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CHAPTER ONE

Introduction



Finite element methods (FEMs) are used to discretize partial differential equations
(PDEs) in a wide array of applications, including fluid flow [48], [55], solid mechanics
[29, [31], electromagnetism [41], [43], optimal control [22], 112], and magnetohydrody-
namics [52,[94]]. A FEM typically consists of two components: a mesh of the domain
and spaces of piecewise polynomials defined on the mesh. The terms “low order”
and “high order” delineate the use of low and high degree polynomials, respectively.
While low order FEMs are often preferred for their simplicity and ease of implementa-
tion, high order FEMs offer numerous advantages over their lower order counterparts.
Some of these advantages include exponential convergence rates for many problems
[20] (including singular perturbation problems [81]), better resolution of small-scale
features [67], less numerical dissipation and dispersion [3], [10], quantifiable robust-
ness for parameter-dependent problems [I8, 19, 20l 107], and better computational

efficiency in large scale supercomputing applications [87), 116].

Despite the success of high order methods, the development of stable high order
FEMs for many physical systems (e.g., incompressible flow, linear elasticity, and
electromagnetism) remains a challenging problem, even in two space dimensions.
Stability is crucial for obtaining optimal convergence rates of the FEMs, inhibiting
nonphysical artifacts in the numerical solution, and developing efficient solvers for

the algebraic problems resulting from discretization.

Some applications, including 2D incompressible fluid flow [55], elastic models
of thin plates and shells [72], and nonlinear phase field models for materials [36],

involve fourth order elliptic operators. For these problems, conforming FEMs are



the most straightforward way of achieving a stable discretization and entail the use
of finite elements with C'-continuity between elements [24, 38], the first of which
goes back over half a century, Argyris et. al. [II]. The Argyris elements have
“extra smoothness” in the sense that they are globally C! and C? at element vertices,
whereas only global C* continuity is required for conformity. Despite the long history
of such methods, more elaborate schemes, such as discontinuous Galerkin or mixed
finite elements, both of which require lower continuity, are often used in practice. One
issue with conforming methods is that the condition number of the stiffness matrix
grows rapidly in both the mesh size A and the polynomial degree p. For example,
a straightforward textbook implementation of the lowest order Argyris elements in
conjunction with a direct solver [21) pp.374-7] results in prohibitively large condition

numbers after just 2-3 refinements of a relatively coarse initial mesh.

Although a variety of preconditioners are available for pure h-version methods
(see, e.g., [35, 92 118, [119]), there are no preconditioners currently available for the
p- or hp-version FEMs with C! elements. and |3| address this gap in the
literature. establishes an H2-stable polynomial extension theorem that is
crucial in the analysis of the iterative sub-structuring preconditioner for high order
Argyris elements given and analyzed in [Chapter 3| The preconditioner in
is similar in spirit to the classical preconditioners for second order elliptic problems
of Bramble et al. [33] for the h-version and Babuska et al. [I3] for the p-version.
The asymptotic growth of the conditioner number of the preconditioned system is

O(1+1log? p), independent of the mesh size h, and is comparable to the O(1 + log? p)



growth of the preconditioner for C° elements in [13].

The final three chapters[Chapters 4]to[6]turn attention to the 2D Stokes equations,
which describe the velocity and pressure of slow-moving, viscous flow and often
appear in mantle convection [80, 97, [120] and glaciology [75],115]. FEMs that solve for
the fluid velocity and pressure simultaneously necessitate the use of mixed methods.
In this case, two finite element spaces are needed: V for the fluid velocity and @
for the fluid pressure. However, stability cannot be guaranteed by simply choosing
V and @ to be conforming finite element spaces; instead stability is dictated by the

inf-sup constant:

"
8= inf sup VD)
9€Q vev ||V|| 1l ql 2

If there exists 5y > 0 such that 8 > [ independently of the mesh size h and/or
polynomial degree p, then the method is uniformly stable in h and/or p, respectively.

Constructing stable pairings V' x () is a nontrivial task.

One tool that has enjoyed success in the design of stable pairing is the so-called
Stokes complex [50, 66]. Roughly speaking, one starts with a finite element space
¥, typically used in H? problems, and constructs V' and @Q so that curl¥ C V and
divV = Q. Then, the pair V' x @ is often uniformly stable in the mesh size h. In
we take X to be a slight modification of the high order Argyris space used
in and construct the spaces V' and () to have extra smoothness at element

vertices as in [50]. It was previously shown [50] that V' x @ is uniformly stable in the



mesh size h. We prove that, in fact, V' x @) is uniformly stable in h and p. This result
is the first uniform-in-p stability result for triangular elements. establishes
optimal approximation theory results for the spaces in[Chapter 4] including results for
the space used in [Chapter 3] This thesis concludes with [Chapter 6, which discusses
the implementation of the method in [Chapter 4| including the construction and

analysis of an efficient block diagonal preconditioner.



CHAPTER TWwO

H?-Stable Polynomial Liftings on

Triangles



2.1 Introduction

Polynomial extension, or lifting, operators extend piecewise polynomial data spec-
ified on the boundary 0K to give a polynomial defined over the whole element K
that matches the specified data on the boundary. The existence of stable lifting op-
erators plays a critical role in the analysis of high order and spectral methods for the
numerical approximation of PDEs. For instance, in the numerical approximation of
second order elliptic PDEs the existence of an extension operator mapping polyno-
mial boundary data from H'/2(0K) to a polynomial in H'(K), which is uniformly
bounded in terms of the polynomial degree, is vital to both approximation theory
and the analysis of domain decomposition methods for high order finite element

approximations of such problems.

In particular, Babuska and Suri [I6] constructed such a polynomial extension
operator and used it to obtain convergence rates for the hp finite element method
(FEM) with inhomogeneous boundary data in two dimensions. Subsequently, the
basic polynomial extension result in [16] was generalized by Babuska et. al [13] and
used to obtain condition number estimates for a substructuring preconditioner for
the p-version finite element method in two dimensions. The extension theorem from
[13] also plays a role in the analysis of domain decomposition preconditioners for the
hp-version of the finite element method in two dimensions |2, 59] and in developing a
priori error estimates for non-uniform order piecewise polynomial approximation [42].

Polynomial extension operators for three dimensional elements were developed by



Ben Belgacem [23] and Rafael Munoz-Sola [84] on cubes and tetrahedra, respectively,
and used to obtain a priori error estimates for the hp-version FEM of second order
problems. These basic polynomial extension results play a key role in obtaining
optimal error rates for second order elliptic problems; c.f. [58] 61, 62, 63, [64] and the

references therein.

Liftings of polynomial traces also play an important role in the analysis of spectral
methods; Maday [77] and Bernardi and Maday [27] studied polynomial extensions
on triangles and squares in weighted Sobolev spaces and in interpolation spaces to
obtain optimal error estimates for spectral approximation. Moreover, Bernardi et al.
[25], 26] analyzed the operator norm of the liftings in various spaces with applications
to optimal polynomial inverse inequalities. The analysis of high order mixed finite
element approximation also requires polynomial liftings in vector-valued spaces: a
right inverse of the trace operator on H (div) in the case of triangles which preserves
polynomials was given in [I0]; extension operators that respect the de Rham complex
in three dimensions were developed in [44] 45, [46]. Minimal polynomial extensions
with respect to the L?(K) norm play a key role in the analysis of a substructuring

preconditioner for the mass matrix in two [6] and three [7] dimensions.

Nevertheless, while there is an extensive literature devoted to developing polyno-
mial extension operators in the context of H(K), relatively little is available when it
comes to polynomial extensions from the boundary into the space H?(K). Such ex-
tension operators play a key role in the analysis and preconditioning of the p-version

finite element approximation of fourth order elliptic problems (see e.g. |Chapter 3



for their use in the analysis of a substructuring preconditioner for C'-conforming

p-version approximation and [Chapter 5| for their use in approximation theory) and
mixed hp FEMs for Stokes flow (Chapters 4] and .

The nature of the extension problem in H?(K) is somewhat different from the
corresponding problem in the H'(K) setting. First, one seeks an extension that
preserves both the function values on the boundary (and, a fortiori, the tangential
derivatives) and, in addition, a prescribed normal derivative on the boundary. This
means that the boundary data consists of two pieces of information: the standard
trace f and the normal derivative g. Second, while the boundary data in H'/?(0K)
can be specified arbitrarily in the H'(K) setting, this is not the case in the H?(K)
setting where the two pieces of data f and g must satisfy appropriate compatibility
conditions in order for there to exist an extension, polynomial or otherwise. More-
over, additional compatibility conditions are needed in order for there to exist a poly-
nomial extension [25]. These issues are amplified and stated in detail in
along with a discussion of the appropriate choice of norm for the corresponding trace

spaces.

This chapter is concerned with the construction of a polynomial extension with
the following properties: Given piecewise polynomial boundary data f and g satis-
fying the appropriate compatibility conditions, find an extension U that is a poly-
nomial, whose function value and normal derivative on the boundary agree with f
and g, and such that the H*(K) norm depends continuously on the norm of the data

f and g with constant independent of the polynomial degree. Lederer and Schoberl
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[73] consider a related problem that arises in the analysis of hp mixed finite element
approximation of the Stokes problem: Given a polynomial vector field v defined over
the entire triangle, a lifting £(v) is constructed which is continuous from H'(K) to
H?(K) whose tangential derivatives match the tangential components of v on the
boundary. The normal derivative, although shown to be a good approximation in
L?*(OK), differs from the normal component of v in general. The analysis of con-
forming and other schemes requires an extension which agrees with both the specified
trace and normal derivative. We believe that the current work is the first to develop

such H?(K) stable polynomial liftings.

2.2 Review of Traces of H?*({)) and Statement of
Main Result

Let € be a simply connected polygon with boundary I' = 9€2. For ease of notation
we assume ) = T is a triangle as shown in Although traces in H 1(T)
are well-understood, the corresponding results for functions in H 2(T ) are less widely
appreciated. In the current section, we will review some basic properties concerning

traces in H2(T') and develop some results which will be needed in the sequel.

If u e H2(T), then Vu € HY(T) and Vu|p € HY*(T). We use the notation H*
to denote the usual Sobolev spaces [I] and H*® to denote spaces of vector fields or

tensors. In particular, if 7o and ¢ denote the outward unit normal and tangent vectors
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Figure 2.1: Schema for the reference triangle T

on T', then d,u = 7 - Vu and dyu = t - Vu each belong to L*(T") [86] §2.4 Theorem
4.11], but the jump in the unit normal at a vertex rules out higher regularity in

general. Thus, v € H(T') and 9,u € L*(T").
For f € HY(T') and g € L*(T), define o by the rule
o(f,9) == (0.f)n — gt. (2.2.1)
Hence, for u € H%(T), we have o (u, d,u) = (dyu)n — (8,u)t so tha

o (u, Opu)* = (Bu)nt — (D)t = (D)t + (Fhu)h = V.

'We denote (01, 09)t = (02, —01) and V+iu = (Vu)t.
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Hence, o (u,d,u) € HY*(T) for u € H2(T), and in addition,
lor (. Buti) | a2y = 1 (V) gy < ClIVUll ey < Cllull re-
Consequently, the operator
H*(T) 3 u s o(u,d,u) € HY*(T)
can be regarded as a trace operator on H 2(T) which is linear and continuous.

Suppose that f € H'(T') and g € L*(T") are given. When does there exist
u € H2(T) such that (f,g) is the trace of u, i.e. ulp = f and d,u|r = ¢g? Observe
that a necessary condition for the existence of u is that the data (f, g) satisfy the
compatibility condition o (f,g) = (0.f)i—gt € HY*(T'). In order to more fully grasp
the implications of this condition, we make use of the following norm equivalence on
HY2(T). Let v € HY2(T") and let vy, vy, v3 denote the restriction of v to the edges 41,

Y2, 43 shown in [Figure 2.1| parameterized by s € (—1, 1) in the tangential direction.

It may be shown [56, Theorem 1.5.2.3] that the norm on H'2(T) is equivalent to

||U1H?11/2((_1,1)) + ||U2H§{1/2((_1,1)) + ||U3”§11/2((_1,1))
+ 111+ &) 72 (0a(€) = vs (=N T~y + 11 +E) 72 (v2(&) = v1(=O))IIF2 (1))
+ 111+ €)™ (vs(€) = (=T (—1y)-

A similar norm equivalence is valid on H'/*(T). Indeed, since o(f,g) = (O.f)n — gt
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with 7, ¢ orthonormal on each edge, the equivalence can be rewritten in the form

(using similar notation to above)

lo(f, 9)”3;1/2(13 ~ |0 fill G2 1 ayy T 10ufallFrzaay + 103l e ay
+llgallFr a1y + 192l 210y + 1980172 1)
+ 111+ 72 (@1(f,9)(€) = a3(£, 9) (=)l 21,0
H(1+ 672 (aa(f,9)(€) — a1(f: ) (=D 21y
HI(1+ 672 (as(f,9)(€) = a2(f: 9 (=D 21y

Hence, o(f,g) € H'?(T) implies f € H*?(3) and g € H'2(4) for 4 € {41, %2, s}-
In addition, the data on adjacent edges must be compatible at the shared vertex in

the sense that terms of the following form must be bounded

(1 + &)~ (e2(f, 9)(€) = a1(f, ) (=) | 211y < 00 (2.2.2)

This condition implies a non-trivial coupling between the data on edges 41 and 4, at

the shared vertex as. For the reference triangle T, these conditions read

fo(=1) = f1(1) (2.2.3a)

oy (f,9)(=1) = o1 (f.9)(1) (2.2.3b)

The boundary T is one-dimensional, so H'(T') continuously embeds in C(T'), giving
the first condition. Equality in the second condition is understood to mean that

is valid. Equally well, for a vertex located at a corner with internal angle 6
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a

ﬁll fi.o
Figure 2.2: Schema for general compatibility conditions at the vertex a.

as shown in [Figure 2.2 the compatibility conditions read

fo(a) = fi(a) (2.2.4a)
O fa(a) = =0, fi(a) cos — g1(a)siné (2.2.4b)
g2(a) = 0 f1(a)sinf — gi(a) cosd (2.2.4c)

The condition o (f,g) € HY*(T) is necessary for the existence of a function
u € H*(T) such that u has trace (f,g). The question of whether this condition is

sufficient is considered in [25] [54] upon which the following discussion is based.

Consider the linear functional defined by the rule

H'(T) 5 v L(v) = /F'v O (f, g) dt,

where here, and in what follows, the integral is understood in the sense of duality

pairings. Since each component o, of & = o(f,g) belongs to H'/?(T'), there exists
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o* € H(T) such that o* = 0, on T with o217y < Clloallgirzry. Hence,

/Fva(i - V)agdt‘ -y

«a

/UQVLU; n dt‘
r

< vl iyllo™ ey < Cllvlla g ol mrzr),

|L(v)| = ‘/F'v : 8tadt‘ < ;

/ Vg, - VLa;dx
T

where we used that V+to* € H(div; T) and applied [55, §1, Corollary 2.1]. Thus L

is continuous and linear on H 1(T) Moreover,
L(es) = /i - Voadt =0
r
since o, € H'/?(T") and

L") = /(9023t01 — 210;09)dt = /{&g(xgal — 1109) — 010,19 + 090,21 }dt
I

r
r r

since f € HY?(T"). Consequently, L(v) = 0 for all v € RM, where RM denotes

the space of rigid body motions. Alternatively, if we introduce the strain tensor €(-)

given by eqg(w) = L(Oyws + dpw,), then RM = ker €(-). Now, for v € H'(T) and

1
2

re RM:

|L(v)| = rei%évf [L(v —7)[ < C’Teiggw v — r”Hl(T)”a-“Hl/Q(F)

= Clvllgr ) raallo ey
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and hence L is continuous and linear on the quotient space H 1(T) /RM . Conse-
quently, thanks to the Riesz Representation Theorem, there exists w € H 1(TA) /RM

such that

L(v) = /Te(w) ce(v) de Vv e HY(T)/RM with le(w)ll 27y < Cllo |l g2y

(2.2.5)

In turn, thanks to [54, Theorem 2], there exists u € H2(T) such that

U —Uu
e(w) _ vy zy

_uxy Ugy

As shown by [54, Theorem 3], we have u = f and d,u = g on T'. A routine application

of the Petree-Tartar lemmaﬂ yields
el sty < C (Iulacey + Nl + 10wl zzcry )

and hence, by |(2.2.5)]

/N

le(@) g2y + 1 2wy + 1 (f ) ey

||U||H2(T) <C
< C (Ifllezw) + o (£, Dl ) -

The preceding discussion readily generalizes to an arbitrary polygonal domain (2,

2Using the notation of [49, A.38] choose X = H*(T), Y = L*(T) x R x R, Z = H'(T), and
Au = (D?u, [, udt, [ 8,udt). By the trace theorem, A is continuous, and the embedding H?(T)
into H'(T) is compact (see e.g. [56, Theorem 1.4.3.2]).
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which leads to the follow characterization of the trace of H?(Q) [25, Corollary 5.8]:

Theorem 2.2.1 (H?*(Q) traces and extensions). Let
TrH?*(Q) := {(f,g) € HYT') x L*(T") : Ju € H*(Q) with ulr = f, Oyu = g}

equipped with the natural norm

ey = inf .
I (fs o)l ez ot 1wl 2 (0)

ulp=f
8’n,ull":g

Then, || fllz2@) + [lo(f, @) g2y is an equivalent norm on TrH?(Q). In particular,

the following two statements hold:

(i) For u € H?*(Q), there holds
||UHL2(1") -+ ||O'(U, 8nu)||H1/2(F) S CHUHHQ(Q) (226)

(i) Let f € H'(T'), g € L*(T"), and o(f,g) € HY*('). Then, (f,g) € TrH*(Q),
and there exists u € H*(Q)) such that ulpr = f, d,ulr = g with

lulli@) < © (If 2y + o (F Dl ) - (2:27)

The question which we wish to consider in the current work is under what condi-

tions does there exist a polynomial extension U € Pp(T) of (f,g) satisfying |(2.2.7)[1
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Of course, given that f = U and g = 0,U on I, it is necessary that the data f and
g are piecewise polynomials of degree at most p and p — 1, respectively, on I'. In ad-
dition, the compatibility conditions must also be respected. However, in the
case of polynomial data, there is an additional condition which arises by considering

the second order tangential derivatives on adjacent edges; in the scenario depicted

in [Figure 2.2] the condition reads

Oga(@) = Oy fa(a) cot 0 — Oy f1(a) cot 0 — Org1(a). (2.2.8)

In terms of o, reads
0oy (f.9)(a) -t = 001 (f,9)(a) - to. (2.2.9)

We now summarize the compatibility conditions needed in the case of polynomial
boundary data on I', for data f and g parameterized with respect to arc length in

the tangential direction: for ¢+ =1,2,3

Fur(0) = £(2). 01 (0) = —0,2) = Lg2),

2 2
9i+1(0) = ?@fi@) - %%(2)7 atgi+1(0) = (attfiJrl(O) - 6ttfi(2)) - 8tgi(2).

(2.2.10)

|3

where the indices are taken modulo 3.

The main result of this chapter is the following polynomial extension theorem:
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Theorem 2.2.2. Suppose f and g are defined on I' such that f; = fls, € Pp(%),

gi =gl € Pyo1(3), p > 1. Then, there exists U € P,(T) with
Ur=f and 0,Ulr=yg

if and only if f and g satisfy the compatibility conditions|(2.2.10). Moreover, U can

be chosen such that

10Nty < € (Il + o (£ 9) Lz ) (2:2.11)

with C' independent of f, g, and p.

The proof is given in [Section 2.6l Then, we have the following analogue of

(0,2v/3)

as
as
Fyg
V2 M o Ba!
F!
a
a; V3 as a;
(—1,0) (1,0)

Figure 2.3: Notation used for a general triangle K and affine mapping F'g

rem 2.2.2 for a general triangle K:

Corollary 2.2.3. Suppose f and g are defined on 0K such that f; = f|., € Py(vi),



20

Gi = glv; € Pp—1(7i), p > 1. Then, there exists a U € P,(K) satisfying

Ul = f and 0,Ulox =g

if and only if [ and g satisfy the compatibility conditions|(2.2.4)| and|(2.2.8)| at each

vertex of K. Moreover, U can be chosen such that

10l < C (W llcom) + 10 CF )z ) - (2:2.12)

and C independent of f, g, and p.

Proof. We begin by defining the corresponding data on the triangle T as follows:
Define f,f] 0T > R by

~

Fo= (). a0 = DFfet (10 () (22.13)

for i = 1,2, 3, using the notation in [Figure 2.3] A simple calculation reveals that

a7 (f.

Na)Y

)0) 1= 00, + 300, = DFRot (f0) (). (2210

which shows that f is the standard pull-back while ¢ is the normal component of

the Piola transformation and, as such, preserves the normal component of o;. We

then appeal to |Theorem 2.2.2| to create a polynomial extension of f and g on T. To

this end, it suffices to check the compatibility conditions|(2.2.3)|and |(2.2.9). Clearly

fi1(0) = fi(2) is equivalent to Differentiating |(2.2.14)| in the tangential
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direction and using that

we have

5L(F 8). 1 Till Vi Vi 5
904, = a0 () -,

Thus |(2.2.3b)| and |(2.2.9)| hold if and only if f and § satisfy [(2.2.10), Now, let U be

given by |Theorem 2.2.2| and take U = U o F'. Property (2.2.13) means that the
trace of U is given by (f,g). From|(2.2.11)| we have

|U o FKHHQ(T) = HUHHz(T‘) <C (Hf”m(af) +lo( 7@)”H1/2(8T)) :
Now, using [(2.2.6), we have

1A z2@omy + 10 (s D err2ry < € inf ]| gz

weH2(T)
w|aT:f
Onb| 57 =4
Furthermore,
. ~ . -1 .
inf |0 oy =  Inf  JJwo Fr|l ey < C  inf w2k
weH2(T) H2(T) weH?(K) K H(T) weH?(K) (K)
o= f wlox=f wlox=f
Vo= Onwlar=g Onwlar=g

BnuA)‘aT:g
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Again, using|(2.2.6)| we have

100200y 2 10 © Fcllgagay < € (1 lszcom) + 107, Dl arvrone)) -

2.3 Hardy Inequalities

Let I = (0,1). We use the standard Sobolev spaces H*(I), s € [0, 00), with H°(I) =

L*(I). In particular, the fractional order spaces H'/?(I), Hégz(]), H32(I), and

2

Hg’f([ ) are equipped with the following norms:
) =)
xr — 7

1 1
NalZra = Nl + / /
H/2(T) ZURN A A "

1,2 1,2
2 2 u”() u?(x)
= 2 d 2 d
HUHH%Q(I) lealizsraqn + /0 v /0 1 “

T — X
alZssoqry = lealiZagey + 202
el gy = Ny + 11,0

The corresponding spaces H*(7y) and H*(y) are defined on an element edge v €

{71,72,73} in a similar fashion.

Various forms of Hardy’s inequality will be required. To this end, define the one-
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sided space H}(I) = {u € H'(I) : u(0) = 0} and the interpolation space H£/2(I)

equipped with the norm

1,2
2 __ 2 u®(t)
||u||Hi/2(I) = ||U||H1/2(1) +/0 ; dt

Define the operators A’Z’l and Bﬁ.’l by the rules

AR () (z) = i/x tft) dt,  k1€Ng
0

xk

1
BE(f)(x) 1= o tikf(t) dt,  kleN,

xT

The following Hardy type inequalities are derived in [Section 2.7}

Lemma 2.3.1. Let Alz’l and BZ’Z be defined as above. Then, for k > 0,

(i) forn e {0,1,...,} and f € H"(I),

dm
— [A’Z“”‘” f] = AfHUEmEm ) e 101, ).
xm

(it) forn € {0,1,...,} and f € H"(I),

1

k+3

Plazti H < . 0<s<
|45 44),.0 < Il 0<s<n

(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)
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(111) forn € {0,1,...,} and f € H"(I),

k
||AIZ’kf||L2(I) < || fllz2(ry and ||AIZ’kf||Hs(1) < (k: 12 + 1) 1l es=1ys 1< 8 <
(2.3.5)
(i) for f € L*(I),
[BE 1] gy < 1 236
f L1y — k+% L2(D)- 3.
(v) forn € {1,2} and f € H*(I) N HL(I),
HBZH’kaH”‘(I) < 6| fllam (1), m € {0,...,n}. (2.3.7)
and
k1K
HBR fHH1/2(]) < 2\/§||f||Hé/2(1) (2.3.8)
(vi) for f € L3(I),
|B5r| <l and BT <BIlee  @39)
Bz — B = ,

and there exists a constant C independent of k such that for f € H'(I) (pro-
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vided f(0) =0 in the case k =1)
BEF H <C(k+1 . 231

(vii) for f € HY(I) and g € HL(I),

HB%kf‘HW?(]) SCVk‘i‘l”fHHl/Q(I), k;él
(2.3.11)
k,k
) < 1/2 > 0.
| B sy < OVEF Lol gy K0

The following two results are easy consequences of [Lemma 2.3.1}

Lemma 2.3.2. There exists a constant C' > 0 such that

1 |
/ t—gug(t) dt+/ (1_t)3u2(t) dt, §C||u’||2§52(1) Yue HIX(I)  (2.3.12)
0 0

Proof. Using|(2.3.4), we have

1 1 t 1 t
1, 11 1t
—u“(t) dt = - — '(s) ds| dt < - | —=u/(s) d
/0 t3U() /0 t t1/2/0u<8) ’ _/0 t/o 31/2u<8) ’

— / 2 — ! 2 /
= [|AL €2 @) oy < 4116 O 2y < ClE e,

2 2

dt

)

The result then follows by applying this estimate to the function ¢ — w(1 — ¢) and

summing. O
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Lemma 2.3.3. Letn € {1,2,...,}. There exists a constant C > 0 such that

HeH(D)s 0<s<n-1, Vfe H"(I)nHy(I).

l€=F(©)]

e < CIIF]

Proof. The estimate follows from |(2.3.4)| at once on noting that

t () = t-l/o f(s) ds = AY°(f)(t).

2.4 Polynomial Extensions from a Single Edge

Thanks to [Corollary 2.2.3 it suffices to prove [I'heorem 2.2.2/on any triangle. In par-

ticular, we will work with the right triangle T shown in for the remainder

of this chapter, which results in simpler formulae appearing in our proofs.

We recall following elementary single edge extension operators from [64, eq. (2.1)]

and [73], eq. (5.22)]:

e = [ fersmyas=1 ) de

E(f)(a,y) =y / a(s)f(x + sy) ds,
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Figure 2.4: Schema for the right angle triangle T used in

where a(s) = —6s(1 — s). The following lemma follows immediately from [64] and

173, §5.3]:

Lemma 2.4.1. There exists a constant C > 0 such that

IEN 2y S 2[|€2F ) sy VS € LP(33), (2.4.1)
IE N ez2izy < CNS lirarza) Vf € HY?(43),
1E™ (N a2y < CllF gy Vf e H'Y?(33).

Moreover, if f € Py(33), then E(f) € Py(T) and E™(f) € Ppr(T).

The following result, proved in detail in [64], is the 2D analogue of the results in [84]:
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Theorem 2.4.2. The operators given by

Rus(ie) =€ (LE) @)

3
Rur(N)es) = (1= 2= )€ (1) (@)
R (o) i= (1 = 2 = )€ (s ) (o)

for (z,y) € T, are continuous HééQ(’A}/g) — HY(T) and map P,(%3) N H&éz(’:)/g) into
P,(T).

The following analogue will be useful in the H2(T') case:

Theorem 2.4.3. Let f € HS({Q(%) and let

Ro(f)(x,y) = 2°(1 — 2 — y)*E <%) (x,y).

Then, Ra(f) € HQ(T) and there exists a constant C independent of f and p such

that

IRa(Dllzcty < CI ey (2.42)

Moreover, if f € Py(33), then Rao(f) € Py(T) and the trace of Ry(f) vanishes on
o1 \ 4s.

Before proving [Theorem 2.4.3|we first collect some technical lemmas which con-

cern terms that appear in various computations in the proof of [['heorem 2.4.3|
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Lemma 2.4.4. There exists a constant C' > 0 such that

L
iy

Proof. For |(2.4.3), we have

Ive

fla+ y) — f@)|” Vi€ H'2(3y),  (24.3)

dy dx < C||f||§{1/2(fy3)

ac+y

Vie HY2 (4., (244
Tty f 00 (73) ( )

' Ay & < Clfllpge,

2

flz+y)— f(2) ds de

f(z) = f(=)

Z—XT

2 B 1,1
dy da” = / /
0 T

< Cllf /250

Similarly, for ((2.4.4)|

LLF

f(z)

z

f(z)

z

m+y
r+y

2 1 2 z
dz dx:/ / dx dz
0 0

1 2
_ [ ) 2
- /0 o 2= Oy,

dy dr’ = / 1 / 1
0 T

Lemma 2.4.5. There exists a constant C' > 0 such that

v

where

2
3/2/ A
dr dy + ||g] 72 < C||f||2362 ) Vi€ HY?(55), (2.4.5)

(33)

+y)?

+y
o(0,y) =y / ALY @+ ) — AV ()] de. (2.4.6)
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Proof. We estimate each of the terms separately. For the first term,

1-y 1 2 2
// d:/ /da:dz
0 0

1
1 2
= [ S = < Ul

flz+vy)

93+y

)

22

dx dyz:gry

by ((2.3.12)] For the second term, we have

Il //1/ AL(f)(w + ) — AP0 dt dy da

+// EEE /}A“) @) = AL dt dz da
///|A10 _A);O(f)()l dz dt dz
//\Aw Aol (- ) @

2
HAPUE = APOO
z—t

< CHAlL’O(f’)IIHI/z(%)

< C”f”Hgg%%) by [(2.3.4)}

Now we show that Ry is bounded from Hil*(43) to H2(T).

Lemma 2.4.6. There exists a constant C' > 0 such that

IRy < CM gz, VI € Hag (Bs).
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Proof. We only need to bound the second derivatives. As in [84], we compare with

derivatives of £.

0, estimate:

Ors R 1 () (@,9) = Ona (f) (2,9) = i (f@ ty) _ f<x>) Pty Sy

Tty z vty (r+y)?
=: By — By + E3.

For E;, we have

Bl = [ [

dy dx

(e e [0 w)]

// - — (AP ()@ +y) — AL () (@)] dy dv
A” ~ALO@]

< ClIAlL’O(f’)\ﬁp/z(%)

< O Mgy

Applying [Z70T] to 1 for By and [ZA5] for By, we bhave R i)y <
Ol Ny
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0.y estimate:

Ouy R (f)(,9) = Ouy€(f) (2, y)

_ ) fla+y)] | flat+y) [ty
_{_?/x t dt+y(x+y)}+(w+y)2_ rry oAt
For E,, we have
1 z+y 1 Tty , 1 t )
\EMS?/:C :c—l—y/ f(s)ds——/f(s)ds dt

:—/ AP () +y) — AL (F)(@)] dt.

Using |(2.4.5)| and |(2.4.6)| and that Fy and Ej are the same as above, we have the

estimate for 0,,Rq (f).

0y, estimate:

anyLL( )(f ) ayyg(f)( )
:{__/ £0) 1__) gy Tt )} LSty flaty)

yet+y) ) (w+y)?  rty

= E5+E3 —Eg.

For E5, note that

pom 2 [ [t 10

e Tty t

](t—x) dt.
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Using that t — x <y,

T+y
|E5| < %/

and so the estimate for 9,, R4 1,(f) follows from|(2.4.5) and |(2.4.6) and the estimates

z 2 [T 0 1,0/ 41
Pt ) S0 = 2 [ e+ - a200]

for E2 and Eg. O

Next, we show Rz, is bounded from Hil?(33) — H2(T).

Lemma 2.4.7. Let [ € HgéQ(%) and define Ro 1 by

Ro,n(f)(a,y) = 2% (@) (.y).

Then, there exists a constant C' > 0 independent of f such that

1Ry < Ol sy
Proof. The L? estimate is the same as for Rir:

4y
Ra1(f)(z,9)] < i / F0)] dt = (D) ().

We again proceed by comparing the derivatives to Ry 1 or €.
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0, estimate: We compare the derivative to R4 p.

1 [T () (20 r flr+y)
axRQ,L<f)(x,y) - aa:Rl,L(f)<m7y) - ;/x T (T - 1) dt_ l"l‘y l'—l—y

= E1 E2

For E;, we have

By <t /
Y Je

by [Theorem 2.4.2| Moreover,

f(t >’ dt = Rup (1) (@, y) = Bl < Cll s

|E2|§‘M

| = 1Bl < Cllf g, v D
ThUS, Haa:RQ,L(f)”LQ(T) S C”fHHéf(%)

0, estimate: We compare the derivative to R r.

_ L[ z  flzty)
OyRor(f) (@, y) — OyR1L(f)(7,y) = ?/x 7 (1 _ ?) J(t) dt — - e
= E3 EQ.

For E3, we use the same technique as before:

|Es < — /
Y Je

(33)°

ft >‘dt R (1) (2.5) = |Bsll ey < Ol Ly,
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by [Theorem 2.4.2, E» is the same as above, and so [|0,Ra 1| 27 < CHfHHé({Q(&g)‘

0., estimate: We again compare to Ry f.

Oz Ro,L(2,y) — OnaRu,1.(f)(2,y)
2/gfryf() dt+ > [f(ff+y) _f(l")] +< 2 —S)M

y t2 yl z+y x T+y (z +y)?
oz fllaty)
r+y r+y

=: FEy+ Es + kg — Ex.

For Ey,

|E|<y/;+y F(0) dt_25<|f§<2>|>_

Thanks to|(2.4.1) and [(2.3.12)| there holds

1Ballzagay < CHE2 £ 2y < CNF gy

L is the same as E) in [Lemma 2.4.6, and so || Es|| 27y < OHf”Hg({?(%)' For Eg and
E77
Bl + B < oL 0l 1@+ y)
~ (7 +y)? r+y

Applying to the first term and to f' in the second term gives || Eg|| .o 7+
1Bl 20y < CllF g2z sy Thus, [10ea R, () 2y < ClFN a2,



0.y estimate: We compare to £.

OuyRa(f)(2, ) — Ouy€(f) (1)

- {_?/:ﬂ/ J}() i | 2; %} i (1 i ijrcy) ' {ix:yz)/g
C2z+y [ty

rT+y r+y
=: By + Ey — Eyp

For Ey, we have

B[ e [ e [ w] o

: /;*y {tAi’“(f’)(xﬂé)(x +<3;)+y>A10 / >(>} it

Now, taking absolute values, we have

T4y
E| < 3/
v? /.

<—/ A (F) (= +y) — AP (F)(@)] dt

A" ()@ +y) — (@ + ) AL (F)(@)
r+y

a

x-l—yt 10
wo [ A e ]

=: Fl -+ FQ.
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From ((2.4.5) and [(2.4.6)] we have [[Fi[| >4 < Cllfll4o/2(,,)- For Fa, note that
00




|t —x —y| <y and so

2 vty 1 1,0 /
Ry < —/ ALY @ + )] dt =

Y Tty

Thus, | Falazy < CIAL () gy < O g

result, [|0zy Rl 25 < CHfHHgﬁ(ﬁs)‘

0yy estimate: We compare to Ry r.

Oyy R, (f)(@,y) = yyRa,r(f)(2,y)

AL () (@ +y)|

) by ((2.4.4)

T4y

and

(2.3.4)]

2

flz+y)

:[2_17/“@‘,1“(75)(17 1>+ r [ty

t \t
oz flzty)
r+vy r+y

=: by + B — By

y3 (z +y)?

For Ei1, we have

Bl = —
y3

(z+y)?

/I-Hl/
T

/ [f(:r+y) ) f(t)} - dt’ 2

flx+y)

vty (z+y)?

ft)

(z +y)?

t2
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dt.

This is the same term that appears in our estimate for Fg, and so ||Ey]| L2d) <

CHf”Hgéz(‘yg)' For E12,

[f(z +y)|

| Ero| < Gt B2l 2y < CllFllgarzgs,) by [(2:4.5)

E7 is the same as above and so [|0y,Ro,r| 27 < CHfHHS(P(%)'
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Corresponding operators and estimates for the right hand node also hold.

Lemma 2.4.8. Let f € Ho\*(3s). Let

Ra(Nien) = (12— ¢ (151

Then, there exists a constant C' such that

“RLR(f)”H?(T) + HR2,R(f)”H2(T) < CHfHHgf(a,g)-

Proof. The result follows at once from [Lemmas 2.4.6| and 2.4.7| by defining f*(n) =
f(1=n) and observing that Ry r(f)(2,y) = RoL(f*)(1—2—y,y) and Ror(f)(z,y) =
Ron(f)(1 =2 =y,y). O

We now are in a position to complete the proof of the theorem.

Proof of [Theorem 2.4.5. We have the following decomposition

Rao(f)(,y) = (1 = 2 = y)*Ron(f)(2,) +22(1 — 2 — y)*" R (f) (2, )

—20*(1 — z — y)Rur(f) (2, y) + 2°Ror(f) (2, ).

The H? continuity follows from [Lemmas 2.4.6| to [2.4.8 If f € P,(43), then f(0) =

f(0) = f(1) = f'(1) = 0, and so f(t) = t*(1 — t)?g(¢) for some g € P,_4(%3). Thus,
Ra(f) € Po(T). O
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Remark 2.4.9. Of course, we can analogously define extension operators for the other
sides of 7. In the sequel, we use &;, &, and Ry, to denote the respective extension

operators associated with 4; and use the corresponding bounds without proof.

Finally, we recall result from [73] concerning the existence of a normal extension

operator as follows:

Theorem 2.4.10. For every p > 1, there exists R : Pp_y1(3:) N H2(5:) — Po(T)

and a constant C independent of p such that for all f € Hégz(%), there holds

R (Hle =0, RE(F)ls; = 05 f and R g2y < ClFll g,y

2.5 Polynomial Extensions from Two Edges

In the next stage of the argument, we create an extension from two sides of T. Then,

we use the single edge extensions [['heorem 2.4.3| and [Theorem 2.4.10] to adjust the

traces on the remaining edge and thereby obtain the desired extension operator from

the entire boundary.
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Note the following properties of the elementary single-edge extensions:

E4(1)(2,0) = £(2), &0 = [ 1) ds
N0 = 3w, s =~ [ ) ds

E(9)(2,0) = 0, 600 =y [ a)glon) ds
Ons€5'(9) (2, 0) = g(,0), In,€5'(9)(0,y) = —y /01 a(s)g'(sy) ds.

By symmetry, we have analogous relations for & and £7°.

Lemma 2.5.1. Suppose f and g are such that f; = fls, € Pp(%), 9; = gls €

Pp_1(%i) and fi, g; satisfy the compatibility conditions|(2.2.10)l Then, there exists
Ey, F3, Gy, G, and a constant C' independent of f, g, and p such that

(i) U= E(Fy) + Es(Fy) + EP(Gy) + EP(G3) € Py(T).
(”) U"% = fi; anU”% = Gi, 1= 273-

(mwmmmsc@mmmﬂwmwhmm)

Proof. For notational convenience, we reparametrize f, such that f>(0) = f(a;) and
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f2(1) = f(a3). The desired functions F; and G; satisfy a system of integral equations:

folz) = F(z) +/0 Fy(sx) ds + x/o a(s)Gs(sz) ds,
f3(x) = Fs(x) —l—/o Fy(sz) ds + :U/O a(s)Go(sx) ds,

go(z) = —%Fz'(x) — /0 Fy(sz) ds + Ga(z) — :1:/0 a(s)Gy(sx) ds,
g3(z) = —%Fé(m) — /0 Fy(sx) ds + G3(x) — x/o a(s)Gh(sx) ds.

Let & = Fy + Iy, ®y = Fy) — I3, Uy = Go + G, Uy = Gy — G, hy = fa + f3,

hy = fo — f3, l1 = g2 + g3, ls = go — g3. Then, the system decouples to become

hi(z) = ®1(x) —|—/ Oy (sz) ds +a:/ a(s)¥y(sx) ds,
0 0 (2.5.1)

li(z) = —%@’1(:(:) —/O P (sz) ds + Wy (z) — SC/O a(s)W)(sx) ds,

and

ha(z) = D) _/0 Oy(sz) ds — x/o a(s)Va(sz) ds, (2.5.2)

lo(z) = —%@'Q(x) —|—/0 O (sx) ds + Wo(x) + x/o a(s)Uy(sx) ds.

Note that the compatibility conditions |(2.2.10)| under this new parametrization read

as

h(0) +1(0) =0, ha(0) =15(0) =0, hy(0) = I>(0). (2.5.3)
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First system: It is straight forward to check that a solution to |(2.5.1)|is given
by

4 4
(I)l(t)zghl() 55 / 3h1 S——/Shl S——/ 4[1
Ri(s) + I (
2/sll ds——/sll ) ds — - /%ds

and

1 [ 9 [ 3 [
\IJ — / . 31,/ 7 411 _/ 3
1(t) 2h1(t) + o0 i s°hi(s) ds 55 . s*hi(s) ds + Li(t) + 2 J, s°ly(s) ds
1

For instance, one may verify that the above are solutions to |(2.5.1)] by expressing

hy and [; as a sum of monomials, directly substituting and equating coefficients.

Applying [(2.3.4)[ to |(2.3.11)| term-by-term and using [(2.5.3)} we have the estimate

1@l 52ty + 123 riacry < € (Wallzraqry + Wallansay + 1S + 0l grngr) -

Since W) (t) + l1(t) = tq(t) where ¢ € P,_o(I), it follows that &, € P,(/) and ¥, €
Pp_1(1).
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Second system: In a similar vein, a solution to is given by

t 3 t 1 h (8
Py(t) = 4ho(t) — _/0 sh(s) ds + 5 . s315(s) ds — Z/t QT) ds

17/ _ 2 1
+3t/ hay(s) = b(s) d5+&/ B(s) o
t t

s 5 52

and

t 3 t
_ A S 3/ v 3
wy(r) =20 2 /0 PH(s) ds+ b(1) — 1o /0 $(s) ds
B §/1 Ry (s) — la(s) g %/1 lo(s) s
¢ ¢

s 5 52

By |(2.3.4) to|(2.3.11)[ and [Lemma 2.3.3| and using|(2.5.3), we have the estimate

19232y + 192 llirraqry < € (Whalliosaqry + Wiallzn oy + 15 = Gl o) -

Note that h(t) = tq,(t) where ¢1 € Po—1(1), hiy(t) +12(t) = tqa(t) where g € P,_a(1),
and that l5(t) = [(0) + t?¢3(t), where g3 € P,_3(I). Consequently, @5 € P,(I) and
Uy € Ppoa(1).

By [Lemma 2.4.1} we have found F; and G; that satisfy (i) and (ii). Substituting
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in for h; and [;, we get

> 1By + 1Gi I b < €| 30 {1l + N0l }

i=2,3 L:2,3

L) + P + 1f5(0) + g2 (1)
| ; q

< O (I By + o (.9) )

and (iii) follows by using |[Lemma 2.4.1 O

2.6 Proof of [Theorem 2.2.2

Assume first that U € P,(T). From the discussion in [Section 2.2, conditions |(2.2.10)

are satisfied. Now assume that f and g are given and satisfy the compatibility

conditions|(2.2.10)l By [Lemma 2.5.1} we can find a U, € P,(T') such that U;]5, = f;,

0,Up

4 = YGis 1= 2,3, and

102y < € (1 2wy + I (o Dl oraqey)

We now adjust the functional values of Uy on 4, to match f;. Denote hy := U |5, and

ly == 0,Uil|5,. U is a polynomial, so it also satisfies the compatibility conditions.
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Thus,

f1(0) = hi(0),  f{(0) =h1(0), fi(vV2) =hi(V2), and f{(V2) =K} (V2),

and so, fi — hy € H(%z(]). Prompted by |Theorem 2.4.3L we set

Uy :=U; + R2,1(f1 — hy),

where Ry is defined in [Remark 2.4.9, Then, thanks to the properties of Ry, and

Uy, we have
U2|’AYz = fi7 L= ]-7 2a 3) anU2|'ij - 937 ] — 2, 37 (261)

and [ Uallpoay < C (Ifllzzy + No(f, vz + 1 = Ballgyags,) ) - To estimate

the third term, we have

THORR A0l
2 ~ — hql? 1 !
1= hallygyoga,y =~ I = allieregsyy + /o t

V2 |1 / 2
|fi(t) = hi ()]
—i—/o i dt.

dt

The compatibility conditions|(2.2.10)|imply that (f, g) € TrH 2(T ). Thus, we can use

Theorem 2.2.1|to find w € H2(T) whose trace is (f, g) and which satisfies Jwl] gz <




C (Hf”L?(F) + [lo(f, g)HHl/Q(F)>' Then, we have
lw = Us|[72y + llo(w = Ur, 0a(w = U)) 372y

~ ||f1 - h1||?13/2(¢71) + “gl - ll“?ﬂﬂ(%)

/ﬁmmw—mwmrwmm—h@mvﬁ

+

0 t

VZI(fL() = By(®)m — (g1(t) — L) ]2
+/0 \/§—t dt

Observe that f{(t) — hi(t) = nq - [(f{(t) — B\ (t))n1 — (g1(t) — 11(¢))t1], and so

11 = Bl s,y < € (Il = Uillzaqey + llor(w = Ur, 9w = Un) gz
< C (Il gty + 10 )

< C (Il + o (£, Dl ) -

This gives ||U2||H2(T) <C <||f||L2(r) + lo(f, 9)||H1/2(F)> :
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Now we need to adjust the normal trace of U; on 47 to agree with g;. Denote

l~1 = 0,Us]5,. Note that ¢g; — l~1 has a repeated zero at t =0 and t = V2. Indeed, U,

is a polynomial and so it satisfies the compatibility conditions |(2.2.10);
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where we used |(2.6.1)] Now define

U:=Uy+R" (gl—z]).

By [Theorem 2.4.10} we only need to bound ||g; — l~1||H1/2(%). Arguing as before,
00

2 2

91—l~1 91—l~1

2 . /\/§ ‘gl(t) —h(t)

t

V2 |g1(t) = 1)
+/0 V2 -t

~
~

Héf(‘ﬂ) H/2(41)

~ |lw = Uall72 () + llo(w — Us, On(w — U2)) [ 3112

< C (I 32y + N (. )2 ragry) -

™)

By the properties of the various component extension operators used, we have U €

Py (T) [l

2.7 Proof of Lemma 2.3.1

Let £ > 0. We prove by induction. The case m = 0 is clear, so assume the

formula holds for an arbitrary m and f € H™(I). Then,

m+1 k 1 x (m)
d L g gy gy 4 L (z).
T

 pktltmtl 0

d
k+1,k 0 k+1+m,k+m p(m) __
drm+1 AL f - %AL f( )
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One integration by parts gives

k+1+m [* k4+m g(m) f(m) (.CI?) 1 ’ E+m+41 £(m+1)
T gk titml o g () di + T phtlimtl ; ¢ f (t) di

k+1 1,k 1
_ AL-‘r +m+1,k+m+ f(m+1)

Y

which proves [(2.3.3)l Now we prove [(2.3.4)l By interpolation, it suffices to show the
result for integer s. Using Theorem 6.20 [53] with K (z,t) = tf2=*+Yy,_, and p = 2

gives

1
. _ 1
HATkaHL?([) < C\flle2y with C :/ th=1/2 gy — T
0 +1

Now, using [(2.3.3), we have

Thus, we have Now we prove |(2.3.5)l For the L? norm, we have

1

d* ke (s)
AkTLE ¢ s = sth+l £ 2y -

dxs

_ HAlz-s-Hs,k-i—sf(s)

L2(1)

A+ ()] < / Ol dt = A% flli2) < | fllz2y by Cauchy-Schwarz.
0

Then, taking one derivative gives

&[] = ) - S [0 de= @) - b (0

dx
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Again applying |(2.3.4)| we have

|5 [0

k
<(1+ )||f||Hsm,
Hs(I) ( k+ 5

which finishes [(2.3.5)| [(2.3.6)| comes from taking K (-,-) as above and applying The-

orem 6.20 [53] again:

< 1
2~ k+

k+1,k
Cone]

£l 22y

1
2

We now prove |(2.3.7)l In the case k = 0, we have
1 d flz
By f(x) = / Zf(t) dt and %Bgof(x) = _(T) = A7 f(2).

Using , we have HB}%’Ome < 2|[f|lm for 0 < m < n. For general k > 1, we

have

1
1
B @) = o [ )

dr B th+1

d 1
— BEFVE £ (1) = kbt / —f(t) dt — Hz) f) = kBT AV f (1) — AYOf ().
Th : 9 : k+1,k
us, using the L? norm estimate and|(2.3.4), we have || B;™" f (@) || g1 (1) < 6|\ fl| m10)-
For the second derivative, we have

|

1,0
dx () + HAL f,”Hl(I)'

S k HB%k_lA}:Of/
HL(I)
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Using the H! estimate we just proved, we have since k > 1

d
|

k 1,0
< (k — + 1) AL F iy S 61 ey < 61 Ny »
2

H(D)

which completes |(2.3.7)l By interpolation, we get |(2.3.8)l Now we prove|(2.3.9)| Let

k > 0. For the L? estimate, note that

gt <t [ gisnaes [

Using Cauchy-Schwarz, we have HBE’IQ f ‘ < || f |l z2(r)- Then, taking one derivative

L2(I)
gives

LB f() = KBE ()~ Sl (2.7.1)

Here and what follows, Bg’l with negative k or [ is understood to be the zero operator.

First, applying |(2.3.6), we have

d
|

k
= (k: 1T 1) [ fllz2y < 3l fllz2ery.
2

L2(1)

which completes [(2.3.9)l Now we prove [(2.3.10)} Since we assumed f(0) = 0 in the
case k = 1, we can apply [(2.3.7)[to estimate the second derivative. In the case k # 1,
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taking one more derivative and performing one integration by parts gives

& po [11
@BR flx)=k [(k — 1z t—kf(t) dt —

T iy

x

= kB ") = ket (1) - f(a)
Recalling the embedding || f||z) < C||f||a1 (1) and using |(2.3.6), we have

d2
[Py e RS Ty e

L2(I)

which completes |(2.3.10) |(2.3.11)| follows from interpolation. O

2.8 Conclusions

This chapter established the existence of an H2-stable polynomial lifting of compat-

ible piecewise polynomial boundary data. The extension operator in [Corollary 2.2.3|

plays a key role in various results throughout this thesis. In [Chapter 3| |Corol

is used in the analysis of an iterative substructuring preconditioner for the

discretization of fourth order elliptic problem by H?2-conforming finite elements and

in the construction of special rapidly decaying vertex functions in[Section 3.7] [Corol-|

also appears in the proof of which is an extension theorem

involving vector-valued functions on triangles and in [Chapter 5| in the construction

of interpolants with optimal approximation properties. Future directions include the



generalization of [Corollary 2.2.3 to tetrahedra and to H* spaces with k > 2.
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CHAPTER 'THREE

Preconditioning High Order
H?-Conforming Finite Elements on

Triangles
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3.1 Introduction

Fourth order partial differential equations arise in a variety of applications ranging
from incompressible fluid flow [55] and elastic models of thin plates and shells [72]
to nonlinear phase field models for materials [36]. A conforming finite element ap-
proximation of such problems entails the use of elements with C'-continuity between

elements [24], 38], the first of which goes back over half a century, Argyris et. al. [I1].

The natural stability of conforming schemes means that the convergence and
approximation properties of such elements is on a sound footing. In the context of
the h-version finite element setting a classical finite element error analysis can be
carried out [38]. The space of C! piecewise degree p polynomials was characterized
in [83], and optimal convergence rates in the polynomial degree p are derived in
[106] in the case of finite Sobolev regularity, while exponential convergence rates
for the hp-version are derived in [57]. In particular, the p-version and hp-version
offer superior convergence rates over the h-version. The theoretical results for high

order H?-conforming elements are also borne out in practice; the numerical results

reported in are typical of what one observes using such methods.

One might expect to find that, in view of the range of applications, the natural
stability and a sound theoretical support of Cl-elements, conforming schemes are
widely used in practice. On the contrary, C'-elements are a rarity and often passed

by in favour of more elaborate schemes such as discontinuous Galerkin or mixed
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finite elements which require lower continuity. The relative scarcity of C!-finite
element schemes in practice stems in part from the rapid growth of the condition
number of the associated stiffness matrix which, in the case of the h-version, grows
at a rate O(h™) compared with O(h~2) for second order problems. For instance,
a straightforward textbook implementation of the lowest order Argyris elements in
conjunction with a direct solver is found [21, pp.374-7] to result in prohibitively large
condition numbers after just 2-3 refinements of a relatively coarse initial mesh. The
situation when it comes to the p-version is even worse with exponential growth in
the polynomial degree p being observed if a Lagrange basis is used with respect to

the set of canonical degrees of freedom (dofs).

Preconditioning schemes are available for C'-elements in the context of the h-
version. Widlund and Zhang [117, 118, [1TT9] constructed additive Schwarz precondi-
tioners for the lowest order Bell, Argyris, and Hermitian elements and showed that
the condition number of the resulting system grows at most as 1 + log?(H/h) for
some two level methods [IT19] and is uniformly bounded for some multilevel methods
[118]. Subsequently, Bramble and Zhang [35] developed a multigrid algorithm for
h-version conforming approximations. On the numerical linear algebra side, Pestana
et. al. [02] tested a variety of block preconditioners for the lowest order quadrilateral

Hermite elements with some success.

Although good preconditioners are available for the h-version, the situation re-
garding the p-version with C'-elements is bleak with no effective preconditioners

currently available. The present work aims to address this problem. We give an
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iterative sub-structuring preconditioner similar in spirit to the classical precondi-
tioners for second order elliptic problems of Bramble et al. [33] for the h-version and

Babuska et al. [13] for the p-version.

While our preconditioner shares similarities with domain decomposition precon-
ditioners for the p-version FEM approximation of second order elliptic problems
[2,[13] [59], there are some important differences in the choice of basic decomposition
and in the assumptions under which the scheme is shown to be effective. The pres-
ence of an interior space is standard and corresponds to a partial orthogonalization
or static condensation of the interior degrees of freedom on each element. Likewise,
a low order global coarse space is needed to ensure that the condition number es-
timate is independent of the number of elements. It is shown that the C! coarse
space contributes a factor O(1 + logp) to the growth to the condition number of
the preconditioned system. The presence of C? degrees of freedom presents a new
difficulty not seen in the analysis of second order problems. The following (sharp)

inequality bounds the pointwise values of the second derivatives of a polynomial:

1D 1) < CPuliey Vo € Py(K). (3.1.1)

If standard (Argyris) basis functions were used for the second order nodal functions,
then estimate would result in O(p?) factor appearing in the growth of the
condition number. A judicious choice of the corresponding basis functions to have
energy which decays as O(p~2) compensates for the O(p?) growth in with

the result that the C? splitting contributes no p growth in the condition number.
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Finally, the edge dofs are decoupled from each other, which will be shown to con-
tribute a O(1 + log® p) factor resulting in an overall growth of O(1 + log® p). The
analysis permits the use of inexact interior solves which lends itself to a more efficient
implementation while maintaining the same O(1 + log® p) asymptotic growth of the
preconditioned system. Finally, we demonstrate the effectiveness of the precondi-

tioner on three model problems.

This chapter is organized as follows. We describe the model problem and setup

in [Section 3.2 our new preconditioner and main theorem is in [Section 3.3} the
analysis of the preconditioner on a single element is in [Section 3.4} implementation

aspects, including the construction of the vertex basis functions, are discussed in

Section 3.5 we apply the preconditioner to three model problems in [Section 3.6; and
some technical results are recorded in [Section 3.7

3.2 Model Problem

Let © be a polygonal two-dimensional domain and X be a closed subspace of H?(f?)
such that H2(Q) C X and a(u,v) = (D?*u, D*v)q defines an inner product on X. We

consider the following problem.

ue X: B(u,v) = L(v) Vv e X, (3.2.1)
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where L € X* and B : X x X — R is symmetric, bilinear, continuous, and elliptic

on X. That is, there exists positive constants a and M such that

|B(U, U)| < M|U|H2(Q)|U’H2(Q) Yu,v € X, (322&)

B(u,u) > oz|u|%{2(9) Vu € X. (3.2.2b)

In particular, hypothesis allows for variable coefficients. Examples in the case
where B(-,-) has constant coefficients will be found in [Section 3.6|

Let T be a regular triangulation of 2 satisfying the usual finite element assump-
tions [38, p.38]. We assume that each element K € T is the image of the reference
element 7' = {(z,y) : 0 < z,y,x+y < 1} under a bijective affine map F : T K,

and there exists a non-negative constant x such that for all K € T there holds
hK S KPK, (323)

where hy is the diameter of K and pg is the diameter of the largest inscribed circle
in K. Let h = maxge7 hg. For the remainder of this thesis, all constants C' may

depend on k, even if this dependence is not explicitly stated.

Let V and £ denote the sets of element vertices and edges, respectively, in T .
Given an element K, let Vi and £ denote the vertices and edges of K. Each edge
v € & is oriented by choosing a normal vector n., arbitrarily. For edges on the domain

boundary, 7., is chosen to be the outward normal n. We also let 7, and 7, be the
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neighborhood of @ € V and v € &, respectively; that is,

To={Ke€T:acdK} and T,={KeT:vyCOK}.

The p-version finite element approximation of is

uy, € Xx : B(uy,,v) = L(v) Yo € ¥y, (3.2.4)

where ¥ := {v € H*(Q) : v|x € Py(K) VK € T, vis C? at element nodes} and
Yx :=XNX. We remind the reader that, as in the previous chapter, P,(K) denotes

the set of polynomials of total degree at most p on the triangle K.

3.3 Preconditioner and Statement of Main Result

By introducing a basis for the space ¥ x, such as the one described below, problem
may be reformulated as a matrix equation. The condition number of the
stiffness matrix typically grows rapidly with the polynomial degree p and the number
of elements. Our objective here is to develop a preconditioner which ameliorates the
ill-conditioning. The preconditioner will be based on a decomposition of the global

finite element space into local subspaces augmented with a global lower order vertex
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space as follows. For each K € T, define the interior space on a single element
E(IK) ={veX:v|g € HY(K) and suppv € K}.

with the corresponding global interior space given by

5 =P,

KeT

Let ¥7 denote the orthogonal complement of the (closed) subspace ¥; in ¥ with

respect to the bilinear form af(-,-), i.e.
Y= ®%F and X; 1L Y7,

and let ¥p := ¥+ N X. In other words, v € X7 if and only if a(v,w) = 0 for all

w E Y.

We further decompose Y5 into subspaces associated with C, C2, and edge dofs

as follows. For each a € V, we assign a six element set as follows:

Ta = {Ovﬁ'a ’)7 (’flla’f’Z)v (bl)bZ)) (‘2}17‘;)2)}'
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Given a € T, and a function v € ¥, we define d,v(a) by the rule

v(a) if =0,

aav(a') =3 Dv(a) cQ if o € {ﬂ,l)},

QTDQQj(a) T Q2 if a = (alu 042) € {(’flla 7A72)7 (ﬁla ﬁQ)J (djlﬂ (':’2>}

\

We also define |a| € {0, 1,2} to be the order of derivative corresponding to d,v(a).

We assume that the sets T, are chosen so that:

(i) The degrees of freedom {v — 9d,v(a) : Va € T, Ya € V} are linearly indepen-

dent for v € Y.

(ii) There exist subsets A, C T, such that for v € Yx, d,v(a) = 0 for all a €

Yo\ Ag, and if 9,v(a) = 0 for all « € A, then DPv(a) =0 for all |3] < 2.

Let <i>§; € X7, a € Tq, denote a Lagrange basis function associated with the degree

of freedom v — 0, v(a) at vertex a € V; that is, for b€ V and § € T,

930%(b) = 64504 and supp & C T

These conditions do not uniquely determine the vertex basis functions. A specific
construction will be detailed later since, as we shall see, the choice of these basis

functions is crucial for the effectiveness of the resulting preconditioner.

The zeroth and first order vertex degrees of freedom are aggregated to form a
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single low order global coarse space as follows:

. ::span{i)“: a€ Ny \ A2, aGV}.

a

Conversely, the second order vertex degrees of freedom are decoupled into a collection
of one—dimensional subspaces associated with each vertex a € V and each second

derivative separately:
Ya i= Span {ég} for a€ A2,

where A2 := {a € A, : |a] = 2} and T2 is defined analogously. Lastly, we have
the edge functions, associated with the trace and normal derivative along each edge
~v € &; that is,

X, = {v €Xp:suppv C 7, and D’v(a) =0 V|3| <2, Va € V},

These subspaces yield a decomposition of the global space as follows:

Sx=%0%0 P Taa o P, (3.3.1)
acy ye€
a€AZ

Equation means that every v € X x may be written as a sum of contributions
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from each of the subspaces appearing on the right hand side:

U= ur + U, + Z Uga T+ Z% (3.3.2)

acy ye€
a€A?

where u; € Yj, u, € f]c, etc. Moreover, these functions are uniquely determined by
condition |(3.3.2)] The space ¥, is equipped with the scalar product a(-,-) and each

subspace of Xp is equipped with the scalar product B (-,

In turn, the decomposition gives rise to an Additive Schwarz Method (ASM)
preconditioner [37, [103] [1T1] whose action on a linear functional r € 3% consists of

solving independent problems on each of the subspaces as defined in [Algorithm 1}

Algorithm 1 ASM preconditioner X% 3 r—u € Xx

(i) ur € Xy : a(ur,v) =r(v) Yv e Xy
Ue €Y, B(ue,v) = r(v) Yo € %,
(i) ¢ Uga € ZN]CW : B(ug,a,v) =1(v) Yv € ia,a
Uy €% B(uy,v) = 1r(v) Yo €%,

(ill) u = ur + e+ Y acy Uaa + D yee Uy

a€A?

In particular, the problem (i) posed on the interior space ¥; can be performed on
each element in isolation with the solution u; given by the sum of the element-wise
solutions. Similarly, the problems in (ii) are independent of one another and may
be carried out in parallel. The coarse grid solve for u, € ¥, requires the solution

of a coupled problem with three unknowns per vertex on all vertices but, for the
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p-version scheme we have in mind, will not dominate the overall cost of applying the

preconditioner.

Theorem 3.3.1. The abstract ASM defined [Algorithm 1] is equivalent to solving the

following variational problem:

u € Xy : c(u,v) =r(v) Vv € Xy, (3.3.3)

where ¢ : Yx X Yx — R denotes the SPD bilinear form given by

c(u,v) = aluy,vr) + B(ue, ve) + Z B(tug,a,Va,n) + Z B(uy, vy), (3.3.4)
a%é ye€
acNg

and ur, U, Uq o and u, are uniquely defined by the splitting|((3.3.2)|

Proof. Suppose that u satisfies [(3.3.3)] Then, for any v € ¥;, we have
a(ur,v) = c(u,v) =r(v),

and so (i) in |[Algorithm 1| is satisfied. Analogous arguments yield (ii)-(iv). Now
assume that u is constructed as in [Algorithm 1] Let v € ¥x. Then,

c(u,v) = a(ur, vr) + B(ue, ve) + Z B(ug.a,Vaa) + Z B(u.,vy)

égié ye€
= r(vr) +7(ve) + D r(van) + Y r(vy) = r(v),
acV ye€

a€AZ
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and so is satisfied. O

Our main result can now be stated:

Theorem 3.3.2. Suppose the nodal basis functions {ég s € Yo, a €V} satisfy

the following properties:

(1) for all K € T, there holds

Pi(K) Cspan{®2 :a € T, \ T2, a € Vk}. (3.3.5)

(i1) for all K € T, there exists a positive constant C independent of p such that for
a €Yo\ Y2, a € Vg, there holds

a’

(@) < ChT™, m e {0,1,2}. (3.3.6)

(iii) for each K € T, there exists a positive constant C' such that for a € T2,

a € Vg, there holds

B amiicy) < Chi™p ™, me{0,1,2}. (3.3.7)

Then, there exists positive constants Cy and Cy independent of p and h such that

C1B(u,u) < c(u,u) < Oy(1 + log® p)B(u, u) Yu € Y. (3.3.8)
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Proof. First note that a(-,-) and ¢(+,-) can be written as a sum of elementwise con-

tributions:
CL(U, U) = Z (ZK<U, U)v C(“? U) = Z CK<U7 U)v
KeT KeT

where

ak(u,v) = (D2u, DQU)K,

CK(U, U) = aK(ula UI) + BK(“ca Uc) + Z BK(ua,aa Ua,a) + Z BK(”'y;U’y)a

a€Vik vEEK
a€A?

and Bk(-,-) is the restriction of B(-,-) to an element K € 7. Define ¢(-,-) : ¥x X

Yx — R as the sum of the element-wise contributions of the local preconditioning

form ¢k (-, ) defined in ((3.4.1)f

c(u,v) = Z cx(u,v) = a(ur,vr) + a(ue, v.) + Z a(tgn, Vaa) + ZG(UV’ Vy).

KeT acy vEE
a€cA?

The equivalence

Cra(u,u) < é(u,u) < Co(1 +log® p)a(u, u) (3.3.9)

is then a trivial consequence of [I’heorem 3.4.1| by summing over K € 7. In view of
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conditions [(3.2.2)| the following equivalences hold independent of A and p:

B(u,u) = a(u,u) and c(u,u) ~ c(u,u). (3.3.10)
is an immediate consequence of|(3.3.9)[ and |(3.3.10)| O

Assumption (i) ensures that the coarse space contains the null space P;(K) of the
local bilinear form (D?u, D?v)f in order to achieve h-independence of the precondi-
tioner. Assumption (ii) allows the C! vertex functions to be uniformly bounded in
H?*(K). Later, we shall see that the C' space contributes O(1+ log p) growth to the
condition number. Assumption (iii) means that the basis functions ®q 4, a € Y2,
a € V, have energy which decays as O(p~2) which compensates for the O(p?) growth
in with the result that the C? splitting contributes no p growth in the con-

dition number. We show how to construct a basis for X5 with vertex functions ®2

satisfying |(3.3.5)[ to|(3.3.7)|in [Section 3.5l Finally, the edge dofs are decoupled from

each other, which will be shown to contribute a O(1 + log® p) factor resulting in an

overall growth of O(1 + log® p).
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3.4 Preconditioner on a Single Element

We first develop and analyze a related preconditioner ¢g(-,-) on a single element

K € T (see|Figure 2.3)) for the bilinear form ag (u,v) := (D?u, D*v)2(f), where

e (u,v) == ag(ur,vr) + ag(ue, v.) + Z ax(Uaa, Vaa) + Z ar(uy,vy). (3.4.1)

ac€Vik 'yGSK
acY?

Let EgK) be defined as above and let ig{) denote the orthogonal complement of Z(IK)

in 2 = P (K) with respect to ak(,-); i.e.,
2 =5 g v and ax(u,0)=0 vue IV voe SO

Consequently every u € ) can be uniquely expressed as a sum u = u; + @ip with

ur € EgK), up € i]g() and satisfying

aK(uI,uI) —Q—CLK(fLB,fLB) = CLK(U,U). (342)
The local spaces are defined by

N = span{ég\[( ra€Vi, ae Y\ Ti} :
$E) . — span {@g\K} , a€Vg, a€Y?
S = v e S Div(a) =0 V|8 <2, Va eV

and v|y =0v|y =0V € Ex \ {7}}, v €&k
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Theorem 3.4.1 (Single element case). There exist positive constants Cy,Cy inde-

pendent of p and hyi such that

Crag (u,u) < ex(u,u) < Co(1 + log® p)ag (u, u) vu € B%).

We apply the standard framework as described in [IT1) §2] for the analysis of

additive Schwarz methods to the single element scenario described above.

Each function v € ) has a unique decomposition of the form

u=ur+ U+ Z Ug,o + Z Uy, (3.4.3)

acVk YeEK
acT?

with u; € EgK), Ue € SEK), Un;a € i;’% la| =2, u,, € i%f“, and a simple application

of[(3.4.2)| and the Cauchy-Schwarz inequality gives
ar(u,u) < 11ék(u,u). (3.4.4)

The converse inequality is less straightforward:

Theorem 3.4.2 (Stable Decomposition on Single Element). Suppose that the basis

functions satisfy conditions (i)-(iii) of|Theorem 3.3.2. Then, there exists a constant

C independent of p and hx such that

ex (u,u) < O(1 4 log® p)ag (u, u), Vu € 3%, (3.4.5)
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Proof. We begin by proving the result in the special case hx = 1. Let u € P,(K).
It suffices to bound each of the terms in ¢ (u,u) separately. The contribution from

the interior component is readily bounded using|(3.4.2)[ to obtain
ar(ur,ur) < ag(u,u). (3.4.6)

In fact, since u; € H{(K), Poincaré’s inequality gives ||ur||p2xy < Clur|mzx) <

Clu|g2(iy- Now define ug = u — uy. Then, there holds

luslla2x) < lull g2y + a2 ) < Cllull g2k (3.4.7)

The coarse grid component is bounded by first using Cauchy-Schwarz and

to yield

luclma < D 0au(@)] - @] < Cllullwox)-

acV
a€Y\ T2

By [13, Corollary 6.3], there holds
[vllz=or) < CL+Tog 2 p) ol Vo € Py(K),

and so taking v = Jyu, a € Ty @ |a] = 1, gives

|| Lo o) < C(1 +10g"? p)|0aull 11 1) < C(1 +1og"? p)l|ull 2 xc).
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Hence, thanks to the continuity of the embedding H?*(K) — L*(K), we obtain

1/2

ullwrory < C(1 + log’p)|lullm2(k), and the coarse grid component may be

bounded as follows:
uell 2y < C(1+10g"2 p) [l 2 - (3.4.8)
Turning to the contributions from the C? basis functions, we apply [6, Lemma 6.1]:

max |[v(a)| < CPZHUHLQ(K) Vo € Py(K)

a€Vik

to v = J,u, o € T2, and use property of the second order basis functions to

obtain

||ua,a|lH2(K) S C|8au(a)| . ||ég||H2(K) S C|U|H2(K) \V/Oé & Ti, Va € VK (349)

Define u* = up —uc—Zle Zla\=2 Un, - Then, by the triangle inequality, |(3.4.6)}

(3.4.8)[ and |(3.4.9)| we have

||u#||H2(K) <C(1+ 10g1/2p)||u||H2(K)~ (3.4.10)
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For an edge v € 0K, define f,, g, : 0K — R by the rules

u?  on 7, Opu  on 7,
Jy = and g, =
0 else, 0 else.

|Corollary 3.7.2 shows that there exists an extension of the boundary data (f, g,),

denoted by ., € E(WK) & EgK), satisfying

20y < € (I llszom + o (s 9l aprizcone )

# #
< C (0¥l ags ) + 100l oo )

where we recall that o (f, g) := (0.f)n — gt. Using [I3, Theorem 6.5] and the trace

theorem [T'heorem 2.2.1 we have

[y 2) < C(1+1ogp) (™[ /2,y + [0t | 1112 )
< 01 +1ogp) (Iu llaome + llor(w*, Bt 11200 )

< C(1+ logp)Hu#HHz(K),

and so by |(3.4.10), ax(%,,a,) < C(1+ log’ p)Jull3p ) Since u, -, € T{), we

have

arc (i 0,) < (i, 1) < C(1L+108° p) [l (3.4.11)
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by ((3.4.2)l Gathering|(3.4.6), [(3.4.8)], |(3.4.9)[ and |(3.4.11)| we obtain

cr(u,u) < C(1+ 10g3p)||u||%p(K). (3.4.12)

It remains to show that one may replace the full norm ||u|| g2k in the estimate

3.4.12)| with the H? semi-norm. Let ¢ € Py(K). The uniqueness of the splitting
together with shows that © — ¢ may be decomposed in the form

with u. replaced by u. — ¢, and hence

EK(U_%U_Q) = CLK(’LL[,UI) +aK<uc — {4, Uc _Q) + Z aK(“a,ayua,a)

a6V2
oA (3.4.13)
+ Z g (U, Uy ).
yEOK
Thus, thanks to|(3.4.12)| we obtain
Cr(u,u) = ex(u — g,u —q) < C(1+1log” p)|lu — qlffze- (3.4.14)

Taking the infimum over all ¢ € P;(K) and using the bound [86, §Theorem 7.2]

sl 1= o = e

we arrive at

Now we consider the case hx # 1 and let u € P,(K). Define K = {x € R? :
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hxx € K} so that hy =1, and define ci)i : K — R as follows:
% (&) = h "% (hxd)  for @ € K.

The chain rule and a simple change of variable shows that @3 satisfies [(3.3.5)
to |(3.3.7)| with hx replaced by hy = 1. Let @ : K — R, the pullback of u onto

K, be given by (&) := u(hx). By scaling, there holds
ap(, @) = hyax(u,u). (3.4.15)
Moreover, u and @ have the following decomposition:

u(x) = Z Coa®2(x) + Z Uy () + ur(x)

acVik yEEK
acYq
W(@) = Y Caa®(®)+ Y uy(hxd) + ur(hid),
[IEVR vye€EK
acYq

where ¢, 4 is the o derivative of u at the vertex a and ¢, 4 is defined analogously.

Again, by the chain rule and scaling, there holds

Ue(T) = u.(hx) and  Uqo(Z) = Uga(hx®) Va € Vi, Ya € T2,

h3Cx (u,u). (3.4.16)

>
I

C[{( 711)
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Applying to @ and using |(3.4.15)] and |(3.4.16)| gives the result in the case

hi # 1. O

|Theorem 3.4.1|is now an immediate consequence of |(3.4.4) and [Theorem 3.4.2| by

the standard ASM theory (see e.g. Theorem 2.7 of [111]).

3.5 Implementation

The ASM described in entails the solution of problems posed on sub-
spaces Y, the a(+,-) orthogonal complement of ¥; in ¥ y. This implies that the basis
functions for the subspaces f]c, ia,a, and f],y depend on the shape of the elements in

the mesh and, as such, cannot readily be written in closed form. How, then, is one

to implement in practice?

3.5.1 Generating a Basis for ¥z

Let ¥p C Yx denote any subspace for which Y5 N¥; = {0} and ¥x = ¥Xp & ¥y,

and let q_;B be a basis for Xz. Likewise, let 51 denote a basis for >; so that [(fl, 53]



76

gives a basis for ¥ x. The p-version FEM problem then takes the form

By, Bip| |ar B L((f)I) (3.5.1)

Bgp; Bgp| |ds L(®p)

where By, = B(®;,®7), B;g = B(®;, %), etc. Similarly, the matrix A is defined

to be

A— AII AIB

ABI ABB

where A;; = a((fl,fﬁf), Aip = a(@l,ég), etc. The subblock Aj; is non-singular

and we may therefore define a new set of basis functions as follows:
by =3y — A AL, (3.5.2)
Observe that
0(Pp, BT) = a(Bp, 87) — Api A a(B,87) = Ap — A A7 A =0 (3.5.3)

which shows that the functions ®5 are contained in the space Y5. Moreover,

span{®p} N X; = {0}, and it follows that X5 = span{®z}. That is to say, Pp

is a basis for Y5 and [(5], (iDB] is a basis for Xx relative to which problem |(3.2.4)
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takes the form

B;; B §I L@I)
- . = o (3.5.4)
Bgr Bpp| |dp L(®p)
where the subblocks are constructed using d 7 and P B Vviz:
BBB = B(CbB, &)B)
— B(®p — A A;'D;, dL — 3T AT Ap)
(3.5.5)
= Bpp — AprA; Bip — BprAj A + A A BiiAjf Arg,
Bpr = B(&)B, 5?) = B(‘f)B — ABIA;[1£I7 Cf’?) = Bpr — Ap1 A7} By,
and
L(®p) = L(Pp) — Ap A7 L(D)). (3.5.6)

In other words, given the matrix A;;' A;p, the matrix form of problem relative
to the decomposition ¥; @ Xp can readily be obtained from the standard (non-
orthogonal) discrete form using the foregoing formulae. More precisely, given
a residual vector 7, the ASM given in takes the discrete form given in

Algorithm 2
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Algorithm 2 Matrix form of ASM preconditioner 7+ (d;,dp)

L
Sy
Il
Qu
(e}
—~
Ql
L
Q
~—
e
m
=
Q
m
>
o
o1
3 l
~—
2
m
S

where Bc, B,m, and B,Y are subblocks of the diagonal of the matrix Bz given by
, and A.; = a(@c, 5?), where @, is a vector of the zeroth and first order vertex

basis functions with A, ,; and A,; defined analogously.

Remark 3.5.1. In many typical applications (see [Section 3.6)), one finds that the

bilinear form B(-,-) has the property that
B(u,v) = (D*u, D*v)q = a(u,v) Vu € H*(Q), Yo € H3(Q). (3.5.7)

If this condition holds, then the subblocks of A and B satisfy Bg; = Ap; and
B, = Aj;. Inserting these relations into and simplifying gives

—

By = Bgs — Bp B} Bis, Bp; =0, and L(®p) = L(®5) — Bp; B L(%)),

meaning that the system of equations |(3.5.4)| decouples into independent problems
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over the interior and boundary degrees of freedom

o

B[[é[ = L(é[) and BBBO_-;B = L(Ci)B)

Consequently, in cases where |(3.5.7)|is satisfied, the solution of may be com-

puted as follows:

(i) Compute &; = B} L(®;).

(ii) Solve Bppdp = L(®g) using an iterative method, applying step (i) in |Algo-

as the preconditioner.

(111) Compute O?] = ONé[ - B;IlB]BO_ZB.

The advantage of this formulation over |Algorithm 2|is that the matrix B} need only
be applied once at the beginning, to statically condense out the interior degrees of
freedom, and (after the iteration for the boundary degrees of freedom has converged)

once again at the end, to backsolve for the interior values.

3.5.2 Computational Cost of the Preconditioner

The cost of consists of two parts: one-time setup costs, including storage,
and recurring costs associated with each application of The setup cost

is dominated by computing the action of the matrix A;; in the change of basis
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formula and its subsequent application in the modification of the stiffness
matrix and load vector . By taking advantage of the block diagonal
structure of A7, we may factor Ar; once at a cost of O(|T|p®) operations. We
may then compute the change of basis element-by-element at a total cost
of O(|T|p°) operations. The modifications to the stiffness matrix and load
vector may also be computed at the element level and sub-assembled at a
cost of O(|T|p°) operations. The final setup cost is factoring the matrices B, and
B, v € &, leading to an overall setup cost of O(|V|* + |E|p® + |T|p®) operations.
The factors of A}, Bc_l, and B;l require O(|T|p* + |V|2 +|€|p?) storage, while the
blocks A.r, Agar, and A, require O(|T|p?) storage, leading to an overall storage
cost of O(|V|* + |E|p* + [T p?).

We now turn to the recurring costs associated with each application of
The interior solve in (i) and (iii) takes O(|T|p*) operations. The vertex
and edge solves in (ii) cost O(|V|* + |€|p?) operations, while the multiplication by
the interior subblocks A.;, A, ete. in (ii) and (iii) cost O(|T|p*) operations. Thus,
the total cost of applying is O(|V|? + |€|p* + | T |p*) operations. In the
setting of [Remark 3.5.1 the asymptotic setup and storage costs are the same as

above; however, the application cost reduces to O(|V|* +|€|p?) operations since only

step (ii) of [Algorithm 2|is performed each iteration.
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3.5.3 Vertex Basis Functions

We now want to construct vertex functions such that the modified basis functions

dp given by [(3.5.2)| satisfy the conditions |(3.3.5)| to |(3.3.7)l To this end, given a

function u € ¥, there exists a unique @ € Y7 satisfying

a(a,v) =0  YveXp, (3.5.8a)

(@ —w)|ox = O —w)ox =0 VK €T. (3.5.8b)

Let E : ¥ — X+ denote the mapping u +— Eu := @. If ®5 € ¥p is a basis function,
then direct verification reveals that ®5 := E®p is given by The following

result relates the H™(K') norms of a function u and Eu:

Lemma 3.5.2. Let u € X. For all K € T, there exists a positive constant C

independent of hy and p such that

1Bl 2y < Cveizfg(u) {Ivllzz) + bk vl o } (3.5.92)
v K(u

|EU|H2(K) S C inf |U|H2(K)7 (359(3)
vEX K (u)

where L (u) :={v € P,(K) : v|ox = ulor, Onv]ox = Ont|ox}-
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Proof. Let v € ¥k (u). Then, 4 = Eu —v € EgK) and, thanks to ,
ag(t,w) = ag(Bu,w) — ag(v,w) = —ag (v, w) Yw € EEK).

Choosing w = @ and applying the Cauchy-Schwarz inequality gives [u|pg2x) <
|v|p2(xy.  Finally, using Poincaré’s inequality on Hg(K) and a scaling argument,

we have the following bound for u:
hj_(2||ﬂ||L2(K) + h[_(1|7j|H1(K) + |a|H2(K) < C|ﬂ|H2(K) < C|U|H2(K). (3.5.10)
Now, using |(3.5.10)| gives

1Bull 2y < ollz2crey + @l 2y < Nllzzey + Chiclvl e

forallv € ¥k (u), and|(3.5.9a)|follows. A similar argument gives|(3.5.9b)|and|(3.5.9¢)|

]

3.5.3.1 ("' Vertex Functions

The standard (fifth order) Argyris basis functions [I1] are Lagrange basis functions

with respect to the following set of 21 degrees of freedom on each element K € T

D% (a) VIB| £2, Ya € Vg and 0, ¥Y(m,) Vy € €k,
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where m., is the midpoint of the edge 7. Denote the corresponding vertex basis
functions by {U? : || < 1, a € Vi} and edge functions by {¥., : v € Ex}. We

introduce the following functions:

1
o0V = WPV and @F =i+ > Al |8l=1.
YEEK
a€cdy

Note that from standard properties of the Argyris basis functions [I17, p.12-13],
we have P;(K) C span{®) : a € Vi, |8] < 1} and @]y < Chit”™™ for

m € {0,1,2}, |B| <1, and Va € V.

Let a, 8 € T, with |a| = |5] = 1 be the first order directional derivative dofs at

a. Then, the functions

satisfy
0,90 (b) = dapdap, and 0,05 (b) = dapds, Vpe Yy, Vbe V.
Moreover, by the properties of the Argyris basis functions, there holds

Pi(K) Cspan{®2 :a € Vi, a € T, \ T2}, (3.5.11)
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and
D% iy < Chyd ™™ ¥m e {0,1,2}, Va € T, \ T2, Vae V.  (3.5.12)

Let @2 = E® € XF, a € To \ Y2, a € V. In the case a € Ag, then & coincides

with applied to ®<.

We first verify that condition holds. Let ¢ € P,(K). By|(3.5.11) we have

¢ =D, acvk Caa®y for suitable cq, € R. Define ¢ := > acvy caafi)g. Then,
a€T\T2 a€T\T2

qg—q € ZSK) and thanks to [(3.5.8a), ax(q¢ — ¢,v) = 0 for all v € EgK). Hence,

¢ =q € Pi(K) and holds. Moreover, choosing v = ®¢ in [Lemma 3.5.2] and
using gives for m € {0, 1,2},

B2 sy (i) < CL| P prm iy + BE ™D 21y} < Chiyd ™,

Hence, {®2, a € T, \ T2}, satisfy conditions (i-ii) of [Theorem 3.3.2|

3.5.3.2 (? Vertex Functions

Let 2 € P,(K), « € T2, a € V, be any polynomial with boundary values matching
those of ®2 Then, 2 := E®® is a C? vertex functions in the sense that

DP®2(b) = 0,300 V€ Ya, VB E Ty, Vb€ V.
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In the case o € Ag, then ®¢ coincides with applied to ®¢. Thanks to

choosing v = ®2 in |(3.5.9)| gives |(3.3.7)

3.5.4 Preconditioner with Approximate Interior Solves

Examining reveals that the dominant cost arises from the need to com-
pute the action of the matrix A;;'. Of course, one can exploit the block diagonal
structure of A;; to work on an element by element basis in parallel. However, this
will still require the evaluation of the action of the element interior matrices A%{)
which, in turn, will differ from element to element due to the influence of the ele-
ment geometry in A%{). In this section, we seek to reduce the cost of this step by
replacing the interior solve A%{) by one involving the matrix hI}QAH which, up to
a scaling by hg, is identical for all elements K. This means that the matrix A
can be factored once and utilized by all elements K € T, thereby avoiding having

to compute factorizations for every element.

Define the bilinear form af(-,-) as follows:

a(u,v) = Z ax(u,v), where dag(u,v):=h2(D*(uo Fg),D*(vo Fr))p2p)
KeT

and Fy and T are given in [Section 3.2l That is, on each element K, the action of
a(u,v) is defined to be the action of hy*(D?-, D?.); on the pull-backs of u and v onto

the reference element 7. A change of variables and the chain rule show that there
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exists positive constants C; and C5 independent of A and p such that

Crag(u,u) < ag(u,u) < Crax(u,u) Vu € BF), (3.5.13)

In order to take advantage of |(3.5.13), we define X7 to be the orthogonal com-
plement of X7 in X with respect to a(-,-), rather than a(-,-). Moreover, both ¥; and
Sp = Y7 N X are equipped with the inner product a(-,-). Then, the preconditioning

form ¢(-, ) is defined to be

¢(u,v) = aluy,vr) + aue, ve) + Z a(Ugn; Vaa) + Zd(uv,vw).

acy ye€
acA?

The next result bounds the condition number.

Theorem 3.5.3. Under the assumptions of | Theorem 3.5.2, there exists positive con-

stants C1, Cy independent of p and h such that

Cré(u,u) < Blu,u) < Cy(1 + log® p)é(u, u). (3.5.14)

Proof. Owing to the equivalences |(3.2.2) and |(3.5.13)], it suffices to consider the
single element case as in[Section 3.4l The proof closely mirrors the one used to prove
|Theorem 3.4.1] In particular, |(3.4.4)[holds with “11” replaced by a positive constant

C' thanks to |(3.5.13)l Similarly, the estimate may be replaced by

ag(ur,ur) < ag(u,u) < Cag(u, u)
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and may be replaced by

e (u,u) < Otk (u,u) < C(1+log® p)ag (u, u)

owing to |(3.5.13)l The remainder of the proof of |(3.5.14) is identical to that of
(Lheorem 3.4.1 O

It remains to verify that the construction of the basis functions in [Section 3.5.3

in which a(-,-) is replaced by a(-,-), A is replaced by A, ete. still results in func-

tions that satisfy |(3.3.5)[t0|(3.3.7)} Examining the foregoing arguments reveals that

Lemma 3.5.2 still holds (with different constants) due to |(3.5.13), and so the same

construction is valid. The action of the preconditioner on a residual 7 is then given

in |Algorithm 3|

Algorithm 3 Matrix form of preconditioner with approximate solves 7+ (d;, dp)

As mentioned above, A;; is block diagonal where all of the blocks are equal up
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to a scaling factor h>. Specifically, if d; defines the interior basis functions on 7T’
and the basis for the interior space on each element is taken to be ) 7= ) 10 Fp,

then,
A = blockdiag(hi 2 A K € T), where A := (D*®;, D*®T);.

Thus, A;; may be computed and factorized offline. The factorization is then used
to compute that action A;FI. Moreover, we need not compute B BB Or B BI, since

only

< < - ~_1 ¥

App = Aps — AprA;; Aip,
is needed. This means that the setup cost for is a one-time, offline cost
of O(p%), a O(|T|p®) cost to assemble the matrix Apg, and a O(|V]> + |E|p?) cost to
factor the matrices A, and A,. Thus, the overall setup cost is O(|V|>+|E|p*+|T|p°)

operations, which is an improvement over the setup cost of The storage

costs and the application costs are of the same complexity as[Algorithm 2]

3.6 Numerical Examples

In this section B and C denote the stiffness matrices associated with the bilinear

forms B(-,-) and c(-, -), respectively relative to the basis defined in |Section 3.2}
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3.6.1 Airy Stress Tensor Problem

If an elastic plate is subjected to traction boundary conditions in the absence of any

body force, then the resulting stresses may be written in the form [110] §4]

U:A(gp) _ Pyy  —Pay

Py Prx

The scalar valued function ¢ is known as Airy stress function and satisfies a varia-

tional problem of the form with X = {v € H*(Q) : [,vqdz =0Vq e P (Q)},
Blu,v) / Au) : A(v) do = (D%u, D2)a,
K

and L(v) depends on the prescribed tractions. Note that B(-,-) trivially satisfies
condition ((3.5.7). We consider the case {2 = K, a single triangle.

[['able 3.1 and [Figure 3.1{show the smallest eigenvalue \,,;, and the largest eigen-

value A, of the matrix C'2BC~'?. Observe that without preconditioning, the
condition number of the stiffness matrix B would grow exponentially fast with p.

However, with our preconditioner, the growth of the condition numbers exhibits

1 +log® p growth consistent with [Theorem 3.3.2]
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P Amin Amae | cond(C2BC~Y2) | cond(B)
5 | 2.941e-02 | 6.734 231.07 8.94e+03
6 | 1.224e-02 | 4.726 386.13 1.30e+05
7 | 8.522e-03 | 4.155 487.64 4.90e+05
8 |6.001e-03 | 3.777 629.28 1.58e+06
9 | 4.890e-03 | 3.647 745.73 4.40e+06
10 | 4.036e-03 | 3.527 873.96 1.10e+07
11 | 3.527e-03 | 3.475 985.30 2.67e+07
12 | 3.102¢-03 | 3.420 1102.20 6.32e+07
13 | 2.811e-03 | 3.394 1207.03 1.53e+08
14 | 2.558¢-03 | 3.362 1314.36 3.71e+08
15 | 2.369¢-03 | 3.347 1412.87 9.32e+08
16 | 2.200e-03 | 3.328 1512.29 2.34e+09
17 | 2.068e-03 | 3.319 1605.01 6.23e+09
18 | 1.947e-03 | 3.306 1697.82 1.66e-+10
19 | 1.849¢-03 | 3.300 1785.33 4.48e+10
20 | 1.758¢-03 | 3.291 1872.50 1.38e+11
21 | 1.682¢-03 | 3.288 1955.08 4.34e+11
22 [ 1.610e-03 | 3.282 2037.64 1.34e+12
23 | 1.551e-03 | 3.279 2113.74 4.54e+12
24 | 1.494e-03 | 3.275 2192.33 1.55e+13

Table 3.1: Condition numbers for preconditioned and non-preconditioned stiffness
matrix for Airy stress tensor problem.
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Figure 3.1: Condition numbers for preconditioned stiffness matrix for the Airy stress
tensor projection problem. Observe the 1 4 log”p growth consistent with
rem

3.6.2 Stokes Problem

We now apply the preconditioner in [Algorithm 1| to the Stokes’ equations [55] in a

cavity with parabolic inflow and outflow velocity profiles of y(1 — y):

A% =0 in
¢<ig,y>=%y2—%y3 0<y<1

:é on I'r

) = onl'p

Onth =0 on 09,
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where I'r and I'g are the top and bottom boundaries of the cavity in
The weak form of the equations satisfy with X = HZ(),

B(u,v) = (Au, Av),

and L(v) depending on the boundary conditions. Note that B(-,-) satisfies |(3.5.7)

Let u € C*(Q2) and v € C(Q). Integrating by parts,

2 2
B(u,v) = Z /Q(?iu aijv dr = — Z A@iiﬁxju Oz;v dx

i,j=1 4,j=1

. (3.6.2)
— Z / 02, 0p;u Oy, 0,0 dx = a(u,v).
ij=1"4
By the density of C*(Q) in H2(Q2) and C=°(Q) in HZ(Q), B(u,v) = a(u,v) for all
u € H*(Q) and v € H3(Q).

In [Figure 3.2 we see that the approximation obtained using degree p = 14 is able
to capture one level of eddies in the bottom corners, and nearly captures the second

with only two elements. The condition numbers are given in [Figure 3.3] We again

observe 1 + log® p growth rate in condition number as predicted by [Theorem 3.3.2|




93

0.8}

0.498
X X

(c) (d)

Figure 3.2: p = 14 numerical solution for Stokes problem with magnitude of fluid
velocity as background color. Observe the resolution of small scale features. (a)
Mesh - 316 elements, (b) Numerical solution, (¢) Zoom 1 - different color scale, (d)
Zoom 2 - different color scale.
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Figure 3.3: Condition numbers for the preconditioned stiffness matrix for the Stokes
problem. Observe the 1 + log® p growth consistent with |Theorem 3.3.2|.

3.6.3 Plate Problem

We now apply the preconditioner in to the simply supported plate

problem [110, §5] on a L-shaped domain with point loading:

A%u =106, in Q,

u=Au—(1—-v)0yu=0 on 0L,

where u is the displacement, v = 0.3 and z is taken to be the point inside the

red circle shown in [Figure 3.4, The weak form of the equations satisfy |(3.2.1)| with
X = Hy(9) 0 HY(9),

B(u,v) = (Au, Av) — (1 —v) /(8§1u D2 v+ 02 u 020 — 205, 0p,u Oy, 0p,v) day das,
Q
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and L(v) = v(z). Again note that B(-,-) satisfies Let u € C®() and

v € CX(Q). Integrating by parts,
/ 8§1u 8521) de dy = — / 0z, 0,0 Oz, v dzq dg = / 01y Oyt Oy, 02, v dxy dxs.
Q Q 0

Reversing the roles of x; and x5, there holds

/935211 3511) dr dy = /anlamu 0z, 0,0 dx dy,

and so thanks to[(3.6.2)] B(u,v) = a(u,v). By the density of C*() in H?(2) and
C>(Q) in H3(Q), B(u,v) = a(u,v) for all u € H*(Q) and v € HZ(Q).

The mesh is chosen so than an element vertex is located at z. The point evaluation
functional L : v + 10v(z) is continuous on the space H*({2) which means that the
problem is well posed (this would not be the case were a standard mixed formulation
[34] used). The approximation obtained using degree p = 14 are shown in
where the color represents the displacement u in the negative z-axis. Observe that,
whilst the load acts in the —z direction, positive displacements are in the upper left
corner consistent with what is observed in practice. The condition numbers for the
preconditioned system with varying p are given in[Figure 3.5 Again we see condition

number growth on the order of 1 + log® p.
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Figure 3.4: p = 14 numerical solution of the simply supported plate problem. Ob-
serve the deflection in the upper left region. (a) Mesh - 86 elements, (b) Numerical
solution, (c¢) Zoom 1 - different color scale, (d) Zoom 2 - original color scale.

3.7 Traces of C? Vertex Functions

We start with a lemma that defines some univariate functions which are used to

construct C? vertex functions satisfying the condition
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Figure 3.5: Condition numbers for the simply supported plate problem. Observe the
1 + log® p growth consistent with |Theorern 3.3.2|.

Lemma 3.7.1. Let m,p € N, > —1. Define v :=2m — 1+ and

m—1
bmate) = (52) ((55) B0

. ] m—1 m—1
Then, wz(,j,g@’ﬂ(:tl):()for] =0,1,....,m—2, wpmﬁ)( ) =0, andwpmﬁ)( 1) £ 0.
Moreover,
! 2m—1-28
11 / (1 = 22) 4y (2)? i < — L(y + DI (y)p!
Vi (-1 1 (m —Dl(m — )IT(p+ 2y + 1)
~2(2m—1+8)

~p
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Proof. Let ¢, := 1, 3. We first bound

1 1 2 B 1 1 _ y+1 1 -1
45/ < 495 ) Uy(2)? dx = / ( 5 x) ( 42—:10) pp(w)(m)2 dx
-1 -1

Now, using the identity [108], §4]:
(20 +27y = )PPV = (p+ 20) B0 + (p+7) P2

we get

2
P}gﬂm) _ Mppp(%v—l) _ Vppjﬁlv) with 1, = % and v, = P+
pT 2y

Using this identity and orthogonality, there holds

Vi a\" 142\
szui/ ( 5 ) ( 5 ) PISZ’Y)(I)Q dx
-1
1 1_ Y 1 y—1
(52 (3
-1

=: V;Qp_l + ,uf,Tp. (3.7.1)

First note that

1 Tlp+~y+1L(p+7)  T(p+9)°

T p+y T(p+2v)p! L(p +27)p!
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We now claim

Tlp+y+1)?* 2
L(p+2y+1)lp! ~

Qp < (3.7.2)

For p = 0, we have
1/ v/ y—1 T'(~)2
Qo = / T + dr — () |
1 2 2 ['(27)p!

and holds as an equality in the case p = 0. Now suppose the result holds true
for p = ¢ — 1. Then, by |(3.7.1)]

(q+27)2Qq = (q+7)*Qq-1 + 4(q + 7)*T,.

Direct computation gives

(¢+7)? Tla+7)? 22y = [(g+7+1)?

p
Q S . R
TT g+ 29)? T(g+27)¢ v T(g+2y+1)q! ~

and follows by induction. Again using identities from [T08] §4]

P (1) = %p(w)(_w _

p

(=1)P(m—DIT(p+y+1)
2m=1T (v + 1)p!

Thus,

1 ' 2 2 1 o2m-1-2 L(y + DI(y)p!
T L e e = 2
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—2(2m—1+p) O

By Stirling’s formula, 1“(p++!w+1) ~p :

Next, we record a scale-invariant version of the H2-stable polynomial extension

theorem established in

Corollary 3.7.2. Let f,g : 0K — R be such that f; := f

v € Pp(i) and g; :== g v €
Pp_1(7:) for p > 1. Assume further that f and g satisfy the compatibility conditions

2.2.10)| at the vertices. Then, there exists a polynomial U € P,(K) such that

1. U has trace (f,g): U

Yi — fi; 877,U

v = i, and

2. U depends continuously on f and g:

hi 102y + U i) + hiclU i)

< C (h P fllizore) + 1210 (F. 9)l 2010 + hiclor(f ) rvraony )

(3.7.3)

where a(f,g) = (0,f)n — gt, and C is independent of p and hy.

Proof. The existence of a polynomial U satisfying the required conditions is given

by |Corollary 2.2.3| where the estimate |(3.7.3)|is also established in the case hx = 1.

Employing the usual scaling argument gives the estimate |(3.7.3)] O

Let a € V. Thanks to |Corollary 3.7.2] we only need to specify the boundary val-

ues of % on each K € T,. We first consider the case T2 = {(&, e1), (€1, &2), (é2,€2)}
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and summarize the boundary values below. Let K € T, and label K as in

so that @y :=a. Let F: [-1,1] - R and G : [-1,1] — R be given by

Vp—s530(t) Yp—a.20(t)
F(e) = _Le-ssolt) d Q)= Lemt2olt)
=y ™ CO=57 D

where 1, ,, g is given by [Lemma 3.7.1] Now, we define the traces f and g as follows:
a=(2,0):

flt) =0 0(1) =0
R0 = halerF (1= 25) w0 = —ghalese (1= 2)
fualt) = 3Pl (5)°F (% - 1) gult) = SultinsG (% . 1>
a=(1,1):
fit) =0 gi(t) =0
10 = ghaleser (1= 20) ) = —5halegn + ) (1 25) 1)
1) = gl (25 -1) aulo) = ghaltsnd + e (2 - 1)
a=(0,2):
flt) =0 (1) =0
) = e (1= 20) oy = el (1= 2) @)
) = 2l (B F (% - 1) gult) = SultintC (% . 1)
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Since F' and G vanish to order 2 and 1, respectively, f and g satisfy the compat-

ibility conditions in [Corollary 3.7.2, Let ®% be the extension of f and g given by

|Corollary 3.7.2| First note that we have the desired interpolation properties:

DP®%(a;) = bap0  V|B] <2, 1<i<3.

Moreover, for m € {0, 1,2} there holds,

3

m—11Fa —1/2 1/2
B H@ahn«K>s<?§Zj{hK/ 1 ill2 ey + Pil (il + 93l z2en)
1=2

/
+ hg (lfi‘Héf(%) + |gi‘Héé2(’Yi)> }

2
< Ohie <”F||H§é2<—1,1> * ||G“H362<—L1>> '
Now, thanks to inverse estimates [25, Corollary 3.4] and [Lemma 3.7.1] we have
IF | x 10 + Gl s <11y < CP* ([Fllz2-11) + 221Gl p2-1y) < Cp o 2",
By interpolation,

Bl < CH™ (1 gasn oy + G ey ) S CHE™D72 (377)

In the general case Y2 = {(f)y,75), (1, Po), (Wa,Ws)}, the C? vertex functions
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may be construction from 5&2’0), <i>$}’”, and by the following transformation:

-1

= (1,7 T, T T T T, T 5,(2,0
q)z(lm 2) mins P12 Wi Wy <I>l(1 )
= (P1,P — T T T T T T 5 (1,1
QPP | =y s ptph + plps wiwd + wiwd oLl (3.78)
o) g ik e %

Direct verification reveals that

9P (@) = dapds Ya,B€ T2, 1<i<3,

and the triangle inequality and give

|2 | gy < CREp™®  Va € Y2

a’

m € {0,1,2}. (3.7.9)

3.8 Conclusions

This chapter constructed the first nonoverlapping domain decomposition precondi-
tioner for the stiffness matrix arising from the discretization of fourth order elliptic
problems by high order Argyris elements. A careful selection of the coarse space
and C? vertex functions controlled the condition number growth of the precondi-
tioner system with an asymptotic bound of O(1 + log®p) independent of h. The
preconditioner was also modified to allow for inexact solvers on each of the sub-

spaces, resulting in a more computationally efficient method. The special rapidly



104

decaying functions in will appear in each of the remaining chapters to
play a similar role as in the construction of the C? vertex functions in [Section 3.7

Combining the 1D polynomials in with an appropriate polynomial pre-

serving extension theorem gives the existence of a bivariate polynomials on triangles

interpolating derivatives of a given order with rapid decay in Sobolev norms; see e.g.

[Cemmas 4.5.1], [5.4.3] and [6.9.7]

There are a variety of future research directions regarding preconditioning high
order elements. One is to construct overlapping preconditioners in 2D and 3D for
the high order Argyris elements in the spirit of [95] to obtain h- and p-independent
condition numbers. Another direction is to adopt the techniques in [6, [7] construct
uniform-in-p preconditioner for the mass matrix using the high order Argyris el-
ements, which is useful for time-dependent fourth order problems like the Cahn-
Hilliard equations [36]. In magnetohydrodynamics applications [52], C'! elements are
often used in potential methods, as the main quantity of interest is the gradient or
curl of the solution, even though the PDEs are second order. For these applica-
tions, the results for the preconditioner above do not directly apply, necessitating
additional theory. Finally, one may generalize the methodology in this chapter to

2m™-order elliptic problems discretized by C™ !-conforming elements for m > 3.



CHAPTER FoOur

Mass Conserving Mixed hp-FEM
Approximations to Stokes Flow.

Part I: Uniform Stability
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4.1 Introduction

The Stokes equations on a simply connected polygon 2 with boundary I' = 02

describe incompressible flow dominated by viscous forces [55]:

—vAu+Vp=Ff in €, (4.1.1a)
divu=0 in €, (4.1.1b)
u=20 on T (4.1.1c)

where u = (uy, uy) is the fluid velocity, p the pressure, f the body force, and v > 0
the kinematic viscosity. For simplicity, we assume v is constant and f € LQ(Q). The

weak form of reads as follows: Find (u,p) € H{(Q) x L2(2) such that

a(u,v) + b(v,p) = (f,v) Vv € Hy(Q), (4.1.2a)

b(u,q) =0 Vg € L3(Q), (4.1.2b)

where

a(u,v) :=v(Vu,Vv), b(v,p):=—(divo,p),



107

and L2(€) the (closed) subspace of square integrable functions with vanishing average

value:

13(0) = {q e ) [

qd:l::()}.
Q

We are interested in finding conforming high order polynomial, mixed finite ele-
ment discretizations of |(4.1.2)| where k (rather than the usual choice p) will denote
the polynomial order for the remainder of this thesis, while p denotes the pressure:

Find (wpg, pre) € Vo X Qo such that

a(uhk, ’U) + b('v,phk) = (f, ’U) Vv eV (413&)

b(uhk, q) =0 Vq € Qo, (413b)

where Vi C H{(Q) and Qp C L2(Q2) are spaces of piecewise polynomials of degree

k and k — 1 defined later on a triangulation of €2 denoted by 7.

The construction of finite element subspaces that satisfy exact sequence proper-
ties has received much attention recently; see the review paper [66] and references

therein. One example of an exact sequence [50, [55] is the following:

curl

R ——— H(Q) H'(Q) - 12(Q) —— 0, (4.1.4)

where the rotated gradient operator is defined by curl ¢ = (V¢)* with t+ = (¢,, —t,)

for a vector t € R%. By saying the sequence is exact, we mean that kernel
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of each operator in the sequence equals the range of the preceding operator. For
example, the second inclusion means that if diva = 0 for u € H*(Q), then u can
be written as u = curly for some ¢ € H?(Q). The following sequence, considered

by [50, 55], is also exact and corresponds to homogeneous boundary conditions:

0 —S— H2(Q) —= HY(Q) -2 12(Q) —— 0. (4.1.5)
Observe that the Stokes system involves the spaces H(§2) and L2(€2) which

appear in this sequence.

The exactness of the sequence means, among other things that, since the
velocity w € Hy(Q), then ¢ = divu € L2(). As a consequence, |(4.1.2b)| implies
|| div || = 0 or divu = 0. If the finite element spaces X9 C H3(Q2), Vo and Q) also

form an exact sequence

C curl div

0

> Do >V QO 0. (416)
then the same argument can be carried out at the discrete level to conclude that the
resulting approximation will be pointwise mass conserving, i.e. divup, =0
in Q2. Furthermore, the exactness of the discrete sequence |(4.1.6)|then implies wy;, =

curl ¢, for some ¢y, € Xy. Consequently, since u = curl ¢ for some ¢ € HZ(Q), we

have

lw — vkl g o) = [l curl(¢ — dm)l| 1) < Cllé — dnkll a2
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which shows that the accuracy of the velocity approximation is in fact dictated by

the approximation properties of g in HZ().

In principle, one could ensure the inclusion divVy C )y holds by choosing a
sufficiently large space QQg. However, it is known [29] 31} 55] that the stability and
accuracy of |(4.1.3)| depends on whether the inf-sup condition (also known as the

Babuska-Brezzi condition)

b
sup (v,q)

> B(hk)llgllze Vg€ Qo (4.1.7)
0#£vEV HUHHl(Q)

holds for some [(h,k) > 0. The fact that the inf-sup condition must hold for all
q € Qo means that the space (g cannot be chosen to be too large. Alternatively, one
can satisfy by choosing the velocity space V' sufficiently large, but choosing
V too large may violate the inclusion divVy C @y. As such, the selection of
appropriate pairs for the finite element discretization of Stokes flow involves a delicate
balance between maintaining stability versus preserving the exact sequence
property . Many choices [66] for the pair Vj x Qo are known to satisfy the
inf-sup condition with a constant 5(h, k) independent of h. Such choices are suitable
for h-version FEM where k£ € N is maintained at a constant, fixed, value. However,
it is more often than not the case that 5(h, k) — 0 as k is increased for these spaces
which, at the very least, makes these spaces unattractive for p- or hp-version FEM
in which convergence is sought by raising the polynomial order k. For instance,
the inf-sup constant 3(h, k) appears in the denominator of a priori error estimates,

affects the conditioning of the resulting linear system, and affects the performance
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of preconditioners.

In this chapter, we consider a particular choice of g, Vo, and Qg which satisfies
the exact sequence property , and which was shown in [50] to be uniformly
stable in h, i.e. S(h, k) is independent of h for each given N 3 k > 4. In
we describe sets of degrees of freedom for the spaces and give necessary and sufficient

conditions on the mesh under which the spaces satisfy the exact sequence property

[(4.1.6)l In[Section 4.3 we prove that in fact, 5(h, k) > By > 0 where fy is independent

of both h and k. The main tool is the construction of a continuous right inverse of
the divergence operator on the space )y which is bounded uniformly in of both A
and k. In , we compute the actual values of the inf-sup constant 5(h, k)
on a sequence of meshes. This chapter concludes with auxiliary technical results in
and a discussion on the extension of the results to more general boundary

conditions in Section 4.6l

The current chapter is the first part of a three part series of chapters in which
we study these spaces from the point of view of high order finite element approx-
imation. In |Chapter 5| we establish approximation properties of the spaces which
are optimal in both the mesh size h and the polynomial degree k. In the
we discuss implementation aspects of the method and construct a block diagonal
preconditioner for the indefinite linear system arising from the discrete equations
. In summary, this means that the pair Vo x Qg is (a) pointwise mass con-
serving, (b) uniformly inf-sup stable in both h and k, and (c) gives optimal error

estimates in both h and k. At the time of writing, these seem to be the only choice
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of conforming spaces on triangles shown to satisfy (a)-(c). For instance, although
the Q. X Pj_1 elements for quadrilaterals satisfy (b)-(c) [28], they do not satisfy (a).
The work in [4] considered the Q) x Q) _, elements with continuous pressures; the
resulting spaces again satisfy (b-¢) but not (a). The Py x Py_» triangular element
was shown to satisfy 3(h, k) > Ck=3 [99, 104], which is insufficient to establish (b)-
(¢). The work of [I05] proves the analogue of the Q x Qi 5 element on triangles
satisfies B(h, k) > Ck~'/? which is again insufficient to establish (b)-(c). The Scott-
Vogelius Py X Pr_; elements [100, 113] on meshes with no singular vertices satisfy
(a); however, it was only shown that 5(h,k) > Ck™" for some integer r sufficiently
large, which is again insufficient to establsh (b)-(c). Boillat [30] showed that the
B(h,k) > Ck=2log "2 k for the Taylor-Hood elements and numerical computations
in [29] also suggest that these elements are not uniformly inf-sup stable in k. If one
is willing to relax the H 1(Q)—smoothness requirement of the velocity approximation
to H(div; ), then the H(div;)-conforming scheme of [73] was shown to satisfy

(a)-(c) on triangles.

4.2 Finite Element Spaces

Let 7 be a shape-regular |(3.2.3)| partition of the domain 2 into triangles such that
the nonempty intersection of any two distinct elements from 7T is either a single
common vertex or a single common edge of both elements. We partition the element

vertices V into: (i) V¢ the set of element vertices located at a vertex of the polygonal
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domain €, (ii) Vg the set of remaining element vertices on the domain boundary I'
which are not corner vertices and (iii) V; the set of element vertices in the interior of
domain (2. Similarly, £; the denotes the set of interior edges. Given a vertex a € V,
E. denotes the set of edges having a as an endpoint, and, given an element K € T,

Tx denotes the set of elements sharing a vertex or edge with K € T.

We consider the following finite element spaces for N 3 k& > 4:

Yi={pcCYN): d|lx € Prs1(K) VK € T, ¢ is C* at noncorner vertices},
(4.2.1a)

V ={veC%0) :v|x € Pu(K)VK € T, vis C" at noncorner vertices},
(4.2.1b)

Q:={qc L*Q):qlx € Pr_1(K) VK € T, qis C° at noncorner vertices},
(4.2.1c)

where P(K) = [Pr(K)]>. The spaces ¥, V, and @ are somewhat non-standard
owing to the differing smoothness requirements imposed at corner and noncorner
vertices of the physical domain 2. The space ¥ may be regarded as a modification
of the TUBA finite element space [I1] which requires C? continuity at all vertices
and used in whereas the velocity space V' is more akin to Hermite el-
ements [38, §2] which require C! continuity at all vertices. The pressure space @
resembles discontinuous elements subject to the constraint that functions are contin-
uous at noncorner vertices. We shall give global sets of degrees of freedom for these

nonstandard spaces and conditions under which they form an exact sequence.
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4.2.1 Degrees of Freedom

The following results establish a set of global degrees of freedom for each of the

above spaces |(4.2.1)l For the purpose of counting dimensions, we use the following

notation:
e V :=|V| the total number of vertices in the mesh,
o Vi :=|V/| the number of interior mesh vertices,
e Vg := |Vp| the number of vertices on the boundary of the domain which are

not corners of the domain,

Ve := |Ve| the number of corners of the domain,

E :=|&]| the number of edges in the mesh,

E; = |&;] the number of interior edges in the mesh, and

T := |T| the number of elements.

A special role will be played by the edges attached to vertices a € V¢ located at

the corners of the polygonal domain . Let Eq 1= ) |€al. If no element has

acVco

vertices at two consecutive corners of the domain, then E. is the total number of

edges attached the to corner vertices.
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a N . -

Figure 4.1: Notation for mesh around a corner boundary vertex a € Vo with m =
|€a| — 2 interior edges.

Figure 4.2: Notation for mesh around a noncorner vertex a € V\V¢ with m = |7,|—1.

Lemma 4.2.1. The pressure space () has dimension
1

and is unisolvent with respect to the following set of global degrees of freedom for

q € Q:

(1) One functional value g(a) at each noncorner verter a € V \ Vo = V; U Vp.
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(it) |Eal—1 functional values g;(a), i =0,...,|E|—2, at each corner vertex a € V¢,

with ¢; = q|k, as in|Figure 4.1|

(iti) 5(k —2)(k + 3) interior moment degrees of freedom
/ qrde  Vr € Pp_1(K):r(a) =0, Va € Vg
K

on each element K € T.

Proof. We start with an upper bound for the dimension of (). Let ¢ € ) be given.

For each K € T, the local space Pj_1(K) is unisolvent with respect to the £(k + 1)
local degrees of freedom (illustrated in [Figure 4.4])

q(a) Va € Vi and / qr dx Vr € Pr_1(K) :r(a) =0, Ya € Vk.
K

(4.2.3)

Assume that all of the global degrees of freedom corresponding to ¢ vanish. In
particular, the local degrees of freedom on each element are identically zero,

and, by local unisolvance, ¢|x = 0. Thus, ¢ =0 on 2, and so

k
dimQ <V + (E(k +1)— 3) T+ Ec —2Ve. (4.2.4)

Now assume that values for each of the degrees of freedom described in the

statement of the lemma have been given. For each K € T, define ¢x € Pr_1(K)
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by assigning these given values to the local degrees of freedom ((4.2.3). Then, the
function ¢ defined by the rule ¢|x = qx VK € T is clearly continuous at noncorner

vertices, and so ¢ € (). Thus, holds as an equality. O

Lemma 4.2.2. The velocity space V' has dimension
1
dimV =2 |3V + (k- 3)FE + Q(k —2)(k—1)T+ Ec —2V¢|, (4.2.5)

and is unisolvent with respect to the following set of global degrees of freedom for

veV:

(1) 2 values of v(a) at each vertex a € V.
(11) 4 values of D*v(a), |a| =1, at each noncorner vertez a € V \ Ve.

(111) 2|Eq| tangential derivative values at each corner verter a € Ve:

8t2. v

w(a@), i=1,...,m, Ovo(a), and O,  vm(a),

with v; = v|k,, m = |E| —2, and t; the unit tangent vector of v; € Eq oriented

as wn (frqure 4. 1)

(iv) 2(k — 3) moment degrees of freedom on each edge v € E:

/v -r dS Vr € Pr_a(7). (4.2.6)
ol
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(v) (k—2)(k —1) interior moment degrees of freedom on each element K € T :

/ v-rdr Vr € Pr_s(K).
K

Proof. Let v € V.. For each K € T, the local space Pj(K) may be equipped with
(k +1)(k + 2) local degrees of freedom (illustrated in [Figure 4.4])

D%v(a) Va € Vg, Y|a| <1, /'v crdS  Vr e Piru(y), Vv € €k,
Y

/ v-rde Vr € Pr_s3(K).
K

(4.2.7)

Assume that all of the global degrees corresponding to v vanish. The local degrees of
freedom on each element K € 7T are identically zero, and, by local unisolvance,

v|g =0. Thus, v =0 on 2, and so

1
dimV < 2{3V + (k= 3)E + o (k= 1)(k = 2)T + Ec — 2Vo . (4.2.8)

Now assume that values for each of the degrees of freedom in the statement of
the lemma have been given. For each K € T, define vy € Py (K) by assigning these
given values to the local degrees of freedom . We claim that the function v
defined by the rule v|x = vk on each K € T satisfies v € V. We clearly have
that v is continuous at every vertex and v is C! at every non-corner vertex. Let

E 37 = KnNK' be given, and define Py(v) o w := v|x — v|x on . The degrees
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of freedom (i-iii) ensure that wls, = 0y w|, = 0, while (iv) gives
/'w-rdSzo Vr € Pr_a(7).
.

These 2(k + 1) linearly independent conditions on w mean that w = 0. As a result,

v is globally continuous, and hence v € V. Thus, holds as an equality. [

Lemma 4.2.3. The modified TUBA space ¥ has dimension
1
dm¥X =6V + 2k —-7)E+ 5(1{: = 3)(k—4)T + Ec — 2V, (4.2.9)

and 1s unisolvent with respect to the following set of global degrees of freedom for

¢ e

(1) 3 values of D*¢(a), |a| <1, at each vertex a € V.
(i1) 3 values of D*¢(a), |a| = 2, at each noncorner verter a € V \ Ve.

(117) |Ea| + 1 second derivative values for each corner vertexr a € Vg:

atiti ¢i(a)’ (NS {17 27 s 7m}7 8toto¢0(a’)7 atoh ¢0(a’)7 and 8tm+1tm+1 qu(a),
(4.2.10)

with ¢; := G|k, m := |Ea|—2 and t; the unit tangent vectors of v; € E, oriented
as wn [fagure 4.1,
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(iv) 2k — 7 moments degrees of freedom on each edge v € E:

/gbr ds Vr € Pr_s(y) and /(8n¢>)r ds Vr € Pr_a(y). (4.2.11)
”

5

(v) 3(k —3)(k —4) moments degrees of freedom on each element K € T :

/ ¢r dx Vr € Pr_s(K).
K

Proof. Let ¢ € X. For each K € T, the local space Py, 1(K) may be equipped with

$(k +2)(k + 3) local degrees of freedom (illustrated in [Figure 4.4)

D%¢(a) Va € Vg, V|a| <2, /qf)r dS Vr € Prs(7), Vv € &k,
Y

/(5n¢)r dS  Vr € Pra(v), Vv € &k, / ordx  Vr € Pr_s(K).
K

(4.2.12)

Let ¢ € ¥ and assume all of the global degrees of freedom corresponding to ¢ vanish.
It immediately follows at all of the local degrees of freedom |(4.2.12)[ vanish with the
exception of the values of the local hessians D?¢|x (a) at each corner vertex a € Vc.

Since ¢ € C*(Q), the second derivatives of ¢ satisfy the following conditions:

Ot 0li(@) = Oy, 0)i—1(a), 1<i<m, (4.2.13a)

atini¢ Z(a) = atini¢

i1(a), 1<i<m, (4.2.13b)

where the elements K; € T, are ordered as in [Figure 4.1l Expressing the mixed
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tangential derivatives in terms of the derivatives appearing in |(4.2.13)[ gives the

following set of equivalent, but linearly independent conditions

it 0i(@) = Oy, pi-1(a), 1<i<m,
(4.2.14a)

O (@) (cot ;_1 + cot ei)atitigbé(szl)e._ cse Hi_lati_lti@—l(a)’ <i<m
(4.2.14b)

Starting with K, and using|(4.2.14a)| we have 01, ¢0(@) = Opyt, Po(@) = 01, Po(a) =
0, and so D?¢g(a) = 0. Moving to K; and using |(4.2.14a)l we have 0y, ¢1(a) =
Oty 01(a) = 0. The mixed derivative Oy,4,¢1(a@) also vanishes by |(4.2.14b), and so

D?¢,(a) = 0. We may bootstrap this argument element-by-element to conclude that
D%¢i(a) =0 for 0 <4 < m. As a result, all of the local degrees of freedom |(4.2.12
vanish and so ¢ = 0 on €2. Thus,

1
dim S < 6V + (2k = T)E + 5 (k= 3)(k = )T + Ec —2Ve (4.2.15)

Now assume that values for each of the degrees of freedom in the statement of the
lemma have been given. For each K € T, define ¢px € Pyy1(K) by assigning these
given values to the local degrees of freedom using the relations |(4.2.14)| to
assign the second order derivatives at corner vertices. We claim that the function ¢
defined by the rule ¢|x = ¢ on each K € T satisfies ¢ € ¥. We clearly have that

¢ is C' at every vertex and ¢ is C? at every non-corner vertex. Let £ 3 v = KN K’
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be given, and define Pyy1(y) 3 ¥ = ¢|x — ¢|x» and Pr(7y) > p := Op, bl — On, | &’
on . The degrees of freedom (i-iii) and the equivalence between relations |(4.2.13)

and |(4.2.14)| ensure that ag’ww\av =0for 0 <j <2and 87f7,0|aV =0for0 <1<,

while (iv) gives
/1/17" dS=0  VrePy_s(y) and /ps dS=0 Vs e Pr_u(y).
gl gl

These k + 2 linearly independent conditions on ¢ and k£ + 1 linearly independent

conditions on p mean that ¢ = p = 0. As a result, ¢ is globally C*, and hence
¢ € X. Thus, [(4.2.15)| holds as an equality. [

Ko

(a)

Figure 4.3: Types of singular corner vertices

|[Lemmas 4.2.1|to [4.2.3| characterize the global FEM spaces ), V', and . The cor-

responding spaces satisfying homogeneous essential boundary conditions are defined

by:

Yo:=YNH}Q), Vo:=VNHQ), and Qp:=QnN L), (4.2.16)

and are identical to the corresponding spaces proposed in [50]. However, it is worth
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noting that the spaces without boundary conditions differ from these considered in
[50]. In order to count the dimension of the modified TUBA space, we recall the
notion of a singular corner vertezr, as defined in [83, 100, 113]. A corner vertex
a € V¢ is singular if all element edges meeting at a fall on two straight lines, or,
equally well, if 6; + ;.1 = 7 for 0 < i < |T,| — 2, using the notation in
otherwise, the a is nonsingular. The two cases are illustrated in . Let V5
denote the set of singular corner vertices with V7 := [V5|. It is now a simple matter

to count the dimensions of the spaces |(4.2.16)f

Lemma 4.2.4. The dimension of the boundary condition spaces is as follows:

1
dim Qo = dimQ — 1=V + (k= 2)(k +3)T — 1 + Ec — 2V (4.2.17)
1
dim Vi = 2 (31/, + (k= 3)E; + (k= 1)(k = 2)T + V5 + Ec — 2VC) o (4.2.18)

1
dim Yo = 6V; + (2k = T)Ey + 5 (k = 4)(k = 3)T + Vi + Ec — 3V + VE. (4.2.19)

Proof. |(4.2.17)| follows on noting that the single constraint is that [, ¢ de = 0 for

q € Qo.

Now let v € V. Clearly all of the edge moments must vanish for boundary
edges. Moreover, at noncorner boundary vertices a € Vg, d;v(a) = 0, while 0,v(a)
is unconstrained, where ¢ and 7 are the unit tangent and normal vectors on I' at

a. For corner vertices @ € V¢, v(a) = 0 and 0,,vo(a) = 0,,,,,vm(a) = 0 using

the notation in [Figure 4.1} Thus, |E,| — 2 degrees of freedom are unconstrained per
corner vertex. [(4.2.18)| immediately follows.
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Let ¢ € Xy. Then, on each boundary edge v, ¢ = 0,¢ = 0, and so all moment
degrees of freedom on ~y must vanish. For a noncorner boundary vertex a,
d(a) = Oyp(a) = d,9(a) = dyd(a) = dmp(a) = 0 where t and 7 are the unit tangent
and normal vectors along the boundary I' at a. The only unconstrained vertex

degree of freedom is O, ¢(a). For a corner vertex a € Vg, there holds ¢(a) = 0, and

V¢(a) = 0. Using the notation in [Figure 4.1) and [Lemma 4.2.3]

0= atoto¢0(a) = atm+ltm+1¢m(a)7
0 = (Brtg@0(@)bo + Drymodo(@)70) - T = Dyyr, o (a),

0= (atm+1tm+1¢m(a’)im+1 + atm+lnm+1 qu(a’)ﬁ’m-&-l) ’ im = atmtm+1¢m(a’)7

where m = |&,| — 2. By summing |(4.2.14b)| over i € {1,...,m}, we rewrite the last
constraint in terms of the the degrees of freedom |(4.2.10);

0= i(-l)z[COt 01‘_1 + cot Qz]atltngl(a) (4220)

i=1

Since cotf;_1 + cot#; = 0 for all 1 < ¢ < m if and only if 6, 1 + 0, = 7 for
all 1 < i < m, the constraint |(4.2.20)| is automatically satisfied if a € Vg but is

nontrivial for @ € Vo \ V2. Thus, there are 3 constraints for every a € V2 and 4

constraints for every a € Vg \ V5. [(4.2.19)| follows immediately. ]

Observe that, contrary to the usual practice, we have chosen to define the spaces
directly in terms of global degrees of freedom since the degrees of freedom at element

vertices differ according to the location of the vertex relative to the boundary of
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the (global) domain . Nevertheless, one could also work with the local degrees
of freedom for the finite element spaces as illustrated in [Figure 4.4 In fact, one
can [50] construct global finite element spaces by piecing together the elements in
in the usual way [38, §2], where the resulting spaces have the same degree
of continuity at every vertex. However, if the corresponding homogeneous spaces
were to be defined by taking the intersections with the spaces H2(2), H(2), and
L%(9), similarly to , then the exact sequence property would not hold since
the divergence of the velocity space is a proper subset of the pressure space. Further

details will be found in [50} §3.2].

7 A A

(b) V (c) @

Figure 4.4: Local degrees of freedom for the finite element spaces in the case k = 5.

4.2.2 Exact Sequence Properties

We now establish necessary and sufficient conditions under which the spaces defined

above give exact sequences. The unconstrained case is simple.
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Lemma 4.2.5. The following sequence is exact:

div

R SN 3 curl 1%

~

O
~
o

(4.2.21)

Proof. The inclusions curlX C V, divV C @, and curl¥ C Kerdiv follow by
definition. Here, we consider div as a linear operator V' — (). Moreover, curl ¢ = 0

if and only if ¢ € R and so dimcurl> = dim 3 — 1. Using the dimension counts

[(4.2.2) |(4.2.5)| and [(4.2.9)| and the relation V + T — E = 1 reveals that

dmY +dim@Q =dimV +V +T - EF=dimV + 1.

Moreover, by the rank-nullity theorem, we have

dimV = dimImdiv + dim Kerdiv > dim @) + dim>» — 1 =dim V,

and so Imdiv = @ and Kerdiv = curl ¥. Thus, the sequence |(4.2.21)|is exact. [

deals with the unconstrained spaces. However, the situation regard-
ing the spaces with homogeneous boundary conditions is less straightforward. An

indication of the difficulties is provided by noting that (using the same arguments as

in [Lemma 4.2.5|) the sequence

Qo 0. (4.2.22)
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is exact if and only if

Using |Lemma 4.2.4] gives

dim Yy +dimQy —dim Vo=V - Vg - Vo — E;+T -1+ V2

and then, since E;=F -V +V;=FE—-Vg—Voand V+T — E =1, we arrive at

dim ¥y + dim Qy — dim V§ = V3. (4.2.24)

In view of [(4.2.23)| and |(4.2.24)| the sequence |(4.2.22)|is exact if and only if

Ve =0. (4.2.25)

The condition V7 = 0 appears in the stability of the Taylor Hood elements [30].
Condition means that there are at least two elements attached to every
corner vertex of the polygonal domain €2, and if @ € V¢ coincides with a re-entrant
corner of the domain and |7,| = 3, then the elements are not configured as in

[Figure 4.3b] A mesh 7 having this property is said to be corner-split. The above

discussion leads to the following result:
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Theorem 4.2.6. The sequence

curl div

20 > Vo Qo > 0

1s exact if and only if the mesh is corner-split.

In light of [T'heorem 4.2.6, we will henceforth assume the mesh T is corner-split.

4.3 Uniform Stability of Elements

One of the main results of [50] is that the pair V5 x Q) satisfies the inf-sup condition
[(4.1.7)| with a constant uniformly bounded below in h for each fixed polynomial degree
k € N [50, Lemma 3.3]. However, if one wishes to use high order approximation
schemes, such as the p-version of the finite element method, then one would like to
understand the dependence of the inf-sup constant (h, k) on the polynomial order
k. For instance the bound f(h, k) > Ck™" for some r > 7 follows from [113| Lemma
2.5, which (if this estimate were to be sharp) would mean that the stability of the
associated mixed scheme is rather sensitive to the order k. In particular, it would
lead to an a priori error bound for the scheme which is suboptimal by at least r > 7

orders in k.

Our main theorem establishes that, in fact, S(h, k) is bounded below indepen-
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dently of the polynomial order. An important quantity that appears in the stability

estimates is the following measure of how close a corner vertex is to being singular:

£(a) := max |sin(6; +6;11)], a <€ Ve, (4.3.1)

0<i<|Tal-2

using the notation in [Figure 4.1} In particular, if a is a singular vertex, then £(a) = 0.

Likewise, the quantity

£(T) = min &(a) (43.2)

acV¢o

measures how close the mesh is to containing singular corner nodes. Note that on
a corner-split mesh, {(a) > 0 for all @ € V¢ since there exists at least one pair of
consecutive angles satisfying 6; + 6;,1 # 7. The key result, proved at the end of this

section, reads as follows:

Theorem 4.3.1. If the mesh T is corner-split, then for every q € Q) there exists

v €V with
divo=¢q in$ and o]y < CET) a2, (4.3.3)

where C' is independent of k, h, and q. Moreover, if ¢ € QQo, then there exists v € Vg

satisfying |(4.3.3)|

[[heorem 4.3.1] shows that there exists a right inverse of the divergence operator

on the space ) whose continuity is independent of both A and k. An immediate
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consequence of [['heorem 4.3.1]is the following uniform bound on the discrete inf-sup

condition for the associated mixed scheme:

Corollary 4.3.2. If the mesh T is corner-split, then the spaces V' x QQ and V¢ X Qq
are uniformly inf-sup stable in h and k. That is, there exist positive constants 5 > 0

and By > 0 independent of both h and k such that

b(v,
sup 2D S e (T lglee Ve €O, (4.3.4a)
ozvev |[V]| 10
b(v,
sup b(©, 90). > Boé(T)llqoll 2 Vgo € Qo. (4.3.4b)

0#veV) ||”||H1(Q)

Proof. Let q € @Q (respectively ¢ € Qp). By [Theorem 4.3.1] there exists u € V

(respectively w € V) such that divu = —¢ in Q and ||u|| g1 () < C|lql|z2(). Hence,

2
Hwo) _ Ml , 6D,

||u||H1(Q) N ||u||H1(Q)

and follows after taking the supremum over v € V' (respectively v € V). O

Remark 4.3.3. [Corollary 4.3.2] fails to hold for the spaces V§ x Qg on meshes which

are not corner-split. For example, consider the case where the domain is a triangle

) = K (see [Figure 4.5a)) where the mesh 7 consists of a single element K. In this
case, Vo = Pr(K)N Hy(K) and, in particular, the divergence of a function v € V|
automatically vanishes at the vertices of K. This means that the image of Vj under

the divergence operator is a strict proper subset of Qy:

divVo C {g € Pt (K)NLAK) : qla) =0 Va € Vi } S Qo
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since the value of ¢ € )y at corner vertices ¢(a), a € Vi, need not necessarily vanish.

Thus, the orthogonal complement

(divVo)t ={q€ Qo: (¢,dive) =0 Vv € Vi}

is nonempty. In particular, there exists a nonzero ¢ € (divVy)*, b(v,q) = 0 Vo €

V, and so the inf-sup constant for the spaces Vi x Qg is identically zero for all k.

4.3.1 Right Inverse of the Divergence Operator on a Single
Element

Figure 4.5: Scheme for (a) general triangle K and (b) reference triangle T'.

Let K € T be labeled as in with diameter hx and define local finite
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element spaces as follows:

Vo(K) = Pu(K) N Hy(K)

Qo(K) :={q € Proa(K)N LK) : q(a) =0, a € Vi }.

The following analog of [T'heorem 4.3.1| holds in the case of a single element:

Theorem 4.3.4. Let g € Qo(K). Then, there exists v € Vo(K) satisfying divv = ¢
i K, and

h;<1||v||L2(K) + |'U|H1(K) < Clla|| L2k, (4.3.5)

where C' is independent of k, hx, and q.

The proof of [Theorem 4.3.4]is postponed until later in this section. However, an

immediate consequence of [['heorem 4.3.4]is the following analogue of [Corollary 4.3.2;

Corollary 4.3.5. The spaces Vo(K) x Qo(K) are uniformly inf-sup stable in k: For
all ¢ € Qo(K),

b
sup (v, q)

> Bollgll 2 (x) (4.3.6)
0£veV o (K) ||'U||H1(K)

where By is independent of k, hx, and q.

In order to prove [I'heorem 4.3.4] we need the following result concerning the ex-

tension of certain polynomial vector fields on a reference element 7 (see [Figure 4.5b)):
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Lemma 4.3.6. Let u € Py(T) : divu € Qo(T). Then, there exists 1 € Pyr(T)

such that

curl|pp = ulpp  and [Vl ) < Cllull g,

where C' is independent of k and w.

Proof. The condition curle|y; = |,z holds provided ¢ = f and 9,1 = g on oT,

where f and ¢ are defined by

f(t) = /Otu -n dS and  g(t) = —u(t) - t,

and ¢ is a parametrization of 97". These functions satisfy the following compatibility

conditions:
L. Since [,zu-n dS = [;divu de = 0 by hypothesis, f is continuous on orT.

2. Since §,f = u -~ on T, we have

AL A

u=(u-t)t+ (u-n)n=0,fi—gt ondT.

Hence 8, fn — gt is continuous at the element vertices since u € Py(T).
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3. Let f; and g; denote the restrictions of f and g to 4;. From 2. we have

[attfi-l—l(di)ii—&-l‘I'atgz‘—f—l(di)/ﬁ'i—i-l}' it2 = 0y, u (@) - tio = = Opp w(@;) - Migo
(4.3.7)

and similarly,
[attfi+2(di)ii+2 +atgz‘+2(&i)ﬁi+2] tiy1 = Oy ,u(a;) - Mg (4.3.8)
Since n; 11 and n;, o are linearly independent, we may write
U = Qip1Miy1 + Q2T

where the scalars a1, ;1o can be determined by taking dot products with #;,; an

ti10, and simplifying to arrive at
u = (iz‘+1 “Rpg) ! [(U : ii+1)ﬁ'i+2 —(uw- ii+2)lﬁ'i+1)} :
Thus, we have the identity
U Ry — Oyt Ryp | (4.3.9)

diva = (fi41 - Riga) ™! [atm

and recalling that divu € Qo(T), so that divu(a;) = 0, we have

8tz+1 ( ) ’ 'f"i+2 atz+2 ( ) : ’ICLZ'_H =0,
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which combined with |(4.3.7)] and |(4.3.8)| means that the compatibility condition

[5ttfi+1(di)ii+1 + 5tgi+1(flz‘)ﬁi+1] o = [attfi+2(di>ii+2 + at9i+2(flz‘)ﬁz‘+2] i

is satisfied.

Since f and g enjoy the above properties, [Corollary 2.2.3| shows that there exists

a polynomial ¢ € PkH(T) satisfying ¢ = f and 9,% = ¢g on 97 and, in addition,
12y < © (11l 2oy + 1005 = Gl oo ) -
Noting that 8,ff — gt = w on &7 and applying the trace theorem then gives

[l g2y < € <HU 1| 207 + ’\U||H1/2(3T)) < Ollufl gy

and the result follows. O

A result similar to [Lemma 4.3.6|is proved in [73, Theorem 3.1], but the extension

constructed therein need not satisfy the condition curley -t = w - £ on 6T, and, as

such, is unsuitable for our current purposes. We now prove [I'heorem 4.3.4|

Proof of|Theorem /4.3.4]. We start with the case where K is the reference element T
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(see |Figure 4.5b)). Let g € QO(T) be given and define
w(e) =~ [ 0L, dy. weT,
T

where 0 € CF (T) is any smooth function with compact support on T satisfying

J70 de =1, and L, : Pr_1(T) — P(T) is the Poincaré operator defined by

~

1
Lo)@) = (@) [ taly+t@-y)dt et
0
By [39, Corollary 3.4]

Clearly L,(q) is a polynomial of degree k in  and, as a result, vy € VIS(T), divog €

Qk(T) and, thanks to [Lemma 4.3.6] there exists ¢ € Pj41(T) such that

curl|pp =vo  and  [[Y][ g2y < Cllvollgr 7y < Cligllp2ery-

Let v := vy — curlyy € Py(T). Then, dive = divey = ¢ and vy = (vy —

~

curl )|, = 0 so that v € Vo(T'), and

1ol ey < Cllvolla ) + 1912y < Cllall ez

which completes the proof in the case of the reference element.
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We extend the result to a general triangle K via the Piola transformation as
follows. Let Fx : T — K be an affine, invertible, transformation such that F (T =
K and define G : T — R by ¢ := |DF i |qo Fxc where | DF | denotes the determinant

of the Jacobian of F. Then, § € Qo(T), G/l 27y < Chicllgllr2x), and (as above)

A

there exists v € V(1) satistying
divo=¢ and |0z < Clldll 2z

Now, let v := |DF|™' (DF k) o F' be the Piola transform [29, p.59-60] of @ so

that
vl L2k < CH@HL2(T)7 0]y < Chl_(1|lb|H1(T)7
and divv = |DF k| ' divo = |[DFk|7'¢ = q. Then,
hic 1l 2y + [0l gy < Ch}l”@”m(cﬁ) < Ch;HQAHm(T) < Cllqll 2 k)

which gives the result claimed. ]

4.3.2 Extension to a Corner-Split Mesh

The next step towards proving [I'heorem 4.3.1]is to extend the single element result

[Theorem 4.3.4] to a corner-split mesh. We begin with an auxiliary lemma which
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establishes the existence of a polynomial from V' with certain properties. The idea
stems from a similar construction used in the proof of [50, Lemma 3.1 and Lemma
3.3]; the construction presented below, while more intricate than the one presented

in [50], is shown to be uniformly bounded in the polynomial degree k:

Lemma 4.3.7. Suppose that T is corner-split and let ¢ € Q. Then, there exists

v, € V satisfying

divog(a) = q(a) Va €V, (4.3.11a)

/ divv, dx :/ q dz VK €T, (4.3.11b)
K K

[vnll ) < CE(T) " Nlallz2o, (4.3.11c)

where £(T) is defined in|(4.3.2), and C' is independent of q, h and k. Moreover, if
q € Qo, then there exists v, € V satisfying |[(4.3.11)|.

Proof. Let ¢ € Q. Then there exists w € H'(Q) such that divw = ¢ and
|wllgr ) < Cllgllr2@). For instance, w may be constructed by extending ¢ by
zero to a ball Bg D (), for R sufficiently large, and taking w = Vi where ¢ €
H?(Bgr)N H}(Bg) is the unique H}(Bg) solution to Ay = q as in [12, §1]. If ¢ € Qo,

then we instead take w € H(Q) [55, Corollary 2.4].

Let wj be a continuous and piecewise linear function on the mesh 7T satisfying
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the conditions:

lwill g @) < Cllwll gy, (4.3.12a)

_ —1/2
B lw = wall 2y + b lw — will 2oy < Cllwllgriryy VK €T, (4.3.12D)

where C'is independent of hx and w. In addition, if ¢ € Qy, so that w € H{(R), then
we require wy, € H é(Q) Various choices for wy, are possible, e.g. the Scott-Zhang

interpolant [I01] of w.

Let 9 € V', be given by [Theorem 4.5.3| and define vy € V* :={v € V :v|x €

P4(Q) VK € T} by assigning the following values to the degrees of freedom for the

space V* listed in [Lemma 4.2.2}

vy(a) = wy(a) Va eV, (4.3.13a)
Duvy|x(a) =0 Va e Vg, VK €T, (4.3.13b)
/v4~rdS:/(w—1p)~rdS Vr € Po(y), Vy €€, (4.3.13¢)
v v
/ v4-rdw:/(w—¢)-rdw Vr € Pi(K), VK € T. (4.3.13d)
K K

Now, we take vj, := v4 + .

Observe that by |(4.3.13b) and |(4.5.18b), divwvy(a) = divep(a) = g(a), and thus,
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vy, satisfies [(4.3.11a)l Furthermore, thanks to|(4.3.13c)),

/divvhdm:Z/vh-mdszZ/w-mdsz/divwdm:/qdm
K vegy I K K

ve€x v

for all K € T. Moreover, if ¢ € Qp, then w and w,, € H}(Q) and hence v, € V.

It remains to establish continuity [(4.3.11c)l Now, let z := vy — wy,. Let K € T

and 2 = z o F'x. The degrees of freedom

D°%(a), Va € Vs, |a] <1, /z rdS  VrePo(d), V4 €&
v

/é-rdm vr € Py(T),
7

are unisolvent on P4(T"), and thanks to the equivalence of norms on P4(T"), there

holds
2 2
Hé”iﬂ(f) ~ Z [Vz(a)l* + Z sup /2 -r dS| +| sup /2 -rde|
acV FEE re'PO('AV) bl T‘G'P1(T) T
5 r “r||L2(’V):1 H""'LZ(fv):l

where we used that % vanishes at the vertices of T'. Applying standard scaling

arguments, we bound the vertex contribution using [0, Lemma 6.1] applied to Vz:

Y V@) = Y [V(wy o Fr)(@)]® < Clwy o Filip g < Cllwnll3 e,

aEVT GGVT

where C' is independent of k because wy, is a fixed degree polynomial. Similarly, we
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use edge the degrees of freedom |(4.3.13c)|to bound the edge contribution:

2 2
sup /2-rd5’ SCh;{ZZ sup /z-rdS

by rePo(¥) o £ rePo(v) Jvy

YD ) 5y =1 TSR 2 0y =1

:C’hl}lz suppy) [y(w—wh—@b)-rdS’

rePo(
vEEK Il L2,y =1
<Ot 3 (Ilw = walleg, + 19122))

vEEK

< C (i = wall2ago) + ET) 2 allEacry) )

where we used the trace theorem with scaling

BRIy < C (M2 300, + 190

and |(4.5.18¢)| in the final line. The interior contribution may be controlled using

analogous arguments:

2

o [ v da| < On2 (Joo— il + 1913a0)
reP1(T) T

H"'”L?(T):l

Collecting results and using |(4.3.12b)| and |(4.5.18¢)|, we arrive at

h22 3 ) + 1210 ey < € (Jwnlldp ey + 10l ey + €T NaliEacry ) -
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By the triangle inequality, |(4.3.12a)} and |(4.5.18c)]

[y < C 3 (lonlgsae + 1010 ey + ET) 2l
KeT

< C (ol o) + €Tl -

4.3.11c)[ now follows since [|w| g1 q) < Cllgllz2)- O

Finally, we are in a position to provide the proof of the main result:

Proof of [Theorem 4.3.1. Let ¢ € Q and let v, € V, with v, € Vi if ¢ € Qq, be

chosen as in [Lemma 4.3.7. Define r := ¢ — divw, so that, thanks to properties
(4.3.11)]

e 1 vanishes at all the vertices:

r(a) =q(a) —divoy(a) =0  Va e V. (4.3.14)

e r has zero mean on each element:

/ r dr = / (¢q—divo,)de=0 VK eT. (4.3.15)
K K
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e there exists a constant C' independent of h and k such that

7]l 20y < CE(T) Hlgll2@)- (4.3.16)

In view of|(4.3.14)land |(4.3.15)|, we may apply the single element result|Theorem 4.3.4|

on each element separately to give vy € Vo(K), K € T, satisfying

divog =7r|g and  |lvgllg ) < Clirllze, (4.3.17)

where C' is independent of h and k. Define v € V' by the rule

v|lg = v, +vg VK €T.

When q € Qq, v, € Vi, and so v € V5. On each element K € T, we have

dive = divwyy, + divvg = divey, + ¢ — dive, = ¢,

and combining |(4.3.11)} |(4.3.16)| and [(4.3.17)| gives

HUH%P(Q) <C <thHiﬂ(Q) + Z HUKH%Il(K)> < C&(T)72HQH%2(Q):

KeT

which completes the proof. [
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4.4 Evaluation of Inf-Sup Constant
In this section, we explicitly compute the values of the inf-sup constant g for the

reference element spaces V(1) x Qo(T), which played a crucial role in constructing

a right-continuous inverse of the divergence operator on a mesh in [Section 4.3, and

for the multi-element spaces Vo x Qg on a typical corner-split mesh. [Corollaries 4.3.2|

and assert that in both cases 8 > g, By is independent of h and k. The inf-sup
constant 3 is given by the square root of the smallest eigenvalue of the following

generalized eigenvalue problem:

BA'BTp = \Cp,

where

AZJ = (v¢%7 vé])’ B]l - b(¢la 7VZ)])7 C1lm = (1/}l7 ¢m)7

and {®;} and {¢;} are bases for the velocity and pressure spaces. Let 2 = [0, 1]?

to be the unit square (0,1) x (0,1) with the triangulation 7 shown in [Figure 4.6a|
displays the computed values of § for 4 < k < 20. As expected, (3 is

uniformly bounded below as the polynomial degree is increased. We then perform
uniform refinements of the mesh 7 by subdividing each triangle into four congruent

subtriangles and compare the inf-sup constants for polynomial order £ = 4,6,8 in

[Figure 4.7 Again, § does not decay as the mesh is refined.
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Figure 4.6: (a) Domain  with mesh 7" and (b) inf-sup constants for the spaces
Vo(T) x Qo(T') and V5 x Qo. Notice that 5 does not decay as k grows as predicted

by |Corollaries 4.3.2 and

4.5 Auxiliary Technical Results

Given ¢ € (), we want to construct an interpolant ¢ € V satisfying

div |k (a) = q|k(a) Va e Vg, VK €T, (4.5.1a)

H'lp”Hl(Q) < Cllgllz2 (4.5.1b)

where C' is independent of h, k, and ¢g. It suffices to construct ¥, € V, a € V,

satisfying

supp ¥, C Ta, P,(b) =0 VbeV,

Dy, (b) =0 vbeV\{a}, divep,|k(a) = qlk(a) VK € Ta,
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Figure 4.7: Values of the inf-sup constant § for k£ = 4,6, 8 on uniform refinements of

the mesh in .

and

h1_<1‘|¢a”L2(K) + Vol ) < Cllallzzcr) VK € Ta,

where C' is independent of h, k, and ¢, since then the function ¥ := > |, v, satisfies

@)

We begin with a lemma concerning the existence of vertex functions that inter-
polate derivatives and possess appropriate decay properties in the polynomial order

k:

Lemma 4.5.1. Let K € T, a € Vi, and Fy : T — K an invertible affine transfor-

mation be given. For every k > 3 and pair of linearly independent unit vectors fu,,
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L2, there exist gzﬁﬁz € Pu(K), i = 1,2, such that

¢hi(b) =0 Vb € V., (4.5.2a)

Oy, 01 (b) = 6;50ab Vbe Vg, j=1,2, (4.5.2b)
Failra = 0, (4.5.2¢)

165 o Fcll iy < Ck 2|y - i | I DF k|| oo 7y (4.5.2d)

where 4 € Ei 15 the edge opposite verter a, and C' is independent of K, a, Fk, [,

o, and k. Moreover, if fi, = iiw where a is a vertex of v € Ek, then
¢h2], = 0. (4.5.3)
Simalarly, if g, = j:iaY where a is a vertex of v € Ek, then
¢h ], = 0. (4.5.4)
Proof. By there exists Fj, € Pj(I) such that
F(=1) = F() = F1) =0, F(-1)=1 ad [|[Flupam<Ch™,

where I = (—1,1) and C' is independent of k. By interpolation, and the inverse es-

timate || F} || 2y < Ck?||Fyll12(r) [25, Corollary 3.4], we obtain the following HS({Q(I)
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bound for Fj:
L2(I) H(I)

1/2 1/2 _
1B a2y < ClIER R FlME < Ck2. (4.5.5)

Define the function f € L2(8T), where 7' is the reference element in Figure 4.5h|, by

A(s) = fals) =0, fy(s) = 22l g, ( 23 _ 1) |

where f; = f|5, and s is the arc length parametrization of 4; oriented as in|Figure 4.5b

1 <7 < 3. Since f is continuous at the vertices a;, 1 < j < 3, [13, Theorem 7.4]

asserts the existence of (bl € Pi(T) such that

10 10
Nop = and (65l iy < CllF oo

with C' independent of k. Using that f; € HééQ(’yi) and |(4.5.5), we have
3
1 2oy < CZ; 1fill ey < ClERl sz < CF 2,

Using similar arguments, we construct q3§°’” e P(T) satisfying

(0,1 0,1 (0,1 92| 2s
B0 s, = V)5, =0, %WM$=~—H( A)
2 |72|

and ||ng5§01 g7y < Ck™2. Thus, for |af = 1,

16511 11 7y + KN DS N 2oy < CE2, (4.5.6)
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and it is simple to verify that for 1 < j < 3, there holds
DP¢%(ay) = 615005 VB < 1. (4.5.7)

Analogous arguments give the existence of qgf‘ € Pk(T), i = 2,3, |a| = 1 satisfying

[(4.5.6) and [[4.5.7)| with “1” replaced by “i".

We define
Al _ A(lvo) —1
o ! ¢; o Fi
| = {ﬂl ,;,,2} DFj on ol (4.5.8)
¢a” ¢; o Fi

where a = Fi(a;). A straightforward computation shows that (bf{’, 1 = 1,2, satisfy

[(4.5.2a)| to [(4.5.2¢c)| |(4.5.2d)| follows easily from |(4.5.6)| and |(4.5.8)| on noting that

—1
[

where || - ||2 is the induced 2-norm.

S \/§|ﬂ’1 . ,:l’é_|_17
2

We now examine gbgih for v € £k with a a vertex of 4. On parameterizing v by

t € [-1,1] so that ¢t = —1 corresponds to a, we see that

il (1) o< Fi(8), (4.5.9)

thanks to |(4.5.8)| and the construction of {¢¢}. If fi; = =+t,, then |(4.5.3)| follows
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from |(4.5.9)[ and the condition 3t7q5g2(a) =0. |Equation (4.5.4)| follows from similar

arguments. ]

The next step is to construct a piecewise polynomial that is locally supported

and interpolates the divergence at a single vertex:

Lemma 4.5.2. Suppose that T is corner-split. Let g € QQ, k > 4. For each a € V,

there exists 1, € Vo satisfying the following properties:

supp Yo |rr C Tas (4.5.10a)
P,(b) =0 Vb eV, (4.5.10b)
Dy, (b) =0 VbeV\{a}, (4.5.10c)

and for K € Tq, there holds

divtpe|x(a) = q|x(a) (4.5.11a)

hl_(ll"l:baHLQ(K) + Yol mr ) < CE(T) Ml ez, (4.5.11Db)

where £(T) is defined in and C' depends only on Q and the shape reqularity

parameter.

Proof. Let ¢ € Q and a € V be given. (a) Assume first that a € V;. Let ¢&, ¢& €

Pr(K) be given by [Lemma 4.5.1| with @i, = &1, f1, = €2, where {é;, €5} is the

standard basis for R?. Define 1, by assigning derivative values d,%,(a) - &5 =
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%CI(G) [4531@1 + ¢32é2} on K € Tg,
Yo = (4.5.12)

0 otherwise.

By [(4.5.2b)]

divep,|x(a) = 0,07 (a) + 0,05’ (a) = qa) VK €T,

and so 1, satisfies [(4.5.11a)| Additionally, |(4.5.2a)| to |(4.5.2¢)|, |(4.5.3)[ and |(4.5.4)|
means that ¥, € V and satisfies |(4.5.10a)| to |(4.5.10¢)|

We now show that 1, given by ((4.5.12)[depends continuously on ¢|(4.5.11b)| Let
K € T, and define ¢, = 1, o F. By|(4.5.2d

[all iy < Cla(@)l Y 1165 © Frcllgr gy < Ck 2 DF i || oy la(@)].

7=12

By [0, Lemma 6.1], there holds

k2lalx(a)] = k7%|(qlx o Fi)(a)] < Cllgo Fill oy < Chig'lallreae) VK € Ta,

where @ := F}'(a). By shape regularity, |DF k| ooy < Chi, and thus,

hl_(1||¢a||L2(K) + |17ba|H1(K) < CI|¢a”H1(T) < C||Q||L2(K)7
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with C' independent of k and hg. |[Equation (4.5.11b)| now follows on noting that
0<&(T) <1

(b) Now consider the case a € Vp. Let ¢7, ¢i € Pr(K) be given by |Lemma 4.5.1
with ft;, = n, f1, = t the unit outward normal and unit tangent vectors to I' at a.

A

Define 1), by assigning derivative values 9;¢,(a) = 0 and 0,9, (a) = g(a)n:

q(a)p™n on K € Tq,
Yo = (4.5.13)

0 otherwise.

By |(4.5.2b)]

divp,|x(a) = Obal(a) -t + 0utpalk(a) - 1 = q(a)0,07 (@) = q(a),

and so v, satisfies |(4.5.11a)l The remaining properties |(4.5.10a)| to |(4.5.10c)| and

(4.5.11b)| follow similar arguments to the previous case on noting that ¥,|r = 0 by
the choice fi, = t and

(c) Finally, consider the case @ € V. Orient the elements as in [Figure 4.1 and
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let a; = q|k,(a), 0 <i < m:=|T,| — 1. We define the vectors {d;}"5! as follows:

dy = dyy =0, (4.5.14a)
di = (i1 —di_y - i)t 1<i<s—1,
(4.5.14D)
di = (0 — diyy -t s+1<i<m,
(4.5.14c)
d. — sinf,a5 + dgy1 - g, (sinfs_1)as_ 1 —ds_q - Mg, (4.5.14d)

_ t
Sin(95_1 + 93) a1t (Sin(es—l) + ‘95) T

where s := arg max, .;,,, ; |sin(6;_, +0;)|. Since T is corner-split, d,, and thus {d,},

are well-defined. A simple computation reveals that

q Ki(a) = (Q; = CSC QZ [dz : ’fli+1 - di+1 : ﬁz] s 0 S l S m, (4515)

with the estimate
|di| < C&(a)™ ) alx.(a)], (4.5.16)
i=0

where £(a) is defined in |(4.3.1)

For each K; € T,, let gbf’;’, iéﬁ“ € Pr(K;) be given by |[Lemma 4.5.1| with i, = t;.
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ft, = ti;1. Define 9, by assigning tangential derivative values 9,4, |k, (a) = d;:

qbg’dz + ¢2+1di+1 on KZ - 7:1,
P, = (4.5.17)

0 otherwise,

where. By construction, 0y,%,|k,(a) = d;, and so ¥, satisfies |(4.5.11a)| by the

identity ((4.3.9)| and [(4.5.15), Additionally, |(4.5.2a)| to [(4.5.2¢) [(4.5.3)| and |(4.5.4)|
means that ¢, € V and satisfies |(4.5.10a)| to [(4.5.10c). Since dy = d,,+1 = O,

1, = 0 on I' by properties |(4.5.3)} |(4.5.4)[ and |(4.5.10a), and so ¢, € V.

Finally, we show that 1, given by |(4.5.17)| depends continuously on ¢|(4.5.11b)|
Let K € T,. Using the estimate |(4.5.16)| and arguing similarly as above, we obtain

i 1Wall 20 + Walt ) < CE(@)2hic Y il llallaqc,y,
1=0

where we used shape regularity to uniformly bound |i,~ . ijﬂrl = cscf;. Again

using shape regularity, hy, & hr and so |(4.5.11b)| follows on noting that {(a)™! <
&)~ O

We now obtain the existence of the interpolant 1 summing the individual vertex

contributions ,,:

Theorem 4.5.3. Suppose that T is corner-split and let q € Q, k > 4. The function
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Y € V defined by the rule

VY= 1,

acy

where ¥, are given in[Lemma 4.5.9, satisfies the following properties:

P(a)=0 Va eV, (4.5.184a)
divep|k(a) = ¢|k(a) Va € Vg, KT, (4.5.18b)
W N2y + 1150 1) < CET) Pllallzeimy VK ET, (4.5.18¢)

where £(T) is defined in and C' is independent of h, k, and q.

4.6 Mixed Boundary Conditions

We now outline how to modify the finite element spaces in the presence of more
general boundary conditions. Let {A;} be the W vertices of the domain €2, and let
{T";} be the open edge connecting vertices A; and A; 1, 1 < i < W, as illustrated in

Figure 4.8 The boundary I' = 02 is partitioned into subsets I'p and I'y as follows:

FD:UFi and FN:UR-

i€D ieN
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for disjoint indexing sets D,N C {1,..., W} with D # () and N # (). We consider

boundary conditions of the form

u=20 onI'p and vo,u—pn =20 on 'y,

where vertices are located where there is a change in boundary condition type (see
e.g. A, in |Figure 4.8). The corresponding variational form of the Stokes equations

is then:

a(u,0) +b(v,p) = (Fv) Vv e Hb(Q),

b(u,q) =0 Vg € L*(Q),

where H},(Q) == {u € H'(Q) : u|r, = 0}.

Ly A1 r, A4 T,

Figure 4.8: Example domain € and boundary partition D = {1,4,5,9} and N =
{2,3,6,7,8}.
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Let {Fg)}jzl denote the connected components of I'p and define
H3(Q) :={¢p € H*(Q) : gb\rg) =0, ¢|Fg> is constant, 2 < j < J, and 0,¢|r, = 0}.

A simple calculation reveals that curl H2(Q) C Hp,(9). In fact, we have the follow-

ing exact sequence property:

Lemma 4.6.1. The sequence

div

00— H2(Q) — s HL(Q) — L2(Q) —— 0, (4.6.1)

18 exact.

Proof. (i) If ¢ € H%(S) and curl¢ = 0, then ¢ is constant in €. The condition

¢, = 0 then means that ¢ = 0.
D

(ii) Let uw € Hp(9) be divergence free. By the exactness of there exists
Y € H?*(Q) such that curly = u. Since curly|r, =0, V¢|r, = 0. As a result,

Y e{¢p e H* Q) : ¢ is constant, 1 < j < J, and dpolr, = 0},
D
and so ¢ = 1) — | satisfies ¢ € Hp(Q) with curl¢ = curly) = u.
D

(iii) By [79, Lemma 11.1.1], div H},(Q) = L*(Q2). O
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The finite element spaces ¥, V', @ are defined as above |(4.2.1)] where corner
vertices now also include vertices of the domain where boundary conditions change
type. The corresponding spaces satisfying homogeneous mixed boundary conditions

are defined by:
YSp:=YNHHQ), Vp:=VNHLEK), and Qp:=Q. (4.6.2)

To count the dimension of these spaces, we partition the boundary edges and vertices
further. Let £ := £ \ £ be partitioned into £5 consisting of all element edges
coinciding with T'p and €5 the remaining boundary edges. Similarly, let VE C V¢
denote the corner vertices with both boundary edges coinciding with T'p, VEV the
corner vertices where boundary conditions change type, and V& the remaining corner

vertices. The set Vg is analogously partitioned into V& and V5. The quantities 5,

VE, ete. as defined analogously as in We then have the following result:

Lemma 4.6.2. The dimension of the mized boundary condition spaces is as follows:
dimVp =dimV —2[(k — 3)EL +2V2 4 3V2 + 2N, (4.6.3)

dimYp = dim Y — [(2k — T)ER +5VE + VP — |[VanVE| +5VEN ] +J — 1
(4.6.4)

Proof. Let v € V. The same arguments as in the proof of hold for

v€&F, ac Vi and a € VE. For a € VBV, v(a) = 0 and 9, v|,(a) = 0 for

v € E,NER. [Equation (4.6.3)| now follows.
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Let Xp :={¢ € X : ¢|r, = Opo|r, = 0} and ¢ € Xp. Again, the same arguments

as in the proof of [Lemma 4.2.4 hold for v € €5, a € V§, and a € VE. For a € VEV,
¢(a) =0, Vo(a) = 0, and 0.4, ¢|,(a) = O n,¢|,(a) = 0. Thus,

dim¥p = dim ¥ — [(2k — 1) EL +5VE + 72 — V5 n vl | + 5V,

Clearly ¥Xp has an additional J — 1 degrees of freedom for the value of ¢\F<j), 2 <
D

j < J, and so|(4.6.4) follows. ]

The analogue of [T'heorem 4.2.6|is the following:

Theorem 4.6.3. The sequence

div

Vp > Q) > 0 (4.6.5)

curl

0 ——— %,

is exact if and only if the mesh is corner-split at Dirichlet vertices, i.e. |VANVE| = 0.

Proof. Arguing as in [Section 4.2.2} the sequence is exact if and only if

dim¥p 4+dim@ — dimVp = 0.

Using [Lemmas 4.2.5| and 4.6.2 gives

dim¥p +dimQ —dimVp = FEE — VP — VP — VPN 4 J+ |vain Ve
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Moreover,
J . J .
Ep =Y 1EFNTE| =Y {I(VF uVEuVEN) NI~ 1} = V5 + V& + Ve — 7,
j=1 j=1
where we used Euler’s identity on each connected component Fg) in the second step:

|EP N Fg)| =Vn fg)| — 1. Consequently, there holds
dim ¥p +dimQ — dim Vp = |[VSNVE,

which completes the proof. ]

The results of [§] may be used to pick the vectors {d;} for vertices @ € VEN U
VY UVE in the construction of 1, in [Lemma 4.5.2| to obtain the following:

Lemma 4.6.4. Suppose that T is corner-split at Dirichlet vertices. Let q € (@,

k > 4. For each a €V, there exists 1, € V p satisfying the following properties:

supp Y, |k € Tas
P, (b) =0 Vb eV,

Dipo(b) =0 Vb e V\{a},
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and for K € Tq, there holds

divip,|k(a) = q|x(a)

h1_<1||77/’a||L2(K) + | Yalmx) < CfD(T)_1||Q||L2(7E)’

where Ep(T) = Mingeyn &(a) and C depends only on € and the shape regularity

parameter.

A continuous right inverse of the divergence operator and uniform inf-sup stability

of the spaces V p x (Q may then be established using exactly the same arguments as

in [Section 4.3

The method may also be extended to the case where conditions are imposed on
w-t and u - n separately and to the symmetric gradient bilinear form v(e(u), e(v)).
We refer to [8] for the details in the more general case of the Scott-Vogelius elements,

where uniform in h and k stability estimates are established.



CHAPTER FIVE

Mass Conserving Mixed hp-FEM
Approximations to Stokes Flow.

Part 1I: Optimal Convergence
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5.1 Introduction

This chapter is the second part in a series discussing a mass conserving, high order,
mixed finite element method for Stokes flow on a simply connected polygon 2((4.1.2)]
Problem is approximated using mixed, high order, finite elements as follows:

Find (wpk, pre) € Vo X Qo such that

a(uhk, ’U) + b(’U,phk) = (f, ’U) Yv e Vy, (511&)

b(uhk,q) =0 ‘v’q S Qo, (511b)

where the finite element spaces are chosen for £ > 4 as in the previous chapter
(4.2.16)} In addition, we assume that the mesh 7 is corner-split which, roughly
speaking, means that every element K € 7 has at most one edge lying on the

domain boundary I'; for a precise definition, see [Section 4.2.2

One of the main results shown in is that these elements are uniformly

inf-sup stable in the mesh size h and polynomial order £ if the mesh T is corner-split.

Theorem 5.1.1 (Corollary 4.3.2)). If the mesh T is corner-split, then there exists a

positive constant [ independent of both h and k such that

sup b(v,q)

> Bl Vg € Qo (5.1.2)
0£vEV ||'U||H1(Q)

Strictly speaking, |[Corollary 4.3.2{shows that # depends on the mesh-dependent quan-
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tity £(T) defined in |(4.3.2)} but is nevertheless bounded independently of the mesh
size h and the polynomial degree k. In the current work, we establish optimal error

estimates for the hp-finite element approximation to |(4.1.3)|

We begin with the error in the velocity. In particular, the exactness of the

following sequence [55]

curl

0 —=— H2(Q) —=L s Hl(Q) —& s 12(Q) —— 0, (5.1.3)
means that, since the velocity w € H{(Q), then ¢ = diva € L2(Q). As a con-
sequence, implies ||divu||* = 0 or diva = 0. Using the exactness of the
sequence again then gives u = curl ¢ for some ¢ € HZ(f2). Taking v = curl®
in leads to the standard stream-function formulation of the Stokes equations
[55, Theorem 5.5]:

(f,curly) = v(V curl ¢, V curly) = v(D?*¢, D*) = v(A¢, Av) vip € H3(Q),
(5.1.4)

thanks to the identity (D?¢, D*¢) = (A¢, A) for ¢,1 € HZ(Q2). As shown in the

previous chapter [Theorem 4.2.6| and in [50], p.1315-1316], the finite element spaces
(4.2.16)|satisfy a discrete analogue of provided that the mesh 7 is corner-split:

> Qo > 0. (5.1.5)

The same argument that lead to |(5.1.4)| can be carried out at the discrete level to
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conclude that the resulting approximation will be pointwise mass conserving;
ie., divup, = 0 in Q, and uy, = curl ¢y, where ¢y, € g is the Yy finite element

approximation of ¢:

V(Adn, Ap) = (f, curly) Vip € Xo.

A standard application of Céa’s Lemma [38, Theorem 2.4.1] gives following error

estimate:

[ — il g () = |l curl(¢ — due) L) < V206 — dnill i) < Cqﬁélzfjo |9 — Vlm2(@),

where C' is a constant that depends only on the diameter of the domain €2 which
shows that the accuracy of the velocity approximation in H é(Q) using the space Vg
is in fact dictated by the approximation properties of ¥y in HZ(Q) and is independent

of the error of the pressure approximation and the viscosity v [66].

We now turn to the error in the pressure. A consequence of the inf-sup condition

is the well known result [66, Lemma 4.4]

b v, P, pD—D
BHPQp _pthL2(Q) S sup ( Q hk:)

< v|u — unk|gr(q
0£veVy HUHHl(Q) e

where Py : L2(Q) — Qo is the LZ(Q) projection of p onto Q. Employing the triangle
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inequality and properties of a projection gives

1%
1P — prrllz2) < llp — Popllze) + B|u — k|10

1%
< inf |lp— Yl — .
< inf Ip = allz2) + ﬁ'u Unk| ()

Crucial here is that the discrete inf-sup constant (3 is independent of A and k, which
means that, together with the above discussion, we obtain the following quasi-optimal

error estimate:

Lemma 5.1.2. If the mesh T is corner-split, then the finite element approzimation

(Upk, Pri) to the Stokes problem |(5.1.1)| satisfies
Il = wnillr @) < € inf 16 = Yl (5.1.6)

where ¢ € HF(Q) : curl ¢ = u, and

v

— < inf — +
||P phk||L2(Q) —quoHp Q||L2(Q)

with C depending only on the diameter of 2.

The error estimates |(5.1.6)[ and |(5.1.7)| reveal two important properties of the

particular choices of Vj and ()y. First, the error in the velocity approximation is
independent of the error in the pressure approximation, and the constant C' in
is independent of the viscosity v. Second, the error estimate for the pressure

is quasi-optimal in h and k — the constants are independent of h and k since the



166

inf-sup constant ( is uniformly bounded below thanks to [['heorem 5.1.1}

To obtain estimates for the convergence rate, we derive approximation properties
of the spaces ¥y and @ for two classes of functions: (1) functions with general
Sobolev regularity, for which we establish algebraic convergence rates using locally
quasi-uniform meshes and (2) functions exhibiting the usual singularities at corners
of the polygonal domain €2, which belong to countably normed (weighted) spaces for
which we obtain exponential convergence using geometrically graded meshes. Some

approximation properties for the (slightly) smoother subspaces
Yo :={¢ € Xy:¢is C? at all vertices} and Qo :={q € Qo : ¢ is C° at all vertices}

are already known in the literature. The algebraic convergence of p-version methods
using the finite element space X for variational problems posed in HZ(Q) was first
shown in [68] and later improved in [106] in the setting of finite element approxi-
mation of general 2m-th order elliptic equations. However, the approximation result
[T06, Theorem 4.1] only applies in the case that the true solution belongs to H*(£2)
for some s > %, whereas standard arguments only establish the existence of a solution
in H*(Q2) for some s > 2 in general. We augment the existing approximation theory
for the space o by requiring only minimal regularity s > 2 (rather than s > % as in
[106]) and exhibiting the dependence on the mesh size explicitly. Exponential con-
vergence of hp-methods for general 2m-th order elliptic equations was proved in [57].
In particular, the results in [57] imply exponential convergence of approximations

in Yy to solutions belonging to countably normed spaces using geometrically graded
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meshes. However, hp-estimates of algebraic or exponential type have yet to be es-
tablished for the space Qg. We develop the hp-approximation theory for the space
(o in both Sobolev spaces, which leads to algebraic convergence, and in countably
normed spaces, which leads to exponential convergence using geometrically graded
meshes. In fact, we will actually construct optimal Sobolev space approximations in

Qo, which clearly implies optimal approximation properties of the space Q.

The remainder for the paper is organized as follows. In [Section 5.2 we for-
mally state the main assumptions and results. In [Section 5.3 we introduce two key
results used to establish optimal algebraic hp-error estimates. We build LZ(Q) ap-
proximations in Q) in and HZ(Q) approximations in ¥ in [Section 5.5, In
[Section 5.6, we state and prove auxiliary lemmas needed to show exponential conver-
gence on geometrically graded meshes for singular solutions belonging to particular
countably normed spaces. Finally, in [Section 5.7, we present two numerical examples
to showcase the power of the method: Moffatt eddies in a wedge and parabolic flow

in a T-shaped cavity.

5.2 Assumptions and Statement of Main Results

We continue to use the same notation for mesh entities as in previous chapters. Given
an edge v € &, let 7, denote the elements with v as an edge; ie., 7, :={K € T :
v € Ex}. We recall that shape regularity implies that hx ~ hy, for L € Tg
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where the equivalence constants depend only on . For a positive real number s > 0

and subset w C €, let || D%u|| oy = |u

Hs (w) .

5.2.1 Approximation in Sobolev Spaces

The first set of results deals with the approximation of functions known only to
belong to a Sobolev space H*(2) for some s > 0. In the absence of any addi-
tional information on the nature of the solution, the mesh is assumed to be locally

quasi-uniform with no specific local refinements. The following theorem, proved in

[Section 5.4] and [Section 5.5 establishes the existence of global approximations with

optimal local approximation power:

Theorem 5.2.1. Let ¢ € H*TH Q)N HZ(Q) and ¢ € HY Q)N LE(Q), s > 1. Then,

there exists ¢py € io and qpr € Qo such that

16 — dnell 2y < O™ V== | Dt

and
g — qnicll 2y < CRERES D=0 D"Vl peomiry VK €T, (5.2.2)

where m = min(k + 1,s) and C depends only on s, Q, and the shape reqularity

parameter k.
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As an immediate consequence of the approximation result [Theorem 5.2.1] we ob-

tain the following optimal a priori error estimate for the finite element approximation

of the Stokes problem:

Theorem 5.2.2. Suppose that the solution to satisfies uw € H*(Q) N H(Q)
and p € H* Y (Q) N L3(Q) for some s > 1, and let (upni, prr) be the finite element
approximation defined by|(5.1.1)| If the mesh T is corner-split, then

2min(k,s—1); —2(s— m
e — w3 gy < €D RV D2 (5.2.3a)
KeT
min(k,s— —2(s— m—
||p_phk||%2(g)§0(2h§< s =260 Dl (5.2.3b)
KeT
2min(k,s—1); —2(s— m
+V22h1< ( ) =2 1)||D u”%ﬁ"”(ﬁd)?
KeT

where m = min(k + 1, s) and C is independent of h, k, v, w, and p.

Proof. Recall that u = curl ¢ for some ¢ € HZ(Q), and so D™¢ = D™ut where

m = min(k + 1, s). By Poincaré’s inequality,

9]

() < C|| D¢

Hs=1(Q) = CHDU’LHH“"”(Q) < o0,
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where C' depends only on the domain Q. Applying|(5.1.6)| and |(5.2.1)} we have

||’LL — uhk”?{l(ﬂ) S C Z h?{min(k,s—l)k—Q(s—l)||Dm+1¢|
KeT

<O R TR | D
KeT

2
Hs—m(TK)

(Tk)’

which gives|(5.2.3a). In a similar vein, |(5.2.3b)|follows from|(5.1.7)}|(5.2.2)[and |(5.2.3a)|

since the inf-sup constant [ is independent of h and k£ by [I'heorem 5.1.1| O]

The approximation properties established in[I'heorem 5.2.1also give the following

result for finite element approximations of variational problems posed in HZ(£2) using

the space X:

Theorem 5.2.3. Suppose that ¢ € H*T(Q) N HZ(Q), s > 1, is the unique solution

to the following problem: Find ¢ € HZ(Q) such that

c(o,9) = L) W€ Hy(Q),

where c(-,-) : HE(Q) x H3(Q) — R is a coercive and continuous bilinear form on
H2(Q) and L : HZ(Q) — R is a continuous linear functional. Then, the finite

element approximation ¢py € o defined by

ok, ¥) = L(¥) Ve X
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satisfies

2min(k,s—1); —2(s— m
16 = Bnlliiziey < C D O kDG e,
KeT

where m = min(k + 1,s) and C depends only on s, Q, and the shape reqularity

parameter k.

Theorem 5.2.3| augments the previous best known result in [I06, Theorem 4.1] by

requiring only minimal regularity s > 2 (rather than s > I as in [106]) and exhibiting

the dependence on the mesh size explicitly.

5.2.2 Approximation in Countably Normed Spaces B5j*((2)

The second set of results deals with exponential convergence of singular solutions
on geometrically graded meshes. The appropriate spaces in which to work are now
the countably normed spaces Bj*(€2) defined, for instance, as in [60, §2] in which
0 counterbalances the usual algebraic singularities that appear in the neighborhood
of vertices of the domain. In particular, by [60, Remark 5.9] if the body force is
analytic, f € BY(Q), for some 0 < § < 1, then the solution to the Stokes problem
satisfies u € B3(Q) N H(2) and p € BL(Q) N LE(). Tt is easy to see that the
associated stream function ¢ € BE(Q2) N HZ(2). We emphasize that the presence of

weights in the definitions of the spaces Bj*(2) means that p, u, and ¢ may have the

usual singular behavior at the corners of the domain 2. Nevertheless, [Corollary 5.2.5|
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shows that the finite element approximation to on properly chosen geometric

meshes converges exponentially fast in terms of total number of degrees of freedom.

Let {7T™7 : n € Ny}, denote a sequence of geometrically graded meshes where
n € Ny denotes the number of layers and o € (0, 1) is the mesh grading factor as in

[57, §5]. The associated finite element spaces on these meshes are given by

30 = {p € C'(Q): ¢k € Panss(K), VK € T™,

¢ is C? at noncorner vertices} N H (),
Vi ={veCQ): vk € Pau(K), VK € T,

v is C' at noncorner vertices} N H(Q),
Q= {q € L*(Q) : q|x € Panss(K), VK € T™7,

q is C° at noncorner vertices} N L3(2),

We have the following theorem:

Theorem 5.2.4. Suppose ) € B3(Q) and g € Bi(Q). Then, there exist 1, € ¥ and

an € Q such that

[ — Pl 20y < C exp(—bNY?), (5.2.4a)
g — anllr2) < CGXP(—bNé/g), (5.2.4b)

where Ny, = dim i, Ng = dim Qf, and C and b are independent of n.
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Proof. is a special case of [57, Theorem 5.1] choosing m = 2 and using

a uniform degree vector. [Theorem 5.6.7| along with standard arguments e.g. [57,

Theorem 5.1}, gives the existence of a function
m € {q € L*(Q) : q|lx € Panis(K), YK € T™, qis C° at noncorner vertices}

satisfying |l — rp||r2(0) < C’eXp(—bNé/:s). Although r, ¢ L%(Q) in general, defining
an € L3(92) by

1
n—Tn =" 757 nd
q T |Q|/S;T i

and then noting

1
anrn_@/ﬂ(q_rn) dx

followed by applying the Cauchy-Schwarz inequality gives|(5.2.4b)| O

Observing dim @ ~ dim V' ~ dim 3, we have the following corollary:

Corollary 5.2.5. Suppose (u,p) € B5(Q) N H(Q) x BH(Q) N L2(Q), 0 < B < 1,
solves the Stokes problem |(4.1.3). If the mesh T™7 is corner-split, then the finite

element approzimation (W,,p,) € Vi x Qp to|(5.1.1)| satisfies

[ — wnll g0y + P — Pull2@) < C exp(—bN'?) (5.2.5)
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where N = dim V{ + dim Q, and C and b are positive constants independent of n.

5.3 Notation and Preliminaries for Qo and Y, Con-
structions

While the proofs of|(5.2.1)|and |(5.2.2)| each follow the same general approach found in

[16, 17, 106], the details of the actual construction differ. The first step is to construct
a (discontinuous) polynomial approximation having optimal approximation power on
each element. The following result, taken from [106, Lemma 3.1], provides a useful

starting point:

Lemma 5.3.1 (Lemma 3.1 [I06]). There exists a family of operators I, k=1,2,...,
I, : HS(T) — Pk(T) such that for any u € HS(T), s > 0, the following estimates

hold where, in each case, C' is independent of u and k:

1. for0 <1 <s,

< Ck™ |l

Hu - HkuH . (5.3.1)

HY(T)
2. forla| <s—3,0<1<s—|a|—3, v€&,

27

< Ck—(s—locl—l—%)||u|
HY(v)

| (= )|

Hs(T) (5.3.2)
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3. and for|a| <s—1andx e T,

(Da (u - Hku) (:1:)‘ < Ch 1D ) - (5.3.3)

Moreover, if u € Py(T), then Iyu = u.

Although is stated for approximation error over the reference el-
ement, the fact that the projections Il preserve polynomials gives the following
corollary on a general element in which the dependence on the element diameter hg

is made explicit:

Corollary 5.3.2. Let K € T and k € N. Then, there exists an operator 11X :

H*(K) — Pip(K) such that for any u € H*(K), s > 0, the following estimates hold:

1. For0<I[l<s,

hmin(k+1,s)fl

Ju— HkK“”Hl(K) <O~ foo—1 D™ ul

2. Forla|<s—3,0<1<s—|a| -1 ~eé&,

min(k+1,s)—l—\a|—%

<ChK

HDO‘ (U_ng)”Hl('y) = kS—‘Od—l—%

D™ ul
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3. Forla|<s—1andx € K,

hmin(k+1,s)f|a\fl
}DO‘ (u— T u) (m){ <C-KE

1D ul

ka*'OéI*l Hsfm(K), (536)
where m = min(k + 1,s) and C is independent of u, hx, and k. Moreover, if
u € P(K), then IIfu = u.

Proof. Let @€ H5(T), s > 0. If s > 1, then m = min(k+1, s) > 1. By|Lemma 5.3.1

there holds

i — giil| gy = 16 = p = Wi(@ = Pl gazy < CR™CVNa = pllgeiry Y € Pu(T)

since IIp = p. Taking the infimum over p € Py (1) gives

6 = Mil| gy < CK™C7inf = pll iz,
pEPL(T)

and then applying the quotient norm equivalence (see e.g. [86, Theorem 7.2] for the

case of integer s and [65, Lemma 2.3] for real s) gives

s<k+1,

infpeplsj |'& - p| Hs(T)

inf ||a—p|

iy 2 C
pEP:(T) #D)

||Dm’aHHs—m(T) + inprPk(T) | —pHHm—l(T) s>k+1,

< C|| D™l

Hs=m(T)"
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Summarizing, for s > 0, there holds

|6 = Tll oy < Ck™C70 | D™

Hs—m () where m =min(k+1,s). (5.3.7)

For a general triangle K and v € H*(K), s > 0, we define
Ky = [Hku} o F,

where we recall that Fi : T — K is an invertible affine transformation such that

Fi(T)=K and @ := uo Fg. now follows from by a standard scaling

argument. Analogous arguments give |(5.3.6)} O

5.4 Approximation Theory for Q)

We now build L2(2) approximations in Q. For ¢ € L2(Q), the piecewise polynomial

r defined by r|x = I1X¢q, where II¥ is the operator in [Corollary 5.3.2/for K € T, is

not necessarily continuous at element vertices (nor does it have mean value zero). To
remedy this, we adjust r element by element so that it is continuous at the vertices
and interpolates the average value of ¢. In order to make the adjustments, we will

need certain specially constructed nodal functions:

Lemma 5.4.1. For every k > 2 and K € T, there exists U, € Pp(K) N L(K),
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a € Vg, such that
Vo (b) = 0apb, Vb e Vi and ||Wal 2k < Chrk™2, (5.4.1)

where C' s independent of hx and k.

The proof of is postponed to [Section 5.8, The nodal functions in
Lemma 5.4.1| are used to adjust I1Xq element by element to interpolate the average

value of ¢ over K and to be continuous at the element vertices.

Lemma 5.4.2. Let g € H*(2), s > 0, and let {Y4}acy be given constants. Then,

for k > 4, there exists z € Qo satisfying

and

lg = 2ll 2y < C {h?“(k’s)kSHquy Hom (i) + bk ™2 max | Ty — Hqu(a)\}
acVg

(5.4.2)

where m = min(k + 1, s) where C is independent of q, hy, and k.
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Proof. Let K € T and N 51 > 3 be given. Define polynomials v, w € P;(K) by

ve=10"q + [%/K(q—ﬂf{q) dw] (1— > %)

a€Vk
wi= Y (Ta—1fg(a))¥,,

acVik

where ¥, € P;(K)NL3(K), are taken as in|Lemma 5.4.1, By|(5.3.4)|and|(5.4.1) and

the Cauchy-Schwarz inequality,

lg = vll2) < C {hf_<1 (hK + > ||‘I’a||L2(K)> + 1} lg — T gl 2 i)

acVg

< Chrln(in(lJrl,s)lfs Hqu’

Hs—m(K)>

where m = min(l + 1, s). Moreover, using that ¥, € L3(K) and |(5.4.1)| there holds

/vdw:/qdw, v(a) = I q(a) Va € Vg, and /wda::O
K K K

with the estimate

[wll2g) < Y 1Ta =TT g(@)] - | Wall 2y < Chil ™ max |Ta — I g(a)].
acVi

acVg

Finally, we define z on element K by the rule z|x = v+w. Owing to the triangle
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inequality, z satisfies |(5.4.2)l Moreover,
zlx(a) = v(a) +w(a) = qla) + Tq — U gla) = Tq Va € V.

In addition, sz dx = qu dx for all K which gives sz dx = fﬂq dx = 0, and

hence taking [ = k — 1 gives z € Q. ]

We are now faced with the problem of choosing the nodal values specified by the
constants {Y,} in so that the bound holds. If ¢ is continuous,
then choosing T, = ¢(a) is the natural choice, whilst if ¢ is discontinuous, then we
take Y, = ITkq(a) where L € T, is an arbitrarily chosen, but fixed, element in the
neighborhood of a. We shall need similar results when we consider approximation
properties of the spaces % in the next section, in which even greater continuity
requirements are imposed. The following result shows that these choices ensure that
the resulting approximation satisfies the bound and prepares the way for

generalization to the spaces 3 later:

Lemma 5.4.3. Let ¢ € H(Q) N H\(Q), s >1 € Ny. Fork=1+3,l+4,..., define

constants {T¢ : |a| =1, a € V} as follows:

(i) For interior vertices a € V,

DoTlkg(a) 1<s<i+1
1O =

a

D%q(a) s>1+1
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where L € Tq is any fized but arbitrarily chosen element in the neighborhood of

a.

(i1) For non-corner boundary vertices a € Vp,

OlllEgla) 1<s<I+1
dlq(a) s>1+1
where nv is the unit normal vector of I' at a and L € T, is any fived but

arbitrarily chosen element in the neighborhood of a such that L has an edge on

the domain boundary, i.e. LNT € &.

(11i) For corner vertices a € V¢,

where L € Tq is any fized but arbitrarily chosen element in the neighborhood of

a.

Then, TO satisfies the estimate

T3 = DM g(a)] < Chi™ VR Dy

ey VK €T, (54.3)

where m = min(k 4+ 1, s) and C' is independent of q, hi, and k.
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Proof. First let s =1. Fora € V;UVp,ora € Vo and [ =0, and K € T,, we apply
the inverse estimate [0, Lemma 6.1] and |(5.3.4)| to obtain

e — DI g(a)| < Chi'k? (| D' ql| 2y + 1D gl 2 (x)) < Chi k(D 27y
(5.4.4)

Estimate then follows on noting that min(k —1,s — 1l —1) = —1. For a € V¢,

we replace [1Fq with 0 and apply the same argument as above.

Now let s =1+ 1. For v € &, let

0l 2,y = 20l 20y + 0113725

denote a scale-invariant H'/2(y) norm. For @ € V;, or @ € V¢ and [ = 0, and

K € T,, we label the elements in 7, as in [Figure 5.1| and apply [13, Theorem 6.2] to

obtain

D (I g — L g) (@) < C(1+1og2 k) || D* (I — T7+g)

1/2,v;

where v; = K; N Kj;,. Since D%/, € H'Y2(+;) by the trace theorem, we use the

triangle inequality and to arrive at

2
a (17K Kjt1 o Ky
loma-mEea],, <3Pt - < CID™ dlzer
7‘] .:O

),
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Thus, we have the bound

n—1
D(I1Fq — 1K ) (a)] < Y |D* (g — IV g)(a)] < C(1+ log"/? k)| D™ ql| 27,

j=0

Estimate then follows on noting that min(k—1, s—I—1) = 0 and 1+log'/?* k <
Ck.

For a € Vg and K € 7,, we use an analogous argument to arrive at

75 — DT q(a)| < [T5 — D°TIzq(a) !+Z\Da ¢~ q)(a)

< |Tg — D°Iq(a)| + Ck|| D' gl 2(r,).
Let v € £, N &, be such that v C T'. Applying [13, Theorem 6.2] again gives

T — DIgg(a)| < C(1+log"? k)

ng s kg — DTl

< Ck (|lngag=oumtta = Dl ., + 10 0TEg = )., ) -
Since ¢ € H*(Q) N H\(Q), 8j0'"q|, =0 for 1 <i <, and so
D% = ﬁg‘lfzf@flq on 7. (5.4.5)

Thus, estimate now follows from -

Ifa € Voand [ > 1, then @ = v, N 7, for some 71,7 C I', and there exists
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constants ¢f';, t = 1,2, j =1,...,1 such that

chuagza; iq (5.4.6)

=1 j=1

where 7i; and ¢; are the unit normal and tangent vectors on v;, i = 1,2. Using 13,

Theorem 6.2], we obtain

2 l
DM q(a) < C(L+1og" k) Y > eylllolon 1|, .,

i=1 j—l
1+10g1/2 ZZ ”maiafzz Hk:Kq |H1/2,%-
i=1 j=1

since 90 ql,, = 0i0'q|,, = 0 for 1 < i < [, Estimate |(5.4.3)| now follows from

analogous arguments as above.

For | < s <1+ 1, we view T, as a (linear) function of ¢, and the mapping ¢ —
T%(g) has the following property: T%(¢+p) = Yo(q)+p(a) for all p € Py(T,). Thus,
we use a standard interpolation argument to the operator ¢ — Y%(q) — D*I1¥¢(a)

to obtain

Ta(a) = DI q(a)| < Chic ™'k~ gl s (70).-



185

I[Equation (5.4.3)| now follows from a quotient space argument with [65, Lemma 2.3]:

Ta(q) — D°Ilg(a)l = inf |Ta(q—p) — DI (¢ — p)(a)]

PEPk(Ta)
< Chy"'k=¢7172 inf — pllue
< Chi el 10 = Pl
S Ch}e(—l—lk—(s—l—2) |q H(Ta)-
In the case s > [ + 1. follows from |(5.3.6)} |(5.4.5) and |(5.4.6)| O

Figure 5.1: Schema for the proof of [Lemma 5.4.3|

The estimate |(5.2.2)| now follows as a simple consequence of [Lemma 5.4.2 on
choosing the constants T2 as in in the special case [ = 0.

5.5 Approximation Theory for o

Let ¢ € H(Q2), s > 2, be given. The discontinuous polynomials I ;¢ from

again provide the starting point for constructing an approximation from



186

the space Y. However, this time we need to adjust Hﬁlgb in order to obtain C?
continuity at element vertices. We first carry out nodal adjustments similar to the
one used in the case of Qg to obtain C° continuity at the vertices. The Sobolev em-
bedding theorem means that ¢ and D¢ are continuous at the vertices, so we adjust
H,ﬁl(b to interpolate ¢ and D¢ at the vertices. However, since ¢ is not necessarily C?,
similarly to the argument used for Q,, we adjust Hffﬂgb to obtain an approximation
where second order derivatives at the vertices are given by constants Y% : |a| = 2.
The values of the constants T¢ are chosen as in [Lemma 5.4.3] In order to make the
corrections, we require the analogue of the ¥ functions in Fortunately,
we constructed such functions in Note that we also give estimates in the
HééQ and HgéQ norms on element edges (see for the definition of these
spaces), which will be used later to further modify the construction to ensure global

C! continuity across edges.

Lemma 5.5.1. Let ¢ € H*T(Q) N HZ(Q) with s > 1 and k > 4. Then, there exists
ze{Y € L*(Q):¢Y|g € Pria(K) VK €T, ¢ is C* at all vertices}

such that

D%z(a) = Va eV, (5.5.1)
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where Y& are given by[Lemma 5.4.3 with | = 2, and for all K € T and v € &k,

min(k,s— —(s— m
16 = 2l oy < CREE* V=D | D)

Hsfm(TK%
(5.5.2)
min(k,s—1); —(s— m
16 = =il gz + 1006 = 210l gag,) < CHE SR D4 i,
(5.5.3)

where m = min(k + 1, s) and C is independent of ¢, hx, and k.

Proof. Let K € T be given. For |a| < 1, let &% denote the degree 5 polynomial

satisfying
DP®%(b) = Sapdap and 0,02 (m;) =0 V|3 <2, Vbe Vi, 1 <5 <3,
where m; is the midpoint on ;. It is simple to verify for 0 <[ < 2,
95y < CHE and @)1,y < OB, (5.5.4)
For |a| = 2, let ®¢ denote the degree k + 1 polynomial in which satisfies

DP®Y(b) = 6opdar  V|B|, VO E VK, DO =0 V3 <1,
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and

122l < C D2 (196l om0y + 10208l e,y ) < Chick™. (5.5.5)

vEEK
Define the polynomials v, w € Pyy1(K) by

vi=T 0+ Y D (¢—10f,¢) (@) and w:= Y (T35 — DT, é(a)) .

acVg acVg
o<1 laf=2

Since s +1 > 2, ¢ € C*(K) and so v and w are well-defined. By [(5.3.4)] |(5.3.6)|
and [55.1]

16— vllz) < 6 = bl + Y 1D (¢~ T0) (@) - 195 20

ac€Vgk
|| <1

< Chgt D B 1 ST R Gl L DM e

acVk
jal<1

< Ch%in(k’s_l)/{_(s_l)||Dm+1¢|

Hs—m(K)>

where m = min(k + 1, s), and by |(5.4.3) and |(5.5.5)|

w25y < Z e — DT d(a)] - (|G | a2 )
s
al=2

< Ch?in(kvsfl)k—(s—l) ‘|Dm+1¢‘

Hsfm(K) .
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Let v € Ex. D*¢(a) = D*v(a), V]ja| < 1, Va € Vg, and so ¢ —v € Hg’éQ(fy). By

[(5.3.6) and |(5.5.4)]

16 = vl < M6 = M dllmey + D 1D (¢~ T 0) (@) - |95 aer)

acVg
o<1
min(k,s—1)—t—21 1
< Chy " T ) | D | e ),

for 0 <t <s+ % Since s + % > %, we may use [(4, Theorem 6.1] to conclude

1

H§é2(7) _ (Hol(,y)’ Hg(,y))l,2 — (Hol(’}/), HSH/Q(’Y))@,?’ where 6 = CYSEEE

»

and so

1-6 0
¢ — U”H&{Q(v) <Cll¢ - UHH1(7)H¢ - UHHS+1/2(7)

< Chg" VR Dy

Hsfm(K).
Using an analogous argument, we have 0,(¢ — v) € H&éQ(w) with

1006 = )y < CHE VR0 D™ g

Hs—m (K) .

Similarly, ¢ € HY*(y), 0,9% € HY*(7), V|a| = 2, Va € Vg, and by
and [(5.5.5)]

min(k,s—1)7 —(s— m
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Now, we define z on element K by the rule z|x = v + w. Owing to the triangle

inequality, z satisfies|(5.5.2)[and |(5.5.3)| and owing to the interpolation properties of

O || <2, a € Vg, z satisfies|(5.5.1)] O

The approximation defined in [Lemma 5.5.1)is C? at the vertices. However, the
approximant is not necessarily globally C', nor does it have vanishing trace and
vanishing normal derivative trace. We remedy this issue by applying edge corrections.

The key ingredients are the error estimates on the edges [(5.5.3)| and a polynomial

extension theorem |Corollary 2.2.3| and its scale-invariant version (Corollary 3.7.2¢

Proof of[(5.2.1)] Let ¢ € H*™(Q) N HZ(Q), s > 1. By [Lemma 5.5.1], there exists

z€{p € L*(Q): ¢|lx € Poy1(K) VK €T, ¢ is C? at vertices}

satisfying |(5.5.1)[ to |(5.5.3)l For each v € &, we let n., denote a unit vector normal

to v. Let K, L, € T denote the two elements such that K, N L, =~ if v € & and
K., the element such that K, NI' =~ and L, = 0 if v C I". Define the polynomials

fy € Pry1(7) and g, € Py(vy) by the rule

f'Y = (Z|Lw - Z|Kv) |’Y7 and gy = Oy, (Z|LA, - Z|K7) |7,

where z| = 01if L, = (. For a € 0v, the following relations hold by and
Lemma 5.4.3k
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(i) D*z|p (a) = D*z|k, (a) = D*¢(a) for |a| < 1.
(ii) For @ € V;, D%2| (a) = D%z|k (a), |a] = 2.
(iii) For a € Vg,
02|k, (a) = ffcamz\m(a) + QfIfyaxyﬂKy (a) + f;@yyz\m(a) = (t-n)%d, =0,

where t and 7 are the unit tangent and normal vectors to I' at @ and

O’lEp(a) 1< s<2,
de =

02¢(a) s> 2
where L € T is defined in [Lemma 5.4.3| Similarly, 0,:2|x. (a) = (t-n)d, = 0.

(iv) For a € V¢, D*2|k (a) = 0 for |af = 2.

Thus, f, € Hj(y) and g, € Hi(7). By|(5.5.3)

min(k,s—1) 7 —(s— m
W20y lga sz, < ChM VR0 D)

Hs—m(K’yuL_Y), (556)

where m = min(k + 1, s).

We now construct ¢pr € ¥ element by element. Let K € T and v € Ex be
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given. If K = K., we define the functions F, € L*(0K), G, € L*(0K) by the rule

Foly = [0, Goly = G404y, 7' € &k.

D°F.(a) = D’G.(a) =0 for |a] <2, |8] <1, a € Vk, and so|Corollary 3.7.2| asserts

the existence of w, € Pj41(K) such that
wy,=F, and O,w,| =G, ondK
and
s a2y < € (hi 1Bl z2omy + il [0 F e = Gl 2(oncy + [0 F e = Gl gpi/agoney).

Since F' and G are supported only on vy and f, € H(y) and g, € Hi(y), we use

Poincaré’s inequality to arrive at

sl < € (Wl + 191 g ) (57)

If K =L, we take w, = 0. By|(5.5.6)[and |(5.5.7)]

w2y < CRE D=0 D™ || oy (5.5.8)



193

Now, we define ¢y, on element K by

gbhk:z+2w7 on K.

VEEK

By construction, ¢, € C1(2) N HE(Q) and is C? at all vertices. Thus, ¢py € Yo.
Moreover, follows from |(5.5.2)[ and |(5.5.8)] O

5.6 Approximation Theory for Q)]

In this section, we turn to approximation in countably normed spaces and begin by
establishing some technical results that are needed to prove exponential convergence
of the finite element method using geometrically graded meshes. To this end, we
define the weighted Sobolev spaces H(?’l(T), k>1>0,0<0d <1 on the reference

element T (see|Figure 5.2)) to be the completion of smooth functions under the norm

-1 k
Hu”?ff’l(’f) = Z/TT%’DJUP dw+z/fr2(5+g—z)|Dju‘2 iz,
j=0 =l

where r = |z|. Such spaces have been widely studied, e.g. [I4, 15, 57, 60, 98],
for various choices of parameters k£ and [. Unfortunately, the extra smoothness of
functions in @)f at the noncorner vertices means that the choices of k£ and [ we need
do work not fall within previously studied cases, and some additional results will be

required.
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Figure 5.2: Reference triangles 7' and Tj, and polar coordinates (,6).

We begin with a result inspired by [15, Lemma 4.3]:

Lemma 5.6.1. Let 6 > 0 and u be a measurable function on T such that

/r26|Du\2 dw—l—/ uf? da < oo,
T

™To

where T and Ty are as shown in . Then, there exists a constant a(u) € R

such that

/T25—2|u —a(u)]? dx < C/ r®|Dul? de (5.6.1)
7 7
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with

1/2
la(u)| < C (/ r®| Dul* dz +/ |ul? dw) (5.6.2)
T T\To

and C' independent of u.

Proof. The proof of [I5, Lemma 4.3] gives with the reference triangle T re-

placed by the sector S = {(r,0) : 0<r <1, 0<6<x/2} and
2 w/2
a(u) = —/ u(1,9) db,
0
where (r,0) denote polar coordinates. Using the trace theorem, there holds
WP < c/ 2(1,0) d6 < Clull? s\,

where Sy = {(r,0) : 0 < r < 1/2, 0 < 6 < 7/2}. Transforming to 7' and T, using

the (smooth) mapping (r, ) — (r(cosd + sinf), #) gives|(5.6.1) and |(5.6.2)| O

Using this result, we have the following lemma which allows us to trade powers
of r for derivatives of u at the expense of an additional term involving the L? norm

of u on a set excluding the singularity in u:

Lemma 5.6.2. Let u € Hy*(T), 0 <6 < 1. Then,

/7“25|u|2 dx < C{/ 7272 Du? dw—i—/ |u)? daz}
T T ave
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and C' is independent of u.

Proof. Applying [Lemma 5.6.1} we have

/7‘2‘5|u|2 de < 2/ 2 (|u — al?® + |a]?) de < C’{ / r2%2 Dul? dx +/ |u)? dm}.
T T T T\Tp

[

The next two results concern the compact embedding properties of the spaces

HyN(T) and HYY(T).

Lemma 5.6.3. The space H}"'(T), 0 < § < 1, is compactly embedded in L*(T).

Proof. Let w € Hy'(T) with a(u) = 0, where a(u) is given by [Lemma 5.6.1, and
(r,0) be polar coordinates centered at the origin as in [Figure 5.2l Then, v = rou

satisfies

Opv = 1r°0pu  and  O,v = r°du + or’ lu.

Since a(u) = 0, (5.6.1)| gives |1’ ul| 24y < Cllull 117y, and so v € HY(T) with

[0l gy < Cllall gy

Let {u;}3, be a bounded sequence in H;"(T) with a(uz) = 0. Then, v, =

rouy, k = 1,2,..., is a uniformly bounded sequence in H 1(T) and there exists a

subsequence {v, }52, converging weakly in HY(T) to v € HY(T). Since HY(T) is
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~ ~

compactly embedded in LY(T) for 1 < q < oo, vy, — v strongly in LY(T). Define
u := r~%. By Hélder’s inequality, we obtain

VotV < e e

Hu||L2(T) < HT76P||L2(T) L2(T) LQ(T)H,UHL%(T)u

where p~' 4+ ¢! = 1. Choosing ¢ such that 1 < p < 6" gives u € L2(T). An
analogous argument shows that w, € L3(T) and [uy, — ull 2y < Cllog, — vl p2a(ry;

thus, ug, — u strongly in L2(T).

We extend the result to a general bounded sequence as follows. Let {ug}32, be
a bounded sequence in H}'(T) and define @, = ug — a(uy). Then, a(i) = 0 by

definition and ||ak||H§’1(T) + |a(ug)| < C’||u||H§,1(TA) by Thus, there exists a
subsequence such that i, — @ € L2(T) and a(uy;) — a. Then, uy;, — u:=u+a in

LQ(T) by the triangle inequality:
| uk, — ﬂHL?(T) < |law, — ﬁ||L2(T) + lla(uy,) — aHL?(T) — 0.

[

Lemma 5.6.4. The space Hg’l(f), 0 <6 < 1, is compactly embedded in Hlil(T) for

any 6* € (0,1).

Proof. Let u € Hy'(T) with a(u) = 0, where a(u) is given by [Lemma 5.6.1, and
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define v = 1. Then,

Oy'v = oo, 0<m <2,
Oy 0rv = (§ + 1)7‘583u + r“lﬁg&u, 0<n<l,

O = 6(6 + ) tu 4+ 2(6 4+ 1)7r°0pu 4 710,

By|(5.6.1)| ||7"5_1U|’L2(T) < CHr‘sDuHLg(T), and so v € H2(T) with the bound 0]l g2y

< C||u||H§,1(T). In particular, v is continuous with v(0,0) = 0 since

0(0,0)[2 = Tim |85~ [ [o]? da < Clim/ V2l da — 0,
6—0 6—0 Ss

Ss

where S5 := {x € T : |z| < 0}

Now let {u;,}?°, be a bounded sequence in Hy'(T) satisfying a(uy) = 0. Then,
v = r*tluy, k= 1,2,..., is a uniformly bounded sequence in HQ(T) satisfying
v£(0,0) = 0, and there is a subsequence {vy;}32, converging weakly in H2(T) to
v € H%(T). Moreover, v(0,0) = 0 since pointwise evaluation is a continuous linear
functional on H2(T). Since H2(T) is compactly embedded in W4(T) for all ¢ €

[1,00), vk, — v strongly in Wh(T).
Define v = r~*Yy and let §* € (§,1). Then,

Opu=1"90 and Ou=—(0+ 1)r Dy 4=t 5.
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Applying [15, Lemma 4.3] with o = —2(6 + 1) and using that v is continuous with
v(0) = 0, we have

HU”H;;%T‘) <C {Hri(éi(S*Jrl)UHL?(T) + HT*((;*&*H)DUHLZ)(T)} :
Using Holder’s inequality, there holds
lall ey < Cllr= = D w10l 2oy

Choosing ¢ such that 1 < p < (§ —6* + 1)7! gives u € HILI(T) with HUHH;;}(TA) <

Cllvll 247 By an analogous argument,
Hukj - u”Hé;l(T) < CHUkj - UHWLQ‘I(T) — 0.
Thus, ug, — u strongly in HNT).

The case a(ug) # 0 follows a similar argument to the one used in the proof of

[Lemma 5.6.3 O

. . . . 21 . .
We now construct an affine approximation to functions in Hy (K') which is con-

tinuous with respect to the seminorm defined by

::/r2(5+1)\D2ul2 dz.
7

’“@3’1@)

The argument uses the foregoing embedding theorems to give an equivalent norm on
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the space.

Lemma 5.6.5. Let u € H(?’l(T) and let ¢ € Py(T) be the affine function satisfying

q(a;) = u(a;), i = 2,3, and [;(u—q) =0. Then,
Hu - C]HL2 + Hu qHHz 1 < C’u‘H21 ()

with C independent of u.

Proof. We first show that

2
ll? = Jul 0z +Z\uaz P+ (/ udw>

defines a norm on H."'(T)). First note that ||-|| is well-defined since for u € H;"'(T),

uw e HXT\ Ty) ¢ C%T\Tp) and by [Lemma 5.6.3 v € L2(T). Clearly we have

[l < C||“||H§’1(T)‘ We claim that there exists a constant C' such that
[l g2y < Cllulll

Indeed, if this were not the case, then there exists a sequence {u} such that

||uk||Hz,1(T) = 1 and [[uxl| — 0 and a subsequence {u,} converging weakly to

ue Hy'(T). By |Lemmas 5.6. 3| and |5 6. 4| ug; — u strongly in LA(T) and in Hy:'(T)

for all * € (9,1). Moreover,

oty [y < Jun gy < [l I = 0,
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and so u, — u strongly in HZNT). ||a)] = 0 and so D?a = 0, or @ € Py(T). But
u(a;) = 0,1 =23 and [a = 0. Thus, 2 = 0. Applying [Lemma 5.6.2 to D,

la| = 1, and using L2(T) convergence, there holds

||Ukj||i§,1(T) <C {HuijiQ(ﬂ + /Tr25+2\Dukj\2 dx + /T\T \D2ukj\2 d:l:} — 0,
0
which contradicts Hukj”H(?’l(’f) =1 for all j.
Now, let ¢ be such that g(a;) = u(a,), i = 2,3 and [;(u — q) = 0. Then,
i = a2y < Clle = all 2y < Cllu = all = Clul s

which completes the proof. O]

The following lemma, adapted from [96, Theorem 8.5], is used for constructing
approximations to functions on elements away from the physical domain corners, i.e.
where the functions are smooth. The two main properties are that the approximation
interpolates at the vertices (since the pressure is continuous at the noncorner vertices)

and has sufficient decay in higher order Sobolev seminorms.

Lemma 5.6.6. For every u € H*1(S), S = (=1,1)2, k > 1, there exists a polyno-

mial q of degree at most k separately in x and y such that g(a) = u(a), a vertex of

S, and

(k—s)!
(k+s)!

||u - q,|i2(§) < ¢ {Ha;+1ayu"i2(§) + ’|3xa;+1u|’i2(g)}
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for any 0 < s < k with C independent of k, s, and u.

Let £;, 0 < i < n denote the set of elements of 7™ that are n — i layers away

from the corners of ) and define

-1 k
||u\|Hk, ::Z/ng‘s’DjUF derz/ng(aﬂ—z)leuF iz,
j:0 j:l

where d, is the Euclidean distance to nearest corner of Q. Given u € Hj"'(Q),
m > n+ 1, we construct a polynomial approximation of u, denoted r, on an element

K € T™° using the procedure in the proof of [57, Lemma 5.1]. That is, we apply

element-wise pullbacks of u to the reference element T and use [Lemma 5.6.5| if K
contains a corner of the physical domain €2, i.e. K € £,, and otherwise,

ie. L;, 0<i<n—1. Analogous arguments to the proof of [57, Lemma 5.1] lead to

the following theorem:

Theorem 5.6.7. For u € H;"'(Q), m > n + 1, there exists
r€{q€ L*Q):qlg € Pomss(K), VK € T™, q is C° at all noncorner vertices}

such that

5) 5y Ai(n —s A% (n = s;)!
ol < 0 S ROl + 5 3 a0

KeLln, i=0 KeLl;

Sz +2,1(Q)}

for 0 < s; <n where C and X\ are positive constants independent of n, s;, and u.
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5.7 Numerical Examples

In this section, we present numerical computations highlighting the convergence
properties of the method on two typical test cases: Moffatt eddies in a wedge-shaped

domain and parabolic inflow and outflow on a T-shaped domain.

5.7.1 Moffatt Eddies

The first example, due to Moffatt [82], is a common benchmark for higher order
method as it contains features on many scales. We take the domain ) to be the
wedge with a fixed mesh shown in and prescribe a parabolic flow profile

on the top part of the boundary and no flow on the remainder of the boundary:

u(z,0) = : —1<2z<1, and w=0onI)\(-1,1)x {0}.

The solution contains an infinite cascade of eddies, each about 400 times weaker
than the previous one. Moreover, the pressure also has an infinite cascade of singular-
ities, starting at (£1,0). The blowup of the pressure combined with the exponentially
decreasing strength of the eddies makes this problem challenging for many numerical
methods. We use a purely spectral method, that is, we only increase the polynomial

degree k and do not refine the mesh. The convergence of the method is displayed
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Figure 5.3: (a) 18 element computational mesh and (b) zoom on red box

in [Figure 5.4| for k = 4,...,10. The total error is given by ,/e2 + e2, where e, is

the H'(Q) velocity error and e, is the L?(f2) pressure error, and was computed by

comparing to a high order reference solution. As predicted by [Iheorem 5.2.2| the

method convergence at an algebraic rate due to the limited regularity of the solution.
Our results for k& = 13 are displayed in [Figure 5.5 We see a good resolution of the
streamlines and pressure profile using only 18 elements despite there being no mesh
grading near the singularities. On zooming in on [Figure 5.6 we see that the bot-
tom two elements completely resolve one eddy and nearly resolve two more eddies.
Furthermore, the pressure profile exhibits the expected blow-up of the pressure at
the corner vertices. Overall, the method completely resolves four eddies and mostly
resolves a fifth, equivalent to a 10 range of scales, while also nicely capturing the

pressure profile.
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Figure 5.4: Convergence of numerical solution to the Moffatt eddy problem for k =
4,...,10.

5.7.2 T-shape Domain

The next example is a combination of the forward- and backward-facing step bench-
mark problems considered in [4]. We take the domain 2 to be the T-shaped domain
with an example meshes in [Figure 5.7, zero body force f = 0, parabolic flow profile
on the leftmost and rightmost boundaries of the domain, no flow on the remainder

of the boundary:

1 —
u(j:§7y) = y( y) ) OS?JSL and u =0 OnF\{ig} X<071)
0

Since the boundary data is polynomial, the solution (u, p) belongs to the count-

ably normed spaces in [Section 5.2.2| despite having limited (unweighted) Sobolev

regularity due to the re-entrant corners. We expect that the finite element approxi-
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Figure 5.5: Numerical solution for k = 13: (a) Streamlines with |u| background color
and (b) pressure p.

mation converges exponentially fast in terms of the total number of degrees of free-
dom on a properly graded sequence of meshes. The first mesh in
consists of one layer of elements around the re-entrant corner and the bottom most
corners with ¢ = 0.08. We then refine the mesh by successively adding layers of
elements such that the inner most layer of elements has a diameter proportional to

0", where n is the number of refinements. For example, the mesh corresponding to

n = 3 is shown in [Figures 5.70| and [5.7¢

Figure 5.8 shows the total error of the method on the sequence of meshes de-
scribed above for polynomial degrees £ = 4,...,10. The total error is computed in
the same manner as for the Moffatt eddy example. The plots confirm two properties
of the method. One, on each fixed mesh, the error decays algebraically (for &k suffi-
ciently large) due to the limited Sobolev regularity. Two, the envelope of the curves

demonstrates that the method is converging exponentially fast according to |(5.2.5)|
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Figure 5.6: Numerical solution for & = 13, zoom on bottom eddies: (a) Streamlines
with |u| background color and (b) pressure p.

exhibited by a linear error curve in [Figure 5.8b|

Besides convergence of the method, we are also interested in its ability to (visu-
ally) resolve two distinctive features of this problem: the pressure blows up at the
re-entrant corners, and two infinite cascade of small eddies form on the bottom cor-
ners of the domain. We first examine the pressure blow-up. Because the pressure is
singular at the re-entrant corners, the numerical solution will never be able to fully
resolve it. However, increasing the polynomial order k and further refining the mesh
mitigates the pollution of the error. displays numerical solution for (k,n)
= (4,1), (6,2), (8,3), (10,4). As the polynomial degree increases and the mesh is
further refined, the magnitude of the numerical oscillations away from the corner de-
crease, the jump across elements decreases (despite no continuity across edges being
explicitly enforced by the method), and the spike at the corner is more localized. The

magnitude of the spikes also grows as k and n increase — the magnitude of the spikes
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Figure 5.7: Geometrically graded meshes: (a) mesh with n = 1 layer of elements,
(b) mesh with n = 3 layers of elements, and (c) zoom on re-entrant corner of mesh
with n = 3 layers of elements.

is about 330 for (k,n) = (10, 4), even though the z-axis limits are capped at z = £15
for visualization. For these reasons, we focus our attention on the (k,n) = (10,4)
solution shown in The streamlines near the re-entrant corner exhibit
good resolution and the oscillations in the pressure profile are localized to the few
elements around the re-entrant corners. The eddies in the bottom corner of the do-
mains are also resolved to machine precision, as shown in [Figure 5.11] Overall, the
method is able to limit the pollution of the pressure singularity and resolve the small
scale eddies with only a few refinements despite the total error of the method being

of the order 1073,
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Figure 5.8: Error of the method on various geometric meshes for k = 4,...,10: (a)

Log-log plot and (b) semi-log plot.

5.8 Proof of Lemma 5.4.1]

By [Lemma 3.7.1} there exists Fj, € Pry1(I) such that
Fo(-1) = F,(1) = F,(1) =0, Fj(-1)=1, and |[Flr2q < Ck™,

where I = (—1,1) and C' is independent of k. By interpolation, and the inverse es-
timate || F} || 2 < Ck?||Fyll2(r) [25) Corollary 3.4], we obtain the following Hoé (1)

bound for F}:

1Bl a2 g <C||FkH1/2 1l sy < CI|Fll 20y < Ck™2 (5.8.1)

71
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(b) (k,n) = (6,2) approximation

(c) (k,n) = (8,3) approximation (d) (k,n) = (10,4) approximation

Figure 5.9: Pressure approximations near re-entrant corner.

Define the function f € L2(8T), where T is the reference element in [Figure 4.5b| by

Fil =0, fil9=-1kR (1 - ﬁ—|) b filo=-2lp (ﬁ—| - 1) i

where f; = f|,, and s is the arc length parametrization of +; oriented as in
1 <4 < 3. Since f is continuous at the vertices a;, 1 < j < 3, [I3]

Theorem 7.4] (applied component-wise) asserts the existence of a v € ’Pk+1(T) such
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Figure 5.10: Numerical solution for (k,n) = (10,4): (a) Pressure and (b) streamlines
with |u| background color.

that
Vlpp = F and vl < ClFllpzon
with C independent of k. Using that f, € H 362(%) and we have

3
1f 1l g2 omy < C Y 1Fill 120y < ClHERI g2y < Ck™2.

=1

Define ¥, := div . Using the identity

divev = (ti+1 : ’fl;z‘+2)_1 [8ti+1’l) : ’fl;i+2 - 8ti+2'v : ’ﬁ'i—i—l} s 1 S 1 S 3
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Figure 5.11: Streamlines with |u| background color for the (k,n) = (10,4) solution:

(a-b) corner zooms 1-2 and (c-d) corner zooms 3-4 with mesh overlay.

gives

. L X X to Mg+t
Uy (ar) = (b2 13) 7L [Fo(|72]) - g — F5(0) - 7o) = = 2; f: 2F(-1) =1,
2763

A

and similarly, ¥(a;) = 0, j = 2,3. By the divergence theorem,

/\ifl(x)d:c:/ v-ndS=0.
T aT
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Moreover, ||@1||L2(T) < Ollvll gy < Ck~2. Thus U, satisfies |(5.4.1)|in the case K

is the reference triangle T and a = a,.

We extend the construction to a general triangle K and any vertex as follows. Let
KeT,ie{1,2,3}, and Fg : T — K be the affine mapping such that Fx(T) = K
and Fy(a,) = a. Define ¥, € Pu(K) by Uq = W, 0 Fi'. Then, Ua(b) = dap,
Vb € Vi, fK\If dx =0, and

1Wall2ae) < Chicl| W1 2y < Chck™2,

which completes the proof. [



CHAPTER SIX

Mass Conserving Mixed hp-FEM
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6.1 Introduction

This chapter is the final part in a series discussing a mass conserving, high order,

mixed finite element method for Stokes flow on a simply connected polygon 2 with

boundary I' = 002 |(4.1.2)} Problem is again approximated a using mixed,

high order, finite element scheme on a mesh 7 as follows: Find (wpk, prr) € Vo X Qo

such that

a(upg,v) +b(v,ppi) = (f,v) Yo eV, (6.1.1a)

b(uhk, q) =0 ‘v’q S Qo, (611b)

where the finite element spaces are chosen for £ > 4 as in the previous two chapters

(1.2.16)

Vi={ve %) :v|x € Pr(K) VK € T, vis C* at noncorner vertices},

Q:={qeL*Q) :qlx € Pr1(K)VK €T, qis C° at noncorner vertices},

Vo :=VNHNQ), Vo=V, x Vy, and Qy = Q N LE(). The local degrees of freedom
of the spaces V and @ are illustrated in [Figure 4.4]

In Part I [Chapter 4] it was shown that these elements are uniformly inf-sup
stable in the mesh size h and polynomial order & if the mesh 7 is corner-split which,

roughly speaking, means that every element K € T has at most one edge lying on

the domain boundary I'; for a precise definition, see [Section 4.2.2|



216

Theorem 6.1.1 (Theorem 4.3.1) and [Corollary 4.3.2)). If the mesh T is corner-split,

then for every q € @, there exists v € V such that divv = q and

[0l ) < Bl @),

where 0 < B < 1 is independent of k and h. Thus, the spaces Vo x Qo are uniformly

inf-sup stable:

inf  sup b(©, q)

> (6.1.2)
0#9€Qo 0£veV HUHHl(Q) HQHLQ(Q)

Strictly speaking, [Corollary 4.3.2| shows that § depends on the mesh-dependent

quantity £(7) defined in |(4.3.2), but is nevertheless bounded independently of the

mesh size h and polynomial degree k. Moreover, the finite element solution wpy

will be pointwise divergence free (see e.g. [Section 4.1)). In [Chapter 5| it was shown

that these elements have optimal approximation properties in both the mesh size
h and the polynomial order k. On locally quasi-uniform meshes, the finite element

solution to converges at the optimal algebraic rate to the solution to |(4.1.2)

by [Theorem 5.2.1] Moreover, if the data f belongs to a particular countably normed

space, then the finite element method with properly geometrically graded meshes

converges exponentially fast as both the mesh is refined and the polynomial degree

is increased [Corollary 5.2.5l The spaces Vi x g are currently the only known

triangular finite element spaces that are uniformly inf-sup stable in h and k, give

pointwise divergence free velocities, and posses optimal approximation properties.
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In the current chapter, we turn to issues relating to the practical application of
the method. In particular, we give explicit bases for the spaces V' and () that result
in an efficient preconditioner for the solution of the resulting linear system for|(6.1.1)|
which may be used in conjunction with an iterative solver for indefinite systems, such
as MINRES [89]. The preconditioner consists of a standard static condensation,
or elimination of the interior degrees of freedom, along with an Additive Schwarz
Method (ASM) preconditioner [103, T11] for the resulting Schur complement system
associated with the interface degrees of freedom. Thanks to a judicious choice of
basis, the condition number grow at most as log® k as k is increased, and is uniform

in the mesh size.

The current work finds inspiration in the early works of [32] 69] [102] [114] for h-
version methods, [9, [I09] for hp-version finite element methods, and [70, [78, 00, 91]
for spectral element methods, each of which developed block diagonal and/or block
triangular preconditioners in terms of existing preconditioners for second order ellip-
tic problems. Unfortunately, these types of approaches do not readily extend to the
mixed finite element scheme owing to the additional smoothness requirements
imposed at element vertices for both the velocity and pressure spaces. Our treatment
of these degrees of freedom is similar to the treatment of the second order deriva-
tive degrees of freedom in preconditioning the stiffness matrix for H?(§2)-conforming
methods in and the treatment of the vertex degrees of freedom in precon-

ditioning the mass matrix for H'(Q) problems [6], [7].
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6.2 General Form of a Block-Diagonal Precondi-
tioner

By fixing bases for the spaces V; and @), we may express u € Vi and p € Q) as
w=ipdp+ ;b and p=p. P +p; .,

for suitable ug, iy, p., p,, where ®; is the vector of exterior velocity basis functions
(vertex and edge functions), ®; the vector of interior velocity basis functions, @/7@
the vector of exterior pressure basis functions, and JL the vector of interior pressure
basis functions. Here, the exterior pressure functions consist of vertex functions and

a function corresponding to the average value over each element. The variational

problem in matrix form then reads

Apg Bg. | Agr Bpg, Up f E
BeE 0 BeI 0 ﬁe 6
= — - (6.2.1)
A B | A By, Ur fr
B 0 |B, 0 7, 0

The matrix appearing in is symmetric but indefinite, owing to the zero sub-
blocks. The pressure variable in problem is unique up to a constant, meaning
that the matrix in has a one-dimensional null space. Nevertheless, the sys-
tem is consistent since the components of the load vector corresponding to

pressure basis functions vanish identically and, a fortiori, are orthogonal to constant
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pressure modes. Consequently, the system is uniquely solvable up to the ad-
dition of a constant in the pressure thanks to the inf-sup condition |(6.1.2)| and the

uniform ellipticity of a(-, -).

The conditioning of the matrix, in common with standard hp-finite elements,
degenerates rapidly with both the mesh size h and the polynomial order k of the
elements. Indeed, almost every practical choice of basis function results in a rapid
deterioration of the condition number £, even for symmetric, positive definite systems
[0, 88]. We seek a preconditioner for the symmetric, indefinite system which

controls the growth of the conditioning in both A and k.

The first step towards preconditioning is to eliminate, or statically condense, the

interior degrees of freedom to arrive at the Schur complement system

-1

o || _ | f5] fE |Asr Bu| |An Bu f} 622
. g 0 B, O B, 0 0
where
~ ~T -1
S— A B - AEE BEe AEI BEL AH BIL AIE B]e
B 0 B, 0 B, 0 B, 0 B, O

(6.2.3)

and we have used the fact (see [Lemma 6.5.1]) that the (2,2) block of Schur comple-

ment matrix S reduces to the zero matrix. The inverse of the matrix appearing in
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(6.2.2)[ and |(6.2.3)|is well-defined by [Theorem 6.3.3] After the degrees of freedom on

the element interfaces are in hand, the interior degrees of freedom can be recovered

by back substitution using the relation

-1

ir| |An Bu fi| A Br| |is
P, B, 0 0 B 0| |7

The element interface degrees of freedom are obtained by solving the Schur comple-
ment system . The matrix S defined in is symmetric and indefinite,
and inherits the one dimensional null space from the full system matrix , again
corresponding to the constant pressure mode. Similarly, the right hand side in
inherits the consistency of the load vector meaning that is uniquely solvable
up to a constant pressure mode. The indefiniteness of the problem coupled with the
presence of a low dimensional null space suggests using a MINRES iterative solver

[89] in conjunction with a suitable preconditioner.

We seek a block diagonal matrix of the form

A 0
P = ~ (6.2.4)
0 v''M
to precondition S, where A and M are symmetric positive definite matrices. The

convergence of the MINRES algorithm with preconditioner P~ depends on the loca-

tion of the nonzero eigenvalues of P~'S [48, Remark 4.13 and §4.2.4]. In particular,
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let 9, A, 6, and © be nonnegative constants such that

—~T A= TS ~—1 =T
uEA E q6 BA B de
0 < ﬁ%AﬁE <A YVueVy and 0< P e <0 Vq € Q.

Then, by [48, Theorem 4.7 and eq. (4.37)], the eigenvalues of P~'S lie in the set

{—@,% (5 - \/MT(SH)] U{0}U {5,% (A + m)} . (6.2.5)

In order to use variational techniques like Additive Schwarz Methods to construct
A and M, we must first identify the appropriate variational setting of the Schur
complement system In particular, the Schur complement is posed over the
subspaces spanned by the external degrees of freedom of Vj x (), which are rather
non-standard owing to the additional continuity imposed at noncorner vertices.

gives a precise characterization of these spaces including new results showing

that they form a discrete exact sequence property ((Theorem 6.3.5)) and that they, like

the spaces Vy X Qo, are uniformly inf-sup stable in both h and k& (Theorem 6.3.7)).

defines the Stokes extension operator and its relation to the subspace
splittings. uses the results of the previous two sections to relate the matrix
form of the Schur complement system to a variational problem. In [Section 6.6, we
present an explicit set of basis functions on the reference element for the spaces
V and @ and then detail how these are used in the construction of the global basis

functions. We develop the additive Schwarz theory and construct the matrices A and

M in [Section 6.7, which is then applied to three numerical examples demonstrating
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in [Section 6.8 [Section 6.9 contains technical lemmas related to the additive Schwarz

theory.

6.3 Subspace Splittings, Exact Sequences, and
Stability

A key property of the mixed finite element pair Vj x @)y is the exactness of the

sequence [Theorem 4.2.6/ and 50}, §3.2]:

Y — v, s 0, s 0, (6.3.1)

where we recall that curl = (9,,—38,)" and X, is the space of H?*(Q)-conforming

piecewise polynomials given by

Yo={6€CHQ) : ¢|x € Pry1(K) VK € T, ¢ is C* at noncorner vertices} N Ha(€2).

The exact sequence property |(6.3.1)] was used in [Theorem 5.2.2f to obtain optimal

error estimates for the velocity that were independent of the pressure error. In the
remainder of this section, we seek exact sequences analogous to [(6.3.1)| that respect
the separation of interior and exterior degrees of freedom. Such sequences will be

used to both identify the variational problem associated with the Schur complement

system and prove its uniform stability.
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6.3.1 Interior Subspaces

We first examine the subspaces associated with the interior degrees of freedom given

by

Yr={¢ € Xy: dlox = Onolox =0VK € T},

V[:{’UGVOZU‘QKZOVKET},

le{q€Qoi/qdaZ=0, qlx(a) =0 Va € Vg, VKET},
K

which, in turn, may be decomposed into contributions from individual elements:

Si=P LK), Vi=@ViK), and Q=D QuK), (6.3.2)

KeT KeT KeT

where

Y1(K) = P (K) N H(K),
V(K) == Pp(K) N Hy(K),

Q1(K) :={q € Pro1i(K)N L§(K) : q(a) =0, VYa € Vi } .

Here, we follow the usual conventions whereby the above definitions are understood
to mean that the functions are defined globally but supported on the single element
K. Both the element-level interior spaces and the corresponding interior spaces on

a mesh form exact sequences:
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Theorem 6.3.1. The following sequences are exact:

curl

0—S 5 (K) -2 Vi(K) -5 Q)(K) ——0 VKeT, (63.3)

and

curl div

> Dy > Vi

Proof. In view of curl H3(K) C H(K), we have the relations curl ¥;(K) C V;(K),

curl ¥;(K) C ker div, and by |Theorem 4.3.4] div V' ;(K) = Q;(K). Here, we consider

div as a linear operator V;(K) — Q;(K). Moreover, for ¢ € ¥;(K), curl¢ = 0
if and only if ¢ = 0 and so dimcurl ¥;(K) = dim ¥;(K). The dimension counts
dim $p(K) = B=112 1 qim V(K) = k* — 3k + 2, and dim Q;(K) = ¥%E=2 reveal
that dim X;(K) + dim Q;(K) — dim V;(K) = 0. By the rank-nullity theorem, we

have
dim V;(K) = dim Im div + dim ker div > dim Q;(K) + dim X;(K) = dim V;(K).

and so ker div = curl X;(K). Thus, the element-level sequence [(6.3.3)|is exact. The
exactness of the global spaces |(6.3.4)] may be proved along similar lines using the
exactness of the element level sequence |(6.3.3)! O

The inclusions curl ¥;(K) C V(K) and curl ¥; C V7 give a useful decomposi-

tion of the interior spaces in terms of the curl operator:
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Corollary 6.3.2. The spaces V [(K) and V' admit the following decompositions:
Vi(K) =curl L;(K) @ {v € Pu(K)NH}(K), a(v,curl¢) =0 V¢ € X(K)}
and

Vi=curlX; & {’U eVy: ’U|3K =0VK eT, CL(’U,CUI‘lqb) =0Vop e Z[} (635)

The next result concerns the stability of the interior mixed finite element pair
VixQ.
Theorem 6.3.3. Let K € T and let 5 be the discrete inf-sup constant appearing in
[(6.1.2)] If g € Qi(K), then there exists v € V [(K) such that divv = q and

hI_(1||v||L2(K) + |’U|H1(K) < 5_1||Q||L2(K)- (6.3.6)

Consequently, (i) the spaces Vi x Qp are uniformly inf-sup stable:

b
inf  sup (v.q) > B, (6.3.7)
0£4€Q1 0vev; V] o) llallz2 ()

y _|Am Bn| oo
and (ii) the matriz is invertible, and hence the Schur complement S

B, O
appearing in is well-defined by the formula|(6.2.3)|

Proof. Let ¢ € Q;(K). Then, [Theorem 4.3.4] gives the existence of v € V(K with
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divwv = ¢ satisfying the estimate |(6.3.6)

Now let ¢ € @7 be decomposed as in so that ¢ = > o qx With gx €
Qr(K). By the first statement in the theorem, there exists vx € V(K) with

divvg = —qg satistying Hence, v := 3 e v satisfies dive = —g and
Vi@ = D [okliie) < A7) laxllizw = A %llalEz ),
KeT KeT

from which |(6.3.7)| immediately follows. (ii) follows at once thanks to the ellipticity
of a(+,-) and the inf-sup condition |(6.3.7)| O

6.3.2 Boundary Subspaces

The subspaces » B, v £, and CNQ g are defined as follows

Yp = {6 € Xy : a(curl ¢, curly)) = 0 Ve € X} (6.3.8a)
Vi:={veVy:divv e Qg, a(v,curly) =0V € X;} (6.3.8b)
Qr:={q€Q:(g,r)=0VreQ}, (6.3.8¢)

and correspond to degrees of freedom on the element boundaries. More precisely, we

have:



227

Theorem 6.3.4. The following decompositions hold:

ZOZEI@EE, V():V]@‘?E, and QOZQI@QE (639)

Proof. The decompositions of ¥y and (), follow immediately using the orthogonality

conditions in the definition of the spaces |(6.3.8a) and |(6.3.8¢c). The decomposition

of the velocity space Vg is more involved. We first use the exact sequence to

write:

Vi = curl ¥y @ (curl $p)*, (6.3.10)

where (curl¥y)* = {u € Vi : a(u,curly) = 0 Vi) € ¥g}. Now, let v € V| be
given. By the decomposition |(6.3.10) and the decomposition of ¥y in |(6.3.9), there

exists ¢; € ¥y, ¢p € g, and v € (curl ¥4)+ such that v = Curl(¢1+¢~5E)+vl. We
decompose the divergence analogously: divv = ¢; + §g with ¢; € Q; and §r € Qp.

Thanks to the exact sequence [(6.3.4)] and the decomposition [(6.3.5)] there exists
w € Vsuch that divw =gy and w € {v € V;: a(v,curly) =0Vy € ¥;}. Then,
vy := curl ¢; + w satisfies v; € V; and divv; = q;. Consequently, vg :=v —v; =

curl ¢ + v, — w satisfies div oy = div(v —vy) =g € Qp and

a(vp, curly) = a(curl br, curly) + a(v, curly) + a(w, curly) =0 Vi) € ¥

by construction. Thus, vg € v g, which completes the proof. O
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[Theorem 6.3.4] means that the decompositions in the columns of the following

complex|(6.3.11)[are valid. The next result shows that the rows form exact sequences:

Theorem 6.3.5. Fach row of the following complex is an exact sequence

0 —S—» 5 =, v, &y 0 —s 0 (6.3.11a)
[ I I

0 ——» » =y, 0 — 0 (6.3.11D)
& @ &

0 —— 8 2y vy Ty 0 — 0 (6.3.11c)

where the exterior spaces Sg, Vg, and Qg are given by|(6.3.8)|

Proof. [Theorem 4.2.6| gives the exactness of |(6.3.11a)| while [Theorem 6.3.1| gives the

exactness of |(6.3.11b)l Moreover, the decomposition and the exactness the
sequences |(6.3.11a)| and |(6.3.11b)|imply that dim Xz + dim Qg — dim V i = 0. Since

curl f]E C f/E and div VE - QE, we conclude that the sequence |(6.3.11¢)|is exact

using analogous arguments to those used in [['heorem 6.3.1} ]

The exactness of the final row in |(6.3.11)| gives the following analogue of
for the exterior velocity space:



229

Corollary 6.3.6. The exterior velocity space V g admits the following decomposition:

Ve=curlly @ {v eV, :dive € Qg, a(v,curlg) =0 Vo € %y}.

[Theorems 6.1.1 and [6.3.3| show that the mixed finite element pairs appearing in

the first two rows of |(6.3.11)| are uniformly inf-sup stable. The next result shows
that the boundary spaces are also stable with the same inf-sup constant as for the

full velocity and pressure spaces:

Theorem 6.3.7. Let 3 be the discrete inf-sup constant defined in|(6.1.2) If g € Qp,

then there ezists v € V i such that divv = ¢ and

Vg1 < 5_1HQ||L2(Q)- (6.3.12)
Consequently, the spaces Vi x Qg are uniformly inf-sup stable:

inf  sup b(v, )

> (6.3.13)
024605 02vev |01 H )12l 22(0)

Proof. Let q € QE be given. By [Theorem 6.1.1] there exists w € V such that

divw = ¢ and ||w|| g ) < 67 |¢llL2(), where 3 is independent of i and k. Accord-

ing to [Theorem 6.3.4 and [(6.3.8b)|, there exist functions w; € V;, wg € Vg such

that w = w;+wg. Q; > divw; = div(w—wg) € Qp since divw = ¢ € Qp, and so
divw; = 0. By the exact sequence property ((6.3.4), w; = curl ¢; for some ¢ € >,

and thus w = curl ¢; + wg. Note that this decomposition of w is a(-, -) orthogonal
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by definition: a(curl ¢;, wg) =0 and

|w|§{1(ﬂ) = [a(curl ¢r,curl ¢r) + a(’[uE,'&;E)} = | curl gbﬂfql(m + |’&JE|%I1(Q).
Define v := wg. Then, divyv = divwg = div(wg + curl¢;) = divw = ¢, and
V| m) < |wlm@) < B 4dllr2@- [(6.3.12)] and [(6.3.13)| follow at once. O

6.4 Stokes Extension Operator

Let V :=V x V denote the discrete velocity space in the absence of essential bound-
ary conditions and 7 be the orthogonal complement of Q7 in @ with the corre-

sponding projection II : Q — Q7,

(Ilg,r) = (¢,7) VreQr:={q€eQ:(q,r)=0VreQ;}. (6.4.1)

It is worthwhile noting that means that Qp = QF N L3(Q), so that the space

Q7 corresponds to boundary degrees of freedom. Let K € T. Then, thanks to stan-

dard Babuska-Brezzi theory (see e.g. [55, p. 59 Theorem 4.1]) and [Theorem 6.3.3]
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there exist ugx € Pr(K) and ps i € Pr_1(K) satisfying

ak(usk,v)+br(v,psx) =0 Yo € V(K), (6.4.2a)
br(usk,q) =0 Vg € Q(K), (6.4.2b)
UsK = U on 0K, (6.4.2¢)
ps.i(a) =plk(a) Va € Vg, (6.4.2d)
/p&K dx = / p dx, (6.4.2e)
K K

where ak(-,-) and bk(-, -) denote the restrictions of the bilinear forms to element K.
We define the Stokes extension map V' x @ > (u,p) — &(u,p) =: (us,ps) by the

rule us = ugx and pg = ps x on each element K € T.

The first result deals with the Stokes extension of a given velocity field paired a

Zero pressure.

Theorem 6.4.1. LetIly : V = V Ilg : V — Q be defined by the rule
V 3 u~— (Ilyu,llpu) := &(u,0). (6.4.3)
Then, Ilgu € Qr and
Iy ulle o) + v~ Tullizge < Cllull ey VK €T, (6.4.4)

where C' is independent of hye, k, v, andw. In particular, if uw € V g, then Iyu = u.
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Moreover, the following equivalence of semi-norms holds:

where C' > 1 is independent of k, hyi, B, v, and u.

Proof. Let K € T and u € V be given. Conditions |(6.4.2d)| and |(6.4.2¢)| imply that

lou € Qr. Let ¢ =|0K|™" [, w dS. Thanks to [I3, Theorem 7.4] and a standard

scaling argument, there exists w € P (K) such that w|ox = (u — ¢)|sx and

_ ~ ~ —1/2
P g2y + 1®ler ) < € (Al = ellzzgomy + [l aragon )

with C' independent of hg, k, and u. The polynomial w := w + ¢ satisfies w|sx =
u|sx. Moreover, by Poincaré’s inequality, h;/2||'u, — | 20K < Clulgirzpr. and

S0
||’wHH1(K) < ||ﬁ)||L2(K) + Ch%2HUHL2(8K) + |1~U|H1(K) < CHUHHUQ((‘)K)' (6.4.6)
Choosing v = Iy ulx —w € V(K) in gives
ax(Ilyu, Iyu) = ax(Myu, w) + b (Mlyu — w, [ou).

By [(6.4.2b)], bx (IIyu, [Iou) = 0 since [lou|x € Q;(K), and so, by Cauchy-Schwarz
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inequality, there holds

Myul2 g < <|Hvu|H1(K) + \/Eu—lanunLg(K)) W] g1 ) (6.4.7)

Moreover, there exists v € V(K) satistying dive = [lou|x and |(6.3.6)| by [Theo-|
rem 6.3.3] Consequently,

bg(v,llgu)  ax(Ilyu,v)

Bl|Toul 2y < < vyl (6.4.8)

|’U|H1(K) a |v|H1(K)
thanks to and the Cauchy-Schwarz inequality. Collecting results, we obtain
My w| g ) < (1+ V287 |w]g ) < Cllullgz o
and
Moul| L2 < V/B_lanu|H1(K) < Cv|ull gz o)

where C' is independent of hg, k, v, and w. Combining the estimate

i Tyl g2y < C (|Hvu|H1<K> T k|

Hv’U, dSD s
0K

which follows from [49, Example B.64] and a standard scaling argument, and the
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Cauchy-Schwarz inequality then gives

1Tyl 2y < C (el Tyl gy + b 1T g2gon )

<C (lHVu|H1(K) + Hu||L2(8K))

< Cllul g2 or)-

Now let u € VE Then, divIIyu € QE byand w:=u—Ilyu e V; by
. Moreover, divw € Q; N Qg since divu,divIIyu € Qp. Thus, divw = 0
and w = curl ¢ with ¢ € ¥ by the exact sequence property For any ¢ € ¥y,
there holds

a(curl ¢, curlvy) = a(u, curly) — a(Ilyu, curly) =0

by the definition of V5 and choosing v = curle for 1) € ¥; in [(6.4.2a)l Since

a(curl-, curl ) is coercive on ¥;, ¢ =0, and u = Iy u.

The equivalence is proved by arguing as in [32 Theorem 4.1]. O

The next result complements [['heorem 6.4.1}

Theorem 6.4.2. Forp € Q, &(0,p) = (0,IIp) where 11 is defined in and

Tl L2y < NIl 2 - (6.4.9)
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In particular, if p € QF, then £(0,p) = (0,p).
Proof. Let p € @ and consider the Stokes extension (w@,p) := &(0,p). Since Q =

Q1 ® Q7, the pressure p may be written in the form p = p; + Ip. In particular,

pr € @ satisfies

b (v,pr) = b (v, p) — b (v, 1Ip) = by (v, ) Vo e Vi(K), VK €T,

where we used the fact that bg (v, IIp) = 0 since div V;(K) = Q;(K) L Qf. Hence,

CZK(’&,,’U)—FI)K(’U,]?[) =0 Vv € V](K),

bK(’a,(D =0 Vq c Q[(K)

[Equation (6.4.4)[ then gives (@, p;) = &(0,0); or, equally well, 4 = 0 and § = IIp.

The estimate immediately follows since II is a projection. If p € Q7, then

&(0,p) = (0,1Ip) = (0, p). 0

Combining |Theorems 6.4.1| and [6.4.2] leads to the following result:

Corollary 6.4.3. The Stokes extension operator & (-, -) is linear and continuous: For

K €T, there holds

||g}(u7p)||H1(K)><L2(K) < CmaX{LV}HUHHW(aK) + HﬁpHLQ(K) V(u,p) €V x Q,
(6.4.10)
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where C' is independent of hy, k, and v. Moreover, ker & = V| x Q; and &(u,p) =

(Tyu, ou + TIp).

Proof. The linearity of &(-,-) is immediate from the definition |(6.4.2)|, and |(6.4.10)|
then follows from |(6.4.4)| and [Theorem 6.4.2| using the triangle inequality. A simple

consequence of |(6.4.2¢)| to|(6.4.2¢)|is that ker & C V' x ;. Moreover, [(6.4.10)| gives
that V; x Q; C ker&. Thus, ker& =V x Q. O

6.5 Variational Form of the Schur Complement
System

The results of the previous two sections are used to study the Schur complement
system [(6.2.2)l The first result relates the Schur complement matrix S to the discrete

Stokes extension map:

Lemma 6.5.1. For all (u,p), (v,q) € Vo X Q, the Stokes extension satisfies

T

a(us,vs) + b(vs, ps) + b(us,qs) = S (6.5.1)
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~ =T
A B
where S = | |. Consequently, the following identities hold:
B C
L ATy = a(Ilyu, Iyv) Vu,v € V), (6.5.2a)
ﬁggﬁE = b(Hv’U,, ﬁp) Vp e, ueVy, (652b)

C=0 and § =0, (6.5.2¢)

where Iy s defined in II is defined in and g is defined in .

Proof. Let (u,p) € Vi x Q. The Stokes extension (ug, ps) = £(u, p) may be written

as ug = ®Liy + ®Td; and ps = YIp, + 75 so that u = BLiy + ®Td; and

p= @E;Tﬁe + JLT@ for suitable @g, @/, p., and f,. Thanks to|(6.4.2a)| and |(6.4.2b)| Uy

and p; are given by

_ . (6.5.3)
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Analogous relations hold replacing (u, p) by (v,q) € Vo x Q. Now,

a(us,vs) + b(vs, ps) + b(us, qs)

LT .
Up Apg Bge | Apr Bg, Up
Ge B, 0 B, 0 De
Uy Are B | Air By, Uy |
I q; 1| Br 0 | B; 0 1L D |

and then using [(6.5.3), we obtain |(6.5.1) Identities |(6.5.2)| are then obtained from
as follows:

(a) Choose p = ¢ = 0. Then, (Ilyu,llou), (Ilyv,Ilgv) € V x Q; by
rem 6.4.1) so b(Ily v, [lgu) + b(Ilyu, Ilgv) = 0 by [(6.4.2b)} |(6.5.2a)| follows.

(b) Choose p = 0 and v = 0. By [Theorem 6.4.2, £(0,q) = (0,1Ig), and |(6.5.2b

follows.

(¢) Choose w = v = 0. By [Theorem 6.4.2, £(0,p) = (0,1Ip), £(0,q) = (0,1Ig),

and so q_eTCNZ'ﬁe = 0 for all p,q € Q). Thus, C = 0. Furthermore, for u € V

satisfying |(6.1.1)} there holds
7.7 = @ Biy = by, lg) = —b(u —Tyw,Ig) Vg€ Q

by |(6.1.1b)| Since ulspx = Iy ulsk for all K € T, div(u — Iyu) € divV; =
Qr L Qf, and so b(u — ITyu, §) = 0, which completes a
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The main result of this section relates the Schur complement problem to

a Stokes problem posed on the boundary spaces Vi xQp:

Theorem 6.5.2. The Schur complement system is equivalent to the following

variational problem: Find (u,p) € Vi x QE such that

a(u,v) + b(v,p) = (f,v) Yv € Vi, (6.5.4a)

b(u,q) =0 Vg € Q. (6.5.4b)

Moreover, the nonzero eigenvalues of the generalized eigenvalue problem EAVAET(T@
= )\1/*1]\7(‘76 are contained in the interval [3%, 1], where M s the matriz associated
with the L?(Q)-inner product on Qt and 3 is the inf-sup constant in |(6.1.2). In
particular, the nonzero eigenvalues A are uniformly bounded away from zero in h and

k.

Proof. Let (u,p),(v,q) € Vg x QF. Substituting the identities in [Theorems 6.4.1|

and [6.4.2] into |(6.5.2)| gives

T

u ~ ~ ~T
S = G AUL + ¢ Biip + 0B p.

= G(Hv’u,, va) + b(va, ﬁp) + b(]._.[v’u,, ﬁq)

= a(u,v) + b(v,p) + b(u, q).

now follows from on noting that Qp = QF+ NL2(Q). Arguing as in [48)
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Theorem 3.22|, the eigenvalue bound follows from the inf-sup condition |(6.3.13)] [

6.6 Basis Functions

We first define a basis {¢;} for the space of scalar-valued functions V. The basis is
constructed so that the exclusion of particular functions gives a basis for Vo =V N
H} (), which simplifies both the enforcement of homogeneous boundary conditions
and the implementation of the preconditioner. A basis {®;} for the velocity space
Vo = Vp x Vj is then obtained using functions of the form ¢;e; and ¢;e,, where
é; = [1,0]7 and &, = [0,1]7. For the pressure space, we only give a basis for Q since

the space )y is not used in the actual implementation.

6.6.1 Basis Functions on a Reference Triangle

We begin by defining basis functions for the pressure and velocity spaces on the

reference triangle T shown in [Figure 4.5b)
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6.6.1.1 Pressure Basis Functions

Let {B*},ez denote the Bernstein polynomials [71]:

k!
ATIASAG, (6.6.1)

k _
Bo = N
193!

where Z = {o € Z3 : || = k} and {);, 1 <@ < 3}, are the barycentric coordinates
on the reference triangle 7. The set {B*},cz forms a basis for Py(T) [71]. Each
Bernstein polynomial BY can be identified with the domain point x, = Fa; +
2ay + Fas on the reference triangle. Let 7y = {a € T : oy < k} denote the subset
corresponding to interior (non-vertex) points. Fix any 5 € Zo; since all the Bernstein
polynomials share the same average value, the set { B* — Bg}aez\{ﬁ} is a basis

for P,(T) N L2(T'). This set can be partitioned into:

(1) Vertex functions:
;= B, — B, 1<i<3,

satisfying [ Yidz = 0 and Q/Aji(dj) = §;; for 1 < i,j < 3. Here, ¢; € Z3 is given by

(€i); =6, 1 <, j <3.

(ii) Interior functions:

Yy = BE — B, a e\ {8}
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satisfying fT 1/A)L7adm =0 and 1/A)L7a(di) =0,1<i<3.

In order to obtain a basis for Pk(T ), we supplement this set with one additional

function:

(iii) Average value function
=1 Wi (6.6.2)

satisfying |7~ J7 Yapdx =1 and z(a;) = 0,1 <i < 3.

In summary, there are 3 vertex functions, one average value function and %(k‘ +
1)(k + 2) — 4 interior functions which total 1(k + 1)(k + 2) = dim Py(T), and form

a basis for the pressure space () = Pk(f) on the reference element.

6.6.1.2 Velocity Basis Functions

The construction of the basis functions for the velocity space V' is more complicated
owing to the higher continuity requirement. In particular, the basis functions {¢’},
BeZ: |8 =1,i€{1,2,3}, associated with the derivative degrees of freedom at the
vertices should satisfy D"‘éf(dj) = 0updij, a € 22, |a| =1, j € {1,2,3}. In order to

construct these functions, we begin by considering the vector valued function given
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by
o )\% /\QPk(i’g)(/\Q - A1)
J]_ = P(?’T (3 3) y (663)
k—3 (_1) )\3Pk—73 ()\3 — )\1)
where 131(3’3) is the Jacobi polynomial of degree [ [108]. The first component of Ji

vanishes on edge 4, and the gradient at a; is given by [1 0]7, while the second
component vanishes on edge 43 and has gradient [0 1]7 at a;. The factor A\? means
that both components of J; and their gradients vanish on the edge ;. In summary,

since x = A9 and y = A3, we have

o) 2]
Jl(dl) =0 and O jir(dl) = Oz j?(&z) = 0;1 . (664)
o) 2]
By B 01
Y 3

Defining Jp and J; by cyclic permutations of the indices, we conclude that Jp and J;

vanish at the vertices and that, for i € {1,2,3},

9 10 9 10
6;\3 jg(dz) = 51'2 and 8;\1 jg(dz) = 0;3 . (665)
ox 01 I 01

Substituting the identities

9 -1 1| & 0 0 —1] | &
O3 _ oz and 5281 _ ox

o) o) o) 0
O —10 Ay 2 I -1 Ay
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in and rearranging gives

— — — — T — —
2 -1 -1 .| 10
JQ (CLZ) = 612 5 (666)
2 1 0 0 1
- y - - -
- - - - T - -
2 0 1|.)\ . 10
8% -1 -1 0 1

Armed with|(6.6.4),, (6.6.6)| and |(6.6.7) we define the basis functions for the velocity

space as follows:

(i) C° vertex functions:

¢ =N(3-2\), 1<i<3,

satisfying ¢;(a;) = d;;, V ¢y(a;) = 0, and ¢;|s, = 0 for 1 <4, j < 3.

(ii) C" vertex functions

QB(LO) 1 0 . QAS(I’O) -1 -1 . 7(1,0) 0 1 .
Al = Jla A2 = J27 and A3 = J3

which, thanks to[(6.6.4)| [(6.6.6)| and |(6.6.7)| satisfy D¢ (a;) = d.30;; and ¢;|s, = 0

for 1 <i,7<3,]al=1,|8| < 1.

(iii) Edge functions: Let 4 be the edge connecting vertices a; and a;; then the basis
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functions associated with the edge are defined by
é&,l:/\?/\?ﬁ(%—)\i), 1<I<k-3

where {r} is any basis for P,_4((—1,1)). These functions satisfy D*¢s;(é,) = 0 for

‘Oé’ < 1, 1<m< 3, and qgwhf = (S;WA, for ’3/ S gT

(iv) Interior functions: The basis functions associated with the element interior are

defined by

N k2 —3k+2
bri=Adohgsi,  1<I< T*

where {s,} is any basis for P_s(T"). These functions satisfy ¢;, lg7 = 0and V G1.1(G)

=0forl<m<a3.

It is easily seen that the above functions are linearly independent. Furthermore,
there are 3 functions per vertex, dim Py_4((—1,1)) = k& — 3 functions per edge, and
dim Py,_s(T) = s(k — 2)(k — 1) interior functions which total 1(k + 1)(k + 2) =

dim P, (T)). Hence, the above functions also form a basis for Py (7).
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6.6.2 Basis Functions on a Mesh

We now define the global basis functions for the spaces ( and V. The lower continuity
requirements imposed at corner vertices Vo means that extra care must be taken

when defining the global basis functions associated with V¢.

6.6.2.1 Pressure Basis Functions

The pressure space @ requires C° continuity at all vertices except at corner vertices,
where the functions are allowed to be discontinuous. This means that each element
has its own degree of freedom at vertices a € Vg, whilst at the remaining vertices
a € V\ Vg, all elements share a single degree of freedom at the common vertex
as shown in [Figure 6.1al Consequently, any given vertex a € V is associated with
either (a) a single basis function supported on the patch 7, if @ € V' \ V¢, or (b) a
collection of basis functions, each of which is supported on a single element K € 7,
if @ € Vo. The set of supports of the pressure functions associated with a vertex

a €V is defined by

{7;} a < Vo
Oy =

{KEIEI} CLGV\Vc.

That is, the cardinality of these sets is |2, = 1 for noncorner vertices (since there

is only one vertex basis function associated to a) whilst [Q,| > 2 for corner vertices,
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e F'unctional dof
=> Derivative dof

7 e Corner dof
%\- Noncorner dof

(a) (b)

E

Figure 6.1: (a) The global pressure vertex degrees of freedom and (b) the global
velocity vertex degrees of freedom on a mesh of an example domain. Observe that in
(a) there are multiple pressure vertex degrees of freedom at corner vertices but only a
single degree of freedom at interior vertices and at noncorner boundary vertices and
in (b) there are three or more derivative degrees of freedom at corner vertices (red),
two derivative degrees of freedom aligned with the domain boundary at noncorner
boundary vertices (green), and two derivative degrees of freedom aligned with the
coordinate axes at interior vertices (blue).

thanks to the assumption that the mesh is corner-split into at least two elements.
The corresponding global vertex functions {¢¢ : @ € V, w € §,} are defined to
be pull-backs in the usual way: For each element K € T, let Fg : T — K be an

arbitrary, but fixed, invertible affine transformation. Then,

vﬁioF;{I on K C w, g@ToF;{I on K,
ww — and wK = (668)

0 otherwise, 0 otherwise,

where i is the index such that a; = F'(a).

The average value functions and interior functions are simpler. Each element

K € T has a single function ¢, corresponding to the average value over K, defined

by |(6.6.8)} Similarly, each element K € T has &(k + 1) — 4 interior functions also

2
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defined to be pull-backs. Thus, there are a total of O(|V| + |T|k?) global pressure

basis functions.

6.6.2.2 Velocity Basis Functions

The velocity space V imposes C! continuity at all vertices except at corner vertices,
where only C°-continuity is required to ensure V' C H*(£2). This means that at corner
vertices a € Vg, each element K € 7, has two degrees of freedom for the gradient
corresponding to the two tangential derivatives corresponding to the two edges of K
that meet at a. To enforce continuity between two neighboring elements in 7,, the
tangential derivative corresponding to the common edge must be shared between the
two elements. In other words, each corner vertex a € Vs has one derivative degree of
freedom for each edge v € &,. For the remaining noncorner vertices a € V \ Vg, all
elements in T, share two degrees of freedom at the common vertex, corresponding to
any two linearly independent directional derivatives as in[Figure 6.1b] Consequently,
a given vertex a € V is associated with either (a) two basis functions supported on
the patch 7, if @ € V \ V¢, or (b) a collection of basis functions, each of which
is associated to an edge v € &, and supported on the pair of elements sharing the

common edge v if a € V.

The set of unit vectors defining the directional derivative degrees of freedom at
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a vertex a € V are chosen as follows:

Do =4 {t, 7} a € Vg, (6.6.9)

{iyzfyega} a < Ve,
\

where ¢ and 7 are the unit tangent and normal vectors at a noncorner boundary
vertex a € Vg and iv denotes a unit tangent vector on an edge v € £ as illustrated
in |[Figure 6.1bl For a given vertex a € V and unit vector &t € D,, the global basis

function ¢# has support

. {K€Ty:3y€E witht, =4} acVe,
supp ¢ =
Ta CLEV\Vc.

The global C! vertex functions come in pairs as follows: Given a noncorner vertex

a € V;UVp, let f1;, f1, be unit vectors such that Dy = {f1,, 1} as in [(6.6.9)] and

define the basis functions by

gl —1 <g(l’o) o F—l

L I P Tl K on K €T, (6.6.10)
ity H1 Heo K QAS(O D, e
a i o K

where i is the index such that a; = Fj'(a) and DF g is the Jacobian matrix. The
above construction ensures that the basis functions are C'!' continuous at the vertex a:

i.e. f1;-Voh'(a) = d;. The case of a corner vertex a € Vg is more complicated since,
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as mentioned above, each edge v € &, contributes one independent basis function at
the vertex, also defined by the expression , which is supported on the edge
patch {K € T, : v € Ex}. The unit vectors fi,, fi, in associated with such
an element K € 7T, are taken to be the pair of unit tangent vectors on the two edges
of K having an endpoint at a. This means that the basis functions ¢£‘1 and (ng are

the only C! vertex functions supported on K.

The remaining C° vertex functions, edge functions, and interior functions are
again defined to be pull-backs of the corresponding functions on the reference element
in the usual way: i.e. ¢, = gZ;Z o F ' on K € T, and ¢, = 0 otherwise, where i is
the index such that a; = Fl}l(a,). Similarly, there are k — 3 edge functions per edge
v € &, supported on the patch of elements containing that edge {K € T : v € Ex},
and there are 3(k — 1)(k — 2) interior functions per element K € 7. Overall, there

are a total of O(|V| + |E]k + |T|k?) global velocity basis functions.

6.6.2.3 Velocity Basis Functions with Homogeneous Boundary Condi-
tions

The above construction gives a basis for V' in the absence of essential boundary
conditions. If nonhomogeneous essential boundary conditions are imposed, then the

values of the following basis functions will be constrained by the boundary data:

e the C° vertex function ¢4, @ € V \ V; at each vertex on the domain boundarys;
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e the C! vertex function at each noncorner boundary vertex corresponding to

the tangential derivative degree of freedom, i.e. qbi for a € Vp;

e the pair of C'! vertex functions at each corner boundary vertex corresponding
to the tangential derivatives along the domain boundary edges: (bf], qbfﬁ/ for

a € V¢ where v,7 € £, NT; and

e all k£ — 3 edge functions for each edge on the domain boundary.

If homogeneous essential boundary conditions are imposed, then a basis for V =

V N H}(Q) is obtained by taking the following functions:

e the CY vertex function at each interior vertex, i.e. ¢q, @ € Vr;

e the following C! vertex functions: ¢, a € V, i € D, where

)
{él,ég} a c V[,
Da =1 {a) acV, (6.6.11)
{t,:y€&nN&} acVe.
\

e all k£ — 3 edge functions on each interior edge; and

e all interior functions on each element.

Condition [(6.6.11)| means that we keep both C! vertex functions for each interior

vertex, the C! vertex function associated with the outward normal of I for each
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noncorner boundary vertex, and each C! vertex function corresponding to an interior

edge unit tangent vector at corner vertices.

6.7 Constructing the Preconditioner Using Addi-
tive Schwarz Theory

In [Section 6.2, we constructed the stiffness matrix for the Stokes problem

using bases for the spaces Vj and () and performed static condensation to arrive at

the Schur complement system ((6.2.2)] In|Section 6.5} it was shown that the algebraic

Schur complement system was related to the mixed finite element problem
posed on the spaces Vg x Qp. The alert reader will have noticed a slight

discrepancy in the treatment of the average pressure mode over the domain §2: in

[Sections 6.2{and [6.6.2] the average pressure modes were included in the discretization

(and it was pointed out that these modes span the kernel of the Schur complement)

whereas in [Section 6.5| the pressure space Qg = QF N L3(9Q) was used, which factors
out the singular mode. In order to construct a preconditioner in the form |(6.2.4)i

we formulate an Additive Schwarz Method (ASM) over the spaces Vi x Qf rather

than the seemingly more natural choice ViexQp suggested by [Theorem 6.5.2|




253

6.7.1 Pressure ASM

We decompose the pressure space Q7 as follows:

Qf = P Qv ® P Qx. (6.7.1)

acy KeT
w€ENq

where:

(i) the vertex spaces
Qa,w = span{;/;g}, acV, weQ,, with @/N)f; = IIy®
are equipped with the inner product
Maw(p,q) = |wlk~'p(a)e(a)  Vp.q € Que.
(ii) the element average spaces
Qx = span{q/;K}, KeT, with ¢y = Mg

are equipped with the inner product

mi(p; q) :Z%(/Kp dw) (/Kq d:v) Vp,q € Qx.
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Applying the projection II to the formulae for 1 |(6.6.2)| and |(6.6.8)| gives

1— > ¢¢ onK,
7 acVg
?DK = Qad2wIK

0 otherwise,

where the functions ¢ are defined in (i) and we use the fact that IT preserves

constants.

The direct sum decomposition means that any ¢ € QF may be uniquely

expressed in the form

q= ZQa,w+ZQK7

acy KeT
UJGQa

where

. 1 _
Qa,wZQ|w<a’> Zﬂ GGV, WEQm and gk = <|K’/ qd%) ¢K7 KGT-
K

The action of the associated ASM preconditioner on a residual g € L*(Q) is given

by the solution p € Q7 of the variational problem m(p,q) = (g, q) Vq € Qf, where

m(p, Q> = Z ma,w(pa,wa(Ia,w) + Z mK(pKaQK)' (672)

acy KeT
WENq
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The bilinear form m(-,-) gives rise to a matrix preconditioner M for the pressure

space defined by

prMG, = m(lp,Tg)  Vp,q € Q. (6.7.3)

6.7.2 Velocity ASM

We decompose the velocity space V5 as follows:

V-V @ Varo DV, (6.7.4)
a,EGV yEET
fPEDg

where:

(i) the global C° vertex space

V. :=span{Ily (¢ae1), My (daes) : a € V;},

(ii) the C' vertex spaces

Vo = span{Ily (¢Pe;), Ty (¢hey)}, a€V, i € Dy,
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(iii) the edge spaces

‘N/,Y = Span{HV(gb%jél),HV(gbwég) 01 S] < k— 3}, AS 5].

Each of the velocity subspaces is equipped with the inner product a(-,-) restricted
to the appropriate space. The direct sum decomposition |(6.7.4)| means that any

ueVg may be uniquely expressed in the form

U= U, + Z Uq o + Z U, (6.7.5)

aey yeET
€D

where

Ue = Z Z(u -&;)(a)ly(¢qei),

aEV] =1

2
Ua,p = Zaﬂ(Uh(ﬂ -&)(a)lly (¢he), acV, €D, K;Csuppgh,
i=1
and for each v € &,

U— U~ ) acy Ugyp ON Y,
u'Y = IAJ'EDG

0 on the remaining edges in £.
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The action of the associated ASM preconditioner on a residual f € L*(Q2) is given

by the solution u € V g of the variational problem a(u,v) = (f,v) Yo € V g, where

a(u,v) = a(u, v.) + Z a(Wq fu; Va i) + Z a(uy,v,). (6.7.6)

O,Ey yEET
pED,

The bilinear form a(-, -) gives rise to a matrix preconditioner A for the velocity space

defined by

L Avg = a(Tlyu, yv) Yu,v € V. (6.7.7)

6.7.3 The Preconditioner and Main Result

Theorem 6.7.1. Let P be defined as in with A given by and M given
by ((6.7.3), and let 7, denote the residual on the n-th iteration of MINRES with the

preconditioner P~'. Then,

| Vo —1\"
e e (6.75)

where |74, =7 P~'7 and /o < C(1 + log® k) with C independent of k and h.

Proof. Thanks to [Theorem 6.9.1/ and the matrix correspondences|(6.7.3)|and [(6.7.7)]
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there holds

[CB72(1+1log’ k)] A< A< A and C7'M <M < )M,

where M is the pressure mass matrix for the space Q7 and A < B means that
B — A is positive semidefinite. Additionally, the inf-sup condition for the spaces
Vi x Qg and the boundedness of the bilinear form b(-, -) can be expressed
in matrix form using[(6.5.2b)| and the same arguments in [48, Theorem 3.22] to arrive

at

s el =T
¢, BA B ¢ ~ -
B% < ——— <1  VYQp>3q=q .,
vgE Mg,

where [ is the discrete inf-sup constant in [(6.1.2)l Thus, |(6.2.5)| holds with § =
B[Cy(1+1og” k)], A = Oy, § = B2Cy*, and © = (. [Equation (6.7.8)| now follows

from applying [48, Theorem 4.14] and using the fact that the inf-sup constant 5 is
bounded below uniformly in k& and h gives [(6.7.8)] O

|Theorem 6.7.1| shows that the performance of the preconditioner deteriorates at

most as log® k as the polynomial order is increased, but remains bounded as the mesh

is refined provided the shape regularity assumption is satisfied.
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6.7.4 Implementation and Cost Analysis of the Precondi-
tioner

To aid in the implementation and cost analysis of computing the actions of A" and

-1 . .
M , we assume, for convenience, the interface degrees of freedom are ordered as

follows:

(i) velocity C° vertex degrees of freedom,

(i) velocity C' vertex degrees of freedom,
(iii) velocity edge degrees of freedom, grouped according to edge,
(iv) pressure vertex degrees of freedom, and

(v) pressure average value degrees of freedom.

This ordering induces a block structure in the matrix A in which the diagonal sub-
blocks are: AC, corresponding to the global interaction among all the global C° vertex
functions; AV,L,;, the block-diagonal entry corresponding to the C* vertex functions
{pFe,, ples}; and Av corresponding to the interactions among the edge functions
associated to . The load vectors can be similarly split into subvectors corresponding
to the same groupings of degrees of freedom. The block diagonal structure of P is
then exploited to compute the action of P~! on a pair of vectors f, g efficiently or

in parallel, as described in |[Algorithm 4| In particular, the matrix A given by

is block diagonal and the matrix M given by is diagonal.
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Algorithm 4 Action of Preconditioner

Require: K, f, g
1: function _

2: i,=A, f. > O(|V|?) velocity C° vertex function solve
3: for a €V, i€ Dy, do > O(|V|) velocity C* vertex function solve
4: Uqfp = Aai]fa,/l

5: end for

6: for ye&; (110 > O(|E€]k?) velocity edge solve
7 1_[7 = 147 f7

8: end for

9: for acV,we, do > O(|V|) pressure C° vertex function solve
10: Paw = V|w| 'k ga

11: end for

122 for K €T do > O(|T]) pressure average value solve
13: pi = v|K[ gk

14: end for

15: return u., (Uap)aps (Uy)ys (Paw)aws (Px)x > Return degrees of freedom

16: end function

The cost of computing the action of P~ using comprises of two
parts: one-time setup costs and recurring costs associated with each application of
[Algorithm 4 The setup cost is dominated by eliminating the interior degrees of free-
dom on each element, which takes O(|T|k®) operations needed for the subassembly
of the Schur complement. The matrices jc, ga,ﬂ, acV, pe lo?a, and JZL,, v €€,
need only be factored once at a cost of O(|V|? + |E]k?) operations, giving an overall

setup cost of O(| Tk + [V]* + |E]k3).

We now turn to the cost associated with each application of [Algorithm 4] Line
2 of [Algorithm 4| entails the solution of the linear system Avc involving all of the C°

vertex functions which, thanks to the prefactorisation of A, costs O(|V|?) operations



261

per solve. Lines 3-5 require the solution of a 2 x 2 matrix on the velocity C! vertex
functions for each vertex @ € V and derivative degree of freedom f € D, at a
cost of O(|V|) operations. Lines 6-8 entail a block diagonal solve over each of the
edges which, again thanks to the prefactorisation of A«,, v € &, can be applied
using O(|€|k?) operations. Lines 9-11 require O(|V|) operations and lines 12-14

require O(|7|) operations by analogous arguments. In summary, the overall cost per

application of [Algorithm 4|is O(|V|* + |E|k? + |T).

The nonoverlapping domain decomposition method for hp-discretizations of the
Stokes problem in [9] has a comparable cost. When the subdomains coincide with
mesh elements, the preconditioner in [9] consists of static condensation of the interior
degrees of freedom, a global vertex solve, decoupled edge solves, and a constant
pressure mode solve at a cost of O(|T|k® + [V|> + |E]k?) operations for setup and
O(|V|*> + |E|k* + |T|) operations per application. In the case of spectral methods,
other preconditioners for the velocity space, such as the wire basket preconditioners
and Neumann-Neumann preconditioners described in the 3D setting in [90, O1], also
require static condensation of the interior degrees of freedom, a global coarse solve,
decoupled edge solves, and a constant pressure mode solve. The global coarse space
consists of O(1) degrees of freedom per element, while the other spaces are analogous
to the ones used in [9]. Thus, the overall cost of these preconditioners is at least
O(|T kS + |T|? + |E|k®) operations for setup and at least O(|€|k* + | T|*) operations
per application. For quasi-uniform meshes, O(|V|) and O(|T|) are of the same order,

so the cost of the preconditioners in [9, 90, [9T] and the one in[Algorithm 4| have similar
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setup and application costs. However, these methods are not directly comparable
to the present one as they use quadrilateral meshes and different underlying finite
element spaces which do not satisfy an exact sequence property and, in the case of the
Q) X Qo elements, are not uniformly inf-sup stable. More generally, a cost/benefit
analysis of different solution methods for both the full discrete Stokes equations
[(6.2.1)] like the one in [47] for low order h-version finite element discretizations, and
the Schur complement system is an active area of research.

It appears that the O(|V[?) cost to factor the matrix A, is high in relation to h-
version preconditioners. However, we are focused on the scaling of the preconditioner
with respect to the polynomial degree. In line with previous works [13], 00, O], we
assume that |V| is fixed or that |T]k% + |E]k® > [V|?, which means that the cost of
eliminating the interior degrees of freedom on each element and the cost of factoring
the edge systems dominate the setup cost. In this setting, the O(|V|?) cost is thus

negligible.

6.8 Numerical Examples

We illustrate the performance of the preconditioner described in in three

numerical examples. For all examples, we take the viscosity v = 1.
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6.8.1 Moffatt Eddies

In the first example, we revisit the Moffatt problem [82] considered in [Section 5.7.1
in which the domain 2 is the wedge with a prescribed parabolic flow profile on the

top part of the boundary and no flow on the remainder of the boundary:

u(z,0) = , —1<2z<1, and w=0onI)\(-1,1)x {0}

The problem is approximated using a pure p-version finite element scheme on the

fixed mesh shown in [Figure 6.2a The results in show that the k = 13

solution resolves four to five eddies, equivalent to a 10! range of scales.

Let AX and A\*__ denote the extremal eigenvalues of P~'S so that

min max

o(P7'8) C [~

max?

A JU{0FUNE A (6.8.1)

min’ “‘max

According to [Theorem 6.7.1) A* < C and A\, > C(1 + log®k)~! with constant

max min

C independent of k and h. displays the actual values of the extreme

eigenvalues. In agreement with theory, AX__ is uniformly bounded in k and A}, >

C(1+ log® k)~'. However, \_. appears to remain uniformly bounded in k, which

would mean that, in practice, the contraction factor in [['heorem 6.7.1]is pessimistic.

The residual history for k& € {4,7,10,13} for the preconditioned MINRES solver are
displayed in [Figure 6.2¢, The starting vector is taken to be ¥ + €, where ¥ is the true
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solution of the Schur complement system and €is a random perturbation with

entries uniformly distributed in (—1,1). Here, and in the remaining examples, the

relative residual is given by /(77 P~'7) /(7L P~'7), where 7 is the initial residual
vector, and MINRES is terminated when the relative residual is smaller than 1078, It

is observed that, as the polynomial order is raised, the iteration counts grow modestly

consistent with the results in [I’heorem 6.7.1l

0 35 . 100
/(10X 1og" (k) 0 e
- 30 = A k=7
v *1/)\;”” JE . . R bt k=10
P 25 %/\;mz § e o = 13
e p
>-15 VAR RN 20 O e ¢ 10
g
2 ._%
K9]
'25 —
-8
3 10
-1 0 1
T 0 200 400
iteration #
(a) (c)

Figure 6.2: (a) 18 element mesh, (b) extremal eigenvalues of P~'S, and (c) MINRES
convergence history with k& € {4, 7,10, 13}, stopping tolerance 1078 for a sequence of
random initial iterates for Moffatt eddies problem. 1/\}. erows as log® k while the
other extreme eigenvalues remain bounded as the polynomial degree k is increased.

6.8.2 T-shaped Domain

In the next example, we consider the T-shaped domain example [4] where f = 0

and boundary conditions are parabolic flow profile on the leftmost and rightmost



265

boundaries of the domain and no flow on the remainder of the boundary:

1—
u(i§,y)= y(d =) , 0<y <1, and u:OonF\{i;}X(O,l)-
0

The sequence of meshes is shown in [Figure 6.3 in which the elements are geomet-
rically graded and which were shown to give exponential convergence of the finite
element solution in [Section 5.7.2] The mesh in consists of one layer of
elements around the re-entrant corner and the most bottom corners, with a grading
factor of o = 0.08. We then refine the mesh by successively adding layers of elements
such that the innermost layer of elements has a diameter proportional to ¢”, where

n is the number of refinements. For example, the mesh corresponding to three levels

is shown in [Figures 6.3b| and [6.3¢, Observe that, once a mesh contains two or more

layers, the shape regularity constant x changes from 0.1695 to 0.0829 due to
the presence of “needle” elements near the corners, but remains constant on further
refinement. In particular, several estimates in the analysis depend on x, and thus we
would expect the performance of the preconditioner to be worse for n > 2 than for

n=1.

As with the previous example, the extremal eigenvalues |(6.8.1)], displayed in

ure 6.4) remain bounded independently of the number of levels of geometric refine-

ment, whilst 1/\' . increases by a factor of roughly 10 after one level of refinement

min
due to the change in shape regularity mentioned above. This value is an order of

magnitude greater than the value of 1/\" . observed for the Moffatt (x = 0.1508)

man
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example and accounts for the increase of the resulting iteration counts observed in
the residual histories for k& € {4,7,10,13} in [Figure 6.5 Thus, as one might ex-
pect, the preconditioner P~ is less effective on meshes containing high aspect ratio
elements owing to the fact that the inf-sup constants and inequalities employed in
all depend on the shape regularity constant appearing in . Never-
theless, similar to the behavior observed in the previous example, for each fixed n,
the iteration counts grow modestly in k. For each fixed k, the iteration counts are

bounded in n, and remain virtually unchanged for n > 3.

0.5 0.5 0.005
= 0 > 0 = 0
-0.5 -0.5 -0.005
-1 -1 -0.01
-1.5 -0.5 0.5 1.5 -1.5 -0.5 0.5 1.5 -0.51 -0.5 -0.49
x x x
(a) (b) (c)

Figure 6.3: (a
elements, and

Mesh with n = 1 layer of elements, (b) Mesh with n = 3 layers of
¢) Zoom on re-entrant corner of mesh with n = 3 layers of elements.

)
(

6.8.3 Uniformly Refined Square

The final example illustrates the behavior of the method on uniformly refined meshes

in the case where the domain  is the unit square (0,1)? with the data f and
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30 30 -
—1/(100X};, log®(k)) < 1/(100X};, log®(k))
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=1/ A <1/ A
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_ _
_ _
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k k
k
b C
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Figure 6.4: Extremal eigenvalues of P~'S for the T-shape problem with (a) n = 1,
(b) n =2, and (c) n = 3 layers of geometrically graded elements at the corners. All
of the extreme eigenvalues are uniformly bounded in n for each fixed k. In addition,
the introduction of small-angle “needle” elements for n > 2 greatly increases 1/\

min®

boundary conditions chosen so that the true solution is given by

— cos(mx) sin(my)
u(z,y) = and p(x,y) = cos(mz) cos(my).
sin(mx) cos(my)
The initial mesh is shown in which is progressively refined uniformly by

subdividing each triangle into four congruent subtriangles, and we fix the polynomial

degree to be k = 10.

According to [Theorem 6.7.1] the extremal eigenvalues can be bounded indepen-

dently of the number of times the mesh is refined. The numerical results displayed in
confirm that the extremal eigenvalues remain virtually unchanged after
two levels of refinement. The corresponding residual history for the preconditioned

MINRES solver with stopping tolerance 10~8 are displayed in [Figure 6.6¢ Although
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relative residual
relative residual
relative residual

0 500 1000
iteration #

(2) (b) (c)

0 1000 2000 0 1000 2000 3000
iteration # iteration #

Figure 6.5: MINRES convergence history with k € {4, 7,10, 13}, stopping tolerance
1078 for a sequence of random initial iterates for the T-shape problem with (a) n = 1,
(b) n =2, and (c) n = 3 layers of geometrically graded elements at the corners.

the iteration counts initially increase as the mesh is refined, the numbers of iteration
counts approach an asymptotic limit. Interestingly, the iteration counts appear to
require four levels of refinement to reach a steady state compared with the extremal

eigenvalues which require just three levels of refinement.

6.9 Technical Lemmas

In this section, we establish a spectral equivalence of the ASM preconditioners given

in to the inner products appearing in the Stokes equations. The main

result is the following theorem, which is an immediate consequence of |[Lemmas 6.9.4]

t016.9.6| and [6.9.9| proved later in this section:

Theorem 6.9.1. There exists positive constants Cy and Csy, independent of k and
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Figure 6.6: (a) Initial mesh, (b) extremal eigenvalues of P~'S, and (c) MINRES
convergence history with n € {0,...,4} levels of mesh refinement, & = 10, and

stopping tolerance 10~® for a sequence of random initial iterates for uniformly refined
square problem. The extreme eigenvalues remain bounded as the mesh is refined.

h, such that

Cy'(p.p) <m(p,p) < Cilp,p)  Vp€Qr, (6.9.1)

and

Cyta(u,u) < a(u,uw) < CoB872(1 + log” k)a(u, u) Vu € Vg, (6.9.2)

where m(-,-) is defined in a(-,-) is defined in and 3 is the inf-sup
constant defined in|(6.1.2)|
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6.9.1 Pressure ASM

We begin with the pressure ASM. The first lemma establishes a key estimate for the

norm of the pressure vertex functions:

Lemma 6.9.2. The pressure vertex functions 12::, acV,weEQ,, satisfy
WZJHH(K) < Chgk™ VK €T, (6.9.3)

with C independent of k, hy, and a.

Proof. Let a € V, w € Q4. Define the function y € @ by the rule y = yx on

each element K € T where yx is chosen as in [Lemma 5.4.1] In particular, xx €
Pr_1(K)NLA(K) satisfies (1) xx =0 if K € w, (ii) xx(b) = dap for b € Vi, and (iii)

Xk L2y < Chgk™? with C independent of hg, k, and a. By |[(6.4.2d)| |(6.4.2¢)]

and [Theorem 6.4.2] g = Iy, and ||2/~1;’||L2(K) < xlleziey < Chxk 2, VK € T. O

We now show that the inner products on the subspaces are coercive:

Lemma 6.9.3. There exists a positive constant C' independent of k and h such that

(p,p) < Cmgu(p,p) Vp € Qa,w, Va €V, Yw € Qg,

(p7p) < CmK(p,p) Vp c QK, VK € T.

Proof. Let p € Qaw, a €V we Q. Then, p=pla) ~:;, and by |(6.9.3)| and shape
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regularity |(3.2.3)], there holds

(p.p)<C > hikp(a)|* < Clwlk™ = mau(p,p).

KeT:KCw

Now let p € Qx, K € T. Then, p = (|[K[™* [, p d)dy and since 4 € L3(K),
V% dx = / L+ | Y e dx < |K|+ Ch%ik™ < C|K].
K K
Thus, (p,p) < Cmk(p,p). O

We are now able to establish the left-hand side of the equivalence |(6.9.1)

Lemma 6.9.4. There exists a constant C' independent of k and h such that

(p.p) < Cm(p,p)  Vpe€Qr. (6.9.4)

Proof. Let p € Q7. By Cauchy-Schwarz, there holds

(p.p)k <4 Z (Paw: Paw)k + (P, PK) K

acVk
wOK

where (p, q)k := [, pq dee. |(6.9.4) now follows from [Lemma 6.9.3 and summing over

the elements. H
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The right-hand side of the equivalence is covered by the next result:

Lemma 6.9.5. There exists a positive constant C' independent of k and h such that

m(p,p) < Clp,p)  Vp € Q7. (6.9.5)

Proof. By [6, Lemma 6.1], there holds

plic(a)*k™ = |(plx o Fr)(@)’k™ < Cllp o Frll75 ) < Chicllpll 2,

with @ = F'(a), and by shape regularity,

Maw(Paw: Paw) = wlk™plu(a)* < C Z HPH%Q(K)'
KeT:KCw

Summing over a € V, w € {2, and again using shape regularity to bound the overlap

Hw:3a eV :K Cwe Qy} gives

Z Maw(Paw Paw) < C Z Z IplI720) < CllpllZ20y-

acy acy KeT:KCw
wGQa WGQa

To bound the remaining mg(-, -) terms, we use Cauchy-Schwarz:

1 2
Z mg(Px,Px) = Z m (/Kp dm) <C Z ||p||%2(K) < CHPH%?(Q),

KeT KeT KeT

which completes the proof of [(6.9.5). O
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6.9.2 Velocity ASM

We now turn to the velocity space, and start by extending the decomposition
as follows. For u € VE, we define u, = 0 for y € £\ & and s, = 0 for a € V,

fiv € Dg\ Dg. Since the inner product on each of the subspace was taken to be af(-, -),

we immediately obtain the left-hand side of the equivalence [(6.9.2)]

Lemma 6.9.6. For all uw € V g, there holds

a(u,u) < 10a(u, u). (6.9.6)

Proof. First recall that there are exactly 2 directional derivative degrees of freedom
per velocity component per vertex on any given element, i.e. for K € T, [{fx: K C

supp ¢2}| = 2. By Cauchy-Schwarz, there holds

|u|2H1(K) S 10 |U’C|3—11(K) + Z |ua,ﬂ|%11(K) + Z |u7|§-Il(K) VK € T

acVg . ’YESK
f1: K esupp ¢

I[Equation (6.9.6)[now follows by summing over the elements and multiplying by v. [

To prove the right-hand side of |(6.9.2) we need to establish some properties of

the velocity vertex functions:
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Lemma 6.9.7. The C° velocity vertex functions satisfy the following: For K € T,

2
R*Sc= Y Y (c-&)y(¢ae;) onK (6.9.7)
a€Vg =1
and
Ty (¢aés) o iy <C Va eV, i=12, (6.9.8)

where C' depends only on the shape reqularity parameter.

Moreover, the C! wvelocity vertex functions satisfy

[Ty (¢he:) o Ficll gy < CIDF k| poeink™  Va € VY1 € Dy, i=1,2,
(6.9.9)

where C' depends only on the shape reqularity parameter.
Proof. Let K € T. A simple computation reveals that 1 = (A + Ay + \3)3 =

ZaEVK Ga + 6A1 A3 on K, where {)\; : 1 <i < 3} are the barycentric coordinates

on K, and hence, for any ¢ € R?,

c=> Y (c-&)(¢ati) +6¢ > Ados.

acy =1 KeT

eV

Applying ITy to both sides of this identity and noting that [Theorem 6.4.1] gives
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Iy : V; — {0}, we obtain

Myc=)» Y (c-&)y(¢ae).

acV i=1

Finally, [Theorem 6.4.1| implies that & (¢, 0) = (¢,0) and |(6.9.7)| follows at once.

Now let K € T and i € {1,2}. Clearly holds if @ ¢ Vi since ¢.€; = 0.
Otherwise, if @ € Vg, we apply a scaling argument in conjunction with to

arrive at

1

R R 1
K2 Ty (dali)ll72 (i) + TIv ($ali) 31 () < C {|¢a|§{1/2(az<) + ’a—K|H¢aH%2(8K)} :

where C' is a positive constant independent of k£ and hg. Thus,

MLy (dai) © Ficl iy < Clidillgirzory < Clldsllgy < O,

where j is the index such hat a; = Fj'(a). For K C supp ¢£, we argue similarly

and use |(6.6.10)[ to obtain

x

where f1i # é € Dg is chosen such that supp¢$ O K, j is the index such that

||HV(¢géi)OFKHH1(T) <C ||DFK||Loo(T) J

H'/2(87)

a; = F'(a), and || - || is any matrix norm. By the definition of D, [(6.6.9)| and
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shape regularity, is uniformly bounded by a constant depending only

s

on « |(3.2.3)l Since ngg-l’o)(d) = gggm)(d) = 0 for @ € V; by the construction |(6.6.3)}

there holds
Ty (¢he;) o Fill gz < CIDF || ooy 11| a2y
where I = (—1,1) and

= b (1) (59

Thanks to |[Lemma 3.7.1} ||.J|| 2y < Ck™? with C independent of k. Using interpola-

tion, and the inverse estimate ||.J'|| 21y < Ck?||J| 121y [25), Corollary 3.4], we obtain

H‘]HH1/2(1) < C’HJHlL/QZ(I)HJH}{/f(I) < Ck~2%, which completes the proof of [(6.9.9), O
00

We now use the properties of the vertex functions to prove element-wise stability

of the subspace decomposition |(6.7.5)f

Lemma 6.9.8. Foru € Vg and K € T, there holds

el 3 gy + > (a7 (1) + >, s 3 ey < CB72(1+log” k) [ul 3 ),

acVg . ’\/GSK
f1: K esupp ¢l

(6.9.10)

where C' s independent of k, hx, and u.
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Proof. Let w € Vi and K € T. For any ¢ € R2?, we have the decomposition

N Z Z(C - )y (¢a€;) + Z Uq, o+ Z u, on K

acVg i=1 ac€Vg ve€K
f1: K esupp ¢l

thanks to|(6.9.7)l Thus,

2
=Y ) (c-e)y(¢a) o Fc+ > Gtap+ Y @, onT,

acVgi 1=1 acVi . 'YG‘EK
f1:K esupp ¢

where 4t = uo Fg, . = u. o Fg, etc. We first bound the energy of .. Since

=Y Z eIy (pai) o Fre = ) Z (@(a) - &)y (¢ae)) o Fx  onT,

acVi 1=1 aeV =1

where a = Fg(a), we use [13, Corollary 6.3] and to obtain

2
lite = cl2prry < D la(@) = e Y [Ty (6aei) o Frclp g,

dEVT =1

< C(1+logk)||li — (6.9.11)

CHiIl(T).

We now bound the vertex derivative contribution. For a € Vg, we note that

du(u-&)(a) = f"DF " V(u- &0 Fg)(a), i =1,2, where @ = Fy'(a). Applying
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[0, Lemma 6.1] to V(u o Fg), and using and shape regularity gives

a2y < CIDFR ey - IDF il - |V (@) PR < Clalys g,

(6.9.12)

Now, we define

u” = (u—c)— (u.—c) — Z Uq; on K.
a€Vg .
fr: K €supp ¢

Then, D*u#(a) = 0 for a € Vg, |a| < 1, and thanks to [(6.9.11)[ and [(6.9.12)}

a” = u# o F may be estimated as follows:

| < C(1+logh) i — ¢z, (6.9.13)

#112
Iz 2)

Let v € Ek. [Equation (6.4.5) shape regularity |(3.2.3)} and the trace theorem give

|ﬁ’y|H1(T) < Cﬂ_1|u’y|H1/2(aK) < O/B_l|ﬁ7|H1/2(8T) < 0/6_1”{1’#”11(1)(/)2@)7 (6'9'14)

where 4 = F' (7). Thanks to [I3, Theorem 6.5] and the trace theorem, we have the

estimate

6] 205y < OO+ g W[ | ggiags) < CO A log R)|@#[ngry. (6.9.15)
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Using [(6.9.13)| t0 |(6.9.15)| gives

it sy < OB+ 1og? W)@ 20y < CB(1 4 1og® )t — el s (6.9.16)

Combining ((6.9.11)} |(6.9.12){ and |(6.9.16)| leads to

|’&’c 3{1(7%) + Z |ﬂa,ﬁ|§{1(f) + Z |’a’y|§{1(jﬂ) S 06_2(1 + 10g3 k‘)”’& - CH?ql(T)a

acVg . ’YESK
f1:K esupp ¢

where we used that |te| g s = [t — €| g1 (. Taking the infimum over all ¢ € R?

and applying the quotient norm equivalence [86, Theorem 7.2] gives

|t ifl(i“) + Z |'£’/a,ﬂ|§{1(jﬂ) + Z |i"7|§{1(f) < Cﬁ_2<1 + 10g3 k)’ﬁ‘ifl(f)'
acVg ) vEEK
fr:K €supp ¢

I[Equation (6.9.10)| now follows from shape regularity ((3.2.3)| O

Summing [(6.9.10)| over the elements and multiplying by v lead to the following:

Lemma 6.9.9. There exists a constant C' independent of k, h, and v such that

a(u,u) < OB72(1 +log’ k)a(u, u) Vu € V. (6.9.17)
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6.10 Extension to Variable Viscosity

The method and analysis readily extends to viscosities varying in space, provided

that v is a bounded measurable function satisfying
0 < Vpin < V(X) < Vipae < 00 Va € €.

In this case, the bilinear form a(-,-), which we recall is given by

a(u,v) = /Ql/(a:)Vu(w) : Vo(z) de,

is symmetric, bounded, and coercive on V, so the discrete problem is well-
defined and has a unique solution. We outline the modifications to the preconditioner

and analysis for the variable viscosity case.

Let 771 := (v;;}, + v} )/2. We now seek a block diagonal matrix of the form

P=

A 0
(6.10.1)
0

viM

to precondition the Schur complement matrix S|(6.2.3)l Note that the only difference
between and the current block diagonal matrix is that v~! has been replaced

by 7~1. In particular, the factor v in lines 10 and 13 of [Algorithm 4] is replaced by
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v. The nonnegative constants §, A, 6, and © are defined analogously as above:

~ ~—1 ~T
il Aiip i'BA B g
§< L E2<A VYueV d <% — <O VgeQ,.
= @t Ay wEVe MU =ToaEng, 1€ Qo
(6.10.2)

Then, exactly the same arguments as in the proof of of [48, Theorem 4.7] show that

eigenvalues of P~'S satisfy [(6.2.5)|

The tilde spaces Xg, Vg and Qg are defined as in [(6.3.8) All of the results of

hold without modification. The first difference is [Theorem 6.4.1] which

now reads as follows:

Theorem 6.10.1. For allu € V and K € Ty, there holds

— Vmax
vl g gy + Vm}w”HQUHL?(K) <C (1/ ) Hu||H1/2(8K)> (6.10.3)

man

where C is independent of by, k, Vmin, Vimazs and w. In particular, if uw € Vg, then

IIyu = uw. Moreover, the following equivalence of semi-norms holds:

— — Vmaac

min

where C' > 1 is independent of k, hi, B, Vmin, Vmaz, and .
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Proof Sketch. The two key differences are that now reads
umm|HVu|le(K) S <Vm,m|HV’U,|H1(K) + \/§||HQU||L2(K)> |w|H1(K)

and now reads

br(v,lgu)  ax(Ilyu,v)

B||HQU||L2(K) < < Vmaa:|HVu|H1(K)'

|U’H1(K) B ‘U‘Hl(K)

The remainder of the proof follows similar lines. [

remains valid while the only modification to [I'heorem 6.5.2]is that

the the nonzero eigenvalues of the generalized eigenvalue problem BA_IBT@ =
AM{, are contained in the interval [} 82 v~ ] The definition of the ASMs is

mazx » Ymin

identical to the ones in Section 6.7 All of the results in also remain
valid, as does |Lemma 6.9.6|

The next major change is that [Theorem 6.10.1] impacts by adding a
factor of (Vimaa/Vimin) t0((6.9.8)and |(6.9.9)] which, in turn, means that |(6.9.10){ holds

with an additional factor of (Vaz/Vmin)?. Collecting these results and applying the

equivalences v} a(u,u) < (Vu,Vu) < v ! a(u,u) leads to

ax min

3
a(u,u) < Cp~2 (M) (1+log” k)a(u,u).

Vmin
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As a result,

3
5 <ymm) {02(1 + log® k‘)]_IA <A<CA and CI'M <M < C\M.

Vmax

Let A; be the stiffness matrix corresponding to the bilinear form (V-,V-) on V.

Then, the inf-sup condition |(6.3.13)| reads

~ ~—1~T

T"BA, B 7. - S

2220 2 % <1 YQp3q=q"
g' Mg,

B* <

Using the equivalences l/mmﬁl < A < l/mawle and Vpin < UV < Upaz, We obtain

1

~ ~—1 ~T
Vmin _ZBA B _; Vmaz ~ —T 7
g (L) S BBE DI o (Vo) ygp 5 g =i

Vmax ﬁ_lngq:g Vmin

As a result, holds with § = B%(Vmin/Vimaz ) [C2(1 + log® k)] 71, A = Cs,

0 = C7' B?(Vmin/Vimaz), and © = C1(Vmaz /Vimin ), and so we may argue as in the proof

of [Theorem 6.7.1| to conclude that the bound for y/o in [Theorem 6.7.1| now reads

C(Vmax/umm)‘l(l + log3 k).

6.11 Summary and Future Work

This chapter completes the discussion of a uniformly stable, pointwise mass con-

serving, high order mixed FEM for 2D Stokes flow. In [Chapter 4] we showed that
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the finite element spaces ¥, V', and (), which have extra smoothness at noncorner
vertices, satisfy an exact sequence property and that the pair V' x @ is uniformly
inf-sup stable in both the mesh size A and polynomial degree k. We also showed how
the finite element spaces can be modified to accommodate homogeneous Dirichlet
conditions while maintaining an exact sequence property and uniform stability. In
we established optimal approximation properties of the spaces ¥y and @),
which led to optimal algebraic rates of convergence of the FEM with locally quasi-
uniform meshes and exponential convergence rates of the FEM with geometrically
graded meshes. Finally, in [Chapter 6, we discussed implementation aspects of the
method and provided a block diagonal preconditioner that controls the location of

the eigenvalues of the preconditioned system in a reasonable way.

6.11.1 Generalizations

Taken as a whole, to [0 are the first works to address the theory and
implementation of the mixed method in the context of high order methods.
As such, there are many directions for future work related to this method. We
generalized in [§] the stability results to the standard Scott-Vogelius elements, which
are already implemented in standard finite element codes. Another direction is to
improve the preconditioner presented in the current chapter by using overlapping
subspace decompositions for the velocity space. Standard results such as [95] do not

apply directly owing to the extra smoothness of V' but offer a promising starting
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point. Additionally, other solution methods for the saddle point system [(6.2.2)[ and

preconditioners for those methods may be more efficient.

The most pressing generalizations of the current method are to nonlinear flows
like Navier-Stokes and to 3D flows. Linearizations of nonlinear flows often introduce
terms of the form (w - Vu,v) and (u,v) corresponding to convection and time
discretization, respectively. The theoretical framework for preconditioning the latter
term in the context of high order methods has recently received attention [6, [7],
which may provide insight into the theory for the convective term. 3D flows also
offer theoretical and computational complexities. While [85] proposes FEM spaces
that satisfy an exact sequence property in 3D and that are uniformly stable with
respect to the mesh size, the stability and approximation properties with respect to
the polynomial degree and implementation aspects are underdeveloped. Additionally,
the spaces in [85] have even more smoothness than the 2D counterparts presented
here; e.g., the velocity space is C? at element vertices and the pressure space is C*
at element vertices. Handling such smoothness complicates the analysis and requires

generalizing the techniques developed here.

6.11.2 Comparison with Splitting Methods

One popular and computationally efficient way of solving the unsteady incompress-

ible Navier-Stokes equations is high order splitting methods (see e.g. [67, §8.3]).
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At each time step, the velocity and pressure for the next time step are computed
through a sequence of three steps, two of which involve solving an elliptic system.
Typically, high order/spectral elements are used for the spatial discretization and
existing preconditioners for the methods are used to efficiently invert the elliptic
systems. Certain splitting methods do not require discrete inf-sup stability for nu-
merical stability or accuracy, and the resulting velocity field is pointwise divergence

free.

For the (steady) Stokes or steady Navier-Stokes equations, splitting methods may
be used with pseudo time stepping to find the steady-state solution. However, this
technique inherently requires multiple time steps and thus multiple elliptic solves.
Meanwhile, for the Stokes equations, the mixed method presented above only requires
solving one saddle point system, for which we provided an effective preconditioner.
In its current form and with additional work on improving the velocity subblock
preconditioner to be uniform in the polynomial degree, solving the Stokes system will
be computationally cheaper than the multiple elliptic solves in the splitting method.
Thus, the mixed method stands to offer an attractive alternative with the same
pointwise divergence free property and similar convergence properties, but better
computational efficiency. For steady Navier-Stokes, additional work is required to
properly precondition the linearizations resulting from Newton’s method. Recent
results in this direction for lower order elements [51] suggest that an augmented
Lagrangian approach can be used to construct a solver that is robust in the Reynolds

number. If this can be done, a proper comparison of directly solving the nonlinear



287

equations with the mixed method and pseudo time stepping with a splitting method

warrants further investigation.

For unsteady Stokes and Navier-Stokes, the comparison currently favors splitting
methods due to the lack of existing research on preconditioners for the unsteady
Stokes problem using the above mixed method. Once such preconditioners are con-
structed, the mixed method can be used in conjunction with an implicit/explicit
(IMEX) scheme, such as the stiffly stable schemes in [67, §8.3.2] or more recently de-
veloped variable time-stepping schemes [40]. In these IMEX schemes, the nonlinear
terms are treated explicitly and the remaining terms are treated implicitly. At each
time step, the mixed method requires only one Stokes-like solve, compared to the
two elliptic solves required by the splitting method. Whether the Stokes-like solve

can be made more efficient than two elliptic solves is an interesting future direction.

6.11.3 Applications to Parametric PDEs

Neural networks (NNs) that solve nonlinear PDEs have recently received much at-
tention (see e.g. [93] [76]). The generalization power of NNs, speed of forward prop-
agation, and automatic differentiation make NNs very attractive for fast evaluation
of the solution to linear or nonlinear PDEs with parameters. However, training
these networks requires a vast amount of data comprising of the accurate solution

to the PDE for a wide range of problem parameters, boundary conditions, initial
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data, domains, etc. In this context, high order methods are an attractive choice for
generating this training data. In particular, we want to construct high order meth-
ods that have optimal convergence properties across the range of parameters and to
construct preconditioners for these methods whose performance does not deteriorate
as the parameters are changed. To illustrate this idea, we look at two simple ex-
amples. First, consider the Moffatt eddy problem in [Section 5.7.1] where now the
problem is parameterized by the apex angle of the wedge. By mapping the mesh
for the particular wedge in [Figure 5.3a, we can obtain a mesh for any other apex
angle less than m. The convergence of the mixed method and the performance of
preconditioner are unaffected by changes in the apex angle (so long as the angle
does not approach 0). For the second example, we consider planar linear elasticity,
which is parameterized by the Young’s modulus £ and Poisson ratio v. Using similar
techniques as in , we show in [§] that high order continuous finite elements
give optimal convergence rates of the displacements and stresses for all physically
relevant choices of the parameters. The construction of a preconditioner that is also

effective for all parameter values is ongoing work.



1]

2]

Bibliography

R. A. ApaMs AND J. J. FOURNIER, Sobolev Spaces, Academic Press, Ams-
terdam, 2nd ed., 2003.

M. AINSWORTH, A preconditioner based on domain decomposition for h-p
finite-element approzimation on quasi-uniform meshes, SIAM J. Numer. Anal.,
33 (1996), pp. 1358-1376.

M. AINSWORTH, Discrete dispersion relation for hp-version finite element ap-
prozimation at high wave number, STAM J. Numer. Anal., 42 (2004), pp. 553—
575.

M. AINSWORTH AND P. COGGINS, A uniformly stable family of mixed hp-

finite elements with continuous pressures for incompressible flow, IMA J. Nu-
mer. Anal., 22 (2002), pp. 307-327.

M. AINSWORTH AND J. COYLE, Conditioning of hierarchic p-version Nédélec

elements on meshes of curvilinear quadrilaterals and hexahedra, SIAM J. Nu-
mer. Anal., 41 (2003), pp. 731-750.

M. AINSWORTH AND S. JIANG, Preconditioning the mass matriz for high order
finite element approximation on triangles, STAM J. Numer. Anal., 57 (2019),
pp. 355-377.

M. AINSWORTH AND S. JIANG, Preconditioning the mass matriz for high

order finite element approrimation on tetrahedra, SIAM J. Sci. Comput., 43
(2021), pp. A384-A414.

M. AINSWORTH AND C. PARKER, Unlocking the secrets of locking: Finite
element analysis in planar linear elasticity, Comput. Methods Appl. Mech.
Engrg., to appear (2022).

289



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]
[18]
[19]
[20]

[21]

290

M. AINSWORTH AND S. SHERWIN, Domain decomposition preconditioners for

p and hp finite element approximations of Stokes equations, Comput. Methods
Appl. Mech. Engrg., 175 (1999), pp. 243-266.

M. AINSWORTH AND H. A. WAJID, Dispersive and dissipative behavior of the
spectral element method, STAM J. Numer. Anal., 47 (2009), pp. 3910-3937.

J. ARGYRIS, I. FRIED, AND D. SCHARPF, The TUBA family of plate ele-

ments for the matriz displacement method, Aero. J. Roy. Aero. Soc., 72 (1968),
pp. 701-709.

D. N. ArNoLD, R. L. ScorT, AND M. VOGELIUS, Regular inversion of the
divergence operator with dirichlet boundary conditions on a polygon, Ann. Sc.
Norm. Super. Pisa Cl. Sci., 15 (1988), pp. 169-192.

I. BABUSKA, A. CRAIG, J. MANDEL, AND J. PITKARANTA, Efficient pre-

conditioning for the p-version finite element method in two dimensions, SIAM
J. Numer. Anal., 28 (1991), pp. 624-661.

I. BABUSKA AND B. Q. Guo, The h — p version of the finite element method
for domains with curved boundaries, SIAM J. Numer. Anal., 25 (1988), pp. 837—
861.

I. BABUSKA, R. B. KELLOG, AND J. PITKARANTA, Direct and inverse error

estimates for finite elements with mesh refinements, Numer. Math., 33 (1979),
pp. 447-471.

I. BABUSKA AND M. SuRl, The h-p version of the finite element method with
quasiuniform meshes, ESAIM Math. Model. Numer. Anal., 21 (1987), pp. 199—
238.

I. BABUSKA AND M. Surl, The optimal convergence rate of the p-version
finite element method, STAM J. Numer. Anal., 24 (1987), pp. 750-776.

I. BABUSKA AND M. SURI, Locking effects in the finite element approzimation
of elasticity problems, Numer. Math., 62 (1992), pp. 439-463.

I. BABUSKA AND M. SURI, On locking and robustness in the finite element
method, STAM J. Numer. Anal., 29 (1992), pp. 1261-1293.

I. BABUSKA AND M. SuRI, The p and hp-versions of the finite element meth-
ods, basic principles and properties, STAM Rev., 36 (1994), pp. 578-632.

S. BARTLES, Numerical Approximation of Partial Differential Equations, Texts
Appl. Math. 64, Springer International Publishing Switzerland, Cham, 2016.



[22]

[23]

[24]

[31]
[32]

[33]

[34]

291

R. BECKER, H. KAPP, AND R. RANNACHER, Adaptive finite element methods

for optimal control of partial differential equations: Basic concepts, STAM J.
Control Optim., 39 (2000), pp. 113-132.

F. B. BELGACEM, Polynomial extensions of compatible polynomial traces in
three dimensions, Comput. Methods Appl. Mech. Engrg., 116 (1994), pp. 235—
241.

M. BERNADOU AND J. BOISSERIE, The Finite Element Method in Thin Shell
Theory: Application to Arch Dam Simulations, Progress in Scientific Comput-
ing, Birkhauser, Boston, 1982.

C. BERNARDI, M. DAUGE, AND Y. MADAY, Polynomials in the Sobolev
world, Tech. Report 07-14, IRMAR, University of Rennes, 2007.

C. BERNARDI, M. DAUGE, AND Y. MADAY, The lifting of polynomial traces
revisited, Math. Comp., 79 (2010), pp. 47—69.

C. BERNARDI AND Y. MADAY, Relevement polynomial de traces et applica-
tions, ESAIM Math. Model. Numer. Anal., 24 (1990), pp. 557-611.

C. BERNARDI AND Y. MADAY, Uniform inf-sup conditions for the spec-
tral discretization of the Stokes problem, Math. Models Methods Appl. Sci.,
9 (1999), pp. 395-414.

D. Borri, F. BrREzZI, AND M. FORTIN, Mized Finite Element Methods and
Applications, Springer Ser. Comput. Math., Springer, Berlin, 2013.

E. BoIiLLAT, On a right-inverse for the divergence operator in spaces of con-
tinuous piecewise polynomials, Math. Models Methods Appl. Sci., 7 (1997),
pp. 487-505.

D. BRAESS, Finite Elements: Theory, Fast Solvers, and Applications in Solid
Mechanics, Cambridge University Press, Cambridge, 3rd ed., 2007.

H. BRAMBLE AND J. E. PASCIAK, A domain decomposition technique for
Stokes problems, Appl. Numer. Math., 6 (1990), pp. 251-261.

J. BRAMBLE, J. PASCIAK, AND A. SCHATZ, The construction of precon-
ditioners for elliptic problems by substructuring. I, Math. Comp., 47 (1986),
pp. 103-134.

J. H. BRAMBLE AND R. S. FALK, Two mized finite element methods for the
simply supported plate problem, RAIRO Anal. Numér., 17 (1983), pp. 337-384.



[35]

[36]

[40]

[41]

[42]

292

J. H. BRAMBLE AND X. ZHANG, Multigrid methods for the biharmonic prob-
lem discretized by conforming C* finite elements on nonnested meshes, Numer-
ical functional analysis and optimization, 16 (1995), pp. 835-846.

J. W. CauN AND J. E. HILLIARD, Free energy of a nonuniform system. 1.
Interfacial free energy, J. Chem. Phys., 29 (1958), pp. 258-267.

T. CHAN AND T. MATHEW, Domain decomposition algorithms, Acta Numer.,
3 (1994), pp. 61-143.

P. G. CIARLET, The Finite Element Method for Elliptic Problems, Stud. Math.
Appl. 4, North Holland, Amsterdam, 1978.

M. CoOSTABEL AND A. MCINTOSH, On Bogovskii and reqularized Poincaré

integral operators for de Rham complexes on Lipschitz domains, Math. Z., 265
(2010), pp. 297-320.

V. DECARIA AND M. SCHNEIER, An embedded variable step IMEX scheme

for the incompressible Navier—Stokes equations, Comput. Methods Appl. Mech.
Engrg., 376 (2021), p. 113661.

L. DEmcowicz, Computing with hp-Adaptive Finite Elements. Vol 1. One
and Two Dimensional Elliptic and Mazwell Problems, Chapman & Hall/CRC
Appl. Math. Nonlinear Sci. Ser., Chapman & Hall/CRC, Boca Raton, FL,
2007.

L. DEMcowicz AND I. BABUSKA, p interpolation error estimates for edge

finite elements of variable order in two dimensions, STAM J. Numer. Anal., 41
(2003), pp. 1195-1208.

L. DEmcowicz, J. KurTzZ, D. PARDO, M. PASZYNSKI, W. RACHOWICZ,
AND A. ZDUNEK, Computing with hp-Adaptive Finite Elements. Vol 2. Fron-
tiers: Three Dimensional Elliptic and Mazwell Problems with Applications,
Chapman & Hall/CRC Appl. Math. Nonlinear Sci. Ser., Chapman & Hal-
1/CRC, Boca Raton, FL, 2008.

L. DEMKOWICZ, J. GOPALAKRISHNAN, AND J. SCHOBERL, Polynomial ex-
tension operators. Part I, STAM J. Numer. Anal., 46 (2008), pp. 3006-3031.

L. DEMKOWICZ, J. GOPALAKRISHNAN, AND J. SCHOBERL, Polynomial ex-
tension operators. Part II, SIAM J. Numer. Anal., 47 (2009), pp. 3293-3324.

L. DEMKOWICZ, J. GOPALAKRISHNAN, AND J. SCHOBERL, Polynomial ex-
tension operators. Part I, Math. Comp., 81 (2012), pp. 1289-1326.



[47]

[48]

[49]

[50]

293

H. C. ELMAN, Multigrid and Krylov subspace methods for the discrete Stokes
equations, Internat. J. Numer. Methods Fluids, 22 (1996), pp. 755-770.

H. C. ELmaN, D. J. SILVESTER, AND A. J. WATHEN, Finite Elements

and Fast Iterative Solvers with Applications to Incompressible Fluid Dynamics,
Oxford University Press, Oxford, 2nd ed., 2014.

A. ERN AND J.-L. GUERMOND, Theory and Practice of Finite Elements,
Springer Science+Business Media, New York, NY, 2004.

R. S. FALK AND M. NEILAN, Stokes complexes and the construction of stable

finite elements with pointwise mass conservation, SIAM J. Numer. Anal., 51
(2013), pp. 1308-1326.

P. E. FARrReLL, L. MiTcHELL, L. R. ScorT, AND F. WECHSUNG, A
Reynolds-robust preconditioner for the Scott-Vogelius discretization of the sta-
tionary incompressible Navier-Stokes equations, SMAI J. Comput. Math., 7

(2021), pp. 75-96.

N. M. FERRARO, S. C. JARDIN, AND P. B. SNYDER, [deal and resistive edge
stability calculations with M3D-C1, Phys. Plasmas, 17 (2010), pp. 102508-1 —
102508-10.

G. B. FOLLAND, Real Analysis: Modern Techniques and their Applications,
John Wiley & Sons, New York, 2nd ed., 2013.

G. GEYMONAT AND F. KRASUCKI, On the existence of the Airy function in

Lipschitz domains. application to the traces of H*, C. R. Acad. Sci. Paris Sér
I Math., 330 (2000), pp. 355-360.

V. GIRAULT AND P. RAVIART, Finite Element Methods for Navier-Stokes
Equations: Theory and Algorithms, Spring-Verlag, Berlin, 1986.

P. GRISVARD, Elliptic Problems in Nonsmooth Domains, Pitman Advanced
Publishing Program, Boston, 1985.

B. Guo, The h — p version of the finite element method for elliptic equations
of order 2m, Numer. Math., 53 (1988), pp. 199-224.

B. Guo AND I. BABUSKA, Local Jacobi operators and applications to the p-
version of finite element method in two dimensions, STAM J. Numer. Anal., 48
(2010), pp. 147-163.

B. Guo AND W. Cao0, A preconditioner for the h-p wversion of the finite
element method in two dimensions, Numer. Math., 75 (1996), pp. 59-77.



[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

294

B. Guo anD C. SCHWAB, Analytic regularity of Stokes flow on polygonal
domains in countably weighted Sobolev spaces, J. Comput. Appl. Math., 190

(2006), pp. 487-519.

B. Guo AND W. SuN, The optimal convergence of the h-p version of the finite
element method with quasi-uniform meshes, SIAM J. Numer. Anal., 45 (2007),
pp. 698-730.

B. Guo AND L. Y1, Local Chebyshev projection-interpolation operator and
applications to the h-p version of the finite element method in three dimensions,
Math. Models Methods Appl. Sci., 23 (2013), pp. 777-801.

B. GUO AND J. ZHANG, Stable and compatible polynomial extensions in three

dimensions and applications to the p and h-p finite element method, STAM J.
Numer. Anal., 47 (2009), pp. 1195-1225.

B. Guo AND J. ZHANG, Construction of polynomial extensions in two dimen-
sions and application to the hp finite element method, J. Comput. Appl. Math.,
261 (2014), pp. 249-270.

N. HEUER, On the equivalence of fractional-order Sobolev semi-norms, J.
Math. Anal. Appl., 417 (2014), pp. 505-518.

V. Joun, A. LINKE, C. MERDON, M. NEILAN, AND L. G. REBHOLZ, On

the divergence constraint in mized finite element methods for incompressible
flows, STAM Rev., 59 (2017), pp. 492-544.

G. KARNIADAKIS AND S. SHERWIN, Spectral/hp Element Methods for CFD,
Oxford University Press, Oxford, 1999.

I. N. Katz AND D. W. WANG, The p-version of the finite element method for
problems requiring C'-continuity, STAM J. Numer. Anal., 22 (1985), pp. 1082
1106.

A. KLAWONN, Block-triangular preconditioners for saddle point problems with
a penalty term, STAM J. Sci. Comput., 19 (1998), pp. 172-184.

A. KLAWONN AND L. F. PAVARINO, Querlapping Schwarz methods for mixed
linear elasticity and Stokes problems, Comput. Methods Appl. Mech. Engrg.,
165 (1998), pp. 233-245.

M. J. LAI AND L. L. SCHUMAKER, Spline Functions on Triangulations, Cam-
bridge University Press, Cambridge, 2007.

L. D. LANDAU AND E. M. LirsHITZ, Theory of Elasticity, Pergamon Press,
Elmsford, NY, 3rd ed., 1986.



[73]

[74]

[75]

[81]
[82]
[83]

[84]

[85]

295

P. L. LEDERER AND J. SCHOBERL, Polynomial robust stability analysis for
H (div)-conforming finite elements for the Stokes equations, IMA J. Numer.
Anal., 38 (2018), pp. 1832-1860.

J. L. LioNs AND E. MAGENES, Non-Homogeneous Boundary Value Problems
and Applications I, Springer-Verlag, Berlin, 1972.

L. LLIBOUTRY, General theory of subglacial cavitation and sliding of temperate
glaciers, J. Glaciol., 7 (1968), pp. 21-58.

L. Lu, X. MENG, Z. Mao, AND G. E. KARNIADAKIS, DeepXDE: A
deep learning library for solving differential equations, SIAM Rev., 63 (2021),
pp. 208-228.

Y. MADAY, Relevements de traces polynomiales et interpolations hilbertiennes
entre espaces de polynomes, CR Acad. Sci. Paris, 309 (1989), pp. 463-468.

Y. MAaYDAY, D. MEIRON, A. T. PATERA, AND E. M. RoNQUIST, Analysis
of iterative methods for the steady and unsteady Stokes problem: Applications
to spectral element discretizations, STAM J.Sci. Comput., 14 (1993), pp. 310—
337.

V. MAz’yA AND J. ROSSMANN, FElliptic Equations in Polyhedral Domains,

vol. 162 of Mathematical Surveys and Monographs, American Mathematical
Society, Providence, RI, 2010.

D. P. McKEgNzIE, J. M. ROBERTS, AND N. O. WEiss, Convection in the
FEarth’s mantle: Towards a numerical simulation, J. of Fluid Mech., 62 (1974),
pp- 465-538.

J. M. MELENK, hp Finite Element Methods for Singular Perturbations, Lec-
ture Notes in Math. 1796, Springer, New York, NY, 2002.

H. K. MoOFFATT, Viscous and resistive eddies near a sharp corner, J. Fluid
Mech., 18 (1964), pp. 1-18.

J. MORGAN AND R. ScoTT, A nodal basis for C' piecewise polynomials of
degree n > 5., Math. Comp., 29 (1975), pp. 736-740.

R. MuNOZz-SoLA, Polynomial liftings on a tetrahedron and applications to the
hp version of the finite element method in three dimensions, SIAM J. Numer.
Anal., 34 (1997), pp. 282-314.

M. NEILAN, Discrete and conforming smooth de rham complexes in three di-
mensions, Math. Comp., 84 (2015), pp. 2059-2081.



[36]

[87]

[38]

[39]
[90]

[91]

[92]

[93]

[94]

[95]

[96]

[97]

296

J. NECAS, Direct Methods in the Theory of Elliptic Fquations, Springer Mono-
graphs in Mathematics, Springer, Heidelberg, 2012. Translated from the 1967
French original.

N. OrrErRMANS, O. MARIN, M. ScHANEN, J. GONG, P. FISCHER,
P. SCHLATTER, A. OBABKO, P. PEPLINSKI, M. HUTCHINSON, AND
E. MERZARI, On the strong scaling of the spectral element solver Nek5000 on
petascale systems, in Proceedings of the Exascale Applications and Software
Conference, Stockholm, Sweden, 2016, ACM, pp. 1-10.

E. T. OLSEN AND J. D. OLSEN JR, Bounds on spectral condition numbers of

matrices arising in the p-version of the finite element method, Numer. Math.,
69 (1995), pp. 333-352.

C. C. PAIGE AND M. A. SAUNDERS, Solution of sparse indefinite systems of
linear equations, STAM J. Numer. Anal., 12 (1975), pp. 617-629.

L. F. PAVARINO, Preconditioned mized spectral element methods for elasticity
and Stokes problems, SIAM J. Sci. Comput., 19 (1998), pp. 1941-1957.

L. F. PavArRINO AND O. B. WIDLUND, [terative substructuring methods for

spectral element discretizations of elliptic systems. II: Mixed methods for linear
elasticity and Stokes flow, SIAM J. Numer. Anal., 37 (1999), pp. 375-402.

J. PESTANA, R. MUDDLE, M. HEIL, F. TiSSEUR, AND M. MiHAJLOVIC, Ef-
ficient block preconditioning for a C' finite element discretization of the Dirich-
let biharmonic problem, STAM J. Sci. Comput., 38 (2016), pp. A325-A345.

M. Raissi, P. PERDIKARIS, AND G. E. KARNIADAKIS, Physics-informed
neural networks: A deep learning framework for solving forward and inverse

problems involving nonlinear partial differential equations, J. Comp. Phys., 378
(2019), pp. 686-707.

N. SALAH, A. SOULAIMANI, AND W. HABASHI, A finite element method for
magnetohydrodynamics, Comput. Methods Appl. Mech. Engrg., 190 (2001),
pp. H867-5892.

J. SCHOBERL, J. M. MELENK, C. PECHSTEIN, AND S. ZAGLMAYR, Ad-

dition Schwarz preconditioning for p-version triangular and tetrahedral finite
elements, IMA J. Numer. Anal., 28 (2008), pp. 1-24.

D. ScuHOTZAU AND T. P. WIHLER, Ezxponential convergence of mized hp-
DGFEM for Stokes flow in polygons, Numer. Math., 96 (2003), pp. 339-361.

G. SCHUBERT, D. L. TURCOTTE, AND P. OLSON, Mantle convection in the
Earth and planets, Cambridge University Press, Cambridge, 2001.



(98]
[99]

[100]

[101]

[102]

103]

[104]

[105]

[106]
[107]
108

[109]

[110]

297

C. SCHWAB, p- and hp-Finite Element Methods. Theory and Applications in
Solid and Fluid Mechanics, Oxford University Press, Oxford, 1998.

C. SCcHWAB AND M. SuRI, The p and hp versions of the finite element method
for problems with boundary layers, Math. Comp., 65 (2008), pp. 1403-1429.

L. R. ScorT AND M. VOGELIUS, Norm estimates for a mazimal right inverse
of the divergence operator in spaces of piecewise polynomials, ESAIM Math.

Model. Numer. Anal., 19 (1985), pp. 111-143.

L. R. SCOTT AND S. ZHANG, Finite element interpolation of nonsmooth func-
tions satisfying boundary conditions, Math. Comp., 54 (1990), pp. 483-493.

D. SiLvESTER AND A. WATHEN, Fust iterative solution of stabilised Stokes
systems Part II: Using general block preconditioners, SIAM J. Numer. Anal.,
31 (1994), pp. 1352-1367.

B. SmiTH, P. BJORSTAD, AND W. GROPP, Domain Decomposition: Paral-
lel Multilevel Methods for Elliptic Partial Differential Equations, Cambridge
University Press, Cambridge, UK, 2004.

R. STENBERG AND M. SURI, Mixed hp finite element methods for problems
in elasticity and Stokes flow, Numer. Math., 72 (1996), pp. 367—389.

Y. Su, L. CHEN, X. L1, AND C. XU, On the inf-sup constant of a triangular
spectral method for the Stokes equations, Comput. Methods Appl. Math., 16
(2016), pp. 507-522.

M. Surl, The p-version of the finite element method for elliptic equations of
order 21., ESAIM Math. Model. Numer. Anal., 24 (1990), pp. 265-304.

M. SuRl, I. BABUSKA, AND C. SCHWAB, Locking effects in the finite element
approzimation of plate models, Math. Comp., 64 (1995), pp. 461-482.

G. SzEGO, Orthogonal Polynomials, American Mathematical Society, Provi-
dence, RI, 1939.

P. L. TALLEC AND A. PATRA, Non-overlapping domain decomposition meth-

ods for adaptive hp approzimations of the Stokes problem with discontinuous
pressure fields, Comput. Methods Appl. Mech. Engrg., 145 (1997), pp. 361-379.

S. TIMOSHENKO AND S. WOINOWSKY-KRIEGER, Theory of Plates and Shells,
McGraw-Hill Book Company, Inc., New York, 2nd ed., 1987.



[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]
[119]

[120]

298

A. ToseLLt AND O. B. WIDLUND, Domain Decomposition Methods: Algo-

rithms and Theory, vol. 34 of Springer Ser. Comput. Math., Springer, New
York, 2005.

F. TrOLTZSCH, Optimal Control of Partial Differential Equations: Theory,
Methods and Applications, vol. 112 of Grad. Stud. Math., AMS, Providence,
RI, 2010.

M. VOGELIUS, A right-inverse for the divergence operator in spaces of piece-
wise polynomials, Numer. Math., 41 (1983), pp. 19-37.

A. WATHEN AND D. SILVESTER, Fust iterative solution of stabilised Stokes

systems. Part i: Using simple diagonal preconditioners, SIAM J. Numer. Anal.,
30 (1993), pp. 630-649.

J. WEERTMAN, Stability of the junction of an ice sheet and an ice shelf, J.
Glaciol., 13 (1974), pp. 3-11.

L. C. WiLcoX, G. STADLER, C. BURSTEDDE, AND O. GHATTAS, A high-

order discontinuous Galerkin method for wave propagation through coupled
elastic-acoustic media, J. Comput. Phys., 229 (2010), pp. 9373-9396.

X. ZHANG, Studies in Domain Decomposition: Multi-level Methods and the
Biharmonic Dirichlet Problem, PhD thesis, New York Univeristy: Courant
Institute of Mathematical Sciences, 1991.

X. ZHANG, Multilevel Schwarz methods for the biharmonic Dirichlet problem,
SIAM J. Sci. Comput., 15 (1994), pp. 621-644.

X. ZHANG, Two-level Schwarz methods for the biharmonic problem discretized
conforming C' elements, SIAM J. Numer. Anal., 33 (1996), pp. 555-570.

S. ZHONG, M. T. ZUBER, L. MORESI, AND M. GURNIS, Role of temperature-

dependent viscosity and surface plates in spherical shell models of mantle con-
vection, J. Geophys. Res.: Solid Earth, 105 (2000), pp. 11063-11082.



	Vita
	Acknowledgments
	Introduction
	H2-Stable Polynomial Liftings on Triangles
	Introduction
	Review of Traces of H2() and Statement of Main Result
	Hardy Inequalities
	Polynomial Extensions from a Single Edge
	Polynomial Extensions from Two Edges
	Proof of extthm:Full extension theorem
	Proof of extlem:All in one hardy
	Conclusions

	Preconditioning High Order H2-Conforming Finite Elements on Triangles
	Introduction
	Model Problem
	Preconditioner and Statement of Main Result
	Preconditioner on a Single Element
	Implementation
	Generating a Basis for B
	Computational Cost of the Preconditioner
	Vertex Basis Functions
	C1 Vertex Functions
	C2 Vertex Functions

	Preconditioner with Approximate Interior Solves

	Numerical Examples
	Airy Stress Tensor Problem
	Stokes Problem
	Plate Problem

	Traces of C2 Vertex Functions
	Conclusions

	Mass Conserving Mixed hp-FEM Approximations to Stokes Flow. Part I: Uniform Stability
	Introduction
	Finite Element Spaces
	Degrees of Freedom
	Exact Sequence Properties

	Uniform Stability of Elements
	Right Inverse of the Divergence Operator on a Single Element
	Extension to a Corner-Split Mesh

	Evaluation of Inf-Sup Constant
	Auxiliary Technical Results
	Mixed Boundary Conditions

	Mass Conserving Mixed hp-FEM Approximations to Stokes Flow. Part II: Optimal Convergence
	Introduction
	Assumptions and Statement of Main Results
	Approximation in Sobolev Spaces
	Approximation in Countably Normed Spaces Bm()

	Notation and Preliminaries for 0 and 0 Constructions
	Approximation Theory for 0
	Approximation Theory for 0
	Approximation Theory for Q0n
	Numerical Examples
	Moffatt Eddies
	T-shape Domain

	Proof of stokesII:lem:l2 interp

	Mass Conserving Mixed hp-FEM Approximations to Stokes Flow. Part III: Implementation and Preconditioning
	Introduction
	General Form of a Block-Diagonal Preconditioner
	Subspace Splittings, Exact Sequences, and Stability
	Interior Subspaces
	Boundary Subspaces

	Stokes Extension Operator
	Variational Form of the Schur Complement System
	Basis Functions
	Basis Functions on a Reference Triangle
	Pressure Basis Functions
	Velocity Basis Functions

	Basis Functions on a Mesh
	Pressure Basis Functions
	Velocity Basis Functions
	Velocity Basis Functions with Homogeneous Boundary Conditions


	Constructing the Preconditioner Using Additive Schwarz Theory
	Pressure ASM
	Velocity ASM
	The Preconditioner and Main Result
	Implementation and Cost Analysis of the Preconditioner

	Numerical Examples
	Moffatt Eddies
	T-shaped Domain
	Uniformly Refined Square

	Technical Lemmas
	Pressure ASM
	Velocity ASM

	Extension to Variable Viscosity
	Summary and Future Work
	Generalizations
	Comparison with Splitting Methods
	Applications to Parametric PDEs



