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CHAPTER 1

INTRODUCTION

In the era of big data, the complexity of models in fields like statistical physics,
bioinformatics, finance, and social network analysis has underscored the importance of
understanding intricate structures within high-dimensional spaces. High-dimensional
probability, which delves into the behavior of objects such as random vectors and random
matrices in such contexts, has proven to be instrumental in uncovering key insights and
sometimes surprising phenomena. By shedding light on the underlying patterns and
behaviors, this branch of probability theory plays a pivotal role in navigating and making

sense of the complexities inherent in high-dimensional data.

One of the fundamental challenges in understanding data residing in high-dimensional
spaces is the ‘curse of dimensionality’. This phenomenon refers to the exponential growth
of the volume of the underlying space, which necessitates a corresponding increase in
data, computational resources, and time to achieve reliable results. To address this
challenge, researchers often turn to the study of asymptotic behavior, where the focus
is on understanding the problem as the dimension tends toward infinity. This approach
aims to uncover underlying patterns and structures that are otherwise obscured in finite-

dimensional settings.

In this thesis, we delve into three distinct problems within the realm of high-dimensional



probability, each associated with different ensembles of random matrices. Our exploration
is conducted through the lens of asymptotic analysis, providing insights into the different
aspects of these matrices and related objects as the dimensionality grows. Specifically, we

focus on the following three ensembles:

1. heavy-tailed random matrices, characterized by their probability distributions with

slowly decaying tails, may have infinite variance and/or infinite expectation;
2. light-tailed random matrices, known for their exponentially decaying tails;

3. and random matrices uniformly sampled from the Stiefel manifold, which is the set

of matrices with orthonormal columns equipped with a natural manifold structure.

These ensembles, each with its unique properties and the questions that motivate their

study, will be discussed in detail in the following sections.

1.1 Heavy-tailed random matrices, Grothendieck /,-
problem, and the » — p operator norm

In recent years, heavy-tailed random variables have garnered significant attention due
to their ability to model real-world phenomena, such as financial markets and power-law
distributions in complex networks. In Chapter 2, we investigate problems associated with
symmetric random matrices whose entries are independent heavy-tailed random variables.
Specifically, we consider a symmetric random matrix A = (a;j)1<; j<, With entries in the
domain of attraction of an a-stable law, where v € (0,2). This means that there exists a

slowly varying function L (defined in Definition 2.2.1) such that
P (Ja;j| > z) = L(x)z™.

It is important to note that, as evident from the definition, the random variables a;;

do not possess a finite variance. Furthermore, when o < 1, a;; does not even have a



finite expectation. These properties distinguish heavy-tailed random variables from their

light-tailed counterparts and require specialized techniques for their analysis.

The spectral statistics of heavy-tailed random matrices have been extensively studied
over the past several decades. In [156], the distribution of the largest eigenvalues was
investigated and shown to converge to a Poisson point process. Furthermore, it was proved
in [14] that the limiting spectrum of symmetric heavy-tailed random matrices is supported
on the entire real line. These findings stand in stark contrast to the behavior observed in
light-tailed random matrices, where it is well known that the largest eigenvalue follows the
Tracy-Widom distribution, while the limiting spectrum is supported on [—2,2] and follows
semi-circle law (for a comprehensive overview of the spectral statistics of light-tailed

random matrices, see the survey paper [35]).

In Chapter 2, we delve into the study of two optimization problems involving heavy-
tailed random matrices. Specifically, we consider an n x n matrix A and examine the

following;:

1. The /,-Grothendieck problem, which is concerned with the quantity

M,(A):= max x' Az, forr>1;

zeR™:||z|,<1

2. The r — p operator norm, defined as

[Allr—p == sup  [|Az]],.
zeR™:||z||-<1
Note that when r = p = 2, this corresponds to the spectral norm and is related to the
largest eigenvalue problem mentioned above. Additionally The motivation for studying

these problems is as follows:

First, both M,(A) and ||A]|,—, are connected to a wide array of key quantities in

various fields. For instance, when r = 2 and r = oo, the £,-Grothendieck problem is linked



to spectral partitioning and correlation clustering, respectively, and the computation of
| Al|2—4 is known to be related to intriguing problems in theoretical computer science, such
as the small-set expansion problem and the approximability of the injective tensor norm.
For a more comprehensive list of quantities related to these two optimization problems,

we refer the reader to Section 2.1.1.

Secondly, both quantities are known to be challenging to compute in general. Indeed,
accurately computing M, (A) and ||Al|,—, is NP-hard except for some special choices of r
and p, such as r = 2 for M, (A). We discuss this in more depth in Section 2.1.1. Given this
computational complexity, it is natural to investigate these problems for typical matrices,
i.e., matrices with independent and identically distributed entries drawn from certain

distributions.

In this work, we characterize the asymptotic distribution of M, (A) and || A]|,-, in terms
of the parameters r, p and the heavy-tail index a. Our results elucidate the relationship
between these quantities and the tail behavior of the matrix entries, providing insights
with potential applications in various fields. In the non-spectral and heavy-tailed settings,

new techniques have to be developed to analyze the desired asymptotics.

1.2 Wigner matrices and quantum unique ergodicity

Since its inception, a foundational principle of random matrix theory has been the
notion that the asymptotic spectral properties of random matrices do not depend on the
details of the distributions of their entries. This concept is known as universality. In
Chapter 3, we explore the universality of the eigenvector, focusing on the Wigner matrix
H = (hij)1<ij<n, & symmetric random matrix with real entries having zero mean and
variance (1+0;;)/N. We impose moment conditions on h;;, requiring that for every p € N,

there exists i, < oo such that E H\/N hij

p} < ptp. Under this settings, we study the



asymptotic fluctuations of the following quantity:

Z(qavu>2

a€l

where Z € [N] and {q, }ae[n] is an orthonormal basis of RY.

Our investigation is related to the Quantum Unique Ergodicity (QUE) conjecture
[147], which roughly states that the L?*-normalized eigenfunctions of Laplacian, which
corresponds to the solution to the time-independent Schrédinger equation in absence of
potential energy, on compact negatively curved manifold becomes equidistributed in the

large eigenvalue limit (or in physics jargon, the semiclassical limit).

The first step towards QUE conjecture is established by [150, , H8] in the 1980s
through the quantum ergodicity theorem, which states that most eigenfunctions of
a quantum system with classically ergodic dynamics become equidistributed in the
semiclassical limit. It is important to note, however, that the quantum ergodicity theorem
does not preclude the existence of a subsequence of eigenfunctions that fail to converge to
uniform distribution as eigenvalues tends to infinity. While Quantum Ergodicity has been
widely proven, QUE remains a challenging conjecture, proven only in specific cases such
as arithmetic hyperbolic surfaces [131]. The exploration of QUE continues to be a vibrant

area of research in understanding quantum chaos.

In the context of Wigner random matrix, an analogue of QUE is the delocalization
phenomenon of eigenvectors. A quantitative formulation of delocalization is articulated as
follows: Consider a deterministic index set Z C [IN] and an orthonormal basis {ga }acn]

of RY. For any unit eigenvector u of H, we have the high-probability bound

, || Ney/|Z|
5 Sl Qe Al
aez<qa7u> N ‘ N
This result is proved using a dynamical method [39, 24, 52]. Beyond the high probability

bound, one can also ask the fluctuations of 3, c7(qa, u)? around the leading order term.



Label the eigenvalues of H in increasing order, \; < ... < Ay, it is established in [52] that

Ak . |T
J2II|(N—II|) (Z (e )" - N) — N(0,1), (1.2.1)

acl

IZI(N—|7]
N2

whenever ) > § for some small § > 0, and u is an eigenvector of H corresponds to

Ai with min(i, N —¢) > ¢ for some small ¢ > 0.

In this part of the thesis, our objective is to complement the fluctuation result of
S oez(qa, w)? in [52] by establishing (1.2.1) for eigenvector u corresponding to A\; with
min(i, N — i) < N7 for a small constant 7 > 0. By establishing this result, and in
conjunction with prior findings [52, 24|, we provide a complete characterization of the

fluctuations of 3" ,c7(qa, u)? for Wigner matrices across the entire spectrum.

1.3 Non-Hermitian random matrices and eigenvalue
counting

The Ginibre ensemble, introduced by Jean Ginibre in 1965 [99], is a fundamental class
of non-Hermitian random matrices in random matrix theory. This ensemble encompasses
three types of matrices: real, complex, and quaternionic. After appropriate scaling,
the limiting spectrum of these ensembles converges in distribution to the circular law,

characterized by a uniform distribution over the unit disk.

Other quantities of interest are the eigenvalue counts, which refers to the number of
eigenvalues in any region of the plane. The fluctuation of eigenvalue counting is well
understood for the complex Ginibre ensemble, as a consequence of more general CLT for
determinantal point process (see [155, Section 2]). However, the real Ginibre ensemble
presents additional challenges: first, there is a non-zero probability that some eigenvalues
are real; second, the underlying point correlation function associated with the eigenvalues

is Pfaffian, rather than determinantal. Both factors contribute to the complexity of the



analysis.

In Chapter 4, we establish a Central Limit Theorem (CLT) for eigenvalue counts in the
real Ginibre Ensemble (GInOE). We consider the random matrix G = (g;5),; j,,, Where
the entries g;;, 1 <14, j < n, are mutually independent standard normal random variables.
We characterize the fluctuation of the number of eigenvalues within any reasonable region

in the upper half disk. More specifically, given region A in the upper half disk, and let

N4 be the number of eigenvalues in A. Then we show that

lim
N—o0 nl/4 T 93/2

Na By (o, 404)),

where £(0A) is the length of boundary of A. Given that the eigenvalues of GinOE appear
in conjugate pairs, this result extends to characterizing the fluctuations in the lower half

disk as well.

1.4 Stiefel manifold, random projection, and large
deviation principle

The Stiefel manifold, denoted as V,, , is the set of all k-dimensional orthonormal
frames in R™. In other words, it consists of all n X k matrices V' with real entries such that
VTV = I, where I, is the k x k identity matrix. In Chapter 5, we consider the random
matrix ensemble A, distributed according to the Haar measure (unique orthogonally
invariant measure) on V,, ;. Given a random vector X (") in R™, we are interested in the

large deviation behavior or A}, X for suitably sequences {kn }nen.

The problem we explore here is motivated by the analysis of high-dimensional data

through their lower-dimensional projections, for instance, using algorithms such as Projec-

) ]7

aims to identify directions along which the projections are significantly distinct from a

tion Pursuit. This technique, initially introduced by [9] and further examined in |



normal distribution. However, the quest for such projection directions faces a challenge due
to Klartag’s celebrated CLT for convex sets [1 17, 118]. This theorem, a cornerstone in the
realm of universality results in convex geometry, asserts that in high-dimensional settings,
projections of vectors uniformly distributed on a convex body along most directions closely
resemble a normal distribution, rendering non-normal projection directions exceedingly

rare.

One potential way to address the challenges presented by Klartag’s CLT is to shift
the focus beyond the scale of fluctuations and investigate the Large Deviation Principle
(LDP) of the projection. The LDP, which focuses on the asymptotic behavior of the tails
of sequences of probability distributions, is recognized for its ability to reveal the unique
characteristics of the underlying probability distribution. This is achieved through the
LDP rate function, which provides a detailed description of the exponential decay rates of
the tail probabilities. By examining the LDP rate function, we can potentially uncover
insights that extend beyond the universal behaviors captured by the CLT, thereby gaining
a more nuanced understanding of the projection’s behavior in high-dimensional settings.
Motivated by this, the authors of [96] asked the following question: given a sequence of
projection directions {#(™},cy, which are uniformly chosen from unit spheres of increasing
dimension n, and consider the projection of random vectors {XIS”)}%N onto ", where
XIS") are independent of §" and are uniformly distributed on the so-called n-dimensional

lp-balls B}, that is,

B, = {wER”: Z|xi|p§n},

i=1

can one identify the LDP rate function of the sequence {n=*/2(6", X{™)} in a p-dependent
way? They provided an affirmative answer to this question and further demonstrated that
this rate function exhibits insensitivity to almost all sequences of projection directions
6™ . Subsequent research by [116] expanded the scope of the one-dimensional projection

discussed in [90] to encompass projections of any finite dimension. A key component of



the proof involves analysis of the random matrix from the Stiefel manifold, which are

pre-fixed independent of the n-dimensional random vectors X (.

In this thesis, we extend the projection LDP from a finite dimensional projection to
projection onto sequence of subspaces with an increasing dimension k,,, provided that k,, is
asymptotically negligible compared to n. In the course of establishing this generalization,
we addressed both technical and conceptual hurdles. The main technical challenge involved
proving that the empirical measures of scalar products, between rows of a random matrix
drawn from the Stiefel manifold and a deterministic vector of dimension k,, converge in
a suitable Wasserstein sense to a normal distribution, uniformly over e*» deterministic
vectors. And the conceptual challenge stems from the absence of a canonical space to

accommodate projected vectors with increasing dimensions.



CHAPTER 2

The /,-Levy-Grothendieck problem

and r — p norms of Levy matrices

2.1 Introduction

2.1.1 Motivation and Context

Given an n x n matrix A, consider the following two optimization problems.

1. For 1 <r < o0, the £,-Grothendieck problem concerns the quantity

Mr<A) = a:TAzc,

max
zeR™:||z|| <1
where |||, = (57, |z:]")"" denotes the usual £,-norm of the vector .

2. For 1 <r,;p < oo, the r — p operator norm of A is defined as

[Allrp == sup [[Ax[],.

zeR™:||z|| <1

OPT1

OPT2

For different choices of r and p, M, (A) and || A||,_,, correspond to key quantities of interest

arising in different fields. Specifically, M(A) represents the largest eigenvalue of the

10



symmetric matrix (A + AT)/2, where AT denotes the transpose of A. In the context
of clustering, the ¢,-Grothendieck problem for » = 2 and r = oo is related to spectral
partitioning [09, 86] and correlation clustering [15], respectively. Moreover, for general
r € (2,00), the £,-Grothendieck problem can be viewed as a smooth interpolation between
these two clustering measures. When A is diagonal free, and has off-diagonal entries that
are independent and identically distributed (i.i.d.) standard Gaussian random variables,
M, (A) is equivalent to the ground state energy of Sherrinton-Kirkpatrick spin glass model
with spins coming from the /,-sphere and couplings given by the entries of A (see the

discussion in [17] after (1.2) and also the discussion in Section 2.2 before Corollary 2.2.9).

Turning to the r — p operator norm, ||Al[s—2 is equivalent to the largest singular
value of A. In the scenario where r < p and A represents the normalized adjacency
matrix of a graph (or, more broadly, of a Markov operator), upper bounds on ||Al|,-,
are recognized as hypercontractive inequalities, which are instrumental in demonstrating
rapid mixing properties of associated random walks (see [98, Section 2.2]). Additionally,
the computation of ||A||a—4 is closely related to the small-set expansion and injective
tensor norm, both of which are important in theoretical computer science [18, 12]. Other
application domains where the || A||,—, norm arises include the development of oblivious
routing schemes in transportation networks for the ¢, norm [28, 74, , |, and data
dimensionality sketching of » — p norms, with applications to data stream model and
robust regression [123]. The special case || A||,—, also appears in the estimation of matrix

condition numbers [105].

It is worth pointing out that the two optimization problems are connected; the quantity
M, (A) of OPT 1 is closely related to || Al|,—, in OPT 2 in the special case p = r* == r/(r—1).
Indeed, given any € R" with |||/, < 1, using the well-known duality representation

| Az

re = SUD, .y <1 Y A (see for example [85, Proposition 6.13]) it follows that

[ D2Y|—— sup y' Ax. (2.1.1)

o,yeR™: (||| <1,|lyl-<1

11



Thus, comparing OPT 1 with (2.1.1), it follows that || A« > M,(A). In certain specific
instances, such as when r > 2, A has nonnegative entries, and A" A is irreducible, M,(A)
is equal to || Al (see [07, Proposition 2.14]). However, in general, these two quantities

need not coincide.

The computational complexity of both optimization problems, M, (A) and ||Al,-,,
have attracted immense attention in the theoretical computer science community. For
r € (2,00), there exists a polynomial time algorithm to approximate M, (A) within a
factor of €2, where &, :=E [|2]"]"/" denotes the ,-norm of the standard Gaussian random
variable [I 14]. However, no polynomial-time algorithm can approximate M, (A) within
a factor strictly less than &2 unless P=NP [114]. For the r — p operator norm, when
A is a nonnegative matrix and r > p, efficient algorithms, such as the nonlinear power
method by Boyd [11], can compute ||Al|,—, in polynomial time. However, for general
A, when r > 2 > p > 1, it is known that ||A||,_, is NP-hard to approximate within
any factor smaller than 1/(&,&/-—1)) [29]. And when either » > p and 2 ¢ [p,r], or
r < p, approximating ||Al|,—, within any constant factor is NP-hard [29]. Given the
computational challenges associated with M, (A) and ||A||,_, for generic matrices A, a
natural question arises: is the approximation of these quantities also hard for typical

matrices, such as random matrices with i.i.d. entries, modulo symmetry consideration?

2.1.2 Discussion of Related Prior Work

While the majority of classical work has focused on spectral norms, early work on
operator norms includes that of Bennett [27], which obtains an upper bound for the
expected 2 — p norm for matrices with independent, mean-zero entries lying in [—1, 1]
when p > 2, and [26], which extrapolated the latter results to obtain bounds on r — p
norms in the full range 1 < 7, p < co. Recent years have witnessed a resurgence in interest
in operator norms of random matrices. On the one hand, one line of inquiry focuses on

non-asymptotic bounds. Latala and Strzelecka [124, | established matching two-sided
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nonasymptotic bounds for the expected r — p norm, with r,p € [1, 00|, for matrices with
i.i.d. entries drawn from a large class of light-tailed distribution. On the other hand, for
matrices with independent (but not necessarily identical) mean-zero Gaussian entries,
two-sided bounds were derived in [1] that match up to a logarithmic factor depending
on the dimension of matrix. It is conjectured in the same paper that this logarithmic
factor could be removed to yield a dimension-free estimation of » — p operator norm of

inhomogeneous Gaussian random matrices.

On the other hand, another line of recent work focuses on high-dimensional asymptotic
limits of ||Al|,—, and M,(A). For r > p and symmetric, nonnegative random matrices
A with i.i.d. light-tailed upper triangular entries, both the almost sure limit and the
fluctuations of suitably normalized ||A||,_,, were analyzed in [07]. As mentioned earlier,
for this class of matrices, namely matrices with nonnegative entries, efficient algorithms,
such as the (nonlinear) power method by Boyd [11], are available to compute ||A],—,
when 7 > p. When A is an n x n matrix composed of n? i.i.d. standard Gaussian random
variables, Chen and Sen [17] use Chevet’s inequality to examine the almost sure limit
of an appropriately scaled version of M,.(A). They discovered that the scaling behavior
of M,(A) undergoes a phase transition at r = 2: for r € (1,2), it scales as n("=1/" and

3/2-2/7  Moreover, they also characterized the limit of M, (A)

for r € [2, 00], it scales as n
for all » > 1, showing in the sub-regime r > 2 that it can be characterized in terms of
a variant of the Parisi formula for the free energy of the Sherrington-Kirkpatrick spin

glass model. It is worth mentioning that at the critical value r = 2, M5(A) is equal to the

A+AT
2

largest eigenvalue of , and the fluctuations of My(A) is well known to be governed by
the celebrated Tracy-Widom distribution [161]. It remains an interesting open problem to

study the asymptotic fluctuations of M, (A) in the Gaussian setting when r # 2.

In contrast to their light-tailed counterparts, random matrices with heavy tails exhibit
very different properties. For instance, the limiting empirical spectral distribution and

distribution of the largest eigenvalue (as the dimension of matrix tends to infinity)
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of symmetric light-tailed random matrices, such as those in the Gaussian Orthogonal
Ensemble, are known to follow the Wigner semicircle distribution and Tracy-Widom
distributions, respectively (see the survey paper [85] for more details). However, in the
heavy-tailed regime, the limiting empirical spectral distribution of symmetric random
matrix A = (aij)ivje[n] is supported on the whole real line when a;; is heavy-tailed with
index o € (0,2) (see Definition 2.2.3) [14] and the largest eigenvalue of A follows the

Fréchet distribution when a;; is heavy-tailed with index a € (0,4) [1506, 12].

2.1.3 Summary of Results

Both the non-asymptotic and asymptotic results for general operator norms mentioned
in Section 2.1.2 have been concerned with random matrices with light-tailed entries. Our
work takes a first step towards understanding the asymptotics of non-spectral norms in the
heavy-tailed setting. We consider both the asymptotic almost sure limit and fluctuations
of M,.(A,) and ||A,||,—p, as n — oo, in the case when each A, is a symmetric n x n
random matrix with independent upper-triangular entries with a common heavy-tailed
distribution. Specifically, let A,, = (a;;); jen) be a symmetric n x n matrix consisting of
i.i.d. heavy-tailed entries with a tail index a € (0,2); see Definition 2.2.3. Our main

results can be broadly categorized into two distinct regimes:

1. Suppose 1 < r <2 for M,(A,) and 1 <r <p for ||A,||,—~p, and a € (0,2). Then we
show that the quantities M, (A,) and ||A,||,—, are both solely determined by the
entries with the largest absolute value among all entries of A, (there are two largest
entries due to symmetry), and suitably scaled versions of both quantities converge,

as n — 00, to a Frechét distribution (see Theorem 2.2.5 and Theorem 2.2.10).

2. Suppose 2 < 1 < oo for M, (A,) and 1 < p < r < oo for ||A,l|r—p, and « lies in (0, av)
for a certain explicit constant o, = au.(r) or a, = au(r,p) lying in (1,2). Then the
high-dimensional asymptotics of M, (A)n) and ||A,||,—, are dictated by the largest

entries of A, amongst all those whose absolute values exceed a certain (n-dependent)
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threshold, and both quantities converge to corresponding stable distributions after

suitable scaling (see Theorem 2.2.6 and Theorem 2.2.11).

Furthermore, we also establish the following results to show that in a sense the choice of

a, is optimal:

3. Consider the case where either 2 < r < oo for M,(A,) or 1 < r < p < oo for
| Ay ||r—p, with the corresponding constant .. € (1,2) as in Case 2. Then we show
that there exist (explicit) constants @, ; and @ 2, depending on r or both r and p
(as relevant), that both lie in the interval (as,2) and are such that the following

properties are satisfied:

o If the entries of A have zero mean and o € (o, @y 1), then the asymptotic
fluctuations of suitably scaled versions of M,(A) and ||Al|,-, converge to
corresponding stable distributions. The scaling is the same as in Case 2 (see

Theorem 2.2.7 and Theorem 2.2.12).

o If the entries of A have positive mean for M, (A), or nonzero mean for ||Al|,,,
and « € (o, i 2), then the asymptotic fluctuations of suitably scaled and cen-
tered versions of M, (A) and ||A||,—, again converge to the stable distributions.
The limiting stable distributions are the same as in Case 2; however, the scaling
is different and an additional centering of M, (A) and || A||,—, isalso necessary
(see Theorem 2.2.8 and Theorem 2.2.13). The additional centering becomes
necessary because in the regime a > «,, the fluctuations contributed by the
largest entries are asymptotically negligible compared to the effect of shift in

centering of individual entries.

Also, as an immediate consequence of our results we characterize the ground state of the

Levy spin glass model with from statistical physics when a € (0, 1) (see Corollary 2.2.9).

Our results on the /,.-Levy-Grothendieck problem in the heavy-tailed setting are

summarized in Figure 2.1(a) and (b) for the case of centered and non-centered entries,
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respectively. An interesting open problem is to identify the asymptotic fluctuations in
the orange regime in these two figures. This corresponds to the less heavy-tailed regime
(depending on ), where we expect the fluctuations to be determined by the small entries
instead of the largest ones. The influence of the small entries on fluctuation already starts
to manifest itself in the third set of results described above, which can be seen from the
difference in scaling factors. The challenge we met in the orange regime is also consistent
with the fact (mentioned in Section 2.1.2) that even for centered Gaussian i.i.d. entries,
the asymptotic fluctuations of M, (A,) are not well understood; only the almost sure
limit has been characterized. It is also worth mentioning that, the change in scalings
for different o regimes and the difference for centered and non-centered entries are not
observed in the spectral case r = 2, where, as mentioned at the end of Section 2.1.2,

properly scaled My(A,) converges to Fréchet distribution as n — oc.

a a
4 2
2
Theorem 2.5 > Theorem 2.4 1—-»
Theorem 2.6 Theorem 2.6
0 1 2 w I 0 1 2 ~r
(a) Entries with zero mean (b) Entries with nonzero mean

Figure 2.1: Centered and noncentered cases

2.1.4 Common Notation

Let [n] denote the set {1,...,n}. For a sequence of random variables {Y;,},en and a
random variable Y, we denote the convergence in distribution of Y,, to Y by Y, Ly,
Given a probability space (€2, F,P), the events E,, € F,n € N are said to occur with high
probability (whp) if P(E,) — 1 as n — oo. For a sequence of random variables (X,,)nen

and positive deterministic constants (k;)nen:
1. We say X,, = O(k,) whp if there exists a constant C' > 0 such that the events
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{|Xn| < Ckp}nen occur whp. We say X, = Os(k,) whp if for any § > 0 the events
{|Xn| < nakn}neN occur Whp

2. We say X,, = o(k,) whp if k' X,, converges to 0 in probability.

3. We say X,, = Os(k,) whp if for any J > 0 the events {n~°k, < |X,| < nk, }nen

occur whp.

For a sequence of deterministic quantities {D,, },,en and positive deterministic constants
(kn)neNi
1. We say D,, = O(k,) if there exists a constant C' > 0 such that lim sup,, .. k,*|D,| <
C. We say D,, = O;(k,) if for any 6 > 0, lim,,_,oo n°k;1D,, = 0.
2. We say D,, = o(k,) if lim, ... k; 1D, = 0.

3. Wesay D,, = O;(k,) if forany 6 > 0, lim,,_,oo n %k 1 D,, = 0 and lim,,_,, n°k; | D, | =

Q.

Given an n x n matrix A, we denote its transpose by AT and the matrix obtained by
taking the absolute value of each entry in A by |A|. Given a vector v = (vy,...,v,) € R”
with positive entries and for p € R, we define v? = (v],... v2). Given nonnegative
functions f, g defined on [0,00), we say f < g (respectively, f > g) if f(z)/g(z) — 0
(respectively, g(z)/f(z) — 0) as @ — co. The p-norm of a vector & = (z;);, € R" is

defined as

N
I, = (Z |xz-\p) .
=1

For p € (1,00), we denote its Holder conjugate by p* = p/(p — 1). Additionally, we
write 1" = oo and oco* = 1. We use sgn : R — R to denote the sign function, where

sgn(t) = —1,1 and 0 for t < 0,t > 0 and ¢t = 0, respectively. For ¢ > 1, t € R and
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x = (r1,...,2,) € R", we define ¥, : R* — R™ as follows: for i € [n],

(Uy(x)), =g (z;), where t,(t) = [t|" " sgn(t). (2.1.2)

We adopt the convention 0° = 0.

2.2 Main results

In Section 2.2.1, we state our basic assumption on A, after introducing some basic
definitions related to heavy-tailed distributions. In Section 2.2.2 and Section 2.2.3, we
present our main results concerning OPT 1 and OPT 2 respectively. A rough outline of
the proofs of the main results is given in Section 2.2.4, and Section 2.2.5 summarizes the

rest of the paper.

2.2.1 Assumption on the random matrix

To state our main assumption, we first introduce some definitions.

Definition 2.2.1 (Slowly Varying Function). A function L : (0,00) — (0,00) is said to

be a slowly varying function if it satisfies

L(t
im 20—y veso
The next lemma (see [139, Lemma 2.7]) states that slowly varying functions grow (or

decay) asymptotically slower than any polynomial.

Lemma 2.2.2. [f the function L : (0,00) — (0,00) is slowly varying, then

e < L(z) < 2°, V§>0. (2.2.1)

Definition 2.2.3 (Heavy-tailed random variable). A random variable X is said to be
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heavy-tailed with index oo > 0 if it satisfies

F(x) = Fy(z) =P (|X|>2) =2"L(z), x>0, (2.2.2)

where L is a slowly varying function.

Definition 2.2.4 (Stable random variable). For a € (0,2), a nondegenerate random
variable X is said to be a-stable if X = aZ + b, where a #0, b € R, and Z is a random

variable whose characteristic function takes the following form, for some 8 € [—1,1]:

E [exp(itZ)] = exp (= [t [1 - iptan 2 (sgnt)] ), a#1,

exp (—|t| {1 + 132 (sgnt)log |t|D , a=1

We consider the following class of random matrices.

Assumption 1. A = (a;;); jef) is a symmetric random matrix, whose upper-triangular

entries (a;;)1<i<j<n are i.i.d. copies of heavy-tailed random variables with index a.

Fix a € (0,2). Given the complementary cumulative distribution function F,, of |X| in

(2.2.2), define

— 2
by =bpo =infqx>0:Fy(r) < —7, neN. (2.2.3)
’ n(n+ 1)

It can be shown that (see [70, (3.8.6)])

_ n(n+1)

Fo(bpa) - 5 — 1, as n — o0,

which implies that there exists another slowly varying function L, such that

bp.o = Lo(n)n**, (2.2.4)
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For notational simplicity, we often drop the « subscript whenever it is clear from the

context.

2.2.2 The Levy-Grothendieck ¢, problem and the ground state

of Levy spin glasses

Our first set of main results concerns the ¢,-Grothendieck problem (OPT 1) for the class
of random matrices satisfying Assumption 1. The proof of Theorem 2.2.5, Theorem 2.2.6,
Theorem 2.2.8 and Corollary 2.2.9 are deferred to Section 2.6.1, Section 2.6.2, Section 2.6.3

and Section 2.6.4, respectively.

Theorem 2.2.5. Fiz 1 <r < 2. Suppose A, = (ai;) satisfies Assumption 1 with

i,j€[n]

a € (0,2). Then with b, as defined in (2.2.3), we have

. 1021 —a
lim P (bn 2r"M,.(A,) < x) = exp (—:z: ) :

The proof of Theorem 2.2.5 is given in Section 2.6.1. As we show there, in the case
1 <r <2 M(A,) is completely determined by the largest (in absolute value) entry of
A,,. Thus the limiting distribution of the properly normalized M, (A,,) resembles that of

the limiting distribution of the largest entry, which is a Fréchet distribution with index «.

Theorem 2.2.6. Fiz 2 < r < oo and let o, = a,(r) = 5. Suppose A, = (aij)ijeln)

satisfies Assumption 1 with index «, such that

0 < a < ar). (2.2.5)

Then with by, as defined in (2.2.3), we have

r—2

b;IMT<An) i> (Ya(’“—Q)> ' )

™
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where Yaw—2) 1S an M—smble random variable.

The upper bound a(r) = -5 is tight for the result to hold in such generality. Beyond
Q. things become more subtle, with scaling and asymptotics depending on whether or

not the entries are centered, as demonstrated in the following two results.

Theorem 2.2.7. Fiz 2 <r <00, a, = a,(r) = 5 and a,1 = &, 1(r) = min{2, 55 }.

Suppose A, = (aij)ijepm) satisfies Assumption 1 with index o, such that

(aij)ijem) are centered and . (r) < o < au(r). (2.2.6)

Then with by, as defined in (2.2.3), we have

T

b;IMT<An) i (Ya(’“—Q)> ' )

where Yaw—2) 1S an @—stable random variable.

T

The proof of Theorem 2.2.6 and Theorem 2.2.7 are deferred to Section 2.6.2. Both
theorems share the same conclusions, but their conditions differ, which can be understood
as follows. When « is small, that is, when (2.2.5) holds, the entries have “extreme” heavy
tails, making the impact of the mean (or median for a € (0, 1]) of the distribution, whether
zero or not, asymptotically negligible when compared to the the largest, sparse entries.
On the other hand, when o > «, with «, in Theorem 2.2.6, the assumption of zero
mean is necessary to mitigate the influence of smaller entries, thereby exposing the sparse
structure of largest entries. When o > &, ; with &, ; in Theorem 2.2.7, we expect the
fluctuations of M,.(A,) to be dominated by the small, dense matrix terms. Consequently,
the approach of leveraging the sparsity of large terms in heavy-tailed entries, as employed

in this work, becomes ineffective.

Theorem 2.2.8. Fir 2 <r <00, it >0, a, = a,(r) = 5 and Q. = q,o(r) = ’”;—2
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Suppose A, = (aij)ijepm) sotisfies Assumption 1 with index o, such that

(aij)ijem) are centered and . (r) < a < ayo(r). (2.2.7)

Define

Apn = pll’ + A, = (u+ ij )ijen]

Then with b, as defined in (2.2.3), we have

. -2 .
where Yaw—2) 18 an %—stable random variable.

T

Theorem 2.2.8 and its corollary below are proved in Section 2.6.3 and Section 2.6.4,
respectively. Comparing with Theorem 2.2.6 and Theorem 2.2.7, M, (A, ) requires a
centering and a different scaling. The appearance of the centering can be seen from the

definition of M,(4,,),

M,(A,n) = max {u (1Taz)2 + CBTAnCB] . (2.2.8)

zeR™: ||z, <1

Indeed, for o € (ov, @), max|g|,<1 @ A,z = Os(b,) whp by Theorem 2.2.7 and
max |z, <1 4(17x)? = n* 7y by Hélder’s inequality. When a > a, and pu > 0, the
condition b, < n*7 implies that the dominant term in M, (4,) is the first term in (2.2.8),
necessitating centering. Conversely, when a < a, as in the setting of Theorem 2.2.6
or i = 0 as in the setting of Theorem 2.2.7, the second term in (2.2.8), which governs
the fluctuation, outweighs the first term, rendering centering unnecessary. The scaling
in Theorem 2.2.8 is more subtle and not completely obvious. Unlike the light-tailed
case discussed in [67], where the scaling factor is n~ " o' with o being the variance of

the matrix entries, the variance is not well-defined in the heavy-tailed setting. Instead,
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an additional factor (b, 1n)é appears, reflecting the different scaling behavior in the

presence of heavy tails.

As a corollary of Theorem 2.2.6, we obtain asymptotics of the ground state energy of
Levy spin glass model, which is a result of independent interest. Spin glasses are a type
of disordered magnetic system characterized by the presence of both ferromagnetic and
antiferromagnetic interactions between the spins of the atoms in the material. Mathemat-
ically, a spin glass can be described as a random system where the state space consists of
n spins taking values from +1. The probability distribution of the state space is given by

the Gibbs measure, which is defined as:

P(O’) X exp (—/6 Z hijO'iO'j> , Vo e {—|-1, —1}71,

1,j€[n]

where 3 > 0 is the inverse temperature, (h;); jejn) is the interaction matrix and H(o) =
—B 2 jen) hijoio; is the Hamiltonian of the system. The Levy spin glass model, which
features interaction matrix with independent heavy-tailed entries, was introduced in
[57] to understand surprising experimental results on dilute spin glasses with dipolar
interactions. The ground states of the spin glass refer to the limiting states as § — oo,
which are the minimizers of the corresponding Hamiltonian, and the associated energy

SUD, et 13n 2oijeln) Pijoi0; is called the ground state energy.

Corollary 2.2.9. Suppose A, = (a;;) satisfies Assumption 1 with index o € (0, 1).

i,J€[n]

Then with b, as defined in (2.2.3), we have
bl sup x'A,x N Y,,

n
ze{-1,1}"

where Y, is an «a-stable random wvariable.
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2.2.3 The r — p operator norm

We next turn to our results on asymptotics of the r — p operator norm problem (OPT 2)
for heavy-tailed random matrices. At this juncture, we recall the dual formulation of the
r — p operator norm to emphasize its connection with OPT 1 and for subsequent reference.
Given x € R, using the well-known dual representation ||Az([, = supyegn.y|,. <1 x' Ay

(see [88, Proposition 6.13]), it follows that

|Anllrsp = sup y A,z (2.2.9)

2R ], <1, [y~ <1

Our results for the » — p operator norm parallel those for the Levy-Grothendieck /¢,

problem.

Theorem 2.2.10. Fiz 1 < r < p < 0o. Suppose A, = (a45)ijem) satisfy Assumption 1

with index o € (0,2). Then with b, as defined in (2.2.3), we have
lim P (b;1||An||T_>p < m) = exp (—x_o‘) :

Theorem 2.2.10, whose proof is postponed to Section 2.3, is an analogue of Theo-
rem 2.2.5. The additional factor 27~ in Theorem 2.2.5 comes from the facts that the
largest entries of A,, are unlikely to reside on the diagonal (see Lemma 2.3.3) and that
when r < 2, M, (A) is fully determined by the largest entries of A (recall that we have two
largest entries due to symmetry). Hence, we cannot localize all the mass in one entry in
the optimizer of OPT 1. In contrast, in the dual formulation (2.1.1) of OPT 2, the optimal
vectors & and y can be chosen separately, allowing mass to be concentrated in single, yet

distinct entries in & and y.

Theorem 2.2.11 and Theorem 2.2.12 below, which parallel Theorem 2.2.6 and Theo-
rem 2.2.7 respectively, are proved in Section 2.4.

2

Theorem 2.2.11. Fiz 1 <p <r < oo, denote 7y := jug

;% - % and define o, = a.(y) =
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Suppose A, = (aij)i e satisfy Assumption 1 with index o, such that
0 < a<a.(y). (2.2.10)
Then with b,, defined in (2.2.3), we have
b Al > (Yar)"

where Y, is an ay-stable random variable.

, define o, = . () = ﬁ and

Theorem 2.2.12. Fiz 1 < p <r < oo, denote vy = I

1
p
iy = Qs (7y) = min{2, %} Suppose A, = (Gij)i e satisfy Assumption 1 with o, such

that
(aij)ijem) are centered and o, (y) < o < au1(7). (2.2.11)
Then with b, defined in (2.2.3), we have
b Anllsp < (Vo)

where Y, is an ay-stable random variable.

Theorem 2.2.13. Fiz 1 < p < r < oo, u # 0 and denote v =

1 1 _ 2 - = 2=
] ma(E Define a,, = . (7y) = g and Qo = ta(y,) = W%H Suppose

Ap = (45)ijem) satisfy Assumption 1 with o, such that

ax(7) < a < o (7,7). (2.2.12)

Define

Apn = p11T + Ay = (1 + a)ijem)-
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Then with by, as defined in (2.2.3),

_1
b 175 ([ Apllesp = 27 1]) = Yoo,

where Y, is an ay-stable random variable.

Theorem 2.2.13, whose proof is postponed to Section 2.5, is the analogue of Theo-

rem 2.2.8.

2.2.4 Rough proof outline

We now briefly discuss the main strategy used in this work. To deal with the heavy-
tailed natures of entries, we decompose A based on the magnitude of the entries, in the

following manner:
A=p11" + A+ A+ A,

where 1117 represents the centering of A. The matrices A collects the largest entries in A
which can be shown to be ‘sparse’ throughout the matrix, A collects entries of moderate
magnitude in A which can be shown to be ‘sparse’ within each row and column and the

remaining matrix consisting of relatively small and centered entries.

For the proof of Theorem 2.2.11, in the first step we exploit the cancellation coming
from A, utilizing concentration of measure and random matrix theories as main tools.
The next step exploits the sparsity and heavy-tailed nature of the matrix A to argue that
the impact of A is negligible compared to A. Finally, we show that the ‘extreme’ sparsity

of A simplifies its structure, making it amenable to an explicit optimization.

For Theorem 2.2.13, the estimate on ||A|| used in Theorem 2.2.11 proves inadequate.
We instead employ a ‘sandwich’ approach, where we construct an upper bound and a

lower bound that match at the fluctuation level.
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2.2.5 Organization of the rest of the paper

In view of (2.1.1), the » — 7* operator norm provides a natural upper bound for M,.(A).
For this reason, we first present the proofs of the » — p operator norm, and then complete
proofs of the ¢,-Grothendieck problem. The proof of Theorem 2.2.10, Theorem 2.2.11 and
Theorem 2.2.13 are presented in Section 2.3, Section 2.4 and Section 2.5, respectively.
Then in Section 2.6 we provide the proof of results relating to the Levy-Grothendieck ¢,

problem.

2.3 Proof of Theorem 2.2.10

The proof of Theorem 2.2.10 proceeds by showing that the distribution of || A, ||,—,
coincides with the distribution of the largest entry of A,. For brevity, in this and

subsequent sections, we suppress the subscript n of A,,.

We start with the limiting distribution of the largest matrix entries (after proper

normalization), which was identified in [1506, (24)].

Lemma 2.3.1. Fiz a € (0,2). Suppose A = (a;;) satisfies Assumption 1, and let

i,j€[n]

(bn)nen be as in (2.2.3). Then the following holds:

n—00 i,j€[n]

lim P (b;l max |a;;| < m) = exp (—x_“) . (2.3.1)

Next, we identify the condition that should be satisfied by the maximizing vector of

OPT 2 when 1 < r,p < co. The following lemma is proved in [67, (4.4)].

Lemma 2.3.2. Fiz 1 <r,p < oo. Let v = v, = (V;)ic[ be a mazimizing vector of OPT 2

with ||v||, = 1. Then the following relation holds:

AT, (Av) = || A7, T (v).
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We will make repeated use of the following result (see [156, Lemma 4]), which describes

the typical structure of heavy-tailed random matrix A.

Lemma 2.3.3. Suppose An = (i), ;c(, Satisfies Assumption 1 with o € (0,2). Then the

NS

following hold:
(a) whp; {Z c [n] Qg > b:Ll/QO} = @}'

(b) V3 >0, whp, Vi € [n], #{j € n] : |ay| > b/} < 1;

(c) 36(a) > 0, such that, whp, Vi € [n], e |ag] 1 {\aij| < bf’/“‘s(o‘)} < bi/4+%.

The following inequality is a direct consequence of Lemma 2.3.3.

Corollary 2.3.4. Suppose A, = (ai;) in] satisfies Assumption 1 with o € (0,2). Let

(IS

Qs = MaX; je[n] |@ij|. Then whp, we have

max »  |a;| < al+0(1)) and max ) |ay| < a. (14 o0(1)). (2.3.2)

el e =
Proof. Due to the symmetry of A, we only prove the first inequality.

Note that a, is of order O(b,,) according to (2.3.1). Fix ¢ € [n] and consider the event
&; that a, appears in row 4 or there exists one entry in row 7 that is at least b>/4+9(),
Lemma 2.3.3 (b) implies that, whp on &;, all the remaining entries are less than b3/4+(®),

Then by Lemma 2.3.3 (c¢), whp on &;, the sum of the remaining terms is of order o(a.).

On the other hand, on the event &£, that is when a, is not in row 7 and every entry
in row i is less than /4% Lemma 2.3.3 (c) implies that, whp the sum of this row is

o(ax). This proves the corollary. O

Proof of Theorem 2.2.10. Let v = (v;);c[n be a maximizing vector of OPT 2 with ||v|], = 1.

Let v, = max;c, [v;| and a, = max; jep) |aq;|.
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We first show that, for 1 <r < p < o0,

[Allr—p < ax (1+0(1)). (2.3.3)

This is proved separately for three parameter regimes.

1. Suppose 1 < r < p < oo. Using Lemma 2.3.2 and the definition of W¥,, ¥, in
(2.1.2) in the first line, the definition of v, and (2.3.2) in the second and third lines,
respectively, and again using (2.3.2) in the last line below, we conclude that whp,

for all i € [n],

n

=2 ay

j=1

HAHr%p"UZ

p—1 n
sgn <Z CijUk>

k=1

n
Z Ak Uk

n

<ol (S oul) ot

(2.3.4)

n

Z |lai;| aZ~ (14 o(1))vP !
< alv? ' (1+ o(1)).

Choosing i to be the (random) index such that |v;| = v, <1 in (2.3.4), and recalling

r < p, we have whp,
[Allr—p < ax(1+0(1)).

2. Suppose r = 1. We have

Aoy = sup @"Ay < sup @Ay =|[[Afis = sup Y [(Apd.s)

]l [yl <1 lzl1,llylloo<1 lzll1=1 je[n)

Since & > >;cpy |(Ax),| is convex, the maximal value must be obtained at extremal
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points of the unit ¢;-sphere, i.e. « € {e;}._, ;. Hence, (2.3.2) and (2.3.5) imply

JEN]

1Al 15p < max > fag;] < a. (1+0(1)).

j€n] 1€[n]
3. Suppose p = co. We have
||A||r—>oo = sup mTAy < sup mTAy = ||A||oo—>oo = Sup 1max |(AZZ¢316)
2|l [yl <1 oo, llyll1 <1 [)lco=1 €]

Since T — max;epy is convex, the maximal value must be obtained at extremal

points of the unit -sphere, i.e. € {1,—1}". Hence (2.3.2) and (2.3.6) imply

Al < max 3 Jai < a (14 0(1)).
S jeln)

On the other hand, let (i., j.) be a (random) pair of indices such that a, = a;, ;.. Then
we have

[Al[,—p > | Aeillp > an. (2.3.7)

Combining (2.3.3) and (2.3.7), we conclude that
[A[lr—p = ax(1 + o(1)).

Hence, Lemma 2.3.1 implies that b, || A||,—, converges to the desired distribution. [

2.4 Proof of Theorem 2.2.11 and Theorem 2.2.12

Fix o € (0, min{2, 2 }) and 1 < p <1 < oo. Define

(2.4.1)



Under the assumptions of Theorem 2.2.11 or Theorem 2.2.12, we have 0 < ( <n. The
main strategy of the proof is to carefully decompose the heavy-tailed matrix A based on

the absolute values of entries, and to control the effect of each of these separately. To this

end, define

jagj| >n'5)) (2.4.2)

In Section 2.4.1 and Section 2.4.2, we show that both ||Al|,_,, and ||A[|,_,, are of order
o(b,) whp, where b, is the constant defined in (2.2.3). Then in Section 2.4.3, we analyze

the fluctuations of b;"'||Al,,, and use that to conclude the proof of Theorem 2.2.11.

2.4.1 Estimating the small terms

The goal of this section is to prove the following estimate.

Proposition 2.4.1. Recall b, in (2.2.3). Under assumptions of Theorem 2.2.11 or
Theorem 2.2.12, whp,

1A[l—p = 0 (b) -

To prove the result, we start by establishing a general upper bound for the » — p norm

of an arbitrary n x n matrix.
Lemma 2.4.2. Fiz 1 < p <r < oo. For any symmetric matriz V = (v;;); jem € R", we
have

r—p
TP

TP

VI, < | 22 (Z |Uz‘j’) B

i€[n] \j€[n]
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Proof. Fix any «,y € R" such that |||, = ||y

» = 1. Since r > p, applying Hoélder’s

inequality twice we obtain

Z VigilYj < Z |UZJ|TP r+p|w2| |U1J|Tp T+p|yj|

1,5€[n] i,j€[n]
rp—r+p T T+P rp—r+p T;;E:ip
Z \%H% P Z |’Uin?Jj\ e
i,j€[n] i,5€([n]

Tp 77‘7p
= r(rp—r+p)

< mr)r ( m)p
(Z 5 (z o

¥ (el

- Z(Zw) e

r—p
p* (rp—r+p)

X ( > 1y
J€n]

1€[n] \JE€[n]

where we use ||z, = ||y

» = 1 and the symmetry of V' for the last equality. In view of

the corresponding dual formulation (2.2.9) of ||V||,—,, one can take the supremum over

x,y with ||z|, = |ly|l,» = 1 on the left-hand side of (2.4.3) to complete the proof. [

We now bound the row sums of A. Note that in conjunction with Lemma 2.4.2, this
will yield an upper bound for ||Al,_,. To this end, we need the following standard

concentration result [163, Theorem 2.8.4].

Lemma 2.4.3 (Bernstein’s inequality). Let Xi,..., X, be independent, mean zero random

variables, such that | Xy| < K for all k € [n]. Then, for every t > 0, we have

t%/2
]z =2ee (i)

where 0 = Y1_, E[X?] is the variance of the sum.

> X,

k=1

Lemma 2.4.4. Under the assumptions of Theorem 2.2.11 or Theorem 2.2.12, whp, we
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have for all i € [n],

| <D lai| = Os <nmax{1‘tn’1}> :

Proof. First, we calculate the second moment of a;; using F from (2.2.2) and (2.2.1) to

obtain

This implies that

ar (é ]&ij|) <nE [(_1%1] = Os (nz+n(§_1)> . (2.4.4)

We now consider three cases. First, suppose o < 1. Then

n

Z !@iﬂ] = n/o

Jj=1

nd+n)/a

E (F(x) - F (n* ))da:—Og( +"(i—1)>,

where we again used (2.2.1) in the last equality. Next suppose a = 1. Then similarly, we

have

n1+n)/c

E i:l\c_ziﬂ] = n/o (F(x) —F (n%>) dx = Os(nlogn) = Os (n) .

Finally, in the case a € (1 min{2, ;= ) E [|a11]] < oo, hence

n

Z |y

< n]E |CL11H = 05 (Tl) .
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Since |a;;] < na' by (2.4.2), Lemma 2.4.3 and (2.4.4) imply that for any ¢ > 0,

P >nZ
j=1

> lag| -
(1+7l>+25
<2exp | — 7
( Var (Z?:l ’C_lij‘) +n Znnlz’+5)

PO
I o WO N PPy

< 2exp (—cn5> .

Z ’am’]

To complete the proof, combine the last four displays with the union bound. n

We now establish three additional lemmas that hold under the assumptions of Theo-
rem 2.2.12. The first one bounds the mean of a;; as defined in (2.4.2), the second lemma
concerns the spectral norm of A and the third one relates the spectral norm to the r — p

operator norm.

Lemma 2.4.5. Fiz 1 < p <r < oo and suppose A satisfies Assumption 1 with index o

and (2.2.11). Then, fori,j € [n|, we have

Proof. Fix i,j € [n]. By the mean zero condition on a;;, we have

o0

/OOIP’(aij >x)dx:/ P(a;; < —z)dz = K.
0 0
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By the definition of a;; in (2.4.2), it follows that

This implies that

IE [a;]| < /m P (jaij| > z)dz +n P (laj] > n'=") = 05 (niunaa‘”) =0 (na71),

where we used (2.2.2) in the first equality and a > 1 from (2.2.11) in the last equality. [

Lemma 2.4.6. Fiz 1 < p <r < oo and suppose A satisfies Assumption 1 with index o

and (2.2.11). Let b, and A be as defined in (2.2.3) and (2.4.2), respectively. Then whp,

1All22 = Os(n’="). (2.4.5)

Proof. Let = E[ay;]. Using Lemma 2.4.5 in the last step, we have

n T 1
1A 2 — 14 = g1 osp| < 17 [lasz = pin = O () .

Hence, to show (2.4.5), we may assume without loss of generality that {a;; : 4,5 € [n]}
are centered. Furthermore, by a standard symmetrization argument (see [159, (2.60)]), in

the rest of the proof we may assume a;; 4 —Qjj.

We first show that

E [||A||2—>2] = Os (nltTn) : (2.4.6)
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ij ]

To prove (2.4.6), define o;; = (E [62 ])1/2 and &;; == (IE {&2})_1/2 a;j, and 0 == maX;e[y (Zje[n] afj)l/Q.

Then it is easy to verify that

=

o= [at])! =0 (%),

1
2[31 3logn
max [ [|Uz'j§z'j| [ Ognqml "l = 05 (n ﬂ )

=

Then [16, Corollary 3.6], together with the assumption a;; 2 —a;;, yields the bound

E {||A||2—>2} < 3 [20 + 52 H}?XE “Jij&ﬂ?[i’»logn}}m \/@} — 0 (TLIJ:]) ‘

This proves the claim (2.4.6).

Next, define the map F : R"TU%/2 5 R as follows: given x = () F(x) is

1<i<j<n

the 2 — 2 norm of the n X n symmetric matrix with upper triangular part equal to

(i) 1<i<j<n- Since F'is convex with Lipschitz constant 1 and |a;| < n" by (2.4.2),
Talagrand’s concentration inequality [159, Theorem 2.1.13] implies that
= - 147
P ([|Allz-s2 — E[[Allz2 > An's") < Cexp (—eA?).
When combined with (2.4.6), this completes the proof of the lemma. O

Lemma 2.4.7. Fiz 1 <p <r < oo and suppose A satisfies Assumption 1 with index o

and (2.2.11). Let b, and A be as defined in (2.2.3) and (2.4.2), respectively. Then whp,
IA]|,—p = Os (nmm{la,p}max?zrﬁli") , (2.4.7)

Proof. We prove this by considering three cases:

1. Suppose 2 < p < r < oo. First note that, for any x € R”,

[, = sup (x,y) < sup (z,y) = [z, (2.4.8)
lyll<1 lyll2<1
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where we use p* < 2 in the inequality. Using (2.4.8), Holder’s inequality and

Lemma 2.4.6, we have whp,

_ A A A -
Ay = sup 122 < g 182l g, 12l iy g, = oyt
o Tzl =38 Tall, = 28w e,

2. Suppose 1 < p < r < 2, notice that ||A],_,, = ||A

pore and 2 < r* < p* < oo. The

result in this case follows as in Case 1.

3. Finally, suppose 1 < p < 2 <r < oo. Then Holder’s inequality and Lemma 2.4.6

imply
| Az 5 || Aa|
- x ne x 11+ 11, 14n
[All;—p = sup P < sup —— 0 = 7| Al = Os(ni ),
w#0 |[zlle T a0 e ||z
Together, the three cases imply (2.4.7). ]

Proof of Proposition 2.4.1. Suppose 1 < p < r < oo and (2.2.10) holds. Invoking first
Lemma 2.4.2, then Lemma 2.4.4 and finally using (2.2.10), (2.4.1) for the last equality,

we obtain

TP 7”‘71)

||A||7‘—)p S Z (Z |aij|) = 05 (nmax{lyfl}‘i‘%)) = O(bn)

i€[n] \j€[n]

This completes the proof under the assumptions of Theorem 2.2.11.

The conclusion under assumptions of Theorem 2.2.12 follows by combining (2.2.11),

(2.4.1) and (2.4.7). O

2.4.2 Estimating terms of intermediate magnitude

Note from (2.4.2) that
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The goal of this section is the following estimate.

Proposition 2.4.8. Recall b, in (2.2.3). Under assumptions of Theorem 2.2.11 or
Theorem 2.2.12, whp,

1All—p = 0 (ba) -

The proof of this result, which is postponed to the end of this section, relies on two

auxiliary results. The first one, Lemma 2.4.9, establishes the sparsity of A.

Lemma 2.4.9. Under assumptions of Theorem 2.2.11 or Theorem 2.2.12, there exists
k = k(n) € N independent of n such that, whp, there exist at most k nonzero entries in

any row or column of A.

Proof. Define

k= K(n) = H +1. (2.4.10)

Fix n € N, define the event Q = Q,, as follows:

Q = {3i € [n] such that I x nonzero entries on row (or column) i of A} .

By (2.2.2), (2.4.9) and (2.4.10), it follows that

which converges to zero as n — oo. This completes the proof of the lemma. O

Remark 2.4.10. As a simple consequence, with x as in Lemma 2.4.9, for any s,¢ > 0,
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we have whp, for all i € [n]

(Z |aij|) <k max]aw| <K agl, (2.4.11)

j€n] j€n]

and, using the rearrangement inequality [104, Theorem 368], we also have

Z |a21’ Z ‘azk| <K Z ‘~w|s+t

jeln] k€[n] JE€M]

We now state the second auxiliary result, which exploits the heavy-tailed nature of
(@i5); jein-
Lemma 2.4.11. Let (Xg)ee[n(nJrl /2] be i.i.d. copies of a nonnegative heavy-tailed random
variable with index o € (0,2). Fizx g > « and < E' Define X, = X,1 {Xg < nﬁ}. Then

whp,

> X =05 (n00t2). (2.4.12)
tein(ni1)/2)

Proof. We prove (2.4.12) by directly calculating the second moment of the left-hand side

of (2.4.12). Indeed, note that by Definition 2.2.3 and Lemma 2.2.2, it follows that

2qpB

E[X] <0s(1) [ a7Hidu = 05 (n7),

ndaB

E {Xﬂ < 05(1)/0 z"adr = Oy (nqﬁ_ﬁo‘) :

Therefore, by the assumption § < %, it follows that

2
N ~ 1\ 2
. ( > Xg) < 2B [24] 4t (B [K])° = O (niat-200+4).
1€[n(n+1)/2]
Together with Markov’s inequality, this proves (2.4.12). ]
Proof of Proposition 2.4.8. Fix an arbitrary @ = (2;),c[,) € R" such that |||/, = 1. Let
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K be as in Lemma 2.4.9. By (2.4.11), it follows that, whp, for each i € [n],

p
Y iy

JEM]

<KDY agagl (2.4.13)

JEn]

Let M be the (random) number of nonzero entries in A, and for each i € [M], let {a. ¢} re(ar

be a non-increasing rearrangement of the nonzero entries of A:

{@ue: 0 € M)}y ={ay ay; #0,4,5 €[]} and  |awe| > |auen| Ve [Mp414)

Consider the random function ¢ : [M] — [n] associated to this rearrangement that maps
each ¢ € [M] to the column index of the term corresponding to @, , in A. Then by Holder’s

inequality, we have

r—p P
T

~ ~ rp " ,
o3 layzlP = Y awmal’ < (Z |a*7£|rp) (z @00 ) (2.4.15)
Le[M] £e[M]

i€[n] j€[n] Le[M]

By definition, for j € [n], ¢ *({j}) denotes the number of nonzero entries in the j-th
column of A, which is at most « whp by Lemma 2.4.9. Therefore, since ||z|, = 1, we

obtain whp,

Szl < X e Dl <R Y Ll = (2.4.16)

Le[M] j€n] JEMN]

Combining (2.4.13), (2.4.15) and (2.4.16), we have whp,

r—p

)

p
Y iy

JEM]

1A, = sup -

zllllr=1 je[n)

S <Z |77
=1
By (2.4.9) and the definition of d., in (2.4.14), we have

n n B ) .
PEE Y ol (jasl <) <2 3 JalPEL (| < 0°)

Le[M) =1 j=1 1<i<j<n
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Under assumptions of Theorem 2.2.11 or Theorem 2.2.12, we have a < -£. Applying
r—p

Lemma 2.4.11 with {Xe}ye (419 = {lishicicjcnr 4= 75, and § = 2= and with b, as

in (2.2.3), we have whp,

> |aij|%:ﬂ_ {‘az’j| < n%} = Os (nrrppi_g(;:pp_l»

1<i<j<n

I
Q
N
3?_3
]
N———

Together, the last three displays prove the proposition. O

2.4.3 Characterizing the fluctuation of large terms

We now turn our attention to the matrix A in (2.4.2), starting with the following

lemma that counts the number of nonzero entries in A.

Lemma 2.4.12. Let (Xf>ee[n(n+1)/2] be i.i.d. copies of a heavy-tailed random variable with

index o € (0,2). Fiz any 6 € (0,1), and let N,, = # {Xg 21X > n%e} Then whp,
N, = O (n2_29> .

Proof. Letting F' denote complement cumulative distribution function of X, note that

N,, ~ Ber ("(n;l),}_? (n%g)) Thus, by (2.2.2), we have

E [N,] n(n;—l) . F (n%g>
n(n + 1)L (n2
2

g

) (2.4.17)

2—20
= 66 (n )

where the last equality uses (2.2.1). An application of Chernoff’s bound [137, Theorem 4.4

and Theorem 4.5] then implies that

P <|Nn — E[N,]| > ;E[Nn]> < 2exp (—0; (n*)).
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Together with (2.4.17), the assumption ¢ € (0,1) and the union bound, this proves the

lemma. O

We now state the second lemma, which simplifies the structure of A while preserving
its r — p norm (and also the optimal value of OPT 1 which is going to be used in

Section 2.6.2).

Lemma 2.4.13. Let V' be a symmetric n X n matriz that satisfies the following three

properties:
(1) zero diagonal entries, that is, Vy; = 0, Vi € [n];
(2) there is at most one non-zero entry in each row and each column;
(8) 3m € N such that m < § and #{(i,j) € [n] X [n] : Vi; # 0} = 2m.

Then there exists a symmetric n X n matriz V with {‘V/U L4, ] € [n]} ={V;;: i,j € [n]}
that satisfies properties (1) ~ (3) above and in addition, also satisfies three additional

properties:
(4) Vij = 0 if max {3, j} > 2m;
(5) Fork € [m], Vag_1.9¢ = Var.ox—1 has a magnitude that is k-th largest in {|Vi;] : 1 <4 < j <n};

(6) |[Vlsp = IVlrsp and M.(V) = M,(V), where we recall that M,(V), M,(V) are

the optimal values of the corresponding (.- Grothendieck problems defined in OPT 1.
Moreover, one can ensure that the map from V' to V is measurable.

Remark 2.4.14. The output matrix V of Lemma 2.4.13 is illustrated in Figure 2.2, where
blue region represents region of zero entries and the red squares represent nonzero entries.
Note that each row or column of V has at most one red square and all red squares are
off-diagonal.

Proof. The result is intuitive, but we provide a proof for completeness.

Given i, j € [n], consider the mapping II; ; : R™*" — R™ " (respectively, [T/ : R™*™ —
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Figure 2.2: Structure of V

R™™) that transposes the i-th and j-th rows (respectively, columns) of the matrix. More

precisely, given V€ R™", V' =11, ;V satisfies Vj = Vjy,, Vi = Vi, and Vj; = Vj, for

- T
all k € [n] and ¢ € [n]\{i,j}, and [V = (Hi,jVT) . Then it is easy to verify that
IOV ],—p = |[V]lrsp for IT = II;; or II = II* and M, (I;;II"V) = M,(V). It is also

immediate that if V' satisfies properties (2) and(3), then so does II; ;V and II*/V.

Now, set V() := V| which satisfies properties (1) — (3), and recursively, for k € [m],

1(2k=2) 1(2k-2)

i(k),j(k)’ = argmaX;sor o | Vij

define i(k), j(k) € [n] to be such that j(k) > i(k) and

and then set V@Y = Tl ) 1AMV EED and VER = Tl 0, 1R R Y@L,
Then define V := V& By the properties of II;; and IT*/ mentioned above, it is
immediate that V satisfies properties (2), (3) and (6), and by construction, it is clear that
V is symmetric (since V is) and satisfies (1) and (5). Finally, the fact that V satisfies (5)

and V satisfies (3) together imply that V satisfies (4). O

The following result characterizes the fluctuations of ||A||,_, and M,(A). The latter

will be used in Section 2.6.2.

Proposition 2.4.15. Suppose 1 <p <r < oo and o € (0, min {2, *ly})’ where v = 1—1) —

=3 =

Let A, € R™™ satisfy Assumption 1 with index o, A, as in (2.4.2) and b, as in (2.2.3).

1. There exists an ary-stable random variable such that

_ N d
bn1||An||7’—>P (_; Y(J'y‘
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2. Suppose further that r > 2 and p = r*.

variable such that

bl M, (A,

Then there exists an a~y-stable random

(d
)Yy

Proof. In this proof, we drop the subscript n of A,, and A, for brevity.

Since A is symmetric, (2.4.2) ensures A is also symmetric and by Lemma 2.3.3, A

satisfies properties (1) and (3) of Lemma 2.4.13. Moreover, if 2m(n) denotes the number of

nonzero entries of A = An, then an application of Lemma 2.4.12 with § =1 — %, together

with the choice of ¢ in (2.4.1), shows that m(n) = o(n) whp. Thus, Lemma 2.4.13 shows

that whp, there exists another symmetric matrix A that satisfies properties (1) — (6) of

Lemma 2.4.13.

1. Fix 1 < p < r < 0. By the structure of A and the corresponding dual formulation

(2.2.9) of || Al|,_p, we see that,

[Allr—p =

max
||:1:Hr:||pr*:1 kG[m]

For all ,y € R™ with |||, = ||y

Z (A2k—1,2k$2kyzk—1 + AQk,Qk—lx%—ly%) - (2.4.18)

» = 1, using Hoélder’s inequality twice, we have

Z (AQk—l,zka"zky%—l + Azk,zk—lﬂf%—ly%)

ke[m(n)]
. ~r | | W;;H?
<2 Aok—1.0K|" > (|$2ky2k71|”"’“+1” + ’$2k1y2k|”’"“+")]
ke[m(n)] Lk€[m(n)]
] N\ 7 I N\
<2 Aok—1 01| > |xkz|r) ( S lul? )
ke[m(n)] ke2m(n)] ke2m(n)]
N\ 7
<2 Aok |
ke[m(n)]
and the equalities can be achieved simultaneously by choosing © = (x1,...,z,),y =
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(Y1, .., yn) such that ||x|, = |ly||,» = 1, and satisty

(U (121%71,2]9) , 1=2k—1,1<k<m(n)

=P

P

P =2k 1<k<mn) (2.4.20)

T; X

Aog—1,2k

0, 2m(n) +1 <i<mn,

and

Yrp—p <A2k—1,2k) , 1=2k—1,1<k<m(n)

Yi X e i =2k, 1<k <m(n) (2.4.21)

Aop—1,2k

0, 2m(n) +1 <i<n.

A

Due to the fact that {/LJ Di,j € [n]} = {Aij i, ] € [n]}, properties (1) — (3) of
Lemma 2.4.13, and the definition of A in (2.4.2), we have whp,

2 > ‘AQk—l,Qk%: > ’/L] ‘

ke[m(n)] i,j€[n] i.j€[n

1 _
=2 % ayl1 (|%‘| Z(’Q%QZ)

1<i<j<n

=2 [

Since a < %, applying Lemma 2.4.11 with {X¢},c(,0001)2) = i1} <icjcnr €= %

and 8 = £5, and with b, as in (2.2.3), we have whp,

> a1 {Jayl <n's} =04 (nfv‘c(alv‘l)) =0 <bn> . (2.4.23)

I<i<j<n

Moreover, the generalized central limit theorem [70, Theorem 3.8.2] implies

1 1
bn” -2 > agl? = Yo, (2.4.24)

1<i<j<n
in distribution, where Y, is an a~y-stable random variable.

Combining (2.4.18), (2.4.19), (2.4.22), (2.4.23) and (2.4.24) and the continuous
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mapping theorem, we conclude that

b 1Ay = Y2

air’p :

This completes the proof.

2. Fix 2 < r < 0o. On the one hand, comparing OPT 1 and (2.1.1), it follows that

M, (A) < Al (2.4.25)

On the other hand, note that with p = r*, the optimizers x, y for ||AHT*>7-*, satisfying

llz]l- = |lyll, =1, (2.4.20) and (2.4.21), coincide. Hence,

Al = 2" Az < M, (A). (2.4.26)

Together, (2.4.25) and (2.4.26) imply M,(A) = ||A||,_-, and the conclusion follows

from the first part and property (6) of Lemma 2.4.13. O
We are now ready to present the proof of Theorem 2.2.11.

Proof of Theorem 2.2.11 and Theorem 2.2.12. Recall the decomposition of A = A+A+A
in (2.4.2). By the triangle inequality, Proposition 2.4.1 and Proposition 2.4.8, under

assumptions of Theorem 2.2.11 or Theorem 2.2.12, we have whp,

1AT—p = 1A Top| < N Allesp + (ALl = 0(br).

Together with Proposition 2.4.15, this completes the proof. O
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2.5 Proof of Theorem 2.2.13

Throughout this section, denote by v = % as in the statement of Theorem 2.2.13.

Fix a € (O,min{Z, %}) and 1 < p < r < oo, define

ni=50-ay),
g::min{i(l—ow),(l—g)pzl}.

With these n and ¢, we adopt the same decomposition scheme of A as in (2.4.2). Also

N | —

(2.5.1)

note that under the assumptions of Theorem 2.2.13, 0 < ¢ < n.

The section is organized as follow. Section 2.5.1 contains some auxiliary results
used in the derivation of upper and lower bounds on fluctuation of r — p norm of
pll’ + A+ A, which are presented in Section 2.5.2 and Section 2.5.3 respectively. Then
in Section 2.5.4 we completes the proof of Theorem 2.2.13 by showing that these two
bounds match asymptotically and that adding back A leads to a negligible change in

asymptotic fluctuation.

2.5.1 Auxiliary results

We start with four auxiliary lemmas. The first two concern the structures of matrix
A+ A and A.

Lemma 2.5.1. Suppose the assumptions of Theorem 2.2.13 hold and A= (j) A=

i,j€[n]

(Gij); jepy ore as in (2.4.2). Then whp, for alli,j, k € [n],
Proof. By (2.5.1), (2.4.2), the assumption that (a;;) are heavy-tailed with index o and

Definition 2.2.3, the probability that there exists 7, j, k € [n] such that @;;a;; # 0 is upper
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bounded by

(2 () £ (%) ()7 () 20 0,

The proof is complete. O

Lemma 2.5.2. Suppose the assumptions of Theorem 2.2.13 hold and A= (a45) s as

i,7€[n]

in (2.4.2). Fiz ¢ > 0. Then whp, for all i € [n],

(AL)|" = 3 Jag|". (2.5.2)

JE€M]

Proof. Recalling the choice of ¢ in (2.5.1), definition of A in (2.4.2) and (2.2.4), Lemma 2.3.3
(b) implies that whp, there is at most one nonzero entry on each row or column of A. Say

the nonzero entry on the i-th row of A is on the i*-column. We have whp, for all i € [n],

(A1), = et = 32 ol

j€n
This completes the proof. n

The third result identifies a typical property of heavy-tailed entries.

Lemma 2.5.3. Let (X;). be i.i.d. copies of heavy-tailed random variable with
i€n(n+1)/2]

indez a € (0,2). Fiz ¢ >0 and 8 € (0,2%). Denote by X; = X;1 {]X,| > nﬂ}. Then whp,

>

i€[n(n+1)/2]

Xi‘q _ O(S <nmax{q5aﬂ+2,20?}> ]

Proof. By considering |X;|, we may, without loss of generality, assume that X;’s are

nonnegative. Fix any € > 0 and 6 such that

max{af,l—s} <0 <1 (2.5.3)
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Consider the following decomposition of X;:

X=X, + X,
where

By Lemma 2.4.12, whp, there are O <n2*29> nonzero X;. By (2.2.2) and Lemma 2.2.2,

for any € > 0,

P max X;>nate] <P max X; > natc| = Oy (n2 . n’Q’O‘E) = o(1),
i€[n(n+1)/2] i€[n(n+1)/2]

and hence maxX;e(n(n+1)/2] )A(Z = Os (n%> Therefore whp, for any ¢ > 0,

iE[n(nZ-H)/Q] qu =0s (n2_29+%) =0s (n28+%q) ) (2.5.4)

where we used (2.5.3) in the last step.

Recalling the convention 0° = 0, we have
E[X{)] =P(X1£0) =P(n’ < Xy <n?) =05 (n™).
This implies that

E

> X?] — 05 (n*9), Var( > X?) <" g [x0] = 0, (e259)

i€[n(n+1)/2] i€[n(n+1)/2]
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On the other hand, for ¢ > 0, we have by (2.5.3),

n20a/c

E
2

nﬁq

i€[n(n+1)/2]

ndbq/o

IA

nQ‘IB

Var ( Z Xf) n(n;—l)E [)’(1211} — ns/2+2/ S — n?-‘r&‘-ﬁ-max{ﬂ(?q—a)7%(2(1_04)}.
i€n

(n+1)/2]
(2.5.6)

Combining (2.5.5), (2.5.6) with Markov’s inequality and (2.5.3), we have whp, for all

q=>0,

% max —a),2(g—a
Z X0 = 0y <n2+5+ {B(g—a),%(q )}) ) (2.5.7)
i€[n(n+1)/2]

Combining 6 < 1 from (2.5.3), (2.5.4) and (2.5.7), we have whp, for any ¢ > 0,

> K=o (et}

i€n(n+1)/2]
Recalling that € > 0 is arbitrary, the proof is complete. O]

The fourth lemma, which we will use multiple times in the rest of the section, is an
immediate consequence of Lemma 2.4.11 and Lemma 2.5.3,

r—p
rp °

Lemma 2.5.4. Suppose the assumptions of Theorem 2.2.13 hold and recall that v =
With b, defined in (2.2.3) and ¢ in (2.5.1), we have whp,

S Jayl31 (Jagl < %) = o (bi) , (2.5.8)
> |az-j|% =0 (nH%) . (2.5.9)

Proof. Note that (2.2.12) implies o < % Hence, Lemma 2.4.11 with {X; : i € [n(n +

1)/2]} ={a;: 1 <i<j<n}, g=1and =2 implies that whp,

ai'%ﬂ @ij S”% = O; nw (3¢ = o bi ;
> layl 1 (Jag| <n’s)

i,j€[n]

20

> Xf’] = ME [)_(f} < ns/2+2/ S de = p2retmax{Bg-a). 2 ()}

)



where we use (2.2.4) in the last equality. This proves (2.5.8).
By Lemma 2.5.3, with {X; : i € [n(n+1)/2]} = {a;;: 1 <i<j<n},¢g=2>aand

3 = 2=, we have whp,

«

X Il (ol > ') = 0 (U A ) = 0, (1) =0 03),

1,5€[n]

where we use (2.2.12) in the second and third equalities. Together with (2.2.4) and (2.5.8),

this completes the proof of (2.5.9). O

2.5.2 Upper bound

The goal of this section is the following lemma.

Proposition 2.5.5. Under the assumptions of Theorem 2.2.13, recall that v = %, we

have whp
~ n 1
0117+ At Al < 0+ Al TS oyl o (W7307)

,j=1

Proof. In this proof, we will use C' to denote a positive constant that may depend on

a,r,p, and g and whose value may vary from one occurrence to another.

Since [|p11T + A+ Al < |||/117 + |A| + |A|||,—,p, it suffices to prove the lemma in

the case that p > 0 and that A, A contain only nonnegative entries.

By Lemma 2.4.2, we have

2=

~ " _ N Y
|p11" + A+ Al,_,, <U(A) = <1T ((u117 + A+ A1) > : (2.5.10)

Hence it suffices to show that whp,

n

1
UA) < 0] + 4l 0775 3 agl7 + o0 (n”_ib%) : (2.5.11)

ij=1
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To show this, we first claim that, we have whp,

TP

((p17 + A+ A)1)™7 < ()71 + (A1)

2=

(2.5.12)

2=

+Cn (A1) ot ALy o (A1)

Y

where the inequality stands for entrywise comparison. Let i € [n] be fixed. We prove

(2.5.12) by considering two cases.

(1) Suppose (A1); # 0. Then by Lemma 2.5.1, we have whp, (A1); = 0. By the

definition of A in (2.4.2) and the choice of ¢ in (2.5.1), it follows that
(A1); > n"s > n.

Using the elementary inequality (z +y)? < 2¢ + Ca? 'y, Vo,¢ > 0,0 <y < £, we

have whp,

-1

2=
2=

(2.5.13)

(37 A A1) = o (A0 < ()] o ()’

(2) Suppose (A1); = 0. Then by the elementary inequality (z 4+ y)¢ < ¢ 4+ Ca? 'y +
Cyl, Yx,qg >0,y > 0, we have

1

(117 + A+ A)1)" = (np+ (A1) )7

i

1 s S, (25.14)
< (np)7 +Cn77" (Al), +C (A1)7 :
The claim (2.5.12) is complete upon combining (2.5.13) and (2.5.14).
By (2.4.11), (2.5.2) and (2.5.12), we have whp,
T T i A1) 1yp L A
1 ((p1" + A+ A)1)" <M+ 3 s+ Y R, (2.5.15)

i,j€[n] =1
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where

1

Ri=Cn Y a7

)

i,j€[n]
Ry = C’nifl Z dija
i,j€[n]
1
i,j€[n]
We next claim that whp,
1
R, =o0 (bﬁ) , 1=1,23. (2.5.16)

The verification is as follow.

(1) By Lemma 2.5.3 with {X; : i € [n(n+1)/2]} ={a;; : 1 <i<j<n}, ¢g=--1

1
~

and f = =5, we have whp,

o )

= 05 (G50 (03
= 0; <n(i—1)i+<> ‘

Together with the choice of ¢ in (2.5.1), this implies that whp,

Ry = 05 (na#172%) =0 (bi) .

(2) By Lemma 2.5.3 with {X; : i € [n(n+1)/2]} ={a;; : 1 <i<j<n}, ¢g=1and

23



8 =1 we have whp,

dooag < Y al (%‘ > n%)
i,j€[n] i,j€[n]
— O, <nmax{;+1+'r](i—1),z}>
= O <n§+1) :
where we use (2.2.12) in the last equality. Using (2.2.12) again, this implies that

whp,

(3) By (2.5.8), we have whp

Rg =C Z aijll (aij S TL%) = 0(65) .

i,j€[n]
Combining (2.5.15), (2.5.16), (2.4.2) and (2.5.8), we have whp,

(oA A ot 3 i o)

i,j€[n]
_ 3t L 5 ¥
=ni 4 Y aj;+o{bn ).
ij€ln]

Together with (2.5.9), the definition of U(A) in (2.5.10), the fact that v = -2 € (0,1],

and the elementary inequality (z + y)? < 27 + qz% 'y for all x > 0, ¢ € (0,1] and y > 0,
this implies that whp,

N
U(A) < (niﬂuijt Z a]j—iro(b%))

i,j€[n]

1 1
<ot Y et (””_W) '

i,7€[n]
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This establishes (2.5.11), hence completes the proof of the lemma. O

2.5.3 Lower bound

The goal of this section is the following proposition.

Proposition 2.5.6. Under the assumptions of Theorem 2.2.13, recall that v = =L, we

—p
rp 7
have whp

~ ~ n 1
011"+ At Ay = 0l 4l TS Jagl 4o (77700 ).

ij=1

We start by providing some intuition on the choice of &, 9 in (2.5.21) below. Although
the full object of interest is p117 + A + fl, for intuition consider the modified matrix

A, = |p|117 +|A|, where we only focus on the largest entries and the centering.

Recall the definitions of ¢, in (2.1.2), and define the operator S by
Sz =V, (A}, U,(A,.z)).

By the nonlinear power method, if v(®) has all positive entries, and we define v*+1) = Sp®),

then it is known that (see [67, Section 4.1])

A

A, 2

| I,
PO

A (2.5.17)

p r—p ’

We make two simple observations. First, by the definition of A in (2.4.2) and the choice

of ¢ in (2.5.1), we have the following property,

for each i € [n], we either have (|A[1); = 0 or un < (|A|1);. (2.5.18)

Secondly, by the symmetry of A and the fact that, whp, each row of A has at most one
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nonzero entry (as a consequence of Lemma 2.3.3 (b)), for all ¢ > 0, we have
Al A7 = (JAJ1)7. (2.5.19)

~ k
Starting from an initial condition of the form v*l = (un)* + (|A\1) for some k£ > 0, and

then using (2.5.18) and (2.5.19) repeatedly, we have

P (pr—_ll)k

2 (p—1)k N —1
Sol = (nlul) 75550+ (JAR)

Therefore, the operation of S on this class of vectors can be approximately regarded as an
operator on the exponent &k > = + %. It is easy to see that the iteration of such

a map converges to the unique fixed point of the form v!*<, where k, = rfp. Hence, as

indicated in (2.5.17), it is natural to choose the near optimizer to be the limiting vector

of the nonlinear power method, that is
. p_ A\
&= (nlul)™ + (JA[1)7.
The duality formulation suggests that ¢ should be set equal to

arg;nax <y, flﬂn§3> : (2.5.20)

which can be explicitly determined using the equality condition of Hélder’s inequality.
But in fact the ¢ we choose in (2.5.21) is a suitable perturbation of the actual optimizer
in (2.5.20) that facilitates subsequent calculations and can be shown to be close to the

actual optimizer using (2.5.18).

Motivated by the above intuition, we define & = (#1,...,%,),9 = (01, .., Jn) such
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that, for i € [n],

T = (nlp|)™= sgn(u) + D lag|= + Y v (a),

- e 7 (2.5.21)
§i= @)+ X il 4 Y G (ay),
Jii<i jig>i 7P
where ¢T1p,¢p(r_1) are the functionals defined in (2.1.2).
Consider
£,(A)
L(A) = , 2.5.22
W =25 2522
where
Li(A)=75" (ullT + A+ 21) &,
(2.5.23)
Lo(A) = [[gllp- 2]

By the dual formulation (2.2.9) of the » — p norm, we have

L(A) < [|p11" + A+ All,p.

To prove Proposition 2.5.6, it suffices to establish the following lemma.

Lemma 2.5.7. Under the assumptions of Theorem 2.2.13, recall that v = %, we have

whp,

n 1
L(A) 2 0"l + 4l T F S JaylF + o (n7F00 ).
ij=1
Proof. In this proof, we will use C' to denote a positive constant that may depend on
a,r,p, and g and whose value may vary from one occurrence to another.
Note that since ||p11T + A+ A|,,, = || — p117 — A — A||,,,, we may assume p > 0

for the rest of the proof. We proceed in three steps
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Step 1: Estimation of £1(A). Expanding the definition of £y in (2.5.23), we see that

Li(A) =129 1+ ¢ Az + ¢ Az (2.5.24)

By the definitions of &, ¢ in (2.5.21), we have whp,

A P P r . rp=r rp—p R P
plT@y 1> nir s — Ot Y gt — i YD ag T
i,j€[n] i,j€[n]

—C Y agl ™ Y lagl.
1,j€[n] i,j€[n]
Furthermore, (2.5.21) and Lemma 2.5.1 imply that whp,
9" A% = (n|p)™ " sgn(u)1TAL > —Cn75 7 37 fay) . (2.5.26)

i,j€[n]

For the last term in (2.5.24), we first write it as

~T A AA A
=) ayig;,
i,j€(n]

and analyze the contribution of each summand by considering the following two cases:

1. When a;; = 0, the contribution is trivially 0.

(2.5.25)

2. Suppose d;; # 0. By Lemma 2.3.3 item (a), (2.5.1) and (2.4.2), we have whp, i # j.

We only consider the case @ < j, the case j < ¢ can be analyzed in the same way

with the same conclusion. By Lemma 2.3.3 item (b), a;; is the only nonzero entry

on i-th row and j-th column. Together with the symmetry of A, we have whp,

“ “ r(p=1) r(p=1)

_b ~ _p_ ~ A —£ -/
Ty = (n|p]) ™7 sgn(p) + |Gy > sgn(ag;), g5 = (n|p]) =7 + a7

Therefore,

(r=1) (p=1)
rfp ‘&ij’p;;p — Cnr'rpfp ‘&Z]’Tip — Cn:fpil ‘&U’ .

QijxiyYj = ’&ij‘% —Cn
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Combining the above two cases, we have whp,

§lAZ > Y faylr —CnmE Y Jayl T = Cn Y Jayl T
i,j€[n] i,j€[n] i,j€[n]
—Cnrr_pp_l Z |CALZ]|

i,5€[n]

Inserting (2.5.25), (2.5.26) and (2.5.27) into (2.5.24) and recall that v =

whp,
L1(A) > pat ,Lm + > |azj|7 —ZR
1,j€[n]
where
Rll _CTLT p Z |aw|TTp pT’ R/2 — O —p
1,j€[n] 1,j€[n]
, _p_ . rP=P , rp—r R r
R3 =Cnr» Z \aij\ TP, R4 =Cn"=p Z |Gij‘T_P,
i,j€[n] i,j€[n]
P _ . P _ N
e =0 ag|, Ry = N ag)
1,j€[n] 1,j€[n]
and
rp—r
R, =C Z |G| Z ’aU'T P
i,j€[n] i,j€[n]

We now claim that whp,

This can be verified as follows:

(1) By the definition of G;; in (2.4.2) and Lemma 2.5.3 with ¢ = 7= and § =

29

(2.5.27)

, we have

(2.5.28)

(2.5.29)

;C, we



have whp

rp—r

< 2 rp—r
I 5 ol ) 0, (75)

i,j€[n] i,j€[n]

Hence, the choice of ¢ in (2.5.1), @ < 2 and (2.2.4) imply that whp,

2 rp—r [ 2 a\p—1 1
R} = Os <na r—p Tt C) = Oy (nf”Jr( O‘?)T) =o0 <bﬁ) )

The estimation of Rj, R}, R}, R, and R/ are similar.

(2) By the definition of @;; in (2.4.2) and Lemma 2.5.3 with ¢ = 1 and 8 = 12, we have

whp,

> lagl= 3 Jalt{jay] = 0=} = 05 (nat).

1,j€[n] 1,j€[n]

Hence, (2.2.12), together with (2.2.4), implies that whp,

Rg = Os (né“) =0 <bé) :

Combining (2.5.8), (2.5.28) and (2.5.29), we have established that whp,

L1(A) > ny ey + Z lai;|” +o (b%> . (2.5.30)

i,5€[n]

Step 2: Estimation of L2(A). Fix ¢ € [n]. We estimate the r-th power of Z;, considering

two cases:

1. Suppose there exists i* € [n] such that d;+ # 0. Then by (2.4.2) and the choice of

n (2.5.1), we have whp,

|G| 77 > (np) 75 (2.5.31)
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By Lemma 2.3.3 (b), (2.5.1) and (2.4.2), we have whp, a;; = 0 for all j # i*.
Together with definition of # in (2.5.21), (2.5.31) and the elementary inequality

(r+y)? <27+ Cz% 'y for all z,q > 0 and 0 < y < z, this implies that whp,

g . by, 2D
23" < D a7 +Cnre D ag| . (2.5.32)

Jj€ln] Jj€n]

2. Suppose @;; = 0 for all j € [n]. Then by definition of # in (2.5.21), we have
3] = (np)7. (2.5.33)

Combining (2.5.32) and (2.5.33), we have whp,

A7 1 1 ~ L _p_ . k(=D
I&[l; < 0o 'm0 faglr + Cnmr Y7 fag] e (2.5.34)

i,j€[n] i,j€[n]
By Lemma 2.5.3 with ¢ = p(%;l) and 8 = 5, the choice of ¢ in (2.5.1) and (2.2.4), we

have whp,

(r—1) (r—1) -
n% Z |dij|%:nr€p Z |aij|pTr*P ]l{|a1]|>n27<}

i,j€[n] i,j€[n]

2p(r=1) , p
0, (w5 )

I

Q
N\
S22
N———

Together with (2.5.8) and (2.5.34), this implies that whp,

1 1
&1 <03t + 5 Jaglt +o (b))

1,5€[n]
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Similarly, we have whp,

1
91 < n¥ 4+ % oyl + o (b))

i,j€[n]
Together with (2.5.9), the definition of L£5(A) in (2.5.23), the elementary inequality
(x4y)1 > 29+qxily forallz > 0, < 0and y > 0, and the fact that —%—;% =v—-1<0,

the last two displays imply that whp, we have

v—1
1 1 1 1 1
> [ ny ™y e (m)
EQ(A) - (n ILL + Z |a/]‘ +o

i,j€[n]

(2.5.35)
—14y 141 —24y-1 —241 1 “24y-1;5
> U (= D T el o (P

i,5€[n]

The proof is complete on combining (2.5.9), (2.5.30) and (5.1.1) with the definition of
L(A) in (2.5.22). O

2.5.4 Asymptotic equivalence of upper and lower bounds

Proof of Theorem 2.2.13. Comparing Proposition 2.5.5 and Proposition 2.5.6, we have

shown that

S _1 41 1 _1 L
1p11" + A+ Al = 0 0 Y |az-j|7+0<n7 7b3>-(2.5.36)

i,j€[n]

Note that condition (2.2.12) implies (2.2.11), and in particular, (2.4.7) holds whp. Com-

bining (2.4.7) and (2.2.12), we have whp,
— ;4
T/ —— (m—wbg) . (2.5.37)
Combining (2.5.36) and (2.5.37), we have whp

1 1 1 _1 L
P12 4+ Al = n 7l 4™ 3 Y el 4o (n7 e ) (2539

i,7€[n]
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Finally, by [70, Theorem 3.8.2] and (2.2.12),
5 3 d
bn" Y il = Yo, (2.5.39)

i,j€[n]

where Y, is an ay-stable random variable. The proof is complete by combining (2.5.38)

and (2.5.39). 0

2.6 Proofs related to the /,.-Levy-Grothendieck prob-

lem

2.6.1 Proof of Theorem 2.2.5

Proof of Theorem 2.2.5. Let a, = max, j |a; ;| and let i, j, € [n]| be the (random) location
of the maximal entry of A, that is a. = |a;, j.|. From (2.3.1), we have that a. = Os(b,)
whp. By Lemma 2.3.3 (a), this implies 4, # j. whp. Next, set & = 27" (e;. +sgn (a.) e;,).

Then by the symmetry of A, we have whp,
My (A) > 2" Az = 2" 7a,. (2.6.1)

We now consider two cases.

Case 1. Suppose r € (1,2]. Let v = (vq,...,v,) € R" with ||Jv||, < 1 denote a max-
imizing vector for the optimization problem OPT 1 associated with M,(A), and let
Vs = MaXc[y) |v;]. By the method of Langrange multipliers, it is easy to see that the

following relationship must hold:
M,.(A)|v;|"~ (2.6.2)

Z Ai5V5| -
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We claim that whp,

v, <2771+ o(1)). (2.6.3)

To see why the claim is true, let k, € [n] satisfy v, = |vg,

. By (2.6.2) we have

MT(A)UT_I = MT(A)|Uk*|T_1 =

D Qkgvj

JE€n]

. (2.6.4)

Let d() be as defined in Lemma 2.3.3 (c). Suppose maxjcp, |ax, ;| < b3/4+9@. Then,

since ||v], < 1 implies ||v|lw < 1, Lemma 2.3.3 (c) combined with (2.6.4) yields

M (Ao, <> ak,j| = o(by). (2.6.5)
=1

On the other hand, suppose there exists k&’ € [n] such that |ag,p| > b/4F%(®). Then by
properties (a) and (b) of Lemma 2.3.3, whp, there exists a unique such %', and further
k' # k.. Moreover, Lemma 2.3.3 (c¢) combined with (2.6.4) and the constraint ||v||, <1,

yields whp

M, (Ao, < Jag.p

el + 3 ekl < (=00 ac (14 0(1)) + o(bus 6.6)

Jt lag, | <5/ 40

Combining (2.6.1), (2.6.5) and (2.6.6), we have, whp
21’%a*v:’1 < M (At < (1 - UI)% a, (14 0(1)) + o(by). (2.6.7)

Suppose that whp, v, = 1 — 0o(1). Then (2.6.7) and the relation a, = Os(b,), which
holds by (2.3.1), imply that whp, v, = o(1), leading to a contradiction. So v* # 1 — o(1).
Together with (2.6.7) and a, = ©; (b,), this implies that whp,

1
T

2Rt < (1 — )7 (14 0(1)),
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which is equivalent to

— < 2: 1 (14 0(1)). (2.6.8)

% is increasing for z € (0,1), and p(271/") = 2%/7-1,

Note that the map ¢ : x — i

Together with (2.6.8), this completes the proof of claim (2.6.3).

Combining (2.6.4) and (2.3.2), we have whp,
M. (At <w, i lag, ;| < veas (1+0(1)).
j=1
Along with (2.6.3) and the fact that » < 2, this implies that whp,
M,(A) <v*"a, (1+0(1)) <2 Fa,(1+ o(1)). (2.6.9)

To complete the proof of r € (1,2], combine (2.6.1), (2.6.9) and (2.3.1).

Case 2. Suppose r = 1. On the one hand, note that the lower bound (2.6.1) continues to
hold. On the other hand, by definition M;(A) < inf,c(1,9) M, (A). Together with (2.6.9),

this implies that whp,

M, (A) < i?lle M,(A) =27 a,(1+ o(1)). (2.6.10)
re(l,
The proof is complete on combining (2.6.1), (2.6.10) and (2.3.1). O
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2.6.2 Proof of Theorem 2.2.6 and Theorem 2.2.7

Proof of Theorem 2.2.6 and Theorem 2.2.7. Fix r € (2,00]. Recall the decomposition

A=A+ A+ Ain (2.4.2). Using the triangle inequality and (2.2.9), we have

‘M’I‘(A) - Mr(‘zl)

< sup (’aszlw‘ + ‘wale
ll|l-=1

< sup (nyl:c + ny_l:z:>

lzll-=llyll-=1

= HAHT’—W* + HAHT—W*'

Now set p == -*5 =7r" and v = % = % — % Then p* =r > p > 1, and conditions (2.2.5)

and (2.2.6) imply that v satisfies conditions (2.2.10) and (2.2.11), respectively. Thus, the

results in Section 2.4 are valid for » and p = r*. In particular, together with the last

display, Proposition 2.4.1 and Proposition 2.4.8 imply that whp,

’MT‘(A) - MT(A) = O(bn)7

under assumptions of Theorem 2.2.6 or Theorem 2.2.7. Together with Proposition 2.4.15,

this completes the proof. ]

2.6.3 Proof of Theorem 2.2.8

Proof of Theorem 2.2.8. Fix r € (2,00),u > 0 and set p = r*. Recall the decomposition
of A= A+ A+ Ain (2.4.2) and let A, = 117 + A+ A. Note that (2.2.7) implies (2.2.11)

with vy = 1 =2 Hence, (2.4.7) of Lemma 2.4.7 and the condition r > 2 imply that

1
p

[ Al = 05 (n77H5) =0 (07 72077 ) (26.11)

where the last equality uses (2.2.7).
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With A, = 11" + A, by the duality formula (2.2.9) and (2.6.11), we have whp,

‘MT(AN) — M, (fl#)’ < sup ’wa_la:‘ < sup y'Azx=|Al,,,=o0 (nrﬁ#{?béiD))

l[=-=1 l=ll-=lyll-=1

Using (2.2.9) again, we have

M, (A) < swp yTAm = Al (2.6.13)

lzll-=llyll-=1

Since (2.2.7) implies (2.2.12) with v = % — L =2 by Proposition 2.5.5 and (2.6.13), we
have whp,
~ - 2 2 T— n T o
M, (A,L) <nriu4l . P > a2 +o (n rzwbﬁ‘z) (2.6.14)

g (2.6.15)

Combining (2.6.15), the definition of £(A) in (2.5.22) and Lemma 2.5.7, we have whp,

n r — 2 2 r=2__r n _r_ r—=2__r _r_
M, (AM) > n2 T+ T,u_rzm D > lagl™2 +o <n = T—qu’{‘Q) (2.6.16)

,j=1

Combining (2.6.12), (2.6.14) and (2.6.16), we have whp,

ij=1

Finally, [70, Theorem 3.8.2] implies that

Z ’aij‘r%z i) Yae-2),

i,j€[n]

where Yae-s is an 2“=2 stable random variable. Together with (2.6.17), this completes

T

T
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the proof. n

2.6.4 Proof of Corollary 2.2.9

Proof of Corollary 2.2.9. Fix a € (0,1). Then condition (2.2.5) of Theorem 2.2.6 is
satisfied and hence, by the theorem we have By Theorem 2.2.6 with the first condition,

we have

b,! sup x' A,z “@ Ya, (2.6.18)

llloc <1

where Y, is an a-stable random variable. Let A,, € R™*™ denote the diagonal of A,,. Then

we have whp,

|Aljoom1 = sup Z A3 Y < Z laii| = Os (na> ) (2.6.19)
[zlloo=lyllco=1 je[n] i€[n]
where the last equality uses [70, Theorem 3.8.2]. Define A, = A, — A, Combining
(2.6.18), (2.6.19) and (2.2.4), we have

bl osup x' Ay @y, (2.6.20)

]loo<1
Now we argue that the supremum in (2.6.20) must be obtained at the extremal points
{—1,1}" of the n-dimensional hypercube. To see this, pick a point € R™ with ||z|. < 1.
Since A, is diagonal free, the map  — @' A, is linear in z; for each i € [n]. Hence, we
can iteratively replace x; by either +1 or —1 without decreasing x A,z and the terminal

point of this iterative procedure would be a point in {—1,1}". Given the above argument,

(2.6.20) implies that

b sup :cT/.lnaz(i;Y.

n
ze{-1,1}"
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Once again invoking (2.6.19) and (2.2.4), we conclude that

bl sup wTAnw(i;Y.

n
xe{-1,1}"

This completes the proof.
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CHAPTER 3

Fluctuations in Quantum Unique

Ergodicity at the Spectral Edge

3.1 Introduction

Quantum Unique Ergodicity (QUE) refers to the observation that for the quantization
of a chaotic dynamical system, the eigenstates of the Hamiltonian become uniformly
distributed in phase space in the high-energy limit. This phenomenon has been intensely
studied by both physicists and mathematicians, and we refer the reader to [115] for a
survey. Recently, a number of works have investigated QUE, and other closely related
principles, in the context of Wigner random matrices [39, 50, 2, 17, 48, 24, 23, 53, 52].
Because such matrices are the simplest class of chaotic quantum Hamiltonians, they form

a natural testbed for the study of these ideas.

We recall that a Wigner matrix is a symmetric matrix H = {h;; }1<; j<n of real random
variables with mean zero and variance N~!, such that the upper triangular elements
{hij}1<ij<n are independent. The eigenvectors of Wigner matrices are delocalized, meaning

that their mass is spread approximately uniformly among their entries. The simplest
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manifestation of delocalization is the high-probability bound

sup N{(qu,u)* < N¢, (3.1.1)
a€[1,N]

N
a=1>

which holds for any ¢ > 0, eigenvector u, and orthonormal basis (q,) for sufficiently

large N [32].!

QUE for Wigner matrices asserts a more refined form of delocalization, concerning
the equidistribution of the eigenvector coordinates. Let Z C [1, N] be any determinstic

subset of indices. Then for any eigenvector u, we have the high-probability bound

> (q L P * (3.1.2)
=R N7 N -
A weaker version of this claim was first established in [39], and the optimal error term

stated in (3.1.2) was shown in [24, 52].

In this article, we consider the fluctuations around the leading-order term identified in
(3.1.2). Based on explicit calculations with Gaussian random matrices [111, Theorem 2.4],

we expect that

N3 2 |
m (aZEI (Qu,u)” — N) — N(0,1), (3.1.3)

with convergence in distribution, for all Wigner matrices, whenever |Z| > 1. We observe
that when |I|] < N, the summands act as independent Gaussians, while correlations
arising from the condition that ||u||z = 1 are present when when |Z| is of order N. It has
been shown in the recent work [52] that (3.1.3) is true for eigenvectors u corresponding
to eigenvalues in the bulk of the spectrum in the following sense. Label the eigenvalues of
H in increasing order, \; < Ay < ... < Ay, and let i = iy be a sequence of indices such

that min(i, N — i) > ¢N, for some constant ¢ > 0 and all N € N. Then (3.1.3) holds for

LAl eigenvectors in this work are normalized so that ||ul/ = 1.
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the eigenvectors wu,;.

At the edge of the spectrum, previous results are less complete. In [21], it was shown
that (3.1.3) holds for any eigenvector u, if N™ < |Z] < N'™7 for some 7 > 0. However,
this leaves open the case where |Z| is proportional to N where correlations between
eigenvector entries arise. This case is of particular interest since it parallels the original
QUE conjecture, which concerned the mass of eigenstates on subsets containing a constant
fraction of phase space. In this article, we address this regime and show that (3.1.3) holds
for any Z such that |Z| > N'7¢ and any eigenvector u; such that min(i, N —4) < N7
where 7 > 0 is an arbitrary constant, and ¢(7) > 0 is a small constant depending on 7.
This completes the characterization of fluctuations in QUE for Wigner matrices at the

spectral edge.

3.1.1 Main Results

We first define Wigner matrices.

Definition 3.1.1 (Wigner matrix). A Wigner matriv H = Hyx = {hi;}1<ij<n 1S @
real symmetric or compler Hermitian N X N matrix whose upper triangular elements
{hij}1<i<j<N are independent random variables that satisfy

1 +6y

Ehi] =0  E[lhyl?] = T (3.1.4)

Further, we suppose that the normalized entries have finite moments, uniformly in N, i,

and j, in the sense that for all p € N there exists a constant p, such that

E ||V Nh;

p} < iy (3.1.5)

for all N,i, and j.
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Remark 3.1.2. The second condition in (3.1.4) could be relaxed to requiring only that

14 (d—1)d;

E Uhijﬂ = N

for some constant d > 0. The modifications to the proofs in this case are straightforward,

and we omit them for brevity.

Our main theorem is the following central limit theorem for Wigner matrix eigenvectors.
We let
SVt ={v e RY : |jv|, = 1}.

Theorem 3.1.3 (Central Limit Theorem). Let H be a Wigner matriz and fix 7 € (0,1).
Then there exists 6(T) > 0 such that the following holds. Let 1 = Iy be a deterministic
sequence of subsets such that |Z| € [N'™°, N, let ¢ =y € [1, N'"TJU[N — N7, NJ be
a sequence of indices, and let u = ug) = (u(1),...,u(N)) be the corresponding sequence

of 12-normalized eigenvectors of H. Let (qY)

N ael = (ga)act be a deterministic sequence of

sets of orthogonal vectors in SN~1. Then

BN > 1]
2[T[(N — 1)) (Z (ga, vex)” = N) = N(0,1), (3.1.6)

a€l

with convergence in the sense of moments. Here N(0,1) is a standard real Gaussian

random variable; we take B =1 if H is real symmetric, or B = 2 if it is complex Hermitian.

Because the Gaussian distribution is determined by its moments, the above theorem

immediately implies that (3.1.6) also holds for convergence in distribution [30, Theorem

30.2].

3.1.2 Related Works

Delocalization estimates have received significant attention from the random matrix

community over the past decade and a half. The estimate (3.1.1) has a long history,
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and increasingly strong version of this statement were proved in [30, 79, 81, , ,

, 84, , 3, , |. The optimal high-probability upper bound of /(2 + ¢) log N
was recently established in [25]. Going beyond Wigner matrices, similar estimates have
been shown for band matrices [166, 10, 76], heavy-tailed random matrices [31, 35, 6, 1],
and adjacency matrices of sparse random graphs [19, 77]. Fluctuations of individual
eigenvector entries of Wigner matrices were first studied in [39], where they were shown
to be Gaussian (see also [25, Corollary B.18] and [22]). Arbitrary finite collections of bulk

eigenvector entries were shown to be jointly Gaussian in [133].

As noted above, the first QUE estimate for Wigner matrices was shown in [39].
Estimates of the form (3.1.2) have also been shown for deformed Wigner matrices, [21],
band matrices [166, 40], sparse random matrices [19, 38, 10, 9, 8], and heavy-tailed
random matrices [5]. Further, a more general version of (3.1.2), known as eigenvector
thermalization, has appeared recently (motivated by the phenomena surveyed in [157, 64,

]). Let A be a deterministic N x N matrix such that ||A|| < 1, where ||A|| denotes
the spectral norm of A. Then for any eigenvector u of a Wigner matrix, we have the

high-probability bound

1 N¢
u, Au) — —TrA| < —, 3.1.7
(. Au) - T < (317
for any ¢ > 0 and sufficiently large N [19]. Subsequently, fluctuations around the leading
order term in (3.1.7) were identified in [50], and an optimal-order error term was established

in [52].

We expect that our proof strategy can be extended straightforwardly in two directions.
One is to determine the fluctuations for the more general observables (u, Au) when u
is an edge eigenvector and A is essentially full-rank, i.e. + Tr(A?) > N°||A||? for some
small 6 > 0. The other is to yield the joint fluctuations for any finite edge eigenvectors,

i.e.

2|I|(]]\7V—\I|) (Z <qa,wl>2 — L{J, ,Z(qa,u5k>2 _ L{J) — (Zy, -, ),

acl a€l
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with convergence in distribution, where ¢; < --- < £, < N'"7 and Z;,..., 7, are
independent Gaussian random variables with zero mean and unit variance. However, we

consider only the case (3.1.3) for brevity.

Our work does not address the intermediate spectral regime where i/N tends to 0
slower than any negative power of N. We expect that this regime can be handled by a
straightforward modification of the arguments in [52]. However, we leave this as an open

question for future work.

3.1.3 Proof Strategy

Previous works determining the fluctuations in QUE have all followed the dynamical
approach to random matrix universality (surveyed in [32]). This approach uses the

following three steps.

1. Establish various a prior: estimates on the eigenvalues and eigenvectors of Wigner

matrices, such as (3.1.1), which are used as input in the following steps.

2. Determine the fluctuations in QUE for random matrices of the form H ++/tW, where
H is an arbitrary Wigner matrix, W is a Gaussian Wigner matrix, and ¢t ~ N~°
for some ¢ > 0. This is done by recognizing H + +/tW as the evolution of a matrix
Brownian motion with initial data H until time ¢. Under this stochastic process,
the moments of the QUE observable in (3.1.3) evolve according to a parabolic
differential equation known as the eigenvector moment flow. A detailed analysis of
this evolution shows that these moment observables converge to their equilibrium

states, the Gaussian moments, after time ¢. This convergence in moments establishes

(3.1.3) for the matrix H + /tW.

3. Transfer the conclusion from the previous step to all Wigner matrices. Given an
arbitrary Wigner matrix H, there exists a Wigner matrix H’ such that the first

three moments of H and H' 4+ v/tW match exactly, and the difference of the fourth
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moments is order . By a moment matching argument similar to the one used in
Lindeberg’s proof of the central limit theorem (see [20, Section 11}), one can show
that this moment condition is enough to establish that H has the same fluctuations

in QUE as H' + /tW, completing the proof.

Thus far, obstacles related to Step 2 of the dynamical approach have blocked a proof
of (3.1.3) for |Z| proportional to N at the spectral edge. The analysis of the eigenvector
moment flow in [21] was applicable throughout the entire spectrum, but was only effective
for index sets Z with cardinality |Z| < N. The works [50, 52] analyzed a variation of the
eigenvector moment flow introduced in [133], called the colored eigenvector moment flow,
which allow them to access Z with |Z| proportional to N. However, these works depend
on an intricate analysis of the colored evolution dynamics presented in [133], which was
only given in the bulk. In principle, such an analysis could also be carried out at the edge.
However, given the length and sophistication of [133], and additional complications that
arise at the edge due to the curvature of the spectral density (the semicircle law, given in

(3.2.1) below), this extension seems far from straightforward.

Instead, we adopt an argument that has no dynamical component, and uses only
moment matching. We draw inspiration from [ 19] and [33], which characterize the joint
eigenvector—eigenvalue distribution of Wigner matrices at the edge (see [33, Remark 8.5]).
Specifically, the authors show that given any finite collection of edge eigenvalues and
entries of the corresponding eigenvectors, their joint distribution is asymptotically the
same with the one for a Gaussian ensemble. In particular, any finite collection of such
eigenvector entries is asymptotically distributed as independent Gaussians. The proof
proceeds by a “two moment matching” argument, which shows that two random matrix
ensembles who entries are independent, centered, and have the same variance matrix also
have the same eigenvector—eigenvalue statistics at the edge. As an immediate consequence,
the edge statistics of any Wigner matrix match those of a Gaussian Wigner matrix, which

may be computed explicitly. The decay of spectral density at the edge is crucial to
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the proof, and renders it inapplicable to the bulk, where the full dynamical approach is

necessary.

We now give an overview of our proof. Let H be a Wigner matrix. Our first step is
to regularize the QUE observable in (3.1.3). Let f,(H) denote a smooth approximation
to m-th moment of the observable on the left side of (3.1.3), corresponding to some
eigenvector u, which is differentiable in the matrix entries.? We wish to proceed as follows.
Fix indices a,b € [1, N]. Let W denote the matrix such that w;; = h;; for all 4,5 € [1, N]
such that (i,7) ¢ {(a,b), (b,a)}, and such that w,, = wp, = g, where g is a Gaussian
variable with mean 0 and variance N~!. We observe that the first two moments of ¢
match those of hy,. Finally, let ) denote the matrix such that ¢;; = hy; for all i, j € [1, N]

such that (i,7) ¢ {(a,b), (b,a)}, where gu = qpo = 0. Then by Taylor expansion, we have

FulH) = £2(Q) + 0 o @ + 508 Fu( QU+ 50 Fu(QUEy + 5100 Fu( QU + X,

where X is the error term in expansion. Subtracting the analogous expansion for f,, (W),

and taking expectations, we obtain

E[ful(H)— 1) = B[ @) ey — )] + SE[05 £u(Q)02, — w2
4 SB[ (@A, —uly)] + 5B [0 £u(Q)(E, — wh)] + E[(Xn — Xuw)
—éE[aibfn(Q)]E[hib - wa} + 214E {aibfn(Qﬂ E {hib - wib} + E{(XH - XW)]

In the previous equation, we observed that () is independent from h, and w,,, and
used E[0.pfr(Q)(hap — wap)] = 0, which follows from E[h] = E[wg]. We also used the

analogous reasoning for the second-moment term.

We consider the third-moment and fourth-moment terms, and neglect the error term

for now. From the definition of a Wigner matrix, we have E[hgb — wf;b} = O(N—3/%) and

2The observable itself is not differentiable in the matrix entries, which necessitates the smoothing.
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E[h}, — wh] = O(N~2). If we had the estimates

E|05,/2(Q)] < N2, E[04f(Q)] < 1, (3.1.8)

then E{ fu(H) — fn(W)} < N72. This estimates the error accrued when exchanging one
entry of W for a Gaussian. Since we need to exchange O(N?) entries, the total error will
be o(1), and the moments E[f,,(H)] will match those of a Gaussian random matrix in
the large N limit. Because (3.1.3) can directly be established for Gaussian matrices, this

would complete the proof.

The crux of the problem is then to produce a suitable regularization f,, and demon-
strate that its derivatives decay suitably in N near the edge of the spectrum. While
regularizations of (3.1.3) have appeared before, the necessary decay at the edge has not
been established. For example, the regularized QUE observable in [241] was only shown
to satisfy ]E[@S’b fn(Q)} = O(1). To illustrate how our regularization works, and how we
achieve the additional gain at the edge, we begin by describing the regularization of a

single eigenvector entry, as accomplished in [119, 33].

Let u, be an eigenvector with associated eigenvalue \;, and let n > 0 be chosen so that

n < Ay, where Ay is the typical size of the eigenvalue gap Ay 1 — As. Recall the Poisson

Q/ dE _1
TJR (E—X)24n2

Fix k € [1, N]. We have the high probability estimate

2 — n/ 77/ 2dE n/z )2dE
E )\g E )\g E /\ +772’

where I is any interval centered at )\, such that n < |I| < A, and we used

kernel identity

max (A1 — A, Ae — A1) >0
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to neglect the terms with ¢ # £ in the sum. Letting G = (H — E — in)~! denote the

resolvent of H, we have by the spectral theorem that

2

"/Z e A 77/ (3.1.9)

For illustrative purpose, let us treat I as a deterministic interval. Then, we see that

fo(H) = (Nn /(GG)kkdE) (\/NW(’C))Q”,

™

is a smooth function of the matrix entries. We multiplied u,(k) by v N to make it an

O(1) quantity.

Letting R = (Q — E — in)~! denote the resolvent of ) and taking derivatives, one

readily finds that?
O fal@) ~ nln = 1)+ (0 = m+ DOVNuglk)* ™ [ NPudE -+, (31.10)

where P, is a polynomial with constant number of terms, and each term consists of one
(RR).. factor and m R,.’s or R,,’s. Here * € {a,b,k} and different * may take different

values.

So far, we have not used the fact that A\, is an edge eigenvalue. The crucial use of this
fact is that we are able to choose the spectral parameter 7 such that 1 < A=t < (Nn)l/2.
Indeed, if A, were in the bulk, we would have A, = O (N~1), and such choice would not

be possible. Combined with standard local law for resolvents of Wigner matrices (see

(3.4.8) below), for any £ > 0, we have

(RR);; < N*(Nn)~?

3There are multiple terms as a result of applying product rule, so we focus on one representative term
for clarity.
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with high probability for all 4, j € [1, N]. Therefore, we have the bound
| NP < 1IN ()72 < (V)2 < 1 (3.1.11)
I

by the choice of I and 7. Inserting this into (3.1.10), we have

(@) < 1,

with high probability. Upon taking expectation, this establishes the second inequality in
(3.1.8).

For the first inequality in (3.1.8), we need to exploit an additional cancellation that is
introduced when taking expectation. To uncover this cancellation, we use the polynomial-
ization technique, which first appeared systematically in [75], and was further developed

in [167, 33]. The main idea is to write P,, in the form

where P (a)

mii....iq 18 independent of a-th row and column of Q. When d is an odd number,

we have

E[Pn]| £ NV E[|BaP)- (3.1.12)

To see why (3.1.12) is true, consider a simple case, where P = Y Paiy Ny Py -

11,i2,137a

Taking expectation forces i1, 45, i3 to coincide, and therefore

§N71/2:N71/2 E Z h2 hZ hQ

at1'baio ' Yais

E[P]| = ‘E [Z he, < N~V JE[|P]2.

11,12,13

Moreover, it can be shown that, P, can be approximated by an odd polynomial as long

as m is odd and a, b, k are distinct indices. Combining (3.1.12) with (3.1.10) and (3.1.11),
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we obtain the first inequality in (3.1.8) for all indices a, b, expect for O(n) pairs such that

a =b,a =k or b=k, which is sufficient for our purpose.

Regularizing the QUE observable in (3.1.3) can be accomplished similarly by replacing
each term (q,,u¢)? appearing there by the regularization given in (3.1.9). However, to
appropriately control the size of the resulting moments, we need to detect additional
cancellations in the sum; it is not enough to bound each term individually. For this, we
use multi-resolvent local laws, which bound the quantities (GAG). and (GAGG).4 for
any choice of ¢,d € [1, N] and deterministic N x N matrix A such that [|A]| < 1 and
Tr A = 0; see Lemma 3.4.2 below. While such laws have been established previously
[52, 51, 19], we prove a new version with improved error terms at the spectral edge. These
improved estimates allow us to obtain sharper bounds in the moment matching argument,

which are necessary to complete the proof.

3.1.4 Outline

Section 3.2 introduces our notational conventions, and states several preliminary results
from previous works that are used throughout this paper. Section 3.3 defines the smoothed
QUE observables needed for our moment matching argument. Section 3.4 proves our main
result, Theorem 3.1.3, assuming two preliminary lemmas, Lemma 3.4.2, and Lemma 3.4.4.

Lemma 3.4.4 is proved in Section 3.5. Lemma 3.4.2 is proved in Appendix 3.6.

3.2 Preliminaries

3.2.1 Conventions

For the remainder of the paper, we fix arbitrary constants 7 € (0,1), a sequence of
deterministic subsets I = Iy C [N'7%, N], with 6 = §(7) = 107°7, and a sequence of
deterministic indices ¢ = {y € [1, N'""J U [N — N'=7 N]. We also fix a deterministic

SNfl

sequence (qV))aer = (@a)acr of sets of orthogonal vectors in , and a sequence of
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positive reals (p,)52,. We assume that all Wigner matrices mentioned below satisfy
Definition 3.1.1 with this sequence of constants. Our claims hold for any choices of these

parameters.

We also define the spectral domain

10

S:S(N):{z:E+in€(C:|E\< N1+T/10<|ny<}.
T

10
P

Throughout this article, we typically suppress the dependence of various constants in
our results on the choices of 7. These dependencies do not affect our arguments in any
substantial way. Additionally, we focus on the case of real symmetric Wigner matrices
in our proof of Theorem 3.1.3. The details for the complex Hermitian case are nearly

identical, and hence omitted.

3.2.2 Notations and Definitions

Let Maty be the set of N x N real symmetric matrices and {e;}¥, be the standard
basis of RY. Let |M| denote the spectral norm of M. We index the eigenvalues of
matrices M € Maty in increasing order, and denote them A\; < Ay < ... < Ay. For
z € C\R, the resolvent of M € Maty is given by G(z) = (M — z)~!. The Stieltjes

transform of M is
1
)\i —z .

1
my(z) =TrG(z) = =
N5
The resolvent has the spectral decomposition

*

G(z) =) )\Uiui

b
i—1 N TR

where we let u; denote the eigenvector corresponding to the eigenvalue \; of M such
that ||u;]|, = 1. We fix the sign of w; arbitrarily by demanding that u;(1) > 0. For

deterministic vectors @, y, we abbreviate (x, My) by M,, and we abbreviate M, further
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by M;, or My; if © = e; or y = e; respectively.

The semicircle density and its Stieltjes transform are

4 — F?
! dE, msc(z) _ psc(LU) dr =
2 RIT—2Z2

—z+ V22 —4
2 )

psc(E) = (3.2.1)

for £ € R and z € C\R. The square root in v/2? — 4 is defined with a branch cut in

[—2, 2], so that Smg.(2z) > 0 for Sz > 0.

For i € [1, N], we denote the i-th N-quantile of the semicircle distribution by ~; and
define it implicitly by

7 B Yi d
Ty

We will often differentiate functions of a matrix M € Maty with respect to some entry my,
of M. For example, we will consider quantities such as 0, f (M), where J,, means that we
consider M as a function of its upper-triangular elements {m;; }1<i<j<n and differentiate
with respect to my, when a < b, or with respect to my, when b < a. Mostly commonly,

we take f to be the resolvent f(M) = (M — z)~', or some product of resolvents.

Finally, we adopt the convention that N = {1,2,3,...}.

3.2.3 Local law for resolvent and multi-resolvent

We require the isotropic local law proved in [32] and multi-resolvent local law proved

in [01]. We begin by recalling the notion of stochastic domination (which was introduced
in [70]).

Definition 3.2.1 (Stochastic domination). Let
X=(XMw:NeNuet™), v=(¥YMu:NeNueU™)

be two families of nonnegative random variables, where UN) is a possibly N -dependent

parameter set. We say that X is stochastically dominated by Y, uniformly in u, if for all
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(small) € > 0 and (large) D > 0 we have

sup P (XM (u) > NoYW(w)] < NP

ueU W)

for large enough N > Ny(e, D). Unless stated otherwise, throughout this paper the
stochastic domination will always be uniform in all parameters apart from o, T, and the
constants p, (which were fized in Section 3.2.1); thus, No(e, D) also depends on i, 7,9. If
X is stochastically dominated by Y, uniformly in u, we use the notation X <Y . Moreover,

if for some complex family X we have | X| <Y we also write X = O-(Y)
We first introduce the isotropic local law for a single resolvent.

Theorem 3.2.2 (Isotropic local law). Let H be a Wigner matriz, let G = (H — z)~! be

its resolvent.

sup [(@, G(2)y) — (, yymae(2)| <Ll ]

— 3.2.2
z€S N77 N77 ( )

for any choice of deterministic vectors ¢,y € SN, where n = |Sz|.

Remark 3.2.3. In this and all following local laws, the high probability bound may be
strengthened to hold simultaneously for all z in the specified domain. For instance, (3.2.2)

may be strengthened to

P >1-NP,

z€S

foralle > 0,D > 0and N > Ny(e, D). It follows from a simple lattice argument combined

with the Lipschitz continuity of G, mg. on S. See [20, Remark 2.7] for details.

We next recall the definitions of a non-crossing partition and the Kreweras complement

of a partition. We follow the notation of [L00]; see also [121].

Definition 3.2.4. For k € N, let [k]| denote the set {1,2,...,k}. A set partition of [k] is
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a set m of disjoint subsets of [k| whose union is [k]. The elements of ™ are called blocks.
Given a set partition 7, a bump is an ordered pair (iy,1) such that iy and iy lie in the
same block of m, 11 < is, and there is no j in the same block with iy < j < is. We say that
7 is a noncrossing partition if for every pair of bumps (i1, i) and (ji, jo) in w, it is not
the case that iy < j1 < is < jo. We let NC[k| denote the set of non-crossing partitions of

[K].

Definition 3.2.5. Arrange the points in [k| equidistantly on the boundary of the unit
disk D, with labels increasing counterclockwise. Label the arcs between adjacent points
so that arc i connects point i to its neighbor in the counterclockwise direction. Given
m € NCIk], we define the Kreweras complement K () € NC[k]| of m to be the partition
such that two points x,y € [k] belong to the same block of K(7) if and only if the arcs x,y
are in the same connected component of D\ UgerPg, where Pg denotes the convex hull of

the vertices in the block B.

Moreover, for m € NCIk], and matrices A;,..., Ay_1 € Maty, we define the partial

trace p'Ir, associated to partition 7 to be

1
prI‘I'7T (Ala'-->Ak—1> = N H Tr (H AJ) H Aj,
jeB

Bem\B(k) JjEB (B)\{k}

where B(k) € m denotes the unique block containing k. We recall that by convention, an

empty product is equal to 1.

For any subset B C [k] we define

1
dz.

miB) = mol{z|i€ BY = [ puel) [T

ieB T~ %

For every k € N, let m,|-] : 2/ — C denote the free-cumulant transform of m/[-], which is
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defined implicitly by requiring that the relation

mB = Y [[ m.[B], VBCIK.

reNC(B) B'en

holds for all k. For example, when k = 1, we have m,[i| = m[i], and for k = 2 we have

mo[i, j] = mli, j]—mli]m|j]. For further details, see the discussion following [53, Definition
2.3].

Definition 3.2.6. For arbitrary deterministic matrices Ay, ..., Ax_1 € Maty and spectral
parameters zy, ...,z € C\R, define

M (21, Avy oo Apoa ) = ) PTr(my (Ar, ..o, A1) [ mo[B]. (3.2.3)

TEeNC[E] Ber

We are now ready to state the multi-resolvent local laws necessary for our work.

Lemma 3.2.7 ([51, Lemma 2.4)). Fiz k,m € N with m < k and a constant Cy > 0. Let
Ay, ..., Ay € Maty be deterministic matrices such that ||A;]| < Co for all 1 <i <k, and

suppose that Tr A; = 0 holds for at least m distinct indices j. Then there exists a constant

C = C(Cy, k) > 0 such that

itaer A< 1
|Tr (M (21, As, ..o 21, Ak, 2) Ag)| <

ex d>1
and
k—[CVm/Q'\ d S 1
IM (21, Av .. 2 Agy 2| < S (3.2.4)
c d>1,

where 1 := min; |Jz;| and d := min; dist (z;, [—2, 2]).

Theorem 3.2.8 ([51, Theorem 2.5]). Let H be a N x N Wigner matriz and let G =

(H — 2)7* be its resolvent. Fiz m,k € N withm <k and z1,...,2p41 € S. Fiz Cy > 0,
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and let Ay, ..., Ay be deterministic matrices such that |A;|| < Cy for all 1 < j <k, and

Tr A; = 0 for at least m distinct indices j. Then

s d<l1
ITr (G1A; -+ Gy — M (21, Ay, .o Ay, 21) Ag)| < " (3.2.5)

o d>1,

and for any deterministic vectors x,y € RY such that ||z| + |ly|| < Co, we have

s A< 1
(@, (G1 AL GrARGrir — M (21, A1, Ak, 2641)) 9)| < VN R
wore d=>1.
(3.2.6)

Here G; := G (zj), n := min; |3z, and d := min; dist (z;,[—2,2]). In (3.2.5) and (3.2.6),
the numbers Ny in the definition of the < notation (recall Definition 3.2.1) may depend
on k and Cy.

3.2.4 Central limit theorem for GOE

We recall the following result from [141, Theorems 2.3 and 2.4].

Theorem 3.2.9 (Central Limit Theorem for GOE). Let H be drawn from Gaussian
Orthogonal Ensemble and fix 6 € (0,1). For N > 2, let 1 = Iy € [N* NJ] be a
deterministic sequence of subsets, let { = {y € [1,N] be a sequence of indices, and
let u = ug\\:) be the corresponding sequence of (*-normalized eigenvectors of H. Let

(qéN))ael = (qa) 1 be a deterministic sequence of sets of orthogonal vectors in SN,

Then

o~ w?— X
szw— 75 (5 - §) o w00

ael

with convergence in the sense of moments.
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3.2.5 Quantum Unique Ergodicity

We also recall the following quantum unique ergodicity result from [24, Theorem 1.4].

Theorem 3.2.10. Let H be a Wigner matriz. Let 1 = Iy C [1,N] be a deterministic
sequence of subsets, let { = Uy C [1,N] be a sequence of indices, and let u = ug\\:) be the
corresponding sequence of eigenvectors of H. Let (qa),e; = ( &N))ael be a deterministic
sequence of sets of orthogonal vectors in SN~1. Then

> (e u)’ - ’jﬂ < \@ (3.2.7)

a€l

3.3 Regularized observables

3.3.1 Definitions

We begin by defining notation for the self-overlaps and typical eigenvalue spacings.
Definition 3.3.1 (Self-overlaps and spacings). Let H be a N x N Wigner matriz. Define

the self-overlap of the eigenvector wy by

7]

pr=p(I) = (Qo, up)? — 2.
acl N

Denote the normalized py as

~

N3
P = 5717~ 17\ Pk
2IZ|(N = [Z])

Denote the typical size of the k-th eigenvalue gap by
A= NP3,

We next define vy, which serves as the regularization of a scaled version of pj.
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Definition 3.3.2 (Smoothed indicator function). For any F, E; € R with E; < Es, and
n >0, let fg, B, denote a function such that fg, p,, = 1 on [Ey, Es], fB, mm =0 on

R\[El -1 E2 + 7]]7 and ‘flE'l,Eg,n| < 077_17 ’fgl,EQ,n| < CTI_Q on R.

Definition 3.3.3 (Regularized self-overlap). Let 6; > 0 for 1 <i <5 be parameters, and

let H be a Wigner matriz. Define

ne=ANT L=y — ANy + AN?], B =E£ AN (33.1)
3.3.1

~ -5
Je= f—3,E+,AeN—547 e = AN,

- 2/3 -
_ _ (£ _ _
Let f = [-55s, where k = N) , and set ¢ = f#%x%%. Let f = f-s ==, where

/N

2/3
K= (%) , and set q = f€—§,€+

Define
Tt P
E)=z(F)=—
T &
Ul N3 i = =
= Al snr Yy T iGiga — iGi
T 2|I‘(N— ‘ID aze:IXi:Gq& Gqcx %:;GQB ap (332)
m| N 1 e 1 o6
=\l smrV - - — (GG
T 2|I‘(N _ |I|) _QZEI < N (GG)QOAIOL O% N( )ana ’
and
1 ~
Y(E) = ylB) = [ i0f5(e)[(0) TrGle +i0)1 (jo] > i) de do
2m = (3.3.3)
T / (ifs(e)f(0) — o fp(e) () TeGle + o) de do,
2m Jr2
Finally, set § = (01, ...,05) and define the reqularized observable
ve =v0(8,7) = /I z(E)q (yp)dE. (3.3.4)
4

Before stating the main lemma in this section, we need the following several results.
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Theorem 3.3.4 (Eigenvalue Rigidity [31, Theorem 2.2]). Let H be a Wigner matriz. For
all i € [1, N], we have
A =il < A (3.3.5)

Proposition 3.3.5 (Level repulsion at the edge [25, Proposition 5.7]). Let H be a Wigner
matriz. Then there exists g > 0 such that for all ¢ € (0,e), there exists constants

C = C(e) such that for any i € [1, [N/2]],
P (A1 — A < N72575713) < N (3.3.6)

Lemma 3.3.6 ([25, Lemma 4.9]). With the definitions in Definition 3.3.3, for any e > 0,

there exists C = C(g) such that

1
> EYEpwE < N4/3=eg?/3, (3.3.7)
i:li—f)=Ne \ N

Lemma 3.3.7. With I, defined in (3.3.1) and x(E) defined in (3.3.2), we have
/ l2(E)|x(E)dE < N%, (3.3.8)
I,

where X(E) = 1(A¢ < B < Appy).
Proof. By the QUE bound (3.2.7), it suffices to show

ST ! X
P Ieﬂ()\i_E)2+77£%

(E)dE < N°. (3.3.9)

4There is a misprint in [25, Lemma 4.9]. The sign of the w on the right hand side of the inequality
should be negative.
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We break the integral (3.3.9) into two parts, and find that it equals

1

Ne 1 e
= X(E)dE + - X(E)dE.
i:|’i—f|<N62 IZ m ()\l - E)2 + nl? i:|i_€|Z>N62 IZ m ()\l - E)2 + 77!?
(3.3.10)
For the first term in (3.3.10), using the integral
Me
dE =
/ B
we can bound it by
> @ 1 X(E)dE < 2N* (3.3.11)
ii—t]<No2 e T (\i = E)? + 7 o
For the second term in (3.3.10), using (3.3.7), it follows that
% ! X(E)dE < N~%= (3.3.12)
ii—g>No2 Ve T (\i = E)* + 7 o
Combining (3.3.11) and (3.3.12), the proof is complete. O

The following lemma is our main comparison result for the smoothed observable v;.

Lemma 3.3.8. Let H be a Wigner matrix and suppose that A\, satisfies level repulsion
estimate (3.3.6) with

e = ¢; = min{gy/2,7/10000}.

Fiz parameters

€1 &1
53 —

5y = 21, 6, = €1
LT 02 ax{Co + 1,100} 2

y (54 = 651, (55 = 851.

Fix Cy > 0, and let g : R — R be a smooth function satisfying

g/ (z)] < Co(1 + |z])°P. (3.3.13)
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Then there ezists a constant ¢(1) > 0 such that
Elg (3(T))) - E[g(v(6,T)|| < 'V,

To prove Lemma 3.3.8, it suffices to establish Lemmas 3.3.9, 3.3.10 and 3.3.11.

Lemma 3.3.9. Maintain the notation and assumptions of Lemma 3.3.8. Recalling

Definition 3.5.3, we have
Elg(p)] ~E |g ([ «(B(B))| = 0=,

where x(E) =1 (N < ET < A\pyq).

Proof. We first write

~ _ e / De dE
S PO Ve A
By the assumption (3.3.13) on g, rigidity (3.3.5), and quantum unique ergodicity

(3.2.7), we write

where
Ey=);, Er=max{\ A}

We now show that the integral over [Ey, F5| can be approximated by integrating over

(A7, A1) From (3.3.6) and the parameter choice 65 = ¢1/2, we have
P(Ajy S A ) <N/
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Decomposing the integral

FEo A, 1 AT
/ = /_e+ +1 (A € A) /_g : (3.3.14)
Er £ 0+1
we have
E[g(p)] =E |9 | % / o & dE || + O<(P (A7, < A7)+ O(N=/2)
' m by (E—=XN)?+n? = +1 =\

Ne [Per De e /a
—E|g( ™[ dE || + o(N—=V/
[g<7r oo (BE= X))+ >]+ ( )

where we used the polynomial growth of ¢ (3.3.13) and the quantum unique ergodicity

(3.2.7) in the first step and (3.3.14) in the second step. By rigidity (3.3.5),

Ao = vel < Ary (A1 — e < Ay,

we have

Bloti] =& o (2 | P ®E )|+ (333

Our next goal is to replace the first term on the right hand side of (3.3.15) by the following.

5 [, e -7 | Gl 098+ E D, G 08

Using mean value theorem, (3.3.8) and (3.3.15) in the first step, and (3.3.7) and (3.2.7)
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in the second step, we have

Elo0] ~E [g (| «E(ENE)]|

< OL(N%2) R e D EVAE|| +O(N—<1/4

= <( ) pory L T (Az . E)2 n U%X( ) ( )
| ] 3.3.16

=OL(N“™E| 3 x : X(E)AE | + O (N®%70) 4 O(]\(f‘sl/“))
Li:1<|i—£|<N%2 s ()‘Z - E>2 + 77[? |
- , -

=0 NCO(SQ E @ X EYAE| +0 N_61/4 ‘

! ) _i:1§|iZ€<N52 (A — E)? + 07 (£) | ( )

Next we would like to bound the expectation term in the right hand side of (3.3.16). We

decompose it into two parts.

Firstly, for ¢+ > ¢, we have

Ne 1 5 [/AL’_H Ne 1
E — EYdE| < N2E — dE
i:l<i£N62 I, ™ ()\Z - E>2 + T]ng( ) N -0 ™ ()\Z-Fl - E)2 + 77%
< NO270+0s (3.3 17)
Suppose now that i < £. On the event B := 1(\; — A\,_; > 4A,N~%), we have
: 1 1
X(E)(E = X)? > (M= XN)? = 2A0,N7%3 (N, — \) > §(>\g —\)? > 5()\@ — A1)
Therefore,
1 2 N2
1(B)x(E 1(B)x(FE < .
Now we have,
El > x : (E)AE| < N*P (BY) + Nomd, " < N
— X n = )
i1<t—i<NO2 Ve T (\i = E)? + 17 A
(3.3.18)
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where we used Apy1 — A\ < Ay in the first inequality and (3.3.6) in the second inequality.

Combining (3.3.17) and (3.3.18), we have

> " : X
I, ™ ()\i _E>2+77[%

i:1<]i—L|<N%2

E

(E)dE| < N%275%, (3.3.19)

Inserting (3.3.19) into (3.3.16), we have

O

Lemma 3.3.10. Maintain the same assumptions as in Lemma 3.5.8. Using Definition

3.3.3, the following holds

Elo ([ «(BN(E) AB)| ~E g ([ a(Bya (T fo(t) aB)| = O,

Iy
where X(E) =1 (AN < ET < A\pyq).

Proof. Let 0 := 1/_3 g+) and B denote the event {\; > —3}. By the definition of x(F),

the first term becomes

1(B)/I 2(E) 1\ < B < M\py) dE = 1(3)/ 2(E) 1 (N (—o00, ET) = 0) dE

Iy

= 1(B) [ «(£) a(Tr0(H) AL,

where NV (E1, E;) denotes the number of eigenvalues in [Fy, Es].

By the definition of fg = f_35 g+ A, n-41, We know

1(B)| Tr(H) — Tt fp(H)| < N(EY,ET + AN =>"1(|A; — ET| < AN™).
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Hence we have

1(B)

/fz z(E)x(FE) dE — /Ie 2(E) q(Tr fp(H)) dE‘

=1(B)

[ 2(B) la(Tr0(1) = (T fu(H)) 4B
<C1(B) /I 2(E)| | Tr(H) — Tr f(H)| dE (3.3.20)
ch/j 2(B)[1(|A — E*| < AN-)dE

< N2\, sup |z(E)|,
Ecl,

where we use the rigidity (3.3.5) in the final step. By (3.2.7) and (3.3.7) with € = 202, we

have

sup |z(E)| < Ay N2, (3.3.21)
Eecl,

Combining (3.3.20) and (3.3.21), we obtain the desired bound on B. On B¢, we simply
use the rigidity (3.3.5) and (3.3.21). The proof is complete. O

Lemma 3.3.11. Maintain the same assumptions as in Lemma 3.53.8. Using Definition

3.3.3, the following holds

Elo (] et fot1)| =g (| 2(B)aue) )] = ov-=r2).

Proof. We first express fg(H) in terms of Green functions using Helffer-Sjostrand func-

tional calculus (see Equation (B.12) of [78]):

de do.

folh) = - [ EONO) 2O o) Z o e )

o A—e—io
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Let G(2) = (H — z)~* and recall 7, = A;N =%, then we have:

T fo(H) = 5 [ (074 (0) + () () — 0 fule) P (0)) T Gle + o) de do
= o [ (#50)(0) ~ 07(e) () TeGle + io) de do

/ /10 o) TrG(e+1io) de do
2 o>
/ /10 o) TrG(e +io) de do.
27T o] <7
We show that the last term is negligible. From [119, Lemma 5.1], we know o Tr G(e+io) =

O<(1). Since [ |fa(e)| = O(A;'N%), the last term is bounded by:

/ /10 o) TrG(e +i0) de do| = O (N%~%).
21 Jyoj<

Hence by the mean value theorem on ¢ and definition of yg (see (3.3.3)), we know
q(Tr fr(H)) — q(yg) = O<(N%~%). Now by mean value theorem on g and (3.3.8), we

have

E {g (/1/ z(E)q (Tr fE(H))ﬂ —E [g (/1[ z(E)q (?JE))] -0, (N(Co+1)52+54—55) 7

which, by the choice of parameters, completes the proof. O

3.4 Two moment comparison and proof of the main
theorem

We retain the conventions stated in Section 3.2.1 and the choice of parameters made

in the statement of Lemma 3.3.8.
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3.4.1 Preliminary Lemmas

For z € C\R, we define the control parameter

Im my.(2) 1
NImz N|Imz|

U(z) = (3.4.1)

Let H be a N x N Wigner matrix. Fix a,b € [1, N], and define

Q= Q(a,b) = {Qij}lgi,jgN € Maty

as follows. Set ¢;; = hi; if (7, 7) ¢ {(a,b), (b,a)}, and set ¢;; = 0 otherwise. In other words,
() is the matrix obtained by starting with H and replacing entries hy, and hy, by zeros.
Given z € C\ R, set

G=(H-2)7"' R=(Q-2)" (3.4.2)

Let 2%, 2%,y y® be the quantities in (3.3.2) and (3.3.3) defined using the resolvents G
or R, as indicated by the superscript. Finally, let U = H — Q.
We summarize some preliminary bounds in the following lemma.

Lemma 3.4.1. Let H = {h;;}._,G, R, ¥ be as defined above. We have

ij=1>

|hij] < N7V2, (3.4.3)
1
IGR) < -, (3.4.4)
n
1
[R()]| < -, (3.4.5)
7
CTIVANTY2 < W(2) < O VANT/H Ve S, (3.4.6)
or some constant > 0, where n = |Sz|. oreover, when z = +1ne, 2 € 1p (Sce
C > 0, wheren Sz|. M h E +in I
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Definition 3.3.3), there exists constant C' > 0 such that
U(z) < —. (3.4.7)

Proof. Fix any € > 0, D > 0. By Markov’s inequality and the moment assumption (3.1.5)

on h;j, we have
P (|VNhij| > N°) =P (|VNhi;|? > N*) < i, N7 < N7,

for large enough p and N > Ny(e, D). This proves (3.4.3).
By spectral decomposition, we have

’l,l,i’U,T

G(2) =) T—iz’

)

where {\;}Y, and {w;}Y, are the corresponding eigenvalues and eigenvectors of H.

Observe that
1
)\i — Z

1

Pick any unit vector &. We have

lx*Gz| < 1:lz*z:uzuj.ﬂrz = 1
i n

This proves (3.4.4). The inequality (3.4.5) follows similarly.

To obtain the lower bound of W(z), we use the following result (see [20, Lemma 3.3]):

cevE+n < | Immg(2)] < c'We+mn, if |E| <2,

o

< |Smge(2)] < , if |E| > 2,
< ) < = B
for some constant ¢ > 0, where £ = Rz and k = k(E) = ||E| — 2|.
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For |E| <2, we have

*\/ 1
\I/(Z) > C]l\if;-n + N777 > CN_1/277_1/4 > 07_]_/4N_1/27

clWr+n 1 [ T2 1 —1/4 nr—7/20
V(2) < Tn + m =C NN -1+7/10 - N N-1+7/10 <Cr N )

where we used z € S in the last step of the first line and in the second inequality of the

second line.

For |E| > 2, we have

1 CN71/2n71/4 if K < n i o
—et > > Cr /"N™/7,
VE+nN — Nnp CN-Y2 Vit >

/ 1 1 —1/2—7/20
¢ N-1/2+7/20 + N N-1+7/10 <CN ’

where we used z € S in the last step of the first line and in the second inequality of the

IN

1
JiEaN TNy

second line. This completes the proof of (3.4.6).

Finally, for 2 = E +in,, E € I;. We have

1
W) <o VET
Nn Nn,

Note that k < C(¢/N)?3 + N%A,. It is not hard to check that & + 1, < C(Nn,)~2. This

completes the proof of (3.4.7). O

In the next lemma, we collect several local laws, which will be used frequently for the

current section and Section 3.5.

Lemma 3.4.2. Let H be a Wigner matriz, and let S be either G or R, as defined in

(3.4.2).
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1. For all z € S, we have

<, [(89) gyl = NU2 [(59)4y] < NU2. (3.4.8)

‘(ZE, Sy> - <£B, y>msc

uniformly over all &,y € SV-1.

2. Further, if z = F +in € S satisfies

Eel, n=mn.
Then for any deterministic A € Maty such that ||Al] <1 and Tr A =0, we have

I(SAS)eq| < NY2W, (3.4.9)

I(SASS)eq| < N32w4, (3.4.10)

uniformly over all ¢,d € [[1, NJ.
The proof of Lemma 3.4.2 is postponed to Section 3.6.

The resolvent expansion formulae

G =R— RUR+ RURUR — RURURUR + (RU)*G,

(3.4.11)
R=G—-GUG+GUGUG - GUGUGUG + (GU)'R,
follow immediately from the definitions of G, R, and U. They imply
GG — RR=— RRUR — RURR
+ RRURUR + RURRUR + RURURR
(3.4.12)

—~ RRURURUR — RURRURUR — RURURRUR — RURURURR

+ R(RU)AG + RUR(RU)3R + (RU)*R(RU)2R + (RU)*RRUR + (RU)*GR.

These identities facilitate resolvent expansions for the terms 2% and y“, which are stated
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in the following lemma. We recall that ¢ was fixed earlier in Section 3.2.1, and that I,

was defined in (3.3.1).
Lemma 3.4.3. Let H be a N x N Wigner matriz.

1. We have
3

G R __ r
-t = Z Trhly + Terr,
r=1

where

|z (E)| < NYO2WSA =123, |z (E)| < N™1H/2q5/4,

uniformly over E € I,. Moreover
‘.’ER(E)’ ) N1+6/2‘~I’1/2,

uniformly over B € I,.

2. We have
3
TrG—-—TrR = Z Jrhzb + Jerr

r=1
where

()| < NU2, i=1,2,3, |Ju(2)| < N7202,

uniformly for z € S.

3. We have

3
yG - yR = Z yrhfgb + Yerr

r=1
where

|y1(E)| —< \117 Z = 17 2’37 |yerr(E)| —< N_zl:[J?
uniformly over B € I,.

Proof. We first present the proofs for the claims about z; and z. The others are similar.
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By (3.3.2) and (3.4.12), we have

= ks L (RARR)w + (RARR)] + [C]
T T\ 2M(N =) 1+ b “ T

where [C] denotes the complex conjugate of the previous terms, and

I 1
A=) (1 - ‘N|> DY ’N‘qaql. (3.4.13)

a€l ag¢l

Note that ||A|| = max {1 —|I|/N,|I|/N} <1 and Tr A = 0. By Lemma 3.4.2, we have

that |2, < N'+/2W5/1 where we used |I| > N'7. For 2 we have,

r M N3 —
== |——— Tr(RAR).
w\ 20 =) TRAR)

By definition, we have M(z, A, z) = |mg.(z)|*A which is traceless and from (3.2.5), we

have |zff| < N1+9/2y1/2,

By resolvent expansion, we have

3
TrS—TrR=—-TrRVR+TrRVRVR — Tr RVRVRV R+ Tr(RV)*G =: Z Ji + Jerr-
i=1

Using the high probability bound (3.4.8) we have

|Ji| < NU? i=1,2,3, and |Jo| < N 102
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Using the bound on J; from the second part, and notice that

“o / F5(0)(0) — o f1(e) ] (@) e + io)de do,
Yorr =5~ [, 10 S5() [(0) Jere(e +i0)1 (o] > i) de do

1 = _
+ —/ (ifE(e)f’(a) — af};(e)f/@)) Joe (€ +i0)de do,
21 Jr2
the proof of the bound on y; and ye, follows from the proof of [33, Lemma 7.7]. O

Using Lemma 3.4.3, and Taylor expansion of ¢(y) around y*® up to order 3, we have

/ 2%q(y®)dE — / 2R (y®)dE
Iy I,
R 3 R 3 q(k)(yR) 3 k B
= | (I + Z 'Trhgb + l’err> . q<y ) + Z k! (Z ythb + yerr> + O< (N \If) dF
¢ .

r=1 k=1 —

— [ 2fq(y™)dE

I,

=" Rhly + O (N7,

leL
(3.4.14)
where we define
k
Lo={l="(lo,....le) €[0,3] x [1,3]": ke NI <[ <3}, I := DL,
(k) (,,R
q Y
B = /IZ k(!)ﬂ?loyzl oy, dE,
and ¢ > 0 depends only on 7. Here we denote z, == z*.
Using (3.4.14), for g satisfying (3.3.13), we have
E [g (/ % (yG> dE)} —E {g (/ zfq (yR> dE)} =E[A] + O« (N_2_c>
Iy I,
5 3 1 N k k
+E[h3|E |3 0 (P X1 (Z L] = 3) [17.]. (34.15)
k=1 Lydk€L  \i=1 i=1
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where Py := [; 2fq(y") dE, and E[A] depends only on R and the first two moments of

Pap-
We need the following lemma:

Lemma 3.4.4. Fix indices a,b such that a # b. Let Y denote any of the following terms:

g8 )(PO)P( \Pliyy  (m+n=3),

P + P02 + P(l 1) + P(o 1 1)) (P(l) + P(O,l)) , (3416)

/

Py + Pog) + Pag) + Py + Poaz) + Pa + P(0,1,1,1)) .

/

Then there is a constant ¢ > 0 such that
[EY]| < N7V
The lemma is proved in Section 3.5.

3.4.2 Resolvent Comparison

Given this lemma, we can conclude by standard Green’s comparison argument.

Proof of Theorem 3.1.3. Let W be drawn from the Gaussian Orthogonal Ensemble, and

let H be a Wigner matrix. By Theorem 3.2.9 and Lemma 3.3.8, it suffices to show
B 9(0)") = gf)]| <N (3.4.17)

for some constant ¢ > 0, where v}" and v} are corresponding regularized observables (see

(3.3.4)) for W and H respectively.

To this end, we fix a bijection
e {(,5) 1< << N} = [L&w],

105



where £y = N(N + 1)/2, and define the interpolating matrices H°, H', H? ... H¥ by

wig P, j) <&,

K =

v

for i < j. Therefore, H® = H and H*¥ = WW. We may rewrite (3.4.17) as a telescopic

summation,
En
o) — o] < X[ g () — 0 ()] (3.4.18)

Fix some £ € [1,&y] and consider the indices (a,b) such that ¢ (a,b) = . Let Q¢ be
the matrix obtained from H¢ by setting hS, and h, to zero. Note that Q¢ can also be

obtained from H®™! by setting hi;l and hg;l to zero. We consider the following two cases.

First, suppose a = b. Lemma 3.3.1 and Lemma 3.4.3 imply that, with Y denoting any
term from (3.4.16), |Y| < N=7/3° where we use the upper bound of W¥(z) (see (3.4.7)).

Combining (3.4.15), we have

E [oe") = 9 ]| < [E o) = g0f)] + [9) — g0 ]| < N7,

where we use the fact that the first two moments of Wigner matrices H* and H*™! are

the same, and therefore E[A] in (3.4.15) is the same for both cases.

Now, if @ # b. Combining Lemma 3.4.4 and (3.4.15), we have

E [g(of™) = g ]| < [E [9f") = 9] + [9) — g ]| < N7

for some ¢ > 0. These two estimates conclude the proof in view of (3.4.18). ]
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3.5 Proof of Lemma 3.4.4

We now fix indices a,b € [1, N] such that a # b, and carry this choice throughout the

current section. All of the bounds stated below are uniform in the choice of a and b.

Recall from (3.2.1) that mg. denotes the Stieltjes transform of the semicircle law, which

is deterministic and satisfies

1
Mee(2) + 2 + e 0. (3.5.1)

Recall from the discussion below (3.4.1) that () is the matrix obtained by setting hgp, hpq
in H to 0, and R is the resolvent of Q. Let Q® be the matrix obtained by setting a-th
row and column of H to 0 and let R be the resolvent of Q(®. Then it follows from the

Schur complement formula that

0, if exactly one of 7, j is 0,
(R(a))ij =9—z"Y ifi=j=0, (3.5.2)
R;;, otherwise.

We state the following local laws for R(®, whose proof follows directly from the corre-

sponding local laws in Lemma 3.4.2 and (3.5.2), and is therefore omitted.
Lemma 3.5.1. Let H be a Wigner matriz.

1. Forall z € S, we have

< NU?  (3.5.3)

<, |(RWR®),

R — (@, y)me < NU?, - |(RR),,

uniformly over ®,y € SN~ such that at least one of T,y is e, with some s # a,

and c¢,d € [1,N] such that c¢,d # a.
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2. Furthermore, if z = FE +in € S satisfies
E €1, n =",
then for any deterministic A € Maty such that |Al| <1 and Tr A =0, we have

‘(R(a)AJBL(a))Cd

< N2, (3.5.4)

‘(R(“)AR(“)R(G))M‘ < N3/2y/4,

uniformly over all ¢,d € [[1, N] such that ¢,d # a.

Finally, for conciseness, we let A stand for the matrix defined in (3.4.13), which satisfies
JAl<1, Te(A) =0,

The main goal of this section is to rewrite the resolvent expansion terms z; and y; from

Lemma 3.4.3 into the polynomial form as introduced in [33, Section 7]|. For instance, we

want to rewrite
d+m N ) 1
Ty ~ Z ‘/7:1 ..... idhila e hida : H Z ‘/’ij (hija - N) I
15000 j=d+1i;=1

where the V terms are Q®-measurable. The reason to write it into this form is that,
whenever d is odd, we gain a factor of N~'/2 upon taking the expectation (see Lemma

3.5.8 for the precise statement), which is essential in the proof of Lemma 3.4.4.

Fixing a universal constant Cy > 0 and following the set up in [33], we make the

following definitions.

Definition 3.5.2 (Admissible weights). Let 0 = (0; : i € [1, N]) be a sequence of deter-
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ministic nonnegative real numbers. We say that ¢ is an admissible weight if

1

1/2 1 1/3
2 3 —-1/6

Definition 3.5.3 (O<4(-)). For a given degree d € N let

P = Z ‘/i1~'~idhai1 T haid
1<it,ig<N
01,y igFQ

be a polynomial in entries of the a-th row of Q). We write P = O 4(K) if the following

conditions are satisfied.
1. K 1is deterministic and Vi, ...;, 1s Q'Y -measurable.

2. There exist admissible weights oV, ..., 09 such that

d
|V;1 ’Ld| = Kg(l) Qz(d)'

3. We have the deterministic bound |V;,..;,| < N.
The above definition also extends to d = 0, where P =V is Q' -measurable.

Definition 3.5.4 (O<,(:)). Let P be a polynomial of the form

P= ZV(’@“N)

We write P = O (K) if V; is Q-measurable, |V;| < N, and |Vi| < K for some

deterministic K.

Definition 3.5.5 (Graded polynomials). We write P = O even(K) if P is a sum of at

most Cy terms of the form

KPo [[Piy Po=0=24(1), Pi=0<.(1)

s=1
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where d,n < Cy and K is deterministic. Moreover, we write P = O odd(K) if P = 7373even,

where 75 = O-<,1(1) and 7Deven = O—<,even (K)

Remark 3.5.6. The graded polynomials satisfy simple algebraic rules by definition, which

we state without proof:

O (K1) + 024 (Ky) = O (K + K)),
O<,*(K1)O<7*(K2) - O<,even(K1K2)>

O~ 0dd (K1)O< even(K2) = O 0dd (K1 K5),

after possibly increasing Cy. Here * represents either odd or even. It should be noted
that all of these operations can be done for an arbitrary, but finite, number of times

(independent of N).

Remark 3.5.7. Definitions 3.5.3-3.5.5 refine the stochastic domination notation 3.2.1.

More precisely, it means that

P =0-.(K) = P = 0(K), (3.5.5)
where * can represent d, ¢, even or odd. See lines under [33, Equation (7.56)] for details.
We now state the following lemma proved in [33, Lemma 7.13].

Lemma 3.5.8. Let P = O o4a(K) for some deterministic K < N. Then for any fived
D > 0 we have

E[P]| < N7V2K + NP,

The following resolvent identities are standard (see [20, Lemma 3.5] and [20, Equa-
tion (4.1)]):
1

Raa = 5 3.5.6
—Z — Zr,syéa R7(g) harhas ( )
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Rai = _Raa Z Rgg)hara (357)
r#a

Rij =R + R > R har > R oy (3.5.8)
r#a r#a

In the next several lemmas, we write resolvents and multi-resolvents in terms of graded

polynomials.

Lemma 3.5.9. Fiz D > 0. For spectral parameter z € S, we have

Raa - O<,even<]-> + O< (N_D) ’ (359)
Rap = O 0ad(¥) + OL(N7P),
Rbb - O%,even(l) + O< (N_D)a

Tr(R) = 3" RY 4 O cven(NU?) + O (N D). (3.5.10)
iF#a
Proof. We begin with some preliminary claims. Using (3.5.3) and the definition of graded

polynomial, we have

1 1
Z er‘(;)harhas — Mge = Z er‘?‘) <h2r - ) + | = Z R’E’i) — Mige + Z Ry(f;)harhas
r,.s#£a r#a N N r#a r#s
r,sF#a
- 0470(1) + O.<70(\Ij) —|— O_<’2(\I])
= O-<,even(1);
(3.5.11)

and

S RO hyyhgs —mye = 3 RO <h§r _ ]1[) + (;f STR@ - m) + 3" RDhg hy,
r,.s#£a r#a r#a r#s

r,SF#a

= 0L (N72) + 0L (W) + O (¥)

= O< (\IJ)’
(3.5.12)

where we used the definition of graded polynomials and (3.5.5) in the second step and
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(3.4.6) in the last step.

Note also that

> RPhe = R hig + O 0aa(0).
r#a

For any n € N, we have by (3.5.6) that

Raa = : (a) - 1 (a)
—2 = Yrota B harhas =2 = Mae + (Mae = Zpa B harhas)
B 1
1/me+ (M5 = Srta D harhas)
My

1+ Mg (msc - Zr,s;ﬁa 7("Z)h’m“hﬂbs)

. J
S ( S Bl by - m) O ()
7=0 r,s#a

= O-<,even(]-) + O< (m:c\lln) 3

(3.5.13)
where we used (3.5.12) in the second-to-last line and (3.5.11) in the last step.
By (3.5.7) and (3.5.13), we have
Rap = Raa 3 R har = O oaa(¥) + O (m U™, (3.5.14)
r#a
By (3.5.8) and (3.5.13), we have
2
Rbb = Rl(;z) + Raa (Z R[()Z)har> = O%,even(l) + O< (msc\ll"+1). (3515)
r#a

The lemma follows from (3.5.13), (3.5.14), and (3.5.15) by choosing a sufficiently large
n=n(r,D). O

Lemma 3.5.10. Fiz D > 0. For a spectral parameter z € S, we have
(Ré)aa = O<,even<N\Ij2) + O<<N7D>, (3516)
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(RR)ay = O<04a(NU?) + OL(N7P),
(RR)u = O< even(NU?) + O (NfD) ,
(B2),, = O<ewn(NU?) + O (N"P),
(RQ)ab = O0dd(NV?) + OL(N7P),
(B?),, = O<even(NU?) + O<(N7P).

Proof. We present only the proof of (3.5.16); the others can be done similarly. By the

resolvent identity (3.5.7),

(BR)ao = Y (RaiRia) + |Raal® =| Raal* > (ZR“%) (ZR“%) + | Raal?

i#a i#a \r#a r#a (3517)

=|Raal? ( 3 (R(G)R(a)>m harhas + 1) .

r,s#£a

Combining (3.4.6), (3.5.3), (3.5.9), and (3.5.17), we deduce (3.5.16). O

Lemma 3.5.11. There exists an orthonormal basis {w;}Y, of RN such that

w;(j) < N™Y2 and (3.5.18)
uniformly overi,j € [1, NJ.
Proof. Let the matrix W = [wy, ..., wy| be uniformly distributed on the orthogonal

group O(n) with respect to Haar measure. Then the marginal distribution of each column
vector w; is uniform on the unit sphere S¥~1. By a standard concentration result (see

[162, Theorem 3.4.6]), we have

w;(j) < N7V2, (3.5.19)
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Consider the function on N x N matrices defined by
(M) = ejTAWI,

where 1 has all entries equal to 1. We claim that ¢ is Lipshitz with respect to the

Frobenius norm with Lipshitz constant at most N/2. Indeed, with u = Ae;,

lp(W) — p(W)] <

> u(wy — Wik

ik

1/2
<2 Jui (Z(wik - wm>2> NY?

% k

< N2l |W — Wl

< NYV2W = Wlr,

where we used the Cauchy—Schwarz inequality in the second and third inequalities, and we

used ||A]| <1 in the last inequality. By a standard concentration result for the orthogonal

group (see [162, Theorem 5.2.7]), we have
o (W)] < 1. (3-5.20)
By (3.5.19) and (3.5.20), there exists an orthonormal basis satisfying (3.5.18). O

Lemma 3.5.12. Fiz D > 0. For a spectral parameter z = E + in satisfying
E e Ifﬂ n="e,

we have

(RAR)aa = O<,even <N1/2\11> + O<,odd(\p) + O'< (N_D)’ (3'5'21)
(RAR)ab = O<,odd (Nl/Q\I]) + O<,even(\11) + O< (N_D)7
(RAR)bb = O.<7even (Nl/z\lf) + O-<,odd(\I’2) + O-< (N_D)7

Tr (RAR) = Tr (R AR™) + O eyen(N*/?U) + O 0ag(NU?) + O (N 1B.5.22)
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(RARR)as = O even(N*/?U/) 4 O_ 0ag(NU?) + O (N7P),
(RARR)a = O 0ad(N*/?U) + O ven(NW?) + O (NP, (3.5.23)
(RARR)y, = O eyen(N*/?U) 4+ O_ 0aa(NU?) + O (N7P),

(RARR)p0 = O 0aa(N*2T*) 4 O even(NT?) + OL(N~P). (3.5.24)

Proof. We present the proof of (3.5.21). The others can be shown similarly.
By the resolvent identity (3.5.7), we have

(RAR)sa = |Raal® Y- (RWAR®) hyphe

rs
r,s#a

+ [ R (Z (AR®) has+ 3 (ROA) hor + Aaa) - (3525)
s#a r#a

By the definition of graded polynomial (see Definition 3.5.5), (3.5.9) and (3.5.4), the first
line of (3.5.25) is

Raal” 3= (RWAR®) harhas = O<even(N*W) + OL(NT). (3.5.26)
r,s#a

Select an orthonormal basis {w;}Y, of RY according to Lemma 3.5.11, we have

(4r), | - <

> e, Aww, RWe,

Z e Aw; ((w;, ;) my(2) + V)

7

as

< |\IIZeIA'wi < U,

where we used (3.2.2) in the first inequality, and ¥(z) > C7Y4N~1/2 for z € S in the

second inequality.

Similarly, we have ‘(R“”A) < W. Moreover, |A,| <1 as a consequence of ||A| < 1.

ra
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Therefore, by definition of graded polynomial, the second line of (3.5.25) is

| Roa? (Z (AR®) o+ (RWA) he+ Aaa) = 0~0ad(¥) + O even(1) + O (N D).
s#a r#a

(3.5.27)
(3.5.21) now follows from (3.5.26) and (3.5.27). O

Remark 3.5.13. We note that the even graded polynomials in (3.5.23) and (3.5.24) are
different by an order of W. This should not be surprising, since we are expanding with

respect to the a-th row and column in @, but a does not take a “symmetric” position in

the multi-resolvents (RARR)q, (RARR)y,. This point will be exploited in Lemma 3.5.15.

Using Lemma 3.5.9, Lemma 3.5.10, Lemma 3.5.12 and the definitions of x;, y; in Lemma

3.4.3, we have the following lemma. We omit the proof, since it is straightforward.

Lemma 3.5.14. Let x;,1 = 1,2 and y;,7 = 1,2,3 be the resolvent expansion as in Lemma

3.4.3. For spectral parameter z = E + in satisfying

Ee]ﬁa n =T,

we have

T = O<,odd(N1+6/2\I/5/4) + O<,even(N1/2+5/2‘Ij) + O<<N_D>,
LUR, Ty = O<,even(N1+5/2\II5/4) + O<,odd (N1/2+6/2\I/) + O<(N_D),
Y1, Y3 = O 0dd(V) + O (NP,

Y2 = O—<,even(qj> + O_< (N_D).

To bound z3, we need an extra lemma.

Lemma 3.5.15. Denote by O oqab(K) the graded polynomial with expansion in b-th row

and column of Q) instead of a-th row and column. Then for spectral parameter z = E + in
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satisfying

EEIK: = Ne,

we have

T3 = O—<,odd<N1+6/2\I/5/4) + O<,odd,b(N1+6/2qj5/4) + O-<,even(N1/2+6/2\I/2>

+ O even(NV2H202) L O (N7P). (3.5.28)

Proof. By definition,
v -1,
Nng
— —(RARR)wRaaRuy — (RARR)s RaoRip — (RAR) ao( RR)wpRi — (RAR) (RR)poRua

- (RAR)ab(RR)aaRbb - (RAR)ba(RR>bbRaa + [C] + [L]v
(3.5.2)

where [C] denotes the conjugate of the previous terms and [L] refers to terms with smaller

order for either parity (even or odd).

For the first term in (3.5.29), using resolvent identities with respect to the b-th row

and column as in the proof of Lemma 3.5.9 and Lemma 3.5.12, we have

(RARR)ab = O-<7odd7b(N\Ijg/4) + O-<7even,b(Nl/2\113) + O-<(N_D)>

Raa = O-<,even,b(1) + O-< (N_D)a Rbb = O-<,even,b(1) + O-< (N_D)'

The conclusion follows by applying Lemma 3.5.9, Lemma 3.5.10 and Lemma 3.5.12 to the

remaining terms of (3.5.29). O

Remark 3.5.16. Note that it is still legitimate to apply Lemma 3.5.8 to (3.5.28). Since

by linearity of expectation, we may apply Lemma 3.5.8 to O odq(K) and O oddap(K)
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separately.

By (3.5.10), (3.5.22), Lemma 3.3.1 and Taylor expansion, we have

9 ([ ) .m0 O 95505, - 13050
4

q(k) (yR) = O<,even<1)7 k= 17 25 3

for some constant C' > 0 which depends only on g. The same graded polynomial expansion

holds for the expansion respect to b-th row and column.

We are now ready for the proof of Lemma 3.4.4.

Proof of Lemma 3.4.4. Define
U= (NA)P<S N3 and N = N20t0+9/2  N7/1000,

Combining Lemma 3.5.14, Lemma 3.5.15, definition of P, Remark 3.2.3 and (3.4.7), we

have

Pay, Po1) = Oz oad(NU)™") + O qven(NN7Y2) 4 OL(N7P),

Py, Po2y, Pay, Poay = 0<,even(N‘1’§/4) + O oad(NN7V2) + OL(N7P),

as well as

Po,3), P2y, P21y, Po,,2), Py, Poain

= 02 0ad(NT™) + O cven(NN"V2T,) + O (N7P),

and

Py = O<,odd(N\P;/4) + O<,odd7b<N\P;/4)

+ O-<,even(NN_1/2\DE) + O%,even,b(NN_l/Q\IQ) + O.<(N_D).
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Combining (3.5.30) and Lemma 3.5.8, we conclude the existence of ¢ = ¢(7) > 0, such

that
]E[Y] = Nfl/ch_‘_NfD S Nfl/ch’

when Y represents any term in (3.4.16). O

3.6 Proof of Lemma 3.4.2

The proof is based on the cumulant expansion which can be found in [126, Lemma

3.2].

Lemma 3.6.1 (Cumulant expansion). Fiz T € N and let F': R — C* be T+ 1 times
continuously differentiable. Let'Y be a mean zero random variable with finite moments to

order T 4 2. Then there exists a function Qr : C — C such that

E[YF(Y)| =3 R(H:(Y)E [FO)] + E[QT (YF(Y))}, (3.6.1)

r=1

where E denotes the expectation with respect to Y, k"+Y(Y) denotes the (r+1)-th cumulant
of Y, and F™) denotes the r-th derivative of the function F. Further, there exists a constant

C >0 (not depending on F orY ) such that

Proof of Lemma 3.4.2. First, we claim that it suffices to prove the local laws for the
resolvent (G, because the local laws for R are straightforward consequences of the ones for
G. We illustrate the procedure of deducing a local law for R from the corresponding local

law for G for the first inequality in (3.4.8). The other deductions are similar.
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Pick any z = E+in € S. By (3.4.11), we have
Ray = Gay — (GUG) gy + (GUGUG) gy — ((GU)*G)zy + ((GU)*R) .-

Combining the estimates hq, < N™Y2 |R|| < 7%, ¥ > C7Y/4N"Y2 from Lemma 3.4.1

and the isotropic local law (3.2.2) for G, the isotropic local law for R follows.

In light of the previous discussion, we focus only on the local laws for G. By Theorem

3.2.2, we have

(Gé)my = ZGmkéky =<
k

Z(w,ek><ek,y>‘+ U+ [{er, y)| U + N2

k

Z(w,ek>

k

(3.6.2)
< [z, y)| + 2NY2U 4 N2 < NO?,

where we use Cauchy inequality in the second last inequality and ¥ > C7Y/*N~1/2 on §

in the last step. Similarly we have
(G*)eqg < NU2, (3.6.3)

Then (3.4.8) follows from (3.2.2), (3.6.2), and (3.6.3).

Next, the expression (3.4.9) is a direct consequence of (3.2.4) and (3.2.6) with two

resolvents and one traceless matrix. It remains to prove (3.4.10).

We proceed by computing the moments of the quantity (GA@G) v For the rest of
the proof, we assume the spectral parameter z = E + in € S satisfies £ € I, and n =1,

as in the statement of Lemma 3.4.2.
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Fix D > 1, we have

E [z (GAGG).q QD} —E [2(GAGG)u(GAGG)D (GAGG)Y)]
=K lz het(GAGG)ka(GAGG) P~ (G‘AG@)Q] (3.6.4)
~ E[(AGG)u(GAGG)E (GAGG)T]

where we used the identity 2zG = HG — I in the last equality.

Let wy, ..., wy be an orthonormal basis of RY, such that eCTA'wl <1 and eCTA'wi =0

for i =2,3,---, N. We have the following high probability bound

(AGG)ea TAww, GGey| < (GG)wa < N2,

where we used (3.4.8) and (3.4.6) in the last step.

Using Young’s inequality with powers p = 2D and ¢ = (2D)/(2D — 1), the last line in
(3.6.4) can be bounded by

E [(AGG)(GAGG)S (GAGG)D) | < N*PH(NW?)P 4 N=35E U(GAGG)CC,

2D
)

(3.6.5)
for any small ¢ > 0.
Applying Lemma 3.6.1 to the third line in (3.6.4), with "= 12D, we have
E Y ha(GAGG)ri(GAGG) L (GAGG)E,
g (3.6.6)

12D 1

=2 rING+1)/2 > rE [ gk(GAéG)kd(GA(_}G)g[l((_}AGC_?)QJ +&
r=1"" k

where k% is the r-th cumulant of v/ Nh., and Q denotes the error term in (3.6.1).

We split the sum in (3.6.6) into two cases and handle the error term 2 at the end.
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1. When r = 1, the summand is

146, . DA
> “E [0e(GAGG)ra(GAGG)E  (GAGG)S . (3.6.7)
k

Note that

(14 0ek)0ckGij = —GicGrj — GirGej.

We have

(1 + 6.) 0o [(GAGG)kd (@ace)” " (Gaca) lj

— [Cr(GAGG) g + Gre GAGG) g + (GAG) 1o GG + (GAG) 14 (GG et
+ (GAGG)Cra + (GAGG)uCu) - (GAGG) ™ (GAGE)”

— (D = 1) - [Geel GAGG)1a + G (GAGG)a + (GAG) (GG) + (GAG)3-0é) |
+(GAGG) i+ (GAGG)  Gul- (GAGG) (GAGG). ™ (GAGG)”

— D [Ge. (GAGG) +Gu (GAGG) +(GAG) (GG) +(GAG) (GG)

+ (GAGG) Gha+ (GAGG) | Gul) - (GAGG) (GAGG)" ™ (GAGG) .
Inserting (3.6.8) into (3.6.7), we have

v +N§"’f O (GAGG)a(GAGG) P (GAGR)D,
k

:—m] (GACG) |’

(Za) (GAGG)P 1 (GAGGR)®,

oo (; 51) (GAGG)E2(GAGG)D, - <Zﬁ > (EAGG) 1(GAC;: ;'9)
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where

1 . L oA -
o = H(GCAGG)w, s = = (GAGGG)w, a3 = (GGAGG).,

1 - _ 1 _
=5 Tr(GAG)(GG) ey, a5 = NGCd Tr(GAGG),

By = }VGCC(G(;AGGAGG)M, Bo = ]t(GAGG)CAGGA@G)cd,

1 - S A A L= S A
By = 5 (GAG)(GCGGAGG)a, P = 1 (GG)ea GAGGAGG)ca,

5y = (CAGG)L(GCACC)us, s = 3Gl GAGCGACR) s

We used the fact that G is symmetric, with G;; = Gj; for all 4,5 € [1, N], in the

above calculations. We now start to estimate «, 3;.

+ By (3.2.4) and (3.2.6), we have
1 _
‘Oé1| = N(GGAGG>C(IZ < N73/27]73 S N3/2\I’3’

where we used 1/(Nn) < W in the last inequality.

« By (3.2.4) and (3.2.6), we have
g = jlv(GAGGG)Cd < N73/2p73 < N3/293,
o By the definition of M in (3.2.3), we have
Tr(M(z, A, Z)I) = Tr(Almg(2)|?) = 0.
Combining the previous equation with (3.2.5), we have

1 — ,
’N Tr(GAG)’ < N7y 32 < N12y3/2
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Therefore

las| = | = Tr(GAG)(GG)ea| < N¥207/2,

’1
N
where we used (G@) L= N2 (from (3.4.8)).

By the same arguments used to bound a; and ay, we have
|OZ4| ~ N_3/277_3 < N3/2\113.

By definition of M in (3.2.3), we have

Tr(M(z, Az, 1,2)]) = 21 Tr(M(z, A, 2)] — M(z, A, 2)I)
Ui

= 2177Tlr(A|msc(z)|2 — Amg.(2)?) = 0.

Combining this equation with (3.2.5), we have
1 _
‘N Tr(GAGG)’ < N7lp™/2 < N3/295/2,
Therefore

|as| = ’i,ch Tr(GAGG)’ < N3/2y5/2,

For /31, we cannot directly use (3.2.6) since the operator norm of the determin-
istic part

M(z,1,z,A,2,1,2,A,%,1,2)

is not small compared to its fluctuations.
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By [01, Equation (3.12)], we have

1
M(z, A, 2,1,2,A,2,1,2) :?(M(E,A,Z,I,Z,A,E)—M(E,A,z,],z,A,z)).
n

By definition, we have

M(z, A, z,1,2,A, %)

:Jifmo (2, 2lmo|z, 2] Tr(A*)] 4 A®m|z, 2]mo[2]mo[2] + A*mi[2]m2][z]
:;f Te(A2)] (meclz, 2% — 2meclz, Zlmee(2)] + Imec(2)[*)

+ AQmSC[i,szSC(z)F,

and similarly,

M(z, A z,1,2,A, z)

—meo[é, 2lmolz, 2] Tr(A*) I + A%m, [z, 2]m2[2] + A%m2[2]m.[Z]

:jif Tr(A?)I (msc[é, 2Mse|z, 2] — Mec|z, ZIM2.(2) — mge|2, 2]|mese(2) | + mgc(z)msc(é))

+ APmg 7, 2lmec(2)?.

By [01, Equation (A.1)], there exists a constant C' > 0 such that
mee(2)| < C, meclz 2| <Ot melz, 2| < Ot |maez, 2| < O

Since Tr(A?)[ is diagonal, the off-diagonal entries of GAGGAGG are bounded
by N~—1/2p=7/2 < N3W7/2 with high probability by (3.2.6). Therefore, by the
local law (3.2.2) and (3.4.7), we have

(¢Gaceaca) | < gjl Garl |(GAGGAGE)| < N*w92,
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Thus we have

1 _ _
1] = | Geel GGAGGAGE) ] < N0,

« By (3.2.4) and (3.2.6), we have

|Ba| = UV(GAGG)MGGAGG)M < jlv(Nl/%?)(Nl/?n?’) < N3OS,

« By (3.2.4) and (3.2.6), we have

1 - A 1
5] = | (GAG L GEGAGG) | < (N (V1 271) < NP0

« By (3.2.4), (3.2.6) and (3.4.7), we have

|84 = ’;(GG)CU[(GAGGGAG)CCI < ]1](]\]\1,2)(773) < N3Q5,

o By the same argument that is used to bound (5, we have

1 - _
55 = | (GAGG) GGAGG)u < NV

o By the same argument that is used to bound ;, we have

5] = ]leacd<a,4@ca,4@a>cd < NP2

let € > 0 be a parameter. In (3.6.9), we use Young’s inequality twice in the second

inequality, with powers p = 2D and ¢ = (2D)/(2D — 1) for terms containing «;’s
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and powers p = D and ¢ = D/(D — 1) for terms containing (;’s, to show that

_ 1 _ _ _ _
|IE [m| (GAGG)|™” +Y° 4]‘\[50’“ack(GAGG)kd(GAGG)g;l(GAGG)C%]
k

2D—1:|

< (GAGG). (GAGG).q

“

E ||

+2E 11 7]

=1

N
B

Il
—

.

(3.6.10)

NP [|oy*"] + 2 26: NPE[|3]°] + (5N7351 +12N"757 ) E U(GAGG)Cd
=1
2D:|

. Now we fix r > 2 in the cumulant expansion. In this case, we use the following

7

< 20N?2De N3DgOD/2 2ON_%E U (GAGG)Cd

relaxation of (3.2.4) and (3.2.6). Since it is a direct consequence of these inequalities,

we omit the proof.

Corollary 3.6.2 (“Coarser” isotropic local law). Fiz k € N, and 21, ..., 2,41 € S.
Let Ay, ..., Ay be deterministic matrices such that ||A;|| < 1, and m of them satisfy
TrA; =0 for some 0 < m < k. Suppose that min; dist (z;, [—2,2]) < 1. Then for

arbitrary deterministic vectors x,y such that ||| + ||y|| < 2, we have

[, (G1A; -+ GpAyGrar) y)| < NF°2 (3.6.11)

with G := G (z;).

We call a term of the form (G1By - - - Gsy1), ;a block. The effect of one differentiation
operator J,; on a product of blocks is to increase the number of blocks and the
number of G ’s by exactly one each, while keeping the number of A unchanged. And

from (3.6.11), we know the effect of each traceless matrix A is a contribution of a

factor of N—1/2,

o Suppose r < 2D — 1. Note that when using the product rule, 9, can at most

operate on r different blocks, there are at least 2D — r — 1 blocks of (GAGG)Cd
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or (GAGG).q which are unaffected. In view of this, we have

n [(GAGG) (GAGG)EH(GAGG)D)|

2D—1-—r

n[(6AGG) (@acayyGAcays)||(¢aca)
L (3.6.12)

2D—1—r

' ’ (GAGG) cd

e [(GAGG), (GAGG)H(GAGG) ]

There are 1 4 r blocks, 3(r +1) G’s, and 1 4+ r A’s in
(GAGG), (GAGG)H(GAGG):.

and after the operation of 07, there are 2r + 1 blocks, 4r +3 G’s and 1 +r

A’s. By Corollary 3.6.2, we know

(4r+2)— (2r),142rr _ NS(T+1Q@6_13)

i (GAGG), (GAGG)H(GAGG);

Combining (3.6.12) and (3.6.13), we deduce that a summand in (3.6.6) with
2 <r < 2D —1 can be bounded by

T /QZE[ (GAGG)w(GAGG)5  (GAGE)D)

< D'INTR U (GA(;G) y

QD—H] (3.6.14)

2D
cd ’

for any small € > 0, where we used Young’s inequality in the last step.

2De , 2D(r+2)

< prANEETEED | pri N BReR U(GA(;G)

e Suppose r > 2D — 1. There are initially 2D blocks, 6D G’s and 2D A’s in

(GAGG)a(GAGG)P-H(GAGG)P,
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and after the operation of J);, there are 2D + r blocks, 6D + r G’s and 2D
A’s. Then by Corollary 3.6.2, we have

I (GAGG)1(GAGG) D (GAGGR)P| < N3P,

Therefore, a summand in (3.6.6) with » > 2D — 1 can be bounded by

< C(D)N3P="% +1
(3.6.15)

< O(D)NP*.

Ry _ _
e LB [P (GACG(GAGE T (GAGG))

3. Finally, we consider the error term € in (3.6.6). Define H® by

(Ht““)),, B ifi=c,j=k,

1]
otherwise.

By Lemma 3.6.1,

oGP AGT e AP g e aah e

],

Q < Ciap DB [[hal*PH ] E |
' (3.6.16)

where ng) is the resolvent of Ht(k)

Originally, (3.6.16) has 2D blocks and 6D G’s, after taking (12D + 1)-th derivatives,
there are 14D + 1 blocks and 18D + 1 G’s. Using the moment assumption (3.1.5)

and the trivial bound |G| < 5~' < N from (3.4.4), we have

Q < C(D)NN-6P~1 NUSDH)-(UD+) — c(DYN 2P, (3.6.17)

129



Combining (3.6.4), (3.6.5), (3.6.6), (3.6.10), (3.6.14), (3.6.15) and (3.6.17), we have

B [(z + m)|(GAGG)u?”]|

= O(D)N2D5N3D\D9D/2 + C’(D)N_%E U(GAGG)Cd

ZD}
Using the local law |m — mg.| < ¥ [20, Theorem 2.6], we have

(2 + mae) |E [[(GAGG).a?”]|

= C(D)N2D5N3Dlp9D/2 + C(D)N_%]E U(GAGG)Cd

QD} 0B [[(GAGG).f*"]

Since z + mg. = 1/my. (recall (3.5.1)), which is bounded away from 0 (by [20, Equation

(3.2)]), and € > 0 is arbitrary, we have

E U(GAG‘G)Cd

ZD} ~ N3DyoD/2
Since D > 1 is arbitrary, we have

(GAGG).q| < N32W,

This completes the proof of (3.4.10). O
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CHAPTER 4

Central limit theorem for the
complex eigenvalues of Gaussian

random matrices

4.1 Introduction

4.1.1 Main Result

We prove a central limit theorem (CLT) for the eigenvalue counting function of a
matrix of real Gaussian random variables in regions of the complex plane. While such a
result is well known for matrices of complex Gaussians (see [13, Section 3.1] for a survey),
to the best of our knowledge, the analogous statement for real Gaussian matrices has not

previously been addressed.
We begin by defining the random matrix ensemble of interest in this work.

Definition 4.1.1. For all N € N, let Gy = (gij)1<ij<n be a random matriz whose
entries are mutually independent Gaussian random variables with mean zero and variance

one. We call Gy the real Ginibre matrix (GinOE) of dimension N. We also denote
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Wy = N"2Gy.

In the limit as N goes to infinity, it is known that the empirical spectral distribution of
Wy tends to the uniform measure on the unit disk D = {z € C : |z| < 1} [36]. We note that
the eigenvalues of Wy come in conjugate pairs, since Wiy is real; if A € C is an eigenvalue,
then so is . It is therefore natural when studying the fluctuations of the eigenvalues of
Wy to restrict attention to the upper half disk D" = {2z € C: |z] < 1,3z > 0}. We recall

that a domain is defined as a non-empty connected open subset of C.
Definition 4.1.2. We say that a domain A is admissible if A C DT.

This condition is slightly stronger than requiring A C DT, since it enforces a separation
between A and the boundary of D*. We also recall that a domain is said to be Lipschitz
if its boundary is locally the graph of a Lipschitz continuous function; see [127, Definition
12.9]. Given an admissible Lipschitz domain A, we let £(0A) denote the length of its

boundary.

Denote the eigenvalues of Wy by A1, ..., Ay, in an arbitrary order. Given an admissible
domain A, we define f4 : C — R by fa(z) = 14(2), and define the (N-dependent) random

variable

Xy - f:lfmo “E [f: ). (11.1)

The following theorem is our main result. We let N'(0, ¢) denote a Gaussian random

variable with mean zero and variance ¢ > 0.

Theorem 4.1.3. Let A be an admissible Lipschitz domain. Then we have the weak

convergence

N—oo N1/4 ’ 271'3/2

lim A4 :/\/<O MA)). (4.1.2)

The variance of X4 is of order N'/2, which is smaller than the variance of order N
seen in sums of independent random variables. This is due to the strong correlations

between the eigenvalues of Wi [135]. Further, the variance of the Gaussian in (4.1.2) is
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identical to the one in the analogous theorem for complex Gaussian matrices [13, (3.9)].

4.1.2 Background

The analogue of Theorem 5.2.5 for a complex Ginibre matrix (GinUE) is known. It
is a consequence of a theorem that provides a CLT for a broad class of determinantal
point processes proved in [155, Section 2] (see also [63]), together with the the explicit
computation of the asymptotic variance in [130, Corollary 1.2.1].! See [16, Corollary 1.7]
for an alternative proof in the case where A has a smooth boundary. Further, a local CLT

for the counting function of the GinUE eigenvalues was derived in [90].

All of these works crucially rely on the fact that the eigenvalues of the GinUE form a
determinantal point process. While this determinantal structure enables a precise analysis
of many aspects of the GinUE, it is absent in the GinOE. Instead, the eigenvalues of the

GinOE form a Pfaffian point process, and consequently they are more difficult to study
[44].

Previous work on linear statistics of the GinOE has considered smooth test functions

of the complex eigenvalues [120), |, differentiable functions of the real eigenvalues
[151, , 87], general functions of the real eigenvalues [37], and the number of real
eigenvalues [37, , 89, 72, 71, |. There have also been a few recent articles proving

CLTs for linear statistics of matrices of general i.i.d. random variables when the test
function has at least two derivatives [56, 55, 51]. Proving a CLT for the eigenvalue

counting function in this more general setting remains an open problem.

4.1.3 Outline

In Section 4.2, we collect several preliminary lemmas, and show that the Pfaffian cor-

relations of the GinOE eigenvalues may be quantitatively approximated by determinantal

"'While [63] gives details only for certain Gaussian matrices, the authors note (in a remark attributed
to H. Widom) that their method works in much greater generality, as later demonstrated in [155].
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correlations. In Section 4.3, we compute the variance and higher cumulants of X 4, and
show that they match those of the desired Gaussian distribution, concluding the proof of
Theorem 5.2.5. Using the results of [130], it is straightforward to extend Theorem 5.2.5
to all domains with finite perimeter (so-called Caccioppoli sets) and certain domains with

fractal boundaries. We briefly discuss this point in Remark 4.3.8.

4.1.4 Acknowledgments

The authors thank P. Bourgade for suggesting the problem, C. D. Sinclair for helpful
comments on the references [37, ], and P. J. Forrester for comments on a preliminary
draft. They are grateful to the referees for several useful suggestions.
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4.2 Preliminary Results

Set C* = C\R. We recall that for all £ € N, the complex—complex correlation functions
p,(fN): (C*)* — R for Gy are defined by the following property [37, (5.1)]. For every

compactly supported, bounded Borel-measurable function f: (C*)* — R, we have

/((C*)k f(zh...7Zk)p](€N)(Z1a...,Zk)dzl...dzk:E Z f(wim“-,wik) ) (421)

where Z;, C {1,..., N}¥ is the set of pairwise distinct k-tuples of indices, {w;}Y, are the
eigenvalues of Gy, and we use dz; to denote the Lebesgue measure on C. We typically
write py instead of p,(CN), since the value of N will be clear from context. We also recall

that if M = (M;;)77_, is a 2n x 2n skew-symmetric matrix, its Pfaffian is defined as

1 n
= onpl Z sgn(o) HMo(ziq),g(%), (4.2.2)

o€San =1

PE(M)
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where Sy, is the symmetric group of degree 2n.

The following lemma, taken from [136, Appendix B.3], identifies the correlation

functions py explicitly.

Lemma 4.2.1. The k-point complez—complex correlation functions of the N -dimensional

real Ginibre ensemble G are given by

pk(ZI; Ce ,Zk) = Pf(K(ZZ, Zj))lgi,jgky (423)
where (K (z;, 2j))1<ij<k 1S a 2k X 2k matriz composed of the 2 x 2 blocks

Dy (2i,25)  Sn (2, 2)

K(Zi,2j> = s
—Sn (zj,21) 1IN (2,2;)

and Dy, Iy, and Sy are defined by

e (/DG—w)? i
SN(Za w) = T(w - Z)G(Za w)sN(zw),

o (1/2)(z—w)?

V2T
YT N
[N(Zv ’LU) = T(z - w)G(zv U})SN(ZU)),

Dy(z,w) = (w —2)G(z,w)sy(zw),

where z,w € C* and

2 o0
G(z,w) = \/erfc(\/ﬁg(z)) erfe(vV23(w)), erfc(x) = \/_/ exp(—t?) dt,
T Jx
N-1 j
sn(z)=e* Z—|
Jj=0 J:
Remark 4.2.2. The functions p; were first determined explicitly in [92]. The Pfaffian

form in (4.2.3) was derived in the case of even N in [37]. Subsequently, a variety of

methods have been used to recover this form for all N [91, 152, 153] (see also [130, Section
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4.6)).

By a change of variable it is straightforward to see that the k-th correlation function
for the complex eigenvalues of Wy is N kpk(\/ﬁ z1,... VN 2). The following lemma is
useful for controlling these functions and is proved in Section 4.4. We let d4 = inf{|z —w]| :
z € A,;w € D'} denote the distance between A and the boundary of D, and use the

standard “big O” notation O(-) for estimates that hold in the limit N — oc.

Lemma 4.2.3. Let A be an admissible domain. Then there exists a constant ¢(ds) > 0

such that

sup Dy(VNz, VNw) = O(e=N), sup In(VNz,VNw) = O(eN),

Z,WEA Z,WwEA

sup Sy(VNz, vV Nw) = O(1),

Z,WEA

where the implicit constants in the asymptotic notation depend only on d4.
We next state a useful lemma about Pfaffians, proved in [97, Appendix B].2

Lemma 4.2.4. Let M = (My)?"_, be a skew-symmetric 2n x 2n matriz such that M;; = 0
when i = j mod 2. Let M = (]\7[)?:]-:1 be the n X n matriz formed by setting ]\;[ij = Mai_12;.

Then Pf(M) = det(M).

Finally, we require the following integral formula from [130, Corollary 3.1.4].
Lemma 4.2.5. Let J : C — R be radially symmetric (meaning J(z) = J(|z])) and
nonnegative. Suppose further that [ J(z)-|z|dz = 1. Then for any admissible Lipschitz

region A,

lim N3/2/A/CJ(\/N(Z—U})> dzdw:i-f((()A).

N—o0

4.3 Proof of Theorem 5.2.5

2The statement has appeared earlier in the literature, for example in [93].
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4.3.1 Variance Calculation

The following lemma follows from results proved in [120]. We sketch the proof for

completeness.

Lemma 4.3.1. For any admissible domain A,

2
Var[ X 4] = Earea(A) — ]7\:2 /A/Aexp(—N|z —wl’)dzdw+ O(N™Y),

T
where the implicit constant in the asymptotic notation depends only on d4.

Proof. From the definition (4.1.1) of X4, we compute

> fa(N)fa(ny)

Var[X 4] = [ZfA 1 +E
i#]

(4.3.1)

Writing this expression in terms of correlation functions using (4.2.1) and (4.2.3), we

obtain

Var[X 4] :NASN<mz,mz)dZ—N2A2 Sn(VNz, VNw)? dz dw

— N? /A2 Dy(VNz,VNw)In(V Nz, vV Nw) dz dw.

(4.3.2)

The last term in (4.3.2) vanishes exponentially, by Lemma 4.2.3. The first term is

computed in [120; Lemma 7] and equals
N 1 dz
— A — — | — Nh.
- area(A) I A 30 +O(N)
The second term is computed in the proof of [120, Lemma 9] and equals
N? dz N1
——Q/A/Aexp(—N\z—w| dzdw—i——/c\ ).
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Inserting (4.3.3) and (4.3.4) into (4.3.2) completes the proof.> We observe that the
asymptotic bounds in the proofs of the cited lemmas rely only on Lemma 4.2.3 and the
estimates Lemma 4.4.1 and (4.3.15) stated below, whose error terms depend on A only
through d4. This justifies the claim that the implicit constant in (4.3.1) depends only on

d 4, even though this dependence was not made explicit in [120]. ]

Lemma 4.3.2. For any admissible Lipschitz domain A,

o Var[Xyu] 1
A N~ g HOA)

Proof. We write

//exp(—N|Z—w|2) dzdw://exp(—N|z—w|2)dzdw
Ala alc

— [ ] exp(=Nlz — wP) dz du (4.3.5)

By a change of variable and the Gaussian integral formula [ et = /7, we have

~ Nz - Qd:/ “N|eP)dz = = 4.3.6
Lexp(=Nlz —w)dz = [ exp(=NIz)dz = - (4.3.6)
Combining (4.3.1), (4.3.5), and (4.3.6), we obtain
N2
Var[X 4] = —Q/A/ exp(—N|z —w[?) dzdw + O(N). (4.3.7)
i c

By Lemma 4.2.5 applied to the radially-symmetric kernel function J: R? — R given by

J(r) = 2773/2 exp(—2r?), we find

™
lim N3/2// exp(—N|z — w|? dzdwzi-faA. 4.3.8
Jm N [ [ (=N~ wp) T 1(04) (133
3While the main results of [120] require the test function to be smooth, these calculations do not.
Further, they were given for even N in [120] using the statement of (4.2.3) for even N in [37]. Their

extension to odd N requires only notational changes, given that (4.2.3) is now known for all N.
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We conclude by combining (4.3.7) and (4.3.8). O

4.3.2 Higher Cumulants
We recall that given a random variable X, its cumulants {k,}22 ; are defined by

3 n

. i t
logE[eltX] = Z K, (i )' ,
— n!

and that for every n € N, there exists a degree n polynomial L,, (independent of the

choice of X) such that s, = L, (E[X],E[XQ], . ,IE[X"]).

Let Y be a point process on a subset D C C with N particles {y;}¥, and correlation

functions 7, : D¥ — R such that

/Dkf(zl,...,zk)Tk(zl,...,zk)dzl...dzk:]E | Z FWiys -y Yi) (4.3.9)

(41,08 ) €Ty

for all k € N and all compactly supported, bounded Borel-measurable functions f: D*¥ —
R. For every domain A C C, let Ny = YN 14(y;) denote the counting function for
A. We insert the test function f(z1,...,2r) = La(z1)--- La(zx) into (4.3.9), and note
that the number of elements (i1,...,%) € Zy such that f(yi,...,v;,) = 1 is equal to
Ny(Nyp—1)---(Na — k+ 1), since there are N4 choices for i1, and then Ny — 1 choices

remaining for i, and so on until 7. This implies the well-known identity

E[NA(Na—1)--- (N — k+1)] = /,4 Tzt z) de - da. (4.3.10)

Let Jj denote the integral on the right-hand side of (4.3.10). Then (4.3.10) implies that
for all n € N, the moment E[N] is equal to a linear combination of the terms Ji, ..., J,,

with universal coefficients (independent of V). Recalling the definition of the polynomial
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L,,, we conclude that for every n € N, there exists a universal polynomial H,, such that

kin(Na) = Ho( Ty, .. ). (4.3.11)

The following lemma is a consequence of Lemma 4.2.3 and Lemma 4.2.4. Let A be an

admissible domain, and for all k € N, set Q%) (z1,...,2) = (Sn (2, %) )1<ij<k- We define

T, = Nk/k det Q(k)(\/ﬁzl, e \/Nzk) dzy ...dz,. (4.3.12)
A

Lemma 4.3.3. For any admissible domain A, there exists a constant c(da) > 0 such that
kn(Xa) = Ho(Th, ..., T,) + O(e™N) for all n € N. The implicit constant depends only

onn and dy.

Proof. We begin by computing pp(v/Nz1,...,v/Nz,) using the definition of p, in (4.2.3)
and the definition of a Pfaffian in (4.2.2). By Lemma 4.2.3, all terms in the defining sum

(4.2.2) containing a factor of Dy or Iy are exponentially small. We conclude that

sup ‘Nkpk(\/ﬁzl, ce \/Nzk) — N*Pf (f((\/ﬁzz, \/N@-))

| <ete
1<4,5<k

(4.3.13)

where where (K (2, 2;))1<ij<k 15 a 2k x 2k matrix composed of the 2 x 2 blocks

. 0 SN (2, 2;
K(z, 2;) = v (7 %)
—SN (Zj,Zi) 0
Lemma 4.2.4 implies
Pt (f((\/ﬁzz, \/sz))1<ij<k =det QW (z,...,2). (4.3.14)
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Combining (4.3.10), (4.3.13), (4.3.14), and the definition of T} in (4.3.12), we find

Tk = Nk /Ak pk(\/ﬁzl, Ce \/NZ]C) le c. de + O(@iCN)

:E[XA<XA_1)"‘(XA—I€+1)]—i—O(efCN),

since N* pk(\/N 21,...,VN 2x) is the k-th correlation function for the complex eigenvalues
of Wy. The conclusion follows after recalling the definition of H,, from (4.3.11) and using

the trivial inequality |T}| < 2N*. O

Lemma 4.3.3 motivates the next definition.

Definition 4.3.4. We define the pseudo-cumulants of X4 by &, = H,(T1,...,T,) for all

n € N.
The following cumulant identity is known for determinantal processes [154, (2.6)]. The
proof in [154] works for the pseudo-cumulants without modification, since they are defined

in terms of a determinantal kernel.*

Lemma 4.3.5. For alln € N, we have

n —

3 (—1)m1 n!
D)

m=1 ni+-+nm=n

N1 yeeey i, >0

Rm = Nm/A HSN<\/NZi7\/NZi+l)dzia
"™ i=1

nyl-ong,!

with the convention that z,11 = 21.

The next lemma follows from the previous one by induction; see [155, Lemma 1] for

the statement in the case of determinantal processes.

Lemma 4.3.6. For all n € N, there exist constants (an;)7=; (independent of A and N )

4They are precisely the cumulants of the determinantal point process defined by the kernel
Sn(VNz, v/ Nw), if such a process exists. We do not address the question of existence here, since
this claim is not needed.
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such that

n—1
fn = (—=1)"(n — DI(R1 — Ry) + > anjF;.
j=2

In light of the previous lemma, we now aim to calculate the terms R,,.

Lemma 4.3.7. Fiz § € (0,1/2). For k > 2, we have

R, = N area(A) + O(1), Ry = N area(A) + O(NV2H9),

™ ™

where the implicit constant in the asymptotic notation depends only on d4, k, and J.

To prepare for the proof, we recall the standard error function asymptotic

erfe(z) = \"ﬁx (1+0?). (4.3.15)
Proof of Lemma 4.3.7. The case k = 1 is [120, Lemma 7], so we suppose that k > 2.

Then by (4.3.15) and Lemma 4.4.1, for all z,w € A, we have the asymptotic expansion

e—2(1—zw)

V2rN(1 — zw)

Sy(VNz, VNw) = U(z,w) <1 - eNﬂzw)(zw)N) (1+0(N)

(4.3.16)
where

el

Uz, w) = (0w — z).

We claim that the leading order term in Ry is N* [, [1%, U(zi, zi1) dz;. To show this,
we begin by illustrating how to bound one of the other terms in Rj coming from (4.3.16).

We note that there exists a constant C'(da, k) > 0 such that

e—2(1—zi5i+1)

k
/Ak 11U, Zi+1)m€]v(lfz"z”l)(%@'H)N dz;
=1 iZit1

k
< C'Nk/ H 6(_N/2)§R((Zi_Ei+1)2)_N(%(zi)2+%(zi+1)2)eN(l_éR(zigi+l)+ln|Zigi+l‘) dz;
Ak

Nk‘

k
= C’]\[k/]C H e(=N/2)(|zi*+Hzig1 =2 In 2| ~In|2i11]?) dz;. (4.3.17)
AR
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We now observe that the integral in (4.3.17) decays exponentially in z, since |z|?—1—1In |z|?
is positive and bounded away from zero for z € A (since A is admissible). The other error

terms can be treated similarly; each has an integrand that decays exponentially.

Introducing the notation
9(z,w) = R(2)S(w) — R(w)3(2),

using (4.3.16), and bounding the error terms as indicated in (4.3.17), we obtain (after

observing some cancellation in the exponent) that

k

Ry = (1 + O(Nfl))Nk /Ak exp <_N Sz = 2P +iN D gz, zm)) (4.3.18)

ﬁ i ZH—l ))d +O( —cN)

for some constant ¢(da, k) > 0. We now decompose

k k

k
H(zz-f—l — % _QI\S(ZH-l kH Zz +e€ 21,...,Zk),
i=1 i=1 =1

—~
K\
+
—

I
N
~—

I

where €(z1,. .., 2) is the sum of terms containing at least one copy of (z; — z;+1). We
claim that all integrals arising from e(z1, ..., zx) are negligible. The following computation
demonstrates this for terms containing exactly one copy of (z; — z;41); the other terms

are bounded similarly (and are lower order). We have

k

N .
/Ak exp (—2 Sz — 2P FiN Y g(z, zz-+1)> (21 — 29) dzy ... dzy

i=1 i=1

Nk
< N* /Ak exp <—22 |2 — Zi+1|2> |21 = 2| dz - dzy
=1

Nk

N k
<Nk/ exp | —— 2 — zi1l? ) |21 — 2l dzy . dz + O(e™N
N vy @ (< Tl sl = sl O )

due to the exponential decay of the integrand on the set A* N {|z; — 25| > N~V/2+9} We
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have

N k
Nk/ e —— 2z — zi1l? ] |21 = 22l dzy ... dz
ARO[ -] <N 1/245) XP( 9 ;‘ +1l7 ) |21 o| dz k
k—1/2+5 NEL _ 1/2+6
<N exp > |z — zial? | dzi .. dz, = O(N ),
Ck=1xA 2

where the last inequality follows by directly evaluating the integrals in the variables z;

through z_1, then using the fact that area(A) < 2.

After bounding these lower-order terms, (4.3.18) becomes

N & k
Ri = W_ka/k eXp <_2 Y olzi— zialP +iIN DY g(z, zi+1)> dz ... dz, + O(NYH9),
A =1 i=1
We write R, as
k-1
Ry, = 7 FNF (10 = Ij) + O(NV2+9), (4.3.19)
j=1

where

N & L
]0 = /A /(Ck—l exXp <_2 Z |Zi - Zi+1|2 + lj\fzg(Zi7 Zi+1)> le c.. de,

i=1 i=1

and [; for j > 1 is defined similarly to Iy, with the integral over A x C*~! replaced by
one over A7 x A¢ x CF=7=1. I is the leading-order term, and may be computed explicitly.
After the change variables by z; — z; + 2, for ¢ < k, the variable z; disappears from the

exponent and may be integrated directly. After some simplification, we obtain

k—1 k—2
Iy = area(A) /k _exp (—N Z |zi]* + N ZziziH) dzi...dzp_
cr i=1 i=1

Changing variables to polar coordinates by setting z; = €%, and using the identity

2 i0 dz
/ exp(ae”) df = fexp(ozz),— = 2,
0

1z
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valid for any a € C, to integrate out the 6; variables, we obtain®

Iy = ™' N'*"Farea(A). (4.3.20)

Next, we note that for every j such that 1 < j <k — 1, we have

k

N
1| < exp | —— 2 — 21 |? ) dzy ... dz.
g Ax AexCh—2 p( 2 2| +l ) ! g

=1

Recalling (4.3.6), have

N N N
/(Cexp <—2|zk_1 A — E|Zk — 21|2> dz < /(Cexp <—2|zk - 21|2> dz, = %

The variables z_1, ..., 23 can then be integrated directly using (4.3.6). By Lemma 4.2.5,

N
/ exp (—|zl — 22|2> dz; dzy = O(N_g/z).
Ax Ae 2
We conclude that for j > 1,
I; = O(N~F+1/2) (4.3.21)

Inserting (4.3.20) and (4.3.21) into (4.3.19) completes the proof. O

4.3.3 Conclusion

Proof of Theorem 5.2.5. By Lemma 4.3.3, for every n € N the cumulant x,,(X4) is equal
to the pseudo-cumulant &, plus an exponentially small error term. Then by Lemma 4.3.2,

Lemma 4.3.6, Lemma 4.3.7, and induction, we have for every n > 3 that

/(DA)

Hm k(N TV4X ) = ——2 lim r,(N"V4X,) = 0.

N—o0 2( A) 23/2” N—oo n( A)

®We learned of this integration method from [73], which derives a general formula for integrals of

exponentials of complex quadratic forms.
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We conclude that the limiting cumulants of N~1/4X 4 are the same as the cumulants of a
Gaussian random variable with variance 2717 73/2¢(9A). Since the cumulants of a random
variable determine its moments, the limiting moments also match those of this Gaussian.
Because the Gaussian distribution is uniquely determined by its moments [31, Theorem

30.1], this implies the desired weak convergence [31, Theorem 30.2]. O

Remark 4.3.8. The Lipschitz hypothesis in Theorem 5.2.5 was used only to compute
the variance in Lemma 4.3.2. To relax this hypothesis, one only needs to compute the
integral (4.3.1) for more general domains (with rougher boundaries). This can be done
for Caccioppoli sets using [130, Corollary 3.1.4] and for the Koch snowflake using [130),
Theorem 3.3.2]. We note that the proof technique for the latter result is applicable to

many other domains with self-similar boundaries.

4.4 Technical Estimates

The following estimate improves [37, Lemma 9.2] by establishing a quantitative error

term. It is implicit in [122, Remark 3.4]; we provide a short proof here for completeness.
Lemma 4.4.1. Let A be an admissible domain. Define dy = inf{|z — 1| : z € A}. Then

there exists a constant C(d4) > 0 such that for all z € A,

1 (ze!2)N

vVorN 1—=z

sn(Nz)=1-— (1+R(Z;N)), ‘R(Z;N)‘ < CON7L

Proof. By repeated integration by parts, we have
sy(Nz)=1-— - /NZ Nletdc =1 - Nt / NlemNeqe (4.4.1)
" (N =11 Jo (N =1)Jo ' -

The integral [; can be taken along any curve connecting 0 and z since the integrand is
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analytic. Inserting Stirling’s formula [134]

N\ 1
| — - _
N!'=+V2rN ( e) ™, =1+ oN + O(N7?) (4.4.2)

into (4.4.1), we have

e Negy(Nz) = 1—\/;/ (N-1eN=0 ge. (4.4.3)

Consider the map ¢: ¢ + Ce!=¢ on C. We recall that the function W (z) solving the
equation —ep(—W (z)) = z is known as the Lambert W function. Standard facts about this
function imply that there is a multi-valued inverse of ¢ with a (single-valued) principal
branch defined on C \ [1,00) (see [62, Section 4]). It is given by ¢(z) = =W (—z/e).

Applying the change of variable ¢ = ¥((1 — t)ze'!™) to (4.4.3), we have

(4.4.4)

1 |N 1 1 —t)N-t
=1——/— (zel_z)N/ ( ) dt
o 1—9((1—1t)zel=?)
Define f(z;t) = (1 —¢((1 —t)ze'7#))~1. Note that f(z;-) is infinitely differentiable in a
neighborhood of ¢ = 1 since 1 is analytic in a neighborhood of ze!=* for |z| < 1. Direct

differentiation shows that

Flz:t) = 11 +r(zt),

where

—¢((1 - 7)ze! ™)

") = | T e - e

By the continuity of (7, 2) — ¥((1 — 7)ze! ™) over [0, 1] x A, together with ¢(ze! %) = z,

there exists t4 > 0 such that forall 0 < 7 <ty andall z € A, |1 —¥((1—7)zel%)| < %CZA.

Therefore, there exists ¢4 > 0 depending on A (only through d4) such that |r(z;t)] < cat.

A standard application of Laplace’s method (see [109, Section 19.2.4, Theorem 1(a)])

147



implies that there exists a constant C' > 0 depending only on ¢4, and consequently only

on d,, such that

/01(1 — )N (zt)dt = ~ (14 R(z; N)), (4.4.5)

o
-2
where |R(z; N)| < CN~!'. Combining (4.4.4) and (4.4.5) and recalling the definition of

Tn in (4.4.2) completes the proof. O

Proof of Lemma 4.2.3. Using (4.3.15), we obtain

o N(S() 243 (w)?)

G(VNz,VNw) = VINTIS(2)3(w), (HO (Nmin(|1z|,|w|)4>>'

Combining this estimate with Lemma 4.4.1 and |(27) ! (w — 2)| < 1, we get

—N(3(2)2+S3(w)?) 1
Dol N /)| <o-V/2RG-0)?€ 1+0
Dy (VN2 V)| <e VERES@) T \N min(l] )’

—2(1—2zw)

e
8 (1 * ‘\/27TN(1 — zw)

N0 )N (14 O(N ) D . (4.4.6)
We observe that

— ];[%(z —w)? = N(S(2)? + S(w)?) < —N¥(2)S(w). (4.4.7)
We also note that

|6_(N/2)§R(z—w)2G—N(%(Z)2+%(w)2)@N(1_Zw) (zw)™|

N N
< exp (=5 (12 ~ a2 = 1) = S(Jul? = Infwf - 1))

< exp (—jg( =17 = 2wl - 1?). (4.4.8)

Inserting (4.4.7) and (4.4.8) into (4.4.6) completes the proof of the bound on Dy. The

proof for Iy is similar, so we omit the details.
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For Sy, we have

e N(3(2)243(w)?) 1
Sn(V Nz, VNw)| <e~N/2RG—m72¢ 1+0
[Sw(VNz, VNw)| <e VERES@I 7 N minel, Ju)?
6—2(1—zﬁ) _
x 1+ MmN (1 O(N T )
( e (o)

We note that

o~ N/ NS H3w)) _ o~(N/Dle—vf < 1

and

‘ef(N/2)%(sz)2efN(S(z)2+%(w)2) N(1—2w)

e (zw)™|

< o(N/2)(=|z=T+242R(z®)+21n |2]) _

— o~ (N/2)(|zP+|w*—2—In |22 ~Inw]*) 1,

where the last inequality follows from |z|*> — 1 —1In|z]|?> > 0 for z € A. This completes the

proof of the bound on Sy. O
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CHAPTER 5

Quenched Large Deviation Principles

for Random Projections of fg balls

5.1 Introduction

5.1.1 Background and Motivation

High-dimensional measures are ubiquitous in mathematics, and are often profitably
studied through their lower-dimensional projections. This approach has been successfully
applied to problems in numerous fields, including statistics [68, 94, |, asymptotic
functional analysis [110] and convex geometry [13, |. In the case of the uniform
measure on a high-dimensional convex body (a compact convex set with non-empty
interior), low-dimensional projections are known to satisfy a central limit theorem. This
theorem states that most k-dimensional projections of an n-dimensional isotropic convex
body are approximately Gaussian in total variation norm, if n is sufficiently large and
k is sufficiently small relative to n [13, 118]. The typical behavior of a low-dimensional
projection is therefore uninformative about the high-dimensional convex body from which
it originated. However, it was recently discovered that the tail behavior of random

orthogonal projections retains interesting information about the original measure [96, 95].
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This tail behavior is quantified through large deviation principles (LDPs), of which there
are two main types: quenched LDPs, which provide almost-sure statements with respect to
the projection or sequence of projections (which are independent of the high-dimensional
measure), and annealed LDPs; which consider an average over the measure from which
the projection directions or projection matrices are sampled. In this article, we focus on
quenched LDPs for random projections of random vectors from a class of distributions
that includes the uniform distribution on the unit ball in £}, one of the most fundamental

examples of a convex body. Denoting this ball by B, we have

B, = {wER”:ZmVJSn}.

i=1

We consider projection directions chosen uniformly from S"~!, the unit sphere in R™ (in
the one-dimensional case), or projection matrices chosen from the Haar measure on the

Stiefel manifold V,, , of orthonormal k-frames in R” (in the multi-dimensional case).

We begin by reviewing previous work on LDPs for projections of B, starting with the
annealed case. Annealed LDPs are typically easier to analyze than quenched LDPs, since
averaging over the randomness of the projection renders the entries of the projected vector
exchangeable. For B, annealed LDPs for one-dimensional projections were first established
in [95, 96] for all p € [1,00]. Later, annealed LDPs for the /5 norm of k,-dimensional
projections were established in [7] for all p € [1, 00| when lim,, o ky,/n = X € [0, 1], with
the additional requirement that A > 0 when p < 2. The restriction that A > 0 was removed
in [115], which also proved a phase transition in the speed of the LDP with respect to
the growth rate of k,, (see [1 15, Remark 3.6]). Further, the article [I15] established LDPs
for the empirical measures of the coordinates of the projections, in addition to the ¢,
norm. Additionally, [115] went beyond the balls B} and established results for general
high-dimensional measures satisfying an asymptotic thin shell condition, including uniform
measures on Orlicz balls and certain Gibbs measures. A more refined version of this

condition, and corresponding annealed sharp large deviation estimates for projection were
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also subsequently obtained in [128].

Compared to the annealed case, much less is known about quenched LDPs. Previous
works have focused exclusively on k-dimensional projections for k independent of n. For
one-dimensional projections of the unit cube B and more general product measures,
quenched LDPs were established in [95]. For one-dimensional projections of B}, quenched
LDPs were established for all p € [1,00) in [96]. In the case p € (1, 00], the speed and
rate function of the LDP are insensitive to the choice of projection matrix, except for a
measure zero set of so-called atypical sequences of projection matrices. (In the case p =1,
the LDP is more subtle and depends on the sequence; see [96, Theorem 2.6]). Later, sharp
LDPs that identify the precise prefactor were obtained for one-dimensional projections
of B} in [129]. Quenched LDPs for k-dimensional projections were established for p > 2
in [116], for any fixed positive integer k. Similar to the one-dimensional case, the speed
and rate function are almost surely independent of the choice of sequence of projection
matrices. Quenched LDPs for projections of various radially symmetric measures on B}
were also recently studied in [113]. We also remark that LDPs for the ¢, norm of a random

element of B} (with q # p) were established in [111].

In this work, we prove a quenched LDP for sequences of k,-dimensional projections
of EZ balls when p € [2,00) and k,, grows sublinearly in n, that is, lim,_,, k, = 0o and
limy,, 00 kn/n = 0 (see Theorem 5.1.2). As in previous work, the speed and rate function
are almost surely insensitive to the sequence of projection matrices. As corollaries, we
also obtain LDPs for the sequences of 5 norms and /., norms of the projections (see
Corollaries 5.1.3 and 5.1.4). The extension to LDPs for the ¢, norms of the projections for
all ¢ € [1,00) is also possible using our methods; see Remark 5.5.1 below. Our results also
generalize to projections of a larger class of random vectors, including those uniformly
distributed on the £ sphere and a broad class of product measures with sub-Gaussian
marginals (see Theorem 5.2.5). In addition to asymptotic convex geometry, LDP results of

this kind are also relevant to problems arising in statistical mechanics. Indeed, establishing
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the LDP for /y-norms of projections is equivalent to identifying the scaled logarithmic
asymptotics for expectations of exponential functionals of the sequence of ¢, norms of the
projections. The latter has close parallels with the study of the quenched log-partition
function for statistical mechanical models with random disorder, such as the Hopfield
model of neural networks [01], in which the projection matrix is replaced by an (n x k,)-
matrix of i.i.d. entries and Y™ is sampled from a product distribution with bounded
support. Similar logarithmic asymptotics also appear in the study of the normalizing
constant of the posterior distribution in high-dimensional linear regression [138, l,
where the distribution of Y™ corresponds to the prior, which is taken to be a product

distribution in [135] and uniform on S~ in [143].

5.1.2 Proof Techniques.

There are two primary technical challenges involved in establishing our results. First,
any LDP needs to be defined relative to a sequence of measures on a single probability space,
but each element of a sequence of k,-dimensional projections has a different codomain.
To remedy this problem, each projection must be embedded into a suitable parent space.
In the annealed case, the empirical measure of the coordinates completely determines the
distribution of the projected vector, due to the exchangeability of the coordinates. Previous
work on annealed LDPs for projections of growing dimension identified the projections
with the empirical measures of their coordinates, which are probability measures on R,
and established LDPs for the latter [115]. However, in the quenched case, the lack of
exchangeability of the coordinates renders the empirical measure an unsuitable state
variable. Instead, we take inspiration from the work of Comets and Dembo on large
deviations for mean-field spin glass models [(1], and embed our projections into a space
consisting of infinite sequences whose coordinates appear in descending order (in absolute
value), paired with their {5 norms. This approach, while leading to some technicalities,

also captures a great deal of information about the sequence of projections, allowing us

153



to also prove the additional LDPs for the /., and /5 norms mentioned previously. We
remark that the previous works [115, ] on multidimensional projections in the annealed
setting did not address LDPs with the projection dimension k,, growing to infinity for the
{, norm, since the latter is not a sufficiently nice function of the empirical coordinate

measure.

However, the paper [(1] considers the setting where Y™ is a product measure with
a bounded distribution and the projection matrix is replaced with a matrix with i.i.d.
entries. In contrast, no similar boundedness hypothesis can be made in our work, which
creates several additional technical complications. Further, the second main technical
obstacle in our setting is that, in the course of our proof, we must show that the entries
of the projection matrix sampled uniformly from the Haar measure on V,, ;, can be well
approximated by independent Gaussians for averages of a function of the rows. This
claim is made precise in Lemma 5.3.6 below, and may be of independent interest, as it
generalizes several existing approximation results [116, 108]. The result [116, Corollary
2.11] establishes convergence of the empirical measure of rows of the projection matrix
to a Gaussian in the space of Borel probability measures on R* (equipped with suitable
Wasserstein topologies), only for fixed k. However, such a statement does not address the
case when k, grows in n, in which case such empirical measures would live on different
spaces. Instead, in Lemma 5.3.6 we establish convergence of the empirical measures of
scalar products of rows of the projection matrix with a k,-dimensional deterministic vector
towards a 1-dimensional Gaussian distribution in a suitable Wasserstein topology (see
Remark 5.3.7) on the space of probability measures on R, uniformly over any collection of
up to e*» deterministic vectors. Prior results on Gaussian approximations for entries of
Haar-distributed random matrices from the Stiefel manifold, such as those obtained in
[109, ], appear inadequate for our purposes, thus necessitating our alternative approach
to such Gaussian approximations using Weingarten calculus; we expand on this point in

Remark 5.3.8.
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5.1.3 Definitions

For k € N, let I}, be the k x k identity matrix, and for n > k, set
Vi ={Ae R ATA= I}

The set V,, ;. is called the Stiefel manifold of k-frames in R™ and consists of k-dimensional
orthonormal bases in R". We also use O,, .=V, ,, to denote the set of n x n orthogonal

matrices.

Let % denote the set of infinite sequences & = (x1, s, ...) € R™® of real numbers such

that the norm
00 1/2
ol = (3 2) (511)
i=1

is finite. Given x,y € %, we define the inner product (z,y) = 32, z;y;. We say that
x € (? is ordered if |xy| > |7pi1|, and xp > xpyq if |2] = |Tp44], for all k € N. Given a

sequence € £ with a finite number of nonzero entries, let
n(x) = |{i € N:a; #0}|

denote the number of such entries. Let [x] € £* denote the sequence whose first n(x)
coordinates [z, ..., []n@) are equal to the nonzero entries of @ arranged so that [z] is
ordered; this implies that [x]; = 0 for i > n(z) + 1. Given k € N and « € R¥, we define
[x] by first defining & € ¢* as follows: @&; = x; for i < k and x; = 0 for ¢ > k, then setting

[x] = [Z]. We define X" as the set of pairs
X = {(z,r):x € r€[0,00), x is ordered, |||, < r}. (5.1.2)
We equip X with the distance

d((@,7),(y,5)) = | = Ylloo + 1 — 5. (5.1.3)
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For & € R*, let

(x) == ([z], [=],) € ¥ (5.1.4)

denote the corresponding representative in X.

The function log(z) denotes the natural logarithm. We let R, denote the non-negative

reals. We define the unit 2 ball as the set

B, = {wER”:Z|mi|p Sn}

=1

and the unit /£ sphere by

Sy = {mER":iuiVj:n}.
i=1
Given a sequence {k, }nen of positive integers, let o,, be the Haar measure on V,,, ,
and let o be a probability measure on V = ®,,V,, ., whose n-th marginal is o,, for all
n € N. All statements about probabilities on V,, ;. and V in this work are made with
respect to the measures ,, and . For brevity, we do not explicitly denote the dependence
of V, 0, and o on the sequence {k,}. We say that the sequence {k, },en is increasing if

kpniq1 >k, for all n € N.
Finally, we recall the definition of an LDP.

Definition 5.1.1 ([65, Section 1.2]). Let T be a topological space with Borel o-algebra
B. A sequence {P,}nen of probability measures on T satisfies a large deviation principle

(LDP) with speed s, : N — R, and rate function I: T — [0, 00| if for all B € B,

1 1
— inf I(x) < lim inf — log P, (B) < limsup — logP,,(B) < — inf I(x),

reB° Sn n—oo  Sp zeB

where B° and B denote the interior and closure of B, respectively. We say that {P, }nen

satisfies a weak LDP when these inequalities hold for all B € B such that B is compact.

156



A sequence of T -valued random variables {Z(”)}neN is said to satisfy an LDP with
speed s, and rate function I if and only if the corresponding sequence of image measures
{P(Z™ € )}nen satisfies an LDP with that speed and rate function. When the speed is
not mentioned explicitly, we use the default s,, = n. The function I is said to be a good

rate function if it has compact level sets V(o) = {x € T : I(z) < a} for all a € [0, 00).

5.1.4 Main Result: A Specific Setting

We begin by introducing some general notation, which will be used throughout the
paper. Let Z be a mean zero random variable and let n: R — R be a continuous function.

We define A: R? — R U {cc} to be the log-moment generating function of (Z,n(Z2)):

Aty ta) = Azy(tr,t2) = 10gE [exp (1 Z + tan(2) )] . (5.1.5)

Further, let {g;}3°, be an infinite sequence of independent Gaussian random variables

with mean zero and variance one, denote g = (g1, go, - - . ), and define A : 2 xR? — RU{oco}

asl

A(u,b,c) = ]E[K((u,g) + bgo, c)] (5.1.6)

The Legendre transform A* of A is defined by

A (w,r,s) = sup {{(u,w) +br +cs — A(u,b,c)}. (5.1.7)
(u,b,c) €2 xRxXR

We also set
I(w,r,s) = A" ('w, r— HwH%,s) (5.1.8)

for (w,r,s) € X x R,. Let p: Ry — R, be a continuous function. For (w,r) € X, we

IThe function A represents a suitable average of the log-moment generating function A over the random
“environment” (i.e. projection matrix), with the Gaussian vector (go, g) arising as an approximation to
the typical row of a Haar-distributed element of V,,  in the sublinear regime. See Lemma 5.3.6.
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define

Z(w,r) =inf [ <w !
s>0 S

mwmr%' R

We now specialize the previous definitions for the purpose of stating our main results,
concerning B7. We fix p € [1,00), and let f, : R — R be the probability density function

of the p-generalized normal distribution:

1 o
Mﬂ’mﬁﬂru@f”(‘p>

Let Z, be a random variable with density f,, let 72(z) = 22, and define A, == szm, as
in (5.1.5). We let A, denote the functional in (5.1.6) when A is replaced by A,. Also, the
let definitions (5.1.7), (5.1.8), and (5.1.9) hold when A*, I, and T are replaced with A7,

I,, and Z,, respectively, and p(x) = /P We also set

A

Z(w,r) = ég(f) L, (w,r,s).

The following theorem is our primary result. It establishes a quenched LDP for
multidimensional projections of £ balls when the projection dimension grows sublinearly.
It is proved in Section 5.5. We emphasize that in this theorem and its corollaries, a € V

always denotes a fixed, deterministic sequence of projection matrices.

Theorem 5.1.2. Fiz p € [2,00), and let {k,}nen be an increasing sequence of positive
integers such that lim, . k, = oo and lim,_,.. k,/n = 0. For each n € N, let Y™ pe

uniformly distributed on B}. Then for o-a.e. a = {a™},en €V, the sequence

{H <n71/2(a(n))Ty(n))}

neN’

with 11 defined as in (5.1.4), satisfies an LDP in X with speed n and good rate function
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From Theorem 5.1.2, we can deduce LDPs for the sequence of Euclidean norms and
maximal coordinates of the random projection n=*/2(a™)TY ™. We state these in the

following corollaries, which are also proved in Section 5.5.

Corollary 5.1.3. Let p, {kn}nen, and Y™ be as in Theorem 5.1.2. Then for o-a.e.

a= {a(")} ey € V, the sequence

{Hn—uz(aun)Tydm

Q}nEN

satisfies an LDP Ry with speed n and good rate function I, given by

I, (r) = sup {tlr +t,—E [Kp (tlgo,tQ)” ,

t1,t2€R

where A, is defined in (5.1.5). Furthermore, 1, is convex.

Corollary 5.1.4. Let p, {kn}nen, and Y™ be as in Theorem 5.1.2. Then for o-a.e.

a={a™},cn €V, the sequence

{|n=2(a™) Ty } (5.1.10)

neN

satisfies an LDP in R with speed n and good rate function

Tnax (1) =Z,((r,0,0...),7).

Remark 5.1.5. The conclusions of Theorem 5.1.2, Corollary 5.1.3, and Corollary 5.1.4
also hold when Y is uniformly distributed on S;. The proofs of these results also

contain, as intermediate steps, proofs of the analogous claims for Sy.
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Outline

Theorem 5.1.2 is a consequence of a more general result, which provides LDPs for the
projections of a large class of sequences of random vectors. This general result in stated in
Section 5.2 below as Theorem 5.2.5, along with the necessary assumptions and associated
corollaries. The proof of Theorem 5.2.5 follows on combining an upper bound and a lower
bound, given in the next section as Proposition 5.2.3 and Proposition 5.2.4, respectively.
In Section 5.3, the upper bound Proposition 5.2.3 is proved assuming certain preliminary
lemmas compiled in Section 5.3.1 and proved in Section 5.6. The complementary lower
bound is established in Section 5.4, building on preparatory results stated in Section 5.4.1,
whose proofs are deferred to Section 5.7. Section 5.8 contains auxiliary computations for
p-Gaussian random variables. Section 5.9 recalls the Weingarten calculus and proves an

auxiliary lemma.

5.1.5 Open Problems.

This work gives rise to several open problems.

1. The case p € (1,2). It would be of interest to study the quenched LDP for the
projection or its norm when Y is uniformly distributed on B} with p € (1,2). The
sub-Gaussianity assumption p > 2 is used in several places in the proof, including in
the proof of the exponential tightness result in Lemma 5.3.4 and the concentration
result in Lemma 5.7.3. We believe that at least a weak (quenched) LDP at speed n
will hold for sufficiently slowly growing k,. But we expect a phase transition in the
growth rate of k,, wherein the speed of the LDP would change in a p-dependent

way.

2. The linear setting k, = An for A € (0,1). It would be of interest to study the case
when k,, grows linearly in n, whis would likely require a different approach since the
condition k,, = o(n) is currently being used in several places in the proof, including

the Gaussian approximation lemma, as well as to show that the tail of the ordered
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projection vector has negligible £5-norm, and associated concentration results.

3. A broad class of high-dimensional vectors. It would be desirable to identify a
broad sequence of random vectors {Y ™}, o for which the corresponding (quenched)
random projections satisfy an LDP. For example, does there exist a sufficient
condition for LDPs of quenched projections, analogous to the asymptotic thin shell

condition in the annealed setting?

The fact that all the above questions are fully understood in the annealed setting
[96, 7, | further points to the additional subtleties present in the quenched setting

when compared to the annealed one.
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5.2 Main Technical Results

In this section, we list the general versions of our main technical results and the

assumptions they require. We first recall the following concept from convex analysis.

Definition 5.2.1 (Essential Smoothness). Let f : R? — (—o00,00] be a convex function

and let Dy = {x € R : f(x) < oo}. Then f is said to be essentially smooth if
1. D% is non-empty.
2. f(+) is differentiable throughout D5.

3. f(+) satisfies lim,, o0 [V f (An)| = 00 whenever {\,}, o is a sequence in D} converg-
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ing to a boundary point of Dj.

Given a sequence {Y ™}, oy of random vectors Y = (Y1,Ys,...,Y,) € R”, we

consider the following assumptions.

Assumption 2. There exists a sequence of non-constant and independent, identically
distributed (i.i.d.) real-valued random variables {X,} ey, a non-constant continuous
function n: R — R, , and a continuous function p: R, — R, such that we have the

distributional equality

n) d 1 &
y Ly, p<n Zﬂ@@) (5.2.1)
=1
for all n € Nand j € {1,...,n}. We further suppose that p(z) > 0 for all z > 0.

Assumption 3. The variable X; has mean zero and there exists a constant Cy > 0 such
that for all s > 0

P (| X1| > s) < 2exp(—s*/C3).

Assumption 4. Set A(ty,ty) = Ax,,, as defined in (5.1.5) and using the choice of 7
from Assumption 2. There exists some 0 < T < oo such that A(ty,t,) is finite for all
(t1,t3) € R x (—o0,T) and A is essentially smooth. Further, the derivatives 0295 A(ty, t5)

exist for all (¢1,t3) € R x (—o0,T) and all integers «, 8 > 0 such that o + g < 2.

Assumption 5. There exists a continuous function C': (—oco,T) — R, such that
080N (1, 12)| < Clta) (14 [1a*) (5.2.2)

for all (t1,t3) € R x (—o0,T) and all integers «, 5 > 0 such that a 4+ 5 < 2.

Remark 5.2.2. In addition to the uniform measure on the ¢* balls considered in Theo-
rem 5.1.2, the framework above allows us to deal with product measures whose marginals
are symmetric and sub-Gaussian. Indeed, by taking p(z) = 1 for all z € R, , we see that
these assumptions are satisfied when Y = (Y1,...,Y,) is constructed from a sequence

of i.i.d. random variables {Y;};en satisfying Assumptions 2, 3, and 4.
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Additionally, we often consider increasing sequences {k, },en of positive integers such
that
. . ky
lim k, =00  and lim — =0. (5.2.3)

n—00 n—0o N,

The following large deviation upper bound is proved in Section 5.3.2.

Proposition 5.2.3. Let {k,}nen be an increasing sequence of positive integers satis-
fying (5.2.3). Suppose that {X;};en is a sequence of i.i.d. random variables satisfying
Assumptions 2, 8, and 4. Let X™ = (X1,...,X,) € R" for alln > 1. Then for c-a.e.

a={a"™},ey €V, we have

S|

n—oo T

lim sup l]P’ ((H(n_1/2 (a(”))TX(”)), in(X)) € S) < - inf I(w,r,s) (5.2.4)

Pt w,r,s)ES

for all closed sets S C X x R..

The following large deviations lower bound is proved in Section 5.4.2.
Proposition 5.2.4. Let {k,}nen be an increasing sequence of positive integers satis-
fying (5.2.3). Suppose that {X;};en is a sequence of i.i.d. random variables satisfying
Assumptions 2, 8, and 4. Let X™ = (X1,...,X,) € R" for alln > 1. Then for o-a.e.
a={a™},cn €V, we have

1 T
lim sup —P ((H(n_l/Q (a(”)) x®),

n—oo T

in(&)) € O) > . inf I(w,r,s)

w,r,s)€O

for all open sets O C X x R,..

The following theorem is proved in Section 5.5 using the previous two lemmas, where

it is then used to prove the main results stated in the previous section.

Theorem 5.2.5. Let {k,},en be an increasing sequence of positive integers satifying

(5.2.3). Let {Y ™}, cn be a sequence of random vectors Y™ = (Y1,Ys, ..., Y,) satisfying
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Assumptions 1-4. Then for o-a.e. a = {a™},cny €V, the sequence

{H <n71/2(a(n))Ty(n))}

neN

satisfies an LDP in X with good rate function I.

5.3 Upper Bound

5.3.1 Preliminary Lemmas

In this section, we state some results required for the proof of Proposition 5.2.4. The

first lemma, which collects several topological properties of X'| is proved in Section 5.6.1.

Lemma 5.3.1. 1. The topology on X is equivalent to the product topology on RN x R,

where RY is dtself equipped with the product topology.

2. The topology on X is equivalent to the product topology on RY x R, , where RY is

itself equipped with the weak-¢* topology.
3. For any fized A < 0o, the set {(w,r) € X :r < A} is compact.

Our second lemma shows that the rate function in Proposition 5.2.3 is a good rate

function (as defined in Definition 5.1.1). Its proof is deferred to Section 5.6.2.
Lemma 5.3.2. The function I defined in (5.1.8) is a good rate function.
To state the following lemmas, we recall the definition of exponential tightness.

Definition 5.3.3. A family of measures {pu,}tnen on a topological space space T is
exponentially tight with speed s, : N — R if for every a < oo, there exists a compact set
K, C T such that

1
limsup — log p-(K3) < —a.

sp—o0 T
We say that a sequences of random variables { X, }nen s exponentially tight with speed s,

if the sequence of measures { i, fnen defined by pu,(A) = P(X,, € A) also has this property.
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We default to s,, = n when no speed is explicitly stated.

The next two lemmas address exponential tightness of the sequence of the norms of the

projections n~'/?(a(™) "X ™ and the sums £ 3% | n(X;). They are proved in Section 5.6.3.

Lemma 5.3.4. Let {X;};en be random variables satisfying Assumption 3, and let Xm =
(X1,...,Xn). Let {ky}nen be an increasing sequence of positive integers satisfying (5.2.3).
Then there exists a constant v > 0, depending only on the sequence {ky}nen and the

constant Cy from Assumption 3, such that for every n € N, a™ € Vor,, and t > C2,

1
~logP (I 2(@) X 2 ¢4 1) < .

Lemma 5.3.5. Let {Xj}?o:l be i.i.d. random wvariables satisfying Assumptions 2 and
3. Then the sequence of random variables {Z,}nen given by Z, = % Pan(X;) s

exponentially tight.

For u™ € RF» a™ €V, , . and c € R, we let a!™ denote the i-th row of a™, and
define

F,(u™, a™ c) =

En:l/\ (™, vna{”),c). (5.3.1)

SRS

Recall that g denotes a Gaussian random variable with zero mean and unit variance.
The next lemma shows that F,(u™, a™, ¢) is closely approximated by E [A (Hu(") H2 qg, c)] ;
this holds uniformly for any subexponential collection of vectors in R*». It is proved in

Section 5.6.5.

Lemma 5.3.6. Fiz a constant D € (0,00), a deterministic sequence {d,}nen of posi-
tive integers such that limsup,,_,. n"'log(d,) = 0, and i.i.d. random variables {X15,

satisfying Assumptions 2—4. For everyn € N, let

W, = {v("’l), ™2 ,v("’d”)} C R
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be a finite collection of vectors such that |[v™)||y = D for alln € N and j € {1,...,d,}.
Fiz ¢ € (—o00,T), where T is the constant from Assumption 4. Then for oc-a.e. a =

{a(n) }nGN S V;

lim sup |F,(v™?) a™ ¢)—E [/_X (Dg, c)” =0,

N0 <j<d,

where g is a Gaussian random variable with zero mean and unit variance.

Remark 5.3.7. From the proof of Lemma 5.3.6, it is clear that the result continues to
hold if in the definition of F,,, A(-,¢) is replaced by any differentiable function H: R — R

that satisfies, for some constant C' € Ry, |H(¢)]* < C(1+¢*) and |H'(¢)|> < C(1 + |t]).

Remark 5.3.8. As mentioned in the introduction, Jiang has proved a Gaussian approxi-
mation result for Haar-distributed elements of the Stiefel manifold in [108, Theorem 5] by
coupling elements of the Haar-distributed matrix to matrices of independent Gaussians
through Gram-Schmidt orthogonalization. However, as noted in [109, Theorem 3], this
coupling is effective only when k, = o(logn/n). Further, in order for this coupling to
be strong enough to prove the almost-sure convergence in Lemma 5.3.6 (rather than the
convergence in probability considered in [109]), it appears that additional restrictions
on k, and d,, are required. Hence, [103, Theorem 5] is not sufficient to study the entire
sublinear regime, which motivates the alternative approach to Gaussian approximation

via the Weingarten calculus taken in our proof of Lemma 5.3.6 in Section 5.6.5.

For w = (uy,uz,...) € £? and a given m € N, we let u< = u<,, € R™ be the vector

containing the first m coordinates of w,
< = (U1, Uy, ..., Uy, 0,0,...)", (5.3.2)

and let us = u~,, € ¢* denote the vector defined by u~ = u — u<, so that
)T

U = (07 s 7Oaum+laum+27 s
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For w € R™ and b, c € R, and A defined as in (5.1.6), set
A (1,0, ¢) = A((@'",0,0,...),b,c). (5.3.3)
For all w € 2 and b, c € R, we observe by Jensen’s inequality that?
A(u,b,c) > Ay (u<, b, c).

Additionally, using the dominated convergence theorem and (5.2.2), we have the monotonic
limit

lim A (U<, b, c) = A(u, b, c). (5.3.4)

5.3.2 Proof of the Upper Bound

We first reduce the proof of the upper bound to a verification of the upper bound for a

simpler subclass of closed sets.

Lemma 5.3.9. Retain the notation and hypotheses of Proposition 5.2.3. Suppose that for
every closed set S C X X Ry and constant A € (0,00), the upper bound (5.2.4) holds for

the set S N K 4, where
Ka={(w,rs):0<r<A0<s<A}, (5.3.5)

for a set Qs a of sequences a = (a(l),a(2), . ) € V such that 0(Qs 4) = 1. Then for

almost every sequence a € V, the upper bound (5.2.4) holds for all closed sets S.

Proof. We assume the hypotheses of the lemma, and for any A € (0,00), we let K4 C

X x R, denote the set defined in (5.3.5).

Step 1. We first fix an arbitrary closed set S C X x R, and establish the claim in

2Note that for any ¢y > 0, the function ¢ ++ A(t1,ts) is convex by Holder inequality.
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(5.2.4) for §; namely,

1
lim sup — log IP ((H(nl/Q(a(”))TX(")),

n—oo M

in(@) € 8) <= it I(wrs)

w,r,s)ES

holds for og-almost every sequence a € V.

For any A € (0,00) let Qs 4 C V be as in the lemma statement, and set Qs = NY°_, Qs .

m=1
Then clearly o(£2s) = 1. We next observe that we have I(w,r,s) > 0 for all choices of
w, 1, s; this follows on taking w = (0,0,...) and b=c=01in (5.1.7). Let a € [0,00) be a
parameter such that S C {/ > a}. By Lemma 5.3.4 and Lemma 5.3.5, there exists some

m € N such that for every sequence a € V,

1
limsuplogP((H( “12(gM)T X ™

n—oo T

) en)s o

§\>—‘

By hypothesis, the upper bound (5.2.4) holds for S N KC,, and all @ € Q5. Since S C {I >

a}, this implies that for every sequence a € (g,

1
limsup — log P ((H(n_l/z( ()T x (), Zn > € Sﬂ/Cm> < —

n—oo N

Together, the previous two displays imply that for all @ € g,

n—oo T TL

1 n
lim sup — logIP’ ((H(n_l/Q( NTx M) Z ) ) < —

We can set a = inf(y, . s)es I (w, 7, 5), since we required only that S C {I > a}, and hence

the claim of Step 1 follows.

Step 2. We next show that for g-almost every sequence a = (a(l), a®, .. ) €V, the

upper bound (5.2.4) holds for all closed sets S.

Note that the space X x R, possesses a countable basis {O;};en since it is a sep-

arable metric space. Consider the countable family of closed sets € = {N;crOf¢
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F is finite subset of N} and define Q = NgeeQds. Then P(Q) = 1. For an arbitrary
closed set S, we have § = N;e»Of for some F' C N. For any € > 0, there exists a finite

set F C F' C N, such that for C = N;cxOf, we have

inf I (w,r,s)> inf [I(w,rs)—ce.
(w,r,s)eC (w,r,s)€S

Therefore, for a € Q, using S C C and the previous step, we have

1 1 &
lim sup — log P ((H(n_l/z(a(n))TX(n)>a - ZU(X1)> = S)
n—oo M nzzl
1 1 &
< limsup — logP ((H(n_I/Q(a(”))TX(n)), - ZU(X2)> S C)
n—oo T n;3
< — inf I(w,r,s)
(w,r,s)eC
< — inf I (w,rs)+e.
(w,r,s)€S

Since € > 0 is arbitrary, for every a € Q the upper bound (5.2.4) holds for all closed sets

S. The proof is complete. O]

Proof of Proposition 5.2.3. We begin by introducing some useful notation. Given positive
integers k > m, let Jj,, denote the set of injective mappings from {1,...,m} to {1,...,k}.

For ¢ € R* and 7 € Jj,n, we define 7(x) € R as the vector

7‘(&3) = (SET(l), ZL‘T(Q), C 75177-(m)> Tm+1, Tm+2, - - - ) (5.3.6)

whose first m coordinates are x,(1), Zr(2), ..., Tr(m), With the remaining coordinates taken

in their original order.

By Lemma 5.3.1(3) and Lemma 5.3.9, to prove the upper bound (5.2.4) for o-a.e.
sequence a € V| it suffices to prove (5.2.4) for compact sets. For the remainder of this
proof, we fix a compact set C and a corresponding constant A such that max (r,s) < A

for all (w,r,s) € C. The proof consists of two further steps.
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Step 1: Reduction to a finite number of coordinates. We start by establishing some general

properties of the set C. Set

a=a(C)= inf I(w,rs). (5.3.7)

(w,r,s)eC

Let 6 > 0 be a parameter and define
as = min(a,d~ 1) — 4. (5.3.8)

Then from the definition of « in (5.1.8), and (5.1.7), we see that for every (w,r,s) € C,

there exists a triple
(u,b,c) = (’u,('w,r, $,0),b(w,r,s,8), c(w,r, 3,5) c xRy xR, (5.3.9)

such that

(u,w) + bt + cs — A(u, b, ¢) > as, (5.3.10)

with ¢ = \/r2 — ||w||3. By (5.3.4), there exists m = m(w,r, s,d) € N such that

(uc,w<) + bty + cs — Ay (u<, b, ¢) > as,

where t,, = /77 — ||w<||3, and u< = u<,,.

Consider the open set of near-optimizers
Byrs ={(w,t,s) e R" xRy xRy 1 u<c-w + bt +cs — Ay (u<,b,¢) > a5}, (5.3.11)

where (u, b, ¢) are chosen as in (5.3.9), and for (w,r,s) € X x R, define the set

Waors = {(fw,r,s) EX xR, : ('wg, \/r? — |w§|2,s> € Byrs,v <A s< A}.
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This is an open set that contains (w,r,s), by (5.3.10). Since C is compact, there
exists a collection of finitely many open sets WU) = W, risiy 3 = 1,...,mg, with
(wj,rj,s;) € X x Ry, such that

ccUwy. (5.3.12)

j=1
Let BY = By, s, and let (u,b0) ¢ be the triple in (5.3.9) associated with
(wj, 75, 85).

Next, we write k = k,,, suppressing the dependence on n, and recall the definition of
Jr.m made before (5.3.6). Given w € R¥, we consider the map 7 € Jim such that the
corresponding induced map 7%: R¥ — R™ defined in (5.3.6) satisfies 7%(w)<,, = [w]<p.

Then we see that for any j = 1,...,mq,

—

(w,5) € R* x R : ([w], [|[w], 5) € WP} (5.3.13)
C {(w,5) € R* x Ry : ([w]<, |[w]> ]2, 5) € BY, Jw]> < A}

= {(w,5) € R¥ x Ry : (7 (w)<, [ () [l2,5) € BY, w2 < A}

Now, for j =1,...,my, define, for any 7 € Jj, .,
BY) = {(w,s) e R x Ry : (r(w)<, [[r(w)s |2, 8) € B, s < A [|w] < A},
and note that (5.3.13) implies

{(w,s) e RF xRy : ([w], |wls,s) e W} BY = |J BY. (5.3.14)

Tejk,m

To apply these properties of C, we introduce the notation

1
W =W =n"12@"TXx™  L=1L"=_-3 nX). (5.3.15)
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By (5.3.13) and (5.3.14), if ([W], |W /|2, L) € WY, then (W, L) € BY. Combining this

observation with (5.3.12) and a union bound, we find

P ((I(W),L) € C) < %]P’ (W), L) e V9) < %IP’ (w,L)eBY).  (5.3.16)

It therefore suffices to bound the probabilities P((W, L) € E’,(f )). For concreteness, we

focus on P((W, L) € B,§1>). The argument for the other terms is analogous.

Step 2: Probability bound for B". Set B, = B{" and (u,b,c) = (u®,b®, D). From

(5.3.14), we have

Liwnesy < 2 Hemwalrnslenesy Lwla<aliz<ay- (5.3.17)

TE€ETk,m

Using the quantity
Hu,b,c(-B) = IIlf {(’U,S, ﬁ)) -+ bt + CS} (5318)

(w,t,s)eB

to bound the first indicator in the summand in (5.3.17), we obtain

Liwiyen,y < exp ( - ”HU:b’C(B))

X Z exXp (H(U,S . T(W)S + b||T(W)>||2 + CL))1{||W||2§A}1{L§A}~ (5319)

T€ETk,m

With a view toward bounding the right-hand side of (5.3.19), we first let x > 0 be a

parameter. We define

G:={v eR"™: o], =0},

and let Cov(G) denote a minimal cover of the set G by open ¢* balls of radius bx with
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centers in G. We let U’ denote the set of the centers of balls in Cov(G), and define

U= |J {veR:r(v)c =uc,7(v), €U U{0}}. (5.3.20)
Tejk,m
A standard volume estimate (see [16, Proposition 4.2.12]) shows that

U'| < (1+2/r)F™ < (14 2/K)F.

Together with the bound |Jk,,| < k™, this implies that there exist & > 0 and ny =

no({kn}nen, k) € N such that for all n > ny,
U < exp (1= &)n). (5.3.21)

We now show that we can approximate the sum in (5.3.19) by a sum over elements in

U. Fix 7 € Tjm. We first consider the event where [|[IW||s < A and ||7(W)~ |2 > k. Since

T(W)s

U=b—nn—"="—
HT(W)>||2

lies in G, there exists v € U such that 7(v)< = u< and ||U — 7(v)s||2 < bs. Then

uc - T(W)< +0[|7(W)s |2
=7(v)< - TW)<+U - 7(W)>
=7(0)< - T(W)<+7(0)s - 7T(W)s + (U — 7(v)s) - 7(W)>

<wv-W + Abk, (5.3.22)

where to obtain the last inequality, we used the Cauchy—Schwarz inequality, and the
estimates [|[7(W)s |2 < |[W]l2 < A and ||U — 7(v)s]|2 < bk. On the other hand, on the

event |[Wlls < A and ||[7(W)s |2 < &k, a direct bound shows that for any v such that
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7(v)< = u< and 7(v)s = 0 (which in particular satisfies v € U), we have
uc - T(W)< +0l[r(W)s 2 = 7(v)< - 7(W)< + bl[r(W)slla <v- W+ br. - (5.3.23)
The upper bounds (5.3.22) and (5.3.23) together with (5.3.19) show that

P(W, L) € By) < exp(—n(Hype(B) — (A+ 1)bK)) | Tl Y. E fexp(n(v - W +cL))].

veld

Taking logarithms, we find

n~ ogP(W, L) € By) < — (Hypo(B) — (A+ 1)bk) + n log | Tl U] (5.3.24)

+maxn 'logE [exp(n(v - W +cL))].

veld

Recalling the definitions of W and L in (5.3.15), the fact that the variables {X;}ien

are i.i.d., the definition of A in (5.1.5), and the definition of F, in (5.3.1), we have

n 'logE [exp(n(v - W + cL))]
exp <n1/2 27_1: X (z_n: Uj(lé-?) + Ci ﬁ(Xz))]

=nt En:logE [exp (XZ-<'U, \/ﬁa§”)> + CT](Xi))]

=1

=n"'logE

= F,(v,a™,¢).

Further, by (5.3.20), each v € U satisfies either ||v]|? = ||u<]||3 or ||[v||? = [Ju<||5 + 0%
that is, the £2 norms of all vectors v € U take one of two values. Recalling the previous
estimate on |U| from (5.3.21), taking the limit superior of both sides of (5.3.24), using the
last display and Lemma 5.3.6 to control the maximum therein, and recalling k, /n — 0

from the assumption (5.2.3), we obtain

limsupn ' log ]P’((W, L)e Ek) < —Hyupe(B) + (A+ 1)bk + max(A,,(u<, b, ¢), Ay (u<,0,¢))
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< —Hypo(B) + (A4 1)bs + A (u<, b, c).

In the last line, we used Jensen’s inequality (as in (5.3.4)) to simplify the maximum. By

the definitions of the sets Hy,, . and B in (5.3.18) and (5.3.11), respectively, this becomes

limsupn ! log IP’((VV, L)e Ek)

IA

—a5 — A (u<, b, ) + (A+ 1)bs + A (u<, b, c)

< —as+ (A+1)bk.

Since this bound holds for all k > 0, it implies that
limsupn ™! logIP’((VV, L) e §k> < —ag.
Finally, since this holds for all 6 > 0, we have by (5.3.7) and (5.3.8) that

limsupn = log]ID((W, L)e Bk) <—-a= _inf I(w,rw).

(w,r,s)eC
Inserting this and the analogous bounds for all B,(gj ), Jj=1,...,my, into (5.3.16) completes

the proof. O

5.4 Lower Bound

5.4.1 Preliminary Lemmas

We begin by stating some preliminary results. Given a metric space (T, d), to € T and
r > 0, set

B(to,’f’) = {t eT: d(to,t) < 7"}. (541)
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Given m € N and v € 2, we recall the quantities v~,, and v, defined in (5.3.2).

Recalling the constant T" from Assumption 4, we set
D,, = {(v,b,c) : (v,b) e R" xR, c € (—o0,T)}.
Let A}, denote the Legendre transform of the function A,, from (5.3.3), defined by

Al (W, t,s) = sup {{@,w) + bt +cs — A, (@, b,¢)}. (5.4.2)
(@,b,c)eER™ xRXR

We denote the domain of A}, by

D = {(w,rs): A} (W,r,s) < oco}. (5.4.3)

m

Finally, let VA,, € R™*2 denote the gradient of A,,:

VA, (v,b,¢) =

(Op, A (0, b, ¢), Opy A (0, b, C), ..., Oy, A (0, b, ), Op N (0, b, ), Oy (v, b, €)) .

The first result pertains to the existence of a point with useful properties in any open

set O C X x R. Its proof is relegated to Section 5.7.2.

Lemma 5.4.1. Fize > 0, an open set O C X X R, and a point (w,r,s) € O such that
I(w,r,s) < oco. Then there exist k > 0, mg € N and (w,t,5) € R™ x R, x R, such that

the following claims hold:
1. (w,t,5) = VA, (0,b,¢) for some (0,b,¢) € Dy, ;
2. lwj| > |wjq] >0, forall1 < j<mg—1;

8 Ay (ﬁ;,t_, §> < I(w,r,s)+¢e;
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4. Forall (w',r',s') € X xRy, if

(w’<m0, = w3, s') e B((®,15).%/2). (5.4.4)

then (w',1',s") € O.

We now present the second result, whose proof is deferred to Section 5.7.3. Recall the

definitions of W™ and L™ from (5.3.15).

Lemma 5.4.2. Fitm € N, k > 0, and (u,b,c) € D,,. Define (w,t,s) = VA, (u,b,c)
and B = B ((w,t,s),r). Then, for c-a.e. a = (aV,a® --.), the sequence {W™ LM},

n € N, satisfies

W)

L‘”)) € B,

) Wil < 2m ) > A5, t, 45.4.5)

lim inf i log P (W,

5.4.2 Proof of the Lower Bound.

Proof of Proposition 5.2.4. Recall the definitions of W) L(M™ in (5.3.15). We first estab-

lish the following claim.

Claim 1. For every € > 0, open set O C X x R, and point (w,r, s) € O, there exists

a set Qo (wrs) C V of sequences a = {a™}, ey with 0(Q0 . (w,rs) = 1 and such that
-, w1 ). 70 546
liminf — logP (W™ W™, L) € 0) > ~I(w,7,5) <. (5.4.6)

We may assume that I(w,r, s) < oo, since otherwise the claim is trivial. In this case,
there exist & > 0, my € N, and (w,t,5) € R™ x R, x R, that satisfy the properties of
Lemma 5.4.1.

—-1/2

Fix m > myg such that 3m < |wp,| (such an m exists since |w,,,| > 0 by property
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(2) of Lemma 5.4.1) and set

(kK 1
/@:—mln{,m 172

: min | (|] ~ 1)) |

"3 1<j<mo—1

Note that property (2) of Lemma 5.4.1 ensures £ > 0. Set

w=(w,0,...,00€R", B, =B ((@\,t,g),ﬁ) . By=20n ((m, £ 5),@/2) :

Property (1) of Lemma 5.4.1 implies that there exists @ = (v,0,...,0) € R™ such that

(4,b,¢) € Dpny, and VA, (@, b,¢) = (1,1, ). (5.4.7)

Given (w',r',s') € 2 x Ry x R, with 1" > [|w’||2, we write

o = ()2 = W3, = ()7 = w3

Consider (w',7',s') € £ x Ry x Ry with (w’,,,t,, ./, s') € Bi. By the definition of B, it
follows that ||wl,, — W|. < . The definition of x,m and the strict ordering in the first

mg coordinates of @ imply that w’ satisfy the following properties:
L |wi| > |wi,,| > 2m~ 2 forall 1 < j <mg — 1;
2. |wj| < m~2 for all mg +1 < j < m.
If we further require that [|w?,, [ < 2m~'/2, then it follows that [w]<y, = w,, .

,and t”, . imply that

w’,r'

The above discussion, and the definitions of #,, .

w’;r'

{(w',r', ') e xR, xR, : (w’gm,t' s’) € By and |Jwl,, | <2m™'/?} (548)
C {(w',r,s") € xRy x Ry : [w']<pn, = wl,,, and (w’gmo,t;;,7r,,s’) € By}
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Thus, for g-a.e. a = (aV,a®,--.), we see that

o] n n n
liminf —logP (W], [ W[, L") € O)

>liminf —logP( (W<, [Wy s, L) € Bo)

n

1 n n n —
>liminf —logP (W), [W]l2, L&) € By, Wi o0 < 2m7'/2)
- <

n—00
> — A, (w,1, 5)

> —I(w,r,s) —e,

where we used (5.4.4) in the first step, (5.4.8) in the second step, (5.4.7) and Lemma 5.4.2
(with § = k) in the third step and property (3) of Lemma 5.4.1 in the last step. This

proves the claim (5.4.6).

Next let {w;,r;, 5,}72, be a sequence such that

lim [ = inf [
ll}?o (wlarlasl) (w}g)eo ('lU,T’, S)?

w81

and define Qp = m?ilQ(’),%,( ), where QO,%,(wz,msw is the set in from Claim 1. Then

d(20) =1 and

liminfn " log P, (W], W™, L) € O) > = inf_ I(w,r,5). (5.4.9)

(w,r,s)€O

Next, observe that since X x R, is a separable metric space, it possesses a countable
basis {O; }ien. Setting Q= NienQ0o,, we have O(Q) = 1. Now consider an arbitrary open
set O C X x Ry and any (w,r,s) € O. By the definition of a basis, there exists a basis

element O; such that (w,r,s) € O; C O. For sequence a € QcC Qp,, the corresponding
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sequence WM = wa™ satisfies

lim inf 1 log]P’ (([W(”)], W[5, L(")) € (9)

> limint g (W), W), 1) € ) (5.4.10)
> —I(w,r,s),

where the latter follows from (5.4.9) applied with O replaced with O;. Since (w,r,s) € O
is arbitrary, taking the supremum of the right-hand side of (5.4.10) over (w,r,s) € O
yields (5.2.4). O

5.5 Proof of the Main Result

Proof of Theorem 5.2.5. Combining Proposition 5.2.3 and Proposition 5.2.4, we conclude

that, for o-a.e. @ = (a,a®?,. .. ) € V, the sequence of random variables

<H<n‘1/2<(n> );in ) neN,

=1

satisfies an LDP with speed n and good rate function I(w,r,s) = A*(x,/r? — ||z||3,2).
By Assumption 2 and the definition of IT in (5.1.4),

I (n—1/2 (a(n))T Y(n)> 41 <n—1/2 (a(n))T X(n)) X p (712 zn:n(Xi)> ,

where p : R, — Ry is continuous. By applying the contraction principle (see [65, Theorem
4.2.1]) to the continuous map f: X x Ry — X given by f(w,r,s) == (p(re)ax, p(rs)ri), we

.
obtain an LDP for {II(n~'/2 (a(”)) Y ™)1, on with speed n and good rate function

=in w,r,s):y = p(rs)x, p(re)ri =r} = in LLTQ.
) =i (w.128) sy = o). plran = b= it 1 (25D
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Given Theorem 5.2.5, the proof of Theorem 5.1.2 closely follows [116, Section 5]. We

include the details for completeness.

Proof of Theorem 5.1.2. We now verify that Y™ satisfies Assumptions 1-4 when uni-

formly distributed on the ¢# sphere for some p € [2, 00).

Assumption 1: By [119, Lemma 1], the relation (5.2.1) holds with { X };en being the i.i.d.
sequence with common distribution equal to the p-Gaussian distribution (the probability

measure on R with density proportional to e /°/P), n(z) = |z[P, and p(y) = y~ /7.

Assumption 2: This is a direct consequence of the fact that X; is a p-Gaussian

distribution, and hence sub-Gaussian for p € [2, c0).

Assumption 3: It is straightforward to see that the domain of A, is R x (—o0, z%) The

essential smoothness is established in [90, Lemma 5.8].

Assumption 4: The growth conditions on A, and the derivatives of A, are established

in Lemma 5.8.2.

By Theorem 5.2.5, this proves the LDP when Y (™ is uniformly distributed on §?, and

the corresponding rate function is Z,, defined in (5.1.9).

Next, we consider the case where Y (™ is uniformly distributed on B). Let U be a uniform
random variable on [0,1]. We recall that if the random vector X € R™ is uniformly
distributed on the sphere S} and independent from U, then U /7 X (") is uniform on B [149,
Lemma 1]. Tt then suffices to prove the LDP for Y = U'/"X ™ By [96, Lemma 3.3], the
sequence {U'/"}, oy satisfies an LDP with good rate function Iy given by Iy;(u) = —logu
for u € (0,1], and I;(u) = 400 otherwise. Recalling that U and X (™ are independent, and
using Theorem 5.2.5, we find that {(II (nfl/Z(a(”))TX(”D ,UY™},en satisfies an LDP in
X x Ry with good rate function Iy (u) + Z,(x, ). By the contraction principle applied to
the continuous map X x Ry 3 (x,r,u) — (ux,ur) € X, and the positive homogeneity of

the map IT defined in (5.1.4), it follows that {H (Ul/"n_l/z(a("))TX("))} , satisfies an

ne
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LDP on X with rate function

L(x,r) = inf {ly(u) +Z,(y,s): (x,1r) = (uy,us)}

(y,5)€X ueR

(5.5.1)
= inf {—logu—i—I <w 7’)}
ue(0,1] P\uw"u/)

It is clear from the definition (5.1.9) that the map ¢ — Z,(tx,tr) is increasing for

1

t € Ry. Since u — u~! is monotonically decreasing, we deduce that u — Z,(u"'x,u"'r)

is decreasing. Combined with the fact that — log u is decreasing, we find that the infimum

in (5.5.1) is attained at u = 1. Thus

~

L(x,r) =T)(x,r), (x,7)€X,

as claimed. O

Proof of Corollary 5.1.3. It was shown in the proof of Theorem 5.1.2 that Y (™ satisfies
the assumptions of Theorem 5.2.5 when uniformly distributed on SP for some p € [2, 00).
By applying the contraction principle to Theorem 5.2.5 with the continuous projection
map X 3 (y,7) — r € R, we conclude that {|n=1/2 (a("))T Y ™|y} ,en satisfies an LDP

with speed n and good rate function

L,(r) = inf{Z,(y,r) : (y,r) € X'}.

Substituting the definition of Z, from (5.1.9) and recalling the definition of I, from (5.1.8),

we have

L,(r) = inf {Ip (w,r,5) : (w,r,5) € X x Ry, ri|ry| /P = r}
= inf {[p (:c,rl, (?)p> c(x, ) € X} (5.5.2)
= inf {A; <:13, Vi = |lxzll3, <7:)p> (x,m) € X} :

By definitions of A, and A from (5.1.6) and (5.1.7), respectively, and an elementary
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property of Gaussian variables, we see that

85 (o (1))
— sup {(’u,, x) + b\/m +c <7;f)p — A, (u, b, c)} (5.5.3)

(u,b,c) €2 XRXR

= s ) o=l +e () B[R (1 0) 2,0)]

(u,b,c) €2 XRXR

By the Cauchy-Schwarz inequality and the fact that |x|s < 71, we have (u,x) +
by/1? — ||z||3 < ||(w,b)||or1. Further, if  and r; are given, there exists a pair (u,b) € (*xR

such that equality is attained. Hence, (5.5.3) implies

A (it =l (*))

= s @l e () B[R (1w g, 0]

(u,b,c) €02 xRXR

p (5.5.4)
™ —
= sup {vrl +c <> —E [Ap (vg, c)”
(v,c)eRL xR r
1\ P _
= sup {vrl +c <) —-E [Ap (vg, c)}} ,
(v,c)eRXR r

where the last equality follows from the observation that, since r; > 0 and ¢ is symmetric,
replacing v by |v| increases the quantity we are taking the supremum over. Combining

(5.5.2) and (5.5.4), we have

L,(r) = inf sup {UT +c <T>p —E[A (vg, c)]} :

TER+ (y,c)eRXR r

By [129, Lemma 2.1], this implies

L(r)= sup {vr+c—E[A(vg,c)]}.
(v,c)eERXR

The convexity of T now follows from a standard result in convex analysis (see [110,

Theorem 11.1]). O
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Remark 5.5.1. The space X is defined in (5.1.2) using the ¢ norm in one coordinate.
This allowed us to deduce Corollary 5.1.3 from Theorem 5.1.2 by applying the contraction
principle in the previous proof. The {5 norm in this definition could be replaced by ¢, for
any 1 < g < oo, and a parallel argument would give the analogue of Corollary 5.1.3 for

the ¢, norm of the projections. For brevity, we do not take this up here.

Proof of Corollary 5.1.4. Consider the map m: X — R given by 7(w,r) = w;, the first
element of the ordered sequence w. By Theorem 5.2.5 and the contraction principle, the
sequence (5.1.10) satisfies an LDP with good rate function

Tinax (1) = (w%gfex{fp(w, s):r=m(w,s)} =I,((r,0,0...),7),

where the last inequality follows from the definition (5.1.9) and the fact that A is even in
its first two arguments.

The proof for B is nearly identical, so we omit it. n

5.6 Preliminary Lemmas: Upper Bound

5.6.1 Topological properties of X

Proof of Lemma 5.3.1. Due to the ordering of the first component in X', each (w,r) € X

satisfies

win| < M2 |w|ly < m7V A (5.6.1)

Proof of Claim (1). Suppose (w,,r,) — (w,r) in X. Then, by the definition of the
metric in (5.1.3), r, = 7, and w,, — w in {s. The latter implies that for any coordinate
projection map p; : y — ¥;, we have p;(w,, —w) — 0 as n — oco. Thus (w,,r,) = (w,r)

in RY x R, when RY is equipped with the product topology.
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On the other hand, suppose (w,,7,) — (w,r) in RY x R, when RY is equipped with
the product topology. To show that (w,,r,) — (w,r) in X, by (5.1.3) it suffices to show
that ||w, — w|w — 0 as n — oo. Pick any € > 0. Then there exists N € N such that
[(w,)<n —wenl||, <eand N"Y2 < g/(2r + 1), and for all n > N, r, < r+ 1. Let

n > N be arbitrary. By (5.6.1), we have

|wy, — w||, = max (||(wn)<y — wen|l o, |(wn)sy — wsn|l )
< max (H(wn)SN - wSNHOO , N71/27ﬂn + N*I/QT)

<e.

Sending first n — oo, and then ¢ — 0, we obtain the desired conclusion.

Proof of Claim (2). Suppose (w,,r,) — (w,r) in X. Pick any u € (. Tt suffices to
show that (u,w, —w) — 0. Without loss of generality, assume u # 0. Fix ¢ > 0. Since
u € (%) there exists m € N such that ||[us,,||s < &/(2r+1). Let N = N(g,m) € N be large
enough so that ||w, — w|s < em™/?/||ul|y and for all n > N, r,, < 7+ 1. Then applying
the Cauchy—-Schwarz and triangle inequalities, and invoking the identities ||w, || = r and
|w||2 = r (which follow from the definition of X in (5.1.2)), we conclude that for any

n>N,

<’U,, Wy — ’UJ> - <u§m7 (wn - w)§m> + <u>m7 (wn - w)>m>
< [ullaf (wn = w) o ll2 + [[wsmlla]| (wn —w) |2
< Jullall (wn = w) < oo + [wsmll2 (7o + 7)

< 2e.

Since ¢ is arbitrary, this shows (u, w, — w) = 0, as desired.

On the other hand, suppose (w,,7,) — (w,r) in RY x R, when RY is equipped with
the weak-¢2 topology. Pick any € > 0. Choose m € N large enough such that m~1/? <

e/(2r+1). Choose N € N large enough such that for all n > N, |[(wn)<m — (W)<ml, < €
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and r, < r+ 1. Together with (5.6.1), this implies that for any n > N,

|wy — wl|,, = max (H(wn)gm - wémHOO || (wn)s = w>mHoo)

< max <H(w")§m — wgm‘ ) m /2 (rn + 7’))

< 2e.

Since ¢ is arbitrary, by (5.1.3) this implies (wy,r,) = (w,r) in X.

Proof of Claim (3). By definition, for all (w,r) € X, |w;| < ||w]||2 < r. Therefore,
{(w,r) € X :r < A} is aclosed subset of [T;eny[—A, A] x [0, A]. By item (1), the topology of
X is equivalent to RN x R, where RY is equipped with the product topology, [T;en|—A4, A] x

[0, A] is compact by Tychonoft’s Theorem. Thus, as a closed subset of [T,en[—A4, 4] x [0, 4],

the set {(w,r) € X : r < A} is compact. O

5.6.2 Rate Function

Proof of Lemma 5.3.2. Step 1. Fix m € N, and recall from Section 5.4.1 that A’ denotes
the Legendre transform of the function A,, defined in (5.3.3). We first show that the

following inequality holds for all (w,r,s) € X"

I(w,r,s) > A, (wg r? — Hw§||§,s) . (5.6.2)

If w. = 0, then A(w,r,s) = A, (w<,r,s), and for any uw € ¢, (u,w) = f3 if and only
if (u<,w<) = B. It follows that A*(w,b,c¢) = Al (w<,b,c) for all b,c € R;. Hence,
the definition of (5.1.8) of I shows that the inequality in (5.6.2) becomes an equality if

We henceforth suppose that ||ws|2 > 0, which then implies r > ||w<||2. Pick any

@€ R™and b > 0. Let u := (@,bw,/\/r? — |w<l|3). Then by the definition of A* in
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(5.1.7), we have for any ¢ € R that

by/7r? — ||Jw]|? bi/r2 — |lw
> (u, w) + (HHZ) r? —[lwlji +es — A (u, ””22,0)
w

r? = Jlw<ll2

2 _ 2
bl [ +(b¢r Wﬂa) o w4 s

r2 — w<|3
by/7? — ||lw]|3
RYGULEITT N
r2 — |lw<|3
b 2 2 2 b 7‘2— w2
(lws 13+ 'Tﬂﬁ+ws_A(u,"”;c
r? = |lw<| r? — w<|3

= (@, we) + by/r? — [lw< |3+ cs = A (@,,0),

where we used A(u,V,c) = Ap(u<,/(V)?+ ||us|3,¢) in the last step. Taking the

supremum of the right-hand side over w € R™ and b € R, we obtain (5.6.2).
Step 2. We next claim that [ is lower semicontinuous.

First note that A, is lower semicontinuous, since it is the supremum of a collection of
continuous functions. By claim (2) of Lemma 5.3.1, the topology on X is equivalent to
the topology on RN x R, where RY is equipped with the weak-¢? topology. Therefore
A*, which is equal to the supremum of a collection of continuous functions, is lower
semicontinuous. Let (w™, r(™ s() ¢ be a sequence converging to (w,r,s) in X x R,.

Applying (5.6.2), the lower semicontinuity of A* , and (5.3.3), we obtain

2
’Sm))
2

. . n n n . . * n n))\2 n
h%gg)lfl(w( ), s )) > liminf A7, (w(g),\/(r( )" — H'w(g)

> N, (we 2 = o35

= A" (2,0~ wels).

Recalling that w< is the abbreviation for w<,,, passing to the m — oo limit in the last
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display, and using the lower semicontinuity of A*, the lower semicontinuity of I follows.
Step 3. We claim {I < a} is compact for any a > 0.

Since [ is lower semicontinuous, by Step 2, {I < a} is closed. We will show that
{(w,r,s) e X xR: I(w,r,s) <a} C {(w,r)e X:r <A} x|0,B]. (5.6.3)

for some A, B > 0. This suffices to prove the claim, because the latter set is compact by
Lemma 5.3.1, and closed subsets of compact sets are compact. To show (5.6.3), we argue

by contradiction. Fix o > 0, and suppose that there exists a sequence
(w™ ™ s™) e {I <a}, neN (5.6.4)

such that 7™ — oo or 5™ — oco. Fix 0 < ¢ < T, where R x (—o0,T) is the domain
of A from Assumption 4. By Assumption 5 on A, and the definition of A, in (5.3.3)
and (5.1.6), it follows that there exists an absolute constnat C' € (0, 00) such that for all

U= (ui,...,Uy,) € R and b >0,

Ay (@,b,0) = E [A (f: uig; + bgo, o)] < C(1+ (@, b)]3)- (5.6.5)

=1

Suppose first that ™ — co. By (5.6.2) and (5.6.5), it follows that

I (w™ ™ sM) > A* 'w<, rn)? — w(<”) 2 s
<12

= sup {’u, 'w(<”) +b\/ r(m)? ||'w<)||2+cs " — A ('&,b,c)}

(@u,b,c)e X XR ¢

> sup (@) 4o/ - 3 - 0 (14 @) |

(w,b)ex

Using the Cauchy—Schwarz inequality, we note that

(i) + by (1) — w3 < a1, ).
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and equality holds when (@, b) = oz('w(gn), \/(T("))2 — ||w£n)||§) for some a € R. Therefore

sup {1yl - - ¢ (14 @)

(a,b)ex

(n))?
_ M) |1 ({5 ~ 2 _ (T )
= su r u,b)|o — Cl|(w, b)||5 —Cr = - C,

where to get the last equality, we compute the supremum directly as a function of ||(@, b)||2.

The last three displays together show that

and this lower bound goes to infinity as n — oo, due to the assumption that ™ — oo.

However, this contradicts the assumption (5.6.4).

Next, suppose s™ — co. By (5.6.2) and (5.3.3),

I (w™,r™, ™) > Az, (w;"% V2 = w3, s<">) > sup {t5"” — A(0,0,)}
€

The supremum on the right side of the previous display is infinite, by (5.1.6), (5.1.5), and
(5). Again, this contradicts the assumption that (w™,r™ s™) € {I < a}. The proof is

complete. O

5.6.3 Exponential Tightness

Our proof will appeal to the Hanson—Wright concentration inequality for quadratic

forms. We recall the following definition from [16, Section 2.5].

Definition 5.6.1. A random wvariable X 1is said to be sub-Gaussian if there exists a

constant C > 0 such that
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In this case, the sub-Gaussian norm of X is defined as

1X s, = 1nf{t>0 E[exp(X2/1?)] < }

Moreover, a random vector X € R" is called sub-Gaussian if all one dimensional marginals

(X,x), ¢ € R", are sub-Gaussian random variables. The sub-Gaussian norm of X 1is

defined as

[ Xy, = sup (X, ), (5.6.6)

xeSn—1
Theorem 5.6.2 ([161, Theorem 6.2.1]). There ezists a constant 7o > 0 such that the
following holds. Let X = (X1,...,X,) be a random vector with i.i.d., mean zero, sub-

Gaussian entries. Let A be an n x n matrixz. Then for everyt >0,

t° t
P(|XTAX —E[XTAX]| >t) < 2exp l—% min ( : )] :
( =) RYA[l7" B[ A]l2
where R = || X ||y, is the sub-Gaussian norm of X, defined in Definition 5.6.1, and || Al|2

denotes the Frobenius norm of A.
Proof of Lemma 5.5.4. For n € N, we set

A® = Lo o Z Ly Tam gmyTxm Z 1
n n n

ZA” X, (5.6.7)

2,7=1

For the remainder of this proof, we suppress the dependence on n in the notation by

omitting all superscripts. Observe that

1 1 En k.,
E[XTAX| = =Y AEX]) == > al =" (5.6.8)

ni o= n
We write the matrix A as a sum of rank one matrices, A = n~! 21221 YEYJ, where
Y, = lai, ..., an)". Since a € V, 4, the vectors {Y;}i</<k, are orthonormal. This
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implies

Al = Tr 44T
kn ko T
:n—QTr Z}/(YZF ZYng—r
/=1 /=1

kn
=n?TrY VY,
=1

=n2TrA

=n"?k,. (5.6.9)

Further, we also have

I3 = max || Av||3
fol=1

= ﬁax v AT Av
v||=1

kn
= max n~ > Z V'Y, Y, v
=1 =

= max n~%(Y,,v)% (5.6.10)

[[ol=1

The last quantity is equal to n=2 because the Y, are unit vectors. Also, note that by
Definition 5.6.1, ||.X ||y, = Ca, where Cs is the constant in Assumption 2. By applying
Theorem 5.6.2 to the quantity @ from (5.6.7) (and hence with A = A™ and R = (),
and using (5.6.8), (5.6.9), and (5.6.10), we find that for any a@ € V,, .

d

where 79 > 0 is the constant from Theorem 5.6.2. This implies the conclusion after noting

kn
In=2aT X3 — ==
n

> t) < 2exp {—’yo min (k;lCQ_‘l(nt)Q, C'{%t)} )

that since k,/n <1 for n € N, for t > C?, we have
min (kg1(02_2nt)2, C’;Qnt) = O, ’nt.
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]

Proof of Lemma 5.5.5. Pick any M > 0 and fix A > 0 such that A(0,\) < co. We note
that such a \ exists by Assumption 4. Fix a > 0 satisfying a > (A(0,\) + M) /A. By

Markov’s inequality, we have

P (}1 gn (X)) > a> < e (B[ exp (W(x1)] )

This implies that
1 1 &
“logP ( > n(X;) > oz) < =X+ E{exp ()\T](X1>):| < —M,
n [t

which proves the exponential tightness of (£ 327, 7(X;))nen- O

5.6.4 Preliminary Lemmas for Gaussian Approximation

Let p be the standard Gaussian measure on R, corresponding to a Gaussian random
variable with mean zero and variance one. Fix k,n € N with k < n, and @ = a™ € Vo k-
Let a; be the i-th row of a. For any choice of w € R¥, let y,,,, be the measure on R given
by

1
Hn = Hnu = E Z(S<U7\/ﬁai>' (5611)
i=1

Lemma 5.6.3. Fiz k,n € N with k < n, and u € R*. Let a be a random element of

Vi distributed according to the Haar measure o,. Then for every m € N, the quantity
iy from (5.6.11) satisfies

C

E|[a" dpna] = lully (o7 dp) (14 Tos) . [Tl <

for some T, ,, € R and C,, > 0, where C, depends only on m (and not k or n).
Proof. We just treat the even m case. The odd m case is clear by symmetry, as the
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moments on the left and right side of the equality both vanish. By exchangeability of the

rows of a,

1
E [/ ™ d,un’u} =-E
n

We recognize this quantity as

E [(u,v/na1)"| = |[ul} - E|(vnan)"].

where the equality is justified by the orthogonal invariance of p,. By Wick’s theorem
(Theorem 5.9.5) and Lemma 5.9.6,

E [(\/ﬁan)m} = (/ ™ d,u) (1+Tmn), |Tn| < %

n

This completes the proof.

]

The next lemma is a minor adaptation of a modified version of Gromov’s concentration
inequality for Haar measure on the special orthogonal group SO, = {a™ € O, :
det(a™) = 1} (presented in [11, Corollary 4.4.28]), tailored to the Haar measure o, = o, 4

on the Stiefel manifold V,, 4.

Lemma 5.6.4. Fiz k,n € N with k <n. Let f: V,, = R be a Lipshitz function with

Lipschitz constant L in the Hilbert—Schmidt norm, meaning
£@) = FB)] < La® ~ b

for all a™ b™ € V. Then there is a constant C' > 0 such that for all 6 > 0,

o, (\f(a(”)) —E,[f(a™)] > 5) < 2exp (—ngn> :
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Proof. We suppress the superscript (n) in the proof for brevity. Fix £ € N, and let 7 = 7y, :
O, = V, ;. be the canonical projection map, i.e. 7 : a = (a;j)1<ij<n — (ai;)
for all @ € O,,, let &, be the Haar measure on O, and let E, be the corresponding

expectation. Then o, = o0, is the pushforward of 7,, under 7. Finally, set f=fomand

let H, C O, be the cyclic group generated by

—1

that is, H, consists of the identity matrix and h. Observe that O, = {b;by : b, €
SO,,by € H,}. Fix ¢ € O,,. Then there exists ¢; € SO,, and ¢y € H,, such that ¢ = ¢;¢s.
Let a be uniformly distributed on O,, with respect to Haar measure. Using right-invariance
of Haar measure in the second equality and combining the definition of f, the fact that

k <n and cy € H, in the third equality below, we have

This implies that the function O,, > ¢+ E,[f(ac)] is a constant over O, equal to E,[f(a)].
This observation, together with [I1, Corollary 4.4.28] and the definitions of 7, and f,

completes the proof. O

5.6.5 Proof of Gaussian Approximation

Proof of Lemma 5.3.6. Fix ¢ € (—o00,T') and a sequence {d, },en as in the lemma state-

ment. To rewrite F, in (5.3.1) more succinctly, set A;(t) = A(t,c) with A as in (5.1.5),
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and define the maps f9) : V, , — R

. 12 . . _
Fd) (@M = - S A (<v("’”, \/ﬁal( )>> . i=1,2,...,d,. (5.6.12)
i=1
A direct calculation shows that, fori=1,...,nand l =1,..., k,,
, 1 . .
D f ™) (@M = o (o), mal™Y) of?),
n

where 8 f™)(a(™) represents the derivative of f(™7) with respect to a'"”. Hence, by

Assumption 5, there exists C = C(c) < oo such that

7709 (@)} = 3 i (9uf"(a))’

i=11=1
= 3 0 (o)) 5 )
=1 =1
<H'v<"’”H§ (Lt ) S (5.6.13)
_T; ( +<v ,vVna; >>

_ . 112
=CD*(1+ D?).
Equation (5.6.13) implies that f(™7) is Lipshitz continuous in the Hilbert—Schmidt topology

with Lipshitz constant \/C'D? (1 + D?). By Lemma 5.6.4 and union bound, it follows that

there exists a constant C’ > 0 such that for any € > 0,

f(n,j)(a(n)) - E, [f(n,j)(a(n))” > 5) < 2d,, exp (—%) (5.6.14)

o, | max
1<j<dn

Recalling d,, = exp(o(n)), the inequality in (5.6.14) and the Borel-Cantelli lemma together

imply that for o-a.e. a = (a(l), a?, .. ) ev,

lim max |f™)(a™)—-E, [f(”’j)(a("))” =0. (5.6.15)

n—00 1<;j<dn
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Next, consider the random measures

1 n

(ng) . * -
1% = n;5<v(n,j)7ﬁa§n)>a j=1,...,d,.

By the definition of f™7) in (5.6.12), we have
7o) (atm) = / Ar() du™ D (8). (5.6.16)
R

By Lemma 5.6.3, the sequence

{E1 {u(l’l)} o, By [u(l’dl)} , [Es {,u(z’l)} oy B [,u@’d?)} s Ey [u("’l)] oL Ey, {,u("’d")} e

converges in the sense of moments to a Gaussian measure, with mean zero and variance
D?%. Combined with [15, Lemma B.1] and [140, Theorem 1.7], this implies that for any
f R — R with at most polynomial growth,

lim max
n=+00 1<j<d,

E U fdmj)] _E [f(Dg)]‘ 0, (5.6.17)

where ¢ is a Gaussian random variable with zero mean and unit variance. By (5.6.16),
(5.6.17) and the fact that A; can be bounded by a quadratic polynomial due to Assump-

tion 5, it follows that

lim max
n—00 1<j<dp

E[f" (a™)] - E[A1(Dg)]| = 0. (5.6.18)

To complete the proof, combine (5.6.15) and (5.6.18), and recall the definition of F,

in (5.3.1). O

5.7 Preliminary Lemmas: Lower Bound
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5.7.1 Notations and Conventions

We adopt the following notation for this section. Let T' be the constant from Assump-
tion 4 and let m € N and (@,b,¢) € R™ X R X (—00,T) be parameters. Recall that A,,

was defined in (5.3.3), and set
(w,t,s) = VA,(tQ,b,c). (5.7.1)

Let {k,}nen be an increasing sequence of positive integers such that lim, . k, = oc.

Recall that o = o,, denotes the Haar measure on V,, ;.. Define m € N and b Rf‘f by

M = M(m) = [(t + 1)2774 , b= (bM_l/Q, - ,bM_l/Q), (5.7.2)

M times

and also define a sequence of vectors {u(")}n>m+ v € RF» as follows:

) .— (4
u'" = (u,b, 0,0,...,0 ).
( ) (5.7.3)

kn—m—M times

For j € {1,...,m + M}, define?

n 1 “ n n
1/]( ) = - Za(ﬁ@’, (u™, V/na! ))) (5.7.4)
i=1
Finally, define
m-+M
v; = Law (gj, > ulgl> : (5.7.5)
=1
where go, ..., gmen are independent, mean zero, variance one Gaussian random variables.

3We sometimes write §(x) instead of d, in this subsection for legibility. The difference is only notational.
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5.7.2 Proof of Lemma 5.4.1

We begin with an auxiliary result that allows us to analyze open neighborhoods of a
point in X x R by looking at open neighborhoods around the truncated version of the
point in R™ x Ri, for sufficiently large m. Recall our notation for a metric ball given in

(5.4.1).

Lemma 5.7.1. Fiz an open set O C X x Ry and a point (w,r,s) € O. Then there exists
mo € N and p' > 0 such that the following holds for all m > mq: If (w',7',s') € X x R,

and

then (w',1",s") € O.

Proof. Fix (w,r,s) € O. By Lemma 5.3.1(1), the topology on X is equivalent to the
product topology on RN x R, x R,. Therefore, using the definition of the product topology,
there exists mg € N and 91, 02,03 > 0 such that for every m > myg, the following claim
holds:

If (’lb,f, §) e X x R+ and (ﬁ)gm,f, §> S B(’LUgm,él) X B(T’, 52) X B(S,ég), ( )
5.7.7

then (w',r’,s") € O.
By increasing myg if necessary, we may also suppose that for all m > mg, we have

Oar
lwsmllz < =~ (5.7.8)

We set t := /r?2 — ||lw]|3 and p’ := min (41, 62/4, 93).

Now, let (w',r’,s") € X x Ry be such that (5.7.6) holds for some m > mg and our
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choice of p’, and let this choice of m be fixed for the remainder of the proof. Then clearly,

wl,, € B(W<m,p') C B (w<p,d1), (5.7.9)

s € B(s,p') C B(s,d3), (5.7.10)

and

o> [ = T3 = /e = w3

Multiplying both sides by \/7”2 — |lwl,, |15 + /7% — ||w]3 we have

o (W — [l 3+ /r? - kua) > [ = ()2 = [[wemll3 + w3 = wsml3]-

Note because that (w,r, s) and (w’, ', s') lie in X x R, , we have [|[wlls < r and ||[w’|]2 < 7.
Combining this fact with the triangle inequality, (5.7.8), (5.7.9), and the previous display,

we have

2

|r + lwsml? + o' (r +77)

2
S [ P

< |wem = Wi, (lwzmlla + |w0yalla) + 0or /2 + p(r +17)

<20/ (r +71") + 0o /2.

Dividing both sides by (r + r’) and recalling 2p’ < d5/2 , this implies

[r— 7| <20/ +02/2 < 6. (5.7.11)

When combined, (5.7.9), (5.7.10), and (5.7.11) show that the supposition in (5.7.7)
holds with (w, 7, §) = (w',r’,s’). Thus (5.7.7) implies (w’,7’,s") € O, which proves the

lemma. O

In the proof of the next lemma, we use the following concept from convex analysis.
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Definition 5.7.2 (Relative interior). For every non-empty convex set C, the relative

interior of C, denoted 1i(C), is defined as the set
ri(C) ={z € C: for ally € C, there exists some u > 1 such that pz + (1 — p)y € C'}.

Proof of Lemma 5.4.1. We first show that A,,, defined in (5.3.3), is essentially smooth
for all m € N (see Definition 5.2.1). The finiteness of A,, on R™ x R x (—o0,T’) follows
from the finiteness of A on R x (—o0,T). The differentiability of A,,, at (v',V,c) €
R™ x R x (—o0,T) is a direct consequence of the differentiability of A on R x (—o0, T),
the bounds in Assumption 5, and the dominated convergence theorem. To check the third

condition in Definition 5.2.1, first note that for ¢, € (—o00,T),
Do\ (t1, 1) = e MR [(Xy)eh X H200] > g, (5.7.12)
Hence, we have

198 (6,0 > B 005 (3 Vi )| >0
=1

Taking the limit infimum over (v’,¥',¢') € R™ x R x (—o0,T) above and using Fatou’s

lemma, one obtains

liminf VA, (0,1, )l > E

vV, ¢/ =vo,bo,

mo
limint 0,0 (3 oo+ Vo, )| =
o it O (vt )| =

=1

where the last equality follows from the essential smoothness of A, which in turn follows

from Assumption 4. This establishes the essential smoothness of A,,.

Fix an open set O and a point (w,r, s) € O such that I(w,r,s) < oo. Let mg be as in
Lemma 5.7.1 and recall the definition of A, from (5.3.3), and the definitions of Ay =~ and

Dy, from (5.4.2) and (5.4.3). Since A,,, is essentially smooth, by [145, Corollary 26.4.1]
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we have
VAny (D) C Djno. (5.7.13)

Note that A,,,(0,0,0) = 0 and the cumulant generating function A(sy, s5) = log E[es1X1+s21(X1)]
satisfies A(s1,0) > E[s;X1] = 0. Hence, the mapping (v',') — A,,, (v/,¥,0) achieves its
minimum of 0 at (0,0). Combining this with (5.7.12), we have VA,,,(0,0,0) = (0,0, so)

for some sy € R,. By differentiating A,,, twice, we have

VIA. (0.0,0) = O?N(0,0) I ng 41 0 [ Var(X) Lnga 0
mo » Y - - 9

0" 82A(0,0) 0’ Var(n(X1))

which is positive definite (since, by Assumption 2, X is not degenerate and 7 is not a
constant function). Thus, the inverse function theorem implies that VA,,, is locally a

diffeomorphism, which, along with (5.7.13), implies there exists g > 0 such that

B.,(0,0,s0) C 1i(D%,).

Now, pick (w,?,5) € B.,(0,0,s) such that @ is strictly ordered in the sense that

|| > ... > |Wy,|. Set t = /r2 —||w|3 By Jensen’s inequality, A, (W<, t,5) <
I(w,r,s) < oo by (5.4.2), and hence, (W<, t, 5) € Dy,. Since (w, 1, 5) € ri(D},, ), [115,
Theorem 6.1] and [145, Corollary 26.4.1] imply that, for all A € [0, 1),

MWz, t,8) + (1 = A)(w, ¢, 3) € 1i(D},)) C {VAny(y) : y € Dy }-
By the definitions of (w<p,,t,s) and (,, §), note that the points on the line segment

0= { MWy, t,8) + (1= N)(w,%,3) : A€ (0,1)}

are strictly ordered in the first component. Since A}, is a convex function (by definition
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of the Legendre transform), it is continuous along ¢ C Dj;, . Together with Lemma 5.7.1
(to establish (5.4.4)), this implies that there exists a point (w,,s) € ¢ that satisfies all

conditions of the lemma. O]

5.7.3 Proof of the modified lower bound

The proof of Lemma 5.4.2, which is given in Section 5.7.3, uses a change of measure.

Throughout this section, we fix u to be the law of a random variable satisfying
Assumptions 2, 3 and 4, with associated constants Cs, 7 > 0 and function C (). For

s1 € R, sy < T, recalling A defined in (5.1.5), we define the exponentially tilted measure

Fsy s by

dﬂShSQ

dji (z) = exp(s1x + san(z) — A (s1,82)), = €R. (5.7.14)

Preparatory results

The first lemma claims that {fis, s, }(s,,s2)eRx(—o00,r) s uniformly sub-Gaussian in s;.

Lemma 5.7.3. Fiz (s1,55) € R x (—00,T). Let X be a random variable on a probability
space (Q, F,Ps, 5,) that has law fis, s,, and let IESLSZ denote expectation with respect to

P.,.s,- Then there exists a constant C = C(sy) > 0 such that
Py, o (1X1 = Eq, o [X1]] > t) < 2exp(—12/C?).

Proof of Lemma 5.7.3. Fix (s1,s5) € R x (—00,T). By the definition of A in (5.1.5) and

the definition of fis, s, in (5.7.14), we have

IESLSQ [Xl} = /$631x+82n(m)*ﬂ(s1,sz)du(x) — 81]\ (51’ 82) )
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Now Assumption 5 implies there exists a continuous function Cy: (—00,T) — R such that

By expA(X1 = Bay o [1]))] e B2 800) [ o) exp(ssa + san(e)) dia(a)
= exp(]\(sl + )\, 82) — /7\(81, 82) — )\81/&(81, 82))

<exp (6«0(82)2)\2> :

I

The lemma then follows from a standard argument using Chernoff’s bound (see |

Proposition 2.5.2]). O

Next, we state a Gaussian approximation result for the Haar measure on V,, ; in
Lemma 5.7.4, and establish an asymptotic decorrelation result in Lemma 5.7.6. The

proofs of these lemmas are deferred to Section 5.10.

Recall from Section 5.7.1 that T" denotes the constant from Assumption 4, and that M
was defined in (5.7.2) in terms of m and a point (@,b,c) € R™ x R x (—o00,T'). Recall
from (5.7.5) that g1, 9o, ..., gminm denote i.i.d. Gaussian random variables with zero mean
and unit variance. Additionally, given any n € N and j € {1,...,k,}, and any function

h:R — R, we define a map f;n): Vok, — R as follows:
n n 1 - n n n n
fj( ) (a( )) = gZﬁagj)h (<u( ),\/ﬁag )>> = /mh(y) dyj( )(x,y), (5.7.15)
i=1

where we recall that u™ = (uy,...,u;,) and V](-n) were specified in (5.7.3) and (5.7.4)

respectively.

Lemma 5.7.4. Fiz Cy € (0,00) and a function h : R — R satisfying

da

@h(x) < Co(1 + |z|), a=0,1. (5.7.16)

Fizm € N and (@1,b,¢) € R™ x R x (—00,T). Then for c-a.e. a = (aV,a?,..)) €V,

203



we have for all j € {1,...,m + M} that

m~+M
lim £V (a™) = E [gjh ( l; Ule)] .

Remark 5.7.5. For any fixed € (—o0,T), by Assumption 5, O A(-, ) satisfies the

condition imposed on h in Lemma 5.7.4.

Lemma 5.7.6. Fizm € N and (@,b,¢) € R™ X R x (—00,T'), and retain the assumption

(5.7.16). Then for c-a.e. a = (aV,a®,...) €V,

hm S (7 (a) =0
l=m+M+1

Proof of Lemma 5.4.2

We now show how the preparatory results from Section 5.7.3 can be combined to
establish Lemma 5.4.2. Let m € N, (u,b,c) € D,, and (w,t,s) = VA,,(ua,b,c) be as in
the statement of the lemma. Let M be defined in terms of t and m as in (5.7.2) and
let u™ € R*» be defined in terms of & and b as in (5.7.3). Let (X1,..., X,) be random
variables defined on a measure space (€2, F) equipped with the probability measures P(™
and P(™. Suppose that under P, the variables (X1,...,X,) are i.i.d. with a common
law p that satisfies Assumptions 1-4, and let u™ = u®". Let fi,, ,, be defined in terms
of 1 as in (5.7.14), and let P™ be a probability measure on (£, F) such that under P™

(X1,...,X,) has law ™, where
A = @ fine. M= A" = (u Vnal), i=1,...n (5.7.17)

Let (X1,...,X,) be an R"valued random vector with law ji. Let E(® and E® denote
expectations with respect to P and P, respectively. Note that the Radon-Nikodym

derivative of i with respect to u(™ can be rewritten in terms of the function F, from

204



(5.3.1) as follows:

di®™ o () (0) T e S o) () a0

du ) =€ Ve = (o1, 3,) € R

(5.7.18)

Next, recall that k > 0 and B = B((w,t,s),x) were fixed in the statement of

Lemma 5.4.2, and for n such that k, > M + m, let

w™ = (wy,...,wg,) = (W, tMY2 . tM7Y20,...,0 )eR. (5.7.19)
———
M times kn—m—DM times

Fix 6 € (0, min(x, m~'/?)) and define

E, = {m:(xl,--- ,Ty) €R™: (\/15 (a™)T Zn x; ) ((w("),s),é) }

Let W™ and L™ be defined in terms of (Xi,...,X,) as in (5.3.15). Then using the

definitions of x™, ™, and E,, and (5.7.18), we have

B (W, [WEls, L) € B, Wl < 2m~Y2)
>pr) ((W("), L(”)) €B (('w("), s), 6))

= [E (@) (5.7.20)

- (e >+522;1n(zn)+nFn<u<"’ya<"’:C>dﬂ(n>(w)

>p™) ((W(”), L(n)) cB ((w(”)’ 5), 5)) () +bt-es—Fo (u™ 0 )46 (@b,c) |2)

We show below that the following three claims hold for o-a.e. @ € V and any ¢ > 0:

Tim PO (W)™ —wj| > e) =0, j=1,...,m+ M, (5.7.21)
kn
gyw% > m#Wzﬁza (5.7.22)
l=m+M+1
Tim PO (|20 — 5| > ) = 0. (5.7.23)
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In essence, the limits (5.7.21) and (5.7.23) are weak laws of large numbers for VVj("),j =
1,...,m, and L™ respectively, under the tilted measure, and (5.7.22) states that the

(?>-norms of Wg?z +ar are asymptotically negligible under the tilted measure.

Postponing the proofs of (5.7.21)—(5.7.23), we first note that together with (5.7.18),

they imply that for g-a.e. a € V,
lim inf B®) (W™, L™) € B ((w™,5),8)) = 1. (5.7.24)

Moreover, F,(u'™,a™, c) — A, (@, b, c) for o-a.e. @ € V by Lemma 5.3.6, with d,, = 1.
Thus, combining (5.7.20) and (5.7.24), and recalling the defining of A} in (5.4.2), we

conclude that for g-a.e. a € V,

liminf n~" log P (W, [WEll2, L) € B, Wi < 2m™'12)
> — ((@, W) + bt 4 cs — Ay, (@, b, ¢) + 0| (@, b, )||2)

>—A (’ﬁ),t, 3) - 6”(,&’767 C)HQ'

Taking 0 N\, 0 completes the proof of (5.4.5), given (5.7.21)—(5.7.23).

We now turn to the proofs of (5.7.21)—(5.7.23).

Proof of (5.7.21). By the definition of i in (5.7.18) and Lemma 5.7.3 (with s, = \;
from (5.7.17), and sy = ¢, where ¢ is from the statement of the lemma), we have, for each

1=1,...,n,
p) (IXZ» CE™[X]] > t) < 2exp(—t?/C?),

for some constant C' > 0 depending only on c. Also, the definition of W in (5.3.15),

Hoeffding’s inequality for sub-Gaussian random variables (see [1641, Theorem 2.6.2]), and
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a union bound imply that for all @ € V,

p(r) () _ falm) )
B (e (W1~ B > )
n ()
< m(n) Qjj R OISR “ 7o

< 2(m + M) exp(—Cne?),

which decays to zero as n — co. Also, by the definitions of A and ™ in (5.1.5) and

(5.7.18), respectively, we have,

EMX] = 0A (W™, val”),c), i=1...n. (5.7.26)

By the definition of W in (5.3.15) and the relation (5.7.18), it follows that
B[] = Z\/_“(n A ((w™, yral), ), j=1,....n.

Then Lemma 5.7.4 with h = 0;A(-, ¢) and Remark 5.7.5 imply that for o-a.e. @ and each

j=1,....m+ M,

n—oo

lim B [W "] = [g]((?l (miMul a,c )] (5.7.27)

Let go be a Gaussian random variable independent of g4, . . ., g,,. Recalling from (5.7.3) that
uén) =dyfor{ =1,...,mand uﬁ,’f}rl =. u(" v = bM Y2 we have Y7 m+1ul a1 L bgo
and (9o, g1, - - -, Gm) 4 (M2 Z?fnj\frl 91,915 - - - gm)- Together with (5.3.3) and (5.7.1), for

7=1,2,...,m, we have

_ /m+M B m
E [gjall\ < > ulgl,(:)] =K [gj(‘?l/\ (Z wg + bgo,cﬂ = 0; A (1, b, ¢) = u(p.7.28)

=1 =1
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and for j=m+1,... m+ M

also using (5.7.19), we have

_ /m+M (n) Z;TH_Ml q B m m+M
E [9;‘01/\ ( > oy 917C>] =E Mm;/r2 NN D g + bM /2 > agnc
1=1 =1 I=m+1
=M"'*E lgoﬁlf\ <Z g + bgo, C)]
=1
(5.7.29)
M=Y20,A,, (4, b, ¢)
=tM /2
:wj(n).
Combining (5.7.25), (5.7.27), (5.7.28) and (5.7.29), (5.7.21) follows. O

Proof of (5.7.22). By Markov’s inequality and the independence of {X;, i = 1,...,n}

under the tilted measure P(™ (see (5.7.17)), we have

kn kn
I[D(n) Z (I/Vl("))Q > SE_lE(n) Z (I/Vl(n))Q
I=m+M+1 l=m+M+1
n kn
== Y EW XX Y el
i,j=1 l=m+M+1

where \72;1"(Xi) denotes the variance of X; under the tilted measure P, By a calculation
similar to the one carried out in (5.7.26), we have Var(X;) = 02A (<u("), \/ﬁaf.")> ,c),
which is bounded uniformly in n € N and ¢ = 1,...,n by Assumption 5. Additionally,

S H(agf))? is uniformly bounded in n € N and i = 1,...,n. Therefore,

~ - kn k
W)( 3 I/Vl>5><5 nle(” JEDX] Y ey +€_1O<n>

l=m+M+1 1,J=1 l=m+M+1
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Hence, it suffices to show that for o-a.e. a € V,

n kn
Jm a3 EWXEC] Y ) =0
ij=1 l=m+M+1

Recalling E™[X,] = 9, A ((u(”), \/ﬁaz(»")>, c) from (5.7.26), the above convergence follows
directly from Lemma 5.7.6, with h = A(-,¢), and Remark 5.7.5. O

Proof of (5.7.23). Let A > 0 be a small parameter, to be chosen later. Note that
E®™ [ (X;)] = A((u™, rnal™), ), by a calculation similar to (5.7.26) (using (5.1.5)
and (5.7.18)). Then by Chebyshev’s inequality, the mutual independence of (X7, ..., X))
under P the definition of A in (5.1.5), and calculations similar to those in the proof of

Lemma 5.7.3, we have

P (1 > (n(X:) = E™ [ (X,)]) > 2)

n;3

< ene/2 f[IE(") {exp ()\77 (X;) = AE™ [ (Xi>])}

_ o nef2 ﬁ exp (A ((u, Viia™), e+ 2) = A ({u®, vaa™), ) = MsA ((u®, vaal™), )
i=1

)\2 n _ N
—oxp (% L08R (W, Viial"). ) - ang).
=1

where §; € (¢,c+ N), i =1,...,n. Together with Assumption 5, we have

P (i z": (n (X)) = E™ [ (X,)]) > ;) < exp ((-25 +C(1+ Hu|\§)A2> n> —0

for all @ € V, if X is chosen small enough. To prove (5.7.23), it suffices to show that, for

o-a.e. @ = (a(l), a?, .. ) eV,
1o -
- BN ((u™, /nal™), ¢) = 93Am (4, b, ) = s. (5.7.30)
i=1
Since H = 0, A satisfies the conditions in (5.3.7) due to Assumption 5 and (5.7.2), and
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because |[u™ ||y = D = y/||@||3 + |b|? for all n € N, it follows from Lemma 5.3.6 and
Remark 5.3.7 that (5.7.30) holds with the right-hand side equal to E[0,A(Dg, ¢)]. Then

the fact that E[0,A(Dg,c)] = 03\, (1@, b, ¢) follows after recalling (5.1.6), (5.3.3), and

(u™, g) + bgo 4 Dg (by (5.7.2)). This completes the proof. ]

Since all three claims (5.7.21)—(5.7.23) have been established, this completes the proof

of Lemma 5.4.2.

5.8 Properties of p-Gaussian Variables

Lemma 5.8.1. Fiz p > 2, let X be a random variable with probability density function

equal to ¢, exp(—p~t|z|P) for a suitable normalization constant ¢,, and define
A(t) = logE|exp(tX)], teR.

Then there exists a constant C € (0,00) such that the following properties hold for all

t e R:
1. 0<A@) <C(1482).
2. [N < C 1L+t

3. A'(t) < C.

Proof. Since the distribution of X is symmetric by definition, the log moment gerating

function A satisfies A(t) = A(—t) for all ¢ € R, so we may assume that ¢t > 0. Let

= ex =c ex :v—ui T
M(t) = E| exp(tX)] ,,/R p<t p)d.

By the change of variables z = t'/®~Yy. we have

1 P p
M(t) = ¢ptot / exp (tpl (y — M)) dy.
R p
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Define S(y) =y — % for y € R. Note that yo = 1 is the unique maximizer of S, S is
smooth in a neighborhood of y = 1, and S”(1) = 1 # 0. An application of Laplace’s

method (see [109, Section 19.2.5, Theorem 2(b) & Remark 4]) shows that, as t — oo,

_ 1 2m Lp—l __p __p_
0 = e (52 ) (0%,

where in each case, the implicit constant in the big O notation depends only on p. Similarly,

as t — oo,

M(0) = T [ e (tp”—lp‘ 1)tz<:&> (14+0(7)).

2 —1\ __ s
Ml/(t) = Eptp%l ﬂ-l exp <tpplp > ¢ Q(pzil) (1 + O (tfpp%l)) '
p J—

Therefor, as t — 0o, we also have

At) = log (M(1)) = O (177)

ﬁﬁﬂ—wxgﬂ—m$(l+Oﬁwﬂ»,
ey MUOM(E) — (M'(1)° (2=
A(t) = T _o@ )

Since p > 2, the conclusions of the lemma follow from the previous displays and p > 2. [

Lemma 5.8.2. Fix p > 2, let X be as in Lemma 5.8.1, and define

Aty 1) = E[exp(h X +ta|X|P)],  (t1,%2) € R2.

Then for every pair of integers o, 5 > 0 with o + [ < 2, there exists a continuous map
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(0,p7') 2 ta = Chyap € (0,00) such that
BB (t1,1) < Chap (14 [07), teR

Proof. Let M(t) = Elexp(tX)]. It was shown in [96, Lemma 5.7] that for (¢1,t3) €

R x (—OO,pil),
A (t1, 1) L (1—pty) +1 M( h )
yl2) = ——log(l—p 0g |-
o : (1= pt) 7
The lemma follows from this representation and Lemma 5.8.1. ]

5.9 Weingarten Calculus

This appendix contains some preliminary remarks on the Weingarten calculus, and
then a lemma necessary for the Gaussian approximation results proved in Section 5.6.4
and Section 5.6.5. We recall the following definitions from [59]. Fix d € N and let
M(2d) be the set of pair partitions mg. of {1,2,...,2d}; these are partitions where
each block of the element has exactly two elements. They have a canonical form
{(msc(1),msc(2)), ..., (Mee(2d — 1), ms(2d)) } for mge(2i — 1) < mye(2i) and mg.(1) <
Mse(3) < -+ mge(2d — 1).

Given pair partitions mg.,n € M(2d), we let I'(mg, n) denote the graph that has
vertices {1,2,...,2d}, and edges {(mgc(2i — 1), mye(21)), (n(2i — 1),n(24))}L,. The Gram
matrix ng) = [G™ (me, )] .. nem(2q) is defined through its entries

loop(msc,n)

el (Mse, M) =1 ,

where loop(ms, n) is defined as the number of connected components of I'(msg., n). The
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matrix Wg(") = Wg&n) is defined as the pseudo-inverse of G&n). We denote its entries by
Wg(n) = [Wg(n) (msmn)]msc,ne./\/l@d)-

We recall the following theorem, which was originally proved in [60].

Theorem 5.9.1 ([59, Theorem 2.1]). Given iy,...i2q and j1,...,j2q in {1,2,...,n},

/ Gi1j1 " " Gizagoa dg
g€O0n
d

= Z Wg( mSC? H stc(Qk 1 stc(Qk))(S(.]msc(Qk—l)’ jmhc(Zk’)% (591)
Mge,nEM(2d) k=1

where §(i,7) denotes the Kronecker delta function satisfying 6(i,j) = 1 if i = j and

d(i,7) = 0 otherwise.

Note that the sum on the right side of (5.9.1) is over all choices of pair partitions that
pair indices with the same value. In particular, Theorem 5.9.1 shows that any moment

Givj1 * " " Giggjag Without an even number of entries in each row and column vanishes.

Example 5.9.2. In the expectation of g% 93, computed according to (5.9.1), the only pos-

sibility for a nonzero term in the sum is that both partitions are ms. = n = {(1,2),(3,4)}.

Considering mg. and n as members of the symmetric group Ssq (products of transposi-
tions), we note that the value of Wg™ (mg, n) depends only on the value of ¢ = m_'n
[59, Theorem 3.1]. Consider the graph I'(c) whose vertex set is {1,2,...,2d} with edges
{2 —1,2i} and {0(2i — 1),0(2i)} for 1 <i < d. Then I'(¢) has connected components
of even sizes 2p; > 2py > -+, which determine a partition p = (p1, p2,...) of d (in the
number-theoretic sense). The length £(p) of p is defined to be the number of elements p;
that it contains. We let Wg™(p) equal the value of any Wg™ (my, n) such that o = m_'n

has the corresponding partition p of d.
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Theorem 5.9.3 ([00, Corollary 2.7]). Fiz d € N and a partition p of d. As n — oo,

We"(p) = (H ) n 01 4 O(n ™).

i>1

Here ¢, = ((%)!

oD denotes the k-th Catalan number, and the implicit constant in the

asymptotic notation depends on d and p, but not n.

Example 5.9.4. If me. =n = {(1,2),(3,4)} as in the previous example, then ¢ = m 'n
is the identity permutation. The graph T'(c) has the edges {1,2} and {3,4}, so {(p) = 2,

2

and we conclude the leading order term in the asymptotic is n™=, as in the Gaussian case.

The coefficient of this term is 1 because co = 1.

We next recall Wick’s theorem on the expectations of products of centered jointly

normal random variables.

Theorem 5.9.5 ([107, Theorem 1.28]). Let ¢i,...,g, be independent normal random

variables with mean zero and variance one. Then

0, if n s odd,
Elgy - 9.] =

Z?’TLSCEM(H) H?:/% E |:gmsc(27/71)gmsc(21):| Othelrw@se

Lemma 5.9.6. Fiz k,n € N, and suppose a € V, is a random matriz distributed

according to the Haar measure on V, . Then for all m € N,

=1

e | viw| =2 [[Ta] (1+ 0 (7). (592)

where the g; are independent standard Gaussian random variables, and the implicit constant

depends only on m.

Proof. By symmetry of Haar measure and Gaussian random variables, both sides of (5.9.2)

are zero when m is odd. It remains to consider the case m = 2d for some d € N.
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Let =(o) denote the coset type of o € Sy and set

d
m
; ; = H 5im(2171),m(2l)'
11 ...%9¢ =1

Let 1545 € Syq be the identity permutation. With these notations, we have

E [f[l \/ﬁalji]
=n? 3> Wg™(m,n) (jl . .n.j2d>

m,neM(2d)

- (n) b
=n‘>_ Wg (p):(mZ)_ <j1...j2d>

pHd

—n? W™ ((120), [H gh] 40t 3 W 3 (jlu‘fjm), (5.9.3)

pd E(m*ln):p
p#124

where the first equality follows from Theorem 5.9.1, the second equality follows from the
fact that Wg™ (m,n) depends only on the coset type of m 'n (see [59, Theorem 3.1]),

and the third equality follows from Wick’s Theorem, Theorem 5.9.5.

By Theorem 5.9.3, the first term in (5.9.3) is

E [12‘01[1 gji] (1+0(n ™)), (5.9.4)

and the absolute value of the second term of (5.9.3) is upper bounded by

IR [fd[ gji] > [ We™(p)| < CiE [ﬁ gﬁ} (5.9.5)

=1 o-d i—1
p#L2q

for n sufficiently large, where Cy = max,q[[;>1 ¢p,—1 + 1 < 00.

Combining (5.9.3), (5.9.4) and (5.9.5), we obtain the desired conclusion. O
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5.10 Proof of Auxiliary Lemmas in Section 5.7

Maintain the notations in Section 5.7.1. The proof of Lemma 5.7.4 is split into several

parts, which we first briefly summarize:

1. Establish the concentration of the quantity of interest around the expectation taken
over the projection direction a. This step requires a truncation argument and
good control of the truncated part , which is the subject of Section 5.10.1 (see
Lemma 5.10.2).

2. Prove the Gaussian approximation using the result of the first step. This second step
is achieved through moment calculations, which are the subject of Section 5.10.2
(see Lemma 5.10.3 and Lemma 5.10.4). Lemma 5.10.3 uses the Weingarten calculus
(see Section 5.9) and Lemma 5.10.4 is a multi-dimensional moment convergence

theorem, which we include for completeness.

3. Finally, Section 5.10.3 contains the proof of the asymptotic decorrelation result of

Lemma 5.7.6.

5.10.1 Preliminary estimate

Remark 5.10.1. In this appendix, we will use the fact that the rows {a!™}"_, of the
matrix a(® € Vok, are exchangeable. This follows from the fact that a™ has the same
distribution as the matrix obtained by taking a Haar-distributed element of O,, and

removing the last n — k,, columns.

Lemma 5.10.2. Fiz C,R € (0,00), and let hg : R — R be a function satisfying
\hr(y)| < CR™'y? for ally € R. Then the measure Vj(n) defined in (5.7.4) satisfies

(m) Ciu™]3 .
E| [, ahaly) v @p)|| < ZH5E orj =1, m s, (5100
R
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where the constant C7; > 0 depends only on C. We also have the deterministic bounds

n 1 _
/{|m|>R}><R ‘x’dyj( )(x,y) = R forj=1,....,m+M. (5.10.2)

Proof. For j = 1,...,m, applying first Jensen’s inequality, next the Cauchy-Schwartz
inequality and the fact that (a(")’T)j, the j-th column of @™, lies in S*~!, then Re-
mark 5.10.1, the rotational invariance of the Haar measure o,,, and the fact that \/na;
is sub-Gaussian with |[/nai1||y, bounded by a constant independent of n [164, Theo-

rem 3.4.6], we have

(5 [So ot e (. Vi)

=nk

hr (<u(n \/_al
= [ (™). \/_an)Q]
(\/_an)4

< C?nllut|3E

_ Cnllu®]}

= R2

Inequality (5.10.1) now follows by the definition of v//). The inequality (5.10.2) can be

proved by noticing that

() 1 (n) 1 (n)\ 2 1
/{Ix|>R}xR|x|d (@) < R/z 2l d" (z,y) = EZ(%‘ ) = R

where the last inequality uses the fact that (a™-7); € §n~1. O

5.10.2 Proofs of Gaussian approximations
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Lemma 5.10.3. For any fized o, 5 € NU {0}, we have

el o] - ([ oan) (10 2).

where the implicit constant depends only on «, .

Proof. Using first (5.7.4), then Remark 5.10.1, and then Lemma 5.9.6 with m = a + 3,

we have

G
Il
—

o B
()" Mt a0

(1+0(3))

5 8
= [Tu E ()" 19
N 1

where the implicit constant depends only on «, 5. By the definition of v; in (5.7.5), we

have
kn p
E |(g;)" (Z Ugn)gi) = /xay'@d’/j-
i=1
Together with (5.10.3), this proves the lemma. O

Lemma 5.10.4. A sequence of probability measures {j,,} on R?* converges weakly to a

probability measure i if the following conditions are satisfied:

1. All moments of i are finite.
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2. All moments of u, are finite and

/xayﬁdﬂn(%y) — Ya,85 \V/O[,B e NU {0}7

where
Ya,8 = /fcayﬁdun(x,y), Va,B € NU{0}.

3. p is uniquely determined by {Ya,}a,senuo}-

Proof. By property (1) and (2), for each polynomial P, we have

C, =sup [ Pdu, < . (5.10.4)

n>1

Let Br = {x € R?: ||z||s < R}. Then Markov’s inequality implies that

i ((Br)) <~ (5.10.5)

Therefore, 1, is tight. By Prokhorov’s Theorem, it suffices to show that if p,, — v weakly,

then v = pu.

Pick any polynomial P. For any R € (0,00) define ¢ to be a nonnegative continuous

function such that 15, < ¢p < 1p,,, and @g is monotonically increasing in R. We write

[ P = [ onPi, + 0= pu)Pit, 100

For the first term the right-hand side of (5.10.6), since p,, weakly converges to v, and

@rP is bounded and continuous, it follows that

lim /goRPdunk = /(pRPdI/.

k—o00
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For the second term, by the Cauchy—Schwarz inequality, (5.10.4), and (5.10.5), we have

[0 = e Pda| < oy (B)) [ P, < E2C
Moreover, properties (1) and (2) imply that
gﬁ/PWW:/PW<m. (5.10.7)
Combining (5.10.6)-(5.10.7), we have
Ag&/wRPwm:/Pdw (5.10.8)

Since P is arbitrary, replacing P by P? in the above display and applying the monotone

convergence theorem implies that

/Ple/ = lim /chP2dV = /P2 dp < oo.

R—o0

Therefore, P € L*(v) C L*(v). An application of the dominated convergence theorem

shows that the left-hand side of (5.10.8) is equal to [ P dr and hence that

/P@:/P@.

Again, since P is arbitrary, setting P = 2%y” (o, 5 € NU {0}), and invoking property (3),

we have = v. This completes the proof. O

Proof of Lemma 5.7.4. In this proof, we use C' to denote a constant that may depend on

Cy, whose value might change from line to line.

A straightforward differentiation of the function f](n) defined in (5.7.15) shows that for

220



1=1,..., nand [ =1,2,... k,,

ih <<u(”) \/ﬁa(n)>) + a@)h’ (<u(”), \/ﬁal(")>> u§-n), [ =7,

&'zf;n) (a(")) =
o () =

Hence, by (5.7.16) and the definition of w(™ in (5.7.3), it follows that for j = 1,..., n that

917 (@) =% (00 (o))’

+ 3
=1 =1
ggz (14 (.} + cz (o)’ Z (u)’
| .
< (1+[u[})
=C (1+ ||| +v*)

This implies that fj(n) is Lipshitz continuous with Lipshitz constant \/ C(1+ ||l +v?).

By Lemma 5.6.4, there exists C’ > 0 such that for any ¢ > 0

n " " . C«/ 2
o (|£ () = B, [£) (a)]| > €) < exp (-W) .

Together with the Borel-Cantelli lemma, this implies that, for o-a.e. a = (a(l), a?, .. ) €
v,

Tim ’fjgn) (a(n)) _E, [f](n) (a("))” —0. (5.10.9)

Recall the definition of 1/](-") in (5.7.4), we may rewrite

10 (@) = [ x0A (y,e) df”) (a ). (5.10.10)
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By Lemma 5.10.3, Lemma 5.10.4, and [140, Theorem 1.7}, it follows that E {f fduj(n)} —

[ fdv; for all f:R?* — R with polynomial growth. By Assumption 5, f(z,y) = 201A(y, ¢)

can be bounded by a quadratic polynomial. Hence, by (5.10.10)

lim = 0. (5.10.11)
n—oo

E, [f;n) (a(”)ﬂ - /R2 Ay, c)dv;

Combining (5.10.9), (5.10.11) and recalling the definition of v; in (5.7.5), the proof of the

lemma is complete. O

5.10.3 Proof of asymptotic decorrelation

The proof of Lemma 5.7.6 relies on the sub-Gaussianity of a random vector chosen
uniformly from a “large enough” portion of the scaled unit sphere, which is the content of

the next lemma. We recall that the sub-Gaussian norm || - ||, was defined in (5.6.6).

Lemma 5.10.5. There ezists a universal constant K € (0,00) such that the following
holds. Fiz m,n € N such that m < n/2, and a collection vy, ..., v, € R™ of random
vectors that are almost surely orthonormal. Let v be a random vector whose distribution
conditional on {v;}™ is uniform on the subset of S"~' orthogonal to the subspace generated

by {v;},. Then

IVnovlly, < K.

Proof. Let O € O, be a random matrix such such that Ov; = e; for all : = 1,...,m.
By the assumption that v is perpendicular to each wv;, it follows that (Owv); = 0 for all

i=1,...,mand ¥ = ((Ov););

i)iemy1 is distributed uniformly on S"~™. Hence, by the

definition of the sub-Gaussian norm in (5.6.6), which shows it is invariant under orthogonal

transformations,
lell,, = [0v],, = swp [{Ov.a)l,, = swp  [{Ov.@)l,, = 8l (5101
xeSn xeS™
z;=0,1<:<m
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Since v is uniformly distributed on S"~", by [164, Theorem 3.4.6] there exists a universal

constant K € (0, 00) such that

1 —m)lly, < j; (5.10.13)

Combining (5.10.12), (5.10.13), and using the hypothesis that m < n/2, the proof is

complete. O

Proof of Lemma 5.7.6. Let

kn . )
Sa@™)yi= 3 (£ (a"))"
l=m~+M+1
Fix A > 0, and let Z = (Zipri1s---5Zk,)" be a random vector of i.i.d. standard

Gaussian random variables independent of a™. Since E [exp (vZ;)] = exp(2%/2) for any

re€Rand l=m+ M +1,...,k,, we have, recalling the definition of f,(a™) in (5.7.15),

E [exp <);Sn(a(”))>] =E l_n[ E [GXP <; (Afe(n)(a(n))f)

| {=m-+M+1

kn

=E| ]I E[exp (M (@) 2,)

| {=m-+M+1

exp ()\ % fe(n) (a(”))Ze)

=Kk |E
l=m+M+1

- N
=E |exp ()\ > fe(")(a(”))Zg)

l=m+M+1

Next, note that since {Z,}5 +m41 are symmetric and independent of a™, we have

E A i ngg(a(”))]:)\ i E[Z]E |f(a™)] =0. (5.10.15)
L=m+M-+1 l=m+M+1
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Now, for: =1,...,n, set

vi=v" (@) = ~h ( > ﬁujaiﬁ) L Y =Y"(@E) =, )
j=1
(5.10.16)
A= AN = (\/ﬁagg))lgign,m—l—M—i-lgégkn-

Since Z is a vector of standard Gaussians (and in particular has a rotationally symmet-
ric distribution), there exists a R¥»=m=M x Rkn=m=M_yalued, Haar-distributed random
orthogonal matrix O such that OT Z = || Z|.e;, where e; € R¥~™=M_ By the identity

00T =1, it follows that

fj Zoff(a™) = YTAZ L Z||,Y T AOe;, (5.10.17)
t=m+M+1

Note that AOe; has norm 1 and lies in the subset of S"~! orthogonal to the first m + M
columns of a™ (that is, (a%))lggmggwr a). Moreover, conditional on the first m + M
columns of a™, it is uniformly distributed on this subset (since O is Haar-distributed).
By Lemma 5.10.5, with m in that lemma statement equal to the quantity m + M in this
proof, there exists a constant K € (0, 00) such that for all sufficiently large n (depending
only on the choice of m and (u, b, ¢)), we have HAOele < K, where || - ||, denotes the
sub-Gaussian norm defined in Definition 5.6.1. Then it is immediate from (5.6.6) that the

sub-Gaussian norm of YTAOel satisfies the estimate

1Y T AOe, ||y, < K[|Y[|s- (5.10.18)

Combining (5.10.15), (5.10.17), (5.10.18), (5.6.1), and the exponential moment estimate

[164, Proposition 2.5.2(v)], we have

E < exp (K2 Y311 2]13) - (5.10.19)

exp ()\ i ngz(a(”))>

f=m+M-+1
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By (5.10.16) and the assumption (5.7.16) on h, there exists a constant C' € (0, 00) such

that

n

I < 13 (1 (), vial")’) <

Q

(14 [Ju™|3). (5.10.20)

n

Set A\ = /W”u(n)@. Combining (5.10.14), (5.10.19) and (5.10.20), with Markov’s

inequality, and recalling the moment generating function for a Gaussian, we have

2 2 2 kn 72 - em kn/2
(s> s m[ofn] <o ff w[o] <o (4
l=m+M+1 3

Since k,, = o(n) by assumption, by the Borel-Cantelli lemma, we have S,, — 0 o-a.s. [
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