Hölder type inequality for Dw, we establish an Lq

estimate for Du−Dv for some q ∈ (0, 1).

With the decay estimates of the Lq-mean oscillation for Dv and Lq estimate

for Du − Dv in hand, we then borrow the idea in [25] by estimating the Lq-mean

oscillation and adapt the exit time argument and iteration argument used, for instance,

in [55, Theorem 1.1] to prove the pointwise gradient estimates. For gradient continuity

results, we first prove a uniform decay estimate of the Lq-mean oscillation of Du in

Proposition 3.5.1. Then for the gradient Hölder continuity result, we show the decay
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rate of the Lq-mean oscillation of Du and adapt Campanato’s idea of characterizing

Hölder continuity to the Lq setting for some q ∈ (0, 1). Finally, for the gradient

continuity result, we adapt the “maximal iteration chain” argument introduced in

[55, Theorem 1.5] to our Lq setting and apply the uniform decay of the Lq-mean

oscillation of Du.

The rest of the chapter is organized as follows. In the next section, we collect

basic notation and give the definition and some basic properties of the Lq-mean

oscillation for q ∈ (0, 1). In Section 3.3, we prove some decay estimates for the

Lq-mean oscillation of the gradients of solutions to the homogeneous equation with

x-independent nonlinearities. In Section 3.4, we derive some comparison estimates

and give the proofs of Theorems 3.1.1 and 3.1.2. Finally, Section 3.5 is devoted to the

gradient continuity results Theorem 3.1.3–Theorem 3.1.6.

3.2 Notation and basic inequalities

3.2.1 Notation

In this chapter, we adapt the same notation as in [55] for comparison purposes.

For completeness, we briefly record the notation that will be used throughout this

chapter. For any vector y = (y1, . . . , yn) ∈ Rn, we define two different norms

|y| :=
( n∑

i=1

y2i
)1/2

and ∥y∥ := max
1≤i≤n

|yi|.

These two norms are equivalent since

∥y∥ ≤ |y| ≤
√
n∥y∥, ∀ y ∈ Rn.
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We use

Br(x0) := {x ∈ Rn : |x− x0| < r}

to denote the open Euclidean ball in Rn with center x0 and radius r and denote

Qr(x0, t0) := Br(x0)× (t0 − r2, t0)

as the standard parabolic cylinder with center (x0, t0) and radius r. For λ > 0, we

define the intrinsic cylinders as

Qλ
r (x0, t0) := Br(x0)× (t0 − λ2−pr2, t0).

Clearly, when λ = 1, an intrinsic cylinder becomes a standard parabolic cylinder,

namely, Q1
r(x0, t0) = Qr(x0, t0). For simplicity, we also denote

δQλ
r (x0, t0) := Qλ

δr(x0, t0) = Bδr(x0)× (t0, λ
2−pδ2r2, t0).

Namely, the parameter δ > 0 before an intrinsic cylinder Qλ
r (x0, r0) should be viewed

as a dilation factor of the radius r. We often denote rλ := λ(p−2)/2r and therefore

Qλ
rλ
(x0, t0) = Qλ

λ(p−2)/2r(x0, t0) = Bλ(p−2)/2r(x0)× (t0 − r2, t0).

A useful property is that when p ∈ (1, 2),

Qλ2
rλ2

(x0, t0) ⊂ Qλ1
rλ1

(x0, t0), if 0 < λ1 ≤ λ2.

When there is no confusion and no need to specify the center, we also denote Qλ
r :=

Qλ
r (x0, t0). For any cylindrical domain C = D × (t1, t2) with D ⊂ Rn, the parabolic
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boundary is defined as

∂parC := D × {t1} ∪ ∂D × [t1, t2).

The parabolic distance between two points is defined as

|(x1, t1)− (x2, t2)|par := max{|x1 − x2|,
√

|t1 − t2|}

and the corresponding parabolic distance between two sets is defined as

distpar(A1,A2) = inf{|(x1, t1)− (x2, t2)|par : (x1, t1) ∈ A1, (x2, t2) ∈ A2}.

Next, for any measurable mapping g : A ⊂ Rn+1 → Rn, we denote its integral average

as  
A
g dxdt :=

1

|A|

ˆ
A
g(x, t) dxdt

and we denote its oscillation as

osc
A

g := sup
(x,t), (x0,t0)∈A

|g(x, t)− g(x0, t0)|.

Finally, throughout the chapter, we denote by c, c′, c′′ some general constants which

may differ from line to line. We also use c1, c2, c3, . . . to denote specific constants

which may be used later.

3.2.2 Definition of the Lq-mean oscillation and some basic

inequalities

For q ∈ (0, 1), we first recall some basic inequalities in one dimension:

(a+ b)q ≤ aq + bq, (a+ b)1/q ≤ 21/q−1(a1/q + b1/q) ∀ a, b > 0. (3.2.1)
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Therefore, for any Θ1, Θ2 ∈ Rk, where k is a positive integer, we have

|Θ1 +Θ2|q ≤ (|Θ1|+ |Θ2|)q ≤ |Θ1|q + |Θ2|q. (3.2.2)

We now consider a measurable function F : Rn+1 → Rk for some integer k ≥ 1. For

simplicity, we assume that F ∈ L1
loc(Rn+1 : Rk). For any q ∈ (0, 1) and any bounded

domain C ⊂ Rn+1, we define the Lq-mean oscillation of F on C as

ϕq(F, C) := inf
Θ∈Rk

(  
C
|F (x, t)−Θ|q dxdt

)1/q
.

By (3.2.2) and the fact that F ∈ L1(C), we know that the function

h(Θ) :=

 
C
|F (x, t)−Θ|q dxdt

is a continuous function of Θ ∈ Rk satisfying lim|Θ|→∞ h(Θ) = ∞. Therefore the

minimum of h(·) can be attained in Rk and we choose m(F, C) ∈ Rk such that

( 
C
|F (x, t)−m(F, C)|q dxdt

)1/q
= ϕq(F, C).

Next, we prove some useful properties related to the Lq-mean oscillation. By (3.2.2),

we have

|m(F, C)|q ≤ |F (x, t)−m(F, C)|q + |F (x, t)|q.

By taking the average over (x, t) ∈ C, taking the q-th root, and using (3.2.1), we

obtain

|m(F, C)| ≤ 21/q−1ϕq(F, C) + 21/q−1
( 

C
F q dxdt

)1/q
≤ 21/q

( 
C
F q dxdt

)1/q
. (3.2.3)
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For two bounded domains C1 ⊂ C2 ⊂ Rn+1, using the same argument as above, we

also have

|m(F, C1)−m(F, C2)| ≤ 21/q−1ϕq(F, C1) + 21/q−1
( 

C1
|F −m(F, C2)|q dxdt

)1/q
≤ 21/q−1ϕq(F, C1) + 21/q−1

( |C2|
|C1|

)1/q
ϕq(F, C2).

(3.2.4)

3.3 Gradient estimates for homogeneous equations

In this section, we derive decay estimates of the Lq-mean oscillation of gradients of

solutions to the homogeneous equations of the type

vt − div(a0(t,Dv)) = 0 (3.3.1)

in a given cylinder Q = B × (t1, t2), where a0 = a0(τ, ξ) is a vector field independent

of x satisfying conditions (3.1.2) and (3.1.3) for some s ≥ 0, L ≥ ν > 0, and p ∈ (1, 2].

First, we recall an oscillation estimate given in [55, Theorem 3.2].

Theorem 3.3.1. Suppose that v is a solution to (3.3.1) in a given cylinder Q under

assumptions (3.1.2) and (3.1.3). If p ∈ (1, 2], λ > 0, and

s+ sup
Qλ

r

∥Dv∥ ≤ Aλ

holds for a constant A ≥ 1 and an intrinsic cylinder Qλ
r ⊂ Q, then there exists a

constant α ∈ (0, 1) depending only on n, p, ν, L, A, such that

|Dv(x1, t1)−Dv(x2, t2)| ≤ 4
√
nAλ

(ρ
r

)α
holds for any (x1, t1), (x2, t2) ∈ Qλ

ρ , where Q
λ
ρ ⊂ Qλ

r is another intrinsic cylinder with
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the same center. Moreover, if p ∈ ( 2n
n+2

, 2], then Dv is Hölder continuous in Q.

The main goal of this section is to derive the following decay estimate of the

Lq-mean oscillation of the gradient with q ∈ (0, 1).

Theorem 3.3.2. Let p ∈ (1, 2]. Suppose that v is a solution to (3.3.1) in an intrinsic

cylinder Qλ
r under assumptions (3.1.2) and (3.1.3) and that A, B, q, and γ are

constants satisfying A, B ≥ 1 and q, γ ∈ (0, 1). Then there exist constants δγ ∈ (0, 1/2)

depending on n, p, ν, L, A, B, γ, q, and ξ ∈ (0, 1/4) depending only on n, p, ν, L,

A, B, γ, such that if

λ ≤ max
{s
ξ
, B sup

δγQλ
r

∥Dv∥
}
, s+ sup

Qλ
r

∥Dv∥ ≤ Aλ, (3.3.2)

where λ > 0 is a constant, then

ϕq(Dv, δγQ
λ
r ) ≤ γϕq(Dv,Q

λ
r ). (3.3.3)

Moreover, there exist constants α ∈ (0, 1) depending only on n, p, ν, L, A, B, γ, but

not on q, and c(A,B) ≥ 1 depending on n, p, ν, L, A, B, γ, q, such that

δγ =
γ1/α

c(A,B)
.

Also, the estimate (3.3.3) still holds when replacing δγ with a smaller number.

In the proof of gradient continuity results in Section 3.5, we need a different version

of Theorem 3.3.2 under a stronger condition as follows, which gives a more precise

dependence of δγ in terms of A, B, and γ, namely,

δγ =
γ1/α2

c(A)B1/α1

for some exponent α1 ∈ (0, 1) independent of B and some α2 ∈ (0, 1) independent of
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B and q.

Theorem 3.3.3. Let p ∈ (1, 2]. Suppose that v is a solution to (3.3.1) in an intrinsic

cylinder Qλ
r under assumptions (3.1.2) and (3.1.3) and that A, B, q, and γ are

constants satisfying A, B ≥ 1 and q, γ ∈ (0, 1). Then there exists a constant δγ ∈

(0, 1/2) depending only on n, p, ν, L, A, B, γ, q, such that if

λ ≤ B sup
δγQλ

r

∥Dv∥, s+ sup
Qλ

r

∥Dv∥ ≤ Aλ,

where λ > 0 is a constant, then

ϕq(Dv, δγQ
λ
r ) ≤ γϕq(Dv,Q

λ
r ). (3.3.4)

Moreover, there exist constants α1 ∈ (0, 1) and c(A) ≥ 1, both depending only on n, p,

ν, L, A, γ, q, but not on B, and α2 ∈ (0, 1) depending only on n, p, ν, L, A, γ, but

not on q and B, such that

δγ =
γ1/α2

c(A)B1/α1
. (3.3.5)

Also, the estimate (3.3.4) still holds when replacing δγ by a smaller number.

As in [55], we first assume s > 0. The next two De Giorgi-Nash-Moser type

estimates for Dv can be found in [55] for vector field a0(·) with no time dependence.

However, they still hold here since their proofs only rely on differentiating the equation

with respect to the space variable. See [55, Remark 3.6].

Proposition 3.3.4. Assume s > 0 and λ > 0. Suppose that

s+ sup
Qλ

r

∥Dv∥ ≤ Aλ (3.3.6)

holds for some constant A ≥ 1. There exists a constant σ ∈ (0, 1/2) depending only
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on n, p, ν, L, A such that if either

|Qλ
r ∩ {Dxi

v < λ/2}| ≤ σ|Qλ
r | (3.3.7)

or

|Qλ
r ∩ {Dxi

v > −λ/2}| ≤ σ|Qλ
r | (3.3.8)

holds for some i ∈ {1, . . . , n}, then

|Dxi
v| ≥ λ/4 a.e. in Qλ

r/2.

Proposition 3.3.5. Assume s > 0 and λ > 0. Suppose that (3.3.6) holds and that

neither (3.3.7) nor (3.3.8) is satisfied for the constant σ in Proposition 3.3.4. Then

there exists a constant η ∈ (1/2, 1) depending only on n, p, ν, L, A, such that

∥Dv∥ ≤ ηAλ a.e. in Qλ
σr/2. (3.3.9)

Next, we prove a decay result for the Lq-mean oscillation of gradients of solutions

to linear parabolic equations with q ∈ (0, 1).

Lemma 3.3.6. Suppose that ũ ∈ L2(−1, 0; W 1,2(B1(0))) is a solution to the following

linear parabolic equation

ũt − div(A(x, t)Dũ) = 0, (3.3.10)

where the matrix A(x, t) has measurable entries and satisfies

ν0|ξ|2 ≤ ⟨A(x, t)ξ, ξ⟩, |A(x, t)| ≤ L0

for any ξ ∈ Rn, where 0 < ν0 ≤ L0 are fixed constants. Let q ∈ (0, 1). Then there

exist constants c1, c2 ≥ 1 depending on n, ν0, L0, q, and β0 ∈ (0, 1) depending only on
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n, ν0, L0, such that

sup
Q1/2

|ũ| ≤ c1

(  
Q1

|ũ|q dxdt
)1/q

(3.3.11)

and

ϕq(ũ, Qδ) ≤ c2δ
β0ϕq(ũ, Q1) (3.3.12)

hold for any δ ∈ (0, 1). Here for each ρ > 0, Qρ ≡ Bρ(0) × (−ρ2, 0) stands for the

standard parabolic cylinder centered at 0 with radius ρ.

Proof. First, the estimate (3.3.11) follows from standard local boundedness estimates

for nondegenerate parabolic equations (see for example (3.26) in [60, Lemma 3.1])

and a standard interpolation and iteration argument. See also [71, Theorem 6.17].

Next we give the proof of (3.3.12) for δ ∈ (0, 1/4). From the classical De Giorgi-Nash-

Moser theory for linear parabolic equations (see for example [71, Theorems 6.28-6.29]),

there exist constants c0 ≥ 1 and β0 ∈ (0, 1), both depending on n, ν0, L0, such that

ũ ∈ Cβ0(Q1/4) and that

∥ũ∥Cβ0 (Q1/4)
≤ c0 sup

Q1/2

|ũ|,

where ∥ · ∥Cβ0 is the parabolic Hölder norm defined in (3.1.16). Thus, using the last

estimate and the assumption that δ ∈ (0, 1/4), we have

ϕq(ũ, Qδ) ≤
( 

Qδ

|ũ− ũ(0, 0)|q dxdt
)1/q

≤ (2δ)β0∥ũ∥Cβ0 (Q1/4)
≤ cδβ0 sup

Q1/2

|ũ|,

(3.3.13)

for some constant c = c(n, ν0, L0) > 0. Combining (3.3.13) and (3.3.11), we get

ϕq(ũ, Qδ) ≤ c2δ
β0

(  
Q1

|ũ|q dxdt
)1/q

,

and therefore (3.3.12) follows by replacing ũ with ũ−m(ũ, Q1) since ũ−m(ũ, Q1) is
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still a solution to (3.3.10) and ϕq(ũ, Qδ) ≡ ϕq(ũ−m(ũ, Q1), Qδ).

Finally, for δ ∈ [1/4, 1), the proof of (3.3.12) follows standard manipulations as

follows. Recalling the definition of m, we have

ϕq(ũ, Qδ) ≤
(  

Qδ

|ũ−m(ũ, Q1)|q dxdt
)1/q

≤
( |Q1|
|Qδ|

)1/q( 
Q1

|ũ−m(ũ, Q1)|q dxdt
)1/q

≤ 4(n+2)/qϕq(ũ, Q1).

The proof is now completed.

Combining Proposition 3.3.4 and Lemma 3.3.6, we obtain the following result by

using a scaling argument.

Proposition 3.3.7. Suppose that s > 0, λ > 0, and that (3.3.6) holds. There exist

constants β ∈ (0, 1) depending on n, p, ν, L, A, and cd ≥ 1 depending on n, p, ν,

L, A, q, such that if either (3.3.7) or (3.3.8) holds for the constant σ in Proposition

3.3.4 and some i ∈ {1, . . . , n}, then

ϕq(Dv,Q
λ
δr) ≤ cdδ

βϕq(Dv,Q
λ
r ). (3.3.14)

Proof. We will only give the proof for δ ∈ (0, 1/2) since the proof for δ ∈ [1/2, 1)

follows by standard manipulations as in Lemma 3.3.6. From Proposition 3.3.4, we

have

λ/4 ≤ ∥Dv(x, t)∥ ≤ s+ ∥Dv(x, t)∥ ≤ Aλ ∀ (x, t) ∈ Qλ
r/2. (3.3.15)

Then we rescale the solution in the cylinder Q1, namely,

ṽ(x, t) :=
1

r1
v(r1x, λ

2−pr21t), (x, t) ∈ Q1, (3.3.16)
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where r1 = r/2. Thus ṽ satisfies

λp−2ṽt − div ã0(t,Dṽ) = 0, (3.3.17)

where

ã0(t, z) = a0(λ
2−pr21t, z), t ∈ (−1, 0), z ∈ Rn.

Also, (3.3.15) implies

λ/4 ≤ ∥Dṽ(x, t)∥ ≤ s+ ∥Dṽ(x, t)∥ ≤ Aλ ∀ (x, t) ∈ Q1. (3.3.18)

Since Dṽ is bounded, we know that

Dṽ ∈ L2
loc(−1, 0; W 1,2

loc (B1,Rn)) ∩ C0(−1, 0; L2
loc(B1,Rn)).

See [23, Chapter 8, Section 3] for details. Therefore we can differentiate (3.3.17) in

xi-direction for each i ∈ {1, . . . , n} and get

(ṽxi
)t − div(A(x, t)Dṽxi

) = 0, where A(x, t) := λ2−p∂zã0(t,Dṽ(x, t)). (3.3.19)

By (3.3.18), the matrix A(x, t) is uniformly elliptic, namely, for any η ∈ Rn

⟨A(x, t)η, η⟩ ≥ νλ2−p(|Dṽ(x, t)|2 + s2)
p−2
2 |η|2 ≥ ν(

√
nA)p−2|η|2,

and

|A(x, t)| ≤ Lλ2−p(|Dṽ(x, t)|2 + s2)
p−2
2 ≤ 42−pL.

holds whenever ξ ∈ Rn for some constant Λ ≥ 1 depending only on n, p, ν, L, A.
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Therefore we can apply Lemma 3.3.6 to ṽxi
and get

ϕq(ṽxi
, Qδ0) ≤ cδβ0ϕq(ṽxi

, Q1) (3.3.20)

for any δ0 ∈ (0, 1) and i ∈ {1, . . . , n}, where β = β(n, p, ν, L,A) ∈ (0, 1) and

c = c(n, p, ν, L,A, q) ≥ 1. Let Θ0 := (m(ṽx1 , Qδ0), . . . ,m(ṽxn , Qδ0)) and Θ1 :=

(m(ṽx1 , Q1), . . . ,m(ṽxn , Q1)). Using the triangle inequality and Jensen’s inequality,

we have

ϕq(Dṽ,Qδ0) ≤
( 

Qδ0

|Dṽ −Θ0|q dxdt
)1/q

≤ n1/q−1

n∑
i=1

ϕq(ṽxi
, Qδ0). (3.3.21)

On the other hand, by the definition of ϕq, we have

ϕq(ṽxi
, Q1) ≤ ϕq(Dṽ,Q1), ∀ i ∈ {1, . . . , n}

and therefore
n∑

i=1

ϕq(ṽxi
, Q1) ≤ nϕq(Dṽ,Q1). (3.3.22)

By (3.3.20), (3.3.21), and (3.3.22), we obtain

ϕq(Dṽ,Qδ0) ≤ c′δβ0ϕq(Dṽ,Q1) (3.3.23)

for some c′ = c′(n, p, ν, L,A, q) ≥ 1. Rescaling back in v, (3.3.23) becomes

ϕq(Dv,Q
λ
δr) ≤ c′δβϕq(Dv,Q

λ
r/2), (3.3.24)

where δ = δ0/2 ∈ (0, 1/2). Moreover, by the definition of ϕq, we see that

ϕq(Dv,Q
λ
r/2) ≤

( 
Qλ

r/2

|Dv −m(Dv,Qλ
r )|q dxdt

)1/q
≤ 2(n+2)/qϕq(Dv,Q

λ
r ). (3.3.25)
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Combining (3.3.24) and (3.3.25), we obtain (3.3.14) for any δ ∈ (0, 1/2). The proof is

now completed.

Similarly, we have the following result for relatively large s.

Proposition 3.3.8. Let λ,A > 0 be constants. Assume that

sup
Qλ

r

∥Dv∥ ≤ Aλ and 0 < ξλ ≤ s ≤ ξ1Aλ, where 0 < ξ ≤ ξ1A. (3.3.26)

Then there exist constants β1 ∈ (0, 1) depending on n, p, ν, L, A, ξ, ξ1, and c̃d ≥ 1

depending on n, p, ν, L, A, ξ, ξ1, q, such that

ϕq(Dv,Q
λ
δr) ≤ c̃dδ

β1ϕq(Dv,Q
λ
r ) (3.3.27)

holds for any δ ∈ (0, 1).

Proof. First, we rescale the solution in Q1 as in (3.3.16), but this time with r1 = r.

Then the rescaled solution ṽ stills satisfies (3.3.17) in Q1 and ṽxi
solves (3.3.19). This

time we can use (3.3.26) to get

⟨A(x, t)η, η⟩ ≥ νλ2−p(|Dṽ(x, t)|2 + s2)
p−2
2 |η|2 ≥ ν(n+ ξ21)

p−2
2 Ap−2|η|2,

and

|A(x, t)| ≤ Lλ2−p(|Dṽ(x, t)|2 + s2)
p−2
2 ≤ ξp−2L.

Then, we can proceed exactly as in Proposition 3.3.7 and eventually obtain (3.3.27).

Now we are ready to give the proofs of Theorems 3.3.2 and 3.3.3.

Proof of Theorem 3.3.2. Our proof closely follows that of [55, Theorem 3.1] using

the “singular iteration” argument with Propositions 3.3.7, 3.3.8, and 3.3.5 in place of
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[55, Propositions 3.8, 3.9, and 3.11]. More specifically, the case when Proposition 3.3.7

occurs is called the nonsingular alternative and the case when Proposition 3.3.5 occurs

is called the singular alternative. The main idea is to construct a chain of intrinsic

cylinders where the singular alternative occurs and show that the chain will stop in a

finite time because of the occurrence of the nonsingular alternative. As in [55], we

first assume s > 0 in Steps 1-5 below.

Step 1: Stopping time for the singular iteration and the choice of ξ. Let η1 :=

(1 + η)/2 ∈ (0, 1), where η is given in Proposition 3.3.5, and therefore η1 depends only

on n, p, ν, L, and A. Define m as the smallest integer such that

ηm1 A <
1

2B
. (3.3.28)

Thus we know that m depends on n, p, ν, L, A, B, and we have

log(2AB)

− log(η1)
< m ≤ 1 +

log(2AB)

− log(η1)
. (3.3.29)

Next we choose

ξ := min{1/8, (η1 − η)η2m1 A}, (3.3.30)

which also depends on n, p, ν, L, A, and B.

Step 2: The first nonsingular case: ξλ ≤ s. Proposition 3.3.8 implies that (3.3.3)

holds whenever

δγ ≤ (γ/c̃d)
1/β1 . (3.3.31)

Note that here β1 ∈ (0, 1) depends only on n, p, ν, L, A, B, and c̃d ≥ 1 depends on n,

p, ν, L, A, B, and q. From now on, we assume instead

s < ξλ ≤ (η1 − η)η2m1 Aλ, (3.3.32)
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where the second inequality always holds by the definition of ξ in (3.3.30).

Step 3: The singular iteration. Given a cylinder Qλ
r , where (3.3.6) holds, then by

Propositions 3.3.7 and 3.3.5, we know that at least one of (3.3.14) and (3.3.9) must

hold. The case when Proposition 3.3.7 applies is called the nonsingular alternative,

while the case when Proposition 3.3.5 applies is called the singular alternative. We

now let σ1 = σ/2, where σ is the constant in Proposition 3.3.4, and therefore σ1

depends only on n, p, ν, L, and A. We define the sequences λ0 := λ, λi+1 := η1λi

and R0 := r, Ri+1 := σ1Ri. Exactly as in the proof of [55, Theorem 3.1], we build the

singular iteration scheme by induction. Assume that the singular alternative holds in

Q
λi−1

Ri−1
whenever i ∈ {1, . . . , j} for some 1 ≤ j ≤ 2m. Arguing exactly as in [55], under

the condition (3.3.32) we obtain

s+ sup
Q

λj
Rj

∥Dv∥ ≤ Aλj, (3.3.33)

which verifies the upper bound (3.3.6) in the cylinder Q
λj

Rj
. Then we can determine

whether the singular alternative or the nonsingular alternative occurs in Q
λj

Rj
.

Step 4: The second nonsingular case. Let

δγ ≤ δ := (η
(2−p)/2
1 σ1)

m+1, (3.3.34)

and define

m̃ = min{k ∈ N : the singular alternative does not hold in Qλk
Rk
}. (3.3.35)

By (3.3.2), (3.3.32), and the definition of m in (3.3.28), arguing exactly as in [55], we
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have m̃ ≤ m. Moreover, by (3.3.33) and the second inequality in (3.3.2), it holds that

s+ sup
Q

λj
Rj

∥Dv∥ ≤ Aλj, for j ∈ {0, . . . , m̃}. (3.3.36)

Since (3.3.36) in particular holds for j = m̃, we can apply Proposition 3.3.7 in Qλm̃
Rm̃

and get

ϕq(Dv,Q
λm̃
δRm̃

) ≤ cdδ
βϕq(Dv,Q

λm̃
Rm̃

) (3.3.37)

for any δ ∈ (0, 1), where cd ≥ 1 is a constant depending on n, p, ν, L, A, and q.

Moreover, using the fact that m̃ ≤ m, we have

ϕq(Dv,Q
λm̃
Rm̃

) ≤
( |Qλ

r |
|Qλm̃

Rm̃
|

)1/q(  
Qλ

r

|Dv −m(Dv,Qλ
r )|q dxdt

)1/q
≤ σ

−m(n+2)/q
1 η

−m(2−p)/q
1 ϕq(Dv,Q

λ
r ).

(3.3.38)

Furthermore, by the definition of δ in (3.3.34) and again the fact that m̃ ≤ m, we

have Qλ
δδr ⊂ Qλm

δRm
⊂ Qλm̃

δRm̃
and thus

ϕq(Dv,Q
λ
δδr) ≤

( |Qλm̃
δRm̃

|
|Qλ

δδr|

)1/q( 
Q

λm̃
δRm̃

|Dv −m(Dv,Qλm̃
δRm̃

)|q dxdt
)1/q

≤ δ−(n+2)/qϕq(Dv,Q
λm̃
δRm̃

).

(3.3.39)

Combining (3.3.37), (3.3.38), and (3.3.39), we obtain

ϕq(Dv,Q
λ
δδr) ≤ cdδ

β
[
δ−(n+2)σ

−m(n+2)
1 η

−m(2−p)
1

]1/q
ϕq(Dv,Q

λ
r )

for any δ ∈ (0, 1). Thus (3.3.3) holds for any

δγ := δδ, with δ ≤
( γ
cd

) 1
β
(
δn+2σ

m(n+2)
1 η

m(2−p)
1

) 1
qβ
. (3.3.40)
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Step 5: Determining the constant δγ. In view of conditions (3.3.31) and (3.3.40),

we can define

δγ = δ
(
δn+2σ

m(n+2)
1 η

m(2−p)
1

) 1
qβ
( γ

cd + c̃d

) 1
min{β,β1} ,

where we recall that δ = (η
(2−p)/2
1 σ1)

m+1. The proof is now completed for the case

s > 0.

Step 6: The case s = 0 via approximation. The approximation scheme introduced

in [55, Section 3.3] also works perfectly here. The only differences are that v is in

place of w and that instead of choosing γ̃ = 2−(n+2)γ as in [55, Eq. (3.86)], we now

take γ̃ = 2−(n+2)/qγ. We also remark that for a strongly convergent sequence in Lp for

some p ≥ 1, the Lq-mean oscillation of the sequence also converges for any q ∈ (0, 1).

Indeed, by the triangle inequality, we have

(ϕq(Dvε, Q
λ
ρ))

q ≤
 
Qλ

ρ

|Dvε −m(Dv,Qλ
ρ)|q dxdt

≤ (ϕq(Dv,Q
λ
ρ))

q +

 
Qλ

ρ

|Dvε −Dv|q dxdt.

Switching Dvε with Dv, we know that

|(ϕq(Dvε, Q
λ
ρ))

q − (ϕq(Dv,Q
λ
ρ))

q| ≤
 
Qλ

ρ

|Dvε −Dv|q dxdt.

Therefore if Dvε → Dv strongly in Lp(Qλ
ρ), then by Hölder’s inequality and the

previous estimate, we have ϕq(Dvε, Q
λ
ρ) → ϕq(Dv,Q

λ
ρ).

Proof of Theorem 3.3.3. The proof also closely follow that of [55, Theorem 3.5] and

therefore we only give an outline and indicate the necessary modifications. As in the

proof of Theorem 3.3.2, we assume s > 0 and use the singular iteration. The case

s = 0 follows by applying the same approximation scheme as in the proof of Theorem

3.3.2. We still define m̃ as in (3.3.35). However, in this time since (3.3.32) is no longer

105



in force, the iteration may stop at m̃ either because the nonsingular alternative occurs

or because the upper bound

s+ sup
Q

λm̃
Rm̃

∥Dv∥ ≤ Aλm̃

does not hold. In the former case, we proceed as in Theorem 3.3.2 and we can take δγ

as in (3.3.40). In the latter case, exactly as in Step 4 of the proof of [55, Theorem

3.5], we can show that

sup
Q

λm̃
Rm̃

∥Dv∥ ≤ Aλm̃ and (η1 − η)Aλm̃ ≤ s ≤ A

η1
λm̃.

Applying Proposition 3.3.8 in Qλm̃
Rm̃

with ξ = (η1 − η)A and ξ1 = 1/η1, we obtain

ϕq(Dv,Q
λm̃
δRm̃

) ≤ c̃′dδ
β′
1ϕq(Dv,Q

λm̃
Rm̃

) (3.3.41)

for any δ ∈ (0, 1), where the constant c̃′d ≥ 1 depends on n, p, ν, L, A, q and the

constant β′
1 ∈ (0, 1) depends only on n, p, ν, L, A. With the estimate (3.3.41) in place

of (3.3.37), we can proceed as in Theorem 3.3.2, Step 4. In this case, (3.3.4) holds for

any

δγ := δδ, with δ ≤
( γ
c̃′d

) 1
β′1
(
δn+2σ

m(n+2)
1 η

m(2−p)
1

) 1
qβ′1 .

Finally, to ensure the above inequality and (3.3.40), we can choose

δγ := δ
(
δn+2σ

m(n+2)
1 η

m(2−p)
1

) 1
min{β,β′1}q

( γ

cd + c̃′d

) 1
min{β,β′1} , (3.3.42)

where δ = (η
(2−p)/2
1 σ1)

m+1. Since the constants σ1, η1, β, β
′
1 depend only on n, p, ν,

L, A, and the constants cd, c̃
′
d depend only on n, p, ν, L, A, q, we know that the only

constant depending on B in (3.3.42) is m. From the characterization of m described

in (3.3.29), we can take δγ in the form of (3.3.5) by further decreasing the constant in
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(3.3.42). More specifically, we can take

α1 :=
min{β, β′

1}q
(n+ 5) + (2n+ 5) log(σ1)/ log(η1)

, α2 := min{β, β′
1},

and

c(A) := (2A)1/α1ηp−2
1 σ−2

1

( cd + c̃′d

η
2(n+3)/q
1 σ

3(n+2)/q
1

) 1
α2 .

The proof is now completed.

3.4 Pointwise gradient estimates

This section is devoted to the proofs of the pointwise gradient estimates. We derive

some comparison results in Section 3.4.1 and give the proofs of Theorems 3.1.1 and

3.1.2 in Section 3.4.2.

3.4.1 Comparison results

Let ρ, λ > 0 and Qλ
ρ := Qλ

ρ(x0, t0) ⊂ ΩT be a parabolic cylinder. We consider the

unique solution w ∈ C0([t0−λ2−pρ2, t0); L
2(Bρ(x0)))∩Lp(t0−λ2−pρ2, t0; W

1,p(Bρ(x0)))

to the Cauchy-Dirichlet problem:


wt − div(a(x, t,Dw)) =0 in Qλ

ρ ,

w =u on ∂parQ
λ
ρ .

(3.4.1)

We have the following comparison estimate between u and w from [80, Lemma 3.1].

Lemma 3.4.1. Let w be a solution to (3.4.1) under the assumptions (3.1.2)–(3.1.5) and

assume that p ∈ (3n+2
2n+2

, 2− 1
n+1

]. Then there exists a constant c3 = c3(n, p, ν, L, q) ≥ 1
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such that

( 
Qλ

ρ

|Du−Dw|q dxdt

)1/q

≤ c3

[
|µ|(Qλ

ρ)

|Qλ
ρ |

n+1
n+2

] n+2
(n+1)p−n

+ c3

[
|µ|(Qλ

ρ)

|Qλ
ρ |

n+1
n+2

](  
Qλ

ρ

(|Du|+ s)q dxdt
) (2−p)(n+1)

q(n+2)

for any constant q such that n+2
2(n+1)

< q < p− n
n+1

≤ 1.

We remark that only the case s = 0 was considered in [80, Lemma 3.2], but

their proof also works in the case s > 0 with Vs(ξ) := (|ξ|2 + s2)
p−2
4 ξ in place of

V (ξ) := |ξ| p−2
2 ξ for ξ ∈ Rn.

We also have a reverse Hölder type inequality for Dw.

Theorem 3.4.2. Let λ > 0 and w be a solution to (3.4.1) under the assumptions

(3.1.2) and (3.1.3) and assume that max{1, 2n
n+2

} < p < 2. Then there exists a constant

c4 = c4(n, p, ν, L, q) ≥ 1 such that

 
1
2
Qλ

ρ

(|Dw|+ s)p dxdt ≤ c4λ
p + c4s

p + c4λ
n(p−2)(p−q)
n(p−2)+2q

(  
Qλ

ρ

(|Dw|+ s)q dxdt
)n(p−2)+2p

n(p−2)+2q

(3.4.2)

holds for every q ∈ (n(2−p)
2

, 2n
n+2

) when n ≥ 2, and that

 
1
2
Qλ

ρ

(|Dw|+ s)p dxdt ≤ c4λ
p+ c4s

p+ c4λ
(p−2)(p−q)

p+q−2

( 
Qλ

ρ

(|Dw|+ s)q dxdt
) 2p−2

p+q−2
(3.4.3)

holds for every q ∈ (2− p, 1) when n = 1.

Proof. This type of estimates can be deduced from higher integrability results as in

[11, Theorem 1] and standard interpolation and iteration arguments as in [41, Remark

6.12]. See also [51], [80, Lemma 3.3]. For completeness, we give a direct proof below.

First, we note that it suffices to show (3.4.2) and (3.4.3) for the special case when
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λ = ρ = 1, (x0, t0) = 0 by using a standard rescaling argument. Indeed, we can define

w1(x, t) := (λρ)−1w(x0 + ρx, t0 + λ2−pρ2t)

and

a1(x, t, ξ) := λ1−pa(x0 + ρx, t0 + λ2−pρ2t, λξ).

Then w1 solves

∂tw1 − div(a1(x, t,Dw1)) = 0 in Q1
1(0) ≡ B1(0)× (−1, 0)

and a1 satisfies the assumptions (3.1.2) and (3.1.3) with s1 := λ−1s in place of s. We

can see that if (3.4.2) (or (3.4.3)) holds for w1 in Q1
1(0) with s1 := λ−1s in place of s,

then by rescaling back to w, (3.4.2) (or (3.4.3)) also holds for w in Qλ
ρ .

Next, we prove (3.4.2) and (3.4.3) for the case when λ = ρ = 1, (x0, t0) = 0. For

simplicity, in this proof, we denote B := B1(0), Q := Q1
1(0) ≡ B1(0)× (−1, 0), and

1
2
Q := 1

2
Q1

1(0) ≡ B 1
2
(0) × (−1

4
, 0). First we take ζ1 ∈ C∞

0 (B) such that 0 ≤ ζ1 ≤ 1

in B, ζ1 = 1 in 1
2
B and |Dζ1| ≤ 4 in B. We then define ζ := ζ1/(

´
B
ζ1(x) dx) and

therefore
´
B
ζ(x) dx = 1. Now we define w̄(t) :=

´
B
w(x, t)ζ(x) dx. If n ≥ 2, it follows

from the Sobolev-Poincáre inequality that

ˆ
B

|w(x, t)− w̄(t)|2 dx ≤ c
( ˆ

B

|Dw(x, t)|
2n
n+2 dx

) n
n+2

(3.4.4)

holds for some constant c = c(n). On the other hand, if n = 1, then we have

ˆ
B

|w(x, t)− w̄(t)|2 dx ≤ |B| sup
B

|w − w̄(t)|2 ≤ c
(ˆ

B

|Dw(x, t)| dx
)2
. (3.4.5)

We now proceed with the case when n ≥ 2 and we will indicate necessary mod-
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ifications for the case when n = 1 at the end of our proof. By (3.4.1), we know

that

d

dt
w̄(t) = −

ˆ
B

a(x, t,Dw)Dζ dx := g(t)

holds in distribution sense and therefore the equation (3.4.1) also reads

(w − w̄)t − div(a(x, t,Dw)) + g(t) = 0 in Q. (3.4.6)

Note that by (3.1.2), we have

ˆ 0

−1

|g(t)|dt ≤ c

ˆ
Q

(|Dw|2 + s2)
p−1
2 dxdt (3.4.7)

for some constant c = c(n, p, L). Next, we choose a nondecreasing smooth function

η : R → [0, 1] satisfying η ≡ 1 on [−1/4,∞), η ≡ 0 on (−∞,−1] and |η′| ≤ 2 in

R. We then take φ as the product of ζ and η, namely, φ(x, t) = ζ(x)η(t) for every

(x, t) ∈ Q. We also choose

p̃ := max
{ 2p

2− p
,
n+ 2

n

}
.

Now formally we test the equation (3.4.6) with ψ := (w−w̄)φp̃1(−∞,τ ](t) for τ ∈ (−1, 0)

and get

0 =
1

2

ˆ
B

(w(x, τ)− w̄(τ))2(φ(x, τ))p̃ dx− p̃

2

ˆ
B×(−1,τ ]

(w − w̄)2φp̃−1φt dxdt

+ p̃

ˆ
B×(−1,τ ]

a(x, t,Dw)(w − w̄)φp̃−1Dφdxdt

+

ˆ
B×(−1,τ ]

a(x, t,Dw)Dwφp̃ dxdt+

ˆ
B×(−1,τ ]

(w − w̄)φp̃g(t) dxdt

:= I + II + III + IV + V.

(3.4.8)

Note that the computations above can be justified in a standard way using Steklov
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averages as in [23]. Then we estimate the terms in (3.4.8). By Hölder’s inequality,

Young’s inequality with conjugate exponents (p̃, p̃/(p̃− 1)), and (3.4.4), we have

|II| ≤ p̃

2

ˆ τ

−1

( ˆ
B

(w − w̄)2φp̃ dx
) p̃−1

p̃
(ˆ

B

(w − w̄)2φp̃
t dx

) 1
p̃
dt

≤ p̃

2
sup

t∈(−1,0)

( ˆ
B

(w − w̄(t))2φp̃ dx
) p̃−1

p̃

ˆ 0

−1

(ˆ
B

(w − w̄)2φp̃
t dx

) 1
p̃
dt

≤ 1

8
sup

t∈(−1,0)

ˆ
B

(w − w̄(t))2φp̃ dx+ c
(ˆ 0

−1

( ˆ
B

(w − w̄)2 dx
) 1

p̃
dt
)p̃

≤ 1

8
sup

t∈(−1,0)

ˆ
B

(w − w̄(t))2φp̃ dx+ c
(ˆ 0

−1

( ˆ
B

|Dw|
2n
n+2 dx

)n+2
np̃
dt
)p̃

≤ 1

8
sup

t∈(−1,0)

ˆ
B

(w − w̄(t))2φp̃ dx+ c
(ˆ

Q

|Dw|
2n
n+2 dxdt

)n+2
n

(3.4.9)

for some constant c = c(n, p). Here we also used the fact that n+2
np̃

≤ 1 in the last line.

By (3.1.2), Young’s inequality with exponents (p/(p− 1), p) and (2/p, 2/(2− p),

and the fact that 2
p
(p̃− p) ≥ p̃, we have

|III| ≤ p̃L

ˆ
B×(−1,τ ]

(s2 + |Dw|2)
p−1
2 |w − w̄|φp̃−1|Dφ| dxdt

≤ ν

2

ˆ
B×(−1,τ ]

(s2 + |Dw|2)
p
2φp̃ dxdt+ c

ˆ
B×(−1,τ ]

φp̃−p|w − w̄|p|Dφ|p dxdt

≤ ν

2

ˆ
B×(−1,τ ]

(s2 + |Dw|2)
p
2φp̃ dxdt+

1

8

ˆ
B×(−1,τ ]

|w − w̄|2φp̃ dxdt

+ c

ˆ
B×(−1,τ ]

|Dφ|
2p
2−p dxdt

≤ ν

2

ˆ
B×(−1,τ ]

|Dw|pφp̃ dxdt+
1

8
sup

t∈(−1,0)

ˆ
B

(w − w̄(t))2φp̃ dx+ c(1 + sp)

(3.4.10)

for some constant c = c(n, p, ν, L). Here ν is the constant in (3.1.3).

By (3.1.3), we know that a(x, t, ξ)ξ ≥ ν(s2 + |ξ|2) p−2
2 |ξ|2 ≥ ν(ξp − sp) for every

ξ ∈ Rn and therefore

IV ≥ ν

ˆ
B×(−1,τ ]

|Dw|pφp̃ dxdt− csp (3.4.11)
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for some constant c = c(n).

Finally, by Hölder’s inequality, Young’s inequality with conjugate exponents 2 and

2, and the estimate (3.4.7), we obtain

|V| ≤
ˆ τ

−1

( ˆ
B

|w − w̄|2φp̃ dx
) 1

2
(ˆ

B

|g(t)|2φp̃ dx
) 1

2
dt

≤ c sup
t∈(−1,0)

( ˆ
B

(w − w̄(t))2φp̃ dx
) 1

2

ˆ τ

−1

|g(t)|dt

≤ 1

8
sup

t∈(−1,0)

ˆ
B

(w − w̄(t))2φp̃ dx+ c
(ˆ

Q

|Dw|p−1 dxdt
)2

+ c(1 + sp)

(3.4.12)

for some constant c = c(n, p, L). Here we also used the fact that 2(p − 1) ≤ p and

therefore s2(p−1) ≤ 1 + sp in the last inequality. Using the estimates (3.4.9)–(3.4.12)

in (3.4.8), we get

1

2

ˆ
B

(w(x, τ)− w̄(τ))2(φ(x, τ))p̃ dx+
ν

2

ˆ
B×(−1,τ ]

|Dw|pφp̃ dxdt

≤ 3

8
sup

t∈(−1,0)

ˆ
B

(w − w̄(t))2φp̃ dx+ c
(ˆ

Q

|Dw|
2n
n+2 dxdt

)n+2
n

+ c
(ˆ

Q

|Dw|p−1 dxdt
)2

+ c(1 + sp)

for another constant c = c(n, p, ν, L). By taking the supremum over τ ∈ (−1, 0), we

have

1

8
sup

t∈(−1,0)

ˆ
B

(w − w̄(t))2φp̃ dx

≤ c
(ˆ

Q

|Dw|
2n
n+2 dxdt

)n+2
n

+ c
( ˆ

Q

|Dw|p−1 dxdt
)2

+ c(1 + sp),
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and therefore

ˆ
1
2
Q

|Dw|p dxdt ≤ c

ˆ
B×(−1,0)

|Dw|pφp̃ dxdt

≤ c
( ˆ

Q

|Dw|
2n
n+2 dxdt

)n+2
n

+ c
(ˆ

Q

|Dw|p−1 dxdt
)2

+ c(1 + sp)

(3.4.13)

for some constant c = c(n, p, ν, L). Next, we interpolate the terms in (3.4.13). We

recall that we assume p ∈ ( 2n
n+2

, 2) and q ∈ (n(2−p)
2

, 2n
n+2

) for n ≥ 2. Since q < 2n
n+2

< p,

by Hölder’s inequality, we have

(ˆ
Q

|Dw|
2n
n+2 dxdt

)n+2
n ≤

( ˆ
Q

|Dw|p dxdt
)αn+2

n
( ˆ

Q

|Dw|q dxdt
)(1−α)n+2

n
, (3.4.14)

where α ∈ (0, 1) is a constant such that αp+ (1− α)q = 2n
n+2

. Namely,

α = (
2n

n+ 2
− q)/(p− q).

Since q > n(2−p)
2

, we know that αn+2
n
< 1. Therefore by (3.4.14) and Young’s inequality

with exponents 1/(αn+2
n
) and 1/(1− αn+2

n
), we obtain

( ˆ
Q

|Dw|
2n
n+2 dxdt

)n+2
n ≤ ε

ˆ
Q

|Dw|p dxdt+ cε

(ˆ
Q

|Dw|q dxdt
)n(p−2)+2p

n(p−2)+2q
(3.4.15)

for any ε ∈ (0, 1), where cε is a constant depending only on ε, n, p, and q. We then

estimate the term
( ´

Q
|Dw|p−1 dxdt

)2
. Since p− 1 < 1 ≤ 2n

n+2
, by Hölder’s inequality,

we have (ˆ
Q

|Dw|p−1 dxdt
)2

≤ c
( ˆ

Q

|Dw|
2n
n+2 dxdt

) (p−1)(n+2)
n

≤ c
[
1 +

( ˆ
Q

|Dw|
2n
n+2 dxdt

)n+2
n
] (3.4.16)

for some constant c = c(n, p, q). Therefore, it follows by using (3.4.15) and (3.4.16) in
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(3.4.13), and a standard iteration argument that

 
1
2
Q

(|Dw|+ s)p dxdt ≤ c(1 + sp) + c
( 

Q

(|Dw|+ s)q dxdt
)n(p−2)+2p

n(p−2)+2q

holds for every q ∈ ( (2−p)n
2

, 2n
n+2

) and some constant c = c(n, p, ν, L, q). Note that

the last estimate is exactly (3.4.2) in the case when λ = ρ = 1, (x0, t0) = 0. The

proof for the case when n ≥ 2 is now completed. Finally, we briefly indicate the

modifications needed for the case when n = 1. In this case, we test the equation

(3.4.6) with (w − w̄)φp̃′1(−∞,τ ](t) for τ ∈ (−1, 0), where

p̃′ := max
{ 2p

2− p
, 2
}
.

Arguing exactly as in the case when n ≥ 2, with the estimate (3.4.5) in place of (3.4.4),

we obtain

ˆ
1
2
Q

|Dw|p dxdt ≤ c
(ˆ

Q

|Dw| dxdt
)2

+ c
(ˆ

Q

|Dw|p−1 dxdt
)2

+ c(1 + sp). (3.4.17)

Finally, it follows from the last estimate and similar interpolation and iteration

arguments as in the case when n ≥ 2 that

 
1
2
Q

(|Dw|+ s)p dxdt ≤ c(1 + sp) + c
( 

Q

(|Dw|+ s)q dxdt
) 2p−2

p+q−2

holds for every q ∈ (2− p, 1) and some constant c = c(p, ν, L, q). This proves (3.4.3)

in the case when λ = ρ = 1 and (x0, t0) = 0. The Theorem is now proved.

Remark 3.4.3. It can be seen from the proof of Theorem 3.4.2 that when max{1, 2n
n+2

} <

p < 2, reverse Hölder type estimates actually hold for every q > n(2−p)
2

if n ≥ 2 and

for every q > 2 − p if n = 1. Indeed, by (3.4.13), (3.4.17), Hölder’s inequality, and
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similar rescaling arguments, there exists a constant c = c(n, p, ν, L, q) ≥ 1 such that

 
1
2
Qλ

ρ

(|Dw|+ s)p dxdt ≤ cλp + csp + cλp−2
( 

Qλ
ρ

(|Dw|+ s)q dxdt
) 2

q

holds for every q ≥ 2n
n+2

if n ≥ 2, and for every q ≥ 1 if n = 1.

Now we consider the unique solution v ∈ C0([t0−λ2−pρ2, t0); L
2(Bρ(x0)))∩Lp(t0−

λ2−pρ2, t0; W
1,p(Bρ(x0))) to the Cauchy-Dirichlet problem:


vt − div(a(x0, t, Dv)) =0 in

1

2
Qλ

ρ ,

v =w on ∂par
(1
2
Qλ

ρ

)
.

(3.4.18)

We have the following comparison result between w and v.

Lemma 3.4.4. Let w be a solution to (3.4.1) and v be a solution to (3.4.18) under

the assumptions (3.1.2)–(3.1.5). Assume that p ∈ (1, 2). Then there exists a constant

c5 = c5(n, p, ν, L) ≥ 1, such that

 
1
2
Qλ

ρ

|Dw −Dv|p dxdt ≤ c5
[
ω(ρ)

]p  
1
2
Qλ

ρ

(|Dw|+ s)p dxdt. (3.4.19)

Proof. By [54, Remark 4.1], we know that

 
1
2
Qλ

ρ

|Vs(Dw)− Vs(Dv)|2 dxdt ≤ c
[
ω(ρ/2)

]2  
1
2
Qλ

ρ

(|Dw|+ s)p dxdt, (3.4.20)

where Vs(ξ) := (|ξ|2 + s2)
p−2
4 ξ for ξ ∈ Rn and c > 0 is a constant depending only on n,

p, ν, and L. Also similar to [54, Eq. (4.11)], we have the following inequality

|Dw −Dv| ≤ c(|Dw|+ s)(2−p)/2|Vs(Dw)− Vs(Dv)|+ c|Vs(Dv)− Vs(Dw)|2/p,

and therefore by Young’s inequality with exponents 2/(2− p) and 2/p, and the fact

115



that ω(ρ) ∈ [0, 1] for every ρ > 0, we obtain

|Dw −Dv|p ≤ c
[
ω(ρ)

]p
(|Dw|+ s)p + c

[
ω(ρ)

]p−2|Vs(Dw)− Vs(Dv)|2. (3.4.21)

Thus (3.4.19) follows from (3.4.20), (3.4.21) and the fact that ω is a nondecreasing

function.

We also have a Lipschitz estimate for v from [23, Chapter 8, Theorem 5.2’].

Theorem 3.4.5. Let v be a solution to (3.4.18) under the assumptions (3.1.2)–(3.1.5).

Assume that max{1, 2n
n+2

} < p < 2 and that q ∈ ( (2−p)n
2

, p ]. Then there exists a

constant c6 = c6(n, p, ν, L, q) ≥ 1, such that

sup
1
4
Qλ

ρ

∥Dv∥ ≤ c6(λ+ s) + c6λ
n(p−2)

n(p−2)+2q

(  
1
2
Qλ

ρ

(|Dv|+ s)q dxdt
) 2

n(p−2)+2q
.

In the rest of this section, we always assume

p ∈
(
p∗(n), 2− 1

n+ 1

]
and q ∈

(
max{ n+ 2

2(n+ 1)
,
(2− p)n

2
}, p− n

n+ 1

)
,

where p∗(n) is defined in (3.1.8) so that all of the assumptions in Lemma 3.4.1–Theorem

3.4.5 are satisfied. In particular, we have q ∈ (1
2
, 1) and therefore

(a+ b)q ≤ aq + bq, (a+ b)1/q ≤ 2a1/q + 2b1/q, ∀ a, b > 0. (3.4.22)

Lemma 3.4.6. Assume that

( 
Qλ

ρ

(|Du|+ s)q dxdt
) 1

q ≤ λ,
|µ|(Qλ

ρ)

ρn+1
≤ λ. (3.4.23)
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Then there exists a constant c7 = c7(n, p, ν, L, q) ≥ 1, such that

( 
1
2
Qλ

ρ

|Du−Dv|q dxdt
) 1

q ≤ c7 ω(ρ)λ+ c7

[ |µ|(Qλ
ρ)

ρn+1

]
. (3.4.24)

Proof. First, by (3.4.23) and Lemma 3.4.1, we can argue as in the proof of [55, Corollary

4.4] and get  
Qλ

ρ

|Du−Dw|q dxdt ≤ c
[ |µ|(Qλ

ρ)

ρn+1

]q
. (3.4.25)

Indeed, we know that

|µ|(Qλ
ρ)

|Qλ
ρ |

n+1
n+2

= |B1|−
n+1
n+2λ

(n+1)(p−2)
n+2

[ |µ|(Qλ
ρ)

ρn+1

]
, (3.4.26)

where |B1| is the volume of a unit ball in Rn. Moreover, by (3.4.26) and the second

inequality in (3.4.23), we also have

[
|µ|(Qλ

ρ)

|Qλ
ρ |

n+1
n+2

] n+2
(n+1)p−n

= |B1|−
n+1

(n+1)p−nλ
(n+1)(p−2)
(n+1)p−n

[ |µ|(Qλ
ρ)

ρn+1

]1+ (n+1)(2−p)
(n+1)p−n

≤ |B1|−
n+1

(n+1)p−n

[ |µ|(Qλ
ρ)

ρn+1

]
.

(3.4.27)

The estimate (3.4.25) now follows by applying Lemma 3.4.1 and using (3.4.27), (3.4.26),

and the first inequality in (3.4.23).

Next, using (3.4.23), (3.4.25), and the triangle inequality, we have

 
Qλ

ρ

(|Dw|+ s)q dxdt ≤ cλq. (3.4.28)

From (3.4.23) we also have s ≤ λ, which together with (3.4.28) and Theorem 3.4.2

implies  
1
2
Qλ

ρ

(|Dw|+ s)p dxdt ≤ cλp.
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Thus, Lemma 3.4.4, the last inequality, and Hölder’s inequality imply

 
1
2
Qλ

ρ

|Dw −Dv|q dxdt ≤ c ω(ρ)qλq. (3.4.29)

The estimate (3.4.24) now follows using (3.4.25), (3.4.29) and the triangle inequality.

Lemma 3.4.7. Let δ, θ ∈ (0, 1/2). Assume that

( 
Qλ

ρ

(|Du|+ s)q dxdt
) 1

q ≤ λ,
|µ|(Qλ

ρ)

ρn+1
≤ δ

n+2
q θ

1
q

2c7
λ, ω(ρ) ≤ δ

n+2
q θ

1
q

2c7
, (3.4.30)

where c7 is the same constant as in Lemma 3.4.6. Then there exists a constant

c8 = c8(n, p, ν, L, q) ≥ 1, such that

s+ sup
1
4
Qλ

ρ

∥Dv∥ ≤ c8λ.

Moreover, it holds that

 
δQλ

ρ

|Du|q dxdt− θλq ≤
 
δQλ

ρ

|Dv|q dxdt ≤
√
n
(
sup
δQλ

ρ

∥Dv∥
)q
.

Proof. Using (3.4.30) and Lemma 3.4.6, we have

 
1
2
Qλ

ρ

|Du−Dv|q dxdt ≤ δn+2θλq. (3.4.31)

This together with the first inequality in (3.4.30) and the triangle inequality implies

 
1
2
Qλ

ρ

(|Dv|+ s)q dxdt ≤
 

1
2
Qλ

ρ

(|Du|+ s)q dxdt+

 
1
2
Qλ

ρ

|Du−Dv|q dxdt ≤ (2n+2 + 1)λq.
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Thus Theorem 3.4.5 and the last inequality imply

s+ sup
1
4
Qλ

ρ

∥Dv∥ ≤ c8λ

for some constant c8 = c8(n, p, ν, L, q) ≥ 1. Moreover, using (3.4.31) and the triangle

inequality, we also have

 
δQλ

ρ

|Du|q dxdt ≤
 
δQλ

ρ

|Dv|q dxdt+
 
δQλ

ρ

|Du−Dv|q dxdt

≤
 
δQλ

ρ

|Dv|q dxdt+ (2δ)−(n+2)

 
1
2
Qλ

ρ

|Du−Dv|q dxdt

≤
 
δQλ

ρ

|Dv|q dxdt+ θλq.

The lemma is proved.

Lemma 3.4.8. Let δ ∈ (0, 1/4) and ε ∈ (0, 1]. Suppose that the bounds

( 
Qλ

ρ

(|Du|+ s)q dxdt
) 1

q ≤ λ,
|µ|(Qλ

ρ)

ρn+1
≤ λ

hold, and that Dv satisfies

ϕq(Dv, δQ
λ
ρ) ≤

ε

24(n+3)
ϕq(Dv,

1

4
Qλ

ρ). (3.4.32)

Then

ϕq(Du, δQ
λ
ρ) ≤

ε

4
ϕq(Du,Q

λ
ρ) + c7δ

−(n+2)/q
[ |µ|(Qλ

ρ)

ρn+1

]
+ c7δ

−(n+2)/qω(ρ)λ, (3.4.33)

where c7 = c7(n, p, ν, L, q) is the same constant as in Lemma 3.4.6.

Proof. Recalling the definition of ϕq and using (3.4.32), (3.4.22), and the triangle
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inequality, we obtain

ϕq(Du, δQ
λ
ρ) ≤

( 
δQλ

ρ

|Du−m(Dv, δQλ
ρ)|q dxdt

)1/q
≤ 2ϕq(Dv, δQ

λ
ρ) + 2

( 
δQλ

ρ

|Du−Dv|q dxdt
)1/q

≤ ε2−(4n+11)ϕq(Dv,
1

4
Qλ

ρ) + 2(2δ)−(n+2)/q
( 

1
2
Qλ

ρ

|Du−Dv|q dxdt
)1/q

.

(3.4.34)

Again using the definition of ϕq and the triangle inequality, we have

ϕq(Dv,
1

4
Qλ

ρ) ≤ 2ϕq(Du,
1

4
Qλ

ρ) + 2
( 

1
4
Qλ

ρ

|Du−Dv|q dxdt
)1/q

≤ 2 · 4(n+2)/qϕq(Du,Q
λ
ρ) + 2 · 2(n+2)/q

( 
1
2
Qλ

ρ

|Du−Dv|q dxdt
)1/q

.

(3.4.35)

Note that q ∈ (1/2, 1). Therefore, the estimate (3.4.33) follows by combining (3.4.34)

and (3.4.35) and applying Lemma 3.4.6.

3.4.2 Proof of pointwise gradient estimates.

Proof of Theorem 3.1.1. First, for λ > 0, we define the Lebesgue set

Lλ :=
{
(x0, t0) ∈ ΩT : lim

ρ→0

 
Qλ

ρ (x0,t0)

|Du−Du(x0, t0)| dxdt = 0
}
. (3.4.36)

Direct calculations imply that L := L1 = Lλ for all λ > 0. Moreover, by the Lebesgue

differentiation theorem, ΩT\L has zero lebesgue measure. We will prove Theorem

3.1.1 for every (x0, t0) ∈ L.

Step 1: Choices of constants and basic inequalities. First, we take the constant

c8 = c8(n, p, ν, L, q) in Lemma 3.4.7 and define

A := c8, B := 2560000n, γ := 2−4(n+3). (3.4.37)
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We fix the constants δγ and α in Theorem 3.3.3 with the choices of A, B, γ in (3.4.37).

We now define

δ1 = δγ/4, ri = δi1rλ, Qi = Qλ
ri

for any integer i ≥ 0. Next, we choose k as the smallest integer larger than or equal

to 2 such that

4
√
nAδ

(k−1)α
1 ≤ δ

(n+2)/q
1

1600
, (3.4.38)

and we define

H1 := 400δ
−(n+2)/q
1 , H2 := 5120000c7δ

−(k+2)(n+2)/q
1 , c := max{H1, H2}, (3.4.39)

where c7 = c7(n, p, ν, L, q) is the constant in Lemma 3.4.6. We then choose R0 =

R0(n, p, ν, L, q) ∈ (0, 1
2
] to be the largest number in (0, 1

2
] such that

ˆ 2R0

0

ω(ρ)
dρ

ρ
≤ δ

(k+2)(n+2)/q
1

5120000c7
. (3.4.40)

The constants c and R0 defined in (3.4.39) and (3.4.40) are the same constants we

choose in the statement of Theorem 3.1.1. The choice of H1 in (3.4.39) and (3.1.10)

imply that ( 
Q0

(|Du|+ s)q dxdt
) 1

q
+ δ

−(n+2)/q
1 ϕq(Du,Q0)

≤ (1 + δ
−(n+2)/q
1 )

(  
Qλ

rλ

(|Du|+ s)q dxdt
) 1

q ≤ λ

100

(3.4.41)

and that

s ≤ λ

400
. (3.4.42)

Since δ1 ∈ (0, 1/4), by using the comparison principle for the Riemann integrals, we
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have ˆ 2rλ

0

|µ|(Qλ
ρ)

ρn+1

dρ

ρ
≥

∞∑
i=0

ˆ 2ri

ri

|µ|(Qλ
ρ)

ρn+1

dρ

ρ

≥ 1

n+ 1
(1− 1

2n+1
)

∞∑
i=0

|µ|(Qi)

rn+1
i

≥ δn+2
1

∞∑
i=0

|µ|(Qi)

rn+1
i

.

(3.4.43)

The estimate (3.4.43) together with the choice of H2 in (3.4.39) and (3.1.10) imply

that
∞∑
i=0

|µ|(Qi)

rn+1
i

≤ δ
(k+1)(n+2)/q
1

5120000c7
λ. (3.4.44)

Similarly, since we have rλ ≤ R0, the inequality (3.4.40) implies that

∞∑
i=0

ω(ri) ≤ δ
−(n+2)
1

ˆ 2rλ

0

ω(ρ)
dρ

ρ
≤ δ

(k+1)(n+2)/q
1

5120000c7
. (3.4.45)

Step 2: Exit time argument.

For any integer i ≥ 0, we define

Ci :=
( 

Qi

(|Du|+ s)q dxdt
) 1

q
+ δ

−(n+2)/q
1 ϕq(Du,Qi).

Thus C0 ≤ λ/100 by (3.4.41). We can now assume without loss of generality that

there exists a exit time ie ≥ 0, satisfying

Cie ≤
λ

100
, Cj >

λ

100
∀j > ie.

In fact, if this is not true, we can always find a increasing subsequence ji such that

Cji ≤ λ/100 for every integer i ≥ 0 and therefore

|Du(x0, t0)| ≤ lim sup
i→∞

( 
Qji

|Du|q dxdt
)1/q

≤ λ

100
,

since (x0, t0) ∈ L is a Lebesgue point.
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Step 3: Estimates after the exit time. The core of the proof is the following iteration

lemma.

Lemma 3.4.9. If i ≥ ie and

( 
Qi

(|Du|+ s)q dxdt
) 1

q ≤ λ, (3.4.46)

then

ϕq(Du,Qi+1) ≤
1

4
ϕq(Du,Qi) + c7δ

−(n+2)/q
1

[ |µ|(Qi)

rn+1
i

]
+ c7δ

−(n+2)/q
1 ω(ri)λ. (3.4.47)

Proof. Let w and v be the solutions to (3.4.1) and (3.4.18) respectively, with ρ = ri.

We then take ρ = ri and θ = 1/1600 in Lemma 3.4.7. By (3.4.46), (3.4.44) and

(3.4.45), we can apply Lemma 3.4.7 both with δ = δ1 and with δ = δk1 . We obtain

s+ sup
Qi+1

∥Dv∥ ≤ s+ sup
1
4
Qi

∥Dv∥ ≤ c8λ = Aλ (3.4.48)

and

 
Qi+k

|Du|q dxdt− λq

1600
≤
 
Qi+k

|Dv|q dxdt ≤
√
n
(
sup
Qi+k

∥Dv∥
)q
. (3.4.49)

Next, by Theorem 3.3.1 with ρ = ri+k and r = ri+1, (3.4.48), and (3.4.38), we have

osc
Qi+k

Dv ≤ 4
√
nAδ

(k−1)α
1 λ ≤ δ

(n+2)/q
1

1600
λ.

Again by (3.4.46), (3.4.44) and (3.4.45), we can apply Lemma 3.4.6 with ρ = ri and
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get

(  
Qi+k

|Du−Dv|q dxdt
) 1

q ≤
( |1

2
Qi|

|Qi+k|

) 1
q
(  

1
2
Qi

|Du−Dv|q dxdt
) 1

q

≤ c7
2
δ
−k(n+2)/q
1 ω(ri)λ+

c7
2
δ
−k(n+2)/q
1

[ |µ|(Qi)

rn+1
i

]
≤ δ

(n+2)/q
1

1600
λ.

Therefore, from the above two inequalities,

ϕq(Du,Qi+k) ≤ 2
1
q
−1ϕq(Dv,Qi+k) + 2

1
q
−1
(  

Qi+k

|Du−Dv|q dxdt
) 1

q

≤ 2 osc
Qi+k

Dv + 2
( 

Qi+k

|Du−Dv|q dxdt
) 1

q

≤ δ
(n+2)/q
1

400
λ.

The last estimate and (3.4.42) imply that

Ci+k =
(  

Qi+k

(|Du|+ s)q dxdt
) 1

q
+ δ

−(n+2)/q
1 ϕq(Du,Qi+k)

≤ 2
( 

Qi+k

|Du|q dxdt
) 1

q
+ 2s+

λ

400

≤ 2
( 

Qi+k

|Du|q dxdt
) 1

q
+

3λ

400
.

Therefore, by (3.4.49) and the fact that Ci+k > λ/100, we have

sup
Qi+1

∥Dv∥ ≥ sup
Qi+k

∥Dv∥ ≥
( 1

1600
√
n

) 1
qλ ≥ λ

2560000n
=
λ

B
. (3.4.50)

By (3.4.48) and (3.4.50), we can apply Theorem 3.3.3 with Qλ
r = 1

4
Qi and constants

A, B, γ chosen in (3.4.37) and get

ϕq(Dv,Qi+1) = ϕq(Dv,
δγ
4
Qi) ≤ 2−4(n+3)ϕq(Dv,

1

4
Qi).
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Finally, using (3.4.46), (3.4.44), and the last inequality, we can apply Lemma 3.4.8

with ε = 1 to obtain (3.4.47).

Step 4: Iteration and conclusion. For any integer j ≥ 0, we denote

Φj := ϕq(Du,Qj), mj := m(Du,Qj).

Since we have

(|Du(x, t)|+ s)q ≤ |Du(x, t)−mj|q + (|mj|+ s)q,

by taking the average over (x, t) ∈ Qj and then taking the q-th root, we obtain

(  
Qj

(|Du|+ s)q dxdt
) 1

q ≤ 2Φj + 2|mj|+ 2s. (3.4.51)

Here we also used the fact that q ∈ (1/2, 1). Moreover, by (3.2.3), we have

|mj| ≤ 2Φj + 2
(  

Qj

|Du(x, t)|q dxdt
)1/q

≤ 2Cj. (3.4.52)

Using (3.2.4), we also have

|mj+1 −mj| ≤ 2Φj+1 + 2δ
−(n+2)/q
1 Φj. (3.4.53)

We now prove by induction that

Φj + |mj|+ s ≤ λ

2
(3.4.54)

holds for any j ≥ ie. First, by the definition of exit time ie and (3.4.52), we know that

Cie ≤
λ

100
, |mie| ≤

λ

50
,
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and thus

Φie + |mie|+ s ≤ λ

2
.

Assume that (3.4.54) holds for any j ∈ {ie, . . . , i}. Then by (3.4.51) we have

(  
Qj

(|Du|+ s)q dxdt
) 1

q ≤ λ

for any j ∈ {ie, . . . , i}. Therefore we can apply Lemma 3.4.9 to get

Φj+1 ≤
1

4
Φj + c7δ

−(n+2)/q
1

[ |µ|(Qi)

rn+1
j

]
+ c7δ

−(n+2)/q
1 ω(rj)λ (3.4.55)

for any j ∈ {ie, . . . , i}. Thus, using (3.4.54) with j = i, (3.4.55), (3.4.44) and (3.4.45),

we have

Φi+1 ≤
λ

8
+ c7δ

−(n+2)/q
1

[ |µ|(Qi)

rn+1
i

]
+ c7δ

−(n+2)/q
1 ω(ri)λ ≤ λ

4
. (3.4.56)

Summing up (3.4.55) in j ∈ {ie, . . . , i}, we also have

i+1∑
j=ie

Φj ≤ Φie +
1

4

i∑
j=ie

Φj + c7δ
−(n+2)/q
1

i∑
j=ie

[ |µ|(Qi)

rn+1
j

]
+ c7δ

−(n+2)/q
1

i∑
j=ie

ω(rj)λ

and thus

i+1∑
j=ie

Φj ≤
4

3
Φie +

4

3
c7δ

−(n+2)/q
1

i∑
j=ie

[ |µ|(Qj)

rn+1
j

]
+

4

3
c7δ

−(n+2)/q
1

i∑
j=ie

ω(rj)λ. (3.4.57)
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Using (3.4.53), (3.4.57), (3.4.44), and (3.4.45), we obtain

|mi+1 −mie| ≤
i∑

j=ie

|mj+1 −mj| ≤ 4δ
−(n+2)/q
1

i+1∑
j=ie

Φj

≤ 8δ
−(n+2)/q
1 Φie + 8c7δ

−2(n+2)/q
1

i∑
j=ie

[ |µ|(Qj)

rn+1
j

]
+ 8c7δ

−2(n+2)/q
1

i∑
j=ie

ω(rj)λ

≤ 8δ
−(n+2)/q
1 Φie +

λ

100
.

Therefore it follows from (3.4.52) and the previous inequality that

|mi+1| ≤ |mie|+ 8δ
−(n+2)/q
1 Φie +

λ

100
≤ 10Cie +

λ

100
≤ λ

8
. (3.4.58)

By (3.4.42), (3.4.56) and (3.4.58), we obtain

Φi+1 + |mi+1|+ s ≤ λ

4
+
λ

8
+

λ

400
≤ λ

2
,

which completes the induction. Since we have

|mj −Du(x0, t0)|q ≤ |Du(x, t)−mj|q + |Du(x, t)−Du(x0, t0)|q,

by taking the average over (x, t) ∈ Qj and then taking the q-th root, we obtain

|mj −Du(x0, t0)| ≤ 2ϕq(Du,Qj) + 2
( 

Qj

|Du−Du(x0, t0)|q dxdt
)1/q

≤ 4
( 

Qj

|Du−Du(x0, t0)|q dxdt
)1/q

.

(3.4.59)

Since (x0, t0) ∈ L is a Lebesgue point, using (3.4.59) and (3.4.54), we obtain

|Du(x0, t0)| = lim
j→∞

|mj| ≤
λ

2
.

The proof of Theorem 3.1.1 is completed.
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Proof of Theorem 3.1.2. Without loss of generality, we assume that I
|µ|
1 (x0, t0, 2r) <∞.

We consider the function

h(λ) := λ− c
( 

Qλ
rλ

(x0,t0)

(|Du|+ s+ 1)q dxdt
)1/q

− c

ˆ 2rλ

0

|µ|(Qλ
ρ(x0, t0))

ρn+1

dρ

ρ

= λ− cλ
n(2−p)

2q A(λ)− cλ
(n+1)(2−p)

2 B(λ),

where rλ = λ(p−2)/2r and

A(λ) :=
1

|Qr(x0, t0)|1/q
(ˆ

Qλ
rλ

(|Du|+ s+ 1)q dxdt
)1/q

and

B(λ) :=

ˆ 2r

0

|µ|(Qλ
λ(p−2)/2ρ

(x0, t0))

ρn+1

dρ

ρ
.

Here c is the same constant as in Theorem 3.1.1. Since p ∈ (1, 2), we have Qλ2

λ
(p−2)/2
2 ρ

⊂

Qλ1

λ
(p−2)/2
1 ρ

for every λ2 > λ1 > 0 and ρ > 0 and, therefore, A and B are nonincreasing

functions of λ. Moreover, the functions A, B, h are well defined for λ ∈ [1,∞) since

Qλ
2λ(p−2)/2r

(x0, t0) ⊂ Q2r(x0, t0) ⊂ Ω for any λ ∈ [1,∞). Clearly, h is a continuous

function on [1,∞) and h(1) ≤ 0 since c ≥ 1 and A(1) ≥ 1. On the other hand, since

q > n(2−p)
2

and p > 2n
n+1

, we have

lim
λ→∞

h(λ) ≥ lim
λ→∞

(
λ− cλ

n(2−p)
2q A(1)− cλ

(n+1)(2−p)
2 B(1)

)
= ∞.

Thus there exists some λ ≥ 1 such that h(λ) = 0 and therefore (3.1.10) holds for such

λ. Since λ ≥ 1 and r ∈ (0, R0], we have rλ ≡ λ(p−2)/2r ∈ (0, R0]. Applying Theorem

3.1.1 and using the fact that h(λ) = 0, we obtain

λ+ |Du(x0, t0)| ≤ 2λ = 2cλ
n(2−p)

2q A(λ) + 2cλ
(n+1)(2−p)

2 B(λ). (3.4.60)

Using the fact that A, B are nonincreasing functions and Young’s inequality with
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conjugate exponents
(

2q
n(2−p)

, 2q
2q−n(2−p)

)
and

(
2

(n+1)(2−p)
, 2
(n+1)p−2n

)
, we obtain

2cλ
n(2−p)

2q A(λ) ≤ 2cλ
n(2−p)

2q A(1) ≤ λ

4
+ c′ [A(1)]

2q
2q−n(2−p)

and

2cλ
(n+1)(2−p)

2 B(λ) ≤ 2cλ
(n+1)(2−p)

2 B(1) ≤ λ

4
+ c′ [B(1)]

2
(n+1)p−2n . (3.4.61)

Therefore (3.1.11) follows by using the last two inequalities and (3.4.60).

3.5 Gradient continuity results

3.5.1 Preliminary choices of constants and the geometry

In this section, we always assume p ∈ (p∗(n), 2 − 1
n+1

], where p∗(n) is defined in

(3.1.8). We also choose q := q(n, p) ∈ (1/2, 1) as a fixed constant depending only on n

and p. For instance, we can take

q :=
1

2

(
max{ n+ 2

2(n+ 1)
,
(2− p)n

2
}+ p− n

n+ 1

)
∈ (

1

2
, 1).

The choices of geometry in this section are essentially the same as in [55, Section

5.1]. For completeness, we shall still briefly report the choices. First, we fix an open

cylinder Q̃ ⊂⊂ ΩT and take another cylinder Q̃′ such that Q̃ ⊂⊂ Q̃′ ⊂⊂ ΩT . Let

R̄1 := distpar(Q̃, ∂parQ̃
′) > 0. Under the assumptions of Theorem 3.1.3 or Theorem

3.1.6, it always holds that the Riesz potential I
|µ|
1 (x, t; r) is locally bounded in ΩT

for some r > 0. Therefore we can apply Theorem 3.1.2 to obtain that Du is locally

bounded in ΩT and that in particular, Du is bounded in Q̃′. Thus we can choose

M := 1 + s+ sup
Q̃′

|Du| <∞.
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Let

λM :=M and R1 :=
1

4
λ
(p−2)/2
M R̄1. (3.5.1)

Then we have QλM
r (x0, t0) ⊂ Q̃′ whenever (x0, t0) ∈ Q̃ and r ∈ (0, R1], and therefore

s+ sup
Q

λM
r (x0,t0)

|Du| ≤ λM , ∀r ∈ (0, R1]. (3.5.2)

By (3.5.1) and (3.5.2), we have

( 
Q

λM
ρ (x0,t0)

(|Du|+ s)q dxdt
)1/q

≤M ≡ λM (3.5.3)

for any (x0, t0) ∈ Q̃ and any ρ ∈ (0, R1].

3.5.2 Proof of gradient continuity results

First, we prove the following proposition.

Proposition 3.5.1. Let ε ∈ (0, 1]. Assume that the Riesz potential I
|µ|
1 (x, t; r) is

locally bounded in ΩT for some r > 0 and that

lim
r→0

|µ|(Qr(x, t))

rn+1
= 0 locally uniformly in (x, t) ∈ ΩT . (3.5.4)

Then there exists constants α = α(n, p, ν, L) ∈ (0, 1), c9 = c9(n, p, ν, L) ≥ 1, and

Rε = Rε(n, p, ν, L,M, µ, ε) ∈ (0, R1) such that

ϕq(Du,Q
λM
ρ (x0, t0)) < ελM (3.5.5)

holds for every (x0, t0) ∈ Q̃ and every ρ ∈ (0, ρε ], where

ρε =
ε2/α

c9
Rε.
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More specifically, the constant Rε is determined in (3.5.8)–(3.5.9) below.

Proof. First we take

λ = λM , A = c8, B =
400n

ε
, γ =

ε

24(n+3)
, (3.5.6)

where c8 = c8(n, p, ν, L) is the same constant as in Lemma 3.4.7. Then we choose

δγ = δγ(n, p, ν, L, ε) ∈ (0, 1/2) as in Theorem 3.3.3 with the choices of A, B, γ in

(3.5.6) and we set δ1 = δγ/4. Then by (3.3.5), we have

δ1 =
ε2/α

c9
(3.5.7)

for some constants α ∈ (0, 1) and c9 ≥ 1 both depending on n, p, ν, L. Next, we take

Rε ∈ (0, R1) such that

ω(Rε) ≤
δ

n+2
q

1 ε

800c7
(3.5.8)

and that

sup
(x0,t0)∈Q̃

sup
0<ρ≤λ

(2−p)/2
M Rε

|µ|(Qρ(x0, t0))

ρn+1
≤ δ

n+2
q

1 ε

800c7λ
(n+1)(2−p)/2
M

, (3.5.9)

where c7 = c7(n, p, ν, L) is the same constant as in Lemma 3.4.6. Thus we have

sup
(x0,t0)∈Q̃

sup
0<ρ≤Rε

|µ|(QλM
ρ (x0, t0))

ρn+1
≤ sup

(x0,t0)∈Q̃
sup

0<ρ≤Rε

|µ|(Q
λ
(2−p)/2
M ρ

(x0, t0))

ρn+1

≤ δ
n+2
q

1 ε

800c7
≤ δ

n+2
q

1 ε

800c7
λM .

(3.5.10)

For i ∈ N, we define

Qi := QλM
ri

(x0, t0), ri := δi1r, r ∈ (δ1Rε, Rε].
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We will prove that for every i ≥ 1, it holds that

ϕq(Du,Qi) < ελM . (3.5.11)

Let i ≥ 1. We consider two different cases. First, suppose that

( 
Qi

|Du|q dxdt
)1/q

<
ε

10
λM . (3.5.12)

In this case, the definition of ϕq implies that

ϕq(Du,Qi) ≤
(  

Qi

|Du|q dxdt
)1/q

<
ε

10
λM

and therefore (3.5.11) holds. On the other hand, suppose that (3.5.12) does not hold.

Then we have ( 
Qi

|Du|q dxdt
)1/q

≥ ε

10
λM . (3.5.13)

Let w and v be the solutions defined in (3.4.1) and (3.4.18) respectively, with the

choices ρ = ri−1 and λ = λM . By (3.5.3), (3.5.8), and (3.5.10), we can apply Lemma

3.4.7 with the parameters ρ = ri−1, λ = λM , δ = δ1, and θ = εq/20. Thus using

(3.5.13) we obtain

λM
B

=
ελM
400n

≤ sup
Qi

∥Dv∥, s+ sup
1
4
Qi−1

∥Dv∥ ≤ c8λM = AλM .

Recalling that δ1 = δγ/4 and applying Theorem 3.3.3 in 1
4
Qi−1 =

1
4
QλM

ri−1
, we have

ϕq(Dv,Qi) = ϕ(Dv,
δγ
4
Qi−1) ≤

ε

24(n+3)
ϕq(Dv,

1

4
Qi−1). (3.5.14)
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By (3.5.3), (3.5.10), and (3.5.14), we can apply Lemma 3.4.8 and get

ϕq(Du,Qi) ≤
ε

4
ϕq(Du,Qi−1) + c7δ

−(n+2)/q
1

[ |µ|(Qi−1

rn+1
i−1

]
+ c7δ

−(n+2)/q
1 ω(ri−1)λM

≤ ε

4
λM +

ε

400
λM < ελM .

The proof of (3.5.11) is completed. Now we take ρε = δ1Rε, where δ1 has the form in

(3.5.7). Since for any ρ ∈ (0, ρε], there exists r ∈ (δ1Rε, Rε] and an integer k ≥ 1 such

that ρ = δk1r, (3.5.5) follows directly from (3.5.11).

A corollary of Proposition 3.5.1 is Theorem 3.1.6.

Proof of Theorem 3.1.6. We are now able to determine the exact form of Rε in Propo-

sition 3.5.1 for any ε ∈ (0, 1) thanks to the assumption (3.1.17). By (3.5.7), to verify

(3.5.8) and (3.5.9), we need to show that

ω(Rε) ≤
ε

2(n+2)
qα

+1

800c7c
(n+2)/q
9

,

and that

sup
(x0,t0)∈Q̃

sup
0<ρ≤λ

(2−p)/2
M Rε

|µ|(Qρ(x0, t0))

ρn+1
≤ ε

2(n+2)
qα

+1

800c7c
(n+2)/q
9 λ

(n+1)(2−p)/2
M

.

Thus using (3.1.17), it is sufficient to take Rε ∈ (0, R1) such that

Rε ≤
( ε

2(n+2)
qα

+1

800cDc7c
(n+2)/q
9 λ

(n+2)(2−p)/2
M

)1/δ
:=

ε1/θ

c10
,

where θ = θ(n, p, ν, L, δ) ∈ (0, 1) and c10 = c10(n, p, ν, L, δ, cD,M) ≥ 1. Now we take

Rε = min{1, R1}
ε1/θ

c10
and ρε = min{1, R1}

ε2/α+1/θ

c9c10
.
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Thus we can apply Lemma 3.5.1 and obtain

ϕq(Du,Q
λM
ρε (x0, t0)) < ελM .

Since ε is an arbitrary number in (0, 1), the last inequality implies that

ϕq(Du,Q
λM
ρ (x0, t0)) < cρβ (3.5.15)

holds for every (x0, t0) ∈ Q̃ and every ρ ∈ (0, R2], where R2 := min{1, R1}/(c9c10) ∈

(0, 1), c > 0 is a constant depending on n, p, ν, L, δ, cD, M , and R1, and

β :=
1

2
α
+ 1

θ

∈ (0, 1)

depends only on n, p, ν, L, and δ.

We are ready to prove Du ∈ C0,β(Q̃) using (3.5.15). Let (x1, t1), (x2, t2) ∈ Q̃ ∩ L,

such that ρ := |(x1, t1) − (x2, t2)|par ≤ R2/2. Here L ≡ LλM
is the set of Lebesgue

points of Du defined in (3.4.36). Without loss of generality, we assume that t1 ≤ t2.

Arguing exactly as in (3.4.59), we know that

lim
r→0

|m(QλM
r (x1, t1)−Du(x1, t1)| = 0. (3.5.16)

Using (3.2.4), (3.5.16), (3.5.15), and the fact that q ∈ (1/2, 1), we obtain

|m(Du,QλM
ρ (x1, t1))−Du(x1, t1)|

≤
∞∑
j=0

|m(Du,QλM

2−jρ
(x1, t1))−m(Du,QλM

2−(j+1)ρ
(x1, t1))|

≤ 22n+6

∞∑
j=0

ϕq(Du,Q
λM

2−jρ
(x1, t1)) ≤ c 22n+6

∞∑
j=0

(2−jρ)β ≤ c′ρβ.

(3.5.17)
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Similarly, we have

|m(Du,QλM
2ρ (x2, t2))−Du(x2, t2)| ≤ c′′ρβ. (3.5.18)

By (3.5.17), (3.5.18) and the triangle inequality, it holds that

|Du(x1, t1)−Du(x2, t2)|

≤ |Du(x1, t1)−m(Du,QλM
ρ (x1, t1))|+ |m(Du,QλM

2ρ (x2, t2))−Du(x2, t2)|

+ |m(Du,QλM
ρ (x1, t1))−m(Du,QλM

2ρ (x2, t2))|

≤ cρβ + |m(Du,QλM
ρ (x1, t1))−m(Du,QλM

2ρ (x2, t2))|.

(3.5.19)

Recalling the definition of parabolic distance and the assumption that t1 ≤ t2, we

know that QλM
ρ (x1, t1) ⊂ QλM

2ρ (x2, t2) and therefore by (3.2.4), (3.5.15) and the fact

that q ∈ (1
2
, 1), we obtain

|m(Du,QλM
ρ (x1, t1))−m(Du,QλM

2ρ (x2, t2))|

≤ 2ϕq(Du,Q
λM
ρ (x1, t1)) + 22n+5ϕq(Du,Q

λM
2ρ (x2, t2)) ≤ cρβ.

(3.5.20)

Combining (3.5.19), (3.5.20) and using the fact that ρ = |(x1, t1)− (x2, t2)|par, we have

|Du(x1, t1)−Du(x2, t2)| ≤ cρβ = c |(x1, t1)− (x2, t2)|βpar,

where c is a constant depending only on n, p, ν, L, δ, cD, M , and R1. Recall that

by Theorem 3.1.2, Du is bounded in Q̃. Therefore the last estimate implies that

Du ∈ C0,β(Q̃) since |Q̃\(L ∩ Q̃)| = 0. The proof is now completed.

Next, we turn to the proofs of Theorem 3.1.3 and its corollaries. We start with the

following proposition.

Proposition 3.5.2. Let ε ∈ (0, 1]. Under the same assumptions as in Theorem 3.1.3,
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there exists a radius R′
ε ∈ (0, R1) depending only on n, p, ν, L, δ, cD, M , and R1,

such that

|m(Du,QλM
ρ1

(x0, t0))−m(Du,QλM
ρ2

(x0, t0))| ≤ 3ελM (3.5.21)

holds for every ρ1, ρ2 ∈ (0, R′
ε] and (x0, t0) ∈ Q̃.

Proof. We still use an exit time argument similar to the proof of [55, Theorem 1.6].

Step 1: Choices of constants. First, we take

λ = λM , A = c8, B =
400n

ε
, γ = 2−4(n+3), (3.5.22)

where c8 = c8(n, p, ν, L) is the same constant as in Lemma 3.4.7. Then we choose

δγ = δγ(n, p, ν, L, ε) ∈ (0, 1/2) as in Theorem 3.3.3 with the choices of A, B, γ in

(3.5.22) and we set δ1 = δγ/4.

Next, We take R′
ε ∈ (0, R1) depending only on n, p, ν, L, δ, cD, M , and R1, such

that ˆ 2R′
ε

0

ω(ρ)
dρ

ρ
≤ δ

4(n+2)
q

1 ε

800c7
, (3.5.23)

ω(R′
ε) ≤

δ
n+2
q

1 ε

800c7
, (3.5.24)

sup
(x0,t0)∈Q̃

ˆ 2λ
(2−p)/2
M R′

ε

0

|µ|(Qρ(x0, t0))

ρn+1

dρ

ρ
≤ δ

4(n+2)
q

1 ε

800c7λ
(n+1)(2−p)/2
M

, (3.5.25)

sup
(x0,t0)∈Q̃

sup
0<ρ≤λ

(2−p)/2
M R′

ε

|µ|(Qρ(x0, t0))

ρn+1
≤ δ

n+2
q

1 ε

800c7λ
(n+1)(2−p)/2
M

, (3.5.26)

and

sup
(x0,t0)∈Q̃

sup
0<ρ≤R′

ε

ϕq(Du,Q
λM
ρ (x0, t0)) ≤

δ
2(n+2)

q

1 ε

800
, (3.5.27)
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where c7 = c7(n, p, ν, L) is the same constant as in Lemma 3.4.6. Let us briefly explain

why we can choose such an R′
ε. First, (3.5.23) and (3.5.24) are possible since ω is a

nondecreasing function satisfying the Dini condition (3.1.5). Moreover, (3.5.25) and

(3.5.26) are possible by using the assumption (3.1.12). Finally, (3.5.27) is possible by

Proposition 3.5.1, which is applicable since the assumption (3.1.12) directly implies

(3.5.4).

Arguing exactly as in (3.5.10), the bound (3.5.26) implies that

sup
(x0,t0)∈Q̃

sup
0<ρ≤R′

ε

|µ|(QλM
ρ (x0, t0))

ρn+1
≤ δ

n+2
q

1 ε

800c7
λM . (3.5.28)

Now we fix (x0, t0) ∈ Q̃ and define a sequence of shrinking intrinsic cylinders for i ∈ N,

namely,

Qi := QλM
ri

(x0, t0), ri := δi1R
′
ε.

Step 2: The iteration step. We have the following lemma.

Lemma 3.5.3. Assume that

(  
Qi+1

|Du|q dxdt
)1/q

≥ ε

10
λM . (3.5.29)

Then we have

ϕq(Du,Qi+1) ≤
1

4
ϕq(Du,Qi) + c7δ

−(n+2)/q
1

[ |µ|(Qi

rn+1
i

]
+ c7δ

−(n+2)/q
1 ω(ri)λM . (3.5.30)

Proof. Let w and v be the solutions defined in (3.4.1) and (3.4.18) respectively, with

the choices ρ = ri and λ = λM . By (3.5.3) and (3.5.28), we can apply Lemma 3.4.7

with choices of parameters ρ = ri, λ = λM , δ = δ1, and θ = εq/20. Thus using (3.5.29)
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we obtain

λM
B

=
ελM
400n

≤ sup
Qi+1

∥Dv∥, s+ sup
1
4
Qi

∥Dv∥ ≤ c8λM = AλM .

Recalling that δ1 = δγ/4 and applying Theorem 3.3.3 in 1
4
Qi =

1
4
QλM

ri
, we have

ϕq(Dv,Qi+1) = ϕ(Dv,
δγ
4
Qi) ≤ 2−4(n+3)ϕq(Dv,

1

4
Qi). (3.5.31)

By (3.5.3), (3.5.24), (3.5.28), and (3.5.31), we can apply Lemma 3.4.8 (with ε = 1)

and get (3.5.30).

Step 3: Exit time argument. The main result we want to prove is as follows.

Lemma 3.5.4. It holds that

|m(Du,Qj)−m(Du,Qk)| < ελM , ∀ 0 ≤ j ≤ k.

Proof. For simplicity, we still denote mi := m(Du,Qi) and Φi := ϕq(Du,Qi) for i ≥ 0.

We denote the set

L :=
{
i ∈ N :

( 
Qi

|Du|q dxdt
)1/q

<
ε

10
λM

}
. (3.5.32)

We can assume 0 ≤ j < k and there are two different cases:

L ∩ {j + 1, . . . , k} = ∅, or L ∩ {j + 1, . . . , k} ≠ ∅.

Case 1: L∩{j+1, . . . , k} = ∅. By the definition of the set L in (3.5.32), we can apply

Lemma 3.5.3 for i ∈ {j, . . . , k − 1} and obtain

Φi+1 ≤
1

4
Φi + c7δ

−(n+2)/q
1

[ |µ|(Qi)

rn+1
i

]
+ c7δ

−(n+2)/q
1 ω(ri)λM . (3.5.33)
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Summing up (3.5.33) for i ∈ {j, . . . , k − 1}, and using standard manipulations as in

the proof of (3.4.57), we have

k∑
i=j

Φi ≤ 2Φj + 2c7δ
−(n+2)/q
1

k−1∑
i=j

|µ|(Qi)

rn+1
i

+ 2c7δ
−(n+2)/q
1

k−1∑
i=j

ω(ri)λM

≤ δ
4(n+2)/q
1 ε

400
+ 2c7δ

−(n+2)/q
1

k−1∑
i=j

|µ|(Qi)

rn+1
i

+ 2c7δ
−(n+2)/q
1

k−1∑
i=j

ω(ri)λM .

(3.5.34)

Here we also used (3.5.27) in the last inequality. Using (3.4.43) (with λ = 1), (3.5.25),

and the fact that Qi ⊂ Q
λ
(2−p)/2
M ri

(x0, t0), we have

∞∑
i=0

|µ|(Qi)

rn+1
i

≤
∞∑
i=0

|µ|
(
Q

λ
(2−p)/2
M ri

(x0, t0)
)

rn+1
i

≤ λ
(n+1)(2−p)/2
M δ

−(n+2)
1

ˆ 2λ
(2−p)/2
M R′

ε

0

|µ|(Qρ(x0, t0))

ρn+1

dρ

ρ

≤ δ
3(n+2)/q
1 ε

800c7
.

(3.5.35)

Similarly, from (3.5.23) we have

∞∑
i=0

ω(ri)λM ≤ δ
3(n+2)/q
1 ε

800c7
. (3.5.36)

Combining (3.5.34), (3.5.35), and (3.5.36) we obtain

k∑
i=j

Φi ≤
δ
2(n+2)/q
1 ε

100
.

By (3.2.4), the triangle inequality, and the previous inequality, it holds that

|mk −mj| ≤
k−1∑
i=j

|mi+1 −mi| ≤ 4δ
−(n+2)/q
1

k∑
i=j

Φi ≤
ελM
25

.
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Case 2: L ∩ {j + 1, . . . , k} ≠ ∅. We prove in this case that

|mj| <
ελM
2

and |mk| <
ελM
2
.

We only give the proof of the former inequality and the proof for the latter is similar. By

the assumption that L∩{j+1, . . . , k} ≠ ∅, we can define j′ := min{l ∈ L : l ≥ j+1}

and we have j′ ∈ L. Thus by (3.2.3) and the fact that q ∈ (1/2, 1), we obtain

|mj′| ≤ 4
(  

Qj

|Du(x, t)|q dxdt
)1/q

<
2ελM
5

. (3.5.37)

There are two possibilities, namely, j′ = j+1 or j′ > j+1. First, we assume j′ = j+1.

Using (3.2.4) and (3.5.27), we have

|mj −mj+1| ≤ 2Φj+1 + 2δ
−(n+2)/q
1 Φj ≤

ε

200
≤ ελM

200
. (3.5.38)

Therefore, by the triangle inequality, (3.5.37), and (3.5.38),

|mj| ≤ |mj −mj+1|+ |mj′ | <
ελM
25

+
2ελM
5

<
ελM
2
.

Otherwise, we have j′ > j + 1. Then by the definition of j′, we know that L ∩ {j +

1, . . . , j′ − 1} = ∅. Therefore we can apply Lemma 3.5.3 for i ∈ {j, . . . , j′ − 2}. From

now on, we can argue exactly as in Case 1 to get

|mj −mj′−1| ≤
ελM
25

. (3.5.39)

Again using (3.2.4) and (3.5.27), we have

|mj′−1 −mj′ | ≤ 2Φj′ + 2δ
−(n+2)/q
1 Φj′−1 ≤

ε

200
≤ ελM

200
. (3.5.40)
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Therefore, by the triangle inequality, (3.5.37), (3.5.39), and (3.5.40),

|mj| ≤ |mj −mj′−1|+ |mj′−1 −mj′ |+ |mj′ | <
ελM
25

+
ελM
200

+
2ελM
5

<
ελM
2
.

The proof of the lemma is now completed.

Step 4: Conclusion. For any ρ1, ρ2 ∈ (0, R′
ε], there exists two integers j, k ≥ 0

such that

δj+1
1 R′

ε < ρ1 ≤ δj1R
′
ε and δk+1

1 R′
ε < ρ2 ≤ δk1R

′
ε.

By (3.2.4), we have

|m(Du,QλM
ρ1

(x0, t0))−m(Du,Qj)|

≤ 2ϕq(Du,Q
λM
ρ1

(x0, t0)) + 2
( |Qj|
|QλM

ρ1 (x0, t0)|

)1/q
ϕq(Du,Qj) ≤

ε

200
.

Here we used (3.5.27) in the last line. Similarly, it holds that

|m(Du,QλM
ρ2

(x0, t0))−m(Du,Qk)| ≤
ε

200
.

Thus, the estimate (3.5.21) follows by using Lemma 3.5.4, the triangle inequality, and

the last two inequalities. The proposition is proved.

Proof of Theorem 3.1.3. For any (x0, t0) ∈ Q̃ ∩ L, where L ≡ LλM
is the set of

Lebesgue points of Du defined in (3.4.36), arguing exactly as in (3.4.59), we know

that

lim
r→0

|m(QλM
r (x0, t0)−Du(x0, t0)| = 0.

Hence by Proposition 3.5.2,

lim
r→0

|m(QλM
r (x0, t0)−Du(x0, t0)| = 0 uniformly in (x0, t0) ∈ Q̃ ∩ L. (3.5.41)
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Let (x1, t1), (x2, t2) ∈ Q̃∩L and ρ := |(x1, t1)− (x2, t2)|par. Without loss of generality,

we assume that t1 ≤ t2. Therefore Q
λM
ρ (x1, t1) ⊂ QλM

2ρ (x2, t2) and by (3.2.4) and the

fact that q ∈ (1
2
, 1), we have

|m(Du,QλM
ρ (x1, t1))−m(Du,QλM

2ρ (x2, t2))|

≤ 2ϕq(Du,Q
λM
ρ (x1, t1)) + 22n+5ϕq(Du,Q

λM
2ρ (x2, t2)).

By the triangle inequality and the previous inequality, we obtain

|Du(x1, t1)−Du(x2, t2)|

≤ |Du(x1, t1)−m(Du,QλM
ρ (x1, t1))|+ |m(Du,QλM

2ρ (x2, t2))−Du(x2, t2)|

+ |m(Du,QλM
ρ (x1, t1))−m(Du,QλM

2ρ (x2, t2))|.

≤ |Du(x1, t1)−m(Du,QλM
ρ (x1, t1))|+ |m(Du,QλM

2ρ (x2, t2))−Du(x2, t2)|

+ 2ϕq(Du,Q
λM
ρ (x1, t1)) + 22n+5ϕq(Du,Q

λM
2ρ (x2, t2)).

(3.5.42)

Using (3.5.41), (3.5.42), and Proposition 3.5.1, it follows that for (x1, t1), (x2, t2) ∈

Q̃ ∩ L,

|Du(x1, t1)−Du(x2, t2)| → 0 when ρ ≡ |(x1, t1)− (x2, t2)|par → 0.

Since |Q̃\L| = 0, we conclude that Du is continuous in Q̃.

Proof of Corollary 3.1.4. By [55, Lemma 2.1], we know that the assumption (3.1.13)

implies (3.1.12). Therefore, Corollary 3.1.4 is a direct consequence of Theorem

3.1.3.

Proof of Corollary 3.1.5. Corollary 3.1.5 follows directly from Theorem 3.1.3 since

the assumptions (3.1.14) and (3.1.15) directly imply (3.1.12).
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CHAPTER 4

The insulated conductivity problem

with p-Laplacian

We study the insulated conductivity problem with closely spaced insulators em-

bedded in a homogeneous matrix where the current-electric field relation is the power

law J = |E|p−2E. The gradient of solutions may blow up as ε, the distance between

insulators, approaches to 0. We prove an upper bound of the gradient to be of order

ε−α, where α = 1/2 when p ∈ (1, n+1] and any α > n/(2(p− 1)) when p > n+1. We

provide examples to show that this exponent is almost optimal in 2D. Additionally in

dimensions n ≥ 3, for any p > 1, we prove another upper bound of order ε−1/2+β for

some β > 0, and show that β ↗ 1/2 as n→ ∞.

4.1 Introduction and Main results

We investigate the phenomenon of electric field concentration in high-contrast

composites. Such a phenomenon can occur when two approaching inclusions possess

material properties that differ significantly from the background matrix (see e.g.

[16, 49, 73]). The study of this area originated from [6], where the problem with
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inclusions closely located in a linear background medium was studied numerically. In

this chapter, we study the scenario in which the inclusions are insulators, and the

background matrix follows the current-electric field relation described by the power

law:

J = σ|E|p−2E, p > 1, (4.1.1)

where J , E, and σ denote current, electric field, and conductivity, respectively. Phys-

ically, such power law can occur in various materials, including dielectrics, plastic

moulding, plasticity phenomena, viscous flows in glaciology, electro-rheological and

thermo-rheological fluids. See e.g., [5, 40,46,61,81,82], the second paragraph of [14]

and the references therein.

Let us describe the mathematical setup: let n ≥ 2, Ω ⊂ Rn be a bounded domain

with C1,1 boundary containing two C1,1 open sets D1 and D2 with dist(D1∪D2, ∂Ω) >

c > 0. Let

ε := dist(D1,D2),

Ω̃ := Ω \ (D1 ∪ D2), and σ = 1Ω̃. The voltage potential u satisfies the following

p-Laplace equation with p > 1:


− div(|Du|p−2Du) = 0 in Ω̃,

∂u

∂ν
= 0 on ∂Di, i = 1, 2,

u = φ on ∂Ω,

(4.1.2)

where φ ∈ C1,1(∂Ω) is given, and ν = (ν1, . . . , νn) denotes the inner normal vector on

∂D1 ∪ ∂D2.

Our goal is to quantitatively analyze the concentration of the electric field E = −Du

between the inclusions, and this is a challenging problem even in the linear case when

p = 2. While the optimal blow-up rate for the linear case in two dimensions was
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captured about two decades ago in [3,4], the optimal rate in dimensions n ≥ 3 was only

recently identified in [28,29]. This optimal rate is linked to the first non-zero eigenvalue

of an elliptic operator on Sn−2, which is determined by the principal curvatures of the

inclusions. This phenomenon is completely different from the perfect conductivity

problem, where the optimal blow-up rates do not depend on the curvatures of the

inclusions (see [3, 4, 8]). For other earlier work on the linear insulated conductivity

problem, we refer the reader to [9, 65, 66, 88, 91]. In the case when the current-electric

field relation is given by (4.1.1), Gorb and Novikov in [43] and Ciraolo and Sciammetta

in [21] studied the field concentration when D1 and D2 are perfect conductors. They

proved that for n ≥ 2,

∥∇u∥L∞(Ω̃) ≤


Cε−

n−1
2(p−1) p >

n+ 1

2
,

Cε−1| log ε|
1

1−p p =
n+ 1

2
,

Cε−1 p <
n+ 1

2
.

These bounds were shown to be optimal in their respective papers. However, the

phenomenon of electric field concentration between insulators has not been studied

before.

Before stating our main results, let us introduce some notation. We denote

x = (x′, xn), where x
′ ∈ Rn−1. By choosing a coordinate system properly, we can

assume that near the origin, the part of ∂D1 and ∂D2, denoted by Γ+ and Γ−, are

respectively the graphs of two C1,1 functions in terms of x′. That is

Γ+ =
{
xn =

ε

2
+ h1(x

′), |x′| < 1
}
, Γ− =

{
xn = −ε

2
+ h2(x

′), |x′| < 1
}
,

where h1 and h2 are C1,1 functions satisfying

h1(0
′) = h2(0

′) = 0, Dx′h1(0
′) = Dx′h2(0

′) = 0, (4.1.3)
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c1|x′|2 ≤ h1(x
′)− h2(x

′) for 0 < |x′| < 1, (4.1.4)

∥h1∥C1,1 ≤ c2, ∥h2∥C1,1 ≤ c2, (4.1.5)

with some positive constants c1, c2. For x0 ∈ Ω̃, 0 < r ≤ 1, we denote

Ωx0,r :=
{
(x′, xn) ∈ Ω̃ : − ε

2
+ h2(x

′) < xn <
ε

2
+ h1(x

′), |x′ − x′0| < r
}
,

and Ωr := Ω0,r. We use Br(x0) to denote the open ball of radius r centered at x0 and

we set

Br = Br(0), Ωr(x0) = Ω̃ ∩Br(x0).

By classical C1,α estimates for the p-Laplace equation and the maximum principle

(see e.g. [68, 86]), the solution u ∈ W 1,p(Ω̃) of (4.1.2) satisfies

∥u∥L∞(Ω̃) + ∥u∥C1,α(Ω̃\Ω1/2)
≤ C∥φ∥C1,1(∂Ω) (4.1.6)

for some constants α = α(n, p) ∈ (0, 1) and C > 0 independent of ε, φ, and u. As

such, we focus on the following problem near the origin:


− div(|Du|p−2Du) = 0 in Ω1,

∂u

∂ν
= 0 on Γ+ ∪ Γ−.

(4.1.7)

For any domain D, we denote the oscillation of u in D by

osc
D
u := sup

D
u− inf

D
u.

Our first main result is the following pointwise gradient estimate of order ε−1/2 for

any p > 1 and n ≥ 2.

Theorem 4.1.1. Let h1, h2 be C1,1 functions satisfying (4.1.3)-(4.1.5), p > 1, n ≥ 2,
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ε ∈ (0, 1), and u ∈ W 1,p(Ω1) be a solution of (4.1.7). Then there exists a constant C >

0 depending only on n, p, c1, and c2, such that for any x ∈ Ω1/2 and η = 1
4
(ε+ |x′|2) 1

2 ,

|Du(x)| ≤ C(ε+ |x′|2)−
1
2 osc
Ωx,η

u. (4.1.8)

When n ≥ 3, we improve the upper bound in Theorem 4.1.1 to the order of ε−1/2+β

for some β > 0.

Theorem 4.1.2. Let h1, h2 be C1,1 functions satisfying (4.1.3)-(4.1.5), p > 1, n ≥ 3,

ε ∈ (0, 1), and u ∈ W 1,p(Ω1) be a solution of (4.1.7). Then there exist positive

constants C and β depending only on n, p, c1, and c2, such that for any x ∈ Ω1/2,

|Du(x)| ≤ C(ε+ |x′|2)−1/2+βosc
Ω1

u. (4.1.9)

When p > n + 1, we derive a more explicit upper bound, under an additional

assumption that h1 and h2 are C2 strictly convex and strictly concave, respectively.

That is, for some positive constants κ1 and κ2,

κ1In−1 ≤ D2h1(x
′) ≤ κ2In−1, κ1In−1 ≤ −D2h2(x

′) ≤ κ2In−1 for 0 ≤ |x′| < 1.

(4.1.10)

Our pointwise gradient estimate of order − n+2δ
2(p−1)

, for any δ > 0 when p > n+ 1, is as

follows.

Theorem 4.1.3. Let n ≥ 2, p > n + 1, h1, h2 be C2 functions satisfying (4.1.3)

and (4.1.10), and let u ∈ W 1,p(Ω1) be a solution of (4.1.7). Then for any δ > 0 and

ε ∈ (0, 1), we have

|Du(x)| ≤ C(ε+ |x′|2)−
n+2δ
2(p−1)osc

Ω1

u for x ∈ Ω1/2, (4.1.11)
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where C is a positive constant depending on n, p, δ, κ1, κ2, and the modulus of

continuity for D2h1(x
′) and D2h2(x

′) at x′ = 0.

Furthermore, we show that when n = 2, the blow-up exponents −1/2 for p ≤ 3

and −1/(p− 1) for p > 3 obtained in Theorems 4.1.1 and 4.1.3 are critical in the sense

that

Theorem 4.1.4. For n = 2, p > 1, ε ∈ (0, 1), let Ω = B5, and D1,D2 be the unit

balls center at (0, 1+ ε/2) and (0,−1− ε/2), respectively. Let φ = x1 and u ∈ W 1,p(Ω̃)

be the solution of (4.1.2). Then for any δ > 0, there exists a positive constant C

depending only on p and δ, such that when p ∈ (1, 3],

∥Du∥L∞(Ω̃∩B
8
√

ε/δ
) ≥

1

C
ε

−1+δ
2 ,

and when p > 3,

∥Du∥L∞(Ω̃∩B
8
√

ε/δ
) ≥

1

C
ε

−1+δ
p−1 .

Finally, we also establish a blow-up rate of ε−1/2+β for the gradient, for any p > 1

and sufficiently large n, with more explicit constant β ∈ [0, 1/2). For this, we impose

a further assumption that h1 and h2 are C2,Dini strictly convex and strictly concave

respectively, satisfying (4.1.10) for some positive constants κ1 and κ2.

Theorem 4.1.5. Let h1, h2 be C2,Dini functions satisfying (4.1.3) and (4.1.10), p > 1,

β ∈ [0, 1/2), ε ∈ (0, 1), and u ∈ W 1,p(Ω1) be a solution of (4.1.7). If n, p, and β

satisfy either

p ≥ 2, n ≥ 5(p− 1)

2

(
p+ 1− 2β(p− 1)

2
+

κ2
(1− 2β)κ1

)
+ 1, (4.1.12)

or

1 < p < 2, n ≥ 5

2

(
3− 2β

2
+

κ2
(1− 2β)κ1

)
+ 3− p, (4.1.13)
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then there exist a positive constant C depending only on n, p, β, κ1, and κ2, such that

|Du(x)| ≤ C∥u∥L∞(Ω1)(ε+ |x′|2)−
1
2
+β for x ∈ Ω1/2. (4.1.14)

Remark 4.1.6. By (4.1.12) and (4.1.13), when n → ∞, β can be chosen arbitrarily

close to 1/2. In view of (4.1.14), the singularity of Du diminishes as the dimension n

increases. We also note that by refining the inequalities in the proof of Theorem 4.1.5

further, it is possible to improve the lower bounds of n in both (4.1.12) and (4.1.13).

However, we have decided not to pursue this in the current chapter.

The rest of the chapter is organized as follows. In the next section, we give the proof

of Theorem 4.1.1 using mean oscillation estimates. In Section 4.3, we demonstrate

the proof of Theorem 4.1.2 by utilizing a delicate change of variables, an extension

argument, and the Krylov-Safonov Harnack inequality. Sections 4.4 and 4.5 are

devoted to the proofs of Theorems 4.1.3 and 4.1.4, respectively, for which we construct

suitable sub- and super-solutions. Finaally, in Section 4.6, we employ a Bernstein type

argument to prove Theorem 4.1.5. Here we use the fact that for any q ≥ p, |Du|q is a

subsolution to the normalized p-Laplace equation, as originally observed by Uhlenbeck

[85].

4.2 Mean oscillation estimates

In this section, we give the proof of Theorem 4.1.1 using mean oscillation estimates.

We fix a point x0 ∈ Ω1/2 and prove (4.1.8) at x = x0. Note that we can always assume

ε + |x′0|2 ≤ c, where c = c(n, p, c1, c2) > 0 could be any sufficiently small constant

depending only on n, p, c1, and c2. Otherwise, by classical estimates (see [68, 86]),

(4.1.8) directly follows. Next, we derive some mean oscillation estimates of Du on a

ball Br(x0) for different radii r.
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4.2.1 Mean oscillation estimates for small r

We recall a classical interior mean oscillation estimate when Br(x0) ⊂ Ω1. Estimates

of this type, with different exponents involved, were developed in [24,38,69].

Lemma 4.2.1. Let u ∈ W 1,p(Ω1) be a solution to (4.1.7). There exist constants

C > 1 and α ∈ (0, 1) depending only on n and p, such that u ∈ C1,α(Ω1) and for every

Br(x0) ⊂ Ω1 and ρ ∈ (0, r], we have

( 
Bρ(x0)

|Du− (Du)Bρ(x0)|p
) 1

p

≤ C
(ρ
r

)α( 
Br(x0)

|Du− (Du)Br(x0)|p
) 1

p

.

We denote

ϕ(x0, r) =

( 
Br(x0)

|Du− (Du)Br(x0)|p
) 1

p

.

Then Lemma 4.2.1 also implies

Corollary 4.2.2. Under the assumptions of Lemma 4.2.1, there exists a constant

µ1 ∈ (0, 1) depending only on n and p, such that for any µ ∈ (0, µ1], Br(x0) ⊂ Ω1,

and K ∈ N, it holds that

K+1∑
k=0

ϕ(x0, µ
kr) ≤ 2ϕ(x0, r). (4.2.1)

Proof. We take µ1 ∈ (0, 1) such that Cµα
1 = 1

2
, where C and α are the same constants

as in Lemma 4.2.1. Replacing r with µkr and setting ρ = µk+1r, we get

ϕ(x0, µ
k+1r) ≤ 1

2
ϕ(x0, µ

kr).

Summing the above inequality over k = 0, 1, . . . , K, we obtain (4.2.1).
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4.2.2 Mean oscillation estimates for intermediate r

Next, we consider the case when Br(x0) intersects with only one of Γ+ and Γ−. In

this case, we choose x̂0 ∈ Γ+∪Γ− such that dist(x0,Γ+∪Γ−) = |x̂0−x0| and we derive

mean oscillation estimates around x̂0. Note that we can assume ε+ c2|x′0|2 ≤ 1/4 and

thus by (4.1.5) and the triangle inequality, |x̂′0| ≤ 3/4. Without loss of generality, we

assume x̂0 ∈ Γ−. Then by (4.1.4) and (4.1.5), there exists a constant c = c(n, c1, c2) ∈

(0, 1/4), such that B(x̂0, r) ∩ Γ+ = ∅ for any r ∈ (0, c(ε+ |x̂′0|2)).

We first choose a coordinate y = (y′, yn) such that y(x̂0) = 0, the direction of axis

yn is the upper normal vector at x̂0 ∈ Γ−, and ΩR0(x̂0) = {y ∈ BR0 : yn > χ(y′)},

where R0 = c3(ε+ |x̂′0|2) ∈ (0, 1/4) for some constant c3 = c3(n, c1, c2) ∈ (0, 1/8) and

χ : {y′ ∈ Rn−1 : |y′| < R0} → R is a C1,1 function in the coordinate system depending

on x̂0 such that

χ(0′) = 0, Dy′χ(0
′) = 0, ∥χ∥C1,1 ≤ C∥h2∥C1,1 . (4.2.2)

Then we let

z = Λ(y) = (y′, yn − χ(y′)).

Since Γ− is C1,1, by (4.2.2) there exist constants C = C(n, c1, c2), c4 = c4(n, c1, c2) ∈

(0, c3) ⊂ (0, 1/8), and R1 = c4(ε+ |x̂′0|2) such that

|Dy′χ(y
′)| ≤ C |y′| ≤ 1/2 if |y′| ≤ 2R1, (4.2.3)

Ωr/2(x̂0) ⊂ Λ−1(B+
r ) ⊂ Ω2r(x̂0) ∀ r ∈ (0, 2R1], (4.2.4)

and thus

|DΛ(y)− In| ≤ C |y′| ≤ 1/2 if |y′| ≤ 2R1, (4.2.5)

Therefore, there exist positive constants c(n) and c′(n) depending only on n, such
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that for any x̂0 ∈ (Γ+ ∪ Γ−) ∩ {x ∈ Rn : |x′| ≤ 3/4} and 0 < r ≤ c4(ε+ |x̂′0|2),

c(n)rn ≤ |Ωr(x̂0)| ≤ c′(n)rn. (4.2.6)

Note that

det(DΛ) ≡ 1. (4.2.7)

Then u1(z) := u(Λ−1(z)) satisfies the following equation with conormal boundary

condition 
− divz

(
|ATDzu1|p−2AATDzu1

)
= 0 in B+

R1
,(

|ATDzu1|p−2AATDzu1
)
n
= 0 on BR1 ∩ ∂Rn

+,

(4.2.8)

where we denote

A := A(z) := (aij(z)) := DΛ(Λ−1(z)).

Next we extend u1 and the coefficient matrix A to the whole ball BR1 . We take the

even extension of u1, ann, and aij, i, j = 1, 2, . . . , n− 1, with respect to zn = 0, and

take the odd extension of ain and ani, i = 1, 2, . . . , n− 1, with respect to zn = 0. We

still denote these functions by u1 and A after the extension. Because of the conormal

boundary condition, u1 satisfies

− divz
(
A(z,Dzu1)

)
= 0 in BR1 , (4.2.9)

where the nonlinear operator A is defined as

A(z, ξ) = |AT ξ|p−2AAT ξ for z ∈ BR1 , ξ ∈ Rn.

Lemma 4.2.3. There exists a constant C = C(n, p, c1, c2) > 0, such that for any
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z ∈ BR1 and ξ ∈ Rn,

|A(z, ξ)− |ξ|p−2ξ| ≤ C |z′| |ξ|p−1. (4.2.10)

Proof. We recall a well-known inequality (see [44, Lemma 2.1]): for any p > 1 and

ξ1, ξ2 ∈ Rn, it holds that

c−1
(
|ξ1|2 + |ξ2|2)

p−2
2 ≤

∣∣|ξ2|p−2ξ2 − |ξ1|p−2ξ1
∣∣

|ξ2 − ξ1|
≤ c

(
|ξ1|2 + |ξ2|2)

p−2
2 , (4.2.11)

where c = c(n, p) > 1 is a positive constant. Using (4.2.11), (4.2.5), and the triangle

inequality, we obtain

|A(z, ξ)− |ξ|p−2ξ| ≤
∣∣|AT ξ|p−2(A− In)A

T ξ
∣∣+ ∣∣|AT ξ|p−2AT ξ − |ξ|p−2ξ

∣∣
≤ |A− In| |AT ξ|p−1 + c

(
|AT ξ|2 + |ξ|2

) p−2
2 |AT ξ − ξ| ≤ C |z′| |ξ|p−1.

Thus the proof of (4.2.10) is completed.

Assume that r ∈ (0, R1]. We let v1 ∈ u1 +W 1,p
0 (Br) be the unique solution to


− divz(|Dzv1|p−2Dzv1) = 0 in Br,

v1 = u1 on ∂Br.

(4.2.12)

By testing (4.2.12) and (4.2.9) with v1−u1 and using (4.2.10), we have the comparison

estimate

 
Br

|Dzu1 −Dzv1|p ≤ Crmin{2,p}
 
Br

|Dzu1|p, (4.2.13)

where C > 0 is a constant depending only on n, p, c1, and c2. For detailed proof of

(4.2.13), see [38, Eq. (4.35)] when p ∈ (1, 2) and [39, Lemma 3.4] when p ≥ 2.
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Applying Lemma 4.2.1 and the comparison estimate (4.2.13), we have

Lemma 4.2.4. Suppose that u1 ∈ W 1,p(B+
R1
) is a solution to (4.2.8). Then for any

µ ∈ (0, 1) and r ∈ (0, R1], we have

( 
B+

µr

|Dz′u1 − (Dz′u1)B+
µr
|p + |Dznu1|p

)1/p

≤ Cµα

( 
B+

r

|Dz′u1 − (Dz′u1)B+
r
|p + |Dznu1|p

)1/p

+ Cµr
θp

( 
B+

r

|Dzu1|p
)1/p

,

(4.2.14)

where θp = min{1, 2/p}, α is the same constant as in Lemma 4.2.1, Cµ is a constant

depending on µ, n, p, c1, c2 and C is a constant depending on n, p, c1, c2.

Proof. By Lemma 4.2.1, (4.2.13), and the triangle inequality, we have

( 
Bµr

|Dzu1 − (Dzu1)Bµr |p
)1/p

≤ C

( 
Bµr

|Dzv1 − (Dzv1)Bµr |p
)1/p

+ C

( 
Bµr

|Dzu1 −Dzv1|p
)1/p

≤ Cµα

( 
Br

|Dzv1 − (Dzv1)Br |p
)1/p

+ Cµ−n
p

( 
Br

|Dzu1 −Dzv1|p
)1/p

≤ Cµα

( 
Br

|Dzu1 − (Dzu1)Br |p
)1/p

+ Cµ−n
p

( 
Br

|Dzu1 −Dzv1|p
)1/p

≤ Cµα

( 
Br

|Dzu1 − (Dzu1)Br |p
)1/p

+ Cµr
θp

( 
Br

|Dzu1|p
)1/p

.

(4.2.15)

Since u1 is even in zn, (4.2.15) directly implies (4.2.14). The proof is completed.

We now define

ψ(x̂0, r) =

( 
Ωr(x̂0)

|Dy′u− (Dy′u)Ωr(x̂0)|p + |Dynu|p
)1/p

. (4.2.16)

Let µ ∈ (0, 1) and r ∈ (0, R1/2] be constants. By using change of variables, (4.2.3),
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(4.2.4), (4.2.7), and the triangle inequality, we have

( 
B+

µr

|Dz′u1 − (Dz′u1)B+
µr
|p + |Dznu1|p

)1/p

=

( 
Λ−1(B+

µr)

|Dy′u+DynuDy′χ− (Dy′u+DynuDy′χ)Λ−1(B+
µr)

|p + |Dynu|p
)1/p

≥ C

( 
Ωµr/2(x̂0)

|Dy′u− (Dy′u)Ωµr/2(x0)|p + |Dynu|p
)1/p

− C ′

( 
Ωµr/2(x̂0)

|Dynu Dy′χ|p
)1/p

≥ Cψ(x̂0, µr/2)− C ′µr

( 
Ωµr/2(x̂0)

|Du|p
)1/p

,

(4.2.17)

where C and C ′ are positive constants depending on n, p, c1, and c2. Similarly,

( 
B+

r

|Dz′u1 − (Dz′u1)B+
r
|p + |Dznu1|p

)1/p

≤ C ′′ψ(x̂0, 2r) + C ′′r

( 
Ω2r(x̂0)

|Du|p
)1/p

,

(4.2.18)

where C ′′ is a positive constant depending only on n, p, c1, and c2. Therefore, by

using (4.2.17), (4.2.18), and (4.2.6), (4.2.14) implies that

ψ(x̂0, µr/2) ≤ Cµαψ(x̂0, 2r) + Cµr
θp

( 
Ω2r(x̂0)

|Du|p
)1/p

.

By replacing µ/4 and 2r with µ and r respectively, we obtain

ψ(x̂0, µr) ≤ Cµαψ(x̂0, r) + Cµr
θp

( 
Ωr(x̂0)

|Du|p
)1/p

for µ ∈ (0, 1/4) and r ∈ (0, R1], where we recall that R1 = c4(ε+ |x̂′0|2). Note that the

same argument above also holds when x̂0 ∈ Γ+. Therefore, using the same argument

as in Corollary 4.2.2, we have
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Lemma 4.2.5. Suppose that u is a solution to (4.1.2) and x̂0 ∈ (Γ+ ∪Γ−)∩{x ∈ Rn :

|x′| ≤ 3/4}. Then there exist constants c4 ∈ (0, 1) and C > 0, both depending only

on n, p, c1, and c2, and Cµ > 0 depending on n, p, c1, c2, and µ, such that for any

µ ∈ (0, 1/4) and r ∈ (0, c4(ε+ |x̂′0|2)], it holds that

ψ(x̂0, µr) ≤ Cµαψ(x̂0, r) + Cµr
θp

( 
Ωr(x̂0)

|Du|p
)1/p

,

where θp = min{1, 2/p}, α is the same constant as in Lemma 4.2.1, and ψ is defined

in (4.2.16). Moreover, there exist constants µ2 = µ2(n, p, c1, c2) ∈ (0, 1/4) and C ′
µ =

C ′
µ(n, p, c1, c2, µ) > 0, such that for any µ ∈ (0, µ2] and K ∈ N, it holds that

K+1∑
k=0

ψ(x̂0, µ
kr) ≤ 2ψ(x̂0, r) + C ′

µ

K∑
k=0

(µkr)θp

( 
Ω

µkr
(x̂0)

|Du|p
)1/p

.

4.2.3 Mean oscillation estimates for large r

Finally, we consider the case when Br(x0) could potentially intersects with both

Γ+ and Γ−. In this case, we assume x0 ∈ Ω1/2 and c4
12
(ε+ |x′0|2) ≤ r ≤ c5(ε+ |x′0|2)

1
2 ,

where c4 is the same constant as in Lemma 4.2.5 and c5 is a constant which will be

determined later. We define the map Z = Λ̃(x) by


Z ′ = x′ − x′0,

Zn = (h1(x
′
0)− h2(x

′
0) + ε)

( xn − h2(x
′) + ε/2

h1(x′)− h2(x′) + ε
− 1

2

)
.

Thus Λ̃ is invertible in Ωx0,1/2,

Q1/2 := Λ̃(Ωx0,1/2) =
{
(Z ′,Zn) ∈ Rn : |Z ′| < 1

2
, |Zn| <

1

2
(h1(x

′
0)− h2(x

′
0) + ε)

}
,
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and

Γ̃± := Λ̃(Γ± ∩ {x ∈ Rn : |x′ − x′0| <
1

2
})

=
{
(Z ′,Zn) ∈ Rn : |Z ′| < 1

2
, Zn = ±1

2
(h1(x

′
0)− h2(x

′
0) + ε)

}
.

Then u2(Z) := u(Λ̃−1(Z)) satisfies the following equation with homogeneous conormal

boundary condition


− divZ

(
|BTDZu2|p−2(det(B))−1BBTDZu2

)
= 0 in Q1/2(

|BTDZu2|p−2(det(B))−1BBT DZu2
)
n
= 0 on Γ̃±,

where we denote

B := B(Z) := (bij(Z)) := DΛ̃(Λ̃−1(Z)).

For Z ∈ Q1/2, let x = Λ̃−1(Z). Then

bii(Z) = 1 for i ∈ {1, 2, . . . , n− 1},

bij(Z) = 0 for i ̸= j, i ∈ {1, 2, . . . , n− 1}, j ∈ {1, 2, . . . , n},

bnj(Z) =
h1(x

′
0)− h2(x

′
0) + ε

(h1(x′)− h2(x′) + ε)2

·
[
Dxj

h2(x
′)
(
xn − h1(x

′)− ε

2

)
−Dxj

h1(x
′)
(
xn − h2(x

′) +
ε

2

)]
for j ∈ {1, 2, . . . , n− 1}, and

bnn(Z) =
h1(x

′
0)− h2(x

′
0) + ε

h1(x′)− h2(x′) + ε
.
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Therefore,

det(B(Z)) = bnn(Z) =
h1(x

′
0)− h2(x

′
0) + ε

h1(x′0 + Z ′)− h2(x′0 + Z ′) + ε

is a function independent of Zn. Assume

c4
12

(ε+ |x′0|2) ≤ r ≤ 1

4
(ε+ |x′0|2)

1
2 ≤ 1

2
(4.2.19)

and let Z0 = Λ̃(x0). Then for any Z ∈ Q1/2 with |Z ′| ≤ r and x = Λ̃−1(Z), by the

triangle inequality, we have

|x′| ≤ r + |x′0| ≤
(
1 +

√
12/c4

)
r

1
2 and |x′|2 ≥ 1

2
|x′0|2 − r2 ≥ 1

4
(|x′0|2 − ε).

Thus, using (4.1.3), (4.1.4), and (4.1.5), we infer that for j = 1, 2, . . . , n− 1 and some

constant C > 0 depending only on n, p, c1, and c2,

|bnj(Z)| ≤ 2c2
|x′|(h1(x′0)− h2(x

′
0) + ε)

h1(x′)− h2(x′) + ε
≤ 2c2

|x′|(2c2|x′0|2 + ε)

c1|x′|2 + ε

≤ C|x′| ≤ Cr
1
2 ≤ Cr

(ε+ |x′0|2)
1
2

,

|bnn(Z)− 1| =
∣∣∣´ 1

0
d
dt

(
h1(tx

′ + (1− t)x′0)− h2(tx
′ + (1− t)x′0)

)
dt

h1(x′)− h2(x′) + ε

∣∣∣
≤ 2c2

(|x′|+ |x′0|)|x′ − x′0|
c1|x′|2 + ε

≤ Cr

(ε+ |x′0|2)
1
2

,

and similarly,

∣∣(det(B(Z))
)−1 − 1

∣∣ = ∣∣(bnn(Z)
)−1 − 1

∣∣ ≤ Cr

(ε+ |x′0|2)
1
2

. (4.2.20)

Therefore, when (4.2.19) holds and Z ∈ Q1/2 with |Z ′| ≤ r, we have for some
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constant C = C(n, p, c1, c2) > 0,

|B(Z)− In| ≤
Cr

(ε+ |x′0|2)
1
2

. (4.2.21)

In particular, there exists c5 = c5(n, p, c1, c2) ∈ (0, 1/4), such that for any c4
12
(ε+|x′0|2) ≤

r ≤ c5(ε+ |x′0|2)
1
2 and Z ∈ Q1/2 with |Z ′| ≤ r, it also holds that

|B(Z)− In| ≤ 1/2 and
∣∣(bnn(Z)

)−1 − 1
∣∣ ≤ 1/2. (4.2.22)

Note that we can always assume ε+ |x′0|2 to be sufficiently small so that c4(ε+ |x′0|2) ≤

c5(ε + |x′0|2)
1
2 . Next we extend u2 and B to the whole cylinder C1/2 := {(Z ′,Zn) ∈

Rn : |Z ′| < 1/2}. We take the even extension of u2, bnn, and bij, i, j = 1, 2, . . . , n− 1,

with respect to Zn = 1
2
(h1(x

′
0)− h2(x

′
0) + ε), and take the odd extension of bin and

bni, i = 1, 2, . . . , n− 1, with respect to Zn = 1
2
(h1(x

′
0)− h2(x

′
0) + ε). Then we take the

periodic extension in Zn axis, so that the period is equal to 2(h1(x
′
0) − h2(x

′
0) + ε).

We still denote these functions by u2 and B after the extension. Then because of the

conormal boundary condition, u2 satisfies

− divZ
(
B(Z, DZu2)

)
= 0 in C1/2, (4.2.23)

where the nonlinear operator B is defined as

B(Z, ξ) = d(Z ′)|BT ξ|p−2BBT ξ for Z ∈ C1/2, ξ ∈ Rn,

and

d(Z ′) :=
(
bnn(Z)

)−1
=
h1(Z ′ + x′0)− h2(Z ′ + x′0) + ε

h1(x′0)− h2(x′0) + ε
.

Similar to (4.2.10), using (4.2.20), (4.2.21), (4.2.22), and (4.2.11), we obtain that
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for any r ∈
[
c4
12
(ε+ |x′0|2), c5(ε+ |x′0|2)

1
2

]
, Z ∈ Br(Z0), and ξ ∈ Rn,

|B(Z, ξ)− |ξ|p−2ξ| ≤ Cr

(ε+ |x′0|2)
1
2

|ξ|p−1, (4.2.24)

where C > 0 is a constant depending only on n, p, c1, and c2. Now we let v2 ∈

u2 +W 1,p
0 (Br(Z0)) be the unique solution to


− divZ

(
|DZv2|p−2DZv2

)
= 0 in Br(Z0),

v2 = u2 on ∂Br(Z0).

Using (4.2.24), similar to (4.2.13), we have the following comparison estimate

 
Br(Z0)

|DZu2 −DZv2|p ≤ C
( r

(ε+ |x′0|2)
1
2

)min{2,p}
 
Br(Z0)

|DZu2|p, (4.2.25)

where C > 0 is a constant depending only on n, p, c1, and c2.

We define

ϕ̃(x0, r) =

( 
Br(Z0)

|DZu2 − (DZu2)Br(Z0)|p
)1/p

. (4.2.26)

Then following the same proof as that of Lemma 4.2.5 with (4.2.25) in place of (4.2.13),

we have

Lemma 4.2.6. Suppose that x0 ∈ Ω1/2 and u2 is a solution to (4.2.23). Then there

exist constants c5 ∈ (0, 1/4) and C > 0, both depending only on n, p, c1, and c2,

and Cµ > 0 depending on n, p, c1, c2, and µ, such that for any µ ∈ (0, 1) and

r ∈
[
c4
12
(ε+ |x′0|2), c5(ε+ |x′0|2)

1
2 ], it holds that

ϕ̃(x0, µr) ≤ Cµαϕ̃(x0, r) + Cµ

( r

(ε+ |x′0|2)
1
2

)θp ( 
Br(Z0)

|DZu2|p
)1/p

,

where θp = min{1, 2/p}, α is the same constant as in Lemma 4.2.1, c4 is the same
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constant as in Lemma 4.2.5, and ϕ̃ is defined in (4.2.26). Moreover, there exist

constants µ3 = µ3(n, p, c1, c2) ∈ (0, 1) and C ′
µ = C ′

µ(n, p, c1, c2, µ) > 0, such that for

any µ ∈ (0, µ3] and k1, k2 ∈ N satisfying c4
12
(ε+ |x′0|2) ≤ µk2r ≤ µk1r ≤ c5(ε+ |x′0|2)

1
2 ,

it holds that

k2+1∑
k=k1

ϕ̃(x0, µ
kr) ≤ 2 ϕ̃(x0, µ

k1r) + C ′
µ

k2∑
k=k1

( µkr

(ε+ |x′0|2)
1
2

)θp ( 
B

µkr
(Z0)

|DZu2|p
) 1

p

.

4.2.4 Proof of Theorem 4.1.1

Now we are ready to prove Theorem 4.1.1.

Proof of Theorem 4.1.1. We prove the theorem at any point x0 ∈ Ω1/2.

Step 1: Notation and choices of constants. We choose µ = 1
6
min{µ1, µ2, µ3}, where

µ1, µ2, and µ3 are the same constants as in Corollary 4.2.2, Lemma 4.2.5, and Lemma

4.2.6. We define rj =
c5
2
µj(ε+ |x′0|2)

1
2 and let j1, j2 be the integers such that

rj1 ≥
c4
6
(ε+ |x′0|2), rj1+1 <

c4
6
(ε+ |x′0|2),

and

rj2 ≥ dist(x0,Γ+ ∪ Γ−), rj2+1 < dist(x0,Γ+ ∪ Γ−),

where c4 and c5 are the same constants as in Lemma 4.2.5 and Lemma 4.2.6. Note that

we can assume ε+ |x′0|2 to be sufficiently small so that c5
2
(ε+ |x′0|2)

1
2 > c4

6
(ε+ |x′0|2)

and thus j1 ≥ 0.
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We denote

ϕj =



( 
Brj (Z0)

|DZu2 − (DZu2)Brj (Z0)|p
)1/p

if 0 ≤ j ≤ j1,( 
Ωrj (x0)

|Du− (Du)Ωrj (x0)|p
)1/p

if j ≥ j1 + 1,

Tj =



( 
Brj (Z0)

|DZu2|p
)1/p

if 0 ≤ j ≤ j1,( 
Ω3rj

(x0)

|Du|p
)1/p

if j ≥ j1 + 1,

and

mj =


(DZu2)Brj (Z0) if 0 ≤ j ≤ j1,

(Du)Ωrj (x0) if j ≥ j1 + 1,

where u2, Z0, and the coordinate Z are defined in Section 4.2.3. In the following proof,

we use C, C ′ to denote positive constants depending only on n, p, c1, and c2, which

may differ from line to line.

Step 2: Preliminary estimates and iterations. Next, we derive some preliminary

estimates. First, we show that there exists a constant c = c(n) > 0, such that for any

j ≥ j1 + 1,

|Ωrj(x0)| ≥ c rnj . (4.2.27)

If rj ≤ 2 dist(x0,Γ+ ∪ Γ−), then B 1
2
rj
(x0) ⊂ Ωrj(x0) and (4.2.27) clearly holds. Oth-

erwise, assume rj > 2 dist(x0,Γ+ ∪ Γ−). Then we choose x̂0 ∈ Γ+ ∪ Γ− such that

dist(x0,Γ+ ∪ Γ−) = |x̂0 − x0|, and thus Ω 1
2
rj
(x̂0) ⊂ Ωrj (x0). Note that we can assume

ε + c2|x′0|2 ≤ 1/4 and thus by (4.1.5) and the triangle inequality, |x̂′0| ≤ 3/4. Since
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j ≥ j1 + 1, by the triangle inequality again, we know that |x′0| ≤ |x̂′0|+ rj/2 and

rj <
c4
6
(ε+ |x′0|2) ≤

c4
6

(
ε+ 2|x̂′0|2 +

1

2
r2j
)
.

Since c4 ∈ (0, 1) and rj ∈ (0, 1), we get

rj <
c4
2
(ε+ |x̂′0|2).

By using (4.2.6), we have

|Ωrj(x0)| ≥ |Ω 1
2
rj
(x̂0)| ≥ c rnj .

Thus, (4.2.27) holds for every j ≥ j1 + 1.

By (4.2.27) and Hölder’s inequality, for any j ∈ N, we have

|mj| ≤ CTj. (4.2.28)

Note that since µ ≤ 1/6, Ω3rj+1
(x0) ⊂ Ω 1

2
rj
(x0) and thus by (4.2.27), (4.2.22) and the

definition of j1,

Tj1+1 ≤ C

 
Ω 1

2 rj1
(x0)

|Du|p
1/p

≤ C Tj1 .

Therefore, there exists c6 = c6(n, p, c1, c2) > 0, such that for any j ∈ N,

Tj+1 ≤ c6 Tj. (4.2.29)

By (4.2.29) and the triangle inequality, for any j ≤ j1, we have

Tj+1 ≤ c6 Tj ≤ C |mj|+ C ϕj.
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For j ≥ j1 + 1, since µ ≤ 1/6, Ω3rj+1
(x0) ⊂ Ωrj(x0) and thus by (4.2.27) and the

triangle inequality, we have

Tj+1 ≤ C

( 
Ωrj (x0)

|Du|p
)1/p

≤ C |mj|+ C ϕj.

Therefore, there exists c7 = c7(n, p, c1, c2) > 0, such that for any j ∈ N,

Tj+1 ≤ c7 |mj|+ c7 ϕj. (4.2.30)

For any 0 ≤ k ≤ j1, since

|mk −mk−1|p ≤ 2p−1|mk −DZu2(Z)|p + 2p−1|DZu2(Z)−mk−1|p,

by taking the average over Z ∈ Brk(Z0) and then taking the p-th root, we obtain

|mk −mk−1| ≤ Cϕk + Cϕk−1.

Then by iterating, we get

|mj −mj0| ≤ C

j∑
k=j0

ϕk, (4.2.31)

for any integers j0, j satisfying 0 ≤ j0 ≤ j ≤ j1. By (4.2.31), (4.2.28), and the triangle

inequality, we have

|mj| ≤ C Tj0 + C

j∑
k=j0

ϕk, (4.2.32)
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for j0 ≤ j ≤ j1. Similarly, for any integers j, l satisfying j1 + 1 ≤ l ≤ j, we also have

|mj −ml| ≤ C

j∑
k=l

ϕk,

and

|mj| ≤ C Tl + C

j∑
k=l

ϕk. (4.2.33)

For j ∈ {j0, . . . , j1}, from Lemma 4.2.6 and (4.2.32), we know that

|mj|+
j∑

k=j0

ϕk ≤ C Tj0 + C

j∑
k=j0

( rk

(ε+ |x′0|2)
1
2

)θp
Tk ≤ C Tj0 + C

j∑
k=j0

µkθpTk. (4.2.34)

For j ∈ {j1+1, . . . , j2}, we have rj ≥ dist(x0,Γ+∪Γ−). Choose x̂0 ∈ (Γ+∪Γ−)∩{x ∈

Rn : |x′| ≤ 3/4} such that dist(x0,Γ+∪Γ−) = |x̂0−x0|, and thus Ωrj (x0) ⊂ Ω2rj (x̂0) ⊂

Ω3rj(x0). Then

rj <
c4
6
(ε+ |x′0|2) ≤

c4
6
(ε+ 2|x̂′0|2 + 2r2j ),

which also implies

2rj < c4(ε+ |x̂′0|2) (4.2.35)

since c4 ∈ (0, 1) and rj ∈ (0, 1).

By (4.2.35), we can apply Lemma 4.2.5 at x̂0 ∈ Γ+ ∪ Γ− and use (4.2.27) and

(4.2.6) to obtain

j∑
k=j1+1

ϕk ≤ C

j∑
k=j1+1

ψ(x̂0, 2rk) ≤ C Yj1+1 + C

j∑
k=j1+1

r
θp
k Yk

≤ C Tj1+1 + C

j∑
k=j1+1

µkθpTk,

(4.2.36)
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where

Yj :=

( 
Ω2rj

(x̂0)

|Du|p
)1/p

.

Moreover, from (4.2.33), (4.2.30), and (4.2.36) we also know that

|mj|+
j∑

k=j1+1

ϕj ≤ C Tj1+1 + C

j∑
k=j1+1

µkθpTk

≤ C |mj1|+ C ϕj1 + C

j∑
k=j1+1

µkθpTk

(4.2.37)

holds for any j ∈ {j1 + 1, . . . , j2}.

For j ≥ j2 + 1, from Corollary 4.2.2, (4.2.33), and (4.2.30) we have

|mj|+
j∑

k=j2+1

ϕk ≤ C Tj2+1 ≤ C |mj2 |+ C ϕj2 . (4.2.38)

Combining (4.2.37) and (4.2.38), we know that

|mj|+
j∑

k=j1+1

ϕj ≤ C |mj1|+ C ϕj1 + C

j∑
k=j1+1

µkθpTk (4.2.39)

holds for any j ≥ j1 + 1. Note that (4.2.39) also holds if j2 ≤ j1 since in that case

rj ≤ dist(x0,Γ+ ∪ Γ−) for any j ≥ j1 + 1 and thus we can directly use Corollary 4.2.2

and (4.2.33) to get (4.2.39).

Moreover, combining (4.2.39) and (4.2.34), we know that

|mj|+
j∑

k=j0

ϕk ≤ C Tj0 + C

j∑
k=j0

µkθpTk (4.2.40)

holds for any 0 ≤ j0 ≤ j1 and j ≥ j0.

Step 3: A stopping time argument. We choose j0 = j0(n, p, c1, c2) ∈ N sufficiently
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large such that

(c7 + 1)C
∞∑

k=j0

µkθp ≤ 1

10
, (4.2.41)

where c7 is the constant in (4.2.30) and C is the constant in (4.2.40). Note that we

can assume ε+ |x′0|2 to be sufficiently small so that c5
2
µj0(ε+ |x′0|2)

1
2 > c4

6
(ε+ |x′0|2)

and thus j1 ≥ j0. Now we show that

|Du(x0)| ≤ C Tj0 . (4.2.42)

We consider the following three possibilities.

Case 1: If |Du(x0)| ≤ Tj0 , then (4.2.42) directly follows.

Case 2: If Tj < |Du(x0)|, ∀j0 ≤ j ≤ j3, and |Du(x0)| ≤ Tj3+1, then by (4.2.30),

we have

|Du(x0)| ≤ Tj3+1 ≤ c7 |mj3|+ c7 ϕj3 . (4.2.43)

Now applying (4.2.40) with j = j3, from (4.2.43) and (4.2.41), we get

|Du(x0)| ≤ C ′ Tj0 + C ′
j3∑

k=j0

µkθp |Du(x0)| ≤ C ′ Tj0 +
1

10
|Du(x0)|,

where C ′ = c7C, C is the constant in (4.2.40). The last inequality directly implies

(4.2.42) as desired.

Case 3: If Tj < |Du(x0)| for every j ≥ j0, then from (4.2.40), we infer that for any

j ≥ j0,

|mj| ≤ C Tj0 + C

j∑
k=j0

µkθp|Du(x0)| ≤ C Tj0 +
1

10
|Du(x0)|.

Here we used (4.2.41) in the last inequality. Letting j → ∞ and using the fact that
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u ∈ C1(Ω1), we get

|Du(x0)| ≤ C Tj0 +
1

10
|Du(x0)|,

which directly implies (4.2.42). The proof of the inequality (4.2.42) is completed.

Step 4: Caccioppoli inequality and conclusion. Let λ ∈ R and ζ be a nonnegative

smooth function satisfying ζ = 1 in Brj0
(Z0), |DZζ| ≤ 2r−1

j0
, and ζ = 0 outside

B2rj0
(Z0). Since 2rj0 ≤ c5(ε+ |x′0|2)

1
2 , using ζp(u2 − λ) as a test function in (4.2.23),

by (4.2.22), Young’s inequality, we obtain

1

2p+1

ˆ
B2rj0

(Z0)

ζp|DZu2|p ≤
ˆ
B2rj0

(Z0)

⟨B(Z, DZu2), ζ
pDZu2⟩

= −p
ˆ
B2rj0

(Z0)

⟨B(Z, DZu2), ζ
p−1(u2 − λ)DZζ⟩

≤ p2p+2r−1
j0

ˆ
B2rj0

(Z0)

ζp−1|DZu2|p−1|u2 − λ|

≤ 1

2p+2

ˆ
B2rj0

ζp|DZu2|p + c(p) r−p
j0

ˆ
B2rj0

(Z0)

|u2 − λ|.

Therefore, we have the following Caccioppoli inequality

ˆ
Brj0

(Z0)

|DZu2|p ≤ c(p) r−p
j0

ˆ
B2rj0

(Z0)

|u2 − λ|p, (4.2.44)

where λ is an arbitrary constant and c(p) is a positive constant depending only on

p. Since 2rj0 ≤ c5(ε+ |x′0|2)
1
2 ≤ 1

4
(ε+ |x′0|2)

1
2 ≤ 1/2, by choosing λ = (u2)B2rj0

(Z0) in

(4.2.44), and using (4.2.42), we obtain the pointwise blow-up estimate

|Du(x0)| ≤ C(ε+ |x′0|2)−
1
2 osc
Ωx0,η

u,

where η = 1
4
(ε+ |x′0|2)

1
2 .
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4.3 Improved gradient estimates

In this section, we utilize a similar approach of flattening the boundaries and

extending the equation, as described in [66], to derive an improved gradient estimate

for (4.1.7) in dimensions n ≥ 3. However, in contrast to [66], since our equation is

degenerate, we need to exploit the nondivergence form of the normalized equation.

Consequently, the argument of flattening the boundaries becomes much more intricate,

and unlike in [66], where the De Giorgi-Nash-Moser Harnack inequality is applied,

we use the Krylov-Safonov Harnack inequality for nondivergence form equations.

Furthermore, there are additional first-order terms that require control over the size

of the coefficients.

To prove Theorem 4.1.2, for η > 0, we consider the approximating equation


− div

(
(η + |Duη|2)

p−2
2 Duη

)
= 0 in Ω̃,

∂uη
∂ν

= 0 on ∂Di, i = 1, 2,

uη = φ on ∂Ω.

(4.3.1)

Since ∥uη∥C1,α(Ω1) is bounded independent of η, it suffices to prove (4.1.9) for uη.

Therefore, we will focus on (4.3.1) throughout the rest of this section, and denote

u = uη for simplicity. Note that u satisfies the normalized p-Laplace equation

aijDiju = 0 in Ω1,

where

aij = δij + (p− 2)(η + |Du|2)−1DiuDju (4.3.2)
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satisfies

(p− 1)|ξ|2 ≤ aijξiξj ≤ |ξ|2, ∀ξ ∈ Rn when 1 < p < 2,

|ξ|2 ≤ aijξiξj ≤ (p− 1)|ξ|2, ∀ξ ∈ Rn when p ≥ 2. (4.3.3)

For a small r0 independent of ε, we only need to show (4.1.9) in Ωr0 , as |Du| is

bounded in Ω1/2 \ Ωr0 independent of ε. For any x ∈ Ωr0 , we estimate |Du(x)| as

follows: First we consider the equation in Ω2r \ Ωr/4 for r ∈ (
√
ε, r0], we perform a

suitable change of variables that maps the domain to a flat “annular cylinder”. After

the change of variables, u will satisfy a second-order uniformly elliptic equation in

non-divergence form, and the Neumann boundary condition on the upper and lower

boundaries of the domain. Then we obtain a Harnack inequality through the Krylov-

Safonov theorem. Together with the maximum principle, this gives the oscillation

of u in Ωr for r ∈ (
√
ε, r0] with a decay rate r2β for some positive ε-independent β.

Then the desired estimate on |Du(x)| follows from the decay rate of osc2(ε+|x′|2)1/2 u

and Theorem 4.1.1.

Let r ∈ (
√
ε, r0], where r0 is an ε-independent constant to be determined later. We

define

h̃i(x
′) :=


hi(x

′) when |x′| ≤ 2r0,

0 when |x′| > 2r0

for i = 1, 2. We denote

Qs,t := {y = (y′, yn) ∈ Rn
∣∣ |y′| < s, |yn| < t},
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and for y ∈ Q2r,r2 \Qr/4,r2 , we define the map x = Φ(y) by


x′ = y′ − g(y),

xn =
1

2

[yn
r2

(ε+ h̃1(y
′)− h̃2(y

′)) + h̃1(y
′) + h̃2(y

′)
]
,

(4.3.4)

where

g(y) = (yn − r2)(yn + r2)(Θyn + Ξ), (4.3.5)
Θ =

1

8r6
[ε+ h̃1(y

′)− h̃2(y
′)]Dy′ [h̃

µ
1(y

′) + h̃µ2(y
′)],

Ξ =
1

8r4
[ε+ h̃1(y

′)− h̃2(y
′)]Dy′ [h̃

µ
1(y

′)− h̃µ2(y
′)],

h̃µi is a mollification of h̃i given by

h̃µi (y
′) :=

ˆ
Rn−1

h̃i(y
′ − µz′)φ(z′) dz′, (4.3.6)

φ is a positive smooth function with unit integral supported in B1 ⊂ Rn−1, and

µ =
r4 − y2n

r
≥ 0.

Here we briefly explain the motivation for defining the map Φ as above: to ensure

that y′ = x′ on {yn = ±r2}, which is g
∣∣
yn=±r2

= 0, we setup the ansatz (4.3.5) for

g. Next, we want the function v(y) := u(Φ(y)) to satisfy the Neumann boundary

condition on {yn = ±r2}, which leads to (see details in Lemma 4.3.1)


(
−Dyng,

1

2r2
(ε+ h̃1(y

′)− h̃2(y
′))
)
∥ (−Dx′h̃1, 1) on {yn = r2},(

−Dyng,
1

2r2
(ε+ h̃1(y

′)− h̃2(y
′))
)
∥ (−Dx′h̃2, 1) on {yn = −r2}.
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Using the ansatz (4.3.5) and solving for Θ and Ξ, we have


Θ =

1

8r6
[ε+ h̃1(y

′)− h̃2(y
′)]Dy′ [h̃1(y

′) + h̃2(y
′)],

Ξ =
1

8r4
[ε+ h̃1(y

′)− h̃2(y
′)]Dy′ [h̃1(y

′)− h̃2(y
′)].

Note that the equation of v involves second-order derivatives of Φ, and hence involves

third-order derivatives of h̃1 and h̃2. However, h̃1 and h̃2 are only C
1,1, so we introduce

the mollification (4.3.6) to overcome the lack of regularities. Here µ is chosen so that

h̃µi = h̃i on {yn = ±r2}, and the coefficients of the equation of v have the desired

estimates.

Throughout this section, unless specify otherwise, we use C to denote positive

constants that could be different from line to line, and depend only on n, p, c1, and

c2, where c1 and c2 are defined in (4.1.4) and (4.1.5), respectively.

Lemma 4.3.1. There exists an r0 > 0 independent of ε, such that when r ∈ (
√
ε, r0]

and Φ is given as (4.3.4), then:

(a) There exists a positive constant C independent of ε and r, such that

I

C
≤ DΦ(y) ≤ CI, y ∈ Q2r,r2 \Qr/4,r2 ,

and hence Φ is invertible.

(b)

Q1.9r,r2 \Q0.35r,r2 ⊂ Φ−1(Ω2r \ Ωr/4),

and

Ωr \ Ωr/2 ⊂ Φ(Q1.1r,r2 \Q0.4r,r2).
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(c) Let u ∈ W 1,p(Ω2r \ Ωr/4) be a solution of


− div

(
(η + |Du|2)

p−2
2 Du

)
= 0 in Ω2r \ Ωr/4,

∂u

∂ν
= 0 on (Γ+ ∪ Γ−) ∩ Ω2r \ Ωr/4

(4.3.7)

for some η > 0, and v(y) = u(Φ(y)). Then v satisfies an elliptic equation


ãijDijv(y) + b̃iDiv(y) = 0 in Q1.9r,r2 \Q0.35r,r2 ,

∂v

∂ν
(y) = 0 on {yn = ±r2},

(4.3.8)

with

I

C
≤ ã ≤ CI, |b̃| ≤ C

r
.

Proof. By (4.1.3), we have

|Dk
y′h̃i(y

′)| ≤ Cr2−k, |Dk
y′h̃

µ
i (y

′)| ≤ Cr2−k for i = 1, 2 and k = 0, 1, 2. (4.3.9)

Therefore, when y ∈ Q2r,r2 \Qr/4,r2 ,

|Dy′x
′ − I(n−1)×(n−1)| = |Dy′g(y)| ≤ Cr2.

Dynx
′ =−Dyng(y)

=− 2yn(Θyn + Ξ)− (y2n − r4)[(DynΘ)yn +Θ+DynΞ],

and

|Θ| ≤ Cr−3, |Ξ| ≤ Cr−1.
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By (4.3.6), we have for y ∈ Q2r,r2 \Qr/4,r2 ,

|DynDy′h̃
µ
i (y

′)| =
∣∣∣∣− ∂µ

∂yn

ˆ
Rn−1

D2
y′h̃i(y

′ − µz′)z′φ(z′) dz′
∣∣∣∣

=

∣∣∣∣2ynr
ˆ
Rn−1

D2
y′h̃i(y

′ − µz′)z′φ(z′) dz′
∣∣∣∣ ≤ Cr for i = 1, 2.

Therefore,

|DynΘ| ≤ Cr−3, |DynΞ| ≤ Cr−1,

and hence

|Dynx
′| ≤|2yn(Θyn + Ξ)|+ |(y2n − r4)[(DynΘ)yn +Θ+DynΞ]|

≤Cr + Cr4[r−1 + r−3 + r−1] ≤ Cr.

By (4.3.9),

|Dy′xn| =
1

2

∣∣∣yn
r2

(Dy′h̃1(y
′)−Dy′h̃2(y

′)) +Dy′h̃1(y
′) +Dy′h̃2(y

′)
∣∣∣ ≤ Cr.

And lastly,

Dynxn =
1

2r2
(ε+ h̃1(y

′)− h̃2(y
′)).

By (4.1.4),

1

C
≤ Dynxn ≤ C.

Then (a) follows by shrinking r0 to be sufficiently small.

Since g(y) = 0 when y = ±r2, Φ maps the upper and lower boundaries of

Q2r,r2 \Qr/4,r2 onto the upper and lower boundaries of Ω2r \ Ωr/4, respectively. Then

(b) simply follows from the fact that |g(y)| ≤ Cr3, and we can shrink r0 so that

|g(y)| ≤ r/10.
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To verify (c), note that u is smooth from the classical elliptic theory. We compute

by the chain rule,

Dxk
u(x) =Dyiv(y)Dxk

yi,

Dxkxl
u(x) =DyiDyjv(y)Dxk

yiDxl
yj +Dyiv(y)Dxkxl

yi.

Recall that u(x) satisfies the equation

aklDxkxl
u(x) = 0,

where the matrix a is given by (4.3.2). If we define

ãij := aklDxk
yiDxl

yj, b̃i := aklDxkxl
yi,

then v(y) satisfies

ãijDijv(y) + b̃iDiv(y) = 0.

Next, we show that v satisfies the Neumann boundary condition on {yn = ±r2}. We

will show the boundary condition on {yn = r2}, as the one on {yn = −r2} follows

similarly. By the chain rule,

Dyv(y) · en = Dxu(x) ·DyΦen,

where en := (0, . . . , 0, 1). Therefore, it suffices to show that

DyΦen =
(
−Dyng,

1

2r2
(ε+ h̃1(y

′)− h̃2(y
′))
)
∥ (−Dx′h̃1, 1) on {yn = r2}. (4.3.10)
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Note that when yn = r2, we have g(y) = 0, y′ = x′, µ = 0, and h̃µ1 = h̃1. Therefore,

Dyng =(yn + r2)(Θyn + Ξ)
∣∣∣
yn=r2

=
1

2r2
(ε+ h̃1(y

′)− h̃2(y
′))Dy′h̃

µ
1(y

′)

=
1

2r2
(ε+ h̃1(y

′)− h̃2(y
′))Dx′h̃1(x

′).

This implies (4.3.10).

Finally, we show that the coefficients ã and b̃ satisfy the desired estimates. From

part (a), we know that

I

C
≤ Dxy = DxΦ

−1(x) ≤ CI,

which together with (4.3.3) implies that

I

C
≤ ã ≤ CI.

To estimate b̃, we differentiate ∂yi/∂xk · ∂xk/∂yj = δij in xl. Note that by chain rule,

we have

∂2yi
∂xk∂xl

∂xk
∂yj

+
∂yi
∂xk

∂ym
∂xl

∂2xk
∂yj∂ym

= 0.

Since I/C ≤ Dxy ≤ CI and I/C ≤ Dyx ≤ CI, it suffices to estimate D2
yx, which is

D2
yΦ(y). It is easy to see that ∣∣∣∣∂2xn∂y2

∣∣∣∣ ≤ C

r
.

To estimate ∂2x′/∂y2, the key terms are

D3
y′h̃

µ
i (y

′), DynD
2
y′h̃

µ
i (y

′), D2
ynDy′h̃

µ
i (y

′), i = 1, 2.
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By (4.3.6) and integration by parts, we have

Dy′h̃
µ
i (y

′) =

ˆ
Rn−1

Dy′h̃i(y
′ − µz′)φ(z′) dz′

=− 1

µ

ˆ
Rn−1

Dz′h̃i(y
′ − µz′)φ(z′) dz′

=
1

µ

ˆ
Rn−1

h̃i(y
′ − µz′)Dz′φ(z

′) dz′.

Then

|D3
y′h̃

µ
i (y

′)| ≤ C∥hi∥C1,1

µ
≤ Cr

r4 − y2n
.

Similarly,

Dynh̃
µ
i (y

′) =
2yn
r

ˆ
Rn−1

Dy′h̃i(y
′ − µz′) · z′φ(z′) dz′

=
2yn
µr

ˆ
Rn−1

h̃i(y
′ − µz′)Dz′ · (z′φ(z′)) dz′, (4.3.11)

so

|DynD
2
y′h̃

µ
i (y

′)| =
∣∣∣∣2ynµr

ˆ
Rn−1

D2
y′h̃i(y

′ − µz′)Dz′ · (z′φ(z′)) dz′
∣∣∣∣ ≤ Cr2

r4 − y2n
.

Differentiating the first line of (4.3.11) in yn, we have

D2
ynh̃

µ
i (y

′) =
2

r

ˆ
Rn−1

n−1∑
k=1

Dyk h̃i(y
′ − µz′)zkφ(z

′) dz′

+
4y2n
r2

ˆ
Rn−1

n−1∑
k,l=1

Dykylh̃i(y
′ − µz′)zkzlφ(z

′) dz′

=
2

r

ˆ
Rn−1

n−1∑
k=1

Dyk h̃i(y
′ − µz′)zkφ(z

′) dz′

+
4y2n
µr2

ˆ
Rn−1

n−1∑
k,l=1

Dylh̃i(y
′ − µz′)Dzk

(
zkzlφ(z

′)
)
dz′.
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Therefore,

|D2
ynDy′h̃

µ
i (y

′)| ≤2

r

ˆ
Rn−1

|D2
y′h̃i(y

′ − µz′)||z′φ(z′)| dz′

+
4y2n
µr2

ˆ
Rn−1

|D2
y′h̃i(y

′ − µz′)||Dz′(z
′ ⊗ z′φ(z′))| dz′

≤ Cr3

r4 − y2n
.

By these estimates above and straightforward computations, we have

|D2
yΦ(y)| ≤ Cr−1,

which implies |b̃| ≤ Cr−1.

Lemma 4.3.2. Let r0 be as in Lemma 4.3.1, and let r ∈ (
√
ε, r0]. If u ∈ W 1,p(Ω2r \

Ωr/4) is a nonnegative solution of (4.3.7) for some η > 0, then,

sup
Ωr\Ωr/2

u ≤ C inf
Ωr\Ωr/2

u, (4.3.12)

for some constant C > 0 depending only on n, p, c1, and c2, but independent of ε, η,

r, and u.

Proof. We take the change of variable y = Φ−1(x), where Φ is given as (4.3.4). Let

v(y) = u(x). By Lemma 4.3.1 (c), v satisfies the equation (4.3.8).

For i, j = 1, 2, . . . , n − 1, we take the even extension of ãij, ãnn, b̃i, and v with

respect to yn = r2, and take odd extension of ãin, ãni, and b̃n with respect to yn = r2.

Then we take the periodic extension (so that the period is equal to 4r2). We still

denote them by ã, b̃, and v after the extension. Then v satisfies

ãijDijv(y) + b̃iDiv(y) = 0 in Q1.9r,2r \Q0.35r,2r.
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Setting āij(y) = ãij(ry), b̄i(y) = rb̃i(ry), and v̄(y) = v(ry), we see that v̄ satisfies

āijDij v̄(y) + b̄iDiv̄(y) = 0 in Q1.9,2 \Q0.35,2,

with

I

C
≤ ā ≤ CI, |b̄| ≤ C.

Since Q1.9,2 \ Q0.35,2 is connected when n ≥ 3, by the Krylov-Safonov theorem (see

Section 4.2 of [52]), we have

sup
Q1.1,1\Q0.4,1

v̄ ≤ C inf
Q1.1,1\Q0.4,1

v̄.

This implies

sup
Q1.1r,r2\Q0.4r,r2

v ≤ C inf
Q1.1r,r2\Q0.4r,r2

v.

Finally, (4.3.12) follows by reverting the changes of variables and Lemma 4.3.1 (b).

The following estimate on the oscillation of u is a direct consequence of Lemma

4.3.2.

Corollary 4.3.3. For n ≥ 3, let u ∈ W 1,p(Ω1) be a solution of (4.3.1) for some η > 0.

Then there exist positive constants C and β, depending only on n, p, c1, and c2, such

that

osc
Ωr

u ≤ Crβosc
Ω1

u, ∀ r ∈ (
√
ε, 1/2). (4.3.13)

Proof. It suffices to prove (4.3.13) for r ∈ (
√
ε, r0], where r0 is the same as in Lemma

4.3.1. Let
√
ε < r ≤ r0 and v = u− infΩ2r u. Then v ≥ 0 in Ω2r. By Lemma 4.3.2, we

have

sup
Ωr\Ωr/2

v ≤ C1 inf
Ωr\Ωr/2

v,
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where C1 > 1 is a constant independent of r. Since v satisfies equation (4.1.7), by the

maximum principle,

sup
Ωr\Ωr/2

v = sup
Ωr

v, inf
Ωr\Ωr/2

v = inf
Ωr

v.

Therefore,

sup
Ωr

v ≤ C1 inf
Ωr

v,

which implies

sup
Ωr

u ≤ C1 inf
Ωr

u− (C1 − 1) inf
Ω2r

u.

Adding the above inequality with

(C1 − 1) sup
Ωr

u ≤ (C1 − 1) sup
Ω2r

u,

and dividing both sides by C1, we have

osc
Ωr

u ≤ C1 − 1

C1

osc
Ω2r

u.

Finally, (4.3.13) follows from iterating the inequality above.

Now we are ready to prove Theorem 4.1.2.

Proof of Theorem 4.1.2. It suffices to show (4.1.9) for x ∈ Ω1/8 and ε ∈ (0, 1/32). By

Corollary 4.3.3, there exist positive constants C and β, depending only on n, p, c1,

and c2, such that

osc
Ω8η

u ≤ C(ε+ |x′|2)βosc
Ω1

u,
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where η = 1
4
(ε+ |x′|2) 1

2 . Then by Theorem 4.1.1, we have

|Du(x)| ≤C(ε+ |x′|2)−
1
2 osc
Ωx,η

u

≤C(ε+ |x′|2)−
1
2osc
Ω8η

u

≤C(ε+ |x′|2)−
1
2
+βosc

Ω1

u.

The theorem is proved.

4.4 The p > n + 1 case

In this section, we establish a more explicit gradient estimate for the equation (4.1.7)

when p > n+ 1, with a blow-up rate of order ε−α for any α > n
2(p−1)

. Throughout this

section, in addition to (4.1.3) and (4.1.4), we need to further assume that h1 and h2

are C2 strictly convex and strictly concave functions respectively, satisfying (4.1.10).

Let ν denote the normal vector on Γ±, pointing upwards and downwards respectively.

To obtain the improved gradient estimate, in the following lemma, we construct a

supersolution to show that the oscillation of u enjoys a better decay rate. Then the

desired gradient estimate (4.1.11)follows by using Theorem 4.1.1.

Lemma 4.4.1. Let n ≥ 2, p > n + 1, Γ+,Γ−, h1, h2 be as above. For any δ ∈

(0, p− n− 1), let v(x) = (|x′|2 + (2 + δ)x2n)
γ/2. Then for any γ ∈ (0, p−n−1−δ

p−1
), there

exists a constant µ ∈ (0, 1/2) depending only on n, p, δ, γ, κ1, κ2, and the modulus of

continuity for D2h1(x
′) and D2h2(x

′) at x′ = 0, such that for any ε ∈ (0, µ2/κ2),


− div(|Dv|p−2Dv) > 0 in Ωµ/κ2 \ Ωε/µ,

∂v

∂ν
> 0 on (Γ+ ∪ Γ−) ∩ Ωµ/κ2 .

Proof. We denote R(x) = (|x′|2 + (2 + δ)x2n)
1/2, so that v(x) = R(x)γ. Using Taylor
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expansion up to order 2, from (4.1.3) we know that for any |x′| < 1.

h1(x
′) =

〈 ˆ 1

0

(1− t)D2h1(tx
′)dt · x′, x′

〉
,

h2(x
′) =

〈 ˆ 1

0

(1− t)D2h2(tx
′)dt · x′, x′

〉
.

(4.4.1)

By (4.4.1) and (4.1.10), we have

κ1
2
|x′|2 ≤ h1(x

′) ≤ κ2
2
|x′|2, κ1

2
|x′|2 ≤ h2(x

′) ≤ κ2
2
|x′|2 for |x′| < 1. (4.4.2)

We also note that for any |x′| < 1,

〈
Dh1(x

′), x′
〉
=
〈 ˆ 1

0

d

dt
Dh1(tx

′)dt, x′
〉
=
〈 ˆ 1

0

D2h1(tx
′)dt · x′, x′

〉
, (4.4.3)

and similarly

〈
Dh2(x

′), x′
〉
=
〈 ˆ 1

0

D2h2(tx
′)dt · x′, x′

〉
.

Since h1 and h2 are C2, for any δ ∈ (0, p − n − 1), there is a sufficiently small

r0 ∈ (0, 1/2) depending only on n, δ, κ1, and the modulus of continuity for D2h1(x
′)

and D2h2(x
′) at x′ = 0, such that

|D2h1(x
′)−D2h1(0)| ≤

κ1δ

8 + 2δ
, |D2h2(x

′)−D2h2(0)| ≤
κ1δ

8 + 2δ
for |x′| ≤ r0.

(4.4.4)
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Thus by (4.4.1), (4.4.3), (4.4.4), (4.1.10), and the triangle inequality, we obtain

(2 + δ)h1(x
′)−

〈
Dh1(x

′), x′
〉

=
〈 ˆ 1

0

(2 + δ)(1− t)D2h1(tx
′)dt · x′, x′

〉
−
〈 ˆ 1

0

D2h1(tx
′)dt · x′, x′

〉
≥
〈 ˆ 1

0

(2 + δ)(1− t)D2h1(0)dt · x′, x′
〉
− 2 + δ

2

κ1δ

8 + 2δ
|x′|2

−
〈 ˆ 1

0

D2h1(0)dt · x′, x′
〉
− κ1δ

8 + 2δ
|x′|2

=
δ

2
⟨D2h1(0) · x′, x′⟩ −

κ1δ

4
|x′|2 ≥ κ1δ

4
|x′|2 ≥ 0.

(4.4.5)

By direct computations, we have

Dv = γRγ−2(x′, (2 + δ)xn),

Diiv = γRγ−2 + γ(γ − 2)Rγ−4x2i , for i ∈ {1, 2, . . . , n− 1},

Dijv = γ(γ − 2)Rγ−4xixj, for i ̸= j, i, j ∈ {1, 2, . . . , n− 1},

Dinv = γ(γ − 2)Rγ−4(2 + δ)xixn, for i ∈ {1, 2, . . . , n− 1},

Dnnv = γRγ−2(2 + δ) + γ(γ − 2)Rγ−4(2 + δ)2x2n.

On Γ+ ∩ Ωr0 ,

ν =
1√

1 + |Dh1(x′)|2
(−Dh1(x′), 1).

Then by (4.4.5),

∂v

∂ν
=

γRγ−2√
1 + (Dh1(x′))2

[
− ⟨Dh1(x′), x′⟩+ (2 + δ)(

ε

2
+ h1(x

′))
]

≥ γRγ−2√
1 + (Dh1(x′))2

[κ1δ
4

|x′|2 + (1 +
δ

2
)ε
]
> 0.

A similar computation shows that ∂v
∂ν
> 0 on Γ− ∩ Ωr0 .
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Next, we compute in Ω1 \ {0},

div(|Dv|p−2Dv)|Dv|4−p = |Dv|2∆v + (p− 2)DivDjvDijv

= γ2R2γ−4
(
|x′|2 + (2 + δ)2x2n

)(
(n+ 1 + δ)γRγ−2

+ γ(γ − 2)Rγ−4(|x′|2 + (2 + δ)2x2n)
)

+ (p− 2)γ2R2γ−4|x′|2
(
γRγ−2 + γ(γ − 2)Rγ−4|x′|2

)
+ 2(p− 2)(2 + δ)2γ2R2γ−4γ(γ − 2)Rγ−4|x′|2x2n

+ (p− 2)γ2R2γ−4(2 + δ)2x2n

(
γRγ−2(2 + δ) + γ(γ − 2)Rγ−4(2 + δ)2x2n

)
= γ3R3γ−8

{
|x′|4

[
n+ δ + (p− 1)(γ − 1)

]
+ |x′|2x2n

[
(2 + δ)(n+ δ + p− 1)

+ (2 + δ)2(n+ 1 + δ + (p− 2)(2 + δ) + 2(γ − 2)(p− 1))
]

+ x4n
[
(2 + δ)3(n+ 1 + δ + (p− 2)(2 + δ) + (γ − 2)(p− 1)(2 + δ))

]}
.

Thus div(|Dv|p−2Dv)|Dv|4−pγ−3R8−3γ is a 4th order homogeneous polynomial of |x′|

and xn. Since γ ∈ (0, p−n−1−δ
p−1

), we have

n+ δ + (p− 1)(γ − 1) < 0.

Therefore there exists a sufficiently small µ0 ∈ (0, 1/2) depending only on n, p, γ, and

δ, such that if |xn| ≤ µ0|x′| and x ̸= 0, we have

div(|Dv|p−2Dv) > 0.

We then take µ = min{µ0, κ2r0}, so that µ/κ2 ≤ r0 and thus ∂v
∂ν
> 0 on (Γ+ ∪ Γ−) ∩

Ωµ/κ2 . Note that when x ∈ Ωµ/κ2 \ Ωε/µ, by (4.4.2) we have

|xn| ≤
ε

2
+
κ2
2
|x′|2 ≤ µ|x′| ≤ µ0|x′|.
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This concludes the proof.

Proof of Theorem 4.1.3. It suffices to show (4.1.11) for δ ∈ (0, (p − n − 1)/2), x ∈

Ωµ/2κ2 , and ε ∈ (0, µ2/(κ2 + κ22)), where µ ∈ (0, 1/2) is defined in Lemma 4.4.1 with

γ = p−1−n−2δ
p−1

∈ (0, 1). Without loss of generality, we may assume that u(0) = 0 and

oscΩ1u = 1. By Theorem 4.1.1,

|u(x))| ≤ C
√
ε for x ∈ Ωε/µ. (4.4.6)

Let v be the function defined in Lemma 4.4.1 with γ = p−1−n−2δ
p−1

and v1 = v +
√
ε.

Note that u ≤ Cv1 and −u ≤ Cv1 on ({|x′| = ε/µ} ∪ {|x′| = µ/κ2}) ∩ Ω1 for some ε-

independent constant C. By the comparison principle, we have |u| ≤ Cv in Ωµ/κ2 \Ωε/µ.

In particular, we have

|u(x)| ≤ C(ε2 + |x′|2)
p−1−n−2δ

2(p−1) + Cε1/2 for x ∈ Ωµ/κ2 \ Ωε/µ. (4.4.7)

Since p−1−n−2δ
2(p−1)

∈ (0, 1/2), by combining (4.4.6) and (4.4.7), we obtain

|u(x)| ≤ C(ε+ |x′|2)
p−1−n−2δ

2(p−1) for x ∈ Ωµ/κ2 .

This implies that for any x ∈ Ωµ/2κ2 and ε ∈ (0, µ2/(κ2 + κ22)),

osc
Ωx,η

u ≤ C(ε+ |x′|2)
p−1−n−2δ

2(p−1) , (4.4.8)

where η = 1
4
(ε+ |x′|2)1/2, and C is a constant depending only on n, p, δ, κ1, κ2, and

the modulus of continuity for D2h1(x
′) and D2h2(x

′) at x′ = 0. Then (4.1.11) follows

from (4.4.8) and Theorem 4.1.1.
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4.5 A two dimensional example

In this section, we provide an example showing that the estimates (4.1.8) and

(4.1.11) are close to optimal in 2D. In the following and throughout this section, we

set our domain Ω = B5 ⊂ R2, D1 and D2 to be the unit balls centered at (0, 1 + ε/2)

and (0,−1− ε/2), respectively. That is,

Γ+ =

{
x2 =

ε

2
+ 1−

√
1− x21

}
, Γ− =

{
x2 = −ε

2
− 1 +

√
1− x21

}
, x1 ∈ (−1, 1).

(4.5.1)

Lemma 4.5.1. Let n = 2 and Γ+,Γ− be as (4.5.1). For any δ ∈ (0, 1/2), ε ∈ (0, δ/10),

and γ > max{p−3+δ
p−1

, 0}, there exists a constant r0 ∈ (0, 1/2) depending only on p and

δ, such that the function

w(x) :=
[(
x21 + (2− δ)x22

) γ
2 − (4

√
ε/δ)γ

]
+

satisfies 
− div(|Dw|p−2Dw) ≤ 0 in Ωr0 ,

∂w

∂ν
≤ 0 on (Γ+ ∪ Γ−) ∩ Ωr0 .

(4.5.2)

Proof. We denote R = R(x) =
(
x21 + (2− δ)x22

) 1
2
and v(x) = R(x)γ. Then

Dv = γRγ−2(x1, (2− δ)x2).

On Γ+, the upward normal vector ν = (−x1, 1 + ε/2− x2). Therefore,

∂v

∂ν
=γRγ−2

[
− x21 + (2− δ)x2

(
1 +

ε

2
− x2

)]
=γRγ−2

[(
x2 − 1− ε

2

)2
− 1 + (2− δ)x2

(
1 +

ε

2
− x2

)]
=γRγ−2

[
− (1− δ)x22 − δx2

(
1 +

ε

2

)
+ ε+

ε2

4

]
.
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One can see that ∂v/∂ν < 0 if x2 > ε/δ. Since x2 =
ε
2
+ 1−

√
1− x21, |x1| > 2

√
ε/δ

implies x2 > ε/δ. Note that w = 0 on Γ+ when |x1| ≤ 2
√
ε/δ, therefore ∂w/∂ν ≤ 0

on Γ+. The fact that ∂w/∂ν ≤ 0 on Γ− follows from a similar argument.

Next, following a similar computation as Lemma 4.4.1, we have in the region

{x21 + (2− δ)x22 > 16ε/δ} ∩ Ω1,

div(|Dw|p−2Dw)|Dw|4−p

= γ2R2γ−4
(
x21 + (2− δ)2x22

)(
(3− δ)γRγ−2 + γ(γ − 2)Rγ−4(x21 + (2− δ)2x22)

)
+ (p− 2)γ2R2γ−4x21

(
γRγ−2 + γ(γ − 2)Rγ−4x21

)
+ (p− 2)γ2R2γ−4(2− δ)2x22

(
(2− δ)γRγ−2 + (2− δ)2γ(γ − 2)Rγ−4x22

)
+ 2(2 + δ)2(p− 2)γ2R2γ−4γ(γ − 2)Rγ−4x21x

2
2.

Note that in {x21 + (2− δ)x22 > 16ε/δ} ∩ Ω1, |x1| > 2
√
ε/δ. Therefore,

|x2| ≤
ε

2
+ 1−

√
1− x21 ≤

δ

8
x21 + 1−

√
1− x21 ≤

(δ
8
+ 1
)
x21,

and thus

R2 − (2− δ)
(δ
8
+ 1
)2
R4 ≤ x21 ≤ R2.

Hence for small R > 0, the leading term of div(|Dw|p−2Dw)|Dw|4−p is given by

γ2R2γ−2
(
(3− δ)γ + γ(γ − 2)

)
Rγ−2 + (p− 2)γ2R2γ−2γ(γ − 1)Rγ−2.

If we set

(3− δ) + (γ − 2) + (p− 2)(γ − 1) > 0 and γ > 0,

which implies

γ > max
{p− 3 + δ

p− 1
, 0
}
,
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then there exists a sufficient small r0 ∈ (0, 1/2), depending only on p and δ, such that

div(|Dw|p−2Dw) ≥ 0 in Ωr0 .

Proof of Theorem 4.1.4. We only need to prove the theorem for any δ ∈ (0, 1/2) and

ε ∈ (0, r20δ/64), where r0 is the constant stated in Lemma 4.5.1. By symmetry and the

maximum principle, we have u(0, x2) = 0 for |x2| < ε/2 and u(x) > 0 when x1 > 0.

Next, we use interior Harnack inequality to show that there exists a positive constant

C0 depending only on p and δ such that u ≥ C0 on Ω̃∩ {x1 = r0}. Since u(x) = x1 on

∂B5, by (4.1.6), there exists r1 ∈ (4, 5) such that u(r1, 0) ≥ 4 and 5−r1 is bounded from

below by a positive constant depending only on p. Let µ = min{r20/10, (5− r1)/10}

and N = ⌊ r1−r0
µ

⌋. We then define a chain of balls Bk = Bµ(pk), where k = 0, 1, . . . , N

and pk = (r0 + kµ, 0). Since B2µ(pk) ⊂ Ω̃ ∩ {x1 > 0}, by the Harnack inequality (see

e.g. [84]), there exists a constant C ′
0 > 0 depending only on p, such that

max
Bk

u ≤ C ′
0min

Bk

u

holds for any k = 0, 1, . . . , N . Since (r1, 0) ∈ BN , by iteration, we have

u(r0, 0) ≥ (C ′
0)

−N−1u(r1, 0) ≥ 4(C ′
0)

−N−1. (4.5.3)

Now we set x0 = (r0, 0) and perform the flattening and extension of u to u2 in

C1/2 = {(Z1,Z2) ∈ R2 : |Z1| < 1/2} as in Section 4.2.3. Since u2 is a nonnegative

solution to (4.2.23) when x1 > 0, by the Harnack inequality and a similar iteration

argument as above, we obtain that

u2(0,Z2) ≥ C ′′
0u2(0, 0) (4.5.4)

holds for any Z2 ∈
(
− 1 +

√
1− r20 − ε/2, 1 −

√
1− r20 + ε/2

)
, where C ′′

0 > 0 is a
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constant depending only on p and δ. In the original coordinate, (4.5.4) directly implies

that

u(x) ≥ C ′′
0u(r0, 0) (4.5.5)

for any x ∈ Ω̃ ∩ {x1 = r0}. Combining (4.5.3) and (4.5.5), we get

u ≥ C0 on Ω̃ ∩ {x1 = r0},

where C0 = 4C ′′
0 (C

′
0)

−N−1 is a positive constant depending only on p and δ.

Let w be the function defined in Lemma 4.5.1 with

γ =


δ when 1 < p ≤ 3,

p− 3 + 2δ

p− 1
when p > 3.

By the comparison principle, there exists a positive constant C depending only on p

and δ, such that u ≥ 1
C
w in Ωr0 ∩ {x1 > 0}. In particular, since 8

√
ε/δ < r0, we have

u(8
√
ε/δ, 0) ≥ 1

C
ε

γ
2 .

The desired lower bounds on Du follow from the mean value theorem since u(0) =

0.

Remark 4.5.2. When ε = 0 and p > 5, it can be shown that w(x) := (x21 + 2x22)
γ/2

is also a subsolution satisfying (4.5.2) for γ = (p − 3)/(p − 1) and some absolute

constant r0 ∈ (0, 1). Therefore, a similar argument as in the proof of Theorem 4.1.4

gives u(x1, 0) ≥ c0 x
(p−3)/(p−1)
1 for some constant c0 = c0(p) > 0 and any x1 ∈ (0, r0).
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Thus, for any r ∈ (0, 1), there exists x1 ∈ (0, r) such that

D1u(x1, 0) ≥ c x
−2/(p−1)
1 ,

where c > 0 is a constant depending only on p.

4.6 Bernstein type argument

In this section, we adapt the Bernstein type argument used in [88] (see also [20]

and [21]) to prove improved gradient estimates for (4.1.7) in high dimensions. As

mentioned before, our proof also relies on the fact that for any q ≥ p, |Du|q is a

subsolution to the normalized p-Laplace equation, which was originally observed by

Uhlenbeck [85]. In addition to (4.1.3) and (4.1.4), we need to further assume that h1

and h2 are C2,Dini (so that u is C2 at the points where Du ≠ 0, see [30, Theorem 2.4]),

strictly convex and strictly concave respectively, satisfying (4.1.10).

Let ν denote the normal vector on Γ±, pointing upwards and downwards respectively.

We have the following lemma.

Lemma 4.6.1. Let Γ+,Γ−, h1, h2 be as above, s ≥ 2. If u is twice differentiable and

Dνu = 0 on Γ+ ∪ Γ−, then at any point x0 ∈ Γ+ ∪ Γ−,

sκ1|Du(x0)|s ≤ Dν |Du(x0)|s ≤ sκ2|Du(x0)|s. (4.6.1)

Proof. We only prove (4.6.1) at x0 ∈ Γ+. By a rotation, we may assume that x′0 = 0

and Dx′h1(x
′
0) = 0. The normal vector ν on Γ+ is given by

ν =
1√

1 + |Dx′h1|2
(−D1h1, · · · ,−Dn−1h1, 1). (4.6.2)
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Then Dνu = 0 is equivalent to

n−1∑
j=1

DjuDjh1 −Dnu = 0.

Applying Di to the equation above for i = 1, . . . , n− 1, we have at x0,

n−1∑
j=1

DjuDijh1 −Dinu = 0. (4.6.3)

By direct computation, at x0,

Dν |Du|s = s|Du|s−2

n∑
i=1

DiuDinu

= s|Du|s−2

n−1∑
i=1

n−1∑
j=1

DiuDjuDijh1,

where in the second line, we used (4.6.3) and Dnu(x0) = 0. Then (4.6.1) follows from

(4.1.10).

Proof of Theorem 4.1.5. For convenience, we let γ = 2β ∈ [0, 1).

Case 1: For p ≥ 2, we consider the quantity

F = Q
p−pγ

2 |Du|p,

where

Q =
ε

κ1
+ |x′|2 − 5κ2

2(1− γ)κ1
x2n. (4.6.4)

We will show by contradiction that F does not achieve its maximum on (Γ+∪Γ−)∩Ωr0

or in Ωr0 for some suitable r0 which is independent of ε. Therefore, F can only achieve

maximum on

{|x′| = r0} ∩ Ω1,
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and (4.1.14) follows.

If F q/2 achieves it maximum at a point x0, we may assume that Du(x0) ̸= 0. First

we show that x0 ̸∈ Γ+ ∩ Ωr0 . A similar argument applies to Γ− ∩ Ωr0 . On Γ+, the

normal vector ν is given by (4.6.2). At x0, by (4.6.1) with s = p,

DνF =
p− pγ

2
Q

p−pγ
2

−1DνQ|Du|p +Q
p−pγ

2 Dν |Du|p

≤− (p− pγ)Q
p−pγ

2
−1√

1 + |Dx′h1|2
[ n−1∑

j=1

Djh1xj +
5κ2

2(1− γ)κ1
(ε/2 + h1)

]
|Du|p

+ pκ2Q
p−pγ

2 |Du|p.

We choose r0 small enough such that

−1√
1 + |Dx′h1|2

≤ −1√
1 + |κ2x′|2

≤ −4

5
for |x′| < r0.

By (4.1.3) and (4.1.10), we have

n−1∑
j=1

Djh1xj ≥ κ1|x′|2 and h1 ≥
1

2
κ1|x′|2.

Therefore,

DνF ≤Q
p−pγ

2
−1|Du|p

(
− 4

5
(p− pγ)

[
κ1|x′|2 +

5κ2
4(1− γ)κ1

(ε+ κ1|x′|2)
]

+ pκ2

( ε
κ1

+ |x′|2 − 5κ2
2(1− γ)κ1

x2n

))
=Q

p−pγ
2

−1|Du|p
(
− 4

5
(p− pγ)κ1|x′|2 −

5pκ22
2(1− γ)κ1

x2n

)
< 0.

Hence F does not achieve its maximum on Γ+ ∩Ωr0 . Next, we will show that x0 ̸∈ Ωr0

by assuming otherwise and showing that aijDijF (x0) > 0, where

aij(x) = δij + (p− 2)|Du|−2DiuDju (4.6.5)
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is symmetric. Note that

|ξ|2 ≤ aijξiξj ≤ (p− 1)|ξ|2, ∀ξ ∈ Rn, (4.6.6)

and if u is a solution of (4.1.7), then aijDiju = 0. Since Du(x0) ̸= 0. By the

continuity of Du, Du ̸= 0 in a neighborhood of x0, and hence aij is well defined in

the neighborhood. By direction computations,

aijDijF

= Q
p−pγ

2 (aijDij|Du|p) + |Du|p(aijDijQ
p−pγ

2 ) + 2aij(Di|Du|p)(DjQ
p−pγ

2 ). (4.6.7)

Next, we estimate the three terms on the right-hand side above. First,

aijDijQ
p−pγ

2

= aij
[p− pγ

2
Q

p−pγ
2

−1DijQ+
p− pγ

2

(p− pγ

2
− 1
)
Q

p−pγ
2

−2DiQDjQ
]
. (4.6.8)

Since aijDiju = 0, applying Dk gives

aijDijku+Dka
ijDiju = 0.

Since

Dka
ij = (p− 2)

[
DikuDju+DiuDjku

|Du|2
− 2

DiuDjuDkluDlu

|Du|4

]
,

we have

aijDijkuDku = −Dka
ijDijuDku

= −2(p− 2)|D|Du||2 + 2(p− 2)|Du|−4|∆∞u|2, (4.6.9)
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where ∆∞u := DiuDjuDiju. By (4.6.5) and (4.6.9), we have

aijDij|Du|p =paij
[
(p− 2)|Du|p−4DikuDkuDjluDlu

+ |Du|p−2DikuDjku+ |Du|p−2DkuDikju
]

=p|Du|p−4
[
(p− 2)|Du|2|D|Du||2 + (p− 2)2|Du|−2|∆∞u|2

+ |Du|2|D2u|2 + (p− 2)|Du|2|D|Du||2 − 2(p− 2)|Du|2|D|Du||2

+ 2(p− 2)|Du|−2|∆∞u|2
]

=p|Du|p−4
[
p(p− 2)|Du|−2|∆∞u|2 + |Du|2|D2u|2

]
. (4.6.10)

Note that at the point x0, for any i = 1, 2, . . . , n,

0 = DiF = (DiQ
p−pγ

2 )|Du|p +Q
p−pγ

2 (Di|Du|p). (4.6.11)

We split the last term on the right-hand side of (4.6.7) into

2p− 1

p
aij(Di|Du|p)(DjQ

p−pγ
2 ) +

1

p
aij(Di|Du|p)(DjQ

p−pγ
2 ).

For the first term on the right-hand side above, we use (4.6.11) to substitute Di|Du|p,
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and for the second term, we substitute DjQ
p−pγ

2 . Then,

2aij(Di|Du|p)(DjQ
p−pγ

2 )

= −2p− 1

p
Q− p−pγ

2 |Du|paij(DiQ
p−pγ

2 )(DjQ
p−pγ

2 )

− 1

p
Q

p−pγ
2 |Du|−paij(Di|Du|p)(Dj|Du|p)

= −2p− 1

p

(p− pγ)2

4
Q

p−pγ
2

−2|Du|paijDiQDjQ

− pQ
p−pγ

2 |Du|p−4aijDikuDkuDjluDlu

= −2p− 1

p

(p− pγ)2

4
Q

p−pγ
2

−2|Du|paijDiQDjQ

− pQ
p−pγ

2 |Du|p−4(|Du|2|D|Du||2 + (p− 2)|Du|−2|∆∞u|2), (4.6.12)

where we used (4.6.5) in the last equality. Therefore, by (4.6.7), (4.6.8), (4.6.10), and

(4.6.12),

aijDijF =pQ
p−pγ

2 |Du|p−4
[
(p− 1)(p− 2)|Du|−2|∆∞u|2 + |Du|2|D2u|2

− |Du|2|D|Du||2
]
+
p− pγ

2
Q

p−pγ
2

−1|Du|paijDijQ

−
[2p− 1

p

(p− pγ)2

4
− p− pγ

2

(p− pγ

2
− 1
)]
Q

p−pγ
2

−2|Du|paijDiQDjQ.

Note that

|Du|2|D|Du||2 ≤ |Du|2|D2u|2.

It remains to show

QaijDijQ >
[2p− 1

p

p− pγ

2
−
(p− pγ

2
− 1
)]
aijDiQDjQ. (4.6.13)

Recall that Q is given in (4.6.4). Then

DQ =
(
2x1, . . . , 2xn−1,−

5κ2
(1− γ)κ1

xn

)
, (4.6.14)
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and

aijDijQ =2n− 2− 5κ2
(1− γ)κ1

+ (p− 2)|Du|−2
(
2|Dx′u|2 − 5κ2

(1− γ)κ1
|Dnu|2

)
≥2n− 2− (p− 1)

5κ2
(1− γ)κ1

.

By (4.6.6) and shrinking r0 if necessary, we have

aijDiQDjQ ≤ 4(p− 1)
(
|x′|2 + 25κ22

4(1− γ)2κ21
x2n

)
< 5(p− 1)Q.

In order to show (4.6.13), we only require

2n− 2− (p− 1)
5κ2

(1− γ)κ1
≥ 5(p− 1)

[2p− 1

p

p− pγ

2
−
(p− pγ

2
− 1
)]
,

which is equivalent to (4.1.12) since γ = 2β. This concludes the proof for the case

when p ≥ 2.

Case 2: For p ∈ (1, 2), we consider the quantity

G = Q1−γ|Du|2,

where Q is given in (4.6.4). From the computation of DνF with p = 2, one can see

that G does not attain its maximum on (Γ+ ∪ Γ−) ∩ Ωr0 . Next, we assume that G

achieves its maximum at x0 ∈ Ωr0 . By the computations as in (4.6.7) and (4.6.8) with

p = 2, we have

aijDijG = Q1−γ(aijDij|Du|2) + |Du|2(aijDijQ
1−γ) + 2aij(Di|Du|2)(DjQ

1−γ),

(4.6.15)
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where aij is given in (4.6.5) with

(p− 1)|ξ|2 ≤ aijξiξj ≤ |ξ|2, ∀ξ ∈ Rn. (4.6.16)

Next, we estimate the three terms on the right-hand side of (4.6.15). First,

aijDijQ
1−γ = aij

[
(1− γ)Q−γDijQ− γ(1− γ)Q−1−γDiQDjQ

]
. (4.6.17)

By (4.6.5) and (4.6.9), we have

aijDij|Du|2 =aij
[
2DijkuDku+ 2DjkuDiku

]
=4(2− p)|D|Du||2 − 4(2− p)|Du|−4|∆∞u|2

+ 2|D2u|2 − 2(2− p)|D|Du||2

=2(2− p)|D|Du||2 − 4(2− p)|Du|−4|∆∞u|2 + 2|D2u|2. (4.6.18)

Note that at the point x0, for any i = 1, 2, . . . , n,

0 = DiG = (DiQ
1−γ)|Du|2 +Q1−γ(Di|Du|2). (4.6.19)

As before, we split the last term on the right-hand side of (4.6.15) as

1

2
aij(Di|Du|2)(DjQ

1−γ) +
3

2
aij(Di|Du|2)(DjQ

1−γ).

For the first term on the right-hand side, we use (4.6.19) to substitute DjQ
1−γ, and
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for the second term, we substitute Di|Du|2. Then by (4.6.5),

2aij(Di|Du|2)(DjQ
1−γ) =− 1

2
aij(Di|Du|2)(Dj|Du|2)Q1−γ|Du|−2

− 3

2
aij(DiQ

1−γ)(DjQ
1−γ)|Du|2Q−1+γ

=− 2Q1−γ|Du|−2aijDikuDkuDjluDlu

− 3

2
(1− γ)2|Du|2Q−1−γaijDiQDjQ

=− 2Q1−γ|D|Du||2 + 2(2− p)Q1−γ|Du|−4|∆∞u|2

− 3

2
(1− γ)2|Du|2Q−1−γaijDiQDjQ. (4.6.20)

Therefore, by (4.6.15), (4.6.17), (4.6.18), and (4.6.20),

aijDijG =Q1−γ
[
(2(2− p)− 2)|D|Du||2 − 2(2− p)|Du|−4|∆∞u|2 + 2|D2u|2

]
+ (1− γ)Q−γ|Du|2aijDijQ

−
[
γ(1− γ) +

3

2
(1− γ)2

]
|Du|2Q−1−γaijDiQDjQ.

Since

|Du|−4|∆∞u|2 ≤ |D|Du||2 ≤ |D2u|2,

it remains to show

QaijDijQ >
[
γ +

3

2
(1− γ)

]
aijDiQDjQ. (4.6.21)

By (4.6.14), we have

aijDijQ =2n− 2− 5κ2
(1− γ)κ1

− (2− p)|Du|−2
(
2|Dx′u|2 − 5κ2

(1− γ)κ1
|Dnu|2

)
≥2n− 2− 5κ2

(1− γ)κ1
− 2(2− p).
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By (4.6.16) and shrinking r0 if necessary, we have

aijDiQDjQ ≤ 4
(
|x′|2 + 25κ22

4(1− γ)2κ21
x2n

)
< 5Q.

In order to show (4.6.21), we only require

2n− 2− 5κ2
(1− γ)κ1

− 2(2− p) ≥ 5
[
γ +

3

2
(1− γ)

]
,

which is equivalent to (4.1.13) since γ = 2β. This concludes the proof for the case

when p ∈ (1, 2).
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CHAPTER 5

Asymptotics of the solution to the

perfect conductivity problem with

p-Laplacian

We study the perfect conductivity problem with closely spaced perfect conductors

embedded in a homogeneous matrix where the current-electric field relation is the

power law J = σ|E|p−2E. The gradient of solutions may be arbitrarily large as ε, the

distance between inclusions, approaches to 0. To characterize this singular behavior of

the gradient in the narrow region between two inclusions, we capture the leading order

term of the gradient. This is the first gradient asymptotics result on the nonlinear

perfect conductivity problem.

5.1 Introduction and Main results

Our study is instigated by the damage analysis in the fiber composite materials [6].

Particularly, when fibers are closely packed and in high-contrast to the background

matrix in terms of material properties, the electric field could be amplified by the
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composite micro-structure. In this chapter, we investigate the specific scenario in

which the fiber inclusions are perfect conductors, and the background matrix follows

the current-electric field relation described by the power law:

J = σ|E|p−2E, p > 1, (5.1.1)

where J , E, and σ represent current, electric field, and conductivity, respectively.

Before stating our results, let us describe the mathematical setup: let Ω ⊂ Rn be

a bounded domain with C2 boundary, and let D0
1 and D0

2 be two C2 open sets with

diam(D0
i ) > c > 0 and dist(D0

1 ∪ D0
2, ∂Ω) > c > 0, touching at the origin with the

inner normal direction of ∂D0
1 being the positive xn-axis. We write the variable x as

(x′, xn), where x
′ ∈ Rn−1. For ε > 0, translating D0

1 and D0
2 by ε/2 along the xn-axis,

we obtain

Dε
1 := D0

1 + (0′, ε/2) and Dε
2 := D0

2 − (0′, ε/2).

We denote Ω̃ε := Ω \ (Dε
1 ∪ Dε

2).

The perfect conductivity problem incorporating the power law (5.1.1) can be

modeled by the following p-Laplace equation with p > 1:



− div(|Duε|p−2Duε) = 0 in Ω̃ε,

uε = U ε
i on Dε

i , i = 1, 2,ˆ
∂Dε

i

|Duε|p−2Duε · ν = 0, i = 1, 2,

uε = φ on ∂Ω,

(5.1.2)

where φ ∈ C2(∂Ω) is given, ν = (ν1, . . . , νn) denotes the outer normal vector on

∂Dε
1 ∪ ∂Dε

2 (pointing away from Dε
1 ∪ Dε

2), and U
ε
1 , U

ε
2 are two constants determined
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by (5.1.2)3. Here and throughout the chapter, we adopt the notation

Duε · ν(x) := lim
t→0+

uε(x+ t ν(x))− uε(x)

t
and Duε(x) := [Duε · ν(x)]ν(x)

for x ∈ ∂Dε
i , i = 1, 2.

The solution uε ∈ W 1,p(Ω) can be viewed as the unique function which has the

minimal energy in appropriate function space: Ip[u] = minv∈A ε Ip[v], where

Ip[v] :=

ˆ
Ω

|Dv|p, v ∈ A ε,

A ε := {v ∈ W 1,p(Ω) : Dv ≡ 0 in Dε
1 ∪ Dε

2, v = φ on ∂Ω}.
(5.1.3)

We refer the reader to the Appendix of [8] for the derivation of (5.1.2) and its

equivalence with (5.1.3). Although this derivation specifically addresses the case when

p = 2, the argument can be readily applied to p > 1 with slight modifications.

The perfect conductivity problem (5.1.2) with p = 2 has undergone thorough

studies. It was proved by Ammari et al. in [4] and [3] that, when D1 and D2 are disks

of comparable radii in R2, the blow-up rate of the gradient of the solution is ε−1/2 as

ε goes to zero; Yun in [89,90] generalized the above mentioned result for two strictly

convex inclusions in R2. These gradient estimates in dimension n = 2 were localized

and extended to higher dimensions by Bao, Li, and Yin in [8]:

∥Duε∥L∞(Ω̃ε) ≤


Cε−1/2∥φ∥C2(∂Ω) when n = 2,

C|ε ln ε|−1∥φ∥C2(∂Ω) when n = 3,

Cε−1∥φ∥C2(∂Ω) when n ≥ 4.

These bounds were shown to be optimal in the paper and they are independent of the

shape of inclusions, as long as the inclusions are relatively strictly convex. Moreover,

numerous studies have been conducted into characterizing the asymptotic behavior of
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Duε, which are significant in practical applications. For further works on the linear

perfect conductivity problem, see e.g. [1, 2, 12,13,18,27,34,42,47,48,50,62–64,72] and

the references therein.

The study on the nonlinear perfect conductivity problem (5.1.2) is less compre-

hensive. The only results were given by Gorb and Novikov [43] and Ciraolo and

Sciammetta [21]. They proved that for n ≥ 2,

∥Duε∥L∞(Ω̃ε) ≤


Cε−

n−1
2(p−1) when p >

n+ 1

2
,

Cε−1| ln ε|
1

1−p when p =
n+ 1

2
,

Cε−1 when 1 < p <
n+ 1

2
.

These bounds were shown to be optimal in their respective papers. In this chapter,

we give a more precise characterization of the gradient by capturing its leading order

term in the asymptotics expansion.

It is noteworthy that, for the linear case in dimension two, solutions to the perfect

conductivity problem and the insulated conductivity problem, representing the two

extremes of conductivity, are harmonic conjugate to each other as shown in [4].

Therefore, the behavior of their gradients is essentially identical due to the Cauchy-

Riemann equation. The optimal blow-up exponent in dimension two for the insulated

conductivity problem with p-Laplacian was identified in Chapter 4. It turns out that

the gradient behaves significantly different from that of the solution to (5.1.2) in

dimension two. This showcases an intriguing feature of the nonlinear conductivity

problem. For more results on the linear insulated conductivity problem, we refer to

[9, 28,29,65,66,88,91].

To study the asymptotic behavior of uε, the solution to (5.1.2), it is important

to study the limiting problem (5.1.3) with ε = 0. We will show that the minimizing
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problem (5.1.3) with ε = 0 is equivalent to



− div(|Du0|p−2Du0) = 0 in Ω̃0,

u0 = U0 on D0
1 ∪ D0

2,ˆ
∂D0

1∪∂D0
2

|Du0|p−2Du0 · ν = 0,

u0 = φ on ∂Ω

(5.1.4)

for a constant U0 when p ≥ (n+ 1)/2, and is equivalent to



− div(|Du0|p−2Du0) = 0 in Ω̃0,

u0 = Ui on D0
i \ {0}, i = 1, 2,ˆ

∂D0
i

|Du0|p−2Du0 · ν = 0, i = 1, 2,

u0 = φ on ∂Ω

(5.1.5)

for constants U1 and U2 when p < (n + 1)/2. We would like to clarify a misunder-

standing in the papers [20, 21]. In [20, 21], the authors implicitly claimed that the

minimizing problem (5.1.3) with ε = 0 is universally equivalent to (5.1.4), which is

not the case. We will justify this in Theorem 5.2.4. We emphasize that while the

minimizer u0 of (5.1.3) with ε = 0 always takes the same value in D0
1 and D0

2 when

p ≥ (n + 1)/2, it may take different values when 1 < p < (n + 1)/2. On the other

hand, the flux along ∂D0
1, denoted by

F :=

ˆ
∂D0

1

|Du0|p−2Du0 · ν, (5.1.6)

might not be zero when p ≥ (n+ 1)/2, but it must be zero when p < (n+ 1)/2.

By the regularity of Dε
1 and Dε

2, we can assume that near the origin, the part of

∂Dε
1 and ∂Dε

2, denoted by Γε
+ and Γε

−, are respectively the graphs of two C2 functions
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in terms of x′. That is,

Γε
+ =

{
xn =

ε

2
+ h1(x

′), |x′| < 1
}
, Γε

− =
{
xn = −ε

2
+ h2(x

′), |x′| < 1
}
,

where h1 and h2 are relatively convex C2 functions satisfying

h1(0
′) = h2(0

′) = 0, Dx′h1(0
′) = Dx′h2(0

′) = 0, (5.1.7)

c1|x′|2 ≤ h1(x
′)− h2(x

′) for 0 < |x′| < 1, (5.1.8)

and

∥h1∥C2 ≤ c2, ∥h2∥C2 ≤ c2, (5.1.9)

with some positive constants c1, c2. For x0 ∈ Ω̃ε, 0 < r < 1− |x′0|, we denote

Ωε
x0,r

:=
{
(x′, xn) ∈ Ω̃ε

∣∣ − ε

2
+ h2(x

′) < xn <
ε

2
+ h1(x

′), |x′ − x′0| < r
}
,

and Ωε
r := Ωε

0,r. We also denote

Γε
+,r := Γε

+ ∩ Ω
ε

r, Γε
−,r := Γε

− ∩ Ω
ε

r.

We use Br(x0) to denote the open ball of radius r centered at x0 and we set

Br := Br(0), Ωε
r(x0) := Ω̃ε ∩Br(x0).

Throughout this chapter, we denote

δ(x) := ε+ |x′|2 (5.1.10)
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and

δ(x) := ε+ h1(x
′)− h2(x

′). (5.1.11)

By (5.1.7)–(5.1.9), it can be easily seen that

min{c1, 1}δ(x) ≤ δ(x) ≤ max{c2, 1}δ(x), for x ∈ Ω1.

We denote

Θ(ε) :=


ε

2p−n−1
2(p−1) , p >

n+ 1

2
,

| ln ε|−
1

p−1 , p =
n+ 1

2
,

1, 1 < p <
n+ 1

2
,

(5.1.12)

and

K =


det
(
D2

x′(h1 − h2)(0
′)
) 1

2Γ(p− 1)

(2π)
n−1
2 Γ
(
p− n+1

2

) , when p >
n+ 1

2
,

det
(
D2

x′(h1 − h2)(0
′)
) 1

2Γ
(
n−1
2

)
(2π)

n−1
2

, when p =
n+ 1

2
,

(5.1.13)

where Γ(z) :=
´∞
0
tz−1e−t is the Gamma function defined for z > 0.

Our main result is the following asymptotic expansion of Duε(x) for sufficiently

small ε and x′.

Theorem 5.1.1. Let h1, h2 be C2 functions satisfying (5.1.7)-(5.1.9), p > 1, n ≥ 2,

uε ∈ W 1,p(Ω) be the solution of (5.1.2), u0 be the minimizer of (5.1.3) with ε = 0,

F be given in (5.1.6), U1, U2 be the constants in (5.1.5)2, δ(x) be defined in (5.1.11),

Θ(ε) be given in (5.1.12), and K be defined in (5.1.13). Then there exist constants

β ∈ (0, 1) depending only on n and p, and C1, C2 > 0 depending only on n, p, c1, and

c2, such that the following holds:
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(i) If p ≥ (n+ 1)/2, for ε ∈ (0, 1) and x ∈ Ωε
1/4, we have

Duε(x) =
(
0′, δ(x)−1Θ(ε)(sgn(F)(K|F|)1/(p−1) + f0(ε))

)
+ f1(x, ε), (5.1.14)

where f0 : R → R is a function of ε and f1 : Rn × R → Rn is a function of x

and ε, such that

lim
ε→0

f0(ε) = 0,

|f1(x, ε)| ≤ C1

(
δ(x)β/2−1Θ(ε)(|KF|1/(p−1) + |f0(ε)|) + ∥φ∥L∞(∂Ω)e

− C2√
ε+|x′|

)
.

(5.1.15)

(ii) If 1 < p < (n+ 1)/2, for ε ∈ (0, 1) and x ∈ Ωε
1/4, we have

Duε(x) =
(
0′, δ(x)−1(U1 − U2 + g0(ε))

)
+ g1(x, ε),

where g0 : R → R is a function of ε and g1 : Rn × R → Rn is a function of x

and ε, such that

lim
ε→0

g0(ε) = 0,

|g1(x, ε)| ≤ C1

(
δ(x)β/2−1(|U1 − U2|+ |g0(ε)|) + ∥φ∥L∞(∂Ω)e

− C2√
ε+|x′|

)
. (5.1.16)

As a consequence of the asymptotic expansion in Theorem 5.1.1, we provide a

pointwise upper bound of Duε.

Remark 5.1.2. Under the hypotheses of Theorem 5.1.1, there exist constants C1, C2 > 0

depending only on n, p, c1, and c2, such that for sufficiently small ε > 0, and any

x ∈ Ωε
1/4, we have

|Duε(x)| ≤ C1∥φ∥L∞(∂Ω)

( Θ(ε)

ε+ |x′|2
+ e

− C2√
ε+|x′|

)
. (5.1.17)

In fact, when 1 < p < (n + 1)/2, (5.1.17) follows directly from Proposition 5.2.2.
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When p ≥ (n+ 1)/2, since u0 = U0 on D0
1 ∪ D0

2, we have |F| ≤ C∥φ∥p−1
L∞(∂Ω) and thus

(5.1.17) follows from (5.1.14). Indeed, one can see the boundedness of Du0 on Γ0
+,1/2

by Lemma 5.2.1, and on ∂D0
1 \ Γ0

+,1/2 by classical gradient estimates (see e.g. [68]).

Another direct consequence of Theorem 5.1.1 is the following pointwise positive

lower bound of Dnuε near the origin, provided the coefficient of the leading order term

in the asymptotic expansion is positive.

Remark 5.1.3. Under the hypotheses of Theorem 5.1.1, if either

p ≥ n+ 1

2
and F > 0 (5.1.18)

or

1 < p <
n+ 1

2
and U1 > U2 (5.1.19)

holds, then there exist constants κ1, κ2 ∈ (0, 1/4), γ > 0 depending only on n, p, c1,

c2, ∥φ∥L∞(∂Ω), F (when p ≥ (n+ 1)/2), and U1 − U2 (when p < (n+ 1)/2), such that

for sufficiently small ε > 0, and any x ∈ Ωε
1/4 satisfying


|x′| ≤ | ln ε|−γ, when p >

n+ 1

2
,

|x′| ≤ κ1(ln | ln ε|)−1, when p =
n+ 1

2
,

|x′| ≤ κ2, when 1 < p <
n+ 1

2
,

we have


Dnuε(x) ≥

1

2
δ(x)−1Θ(ε)(KF)1/(p−1), when p ≥ n+ 1

2
,

Dnuε(x) ≥
1

2
δ(x)−1(U1 − U2), when 1 < p <

n+ 1

2
.

(5.1.20)
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Indeed, when p ≥ (n+ 1)/2, (5.1.20) follows directly from Theorem 5.1.1 by setting


|f0(ε)| ≤

1

6
(KF)1/(p−1),

C1δ(x)
β/2 ≤ 1

7
,

C1∥φ∥L∞(∂Ω)e
− C2√

ε+|x′| ≤ 1

6
δ(x)−1Θ(ε)(KF)1/(p−1),

and the case when p ∈ (1, (n+ 1)/2) follows similarly.

Next, we provide a concrete example whose coefficient of the leading order term in

the asymptotic expansion is positive.

Proposition 5.1.4. Let Ω = B5 ⊂ Rn, D1 = B2(0
′, 2), D2 = B2(0

′,−2), φ = xn,

and u0 be the minimizer of (5.1.3) with ε = 0. Then either (5.1.18) or (5.1.19) is

satisfied.

Our proof of the main result Theorem 5.1.1 relies on the following Cβ bound of

the gradient, which may be of independent interest.

Proposition 5.1.5. Let h1, h2 be C
2 functions satisfying (5.1.7)-(5.1.9), p > 1, n ≥ 2,

ε ∈ (0, 1), and uε ∈ W 1,p(Ω) be a solution of (5.1.2). Then there exist constants

β ∈ (0, 1) depending only on n and p, and C > 0 depending only on n, p, c1, and c2,

such that for any x ∈ Ω1/4 and δ(x) = ε+ |x′|2, it holds that

[Duε]Cβ(Ωε

x,
√

δ(x)/4
) ≤ Cδ(x)−β/2∥Duε∥L∞(Ωε

x,
√

δ(x)/2
). (5.1.21)

Remark 5.1.6. It can be seen from the proof in Section 5.3 that Proposition 5.1.5

209



holds as long as uε ∈ W 1,p(Ωε
1) is a solution of


− div(|Duε|p−2Duε) = 0 in Ωε

1,

uε = U ε
1 on Γε

+,

uε = U ε
2 on Γε

−,

for some arbitrary constants U ε
1 and U ε

2 . Moreover, the same estimates also hold for

any solution uε ∈ W 1,p(Ωε
1) of
− div(|Duε|p−2Duε) = 0 in Ωε

1,

∂uε
∂ν

= 0 on Γε
±,

which might be useful for obtaining sharper blow-up estimates for the insulated

conductivity problem with p-Laplacian (see [33]).

We briefly describe the steps of proving Theorem 5.1.1. First, we establish a

pointwise upper bound of the gradient in terms of U ε
1 − U ε

2 for arbitrary given U ε
1

and U ε
2 (Proposition 5.2.2). Then we use mean oscillation estimates to prove a C1,β

estimate (Proposition 5.1.5). Note that Proposition 5.1.5 implies a power gain of order

δβ/2 for the oscillation of the gradient in the xn direction. Because of this power gain

and Proposition 5.2.2, we then derive an asymptotic expansion of Duε in terms of

U ε
1 −U ε

2 (Proposition 5.4.1). When p ≥ (n+1)/2, U ε
1 −U ε

2 will converge to 0 as ε→ 0.

In this case, we use the flux conditions to derive the convergence rate for U ε
1 − U ε

2

(Theorem 5.4.4). When p < (n+ 1)/2, U ε
1 − U ε

2 will converges to U1 − U2 (Theorem

5.2.5). Finally, Theorem 5.1.1 follows from putting all the ingredients above together.

We would like to point out that weaker versions of Proposition 5.4.1 were proved

in [21, 43]. They derived an asymptotic expansion of Duε only on the upper and

lower boundaries Γε
± by constructing suitable barrier functions and using comparison

principle. However, in our opinion, it appears that there is a gap in their proofs. It
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is nontrivial to see that the normal derivative is bounded in the case when U ε
1 − U ε

2

is small as lack of control of the oscillation of the solution in the x′ direction (see

[21, p.6174] and [43, p.740]). This gap can be filled by Proposition 5.2.2 of this chapter.

We would like to remark that our argument in Proposition 5.4.1 is more robust in

the sense that the proof does not rely on the fundamental solution of the p-Laplace

equation or the maximum principle. In fact, the only place this chapter involves the

maximum principle is Proposition 5.2.2. See also Remark 5.2.3. If one can give an

alternative proof of (5.2.7) in Proposition 5.2.2 without using the maximum principle,

then our results can be extended to nonlinear systems of p-Laplace type.

The rest of the chapter is organized as follows: In Section 5.2, we provide some

preliminary estimates and results. In Section 5.3, we use mean oscillation estimates

to prove Proposition 5.1.5. A convergence rate of U ε
1 − U ε

2 when p ≥ (n + 1)/2 is

provided in Section 5.4. Finally, the proofs of Theorem 5.1.1 and Proposition 5.1.4

are given in Section 5.5.

5.2 Preliminaries

In this section, we provide some preliminary results.

Lemma 5.2.1. Let h1, h2 be C2 functions satisfying (5.1.7)-(5.1.9), p > 1, n ≥ 2,

ε ∈ [0, 1), and v ∈ W 1,p(Ωε
1) be a solution of


− div(|Dv|p−2Dv) = 0 in Ωε

1,

v = 0 on Γε
±.

(5.2.1)

Then there exist constants C1, C2 > 0 depending only on n, p, c1, and c2, such that

|v(x)|+ |Dv(x)| ≤ C1e
− C2√

ε+|x′|∥v∥Lp(Ωε
1\Ωε

1/2
) for x ∈ Ωε

1/2. (5.2.2)

211



Proof. The proof of this lemma essentially follows that of [7, Theorem 1.1], with some

modification. For simplicity, we omit the superscript ε in the proof. Without loss

of generality, we may assume ε ∈ [0, 1/256) and |x′| < 1/16 since otherwise (5.2.2)

follows from classical estimates for the p-Laplace equation (see e.g. [68]). For any

0 < t < s < 1, let η = η(x′) be a cutoff function such that η = 1 in Ωt, η = 0 in Ω1 \Ωs,

and |Dη| ≤ C(s− t)−1. Multiplying vηp on both sides of (5.2.1) and integrating by

parts, we have ˆ
Ω1

|Dv|pηp + p|Dv|p−2Dv ·Dηvηp−1 = 0.

By Young’s inequality,

ˆ
Ω1

|Dv|pηp ≤ p

ˆ
Ω1

|Dv|p−1ηp−1|v||Dη| ≤ 1

2

ˆ
Ω1

|Dv|pηp + C

ˆ
Ω1

|v|p|Dη|p.

Therefore, ˆ
Ωt

|Dv|p ≤ C

(s− t)p

ˆ
Ωs\Ωt

|v|p.

Since v = 0 on Γ−, by the Poincaré inequality in the xn direction, we have

ˆ
Ωs\Ωt

|v|p ≤ C(ε+ s2)p
ˆ
Ωs\Ωt

|Du|p.

Therefore, ˆ
Ωt

|Dv|p ≤ C∗
(
ε+ s2

s− t

)p ˆ
Ωs\Ωt

|Dv|p. (5.2.3)

Let t0 = r ∈ (
√
ε, 1/2) and tj = (1 − jr)r for j ∈ N such that j ≤ 1/r. Taking

s = tj, t = tj+1 in (5.2.3), we have

ˆ
Ωtj+1

|Dv|p ≤ 2pC∗
ˆ
Ωtj \Ωtj+1

|Dv|p.
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Adding both sides by 2pC∗ ´
Ωtj+1

|Dv|p and dividing both sides by 1 + 2pC∗, we have

ˆ
Ωtj+1

|Dv|p ≤ 2pC∗

1 + 2pC∗

ˆ
Ωtj

|Dv|p.

Let k = ⌊ 1
2r
⌋ and iterate the above inequality k times. We have

ˆ
Ωr/2

|Dv|p ≤
(

2pC∗

1 + 2pC∗

)k ˆ
Ωr

|Dv|p ≤ Cµ
1
r

ˆ
Ω1\Ω1/2

|v|p, (5.2.4)

where µ ∈ (0, 1) and C are constants depending only on n, p, c1, and c2. Now we take

r = 4(
√
ε+ |x′|) and (5.2.2) follows from classical estimates for the p-Laplace equation

in Ωx′,ε+|x′|2 and (5.2.4).

Next, we derive a pointwise upper bound of the gradient in terms of U ε
1 − U ε

2 .

Proposition 5.2.2. Let h1, h2 be C
2 functions satisfying (5.1.7)-(5.1.9), p > 1, n ≥ 2,

ε ∈ [0, 1), U ε
1 , U

ε
2 be arbitrary constants, and uε ∈ W 1,p(Ωε

1) be a solution of


− div(|Duε|p−2Duε) = 0 in Ωε

1,

uε = U ε
1 on Γε

+,

uε = U ε
2 on Γε

−.

Then there exist constants C1, C2 > 0 depending only on n, p, c1, and c2, such that

for x ∈ Ωε
1/4, it holds that

|Duε(x)| ≤ C1

( |U ε
1 − U ε

2 |
ε+ |x′|2

+ ∥uε∥L∞(Ωε
1\Ωε

1/2
)e

− C2√
ε+|x′|

)
. (5.2.5)

Moreover, if ε ∈ (0, 1), uε ∈ W 1,p(Ω) is the solution to (5.1.2) and U ε
1 , and U

ε
2 are the

same constants in (5.1.2), we have

inf
∂Ω
φ ≤ U ε

1 , U
ε
2 ≤ sup

∂Ω
φ, (5.2.6)

213



and for x ∈ Ωε
1/4,

|Duε(x)| ≤ C1

( |U ε
1 − U ε

2 |
ε+ |x′|2

+ ∥φ∥L∞(∂Ω)e
− C2√

ε+|x′|

)
. (5.2.7)

Proof. We first give the proof of (5.2.5). Take a point x0 ∈ Ωε
1/4. In order to

estimate the gradient at x0, we first estimate the oscillation of uε in Ωε
x0,δ(x0)/8

, where

δ(x0) = ε+ |x′0|2. Without loss of generality, we may assume that U ε
1 ≥ U ε

2 . Let v be

the solution to
− div(|Dv|p−2Dv) = 0 in Ωε

1,

v = 0 on Γε
±,

v = uε − U ε
1 on ∂Ωε

1 ∩ {x ∈ Rn : |x′| = 1}.

By Lemma 5.2.1,

|v(x)| ≤ C1e
− C2√

ε+|x′|∥uε∥L∞(Ωε
1\Ωε

1/2
) for x ∈ Ωε

1/2.

Since v ≥ uε − U ε
1 on ∂Ωε

1, by the comparison principle, we have

uε(x)− U ε
1 ≤ v(x) in Ωε

1.

Similarly, let w be the solution to


− div(|Dw|p−2Dw) = 0 in Ωε

1,

w = 0 on Γε
±,

w = uε − U ε
2 on ∂Ωε

1 ∩ {x ∈ Rn : |x′| = 1}.

We have

|w(x)| ≤ C1e
− C2√

ε+|x′|∥uε∥L∞(Ωε
1\Ωε

1/2
) for x ∈ Ωε

1/2,
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and

uε(x)− U ε
2 ≥ w(x) in Ωε

1.

Therefore,

osc
Ωε

x0,δ(x0)/8

uε ≤ |U ε
1 − U ε

2 |+ C1∥uε∥L∞(Ωε
1\Ωε

1/2
)e

− C2√
ε+|x′0| .

Then the gradient estimate (5.2.5) follows from classical boundary and interior esti-

mates for the p-Laplace equation (see e.g. [68]).

Next we prove (5.2.6). Indeed, if U ε
i = max{U ε

1 , U
ε
2} > sup∂Ω φ, by the maximum

principle and the Hopf lemma (see [86, Theorem 5]), Duε · ν > 0 on ∂Dε
i , which

violates (5.1.2)3.

Finally, (5.2.7) follows directly from (5.2.5), (5.2.6), and the maximum principle.

Remark 5.2.3. For systems of p-Laplace type, instead of (5.2.6), one can still show

that

|U ε
i | ≤ C∥φ∥C1(∂Ω), i = 1, 2

holds for some ε-independent constant C, by using classical boundary and interior

gradient estimates away from the neck region Ωε
1/2. However, it is not clear to us

whether (5.2.7) (or a weaker version of it) is still true.

In the following, we justify the equivalence between the minimizing problem (5.1.3)

with ε = 0 and the equations (5.1.4)-(5.1.5).

Theorem 5.2.4. u0 is the minimizer of (5.1.3) with ε = 0 if and only if u0 ∈ W 1,p(Ω)

satisfies (5.1.4) when p ≥ (n+ 1)/2 and satisfies (5.1.5) when p < (n+ 1)/2.

Proof. First, we prove that (5.1.4) has at most one solution u ∈ W 1,p(Ω). The

same conclusion applies to (5.1.5). Let u1, u2 ∈ W 1,p(Ω) be two solutions of (5.1.4).

215



Multiplying the equation by u1 − u2 and integrating by parts, we have for j = 1, 2,

0 =

ˆ
Ω̃0

|Duj|p−2Duj ·D(u1 − u2) dx−
ˆ
∂Ω

|Duj|p−2Duj · ν(u1 − u2) dS

−
2∑

i=1

ˆ
∂D0

i

|Duj|p−2Duj · ν(u1 − u2) dS

=

ˆ
Ω̃0

|Duj|p−2Duj ·D(u1 − u2) dx.

Therefore,

0 =

ˆ
Ω̃0

(
|Du1|p−2Du1 − |Du2|p−2Du2

)
·D(u1 − u2) dx

≥ min{1, p− 1}
2p−2

ˆ
Ω̃0

(|Du1|+ |Du2|)p−2|Du1 −Du2|2 dx.

This implies u1 ≡ u2. It is straightforward to see that the minimizer of (5.1.3)

with ε = 0 is unique, due to the convexity of Ip and A 0. It suffices to show that

the minimizer u0 satisfies (5.1.4) when p ≥ (n + 1)/2 and satisfies (5.1.5) when

p < (n+ 1)/2. We show this by taking different test function v ∈ A 0 in the equation

0 =
d

dt
Ip[u0 + tv]

∣∣∣∣
t=0

. (5.2.8)

First we take v ∈ C∞
c (Ω̃0). Then (5.2.8) reads as

0 =

ˆ
Ω̃0

|Du0|p−2Du0 ·Dv dx.

This implies

− div(|Du0|p−2Du0) = 0 in Ω̃0.

Next, we take v ∈ C∞
c (Ω) such that v = 1 in D0

1 ∪ D0
2. From (5.2.8) and integration

216



by parts, we have

0 =

ˆ
Ω̃0

|Du0|p−2Du0 ·Dv dx

=−
ˆ
Ω̃0

div(|Du0|p−2Du0)v dx+
2∑

i=1

ˆ
∂D0

i

|Du0|p−2Du0 · ν dS

=
2∑

i=1

ˆ
∂D0

i

|Du0|p−2Du0 · ν dS.

For the case when p ≥ (n + 1)/2, it remains to show that u0 equals to the same

constant on D0
1 and D0

2. Assume that u0 = U1 in D0
1 and u0 = U2 in D0

2 with U1 ̸= U2.

Then by the fundamental theorem of calculus,

U1 − U2 =

ˆ h1(x′)

h2(x′)

Dnu0(x) dxn.

Taking the absolute value and raising to the power of p on the both sides, by Hölder’s

inequality, (5.1.7), and (5.1.9), we have

|U1 − U2|p ≤ C|x′|2(p−1)

ˆ h1(x′)

h2(x′)

|Dnu0(x)|p dxn.

This implies ˆ
|x′|<1/2

|U1 − U2|p

|x′|2(p−1)
dx′ ≤ C

ˆ
Ω0

1/2

|Du0|p dx.

The left-hand-side diverges since p ≥ (n + 1)/2 and U1 ̸= U2, which leads to a

contradiction. Therefore, U1 = U2.

For the case when p < (n+1)/2, we need to show the flux on each of ∂D0
i vanishes.

We will only show the flux vanishes on ∂D0
1, as a similar argument applies to ∂D0

2.

Let v be a function compactly supported in Ω such that v = 1 in D0
1, v = 0 in D0

2,

v(x′, xn) =

(
2xn − (h1(x

′) + h2(x
′))

h1(x′)− h2(x′)

)
+

, x ∈ Ω0
1/2,
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and v is smooth in Ω̃0 \ Ω0
1/2. Then v ∈ A 0. Indeed, we only need to verify

ˆ
Ω0

1/2

|Dv|p dx ≤ C

ˆ
|x′|<1/2

ˆ h1(x′)

h1(x
′)+h2(x

′)
2

1

|x′|2p
dxndx

′ ≤ C

ˆ 1/2

0

rn−2p ≤ C

since n− 2p > −1. Taking this v in (5.2.8) and integrating by parts, we have

ˆ
∂D0

1

|Du0|p−2Du0 · ν dS = 0.

The theorem is proved.

Next, we show that uε converges to u0 in the following sense.

Theorem 5.2.5. Let uε ∈ W 1,p(Ω) be the solution of (5.1.2), and u0 ∈ W 1,p(Ω) be

the minimizer of (5.1.3) with ε = 0. Then as ε→ 0, uε ⇀ u0 weakly in W 1,p(Ω), and

uε → u0 strongly in C1,β(K) for some β > 0 and any

K ⊂⊂ Ω \
(

∪
0<ε≤ε0

(Dε
1 ∪ Dε

2) ∪ {0}
)

with ε0 > 0.

As a consequence, as ε → 0, U ε
1 → U1 and U ε

2 → U2 when p < (n + 1)/2, and

U ε
1 , U

ε
2 → U0 when p ≥ (n + 1)/2, where U0, U1, U2 are the constants in (5.1.4) and

(5.1.5).

Proof. First we take an arbitrary function w ∈ W 1,p(Ω) such that w = φ on ∂Ω

and Dw = 0 in B, where B ⊂ Ω is an open set containing ∪0≤ε≤cDε
1 ∪ Dε

2, where

0 < c < dist(D0
1 ∪ D0

2, ∂Ω). Therefore, w ∈ A ε for all ε ∈ [0, c], where A ε is the

admissible set defined in (5.1.3). By Theorem 5.2.4,

∥Duε∥Lp(Ω) ≤ ∥Dw∥Lp(Ω).

This together with the Poincaré inequality implies that ∥uε∥W 1,p(Ω) is bounded uni-
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formly in ε. Then there exists a subsequence {εj}j∈N and a function u∗ ∈ W 1,p(Ω),

such that uεj ⇀ u∗ weakly in W 1,p(Ω), and uεj → u∗ strongly in Lp(Ω), as j → ∞.

From (5.2.6), we know that U
εj
1 and U

εj
2 , the values of uεj in Dεj

1 and Dεj
2 , are uniformly

bounded. Then there exists a subsequence of {εj}j∈N, still denoted by {εj}j∈N, so that

U
εj
i → Ui for some constants Ui, i = 1, 2. Therefore, for any x ∈ D0

i , we have

u∗(x) = lim
j→∞

U
εj
i = Ui, i = 1, 2.

On the other hand, for any k, l ∈ Z+, we denote

Kk,l := Ω \
(

∪
0<ε≤1/k

(Dε
1 ∪ Dε

2) ∪B1/l(0)
)
.

By the classical C1,α estimate, when εj ≤ 1/k, we have

∥uεj∥C1,α(Kk,l)
≤ C(k, l).

This implies that there is a subsequence that converges in C1,β(Kk,l) for any β < α.

We can apply the Cantor diagonal argument to select a subsequence, still denoted by

{εj}j∈N, such that

uεj → u∗∗ in C1,β(K) as j → ∞ (5.2.9)

for any K ⊂⊂ Ω \
(

∪
0<ε≤ε0

(Dε
1 ∪ Dε

2) ∪ {0}
)
with ε0 > 0 and some C1,β function u∗∗.

Therefore, u∗∗ is a weak solution to the p-Laplace equation in Ω̃0. Since uε → u∗

strongly in Lp(Ω), we have u∗ ≡ u∗∗. It remains to show that u∗ ≡ u0, which implies

the convergence of {uε}.

When p ≥ (n+ 1)/2, by the same argument as in the proof of Theorem 5.2.4, we
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know that U1 = U2. It remains to prove that

ˆ
∂D0

1∪∂D0
2

|Du∗|p−2Du∗ · ν = 0. (5.2.10)

Let Ω′ be an open set such that D0
1 ∪ D0

2 ⊂⊂ Ω′ ⊂⊂ Ω. Since uεj is the solution to

(5.1.2), when j is sufficiently large, by integration by parts in Ω′ \ Dεj
1 ∪ Dεj

2 , we have

ˆ
∂Ω′

|Duεj |p−2Duεj · ν = 0.

Therefore, by (5.2.9), we also have

ˆ
∂Ω′

|Du∗|p−2Du∗ · ν = 0. (5.2.11)

Since u∗ is a weak solution to the p-Laplace equation in Ω̃0, by integration by parts

again in Ω′ \ D0
1 ∪ D0

2, (5.2.11) directly implies (5.2.10).

When p < (n+ 1)/2, it remains to prove that

ˆ
∂D0

i

|Du∗|p−2Du∗ · ν = 0, i = 1, 2.

We will prove it only for i = 1. Fix a small s ∈ (0, 1/2), we take a smooth surface η

so that Dε
1 is surrounded by Γ0

−,s ∪ η. See Figure 5.1.

Since
´
∂D

εj
1
|Duεj |p−2Duεj · ν = 0, by integration by parts, we have

−
ˆ
Γ0
−,s

|Duεj |p−2Duεj · ν +
ˆ
η

|Duεj |p−2Duεj · ν = 0.

Note that the minus sign appears because ν on Γ0
−,s is pointing upwards, while ν on η
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Figure 5.1: An illustration of Γ0
−,s ∪ η

is pointing away from Dε
1. By (5.2.7), we have |Duεj (x)| ≤ C(εj + |x′|2)−1. Therefore,

∣∣∣∣∣
ˆ
Γ0
−,s

|Duεj |p−2Duεj · ν

∣∣∣∣∣ ≤ C

ˆ
|x′|<s

1

|x′|2p−2
dx′ ≤ Csn−2p+1,

where we used 2p− 2 < n− 1. By (5.2.9), we know that

ˆ
η

|Duεj |p−2Duεj · ν →
ˆ
η

|Du∗|p−2Du∗ · ν as j → ∞.

Therefore, ∣∣∣∣ˆ
η

|Du∗|p−2Du∗ · ν
∣∣∣∣ ≤ Csn−2p+1.

Similarly by (5.2.5), we have |Du∗(x)| ≤ C|x′|−2 and

∣∣∣∣∣
ˆ
Γ0
−,s

|Du∗|p−2Du∗ · ν

∣∣∣∣∣ ≤ Csn−2p+1.

By integration by parts, we have

∣∣∣∣∣
ˆ
D0

1

|Du∗|p−2Du∗ · ν

∣∣∣∣∣ =
∣∣∣∣∣
ˆ
η

|Du∗|p−2Du∗ · ν −
ˆ
Γ0
−,s

|Du∗|p−2Du∗ · ν

∣∣∣∣∣
≤ Csn−2p+1.
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Sending s→ 0 and using p < (n+ 1)/2, we have

ˆ
D0

1

|Du∗|p−2Du∗ · ν = 0.

Finally, by the uniqueness of solution to (5.1.4) and (5.1.5), we can conclude that

u∗ ≡ u0, and the full sequence uε converges to u0 in the corresponding topology.

5.3 Mean oscillation estimates

In this section, we give the proof of Proposition 5.1.5 using mean oscillation

estimates. Throughout this section, unless otherwise specified, we use C to denote

positive constants depending only on n, p, c1, and c2, which could differ from line to

line. Here c1 and c2 are the same constants in (5.1.8) and (5.1.9), respectively. For

simplicity, we denote u := uε and we omit the superscript ε throughout this section

when there is no confusion.

First, we fix a point x̄ ∈ Ω1/2 and derive some mean oscillation estimates of Du on

a ball intersecting Ω1, namely Ωr(x̄), for different radii r.

5.3.1 Mean oscillation estimates for small r

We recall a classical interior mean oscillation estimate when Br(x̄) ⊂ Ω1. Estimates

of this type, with different exponents involved, were developed in [24,38,69].

Lemma 5.3.1. Let u ∈ W 1,p(Ω1) be a solution to (5.1.2). There exist constants

C > 1 and α ∈ (0, 1) depending only on n and p, such that u ∈ C1,α(Ω1) and for every

Br(x̄) ⊂ Ω1 and ρ ∈ (0, r], we have

ϕ(x̄, ρ) ≤ C
(ρ
r

)α
ϕ(x̄, r),
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where we denote

ϕ(x̄, r) =

( 
Ωr(x̄)

|Du− (Du)Ωr(x̄)|p
) 1

p

. (5.3.1)

5.3.2 Mean oscillation estimates for intermediate r

Next, we consider the case when Br(x̄) intersects with only one of Γ+ and Γ−. In

this case, we derive mean oscillation estimates around any x̂ ∈ (Γ+ ∪ Γ−) ∩ {x ∈ Rn :

|x′| ≤ 3/4}.

Without loss of generality, let x̂ ∈ Γ− ∩ {x ∈ Rn : |x′| ≤ 3/4}. Then by (5.1.8)

and (5.1.9), there exists a constant c = c(n, c1, c2) ∈ (0,min{c1/4, 1/4}), such that

B(x̂, r) ∩ Γ+ = ∅ for any r ∈ (0, cδ(x̂)). Here we recall (5.1.10). We first choose

a coordinate system y = (y′, yn) such that y(x̂) = 0, the direction of axis yn is

the normal vector at x̂ ∈ Γ− pointing upwards. Note that the coordinate y is a

rotation (plus a transition) of the coordinate x, namely y = T (x − x̂) for some

rotation matrix T ∈ Rn×n, which maps the normal vector of Γ− at x̂ pointing upward,

namely ν = (−Dh2(x̂′), 1)/
√

1 + |Dh2(x̂′)|2 in the x-coordinate, to the unit vector

eyn = (0, . . . , 0, 1) in y-coordinate. Therefore, by (5.1.7) and (5.1.9), there exists a

constant C = C(n, c2) > 0, such that

|T − In| ≤ C|x̂′| and |T−1 − In| ≤ C|x̂′|. (5.3.2)

Thus there exists a constant c3 = c3(n, c1, c2) ∈ (0,min{c1/8, 1/8}) such that ΩR0(x̂) =

{x̂+ T−1y : y ∈ BR0 : yn > χ(y′)}, where R0 = c3δ(x̂) ∈ (0, 1/4) and χ : {y′ ∈ Rn−1 :

|y′| < R0} → R is a C2 function in the y-coordinate system such that

χ(0′) = 0, Dy′χ(0
′) = 0, ∥χ∥C2 ≤ C∥h2∥C2 , (5.3.3)
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for some constant C = C(n) > 0. Then we let

z = Λ(y) = (y′, yn − χ(y′)).

Since Γ− is C2, by (5.3.3) there exist constants

c4 = c4(n, c1, c2) ∈ (0,min{c1/8, 1/8}), (5.3.4)

C = C(n, c1, c2) > 0, and R1 = c4δ(x̂) such that

|Dy′χ(y
′)| ≤ C |y′| ≤ 1/2 if |y′| ≤ 2R1,

Ωr/2(x̂) ⊂ Λ−1(B+
r ) ⊂ Ω2r(x̂) ∀ r ∈ (0, 2R1],

and thus

|DΛ(y)− In| ≤ C |y′| ≤ 1/2 if |y′| ≤ 2R1. (5.3.5)

Therefore, there exist positive constants c(n) and c′(n) depending only on n, such

that for any x̂ ∈ (Γ+ ∪ Γ−) ∩ {x ∈ Rn : |x′| ≤ 3/4} and 0 < r ≤ c4δ(x̂),

c(n)rn ≤ |Ωr(x̂)| ≤ c′(n)rn. (5.3.6)

Note that

det(DΛ) ≡ 1.

Then u1(z) := u(Λ−1(z)) satisfies the following equation with constant Dirichlet
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boundary condition


− divz

(
|ATDzu1|p−2AATDzu1

)
= 0 in B+

R1
,

u1 = U ε
2 on BR1 ∩ ∂Rn

+,

(5.3.7)

where we denote

A := A(z) := (aij(z)) := DΛ(Λ−1(z)).

Next we extend the equation to the whole ball BR1 . We take the even extension of ann

and aij, i, j = 1, 2, . . . , n− 1, with respect to zn = 0, and take the odd extension of ain

and ani, i = 1, 2, . . . , n− 1, with respect to zn = 0. Then we reflect u1 with respect

to zn = 0. Namely, we define u1(z) = 2U ε
2 − u1(z

′,−zn) for z ∈ B−
R1
. We still denote

these functions by u1 and A after the extension. Because of the Dirichlet boundary

condition, it is easily seen that u1 satisfies

− divz
(
A(z,Dzu1)

)
= 0 in BR1 , (5.3.8)

where the nonlinear operator A is defined as

A(z, ξ) = |AT ξ|p−2AAT ξ for z ∈ BR1 , ξ ∈ Rn.

By (5.3.5), similar to [33, Lemma 2.3], there exists a constant C = C(n, p, c1, c2) > 0,

such that for any z ∈ BR1 and ξ ∈ Rn,

|A(z, ξ)− |ξ|p−2ξ| ≤ C |z′| |ξ|p−1. (5.3.9)
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Assume that r ∈ (0, R1]. We let v1 ∈ u1 +W 1,p
0 (Br) be the unique solution to


− divz(|Dzv1|p−2Dzv1) = 0 in Br,

v1 = u1 on ∂Br.

(5.3.10)

By testing (5.3.10) and (5.3.8) with v1−u1 and using (5.3.9), we have the comparison

estimate

 
Br

|Dzu1 −Dzv1|p ≤ Crmin{2,p}
 
Br

|Dzu1|p, (5.3.11)

where C > 0 is a constant depending only on n, p, c1, and c2. For detailed proof of

(5.3.11), see [38, Eq. (4.35)] when p ∈ (1, 2) and [39, Lemma 3.4] when p ≥ 2.

Applying Lemma 5.3.1 and the comparison estimate (5.3.11), we have

Lemma 5.3.2. Suppose that u1 ∈ W 1,p(B+
R1
) is a solution to (5.3.7). Then for any

µ ∈ (0, 1) and r ∈ (0, R1], we have

( 
B+

µr

|Dz′u1|p + |Dznu1 − (Dznu1)B+
µr
|p
)1/p

≤ Cµα

( 
B+

r

|Dz′u1|p + |Dznu1 − (Dznu1)B+
r
|p
)1/p

+ Cµr
θp

( 
B+

r

|Dzu1|p
)1/p

,

(5.3.12)

where θp = min{1, 2/p}, α is the same constant as in Lemma 5.3.1, Cµ is a constant

depending on µ, n, p, c1, and c2, and C is a constant depending on n, p, c1, and c2.
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Proof. By Lemma 5.3.1, (5.3.11), and the triangle inequality, we have

( 
Bµr

|Dzu1 − (Dzu1)Bµr |p
)1/p

≤ C

( 
Bµr

|Dzv1 − (Dzv1)Bµr |p
)1/p

+ C

( 
Bµr

|Dzu1 −Dzv1|p
)1/p

≤ Cµα

( 
Br

|Dzv1 − (Dzv1)Br |p
)1/p

+ Cµ−n
p

( 
Br

|Dzu1 −Dzv1|p
)1/p

≤ Cµα

( 
Br

|Dzu1 − (Dzu1)Br |p
)1/p

+ Cµ−n
p

( 
Br

|Dzu1 −Dzv1|p
)1/p

≤ Cµα

( 
Br

|Dzu1 − (Dzu1)Br |p
)1/p

+ Cµr
θp

( 
Br

|Dzu1|p
)1/p

.

(5.3.13)

Since u1 is even in zn, (5.3.13) directly implies (5.3.12). The proof is completed.

We now define

ψ(x̂, r) =

( 
Ωr(x̂)

|Dy′u|p + |Dynu− (Dynu)Ωr(x̂)|p
)1/p

. (5.3.14)

Following a similar argument as in the proof of [33, Lemma 2.5], we have

Lemma 5.3.3. Suppose that u is a solution to (5.1.2) and x̂ ∈ (Γ+ ∪ Γ−) ∩ {x ∈

Rn : |x′| ≤ 3/4}. Then there exist constants C > 0 depending only on n, p, c1, and

c2, and Cµ > 0 depending on n, p, c1, c2, and µ, such that for any µ ∈ (0, 1/4) and

r ∈ (0, c4δ(x̂)], it holds that

ψ(x̂, µr) ≤ Cµαψ(x̂, r) + Cµr
θp

( 
Ωr(x̂)

|Du|p
)1/p

, (5.3.15)

where θp = min{1, 2/p}, α ∈ (0, 1) is the same constant as in Lemma 5.3.1, c4 =

c4(n, c1, c2) ∈ (0,min{c1/8, 1/8}) is the same constant as in (5.3.4) and ψ is defined

in (5.3.14).
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By iteration, Lemma 5.3.3 also implies

Corollary 5.3.4. Let u, x̂, c4, α, and θp be as in Lemma 5.3.3 and α1 ∈ (0,min{α, θp}).

Then there exists a constant C > 0 depending only on n, p, c1, c2, and α1, such that

for any 0 < ρ ≤ r ≤ c4δ(x̂), it holds that

ψ(x̂, ρ) ≤ C
(ρ
r

)α1

ψ(x̂, r) + C ρα1∥Du∥L∞(Ωr(x̂)).

Proof. We choose µ = µ(n, p, c1, c2, α1) ∈ (0, 1/6) sufficiently small such that Cµα−α1 <

1, where C is the same constant in (5.3.15). Then Lemma 5.3.3 implies that for any

r ∈ (0, c4δ(x̂)], we have

ψ(x̂, µr) ≤ µα1ψ(x̂, r) + Cα1r
θp∥Du∥L∞(Ωr(x̂)), (5.3.16)

where Cα1 > 0 is a constant depending only on n, p, c1, c2, and α1. By iteration, from

(5.3.16) we get

ψ(x̂, µjr) ≤ µα1jψ(x̂, r) + Cα1

j∑
i=1

µα1(i−1)(µj−ir)θp∥Du∥L∞(Ωr(x̂))

= µα1jψ(x̂, r) + Cα1

j∑
i=1

µα1(j−1)µ(j−i)(θp−α1)rθp∥Du∥L∞(Ωr(x̂))

≤ µα1jψ(x̂, r) + Cα1(µ
jr)α1∥Du∥L∞(Ωr(x̂)).

(5.3.17)

Here in the last inequality we used the facts that α1 < θp and r ∈ (0, 1).

Now for any 0 < ρ ≤ r ≤ c4δ(x̂), let j be the integer such that µj+1 < ρ/r ≤ µj.

Then by (5.3.17) with µ−jρ in place of r, we get

ψ(x̂, ρ) ≤ µα1jψ(x̂, µ−jρ) + Cα1 ρ
α1∥Du∥L∞(Ω

µ−jρ
(x̂))

≤ Cα1

(ρ
r

)α1

ψ(x̂, r) + Cα1 ρ
α1∥Du∥L∞(Ωr(x̂)),
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where Cα1 > 0 is a constant depending only on n, p, c1, c2, and α1. The proof is

completed.

5.3.3 Mean oscillation estimates for large r

Finally, we consider the case when Br(x̄) could potentially intersects with both Γ+

and Γ−. In this case, we fix x̄ ∈ Ω1/2 and assume c4
216
δ(x̄) ≤ r ≤ c5δ(x̄)

1
2 , where δ(x̄)

is defined in (5.1.10), c4 is the same constant as in (5.3.4), and c5 is a constant which

will be determined later. We define the map Z = Λ̃x̄(x) by
Z ′ = x′,

Zn = (h1(x̄
′)− h2(x̄

′) + ε)
( xn − h2(x

′) + ε/2

h1(x′)− h2(x′) + ε
− 1

2

)
.

(5.3.18)

Thus Λ̃x̄ is invertible in Ω1,

Q1 := Λ̃x̄(Ω1) =
{
(Z ′,Zn) ∈ Rn : |Z ′| < 1, |Zn| <

1

2
(h1(x̄

′)− h2(x̄
′) + ε)

}
,

and

Γ̃± := Λ̃x̄(Γ±) =
{
(Z ′,Zn) ∈ Rn : |Z ′| < 1, Zn = ±1

2
(h1(x̄

′)− h2(x̄
′) + ε)

}
.

Then u2(Z) := u(Λ̃−1
x̄ (Z)) satisfies the following equation with constant Dirichlet

boundary conditions


− divZ

(
|BTDZu2|p−2(det(B))−1BBTDZu2

)
= 0 in Q1,

u2 = U ε
1 on Γ̃+, u2 = U ε

2 on Γ̃−,

where we denote

B := Bx̄ := B(Z) := (bij(Z)) := DΛ̃x̄(Λ̃
−1
x̄ (Z)).
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For Z ∈ Q1, let x = Λ̃−1
x̄ (Z). Then

bii(Z) = 1 for i ∈ {1, 2, . . . , n− 1},

bij(Z) = 0 for i ∈ {1, 2, . . . , n− 1}, j ∈ {1, 2, . . . , n}, i ̸= j,

bnj(Z) =
h1(x̄

′)− h2(x̄
′) + ε

(h1(x′)− h2(x′) + ε)2

·
[
Dxj

h2(x
′)
(
xn − h1(x

′)− ε

2

)
−Dxj

h1(x
′)
(
xn − h2(x

′) +
ε

2

)]
for j ∈ {1, 2, . . . , n− 1}, and

bnn(Z) =
h1(x̄

′)− h2(x̄
′) + ε

h1(x′)− h2(x′) + ε
.

Therefore,

det(B(Z)) = bnn(Z) =
h1(x̄

′)− h2(x̄
′) + ε

h1(Z ′)− h2(Z ′) + ε

is a function independent of Zn. Assume

c4
216

δ(x̄) ≤ r ≤ 1

8
δ(x̄)

1
2 (5.3.19)

and let Z̄ = Λ̃x̄(x̄). When Z ∈ Rn satisfies |Z ′ − Z̄ ′| ≤ r, by the triangle inequality

and (5.3.19), we always have

|Z ′| ≤ |Z̄ ′|+ r ≤ |x̄′|+ r < 1. (5.3.20)
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Then for any Z ∈ Q1 with |Z ′ − Z̄ ′| ≤ r and x = Λ̃−1
x̄ (Z), by the triangle inequality

and (5.3.19), we have

|x′| ≤ r + |x̄′| ≤
(
1 +

√
216/c4

)
r

1
2 and |x′|2 ≥ 1

2
|x̄′|2 − r2 ≥ 1

4
(|x̄′|2 − ε).

Thus, using (5.1.7), (5.1.8), and (5.1.9), we infer that for j = 1, 2, . . . , n− 1 and some

constants C > 0 depending only on n, p, c1, and c2,

|bnj(Z)| ≤ 2c2
|x′|(h1(x̄′)− h2(x̄

′) + ε)

h1(x′)− h2(x′) + ε
≤ 2c2

|x′|(2c2|x̄′|2 + ε)

c1|x′|2 + ε

≤ C|x′| ≤ Cr
1
2 ≤ Cr

δ(x̄)
1
2

,

|bnn(Z)− 1| =
∣∣∣´ 1

0
d
dt

(
h1(tx

′ + (1− t)x̄′)− h2(tx
′ + (1− t)x̄′)

)
dt

h1(x′)− h2(x′) + ε

∣∣∣
≤ 2c2

(|x′|+ |x̄′|)|x′ − x̄′|
c1|x′|2 + ε

≤ Cr

δ(x̄)
1
2

,

(5.3.21)

and similarly,

∣∣(det(B(Z))
)−1 − 1

∣∣ = ∣∣(bnn(Z)
)−1 − 1

∣∣ ≤ Cr

δ(x̄)
1
2

. (5.3.22)

Therefore, when (5.3.19) holds and Z ∈ Q1 with |Z ′ − Z̄ ′| ≤ r, we have for some

constant C = C(n, p, c1, c2) > 0,

|B(Z)− In| ≤
Cr

δ(x̄)
1
2

. (5.3.23)

In particular, there exists a constant

c5 = c5(n, p, c1, c2) ∈ (0, 1/8), (5.3.24)
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such that if c4
216
δ(x̄) ≤ c5δ(x̄)

1
2 and Z ∈ Q1 with |Z ′−Z̄ ′| ≤ c5δ(x̄)

1
2 , it also holds that

|B(Z)− In| ≤ 1/2 and
∣∣(det(B(Z)))−1 − 1

∣∣ ≤ 1/2. (5.3.25)

Next we extend u2 and B to the whole cylinder C1 := {(Z ′,Zn) ∈ Rn : |Z ′| < 1}. We

denote H := h1(x̄
′) − h2(x̄

′) + ε. We take the even extension of bnn, and bij, i, j =

1, 2, . . . , n − 1, with respect to Zn = H/2, and take the odd extension of bin and

bni, i = 1, 2, . . . , n− 1, with respect to Zn = H/2. Then we take the periodic extension

of B in the Zn axis, so that the period is equal to 2H. Then we inductively reflect u2

with respect to ±(k + 1
2
)H for k ∈ N. Namely, for Z ∈ C1 and k ∈ Z, we define

u2(Z) :=


2kU ε

1 − 2kU ε
2 + u2(Zn − 2kH), if |Zn − 2kH| ≤ H

2
,

(2k + 2)U ε
1 − 2kU ε

2 − u2((2k + 1)H −Zn), if |Zn − (2k + 1)H| ≤ H

2
.

Then because of the Dirichlet boundary conditions, it is easily seen that u2 satisfies

− divZ
(
B(Z, DZu2)

)
= 0 in C1, (5.3.26)

where the nonlinear operator B is defined as

B(Z, ξ) = (det(B(Z)))−1|BT ξ|p−2BBT ξ for Z ∈ C1, ξ ∈ Rn,

and

(det(B(Z)))−1 =
(
bnn(Z)

)−1
=
h1(Z ′)− h2(Z ′) + ε

h1(x̄′)− h2(x̄′) + ε
.

Similar to (5.3.9), using (5.3.20), (5.3.22), (5.3.23), (5.3.25), and (5.3.20), we obtain

that for any r ∈
[

c4
216
δ(x̄), c5δ(x̄)

1
2

]
, Z ∈ Br(Z̄), and ξ ∈ Rn,

|B(Z, ξ)− |ξ|p−2ξ| ≤ Cr

δ(x̄)
1
2

|ξ|p−1, (5.3.27)
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where C > 0 is a constant depending only on n, p, c1, and c2. Now we let v2 ∈

u2 +W 1,p
0 (Br(Z̄)) be the unique solution to


− divZ

(
|DZv2|p−2DZv2

)
= 0 in Br(Z̄),

v2 = u2 on ∂Br(Z̄).

Using (5.3.27), similar to (5.3.11), we have the following comparison estimate

 
Br(Z̄)

|DZu2 −DZv2|p ≤ C
( r

δ(x̄)
1
2

)min{2,p}
 
Br(Z̄)

|DZu2|p, (5.3.28)

where C > 0 is a constant depending only on n, p, c1, and c2.

For x̄ ∈ Ω1/2 and r ∈ (0, 1
8
δ(x̄)

1
2 ), we define

ϕ̃(x̄, r) =

( 
Br(Z̄)

|DZu2 − (DZu2)Br(Z̄)|p
)1/p

. (5.3.29)

Then following the same proofs as those of Lemma 5.3.3 and Corollary 5.3.4 with

(5.3.28) in place of (5.3.11), we have

Lemma 5.3.5. Suppose that x̄ ∈ Ω1/2 and u2 is a solution to (5.3.26). Then there

exist constants C > 0 depending only on n, p, c1, and c2, and Cµ > 0 depending on n,

p, c1, c2, and µ, such that for any µ ∈ (0, 1) and r ∈ [ c4
216
δ(x̄), c5δ(x̄)

1
2 ], it holds that

ϕ̃(x̄, µr) ≤ Cµαϕ̃(x̄, r) + Cµ

( r

δ(x̄)
1
2

)θp ( 
Br(Z̄)

|DZu2|p
)1/p

,

where θp = min{1, 2/p}, α is the same constant as in Lemma 5.3.1, c4, c5 are the

same constants as in (5.3.4) and (5.3.24), and ϕ̃ is defined in (5.3.29). Moreover, for

any α1 ∈ (0,min{α, θp}), there exists a constant C > 0 depending only on n, p, c1, c2,
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and α1, such that for any c4
216
δ(x̄) ≤ ρ ≤ r ≤ c5δ(x̄)

1
2 , it holds that

ϕ̃(x̄, ρ) ≤ C
(ρ
r

)α1

ϕ̃(x̄, r) + C
( ρ

δ(x̄)
1
2

)α1

∥DZu2∥L∞(Br(Z̄)). (5.3.30)

5.3.4 Mean oscillation decay estimates

Now we deduce mean oscillation decay estimates by connecting the three different

cases of radii r, when δ(x̄) is sufficiently small. We let

α1 =
1

2
min{α, 2

p
} (5.3.31)

and assume

δ(x̄) ≤ min
{
(
c5
10c4

)2,
1

4 + 4c2

}
, (5.3.32)

where α, c4, and c5 are the same constants as in Lemmas 5.3.1, 5.3.3, and 5.3.5,

respectively.

Let x̄ ∈ Ω1/2. By (5.1.7), (5.1.9) and (5.3.32), we have

dist(x̄,Γ+ ∪ Γ−) ≤
1

2
(h1(x̄

′)− h2(x̄
′) + ε) ≤ c2|x̄′|2 + ε ≤ 1/4. (5.3.33)

and thus

dist(x̄,Γ+ ∪ Γ−) = dist(x̄, ∂Ω1). (5.3.34)

Lemma 5.3.6. Let x̄ ∈ Ω1/2, u be a solution to (5.1.2), and r = 1
8
δ(x̄)1/2. Let ϕ and

ϕ̃ be defined as in (5.3.1) and (5.3.29) and let α1 and c4 be the same constants as in

(5.3.31) and (5.3.4). Assume that (5.3.32) holds. Then there exists a constant C > 0

depending only on n, p, c1, and c2, such that the following holds:
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(i) For any ρ ∈ (0, c4
6
δ(x̄)],

ϕ(x̄, ρ) ≤ C
(ρ
r

)α1

∥Du∥L∞(Ωx̄,r). (5.3.35)

(ii) For any ρ ∈ [ c4
216
δ(x̄), r],

ϕ̃(x̄, ρ) ≤ C
(ρ
r

)α1

∥Du∥L∞(Ωx̄,r). (5.3.36)

Proof. First, we prove assertion (ii). Note that Br(Z̄) ∩ Q1 ⊂ Λ̃x̄(Ωx̄,r). By the

definition of the extended solution u2, (5.3.36) clearly holds for ρ ∈ [c5δ(x̄)
1/2, r],

where c5 ∈ (0, 1/8) is the same constant as in (5.3.24). On the other hand, (5.3.30)

directly implies (5.3.36) for ρ ∈ [ c4
216
δ(x̄), c5δ(x̄)

1/2).

Next, we give the proof of assertion (i). We consider the following three cases:

dist(x̄,Γ+ ∪ Γ−) ≤ ρ ≤ c4
6
δ(x̄),

ρ < dist(x̄,Γ+ ∪ Γ−) ≤
c4
6
δ(x̄),

ρ ≤ c4
6
δ(x̄) < dist(x̄,Γ+ ∪ Γ−).

Case 1: dist(x̄,Γ+∪Γ−) ≤ ρ ≤ c4
6
δ(x̄). Since x̄ ∈ Ω1/2, by (5.3.33) and the triangle

inequality, we can choose x̂ ∈ Γ+ ∪ Γ− with |x̂| ≤ 3/4, such that dist(x̄,Γ+ ∪ Γ−) =

|x̂− x̄|, and thus Ωρ(x̄) ⊂ Ω2ρ(x̂) ⊂ Ω3ρ(x̄).

Since |x̂− x̄| ≤ ρ ≤ c4
6
δ(x̄), by the triangle inequality, we have

|x̂′|2 ≤ 2|x̄′|2 + 2
(c4
6

)2
δ(x̄)2, |x̄′|2 ≤ 2|x̂′|2 + 2

(c4
6

)2
δ(x̄)2,
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which also implies

1

3
δ(x̄) ≤ δ(x̂) ≤ 3δ(x̄) (5.3.37)

since c4 ∈ (0, 1). By (5.3.37) and the fact that |x̂− x̄| ≤ ρ ≤ c4
6
δ(x̄), we also have

2|x̂− x̄| ≤ 2ρ ≤ c4δ(x̂). (5.3.38)

Let R1 = c4δ(x̂). Then ΩR1(x̂) ⊂ Ω 3
2
R1
(x̄). Thus we can apply Corollary 5.3.4 at

x̂ ∈ (Γ+ ∪ Γ−) ∩ {x ∈ Rn : |x′| ≤ 3/4} and use (5.3.6) to obtain

ϕ(x̄, ρ) ≤ Cψ(x̂, 2ρ) ≤ C

(
ρ

R1

)α1

ψ(x̂, R1) + Cρα1∥Du∥L∞(ΩR1
(x̂))

≤ C

(
ρ

R1

)α1

ψ(x̂, R1) + Cρα1∥Du∥L∞(Ω 3
2R1

(x̄)).

(5.3.39)

By using (5.3.2) and the change of variables x→ y, we have

ψ(x̂, R1) ≤

( 
ΩR1

(x̂)

|Dx′u|p + |Dxnu− (Dxnu)ΩR1
(x̂)|p

)1/p

+ C|x̂′| ∥Du∥L∞(ΩR1
(x̂))

≤

( 
ΩR1

(x̂)

|Dx′u|p + |Dxnu− (Dxnu)ΩR1
(x̂)|p

)1/p

+ CR
1/2
1 ∥Du∥L∞(Ω 3

2R1
(x̄)).

(5.3.40)

By (5.3.37), (5.3.32), and the fact that c5 ∈ (0, 1/8), it holds that

c4
2
δ(x̄) ≤ 3

2
R1 ≤

9c4
2
δ(x̄) ≤ c5

2
δ(x̄)1/2 ≤ 1

2
r. (5.3.41)

Since ΩR1(x̂) ⊂ Ω 3
2
R1
(x̄), by using (5.3.6), (5.3.22)–(5.3.25), (5.3.41), the change of

236



variables x→ Z, and the triangle inequality, we also have

( 
ΩR1

(x̂)

|Dx′u|p + |Dxnu− (Dxnu)ΩR1
(x̂)|p

)1/p

≤ C
|Λ̃x̄(ΩR1(x̂))|1/p

|ΩR1(x̂)|1/p

( 
Λ̃x̄(ΩR1

(x̂))

|DZ′u2|p + |DZnu2 − (DZnu2)Λ̃x̄(ΩR1
(x̂))|

p

)1/p

+ C
R1

δ(x̄)
1
2

∥Du∥L∞(Ω 3
2R1

(x̄))

≤ C

( 
Λ̃x̄(ΩR1

(x̂))

|DZ′u2|p + |DZnu2 − (DZnu2)Λ̃x̄(ΩR1
(x̂))|

p

)1/p

+ CR
1/2
1 ∥Du∥L∞(Ω 3

2R1
(x̄)).

(5.3.42)

Without loss of generality, we assume x̂ ∈ Γ− and thus Ẑ := Λ̃x̄(x̂) ∈ Γ̃−. We denote

B+
R(Ẑ) := BR(Ẑ) ∩ {Z ∈ Rn : Zn > Ẑn} for any R > 0. By (5.3.25) and (5.3.38),

we have B2R1(Ẑ) ⊂ B3R1(Z̄) ⊂ Br(Z̄) ⊂ C1 = {(Z ′,Zn) ∈ Rn : |Z ′| < 1}. Since

c4 ≤ min{c1/8, 1/8}, by (5.1.8) and (5.3.37), we know that B2R1(Ẑ) ∩Q1 ≡ B+
2R1

(Ẑ).

Again by (5.3.25), we also have B+
R1/2

(Ẑ) ⊂ Λ̃x̄(ΩR1(x̂)) ⊂ B+
2R1

(Ẑ). Therefore, by

the triangle inequality and the definition of u2,

( 
Λ̃x̄(ΩR1

(x̂))

|DZ′u2|p + |DZnu2 − (DZnu2)Λ̃x̄(ΩR1
(x̂))|

p

)1/p

≤ C

( 
B+

2R1
(Ẑ)

|DZ′u2|p + |DZnu2 − (DZnu2)B+
2R1

(Ẑ)|
p

)1/p

= C

( 
B2R1

(Ẑ)

|DZu2 − (DZu2)B2R1
(Ẑ0)

|p
)1/p

≤ Cϕ̃(x̄, 3R1).

(5.3.43)

Combining (5.3.39), (5.3.40), (5.3.42), and (5.3.43), we have

ϕ(x̄, ρ)

≤ C

(
ρ

R1

)α1 (
ϕ̃(x̄, 3R1) +R

1/2
1 ∥Du∥L∞(Ω 3

2R1
(x̄))

)
+ C ρα1∥Du∥L∞(Ω 3

2R1
(x̄)).

(5.3.44)
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Note that by (5.3.37), R−α1
1 R

1/2
1 ≤ R

−α1/2
1 ≤ Cr−α1 . Thus (5.3.36) with 3R1 in place

of ρ and (5.3.44) directly imply (5.3.35).

Case 2: ρ < dist(x̄,Γ+ ∪ Γ−) ≤ c4
6
δ(x̄). Let R2 = dist(x̄,Γ+ ∪ Γ−). Then we can

apply the estimate (5.3.35) in Case 1 with R2 in place of ρ to obtain

ϕ(x̄, R2) ≤ C

(
R2

r

)α1

∥Du∥L∞(Ωx̄,r). (5.3.45)

By (5.3.34), BR2(x̄) ⊂ Ω1, and we can apply Lemma 5.3.1 to get

ϕ(x̄, ρ) ≤ C

(
ρ

R2

)α1

ϕ(x̄, R2). (5.3.46)

Combining (5.3.45) and (5.3.46) yields (5.3.35).

Case 3: ρ ≤ c4
6
δ(x̄) < dist(x̄,Γ+ ∪ Γ−). Let R3 = c4

6
δ(x̄). Then by (5.3.34),

BR3(x̄) ⊂ Ω1. By Lemma 5.3.1, we have

ϕ(x̄, ρ) ≤ C

(
ρ

R3

)α1

ϕ(x̄, R3). (5.3.47)

Similar to Case 1, by using (5.3.22)–(5.3.25), change of variables, and the triangle

inequality, we obtain

ϕ(x̄, R3) ≤ C
|Λ̃x̄(BR3(x̄))|1/p

|BR3(x̄)|1/p

( 
Λ̃x̄(BR3

(x̄))

|DZu2 − (DZu2)Λ̃x̄(BR3
(x̄))|

p

)1/p

+ C
R3

δ(x̄)
1
2

∥Du∥L∞(BR3
(x̄))

≤ Cϕ̃(x̄, 2R3) +
CR3

r
∥Du∥L∞(BR3

(x̄)).

(5.3.48)

By (5.3.36) with 2R3 in place of ρ, we also have

ϕ̃(x̄, 2R3) ≤ C

(
R3

r

)α1

∥Du∥L∞(Ωx̄,r). (5.3.49)
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Combining (5.3.47), (5.3.48), and (5.3.49) yields (5.3.35). The proof is completed.

It is straightforward to see the following lower bound of |Ωρ(x̄)| from the proof of

Lemma 5.3.6 (assertion (i), case 1) and (5.3.6), which would be useful in the proof of

Proposition 5.1.5.

Lemma 5.3.7. Let x̄ ∈ Ω1/2 and c4 = c4(n, c1, c2) ∈ (0, 1) be the same constant as

in (5.3.4). Assume that (5.3.32) holds. Then there exists a constant c > 0 depending

only on n, such that for any ρ ∈ (0, c4
6
δ(x̄)), it holds that

|Ωρ(x̄)| ≥ cρn.

5.3.5 Proof of Proposition 5.1.5

Now we are ready to prove Proposition 5.1.5.

Proof of Proposition 5.1.5. Let x0 ∈ Ω1/4 and we prove the proposition around x = x0.

We recall δ(x0) = ε+ |x′0|2. Let x ∈ Ω
x0,
√

δ(x0)/4
. By the triangle inequality,

|x′|2 ≤ 2|x′0|2 + δ(x0)/8, |x′0|2 ≤ 2|x′|2 + δ(x0)/8.

Therefore, for any x ∈ Ω
x0,
√

δ(x0)/4
, it holds that

δ(x0)

3
≤ δ(x) ≤ 3δ(x0). (5.3.50)

We denote

c0 :=
1

3
min

{
(
c5
10c4

)2,
1

4 + 4c2

}
,

where c4 and c5 are the same constants as in (5.3.4) and (5.3.24). Thus c0 > 0 depends

only on n, p, c1, and c2. When δ(x0) > c0, by (5.3.50), we can apply classical results of
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Hölder regularity of the gradient for the p-Laplace equation to get (5.1.21) with x = x0,

and some β = β(n, p) ∈ (0, 1) and C = C(n, p, c1, c2) > 0. Let x1, x2 ∈ Ω
x0,
√

δ(x0)/4

and we denote

ρ := |x1 − x2|.

It suffices to show that when δ(x0) ≤ c0,

|Du(x1)−Du(x2)| ≤ Cδ(x0)
−α1/2ρα1∥Du∥L∞(Ω

x0,
√

δ(x0)/2
) (5.3.51)

holds for some constant C > 0 depending only on n, p, c1, and c2, where α1 ∈ (0, 1) is

the same constant as in (5.3.31). From now on, we assume

δ(x0) ≤ c0 =
1

3
min

{
(
c5
10c4

)2,
1

4 + 4c2

}
. (5.3.52)

By (5.3.50), we have

δ(x0)

3
≤ δ(x1) ≤ 3δ(x0) and

δ(x0)

3
≤ δ(x2) ≤ 3δ(x0) (5.3.53)

and therefore (5.3.52) also implies that (5.3.32) holds for x̄ = x1, x2 ∈ Ω
x0,
√

δ(x0)/4
⊂

Ω1/2. Thus, we can apply both Lemmas 5.3.6 and 5.3.7 with x̄ = x1 and with x̄ = x2.

We consider two different cases: ρ ≤ c4
36
δ(x0) and ρ >

c4
36
δ(x0).

Case 1: ρ ≤ c4
36
δ(x0). By (5.3.53), we also have

ρ ≤ c4
12
δ(x1) and ρ ≤ c4

12
δ(x2). (5.3.54)
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For any x ∈ Ωρ(x2), by the triangle inequality

|Du(x1)−Du(x2)| ≤|Du(x1)− (Du)Ω2ρ(x1)|+ |Du(x2)− (Du)Ωρ(x2)|

+ |Du(x)− (Du)Ω2ρ(x1)|+ |Du(x)− (Du)Ωρ(x2)|.

We then take the Lp average over x ∈ Ωρ(x2) ⊂ Ω2ρ(x1) and use Lemma 5.3.7, the

Lebesgue differentiation theorem, and the triangle inequality to get

|Du(x1)−Du(x2)|

≤ |Du(x1)− (Du)Ω2ρ(x1)|+ |Du(x2)− (Du)Ωρ(x2)|+ Cϕ(x1, 2ρ) + Cϕ(x2, ρ)

≤ C
∞∑
j=0

ϕ(x1, 2
1−jρ) + C

∞∑
j=0

ϕ(x2, 2
−jρ),

(5.3.55)

where ϕ is the mean oscillation of Du defined in (5.3.1).

By (5.3.53) and the triangle inequality, we know that Ωx1,r ⊂ Ω
x0,
√

δ(x0)/2
⊂ Ω1,

where r = 1
8
δ(x1)

1/2. Since (5.3.54) holds, we can apply (5.3.35) with x1 in place of x̄

and 21−jρ in place of ρ to obtain

∞∑
j=0

ϕ(x1, 2
1−jρ) ≤ C

∞∑
j=0

(
21−jρ

r

)α1

∥Du∥L∞(Ωx1,r)

≤ C
(ρ
r

)α1

∥Du∥L∞(Ω
x0,

√
δ(x0)/2

) ≤ Cδ(x0)
−α1/2ρα1∥Du∥L∞(Ω

x0,
√

δ(x0)/2
). (5.3.56)

Similarly, we also have

∞∑
j=0

ϕ(x2, 2
−jρ) ≤ Cδ(x0)

−α1/2ρα1∥Du∥L∞(Ω
x0,

√
δ(x0)/2

). (5.3.57)

Combining (5.3.55), (5.3.56), and (5.3.57) yields (5.3.51).
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Case 2: ρ > c4
36
δ(x0). By (5.3.53), we also have

ρ >
c4
108

δ(x1) and ρ >
c4
108

δ(x2). (5.3.58)

With x1 in place of x̄ in Section 5.3.3, we denote the new coordinate by ξ = Λ̃x1(x)

and set ξ1 := (ξ′1, ξ
n
1 ) := Λ̃x1(x1), where Λ̃x1 is defined as in (5.3.18). Similarly, with

x2 in place of x̄, we denote another coordinate by η := (η′2, η
n
2 ) := Λ̃x2(x) and set

η2 = Λ̃x2(x2). Let u
(1)
2 and u

(2)
2 be the extended solutions in the coordinates ξ and η

defined as in Section 5.3.3, respectively. As in Section 5.3.3, we also define the mean

oscillation of extended solutions in the two coordinates ξ and η by

ϕ̃(x1, r) =

( 
Br(ξ1)

|Dξu
(1)
2 − (Dξu

(1)
2 )Br(ξ1)|p

)1/p

and

ϕ̃(x2, r) =

( 
Br(η2)

|Dηu
(2)
2 − (Dηu

(2)
2 )Br(η2)|p

)1/p

.

Let us first briefly describe our ideas to prove (5.3.51) in this case. By the triangle

inequality,

|Du(x1)−Du(x2)| ≤ |Du(x1)− (Dξu
(1)
2 )Bc6ρ(ξ1)

|+ |Du(x2)− (Dηu
(2)
2 )Bρ(η2)|

+ |(Dξu
(1)
2 )Bc6ρ(ξ1)

− (Dηu
(2)
2 )Bρ(η2)|,

(5.3.59)

where c6 > 0 is a constant which will be specified later. We will estimate the third

term on the right-hand side of (5.3.59) using careful change of variables ξ → η and

estimate the first two terms using iteration of Lemma 5.3.6. A delicate transition

from the original coordinates x to the new coordinates ξ (or η) is also needed when

the radius (inside the iteration procedure) is at the scale of δ(x0).

Note that by (5.3.18), Φ := Λ̃x2Λ̃
−1
x1

is indeed a dilation of the coordinate ξ in the
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ξn direction, namely,

η = (η′, ηn) = Φ(ξ) =
(
ξ′,

h1(x
′
2)− h2(x

′
2) + ε

h1(x′1)− h2(x′1) + ε
ξn
)
.

By (5.1.7), (5.1.8), and (5.3.53), we have

c1
9c2

≤ c1|x′2|2 + ε

c2|x′1|2 + ε
≤ h1(x

′
2)− h2(x

′
2) + ε

h1(x′1)− h2(x′1) + ε
≤ c2|x′2|2 + ε

c1|x′1|2 + ε
≤ 9c2

c1
. (5.3.60)

This implies that Φ and Φ−1 are bounded independent of ε. Moreover, similar to

(5.3.21), using (5.3.53) one can also show that

∣∣h1(x′2)− h2(x
′
2) + ε

h1(x′1)− h2(x′1) + ε
− 1
∣∣ ≤ 2c2

(|x′1|+ |x′2|)|x′1 − x′2|
c1|x′1|2 + ε

≤ Cδ(x0)
−1/2ρ,∣∣h1(x′1)− h2(x

′
1) + ε

h1(x′2)− h2(x′2) + ε
− 1
∣∣ ≤ 2c2

(|x′1|+ |x′2|)|x′1 − x′2|
c1|x′2|2 + ε

≤ Cδ(x0)
−1/2ρ,

(5.3.61)

where C > 0 is a constant depending only on c1 and c2. Note that (5.3.61) directly

implies

|DΦ− In| ≤ Cδ(x0)
−1/2ρ and |DΦ−1 − In| ≤ Cδ(x0)

−1/2ρ. (5.3.62)

By the definitions of the extended solutions u
(1)
2 and u

(2)
2 , we also know that for any

ξ, η ∈ Rn with |ξ′| < 1 and |η′| < 1, we have

u
(1)
2 (ξ) = u

(2)
2 (Φ(ξ)), u

(2)
2 (η) = u

(1)
2 (Φ−1(η)).

Without loss of generality, we assume

h1(x
′
2)− h2(x

′
2) + ε

h1(x′1)− h2(x′1) + ε
≥ 1,

and thus we have Φ−1(Bρ(η2)) ⊂ Bρ(ξ2), where we denote ξ2 := (ξ′2, ξ
n
2 ) := Φ−1(η2).
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Clearly ξ′1 = x′1 and ξ′2 = x′2. Therefore, by using (5.1.7), (5.1.9), (5.3.58), and the

triangle inequality, for any ξ ∈ Φ−1(Bρ(η2)), it holds that

|ξ − ξ1| ≤ |ξ − ξ2|+ |ξ2 − ξ1| ≤ ρ+ |ξ′2 − ξ′1|+ |ξn2 − ξn1 |

≤ 2ρ+ h1(x
′
1)− h2(x

′
1) + ε

≤ 2ρ+ c2|x′1|2 + ε ≤ c6ρ,

where c6 > 2 is a constant depending only on n, c1, and c2. Thus Φ−1(Bρ(η2)) ⊂

Bρ(ξ2) ⊂ Bc6ρ(ξ1).

Let c5 ∈ (0, 1/8) be the same constant as in Lemma 5.3.5. From now on, we assume

ρ ≤ min{c5/4, 1/(64c6)}δ(x0)1/2, (5.3.63)

since otherwise (5.3.51) clearly holds. Note that (5.3.58), (5.3.63), and (5.3.53) directly

imply

c4
108

δ(x2) < ρ ≤ c5δ(x2)
1/2 <

1

8
δ(x2)

1/2 (5.3.64)

and

c4
108

δ(x1) < c6ρ ≤
1

16
δ(x1)

1/2. (5.3.65)

Now we estimate the three terms on the right-hand side of (5.3.59) separately.

We first estimate the term |(Dξu
(1)
2 )Bc6ρ(ξ1)

− (Dηu
(2)
2 )Bρ(η2)| in (5.3.59). For any

ξ ∈ Φ−1(Bρ(η2)), by the triangle inequality,

|(Dξu
(1)
2 )Bc6ρ(ξ1)

− (Dηu
(2)
2 )Bρ(η2)|

≤ |(Dξu
(1)
2 )Bc6ρ(ξ1)

−Dξu
(1)
2 (ξ)|+ |Dξu

(1)
2 (ξ)− (Dηu

(2)
2 )Bρ(η2)|.

We then take the Lp average over ξ ∈ Φ−1(Bρ(η2)) ⊂ Bc6ρ(ξ1) and use (5.3.60),
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(5.3.62), and the triangle inequality to get

|(Dξu
(1)
2 )Bc6ρ(ξ1)

− (Dηu
(2)
2 )Bρ(η2)|

≤ Cϕ̃(x1, c6ρ) +
(  

Φ−1(Bρ(η2))

|Dξu
(1)
2 (ξ)− (Dηu

(2)
2 )Bρ(η2)|pdξ

)1/p
≤ Cϕ̃(x1, c6ρ) +

(  
Bρ(η2)

|Dηu
(2)
2 (η)DΦ− (Dηu

(2)
2 )Bρ(η2)|pdη

)1/p
≤ Cϕ̃(x1, c6ρ) + Cϕ̃(x2, ρ) + Cδ(x0)

−1/2ρ ∥Dηu
(2)
2 ∥L∞(Bρ(η2)).

(5.3.66)

By (5.3.64) and (5.3.25) we know that |DΛ̃x2| ≤ C in Ωx2,ρ and thus

∥Dηu
(2)
2 ∥L∞(Bρ(η2)) ≤ C∥Du∥L∞(Ωx2,ρ)

≤ C∥Du∥L∞(Ω
x0,

√
δ(x0)/2

). (5.3.67)

By (5.3.65), we can apply (5.3.36) with x1 in place of x̄ and c6ρ in place of ρ, and use

(5.3.53) to get

ϕ̃(x1, c6ρ) ≤ Cδ(x0)
−α1/2ρα1∥Du∥L∞(Ω

x0,
√

δ(x0)/4
)

≤ Cδ(x0)
−α1/2ρα1∥Du∥L∞(Ω

x0,
√

δ(x0)/2
).

(5.3.68)

Similarly, we have

ϕ̃(x2, ρ) ≤ Cδ(x0)
−α1/2ρα1∥Du∥L∞(Ω

x2,
√

δ(x0)/4
)

≤ Cδ(x0)
−α1/2ρα1∥Du∥L∞(Ω

x0,
√

δ(x0)/2
).

(5.3.69)

Combining (5.3.66), (5.3.67), (5.3.68) and (5.3.69), we obtain

|(Dξu
(1)
2 )Bc6ρ(ξ1)

− (Dηu
(2)
2 )Bρ(η2)| ≤ Cδ(x0)

−α1/2ρα1∥Du∥L∞(Ω
x0,

√
δ(x0)/2

). (5.3.70)

Next, we estimate the term |Du(x1) − (Dξu
(1)
2 )Bc6ρ(ξ1)

| in (5.3.59). We define ρj :=

c62
−jρ for j ∈ N. Because of (5.3.58), we let j1 ≥ 1 be the integer such that

ρj1 ≥
c4
216

δ(x1), ρj1+1 <
c4
216

δ(x1). (5.3.71)
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Then by using the triangle inequality and Lemma 5.3.7, we have

|Du(x1)− (Dξu
(1)
2 )Bc6ρ(ξ1)

|

≤ |Du(x1)− (Du)Ωρj1+1 (x1)|+ |(Du)Ωρj1+1 (x1) − (Dξu
(1)
2 )Bρj1

(ξ1)|

+ |(Dξu
(1)
2 )Bρj1

(ξ1) − (Dξu
(1)
2 )Bc6ρ(ξ1)

|

≤ C
∞∑

j=j1+1

ϕ(x1, ρj) + C

j1∑
j=0

ϕ̃(x1, ρj) + |(Du)Ωρj1+1 (x1) − (Dξu
(1)
2 )Bρj1

(ξ1)|.

(5.3.72)

Using Lemma 5.3.7 and Hölder’s inequality, we obtain

|(Du)Ωρj1+1 (x1) − (Dξu
(1)
2 )Bρj1

(ξ1)|

≤ C
( 

Ωρj1
(x1)

|Du(x)− (Dξu
(1)
2 )Bρj1

(ξ1)|pdx
)1/p

≤ C
( 

Λ̃x1 (Ωρj1
(x1))

|Dξu
(1)
2 (ξ)B(ξ)− (Dξu

(1)
2 )Bρj1

(ξ1)|pdξ
)1/p

,

(5.3.73)

where as in Section 5.3.3, we denote

B(ξ) = DΛ̃x1(Λ̃
−1
x1
(ξ)),

and use (5.3.25) in the last line. By (5.3.23) with x1 in place of x̄, from (5.3.73) we

deduce

|(Du)Ωρj1+1 (x1) − (Dξu
(1)
2 )Bρj1

(ξ1)| ≤ Cϕ̃(x1, 2ρj1) +
Cρj1

δ(x1)1/2
∥Du∥L∞(Ωx1,ρj1

)

≤ Cϕ̃(x1, ρj1−1) + Cρ1/2∥Du∥L∞(Ωx1,c6ρ)
.

(5.3.74)

Here in the last inequality we also used (5.3.71) and (5.3.58). Combining (5.3.72),
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(5.3.74) and using (5.3.63), we get

|Du(x1)− (Dξu
(1)
2 )Bc6ρ(ξ1)

|

≤ C
∞∑

j=j1+1

ϕ(x1, ρj) + C

j1∑
j=0

ϕ̃(x1, ρj) + Cρ1/2∥Du∥L∞(Ω
x1,

√
δ(x0)/4

).
(5.3.75)

We recall (5.3.58) and (5.3.65). Therefore, by applying Lemma 5.3.6 with x1 in place

of x̄ and ρj in place of ρ, and using (5.3.75) and (5.3.53), we obtain

|Du(x1)− (Dξu
(1)
2 )Bc6ρ(ξ2)

|

≤ Cδ(x0)
−α1/2ρα1∥Du∥L∞(Ω

x1,
√

δ(x0)/4
) + Cρ1/2∥Du∥L∞(Ω

x1,
√

δ(x0)/4
)

≤ Cδ(x0)
−α1/2ρα1∥Du∥L∞(Ω

x0,
√

δ(x0)/2
).

(5.3.76)

Similarly, it also holds that

|Du(x2)− (Dξu
(2)
2 )Bρ(ξ2)| ≤ Cδ(x0)

−α1/2ρα1∥Du∥L∞(Ω
x0,

√
δ(x0)/2

). (5.3.77)

Combining (5.3.59), (5.3.70), (5.3.76), and (5.3.77) yields (5.3.51). The proof is

completed.

5.4 Estimates of U ε
1 − U ε

2

In the following, we use the C1,β estimate we derive in Proposition 5.1.5 to obtain

an asymptotic expansion of Duε in terms of U ε
1 − U ε

2 , for arbitrary constants U ε
1 and

U ε
2 (Proposition 5.4.1). When p ≥ (n + 1)/2, for the specific U ε

1 and U ε
2 in (5.1.2),

U ε
1 − U ε

2 will converges to 0 as ε→ 0, and we compute in Theorem 5.4.4 the rate of

convergence using information of the flux F defined in (5.1.6). When p < (n+ 1)/2,

U ε
1 − U ε

2 will converges to U1 − U2 as shown in Theorem 5.2.5.

Proposition 5.4.1. Let h1, h2 be C
2 functions satisfying (5.1.7)-(5.1.9), p > 1, n ≥ 2,
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ε ∈ [0, 1/4), U ε
1 , U

ε
2 be arbitrary constants with |U ε

i | ≤ ∥φ∥L∞(∂Ω), and uε ∈ W 1,p(Ω̃ε)

be a solution of


− div(|Duε|p−2Duε) = 0 in Ω̃ε,

uε = U ε
i on ∂Dε

i , i = 1, 2,

uε = φ on ∂Ω.

There exist positive constants β ∈ (0, 1), C1 and C2 depending only on n, p, c1, and

c2, such that

Duε(x) =

(
0′,
U ε
1 − U ε

2

δ(x)

)
+ f1(x, ε) for x ∈ Ω

ε

1/4, (5.4.1)

where δ is defined in (5.1.11),

|f1(x, ε)| ≤ C1

(
|U ε

1 − U ε
2 |

δ1−β/2(x)
+ ∥φ∥L∞(∂Ω)e

− C2√
ε+|x′|

)
. (5.4.2)

Proof. By mean value theorem, we know that for any x = (x′, xn) ∈ Ω
ε

1/4, there exist

ζ(x′) ∈ (− ε
2
+ h2(x

′), ε
2
+ h1(x

′)) and y(x) = (x′, ζ(x′)) ∈ Ωε
1/4, such that

Dnuε(y(x)) = (U ε
1 − U ε

2 )/δ(x).

Let

f1(x, ε) := (Dx′uε(x), Dnuε(x)−Dnuε(y(x))). (5.4.3)

By Propositions 5.1.5 and 5.2.2, we have

|Dnuε(x)−Dnuε(y(x))| ≤ C|xn − ζ(x′)|βδ(x)−β/2∥Duε∥L∞(Ω
x,
√

δ(x)/2
)

≤ C1

(
|U ε

1 − U ε
2 |

δ1−β/2(x)
+ ∥φ∥L∞(∂Ω)e

− C2√
ε+|x′|

)
.

(5.4.4)
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Let z(x) = (x′, ε/2 + h1(x
′)). Since uε ≡ U ε

1 on Dε

1, by Proposition 5.2.2, we have

|Dx′u(z(x))| ≤ C|x′||Du(z(x))|

≤ C1|x′|
(
|U ε

1 − U ε
2 |

δ(x)
+ ∥φ∥L∞(∂Ω)e

− C2√
ε+|x′|

)
.

(5.4.5)

Similar to (5.4.4), we also have

|Dx′u(x)−Dx′u(z(x))| ≤ C1

(
|U ε

1 − U ε
2 |

δ1−β/2(x)
+ ∥φ∥L∞(∂Ω)e

− C2√
ε+|x′|

)
. (5.4.6)

Therefore, by (5.4.5), (5.4.6), and the triangle inequality, we have

|Dx′u(x)| ≤ C1

(
|U ε

1 − U ε
2 |

δ1−β/2(x)
+ ∥φ∥L∞(∂Ω)e

− C2√
ε+|x′|

)
.

This completes the proof of Proposition 5.4.1.

Following the proof of [43, Proposition 2.1] with slight modification, we have the

following proposition, which will be proved in the Appendix.

Proposition 5.4.2. Let n ≥ 2, p ≥ (n + 1)/2, h1, h2 be C2 functions satisfying

(5.1.7)-(5.1.9), ε ∈ (0, 1), and uε ∈ W 1,p(Ω) be the solution of (5.1.2). Then there

exist positive constants C1, C2 depending only on n, p, c1, c2, and ∥φ∥L∞, such that

for any r ∈ (0, 1),

∣∣∣∣∣F − lim
ε→0+

ˆ
Γε
−,r

|Duε|p−2Duε · ν

∣∣∣∣∣ ≤ C1e
−C2

r , (5.4.7)

where F is given in (5.1.6).

Remark 5.4.3. The proof of Proposition 5.4.2 relies on the facts that |Du0| ≤ C1e
−C2

r

and ∥uε − u0∥C1,α(K) → 0 as ε→ 0 for any K ⊂⊂ Ω \
(

∪
0<ε≤ε0

(Dε
1 ∪ Dε

2) ∪ {0}
)
with

ε0 > 0, where u0 is the minimizer of (5.1.3) with ε = 0. See Proposition 5.2.2 and
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Theorem 5.2.5. However, Du0 may be unbounded when p < (n+ 1)/2. This fact was

overlooked in [20,21].

With the help of Propositions 5.2.2 and 5.4.2, we are able to derive the rate of

convergence for U ε
1 − U ε

2 when ε→ 0.

Theorem 5.4.4. Let p ≥ (n+ 1)/2, U ε
1 and U ε

2 be the constants in (5.1.2). Then it

holds that

lim
ε→0+

(U ε
1 − U ε

2 )Θ(ε)−1 = sgn(F)(K|F|)1/(p−1), (5.4.8)

where Θ(ε) is given in (5.1.12), K is given in (5.1.13), and F is given in (5.1.6).

Proof. By Proposition 5.4.1, we have

∣∣∣∣Duε · ν(y)− U ε
1 − U ε

2

δ(y)

∣∣∣∣ ≤ C1

( |U ε
1 − U ε

2 |
δ1−β/2(y)

+ e
− C2√

ε+|y′|

)
for y ∈ Γε

−,1/4, (5.4.9)

where δ is defined in (5.1.11).

We will show that every sequence converges to the same limit.

First, Let {εj}j∈N be a decreasing sequence such that εj → 0 as j → ∞ and

U
εj
1 ≥ U

εj
2 for every j ∈ N. By (5.4.9), for any τ ∈ (0, 1/2) and r ∈ (0, 1/4), we have

(1− τ)
(U εj

1 − U
εj
2

δj(y)

)p−1

(1− Cδ
β/2
j (y))− C(τ)e

− C2√
εj+|y′| ≤ |Duεj |p−2Duεj · ν(y)

≤ (1 + τ)
(U εj

1 − U
εj
2

δj(y)

)p−1

(1 + Cδ
β/2
j (y)) + C(τ)e

− C2√
εj+|y′| for y ∈ Γ

εj
−,1/4,

where δj(y) := εj + h1(y
′)− h2(y

′), C,C2 > 0 depends only on n, p, c1, c2, β, ∥φ∥L∞ ,

and dist(Dεj
1 ∪ Dεj

2 , ∂Ω), and C(τ) additionally depends on τ . By the change of
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variables dS =
√

1 + |Dx′h2(y′)|2dy′, (5.1.7), and (5.1.9), we have for any r < 1/4,

(1− τ)

ˆ
|y′|<r

(U εj
1 − U

εj
2

δj(y)

)p−1

(1− Cδ
β/2
j (y))

√
1 + |Dx′h2(y′)|2 dy′

− C(τ)

ˆ
|y′|<r

e
− C2√

εj+|y′| dy′

≤
ˆ
Γ
εj
−,r

|Duεj |p−2Duεj · ν dS

≤ (1 + τ)

ˆ
|y′|<r

(U εj
1 − U

εj
2

δj(y)

)p−1

(1 + Cδ
β/2
j (y))

√
1 + |Dx′h2(y′)|2 dy′

+ C(τ)

ˆ
|y′|<r

e
− C2√

εj+|y′| dy′. (5.4.10)

Note that

ˆ
|y′|<r

e
− C2√

εj+|y′| dy′ ≤ Cr(n−1). (5.4.11)

Moreover, for p ≥ (n+ 1)/2,

lim
r→0+

lim
ε→0+

ˆ
|y′|<r

(Θ(ε)

δ(y)

)p−1

dy′ =
1

K
. (5.4.12)

The verification of (5.4.12) follows from direct computations, which will be given in

the Appendix (Lemma 6.2.1). By taking the limit as j → ∞ in (5.4.10) first, then

taking r → 0 and τ → 0, from (5.4.7), (5.4.10), (5.4.11), and (5.4.12) we get

lim
j→∞

(
(U

εj
1 − U

εj
2 )Θ(εj)

−1
)p−1

= KF . (5.4.13)

Similarly, if {εj}j∈N is a decreasing sequence such that εj → 0 as j → ∞ and U
εj
1 ≤ U

εj
2

for every j ∈ N, then we have

lim
j→∞

(
(U

εj
2 − U

εj
1 )Θ(εj)

−1
)p−1

= −KF . (5.4.14)
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Therefore, we conclude that if F > 0, then for any decreasing sequence εj → 0+, there

exists j0 ∈ N such that U
εj
1 ≥ U

εj
2 for every j ≥ j0, since otherwise there exists a

decreasing subsequence {εjk} such that U
εjk
1 < U

εjk
2 , then from (5.4.14) we should

have F ≤ 0. Thus if F > 0, (5.4.13) implies (5.4.8). Similarly, (5.4.8) also holds when

F < 0. For the remaining case when F = 0, let {εj} be any decreasing sequence such

that εj → 0 as j → ∞. Then there exists a decreasing subsequence {εjk} such that

either U
εjk
1 ≤ U

εjk
2 holds for every k ∈ N or U

εjk
1 ≥ U

εjk
2 holds for every k ∈ N. Thus

(5.4.13) (or (5.4.14)) implies that

lim
k→∞

(U
εjk
1 − U

εjk
2 )Θ(εjk)

−1 = 0.

Therefore, (5.4.8) is also true when F = 0. The proof of the theorem is completed.

5.5 Proofs of Theorem 5.1.1 and Proposition 5.1.4

In this section, we give the proofs of Theorem 5.1.1 and Proposition 5.1.4.

Proof of Theorem 5.1.1. First, we consider the case when p ≥ (n+ 1)/2. Let

f0(ε) := (U ε
1 − U ε

2 )/Θ(ε)− sgn(F)(K|F|)1/(p−1). (5.5.1)

By Theorem 5.4.4 and (5.4.2), we know that

lim
ε→0

f0(ε) = 0,

and

|f1(x, ε)| ≤ C1

(
δ(x)β/2−1Θ(ε)(|KF|1/(p−1) + |f0(ε)|) + ∥φ∥L∞(∂Ω)e

− C2√
ε+|x′|

)
,
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where f1 is defined as in (5.4.3). Then (5.1.15) follows from (5.4.1), (5.5.1), and the

above.

Next, we consider the case when 1 < p < (n+ 1)/2. We define

g0(ε) := U ε
1 − U ε

2 − (U1 − U2),

and g1(x, ε) = f1(x, ε) as in (5.4.3). By Theorem 5.2.5,

lim
ε→0

g0(ε) = 0,

Similar as above, (5.1.16) follows.

Proof of Proposition 5.1.4. For the case when p ≥ (n + 1)/2, by the symmetry of

the domain and uniqueness of the solution, we know that u0(x
′, xn) = −u0(x′,−xn).

Therefore, U0 = u(x′, 0) = 0. By the strong maximum principle, u0 > 0 in Ω̃0 ∩ {xn >

0}. Then by the Hopf lemma, Du0 · ν > 0 on ∂D0
1, and hence F > 0.

For the case when 1 < p < (n+ 1)/2, we prove by contradiction. Assume U1 ≤ U2.

Since u0(x
′, xn) = −u0(x′,−xn), we know that u0(x

′, 0) = 0 and U1 = −U2. Therefore,

U1 ≤ 0 and u0 achieves minimum in B+
5 on ∂D0

1. Hence Du0 · ν > 0 on ∂D0
1 by the

Hopf lemma. This implies

ˆ
∂D0

1

|Du0|p−2Du0 · ν > 0,

which contradicts to (5.1.5)3.
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CHAPTER 6

Appendix

6.1 Proof of Proposition 5.4.2

In the first part of the appendix, we prove Proposition 5.4.2. The proof essentially

follows those of [43, Proposition 2.1] and [21, Lemma 5.1]. Our estimate is sharper

due to a better estimate on |Du0| (Proposition 5.2.2).

Proof of Proposition 5.4.2. Similar to the proof of Theorem 5.2.5, for small r ∈

(0, 1/2), we take a smooth surface η so that Dε
1 is surrounded by Γ0

−,s ∪ η. See Figure

5.1. We denote the surface

Σε
r :=

{
x ∈ Rn : |x′| = r,−ε

2
+ h2(x

′) < xn < h2(x
′)
}
.

Since
´
∂D0

1
|Du0|p−2Du0 · ν = F and

´
∂Dε

1
|Duε|p−2Duε · ν = 0, by integration by parts,

we have

−
ˆ
Γ0
−,r

|Du0|p−2Du0 · ν +
ˆ
η

|Du0|p−2Du0 · ν = F , (6.1.1)
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and

−
ˆ
Γε
−,r

|Duε|p−2Duε · ν +
ˆ
Σε

r

|Duε|p−2Duε · ν +
ˆ
η

|Duε|p−2Duε · ν = 0. (6.1.2)

Note that the minus signs appear because ν on Γ0
−,r and Γε

−,r are defined to be

pointing upwards, while ν on η and Σε
r are pointing away from Dε

1. By (5.2.5), we

have |Du0(x)| ≤ C1e
−C2

r in Ω0
r, and hence

∣∣∣∣∣
ˆ
Γ0
−,r

|Du0|p−2Du0 · ν

∣∣∣∣∣ ≤ C1e
−C2

r (6.1.3)

for some positive ε-independent constants C1 and C2. By Theorem 5.2.5, we have

lim
ε→0+

ˆ
η

|Duε|p−2Duε · ν =

ˆ
η

|Du0|p−2Du0 · ν. (6.1.4)

By (5.2.7), we have |Duε(x)| ≤ C(ε+ |x′|2)−1 in Ω0
1/2. Therefore,

∣∣∣∣ˆ
Σε

r

|Duε|p−2Duε · ν
∣∣∣∣ ≤ C

ˆ
|x′|=r

ˆ h2(x′)

−ε/2+h2(x′)

( 1

ε+ |x′|2
)p−1

dxndS

≤ C
εrn−2

(ε+ r2)p−1
. (6.1.5)

Finally, (5.4.7) follows directly from (6.1.1)-(6.1.5). Proposition 5.4.2 is proved.

6.2 Proof of Eq. (5.4.12)

In the following, we verify (5.4.12).

Lemma 6.2.1. (5.4.12) holds when p ≥ (n+ 1)/2.

Proof. We only give the proof for the case when n ≥ 3. The case n = 2 follows

similarly and is simpler. After a rotation of coordinates if necessary, we may assume
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that

D2
x′(h1 − h2)(0

′) = diag (λ1, . . . , λn−1).

First, we replace δ(y) in the denominator with the quadratic polynomial ε+
∑n−1

i=1 λiy
2
i /2.

By (5.1.8), (5.1.9), and the fact that h1, h2 are C2, we estimate

∣∣∣∣∣
ˆ
|y′|<r

(Θ(ε)

δ(y)

)p−1

−
( Θ(ε)

ε+
∑n−1

i=1
λi

2
y2i

)p−1

dy′

∣∣∣∣∣
= Θ(ε)p−1

∣∣∣∣∣∣∣
ˆ
|y′|<r

(
ε+

∑n−1
i=1

λi

2
y2i

)p−1

− δ(y)p−1[
δ(y)

(
ε+

∑n−1
i=1

λi

2
y2i

)]p−1 dy′

∣∣∣∣∣∣∣
≤ CΘ(ε)p−1

ˆ
|y′|<r

h(r)|y′|2(ε+ |y′|2)p−2

(ε+ |y′|)2p−2
dy′

≤ Ch(r)

ˆ
|y′|<r

( Θ(ε)

ε+
∑n−1

i=1
λi

2
y2i

)p−1

dy′,

where h(r) is the modulus of continuity of D2
x′(h1 − h2), and hence h(r) → 0 as r → 0,

and C is some positive constant independent of ε and r. Therefore, it suffices to show

that for any r > 0,

lim
ε→0+

ˆ
|y′|<r

( Θ(ε)

ε+
∑n−1

i=1
λi

2
y2i

)p−1

dy′ =
1

K
. (6.2.1)

In the spherical coordinates, for y′ ∈ Rn−1, we write

y1 =

√
2

λ1
s cos θ1, y2 =

√
2

λ2
s sin θ1 cos θ2, y3 =

√
2

λ3
s sin θ1 sin θ2 cos θ3, . . . ,

yn−2 =

√
2

λn−2

s sin θ1 sin θ2 · · · sin θn−3 cos θn−2,

yn−1 =

√
2

λn−1

s sin θ1 sin θ2 · · · sin θn−3 sin θn−2,

where s ∈ [0,∞), θ1, θ2, . . . , θn−3 ∈ [0, π] and θn−2 ∈ [0, 2π). For convenience of
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notation, we denote Σ := [0, π]n−3 × [0, 2π). By this change of variables,

ˆ
|y′|<r

( Θ(ε)

ε+
∑n−1

i=1
λi

2
y2i

)p−1

dy′

=
2

n−1
2

(λ1 · · ·λn−1)
1
2

ˆ
Σ

ˆ r
φ(θ)

0

( Θ(ε)

ε+ s2

)p−1

sn−2J(θ) dsdθ, (6.2.2)

where

φ(θ) =
( 2

λ1
cos2 θ1 +

2

λ2
sin2 θ1 cos

2 θ2 + · · ·+ 2

λn−1

sin2 θ1 · · · sin2 θn−2

) 1
2
,

and

J(θ) = sinn−3 θ1 sin
n−4 θ2 · · · sin θn−3.

Note that √
2

maxλi
≤ φ(θ) ≤

√
2

minλi
.

When p > (n + 1)/2, Θ(ε) = ε
2p−n−1
2(p−1) . By the change of variables t = ε−1s2, the

right-hand side of (6.2.2) becomes

2
n−3
2

(λ1 · · ·λn−1)
1
2

ˆ
Σ

ˆ r2

φ2(θ)ε

0

t
n−3
2

(1 + t)p−1
dtJ(θ)dθ.

Since (n − 3)/2 − (p − 1) = (n − 2p − 1)/2 < −1, the integral converges as ε → 0.

Therefore,

lim
ε→0+

ˆ
|y′|<r

( Θ(ε)

ε+
∑n−1

i=1
λi

2
y2i

)p−1

dy′ =
2

n−3
2

(λ1 · · ·λn−1)
1
2

ˆ
Σ

ˆ ∞

0

t
n−3
2

(1 + t)p−1
dtJ(θ)dθ

=
2

n−3
2 |Sn−2|

(λ1 · · ·λn−1)
1
2

B
(n− 1

2
,
2p− n− 1

2

)
, (6.2.3)
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where B is the beta function. Recalling the identities

|Sn−2| = 2π
n−1
2

Γ
(
n−1
2

) , B
(n− 1

2
,
2p− n− 1

2

)
=

Γ
(
n−1
2

)
Γ
(
p− n−1

2

)
Γ(p− 1)

, (6.2.4)

and plugging them into (6.2.3), we have proved (6.2.1) for the case when p > (n+1)/2.

When p = (n+1)/2, Θ(ε) = | ln ε|−
1

p−1 . By the change of variables w = ε−1/2s, the

right-hand side of (6.2.2) becomes

2
n−1
2 | ln ε|−1

(λ1 · · ·λn−1)
1
2

ˆ
Σ

ˆ r
φ(θ)

√
ε

0

wn−2

(1 + w2)
n−1
2

dwJ(θ) dθ

=
2

n−1
2 | ln ε|−1

(λ1 · · ·λn−1)
1
2

ˆ
Σ

ˆ r
φ(θ)

√
ε

0

w

1 + w2
dwJ(θ) dθ

+
2

n−1
2 | ln ε|−1

(λ1 · · ·λn−1)
1
2

ˆ
Σ

ˆ r
φ(θ)

√
ε

0

(
wn−2

(1 + w2)
n−1
2

− w

1 + w2

)
dwJ(θ) dθ

=: I + II.

By direct computations,

I =
2

n−3
2 | ln ε|−1

(λ1 · · ·λn−1)
1
2

ˆ
Σ

ˆ r
φ(θ)

√
ε

0

d ln(1 + w2)J(θ) dθ

=
2

n−3
2 | ln ε|−1

(λ1 · · ·λn−1)
1
2

ˆ
Σ

[
ln
(
ε+

r2

φ2(θ)

)
− ln ε

]
J(θ) dθ.

Therefore, by (6.2.4),

lim
ε→0+

I =
2

n−3
2 |Sn−2|

(λ1 · · ·λn−1)
1
2

=
(2π)

n−1
2

(λ1 · · ·λn−1)
1
2Γ
(
n−1
2

) . (6.2.5)

To estimate II, we split the integral over (0, r
φ(θ)

√
ε
) into (0, 1) and (1, r

φ(θ)
√
ε
), and

denote them by II1 and II2, respectively. It is easily seen that |II1| ≤ C| ln ε|−1. To
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estimate II2, we have

|II2| ≤ C| ln ε|−1

ˆ
Σ

ˆ r
φ(θ)

√
ε

1

w
[
wn−3 − (1 + w2)

n−3
2

]
(1 + w2)

n−1
2

dwJ(θ) dθ.

By the mean value theorem, there exists a ξ ∈ (w2, 1 + w2), such that

wn−3 − (1 + w2)
n−3
2 = −n− 3

2
ξ

n−5
2 .

Note that (w2, 1 + w2) ⊂ (w2, 2w2) when w ≥ 1. Therefore,

∣∣∣∣∣∣
ˆ r

φ(θ)
√
ε

1

w
[
wn−3 − (1 + w2)

n−3
2

]
(1 + w2)

n−1
2

dw

∣∣∣∣∣∣ ≤ C

ˆ ∞

1

wn−4

(1 + w2)
n−1
2

≤ C,

which implies |II2| ≤ C| ln ε|−1. Hence, by (6.2.5) and the estimate |II1| + |II2| ≤

C| ln ε|−1, we have proved (6.2.1) for the case when p = (n+ 1)/2.
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[53] , On Bellman’s equations with VMO coefficients, Methods Appl. Anal. 17 (2010), no. 1,

105–121.

[54] T. Kuusi and G. Mingione, New perturbation methods for nonlinear parabolic problems, J. Math.

Pures Appl. (9) 98 (2012), no. 4, 390–427.

[55] , Gradient regularity for nonlinear parabolic equations, Ann. Sc. Norm. Super. Pisa Cl.

Sci. (5) 12 (2013), no. 4, 755–822.

[56] , Linear potentials in nonlinear potential theory, Arch. Ration. Mech. Anal. 207 (2013),

no. 1, 215–246.

[57] , Guide to nonlinear potential estimates, Bull. Math. Sci. 4 (2014), no. 1, 1–82.

[58] , A nonlinear Stein theorem, Calc. Var. Partial Differential Equations 51 (2014), no. 1-2,

45–86.

[59] , Riesz potentials and nonlinear parabolic equations, Arch. Ration. Mech. Anal. 212

(2014), no. 3, 727–780.

[60] , The Wolff gradient bound for degenerate parabolic equations, J. Eur. Math. Soc. (JEMS)

16 (2014), no. 4, 835–892.

[61] O. Levy and R. V. Kohn, Duality relations for non-Ohmic composites, with applications to

behavior near percolation, J. Statist. Phys. 90 (1998), no. 1-2, 159–189.

[62] H.G. Li, Asymptotics for the Electric Field Concentration in the Perfect Conductivity Problem,

SIAM J. Math. Anal. 52 (2020), no. 4, 3350–3375.

[63] H.G. Li, Y.Y. Li, and Z. Yang, Asymptotics of the gradient of solutions to the perfect conductivity

problem, Multiscale Model. Simul. 17 (2019), no. 3, 899–925.

[64] H.G. Li, F. Wang, and L. Xu, Characterization of electric fields between two spherical perfect

conductors with general radii in 3D, J. Differential Equations 267 (2019), no. 11, 6644–6690.

[65] Y.Y. Li and Z. Yang, Gradient estimates of solutions to the conductivity problem with flatter

insulators, Anal. Theory Appl. 37 (2021), no. 1, 114–128.

264



[66] , Gradient estimates of solutions to the insulated conductivity problem in dimension

greater than two, Math. Ann. 385 (2023), no. 3-4, 1775–1796.

[67] G. M. Lieberman, Regularized distance and its applications, Pacific J. Math. 117 (1985), no. 2,

329–352.

[68] , Boundary regularity for solutions of degenerate elliptic equations, Nonlinear Anal. 12

(1988), no. 11, 1203–1219.

[69] , The natural generalization of the natural conditions of Ladyzhenskaya and Ural′tseva

for elliptic equations, Comm. Partial Differential Equations 16 (1991), no. 2-3, 311–361.

[70] , Sharp forms of estimates for subsolutions and supersolutions of quasilinear elliptic

equations involving measures, Comm. Partial Differential Equations 18 (1993), no. 7-8, 1191–

1212.

[71] , Second order parabolic differential equations, World Scientific Publishing Co., Inc., River

Edge, NJ, 1996.

[72] M. Lim and K. Yun, Blow-up of electric fields between closely spaced spherical perfect conductors,

Comm. Partial Differential Equations 34 (2009), no. 10-12, 1287–1315.

[73] X. Markenscoff, Stress amplification in vanishingly small geometries, Computational Mechanics

19 (1996), no. 1, 77–83.

[74] G. Mingione, Gradient potential estimates, J. Eur. Math. Soc. (JEMS) 13 (2011), no. 2, 459–486.

[75] , Nonlinear measure data problems, Milan J. Math. 79 (2011), no. 2, 429–496.

[76] Q.-H. Nguyen and N. C. Phuc, Good-λ and Muckenhoupt-Wheeden type bounds in quasilinear

measure datum problems, with applications, Math. Ann. 374 (2019), no. 1-2, 67–98.

[77] , Pointwise gradient estimates for a class of singular quasilinear equations with measure

data, J. Funct. Anal. 278 (2020), no. 5, 108391, 35.

[78] , Existence and regularity estimates for quasilinear equations with measure data: the case

1 < p ≤ (3n− 2)/(2n− 1), Anal. PDE 15 (2022), no. 8, 1879–1895.

[79] , A comparison estimate for singular p-Laplace equations and its consequences, Arch.

Ration. Mech. Anal. 247 (2023), no. 3, Paper No. 49, 24.

[80] J.-T. Park and P. Shin, Regularity estimates for singular parabolic measure data problems with

sharp growth, J. Differential Equations 316 (2022), 726–761.

265
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