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CHAPTER 1

INTRODUCTION

In the era of big data, the complexity of models in fields like statistical physics,

bioinformatics, finance, and social network analysis has underscored the importance of

understanding intricate structures within high-dimensional spaces. High-dimensional

probability, which delves into the behavior of objects such as random vectors and random

matrices in such contexts, has proven to be instrumental in uncovering key insights and

sometimes surprising phenomena. By shedding light on the underlying patterns and

behaviors, this branch of probability theory plays a pivotal role in navigating and making

sense of the complexities inherent in high-dimensional data.

One of the fundamental challenges in understanding data residing in high-dimensional

spaces is the ‘curse of dimensionality’. This phenomenon refers to the exponential growth

of the volume of the underlying space, which necessitates a corresponding increase in

data, computational resources, and time to achieve reliable results. To address this

challenge, researchers often turn to the study of asymptotic behavior, where the focus

is on understanding the problem as the dimension tends toward infinity. This approach

aims to uncover underlying patterns and structures that are otherwise obscured in finite-

dimensional settings.

In this thesis, we delve into three distinct problems within the realm of high-dimensional
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probability, each associated with different ensembles of random matrices. Our exploration

is conducted through the lens of asymptotic analysis, providing insights into the different

aspects of these matrices and related objects as the dimensionality grows. Specifically, we

focus on the following three ensembles:

1. heavy-tailed random matrices, characterized by their probability distributions with

slowly decaying tails, may have infinite variance and/or infinite expectation;

2. light-tailed random matrices, known for their exponentially decaying tails;

3. and random matrices uniformly sampled from the Stiefel manifold, which is the set

of matrices with orthonormal columns equipped with a natural manifold structure.

These ensembles, each with its unique properties and the questions that motivate their

study, will be discussed in detail in the following sections.

1.1 Heavy-tailed random matrices, Grothendieck `r-

problem, and the r → p operator norm

In recent years, heavy-tailed random variables have garnered significant attention due

to their ability to model real-world phenomena, such as financial markets and power-law

distributions in complex networks. In Chapter 2, we investigate problems associated with

symmetric random matrices whose entries are independent heavy-tailed random variables.

Specifically, we consider a symmetric random matrix A = (aij)1≤i,j≤n with entries in the

domain of attraction of an α-stable law, where α ∈ (0, 2). This means that there exists a

slowly varying function L (defined in Definition 2.2.1) such that

P (|aij| ≥ x) = L(x)x−α.

It is important to note that, as evident from the definition, the random variables aij

do not possess a finite variance. Furthermore, when α ≤ 1, aij does not even have a
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finite expectation. These properties distinguish heavy-tailed random variables from their

light-tailed counterparts and require specialized techniques for their analysis.

The spectral statistics of heavy-tailed random matrices have been extensively studied

over the past several decades. In [156], the distribution of the largest eigenvalues was

investigated and shown to converge to a Poisson point process. Furthermore, it was proved

in [14] that the limiting spectrum of symmetric heavy-tailed random matrices is supported

on the entire real line. These findings stand in stark contrast to the behavior observed in

light-tailed random matrices, where it is well known that the largest eigenvalue follows the

Tracy-Widom distribution, while the limiting spectrum is supported on [−2, 2] and follows

semi-circle law (for a comprehensive overview of the spectral statistics of light-tailed

random matrices, see the survey paper [85]).

In Chapter 2, we delve into the study of two optimization problems involving heavy-

tailed random matrices. Specifically, we consider an n × n matrix A and examine the

following:

1. The `r-Grothendieck problem, which is concerned with the quantity

Mr(A) := max
x∈Rn:‖x‖r≤1

x>Ax, for r ≥ 1;

2. The r → p operator norm, defined as

‖A‖r→p := sup
x∈Rn:‖x‖r≤1

‖Ax‖p.

Note that when r = p = 2, this corresponds to the spectral norm and is related to the

largest eigenvalue problem mentioned above. Additionally The motivation for studying

these problems is as follows:

First, both Mr(A) and ‖A‖r→p are connected to a wide array of key quantities in

various fields. For instance, when r = 2 and r =∞, the `r-Grothendieck problem is linked
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to spectral partitioning and correlation clustering, respectively, and the computation of

‖A‖2→4 is known to be related to intriguing problems in theoretical computer science, such

as the small-set expansion problem and the approximability of the injective tensor norm.

For a more comprehensive list of quantities related to these two optimization problems,

we refer the reader to Section 2.1.1.

Secondly, both quantities are known to be challenging to compute in general. Indeed,

accurately computing Mr(A) and ‖A‖r→p is NP-hard except for some special choices of r

and p, such as r = 2 for Mr(A). We discuss this in more depth in Section 2.1.1. Given this

computational complexity, it is natural to investigate these problems for typical matrices,

i.e., matrices with independent and identically distributed entries drawn from certain

distributions.

In this work, we characterize the asymptotic distribution ofMr(A) and ‖A‖r→p in terms

of the parameters r, p and the heavy-tail index α. Our results elucidate the relationship

between these quantities and the tail behavior of the matrix entries, providing insights

with potential applications in various fields. In the non-spectral and heavy-tailed settings,

new techniques have to be developed to analyze the desired asymptotics.

1.2 Wigner matrices and quantum unique ergodicity

Since its inception, a foundational principle of random matrix theory has been the

notion that the asymptotic spectral properties of random matrices do not depend on the

details of the distributions of their entries. This concept is known as universality. In

Chapter 3, we explore the universality of the eigenvector, focusing on the Wigner matrix

H = (hij)1≤i,j≤N , a symmetric random matrix with real entries having zero mean and

variance (1 + δij)/N . We impose moment conditions on hij , requiring that for every p ∈ N,

there exists µp < ∞ such that E
[∣∣∣√Nhij∣∣∣p] 6 µp. Under this settings, we study the
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asymptotic fluctuations of the following quantity:

∑
α∈I
〈qα,u〉2

where I ∈ [N ] and {qα}α∈[N ] is an orthonormal basis of RN .

Our investigation is related to the Quantum Unique Ergodicity (QUE) conjecture

[147], which roughly states that the L2-normalized eigenfunctions of Laplacian, which

corresponds to the solution to the time-independent Schrödinger equation in absence of

potential energy, on compact negatively curved manifold becomes equidistributed in the

large eigenvalue limit (or in physics jargon, the semiclassical limit).

The first step towards QUE conjecture is established by [150, 168, 58] in the 1980s

through the quantum ergodicity theorem, which states that most eigenfunctions of

a quantum system with classically ergodic dynamics become equidistributed in the

semiclassical limit. It is important to note, however, that the quantum ergodicity theorem

does not preclude the existence of a subsequence of eigenfunctions that fail to converge to

uniform distribution as eigenvalues tends to infinity. While Quantum Ergodicity has been

widely proven, QUE remains a challenging conjecture, proven only in specific cases such

as arithmetic hyperbolic surfaces [131]. The exploration of QUE continues to be a vibrant

area of research in understanding quantum chaos.

In the context of Wigner random matrix, an analogue of QUE is the delocalization

phenomenon of eigenvectors. A quantitative formulation of delocalization is articulated as

follows: Consider a deterministic index set I ⊂ [N ] and an orthonormal basis {qα}α∈[N ]

of RN . For any unit eigenvector u of H, we have the high-probability bound

∣∣∣∣∣∑
α∈I
〈qα,u〉2 −

|I|
N

∣∣∣∣∣ 6 N ε
√
|I|

N
.

This result is proved using a dynamical method [39, 24, 52]. Beyond the high probability

bound, one can also ask the fluctuations of ∑α∈I〈qα,u〉2 around the leading order term.
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Label the eigenvalues of H in increasing order, λ1 ≤ . . . ≤ λN , it is established in [52] that

√√√√ N3

2|I|(N − |I|)

(∑
α∈I
〈qα,u〉2 −

|I|
N

)
→ N (0, 1), (1.2.1)

whenever |I|(N−|I|)
N2 ≥ δ for some small δ > 0, and u is an eigenvector of H corresponds to

λi with min(i, N − i) > cN for some small c > 0.

In this part of the thesis, our objective is to complement the fluctuation result of∑
α∈I〈qα,u〉2 in [52] by establishing (1.2.1) for eigenvector u corresponding to λi with

min(i, N − i) ≤ N1−τ for a small constant τ > 0. By establishing this result, and in

conjunction with prior findings [52, 24], we provide a complete characterization of the

fluctuations of ∑α∈I〈qα,u〉2 for Wigner matrices across the entire spectrum.

1.3 Non-Hermitian random matrices and eigenvalue

counting

The Ginibre ensemble, introduced by Jean Ginibre in 1965 [99], is a fundamental class

of non-Hermitian random matrices in random matrix theory. This ensemble encompasses

three types of matrices: real, complex, and quaternionic. After appropriate scaling,

the limiting spectrum of these ensembles converges in distribution to the circular law,

characterized by a uniform distribution over the unit disk.

Other quantities of interest are the eigenvalue counts, which refers to the number of

eigenvalues in any region of the plane. The fluctuation of eigenvalue counting is well

understood for the complex Ginibre ensemble, as a consequence of more general CLT for

determinantal point process (see [155, Section 2]). However, the real Ginibre ensemble

presents additional challenges: first, there is a non-zero probability that some eigenvalues

are real; second, the underlying point correlation function associated with the eigenvalues

is Pfaffian, rather than determinantal. Both factors contribute to the complexity of the
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analysis.

In Chapter 4, we establish a Central Limit Theorem (CLT) for eigenvalue counts in the

real Ginibre Ensemble (GinOE). We consider the random matrix G = (gij)1≤i,j≤n, where

the entries gij, 1 ≤ i, j ≤ n, are mutually independent standard normal random variables.

We characterize the fluctuation of the number of eigenvalues within any reasonable region

in the upper half disk. More specifically, given region A in the upper half disk, and let

NA be the number of eigenvalues in A. Then we show that

lim
N→∞

NA − E[NA]
n1/4 = N

(
0, `(∂A)

2π3/2

)
,

where `(∂A) is the length of boundary of A. Given that the eigenvalues of GinOE appear

in conjugate pairs, this result extends to characterizing the fluctuations in the lower half

disk as well.

1.4 Stiefel manifold, random projection, and large

deviation principle

The Stiefel manifold, denoted as Vn,k, is the set of all k-dimensional orthonormal

frames in Rn. In other words, it consists of all n×k matrices V with real entries such that

V >V = Ik, where Ik is the k × k identity matrix. In Chapter 5, we consider the random

matrix ensemble An,k distributed according to the Haar measure (unique orthogonally

invariant measure) on Vn,k. Given a random vector X(n) in Rn, we are interested in the

large deviation behavior or A>n,knX(n) for suitably sequences {kn}n∈N.

The problem we explore here is motivated by the analysis of high-dimensional data

through their lower-dimensional projections, for instance, using algorithms such as Projec-

tion Pursuit. This technique, initially introduced by [94] and further examined in [68, 106],

aims to identify directions along which the projections are significantly distinct from a
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normal distribution. However, the quest for such projection directions faces a challenge due

to Klartag’s celebrated CLT for convex sets [117, 118]. This theorem, a cornerstone in the

realm of universality results in convex geometry, asserts that in high-dimensional settings,

projections of vectors uniformly distributed on a convex body along most directions closely

resemble a normal distribution, rendering non-normal projection directions exceedingly

rare.

One potential way to address the challenges presented by Klartag’s CLT is to shift

the focus beyond the scale of fluctuations and investigate the Large Deviation Principle

(LDP) of the projection. The LDP, which focuses on the asymptotic behavior of the tails

of sequences of probability distributions, is recognized for its ability to reveal the unique

characteristics of the underlying probability distribution. This is achieved through the

LDP rate function, which provides a detailed description of the exponential decay rates of

the tail probabilities. By examining the LDP rate function, we can potentially uncover

insights that extend beyond the universal behaviors captured by the CLT, thereby gaining

a more nuanced understanding of the projection’s behavior in high-dimensional settings.

Motivated by this, the authors of [96] asked the following question: given a sequence of

projection directions {θ(n)}n∈N, which are uniformly chosen from unit spheres of increasing

dimension n, and consider the projection of random vectors {X(n)
p }n∈N onto θ(n), where

X(n)
p are independent of θ(n) and are uniformly distributed on the so-called n-dimensional

`p-balls Bnp , that is,

Bnp :=
{
x ∈ Rn :

n∑
i=1
|xi|p ≤ n

}
,

can one identify the LDP rate function of the sequence {n−1/2〈θn, X(n)
p 〉} in a p-dependent

way? They provided an affirmative answer to this question and further demonstrated that

this rate function exhibits insensitivity to almost all sequences of projection directions

θ(n). Subsequent research by [116] expanded the scope of the one-dimensional projection

discussed in [96] to encompass projections of any finite dimension. A key component of
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the proof involves analysis of the random matrix from the Stiefel manifold, which are

pre-fixed independent of the n-dimensional random vectors X(n).

In this thesis, we extend the projection LDP from a finite dimensional projection to

projection onto sequence of subspaces with an increasing dimension kn, provided that kn is

asymptotically negligible compared to n. In the course of establishing this generalization,

we addressed both technical and conceptual hurdles. The main technical challenge involved

proving that the empirical measures of scalar products, between rows of a random matrix

drawn from the Stiefel manifold and a deterministic vector of dimension kn, converge in

a suitable Wasserstein sense to a normal distribution, uniformly over ekn deterministic

vectors. And the conceptual challenge stems from the absence of a canonical space to

accommodate projected vectors with increasing dimensions.
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CHAPTER 2

The `r-Levy-Grothendieck problem

and r → p norms of Levy matrices

2.1 Introduction

2.1.1 Motivation and Context

Given an n× n matrix A, consider the following two optimization problems.

1. For 1 ≤ r ≤ ∞, the `r-Grothendieck problem concerns the quantity

Mr(A) := max
x∈Rn:‖x‖r≤1

x>Ax, OPT 1

where ‖x‖r := (∑n
i=1 |xi|

r)1/r denotes the usual `r-norm of the vector x.

2. For 1 ≤ r, p ≤ ∞, the r → p operator norm of A is defined as

‖A‖r→p := sup
x∈Rn:‖x‖r≤1

‖Ax‖p. OPT 2

For different choices of r and p, Mr(A) and ‖A‖r→p correspond to key quantities of interest

arising in different fields. Specifically, M2(A) represents the largest eigenvalue of the
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symmetric matrix (A + A>)/2, where A> denotes the transpose of A. In the context

of clustering, the `r-Grothendieck problem for r = 2 and r = ∞ is related to spectral

partitioning [69, 86] and correlation clustering [45], respectively. Moreover, for general

r ∈ (2,∞), the `r-Grothendieck problem can be viewed as a smooth interpolation between

these two clustering measures. When A is diagonal free, and has off-diagonal entries that

are independent and identically distributed (i.i.d.) standard Gaussian random variables,

Mr(A) is equivalent to the ground state energy of Sherrinton-Kirkpatrick spin glass model

with spins coming from the `r-sphere and couplings given by the entries of A (see the

discussion in [47] after (1.2) and also the discussion in Section 2.2 before Corollary 2.2.9).

Turning to the r → p operator norm, ‖A‖2→2 is equivalent to the largest singular

value of A. In the scenario where r < p and A represents the normalized adjacency

matrix of a graph (or, more broadly, of a Markov operator), upper bounds on ‖A‖r→p

are recognized as hypercontractive inequalities, which are instrumental in demonstrating

rapid mixing properties of associated random walks (see [98, Section 2.2]). Additionally,

the computation of ‖A‖2→4 is closely related to the small-set expansion and injective

tensor norm, both of which are important in theoretical computer science [18, 42]. Other

application domains where the ‖A‖r→p norm arises include the development of oblivious

routing schemes in transportation networks for the `p norm [28, 74, 103, 144], and data

dimensionality sketching of r → p norms, with applications to data stream model and

robust regression [123]. The special case ‖A‖p→p also appears in the estimation of matrix

condition numbers [105].

It is worth pointing out that the two optimization problems are connected; the quantity

Mr(A) of OPT 1 is closely related to ‖A‖r→p in OPT 2 in the special case p = r∗ := r/(r−1).

Indeed, given any x ∈ Rn with ‖x‖r ≤ 1, using the well-known duality representation

‖Ax‖r∗ = supy∈Rn:‖y‖r≤1 y
>Ax (see for example [88, Proposition 6.13]) it follows that

‖A‖r→r∗ = sup
x,y∈Rn:‖x‖r≤1,‖y‖r≤1

y>Ax. (2.1.1)
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Thus, comparing OPT 1 with (2.1.1), it follows that ‖A‖r→r∗ ≥Mr(A). In certain specific

instances, such as when r ≥ 2, A has nonnegative entries, and A>A is irreducible, Mr(A)

is equal to ‖A‖r→r∗ (see [67, Proposition 2.14]). However, in general, these two quantities

need not coincide.

The computational complexity of both optimization problems, Mr(A) and ‖A‖r→p,

have attracted immense attention in the theoretical computer science community. For

r ∈ (2,∞), there exists a polynomial time algorithm to approximate Mr(A) within a

factor of ξ2
r , where ξr := E [|z|r]1/r denotes the `r-norm of the standard Gaussian random

variable [114]. However, no polynomial-time algorithm can approximate Mr(A) within

a factor strictly less than ξ2
r unless P=NP [114]. For the r → p operator norm, when

A is a nonnegative matrix and r ≥ p, efficient algorithms, such as the nonlinear power

method by Boyd [41], can compute ‖A‖r→p in polynomial time. However, for general

A, when r ≥ 2 ≥ p ≥ 1, it is known that ‖A‖r→p is NP-hard to approximate within

any factor smaller than 1/(ξpξr/(r−1)) [29]. And when either r ≥ p and 2 /∈ [p, r], or

r < p, approximating ‖A‖r→p within any constant factor is NP-hard [29]. Given the

computational challenges associated with Mr(A) and ‖A‖r→p for generic matrices A, a

natural question arises: is the approximation of these quantities also hard for typical

matrices, such as random matrices with i.i.d. entries, modulo symmetry consideration?

2.1.2 Discussion of Related Prior Work

While the majority of classical work has focused on spectral norms, early work on

operator norms includes that of Bennett [27], which obtains an upper bound for the

expected 2→ p norm for matrices with independent, mean-zero entries lying in [−1, 1]

when p > 2, and [26], which extrapolated the latter results to obtain bounds on r → p

norms in the full range 1 ≤ r, p ≤ ∞. Recent years have witnessed a resurgence in interest

in operator norms of random matrices. On the one hand, one line of inquiry focuses on

non-asymptotic bounds. Latała and Strzelecka [124, 125] established matching two-sided
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nonasymptotic bounds for the expected r → p norm, with r, p ∈ [1,∞], for matrices with

i.i.d. entries drawn from a large class of light-tailed distribution. On the other hand, for

matrices with independent (but not necessarily identical) mean-zero Gaussian entries,

two-sided bounds were derived in [1] that match up to a logarithmic factor depending

on the dimension of matrix. It is conjectured in the same paper that this logarithmic

factor could be removed to yield a dimension-free estimation of r → p operator norm of

inhomogeneous Gaussian random matrices.

On the other hand, another line of recent work focuses on high-dimensional asymptotic

limits of ‖A‖r→p and Mr(A). For r ≥ p and symmetric, nonnegative random matrices

A with i.i.d. light-tailed upper triangular entries, both the almost sure limit and the

fluctuations of suitably normalized ‖A‖r→p were analyzed in [67]. As mentioned earlier,

for this class of matrices, namely matrices with nonnegative entries, efficient algorithms,

such as the (nonlinear) power method by Boyd [41], are available to compute ‖A‖r→p

when r ≥ p. When A is an n× n matrix composed of n2 i.i.d. standard Gaussian random

variables, Chen and Sen [47] use Chevet’s inequality to examine the almost sure limit

of an appropriately scaled version of Mr(A). They discovered that the scaling behavior

of Mr(A) undergoes a phase transition at r = 2: for r ∈ (1, 2), it scales as n(r−1)/r, and

for r ∈ [2,∞], it scales as n3/2−2/r. Moreover, they also characterized the limit of Mr(A)

for all r ≥ 1, showing in the sub-regime r > 2 that it can be characterized in terms of

a variant of the Parisi formula for the free energy of the Sherrington-Kirkpatrick spin

glass model. It is worth mentioning that at the critical value r = 2, M2(A) is equal to the

largest eigenvalue of A+A>
2 , and the fluctuations of M2(A) is well known to be governed by

the celebrated Tracy-Widom distribution [161]. It remains an interesting open problem to

study the asymptotic fluctuations of Mr(A) in the Gaussian setting when r 6= 2.

In contrast to their light-tailed counterparts, random matrices with heavy tails exhibit

very different properties. For instance, the limiting empirical spectral distribution and

distribution of the largest eigenvalue (as the dimension of matrix tends to infinity)
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of symmetric light-tailed random matrices, such as those in the Gaussian Orthogonal

Ensemble, are known to follow the Wigner semicircle distribution and Tracy-Widom

distributions, respectively (see the survey paper [85] for more details). However, in the

heavy-tailed regime, the limiting empirical spectral distribution of symmetric random

matrix A = (aij)i,j∈[n] is supported on the whole real line when aij is heavy-tailed with

index α ∈ (0, 2) (see Definition 2.2.3) [14] and the largest eigenvalue of A follows the

Fréchet distribution when aij is heavy-tailed with index α ∈ (0, 4) [156, 12].

2.1.3 Summary of Results

Both the non-asymptotic and asymptotic results for general operator norms mentioned

in Section 2.1.2 have been concerned with random matrices with light-tailed entries. Our

work takes a first step towards understanding the asymptotics of non-spectral norms in the

heavy-tailed setting. We consider both the asymptotic almost sure limit and fluctuations

of Mr(An) and ‖An‖r→p, as n → ∞, in the case when each An is a symmetric n × n

random matrix with independent upper-triangular entries with a common heavy-tailed

distribution. Specifically, let An = (aij)i,j∈[n] be a symmetric n× n matrix consisting of

i.i.d. heavy-tailed entries with a tail index α ∈ (0, 2); see Definition 2.2.3. Our main

results can be broadly categorized into two distinct regimes:

1. Suppose 1 ≤ r ≤ 2 for Mr(An) and 1 ≤ r ≤ p for ‖An‖r→p, and α ∈ (0, 2). Then we

show that the quantities Mr(An) and ‖An‖r→p are both solely determined by the

entries with the largest absolute value among all entries of An (there are two largest

entries due to symmetry), and suitably scaled versions of both quantities converge,

as n→∞, to a Frechét distribution (see Theorem 2.2.5 and Theorem 2.2.10).

2. Suppose 2 < r ≤ ∞ forMr(An) and 1 ≤ p < r ≤ ∞ for ‖An‖r→p, and α lies in (0, α∗)

for a certain explicit constant α∗ = α∗(r) or α∗ = α∗(r, p) lying in (1, 2). Then the

high-dimensional asymptotics of Mr(A)n) and ‖An‖r→p are dictated by the largest

entries of An amongst all those whose absolute values exceed a certain (n-dependent)
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threshold, and both quantities converge to corresponding stable distributions after

suitable scaling (see Theorem 2.2.6 and Theorem 2.2.11).

Furthermore, we also establish the following results to show that in a sense the choice of

α∗ is optimal:

3. Consider the case where either 2 < r < ∞ for Mr(An) or 1 ≤ r < p ≤ ∞ for

‖An‖r→p, with the corresponding constant α∗ ∈ (1, 2) as in Case 2. Then we show

that there exist (explicit) constants ᾱ∗,1 and ᾱ∗,2, depending on r or both r and p

(as relevant), that both lie in the interval (α∗, 2) and are such that the following

properties are satisfied:

• If the entries of A have zero mean and α ∈ (α∗, ᾱ∗,1), then the asymptotic

fluctuations of suitably scaled versions of Mr(A) and ‖A‖r→p converge to

corresponding stable distributions. The scaling is the same as in Case 2 (see

Theorem 2.2.7 and Theorem 2.2.12).

• If the entries of A have positive mean for Mr(A), or nonzero mean for ‖A‖r→p,

and α ∈ (α∗, ᾱ∗,2), then the asymptotic fluctuations of suitably scaled and cen-

tered versions of Mr(A) and ‖A‖r→p again converge to the stable distributions.

The limiting stable distributions are the same as in Case 2; however, the scaling

is different and an additional centering of Mr(A) and ‖A‖r→p isalso necessary

(see Theorem 2.2.8 and Theorem 2.2.13). The additional centering becomes

necessary because in the regime α > α∗, the fluctuations contributed by the

largest entries are asymptotically negligible compared to the effect of shift in

centering of individual entries.

Also, as an immediate consequence of our results we characterize the ground state of the

Levy spin glass model with from statistical physics when α ∈ (0, 1) (see Corollary 2.2.9).

Our results on the `r-Levy-Grothendieck problem in the heavy-tailed setting are

summarized in Figure 2.1(a) and (b) for the case of centered and non-centered entries,
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respectively. An interesting open problem is to identify the asymptotic fluctuations in

the orange regime in these two figures. This corresponds to the less heavy-tailed regime

(depending on r), where we expect the fluctuations to be determined by the small entries

instead of the largest ones. The influence of the small entries on fluctuation already starts

to manifest itself in the third set of results described above, which can be seen from the

difference in scaling factors. The challenge we met in the orange regime is also consistent

with the fact (mentioned in Section 2.1.2) that even for centered Gaussian i.i.d. entries,

the asymptotic fluctuations of Mr(An) are not well understood; only the almost sure

limit has been characterized. It is also worth mentioning that, the change in scalings

for different α regimes and the difference for centered and non-centered entries are not

observed in the spectral case r = 2, where, as mentioned at the end of Section 2.1.2,

properly scaled M2(An) converges to Fréchet distribution as n→∞.

(a) Entries with zero mean (b) Entries with nonzero mean

Figure 2.1: Centered and noncentered cases

2.1.4 Common Notation

Let [n] denote the set {1, . . . , n}. For a sequence of random variables {Yn}n∈N and a

random variable Y , we denote the convergence in distribution of Yn to Y by Yn d→ Y .

Given a probability space (Ω,F ,P), the events En ∈ F , n ∈ N are said to occur with high

probability (whp) if P(En)→ 1 as n→∞. For a sequence of random variables (Xn)n∈N

and positive deterministic constants (kn)n∈N:

1. We say Xn = O(kn) whp if there exists a constant C > 0 such that the events
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{|Xn| ≤ Ckn}n∈N occur whp. We say Xn = Oδ(kn) whp if for any δ > 0 the events

{|Xn| ≤ nδkn}n∈N occur whp.

2. We say Xn = o(kn) whp if k−1
n Xn converges to 0 in probability.

3. We say Xn = Θδ(kn) whp if for any δ > 0 the events {n−δkn ≤ |Xn| ≤ nδkn}n∈N

occur whp.

For a sequence of deterministic quantities {Dn}n∈N and positive deterministic constants

(kn)n∈N:

1. We say Dn = O(kn) if there exists a constant C > 0 such that lim supn→∞ k−1
n |Dn| ≤

C. We say Dn = Oδ(kn) if for any δ > 0, limn→∞ n
−δk−1

n Dn = 0.

2. We say Dn = o(kn) if limn→∞ k
−1
n Dn = 0.

3. We sayDn = Θδ(kn) if for any δ > 0, limn→∞ n
−δk−1

n Dn = 0 and limn→∞ n
δk−1
n |Dn| =

∞.

Given an n× n matrix A, we denote its transpose by A> and the matrix obtained by

taking the absolute value of each entry in A by |A|. Given a vector v = (v1, . . . , vn) ∈ Rn

with positive entries and for p ∈ R, we define vp := (vp1, . . . , vpn). Given nonnegative

functions f, g defined on [0,∞), we say f � g (respectively, f � g) if f(x)/g(x) → 0

(respectively, g(x)/f(x) → 0) as x → ∞. The p-norm of a vector x = (xi)i∈[n] ∈ Rn is

defined as

‖x‖p :=
(

n∑
i=1
|xi|p

) 1
p

.

For p ∈ (1,∞), we denote its Hölder conjugate by p∗ := p/(p − 1). Additionally, we

write 1∗ = ∞ and ∞∗ = 1. We use sgn : R → R to denote the sign function, where

sgn(t) = −1, 1 and 0 for t < 0, t > 0 and t = 0, respectively. For q > 1, t ∈ R and
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x = (x1, . . . , xn) ∈ Rn, we define Ψq : Rn → Rn as follows: for i ∈ [n],

(Ψq(x))i := ψq (xi) , where ψq(t) := |t|q−1 sgn(t). (2.1.2)

We adopt the convention 00 = 0.

2.2 Main results

In Section 2.2.1, we state our basic assumption on An after introducing some basic

definitions related to heavy-tailed distributions. In Section 2.2.2 and Section 2.2.3, we

present our main results concerning OPT 1 and OPT 2 respectively. A rough outline of

the proofs of the main results is given in Section 2.2.4, and Section 2.2.5 summarizes the

rest of the paper.

2.2.1 Assumption on the random matrix

To state our main assumption, we first introduce some definitions.

Definition 2.2.1 (Slowly Varying Function). A function L : (0,∞)→ (0,∞) is said to

be a slowly varying function if it satisfies

lim
x→∞

L(tx)
L(x) = 1, ∀ t > 0.

The next lemma (see [139, Lemma 2.7]) states that slowly varying functions grow (or

decay) asymptotically slower than any polynomial.

Lemma 2.2.2. If the function L : (0,∞)→ (0,∞) is slowly varying, then

x−δ � L(x)� xδ, ∀ δ > 0. (2.2.1)

Definition 2.2.3 (Heavy-tailed random variable). A random variable X is said to be

18



heavy-tailed with index α > 0 if it satisfies

F̄ (x) ≡ F̄α(x) := P (|X| > x) = x−αL(x), x > 0, (2.2.2)

where L is a slowly varying function.

Definition 2.2.4 (Stable random variable). For α ∈ (0, 2), a nondegenerate random

variable X is said to be α-stable if X = aZ + b, where a 6= 0, b ∈ R, and Z is a random

variable whose characteristic function takes the following form, for some β ∈ [−1, 1]:

E [exp(itZ)] =


exp

(
−|t|α

[
1− iβ tan πα

2 (sgn t)
])
, α 6= 1,

exp
(
−|t|

[
1 + iβ 2

π
(sgn t) log |t|

])
, α = 1.

We consider the following class of random matrices.

Assumption 1. A = (aij)i,j∈[n] is a symmetric random matrix, whose upper-triangular

entries (aij)1≤i≤j≤n are i.i.d. copies of heavy-tailed random variables with index α.

Fix α ∈ (0, 2). Given the complementary cumulative distribution function F̄α of |X| in

(2.2.2), define

bn ≡ bn,α := inf
{
x ≥ 0 : F̄α(x) ≤ 2

n(n+ 1)

}
, n ∈ N. (2.2.3)

It can be shown that (see [70, (3.8.6)])

F̄α(bn,α) · n(n+ 1)
2 → 1, as n→∞,

which implies that there exists another slowly varying function Lo such that

bn,α = Lo(n)n2/α, (2.2.4)
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For notational simplicity, we often drop the α subscript whenever it is clear from the

context.

2.2.2 The Levy-Grothendieck `r problem and the ground state

of Levy spin glasses

Our first set of main results concerns the `r-Grothendieck problem (OPT 1) for the class

of random matrices satisfying Assumption 1. The proof of Theorem 2.2.5, Theorem 2.2.6,

Theorem 2.2.8 and Corollary 2.2.9 are deferred to Section 2.6.1, Section 2.6.2, Section 2.6.3

and Section 2.6.4, respectively.

Theorem 2.2.5. Fix 1 ≤ r ≤ 2. Suppose An = (aij)i,j∈[n] satisfies Assumption 1 with

α ∈ (0, 2). Then with bn as defined in (2.2.3), we have

lim
n→∞

P
(
b−1
n 2 2

r
−1Mr(An) ≤ x

)
= exp

(
−x−α

)
.

The proof of Theorem 2.2.5 is given in Section 2.6.1. As we show there, in the case

1 ≤ r ≤ 2, Mr(An) is completely determined by the largest (in absolute value) entry of

An. Thus the limiting distribution of the properly normalized Mr(An) resembles that of

the limiting distribution of the largest entry, which is a Fréchet distribution with index α.

Theorem 2.2.6. Fix 2 < r ≤ ∞ and let α∗ ≡ α∗(r) := r
r−1 . Suppose An = (aij)i,j∈[n]

satisfies Assumption 1 with index α, such that

0 < α < α∗(r). (2.2.5)

Then with bn as defined in (2.2.3), we have

b−1
n Mr(An) d→

(
Yα(r−2)

r

) r−2
r

,
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where Yα(r−2)
r

is an α(r−2)
r

-stable random variable.

The upper bound α∗(r) = r
r−1 is tight for the result to hold in such generality. Beyond

α∗, things become more subtle, with scaling and asymptotics depending on whether or

not the entries are centered, as demonstrated in the following two results.

Theorem 2.2.7. Fix 2 < r ≤ ∞, α∗ ≡ α∗(r) := r
r−1 and ᾱ∗,1 ≡ ᾱ∗,1(r) := min{2, r

r−2}.

Suppose An = (aij)i,j∈[n] satisfies Assumption 1 with index α, such that

(aij)i,j∈[n] are centered and α∗(r) ≤ α < ᾱ∗,1(r). (2.2.6)

Then with bn as defined in (2.2.3), we have

b−1
n Mr(An) d→

(
Yα(r−2)

r

) r−2
r

,

where Yα(r−2)
r

is an α(r−2)
r

-stable random variable.

The proof of Theorem 2.2.6 and Theorem 2.2.7 are deferred to Section 2.6.2. Both

theorems share the same conclusions, but their conditions differ, which can be understood

as follows. When α is small, that is, when (2.2.5) holds, the entries have “extreme” heavy

tails, making the impact of the mean (or median for α ∈ (0, 1]) of the distribution, whether

zero or not, asymptotically negligible when compared to the the largest, sparse entries.

On the other hand, when α ≥ α∗ with α∗ in Theorem 2.2.6, the assumption of zero

mean is necessary to mitigate the influence of smaller entries, thereby exposing the sparse

structure of largest entries. When α > ᾱ∗,1 with ᾱ∗,1 in Theorem 2.2.7, we expect the

fluctuations of Mr(An) to be dominated by the small, dense matrix terms. Consequently,

the approach of leveraging the sparsity of large terms in heavy-tailed entries, as employed

in this work, becomes ineffective.

Theorem 2.2.8. Fix 2 < r < ∞, µ > 0, α∗ ≡ α∗(r) := r
r−1 and ᾱ∗,2 ≡ α∗,2(r) := r+2

r
.

21



Suppose An = (aij)i,j∈[n] satisfies Assumption 1 with index α, such that

(aij)i,j∈[n] are centered and α∗(r) < α < ᾱ∗,2(r). (2.2.7)

Define

Aµ,n := µ11> + An = (µ+ aij)i,j∈[n].

Then with bn as defined in (2.2.3), we have

b
− r
r−2

n n
r
r−2−

r−2
r

(
Mr(Aµ,n)− n2− 2

rµ
)

d→ Yα(r−2)
r

,

where Yα(r−2)
r

is an α(r−2)
r

-stable random variable.

Theorem 2.2.8 and its corollary below are proved in Section 2.6.3 and Section 2.6.4,

respectively. Comparing with Theorem 2.2.6 and Theorem 2.2.7, Mr(Aµ,n) requires a

centering and a different scaling. The appearance of the centering can be seen from the

definition of Mr(Aµ,n),

Mr(Aµ,n) = max
x∈Rn:‖x‖r≤1

[
µ
(
1>x

)2
+ x>Anx

]
. (2.2.8)

Indeed, for α ∈ (α∗, ᾱ∗,2), max‖x‖r≤1 x
>Anx = Oδ(bn) whp by Theorem 2.2.7 and

max‖x‖r≤1 µ(1>x)2 = n2− 2
rµ by Hölder’s inequality. When α > α∗ and µ > 0, the

condition bn � n2− 2
r implies that the dominant term in Mr(An) is the first term in (2.2.8),

necessitating centering. Conversely, when α < α∗ as in the setting of Theorem 2.2.6

or µ = 0 as in the setting of Theorem 2.2.7, the second term in (2.2.8), which governs

the fluctuation, outweighs the first term, rendering centering unnecessary. The scaling

in Theorem 2.2.8 is more subtle and not completely obvious. Unlike the light-tailed

case discussed in [67], where the scaling factor is n− r−2
r σ−1 with σ being the variance of

the matrix entries, the variance is not well-defined in the heavy-tailed setting. Instead,
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an additional factor (b−1
n n)

r
r−2 appears, reflecting the different scaling behavior in the

presence of heavy tails.

As a corollary of Theorem 2.2.6, we obtain asymptotics of the ground state energy of

Levy spin glass model, which is a result of independent interest. Spin glasses are a type

of disordered magnetic system characterized by the presence of both ferromagnetic and

antiferromagnetic interactions between the spins of the atoms in the material. Mathemat-

ically, a spin glass can be described as a random system where the state space consists of

n spins taking values from ±1. The probability distribution of the state space is given by

the Gibbs measure, which is defined as:

P (σ) ∝ exp
−β ∑

i,j∈[n]
hijσiσj

 , ∀σ ∈ {+1,−1}n,

where β > 0 is the inverse temperature, (hij)i,j∈[n] is the interaction matrix and H(σ) =

−β∑i,j∈[n] hijσiσj is the Hamiltonian of the system. The Levy spin glass model, which

features interaction matrix with independent heavy-tailed entries, was introduced in

[57] to understand surprising experimental results on dilute spin glasses with dipolar

interactions. The ground states of the spin glass refer to the limiting states as β →∞,

which are the minimizers of the corresponding Hamiltonian, and the associated energy

supσ∈{±1}n
∑
i,j∈[n] hijσiσj is called the ground state energy.

Corollary 2.2.9. Suppose An = (aij)i,j∈[n] satisfies Assumption 1 with index α ∈ (0, 1).

Then with bn as defined in (2.2.3), we have

b−1
n sup

x∈{−1,1}n
x>Anx

d→ Yα,

where Yα is an α-stable random variable.
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2.2.3 The r → p operator norm

We next turn to our results on asymptotics of the r → p operator norm problem (OPT 2)

for heavy-tailed random matrices. At this juncture, we recall the dual formulation of the

r → p operator norm to emphasize its connection with OPT 1 and for subsequent reference.

Given x ∈ Rn, using the well-known dual representation ‖Ax‖p = supy∈Rn:‖y‖p∗≤1 x
>Ay

(see [88, Proposition 6.13]), it follows that

‖An‖r→p := sup
x,y∈Rn:‖x‖r≤1,‖y‖p∗≤1

y>Anx. (2.2.9)

Our results for the r → p operator norm parallel those for the Levy-Grothendieck `r

problem.

Theorem 2.2.10. Fix 1 ≤ r ≤ p ≤ ∞. Suppose An = (aij)i,j∈[n] satisfy Assumption 1

with index α ∈ (0, 2). Then with bn as defined in (2.2.3), we have

lim
n→∞

P
(
b−1
n ‖An‖r→p ≤ x

)
= exp

(
−x−α

)
.

Theorem 2.2.10, whose proof is postponed to Section 2.3, is an analogue of Theo-

rem 2.2.5. The additional factor 2 2
r
−1 in Theorem 2.2.5 comes from the facts that the

largest entries of An are unlikely to reside on the diagonal (see Lemma 2.3.3) and that

when r ≤ 2, Mr(A) is fully determined by the largest entries of A (recall that we have two

largest entries due to symmetry). Hence, we cannot localize all the mass in one entry in

the optimizer of OPT 1. In contrast, in the dual formulation (2.1.1) of OPT 2, the optimal

vectors x and y can be chosen separately, allowing mass to be concentrated in single, yet

distinct entries in x and y.

Theorem 2.2.11 and Theorem 2.2.12 below, which parallel Theorem 2.2.6 and Theo-

rem 2.2.7 respectively, are proved in Section 2.4.

Theorem 2.2.11. Fix 1 ≤ p < r ≤ ∞, denote γ := 1
p
− 1

r
and define α∗ ≡ α∗(γ) := 2

1+γ .
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Suppose An = (aij)i,j∈[n] satisfy Assumption 1 with index α, such that

0 < α < α∗(γ). (2.2.10)

Then with bn defined in (2.2.3), we have

b−1
n ‖An‖r→p

d→ (Yαγ)γ ,

where Yαγ is an αγ-stable random variable.

Theorem 2.2.12. Fix 1 ≤ p < r ≤ ∞, denote γ := 1
p
− 1

r
, define α∗ ≡ α∗(γ) := 2

1+γ and

ᾱ∗,1 ≡ ᾱ∗,1(γ) := min{2, 1
γ
}. Suppose An = (aij)i,j∈[n] satisfy Assumption 1 with α, such

that

(aij)i,j∈[n] are centered and α∗(γ) ≤ α < ᾱ∗,1(γ). (2.2.11)

Then with bn defined in (2.2.3), we have

b−1
n ‖An‖r→p

d→ (Yαγ)γ ,

where Yαγ is an αγ-stable random variable.

Theorem 2.2.13. Fix 1 < p < r < ∞, µ 6= 0 and denote γ := 1
p
− 1

r
and γ′ :=

1
min{2,p} −

1
max{2,r} . Define α∗ ≡ α∗(γ) := 2

1+γ and ᾱ∗,2 ≡ ᾱ∗,2(γ, γ′) := 2−γ
γ(γ′−γ)+1 . Suppose

An = (aij)i,j∈[n] satisfy Assumption 1 with α, such that

α∗(γ) < α < ᾱ∗,2(γ, γ′). (2.2.12)

Define

Aµ,n := µ11> + An = (µ+ aij)i,j∈[n].
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Then with bn as defined in (2.2.3),

b
− 1
γ

n n
1
γ
−γ
(
‖Aµ,n‖r→p − n1+γ|µ|

)
→ Yαγ,

where Yαγ is an αγ-stable random variable.

Theorem 2.2.13, whose proof is postponed to Section 2.5, is the analogue of Theo-

rem 2.2.8.

2.2.4 Rough proof outline

We now briefly discuss the main strategy used in this work. To deal with the heavy-

tailed natures of entries, we decompose A based on the magnitude of the entries, in the

following manner:

A = µ11T + Ã+ Â+ Ā,

where µ11T represents the centering of A. The matrices Â collects the largest entries in A

which can be shown to be ‘sparse’ throughout the matrix, Ã collects entries of moderate

magnitude in A which can be shown to be ‘sparse’ within each row and column and the

remaining matrix consisting of relatively small and centered entries.

For the proof of Theorem 2.2.11, in the first step we exploit the cancellation coming

from Ā, utilizing concentration of measure and random matrix theories as main tools.

The next step exploits the sparsity and heavy-tailed nature of the matrix Ã to argue that

the impact of Ã is negligible compared to Â. Finally, we show that the ‘extreme’ sparsity

of Â simplifies its structure, making it amenable to an explicit optimization.

For Theorem 2.2.13, the estimate on ‖Ã‖ used in Theorem 2.2.11 proves inadequate.

We instead employ a ‘sandwich’ approach, where we construct an upper bound and a

lower bound that match at the fluctuation level.
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2.2.5 Organization of the rest of the paper

In view of (2.1.1), the r → r∗ operator norm provides a natural upper bound forMr(A).

For this reason, we first present the proofs of the r → p operator norm, and then complete

proofs of the `r-Grothendieck problem. The proof of Theorem 2.2.10, Theorem 2.2.11 and

Theorem 2.2.13 are presented in Section 2.3, Section 2.4 and Section 2.5, respectively.

Then in Section 2.6 we provide the proof of results relating to the Levy-Grothendieck `r

problem.

2.3 Proof of Theorem 2.2.10

The proof of Theorem 2.2.10 proceeds by showing that the distribution of ‖An‖r→p

coincides with the distribution of the largest entry of An. For brevity, in this and

subsequent sections, we suppress the subscript n of An.

We start with the limiting distribution of the largest matrix entries (after proper

normalization), which was identified in [156, (24)].

Lemma 2.3.1. Fix α ∈ (0, 2). Suppose A = (aij)i,j∈[n] satisfies Assumption 1, and let

(bn)n∈N be as in (2.2.3). Then the following holds:

lim
n→∞

P
(
b−1
n max

i,j∈[n]
|aij| ≤ x

)
= exp

(
−x−α

)
. (2.3.1)

Next, we identify the condition that should be satisfied by the maximizing vector of

OPT 2 when 1 < r, p <∞. The following lemma is proved in [67, (4.4)].

Lemma 2.3.2. Fix 1 < r, p <∞. Let v ≡ vn = (vi)i∈[n] be a maximizing vector of OPT 2

with ‖v‖r = 1. Then the following relation holds:

A>Ψp(Av) = ‖A‖pr→pΨr(v).
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We will make repeated use of the following result (see [156, Lemma 4]), which describes

the typical structure of heavy-tailed random matrix A.

Lemma 2.3.3. Suppose An = (aij)i,j∈[n] satisfies Assumption 1 with α ∈ (0, 2). Then the

following hold:

(a) whp,
{
i ∈ [n] : aii ≥ b11/20

n

}
= ∅;

(b) ∀ δ > 0, whp, ∀ i ∈ [n], #
{
j ∈ [n] : |aij| ≥ b3/4+δ

n

}
≤ 1;

(c) ∃ δ(α) > 0, such that, whp, ∀ i ∈ [n], ∑j∈[n] |aij|1
{
|aij| ≤ b3/4+δ(α)

n

}
≤ b

3/4+α
8

n .

The following inequality is a direct consequence of Lemma 2.3.3.

Corollary 2.3.4. Suppose An = (aij)i,j∈[n] satisfies Assumption 1 with α ∈ (0, 2). Let

a∗ := maxi,j∈[n] |aij|. Then whp, we have

max
i∈[n]

∑
j∈[n]
|aij| ≤ a∗(1 + o(1)) and max

j∈[n]

∑
i∈[n]
|aij| ≤ a∗ (1 + o(1)) . (2.3.2)

Proof. Due to the symmetry of A, we only prove the first inequality.

Note that a∗ is of order O(bn) according to (2.3.1). Fix i ∈ [n] and consider the event

Ei that a∗ appears in row i or there exists one entry in row i that is at least b3/4+δ(α)
n .

Lemma 2.3.3 (b) implies that, whp on Ei, all the remaining entries are less than b3/4+δ(α)
n .

Then by Lemma 2.3.3 (c), whp on Ei, the sum of the remaining terms is of order o(a∗).

On the other hand, on the event Eci , that is when a∗ is not in row i and every entry

in row i is less than b3/4+δ(α)
n , Lemma 2.3.3 (c) implies that, whp the sum of this row is

o(a∗). This proves the corollary.

Proof of Theorem 2.2.10. Let v = (vi)i∈[n] be a maximizing vector of OPT 2 with ‖v‖r = 1.

Let v∗ := maxi∈[n] |vi| and a∗ := maxi,j∈[n] |aij|.
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We first show that, for 1 ≤ r ≤ p ≤ ∞,

‖A‖r→p ≤ a∗ (1 + o(1)) . (2.3.3)

This is proved separately for three parameter regimes.

1. Suppose 1 < r ≤ p < ∞. Using Lemma 2.3.2 and the definition of Ψp,Ψr in

(2.1.2) in the first line, the definition of v∗ and (2.3.2) in the second and third lines,

respectively, and again using (2.3.2) in the last line below, we conclude that whp,

for all i ∈ [n],

‖A‖pr→p|vi|r−1 =

∣∣∣∣∣∣
n∑
j=1

aij

∣∣∣∣∣
n∑
k=1

ajkvk

∣∣∣∣∣
p−1

sgn
(

n∑
k=1

ajkvk

)∣∣∣∣∣∣
≤

n∑
j=1
|aij|

(
n∑
k=1
|ajk|

)p−1

vp−1
∗

≤
n∑
j=1
|aij| ap−1

∗ (1 + o(1))vp−1
∗

≤ ap∗v
p−1
∗ (1 + o(1)).

(2.3.4)

Choosing i to be the (random) index such that |vi| = v∗ ≤ 1 in (2.3.4), and recalling

r ≤ p, we have whp,

‖A‖r→p ≤ a∗(1 + o(1)).

2. Suppose r = 1. We have

‖A‖1→p = sup
‖x‖1,‖y‖p∗≤1

x>Ay ≤ sup
‖x‖1,‖y‖∞≤1

x>Ay = ‖A‖1→1 = sup
‖x‖1=1

∑
i∈[n]
|(Ax)i| .(2.3.5)

Since x 7→ ∑
i∈[n] |(Ax)i| is convex, the maximal value must be obtained at extremal
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points of the unit `1-sphere, i.e. x ∈ {ej}j∈[n]. Hence, (2.3.2) and (2.3.5) imply

‖A‖1→p ≤ max
j∈[n]

∑
i∈[n]
|aij| ≤ a∗ (1 + o(1)) .

3. Suppose p =∞. We have

‖A‖r→∞ = sup
‖x‖r,‖y‖1≤1

x>Ay ≤ sup
‖x‖∞,‖y‖1≤1

x>Ay = ‖A‖∞→∞ = sup
‖x‖∞=1

max
i∈[n]
|(Ax)i| .(2.3.6)

Since x 7→ maxi∈[n] is convex, the maximal value must be obtained at extremal

points of the unit `∞-sphere, i.e. x ∈ {1,−1}n. Hence (2.3.2) and (2.3.6) imply

‖A‖r→∞ ≤ max
i∈[n]

∑
j∈[n]
|aij| ≤ a∗ (1 + o(1)) .

On the other hand, let (i∗, j∗) be a (random) pair of indices such that a∗ = ai∗j∗ . Then

we have

‖A‖r→p ≥ ‖Aei∗‖p ≥ a∗. (2.3.7)

Combining (2.3.3) and (2.3.7), we conclude that

‖A‖r→p = a∗(1 + o(1)).

Hence, Lemma 2.3.1 implies that b−1
n ‖A‖r→p converges to the desired distribution.

2.4 Proof of Theorem 2.2.11 and Theorem 2.2.12

Fix α ∈ (0,min{2, rp
r−p}) and 1 ≤ p < r ≤ ∞. Define

η := 1
2

(
1− α(r − p)

rp

)
,

ζ := min
{

1
4

(
1− α(r − p)

rp

)
, 1− α

2

}
.

(2.4.1)
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Under the assumptions of Theorem 2.2.11 or Theorem 2.2.12, we have 0 < ζ < η. The

main strategy of the proof is to carefully decompose the heavy-tailed matrix A based on

the absolute values of entries, and to control the effect of each of these separately. To this

end, define

Ā ≡ (āij) :=
(
aij1

(
|aij| ≤ n

1+η
α

))
,

Â ≡ (âij) :=
(
aij1

(
|aij| > n

2−ζ
α

))
,

Ã ≡ (ãij) := A− Ā− Â.

(2.4.2)

In Section 2.4.1 and Section 2.4.2, we show that both ‖Ā‖r→p and ‖Ã‖r→p are of order

o(bn) whp, where bn is the constant defined in (2.2.3). Then in Section 2.4.3, we analyze

the fluctuations of b−1
n ‖Â‖r→p and use that to conclude the proof of Theorem 2.2.11.

2.4.1 Estimating the small terms

The goal of this section is to prove the following estimate.

Proposition 2.4.1. Recall bn in (2.2.3). Under assumptions of Theorem 2.2.11 or

Theorem 2.2.12, whp,

‖Ā‖r→p = o (bn) .

To prove the result, we start by establishing a general upper bound for the r → p norm

of an arbitrary n× n matrix.

Lemma 2.4.2. Fix 1 ≤ p < r ≤ ∞. For any symmetric matrix V = (vij)i,j∈[n] ∈ Rn, we

have

‖V ‖r→p ≤

∑
i∈[n]

∑
j∈[n]
|vij|


rp
r−p


r−p
rp

.
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Proof. Fix any x,y ∈ Rn such that ‖x‖r = ‖y‖p∗ = 1. Since r > p, applying Hölder’s

inequality twice we obtain

∑
i,j∈[n]

vijxiyj ≤
∑
i,j∈[n]

|vij|
p

rp−r+p |xi| · |vij|
rp−r
rp−r+p |yj|

≤

 ∑
i,j∈[n]

|vij||xi|
rp−r+p

p


p

rp−r+p
 ∑
i,j∈[n]

|vij||yj|
rp−r+p
rp−r


rp−r
rp−r+p

≤

∑
i∈[n]
|xi|r

 1
r

∑
i∈[n]

∑
j∈[n]
|vij|


rp
r−p


r−p
r(rp−r+p)

×

∑
j∈[n]
|yj|p

∗

 1
p∗
∑
j∈[n]

∑
i∈[n]
|vij|


rp
r−p


r−p
p∗(rp−r+p)

=

∑
i∈[n]

∑
j∈[n]
|vij|


rp
r−p


r−p
rp

,

(2.4.3)

where we use ‖x‖r = ‖y‖p∗ = 1 and the symmetry of V for the last equality. In view of

the corresponding dual formulation (2.2.9) of ‖V ‖r→p, one can take the supremum over

x,y with ‖x‖r = ‖y‖p∗ = 1 on the left-hand side of (2.4.3) to complete the proof.

We now bound the row sums of Ā. Note that in conjunction with Lemma 2.4.2, this

will yield an upper bound for ‖Ā‖r→p. To this end, we need the following standard

concentration result [163, Theorem 2.8.4].

Lemma 2.4.3 (Bernstein’s inequality). Let X1, . . . , Xn be independent, mean zero random

variables, such that |Xk| ≤ K for all k ∈ [n]. Then, for every t ≥ 0, we have

P
{∣∣∣∣∣

n∑
k=1

Xk

∣∣∣∣∣ ≥ t

}
≤ 2 exp

(
− t2/2
σ2 +Kt/3

)
,

where σ2 = ∑n
k=1 E[X2

k ] is the variance of the sum.

Lemma 2.4.4. Under the assumptions of Theorem 2.2.11 or Theorem 2.2.12, whp, we
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have for all i ∈ [n],

∣∣∣∣∣
n∑
i=1

āij

∣∣∣∣∣ ≤
n∑
j=1
|āij| = Oδ

(
nmax{ 1+η

α
,1}
)
.

Proof. First, we calculate the second moment of āij using F̄ from (2.2.2) and (2.2.1) to

obtain

E
[
ā2
ij

]
≤
∫ n2(1+η)/α

0

(
F̄
(
x

1
2
)
− F̄

(
n

1+η
α

))
dx = Oδ

(
n( 2

α
−1)(1+η)

)
.

This implies that

Var
 n∑
j=1
|āij|

 ≤ nE
[
ā2

11

]
= Oδ

(
n

2
α

+η( 2
α
−1)

)
. (2.4.4)

We now consider three cases. First, suppose α < 1. Then

E

 n∑
j=1
|āij|

 = n
∫ n(1+η)/α

0

(
F̄ (x)− F̄

(
n

1+η
α

))
dx = Oδ

(
n

1
α

+η( 1
α
−1)

)
,

where we again used (2.2.1) in the last equality. Next suppose α = 1. Then similarly, we

have

E

 n∑
j=1
|āij|

 = n
∫ n(1+η)/α

0

(
F̄ (x)− F̄

(
n

1+η
α

))
dx = Oδ(n log n) = Oδ (n) .

Finally, in the case α ∈
(
1,min{2, rp

r−p}
)
, E [|a11|] <∞, hence

E

 n∑
j=1
|āij|

 ≤ nE [|a11|] = Oδ (n) .
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Since |āij| ≤ n
1+η
α by (2.4.2), Lemma 2.4.3 and (2.4.4) imply that for any δ > 0,

P

∣∣∣∣∣∣
n∑
j=1
|āij| − E

 n∑
j=1
|āij|

∣∣∣∣∣∣ ≥ n
1+η
α

+δ


≤ 2 exp

− cn
2(1+η)
α

+2δ

Var
(∑n

j=1 |āij|
)

+ n
1+η
α n

1+η
α

+δ


= 2 exp

(
− cnδ

Oδ (n−η) + 1

)

≤ 2 exp
(
−cnδ

)
.

To complete the proof, combine the last four displays with the union bound.

We now establish three additional lemmas that hold under the assumptions of Theo-

rem 2.2.12. The first one bounds the mean of āij as defined in (2.4.2), the second lemma

concerns the spectral norm of Ā and the third one relates the spectral norm to the r → p

operator norm.

Lemma 2.4.5. Fix 1 ≤ p < r ≤ ∞ and suppose A satisfies Assumption 1 with index α

and (2.2.11). Then, for i, j ∈ [n], we have

|E [āij]| = O
(
n

1
α
−1
)
.

Proof. Fix i, j ∈ [n]. By the mean zero condition on aij, we have

∫ ∞
0

P (aij > x) dx =
∫ ∞

0
P (aij < −x) dx =: K0.
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By the definition of āij in (2.4.2), it follows that

E [āij] =
∫ n

1+η
α

0
P
(
x < aij ≤ n

1+η
α

)
dx−

∫ n
1+η
α

0
P
(
−n

1+η
α ≤ aij < −x

)
dx

=
(
K0 −

∫ ∞
n

1+η
α

P (aij > x) dx− n
1+η
α P

(
aij > n

1+η
α

))
−(

K0 −
∫ ∞
n

1+η
α

P (aij < −x) dx− n
1+η
α P

(
aij < −n

1+η
α

))
=
∫ ∞
n

1+η
α

P (aij < −x) dx−
∫ ∞
n

1+η
α

P (aij > x) dx

+ n
1+η
α P

(
aij < −n

1+η
α

)
− n

1+η
α P

(
aij > n

1+η
α

)
.

This implies that

|E [āij]| ≤
∫ ∞
n

1+η
α

P (|aij| > x) dx+ n
1+η
α P

(
|aij| > n

1+η
α

)
= Oδ

(
n

1
α
−1+ η(1−α)

α

)
= O

(
n

1
α
−1
)
,

where we used (2.2.2) in the first equality and α > 1 from (2.2.11) in the last equality.

Lemma 2.4.6. Fix 1 ≤ p < r ≤ ∞ and suppose A satisfies Assumption 1 with index α

and (2.2.11). Let bn and Ā be as defined in (2.2.3) and (2.4.2), respectively. Then whp,

‖Ā‖2→2 = Oδ(n
1+η
α ). (2.4.5)

Proof. Let µ := E [ā11]. Using Lemma 2.4.5 in the last step, we have

∣∣∣‖Ā‖2→2 − ‖Ā− µ11>‖2→2

∣∣∣ ≤ ‖µ11>‖2→2 = µn = O
(
n

1
α

)
.

Hence, to show (2.4.5), we may assume without loss of generality that {āij : i, j ∈ [n]}

are centered. Furthermore, by a standard symmetrization argument (see [159, (2.60)]), in

the rest of the proof we may assume āij d= −āij.

We first show that

E
[
‖Ā‖2→2

]
= Oδ

(
n

1+η
α

)
. (2.4.6)
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To prove (2.4.6), define σij :=
(
E
[
ā2
ij

])1/2
and ξij :=

(
E
[
ā2
ij

])−1/2
āij , and σ := maxi∈[n]

(∑
j∈[n] σ

2
ij

)1/2
.

Then it is easy to verify that

σ =
(
nE

[
ā2

11

]) 1
2 = Oδ

(
n

1+η
α

)
,

max
i,j

E
[
|σijξij|2d3 logne

] 1
2d3 logne = Oδ

(
n

1+η
α

)
.

Then [16, Corollary 3.6], together with the assumption āij d= −āij, yields the bound

E
[
‖Ā‖2→2

]
≤ e2/3

[
2σ + 52 max

i,j
E
[
|σijξij|2d3 logne

] 1
2d3 logne

√
log n

]
= Oδ

(
n

1+η
α

)
.

This proves the claim (2.4.6).

Next, define the map F : R(n+1)n/2 → R as follows: given x = (xij)1≤i≤j≤n, F (x) is

the 2 → 2 norm of the n × n symmetric matrix with upper triangular part equal to

(xij)1≤i≤j≤n. Since F is convex with Lipschitz constant 1 and |āij| ≤ n
1+η
α by (2.4.2),

Talagrand’s concentration inequality [159, Theorem 2.1.13] implies that

P
(
‖Ā‖2→2 − E‖Ā‖2→2 ≥ λn

1+η
α

)
≤ C exp

(
−cλ2

)
.

When combined with (2.4.6), this completes the proof of the lemma.

Lemma 2.4.7. Fix 1 ≤ p < r ≤ ∞ and suppose A satisfies Assumption 1 with index α

and (2.2.11). Let bn and Ā be as defined in (2.2.3) and (2.4.2), respectively. Then whp,

‖Ā‖r→p = Oδ

(
n

1
min{2,p}−

1
max{2,r}+ 1+η

α

)
. (2.4.7)

Proof. We prove this by considering three cases:

1. Suppose 2 ≤ p < r ≤ ∞. First note that, for any x ∈ Rn,

‖x‖p = sup
‖y‖p∗≤1

〈x,y〉 ≤ sup
‖y‖2≤1

〈x,y〉 = ‖x‖2, (2.4.8)

36



where we use p∗ ≤ 2 in the inequality. Using (2.4.8), Hölder’s inequality and

Lemma 2.4.6, we have whp,

‖Ā‖r→p = sup
x6=0

‖Āx‖p
‖x‖r

≤ sup
x 6=0

‖Āx‖2

‖x‖r
≤ sup

x6=0

‖Āx‖2

n
1
r
− 1

2‖x‖2
= n

1
2−

1
r ‖Ā‖2→2 = Oδ(n

1
2−

1
r

+ 1+η
α ).

2. Suppose 1 ≤ p < r ≤ 2, notice that ‖Ā‖r→p = ‖Ā‖p∗→r∗ and 2 ≤ r∗ < p∗ ≤ ∞. The

result in this case follows as in Case 1.

3. Finally, suppose 1 ≤ p < 2 < r ≤ ∞. Then Hölder’s inequality and Lemma 2.4.6

imply

‖Ā‖r→p = sup
x 6=0

‖Āx‖p
‖x‖r

≤ sup
x 6=0

n
1
p
− 1

2‖Āx‖2

n
1
r
− 1

2‖x‖2
= n

1
p
− 1
r ‖Ā‖2→2 = Oδ(n

1
p
− 1
r

+ 1+η
α ).

Together, the three cases imply (2.4.7).

Proof of Proposition 2.4.1. Suppose 1 ≤ p < r ≤ ∞ and (2.2.10) holds. Invoking first

Lemma 2.4.2, then Lemma 2.4.4 and finally using (2.2.10), (2.4.1) for the last equality,

we obtain

‖Ā‖r→p ≤

∑
i∈[n]

∑
j∈[n]
|āij|


rp
r−p


r−p
rp

= Oδ

(
nmax{1, 1+η

α }+ r−p
rp

)
= o(bn).

This completes the proof under the assumptions of Theorem 2.2.11.

The conclusion under assumptions of Theorem 2.2.12 follows by combining (2.2.11),

(2.4.1) and (2.4.7).

2.4.2 Estimating terms of intermediate magnitude

Note from (2.4.2) that

ãij := aij1
(
n

1+η
α < |aij| ≤ n

2−ζ
α

)
. (2.4.9)

37



The goal of this section is the following estimate.

Proposition 2.4.8. Recall bn in (2.2.3). Under assumptions of Theorem 2.2.11 or

Theorem 2.2.12, whp,

‖Ã‖r→p = o (bn) .

The proof of this result, which is postponed to the end of this section, relies on two

auxiliary results. The first one, Lemma 2.4.9, establishes the sparsity of Ã.

Lemma 2.4.9. Under assumptions of Theorem 2.2.11 or Theorem 2.2.12, there exists

κ ≡ κ(η) ∈ N independent of n such that, whp, there exist at most κ nonzero entries in

any row or column of Ã.

Proof. Define

κ ≡ κ(η) :=
⌈

1
η

⌉
+ 1. (2.4.10)

Fix n ∈ N, define the event Ω̃ ≡ Ω̃n as follows:

Ω̃ := {∃ i ∈ [n] such that ∃κ nonzero entries on row (or column) i of A} .

By (2.2.2), (2.4.9) and (2.4.10), it follows that

P
(
Ω̃
)
≤ P

(
|aij| ≥ n

1+η
α

)κ (n
κ

)
n = Oδ

(
n1−κη

)
= Oδ(n−1),

which converges to zero as n→∞. This completes the proof of the lemma.

Remark 2.4.10. As a simple consequence, with κ as in Lemma 2.4.9, for any s, t > 0,
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we have whp, for all i ∈ [n]

∑
j∈[n]
|ãij|

s ≤ κs max
j∈[n]
|ãij|s ≤ κs

∑
j∈[n]
|ãij|s, (2.4.11)

and, using the rearrangement inequality [104, Theorem 368], we also have

∑
j∈[n]
|ãij|s

∑
k∈[n]
|ãik|s ≤ κ

∑
j∈[n]
|ãij|s+t .

We now state the second auxiliary result, which exploits the heavy-tailed nature of

(aij)i,j∈[n].

Lemma 2.4.11. Let (X`)`∈[n(n+1)/2] be i.i.d. copies of a nonnegative heavy-tailed random

variable with index α ∈ (0, 2). Fix q > α and β < 2
α
. Define X̃` := X`1

{
X` ≤ nβ

}
. Then

whp,

∑
`∈[n(n+1)/2]

X̃q
` = Oδ

(
nqβ−αβ+2

)
. (2.4.12)

Proof. We prove (2.4.12) by directly calculating the second moment of the left-hand side

of (2.4.12). Indeed, note that by Definition 2.2.3 and Lemma 2.2.2, it follows that

E
[
X̃2q

1

]
≤ Oδ(1)

∫ n2qβ

0
x−

α
2q dx = Oδ

(
n2qβ−βα

)
,

E
[
X̃q

1

]
≤ Oδ(1)

∫ nqβ

0
x−

α
q dx = Oδ

(
nqβ−βα

)
.

Therefore, by the assumption β < 2
α
, it follows that

E


 ∑
i∈[n(n+1)/2]

Xq
i

2
 ≤ n2E

[
X̃2q

1

]
+ n4

(
E
[
X̃q

1

])2
= Oδ

(
n2qβ−2βα+4

)
.

Together with Markov’s inequality, this proves (2.4.12).

Proof of Proposition 2.4.8. Fix an arbitrary x = (xi)i∈[n] ∈ Rn such that ‖x‖r = 1. Let
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κ be as in Lemma 2.4.9. By (2.4.11), it follows that, whp, for each i ∈ [n],

∣∣∣∣∣∣
∑
j∈[n]

ãijxj

∣∣∣∣∣∣
p

≤ κp
∑
j∈[n]
|ãijxj|p . (2.4.13)

LetM be the (random) number of nonzero entries in Ã, and for each i ∈ [M ], let {ã∗,`}`∈[M ]

be a non-increasing rearrangement of the nonzero entries of Ã:

{ã∗,` : ` ∈ [M ]} = {ãij : ãij 6= 0, i, j ∈ [n]} and |ã∗,`| ≥ |ã∗,`+1| ∀ ` ∈ [M ].(2.4.14)

Consider the random function ϕ : [M ]→ [n] associated to this rearrangement that maps

each ` ∈ [M ] to the column index of the term corresponding to ã∗,` in Ã. Then by Hölder’s

inequality, we have

∑
i∈[n]

∑
j∈[n]
|ãijxj|p =

∑
`∈[M ]

|ã∗,`xϕ(`)|p ≤

 ∑
`∈[M ]

|ã∗,`|
rp
r−p


r−p
r
 ∑
`∈[M ]

|xϕ(`)|r


p
r

.(2.4.15)

By definition, for j ∈ [n], ϕ−1({j}) denotes the number of nonzero entries in the j-th

column of Ã, which is at most κ whp by Lemma 2.4.9. Therefore, since ‖x‖r = 1, we

obtain whp,

∑
`∈[M ]

|xϕ(`)|r ≤
∑
j∈[n]
|ϕ−1({j})||xj|r ≤ κ

∑
j∈[n]
|xj|r = κ. (2.4.16)

Combining (2.4.13), (2.4.15) and (2.4.16), we have whp,

‖Ã‖pr→p = sup
x:‖x‖r=1

∑
i∈[n]

∣∣∣∣∣∣
∑
j∈[n]

ãijxj

∣∣∣∣∣∣
p

≤ κp+
p
r

(
m∑
`=1
|ã∗,`|

rp
r−p

) r−p
r

.

By (2.4.9) and the definition of ã∗,` in (2.4.14), we have

∑
`∈[M ]

|ã∗,`|
rp
r−p ≤

n∑
i=1

n∑
j=1
|aij|

rp
r−p1

(
|aij| ≤ n

2−ζ
α

)
≤ 2

∑
1≤i≤j≤n

|aij|
rp
r−p1

(
|aij| ≤ n

2−ζ
α

)
.
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Under assumptions of Theorem 2.2.11 or Theorem 2.2.12, we have α < rp
r−p . Applying

Lemma 2.4.11 with {X`}`∈[n(n+1)/2] = {|aij|}1≤i≤j≤n, q = rp
r−p and β = 2−ζ

α
, and with bn as

in (2.2.3), we have whp,

∑
1≤i≤j≤n

|aij|
rp
r−p1

{
|aij| ≤ n

2−ζ
α

}
= Oδ

(
n

rp
r−p

2
α
−ζ( 1

α
rp
r−p−1)

)
= o

(
b
rp
r−p
n

)
.

Together, the last three displays prove the proposition.

2.4.3 Characterizing the fluctuation of large terms

We now turn our attention to the matrix Â in (2.4.2), starting with the following

lemma that counts the number of nonzero entries in Â.

Lemma 2.4.12. Let (X`)`∈[n(n+1)/2] be i.i.d. copies of a heavy-tailed random variable with

index α ∈ (0, 2). Fix any θ ∈ (0, 1), and let Nn = #
{
X` : |X`| > n

2θ
α

}
. Then whp,

Nn = Θδ

(
n2−2θ

)
.

Proof. Letting F̄ denote complement cumulative distribution function of X`, note that

Nn ∼ Ber
(
n(n+1)

2 , F̄
(
n

2θ
α

))
. Thus, by (2.2.2), we have

E [Nn] = n(n+ 1)
2 · F̄

(
n

2θ
α

)
= n(n+ 1)

2 L
(
n

2θ
α

)
n−2θ

= Θδ

(
n2−2θ

)
,

(2.4.17)

where the last equality uses (2.2.1). An application of Chernoff’s bound [137, Theorem 4.4

and Theorem 4.5] then implies that

P
(
|Nn − E[Nn]| > 1

2E[Nn]
)
≤ 2 exp

(
−Θδ

(
n2−2θ

))
.
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Together with (2.4.17), the assumption θ ∈ (0, 1) and the union bound, this proves the

lemma.

We now state the second lemma, which simplifies the structure of Â while preserving

its r → p norm (and also the optimal value of OPT 1 which is going to be used in

Section 2.6.2).

Lemma 2.4.13. Let V be a symmetric n × n matrix that satisfies the following three

properties:

(1) zero diagonal entries, that is, Vii = 0, ∀i ∈ [n];

(2) there is at most one non-zero entry in each row and each column;

(3) ∃m ∈ N such that m < n
2 and # {(i, j) ∈ [n]× [n] : Vij 6= 0} = 2m.

Then there exists a symmetric n× n matrix V̌ with
{
V̌ij : i, j ∈ [n]

}
= {Vij : i, j ∈ [n]}

that satisfies properties (1) ∼ (3) above and in addition, also satisfies three additional

properties:

(4) V̌ij = 0 if max {i, j} > 2m;

(5) For k ∈ [m], V̌2k−1,2k = V̌2k,2k−1 has a magnitude that is k-th largest in {|Vij| : 1 ≤ i < j ≤ n};

(6) ‖V̌ ‖r→p = ‖V ‖r→p and Mr(V̌ ) = Mr(V ), where we recall that Mr(V ),Mr(V̌ ) are

the optimal values of the corresponding `r-Grothendieck problems defined in OPT 1.

Moreover, one can ensure that the map from V to V̌ is measurable.

Remark 2.4.14. The output matrix V̌ of Lemma 2.4.13 is illustrated in Figure 2.2, where

blue region represents region of zero entries and the red squares represent nonzero entries.

Note that each row or column of V̌ has at most one red square and all red squares are

off-diagonal.

Proof. The result is intuitive, but we provide a proof for completeness.

Given i, j ∈ [n], consider the mapping Πi,j : Rn×n → Rn×n (respectively, Πi,j : Rn×n →

42



Figure 2.2: Structure of V̌

Rn×n) that transposes the i-th and j-th rows (respectively, columns) of the matrix. More

precisely, given V ∈ Rn×n, V ′ = Πi,jV satisfies V ′ik = Vjk, V ′jk = Vik and V ′`k = V`k for

all k ∈ [n] and ` ∈ [n]\{i, j}, and Πi,jV =
(
Πi,jV

>
)>

. Then it is easy to verify that

‖ΠV ‖r→p = ‖V ‖r→p for Π = Πi,j or Π = Πi,j and Mr(Πi,jΠi,jV ) = Mr(V ). It is also

immediate that if V satisfies properties (2) and(3), then so does Πi,jV and Πi,jV .

Now, set V (0) := V , which satisfies properties (1) – (3), and recursively, for k ∈ [m],

define i(k), j(k) ∈ [n] to be such that j(k) > i(k) and
∣∣∣V (2k−2)
i(k),j(k)

∣∣∣ = argmaxi>2k−2

∣∣∣V (2k−2)
ij

∣∣∣,
and then set V (2k−1) := Π2k−1,i(k)Π2k−1,i(k)V (2k−2) and V (2k) := Π2k,j(k)Π2k,j(k)V (2k−1).

Then define V̌ := V (2m). By the properties of Πi,j and Πi,j mentioned above, it is

immediate that V̌ satisfies properties (2), (3) and (6), and by construction, it is clear that

V̌ is symmetric (since V is) and satisfies (1) and (5). Finally, the fact that V̌ satisfies (5)

and V satisfies (3) together imply that V̌ satisfies (4).

The following result characterizes the fluctuations of ‖Â‖r→p and Mr(Â). The latter

will be used in Section 2.6.2.

Proposition 2.4.15. Suppose 1 ≤ p < r ≤ ∞ and α ∈
(
0,min

{
2, 1

γ

})
, where γ := 1

p
− 1

r
.

Let An ∈ Rn×n satisfy Assumption 1 with index α, Ân as in (2.4.2) and bn as in (2.2.3).

1. There exists an αγ-stable random variable such that

b−1
n ‖Ân‖r→p

(d)→ Y γ
αγ.
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2. Suppose further that r > 2 and p = r∗. Then there exists an αγ-stable random

variable such that

b−1
n Mr(Ân) (d)→ Y γ

αγ.

Proof. In this proof, we drop the subscript n of An and Ân for brevity.

Since A is symmetric, (2.4.2) ensures Â is also symmetric and by Lemma 2.3.3, Â

satisfies properties (1) and (3) of Lemma 2.4.13. Moreover, if 2m(n) denotes the number of

nonzero entries of Â = Ân, then an application of Lemma 2.4.12 with θ = 1− ζ
2 , together

with the choice of ζ in (2.4.1), shows that m(n) = o(n) whp. Thus, Lemma 2.4.13 shows

that whp, there exists another symmetric matrix Ǎ that satisfies properties (1) – (6) of

Lemma 2.4.13.

1. Fix 1 ≤ p < r ≤ ∞. By the structure of Ǎ and the corresponding dual formulation

(2.2.9) of ‖Ǎ‖r→p, we see that,

‖Ǎ‖r→p = max
‖x‖r=‖y‖p∗=1

∑
k∈[m]

(
Ǎ2k−1,2kx2ky2k−1 + Ǎ2k,2k−1x2k−1y2k

)
. (2.4.18)

For all x,y ∈ Rn with ‖x‖r = ‖y‖p∗ = 1, using Hölder’s inequality twice, we have

∑
k∈[m(n)]

(
Ǎ2k−1,2kx2ky2k−1 + Ǎ2k,2k−1x2k−1y2k

)

≤

2
∑

k∈[m(n)]

∣∣∣Ǎ2k−1,2k

∣∣∣ 1
γ

γ  ∑
k∈[m(n)]

(
|x2ky2k−1|

rp
rp−r+p + |x2k−1y2k|

rp
rp−r+p

)
rp−r+p
rp

≤

2
∑

k∈[m(n)]

∣∣∣Ǎ2k−1,2k

∣∣∣ 1
γ

γ  ∑
k∈[2m(n)]

|xk|r
 1

r
 ∑
k∈[2m(n)]

|yk|p
∗

 1
p∗

≤

2
∑

k∈[m(n)]

∣∣∣Ǎ2k−1,2k

∣∣∣ 1
γ

γ ,

(2.4.19)

and the equalities can be achieved simultaneously by choosing x = (x1, . . . , xn),y =
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(y1, . . . , yn) such that ‖x‖r = ‖y‖p∗ = 1, and satisfy

xi ∝



ψ r
r−p

(
Ǎ2k−1,2k

)
, i = 2k − 1, 1 ≤ k ≤ m(n)∣∣∣Ǎ2k−1,2k

∣∣∣ p
r−p , i = 2k, 1 ≤ k ≤ m(n)

0, 2m(n) + 1 ≤ i ≤ n,

(2.4.20)

and

yi ∝



ψ rp−p
r−p

(
Ǎ2k−1,2k

)
, i = 2k − 1, 1 ≤ k ≤ m(n)∣∣∣Ǎ2k−1,2k

∣∣∣ rp−rr−p , i = 2k, 1 ≤ k ≤ m(n)

0, 2m(n) + 1 ≤ i ≤ n.

(2.4.21)

Due to the fact that
{
Ǎij : i, j ∈ [n]

}
=
{
Âij : i, j ∈ [n]

}
, properties (1) — (3) of

Lemma 2.4.13, and the definition of Â in (2.4.2), we have whp,

2
∑

k∈[m(n)]

∣∣∣Ǎ2k−1,2k

∣∣∣ 1
γ =

∑
i,j∈[n]

∣∣∣Ǎij∣∣∣ 1
γ =

∑
i,j∈[n]

∣∣∣Âij∣∣∣ 1
γ = 2

∑
1≤i<j≤n

|aij|
1
γ1

(
|aij| ≥ n

2−ζ
α

)
.(2.4.22)

Since α < 1
γ
, applying Lemma 2.4.11 with {X`}`∈[n(n+1)/2] = {|aij|}1≤i≤j≤n, q = 1

γ

and β = 2−ζ
α
, and with bn as in (2.2.3), we have whp,

∑
1≤i≤j≤n

|aij|
1
γ1

{
|aij| ≤ n

2−ζ
α

}
= Oδ

(
n

2
αγ
−ζ( 1

αγ
−1)

)
= o

(
b

1
γ
n

)
. (2.4.23)

Moreover, the generalized central limit theorem [70, Theorem 3.8.2] implies

b
− 1
γ

n · 2
∑

1≤i<j≤n
|aij|

1
γ → Yαγ (2.4.24)

in distribution, where Yαγ is an αγ-stable random variable.

Combining (2.4.18), (2.4.19), (2.4.22), (2.4.23) and (2.4.24) and the continuous
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mapping theorem, we conclude that

b−1
n ‖Â‖r→p → Y γ

α,r,p.

This completes the proof.

2. Fix 2 < r ≤ ∞. On the one hand, comparing OPT 1 and (2.1.1), it follows that

Mr(Ǎ) ≤ ‖Ǎ‖r→r∗ . (2.4.25)

On the other hand, note that with p = r∗, the optimizers x,y for ‖Ǎ‖r→r∗ , satisfying

‖x‖r = ‖y‖p∗ = 1, (2.4.20) and (2.4.21), coincide. Hence,

‖Ǎ‖r→r∗ = x>Ǎx ≤Mr(Ǎ). (2.4.26)

Together, (2.4.25) and (2.4.26) imply Mr(Ǎ) = ‖Ǎ‖r→r∗ , and the conclusion follows

from the first part and property (6) of Lemma 2.4.13.

We are now ready to present the proof of Theorem 2.2.11.

Proof of Theorem 2.2.11 and Theorem 2.2.12. Recall the decomposition of A = Ā+Ã+Â

in (2.4.2). By the triangle inequality, Proposition 2.4.1 and Proposition 2.4.8, under

assumptions of Theorem 2.2.11 or Theorem 2.2.12, we have whp,

∣∣∣‖A‖r→p − ‖Â‖r→p∣∣∣ ≤ ‖Ā‖r→p + ‖Ã‖r→p = o(bn).

Together with Proposition 2.4.15, this completes the proof.
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2.5 Proof of Theorem 2.2.13

Throughout this section, denote by γ = r−p
rp

as in the statement of Theorem 2.2.13.

Fix α ∈
(
0,min

{
2, 1

γ

})
and 1 < p < r <∞, define

η := 1
2 (1− αγ) ,

ζ := min
{1

4 (1− αγ) ,
(

1− α

2

)
p− 1
r

}
.

(2.5.1)

With these η and ζ, we adopt the same decomposition scheme of A as in (2.4.2). Also

note that under the assumptions of Theorem 2.2.13, 0 < ζ < η.

The section is organized as follow. Section 2.5.1 contains some auxiliary results

used in the derivation of upper and lower bounds on fluctuation of r → p norm of

µ11> + Â+ Ã, which are presented in Section 2.5.2 and Section 2.5.3 respectively. Then

in Section 2.5.4 we completes the proof of Theorem 2.2.13 by showing that these two

bounds match asymptotically and that adding back Ā leads to a negligible change in

asymptotic fluctuation.

2.5.1 Auxiliary results

We start with four auxiliary lemmas. The first two concern the structures of matrix

Ã+ Â and Â.

Lemma 2.5.1. Suppose the assumptions of Theorem 2.2.13 hold and Â = (âij)i,j∈[n] , Ã =

(ãij)i,j∈[n] are as in (2.4.2). Then whp, for all i, j, k ∈ [n],

âij ãik = 0.

Proof. By (2.5.1), (2.4.2), the assumption that (aij) are heavy-tailed with index α and

Definition 2.2.3, the probability that there exists i, j, k ∈ [n] such that âij ãik 6= 0 is upper
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bounded by

n

(
n

2

)
L
(
n

2−ζ
α

)
L
(
n

1+η
α

) (
n

2−ζ
α

)−α (
n

1+η
α

)−α
≤ n(−η+ζ)/2 → 0.

The proof is complete.

Lemma 2.5.2. Suppose the assumptions of Theorem 2.2.13 hold and Â = (âij)i,j∈[n] is as

in (2.4.2). Fix q ≥ 0. Then whp, for all i ∈ [n],

∣∣∣(Â1)i
∣∣∣q =

∑
j∈[n]
|âij|q. (2.5.2)

Proof. Recalling the choice of ζ in (2.5.1), definition of Â in (2.4.2) and (2.2.4), Lemma 2.3.3

(b) implies that whp, there is at most one nonzero entry on each row or column of Â. Say

the nonzero entry on the i-th row of Â is on the i∗-column. We have whp, for all i ∈ [n],

∣∣∣(Â1
)
i

∣∣∣q = |aii∗|q =
∑
j∈[n]
|âij|q .

This completes the proof.

The third result identifies a typical property of heavy-tailed entries.

Lemma 2.5.3. Let (Xi)i∈[n(n+1)/2] be i.i.d. copies of heavy-tailed random variable with

index α ∈ (0, 2). Fix q ≥ 0 and β ∈ (0, 2
α

). Denote by X̃i = Xi1

{
|Xi| > nβ

}
. Then whp,

∑
i∈[n(n+1)/2]

∣∣∣X̃i

∣∣∣q = Oδ

(
nmax{qβ−αβ+2, 2q

α }
)
.

Proof. By considering |Xi|, we may, without loss of generality, assume that Xi’s are

nonnegative. Fix any ε > 0 and θ such that

max
{
αβ

2 , 1− ε
}
< θ < 1. (2.5.3)
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Consider the following decomposition of X̃i:

X̃i = X̄i + X̂i,

where

X̄i := X̃i1

{
X̃i ≤ n

2θ
α

}
, X̂i := X̃i1

{
X̃i > n

2θ
α

}
.

By Lemma 2.4.12, whp, there are Θδ

(
n2−2θ

)
nonzero X̂i. By (2.2.2) and Lemma 2.2.2,

for any ε > 0,

P
(

max
i∈[n(n+1)/2]

X̂i ≥ n
2
α

+ε
)
≤ P

(
max

i∈[n(n+1)/2]
Xi ≥ n

2
α

+ε
)

= Oδ

(
n2 · n−2−αε

)
= o(1),

and hence maxi∈[n(n+1)/2] X̂i = Oδ

(
n

2
α

)
. Therefore whp, for any q ≥ 0,

∑
i∈[n(n+1)/2]

X̂q
i = Oδ

(
n2−2θ+ 2q

α

)
= Oδ

(
n2ε+ 2q

α

)
, (2.5.4)

where we used (2.5.3) in the last step.

Recalling the convention 00 = 0, we have

E
[
X̄0

1

]
= P

(
X̄1 6= 0

)
= P

(
nβ < X̃1 ≤ n

2θ
α

)
= Oδ

(
n−αβ

)
.

This implies that

E

 ∑
i∈[n(n+1)/2]

X̄0
i

 = Oδ

(
n2−αβ

)
, Var

 ∑
i∈[n(n+1)/2]

X̄0
i

 ≤ n(n+ 1)
2 E

[
X̄0

1

]
= Oδ

(
n2−αβ

)
.(2.5.5)
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On the other hand, for q > 0, we have by (2.5.3),

E

 ∑
i∈[n(n+1)/2]

X̄q
i

 = n(n+ 1)
2 E

[
X̄q

1

]
≤ nε/2+2

∫ n2θq/α

nβq
x−

α
q dx = n2+ε+max{β(q−α), 2θ

α
(q−α)},

Var
 ∑
i∈[n(n+1)/2]

X̄q
i

 ≤ n(n+ 1)
2 E

[
X̄2q

1

]
= nε/2+2

∫ n4θq/α

n2qβ
x−

α
2q dx = n2+ε+max{β(2q−α), 2θ

α
(2q−α)}.

(2.5.6)

Combining (2.5.5), (2.5.6) with Markov’s inequality and (2.5.3), we have whp, for all

q ≥ 0,

∑
i∈[n(n+1)/2]

X̄q
i = Oδ

(
n2+ε+max{β(q−α), 2θ

α
(q−α)}

)
. (2.5.7)

Combining θ < 1 from (2.5.3), (2.5.4) and (2.5.7), we have whp, for any q ≥ 0,

∑
i∈[n(n+1)/2]

X̃q
i = Oδ

(
nmax{2ε+ 2q

α
,2+ε+β(q−α)}

)
.

Recalling that ε > 0 is arbitrary, the proof is complete.

The fourth lemma, which we will use multiple times in the rest of the section, is an

immediate consequence of Lemma 2.4.11 and Lemma 2.5.3,

Lemma 2.5.4. Suppose the assumptions of Theorem 2.2.13 hold and recall that γ = r−p
rp

.

With bn defined in (2.2.3) and ζ in (2.5.1), we have whp,

∑
i,j∈[n]

|aij|
1
γ1

(
|aij| ≤ n

2−ζ
α

)
= o

(
b

1
γ
n

)
, (2.5.8)

∑
i,j∈[n]

|aij|
1
γ = o

(
n1+ 1

γ

)
. (2.5.9)

Proof. Note that (2.2.12) implies α < 1
γ
. Hence, Lemma 2.4.11 with {Xi : i ∈ [n(n +

1)/2]} = {aij : 1 ≤ i ≤ j ≤ n}, q = 1
γ
and β = 2−ζ

α
implies that whp,

∑
i,j∈[n]

|aij|
1
γ1

(
|aij| ≤ n

2−ζ
α

)
= Oδ

(
n

2
αγ
−( 1

αγ
−1)ζ

)
= o

(
b

1
γ
n

)
,
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where we use (2.2.4) in the last equality. This proves (2.5.8).

By Lemma 2.5.3, with {Xi : i ∈ [n(n+ 1)/2]} = {aij : 1 ≤ i ≤ j ≤ n}, q = 1
γ
> α and

β = 2−ζ
α
, we have whp,

∑
i,j∈[n]

|aij|
1
γ1

(
|aij| > n

2−ζ
α

)
= Oδ

(
nmax{ 2

αγ
−( 1

αγ
−1)ζ, 2

αγ}
)

= Oδ

(
n

2
αγ

)
= o

(
n1+ 1

γ

)
,

where we use (2.2.12) in the second and third equalities. Together with (2.2.4) and (2.5.8),

this completes the proof of (2.5.9).

2.5.2 Upper bound

The goal of this section is the following lemma.

Proposition 2.5.5. Under the assumptions of Theorem 2.2.13, recall that γ = r−p
rp

, we

have whp

‖µ11> + Â+ Ã‖r→p ≤ n1+γ|µ|+ γ|µ|1−
1
γnγ−

1
γ

n∑
i,j=1
|aij|

1
γ + o

(
nγ−

1
γ b

1
γ
n

)
.

Proof. In this proof, we will use C to denote a positive constant that may depend on

α, r, p, and µ and whose value may vary from one occurrence to another.

Since ‖µ11> + Ã+ Â‖r→p ≤ ‖|µ|11> + |Â|+ |Ã|‖r→p, it suffices to prove the lemma in

the case that µ > 0 and that Â, Ã contain only nonnegative entries.

By Lemma 2.4.2, we have

‖µ11> + Ã+ Â‖r→p ≤ U(A) :=
(

1>
(
(µ11> + Ã+ Â)1

) 1
γ

)γ
. (2.5.10)

Hence it suffices to show that whp,

U(A) ≤ n1+γ|µ|+ γ|µ|1−
1
γnγ−

1
γ

n∑
i,j=1
|aij|

1
γ + o

(
nγ−

1
γ b

1
γ
n

)
. (2.5.11)
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To show this, we first claim that, we have whp,

((
µ11> + Ã+ Â

)
1
) rp
r−p ≤ (nµ)

1
γ 1 +

(
Â1
) 1
γ

+ Cn
(
Â1
) 1
γ
−1

+ Cn
1
γ
−1Ã1 + C

(
Ã1
) 1
γ ,

(2.5.12)

where the inequality stands for entrywise comparison. Let i ∈ [n] be fixed. We prove

(2.5.12) by considering two cases.

(1) Suppose (Â1)i 6= 0. Then by Lemma 2.5.1, we have whp, (Ã1)i = 0. By the

definition of Â in (2.4.2) and the choice of ζ in (2.5.1), it follows that

(Â1)i ≥ n
2−ζ
α � n.

Using the elementary inequality (x+ y)q ≤ xq + Cxq−1y, ∀x, q > 0, 0 ≤ y ≤ x
2 , we

have whp,

((
µ11> + Ã+ Â

)
1
) 1
γ

i
=
(
nµ+

(
Â1
)
i

) 1
γ ≤

(
Â1
) 1
γ

i
+ Cn

(
Â1
) 1
γ
−1
.(2.5.13)

(2) Suppose (Â1)i = 0. Then by the elementary inequality (x+ y)q ≤ xq + Cxq−1y +

Cyq, ∀x, q > 0, y ≥ 0, we have

((
µ11> + Ã+ Â

)
1
) 1
γ

i
=
(
nµ+

(
Ã1
)
i

) 1
γ

≤ (nµ)
1
γ + Cn

1
γ
−1
(
Ã1
)
i
+ C

(
Ã1
) 1
γ

i
.

(2.5.14)

The claim (2.5.12) is complete upon combining (2.5.13) and (2.5.14).

By (2.4.11), (2.5.2) and (2.5.12), we have whp,

1>
((
µ11> + Ã+ Â

)
1
) 1
γ ≤ n

1
γ

+1µ
1
γ +

∑
i,j∈[n]

â
1
γ

ij +
3∑
i=1

Ri, (2.5.15)
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where

R1 := Cn
∑
i,j∈[n]

â
1
γ
−1

ij ,

R2 := Cn
1
γ
−1 ∑

i,j∈[n]
ãij,

R3 := C
∑
i,j∈[n]

ã
1
γ

ij.

We next claim that whp,

Ri = o
(
b

1
γ
n

)
, i = 1, 2, 3. (2.5.16)

The verification is as follow.

(1) By Lemma 2.5.3 with {Xi : i ∈ [n(n + 1)/2]} = {aij : 1 ≤ i ≤ j ≤ n}, q = 1
γ
− 1

and β = 2−ζ
α
, we have whp,

∑
i,j∈[n]

â
1
γ
−1

ij =
∑
i,j∈[n]

a
1
γ
−1

ij 1

(
aij ≥ n

2−ζ
α

)

= Oδ

(
nmax{( 1

γ
−1) 2−ζ

α
+ζ, ( 1

γ
−1) 2

α}
)

= Oδ

(
n( 1

γ
−1) 2

α
+ζ
)
.

Together with the choice of ζ in (2.5.1), this implies that whp,

R1 = Oδ

(
n

2
αγ

+1− 2
α

+ζ
)

= o
(
b

1
γ
n

)
.

(2) By Lemma 2.5.3 with {Xi : i ∈ [n(n + 1)/2]} = {aij : 1 ≤ i ≤ j ≤ n}, q = 1 and
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β = 1+η
α
, we have whp,

∑
i,j∈[n]

ãij ≤
∑
i,j∈[n]

aij1
(
aij ≥ n

1+η
α

)

= Oδ

(
nmax{ 1

α
+1+η( 1

α
−1), 2

α}
)

= Oδ

(
n

1
α

+1
)
,

where we use (2.2.12) in the last equality. Using (2.2.12) again, this implies that

whp,

R2 = Oδ

(
n

1
γ

+ 1
α

)
= o

(
b

1
γ
n

)
.

(3) By (2.5.8), we have whp

R3 = C
∑
i,j∈[n]

aij1
(
aij ≤ n

2−ζ
α

)
= o

(
b

1
γ
n

)
.

Combining (2.5.15), (2.5.16), (2.4.2) and (2.5.8), we have whp,

1>
((
µ11> + Ã+ Â

)
1
) 1
γ ≤ n

1
γ

+1µ
1
γ +

∑
i,j∈[n]

â
1
γ

ij + o
(
b

1
γ
n

)

= n
1
γ

+1µ
1
γ +

∑
i,j∈[n]

a
1
γ

ij + o
(
b

1
γ
n

)
.

Together with (2.5.9), the definition of U(A) in (2.5.10), the fact that γ = r−p
rp
∈ (0, 1],

and the elementary inequality (x+ y)q ≤ xq + qxq−1y for all x > 0, q ∈ (0, 1] and y ≥ 0,

this implies that whp,

U(A) ≤
n 1

γ
+1µ

1
γ +

∑
i,j∈[n]

a
1
γ

ij + o
(
b

1
γ
n

)γ

≤ n1+γµ+ γnγ−
1
γµ1− 1

γ

∑
i,j∈[n]

a
1
γ

ij + o
(
nγ−

1
γ b

1
γ
n

)
.
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This establishes (2.5.11), hence completes the proof of the lemma.

2.5.3 Lower bound

The goal of this section is the following proposition.

Proposition 2.5.6. Under the assumptions of Theorem 2.2.13, recall that γ = r−p
rp

, we

have whp

‖µ11> + Ã+ Â‖r→p ≥ n1+γ|µ|+ γ|µ|1−
1
γnγ−

1
γ

n∑
i,j=1
|aij|

1
γ + o

(
nγ−

1
γ b

1
γ
n

)
.

We start by providing some intuition on the choice of x̂, ŷ in (2.5.21) below. Although

the full object of interest is µ11> + Ã + Â, for intuition consider the modified matrix

Âµ,n := |µ|11> + |Â|, where we only focus on the largest entries and the centering.

Recall the definitions of ψq in (2.1.2), and define the operator S by

Sx := Ψr∗(Â>µ,nΨp(Âµ,nx)).

By the nonlinear power method, if v(0) has all positive entries, and we define v(k+1) := Sv(k),

then it is known that (see [67, Section 4.1])

lim
k→∞

∥∥∥Âµ,nv(k)
∥∥∥
p

‖v(k)‖r
=
∥∥∥Âµ,n∥∥∥

r→p
. (2.5.17)

We make two simple observations. First, by the definition of Â in (2.4.2) and the choice

of ζ in (2.5.1), we have the following property,

for each i ∈ [n], we either have (|Â|1)i = 0 or µn� (|Â|1)i. (2.5.18)

Secondly, by the symmetry of Â and the fact that, whp, each row of Â has at most one
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nonzero entry (as a consequence of Lemma 2.3.3 (b)), for all q > 0, we have

|Â|(|Â|1)q = (|Â|1)q+1. (2.5.19)

Starting from an initial condition of the form v[k] = (µn)k +
(
|Â|1

)k
for some k ≥ 0, and

then using (2.5.18) and (2.5.19) repeatedly, we have

Sv[k] ≈ (n|µ|)
p
r−1 + (p−1)k

r−1 +
(
|Â|1

) p
r−1 + (p−1)k

r−1 .

Therefore, the operation of S on this class of vectors can be approximately regarded as an

operator on the exponent k 7→ p
r−1 + (p−1)k

r−1 . It is easy to see that the iteration of such

a map converges to the unique fixed point of the form v[k∗], where k∗ = p
r−p . Hence, as

indicated in (2.5.17), it is natural to choose the near optimizer to be the limiting vector

of the nonlinear power method, that is

x̂ := (n|µ|)
p
r−p +

(
|Â|1

) p
r−p .

The duality formulation suggests that ŷ should be set equal to

argmax
y

〈
y, Âµ,nx̂

〉
, (2.5.20)

which can be explicitly determined using the equality condition of Hölder’s inequality.

But in fact the ŷ we choose in (2.5.21) is a suitable perturbation of the actual optimizer

in (2.5.20) that facilitates subsequent calculations and can be shown to be close to the

actual optimizer using (2.5.18).

Motivated by the above intuition, we define x̂ = (x̂1, . . . , x̂n), ŷ = (ŷ1, . . . , ŷn) such
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that, for i ∈ [n],

x̂i := (n|µ|)
p
r−p sgn(µ) +

∑
j: j<i
|âij|

p
r−p +

∑
j: j>i

ψ r
r−p

(âij),

ŷi := (n|µ|)
r(p−1)
r−p +

∑
j: j<i
|âij|

r(p−1)
r−p +

∑
j: j>i

ψ p(r−1)
r−p

(âij),
(2.5.21)

where ψ r
r−p
, ψ p(r−1)

r−p
are the functionals defined in (2.1.2).

Consider

L(A) := L1(A)
L2(A) , (2.5.22)

where

L1(A) := ŷ>
(
µ11> + Ã+ Â

)
x̂,

L2(A) := ‖ŷ‖p∗‖x̂‖r.
(2.5.23)

By the dual formulation (2.2.9) of the r → p norm, we have

L(A) ≤ ‖µ11> + Ã+ Â‖r→p.

To prove Proposition 2.5.6, it suffices to establish the following lemma.

Lemma 2.5.7. Under the assumptions of Theorem 2.2.13, recall that γ = r−p
rp

, we have

whp,

L(A) ≥ n1+γ|µ|+ γ|µ|1−
1
γnγ−

1
γ

n∑
i,j=1
|aij|

1
γ + o

(
nγ−

1
γ b

1
γ
n

)
.

Proof. In this proof, we will use C to denote a positive constant that may depend on

α, r, p, and µ and whose value may vary from one occurrence to another.

Note that since ‖µ11> + Ã+ Â‖r→p = ‖ − µ11> − Ã− Â‖r→p, we may assume µ > 0

for the rest of the proof. We proceed in three steps
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Step 1: Estimation of L1(A). Expanding the definition of L1 in (2.5.23), we see that

L1(A) = µ1>x̂ŷ>1 + ŷ>Ãx̂+ ŷ>Âx̂. (2.5.24)

By the definitions of x̂, ŷ in (2.5.21), we have whp,

µ1>x̂ŷ>1 ≥ n
rp
r−p+1µ

rp
r−p − Cn

r
r−p

∑
i,j∈[n]

|âij|
rp−r
r−p − Cn

rp−p
r−p

∑
i,j∈[n]

|âij|
p
r−p

− C
∑
i,j∈[n]

|âij|
rp−r
r−p

∑
i,j∈[n]

|âij|
p
r−p .

(2.5.25)

Furthermore, (2.5.21) and Lemma 2.5.1 imply that whp,

ŷ>Ãx̂ = (n|µ|)
rp
r−p−1 sgn(µ)1>Ã1 ≥ −Cn

rp
r−p−1 ∑

i,j∈[n]
|ãij| . (2.5.26)

For the last term in (2.5.24), we first write it as

ŷ>Âx̂ =
∑
i,j∈[n]

âijx̂iŷj,

and analyze the contribution of each summand by considering the following two cases:

1. When âij = 0, the contribution is trivially 0.

2. Suppose âij 6= 0. By Lemma 2.3.3 item (a), (2.5.1) and (2.4.2), we have whp, i 6= j.

We only consider the case i < j, the case j < i can be analyzed in the same way

with the same conclusion. By Lemma 2.3.3 item (b), âij is the only nonzero entry

on i-th row and j-th column. Together with the symmetry of Â, we have whp,

x̂i = (n |µ|)
p
r−p sgn(µ) + |âij|

p
r−p sgn(âij), ŷj = (n |µ|)

r(p−1)
r−p + |âij|

r(p−1)
r−p .

Therefore,

âijxiyj ≥ |âij|
rp
r−p − Cn

p
r−p |âij|

p(r−1)
r−p − Cn

r(p−1)
r−p |âij|

r
r−p − Cn

rp
r−p−1 |âij| .
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Combining the above two cases, we have whp,

ŷ>Âx̂ ≥
∑
i,j∈[n]

|âij|
rp
r−p − Cn

p
r−p

∑
i,j∈[n]

|âij|
rp−p
r−p − Cn

rp−r
r−p

∑
i,j∈[n]

|âij|
r
r−p

− Cn
rp
r−p−1 ∑

i,j∈[n]
|âij|.

(2.5.27)

Inserting (2.5.25), (2.5.26) and (2.5.27) into (2.5.24) and recall that γ = r−p
rp

, we have

whp,

L1(A) ≥ n
1
γ

+1µ
1
γ +

∑
i,j∈[n]

|âij|
1
γ −

7∑
i=1

R′i, (2.5.28)

where

R′1 := Cn
r
r−p

∑
i,j∈[n]

|âij|
rp−r
r−p , R′2 := Cn

rp−p
r−p

∑
i,j∈[n]

|âij|
p
r−p ,

R′3 := Cn
p
r−p

∑
i,j∈[n]

|âij|
rp−p
r−p , R′4 := Cn

rp−r
r−p

∑
i,j∈[n]

|âij|
r
r−p ,

R′5 := (nµ)
rp
r−p−1 ∑

i,j∈[n]
|âij| , R′6 := (nµ)

rp
r−p−1 ∑

i,j∈[n]
|ãij| ,

and

R′7 := C
∑
i,j∈[n]

|âij|
rp−r
r−p

∑
i,j∈[n]

|âij|
p
r−p .

We now claim that whp,

R′i = o
(
b

1
γ
n

)
, 1 ≤ i ≤ 7. (2.5.29)

This can be verified as follows:

(1) By the definition of âij in (2.4.2) and Lemma 2.5.3 with q = rp−r
r−p and β = 2−ζ

α
, we
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have whp

∑
i,j∈[n]

|âij|
rp−r
r−p =

∑
i,j∈[n]

|aij|
rp−r
r−p 1

{
|aij| > n

2−ζ
α

}
= Oδ

(
n

2
α
rp−r
r−p +ζ

)
.

Hence, the choice of ζ in (2.5.1), α < 2 and (2.2.4) imply that whp,

R′1 = Oδ

(
n

2
α
rp−r
r−p + r

r−p+ζ
)

= Oδ

(
n

2
αγ

+(2− 2
α
−α2 ) p−1

r

)
= o

(
b

1
γ
n

)
.

The estimation of R′2, R′3, R′4, R′5 and R′7 are similar.

(2) By the definition of ãij in (2.4.2) and Lemma 2.5.3 with q = 1 and β = 1+η
α

, we have

whp,

∑
i,j∈[n]

|ãij| =
∑
i,j∈[n]

|aij|1
{
|aij| ≥ n

1+η
α

}
= Oδ

(
n

1
α

+1
)
.

Hence, (2.2.12), together with (2.2.4), implies that whp,

R′6 = Oδ

(
n

1
α

+1
)

= o
(
b

1
γ
n

)
.

Combining (2.5.8), (2.5.28) and (2.5.29), we have established that whp,

L1(A) ≥ n
1
γ

+1µ
1
γ +

∑
i,j∈[n]

|aij|
1
γ + o

(
b

1
γ
n

)
. (2.5.30)

Step 2: Estimation of L2(A). Fix i ∈ [n]. We estimate the r-th power of x̂i, considering

two cases:

1. Suppose there exists i∗ ∈ [n] such that âii∗ 6= 0. Then by (2.4.2) and the choice of ζ

in (2.5.1), we have whp,

|âii∗|
p
r−p ≥ (nµ)

p
r−p . (2.5.31)
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By Lemma 2.3.3 (b), (2.5.1) and (2.4.2), we have whp, âij = 0 for all j 6= i∗.

Together with definition of x̂ in (2.5.21), (2.5.31) and the elementary inequality

(x+ y)q ≤ xq + Cxq−1y for all x, q > 0 and 0 ≤ y ≤ x, this implies that whp,

|x̂i|r ≤
∑
j∈[n]
|âij|

1
γ + Cn

p
r−p

∑
j∈[n]
|âij|

p(r−1)
r−p . (2.5.32)

2. Suppose âij = 0 for all j ∈ [n]. Then by definition of x̂ in (2.5.21), we have

|x̂i|r = (nµ)
1
γ . (2.5.33)

Combining (2.5.32) and (2.5.33), we have whp,

‖x̂‖rr ≤ n
1
γ

+1µ
1
γ +

∑
i,j∈[n]

|âij|
1
γ + Cn

p
r−p

∑
i,j∈[n]

|âij|
p(r−1)
r−p . (2.5.34)

By Lemma 2.5.3 with q = p(r−1)
r−p and β = 2−ζ

α
, the choice of ζ in (2.5.1) and (2.2.4), we

have whp,

n
p
r−p

∑
i,j∈[n]

|âij|
p(r−1)
r−p = n

p
r−p

∑
i,j∈[n]

|aij|
p(r−1)
r−p 1

{
|aij| > n

2−ζ
α

}

= Oδ

(
n

2
α
p(r−1)
r−p + p

r−p+ζ
)

= Oδ

(
n

2
αγ

+(2− 2
α
−α2 ) p−1

r

)
= o

(
b

1
γ
n

)
.

Together with (2.5.8) and (2.5.34), this implies that whp,

‖x̂‖rr ≤ n
1
γ

+1µ
1
γ +

∑
i,j∈[n]

|aij|
1
γ + o

(
b

1
γ
n

)
.
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Similarly, we have whp,

‖ŷ‖p
∗

p∗ ≤ n
1
γ

+1µ
1
γ +

∑
i,j∈[n]

|aij|
1
γ + o

(
b

1
γ
n

)
.

Together with (2.5.9), the definition of L2(A) in (2.5.23), the elementary inequality

(x+y)q ≥ xq+qxq−1y for all x > 0, q ≤ 0 and y ≥ 0, and the fact that −1
r
− 1

p∗
= γ−1 ≤ 0,

the last two displays imply that whp, we have

1
L2(A) ≥

n 1
γ

+1µ
1
γ +

∑
i,j∈[n]

|aij|
1
γ + o

(
b

1
γ
n

)γ−1

≥ n−
1
γ

+γµ−
1
γ

+1 + (γ − 1)n−
2
γ

+γ−1µ−
2
γ

+1 ∑
i,j∈[n]

|aij|
1
γ + o

(
n−

2
γ

+γ−1b
1
γ
n

)
.

(2.5.35)

The proof is complete on combining (2.5.9), (2.5.30) and (5.1.1) with the definition of

L(A) in (2.5.22).

2.5.4 Asymptotic equivalence of upper and lower bounds

Proof of Theorem 2.2.13. Comparing Proposition 2.5.5 and Proposition 2.5.6, we have

shown that

‖µ11> + Ã+ Â‖r→p = n1+γ|µ|+ γnγ−
1
γ |µ|1−

1
γ

∑
i,j∈[n]

|aij|
1
γ + o

(
nγ−

1
γ b

1
γ
n

)
. (2.5.36)

Note that condition (2.2.12) implies (2.2.11), and in particular, (2.4.7) holds whp. Com-

bining (2.4.7) and (2.2.12), we have whp,

‖Ā‖r→p = o
(
nγ−

1
γ b

1
γ
n

)
. (2.5.37)

Combining (2.5.36) and (2.5.37), we have whp

‖µ11> + A‖r→p = n1+γ|µ|+ γnγ−
1
γ |µ|1−

1
γ

∑
i,j∈[n]

|aij|
1
γ + o

(
nγ−

1
γ b

1
γ
n

)
. (2.5.38)
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Finally, by [70, Theorem 3.8.2] and (2.2.12),

b
− 1
γ

n

∑
i,j∈[n]

|aij|
1
γ

d→ Yαγ, (2.5.39)

where Yαγ is an αγ-stable random variable. The proof is complete by combining (2.5.38)

and (2.5.39).

2.6 Proofs related to the `r-Levy-Grothendieck prob-

lem

2.6.1 Proof of Theorem 2.2.5

Proof of Theorem 2.2.5. Let a∗ := maxi,j |ai,j| and let i∗, j∗ ∈ [n] be the (random) location

of the maximal entry of A, that is a∗ = |ai∗,j∗ |. From (2.3.1), we have that a∗ = Θδ(bn)

whp. By Lemma 2.3.3 (a), this implies i∗ 6= j∗ whp. Next, set x := 2−1/r(ei∗+sgn (a∗) ej∗).

Then by the symmetry of A, we have whp,

Mr(A) ≥ x>Ax = 21− 2
r a∗. (2.6.1)

We now consider two cases.

Case 1. Suppose r ∈ (1, 2]. Let v = (v1, . . . , vn) ∈ Rn with ‖v‖r ≤ 1 denote a max-

imizing vector for the optimization problem OPT 1 associated with Mr(A), and let

v∗ := maxi∈[n] |vi|. By the method of Langrange multipliers, it is easy to see that the

following relationship must hold:

Mr(A)|vi|r−1 =

∣∣∣∣∣∣
n∑
j=1

aijvj

∣∣∣∣∣∣ . (2.6.2)
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We claim that whp,

v∗ ≤ 2−1/r(1 + o(1)). (2.6.3)

To see why the claim is true, let k∗ ∈ [n] satisfy v∗ = |vk∗|. By (2.6.2) we have

Mr(A)vr−1
∗ = Mr(A)|vk∗|r−1 =

∣∣∣∣∣∣
∑
j∈[n]

ak∗jvj

∣∣∣∣∣∣ . (2.6.4)

Let δ(α) be as defined in Lemma 2.3.3 (c). Suppose maxj∈[n] |ak∗j| ≤ b3/4+δ(α)
n . Then,

since ‖v‖r ≤ 1 implies ‖v‖∞ ≤ 1, Lemma 2.3.3 (c) combined with (2.6.4) yields

Mr(A)vr−1
∗ ≤

n∑
j=1
|ak∗j| = o(bn). (2.6.5)

On the other hand, suppose there exists k′ ∈ [n] such that |ak∗k′ | > b3/4+δ(α)
n . Then by

properties (a) and (b) of Lemma 2.3.3, whp, there exists a unique such k′, and further

k′ 6= k∗. Moreover, Lemma 2.3.3 (c) combined with (2.6.4) and the constraint ‖v‖r ≤ 1,

yields whp

Mr(A)vr−1
∗ ≤ |ak∗k′ ||vk′ |+

∑
j: |ak∗j |≤b

3/4+δ(α)
n

|ak∗j| ≤ (1− vr∗)
1
r a∗ (1 + o(1)) + o(bn).(2.6.6)

Combining (2.6.1), (2.6.5) and (2.6.6), we have, whp

21− 2
r a∗v

r−1
∗ ≤Mr(A)vr−1

∗ ≤ (1− vr∗)
1
r a∗ (1 + o(1)) + o(bn). (2.6.7)

Suppose that whp, v∗ = 1 − o(1). Then (2.6.7) and the relation a∗ = Θδ(bn), which

holds by (2.3.1), imply that whp, v∗ = o(1), leading to a contradiction. So v∗ 6= 1− o(1).

Together with (2.6.7) and a∗ = Θδ (bn), this implies that whp,

21− 2
r vr−1
∗ ≤ (1− vr∗)

1
r (1 + o(1)) ,
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which is equivalent to

vr−1
∗

(1− vr∗)
1
r

≤ 2 2
r
−1 (1 + o(1)) . (2.6.8)

Note that the map ϕ : x 7→ xr−1

(1−xr)1/r is increasing for x ∈ (0, 1), and ϕ(2−1/r) = 22/r−1.

Together with (2.6.8), this completes the proof of claim (2.6.3).

Combining (2.6.4) and (2.3.2), we have whp,

Mr(A)vr−1
∗ ≤ v∗

n∑
j=1
|ak∗j| ≤ v∗a∗ (1 + o(1)) .

Along with (2.6.3) and the fact that r ≤ 2, this implies that whp,

Mr(A) ≤ v2−r
∗ a∗ (1 + o(1)) ≤ 21− 2

r a∗(1 + o(1)). (2.6.9)

To complete the proof of r ∈ (1, 2], combine (2.6.1), (2.6.9) and (2.3.1).

Case 2. Suppose r = 1. On the one hand, note that the lower bound (2.6.1) continues to

hold. On the other hand, by definition M1(A) ≤ infr∈(1,2]Mr(A). Together with (2.6.9),

this implies that whp,

M1(A) ≤ inf
r∈(1,2]

Mr(A) = 2−1a∗(1 + o(1)). (2.6.10)

The proof is complete on combining (2.6.1), (2.6.10) and (2.3.1).
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2.6.2 Proof of Theorem 2.2.6 and Theorem 2.2.7

Proof of Theorem 2.2.6 and Theorem 2.2.7. Fix r ∈ (2,∞]. Recall the decomposition

A = Ā+ Ã+ Â in (2.4.2). Using the triangle inequality and (2.2.9), we have

∣∣∣Mr(A)−Mr(Â)
∣∣∣ ≤ sup

‖x‖r=1

(∣∣∣x>Ãx∣∣∣+ ∣∣∣x>Āx∣∣∣)
≤ sup
‖x‖r=‖y‖r=1

(
y>Ãx+ y>Āx

)
= ‖Ā‖r→r∗ + ‖Ã‖r→r∗ .

Now set p := r
r−1 = r∗ and γ := r−2

r
= 1

p
− 1

r
. Then p∗ = r > p ≥ 1, and conditions (2.2.5)

and (2.2.6) imply that γ satisfies conditions (2.2.10) and (2.2.11), respectively. Thus, the

results in Section 2.4 are valid for r and p = r∗. In particular, together with the last

display, Proposition 2.4.1 and Proposition 2.4.8 imply that whp,

∣∣∣Mr(A)−Mr(Â)
∣∣∣ = o(bn),

under assumptions of Theorem 2.2.6 or Theorem 2.2.7. Together with Proposition 2.4.15,

this completes the proof.

2.6.3 Proof of Theorem 2.2.8

Proof of Theorem 2.2.8. Fix r ∈ (2,∞), µ > 0 and set p = r∗. Recall the decomposition

of A = Ā+ Ã+ Â in (2.4.2) and let Âµ := µ11>+ Ã+ Â. Note that (2.2.7) implies (2.2.11)

with γ = 1
p
− 1

r
= r−2

r
. Hence, (2.4.7) of Lemma 2.4.7 and the condition r > 2 imply that

‖Ā‖r→r∗ = Oδ

(
n

1
r∗−

1
r

+ 1+η
α

)
= o

(
n
r−2
r
− r
r−2 b

r
r−2
n

)
, (2.6.11)

where the last equality uses (2.2.7).
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With Aµ := µ11> + A, by the duality formula (2.2.9) and (2.6.11), we have whp,

∣∣∣Mr(Aµ)−Mr

(
Âµ
)∣∣∣ ≤ sup

‖x‖r=1

∣∣∣x>Āx∣∣∣ ≤ sup
‖x‖r=‖y‖r=1

y>Āx = ‖Ā‖r→p = o
(
n
r−2
r
− r
r−2 b

r
r−2
n

)
.(2.6.12)

Using (2.2.9) again, we have

Mr

(
Âµ
)
≤ sup
‖x‖r=‖y‖r=1

y>Âµx = ‖Âµ‖r→r∗ . (2.6.13)

Since (2.2.7) implies (2.2.12) with γ = 1
p
− 1

r
= r−2

r
, by Proposition 2.5.5 and (2.6.13), we

have whp,

Mr

(
Âµ
)
≤ n2− 2

rµ+ r − 2
r

µ−
2
r−2n

r−2
r
− r
r−2

n∑
i,j=1
|aij|

r
r−2 + o

(
n
r−2
r
− r
r−2 b

r
r−2
n

)
.(2.6.14)

Recall the definition of x̂, ŷ in (2.5.21). When p = r∗, we have x̂ = ŷ, and hence,

Mr

(
Âµ
)
≥ x̂

>Âµx̂

‖x̂‖2
r

. (2.6.15)

Combining (2.6.15), the definition of L(A) in (2.5.22) and Lemma 2.5.7, we have whp,

Mr

(
Âµ
)
≥ n2− 2

rµ+ r − 2
r

µ−
2
r−2n

r−2
r
− r
r−2

n∑
i,j=1
|aij|

r
r−2 + o

(
n
r−2
r
− r
r−2 b

r
r−2
n

)
.(2.6.16)

Combining (2.6.12), (2.6.14) and (2.6.16), we have whp,

Mr(Aµ) = n2− 2
rµ+ r − 2

r
µ−

2
r−2n

r−2
r
− r
r−2

n∑
i,j=1
|aij|

r
r−2 + o

(
n
r−2
r
− r
r−2 b

r
r−2
n

)
(2.6.17)

Finally, [70, Theorem 3.8.2] implies that

∑
i,j∈[n]

|aij|
r
r−2 d→ Yα(r−2)

r

,

where Yα(r−2)
r

is an α(r−2)
r

-stable random variable. Together with (2.6.17), this completes
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the proof.

2.6.4 Proof of Corollary 2.2.9

Proof of Corollary 2.2.9. Fix α ∈ (0, 1). Then condition (2.2.5) of Theorem 2.2.6 is

satisfied and hence, by the theorem we have By Theorem 2.2.6 with the first condition,

we have

b−1
n sup
‖x‖∞≤1

x>Anx
(d)→ Yα, (2.6.18)

where Yα is an α-stable random variable. Let Λn ∈ Rn×n denote the diagonal of An. Then

we have whp,

‖Λ‖∞→1 = sup
‖x‖∞=‖y‖∞=1

∑
i∈[n]

aiixiyi ≤
∑
i∈[n]
|aii| = Oδ

(
n

1
α

)
, (2.6.19)

where the last equality uses [70, Theorem 3.8.2]. Define Ån := An − Λn. Combining

(2.6.18), (2.6.19) and (2.2.4), we have

b−1
n sup
‖x‖∞≤1

x>Ånx
(d)→ Y. (2.6.20)

Now we argue that the supremum in (2.6.20) must be obtained at the extremal points

{−1, 1}n of the n-dimensional hypercube. To see this, pick a point x ∈ Rn with ‖x‖∞ ≤ 1.

Since Ån is diagonal free, the map x 7→ x>Ånx is linear in xi for each i ∈ [n]. Hence, we

can iteratively replace xi by either +1 or −1 without decreasing x>Ånx and the terminal

point of this iterative procedure would be a point in {−1, 1}n. Given the above argument,

(2.6.20) implies that

b−1
n sup

x∈{−1,1}n
x>Ånx

(d)→ Y.
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Once again invoking (2.6.19) and (2.2.4), we conclude that

b−1
n sup

x∈{−1,1}n
x>Anx

(d)→ Y.

This completes the proof.
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CHAPTER 3

Fluctuations in Quantum Unique

Ergodicity at the Spectral Edge

3.1 Introduction

Quantum Unique Ergodicity (QUE) refers to the observation that for the quantization

of a chaotic dynamical system, the eigenstates of the Hamiltonian become uniformly

distributed in phase space in the high-energy limit. This phenomenon has been intensely

studied by both physicists and mathematicians, and we refer the reader to [148] for a

survey. Recently, a number of works have investigated QUE, and other closely related

principles, in the context of Wigner random matrices [39, 50, 2, 17, 48, 24, 23, 53, 52].

Because such matrices are the simplest class of chaotic quantum Hamiltonians, they form

a natural testbed for the study of these ideas.

We recall that a Wigner matrix is a symmetric matrix H = {hij}1≤i,j≤N of real random

variables with mean zero and variance N−1, such that the upper triangular elements

{hij}1≤i,j,≤N are independent. The eigenvectors of Wigner matrices are delocalized, meaning

that their mass is spread approximately uniformly among their entries. The simplest
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manifestation of delocalization is the high-probability bound

sup
α∈J1,NK

N〈qα,u〉2 ≤ N ε, (3.1.1)

which holds for any ε > 0, eigenvector u, and orthonormal basis (qα)Nα=1, for sufficiently

large N [32].1

QUE for Wigner matrices asserts a more refined form of delocalization, concerning

the equidistribution of the eigenvector coordinates. Let I ⊂ J1, NK be any determinstic

subset of indices. Then for any eigenvector u, we have the high-probability bound

∣∣∣∣∣∣
∑
α∈I
〈qα,u〉2 −

|I|
N

∣∣∣∣∣∣ ≤
N ε
√
|I|

N
. (3.1.2)

A weaker version of this claim was first established in [39], and the optimal error term

stated in (3.1.2) was shown in [24, 52].

In this article, we consider the fluctuations around the leading-order term identified in

(3.1.2). Based on explicit calculations with Gaussian random matrices [141, Theorem 2.4],

we expect that

√√√√ N3

2|I|
(
N − |I|

)
∑
α∈I
〈qα,u〉2 −

|I|
N

→ N (0, 1), (3.1.3)

with convergence in distribution, for all Wigner matrices, whenever |I| � 1. We observe

that when |I| � N , the summands act as independent Gaussians, while correlations

arising from the condition that ‖u‖2 = 1 are present when when |I| is of order N . It has

been shown in the recent work [52] that (3.1.3) is true for eigenvectors u corresponding

to eigenvalues in the bulk of the spectrum in the following sense. Label the eigenvalues of

H in increasing order, λ1 ≤ λ2 ≤ . . . ≤ λN , and let i = iN be a sequence of indices such

that min(i, N − i) > cN , for some constant c > 0 and all N ∈ N. Then (3.1.3) holds for
1All eigenvectors in this work are normalized so that ‖u‖2 = 1.
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the eigenvectors ui.

At the edge of the spectrum, previous results are less complete. In [24], it was shown

that (3.1.3) holds for any eigenvector u, if N τ ≤ |I| ≤ N1−τ for some τ > 0. However,

this leaves open the case where |I| is proportional to N where correlations between

eigenvector entries arise. This case is of particular interest since it parallels the original

QUE conjecture, which concerned the mass of eigenstates on subsets containing a constant

fraction of phase space. In this article, we address this regime and show that (3.1.3) holds

for any I such that |I| ≥ N1−c and any eigenvector ui such that min(i, N − i) ≤ N1−τ ,

where τ > 0 is an arbitrary constant, and c(τ) > 0 is a small constant depending on τ .

This completes the characterization of fluctuations in QUE for Wigner matrices at the

spectral edge.

3.1.1 Main Results

We first define Wigner matrices.

Definition 3.1.1 (Wigner matrix). A Wigner matrix H = HN = {hij}1≤i,j≤N is a

real symmetric or complex Hermitian N × N matrix whose upper triangular elements

{hij}1≤i6j≤N are independent random variables that satisfy

E[hij] = 0 E
[
|hij|2

]
= 1 + δij

N
. (3.1.4)

Further, we suppose that the normalized entries have finite moments, uniformly in N , i,

and j, in the sense that for all p ∈ N there exists a constant µp such that

E
[∣∣∣√Nhij∣∣∣p] 6 µp (3.1.5)

for all N, i, and j.
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Remark 3.1.2. The second condition in (3.1.4) could be relaxed to requiring only that

E
[
|hij|2

]
= 1 + (d− 1)δij

N

for some constant d > 0. The modifications to the proofs in this case are straightforward,

and we omit them for brevity.

Our main theorem is the following central limit theorem for Wigner matrix eigenvectors.

We let

SN−1 = {v ∈ RN : ‖v‖2 = 1}.

Theorem 3.1.3 (Central Limit Theorem). Let H be a Wigner matrix and fix τ ∈ (0, 1).

Then there exists δ(τ) > 0 such that the following holds. Let I = IN be a deterministic

sequence of subsets such that |I| ∈ JN1−δ, NK, let ` = `N ∈ J1, N1−τK ∪ JN −N1−τ , NK be

a sequence of indices, and let u = u
(N)
`N

= (u(1), . . . , u(N)) be the corresponding sequence

of `2-normalized eigenvectors of H. Let (q(N)
α )α∈I = (qα)α∈I be a deterministic sequence of

sets of orthogonal vectors in SN−1. Then

√√√√ βN3

2|I|(N − |I|)

∑
α∈I
〈qα,u`N 〉

2 − |I|
N

→ N (0, 1), (3.1.6)

with convergence in the sense of moments. Here N (0, 1) is a standard real Gaussian

random variable; we take β = 1 if H is real symmetric, or β = 2 if it is complex Hermitian.

Because the Gaussian distribution is determined by its moments, the above theorem

immediately implies that (3.1.6) also holds for convergence in distribution [30, Theorem

30.2].

3.1.2 Related Works

Delocalization estimates have received significant attention from the random matrix

community over the past decade and a half. The estimate (3.1.1) has a long history,
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and increasingly strong version of this statement were proved in [80, 79, 81, 158, 160,

83, 84, 165, 3, 102, 101]. The optimal high-probability upper bound of
√

(2 + ε) logN

was recently established in [25]. Going beyond Wigner matrices, similar estimates have

been shown for band matrices [166, 40, 76], heavy-tailed random matrices [34, 35, 6, 4],

and adjacency matrices of sparse random graphs [19, 77]. Fluctuations of individual

eigenvector entries of Wigner matrices were first studied in [39], where they were shown

to be Gaussian (see also [25, Corollary B.18] and [22]). Arbitrary finite collections of bulk

eigenvector entries were shown to be jointly Gaussian in [133].

As noted above, the first QUE estimate for Wigner matrices was shown in [39].

Estimates of the form (3.1.2) have also been shown for deformed Wigner matrices, [21],

band matrices [166, 40], sparse random matrices [19, 38, 10, 9, 8], and heavy-tailed

random matrices [5]. Further, a more general version of (3.1.2), known as eigenvector

thermalization, has appeared recently (motivated by the phenomena surveyed in [157, 64,

66]). Let A be a deterministic N × N matrix such that ‖A‖ ≤ 1, where ‖A‖ denotes

the spectral norm of A. Then for any eigenvector u of a Wigner matrix, we have the

high-probability bound ∣∣∣∣〈u, Au〉 − 1
N

TrA
∣∣∣∣ ≤ N ε

√
N
, (3.1.7)

for any ε > 0 and sufficiently large N [49]. Subsequently, fluctuations around the leading

order term in (3.1.7) were identified in [50], and an optimal-order error term was established

in [52].

We expect that our proof strategy can be extended straightforwardly in two directions.

One is to determine the fluctuations for the more general observables 〈u, Au〉 when u

is an edge eigenvector and A is essentially full-rank, i.e. 1
N

Tr(A2) ≥ N−δ‖A‖2 for some

small δ > 0. The other is to yield the joint fluctuations for any finite edge eigenvectors,

i.e.

√√√√ N3

2|I|(N − |I|)

∑
α∈I
〈qα,u`1〉

2 − |I|
N
, · · · ,

∑
α∈I
〈qα,u`k〉

2 − |I|
N

→ (Z1, · · · , Zk),
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with convergence in distribution, where `1 < · · · < `k ≤ N1−τ and Z1, . . . , Zk are

independent Gaussian random variables with zero mean and unit variance. However, we

consider only the case (3.1.3) for brevity.

Our work does not address the intermediate spectral regime where i/N tends to 0

slower than any negative power of N . We expect that this regime can be handled by a

straightforward modification of the arguments in [52]. However, we leave this as an open

question for future work.

3.1.3 Proof Strategy

Previous works determining the fluctuations in QUE have all followed the dynamical

approach to random matrix universality (surveyed in [82]). This approach uses the

following three steps.

1. Establish various a priori estimates on the eigenvalues and eigenvectors of Wigner

matrices, such as (3.1.1), which are used as input in the following steps.

2. Determine the fluctuations in QUE for random matrices of the form H+
√
tW , where

H is an arbitrary Wigner matrix, W is a Gaussian Wigner matrix, and t ≈ N−c

for some c > 0. This is done by recognizing H +
√
tW as the evolution of a matrix

Brownian motion with initial data H until time t. Under this stochastic process,

the moments of the QUE observable in (3.1.3) evolve according to a parabolic

differential equation known as the eigenvector moment flow. A detailed analysis of

this evolution shows that these moment observables converge to their equilibrium

states, the Gaussian moments, after time t. This convergence in moments establishes

(3.1.3) for the matrix H +
√
tW .

3. Transfer the conclusion from the previous step to all Wigner matrices. Given an

arbitrary Wigner matrix H, there exists a Wigner matrix H ′ such that the first

three moments of H and H ′ +
√
tW match exactly, and the difference of the fourth
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moments is order t. By a moment matching argument similar to the one used in

Lindeberg’s proof of the central limit theorem (see [20, Section 11]), one can show

that this moment condition is enough to establish that H has the same fluctuations

in QUE as H ′ +
√
tW , completing the proof.

Thus far, obstacles related to Step 2 of the dynamical approach have blocked a proof

of (3.1.3) for |I| proportional to N at the spectral edge. The analysis of the eigenvector

moment flow in [24] was applicable throughout the entire spectrum, but was only effective

for index sets I with cardinality |I| � N . The works [50, 52] analyzed a variation of the

eigenvector moment flow introduced in [133], called the colored eigenvector moment flow,

which allow them to access I with |I| proportional to N . However, these works depend

on an intricate analysis of the colored evolution dynamics presented in [133], which was

only given in the bulk. In principle, such an analysis could also be carried out at the edge.

However, given the length and sophistication of [133], and additional complications that

arise at the edge due to the curvature of the spectral density (the semicircle law, given in

(3.2.1) below), this extension seems far from straightforward.

Instead, we adopt an argument that has no dynamical component, and uses only

moment matching. We draw inspiration from [119] and [33], which characterize the joint

eigenvector–eigenvalue distribution of Wigner matrices at the edge (see [33, Remark 8.5]).

Specifically, the authors show that given any finite collection of edge eigenvalues and

entries of the corresponding eigenvectors, their joint distribution is asymptotically the

same with the one for a Gaussian ensemble. In particular, any finite collection of such

eigenvector entries is asymptotically distributed as independent Gaussians. The proof

proceeds by a “two moment matching” argument, which shows that two random matrix

ensembles who entries are independent, centered, and have the same variance matrix also

have the same eigenvector–eigenvalue statistics at the edge. As an immediate consequence,

the edge statistics of any Wigner matrix match those of a Gaussian Wigner matrix, which

may be computed explicitly. The decay of spectral density at the edge is crucial to
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the proof, and renders it inapplicable to the bulk, where the full dynamical approach is

necessary.

We now give an overview of our proof. Let H be a Wigner matrix. Our first step is

to regularize the QUE observable in (3.1.3). Let fn(H) denote a smooth approximation

to n-th moment of the observable on the left side of (3.1.3), corresponding to some

eigenvector u, which is differentiable in the matrix entries.2 We wish to proceed as follows.

Fix indices a, b ∈ J1, NK. Let W denote the matrix such that wij = hij for all i, j ∈ J1, NK

such that (i, j) /∈ {(a, b), (b, a)}, and such that wab = wba = g, where g is a Gaussian

variable with mean 0 and variance N−1. We observe that the first two moments of g

match those of hab. Finally, let Q denote the matrix such that qij = hij for all i, j ∈ J1, NK

such that (i, j) /∈ {(a, b), (b, a)}, where qab = qba = 0. Then by Taylor expansion, we have

fn(H) = fn(Q) + ∂abfn(Q)hab + 1
2∂

2
abfn(Q)h2

ab + 1
6∂

3
abfn(Q)h3

ab + 1
24∂

4
abfn(Q)h4

ab +XH ,

where XH is the error term in expansion. Subtracting the analogous expansion for fn(W ),

and taking expectations, we obtain

E
[
fn(H)−fn(W )

]
= E

[
∂abfn(Q)(hab − wab)

]
+ 1

2E
[
∂2
abfn(Q)(h2

ab − w2
ab)
]

+1
6E
[
∂3
abfn(Q)(h3

ab − w3
ab)
]

+ 1
24E

[
∂4
abfn(Q)(h4

ab − w4
ab)
]

+ E
[
(XH −XW )

]
=1

6E
[
∂3
abfn(Q)

]
E
[
h3
ab − w3

ab

]
+ 1

24E
[
∂4
abfn(Q)

]
E
[
h4
ab − w4

ab

]
+ E

[
(XH −XW )

]
.

In the previous equation, we observed that Q is independent from hab and wab, and

used E[∂abfn(Q)(hab − wab)] = 0, which follows from E[hab] = E[wab]. We also used the

analogous reasoning for the second-moment term.

We consider the third-moment and fourth-moment terms, and neglect the error term

for now. From the definition of a Wigner matrix, we have E
[
h3
ab − w3

ab

]
= O(N−3/2) and

2The observable itself is not differentiable in the matrix entries, which necessitates the smoothing.
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E [h4
ab − w4

ab] = O(N−2). If we had the estimates

E
[
∂3
abfn(Q)

]
� N−1/2, E

[
∂4
abfn(Q)

]
� 1, (3.1.8)

then E
[
fn(H)− fn(W )

]
� N−2. This estimates the error accrued when exchanging one

entry of W for a Gaussian. Since we need to exchange O(N2) entries, the total error will

be o(1), and the moments E[fn(H)] will match those of a Gaussian random matrix in

the large N limit. Because (3.1.3) can directly be established for Gaussian matrices, this

would complete the proof.

The crux of the problem is then to produce a suitable regularization fn and demon-

strate that its derivatives decay suitably in N near the edge of the spectrum. While

regularizations of (3.1.3) have appeared before, the necessary decay at the edge has not

been established. For example, the regularized QUE observable in [24] was only shown

to satisfy E
[
∂3
abfn(Q)

]
= O(1). To illustrate how our regularization works, and how we

achieve the additional gain at the edge, we begin by describing the regularization of a

single eigenvector entry, as accomplished in [119, 33].

Let u` be an eigenvector with associated eigenvalue λ`, and let η > 0 be chosen so that

η � ∆`, where ∆` is the typical size of the eigenvalue gap λ`+1 − λ`. Recall the Poisson

kernel identity
η

π

∫
R

dE
(E − λ`)2 + η2 = 1.

Fix k ∈ J1, NK. We have the high probability estimate

u`(k)2 = η

π

∫
R

u`(k)2 dE
(E − λ`)2 + η2 ≈

η

π

∫
I

u`(k)2 dE
(E − λ`)2 + η2 ≈

η

π

∫
I

N∑
i=1

ui(k)2 dE
(E − λi)2 + η2 ,

where I is any interval centered at λ` such that η � |I| � ∆`, and we used

max(λ`+1 − λ`, λ` − λ`−1)� η
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to neglect the terms with i 6= ` in the sum. Letting G = (H − E − iη)−1 denote the

resolvent of H, we have by the spectral theorem that

η

π

∫
I

N∑
i=1

ui(k)2 dE
(E − λi)2 + η2 = η

π

∫
I
(GḠ)kk dE. (3.1.9)

For illustrative purpose, let us treat I as a deterministic interval. Then, we see that

fn(H) :=
(
Nη

π

∫
I
(GḠ)kkdE

)n
≈
(√

Nu`(k)
)2n

,

is a smooth function of the matrix entries. We multiplied u`(k) by
√
N to make it an

O(1) quantity.

Letting R = (Q − E − iη)−1 denote the resolvent of Q and taking derivatives, one

readily finds that3

∂mabfn(Q) ≈ n(n− 1) · · · (n−m+ 1)(
√
Nu`(k))2n−m

∫
I
NP̃m dE + · · · , (3.1.10)

where P̃m is a polynomial with constant number of terms, and each term consists of one

(RR̄)∗∗ factor and m R∗∗’s or R̄∗∗’s. Here ∗ ∈ {a, b, k} and different ∗ may take different

values.

So far, we have not used the fact that λ` is an edge eigenvalue. The crucial use of this

fact is that we are able to choose the spectral parameter η such that 1� ∆`η
−1 � (Nη)1/4.

Indeed, if λ` were in the bulk, we would have ∆` = O (N−1), and such choice would not

be possible. Combined with standard local law for resolvents of Wigner matrices (see

(3.4.8) below), for any ε > 0, we have

(RR̄)ij ≤ N ε(Nη)−2

3There are multiple terms as a result of applying product rule, so we focus on one representative term
for clarity.
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with high probability for all i, j ∈ J1, NK. Therefore, we have the bound

∫
I
NP̃m ≤ |I|N1+ε(Nη)−2 ≤ (Nη)−1/2 � 1, (3.1.11)

by the choice of I and η. Inserting this into (3.1.10), we have

∣∣∣∂mabfn(Q)
∣∣∣� 1,

with high probability. Upon taking expectation, this establishes the second inequality in

(3.1.8).

For the first inequality in (3.1.8), we need to exploit an additional cancellation that is

introduced when taking expectation. To uncover this cancellation, we use the polynomial-

ization technique, which first appeared systematically in [75], and was further developed

in [167, 33]. The main idea is to write P̃m in the form

P̃m ≈
∑

i1,...,id 6=a
P̃

(a)
m,i1,...,id

hai1 · · ·haid ,

where P̃ (a)
m,i1,...,id

is independent of a-th row and column of Q. When d is an odd number,

we have

∣∣∣E[P̃m]∣∣∣ . N−1/2
√
E
[
|P̃m|2

]
. (3.1.12)

To see why (3.1.12) is true, consider a simple case, where P = ∑
i1,i2,i3 6=a hai1hai2hai3 .

Taking expectation forces i1, i2, i3 to coincide, and therefore

∣∣∣E[P ]
∣∣∣ =

∣∣∣∣∣E
[∑

i

h3
ai

]∣∣∣∣∣ . N−1/2 = N−1/2

√√√√√E

 ∑
i1,i2,i3

h2
ai1h

2
ai2h

2
ai3

 ≤ N−1/2
√
E [|P|2].

Moreover, it can be shown that, P̃m can be approximated by an odd polynomial as long

as m is odd and a, b, k are distinct indices. Combining (3.1.12) with (3.1.10) and (3.1.11),
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we obtain the first inequality in (3.1.8) for all indices a, b, expect for O(n) pairs such that

a = b, a = k or b = k, which is sufficient for our purpose.

Regularizing the QUE observable in (3.1.3) can be accomplished similarly by replacing

each term 〈qα,u`〉2 appearing there by the regularization given in (3.1.9). However, to

appropriately control the size of the resulting moments, we need to detect additional

cancellations in the sum; it is not enough to bound each term individually. For this, we

use multi-resolvent local laws, which bound the quantities (GAG)cd and (GAGG)cd for

any choice of c, d ∈ J1, NK and deterministic N × N matrix A such that ‖A‖ ≤ 1 and

TrA = 0; see Lemma 3.4.2 below. While such laws have been established previously

[52, 51, 49], we prove a new version with improved error terms at the spectral edge. These

improved estimates allow us to obtain sharper bounds in the moment matching argument,

which are necessary to complete the proof.

3.1.4 Outline

Section 3.2 introduces our notational conventions, and states several preliminary results

from previous works that are used throughout this paper. Section 3.3 defines the smoothed

QUE observables needed for our moment matching argument. Section 3.4 proves our main

result, Theorem 3.1.3, assuming two preliminary lemmas, Lemma 3.4.2, and Lemma 3.4.4.

Lemma 3.4.4 is proved in Section 3.5. Lemma 3.4.2 is proved in Appendix 3.6.

3.2 Preliminaries

3.2.1 Conventions

For the remainder of the paper, we fix arbitrary constants τ ∈ (0, 1), a sequence of

deterministic subsets I = IN ⊂ JN1−δ, NK, with δ ≡ δ(τ) = 10−5τ , and a sequence of

deterministic indices ` = `N ∈ J1, N1−τK ∪ JN − N1−τ , NK. We also fix a deterministic

sequence (q(N)
α )α∈I = (qα)α∈I of sets of orthogonal vectors in SN−1, and a sequence of
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positive reals (µp)∞p=1. We assume that all Wigner matrices mentioned below satisfy

Definition 3.1.1 with this sequence of constants. Our claims hold for any choices of these

parameters.

We also define the spectral domain

S = S(N) =
{
z = E + iη ∈ C : |E| 6 10

τ
,N−1+τ/10 6 |η| 6 10

τ

}
.

Throughout this article, we typically suppress the dependence of various constants in

our results on the choices of τ . These dependencies do not affect our arguments in any

substantial way. Additionally, we focus on the case of real symmetric Wigner matrices

in our proof of Theorem 3.1.3. The details for the complex Hermitian case are nearly

identical, and hence omitted.

3.2.2 Notations and Definitions

Let MatN be the set of N ×N real symmetric matrices and {ei}Ni=1 be the standard

basis of RN . Let ‖M‖ denote the spectral norm of M . We index the eigenvalues of

matrices M ∈ MatN in increasing order, and denote them λ1 6 λ2 6 . . . 6 λN . For

z ∈ C\R, the resolvent of M ∈ MatN is given by G(z) = (M − z)−1. The Stieltjes

transform of M is

mN(z) = TrG(z) = 1
N

∑
i

1
λi − z

.

The resolvent has the spectral decomposition

G(z) =
N∑
i=1

uiu
∗
i

λi − z
,

where we let ui denote the eigenvector corresponding to the eigenvalue λi of M such

that ‖ui‖2 = 1. We fix the sign of ui arbitrarily by demanding that ui(1) > 0. For

deterministic vectors x,y, we abbreviate 〈x,My〉 by Mxy and we abbreviate Mxy further
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by Miy or Mxj if x = ei or y = ej respectively.

The semicircle density and its Stieltjes transform are

ρsc(E) =

√
(4− E2)+

2π dE, msc(z) =
∫
R

ρsc(x)
x− z

dx = −z +
√
z2 − 4

2 , (3.2.1)

for E ∈ R and z ∈ C\R. The square root in
√
z2 − 4 is defined with a branch cut in

[−2, 2], so that =msc(z) > 0 for =z > 0.

For i ∈ J1, NK, we denote the i-th N -quantile of the semicircle distribution by γi and

define it implicitly by
i

N
=
∫ γi

−2
ρsc(x) dx.

We will often differentiate functions of a matrixM ∈ MatN with respect to some entry mab

of M . For example, we will consider quantities such as ∂abf(M), where ∂ab means that we

consider M as a function of its upper-triangular elements {mij}1≤i≤j≤N and differentiate

with respect to mab when a ≤ b, or with respect to mba when b ≤ a. Mostly commonly,

we take f to be the resolvent f(M) = (M − z)−1, or some product of resolvents.

Finally, we adopt the convention that N = {1, 2, 3, . . . }.

3.2.3 Local law for resolvent and multi-resolvent

We require the isotropic local law proved in [32] and multi-resolvent local law proved

in [51]. We begin by recalling the notion of stochastic domination (which was introduced

in [76]).

Definition 3.2.1 (Stochastic domination). Let

X =
(
X(N)(u) : N ∈ N, u ∈ U (N)

)
, Y =

(
Y (N)(u) : N ∈ N, u ∈ U (N)

)

be two families of nonnegative random variables, where U (N) is a possibly N-dependent

parameter set. We say that X is stochastically dominated by Y , uniformly in u, if for all

83



(small) ε > 0 and (large) D > 0 we have

sup
u∈U(N)

P
[
X(N)(u) > N εY (N)(u)

]
6 N−D

for large enough N > N0(ε,D). Unless stated otherwise, throughout this paper the

stochastic domination will always be uniform in all parameters apart from δ, τ , and the

constants µp (which were fixed in Section 3.2.1); thus, N0(ε,D) also depends on µp, τ, δ. If

X is stochastically dominated by Y , uniformly in u, we use the notation X ≺ Y . Moreover,

if for some complex family X we have |X| ≺ Y we also write X = O≺(Y )

We first introduce the isotropic local law for a single resolvent.

Theorem 3.2.2 (Isotropic local law). Let H be a Wigner matrix, let G = (H − z)−1 be

its resolvent.

sup
z∈S

∣∣∣〈x, G(z)y〉 − 〈x,y〉msc(z)
∣∣∣ ≺

√
| Immsc(z)|

Nη
+ 1
Nη

(3.2.2)

for any choice of deterministic vectors x,y ∈ SN−1, where η = |=z|.

Remark 3.2.3. In this and all following local laws, the high probability bound may be

strengthened to hold simultaneously for all z in the specified domain. For instance, (3.2.2)

may be strengthened to

P

⋂
z∈S

|〈x, G(z)y〉 −msc(z)〈x,y〉| 6 N ε

√Immsc(z)
Nη

+ 1
Nη


 > 1−N−D,

for all ε > 0, D > 0 and N ≥ N0(ε,D). It follows from a simple lattice argument combined

with the Lipschitz continuity of G,msc on S. See [20, Remark 2.7] for details.

We next recall the definitions of a non-crossing partition and the Kreweras complement

of a partition. We follow the notation of [100]; see also [121].

Definition 3.2.4. For k ∈ N, let [k] denote the set {1, 2, . . . , k}. A set partition of [k] is
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a set π of disjoint subsets of [k] whose union is [k]. The elements of π are called blocks.

Given a set partition π, a bump is an ordered pair (i1, i2) such that i1 and i2 lie in the

same block of π, i1 < i2, and there is no j in the same block with i1 < j < i2. We say that

π is a noncrossing partition if for every pair of bumps (i1, i2) and (j1, j2) in π, it is not

the case that i1 < j1 < i2 < j2. We let NC[k] denote the set of non-crossing partitions of

[k].

Definition 3.2.5. Arrange the points in [k] equidistantly on the boundary of the unit

disk D, with labels increasing counterclockwise. Label the arcs between adjacent points

so that arc i connects point i to its neighbor in the counterclockwise direction. Given

π ∈ NC[k], we define the Kreweras complement K(π) ∈ NC[k] of π to be the partition

such that two points x, y ∈ [k] belong to the same block of K(π) if and only if the arcs x, y

are in the same connected component of D \ ∪B∈πPB, where PB denotes the convex hull of

the vertices in the block B.

Moreover, for π ∈ NC[k], and matrices A1, . . . , Ak−1 ∈ MatN , we define the partial

trace pTrπ associated to partition π to be

pTrπ (A1, . . . , Ak−1) = 1
N

∏
B∈π\B(k)

Tr
∏
j∈B

Aj

 ∏
j∈B(k)\{k}

Aj,

where B(k) ∈ π denotes the unique block containing k. We recall that by convention, an

empty product is equal to 1.

For any subset B ⊂ [k] we define

m[B] := msc [{zi | i ∈ B}] =
∫ 2

−2
ρsc(x)

∏
i∈B

1
x− zi

dx.

For every k ∈ N, let m◦[·] : 2[k] → C denote the free-cumulant transform of m[·], which is
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defined implicitly by requiring that the relation

m[B] =
∑

π∈NC(B)

∏
B′∈π

m◦ [B′] , ∀B ⊂ [k].

holds for all k. For example, when k = 1, we have m◦[i] = m[i], and for k = 2 we have

m◦[i, j] = m[i, j]−m[i]m[j]. For further details, see the discussion following [53, Definition

2.3].

Definition 3.2.6. For arbitrary deterministic matrices A1, . . . , Ak−1 ∈ MatN and spectral

parameters z1, . . . , zk ∈ C\R, define

M(z1, A1, . . . , Ak−1, zk) :=
∑

π∈NC[k]
pTrK(π) (A1, . . . , Ak−1)

∏
B∈π

m◦[B]. (3.2.3)

We are now ready to state the multi-resolvent local laws necessary for our work.

Lemma 3.2.7 ([51, Lemma 2.4]). Fix k,m ∈ N with m ≤ k and a constant C0 > 0. Let

A1, . . . , Ak ∈ MatN be deterministic matrices such that ‖Ai‖ ≤ C0 for all 1 ≤ i ≤ k, and

suppose that TrAj = 0 holds for at least m distinct indices j. Then there exists a constant

C = C(C0, k) > 0 such that

|Tr (M (z1, A1, . . . , zk−1, Ak−1, zk)Ak)| ≤


CN

ηk−1−dm/2e d ≤ 1

CN
dk

d ≥ 1

and

‖M (z1, A1 . . . , zk, Ak, zk+1)‖ ≤


C

ηk−dm/2e d ≤ 1

C
dk+1 d ≥ 1,

(3.2.4)

where η := minj |=zj| and d := minj dist (zj, [−2, 2]).

Theorem 3.2.8 ([51, Theorem 2.5]). Let H be a N × N Wigner matrix and let G =

(H − z)−1 be its resolvent. Fix m, k ∈ N with m ≤ k and z1, . . . , zk+1 ∈ S. Fix C0 > 0,
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and let A1, . . . , Ak be deterministic matrices such that ‖Aj‖ ≤ C0 for all 1 ≤ j ≤ k, and

TrAj = 0 for at least m distinct indices j. Then

|Tr (G1A1 · · ·GkAk −M (z1, A1, . . . , Ak−1, zk)Ak)| ≺


1

ηk−m/2 d ≤ 1

1
dk+1 d ≥ 1,

(3.2.5)

and for any deterministic vectors x,y ∈ RN such that ‖x‖+ ‖y‖ ≤ C0, we have

|〈x, (G1A1 · · ·GkAkGk+1 −M (z1, A1, . . . , Ak, zk+1))y〉| ≺


1√

Nηk−m/2+1/2 d ≤ 1

1√
Ndk+2 d ≥ 1.

(3.2.6)

Here Gj := G (zj), η := minj |=zj|, and d := minj dist (zj, [−2, 2]). In (3.2.5) and (3.2.6),

the numbers N0 in the definition of the ≺ notation (recall Definition 3.2.1) may depend

on k and C0.

3.2.4 Central limit theorem for GOE

We recall the following result from [141, Theorems 2.3 and 2.4].

Theorem 3.2.9 (Central Limit Theorem for GOE). Let H be drawn from Gaussian

Orthogonal Ensemble and fix δ ∈ (0, 1). For N ≥ 2, let I = IN ∈ JN1−δ, NK be a

deterministic sequence of subsets, let ` = `N ∈ J1, NK be a sequence of indices, and

let u = u
(N)
`N

be the corresponding sequence of `2-normalized eigenvectors of H. Let(
q(N)
α

)
α∈I

= (qα)α∈I be a deterministic sequence of sets of orthogonal vectors in SN−1.

Then √√√√ N3

2|I|(N − |I|)

(∑
α∈I
〈qα,u〉2 −

|I|
N

)
→ N (0, 1),

with convergence in the sense of moments.
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3.2.5 Quantum Unique Ergodicity

We also recall the following quantum unique ergodicity result from [24, Theorem 1.4].

Theorem 3.2.10. Let H be a Wigner matrix. Let I = IN ⊂ J1, NK be a deterministic

sequence of subsets, let ` = `N ⊂ J1, NK be a sequence of indices, and let u = u
(N)
`N

be the

corresponding sequence of eigenvectors of H. Let (qα)α∈I =
(
q(N)
α

)
α∈I

be a deterministic

sequence of sets of orthogonal vectors in SN−1. Then

∣∣∣∣∣∣
∑
α∈I
〈qα,u〉2 −

|I|
N

∣∣∣∣∣∣ ≺
√
|I|
N

. (3.2.7)

3.3 Regularized observables

3.3.1 Definitions

We begin by defining notation for the self-overlaps and typical eigenvalue spacings.

Definition 3.3.1 (Self-overlaps and spacings). Let H be a N ×N Wigner matrix. Define

the self-overlap of the eigenvector uk by

pk = pk(I) :=
∑
α∈I
〈qα,uk〉2 −

|I|
N
.

Denote the normalized pk as

p̂k :=

√√√√ N3

2|I|(N − |I|)pk.

Denote the typical size of the k-th eigenvalue gap by

∆k = N−2/3k−1/3.

We next define v`, which serves as the regularization of a scaled version of p`.
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Definition 3.3.2 (Smoothed indicator function). For any E1, E2 ∈ R with E1 < E2, and

η > 0, let fE1,E2,η denote a function such that fE1,E2,η = 1 on [E1, E2], fE1,E2,η = 0 on

R\[E1 − η, E2 + η], and |f ′E1,E2,η| ≤ Cη−1, |f ′′E1,E2,η| ≤ Cη−2 on R.

Definition 3.3.3 (Regularized self-overlap). Let δi > 0 for 1 ≤ i ≤ 5 be parameters, and

let H be a Wigner matrix. Define

η` = ∆`N
−δ1 , I` =

[
γ` −∆`N

δ2 , γ` + ∆`N
δ2
]
, E± = E ±∆`N

−δ3 ,

fE = f−3,E+,∆`N
−δ4 , η̃` = ∆`N

−δ5 .

(3.3.1)

Let f̃ = f−κ2 ,
κ
2 ,
κ
2
, where κ =

(
`
N

)2/3
, and set q = f`− 1

3 ,`+
1
3 ,

1
3
. Let f̃ = f−κ2 ,

κ
2 ,
κ
2
, where

κ =
(
`
N

)2/3
, and set q = f`− 1

3 ,`+
1
3 ,

1
3
.

Define

x(E) ≡ x`(E) = η`
π

∑
i

p̂i

(λi − E)2 + η2
`

= η`
π

√√√√ N3

2|I|(N − |I|)

∑
α∈I

∑
i

GqαiḠiqα −
∑
β

∑
i

GqβiḠiqβ


= η`
π

√√√√ N3

2|I|(N − |I|)

∑
α∈I

(
1− |I|

N

)
(GḠ)qαqα −

∑
α/∈I

|I|
N

(GḠ)qαqα

 ,
(3.3.2)

and

y(E) ≡ y`(E) = 1
2π

∫
R2

iσf ′′E(e)f̃(σ) TrG(e+ iσ)1 (|σ| > η̃`) de dσ

+ 1
2π

∫
R2

(
ifE(e)f̃ ′(σ)− σf ′E(e)f̃ ′(σ)

)
TrG(e+ iσ) de dσ,

(3.3.3)

Finally, set δ = (δ1, . . . , δ5) and define the regularized observable

v` = v`(δ, I) =
∫
I`

x(E)q (yE) dE. (3.3.4)

Before stating the main lemma in this section, we need the following several results.
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Theorem 3.3.4 (Eigenvalue Rigidity [84, Theorem 2.2]). Let H be a Wigner matrix. For

all i ∈ J1, NK, we have

|λi − γi| ≺ ∆i. (3.3.5)

Proposition 3.3.5 (Level repulsion at the edge [25, Proposition 5.7]). Let H be a Wigner

matrix. Then there exists ε0 > 0 such that for all ε ∈ (0, ε0), there exists constants

C = C(ε) such that for any i ∈ J1, bN/2cK,

P
(
λi+1 − λi < N−2/3−εi−1/3

)
≤ CN−ε. (3.3.6)

Lemma 3.3.6 ([25, Lemma 4.9]). With the definitions in Definition 3.3.3, for any ε > 0,

there exists C = C(ε) such that4

∑
i:|i−`|>Nε

1
(λi − λ`)2 ≺ N4/3−ε`2/3. (3.3.7)

Lemma 3.3.7. With I` defined in (3.3.1) and x(E) defined in (3.3.2), we have

∫
I`

|x(E)|χ(E) dE ≺ N δ2 , (3.3.8)

where χ(E) = 1(λ` ≤ E+ ≤ λ`+1).

Proof. By the QUE bound (3.2.7), it suffices to show

∑
i

∫
I`

η`
π

1
(λi − E)2 + η2

`

χ(E) dE ≺ N δ2 . (3.3.9)

4There is a misprint in [25, Lemma 4.9]. The sign of the ω on the right hand side of the inequality
should be negative.
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We break the integral (3.3.9) into two parts, and find that it equals

∑
i:|i−`|<Nδ2

∫
I`

η`
π

1
(λi − E)2 + η2

`

χ(E) dE +
∑

i:|i−`|≥Nδ2

∫
I`

η`
π

1
(λi − E)2 + η2

`

χ(E) dE.

(3.3.10)

For the first term in (3.3.10), using the integral

∫ η`
E2 + η2

`

dE = π,

we can bound it by

∑
i:|i−`|<Nδ2

∫
I`

η`
π

1
(λi − E)2 + η2

`

χ(E)dE < 2N δ2 . (3.3.11)

For the second term in (3.3.10), using (3.3.7), it follows that

∑
i:|i−`|≥Nδ2

∫
I`

η`
π

1
(λi − E)2 + η2

`

χ(E)dE ≺ N−δ2−δ1 . (3.3.12)

Combining (3.3.11) and (3.3.12), the proof is complete.

The following lemma is our main comparison result for the smoothed observable v`.

Lemma 3.3.8. Let H be a Wigner matrix and suppose that λ` satisfies level repulsion

estimate (3.3.6) with

ε = ε1 := min{ε0/2, τ/10000}.

Fix parameters

δ1 = 2ε1, δ2 = ε1

max{C0 + 1, 100} , δ3 = ε1

2 , δ4 = 6ε1, δ5 = 8ε1.

Fix C0 > 0, and let g : R→ R be a smooth function satisfying

|g′(x)| ≤ C0(1 + |x|)C0 . (3.3.13)
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Then there exists a constant c(τ) > 0 such that

∣∣∣∣E [g (p̂`(I))]− E
[
g
(
v`(δ, I)

)]∣∣∣∣ ≤ c−1N−c.

To prove Lemma 3.3.8, it suffices to establish Lemmas 3.3.9, 3.3.10 and 3.3.11.

Lemma 3.3.9. Maintain the notation and assumptions of Lemma 3.3.8. Recalling

Definition 3.3.3, we have

E[g(p̂`)]− E
[
g
(∫

I`

x(E)χ(E)
)]

= O(N−ε1/4),

where χ(E) := 1 (λ` ≤ E+ ≤ λ`+1).

Proof. We first write

p̂` = η`
π

∫ p̂`
(E − λ`)2 + η2

`

dE.

By the assumption (3.3.13) on g, rigidity (3.3.5), and quantum unique ergodicity

(3.2.7), we write

E [g(p̂`)] =E
[
g

(
η`
π

∫ E2

E1

p̂`
(E − λ`)2 + η2

`

dE
)]

+O≺(N−δ1+δ3)

=E
[
g

(
η`
π

∫ E2

E1

p̂`
(E − λ`)2 + η2

`

dE
)]

+O(N−ε1/2),

where

E1 = λ−` , E2 = max
{
λ+
` , λ

−
`+1

}
.

We now show that the integral over [E1, E2] can be approximated by integrating over

[λ−` , λ−`+1]. From (3.3.6) and the parameter choice δ3 = ε1/2, we have

P
(
λ−`+1 ≤ λ+

`

)
≤ N−ε1/2.
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Decomposing the integral

∫ E2

E1
=
∫ λ−

`+1

λ−
`

+1
(
λ−`+1 ≤ λ+

`

) ∫ λ+
`

λ−
`+1

, (3.3.14)

we have

E
[
g(p̂`)

]
=E

[
g

(
η`
π

∫ λ−
`+1

λ−
`

p̂`
(E − λ`)2 + η2

`

dE
)]

+O≺(P
(
λ−`+1 ≤ λ+

`

)
) +O(N−ε1/2)

=E
[
g

(
η`
π

∫ λ−
`+1

λ−
`

p̂`
(E − λ`)2 + η2

`

dE
)]

+O(N−ε1/4)

where we used the polynomial growth of g (3.3.13) and the quantum unique ergodicity

(3.2.7) in the first step and (3.3.14) in the second step. By rigidity (3.3.5),

|λ` − γ`| ≺ ∆`, |λ`+1 − γ`| ≺ ∆`,

we have

E [g(p̂`)] = E
[
g

(
η`
π

∫
I`

p̂`
(E − λ`)2 + η2

`

χ(E)dE
)]

+O(N−ε1/4). (3.3.15)

Our next goal is to replace the first term on the right hand side of (3.3.15) by the following.

Eg
[∫
I`

x(E)χ(E)
]

= Eg
[
η`
π

∫
I`

p̂`
(E − λ`)2 + η2

`

χ(E) dE + η`
π

∑
i 6=`

∫
I`

p̂i

(λi − E)2 + η2
`

χ(E) dE
]
.

Using mean value theorem, (3.3.8) and (3.3.15) in the first step, and (3.3.7) and (3.2.7)
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in the second step, we have

∣∣∣∣E [g(p̂`)]− E
[
g
(∫

I`

x(E)χ(E)dE
)]∣∣∣∣

≤O≺(NC0δ2)

∣∣∣∣∣∣E
∑
i 6=`

∫
I`

η`
π

p̂i
(λi − E)2 + η2

`

χ(E)dE
∣∣∣∣∣∣+O(N−ε1/4)

=O≺(NC0δ2)E
 ∑
i:1≤|i−`|<Nδ2

∫
I`

η`
π

1
(λi − E)2 + η2

`

χ(E)dE
+O≺(NC0δ2−δ1) +O(N−ε1/4)

=O≺(NC0δ2)E
 ∑
i:1≤|i−`|<Nδ2

∫
I`

η`
π

1
(λi − E)2 + η2

`

χ(E)dE
+O(N−ε1/4).

(3.3.16)

Next we would like to bound the expectation term in the right hand side of (3.3.16). We

decompose it into two parts.

Firstly, for i > `, we have

E

 ∑
i:1≤i−`<Nδ2

∫
I`

η`
π

1
(λi − E)2 + η2

`

χ(E)dE
 ≤ N δ2E

[∫ λ−
`+1

−∞

η`
π

1
(λ`+1 − E)2 + η2

`

dE
]

≺ N δ2−δ1+δ3 . (3.3.17)

Suppose now that i < `. On the event B := 1(λ` − λ`−1 > 4∆`N
−δ3), we have

χ(E)(E − λi)2 ≥ (λ` − λi)2 − 2∆`N
−δ3(λ` − λi) ≥

1
2(λ` − λi)2 ≥ 1

2(λ` − λ`−1)2.

Therefore,

1(B)χ(E) 1
(E − λi)2 + η2

`

≤ 1(B)χ(E) 2
(λ` − λ`−1)2 + η2

`

≤ χ(E)N
2δ3

8∆2
`

.

Now we have,

E

 ∑
i:1≤`−i<Nδ2

∫
I`

η`
π

1
(λi − E)2 + η2

`

χ(E)dE
 ≺ N δ2P (Bc) +N δ2η`∆`

N2δ3

∆2
`

≤ N δ2− 2
3 δ3 ,

(3.3.18)
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where we used λ`+1 − λ` ≺ ∆` in the first inequality and (3.3.6) in the second inequality.

Combining (3.3.17) and (3.3.18), we have

E

 ∑
i:1≤|i−`|<Nδ2

∫
I`

η`
π

1
(λi − E)2 + η2

`

χ(E)dE
 ≺ N δ2− 2

3 δ3 . (3.3.19)

Inserting (3.3.19) into (3.3.16), we have

∣∣∣∣E [g(p̂`)]− E
[
g
(∫

I`

x(E)χ(E)dE
)]∣∣∣∣ = O(N−ε1/4).

Lemma 3.3.10. Maintain the same assumptions as in Lemma 3.3.8. Using Definition

3.3.3, the following holds

E
[
g
(∫

I`

x(E)χ(E) dE
)]
− E

[
g
(∫

I`

x(E)q (Tr fE(H)) dE
)]

= O(N−ε1/2),

where χ(E) := 1 (λ` ≤ E+ ≤ λ`+1).

Proof. Let θ := 1[−3,E+] and B denote the event {λ1 ≥ −3}. By the definition of χ(E),

the first term becomes

1(B)
∫
I`

x(E) 1(λ` ≤ E+ ≤ λ`+1) dE = 1(B)
∫
I`

x(E) 1(N (−∞, E+) = `) dE

= 1(B)
∫
I`

x(E) q(Tr θ(H)) dE,

where N (E1, E2) denotes the number of eigenvalues in [E1, E2].

By the definition of fE = f−3,E+,∆`N
−δ4 , we know

1(B)|Tr θ(H)− Tr fE(H)| ≤ N (E+, E+ + ∆`N
−δ4) =

∑
i

1(|λi − E+| ≤ ∆`N
−δ4).
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Hence we have

1(B)
∣∣∣∣∫
I`

x(E)χ(E) dE −
∫
I`

x(E) q(Tr fE(H)) dE
∣∣∣∣

=1(B)
∣∣∣∣∫
I`

x(E) [q(Tr θ(H))− q(Tr fE(H))] dE
∣∣∣∣

≤C1(B)
∫
I`

|x(E)| |Tr θ(H)− Tr fE(H)| dE

≤C
∑
i

∫
I`

|x(E)|1(|λi − E+| ≤ ∆`N
−δ4)dE

≺N−δ4/2∆` sup
E∈I`
|x(E)|,

(3.3.20)

where we use the rigidity (3.3.5) in the final step. By (3.2.7) and (3.3.7) with ε = 2δ2, we

have

sup
E∈I`
|x(E)| ≺ ∆−1

` N δ1+2δ2 . (3.3.21)

Combining (3.3.20) and (3.3.21), we obtain the desired bound on B. On Bc, we simply

use the rigidity (3.3.5) and (3.3.21). The proof is complete.

Lemma 3.3.11. Maintain the same assumptions as in Lemma 3.3.8. Using Definition

3.3.3, the following holds

E
[
g
(∫

I`

x(E)q(Tr fE(H))
)]
− E

[
g
(∫

I`

x(E)q(yE)
)]

= O(N−ε1/2).

Proof. We first express fE(H) in terms of Green functions using Helffer-Sjöstrand func-

tional calculus (see Equation (B.12) of [78]):

fE(λ) = 1
2π

∫
R2

iσf ′′E(e)f̃(σ) + ifE(e)f̃ ′(σ)− σf ′E(e)f̃ ′(σ)
λ− e− iσ de dσ.
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Let G(z) = (H − z)−1 and recall η̃` = ∆`N
−δ5 , then we have:

Tr fE(H) = 1
2π

∫
R2

(
iσf ′′E(e)f̃(σ) + ifE(e)f̃ ′(σ)− σf ′E(e)f̃ ′(σ)

)
TrG(e+ iσ) de dσ

= 1
2π

∫
R2

(
ifE(e)f̃ ′(σ)− σf ′E(e)f̃ ′(σ)

)
TrG(e+ iσ) de dσ

+ 1
2

∫
|σ|>η̃`

∫
iσf ′′E(e)f̃(σ) TrG(e+ iσ) de dσ

+ 1
2π

∫
|σ|<η̃`

∫
iσf ′′E(e)f̃(σ) TrG(e+ iσ) de dσ.

We show that the last term is negligible. From [119, Lemma 5.1], we know σTrG(e+iσ) =

O≺(1). Since
∫
|f ′′E(e)| = O(∆−1

` N δ4), the last term is bounded by:

∣∣∣∣∣ 1
2π

∫
|σ|<η̃`

∫
iσf ′′E(e)f̃(σ) TrG(e+ iσ) de dσ

∣∣∣∣∣ = O≺(N δ4−δ5).

Hence by the mean value theorem on q and definition of yE (see (3.3.3)), we know

q(Tr fE(H)) − q(yE) = O≺(N δ4−δ5). Now by mean value theorem on g and (3.3.8), we

have

E
[
g
(∫

I`

x(E)q (Tr fE(H))
)]
− E

[
g
(∫

I`

x(E)q (yE)
)]

= O≺
(
N (C0+1)δ2+δ4−δ5

)
,

which, by the choice of parameters, completes the proof.

3.4 Two moment comparison and proof of the main

theorem

We retain the conventions stated in Section 3.2.1 and the choice of parameters made

in the statement of Lemma 3.3.8.
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3.4.1 Preliminary Lemmas

For z ∈ C\R, we define the control parameter

Ψ(z) =
√

Immsc(z)
N Im z

+ 1
N | Im z|

. (3.4.1)

Let H be a N ×N Wigner matrix. Fix a, b ∈ J1, NK, and define

Q = Q(a, b) = {qij}1≤i,j≤N ∈ MatN

as follows. Set qij = hij if (i, j) /∈ {(a, b), (b, a)}, and set qij = 0 otherwise. In other words,

Q is the matrix obtained by starting with H and replacing entries hab and hba by zeros.

Given z ∈ C \ R, set

G = (H − z)−1, R = (Q− z)−1. (3.4.2)

Let xG, xR, yG, yR be the quantities in (3.3.2) and (3.3.3) defined using the resolvents G

or R, as indicated by the superscript. Finally, let U = H −Q.

We summarize some preliminary bounds in the following lemma.

Lemma 3.4.1. Let H = {hij}Ni,j=1, G,R,Ψ be as defined above. We have

|hij| ≺ N−1/2, (3.4.3)

‖G(z)‖ ≤ 1
η
, (3.4.4)

‖R(z)‖ ≤ 1
η
, (3.4.5)

C−1τ 1/4N−1/2 ≤ Ψ(z) ≤ Cτ−1/4N−τ/20, ∀ z ∈ S, (3.4.6)

for some constant C > 0, where η = |=z|. Moreover, when z = E + iη`, z ∈ I` (see
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Definition 3.3.3), there exists constant C > 0 such that

Ψ(z) ≤ C

Nη`
. (3.4.7)

Proof. Fix any ε > 0, D > 0. By Markov’s inequality and the moment assumption (3.1.5)

on hij, we have

P
(
|
√
Nhij| > N ε

)
= P

(
|
√
Nhij|p > Npε

)
≤ µpN

−pε ≤ N−D,

for large enough p and N > N0(ε,D). This proves (3.4.3).

By spectral decomposition, we have

G(z) =
∑
i

uiu
>
i

λi − z
,

where {λi}Ni=1 and {ui}Ni=1 are the corresponding eigenvalues and eigenvectors of H.

Observe that ∣∣∣∣ 1
λi − z

∣∣∣∣ ≤ 1
η
.

Pick any unit vector x. We have

|x∗Gx| ≤ 1
η
x∗
∑
i

uiu
>
i x = 1

η
.

This proves (3.4.4). The inequality (3.4.5) follows similarly.

To obtain the lower bound of Ψ(z), we use the following result (see [20, Lemma 3.3]):

c
√
κ+ η ≤ | Immsc(z)| ≤ c−1√κ+ η, if |E| ≤ 2,
cη√
κ+ η

≤ |=msc(z)| ≤ c−1η√
κ+ η

, if |E| ≥ 2,

for some constant c > 0, where E = <z and κ ≡ κ(E) := ||E| − 2|.
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For |E| ≤ 2, we have

Ψ(z) ≥

√√√√c
√
κ+ η

Nη
+ 1
Nη
≥ CN−1/2η−1/4 ≥ Cτ 1/4N−1/2,

Ψ(z) ≤

√√√√c−1√κ+ η

Nη
+ 1
Nη
≤ C

√
τ−1/2

NN−1+τ/10 + 1
NN−1+τ/10 ≤ Cτ−1/4N−τ/20,

where we used z ∈ S in the last step of the first line and in the second inequality of the

second line.

For |E| ≥ 2, we have

Ψ(z) ≥
√

c√
κ+ ηN

+ 1
Nη
≥


CN−1/2η−1/4 if κ ≤ η

CN−1/2κ−1/4 if κ ≥ η

 ≥ Cτ 1/4N−1/2,

Ψ(z) ≤

√√√√ c−1
√
κ+ ηN

+ 1
Nη
≤ C

√
1

N−1/2+τ/20N
+ 1
NN−1+τ/10 ≤ CN−1/2−τ/20,

where we used z ∈ S in the last step of the first line and in the second inequality of the

second line. This completes the proof of (3.4.6).

Finally, for z = E + iη`, E ∈ I`. We have

Ψ(z) ≤ C

√√√√√κ+ η`
Nη

+ 1
Nη`

.

Note that κ ≤ C(`/N)2/3 +N δ2∆`. It is not hard to check that κ+ η` ≤ C(Nη`)−2. This

completes the proof of (3.4.7).

In the next lemma, we collect several local laws, which will be used frequently for the

current section and Section 3.5.

Lemma 3.4.2. Let H be a Wigner matrix, and let S be either G or R, as defined in

(3.4.2).

100



1. For all z ∈ S, we have

∣∣∣〈x, Sy〉 − 〈x,y〉msc

∣∣∣ ≺ Ψ, |(SS)xy| ≺ NΨ2, |(SS̄)xy| ≺ NΨ2. (3.4.8)

uniformly over all x,y ∈ SN−1.

2. Further, if z = E + iη ∈ S satisfies

E ∈ I`, η = η`.

Then for any deterministic A ∈ MatN such that ‖A‖ ≤ 1 and TrA = 0, we have

|(SAS̄)cd| ≺ N1/2Ψ, (3.4.9)

|(SAS̄S)cd| ≺ N3/2Ψ9/4, (3.4.10)

uniformly over all c, d ∈ J1, NK.

The proof of Lemma 3.4.2 is postponed to Section 3.6.

The resolvent expansion formulae

G = R−RUR +RURUR−RURURUR + (RU)4G,

R = G−GUG+GUGUG−GUGUGUG+ (GU)4R,

(3.4.11)

follow immediately from the definitions of G, R, and U . They imply

GḠ−RR̄ =−RRUR−RURR̄

+RRURUR +RURRUR +RURURR̄

−RRURURUR−RURRURUR−RURURRUR−RURURURR̄

+R(RU)4G+RUR(RU)3R + (RU)2R(RU)2R + (RU)3RRUR + (RU)4GR̄.

(3.4.12)

These identities facilitate resolvent expansions for the terms xG and yG, which are stated
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in the following lemma. We recall that ` was fixed earlier in Section 3.2.1, and that I`

was defined in (3.3.1).

Lemma 3.4.3. Let H be a N ×N Wigner matrix.

1. We have

xG − xR =
3∑
r=1

xrh
r
ab + xerr,

where

|xi(E)| ≺ N1+δ/2Ψ5/4, i = 1, 2, 3, |xerr(E)| ≺ N−1+δ/2Ψ5/4,

uniformly over E ∈ I`. Moreover

|xR(E)| ≺ N1+δ/2Ψ1/2,

uniformly over E ∈ I`.

2. We have

TrG− TrR =
3∑
r=1

Jrh
r
ab + Jerr

where

|Ji(z)| ≺ NΨ2, i = 1, 2, 3, |Jerr(z)| ≺ N−2Ψ2,

uniformly for z ∈ S.

3. We have

yG − yR =
3∑
r=1

yrh
r
ab + yerr

where

|yi(E)| ≺ Ψ, i = 1, 2, 3, |yerr(E)| ≺ N−2Ψ,

uniformly over E ∈ I`.

Proof. We first present the proofs for the claims about x1 and xR. The others are similar.
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By (3.3.2) and (3.4.12), we have

x1 = η`
π

√√√√ N3

2|I|(N − |I|)
1

1 + δab
[(RAR̄R)ab + (RAR̄R)ba] + [C],

where [C] denotes the complex conjugate of the previous terms, and

A =
∑
α∈I

(
1− |I|

N

)
qαq

>
α −

∑
α/∈I

|I|
N
qαq

>
α . (3.4.13)

Note that ‖A‖ = max {1− |I|/N, |I|/N} ≤ 1 and TrA = 0. By Lemma 3.4.2, we have

that |x1| ≺ N1+δ/2Ψ5/4, where we used |I| ≥ N1−δ. For xR we have,

xR = η`
π

√√√√ N3

2|I|(N − |I|) Tr(RAR̄).

By definition, we have M(z, A, z̄) = |msc(z)|2A which is traceless and from (3.2.5), we

have |xR| ≺ N1+δ/2Ψ1/2.

By resolvent expansion, we have

TrS − TrR = −TrRV R + TrRV RV R− TrRV RV RV R + Tr(RV )4G =:
3∑
i=1

Ji + Jerr.

Using the high probability bound (3.4.8) we have

|Ji| ≺ NΨ2, i = 1, 2, 3, and |Jerr| ≺ N−1Ψ2.
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Using the bound on Ji from the second part, and notice that

yi = 1
2π

∫
R2

iσf ′′E(e)f̃(σ)Ji(e+ iσ)1 (|σ| > η̃`) de dσ

+ 1
2π

∫
R2

(
ifE(e)f̃ ′(σ)− σf ′E(e)f̃ ′(σ)

)
Ji(e+ iσ)de dσ,

yerr = 1
2π

∫
R2

iσf ′′E(e)f̃(σ)Jerr(e+ iσ)1 (|σ| > η̃`) de dσ

+ 1
2π

∫
R2

(
ifE(e)f̃ ′(σ)− σf ′E(e)f̃ ′(σ)

)
Jerr(e+ iσ)de dσ,

the proof of the bound on yi and yerr follows from the proof of [33, Lemma 7.7].

Using Lemma 3.4.3, and Taylor expansion of q(yG) around yR up to order 3, we have

∫
I`

xGq(yG)dE −
∫
I`

xRq(yR)dE

=
∫
I`

(
xR +

3∑
r=1

xrh
r
ab + xerr

)
·

q(yR) +
3∑

k=1

q(k)(yR)
k!

( 3∑
r=1

yrh
r
ab + yerr

)k
+O≺(N−2Ψ)

 dE

−
∫
I`

xRq(yR)dE

=
∑
l∈L

Plh
|l|
ab +O≺(N−2−c),

(3.4.14)

where we define

L :=
{
l = (l0, . . . , lk) ∈ J0, 3K× J1, 3Kk : k ∈ N, 1 6 |l| 6 3

}
, |l| :=

k∑
i=0

li,

Pl :=
∫
I`

q(k)
(
yR
)

k! xl0yl1 · · · ylk dE,

and c > 0 depends only on τ . Here we denote x0 := xR.

Using (3.4.14), for g satisfying (3.3.13), we have

E
[
g
(∫

I`

xGq
(
yG
)

dE
)]
− E

[
g
(∫

I`

xRq
(
yR
)

dE
)]

= E [A] +O≺
(
N−2−c

)
+ E

[
h3
ab

]
E

 3∑
k=1

1
k!g

(k) (P0)
∑

l1,...,lk∈L
1
(

k∑
i=1
|li| = 3

)
k∏
i=1

Pli

 , (3.4.15)
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where P0 :=
∫
I`
xRq(yR) dE, and E[A] depends only on R and the first two moments of

hab.

We need the following lemma:

Lemma 3.4.4. Fix indices a, b such that a 6= b. Let Y denote any of the following terms:

g(3) (P0)Pm
(1)P

n
(0,1) (m+ n = 3),

g(2) (P0)
(
P(2) + P(0,2) + P(1,1) + P(0,1,1)

) (
P(1) + P(0,1)

)
,

g(1) (P0)
(
P(3) + P(0,3) + P(1,2) + P(2,1) + P(0,1,2) + P(1,1,1) + P(0,1,1,1)

)
.

(3.4.16)

Then there is a constant c > 0 such that

∣∣∣E[Y ]
∣∣∣ ≺ N−1/2−c.

The lemma is proved in Section 3.5.

3.4.2 Resolvent Comparison

Given this lemma, we can conclude by standard Green’s comparison argument.

Proof of Theorem 3.1.3. Let W be drawn from the Gaussian Orthogonal Ensemble, and

let H be a Wigner matrix. By Theorem 3.2.9 and Lemma 3.3.8, it suffices to show

∣∣∣E [g(vW` )− g(vH` )
]∣∣∣ ≤ c−1N−c (3.4.17)

for some constant c > 0, where vW` and vH` are corresponding regularized observables (see

(3.3.4)) for W and H respectively.

To this end, we fix a bijection

ψ : {(i, j) : 1 6 i 6 j 6 N} → J1, ξNK,
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where ξN = N(N + 1)/2, and define the interpolating matrices H0, H1, H2, . . . , HξN by

hξij =


hij if ψ(i, j) > ξ,

wij if ψ(i, j) ≤ ξ,

for i ≤ j. Therefore, H0 = H and HξN = W . We may rewrite (3.4.17) as a telescopic

summation,

∣∣∣E [g(vW` )− g(vH` )
]∣∣∣ ≤ ξN∑

ξ=1

∣∣∣E [g (vHξ

`

)
− g

(
vH

ξ−1

`

)]∣∣∣ (3.4.18)

Fix some ξ ∈ J1, ξNK and consider the indices (a, b) such that ψ(a, b) = ξ. Let Qξ be

the matrix obtained from Hξ by setting hξab and h
ξ
ba to zero. Note that Qξ can also be

obtained from Hξ−1 by setting hξ−1
ab and hξ−1

ba to zero. We consider the following two cases.

First, suppose a = b. Lemma 3.3.1 and Lemma 3.4.3 imply that, with Y denoting any

term from (3.4.16), |Y | ≺ N−τ/30, where we use the upper bound of Ψ(z) (see (3.4.7)).

Combining (3.4.15), we have

∣∣∣E [g(vHξ

` )− g(vHξ−1

` )
]∣∣∣ ≤ ∣∣∣E [g(vHξ

` )− g(vQ
ξ

` )
]

+
[
g(vQ

ξ

` )− g(vHξ−1

` )
]∣∣∣ ≤ N−3/2−c,

where we use the fact that the first two moments of Wigner matrices Hξ and Hξ−1 are

the same, and therefore E[A] in (3.4.15) is the same for both cases.

Now, if a 6= b. Combining Lemma 3.4.4 and (3.4.15), we have

∣∣∣E [g(vHξ

` )− g(vHξ−1

` )
]∣∣∣ ≤ ∣∣∣E [g(vHξ

` )− g(vQ
ξ

` )
]

+
[
g(vQ

ξ

` )− g(vHξ−1

` )
]∣∣∣ ≤ N−2−c

for some c > 0. These two estimates conclude the proof in view of (3.4.18).
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3.5 Proof of Lemma 3.4.4

We now fix indices a, b ∈ J1, NK such that a 6= b, and carry this choice throughout the

current section. All of the bounds stated below are uniform in the choice of a and b.

Recall from (3.2.1) that msc denotes the Stieltjes transform of the semicircle law, which

is deterministic and satisfies

msc(z) + z + 1
msc(z) = 0. (3.5.1)

Recall from the discussion below (3.4.1) that Q is the matrix obtained by setting hab, hba

in H to 0, and R is the resolvent of Q. Let Q(a) be the matrix obtained by setting a-th

row and column of H to 0 and let R(a) be the resolvent of Q(a). Then it follows from the

Schur complement formula that

(
R(a)

)
ij

=



0, if exactly one of i, j is 0,

−z−1, if i = j = 0,

Rij, otherwise.

(3.5.2)

We state the following local laws for R(a), whose proof follows directly from the corre-

sponding local laws in Lemma 3.4.2 and (3.5.2), and is therefore omitted.

Lemma 3.5.1. Let H be a Wigner matrix.

1. For all z ∈ S, we have

∣∣∣R(a)
xy − 〈x,y〉msc

∣∣∣ ≺ Ψ,
∣∣∣(R(a)R(a))cd

∣∣∣ ≺ NΨ2,
∣∣∣(R(a)R̄(a))cd

∣∣∣ ≺ NΨ2, (3.5.3)

uniformly over x,y ∈ SN−1 such that at least one of x,y is es with some s 6= a,

and c, d ∈ J1, NK such that c, d 6= a.
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2. Furthermore, if z = E + iη ∈ S satisfies

E ∈ I`, η = η`,

then for any deterministic A ∈ MatN such that ‖A‖ ≤ 1 and TrA = 0, we have

∣∣∣(R(a)AR̄(a))cd
∣∣∣ ≺ N1/2Ψ, (3.5.4)∣∣∣(R(a)AR̄(a)R(a))cd
∣∣∣ ≺ N3/2Ψ9/4,

uniformly over all c, d ∈ J1, NK such that c, d 6= a.

Finally, for conciseness, we let A stand for the matrix defined in (3.4.13), which satisfies

‖A‖ ≤ 1, Tr(A) = 0.

The main goal of this section is to rewrite the resolvent expansion terms xi and yi from

Lemma 3.4.3 into the polynomial form as introduced in [33, Section 7]. For instance, we

want to rewrite

x1 ≈

 ∑
i1,...,id 6=a

Vi1,...,idhi1a · · ·hida

 ·
 d+m∏
j=d+1

N∑
ij=1

Vij

(
h2
ija
− 1
N

) ,
where the V terms are Q(a)-measurable. The reason to write it into this form is that,

whenever d is odd, we gain a factor of N−1/2 upon taking the expectation (see Lemma

3.5.8 for the precise statement), which is essential in the proof of Lemma 3.4.4.

Fixing a universal constant C0 > 0 and following the set up in [33], we make the

following definitions.

Definition 3.5.2 (Admissible weights). Let % = (%i : i ∈ J1, NK) be a sequence of deter-
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ministic nonnegative real numbers. We say that % is an admissible weight if

1
N1/2

(∑
i

%2
i

)1/2

6 1, 1
N1/2

(∑
i

%3
i

)1/3

6 N−1/6.

Definition 3.5.3 (O≺,d(·)). For a given degree d ∈ N let

P =
∑

1≤i1,...,id≤N
i1,...,id 6=a

Vi1···idhai1 · · ·haid

be a polynomial in entries of the a-th row of Q. We write P = O≺,d(K) if the following

conditions are satisfied.

1. K is deterministic and Vi1···id is Q(a)-measurable.

2. There exist admissible weights %(1), . . . , %(d) such that

|Vi1···id | ≺ K%
(1)
i1 · · · %

(d)
id
.

3. We have the deterministic bound |Vi1···id| 6 NC0.

The above definition also extends to d = 0, where P = V is Q(a)-measurable.

Definition 3.5.4 (O≺,�(·)). Let P be a polynomial of the form

P =
N∑
i=1

Vi

(
h2
ai −

1
N

)
.

We write P = O≺,�(K) if Vi is Q(a)-measurable, |Vi| 6 NC0, and |Vi| ≺ K for some

deterministic K.

Definition 3.5.5 (Graded polynomials). We write P = O≺,even(K) if P is a sum of at

most C0 terms of the form

KP0

n∏
s=1
Pi, P0 = O≺,2d(1), Pi = O≺,�(1)
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where d, n 6 C0 and K is deterministic. Moreover, we write P = O≺,odd(K) if P = P̂Peven,

where P̂ = O≺,1(1) and Peven = O≺,even(K).

Remark 3.5.6. The graded polynomials satisfy simple algebraic rules by definition, which

we state without proof:

O≺,∗(K1) +O≺,∗(K2) = O≺,∗(K1 +K2),

O≺,∗(K1)O≺,∗(K2) = O≺,even(K1K2),

O≺,odd(K1)O≺,even(K2) = O≺,odd(K1K2),

after possibly increasing C0. Here ∗ represents either odd or even. It should be noted

that all of these operations can be done for an arbitrary, but finite, number of times

(independent of N).

Remark 3.5.7. Definitions 3.5.3-3.5.5 refine the stochastic domination notation 3.2.1.

More precisely, it means that

P = O≺,∗(K) =⇒ P = O≺(K), (3.5.5)

where ∗ can represent d, �, even or odd. See lines under [33, Equation (7.56)] for details.

We now state the following lemma proved in [33, Lemma 7.13].

Lemma 3.5.8. Let P = O≺,odd(K) for some deterministic K 6 NC0. Then for any fixed

D > 0 we have ∣∣∣E[P ]
∣∣∣ ≺ N−1/2K +N−D.

The following resolvent identities are standard (see [20, Lemma 3.5] and [20, Equa-

tion (4.1)]):

Raa = 1
−z −∑r,s 6=aR

(a)
rs harhas

, (3.5.6)
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Rai = −Raa

∑
r 6=a

R
(a)
ir har, (3.5.7)

Rij = R
(a)
ij +Raa

∑
r 6=a

R
(a)
ir har ·

∑
r 6=a

R
(a)
jr har. (3.5.8)

In the next several lemmas, we write resolvents and multi-resolvents in terms of graded

polynomials.

Lemma 3.5.9. Fix D > 0. For spectral parameter z ∈ S, we have

Raa = O≺,even(1) +O≺
(
N−D

)
, (3.5.9)

Rab = O≺,odd(Ψ) +O≺(N−D),

Rbb = O≺,even(1) +O≺(N−D),

Tr(R) =
∑
i 6=a

R
(a)
ii +O≺,even(NΨ2) +O≺(N−D). (3.5.10)

Proof. We begin with some preliminary claims. Using (3.5.3) and the definition of graded

polynomial, we have

∑
r,s 6=a

R(a)
rs harhas −msc =

∑
r 6=a

R(a)
rr

(
h2
ar −

1
N

)
+
 1
N

∑
r 6=a

R(a)
rr −msc

+
∑
r 6=s
r,s6=a

R(a)
rs harhas

= O≺,0(1) +O≺,0(Ψ) +O≺,2(Ψ)

= O≺,even(1),
(3.5.11)

and

∑
r,s 6=a

R(a)
rs harhas −msc =

∑
r 6=a

R(a)
rr

(
h2
ar −

1
N

)
+
 1
N

∑
r 6=a

R(a)
rr −msc

+
∑
r 6=s
r,s6=a

R(a)
rs harhas

= O≺
(
N−1/2

)
+O≺(Ψ) +O≺(Ψ)

= O≺(Ψ),
(3.5.12)

where we used the definition of graded polynomials and (3.5.5) in the second step and
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(3.4.6) in the last step.

Note also that ∑
r 6=a

R
(a)
ir hra = R

(a)
ii hia +O≺,odd(Ψ).

For any n ∈ N, we have by (3.5.6) that

Raa = 1
−z −∑r,s6=aR

(a)
rs harhas

= 1
−z −msc +

(
msc −

∑
r,s 6=aR

(a)
rs harhas

)
= 1

1/msc +
(
msc −

∑
r,s 6=aR

(a)
rs harhas

)
= msc

1 +msc
(
msc −

∑
r,s6=aR

(a)
rs harhas

)
=

n∑
j=0

mi+1
sc

∑
r,s6=a

R(a)
rs harhas −msc

j +O≺ (mn
scΨn)

= O≺,even(1) +O≺ (mn
scΨn) ,

(3.5.13)

where we used (3.5.12) in the second-to-last line and (3.5.11) in the last step.

By (3.5.7) and (3.5.13), we have

Rab = Raa

∑
r 6=a

R
(a)
rb har = O≺,odd(Ψ) +O≺(mn

scΨn+1). (3.5.14)

By (3.5.8) and (3.5.13), we have

Rbb = R
(a)
bb +Raa

∑
r 6=a

R
(a)
br har

2

= O≺,even(1) +O≺(mn
scΨn+1). (3.5.15)

The lemma follows from (3.5.13), (3.5.14), and (3.5.15) by choosing a sufficiently large

n ≡ n (τ,D).

Lemma 3.5.10. Fix D > 0. For a spectral parameter z ∈ S, we have

(RR̄)aa = O≺,even(NΨ2) +O≺(N−D), (3.5.16)
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(RR̄)ab = O≺,odd(NΨ2) +O≺(N−D),

(RR̄)bb = O≺,even(NΨ2) +O≺
(
N−D

)
,(

R2
)
aa

= O≺,even(NΨ2) +O≺(N−D),(
R2
)
ab

= O≺,odd(NΨ2) +O≺(N−D),(
R2
)
bb

= O≺,even(NΨ2) +O≺(N−D).

Proof. We present only the proof of (3.5.16); the others can be done similarly. By the

resolvent identity (3.5.7),

(RR̄)aa =
∑
i 6=a

(
RaiR̄ia

)
+ |Raa|2 =|Raa|2

∑
i 6=a

∑
r 6=a

R
(a)
ri har

∑
r 6=a

R̄
(a)
ir har

+ |Raa|2

=|Raa|2
∑
r,s 6=a

(
R(a)R̄(a)

)
rs
harhas + 1

 .
(3.5.17)

Combining (3.4.6), (3.5.3), (3.5.9), and (3.5.17), we deduce (3.5.16).

Lemma 3.5.11. There exists an orthonormal basis {wi}Ni=1 of RN such that

wi(j) ≺ N−1/2 and
∣∣∣∣∣∑
k

e>j Awk

∣∣∣∣∣ ≺ 1, (3.5.18)

uniformly over i, j ∈ J1, NK.

Proof. Let the matrix W = [w1, . . . ,wN ] be uniformly distributed on the orthogonal

group O(n) with respect to Haar measure. Then the marginal distribution of each column

vector wi is uniform on the unit sphere SN−1. By a standard concentration result (see

[162, Theorem 3.4.6]), we have

wi(j) ≺ N−1/2. (3.5.19)
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Consider the function on N ×N matrices defined by

ϕ(M) := e>j AW1,

where 1 has all entries equal to 1. We claim that ϕ is Lipshitz with respect to the

Frobenius norm with Lipshitz constant at most N1/2. Indeed, with u := Aej,

|ϕ(W )− ϕ(W̃ )| ≤
∣∣∣∣∣∑
i,k

ui(wik − w̃ik)
∣∣∣∣∣ ≤∑

i

|ui|
(∑

k

(wik − w̃ik)2
)1/2

N1/2

≤ N1/2‖u‖‖W − W̃‖F

≤ N1/2‖W − W̃‖F ,

where we used the Cauchy–Schwarz inequality in the second and third inequalities, and we

used ‖A‖ ≤ 1 in the last inequality. By a standard concentration result for the orthogonal

group (see [162, Theorem 5.2.7]), we have

|ϕ(W )| ≺ 1. (3.5.20)

By (3.5.19) and (3.5.20), there exists an orthonormal basis satisfying (3.5.18).

Lemma 3.5.12. Fix D > 0. For a spectral parameter z = E + iη satisfying

E ∈ I`, η = η`,

we have

(RAR̄)aa = O≺,even
(
N1/2Ψ

)
+O≺,odd(Ψ) +O≺(N−D), (3.5.21)

(RAR̄)ab = O≺,odd(N1/2Ψ) +O≺,even(Ψ) +O≺(N−D),

(RAR̄)bb = O≺,even(N1/2Ψ) +O≺,odd(Ψ2) +O≺(N−D),

Tr
(
RAR̄

)
= Tr

(
R(a)AR̄(a)

)
+O≺,even(N3/2Ψ9/4) +O≺,odd(NΨ2) +O≺(N−D),(3.5.22)
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(RAR̄R)aa = O≺,even(N3/2Ψ9/4) +O≺,odd(NΨ2) +O≺
(
N−D

)
,

(RAR̄R)ab = O≺,odd(N3/2Ψ9/4) +O≺,even(NΨ2) +O≺
(
N−D

)
, (3.5.23)

(RAR̄R)bb = O≺,even(N3/2Ψ9/4) +O≺,odd(NΨ3) +O≺
(
N−D

)
,

(RAR̄R)ba = O≺,odd(N3/2Ψ9/4) +O≺,even(NΨ3) +O≺(N−D). (3.5.24)

Proof. We present the proof of (3.5.21). The others can be shown similarly.

By the resolvent identity (3.5.7), we have

(RAR̄)aa = |Raa|2
∑
r,s6=a

(
R(a)AR̄(a)

)
rs
harhas

+ |Raa|2
∑
s 6=a

(
AR̄(a)

)
as
has +

∑
r 6=a

(
R(a)A

)
ra
har + Aaa

 . (3.5.25)

By the definition of graded polynomial (see Definition 3.5.5), (3.5.9) and (3.5.4), the first

line of (3.5.25) is

|Raa|2
∑
r,s6=a

(
R(a)AR̄(a)

)
rs
harhas = O≺,even(N1/2Ψ) +O≺(N−D). (3.5.26)

Select an orthonormal basis {wi}Ni=1 of RN according to Lemma 3.5.11, we have

∣∣∣(AR̄(a)
)
as

∣∣∣ =
∣∣∣∣∣∑
i

e>aAwiw
>
i R̄

(a)es

∣∣∣∣∣ ≤
∣∣∣∣∣∑
i

e>aAwi (〈wi, es〉msc(z) + Ψ)
∣∣∣∣∣

≺
∣∣∣∣∣Ψ∑

i

e>aAwi

∣∣∣∣∣ ≺ Ψ,

where we used (3.2.2) in the first inequality, and Ψ(z) > Cτ 1/4N−1/2 for z ∈ S in the

second inequality.

Similarly, we have
∣∣∣(R(a)A

)
ra

∣∣∣ ≺ Ψ. Moreover, |Aaa| ≤ 1 as a consequence of ‖A‖ ≤ 1.
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Therefore, by definition of graded polynomial, the second line of (3.5.25) is

|Raa|2
∑
s 6=a

(
AR̄(a)

)
as
has +

∑
r 6=a

(
R(a)A

)
ra
har + Aaa

 = O≺,odd(Ψ) +O≺,even(1) +O≺(N−D).

(3.5.27)

(3.5.21) now follows from (3.5.26) and (3.5.27).

Remark 3.5.13. We note that the even graded polynomials in (3.5.23) and (3.5.24) are

different by an order of Ψ. This should not be surprising, since we are expanding with

respect to the a-th row and column in Q, but a does not take a “symmetric” position in

the multi-resolvents (RAR̄R)ab, (RAR̄R)ba. This point will be exploited in Lemma 3.5.15.

Using Lemma 3.5.9, Lemma 3.5.10, Lemma 3.5.12 and the definitions of xi, yi in Lemma

3.4.3, we have the following lemma. We omit the proof, since it is straightforward.

Lemma 3.5.14. Let xi, i = 1, 2 and yi, i = 1, 2, 3 be the resolvent expansion as in Lemma

3.4.3. For spectral parameter z = E + iη satisfying

E ∈ I`, η = η`,

we have

x1 = O≺,odd(N1+δ/2Ψ5/4) +O≺,even(N1/2+δ/2Ψ) +O≺(N−D),

xR, x2 = O≺,even(N1+δ/2Ψ5/4) +O≺,odd(N1/2+δ/2Ψ) +O≺(N−D),

y1, y3 = O≺,odd(Ψ) +O≺(N−D),

y2 = O≺,even(Ψ) +O≺(N−D).

To bound x3, we need an extra lemma.

Lemma 3.5.15. Denote by O≺,odd,b(K) the graded polynomial with expansion in b-th row

and column of Q instead of a-th row and column. Then for spectral parameter z = E + iη
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satisfying

E ∈ I`, η = η`,

we have

x3 = O≺,odd(N1+δ/2Ψ5/4) +O≺,odd,b(N1+δ/2Ψ5/4) +O≺,even(N1/2+δ/2Ψ2)

+O≺,even,b(N1/2+δ/2Ψ2) +O≺(N−D). (3.5.28)

Proof. By definition,

√√√√ |I|(N − |I|)
N3η2

`

x3

= −(RAR̄R)abRaaRbb − (RAR̄R)baRaaRbb − (RAR̄)aa(RR̄)abRbb −
(
RAR̄

)
bb

(RR̄)baRaa

− (RAR̄)ab(RR̄)aaRbb − (RAR̄)ba(RR̄)bbRaa + [C] + [L],
(3.5.29)

where [C] denotes the conjugate of the previous terms and [L] refers to terms with smaller

order for either parity (even or odd).

For the first term in (3.5.29), using resolvent identities with respect to the b-th row

and column as in the proof of Lemma 3.5.9 and Lemma 3.5.12, we have

(RAR̄R)ab = O≺,odd,b(NΨ9/4) +O≺,even,b(N1/2Ψ3) +O≺(N−D),

Raa = O≺,even,b(1) +O≺(N−D), Rbb = O≺,even,b(1) +O≺(N−D).

The conclusion follows by applying Lemma 3.5.9, Lemma 3.5.10 and Lemma 3.5.12 to the

remaining terms of (3.5.29).

Remark 3.5.16. Note that it is still legitimate to apply Lemma 3.5.8 to (3.5.28). Since

by linearity of expectation, we may apply Lemma 3.5.8 to O≺,odd(K) and O≺,odd,b(K)
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separately.

By (3.5.10), (3.5.22), Lemma 3.3.1 and Taylor expansion, we have

g(k)
(∫

I`

xRq(yR)dE
)

= O≺,even(NC0δ2) +O≺,odd(N−1/2+δ/2+C0δ2), k = 1, 2, 3,(3.5.30)

q(k)(yR) = O≺,even(1), k = 1, 2, 3

for some constant C > 0 which depends only on g. The same graded polynomial expansion

holds for the expansion respect to b-th row and column.

We are now ready for the proof of Lemma 3.4.4.

Proof of Lemma 3.4.4. Define

Ψ` = (N∆`)−1 ≤ N−τ/3, and N̂ = N2δ1+δ2+δ/2 � N τ/1000.

Combining Lemma 3.5.14, Lemma 3.5.15, definition of Pl, Remark 3.2.3 and (3.4.7), we

have

P(1), P(0,1) = O≺,odd(N̂Ψ1/4
` ) +O≺,even(N̂N−1/2) +O≺(N−D),

P(2), P(0,2), P(1,1), P(0,1,1) = O≺,even(N̂Ψ1/4
` ) +O≺,odd(N̂N−1/2) +O≺(N−D),

as well as

P(0,3), P(1,2), P(2,1), P(0,1,2), P(1,1,1), P(0,1,1,1)

= O≺,odd(N̂Ψ5/4
` ) +O≺,even(N̂N−1/2Ψ`) +O≺(N−D),

and

P(3) = O≺,odd(N̂Ψ1/4
` ) +O≺,odd,b(N̂Ψ1/4

` )

+O≺,even(N̂N−1/2Ψ`) +O≺,even,b(N̂N−1/2Ψ`) +O≺(N−D).
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Combining (3.5.30) and Lemma 3.5.8, we conclude the existence of c ≡ c(τ) > 0, such

that

E[Y ] ≺ N−1/2−c +N−D ≤ N−1/2−c,

when Y represents any term in (3.4.16).

3.6 Proof of Lemma 3.4.2

The proof is based on the cumulant expansion which can be found in [126, Lemma

3.2].

Lemma 3.6.1 (Cumulant expansion). Fix T ∈ N and let F : R → C+ be T + 1 times

continuously differentiable. Let Y be a mean zero random variable with finite moments to

order T + 2. Then there exists a function ΩT : C→ C such that

E
[
Y F (Y )

]
=

T∑
r=1

κ(r+1)(Y )
r! E

[
F (r)(Y )

]
+ E

[
ΩT

(
Y F (Y )

)]
, (3.6.1)

where E denotes the expectation with respect to Y, κ(r+1)(Y ) denotes the (r+1)-th cumulant

of Y , and F (r) denotes the r-th derivative of the function F . Further, there exists a constant

C > 0 (not depending on F or Y ) such that

∣∣∣∣E[ΩT

(
Y F (Y )

)]∣∣∣∣ 6 (CT )T
T ! · E

[
|Y |T+2

]
sup
t∈R

∣∣∣F (T+1)(t)
∣∣∣ .

Proof of Lemma 3.4.2. First, we claim that it suffices to prove the local laws for the

resolvent G, because the local laws for R are straightforward consequences of the ones for

G. We illustrate the procedure of deducing a local law for R from the corresponding local

law for G for the first inequality in (3.4.8). The other deductions are similar.
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Pick any z = E + iη ∈ S. By (3.4.11), we have

Rxy = Gxy − (GUG)xy + (GUGUG)xy − ((GU)3G)xy + ((GU)4R)xy.

Combining the estimates hab ≺ N−1/2, ‖R‖ ≤ η−1, Ψ ≥ Cτ 1/4N−1/2 from Lemma 3.4.1

and the isotropic local law (3.2.2) for G, the isotropic local law for R follows.

In light of the previous discussion, we focus only on the local laws for G. By Theorem

3.2.2, we have

(GḠ)xy =
∑
k

GxkḠky ≺
∣∣∣∣∣∑
k

〈x, ek〉〈ek,y〉
∣∣∣∣∣+

∣∣∣∣∣∑
k

〈x, ek〉
∣∣∣∣∣Ψ + |〈ek,y〉|Ψ +NΨ2

≤ |〈x,y〉|+ 2N1/2Ψ +NΨ2 ≺ NΨ2,

(3.6.2)

where we use Cauchy inequality in the second last inequality and Ψ ≥ Cτ 1/4N−1/2 on S

in the last step. Similarly we have

(G2)cd ≺ NΨ2. (3.6.3)

Then (3.4.8) follows from (3.2.2), (3.6.2), and (3.6.3).

Next, the expression (3.4.9) is a direct consequence of (3.2.4) and (3.2.6) with two

resolvents and one traceless matrix. It remains to prove (3.4.10).

We proceed by computing the moments of the quantity
(
GAḠG

)
cd
. For the rest of

the proof, we assume the spectral parameter z = E + iη ∈ S satisfies E ∈ I` and η = η`

as in the statement of Lemma 3.4.2.
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Fix D > 1, we have

E
[
z
∣∣∣(GAḠG)cd

∣∣∣2D] =E
[
z(GAḠG)cd(GAḠG)D−1

cd (ḠAGḠ)Dcd
]

=E
[∑
k

hck(GAḠG)kd(GAḠG)D−1
cd (ḠAGḠ)Dcd

]

− E
[
(AḠG)cd(GAḠG)D−1

cd (ḠAGḠ)Dcd
]
,

(3.6.4)

where we used the identity zG = HG− I in the last equality.

Let w1, . . . ,wN be an orthonormal basis of RN , such that e>c Aw1 ≤ 1 and e>c Awi = 0

for i = 2, 3, · · · , N . We have the following high probability bound

∣∣∣(AḠG)cd
∣∣∣ =

∣∣∣∣∣∑
i

e>c Awiw
>
i ḠGed

∣∣∣∣∣ ≤ (GḠ)w1d ≺ NΨ2,

where we used (3.4.8) and (3.4.6) in the last step.

Using Young’s inequality with powers p = 2D and q = (2D)/(2D − 1), the last line in

(3.6.4) can be bounded by

∣∣∣E [(AḠG)cd(GAḠG)D−1
cd (ḠAGḠ)Dcd

]∣∣∣ 6 N2Dε(NΨ2)2D +N−
2Dε

2D−1E
[∣∣∣(GAḠG)cd

∣∣∣2D] ,
(3.6.5)

for any small ε > 0.

Applying Lemma 3.6.1 to the third line in (3.6.4), with T = 12D, we have

E
[∑
k

hck(GAḠG)kd(GAḠG)D−1
cd (ḠAGḠ)Dcd

]

=
12D∑
r=1

1
r!N (r+1)/2

∑
k

κc,kr+1E
[
∂rck(GAḠG)kd(GAḠG)D−1

cd (ḠAGḠ)Dcd
]

+ Ω,
(3.6.6)

where κc,kr is the r-th cumulant of
√
Nhck and Ω denotes the error term in (3.6.1).

We split the sum in (3.6.6) into two cases and handle the error term Ω at the end.
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1. When r = 1, the summand is

∑
k

1 + δck
N

E
[
∂ck(GAḠG)kd(GAḠG)D−1

cd (ḠAGḠ)Dcd
]
. (3.6.7)

Note that

(1 + δck)∂ckGij = −GicGkj −GikGcj.

We have

(1 + δck)∂ck
[
(GAḠG)kd

(
GAḠG

)D−1

cd

(
ḠAGḠ

)D
cd

]
=− [Gkk(GAḠG)cd +Gkc(GAḠG)kd + (GAḠ)kc(ḠG)kd + (GAḠ)kk(ḠG)cd

+ (GAḠG)kcGkd + (GAḠG)kkGcd] ·
(
GAḠG

)D−1

cd

(
ḠAGḠ

)D
cd

− (D − 1) · [Gcc(GAḠG)kd +Gck(GAḠG)cd +
(
GAḠ

)
cc

(
ḠG

)
kd

+
(
GAḠ

)
ck

(
ḠG

)
cd

+
(
GAḠG

)
cc
Gkd +

(
GAḠG

)
ck
Gcd] ·

(
GAḠG

)
kd

(
GAḠG

)D−2

cd

(
ḠAGḠ

)D
cd

−D · [Ḡcc

(
ḠAGḠ

)
kd

+ Ḡck

(
ḠAGḠ

)
cd

+
(
ḠAG

)
cc

(
GḠ

)
kd

+
(
ḠAG

)
ck

(
GḠ

)
cd

+
(
ḠAGḠ

)
cc
Ḡkd +

(
ḠAGḠ

)
ck
Ḡcd] · (GAḠG)kd

(
GAḠG

)D−1

cd

(
ḠAGḠ

)D−1

cd
.

(3.6.8)

Inserting (3.6.8) into (3.6.7), we have

∑
k

1 + δck
N

∂ck(GAḠG)kd(GAḠG)D−1
cd (ḠAGḠ)Dcd

=−m
∣∣∣(GAḠG)cd

∣∣∣2D − ( 5∑
i=1

αi

)
(GAḠG)D−1

cd (ḠAGḠ)Dcd

− (D − 1)
( 6∑
i=1

βi

)
(GAḠG)D−2

cd (ḠAGḠ)Dcd −D
( 6∑
i=1

β̄i

)
(GAḠG)D−1

cd (ḠAGḠ)D−1
cd ,

(3.6.9)
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where

α1 = 1
N

(GGAḠG)cd, α2 = 1
N

(ḠAGḠG)cd, α3 = 1
N

(GḠAGG)cd,

α4 = 1
N

Tr(GAḠ)(GḠ)cd, α5 = 1
N
Gcd Tr(GAḠG),

β1 = 1
N
Gcc(GḠAGGAḠG)dd, β2 = 1

N
(GAḠG)cd(GGAḠG)cd,

β3 = 1
N

(GAḠ)cc(GḠGAḠG)dd, β4 = 1
N

(ḠG)cd(GAḠGAḠG)cd,

β5 = 1
N

(GAḠG)cc(GGAḠG)dd, β6 = 1
N
Gcd(GAḠGGAḠG)cd.

We used the fact that G is symmetric, with Gij = Gji for all i, j ∈ J1, NK, in the

above calculations. We now start to estimate αi, βi.

• By (3.2.4) and (3.2.6), we have

|α1| =
∣∣∣∣ 1
N

(GGAGG)cd
∣∣∣∣ ≺ N−3/2η−3 ≤ N3/2Ψ3,

where we used 1/(Nη) ≤ Ψ in the last inequality.

• By (3.2.4) and (3.2.6), we have

|α2| =
∣∣∣∣ 1
N

(GAGGG)cd
∣∣∣∣ ≺ N−3/2η−3 ≤ N3/2Ψ3.

• By the definition of M in (3.2.3), we have

Tr(M(z, A, z)I) = Tr(A|msc(z)|2) = 0.

Combining the previous equation with (3.2.5), we have

∣∣∣∣ 1
N

Tr(GAG)
∣∣∣∣ ≺ N−1η−3/2 ≤ N1/2Ψ3/2.
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Therefore

|α3| =
∣∣∣∣ 1
N

Tr(GAG)(GG)cd
∣∣∣∣ ≺ N3/2Ψ7/2,

where we used
(
GG

)
cd
≺ NΨ2 (from (3.4.8)).

• By the same arguments used to bound α1 and α2, we have

|α4| ≺ N−3/2η−3 ≤ N3/2Ψ3.

• By definition of M in (3.2.3), we have

Tr(M(z, A, z, I, z)I) = 1
2η Tr(M(z, A, z)I −M(z, A, z)I)

= 1
2η Tr(A|msc(z)|2 − Amsc(z)2) = 0.

Combining this equation with (3.2.5), we have

∣∣∣∣ 1
N

Tr(GAGG)
∣∣∣∣ ≺ N−1η−5/2 ≤ N3/2Ψ5/2.

Therefore

|α5| =
∣∣∣∣ 1
N
Gcd Tr(GAGG)

∣∣∣∣ ≺ N3/2Ψ5/2.

• For β1, we cannot directly use (3.2.6) since the operator norm of the determin-

istic part

M(z, I, z, A, z, I, z, A, z, I, z)

is not small compared to its fluctuations.
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By [51, Equation (3.12)], we have

M(z̄, A, z, I, z, A, z̄, I, z) = 1
2η
(
M(z̄, A, z, I, z, A, z̄)−M(z̄, A, z, I, z, A, z)

)
.

By definition, we have

M(z̄, A, z, I, z, A, z̄)

= 1
N
m◦[z̄, z]m◦[z, z̄] Tr(A2)I + A2m◦[z̄, z]m◦[z]m◦[z̄] + A2m2

◦[z]m2
◦[z̄]

= 1
N

Tr(A2)I
(
msc[z̄, z]2 − 2msc[z, z̄]|msc(z)|2 + |msc(z)|4

)
+ A2msc[z̄, z]|msc(z)|2,

and similarly,

M(z̄, A, z, I, z, A, z)

= 1
N
m◦[z̄, z]m◦[z, z] Tr(A2)I + A2m◦[z̄, z]m2

◦[z] + A2m3
◦[z]m◦[z̄]

= 1
N

Tr(A2)I
(
msc[z̄, z]msc[z, z]−msc[z, z̄]m2

sc(z)−msc[z, z]|msc(z)|2 +m3
sc(z)msc(z̄)

)
+ A2msc[z̄, z]msc(z)2.

By [51, Equation (A.1)], there exists a constant C > 0 such that

∣∣∣msc(z)
∣∣∣ ≤ C,

∣∣∣msc[z̄, z]
∣∣∣ ≤ Cη−1,

∣∣∣msc[z, z̄]
∣∣∣ ≤ Cη−1,

∣∣∣msc[z, z]
∣∣∣ ≤ Cη−1.

Since Tr(A2)I is diagonal, the off-diagonal entries of GAGGAGG are bounded

by N−1/2η−7/2 ≤ N3Ψ7/2 with high probability by (3.2.6). Therefore, by the

local law (3.2.2) and (3.4.7), we have

∣∣∣(GGAGGAGG)
dd

∣∣∣ ≤ N∑
k=1
|Gdk|

∣∣∣(GAGGAGG)∣∣∣
kd
≺ N4Ψ9/2.
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Thus we have

|β1| =
∣∣∣∣ 1
N
Gcc(GḠAGGAḠG)dd

∣∣∣∣ ≺ N3Ψ9/2.

• By (3.2.4) and (3.2.6), we have

|β2| =
∣∣∣∣ 1
N

(GAḠG)cd(GGAḠG)cd
∣∣∣∣ ≺ 1

N
(N−1/2η−2)(N−1/2η−3) ≤ N3Ψ5.

• By (3.2.4) and (3.2.6), we have

|β3| =
∣∣∣∣ 1
N

(GAḠ)cc(GḠGAḠG)dd
∣∣∣∣ ≺ 1

N
(N−1/2η−1)(N−1/2η−4) ≤ N3Ψ5.

• By (3.2.4), (3.2.6) and (3.4.7), we have

|β4| =
∣∣∣∣ 1
N

(ḠG)cd(GAḠGḠAG)cd
∣∣∣∣ ≺ 1

N
(NΨ2)(η−3) ≤ N3Ψ5.

• By the same argument that is used to bound β2, we have

|β5| =
∣∣∣∣ 1
N

(GAḠG)cc(GGAḠG)dd
∣∣∣∣ ≺ N3Ψ5.

• By the same argument that is used to bound β1, we have

|β6| =
∣∣∣∣ 1
N
Gcd(GAḠGGAḠG)cd

∣∣∣∣ ≺ N3Ψ9/2.

let ε > 0 be a parameter. In (3.6.9), we use Young’s inequality twice in the second

inequality, with powers p = 2D and q = (2D)/(2D − 1) for terms containing αi’s
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and powers p = D and q = D/(D − 1) for terms containing βi’s, to show that

∣∣∣∣∣E
[
m|(GAḠG)cd|2D +

∑
k

1 + δck
N

∂ck(GAḠG)kd(GAḠG)D−1
cd (ḠAGḠ)Dcd

]∣∣∣∣∣
6

5∑
i=1

E
[
|αi|

∣∣∣(GAḠG)cd
∣∣∣2D−1

]
+ 2

6∑
i=1

E
[
|βi|

∣∣∣(GAḠG)cd
∣∣∣2D−2

]

6
5∑
i=1

N2DεE
[
|αi|2D

]
+ 2

6∑
i=1

NDεE
[
|βi|D

]
+
(
5N−

2Dε
2D−1 + 12N−

Dε
D−1

)
E
[∣∣∣(GAḠG)cd

∣∣∣2D]

≺ 20N2DεN3DΨ9D/2 + 20N−
2Dε

2D−1E
[∣∣∣(GAḠG)cd

∣∣∣2D] .
(3.6.10)

2. Now we fix r ≥ 2 in the cumulant expansion. In this case, we use the following

relaxation of (3.2.4) and (3.2.6). Since it is a direct consequence of these inequalities,

we omit the proof.

Corollary 3.6.2 (“Coarser” isotropic local law). Fix k ∈ N, and z1, . . . , zk+1 ∈ S.

Let A1, . . . , Ak be deterministic matrices such that ‖Aj‖ ≤ 1, and m of them satisfy

TrAj = 0 for some 0 6 m 6 k. Suppose that minj dist (zj, [−2, 2]) 6 1. Then for

arbitrary deterministic vectors x,y such that ‖x‖+ ‖y‖ ≤ 2, we have

|〈x, (G1A1 · · ·GkAkGk+1)y〉| ≺ Nk−m2 (3.6.11)

with Gj := G (zj).

We call a term of the form (G1B1 · · ·Gs+1)ij a block. The effect of one differentiation

operator ∂ak on a product of blocks is to increase the number of blocks and the

number of G ’s by exactly one each, while keeping the number of A unchanged. And

from (3.6.11), we know the effect of each traceless matrix A is a contribution of a

factor of N−1/2.

• Suppose r < 2D − 1. Note that when using the product rule, ∂rck can at most

operate on r different blocks, there are at least 2D− r− 1 blocks of (GAḠG)cd
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or (ḠAGḠ)cd which are unaffected. In view of this, we have

∣∣∣∂rck [(GAḠG)kd (GAḠG)D−1
cd (ḠAGḠ)Dcd

]∣∣∣
≤

∑
r1+r2=r
r1≤D−1
r2≤D

(
D

r1

)(
D − 1
r2

) ∣∣∣∂rck [(GAḠG)kd (GAḠG)r1
cd(ḠAGḠ)r2

cd

]∣∣∣ ∣∣∣(GAḠG)
cd

∣∣∣2D−1−r

≤Dr
∑

r1+r2=r
r1≤D−1
r2≤D

∣∣∣∂rck [(GAḠG)kd (GAḠG)r1
cd(ḠAGḠ)r2

cd

]∣∣∣ · ∣∣∣(GAḠG)
cd

∣∣∣2D−1−r
.

(3.6.12)

There are 1 + r blocks, 3(r + 1) G’s, and 1 + r A’s in

(
GAḠG

)
kd

(GAḠG)r1
cd(ḠAGḠ)r2

cd.

and after the operation of ∂rck, there are 2r + 1 blocks, 4r + 3 G’s and 1 + r

A’s. By Corollary 3.6.2, we know

∣∣∣∂rck (GAḠG)kd (GAḠG)r1
cd(ḠAGḠ)r2

cd

∣∣∣ ≺ N (4r+2)−(2r)− 1+r
2 = N3(r+1)/2.(3.6.13)

Combining (3.6.12) and (3.6.13), we deduce that a summand in (3.6.6) with

2 ≤ r < 2D − 1 can be bounded by

∣∣∣∣∣ κr+1

r!N (r+1)/2

∑
k

E
[
∂rck(GAḠG)kd(GAḠG)D−1

cd (ḠAGḠ)Dcd
]∣∣∣∣∣

≺Dr+1N r+2E
[∣∣∣(GAḠG)

cd

∣∣∣2D−1−r
]

≤Dr+1N
2Dε
r+1 + 2D(r+2)

r+1 +Dr+1N−
2Dε

2D−r−1E
[∣∣∣(GAḠG)

cd

∣∣∣2D] ,
(3.6.14)

for any small ε > 0, where we used Young’s inequality in the last step.

• Suppose r ≥ 2D − 1. There are initially 2D blocks, 6D G’s and 2D A’s in

(GAḠG)kd(GAḠG)D−1
cd (ḠAGḠ)Dcd,
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and after the operation of ∂rck, there are 2D + r blocks, 6D + r G’s and 2D

A’s. Then by Corollary 3.6.2, we have

∣∣∣∂rck(GAḠG)kd(GAḠG)D−1
cd (ḠAGḠ)Dcd

∣∣∣ ≺ N3D.

Therefore, a summand in (3.6.6) with r ≥ 2D − 1 can be bounded by

∣∣∣∣∣ κr+1

r!N (r+1)/2

∑
k

E
[
∂rck(GAḠG)kd(GAḠG)D−1

cd (ḠAGḠ)Dcd
]∣∣∣∣∣ ≺ C(D)N3D− r+1

2 +1

≤ C(D)ND+1.

(3.6.15)

3. Finally, we consider the error term Ω in (3.6.6). Define H(k)
t by

(
H

(k)
t

)
ij

=


t, if i = c, j = k,

hij, otherwise.

By Lemma 3.6.1,

Ω ≤ C12D
∑
k

E
[
|hck|12D+2

]
E
[∣∣∣∂12D+1

ck (G(k)
t AḠ

(k)
t G

(k)
t )kd(G(k)

t AḠ
(k)
t G

(k)
t )D−1

cd (Ḡ(k)
t AG

(k)
t Ḡ

(k)
t )Dcd

∣∣∣] ,
(3.6.16)

where G(k)
t is the resolvent of H(k)

t .

Originally, (3.6.16) has 2D blocks and 6D G’s, after taking (12D+ 1)-th derivatives,

there are 14D + 1 blocks and 18D + 1 G’s. Using the moment assumption (3.1.5)

and the trivial bound ‖G(k)
t ‖ ≤ η−1 ≤ N from (3.4.4), we have

Ω ≤ C(D)NN−6D−1N (18D+1)−(14D+1) = C(D)N−2D. (3.6.17)
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Combining (3.6.4), (3.6.5), (3.6.6), (3.6.10), (3.6.14), (3.6.15) and (3.6.17), we have

∣∣∣E [(z +m)|(GAḠG)cd|2D
]∣∣∣

≺C(D)N2DεN3DΨ9D/2 + C(D)N−
2Dε

2D−1E
[∣∣∣(GAḠG)cd

∣∣∣2D] .
Using the local law |m−msc| ≺ Ψ [20, Theorem 2.6], we have

(z +msc)
∣∣∣E [|(GAḠG)cd|2D

]∣∣∣
≺C(D)N2DεN3DΨ9D/2 + C(D)N−

2Dε
2D−1E

[∣∣∣(GAḠG)cd
∣∣∣2D]+ Ψ · E

[
|(GAḠG)cd|2D

]

Since z +msc = 1/msc (recall (3.5.1)), which is bounded away from 0 (by [20, Equation

(3.2)]), and ε > 0 is arbitrary, we have

E
[∣∣∣(GAḠG)cd

∣∣∣2D] ≺ N3DΨ9D/2.

Since D > 1 is arbitrary, we have

|(GAḠG)cd| ≺ N3/2Ψ9/4.

This completes the proof of (3.4.10).
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CHAPTER 4

Central limit theorem for the

complex eigenvalues of Gaussian

random matrices

4.1 Introduction

4.1.1 Main Result

We prove a central limit theorem (CLT) for the eigenvalue counting function of a

matrix of real Gaussian random variables in regions of the complex plane. While such a

result is well known for matrices of complex Gaussians (see [43, Section 3.1] for a survey),

to the best of our knowledge, the analogous statement for real Gaussian matrices has not

previously been addressed.

We begin by defining the random matrix ensemble of interest in this work.

Definition 4.1.1. For all N ∈ N, let GN = (gij)1≤i,j≤N be a random matrix whose

entries are mutually independent Gaussian random variables with mean zero and variance

one. We call GN the real Ginibre matrix (GinOE) of dimension N . We also denote

131



WN = N−1/2GN .

In the limit as N goes to infinity, it is known that the empirical spectral distribution of

WN tends to the uniform measure on the unit disk D = {z ∈ C : |z| < 1} [36]. We note that

the eigenvalues of WN come in conjugate pairs, since WN is real; if λ ∈ C is an eigenvalue,

then so is λ̄. It is therefore natural when studying the fluctuations of the eigenvalues of

WN to restrict attention to the upper half disk D+ = {z ∈ C : |z| < 1,=z > 0}. We recall

that a domain is defined as a non-empty connected open subset of C.

Definition 4.1.2. We say that a domain A is admissible if A ⊂ D+.

This condition is slightly stronger than requiring A ⊂ D+, since it enforces a separation

between A and the boundary of D+. We also recall that a domain is said to be Lipschitz

if its boundary is locally the graph of a Lipschitz continuous function; see [127, Definition

12.9]. Given an admissible Lipschitz domain A, we let `(∂A) denote the length of its

boundary.

Denote the eigenvalues ofWN by λ1, . . . , λN , in an arbitrary order. Given an admissible

domain A, we define fA : C→ R by fA(z) = 1A(z), and define the (N -dependent) random

variable

XA =
N∑
i=1

fA(λi)− E
[
N∑
i=1

fA(λi)
]
. (4.1.1)

The following theorem is our main result. We let N (0, c) denote a Gaussian random

variable with mean zero and variance c > 0.

Theorem 4.1.3. Let A be an admissible Lipschitz domain. Then we have the weak

convergence

lim
N→∞

XA

N1/4 = N
(

0, `(∂A)
2π3/2

)
. (4.1.2)

The variance of XA is of order N1/2, which is smaller than the variance of order N

seen in sums of independent random variables. This is due to the strong correlations

between the eigenvalues of WN [135]. Further, the variance of the Gaussian in (4.1.2) is
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identical to the one in the analogous theorem for complex Gaussian matrices [43, (3.9)].

4.1.2 Background

The analogue of Theorem 5.2.5 for a complex Ginibre matrix (GinUE) is known. It

is a consequence of a theorem that provides a CLT for a broad class of determinantal

point processes proved in [155, Section 2] (see also [63]), together with the the explicit

computation of the asymptotic variance in [130, Corollary 1.2.1].1 See [46, Corollary 1.7]

for an alternative proof in the case where A has a smooth boundary. Further, a local CLT

for the counting function of the GinUE eigenvalues was derived in [90].

All of these works crucially rely on the fact that the eigenvalues of the GinUE form a

determinantal point process. While this determinantal structure enables a precise analysis

of many aspects of the GinUE, it is absent in the GinOE. Instead, the eigenvalues of the

GinOE form a Pfaffian point process, and consequently they are more difficult to study

[44].

Previous work on linear statistics of the GinOE has considered smooth test functions

of the complex eigenvalues [120, 142], differentiable functions of the real eigenvalues

[151, 120, 87], general functions of the real eigenvalues [87], and the number of real

eigenvalues [87, 151, 89, 72, 71, 112]. There have also been a few recent articles proving

CLTs for linear statistics of matrices of general i.i.d. random variables when the test

function has at least two derivatives [56, 55, 54]. Proving a CLT for the eigenvalue

counting function in this more general setting remains an open problem.

4.1.3 Outline

In Section 4.2, we collect several preliminary lemmas, and show that the Pfaffian cor-

relations of the GinOE eigenvalues may be quantitatively approximated by determinantal
1While [63] gives details only for certain Gaussian matrices, the authors note (in a remark attributed

to H. Widom) that their method works in much greater generality, as later demonstrated in [155].
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correlations. In Section 4.3, we compute the variance and higher cumulants of XA, and

show that they match those of the desired Gaussian distribution, concluding the proof of

Theorem 5.2.5. Using the results of [130], it is straightforward to extend Theorem 5.2.5

to all domains with finite perimeter (so-called Caccioppoli sets) and certain domains with

fractal boundaries. We briefly discuss this point in Remark 4.3.8.
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comments on the references [37, 152], and P. J. Forrester for comments on a preliminary
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4.2 Preliminary Results

Set C∗ = C\R. We recall that for all k ∈ N, the complex–complex correlation functions

ρ
(N)
k : (C∗)k → R for GN are defined by the following property [37, (5.1)]. For every

compactly supported, bounded Borel-measurable function f : (C∗)k → R, we have

∫
(C∗)k

f(z1, . . . , zk)ρ(N)
k (z1, . . . , zk) dz1 . . . dzk = E

 ∑
(i1,...,ik)∈Ik

f(wi1 , . . . , wik)
 , (4.2.1)

where Ik ⊂ {1, . . . , N}N is the set of pairwise distinct k-tuples of indices, {wi}Ni=1 are the

eigenvalues of GN , and we use dzi to denote the Lebesgue measure on C. We typically

write ρk instead of ρ(N)
k , since the value of N will be clear from context. We also recall

that if M = (Mij)2n
i,j=1 is a 2n× 2n skew-symmetric matrix, its Pfaffian is defined as

Pf(M) = 1
2nn!

∑
σ∈S2n

sgn(σ)
n∏
i=1

Mσ(2i−1),σ(2i), (4.2.2)
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where S2n is the symmetric group of degree 2n.

The following lemma, taken from [136, Appendix B.3], identifies the correlation

functions ρk explicitly.

Lemma 4.2.1. The k-point complex–complex correlation functions of the N -dimensional

real Ginibre ensemble GN are given by

ρk(z1, . . . , zk) = Pf(K(zi, zj))1≤i,j≤k, (4.2.3)

where (K(zi, zj))1≤i,j≤k is a 2k × 2k matrix composed of the 2× 2 blocks

K(zi, zj) =

 DN (zi, zj) SN (zi, zj)

−SN (zj, zi) IN (zi, zj)

 ,

and DN , IN , and SN are defined by

SN(z, w) = ie−(1/2)(z−w̄)2

√
2π

(w̄ − z)G(z, w)sN(zw̄),

DN(z, w) = e−(1/2)(z−w)2

√
2π

(w − z)G(z, w)sN(zw),

IN(z, w) = e−(1/2)(z̄−w̄)2

√
2π

(z̄ − w̄)G(z, w)sN(z̄w̄),

where z, w ∈ C∗ and

G(z, w) =
√

erfc(
√

2=(z)) erfc(
√

2=(w)), erfc(x) = 2√
π

∫ ∞
x

exp(−t2) dt,

sN(z) = e−z
N−1∑
j=0

zj

j! .

Remark 4.2.2. The functions ρk were first determined explicitly in [92]. The Pfaffian

form in (4.2.3) was derived in the case of even N in [37]. Subsequently, a variety of

methods have been used to recover this form for all N [91, 152, 153] (see also [136, Section
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4.6]).

By a change of variable it is straightforward to see that the k-th correlation function

for the complex eigenvalues of WN is Nkρk(
√
Nz1, . . .

√
Nzk). The following lemma is

useful for controlling these functions and is proved in Section 4.4. We let dA = inf{|z−w| :

z ∈ A,w ∈ ∂D+} denote the distance between A and the boundary of D+, and use the

standard “big O” notation O(·) for estimates that hold in the limit N →∞.

Lemma 4.2.3. Let A be an admissible domain. Then there exists a constant c(dA) > 0

such that

sup
z,w∈A

DN(
√
Nz,
√
Nw) = O(e−cN), sup

z,w∈A
IN(
√
Nz,
√
Nw) = O(e−cN),

sup
z,w∈A

SN(
√
Nz,
√
Nw) = O(1),

where the implicit constants in the asymptotic notation depend only on dA.

We next state a useful lemma about Pfaffians, proved in [97, Appendix B].2

Lemma 4.2.4. Let M = (Mij)2n
i,j=1 be a skew-symmetric 2n×2n matrix such that Mij = 0

when i ≡ j mod 2. Let M̃ = (M̃)ni,j=1 be the n×n matrix formed by setting M̃ij = M2i−1,2j.

Then Pf(M) = det(M̃).

Finally, we require the following integral formula from [130, Corollary 3.1.4].

Lemma 4.2.5. Let J : C → R be radially symmetric (meaning J(z) = J(|z|)) and

nonnegative. Suppose further that
∫
C J(z) · |z| dz = 1. Then for any admissible Lipschitz

region A,

lim
N→∞

N3/2
∫
A

∫
Ac
J
(√

N(z − w)
)
dz dw = 4

π
· `(∂A).

4.3 Proof of Theorem 5.2.5
2The statement has appeared earlier in the literature, for example in [93].
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4.3.1 Variance Calculation

The following lemma follows from results proved in [120]. We sketch the proof for

completeness.

Lemma 4.3.1. For any admissible domain A,

Var[XA] = N

π
area(A)− N2

π2

∫
A

∫
A

exp(−N |z − w|2) dz dw +O(N−1), (4.3.1)

where the implicit constant in the asymptotic notation depends only on dA.

Proof. From the definition (4.1.1) of XA, we compute

Var[XA] = E
[
N∑
i=1

fA(λi)
]

+ E

∑
i 6=j

fA(λi)fA(λj)
− E

[
N∑
i=1

fA(λi)
]2

.

Writing this expression in terms of correlation functions using (4.2.1) and (4.2.3), we

obtain

Var[XA] =N
∫
A
SN(
√
Nz,
√
Nz) dz −N2

∫
A2
SN(
√
Nz,
√
Nw)2 dz dw

−N2
∫
A2
DN(
√
Nz,
√
Nw)IN(

√
Nz,
√
Nw) dz dw. (4.3.2)

The last term in (4.3.2) vanishes exponentially, by Lemma 4.2.3. The first term is

computed in [120, Lemma 7] and equals

N

π
area(A)− 1

4π

∫
A

dz

=(z)2 +O(N−1). (4.3.3)

The second term is computed in the proof of [120, Lemma 9] and equals

− N2

π2

∫
A

∫
A

exp(−N |z − w|2) dz dw + 1
4π

∫
A

dz

=(z)2 +O(N−1). (4.3.4)
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Inserting (4.3.3) and (4.3.4) into (4.3.2) completes the proof.3 We observe that the

asymptotic bounds in the proofs of the cited lemmas rely only on Lemma 4.2.3 and the

estimates Lemma 4.4.1 and (4.3.15) stated below, whose error terms depend on A only

through dA. This justifies the claim that the implicit constant in (4.3.1) depends only on

dA, even though this dependence was not made explicit in [120].

Lemma 4.3.2. For any admissible Lipschitz domain A,

lim
N→∞

Var[XA]
N1/2 = 1

2π3/2 · `(∂A).

Proof. We write

∫
A

∫
A

exp(−N |z − w|2) dz dw =
∫
A

∫
C

exp(−N |z − w|2) dz dw

−
∫
A

∫
Ac

exp(−N |z − w|2) dz dw (4.3.5)

By a change of variable and the Gaussian integral formula
∫
R e
−x2 =

√
π, we have

∫
C

exp(−N |z − w|2) dz =
∫
C

exp(−N |z|2) dz = π

N
. (4.3.6)

Combining (4.3.1), (4.3.5), and (4.3.6), we obtain

Var[XA] = N2

π2

∫
A

∫
Ac

exp(−N |z − w|2) dz dw +O(N−1). (4.3.7)

By Lemma 4.2.5 applied to the radially-symmetric kernel function J : R2 → R given by

J(r) = 2π−3/2 exp(−2r2), we find

lim
N→∞

N3/2
∫
A

∫
Ac

exp(−N |z − w|2) dz dw =
√
π

2 · `(∂A). (4.3.8)

3While the main results of [120] require the test function to be smooth, these calculations do not.
Further, they were given for even N in [120] using the statement of (4.2.3) for even N in [37]. Their
extension to odd N requires only notational changes, given that (4.2.3) is now known for all N .
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We conclude by combining (4.3.7) and (4.3.8).

4.3.2 Higher Cumulants

We recall that given a random variable X, its cumulants {κn}∞n=1 are defined by

logE[eitX ] =
∞∑
n=1

κn
(it)n
n! ,

and that for every n ∈ N, there exists a degree n polynomial Ln (independent of the

choice of X) such that κn = Ln
(
E[X],E[X2], . . . ,E[Xn]

)
.

Let Y be a point process on a subset D ⊂ C with N particles {yi}Ni=1 and correlation

functions τk : Dk → R such that

∫
Dk
f(z1, . . . , zk)τk(z1, . . . , zk) dz1 . . . dzk = E

 ∑
(i1,...,ik)∈Ik

f(yi1 , . . . , yik)
 (4.3.9)

for all k ∈ N and all compactly supported, bounded Borel-measurable functions f : Dk →

R. For every domain A ⊂ C, let NA = ∑N
i=1 1A(yi) denote the counting function for

A. We insert the test function f(z1, . . . , zk) = 1A(z1) · · ·1A(zk) into (4.3.9), and note

that the number of elements (i1, . . . , ik) ∈ Ik such that f(yi, . . . , yik) = 1 is equal to

NA(NA − 1) · · · (NA − k + 1), since there are NA choices for i1, and then NA − 1 choices

remaining for i2, and so on until ik. This implies the well-known identity

E
[
NA(NA − 1) · · · (NA − k + 1)

]
=
∫
Ak
τk(z1, . . . , zk) dz1 . . . dzk. (4.3.10)

Let Jk denote the integral on the right-hand side of (4.3.10). Then (4.3.10) implies that

for all n ∈ N, the moment E[Nn
A] is equal to a linear combination of the terms J1, . . . , Jn,

with universal coefficients (independent of Y ). Recalling the definition of the polynomial
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Ln, we conclude that for every n ∈ N, there exists a universal polynomial Hn such that

κn(NA) = Hn(J1, . . . , Jn). (4.3.11)

The following lemma is a consequence of Lemma 4.2.3 and Lemma 4.2.4. Let A be an

admissible domain, and for all k ∈ N, set Q(k)(z1, . . . , zk) = (SN(zi, zj))1≤i,j≤k. We define

Tk = Nk
∫
Ak

detQ(k)(
√
Nz1, . . . ,

√
Nzk) dz1 . . . dzk. (4.3.12)

Lemma 4.3.3. For any admissible domain A, there exists a constant c(dA) > 0 such that

κn(XA) = Hn(T1, . . . , Tn) + O(e−cN) for all n ∈ N. The implicit constant depends only

on n and dA.

Proof. We begin by computing ρk(
√
Nz1, . . . ,

√
Nzk) using the definition of ρk in (4.2.3)

and the definition of a Pfaffian in (4.2.2). By Lemma 4.2.3, all terms in the defining sum

(4.2.2) containing a factor of DN or IN are exponentially small. We conclude that

sup
z1,...,zk∈Ω

∣∣∣Nkρk(
√
Nz1, . . . ,

√
Nzk)−Nk Pf

(
K̃(
√
Nzi,

√
Nzj)

)
1≤i,j≤k

∣∣∣ ≤ c−1e−cN ,

(4.3.13)

where where (K̃(zi, zj))1≤i,j≤k is a 2k × 2k matrix composed of the 2× 2 blocks

K̃(zi, zj) =

 0 SN (zi, zj)

−SN (zj, zi) 0

 .

Lemma 4.2.4 implies

Pf
(
K̃(
√
Nzi,

√
Nzj)

)
1≤i,j≤k

= detQ(k)(z1, . . . , zk). (4.3.14)
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Combining (4.3.10), (4.3.13), (4.3.14), and the definition of Tk in (4.3.12), we find

Tk = Nk
∫
Ak
ρk(
√
Nz1, . . . ,

√
Nzk) dz1 . . . dzk +O(e−cN)

= E
[
XA(XA − 1) · · · (XA − k + 1)

]
+O(e−cN),

since Nkρk(
√
Nz1, . . . ,

√
Nzk) is the k-th correlation function for the complex eigenvalues

of WN . The conclusion follows after recalling the definition of Hn from (4.3.11) and using

the trivial inequality |Tk| ≤ 2Nk.

Lemma 4.3.3 motivates the next definition.

Definition 4.3.4. We define the pseudo-cumulants of XA by κ̃n = Hn(T1, . . . , Tn) for all

n ∈ N.

The following cumulant identity is known for determinantal processes [154, (2.6)]. The

proof in [154] works for the pseudo-cumulants without modification, since they are defined

in terms of a determinantal kernel.4

Lemma 4.3.5. For all n ∈ N, we have

κ̃n =
n∑

m=1

(−1)m−1

m

∑
n1+···+nm=n
n1,...,nm>0

n!
n1! · · ·nm! ·Rm,

Rm = Nm
∫
Am

m∏
i=1

SN(
√
Nzi,

√
Nzi+1) dzi,

with the convention that zm+1 = z1.

The next lemma follows from the previous one by induction; see [155, Lemma 1] for

the statement in the case of determinantal processes.

Lemma 4.3.6. For all n ∈ N, there exist constants (αnj)n−1
j=2 (independent of A and N)

4They are precisely the cumulants of the determinantal point process defined by the kernel
SN (
√
Nz,
√
Nw), if such a process exists. We do not address the question of existence here, since

this claim is not needed.
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such that

κ̃n = (−1)n(n− 1)!(R1 −Rn) +
n−1∑
j=2

αnjκ̃j.

In light of the previous lemma, we now aim to calculate the terms Rn.

Lemma 4.3.7. Fix δ ∈ (0, 1/2). For k ≥ 2, we have

R1 = N

π
area(A) +O(1), Rk = N

π
area(A) +O(N1/2+δ),

where the implicit constant in the asymptotic notation depends only on dA, k, and δ.

To prepare for the proof, we recall the standard error function asymptotic

erfc(x) = e−x
2

√
πx

(
1 +O(x−2)

)
. (4.3.15)

Proof of Lemma 4.3.7. The case k = 1 is [120, Lemma 7], so we suppose that k ≥ 2.

Then by (4.3.15) and Lemma 4.4.1, for all z, w ∈ A, we have the asymptotic expansion

SN(
√
Nz,
√
Nw) = U(z, w)

(
1− e−2(1−zw̄)
√

2πN(1− zw̄)
eN(1−zw̄)(zw̄)N

)(
1 +O(N−1)

)
(4.3.16)

where

U(z, w) = ie(−N/2)(z−w̄)2−N(=(z)2+=(w)2)

2π
√
=(z)=(w)

(w̄ − z).

We claim that the leading order term in Rk is Nk
∫
Ak
∏k
i=1 U(zi, zi+1) dzi. To show this,

we begin by illustrating how to bound one of the other terms in Rk coming from (4.3.16).

We note that there exists a constant C(dA, k) > 0 such that

Nk

∣∣∣∣∣
∫
Ak

k∏
i=1

U(zi, zi+1) e
−2(1−ziz̄i+1)
√

2Nπziz̄i+1
eN(1−ziz̄i+1)(ziz̄i+1)N dzi

∣∣∣∣∣
≤ CNk

∫
Ak

k∏
i=1

e(−N/2)<((zi−z̄i+1)2)−N(=(zi)2+=(zi+1)2)eN(1−<(ziz̄i+1)+ln |ziz̄i+1|) dzi

= CNk
∫
Ak

k∏
i=1

e(−N/2)(|zi|2+|zi+1|2−2−ln |zi|2−ln |zi+1|2) dzi. (4.3.17)
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We now observe that the integral in (4.3.17) decays exponentially in z, since |z|2−1−ln |z|2

is positive and bounded away from zero for z ∈ A (since A is admissible). The other error

terms can be treated similarly; each has an integrand that decays exponentially.

Introducing the notation

g(z, w) = <(z)=(w)−<(w)=(z),

using (4.3.16), and bounding the error terms as indicated in (4.3.17), we obtain (after

observing some cancellation in the exponent) that

Rk =
(
1 +O(N−1)

)
Nk

∫
Ak

exp
(
−N2

k∑
i=1
|zi − zi+1|2 + iN

N∑
i=1

g(zi, zi+1)
)

(4.3.18)

×
k∏
i=1

i(z̄i+1 − zi)
2π=(zi)

dzi +O(e−cN),

for some constant c(dA, k) > 0. We now decompose

k∏
i=1

(z̄i+1 − zi) =
k∏
i=1

(zi+1 − zi − 2i=(zi+1)) = (−2i)k
k∏
i=1
=(zi) + ε(z1, . . . , zk),

where ε(z1, . . . , zk) is the sum of terms containing at least one copy of (zi − zi+1). We

claim that all integrals arising from ε(z1, . . . , zk) are negligible. The following computation

demonstrates this for terms containing exactly one copy of (zi − zi+1); the other terms

are bounded similarly (and are lower order). We have

Nk

∣∣∣∣∣
∫
Ak

exp
(
−N2

k∑
i=1
|zi − zi+1|2 + iN

N∑
i=1

g(zi, zi+1)
)

(z1 − z2) dz1 . . . dzk

∣∣∣∣∣
≤ Nk

∫
Ak

exp
(
−N2

k∑
i=1
|zi − zi+1|2

)
|z1 − z2| dz1 . . . dzk

≤ Nk
∫
Ak∩{|z1−z2|≤N−1/2+δ}

exp
(
−N2

k∑
i=1
|zi − zi+1|2

)
|z1 − z2| dz1 . . . dzk +O(e−cN),

due to the exponential decay of the integrand on the set Ak ∩ {|z1 − z2| > N−1/2+δ}. We
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have

Nk
∫
Ak∩{|z1−z2|≤N−1/2+δ}

exp
(
−N2

k∑
i=1
|zi − zi+1|2

)
|z1 − z2| dz1 . . . dzk

≤ Nk−1/2+δ
∫
Ck−1×A

exp
(
−N2

k−1∑
i=1
|zi − zi+1|2

)
dz1 . . . dzk = O(N1/2+δ),

where the last inequality follows by directly evaluating the integrals in the variables z1

through zk−1, then using the fact that area(A) ≤ 2.

After bounding these lower-order terms, (4.3.18) becomes

Rk = π−kNk
∫
Ak

exp
(
−N2

k∑
i=1
|zi − zi+1|2 + iN

k∑
i=1

g(zi, zi+1)
)
dz1 . . . dzk +O(N1/2+δ).

We write Rk as

Rk = π−kNk

I0 −
k−1∑
j=1

Ij

+O(N1/2+δ), (4.3.19)

where

I0 =
∫
A

∫
Ck−1

exp
(
−N2

k∑
i=1
|zi − zi+1|2 + iN

k∑
i=1

g(zi, zi+1)
)
dz1 . . . dzk,

and Ij for j ≥ 1 is defined similarly to I0, with the integral over A × Ck−1 replaced by

one over Aj ×Ac × Ck−j−1. I0 is the leading-order term, and may be computed explicitly.

After the change variables by zi 7→ zi + zk for i < k, the variable zk disappears from the

exponent and may be integrated directly. After some simplification, we obtain

I0 = area(A)
∫
Ck−1

exp
(
−N

k−1∑
i=1
|zi|2 +N

k−2∑
i=1

zizi+1

)
dz1 . . . dzk−1

Changing variables to polar coordinates by setting zi = rie
iθi , and using the identity

∫ 2π

0
exp(αeiθ) dθ =

∮
exp(αz)dziz = 2π,
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valid for any α ∈ C, to integrate out the θi variables, we obtain5

I0 = πk−1N1−k area(A). (4.3.20)

Next, we note that for every j such that 1 ≤ j ≤ k − 1, we have

|Ij| ≤
∫
A×Ac×Ck−2

exp
(
−N2

k∑
i=1
|zi − zi+1|2

)
dz1 . . . dzk.

Recalling (4.3.6), have

∫
C

exp
(
−N2 |zk−1 − zk|2 −

N

2 |zk − z1|2
)
dzk ≤

∫
C

exp
(
−N2 |zk − z1|2

)
dzk = π

N
.

The variables zk−1, . . . , z3 can then be integrated directly using (4.3.6). By Lemma 4.2.5,

∫
A×Ac

exp
(
−N2 |z1 − z2|2

)
dz1 dz2 = O(N−3/2).

We conclude that for j ≥ 1,

Ij = O(N−k+1/2) (4.3.21)

Inserting (4.3.20) and (4.3.21) into (4.3.19) completes the proof.

4.3.3 Conclusion

Proof of Theorem 5.2.5. By Lemma 4.3.3, for every n ∈ N the cumulant κn(XA) is equal

to the pseudo-cumulant κ̃n plus an exponentially small error term. Then by Lemma 4.3.2,

Lemma 4.3.6, Lemma 4.3.7, and induction, we have for every n ≥ 3 that

lim
N→∞

κ2(N−1/4XA) = `(∂A)
2π3/2 , lim

N→∞
κn(N−1/4XA) = 0.

5We learned of this integration method from [73], which derives a general formula for integrals of
exponentials of complex quadratic forms.
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We conclude that the limiting cumulants of N−1/4XA are the same as the cumulants of a

Gaussian random variable with variance 2−1π−3/2`(∂A). Since the cumulants of a random

variable determine its moments, the limiting moments also match those of this Gaussian.

Because the Gaussian distribution is uniquely determined by its moments [31, Theorem

30.1], this implies the desired weak convergence [31, Theorem 30.2].

Remark 4.3.8. The Lipschitz hypothesis in Theorem 5.2.5 was used only to compute

the variance in Lemma 4.3.2. To relax this hypothesis, one only needs to compute the

integral (4.3.1) for more general domains (with rougher boundaries). This can be done

for Caccioppoli sets using [130, Corollary 3.1.4] and for the Koch snowflake using [130,

Theorem 3.3.2]. We note that the proof technique for the latter result is applicable to

many other domains with self-similar boundaries.

4.4 Technical Estimates

The following estimate improves [37, Lemma 9.2] by establishing a quantitative error

term. It is implicit in [122, Remark 3.4]; we provide a short proof here for completeness.

Lemma 4.4.1. Let A be an admissible domain. Define d̃A = inf{|z − 1| : z ∈ A}. Then

there exists a constant C(d̃A) > 0 such that for all z ∈ A,

sN(Nz) = 1− 1√
2πN

(ze1−z)N
1− z

(
1 +R(z;N)

)
,

∣∣∣R(z;N)
∣∣∣ ≤ CN−1.

Proof. By repeated integration by parts, we have

sN(Nz) = 1− 1
(N − 1)!

∫ Nz

0
ζN−1e−ζdζ = 1− NN

(N − 1)!

∫ z

0
ζN−1e−Nζdζ. (4.4.1)

The integral
∫ z

0 can be taken along any curve connecting 0 and z since the integrand is
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analytic. Inserting Stirling’s formula [134]

N ! =
√

2πN
(
N

e

)N
τN , τN = 1 + 1

12N +O(N−2) (4.4.2)

into (4.4.1), we have

e−NzsN(Nz) = 1− 1
τN

√
N

2π

∫ z

0
ζN−1eN(1−ζ)dζ. (4.4.3)

Consider the map ϕ : ζ 7→ ζe1−ζ on C. We recall that the function W (z) solving the

equation−eϕ(−W (z)) = z is known as the LambertW function. Standard facts about this

function imply that there is a multi-valued inverse of ϕ with a (single-valued) principal

branch defined on C \ [1,∞) (see [62, Section 4]). It is given by ψ(z) = −W (−z/e).

Applying the change of variable ζ = ψ((1− t)ze1−z) to (4.4.3), we have

sN(Nz) =1− 1
τN

√
N

2π

∫ z

0
e1−ζϕ(ζ)N−1dζ

=1− 1
τN

√
N

2π
(
ze1−z

)N ∫ 1

0

(1− t)N−1

1− ψ((1− t)ze1−z)dt.
(4.4.4)

Define f(z; t) = (1− ψ((1− t)ze1−z))−1. Note that f(z; ·) is infinitely differentiable in a

neighborhood of t = 1 since ψ is analytic in a neighborhood of ze1−z for |z| < 1. Direct

differentiation shows that

f(z; t) = 1
1− z + r(z; t),

where

r(z; t) =
∫ t

0

−ψ((1− τ)ze1−z)
(1− τ)(1− ψ((1− τ)ze1−z))3dτ.

By the continuity of (τ, z) 7→ ψ((1− τ)ze1−z) over [0, 1]× A, together with ψ(ze1−z) = z,

there exists tA > 0 such that for all 0 ≤ τ ≤ tA and all z ∈ A, |1−ψ((1− τ)ze1−z)| ≤ 1
2 d̃A.

Therefore, there exists cA > 0 depending on A (only through d̃A) such that |r(z; t)| ≤ cAt.

A standard application of Laplace’s method (see [169, Section 19.2.4, Theorem 1(a)])
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implies that there exists a constant C > 0 depending only on cA, and consequently only

on d̃A, such that

∫ 1

0
(1− t)N−1f(z; t) dt = 1

N(1− z)(1 +R(z;N)), (4.4.5)

where |R(z;N)| ≤ CN−1. Combining (4.4.4) and (4.4.5) and recalling the definition of

τN in (4.4.2) completes the proof.

Proof of Lemma 4.2.3. Using (4.3.15), we obtain

G(
√
Nz,
√
Nw) = e−N(=(z)2+=(w)2)

√
2Nπ|=(z)=(w)|

(
1 +O

(
1

N min(|z|, |w|)4

))
.

Combining this estimate with Lemma 4.4.1 and |(2π)−1(w − z)| ≤ 1, we get

∣∣∣DN(
√
Nz,
√
Nw)

∣∣∣ ≤e−(N/2)<(z−w)2 e−N(=(z)2+=(w)2)
√
N |=(z)=(w)|

(
1 +O

(
1

N min(|z|, |w|)4

))

×
(

1 +
∣∣∣∣∣ e−2(1−zw)
√

2πN(1− zw)
eN(1−zw)(zw)N

(
1 +O(N−1)

)∣∣∣∣∣
)
. (4.4.6)

We observe that

− N

2 <(z − w)2 −N(=(z)2 + =(w)2) ≤ −N=(z)=(w). (4.4.7)

We also note that

|e−(N/2)<(z−w)2
e−N(=(z)2+=(w)2)eN(1−zw)(zw)N |

≤ exp
(
−N2 (|z|2 − ln |z|2 − 1)− N

2 (|w|2 − ln |w|2 − 1)
)

≤ exp
(
−N8 (|z| − 1)2 − N

8 (|w| − 1)2
)
. (4.4.8)

Inserting (4.4.7) and (4.4.8) into (4.4.6) completes the proof of the bound on DN . The

proof for IN is similar, so we omit the details.
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For SN , we have

∣∣∣SN(
√
Nz,
√
Nw)

∣∣∣ ≤e−(N/2)<(z−w)2 e−N(=(z)2+=(w)2)
√
N |=(z)=(w)|

(
1 +O

(
1

N min(|z|, |w|)4

))

×
(

1 +
∣∣∣∣∣ e−2(1−zw)
√

2πNπ(1− zw)
eN(1−zw)(zw)N

(
1 +O(N−1)

)∣∣∣∣∣
)

We note that

e−(N/2)<(z−w)2
e−N(=(z)2+=(w)2) = e−(N/2)|z−w|2 ≤ 1,

and

|e−(N/2)<(z−w)2
e−N(=(z)2+=(w)2)eN(1−zw)(zw)N |

≤ e(N/2)(−|z−w|2+2+2<(zw)+2 ln |zw|) = e−(N/2)(|z|2+|w|2−2−ln |z|2−ln |w|2) ≤ 1,

where the last inequality follows from |z|2 − 1− ln |z|2 ≥ 0 for z ∈ A. This completes the

proof of the bound on SN .
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CHAPTER 5

Quenched Large Deviation Principles

for Random Projections of `np balls

5.1 Introduction

5.1.1 Background and Motivation

High-dimensional measures are ubiquitous in mathematics, and are often profitably

studied through their lower-dimensional projections. This approach has been successfully

applied to problems in numerous fields, including statistics [68, 94, 132], asymptotic

functional analysis [110] and convex geometry [13, 117]. In the case of the uniform

measure on a high-dimensional convex body (a compact convex set with non-empty

interior), low-dimensional projections are known to satisfy a central limit theorem. This

theorem states that most k-dimensional projections of an n-dimensional isotropic convex

body are approximately Gaussian in total variation norm, if n is sufficiently large and

k is sufficiently small relative to n [13, 118]. The typical behavior of a low-dimensional

projection is therefore uninformative about the high-dimensional convex body from which

it originated. However, it was recently discovered that the tail behavior of random

orthogonal projections retains interesting information about the original measure [96, 95].
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This tail behavior is quantified through large deviation principles (LDPs), of which there

are two main types: quenched LDPs, which provide almost-sure statements with respect to

the projection or sequence of projections (which are independent of the high-dimensional

measure), and annealed LDPs, which consider an average over the measure from which

the projection directions or projection matrices are sampled. In this article, we focus on

quenched LDPs for random projections of random vectors from a class of distributions

that includes the uniform distribution on the unit ball in `np , one of the most fundamental

examples of a convex body. Denoting this ball by Bnp , we have

Bnp :=
{
x ∈ Rn :

n∑
i=1
|xi|p ≤ n

}
.

We consider projection directions chosen uniformly from Sn−1, the unit sphere in Rn (in

the one-dimensional case), or projection matrices chosen from the Haar measure on the

Stiefel manifold Vn,k of orthonormal k-frames in Rn (in the multi-dimensional case).

We begin by reviewing previous work on LDPs for projections of Bnp , starting with the

annealed case. Annealed LDPs are typically easier to analyze than quenched LDPs, since

averaging over the randomness of the projection renders the entries of the projected vector

exchangeable. For Bnp , annealed LDPs for one-dimensional projections were first established

in [95, 96] for all p ∈ [1,∞]. Later, annealed LDPs for the `2 norm of kn-dimensional

projections were established in [7] for all p ∈ [1,∞] when limn→∞ kn/n = λ ∈ [0, 1], with

the additional requirement that λ > 0 when p ≤ 2. The restriction that λ > 0 was removed

in [115], which also proved a phase transition in the speed of the LDP with respect to

the growth rate of kn (see [115, Remark 3.6]). Further, the article [115] established LDPs

for the empirical measures of the coordinates of the projections, in addition to the `2

norm. Additionally, [115] went beyond the balls Bnp and established results for general

high-dimensional measures satisfying an asymptotic thin shell condition, including uniform

measures on Orlicz balls and certain Gibbs measures. A more refined version of this

condition, and corresponding annealed sharp large deviation estimates for projection were
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also subsequently obtained in [128].

Compared to the annealed case, much less is known about quenched LDPs. Previous

works have focused exclusively on k-dimensional projections for k independent of n. For

one-dimensional projections of the unit cube Bn∞ and more general product measures,

quenched LDPs were established in [95]. For one-dimensional projections of Bnp , quenched

LDPs were established for all p ∈ [1,∞) in [96]. In the case p ∈ (1,∞], the speed and

rate function of the LDP are insensitive to the choice of projection matrix, except for a

measure zero set of so-called atypical sequences of projection matrices. (In the case p = 1,

the LDP is more subtle and depends on the sequence; see [96, Theorem 2.6]). Later, sharp

LDPs that identify the precise prefactor were obtained for one-dimensional projections

of Bnp in [129]. Quenched LDPs for k-dimensional projections were established for p ≥ 2

in [116], for any fixed positive integer k. Similar to the one-dimensional case, the speed

and rate function are almost surely independent of the choice of sequence of projection

matrices. Quenched LDPs for projections of various radially symmetric measures on Bnp

were also recently studied in [113]. We also remark that LDPs for the `q norm of a random

element of Bnp (with q 6= p) were established in [111].

In this work, we prove a quenched LDP for sequences of kn-dimensional projections

of `np balls when p ∈ [2,∞) and kn grows sublinearly in n, that is, limn→∞ kn =∞ and

limn→∞ kn/n = 0 (see Theorem 5.1.2). As in previous work, the speed and rate function

are almost surely insensitive to the sequence of projection matrices. As corollaries, we

also obtain LDPs for the sequences of `2 norms and `∞ norms of the projections (see

Corollaries 5.1.3 and 5.1.4). The extension to LDPs for the `q norms of the projections for

all q ∈ [1,∞) is also possible using our methods; see Remark 5.5.1 below. Our results also

generalize to projections of a larger class of random vectors, including those uniformly

distributed on the `np sphere and a broad class of product measures with sub-Gaussian

marginals (see Theorem 5.2.5). In addition to asymptotic convex geometry, LDP results of

this kind are also relevant to problems arising in statistical mechanics. Indeed, establishing

152



the LDP for `2-norms of projections is equivalent to identifying the scaled logarithmic

asymptotics for expectations of exponential functionals of the sequence of `2 norms of the

projections. The latter has close parallels with the study of the quenched log-partition

function for statistical mechanical models with random disorder, such as the Hopfield

model of neural networks [61], in which the projection matrix is replaced by an (n× kn)-

matrix of i.i.d. entries and Y (n) is sampled from a product distribution with bounded

support. Similar logarithmic asymptotics also appear in the study of the normalizing

constant of the posterior distribution in high-dimensional linear regression [138, 143],

where the distribution of Y (n) corresponds to the prior, which is taken to be a product

distribution in [138] and uniform on Sn−1 in [143].

5.1.2 Proof Techniques.

There are two primary technical challenges involved in establishing our results. First,

any LDP needs to be defined relative to a sequence of measures on a single probability space,

but each element of a sequence of kn-dimensional projections has a different codomain.

To remedy this problem, each projection must be embedded into a suitable parent space.

In the annealed case, the empirical measure of the coordinates completely determines the

distribution of the projected vector, due to the exchangeability of the coordinates. Previous

work on annealed LDPs for projections of growing dimension identified the projections

with the empirical measures of their coordinates, which are probability measures on R,

and established LDPs for the latter [115]. However, in the quenched case, the lack of

exchangeability of the coordinates renders the empirical measure an unsuitable state

variable. Instead, we take inspiration from the work of Comets and Dembo on large

deviations for mean-field spin glass models [61], and embed our projections into a space

consisting of infinite sequences whose coordinates appear in descending order (in absolute

value), paired with their `2 norms. This approach, while leading to some technicalities,

also captures a great deal of information about the sequence of projections, allowing us
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to also prove the additional LDPs for the `∞ and `2 norms mentioned previously. We

remark that the previous works [115, 116] on multidimensional projections in the annealed

setting did not address LDPs with the projection dimension kn growing to infinity for the

`∞ norm, since the latter is not a sufficiently nice function of the empirical coordinate

measure.

However, the paper [61] considers the setting where Y (n) is a product measure with

a bounded distribution and the projection matrix is replaced with a matrix with i.i.d.

entries. In contrast, no similar boundedness hypothesis can be made in our work, which

creates several additional technical complications. Further, the second main technical

obstacle in our setting is that, in the course of our proof, we must show that the entries

of the projection matrix sampled uniformly from the Haar measure on Vn,kn can be well

approximated by independent Gaussians for averages of a function of the rows. This

claim is made precise in Lemma 5.3.6 below, and may be of independent interest, as it

generalizes several existing approximation results [116, 108]. The result [116, Corollary

2.11] establishes convergence of the empirical measure of rows of the projection matrix

to a Gaussian in the space of Borel probability measures on Rk (equipped with suitable

Wasserstein topologies), only for fixed k. However, such a statement does not address the

case when kn grows in n, in which case such empirical measures would live on different

spaces. Instead, in Lemma 5.3.6 we establish convergence of the empirical measures of

scalar products of rows of the projection matrix with a kn-dimensional deterministic vector

towards a 1-dimensional Gaussian distribution in a suitable Wasserstein topology (see

Remark 5.3.7) on the space of probability measures on R, uniformly over any collection of

up to ekn deterministic vectors. Prior results on Gaussian approximations for entries of

Haar-distributed random matrices from the Stiefel manifold, such as those obtained in

[109, 108], appear inadequate for our purposes, thus necessitating our alternative approach

to such Gaussian approximations using Weingarten calculus; we expand on this point in

Remark 5.3.8.
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5.1.3 Definitions

For k ∈ N, let Ik be the k × k identity matrix, and for n ≥ k, set

Vn,k :=
{
A ∈ Rn×k : A>A = Ik

}
.

The set Vn,k is called the Stiefel manifold of k-frames in Rn and consists of k-dimensional

orthonormal bases in Rn. We also use On := Vn,n to denote the set of n× n orthogonal

matrices.

Let `2 denote the set of infinite sequences x = (x1, x2, . . . ) ∈ R∞ of real numbers such

that the norm

‖x‖2 =
( ∞∑
i=1

x2
i

)1/2

(5.1.1)

is finite. Given x,y ∈ `2, we define the inner product 〈x,y〉 := ∑∞
i=1 xiyi. We say that

x ∈ `2 is ordered if |xk| ≥ |xk+1|, and xk ≥ xk+1 if |xk| = |xk+1|, for all k ∈ N. Given a

sequence x ∈ `2 with a finite number of nonzero entries, let

n(x) :=
∣∣∣{i ∈ N : xi 6= 0}

∣∣∣
denote the number of such entries. Let [x] ∈ `2 denote the sequence whose first n(x)

coordinates [x]1, . . . , [x]n(x) are equal to the nonzero entries of x arranged so that [x] is

ordered; this implies that [x]i = 0 for i ≥ n(x) + 1. Given k ∈ N and x ∈ Rk, we define

[x] by first defining x̃ ∈ `2 as follows: x̃i = xi for i ≤ k and xi = 0 for i > k, then setting

[x] := [x̃]. We define X as the set of pairs

X := {(x, r) : x ∈ `2, r ∈ [0,∞), x is ordered, ‖x‖2 ≤ r}. (5.1.2)

We equip X with the distance

d
(
(x, r), (y, s)

)
:= ‖x− y‖∞ + |r − s|. (5.1.3)

155



For x ∈ Rk, let

Π(x) := ([x] , ‖x‖2) ∈ X (5.1.4)

denote the corresponding representative in X .

The function log(x) denotes the natural logarithm. We let R+ denote the non-negative

reals. We define the unit `pn ball as the set

Bnp :=
{
x ∈ Rn :

n∑
i=1
|xi|p ≤ n

}

and the unit `pn sphere by

Snp :=
{
x ∈ Rn :

n∑
i=1
|xi|p = n

}
.

Given a sequence {kn}n∈N of positive integers, let σn be the Haar measure on Vn,kn ,

and let σ be a probability measure on V = ⊗nVn,kn whose n-th marginal is σn for all

n ∈ N. All statements about probabilities on Vn,kn and V in this work are made with

respect to the measures σn and σ. For brevity, we do not explicitly denote the dependence

of V, σn, and σ on the sequence {kn}. We say that the sequence {kn}n∈N is increasing if

kn+1 ≥ kn for all n ∈ N.

Finally, we recall the definition of an LDP.

Definition 5.1.1 ([65, Section 1.2]). Let T be a topological space with Borel σ-algebra

B. A sequence {Pn}n∈N of probability measures on T satisfies a large deviation principle

(LDP) with speed sn : N→ R+ and rate function I : T → [0,∞] if for all B ∈ B,

− inf
x∈B◦

I(x) ≤ lim inf
n→∞

1
sn

logPn(B) ≤ lim sup
n→∞

1
sn

logPn(B) ≤ − inf
x∈B

I(x),

where B◦ and B denote the interior and closure of B, respectively. We say that {Pn}n∈N

satisfies a weak LDP when these inequalities hold for all B ∈ B such that B is compact.

156



A sequence of T -valued random variables {Z(n)}n∈N is said to satisfy an LDP with

speed sn and rate function I if and only if the corresponding sequence of image measures

{P(Z(n) ∈ ·)}n∈N satisfies an LDP with that speed and rate function. When the speed is

not mentioned explicitly, we use the default sn = n. The function I is said to be a good

rate function if it has compact level sets ΨI(α) = {x ∈ T : I(x) ≤ α} for all α ∈ [0,∞).

5.1.4 Main Result: A Specific Setting

We begin by introducing some general notation, which will be used throughout the

paper. Let Z be a mean zero random variable and let η : R→ R+ be a continuous function.

We define Λ: R2 → R ∪ {∞} to be the log-moment generating function of (Z, η(Z)):

Λ(t1, t2) = ΛZ,η(t1, t2) := logE
[
exp

(
t1Z + t2η(Z)

)]
. (5.1.5)

Further, let {gi}∞i=0 be an infinite sequence of independent Gaussian random variables

with mean zero and variance one, denote g = (g1, g2, . . . ), and define Λ : `2×R2 → R∪{∞}

as1

Λ(u, b, c) := E
[
Λ
(
〈u, g〉+ bg0, c

)]
. (5.1.6)

The Legendre transform Λ∗ of Λ is defined by

Λ∗(w, r, s) := sup
(u,b,c)∈`2×R×R

{〈u,w〉+ br + cs− Λ(u, b, c)} . (5.1.7)

We also set

I(w, r, s) := Λ∗
(
w,
√
r − ‖w‖2

2, s
)

(5.1.8)

for (w, r, s) ∈ X × R+. Let ρ : R+ → R+ be a continuous function. For (w, r) ∈ X , we
1The function Λ represents a suitable average of the log-moment generating function Λ over the random

“environment” (i.e. projection matrix), with the Gaussian vector (g0, g) arising as an approximation to
the typical row of a Haar-distributed element of Vn,k in the sublinear regime. See Lemma 5.3.6.
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define

I(w, r) = inf
s>0

I

(
w

ρ(s) ,
r

ρ(s) , s
)
. (5.1.9)

We now specialize the previous definitions for the purpose of stating our main results,

concerning Bnp . We fix p ∈ [1,∞), and let fp : R→ R be the probability density function

of the p-generalized normal distribution:

fp(x) := 1
2p1/pΓ(1 + 1/p) exp

(
−|x|

p

p

)
.

Let Zp be a random variable with density fp, let η2(x) = x2, and define Λp := ΛZp,η2 , as

in (5.1.5). We let Λp denote the functional in (5.1.6) when Λ is replaced by Λp. Also, the

let definitions (5.1.7), (5.1.8), and (5.1.9) hold when Λ∗, I, and I are replaced with Λ∗p,

Ip, and Ip, respectively, and ρ(x) = x1/p. We also set

Îp(w, r) := inf
s>0

Ip (w, r, s) .

The following theorem is our primary result. It establishes a quenched LDP for

multidimensional projections of `np balls when the projection dimension grows sublinearly.

It is proved in Section 5.5. We emphasize that in this theorem and its corollaries, a ∈ V

always denotes a fixed, deterministic sequence of projection matrices.

Theorem 5.1.2. Fix p ∈ [2,∞), and let {kn}n∈N be an increasing sequence of positive

integers such that limn→∞ kn = ∞ and limn→∞ kn/n = 0. For each n ∈ N, let Y (n) be

uniformly distributed on Bnp . Then for σ-a.e. a = {a(n)}n∈N ∈ V, the sequence

{
Π
(
n−1/2(a(n))>Y (n)

)}
n∈N

,

with Π defined as in (5.1.4), satisfies an LDP in X with speed n and good rate function

Ip.
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From Theorem 5.1.2, we can deduce LDPs for the sequence of Euclidean norms and

maximal coordinates of the random projection n−1/2(a(n))>Y (n). We state these in the

following corollaries, which are also proved in Section 5.5.

Corollary 5.1.3. Let p, {kn}n∈N, and Y (n) be as in Theorem 5.1.2. Then for σ-a.e.

a =
{
a(n)

}
n∈N
∈ V, the sequence

{∥∥∥∥n−1/2
(
a(n)

)>
Y (n)

∥∥∥∥
2

}
n∈N

satisfies an LDP R+ with speed n and good rate function Ip given by

Ip (r) := sup
t1,t2∈R

{
t1r + t2 − E

[
Λp (t1g0, t2)

]}
,

where Λp is defined in (5.1.5). Furthermore, Ip is convex.

Corollary 5.1.4. Let p, {kn}n∈N, and Y (n) be as in Theorem 5.1.2. Then for σ-a.e.

a = {a(n)}n∈N ∈ V, the sequence

{∥∥∥n−1/2(a(n))>Y (n)
∥∥∥
∞

}
n∈N

(5.1.10)

satisfies an LDP in R with speed n and good rate function

Imax(r) := Ip((r, 0, 0 . . . ), r).

Remark 5.1.5. The conclusions of Theorem 5.1.2, Corollary 5.1.3, and Corollary 5.1.4

also hold when Y (n) is uniformly distributed on Snp . The proofs of these results also

contain, as intermediate steps, proofs of the analogous claims for Snp .
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Outline

Theorem 5.1.2 is a consequence of a more general result, which provides LDPs for the

projections of a large class of sequences of random vectors. This general result in stated in

Section 5.2 below as Theorem 5.2.5, along with the necessary assumptions and associated

corollaries. The proof of Theorem 5.2.5 follows on combining an upper bound and a lower

bound, given in the next section as Proposition 5.2.3 and Proposition 5.2.4, respectively.

In Section 5.3, the upper bound Proposition 5.2.3 is proved assuming certain preliminary

lemmas compiled in Section 5.3.1 and proved in Section 5.6. The complementary lower

bound is established in Section 5.4, building on preparatory results stated in Section 5.4.1,

whose proofs are deferred to Section 5.7. Section 5.8 contains auxiliary computations for

p-Gaussian random variables. Section 5.9 recalls the Weingarten calculus and proves an

auxiliary lemma.

5.1.5 Open Problems.

This work gives rise to several open problems.

1. The case p ∈ (1, 2). It would be of interest to study the quenched LDP for the

projection or its norm when Y (n) is uniformly distributed on Bnp with p ∈ (1, 2). The

sub-Gaussianity assumption p ≥ 2 is used in several places in the proof, including in

the proof of the exponential tightness result in Lemma 5.3.4 and the concentration

result in Lemma 5.7.3. We believe that at least a weak (quenched) LDP at speed n

will hold for sufficiently slowly growing kn. But we expect a phase transition in the

growth rate of kn, wherein the speed of the LDP would change in a p-dependent

way.

2. The linear setting kn = λn for λ ∈ (0, 1). It would be of interest to study the case

when kn grows linearly in n, whis would likely require a different approach since the

condition kn = o(n) is currently being used in several places in the proof, including

the Gaussian approximation lemma, as well as to show that the tail of the ordered
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projection vector has negligible `2-norm, and associated concentration results.

3. A broad class of high-dimensional vectors. It would be desirable to identify a

broad sequence of random vectors {Y (n)}n∈N for which the corresponding (quenched)

random projections satisfy an LDP. For example, does there exist a sufficient

condition for LDPs of quenched projections, analogous to the asymptotic thin shell

condition in the annealed setting?

The fact that all the above questions are fully understood in the annealed setting

[96, 7, 115] further points to the additional subtleties present in the quenched setting

when compared to the annealed one.
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5.2 Main Technical Results

In this section, we list the general versions of our main technical results and the

assumptions they require. We first recall the following concept from convex analysis.

Definition 5.2.1 (Essential Smoothness). Let f : Rd → (−∞,∞] be a convex function

and let Df := {x ∈ Rd : f(x) <∞}. Then f is said to be essentially smooth if

1. D◦f is non-empty.

2. f(·) is differentiable throughout D◦f .

3. f(·) satisfies limn→∞ |∇f (λn)| =∞ whenever {λn}n∈N is a sequence in D◦f converg-
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ing to a boundary point of D◦f .

Given a sequence {Y (n)}n∈N of random vectors Y (n) = (Y1, Y2, . . . , Yn) ∈ Rn, we

consider the following assumptions.

Assumption 2. There exists a sequence of non-constant and independent, identically

distributed (i.i.d.) real-valued random variables {Xj}j∈N, a non-constant continuous

function η : R → R+, and a continuous function ρ : R+ → R+ such that we have the

distributional equality

Y
(n)
j

d=Xj · ρ
(

1
n

n∑
i=1

η(Xi)
)

(5.2.1)

for all n ∈ N and j ∈ {1, . . . , n}. We further suppose that ρ(x) > 0 for all x > 0.

Assumption 3. The variable X1 has mean zero and there exists a constant C2 > 0 such

that for all s ≥ 0

P (|X1| ≥ s) ≤ 2 exp(−s2/C2
2).

Assumption 4. Set Λ(t1, t2) = ΛX1,η, as defined in (5.1.5) and using the choice of η

from Assumption 2. There exists some 0 < T ≤ ∞ such that Λ(t1, t2) is finite for all

(t1, t2) ∈ R× (−∞, T ) and Λ is essentially smooth. Further, the derivatives ∂α1 ∂
β
2 Λ(t1, t2)

exist for all (t1, t2) ∈ R× (−∞, T ) and all integers α, β ≥ 0 such that α + β ≤ 2.

Assumption 5. There exists a continuous function C̃ : (−∞, T )→ R+ such that

∣∣∣∂α1 ∂β2 Λ (t1, t2)
∣∣∣ ≤ C̃(t2)

(
1 + |t1|2−α

)
, (5.2.2)

for all (t1, t2) ∈ R× (−∞, T ) and all integers α, β ≥ 0 such that α + β ≤ 2.

Remark 5.2.2. In addition to the uniform measure on the `p balls considered in Theo-

rem 5.1.2, the framework above allows us to deal with product measures whose marginals

are symmetric and sub-Gaussian. Indeed, by taking ρ(x) = 1 for all x ∈ R+, we see that

these assumptions are satisfied when Y (n) = (Y1, . . . , Yn) is constructed from a sequence

of i.i.d. random variables {Yj}j∈N satisfying Assumptions 2, 3, and 4.
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Additionally, we often consider increasing sequences {kn}n∈N of positive integers such

that

lim
n→∞

kn =∞ and lim
n→∞

kn
n

= 0. (5.2.3)

The following large deviation upper bound is proved in Section 5.3.2.

Proposition 5.2.3. Let {kn}n∈N be an increasing sequence of positive integers satis-

fying (5.2.3). Suppose that {Xj}j∈N is a sequence of i.i.d. random variables satisfying

Assumptions 2, 3, and 4. Let X(n) = (X1, . . . , Xn) ∈ Rn for all n ≥ 1. Then for σ-a.e.

a = {a(n)}n∈N ∈ V, we have

lim sup
n→∞

1
n
P
((

Π(n−1/2
(
a(n)

)>
X(n)), 1

n

n∑
i=1

η(Xi)
)
∈ S

)
≤ − inf

(w,r,s)∈S
I(w, r, s) (5.2.4)

for all closed sets S ⊂ X × R+.

The following large deviations lower bound is proved in Section 5.4.2.

Proposition 5.2.4. Let {kn}n∈N be an increasing sequence of positive integers satis-

fying (5.2.3). Suppose that {Xj}j∈N is a sequence of i.i.d. random variables satisfying

Assumptions 2, 3, and 4. Let X(n) = (X1, . . . , Xn) ∈ Rn for all n ≥ 1. Then for σ-a.e.

a = {a(n)}n∈N ∈ V, we have

lim sup
n→∞

1
n
P
((

Π(n−1/2
(
a(n)

)>
X(n)), 1

n

n∑
i=1

η(Xi)
)
∈ O

)
≥ − inf

(w,r,s)∈O
I(w, r, s)

for all open sets O ⊂ X × R+.

The following theorem is proved in Section 5.5 using the previous two lemmas, where

it is then used to prove the main results stated in the previous section.

Theorem 5.2.5. Let {kn}n∈N be an increasing sequence of positive integers satifying

(5.2.3). Let {Y (n)}n∈N be a sequence of random vectors Y (n) = (Y1, Y2, . . . , Yn) satisfying
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Assumptions 1–4. Then for σ-a.e. a = {a(n)}n∈N ∈ V, the sequence

{
Π
(
n−1/2(a(n))>Y (n)

)}
n∈N

satisfies an LDP in X with good rate function I.

5.3 Upper Bound

5.3.1 Preliminary Lemmas

In this section, we state some results required for the proof of Proposition 5.2.4. The

first lemma, which collects several topological properties of X , is proved in Section 5.6.1.

Lemma 5.3.1. 1. The topology on X is equivalent to the product topology on RN×R+,

where RN is itself equipped with the product topology.

2. The topology on X is equivalent to the product topology on RN × R+, where RN is

itself equipped with the weak-`2 topology.

3. For any fixed A <∞, the set {(w, r) ∈ X : r ≤ A} is compact.

Our second lemma shows that the rate function in Proposition 5.2.3 is a good rate

function (as defined in Definition 5.1.1). Its proof is deferred to Section 5.6.2.

Lemma 5.3.2. The function I defined in (5.1.8) is a good rate function.

To state the following lemmas, we recall the definition of exponential tightness.

Definition 5.3.3. A family of measures {µn}n∈N on a topological space space T is

exponentially tight with speed sn : N→ R+ if for every α <∞, there exists a compact set

Kα ⊂ T such that

lim sup
sn→∞

1
n

log µε(Kc
α) ≤ −α.

We say that a sequences of random variables {Xn}n∈N is exponentially tight with speed sn

if the sequence of measures {µn}n∈N defined by µn(A) = P(Xn ∈ A) also has this property.
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We default to sn = n when no speed is explicitly stated.

The next two lemmas address exponential tightness of the sequence of the norms of the

projections n−1/2(a(n))>X(n) and the sums 1
n

∑n
i=1 η(Xi). They are proved in Section 5.6.3.

Lemma 5.3.4. Let {Xj}j∈N be random variables satisfying Assumption 3, and let X(n) =

(X1, . . . , Xn). Let {kn}n∈N be an increasing sequence of positive integers satisfying (5.2.3).

Then there exists a constant γ > 0, depending only on the sequence {kn}n∈N and the

constant C2 from Assumption 3, such that for every n ∈ N, a(n) ∈ Vn,kn, and t ≥ C2
2 ,

1
n

logP
(
‖n−1/2(a(n))>X(n)‖2

2 ≥ t+ 1
)
≤ −γt.

Lemma 5.3.5. Let {Xj}∞j=1 be i.i.d. random variables satisfying Assumptions 2 and

3. Then the sequence of random variables {Zn}n∈N given by Zn := 1
n

∑n
i=1 η(Xi) is

exponentially tight.

For u(n) ∈ Rkn , a(n) ∈ Vn,kn , and c ∈ R, we let a(n)
i denote the i-th row of a(n), and

define

Fn(u(n),a(n), c) := 1
n

n∑
i=1

Λ
(
〈u(n),

√
na

(n)
i 〉, c

)
. (5.3.1)

Recall that g denotes a Gaussian random variable with zero mean and unit variance.

The next lemma shows that Fn(u(n),a(n), c) is closely approximated by E
[
Λ̄
(∥∥∥u(n)

∥∥∥
2
g, c

)]
;

this holds uniformly for any subexponential collection of vectors in Rkn . It is proved in

Section 5.6.5.

Lemma 5.3.6. Fix a constant D ∈ (0,∞), a deterministic sequence {dn}n∈N of posi-

tive integers such that lim supn→∞ n−1 log(dn) = 0, and i.i.d. random variables {Xj}∞j=1

satisfying Assumptions 2–4. For every n ∈ N, let

Wn = {v(n,1),v(n,2), . . . ,v(n,dn)} ⊂ Rkn
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be a finite collection of vectors such that ‖v(n,j)‖2 = D for all n ∈ N and j ∈ {1, . . . , dn}.

Fix c ∈ (−∞, T ), where T is the constant from Assumption 4. Then for σ-a.e. a =

{a(n)}n∈N ∈ V,

lim
n→∞

sup
1≤j≤dn

∣∣∣Fn(v(n,j),a(n), c)− E
[
Λ̄ (Dg, c)

]∣∣∣ = 0,

where g is a Gaussian random variable with zero mean and unit variance.

Remark 5.3.7. From the proof of Lemma 5.3.6, it is clear that the result continues to

hold if in the definition of Fn, Λ̄(·, c) is replaced by any differentiable function H : R→ R

that satisfies, for some constant C ∈ R+, |H(t)|2 ≤ C(1 + t2) and |H ′(t)|2 ≤ C(1 + |t|).

Remark 5.3.8. As mentioned in the introduction, Jiang has proved a Gaussian approxi-

mation result for Haar-distributed elements of the Stiefel manifold in [108, Theorem 5] by

coupling elements of the Haar-distributed matrix to matrices of independent Gaussians

through Gram-Schmidt orthogonalization. However, as noted in [109, Theorem 3], this

coupling is effective only when kn = o(log n/n). Further, in order for this coupling to

be strong enough to prove the almost-sure convergence in Lemma 5.3.6 (rather than the

convergence in probability considered in [109]), it appears that additional restrictions

on kn and dn are required. Hence, [108, Theorem 5] is not sufficient to study the entire

sublinear regime, which motivates the alternative approach to Gaussian approximation

via the Weingarten calculus taken in our proof of Lemma 5.3.6 in Section 5.6.5.

For u = (u1, u2, . . .) ∈ `2 and a given m ∈ N, we let u≤ = u≤m ∈ Rm be the vector

containing the first m coordinates of u,

u≤ := (u1, u2, . . . , um, 0, 0, . . . )>, (5.3.2)

and let u> = u>m ∈ `2 denote the vector defined by u> = u− u≤, so that

u> := (0, . . . , 0, um+1, um+2, . . . )>.
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For û ∈ Rm and b, c ∈ R, and Λ defined as in (5.1.6), set

Λm(û, b, c) := Λ((û>, 0, 0, . . .), b, c). (5.3.3)

For all u ∈ `2 and b, c ∈ R, we observe by Jensen’s inequality that2

Λ(u, b, c) ≥ Λm(u≤, b, c).

Additionally, using the dominated convergence theorem and (5.2.2), we have the monotonic

limit

lim
m→∞

Λm(u≤m, b, c) = Λ(u, b, c). (5.3.4)

5.3.2 Proof of the Upper Bound

We first reduce the proof of the upper bound to a verification of the upper bound for a

simpler subclass of closed sets.

Lemma 5.3.9. Retain the notation and hypotheses of Proposition 5.2.3. Suppose that for

every closed set S ⊂ X × R+ and constant A ∈ (0,∞), the upper bound (5.2.4) holds for

the set S ∩ KA, where

KA = {(w, r, s) : 0 ≤ r ≤ A, 0 ≤ s ≤ A}, (5.3.5)

for a set ΩS,A of sequences a =
(
a(1),a(2), . . .

)
∈ V such that σ(ΩS,A) = 1. Then for

almost every sequence a ∈ V, the upper bound (5.2.4) holds for all closed sets S.

Proof. We assume the hypotheses of the lemma, and for any A ∈ (0,∞), we let KA ⊂

X × R+ denote the set defined in (5.3.5).

Step 1. We first fix an arbitrary closed set S ⊂ X × R+ and establish the claim in
2Note that for any t2 ≥ 0, the function t1 7→ Λ(t1, t2) is convex by Hölder inequality.
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(5.2.4) for S; namely,

lim sup
n→∞

1
n

logP
((

Π(n−1/2(a(n))>X(n)), 1
n

n∑
i=1

η(Xi)
)
∈ S

)
≤ − inf

(w,r,s)∈S
I(w, r, s)

holds for σ-almost every sequence a ∈ V.

For any A ∈ (0,∞) let ΩS,A ⊂ V be as in the lemma statement, and set ΩS = ∩∞m=1ΩS,m.

Then clearly σ(ΩS) = 1. We next observe that we have I(w, r, s) ≥ 0 for all choices of

w, r, s; this follows on taking u = (0, 0, . . . ) and b = c = 0 in (5.1.7). Let α ∈ [0,∞) be a

parameter such that S ⊂ {I ≥ α}. By Lemma 5.3.4 and Lemma 5.3.5, there exists some

m ∈ N such that for every sequence a ∈ V,

lim sup
n→∞

1
n

logP
((

Π(n−1/2(a(n))>X(n)), 1
n

n∑
i=1

η(Xi)
)
∈ Kcm

)
≤ −α.

By hypothesis, the upper bound (5.2.4) holds for S ∩Km and all a ∈ ΩS . Since S ⊂ {I ≥

α}, this implies that for every sequence a ∈ ΩS ,

lim sup
n→∞

1
n

logP
((

Π(n−1/2(a(n))>X(n)), 1
n

n∑
i=1

η(Xi)
)
∈ S ∩ Km

)
≤ −α.

Together, the previous two displays imply that for all a ∈ ΩS ,

lim sup
n→∞

1
n

logP
((

Π(n−1/2(a(n))>X(n)), 1
n

n∑
i=1

η(Xi)
)
∈ S

)
≤ −α.

We can set α := inf(w,r,s)∈S I(w, r, s), since we required only that S ⊂ {I ≥ α}, and hence

the claim of Step 1 follows.

Step 2. We next show that for σ-almost every sequence a =
(
a(1),a(2), . . .

)
∈ V, the

upper bound (5.2.4) holds for all closed sets S.

Note that the space X × R+ possesses a countable basis {Oi}i∈N since it is a sep-

arable metric space. Consider the countable family of closed sets C = {∩i∈FOci :
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F is finite subset of N} and define Ω̂ = ∩S∈CΩS . Then P(Ω̂) = 1. For an arbitrary

closed set S, we have S = ∩i∈F ′Oci for some F ′ ⊂ N. For any ε > 0, there exists a finite

set F ⊂ F ′ ⊂ N, such that for C = ∩i∈FOci , we have

inf
(w,r,s)∈C

I (w, r, s) > inf
(w,r,s)∈S

I (w, r, s)− ε.

Therefore, for a ∈ Ω̂, using S ⊂ C and the previous step, we have

lim sup
n→∞

1
n

logP
((

Π(n−1/2(a(n))>X(n)), 1
n

n∑
i=1

η(Xi)
)
∈ S

)

≤ lim sup
n→∞

1
n

logP
((

Π(n−1/2(a(n))>X(n)), 1
n

n∑
i=1

η(Xi)
)
∈ C

)

≤ − inf
(w,r,s)∈C

I (w, r, s)

< − inf
(w,r,s)∈S

I (w, r, s) + ε.

Since ε > 0 is arbitrary, for every a ∈ Ω̂ the upper bound (5.2.4) holds for all closed sets

S. The proof is complete.

Proof of Proposition 5.2.3. We begin by introducing some useful notation. Given positive

integers k ≥ m, let Jk,m denote the set of injective mappings from {1, . . . ,m} to {1, . . . , k}.

For x ∈ Rk and τ ∈ Jk,m, we define τ(x) ∈ Rk as the vector

τ(x) = (xτ(1), xτ(2), . . . , xτ(m), xm+1, xm+2, . . . ) (5.3.6)

whose first m coordinates are xτ(1), xτ(2), . . . , xτ(m), with the remaining coordinates taken

in their original order.

By Lemma 5.3.1(3) and Lemma 5.3.9, to prove the upper bound (5.2.4) for σ-a.e.

sequence a ∈ V, it suffices to prove (5.2.4) for compact sets. For the remainder of this

proof, we fix a compact set C and a corresponding constant A such that max (r, s) ≤ A

for all (w, r, s) ∈ C. The proof consists of two further steps.
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Step 1: Reduction to a finite number of coordinates. We start by establishing some general

properties of the set C. Set

α = α(C) := inf
(w,r,s)∈C

I(w, r, s). (5.3.7)

Let δ > 0 be a parameter and define

αδ = min(α, δ−1)− δ. (5.3.8)

Then from the definition of α in (5.1.8), and (5.1.7), we see that for every (w, r, s) ∈ C,

there exists a triple

(u, b, c) =
(
u(w, r, s, δ), b(w, r, s, δ), c(w, r, s, δ

)
∈ `2 × R+ × R+ (5.3.9)

such that

〈u,w〉+ bt+ cs− Λ(u, b, c) > αδ, (5.3.10)

with t =
√
r2 − ‖w‖2

2. By (5.3.4), there exists m = m(w, r, s, δ) ∈ N such that

〈u≤,w≤〉+ btm + cs− Λm(u≤, b, c) > αδ,

where tm =
√
r2

1 − ‖w≤‖2
2, and u≤ = u≤m.

Consider the open set of near-optimizers

Bw,r,s = {(ŵ, t, s) ∈ Rm × R+ × R+ : u≤ · ŵ + bt+ cs− Λm(u≤, b, c) > αδ} , (5.3.11)

where (u, b, c) are chosen as in (5.3.9), and for (w, r, s) ∈ X × R+, define the set

Ww,r,s =
{

(w, r, s) ∈ X × R+ :
(
w≤,

√
r2 − |w≤|2, s

)
∈ Bw,r,s, r < A, s < A

}
.

170



This is an open set that contains (w, r, s), by (5.3.10). Since C is compact, there

exists a collection of finitely many open sets W(j) = Wwj ,rj ,sj , j = 1, . . . ,m0, with

(wj, rj, sj) ∈ X × R+, such that

C ⊂
m0⋃
j=1
W(j). (5.3.12)

Let B(j) = Bwj ,rj ,sj , and let (u(j), b(j), c(j)) be the triple in (5.3.9) associated with

(wj, rj, sj).

Next, we write k = kn, suppressing the dependence on n, and recall the definition of

Jk,m made before (5.3.6). Given w ∈ Rk, we consider the map τw ∈ Jk,m such that the

corresponding induced map τw : Rk → Rm defined in (5.3.6) satisfies τw(w)≤m = [w]≤m.

Then we see that for any j = 1, . . . ,m0,

{
(w, s) ∈ Rk × R+ : ([w], ‖w‖2, s) ∈ W(j)

}
(5.3.13)

⊂
{

(w, s) ∈ Rk × R+ : ([w]≤, ‖[w]>‖2, s) ∈ B(j), ‖w‖2 ≤ A
}

=
{

(w, s) ∈ Rk × R+ : (τw(w)≤, ‖τw(w)>‖2, s) ∈ B(j), ‖w‖2 ≤ A
}
.

Now, for j = 1, . . . ,m0, define, for any τ ∈ Jk,m,

B̂
(j)
k,τ :=

{
(w, s) ∈ Rk × R+ : (τ(w)≤, ‖τ(w)>‖2, s) ∈ B, s ≤ A, ‖w‖2 ≤ A

}
,

and note that (5.3.13) implies

{(w, s) ∈ Rk × R+ : ([w], ‖w‖2, s) ∈ W} ⊂ B̂
(j)
k :=

⋃
τ∈Jk,m

B̂
(j)
k,τ . (5.3.14)

To apply these properties of C, we introduce the notation

W = W (n) := n−1/2(a(n))>X(n), L = L(n) := 1
n

n∑
i=1

η(Xi). (5.3.15)
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By (5.3.13) and (5.3.14), if ([W ], ‖W‖2, L) ∈ W(j), then (W,L) ∈ B̂(j)
k . Combining this

observation with (5.3.12) and a union bound, we find

P ((Π(W ), L) ∈ C) ≤
m0∑
j=1

P
(
(Π(W ), L) ∈ V(j)

)
≤

m0∑
j=1

P
(
(W,L) ∈ B̂(j)

k

)
. (5.3.16)

It therefore suffices to bound the probabilities P((W,L) ∈ B̂(j)
k ). For concreteness, we

focus on P((W,L) ∈ B̂(1)
k ). The argument for the other terms is analogous.

Step 2: Probability bound for B̂(1)
k . Set B̂k = B̂

(1)
k and (u, b, c) = (u(1), b(1), c(1)). From

(5.3.14), we have

1{(W,L)∈B̂k}
≤

∑
τ∈Jk,m

1{(τ(W )≤,‖τ(W )>‖2,L)∈B} 1{‖W‖2≤A}1{L≤A}. (5.3.17)

Using the quantity

Hu,b,c(B) := inf
(ŵ,t,s)∈B

{〈u≤, ŵ〉+ bt+ cs} (5.3.18)

to bound the first indicator in the summand in (5.3.17), we obtain

1{(W,L)∈B̂k}
≤ exp

(
− nHu,b,c(B)

)
×

∑
τ∈Jk,m

exp
(
n(u≤ · τ(W )≤ + b‖τ(W )>‖2 + cL)

)
1{‖W‖2≤A}1{L≤A}. (5.3.19)

With a view toward bounding the right-hand side of (5.3.19), we first let κ > 0 be a

parameter. We define

G :=
{
v′ ∈ Rk−m : ‖v′‖2 = b

}
,

and let Cov(G) denote a minimal cover of the set G by open `2 balls of radius bκ with
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centers in G. We let U ′ denote the set of the centers of balls in Cov(G), and define

U :=
⋃

τ∈Jk,m

{
v ∈ Rk : τ(v)≤ = u≤, τ(v)> ∈ U ′ ∪ {0}

}
. (5.3.20)

A standard volume estimate (see [164, Proposition 4.2.12]) shows that

|U ′| ≤ (1 + 2/κ)k−m ≤ (1 + 2/κ)k.

Together with the bound |Jk,m| ≤ km, this implies that there exist ε̂ > 0 and n0 =

n0({kn}n∈N, κ) ∈ N such that for all n ≥ n0,

|U| ≤ exp
(
(1− ε̂)n

)
. (5.3.21)

We now show that we can approximate the sum in (5.3.19) by a sum over elements in

U . Fix τ ∈ Jk,m. We first consider the event where ‖W‖2 ≤ A and ‖τ(W )>‖2 > κ. Since

U := b
τ(W )>
‖τ(W )>‖2

lies in G, there exists v ∈ U such that τ(v)≤ = u≤ and ‖U − τ(v)>‖2 < bκ. Then

u≤ · τ(W )≤ + b‖τ(W )>‖2

= τ(v)≤ · τ(W )≤ + U · τ(W )>

= τ(v)≤ · τ(W )≤ + τ(v)> · τ(W )> + (U − τ(v)>) · τ(W )>

≤ v ·W + Abκ, (5.3.22)

where to obtain the last inequality, we used the Cauchy–Schwarz inequality, and the

estimates ‖τ(W )>‖2 ≤ ‖W‖2 ≤ A and ‖U − τ(v)>‖2 ≤ bκ. On the other hand, on the

event ‖W‖2 ≤ A and ‖τ(W )>‖2 ≤ κ, a direct bound shows that for any v such that
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τ(v)≤ = u≤ and τ(v)> = 0 (which in particular satisfies v ∈ U), we have

u≤ · τ(W )≤ + b‖τ(W )>‖2 = τ(v)≤ · τ(W )≤ + b‖τ(W )>‖2 ≤ v ·W + bκ. (5.3.23)

The upper bounds (5.3.22) and (5.3.23) together with (5.3.19) show that

P((W,L) ∈ B̂k) ≤ exp(−n(Hu,b,c(B)− (A+ 1)bκ)) |Jk,m|
∑
v∈U

E [exp(n(v ·W + cL))] .

Taking logarithms, we find

n−1 logP((W,L) ∈ B̂k) ≤− (Hu,b,c(B)− (A+ 1)bκ) + n−1 log |Jk,m| |U| (5.3.24)

+ max
v∈U

n−1 logE [exp(n(v ·W + cL))] .

Recalling the definitions of W and L in (5.3.15), the fact that the variables {Xi}i∈N

are i.i.d., the definition of Λ in (5.1.5), and the definition of Fn in (5.3.1), we have

n−1 logE [exp(n(v ·W + cL))]

= n−1 logE
exp

n1/2
n∑
i=1

Xi

 kn∑
j=1

vja
(n)
ji

+ c
n∑
i=1

η(Xi)


= n−1
n∑
i=1

logE
[
exp

(
Xi〈v,

√
na

(n)
i 〉+ cη(Xi)

)]
= Fn(v,a(n), c).

Further, by (5.3.20), each v ∈ U satisfies either ‖v‖2 = ‖u≤‖2
2 or ‖v‖2 = ‖u≤‖2

2 + b2;

that is, the `2 norms of all vectors v ∈ U take one of two values. Recalling the previous

estimate on |U| from (5.3.21), taking the limit superior of both sides of (5.3.24), using the

last display and Lemma 5.3.6 to control the maximum therein, and recalling kn/n→ 0

from the assumption (5.2.3), we obtain

lim supn−1 logP
(
(W,L) ∈ B̂k

)
≤ −Hu,b,c(B) + (A+ 1)bκ+ max(Λm(u≤, b, c),Λm(u≤, 0, c))
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≤ −Hu,b,c(B) + (A+ 1)bκ+ Λm(u≤, b, c).

In the last line, we used Jensen’s inequality (as in (5.3.4)) to simplify the maximum. By

the definitions of the sets Hu,u,c and B in (5.3.18) and (5.3.11), respectively, this becomes

lim supn−1 logP
(
(W,L) ∈ B̂k

)
≤ −αδ − Λm(u≤, b, c) + (A+ 1)bκ+ Λm(u≤, b, c)

≤ −αδ + (A+ 1)bκ.

Since this bound holds for all κ > 0, it implies that

lim supn−1 logP
(
(W,L) ∈ B̂k

)
≤ −αδ.

Finally, since this holds for all δ > 0, we have by (5.3.7) and (5.3.8) that

lim supn−1 logP
(
(W,L) ∈ B̂k

)
≤ −α = inf

(w,r,s)∈C
I(w, r, w).

Inserting this and the analogous bounds for all B(j)
k , j = 1, . . . ,m0, into (5.3.16) completes

the proof.

5.4 Lower Bound

5.4.1 Preliminary Lemmas

We begin by stating some preliminary results. Given a metric space (T , d), t0 ∈ T and

r ≥ 0, set

B(t0, r) := {t ∈ T : d(t0, t) < r}. (5.4.1)
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Given m ∈ N and v ∈ `2, we recall the quantities v>m and v≤m defined in (5.3.2).

Recalling the constant T from Assumption 4, we set

Dm := {(v, b, c) : (v, b) ∈ Rm × R, c ∈ (−∞, T )}.

Let Λ∗m denote the Legendre transform of the function Λm from (5.3.3), defined by

Λ∗m(ŵ, t, s) := sup
(û,b,c)∈Rm×R×R

{〈û, ŵ〉+ bt+ cs− Λm(û, b, c)} . (5.4.2)

We denote the domain of Λ∗m by

D∗m := {(ŵ, r, s) : Λ∗m(ŵ, r, s) <∞} . (5.4.3)

Finally, let ∇Λm ∈ Rm+2 denote the gradient of Λm:

∇Λm(v, b, c) =

(∂v1Λm(v, b, c), ∂v2Λm(v, b, c), . . . , ∂vmΛm(v, b, c), ∂bΛm(v, b, c), ∂cΛm(v, b, c)) .

The first result pertains to the existence of a point with useful properties in any open

set O ⊂ X × R. Its proof is relegated to Section 5.7.2.

Lemma 5.4.1. Fix ε > 0, an open set O ⊂ X × R, and a point (w, r, s) ∈ O such that

I(w, r, s) <∞. Then there exist κ̄ > 0, m0 ∈ N and (w, t̄, s̄) ∈ Rm0 ×R+ ×R+ such that

the following claims hold:

1. (w̄, t̄, s̄) = ∇Λm0(v̄, b̄, c̄) for some (v̄, b̄, c̄) ∈ Dm0;

2. |w̄j| > |w̄j+1| > 0, for all 1 ≤ j ≤ m0 − 1;

3. Λ∗m0

(
w̄, t̄, s̄

)
≤ I(w, r, s) + ε;
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4. For all (w′, r′, s′) ∈ X × R+, if

(
w′≤m0 ,

√
r′2 − ‖w′≤m0‖2

2, s
′
)
∈ B

(
(w, t̄, s̄), κ̄/2

)
, (5.4.4)

then (w′, r′, s′) ∈ O.

We now present the second result, whose proof is deferred to Section 5.7.3. Recall the

definitions of W (n) and L(n) from (5.3.15).

Lemma 5.4.2. Fix m ∈ N, κ > 0, and (û, b, c) ∈ Dm. Define (ŵ, t, s) := ∇Λm(û, b, c)

and B := B ((ŵ, t, s), κ). Then, for σ-a.e. a = (a(1),a(2), · · · ), the sequence {W (n), L(n)},

n ∈ N, satisfies

lim inf
n→∞

1
n

logP
((
W

(n)
≤m,

∥∥∥W (n)
>m

∥∥∥
2
, L(n)

)
∈ B,

∥∥∥W (n)
>m

∥∥∥
∞
≤ 2m−1/2

)
≥ −Λ∗m(ŵ, t, s).(5.4.5)

5.4.2 Proof of the Lower Bound.

Proof of Proposition 5.2.4. Recall the definitions of W (n), L(n) in (5.3.15). We first estab-

lish the following claim.

Claim 1. For every ε > 0, open set O ⊂ X × R+, and point (w, r, s) ∈ O, there exists

a set ΩO,ε,(w,r,s) ⊂ V of sequences a = {a(n)}n∈N with σ(ΩO,ε,(w,r,s)) = 1 and such that

lim inf
n→∞

1
n

logP
((

[W (n)], ‖W (n)‖2, L
(n)
)
∈ O

)
≥ −I(w, r, s)− ε. (5.4.6)

We may assume that I(w, r, s) <∞, since otherwise the claim is trivial. In this case,

there exist κ̄ > 0, m0 ∈ N, and (w̄, t̄, s̄) ∈ Rm0 × R+ × R+ that satisfy the properties of

Lemma 5.4.1.

Fix m > m0 such that 3m−1/2 < |w̄m0 | (such an m exists since |w̄m0 | > 0 by property
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(2) of Lemma 5.4.1) and set

κ := min
{
κ̄

2 ,m
−1/2,

1
3 min

1≤j≤m0−1

(
|w̄j| − |w̄j+1|

)}
.

Note that property (2) of Lemma 5.4.1 ensures κ > 0. Set

ŵ := (w̄, 0, . . . , 0) ∈ Rm, B1 := B
(
(ŵ, t̄, s̄), κ

)
, B2 := B

(
(w, t̄, s̄), κ̄/2

)
.

Property (1) of Lemma 5.4.1 implies that there exists û := (v̄, 0, . . . , 0) ∈ Rm such that

(û, b̄, c̄) ∈ Dm0 , and ∇Λm(û, b̄, c̄) = (ŵ, t̄, c̄). (5.4.7)

Given (w′, r′, s′) ∈ `2 × R+ × R+ with r′ ≥ ‖w′‖2, we write

t′w′,r′ :=
√

(r′)2 − ‖w′≤m‖2
2, t′′w′,r′ :=

√
(r′)2 − ‖w≤m0‖2

2.

Consider (w′, r′, s′) ∈ `2×R+×R+ with (w′≤m, t′w′,r′ , s′) ∈ B1. By the definition of B1, it

follows that ‖w′≤m − ŵ‖∞ ≤ κ. The definition of κ,m and the strict ordering in the first

m0 coordinates of ŵ imply that w′ satisfy the following properties:

1. |w′j| > |w′j+1| > 2m−1/2 for all 1 ≤ j ≤ m0 − 1;

2. |w′j| ≤ m−1/2 for all m0 + 1 ≤ j ≤ m.

If we further require that ‖w′>m‖∞ ≤ 2m−1/2, then it follows that [w′]≤m0 = w′≤m0 .

The above discussion, and the definitions of t′w′,r′ and t′′w′,r′ , imply that

{(w′, r′, s′) ∈ `2 × R+ × R+ :
(
w′≤m, t

′
w′,r′ , s

′
)
∈ B1 and ‖w′>m‖∞ ≤ 2m−1/2}

⊂ {(w′, r′, s′) ∈ `2 × R+ × R+ : [w′]≤m0 = w′≤m0 and
(
w′≤m0 , t

′′
w′,r′ , s

′
)
∈ B2}.

(5.4.8)
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Thus, for σ-a.e. a = (a(1),a(2), · · · ), we see that

lim inf
n→∞

1
n

logP
(
([W (n)], ‖W (n)‖2, L

(n)) ∈ O
)

≥ lim inf
n→∞

1
n

logP
( (

[W (n)]≤m0 , ‖W
(n)
>m0‖2, L

(n)
)
∈ B2

)
≥ lim inf

n→∞

1
n

logP
((
W

(n)
≤m, ‖W

(n)
>m‖2, L

(n)
)
∈ B1, ‖W (n)

>m‖∞ ≤ 2m−1/2
)

≥− Λ∗m(ŵ, t̄, s̄)

≥− I(w, r, s)− ε,

where we used (5.4.4) in the first step, (5.4.8) in the second step, (5.4.7) and Lemma 5.4.2

(with δ = κ) in the third step and property (3) of Lemma 5.4.1 in the last step. This

proves the claim (5.4.6).

Next let {wl, rl, sl}∞l=1 be a sequence such that

lim
l→∞

I(wl, rl, sl) = inf
(w,r,s)∈O

I(w, r, s),

and define ΩO := ∩∞l=1ΩO, 1
l
,(wl,rl,sl), where ΩO, 1

`
,(w`,r`,s`) is the set in from Claim 1. Then

σ(ΩO) = 1 and

lim inf
n→∞

n−1 logPn
((

[W (n)], ‖W (n)‖2, L
(n)
)
∈ O

)
≥ − inf

(w,r,s)∈O
I(w, r, s). (5.4.9)

Next, observe that since X × R+ is a separable metric space, it possesses a countable

basis {Oi}i∈N. Setting Ω̂ := ∩i∈NΩOi , we have σ(Ω̂) = 1. Now consider an arbitrary open

set O ⊂ X × R+ and any (w, r, s) ∈ O. By the definition of a basis, there exists a basis

element Oi such that (w, r, s) ∈ Oi ⊂ O. For sequence a ∈ Ω̂ ⊂ ΩOi , the corresponding
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sequence W (n) := W a(n) satisfies

lim inf
n→∞

1
n

logP
((

[W (n)], ‖W (n)‖2, L
(n)
)
∈ O

)
≥ lim inf

n→∞

1
n

logP
((

[W (n)], ‖W (n)‖2, L
(n)
)
∈ Oi

)
≥ −I(w, r, s),

(5.4.10)

where the latter follows from (5.4.9) applied with O replaced with Oi. Since (w, r, s) ∈ O

is arbitrary, taking the supremum of the right-hand side of (5.4.10) over (w, r, s) ∈ O

yields (5.2.4).

5.5 Proof of the Main Result

Proof of Theorem 5.2.5. Combining Proposition 5.2.3 and Proposition 5.2.4, we conclude

that, for σ-a.e. a = (a(1),a(2), . . . ) ∈ V, the sequence of random variables

(
Π
(
n−1/2

(
a(n)

)>
X(n)

)
,

1
n

n∑
i=1

η(Xi)
)
, n ∈ N,

satisfies an LDP with speed n and good rate function I(w, r, s) = Λ∗(x,
√
r2

1 − ‖x‖2
2, r2).

By Assumption 2 and the definition of Π in (5.1.4),

Π
(
n−1/2

(
a(n)

)>
Y (n)

)
d= Π

(
n−1/2

(
a(n)

)>
X(n)

)
× ρ

(
1
n

n∑
i=1

η(Xi)
)
,

where ρ : R+ → R+ is continuous. By applying the contraction principle (see [65, Theorem

4.2.1]) to the continuous map f : X ×R+ → X given by f(w, r, s) := (ρ(r2)x, ρ(r2)r1), we

obtain an LDP for {Π(n−1/2
(
a(n)

)>
Y (n))}n∈N with speed n and good rate function

I(y, r) = inf{I (w, r, s) : y = ρ(r2)x, ρ(r2)r1 = r} = inf
r2∈R+

I

(
y

ρ(r2) ,
r

ρ(r2) , r2

)
.
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Given Theorem 5.2.5, the proof of Theorem 5.1.2 closely follows [116, Section 5]. We

include the details for completeness.

Proof of Theorem 5.1.2. We now verify that Y (n) satisfies Assumptions 1–4 when uni-

formly distributed on the `pn sphere for some p ∈ [2,∞).

Assumption 1: By [149, Lemma 1], the relation (5.2.1) holds with {Xi}i∈N being the i.i.d.

sequence with common distribution equal to the p-Gaussian distribution (the probability

measure on R with density proportional to e−|y|p/p), η(x) = |x|p, and ρ(y) = y−1/p.

Assumption 2: This is a direct consequence of the fact that X1 is a p-Gaussian

distribution, and hence sub-Gaussian for p ∈ [2,∞).

Assumption 3: It is straightforward to see that the domain of Λp is R× (−∞, 1
p
). The

essential smoothness is established in [96, Lemma 5.8].

Assumption 4: The growth conditions on Λp and the derivatives of Λp are established

in Lemma 5.8.2.

By Theorem 5.2.5, this proves the LDP when Y (n) is uniformly distributed on §pn, and

the corresponding rate function is Ip defined in (5.1.9).

Next, we consider the case where Y (n) is uniformly distributed on Bnp . Let U be a uniform

random variable on [0, 1]. We recall that if the random vector X(n) ∈ Rn is uniformly

distributed on the sphere Snp and independent from U , then U1/nX(n) is uniform on Bnp [149,

Lemma 1]. It then suffices to prove the LDP for Y (n) = U1/nX(n). By [96, Lemma 3.3], the

sequence {U1/n}n∈N satisfies an LDP with good rate function IU given by IU (u) = − log u

for u ∈ (0, 1], and IU (u) = +∞ otherwise. Recalling that U and X(n) are independent, and

using Theorem 5.2.5, we find that {(Π
(
n−1/2(a(n))>X(n)

)
, U1/n)}n∈N satisfies an LDP in

X ×R+ with good rate function IU (u) + Ip(x, r). By the contraction principle applied to

the continuous map X × R+ 3 (x, r, u) 7→ (ux, ur) ∈ X , and the positive homogeneity of

the map Π defined in (5.1.4), it follows that
{

Π
(
U1/nn−1/2(a(n))>X(n)

)}
n∈N

satisfies an
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LDP on X with rate function

Îp(x, r) = inf
(y,s)∈X ,u∈R

{IU(u) + Ip(y, s) : (x, r) = (uy, us)}

= inf
u∈(0,1]

{
− log u+ Ip

(
x

u
,
r

u

)}
.

(5.5.1)

It is clear from the definition (5.1.9) that the map t 7→ Ip(tx, tr) is increasing for

t ∈ R+. Since u 7→ u−1 is monotonically decreasing, we deduce that u 7→ Ip(u−1x, u−1r)

is decreasing. Combined with the fact that − log u is decreasing, we find that the infimum

in (5.5.1) is attained at u = 1. Thus

Îp(x, r) = Ip(x, r), (x, r) ∈ X ,

as claimed.

Proof of Corollary 5.1.3. It was shown in the proof of Theorem 5.1.2 that Y (n) satisfies

the assumptions of Theorem 5.2.5 when uniformly distributed on Spn for some p ∈ [2,∞).

By applying the contraction principle to Theorem 5.2.5 with the continuous projection

map X 3 (y, r) 7→ r ∈ R+, we conclude that {‖n−1/2
(
a(n)

)>
Y (n)‖2}n∈N satisfies an LDP

with speed n and good rate function

Ip(r) = inf {Ip(y, r) : (y, r) ∈ X} .

Substituting the definition of Ip from (5.1.9) and recalling the definition of Ip from (5.1.8),

we have

Ip(r) = inf
{
Ip (w, r, s) : (w, r, s) ∈ X × R+, r1|r2|−1/p = r

}
= inf

{
Ip

(
x, r1,

(
r1

r

)p)
: (x, r1) ∈ X

}
= inf

{
Λ∗p
(
x,
√
r2

1 − ‖x‖2
2,
(
r1

r

)p)
: (x, r1) ∈ X

}
.

(5.5.2)

By definitions of Λp and Λ∗p from (5.1.6) and (5.1.7), respectively, and an elementary
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property of Gaussian variables, we see that

Λ∗p
(
x,
√
r2

1 − ‖x‖2
2,
(
r1

r

)p)
= sup

(u,b,c)∈`2×R×R

{
〈u,x〉+ b

√
r2

1 − ‖x‖2
2 + c

(
r1

r

)p
− Λp (u, b, c)

}

= sup
(u,b,c)∈`2×R×R

{
〈u,x〉+ b

√
r2

1 − ‖x‖2
2 + c

(
r1

r

)p
− E

[
Λp (‖ (u, b) ‖2g, c)

]}
(5.5.3)

By the Cauchy–Schwarz inequality and the fact that ‖x‖2 ≤ r1, we have 〈u,x〉 +

b
√
r2

1 − ‖x‖2
2 ≤ ‖(u, b)‖2r1. Further, if x and r1 are given, there exists a pair (u, b) ∈ `2×R

such that equality is attained. Hence, (5.5.3) implies

Λ∗p
(
x,
√
r2

1 − ‖x‖2
2,
(
r1

r

)p)
= sup

(u,b,c)∈`2×R×R

{
‖(u, b)‖2 r1 + c

(
r1

r

)p
− E

[
Λp (‖ (u, b) ‖2g, c)

]}

= sup
(v,c)∈R+×R

{
vr1 + c

(
r1

r

)p
− E

[
Λp (vg, c)

]}

= sup
(v,c)∈R×R

{
vr1 + c

(
r1

r

)p
− E

[
Λp (vg, c)

]}
,

(5.5.4)

where the last equality follows from the observation that, since r1 ≥ 0 and g is symmetric,

replacing v by |v| increases the quantity we are taking the supremum over. Combining

(5.5.2) and (5.5.4), we have

Ip(r) = inf
τ∈R+

sup
(v,c)∈R×R

{
vτ + c

(
τ

r

)p
− E [Λ (vg, c)]

}
.

By [129, Lemma 2.1], this implies

Ip(r) = sup
(v,c)∈R×R

{vr + c− E [Λ (vg, c)]} .

The convexity of I now follows from a standard result in convex analysis (see [146,

Theorem 11.1]).
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Remark 5.5.1. The space X is defined in (5.1.2) using the `2 norm in one coordinate.

This allowed us to deduce Corollary 5.1.3 from Theorem 5.1.2 by applying the contraction

principle in the previous proof. The `2 norm in this definition could be replaced by `q for

any 1 ≤ q <∞, and a parallel argument would give the analogue of Corollary 5.1.3 for

the `q norm of the projections. For brevity, we do not take this up here.

Proof of Corollary 5.1.4. Consider the map π : X → R given by π(w, r) = w1, the first

element of the ordered sequence w. By Theorem 5.2.5 and the contraction principle, the

sequence (5.1.10) satisfies an LDP with good rate function

Imax (r) = inf
(w,s)∈X

{Ip(w, s) : r = π(w, s)} = Ip((r, 0, 0 . . . ), r),

where the last inequality follows from the definition (5.1.9) and the fact that Λ is even in

its first two arguments.

The proof for Bnp is nearly identical, so we omit it.

5.6 Preliminary Lemmas: Upper Bound

5.6.1 Topological properties of X

Proof of Lemma 5.3.1. Due to the ordering of the first component in X , each (w, r) ∈ X

satisfies

|wm| ≤ m−1/2‖w‖2 ≤ m−1/2r. (5.6.1)

Proof of Claim (1). Suppose (wn, rn)→ (w, r) in X . Then, by the definition of the

metric in (5.1.3), rn → r, and wn → w in `∞. The latter implies that for any coordinate

projection map pi : y 7→ yi, we have pi(wn −w)→ 0 as n→∞. Thus (wn, rn)→ (w, r)

in RN × R+ when RN is equipped with the product topology.
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On the other hand, suppose (wn, rn)→ (w, r) in RN × R+ when RN is equipped with

the product topology. To show that (wn, rn)→ (w, r) in X , by (5.1.3) it suffices to show

that ‖wn −w‖∞ → 0 as n → ∞. Pick any ε > 0. Then there exists N ∈ N such that

‖(wn)≤N −w≤N‖∞ < ε and N−1/2 < ε/(2r + 1), and for all n > N , rn < r + 1. Let

n > N be arbitrary. By (5.6.1), we have

‖wn −w‖∞ = max (‖(wn)≤N −w≤N‖∞ , ‖(wn)>N −w>N‖∞)

≤ max
(
‖(wn)≤N −w≤N‖∞ , N

−1/2rn +N−1/2r
)

≤ ε.

Sending first n→∞, and then ε→ 0, we obtain the desired conclusion.

Proof of Claim (2). Suppose (wn, rn)→ (w, r) in X . Pick any u ∈ `2. It suffices to

show that 〈u,wn −w〉 → 0. Without loss of generality, assume u 6= 0. Fix ε > 0. Since

u ∈ `2, there exists m ∈ N such that ‖u>m‖2 < ε/(2r+1). Let N = N(ε,m) ∈ N be large

enough so that ‖wn−w‖∞ < εm−1/2/‖u‖2 and for all n > N , rn < r+ 1. Then applying

the Cauchy–Schwarz and triangle inequalities, and invoking the identities ‖wn‖ = r and

‖w‖2 = r (which follow from the definition of X in (5.1.2)), we conclude that for any

n > N ,

〈u,wn −w〉 =
〈
u≤m, (wn −w)≤m

〉
+
〈
u>m, (wn −w)>m

〉
≤ ‖u‖2‖ (wn −w)≤m ‖2 + ‖u>m‖2‖ (wn −w) ‖2

≤ ‖u‖2‖ (wn −w)≤m ‖∞m
1/2 + ‖u>m‖2 (rn + r)

≤ 2ε.

Since ε is arbitrary, this shows 〈u,wn −w〉 = 0, as desired.

On the other hand, suppose (wn, rn)→ (w, r) in RN × R+ when RN is equipped with

the weak-`2 topology. Pick any ε > 0. Choose m ∈ N large enough such that m−1/2 <

ε/(2r+ 1). Choose N ∈ N large enough such that for all n > N , ‖(wn)≤m − (w)≤m‖2 < ε
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and rn < r + 1. Together with (5.6.1), this implies that for any n > N ,

‖wn −w‖∞ = max
(∥∥∥(wn)≤m −w≤m

∥∥∥
∞
,
∥∥∥(wn)>m −w>m

∥∥∥
∞

)
≤ max

(∥∥∥(wn)≤m −w≤m
∥∥∥

2
,m−1/2 (rn + r)

)
< 2ε.

Since ε is arbitrary, by (5.1.3) this implies (wn, rn)→ (w, r) in X .

Proof of Claim (3). By definition, for all (w, r) ∈ X , |wi| ≤ ‖w‖2 ≤ r. Therefore,

{(w, r) ∈ X : r ≤ A} is a closed subset of∏i∈N[−A,A]×[0, A]. By item (1), the topology of

X is equivalent to RN×R+ where RN is equipped with the product topology, ∏i∈N[−A,A]×

[0, A] is compact by Tychonoff’s Theorem. Thus, as a closed subset of ∏i∈N[−A,A]× [0, A],

the set {(w, r) ∈ X : r ≤ A} is compact.

5.6.2 Rate Function

Proof of Lemma 5.3.2. Step 1. Fix m ∈ N, and recall from Section 5.4.1 that Λ∗m denotes

the Legendre transform of the function Λm defined in (5.3.3). We first show that the

following inequality holds for all (w, r, s) ∈ X :

I(w, r, s) ≥ Λ∗m
(
w≤,

√
r2 − ‖w≤‖2

2, s
)
. (5.6.2)

If w> = 0, then Λ(w, r, s) = Λm(w≤, r, s), and for any u ∈ `2, 〈u,w〉 = β if and only

if 〈u≤,w≤〉 = β. It follows that Λ∗(w, b, c) = Λ∗m(w≤, b, c) for all b, c ∈ R+. Hence,

the definition of (5.1.8) of I shows that the inequality in (5.6.2) becomes an equality if

w> = 0.

We henceforth suppose that ‖w>‖2 > 0, which then implies r > ‖w≤‖2. Pick any

û ∈ Rm and b ≥ 0. Let u :=
(
û, bw>/

√
r2 − ‖w≤‖2

2

)
. Then by the definition of Λ∗ in
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(5.1.7), we have for any c ∈ R that

I (w, r, s) = Λ∗
(
w,
√
r2 − ‖w‖2

2, s
)

≥ 〈u,w〉+
 b

√
r2 − ‖w‖2

2√
r2 − ‖w≤‖2

2

√r2 − ‖w‖2
2 + cs− Λ

u, b
√
r2 − ‖w‖2

2√
r2 − ‖w≤‖2

2

, c


= 〈û,w≤〉+ b‖w>‖2

2√
r2 − ‖w≤‖2

2

+
 b

√
r2 − ‖w‖2

2√
r2 − ‖w≤‖2

2

√r2 − ‖w‖2
2 + cs

− Λ
u, b

√
r2 − ‖w‖2

2√
r2 − ‖w≤‖2

2

, c


= 〈û,w≤〉+ b(‖w>‖2

2 + r2 − ‖w‖2
2)√

r2 − ‖w≤‖2
2

+ cs− Λ
u, b

√
r2 − ‖w‖2

2√
r2 − ‖w≤‖2

2

, c


= 〈û,w≤〉+ b

√
r2 − ‖w≤‖2

2 + cs− Λm (û, b, c) ,

where we used Λ(u, b′, c) = Λm(u≤,
√

(b′)2 + ‖u>‖2
2, c) in the last step. Taking the

supremum of the right-hand side over w ∈ Rm and b ∈ R+, we obtain (5.6.2).

Step 2. We next claim that I is lower semicontinuous.

First note that Λ∗m is lower semicontinuous, since it is the supremum of a collection of

continuous functions. By claim (2) of Lemma 5.3.1, the topology on X is equivalent to

the topology on RN × R+, where RN is equipped with the weak-`2 topology. Therefore

Λ∗, which is equal to the supremum of a collection of continuous functions, is lower

semicontinuous. Let (w(n), r(n), s(n))n∈N be a sequence converging to (w, r, s) in X × R+.

Applying (5.6.2), the lower semicontinuity of Λ∗m, and (5.3.3), we obtain

lim inf
n→∞

I
(
w(n), r(n), s(n)

)
≥ lim inf

n→∞
Λ∗m

(
w

(n)
≤ ,

√
(r(n))2 −

∥∥∥w(n)
≤

∥∥∥2

2
, s(n)

)

≥ Λ∗m
(
w≤,

√
r2 − ‖w≤‖2

2, s
)

= Λ∗
(

(w≤,0) ,
√
r2 − ‖w≤‖2

2, s
)
.

Recalling that w≤ is the abbreviation for w≤m, passing to the m→∞ limit in the last
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display, and using the lower semicontinuity of Λ∗, the lower semicontinuity of I follows.

Step 3. We claim {I ≤ α} is compact for any α ≥ 0.

Since I is lower semicontinuous, by Step 2, {I ≤ α} is closed. We will show that

{(w, r, s) ∈ X × R : I(w, r, s) ≤ α} ⊂ {(w, r) ∈ X : r ≤ A} × [0, B]. (5.6.3)

for some A,B > 0. This suffices to prove the claim, because the latter set is compact by

Lemma 5.3.1, and closed subsets of compact sets are compact. To show (5.6.3), we argue

by contradiction. Fix α ≥ 0, and suppose that there exists a sequence

(w(n), r(n), s(n)) ∈ {I ≤ α}, n ∈ N (5.6.4)

such that r(n) → ∞ or s(n) → ∞. Fix 0 < c < T , where R × (−∞, T ) is the domain

of Λ from Assumption 4. By Assumption 5 on Λ, and the definition of Λm in (5.3.3)

and (5.1.6), it follows that there exists an absolute constnat C ∈ (0,∞) such that for all

û = (u1, . . . , um) ∈ Rm and b ≥ 0,

Λm (û, b, 0) = E
[
Λ
(

m∑
i=1

uigi + bg0, 0
)]
≤ C

(
1 + ‖(û, b)‖2

2

)
. (5.6.5)

Suppose first that r(n) →∞. By (5.6.2) and (5.6.5), it follows that

I
(
w(n), r(n), s(n)

)
≥ Λ∗m

(
w

(n)
≤ ,

√
(r(n))2 − ‖w(n)

≤ ‖2
2, s

(n)
)

= sup
(û,b,c)∈X×R+

{
〈û,w(n)

≤ 〉+ b

√
(r(n))2 − ‖w(n)

≤ ‖2
2 + cs(n) − Λm (û, b, c)

}

≥ sup
(û,b)∈X

{
〈û,w(n)

≤ 〉+ b

√
(r(n))2 − ‖w(n)

≤ ‖2
2 − C

(
1 + ‖(û, b)‖2

2

)}
.

Using the Cauchy–Schwarz inequality, we note that

〈û,w(n)
≤ 〉+ b

√
(r(n))2 − ‖w(n)

≤ ‖2
2 ≤ r(n)‖(û, b)‖2,
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and equality holds when (û, b) = α(w(n)
≤ ,

√
(r(n))2 − ‖w(n)

≤ ‖2
2) for some α ∈ R. Therefore

sup
(û,b)∈X

{
〈û,w(n)

≤ 〉+ b

√
(r(n))2 − ‖w(n)

≤ ‖2
2 − C

(
1 + ‖(û, b)‖2

2

)}

= sup
(û,b)∈X

{
r(n)‖(û, b)‖2 − C‖(û, b)‖2

2 − C
}

=

(
r(n)

)2

4C − C,

where to get the last equality, we compute the supremum directly as a function of ‖(û, b)‖2.

The last three displays together show that

I(w(n), r(n), s(n)) ≥ (r(n))2

4C − C,

and this lower bound goes to infinity as n→∞, due to the assumption that r(n) →∞.

However, this contradicts the assumption (5.6.4).

Next, suppose s(n) →∞. By (5.6.2) and (5.3.3),

I
(
w(n), r(n), s(n)

)
≥ Λ∗m

(
w

(n)
≤ ,

√
(r(n))2 − ‖w(n)

≤ ‖2
2, s

(n)
)
≥ sup

t∈R

{
ts(n) − Λ(0, 0, t)

}
.

The supremum on the right side of the previous display is infinite, by (5.1.6), (5.1.5), and

(5). Again, this contradicts the assumption that (w(n), r(n), s(n)) ∈ {I ≤ α}. The proof is

complete.

5.6.3 Exponential Tightness

Our proof will appeal to the Hanson–Wright concentration inequality for quadratic

forms. We recall the following definition from [164, Section 2.5].

Definition 5.6.1. A random variable X is said to be sub-Gaussian if there exists a

constant C > 0 such that

P(|X| ≥ x) ≤ 2 exp
(
− x

2

C2

)
.
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In this case, the sub-Gaussian norm of X is defined as

‖X‖ψ2 := inf
{
t > 0 : E

[
exp(X2/t2)

]
≤ 2

}
.

Moreover, a random vector X ∈ Rn is called sub-Gaussian if all one dimensional marginals

〈X,x〉, x ∈ Rn, are sub-Gaussian random variables. The sub-Gaussian norm of X is

defined as

‖X‖ψ2
:= sup

x∈Sn−1
‖〈X,x〉‖ψ2

. (5.6.6)

Theorem 5.6.2 ([164, Theorem 6.2.1]). There exists a constant γ0 > 0 such that the

following holds. Let X = (X1, . . . , Xn) be a random vector with i.i.d., mean zero, sub-

Gaussian entries. Let A be an n× n matrix. Then for every t ≥ 0,

P
(∣∣∣X>AX − E[X>AX]

∣∣∣ ≥ t
)
≤ 2 exp

[
−γ0 min

(
t2

R4‖A‖2
F

,
t

R2‖A‖2

)]
,

where R := ‖X‖ψ2 is the sub-Gaussian norm of X1 defined in Definition 5.6.1, and ‖A‖2

denotes the Frobenius norm of A.

Proof of Lemma 5.3.4. For n ∈ N, we set

A(n) = 1
n
a(n)(a(n))>, Q(n) = 1

n
(X(n))>a(n)(a(n))>X(n) = 1

n

n∑
i,j=1

A
(n)
ij XiXj. (5.6.7)

For the remainder of this proof, we suppress the dependence on n in the notation by

omitting all superscripts. Observe that

E
[
X>AX

]
= 1
n

n∑
i=1

AiiE[X2
i ] = 1

n

kn∑
`

n∑
i=1

a2
i` = kn

n
. (5.6.8)

We write the matrix A as a sum of rank one matrices, A = n−1∑kn
`=1 Y`Y

>
` , where

Y` = [a1`, . . . , an`]>. Since a ∈ Vn,kn , the vectors {Y`}1≤`≤kn are orthonormal. This
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implies

‖A‖2
F = TrAA>

= n−2 Tr
 kn∑
`=1

Y`Y
>
`

 kn∑
`=1

Y`Y
>
`

>

= n−2 Tr
kn∑
`=1

Y`Y
>
`

= n−2 TrA

= n−2kn. (5.6.9)

Further, we also have

‖A‖2
2 = max

‖v‖=1
‖Av‖2

2

= max
‖v‖=1

v>A>Av

= max
‖v‖=1

n−2
kn∑
`=1

v>Y`Y
>
` v

= max
‖v‖=1

n−2〈Y`, v〉2. (5.6.10)

The last quantity is equal to n−2 because the Y` are unit vectors. Also, note that by

Definition 5.6.1, ‖X‖ψ2 = C2, where C2 is the constant in Assumption 2. By applying

Theorem 5.6.2 to the quantity Q from (5.6.7) (and hence with A = A(n) and R = C2),

and using (5.6.8), (5.6.9), and (5.6.10), we find that for any a ∈ Vn,kn ,

P
(∣∣∣∣∣‖n−1/2a>X(n)‖2

2 −
kn
n

∣∣∣∣∣ ≥ t

)
≤ 2 exp

[
−γ0 min

(
k−1
n C−4

2 (nt)2, C−2
2 nt

)]
,

where γ0 > 0 is the constant from Theorem 5.6.2. This implies the conclusion after noting

that since kn/n ≤ 1 for n ∈ N, for t ≥ C2, we have

min
(
k−1
n (C−2

2 nt)2, C−2
2 nt

)
= C−2

2 nt.
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Proof of Lemma 5.3.5. Pick any M > 0 and fix λ > 0 such that Λ(0, λ) <∞. We note

that such a λ exists by Assumption 4. Fix α > 0 satisfying α > (Λ(0, λ) + M
)
/λ. By

Markov’s inequality, we have

P
(

1
n

n∑
i=1

η (Xi) ≥ α

)
≤ e−nλα

(
E
[

exp
(
λη(X1)

)])n
.

This implies that

1
n

logP
(

1
n

n∑
i=1

η (Xi) ≥ α

)
≤ −λα + E

[
exp

(
λη(X1)

)]
< −M,

which proves the exponential tightness of ( 1
n

∑n
i=1 η(Xi))n∈N.

5.6.4 Preliminary Lemmas for Gaussian Approximation

Let µ be the standard Gaussian measure on R, corresponding to a Gaussian random

variable with mean zero and variance one. Fix k, n ∈ N with k ≤ n, and a = a(n) ∈ Vn,k.

Let ai be the i-th row of a. For any choice of u ∈ Rk, let µn,u be the measure on R given

by

µn ≡ µn,u := 1
n

n∑
i=1

δ〈u,√nai〉. (5.6.11)

Lemma 5.6.3. Fix k, n ∈ N with k ≤ n, and u ∈ Rk. Let a be a random element of

Vn,k distributed according to the Haar measure σn. Then for every m ∈ N, the quantity

µn from (5.6.11) satisfies

E
[∫

xm dµn,u

]
= ‖u‖m2

(∫
xm dµ

)
(1 + Tm,n) , |Tm,n| ≤

Cm
n
,

for some Tm,n ∈ R and Cm > 0, where Cm depends only on m (and not k or n).

Proof. We just treat the even m case. The odd m case is clear by symmetry, as the
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moments on the left and right side of the equality both vanish. By exchangeability of the

rows of a,

E
[∫

xm dµn,u

]
= 1
n
E

 n∑
i=1

 k∑
j=1

uj(
√
na

(n)
ij )

m = E

 k∑
j=1

uj(
√
na1j)

m .
We recognize this quantity as

E
[
〈u,
√
na1〉m

]
= ‖u‖m2 · E

[
(
√
na11)m

]
.

where the equality is justified by the orthogonal invariance of µn. By Wick’s theorem

(Theorem 5.9.5) and Lemma 5.9.6,

E
[
(
√
na11)m

]
=
(∫

xm dµ
)

(1 + Tm,n) , |Tm,n| ≤
Cm
n
.

This completes the proof.

The next lemma is a minor adaptation of a modified version of Gromov’s concentration

inequality for Haar measure on the special orthogonal group SOn := {a(n) ∈ On :

det(a(n)) = 1} (presented in [11, Corollary 4.4.28]), tailored to the Haar measure σn = σn,k

on the Stiefel manifold Vn,k.

Lemma 5.6.4. Fix k, n ∈ N with k < n. Let f : Vn,k → R be a Lipshitz function with

Lipschitz constant L in the Hilbert–Schmidt norm, meaning

|f(a(n))− f(b(n))| ≤ L‖a(n) − b(n)‖HS

for all a(n), b(n) ∈ Vn,k. Then there is a constant C > 0 such that for all δ ≥ 0,

σn
(
|f(a(n))− En[f(a(n))] ≥ δ

)
≤ 2 exp

(
−Cδ

2n

L2

)
.
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Proof. We suppress the superscript (n) in the proof for brevity. Fix k ∈ N, and let π = πk :

On → Vn,k be the canonical projection map, i.e. π : a = (aij)1≤i,j≤n 7→ (aij)1≤i≤n,1≤j≤k,

for all a ∈ On, let σ̄n be the Haar measure on On and let Ēn be the corresponding

expectation. Then σn = σn,k is the pushforward of σ̄n under π. Finally, set f̄ = f ◦ π and

let Hn ⊂ On be the cyclic group generated by

h =



1

1
. . .

1

−1


,

that is, Hn consists of the identity matrix and h. Observe that On = {b1b2 : b1 ∈

SOn, b2 ∈ Hn}. Fix c ∈ On. Then there exists c1 ∈ SOn and c2 ∈ Hn such that c = c1c2.

Let a be uniformly distributed on On with respect to Haar measure. Using right-invariance

of Haar measure in the second equality and combining the definition of f̄ , the fact that

k < n and c2 ∈ Hn in the third equality below, we have

Ēn
[
f̄(ac)

]
= Ēn

[
f̄ (ac1c2)

]
= Ēn

[
f̄ (ac2)

]
= Ēn

[
f̄ (a)

]
.

This implies that the function On 3 c 7→ Ēn[f̄(ac)] is a constant over On equal to Ēn[f̄(a)].

This observation, together with [11, Corollary 4.4.28] and the definitions of σ̄n and f̄ ,

completes the proof.

5.6.5 Proof of Gaussian Approximation

Proof of Lemma 5.3.6. Fix c ∈ (−∞, T ) and a sequence {dn}n∈N as in the lemma state-

ment. To rewrite Fn in (5.3.1) more succinctly, set Λ1(t) = Λ(t, c) with Λ as in (5.1.5),
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and define the maps f (n,j) : Vn,kn → R

f (n,j)(a(n)) := 1
n

n∑
i=1

Λ1
(〈
v(n,j),

√
na

(n)
i

〉)
, j = 1, 2, . . . , dn. (5.6.12)

A direct calculation shows that, for i = 1, . . . , n and l = 1, . . . , kn,

∂ilf
(n,j)(a(n)) = 1√

n
Λ′1
(〈
v(n,j),

√
na

(n)
i

〉)
v

(n,j)
l ,

where ∂ilf (n,j)(a(n)) represents the derivative of f (n,j) with respect to a(n)
il . Hence, by

Assumption 5, there exists C ≡ C(c) <∞ such that

∥∥∥∇f (n,j)(a(n))
∥∥∥2

2
=

n∑
i=1

kn∑
l=1

(
∂ilf

(n,j)(a(n))
)2

= 1
n

n∑
i=1

(
Λ′1
(〈
v(n,j),

√
na

(n)
i

〉))2 kn∑
l=1

(
v

(n,j)
l

)2

≤

∥∥∥v(n,j)
∥∥∥2

2
n

n∑
i=1

C
(

1 +
〈
v(n,j),

√
na

(n)
i

〉2
)

=C‖v(n,j)‖2
2

(
1 +

∥∥∥v(n,j)
∥∥∥2

2

)
=CD2

(
1 +D2

)
.

(5.6.13)

Equation (5.6.13) implies that f (n,j) is Lipshitz continuous in the Hilbert–Schmidt topology

with Lipshitz constant
√
CD2 (1 +D2). By Lemma 5.6.4 and union bound, it follows that

there exists a constant C ′ > 0 such that for any ε > 0,

σn

(
max

1≤j≤dn

∣∣∣f (n,j)(a(n))− En
[
f (n,j)(a(n))

]∣∣∣ > ε
)
≤ 2dn exp

(
− C ′ε2n

D2(1 +D2)

)
.(5.6.14)

Recalling dn = exp(o(n)), the inequality in (5.6.14) and the Borel–Cantelli lemma together

imply that for σ-a.e. a =
(
a(1),a(2), . . .

)
∈ V,

lim
n→∞

max
1≤j≤dn

∣∣∣f (n,j)(a(n))− En
[
f (n,j)(a(n))

]∣∣∣ = 0. (5.6.15)
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Next, consider the random measures

µ(n,j) := 1
n

n∑
i=1

δ〈v(n,j),
√
na

(n)
i 〉
, j = 1, . . . , dn.

By the definition of f (n,j) in (5.6.12), we have

f (n,j)
(
a(n)

)
=
∫
R

Λ1(t) dµ(n,j)(t). (5.6.16)

By Lemma 5.6.3, the sequence

{
E1
[
µ(1,1)

]
, . . . ,E1

[
µ(1,d1)

]
,E2

[
µ(2,1)

]
, . . . ,E2

[
µ(2,d2)

]
, . . . ,En

[
µ(n,1)

]
, . . . ,En

[
µ(n,dn)

]
, . . .

}

converges in the sense of moments to a Gaussian measure, with mean zero and variance

D2. Combined with [15, Lemma B.1] and [140, Theorem 1.7], this implies that for any

f : R→ R with at most polynomial growth,

lim
n→∞

max
1≤j≤dn

∣∣∣∣E [∫ fdµ(n,j)
]
− E [f(Dg)]

∣∣∣∣ = 0, (5.6.17)

where g is a Gaussian random variable with zero mean and unit variance. By (5.6.16),

(5.6.17) and the fact that Λ1 can be bounded by a quadratic polynomial due to Assump-

tion 5, it follows that

lim
n→∞

max
1≤j≤dn

∣∣∣E [f (n,j)
(
a(n)

)]
− E [Λ1(Dg)]

∣∣∣ = 0. (5.6.18)

To complete the proof, combine (5.6.15) and (5.6.18), and recall the definition of Fn

in (5.3.1).

5.7 Preliminary Lemmas: Lower Bound
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5.7.1 Notations and Conventions

We adopt the following notation for this section. Let T be the constant from Assump-

tion 4 and let m ∈ N and (û, b, c) ∈ Rm × R× (−∞, T ) be parameters. Recall that Λm

was defined in (5.3.3), and set

(ŵ, t, s) := ∇Λm(û, b, c). (5.7.1)

Let {kn}n∈N be an increasing sequence of positive integers such that limn→∞ kn = ∞.

Recall that σ = σn denotes the Haar measure on Vn,kn . Define m ∈ N and b ∈ RM
+ by

M = M(m) :=
⌈
(t+ 1)2m

⌉
, b :=

(
bM−1/2, . . . , bM−1/2

)
︸ ︷︷ ︸

M times

, (5.7.2)

and also define a sequence of vectors {u(n)}n>m+M ∈ Rkn as follows:

u(n) := (û, b, 0, 0, . . . , 0︸ ︷︷ ︸
kn−m−M times

). (5.7.3)

For j ∈ {1, . . . ,m+M}, define3

ν
(n)
j := 1

n

n∑
i=1

δ
(√

na
(n)
ij , 〈u(n),

√
na

(n)
i 〉

)
. (5.7.4)

Finally, define

νj := Law
(
gj,

m+M∑
l=1

ulgl

)
, (5.7.5)

where g0, . . . , gm+M are independent, mean zero, variance one Gaussian random variables.
3We sometimes write δ(x) instead of δx in this subsection for legibility. The difference is only notational.
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5.7.2 Proof of Lemma 5.4.1

We begin with an auxiliary result that allows us to analyze open neighborhoods of a

point in X × R by looking at open neighborhoods around the truncated version of the

point in Rm × R2
+, for sufficiently large m. Recall our notation for a metric ball given in

(5.4.1).

Lemma 5.7.1. Fix an open set O ⊂ X ×R+ and a point (w, r, s) ∈ O. Then there exists

m0 ∈ N and ρ′ > 0 such that the following holds for all m ≥ m0: If (w′, r′, s′) ∈ X × R+

and

((
w′≤m,

√
(r′)2 − ‖w′≤m‖2

2

)
, s′
)
∈ B

((
w≤m,

√
r2 − ‖w‖2

2, s
)
, ρ′
)
, (5.7.6)

then (w′, r′, s′) ∈ O.

Proof. Fix (w, r, s) ∈ O. By Lemma 5.3.1(1), the topology on X is equivalent to the

product topology on RN×R+×R+. Therefore, using the definition of the product topology,

there exists m0 ∈ N and δ1, δ2, δ3 > 0 such that for every m > m0, the following claim

holds:

If (w̃, r̃, s̃) ∈ X × R+ and (w̃≤m, r̃, s̃) ∈ B(w≤m, δ1)×B(r, δ2)×B(s, δ3),

then (w′, r′, s′) ∈ O.
(5.7.7)

By increasing m0 if necessary, we may also suppose that for all m ≥ m0, we have

‖w>m‖2 ≤
δ2r

2 . (5.7.8)

We set t :=
√
r2 − ‖w‖2

2 and ρ′ := min (δ1, δ2/4, δ3).

Now, let (w′, r′, s′) ∈ X × R+ be such that (5.7.6) holds for some m ≥ m0 and our
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choice of ρ′, and let this choice of m be fixed for the remainder of the proof. Then clearly,

w′≤m ∈ B (w≤m, ρ′) ⊂ B (w≤m, δ1) , (5.7.9)

s′ ∈ B (s, ρ′) ⊂ B (s, δ3) , (5.7.10)

and

ρ′ >
∣∣∣∣√r′2 − ‖w′≤m‖2

2 −
√
r2 − ‖w‖2

2

∣∣∣∣ .
Multiplying both sides by

√
r′2 − ‖w′≤m‖2

2 +
√
r2 − ‖w‖2

2 we have

ρ′
(√

r′2 − ‖w′≤m‖2
2 +

√
r2 − ‖w‖2

2

)
>
∣∣∣r2 − (r′)2 − ‖w≤m‖2

2 + ‖w′≤m‖2
2 − ‖w>m‖2

2

∣∣∣ .
Note because that (w, r, s) and (w′, r′, s′) lie in X ×R+, we have ‖w‖2 ≤ r and ‖w′‖2 ≤ r′.

Combining this fact with the triangle inequality, (5.7.8), (5.7.9), and the previous display,

we have

|r2 − r′2| <
∣∣∣∣‖w≤m0‖2

2 −
∥∥∥w′≤m∥∥∥2

2

∣∣∣∣+ ‖w>m‖2 + ρ′(r + r′)

≤
∥∥∥w≤m −w′≤m∥∥∥2

(
‖w≤m‖2 + ‖w′≤m‖2

)
+ δ2r/2 + ρ′(r + r′)

≤ 2ρ′(r + r′) + δ2r/2.

Dividing both sides by (r + r′) and recalling 2ρ′ ≤ δ2/2 , this implies

|r − r′| < 2ρ′ + δ2/2 ≤ δ2. (5.7.11)

When combined, (5.7.9), (5.7.10), and (5.7.11) show that the supposition in (5.7.7)

holds with (w̃, r̃, s̃) = (w′, r′, s′). Thus (5.7.7) implies (w′, r′, s′) ∈ O, which proves the

lemma.

In the proof of the next lemma, we use the following concept from convex analysis.
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Definition 5.7.2 (Relative interior). For every non-empty convex set C, the relative

interior of C, denoted ri(C), is defined as the set

ri(C) = {x ∈ C : for all y ∈ C, there exists some µ > 1 such that µx+ (1− µ)y ∈ C}.

Proof of Lemma 5.4.1. We first show that Λm, defined in (5.3.3), is essentially smooth

for all m ∈ N (see Definition 5.2.1). The finiteness of Λm on Rm0 × R× (−∞, T ) follows

from the finiteness of Λ̄ on R × (−∞, T ). The differentiability of Λm0 at (v′, b′, c′) ∈

Rm0 × R× (−∞, T ) is a direct consequence of the differentiability of Λ̄ on R× (−∞, T ),

the bounds in Assumption 5, and the dominated convergence theorem. To check the third

condition in Definition 5.2.1, first note that for t2 ∈ (−∞, T ),

∂2Λ̄ (t1, t2) = e−Λ̄(t1,t2)E
[
η(X1)et1X1+t2η(X1)

]
≥ 0. (5.7.12)

Hence, we have

‖∇Λm0(v′, b′, c′)‖2 ≥ E
[
∂2Λ̄

(
m0∑
l=1

v′lgl + b′g0, c
′
)]
≥ 0.

Taking the limit infimum over (v′, b′, c′) ∈ Rm0 × R× (−∞, T ) above and using Fatou’s

lemma, one obtains

lim inf
v′,b′,c′→v0,b0,T

‖∇Λm0(v′, b′, c′)‖2 ≥ E
[

lim inf
v′,b′,c′→v0,b0,T

∂2Λ̄
(
m0∑
l=1

v′lgl + b′g0, c
′
)]

=∞,

where the last equality follows from the essential smoothness of Λ̄, which in turn follows

from Assumption 4. This establishes the essential smoothness of Λm.

Fix an open set O and a point (w, r, s) ∈ O such that I(w, r, s) <∞. Let m0 be as in

Lemma 5.7.1 and recall the definition of Λm0 from (5.3.3), and the definitions of Λ∗m0 and

D∗m0 from (5.4.2) and (5.4.3). Since Λm0 is essentially smooth, by [145, Corollary 26.4.1]
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we have

∇Λm0(Dm0) ⊂ D∗m0 . (5.7.13)

Note that Λm0(0, 0, 0) = 0 and the cumulant generating function Λ̄(s1, s2) = logE[es1X1+s2η(X1)]

satisfies Λ̄(s1, 0) ≥ E[s1X1] = 0. Hence, the mapping (v′, b′) 7→ Λm0(v′, b′, 0) achieves its

minimum of 0 at (0, 0). Combining this with (5.7.12), we have ∇Λm0(0, 0, 0) = (0, 0, s0)

for some s0 ∈ R+. By differentiating Λm0 twice, we have

∇2Λm0(0, 0, 0) =

∂2
1Λ̄(0, 0)Im0+1 0

0> ∂2
2Λ̄(0, 0)

 =

Var(X1)Im0+1 0

0> Var(η(X1))

 ,

which is positive definite (since, by Assumption 2, X1 is not degenerate and η is not a

constant function). Thus, the inverse function theorem implies that ∇Λm0 is locally a

diffeomorphism, which, along with (5.7.13), implies there exists ε0 > 0 such that

Bε0(0, 0, s0) ⊂ ri(D∗m0).

Now, pick (w̃, t̃, s̃) ∈ Bε0(0, 0, s0) such that w̃ is strictly ordered in the sense that

|w̃1| > . . . > |w̃m0|. Set t =
√
r2 − ‖w‖2

2. By Jensen’s inequality, Λm0(w≤m0 , t, s) ≤

I(w, r, s) <∞ by (5.4.2), and hence, (w≤m0 , t, s) ∈ Dm0 . Since (w̃, t̃, s̃) ∈ ri(D∗m0), [145,

Theorem 6.1] and [145, Corollary 26.4.1] imply that, for all λ ∈ [0, 1),

λ(w≤m0 , t, s) + (1− λ)(w̃, t̃, s̃) ∈ ri(D∗m0) ⊂ {∇Λm0(y) : y ∈ Dm0}.

By the definitions of (w≤m0 , t, s) and (w̃, t̃, s̃), note that the points on the line segment

` := {λ(w≤m0 , t, s) + (1− λ)(w̃, t̃, s̃) : λ ∈ (0, 1)}

are strictly ordered in the first component. Since Λ∗m0 is a convex function (by definition
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of the Legendre transform), it is continuous along ` ⊂ D∗m0 . Together with Lemma 5.7.1

(to establish (5.4.4)), this implies that there exists a point (w̄, t̄, s̄) ∈ ` that satisfies all

conditions of the lemma.

5.7.3 Proof of the modified lower bound

The proof of Lemma 5.4.2, which is given in Section 5.7.3, uses a change of measure.

Throughout this section, we fix µ to be the law of a random variable satisfying

Assumptions 2, 3 and 4, with associated constants C2, T > 0 and function C̃(·). For

s1 ∈ R, s2 < T , recalling Λ̄ defined in (5.1.5), we define the exponentially tilted measure

µ̃s1,s2 by

dµ̃s1,s2

dµ
(x) := exp(s1x+ s2η(x)− Λ (s1, s2)), x ∈ R. (5.7.14)

Preparatory results

The first lemma claims that {µ̃s1,s2}(s1,s2)∈R×(−∞,T ) is uniformly sub-Gaussian in s1.

Lemma 5.7.3. Fix (s1, s2) ∈ R× (−∞, T ). Let X̃1 be a random variable on a probability

space (Ω,F ,Ps1,s2) that has law µ̃s1,s2, and let Ẽs1,s2 denote expectation with respect to

P̃s1,s2. Then there exists a constant C = C(s2) > 0 such that

P̃s1,s2

(
|X̃1 − Ẽs1,s2 [X̃1]| > t

)
≤ 2 exp(−t2/C2).

Proof of Lemma 5.7.3. Fix (s1, s2) ∈ R× (−∞, T ). By the definition of Λ̄ in (5.1.5) and

the definition of µ̃s1,s2 in (5.7.14), we have

Ẽs1,s2

[
X̃1
]

=
∫
xes1x+s2η(x)−Λ̄(s1,s2)dµ(x) = ∂1Λ̄ (s1, s2) .
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Now Assumption 5 implies there exists a continuous function C̃0 : (−∞, T )→ R such that

Ẽs1,s2 [exp(λ(X̃1 − Ẽs1,s2 [X̃1]))] =e−λẼs1,s2 [X̃1]−Λ(s1,s2)
∫

exp(λx) exp(s1x+ s2η(x)) dµ(x)

= exp(Λ̄(s1 + λ, s2)− Λ̄(s1, s2)− λ∂1Λ̄(s1, s2))

≤ exp
(
C̃0(s2)2λ2

)
.

The lemma then follows from a standard argument using Chernoff’s bound (see [164,

Proposition 2.5.2]).

Next, we state a Gaussian approximation result for the Haar measure on Vn,kn in

Lemma 5.7.4, and establish an asymptotic decorrelation result in Lemma 5.7.6. The

proofs of these lemmas are deferred to Section 5.10.

Recall from Section 5.7.1 that T denotes the constant from Assumption 4, and that M

was defined in (5.7.2) in terms of m and a point (û, b, c) ∈ Rm × R × (−∞, T ). Recall

from (5.7.5) that g1, g2, . . . , gm+M denote i.i.d. Gaussian random variables with zero mean

and unit variance. Additionally, given any n ∈ N and j ∈ {1, . . . , kn}, and any function

h : R→ R, we define a map f (n)
j : Vn,kn → R as follows:

f
(n)
j

(
a(n)

)
:= 1

n

n∑
i=1

√
na

(n)
ij h

(〈
u(n),

√
na

(n)
i

〉)
=
∫
xh(y) dν(n)

j (x, y), (5.7.15)

where we recall that u(n) = (u1, . . . , ukn) and ν
(n)
j were specified in (5.7.3) and (5.7.4)

respectively.

Lemma 5.7.4. Fix C0 ∈ (0,∞) and a function h : R→ R satisfying

∣∣∣∣∣ dαdxαh(x)
∣∣∣∣∣ ≤ C0(1 + |x|1−α), α = 0, 1. (5.7.16)

Fix m ∈ N and (û, b, c) ∈ Rm × R× (−∞, T ). Then for σ-a.e. a = (a(1),a(2), . . .) ∈ V,
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we have for all j ∈ {1, . . . ,m+M} that

lim
n→∞

f
(n)
j

(
a(n)

)
= E

[
gjh

(
m+M∑
l=1

ulgl

)]
.

Remark 5.7.5. For any fixed x ∈ (−∞, T ), by Assumption 5, ∂1Λ̄(·, x) satisfies the

condition imposed on h in Lemma 5.7.4.

Lemma 5.7.6. Fix m ∈ N and (û, b, c) ∈ Rm ×R× (−∞, T ), and retain the assumption

(5.7.16). Then for σ-a.e. a = (a(1),a(2), . . .) ∈ V,

lim
n→∞

kn∑
`=m+M+1

(
f

(n)
`

(
a(n)

))2
= 0.

Proof of Lemma 5.4.2

We now show how the preparatory results from Section 5.7.3 can be combined to

establish Lemma 5.4.2. Let m ∈ N, (û, b, c) ∈ Dm and (ŵ, t, s) = ∇Λm(û, b, c) be as in

the statement of the lemma. Let M be defined in terms of t and m as in (5.7.2) and

let u(n) ∈ Rkn be defined in terms of û and b as in (5.7.3). Let (X1, . . . , Xn) be random

variables defined on a measure space (Ω,F) equipped with the probability measures P(n)

and P̃(n). Suppose that under P(n), the variables (X1, . . . , Xn) are i.i.d. with a common

law µ that satisfies Assumptions 1–4, and let µ(n) := µ⊗n. Let µ̃s1,s2 be defined in terms

of µ as in (5.7.14), and let P̃(n) be a probability measure on (Ω,F) such that under P̃(n),

(X1, . . . , Xn) has law µ̃(n), where

µ̃(n) := ⊗ni=1µ̃λi,c, λi ≡ λ
(n)
i :=

〈
u(n),

√
na

(n)
i

〉
, i = 1, . . . , n. (5.7.17)

Let (X̃1, . . . , X̃n) be an Rn-valued random vector with law µ̃(n). Let E(n) and Ẽ(n) denote

expectations with respect to P(n) and P̃(n), respectively. Note that the Radon–Nikodym

derivative of µ̃(n) with respect to µ(n) can be rewritten in terms of the function Fn from
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(5.3.1) as follows:

dµ̃(n)

dµ(n) (x) = e
n

〈
u(n), 1√

n(a(n))>x
〉

+c
∑n

i=1 η(xi)−nFn(u(n),a(n),c)
, ∀x = (x1, . . . , xn) ∈ Rn.

(5.7.18)

Next, recall that κ > 0 and B = B((ŵ, t, s), κ) were fixed in the statement of

Lemma 5.4.2, and for n such that kn ≥M +m, let

w(n) = (w1, . . . , wkn) := (ŵ, tM−1/2, . . . , tM−1/2︸ ︷︷ ︸
M times

, 0, . . . , 0︸ ︷︷ ︸
kn−m−M times

) ∈ Rkn . (5.7.19)

Fix δ ∈ (0,min(κ,m−1/2)) and define

En :=
{
x = (x1, · · · , xn) ∈ Rn :

(
1√
n

(a(n))>x, 1
n

n∑
i=1

η(xi)
)
∈ B

(
(w(n), s), δ

)}
.

Let W (n) and L(n) be defined in terms of (X1, . . . , Xn) as in (5.3.15). Then using the

definitions of µ(n), µ̃(n), and En, and (5.7.18), we have

P(n)
(
(W (n)
≤m, ‖W

(n)
>m‖2, L

(n)) ∈ B, ‖W (n)
>m‖∞ ≤ 2m−1/2

)
≥P(n)

((
W (n), L(n)

)
∈ B

(
(w(n), s), δ

))
=
∫
En
dµ(n)(x)

=
∫
En
e
−n
(〈
u(n), 1√

n(a(n))>x
〉

+ c
n

∑n

i=1 η(xi)
)

+nFn(u(n),a(n),c)
dµ̃(n)(x)

≥P̃(n)
((
W (n), L(n)

)
∈ B

(
(w(n), s), δ

))
e−n(〈û,ŵ〉+bt+cs−Fn(u(n),a(n),c)+δ‖(û,b,c)‖2).

(5.7.20)

We show below that the following three claims hold for σ-a.e. a ∈ V and any ε > 0:

lim
n→∞

P̃(n)
(
|W (n)

j − wj| ≥ ε
)

= 0, j = 1, . . . ,m+M, (5.7.21)

lim
n→∞

P̃(n)

 kn∑
l=m+M+1

(W (n)
l )2 ≥ ε

 = 0, (5.7.22)

lim
n→∞

P̃(n)
(∣∣∣L(n) − s

∣∣∣ ≥ ε
)

= 0. (5.7.23)
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In essence, the limits (5.7.21) and (5.7.23) are weak laws of large numbers for W (n)
j , j =

1, . . . ,m, and L(n) respectively, under the tilted measure, and (5.7.22) states that the

`2-norms of W (n)
>m+M are asymptotically negligible under the tilted measure.

Postponing the proofs of (5.7.21)–(5.7.23), we first note that together with (5.7.18),

they imply that for σ-a.e. a ∈ V,

lim inf
n→∞

P̃(n)
((
W (n), L(n)

)
∈ B

(
(w(n), s), δ

))
= 1. (5.7.24)

Moreover, Fn(u(n),a(n), c)→ Λm(û, b, c) for σ-a.e. a ∈ V by Lemma 5.3.6, with dn = 1.

Thus, combining (5.7.20) and (5.7.24), and recalling the defining of Λ∗m in (5.4.2), we

conclude that for σ-a.e. a ∈ V,

lim inf
n→∞

n−1 logP(n)
(
(W (n)
≤m, ‖W

(n)
>m‖2, L) ∈ B, ‖W (n)

>m‖∞ ≤ 2m−1/2
)

≥− (〈û, ŵ〉+ bt+ cs− Λm (û, b, c) + δ‖(û, b, c)‖2)

≥− Λ∗m(ŵ, t, s)− δ‖(û, b, c)‖2.

Taking δ ↘ 0 completes the proof of (5.4.5), given (5.7.21)–(5.7.23).

We now turn to the proofs of (5.7.21)–(5.7.23).

Proof of (5.7.21). By the definition of µ̃(n) in (5.7.18) and Lemma 5.7.3 (with s1 = λi

from (5.7.17), and s2 = c, where c is from the statement of the lemma), we have, for each

i = 1, . . . , n,

P̃(n)
(
|Xi − Ẽ(n) [Xi] | > t

)
≤ 2 exp(−t2/C2),

for some constant C > 0 depending only on c. Also, the definition of W (n) in (5.3.15),

Hoeffding’s inequality for sub-Gaussian random variables (see [164, Theorem 2.6.2]), and
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a union bound imply that for all a ∈ V,

P̃(n)
(

max
1≤j≤m+M

∣∣∣W (n)
j − Ẽ(n)[W (n)

j ]
∣∣∣ ≥ ε/3

)

≤ (m+M) max
1≤j≤m+M

P̃(n)

∣∣∣∣∣∣
n∑
i=1

a
(n)
ij√
n

(Xi − Ẽ(n)[Xi])

∣∣∣∣∣∣ ≥ ε/3


≤ 2(m+M) exp(−Cnε2),

(5.7.25)

which decays to zero as n → ∞. Also, by the definitions of Λ̄ and µ̃(n) in (5.1.5) and

(5.7.18), respectively, we have,

Ẽ(n)[Xi] = ∂1Λ̄
(
〈u(n),

√
na

(n)
i 〉, c

)
, i = 1, . . . , n. (5.7.26)

By the definition of W (n) in (5.3.15) and the relation (5.7.18), it follows that

Ẽ(n)[W (n)
j ] = 1

n

n∑
i=1

√
na

(n)
ij ∂1Λ̄

(
〈u(n),

√
na

(n)
i 〉, c

)
, j = 1, . . . , n.

Then Lemma 5.7.4 with h = ∂1Λ(·, c) and Remark 5.7.5 imply that for σ-a.e. a and each

j = 1, . . . ,m+M ,

lim
n→∞

Ẽ(n)[W (n)
j ] = E

[
gj∂1Λ̄

(
m+M∑
l=1

u
(n)
l gl, c

)]
. (5.7.27)

Let g0 be a Gaussian random variable independent of g1, . . . , gm. Recalling from (5.7.3) that

u
(n)
` = û` for ` = 1, . . . ,m and u(n)

m+1 = · · · = u
(n)
m+M = bM−1/2, we have ∑m+M

l=m+1 u
(n)
l gl

d= bg0

and (g0, g1, . . . , gm) d= (M−1/2∑m+M
l=m+1 gl, g1, . . . , gm). Together with (5.3.3) and (5.7.1), for

j = 1, 2, . . . ,m, we have

E
[
gj∂1Λ̄

(
m+M∑
l=1

ulgl, c

)]
= E

[
gj∂1Λ̄

(
m∑
l=1

ulgl + bg0, c

)]
= ∂jΛm(û, b, c) = wj,(5.7.28)
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and for j = m+ 1, . . . ,m+M , also using (5.7.19), we have

E
[
gj∂1Λ̄

(
m+M∑
l=1

u
(n)
l gl, c

)]
=E

∑m+M
l=m+1 gl
M1/2 ∂1Λ̄

 m∑
l=1

ûlgl + bM−1/2
m+M∑
l=m+1

gl, c


=M−1/2E

[
g0∂1Λ̄

(
m∑
l=1

ûlgl + bg0, c

)]

=M−1/2∂2Λm (û, b, c)

=tM−1/2

=w(n)
j .

(5.7.29)

Combining (5.7.25), (5.7.27), (5.7.28) and (5.7.29), (5.7.21) follows.

Proof of (5.7.22). By Markov’s inequality and the independence of {Xi, i = 1, . . . , n}

under the tilted measure P̃(n) (see (5.7.17)), we have

P̃(n)

 kn∑
l=m+M+1

(W (n)
l )2 ≥ ε

 ≤ε−1E(n)

 kn∑
l=m+M+1

(W (n)
l )2


=ε−1n−1

n∑
i,j=1

Ẽ(n) [XiXj]
kn∑

l=m+M+1
a

(n)
il a

(n)
jl

=ε−1n−1

 n∑
i,j=1

Ẽ(n)[Xi]Ẽ(n)[Xj]
kn∑

l=m+M+1
a

(n)
il a

(n)
jl +

n∑
i=1

Ṽar (Xi)
kn∑

l=m+M+1
(a(n)
il )2

 ,

where Ṽar(Xi) denotes the variance of Xi under the tilted measure P̃(n). By a calculation

similar to the one carried out in (5.7.26), we have Ṽar(Xi) = ∂2
1Λ̄
(〈
u(n),

√
na

(n)
i

〉
, c
)
,

which is bounded uniformly in n ∈ N and i = 1, . . . , n by Assumption 5. Additionally,∑kn
l=m+M+1(a(n)

il )2 is uniformly bounded in n ∈ N and i = 1, . . . , n. Therefore,

P̃(n)

 kn∑
l=m+M+1

W 2
l ≥ ε

 ≤ ε−1n−1
n∑

i,j=1
Ẽ(n)[Xi]Ẽ(n)[Xj]

kn∑
l=m+M+1

a
(n)
il a

(n)
jl + ε−1O

(
kn
n

)
.
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Hence, it suffices to show that for σ-a.e. a ∈ V,

lim
n→∞

n−1
n∑

i,j=1
Ẽ(n)[Xi]Ẽ(n)[Xj]

kn∑
l=m+M+1

a
(n)
il a

(n)
jl = 0.

Recalling Ẽ(n)[Xi] = ∂1Λ̄
(
〈u(n),

√
na

(n)
i 〉, c

)
from (5.7.26), the above convergence follows

directly from Lemma 5.7.6, with h = Λ̄(·, c), and Remark 5.7.5.

Proof of (5.7.23). Let λ > 0 be a small parameter, to be chosen later. Note that

Ẽ(n) [η (Xi)] = ∂2Λ̄(〈u(n),
√
na

(n)
i 〉, c), by a calculation similar to (5.7.26) (using (5.1.5)

and (5.7.18)). Then by Chebyshev’s inequality, the mutual independence of (X1, . . . , Xn)

under P̃(n), the definition of Λ in (5.1.5), and calculations similar to those in the proof of

Lemma 5.7.3, we have

P̃(n)
(

1
n

n∑
i=1

(
η (Xi)− Ẽ(n) [η (Xi)]

)
>
ε

2

)

≤ e−λnε/2
n∏
i=1

Ẽ(n)
[
exp

(
λη (Xi)− λẼ(n) [η (Xi)]

)]
= e−λnε/2

n∏
i=1

exp
(
Λ̄
(
〈u(n),

√
na

(n)
i 〉, c+ λ

)
− Λ̄

(
〈u(n),

√
na

(n)
i 〉, c

)
− λ∂2Λ̄

(
〈u(n),

√
na

(n)
i 〉, c

))
= exp

(
λ2

2

n∑
i=1

∂2
2Λ̄
(
〈u(n),

√
na

(n)
i 〉, ξi

)
− λnε2

)
,

where ξi ∈ (c, c+ λ), i = 1, . . . , n. Together with Assumption 5, we have

P̃(n)
(

1
n

n∑
i=1

(
η (Xi)− Ẽ(n) [η (Xi)]

)
>
ε

2

)
≤ exp

((
−λ2 ε+ C(1 + ‖u‖2

2)λ2
)
n

)
→ 0

for all a ∈ V, if λ is chosen small enough. To prove (5.7.23), it suffices to show that, for

σ-a.e. a =
(
a(1),a(2), . . .

)
∈ V,

1
n

n∑
i=1

∂2Λ̄(〈u(n),
√
na

(n)
i 〉, c)→ ∂3Λm(û, b, c) = s. (5.7.30)

Since H = ∂2Λ̄ satisfies the conditions in (5.3.7) due to Assumption 5 and (5.7.2), and
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because ‖u(n)‖2 = D :=
√
‖û‖2

2 + |b|2 for all n ∈ N, it follows from Lemma 5.3.6 and

Remark 5.3.7 that (5.7.30) holds with the right-hand side equal to E[∂2Λ̄(Dg, c)]. Then

the fact that E[∂2Λ̄(Dg, c)] = ∂3Λm(û, b, c) follows after recalling (5.1.6), (5.3.3), and

〈u(n), g〉+ bg0
d=Dg (by (5.7.2)). This completes the proof.

Since all three claims (5.7.21)–(5.7.23) have been established, this completes the proof

of Lemma 5.4.2.

5.8 Properties of p-Gaussian Variables

Lemma 5.8.1. Fix p ≥ 2, let X be a random variable with probability density function

equal to c̄p exp(−p−1|x|p) for a suitable normalization constant c̄p, and define

Λ̂(t) := logE
[

exp(tX)
]
, t ∈ R.

Then there exists a constant C ∈ (0,∞) such that the following properties hold for all

t ∈ R:

1. 0 ≤ Λ̂(t) ≤ C (1 + t2).

2. |Λ̂′(t)| ≤ C (1 + |t|).

3. Λ̂′′(t) ≤ C.

Proof. Since the distribution of X is symmetric by definition, the log moment gerating

function Λ satisfies Λ(t) = Λ(−t) for all t ∈ R, so we may assume that t ≥ 0. Let

M(t) = E
[

exp(tX)
]

= c̄p

∫
R

exp
(
tx− |x|

p

p

)
dx.

By the change of variables x = t1/(p−1)y, we have

M(t) = c̄pt
1
p−1

∫
R

exp
(
t

p
p−1

(
y − |y|

p

p

))
dy.
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Define S(y) := y − |y|
p

p
for y ∈ R. Note that y0 = 1 is the unique maximizer of S, S is

smooth in a neighborhood of y = 1, and S ′′(1) = 1 6= 0. An application of Laplace’s

method (see [169, Section 19.2.5, Theorem 2(b) & Remark 4]) shows that, as t→∞,

M(t) = c̄pt
1
p−1

√
2π
p− 1 exp

(
t

p
p−1

p− 1
p

)
t−

p
2(p−1)

(
1 +O

(
t−

p
p−1
))
,

where in each case, the implicit constant in the big O notation depends only on p. Similarly,

as t→∞,

M ′(t) = c̄pt
2
p−1

√
2π
p− 1 exp

(
t

p
p−1

p− 1
p

)
t−

p
2(p−1)

(
1 +O

(
t−

p
p−1
))
,

M ′′(t) = c̄pt
3
p−1

√
2π
p− 1 exp

(
t

p
p−1

p− 1
p

)
t−

p
2(p−1)

(
1 +O

(
t−

p
p−1
))
.

Therefor, as t→∞, we also have

Λ̂(t) = log (M(t)) = O
(
t

p
p−1
)
,

|Λ̂′(t)| =
∣∣∣∣∣M ′(t)
M(t)

∣∣∣∣∣ = t
1
p−1

(
1 +O

(
t−

p
p−1
))
,

Λ̂′′(t) = M ′′(t)M(t)− (M ′(t))2

(M(t))2 = O
(
t

2−p
p−1

)
.

Since p ≥ 2, the conclusions of the lemma follow from the previous displays and p ≥ 2.

Lemma 5.8.2. Fix p ≥ 2, let X be as in Lemma 5.8.1, and define

Λ̂ (t1, t2) := E
[

exp(t1X + t2|X|p)
]
, (t1, t2) ∈ R2.

Then for every pair of integers α, β ≥ 0 with α + β ≤ 2, there exists a continuous map
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(0, p−1) 3 t2 7→ Ct2,α,β ∈ (0,∞) such that

∂α1 ∂
β
2 Λ̂ (t1, t2) ≤ Ct2,α,β

(
1 + |t1|2−α

)
, t1 ∈ R.

Proof. Let M(t) = E[exp(tX)]. It was shown in [96, Lemma 5.7] that for (t1, t2) ∈

R× (−∞, p−1),

Λ̂ (t1, t2) = −1
p

log (1− pt2) + logM
(

t1

(1− pt2)1/p

)
.

The lemma follows from this representation and Lemma 5.8.1.

5.9 Weingarten Calculus

This appendix contains some preliminary remarks on the Weingarten calculus, and

then a lemma necessary for the Gaussian approximation results proved in Section 5.6.4

and Section 5.6.5. We recall the following definitions from [59]. Fix d ∈ N and let

M(2d) be the set of pair partitions msc of {1, 2, . . . , 2d}; these are partitions where

each block of the element has exactly two elements. They have a canonical form

{(msc(1),msc(2)), . . . , (msc(2d − 1),msc(2d))} for msc(2i − 1) ≤ msc(2i) and msc(1) <

msc(3) < · · ·msc(2d− 1).

Given pair partitions msc, n ∈ M(2d), we let Γ(msc, n) denote the graph that has

vertices {1, 2, . . . , 2d}, and edges {(msc(2i− 1),msc(2i)), (n(2i− 1), n(2i))}di=1. The Gram

matrix G(n)
d = [G(n)(msc, n)]msc,n∈M(2d) is defined through its entries

G(n)(msc, n) = nloop(msc,n),

where loop(msc, n) is defined as the number of connected components of Γ(msc, n). The
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matrix Wg(n) = Wg(n)
d is defined as the pseudo-inverse of G(n)

d . We denote its entries by

Wg(n) = [Wg(n)(msc, n)]msc,n∈M(2d).

We recall the following theorem, which was originally proved in [60].

Theorem 5.9.1 ([59, Theorem 2.1]). Given i1, . . . i2d and j1, . . . , j2d in {1, 2, . . . , n},

∫
g∈On

gi1j1 · · · gi2dj2d dg

=
∑

msc,n∈M(2d)
Wg(n)(msc, n)

d∏
k=1

δ(imsc(2k−1), imsc(2k))δ(jmsc(2k−1), jmsc(2k)), (5.9.1)

where δ(i, j) denotes the Kronecker delta function satisfying δ(i, j) = 1 if i = j and

δ(i, j) = 0 otherwise.

Note that the sum on the right side of (5.9.1) is over all choices of pair partitions that

pair indices with the same value. In particular, Theorem 5.9.1 shows that any moment

gi1j1 · · · gi2dj2d without an even number of entries in each row and column vanishes.

Example 5.9.2. In the expectation of g2
11g

2
22 computed according to (5.9.1), the only pos-

sibility for a nonzero term in the sum is that both partitions are msc = n = {(1, 2), (3, 4)}.

Considering msc and n as members of the symmetric group S2d (products of transposi-

tions), we note that the value of Wg(n)(msc, n) depends only on the value of σ = m−1
sc n

[59, Theorem 3.1]. Consider the graph Γ(σ) whose vertex set is {1, 2, . . . , 2d} with edges

{2i− 1, 2i} and {σ(2i− 1), σ(2i)} for 1 ≤ i ≤ d. Then Γ(σ) has connected components

of even sizes 2ρ1 ≥ 2ρ2 ≥ · · · , which determine a partition ρ = (ρ1, ρ2, . . . ) of d (in the

number-theoretic sense). The length `(ρ) of ρ is defined to be the number of elements ρi

that it contains. We let Wg(n)(ρ) equal the value of any Wg(n)(msc, n) such that σ = m−1
sc n

has the corresponding partition ρ of d.
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Theorem 5.9.3 ([60, Corollary 2.7]). Fix d ∈ N and a partition ρ of d. As n→∞,

Wg(n)(ρ) =
∏
i≥1

cρi−1

n−2d+`(ρ)(1 +O(n−1)).

Here ck = (2k)!
(k+1)!k! denotes the k-th Catalan number, and the implicit constant in the

asymptotic notation depends on d and ρ, but not n.

Example 5.9.4. If msc = n = {(1, 2), (3, 4)} as in the previous example, then σ = m−1
sc n

is the identity permutation. The graph Γ(σ) has the edges {1, 2} and {3, 4}, so `(ρ) = 2,

and we conclude the leading order term in the asymptotic is n−2, as in the Gaussian case.

The coefficient of this term is 1 because c0 = 1.

We next recall Wick’s theorem on the expectations of products of centered jointly

normal random variables.

Theorem 5.9.5 ([107, Theorem 1.28]). Let g1, ..., gn be independent normal random

variables with mean zero and variance one. Then

E[g1 · · · · · gn] =


0, if n is odd,
∑
msc∈M(n)

∏n/2
i=1 E

[
gmsc(2i−1)gmsc(2i)

]
otherwise.

Lemma 5.9.6. Fix k, n ∈ N, and suppose a ∈ Vn,k is a random matrix distributed

according to the Haar measure on Vn,k. Then for all m ∈ N,

E
[
m∏
i=1

√
na1ji

]
= E

[
m∏
i=1

gji

] (
1 +O

(
n−1

))
. (5.9.2)

where the gi are independent standard Gaussian random variables, and the implicit constant

depends only on m.

Proof. By symmetry of Haar measure and Gaussian random variables, both sides of (5.9.2)

are zero when m is odd. It remains to consider the case m = 2d for some d ∈ N.
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Let Ξ(σ) denote the coset type of σ ∈ S2d and set

(
m

i1 . . . i2d

)
=

d∏
l=1

δim(2l−1),m(2l) .

Let 12d ∈ S2d be the identity permutation. With these notations, we have

E
[ 2d∏
i=1

√
na1ji

]

=nd
∑

m,n∈M(2d)
Wg(n)(m, n)

(
n

j1 . . . j2d

)

=nd
∑
ρ`d

Wg(n)(ρ)
∑

Ξ(m−1n)=ρ

(
n

j1 . . . j2d

)

=nd Wg(n) ((12d), n)E
[ 2d∏
i=1

gji

]
+ nd

∑
ρ`d
ρ 6=12d

Wg(n)(ρ)
∑

Ξ(m−1n)=ρ

(
n

j1 . . . j2d

)
, (5.9.3)

where the first equality follows from Theorem 5.9.1, the second equality follows from the

fact that Wg(n)(m, n) depends only on the coset type of m−1
sc n (see [59, Theorem 3.1]),

and the third equality follows from Wick’s Theorem, Theorem 5.9.5.

By Theorem 5.9.3, the first term in (5.9.3) is

E
[ 2d∏
i=1

gji

] (
1 +O

(
n−1

))
, (5.9.4)

and the absolute value of the second term of (5.9.3) is upper bounded by

ndE
[ 2d∏
i=1

gji

] ∑
ρ`d
ρ6=12d

|Wg(n)(ρ)| ≤ CdE
[ 2d∏
i=1

gji

]
n−1

(5.9.5)

for n sufficiently large, where Cd = maxρ`d
∏
i≥1 cρi−1 + 1 <∞.

Combining (5.9.3), (5.9.4) and (5.9.5), we obtain the desired conclusion.
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5.10 Proof of Auxiliary Lemmas in Section 5.7

Maintain the notations in Section 5.7.1. The proof of Lemma 5.7.4 is split into several

parts, which we first briefly summarize:

1. Establish the concentration of the quantity of interest around the expectation taken

over the projection direction a. This step requires a truncation argument and

good control of the truncated part , which is the subject of Section 5.10.1 (see

Lemma 5.10.2).

2. Prove the Gaussian approximation using the result of the first step. This second step

is achieved through moment calculations, which are the subject of Section 5.10.2

(see Lemma 5.10.3 and Lemma 5.10.4). Lemma 5.10.3 uses the Weingarten calculus

(see Section 5.9) and Lemma 5.10.4 is a multi-dimensional moment convergence

theorem, which we include for completeness.

3. Finally, Section 5.10.3 contains the proof of the asymptotic decorrelation result of

Lemma 5.7.6.

5.10.1 Preliminary estimate

Remark 5.10.1. In this appendix, we will use the fact that the rows {a(n)
i }ni=1 of the

matrix a(n) ∈ Vn,kn are exchangeable. This follows from the fact that a(n) has the same

distribution as the matrix obtained by taking a Haar-distributed element of On and

removing the last n− kn columns.

Lemma 5.10.2. Fix C,R ∈ (0,∞), and let hR : R → R be a function satisfying

|hR(y)| ≤ CR−1y2 for all y ∈ R. Then the measure ν(n)
j defined in (5.7.4) satisfies

∣∣∣∣E [∫
R2
xhR(y) dν(n)

j (x, y)
]∣∣∣∣ ≤ C1‖u(n)‖2

2
R

, for j = 1, . . . ,m+M, (5.10.1)
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where the constant C1 > 0 depends only on C. We also have the deterministic bounds

∫
{|x|≥R}×R

|x| dν(n)
j (x, y) ≤ 1

R
, for j = 1, . . . ,m+M. (5.10.2)

Proof. For j = 1, . . . ,m, applying first Jensen’s inequality, next the Cauchy-Schwartz

inequality and the fact that (a(n),>)j, the j-th column of a(n), lies in Sn−1, then Re-

mark 5.10.1, the rotational invariance of the Haar measure σn, and the fact that
√
na11

is sub-Gaussian with ‖
√
na11‖ψ2 bounded by a constant independent of n [164, Theo-

rem 3.4.6], we have

(
E
[
n∑
i=1

a
(n)
ij hR

(〈
u(n),

√
na

(n)
i

〉)])2

≤ E

( n∑
i=1

a
(n)
ij hR

(〈
u(n),

√
na

(n)
i

〉))2


≤ E
[
n∑
i=1

hR
(〈
u(n),

√
na

(n)
i

〉)2
]

= nE
[
hR
(〈
u(n),

√
na1

〉)2
]

= nE
[
hR
(
‖u(n)‖2

√
na11

)2
]

≤ C2n‖u(n)‖4
2E

(
√
na11)4

R2


≤ C1n‖u(n)‖4

2
R2 .

Inequality (5.10.1) now follows by the definition of ν(j)
n . The inequality (5.10.2) can be

proved by noticing that

∫
{|x|≥R}×R

|x| dν(n)
j (x, y) ≤ 1

R

∫
R2
|x|2dν(n)

j (x, y) = 1
R

n∑
i=1

(
a

(n)
ij

)2
= 1
R
,

where the last inequality uses the fact that (a(n),>)j ∈ §n−1.

5.10.2 Proofs of Gaussian approximations
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Lemma 5.10.3. For any fixed α, β ∈ N ∪ {0}, we have

E
[∫

xαyβdν
(n)
j

]
=
(∫

xαyβdνj

)(
1 +O

( 1
n

))
,

where the implicit constant depends only on α, β.

Proof. Using first (5.7.4), then Remark 5.10.1, and then Lemma 5.9.6 with m = α + β,

we have

En
[∫

xαyβdν
(n)
j

]
= 1
n
En
[
n∑
i=1

(√
na

(n)
ij

)α
·
〈
u(n),

√
na

(n)
i

〉β]

= En

(√na(n)
1j

)α
·

 kn∑
`=1

u`
√
na

(n)
1`

β


=
kn∑

i1,··· ,iβ=1

β∏
r=1

u
(n)
ir · En

(√na(n)
1j

)α
·
β∏
r=1

√
na

(n)
1ir


=

kn∑
i1,··· ,iβ=1

β∏
r=1

u
(n)
ir · E

(gj)α ·
β∏
r=1

gir

(1 +O
( 1
n

))

= E

(gj)α ·
 kn∑
i=1

u
(n)
i gi

β
(1 +O

( 1
n

))
,

(5.10.3)

where the implicit constant depends only on α, β. By the definition of νj in (5.7.5), we

have

E

(gj)α ·
 kn∑
i=1

u
(n)
i gi

β
 =

∫
xαyβdνj.

Together with (5.10.3), this proves the lemma.

Lemma 5.10.4. A sequence of probability measures {µn} on R2 converges weakly to a

probability measure µ if the following conditions are satisfied:

1. All moments of µ are finite.
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2. All moments of µn are finite and

∫
xαyβdµn(x, y)→ γα,β, ∀α, β ∈ N ∪ {0},

where

γα,β :=
∫
xαyβdµn(x, y), ∀α, β ∈ N ∪ {0}.

3. µ is uniquely determined by {γα,β}α,β∈N∪{0}.

Proof. By property (1) and (2), for each polynomial P , we have

Cp := sup
n≥1

∫
Pdµn <∞. (5.10.4)

Let BR := {x ∈ R2 : ‖x‖2 ≤ R}. Then Markov’s inequality implies that

µn ((BR)c) ≤ Cx2+y2

R2 . (5.10.5)

Therefore, µn is tight. By Prokhorov’s Theorem, it suffices to show that if µnk → ν weakly,

then ν = µ.

Pick any polynomial P . For any R ∈ (0,∞) define ϕR to be a nonnegative continuous

function such that 1BR ≤ ϕR ≤ 1BR+1 and ϕR is monotonically increasing in R. We write

∫
Pdµnk =

∫
ϕRPdµnk +

∫
(1− ϕR)Pdµnk . (5.10.6)

For the first term the right-hand side of (5.10.6), since µnk weakly converges to ν, and

ϕRP is bounded and continuous, it follows that

lim
k→∞

∫
ϕRPdµnk =

∫
ϕRPdν.
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For the second term, by the Cauchy–Schwarz inequality, (5.10.4), and (5.10.5), we have

∣∣∣∣∫ (1− ϕR)Pdµnk
∣∣∣∣2 ≤ µnk ((BR)c)

∫
P 2dµnk ≤

Cx2+y2CP 2

R2 .

Moreover, properties (1) and (2) imply that

lim
k→∞

∫
P dµnk =

∫
P dµ <∞. (5.10.7)

Combining (5.10.6)-(5.10.7), we have

lim
R→∞

∫
ϕRP dν =

∫
P dµ. (5.10.8)

Since P is arbitrary, replacing P by P 2 in the above display and applying the monotone

convergence theorem implies that

∫
P 2dν = lim

R→∞

∫
ϕRP

2dν =
∫
P 2 dµ <∞.

Therefore, P ∈ L2(ν) ⊂ L1(ν). An application of the dominated convergence theorem

shows that the left-hand side of (5.10.8) is equal to
∫
P dν and hence that

∫
P dν =

∫
P dµ.

Again, since P is arbitrary, setting P = xαyβ (α, β ∈ N ∪ {0}), and invoking property (3),

we have µ = ν. This completes the proof.

Proof of Lemma 5.7.4. In this proof, we use C to denote a constant that may depend on

C0, whose value might change from line to line.

A straightforward differentiation of the function f (n)
j defined in (5.7.15) shows that for
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i = 1, . . . , n and l = 1, 2, . . . , kn,

∂ilf
(n)
j

(
a(n)

)
=


1√
n
h
(〈
u(n),

√
na

(n)
i

〉)
+ a

(n)
ij h

′
(〈
u(n),

√
na

(n)
i

〉)
u

(n)
j , l = j,

a
(n)
ij h

′
(〈
u(n),

√
na

(n)
i

〉)
u

(n)
l , l 6= j.

Hence, by (5.7.16) and the definition of u(n) in (5.7.3), it follows that for j = 1, . . . , n that

∥∥∥∇f (n)
j

(
a(n)

)∥∥∥2

2
=

n∑
i=1

kn∑
l=1

(
∂ilf

(n)
j

(
a(n)

))2

≤ 2
n

n∑
i=1

(
h
(〈
u(n),

√
na

(n)
i

〉))2

+ 2
n∑
i=1

(
a

(n)
ij h

′
(〈
u(n),

√
na

(n)
i

〉))2 kn∑
l=1

(
u

(n)
j

)2

≤C
n

n∑
i=1

(
1 + n

〈
u(n),a

(n)
i

〉2
)

+ C
n∑
i=1

(
a

(n)
ij

)2 kn∑
l=1

(
u

(n)
j

)2

≤C
(

1 +
∥∥∥u(n)

∥∥∥2

2

)
=C

(
1 + ‖û‖2

2 + b2
)

This implies that f (n)
j is Lipshitz continuous with Lipshitz constant

√
C (1 + ‖û‖2

2 + b2).

By Lemma 5.6.4, there exists C ′ > 0 such that for any ε > 0

σn
(∣∣∣f (n)

j

(
a(n)

)
− En

[
f

(n)
j

(
a(n)

)]∣∣∣ > ε
)
≤ exp

(
− C ′ε2n

1 + ‖û‖2
2 + b2

)
.

Together with the Borel–Cantelli lemma, this implies that, for σ-a.e. a =
(
a(1),a(2), . . .

)
∈

V,

lim
n→∞

∣∣∣f (n)
j

(
a(n)

)
− En

[
f

(n)
j

(
a(n)

)]∣∣∣ = 0. (5.10.9)

Recall the definition of ν(n)
j in (5.7.4), we may rewrite

f
(n)
j

(
a(n)

)
=
∫
R2
x∂1Λ̄ (y, c) dν(n)

j (x, y). (5.10.10)
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By Lemma 5.10.3, Lemma 5.10.4, and [140, Theorem 1.7], it follows that E
[∫
fdν

(n)
j

]
→∫

fdνj for all f : R2 → R with polynomial growth. By Assumption 5, f(x, y) := x∂1Λ̄(y, c)

can be bounded by a quadratic polynomial. Hence, by (5.10.10)

lim
n→∞

∣∣∣∣En [f (n)
j

(
a(n)

)]
−
∫
R2
x∂1Λ̄(y, c)dνj

∣∣∣∣ = 0. (5.10.11)

Combining (5.10.9), (5.10.11) and recalling the definition of νj in (5.7.5), the proof of the

lemma is complete.

5.10.3 Proof of asymptotic decorrelation

The proof of Lemma 5.7.6 relies on the sub-Gaussianity of a random vector chosen

uniformly from a “large enough” portion of the scaled unit sphere, which is the content of

the next lemma. We recall that the sub-Gaussian norm ‖ · ‖ψ2 was defined in (5.6.6).

Lemma 5.10.5. There exists a universal constant K ∈ (0,∞) such that the following

holds. Fix m,n ∈ N such that m < n/2, and a collection v1, . . . ,vm ∈ Rn of random

vectors that are almost surely orthonormal. Let v be a random vector whose distribution

conditional on {vi}mi=1 is uniform on the subset of Sn−1 orthogonal to the subspace generated

by {vi}mi=1. Then

‖
√
nv‖ψ2 ≤ K.

Proof. Let O ∈ On be a random matrix such such that Ovi = ei for all i = 1, . . . ,m.

By the assumption that v is perpendicular to each vi, it follows that (Ov)i = 0 for all

i = 1, . . . ,m and v̂ := ((Ov)i)ni=m+1 is distributed uniformly on Sn−m. Hence, by the

definition of the sub-Gaussian norm in (5.6.6), which shows it is invariant under orthogonal

transformations,

‖v‖ψ2
= ‖Ov‖ψ2

= sup
x∈Sn−1

‖〈Ov,x〉‖ψ2
= sup

x∈Sn−1
xi=0, 1≤i≤m

‖〈Ov,x〉‖ψ2
= ‖v̂‖ψ2

.(5.10.12)
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Since v̂ is uniformly distributed on Sn−m, by [164, Theorem 3.4.6] there exists a universal

constant K ∈ (0,∞) such that

‖
√

(n−m)v̂‖ψ2 ≤
K√

2
. (5.10.13)

Combining (5.10.12), (5.10.13), and using the hypothesis that m < n/2, the proof is

complete.

Proof of Lemma 5.7.6. Let

Sn(a(n)) :=
kn∑

`=m+M+1

(
f

(n)
`

(
a(n)

))2
.

Fix λ > 0, and let Z := (Zm+M+1, . . . , Zkn)> be a random vector of i.i.d. standard

Gaussian random variables independent of a(n). Since E [exp (xZ`)] = exp(x2/2) for any

x ∈ R and ` = m+M + 1, . . . , kn, we have, recalling the definition of f`(a(n)) in (5.7.15),

E
[
exp

(
λ2

2 Sn(a(n))
)]

=E

 kn∏
`=m+M+1

E
[
exp

(1
2
(
λf

(n)
` (a(n))

)2
) ∣∣∣∣∣a(n)

]
=E

 kn∏
`=m+M+1

E
[
exp

(
λf

(n)
` (a(n))Z`

) ∣∣∣∣∣a(n)
]

=E

E
exp

λ kn∑
`=m+M+1

f
(n)
` (a(n))Z`

 ∣∣∣∣∣a(n)


=E

exp
λ kn∑

`=m+M+1
f

(n)
` (a(n))Z`

 .

(5.10.14)

Next, note that since {Z`}kn`=m+M+1 are symmetric and independent of a(n), we have

E

λ kn∑
`=m+M+1

Z`f`(a(n))
 = λ

kn∑
`=m+M+1

E [Z`]E
[
f`(a(n))

]
= 0. (5.10.15)
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Now, for i = 1, . . . , n, set

Yi ≡ Y
(n)
i (a(n)) := 1

n
h

m+M∑
j=1

√
nuja

(n)
ij

 , Y ≡ Y (n)(a(n)) := (Y1, . . . , Yn)>,

(5.10.16)

Â ≡ Â(n) := (
√
na

(n)
i` )1≤i≤n,m+M+1≤`≤kn .

Since Z is a vector of standard Gaussians (and in particular has a rotationally symmet-

ric distribution), there exists a Rkn−m−M × Rkn−m−M -valued, Haar-distributed random

orthogonal matrix O such that O>Z = ‖Z‖2e1, where e1 ∈ Rkn−m−M . By the identity

OO> = I, it follows that

kn∑
`=m+M+1

Z`f
(n)
` (a(n)) = Y >ÂZ

d= ‖Z‖2Y
>ÂOe1, (5.10.17)

Note that ÂOe1 has norm 1 and lies in the subset of Sn−1 orthogonal to the first m+M

columns of a(n) (that is, (a(n)
i` )1≤i≤n,1≤`≤m+M). Moreover, conditional on the first m+M

columns of a(n), it is uniformly distributed on this subset (since O is Haar-distributed).

By Lemma 5.10.5, with m in that lemma statement equal to the quantity m+M in this

proof, there exists a constant K ∈ (0,∞) such that for all sufficiently large n (depending

only on the choice of m and (û, b, c)), we have
∥∥∥ÂOe1

∥∥∥
ψ2
≤ K, where ‖ · ‖ψ2 denotes the

sub-Gaussian norm defined in Definition 5.6.1. Then it is immediate from (5.6.6) that the

sub-Gaussian norm of Y >ÂOe1 satisfies the estimate

‖Y >ÂOe1‖ψ2 ≤ K‖Y ‖2. (5.10.18)

Combining (5.10.15), (5.10.17), (5.10.18), (5.6.1), and the exponential moment estimate

[164, Proposition 2.5.2(v)], we have

E

exp
λ kn∑

`=m+M+1
Z`f`(a(n))

 ≤ exp
(
K2λ2‖Y ‖2

2‖Z‖2
2

)
. (5.10.19)
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By (5.10.16) and the assumption (5.7.16) on h, there exists a constant C ∈ (0,∞) such

that

‖Y ‖2
2 ≤

C

n2

n∑
i=1

(
1 +

〈
u(n),

√
na

(n)
i

〉2
)
≤ C

n
(1 + ‖u(n)‖2

2). (5.10.20)

Set λ :=
√

n
8CK2(1+‖u(n)‖2

2) . Combining (5.10.14), (5.10.19) and (5.10.20), with Markov’s

inequality, and recalling the moment generating function for a Gaussian, we have

P (Sn > ε) ≤ e−
λ2
2 εE

[
e
λ2
2 Sn

]
≤ e−

λ2
2 ε

kn∏
`=m+M+1

E
[
e
Z2
`

8

]
= e

− εn

16CK2(1+‖u(n)‖22)
(4

3

)kn/2
.

Since kn = o(n) by assumption, by the Borel–Cantelli lemma, we have Sn → 0 σ-a.s.
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