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CHAPTER 1

Introduction

In this thesis, we study the regularity theory for p-Laplace type equations. Physi-
cally, such equations arise from various materials, including dielectrics, plastic mould-
ing, plasticity phenomena, viscous flows in glaciology, electro-rheological and thermo-
rheological fluids. See e.g. [5,14,40,46,61,81,82]. Due to their degenerate and

nonlinear nature, regularity theory for these equations is still not complete.

In the remaining part of this chapter, we introduce our main results on the
nonlinear potential theory for p-Laplace type equations with measure data and stress
concentration for nonlinear high contrast composite materials involving the p-Laplacian.
We also present some important ideas and methods used to obtain those results. Details
of the nonlinear potential theory can be found in Chapter 2 and 3, which are based
on [36] and [35]. Detailed analysis on the nonlinear composite materials will be given

in Chapter 4 and 5, which are based on [33] and [32].



1.1 Nonlinear potential theory

In this section, we introduce the potential theory for the gradient of solutions to

elliptic and parabolic p-Laplace type equations with measure data. We consider
—div(|Du|P2Du) = p in Q CR" (elliptic case)
and
uy — div(|DulP2Du) = p in Qg :=Q x (=T,0) C R™!,  (parabolic case)

in the singular range p € (1,2), where p is a locally finite signed Radon measure. A

major difficulty for these equations in the range p € (1,2 — 1] (for the elliptic case)

and p € (1,2 — =5] (for the parabolic case), is that the gradient of solutions (even

1

oc- Lo overcome this difficulty, we

when g is the Dirac measure) fail to belong to L
develop iteration schemes to estimate the so-called L%-mean oscillation of the gradient

of solutions with ¢ € (0, 1), namely,

1/q
inf (][ Du— 0]
SIS B

for domains B C Q (or Qr). With the help of comparison estimates with homogeneous
equations, reverse Holder inequalities, and stopping time arguments, we are able to
establish pointwise gradient estimates and optimal conditions ensuring boundedness

or continuity of the gradient in a singular range of p.



1.1.1 p-Laplace type equations with measure data

Let Q C R™ (n > 2) and p be a locally finite signed Radon measure supported in

Q). Consider the following quasi-linear elliptic equation with measure data:
—div(a(x, Du)) = in Q, (1.1.1)

where the nonlinear tensor a(-) satisfies Ladyzhenskaya & Ural’tseva’s conditions in

the gradient variable, i.e.:

la(@, 2)| + |2l|0:a(z, 2)| S |2/

(O-a(z,2)€,€) 2 |2IP~*[¢]”

and the oscillation with respect to the space variable can be quantified via a modulus

of continuity of Dini type:
la(z1, 2) — a(wz, 2)] S w(lzy — z2])]2[77,

with w(-) concave, non-decreasing, h%l w(p) =w(0) =0 and fol w(t)% < oo. In recent
p—0+
decades, people are interested in establishing a potential theory for the gradient of

solutions, namely estimating Du by some potentials of .

(a) For the linear growth case p = 2, in the pioneering work [74], Mingione proved a
pointwise upper bound of the gradient of solutions in terms of the linear Riesz

potential T}/

(b) Duzzar-Mingione [38] and Kuusi-Mingione [56] showed that the pointwise upper
bound of the gradient in terms of the linear Riesz potential I|1“ " also holds when
pe(2—1%,2)and p € (2,00) (where solutions are whh.

loc

3n—2
2n—17

(c) For the singular case when p € ( 2 — %], Nguyen-Phuc [77] secured a



pointwise upper bound of the gradient in terms of nonlinear Wolff potentials

P|~,“| for v € (5, ng’__ll)) C (0,1), under some extra assumptions on w and the

continuity of 0.a.
Here

(AL t

e, m) = [ B

is the linear (truncated) Riesz potential, and

tn—1 t

Pz, R) = /0 " (LBl y ot

is a nonlinear (truncated) Wolff potential.

In a joint work with H. Dong [36], we extended the pointwise gradient estimates

via linear potential in (a) and (b) to the singular range p € (32=2,2 — L) and obtained

3n—2}
?2n—11"

Lipschitz estimates for the more singular case when p € (1

Theorem 1.1.1 (Chapter 2, Theorems 2.1.1, 2.1.3). Let p € (1,2), u be a solution to

(1.1.1), and Bgr(z) C Q. Then we have the following Lipschitz estimate

. .
1Dl 2 (s S I RIEL By + B 77 I Dull -2 (550

3n—2
2n—17

Moreover, if p € ( 2), we also have pointwise gradient estimate

1

|Du(z)| < [IM(z, R)]Y® + ( ][ |Du!2_pdy>ﬁ. (1.1.2)

Bgr(z)

We also extended the optimal gradient continuity criterion for p > 2 in [56] to the

singular range p € (1,2).

Theorem 1.1.2 (Chapter 2, Theorem 2.1.4). Let p € (1,2) and u be a solution to



(1.1.1). If

}lgin}) I‘f“(m, R) =0 locally uniformly in x € €2, (1.1.3)
.

then Du is continuous in 2. In particular, assumption (1.1.3) holds when p belongs

to the Lorentz space L(n, 1) locally in €.

We should mention that the pointwise gradient estimates (1.1.2) has been recently

3n—2

proved by Nguyen-Phuc [79] for the range p € (1, ;7—=] and their proof merges improved
comparison estimates with the techniques developed in the our work [36]. To conclude,
a complete (local) potential theory for the gradient of solutions to p-Laplace type

equations is now available for all exponents p > 1.

1.1.2 Parabolic p-Laplace type equations with measure data

Let Qp := Q x (=T,0) C R™" (n > 2) and and p be a locally finite signed Radon
measure supported in 2. Consider the following parabolic p-Laplace type equation

with measure data

—div(a(z,t, Du)) = p in Qrp, (1.1.4)

where the nonlinear tensor a(-) satisfies the same Ladyzhenskaya & Ural'tseva’s
conditions in the gradient variable and Dini condition in the space variable as in
Section 1.1.1, but can be merely measurable in the time variable. The parabolic
setting is more involved due to the lack of certain scaling properties. We denote the
standard parabolic cylinder by Q,(x,t) := B,(z) x (t — r%,t), and the (truncated)

parabolic Riesz potential by

(1) /|M|prt
' n-+1 p

For the case when p > 2 — ﬁ (where the gradient of solutions belong to Li..), Kuusi-

Mingione [55,59] proved pointwise upper bounds of the gradient of solutions in terms



of the parabolic Riesz potential I|1“ |, and fine criteria for continuity of the gradient.

In a joint work with H. Dong [35], we extended their results to the sub-critical range
pE (nz—fl, 2 — %H] We overcame the difficulties by using intrinsic geometries and

estimating the L%-mean oscillation of the gradient of solutions with ¢ € (0,1) as

mentioned above.

Theorem 1.1.3 (Chapter 3, Theorems 3.1.2, 3.1.3). Let p € (n2—]:1,2 - HLH], u be a

solution to (1.1.4), and Qa.(z,t) C Q. Then we have

2q

Du(z,t)| < T x,t;2r er Dul + 1)? dadt m
~ 1

Qr(z,t)

Moreover, if

lim I‘f‘(m,t; r) =0 locally uniformly in (x,t) € Qr, (1.1.5)

r—0

then Du 1s continuous in §2. In particular, assumption (1.1.5) holds when p belongs

to the Lorentz space L(n + 2,1) locally in Qr.

We remark that p > 2n/(n + 1) is a natural assumption that guarantees the
existence of fundamental solution to the parabolic p-Laplace equation (the Barenblatt

solution; see [10], [87, Chapter 11], [55, Section 1.3]).

1.2 Nonlinear high contrast composite materials

In this section, we introduce the nonlinear conductivity problems arising from high
contrast composite materials. We study the insulated (or perfect) conductivity problem
with closely spaced insulators (or perfect conductors) embedded in a homogeneous
matrix where the current-electric field relation is the power law J = o|E|P~2E. The

electric field may blow up as ¢, the distance between the inclusions approaches 0.



We quantitatively analyze the concentration of the electric field E = —Du between
the inclusions, where wu is the voltage potential. The linear case (p = 2) is already
interesting and has attracted a lot of attention in recent decades. See e.g. [3,4,8,9,28,

29,62,63,88-91].

1.2.1 Nonlinear insulated conductivity problem

Let Q C R" (n > 2) be a bounded domain with C? boundary, and let DY and DY
be two C? open sets inside Q with diam(D?) > ¢ > 0 and dist(DY U DI, 0Q) > ¢ > 0,
touching at the origin with the outer normal of D9 being the positive z,-axis. We
write variable x as (', 2,), where 2’ € R, For € > 0, translating DY and Dj by £
along the z,-axis, we denote

& € 151 €
Di =Dy +(0.5), D;=Dy=(0,7),

and QF := Q\ (D UD5). See Figure 1.1.

Figure 1.1: Domain with closely spaced inclusions

When the two inclusions Df, D5 are insulators, we set o = 1. and then the voltage



potential u. is the unique solution to the following equation

( ~
—div(|Duc|P"*Du.) =0 in QF,
0
YE =0 ondD:, i=1,2, (1.2.1)
ov
\ u. = @ on 0f2,
where ¢ € C?(99) is given, and v = (vy,...,1,) denotes the outer normal vector on

0D5 U 0D5 (pointing towards (25) By the regularity of D] and D5, we can assume
that near the origin, the part of D] and 9D3, denoted by I'Y. and I'*, are the graphs

of two functions of 2’

1 1
ri = o= Sam@) W< g b 1= {o =S, < 3 a2

where h; and hy are strictly convex and strictly concave C? functions, respectively,
satisfying
hi(0") = ho(0") =0, Dyhi(0)) = Dyhe(0) = 0.

The goal is to estimate the electric field —Du, in Q. By classical C1 estimates
for the p-Laplace equation and the maximum principle, Du.(z) should be uniformly

bounded when z € Q= N {z € R" : |/| > 1/2}.

For the linear case (p = 2), Ammari-Kang-Lim [4] and Bao-Li-Yin [9] proved that

1/2 when n = 2 and recently Dong-Li-

the optimal blow-up rate of the gradient is e~
Yang [28,29] obtained the optimal blow-up rate e~*/2+7 when n > 3, where v > 0 is a

explicit constant depending on n and the principal curvatures of 9D and 9DY.

However, their arguments heavily rely on the linear structure and do not work in

the nonlinear case (p # 2).

In a joint work with H. Dong and Z. Yang [33], in dimension n = 2 we obtained

almost optimal blow-up rate of the gradient, and for the case when n > 3, we proved



an upper bound of the gradient to be of order e~ '/?*# for some > 0, and showed
that the singularity of the gradient diminishes as p — co or n — oco. We overcame
the difficulties due to nonlinearity by different flattenings and extensions at different
scales, delicate iteration arguments using mean oscillation estimates, and constructing

suitable super-solutions and sub-solutions.

Theorem 1.2.1 (Chapter 4, Theorems 4.1.1, 4.1.3). Let n =2, ¢ € (0,1), u. be the

solution to (1.2.1), and = € Q. When p € (1, 3], we have
|Duc(2)] S (e + 12'1) 72l 1o 00y -
When p > 3, then for any 6 > 0, we have

| Duc ()| <5 (¢ + |2') 7070l Loy

Theorem 1.2.2 (Chapter 4, Theorems 4.1.2, 4.1.3, 4.1.5). Let p > 1, n > 3,
e € (0,1), ue be the solution to (1.2.1), and x € Q. Then there exists § =

B(n,p, D*hy (), D*hy(+)) > 0 such that
|Duc ()] S (e + |2'7) 7> ol oo o0

Moreover, f — 1/2 as p — 00 and f — 1/2 as n — oo.

When n = 2, the blow-up rates e~ /2 for p € (1,3] and e ¥/®=Y=% for p > 3 in
Theorem 1.2.1 are almost optimal in the sense that we constructed the following

example:

Theorem 1.2.3 (Chapter 4, Theorem 4.1.4). Letn =2, € € (0,1), Q = Bs, D1, D,

be the unit balls centered at (0,1 +¢/2) and (0,—1 — e/2), respectively. Let ¢ = x;



and u. be the solution to (1.2.1). Then for any § > 0, when p € (1, 3],

146
)265 2,

HDUEHLm(ﬁﬂBgm

and when p > 3,

—146
p—1

||Du8||L°°(ﬁﬂBsm) 26 €

1.2.2 Nonlinear perfect conductivity problem

We adopt the same notation for the domains 2, D9, D9, D2, D5, € as in Section
1.2.1. When the two inclusions D7, D; are perfect conductors, the voltage potential u.

is the unique solution to the following equation

—div(|Du|P?Du.) =0 in F,

u.=U; ondD;, i=1,2,

(1.2.3)
/ |Du.|P?Du.-v=0 i=1,2,
aDg
\ u. =@ on 0f,
where ¢ € C?(09) is given, v = (v, ...,1,) is the outer normal vector, and U$, U

are two constants determined by (1.2.3);.

When p > (n+1)/2, Gorb-Novikov [43] showed that as e — 0, u. converges (both

weakly in W1(Q) and strongly in C'(K) for any K cC Q°) to the unique solution of

— div(|Dug[P"2Dug) =0 in Q°,

Uy = U() on 87)(1) U 8@3,

2
Z/ | Dug|P~2Dug - v = 0,
i—1 79D}

up = on 0L,

(1.2.4)

10



where Q0 := Q\ (DY U DY) and Uy is a constant determined by (1.2.4)5. In this case,

the flux along DY, denoted by

F = | Dug|P~2 Dug - v,
oD?

3
can be nonzero.

When p € (1,(n+1)/2), in a joint work with H. Dong and Z. Yang [32], we proved

that as € — 0, u. converges (in the same sense) to the unique solution of

( ~
—div(|Duo[P"?Dug) =0 in Q°,

uy = U; on 9DY\ {0}, i =1,2,
(1.2.5)
/ |Dug|P2Dug - v =0, i=1,2,
oo

\ ug = on 0,

where U; and U, are two constants determined by (1.2.5);.

For the linear case p = 2 and n > 2, the optimal blow-up rate was obtained in
[3,4,8]. Li-Li-Yang [63] and Li [62] established asymptotic expansions of Du.(z) for

sufficiently small £ and 2/, when n = 2, 3.

For the nonlinear case when p > (n + 1)/2 and F # 0, Gorb-Novikov [43] proved

that the optimal blow up rate of Du. is of order ©(¢)/e, where

2p—n—1 n + 1
c 2(p-1 , p > ,
O(e) == 2

n+1
5

|1n5|*ﬂ%1, p=

In the joint work with H. Dong and Z. Yang [32], for any p > 1 and n > 2, we

obtained an asymptotic expansion of Du.(z) for sufficiently small ¢ and 2.
Theorem 1.2.4 (Chapter 5, Theorem 5.1.1). Let n > 2, u., F, Uy, U,, O(¢) be as

11



above, € QF, and n(x) = hy(x') — ho(2') + &, where hy, hy are defined in (1.2.2).

Then the following holds:

(i) If p > (n+1)/2, when € and |2'| are sufficiently small, we have
Du.(z) = (0, n(x) "' O(e) sgn(F) (K |F)PY) + Ri(z,¢),

where K > 0 is an explicitly computable constant in terms of n, p, and D? (hy —

ha)(0).

(i) If p € (1,(n+1)/2), when € and |2'| are sufficiently small, we have

Du.(z) = (0/,n(z) "' (U1 — Us)) + Ro(z,€).

The remainders Ry and Ry are of higher order with respect to n(x)~10(e) and n(x)™!,

respectively.

Our proof of Theorem 1.2.4 involves a delicate C1 estimate, which implies a better

estimate for the oscillation of Du, in the z,, direction.

12



CHAPTER 2

Gradient estimates for singular
p-Laplace type equations with

measure data

We are concerned with interior and global gradient estimates for solutions to a class
of singular quasilinear elliptic equations with measure data, whose prototype is given

by the p-Laplace equation —A,u = p with p € (1,2). The cases when p € (2 — %, 2)

3n—2
2n—17

and p € ( 2 — %] were studied in [38] and [77], respectively. In this chapter, we

3n—2
) 2n—1

improve the results in [77] and address the open case when p € (1 } Interior

and global modulus of continuity estimates of the gradients of solutions are also

established.

2.1 Introduction

We consider the quasilinear elliptic equation with measure data

—div(A(z, Du)) = u (2.1.1)

13



in a domain €2 C R", where n > 2. Here pu is a locally finite signed Radon measure in
Q, namely, |u|(Bgr(z) N Q) < oo for any ball Br(x) C R". By setting |u|(R™\Q)=0,
we will always assume that p is defined in the whole space R™. The vector field
A= (A, ..., A) : QxR" — R" is assumed to satisfy the following growth, ellipticity,

and continuity conditions: there exist constants A > 1, s > 0, and p > 1 such that

Az, )] < A* + 67D, [DeA(x, )] < A(s* + [¢]) 272, (2.1.2)
(DeA(z,&)n,m) > XM (s> + )PP, (2.1.3)

and
Az, &) — A0, §)| < Aw(lz — mo])(s* + &) P72 (2.1.4)

hold for every z, xy € Q and every (£,7) € R" x R"\{(0,0)}, and w : [0,00) — [0, 1] is

a concave non-decreasing function satisfying

lim w(r) =w(0) =0

r—0t

and the Dini condition

/lw(r) dr < +o0. (2.1.5)

A typical model equation is given by the (possibly nondegenerate) p-Laplace

equation with measure data and s > 0:
—div <a(x)(|Du|2 n 32)¥Du) — 4 inQ (2.1.6)
where a(-) is a Dini continuous function in €2, satisfying

0<A ' <a(z)<A (2.1.7)

14



and

la(x) — a(zo)| < Aw(|x — 20]) (2.1.8)

for every x, g € €.

By a (weak) solution to Eq. (2.1.1), we mean a function u € W,2”(Q) such that

the distributional relation

[ A, Du). Dy s = [

holds whenever ¢ € C§°(£2) has compact support in 2. We use Br(z) to denote the

open ball of radius R centered at x and we set

BR:BR(O), QR({E) :QQBR(.CIZ‘)

The gradient estimates for the super-quadratic case when p > 2 were well studied
in the literature. See [37,39,56,74,75]. However, the corresponding results for the

singular case when p € (1,2) are far from complete.
In this chapter, we are concerned with only the singular case when p € (1,2).

For singular quasi-linear equations, the case when p € (2 — %, 2) was considered
in the pioneering work [38], in which the authors proved that under the conditions

(2.1.2)-(2.1.5), if u € C*(Q) solves (2.1.1), then it holds that
[Du()] < O[T () ()] 7 +C][ (1Du(y)] + 5) dy

BR(J,’)

for every ball Br(z) C Q with R € (0, 1], where C' = C(n, p, \,w). Here f, stands for

15



the integral average over a measurable set £/ and

() = [ D & 2.9

In—2
2n—1"

is the truncated first-order Riesz potential. Later, the case when p € ( 2— %] was
treated in [77], in which the authors obtained a pointwise gradient bound involving the
Wolff potential under stronger assumptions on A and w. Namely, under the conditions

(2.1.2)-(2.1.4) and further assuming that

|DeA(,€) — DeA(z, m)

(2.1.10)
A(s® + [EP)P722(s% 4 ) P22 (s + € o+ ) BP0 2] — |0
and
/ wl(r) — L < too
for some ap € (0,2 — p) and v € <2nn ) C (0,1), if u € C*(Q) is a solution to

(2.1.1), then it holds that

Du(e)| < CIPX(uD @)™ +C(f  (Dulw)]+ 5 dy) .

Br(z)

where C' = C(n, p, A\, ap,w,y) and

P = [ (MUEEDy

th t

is a truncated nonlinear Wolff potential. We recall that in general, the truncated Wolff

potential is defined as

1

Wﬁp(lu!)(l’)—/o (%)H% B e (0,n/p]. (2.1.11)
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Our first main result is stated as follows.

3n—2

Theorem 2.1.1 (Interior pointwise gradient estimate). Let p € (2n_1,

2) and suppose
that u € WP(Q) is a solution to (2.1.1). Then under the assumptions (2.1.2)-(2.1.5),

there exists a constant C'= C(n,p, \,w) such that the estimate

Du(z)| < C[E(|u))(2)] 7 +C (7{9 (1Du(y)| +5)*7 dy) - (2.1.12)

R(%)

holds for any Lebesque point x of the vector-valued function Du, with Br(x) C 2 and
R € (0,1].

Remark 2.1.2. Our pointwise bound in Theorem 2.1.1 using Riesz potential If(|u|) is
an improvement of the bound in [77, Theorem 1.1] which contains the Wolff potential
R .
P2(|ul), since
1
F(|p) <CPH(u) vy <1,

The conditions on w and A in Theorem 2.1.1 are also weaker. In particular, (2.1.10)

is not assumed.

3n—2
2n—1

For the more singular case when p € (1, }, which was open, we obtain the

following Lipschitz estimate.

Theorem 2.1.3 (Interior Lipschitz estimate). Let p € (1,2) and suppose that u €

WLP(Q) is a solution to (2.1.1). Then under the assumptions (2.1.2)-(2.1.5), there

loc

exists a constant C' = C(n,p, \,w) such that the estimate
a7 -
HDuHL‘X’(BR/z(w)) < CHIl <|/‘D”£;(BR($)) + CR™ > [|[[Du| + s|12-r(Bp(z)  (2.1.13)

holds for any Br(x) C 2 and R € (0, 1].

We also obtain a modulus of continuity estimate of Du in Theorem 2.4.3, which

directly implies the following sufficient condition for the continuity of Du.
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Theorem 2.1.4 (Gradient continuity via Riesz potential). Let p € (1,2) and u €

WLP(Q) be a solution to (2.1.1). Assume that (2.1.2)-(2.1.5) are satisfied and the

loc

functions
x — IE(|u))(x) converge locally uniformly to zero in Q as R — 0. (2.1.14)

Then Du is continuous in S).

Recall the Lorentz space L™! is the collection of measurable functions f such that

/OO {z: |f(z)] >t} dt < co.

0

Theorem 2.1.4 has the following corollary.

Corollary 2.1.5 (Gradient continuity via Lorentz spaces). Let p € (1,2) and u €
WLP(Q) be a solution to (2.1.1). Assume that (2.1.2)-(2.1.5) are satisfied and

loc

p € L™ holds locally in €. (2.1.15)

Then Du is continuous in €).

We remark that the Lorentz-space result above was proved in [58] for a p-Laplacian

system similar to (2.1.6) when p € (1, 00).

A further, actually immediate, corollary of Theorem 2.1.4 concerns measures with

certain density properties.

Corollary 2.1.6 (Gradient continuity via density). Let p € (1,2) and u € W-P(Q)

loc

be a solution to (2.1.1). Assume that (2.1.2)-(2.1.5) are satisfied and p satisfies

|1l (By(x)) < Cp"hi(p) (2.1.16)
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for every ball B,(x) CC Q, where C' is a positive constant and h : [0,00) — [0, 00) is

a function satisfying the Dini condition

R dr
/ h(r) — < oo for some R > 0. (2.1.17)
0 r

Then Du is continuous in €).

We remark that Theorem 2.1.4 and Corollaries 2.1.5 and 2.1.6 above are indeed
the sub-quadratic —p € (1, 2)— counterparts of [56, Theorem 1.5 and Corollaries 1.6,
1.7]. See also [37, Theorems 1, 3, and 4] and [75, Theorems 5.5 and 5.6]. We refer the
reader to [37,56,75] for a discussion of the borderline nature of the assumptions in

these results.

Another interesting consequence of Theorem 2.4.3 is the following gradient Holder

continuity result.

Corollary 2.1.7 (Gradient Holder continuity via density). Let p € (1,2) and u €
WLP(Q) be a solution to (2.1.1). Then under the assumptions (2.1.2)-(2.1.5), there
exists a constant a € (0,1) depending only on n, p, and X\, such that if w(r) < Cr?
whenever r > 0 and |u|(B,(z)) < Cp" ' whenever B,(x) CC Q, for some constants

C >0 and § € (0,a), then u € C.7(Q).

loc

Remark 2.1.8. We should stress that the constant « in Corollary 2.1.7 is the natural
Holder exponent of the gradients of solutions to corresponding homogeneous equations
with z-independent nonlinearities (cf. Lemma 2.2.2). Therefore, our result in Corollary
2.1.7 provides the best possible Holder exponent for the gradient of the solution. The
previous Corollary is an improvement of the gradient Holder regularity result by
Liebermann [70, Theorem 5.3|, who proved u € Cllo’fl for some 51 = f1(n,p,\, ) €

(0,1) under the same assumptions.

We also obtain up-to-boundary gradient estimates for the p-Laplace equations with
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measure data in domains with C'P™ houndaries.

Definition 2.1.9. Let Q be a domain in R”. We say that Q has C'P™® boundary if
there exists a constant Ry € (0, 1] and a non-decreasing function wy : [0, 1] — [0, 1]

satisfying the Dini condition

/1 dr
wo(r) — < 400,
B r

such that the following holds: for any xq = (zo1,2}) € 05, there exists a CPini
function (i.e., C' function whose first derivatives are uniformly Dini continuous)

x : R"! — R and a coordinate system depending on x( such that
sup  |Dox(a)) = Dox(5)] < wo(r), Vr € (0, Ro),

2] —z5|<r

and that in the new coordinate system, we have

[ Darx(wp)] = 0, Qgy(w0) = {x € Br,(70) : 71 > x(2)}.

Our global pointwise gradient estimate and Lipschitz estimate are stated as follows.

Theorem 2.1.10 (Boundary pointwise gradient estimate). Let p € (32:3,2) and
suppose that u € Wy P(Q) is a solution to (2.1.6) with Dirichlet boundary data u = 0
on 00. Assuming that (2.1.5), (2.1.7), and (2.1.8) are satisfied and 2 has a CHP™
boundary characterized by Ry and wg as in Definition 2.1.9, then there exists a constant
C =C(n,p, \,w, Ro,wo) such that estimate

rDu<x>|scuf(|u|><xnp%+c(]€ <|Du<y>|+s>2—pdy) SRR

R(®)

holds for any Lebesgue point x € 0 of the vector-valued function Du and R € (0, 1].

Moreover, if u € CY(Q), the estimate (2.1.18) holds for any x € Q.
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Theorem 2.1.11 (Boundary Lipschitz estimate). Let p € (1,2) and suppose that
u € WyP(Q) is a solution to (2.1.6) with Dirichlet boundary data u = 0 on 0.
Assuming that (2.1.5), (2.1.7), and (2.1.8) are satisfied and Q has a C*P™ boundary
characterized by Ry and wy as in Definition 2.1.9, then there exists a constant C =

C(n,p, \,w, Ry,wp) such that the estimate
R =1 -
1Dl 2= (@poen) < ClIE LD 1 payy + CR™T7 DUl + sllz2-s(@py — (2.1.19)

holds for any x € Q and R € (0,1].
As a corollary, we also obtain the global Lipschitz estimate when € is bounded.

Corollary 2.1.12. Let Q2 C R" be a bounded domain. Under the assumptions of

Theorem 2.1.11, there ezists a constant C' = C(n, p, A\, w, Ry, wo, diam(2)) such that

1Dl () < CIIT ()] 720y + Cs.

A global modulus of continuity estimate is established in Theorem 2.5.10 under
the same assumptions of Theorem 2.1.11. One may also deduce corresponding up-to-
boundary gradient continuity results from Theorem 2.5.10 similar to Theorem 2.1.4

and Corollaries 2.1.5-2.1.7 from Theorem 2.4.3.

Let us give a brief description of the proofs. We first apply an iteration argument to
get an L7°-mean oscillation estimate of the gradients of solutions to the homogeneous

equation with z-independent nonlinearities
—div(Ay(Dv)) =0

in Section 2.2, where vy € (0,1). Our proofs of the interior gradient estimates are

then based on a comparison estimate between the original solution u of (2.1.1) and
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the solution to the homogeneous equation —div(A(z, Dw)) = 0 in a ball Br with the

boundary condition v = w on dBg. The outcome is the inequality

1/70
<][ | Du — Dw|™ da:)
Br

|1l (Br) |1l (Br)

N (2.1.20)
<C [—r +C’—][ (|Dul| + s)*?dz,
Br

]%nfl ]%nfl

which holds for some constant 7 € (0,1). The details can be found in Lemma 2.3.2.

3n—2
2n—17

For the case when p € ( 2), we can choose 79 = 2 — p, which is the same integral

exponent on the right hand side. We then borrow an idea in [25] by estimating the

LY-mean oscillation to adapt the iteration scheme used, for instance, in [38]. However,

3n—2
’ 2n—1

for the case when p € (1 }, we are only able to prove the comparison estimate
(2.1.20) for some 79 < 2 — p and that is the reason why we only obtain Lipschitz

estimates instead of pointwise gradient estimates in this case.

For the gradient estimates up to the boundary, we use the technique of flattening
the boundary and generalize the interior oscillation estimates to half balls. We adapt
an idea in [19] to establish the global L"-mean oscillation estimates by a delicate
combination of the interior estimates and the estimates near a flat boundary. To
this end, we also apply an odd extension argument to derive an L7-mean oscillation
estimate on half balls for homogeneous equations with z-independent nonlinearities.
This argument only works for equations in diagonalized form, such as the p-Laplace
equation, so the global estimates for general equations remain open. As a partial
result in this direction, we refer the reader to [77] for a weighted pointwise boundary
estimate under the condition that 0f2 is sufficiently flat in the sense of Reifenberg.
We also refer the reader to [15,68] for boundary regularity results for quasi-linear

equations with sufficiently regular right-hand side.

The rest of the chapter is organized as follows. In the next section, we derive
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an L"-mean oscillation estimate of solutions to the homogeneous equation with -
independent nonlinearities. In Section 2.3, we give the proof of Theorem 2.1.1. Section
2.4 is devoted to the Lipschitz estimate and the interior modulus of continuity estimate
of the gradient of solutions as well as its corollaries. Finally, in Section 2.5 we consider

the corresponding boundary estimates.

2.2 An oscillation estimate

This section is devoted to the proof of the following interior oscillation estimate for

solutions to the homogeneous equation
—div(Ag(Dv)) =0 in Q, (2.2.1)

where Ay = Ag(&) is a vector field independent of x satisfying conditions (2.1.2) and
(2.1.3) for some s > 0, A > 1, and p > 1. In this section, we denote the integral

average over Br(z) by (*)Bu(z)-

Theorem 2.2.1. Let v € W,2P(Q) be a solution to (2.2.1) and o € (0,1). Then there

exist constants a € (0,1) depending on n, p, and X\, and C' > 1 depending on n, p, A,

and 7o, such that for every Br(xg) C Q and p € (0, R), we have

1/70 e /7
inf ][ Dv—ql™| <C (—) inf (][ \Dv — q|70) L (2.22)
ac ( Byp(20) R/ a€R" \J Bp(ao)

To prove the above theorem, we first recall a classical oscillation estimate. Estimates

of this type, with different exponents involved, were developed in [24,38,69].

Lemma 2.2.2. Let v € W, P(Q) be a solution to (2.2.1). There exist constants C' > 1

and o € (0,1) depending only on n, p, and X, such that v € CL¥(Q) and for every
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Bpr(zo) C Q and r € (0, R), we have

ap
F Do Don P <0 (F)"F D= (Do)l ds
By (x0) RJ JBa(ao)

The lemma above directly implies the following corollary.

Corollary 2.2.3. Under the conditions of Lemma 2.2.2, there exist constants C' > 1

and o € (0,1) depending only on n, p, and X\, such that for every Br(xo) C Q, we

have
1/p
RQ[DU]Ca(BR/Q(xO)) S C (]{3 o) |D’U — (DU)BR(xo)|p) s (2.2.3)
RrR\Zo
and for any r € [R/2, R),
Rn/p-i—l—a 1/p
[Dv]ce(B,(20) < Cm (]{B " |Dv — (Dv)BR(xo>!p) : (2.24)
R\T0

Proof. Without loss of generality, we assume zy = 0. For any « € Bg/, and r < R/2,

by Lemma 2.2.2 we have
P
][ |Dv — (Dv)p,@)|" < C (E) ][ 1DV = (D)5
B, (z) Brja(x)

r

<C (E)ap ]iR |Dv — (Do) g, 7.

By Campanato’s characterization of Holder continuous functions, we obtain (2.2.3).

Now for any r > R/2 and z € B,, using (2.2.3) and the triangle inequality, we have

R—r(%)

1/p
[Dvlce Bz < C(R=1)7" (]i | Dv — (DU)BRT(ZH”)

R™/P 1/p
e —— — p
S C(R _ T)’n/p-i—a (éR ‘D'U (DU)BR‘ ) . (225)
Thus for any x,y € B,, let N = min {m €Z:m> %} We can divide the line
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segment connecting r and y into N equal segments using x1,...,zy_1, o = x, and

ry = vy, such that

— R—
|z —y| _ r

|‘rk - xk+1| = N 2

Then by the triangle inequality and (2.2.5), we have

N-1
[Dv(x) = Do(y)| <} [Dv(ax) — Du(wes)]
k=0
N-1 n 1/p o
R™/P T —y
— p
=C Z (R T)n/era (/B |DU (D,U)BR| ) N
k=0 R

) Rn/p 1/p
S ON T R T ywra (/B |Dv — (Dv)BRI”> @ —y|*
R

R \'© RM/P 1/p
< S S Dv— (D P oyl
- C(R—r) (R — r)n/rta (/BR\ v = (Dv) sy ) [z —y|*

which directly implies (2.2.4). The corollary is proved. O

Now we are ready to give the proof of Theorem 2.2.1.

Proof of Theorem 2.2.1. As before, without loss of generality, we assume xy = 0.

Clearly for any B, = B,(0) C €, there exists q, = (q,gl), o qé")) € R" such that

1/70 /7
|Dv — q,|™ = inf |Dv — g™ :
B, a€R™ \ J,

Also, it is easily seen that

g\ € Range(D;v [p,). (2.2.6)

We claim that there exists a constant C' depending only on n, p, A, and ~,, such

that

1/70
1Dv = qppallLe(s,,,) < C (f | Dv — qu70> (2.2.7)

By
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holds for any B,(zo) C €.
We prove the claim by using Corollary 2.2.3 and iteration.

For any R/2 <r < R < dist(z, 092), using (2.2.4) and the triangle inequality, we

get

|Dv — q, ||z (B,) < 7*[DV]ca(s,)

Rn/p+1 1/p
<C ( |Dv— Dv)BR|p)

n/p-‘rl

Rn/p—i—l 1/p
< O (f, 1ol

R"/p'H p=70 . 1/p
- _ P _ 0
< C<R e 1Dv — dgll 2 5, (]{BR |Dv — qg )

Rn/p+1 % 1/70
= ellDe = dnll e+ € ((R - T)"/_erl) (fB e qu) |
R

where we used Young’s inequality with exponents p/v and p/(p — 7o) in the last line.

Now taking r, = (1 — 27%)p, r = 1y, and R = 1441, we have

1Dv — ap ||z (B, )

1/
|DU — Qrypy |’YO>

/7%
< SHDU — qu+1||L°°(Brk+1) + 052165—1—71/70 (7[ |D’U _ qp|70> ’
By

<elDv— quHLw(BTkH) + CEQkﬁ (]{9

Tk+1

where 8 = (n + p)/v. Taking ¢ = 377, multiplying both sides by £* and summing in
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k, we get

oo
Z‘ngDU qu”L"o (Bry) SZ k+1HDU_qu+1HL°°(Brk+1)
k=1

k=1
1/70
+C |Dv — q,|" ,
By

where the summations are finite and C' = C'(n, p, A, 70). By subtracting

> e IDv - aplli(s,,)
k=2

from both sides of the above inequality, we obtain (2.2.7). The claim is proved.

Now we are ready to prove (2.2.2). If r < R/4, by (2.2.3), (2.2.6), and (2.2.7) we

get

/70
(7[ |Dv — qr|70) < Cr[Dvlce(sy)
Br

1/p 1/p

() £, 1000y ) < () (£, 100-asp

<0 (%) IDv=agli=wy < (5) (]i 1Du- qu%)W.

If > R/4, we have

1/ /70
<][ |Dv—qr!”0) < (][ !Dv—qul”“)
B,
1/70
a0
C(R) (]iR\DU ar| ) )

The theorem is proved. O

e

IA

IN
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2.3 Interior pointwise gradient estimates

In order to prove the interior pointwise gradient estimates, we follow the outline
of arguments given in [77] while replacing their oscillation estimates with our new
oscillation estimate in Section 2.2. We also borrow an idea in [25] by estimating the

L-mean oscillations of solutions, where v, € (0, 1).

Let u € W,'?(Q) be a solution to (2.1.1) and By, () CC Q. We consider the

loc

unique solution w € u + Wy *(Ba, (1)) to the equation

—div(A(z, Dw)) =0 in Bag,(x),
(2.3.1)

w=u on 0By (xg).

We first recall an interior reverse Holder inequality that can be found in [41, Theorem

6.7).

Lemma 2.3.1 ([77], Lemma 3.1). Let w be a solution to (2.3.1). There exists a

constant 61 > p depending only on n, p, and X such that for any t > 0, the estimate

o ¥
(7[ (|Dw| + s)* dx) <C (f (|Dw| + s)* d:B) (2.3.2)
Bp/z(y) By (y)

holds for all B,(y) C Ba,(z0), where C' = C(n,p, A\, t) > 0.

We also have the following comparison result, which generalizes and refines similar

results in [38,76, 78].

Lemma 2.3.2. Let w be a solution to (2.3.1) and assume that p € (1,2). Then for

any Yo € (0,2 — p|] when p € (ggj, 2) or Yy € (O, (pn__ll)n) when p € (1, %} , it holds
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that

/7%
(][ | Du — Dw|" dx)
Bay(z0)

<C —’H’(BQi(xo)) ~ + C—’H’(BZi(xO» ][ (|Du| + 5)* 7P dz,
rn 1 rn 1 Bar(20)

where C' 1s a constant depending only on n, p, A\, and .

Proof. The case when p € (1, gz:ﬂ and s = 0 was proved in [78, Lemma 2.1] and their

3n—2
2n—1

proof also works for the case when p € (1, ] and s > 0. Therefore, we only focus

3In—2
2n—17

on the case when p € ( 2) and s > 0. By scaling invariance (see [38, Remark 4.1]

for example), we may assume that By,(1) = By and |u|(Bs) = 1. For k > 0, using
01 = Top(u — w) := max { min{u — w, 2k}, _Qk}

as a test function in (2.1.1) and (2.3.1) and recalling (2.1.3), we have

: | D(u — w)l?
9’ (u,w) < Ck  with ¢°(u,w) = —.  (2.3.3)
Lzﬂ{|u—w|<2k} (|DU}| + |Du| + 8)2 P
By the triangle inequality, we have
[D(u—w)| = g*(u,w)?(|Dwl| + | Du| + 5) 7"
< 9" (u,w)2(ID(w —w)| + 2/ Dul +5) 7"
< Cg*(w,w)?|D(u— w)| 7 + Cg*(u,w)* (| Dul +5)7",
Using Young’s inequality with exponents ]% and 2%]), we obtain
D(u—w)| < Cg*(u,w)> + Cg*(u,w)2(|Dul + 5) =", (2.3.4)
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Now we set
Ey=Byn{k <|u—w| <2k} and F,= ByN{|lu—w| >k}

Using the Sobolev inequality, Holder’s inequality, and (2.3.4), we obtain

n—1

mm:m—u4>ﬂgm3ﬂ%lgc( |ngu_qunw_wﬂﬁg7*

B>

<C [ |D(u—w))
B 1 (2.3.5)
<[ (s +gwwi(pu+5)F)

<1l ([ o) +o( [ oww) ([ o+

k
From (2.3.3) and (2.3.5), we get

k k

k2 | Fo| 5 < Chk™ 20 | B +(JQ1 :

where @y := |||Du| + s||12-»(,). Therefore, by taking the sup in k& € (0, 00), we obtain

2-p
lu — w||”2 o <Cllu—w|"? 10,
-1 (Ba) L2(— 1) (Bo)
n 2—p

2n—1) 2(p-1)

which implies

1/2 < 1/p-1/2 e
o= w2 S Clu—wl20E @
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Thus, by Young’s inequality, we obtain

<CtCQr. (2.3.6)

Hu - wHLﬁ“X’(BQ)

Let k, [ >0 and ¢ = By the Chebyshev inequality and (2.3.3), we have

( DA

H{x : ¢°(u,w) > 1} N Byl

<NHz:|lu—w|>k}NBo|+ {z: |u—w| <k, ¢°(u,w) > 1} N By

_ 1 s
< Ck™lu— w||Tgoe(p,) + 7/ g°(u, w) dzx
Bon{z:|lu—w|<k}
C’k
< Ck~ q”u - wHquo (B2) + — I

By choosing

1

i+
Ul = 0] |
we get

9
I |{z : ¢*(u,w) > [} N Bo| < Clju— Wl oo ()

Therefore, by taking the sup in [ € (0,00), we obtain

||gs(’u, w)HLi-%q’OO(BQ) < C’||u — ’LUHLq,oo(BQ). (237)

Let 70 € (0,2—p]. By (2.3.4) and Holder’s inequality with exponents 2/p and 2/(2—p),

we get

D) <€ [ (w)¥ + o) (Dl +5)*5)
Bs

B>
2—p

SC(/BZ (u, w)E )+c(/32 (u,w)?)g(é<|puy+s)vo)2 (2.3.8)

2
20(2-p)
2

< Cllg* Yo/p C 0/2
< Cllg* (g, e )+ Cllo* ()P @
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In the last inequality, we used the fact that

70<q
p l+gq

Combining (2.3.6), (2.3.7), and (2.3.8), we have

|D(u —w)|* < C+CQPEP),

Bs

which implies the desired result. [

We now let v € w4 Wy (B,(x)) be the unique solution to

—div(A(zg, Dv)) =0 in B,(x),
(2.3.9)

v=w on 0B.(zy).

By testing (2.3.1) and (2.3.9) with v — w, we obtain an estimate for the difference
Dv — Dw:
][ |Dv — Dw|? dz < Cw(r)p][ (|Dw| + s)P dx. (2.3.10)
Br(xo)

Br(wo)
Detailed proof of this result can be found in [38, Eq. (4.35)]. Thus by (2.3.2) and

Holder’s inequality, we get

][ |Dv — Dw|™ dx < Cw(r)” ][ (|[Dw| + s)™ dx. (2.3.11)
By (wo)

Ba(x0)

For a ball B,(z) CC Q and a function f € W,5P(Q), there exists q, ,(f) € R" such

loc

L/ 1/v0
(][ ‘Df - qx,p(f)|70> = infn <][ |Df _ q|’YO> )
Bﬂ(x) qeR Bp(a:)

that
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We denote q,, = q,,,(u) and

1/v0
x,p) = inf Du — q|™ )
¢(z,p) = inf (Ji ,,(x)| ql )

Since

|Gz = Du(@)]™ < g, — Du(2)* + [Du(z) — Du(z)[™,

by taking the average over z € B,(z) and then taking the ~,-th root, we obtain

|Q:c,p — Du(x)| < Co(x,p) + C<][ |Du(z) — Du(x)[® dZ) 1/70‘

BP(I)

Therefore, from the definition of ¢ and the fact that 0 < 79 < 1, we obtain that
limq, , = Du(x) (2.3.12)
p—0

holds for any Lebesgue point z € €) of the vector-valued function Du.

Proposition 2.3.3. Suppose that u € W,P(Q) is a solution to (2.1.1). Then for any

e € (0,1) and By, (xo) CC 2, we have

O(z0, 1) <C=6(0,1) + C- (M) i

r 1
B, (x _
+ ng ][ (|Dul + s)*>» (2.3.13)
Bar(z0)

rewtn (£ apd+sp)
Bar(z0)

where o € (0,1) is the constant in Theorem 2.2.1, vy is the same constant as in
Lemma 2.3.2, C. is a constant depending on €, n, p, A, and 7y, and C is a constant

depending on n, p, A\, and .
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Proof. By Theorem 2.2.1 and the definition of q, ,(-), we have

1 1
Y0 70
(f \Du—qm,ﬂw)wo) < (][ Du —qm,erw)r'm)
Ber(ﬁo) Bsr $O)

1

5 :
<C (7[ |Dv — Qg er (V) ) ( |Du—Dv|VU>
BET(IO) Ber(w

1
2

< Ce” (][ | DV — Qg I”O) +Ce 0
By (z0)
"Yo)

( BT (zo)
+Ce o ( |Du—Dv|VO)
By (o)

3=

|Du — Dv|7°> (2.3.14)

e 1
gcga (][ ‘Dv_qxgr '
Br(xo)
< e (][ |Du — qm,r(u)m) " O (][ |Du — Dwo) b
By (z0) By (z0)
Moreover, by (2.3.11) and the fact that |w(r)| < 1, one has
][ |Du — Dov|" < ][ |Du — Dw|" +][ |Dw — Duv|™
Br(x0) Br(x0) By (z0)
<C |Du — Dw|™ + C’w(r)W][ (|Dw| + s)™ (2.3.15)
Bar(z0) Bar (o)

< C’][ |Du — Dw|™ + Cw(r)%][ (|Du| + s)™
Bay (o) Bar (o)

Thus from (2.3.14) and (2.3.15), we have

/70
d(zg,er) < Ce“P(xg, 1) + C: (][ |Du — Dw\"’o)
Bar(z0)

1/
+ C.w(r) <][ (|Du| + 8)7‘)) )
Bay(x0)

Now we can apply Lemma 2.3.2 to bound the second term on the right-hand side of

(2.3.16)

(2.3.16) to conclude the proof. O
Now we are ready to prove Theorem 2.1.1.

Proof of Theorem 2.1.1. We prove the theorem at a Lebesgue point x = z( of the

vector-valued function Du, assuming that Br(z¢) C €. Since p € (3” 2 2) we choose
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Y = 2 — p in Lemma 2.3.2. Choose ¢ = ¢(n,p, \,a) € (0,1/4) sufficiently small so
that Ce* < 1/4, where C' is the constant in (2.3.13).
For an integer j > 0, set r; = /R, B? = By, (o),

1

T, = (][ (IDul +5)*7* dx) s 05 = ¢(20:75), G5 = Qagry-
BJ

Applying (2.3.13) yields

_1

B\ B
Pjr1 < ¢J+C<|/ﬂ£ 1>> +C| ‘r(L 1>Tj2 P+ Cw(ry)T;.
J ]

Let jo and m be positive integers to be specified later such that jo < m. Summing

the above inequality over j = jo, o + 1, ..., m, we obtain

1

m—+1 m B p—1
D05 < 0o +C Y ('*ﬂ( 2 )

n—
Jj=Jo J=Jjo J

+CZ ‘“l(Bf 2 ”+CZ w(r;)T,

J=jo J=Jjo

(2.3.17)

Since
9541 — @i < |1 — Du(@)[™ + [Du(z) — q4]™,
by taking the average over x € B, , (7o) and then taking 7o-th root, we obtain
[dj1 —qj| £ Chj + Cojpa.

Then, by iterating, we get
m—+1

A1 — Q| < CZ 5,

Jj=Jjo

35



which together with (2.3.17) implies

1

S ZICIANS
|qm+1|+Z¢J <C¢JO+|q]O|+CZ ( n—1 )
J

J=jo J=jo

(2.3.18)
]
—i—C’Z |u|££31 T p—i—CZw ri)T.
]

J=jo J=jo

By the definition of ¢;,, we have

owze(f, i) <om,
BJo

Since

a5 < [Du(z) = aqzo| + [Dua)]™,

by taking the average over z € B,, () and taking the yo-th root, we obtain

] < Coyy + C (f |Duf da:) Y or,
BJo

Therefore, (2.3.18) implies that

1

m—+1 (B]) p—1
|Qm+1|+Z¢J <C,‘TJO+CZ< 1 )

n—
J=jo Jj=Jo "

+C«Z‘IM‘ 2p+CZ ’I"]

J=jo J=jo

(2.3.19)

By (2.1.5) and the comparison principle for Riemann integrals, there exists jo =

Jo(n,p,e,C,w) > 1 sufficiently large such that

1 _n > 1
70 70 ) < — 3.
470 (2e) 0 (C E w(ry) < L (2.3.20)

J=Jjo
where C'is the constant in (2.3.19).
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Note that by the comparison principle for Riemann integrals,

(B C/”“”M@ (2.3.21)

n—1 n—1
T, P P

J=Jo

and since p < 2 we also have

" (BT (0 il Byla)) dp)
Z( T ) SC(/O T?) : (2.3.22)

n
J=Jjo J

To prove (2.1.12) at x = zy, it is sufficient to show that

2rjo—-1 M@)p_l ) (2.3.23)

Du(z §CT-0—|—C’</
| Du(zo)| j i =

To this end, we consider the following possibilities.

Case 1: If |Du(xg)| < Tj,, then (2.3.23) easily follows.

07

Case 2: If T; < |Du(zo)|, Yjo < j < 71, and |Du(xg)| < Tj 41, then since

Yo =2 —p <1, we have

1/v
Duzo)| < (][ (|Du| + 5)° da:)
Bi1t+1

| 1/v0 L
< 2% (][ | Du|™ dx) +2%s
Bi1+1

1/
1 n 1
< 2% (2e) 0 ][ | Du|™ dx +2%s
Brjl (330)

1 _n 1
< 470 (25) 7o (¢j1 + |qj1’) + 2703?

(2.3.24)

where the last inequality follows from the definitions of ¢; and q;,. Now applying
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(2.3.19) with m = j; — 1 and using (2.3.21) and (2.3.22), from (2.3.24) we get

2001 |ul(B,(x0)) dp 7
0

2Tj0_1 B
i O/// |12( p(xO))% ) |Du(l‘0)|2_p
0

pn—l
+CY" w(r;)|Du(ao)| + 270,
J=jo

where C" = 4%(25)_%0, C'is the constant in (2.3.19), and C” is a constant depending

on n, p, and A. Hence using (2.3.20) and Young’s inequality, we find

ot |pl(By(0)) dp

1
SIS
P — ) - S\Du(xo)\ + Cs.

Duteo)| < o1, 4.0 ( |
0

This implies (2.3.23) as desired.
Case 3: If Tj < |Du(zy)| for any j > jo, then from (2.3.19), (2.3.21), and (2.3.22)

we have for any m > jo,

anal <CT;, w0 ([ LAZL) 4
0 pn—l P

+ C/O o M% |Du(ao) P77 + € wiry)[Dulzo)|

n—1
P J=Jjo
27"j —1 B d Til
0 P P
201 || (By(wo)) dp 1
C e T LD P 1 —|D .
vo [ DD ) o 4 Dute)

Here we used (2.3.20) in the last inequality. Letting m — oo and using (2.3.12), we

38



get

2750 -1 p%l
|Du(ao)| <CTj, +C ( / M@)
0

prtp
0= |u|(By(o)) dp 1
C 2 2D P 1 —|D .
o [ DI Du(ag)7 + I Dutao)
Then using Young’s inequality, we deduce (2.3.23). The proof is completed. O

2.4 Interior Lipschitz estimate and modulus of con-
tinuity estimate of the gradient

In this section, we give the proof of the Lipschitz estimate in Theorem 2.1.3 and
derive an interior modulus of continuity estimate of Du under the same conditions.
We first adapt the argument in [25] to obtain some decay estimates from Proposition
2.3.3. Let o € (0, 1) be the same constant as in Theorem 2.2.1, oy € (0, ), R € (0, 1]

and Bg(zo) C €. Choose ¢ = &(n, p, A\, Y0, @, a1) > 0 sufficiently small such that
Ce® ™ <1 and &™ <1/4,

where C' is the constant in (2.3.13).

Proposition 2.3.3 implies that for any By, (z) CC Br(xy),

otaer) e o) + (T a
N C|u|(5z_r1(x)) (1Dl e o+ 5)° (2.4.1)
+ Cw(r) (I[Dull L= (52, 0)) + 5) -
Denote
g(z,1) = W, h(z,r) = g(z,r)7T. (2.4.2)
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By iteration, from (2.4.1) we get

J
o(z,67r) <eig(w,r) +C Y eV h(z, 267ir)
=1
J ) . 2

+C Z eV g(2, 267 ') (|| Dul oo (Boy () +5)

=1
+C Y e (&) (|| Dul| oo 5y, (a)) + 5)

=1

for any Bs,.(r) CC Bg(zo) with r € (0, R/4). Thus,

Bz, £9r) < (1) + Ch(x, 267r) + g, 267r) (| Dull o (5. + 5)° "

+ Ca(e'r) (| Dull L (Ba (@) + 5) (2.4.3)
where we defined
Wz, t) = ig“” (h(z,e7"t)[e™"t < R/2] + h(z, R/2)[e't > R/2]),
g(x,t) = ie“”’ (g(z, e t)[e "t < R/2) + gz, R/2)[e 't > R/2]), (2.4.4)

o(t) = igw‘ (w(e )7t < R/2) + w(R/2)[e it > R/2]).

Here we used the Iverson bracket notation, i.e., [P] = 1 if P is true and [P] = 0

otherwise. We obtain the following lemma from (2.4.3).

Lemma 2.4.1. Let By, (v) CC Bg(xo) C Q with r < R/4. There exists a constant C

depending only on €, n, p, A\, Yo, and o1, such that for any p € (0,7], we have
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oa.p) < C (2)" ola.r) + Chiz, 29)

~ 2— ~
+ Cg(x,2p) (|| Dull Lo (Bor ) +5)" " + C@(p) (II1Dull Lo (8o, @) + 5) -
(2.4.5)

(i)

jf%(b(x, cip) <C (f)m (z,7) + 0/0” ﬁ(a;,t) dt

—p [P g(x,t
+ C (H‘D/U/HLOO(BQT(JJ)) + 8)2 P/ M dt (246)

0 t

Pt
+ C (| Dull L (Boy(a)) + 5) /0 $ o

To prove Lemma 2.4.1, we need the following technical lemma.

Lemma 2.4.2. Let Br(xg) C Q2. Then there exist constants ¢; and ¢y depending on
e, n, p, and oy, such that for any fivzed x € Bg(xo) and any f € {©, §(z, ), ﬁ(x, )}, at

holds that ¢, f(t) < f(s) < caf(t), whenever 0 < et < s < t.

Proof. We will only show the proof for g since the other cases are similar. For fixed

x € Bprya(xo), we set

gz, 1) if 0<r<R/2,
Gz, r) =
g(x,R/2) if r> R/2,

and observe that by (2.4.4),

g(x,r) = Z "G (x,e7'r).
i=1

Suppose that 0 < et < s < t. It is easy to see from the definitions of ¢ and G

that G(z,s) < e""G(z,t) and therefore g(z,s) < e'""g(x,t). Also the fact that
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0 < es < et < s implies that g(z,et) < &e'7"g(z, s). On the other hand,

gz, t)y == Z e DG (g, e~ Het) < e G(z, et).
i=1
The lemma is proved. O

Now we are ready to prove Lemma 2.4.1.

Proof of Lemma 2.4.1. We first prove Assertion (i). For given p € (0,7], let j be an

integer such that /™! < p/r < e/. Then by (2.4.3) with e77p in place of r, we get

. . ~ - 2-p
Oa, p) <e®o(x,e7p) + Chlz, 2p) + Cg(x, 2p) <HDUHL°°(B25—J';:(95)) * S)
+ C(p) (IDull o, @ + 5)
aq ~ ~ 2—
<C (g) ¢(w,7) + Chlw,2p) + Cg(x, 2p) (|| Dullro(mo ey +5) ™"

+ C@(p) (||Dul| Lo (Boy () + ) -

Therefore, Assertion (i) holds. Now applying (2.4.5) with €/p in place of p and

summing in j, we get

> olw.p) <C (£)" olw.r) + Y i, 227p)

j=1

(HDUHLOO (Bay(z)) T 8 Z x, 25]

C (|I1Du| (o (a)) + 5) > G(e

Jj=1

Hence, by using Lemma 2.4.2 and the comparison principle for Riemann integrals, we

can easily get (2.4.6). The lemma is proved. O
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Recall the definition of q, , from Section 2.3. Since we have

|Gecp = Qo™ < [Du(2) = | + [Dulz) = daep[™,

by taking the average over z € B,,(z) and then taking the v,-th root, we obtain

Uoep — Qup| < Co(,6p) + Co(x, p).

Then, by iterating, we get

J

|q:1:,sjp — Az, < CZ Qb(l’, gzp)
i=0
Therefore, by using (2.3.12), we obtain that
|Du(z) = | <CY dlw,&p) (24.7)
=0

holds for any Lebesgue point z € €) of the vector-valued function Du.

Now we are ready to prove the interior Lipschitz estimate.

Proof of Theorem 2.1.3. We prove the theorem around a given point x = z( assuming

that Br(zo) C 2 with R € (0,1] and

D e ) < (24.8)

We first derive an a priori estimate for the case when u € C! and then use approxima-

tion to prove the general case.

Step 1: The case when u € C*( Bg(zo) ).
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Using (2.4.6) with p = r and (2.4.7), we obtain that

|Du(x) — | <Co(z, p) + C/Op @ dt

92—
+ C ([IDull LBy, (a)) + 5) p/ ¢
0

7 w(t)
+C (HDuHLoo(BZp(gc)) + S) ] T dt
holds for any Bs,(x) CC Bgr(zo) with p € (0, R/4].

Note that
|| < Co(, p) + Cp ™| Dull o5,y < Cp~ ™| Dul| L0 (B, (x))-

Combining the above two inequalities, we have

P bz, t
’Du(g;)’ gcp*n/’YOHDuHLvo(Bp(z)) + C/ %dt
0

—p [P g(z,t
+ C (|1 Dull oo (B (2)) + 8)2 p/ Mdt (2.4.9)
0

t
7o)
+C (||Du||Loo(sz(m)) + ‘9) / Tt .

0

Note that @ also satisfies the Dini condition (2.1.5); see [31, Lemma 1]. Thus we can

take pg = po(n, p, A\, w, a1, %0, R) € (0, R/4] sufficiently small such that
PO
C/ @ dt < 3*1*71/707
0

where C' is the constant in (2.4.9). Then for any Bs,(z) CC Bg(x) with 0 < p < po,

by (2.4.9) and Young’s inequality, we have

P Iz, t
| Du(z)| §C’p_"/7°||Du||Lm(Bp(x)) + C’/ (t ) dt
0

(2.4.10)

1

P g SL’,t p-1 -n

+C (/ @dt> +3 /0 (|’DUHL°°(BZP($)) + S) )
0
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For k > 1, we denote p, = (1 — 27%)R. Since pp1 — pr = 27" 'R, we have By, () C
By, ., (o) for any z € B, (xo) and p = 27F"2R. We take kq sufficiently large such that

27%0=2 < py. Then by (2.4.10) with p = 27%*"2R, we have for any k > kq that

[ Dull Lo (5, (o)) +

2k+2 n/Yo
< 3_"/70(||DU||L°°(Bpk+1(a:o)) +s)+C ( 7 > |’DU‘|L’YO(B%+1(J:0))

1

R =~ R p—1
2 fo(x,t 2 g(xt) "
+C  sup /2¥dt+0 sup (/2—g<x’)dt> +s
0 0

2€ By, (w0) x€By, (0) t

Multiplying the above inequality by 3~™/7% and summing the terms with respect to

k= ko, ko +1,---, we obtain that

> 30| Dall g5, a0 + )
k=ko

< Y 370(| Dull sy, o)) + 8) + CRT(| Dul| oo (8a(x0)) + )
k=ko+1

1
R R

2 h(x,t 2 g(z,t) N7
+C sup /2 Mdt—FC sup /2 g(z.t) >dt + Cs,
z€BR(x0) J 0 t z€BR(x0) 0 t

where each summation is finite. By subtracting

> 3Dl o)+ 9)
k=ko+1

from both sides of the above inequality, we get the following L*-estimate for Du:

HDUHL"O(BR/z(m)) +s < CR?n/fYOHDU’HLWO(BR(Z'O))

¥ (a8 gz, t) \"
+C sup / —It’ dt +C sup </ J It’ dt) + C's,
0 0

xEBR(xo) CCEBR(I())
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We can simplify the terms in (2.4.11) to get
Dl < CTED ] E2 ooy + CRZF 1Dl + 512 ey (24:12)

Indeed, by the definition of g in (2.4.4), we have

R/2 20y 00  [R/2 —iy '
/ gt) gy Zgan/ —9@; Vit < Ry2l at
0 0

i=1

+ Zs“ﬂ/m %/2)[ ~it > R/2] dt

The first term above is equal to

igali /EiR/Q (ZE 8_Zt dt Z O[”/R/Q
i=1 0

The second term is equal to

dt<CIR(| ) ().

> e™in(eT)g(z, R/2) < Cglw, R/2) < OTF(|ul) ().

i=1

Therefore,

/R/2 g@; ) g < CTR () (). (2.4.13)

We can similarly get

R/2 ], R/2 ),
/ h(z,t) d —Z a”/ h(x,t) dt—l-z e In(e "V h(z, R/2)
0

(2.4.14)

R x L N o
= C(/O g(t’ )dt)p + O (T(u) ()7 < O (IR () (@) 7

Recalling the fact that 79 < 2 — p (c¢f. Lemma 2.3.2), using (2.4.13), (2.4.14), and

Hoélder’s inequality, from (2.4.11) we obtain (2.4.12).

Step 2: The general case.
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We take r € (0, R), 7o = (R + r1)/2, and a sequence of standard mollifiers {¢y}

such that for any positive integer k,

ok € CE(Biil0)), @x >0, and f or—1.
B1/1(0)

Then we mollify  and A by setting

p(r) = (px ) (@), Ag(z, ) = (A ) x r)(2), @ € Byy(20).

We note that Ay is well defined and satisfies the growth, ellipticity and continuity
assumptions (2.1.2)-(2.1.4) in B,,(zo) for k > 1/(R — r3). By the corollary after
[45, Theorem 1], (2.4.8) implies u € W= (B,,(x)), where p' = p/(p — 1), and

therefore

[ b — MHw—l,p/(Brz(mo)) — 0. (2.4.15)

Next we let uy, € u + Wy (B,,(20)) be the unique solution to

—div(Ag(x, Dug)) =p  in By, (),

(2.4.16)
up =u on 0B,,(zo).
Choosing uy, — u as a test function in (2.4.16), we obtain
/ (A(z, Dug), Duy)dx
Fral0) (2.4.17)

= / (A(x, Duy,), Du) dx + / (g — u) dpy.
Bry (z0)

BTQ (IO)

Using the fundamental theorem of calculus, (2.1.2), (2.1.3), and Young’s inequality
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with exponents p and p/(p — 1), we have

/ (A(z, Dug,), Duy) dx
BTQ (330)

1
= / (/ (D¢ A(z, t Duy,) Dug, Duy) dt + (A(x,O),Duk)) dx
B’V‘Q(IO
/ / (s> + |Du;€|2752)1%2|Duk|2 dt — )\sp_1|Duk|> dx
BTQ(xO

Z/\_I/B ( )(s + |Dug|?) 5 |Duk| dx—/ AsP~ Y Duy| dx
ro (20

Br2 (IO)

c(A,p) / | Duy|P dx — C' (X, p) / sPdzx.
BTQ (Io) BT2 (930)

On the other hand, using (2.1.2) and Young’s inequality, we obtain

/ (A(x, Duy,), Du) dx + / (u — u) dpy,
Bry (z0)

Bry (x0)

< /\/B ( )(S + |Dw )= | Dul do + g, — ullwaw s, @op 1kl w15 (8., (20))
ro (20

1
< 3¢Op) / (IDug] + 8)? da + C"(\.p) / Dul? de
Byy (z0)

BT2 (xO)

()\ p)HDuk DUH?IJ(BTQ@O ) + CU(}\ p) ||,ukHW L (Brrta )"

OOIH

Therefore, (2.4.17) implies that

1D, gy < CNDUL+ 81y + el v oy (2418)

where C' is a constant not depending on k.

Now we recall a well-known inequality

2 — 2 p—2
2+ + &) < 'sz_g'(gn <e(s + Gl +1eT,  (24.19)
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where ¢ = ¢(n,p) > 1 is a positive constant and the mapping V'(+) is defined as

V(E) = (2 +s2)T¢E, EeR™

Combining (2.1.3) and (2.4.19) yields

co 'V (&) = V(&) < (A2, &) — Az,&), & — &),

for some positive constant ¢y = co(n,p, A). We note that the above inequality also
holds for Ag. Then choosing (uy — u)1p,, () as a test function in (2.1.1) and (2.4.16),

we have

! / |V (Duy,) — V(Du)|* dz
Bpry (20)

< / (Ag(x, Duy) — Ag(z, Du), Duy — Du) dz
Byy (z0)

= / (A(z, Du) — Ag(z, Du), Duy — Du) dx + / (up — ) d(pr — p)
Br, (x0)

Byy (z0)

< [|A(, Du) — Ag(, DU)”LP/(P—U(BTQ(xO)) Al = ““WOI’P(BTQ(IO))

+llue = ullwpes,, @y * 1w = pllw-12 5, w0))-

From the definition of A, by using the Minkowski inequality and (2.1.4), we obtain

p—1

||A<,DU) — Ak(’,Du)HLp/(p—l)(Brz(mO)) S )\Q}(l/k})(/ (82 + |Du|2)g dl’) P 7

Bry(x0)

which together with (2.4.15) and (2.4.18), yields

/ |V (Duy,) — V(Du)|* dz — 0.
BTQ(mO)
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By (2.4.19), we have

p(2=p)
|Duy, — DulP < ¢|V(Duy) — V(Du) [P (|Dug|* + |Dul® + s%) *

and therefore using Holder’s inequality with exponents 2/p and 2/(2 — p), we obtain

that

/ | Duy, — Dul? dz
BT2 (CEO)
2—p

<c( [ WDw) - vOwPde) ([ (Duf a5 ) T
BTQ(xO) Brg(xo)

which implies that

Duy, — Du  strongly in LP(B,,(xo)).

Thus there exists a subsequence {k;} such that Duy, — Du almost everywhere in

B, (z0).

Since Ay and puy, are smooth in z, by the classical regularity theory (see, for instance,
22],83]), we know that uy € Cio%(B,,(w0)). Therefore the Lipschitz estimate (2.4.12)

from Step 1 holds for uy, in B, /2(xo). Namely,

1 _n_
1 Dull <5, , 50 < CIT (D) || 1< 5, @on + Cr1 " 1 Duk| + 81l 225, (20))-
(Br, (x0))

Note that by direct computation, for any ¢ > 0, it follows that

e (Bie)) = [ (Bile ~ w)er(w)i.

Therefore, for sufficiently large &, by the Fubini—Tonelli theorem we have
HI? (l:uk|) HLOO(BTl (z0)) < ||]:Tla1 (|M|) HLOO(BTQ(:EO))'
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Thus by taking k¥ = k; * oo and then r * R, we obtain the Lipschitz estimate

(2.1.13) around z = . O

In the rest of the section, we derive an interior modulus of continuity estimate
of Du under the conditions of Theorem 2.1.3. Recall that we fixed an ¢ € (0,1/4)

sufficiently small such that
Ce* ™™ <1 and ™ <1/4,

where C' is the constant in (2.3.13), a € (0,1) is the same constant as in Theorem
2.2.1 and oy € (0,). We also took a ball Br(xg) C Q2 with R € (0,1]. Similar to
(2.4.4), we define

Zsm eT) et < R/2) +w(R/2)[e7't > R/2]),

(@) = Y= (1 @l < B2+ T () @) > R/2) .

1/pp(|u\)( z)

= Z = (W () @)™ < B/2+ WL (1D (@)e ™" > R/2))
(2.4.20)
Here we also used the Iverson bracket notation, i.e., [P] = 1 if P is true and [P] =0
otherwise, and I, and Wy, ,, are the Riesz and Wolff potentials defined in (2.1.9) and

(2.1.11), respectively. We note that since 1/(p — 1) > 1, we have

W, (D) (@) < CE(|ul) ()7, (2.4.21)

so that Wf/p,p(|/ﬁ|)($) and I7(|u|)(z) are bounded and converge to zero as p — 0 as

long as T¥¥(|u|)(z) is finite.

Our interior modulus of continuity estimate is stated as follows.
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Theorem 2.4.3. Assume the conditions of Theorem 2.1.3 and oy € (0, ), where «
is the constant in Theorem 2.2.1. Then there exist a constant C' = C(n,p, A\, a1, w),
such that for any R € (0,1], Br(xg) C Q, z,y € Bgrja(xo) being Lebesgue points of

the vector-valued function Du, it holds that

|Du(z) — Du(y)]

(2.4.22)

J AN p(:}(t) X7P
SCM[(E) ] Tdt] + C W UD | o (5 a0

+ C’Mz*pHi/f(WD ||Loo(BR/4(wo))

where p = |z —y|, @, VVUM, and I, are defined in (2.4.20), and

. .
M := R [||Dul + sll -2 (5o + [T 14D 7= B e0))-

Note that due to (2.4.21), the term HWp in (2.4.22) can be

1/P7P(|/L|)HL°°(BR/4($0))

replaced with the sup norm of a summation of the truncated Riesz potentials similar

to (2.4.20).

Proof of Theorem 2.4.5. For any x,y € Bg/i(xo) being Lebesgue points of Du, by the

triangle inequality, we have

|Du(z) — Du(y)[™
< |Du(z) - qx,ppo + [dep — Ayl + | Duly) — Qywlw0

<2 sup |[Du(yo) — dyoel” + [Du(2) — qu,p|™ + |Du(z) — qy,,|™.
YoE€BR/4(z0)

We set p = |z — y|, take the average over z € B(x,p) N B(y, p), and then take the
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~Yo-th root to get

|Du(xz) — Du(y)| < C sup  |[Du(yo) — ay,,p| + Co(x, p) + Co(y, p)

YoE€BR/4(z0)

<C  sup quyo,sﬂ +C  sup d(yo,p)
YoE€BR/4(z0)

Yo€Bry/a(zo0) ;-

<C sup >y lp). (2.4.23)
Yo€Br/a(zo0) ;2

Here we used (2.4.7) in the second inequality.

If p < R/8, by using (2.4.23), (2.4.6) with R/8 in place of r, and the fact that

Br/a(yo) C Brya(®0) VYo € Brya(o),

we obtain

|Du(z) — Du(y)]

PN
<C <}—%> [ Dul| oo (B o (o)) + sup
?JOEBR/4 (wo) JO
g (2.4.24)
+C (HDU||L°°(BR/2($0)) + s sup /
YoEBR/4(z0) J O

7 w(t)
+C (HDU”LOO(BR/Q(Z'O)) + S) /0 t .

Clearly, (2.4.24) still holds when p > R/8.

We can simplify the terms in (2.4.24) as follows. For any vy € Bg/(xo) and

€ (0, R/2), by the definition of § in (2.4.4), we have

o o0 e —t )
/ 9o, t) 4 _ Zgoqz/ M[g_zt < R/2]dt
0 t i=1 0 t
< e R/2),
£y / M[5—1t>}3/2] dt
i=1 0
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Recalling the definition of I; from (2.4.20), the first term above is equal to

i (/ yof) dtle™'p < R/2] + /OEiR/Z M dt[e™'p > R/2]>

_ iym(/p g(yg’t) dt[e~'p < R/2] + /R/2 90 D) gyr-iy R/2])

t

= Zs‘””(l‘ii”(!u!)(yo)[f"ﬂ < R/ + L7 (|ul) (o) ™*p > R/2]>

The second term is equal to

> e™ieT'p > R/2]In(2: " p/R)g(yo, R/2).

=1

Let K be the positive integer such that e %p > R/2 and e~ ®~Yp < R/2. Then we

have
i e[e™'p > R/2]In(2e7"p/R) = i et In(2e~'p/R)
=ent Z’fal - ( “Kp/R) + (i — K) 111(5_1))
(2p>a1 25‘” (i—K+1)n(E") < C(%)al,
Therefore,

/p §(Z/§a t) 4 <T0(|u]) (o) + C(p/R)** g(v0, R/2)
0 (2.4.25)

<I{(1ul)(yo) + Cp/ R)“ I (|l (o)-
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We can similarly get the following estimate

—1i

/Op@dt < Zzl (gau' /06 ph(yo,t> %[g—ip < R/2]
+ /R/2 h(yo, t) %[Wp > R/2]> e (}%)al h(yo, R/2) (2.4.26)
< W1, (1D (wo) + Cp/R)™ (T () (90)) "™,

Using (2.1.13), (2.4.25), and (2.4.26), from (2.4.24) we obtain (2.4.22). The theorem

is proved. [

Proof of Theorem 2.1.4. Since the set of Lebesgue points of Du is dense in €2, it
suffices to show the right-hand side of (2.4.22) converges to zero when p — 0. In fact,

we have

TS (D) |z (B o) < Z <|Ia P(uDl o Bya@on[e™'p < R/2)

R/2 —q
+Mﬁummmwmmm6p>3mn,

which must converge to 0 by using (2.1.14) and the dominated convergence theorem.

We can similarly prove the convergence of other terms in (2.4.22). ]

Proof of Corollary 2.1.5. By [37, Lemma 3] with p = 2 and k& = 1, the assumption

(2.1.15) implies (2.1.14). Therefore Corollary 2.1.5 follows from Theorem 2.1.4. [

Proof of Corollary 2.1.6. This is an immediate corollary of Theorem 2.1.4 since the

assumption (2.1.14) is verified by (2.1.16) and (2.1.17). O

Proof of Corollary 2.1.7. We choose a1 € (f,«) in Theorem 2.4.3. Then Corollary

2.1.7 follows by a direct computation using (2.4.22). O
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2.5 Global gradient estimates for the p-Laplacian
equations

This section is devoted to the proof of the global pointwise gradient estimate in
Theorem 2.1.10, the Lipschitz estimate in Theorem 2.1.11, Corollary 2.1.12, as well as
the derivation of a global modulus of continuity estimate of Du stated in Theorem
2.5.10 for the following (possibly nondegenerate) p-Laplace equation with Dirichlet
boundary condition:

—div <a(x)(|Du|2 + 82)%2Du> =pu inQ,

(2.5.1)
u=0 on 0f,

where a(-) satisfies (2.1.5), (2.1.7), and (2.1.8), and © has a C"P™ boundary charac-

terized by Ry and wy as in Definition 2.1.9.

First, we derive a gradient estimate around any point zy € 9€2. Without loss of
generality, we assume that zop = 0 € 0€2. Then we can choose a local coordinate

around zp = 0 and a function x as in Definition 2.1.9 such that x(0') = 0. Let

T(y) = +x(),y) and Afx) =T""(x)= (z; — x(a'),2").

Note that the determinants of the Jacobian of I'(-) and A(-) are equal to 1. Since 2 has
CHPmi houndary, from the proof of [19, Lemma 2.2], there exists Ry = Ry (wo, Ry) €
(0, Ro) such that

|Dyx(2')| <1/2 if |2| < Ry, (2.5.2)

Q.0 CT(BY) C Qo Vre (0,R/2). (2.5.3)

Therefore, there exist constants ¢;(n) and cq(n) depending only on n, such that for
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any z € Q and 0 < r < Ry,

c(n)r™ <|Q.(z)] < ea(n)r™. (2.5.4)

Now we use the technique of flattening the boundary. We denote u;(y) = u(I'(y)),
a1(y) = a(l'(y)), and py(A) = p(I'(A)) for any Borel set A C R"™. Then u; satisfies

div, (al(y)(|DA Dyur|? + 52)" (DAY DA Dyu1> = in B .

(2.5.5)
Uy =0 on BRl/gﬂﬁ]R’i

We set
Ai(y,€) = ar(y)(|DA € + s%)F (DA)TDA €.

By direct computations with (2.5.2) in hand, A; satisfies the following conditions with

w1 = w + wp and some constant A\; = A;(n,p, A):
ALy, O] < M + €722 DA (y, ©) < Ma(s” + ¢ P27, (2.5.6)

(DeAv(y, E)n,m) > ATH(s™ + €))%, (2.5.7)
|A1(y, &) — A1(yo, &) < Mwi(ly — yo‘)(s2 + ]5\2)@_1)/? (2.5.8)

for every v,y € 321/2 and every (£,7n) € R™ x R"\{(0,0)}.

Suppose that 47 < R;. We now consider the unique solution w € u;, + W, *(B;,)

to the equation

—divy(4:1(y, Dyw)) =0 in B3, (259)
w=u; on dB;.

We first derive a boundary version of the reverse Holder’s inequality.
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Lemma 2.5.1. Let w be a solution to (2.5.9). There exists a constant 61 > p depending

only on n, p, and X\, such that for any t > 0, the estimate

1/61 1/t
<]i+ ( )(|Dyw| + 3)91 das) <C (éﬂ )(|Dyw| + s)tdx) (2.5.10)
p/2\Y0 p (Yo

holds for all Bf (yo) C Bj,, where C'= C(n,p, A, t) > 0.

Proof. For simplicity, we still denote D = D, through this proof. First we prove
a Caccioppoli type inequality in half balls. Suppose that y, € Bj, N OR" and
Bsy(yo) CC By, Let ¢ be a nonnegative smooth function satisfying ¢ = 1 in B,(yo),
|D¢| < 2p7t, and ¢ = 0 outside By, (yo). Using (Pw as a test function in (2.5.9), we

get the following

0:/ (A1(y, Dw), (P Dw) derp/ (A1 (y, Dw), P 'wDC) dy :=T+11. (2.5.11)
By, B

+
2r

Using the fundamental theorem of calculus, (2.5.6), (2.5.7), and Young’s inequality

with exponents p and p/(p — 1), we have

1
I:/ §p</ (DeAq(y, tDw)Dw, Dw) dt+A1(y,0)Dw)dy
B 0
1
z/ gp(/ A;1(32+|Dw|2t2)%pw|2dt—Alsp—1|Dw|)dy
By, 0

> C(Al,p)/ C”!lepdy—C’(Al,p)/ ¢PsP dy.
B;rr B;
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On the other hand, using (2.5.6) and Young’s inequality, we have

11 < A, / (s + |DwP)’T @ JwDc| dy
B3, (yo)
1 p
<L) / (5% + | Dwl): dy + C"(\,p) / wDCPP dy
2 B, B, ()
1
< Ec()\l,p) /+ CP(s” + [ Dw|P) dy + C’"(/\l,p)/ |wDC|P dy.
BQT

B3, (y0)

Therefore, (2.5.11) implies the following Caccioppoli type inequality

/B+( : |Dw|P dz < Cp"s? + Cp—p/ lwl|? da. (2.5.12)
p \Yo

B3, (yo)

Since w = u = 0 on By, N IR, by the Sobolev-Poincaré inequality,

1/p 1/q
/ \w|P dz <CpTia / | Dwl|? dx (2.5.13)
B3, (y0) B3, (o)

for any ¢ such that max {1 1L } < ¢ < p. Thus by combining (2.5.12) and (2.5.13),

’ n4p

we have

1/p 1/q
(7[ (|Dw| + s)? da:) <c (7[ (|1Dw| + s)qda:> |
B} (yo) B3, (o)

Similarly, the following interior version of estimate

1/p 1/q
][ (IDw|+ sy de| <cC ][ (IDw| + 5)7 da
By (yo) Ba,(yo)

holds for all By,(yo) CC B,,. Therefore, by a standard covering argument and

Gehring’s lemma, we get (2.5.10). O

We also have a boundary comparison result analogous to Lemma 2.3.2 by following

almost the same proof.
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Lemma 2.5.2. Let w be a solution to (2.5.9) and assume that p € (1,2). Then for

any o € (0,2 — p| when p € (ggj, 2) and vy € (0, %) when p € (1, %} , it holds

that

/70
(7[ |Dyuq — Dyw|" dx)
Bt

2r

B+ pfil B+
Scw_f»] 4 clml(BE) F gl + v,
r r B

2r
where C' is a constant depending only on n, p, X\, and .
We now let v € w4 W, ”(B;") be the unique solution to
—div,(A4:(0,D,v)) =0 in B,

(2.5.14)
v=w on JB;.

We also have an estimate for the difference Dv— Dw analogous to (2.3.10) by following

almost the same proof as that of [38, Eq. (4.35)]:

f+mw—zmwwxgc%wyf (IDyw| + )7 dz.
By

BY

Thus by (2.5.10) and Hdlder’s inequality, we get

f+Ww—QwWMSCmm%f(WWHwWML
By

B3,
Next we prove an oscillation estimate for v.

Lemma 2.5.3. Let v be a solution to (2.5.14). There exists constant C' > 1 depending
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only on n, p, \, and 7, such that for any half ball B;F C B} C B, we have

1/70
(yellg <]i; | Dy, v — 0] + |Dy’v‘wo>
1/70
2%
< — — @l Sl
<c (%) égﬂg@;wylv 0 +rDm> ,

where a € (0,1) is the same constant as in Theorem 2.2.1.

(2.5.15)

Proof. Let v be an odd extension of v in B,., namely,

U(y) if U1 Z 07
v(y) =
—o(—y,y) if y <O0.

Then since

A1(0,6) = ar (0)(J€]? + 52) 7,

v € WP(B,) is a solution to the equation
—div, (al(())(yDym? + 52)¥Dy@) —0 inB,.
Thus we can apply Theorem 2.2.1 to v to get

1/ 0 o 1/
' 5 — gl <c (L) 5 — gl
qlélﬂ{n <]{3p |D,v — q| ) <C <R> qleann (]éR |D,v — q| ) .

Since ¥ is an odd function in y;, by the triangle inequality, there exists 6, € R such

that

1/70 /70
][ |Dy,v — 6,7 + | Dyv|™ <C inf ][ |D,v — q| .
B} aeR B,
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By the triangle inequality again, it is easily seen that

1/v0 1/
qleann (éR ’Dyﬂ - q”YO) S Célelﬂg (ﬁ;g |Dy1v - 9'70 + |Dy’U’VO> :

Then (2.5.15) is a direct consequence of the three inequalities above. O

Lemma 2.5.4. Suppose that uy € W'P(BF, ) is a solution to (2.5.5). Then for any

e €(0,1) and r € (0, Ry /4], we have

1/70
: _ o PPRET
érel]}g (]igt | Dy, uy — 0] + | Dy | )

1/70
< Ce” inf (][ | Dyyuy — 67 + |Dy/u1|vo>
B

0eR

1 o (2.5.16)
vo (LB i (f (D] + >> p

27
B+
+ Cs |:u1|(_12r) ][+ (’Dyu1| + 8)271;’
B

rn
2r

where a and 7y are the same constants as in Proposition 2.3.3, C. is a constant

depending on €, n, p, A, and vy, and C' is a constant depending on n, p, A\, and p.

Proof. By using Lemmas 2.5.1, 2.5.2, and 2.5.3, the proof is almost identical to that

of Proposition 2.3.3, so we omit it. O

We now define

1/70
(o, ) = Inf (][ |Dyu — 6] + |Dg;/u|7°) :
Qr(20)

0eR

Let € € (0,1) and r € (0, Ry /4]. By using change of variables, (2.5.3), (2.5.4), and the
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triangle inequality, we have

1/
; D — 9P D 0
égﬂg <][B;rr | yIUI 0| | v U1’ )

1/v0
= inf (][ ]Dlu — (9|’YO + |D1u Dm/X + Dx/u\%)
o0cR F(B;t.)

1/ 1o (2.5.17)
> Cinf ][ |Dyu — 0]7° + | Dyl - ][ |Dyu Dyrx [
(SN QE.,V/Q QET‘/Q

1/70
> CY(0,er/2) - Clun(er/2) <7[ 'D“'%> |
Qerya

where C' and C” are positive constants depending only on n and 7y. Similarly,

1/70
; _ g s [0
élelﬂg (]{3;r | Dy,ur — 67 + | Dy | )

1/v0
= inf (][ |D1U — 9’70 + |D1'U, Dx’X + Dx/u\'m)
r(B})

feR

1/70 /70
< C"inf (][ |Dyu — 0" + ]Dm/u|7°> +C" (][ |Dyu DI/XPO)
QGR QQT Q27‘

1/70
< C"YP(0,2r) + C"wy(2r) <][ |Du]7°) ,
Q

(2.5.18)

2r

where C” is a positive constant depending only on n and ~y. Therefore, by using

(2.5.17), (2.5.18), (2.5.2), and (2.5.4), (2.5.16) implies that

$(0,er/2) < Ce®(0,2r) + C. <|MI(Q4T))p1

Tn—l

+ Clwy (2r) (]{m(wu! + 5)2_”) o 1o @) ]éh(muy +5)2P,

Tnfl

By replacing €/4 and 2r with € and r respectively, we obtain

Corollary 2.5.5. Suppose that u € Wy (Q) is a solution to (2.5.1) and zo € 9.
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Then for e € (0,1/4), r < R1/2, and o, C, C. as above, we have

\mmjrm)))fl

rn—1

(o, er) < Ce(o, ) + C <

+ Cewy (1) (][ (|Du| + 3)2_”) T OsM][ (|Du| + s)*7.
er(xo) 7"" QQT(QfO)

(2.5.19)

As in Section 2.3, for any = € Q, we define

L/v0
o(z,p) = inf ][ Du —q|°
(2, p) act \ Jo ) | |

and choose q,, € R" such that

1/70 1/70
(][ | Du — qMPO) = inf (][ |Du — q|'70) : (2.5.20)
O (2) AR \Jq,(2)

We remark that our definition of ¢ is invariant under any orthogonal change of
coordinates as in Definition 2.1.9 and that (2.3.12) still holds for any Lebesgue point
x € ) of the vector-valued function Du from the same argument as in Section 2.3.

Moreover, if we assume u € C1(2), then (2.3.12) actually holds for any x € Q.

2.5.1 Global pointwise gradient estimates

To prove the pointwise gradient estimate for p € (22:2

1,2), we choose 79 = 2—p and

e =¢(n,p,\,a) € (0,1/4) sufficiently small such that Ce® < 1/4 for both constants
C in (2.3.13) and (2.5.19). Fix zp € 9Q and R < Ry/2. For j > 0, set r; = /R,
Qj = Qer (xO)a

a

1

][ (|Du| + 5)*77 dx) -’ . ¢ = d(xo,rj), and ;= P(xg,r;).
Q.

J
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Applying (2.5.19) yields

n n—1
J r]

%Hgi%+c<wm>> vl s oo

Let jo and m be positive integers such that jo, < m. Summing the above inequality

over j € {jo,jo + 1,...,m} and noting that ¢; < ¢; < CT}, we obtain that

1

m+1 m—+1 m |[L|(Q ) p—1
S o< <on, ey (1)
j=jo j=jo j=jo (2.5.21)
Q)
—I-C’Zw( Ll 2p+02w1r]
i=jo J=jo
for any xg € 002 and R < R;/2.
On the other hand, according to (2.3.17),
1 =
] (@)
D6 <Cou+C ) < T
J=jo J=jo J (2522)
+sz: (€)oo sz:w(r )T
-l i 3)43
Jj=jo J=jo

holds for any zp € Q and R > 0 such that rj, = R < dist(zg, Q) /2.
We now define

1
2—p

) = Q, (w0), @=<fﬂDM+WPm>
J

Then we can obtain the following lemma.

Lemma 2.5.6. Suppose that u € Wol’p(Q) is a solution to (2.5.1), 1o € Q, and
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R < Ry/6. Then we have

m+1 / E%T
Z¢J SCZ]0+CZ (|i|(§iy))

J=jo J=jo (2.5.23)
S OY) oy SR
+OY LT CY ()2,
j=jo I J=jo

where C' is a constant depending only on n, p, X, and .

Proof. First when xo € 01, since ; C Q, we have T; < CZ;. Thus (2.5.21)
directly implies (2.5.23). It remains to prove the lemma for x5 € . Since (2.5.22)
holds when r;, < dist(xg,02)/2, we only need to show that (2.5.23) holds when
rj, > dist(zg, 0€2)/2. Now assume rj > dist(xg, 02)/2 and rj 11 < dist(xg, 0Q2)/2.
By (2.5.22), we have

1

m+1 |(Q p—1
> 6 <CotC Y (i )

j=n+1 J=n+1 (2.5.24)
ro > W&o 3 e
Jj=j1+1 " J=j1+1
By (2.5.4), we also have
1/
bjui1 < (f Dt = i, wo) <oy (2.5.25)
er1+1(x0)

Now for any j € {jo,jo + 1,...,j1}, r; > dist(x, 9€2)/2. Choose yo € 02 such that
d = dlSt(Zﬁo,aQ) = ’y() - CC()’, so that er (l'o) C Qgrj(y0> and Q6Tj (y()) C Qgrj(x()).
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Thus by using (2.5.21) at yo € 02, we have

> 6 <O blyo,3r))

Jj=jo Jj=jo
Qe p=1
cov, 0y (’“'(Ti J1<yo>>>
= ! . (2.5.26)
Qe !
+CZ |l( 6J (%0)) -2_p+02w1(37“j)Y}
Jj=Jjo Jj=jo
mm;) = Q) ., &R
Zj, OZ -1 CZ 1 Z; +CZW1(Tj)Zj’
J=jo J=jo ] Jj=Jjo
where

1

Y, = ][ (|Du| + 8)* 7P dx :
Q6r; (v0)

Recall that wy = w+wy. Combining (2.5.24), (2.5.25), and (2.5.26), we obtain (2.5.23).

The lemma is proved. O

Proof of Theorem 2.1.10. With (2.5.23) in place of (2.3.17), we can easily get the
global pointwise gradient estimate (2.1.18) using the same ideas as in the proof of

Theorem 2.1.1. O

2.5.2 Global Lipschitz estimates and modulus of continuity
estimates of the gradient
Let 20 € Q and 0 < R < R,. For any fixed a; € (0,q), let ay = (a; + )/2, and

choose ¢ = &(n,p, A\, v, @, 1) € (0,1/4) sufficiently small such that 2 < 1/4 and
Ce®*2 < 1 for both constants C' in (2.3.13) and (2.5.19). Next we define

g1(z,r) = (B (2 1: ?R/2($0)) hy(z, ) :gl(x,r)ﬁ,

wi(r) == wi(r)[r < R/2] +wi(R/2)[r > R/2],
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and

Gile,t) = > igilw, ), Gl t) = Y gy (n, ),
=1 i=1

iLl ($a t) = Z 50[2ih1 (ili’, €_it), ;Ll (1‘7 t) — EOqihl ($, €_it),
=1 i=1
w1 (t) = Z 50621‘(,0{(8_2‘75), (:)1 (t) _ Z 6a1iwik (€_it),
=1 i=1

Indeed, we have

&y (t) = Ze‘m (wi(eT )Tt < R/2]+ wi(R/2)[e "t > R/2]) := an (1),
Gi(m,t) < Zsaﬂ' (g(z, e t)[e"t < R/2] + g(z0, R/2)[e 't > R/2]), (2.5.27)

hy(z,t) < iaa” (h(z,e7"t)[e™'t < R/2] + h(zo, R/2)[e~"t > R/2]),

where the functions g and h are defined in (2.4.2).

Using the same iteration technique as in Lemma 2.4.1, we can obtain from (2.5.19)

that
(x,p) <C <§> U(x,r) + Chy(z,2p)

~ 92—
+ Cgi(x,2p) (HDUHLOO(QQT(JC)) + 8) ? (2.5.28)
+ Co1(p) ([ Dull oo () + 5)

holds for any = € 09, By, (x) C Bprja(rg), and 0 < p < 7.

Similarly, from (2.4.1) and the fact that w < wy, we have

olw,0) < C (2)" 6(2,1) + Chu(z,20)
+ Co(z,2p) (||DU||L00(QQT(J;)) + s) 2 (2.5.29)

+ C1(p) (|| Dul| Lo (@0 (a)) + 5)
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for any By, (x) CC 2, By, (x) C Brya(zo), and 0 < p < 7.
By combining (2.5.28) and (2.5.29), we will show the following estimates.

Lemma 2.5.7. Let x € Q and By.(z) C Bpgy(zg). There exists a constant C

depending only on €, n, p, \, Yo, and aq such that, for any 0 < p < r < Ry, we have

(i)
p a2 —n/vo Y
olw.p) <C (2) 17| Dull oo,y + Chaa, p)

o 2—
+ Cii(z, p) (I Dul oo @)y +5) 7 (2.5.30)

+ Oy (p) (I1Dul| oo (@, a)) + )
(it)
o0 ) a2 P il 7t
Z¢<x75jp) SO (g) T_n/'y0||Du||L'yo(Qr($)) —+ O/ 1(f ) dt
J=0 0
[P 1(z,t
+C (| Dull (@ a)) + 5)° p/ gu(z,t) (2.5.31)

0 t
0 (1)
+C (“DUHLOO(QQT(QS)) + 8) / T dt.
0

To prove Lemma 2.5.7, we also need the following technical lemma.

Lemma 2.5.8. Let z,y € Q and p € (1,2). Then for g1, h1, g1, ﬁl,gl, ;L1,@1,CU1 defined

as above, we have the following:

(i) There exist constants Cy,Cy > 0 depending on €, n, p, a and oy such that for

any .ﬁxed S Q; and any f S {gl(xv ')aill(xa ')7(;)17.51(1‘7 ')7;L1(I7 ')7(:}1}; we have

Cif(t) < f(s) < Cof(t), whenever 0<et<s<t.

(ii) There exists a constant C' > 0 depending on €, n, p, « and oy such that for any
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0 <er <p<rwithQ,(z) C Q(y), and any F € {G, hi, &, ;Ll}, we have

F(z,p) < CF(y,r).

(11i) For any 0 < p < r, there ezists a constant C' > 0 depending on €, n, p, o and

ay such that the following hold

Proof. We will only show the proof for g since the other cases are similar. Noting that

gl(wa 8) S Elingl<x7t)7 gl(xa €t) S 517”91(*%7 8)

whenever et < s <t and g (z,t) < e *2g,(x, et), assertion (i) follows. Assertion (i7)
follows similarly by observing the fact that €2.-i,(x) C Q.-:.(y) whenever ¢ > 0 since
Q,(z) C Q,(y). It remains to prove assertion (iii). Since 0 < p < r, there exists an

integer j > 0 such that e 7p < r < e77!p. Therefore, by part (i),

/X

L2y ) < Ce™gy(x,c7p)
g

<O e (o,

j=0 i=1

=CY ke®Fgi(x,e7"p) < Cihi(x, p),
k=1

where we used the fact that ke®2* < Ce®* in the last inequality, since oy < ay. O

Now we are ready to prove Lemma 2.5.7.
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Proof of Lemma 2.5.7. Without loss of generality, we may assume x = 0. Note that
if /16 < p <r, then (2.5.30) follows from the definition of ¢. Hence we only need to

consider the case when 0 < p < r/16. We consider the following three cases:

r/4 < dist(0,09), dist(0,00) < 4p, 4p < dist(0,00) < r/4.
Case 1: /4 < dist(0,09). Set r = r/16. Since By,, C €, from (2.5.29) we have

r1

$(0,p) < C (ﬁ)a2 $(0,71) + Chy(0,2p)

R 2— .
+C1(0,2p) (I Dullz=(@s,,) +5) " + Cinlp) (II1Dull e 0, + 5) -
Thus we can easily get (2.5.30) from Lemma 2.5.8 and the fact that

¢(0,71) < Cr=""°|| Dul| o (q,).

Case 2: dist(0,092) < 4p. Choose yy € 0N such that dist(0,09) = |yo|. Then

Bio,(y0) C By C B, and from (2.5.28), we have

¢(0, p) < C(yo, 5p)
<€ (2)" vwo,/2) + Cha (30, 10p)

N 2— N
+ Cg1(yo, 10p) (| Dull oo, oy +8) "+ + Co1(5p) (|| Dull e, (m0)) + ) -

Thus from the fact that Q,.(yo) C Qor, Qr/2(y0) C Qp, and Qiop(yo) C Qu4p, We get
(2.5.30) by using Lemma 2.5.8.

Case 3: 4p < dist(0,09) < r/4. Set ry = dist(0,09)/4 > p. Using (2.5.29), we
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obtain
6(0,p) < C (ﬁ) 6(0,1) + Chu (0,2)

. 2— .
+C01(0,2p) (| Dullz(@s,,) +5) " + Cior(p) (I Dull e 0, + 5) -

On the other hand, choose yy € 02 such that dist(0,09) = |yo|. Therefore, B,, C
Bs, (Y0), Br(y0) C Ba, and from (2.5.28) we have

$(0,71) < C¥(yo, 5r1)
<0 ()" bl ) Chut 1

~ 2— N
+ Cg1(yo, 10r1) (| Dul| oo (o, (go)) +8) 7 4 Cr(5r1) (|| Dull oo, yo)) + ) -

NOting that QT(Z/O) C QZT? Qr/2(y0) C Qra and Q107‘1 (yO) - Q147"17 we get (2530) by

combining the last two estimates and applying Lemma 2.5.8.

Finally, replacing p with €/p and summing in j, we get (2.5.31) by using Lemma

2.5.8 and the comparison principle of Riemann integrals. The lemma is proved. [

Remark 2.5.9. We emphasize that Lemma 2.5.7 has a local nature. Indeed, it can
be seen from the proof that we only need Dirichlet boundary condition u = 0 on
O N Brya(g) and CHP™ regularity of 9Q N Bpa(xo) for these estimates to hold.
Therefore, our Lipschitz estimates and modulus of continuity estimates, which will be

deduced from Lemma 2.5.7, also have a local nature.

Recall the definition of q,, from (2.5.20) and keep (2.5.4) in mind. By following
almost the same proof of (2.4.7), we obtain that for any Lebesgue point x € € of the

vector-valued function Du and p € (0, Ry],

|Du(r) = qupl <O 6z, €p), (2.5.32)

J=0
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where C' is a constant depending only on n and 7.

Proof of Theorem 2.1.11. We will prove a boundary Lipschitz estimate

| Dul ) < O (D R ey + CR 7 DUl + ]2 s(@anyy (2:5:33)

(QR/w(IO (2r(z0))

for any xg € 02 and R < Ry, assuming that
LD o (a0 < - (2.5.34)

Then (2.1.19) follows by a standard covering argument using (2.1.13) and (2.5.33).
The proof of (2.5.33) is similar to that of Theorem 2.1.3 so we will only focus on the

differences.
Step 1: The case when u € C'(Qg/2(x0)).

With (2.5.31) in place of (2.4.6), using the same iteration technique as in the proof

of Theorem 2.1.3, we get the following estimate:

| Dull L (@4 w0y + 5 < CR°( Dul| 1o (2 w0)

Ry p—1
h t g t
+C sup /2 1(?; ) dt +C  sup (/ gl(;ﬁ’ ) dt) + Cs.
0 0

z€QR/2(T0) z€QR/2(70)

vl
-
—~
b
ot
w
ot
S~—

Using (2.5.27) and direct computations, we have

Rn-1 )

R/2 x 1 2(Zo p%l
[ b < 0 @)+ o (T

/R/2g (f t) dt < OIR(| |)( ) ‘M'(BR/Z(xO)>

Therefore, from (2.5.35) and the fact that 79 <2 — p (cf. Lemma 2.5.2), we obtain

1Dl agatann < €T ]| 5 @nGoy T OB Z7([[Dul + 5]l v (p (o). (2:5.36)
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Step 2: The general case.

We use an approximation argument with the aid of the regularized distance
introduced by Lieberman [67]. Here we refer to a modified version in [26]. Let
d(-) be the regularized distance defined in [26, Lemma 5.1] (¢(-) in that paper) and
OF = {xr € Q:d(z) > 1/k}. Then from [26, Lemma 5.1], we know that QF has a
smooth boundary and the CP™_properties of 9, are the same as those of 9 up to
some constant independent of k. We take a sequence of standard mollifiers {¢;} and

mollify 4 and a by setting
pe(e) = (pxgp)(x), =€ d*(x) = (axpy)(z), =eQ

We know that u € W= (Qg(z0)) and therefore

[t — tll w10 @ (o)) = O-

Recalling the fact that we have a C*P coordinate in Qg (zo) since R < Ry, we can
take a sequence of cut-off functions ¢, € C*°(R") satisfying ¢, = 1 in Q%4 N By(zo),
G = 0 in (Q\Q*2) N Br(xo), and || D¢~ < 16k.

Next we let uy, € uy + Wy (QF N Bg(x)) be the unique solution to

—div (a"(@)(|Dun? + )7 Dug) = in 9N Br(xo),
(2.5.37)
u, =uy on  IA(QF N Bg(xo)).

Since uy, = u¢y = 0 on Br(zo) N 0QF, we can always assume uy, € u(, + Wol’p(QR(xo))

by taking the zero extension of uy, in (Q\QF) N Br(xg). Since u = 0 on Br(xg) N 09,
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by Hardy’s inequality, we have

<
“’LLDC]C ”Lp (QR(Z‘O)) ~ 16uku“Lp ((Q\Qk/‘L)r‘IBR(iEO))

< Cllu(z)/d(x) < C[|Dull —0

HLP((Q\Qk/‘l)mBRwo)) L ((\Q/ )N Bg(0))

as k — oco. Therefore, we know that
|u — uCkllwrr@p(z0)) — O (2.5.38)

Thus by choosing uy — u(y, as a test function in (2.5.37), following the proof of (2.4.18),
and using (2.5.38), we can show that ||Duy||rr(p(z0)) is uniformly bounded in k. Also,

choosing (u, —uCy)loy(z) s a test function in (2.5.1) and (2.5.37), similarly we obtain
/ \V(Duy) — V(Du)|*dz — 0 ask — oo,
Qr(zo)
which again implies
Duy, — Du  strongly in LP(Qg(z9)).

By the classical boundary regularity theory (see, for instance, [68]), we have uy €

CY (2% N Brya(x0)). Note that for sufficiently large k, there exists zj, € Bgr(zo) N 0QF,
such that |z, — 29| < R/16. Thus Brjis(20) C Brys(wk), Bra(xr) C Brja(xo) and

Brya(xr) C Bsgrja(xo). Therefore, using (2.5.36) in Step 1 and Remark 2.5.9, we get

[ D < || Dug|

Lo (QFNBp16(20) ) Lo (Q¥NBpys(er) )

< Ot + CR™5 | Dug] + 5|

1
=1
)HZ"O (kaBR/Q(xk)) L2 (QkﬂBR/z(zk))

< Ol ()| 7

+ OR %% |||Duy| + s
Lo (04 By || Duk| + s

L2=p (QkﬂB3R/4(fE0)) '
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By extracting a subsequence and taking the limit as kK — oo, we obtain (2.5.33). [

Proof of Corollary 2.1.12. By testing (2.5.1) with u, following the proof of (2.4.18),
we obtain

[1Dull e o) < CHM| +Cs,

wW-— lp Rn)
where p’ = p/(p — 1). From [45, Theorem 1], we also have

i -vozey < ([ W, Qi)™ < RG] e

Therefore, Corollary 2.1.12 follows by combining (2.1.19), Holder’s inequality, and the

last two inequalities. O

Now we turn to global modulus of continuity estimates of the gradient. Recall that

we fixed an € € (0,1/4) sufficiently small such that
Ce® ™ <1 and £ <1/4

for both constants C' in (2.3.13) and (2.5.19), where « € (0, 1) is the same constant

as in Theorem 2.2.1, oy € (0, ), and as = (a1 + «)/2. We also took R € (0, R;] and

defined
Zg“” e < RY2) +un(R/2) > R/
£ (1) (x Zaa” (57U @)= p < B/2) + 12 (|ul) ()0 > R/2])
Wi (1)@

- Z e (WS b () (@)e™'p < B/2)+ W2 (u) (@)™ > R/2])
(2.5.39)

where we used the Iverson bracket notation, i.e., [P] = 1 if P is true and [P] = 0
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otherwise, and I, and Wy, , are the Riesz and Wolff potentials defined in (2.1.9) and

(2.1.11), respectively.
Our global modulus of continuity estimate of the gradient is stated as follows.

Theorem 2.5.10. Assume the conditions of Theorem 2.1.11 and oy € (0, ), where
a is the constant in Theorem 2.2.1. Then there exist constants Ry = Ri(Ro,wo) €
(0, Ry) and C = C(n,p, \, a1,w, Ry, wy), such that for any zo € Q, R € (0, Ry], and

x,y € Qp/a(xo) being Lebesgue points of the vector-valued function Du, it holds that

|Du(z) — Du(y)|

PN, [T ;
gCMlKﬁ) +/O s dt] + CIIWE, 1D | g oy (2.5.40)

N
+ CYlVIl pHIT(|/’L|>HLoo(QR/4(xO))
where p = |z — y|, wi = w + wy, @1, V~V1/p7p, and 1, are defined in (2.5.39), and
__n_ R %
M, := R™77 ||| Du| + s 2-r(p(20)) T HIl (|N|)||z;o(QR(xo))-

Proof. For any x,y € Qp/4(xo) being Lebesgue points of Du and p > 0,

| Du(z) — Du(y)[™
S |DU(I) - qaf,pPO + |Du(y) - qy720|70 + |qw,p - qy,2p|’YO

S |Du(gj) - qa:,ppo + |Du(y) - qy,2p|% + |Du(2) - qa[;,p|70 + |DU(Z) - qy,2p|y0'

We set p = |z — y|, take the average over z € Q,(x), and then take the ~y-th root to
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get

|Du(z) — Du(y)]

< C |Du(z) — qqp| + C |Du(y) — qy20| + Co(z, p) + Co(y, 2p)

<CY o(x,&p) +C Y dy,2p) + Colx, p) + Coly, 2p)

J=0 J=0

sup Zcb Yo, 267 p)

yOEQR/4(l‘0 =0

where we used the fact that ,(z) C Q9,(y) in the first inequality and (2.5.32) in the

second inequality.

If p < R/16, by using (2.5.31) with R/8 in place of r and the fact that

Qr/a(yo) C Qrja(ro) VYo € Qpya(o),

we obtain

|Du(z) — Du(y)]

P\ phl yo,
< (£)" IPulimuiny +C__sup "2

R yo€QR/4 (o)

. (2.5.41)
gl y07
0 (IDulmauoy +5) s [
0

YoEQR/4(x0)

P an(t)
0 (IDullm oy +3) [ 2.

Clearly, (2.5.41) still holds when p > R/16. Using (2.5.27) and similar calculations as

in the proof of Theorem 2.4.3, for any yo € Qr/4(x) and p € (0, R/2), we have

/Op gl(inat) dt < T0(|ul) (yo) + C <R> %’ (2.5.42)

1

[0 <t i + 0 ()" (MBI 50
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Using (2.1.19), (2.5.42), and (2.5.43), (2.5.41) implies (2.5.40). The theorem is proved.
O]
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CHAPTER 3

Gradient estimates for singular
parabolic p-Laplace type equations

with measure data

We are concerned with gradient estimates for solutions to a class of singular
quasilinear parabolic equations with measure data, whose prototype is given by
the parabolic p-Laplace equation u; — Ayu = p with p € (1,2). The case when
p € (2 — 715,2) were studied in [55]. In this chapter, we extend the results in [55]
to the open case when p € (nQ—fl,2 — HLH] ifn>2andpe (%,%} if n = 1. More
specifically, in a more singular range of p as above, we establish pointwise gradient

estimates via linear parabolic Riesz potential and gradient continuity results via certain

assumptions on parabolic Riesz potential.
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3.1 Introduction

In this chapter, we consider the quasilinear parabolic equation with measure data

u — div(a(z,t, Du)) = p (3.1.1)

in a cylindrical domain Qp = Q x (=7,0) C R™, where 2 C R" is a bounded
domain and 7" > 0. Here and in what follows, the operators “D” and “div” stand
for the gradient and divergence with respect to the space variable x. Moreover, u
is a finite signed Radon measure in Qp, namely, |u|(Q2r) < oo. The vector field
a=(ay,...,a,): Qpr x R" — R" is assumed to satisfy the following growth, ellipticity,

and continuity conditions: there exist constants 0 < v < L, s > 0, and p > 1 such

that
lax,t, )] + (5 + €1)"/*| Deala, £, €)] < L(s” + [¢]*)P~D72, (3.1.2)
(Dea(z,t,&)n,m) = v(s* + [€[*)P~2pl?, (3.1.3)

and
|a(I7t7€) - a(x07t7€)| < Lw(|x - J]0|)(82 + |€|2)(p—1)/2 (314>

hold for every z,zy € Q,t € (—T,0), and (§,7) € R*xR"\{(0,0)}, where w : [0, 00) —

[0, 1] is a concave non-decreasing function satisfying

lim w(r) =w(0) =0

p—0+

and the Dini condition

/1w(p) do < +o00. (3.1.5)

81



A typical model equation is given by the (possibly nondegenerate) parabolic p-Laplace

equation with measure data and s > 0:
up — div ((|Du|2 + sz)gDu> =p in Qp.
By a (weak) solution to the equation (3.1.1), we mean a function
u € C°(=T,0; L*(Q)) N LP(=T,0; W'P(Q))
such that the distributional relation

—/ ugotdmdt+/ (a(a:,t,Du),Dgo)da:dt:/ odu
Qr Qr

Qr
holds whenever ¢ € C3°(€7) has compact support in Q.

The gradient estimates for the super-quadratic case when p > 2 were well studied in
the literature. See [39,59,60] and also [37,56,57,74] for estimates for elliptic problems.
However, the corresponding results for the singular case when p € (1,2) are still not

complete.

In this chapter, we are concerned with only the singular case when p € (1,2).

3.1.1 Pointwise gradient estimates

The first gradient potential result for singular parabolic p-Laplace type equations

was obtained by Kuusi and Mingione in [55] for the case when p € (2 — 1, 2] using

intrinsic geometry and exit time arguments. More precisely, they first showed that

there exists a constant ¢ = ¢(n, p, v, L,w) such that if

20 || (Q) (w0, to) d
c][ (\Du|+5)dxdt—|—c/ Wig)\
Q2 (zo;to) 0 p P
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for some constant A > 0, then |Du(zg,to)| < A. Here 7y := A®=2/2y and

Q, (20, to) 1= By(wo) X (to — N*7Pp*, 1) (3.1.6)

is called an intrinsic cylinder for p, A\ > 0. They also used the intrinsic Riesz
potential result above to establish the following parabolic Riesz potential bound

when p € (2 — 2]:

1
n+17

| Du(zo, to)| < ¢ [} (o, t, 2r)) ¥/ ((r+Dp=211

2/[2-n(2-p)]
—l—c( (|Du|+s+1)dwdt>
Qr(zo,to)

holds for any solution u to the equation (3.1.1) in the standard parabolic cylinder
Q2T<LIZ’0, to) = BQT(.CC()) X (to — 4T2, to) C QT. Here

Iul 11[(@p(0, b)) d

\M
I (o, to; ) poxs p

(3.1.7)

is the truncated first-order parabolic Riesz potential. For more notation in parabolic

(intrinsic) geometry, see Section 3.2.1 below.

In this chapter, we extend their results to include the case when p € (p*(n),2— ——]

n+11?
where
> hen n=1
2n  3n+2 A -
pi(n) = max{ n172n+2} = én (3.1.8)
ne n when n > 2
n+1
Note that p*(n) < 2 — n_+1 holds for every integer n > 1. Moreover, it is clear that if
p € (p*(n),2 — ;i5], then
O<max{ nt2 (2—p)n}< — <1
n+1)’ Pyt =
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so that we can choose a constant ¢ € (0, 1) satisfying

20n+1)" 2 }’p_n—i—l) C (0,1). (3.1.9)

Our first main result is stated as follows.

Theorem 3.1.1 (Intrinsic Riesz potential estimate). Let u be a solution to (3.1.1) with
p € (p*(n),2 — =51, where p*(n) is defined in (3.1.8). Let q € (0,1) satisfy (3.1.9).
Under the assumptions (3.1.2)—~(3.1.5), there exist constants ¢ > 1 and Ry € (0,1/2],
both depending only on n, p, v, L, q, and w, such that the following holds for a.e.
(wo,t0) € Qp: If

1/ 2ry A xo, t d
c(][ (IDu] + 57 dudt q+c/ "”‘l(pr+f Dde 5 (310)
Q?A(Io,to) 0 p p

where X > 0 is a constant, vy := AP72/2r € (0, Ro], @3, (z0.t0) C Qr, and Q)(xo,to)

is the intrinsic cylinder defined in (3.1.6), then it holds that

|DU<ZL'0, t0)| S )\

Theorem 3.1.1 implies pointwise gradient estimates in standard parabolic cylinders

as in Theorem 3.1.2 below.

Theorem 3.1.2 (Pointwise gradient estimate via parabolic Riesz potential). Let u be
a solution to (3.1.1) with p € (p*(n),2 — %H], where p*(n) is defined in (3.1.8). Let
q € (0,1) satisfy (3.1.9). Under the assumptions (3.1.2)—(3.1.5), there exist constants

c>1 and Ry € (0,1/2], both depending only on n, p, v, L, q, and w, such that

| Du(o, to)| < ¢ [1¥ (o, to, 2r))2/[Cr+1p=20]

2¢/[24—n(2—p)] (3.1.11)
+c<][ (]Du|+s+1)qudt>
Qr(zo,to)
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holds for a.e. (wo,ty) € Qr and every Qs (o, to) = Bay(x0) X (to — 4r%,ty) C Qr with
r € (0, Ry], where I‘lu‘ is the parabolic Riesz potential defined in (3.1.7).

We remark that a preliminary assumption p > nz—fz always occurs in regularity

theory for parabolic p-Laplace type equations. See for instance [23]. In this chapter,
on . . .. .
we need the lower bound p > =% for the applications of reverse Holder type estimates

(Theorem 3.4.2) and Lipschitz estimates (Theorem 3.4.5). Our proofs of the main

theorems require a stronger assumption p > Tf—]:l when n > 2. At the time of this

writing, it is not clear to us whether this assumption is optimal for these potential

estimates to hold. However, we note that the assumption p > T?—J’:l is also needed
for the existence of fundamental solution to the parabolic p-Laplace equation (the
Barenblatt solution; see [10],[87, Chapter 11], [55, Section 1.3]), and the Harnack

inequalities (see [23, Chapter 7]).

3.1.2 Gradient continuity results

In [55], the authors proved a sufficient condition for gradient continuity in the

case when p € (2 2), namely, the Riesz potential I|1“ |(:1c0, to,7) — 0 uniformly

1
n+17

with respect to (zg,tp) when r — 0. We extend that result to the case when
p e (p'(n),2— 75

Theorem 3.1.3 (Gradient continuity via Riesz potential). Let u be a solution to

(3.1.1) with p € (p*(n),2 — 5], where p*(n) is defined in (3.1.8). Assume that

(3.1.2)~(3.1.5) are satisfied and that the functions
(r,t) — I|1“|(33,t,r) converge locally uniformly to zero in Qp asr — 0. (3.1.12)

Then Du is continuous in .

Recall the Lorentz space L""! is the collection of measurable functions f such
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that
/0 {(@,0): |f (0] > B} dh < .

Theorem 3.1.3 has the following corollary.

Corollary 3.1.4 (Gradient continuity via Lorentz spaces). Let u be a solution to

(3.1.1) with p € (p*(n),2 — 5], where p*(n) is defined in (3.1.8). Assume that

(3.1.2)~(3.1.5) are satisfied and that
p € L™ holds locally in Q. (3.1.13)

Then Du is continuous in .

A further, actually immediate, corollary of Theorem 3.1.3 concerns measures with

certain density properties.

Corollary 3.1.5 (Gradient continuity via density). Let u be a solution to (3.1.1) with
p € (p*(n),2 — 5], where p*(n) is defined in (3.1.8). Assume that (3.1.2)~(3.1.5)

are satisfied and that u satisfies

1l(Qp(, 1)) < cpp™ " h(p) (3.1.14)

for every standard parabolic cylinder Q,(z,t) = B,(x) x (to — p*,to) CC Qr, where
cp 1s a positive constant and h : [0,00) — [0,00) is a function satisfying the Dini
condition

R dr
/ h(r) — < oo for some R > 0. (3.1.15)
0

r

Then Du is continuous in Q.

We also establish the following measure density criterion to ensure gradient Holder
continuity, which is a parabolic generalization of Lieberman’s result in [70]. Recall

that in parabolic setting, for any 3 € (0,1) and any set C C R™*!, the Holder space
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C%8(C) is the collection of measurable functions f such that

T1,t1) — f(xo,t
[ fllcos(c) ::sgp\fH sup s ty) = [l t2)] < 00, (3.1.16)

(@100 (a2 d2)eC | (21, 1) — (T2, o) |Bar
(w1,t1)#(22,t2)

where

|(z1,t1) — (T2, t2) |par = max{|z1 — 22|, /[t1 — to|}

is the parabolic distance between those two points. Moreover, C2?(C) is defined as
the collection of measurable functions f such that f € C%#(K), for every compact set

K ccC.

Theorem 3.1.6 (Gradient Holder continuity via Riesz potential). Let u be a solution

to (3.1.1) with p € (p*(n),2 |, where p*(n) is defined in (3.1.8). Assume that

1
n+1

(3.1.2)~(3.1.5) are satisfied and that w, p satisfies
w(r) <cpr® and |p|(Q,(z,t) < cpp™ T (3.1.17)

for every r € (0,1) and every standard parabolic cylinder Q,(z,t) = B,(z) X (to —

p* to) CC Qp, where cp > 1 and 6 € (0,1). Then there exists an exponent 3 € (0,1)

depending only on n, p, v, L, cp, and d, such that Du € C'ZOO’E(QT).

Let us give a brief description of the proofs. We first prove decay estimates of the
Li-mean oscillation of the gradient for a solution to the homogeneous equation with

z-independent nonlinearity
vy — div(a(zo, t, Dv)) =0, (3.1.18)

where ¢ € (0,1) and xy € R" is fixed. Here by the L?-mean oscillation of Dv in a
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domain C C R""!, we mean

1/q
inf (][ |Du — @|qudt>
ock" \ Jo

Our proof of the decay estimates adapts the singular iteration scheme in [55, Section
3] to the L? setting for ¢ € (0, 1). For the precise definition of the L?-mean oscillation
with ¢ € (0,1) and some of its properties, see Section 3.2.2. We also refer the reader

to [17,19,25,26,31,36, 53] for its applications in other problems.

Our proofs of the pointwise gradients estimates and the gradient continuity results
are all based on the decay estimates for Dv mentioned above and comparison estimates
between the original solution u to (3.1.1) and a solution v to (3.1.18). As a bridge

between v and v, we introduce the solution w to the homogeneous equation
wy — div(a(z, t, Dw)) =0

in a cylinder ) with the boundary condition w = u on O, (). Under appropriate
boundary condition on v, we obtain an L” bound for Dw — Dwv, which originated
from [54, Lemma 4.3]. We also utilize a comparison estimate between v and w in
[80, Lemma 3.1], which provides an L? bound for Du — Dw in terms of p for some
q € (0,1). By proving a reverse Holder type inequality for Dw, we establish an L?

estimate for Du — Duv for some ¢ € (0, 1).

With the decay estimates of the L9-mean oscillation for Dv and L9 estimate
for Du — Dv in hand, we then borrow the idea in [25] by estimating the L%-mean
oscillation and adapt the exit time argument and iteration argument used, for instance,
in [55, Theorem 1.1] to prove the pointwise gradient estimates. For gradient continuity
results, we first prove a uniform decay estimate of the L?-mean oscillation of Du in

Proposition 3.5.1. Then for the gradient Holder continuity result, we show the decay

88



rate of the Li-mean oscillation of Du and adapt Campanato’s idea of characterizing
Holder continuity to the L7 setting for some ¢ € (0,1). Finally, for the gradient
continuity result, we adapt the “maximal iteration chain” argument introduced in
[55, Theorem 1.5] to our L? setting and apply the uniform decay of the L?-mean

oscillation of Du.

The rest of the chapter is organized as follows. In the next section, we collect
basic notation and give the definition and some basic properties of the L¢-mean
oscillation for ¢ € (0,1). In Section 3.3, we prove some decay estimates for the
Li-mean oscillation of the gradients of solutions to the homogeneous equation with
z-independent nonlinearities. In Section 3.4, we derive some comparison estimates
and give the proofs of Theorems 3.1.1 and 3.1.2. Finally, Section 3.5 is devoted to the

gradient continuity results Theorem 3.1.3-Theorem 3.1.6.

3.2 Notation and basic inequalities

3.2.1 Notation

In this chapter, we adapt the same notation as in [55] for comparison purposes.
For completeness, we briefly record the notation that will be used throughout this

chapter. For any vector y = (y1,...,yn) € R", we define two different norms

1<i<n

yl= (> 92)"* and |yl == max |y.
=1

These two norms are equivalent since

Iyl < lyl < Vnllyll, VyeR™
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We use

By (xg) :={z € R": |z — x| < r}

to denote the open Euclidean ball in R™ with center zy and radius r» and denote

Qr(l'o,to) = Br(l’o) X (tg — T’Q,t())

as the standard parabolic cylinder with center (xo,t) and radius r. For A > 0, we

define the intrinsic cylinders as
Qi\(l‘o,to) = BT(ZE()) X (to — )\Q_p’r'Q, to)

Clearly, when A = 1, an intrinsic cylinder becomes a standard parabolic cylinder,

namely, Q!(x¢,ty) = Q,(x0,ty). For simplicity, we also denote
(5@?(%0, to) = Q(;)\T(.To, to) = B5T<$0) X (to, )\2_p52T2, to)

Namely, the parameter § > 0 before an intrinsic cylinder Q}(x¢,79) should be viewed

as a dilation factor of the radius r. We often denote ry := A?=2/2y and therefore
Q) (o, to) = QYw-2y2, (0, to) = Byw-22,(20) X (to — 1%, t0).
A useful property is that when p € (1,2),
Q72 (z0.to) C QL (wo,t0), if 0< Ay < .

When there is no confusion and no need to specify the center, we also denote Q7 :=

QM xo,to). For any cylindrical domain C = D X (t;,t5) with D C R", the parabolic
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boundary is defined as
aparC =D X {tl} UoD x [tl,tg).

The parabolic distance between two points is defined as

|(r1,t1) — (22, t2) |par := max{|z; — @2, \/|t1 — L2}

and the corresponding parabolic distance between two sets is defined as
diStpar(Al,.AQ) = il’lf{’(l’l,tl) — (LL’Q, t2)|par . (LL’l,t1> € .Al, (IQ, tg) c .AQ}

Next, for any measurable mapping g : A C R"™ — R”, we denote its integral average

as

1
gdzdt :== —/ g(z,t) dxdt
]{4 |AJ S 4

and we denote its oscillation as

oscg= s lo(@t) — gz to)l
A (2.,t), (z0,to)EA

Finally, throughout the chapter, we denote by ¢, ¢, ¢’ some general constants which
may differ from line to line. We also use ¢y, ¢o, c3, ... to denote specific constants

which may be used later.

3.2.2 Definition of the L7%-mean oscillation and some basic
inequalities

For g € (0,1), we first recall some basic inequalities in one dimension:

(a+b)? <a?+b! (a+b)1 <2V (g 4 pl9) Ya,b>0. (3.2.1)
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Therefore, for any 0, ©, € R*, where k is a positive integer, we have
|91 + O2]7 < (|©1] + |02])? < |O1]7 + |O2]?. (3.2.2)

We now consider a measurable function F': R**! — R* for some integer k& > 1. For

simplicity, we assume that F' € L _(R™*! : R¥). For any ¢ € (0,1) and any bounded

loc

domain C C R™"!, we define the L9-mean oscillation of F' on C as

1/
¢q(F,C) := inf ][|F (z,t) |qudt) y

@eR’f

By (3.2.2) and the fact that F' € L'(C), we know that the function
= ][ |F(z,t) — O\ dzdt
¢

is a continuous function of ©® € R¥ satisfying lim|g|—00 A(©) = o0. Therefore the

minimum of () can be attained in R¥ and we choose m(F,C) € R¥ such that

][ |F(z,t) — m(F, C)|‘1dxdt> b (F0).

Next, we prove some useful properties related to the L%-mean oscillation. By (3.2.2),

we have

|m(F’C)|q < |F(l’,t) - m(F’C)|q + |F(:L',t)|q.

By taking the average over (x,t) € C, taking the ¢-th root, and using (3.2.1), w

obtain

1/ 1/
Im(F,C)| < 27 ¢,(F,C) + 21/‘1—1(qu dxdt) "< 21/‘1<][F‘1 dxdt) ' (3.2.3)
C C
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For two bounded domains C; C Co C R"*!, using the same argument as above, we

also have

1/
Im(F,C;) — m(F,C)| < 2971, (F,Cy) + 21/q—1< |F — m(F,Cy)[f dxdt) !
C1

1/
< 9111 (F.Cy) + 2V (%) "64(F.Cy).
1

(3.2.4)

3.3 Gradient estimates for homogeneous equations

In this section, we derive decay estimates of the L?-mean oscillation of gradients of

solutions to the homogeneous equations of the type
v — div(ao(t, Dv)) =0 (3.3.1)

in a given cylinder @ = B X (t1,t2), where ag = ao(7,§) is a vector field independent
of x satisfying conditions (3.1.2) and (3.1.3) for some s > 0, L > v > 0, and p € (1,2].

First, we recall an oscillation estimate given in [55, Theorem 3.2].

Theorem 3.3.1. Suppose that v is a solution to (3.3.1) in a given cylinder Q) under

assumptions (3.1.2) and (3.1.3). Ifp € (1,2], A > 0, and
s+ sup [ Dv]| < AX
QR

holds for a constant A > 1 and an intrinsic cylinder Q) C Q, then there exists a

constant o € (0,1) depending only on n, p, v, L, A, such that
| Dv(x1,t1) — Du(z2,t2)] < 4\/514)\(6)&
r

holds for any (z1,t1), (x2,12) € Qp, where Q) C Q) is another intrinsic cylinder with
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2n

the same center. Moreover, if p € (n—+2,

2], then Dv is Hélder continuous in Q.

The main goal of this section is to derive the following decay estimate of the

L%-mean oscillation of the gradient with ¢ € (0, 1).

Theorem 3.3.2. Let p € (1,2]. Suppose that v is a solution to (3.3.1) in an intrinsic
cylinder Q) under assumptions (3.1.2) and (3.1.3) and that A, B, q, and vy are
constants satisfying A, B > 1 and ¢, v € (0,1). Then there exist constants 6, € (0,1/2)
depending onn, p, v, L, A, B, 7, q, and £ € (0,1/4) depending only on n, p, v, L,
A, B, v, such that if

S

)\Smax{§

, B sup ||Dv||}7 s+ sup || Dv|| < A\, (3.3.2)
5,Q QR
where A > 0 s a constant, then

¢q(Dv,0,Q7) < v6(Dv, Q7). (3.3.3)

Moreover, there exist constants « € (0,1) depending only onn, p, v, L, A, B, v, but

not on q, and c¢(A, B) > 1 depending onn, p, v, L, A, B, v, q, such that

Also, the estimate (3.3.3) still holds when replacing 0, with a smaller number.

In the proof of gradient continuity results in Section 3.5, we need a different version
of Theorem 3.3.2 under a stronger condition as follows, which gives a more precise

dependence of ¢, in terms of A, B, and 7, namely,

5 ,yl/ozg
"7 S(A) BV

for some exponent a; € (0, 1) independent of B and some ay € (0, 1) independent of
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B and gq.

Theorem 3.3.3. Let p € (1,2]. Suppose that v is a solution to (3.3.1) in an intrinsic
cylinder Q) under assumptions (3.1.2) and (3.1.3) and that A, B, q, and ~y are
constants satisfying A, B > 1 and q, v € (0,1). Then there exists a constant d, €

(0,1/2) depending only on n, p, v, L, A, B, 7, q, such that if

A < Bsup |Dv||, s+sup|Dv|| < A\,
5,Q> Q)

where A > 0 s a constant, then

¢q(Do, 57@?) < y¢y(Dv, Qi) (3.3.4)

Moreover, there exist constants oy € (0,1) and ¢(A) > 1, both depending only on n, p,
v, L, A, v, q, but not on B, and ay € (0,1) depending only on n, p, v, L, A, vy, but
not on q and B, such that

,.Yl/az

5,\/ - W. (335)

Also, the estimate (3.3.4) still holds when replacing 0~ by a smaller number.

As in [55], we first assume s > 0. The next two De Giorgi-Nash-Moser type
estimates for Dv can be found in [55] for vector field ag(-) with no time dependence.
However, they still hold here since their proofs only rely on differentiating the equation

with respect to the space variable. See [55, Remark 3.6].

Proposition 3.3.4. Assume s > 0 and X\ > 0. Suppose that
s+ sup || Dv|| < AX (3.3.6)
QR

holds for some constant A > 1. There exists a constant o € (0,1/2) depending only
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onn, p, v, L, A such that if either
Q7 N{Dsv < A/2}| < 0|Q7] (3.3.7)

or

Q2 N {Dyv > =\/2}| < 0]Q)) (3.3.8)

holds for some i € {1,...,n}, then

|Dy,v| > A4 ae. in Q;\/Q.

Proposition 3.3.5. Assume s > 0 and A > 0. Suppose that (3.3.6) holds and that
neither (3.3.7) nor (3.3.8) is satisfied for the constant o in Proposition 3.3.4. Then

there exists a constant n € (1/2,1) depending only on n, p, v, L, A, such that

|Dv|| < nAX a.e. in Qgr/Q. (3.3.9)
Next, we prove a decay result for the L9-mean oscillation of gradients of solutions

to linear parabolic equations with ¢ € (0, 1).

Lemma 3.3.6. Suppose that @ € L*(—1,0; W'2(B(0))) is a solution to the following
linear parabolic equation

t; — div(A(z, t)Du) = 0, (3.3.10)

where the matriz A(x,t) has measurable entries and satisfies
volél* < (A(,1)8,6),  [A(z,1)] < Lo

for any & € R", where 0 < vy < Lo are fized constants. Let ¢ € (0,1). Then there

exist constants ¢y, co > 1 depending on n, vy, Lo, q, and By € (0,1) depending only on
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n, vy, Lo, such that

1/
Sup|ﬂ|§61< ]a|qudt) ! (3.3.11)
Q12 Q1
and
g (11, Qs) < €26™ (11, Q) (3.3.12)

hold for any 6 € (0,1). Here for each p > 0, Q, = B,(0) x (—p?,0) stands for the

standard parabolic cylinder centered at 0 with radius p.

Proof. First, the estimate (3.3.11) follows from standard local boundedness estimates
for nondegenerate parabolic equations (see for example (3.26) in [60, Lemma 3.1])
and a standard interpolation and iteration argument. See also [71, Theorem 6.17].
Next we give the proof of (3.3.12) for § € (0,1/4). From the classical De Giorgi-Nash-
Moser theory for linear parabolic equations (see for example [71, Theorems 6.28-6.29)),
there exist constants ¢g > 1 and 5y € (0,1), both depending on n, vy, Lg, such that
@ € CP(Q1/4) and that

Hﬁ”cﬂo(Qm) < cosup |al,
1/2

where || - ||cso is the parabolic Holder norm defined in (3.1.16). Thus, using the last
estimate and the assumption that § € (0,1/4), we have
~ ~ ~ l/q ﬁ ~ B ~
000, Qs) < (13— 5(0.0) " dwdt) " < (20" o, < B sup i,
Qs Q12
(3.3.13)

for some constant ¢ = ¢(n, vy, Ly) > 0. Combining (3.3.13) and (3.3.11), we get

- - 1/q
Gq(t, Q5) < a0 ( |al? dmdt) ,
Q1

and therefore (3.3.12) follows by replacing @ with @ — m(a, Q);) since & — m(@, (1) is

97



still a solution to (3.3.10) and ¢, (@, Qs) = ¢g(t — m(a, Q1), Qs).

Finally, for 6 € [1/4,1), the proof of (3.3.12) follows standard manipulations as

follows. Recalling the definition of m, we have

(1, Qs) < ( @ — m(q, Q1)|qudt>1/q

Qs
< (%)”q(f i~ i, Q) dodt) " < 4000, (5. Q,).

The proof is now completed. O
Combining Proposition 3.3.4 and Lemma 3.3.6, we obtain the following result by
using a scaling argument.

Proposition 3.3.7. Suppose that s > 0, A > 0, and that (3.3.6) holds. There exist
constants 5 € (0,1) depending on n, p, v, L, A, and ¢y > 1 depending on n, p, v,
L, A, q, such that if either (3.3.7) or (3.3.8) holds for the constant o in Proposition

3.3.4 and some i € {1,...,n}, then

¢q(Dv, Q3,) < cad’dy(Dv, Q7). (3.3.14)

Proof. We will only give the proof for 6 € (0,1/2) since the proof for § € [1/2,1)
follows by standard manipulations as in Lemma 3.3.6. From Proposition 3.3.4, we
have

M4 < | Doz, 1) < s+ | Do(e, 6)]| < ANV (2,8) € Q. (3.3.15)

Then we rescale the solution in the cylinder ()1, namely,

1
O(x,t) = —v(rz, N27Pr%t),  (x,t) € Qy, (3.3.16)
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where 7 = r/2. Thus o satisfies
N725, — divag(t, Do) = 0, (3.3.17)

where

ao(t, 2) = ag(A\*"Prit,z), te€ (—1,0), z € R™
Also, (3.3.15) implies
A4 < ||Do(z,t)|| < s+ ||Do(x, t)|| < ANV (x,t) € Q. (3.3.18)
Since Dv is bounded, we know that
Do e L2 .(—1,0; W?(By,R") N C°(—1,0; L2 (B, R")).

loc loc loc

See [23, Chapter 8, Section 3] for details. Therefore we can differentiate (3.3.17) in

x;-direction for each ¢ € {1,...,n} and get
(Uy,) — div(A(z,t)Do,,) =0, where A(x,t) := \>P0,a0(t, Do(x,t)).  (3.3.19)
By (3.3.18), the matrix A(x,t) is uniformly elliptic, namely, for any n € R"
(A, t)n,m) > vN* (| D, )P + 527 Il > v(VA) 2],

and

|A(z,t)| < LA2P(|Di(z, t)|2 + s2)'T < 42°PL.

holds whenever £ € R" for some constant A > 1 depending only on n, p, v, L, A.
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Therefore we can apply Lemma 3.3.6 to v,, and get

B0, Qs) < €04 Py, Q1) (3.3.20)

for any 6o € (0,1) and i € {1,...,n}, where 8 = B(n,p,v,L, A) € (0,1) and
¢ = c(n,p,v,L,A,q) > 1. Let Oy = (m(0s,Q5,),...,m(7,,,Qs)) and O =
(m(0g,,Q1),...,m(0,,,0Q1)). Using the triangle inequality and Jensen’s inequality,

we have

6,05, Q) < ( ]é D5~ Ogftdadt) " <Y 0,0, Qn). (3.3.21)
=1

)

On the other hand, by the definition of ¢,, we have

(bq('ﬁmel) Sgﬁq(D'f},Ql), VZG {1,,n}

and therefore

> 6402, Q1) < 1y (DT, Q1). (3.3.22)
=1

By (3.3.20), (3.3.21), and (3.3.22), we obtain

0o(DD,Qs,) < 65 dg(DD, Q1) (3.3.23)

for some ¢ = (n,p,v, L, A, q) > 1. Rescaling back in v, (3.3.23) becomes

0q(Dv,@3,) < 6°0q(Dv,Q})y), (3.3.24)

where § = /2 € (0,1/2). Moreover, by the definition of ¢,, we see that

0u(D0. Q) < (f Dv— m(Dv, Q) dxdt) " < 206, (Dv, Q). (3.3.25)

r/2
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Combining (3.3.24) and (3.3.25), we obtain (3.3.14) for any ¢ € (0,1/2). The proof is

now completed. O
Similarly, we have the following result for relatively large s.
Proposition 3.3.8. Let A\, A > 0 be constants. Assume that

sup [|[Dv]] < AN and 0 <N <s<&AN,  where 0 < & < A (3.3.26)
Q

Then there exist constants By € (0,1) depending on n, p, v, L, A, &, &, and ¢4 > 1

depending onn, p, v, L, A, £, &, q, such that

Gg(Dv, Q3,) < Ea0” ¢y(Dv, Q) (3.3.27)

holds for any § € (0,1).

Proof. First, we rescale the solution in () as in (3.3.16), but this time with r; = r.
Then the rescaled solution v stills satisfies (3.3.17) in @y and @, solves (3.3.19). This

time we can use (3.3.26) to get
~ p=2 p=2
(A(z,t)n,n) = vA*P(|Do(z, )]* + %) T [n|* = v(n + &)= A,

and

[Alx,t)] < LN (|Di(x, ) + )7 < &L,
Then, we can proceed exactly as in Proposition 3.3.7 and eventually obtain (3.3.27). [
Now we are ready to give the proofs of Theorems 3.3.2 and 3.3.3.

Proof of Theorem 3.3.2. Our proof closely follows that of [55, Theorem 3.1] using

the “singular iteration” argument with Propositions 3.3.7, 3.3.8, and 3.3.5 in place of
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[55, Propositions 3.8, 3.9, and 3.11]. More specifically, the case when Proposition 3.3.7
occurs is called the nonsingular alternative and the case when Proposition 3.3.5 occurs
is called the singular alternative. The main idea is to construct a chain of intrinsic
cylinders where the singular alternative occurs and show that the chain will stop in a
finite time because of the occurrence of the nonsingular alternative. As in [55], we

first assume s > 0 in Steps 1-5 below.

Step 1: Stopping time for the singular iteration and the choice of €. Let ny :=
(1+mn)/2 € (0,1), where 7 is given in Proposition 3.3.5, and therefore 7; depends only

onn, p, v, L, and A. Define m as the smallest integer such that

1

Thus we know that m depends on n, p, v, L, A, B, and we have

log(2AB) em<l4 log(2AB)

—log(m) N —log(m) (3.3.29)

Next we choose

& := min{1/8, (m — n)" A}, (3.3.30)
which also depends on n, p, v, L, A, and B.

Step 2: The first nonsingular case: €A < s. Proposition 3.3.8 implies that (3.3.3)
holds whenever

5, < (y/ea). (3.3.31)

Note that here 31 € (0,1) depends only on n, p, v, L, A, B, and ¢; > 1 depends on n,

p, v, L, A, B, and ¢. From now on, we assume instead

s <EX< (m —n)nim AN, (3.3.32)
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where the second inequality always holds by the definition of £ in (3.3.30).

Step 3: The singular iteration. Given a cylinder @}, where (3.3.6) holds, then by
Propositions 3.3.7 and 3.3.5, we know that at least one of (3.3.14) and (3.3.9) must
hold. The case when Proposition 3.3.7 applies is called the nonsingular alternative,
while the case when Proposition 3.3.5 applies is called the singular alternative. We
now let 0y = 0/2, where o is the constant in Proposition 3.3.4, and therefore oy
depends only on n, p, v, L, and A. We define the sequences \g := A\, \j11 (= m\;
and Ry :=r, R;11 := 01 R;. Exactly as in the proof of [55, Theorem 3.1], we build the
singular iteration scheme by induction. Assume that the singular alternative holds in

)1:22:1 whenever i € {1,...,7} for some 1 < j < 2m. Arguing exactly as in [55], under

the condition (3.3.32) we obtain

s+ sup || Dv|| < AN, (3.3.33)
b
QF

J

which verifies the upper bound (3.3.6) in the cylinder Q;\{j. Then we can determine

whether the singular alternative or the nonsingular alternative occurs in Q)gj.

Step 4: The second nonsingular case. Let
8, < 8= (niF PPyl (3.3.34)
and define
m = min{k € N : the singular alternative does not hold in Q?{Z}. (3.3.35)

By (3.3.2), (3.3.32), and the definition of m in (3.3.28), arguing exactly as in [55], we
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have m < m. Moreover, by (3.3.33) and the second inequality in (3.3.2), it holds that

s+sup||Du|| < AN, for j €{0,...,m}. (3.3.36)
A
QF

J

Since (3.3.36) in particular holds for j = m, we can apply Proposition 3.3.7 in Q;‘{’fh

and get
bg(Dv, Q372 ) < cad’ py( Do, Q377 (3.3.37)

for any 6 € (0,1), where ¢4 > 1 is a constant depending on n, p, v, L, A, and q.

Moreover, using the fact that m < m, we have

—m(n+2 —m(2—
< gy MR IR Dy, Q).

(3.3.38)

Furthermore, by the definition of § in (3.3.34) and again the fact that m < m, we

have Qg\ér C Qggm C Qg‘g’ﬁ and thus

/\m 1/ 1/
ou(D. @3y < (D) (f oo @2 o)
| Q5| A (3.3.39)
< 6 /ag, (D, Q3 )-

Combining (3.3.37), (3.3.38), and (3.3.39), we obtain
—(n —m(n —m(2— 1/q
0y(Dv, Q) < cad” |87 Do MO gy (Do, Q)
for any 6 € (0,1). Thus (3.3.3) holds for any

1

5, =06, with &< (Cl) T (g ) (3.3.40)
d
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Step 5: Determining the constant 6.,. In view of conditions (3.3.31) and (3.3.40),

we can define

L 1
5. — 5(5n+20_m(n+2) m(2—p)> B < Y _ >mln{6ﬂ1}
e ! h Ccq + Cq

)

(2—p)/201)m+1

where we recall that § = (1, . The proof is now completed for the case

s> 0.

Step 6: The case s = 0 via approximation. The approximation scheme introduced
in [55, Section 3.3] also works perfectly here. The only differences are that v is in
place of w and that instead of choosing 7 = 2-("*?) as in [55, Eq. (3.86)], we now
take 4 = 27 ("*2)/4y We also remark that for a strongly convergent sequence in L? for
some p > 1, the L%-mean oscillation of the sequence also converges for any ¢ € (0,1).

Indeed, by the triangle inequality, we have

(64D, Q)" < ]é |Dv. —m(Do, Q)¢ drdt

< (¢g(Dv, Q)))" + ]éA |Dv. — Dvl|? dxdt.

P

Switching Dv. with Dv, we know that

|(dq(Dve, @))) — (dg(Dv, Q)))| < ][ |Dv. — Dol dadt.

Q

Therefore if Dv. — Dv strongly in LP(Q;‘), then by Holder’s inequality and the

previous estimate, we have ¢,(Duv, Q;\) — ¢g(Dw, Q;}). ]

Proof of Theorem 3.3.3. The proof also closely follow that of [55, Theorem 3.5] and
therefore we only give an outline and indicate the necessary modifications. As in the
proof of Theorem 3.3.2, we assume s > 0 and use the singular iteration. The case
s = 0 follows by applying the same approximation scheme as in the proof of Theorem

3.3.2. We still define m as in (3.3.35). However, in this time since (3.3.32) is no longer
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in force, the iteration may stop at m either because the nonsingular alternative occurs

or because the upper bound

s+ sup [|[Dv|| < AXs
QR

m

does not hold. In the former case, we proceed as in Theorem 3.3.2 and we can take d,
as in (3.3.40). In the latter case, exactly as in Step 4 of the proof of [55, Theorem

3.5], we can show that

A
sup ||Dv|| < ANz and (1 —n)Adm < s < — .
Q/\'Fn ?71

Ry,

Applying Proposition 3.3.8 in QE\%’Z with £ = (m; — n)A and & = 1/n;, we obtain

bg(Dv, Q37 ) < &% dg(Dv, Q3" ) (3.3.41)

for any § € (0,1), where the constant ¢, > 1 depends on n, p, v, L, A, ¢ and the
constant 3] € (0,1) depends only on n, p, v, L, A. With the estimate (3.3.41) in place
of (3.3.37), we can proceed as in Theorem 3.3.2; Step 4. In this case, (3.3.4) holds for
any

< 1
6, =09, with §< (7 ) A1 <én+2avlﬂ(n+2)n71ﬂ(2—p)> @]

rFa

Cq

Finally, to ensure the above inequality and (3.3.40), we can choose

1 1
5 = 5<5n+2 m(n+2) m(2—p)>min{ﬁ,ﬁ’l}q< Y >min{ﬁ,ﬂ;}’ 3.3.49
v=0e gy ™ —Cd‘i‘é& ( )
where § = (n§2_p)/201)m“. Since the constants oy, 71, [, 5, depend only on n, p, v,

L, A, and the constants ¢4, ¢, depend only on n, p, v, L, A, ¢, we know that the only
constant depending on B in (3.3.42) is m. From the characterization of m described

in (3.3.29), we can take d, in the form of (3.3.5) by further decreasing the constant in
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(3.3.42). More specifically, we can take

min{ 5, £ }q

. /
aq = . ag:=min{g, 51},
VT 08+ 2+ ) loglon) flogry’ 2 A
and
. 1ar, p—2 _—2 cq+ Cy )alz
o(4) = A 07 (gt )
Ui 01
The proof is now completed. O

3.4 Pointwise gradient estimates

This section is devoted to the proofs of the pointwise gradient estimates. We derive
some comparison results in Section 3.4.1 and give the proofs of Theorems 3.1.1 and

3.1.2 in Section 3.4.2.

3.4.1 Comparison results

Let p, A > 0 and Q;‘ = Q;‘(xo, to) C Qr be a parabolic cylinder. We consider the
unique solution w € CY([to—A*"Pp?, t0); L*(B,(wo)))NLF(tg—A*"Pp?, to; WHP(B,(x0)))

to the Cauchy-Dirichlet problem:

wy — div(a(z,t, Dw)) =0 in Q;\,
(3.4.1)

w=u on apang.

We have the following comparison estimate between u and w from [80, Lemma 3.1].

Lemma 3.4.1. Let w be a solution to (3.4.1) under the assumptions (3.1.2)~(3.1.5) and

‘;Zig, - n+r1] Then there exists a constant c3 = c3(n,p,v, L,q) > 1

assume that p € (
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such that

1/q
(7[ | Du — Dw|? d:cdt)
QA

|MI(QA)] e [wm] Copn
S| +c e (|Du| + s)? dzdt
lww @)= <7[ )

for any constant q such that (71;21) <g<p-;7 <L

We remark that only the case s = 0 was considered in [80, Lemma 3.2], but

their proof also works in the case s > 0 with V(&) = (|¢|? + s2)"7 ¢ in place of
V(€)= |¢|"= & for € € R™

We also have a reverse Holder type inequality for Dw.

Theorem 3.4.2. Let A > 0 and w be a solution to (3.4.1) under the assumptions
(3.1.2) and (3.1.3) and assume that max{1, +2} < p < 2. Then there exists a constant

cs = ca(n,p,v, L,q) > 1 such that

n(p—2)+2p
n(p=2)(p—q) nlo— 247
][ (|Dw| + s)P dzdt < ey NP + cu8” + c4)\n'fpzﬁ23(][ (|Dw| + 5)4 dxdt) (P=2)+2
lQ)\ Q;}
(3.4.2)
holds for every q € (—n(22_p), —anQ) when n > 2, and that
2p—2

]€QA(|Dw| +5)P drdt < ey NP+ cas” + s\ ST (ék(|Dw| +5)? d:z:dt) T (3.4.3)
2 p

holds for every q € (2 —p,1) when n = 1.

Proof. This type of estimates can be deduced from higher integrability results as in
[11, Theorem 1] and standard interpolation and iteration arguments as in [41, Remark
6.12]. See also [51], [80, Lemma 3.3]|. For completeness, we give a direct proof below.

First, we note that it suffices to show (3.4.2) and (3.4.3) for the special case when
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A=p=1, (zo,tp) = 0 by using a standard rescaling argument. Indeed, we can define
wi(z,t) == (Ap) " rw(wo + pr, to + N 7Pp’t)

and

ay(x,t,€) == N "Pa(zg + px,tg + NPp*L, AE).

Then w; solves
Ow;y — div(ay(x,t, Dwy)) =0 in Q;(0) = By(0) x (—1,0)

and a; satisfies the assumptions (3.1.2) and (3.1.3) with s; := A7 s in place of s. We
can see that if (3.4.2) (or (3.4.3)) holds for w; in Q1(0) with s; := A~'s in place of s,
then by rescaling back to w, (3.4.2) (or (3.4.3)) also holds for w in Q).

Next, we prove (3.4.2) and (3.4.3) for the case when A = p =1, (x¢,t9) = 0. For
simplicity, in this proof, we denote B := B(0), Q := Q1(0) = B;(0) x (—1,0), and
1Q = 1Q1(0) = B1(0) x (—3,0). First we take (; € Cg°(B) such that 0 < ¢; < 1
in B, (¢ =1in 1B and |D¢| < 4 in B. We then define ¢ := (;/(f, Gi(z) dz) and
therefore [, ((z)dx = 1. Now we define w(t) := [y w x)dz. If n > 2, it follows

from the Sobolev-Poincare inequality that

/B w(z, t) — @) dz < c(/B Dz, 1) dq:)"iQ (3.4.4)

holds for some constant ¢ = ¢(n). On the other hand, if n = 1, then we have
2
/ lw(x,t) )]2dx<|B\sup|w w()|2<c / | Dw(zx, t)|dac> . (3.4.5)

We now proceed with the case when n > 2 and we will indicate necessary mod-
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ifications for the case when n = 1 at the end of our proof. By (3.4.1), we know

that
L) = — /B a(z,t, Dw)DC dx = g(t)

holds in distribution sense and therefore the equation (3.4.1) also reads
(w —w) — div(a(z,t, Dw)) + g(t) =0 in Q. (3.4.6)
Note that by (3.1.2), we have
0 -
/ lg(t)]dt < c/ (|Dw|? + s*)72 dwdt (3.4.7)
1 Q

for some constant ¢ = ¢(n, p, L). Next, we choose a nondecreasing smooth function
n: R — [0,1] satisfying n = 1 on [-1/4,00), n = 0 on (—o0,—1] and || < 2 in
R. We then take ¢ as the product of ¢ and 1, namely, ¢(x,t) = ((z)n(t) for every

(x,t) € Q. We also choose

Now formally we test the equation (3.4.6) with ¢ := (w—0)¢P1_ 5 (t) for 7 € (—1,0)

and get
1 . D _
0= [ (e~ alr) e P de =5 [ (w0 dade
2/B 2 Bx(-17]
+ 15/ a(x,t, Dw)(w — 0)pP " Dy dadt
Bx(=1.] (3.4.8)

+ / a(x,t, Dw)Dw ¢ dxdt + / (w — w)Pg(t) dadt

Bx(—1,7] Bx(-1,7]

=14+ 1I+1I+IV+ V.

Note that the computations above can be justified in a standard way using Steklov
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averages as in [23]. Then we estimate the terms in (3.4.8). By Holder’s inequality,

Young’s inequality with conjugate exponents (p, p/(p — 1)), and (3.4.4), we have
51 1

<l [ ([ w-wpa) ([ w-opedi)

-1
0

5 b1 N
<P sup (/ (w — w(t))*pP d:t) ! / (/ (w — w)*? dx) "dt
21e(-10 \JB -1 \JB
1 ; 0 5P
< - sup /w—vI)t 2P dr + ¢ / /w—u‘;2dx Pdt 3.4.9
5o [ w-wOPrdrre( | ([ w-apd) ) (3.4.9)
1 ; 0 N Y
<> sup /(w—w(t))ngpda;+c</ ( | Duw|752 dx) dt)p
8 te(-1,0) /B ~1 N B
1 IR =
< - sup (w—w(t))*p’de +c ( | Dw|»+2 dxdt
8 te(-1,0) /B Q

for some constant ¢ = ¢(n, p). Here we also used the fact that ”n—? < 1 in the last line.

By (3.1.2), Young’s inequality with exponents (p/(p — 1), p) and (2/p, 2/(2 — p),

and the fact that %(}5 —p) > p, we have

1] < ﬁL/B L ](32 + |Dw|2)pT_1]w — | P | Dol dadt

<y @rpuPidite [ - aPlDeP duds
2 JBx(-1,7 Bx(-1,7]
P 1 _
< Z/ (s* + |Dw|?)2 P dadt + —/ lw — w|*@P drdt (3.4.10)
2 Bx(—1,7] 8 Bx(-1,7]

+e / |Dy| 7 dudt
Bx(—1,7]

_ 1 _
< Z/ |Dw|P? dxdt + = sup / (w —w(t))*pP dx + c(1 + sP)
2 JBx(-1,7] 8 (1,00 /B

for some constant ¢ = ¢(n, p,v, L). Here v is the constant in (3.1.3).

By (3.1.3), we know that a(z,t,£)¢ > v(s? + |€[2)" [€]2 > v(€P — ) for every

¢ € R and therefore
IV > u/ | Dw|PP dwdt — cs? (3.4.11)
Bx(—1,7]
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for some constant ¢ = ¢(n).

Finally, by Holder’s inequality, Young’s inequality with conjugate exponents 2 and

2, and the estimate (3.4.7), we obtain

Vi< [ ([ w-arear) ([ oorea) i

<c¢ sup (/B(w—w(t))%ﬁd:cf/_z lg()|dt (3.4.12)

te(—1,0)

1 _ 2
< - sup /(w —w(t)) %P dw + c(/ | Dw[P~! da:dt) + (14 sP)
8 B 0

for some constant ¢ = ¢(n,p, L). Here we also used the fact that 2(p — 1) < p and
therefore s~ < 1 + s” in the last inequality. Using the estimates (3.4.9)—(3.4.12)

in (3.4.8), we get

1 _ _
— / (w(z, 1) — (7)) *(p(z, 7)) dv + v / | Dw|P P dzdt
2/B 2 JBx(-1,7
3 _ 2 B _2n_ nT+2
< = sup (w—w(t))p*de+c ( | Dw|n+2 d:cdt)
€(-1,0) /B Q

t
2
+c</|Dw|p_1dxdt) +c(1+4sP)
Q

for another constant ¢ = ¢(n, p,v, L). By taking the supremum over 7 € (—1,0), we

have

1 _
— sup /(w —w(t))*¢? dw
8 te(-1,0) /B

n+2

n n 2
< c(/ \Dw\nzfr? d:cdt) +c</ | Dw[P~! dxdt) +c(1+4sP),
Q Q
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and therefore

/ | Dw|P dzdt < c/ | Dw PP dxdt
1Q Bx(—1,0)

n+2
n

2
§c</|Dw
Q

for some constant ¢ = ¢(n,p,v, L). Next, we interpolate the terms in (3.4.13). We

(3.4.13)

. 2
s dxdt) +c </ | Dw[P~! dxdt) +c(1+4 sP)
Q

recall that we assume p € (n2—f2, 2) and q € (@, n2—f2) for n > 2. Since ¢ < nQ—fQ < p,

by Holder’s inequality, we have
n+2 n+2 n+2

(/ | Duw| 7 da:dt)T < (/ |Dw|Pdg;dt>an</ |Dw|dedt>(1a)n, (3.4.14)
Q Q Q

where a € (0, 1) is a constant such that ap + (1 — a)q = nz—& Namely,

2n

a:<n+2

-q)/(p—q).

Since q > @, we know that 04”7” < 1. Therefore by (3.4.14) and Young’s inequality

with exponents 1/(a®2) and 1/(1 — a™2), we obtain

n+2 n(p—2)+2p

( / | Duw|732 dmdt) "< / |Dw|pdmdt—|—cg< / |Dw|qudt> TP (34.15)
Q Q Q

for any € € (0,1), where c. is a constant depending only on €, n, p, and q. We then
2
estimate the term <fQ | Dw|P~! dxdt) . Since p — 1 < 1 < ;2% by Holder’s inequality,

we have
(p=1)(n+2)

</Q|Dw|l’—1 dxdt>2 < c(/Q|Dw|n2+n2 dxdt) "’

, nt2
§0[1+ (/ | Dw|n+2 dxdt) " ]
Q

for some constant ¢ = ¢(n, p, q). Therefore, it follows by using (3.4.15) and (3.4.16) in

(3.4.16)
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(3.4.13), and a standard iteration argument that

n(p—2)+2p

][ (IDw| + s)" dzdt < c(1+ ") + c( ][ (|Dw| + s) dxdt) nr
1
5@

Q

(2*17)71 2n

holds for every ¢q € ( 2 nao

) and some constant ¢ = ¢(n,p,v, L,q). Note that
the last estimate is exactly (3.4.2) in the case when A = p = 1, (zg,%p) = 0. The
proof for the case when n > 2 is now completed. Finally, we briefly indicate the
modifications needed for the case when n = 1. In this case, we test the equation
(3.4.6) with (w —@)p” 1(_ao(t) for 7 € (—1,0), where

o 2p
p = rnax{2 _p,Q}.

Arguing exactly as in the case when n > 2, with the estimate (3.4.5) in place of (3.4.4),

we obtain

2 2
/ |Dw|P dzdt < ¢ (/ | Dw| d:vdt) +c (/ | Dw [P~ dxdt) +c(l1+ 7). (3.4.17)
2Q Q Q

Finally, it follows from the last estimate and similar interpolation and iteration

arguments as in the case when n > 2 that

2p—2

][ (|Dw| + s)? dadt < ¢(1 + sP) + c<][ (|Dw]| + )1 dxdt) e
iQ Q

holds for every ¢ € (2 — p,1) and some constant ¢ = ¢(p, v, L, q). This proves (3.4.3)

in the case when A = p =1 and (¢, %) = 0. The Theorem is now proved. O

Remark 3.4.3. Tt can be seen from the proof of Theorem 3.4.2 that when max{1, f—f:z} <
p < 2, reverse Holder type estimates actually hold for every g > @ if n > 2 and

for every ¢ > 2 — p if n = 1. Indeed, by (3.4.13), (3.4.17), Holder’s inequality, and
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similar rescaling arguments, there exists a constant ¢ = ¢(n, p, v, L,q) > 1 such that

2

][ (|[Dw| + s)P dzxdt < cNP + cs? + c)\p2<][ (|Dw| + s)qda:dty
3@ Q

A
P

2n

5 ifn >2 and for every ¢ > 1 if n = 1.

holds for every ¢ >

Now we consider the unique solution v € C°([to — A\*"?p?, t0); L*(B,(x0))) N LP(to —

NPp? to; WEHP(B,(x))) to the Cauchy-Dirichlet problem:

1
vy — div(a(zg, t, Dv)) =0 in 5 ;‘,
L (3.4.18)
v =w on 8par(§Qp).

We have the following comparison result between w and v.

Lemma 3.4.4. Let w be a solution to (3.4.1) and v be a solution to (3.4.18) under
the assumptions (3.1.2)~(3.1.5). Assume that p € (1,2). Then there ezists a constant

cs = cs(n,p,v, L) > 1, such that
][ |Dw — Dvl? dzdt < c5 [w(p)]p][ (|Dw| + s)? dxdt. (3.4.19)
3@ 3@
Proof. By [54, Remark 4.1], we know that
][ \Vo(Dw) — Vi(Dv)|* dwdt < c[w(p/?)r][ (|Dw| + s)? dxdt, (3.4.20)
3@

1ox
2@p

where V,(€) = (|€]2 + s2)"T & for £ € R" and ¢ > 0 is a constant depending only on n,

p, v, and L. Also similar to [54, Eq. (4.11)], we have the following inequality
|Dw — Du| < ¢(|Dw| + 5)* 2|V, (Dw) = Vi(Dv)| + ¢|[Vy(Dv) — Vi (Dw) >,

and therefore by Young'’s inequality with exponents 2/(2 — p) and 2/p, and the fact

115



that w(p) € [0, 1] for every p > 0, we obtain
|Dw — Dv|? < c[w(p)]"(|Dw| + s)? + c[w(p)}p_QH/s(Dw) —Vi(Dv)]*.  (3.4.21)

Thus (3.4.19) follows from (3.4.20), (3.4.21) and the fact that w is a nondecreasing

function. O

We also have a Lipschitz estimate for v from [23, Chapter 8, Theorem 5.2'].

Theorem 3.4.5. Let v be a solution to (3.4.18) under the assumptions (3.1.2)—(3.1.5).

} < p < 2and that ¢ € (Y22 p). Then there exists a

Assume that max{1l 5

2n
) n+2

constant cg = cg(n, p,v, L,q) > 1, such that

n(p—2) %
up [ D] < e6(A +5) + coA 77 ][ (1Dv] + s)7 dadt) T
1
3Q5

1@
In the rest of this section, we always assume

1

n+2 (2—pn n )
n+1 ’

n+1) 2 I8

pE (p*(n),Q— ] and ¢ € (max{2

where p*(n) is defined in (3.1.8) so that all of the assumptions in Lemma 3.4.1-Theorem

3.4.5 are satisfied. In particular, we have ¢ € (%, 1) and therefore

(a+b0)? <a?+b (a+b)Y1 <2942 Va,b>0. (3.4.22)

Lemma 3.4.6. Assume that

z (@)

(f 0Dl syrasar)” <0, 250 < (3..23)
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Then there ezists a constant c¢; = cz(n,p,v, L,q) > 1, such that

; )}

(7[1@ | Du — Dv]qudt) < crw(p)A+cr [ 5 +1p (3.4.24)

Proof. First, by (3.4.23) and Lemma 3.4.1, we can argue as in the proof of [55, Corollary

4.4] and get
A
|Du — Dw|?dxdt < ¢ M y (3.4.25)
N pn—l—l
Indeed, we know that
|1l(Q;) B, |2y = 1(Q)) 3196
L = (B =it (3.4.26)
@ z

where | B[ is the volume of a unit ball in R™. Moreover, by (3.4.26) and the second

inequality in (3.4.23), we also have

[mmw T |y e [Iul(Qé)} =
ntl 1 n+1
Q[+ p (3.4.27)
< |B | (n+1)p n |M|(Q)\)
1 pn+1 :

The estimate (3.4.25) now follows by applying Lemma 3.4.1 and using (3.4.27), (3.4.26),

and the first inequality in (3.4.23).

Next, using (3.4.23), (3.4.25), and the triangle inequality, we have
][ (|Dw| + s)? dzdt < 9. (3.4.28)
@
From (3.4.23) we also have s < X, which together with (3.4.28) and Theorem 3.4.2

implies

][ (|Dw| + s)P dxdt < cAP.
1o

117



Thus, Lemma 3.4.4, the last inequality, and Holder’s inequality imply
][ |Dw — Dol? dzdt < cw(p)I\i. (3.4.29)
1)

The estimate (3.4.24) now follows using (3.4.25), (3.4.29) and the triangle inequality.

0
Lemma 3.4.7. Let 6,0 € (0,1/2). Assume that
L @) o 57520}
7q dt)" <\ P < h < 4.
(]ézﬂDUHS) wdt)T <A AT S N w(p) < o (3.4.30)

where c; is the same constant as in Lemma 3.4.6. Then there exists a constant

cs = cs(n,p,v, L,q) > 1, such that
s+ sup || Dv|| < egA.
1A
ZQP

Moreover, it holds that
][ | Du|? dzdt — ONT < ][ |Dv|? dadt < v/n(sup ||Dof)".
5Q2 5Q) 5Q)
Proof. Using (3.4.30) and Lemma 3.4.6, we have
][ |Du — Dv|?dxdt < 5"\, (3.4.31)
3
This together with the first inequality in (3.4.30) and the triangle inequality implies

][ (|Dv| 4 s)? dzdt < ][ (|Du| + s)? dxdt—i—][ |Du — Dv|? dxdt < (272 4+ 1)\%,
39 2@

1A
iQP
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Thus Theorem 3.4.5 and the last inequality imply

s +sup || Du| < csA

1oA
19

for some constant cg = cg(n, p, v, L,q) > 1. Moreover, using (3.4.31) and the triangle

inequality, we also have

][ | Du|? dzdt < ][ |Dv|? dxdt —l—][ |Du — Dv|? dzdt
5Q3 5Q3 6Q}

S][ |Dvl|? dadt + (25)<"+2>][ |Du — Dvl? dadt
6Q)

11X
2@p

< ][ | Dv|? dxdt + O\,
5Q)

The lemma is proved. O
Lemma 3.4.8. Let 0 € (0,1/4) and € € (0,1]. Suppose that the bounds

1 A
(f (| Dul + s)qda:dt> T, M <\
Q) e

hold, and that Dv satisfies

1
6u(Dv,6Q)) < Si5564(Dv, 7Q)). (3.4.32)

Then

1l(@y)

pn+1

6o(Du, 5Q2) < Z%(Du, Q)+ c75*<"+2>/4[ ] b s g\, (3.4.33)

where ¢ = c7(n,p,v, L,q) is the same constant as in Lemma 3.4.6.

Proof. Recalling the definition of ¢, and using (3.4.32), (3.4.22), and the triangle
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inequality, we obtain

0u(Du.3Q}) < (f 1Du—m(Do.0QY) o)

5Q)

< 20,(Dv,6Q2) + 2<][

1/
|Du — Dvl? dxdt) ! (3.4.34)
5Q)

—(4n 1 —(n 1/q
< 27Ut (Do, ZLQ;\) +2(26)7 +2)/q<][ |Du — Dv|qdazdt> :

1oa
2@

Again using the definition of ¢, and the triangle inequality, we have

6,(D0, @) < 26,(Du 1) +2(f  [Du Dol dadt) "

1oA
i

(3.4.35)

1/q
< 240G (Du, Q) + 2 2<"+2>/Q(][ |Du — Dul? d:vdt) :

- 1A
2@

Note that ¢ € (1/2,1). Therefore, the estimate (3.4.33) follows by combining (3.4.34)

and (3.4.35) and applying Lemma 3.4.6. O

3.4.2 Proof of pointwise gradient estimates.

Proof of Theorem 5.1.1. First, for A > 0, we define the Lebesgue set

Ly = {(l'o,t()) € Qp : lim |DU — DU(I’(), t0)| dxdt = O} (3436)
p—

0 Q) (o,to)

Direct calculations imply that £ := £, = £, for all A > 0. Moreover, by the Lebesgue
differentiation theorem, Qr\L has zero lebesgue measure. We will prove Theorem

3.1.1 for every (zo,to) € L.

Step 1: Choices of constants and basic inequalities. First, we take the constant

cs = cs(n,p,v, L,q) in Lemma 3.4.7 and define

A:=cs, B:=2560000n, =274+ (3.4.37)
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We fix the constants . and a in Theorem 3.3.3 with the choices of A, B, v in (3.4.37).

We now define

o) = 7/47 Tizfﬁma Qi = 7/«\2

for any integer ¢ > 0. Next, we choose k as the smallest integer larger than or equal
to 2 such that

5§n+2)/q

4y/nAsEIY <

e B A.
= 1600 (3.4.38)

and we define
Hy = 4000, "9 Hy := 5120000¢;0; FTPD/ = max{H,, H}, (3.4.39)

where ¢; = ¢7(n,p,v, L, q) is the constant in Lemma 3.4.6. We then choose Ry =

Ro(n,p,v,L,q) € (0,3] to be the largest number in (0, 1] such that

2R d 5(k+2)(n+2)/q
P 1
P N 3.4.40
/0 “lP)=7 = 1300000, (3.4.40)

The constants ¢ and Ry defined in (3.4.39) and (3.4.40) are the same constants we

choose in the statement of Theorem 3.1.1. The choice of H; in (3.4.39) and (3.1.10)

imply that
(f (Dul+ 9y dodt)” + 574/, (Du. Qo)
’ L (3.4.41)
<(+ 5;““’”)(][ (1Dul + )7 dedt) " < 2
0 100
X
and that
s< A (3.4.42)
— 400" o

Since 01 € (0,1/4), by using the comparison principle for the Riemann integrals, we
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have

2ry |,LL| Q/\ dp>z 2r; |,U’ Q)\
0 n+1 n+1

1 |M| 2 Iul
S LRI R z

The estimate (3.4.43) together with the choice of Hs in (3.4.39) and (3.1.10) imply

(3.4.43)

that
|Iu| k:+1 n+2)/q
A 3.4.44
Z ”H - 512000007 ( )
Similarly, since we have ry < Ry, the inequality (3.4.40) implies that
> " A d 5(k+1)(n+2)/fl
Zw ri) < 6, +2) / w(p)—p <1 (3.4.45)
— p 5120000c¢7

Step 2: Fxit time argument.

For any integer ¢ > 0, we define

Go= ][ (1Dul + )" dudt) " + 6, "2/, (Du, Q).

i

Thus Cy < A/100 by (3.4.41). We can now assume without loss of generality that

there exists a exit time 7, > 0, satisfying

A
Ci, < —, C; >

100 Vi > te.

100

In fact, if this is not true, we can always find a increasing subsequence j; such that

Cj, < A/100 for every integer ¢ > 0 and therefore

. 1/q A
| Du(z,tp)| < limsup <][ | Dul|? dxdt) < —

since (xg,ty) € L is a Lebesgue point.
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Step 3: Estimates after the exit time. The core of the proof is the following iteration

lemma.

Lemma 3.4.9. Ifi > i. and

1

(][ (1Dul + s)*ded) " < A (3.4.46)
then
1 —(n 7 —(n
0(Du, Qist) < 164(Du, Q) + cxdy +2>/q[|’ﬂ£ )} Feor MG, (3.4.47)

7

Proof. Let w and v be the solutions to (3.4.1) and (3.4.18) respectively, with p = r;.
We then take p = r; and # = 1/1600 in Lemma 3.4.7. By (3.4.46), (3.4.44) and
(3.4.45), we can apply Lemma 3.4.7 both with § = §; and with § = §%. We obtain

s+ sup ||[Dv|| < s+ sup ||[Dv|| < egh = AN (3.4.48)
Qit1 1Qi
and
|Du|?dxdt — —— < |Dv|? dzdt < v/n( sup || Dvl])". (3.4.49)
Qitk 1600 Qitk Qitk

Next, by Theorem 3.3.1 with p = 7,44 and r = r;41, (3.4.48), and (3.4.38), we have

(n+2)/q

Duv < 4v/nAstE oy < & A
gsc Do < 4y/nAj, = 71600

Again by (3.4.46), (3.4.44) and (3.4.45), we can apply Lemma 3.4.6 with p = r; and
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get

1

<]€2. \Du—Dv|qda;dt> (||in;||> (][ |Du—Dv\qudt)5

< 51—k(n+2 /a ( ))\ + 5—1: (n+2)/ [’:U’(Qll)]

=5 T;L+
(5§n+2)/q

<

— 1600

Therefore, from the above two inequalities,

1

¢q(Du, Qivr) < 2%71%(1}“7 Qivk) + X <f |Du — Dol d:vdt) '
Qitk

Qitk

1
< 2 osc Dv+2<][ |Du—Dv!qudt>q
Qith

5§n+2)/q

<
— 400

The last estimate and (3.4.42) imply that

1
Ciyr = (][ (1Dul + s)7 dadt) " + 67 "6, (Du, Qi)
Qitk

A
2<][ | Du|? dxdt) + 25+ —
Qitk 400

23\
< 2(7[ | Du|? d:rdt) + —.
Qs 400

Therefore, by (3.4.49) and the fact that C;, > A/100, we have

IN

A A
Dol > sup [|Dv]| > A> A 3.4.50
sup [|Dol} = sup | Dv] = (1600\/_) < 2560000n B (3.4.50)

»a\»—‘

By (3.4.48) and (3.4.50), we can apply Theorem 3.3.3 with @} = 1Q; and constants
A, B, 7 chosen in (3.4.37) and get

Gq(Dv, Qit1) = dg(Dv, %Qz) < 2_4(n+3)¢q(va %Qz)
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Finally, using (3.4.46), (3.4.44), and the last inequality, we can apply Lemma 3.4.8
with € = 1 to obtain (3.4.47). O

Step 4: Iteration and conclusion. For any integer j > 0, we denote
;= ¢,(Du,Q;), m; :=m(Du,Q;).
Since we have
(|Du(z,t)| + $)? < |Du(z,t) — m;|? + (jmy| + s)7,
by taking the average over (z,t) € @); and then taking the g-th root, we obtain

(]2 (|Du| + s)dedt)E < 20; + 2/my]| + 2s. (3.4.51)

J

Here we also used the fact that ¢ € (1/2,1). Moreover, by (3.2.3), we have

1/
Imy| < 28; + 2<][ |Du(x,t)|qdmdt> " <o, (3.4.52)

Qj
Using (3.2.4), we also have
Imy —my| < 20 + 20, "9, (3.4.53)
We now prove by induction that
A

holds for any j > i.. First, by the definition of exit time i, and (3.4.52), we know that

A
< | <
Cie < Togr Imiel < 55
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and thus

)\
q)ze + |mle| + §

Assume that (3.4.54) holds for any j € {i.,...,i}. Then by (3.4.51) we have

1

(][ (|1 Dyl +s)qudt)q <A
for any j € {ie,...,i}. Therefore we can apply Lemma 3.4.9 to get

1 n n
Dy < 705+ ord; +2>/q[|“|< q + er8y P ()0 (3.4.55)

Ty

for any j € {ic,...,i}. Thus, using (3.4.54) with j =4, (3.4.55), (3.4.44) and (3.4.45),

we have

|14l(Q:)

n+1
T

A (n n
(I>Z+1<8+05 +2/q[ ]+C75 2/ (r)\ <

NP

(3.4.56)

Summing up (3.4.55) in j € {i.,...,i}, we also have

i+1 ¢
S ;< By, 4 Z@ T /"Z[l’ﬂﬁ")} + 787 "IN o)A

J=te _] le J=te J J=te
and thus
4 ~rlul(@)7 | 4 "
Zcp <SP+ 2 erdy “Z[‘in—ﬂf] +5ed TN w(r)h (34.57)
J=le J=le J J=te
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Using (3.4.53), (3.4.57), (3.4.44), and (3.4.45), we obtain

i i+1
miy —my, | < myy —myl <45, Y g,
J=te J=te

—(n+2)/ —2(n+2)/ : 1] (Qy) —2(n+2)/ d
< 85, D,y gegd MY [ S | +8ero; "> ()
J="1e J J=1e
_ A
S 8(51 (n+2)/q®ie 4+

100

Therefore it follows from (3.4.52) and the previous inequality that

| < |my,

<10C;, + — <

_ A A A
85 ("+2)/q(1)i A -
+ 80 e T 100 — 100 — 8

(3.4.58)

By (3.4.42), (3.4.56) and (3.4.58), we obtain

Do+ mep| +s< 240 p 22
i m; ST T LT A>T
= AT TR T 400 < 2

which completes the induction. Since we have

lm; — Du(xo, to)|? < |Du(z,t) —m;|? + |Du(z,t) — Du(zo, to)|?,
by taking the average over (x,t) € ; and then taking the ¢-th root, we obtain

1/q
im; — Du(zo, to)| < 26,(Du, Q;) + 2( |Du — Dufxo, to)|? dxdt)
Qj

» (3.4.59)
< 4(7[ |Du — Du(xq,to)|? dxdt) :
Qj

Since (xo,to) € L is a Lebesgue point, using (3.4.59) and (3.4.54), we obtain

A
|DU($0,t0)| = lim ]mJ| < —.
j—o0 2

The proof of Theorem 3.1.1 is completed.

127



Proof of Theorem 5.1.2. Without loss of generality, we assume that I|1“ |(m0, to, 2r) < 00.

We consider the function

h(\) ::)\—c(]é

n(2—p)
2q

1/ 27 A ,t d
(|Du| +s+1)qdazdt> q—c/ ‘“l(Qp(ff ) dp
0 p" P

2 (@o,to)

(n+1)(2—p)

AN — A" B,

=A—cA\
where 7y, = A®=2/2p and

1 q 1/q

A
A

and

2r ‘/’L‘(Qi(p72)/2p<x07 to)) dp
B(A) = n+1 o
0 p P
Here c is the same constant as in Theorem 3.1.1. Since p € (1,2), we have Qigp_wgp C
Qii”*” 2, for every Ay > A\; > 0 and p > 0 and, therefore, A and B are nonincreasing
functions of \. Moreover, the functions A, B, h are well defined for A € [1,00) since

Q) v-22,(T0, o) C Qar(20,10) C Q for any A € [1,00). Clearly, h is a continuous

function on [1,00) and h(1) < 0 since ¢ > 1 and A(1) > 1. On the other hand, since

n(2—p) 2n
q> "5 and p > “% we have
n(2—p) n —p
lim A(\) > lim (A — A" 5" A1) — A2 B(1)) = oo
A—00 A—00

Thus there exists some A > 1 such that h(A) = 0 and therefore (3.1.10) holds for such
A. Since A > 1 and 7 € (0, Ry, we have ry = A\?=2/2r € (0, Ry]. Applying Theorem

3.1.1 and using the fact that h(\) = 0, we obtain

A+ [Du(zo, o) < 22 = 2eA™ 5" A(\) + 20 BN, (3.4.60)

Using the fact that A, B are nonincreasing functions and Young’s inequality with

128



. 2 2 2 2 :
conjugate exponents (n(;p), 2q—nE]2—p)) and ((n+1)(2_p), (n+1)p_2n), we obtain

n(2—p) n(2—p) A 2g
q

20" 5 AW < 26X "5 A) < T+ ¢ (A

and
n —p n —P )\ [
2N B()) < 20T B(1) < S [B(1)] w05, (3.4.61)
Therefore (3.1.11) follows by using the last two inequalities and (3.4.60). O

3.5 Gradient continuity results

3.5.1 Preliminary choices of constants and the geometry

In this section, we always assume p € (p*(n),2 — #1], where p*(n) is defined in

(3.1.8). We also choose q := ¢(n,p) € (1/2,1) as a fixed constant depending only on n

and p. For instance, we can take

n+2 (2—pn n > 1

- 1.
2nt1) 2 r=o37) €@

The choices of geometry in this section are essentially the same as in [55, Section
5.1]. For completeness, we shall still briefly report the choices. First, we fix an open
cylinder Q CC Qp and take another cylinder @’ such that Q cC Q' cC Q. Let
Ry = distpar(Q, 8parc~2’ ) > 0. Under the assumptions of Theorem 3.1.3 or Theorem
3.1.6, it always holds that the Riesz potential I‘l’” ‘(a:,t; r) is locally bounded in Qr
for some r > 0. Therefore we can apply Theorem 3.1.2 to obtain that Du is locally

bounded in Q7 and that in particular, Du is bounded in @'. Thus we can choose

M =1+ s+ sup|Du| < .
Ql
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Let

1 _ _
Ay =M and Ry := 1/\5\]/} 2)/2R1. (3.5.1)

Then we have QM (g, to) C Q' whenever (o, to) € Q and r € (0, Ry], and therefore

s+ sup |Dul <Ay, Vre(0,R]. (3.5.2)

AN
QM (wo,to)

By (3.5.1) and (3.5.2), we have

1
(][ (|Du| + s)qudt) "< M= (3.5.3)
Q?M(Ioﬂfo)

for any (z¢,%) € Q and any p € (0, Ry].

3.5.2 Proof of gradient continuity results
First, we prove the following proposition.

Proposition 3.5.1. Let ¢ € (0,1]. Assume that the Riesz potential I'{”(:p,t;r} is

locally bounded in Q27 for some r > 0 and that

N ICACR0)

r—0 rntl

=0 locally uniformly in (z,t) € Q. (3.5.4)

Then there exists constants o = a(n,p,v, L) € (0,1), cg = co(n,p,v,L) > 1, and

R. = R.(n,p,v, L, M, u,e) € (0, Ry) such that
¢q(Du, Q;M (z0,t0)) < €Am (3.5.5)

holds for every (xo,to) € Q and every p € (0, p.], where

2/«

Pe = Rs-
Cg
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More specifically, the constant R. is determined in (3.5.8)—(3.5.9) below.
Proof. First we take

400n €
A=Ay, A=c, B= P VZWy

(3.5.6)

where cg = cg(n, p, v, L) is the same constant as in Lemma 3.4.7. Then we choose
0y = dy(n,p,v,L,e) € (0,1/2) as in Theorem 3.3.3 with the choices of A, B, v in
(3.5.6) and we set §; = 0,/4. Then by (3.3.5), we have

82/o¢

51:

- (3.5.7)

for some constants a € (0,1) and ¢9 > 1 both depending on n, p, v, L. Next, we take

R. € (0, Ry) such that

n42
0,7 ¢
R.) <2 3.5.8
“(Re) < gooc, (3.5.8)
and that
n42
t 0, ¢
sup sup |/"L’(Qprgffi 0)) S (1n+1§(2_p)/27 (359)
(%0,t0)€Q 0<p<AZ™P)/? R, P 80007)\M

where ¢; = ¢7(n, p,v, L) is the same constant as in Lemma 3.4.6. Thus we have

|M|(Q2M($o,to))< wp sup |N|(QA<A§—p>/2p($oato))
(x()ﬂfo)EQ 0<p<R.

sup  sup

- 1 —
(z0,t0)€Q 0<p=Re Pt

pn+1
(3.5.10)

n+2 n+2

5,%¢ _0," ¢
— 800c; — 800c7

AM.

For i € N, we define

Qi = Q?jM (l’o,to), Ty ‘= (Si’l", re ((SlRE, Ra]
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We will prove that for every ¢ > 1, it holds that
bq(Du, Q;) < el (3.5.11)
Let ¢« > 1. We consider two different cases. First, suppose that

1
( |Duyqudt) T f—OAM. (3.5.12)
Qi

In this case, the definition of ¢, implies that

1/q €
) < q _
6o(Du, Q) < < 1l dxdt) < 1o

and therefore (3.5.11) holds. On the other hand, suppose that (3.5.12) does not hold.

Then we have

1/q c
(f |Du|qdmdt> > (3.5.13)
Qi 10
Let w and v be the solutions defined in (3.4.1) and (3.4.18) respectively, with the
choices p = 7,1 and A = A\ys. By (3.5.3), (3.5.8), and (3.5.10), we can apply Lemma
3.4.7 with the parameters p = r;_1, A = Ay, 0 = 01, and € = €9/20. Thus using

(3.5.13) we obtain

)\M 5)\M

B 400n

<sup||Dv||, s+ sup |[|Dv|| < cgAyr = Ay
Qi $Qi1

Recalling that &; = ¢,/4 and applying Theorem 3.3.3 in 3Q;_, = 7@ , we have

Ti—1’

1)
¢q(Dv, Qi) = ¢(Dv, f@%l) < %%(DU; %1@;1)- (3.5.14)
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By (3.5.3), (3.5.10), and (3.5.14), we can apply Lemma 3.4.8 and get

(b (Du Qz 1)_|_ 5 (n+2) /q[‘ﬂl&?i 1:| +e 5 (n+2)/q (Ti—l))\M

T

¢q(Du>QZ> 4

< Z =
< 4)\M -+ 400)\]\/[ < 8)\M

The proof of (3.5.11) is completed. Now we take p. = d; R., where §; has the form in
(3.5.7). Since for any p € (0, p.|, there exists r € (0, R., R.] and an integer k > 1 such
that p = §fr, (3.5.5) follows directly from (3.5.11). O

A corollary of Proposition 3.5.1 is Theorem 3.1.6.

Proof of Theorem 3.1.6. We are now able to determine the exact form of R. in Propo-
sition 3.5.1 for any ¢ € (0, 1) thanks to the assumption (3.1.17). By (3.5.7), to verify

(3.5.8) and (3.5.9), we need to show that

2(n+42)

g aa 1
W) < ="
T 800ccy I
and that
2(n+2) 1
o @t
b (zP)/g ,0”"‘1 ~ 800 (n+2) /‘I/\ n+1)(2—-p)/2"

(0,t0)€Q 0<p< Ay, P ?Re 0709 M

Thus using (3.1.17), it is sufficient to take R. € (0, Ry) such that

1/6

2(n+2) 1
+ g

g I

)1/5
800c e T\ Rp)/2 e

R < (

where 0 = 0(n,p,v, L,§) € (0,1) and ¢19 = c19(n, p,v, L,d,cp, M) > 1. Now we take

£1/0 c2/a+1/6
R. =min{l,R;}— and p.=min{l, R}
C10

C9C10
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Thus we can apply Lemma 3.5.1 and obtain
dq(Du, Q)M (20, t0)) < eAns

Since € is an arbitrary number in (0, 1), the last inequality implies that

¢q(Du, Q;\]M<x07 to)) < cp’ (3.5.15)

holds for every (zo,to) € Q and every p € (0, Ry, where Ry := min{1, R }/(coc10) €

(0,1), ¢ > 0 is a constant depending on n, p, v, L, 0, cp, M, and Ry, and

1
€ (0,1
e

Qv
Sl

depends only on n, p, v, L, and 9.
We are ready to prove Du € C%#(Q) using (3.5.15). Let (z1,t1), (22,t2) € QN L,

such that p := |(z1,t1) — (22, t2)|par < Ro/2. Here L = L,,, is the set of Lebesgue

points of Du defined in (3.4.36). Without loss of generality, we assume that t; < t,

Arguing exactly as in (3.4.59), we know that

lim lm(QM (21,t,) — Du(z1,t1)| = 0. (3.5.16)
Using (3.2.4), (3.5.16), (3.5.15), and the fact that ¢ € (1/2,1), we obtain
lm(Du, Q¥ (1, t1)) — Du(z1, 1))
(3.5.17)

00
AM A
S |m<Du’ ng’p(ajla tl)) - m(Du7 Q2J—w(j+1)p(x17 tl))|
7=0

J=0

< 2% t6 Z ¢q(Du, Q;"fﬂp(zl,tl)) < c2nto Z(Q‘jp)ﬁ <dpl.

=0
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Similarly, we have
|m(Du, Qé\f(:ﬂg, ty)) — Du(xs,ts)| < ¢'pP. (3.5.18)
By (3.5.17), (3.5.18) and the triangle inequality, it holds that

| Du(xy,t1) — Du(wy, t2)]
< |Du(wy, t1) = m(Du, @ (x1,41))| + [m(Du, Q33 (s, 1)) — Du(x, t5))| (35.19)
+ |m(Du, Q;}M (x1,t1)) — m(Du, Qé\f (o, t2))]

< cp” + [m(Du, Q¥ (21, 11)) — m(Du, Q33 (2, 12))].
p P

Recalling the definition of parabolic distance and the assumption that t; < t5, we
know that Q)" (x1,11) C Qgﬁf (2,1t2) and therefore by (3.2.4), (3.5.15) and the fact

that ¢ € (3, 1), we obtain

|m(Du> Q/))\N[ (1’1, Z51)) - m(Dua ng;” (1’2, t2))|

< 200 (Du, Q)M (w1, t1)) + 22" ¢y (Du, Qg,ly(%;h)) < cp.

(3.5.20)

Combining (3.5.19), (3.5.20) and using the fact that p = |(x1,t1) — (22, t2)|par, We have

|Du(21,t1) — Du(xa, ta)| < cp” = ¢|(z1,t1) — (22, t2) [

par’

where ¢ is a constant depending only on n, p, v, L, 9§, cp, M, and R;. Recall that
by Theorem 3.1.2, Du is bounded in Q. Therefore the last estimate implies that

Du € C%%(Q) since |Q\(£ N Q)| = 0. The proof is now completed. O

Next, we turn to the proofs of Theorem 3.1.3 and its corollaries. We start with the

following proposition.

Proposition 3.5.2. Let ¢ € (0,1]. Under the same assumptions as in Theorem 3.1.3,
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there exists a radius R. € (0, Ry) depending only on n, p, v, L, §, cp, M, and Ry,
such that

|m(Du, Q;j”(xo, to)) — m(Du, Q;‘f (xo,t0))| < 3eAm (3.5.21)

holds for every p1, ps € (0, R.] and (xo,%0) € Q.

Proof. We still use an exit time argument similar to the proof of [55, Theorem 1.6].

Step 1: Choices of constants. First, we take

4
A=Ay, A=cs, B= OO”, y = 27443 (3.5.22)
9

where c¢g = cg(n,p, v, L) is the same constant as in Lemma 3.4.7. Then we choose
0y = dy(n,p,v,L,e) € (0,1/2) as in Theorem 3.3.3 with the choices of A, B, v in
(3.5.22) and we set 6; = J,/4.

Next, We take R. € (0, R;) depending only on n, p, v, L, 6, cp, M, and R, such

that
oR! d 54(nq+2)
£ p 1 €
— < = 3.5.23
| e < A (3:5.23)
5L+2
e
R) < 3.5.24
w(fe) < S5e (3.5.24)
2)\(2_P)/2R/ M
SR (Qulan ) dp b e .
Sup ~ n+1 — (n+1)(2—p)/2” T
(z0,t0)€Q Y0 P P 80007)\M
n+2
|1 (Qp(w0, o)) 0" e

sup sup o < e (3.5.26)

(zo0,t0)€Q 0<p§)\§51_p)/2R’5 P 80067)\M

and
2(n+2)
A 6, " €
sup  sup  ¢,(Du, QM (o, tp)) < 500 (3.5.27)
(z0,t0)€Q 0<p<RL
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where ¢; = ¢7(n, p, v, L) is the same constant as in Lemma 3.4.6. Let us briefly explain
why we can choose such an R.. First, (3.5.23) and (3.5.24) are possible since w is a
nondecreasing function satisfying the Dini condition (3.1.5). Moreover, (3.5.25) and
(3.5.26) are possible by using the assumption (3.1.12). Finally, (3.5.27) is possible by
Proposition 3.5.1, which is applicable since the assumption (3.1.12) directly implies
(3.5.4).

Arguing exactly as in (3.5.10), the bound (3.5.26) implies that

AM (g .t (5nT
sup sup |/~L|(Qp (zo,t0)) <A €

Ay 3.5.28
(z0,to)€Q 0<p=E: Pt — 800c7 M ( )

Now we fix (zg, tg) € Q and define a sequence of shrinking intrinsic cylinders for i € N,

namely,

Qi = Qi\iM (33'0, to), r; = 51R,5
Step 2: The iteration step. We have the following lemma.

Lemma 3.5.3. Assume that

1/
(][ | Duf? dadt) ' %)\M. (3.5.29)
Qit1
Then we have
1 —(n+2)/q 1] (Q —(n+2)/q
(bq(D'LL, Qi+1) < Z(bq(Du, Qz) + 6751 [W} + 6761 W(T’i>>\M. (3530)

)

Proof. Let w and v be the solutions defined in (3.4.1) and (3.4.18) respectively, with
the choices p = r; and A = Ay, By (3.5.3) and (3.5.28), we can apply Lemma 3.4.7

with choices of parameters p = r;; A = Ay, d = 01, and € = £9/20. Thus using (3.5.29)
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we obtain

A A
AM_ EAM < sup |[[Dv]|, s+ sup||[Dv|| < cgAy = Ay
B 400n Qit1 iQi

Recalling that 6; = d,/4 and applying Theorem 3.3.3 in i@,; = iQ;\iM , we have

¢q(Dv, Qis1) = ¢(Dv, %Qn <274 (D, EQZ-). (3.5.31)

By (3.5.3), (3.5.24), (3.5.28), and (3.5.31), we can apply Lemma 3.4.8 (with ¢ = 1)
and get (3.5.30). O

Step 3: Fxit time argument. The main result we want to prove is as follows.

Lemma 3.5.4. It holds that
im(Du, Q;) — m(Du, Q)| < ey, VO<j<k

Proof. For simplicity, we still denote m; := m(Du, Q;) and @, := ¢,(Du, Q;) for i > 0.

We denote the set

1
L= {z eEN: ( ]Du|qd:cdt> ' %/\M}. (3.5.32)
Qi

We can assume 0 < j < k and there are two different cases:
Ln{j+1,....k} =0, or LN{j+1,....k}#0.

Case 1: LN{j+1,...,k} = 0. By the definition of the set L in (3.5.32), we can apply
Lemma 3.5.3 for i € {j,...,k — 1} and obtain

|14 (Qs)

n+1
T

1 o n
Di1 < 70+ crdy HW[ ] 40 MG (1 A (3.5.33)

138



Summing up (3.5.33) for i € {j,...,k — 1}, and using standard manipulations as in

the proof of (3.4.57), we have

k—1

Zq) <20, + 2¢,8, " /qZMnH + 2670, TN wo(r) Ay
T i=j
.5.34
51(n+2)/ 42/ |M\ i) ~(n+2)/g — o
n q n
i=j T i=j

Here we also used (3.5.27) in the last inequality. Using (3.4.43) (with A = 1), (3.5.25),

and the fact that Q; C Q)\g\zl_p)/zn (z0,10), we have

ul(Q AEp)/2 .(xo,to))

0o
> Z T
n+1 n+1

T

i=0 i =0
(2-p)/2 p
< )\(n-i-l)(? p)/26 (n+2) /QAM fie |1[(Qp (0, T0)) dp (3.5.35)
0 prtt p
5?(”'*'2)/(15
800c7;
Similarly, from (3.5.23) we have
0 5?(”*-2)/(15
Ay < ————. 3.5.36
2wl < = e (3:5.36)

Combining (3.5.34), (3.5.35), and (3.5.36) we obtain

k 2(n+2
S o B
<00

By (3.2.4), the triangle inequality, and the previous inequality, it holds that

k—1
m; —m;| < m; . —my| <40, (n+2)/q P, <
j

i=j

8)\M
25
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Case 2: LN{j+1,...,k} # 0. We prove in this case that

A A
my| < 2 and |my| < 20,
2 2
We only give the proof of the former inequality and the proof for the latter is similar. By
the assumption that LN{j+1,...,k} # (), we can define j/ :=min{l € L: | > j+1}

and we have j € L. Thus by (3.2.3) and the fact that ¢ € (1/2,1), we obtain

g 2e)
|mj,|g4<]£2 |Du(x,t)|qudt) "< 55M. (3.5.37)

There are two possibilities, namely, ;' = 741 or j* > j+ 1. First, we assume j' = j+1.

Using (3.2.4) and (3.5.27), we have
8/\M

—(n+2 g
]mj — ijrl‘ S 2(I)j+1 + 251 ( )/qq)j S % S % (3538)

Therefore, by the triangle inequality, (3.5.37), and (3.5.38),

6/\M 26)\M 6)\M
[my] < |my —my |+ |my| < S5 4+ —— <=

Otherwise, we have j/ > j 4+ 1. Then by the definition of j’, we know that L N {j +

1 ,j" =1} = 0. Therefore we can apply Lemma 3.5.3 for i € {j,...,j' —2}. From

P

now on, we can argue exactly as in Case 1 to get
|mj — mj/_1| < —. (3539)
Again using (3.2.4) and (3.5.27), we have

—(n A
|mj/_1 — mj/| < Q(Pj/ + 251( +2)/q(1>j/_1 < ° < EAM

— < — 5.4
— 200 — 200 (3:5.40)
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Therefore, by the triangle inequality, (3.5.37), (3.5.39), and (3.5.40),

EAM EAMm 2eA v EAM
55 To00 "t 5 S T2

jmy| < [my —my |+ [my g —my |+ [my| <

The proof of the lemma is now completed. O

Step 4: Conclusion. For any py, pe2 € (0, R.], there exists two integers j, & > 0
such that

SR < py <8R, and TR < py <R

By (3.2.4), we have

[m(Du, Q. (w0, to)) — m(Du, Q)|

- >|>1/q¢q<Du, Qi) < 5

< 20,00, QY o 1) +2( 1D -

Here we used (3.5.27) in the last line. Similarly, it holds that

£

‘m(Du, Q;‘f(wo,tg)) - m(DU>Qk) < %

Thus, the estimate (3.5.21) follows by using Lemma 3.5.4, the triangle inequality, and

the last two inequalities. The proposition is proved. O

Proof of Theorem 3.1.3. For any (z9,ty) € Q N £, where £ = L,,, is the set of
Lebesgue points of Du defined in (3.4.36), arguing exactly as in (3.4.59), we know
that

hH(l) ‘m(Q?M (%0, tO) - DU(Q?(), Z50)‘ = 0.
r—
Hence by Proposition 3.5.2,

lim [m(QM (g, to) — Du(zo,t0)| = 0 uniformly in (z,) € QN L. (3.5.41)

r—0
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Let (x1,t1), (22,t2) € QN L and p = |(21,t1) — (2, t2)|par- Without loss of generality,
we assume that ¢; < ty. Therefore Q)M (z1,t1) C Q;‘;”(a:Q, ty) and by (3.2.4) and the

fact that ¢ € (3, 1), we have
im(Du, Q¥ (w1, 11)) — m(Du, Qo) (2, 2))|
< 2¢3(Du, Q) (21, 11)) + 222y (Du, Q33 (w2, t2)).

By the triangle inequality and the previous inequality, we obtain

|Du(xy,t1) — Du(xg,ts)|
< |Du(z1,t1) — m(Du, @ (21, 11))] + [m(Du, Q3 (w2, t2)) — Du(wa, t2)|

+ [m(Du, Q) (x1,11)) — m(Du, Q3 (w2, 1))]. (3.5.42)
< |Du(x1,t1) — m(Du, @ (w1, 11))] + [m(Du, Q57 (w2, t2)) — Du(ws, t2))|

+ 200 (Du, Q)M (21, 11)) + 2"y (Du, Q3 (w2, t)).
Using (3.5.41), (3.5.42), and Proposition 3.5.1, it follows that for (z1,t1), (z9,t2) €
QNL,

|Du(xq,t1) — Du(za,t3)] = 0 when p = |(x1,t1) — (22, t2)|par — 0.

Since |Q\L| = 0, we conclude that Du is continuous in Q. O

Proof of Corollary 3.1.4. By [55, Lemma 2.1], we know that the assumption (3.1.13)
implies (3.1.12). Therefore, Corollary 3.1.4 is a direct consequence of Theorem

3.1.3. =

Proof of Corollary 3.1.5. Corollary 3.1.5 follows directly from Theorem 3.1.3 since

the assumptions (3.1.14) and (3.1.15) directly imply (3.1.12). O
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CHAPTER 4

The insulated conductivity problem

with p-Laplacian

We study the insulated conductivity problem with closely spaced insulators em-
bedded in a homogeneous matrix where the current-electric field relation is the power
law J = |E|P72E. The gradient of solutions may blow up as ¢, the distance between
insulators, approaches to 0. We prove an upper bound of the gradient to be of order
e~ where a = 1/2 when p € (1,n+ 1] and any a > n/(2(p—1)) when p > n+1. We
provide examples to show that this exponent is almost optimal in 2D. Additionally in
dimensions n > 3, for any p > 1, we prove another upper bound of order e~ /?*# for

some 3 > 0, and show that 5 7 1/2 as n — oc.

4.1 Introduction and Main results

We investigate the phenomenon of electric field concentration in high-contrast
composites. Such a phenomenon can occur when two approaching inclusions possess
material properties that differ significantly from the background matrix (see e.g.

(16,49, 73]). The study of this area originated from [6], where the problem with
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inclusions closely located in a linear background medium was studied numerically. In
this chapter, we study the scenario in which the inclusions are insulators, and the
background matrix follows the current-electric field relation described by the power
law:

J=o|EP*E, p>1, (4.1.1)

where J, E, and o denote current, electric field, and conductivity, respectively. Phys-
ically, such power law can occur in various materials, including dielectrics, plastic
moulding, plasticity phenomena, viscous flows in glaciology, electro-rheological and
thermo-rheological fluids. See e.g., [5,40,46,61,81,82], the second paragraph of [14]

and the references therein.

Let us describe the mathematical setup: let n > 2, Q C R™ be a bounded domain
with C1! boundary containing two C'*! open sets D; and D, with dist(D; U Dy, 092) >
c> 0. Let

g = diSt(Dl, Dg),

Q:=Q\ (D,UDy), and o = 15. The voltage potential u satisfies the following

p-Laplace equation with p > 1:

;

—div(|Dul’2Du) =0 in €,

0

T_0 ondD;, i=1,2, (4.1.2)

v

u = on 0,
where p € C11(99) is given, and v = (v, ..., v,) denotes the inner normal vector on
0D, U ODs.
Our goal is to quantitatively analyze the concentration of the electric field £ = —Du

between the inclusions, and this is a challenging problem even in the linear case when

p = 2. While the optimal blow-up rate for the linear case in two dimensions was
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captured about two decades ago in [3,4], the optimal rate in dimensions n > 3 was only
recently identified in [28,29]. This optimal rate is linked to the first non-zero eigenvalue
of an elliptic operator on S*~2, which is determined by the principal curvatures of the
inclusions. This phenomenon is completely different from the perfect conductivity
problem, where the optimal blow-up rates do not depend on the curvatures of the
inclusions (see [3,4,8]). For other earlier work on the linear insulated conductivity
problem, we refer the reader to [9,65,66,88,91]. In the case when the current-electric
field relation is given by (4.1.1), Gorb and Novikov in [43] and Ciraolo and Sciammetta
in [21] studied the field concentration when D; and D, are perfect conductors. They

proved that for n > 2,

'05_2(7;7__11) p> TL—2‘—1,
1
||vu||Loo(§) < C€7l\log5]ﬁ p= n;— ,
—1 n+1
\05 p 5

These bounds were shown to be optimal in their respective papers. However, the
phenomenon of electric field concentration between insulators has not been studied

before.

Before stating our main results, let us introduce some notation. We denote
r = (2/,1,), where 2’ € R"!. By choosing a coordinate system properly, we can
assume that near the origin, the part of 9D; and 9D, denoted by I'y and I'_, are

respectively the graphs of two C! functions in terms of 2’. That is

r, = {xn - g (), 2] < 1}, I = {zn - —g + ho(2), |2] < 1},

where h; and hy are C1! functions satisfying

hi(0) = ho(0) = 0, Dyhy(0)) = Dyhs(0') = 0, (4.1.3)
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el < hi(2') — ho(a2') for 0 < |2/] <1, (4.1.4)
[hillcrn < ea lhollorn < e, (4.1.5)

with some positive constants ¢q, cy. For zy € (NZ, 0 <r <1, we denote
/ O € / € / / /
Qo = {(m,wn) €N: —§—|—h2(x) < Xy < §+h1(m), |z’ — xp) <r},

and €2, := Qp,. We use B,(x() to denote the open ball of radius r centered at x, and

we set

B, = B,(0), Q(z0) = QN B, ().

By classical C%® estimates for the p-Laplace equation and the maximum principle

(see e.g. [68,86]), the solution u € WP(2) of (4.1.2) satisfies

el ey + lllorong, ) < Cllellcron (4.L.6)

for some constants a« = a(n,p) € (0,1) and C' > 0 independent of €, ¢, and u. As

such, we focus on the following problem near the origin:

—div(|DulP"2Du) =0 in Qy,

@20 on 'y UT'_.
v

(4.1.7)

For any domain D, we denote the oscillation of u in D by

osc u := sup u — inf u.
D D D

Our first main result is the following pointwise gradient estimate of order e~'/2 for
any p > 1 and n > 2.
Theorem 4.1.1. Let hy, hy be CY' functions satisfying (4.1.3)-(4.1.5), p> 1, n > 2,

146



e €(0,1), and u € WHP(8y) be a solution of (4.1.7). Then there exists a constant C' >

0 depending only on n, p, c1, and ca, such that for any x € /5 and n = %1(5 + |a:’|2)%,

|Du(z)| < C(e + |2/[2) "2 osc . (4.1.8)

0
Qo
When n > 3, we improve the upper bound in Theorem 4.1.1 to the order of e=1/2+8

for some 3 > 0.

Theorem 4.1.2. Let hy, hy be CYY functions satisfying (4.1.3)-(4.1.5), p > 1, n > 3,
e € (0,1), and v € WIP(Qy) be a solution of (4.1.7). Then there exist positive

constants C' and 3 depending only on n, p, c1, and ca, such that for any x € €9,

Du(z)| < C(e + |2']?)~**Posc . 4.1.9
Q

When p > n + 1, we derive a more explicit upper bound, under an additional
assumption that h; and hy are C? strictly convex and strictly concave, respectively.

That is, for some positive constants x; and ko,

kilp 1 < D?hy(2') < kol y, Kilp oy < —D?hy(a’) < kol for 0 < |2/| < 1.

(4.1.10)

n+24

Our pointwise gradient estimate of order — 31y’

for any 0 > 0 when p > n + 1, is as

follows.

Theorem 4.1.3. Letn > 2, p > n+ 1, hy, hy be C* functions satisfying (4.1.3)
and (4.1.10), and let w € W'P(Qy) be a solution of (4.1.7). Then for any 6 > 0 and

e €(0,1), we have

HM@HSC@+MVy%%W$u for x € Qyp, (4.1.11)
1
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where C' is a positive constant depending on n, p, 6, K1, ko, and the modulus of

continuity for D*hy(z') and D*hy(z') at 2’ = 0.

Furthermore, we show that when n = 2, the blow-up exponents —1/2 for p < 3
and —1/(p—1) for p > 3 obtained in Theorems 4.1.1 and 4.1.3 are critical in the sense

that

Theorem 4.1.4. Forn =2, p > 1, ¢ € (0,1), let Q@ = Bs, and Dy, Dy be the unit
balls center at (0,1+4¢/2) and (0, —1 —&/2), respectively. Let ¢ = x1 and u € WP(Q)
be the solution of (4.1.2). Then for any 6 > 0, there exists a positive constant C
depending only on p and §, such that when p € (1, 3],

1 =146
2

. >
HDUHL"O(QﬂBsm) - CE )

and when p > 3,

—er1,

I Pr——

Finally, we also establish a blow-up rate of e~/2*# for the gradient, for any p > 1
and sufficiently large n, with more explicit constant 5 € [0,1/2). For this, we impose
a further assumption that h; and hy are C?P™ strictly convex and strictly concave

respectively, satisfying (4.1.10) for some positive constants x; and ks.

Theorem 4.1.5. Let hy, hy be C*P™ functions satisfying (4.1.3) and (4.1.10), p > 1,
B €10,1/2), e € (0,1), and u € WHP(Qy) be a solution of (4.1.7). Ifn, p, and 3

satisfy either

5p—1) (p+1-2B8(p—1) Ko
>2 n> 1 4.1.12
=2 n="" ( 2 AT P (4.1.12)
or
5 (3-23 Ko
1 2, n>- 3— 41.13
<p<2, n_2( 5 +(1—2ﬂ)m)+ p; ( )



then there exist a positive constant C' depending only on n, p, B, k1, and ko, such that

|Du(z)| < Cllull @y (e + 21272 for x € Q). (4.1.14)

Remark 4.1.6. By (4.1.12) and (4.1.13), when n — oo, 8 can be chosen arbitrarily
close to 1/2. In view of (4.1.14), the singularity of Du diminishes as the dimension n
increases. We also note that by refining the inequalities in the proof of Theorem 4.1.5
further, it is possible to improve the lower bounds of n in both (4.1.12) and (4.1.13).

However, we have decided not to pursue this in the current chapter.

The rest of the chapter is organized as follows. In the next section, we give the proof
of Theorem 4.1.1 using mean oscillation estimates. In Section 4.3, we demonstrate
the proof of Theorem 4.1.2 by utilizing a delicate change of variables, an extension
argument, and the Krylov-Safonov Harnack inequality. Sections 4.4 and 4.5 are
devoted to the proofs of Theorems 4.1.3 and 4.1.4, respectively, for which we construct
suitable sub- and super-solutions. Finaally, in Section 4.6, we employ a Bernstein type
argument to prove Theorem 4.1.5. Here we use the fact that for any ¢ > p, |Du|? is a
subsolution to the normalized p-Laplace equation, as originally observed by Uhlenbeck

85).

4.2 Mean oscillation estimates

In this section, we give the proof of Theorem 4.1.1 using mean oscillation estimates.
We fix a point ¢ € 4/, and prove (4.1.8) at & = x,. Note that we can always assume
e+ |z4|> < ¢, where ¢ = ¢(n,p,c1,c3) > 0 could be any sufficiently small constant
depending only on n, p, ¢1, and ¢o. Otherwise, by classical estimates (see [68,86]),
(4.1.8) directly follows. Next, we derive some mean oscillation estimates of Du on a

ball B,(xg) for different radii r.
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4.2.1 Mean oscillation estimates for small r

We recall a classical interior mean oscillation estimate when B,.(zg) C ;. Estimates

of this type, with different exponents involved, were developed in [24,38,69].

Lemma 4.2.1. Let u € WY () be a solution to (4.1.7). There exist constants
C > 1 and a € (0,1) depending only on n and p, such that u € CH*(Qy) and for every

B, (xg) C 4 and p € (0,7], we have

£ e sl ) < (8 (£ 10u- Dus )
By (z0) r By (o)

We denote

AL

¢(xg, 1) = (]i - |Du — (DU)BT(m0)|p> ’

Then Lemma 4.2.1 also implies

Corollary 4.2.2. Under the assumptions of Lemma 4.2.1, there exists a constant
w1 € (0,1) depending only on n and p, such that for any p € (0, 1], Br(xo) C Qy,
and K € N, it holds that

Z d(x0, i) < 2p(x0, 7). (4.2.1)

k=0

Proof. We take u; € (0,1) such that Cuf = %, where C' and o are the same constants

as in Lemma 4.2.1. Replacing r with p*r and setting p = p**'r, we get

¢($0, :u’k,r)

N —

¢(I0, :U’k+1r) S

Summing the above inequality over k = 0,1, ..., K, we obtain (4.2.1). ]
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4.2.2 Mean oscillation estimates for intermediate r

Next, we consider the case when B, (z() intersects with only one of I'y and I'_. In
this case, we choose &y € I'y UI'_ such that dist(z, 'y UT'_) = |Z¢ — x| and we derive
mean oscillation estimates around Zy. Note that we can assume € + co|z)|* < 1/4 and
thus by (4.1.5) and the triangle inequality, |Zj| < 3/4. Without loss of generality, we
assume &g € I'_. Then by (4.1.4) and (4.1.5), there exists a constant ¢ = ¢(n, ¢y, ¢y) €

(0,1/4), such that B(io,7) N Ty = 0 for any r € (0, c(e + |ip]?)).

We first choose a coordinate y = (', y,) such that y(zy) = 0, the direction of axis
Y, is the upper normal vector at Zg € T'_, and Qg (%9) = {y € Br, : yn > X))},
where Ry = c3(e + |24|*) € (0,1/4) for some constant c3 = c3(n, ¢, c2) € (0,1/8) and
x:{y e R Y| < Ry} — Ris a CY! function in the coordinate system depending

on I such that

W0) =0, Dyx(0) =0, [llos < Cllhafcns. (1.2.2)

Then we let

z=My) =, yo — x(¥)).

Since I'_ is CM| by (4.2.2) there exist constants C' = C(n, ¢y, ¢2), ¢4 = cu(n, ¢, ¢2) €

(0,¢3) C (0,1/8), and Ry = c4(e + |#)]?) such that

[Dyx(y) < ClyI<1/2 if |y < 2R, (4.2.3)
Q,jo(20) C ATH(B) C Qor(20) Vr € (0,2Ry], (4.2.4)

and thus
[DA(y) — L < Cly[ < 1/2 i || < 2R, (4.2.5)

Therefore, there exist positive constants ¢(n) and ¢/(n) depending only on n, such
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that for any 2o € (T, UT_)N{z € R": |2/| < 3/4} and 0 < r < ¢u(e + |25]?),

c(n)r™ < |Q.(Zo)|] < ¢ (n)r". (4.2.6)
Note that
det(DA) = 1. (4.2.7)
Then uy(2) := u(A1(2)) satisfies the following equation with conormal boundary
condition

—div, (|ATDZu1|p_2AATDZu1) =0 in B;gl,
(4.2.8)
(|ATDZU1|p_2AATDZU1>n =0 on BR1 N 8R1,
where we denote

A= A(2) = (a4(2)) := DA(A(2)).

Next we extend u; and the coefficient matrix A to the whole ball Bg,. We take the
even extension of w1, any,, and a;5,1,5 = 1,2,...,n — 1, with respect to z, = 0, and
take the odd extension of a;, and a,;,i = 1,2,...,n — 1, with respect to z, = 0. We
still denote these functions by u; and A after the extension. Because of the conormal

boundary condition, u; satisfies
—div, (A(z, D.u1)) = 0 in Bp, (4.2.9)
where the nonlinear operator A is defined as

Az, &) = |ATEP2AATE for z € Bg,, £ €R".

Lemma 4.2.3. There ezists a constant C = C(n,p,c1,c2) > 0, such that for any
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2z € Bg, and £ € R",
|A(2,6) — [€P72%| < C L] € (4.2.10)

Proof. We recall a well-known inequality (see [44, Lemma 2.1}): for any p > 1 and

&1, & € R™, it holds that

|16[P28, — 6117724
& — &

@l + e < <c(laP +eP=,  (4211)

where ¢ = ¢(n,p) > 1 is a positive constant. Using (4.2.11), (4.2.5), and the triangle

inequality, we obtain

[A(2,6) — [6]77%¢] < [|ATEP2(A — L) ATE| + ||ATEP 2 ATE — €77

p—2

< A= L [ATEP 4 o (JATEP + [¢P) 7 |ATE — 6| < C || el

Thus the proof of (4.2.10) is completed. O

Assume that r € (0, Ry]. We let v; € uy + W, ?(B,) be the unique solution to

- divz(’Dzvl‘pizDz'Ul) =0 in Br;
(4.2.12)

v; =u; on 0B,.

By testing (4.2.12) and (4.2.9) with v; —u; and using (4.2.10), we have the comparison

estimate
][ |D.u; — D,y |P < C’rmin{Q’p}][ |D,uq|?, (4.2.13)
r B

where C' > 0 is a constant depending only on n, p, c;, and cy. For detailed proof of

(4.2.13), see [38, Eq. (4.35)] when p € (1,2) and [39, Lemma 3.4] when p > 2.
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Applying Lemma 4.2.1 and the comparison estimate (4.2.13), we have

Lemma 4.2.4. Suppose that uy € WHP(B}, ) is a solution to (4.2.8). Then for any

€ (0,1) and r € (0, Ry], we have

1/p
<][ |Douy — (Darug) g [P+ |DZ"M|p)
B, -

1/p 1/p
< COp”® (][ | Doy — (Doruy) gt |P + \Dznu1|p> + C,r (][ \Dzu1|p> ,
B Bf
(4.2.14)

where 6, = min{1,2/p}, « is the same constant as in Lemma 4.2.1, C, is a constant

depending on i, n, p, c1, ca and C' is a constant depending on n, p, c1, Cs.

Proof. By Lemma 4.2.1, (4.2.13), and the triangle inequality, we have

1/p
(f Doy — (Dzul>3,”|p>
Br

1/p
S C <][ |DZ1)1 D Ul B/” ‘I— C < |DZU,1 — DzU1|p>
BHT B,u,'r

1/p
_n 4.2.15
< C/La (][ |DZU1 D »U1 Br|p —|— O,M p (][ |DZU1 — DZU1|p> ( )

< Cp” (
By

1/p
S C[La (][ |DZU1 (Dzul)Br|p> + CMT’ (][ |Dzu1|p) .
T B’I"

Since w; is even in z,, (4.2.15) directly implies (4.2.14). The proof is completed. [

1/p
]Dzul D U1 BT|p> + O,U/ P < |DZ'LL1 — Dzvl\p)
Br

We now define

1/p
Y(Zo,7) = (][ | Dy — (Dy)o, ()P + |Dynu|p> : (4.2.16)
Qr(20)

Let p € (0,1) and r € (0, R;/2] be constants. By using change of variables, (4.2.3),
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(4.2.4), (4.2.7), and the triangle inequality, we have

1/p
(fL!Dﬂh—(Dﬂhb;V+ﬂD%mV>
B

ur

1/p
= <][ Dyt Dy uDyx = (Dyu+ Dy Dyx) g [P + |Dynu|p>
A=Y(Bgr)

1/p
>C (][ |Dy’u - (Dy’u)ﬂmm(xo)lp + |Dynu|p>
Q/,L’I‘/Q(ilo)

1/p
— C/ (]{2 o) |Dynu Dy/X|p>
wr/2{L0

1/p
> Ct(&o, pr/2) — C'pr <][ |Du|p> ,
Qur/2(£0)
(4.2.17)

where C' and C’ are positive constants depending on n, p, ¢;, and cy. Similarly,

1/p
(£ . 1D = (Do) P 4 1Dl
B;

" (4.2.18)
|Du|p) |

< C"p(iag, 2r) + C'r ( f
Q

2r(Zo)

where C” is a positive constant depending only on n, p, ¢, and cy. Therefore, by

using (4.2.17), (4.2.18), and (4.2.6), (4.2.14) implies that

1/p
(o, 1r/2) < Crb(ag, 2r) + Cor (f |Du|p) -
Q

2r(Zo)

By replacing p/4 and 2r with g and r respectively, we obtain

1/p
o, i) < CHop(io, ) + Cor® (][ |Du|P)
Q

r(%0)

for € (0,1/4) and r € (0, Ry], where we recall that Ry = c4(e + |#4|?). Note that the
same argument above also holds when zy € I',. Therefore, using the same argument

as in Corollary 4.2.2, we have
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Lemma 4.2.5. Suppose that u is a solution to (4.1.2) and 2o € ([ UT_)N{z € R":
|z'| < 3/4}. Then there exist constants c4 € (0,1) and C > 0, both depending only
onmn, p, ci, and ¢, and C, > 0 depending on n, p, ci, c2, and p, such that for any
pe (0,1/4) and r € (0, cu(e + |24)?)], it holds that

1/p
(o, i) < Crfib(io, ) + Cor (][ |Du|p) |
Q

r(Z0)

where 6, = min{1,2/p}, « is the same constant as in Lemma 4.2.1, and v is defined
in (4.2.16). Moreover, there exist constants jiy = pa(n,p,ci,c2) € (0,1/4) and C}, =

C(n,p,c1,¢2,p) > 0, such that for any p € (0, pz] and K € N, it holds that

K+1 K 1/p
> w(do, pfr) < 20(Eg, 1)+ C Y (i) (f |Du|p> :
= 0 2,1, (20)

4.2.3 Mean oscillation estimates for large r

Finally, we consider the case when B, (xy) could potentially intersects with both
I, and I'_. In this case, we assume zy € Q2 and (e + |z(|*) <7 < c5(e + |2 [2)z,
where ¢4 is the same constant as in Lemma 4.2.5 and c5 is a constant which will be

determined later. We define the map Z = A(x) by

/ / /
Z' =1 -z,

Z, = (ha(xy) — ha(zg) +¢€) (li?;)hj(]f;)(;)i/—i a %)

Thus A is invertible in Q1725

1

A / n / 1 / /
Q2 = A(on,1/2) = {(Z,Zn) ceR": |2 < 5’ |Zn| < E(hl(%) — ha(x) ‘l‘g)}»
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and

B ~ 1
p = AT {z e R o —ag| < )

1 1
={(2',2,) eR": |2Z'| < 3 Z, = j:g(hl(xg) — ha(zf) +€) -

Then uy(Z) := u(A~1(2)) satisfies the following equation with homogeneous conormal

boundary condition

—divz (|B"Dzus["?(det(B)) ' BB"Dzus) =0 in Qi

(IB"Dzus|"~(det(B)) ' BB Dzus) =0 on Ty,

where we denote

For Z € Q1/9, let # = A"'(Z). Then
b“(Z):l fOT’iG{l,Q,...ﬂl-l},
bij(Z2)=0 fori#j, i€{1,2,...,n—1}, je€{1,2,...,n},

ha(ag) — ha(zp) + €
(7 (2') = ha(a') 4 €)?

Dy ha(a") (2 — ha(2)

bni(Z) =

3

2) — Dy, ha(2) (2 — ho(2) + 5)]

for j € {1,2,...,n— 1}, and
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Therefore,

hi(zg) — ha(z) + €
hy(xy + 2') — ho(zh + 27') + €

det(B(Z)) = bun(Z) =

is a function independent of Z,,. Assume

Dler ) <r<

o (e + 1)z <

(4.2.19)

> =
N | —

and let Zy = A(x). Then for any Z € Qy/p with |2'| < r and x = A~(Z), by the

triangle inequality, we have

—_

2>

2| <1+ |xg] < (1 + \/12/04)7"% and |2/ > <|z)]> —r (|zp|* — ¢).

\)
»-lkl>—‘

Thus, using (4.1.3), (4.1.4), and (4.1.5), we infer that for j = 1,2,...,n — 1 and some

constant C' > 0 depending only on n, p, ¢, and cs,

|2'|(2c2|25]* + €)
a2 +e¢

(@) = ha(ag) +2) _,

2’| (h
|bnj(z)‘ < 2¢9 ( ) hg(l‘/)—i—€ -

hy
<C]$\<C%§

_or
(2 + |zp[2)z
bn(2) 1] = L(hy (o' + (1 = t)xp) — hota’ + (1 — t)a ))dt‘
o N hi(z') — ho(2') + €
< oo, ULt oDl — gl O
. alr’|? +e T (et a2z’

and similarly,

Cr
(e +]zp2)z

[(det(B(£))) " = 1] = | (ban(2)) ' = 1] < (4.2.20)

Therefore, when (4.2.19) holds and Z € @/, with |Z’| < r, we have for some
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constant C' = C'(n,p, ¢y, ) > 0,

Cr

BZ)-1,|<—— .
P =S e

(4.2.21)

In particular, there exists cs = ¢5(n, p, ¢1, ¢2) € (0,1/4), such that for any % (e+[zf|?) <

r < cs(e+ |a)|?)2 and Z € Q12 with |Z’| <, it also holds that
IB(Z) — I, <1/2 and  |(bw(Z)) " — 1] <1/2. (4.2.22)

Note that we can always assume £+ |z{|? to be sufficiently small so that c4(e+|zf|?) <
cs(e + |a))2)2. Next we extend uy and B to the whole cylinder Cipp =A{(2,2,) €
R™: | 2] < 1/2}. We take the even extension of uy, by, and b;;,4,5 =1,2,...,n — 1,
with respect to Z,, = 1 (hi(z() — ha(z}) + €), and take the odd extension of b;, and
bpivi =1,2,...,n—1, with respect to Z,, = 1(hi(x{) — hao(z() + €). Then we take the
periodic extension in Z, axis, so that the period is equal to 2(hy(z() — he(z) + €).
We still denote these functions by uy and B after the extension. Then because of the

conormal boundary condition, uy satisfies
—divz (B(Z,Dzus)) = 0 inCyp, (4.2.23)
where the nonlinear operator B is defined as
B(Z,6) =d(2)|BT¢[P?BBT¢ for Z €Cip, £ERY,

and
hi(Z' + x) — ho(Z' 4+ xp) + €
hl (I6) — h2($6) +ée ’

A(Z) = (bun(2)) " =

Similar to (4.2.10), using (4.2.20), (4.2.21), (4.2.22), and (4.2.11), we obtain that
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for any r € [% (e + |2h[?), c5(c + [2)]?)2], Z € B.(Zp), and € € R,

C
IB(Z,¢) — [¢]P7%¢| < . (4.2.24)

(e + |2o1?)2

where C' > 0 is a constant depending only on n, p, ¢;, and c;. Now we let vy €

uy + Wy P (B,(Zy)) be the unique solution to

—divz (|Dzvz|p_2Dzv2) =0 in B.(2),
Vg = Uy OI aBT(Z())

Using (4.2.24), similar to (4.2.13), we have the following comparison estimate

min{2,p}
][ Daus — Davglp < O(—) ][ Dawl?,  (4.2.25)
By(20) (e + |zp)?)2 By (20)

where C' > 0 is a constant depending only on n, p, ¢;, and cs.

We define

~ 1/p
¢($07 7‘) = (][ |DZU2 - (DZUQ)BT(ZO)IP) . (4226)
BT(ZO)

Then following the same proof as that of Lemma 4.2.5 with (4.2.25) in place of (4.2.13),

we have

Lemma 4.2.6. Suppose that xo € 1o and uy is a solution to (4.2.23). Then there
exist constants c5 € (0,1/4) and C > 0, both depending only on n, p, ¢1, and cs,
and C, > 0 depending on n, p, ci, c2, and pu, such that for any p € (0,1) and

r € [§5(e + [wp]?), es(e + [2p|*)2], it holds that

_ _ r Op 1/p
(g, pr) < Cpue(xo,7) + C, <m) (]i ) |Dzu2|p> »
0 2 r 0

where 0, = min{1,2/p}, « is the same constant as in Lemma 4.2.1, ¢4 is the same
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constant as in Lemma 4.2.5, andq; is defined in (4.2.26). Moreover, there exist
constants pz = pz(n,p,c1,c2) € (0,1) and C), = C},(n,p, c1, ¢z, 1) > 0, such that for
any 1 € (0, 3] and ky, ky € N satisfying (e + |ap]?) < pF2r < pkrr < es(e + FARER

it holds that

katl ) ko ik 0, %
Z d(xo, 1) < 2(wo, p"r) + C), Z <—,21) (][ ’D2U2|p>
=k k=Fk: (e + [z]?)2 B, k,(20)

4.2.4 Proof of Theorem 4.1.1

Now we are ready to prove Theorem 4.1.1.

Proof of Theorem 4.1.1. We prove the theorem at any point x¢ € 2y 5.

Step 1: Notation and choices of constants. We choose p1 = %min{,ul, 2, pi3}, where
11, p2, and pg are the same constants as in Corollary 4.2.2, Lemma 4.2.5, and Lemma
4.2.6. We define r; = <1 (e + |x6|2)% and let ji, jo be the integers such that

Cy

e+ [7hP),

Cy
L > E(S + |IE)|2)7 Ti+1 <

and

Ty > diSt(Io, F+ U F_), Tjg+1 < diSt(l’Q, F+ U F_),

where ¢4 and c¢5 are the same constants as in Lemma 4.2.5 and Lemma 4.2.6. Note that
we can assume ¢ + |z|? to be sufficiently small so that (e + EARERS % (e + |xh|?)

and thus 7, > 0.
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We denote

( 1/p
|Dzuy — (Dzu2)Brj(zo)|p> it 0<j <y,

(f

.
¢j = ’

1/p
<][ Du— (Do, @l?| i j=gi+1,
L Qr; (wo)

<]irj
1/p
Q3r; (o)

(DZUQ)BTj(ZO) it 0<j <y,

(Z20)

(

1/p
]Dzu2|p) it 0<j <y,
(20)

\

and

mj =
(Du)ﬂrj(zo) if ] Z jl + 17
where us, Zy, and the coordinate Z are defined in Section 4.2.3. In the following proof,
we use C', C' to denote positive constants depending only on n, p, ¢;, and ¢y, which

may differ from line to line.

Step 2: Preliminary estimates and iterations. Next, we derive some preliminary
estimates. First, we show that there exists a constant ¢ = ¢(n) > 0, such that for any
Jzn+1

19, (20)| > 7} (4.2.27)

J

If r; < 2dist(zo, 'y UT'_), then Bi,, (z0) C Qp,(20) and (4.2.27) clearly holds. Oth-
erwise, assume r; > 2dist(xzg, 'y UI'_). Then we choose Zo € 'y UT'_ such that
dist(zo, '+ UT'-) = |Zo — wol, and thus Qy, (Zo) C Qr, (o). Note that we can assume

€ + co|z)|* < 1/4 and thus by (4.1.5) and the triangle inequality, |2{| < 3/4. Since
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J > j1+ 1, by the triangle inequality again, we know that |z{| < |Z(| 4+ r;/2 and

Cyq

6

Cyq

e+ |7pf?) <

1
T < (5+2\:i°6|2—|—§r]2-).
Since ¢4 € (0,1) and r; € (0, 1), we get
c N
< Se+ 1),

By using (4.2.6), we have

1, (20)| = |, (30)] = e’

Thus, (4.2.27) holds for every j > j; + 1.

By (4.2.27) and Hélder’s inequality, for any j € N, we have
Imy| < CT;. (4.2.28)

Note that since p < 1/6, Qs,,,, (7o) C Q, (x¢) and thus by (4.2.27), (4.2.22) and the

J

definition of ji,

TIJ'1+1 < C ][ |Du|p < 01—1]1
Q. (xo)

1.
2751

Therefore, there exists ¢g = c¢(n, p, ¢1, c2) > 0, such that for any j € N,
jjj+1 < ¢4 7} (4229)
By (4.2.29) and the triangle inequality, for any j < j;, we have

Tjpa < 6Ty < Clmy + C¢;.
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For j > ji + 1, since p < 1/6, Q3,,,,(20) C €2, (7o) and thus by (4.2.27) and the

triangle inequality, we have

1/p
Ty <C ][ Dup ) <Clmyl+Co,

QT]' (IO)
Therefore, there exists ¢; = ¢7(n, p, ¢1, c2) > 0, such that for any j € N,

T'j+1 S Cr \m]\ + cr ¢j' (4230)
For any 0 < k < j;, since

|mk — mk,ﬂp < 2p*1|mk — Dzu2(2)|p + 2p71|DZU2(Z) — mk,1|p,
by taking the average over Z € B, (Z) and then taking the p-th root, we obtain
imy, —my_y| < Cop + Cpp_r.

Then by iterating, we get

J
m; —my, | <O oy, (4.2.31)

k=jo

for any integers jo, j satisfying 0 < jo < j < j;. By (4.2.31), (4.2.28), and the triangle

inequality, we have

J
my| < CTj, +C Y o, (4.2.32)

k=jo
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for jo < j < ji. Similarly, for any integers 7, [ satisfying j; +1 <[ < 7, we also have

J
k=l
and
J
my| < CT+CD ¢ (4.2.33)
k=l

For j € {jo,...,J1}, from Lemma 4.2.6 and (4.2.32), we know that

0, J

my| + Z ¢ < CTy,+C Z (—) T, <CTj+C Y pM T (4.2.34)
k=jo k=jo 8+ |:C | )5 k=jo

For j e {j1+1,...,ja}, we have r; > dist(xo, 'L UT'_). Choose 2 € (I'y UT'_)N{z €

R™ : |2'| < 3/4} such that dist(z, 't UT'_) = |2 —xl, and thus Q. (zo) C Qo (20) C

Q3,,(70). Then
¢4

5 (e + 2|m0|2 + 27’ ),

Cy
r; <

Set ) <

which also implies
2r; < cqe + 1257 (4.2.35)

since ¢4 € (0,1) and r; € (0,1).

By (4.2.35), we can apply Lemma 4.2.5 at 2y € I'y UT'_ and use (4.2.27) and
(4.2.6) to obtain

Z ¢k<C' Z [E0,27”k <C}/]1+1+O Z T’ka}C

k=j1+1 k=j1+1 k=j1+1

; (4.2.36)
< CTjH—l +C Z Nkakaa

k=j1+1
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where

1/p
Y; = ][ | Dul? :
927"‘7- (550)

Moreover, from (4.2.33), (4.2.30), and (4.2.36) we also know that

i i
my[+ Y 6 <CTja+C Y pT,

e Lo (4.2.37)
< O|mj1| + O¢j1 +C Z Nkeka;
k=ji1+1
holds for any j € {ji +1,..., 72}
For j > js + 1, from Corollary 4.2.2, (4.2.33), and (4.2.30) we have
J
|mj| + Z gbk < OTjQ-I-l <C |mj2| + C¢j2' (4238)
k=j2+1
Combining (4.2.37) and (4.2.38), we know that
J J
my[+ Y 6, <Clmy[+Coj;+C Dy (4.2.39)

k=ji1+1 k=j1+1

holds for any j > j; + 1. Note that (4.2.39) also holds if jo < j; since in that case
r; < dist(zo, 'y UL'_) for any j > j; + 1 and thus we can directly use Corollary 4.2.2
and (4.2.33) to get (4.2.39).

Moreover, combining (4.2.39) and (4.2.34), we know that
J J
my|+ Y o <CT +C > M, (4.2.40)
k=jo k=jo
holds for any 0 < jo < j; and 7 > 7p.

Step 3: A stopping time argument. We choose jo = jo(n,p, c1, c2) € N sufficiently
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large such that

1) kOp < — 4.2.41
(cz+1)C Z [ 10° ( )

k=jo
where ¢7 is the constant in (4.2.30) and C' is the constant in (4.2.40). Note that we
can assume € + |x(|* to be sufficiently small so that £ /°(e + |z [2)z > % (e |xp]?)

and thus j7; > jo. Now we show that

| Du(zo)| < C'Tj,. (4.2.42)

We consider the following three possibilities.

Case 1: If |Du(zo)| < Tj,, then (4.2.42) directly follows.

Jos

Case 2: If T; < |Du(x)|, Vjo < j < j3, and |Du(xg)| < Tj,+1, then by (4.2.30),

we have

IDU($0)| <T Ja+1 < o7 |mj3| +cr ¢J3 (4'2'43)
Now applying (4.2.40) with j = j3, from (4.2.43) and (4.2.41), we get
J3 1
|Du(xo)| < C"T; + C' Z 1% | Du(zg)| < O Ty, + 1—0|Du(x0)|,
k=jo

where C" = ¢; C, C' is the constant in (4.2.40). The last inequality directly implies
(4.2.42) as desired.

Case 3: If T; < |Du(zo)| for every j > jo, then from (4.2.40), we infer that for any
j > j07
! 1
my| < CT, +C Y~ w|Dulao)| < OTy, + 5| Dulao)].
k=jo

Here we used (4.2.41) in the last inequality. Letting j — oo and using the fact that
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u e CHy), we get

1
|Dutao)| < C Ty, + 15|Dulao)],

which directly implies (4.2.42). The proof of the inequality (4.2.42) is completed.

Step 4: Caccioppoli inequality and conclusion. Let A € R and ¢ be a nonnegative
smooth function satisfying ¢ = 1 in B, (20), |Dz(| < 2rj_()1, and ¢ = 0 outside
Bay, (20). Since 21, < c5(e + |2|2)2, using CP(uy — A) as a test function in (4.2.23),

by (4.2.22), Young’s inequality, we obtain

=,
P Dzusl? < /
2ptl Barj, (20) Barj (20)
= —P/ (B(Z,Dzus), (" (us — A\)Dz()
BZ’V‘J’O(ZO)

< p2p+27”j01/B - P Dzuy [P ug — Al
2rj0 0

1 —
< pH/ ¢"IDzusl” + c(p) rjop/ ug — Al
2 Barj, Barj, (20)

<B(Z, DZUQ), CpDZu2>

J

Therefore, we have the following Caccioppoli inequality

/ |Dzus|? < e(p) Tj_op/ lug — A, (4.2.44)

Brjo (20) B2rj0 (20)

where A is an arbitrary constant and ¢(p) is a positive constant depending only on

p. Since 2r;, < c5(e + |2p[?)7 < L(e + |2)[?)2 < 1/2, by choosing A = (u2)B,,, (20) 10
0

(4.2.44), and using (4.2.42), we obtain the pointwise blow-up estimate

|Du(zo)| < C(e + |2}]?) 72 osc u,

z0,"n

where 1) = (e + |z ?)z.
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4.3 Improved gradient estimates

In this section, we utilize a similar approach of flattening the boundaries and
extending the equation, as described in [66], to derive an improved gradient estimate
for (4.1.7) in dimensions n > 3. However, in contrast to [66], since our equation is
degenerate, we need to exploit the nondivergence form of the normalized equation.
Consequently, the argument of flattening the boundaries becomes much more intricate,
and unlike in [66], where the De Giorgi-Nash-Moser Harnack inequality is applied,
we use the Krylov-Safonov Harnack inequality for nondivergence form equations.
Furthermore, there are additional first-order terms that require control over the size

of the coefficients.

To prove Theorem 4.1.2, for n > 0, we consider the approximating equation

(

—div ((77 + |Dun|2)L52Dun> =0 inQ,
Ouy _ 0 ondD;, i=1,2, (4.3.1)
v
u, = ¢ on 0.

Since ||uy||cre(q,) is bounded independent of 7, it suffices to prove (4.1.9) for w,.
Therefore, we will focus on (4.3.1) throughout the rest of this section, and denote

u = u,, for simplicity. Note that u satisfies the normalized p-Laplace equation

al]Di]’U =0 in Ql;

where

@' = 85+ (0 = 2)(n+ [ Dul’) " DyuDju (43.2)
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satisfies

(p = DIEP <a68 <€, VEER™ when 1<p<2,

€ <av&g; < (p— DI, VEER™ when p>2. (4.3.3)

For a small ry independent of €, we only need to show (4.1.9) in §,,, as |Dul is
bounded in €45 \ 2,, independent of . For any x € Q,,, we estimate |Du(x)| as
follows: First we consider the equation in Q, \ Q,/4 for r € (\/€, 1], we perform a
suitable change of variables that maps the domain to a flat “annular cylinder”. After
the change of variables, u will satisfy a second-order uniformly elliptic equation in
non-divergence form, and the Neumann boundary condition on the upper and lower
boundaries of the domain. Then we obtain a Harnack inequality through the Krylov-
Safonov theorem. Together with the maximum principle, this gives the oscillation
of u in Q, for r € (\/€,r¢] with a decay rate r** for some positive e-independent j3.
Then the desired estimate on |Du(z)| follows from the decay rate of 08Cy (.|, 2)1/2 u

and Theorem 4.1.1.

Let r € (y/g, 0], where 1 is an e-independent constant to be determined later. We

define

hi(x") when |z'| < 2r,
hz(x') =
0 when |2'| > 2r

for i+ = 1,2. We denote

Qs ={y= (") €R" | [Y| <5, lyn| <t}

170



and for y € Qa2 \ Qr/a,2, we define the map x = ®(y) by

=y —g(y),
Ity ) ] ) (4.3.4)
=5 |15 (E+ y) = ha(y) + () + ha(y))
where
9W) = W — 1) (Yn + %) (Oyn + E), (4.3.5)
1 - - N -
6 = <5l + In(y) — haW)IDy R (W) + R (0]
— 1 ~ ~ - -
= = ggle +in(y) — ha(y))Dy (1 (y') — 5 (),
ﬁf is a mollification of h; given by
Ay = / hily — p2)p(2') d', (4.3.6)
Rn—1

¢ is a positive smooth function with unit integral supported in B; € R"!, and

4 .2
r

Here we briefly explain the motivation for defining the map ® as above: to ensure
that ¥ = 2’ on {y, = +r?}, which is g|y’ _.,» = 0, we setup the ansatz (4.3.5) for
g. Next, we want the function v(y) := u(®(y)) to satisfy the Neumann boundary

condition on {y, = +r?}, which leads to (see details in Lemma 4.3.1)

(= Dug 5gle+ In(y) = Pl ) | (~Den, 1) on (g =7,

(= D9 g3+ M) = Rale)) | (=D 1) o {ya = =%},

272
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Using the ansatz (4.3.5) and solving for © and =, we have

o= SL[ + I (y) — o) Dy [ () + ha(y)],
== SL[ + () = ha(y)1Dy [ (yf) — ha(y)]

Note that the equation of v involves second-order derivatives of ®, and hence involves
third-order derivatives of izl and ﬁg. However, izl and ﬁz are only C'!, so we introduce
the mollification (4.3.6) to overcome the lack of regularities. Here p is chosen so that
W = h; on {y, = £r?}, and the coefficients of the equation of v have the desired

estimates.

Throughout this section, unless specify otherwise, we use C' to denote positive
constants that could be different from line to line, and depend only on n, p, ¢;, and

o, where ¢; and ¢y are defined in (4.1.4) and (4.1.5), respectively.

Lemma 4.3.1. There exists an 1o > 0 independent of €, such that when r € (1/z, 0]

and ® is given as (4.3.4), then:

(a) There exists a positive constant C' independent of € and r, such that

< D(I)(y) < CI; Yy e QZT‘,TQ \Qr/4,r27

Ql~

and hence ® s invertible.

(b)
Q1.9r,r2 \ Q0.35r,'r2 C CI)_I(QQT \ QT/4>7

and

£, \ QT/Q - qD(Ql.lr,r2 \ Qo,4mn2).
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(¢) Let u € WHP(Qy, \ Q,/4) be a solution of

—div ((T} + |Du|2)%Du) =0 in Qo \ Qya,

%:O on (F+UF7)HQ2T\QT/4

(4.3.7)

for some n >0, and v(y) = u(P(y)). Then v satisfies an elliptic equation

a” Dijo(y) + BiDiv(y) =0 in Qrorr2 \ Qossrr2,

ov B 9
@(y) =0 on{y, ==%r},

with
<a<Cl, yB\gg.

Ql~

Proof. By (4.1.3), we have

IDERi(y)| < Cr*F, IDERY(Y)| < Cr*F for i=1,2 and k=0,1,2.

Therefore, when y € Q2,2 \ Qr /4,2,

Dy’ — In-1yx(n-1)| = [Dyg(y)] < Cr.

Dy, x" = — Dy, g(y)

=—2y,(Oy, + ) — (y2 —)[(Dy,O)yn + © + D, =],

and

el <or, [l <Oorh
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By (4.3.6), we have for y € Qa2 \ Q /a2,

By 9 y
DD =g [ D ) a2
yn Rnfl
2 n 7 .
= | D2 hi(y — p2')2'o(2) d2'| < Cr for i=1,2.
T Rn—1

Therefore,
‘Dyn@‘ S CT_?)? ‘DynE’ S Or—17
and hence
1Dy, 2| <[2yn(Oyn + Z)| + (2 — (D, O)yn + © + D, ]
<Cr+ 07‘4[7‘71 +r 34 7“’1] < Cr.
By (4.3.9),

1 Yn 7 7 7 7
| Dy aa| = 3 ﬁ(Dy’hl(yl> — Dyha(y')) + Dyhi(y') + Dyha(y')| < Cr.

And lastly,

1 -
Dy,n = 55(e + m(y) = ha(y'))-

By (4.1.4),

1
5 S Dynxn S C

Then (a) follows by shrinking rq to be sufficiently small.

Since g(y) = 0 when y = +r? ® maps the upper and lower boundaries of
Qory2 \ Qa2 onto the upper and lower boundaries of {2y, \ €,/4, respectively. Then

(b) simply follows from the fact that |g(y)] < Cr®, and we can shrink ry so that

l9(y)| < r/10.
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To verify (c), note that u is smooth from the classical elliptic theory. We compute

by the chain rule,

kau(l') :Dyiv(y)kayiy

Dyyayti(x) =Dy, Dy, v(y) Dy yi Dy yj + Dy 0(y) Doy i
Recall that u(x) satisfies the equation
a"' Dy, pu(x) =0,
where the matrix a is given by (4.3.2). If we define
a” := a" D, v D.,y;, b= a" Dy, 0, Yi,

then v(y) satisfies

Next, we show that v satisfies the Neumann boundary condition on {y, = +r?}. We
will show the boundary condition on {y, = r*}, as the one on {y, = —r?} follows

similarly. By the chain rule,
Dyu(y) - e, = Dyu(x) - D, Pe,,
where e, := (0,...,0,1). Therefore, it suffices to show that

Dybe, = (= Dyg. e+ in(y) ~ b)) || (~Dohr 1) on {y, =*}. (43.10)

2r2

175



Note that when y,, = r?, we have g(y) =0, ¥/ = 2/, u = 0, and WY = hy. Therefore,

Dy,.g =(yn +1°)(Oy, + E)

e+ In) — Ry Dy ()
(6 a(y) = Faly ) Do (0

This implies (4.3.10).

Finally, we show that the coefficients @ and b satisfy the desired estimates. From
part (a), we know that
1
< D,y =D, ® !(x) < CI,

which together with (4.3.3) implies that

<a<C(ClI

Ql~

To estimate I~), we differentiate 0y;/0xy, - Oz /Oy; = 0;; in x;. Note that by chain rule,

we have
D%y Oxy, X OYi Oy 0%y, -0
0x,0x; Oy;  Oxy, Oz 0y;0y, o

Since I/C < D,y < CI and I/C < D,z < C1, it suffices to estimate Dix, which is
2 .

Dy ®(y). It is easy to see that

9%z,

0y?

¢

, .

To estimate 9%z /0y?, the key terms are

D3n(y), D, DLh(y), D2 Dyhi(y), i=1.2.
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By (4.3.6) and integration by parts, we have

Dy/ﬁf(y’) = 1 Dy/ﬁi(y’ — u2")p(2) d2'
Rn—
1 .
=—= Dohi(y' — pz")p(2') d’
H JRn-1
1

“u / hily — 1) Dopl) d=.
B Jrr—1

Then
C||hz'||clv1< Cr
pooo Tt

Dy B (Y| < 7

Similarly,

2Yn, ~
DyRi) == | Dylaly = i) - #p() do

|
=

(Y — p2') Dy - (Fp(2)) d, (4.3.11)
MU JRrn—1

SO

2 Tl _Qyn D2~ / ND / M d| < Cr?
Dy, Dyl ()| = |— yhi(y' — pz) Do - (Zo(2) do'| < ———.
U Jrn—1 rt—yz

Differentiating the first line of (4.3.11) in y,, we have

—

2 —
D3 ) = | Wl — )2 () 2’
Rn 1
4y721 % T / ! / /
+ Dyk,ylh’i<y — pz )ZkZlQO(Z ) dz
R

2 -
-2 / Dy il — p)epl() d
T Rn 1

-1
4y" / Z Dy, hi(y — pz)D., (zrzp(2')) dz'.
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Therefore,

s 9 _
D8 D < [ DRkl = ') 0
4 2

+

wur

Cr3

— 4 2°
=Y,

| 1D = plIDa @ ()

By these estimates above and straightforward computations, we have
|Dy@(y)| < Or

which implies |b| < Cr". O

Lemma 4.3.2. Let ry be as in Lemma 4.5.1, and let r € (\/g,70]. If u € WHP(Qy, \

Q,/4) is a nonnegative solution of (4.3.7) for some n > 0, then,

sup v <C inf w, (4.3.12)
QT\QT-/Q QT\QT/Q

for some constant C' > 0 depending only on n, p, ¢1, and co, but independent of €, 1,

r, and u.

Proof. We take the change of variable y = ®~!(z), where ® is given as (4.3.4). Let

v(y) = u(z). By Lemma 4.3.1 (c), v satisfies the equation (4.3.8).

For i,j7 = 1,2,...,n — 1, we take the even extension of a“, a™", b, and v with
respect to y, = 12, and take odd extension of @, @™, and b with respect to y, = 2.
Then we take the periodic extension (so that the period is equal to 4r?). We still

denote them by a, l~), and v after the extension. Then v satisfies

a” Dijo(y) + b;Dyv(y) =0 in Q1.9r2r \ Qo.35r,2r-
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Setting @ (y) = a“(ry), b'(y) = rb(ry), and o(y) = v(ry), we see that ¥ satisfies

dijDijTJ(y) +b;D;0(y) =0 in Qro2\ Qoss2,

with

<a<CI, |b<C.

Ql~

Since Q192 \ Qo352 is connected when n > 3, by the Krylov-Safonov theorem (see

Section 4.2 of [52]), we have

sup v<C inf 0.
Q1.1,1\Qo.4,1 Q1.1,1\Qo.4,1

This implies

sup v<C inf v.

Ql.lr,r2 \Q0.4r,r2 Ql.l'r-,r2 \Q0,47.77.2

Finally, (4.3.12) follows by reverting the changes of variables and Lemma 4.3.1 (b). O

The following estimate on the oscillation of u is a direct consequence of Lemma

4.3.2.

Corollary 4.3.3. Forn > 3, let u € W'P(Qy) be a solution of (4.3.1) for some n > 0.
Then there exist positive constants C' and (3, depending only on n,p,cy, and co, such
that

osc u < Crﬁodsc u, Vre (Ve 1/2). (4.3.13)

T 1

Proof. Tt suffices to prove (4.3.13) for r € (y/g,70], where rq is the same as in Lemma
4.3.1. Let /e <1 <rpand v =u —infg, u. Then v > 0 in Qy,. By Lemma 4.3.2, we

have

sup v < (7 inf v,
QT\QT/Q QT\Q'I‘/Q
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where C] > 1 is a constant independent of r. Since v satisfies equation (4.1.7), by the

maximum principle,

sup v = supu, inf v =info.
Q\Q, /o Qr Qr\Qy /2 Qr

Therefore,

supv < Cfinf o,
Qr Qr

which implies

supu < Cyinfu — (C; — 1) inf u.
Qr Qr Q2r

Adding the above inequality with

(C1 — Dsupu < (Cy — 1) supuw,
Qr QQr

and dividing both sides by C', we have

;-1
oscu < 0SC U.
Q 1 Q27‘

Finally, (4.3.13) follows from iterating the inequality above. ]
Now we are ready to prove Theorem 4.1.2.

Proof of Theorem 4.1.2. 1t suffices to show (4.1.9) for x € Q5 and € € (0,1/32). By
Corollary 4.3.3, there exist positive constants C' and [, depending only on n, p, ¢,
and cg, such that

osc u < C(e + |2')*)Posc u,
an Q1
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where 7 = L(e + |2/|?)2. Then by Theorem 4.1.1, we have

|Du(z)] <C(e + |2/|*) 2 osc u

x,n

<C(e+ |x’|2)_%%sc u

8n

<Cl(e + ix’|2)*%+ﬁ%sc w.
1

The theorem is proved. O

4.4 The p>n—+1 case

In this section, we establish a more explicit gradient estimate for the equation (4.1.7)
when p > n + 1, with a blow-up rate of order e~ for any o > ﬁ. Throughout this
section, in addition to (4.1.3) and (4.1.4), we need to further assume that hy and hoy
are C? strictly convex and strictly concave functions respectively, satisfying (4.1.10).

Let v denote the normal vector on 'y, pointing upwards and downwards respectively.

To obtain the improved gradient estimate, in the following lemma, we construct a
supersolution to show that the oscillation of u enjoys a better decay rate. Then the

desired gradient estimate (4.1.11)follows by using Theorem 4.1.1.

Lemma 4.4.1. Let n > 2, p > n+ 1, ' ,T'"_ hy,hy be as above. For any § €

(0,p—n—1), let v(x) = (|2']> + (2 + §)x2)/2. Then for any v € (0, p_;fj_‘s), there

exists a constant € (0,1/2) depending only on n, p, §, v, K1, K2, and the modulus of

continuity for D*hy(x') and D?*hy(2') at 2’ =0, such that for any € € (0, u?/ks),

—div(|Dv[P>Dv) >0 in Qpujmy \ Qe/ps

Jv _
i 0 on(FyUT2)NQ, L,

Proof. We denote R(x) = (|2'|> 4+ (2 + §)22)"/2, so that v(z) = R(x)?. Using Taylor
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expansion up to order 2, from (4.1.3) we know that for any |2/| < 1.
1
ha(2') = </ (1 — O)D?hy(t2)dt - o', "),
0
1
ho(x') = </ (1 —t)D?ho(ta’)dt - o', 2').
0
By (4.4.1) and (4.1.10), we have

R1 R2

2 2

We also note that for any |z'| < 1,

1 1
<Dh1(m’),x’>:</ %Dhl(m’)dt,x’>=</ D?hy (ta')dt - o', '),
0 0
and similarly

(Dha(a'), 2} = { /0 D?ho(ta')dt - o', o),

2 < () < 2P, DR <) < 2P for ] <1

(4.4.1)

(4.4.2)

(4.4.3)

Since h; and hy are C?, for any § € (0,p —n — 1), there is a sufficiently small

ro € (0,1/2) depending only on n, §, k1, and the modulus of continuity for D?*h;(z’)

and D?hy(2') at 2/ = 0, such that

Iilé
8 + 20

1{15

D?*hy(2") — D*h <
Dh(a') — D (0)] < 10

|D?hy(z') — D*hy(0)| <
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Thus by (4.4.1), (4.4.3), (4.4.4), (4.1.10), and the triangle inequality, we obtain

(2+ &)hi(2) — (Dhy ('), 2")
= </1(2 +0)(1 — t)D*hy(tz')dt - x',x'> — </1 D?hy (ta')dt - x/,x’>
> </ (24 6)(1 — t)D*hy (0)dt - 2', 2") — 27”—8'1”;5@%2 (4.4.5)

K10
/D2h1 0)dt - o', z") — 8~}_12(5|5¢7’|2

51(5 :‘ilé
D2 2 /2> .
= (D (0) ) = P > P > 0

By direct computations, we have

Dv =~yR"72(2', (2 + §)x,,),

Dijv = YR 2 +y(y —2)R" %22, forie {1,2,...,n— 1},

VR txx;, fori#j, i, €{1,2,...,n—1},

Dijv = y(y—2
Diyv = (v —2)R" 42+ 8z, forie{1,2,....,n—1},
Dypv = YR(2 4+ 6) + (v = 2)R74(2 4 0)°]
On F-‘r mﬁroy
1
= —Dhy(2),1).
V1+ th1<$/)\2( (@), 1)
Then by (4.4.5),
ov P)/R'Y_2
a3, = — (Dhy (2 +2+0)(=+h
ov \/1 ¥ (Dhl(x/))z[ (Dha(2),2") + ( )( 1(2"))
y—2
= MO+ (14 D] >0

>
V1+ (Dha(a'))?

A similar computation shows that > >0onI'_nN [O
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Next, we compute in Q4 \ {0},

div(|Dv|P~2Dv)|Dv|*? = | Dv|*Av + (p — 2) DivDjvD;jv
= 72R27*4<\:c’12 +(2+ 5)237%) ((n + 14 8)yR?
0y = R (2P + 2+ 0)%2))
+ (= 22BN R (YR 2 4 4y — R
+2(p = 2)(2+6)*4*R¥ I (y = 2) R o',
+(p = D92 RD 2+ 022 (YRH2 4 6) + Ay — 2R 2 + 6)%2 )
=B Ja [ [n+ 3+ (p— 17— 1)]
+ |2 P2 [(240)(n+5+p—1)
+24+6)*n+14+0+(p-2)(2+6)+2(v—2)(p—1))]

+2,[(24 0P+ 140+ (p—2)24+08)+ (v —2)(p - 1)(2+5))]}.

Thus div(]Dv|P~2Dv)|Dv|*Py~3R¥37 is a 4th order homogeneous polynomial of |z’|

p—n—1-9
p—1

and z,. Since v € (0, ), we have

n+8+(p—1)(y—1) <0

Therefore there exists a sufficiently small pg € (0,1/2) depending only on n, p, 7, and

J, such that if |z,| < ugl2’| and = # 0, we have
div(|Dv|P~2Dv) > 0.

We then take g = min{pug, K270}, so that u/ky < rg and thus % >0 on(ILuT_)N

Q,./k,- Note that when x € /., \ Qc/,, by (4.4.2) we have

9 K
[al < 5+ Sl < ple’] < ol
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This concludes the proof. O

Proof of Theorem 4.1.3. It suffices to show (4.1.11) for § € (0,(p —n —1)/2), = €

Qjony, and € € (0, 4/ (k2 + K3)), where p € (0,1/2) is defined in Lemma 4.4.1 with

N = 7%”1_26 € (0,1). Without loss of generality, we may assume that u(0) = 0 and

oscg,u = 1. By Theorem 4.1.1,
lu(z))| < Cye for x €, (4.4.6)

Let v be the function defined in Lemma 4.4.1 with v = % and v, = v + /e

Note that u < Cv; and —u < Cv; on ({|2'| = ¢/p} U {|2'| = u/k2}) N for some e-
independent constant C'. By the comparison principle, we have |u| < Cv in §,/., \ e/,

In particular, we have
u(@)] < O+ ') Z0 0 + CeY? for o€ Uy \ Qs (4.4.7)
Since %; € (0,1/2), by combining (4.4.6) and (4.4.7), we obtain
u(@)] < Cle + |0/ 700 for € Q.
This implies that for any = € Q,/2,, and € € (0, u/ (k2 + K3)),

osc u < Cle+ |x’|2)p721<;117>2(S (4.4.8)
Qo ’

where = 1(e + |2/|?)!/2, and C is a constant depending only on n, p, §, k1, k2, and
the modulus of continuity for D?hy(2’) and D?*hy(z’) at 2’ = 0. Then (4.1.11) follows

from (4.4.8) and Theorem 4.1.1. O
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4.5 A two dimensional example

In this section, we provide an example showing that the estimates (4.1.8) and
(4.1.11) are close to optimal in 2D. In the following and throughout this section, we
set our domain 2 = Bs C R?, D; and D, to be the unit balls centered at (0,1 + £/2)

and (0, —1 — £/2), respectively. That is,

F+:{x2:g+1—\/1—m%}7 r_z{xgz—g—lﬂ/l—x%}, 21 € (—1,1).

(4.5.1)

Lemma 4.5.1. Letn =2 and 'y ,T_ be as (4.5.1). Foranyd € (0,1/2), ¢ € (0,0/10),
and vy > max{p 3 O} there exists a constant ro € (0,1/2) depending only on p and

0, such that the function

w(z) = [(x1+(2— )2 (4+/e/ }
satisfies
—div(|]Dw|P*Dw) <0 in Q,,,
O B (4.5.2)
5<0 on (I UT_)NQ,.

NI

Proof. We denote R = R(z)

(:c% +(2— 5)x%> and v(x) = R(z)?. Then
Dv =~yR" (11, (2 — 6)x2).

On T'y, the upward normal vector v = (—x1,1 + &/2 — x3). Therefore,

a -
a—z =yR'"7?| — 23 + (2 — 5)302( +E- xg)

]
=yR72 (xQ —1- g>2 —1+4(2 —5)x2<1 + g —1’2)}

:fva—?:—(l—(S)x%—(sz(lﬂL‘)+5+€ }
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One can see that Jv/dv < 0if 25 > €/6. Since 29 = 5+ 1 — /1 — a7, |1| > 24/¢/
implies x5 > ¢/d. Note that w =0 on ' when |z;| < 24/¢/d, therefore dw/dv <0

on I'y. The fact that Ow/dv < 0 on I'_ follows from a similar argument.

Next, following a similar computation as Lemma 4.4.1, we have in the region

{z3+ (2 —8)x3 > 165/} N Qy,

div(|Duwl"? Dw)| Dw[*~?

=B (0} 4+ (22 )% ) (8 = R 4+ a(y — DR @ + (2 9)%3)
+(p— 27" RY el (7R7‘2 +9(y - 2)37‘41’?)
T (p = 292R0 42 - 0)%3((2 - YR 2+ (2= 6)y(y — 2) R a3)

+2(246)*(p — 2)7° Ry (y — 2) R afal,
Note that in {z? + (2 — §)x3 > 16¢/5} N Qy, |z1| > 24/¢/d. Therefore,
4] 4]
\x2|§§+1— L—af < oot 1-\/1-at < <§+1)x§,

and thus

2
RQ—(2—5)(2+1) R' <a2? < R

Hence for small R > 0, the leading term of div(|Dw[P~2Dw)|Dw|*~? is given by
VRO ((3 — &)y (- 2))RH +(p =27’ R (v - DR

If we set

B=00)+(—-2)+(p—2)(y—1)>0 and ~ >0,

which implies



then there exists a sufficient small r¢ € (0,1/2), depending only on p and ¢, such that
div(|Dw|P~2Dw) > 0 in Q,,. O

Proof of Theorem 4.1.4. We only need to prove the theorem for any § € (0,1/2) and
e € (0,728/64), where ry is the constant stated in Lemma 4.5.1. By symmetry and the

maximum principle, we have u(0, z9) = 0 for |z < £/2 and u(z) > 0 when z; > 0.

Next, we use interior Harnack inequality to show that there exists a positive constant
Cy depending only on p and 6 such that u > Cy on Qn {z1 =10}. Since u(x) = x; on
0Bs, by (4.1.6), there exists r; € (4,5) such that u(r1,0) > 4 and 5—ry is bounded from
below by a positive constant depending only on p. Let g = min{r2/10, (5 —r;)/10}
and N = [==*¢]. We then define a chain of balls By = B,,(px), where k =0,1,..., N
and py, = (10 + kg, 0). Since By, (pi) C QN {z; > 0}, by the Harnack inequality (see

e.g. [84]), there exists a constant C{; > 0 depending only on p, such that
max u < Cj Héinu
holds for any & =0,1,..., N. Since (r1,0) € By, by iteration, we have
u(ro, 0) > (CH) N u(ry,0) > 4(CH) N1 (4.5.3)

Now we set xy = (79,0) and perform the flattening and extension of u to us in
Ci2 = {(21,25) € R* : |Z4] < 1/2} as in Section 4.2.3. Since u, is a nonnegative
solution to (4.2.23) when z; > 0, by the Harnack inequality and a similar iteration

argument as above, we obtain that
UQ(O, ZQ) 2 C(/)IUQ<O, O) (454)
holds for any 2, € (— 1+ /1 —r3 —¢/2,1 — /1 —r3 +¢/2), where Cj > 0 is a
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constant depending only on p and §. In the original coordinate, (4.5.4) directly implies

that
u(x) > Cju(rg, 0) (4.5.5)
for any z € QN {z; = ro}. Combining (4.5.3) and (4.5.5), we get
u>Cy on ﬁﬂ{xl =ro},
where Cy = 4C{(C})~" =1 is a positive constant depending only on p and 4.
Let w be the function defined in Lemma 4.5.1 with
) when 1 <p <3,

TTYp-3+2
pzom 0 when p > 3.
p—1
By the comparison principle, there exists a positive constant C' depending only on p

and 4, such that v > Fw in Q,, N {21 > 0}. In particular, since 8y/¢/§ < o, we have

w(8\/Z)3,0) > és

The desired lower bounds on Du follow from the mean value theorem since u(0) =

0. ]

Remark 4.5.2. When ¢ = 0 and p > 5, it can be shown that w(z) := (22 + 222)?/2
is also a subsolution satisfying (4.5.2) for v = (p — 3)/(p — 1) and some absolute
constant 7o € (0,1). Therefore, a similar argument as in the proof of Theorem 4.1.4

gives u(x1,0) > ¢ xﬁp‘?’)/(p‘” for some constant ¢y = co(p) > 0 and any 1 € (0, 7).
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Thus, for any r € (0, 1), there exists z; € (0,r) such that
Dyu(xy,0) > cay /Y,

where ¢ > 0 is a constant depending only on p.

4.6 Bernstein type argument

In this section, we adapt the Bernstein type argument used in [88] (see also [20]
and [21]) to prove improved gradient estimates for (4.1.7) in high dimensions. As
mentioned before, our proof also relies on the fact that for any ¢ > p, |Du|? is a
subsolution to the normalized p-Laplace equation, which was originally observed by
Uhlenbeck [85]. In addition to (4.1.3) and (4.1.4), we need to further assume that h;
and hy are C%P (5o that u is C? at the points where Du # 0, see [30, Theorem 2.4]),

strictly convex and strictly concave respectively, satisfying (4.1.10).

Let v denote the normal vector on ', pointing upwards and downwards respectively.

We have the following lemma.

Lemma 4.6.1. Let I'y,I"_, hy, hy be as above, s > 2. If u is twice differentiable and

Dyu=0o0onTUTI'_, then at any point xo € 'y UT'_,
sk1|Du(zo)|® < Dy |Du(zo)]® < ska|Du(zo)l®. (4.6.1)
Proof. We only prove (4.6.1) at zy € I'y. By a rotation, we may assume that z; =0

and D, hy(z() = 0. The normal vector v on I'; is given by

1

—Dihy, -, —
\/1+|D$,h1|2( o

Dy_1hy, 1). (4.6.2)
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Then D,u = 0 is equivalent to
n—1
> " DjuD;hy — Dyu = 0.

Jj=1

Applying D; to the equation above for : = 1,...,n — 1, we have at x,
n—1
> " DjuDyjhy — Diyu = 0. (4.6.3)
j=1

By direct computation, at g,

D, |Dul® = s|Du|*~? Z DyuDj,u
i=1

n—1 n—1
= 8|DU|S_2 Z Z DiuDjuDijhl,
i=1 j=1
where in the second line, we used (4.6.3) and D,u(z¢) = 0. Then (4.6.1) follows from
(4.1.10). O

Proof of Theorem 4.1.5. For convenience, we let v =23 € [0,1).

Case 1: For p > 2, we consider the quantity

F _ QP*QPW |Du|p’

where

€ 12 DKy 2
= o 22 g2 4.6.4

We will show by contradiction that F' does not achieve its maximum on (I'y UT_)NQ,,
or in §2,, for some suitable ry which is independent of €. Therefore, F' can only achieve

maximum on

{|ZE,| = 7”0} N Ql,
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and (4.1.14) follows.

If F9/2 achieves it maximum at a point o, we may assume that Du(zg) # 0. First
we show that zo &€ T'y N Q,,. A similar argument applies to I'_ N Q,,. On I'y, the

normal vector v is given by (4.6.2). At zg, by (4.6.1) with s = p,

b—py

> D,|Dul”

D,F =F=HLQ" 1D, QIDul + Q

(p—pN)Q" " ! = Bk
< - Dihz; + ————(/2 4 hy)||Dul?
< | D2 Ditis (o2 ) 1D

V1+|[Dol]? L

+ p/ng% ]Du|p

We choose ry small enough such that

-1 -1

4
< < =
\/ 1+ ’Dx/h1’2 - \/ 14 |/€2£C/|2 - 5

By (4.1.3) and (4.1.10), we have

for |z'| < ro.

n—1
1
ZDjh1!Ej > kyl2’[* and hy > §f€1|$,|2.

i=1

Therefore,

P—pPY _ 4 5/'12
DVF < 1 Dul? — = . |: /2 /2 :|
<QDuP (= 20— ) [mle P+ 2 e
i n2 OK2 2)
+p’€2<l€1 —|—|$| 2(1_,}/)%13:71 )
P—pY _ 4 5pli2
_ lD p(__ _ N2 - 22 2><0.

Hence F does not achieve its maximum on I'; N€2,,. Next, we will show that zo & 2,

by assuming otherwise and showing that a* D;; F'(z¢) > 0, where

a'l(x) = 6y + (p — 2)|Du| " 2DiuDju (4.6.5)
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is symmetric. Note that

€]* <a¥6& < (-1, VEER, (4.6.6)

and if u is a solution of (4.1.7), then a?D;;u = 0. Since Du(zy) # 0. By the
continuity of Du, Du # 0 in a neighborhood of zg, and hence a¥ is well defined in

the neighborhood. By direction computations,

aijDz-jF

= Q"% (a" Dy | Dul?) + | Dul(a” D;Q"F™) + 247 (Di| DulP)(D;Q

p—pYy

7). (4.6.7)

Next, we estimate the three terms on the right-hand side above. First,

S p—py
a”’ D;;Q

i [P — DY ~p=py p—py(p—pY p=py_
= [P Dy + P ( ) _1>Q ; 2D,~QD]~Q]. (4.6.8)

Since a” D;;u = 0, applying Dy, gives

aijDijku + DkaijDi]‘U = 0.

Since
g DyuDiu+ DyuDpu DyuD:uDyuDyu
D 1y - 2 J J . 2 J
La (p ) |Du|2 |Du|4 )
we have
aijDi]’kUDku = —DkaijDijuDku
— —2(p—2)|D|Dul? + 2(p — 2)| Duf | Ascu?, (4.6.9)
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where Au := D;uD;uD;ju. By (4.6.5) and (4.6.9), we have

a” Dyj| DulP =pa” [(p — 2)|Dul’~* DypuDyuDjjuDyu
+ |Du|p_2DikuDjku + |Du|p_2DkUDikju:|
—p|Dul**|(p = 2)| Dul|D|Dul[* + (p = 2)*| Dul 2 Au
+ |Dul*|D%ul? + (p = 2)| Duf?| D] Dul 2 = 2(p — 2) | Duf*| D| Du
+2(p — 2)| Dul 2| Acu?

—p| DufP~* [p(p — 2)|Dul"2|Asul? + |Dul?| D*ul?|. (4.6.10)

Note that at the point xg, for any 1 = 1,2,...,n,

0= D;F = (D;Q"37)|DulP + Q"= (D;| Dul?). (4.6.11)

We split the last term on the right-hand side of (4.6.7) into

2p—1 Py 1

a” (Di| Dul?)(D;Q"27) + —a” (Di| Dul’)(D;Q"="
p

).

For the first term on the right-hand side above, we use (4.6.11) to substitute D;|Dul?,
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and for the second term, we substitute D]Qpam. Then,

20" (D Dul?)(D,Q"F)
2p—1 __p-m i p—p p=—py
= == Q@ FDule (DR (D)

p—PY

1 .
— —Q 2 [Du[Pa”(Dy| Dul”)(D;| Dul?)
p

% —1(p—p7)? nos :
L) g i n.giyQ
p

— pr_2m \Du|p’4a"jDikuDkuDﬂuDlu
2p —1 — 2 p—pYy s
_ P (p pr) Q 5 —2|Du|pa2]DiQDjQ
P 4
— pQ" " |Dul"*(|Dul*| D|Du|* + (p — 2)| Dul | Aseul?), (4.6.12)

where we used (4.6.5) in the last equality. Therefore, by (4.6.7), (4.6.8), (4.6.10), and
(4.6.12),

p—pYy

4’ Dy, F =pQ*# | Dulr [<p —1)(p — 2)| Du| 2| Asouuf? + | Duf?| D?ul?

P—pPy

— |DuP|D|Dul?] + ESE Q™

1|Du\paijDz-jQ

I —1 — 2 — — P—pY g
B [ p—1(p 4m) P Zm (P 2197 _1”@ 72| DulPa D,QD;Q.
p

Note that

| Dul?| D|Dul||* < |Dul?| D*ul?.

It remains to show

Qa'Dy;Q > [2pp_ Lp —2m - (p —2m . 1>}aijDiQDjQ. (4.6.13)

Recall that @ is given in (4.6.4). Then

5%2

D@ = (29517 ooy 2B, —W%>;
—7)K1

(4.6.14)
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and

.. 5%2
aiD;Q =2n — 2 — —22
i (1 =)k
+ (0= 2Dul (2D, — =2 |D,u?)
(1=7)
5:‘432
>n—-2—(p—1)——7"-—.
- v )(1 — 7)1
By (4.6.6) and shrinking ry if necessary, we have
a’D;QD;Q < 4(p—1) <|31:’|2 + 25—146%a:2> <5(p—1)Q
T T 41 —7)2k7" '

In order to show (4.6.13), we only require

oK 2p—1p—p p—p
2n—2—(p—1)u_—j)mz5(p—1) g 27_( 27_1)],

which is equivalent to (4.1.12) since v = 2. This concludes the proof for the case

when p > 2.

Case 2: For p € (1,2), we consider the quantity
G = Q| Duf?,

where @) is given in (4.6.4). From the computation of D, F with p = 2, one can see
that G does not attain its maximum on (I'y UT_) N Q,,. Next, we assume that G
achieves its maximum at zy € €,,. By the computations as in (4.6.7) and (4.6.8) with

p = 2, we have

a” Dy;G = Q" (a” Dy;| Dul?) + | Dul*(a” Dy;Q" ) + 2a™ (D;| Dul?*)(D;Q*7),
(4.6.15)
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where a¥ is given in (4.6.5) with
(p— DIEP < avég; < ¢, VEeR™ (4.6.16)
Next, we estimate the three terms on the right-hand side of (4.6.15). First,
a’ Dy Q' = a?|(1 = 7)Q7DyQ — (1 = 7)Q™ T DiQD;Q|. (4.6.17)
By (4.6.5) and (4.6.9), we have

aijD,;j\Du|2 =a¥ [QDZ-jkuDku +2DjuD;,u
=4(2 — p)|D|Dul|* = 4(2 — p)| Du| | Asul?
+2|D%ul? — 2(2 — p)|D|Dul|?

=2(2 — p)|D|Du||> = 4(2 — p)|Du|*|Ascu|* + 2| D*u>. (4.6.18)
Note that at the point xg, for any : = 1,2,...,n,
0 = D,G = (D;Q""")|Dul* + Q' (D;| Dul?). (4.6.19)
As before, we split the last term on the right-hand side of (4.6.15) as
L i 2 I 2 1—
¢ (D;|Dul?)(D;Q"77) + ¢ (D;|Dul*)(D;Q" 7).

For the first term on the right-hand side, we use (4.6.19) to substitute D;Q'~7, and
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for the second term, we substitute D;|Du|?>. Then by (4.6.5),

g - 1 .. - ~
20" (Di| Duf*)(D;Q™™7) = = 5a” (D3| Du*)(Dy| Du*) Q™| Du| ~*

= 34 (D,QV Y (D, )| DuffQ

2
=— 2@1’7|Du|’2aijDikuDkuDﬂuDlu
3 e i
221D DD,

=—2Q" 7 |D|Dul* + 2(2 - p)Q" | Dul | Ascul?

3 1 — Z"
— 5(1 — )3 DulPQ™'"a" D;Q D;Q. (4.6.20)
Therefore, by (4.6.15), (4.6.17), (4.6.18), and (4.6.20),

a” Dy;G =Q" [(2(2 —p) — 2)|D|Dul|* — 2(2 — p)| Du|~*|Asu|® + 2| D*ul?
+ (1 = )Q"|Dul’a” Dy;Q

=+ S0 =] Ipere i oD@

Since

[Dul | Acuf? < |D|Dulf < |Dul?,

it remains to show

-~ 3 3
QCLZ]DZ‘J'Q > v+ 5(1 — ’7)] (IZ]DZ‘QD]'Q. (4621)
By (4.6.14), we have
. 5/‘%2
aiD;Q =2 —2 - "2
@ (1 =)k
5%2
— (2 - p)|Du —2<2 Dyul? — —2f2 Dnu2>
(2 = p)[Dul (2| Dyl (1_7)/€1| |
5/‘?2
>n—2— —— —2(2—p).
B (L =)k S
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By (4.6.16) and shrinking ry if necessary, we have

25k3 9

=) <%

DD, <47 +

In order to show (4.6.21), we only require

5%2 3
2n—2—m—2(2_p)25[7+§<1_7)]7

which is equivalent to (4.1.13) since v = 2. This concludes the proof for the case

when p € (1,2). O
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CHAPTER 5

Asymptotics of the solution to the
perfect conductivity problem with

p-Laplacian

We study the perfect conductivity problem with closely spaced perfect conductors
embedded in a homogeneous matrix where the current-electric field relation is the
power law J = o|E|P~?E. The gradient of solutions may be arbitrarily large as ¢, the
distance between inclusions, approaches to 0. To characterize this singular behavior of
the gradient in the narrow region between two inclusions, we capture the leading order
term of the gradient. This is the first gradient asymptotics result on the nonlinear

perfect conductivity problem.

5.1 Introduction and Main results

Our study is instigated by the damage analysis in the fiber composite materials [6].
Particularly, when fibers are closely packed and in high-contrast to the background

matrix in terms of material properties, the electric field could be amplified by the
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composite micro-structure. In this chapter, we investigate the specific scenario in
which the fiber inclusions are perfect conductors, and the background matrix follows

the current-electric field relation described by the power law:
J=0o|EP*E, p>1, (5.1.1)

where J, F/, and o represent current, electric field, and conductivity, respectively.

Before stating our results, let us describe the mathematical setup: let 2 C R" be
a bounded domain with C? boundary, and let D} and DY be two C? open sets with
diam(D?) > ¢ > 0 and dist(D? U DY, 92) > ¢ > 0, touching at the origin with the
inner normal direction of DY being the positive z,-axis. We write the variable = as
(2, x,), where 2’ € R""!. For € > 0, translating DY and DY by /2 along the z,-axis,
we obtain

D =D} +(0,e/2) and Dj:=Dy— (0/,¢/2).
We denote QF := Q\ (D5 UD5).

The perfect conductivity problem incorporating the power law (5.1.1) can be

modeled by the following p-Laplace equation with p > 1:

—div(|Du.’2Du) =0  in O,

u.=U; onD;, i=1,2

! (5.1.2)
/ |Du.P2Du, -v =0, i=1,2,
aDs
\ U =@ on 02,
where p € C?*(99) is given, v = (v4,...,1,) denotes the outer normal vector on

OD5 U 0D5 (pointing away from Dj U D5), and U, Us are two constants determined
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by (5.1.2)3. Here and throughout the chapter, we adopt the notation

v Ftr(x)) — u(w)
Du,. - v(z) == tl_l}& ;

and Du.(z) := [Du. - v(z)|v(x)

for x € 0D5,1=1,2.

The solution u. € W'?(Q) can be viewed as the unique function which has the

minimal energy in appropriate function space: I,[u] = min,e = I,[v], where

L] = / |Dv|P, v e 7,
Q (5.1.3)

A ={veW"P(Q): Dv=0 in DUD;,v=¢ on 9N}

We refer the reader to the Appendix of [8] for the derivation of (5.1.2) and its
equivalence with (5.1.3). Although this derivation specifically addresses the case when

p = 2, the argument can be readily applied to p > 1 with slight modifications.

The perfect conductivity problem (5.1.2) with p = 2 has undergone thorough
studies. It was proved by Ammari et al. in [4] and [3] that, when D; and D, are disks
of comparable radii in R?, the blow-up rate of the gradient of the solution is e~ /? as
e goes to zero; Yun in [89,90] generalized the above mentioned result for two strictly
convex inclusions in R?. These gradient estimates in dimension n = 2 were localized

and extended to higher dimensions by Bao, Li, and Yin in [§]:

)
Cé\il/QHQDHCQ(aQ) when n = 2,

||Du5||Loo(§s) S C|€ln€’71‘|(p||02(39) when n = 3,

KCé\ilH(pHCQ(aQ) when n > 4.

These bounds were shown to be optimal in the paper and they are independent of the
shape of inclusions, as long as the inclusions are relatively strictly convex. Moreover,

numerous studies have been conducted into characterizing the asymptotic behavior of
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Du,, which are significant in practical applications. For further works on the linear
perfect conductivity problem, see e.g. [1,2,12,13,18,27,34,42,47,48,50,62-64,72] and

the references therein.

The study on the nonlinear perfect conductivity problem (5.1.2) is less compre-
hensive. The only results were given by Gorb and Novikov [43] and Ciraolo and

Sciammetta [21]. They proved that for n > 2,

( e 1
05_2(177*11) when P > n;— ,
1
HDUEHLoo(ﬁe) < C€_I|lng|ﬁ when p = n;_ 7
1
\05_1 When1<p<n;_

These bounds were shown to be optimal in their respective papers. In this chapter,
we give a more precise characterization of the gradient by capturing its leading order

term in the asymptotics expansion.

It is noteworthy that, for the linear case in dimension two, solutions to the perfect
conductivity problem and the insulated conductivity problem, representing the two
extremes of conductivity, are harmonic conjugate to each other as shown in [4].
Therefore, the behavior of their gradients is essentially identical due to the Cauchy-
Riemann equation. The optimal blow-up exponent in dimension two for the insulated
conductivity problem with p-Laplacian was identified in Chapter 4. It turns out that
the gradient behaves significantly different from that of the solution to (5.1.2) in
dimension two. This showcases an intriguing feature of the nonlinear conductivity

problem. For more results on the linear insulated conductivity problem, we refer to

9,28,29,65,66,88,91].

To study the asymptotic behavior of ., the solution to (5.1.2), it is important

to study the limiting problem (5.1.3) with e = 0. We will show that the minimizing
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problem (5.1.3) with € = 0 is equivalent to

— div(|Duo[P">Dug) =0 in Q°,

ug = Uy onD_?UD_g,

(5.1.4)
/ | Dug|P"2Dug - v = 0,
oDPYUODY
\ ug =@ on 0
for a constant Uy when p > (n + 1)/2, and is equivalent to
— div(|Dug|P"2Dug) =0 in Q°,
uwy=U; onDY\ {0}, i=1,2,

4 (5.1.5)

/0|Duolp‘2Duo-u=0, i=1,2,
9D

ug =@ on 02

for constants U; and U, when p < (n+ 1)/2. We would like to clarify a misunder-
standing in the papers [20,21]. In [20,21], the authors implicitly claimed that the
minimizing problem (5.1.3) with £ = 0 is universally equivalent to (5.1.4), which is
not the case. We will justify this in Theorem 5.2.4. We emphasize that while the
minimizer uy of (5.1.3) with & = 0 always takes the same value in D9 and DJ when
p > (n+1)/2, it may take different values when 1 < p < (n + 1)/2. On the other

hand, the flux along 9D?, denoted by

F = | Dug|P~2 Dug - v, (5.1.6)
oD

might not be zero when p > (n + 1)/2, but it must be zero when p < (n + 1)/2.

By the regularity of D and Dj, we can assume that near the origin, the part of

9D5 and 9D5, denoted by I and I'® | are respectively the graphs of two C? functions
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in terms of z’. That is,

re = {xn - g + (2, |2’ < 1}, re = {xn = —g + ha(2'), |2'] < 1}’

where h; and hy are relatively convex C? functions satisfying

h1(0/> = hz(ol) - 0, Dxfhl(()’) - Dxth(O’) == 0, (517)
c1]2'|? < hi(2') — ho(2') for 0 < |2/| <1, (5.1.8)

and
[hillo < ¢y 2l < ca, (5.1.9)

with some positive constants ¢y, co. For xp € Q°, 0 < r < 1 — |z{|, we denote

0, o= {(7m) €0 | =t mfal) < 1 < S M), I — gl <7}

0,7
and € := Q. We also denote
re, =Ir<nq, I, :=I"nNQ.
We use B,(zg) to denote the open ball of radius r centered at xy and we set
B, := B,(0), Q(xo) := Q5 N By ().

Throughout this chapter, we denote

d(z) =+ || (5.1.10)
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and

6(x) ==e+hi(2') —

By (5.1.7)-(5.1.9), it can be easily seen that

min{ey, 1}0(z) < 6(x) < max{cy,1}d(x), for
We denote
(52§(Pn1)1 > ntl
p=
1
Oe) == { |Ine| 7 p:”;
n+1
J, l<p< 5
and )
det (D2 (hy — )51“
5 F( " 1) , when p >
Z _ ntl
. B
det (D?,(hy — hy)(0")) 2T (2L
et (D3~ @)r(eE)
\ (2m) =

hg (fL’,)

iUte

n+1

Y

n+1

2 Y

where I'(z) := [ " e is the Gamma function defined for z > 0.

(5.1.11)

(5.1.12)

(5.1.13)

Our main result is the following asymptotic expansion of Du.(z) for sufficiently

small € and 2.

Theorem 5.1.1. Let hy, hy be C? functions satisfying (5.1.7)-(5.1.9), p > 1, n > 2,

u. € WHP(Q) be the solution of (5.1.2), ug be the minimizer of (5.1.3) with e = 0,

F be given in (5.1.6), Uy, Uy be the constants in (5.1.5)q, §(z) be defined in (5.1.11),

O(e) be given in (5.1.12), and K be defined in (5.1.13).

Then there exist constants

B € (0,1) depending only on n and p, and Cy,Cy > 0 depending only on n, p, c¢1, and

Co, such that the following holds:
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(i) If p = (n+1)/2, fore € (0,1) and x € € ,, we have
Du.(z) = (0/,6(x) 'O (e)(sgn(F) (K| F)VPD + fo(e))) + fi(w,e), (5.1.14)

where fo: R — R is a function of ¢ and f; : R x R — R" is a function of x
and €, such that

lim fo(g) =0,

e—0

Ca
(2, 9)] < C1(3(2) 2 OE)UKFT + [ fo()]) + lle(ompe 7757 ).
(5.1.15)

(it) If 1 <p<(n+1)/2, fore €(0,1) and z € O ,, we have
Du.(z) = (O’,d(m)’l(Ul — Uy + go(s))) + g1(z,¢),

where go : R — R s a function of € and g1 : R" x R — R" s a function of x
and €, such that

lim go<€> = 07

e—0

__Co
g1 (z,e)] < Ch (5($)6/2_1(|U1 — Us| +|90(e)]) + [leol| L= a)e ﬁ*“")- (5.1.16)

As a consequence of the asymptotic expansion in Theorem 5.1.1, we provide a

pointwise upper bound of Du,.

Remark 5.1.2. Under the hypotheses of Theorem 5.1.1, there exist constants Cy,Cy > 0
depending only on n, p, ¢, and ¢y, such that for sufficiently small € > 0, and any

x € Q§/4, we have
@(5) __Cy
Du.(z)| < Cy||0|l 1 (— ﬁww). 5.1.17
[Duc(a)] < Cillllion ( o + ¢ (B-L17)

In fact, when 1 < p < (n+1)/2, (5.1.17) follows directly from Proposition 5.2.2.

207



When p > (n + 1)/2, since ug = Uy on DY U DY, we have |F| < CHgoHi;l(aQ) and thus

(5.1.17) follows from (5.1.14). Indeed, one can see the boundedness of Dugy on Fil/z

by Lemma 5.2.1, and on 9D} \ T Jo by classical gradient estimates (see e.g. [68]).
Another direct consequence of Theorem 5.1.1 is the following pointwise positive

lower bound of D, u. near the origin, provided the coefficient of the leading order term

in the asymptotic expansion is positive.

Remark 5.1.3. Under the hypotheses of Theorem 5.1.1, if either

p>n+1

and F >0 (5.1.18)

or
n+1

l<p< and U; > U, (5.1.19)

holds, then there exist constants k1, k2 € (0,1/4), v > 0 depending only on n, p, ¢,
c2, ||@llL=(o0), F (when p > (n+1)/2), and U; — Uy (when p < (n + 1)/2), such that

for sufficiently small € > 0, and any = € €2 /4 satisfying

( 1
|z'] < |Ine|™7, when p > n—2|— :
1
|2/| < ki(ln|Ing)™!, when p= n—2|— :
1
\|x'|§/£2, when 1<p<n_2‘_ :
we have
1 ~1 1/(p—1) n+1
Dyu.(xz) > =6(z) " O(e)(KF)/*P >, when p> ,
2 2 . (5.1.20)
Dyu(z) > 55(:10)_1(U1 —Us), when 1<p< 5
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Indeed, when p > (n +1)/2, (5.1.20) follows directly from Theorem 5.1.1 by setting

(1fo(e)] < =(KF)/oD),
1

Cl(s(‘r)ﬁ/Q S ?7

D =

__C2 _ 1
\01”90”L°°(8Q)6 vy < 65($)_1@(5)(Kf)1/(P—1),

and the case when p € (1, (n + 1)/2) follows similarly.

Next, we provide a concrete example whose coefficient of the leading order term in

the asymptotic expansion is positive.

Proposition 5.1.4. Let Q = B; C R", Dy = By(0/,2), Dy = By(0/, -2), ¢ = x,
and ug be the minimizer of (5.1.3) with ¢ = 0. Then either (5.1.18) or (5.1.19) is

satisfied.

Our proof of the main result Theorem 5.1.1 relies on the following C* bound of

the gradient, which may be of independent interest.

Proposition 5.1.5. Let hy, hy be C? functions satisfying (5.1.7)-(5.1.9), p > 1, n > 2,
e € (0,1), and u. € WHP(Q) be a solution of (5.1.2). Then there exist constants
B € (0,1) depending only on n and p, and C > 0 depending only on n, p, c¢1, and co,
such that for any © € Q4 and 6(x) = € + ||, it holds that

[Duclesos ) = Cé(@*ﬁ/zHDusHLW(QS

/@) /4 i) (5.1.21)

Remark 5.1.6. It can be seen from the proof in Section 5.3 that Proposition 5.1.5

209



holds as long as u. € WH?(Q5) is a solution of

(

—div(|Du.[P"*Du.) =0 in Qf,

u. = U7 on T,

u.=U; onlI<,

for some arbitrary constants U; and Us. Moreover, the same estimates also hold for

any solution u. € WHP(Q5) of

—div(|Du.[""*Du.) =0 in Q5,
ou,
ov

=0 onl¥Y,

which might be useful for obtaining sharper blow-up estimates for the insulated

conductivity problem with p-Laplacian (see [33]).

We briefly describe the steps of proving Theorem 5.1.1. First, we establish a
pointwise upper bound of the gradient in terms of U; — U; for arbitrary given U;
and U5 (Proposition 5.2.2). Then we use mean oscillation estimates to prove a C#
estimate (Proposition 5.1.5). Note that Proposition 5.1.5 implies a power gain of order
§%/2 for the oscillation of the gradient in the z, direction. Because of this power gain
and Proposition 5.2.2, we then derive an asymptotic expansion of Du. in terms of
Us — U5 (Proposition 5.4.1). When p > (n+1)/2, U; — U5 will converge to 0 as € — 0.
In this case, we use the flux conditions to derive the convergence rate for Uy — U;
(Theorem 5.4.4). When p < (n+ 1)/2, Uf — U will converges to U; — Us (Theorem

5.2.5). Finally, Theorem 5.1.1 follows from putting all the ingredients above together.

We would like to point out that weaker versions of Proposition 5.4.1 were proved
in [21,43]. They derived an asymptotic expansion of Du. only on the upper and
lower boundaries I'Y. by constructing suitable barrier functions and using comparison

principle. However, in our opinion, it appears that there is a gap in their proofs. It
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is nontrivial to see that the normal derivative is bounded in the case when U; — U5
is small as lack of control of the oscillation of the solution in the z’ direction (see
21, p.6174] and [43, p.740]). This gap can be filled by Proposition 5.2.2 of this chapter.
We would like to remark that our argument in Proposition 5.4.1 is more robust in
the sense that the proof does not rely on the fundamental solution of the p-Laplace
equation or the maximum principle. In fact, the only place this chapter involves the
maximum principle is Proposition 5.2.2. See also Remark 5.2.3. If one can give an
alternative proof of (5.2.7) in Proposition 5.2.2 without using the maximum principle,

then our results can be extended to nonlinear systems of p-Laplace type.

The rest of the chapter is organized as follows: In Section 5.2, we provide some
preliminary estimates and results. In Section 5.3, we use mean oscillation estimates
to prove Proposition 5.1.5. A convergence rate of Uf — U5 when p > (n+1)/2 is
provided in Section 5.4. Finally, the proofs of Theorem 5.1.1 and Proposition 5.1.4

are given in Section 5.5.

5.2 Preliminaries

In this section, we provide some preliminary results.

Lemma 5.2.1. Let hy, hy be C? functions satisfying (5.1.7)-(5.1.9), p > 1, n > 2,

e €0,1), and v € WHP(Q5) be a solution of

—div(|Dv[P2Dv) =0 in €,
(5.2.1)
v=0 onl%.

Then there exist constants C1,Cy > 0 depending only on n, p, ¢y, and co, such that

__Cp _
lv(z)| + |Dv(z)| < Cre Vel ||v||Lp(Q§\Q§/2) Jor x € . (5.2.2)
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Proof. The proof of this lemma essentially follows that of [7, Theorem 1.1], with some

modification. For simplicity, we omit the superscript € in the proof. Without loss

of generality, we may assume ¢ € [0,1/256) and |z’| < 1/16 since otherwise (5.2.2)

follows from classical estimates for the p-Laplace equation (see e.g. [68]). For any

0<t<s<l1,let n=mn(z) be a cutoff function such that n = 11in ;, n = 0 in O \ Qs

and |Dn| < C(s —t)~1. Multiplying vn? on both sides of (5.2.1) and integrating by

parts, we have

/ | Dv|PnP + p|Dv|P"2Dv - DyonP~! = 0.
951

By Young’s inequality,

1
[ ioopwe <p [ peptpelon < 5 [ e+ c [ oriop.
Q1 Q1 Q1

1951

Therefore,

Dol <

C
G
o (s =17 Jana.

Since v = 0 on I'_, by the Poincaré inequality in the x,, direction, we have

/ ol < C(g+s2)p/ | Duf?.
QS\Qt Qs\Qt

2\ P
/ymypgc* (”_St)/ | Dof?.
Q S Qs \

Therefore,

(5.2.3)

Let to = r € (v/&,1/2) and t; = (1 — jr)r for j € N such that j < 1/r. Taking

s =t;,t =t;11 in (5.2.3), we have

J

| Dol < 2”0*/ |Dul?.

ti+1 0\t
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Adding both sides by 2°C* [, |Dv|? and dividing both sides by 1+ 2°C*, we have
i+l
20C
|DulP < —/ | DolP.
Q. 1+2°C* Jq,
Jj+1 J

Let k = |5-] and iterate the above inequality k times. We have

orC* \* .
/ | Dv|P < <—*) / | Du|? < Cpm/ [v|?, (5.2.4)
Q)2 1+2rC Qr 2\Q1/2

where 1 € (0,1) and C' are constants depending only on n, p, ¢1, and ¢y. Now we take
r = 4(y/e+|2'|) and (5.2.2) follows from classical estimates for the p-Laplace equation
in Qs cijpr2 and (5.2.4). O

Next, we derive a pointwise upper bound of the gradient in terms of U; — Us.

Proposition 5.2.2. Let hy, hy be C? functions satisfying (5.1.7)-(5.1.9), p > 1, n > 2,

e €(0,1), Ut, US be arbitrary constants, and u. € WHP(Q5) be a solution of

—div(|DucP2Du.) =0 in S,

. u. = Uj on 7,

ue =U; onT<.

Then there exist constants Cy,Cy > 0 depending only on n, p, ¢, and ¢y, such that

forx € Q§/4, it holds that

U — Us|

Duc(a)l < & (T

__ G
+ ez ayas e 7). (5.2.5)

1/2

Moreover, if e € (0,1), u. € WHP(Q) is the solution to (5.1.2) and U, and U5 are the

same constants in (5.1.2), we have

inf p < U, Us < sup, (5.2.6)
o0 90
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and for x € Q§/4,

U — U3

Duc(a)] < & (T

Gy
+ |loll e a0y e ﬁ*‘f") (5.2.7)

Proof. We first give the proof of (5.2.5). Take a point zy € Qf ,. In order to
estimate the gradient at zo, we first estimate the oscillation of u. in 8(20)/8" where
0(z0) = € + |zp|?. Without loss of generality, we may assume that US > Us. Let v be

the solution to

(

—div(|Dv|P"2Dv) = 0 in QF,

\ v=0 on 'L,

v=u.—U; on IQ;N{zeR":|2'|=1}.
By Lemma 5.2.1,
Co
o(2)] < O T el pmiopian ) for @ € 05
Since v > u. — Uj on 027, by the comparison principle, we have
us(x) — U <wv(z) in Qf.

Similarly, let w be the solution to

4

—div(|Dw[P~?Dw) =0 in Qf,

— 15
w=0 on I,

w=u.—U5 on 9Q;N{zreR": 2| =1}.

We have

o
jw(z)] < Cre VETlue|[ L @anaz ) for o € Q)
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and

us(z) —Us >w(z) in Q.

Therefore,

__C
oo 05C U <|U; = Us| + C’1||u€||Loo(Q§\Qi/2)e Vel
z0,8(x0)/8

Then the gradient estimate (5.2.5) follows from classical boundary and interior esti-

mates for the p-Laplace equation (see e.g. [68]).

Next we prove (5.2.6). Indeed, if Uf = max{Us, U5} > supy ¢, by the maximum
principle and the Hopf lemma (see [86, Theorem 5]), Du. - v > 0 on 9D;, which

violates (5.1.2)s.

Finally, (5.2.7) follows directly from (5.2.5), (5.2.6), and the maximum principle.
O]

Remark 5.2.3. For systems of p-Laplace type, instead of (5.2.6), one can still show
that

holds for some e-independent constant C, by using classical boundary and interior
gradient estimates away from the neck region 2f /2 However, it is not clear to us

whether (5.2.7) (or a weaker version of it) is still true.

In the following, we justify the equivalence between the minimizing problem (5.1.3)

with € = 0 and the equations (5.1.4)-(5.1.5).

Theorem 5.2.4. vy is the minimizer of (5.1.3) with e = 0 if and only if ug € WP(2)

satisfies (5.1.4) when p > (n+1)/2 and satisfies (5.1.5) when p < (n+1)/2.

Proof. First, we prove that (5.1.4) has at most one solution v € WP(Q). The

same conclusion applies to (5.1.5). Let uy,uy € WHP(Q) be two solutions of (5.1.4).
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Multiplying the equation by u; — us and integrating by parts, we have for j =1, 2,
0= /~ \Duj|p’2Duj - D(uy — ug) dx — / |Duj\p’2Duj cv(ug — ug)dS
0o o0

2
- Z/ |Dw P Duy - v(ws = up) dS
i=1 7 OD;

= /‘ |DUj|p72DUj . D(u1 — ’UQ) dx.
Qo
Therefore,

0= /~ <|Du1|p_2Du1 - |Du2|p_2Du2> - D(uy — ug) dx
Q0
in{l,p—1
> M/ (|Duy| + |Dus|)P~2| Duy — Dus|? da.
2r—2 Qo
This implies u; = wug. It is straightforward to see that the minimizer of (5.1.3)
with € = 0 is unique, due to the convexity of I, and «7°. It suffices to show that
the minimizer wu, satisfies (5.1.4) when p > (n + 1)/2 and satisfies (5.1.5) when

p < (n+1)/2. We show this by taking different test function v € &° in the equation

d I [ug + tv] (5.2.8)

0= —
dt

t=0

First we take v € C*°(Q°). Then (5.2.8) reads as
0= | Dug|P~* Dug - Dv dz.
Qo

This implies
—div(|Dug[P?Dug) =0 in Q°,

Next, we take v € C°(£2) such that v =1 in DY U DY. From (5.2.8) and integration
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by parts, we have

0= [ |Duo/""*Dug - Dvdx
0o

2
= — / div(| Dug|P~2 Dug)v dz + Z/ | Dug|P~2Dug - v dS
a0 i=1 /D]
2
= Z/ | Dug [P~ Dug - v dS.
i=1 /D]

For the case when p > (n + 1)/2, it remains to show that uy equals to the same
constant on DY and DY. Assume that ug = Uy in DY and ug = Uy in DY with Uy # Us.

Then by the fundamental theorem of calculus,

hi(z")
U1 — U2 = / Dnuo(x) dl‘n
h

2(z')

Taking the absolute value and raising to the power of p on the both sides, by Holder’s

inequality, (5.1.7), and (5.1.9), we have

hi(z")
|Uy — Us]? < C’|a:’|2(p_1)/ | Dyug(x)|P da,.

ha(z')

This implies

—U,IP
U1 — Uaf? de’' < C | Duol? da.
p—1)
| Q0

vy T ..
The left-hand-side diverges since p > (n + 1)/2 and U; # U,, which leads to a

contradiction. Therefore, U; = Us.

For the case when p < (n+1)/2, we need to show the flux on each of 9D? vanishes.
We will only show the flux vanishes on DY, as a similar argument applies to 9D9.

Let v be a function compactly supported in €2 such that v =1 in 17(1], v=01in 77‘2),

R ¢ T (11 R 2YC0) A
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and v is smooth in Q°\ Q° jo- Then v € o/ 0. Indeed, we only need to verify

1/2
/ |DufPdz < C / , T dz,dx’ < C’/ < O
QO ‘:E"<1/2 hl(z )+h2<z) ‘:C ‘ P 0

1/2

since n — 2p > —1. Taking this v in (5.2.8) and integrating by parts, we have
/ | Dug|P~2Dug - vdS = 0.
oDy

The theorem is proved. O

Next, we show that u. converges to ug in the following sense.
Theorem 5.2.5. Let u. € WHP(Q) be the solution of (5.1.2), and ug € WP(Q) be
the minimizer of (5.1.3) with e = 0. Then as € — 0, u. — ug weakly in WP(Q2), and
u. — ug strongly in CYP(K) for some B> 0 and any

chQ\( U (DiUDg)U{O}> with gy > 0.

0<e<ep

As a consequence, as € — 0, U — Uy and U5 — Uy when p < (n+ 1)/2, and
Us,Us — Uy when p > (n+1)/2, where Uy, Uy, Uy are the constants in (5.1.4) and
(5.1.5).

Proof. First we take an arbitrary function w € W(Q) such that w = ¢ on 99
and Dw = 0 in B, where B C () is an open set containing Uogggcm, where
0 < ¢ < dist(D) U DY, 09Q). Therefore, w € /¢ for all € € [0, ], where /¢ is the
admissible set defined in (5.1.3). By Theorem 5.2.4,

| Duc|| o) < || Dwl|zr (o)

This together with the Poincaré inequality implies that ||u.|ly1.r(q) is bounded uni-
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formly in e. Then there exists a subsequence {¢;};en and a function u, € WP(§),
such that u., — u, weakly in W"?(Q), and u., — u, strongly in LP(Q2), as j — oo.
From (5.2.6), we know that U;” and Uy, the values of u., in D}’ and D5’, are uniformly
bounded. Then there exists a subsequence of {¢; };en, still denoted by {¢; };en, so that
U;” — U; for some constants U;, i = 1,2. Therefore, for any z € DY, we have

u (z) = lim U’ =U;, i=1,2.

Jj—00

On the other hand, for any k,l € Z., we denote

IC,CJ::Q\< U (Dzjup;)uBl/l(O)).

0<e<1/k

By the classical C* estimate, when ¢; < 1/k, we have
||u5j||01:u(fk’l) < C(k,1).

This implies that there is a subsequence that converges in C1#(K},,) for any 8 < «.
We can apply the Cantor diagonal argument to select a subsequence, still denoted by
{€j}jen, such that

Us, = Uss D CI’B(K) as j — oo (5.2.9)

for any K CC Q\ (0 U (D5 UDs) U {0}) with g9 > 0 and some C1? function ..
<e<egp
Therefore, u,, is a weak solution to the p-Laplace equation in Q°. Since Us —> Uy

strongly in LP(2), we have u, = u,. It remains to show that u, = ug, which implies

the convergence of {u.}.

When p > (n+ 1)/2, by the same argument as in the proof of Theorem 5.2.4, we
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know that U; = U,. It remains to prove that

/ |Du,[P~*Du, - v = 0. (5.2.10)
oDYUODY

Let €' be an open set such that DY UDj CC € CC Q. Since u., is the solution to

(5.1.2), when j is sufficiently large, by integration by parts in '\ D}’ U D5, we have
/ | D, |p_2Dqu v =0.
oY
Therefore, by (5.2.9), we also have
/ |Du,|P"2Du, - v = 0. (5.2.11)
oY

Since u, is a weak solution to the p-Laplace equation in (20, by integration by parts

again in Q' \ DY U DY, (5.2.11) directly implies (5.2.10).

When p < (n+ 1)/2, it remains to prove that
/ |Du,|P2Du, -v =0, i=1,2.
D0

We will prove it only for i = 1. Fix a small s € (0,1/2), we take a smooth surface 7

so that Dj is surrounded by FQ’S Un. See Figure 5.1.

Since [, ¢ |Due,|[P~>Du,, - v = 0, by integration by parts, we have
1
- /0 |Du.,[P"*Du,, - v + / |Du.,[P"*Du, - v = 0.
2, n

Note that the minus sign appears because v on F(l,s is pointing upwards, while v on n

220



Figure 5.1: An illustration of T [ U7

is pointing away from Df. By (5.2.7), we have |Du,, (z)| < C(e; + [2/|*)~". Therefore,

1
S C del S Csn—2p+1,
|z'|<s |[E,| P

/1*0 |Du.,|"~*Du,, - v

where we used 2p — 2 < n — 1. By (5.2.9), we know that

/|Du5j|p_2Du5j V= / |Du,|P"2Du, -v as j — oo.
1 1

Therefore,

< C8n72p+1

/|Du*|p2Du* v

n

Similarly by (5.2.5), we have |Du,(x)| < C|z/| 72 and

< Csn—2p+1

/ | Du,|P~2Du, - v
o

By integration by parts, we have

/]Du*|f”_2Du>k V- / |Du,|[P~2Du, - v
n o

/ |Du, |P"2Du, - v
DY

< Csn—2p+1
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Sending s — 0 and using p < (n + 1)/2, we have

/ |Du,[P*Du, - v = 0.
DY

Finally, by the uniqueness of solution to (5.1.4) and (5.1.5), we can conclude that

Uy = Ug, and the full sequence u. converges to ug in the corresponding topology. [

5.3 Mean oscillation estimates

In this section, we give the proof of Proposition 5.1.5 using mean oscillation
estimates. Throughout this section, unless otherwise specified, we use C' to denote
positive constants depending only on n, p, ¢;, and ¢, which could differ from line to
line. Here ¢; and ¢y are the same constants in (5.1.8) and (5.1.9), respectively. For
simplicity, we denote u := u. and we omit the superscript € throughout this section

when there is no confusion.

First, we fix a point T € {1/ and derive some mean oscillation estimates of Du on

a ball intersecting 4, namely ,.(z), for different radii r.

5.3.1 Mean oscillation estimates for small r

We recall a classical interior mean oscillation estimate when B,.(Z) C ;. Estimates

of this type, with different exponents involved, were developed in [24,38,69].

Lemma 5.3.1. Let u € WY(Qy) be a solution to (5.1.2). There exist constants
C > 1 and a € (0,1) depending only on n and p, such that u € CH*(Qy) and for every

B,(z) C 4 and p € (0,7], we have
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where we denote

o(T,1) = (]fw) | Du — (DU)szr(f)lp) % : (5.3.1)

5.3.2 Mean oscillation estimates for intermediate r

Next, we consider the case when B, (Z) intersects with only one of I'y and I'_. In
this case, we derive mean oscillation estimates around any € (I, UT_)N{z € R™:

|2 < 3/4}.

Without loss of generality, let £ € I'_ N {z € R" : |2/| < 3/4}. Then by (5.1.8)
and (5.1.9), there exists a constant ¢ = ¢(n, ¢y, c2) € (0,min{c;/4,1/4}), such that
B(z,r)NT, = 0 for any r € (0,¢d(%)). Here we recall (5.1.10). We first choose
a coordinate system y = (v, y,) such that y(z) = 0, the direction of axis y, is
the normal vector at £ € I'_ pointing upwards. Note that the coordinate y is a
rotation (plus a transition) of the coordinate z, namely y = T'(z — &) for some

rotation matrix 7" € R™*"  which maps the normal vector of I'_ at & pointing upward,

namely v = (—Dhs('),1)/+/1 + |Dhs(3')? in the z-coordinate, to the unit vector
e,, = (0,...,0,1) in y-coordinate. Therefore, by (5.1.7) and (5.1.9), there exists a

constant C' = C(n, c2) > 0, such that

T —I,| <C|2'| and |T7'—1,| <C|7. (5.3.2)

Thus there exists a constant ¢ = c3(n, ¢1, ¢2) € (0, min{c;/8,1/8}) such that Qg, () =
{#+T'y:y € Bgr, : yn > x(¥)}, where Ry = c36(2) € (0,1/4) and x : {y/ e R""!:

|v/| < Ro} — R is a C? function in the y-coordinate system such that

x(0) =0, Dyx(0)=0, |xllcz<C|lhallc2, (5.3.3)
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for some constant C' = C(n) > 0. Then we let

z=Ay) =, yo —x())-

Since T'_ is C?, by (5.3.3) there exist constants

cq = c4(n,c1,c2) € (0,min{c; /8,1/8}), (5.3.4)

C =C(n,cq,c9) >0, and Ry = ¢40(%) such that

Dyx(y) < Cly'| <172 if |y| <2Ry,

O, 2(2) C AY(BF) C Qup(2) Vr € (0,2Ry),

and thus

IDA(y) — L,| < Cly| <1/2 if || <2R;. (5.3.5)

Therefore, there exist positive constants ¢(n) and ¢ (n) depending only on n, such

that for any 2 € (T UT_)N{z € R": |2/| < 3/4} and 0 < r < ¢40(2),
c(n)r™ <|Q.(2)] < d(n)r™. (5.3.6)
Note that

det(DA) = 1.

Then uy(z) := u(A~Y(z)) satisfies the following equation with constant Dirichlet
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boundary condition

—div, (]ATDZulfp”AATDZul) =0 in B;gl,
(5.3.7)
up =U; on Bg, NORY,

where we denote

A= A(2) = (a(2)) := DA(A(2)).

Next we extend the equation to the whole ball Bg,. We take the even extension of a,,,
and a;;,%,7 = 1,2,...,n— 1, with respect to z, = 0, and take the odd extension of a,
and a,;,t=1,2,...,n— 1, with respect to z, = 0. Then we reflect u; with respect
to z, = 0. Namely, we define u;(2) = 2Us — u;(2', —2,) for 2 € By . We still denote
these functions by u; and A after the extension. Because of the Dirichlet boundary

condition, it is easily seen that u; satisfies

—div, (A(z, D.u1)) = 0 in Bp, (5.3.8)

where the nonlinear operator A is defined as
Az, &) = |ATEP2AATE for z € Bg,, £ € R".

By (5.3.5), similar to [33, Lemma 2.3], there exists a constant C' = C'(n, p, ¢1,¢) > 0,

such that for any z € Bg, and £ € R,

|A(2,€) — €%l < C €l (5.3.9)
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Assume that r € (0, Ry]. We let v, € u; + W, *(B,) be the unique solution to

—div,(|D,v1|P"2D,v;) =0  in B,,
(5.3.10)

v =u; on 0B,.

By testing (5.3.10) and (5.3.8) with v; —u; and using (5.3.9), we have the comparison

estimate

|D.uy — Dovy [P < Crmii2ed £ Doy [P, (5.3.11)
By B,

where C' > 0 is a constant depending only on n, p, ¢;, and c¢,. For detailed proof of

(5.3.11), see [38, Eq. (4.35)] when p € (1,2) and [39, Lemma 3.4] when p > 2.
Applying Lemma 5.3.1 and the comparison estimate (5.3.11), we have

Lemma 5.3.2. Suppose that uy € W'P(B}, ) is a solution to (5.3.7). Then for any

we (0,1) and r € (0, Ry], we have

1/p
(][ | Doug [P+ | D ur — (D2, un) gt |p>
B "

ur

1/p 1/p
§ C,ua (]Z ’Dz/ulyp + |Dznul - (Dznul)B+‘p) + CMTQP (f ’Dzul‘p) 9
B} " B}

(5.3.12)
where 6§, = min{1,2/p}, « is the same constant as in Lemma 5.3.1, C, is a constant

depending on i, n, p, c1, and ¢z, and C' is a constant depending on n, p, c¢1, and cs.
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Proof. By Lemma 5.3.1, (5.3.11), and the triangle inequality, we have

1/p
(][ Doy — (Dzm)BM\P)
Bur
1/p
<C ][ |D.vy — (D.v1)B,, |" +C |Duy — D,v [P
B Bw

n 5.3.13
S C[,l,a ( |Dz’01 D 2U1 Br|p> —f- 7; (f |D Uy — D ?)1|p> ( )
By
. 1/p
< Cu® (][ |D,u; — (D,uq BT|”) +Cu» <][ |D,uy — Dzvl\p)
T BT

1/p
< Cu® ( |D,u; — (D, ul)Br\p> + C,rf (][ |D, u1|p) :
By

Since w; is even in z,, (5.3.13) directly implies (5.3.12). The proof is completed. [

We now define

1/p
cb(:i,r)z(][ \Dy,u\uwynu—(Dynu)mwp) . (5.3.14)
Qr ()

Following a similar argument as in the proof of [33, Lemma 2.5], we have

Lemma 5.3.3. Suppose that u is a solution to (5.1.2) and & € (I, UT_)N{zx €
R™: |2'| < 3/4}. Then there exist constants C' > 0 depending only on n, p, ¢1, and
c2, and C,, > 0 depending on n, p, ¢, ¢, and p, such that for any p € (0,1/4) and
r € (0, cy0()], it holds that

1/p
o) < Cuttan) + G N pup) (53.15)
Qr(z

where 0, = min{1,2/p}, o € (0,1) is the same constant as in Lemma 5.5.1, ¢4 =
ca(n,ci,c2) € (0,min{c;/8,1/8}) is the same constant as in (5.3.4) and v is defined

n (5.3.14).
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By iteration, Lemma 5.3.3 also implies

Corollary 5.3.4. Letu, &, ¢4, o, and 8, be as in Lemma 5.5.8 and oy € (0, min{c, 6,}).
Then there exists a constant C' > 0 depending only on n, p, c1, ¢z, and oy, such that

for any 0 < p <r < ¢46(2), it holds that

6(60) <€ (2)" 9(o) + DUl

r

Proof. We choose u = p(n, p, c1, ce, 1) € (0,1/6) sufficiently small such that Cpu®~* <
1, where C' is the same constant in (5.3.15). Then Lemma 5.3.3 implies that for any

r € (0, c4d(2)], we have
Y, 1) < BB, ) + Coyt | Dol g0, 01, (5.3.16)

where C,, > 0 is a constant depending only on n, p, ¢1, ¢, and «;. By iteration, from

(5.3.16) we get

j
V(& 1) < ptIP(E,r) 4 Cay Y 0 (@7 | Dul| o 0, a)
=1

. ] . . .
= pIP(@,1) + Ca, Y p Db | Dull 1o o, )

=1

< pIP(E, 1) 4 Coy (17 1) | Dl Lo 0, 3)) -

(5.3.17)

Here in the last inequality we used the facts that a; < 6, and r € (0,1).

Now for any 0 < p <7 < ¢40(2), let j be the integer such that p/™' < p/r < /.

Then by (5.3.17) with 7 p in place of r, we get

W(&, p) < p*9P(E, p7 p) + Coy p* | Dl e, @)

P\ o
S Cal (;) w(l’ﬂ") + COll P IHDu”L(’o(Qr(@))’
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where C,, > 0 is a constant depending only on n, p, ¢1, ¢, and ay. The proof is

completed. O

5.3.3 Mean oscillation estimates for large r

Finally, we consider the case when B,.(Z) could potentially intersects with both ',
and I'_. In this case, we fix Z € 21/, and assume 57:0(7) <r < ¢50(%)2, where §(Z)
is defined in (5.1.10), ¢4 is the same constant as in (5.3.4), and ¢; is a constant which

will be determined later. We define the map Z = Az(z) by

Z'=2a,
(5.3.18)

Z, = (hi(Z") — hao(T') + €) (}Zn(x_/)h_2<;;)(;)€i2€ B %)

Thus A; is invertible in Q1

Q= Ao(Q) = {(Z,2) €R": 2] < 1, |Z,] < %(hl(:i’) ~ ho(@) +€)),
and

Poo=A(Tw) = {(Z.2) eR": |Z] <1, 2, = i%(hl(:z’) ~ ha(@) +€)).

Then uy(Z) := u(A;1(2)) satisfies the following equation with constant Dirichlet

boundary conditions

—divz (|B"Dzus[P*(det(B)) ' BB"Dzus) = 0 in @,

up= U; onl'y, wy=U; onl_,

where we denote



For Z € Qy, let z = A;'(Z). Then
bi(Z)=1 forie{1,2,...,n—1},
bij(Z2)=0 forie{1,2,...,n—1}, j€{1,2,...,n}, i #j,
hi(Z') — ha(T') 4+ €

(h1(z") — ho(x') + €)?
’ [D%‘ hz(‘ml) (x" —h (ml) - E) o Da:j ha ($,) (xn - h2($,) + g)}

bnj(Z) =

for j € {1,2,...,n — 1}, and

Therefore,

§(z) (5.3.19)

and let Z = A;(Z). When Z € R satisfies |2’ — 2| < r, by the triangle inequality

and (5.3.19), we always have

1Z'| < |2/ +r <|¥|+r <1 (5.3.20)
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Then for any Z € Q; with |2’ — Z'| < and = = A;'(Z), by the triangle inequality

and (5.3.19), we have
2| <r+ 7| < (1+ \/216/04)7‘é and |2/|* >

Thus, using (5.1.7), (5.1.8), and (5.1.9), we infer that for j =1,2,...,n — 1 and some

(122 - ).

N

|IZ'/|2 _ T‘Q Z

N | —

constants C' > 0 depending only on n, p, ¢;, and cs,

|#'[(h1 (') — ho(2) + €) |2'](2c2|2'|* + )
byi(Z)] <2 <2
| ]( )| =2 h1($/)—h2($/)+€ = 2@ 01|x1’2+€
Cr
i(z)2

9

<Cla'| < Crz <

4 (hy (b2 + (1= 1)) — ho(ta’ + (1 — t)x’))dt‘

bun(Z) — 1| = |Lo
[bnn (2) = 1 hi(2') — ha(2) + € (5.3.21)
(|2 + 2" )l=" =2 _ Cr B
< 2¢9 < 1
= olr'|? + e ~(2)2
and similarly,
Cr
. (5.3.22)

det(B(Z2)) " = 1] = [(bun(2)) " = 1| < —
|(det(B(2))) " — 1] = [(ban(2)) 1}<é(x)2

Therefore, when (5.3.19) holds and Z € @, with |2’ — Z’| < r, we have for some

constant C' = C'(n,p, ¢y, ) > 0,
C
i (5.3.23)

In particular, there exists a constant

cs = cs(n,p,c1,c0) € (0,1/8), (5.3.24)
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such that if 5=6(z) < ¢s0(2)2 and Z € Q, with |2/ — Z'| < ¢56(7)?, it also holds that

|B(Z) = I, <1/2 and |(det(B(Z)))" —1]| < 1/2. (5.3.25)

Next we extend us and B to the whole cylinder C; := {(2', Z,)) e R": |Z'| < 1}. We
denote H := hy(Z') — hya(Z') + €. We take the even extension of by, and b;;,i,j =
1,2,...,n — 1, with respect to Z, = H/2, and take the odd extension of b;, and
bpiyi =1,2,...,n—1, with respect to Z,, = H/2. Then we take the periodic extension
of B in the Z, axis, so that the period is equal to 2H. Then we inductively reflect us

with respect to £(k + %)H for k € N. Namely, for Z € C; and k € Z, we define

ik
2kUF — 2kU; + us(Z, — 2kH), if |2, - 2kH| < .

us(Z) :=

H
(2k +2)Uf = 28U — uo((2k + DH = 2,), if |2, — 2k + D H| < 7.

Then because of the Dirichlet boundary conditions, it is easily seen that uy satisfies
—divz (B(Z,DgUg)) =0 inC, (5.3.26)
where the nonlinear operator B is defined as
B(Z,¢) = (det(B(2))) ' |BY¢|P?2BBT¢  for Z €Cy, £ €R",

and
-1 _ hl(Z/) — hQ(ZI) +e
hi(Z') — ha(T') + &

(det(B(2)))™" = (bun(2))

Similar to (5.3.9), using (5.3.20), (5.3.22), (5.3.23), (5.3.25), and (5.3.20), we obtain
that for any r € [0—45(53),05&@)%}, Z € B.(2), and £ € R",

216=

C
B(Z,¢) — [¢]r %] < @mp—l, (5.3.27)
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where C' > 0 is a constant depending only on n, p, ¢;, and c;. Now we let vy, €

uy + Wy P (B,(Z)) be the unique solution to

—din (’DgUg‘piQDz’Ug) =0 in BT(Z),
Vg2 = Uy OI 8BT(2)

Using (5.3.27), similar to (5.3.11), we have the following comparison estimate

min{2,p}
][ |Dzup — Dzvaf? < C( r ;) ][ |Dzusl?, (5.3.28)
- (2) o()2 -(2)

where C' > 0 is a constant depending only on n, p, ¢;, and cs.

For & € Q5 and r € (0,

- 1/p
o(z,r) = (]i 5 |Dzuy — (Dzug)Br(g)\p> : (5.3.29)

Then following the same proofs as those of Lemma 5.3.3 and Corollary 5.3.4 with
(5.3.28) in place of (5.3.11), we have

Lemma 5.3.5. Suppose that T € Q5 and uy is a solution to (5.3.26). Then there
exist constants C' > 0 depending only on n, p, c1, and ¢z, and C, > 0 depending on n,

p, c1, o, and p, such that for any p € (0,1) and r € [5%4(7), ¢58(2)2), it holds that

- - r Op 1/p
dte.n) < Cudtn) + (=) (f . Dawl)

8(z)3

where 6, = min{1,2/p}, a is the same constant as in Lemma 5.3.1, ¢4, c5 are the
same constants as in (5.3.4) and (5.3.24), and ¢ is defined in (5.3.29). Moreover, for

any oy € (0, minf{ev, 0,}), there exists a constant C' > 0 depending only on n, p, ¢1, ¢,
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and oy, such that for any 556(7) < p <r < s6(T)2, it holds that

@) 20 (7)" o)+ (57) IDztlie o (5.3.30)

5.3.4 Mean oscillation decay estimates

Now we deduce mean oscillation decay estimates by connecting the three different

cases of radii r, when §(7) is sufficiently small. We let

1 2
=g min{a, E} (5.3.31)

and assume

€ o 1 (5.3.32)

é(:f) S min{(1064 7 4+462}’

where «, ¢4, and c¢5 are the same constants as in Lemmas 5.3.1, 5.3.3, and 5.3.5,

respectively.

Let € Q5. By (5.1.7), (5.1.9) and (5.3.32), we have

dist(7, T UT_) < =(hy () — ha(7) + ) < |7 |> +¢ < 1/4. (5.3.33)

N | —

and thus

dist(7, T4 UT_) = dist(z, 9. (5.3.34)

Lemma 5.3.6. Let T € Qy/2, u be a solution to (5.1.2), and r = £§(z)'/?. Let ¢ and

1
8
¢ be defined as in (5.3.1) and (5.3.29) and let oy and ¢, be the same constants as in
(5.3.31) and (5.3.4). Assume that (5.3.32) holds. Then there exists a constant C > 0

depending only on n, p, c¢1, and ca, such that the following holds:
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(i) For any p € (0, %0(7)],

6(@.p) < C (£) 7 I1Dull1e(a . (5.3.35)

(ii) For any p € [57:0(Z), 7],
o@.0) < C (2) " I1DullLe(c, . (5.3.36)

Proof. First, we prove assertion (ii). Note that B.(Z) N Q; C Az(Qz,). By the
definition of the extended solution uy, (5.3.36) clearly holds for p € [c56(z)"/?, 7],
where ¢; € (0,1/8) is the same constant as in (5.3.24). On the other hand, (5.3.30)
directly implies (5.3.36) for p € [£:6(%), c56(Z)Y?).

Next, we give the proof of assertion (i). We consider the following three cases:

dist(z,T' UT-) < p < =0(2),
- = Cq o/
p <dist(z, T, UT_) < E_(x)7

645( 7) < dist(z, T, UT_).

Case 1: dist(z, Ty UT'_) < p < ¢0(7). Since T € €235, by (5.3.33) and the triangle
inequality, we can choose & € I'y UT'_ with |2| < 3/4, such that dist(z, T, UT_) =

& — [, and thus Q,(Z) C Qo (&) C Qs (7).

Since |2 — z| < p < 246(Z), by the triangle inequality, we have

#2200+ 2(2) 67, 17 < 20+ 2(2) 6,

235



which also implies

26(z) < 6(2) < 36(2) (5.3.37)

203 — 7| < 2p < cib(d). (5.3.38)

Let Ry = ¢40(2). Then Qg (2) C Qsp, (z). Thus we can apply Corollary 5.3.4 at

ze(lyul)n{z eR": |2'| <3/4} and use (5.3.6) to obtain

o(.9) < C0(0.20) £ C (£) 006 R0) + Cp | Dul =g o
! (5.3.39)

PN\ a
<C (E) ¢(m,R1) + C,O 1||DU||L°°(Q%R1(E))'

By using (5.3.2) and the change of variables x — y, we have

1/p
¢(93", Rl) S (7[ |Doc’u|p + |Docnu - (Dxnu)QRl (@'p)
QR (2)

+ Cl12'[ | Dul| (g, 2))

1/p
QR ()

1/2
+ CRY 1Dl (0, (-
21

(5.3.40)

By (5.3.37), (5.3.32), and the fact that ¢; € (0,1/8), it holds that
T. (5.3.41)

Since Qg, (£) C Qap, (%), by using (5.3.6), (5.3.22)-(5.3.25), (5.3.41), the change of
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variables x — Z, and the triangle inequality, we also have

1/p
(f |DZ/U|p + ’Dznu - (Dl“nu)QRl (@ll))
QRl (i)

1/p
][~ A |Dzus|’ + | Dz, us — (DZnUQ)f\i(QRl (@))’p
Az (Qr, (2))

Tl D=y, @)

1/p
<C ]L: |Dzusl? + | Dz, ug — (Dznm)[\i(QRl(@))‘p
Az(Qr, (2))

+ CRVQ||DU||L°°(Q%R1 @)
(5.3.42)
Without loss of generality, we assume & € I'_ and thus Z := A;() € T_. We denote
Bf(Z2) := Br(Z)Nn{Z € R": Z, > Z,} for any R > 0. By (5.3.25) and (5.3.38),
we have Byg (£) C Bsp,(2) € B.(2) c ¢, = {(2',2,) € R" : |2'| < 1}. Since
¢y < min{c;/8,1/8}, by (5.1.8) and (5.3.37), we know that Bog, (Z) N Q1 = By, (2).
Again by (5.3.25), we also have Bglm(ZA) C Az(Qr, (2)) C By, (2). Therefore, by

the triangle inequality and the definition of wus,

1/p
][~ |Dzus|? + | Dz, us — (DZHU2)]\E(QR1(£))|p
Az (QR, (2))

1/p
<C (7[ |Dzius|? + |Dz,us — (Dz,us) g+ (Z)|P> (5.3.43)
B+ Z 2Ry

2Ry (Z)

1/p
=C (7[ A |Dzug — <Dzu2)3231(20)|p> < CQB(J_J,3R1).
Bag, (

Z)

Combining (5.3.39), (5.3.40), (5.3.42), and (5.3.43), we have

o(Z, p)

S » (5.3.44)
<C (E) (¢(:?,3R1) + R, HDUI!me%Rl(@)) + O™ | Dull iy, @)-
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Note that by (5.3.37), Rl_c”Ri/2 < Rfalﬂ < Cr~*. Thus (5.3.36) with 3R; in place
of p and (5.3.44) directly imply (5.3.35).

Case 2: p < dist(z,['y UT_) < %4(7). Let Ry = dist(z,I'y UT'_). Then we can

apply the estimate (5.3.35) in Case 1 with Ry in place of p to obtain

Ry

otk < € (%) 1Dulimca (5.3.45)

By (5.3.34), Bgr,(Z) C Q4, and we can apply Lemma 5.3.1 to get

o(F,p) < C (Ri) O Ry). (5.3.46)

2

Combining (5.3.45) and (5.3.46) yields (5.3.35).

Case 3: p < 40(7) < dist(z,I'y UT_). Let Ry = %4(z). Then by (5.3.34),

Bgr,(Z) C ;. By Lemma 5.3.1, we have

&(7,p) < C (Rﬁ)m &(7, R). (5.3.47)

3

Similar to Case 1, by using (5.3.22)—(5.3.25), change of variables, and the triangle

inequality, we obtain

] 1/p
Az (Bgr. (2))|V/P
o520 <O (f g 25~ omconi)
Az (Br, (%))

| Bry (2)[V/7
Rs (5.3.48)
+C 1 D o0 T
5o 1Pl Er@)
< CR
< Co(,2Rs) + — || Dul| (8, ()
By (5.3.36) with 2R3 in place of p, we also have
.~ Rs 1
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Combining (5.3.47), (5.3.48), and (5.3.49) yields (5.3.35). The proof is completed. [

It is straightforward to see the following lower bound of |2,(zZ)| from the proof of
Lemma 5.3.6 (assertion (i), case 1) and (5.3.6), which would be useful in the proof of

Proposition 5.1.5.

Lemma 5.3.7. Let € Q5 and cq = c4(n,c1,¢2) € (0,1) be the same constant as
in (5.3.4). Assume that (5.3.32) holds. Then there exists a constant ¢ > 0 depending

only on n, such that for any p € (0, 44()), it holds that
92,(2)] = cp™.

5.3.5 Proof of Proposition 5.1.5

Now we are ready to prove Proposition 5.1.5.

Proof of Proposition 5.1.5. Let xq € €),,4 and we prove the proposition around z = x.

We recall §(xzo) = & + |zg*. Let 2 € Q el By the triangle inequality,
|2']* < 275" + 8(x0) /8, |2p]* < 202"” + (o) /8.

Therefore, for any z € Qm NGeIt it holds that

I

) < 5a) < 38(a0) (5.3.50)

We denote
1

¢ := — min {( % )2

3 1OC4

1
’44—462}’

where ¢4 and ¢5 are the same constants as in (5.3.4) and (5.3.24). Thus ¢y > 0 depends

only on n, p, ¢1, and ¢o. When 0(zg) > ¢o, by (5.3.50), we can apply classical results of
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Hélder regularity of the gradient for the p-Laplace equation to get (5.1.21) with x = xy,
and some = fB(n,p) € (0,1) and C = C(n,p,c1,c2) > 0. Let z1,29 € on,\/é(x_o)/4
and we denote

p = |r1 — 29|

It suffices to show that when §(xg) < co,

|Du(x1) — Du(zq)| < Cé(xg)’alﬂpalﬂDuHLoo (5.3.51)

(€, \/a@0)/2)

holds for some constant C' > 0 depending only on n, p, ¢1, and cg, where o € (0,1) is

the same constant as in (5.3.31). From now on, we assume

1 . C5 9 1
0(zo) < co 5 min {(1004) o 402} (5.3.52)
By (5.3.50), we have
é(?’) < §(w1) < 36(x0) and é(§0> < §(w) < 38(x0) (5.3.53)

and therefore (5.3.52) also implies that (5.3.32) holds for & = 1, x5 € Qm@ﬂ C

21 /5. Thus, we can apply both Lemmas 5.3.6 and 5.3.7 with = x; and with T = z,.
We consider two different cases: p < £6(zo) and p > £t (20).

Case 1: p < $t6(xo). By (5.3.53), we also have

—425( 1) and pg%é(azg). (5.3.54)
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For any = € Q,(x2), by the triangle inequality

|Du(z1) = Du(zz)| <|[Du(z1) = (D)o, @) | + [Du(z2) = (Du)o, ()|

+ |Du(z) = (D)o, @ | + [Du(z) = (Du)o,@s)|-

We then take the LP average over x € Q,(x2) C 29,(x1) and use Lemma 5.3.7, the

Lebesgue differentiation theorem, and the triangle inequality to get

|Du(z1) — Du(xs)|

< [Du(z1) = (D), @] + [Dulrs) = (D), | + Co(x1,2p) + Co(x3, p)

<CY d(@1,2 )+ O B(w2,277p),
=0 =0

(5.3.55)

where ¢ is the mean oscillation of Du defined in (5.3.1).

By (5.3.53) and the triangle inequality, we know that €, , C Qro,\/EM C Q,
where 7 = £(z1)"/2. Since (5.3.54) holds, we can apply (5.3.35) with z; in place of Z

and 2'~7p in place of p to obtain

[ele] iy o0 21_jp a1
> (w2 p)<C Y ( . ) [1Dull =, )
=0

J Jj=0
P\ —a1/2 «
<0 (8)" IDullinio,, o < C8lwo) ™0™ [ Dullinio, oy (5:356)
Similarly, we also have
qu To,2” ] S 5(x0)_a1/2pa1||DU||LOO(Qx0,\/M/2)' (5357)

Combining (5.3.55), (5.3.56), and (5.3.57) yields (5.3.51).
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Case 2: p > 5t0(x0). By (5.3.53), we also have

Cy4 Cy

With z; in place of T in Section 5.3.3, we denote the new coordinate by & = Azl(x)
and set & := (€],&7) := Ay, (1), where A,, is defined as in (5.3.18). Similarly, with
Z in place of Z, we denote another coordinate by 1 := (15, 7%) := A, (x) and set
No = /~\x2 (x2). Let ug) and ug) be the extended solutions in the coordinates £ and 7
defined as in Section 5.3.3, respectively. As in Section 5.3.3, we also define the mean

oscillation of extended solutions in the two coordinates & and n by

1/p
~ 1 1
Bor,r) — (][ Deul! — (Deu >>Br<§1>|p>
B'r(gl)

and

1/p
~ 2 2
P(r2,7) = (][ ‘Drﬂé ) — (DnUg )>Br(n2)‘p) .
By (n2)

Let us first briefly describe our ideas to prove (5.3.51) in this case. By the triangle

inequality,

(2)

|Du(wy) — Du(as)| < [Du(z1) — (Deus)p,, 6| + [Dul@a) — (Do) 3, )|

+ (D) pguter) = (Dot 3,

(5.3.59)
where cg > 0 is a constant which will be specified later. We will estimate the third
term on the right-hand side of (5.3.59) using careful change of variables £ — n and
estimate the first two terms using iteration of Lemma 5.3.6. A delicate transition

from the original coordinates x to the new coordinates £ (or 7) is also needed when

the radius (inside the iteration procedure) is at the scale of §(zy).

Note that by (5.3.18), ® := A,,A;! is indeed a dilation of the coordinate ¢ in the
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&™ direction, namely,

() — ho(2h) + €

n=(n.n")=o¢) = (¢, Zl(l_l) (@) T e

¢").-
By (5.1.7), (5.1.8), and (5.3.53), we have

o _alrhP+e _ h(xh) = ho(ah) +¢ colTh|* + € < 9¢cy
9 ~ |t P4+ T hi(x)) —he(2h) +e ~ alriP+e T o

(5.3.60)

This implies that ® and ®~' are bounded independent of . Moreover, similar to

(5.3.21), using (5.3.53) one can also show that

hi(xh) — ho(zh) + & x| + |xh|) || — 2 _
|h1( /2) h2( /2) _1| §202<| 1‘ | /2|2)‘ 1 2| §0é<x0) 1/2p,
1(21) — ha(2}) + € cilzyf* +e (5.3.61)
ha(a)) — ho(2)) + € ()| + [5]) |} — 5] 4 -
1l <2 <06 2,
|h1(x’2) — ho(xh) + ¢ | - c1|zh|? + ¢ < Co(z0)™p

where C' > 0 is a constant depending only on ¢; and ¢y. Note that (5.3.61) directly

implies

D& — L] < Co(xo) ?p and |DB —I,| < C8(xo) . (5.3.62)

(1)

By the definitions of the extended solutions wuy ' and u(22)

, we also know that for any

¢,n € R”with €| <1 and |1/| <1, we have

us?(€) = uP(2(9)),  u? () = u§ (@7 ().

Without loss of generality, we assume

and thus we have ®71(B,(n2)) C B,(&), where we denote & = (£5,&5) := 71 (n).
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Clearly & = ] and &, = zi,. Therefore, by using (5.1.7), (5.1.9), (5.3.58), and the

triangle inequality, for any & € ®~(B,(12)), it holds that

€ =& <|E—&l+ & —&l <p+1&%— &l + 18 — &7
< 2p+ hy(x)) — ho(2)) + ¢

< 20+ ol |? + e < cop,

where ¢g > 2 is a constant depending only on n, ¢;, and ¢;. Thus ®71(B,(n2)) C

BP(§2) C B%p(fl)'

Let ¢5 € (0,1/8) be the same constant as in Lemma 5.3.5. From now on, we assume

p < min{cs /4, 1/(64c) }(x0) "2, (5.3.63)

since otherwise (5.3.51) clearly holds. Note that (5.3.58), (5.3.63), and (5.3.53) directly

imply
1
A 5(ws) < p < esb(x0)V? < —5(w2)Y? (5.3.64)
108 8
and
c 1
F%é(ffl) < cep < 1—6§($1)1/2- (5.3.65)

Now we estimate the three terms on the right-hand side of (5.3.59) separately.

We first estimate the term |(D5ugl))3%p(§1) - (Dn“éQ))Bp(nzﬂ in (5.3.59). For any

£ € ®Y(B,(n2)), by the triangle inequality,

1 2
(Deus) .y e1) — (Do) 5, )|

1 1 1 2
< |(Deus) oy ey — Deus? ()] + |Deus” (€) — (Dyus?) 3, o)

We then take the LP average over £ € & 1(B,(1n2)) C Be,(&1) and use (5.3.60),
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(5.3.62), and the triangle inequality to get

1 2
(Deus”) ., pie1) — (Do), )|

~ 1/p
< Of(a1, cop) + (f [Det () = (Dyus?) g, 6

@~ (By(n2))

; o o » (5.3.66)
< Cotorscon) + (f Dy (1) DO — (D) ")
Bp(772)
< Oy, cop) + CHlws, p) + C8lo)™p | Dyets” | e 1,00
By (5.3.64) and (5.3.25) we know that |DA,,| < C in Q,,, and thus
2
||Dnué )||L°°(Bp(772)) S CHDUHL"O(QIQ,,;) S CHDUHLM(QxO,\/Mﬂ)' (5367)

By (5.3.65), we can apply (5.3.36) with z; in place of Z and cgp in place of p, and use

(5.3.53) to get
(w1, cop) < C8(0)~ "2 p™ || D pos o,

— )
0:V3(@0)/4 (5.3.68)
7a1/2 (e%}
< Cd(x0) " 2p™ |Dull e, sies,)
Similarly, we have
B2, p) < C3(0)~*/?p™ || Dul| 1o )
22.v/5la0) /4 (5.3.69)
—041/2 (e5)
< Cd(xo) P ||D“||L°°(Qx0,\/W/2)'

Combining (5.3.66), (5.3.67), (5.3.68) and (5.3.69), we obtain

1 2 —a (%1
(Deus) 5, ey — (Dyus) 3y | < C8(0) ™12 || Dl | e (5.3.70)

20,/3E0)/2)

Next, we estimate the term |Du(x;) — (Dguél))Bcﬁp(&)\ in (5.3.59). We define p; :=

c6277p for 7 € N. Because of (5.3.58), we let j; > 1 be the integer such that
c
pir 2 51600 pia < 5 p0(). (5.3.71)
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Then by using the triangle inequality and Lemma 5.3.7, we have

1
|Du(wy) — (Deud) g, e0)]

1
< [Du(w1) = (Dua,, ol + (D)o, @) — (Deus)s, )

1 1 5.3.72
(D)5, ) — (D) e (5:3.72)
) J1
i 1
S O Z d)(xla p]) + OZQS(.Tl,p]) + |(Du)ﬂph+l($1) - (Dfué ))Bpjl (&1)’
j=q1+1 5=0
Using Lemma 5.3.7 and Holder’s inequality, we obtain
[(Du) ~ (Deuy),, (e
Qﬂj1+1($1) £ Bﬂjl (51)
Do) vaz)”
<C Q. ( )\Du(m) _( gUo )Bpjl (51)' T (5373>
Pjy \ 1

1/p
<c(f Dl (€) B(E) — (D), o)
Axl (ijl (ml))

where as in Section 5.3.3, we denote

B(€) = DA, (A7 (),

and use (5.3.25) in the last line. By (5.3.23) with z; in place of Z, from (5.3.73) we

deduce

ijl

) b
(Du)a,, e = (Dews)s, el < Colar,23) + 5547

[1Dull o)

(5.3.74)
< Oqg(xbpﬁ—l) + C’pl/QHDuHLoo(Q

11766/7)'

Here in the last inequality we also used (5.3.71) and (5.3.58). Combining (5.3.72),
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(5.3.74) and using (5.3.63), we get

_ A (5.3.75)
<C Z gz5(x1, pj) + CZQb(xla pj) + 0,01/2HDU||L°°(Q$17\/M/4)-
Jj=n+1 J=0

We recall (5.3.58) and (5.3.65). Therefore, by applying Lemma 5.3.6 with x; in place

of z and p; in place of p, and using (5.3.75) and (5.3.53), we obtain

1
|Du(z1) — (Deus) ., (6]

< Oé(:{]o)—al/Qpal ||Du||Loo(Qm17\/m/4) + CP1/2||DUHL°°(QI1,\/W/4) (5376)
< Cé(xo)—oa/?pm ||DU,HLO®(QZO’\/W/2).
Similarly, it also holds that
2 —a1 a1
[Du(s) — (Deuy”),e0)| < Co(wo)™ 0™ | Dullimia, . (5.3.77)

Combining (5.3.59), (5.3.70), (5.3.76), and (5.3.77) yields (5.3.51). The proof is

completed. O

5.4 Estimates of U; — Us

In the following, we use the C1# estimate we derive in Proposition 5.1.5 to obtain
an asymptotic expansion of Du,. in terms of U; — Us, for arbitrary constants U] and
US (Proposition 5.4.1). When p > (n + 1)/2, for the specific U; and U5 in (5.1.2),
Ui — Us will converges to 0 as ¢ — 0, and we compute in Theorem 5.4.4 the rate of
convergence using information of the flux F defined in (5.1.6). When p < (n+1)/2,

U; — Us will converges to U; — Us as shown in Theorem 5.2.5.

Proposition 5.4.1. Let hy, hy be C? functions satisfying (5.1.7)-(5.1.9), p > 1, n > 2,
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e €0,1/4), U, Us be arbitrary constants with |U7| < ||¢||ze@s0), and u. € WLe(QF)

be a solution of

.

—div(|Dus|P2Du) =0 in €,

u. =U; ondD;, i=1,2,

u. =@  on 0.

There exist positive constants f € (0,1), Cy and Cy depending only on n, p, ¢1, and

co, such that

Ur —-U; =<
Du.(z) = <O/, 15(x) 2) +fi(z,e) for z€Qy ), (5.4.1)

where 6 is defined in (5.1.11),

U7 — U5

|f1($,€)| < Ol (51_5/2([E)

__C
+ [l = o0 € ﬁ“") : (5.4.2)

Proof. By mean value theorem, we know that for any = = (2/,z,,) € Q /4, there exist

C(@') € (=5 + ha(2), 5 + ha(2')) and y(x) = (2', ((2")) € € ,, such that

Due(y(x)) = (Ur = U3)/0(x).

Let

fi(z,e) .= (Dypus(x), Dyus(x) — Dyus(y(z))). (5.4.3)

By Propositions 5.1.5 and 5.2.2, we have

- _ |8 —B/2
| Dnte(z) = Doue(y(2))| < Clzn — ((2)|70(2) 77| Duell o, e )
Ca

Ut - U] e

(5.4.4)
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Let z(x) = (2/,£/2 + hy(')). Since u. = U on D;, by Proposition 5.2.2, we have

| Deu(2(2))| < Cla'l| Du(z(x))|

5.4.5)
Uz — Ug| o (
< O / | 1 2 - NaEd] )
< el (EZ0 o mome
Similar to (5.4.4), we also have
|U6 B U6| —i/

IDeute) - Dute(e)] < & (FEZO 4 ol 7571) . o)

Therefore, by (5.4.5), (5.4.6), and the triangle inequality, we have
U5 - g e

This completes the proof of Proposition 5.4.1. O]

Following the proof of [43, Proposition 2.1] with slight modification, we have the

following proposition, which will be proved in the Appendix.

Proposition 5.4.2. Let n > 2, p > (n+ 1)/2, hy, hy be C? functions satisfying
(5.1.7)-(5.1.9), € € (0,1), and u. € W'2(Q) be the solution of (5.1.2). Then there
exist positive constants Cy,Cy depending only on n, p, ¢1, ¢a, and ||¢||L~, such that
for any r € (0,1),

Ca

‘]—" — lim |Du |’ *Du, - v| < Cie” 7, (5.4.7)

e—0
+ Fi,r

where F is given in (5.1.6).

Ca

Remark 5.4.3. The proof of Proposition 5.4.2 relies on the facts that |Dug| < Cie”™ 7
and ||ue — uol|crax)y — 0 as e — 0 for any K CC Q\ (0 U (D;UDs5) U {O}) with
<e<ep

go > 0, where g is the minimizer of (5.1.3) with ¢ = 0. See Proposition 5.2.2 and
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Theorem 5.2.5. However, Dug may be unbounded when p < (n + 1)/2. This fact was

overlooked in [20, 21].

With the help of Propositions 5.2.2 and 5.4.2, we are able to derive the rate of

convergence for Uy — U5 when € — 0.

Theorem 5.4.4. Let p > (n+1)/2, U and U5 be the constants in (5.1.2). Then it
holds that
lim (UF — U35)O(e) ™! = sgn(F)(K|F|)Y/ @D, (5.4.8)

e—04

where O(e) is given in (5.1.12), K is given in (5.1.13), and F is given in (5.1.6).
Proof. By Proposition 5.4.1, we have

Ui —Us

Us — s
Dua'y(y)_ 5<y) S 1<’ 1 2’

__©2 .
&T/?(y) +e \E*‘yl‘> for y € F_’1/4, (549)

where § is defined in (5.1.11).
We will show that every sequence converges to the same limit.

First, Let {€,};en be a decreasing sequence such that ¢; — 0 as j — oo and

Uy’ > Uy’ for every j € N. By (5.4.9), for any 7 € (0,1/2) and r € (0,1/4), we have

Ej - Ej 1 _ Cy
(1 — 7—) (M)p (1 . Cdf/?(y)) B 0(7_)6 NaRard < ]Dugj ’prDqu . I/<y)
3;(y)
Usj o Uaj p—1 _% N
<(1+7) <W> (1+ C'éf/g(y)) + C(1)e VW fory e INGRY

where §;(y) :=¢; + h1(y') — ha(y'), C,Cy > 0 depends only on n, p, ¢1, ca, 5, ||¢]| Lo,
and dist(D}’ U D, 09), and C(r) additionally depends on 7. By the change of
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variables dS = \/1 + |Dyhe(y')]2dy’, (5.1.7), and (5.1.9), we have for any r < 1/4,

Ulgj — UQaJ p-1 2 N2 1,
(1-7) /yw <W> (1~ C87 () /1 + [Dorha(y)? dy

___Cy
_ C(T)/ e VIV dy/
ly'|<r

< / | Du,, ]p’QDugj -vdS
re,

Ush — U\ p-1
§(1+7)/ (#)p (1+C87(y) /1 + [Doha(y)]? dy’
ly'|<r

d;(y)

___Cy
—l—C(T)/ e VeIVl dy/_ (5410)

ly'|<r
Note that
__ Cy

/ e VT gy < Orh), (5.4.11)

ly'|<r

Moreover, for p > (n+1)/2,

lim lim (9(€)>p_1 dy = (5.4.12)

T‘—)O_‘. E—>0+ |y/‘<r

The verification of (5.4.12) follows from direct computations, which will be given in
the Appendix (Lemma 6.2.1). By taking the limit as j — oo in (5.4.10) first, then
taking r — 0 and 7 — 0, from (5.4.7), (5.4.10), (5.4.11), and (5.4.12) we get

lim (U7 — U;)0(g;) )" = KF. (5.4.13)

Jj—00

Similarly, if {&;};en is a decreasing sequence such that e; — 0 as j — oo and Uy’ < Uy’

for every j € N, then we have

lim ((Us? —U7)0(e;) )™ = =K F. (5.4.14)

J—00
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Therefore, we conclude that if 7 > 0, then for any decreasing sequence €; — 0., there
exists jo € N such that U}’ > U,’ for every j > jo, since otherwise there exists a
decreasing subsequence {e;, } such that U,”* < U, then from (5.4.14) we should
have F < 0. Thus if F > 0, (5.4.13) implies (5.4.8). Similarly, (5.4.8) also holds when
F < 0. For the remaining case when F = 0, let {¢,} be any decreasing sequence such
that €; — 0 as j — 0co. Then there exists a decreasing subsequence {¢;, } such that
either U™ < U, holds for every k € N or U;’* > U,” holds for every k € N. Thus
(5.4.13) (or (5.4.14)) implies that
lim (U — Uy*)O(g;,) " = 0.

k—o0

Therefore, (5.4.8) is also true when F = 0. The proof of the theorem is completed. [

5.5 Proofs of Theorem 5.1.1 and Proposition 5.1.4

In this section, we give the proofs of Theorem 5.1.1 and Proposition 5.1.4.

Proof of Theorem 5.1.1. First, we consider the case when p > (n +1)/2. Let
fole) = (U = U3)/©(e) — sgn(F) (K| F])"/ @~ (5.5.1)
By Theorem 5.4.4 and (5.4.2), we know that
lim fo(e) = 0,

and

_Cy
fu(2,9)] < C1(3(2)2OEKF/T + [ fo(e)]) + g lleiompe 7757,
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where f) is defined as in (5.4.3). Then (5.1.15) follows from (5.4.1), (5.5.1), and the

above.

Next, we consider the case when 1 < p < (n+ 1)/2. We define
go(€) :=Ur = U; — (Ur = Ua),
and g;(z,e) = fi(x,¢) as in (5.4.3). By Theorem 5.2.5,

lim 9o (6) = O)
e—0

Similar as above, (5.1.16) follows. ]

Proof of Proposition 5.1.4. For the case when p > (n + 1)/2, by the symmetry of
the domain and uniqueness of the solution, we know that ug(z’, z,) = —ug(2’, —x,).
Therefore, Uy = u(z’,0) = 0. By the strong maximum principle, ug > 0 in Q0N {z, >

0}. Then by the Hopf lemma, Dug - v > 0 on 9DY, and hence F > 0.

For the case when 1 < p < (n+ 1)/2, we prove by contradiction. Assume U; < Us.
Since ug(2’, x,,) = —up(z’, —2,,), we know that ug(2’,0) = 0 and U; = —U,. Therefore,
U; <0 and ug achieves minimum in By on dDY. Hence Dug - v > 0 on 9D? by the

Hopf lemma. This implies

/BDO | Dug|[P~2Dug - v > 0,
1

which contradicts to (5.1.5)3. O
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CHAPTER 6

Appendix

6.1 Proof of Proposition 5.4.2

In the first part of the appendix, we prove Proposition 5.4.2. The proof essentially
follows those of [43, Proposition 2.1] and [21, Lemma 5.1]. Our estimate is sharper

due to a better estimate on |Dug| (Proposition 5.2.2).

Proof of Proposition 5.4.2. Similar to the proof of Theorem 5.2.5, for small r €
(0,1/2), we take a smooth surface 1) so that Df is surrounded by I'? ,U7. See Figure

5.1. We denote the surface
e = {x ER™: 2| =, —% + ho(2') <z, < hg(x’)} :

Since faD‘f | Dug|P~2Dug - v = F and faDi | Du.|P~2Du. - v = 0, by integration by parts,
we have

—/ | Dug[P~2Dug - v + / |Dug|P~?Dug - v = F, (6.1.1)
ro .,

n
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and
—/ |Du.|P"*Du, - v + / |Du.|P"*Du, - v + / |Du|P"?Du. -v=0. (6.1.2)
re | e n

Note that the minus signs appear because v on F‘l’r and I'®  are defined to be

pointing upwards, while v on 1 and ¢ are pointing away from D5. By (5.2.5), we

have |Dug(z)| < Cie~ 7 in Q0. and hence

< Ce (6.1.3)

/0 |Duo|p_2DU0 -V
T

—r

for some positive e-independent constants C; and Cs. By Theorem 5.2.5, we have

lim [ |Du.|"?Du. -v = /\Du0|p_2Du0 V. (6.1.4)

e—04 n n

By (5.2.7), we have |Duc(z)| < C(e + [2'[?)~" in Q] ,. Therefore,

1 —1
<C )p dz,dS

12
|’ |=r —s/2+h2(33’ 6 + ‘513' |

/ |Du.|P~?Du, - v

< CW (6.1.5)

Finally, (5.4.7) follows directly from (6.1.1)-(6.1.5). Proposition 5.4.2 is proved. [

6.2 Proof of Eq. (5.4.12)

In the following, we verify (5.4.12).

Lemma 6.2.1. (5.4.12) holds when p > (n+1)/2.

Proof. We only give the proof for the case when n > 3. The case n = 2 follows

similarly and is simpler. After a rotation of coordinates if necessary, we may assume
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that

Di/(hl — hg)(ol) = dlag ()\1, ey >\n—1)-

First, we replace §(y) in the denominator with the quadratic polynomial 5+Z? Aiy2 /2.
By (5.1.8), (5.1.9), and the fact that hy, hy are C?, we estimate

O(e)\r! O(e) -1
/y'|<r <@> - <5+Z" IpY ) dy

=1 Qyz

/

dy

n—1 ); p-1 p—1
_ o pl/ 6+Z@12y2> —0(y)
= 6
p—1
lyl<r 5 5+Z? 11)53/2)]
pl/ rlyl 6+|y|)p2dy,
ly'|<r

(e + [y'])>—2

< Ch(r) /|y/|<7, (5 - ;56)1 . >P 1 dy,

=1 2yz

where h(r) is the modulus of continuity of D? (hy — hs), and hence h(r) — 0 as r — 0,
and C'is some positive constant independent of € and r. Therefore, it suffices to show

that for any r > 0,

e p—1 1
lim ( (©) ) = (6.2.1)
e—04 ly|<r e+ Zz 15 yz K
In the spherical coordinates, for ¢’ € R"!, we write
2 2 . 2 . .
Y1 =4/ —scosby, Yy =4/—ssinfcosby, y3=4/-—ssinb;sinbycosbs,...,
)\1 )\2 )\3
Yn—2 = ssinfysinfy - --sinf,_3cos6, s,
n—2
Yn—1 = ssinfysinfy - - -sinf,_3sinf,_o,
n—1
where s € [0,00), 61,0s,...,0,_3 € [0,7] and 6,5 € [0,27). For convenience of
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notation, we denote ¥ := [0, 7]"3 x [0,27). By this change of variables,

O(e =1
[ O )y
|y’|<7" €+ Zz 1 2 yz

_ h/z/o@ ( o) )p_ls”QJ(Q) dsdf, (6.2.2)

€ + &2

where

NI

2 2
0(0) = (/\—1 cos® 0 + )\—2 sin® 0 cos®fy + - - - + "

sin @, - - - sin? Hn,2> ,

and

J(0) =sin"? @, sin" * 0, - - -sin 6,,_3.

[ 2 2
< < .
max \; wl0) < min \;

When p > (n+1)/2, O(e) = ¢ 30 . By the change of variables t = ¢~ s?, the

Note that

right-hand side of (6.2.2) becomes

2(@)5 t 2
dt 0)do.
2// 1+t J(6)

Since (n —3)/2—(p—1) = (n—2p —1)/2 < —1, the integral converges as ¢ — 0.

,_.

Therefore,

. O(e) -1 2"z / /°° "7
lim dy = — =~ L gtJ(6)ds
e=0+ Sy |<r <5 +3A ) ’ M- Aoz Iu o (L+H2)P7! ©)

=1 2yz
27" |Sn2 —1 2p—n—1
_ 2= 8" B(” p—n ) (6.2.3)

()\1...)\n_1)% 2 2
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where B is the beta function. Recalling the identities

2m°% n—12-n-1\_ T(F)T(p-"F)
s B(t )= :
r(=t)’ 2 2 T(p—1)

2

S"2| = (6.2.4)

and plugging them into (6.2.3), we have proved (6.2.1) for the case when p > (n+1)/2.

When p = (n+1)/2, ©(e) = | Ine| #1. By the change of variables w = £~1/2s, the

right-hand side of (6.2.2) becomes

2 1 1 s n—2
z |n5| 1// @ve ; w U I (0)do
2

+w?)'T
2" ]ln5] 1 EONRT,
= d 0)do
%// 1+ w? wJ(6)
+ 2 HHE' 11 / / (e Y dwJ(6) do
)2 (1+w2)= Cltw
=T+ 1L

By direct computations,

22 | 1 (0
1: |“5| //”f dIn(1 + w?)J(0) d

:ﬁ/z[l (g+¢§<9)) e .(6) ab.

ol

Therefore, by (6.2.4),

nT—g n—2 n—1
lim T= & |S | T (27T) 1 1\ " (625)
e—04 (Al"'An—l)E (Al...)\n_l)gr(%)

To estimate II, we split the integral over (0, W) into (0,1) and (1, W), and

denote them by II; and II,, respectively. It is easily seen that |[II;| < C|lne|™'. To
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estimate Iy, we have

n—3

_1 Wu}[w"”—(l—i—wz) 2 ]
IT| < Cllne] — dwJ(6)do.
s J1 (14+w?) =z

By the mean value theorem, there exists a € € (w?, 1 + w?), such that

n—3 n—3 ns

w1+ wh) 2 =— 5 £2 .

Note that (w?, 1+ w?) C (w?, 2w?) when w > 1. Therefore,

n—3

gz w|w" ™ — (1 +w?) 2 o n—4
/ (0)ve [ ] dw < C/ (w— < C,
1 1

n—1 n—1

(1+w?)2 1+ w?) ™

which implies [Il;| < C|Ine|™!. Hence, by (6.2.5) and the estimate |II;| + |TIp| <

C|Ine|™!, we have proved (6.2.1) for the case when p = (n +1)/2.
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