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Chapter One

Introduction
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Finite element methods (FEMs) are used to discretize partial differential equations

(PDEs) in a wide array of applications, including fluid flow [48, 55], solid mechanics

[29, 31], electromagnetism [41, 43], optimal control [22, 112], and magnetohydrody-

namics [52, 94]]. A FEM typically consists of two components: a mesh of the domain

and spaces of piecewise polynomials defined on the mesh. The terms “low order”

and “high order” delineate the use of low and high degree polynomials, respectively.

While low order FEMs are often preferred for their simplicity and ease of implementa-

tion, high order FEMs offer numerous advantages over their lower order counterparts.

Some of these advantages include exponential convergence rates for many problems

[20] (including singular perturbation problems [81]), better resolution of small-scale

features [67], less numerical dissipation and dispersion [3, 10], quantifiable robust-

ness for parameter-dependent problems [18, 19, 20, 107], and better computational

efficiency in large scale supercomputing applications [87, 116].

Despite the success of high order methods, the development of stable high order

FEMs for many physical systems (e.g., incompressible flow, linear elasticity, and

electromagnetism) remains a challenging problem, even in two space dimensions.

Stability is crucial for obtaining optimal convergence rates of the FEMs, inhibiting

nonphysical artifacts in the numerical solution, and developing efficient solvers for

the algebraic problems resulting from discretization.

Some applications, including 2D incompressible fluid flow [55], elastic models

of thin plates and shells [72], and nonlinear phase field models for materials [36],

involve fourth order elliptic operators. For these problems, conforming FEMs are
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the most straightforward way of achieving a stable discretization and entail the use

of finite elements with C1-continuity between elements [24, 38], the first of which

goes back over half a century, Argyris et. al. [11]. The Argyris elements have

“extra smoothness” in the sense that they are globally C1 and C2 at element vertices,

whereas only global C1 continuity is required for conformity. Despite the long history

of such methods, more elaborate schemes, such as discontinuous Galerkin or mixed

finite elements, both of which require lower continuity, are often used in practice. One

issue with conforming methods is that the condition number of the stiffness matrix

grows rapidly in both the mesh size h and the polynomial degree p. For example,

a straightforward textbook implementation of the lowest order Argyris elements in

conjunction with a direct solver [21, pp.374-7] results in prohibitively large condition

numbers after just 2-3 refinements of a relatively coarse initial mesh.

Although a variety of preconditioners are available for pure h-version methods

(see, e.g., [35, 92, 118, 119]), there are no preconditioners currently available for the

p- or hp-version FEMs with C1 elements. Chapters 2 and 3 address this gap in the

literature. Chapter 2 establishes an H2-stable polynomial extension theorem that is

crucial in the analysis of the iterative sub-structuring preconditioner for high order

Argyris elements given and analyzed in Chapter 3. The preconditioner in Chapter 3

is similar in spirit to the classical preconditioners for second order elliptic problems

of Bramble et al. [33] for the h-version and Babuška et al. [13] for the p-version.

The asymptotic growth of the conditioner number of the preconditioned system is

O(1+ log3 p), independent of the mesh size h, and is comparable to the O(1+ log2 p)



4

growth of the preconditioner for C0 elements in [13].

The final three chapters Chapters 4 to 6 turn attention to the 2D Stokes equations,

which describe the velocity and pressure of slow-moving, viscous flow and often

appear in mantle convection [80, 97, 120] and glaciology [75, 115]. FEMs that solve for

the fluid velocity and pressure simultaneously necessitate the use of mixed methods.

In this case, two finite element spaces are needed: V for the fluid velocity and Q

for the fluid pressure. However, stability cannot be guaranteed by simply choosing

V and Q to be conforming finite element spaces; instead stability is dictated by the

inf-sup constant :

β := inf
q∈Q

sup
v∈V

(div v, q)

‖v‖H1‖q‖L2

.

If there exists β0 > 0 such that β ≥ β0 independently of the mesh size h and/or

polynomial degree p, then the method is uniformly stable in h and/or p, respectively.

Constructing stable pairings V ×Q is a nontrivial task.

One tool that has enjoyed success in the design of stable pairing is the so-called

Stokes complex [50, 66]. Roughly speaking, one starts with a finite element space

Σ, typically used in H2 problems, and constructs V and Q so that curl Σ ⊂ V and

divV = Q. Then, the pair V × Q is often uniformly stable in the mesh size h. In

Chapter 4, we take Σ to be a slight modification of the high order Argyris space used

in Chapter 3 and construct the spaces V and Q to have extra smoothness at element

vertices as in [50]. It was previously shown [50] that V ×Q is uniformly stable in the
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mesh size h. We prove that, in fact, V ×Q is uniformly stable in h and p. This result

is the first uniform-in-p stability result for triangular elements. Chapter 5 establishes

optimal approximation theory results for the spaces in Chapter 4, including results for

the space used in Chapter 3. This thesis concludes with Chapter 6, which discusses

the implementation of the method in Chapter 4, including the construction and

analysis of an efficient block diagonal preconditioner.



Chapter Two

H2-Stable Polynomial Liftings on

Triangles
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2.1 Introduction

Polynomial extension, or lifting, operators extend piecewise polynomial data spec-

ified on the boundary ∂K to give a polynomial defined over the whole element K

that matches the specified data on the boundary. The existence of stable lifting op-

erators plays a critical role in the analysis of high order and spectral methods for the

numerical approximation of PDEs. For instance, in the numerical approximation of

second order elliptic PDEs the existence of an extension operator mapping polyno-

mial boundary data from H1/2(∂K) to a polynomial in H1(K), which is uniformly

bounded in terms of the polynomial degree, is vital to both approximation theory

and the analysis of domain decomposition methods for high order finite element

approximations of such problems.

In particular, Babuška and Suri [16] constructed such a polynomial extension

operator and used it to obtain convergence rates for the hp finite element method

(FEM) with inhomogeneous boundary data in two dimensions. Subsequently, the

basic polynomial extension result in [16] was generalized by Babuška et. al [13] and

used to obtain condition number estimates for a substructuring preconditioner for

the p-version finite element method in two dimensions. The extension theorem from

[13] also plays a role in the analysis of domain decomposition preconditioners for the

hp-version of the finite element method in two dimensions [2, 59] and in developing a

priori error estimates for non-uniform order piecewise polynomial approximation [42].

Polynomial extension operators for three dimensional elements were developed by
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Ben Belgacem [23] and Rafael Muñoz-Sola [84] on cubes and tetrahedra, respectively,

and used to obtain a priori error estimates for the hp-version FEM of second order

problems. These basic polynomial extension results play a key role in obtaining

optimal error rates for second order elliptic problems; c.f. [58, 61, 62, 63, 64] and the

references therein.

Liftings of polynomial traces also play an important role in the analysis of spectral

methods; Maday [77] and Bernardi and Maday [27] studied polynomial extensions

on triangles and squares in weighted Sobolev spaces and in interpolation spaces to

obtain optimal error estimates for spectral approximation. Moreover, Bernardi et al.

[25, 26] analyzed the operator norm of the liftings in various spaces with applications

to optimal polynomial inverse inequalities. The analysis of high order mixed finite

element approximation also requires polynomial liftings in vector-valued spaces: a

right inverse of the trace operator on H(div) in the case of triangles which preserves

polynomials was given in [10]; extension operators that respect the de Rham complex

in three dimensions were developed in [44, 45, 46]. Minimal polynomial extensions

with respect to the L2(K) norm play a key role in the analysis of a substructuring

preconditioner for the mass matrix in two [6] and three [7] dimensions.

Nevertheless, while there is an extensive literature devoted to developing polyno-

mial extension operators in the context of H1(K), relatively little is available when it

comes to polynomial extensions from the boundary into the space H2(K). Such ex-

tension operators play a key role in the analysis and preconditioning of the p-version

finite element approximation of fourth order elliptic problems (see e.g. Chapter 3
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for their use in the analysis of a substructuring preconditioner for C1-conforming

p-version approximation and Chapter 5 for their use in approximation theory) and

mixed hp FEMs for Stokes flow (Chapters 4 and 5).

The nature of the extension problem in H2(K) is somewhat different from the

corresponding problem in the H1(K) setting. First, one seeks an extension that

preserves both the function values on the boundary (and, a fortiori, the tangential

derivatives) and, in addition, a prescribed normal derivative on the boundary. This

means that the boundary data consists of two pieces of information: the standard

trace f and the normal derivative g. Second, while the boundary data in H1/2(∂K)

can be specified arbitrarily in the H1(K) setting, this is not the case in the H2(K)

setting where the two pieces of data f and g must satisfy appropriate compatibility

conditions in order for there to exist an extension, polynomial or otherwise. More-

over, additional compatibility conditions are needed in order for there to exist a poly-

nomial extension [25]. These issues are amplified and stated in detail in Section 2.2

along with a discussion of the appropriate choice of norm for the corresponding trace

spaces.

This chapter is concerned with the construction of a polynomial extension with

the following properties: Given piecewise polynomial boundary data f and g satis-

fying the appropriate compatibility conditions, find an extension U that is a poly-

nomial, whose function value and normal derivative on the boundary agree with f

and g, and such that the H2(K) norm depends continuously on the norm of the data

f and g with constant independent of the polynomial degree. Lederer and Schöberl
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[73] consider a related problem that arises in the analysis of hp mixed finite element

approximation of the Stokes problem: Given a polynomial vector field v defined over

the entire triangle, a lifting E(v) is constructed which is continuous from H1(K) to

H2(K) whose tangential derivatives match the tangential components of v on the

boundary. The normal derivative, although shown to be a good approximation in

L2(∂K), differs from the normal component of v in general. The analysis of con-

forming and other schemes requires an extension which agrees with both the specified

trace and normal derivative. We believe that the current work is the first to develop

such H2(K) stable polynomial liftings.

2.2 Review of Traces of H2(Ω) and Statement of

Main Result

Let Ω be a simply connected polygon with boundary Γ = ∂Ω. For ease of notation

we assume Ω = T̂ is a triangle as shown in Figure 2.1. Although traces in H1(T̂ )

are well-understood, the corresponding results for functions in H2(T̂ ) are less widely

appreciated. In the current section, we will review some basic properties concerning

traces in H2(T̂ ) and develop some results which will be needed in the sequel.

If u ∈ H2(T̂ ), then ∇u ∈ H1(T̂ ) and ∇u|Γ ∈ H1/2(Γ). We use the notation Hs

to denote the usual Sobolev spaces [1] and Hs to denote spaces of vector fields or

tensors. In particular, if n̂ and t̂ denote the outward unit normal and tangent vectors
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â1

(−1, 0)

γ3 â2

(1, 0)

γ̂1

(0, 2
√

3)
â3

γ̂2

t̂3

t̂1

t̂2

n̂3

n̂1

n̂2

Figure 2.1: Schema for the reference triangle T̂

on Γ, then ∂nu = n̂ · ∇u and ∂tu = t̂ · ∇u each belong to L2(Γ) [86, §2.4 Theorem

4.11], but the jump in the unit normal at a vertex rules out higher regularity in

general. Thus, u ∈ H1(Γ) and ∂nu ∈ L2(Γ).

For f ∈ H1(Γ) and g ∈ L2(Γ), define σ by the rule

σ(f, g) := (∂tf)n̂− gt̂. (2.2.1)

Hence, for u ∈ H2(T̂ ), we have σ(u, ∂nu) = (∂tu)n̂− (∂nu)t̂ so that1

σ(u, ∂nu)⊥ = (∂tu)n̂⊥ − (∂nu)t̂
⊥

= (∂tu)t̂+ (∂nu)n̂ = ∇u.

1We denote (σ1, σ2)⊥ = (σ2,−σ1) and ∇⊥u = (∇u)⊥.
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Hence, σ(u, ∂nu) ∈H1/2(Γ) for u ∈ H2(T̂ ), and in addition,

‖σ(u, ∂nu)‖H1/2(Γ) = ‖(∇u)⊥‖H1/2(Γ) ≤ C‖∇u‖H1(Ω) ≤ C‖u‖H2(Ω).

Consequently, the operator

H2(T̂ ) 3 u 7→ σ(u, ∂nu) ∈H1/2(Γ)

can be regarded as a trace operator on H2(T̂ ) which is linear and continuous.

Suppose that f ∈ H1(Γ) and g ∈ L2(Γ) are given. When does there exist

u ∈ H2(T̂ ) such that (f, g) is the trace of u, i.e. u|Γ = f and ∂nu|Γ = g? Observe

that a necessary condition for the existence of u is that the data (f, g) satisfy the

compatibility condition σ(f, g) = (∂tf)n̂−gt̂ ∈H1/2(Γ). In order to more fully grasp

the implications of this condition, we make use of the following norm equivalence on

H1/2(Γ). Let v ∈ H1/2(Γ) and let v1, v2, v3 denote the restriction of v to the edges γ̂1,

γ̂2, γ̂3 shown in Figure 2.1 parameterized by s ∈ (−1, 1) in the tangential direction.

It may be shown [56, Theorem 1.5.2.3] that the norm on H1/2(Γ) is equivalent to

‖v1‖2
H1/2((−1,1)) + ‖v2‖2

H1/2((−1,1)) + ‖v3‖2
H1/2((−1,1))

+ ‖(1 + ξ)−1/2(v1(ξ)− v3(−ξ))‖2
L2((−1,1)) + ‖(1 + ξ)−1/2(v2(ξ)− v1(−ξ))‖2

L2((−1,1))

+ ‖(1 + ξ)−1/2(v3(ξ)− v2(−ξ))‖2
L2((−1,1)).

A similar norm equivalence is valid on H1/2(Γ). Indeed, since σ(f, g) = (∂tf)n̂− gt̂
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with n̂, t̂ orthonormal on each edge, the equivalence can be rewritten in the form

(using similar notation to above)

‖σ(f, g)‖2
H1/2(Γ)

≈ ‖∂tf1‖2
H1/2((−1,1)) + ‖∂tf2‖2

H1/2((−1,1)) + ‖∂tf3‖2
H1/2((−1,1))

+ ‖g1‖2
H1/2((−1,1)) + ‖g2‖2

H1/2((−1,1)) + ‖g3‖2
H1/2((−1,1))

+ ‖(1 + ξ)−1/2(σ1(f, g)(ξ)− σ3(f, g)(−ξ))‖L2((−1,1))

+ ‖(1 + ξ)−1/2(σ2(f, g)(ξ)− σ1(f, g)(−ξ))‖2
L2((−1,1))

+ ‖(1 + ξ)−1/2(σ3(f, g)(ξ)− σ2(f, g)(−ξ))‖2
L2((−1,1)).

Hence, σ(f, g) ∈ H1/2(Γ) implies f ∈ H3/2(γ̂) and g ∈ H1/2(γ̂) for γ̂ ∈ {γ̂1, γ̂2, γ̂3}.

In addition, the data on adjacent edges must be compatible at the shared vertex in

the sense that terms of the following form must be bounded

‖(1 + ξ)−1/2(σ2(f, g)(ξ)− σ1(f, g)(−ξ))‖L2((−1,1)) <∞. (2.2.2)

This condition implies a non-trivial coupling between the data on edges γ̂1 and γ̂2 at

the shared vertex â3. For the reference triangle T̂ , these conditions read

f2(−1) = f1(1) (2.2.3a)

σ⊥2 (f, g)(−1) = σ⊥1 (f, g)(1) (2.2.3b)

The boundary Γ is one-dimensional, so H1(Γ) continuously embeds in C(Γ), giving

the first condition. Equality in the second condition is understood to mean that

(2.2.2) is valid. Equally well, for a vertex located at a corner with internal angle θ
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a
f1, g1

f2, g2

θt̂1

t̂2
n̂2

n̂1

Figure 2.2: Schema for general compatibility conditions at the vertex a.

as shown in Figure 2.2, the compatibility conditions read

f2(a) = f1(a) (2.2.4a)

∂tf2(a) = −∂tf1(a) cos θ − g1(a) sin θ (2.2.4b)

g2(a) = ∂tf1(a) sin θ − g1(a) cos θ (2.2.4c)

The condition σ(f, g) ∈ H1/2(Γ) is necessary for the existence of a function

u ∈ H2(T̂ ) such that u has trace (f, g). The question of whether this condition is

sufficient is considered in [25, 54] upon which the following discussion is based.

Consider the linear functional defined by the rule

H1(T̂ ) 3 v 7→ L(v) =

∫
Γ

v · ∂tσ(f, g) dt,

where here, and in what follows, the integral is understood in the sense of duality

pairings. Since each component σα of σ = σ(f, g) belongs to H1/2(Γ), there exists
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σ∗α ∈ H1(T̂ ) such that σ∗α = σα on Γ with ‖σ∗α‖H1(T̂ ) ≤ C‖σα‖H1/2(Γ). Hence,

|L(v)| =
∣∣∣∣∫

Γ

v · ∂tσdt
∣∣∣∣ ≤∑

α

∣∣∣∣∫
Γ

vα(t̂ · ∇)σ∗αdt

∣∣∣∣ =
∑
α

∣∣∣∣∫
Γ

vα∇⊥σ∗α · n̂ dt

∣∣∣∣
=
∑
α

∣∣∣∣∫
T

∇vα · ∇⊥σ∗αdx
∣∣∣∣ ≤ ‖v‖H1(T̂ )‖σ

∗‖H1(T̂ ) ≤ C‖v‖H1(T̂ )‖σ‖H1/2(Γ),

where we used that ∇⊥σ∗α ∈ H(div; T̂ ) and applied [55, §1, Corollary 2.1]. Thus L

is continuous and linear on H1(T̂ ). Moreover,

L(eα) =

∫
Γ

t̂ · ∇σαdt = 0

since σα ∈ H1/2(Γ) and

L(x⊥) =

∫
Γ

(x2∂tσ1 − x1∂tσ2)dt =

∫
Γ

{∂t(x2σ1 − x1σ2)− σ1∂tx2 + σ2∂tx1}dt

=

∫
Γ

σ · n̂dt =

∫
Γ

∂tfdt = 0

since f ∈ H1/2(Γ). Consequently, L(v) = 0 for all v ∈ RM , where RM denotes

the space of rigid body motions. Alternatively, if we introduce the strain tensor ε(·)

given by εαβ(w) = 1
2
(∂αwβ + ∂βwα), then RM = ker ε(·). Now, for v ∈H1(T̂ ) and

r ∈ RM :

|L(v)| = inf
r∈RM

|L(v − r)| ≤ C inf
r∈RM

‖v − r‖H1(T̂ )‖σ‖H1/2(Γ)

= C‖v‖H1(T̂ )/RM‖σ‖H1/2(Γ),
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and hence L is continuous and linear on the quotient space H1(T̂ )/RM . Conse-

quently, thanks to the Riesz Representation Theorem, there exists w ∈H1(T̂ )/RM

such that

L(v) =

∫
T̂

ε(w) : ε(v) dx ∀v ∈H1(T̂ )/RM with ‖ε(w)‖L2(T̂ ) ≤ C‖σ‖H1/2(Γ).

(2.2.5)

In turn, thanks to [54, Theorem 2], there exists u ∈ H2(T̂ ) such that

ε(w) =

 uyy −uxy

−uxy uxx

 .
As shown by [54, Theorem 3], we have u = f and ∂nu = g on Γ. A routine application

of the Petree-Tartar lemma2 yields

‖u‖H2(T̂ ) ≤ C
(
|u|H2(T̂ ) + ‖u‖L2(Γ) + ‖∂nu‖L2(Γ)

)
,

and hence, by (2.2.5),

‖u‖H2(T̂ ) ≤ C
(
‖ε(w)‖L2(T̂ ) + ‖f‖L2(Γ) + ‖σ(f, g)‖H1/2(Γ)

)
≤ C

(
‖f‖L2(Γ) + ‖σ(f, g)‖H1/2(Γ)

)
.

The preceding discussion readily generalizes to an arbitrary polygonal domain Ω,

2Using the notation of [49, A.38] choose X = H2(T̂ ), Y = L2(T̂ ) × R × R, Z = H1(T̂ ), and
Au = (D2u,

∫
Γ
udt,

∫
Γ
∂nudt). By the trace theorem, A is continuous, and the embedding H2(T̂ )

into H1(T̂ ) is compact (see e.g. [56, Theorem 1.4.3.2]).
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which leads to the follow characterization of the trace of H2(Ω) [25, Corollary 5.8]:

Theorem 2.2.1 (H2(Ω) traces and extensions). Let

TrH2(Ω) := {(f, g) ∈ H1(Γ)× L2(Γ) : ∃u ∈ H2(Ω) with u|Γ = f, ∂nu = g}

equipped with the natural norm

‖(f, g)‖TrH2(Ω) = inf
u∈H2(Ω)
u|Γ=f
∂nu|Γ=g

‖u‖H2(Ω).

Then, ‖f‖L2(Γ) + ‖σ(f, g)‖H1/2(Γ) is an equivalent norm on TrH2(Ω). In particular,

the following two statements hold:

(i) For u ∈ H2(Ω), there holds

‖u‖L2(Γ) + ‖σ(u, ∂nu)‖H1/2(Γ) ≤ C‖u‖H2(Ω). (2.2.6)

(ii) Let f ∈ H1(Γ), g ∈ L2(Γ), and σ(f, g) ∈ H1/2(Γ). Then, (f, g) ∈ TrH2(Ω),

and there exists u ∈ H2(Ω) such that u|Γ = f , ∂nu|Γ = g with

‖u‖H2(Ω) ≤ C
(
‖f‖L2(Γ) + ‖σ(f, g)‖H1/2(Γ)

)
. (2.2.7)

The question which we wish to consider in the current work is under what condi-

tions does there exist a polynomial extension U ∈ Pp(T̂ ) of (f, g) satisfying (2.2.7)?
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Of course, given that f = U and g = ∂nU on Γ, it is necessary that the data f and

g are piecewise polynomials of degree at most p and p− 1, respectively, on Γ. In ad-

dition, the compatibility conditions (2.2.4) must also be respected. However, in the

case of polynomial data, there is an additional condition which arises by considering

the second order tangential derivatives on adjacent edges; in the scenario depicted

in Figure 2.2, the condition reads

∂tg2(a) = ∂ttf2(a) cot θ − ∂ttf1(a) cot θ − ∂tg1(a). (2.2.8)

In terms of σ, (2.2.8) reads

∂tσ
⊥
2 (f, g)(a) · t̂1 = ∂tσ

⊥
1 (f, g)(a) · t̂2. (2.2.9)

We now summarize the compatibility conditions needed in the case of polynomial

boundary data on Γ, for data f and g parameterized with respect to arc length in

the tangential direction: for i = 1, 2, 3

fi+1(0) = fi(2), ∂tfi+1(0) = −1

2
∂tfi(2)−

√
3

2
gi(2),

gi+1(0) =

√
3

2
∂tfi(2)− 1

2
gi(2), ∂tgi+1(0) =

√
3

3
(∂ttfi+1(0)− ∂ttfi(2))− ∂tgi(2).

(2.2.10)

where the indices are taken modulo 3.

The main result of this chapter is the following polynomial extension theorem:
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Theorem 2.2.2. Suppose f and g are defined on Γ such that fi = f |γ̂i ∈ Pp(γ̂i),

gi = g|γ̂i ∈ Pp−1(γ̂i), p ≥ 1. Then, there exists U ∈ Pp(T̂ ) with

U |Γ = f and ∂nU |Γ = g

if and only if f and g satisfy the compatibility conditions (2.2.10). Moreover, U can

be chosen such that

‖U‖H2(T̂ ) ≤ C
(
‖f‖L2(Γ) + ‖σ(f, g)‖H1/2(Γ)

)
, (2.2.11)

with C independent of f , g, and p.

The proof is given in Section 2.6. Then, we have the following analogue of Theo-

â1

(−1, 0)
γ̂3 â2

(1, 0)

γ̂1

(0, 2
√

3)
â3

γ̂2

a1
γ3

a2

γ1

a3

γ2

K
T̂

FK

F−1
K

Figure 2.3: Notation used for a general triangle K and affine mapping FK

rem 2.2.2 for a general triangle K:

Corollary 2.2.3. Suppose f and g are defined on ∂K such that fi = f |γi ∈ Pp(γi),
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gi = g|γi ∈ Pp−1(γi), p ≥ 1. Then, there exists a U ∈ Pp(K) satisfying

U |∂K = f and ∂nU |∂K = g

if and only if f and g satisfy the compatibility conditions (2.2.4) and (2.2.8) at each

vertex of K. Moreover, U can be chosen such that

‖U‖H2(K) ≤ C
(
‖f‖L2(∂K) + ‖σ(f, g)‖H1/2(∂K)

)
, (2.2.12)

and C independent of f , g, and p.

Proof. We begin by defining the corresponding data on the triangle T̂ as follows:

Define f̂ , ĝ : ∂T̂ → R by

f̂i(t) := fi

(
|γi|
2
t

)
, ĝi(t) := n̂γ̂i ·DF T

Kσ
⊥
i (f, g)

(
|γi|
2
t

)
(2.2.13)

for i = 1, 2, 3, using the notation in Figure 2.3. A simple calculation reveals that

σ̂⊥i (f̂ , ĝ)(t) := ∂tf̂i(t)t̂γ̂i + ĝi(t)n̂γ̂i = DF T
Kσ
⊥
i (f, g)

(
|γi|
2
t

)
, (2.2.14)

which shows that f̂ is the standard pull-back while ĝ is the normal component of

the Piola transformation and, as such, preserves the normal component of σi. We

then appeal to Theorem 2.2.2 to create a polynomial extension of f̂ and ĝ on T̂ . To

this end, it suffices to check the compatibility conditions (2.2.3) and (2.2.9). Clearly

f̂i+1(0) = f̂i(2) is equivalent to (2.2.3a). Differentiating (2.2.14) in the tangential
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direction and using that

t̂γ̂j =
|γj|
2
DF−1

K t̂γj ,

we have

∂tσ̂
⊥
i (f̂ , ĝ) · t̂γ̂j =

|γi||γj|
4

∂tσ
⊥
i (f, g)

(
|γi|
2
t

)
· t̂γj ,

Thus (2.2.3b) and (2.2.9) hold if and only if f̂ and ĝ satisfy (2.2.10). Now, let Û be

given by Theorem 2.2.2 and take U = Û ◦ F−1
K . Property (2.2.13) means that the

trace of U is given by (f, g). From (2.2.11), we have

‖U ◦ FK‖H2(T̂ ) = ‖Û‖H2(T̂ ) ≤ C
(
‖f̂‖L2(∂T̂ ) + ‖σ̂(f̂ , ĝ)‖H1/2(∂T̂ )

)
.

Now, using (2.2.6), we have

‖f̂‖L2(∂T̂ ) + ‖σ̂(f̂ , ĝ)‖H1/2(∂T̂ ) ≤ C inf
ŵ∈H2(T̂ )

ŵ|∂T̂=f̂

∂nŵ|∂T̂=ĝ

‖ŵ‖H2(T̂ ).

Furthermore,

inf
ŵ∈H2(T̂ )

ŵ|∂T̂=f̂

∂nŵ|∂T̂=ĝ

‖ŵ‖H2(T̂ ) = inf
w∈H2(K)
w|∂K=f
∂nw|∂K=g

‖w ◦ F−1
K ‖H2(T̂ ) ≤ C inf

w∈H2(K)
w|∂K=f
∂nw|∂K=g

‖w‖H2(K).
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Again, using (2.2.6), we have

‖U‖H2(K) ≈ ‖U ◦ FK‖H2(T̂ ) ≤ C
(
‖f‖L2(∂K) + ‖σ(f, g)‖H1/2(∂K)

)
.

2.3 Hardy Inequalities

Let I = (0, 1). We use the standard Sobolev spaces Hs(I), s ∈ [0,∞), with H0(I) =

L2(I). In particular, the fractional order spaces H1/2(I), H
1/2
00 (I), H3/2(I), and

H
3/2
00 (I) are equipped with the following norms:

‖u‖2
H1/2(I) := ‖u‖2

L2(I) +

∫ 1

0

∫ 1

0

∣∣∣∣u(x)− u(y)

x− y

∣∣∣∣2 dx dy,

‖u‖2

H
1/2
00 (I)

:= ‖u‖2
H1/2(I) + 2

∫ 1

0

u2(x)

x
dx+ 2

∫ 1

0

u2(x)

1− x
dx,

‖u‖2
H3/2(I) := ‖u‖2

L2(I) + ‖u′‖2
H1/2(I)

‖u‖2

H
3/2
00 (I)

:= ‖u‖2
L2(I) + ‖u′‖2

H
1/2
00 (I)

.

The corresponding spaces Hs(γ) and Hs(γ) are defined on an element edge γ ∈

{γ1, γ2, γ3} in a similar fashion.

Various forms of Hardy’s inequality will be required. To this end, define the one-
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sided space H1
L(I) = {u ∈ H1(I) : u(0) = 0} and the interpolation space H

1/2
L (I)

equipped with the norm

‖u‖2

H
1/2
L (I)

:= ‖u‖2
H1/2(I) +

∫ 1

0

u2(t)

t
dt.

Define the operators Ak,lL and Bk,l
R by the rules

Ak,lL (f)(x) :=
1

xk

∫ x

0

tlf(t) dt, k, l ∈ N0 (2.3.1)

Bk,l
R (f)(x) := xl

∫ 1

x

1

tk
f(t) dt, k, l ∈ N0. (2.3.2)

The following Hardy type inequalities are derived in Section 2.7.

Lemma 2.3.1. Let Ak,lL and Bk,l
R be defined as above. Then, for k ≥ 0,

(i) for n ∈ {0, 1, . . . , } and f ∈ Hn(I),

dm

dxm

[
Ak+1,k
L f

]
= Ak+1+m,k+m

L f (m), m ∈ {0, 1, . . . , n}. (2.3.3)

(ii) for n ∈ {0, 1, . . . , } and f ∈ Hn(I),

∥∥∥Ak+1,k
L f

∥∥∥
Hs(I)

≤ 1

k + 1
2

‖f‖Hs(I), 0 ≤ s ≤ n (2.3.4)
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(iii) for n ∈ {0, 1, . . . , } and f ∈ Hn(I),

‖Ak,kL f‖L2(I) ≤ ‖f‖L2(I) and ‖Ak,kL f‖Hs(I) ≤
(

k

k + 1/2
+ 1

)
‖f‖Hs−1(I), 1 ≤ s ≤ n.

(2.3.5)

(iv) for f ∈ L2(I),

∥∥∥Bk+1,k
R f

∥∥∥
L2(I)

≤ 1

k + 1
2

‖f‖L2(I). (2.3.6)

(v) for n ∈ {1, 2} and f ∈ Hn(I) ∩H1
L(I),

∥∥∥Bk+1,k
R f

∥∥∥
Hm(I)

≤ 6‖f‖Hm(I), m ∈ {0, . . . , n}. (2.3.7)

and

∥∥∥Bk+1,k
R f

∥∥∥
H1/2(I)

≤ 2
√

3 ‖f‖
H

1/2
L (I)

(2.3.8)

(vi) for f ∈ L2(I),

∥∥∥Bk,k
R f

∥∥∥
L2(I)

≤ ‖f‖L2(I) and
∥∥∥Bk,k

R f
∥∥∥
H1(I)

≤ 3‖f‖L2(I), (2.3.9)

and there exists a constant C independent of k such that for f ∈ H1(I) (pro-
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vided f(0) = 0 in the case k = 1)

∥∥∥Bk,k
R f

∥∥∥
H2(I)

≤ C(k + 1)‖f‖H1(I). (2.3.10)

(vii) for f ∈ H1(I) and g ∈ H1
L(I),

∥∥∥Bk,k
R f

∥∥∥
H3/2(I)

≤ C
√
k + 1‖f‖H1/2(I), k 6= 1∥∥∥Bk,k

R g
∥∥∥
H3/2(I)

≤ C
√
k + 1 ‖g‖

H
1/2
L (I)

, k ≥ 0.

(2.3.11)

The following two results are easy consequences of Lemma 2.3.1.

Lemma 2.3.2. There exists a constant C > 0 such that

∫ 1

0

1

t3
u2(t) dt+

∫ 1

0

1

(1− t)3
u2(t) dt, ≤ C‖u′‖2

H
1/2
00 (I)

∀u ∈ H3/2
00 (I) (2.3.12)

Proof. Using (2.3.4), we have

∫ 1

0

1

t3
u2(t) dt =

∫ 1

0

∣∣∣∣1t · 1

t1/2

∫ t

0

u′(s) ds

∣∣∣∣2 dt ≤
∫ 1

0

∣∣∣∣1t
∫ t

0

1

s1/2
u′(s) ds

∣∣∣∣2 dt

=
∥∥A1,0

L (ξ−1/2u′(ξ))
∥∥2

L2(I)
≤ 4

∥∥ξ−1/2u′(ξ)
∥∥2

L2(I)
≤ C‖u′‖2

H
1/2
00 (I)

.

The result then follows by applying this estimate to the function t 7→ u(1 − t) and

summing.
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Lemma 2.3.3. Let n ∈ {1, 2, . . . , }. There exists a constant C > 0 such that

∥∥ξ−1f(ξ)
∥∥
Hs(I)

≤ C‖f‖Hs+1(I), 0 ≤ s ≤ n− 1, ∀f ∈ Hn(I) ∩H1
0 (I).

Proof. The estimate follows from (2.3.4) at once on noting that

t−1f(t) = t−1

∫ t

0

f ′(s) ds = A1,0
L (f ′)(t).

2.4 Polynomial Extensions from a Single Edge

Thanks to Corollary 2.2.3, it suffices to prove Theorem 2.2.2 on any triangle. In par-

ticular, we will work with the right triangle T̂ shown in Figure 2.4 for the remainder

of this chapter, which results in simpler formulae appearing in our proofs.

We recall following elementary single edge extension operators from [64, eq. (2.1)]

and [73, eq. (5.22)]:

E(f)(x, y) :=

∫ 1

0

f(x+ sy) ds =
1

y

∫ x+y

x

f(t) dt

En(f)(x, y) := y

∫ 1

0

a(s)f(x+ sy) ds,
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â1

(0, 0)
γ̂3 â2

(1, 0)

γ̂1

(0, 1)
â3

γ̂2

t̂3

t̂1

t̂2

n̂3

n̂1
n̂2

Figure 2.4: Schema for the right angle triangle T̂ used in Section 2.4

where a(s) = −6s(1 − s). The following lemma follows immediately from [64] and

[73, §5.3]:

Lemma 2.4.1. There exists a constant C > 0 such that

‖E(f)‖L2(T̂ ) ≤ 2
∥∥ξ1/2f(ξ)

∥∥
L2(γ̂3)

∀f ∈ L2(γ̂3), (2.4.1)

‖E(f)‖H2(T̂ ) ≤ C‖f‖H3/2(γ̂3) ∀f ∈ H3/2(γ̂3),

‖En(f)‖H2(T̂ ) ≤ C‖f‖H1/2(γ̂3) ∀f ∈ H1/2(γ̂3).

Moreover, if f ∈ Pp(γ̂3), then E(f) ∈ Pp(T̂ ) and En(f) ∈ Pp+1(T̂ ).

The following result, proved in detail in [64], is the 2D analogue of the results in [84]:
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Theorem 2.4.2. The operators given by

R1,L(f)(x, y) := xE
(
f(ξ)

ξ

)
(x, y),

R1,R(f)(x, y) := (1− x− y)E
(
f(ξ)

1− ξ

)
(x, y),

R1(f)(x, y) := x(1− x− y)E
(

f(ξ)

ξ(1− ξ)

)
(x, y),

for (x, y) ∈ T , are continuous H
1/2
00 (γ̂3) → H1(T̂ ) and map Pp(γ̂3) ∩ H1/2

00 (γ̂3) into

Pp(T̂ ).

The following analogue will be useful in the H2(T̂ ) case:

Theorem 2.4.3. Let f ∈ H3/2
00 (γ̂3) and let

R2(f)(x, y) = x2(1− x− y)2E
(

f(ξ)

ξ2(1− ξ)2

)
(x, y).

Then, R2(f) ∈ H2(T̂ ) and there exists a constant C independent of f and p such

that

‖R2(f)‖H2(T̂ ) ≤ C‖f‖
H

3/2
00 (γ̂3)

. (2.4.2)

Moreover, if f ∈ Pp(γ̂3), then R2(f) ∈ Pp(T̂ ) and the trace of R2(f) vanishes on

∂T̂ \ γ̂3.

Before proving Theorem 2.4.3,we first collect some technical lemmas which con-

cern terms that appear in various computations in the proof of Theorem 2.4.3.
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Lemma 2.4.4. There exists a constant C > 0 such that

∫ 1

0

∫ 1−x

0

∣∣∣∣f(x+ y)− f(x)

y

∣∣∣∣2 dy dx ≤ C‖f‖2
H1/2(γ̂3) ∀f ∈ H1/2(γ̂3), (2.4.3)∫ 1

0

∫ 1−x

0

∣∣∣∣f(x+ y)

x+ y

∣∣∣∣2 dy dx ≤ C‖f‖2

H
1/2
00 (γ̂3)

∀f ∈ H1/2
00 (γ̂3). (2.4.4)

Proof. For (2.4.3), we have

∫ 1

0

∫ 1−x

0

∣∣∣∣f(x+ y)− f(x)

y

∣∣∣∣2 dy dx
z=x+y

=

∫ 1

0

∫ 1

x

∣∣∣∣f(z)− f(x)

z − x

∣∣∣∣2 dz dx

≤ C‖f‖2
H1/2(γ̂3).

Similarly, for (2.4.4),

∫ 1

0

∫ 1−x

0

∣∣∣∣f(x+ y)

x+ y

∣∣∣∣2 dy dx
z=x+y

=

∫ 1

0

∫ 1

x

∣∣∣∣f(z)

z

∣∣∣∣2 dz dx =

∫ 1

0

∣∣∣∣f(z)

z

∣∣∣∣2 ∫ z

0

dx dz

=

∫ 1

0

|f(z)|2

z
dz ≤ C‖f‖2

H
1/2
00 (γ̂3)

.

Lemma 2.4.5. There exists a constant C > 0 such that

∫ 1

0

∫ 1−y

0

∣∣∣∣f(x+ y)

(x+ y)2

∣∣∣∣2 dx dy + ‖g‖2
L2(T̂ )

≤ C‖f‖2

H
3/2
00 (γ̂3)

∀f ∈ H3/2
00 (γ̂3), (2.4.5)

where

g(x, y) := y−2

∫ x+y

x

∣∣A1,0
L (f ′)(x+ y)− A1,0

L (f ′)(t)
∣∣ dt. (2.4.6)
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Proof. We estimate each of the terms separately. For the first term,

∫ 1

0

∫ 1−y

0

∣∣∣∣f(x+ y)

(x+ y)2

∣∣∣∣2 dx dy
z=x+y

=

∫ 1

0

∫ 1

x

∣∣∣∣f(z)

z2

∣∣∣∣2 dz dx =

∫ 1

0

∣∣∣∣f(z)

z2

∣∣∣∣2 ∫ z

0

dx dz

=

∫ 1

0

1

z3
|f(z)|2 dz ≤ C‖f‖

H
3/2
00 (γ̂3)

by (2.3.12). For the second term, we have

‖g‖2
L2(T̂ )

≤
∫ 1

0

∫ 1−x

0

1

y3

∫ x+y

x

∣∣A1,0
L (f ′)(x+ y)− A1,0

L (f ′)(t)
∣∣2 dt dy dx

z=x+y
=

∫ 1

0

∫ 1

x

1

(z − x)3

∫ z

x

∣∣A1,0
L (f ′)(z)− A1,0

L (f ′)(t)
∣∣2 dt dz dx

=

∫ 1

0

∫ z

0

∫ t

0

|A1,0
L (f ′)(z)− A1,0

L (f ′)(t)|2

(z − x)3
dx dt dz

=
1

2

∫ 1

0

∫ z

0

∣∣A1,0
L (f ′)(z)− A1,0

L (f ′)(t)
∣∣2( 1

(z − t)2
− 1

z2

)
dt dz

≤
∫ 1

0

∫ 1

0

∣∣∣∣A1,0
L (f ′)(z)− A1,0

L (f ′)(t)

z − t

∣∣∣∣2 dt dz

≤ C‖A1,0
L (f ′)‖H1/2(γ̂3)

≤ C‖f‖
H

3/2
00 (γ̂3)

by (2.3.4).

Now we show that R1,L is bounded from H
3/2
00 (γ̂3) to H2(T̂ ).

Lemma 2.4.6. There exists a constant C > 0 such that

‖R1,L(f)‖H2(T̂ ) ≤ C‖f‖
H

3/2
00 (γ̂3)

∀f ∈ H3/2
00 (γ̂3).
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Proof. We only need to bound the second derivatives. As in [84], we compare with

derivatives of E .

∂xx estimate:

∂xxR1,L(f)(x, y)− ∂xxE(f)(x, y) =
1

y

(
f(x+ y)

x+ y
− f(x)

x

)
− f ′(x+ y)

x+ y
+
f(x+ y)

(x+ y)2

=: E1 − E2 + E3.

For E1, we have

‖E1‖2
L2(T̂ )

=

∫ 1

0

∫ 1−x

0

∣∣∣∣1y
(

1

x+ y

∫ x+y

0

f ′(s) ds− 1

x

∫ x

0

f ′(s) ds

)∣∣∣∣2 dy dx

=

∫ 1

0

∫ 1−x

0

∣∣∣∣1y (A1,0
L (f ′)(x+ y)− A1,0

L (f ′)(x)
)∣∣∣∣2 dy dx

z=x+y
=

∫ 1

0

∫ 1

x

∣∣∣∣A1,0
L (f ′)(z)− A1,0

L (f ′)(x)

z − x

∣∣∣∣2 dz dx

≤ C‖A1,0
L (f ′)‖2

H1/2(γ̂3)

≤ C‖f ′‖2

H
1/2
00 (γ̂3)

.

Applying (2.4.4) to f ′ for E2 and (2.4.5) for E3, we have ‖∂xxR1,L(f)‖L2(T̂ ) ≤

C‖f‖
H

3/2
00 (γ̂3)

.
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∂xy estimate:

∂xyR1,L(f)(x, y)− ∂xyE(f)(x, y)

=

[
− 1

y2

∫ x+y

x

f(t)

t
dt+

f(x+ y)

y(x+ y)

]
+
f(x+ y)

(x+ y)2
− f ′(x+ y)

x+ y
=: E4 + E3 − E2.

For E4, we have

|E4| ≤
1

y2

∫ x+y

x

∣∣∣∣ 1

x+ y

∫ x+y

0

f ′(s) ds− 1

t

∫ t

0

f ′(s) ds

∣∣∣∣ dt
=

1

y2

∫ x+y

x

∣∣A1,0
L (f ′)(x+ y)− A1,0

L (f ′)(t)
∣∣ dt.

Using (2.4.5) and (2.4.6) and that E2 and E3 are the same as above, we have the

estimate for ∂xyR1,L(f).

∂yy estimate:

∂yyR1,L(y)(f)(x, y)− ∂yyE(f)(x, y)

=

{
− 2

y3

∫ x+y

x

f(t)
(

1− x

t

)
dt+

f(x+ y)

y(x+ y)

}
+
f(x+ y)

(x+ y)2
− f ′(x+ y)

x+ y

=: E5 + E3 − E2.

For E5, note that

E5 =
2

y3

∫ x+y

x

[
f(x+ y)

x+ y
− f(t)

t

]
(t− x) dt.
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Using that t− x ≤ y,

|E5| ≤
2

y2

∫ x+y

x

∣∣∣∣f(x+ y)

x+ y
− f(t)

t

∣∣∣∣ dt =
2

y2

∫ x+y

x

∣∣A1,0
L (f ′)(x+ y)− A1,0

L (f ′)(t)
∣∣ dt,

and so the estimate for ∂yyR1,L(f) follows from (2.4.5) and (2.4.6) and the estimates

for E2 and E3.

Next, we show R2,L is bounded from H
3/2
00 (γ̂3)→ H2(T̂ ).

Lemma 2.4.7. Let f ∈ H3/2
00 (γ̂3) and define R2,L by

R2,L(f)(x, y) := x2E
(
f(ξ)

ξ2

)
(x, y).

Then, there exists a constant C > 0 independent of f such that

‖R2,L(f)‖H2(T̂ ) ≤ C‖f‖
H

3/2
00 (γ̂3)

.

Proof. The L2 estimate is the same as for R1,L:

|R2,L(f)(x, y)| ≤ 1

y

∫ x+y

x

|f(t)| dt = E(|f |)(x, y).

We again proceed by comparing the derivatives to R1,L or E .
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∂x estimate: We compare the derivative to R1,L.

∂xR2,L(f)(x, y)− ∂xR1,L(f)(x, y) =
1

y

∫ x+y

x

f(t)

t

(
2x

t
− 1

)
dt− x

x+ y

f(x+ y)

x+ y

=: E1 − E2.

For E1, we have

|E1| ≤
1

y

∫ x+y

x

∣∣∣∣f(t)

t

∣∣∣∣ dt = R1,L(|f |)(x, y) =⇒ ‖E1‖L2(T̂ ) ≤ C‖f‖L2(T̂ ).

by Theorem 2.4.2. Moreover,

|E2| ≤
∣∣∣∣f(x+ y)

x+ y

∣∣∣∣ =⇒ ‖E2‖L2(T̂ ) ≤ C‖f‖
H

1/2
00 (I)

by (2.4.4)

Thus, ‖∂xR2,L(f)‖L2(T̂ ) ≤ C‖f‖
H

1/2
00 (γ̂3)

.

∂y estimate: We compare the derivative to R1,L.

∂yR2,L(f)(x, y)− ∂yR1,L(f)(x, y) =
1

y2

∫ x+y

x

x

t

(
1− x

t

)
f(t) dt− x

x+ y
· f(x+ y)

x+ y

=: E3 − E2.

For E3, we use the same technique as before:

|E3| ≤
1

y

∫ x+y

x

∣∣∣∣f(t)

t

∣∣∣∣ dt = R1,L (|f |) (x, y) =⇒ ‖E3‖L2(T̂ ) ≤ C‖f‖
H

1/2
00 (γ̂3)

.
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by Theorem 2.4.2. E2 is the same as above, and so ‖∂yR2,L‖L2(T̂ ) ≤ C‖f‖
H

1/2
00 (γ̂3)

.

∂xx estimate: We again compare to R1,L.

∂xxR2,L(x, y)− ∂xxR1,L(f)(x, y)

=
2

y

∫ x+y

x

f(t)

t2
dt+

1

y

[
f(x+ y)

x+ y
− f(x)

x

]
+

(
2x

x+ y
− 3

)
f(x+ y)

(x+ y)2

− x

x+ y
· f
′(x+ y)

x+ y

=: E4 + E5 + E6 − E7.

For E4,

|E4| ≤
2

y

∫ x+y

x

|f(t)|
t2

dt = 2E
(
|f(ξ)|
ξ2

)
.

Thanks to (2.4.1) and (2.3.12), there holds

‖E4‖L2(T̂ ) ≤ C‖ξ−3/2f(ξ)‖L2(γ̂3) ≤ C‖f ′‖
H

1/2
00 (γ̂3)

.

E5 is the same as E1 in Lemma 2.4.6, and so ‖E5‖L2(T̂ ) ≤ C‖f‖
H

3/2
00 (γ̂3)

. For E6 and

E7,

|E6|+ |E7| ≤ C
|f(x+ y)|
(x+ y)2

+
|f ′(x+ y)|
x+ y

.

Applying (2.4.5) to the first term and (2.4.4) to f ′ in the second term gives ‖E6‖L2(T̂ )+

‖E7‖L2(T̂ ) ≤ C‖f‖
H

3/2
00 (γ̂3)

. Thus, ‖∂xxR2,L(f)‖L2(T̂ ) ≤ C‖f‖
H

3/2
00 (γ̂3)

.
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∂xy estimate: We compare to E .

∂xyR2,l(f)(x, y)− ∂xyE(f)(x, y)

=

{
−2x

y2

∫ x+y

x

f(t)

t2
dt+

2x

y
· f(x+ y)

(x+ y)2

}
+

(
1 +

2x

x+ y

)
· f(x+ y)

(x+ y)2

− 2x+ y

x+ y
· f
′(x+ y)

x+ y

=: E8 + E9 − E10

For E8, we have

E8 =
2x

y2

∫ x+y

x

[
1

(x+ y)2

∫ x+y

0

f ′(s) ds− 1

t2

∫ t

0

f ′(s) ds

]
dt

=
x

y2

∫ x+y

x

[
tA1,0

L (f ′)(x+ y)− (x+ y)A1,0
L (f ′)(t)

t(x+ y)

]
dt.

Now, taking absolute values, we have

|E8| ≤
2

y2

∫ x+y

x

∣∣∣∣tA1,0
L (f ′)(x+ y)− (x+ y)A1,0

L (f ′)(t)

x+ y

∣∣∣∣ dt
≤ 2

y2

∫ x+y

x

∣∣A1,0
L (f ′)(x+ y)− A1,0

L (f ′)(t)
∣∣ dt

+
2

y2

∫ x+y

x

t− x− y
x+ y

· |A1,0
L (f ′)(x+ y)| dt

=: F1 + F2.

From (2.4.5) and (2.4.6), we have ‖F1‖L2(T̂ ) ≤ C‖f‖
H

3/2
00 (γ̂3)

. For F2, note that
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|t− x− y| ≤ y and so

|F2| ≤
2

y

∫ x+y

x

1

x+ y
|A1,0

L (f ′)(x+ y)| dt =
|A1,0

L (f ′)(x+ y)|
x+ y

.

Thus, ‖F2‖L2(T̂ ) ≤ C‖A1,0
L (f ′)‖

H
1/2
00 (γ̂3)

≤ C‖f‖
H

3/2
00 (γ̂3)

by (2.4.4) and (2.3.4). As a

result, ‖∂xyR2,L‖L2(T̂ ) ≤ C‖f‖
H

3/2
00 (γ̂3)

.

∂yy estimate: We compare to R1,L.

∂yyR2,L(f)(x, y)− ∂yyR1,L(f)(x, y)

=

[
2x

y3

∫ x+y

x

f(t)

t

(x
t
− 1
)

+
x

(x+ y)2
· f(x+ y)

y

]
+

2x

x+ y
· f(x+ y)

(x+ y)2

− x

x+ y
· f
′(x+ y)

x+ y

=: E11 + E12 − E7.

For E11, we have

|E11| =
2x

y3

∣∣∣∣∫ x+y

x

[
f(x+ y)

(x+ y)2
− f(t)

t2

]
(t− x) dt

∣∣∣∣ ≤ 2x

y2

∫ x+y

x

∣∣∣∣f(x+ y)

(x+ y)2
− f(t)

t2

∣∣∣∣ dt.
This is the same term that appears in our estimate for E8, and so ‖E11‖L2(T̂ ) ≤

C‖f‖
H

3/2
00 (γ̂3)

. For E12,

|E12| ≤
|f(x+ y)|
(x+ y)2

=⇒ ‖E12‖L2(T̂ ) ≤ C‖f‖
H

3/2
00 (γ̂3)

by (2.4.5)

E7 is the same as above and so ‖∂yyR2,L‖L2(T̂ ) ≤ C‖f‖
H

3/2
00 (γ̂3)

.
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Corresponding operators and estimates for the right hand node also hold.

Lemma 2.4.8. Let f ∈ H3/2
00 (γ̂3). Let

R2,R(f)(x, y) = (1− x− y)2E
(

f(ξ)

(1− ξ)2

)
(x, y).

Then, there exists a constant C such that

‖R1,R(f)‖H2(T̂ ) + ‖R2,R(f)‖H2(T̂ ) ≤ C‖f‖
H

3/2
00 (γ̂3)

.

Proof. The result follows at once from Lemmas 2.4.6 and 2.4.7 by defining f ∗(η) =

f(1−η) and observing thatR1,R(f)(x, y) = R1,L(f ∗)(1−x−y, y) andR2,R(f)(x, y) =

R2,L(f ∗)(1− x− y, y).

We now are in a position to complete the proof of the theorem.

Proof of Theorem 2.4.3. We have the following decomposition

R2(f)(x, y) = (1− x− y)2R2,L(f)(x, y) + 2x(1− x− y)2R1,L(f)(x, y)

− 2x2(1− x− y)R1,R(f)(x, y) + x2R2,R(f)(x, y).

The H2 continuity follows from Lemmas 2.4.6 to 2.4.8. If f ∈ Pp(γ̂3), then f(0) =

f ′(0) = f(1) = f ′(1) = 0, and so f(t) = t2(1− t)2g(t) for some g ∈ Pp−4(γ̂3). Thus,

R2(f) ∈ Pp(T̂ ).
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Remark 2.4.9. Of course, we can analogously define extension operators for the other

sides of T̂ . In the sequel, we use Ei, Eni , and R2,i to denote the respective extension

operators associated with γ̂i and use the corresponding bounds without proof.

Finally, we recall result from [73] concerning the existence of a normal extension

operator as follows:

Theorem 2.4.10. For every p ≥ 1, there exists Rni : Pp−1(γ̂i) ∩ H2
0 (γ̂i) → Pp(T̂ )

and a constant C independent of p such that for all f ∈ H1/2
00 (γ̂i), there holds

Rni (f)|Γ = 0, ∂nRni (f)|γ̂j = δijf, and ‖Rni (f)‖H2(T̂ ) ≤ C‖f‖
H

1/2
00 (γ̂i)

.

2.5 Polynomial Extensions from Two Edges

In the next stage of the argument, we create an extension from two sides of T̂ . Then,

we use the single edge extensions Theorem 2.4.3 and Theorem 2.4.10 to adjust the

traces on the remaining edge and thereby obtain the desired extension operator from

the entire boundary.
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Note the following properties of the elementary single-edge extensions:

E3(f)(x, 0) = f(x), E3(f)(0, y) =

∫ 1

0

f(sy) ds,

∂n3E3(f)(x, 0) = −1

2
f ′(x), ∂n2E3(f)(0, y) = −

∫ 1

0

f ′(sy) ds,

En3 (g)(x, 0) = 0, En3 (g)(0, y) = y

∫ 1

0

a(s)g(sy) ds,

∂n3En3 (g)(x, 0) = g(x, 0), ∂n2En3 (g)(0, y) = −y
∫ 1

0

a(s)g′(sy) ds.

By symmetry, we have analogous relations for E2 and En2 .

Lemma 2.5.1. Suppose f and g are such that fi = f |γ̂i ∈ Pp(γ̂i), gi = g|γ̂i ∈

Pp−1(γ̂i) and fi, gi satisfy the compatibility conditions (2.2.10). Then, there exists

F2, F3, G2, G3, and a constant C independent of f , g, and p such that

(i) U = E2(F2) + E3(F3) + En2 (G2) + En3 (G3) ∈ Pp(T̂ ).

(ii) U |γ̂i = fi, ∂nU |γ̂i = gi, i = 2, 3.

(iii) ‖U‖H2(T̂ ) ≤ C
(
‖f‖L2(Γ) + ‖σ(f, g)‖H1/2(Γ)

)
.

Proof. For notational convenience, we reparametrize f2 such that f2(0) = f(â1) and
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f2(1) = f(â3). The desired functions Fi and Gi satisfy a system of integral equations:

f2(x) = F2(x) +

∫ 1

0

F3(sx) ds+ x

∫ 1

0

a(s)G3(sx) ds,

f3(x) = F3(x) +

∫ 1

0

F2(sx) ds+ x

∫ 1

0

a(s)G2(sx) ds,

g2(x) = −1

2
F ′2(x)−

∫ 1

0

F ′2(sx) ds+G2(x)− x
∫ 1

0

a(s)G′3(sx) ds,

g3(x) = −1

2
F ′3(x)−

∫ 1

0

F ′2(sx) ds+G3(x)− x
∫ 1

0

a(s)G′2(sx) ds.

Let Φ1 = F2 + F3, Φ2 = F2 − F3, Ψ1 = G2 + G3, Ψ2 = G2 − G3, h1 = f2 + f3,

h2 = f2 − f3, l1 = g2 + g3, l2 = g2 − g3. Then, the system decouples to become

h1(x) = Φ1(x) +

∫ 1

0

Φ1(sx) ds+ x

∫ 1

0

a(s)Ψ1(sx) ds,

l1(x) = −1

2
Φ′1(x)−

∫ 1

0

Φ′1(sx) ds+ Ψ1(x)− x
∫ 1

0

a(s)Ψ′1(sx) ds,

(2.5.1)

and

h2(x) = Φ2(x)−
∫ 1

0

Φ2(sx) ds− x
∫ 1

0

a(s)Ψ2(sx) ds,

l2(x) = −1

2
Φ′2(x) +

∫ 1

0

Φ′2(sx) ds+ Ψ2(x) + x

∫ 1

0

a(s)Ψ′2(sx) ds.

(2.5.2)

Note that the compatibility conditions (2.2.10) under this new parametrization read

as

h′1(0) + l1(0) = 0, h2(0) = l′2(0) = 0, h′2(0) = l2(0). (2.5.3)
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First system: It is straight forward to check that a solution to (2.5.1) is given

by

Φ1(t) =
4

5
h1(t) +

54

5t4

∫ t

0

s3h1(s) ds− 9

t3

∫ t

0

s2h1(s) ds− 36

5t4

∫ t

0

s4l1(s) ds

+
9

t3

∫ t

0

s3l1(s) ds− 2

t2

∫ t

0

s2l1(s) ds− t

5

∫ 1

t

h′1(s) + l1(s)

s
ds

and

Ψ1(t) =
1

2
h′1(t) +

1

2t4

∫ t

0

s3h′1(s) ds− 9

5t5

∫ t

0

s4h′1(s) ds+ l1(t) +
3

2t4

∫ t

0

s3l1(s) ds

− 3

10

∫ 1

t

h′1(s) + l1(s)

s
ds

For instance, one may verify that the above are solutions to (2.5.1), by expressing

h1 and l1 as a sum of monomials, directly substituting and equating coefficients.

Applying (2.3.4) to (2.3.11) term-by-term and using (2.5.3), we have the estimate

‖Φ1‖H3/2(I) + ‖Ψ1‖H1/2(I) ≤ C
(
‖h1‖H3/2(I) + ‖l1‖H1/2(I) + ‖h′1 + l1‖H1/2

L (I)

)
.

Since h′1(t) + l1(t) = tq(t) where q ∈ Pp−2(I), it follows that Φ1 ∈ Pp(I) and Ψ1 ∈

Pp−1(I).
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Second system: In a similar vein, a solution to (2.5.2) is given by

Φ2(t) = 4h2(t)− 1

t3

∫ t

0

s2h(s) ds+
3

5t3

∫ t

0

s3l2(s) ds− 2

∫ 1

t

h2(s)

s
ds

+ 3t

∫ 1

t

h′2(s)− l2(s)

s
ds+

18t2

5

∫ 1

t

l2(s)

s2
ds

and

Ψ2(t) =
h′2(t)

2
− 1

3
· h2(t)

t
− 1

6t4

∫ t

0

s3h′2(s) ds+ l2(t)− 3

10t4

∫ t

0

s3l2(s) ds

− 3

2

∫ 1

t

h′2(s)− l2(s)

s
ds− 24t

5

∫ 1

t

l2(s)

s2
ds.

By (2.3.4) to (2.3.11) and Lemma 2.3.3 and using (2.5.3), we have the estimate

‖Φ2‖H3/2(I) + ‖Ψ2‖H1/2(I) ≤ C
(
‖h2‖H3/2(I) + ‖l2‖H1/2(I) + ‖h′2 − l2‖H1/2

L (I)

)
.

Note that h(t) = tq1(t) where q1 ∈ Pp−1(I), h′2(t)+ l2(t) = tq2(t) where q2 ∈ Pp−2(I),

and that l2(t) = l(0) + t2q3(t), where q3 ∈ Pp−3(I). Consequently, Φ2 ∈ Pp(I) and

Ψ2 ∈ Pp−1(I).

By Lemma 2.4.1, we have found Fi and Gi that satisfy (i) and (ii). Substituting
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in for hi and li, we get

∑
i=2,3

{
‖Fi‖2

H3/2(I) + ‖Gi‖2
H1/2(I)

}
≤ C

[∑
i=2,3

{
‖fi‖2

H3/2(I) + ‖gi‖2
H1/2(I)

}
+

∫ 1

0

|f ′2(t) + g3(t)|2 + |f ′3(t) + g2(t)|2

t
dt

]
≤ C

(
‖f‖2

L2(Γ) + ‖σ(f, g)‖2
H1/2(Γ)

)
,

and (iii) follows by using Lemma 2.4.1.

2.6 Proof of Theorem 2.2.2

Assume first that U ∈ Pp(T̂ ). From the discussion in Section 2.2, conditions (2.2.10)

are satisfied. Now assume that f and g are given and satisfy the compatibility

conditions (2.2.10). By Lemma 2.5.1, we can find a U1 ∈ Pp(T̂ ) such that U1|γ̂i = fi,

∂nU1|γ̂i = gi, i = 2, 3, and

‖U1‖H2(T̂ ) ≤ C
(
‖f‖L2(Γ) + ‖σ(f, g)‖H1/2(Γ)

)
.

We now adjust the functional values of U1 on γ̂1 to match f1. Denote h1 := U1|γ̂1 and

l1 := ∂nU1|γ̂1 . U1 is a polynomial, so it also satisfies the compatibility conditions.
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Thus,

f1(0) = h1(0), f ′1(0) = h′1(0), f1(
√

2) = h1(
√

2), and f ′1(
√

2) = h′1(
√

2),

and so, f1 − h1 ∈ H3/2
00 (I). Prompted by Theorem 2.4.3, we set

U2 := U1 +R2,1(f1 − h1),

where R2,1 is defined in Remark 2.4.9. Then, thanks to the properties of R2,1 and

U1, we have

U2|γ̂i = fi, i = 1, 2, 3, ∂nU2|γ̂j = gj, j = 2, 3, (2.6.1)

and ‖U2‖H2(T̂ ) ≤ C
(
‖f‖L2(Γ) + ‖σ(f, g)‖H1/2(Γ) + ‖f1 − h1‖H3/2

00 (γ̂1)

)
. To estimate

the third term, we have

‖f1 − h1‖2

H
3/2
00 (γ̂1)

≈ ‖f1 − h1‖2
H3/2(γ̂1) +

∫ √2

0

|f ′1(t)− h′1(t)|2

t
dt

+

∫ √2

0

|f ′1(t)− h′1(t)|2√
2− t

dt.

The compatibility conditions (2.2.10) imply that (f, g) ∈ TrH2(T̂ ). Thus, we can use

Theorem 2.2.1 to find w ∈ H2(T̂ ) whose trace is (f, g) and which satisfies ‖w‖H2(T̂ ) ≤
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C
(
‖f‖L2(Γ) + ‖σ(f, g)‖H1/2(Γ)

)
. Then, we have

‖w − U1‖2
L2(Γ) + ‖σ(w − U1, ∂n(w − U1))‖2

H1/2(Γ)

≈ ‖f1 − h1‖2
H3/2(γ̂1) + ‖g1 − l1‖2

H1/2(γ̂1)

+

∫ √2

0

|(f ′1(t)− h′1(t))n1 − (g1(t)− l1(t))t1|2

t
dt

+

∫ √2

0

|(f ′1(t)− h′1(t))n1 − (g1(t)− l1(t))t1|2√
2− t

dt

Observe that f ′1(t)− h′1(t) = n1 · [(f ′1(t)− h′1(t))n1 − (g1(t)− l1(t))t1], and so

‖f1 − h1‖H3/2
00 (γ̂1)

≤ C
(
‖w − U1‖L2(Γ) + ‖σ(w − U1, ∂n(w − U1))‖H1/2(Γ)

)
≤ C

(
‖w‖H2(T̂ ) + ‖U1‖H2(T̂ )

)
≤ C

(
‖f‖L2(Γ) + ‖σ(f, g)‖H1/2(Γ)

)
.

This gives ‖U2‖H2(T̂ ) ≤ C
(
‖f‖L2(Γ) + ‖σ(f, g)‖H1/2(Γ)

)
.

Now we need to adjust the normal trace of U2 on γ̂1 to agree with g1. Denote

l̃1 = ∂nU2|γ̂1 . Note that g1 − l̃1 has a repeated zero at t = 0 and t =
√

2. Indeed, U2

is a polynomial and so it satisfies the compatibility conditions (2.2.10):

g1(0) = l̃1(0), g′2(0) = l̃1(0), g1(
√

2) = l̃1(
√

2), and g′1(
√

2) = l̃′2(
√

2),
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where we used (2.6.1). Now define

U := U2 +Rn1
(
g1 − l̃1

)
.

By Theorem 2.4.10, we only need to bound ‖g1 − l̃1‖H1/2
00 (γ̂1)

. Arguing as before,

∥∥∥g1 − l̃1
∥∥∥2

H
1/2
00 (γ̂1)

≈
∥∥∥g1 − l̃1

∥∥∥2

H1/2(γ̂1)
+

∫ √2

0

∣∣∣g1(t)− l̃1(t)
∣∣∣2

t
+

∫ √2

0

∣∣∣g1(t)− l̃1(t)
∣∣∣2

√
2− t

≈ ‖w − U2‖2
L2(Γ) + ‖σ(w − U2, ∂n(w − U2))‖2

H1/2(Γ)

≤ C
(
‖f‖2

L2(Γ) + ‖σ(f, g)‖2
H1/2(Γ)

)
.

By the properties of the various component extension operators used, we have U ∈

Pp(T̂ ).

2.7 Proof of Lemma 2.3.1

Let k ≥ 0. We prove (2.3.3) by induction. The case m = 0 is clear, so assume the

formula holds for an arbitrary m and f ∈ Hm+1(I). Then,

dm+1

dxm+1
Ak+1,k
L f =

d

dx
Ak+1+m,k+m
L f (m) = −k + 1 +m

xk+1+m+1

∫ x

0

tk+mf (m)(t) dt+
f (m)(x)

x
.
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One integration by parts gives

−k + 1 +m

xk+1+m+1

∫ x

0

tk+mf (m)(t) dt+
f (m)(x)

x
=

1

xk+1+m+1

∫ x

0

tk+m+1f (m+1)(t) dt

= Ak+1+m+1,k+m+1
L f (m+1),

which proves (2.3.3). Now we prove (2.3.4). By interpolation, it suffices to show the

result for integer s. Using Theorem 6.20 [53] with K(x, t) = tkx−(k+1)χt<x and p = 2

gives

‖Ak+1,k
L f‖L2(I) ≤ C‖f‖L2(I) with C =

∫ 1

0

tk−1/2 dt =
1

k + 1
2

.

Now, using (2.3.3), we have

∥∥∥∥ dsdxsAk+1,k
L f

∥∥∥∥
L2(I)

=
∥∥∥Ak+1+s,k+s

L f (s)
∥∥∥
L2(I)

≤ 1

s+ k + 1
2

∥∥f (s)
∥∥
L2(I)

.

Thus, we have (2.3.4). Now we prove (2.3.5). For the L2 norm, we have

∣∣∣Ak,kL f(x)
∣∣∣ ≤ ∫ x

0

|f(t)| dt =⇒ ‖Ak,kL f‖L2(I) ≤ ‖f‖L2(I) by Cauchy-Schwarz.

Then, taking one derivative gives

d

dx

[
Ak,kL f(x)

]
= f(x)− k

xk+1

∫ x

0

tkf(t) dt = f(x)− kAk+1,k
L f(x).
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Again applying (2.3.4), we have

∥∥∥∥ ddx [Ak,kL f(x)
]∥∥∥∥

Hs(I)

≤
(

1 +
k

k + 1
2

)
‖f‖Hs(I),

which finishes (2.3.5). (2.3.6) comes from taking K(·, ·) as above and applying The-

orem 6.20 [53] again:

∥∥∥Bk+1,k
R f

∥∥∥
L2(I)

≤ 1

k + 1
2

‖f‖L2(I).

We now prove (2.3.7). In the case k = 0, we have

B1,0
R f(x) =

∫ 1

x

1

t
f(t) dt and

d

dx
B1,0
R f(x) = −f(x)

x
= −A1,0

L f ′(x).

Using (2.3.4), we have
∥∥B1,0

R f
∥∥
m
≤ 2‖f‖m for 0 ≤ m ≤ n. For general k ≥ 1, we

have

Bk+1,k
R f(x) = xk

∫ 1

x

1

tk+1
f(t) dt

d

dx
Bk+1,k
R f(x) = kxk−1

∫ 1

x

1

tk+1
f(t) dt− f(x)

x
= kBk,k−1

R A1,0
L f ′(x)− A1,0

L f ′(x).

Thus, using the L2 norm estimate and (2.3.4), we have ‖Bk+1,k
R f(x)‖H1(I) ≤ 6‖f‖H1(I).

For the second derivative, we have

∥∥∥∥ ddxBk+1,k
R f(x)

∥∥∥∥
H1(I)

≤ k
∥∥∥Bk,k−1

R A1,0
L f ′

∥∥∥
H1(I)

+
∥∥A1,0

L f ′
∥∥
H1(I)

.
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Using the H1 estimate we just proved, we have since k ≥ 1

∥∥∥∥ ddxBk+1,k
R f(x)

∥∥∥∥
H1(I)

≤
(

k

k − 1
2

+ 1

)∥∥A1,0
L f ′

∥∥
H1(I)

≤ 6 ‖f ′‖H1(I) ≤ 6 ‖f‖H2(I) ,

which completes (2.3.7). By interpolation, we get (2.3.8). Now we prove (2.3.9). Let

k ≥ 0. For the L2 estimate, note that

∣∣∣Bk,k
R f

∣∣∣ ≤ xk
∫ 1

x

1

tk
|f(t)| dt ≤

∫ 1

x

|f(t)| dt,

Using Cauchy-Schwarz, we have
∥∥∥Bk,k

R f
∥∥∥
L2(I)

≤ ‖f‖L2(I). Then, taking one derivative

gives

d

dx
Bk,k
R f(x) = kBk,k−1

R f(x)− f(x). (2.7.1)

Here and what follows, Bk,l
R with negative k or l is understood to be the zero operator.

First, applying (2.3.6), we have

∥∥∥∥ ddxBk,k
R f(x)

∥∥∥∥
L2(I)

≤
(

k

k − 1
2

+ 1

)
‖f‖L2(I) ≤ 3‖f‖L2(I),

which completes (2.3.9). Now we prove (2.3.10). Since we assumed f(0) = 0 in the

case k = 1, we can apply (2.3.7) to estimate the second derivative. In the case k 6= 1,
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taking one more derivative and performing one integration by parts gives

d2

dx2
Bk,k
R f(x) = k

[
(k − 1)xk−2

∫ 1

x

1

tk
f(t) dt− f(x)

x

]
− f ′(x)

= kBk−1,k−2
R (f ′)− kxk−2f(1)− f ′(x)

Recalling the embedding ‖f‖L∞(I) ≤ C‖f‖H1(I) and using (2.3.6), we have

∥∥∥∥ d2

dx2
Bk,k
R f

∥∥∥∥
L2(I)

≤ C(k + 1)‖f‖H1(I),

which completes (2.3.10). (2.3.11) follows from interpolation.

2.8 Conclusions

This chapter established the existence of an H2-stable polynomial lifting of compat-

ible piecewise polynomial boundary data. The extension operator in Corollary 2.2.3

plays a key role in various results throughout this thesis. In Chapter 3, Corol-

lary 2.2.3 is used in the analysis of an iterative substructuring preconditioner for the

discretization of fourth order elliptic problem by H2-conforming finite elements and

in the construction of special rapidly decaying vertex functions in Section 3.7. Corol-

lary 2.2.3 also appears in the proof of Lemma 4.3.6 which is an extension theorem

involving vector-valued functions on triangles and in Chapter 5 in the construction

of interpolants with optimal approximation properties. Future directions include the
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generalization of Corollary 2.2.3 to tetrahedra and to Hk spaces with k > 2.



Chapter Three

Preconditioning High Order

H2-Conforming Finite Elements on

Triangles
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3.1 Introduction

Fourth order partial differential equations arise in a variety of applications ranging

from incompressible fluid flow [55] and elastic models of thin plates and shells [72]

to nonlinear phase field models for materials [36]. A conforming finite element ap-

proximation of such problems entails the use of elements with C1-continuity between

elements [24, 38], the first of which goes back over half a century, Argyris et. al. [11].

The natural stability of conforming schemes means that the convergence and

approximation properties of such elements is on a sound footing. In the context of

the h-version finite element setting a classical finite element error analysis can be

carried out [38]. The space of C1 piecewise degree p polynomials was characterized

in [83], and optimal convergence rates in the polynomial degree p are derived in

[106] in the case of finite Sobolev regularity, while exponential convergence rates

for the hp-version are derived in [57]. In particular, the p-version and hp-version

offer superior convergence rates over the h-version. The theoretical results for high

order H2-conforming elements are also borne out in practice; the numerical results

reported in Section 3.6 are typical of what one observes using such methods.

One might expect to find that, in view of the range of applications, the natural

stability and a sound theoretical support of C1-elements, conforming schemes are

widely used in practice. On the contrary, C1-elements are a rarity and often passed

by in favour of more elaborate schemes such as discontinuous Galerkin or mixed
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finite elements which require lower continuity. The relative scarcity of C1-finite

element schemes in practice stems in part from the rapid growth of the condition

number of the associated stiffness matrix which, in the case of the h-version, grows

at a rate O(h−4) compared with O(h−2) for second order problems. For instance,

a straightforward textbook implementation of the lowest order Argyris elements in

conjunction with a direct solver is found [21, pp.374-7] to result in prohibitively large

condition numbers after just 2-3 refinements of a relatively coarse initial mesh. The

situation when it comes to the p-version is even worse with exponential growth in

the polynomial degree p being observed if a Lagrange basis is used with respect to

the set of canonical degrees of freedom (dofs).

Preconditioning schemes are available for C1-elements in the context of the h-

version. Widlund and Zhang [117, 118, 119] constructed additive Schwarz precondi-

tioners for the lowest order Bell, Argyris, and Hermitian elements and showed that

the condition number of the resulting system grows at most as 1 + log2(H/h) for

some two level methods [119] and is uniformly bounded for some multilevel methods

[118]. Subsequently, Bramble and Zhang [35] developed a multigrid algorithm for

h-version conforming approximations. On the numerical linear algebra side, Pestana

et. al. [92] tested a variety of block preconditioners for the lowest order quadrilateral

Hermite elements with some success.

Although good preconditioners are available for the h-version, the situation re-

garding the p-version with C1-elements is bleak with no effective preconditioners

currently available. The present work aims to address this problem. We give an
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iterative sub-structuring preconditioner similar in spirit to the classical precondi-

tioners for second order elliptic problems of Bramble et al. [33] for the h-version and

Babuška et al. [13] for the p-version.

While our preconditioner shares similarities with domain decomposition precon-

ditioners for the p-version FEM approximation of second order elliptic problems

[2, 13, 59], there are some important differences in the choice of basic decomposition

and in the assumptions under which the scheme is shown to be effective. The pres-

ence of an interior space is standard and corresponds to a partial orthogonalization

or static condensation of the interior degrees of freedom on each element. Likewise,

a low order global coarse space is needed to ensure that the condition number es-

timate is independent of the number of elements. It is shown that the C1 coarse

space contributes a factor O(1 + log p) to the growth to the condition number of

the preconditioned system. The presence of C2 degrees of freedom presents a new

difficulty not seen in the analysis of second order problems. The following (sharp)

inequality bounds the pointwise values of the second derivatives of a polynomial:

‖D2v‖L∞(K) ≤ Cp2|v|H2(K) ∀v ∈ Pp(K). (3.1.1)

If standard (Argyris) basis functions were used for the second order nodal functions,

then estimate (3.1.1) would result in O(p2) factor appearing in the growth of the

condition number. A judicious choice of the corresponding basis functions to have

energy which decays as O(p−2) compensates for the O(p2) growth in (3.1.1) with

the result that the C2 splitting contributes no p growth in the condition number.
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Finally, the edge dofs are decoupled from each other, which will be shown to con-

tribute a O(1 + log2 p) factor resulting in an overall growth of O(1 + log3 p). The

analysis permits the use of inexact interior solves which lends itself to a more efficient

implementation while maintaining the same O(1 + log3 p) asymptotic growth of the

preconditioned system. Finally, we demonstrate the effectiveness of the precondi-

tioner on three model problems.

This chapter is organized as follows. We describe the model problem and setup

in Section 3.2; our new preconditioner and main theorem is in Section 3.3; the

analysis of the preconditioner on a single element is in Section 3.4; implementation

aspects, including the construction of the vertex basis functions, are discussed in

Section 3.5; we apply the preconditioner to three model problems in Section 3.6; and

some technical results are recorded in Section 3.7.

3.2 Model Problem

Let Ω be a polygonal two-dimensional domain and X be a closed subspace of H2(Ω)

such that H2
0 (Ω) ⊂ X and a(u, v) = (D2u,D2v)Ω defines an inner product on X. We

consider the following problem.

u ∈ X : B(u, v) = L(v) ∀v ∈ X, (3.2.1)
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where L ∈ X∗ and B : X ×X → R is symmetric, bilinear, continuous, and elliptic

on X. That is, there exists positive constants α and M such that

|B(u, v)| ≤M |u|H2(Ω)|v|H2(Ω) ∀u, v ∈ X, (3.2.2a)

B(u, u) ≥ α|u|2H2(Ω) ∀u ∈ X. (3.2.2b)

In particular, hypothesis (3.2.2) allows for variable coefficients. Examples in the case

where B(·, ·) has constant coefficients will be found in Section 3.6.

Let T be a regular triangulation of Ω satisfying the usual finite element assump-

tions [38, p.38]. We assume that each element K ∈ T is the image of the reference

element T̂ = {(x, y) : 0 ≤ x, y, x+ y ≤ 1} under a bijective affine map FK : T̂ → K,

and there exists a non-negative constant κ such that for all K ∈ T there holds

hK ≤ κρK , (3.2.3)

where hK is the diameter of K and ρK is the diameter of the largest inscribed circle

in K. Let h = maxK∈T hK . For the remainder of this thesis, all constants C may

depend on κ, even if this dependence is not explicitly stated.

Let V and E denote the sets of element vertices and edges, respectively, in T .

Given an element K, let VK and EK denote the vertices and edges of K. Each edge

γ ∈ E is oriented by choosing a normal vector n̂γ arbitrarily. For edges on the domain

boundary, n̂γ is chosen to be the outward normal n̂. We also let Ta and Tγ be the
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neighborhood of a ∈ V and γ ∈ E , respectively; that is,

Ta = {K ∈ T : a ∈ ∂K} and Tγ = {K ∈ T : γ ⊂ ∂K}.

The p-version finite element approximation of (3.2.1) is

up ∈ ΣX : B(up, v) = L(v) ∀v ∈ ΣX , (3.2.4)

where Σ := {v ∈ H2(Ω) : v|K ∈ Pp(K) ∀K ∈ T , v is C2 at element nodes} and

ΣX := Σ∩X. We remind the reader that, as in the previous chapter, Pp(K) denotes

the set of polynomials of total degree at most p on the triangle K.

3.3 Preconditioner and Statement of Main Result

By introducing a basis for the space ΣX , such as the one described below, problem

(3.2.4) may be reformulated as a matrix equation. The condition number of the

stiffness matrix typically grows rapidly with the polynomial degree p and the number

of elements. Our objective here is to develop a preconditioner which ameliorates the

ill-conditioning. The preconditioner will be based on a decomposition of the global

finite element space into local subspaces augmented with a global lower order vertex
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space as follows. For each K ∈ T , define the interior space on a single element

Σ
(K)
I := {v ∈ Σ : v|K ∈ H2

0 (K) and supp v ∈ K}.

with the corresponding global interior space given by

ΣI =
⊕
K∈T

Σ
(K)
I ,

Let Σ⊥I denote the orthogonal complement of the (closed) subspace ΣI in Σ with

respect to the bilinear form a(·, ·), i.e.

Σ = ΣI ⊕ Σ⊥I and ΣI ⊥ Σ⊥I ,

and let Σ̃B := Σ⊥I ∩ X. In other words, v ∈ Σ⊥I if and only if a(v, w) = 0 for all

w ∈ ΣI .

We further decompose Σ̃B into subspaces associated with C1, C2, and edge dofs

as follows. For each a ∈ V , we assign a six element set as follows:

Υa = {0, µ̂, ν̂, (η̂1, η̂2), (ρ̂1, ρ̂2), (ω̂1, ω̂2)}.
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Given α ∈ Υa and a function v ∈ Σ, we define ∂αv(a) by the rule

∂αv(a) :=


v(a) if α = 0,

Dv(a) · α if α ∈ {µ̂, ν̂},

αT1D
2v(a) · α2 if α = (α1, α2) ∈ {(η̂1, η̂2), (ρ̂1, ρ̂2), (ω̂1, ω̂2)}.

We also define |α| ∈ {0, 1, 2} to be the order of derivative corresponding to ∂αv(a).

We assume that the sets Υa are chosen so that:

(i) The degrees of freedom {v 7→ ∂αv(a) : ∀α ∈ Υa ∀a ∈ V} are linearly indepen-

dent for v ∈ Σ.

(ii) There exist subsets Λa ⊆ Υa such that for v ∈ ΣX , ∂αv(a) = 0 for all α ∈

Υa \ Λa, and if ∂αv(a) = 0 for all α ∈ Λa, then Dβv(a) = 0 for all |β| ≤ 2.

Let Φ̃α
a ∈ Σ⊥I , α ∈ Υa, denote a Lagrange basis function associated with the degree

of freedom v 7→ ∂αv(a) at vertex a ∈ V ; that is, for b ∈ V and β ∈ Υa,

∂βΦ̃α
a(b) = δαβδab and supp Φ̃α

a ⊆ Ta.

These conditions do not uniquely determine the vertex basis functions. A specific

construction will be detailed later since, as we shall see, the choice of these basis

functions is crucial for the effectiveness of the resulting preconditioner.

The zeroth and first order vertex degrees of freedom are aggregated to form a
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single low order global coarse space as follows:

Σ̃c := span
{

Φ̃α
a : α ∈ Λa \ Λ2

a, a ∈ V
}
.

Conversely, the second order vertex degrees of freedom are decoupled into a collection

of one–dimensional subspaces associated with each vertex a ∈ V and each second

derivative separately:

Σ̃a,α := span
{

Φ̃α
a

}
for α ∈ Λ2

a,

where Λ2
a := {α ∈ Λa : |α| = 2} and Υ2

a is defined analogously. Lastly, we have

the edge functions, associated with the trace and normal derivative along each edge

γ ∈ E ; that is,

Σ̃γ :=
{
v ∈ Σ̃B : supp v ⊂ Tγ and Dβv(a) = 0 ∀|β| ≤ 2, ∀a ∈ V

}
,

These subspaces yield a decomposition of the global space as follows:

ΣX = ΣI ⊕ Σ̃c ⊕
⊕
a∈V
α∈Λ2

a

Σ̃a,α ⊕
⊕
γ∈E

Σ̃γ. (3.3.1)

Equation (3.3.1) means that every u ∈ ΣX may be written as a sum of contributions
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from each of the subspaces appearing on the right hand side:

u = uI + uc +
∑
a∈V
α∈Λ2

a

ua,α +
∑
γ∈E

uγ (3.3.2)

where uI ∈ ΣI , uc ∈ Σ̃c, etc. Moreover, these functions are uniquely determined by

condition (3.3.2). The space ΣI is equipped with the scalar product a(·, ·) and each

subspace of Σ̃B is equipped with the scalar product B(·, ·).

In turn, the decomposition gives rise to an Additive Schwarz Method (ASM)

preconditioner [37, 103, 111] whose action on a linear functional r ∈ Σ∗X consists of

solving independent problems on each of the subspaces as defined in Algorithm 1.

Algorithm 1 ASM preconditioner Σ∗X 3 r 7→ u ∈ ΣX

(i) uI ∈ ΣI : a(uI , v) = r(v) ∀v ∈ ΣI

(ii)


uc ∈ Σ̃c : B(uc, v) = r(v) ∀v ∈ Σ̃c

ua,α ∈ Σ̃a,α : B(ua,α, v) = r(v) ∀v ∈ Σ̃a,α

uγ ∈ Σ̃γ : B(uγ, v) = r(v) ∀v ∈ Σ̃γ

(iii) u = uI + uc +
∑

a∈V
α∈Λ2

a

ua,α +
∑

γ∈E uγ

In particular, the problem (i) posed on the interior space ΣI can be performed on

each element in isolation with the solution uI given by the sum of the element-wise

solutions. Similarly, the problems in (ii) are independent of one another and may

be carried out in parallel. The coarse grid solve for uc ∈ Σ̃c requires the solution

of a coupled problem with three unknowns per vertex on all vertices but, for the
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p-version scheme we have in mind, will not dominate the overall cost of applying the

preconditioner.

Theorem 3.3.1. The abstract ASM defined Algorithm 1 is equivalent to solving the

following variational problem:

u ∈ ΣX : c(u, v) = r(v) ∀v ∈ ΣX , (3.3.3)

where c : ΣX × ΣX → R denotes the SPD bilinear form given by

c(u, v) := a(uI , vI) +B(uc, vc) +
∑
a∈V
α∈Λ2

a

B(ua,α, va,α) +
∑
γ∈E

B(uγ, vγ), (3.3.4)

and uI , uc, ua,α and uγ are uniquely defined by the splitting (3.3.2).

Proof. Suppose that u satisfies (3.3.3). Then, for any v ∈ ΣI , we have

a(uI , v) = c(u, v) = r(v),

and so (i) in Algorithm 1 is satisfied. Analogous arguments yield (ii)-(iv). Now

assume that u is constructed as in Algorithm 1. Let v ∈ ΣX . Then,

c(u, v) = a(uI , vI) +B(uc, vc) +
∑
a∈V
α∈Λ2

a

B(ua,α, va,α) +
∑
γ∈E

B(uγ, vγ)

= r(vI) + r(vc) +
∑
a∈V
α∈Λ2

a

r(va,α) +
∑
γ∈E

r(vγ) = r(v),
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and so (3.3.3) is satisfied.

Our main result can now be stated:

Theorem 3.3.2. Suppose the nodal basis functions {Φ̃α
a : α ∈ Υa, a ∈ V} satisfy

the following properties:

(i) for all K ∈ T , there holds

P1(K) ⊂ span{Φ̃α
a : α ∈ Υa \Υ2

a, a ∈ VK}. (3.3.5)

(ii) for all K ∈ T , there exists a positive constant C independent of p such that for

α ∈ Υa \Υ2
a, a ∈ VK, there holds

|Φ̃α
a|Hm(K) ≤ Ch

1+|α|−m
K , m ∈ {0, 1, 2}. (3.3.6)

(iii) for each K ∈ T , there exists a positive constant C such that for α ∈ Υ2
a,

a ∈ VK, there holds

|Φ̃α
a|Hm(K) ≤ Ch3−m

K p−2, m ∈ {0, 1, 2}. (3.3.7)

Then, there exists positive constants C1 and C2 independent of p and h such that

C1B(u, u) ≤ c(u, u) ≤ C2(1 + log3 p)B(u, u) ∀u ∈ ΣX . (3.3.8)
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Proof. First note that a(·, ·) and c(·, ·) can be written as a sum of elementwise con-

tributions:

a(u, v) =
∑
K∈T

aK(u, v), c(u, v) =
∑
K∈T

cK(u, v),

where

aK(u, v) = (D2u,D2v)K ,

cK(u, v) = aK(uI , vI) +BK(uc, vc) +
∑
a∈VK
α∈Λ2

a

BK(ua,α, va,α) +
∑
γ∈EK

BK(uγ, vγ),

and BK(·, ·) is the restriction of B(·, ·) to an element K ∈ T . Define c̄(·, ·) : ΣX ×

ΣX → R as the sum of the element-wise contributions of the local preconditioning

form c̄K(·, ·) defined in (3.4.1):

c̄(u, v) :=
∑
K∈T

c̄K(u, v) = a(uI , vI) + a(uc, vc) +
∑
a∈V
α∈Λ2

a

a(ua,α, va,α) +
∑
γ∈E

a(uγ, vγ).

The equivalence

C1a(u, u) ≤ c̄(u, u) ≤ C2(1 + log3 p)a(u, u) (3.3.9)

is then a trivial consequence of Theorem 3.4.1 by summing over K ∈ T . In view of
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conditions (3.2.2), the following equivalences hold independent of h and p:

B(u, u) ≈ a(u, u) and c(u, u) ≈ c̄(u, u). (3.3.10)

(3.3.8) is an immediate consequence of (3.3.9) and (3.3.10).

Assumption (i) ensures that the coarse space contains the null space P1(K) of the

local bilinear form (D2u,D2v)K in order to achieve h-independence of the precondi-

tioner. Assumption (ii) allows the C1 vertex functions to be uniformly bounded in

H2(K). Later, we shall see that the C1 space contributes O(1 + log p) growth to the

condition number. Assumption (iii) means that the basis functions Φ̃a,α, α ∈ Υ2
a,

a ∈ V , have energy which decays as O(p−2) which compensates for the O(p2) growth

in (3.1.1) with the result that the C2 splitting contributes no p growth in the con-

dition number. We show how to construct a basis for Σ̃B with vertex functions Φ̃α
a

satisfying (3.3.5) to (3.3.7) in Section 3.5. Finally, the edge dofs are decoupled from

each other, which will be shown to contribute a O(1 + log2 p) factor resulting in an

overall growth of O(1 + log3 p).
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3.4 Preconditioner on a Single Element

We first develop and analyze a related preconditioner c̄K(·, ·) on a single element

K ∈ T (see Figure 2.3) for the bilinear form aK(u, v) := (D2u,D2v)L2(K), where

c̄K(u, v) := aK(uI , vI) + aK(uc, vc) +
∑
a∈VK
α∈Υ2

a

aK(ua,α, va,α) +
∑
γ∈EK

aK(uγ, vγ). (3.4.1)

Let Σ
(K)
I be defined as above and let Σ̃

(K)
B denote the orthogonal complement of Σ

(K)
I

in Σ(K) = Pp(K) with respect to aK(·, ·); i.e.,

Σ(K) = Σ
(K)
I ⊕ Σ̃

(K)
B and aK(u, v) = 0 ∀u ∈ Σ

(K)
I , ∀v ∈ Σ̃

(K)
B .

Consequently every u ∈ Σ(K) can be uniquely expressed as a sum u = uI + ũB with

uI ∈ Σ
(K)
I , ũB ∈ Σ̃

(K)
B and satisfying

aK(uI , uI) + aK(ũB, ũB) = aK(u, u). (3.4.2)

The local spaces are defined by

Σ̃(K)
c := span

{
Φ̃α
a|K : a ∈ VK , α ∈ Υa \Υ2

a

}
,

Σ̃(K)
a,α := span

{
Φ̃α
a|K
}
, a ∈ VK , α ∈ Υ2

a,

Σ̃(K)
γ := {v ∈ Σ̃

(K)
B : Dβv(a) = 0 ∀|β| ≤ 2, ∀a ∈ V

and v|γ′ = ∂nv|γ′ = 0 ∀γ′ ∈ EK \ {γ}}, γ ∈ EK .
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Theorem 3.4.1 (Single element case). There exist positive constants C1, C2 inde-

pendent of p and hK such that

C1aK(u, u) ≤ c̄K(u, u) ≤ C2(1 + log3 p)aK(u, u) ∀u ∈ Σ(K).

We apply the standard framework as described in [111, §2] for the analysis of

additive Schwarz methods to the single element scenario described above.

Each function u ∈ Σ(K) has a unique decomposition of the form

u = uI + uc +
∑
a∈VK
α∈Υ2

a

ua,α +
∑
γ∈EK

uγ, (3.4.3)

with uI ∈ Σ
(K)
I , uc ∈ Σ̃

(K)
c , uni,α ∈ Σ̃

(K)
ni,α |α| = 2, uγi ∈ Σ̃

(K)
γi , and a simple application

of (3.4.2) and the Cauchy-Schwarz inequality gives

aK(u, u) ≤ 11c̄K(u, u). (3.4.4)

The converse inequality is less straightforward:

Theorem 3.4.2 (Stable Decomposition on Single Element). Suppose that the basis

functions satisfy conditions (i)-(iii) of Theorem 3.3.2. Then, there exists a constant

C independent of p and hK such that

c̄K(u, u) ≤ C(1 + log3 p)aK(u, u), ∀u ∈ Σ(K). (3.4.5)
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Proof. We begin by proving the result in the special case hK = 1. Let u ∈ Pp(K).

It suffices to bound each of the terms in c̄K(u, u) separately. The contribution from

the interior component is readily bounded using (3.4.2) to obtain

aK(uI , uI) ≤ aK(u, u). (3.4.6)

In fact, since uI ∈ H2
0 (K), Poincaré’s inequality gives ‖uI‖H2(K) ≤ C|uI |H2(K) ≤

C|u|H2(K). Now define uB = u− uI . Then, there holds

‖uB‖H2(K) ≤ ‖u‖H2(K) + ‖uI‖H2(K) ≤ C‖u‖H2(K). (3.4.7)

The coarse grid component is bounded by first using Cauchy-Schwarz and (3.3.6)

to yield

‖uc‖H2(K) ≤
∑
a∈V

α∈Υa\Υ2
a

|∂αu(a)| · ‖Φ̃α
a‖H2(K) ≤ C‖u‖W 1,∞(∂K).

By [13, Corollary 6.3], there holds

‖v‖L∞(∂K) ≤ C(1 + log1/2 p)‖v‖H1(K) ∀v ∈ Pp(K),

and so taking v = ∂αu, α ∈ Υa : |α| = 1, gives

‖∂αu‖L∞(∂K) ≤ C(1 + log1/2 p)‖∂αu‖H1(K) ≤ C(1 + log1/2 p)‖u‖H2(K).
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Hence, thanks to the continuity of the embedding H2(K) ↪→ L∞(K), we obtain

‖u‖W 1,∞(∂K) ≤ C(1 + log1/2 p)‖u‖H2(K), and the coarse grid component may be

bounded as follows:

‖uc‖H2(K) ≤ C(1 + log1/2 p)‖u‖H2(K). (3.4.8)

Turning to the contributions from the C2 basis functions, we apply [6, Lemma 6.1]:

max
a∈VK

|v(a)| ≤ Cp2‖v‖L2(K) ∀v ∈ Pp(K)

to v = ∂αu, α ∈ Υ2
a, and use property (3.3.7) of the second order basis functions to

obtain

‖ua,α‖H2(K) ≤ C|∂αu(a)| · ‖Φ̃α
a‖H2(K) ≤ C|u|H2(K) ∀α ∈ Υ2

a, ∀a ∈ VK . (3.4.9)

Define u# = uB−uc−
∑3

i=1

∑
|α|=2 uni,α. Then, by the triangle inequality, (3.4.6),

(3.4.8) and (3.4.9) we have

‖u#‖H2(K) ≤ C(1 + log1/2 p)‖u‖H2(K). (3.4.10)
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For an edge γ ∈ ∂K, define fγ, gγ : ∂K → R by the rules

fγ :=


u# on γ,

0 else,

and gγ :=


∂nu

# on γ,

0 else.

Corollary 3.7.2 shows that there exists an extension of the boundary data (fγ, gγ),

denoted by ūγ ∈ Σ̃
(K)
γ ⊕ Σ

(K)
I , satisfying

‖ūγ‖H2(K) ≤ C
(
‖fγ‖L2(∂K) + ‖σ(fγ, gγ)‖H1/2(∂K)

)
≤ C

(
‖u#‖

H
3/2
00 (γ)

+ ‖∂nu#‖
H

1/2
00 (γ)

)
,

where we recall that σ(f, g) := (∂tf)n̂− gt̂. Using [13, Theorem 6.5] and the trace

theorem Theorem 2.2.1, we have

‖ūγ‖H2(K) ≤ C(1 + log p)
(
‖u#‖H3/2(γ) + ‖∂nu#‖H1/2(γ)

)
≤ C(1 + log p)

(
‖u#‖L2(∂K) + ‖σ(u#, ∂nu

#)‖H1/2(∂K)

)
≤ C(1 + log p)‖u#‖H2(K),

and so by (3.4.10), aK(ūγ, ūγ) ≤ C(1 + log3 p)‖u‖2
H2(K). Since uγ − ūγ ∈ Σ

(K)
I , we

have

aK(uγ, uγ) ≤ aK(ūγ, ūγ) ≤ C(1 + log3 p)‖u‖2
H2(K) (3.4.11)
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by (3.4.2). Gathering (3.4.6), (3.4.8), (3.4.9) and (3.4.11), we obtain

c̄K(u, u) ≤ C(1 + log3 p)‖u‖2
H2(K). (3.4.12)

It remains to show that one may replace the full norm ‖u‖H2(K) in the estimate

(3.4.12) with the H2 semi-norm. Let q ∈ P1(K). The uniqueness of the splitting

(3.4.3) together with (3.3.5) shows that u−q may be decomposed in the form (3.4.3)

with uc replaced by uc − q, and hence

c̄K(u− q, u− q) = aK(uI , uI) + aK(uc − q, uc − q) +
∑
a∈V
α∈Λ2

a

aK(ua,α, ua,α)

+
∑
γ∈∂K

aK(uγ, uγ).

(3.4.13)

Thus, thanks to (3.4.12) we obtain

c̄K(u, u) = c̄K(u− q, u− q) ≤ C(1 + log3 p)‖u− q‖2
H2(K). (3.4.14)

Taking the infimum over all q ∈ P1(K) and using the bound [86, §Theorem 7.2]

inf
q∈P1(K)

‖u− q‖H2(K) ≤ C|u|H2(K),

we arrive at (3.4.5)

Now we consider the case hK 6= 1 and let u ∈ Pp(K). Define K̂ = {x ∈ R2 :
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hKx ∈ K} so that hK̂ = 1, and define Φ̂α
â : K̂ → R as follows:

Φ̂α
â(x̂) = h

−|α|
K Φ̃α

a(hKx̂) for x̂ ∈ K̂.

The chain rule and a simple change of variable shows that Φ̂α
â satisfies (3.3.5)

to (3.3.7) with hK replaced by hK̂ = 1. Let û : K̂ → R, the pullback of u onto

K̂, be given by û(x̂) := u(hKx̂). By scaling, there holds

aK̂(û, û) = h2
KaK(u,u). (3.4.15)

Moreover, u and û have the following decomposition:

u(x) =
∑
a∈VK
α∈Υa

cα,aΦ̃α
a(x) +

∑
γ∈EK

uγ(x) + uI(x)

û(x̂) =
∑
â∈VK̂
α∈Υa

ĉα,âΦ̂α
â(x̂) +

∑
γ∈EK

uγ(hKx̂) + uI(hKx̂),

where cα,a is the α derivative of u at the vertex a and ĉα,â is defined analogously.

Again, by the chain rule and scaling, there holds

ûc(x̂) = uc(hKx̂) and ûâ,α(x̂) = ua,α(hKx̂) ∀a ∈ VK , ∀α ∈ Υ2
a,

and so

c̄K̂(û, û) = h2
K c̄K(u, u). (3.4.16)
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Applying (3.4.5) to û and using (3.4.15) and (3.4.16) gives the result in the case

hK 6= 1.

Theorem 3.4.1 is now an immediate consequence of (3.4.4) and Theorem 3.4.2 by

the standard ASM theory (see e.g. Theorem 2.7 of [111]).

3.5 Implementation

The ASM described in Algorithm 1 entails the solution of problems posed on sub-

spaces Σ̃B, the a(·, ·) orthogonal complement of ΣI in ΣX . This implies that the basis

functions for the subspaces Σ̃c, Σ̃a,α, and Σ̃γ depend on the shape of the elements in

the mesh and, as such, cannot readily be written in closed form. How, then, is one

to implement Algorithm 1 in practice?

3.5.1 Generating a Basis for Σ̃B

Let ΣB ⊂ ΣX denote any subspace for which ΣB ∩ ΣI = {0} and ΣX = ΣB ⊕ ΣI ,

and let ~ΦB be a basis for ΣB. Likewise, let ~ΦI denote a basis for ΣI so that [~ΦI , ~ΦB]
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gives a basis for ΣX . The p-version FEM problem (3.2.4) then takes the form

BII BIB

BBI BBB


~αI
~αB

 =

L(~ΦI)

L(~ΦB)

 (3.5.1)

where BII = B(~ΦI , ~Φ
T
I ), BIB = B(~ΦI , ~Φ

T
B), etc. Similarly, the matrix A is defined

to be

A =

AII AIB

ABI ABB


where AII = a(~ΦI , ~Φ

T
I ), AIB = a(~ΦI , ~Φ

T
B), etc. The subblock AII is non-singular

and we may therefore define a new set of basis functions as follows:

~̃ΦB = ~ΦB −ABIA
−1
II
~ΦI . (3.5.2)

Observe that

a(~̃ΦB, ~Φ
T
I ) = a(~ΦB, ~Φ

T
I )−ABIA

−1
II a(~ΦI , ~Φ

T
I ) = ABI −ABIA

−1
II AII = 0 (3.5.3)

which shows that the functions ~̃ΦB are contained in the space Σ̃B. Moreover,

span{~̃ΦB} ∩ ΣI = {0}, and it follows that Σ̃B = span{~̃ΦB}. That is to say, ~̃ΦB

is a basis for Σ̃B and [~ΦI ,
~̃ΦB] is a basis for ΣX relative to which problem (3.2.4)
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takes the form BII B̃IB

B̃BI B̃BB


 ~̃αI
~αB

 =

L(~ΦI)

L(~̃ΦB)

 (3.5.4)

where the subblocks are constructed using ~ΦI and ~̃ΦB viz:

B̃BB := B(~̃ΦB,
~̃ΦB)

= B(~ΦB −ABIA
−1
II
~ΦI , ~Φ

T
B − ~ΦT

IA
−1
II AIB)

= BBB −ABIA
−1
II BIB −BBIA

−1
II AIB +ABIA

−1
II BIIA

−1
II AIB,

B̃BI := B(~̃ΦB, ~Φ
T
I ) = B(~ΦB −ABIA

−1
II
~ΦI , ~Φ

T
I ) = BBI −ABIA

−1
II BII ,

(3.5.5)

and

L(~̃ΦB) = L(~ΦB)−ABIA
−1
II L(~ΦI). (3.5.6)

In other words, given the matrixA−1
II AIB, the matrix form of problem (3.2.4) relative

to the decomposition ΣI ⊕ Σ̃B can readily be obtained from the standard (non-

orthogonal) discrete form (3.5.1) using the foregoing formulae. More precisely, given

a residual vector ~r, the ASM given in Algorithm 1 takes the discrete form given in

Algorithm 2.
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Algorithm 2 Matrix form of ASM preconditioner ~r 7→ (~αI , ~αB)

(i) ~̃αI = A−1
II ~rI

(ii)


~αc = B̃

−1

c

(
~rc −AcI

~̃αI

)
~αa,α = B̃

−1

a,α

(
~ra,α −Aa,αI

~̃αI

)
~αγ = B̃

−1

γ

(
~rγ −AγI

~̃αI

)
(iii)

~αB =
[
~αc (~αa,α)a∈V,α∈Λ2

a
(~αγ)γ∈E

]
~αI = ~̃αI −A−1

II AIB~αB

where B̃c, B̃a,α, and B̃γ are subblocks of the diagonal of the matrix B̃BB given by

(3.5.5), and AcI = a(~Φc, ~Φ
T
I ), where ~Φc is a vector of the zeroth and first order vertex

basis functions with Aa,αI and AγI defined analogously.

Remark 3.5.1. In many typical applications (see Section 3.6), one finds that the

bilinear form B(·, ·) has the property that

B(u, v) = (D2u,D2v)Ω = a(u, v) ∀u ∈ H2(Ω), ∀v ∈ H2
0 (Ω). (3.5.7)

If this condition holds, then the subblocks of A and B satisfy BBI = ABI and

BII = AII . Inserting these relations into (3.5.5) and simplifying gives

B̃BB = BBB −BBIB
−1
II BIB, B̃BI = 0, and L(~̃ΦB) = L(~ΦB)−BBIB

−1
II L(~ΦI),

meaning that the system of equations (3.5.4) decouples into independent problems
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over the interior and boundary degrees of freedom

BII
~̃αI = L(~ΦI) and B̃BB~αB = L(~̃ΦB).

Consequently, in cases where (3.5.7) is satisfied, the solution of (3.5.4) may be com-

puted as follows:

(i) Compute ~̃αI = B−1
II L(~ΦI).

(ii) Solve B̃BB~αB = L(~̃ΦB) using an iterative method, applying step (ii) in Algo-

rithm 2 as the preconditioner.

(iii) Compute ~αI = ~̃αI −B−1
II BIB~αB.

The advantage of this formulation over Algorithm 2 is that the matrixB−1
II need only

be applied once at the beginning, to statically condense out the interior degrees of

freedom, and (after the iteration for the boundary degrees of freedom has converged)

once again at the end, to backsolve for the interior values.

3.5.2 Computational Cost of the Preconditioner

The cost of Algorithm 2 consists of two parts: one-time setup costs, including storage,

and recurring costs associated with each application of Algorithm 2. The setup cost

is dominated by computing the action of the matrix A−1
II in the change of basis
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formula (3.5.2) and its subsequent application in the modification of the stiffness

matrix (3.5.5) and load vector (3.5.6). By taking advantage of the block diagonal

structure of AII , we may factor AII once at a cost of O(|T |p6) operations. We

may then compute the change of basis (3.5.2) element-by-element at a total cost

of O(|T |p5) operations. The modifications to the stiffness matrix (3.5.5) and load

vector (3.5.6) may also be computed at the element level and sub-assembled at a

cost of O(|T |p5) operations. The final setup cost is factoring the matrices B̃c and

B̃γ, γ ∈ E , leading to an overall setup cost of O(|V|3 + |E|p3 + |T |p6) operations.

The factors of A−1
II , B̃

−1

c , and B̃
−1

γ require O(|T |p4 + |V|2 + |E|p2) storage, while the

blocks AcI , Aa,αI , and AγI require O(|T |p3) storage, leading to an overall storage

cost of O(|V|2 + |E|p2 + |T |p4).

We now turn to the recurring costs associated with each application of Algo-

rithm 2. The interior solve in (i) and (iii) takes O(|T |p4) operations. The vertex

and edge solves in (ii) cost O(|V|2 + |E|p2) operations, while the multiplication by

the interior subblocks AcI , AγI , etc. in (ii) and (iii) cost O(|T |p3) operations. Thus,

the total cost of applying Algorithm 2 is O(|V|2 + |E|p2 + |T |p4) operations. In the

setting of Remark 3.5.1, the asymptotic setup and storage costs are the same as

above; however, the application cost reduces to O(|V|2 + |E|p2) operations since only

step (ii) of Algorithm 2 is performed each iteration.
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3.5.3 Vertex Basis Functions

We now want to construct vertex functions such that the modified basis functions

~̃ΦB given by (3.5.2) satisfy the conditions (3.3.5) to (3.3.7). To this end, given a

function u ∈ Σ, there exists a unique ũ ∈ Σ⊥I satisfying

a(ũ, v) = 0 ∀v ∈ ΣI , (3.5.8a)

(ũ− u)|∂K = ∂n(ũ− u)|∂K = 0 ∀K ∈ T . (3.5.8b)

Let E : Σ → Σ⊥I denote the mapping u 7→ Eu := ũ. If ΦB ∈ ΣB is a basis function,

then direct verification reveals that Φ̃B := EΦB is given by (3.5.2). The following

result relates the Hm(K) norms of a function u and Eu:

Lemma 3.5.2. Let u ∈ Σ. For all K ∈ T , there exists a positive constant C

independent of hK and p such that

‖Eu‖L2(K) ≤ C inf
v∈ΣK(u)

{
‖v‖L2(K) + h2

K |v|H2(K)

}
, (3.5.9a)

|Eu|H1(K) ≤ C inf
v∈ΣK(u)

{
|v|H1(K) + hK |v|H2(K)

}
, (3.5.9b)

|Eu|H2(K) ≤ C inf
v∈ΣK(u)

|v|H2(K), (3.5.9c)

where ΣK(u) := {v ∈ Pp(K) : v|∂K = u|∂K , ∂nv|∂K = ∂nu|∂K}.
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Proof. Let v ∈ ΣK(u). Then, ū = Eu− v ∈ Σ
(K)
I and, thanks to (3.5.3),

aK(ū, w) = aK(Eu,w)− aK(v, w) = −aK(v, w) ∀w ∈ Σ
(K)
I .

Choosing w = ū and applying the Cauchy-Schwarz inequality gives |ū|H2(K) ≤

|v|H2(K). Finally, using Poincaré’s inequality on H2
0 (K) and a scaling argument,

we have the following bound for ū:

h−2
K ‖ū‖L2(K) + h−1

K |ū|H1(K) + |ū|H2(K) ≤ C|ū|H2(K) ≤ C|v|H2(K). (3.5.10)

Now, using (3.5.10) gives

‖Eu‖L2(K) ≤ ‖v‖L2(K) + ‖ū‖L2(K) ≤ ‖v‖L2(K) + Ch2
K |v|H2(K)

for all v ∈ ΣK(u), and (3.5.9a) follows. A similar argument gives (3.5.9b) and (3.5.9c).

3.5.3.1 C1 Vertex Functions

The standard (fifth order) Argyris basis functions [11] are Lagrange basis functions

with respect to the following set of 21 degrees of freedom on each element K ∈ T :

DβΨ(a) ∀|β| ≤ 2, ∀a ∈ VK and ∂nγΨ(mγ) ∀γ ∈ EK ,
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where mγ is the midpoint of the edge γ. Denote the corresponding vertex basis

functions by {Ψβ
a : |β| ≤ 1, a ∈ VK} and edge functions by {Ψγ : γ ∈ EK}. We

introduce the following functions:

Φ(0,0)
a := Ψ(0,0)

a and Φβ
a := Ψβ

a +
1

2

∑
γ∈EK
a∈∂γ

n̂βγΨγ, |β| = 1.

Note that from standard properties of the Argyris basis functions [117, p.12-13],

we have P1(K) ⊂ span{Φβ
a : a ∈ VK , |β| ≤ 1} and |Φβ

a|Hm(K) ≤ Ch
1+|β|−m
K for

m ∈ {0, 1, 2}, |β| ≤ 1, and ∀a ∈ V .

Let α, β ∈ Υa with |α| = |β| = 1 be the first order directional derivative dofs at

a. Then, the functions

Φα
a

Φβ
a

 :=

[
α β

]−1

Φ
(1,0)
a

Φ
(0,1)
a


satisfy

∂ρΦ
α
a(b) = δabδαρ and ∂ρΦ

α
a(b) = δabδβρ ∀ρ ∈ Υb, ∀b ∈ V .

Moreover, by the properties of the Argyris basis functions, there holds

P1(K) ⊂ span{Φα
a : a ∈ VK , α ∈ Υa \Υ2

a}, (3.5.11)
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and

|Φα
a|Hm(K) ≤ Ch

1+|α|−m
K ∀m ∈ {0, 1, 2}, ∀α ∈ Υa \Υ2

a, ∀a ∈ V . (3.5.12)

Let Φ̃α
a = EΦα

a ∈ Σ⊥I , α ∈ Υa \ Υ2
a, a ∈ V . In the case α ∈ Λa, then Φ̃α

a coincides

with (3.5.2) applied to Φα
a.

We first verify that condition (3.3.5) holds. Let q ∈ P1(K). By (3.5.11) we have

q =
∑

a∈VK
α∈Υa\Υ2

a

ca,αΦα
a for suitable ca,α ∈ R. Define q̃ :=

∑
a∈VK

α∈Υa\Υ2
a

ca,αΦ̃β
a. Then,

q − q̃ ∈ Σ
(K)
I and thanks to (3.5.8a), aK(q − q̃, v) ≡ 0 for all v ∈ Σ

(K)
I . Hence,

q̃ ≡ q ∈ P1(K) and (3.3.5) holds. Moreover, choosing v = Φα
a in Lemma 3.5.2 and

using (3.5.9) gives for m ∈ {0, 1, 2},

|Φ̃α
a|Hm(K) ≤ C{|Φα

a|Hm(K) + h2−m
K |Φα

a|H2(K)} ≤ Ch
1+|α|−m
K .

Hence, {Φ̃α
a, α ∈ Υa \Υ2

a}, satisfy conditions (i-ii) of Theorem 3.3.2.

3.5.3.2 C2 Vertex Functions

Let Φα
a ∈ Pp(K), α ∈ Υ2

a, a ∈ V , be any polynomial with boundary values matching

those of Φ̄α
a (3.7.8). Then, Φ̃α

a := EΦα
a is a C2 vertex functions in the sense that

DβΦ̃β
a(b) = δαβδab ∀α ∈ Υa, ∀β ∈ Υb, ∀b ∈ V .
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In the case α ∈ Λa, then Φ̃α
a coincides with (3.5.2) applied to Φα

a. Thanks to (3.7.9),

choosing v = Φ̄α
a in (3.5.9) gives (3.3.7).

3.5.4 Preconditioner with Approximate Interior Solves

Examining Algorithm 2 reveals that the dominant cost arises from the need to com-

pute the action of the matrix A−1
II . Of course, one can exploit the block diagonal

structure of AII to work on an element by element basis in parallel. However, this

will still require the evaluation of the action of the element interior matrices A
(K)
II

which, in turn, will differ from element to element due to the influence of the ele-

ment geometry in A
(K)
II . In this section, we seek to reduce the cost of this step by

replacing the interior solve A
(K)
II by one involving the matrix h−2

K ÂII which, up to

a scaling by hK , is identical for all elements K. This means that the matrix ÂII

can be factored once and utilized by all elements K ∈ T , thereby avoiding having

to compute factorizations for every element.

Define the bilinear form ǎ(·, ·) as follows:

ǎ(u, v) :=
∑
K∈T

ǎK(u, v), where ǎK(u, v) := h−2
K (D2(u ◦ FK), D2(v ◦ FK))L2(T̂ )

and FK and T̂ are given in Section 3.2. That is, on each element K, the action of

ǎ(u, v) is defined to be the action of h−2
K (D2·, D2·)T̂ on the pull-backs of u and v onto

the reference element T̂ . A change of variables and the chain rule show that there
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exists positive constants C1 and C2 independent of h and p such that

C1aK(u, u) ≤ ǎK(u, u) ≤ C2aK(u, u) ∀u ∈ Σ(K). (3.5.13)

In order to take advantage of (3.5.13), we define Σ⊥I to be the orthogonal com-

plement of ΣI in X with respect to ǎ(·, ·), rather than a(·, ·). Moreover, both ΣI and

Σ̃B := Σ⊥I ∩X are equipped with the inner product ǎ(·, ·). Then, the preconditioning

form č(·, ·) is defined to be

č(u, v) = ǎ(uI , vI) + ǎ(uc, vc) +
∑
a∈V
α∈Λ2

a

ǎ(ua,α, va,α) +
∑
γ∈E

ǎ(uγ, vγ).

The next result bounds the condition number.

Theorem 3.5.3. Under the assumptions of Theorem 3.3.2, there exists positive con-

stants C1, C2 independent of p and h such that

C1č(u, u) ≤ B(u, u) ≤ C2(1 + log3 p)č(u, u). (3.5.14)

Proof. Owing to the equivalences (3.2.2) and (3.5.13), it suffices to consider the

single element case as in Section 3.4. The proof closely mirrors the one used to prove

Theorem 3.4.1. In particular, (3.4.4) holds with “11” replaced by a positive constant

C thanks to (3.5.13). Similarly, the estimate (3.4.6) may be replaced by

ǎK(uI , uI) ≤ ǎK(u, u) ≤ CaK(u, u)
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and (3.4.5) may be replaced by

čK(u, u) ≤ Cc̄K(u, u) ≤ C(1 + log3 p)aK(u, u)

owing to (3.5.13). The remainder of the proof of (3.5.14) is identical to that of

Theorem 3.4.1.

It remains to verify that the construction of the basis functions in Section 3.5.3,

in which a(·, ·) is replaced by ǎ(·, ·), A is replaced by Â, etc. still results in func-

tions that satisfy (3.3.5) to (3.3.7). Examining the foregoing arguments reveals that

Lemma 3.5.2 still holds (with different constants) due to (3.5.13), and so the same

construction is valid. The action of the preconditioner on a residual ~r is then given

in Algorithm 3.

Algorithm 3 Matrix form of preconditioner with approximate solves ~r 7→ (~αI , ~αB)

(i) ~̃αI = Ǎ
−1

II ~rI

(ii)


~αc = ˜̌A−1

c

(
~rc − ǍcI

~̃αI

)
~αa,α = ˜̌A−1

a,α

(
~ra,α − Ǎa,αI

~̃αI

)
~αγ = ˜̌A−1

γ

(
~rγ − ǍγI

~̃αI

)
(iii)

~αB =
[
~αc (~αa,α)a∈V,α∈Υ2

a
(~αγ)γ∈E

]
~αI = ~̃αI − Ǎ

−1

II ǍIB~αB

As mentioned above, ǍII is block diagonal where all of the blocks are equal up
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to a scaling factor h−2
K . Specifically, if

~̂
ΦI defines the interior basis functions on T̂

and the basis for the interior space on each element is taken to be ~ΦI =
~̂
ΦI ◦ FK ,

then,

ǍII = blockdiag(h−2
K ÂII : K ∈ T ), where ÂII := (D2 ~̂ΦI , D

2 ~̂ΦT
I )T̂ .

Thus, ÂII may be computed and factorized offline. The factorization is then used

to compute that action Ǎ
−1

II ~rI . Moreover, we need not compute B̃BB or B̃BI , since

only

˜̌ABB = ǍBB − ǍBIǍ
−1

II ǍIB,

is needed. This means that the setup cost for Algorithm 3 is a one-time, offline cost

of O(p6), a O(|T |p5) cost to assemble the matrix ˜̌ABB, and a O(|V|3 + |E|p3) cost to

factor the matrices ˜̌Ac and ˜̌Aγ. Thus, the overall setup cost is O(|V|3 + |E|p3 + |T |p5)

operations, which is an improvement over the setup cost of Algorithm 2. The storage

costs and the application costs are of the same complexity as Algorithm 2.

3.6 Numerical Examples

In this section B̃ and C denote the stiffness matrices associated with the bilinear

forms B(·, ·) and c(·, ·), respectively relative to the basis defined in Section 3.2.
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3.6.1 Airy Stress Tensor Problem

If an elastic plate is subjected to traction boundary conditions in the absence of any

body force, then the resulting stresses may be written in the form [110, §4]

σ = A(ϕ) =

 ϕyy −ϕxy

−ϕxy ϕxx

 .
The scalar valued function ϕ is known as Airy stress function and satisfies a varia-

tional problem of the form (3.2.1) with X = {v ∈ H2(Ω) :
∫

Ω
vq dx = 0 ∀q ∈ P1(Ω)},

B(u, v) =

∫
K

A(u) : A(v) dx = (D2u,D2v)Ω,

and L(v) depends on the prescribed tractions. Note that B(·, ·) trivially satisfies

condition (3.5.7). We consider the case Ω = K, a single triangle.

Table 3.1 and Figure 3.1 show the smallest eigenvalue λmin and the largest eigen-

value λmax of the matrix C−1/2B̃C−1/2. Observe that without preconditioning, the

condition number of the stiffness matrix B̃ would grow exponentially fast with p.

However, with our preconditioner, the growth of the condition numbers exhibits

1 + log3 p growth consistent with Theorem 3.3.2.
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p λmin λmax cond(C−1/2B̃C−1/2) cond(B̃)
5 2.941e-02 6.734 231.07 8.94e+03
6 1.224e-02 4.726 386.13 1.30e+05
7 8.522e-03 4.155 487.64 4.90e+05
8 6.001e-03 3.777 629.28 1.58e+06
9 4.890e-03 3.647 745.73 4.40e+06
10 4.036e-03 3.527 873.96 1.10e+07
11 3.527e-03 3.475 985.30 2.67e+07
12 3.102e-03 3.420 1102.20 6.32e+07
13 2.811e-03 3.394 1207.03 1.53e+08
14 2.558e-03 3.362 1314.36 3.71e+08
15 2.369e-03 3.347 1412.87 9.32e+08
16 2.200e-03 3.328 1512.29 2.34e+09
17 2.068e-03 3.319 1605.01 6.23e+09
18 1.947e-03 3.306 1697.82 1.66e+10
19 1.849e-03 3.300 1785.33 4.48e+10
20 1.758e-03 3.291 1872.50 1.38e+11
21 1.682e-03 3.288 1955.08 4.34e+11
22 1.610e-03 3.282 2037.64 1.34e+12
23 1.551e-03 3.279 2113.74 4.54e+12
24 1.494e-03 3.275 2192.33 1.55e+13

Table 3.1: Condition numbers for preconditioned and non-preconditioned stiffness
matrix for Airy stress tensor problem.
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Figure 3.1: Condition numbers for preconditioned stiffness matrix for the Airy stress
tensor projection problem. Observe the 1 + log3 p growth consistent with Theo-
rem 3.3.2.

3.6.2 Stokes Problem

We now apply the preconditioner in Algorithm 1 to the Stokes’ equations [55] in a

cavity with parabolic inflow and outflow velocity profiles of y(1− y):

∆2ψ = 0 in Ω

ψ

(
±3

2
, y

)
=

1

2
y2 − 1

3
y3 0 ≤ y ≤ 1

ψ =
1

6
on ΓT

ψ = 0 on ΓB

∂nψ = 0 on ∂Ω,
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where ΓT and ΓB are the top and bottom boundaries of the cavity in Figure 3.2.

The weak form of the equations satisfy (3.2.1) with X = H2
0 (Ω),

B(u, v) = (∆u,∆v),

and L(v) depending on the boundary conditions. Note that B(·, ·) satisfies (3.5.7):

Let u ∈ C∞(Ω̄) and v ∈ C∞c (Ω). Integrating by parts,

B(u, v) =
2∑

i,j=1

∫
Ω

∂2
xi
u ∂2

xj
v dx = −

2∑
i,j=1

∫
Ω

∂2
xi
∂xju ∂xjv dx

=
2∑

i,j=1

∫
Ω

∂xi∂xju ∂xi∂xjv dx = a(u, v).

(3.6.2)

By the density of C∞(Ω̄) in H2(Ω) and C∞c (Ω) in H2
0 (Ω), B(u, v) = a(u, v) for all

u ∈ H2(Ω) and v ∈ H2
0 (Ω).

In Figure 3.2, we see that the approximation obtained using degree p = 14 is able

to capture one level of eddies in the bottom corners, and nearly captures the second

with only two elements. The condition numbers are given in Figure 3.3. We again

observe 1 + log3 p growth rate in condition number as predicted by Theorem 3.3.2.
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(a) (b)

(c) (d)

Figure 3.2: p = 14 numerical solution for Stokes problem with magnitude of fluid
velocity as background color. Observe the resolution of small scale features. (a)
Mesh - 316 elements, (b) Numerical solution, (c) Zoom 1 - different color scale, (d)
Zoom 2 - different color scale.
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Figure 3.3: Condition numbers for the preconditioned stiffness matrix for the Stokes
problem. Observe the 1 + log3 p growth consistent with Theorem 3.3.2.

3.6.3 Plate Problem

We now apply the preconditioner in Algorithm 1 to the simply supported plate

problem [110, §5] on a L-shaped domain with point loading:

∆2u = 10δz in Ω,

u = ∆u− (1− ν)∂ttu = 0 on ∂Ω,

where u is the displacement, ν = 0.3 and z is taken to be the point inside the

red circle shown in Figure 3.4. The weak form of the equations satisfy (3.2.1) with

X = H1
0 (Ω) ∩H2(Ω),

B(u, v) = (∆u,∆v)− (1− ν)

∫
Ω

(∂2
x1
u ∂2

x2
v + ∂2

x2
u ∂2

x1
v − 2∂x1∂x2u ∂x1∂x2v) dx1 dx2,
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and L(v) = v(z). Again note that B(·, ·) satisfies (3.5.7): Let u ∈ C∞(Ω̄) and

v ∈ C∞c (Ω). Integrating by parts,

∫
Ω

∂2
x1
u ∂2

x2
v dx dy = −

∫
Ω

∂x1∂x2u ∂x2v dx1 dx2 =

∫
Ω

∂x1∂x2u ∂x1∂x2v dx1 dx2.

Reversing the roles of x1 and x2, there holds

∫
Ω

∂2
x2
u ∂2

x1
v dx dy =

∫
Ω

∂x1∂x2u ∂x1∂x2v dx dy,

and so thanks to (3.6.2), B(u, v) = a(u, v). By the density of C∞(Ω̄) in H2(Ω) and

C∞c (Ω) in H2
0 (Ω), B(u, v) = a(u, v) for all u ∈ H2(Ω) and v ∈ H2

0 (Ω).

The mesh is chosen so than an element vertex is located at z. The point evaluation

functional L : v 7→ 10v(z) is continuous on the space H2(Ω) which means that the

problem is well posed (this would not be the case were a standard mixed formulation

[34] used). The approximation obtained using degree p = 14 are shown in Figure 3.4,

where the color represents the displacement u in the negative z-axis. Observe that,

whilst the load acts in the −z direction, positive displacements are in the upper left

corner consistent with what is observed in practice. The condition numbers for the

preconditioned system with varying p are given in Figure 3.5. Again we see condition

number growth on the order of 1 + log3 p.
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(a) (b)

(c) (d)

Figure 3.4: p = 14 numerical solution of the simply supported plate problem. Ob-
serve the deflection in the upper left region. (a) Mesh - 86 elements, (b) Numerical
solution, (c) Zoom 1 - different color scale, (d) Zoom 2 - original color scale.

3.7 Traces of C2 Vertex Functions

We start with a lemma that defines some univariate functions which are used to

construct C2 vertex functions satisfying the condition (3.3.7).
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Figure 3.5: Condition numbers for the simply supported plate problem. Observe the
1 + log3 p growth consistent with Theorem 3.3.2.

Lemma 3.7.1. Let m, p ∈ N, β > −1. Define γ := 2m− 1 + β and

ψp,m,β(x) :=

(
1− x

2

)(
1− x2

2

)m−1

P (γ,γ)
p (x).

Then, ψ
(j)
p,m,β(±1) = 0 for j = 0, 1, . . . ,m − 2, ψ

(m−1)
p,m,β (1) = 0, and ψ

(m−1)
p,m,β (−1) 6= 0.

Moreover,

1

ψ
(m−1)
p,m,β (−1)2

∫ 1

−1

(1− x2)βψp,m,β(x)2 dx ≤ 22m−1−2βΓ(γ + 1)Γ(γ)p!

(m− 1)!(m− 1)!Γ(p+ 2γ + 1)

∼ p−2(2m−1+β).
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Proof. Let ψp := ψp,m,β. We first bound

4β
∫ 1

−1

(
1− x2

4

)β
ψp(x)2 dx =

∫ 1

−1

(
1− x

2

)γ+1(
1 + x

2

)γ−1

P (γ,γ)
p (x)2 dx

≤
∫ 1

−1

(
1− x

2

)γ (
1− x

2

)γ−1

P (γ,γ)
p (x)2 dx

=: Qp.

Now, using the identity [108, §4]:

(2p+ 2γ − 1)P (γ,γ−1)
p = (p+ 2γ)P (γ,γ)

p + (p+ γ)P
(γ,γ)
p−1

we get

P (γ,γ)
p = µpP

(γ,γ−1)
p − νpP (γ,γ)

p−1 with µp =
2(p+ γ)

p+ 2γ
and νp =

p+ γ

p+ 2γ
.

Using this identity and orthogonality, there holds

Qp = ν2
p

∫ 1

−1

(
1− x

2

)γ (
1 + x

2

)γ−1

P
(γ,γ)
p−1 (x)2 dx

+ µ2
p

∫ 1

−1

(
1− x

2

)γ (
1 + x

2

)γ−1

P (γ,γ−1)
p (x)2 dx

=: ν2
pQp−1 + µ2

pTp. (3.7.1)

First note that

Tp =
1

p+ γ

Γ(p+ γ + 1)Γ(p+ γ)

Γ(p+ 2γ)p!
=

Γ(p+ γ)2

Γ(p+ 2γ)p!
.
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We now claim

Qp ≤
Γ(p+ γ + 1)2

Γ(p+ 2γ + 1)!p!
· 2

γ
. (3.7.2)

For p = 0, we have

Q0 =

∫ 1

−1

(
1− x

2

)γ (
1 + x

2

)γ−1

dx =
Γ(γ)2

Γ(2γ)p!
,

and (3.7.2) holds as an equality in the case p = 0. Now suppose the result holds true

for p = q − 1. Then, by (3.7.1),

(q + 2γ)2Qq = (q + γ)2Qq−1 + 4(q + γ)2Tq.

Direct computation gives

Qq ≤
(q + γ)2

(q + 2γ)2
· Γ(q + γ)2

Γ(q + 2γ)q!
· 2

γ
(q + 2γ) =

Γ(q + γ + 1)2

Γ(q + 2γ + 1)q!
· 2

γ

and (3.7.2) follows by induction. Again using identities from [108, §4]

ψ(m−1)
p (−1) =

(m− 1)!

2m−1
P (γ,γ)
p (−1) =

(−1)p(m− 1)!Γ(p+ γ + 1)

2m−1Γ(γ + 1)p!
.

Thus,

1

ψ
(m−1)
p (−1)2

∫ 1

−1

(1− x2)βψp(x)2 dx = 22m−1−2β Γ(γ + 1)Γ(γ)p!

(m− 1)!(m− 1)!Γ(p+ 2γ + 1)
.
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By Stirling’s formula, p!
Γ(p+2γ+1)

∼ p−2(2m−1+β).

Next, we record a scale-invariant version of the H2-stable polynomial extension

theorem established in Chapter 2:

Corollary 3.7.2. Let f, g : ∂K → R be such that fi := f |γi ∈ Pp(γi) and gi := g|γi ∈

Pp−1(γi) for p ≥ 1. Assume further that f and g satisfy the compatibility conditions

(2.2.10) at the vertices. Then, there exists a polynomial U ∈ Pp(K) such that

1. U has trace (f, g): U |γi = fi, ∂nU |γi = gi, and

2. U depends continuously on f and g:

h−1
K ‖U‖L2(K) + |U |H1(K) + hK |U |H2(K)

≤ C
(
h
−1/2
K ‖f‖L2(∂K) + h

1/2
K ‖σ(f, g)‖L2(∂K) + hK |σ(f, g)|H1/2(∂K)

)
(3.7.3)

where σ(f, g) = (∂tf)n̂− gt̂, and C is independent of p and hK.

Proof. The existence of a polynomial U satisfying the required conditions is given

by Corollary 2.2.3 where the estimate (3.7.3) is also established in the case hK = 1.

Employing the usual scaling argument gives the estimate (3.7.3).

Let a ∈ V . Thanks to Corollary 3.7.2, we only need to specify the boundary val-

ues of Φα
a on each K ∈ Ta. We first consider the case Υ2

a = {(ê1, ê1), (ê1, ê2), (ê2, ê2)}
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and summarize the boundary values below. Let K ∈ Ta and label K as in Figure 2.3

so that a1 := a. Let F : [−1, 1]→ R and G : [−1, 1]→ R be given by

F (t) =
ψp−5,3,0(t)

ψ′′p−5,3,0(−1)
and G(t) =

ψp−4,2,0(t)

ψ′p−4,2,0(−1)
,

where ψp,m,β is given by Lemma 3.7.1. Now, we define the traces f and g as follows:

α = (2, 0):

f1(t) = 0 g1(t) = 0

f2(t) =
1

4
|γ2|2(tx2)2F

(
1− 2t

|γ2|

)
g2(t) = −1

2
|γ2|tx2nx2G

(
1− 2t

|γ2|

)
fi+2(t) =

1

4
|γ3|2(tx3)2F

(
2t

|γ3|
− 1

)
g3(t) =

1

2
|γ3|tx3nx3G

(
2t

|γ3|
− 1

) (3.7.4)

α = (1, 1):

f1(t) = 0 g1(t) = 0

f2(t) =
1

2
|γ2|2tx2t

y
2F

(
1− 2t

|γ2|

)
g2(t) = −1

2
|γ2|(tx2n

y
2 + ty2n

x
2)G

(
1− 2t

|γ2|

)
f3(t) =

1

2
|γ3|2tx3t

y
3F

(
2t

|γ3|
− 1

)
g3(t) =

1

2
|γ3|(tx3n

y
3 + ty3n

x
3)G

(
2t

|γ3|
− 1

) (3.7.5)

α = (0, 2):

f1(t) = 0 g1(t) = 0

f2(t) =
1

4
|γ2|2(ty2)2F

(
1− 2t

|γ2|

)
g2(t) = −1

2
|γ2|ty2n

y
2G

(
1− 2t

|γ2|

)
f3(t) =

1

4
|γ3|2(ty3)2F

(
2t

|γ3|
− 1

)
g3(t) =

1

2
|γ3|ty3n

y
3G

(
2t

|γ3|
− 1

) (3.7.6)
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Since F and G vanish to order 2 and 1, respectively, f and g satisfy the compat-

ibility conditions in Corollary 3.7.2. Let Φ̄α
a be the extension of f and g given by

Corollary 3.7.2. First note that we have the desired interpolation properties:

DβΦ̄α
a(ai) = δαβδ1i ∀|β| ≤ 2, 1 ≤ i ≤ 3.

Moreover, for m ∈ {0, 1, 2} there holds,

hm−1
K |Φ̄α

a|Hm(K) ≤ C
3∑
i=2

{
h
−1/2
K ‖fi‖L2(γi) + h

1/2
K

(
|fi|H1(γi) + ‖gi‖L2(γi)

)
+ hK

(
|f ′i |H1/2

00 (γi)
+ |gi|H1/2

00 (γi)

)}
≤ Ch2

K

(
‖F‖

H
3/2
00 (−1,1)

+ ‖G‖
H

1/2
00 (−1,1)

)
.

Now, thanks to inverse estimates [25, Corollary 3.4] and Lemma 3.7.1, we have

‖F‖Hk(−1,1) + ‖G‖Hk−1(−1,1) ≤ Cp2k
(
‖F‖L2(−1,1) + p−2‖G‖L2(−1,1)

)
≤ Cp−5+2k.

By interpolation,

|Φ̄α
a|Hm(K) ≤ Ch3−m

K

(
‖F‖

H
3/2
00 (−1,1)

+ ‖G‖
H

1/2
00 (−1,1)

)
≤ Ch3−m

K p−2. (3.7.7)

In the general case Υ2
a = {(η̂1, η̂2), (ρ̂1, ρ̂2), (ω̂2, ω̂2)}, the C2 vertex functions
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may be construction from Φ̄
(2,0)
a , Φ̄

(1,1)
a , and Φ̄

(0,2)
a by the following transformation:


Φ̄

(η̂1,η̂2)
a

Φ̄
(ρ̂1,ρ̂2)
a

Φ̄
(ω̂1,ω̂2)
a

 =


ηx1η

x
2 ρx1ρ

x
2 ωx1ω

x
2

ηx1η
y
2 + ηy1η

x
2 ρx1ρ

y
2 + ρy1ρ

x
2 ωx1ω

y
2 + ωy1ω

x
2

ηy1η
y
2 ρy1ρ

y
2 ωy1ω

y
2


−1 

Φ̄
(2,0)
a

Φ̄
(1,1)
a

Φ̄
(0,2)
a

 . (3.7.8)

Direct verification reveals that

∂βΦ̄α
a(ai) = δαβδ1i ∀α, β ∈ Υ2

a, 1 ≤ i ≤ 3,

and the triangle inequality and (3.7.7) give

|Φ̄α
a|Hm(K) ≤ Ch3−m

K p−2 ∀α ∈ Υ2
a, m ∈ {0, 1, 2}. (3.7.9)

3.8 Conclusions

This chapter constructed the first nonoverlapping domain decomposition precondi-

tioner for the stiffness matrix arising from the discretization of fourth order elliptic

problems by high order Argyris elements. A careful selection of the coarse space

and C2 vertex functions controlled the condition number growth of the precondi-

tioner system with an asymptotic bound of O(1 + log3 p) independent of h. The

preconditioner was also modified to allow for inexact solvers on each of the sub-

spaces, resulting in a more computationally efficient method. The special rapidly
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decaying functions in Lemma 3.7.1 will appear in each of the remaining chapters to

play a similar role as in the construction of the C2 vertex functions in Section 3.7.

Combining the 1D polynomials in Lemma 3.7.1 with an appropriate polynomial pre-

serving extension theorem gives the existence of a bivariate polynomials on triangles

interpolating derivatives of a given order with rapid decay in Sobolev norms; see e.g.

Lemmas 4.5.1, 5.4.3 and 6.9.7.

There are a variety of future research directions regarding preconditioning high

order elements. One is to construct overlapping preconditioners in 2D and 3D for

the high order Argyris elements in the spirit of [95] to obtain h- and p-independent

condition numbers. Another direction is to adopt the techniques in [6, 7] construct

uniform-in-p preconditioner for the mass matrix using the high order Argyris el-

ements, which is useful for time-dependent fourth order problems like the Cahn-

Hilliard equations [36]. In magnetohydrodynamics applications [52], C1 elements are

often used in potential methods, as the main quantity of interest is the gradient or

curl of the solution, even though the PDEs are second order. For these applica-

tions, the results for the preconditioner above do not directly apply, necessitating

additional theory. Finally, one may generalize the methodology in this chapter to

2mth-order elliptic problems discretized by Cm−1-conforming elements for m ≥ 3.



Chapter Four

Mass Conserving Mixed hp-FEM

Approximations to Stokes Flow.

Part I: Uniform Stability
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4.1 Introduction

The Stokes equations on a simply connected polygon Ω with boundary Γ = ∂Ω

describe incompressible flow dominated by viscous forces [55]:

−ν∆u+∇p = f in Ω, (4.1.1a)

divu = 0 in Ω, (4.1.1b)

u = 0 on Γ, (4.1.1c)

where u = (u1, u2) is the fluid velocity, p the pressure, f the body force, and ν > 0

the kinematic viscosity. For simplicity, we assume ν is constant and f ∈ L2(Ω). The

weak form of (4.1.1) reads as follows: Find (u, p) ∈H1
0(Ω)× L2

0(Ω) such that

a(u,v) + b(v, p) = (f ,v) ∀v ∈H1
0(Ω), (4.1.2a)

b(u, q) = 0 ∀q ∈ L2
0(Ω), (4.1.2b)

where

a(u,v) := ν(∇u,∇v), b(v, p) := −(div v, p),
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and L2
0(Ω) the (closed) subspace of square integrable functions with vanishing average

value:

L2
0(Ω) :=

{
q ∈ L2(Ω) :

∫
Ω

q dx = 0

}
.

We are interested in finding conforming high order polynomial, mixed finite ele-

ment discretizations of (4.1.2) where k (rather than the usual choice p) will denote

the polynomial order for the remainder of this thesis, while p denotes the pressure:

Find (uhk, phk) ∈ V 0 ×Q0 such that

a(uhk,v) + b(v, phk) = (f ,v) ∀v ∈ V 0 (4.1.3a)

b(uhk, q) = 0 ∀q ∈ Q0, (4.1.3b)

where V 0 ⊂ H1
0(Ω) and Q0 ⊂ L2

0(Ω) are spaces of piecewise polynomials of degree

k and k − 1 defined later on a triangulation of Ω denoted by T .

The construction of finite element subspaces that satisfy exact sequence proper-

ties has received much attention recently; see the review paper [66] and references

therein. One example of an exact sequence [50, 55] is the following:

R ⊂−−−−→ H2(Ω)
curl−−−−−→H1(Ω)

div−−−−→ L2(Ω) −−−→ 0, (4.1.4)

where the rotated gradient operator is defined by curlφ = (∇φ)⊥ with t⊥ = (ty,−tx)

for a vector t ∈ R2. By saying the sequence (4.1.4) is exact, we mean that kernel
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of each operator in the sequence equals the range of the preceding operator. For

example, the second inclusion means that if divu ≡ 0 for u ∈ H1(Ω), then u can

be written as u = curlψ for some ψ ∈ H2(Ω). The following sequence, considered

by [50, 55], is also exact and corresponds to homogeneous boundary conditions:

0
⊂−−−−→ H2

0 (Ω)
curl−−−−−→H1

0(Ω)
div−−−−→ L2

0(Ω) −−−→ 0. (4.1.5)

Observe that the Stokes system (4.1.2) involves the spaces H1
0(Ω) and L2

0(Ω) which

appear in this sequence.

The exactness of the sequence (4.1.5) means, among other things that, since the

velocity u ∈ H1
0(Ω), then q = divu ∈ L2

0(Ω). As a consequence, (4.1.2b) implies

‖ divu‖2 = 0 or divu ≡ 0. If the finite element spaces Σ0 ⊂ H2
0 (Ω), V 0 and Q0 also

form an exact sequence

0
⊂−−−−→ Σ0

curl−−−−−→ V 0
div−−−−→ Q0 −−−→ 0. (4.1.6)

then the same argument can be carried out at the discrete level to conclude that the

resulting approximation (4.1.3) will be pointwise mass conserving, i.e. divuhk ≡ 0

in Ω. Furthermore, the exactness of the discrete sequence (4.1.6) then implies uhk =

curlφhk for some φhk ∈ Σ0. Consequently, since u = curlφ for some φ ∈ H2
0 (Ω), we

have

‖u− uhk‖H1(Ω) = ‖ curl(φ− φhk)‖H1(Ω) ≤ C‖φ− φhk‖H2(Ω)
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which shows that the accuracy of the velocity approximation is in fact dictated by

the approximation properties of Σ0 in H2
0 (Ω).

In principle, one could ensure the inclusion divV 0 ⊂ Q0 holds by choosing a

sufficiently large space Q0. However, it is known [29, 31, 55] that the stability and

accuracy of (4.1.3) depends on whether the inf-sup condition (also known as the

Babuška-Brezzi condition)

sup
0 6=v∈V 0

b(v, q)

‖v‖H1(Ω)

≥ β(h, k)‖q‖L2(Ω) ∀q ∈ Q0 (4.1.7)

holds for some β(h, k) > 0. The fact that the inf-sup condition must hold for all

q ∈ Q0 means that the space Q0 cannot be chosen to be too large. Alternatively, one

can satisfy (4.1.7) by choosing the velocity space V 0 sufficiently large, but choosing

V 0 too large may violate the inclusion divV 0 ⊆ Q0. As such, the selection of

appropriate pairs for the finite element discretization of Stokes flow involves a delicate

balance between maintaining stability (4.1.7) versus preserving the exact sequence

property (4.1.6). Many choices [66] for the pair V 0 × Q0 are known to satisfy the

inf-sup condition with a constant β(h, k) independent of h. Such choices are suitable

for h-version FEM where k ∈ N is maintained at a constant, fixed, value. However,

it is more often than not the case that β(h, k)→ 0 as k is increased for these spaces

which, at the very least, makes these spaces unattractive for p- or hp-version FEM

in which convergence is sought by raising the polynomial order k. For instance,

the inf-sup constant β(h, k) appears in the denominator of a priori error estimates,

affects the conditioning of the resulting linear system, and affects the performance
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of preconditioners.

In this chapter, we consider a particular choice of Σ0, V 0, and Q0 which satisfies

the exact sequence property (4.1.6), and which was shown in [50] to be uniformly

stable in h, i.e. β(h, k) is independent of h for each given N 3 k ≥ 4. In Section 4.2,

we describe sets of degrees of freedom for the spaces and give necessary and sufficient

conditions on the mesh under which the spaces satisfy the exact sequence property

(4.1.6). In Section 4.3, we prove that in fact, β(h, k) ≥ β0 > 0 where β0 is independent

of both h and k. The main tool is the construction of a continuous right inverse of

the divergence operator on the space Q0 which is bounded uniformly in of both h

and k. In Section 4.4, we compute the actual values of the inf-sup constant β(h, k)

on a sequence of meshes. This chapter concludes with auxiliary technical results in

Section 4.5 and a discussion on the extension of the results to more general boundary

conditions in Section 4.6.

The current chapter is the first part of a three part series of chapters in which

we study these spaces from the point of view of high order finite element approx-

imation. In Chapter 5, we establish approximation properties of the spaces which

are optimal in both the mesh size h and the polynomial degree k. In the Chapter 6,

we discuss implementation aspects of the method and construct a block diagonal

preconditioner for the indefinite linear system arising from the discrete equations

(4.1.3). In summary, this means that the pair V 0 × Q0 is (a) pointwise mass con-

serving, (b) uniformly inf-sup stable in both h and k, and (c) gives optimal error

estimates in both h and k. At the time of writing, these seem to be the only choice
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of conforming spaces on triangles shown to satisfy (a)-(c). For instance, although

the Qk×Pk−1 elements for quadrilaterals satisfy (b)-(c) [28], they do not satisfy (a).

The work in [4] considered the Qk × Q′k−1 elements with continuous pressures; the

resulting spaces again satisfy (b-c) but not (a). The Pk × Pk−2 triangular element

was shown to satisfy β(h, k) ≥ Ck−3 [99, 104], which is insufficient to establish (b)-

(c). The work of [105] proves the analogue of the Qk × Qk−2 element on triangles

satisfies β(h, k) ≥ Ck−1/2 which is again insufficient to establish (b)-(c). The Scott-

Vogelius Pk × Pk−1 elements [100, 113] on meshes with no singular vertices satisfy

(a); however, it was only shown that β(h, k) ≥ Ck−r for some integer r sufficiently

large, which is again insufficient to establsh (b)-(c). Boillat [30] showed that the

β(h, k) ≥ Ck−2 log−1/2 k for the Taylor-Hood elements and numerical computations

in [29] also suggest that these elements are not uniformly inf-sup stable in k. If one

is willing to relax the H1(Ω)-smoothness requirement of the velocity approximation

to H(div; Ω), then the H(div; Ω)-conforming scheme of [73] was shown to satisfy

(a)-(c) on triangles.

4.2 Finite Element Spaces

Let T be a shape-regular (3.2.3) partition of the domain Ω into triangles such that

the nonempty intersection of any two distinct elements from T is either a single

common vertex or a single common edge of both elements. We partition the element

vertices V into: (i) VC the set of element vertices located at a vertex of the polygonal
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domain Ω, (ii) VB the set of remaining element vertices on the domain boundary Γ

which are not corner vertices and (iii) VI the set of element vertices in the interior of

domain Ω. Similarly, EI the denotes the set of interior edges. Given a vertex a ∈ V ,

Ea denotes the set of edges having a as an endpoint, and, given an element K ∈ T ,

TK denotes the set of elements sharing a vertex or edge with K ∈ T .

We consider the following finite element spaces for N 3 k ≥ 4:

Σ := {φ ∈ C1(Ω̄) : φ|K ∈ Pk+1(K) ∀K ∈ T , φ is C2 at noncorner vertices},

(4.2.1a)

V := {v ∈ C0(Ω̄) : v|K ∈ Pk(K) ∀K ∈ T , v is C1 at noncorner vertices},

(4.2.1b)

Q := {q ∈ L2(Ω) : q|K ∈ Pk−1(K) ∀K ∈ T , q is C0 at noncorner vertices},

(4.2.1c)

where Pk(K) = [Pk(K)]2. The spaces Σ, V , and Q are somewhat non-standard

owing to the differing smoothness requirements imposed at corner and noncorner

vertices of the physical domain Ω. The space Σ may be regarded as a modification

of the TUBA finite element space [11] which requires C2 continuity at all vertices

and used in Chapter 3, whereas the velocity space V is more akin to Hermite el-

ements [38, §2] which require C1 continuity at all vertices. The pressure space Q

resembles discontinuous elements subject to the constraint that functions are contin-

uous at noncorner vertices. We shall give global sets of degrees of freedom for these

nonstandard spaces and conditions under which they form an exact sequence.
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4.2.1 Degrees of Freedom

The following results establish a set of global degrees of freedom for each of the

above spaces (4.2.1). For the purpose of counting dimensions, we use the following

notation:

• V := |V| the total number of vertices in the mesh,

• VI := |VI | the number of interior mesh vertices,

• VB := |VB| the number of vertices on the boundary of the domain which are

not corners of the domain,

• VC := |VC | the number of corners of the domain,

• E := |E| the number of edges in the mesh,

• EI := |EI | the number of interior edges in the mesh, and

• T := |T | the number of elements.

A special role will be played by the edges attached to vertices a ∈ VC located at

the corners of the polygonal domain Ω. Let EC :=
∑
a∈VC |Ea|. If no element has

vertices at two consecutive corners of the domain, then EC is the total number of

edges attached the to corner vertices.
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a

t̂0

n̂0

t̂1
n̂1

t̂2

n̂2

t̂m

n̂m

t̂m+1

n̂m+1

θ0

θ1

θm
K0

K1

. . .
Km

Γ

Γ

Figure 4.1: Notation for mesh around a corner boundary vertex a ∈ VC with m =
|Ea| − 2 interior edges.

a ΓΓ

K0

K1
. . .

Km

a

K0

K1

K2

. . . Km

Figure 4.2: Notation for mesh around a noncorner vertex a ∈ V\VC withm = |Ta|−1.

Lemma 4.2.1. The pressure space Q has dimension

dimQ = V +
1

2
(k − 2)(k + 3)T + EC − 2VC , (4.2.2)

and is unisolvent with respect to the following set of global degrees of freedom for

q ∈ Q:

(i) One functional value q(a) at each noncorner vertex a ∈ V \ VC = VI ∪ VB.
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(ii) |Ea|−1 functional values qi(a), i = 0, . . . , |Ea|−2, at each corner vertex a ∈ VC,

with qi = q|Ki as in Figure 4.1.

(iii) 1
2
(k − 2)(k + 3) interior moment degrees of freedom

∫
K

qr dx ∀r ∈ Pk−1(K) : r(a) = 0, ∀a ∈ VK

on each element K ∈ T .

Proof. We start with an upper bound for the dimension of Q. Let q ∈ Q be given.

For each K ∈ T , the local space Pk−1(K) is unisolvent with respect to the k
2
(k + 1)

local degrees of freedom (illustrated in Figure 4.4)

q(a) ∀a ∈ VK and

∫
K

qr dx ∀r ∈ Pk−1(K) : r(a) = 0, ∀a ∈ VK .

(4.2.3)

Assume that all of the global degrees of freedom corresponding to q vanish. In

particular, the local degrees of freedom (4.2.3) on each element are identically zero,

and, by local unisolvance, q|K ≡ 0. Thus, q ≡ 0 on Ω, and so

dimQ ≤ V +

(
k

2
(k + 1)− 3

)
T + EC − 2VC . (4.2.4)

Now assume that values for each of the degrees of freedom described in the

statement of the lemma have been given. For each K ∈ T , define qK ∈ Pk−1(K)
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by assigning these given values to the local degrees of freedom (4.2.3). Then, the

function q defined by the rule q|K = qK ∀K ∈ T is clearly continuous at noncorner

vertices, and so q ∈ Q. Thus, (4.2.4) holds as an equality.

Lemma 4.2.2. The velocity space V has dimension

dimV = 2

[
3V + (k − 3)E +

1

2
(k − 2)(k − 1)T + EC − 2VC

]
, (4.2.5)

and is unisolvent with respect to the following set of global degrees of freedom for

v ∈ V :

(i) 2 values of v(a) at each vertex a ∈ V.

(ii) 4 values of Dαv(a), |α| = 1, at each noncorner vertex a ∈ V \ VC.

(iii) 2|Ea| tangential derivative values at each corner vertex a ∈ VC:

∂tiv|γi(a), i = 1, . . . ,m, ∂t0v0(a), and ∂tm+1vm(a),

with vi = v|Ki, m := |Ea|−2, and t̂i the unit tangent vector of γi ∈ Ea oriented

as in Figure 4.1.

(iv) 2(k − 3) moment degrees of freedom on each edge γ ∈ E:

∫
γ

v · r dS ∀r ∈ Pk−4(γ). (4.2.6)
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(v) (k − 2)(k − 1) interior moment degrees of freedom on each element K ∈ T :

∫
K

v · r dx ∀r ∈ Pk−3(K).

Proof. Let v ∈ V . For each K ∈ T , the local space Pk(K) may be equipped with

(k + 1)(k + 2) local degrees of freedom (illustrated in Figure 4.4)

Dαv(a) ∀a ∈ VK , ∀|α| ≤ 1,

∫
γ

v · r dS ∀r ∈ Pk−4(γ), ∀γ ∈ EK ,∫
K

v · r dx ∀r ∈ Pk−3(K).

(4.2.7)

Assume that all of the global degrees corresponding to v vanish. The local degrees of

freedom (4.2.7) on each element K ∈ T are identically zero, and, by local unisolvance,

v|K ≡ 0. Thus, v ≡ 0 on Ω, and so

dimV ≤ 2

[
3V + (k − 3)E +

1

2
(k − 1)(k − 2)T + EC − 2VC

]
. (4.2.8)

Now assume that values for each of the degrees of freedom in the statement of

the lemma have been given. For each K ∈ T , define vK ∈ Pk(K) by assigning these

given values to the local degrees of freedom (4.2.7). We claim that the function v

defined by the rule v|K = vK on each K ∈ T satisfies v ∈ V . We clearly have

that v is continuous at every vertex and v is C1 at every non-corner vertex. Let

E 3 γ = K ∩K ′ be given, and define Pk(γ) 3 w := v|K − v|K′ on γ. The degrees
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of freedom (i-iii) ensure that w|∂γ = ∂tγw|γ = 0, while (iv) gives

∫
γ

w · r dS = 0 ∀r ∈ Pk−4(γ).

These 2(k + 1) linearly independent conditions on w mean that w = 0. As a result,

v is globally continuous, and hence v ∈ V . Thus, (4.2.8) holds as an equality.

Lemma 4.2.3. The modified TUBA space Σ has dimension

dim Σ = 6V + (2k − 7)E +
1

2
(k − 3)(k − 4)T + EC − 2VC , (4.2.9)

and is unisolvent with respect to the following set of global degrees of freedom for

φ ∈ Σ:

(i) 3 values of Dαφ(a), |α| ≤ 1, at each vertex a ∈ V.

(ii) 3 values of Dαφ(a), |α| = 2, at each noncorner vertex a ∈ V \ VC.

(iii) |Ea|+ 1 second derivative values for each corner vertex a ∈ VC:

∂titiφi(a), i ∈ {1, 2, . . . ,m}, ∂t0t0φ0(a), ∂t0t1φ0(a), and ∂tm+1tm+1φm(a),

(4.2.10)

with φi := φ|Ki, m := |Ea|−2 and t̂i the unit tangent vectors of γi ∈ Ea oriented

as in Figure 4.1.
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(iv) 2k − 7 moments degrees of freedom on each edge γ ∈ E:

∫
γ

φr dS ∀r ∈ Pk−5(γ) and

∫
γ

(∂nφ)r dS ∀r ∈ Pk−4(γ). (4.2.11)

(v) 1
2
(k − 3)(k − 4) moments degrees of freedom on each element K ∈ T :

∫
K

φr dx ∀r ∈ Pk−5(K).

Proof. Let φ ∈ Σ. For each K ∈ T , the local space Pk+1(K) may be equipped with

1
2
(k + 2)(k + 3) local degrees of freedom (illustrated in Figure 4.4)

Dαφ(a) ∀a ∈ VK , ∀|α| ≤ 2,

∫
γ

φr dS ∀r ∈ Pk−5(γ), ∀γ ∈ EK ,∫
γ

(∂nφ)r dS ∀r ∈ Pk−4(γ), ∀γ ∈ EK ,
∫
K

φr dx ∀r ∈ Pk−5(K).

(4.2.12)

Let φ ∈ Σ and assume all of the global degrees of freedom corresponding to φ vanish.

It immediately follows at all of the local degrees of freedom (4.2.12) vanish with the

exception of the values of the local hessians D2φ|K(a) at each corner vertex a ∈ VC .

Since φ ∈ C1(Ω̄), the second derivatives of φ satisfy the following conditions:

∂titiφ|i(a) = ∂titiφ|i−1(a), 1 ≤ i ≤ m, (4.2.13a)

∂tiniφ|i(a) = ∂tiniφ|i−1(a), 1 ≤ i ≤ m, (4.2.13b)

where the elements Ki ∈ Ta are ordered as in Figure 4.1. Expressing the mixed
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tangential derivatives in terms of the derivatives appearing in (4.2.13) gives the

following set of equivalent, but linearly independent conditions

∂titiφi(a) = ∂titiφi−1(a), 1 ≤ i ≤ m,

(4.2.14a)

∂titi+1
φi(a) =

(cot θi−1 + cot θi)∂titiφi(a)− csc θi−1∂ti−1tiφi−1(a)

csc θi
, 1 ≤ i ≤ m.

(4.2.14b)

Starting with K0 and using (4.2.14a), we have ∂t0t0φ0(a) = ∂t0t1φ0(a) = ∂t1t1φ0(a) =

0, and so D2φ0(a) = 0. Moving to K1 and using (4.2.14a), we have ∂t1t1φ1(a) =

∂t2t2φ1(a) = 0. The mixed derivative ∂t1t2φ1(a) also vanishes by (4.2.14b), and so

D2φ1(a) = 0. We may bootstrap this argument element-by-element to conclude that

D2φi(a) = 0 for 0 ≤ i ≤ m. As a result, all of the local degrees of freedom (4.2.12)

vanish and so φ ≡ 0 on Ω. Thus,

dim Σ ≤ 6V + (2k − 7)E +
1

2
(k − 3)(k − 4)T + EC − 2VC (4.2.15)

Now assume that values for each of the degrees of freedom in the statement of the

lemma have been given. For each K ∈ T , define φK ∈ Pk+1(K) by assigning these

given values to the local degrees of freedom (4.2.12), using the relations (4.2.14) to

assign the second order derivatives at corner vertices. We claim that the function φ

defined by the rule φ|K = φK on each K ∈ T satisfies φ ∈ Σ. We clearly have that

φ is C1 at every vertex and φ is C2 at every non-corner vertex. Let E 3 γ = K ∩K ′
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be given, and define Pk+1(γ) 3 ψ := φ|K − φ|K′ and Pk(γ) 3 ρ := ∂nγφ|K − ∂nγφ|K′

on γ. The degrees of freedom (i-iii) and the equivalence between relations (4.2.13)

and (4.2.14) ensure that ∂jtγψ|∂γ = 0 for 0 ≤ j ≤ 2 and ∂ltγρ|∂γ = 0 for 0 ≤ l ≤ 1,

while (iv) gives

∫
γ

ψr dS = 0 ∀r ∈ Pk−5(γ) and

∫
γ

ρs dS = 0 ∀s ∈ Pk−4(γ).

These k + 2 linearly independent conditions on ψ and k + 1 linearly independent

conditions on ρ mean that ψ ≡ ρ ≡ 0. As a result, φ is globally C1, and hence

φ ∈ Σ. Thus, (4.2.15) holds as an equality.

a Γ

Γ

K0

(a)

a
Γ

Γ

K0

K1K2

(b)

Figure 4.3: Types of singular corner vertices

Lemmas 4.2.1 to 4.2.3 characterize the global FEM spaces Q, V , and Σ. The cor-

responding spaces satisfying homogeneous essential boundary conditions are defined

by:

Σ0 := Σ ∩H2
0 (Ω), V 0 := V ∩H1

0(Ω), and Q0 := Q ∩ L2
0(Ω), (4.2.16)

and are identical to the corresponding spaces proposed in [50]. However, it is worth



122

noting that the spaces without boundary conditions differ from these considered in

[50]. In order to count the dimension of the modified TUBA space, we recall the

notion of a singular corner vertex, as defined in [83, 100, 113]. A corner vertex

a ∈ VC is singular if all element edges meeting at a fall on two straight lines, or,

equally well, if θi + θi+1 = π for 0 ≤ i ≤ |Ta| − 2, using the notation in Figure 4.1;

otherwise, the a is nonsingular. The two cases are illustrated in Figure 4.3. Let VSC

denote the set of singular corner vertices with V S
C := |VSC |. It is now a simple matter

to count the dimensions of the spaces (4.2.16):

Lemma 4.2.4. The dimension of the boundary condition spaces is as follows:

dimQ0 = dimQ− 1 = V +
1

2
(k − 2)(k + 3)T − 1 + EC − 2VC , (4.2.17)

dimV 0 = 2

(
3VI + (k − 3)EI +

1

2
(k − 1)(k − 2)T + VB + EC − 2VC

)
, (4.2.18)

dim Σ0 = 6VI + (2k − 7)EI +
1

2
(k − 4)(k − 3)T + VB + EC − 3VC + V S

C . (4.2.19)

Proof. (4.2.17) follows on noting that the single constraint is that
∫

Ω
q dx = 0 for

q ∈ Q0.

Now let v ∈ V 0. Clearly all of the edge moments (4.2.6) must vanish for boundary

edges. Moreover, at noncorner boundary vertices a ∈ VB, ∂tv(a) = 0, while ∂nv(a)

is unconstrained, where t̂ and n̂ are the unit tangent and normal vectors on Γ at

a. For corner vertices a ∈ VC , v(a) = 0 and ∂t0v0(a) = ∂tm+1vm(a) = 0 using

the notation in Figure 4.1. Thus, |Ea| − 2 degrees of freedom are unconstrained per

corner vertex. (4.2.18) immediately follows.
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Let φ ∈ Σ0. Then, on each boundary edge γ, φ = ∂nφ = 0, and so all moment

degrees of freedom on γ (4.2.11) must vanish. For a noncorner boundary vertex a,

φ(a) = ∂tφ(a) = ∂nφ(a) = ∂ttφ(a) = ∂tnφ(a) = 0 where t̂ and n̂ are the unit tangent

and normal vectors along the boundary Γ at a. The only unconstrained vertex

degree of freedom is ∂nnφ(a). For a corner vertex a ∈ VC , there holds φ(a) = 0, and

∇φ(a) = 0. Using the notation in Figure 4.1 and Lemma 4.2.3,

0 = ∂t0t0φ0(a) = ∂tm+1tm+1φm(a),

0 =
(
∂t0t0φ0(a)t̂0 + ∂t0n0φ0(a)n̂0

)
· t̂1 = ∂t0t1φ0(a),

0 =
(
∂tm+1tm+1φm(a)t̂m+1 + ∂tm+1nm+1φm(a)n̂m+1

)
· t̂m = ∂tmtm+1φm(a),

where m = |Ea| − 2. By summing (4.2.14b) over i ∈ {1, . . . ,m}, we rewrite the last

constraint in terms of the the degrees of freedom (4.2.10):

0 =
m∑
i=1

(−1)i[cot θi−1 + cot θi]∂titiφi(a). (4.2.20)

Since cot θi−1 + cot θi = 0 for all 1 ≤ i ≤ m if and only if θi−1 + θi = π for

all 1 ≤ i ≤ m, the constraint (4.2.20) is automatically satisfied if a ∈ VSC but is

nontrivial for a ∈ VC \ VSC . Thus, there are 3 constraints for every a ∈ VSC and 4

constraints for every a ∈ VC \ VSC . (4.2.19) follows immediately.

Observe that, contrary to the usual practice, we have chosen to define the spaces

directly in terms of global degrees of freedom since the degrees of freedom at element

vertices differ according to the location of the vertex relative to the boundary of
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the (global) domain Ω. Nevertheless, one could also work with the local degrees

of freedom for the finite element spaces as illustrated in Figure 4.4. In fact, one

can [50] construct global finite element spaces by piecing together the elements in

Figure 4.4 in the usual way [38, §2], where the resulting spaces have the same degree

of continuity at every vertex. However, if the corresponding homogeneous spaces

were to be defined by taking the intersections with the spaces H2
0 (Ω), H1

0(Ω), and

L2
0(Ω), similarly to (4.2.16), then the exact sequence property would not hold since

the divergence of the velocity space is a proper subset of the pressure space. Further

details will be found in [50, §3.2].

(a) Σ (b) V (c) Q

Figure 4.4: Local degrees of freedom for the finite element spaces in the case k = 5.

4.2.2 Exact Sequence Properties

We now establish necessary and sufficient conditions under which the spaces defined

above give exact sequences. The unconstrained case is simple.
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Lemma 4.2.5. The following sequence is exact:

R ⊂−−−−→ Σ
curl−−−−−→ V

div−−−−→ Q −−−→ 0. (4.2.21)

Proof. The inclusions curl Σ ⊂ V , divV ⊂ Q, and curl Σ ⊂ Ker div follow by

definition. Here, we consider div as a linear operator V → Q. Moreover, curlφ = 0

if and only if φ ∈ R and so dim curl Σ = dim Σ − 1. Using the dimension counts

(4.2.2), (4.2.5) and (4.2.9) and the relation V + T − E = 1 reveals that

dim Σ + dimQ = dimV + V + T − E = dimV + 1.

Moreover, by the rank-nullity theorem, we have

dimV = dim Im div + dim Ker div ≥ dimQ+ dim Σ− 1 = dimV ,

and so Im div = Q and Ker div = curl Σ. Thus, the sequence (4.2.21) is exact.

Lemma 4.2.5 deals with the unconstrained spaces. However, the situation regard-

ing the spaces with homogeneous boundary conditions is less straightforward. An

indication of the difficulties is provided by noting that (using the same arguments as

in Lemma 4.2.5) the sequence

0
⊂−−−−→ Σ0

curl−−−−−→ V 0
div−−−−→ Q0 −−−→ 0. (4.2.22)
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is exact if and only if

dim Σ0 + dimQ0 − dimV 0 = 0. (4.2.23)

Using Lemma 4.2.4 gives

dim Σ0 + dimQ0 − dimV 0 = V − VB − VC − EI + T − 1 + V S
C

and then, since EI = E − V + VI = E − VB − VC and V + T − E = 1, we arrive at

dim Σ0 + dimQ0 − dimV 0 = V S
C . (4.2.24)

In view of (4.2.23) and (4.2.24), the sequence (4.2.22) is exact if and only if

V S
C = 0. (4.2.25)

The condition V S
C = 0 appears in the stability of the Taylor Hood elements [30].

Condition (4.2.25) means that there are at least two elements attached to every

corner vertex of the polygonal domain Ω, and if a ∈ VC coincides with a re-entrant

corner of the domain and |Ta| = 3, then the elements are not configured as in

Figure 4.3b. A mesh T having this property is said to be corner-split. The above

discussion leads to the following result:
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Theorem 4.2.6. The sequence

0
⊂−−−−→ Σ0

curl−−−−−→ V 0
div−−−−→ Q0 −−−→ 0

is exact if and only if the mesh is corner-split.

In light of Theorem 4.2.6, we will henceforth assume the mesh T is corner-split.

4.3 Uniform Stability of Elements

One of the main results of [50] is that the pair V 0×Q0 satisfies the inf-sup condition

(4.1.7) with a constant uniformly bounded below in h for each fixed polynomial degree

k ∈ N [50, Lemma 3.3]. However, if one wishes to use high order approximation

schemes, such as the p-version of the finite element method, then one would like to

understand the dependence of the inf-sup constant β(h, k) on the polynomial order

k. For instance the bound β(h, k) ≥ Ck−r for some r > 7 follows from [113, Lemma

2.5], which (if this estimate were to be sharp) would mean that the stability of the

associated mixed scheme is rather sensitive to the order k. In particular, it would

lead to an a priori error bound for the scheme which is suboptimal by at least r > 7

orders in k.

Our main theorem establishes that, in fact, β(h, k) is bounded below indepen-
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dently of the polynomial order. An important quantity that appears in the stability

estimates is the following measure of how close a corner vertex is to being singular:

ξ(a) := max
0≤i≤|Ta|−2

| sin(θi + θi+1)|, a ∈ VC , (4.3.1)

using the notation in Figure 4.1. In particular, if a is a singular vertex, then ξ(a) = 0.

Likewise, the quantity

ξ(T ) := min
a∈VC

ξ(a) (4.3.2)

measures how close the mesh is to containing singular corner nodes. Note that on

a corner-split mesh, ξ(a) > 0 for all a ∈ VC since there exists at least one pair of

consecutive angles satisfying θi + θi+1 6= π. The key result, proved at the end of this

section, reads as follows:

Theorem 4.3.1. If the mesh T is corner-split, then for every q ∈ Q there exists

v ∈ V with

div v = q in Ω and ‖v‖H1(Ω) ≤ Cξ(T )−1‖q‖L2(Ω), (4.3.3)

where C is independent of k, h, and q. Moreover, if q ∈ Q0, then there exists v ∈ V 0

satisfying (4.3.3).

Theorem 4.3.1 shows that there exists a right inverse of the divergence operator

on the space Q whose continuity is independent of both h and k. An immediate
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consequence of Theorem 4.3.1 is the following uniform bound on the discrete inf-sup

condition for the associated mixed scheme:

Corollary 4.3.2. If the mesh T is corner-split, then the spaces V ×Q and V 0×Q0

are uniformly inf-sup stable in h and k. That is, there exist positive constants β > 0

and β0 > 0 independent of both h and k such that

sup
0 6=v∈V

b(v, q)

‖v‖H1(Ω)

≥ βξ(T )‖q‖L2(Ω) ∀q ∈ Q, (4.3.4a)

sup
0 6=v∈V 0

b(v, q0)

‖v‖H1(Ω)

≥ β0ξ(T )‖q0‖L2(Ω) ∀q0 ∈ Q0. (4.3.4b)

Proof. Let q ∈ Q (respectively q ∈ Q0). By Theorem 4.3.1, there exists u ∈ V

(respectively u ∈ V 0) such that divu = −q in Ω and ‖u‖H1(Ω) ≤ C‖q‖L2(Ω). Hence,

b(u, q)

‖u‖H1(Ω)

=
‖q‖2

L2(Ω)

‖u‖H1(Ω)

≥ ξ(T )

C
‖q‖L2(Ω),

and (4.3.4) follows after taking the supremum over v ∈ V (respectively v ∈ V 0).

Remark 4.3.3. Corollary 4.3.2 fails to hold for the spaces V 0 ×Q0 on meshes which

are not corner-split. For example, consider the case where the domain is a triangle

Ω = K (see Figure 4.5a) where the mesh T consists of a single element K. In this

case, V 0 = Pk(K)∩H1
0(K) and, in particular, the divergence of a function v ∈ V 0

automatically vanishes at the vertices of K. This means that the image of V 0 under

the divergence operator is a strict proper subset of Q0:

divV 0 ⊆
{
q ∈ Pk−1(K) ∩ L2

0(K) : q(a) = 0 ∀a ∈ VK
}
( Q0
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since the value of q ∈ Q0 at corner vertices q(a), a ∈ VK , need not necessarily vanish.

Thus, the orthogonal complement

(divV 0)⊥ = {q ∈ Q0 : (q, div v) = 0 ∀v ∈ V 0}

is nonempty. In particular, there exists a nonzero q ∈ (divV 0)⊥, b(v, q) = 0 ∀v ∈

V 0, and so the inf-sup constant for the spaces V 0 ×Q0 is identically zero for all k.

4.3.1 Right Inverse of the Divergence Operator on a Single
Element

a1 a2

a3

γ1

γ2

γ3

t̂1
n̂1

t̂2

n̂2

t̂3

n̂3

K

(a)

â1

(0, 0)
â2

(1, 0)

(0, 1)
â3

γ̂1

γ̂2

γ̂3

t̂1 n̂1

t̂2

n̂2

t̂3

n̂3

T̂

(b)

Figure 4.5: Scheme for (a) general triangle K and (b) reference triangle T̂ .

Let K ∈ T be labeled as in Figure 4.5a with diameter hK and define local finite
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element spaces as follows:

V 0(K) := Pk(K) ∩H1
0(K)

Q0(K) :=
{
q ∈ Pk−1(K) ∩ L2

0(K) : q(a) = 0, a ∈ VK
}
.

The following analog of Theorem 4.3.1 holds in the case of a single element:

Theorem 4.3.4. Let q ∈ Q0(K). Then, there exists v ∈ V 0(K) satisfying div v = q

in K, and

h−1
K ‖v‖L2(K) + |v|H1(K) ≤ C‖q‖L2(K), (4.3.5)

where C is independent of k, hK, and q.

The proof of Theorem 4.3.4 is postponed until later in this section. However, an

immediate consequence of Theorem 4.3.4 is the following analogue of Corollary 4.3.2:

Corollary 4.3.5. The spaces V 0(K)×Q0(K) are uniformly inf-sup stable in k: For

all q ∈ Q0(K),

sup
0 6=v∈V 0(K)

b(v, q)

‖v‖H1(K)

≥ β0‖q‖L2(K) (4.3.6)

where β0 is independent of k, hK, and q.

In order to prove Theorem 4.3.4, we need the following result concerning the ex-

tension of certain polynomial vector fields on a reference element T̂ (see Figure 4.5b):
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Lemma 4.3.6. Let u ∈ Pk(T̂ ) : divu ∈ Q0(T̂ ). Then, there exists ψ ∈ Pk+1(T̂ )

such that

curlψ|∂T̂ = u|∂T̂ and ‖ψ‖H2(T̂ ) ≤ C‖u‖H1(T̂ ),

where C is independent of k and u.

Proof. The condition curlψ|∂T̂ = u|∂T̂ holds provided ψ = f and ∂nψ = g on ∂T̂ ,

where f and g are defined by

f(t) :=

∫ t

0

u · n̂ dS and g(t) := −u(t) · t̂,

and t is a parametrization of ∂T̂ . These functions satisfy the following compatibility

conditions:

1. Since
∫
∂T̂
u · n̂ dS =

∫
T̂

divu dx = 0 by hypothesis, f is continuous on ∂T̂ .

2. Since ∂tf = u · n̂ on ∂T̂ , we have

u = (u · t̂)t̂+ (u · n̂)n̂ = ∂tfn̂− gt̂ on ∂T̂ .

Hence ∂tfn̂− gt̂ is continuous at the element vertices since u ∈ Pk(T̂ ).
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3. Let fi and gi denote the restrictions of f and g to γ̂i. From 2. we have

[
∂ttfi+1(âi)t̂i+1 + ∂tgi+1(âi)n̂i+1

]
· t̂i+2 = ∂ti+1

u⊥(âi) · t̂i+2 = ∂ti+1
u(âi) · n̂i+2

(4.3.7)

and similarly,

[
∂ttfi+2(âi)t̂i+2 + ∂tgi+2(âi)n̂i+2

]
· t̂i+1 = ∂ti+2

u(âi) · n̂i+1. (4.3.8)

Since n̂i+1 and n̂i+2 are linearly independent, we may write

u = αi+1n̂i+1 + αi+2n̂i+2,

where the scalars αi+1, αi+2 can be determined by taking dot products with t̂i+1 an

t̂i+2, and simplifying to arrive at

u = (t̂i+1 · n̂i+2)−1
[
(u · t̂i+1)n̂i+2 − (u · t̂i+2)n̂i+1)

]
.

Thus, we have the identity

divu = (t̂i+1 · n̂i+2)−1
[
∂ti+1

u · n̂i+2 − ∂ti+2
u · n̂i+1

]
, (4.3.9)

and recalling that divu ∈ Q0(T̂ ), so that divu(âi) = 0, we have

∂ti+1
u(âi) · n̂i+2 − ∂ti+2

u(âi) · n̂i+1 = 0,
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which combined with (4.3.7) and (4.3.8) means that the compatibility condition

[
∂ttfi+1(âi)t̂i+1 + ∂tgi+1(âi)n̂i+1

]
· t̂i+2 =

[
∂ttfi+2(âi)t̂i+2 + ∂tgi+2(âi)n̂i+2

]
· t̂i+1

is satisfied.

Since f and g enjoy the above properties, Corollary 2.2.3 shows that there exists

a polynomial ψ ∈ Pk+1(T̂ ) satisfying ψ = f and ∂nψ = g on ∂T̂ and, in addition,

‖ψ‖H2(T̂ ) ≤ C
(
‖f‖L2(∂T̂ ) + ‖∂tfn̂− gt̂‖H1/2(∂T̂ )

)
.

Noting that ∂tfn̂− gt̂ = u on ∂T̂ and applying the trace theorem then gives

‖ψ‖H2(T̂ ) ≤ C
(
‖u · n̂‖L2(∂T̂ ) + ‖u‖H1/2(∂T̂ )

)
≤ C‖u‖H1(T̂ )

and the result follows.

A result similar to Lemma 4.3.6 is proved in [73, Theorem 3.1], but the extension

constructed therein need not satisfy the condition curlψ · t̂ = u · t̂ on ∂T̂ , and, as

such, is unsuitable for our current purposes. We now prove Theorem 4.3.4.

Proof of Theorem 4.3.4. We start with the case where K is the reference element T̂
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(see Figure 4.5b). Let q ∈ Q0(T̂ ) be given and define

v0(x) := −
∫
T̂

θ(y)Ly(q)(x) dy, x ∈ T̂ ,

where θ ∈ C∞c (T̂ ) is any smooth function with compact support on T̂ satisfying∫
T̂
θ dx = 1, and Ly : Pk−1(T̂ )→ Pk(T̂ ) is the Poincaré operator defined by

Ly(q)(x) := (x− y)

∫ 1

0

tq(y + t(x− y)) dt, x ∈ T̂ .

By [39, Corollary 3.4]

div v0 = q and ‖v0‖H1(T̂ ) ≤ C‖q‖L2(T̂ ). (4.3.10)

Clearly Ly(q) is a polynomial of degree k in x and, as a result, v0 ∈ V k
0(T̂ ), div v0 ∈

Qk
0(T̂ ) and, thanks to Lemma 4.3.6, there exists ψ ∈ Pk+1(T̂ ) such that

curlψ|∂T̂ = v0 and ‖ψ‖H2(T̂ ) ≤ C‖v0‖H1(T̂ ) ≤ C‖q‖L2(T̂ ).

Let v := v0 − curlψ ∈ Pk(T̂ ). Then, div v = div v0 = q and v|∂T̂ = (v0 −

curlψ)|∂T̂ = 0 so that v ∈ V 0(T̂ ), and

‖v‖H1(T̂ ) ≤ C‖v0‖H1(T̂ ) + ‖ψ‖H2(T̂ ) ≤ C‖q‖L2(T̂ ),

which completes the proof in the case of the reference element.
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We extend the result to a general triangle K via the Piola transformation as

follows. Let FK : T̂ → K be an affine, invertible, transformation such that FK(T̂ ) =

K and define q̂ : T̂ → R by q̂ := |DFK |q◦FK where |DFK | denotes the determinant

of the Jacobian of FK . Then, q̂ ∈ Q0(T̂ ), ‖q̂‖L2(T̂ ) ≤ ChK‖q‖L2(K), and (as above)

there exists v̂ ∈ V 0(T̂ ) satisfying

div v̂ = q̂ and ‖v̂‖H1(T̂ ) ≤ C‖q̂‖L2(T̂ ).

Now, let v := |DFK |−1 (DFK v̂) ◦ F−1
K be the Piola transform [29, p.59-60] of v̂ so

that

‖v‖L2(K) ≤ C‖v̂‖L2(T̂ ), |v|H1(K) ≤ Ch−1
K |v̂|H1(T̂ ),

and div v = |DFK |−1 div v̂ = |DFK |−1q̂ = q. Then,

h−1
K ‖v‖L2(K) + |v|H1(K) ≤ Ch−1

K ‖v̂‖H1(T̂ ) ≤ Ch−1
K ‖q̂‖L2(T̂ ) ≤ C‖q‖L2(K)

which gives the result claimed.

4.3.2 Extension to a Corner-Split Mesh

The next step towards proving Theorem 4.3.1 is to extend the single element result

Theorem 4.3.4 to a corner-split mesh. We begin with an auxiliary lemma which
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establishes the existence of a polynomial from V 0 with certain properties. The idea

stems from a similar construction used in the proof of [50, Lemma 3.1 and Lemma

3.3]; the construction presented below, while more intricate than the one presented

in [50], is shown to be uniformly bounded in the polynomial degree k:

Lemma 4.3.7. Suppose that T is corner-split and let q ∈ Q. Then, there exists

vh ∈ V satisfying

div vh(a) = q(a) ∀a ∈ V , (4.3.11a)∫
K

div vh dx =

∫
K

q dx ∀K ∈ T , (4.3.11b)

‖vh‖H1(Ω) ≤ Cξ(T )−1‖q‖L2(Ω), (4.3.11c)

where ξ(T ) is defined in (4.3.2), and C is independent of q, h and k. Moreover, if

q ∈ Q0, then there exists vh ∈ V 0 satisfying (4.3.11).

Proof. Let q ∈ Q. Then there exists w ∈ H1(Ω) such that divw = q and

‖w‖H1(Ω) ≤ C‖q‖L2(Ω). For instance, w may be constructed by extending q by

zero to a ball BR ⊃ Ω, for R sufficiently large, and taking w = ∇ψ where ψ ∈

H2(BR)∩H1
0 (BR) is the unique H1

0 (BR) solution to ∆ψ = q as in [12, §1]. If q ∈ Q0,

then we instead take w ∈H1
0(Ω) [55, Corollary 2.4].

Let wh be a continuous and piecewise linear function on the mesh T satisfying
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the conditions:

‖wh‖H1(Ω) ≤ C‖w‖H1(Ω), (4.3.12a)

h−1
K ‖w −wh‖L2(K) + h

−1/2
K ‖w −wh‖L2(∂K) ≤ C‖w‖H1(TK) ∀K ∈ T , (4.3.12b)

where C is independent of hK andw. In addition, if q ∈ Q0, so thatw ∈H1
0(Ω), then

we require wh ∈ H1
0(Ω). Various choices for wh are possible, e.g. the Scott-Zhang

interpolant [101] of w.

Let ψ ∈ V 0 be given by Theorem 4.5.3 and define v4 ∈ V 4 := {v ∈ V : v|K ∈

P4(Ω) ∀K ∈ T } by assigning the following values to the degrees of freedom for the

space V 4 listed in Lemma 4.2.2:

v4(a) = wh(a) ∀a ∈ V , (4.3.13a)

Dv4|K(a) = 0 ∀a ∈ VK , ∀K ∈ T , (4.3.13b)∫
γ

v4 · r dS =

∫
γ

(w −ψ) · r dS ∀r ∈ P0(γ), ∀γ ∈ E , (4.3.13c)∫
K

v4 · r dx =

∫
K

(w −ψ) · r dx ∀r ∈ P1(K), ∀K ∈ T . (4.3.13d)

Now, we take vh := v4 +ψ.

Observe that by (4.3.13b) and (4.5.18b), div vh(a) = divψ(a) = q(a), and thus,
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vh satisfies (4.3.11a). Furthermore, thanks to (4.3.13c),

∫
K

div vh dx =
∑
γ∈EK

∫
γ

vh · n̂γ dS =
∑
γ∈EK

∫
γ

w · n̂γ dS =

∫
K

divw dx =

∫
K

q dx

for all K ∈ T . Moreover, if q ∈ Q0, then w and wh ∈H1
0(Ω) and hence vh ∈ V 0.

It remains to establish continuity (4.3.11c). Now, let z := v4 −wh. Let K ∈ T

and ẑ = z ◦ FK . The degrees of freedom

Dαẑ(â), ∀â ∈ VT̂ , |α| ≤ 1,

∫
γ̂

ẑ · r dS ∀r ∈ P0(γ̂), ∀γ̂ ∈ ET̂ ,∫
T̂

ẑ · r dx ∀r ∈ P1(T̂ ),

are unisolvent on P4(T̂ ), and thanks to the equivalence of norms on P4(T̂ ), there

holds

‖ẑ‖2
H1(T̂ )

≈
∑
a∈VT̂

|∇ẑ(a)|2 +
∑
γ̂∈ET̂

∣∣∣∣∣∣∣∣ sup
r∈P0(γ̂)
‖r‖L2(γ̂)=1

∫
γ̂

ẑ · r dS

∣∣∣∣∣∣∣∣
2

+

∣∣∣∣∣∣∣∣ sup
r∈P1(T̂ )
‖r‖L2(T̂ )=1

∫
T̂

ẑ · r dx

∣∣∣∣∣∣∣∣
2

,

where we used that ẑ vanishes at the vertices of T̂ . Applying standard scaling

arguments, we bound the vertex contribution using [6, Lemma 6.1] applied to ∇ẑ:

∑
a∈VT̂

|∇ẑ(a)|2 =
∑
a∈VT̂

|∇(wh ◦ FK)(a)|2 ≤ C|wh ◦ FK |2H1(T̂ )
≤ C‖wh‖2

H1(K),

where C is independent of k because wh is a fixed degree polynomial. Similarly, we
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use edge the degrees of freedom (4.3.13c) to bound the edge contribution:

∑
γ̂∈ET̂

∣∣∣∣∣∣∣∣ sup
r∈P0(γ̂)
‖r‖L2(γ̂)=1

∫
γ̂

ẑ · r dS

∣∣∣∣∣∣∣∣
2

≤ Ch−2
K

∑
γ∈EK

∣∣∣∣∣∣∣∣ sup
r∈P0(γ)
‖r‖L2(γ)=1

∫
γ

z · r dS

∣∣∣∣∣∣∣∣
2

= Ch−1
K

∑
γ∈EK

∣∣∣∣∣∣∣∣ sup
r∈P0(γ)
‖r‖L2(γ)=1

∫
γ

(w −wh −ψ) · r dS

∣∣∣∣∣∣∣∣
2

≤ Ch−1
K

∑
γ∈EK

(
‖w −wh‖2

L2(γ) + ‖ψ‖2
L2(γ)

)
≤ C

(
h−1
K ‖w −wh‖2

L2(∂K) + ξ(T )−2‖q‖2
L2(TK)

)
,

where we used the trace theorem with scaling

h−1
K ‖ψ‖

2
L2(∂K) ≤ C

(
h−2
K ‖ψ‖

2
L2(K) + |ψ|2H1(K)

)

and (4.5.18c) in the final line. The interior contribution may be controlled using

analogous arguments:

∣∣∣∣∣∣∣∣ sup
r∈P1(T̂ )
‖r‖L2(T̂ )=1

∫
T̂

ẑ · r dx

∣∣∣∣∣∣∣∣
2

≤ Ch−2
K

(
‖w −wh‖2

L2(K) + ‖ψ‖2
L2(K)

)
.

Collecting results and using (4.3.12b) and (4.5.18c), we arrive at

h−2
K ‖z‖

2
L2(K) + |z|2H1(K) ≤ C

(
‖wh‖2

H1(K) + ‖w‖2
H1(TK) + ξ(T )−2‖q‖2

L2(TK)

)
.
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By the triangle inequality, (4.3.12a), and (4.5.18c),

‖v‖2
H1(Ω) ≤ C

∑
K∈T

(
‖wh‖2

H1(K) + ‖w‖2
H1(TK) + ξ(T )−2‖q‖2

L2(TK)

)
≤ C

(
‖w‖2

H1(Ω) + ξ(T )−2‖q‖2
L2(Ω)

)
.

(4.3.11c) now follows since ‖w‖H1(Ω) ≤ C‖q‖L2(Ω).

Finally, we are in a position to provide the proof of the main result:

Proof of Theorem 4.3.1. Let q ∈ Q and let vh ∈ V , with vh ∈ V 0 if q ∈ Q0, be

chosen as in Lemma 4.3.7. Define r := q − div vh so that, thanks to properties

(4.3.11),

• r vanishes at all the vertices:

r(a) = q(a)− div vh(a) = 0 ∀a ∈ V . (4.3.14)

• r has zero mean on each element:

∫
K

r dx =

∫
K

(q − div vh) dx = 0 ∀K ∈ T . (4.3.15)
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• there exists a constant C independent of h and k such that

‖r‖L2(Ω) ≤ Cξ(T )−1‖q‖L2(Ω). (4.3.16)

In view of (4.3.14) and (4.3.15), we may apply the single element result Theorem 4.3.4

on each element separately to give vK ∈ V 0(K), K ∈ T , satisfying

div vK = r|K and ‖vK‖H1(K) ≤ C‖r‖L2(K), (4.3.17)

where C is independent of h and k. Define v ∈ V by the rule

v|K = vh + vK ∀K ∈ T .

When q ∈ Q0, vh ∈ V 0, and so v ∈ V 0. On each element K ∈ T , we have

div v = div vh + div vK = div vh + q − div vh = q,

and combining (4.3.11), (4.3.16) and (4.3.17) gives

‖v‖2
H1(Ω) ≤ C

(
‖vh‖2

H1(Ω) +
∑
K∈T

‖vK‖2
H1(K)

)
≤ Cξ(T )−2‖q‖2

L2(Ω),

which completes the proof.
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4.4 Evaluation of Inf-Sup Constant

In this section, we explicitly compute the values of the inf-sup constant β for the

reference element spaces V 0(T̂ )×Q0(T̂ ), which played a crucial role in constructing

a right-continuous inverse of the divergence operator on a mesh in Section 4.3, and

for the multi-element spaces V 0×Q0 on a typical corner-split mesh. Corollaries 4.3.2

and 4.3.5 assert that in both cases β ≥ β0, β0 is independent of h and k. The inf-sup

constant β is given by the square root of the smallest eigenvalue of the following

generalized eigenvalue problem:

BA−1BTp = λCp,

where

Aij = (∇Φi,∇Φj), Bjl = b(Φl, ψj), Clm = (ψl, ψm),

and {Φi} and {ψl} are bases for the velocity and pressure spaces. Let Ω = [0, 1]2

to be the unit square (0, 1) × (0, 1) with the triangulation T shown in Figure 4.6a.

Figure 4.6b displays the computed values of β for 4 ≤ k ≤ 20. As expected, β is

uniformly bounded below as the polynomial degree is increased. We then perform

uniform refinements of the mesh T by subdividing each triangle into four congruent

subtriangles and compare the inf-sup constants for polynomial order k = 4, 6, 8 in

Figure 4.7. Again, β does not decay as the mesh is refined.
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Figure 4.6: (a) Domain Ω with mesh T and (b) inf-sup constants for the spaces
V 0(T̂ )×Q0(T̂ ) and V 0 ×Q0. Notice that β does not decay as k grows as predicted
by Corollaries 4.3.2 and 4.3.5.

4.5 Auxiliary Technical Results

Given q ∈ Q, we want to construct an interpolant ψ ∈ V satisfying

divψ|K(a) = q|K(a) ∀a ∈ VK , ∀K ∈ T , (4.5.1a)

‖ψ‖H1(Ω) ≤ C‖q‖L2(Ω), (4.5.1b)

where C is independent of h, k, and q. It suffices to construct ψa ∈ V , a ∈ V ,

satisfying

suppψa ⊆ Ta, ψa(b) = 0 ∀b ∈ V ,

Dψa(b) = 0 ∀b ∈ V \ {a}, divψa|K(a) = q|K(a) ∀K ∈ Ta,
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Figure 4.7: Values of the inf-sup constant β for k = 4, 6, 8 on uniform refinements of
the mesh in Figure 4.6a.

and

h−1
K ‖ψa‖L2(K) + |ψa|H1(K) ≤ C‖q‖L2(Ta) ∀K ∈ Ta,

where C is independent of h, k, and q, since then the function ψ :=
∑
a∈V ψa satisfies

(4.5.1).

We begin with a lemma concerning the existence of vertex functions that inter-

polate derivatives and possess appropriate decay properties in the polynomial order

k:

Lemma 4.5.1. Let K ∈ T , a ∈ VK, and FK : T̂ → K an invertible affine transfor-

mation be given. For every k ≥ 3 and pair of linearly independent unit vectors µ̂1,
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µ̂2, there exist φ
µ̂i
a ∈ Pk(K), i = 1, 2, such that

φµ̂ia (b) = 0 ∀b ∈ VK , (4.5.2a)

∂µjφ
µ̂i
a (b) = δijδab ∀b ∈ VK , j = 1, 2, (4.5.2b)

φµ̂ia |γa = 0, (4.5.2c)

‖φµ̂ia ◦ FK‖H1(T̂ ) ≤ Ck−2|µ̂1 · µ̂⊥2 |−1‖DFK‖L∞(T̂ ), (4.5.2d)

where γa ∈ EK is the edge opposite vertex a, and C is independent of K, a, FK, µ̂1,

µ̂2, and k. Moreover, if µ̂1 = ±t̂γ where a is a vertex of γ ∈ EK, then

φµ̂2
a |γ = 0. (4.5.3)

Similarly, if µ̂2 = ±t̂γ where a is a vertex of γ ∈ EK, then

φµ̂1
a |γ = 0. (4.5.4)

Proof. By Lemma 3.7.1, there exists Fk ∈ Pk(I) such that

Fk(−1) = Fk(1) = F ′k(1) = 0, F ′k(−1) = 1, and ‖Fk‖L2(I) ≤ Ck−3,

where I = (−1, 1) and C is independent of k. By interpolation, and the inverse es-

timate ‖F ′k‖L2(I) ≤ Ck2‖Fk‖L2(I) [25, Corollary 3.4], we obtain the following H
1/2
00 (I)
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bound for Fk:

‖Fk‖H1/2
00 (I)

≤ C‖Fk‖1/2

L2(I)‖Fk‖
1/2

H1(I) ≤ Ck−2. (4.5.5)

Define the function f ∈ L2(∂T̂ ), where T̂ is the reference element in Figure 4.5b, by

f1(s) = f2(s) = 0, f3(s) =
|γ̂3|
2
Fk

(
2s

|γ̂3|
− 1

)
,

where fi = f |γ̂i and s is the arc length parametrization of γ̂i oriented as in Figure 4.5b,

1 ≤ i ≤ 3. Since f is continuous at the vertices âj, 1 ≤ j ≤ 3, [13, Theorem 7.4]

asserts the existence of φ̂
(1,0)
1 ∈ Pk(T̂ ) such that

φ̂
(1,0)
1 |∂T̂ = f and ‖φ̂(1,0)

1 ‖H1(T̂ ) ≤ C‖f‖H1/2(∂T̂ ),

with C independent of k. Using that fi ∈ H1/2
00 (γi) and (4.5.5), we have

‖f‖H1/2(∂T̂ ) ≤ C
3∑
i=1

‖fi‖H1/2
00 (γi)

≤ C‖Fk‖H1/2
00 (I)

≤ Ck−2.

Using similar arguments, we construct φ̂
(0,1)
1 ∈ Pk(T̂ ) satisfying

φ̂
(0,1)
1 |γ̂1 = φ̂

(0,1)
1 |γ̂3 = 0, φ̂

(0,1)
1 |γ̂2(s) = −|γ̂2|

2
Fk

(
1− 2s

|γ̂2|

)

and ‖φ̂(0,1)
1 ‖H1(T̂ ) ≤ Ck−2. Thus, for |α| = 1,

‖φ̂α1‖H1(T̂ ) + k‖φ̂α1‖L2(∂T̂ ) ≤ Ck−2, (4.5.6)
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and it is simple to verify that for 1 ≤ j ≤ 3, there holds

Dβφ̂α1 (âj) = δ1jδαβ ∀|β| ≤ 1. (4.5.7)

Analogous arguments give the existence of φ̂αi ∈ Pk(T̂ ), i = 2, 3, |α| = 1 satisfying

(4.5.6) and (4.5.7) with “1” replaced by “i”.

We define φµ̂1
a

φ
µ̂2
a

 :=

[
µ̂1 µ̂2

]−1

DF T
K

φ̂(1,0)
i ◦ F−1

K

φ̂
(0,1)
i ◦ F−1

K

 , (4.5.8)

where a = FK(âi). A straightforward computation shows that φ
µ̂i
a , i = 1, 2, satisfy

(4.5.2a) to (4.5.2c). (4.5.2d) follows easily from (4.5.6) and (4.5.8) on noting that

∥∥∥∥∥
[
µ̂1 µ̂2

]−1
∥∥∥∥∥

2

≤
√

2|µ̂1 · µ̂⊥2 |−1,

where ‖ · ‖2 is the induced 2-norm.

We now examine φ
µ̂i
a |γ for γ ∈ EK with a a vertex of γ. On parameterizing γ by

t ∈ [−1, 1] so that t = −1 corresponds to a, we see that

φµ̂ia |γ(t) ∝ Fk(t), (4.5.9)

thanks to (4.5.8) and the construction of {φ̂αi }. If µ̂1 = ±t̂γ, then (4.5.3) follows
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from (4.5.9) and the condition ∂tγφ
µ̂2
a (a) = 0. Equation (4.5.4) follows from similar

arguments.

The next step is to construct a piecewise polynomial that is locally supported

and interpolates the divergence at a single vertex:

Lemma 4.5.2. Suppose that T is corner-split. Let q ∈ Q, k ≥ 4. For each a ∈ V,

there exists ψa ∈ V 0 satisfying the following properties:

suppψa|K′ ⊆ Ta, (4.5.10a)

ψa(b) = 0 ∀b ∈ V , (4.5.10b)

Dψa(b) = 0 ∀b ∈ V \ {a}, (4.5.10c)

and for K ∈ Ta, there holds

divψa|K(a) = q|K(a) (4.5.11a)

h−1
K ‖ψa‖L2(K) + |ψa|H1(K) ≤ Cξ(T )−1‖q‖L2(Ta), (4.5.11b)

where ξ(T ) is defined in (4.3.2) and C depends only on Ω and the shape regularity

parameter.

Proof. Let q ∈ Q and a ∈ V be given. (a) Assume first that a ∈ VI . Let φê1
a , φ

ê2
a ∈

Pk(K) be given by Lemma 4.5.1 with µ̂1 = ê1, µ̂2 = ê2, where {ê1, ê2} is the

standard basis for R2. Define ψa by assigning derivative values ∂xψa(a) · ê1 =
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∂yψa(a) · ê2 = 1
2
q(a):

ψa =


1
2
q(a)

[
φê1
a ê1 + φê2

a ê2

]
on K ∈ Ta,

0 otherwise.

(4.5.12)

By (4.5.2b),

divψa|K(a) = ∂xφ
ê1
a (a) + ∂yφ

ê2
a (a) = q(a) ∀K ∈ Ta,

and so ψa satisfies (4.5.11a). Additionally, (4.5.2a) to (4.5.2c), (4.5.3) and (4.5.4)

means that ψa ∈ V 0 and satisfies (4.5.10a) to (4.5.10c).

We now show that ψa given by (4.5.12) depends continuously on q (4.5.11b). Let

K ∈ Ta and define ψ̂a = ψa ◦ FK . By (4.5.2d),

‖ψ̂a‖H1(T̂ ) ≤ C|q(a)|
∑
j=1,2

‖φêja ◦ FK‖H1(T̂ ) ≤ Ck−2‖DFKl‖L∞(T̂ )|q(a)|.

By [6, Lemma 6.1], there holds

k−2|q|K(a)| = k−2|(q|K ◦ FK)(â)| ≤ C‖q ◦ FK‖L2(T̂ ) ≤ Ch−1
K ‖q‖L2(K) ∀K ∈ Ta,

where â := F−1
K (a). By shape regularity, ‖DFK‖L∞(T̂ ) ≤ ChK , and thus,

h−1
K ‖ψa‖L2(K) + |ψa|H1(K) ≤ C‖ψ̂a‖H1(T̂ ) ≤ C‖q‖L2(K),
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with C independent of k and hK . Equation (4.5.11b) now follows on noting that

0 < ξ(T ) ≤ 1.

(b) Now consider the case a ∈ VB. Let φn̂a , φ
t̂
a ∈ Pk(K) be given by Lemma 4.5.1

with µ̂1 = n̂, µ̂2 = t̂ the unit outward normal and unit tangent vectors to Γ at a.

Define ψa by assigning derivative values ∂tψa(a) = 0 and ∂nψa(a) = q(a)n̂:

ψa =


q(a)φn̂an̂ on K ∈ Ta,

0 otherwise.

(4.5.13)

By (4.5.2b),

divψa|K(a) = ∂tψa|K(a) · t̂+ ∂nψa|K(a) · n̂ = q(a)∂nφ
n̂
a(a) = q(a),

and so ψa satisfies (4.5.11a). The remaining properties (4.5.10a) to (4.5.10c) and

(4.5.11b) follow similar arguments to the previous case on noting that ψa|Γ = 0 by

the choice µ̂2 = t̂ and (4.5.4).

(c) Finally, consider the case a ∈ VC . Orient the elements as in Figure 4.1 and
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let αi := q|Ki(a), 0 ≤ i ≤ m := |Ta| − 1. We define the vectors {di}m+1
i=0 as follows:

d0 = dm+1 = 0, (4.5.14a)

di = (αi−1 − di−1 · t̂i−1)t̂i, 1 ≤ i ≤ s− 1,

(4.5.14b)

di = (αi − di+1 · t̂i+1)t̂i, s+ 1 ≤ i ≤ m,

(4.5.14c)

ds =
sin θsαs + ds+1 · n̂s

sin(θs−1 + θs)
t̂s−1 +

(sin θs−1)αs−1 − ds−1 · n̂s
(sin(θs−1) + θs)

t̂s+1, (4.5.14d)

where s := arg max1≤i≤m−1 | sin(θi−1 +θi)|. Since T is corner-split, ds, and thus {di},

are well-defined. A simple computation reveals that

q|Ki(a) = αi = csc θi [di · n̂i+1 − di+1 · n̂i] , 0 ≤ l ≤ m, (4.5.15)

with the estimate

|di| ≤ Cξ(a)−1

m∑
i=0

|q|Ki(a)|, (4.5.16)

where ξ(a) is defined in (4.3.1).

For each Ki ∈ Ta, let φt̂ia , φ
t̂i+1
a ∈ Pk(Ki) be given by Lemma 4.5.1 with µ̂1 = t̂i,
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µ̂2 = t̂i+1. Define ψa by assigning tangential derivative values ∂tiψa|Ki(a) = di:

ψa =


φt̂iadi + φ

t̂i+1
a di+1 on Ki ∈ Ta,

0 otherwise,

(4.5.17)

where. By construction, ∂tiψa|Ki(a) = di, and so ψa satisfies (4.5.11a) by the

identity (4.3.9) and (4.5.15). Additionally, (4.5.2a) to (4.5.2c), (4.5.3) and (4.5.4)

means that ψa ∈ V and satisfies (4.5.10a) to (4.5.10c). Since d0 = dm+1 = 0,

ψa = 0 on Γ by properties (4.5.3), (4.5.4) and (4.5.10a), and so ψa ∈ V 0.

Finally, we show that ψa given by (4.5.17) depends continuously on q (4.5.11b).

Let K ∈ Ta. Using the estimate (4.5.16) and arguing similarly as above, we obtain

h−2
K ‖ψa‖

2
L2(K) + |ψa|2H1(K) ≤ Cξ(a)−2h2

K

m∑
i=0

h−2
Ki
‖q‖2

L2(Ki)
,

where we used shape regularity to uniformly bound |t̂i · t̂
⊥
i+1|−1 = csc θi. Again

using shape regularity, hKi ≈ hK and so (4.5.11b) follows on noting that ξ(a)−1 ≤

ξ(T )−1.

We now obtain the existence of the interpolant ψ summing the individual vertex

contributions ψa:

Theorem 4.5.3. Suppose that T is corner-split and let q ∈ Q, k ≥ 4. The function
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ψ ∈ V 0 defined by the rule

ψ :=
∑
a∈V

ψa,

where ψa are given in Lemma 4.5.2, satisfies the following properties:

ψ(a) = 0 ∀a ∈ V , (4.5.18a)

divψ|K(a) = q|K(a) ∀a ∈ VK , K ∈ T , (4.5.18b)

h−2
K ‖ψ‖

2
L2(K) + |ψ|2H1(K) ≤ Cξ(T )−2‖q‖2

L2(TK) ∀K ∈ T , (4.5.18c)

where ξ(T ) is defined in (4.3.2) and C is independent of h, k, and q.

4.6 Mixed Boundary Conditions

We now outline how to modify the finite element spaces in the presence of more

general boundary conditions. Let {Ai} be the W vertices of the domain Ω, and let

{Γi} be the open edge connecting vertices Ai and Ai+1, 1 ≤ i ≤ W , as illustrated in

Figure 4.8. The boundary Γ = ∂Ω is partitioned into subsets ΓD and ΓN as follows:

ΓD =
⋃
i∈D

Γi and ΓN =
⋃
i∈N

Γi
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for disjoint indexing sets D,N ⊆ {1, . . . ,W} with D 6= ∅ and N 6= ∅. We consider

boundary conditions of the form

u = 0 on ΓD and ν∂nu− pn̂ = 0 on ΓN ,

where vertices are located where there is a change in boundary condition type (see

e.g. A2 in Figure 4.8). The corresponding variational form of the Stokes equations

is then:

a(u,v) + b(v, p) = (f ,v) ∀v ∈H1
D(Ω),

b(u, q) = 0 ∀q ∈ L2(Ω),

where H1
D(Ω) := {u ∈H1(Ω) : u|ΓD = 0}.

A1 A2

A3

A4

A5A6

A8

A9

A7

Γ1 Γ2

Γ3

Γ4

Γ5

Γ6Γ7

Γ8

Γ9

Ω

Figure 4.8: Example domain Ω and boundary partition D = {1, 4, 5, 9} and N =
{2, 3, 6, 7, 8}.
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Let {Γ(j)
D }Jj=1 denote the connected components of ΓD and define

H2
D(Ω) := {φ ∈ H2(Ω) : φ|

Γ
(1)
D

= 0, φ|
Γ

(j)
D

is constant, 2 ≤ j ≤ J, and ∂nφ|ΓD = 0}.

A simple calculation reveals that curlH2
D(Ω) ⊂H1

D(Ω). In fact, we have the follow-

ing exact sequence property:

Lemma 4.6.1. The sequence

0
⊂−−−−→ H2

D(Ω)
curl−−−−−→H1

D(Ω)
div−−−−→ L2(Ω) −−−→ 0, (4.6.1)

is exact.

Proof. (i) If φ ∈ H2
D(Ω) and curlφ = 0, then φ is constant in Ω. The condition

φ|
Γ

(1)
D

= 0 then means that φ ≡ 0.

(ii) Let u ∈ H1
D(Ω) be divergence free. By the exactness of (4.1.4), there exists

ψ ∈ H2(Ω) such that curlψ = u. Since curlψ|ΓD = 0, ∇ψ|ΓD = 0. As a result,

ψ ∈ {φ ∈ H2(Ω) : φ|
Γ

(j)
D

is constant, 1 ≤ j ≤ J, and ∂nφ|ΓD = 0},

and so φ = ψ − ψ|
Γ

(1)
D

satisfies φ ∈ H2
D(Ω) with curlφ = curlψ = u.

(iii) By [79, Lemma 11.1.1], divH1
D(Ω) = L2(Ω).
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The finite element spaces Σ, V , Q are defined as above (4.2.1), where corner

vertices now also include vertices of the domain where boundary conditions change

type. The corresponding spaces satisfying homogeneous mixed boundary conditions

are defined by:

ΣD := Σ ∩H2
D(Ω), V D := V ∩H1

D(Ω), and QD := Q. (4.6.2)

To count the dimension of these spaces, we partition the boundary edges and vertices

further. Let EB := E \ EI be partitioned into EDB consisting of all element edges

coinciding with ΓD and ENB the remaining boundary edges. Similarly, let VDC ⊂ VC

denote the corner vertices with both boundary edges coinciding with ΓD, VDNC the

corner vertices where boundary conditions change type, and VNC the remaining corner

vertices. The set VB is analogously partitioned into VDB and VNB . The quantities ED
B ,

V D
C , etc. as defined analogously as in Section 4.2. We then have the following result:

Lemma 4.6.2. The dimension of the mixed boundary condition spaces is as follows:

dimV D = dimV − 2[(k − 3)ED
B + 2V D

B + 3V D
C + 2V DN

C ], (4.6.3)

dim ΣD = dim Σ− [(2k − 7)ED
B + 5V D

B + 7V D
C − |VSC ∩ VDC |+ 5V DN

C ] + J − 1

(4.6.4)

Proof. Let v ∈ V D. The same arguments as in the proof of Lemma 4.2.4 hold for

γ ∈ EDB , a ∈ VDB , and a ∈ VDC . For a ∈ VDNC , v(a) = 0 and ∂tγv|γ(a) = 0 for

γ ∈ Ea ∩ EDB . Equation (4.6.3) now follows.
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Let Σ̃D := {φ ∈ Σ : φ|ΓD = ∂nφ|ΓD = 0} and φ ∈ Σ̃D. Again, the same arguments

as in the proof of Lemma 4.2.4 hold for γ ∈ EDB , a ∈ VDB , and a ∈ VDC . For a ∈ VDNC ,

φ(a) = 0, ∇φ(a) = 0, and ∂tγtγφ|γ(a) = ∂tγnγφ|γ(a) = 0. Thus,

dim Σ̃D = dim Σ− [(2k − 7)ED
B + 5V D

B + 7V D
C − |VSC ∩ VDC |+ 5V DN

C ].

Clearly ΣD has an additional J − 1 degrees of freedom for the value of φ|
Γ

(j)
D

, 2 ≤

j ≤ J , and so (4.6.4) follows.

The analogue of Theorem 4.2.6 is the following:

Theorem 4.6.3. The sequence

0
⊂−−−−→ ΣD

curl−−−−−→ V D
div−−−−→ Q −−−→ 0 (4.6.5)

is exact if and only if the mesh is corner-split at Dirichlet vertices, i.e. |VSC∩VDC | = 0.

Proof. Arguing as in Section 4.2.2, the sequence (4.6.5) is exact if and only if

dim ΣD + dimQ− dimV D = 0.

Using Lemmas 4.2.5 and 4.6.2 gives

dim ΣD + dimQ− dimV D = ED
B − V D

B − V D
C − V DN

C + J + |VSC ∩ VDC |
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Moreover,

ED
B =

J∑
j=1

|EDB ∩ Γ
(j)
D | =

J∑
j=1

{|(VDB ∪ VDC ∪ VDNC ) ∩ Γ̄
(j)
D | − 1} = V D

B + V D
C + VDNC − J,

where we used Euler’s identity on each connected component Γ
(j)
D in the second step:

|EDB ∩ Γ
(j)
D | = |V ∩ Γ̄

(j)
D | − 1. Consequently, there holds

dim ΣD + dimQ− dimV D = |VSC ∩ VDC |,

which completes the proof.

The results of [8] may be used to pick the vectors {di} for vertices a ∈ VDNC ∪

VNC ∪ VNB in the construction of ψa in Lemma 4.5.2 to obtain the following:

Lemma 4.6.4. Suppose that T is corner-split at Dirichlet vertices. Let q ∈ Q,

k ≥ 4. For each a ∈ V, there exists ψa ∈ V D satisfying the following properties:

suppψa|K′ ⊆ Ta,

ψa(b) = 0 ∀b ∈ V ,

Dψa(b) = 0 ∀b ∈ V \ {a},
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and for K ∈ Ta, there holds

divψa|K(a) = q|K(a)

h−1
K ‖ψa‖L2(K) + |ψa|H1(K) ≤ CξD(T )−1‖q‖L2(Ta),

where ξD(T ) := mina∈VDC ξ(a) and C depends only on Ω and the shape regularity

parameter.

A continuous right inverse of the divergence operator and uniform inf-sup stability

of the spaces V D ×Q may then be established using exactly the same arguments as

in Section 4.3.

The method may also be extended to the case where conditions are imposed on

u · t̂ and u · n̂ separately and to the symmetric gradient bilinear form ν(ε(u), ε(v)).

We refer to [8] for the details in the more general case of the Scott-Vogelius elements,

where uniform in h and k stability estimates are established.



Chapter Five

Mass Conserving Mixed hp-FEM

Approximations to Stokes Flow.

Part II: Optimal Convergence
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5.1 Introduction

This chapter is the second part in a series discussing a mass conserving, high order,

mixed finite element method for Stokes flow on a simply connected polygon Ω (4.1.2).

Problem (4.1.2) is approximated using mixed, high order, finite elements as follows:

Find (uhk, phk) ∈ V 0 ×Q0 such that

a(uhk,v) + b(v, phk) = (f ,v) ∀v ∈ V 0, (5.1.1a)

b(uhk, q) = 0 ∀q ∈ Q0, (5.1.1b)

where the finite element spaces are chosen for k ≥ 4 as in the previous chapter

(4.2.16). In addition, we assume that the mesh T is corner-split which, roughly

speaking, means that every element K ∈ T has at most one edge lying on the

domain boundary Γ; for a precise definition, see Section 4.2.2.

One of the main results shown in Chapter 4 is that these elements are uniformly

inf-sup stable in the mesh size h and polynomial order k if the mesh T is corner-split.

Theorem 5.1.1 (Corollary 4.3.2). If the mesh T is corner-split, then there exists a

positive constant β independent of both h and k such that

sup
06=v∈V 0

b(v, q)

‖v‖H1(Ω)

≥ β‖q‖L2(Ω) ∀q ∈ Q0. (5.1.2)

Strictly speaking, Corollary 4.3.2 shows that β depends on the mesh-dependent quan-
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tity ξ(T ) defined in (4.3.2), but is nevertheless bounded independently of the mesh

size h and the polynomial degree k. In the current work, we establish optimal error

estimates for the hp-finite element approximation to (4.1.3).

We begin with the error in the velocity. In particular, the exactness of the

following sequence [55]

0
⊂−−−−→ H2

0 (Ω)
curl−−−−−→H1

0(Ω)
div−−−−→ L2

0(Ω) −−−→ 0, (5.1.3)

means that, since the velocity u ∈ H1
0(Ω), then q = divu ∈ L2

0(Ω). As a con-

sequence, (4.1.3b) implies ‖ divu‖2 = 0 or divu ≡ 0. Using the exactness of the

sequence (5.1.3) again then gives u = curlφ for some φ ∈ H2
0 (Ω). Taking v = curlψ

in (4.1.3a) leads to the standard stream-function formulation of the Stokes equations

[55, Theorem 5.5]:

(f , curlψ) = ν(∇ curlφ,∇ curlψ) = ν(D2φ,D2ψ) = ν(∆φ,∆ψ) ∀ψ ∈ H2
0 (Ω),

(5.1.4)

thanks to the identity (D2φ,D2ψ) = (∆φ,∆ψ) for φ, ψ ∈ H2
0 (Ω). As shown in the

previous chapter Theorem 4.2.6 and in [50, p.1315-1316], the finite element spaces

(4.2.16) satisfy a discrete analogue of (5.1.3) provided that the mesh T is corner-split:

0
⊂−−−−→ Σ0

curl−−−−−→ V 0
div−−−−→ Q0 −−−→ 0. (5.1.5)

The same argument that lead to (5.1.4) can be carried out at the discrete level to
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conclude that the resulting approximation (5.1.1) will be pointwise mass conserving;

i.e., divuhk ≡ 0 in Ω, and uhk = curlφhk where φhk ∈ Σ0 is the Σ0 finite element

approximation of φ:

ν(∆φhk,∆ψ) = (f , curlψ) ∀ψ ∈ Σ0.

A standard application of Céa’s Lemma [38, Theorem 2.4.1] gives following error

estimate:

‖u− uhk‖H1(Ω) = ‖ curl(φ− φhk)‖H1(Ω) ≤
√

2‖φ− φhk‖H2(Ω) ≤ C inf
ψ∈Σ0

|φ− ψ|H2(Ω),

where C is a constant that depends only on the diameter of the domain Ω which

shows that the accuracy of the velocity approximation in H1
0(Ω) using the space V 0

is in fact dictated by the approximation properties of Σ0 in H2
0 (Ω) and is independent

of the error of the pressure approximation and the viscosity ν [66].

We now turn to the error in the pressure. A consequence of the inf-sup condition

(5.1.2) is the well known result [66, Lemma 4.4]

β‖PQp− phk‖L2(Ω) ≤ sup
0 6=v∈V 0

b(v, PQp− phk)
‖v‖H1(Ω)

≤ ν|u− uhk|H1(Ω),

where PQ : L2
0(Ω)→ Q0 is the L2

0(Ω) projection of p onto Q0. Employing the triangle
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inequality and properties of a projection gives

‖p− phk‖L2(Ω) ≤ ‖p− PQp‖L2(Ω) +
ν

β
|u− uhk|H1(Ω)

≤ inf
q∈Q0

‖p− q‖L2(Ω) +
ν

β
|u− uhk|H1(Ω).

Crucial here is that the discrete inf-sup constant β is independent of h and k, which

means that, together with the above discussion, we obtain the following quasi-optimal

error estimate:

Lemma 5.1.2. If the mesh T is corner-split, then the finite element approximation

(uhk, phk) to the Stokes problem (5.1.1) satisfies

‖u− uhk‖H1(Ω) ≤ C inf
ψ∈Σ0

‖φ− ψ‖H2(Ω), (5.1.6)

where φ ∈ H2
0 (Ω) : curlφ = u, and

‖p− phk‖L2(Ω) ≤ inf
q∈Q0

‖p− q‖L2(Ω) +
ν

β
|u− uhk|H1(Ω) (5.1.7)

with C depending only on the diameter of Ω.

The error estimates (5.1.6) and (5.1.7) reveal two important properties of the

particular choices of V 0 and Q0. First, the error in the velocity approximation is

independent of the error in the pressure approximation, and the constant C in (5.1.6)

is independent of the viscosity ν. Second, the error estimate for the pressure (5.1.7)

is quasi-optimal in h and k – the constants are independent of h and k since the
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inf-sup constant β is uniformly bounded below thanks to Theorem 5.1.1.

To obtain estimates for the convergence rate, we derive approximation properties

of the spaces Σ0 and Q0 for two classes of functions: (1) functions with general

Sobolev regularity, for which we establish algebraic convergence rates using locally

quasi-uniform meshes and (2) functions exhibiting the usual singularities at corners

of the polygonal domain Ω, which belong to countably normed (weighted) spaces for

which we obtain exponential convergence using geometrically graded meshes. Some

approximation properties for the (slightly) smoother subspaces

Σ̃0 := {φ ∈ Σ0 : φ is C2 at all vertices} and Q̃0 := {q ∈ Q0 : q is C0 at all vertices}

are already known in the literature. The algebraic convergence of p-version methods

using the finite element space Σ̃0 for variational problems posed in H2
0 (Ω) was first

shown in [68] and later improved in [106] in the setting of finite element approxi-

mation of general 2m-th order elliptic equations. However, the approximation result

[106, Theorem 4.1] only applies in the case that the true solution belongs to Hs(Ω)

for some s > 7
2
, whereas standard arguments only establish the existence of a solution

in Hs(Ω) for some s > 2 in general. We augment the existing approximation theory

for the space Σ̃0 by requiring only minimal regularity s > 2 (rather than s > 7
2

as in

[106]) and exhibiting the dependence on the mesh size explicitly. Exponential con-

vergence of hp-methods for general 2m-th order elliptic equations was proved in [57].

In particular, the results in [57] imply exponential convergence of approximations

in Σ0 to solutions belonging to countably normed spaces using geometrically graded
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meshes. However, hp-estimates of algebraic or exponential type have yet to be es-

tablished for the space Q0. We develop the hp-approximation theory for the space

Q0 in both Sobolev spaces, which leads to algebraic convergence, and in countably

normed spaces, which leads to exponential convergence using geometrically graded

meshes. In fact, we will actually construct optimal Sobolev space approximations in

Q̃0, which clearly implies optimal approximation properties of the space Q0.

The remainder for the paper is organized as follows. In Section 5.2, we for-

mally state the main assumptions and results. In Section 5.3, we introduce two key

results used to establish optimal algebraic hp-error estimates. We build L2
0(Ω) ap-

proximations in Q̃0 in Section 5.4 and H2
0 (Ω) approximations in Σ̃0 in Section 5.5. In

Section 5.6, we state and prove auxiliary lemmas needed to show exponential conver-

gence on geometrically graded meshes for singular solutions belonging to particular

countably normed spaces. Finally, in Section 5.7, we present two numerical examples

to showcase the power of the method: Moffatt eddies in a wedge and parabolic flow

in a T-shaped cavity.

5.2 Assumptions and Statement of Main Results

We continue to use the same notation for mesh entities as in previous chapters. Given

an edge γ ∈ E , let Tγ denote the elements with γ as an edge; i.e., Tγ := {K ∈ T :

γ ∈ EK}. We recall that shape regularity (3.2.3) implies that hK ≈ hL for L ∈ TK
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where the equivalence constants depend only on κ. For a positive real number s ≥ 0

and subset ω ⊆ Ω, let ‖Dsu‖H0(ω) := |u|Hs(ω).

5.2.1 Approximation in Sobolev Spaces

The first set of results deals with the approximation of functions known only to

belong to a Sobolev space Hs(Ω) for some s > 0. In the absence of any addi-

tional information on the nature of the solution, the mesh is assumed to be locally

quasi-uniform with no specific local refinements. The following theorem, proved in

Section 5.4 and Section 5.5, establishes the existence of global approximations with

optimal local approximation power:

Theorem 5.2.1. Let φ ∈ Hs+1(Ω)∩H2
0 (Ω) and q ∈ Hs−1(Ω)∩L2

0(Ω), s > 1. Then,

there exists φhk ∈ Σ̃0 and qhk ∈ Q̃0 such that

‖φ− φhk‖H2(K) ≤ Ch
min(k,s−1)
K k−(s−1)‖Dm+1φ‖Hs−m(TK) ∀K ∈ T , (5.2.1)

and

‖q − qhk‖L2(K) ≤ Ch
min(k,s−1)
K k−(s−1)‖Dm−1q‖Hs−m(TK) ∀K ∈ T , (5.2.2)

where m = min(k + 1, s) and C depends only on s, Ω, and the shape regularity

parameter κ.
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As an immediate consequence of the approximation result Theorem 5.2.1, we ob-

tain the following optimal a priori error estimate for the finite element approximation

of the Stokes problem:

Theorem 5.2.2. Suppose that the solution to (4.1.3) satisfies u ∈ Hs(Ω) ∩H1
0(Ω)

and p ∈ Hs−1(Ω) ∩ L2
0(Ω) for some s > 1, and let (uhk, phk) be the finite element

approximation defined by (5.1.1). If the mesh T is corner-split, then

‖u− uhk‖2
H1(Ω) ≤ C

∑
K∈T

h
2 min(k,s−1)
K k−2(s−1)‖Dmu‖2

Hs−m(TK) (5.2.3a)

‖p− phk‖2
L2(Ω) ≤ C

(∑
K∈T

h
2 min(k,s−1)
K k−2(s−1)‖Dm−1p‖2

Hs−m(TK) (5.2.3b)

+ ν2
∑
K∈T

h
2 min(k,s−1)
K k−2(s−1)‖Dmu‖2

Hs−m(TK)

)
,

where m = min(k + 1, s) and C is independent of h, k, ν, u, and p.

Proof. Recall that u = curlφ for some φ ∈ H2
0 (Ω), and so Dm+1φ = Dmu⊥ where

m = min(k + 1, s). By Poincaré’s inequality,

‖φ‖Hs+1(Ω) ≤ C‖D2φ‖Hs−1(Ω) = C‖Du⊥‖Hs−1(Ω) <∞,



170

where C depends only on the domain Ω. Applying (5.1.6) and (5.2.1), we have

‖u− uhk‖2
H1(Ω) ≤ C

∑
K∈T

h
2 min(k,s−1)
K k−2(s−1)‖Dm+1φ‖2

Hs−m(TK)

≤ C
∑
K∈T

h
2 min(k,s−1)
K k−2(s−1)‖Dmu‖2

Hs−m(TK),

which gives (5.2.3a). In a similar vein, (5.2.3b) follows from (5.1.7), (5.2.2) and (5.2.3a)

since the inf-sup constant β is independent of h and k by Theorem 5.1.1.

The approximation properties established in Theorem 5.2.1 also give the following

result for finite element approximations of variational problems posed in H2
0 (Ω) using

the space Σ̃0:

Theorem 5.2.3. Suppose that φ ∈ Hs+1(Ω) ∩H2
0 (Ω), s > 1, is the unique solution

to the following problem: Find φ ∈ H2
0 (Ω) such that

c(φ, ψ) = L(ψ) ∀ψ ∈ H2
0 (Ω),

where c(·, ·) : H2
0 (Ω) × H2

0 (Ω) → R is a coercive and continuous bilinear form on

H2
0 (Ω) and L : H2

0 (Ω) → R is a continuous linear functional. Then, the finite

element approximation φhk ∈ Σ̃0 defined by

c(φhk, ψ) = L(ψ) ∀ψ ∈ Σ̃0
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satisfies

‖φ− φhk‖2
H2(Ω) ≤ C

∑
K∈T

h
2 min(k,s−1)
K k−2(s−1)‖Dm+1φ‖2

Hs−m(TK),

where m = min(k + 1, s) and C depends only on s, Ω, and the shape regularity

parameter κ.

Theorem 5.2.3 augments the previous best known result in [106, Theorem 4.1] by

requiring only minimal regularity s > 2 (rather than s > 7
2

as in [106]) and exhibiting

the dependence on the mesh size explicitly.

5.2.2 Approximation in Countably Normed Spaces Bmδ (Ω)

The second set of results deals with exponential convergence of singular solutions

on geometrically graded meshes. The appropriate spaces in which to work are now

the countably normed spaces Bm
δ (Ω) defined, for instance, as in [60, §2] in which

δ counterbalances the usual algebraic singularities that appear in the neighborhood

of vertices of the domain. In particular, by [60, Remark 5.9] if the body force is

analytic, f ∈ B0
δ(Ω), for some 0 < δ < 1 , then the solution to the Stokes problem

(4.1.3) satisfies u ∈ B2
δ(Ω)∩H1

0(Ω) and p ∈ B1
δ(Ω)∩L2

0(Ω). It is easy to see that the

associated stream function φ ∈ B3
δ(Ω) ∩H2

0 (Ω). We emphasize that the presence of

weights in the definitions of the spaces Bm
δ (Ω) means that p, u, and φ may have the

usual singular behavior at the corners of the domain Ω. Nevertheless, Corollary 5.2.5
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shows that the finite element approximation to (5.1.1) on properly chosen geometric

meshes converges exponentially fast in terms of total number of degrees of freedom.

Let {T n,σ : n ∈ N0}, denote a sequence of geometrically graded meshes where

n ∈ N0 denotes the number of layers and σ ∈ (0, 1) is the mesh grading factor as in

[57, §5]. The associated finite element spaces on these meshes are given by

Σn
0 := {φ ∈ C1(Ω̄) : φ|K ∈ P2n+5(K), ∀K ∈ T n,σ,

φ is C2 at noncorner vertices} ∩H2
0 (Ω),

V n
0 := {v ∈ C(Ω̄) : v|K ∈ P2n+4(K), ∀K ∈ T n,σ,

v is C1 at noncorner vertices} ∩H1
0(Ω),

Qn
0 := {q ∈ L2(Ω) : q|K ∈ P2n+3(K), ∀K ∈ T n,σ,

q is C0 at noncorner vertices} ∩ L2
0(Ω),

We have the following theorem:

Theorem 5.2.4. Suppose ψ ∈ B3
δ(Ω) and q ∈ B1

δ(Ω). Then, there exist ψn ∈ Σn
0 and

qn ∈ Qn
0 such that

‖ψ − ψn‖H2(Ω) ≤ C exp(−bN1/3
Σ ), (5.2.4a)

‖q − qn‖L2(Ω) ≤ C exp(−bN1/3
Q ), (5.2.4b)

where NΣ = dim Σn
0 , NQ = dimQn

0 , and C and b are independent of n.
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Proof. (5.2.4a) is a special case of [57, Theorem 5.1] choosing m = 2 and using

a uniform degree vector. Theorem 5.6.7 along with standard arguments e.g. [57,

Theorem 5.1], gives the existence of a function

rn ∈ {q ∈ L2(Ω) : q|K ∈ P2n+3(K), ∀K ∈ T n,σ, q is C0 at noncorner vertices}

satisfying ‖q − rn‖L2(Ω) ≤ C exp(−bN1/3
Q ). Although rn /∈ L2

0(Ω) in general, defining

qn ∈ L2
0(Ω) by

qn = rn −
1

|Ω|

∫
Ω

rn dx

and then noting

qn = rn −
1

|Ω|

∫
Ω

(q − rn) dx

followed by applying the Cauchy-Schwarz inequality gives (5.2.4b).

Observing dimQn
0 ≈ dimV n

0 ≈ dim Σn
0 , we have the following corollary:

Corollary 5.2.5. Suppose (u, p) ∈ B2
δ(Ω) ∩H1

0(Ω) × B1
δ(Ω) ∩ L2

0(Ω), 0 < β < 1,

solves the Stokes problem (4.1.3). If the mesh T n,σ is corner-split, then the finite

element approximation (un, pn) ∈ V n
0 ×Qn

0 to (5.1.1) satisfies

‖u− un‖H1(Ω) + ‖p− pn‖L2(Ω) ≤ C exp(−bN1/3) (5.2.5)
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where N = dimV n
0 + dimQn

0 , and C and b are positive constants independent of n.

5.3 Notation and Preliminaries for Q̃0 and Σ̃0 Con-

structions

While the proofs of (5.2.1) and (5.2.2) each follow the same general approach found in

[16, 17, 106], the details of the actual construction differ. The first step is to construct

a (discontinuous) polynomial approximation having optimal approximation power on

each element. The following result, taken from [106, Lemma 3.1], provides a useful

starting point:

Lemma 5.3.1 (Lemma 3.1 [106]). There exists a family of operators Π̂k, k = 1, 2, . . .,

Π̂k : Hs(T̂ ) → Pk(T̂ ) such that for any u ∈ Hs(T̂ ), s ≥ 0, the following estimates

hold where, in each case, C is independent of u and k:

1. for 0 ≤ l ≤ s,

∥∥∥u− Π̂ku
∥∥∥
Hl(T̂ )

≤ Ck−(s−l)‖u‖Hs(T̂ ); (5.3.1)

2. for |α| < s− 1
2
, 0 ≤ l ≤ s− |α| − 1

2
, γ ∈ ET̂ ,

∥∥∥Dα
(
u− Π̂ku

)∥∥∥
Hl(γ)

≤ Ck−(s−|α|−l− 1
2

)‖u‖Hs(T̂ ); (5.3.2)
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3. and for |α| < s− 1 and x ∈ T̂ ,

∣∣∣Dα
(
u− Π̂ku

)
(x)
∣∣∣ ≤ Ck−(s−|α|−1)‖u‖Hs(T̂ ). (5.3.3)

Moreover, if u ∈ Pk(T̂ ), then Π̂ku = u.

Although Lemma 5.3.1 is stated for approximation error over the reference el-

ement, the fact that the projections Π̂k preserve polynomials gives the following

corollary on a general element in which the dependence on the element diameter hK

is made explicit:

Corollary 5.3.2. Let K ∈ T and k ∈ N. Then, there exists an operator ΠK
k :

Hs(K)→ Pk(K) such that for any u ∈ Hs(K), s ≥ 0, the following estimates hold:

1. For 0 ≤ l ≤ s,

∥∥u− ΠK
k u
∥∥
Hl(K)

≤ C
h

min(k+1,s)−l
K

ks−l
‖Dmu‖Hs−m(K); (5.3.4)

2. For |α| < s− 1
2
, 0 ≤ l ≤ s− |α| − 1

2
, γ ∈ EK,

∥∥Dα
(
u− ΠK

k u
)∥∥

Hl(γ)
≤ C

h
min(k+1,s)−l−|α|− 1

2
K

ks−|α|−l−
1
2

‖Dmu‖Hs−m(K); (5.3.5)
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3. For |α| < s− 1 and x ∈ K,

∣∣Dα
(
u− ΠK

k u
)

(x)
∣∣ ≤ C

h
min(k+1,s)−|α|−1
K

ks−|α|−1
‖Dmu‖Hs−m(K); (5.3.6)

where m = min(k + 1, s) and C is independent of u, hK, and k. Moreover, if

u ∈ Pk(K), then ΠK
k u = u.

Proof. Let û ∈ Hs(T̂ ), s ≥ 0. If s ≥ 1, then m = min(k+1, s) ≥ 1. By Lemma 5.3.1,

there holds

‖û− Π̂kû‖Hl(T̂ ) = ‖û− p− Π̂k(û− p)‖Hl(T̂ ) ≤ Ck−(s−l)‖û− p‖Hs(T̂ ) ∀p ∈ Pk(T̂ )

since Π̂kp = p. Taking the infimum over p ∈ Pk(T̂ ) gives

‖û− Π̂kû‖Hl(T̂ ) ≤ Ck−(s−l) inf
p∈Pk(T̂ )

‖û− p‖Hs(T̂ ),

and then applying the quotient norm equivalence (see e.g. [86, Theorem 7.2] for the

case of integer s and [65, Lemma 2.3] for real s) gives

inf
p∈Pk(T̂ )

‖û− p‖Hs(T̂ ) ≤ C


infp∈Pbsc ‖û− p‖Hs(T̂ ) s ≤ k + 1,

‖Dmû‖Hs−m(T̂ ) + infp∈Pk(T̂ ) ‖û− p‖Hm−1(T̂ ) s > k + 1,

≤ C‖Dmû‖Hs−m(T̂ ).
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Summarizing, for s ≥ 0, there holds

‖û− Π̂kû‖Hl(T̂ ) ≤ Ck−(s−l)‖Dmû‖Hs−m(T̂ ), where m = min(k + 1, s). (5.3.7)

For a general triangle K and u ∈ Hs(K), s ≥ 0, we define

ΠK
k u =

[
Π̂kû

]
◦ F−1

K ,

where we recall that FK : T̂ → K is an invertible affine transformation such that

FK(T̂ ) = K and û := u ◦FK . (5.3.4) now follows from (5.3.7) by a standard scaling

argument. Analogous arguments give (5.3.6).

5.4 Approximation Theory for Q̃0

We now build L2
0(Ω) approximations in Q̃0. For q ∈ L2

0(Ω), the piecewise polynomial

r defined by r|K = ΠK
k q, where ΠK

k is the operator in Corollary 5.3.2 for K ∈ T , is

not necessarily continuous at element vertices (nor does it have mean value zero). To

remedy this, we adjust r element by element so that it is continuous at the vertices

and interpolates the average value of q. In order to make the adjustments, we will

need certain specially constructed nodal functions:

Lemma 5.4.1. For every k ≥ 2 and K ∈ T , there exists Ψa ∈ Pk(K) ∩ L2
0(K),
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a ∈ VK, such that

Ψa(b) = δab, ∀b ∈ VK and ‖Ψa‖L2(K) ≤ ChKk
−2, (5.4.1)

where C is independent of hK and k.

The proof of Lemma 5.4.1 is postponed to Section 5.8. The nodal functions in

Lemma 5.4.1 are used to adjust ΠK
k q element by element to interpolate the average

value of q over K and to be continuous at the element vertices.

Lemma 5.4.2. Let q ∈ Hs(Ω), s > 0, and let {Υa}a∈V be given constants. Then,

for k ≥ 4, there exists z ∈ Q̃0 satisfying

z(a) = Υa ∀a ∈ V ,

and

‖q − z‖L2(K) ≤ C

{
h

min(k,s)
K k−s‖Dmq‖Hs−m(K) + hKk

−2 max
a∈VK

|Υa − ΠK
k q(a)|

}
(5.4.2)

where m = min(k + 1, s) where C is independent of q, hK, and k.
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Proof. Let K ∈ T and N 3 l ≥ 3 be given. Define polynomials v, w ∈ Pl(K) by

v := ΠK
l q +

[
1

|K|

∫
K

(q − ΠK
l q) dx

](
1−

∑
a∈VK

Ψa

)

w :=
∑
a∈VK

(Υa − ΠK
l q(a))Ψa,

where Ψa ∈ Pl(K)∩L2
0(K), are taken as in Lemma 5.4.1. By (5.3.4) and (5.4.1) and

the Cauchy-Schwarz inequality,

‖q − v‖L2(K) ≤ C

{
h−1
K

(
hK +

∑
a∈VK

‖Ψa‖L2(K)

)
+ 1

}
‖q − ΠK

l q‖L2(K)

≤ Ch
min(l+1,s)
K l−s‖Dmq‖Hs−m(K),

where m = min(l + 1, s). Moreover, using that Ψa ∈ L2
0(K) and (5.4.1), there holds

∫
K

v dx =

∫
K

q dx, v(a) = ΠK
l q(a) ∀a ∈ VK , and

∫
K

w dx = 0

with the estimate

‖w‖L2(K) ≤
∑
a∈VK

|Υa − ΠK
l q(a)| · ‖Ψa‖L2(K) ≤ ChK l

−2 max
a∈VK

|Υa − ΠK
l q(a)|.

Finally, we define z on element K by the rule z|K = v+w. Owing to the triangle
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inequality, z satisfies (5.4.2). Moreover,

z|K(a) = v(a) + w(a) = ΠK
l q(a) + Υa − ΠK

l q(a) = Υa ∀a ∈ VK .

In addition,
∫
K
z dx =

∫
K
q dx for all K which gives

∫
Ω
z dx =

∫
Ω
q dx = 0, and

hence taking l = k − 1 gives z ∈ Q̃0.

We are now faced with the problem of choosing the nodal values specified by the

constants {Υa} in Lemma 5.4.2 so that the bound (5.2.2) holds. If q is continuous,

then choosing Υa = q(a) is the natural choice, whilst if q is discontinuous, then we

take Υa = ΠL
k q(a) where L ∈ Ta is an arbitrarily chosen, but fixed, element in the

neighborhood of a. We shall need similar results when we consider approximation

properties of the spaces Σ̃0 in the next section, in which even greater continuity

requirements are imposed. The following result shows that these choices ensure that

the resulting approximation satisfies the bound (5.2.2) and prepares the way for

generalization to the spaces Σ̃0 later:

Lemma 5.4.3. Let q ∈ Hs(Ω) ∩H l
0(Ω), s ≥ l ∈ N0. For k = l + 3, l + 4, . . ., define

constants {Υα
a : |α| = l, a ∈ V} as follows:

(i) For interior vertices a ∈ VI ,

Υα
a =


DαΠL

k q(a) l ≤ s ≤ l + 1

Dαq(a) s > l + 1
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where L ∈ Ta is any fixed but arbitrarily chosen element in the neighborhood of

a.

(ii) For non-corner boundary vertices a ∈ VB,

Υα
a = n̂α1

x n̂
α2
y ·


∂lnΠL

k q(a) l ≤ s ≤ l + 1

∂lnq(a) s > l + 1

where n̂ is the unit normal vector of Γ at a and L ∈ Ta is any fixed but

arbitrarily chosen element in the neighborhood of a such that L has an edge on

the domain boundary, i.e. L ∩ Γ ∈ E.

(iii) For corner vertices a ∈ VC,

Υα
a =


ΠL
k q(a) l = 0, 0 ≤ s ≤ 1

q(a) l = 0, s > 1

0 l ≥ 1

where L ∈ Ta is any fixed but arbitrarily chosen element in the neighborhood of

a.

Then, Υα
a satisfies the estimate

|Υα
a −DαΠK

k q(a)| ≤ Ch
min(k−l,s−l−1)
K k−(s−l−2)‖Dmq‖Hs−m(Ta) ∀K ∈ Ta, (5.4.3)

where m = min(k + 1, s) and C is independent of q, hK, and k.
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Proof. First let s = l. For a ∈ VI ∪ VB, or a ∈ VC and l = 0, and K ∈ Ta, we apply

the inverse estimate [6, Lemma 6.1] and (5.3.4) to obtain

|Υα
a −DαΠK

k q(a)| ≤ Ch−1
K k2

(
‖DlΠL

k q‖L2(L) + ‖DlΠK
k q‖L2(K)

)
≤ Ch−1

K k2‖Dlq‖L2(Ta).

(5.4.4)

Estimate (5.4.3) then follows on noting that min(k− l, s− l− 1) = −1. For a ∈ VC ,

we replace ΠL
k q with 0 and apply the same argument as above.

Now let s = l + 1. For γ ∈ E , let

|||v|||1/2,γ := |γ|−1/2‖v‖L2(γ) + |v|H1/2(γ)

denote a scale-invariant H1/2(γ) norm. For a ∈ VI , or a ∈ VC and l = 0, and

K ∈ Ta, we label the elements in Ta as in Figure 5.1 and apply [13, Theorem 6.2] to

obtain

|Dα(Π
Kj
k q − Π

Kj+1

k q)(a)| ≤ C(1 + log1/2 k)
∣∣∣∣∣∣∣∣∣Dα(Π

Kj
k q − Π

Kj+1

k q)
∣∣∣∣∣∣∣∣∣

1/2,γj

where γj = Kj ∩ Kj+1. Since Dαq|γj ∈ H1/2(γj) by the trace theorem, we use the

triangle inequality and (5.3.5) to arrive at

∣∣∣∣∣∣∣∣∣Dα(Π
Kj
k q − Π

Kj+1

k q)
∣∣∣∣∣∣∣∣∣

1/2,γj
≤

2∑
i=0

∣∣∣∣∣∣∣∣∣Dα(q − Π
Kj+i
k q)

∣∣∣∣∣∣∣∣∣
1/2,γj

≤ C‖Dl+1q‖L2(Tγj ).
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Thus, we have the bound

|Dα(ΠL
k q − ΠK

k q)(a)| ≤
n−1∑
j=0

|Dα(Π
Kj
k q − Π

Kj+1

k q)(a)| ≤ C(1 + log1/2 k)‖Dl+1q‖L2(Ta).

Estimate (5.4.3) then follows on noting that min(k−l, s−l−1) = 0 and 1+log1/2 k ≤

Ck.

For a ∈ VB and K ∈ Ta, we use an analogous argument to arrive at

|Υα
a −DαΠK

k q(a)| ≤ |Υα
a −DαΠL

k q(a)|+
n−1∑
j=0

|Dα(Π
Kj
k q − Π

Kj+1

k q)(a)|

≤ |Υα
a −DαΠL

k q(a)|+ Ck‖Dl+1q‖L2(Ta).

Let γ ∈ EL ∩ Ea be such that γ ⊂ Γ. Applying [13, Theorem 6.2] again gives

|Υα
a −DαΠL

k q(a)| ≤ C(1 + log1/2 k)
∣∣∣∣∣∣n̂α1

x n̂
α2
y ∂

l
nΠL

k q −DαΠL
k q
∣∣∣∣∣∣

1/2,γ

≤ Ck
(∣∣∣∣∣∣n̂α1

x n̂
α2
y ∂

l
nΠL

k q −Dαq
∣∣∣∣∣∣

1/2,γ
+
∣∣∣∣∣∣Dα(ΠL

k q − q)
∣∣∣∣∣∣

1/2,γ

)
.

Since q ∈ Hs(Ω) ∩H l
0(Ω), ∂it∂

l−i
n q|γ = 0 for 1 ≤ i ≤ l, and so

Dαq = n̂α1
x n̂

α2
y ∂

l
nq on γ. (5.4.5)

Thus, estimate (5.4.3) now follows from (5.3.6).

If a ∈ VC and l ≥ 1, then a = γ1 ∩ γ2 for some γ1, γ2 ⊂ Γ, and there exists
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constants cαi,j, i = 1, 2, j = 1, . . . , l such that

Dαq =
2∑
i=1

l∑
j=1

cαi,j∂
j
ti∂

l−j
ni
q (5.4.6)

where n̂i and t̂i are the unit normal and tangent vectors on γi, i = 1, 2. Using [13,

Theorem 6.2], we obtain

|DαΠK
k q(a)| ≤ C(1 + log1/2 k)

2∑
i=1

l∑
j=1

cαi,j
∣∣∣∣∣∣∂jti∂l−jni

ΠK
k q
∣∣∣∣∣∣

1/2,γi

= C(1 + log1/2 k)
2∑
i=1

l∑
j=1

cαi,j
∣∣∣∣∣∣∂jti∂l−jni

(ΠK
k q − q)

∣∣∣∣∣∣
1/2,γi

since ∂it∂
l−i
n q|γ1 = ∂it∂

l−i
n q|γ2 = 0 for 1 ≤ i ≤ l, Estimate (5.4.3) now follows from

analogous arguments as above.

For l < s < l + 1, we view Υa as a (linear) function of q, and the mapping q 7→

Υα
a(q) has the following property: Υα

a(q+p) = Υα
a(q)+p(a) for all p ∈ Pk(Ta). Thus,

we use a standard interpolation argument to the operator q 7→ Υα
a(q) −DαΠK

k q(a)

to obtain

|Υα
a(q)−DαΠK

k q(a)| ≤ Chs−l−1
K k−(s−l−2)‖q‖Hs(Ta).
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Equation (5.4.3) now follows from a quotient space argument with [65, Lemma 2.3]:

|Υα
a(q)−DαΠK

k q(a)| = inf
p∈Pk(Ta)

|Υα
a(q − p)−DαΠK

k (q − p)(a)|

≤ Chs−l−1
K k−(s−l−2) inf

p∈Pbsc(Ta)
‖q − p‖Hs(Ta)

≤ Chs−l−1
K k−(s−l−2)|q|Hs(Ta).

In the case s > l + 1. (5.4.3) follows from (5.3.6), (5.4.5) and (5.4.6).

a

K1

. . .

Kn = K

. . . K0 = L

Figure 5.1: Schema for the proof of Lemma 5.4.3.

The estimate (5.2.2) now follows as a simple consequence of Lemma 5.4.2 on

choosing the constants Υα
a as in Lemma 5.4.3 in the special case l = 0.

5.5 Approximation Theory for Σ̃0

Let φ ∈ Hs(Ω), s > 2, be given. The discontinuous polynomials ΠK
k+1φ from Corol-

lary 5.3.2 again provide the starting point for constructing an approximation from
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the space Σ̃0. However, this time we need to adjust ΠK
k+1φ in order to obtain C2

continuity at element vertices. We first carry out nodal adjustments similar to the

one used in the case of Q̃0 to obtain C0 continuity at the vertices. The Sobolev em-

bedding theorem means that φ and Dφ are continuous at the vertices, so we adjust

ΠK
k+1φ to interpolate φ and Dφ at the vertices. However, since φ is not necessarily C2,

similarly to the argument used for Q̃0, we adjust ΠK
k+1φ to obtain an approximation

where second order derivatives at the vertices are given by constants Υα
a : |α| = 2.

The values of the constants Υα
a are chosen as in Lemma 5.4.3. In order to make the

corrections, we require the analogue of the Ψ functions in Lemma 5.4.1. Fortunately,

we constructed such functions in Section 3.7. Note that we also give estimates in the

H
1/2
00 and H

3/2
00 norms on element edges (see Section 2.3 for the definition of these

spaces), which will be used later to further modify the construction to ensure global

C1 continuity across edges.

Lemma 5.5.1. Let φ ∈ Hs+1(Ω) ∩H2
0 (Ω) with s > 1 and k ≥ 4. Then, there exists

z ∈ {ψ ∈ L2(Ω) : ψ|K ∈ Pk+1(K) ∀K ∈ T , ψ is C2 at all vertices}

such that

Dαz(a) =


Dαφ(a) |α| ≤ 1

Υα
a |α| = 2

∀a ∈ V , (5.5.1)
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where Υα
a are given by Lemma 5.4.3 with l = 2, and for all K ∈ T and γ ∈ EK,

‖φ− z‖H2(K) ≤ Ch
min(k,s−1)
K k−(s−1)‖Dm+1φ‖Hs−m(TK),

(5.5.2)

‖φ− z|K‖H3/2
00 (γ)

+ ‖∂n(φ− z|K)‖
H

1/2
00 (γ)

≤ Ch
min(k,s−1)
K k−(s−1)‖Dm+1φ‖Hs−m(TK),

(5.5.3)

where m = min(k + 1, s) and C is independent of φ, hK, and k.

Proof. Let K ∈ T be given. For |α| ≤ 1, let Φα
a denote the degree 5 polynomial

satisfying

DβΦα
a(b) = δαβδab and ∂nΦα

a (mj) = 0 ∀|β| ≤ 2, ∀b ∈ VK , 1 ≤ j ≤ 3,

where mj is the midpoint on γj. It is simple to verify for 0 ≤ l ≤ 2,

‖Φα
a‖Hl(K) ≤ Ch

|α|−l+1
K and ‖Φα

a‖Hl(γj) ≤ Ch
|α|−l+ 1

2
K . (5.5.4)

For |α| = 2, let Φα
a denote the degree k + 1 polynomial in Section 3.7 which satisfies

DβΦα
a(b) = δαβδab ∀|β|, ∀b ∈ VK , DβΦα

a|γa = 0 ∀|β| ≤ 1,
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and

‖Φα
a‖H2(K) ≤ C

∑
γ∈EK

(
‖Φα

a‖H3/2
00 (γ)

+ ‖∂nΦα
a‖H1/2

00 (γ)

)
≤ ChKk

−2. (5.5.5)

Define the polynomials v, w ∈ Pk+1(K) by

v := ΠK
k+1φ+

∑
a∈VK
|α|≤1

Dα
(
φ− ΠK

k+1φ
)

(a)Φα
a and w :=

∑
a∈VK
|α|=2

(
Υα
a −DαΠK

k+1φ(a)
)

Φα
a.

Since s + 1 > 2, φ ∈ C1(K̄) and so v and w are well-defined. By (5.3.4), (5.3.6)

and (5.5.4),

‖φ− v‖H2(K) ≤ ‖φ− ΠK
k+1φ‖H2(K) +

∑
a∈VK
|α|≤1

|Dα
(
φ− ΠK

k+1φ
)

(a)| · ‖Φα
a‖H2(K)

≤ Ch
min(k,s−1)
K

k−(s−1) +
∑
a∈VK
|α|≤1

k−(s−|α|)

 ‖Dm+1φ‖Hs−m(K)

≤ Ch
min(k,s−1)
K k−(s−1)‖Dm+1φ‖Hs−m(K),

where m = min(k + 1, s), and by (5.4.3) and (5.5.5)

‖w‖H2(K) ≤
∑
a∈VK
|α|=2

|Υα
a −DαΠK

k+1φ(a)| · ‖Φα
a‖H2(K)

≤ Ch
min(k,s−1)
K k−(s−1)‖Dm+1φ‖Hs−m(K).
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Let γ ∈ EK . Dαφ(a) = Dαv(a), ∀|α| ≤ 1, ∀a ∈ VK , and so φ − v ∈ H3/2
00 (γ). By

(5.3.6) and (5.5.4),

‖φ− v‖Ht(γ) ≤ ‖φ− ΠK
k+1φ‖Ht(γ) +

∑
a∈VK
|α|≤1

|Dα
(
φ− ΠK

k+1φ
)

(a)| · ‖Φα
a‖Ht(γ)

≤ Ch
min(k,s−1)−t− 1

2
K k−(s−t+ 1

2)‖Dm+1φ‖Hs−m(K),

for 0 ≤ t ≤ s+ 1
2
. Since s+ 1

2
> 3

2
, we may use [74, Theorem 6.1] to conclude

H
3/2
00 (γ) = (H1

0 (γ), H2
0 (γ)) 1

2
,2 = (H1

0 (γ), H
s+1/2
0 (γ))θ,2, where θ =

1

2s− 1
,

and so

‖φ− v‖
H

3/2
00 (γ)

≤ C‖φ− v‖1−θ
H1(γ)‖φ− v‖

θ

H
s+1/2
0 (γ)

≤ Ch
min(k,s−1)
K k−(s−1)‖Dm+1φ‖Hs−m(K).

Using an analogous argument, we have ∂n(φ− v) ∈ H1/2
00 (γ) with

‖∂n(φ− v)‖
H

1/2
00 (γ)

≤ Ch
min(k,s−1)
K k−(s−1)‖Dm+1φ‖Hs−m(K).

Similarly, Φα
a ∈ H

3/2
00 (γ), ∂nΦα

a ∈ H
1/2
00 (γ), ∀|α| = 2, ∀a ∈ VK , and by (5.4.3)

and (5.5.5),

‖w‖
H

3/2
00 (γ)

+ ‖∂nw‖H1/2
00 (γ)

≤ Ch
min(k,s−1)
K k−(s−1)‖Dm+1φ‖Hs−m(K).



190

Now, we define z on element K by the rule z|K = v + w. Owing to the triangle

inequality, z satisfies (5.5.2) and (5.5.3) and owing to the interpolation properties of

Φα
a, |α| ≤ 2, a ∈ VK , z satisfies (5.5.1).

The approximation defined in Lemma 5.5.1 is C2 at the vertices. However, the

approximant is not necessarily globally C1, nor does it have vanishing trace and

vanishing normal derivative trace. We remedy this issue by applying edge corrections.

The key ingredients are the error estimates on the edges (5.5.3) and a polynomial

extension theorem Corollary 2.2.3 and its scale-invariant version Corollary 3.7.2:

Proof of (5.2.1). Let φ ∈ Hs+1(Ω) ∩H2
0 (Ω), s > 1. By Lemma 5.5.1, there exists

z ∈ {φ ∈ L2(Ω) : φ|K ∈ Pk+1(K) ∀K ∈ T , φ is C2 at vertices}

satisfying (5.5.1) to (5.5.3). For each γ ∈ E , we let n̂γ denote a unit vector normal

to γ. Let Kγ, Lγ ∈ T denote the two elements such that Kγ ∩ Lγ = γ if γ ∈ EI and

Kγ the element such that Kγ ∩ Γ = γ and Lγ = ∅ if γ ⊂ Γ. Define the polynomials

fγ ∈ Pk+1(γ) and gγ ∈ Pk(γ) by the rule

fγ =
(
z|Lγ − z|Kγ

)
|γ, and gγ = ∂n

(
z|Lγ − z|Kγ

)
|γ,

where z|Lγ = 0 if Lγ = ∅. For a ∈ ∂γ, the following relations hold by (5.5.1) and

Lemma 5.4.3:
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(i) Dαz|Lγ (a) = Dαz|Kγ (a) = Dαφ(a) for |α| ≤ 1.

(ii) For a ∈ VI , Dαz|Lγ (a) = Dαz|Kγ (a), |α| = 2.

(iii) For a ∈ VB,

∂ttz|Kγ (a) = t̂2x∂xxz|Kγ (a) + 2t̂xt̂y∂xyz|Kγ (a) + t̂2y∂yyz|Kγ (a) = (t̂ · n̂)2da = 0,

where t̂ and n̂ are the unit tangent and normal vectors to Γ at a and

da =


∂2
nΠL

kφ(a) 1 < s ≤ 2,

∂2
nφ(a) s > 2,

where L ∈ T is defined in Lemma 5.4.3. Similarly, ∂ntz|Kγ (a) = (t̂ · n̂)da = 0.

(iv) For a ∈ VC , Dαz|Kγ (a) = 0 for |α| = 2.

Thus, fγ ∈ H3
0 (γ) and gγ ∈ H2

0 (γ). By (5.5.3),

‖fγ‖H3/2
00 (γ)

+ ‖gγ‖H1/2
00 (γ)

≤ Ch
min(k,s−1)
Kγ

k−(s−1)‖Dm+1φ‖Hs−m(Kγ∪Lγ), (5.5.6)

where m = min(k + 1, s).

We now construct φhk ∈ Σ0 element by element. Let K ∈ T and γ ∈ EK be
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given. If K = Kγ, we define the functions Fγ ∈ L2(∂K), Gγ ∈ L2(∂K) by the rule

Fγ|γ′ = fγδγγ′ , Gγ|γ′ = gγδγγ′ , γ′ ∈ EK .

DαFγ(a) = DβGγ(a) = 0 for |α| ≤ 2, |β| ≤ 1, a ∈ VK , and so Corollary 3.7.2 asserts

the existence of wγ ∈ Pk+1(K) such that

wγ = Fγ and ∂nwγ| = Gγ on ∂K

and

‖wγ‖H2(K) ≤ C
(
h
−3/2
K ‖Fγ‖L2(∂K) + h

−1/2
K ‖∂tF n̂−Gt̂‖L2(∂K) + |∂tF n̂−Gt̂|H1/2(∂K)

)
.

Since F and G are supported only on γ and fγ ∈ H3
0 (γ) and gγ ∈ H2

0 (γ), we use

Poincaré’s inequality to arrive at

‖wγ‖H2(K) ≤ C
(
|fγ|H3/2

00 (γ)
+ |gγ|H1/2

00 (γ)

)
. (5.5.7)

If K = Lγ, we take wγ = 0. By (5.5.6) and (5.5.7),

‖wγ‖H2(K) ≤ Ch
min(k,s−1)
K k−(s−1)‖Dm+1φ‖Hs−m(Tγ). (5.5.8)
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Now, we define φhk on element K by

φhk = z +
∑
γ∈EK

wγ on K.

By construction, φhk ∈ C1(Ω̄) ∩ H2
0 (Ω) and is C2 at all vertices. Thus, φhk ∈ Σ̃0.

Moreover, (5.2.1) follows from (5.5.2) and (5.5.8).

5.6 Approximation Theory for Qn
0

In this section, we turn to approximation in countably normed spaces and begin by

establishing some technical results that are needed to prove exponential convergence

of the finite element method using geometrically graded meshes. To this end, we

define the weighted Sobolev spaces Hk,l
δ (T̂ ), k ≥ l ≥ 0, 0 < δ < 1 on the reference

element T̂ (see Figure 5.2) to be the completion of smooth functions under the norm

‖u‖2

Hk,l
δ (T̂ )

:=
l−1∑
j=0

∫
T̂

r2δ|Dju|2 dx+
k∑
j=l

∫
T̂

r2(δ+j−l)|Dju|2 dx,

where r = |x|. Such spaces have been widely studied, e.g. [14, 15, 57, 60, 98],

for various choices of parameters k and l. Unfortunately, the extra smoothness of

functions in Qn
0 at the noncorner vertices means that the choices of k and l we need

do work not fall within previously studied cases, and some additional results will be

required.
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â1

(0, 0)
â2

(1, 0)

(0, 1)
â3

(
1
2
, 0
)

(
0, 1

2

)

(r, θ)

T̂

T̂0

Figure 5.2: Reference triangles T̂ and T̂0 and polar coordinates (r, θ).

We begin with a result inspired by [15, Lemma 4.3]:

Lemma 5.6.1. Let δ > 0 and u be a measurable function on T̂ such that

∫
T̂

r2δ|Du|2 dx+

∫
T̂\T̂0

|u|2 dx <∞,

where T̂ and T̂0 are as shown in Figure 5.2. Then, there exists a constant a(u) ∈ R

such that

∫
T̂

r2δ−2|u− a(u)|2 dx ≤ C

∫
T̂

r2δ|Du|2 dx (5.6.1)
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with

|a(u)| ≤ C

(∫
T̂

r2δ|Du|2 dx+

∫
T̂\T̂0

|u|2 dx
)1/2

(5.6.2)

and C independent of u.

Proof. The proof of [15, Lemma 4.3] gives (5.6.1) with the reference triangle T̂ re-

placed by the sector S = {(r, θ) : 0 ≤ r ≤ 1, 0 ≤ θ ≤ π/2} and

a(u) =
2

π

∫ π/2

0

u(1, θ) dθ,

where (r, θ) denote polar coordinates. Using the trace theorem, there holds

|a(u)|2 ≤ C

∫ π/2

0

u2(1, θ) dθ ≤ C‖u‖2
H1(S\S0),

where S0 = {(r, θ) : 0 ≤ r ≤ 1/2, 0 ≤ θ ≤ π/2}. Transforming to T̂ and T̂0 using

the (smooth) mapping (r, θ) 7→ (r(cos θ + sin θ), θ) gives (5.6.1) and (5.6.2).

Using this result, we have the following lemma which allows us to trade powers

of r for derivatives of u at the expense of an additional term involving the L2 norm

of u on a set excluding the singularity in u:

Lemma 5.6.2. Let u ∈ H1,0
δ (T̂ ), 0 < δ < 1. Then,

∫
T̂

r2δ|u|2 dx ≤ C

{∫
T̂

r2δ+2|Du|2 dx+

∫
T̂\T̂0

|u|2 dx
}
,
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and C is independent of u.

Proof. Applying Lemma 5.6.1, we have

∫
T̂

r2δ|u|2 dx ≤ 2

∫
T̂

r2δ(|u− a|2 + |a|2) dx ≤ C

{∫
T̂

r2δ+2|Du|2 dx+

∫
T̂\T̂0

|u|2 dx
}
.

The next two results concern the compact embedding properties of the spaces

H1,1
δ (T̂ ) and H2,1

δ (T̂ ).

Lemma 5.6.3. The space H1,1
δ (T̂ ), 0 < δ < 1, is compactly embedded in L2(T̂ ).

Proof. Let u ∈ H1,1
δ (T̂ ) with a(u) = 0, where a(u) is given by Lemma 5.6.1, and

(r, θ) be polar coordinates centered at the origin as in Figure 5.2. Then, v = rδu

satisfies

∂θv = rδ∂θu and ∂rv = rδ∂ru+ δrδ−1u.

Since a(u) = 0, (5.6.1) gives ‖rδ−1u‖L2(T̂ ) ≤ C‖u‖H1,1
δ (T̂ ), and so v ∈ H1(T̂ ) with

‖v‖H1(T̂ ) ≤ C‖u‖H1,1
δ (T̂ ).

Let {uk}∞k=1 be a bounded sequence in H1,1
δ (T̂ ) with a(uk) = 0. Then, vk =

rδuk, k = 1, 2, . . ., is a uniformly bounded sequence in H1(T̂ ) and there exists a

subsequence {vkj}∞j=1 converging weakly in H1(T̂ ) to v ∈ H1(T̂ ). Since H1(T̂ ) is
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compactly embedded in Lq(T̂ ) for 1 ≤ q < ∞, vkj → v strongly in Lq(T̂ ). Define

u := r−δv. By Hölder’s inequality, we obtain

‖u‖L2(T̂ ) ≤ ‖r
−δp‖1/p

L2(T̂ )
‖vq‖1/q

L2(T̂ )
≤ ‖r−δp‖1/p

L2(T̂ )
‖v‖L2q(T̂ ),

where p−1 + q−1 = 1. Choosing q such that 1 < p < δ−1 gives u ∈ L2(T̂ ). An

analogous argument shows that uk ∈ L2(T̂ ) and ‖ukj − u‖L2(T̂ ) ≤ C‖vkj − v‖L2q(T̂ );

thus, ukj → u strongly in L2(T̂ ).

We extend the result to a general bounded sequence as follows. Let {uk}∞k=1 be

a bounded sequence in H1,1
δ (T̂ ) and define ũk = uk − a(uk). Then, a(ũk) = 0 by

definition and ‖ũk‖H1,1
δ (T̂ ) + |a(uk)| ≤ C‖u‖H1,1

δ (T̂ ) by (5.6.2). Thus, there exists a

subsequence such that ũkj → ũ ∈ L2(T̂ ) and a(ukj)→ ã. Then, ukj → u := ũ+ ã in

L2(T̂ ) by the triangle inequality:

‖ukj − ū‖L2(T̂ ) ≤ ‖ũkj − ũ‖L2(T̂ ) + ‖a(ukj)− ã‖L2(T̂ ) → 0.

Lemma 5.6.4. The space H2,1
δ (T̂ ), 0 < δ < 1, is compactly embedded in H1,1

δ∗ (T̂ ) for

any δ∗ ∈ (δ, 1).

Proof. Let u ∈ H2,1
δ (T̂ ) with a(u) = 0, where a(u) is given by Lemma 5.6.1, and
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define v = rδ+1u. Then,

∂mθ v = rδ+1∂θu, 0 ≤ m ≤ 2,

∂nθ ∂rv = (δ + 1)rδ∂nθ u+ rδ+1∂nθ ∂ru, 0 ≤ n ≤ 1,

∂rrv = δ(δ + 1)rδ−1u+ 2(δ + 1)rδ∂ru+ rδ+1∂rru.

By (5.6.1), ‖rδ−1u‖L2(T̂ ) ≤ C‖rδDu‖L2(T̂ ), and so v ∈ H2(T̂ ) with the bound ‖v‖H2(T̂ )

≤ C‖u‖H2,1
δ (T̂ ). In particular, v is continuous with v(0, 0) = 0 since

|v(0, 0)|2 = lim
δ→0
|Sδ|−1

∫
Sδ

|v|2 dx ≤ C lim
δ→0

∫
Sδ

r2δ|u|2 dx = 0,

where Sδ := {x ∈ T̂ : |x| < δ}.

Now let {uk}∞k=1 be a bounded sequence in H2,1
δ (T̂ ) satisfying a(uk) = 0. Then,

vk = rδ+1uk, k = 1, 2, . . . , is a uniformly bounded sequence in H2(T̂ ) satisfying

vk(0, 0) = 0, and there is a subsequence {vkj}∞j=1 converging weakly in H2(T̂ ) to

v ∈ H2(T̂ ). Moreover, v(0, 0) = 0 since pointwise evaluation is a continuous linear

functional on H2(T̂ ). Since H2(T̂ ) is compactly embedded in W 1,q(T̂ ) for all q ∈

[1,∞), vkj → v strongly in W 1,q(T̂ ).

Define u = r−(δ+1)v and let δ∗ ∈ (δ, 1). Then,

∂θu = r−(δ+1)∂θv and ∂ru = −(δ + 1)r−(δ+2)v + r−(δ+1)∂rv̄.
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Applying [15, Lemma 4.3] with α = −2(δ + 1) and using that v is continuous with

v(0) = 0, we have

‖u‖H1,1
δ∗ (T̂ ) ≤ C

{
‖r−(δ−δ∗+1)v‖L2(T̂ ) + ‖r−(δ−δ∗+1)Dv‖L2(T̂ )

}
.

Using Hölder’s inequality, there holds

‖u‖H1,1
δ∗ (T̂ ) ≤ C‖r−(δ−δ∗+1)‖L2p(T̂ )‖v‖W 1,2q(T̂ ).

Choosing q such that 1 < p < (δ − δ∗ + 1)−1 gives u ∈ H1,1
δ∗ (T̂ ) with ‖u‖H1,1

δ∗ (T̂ ) ≤

C‖v‖W 1,2q(T̂ ). By an analogous argument,

‖ukj − u‖H1,1
δ∗ (T̂ ) ≤ C‖vkj − v‖W 1,2q(T̂ ) → 0.

Thus, ukj → u strongly in H1,1
δ∗ (T̂ ).

The case a(uk) 6= 0 follows a similar argument to the one used in the proof of

Lemma 5.6.3.

We now construct an affine approximation to functions in H2,1
δ (K) which is con-

tinuous with respect to the seminorm defined by

|u|2
H2,1
δ (T̂ )

:=

∫
T̂

r2(β+1)|D2u|2 dx.

The argument uses the foregoing embedding theorems to give an equivalent norm on
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the space.

Lemma 5.6.5. Let u ∈ H2,1
δ (T̂ ) and let q ∈ P1(T̂ ) be the affine function satisfying

q(âi) = u(âi), i = 2, 3, and
∫
T̂

(u− q) = 0. Then,

‖u− q‖L2(T̂ ) + ‖u− q‖H2,1
δ (T̂ ) ≤ C|u|H2,1

δ (T̂ )

with C independent of u.

Proof. We first show that

|||u|||2 := |u|2
H2,1
δ (T̂ )

+
3∑
i=2

|u(âi)|2 +

(∫
T̂

u dx

)2

defines a norm on H2,1
δ (T̂ ). First note that |||·||| is well-defined since for u ∈ H2,1

δ (T̂ ),

u ∈ H2(T̂ \ T̂0) ⊂ C0(T̂ \ T̂0) and by Lemma 5.6.3, u ∈ L2(T̂ ). Clearly we have

|||u||| ≤ C‖u‖H2,1
δ (T̂ ). We claim that there exists a constant C such that

‖u‖H2,1
δ (T̂ ) ≤ C|||u|||.

Indeed, if this were not the case, then there exists a sequence {uk} such that

‖uk‖H2,1
δ (T̂ ) = 1 and |||uk||| → 0 and a subsequence {ukj} converging weakly to

ū ∈ H2,1
δ (T̂ ). By Lemmas 5.6.3 and 5.6.4, ukj → ū strongly in L2(T̂ ) and in H1,1

δ∗ (T̂ )

for all δ∗ ∈ (δ, 1). Moreover,

|ukj |2H2,1
δ∗ (T̂ )

≤ |ukj |2H2,1
δ (T̂ )

≤
∣∣∣∣∣∣ukj ∣∣∣∣∣∣2 → 0,
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and so ukj → ū strongly in H2,1
δ∗ (T̂ ). |||ū||| = 0 and so D2ū = 0, or ū ∈ P1(T̂ ). But

ū(ai) = 0, i = 2, 3 and
∫
T̂
ū = 0. Thus, ū ≡ 0. Applying Lemma 5.6.2 to Dαu,

|α| = 1, and using L2(T̂ ) convergence, there holds

‖ukj‖2
H2,1
δ (T̂ )

≤ C

{
‖ukj‖2

L2(T̂ )
+

∫
T̂

r2δ+2|Dukj |2 dx+

∫
T̂\T̂0

|D2ukj |2 dx
}
→ 0,

which contradicts ‖ukj‖H2,1
δ (T̂ ) = 1 for all j.

Now, let q be such that q(âi) = u(âi), i = 2, 3 and
∫
T̂

(u− q) = 0. Then,

‖u− q‖L2(T̂ ) ≤ C‖u− q‖H2,1
δ (T̂ ) ≤ C|||u− q||| = C|u|H2,1

δ (T̂ ),

which completes the proof.

The following lemma, adapted from [96, Theorem 8.5], is used for constructing

approximations to functions on elements away from the physical domain corners, i.e.

where the functions are smooth. The two main properties are that the approximation

interpolates at the vertices (since the pressure is continuous at the noncorner vertices)

and has sufficient decay in higher order Sobolev seminorms.

Lemma 5.6.6. For every u ∈ Hk+1(Ŝ), Ŝ = (−1, 1)2, k ≥ 1, there exists a polyno-

mial q of degree at most k separately in x and y such that q(a) = u(a), a vertex of

Ŝ, and

‖u− q‖2
L2(Ŝ)

≤ C
(k − s)!
(k + s)!

{
‖∂s+1

x ∂yu‖2
L2(Ŝ)

+ ‖∂x∂s+1
y u‖2

L2(Ŝ)

}
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for any 0 < s < k with C independent of k, s, and u.

Let Li, 0 ≤ i ≤ n denote the set of elements of T n,σ that are n − i layers away

from the corners of Ω and define

‖u‖2

Hk,l
δ (Ω)

:=
l−1∑
j=0

∫
Ω

d2δ
c |Dju|2 dx+

k∑
j=l

∫
Ω

d2(δ+j−l)
c |Dju|2 dx,

where dc is the Euclidean distance to nearest corner of Ω. Given u ∈ Hm,1
δ (Ω),

m ≥ n+ 1, we construct a polynomial approximation of u, denoted r, on an element

K ∈ T n,σ using the procedure in the proof of [57, Lemma 5.1]. That is, we apply

element-wise pullbacks of u to the reference element T̂ and use Lemma 5.6.5 if K

contains a corner of the physical domain Ω, i.e. K ∈ Ln and Lemma 5.6.6 otherwise,

i.e. Li, 0 ≤ i ≤ n− 1. Analogous arguments to the proof of [57, Lemma 5.1] lead to

the following theorem:

Theorem 5.6.7. For u ∈ Hm,1
δ (Ω), m ≥ n+ 1, there exists

r ∈ {q ∈ L2(Ω) : q|K ∈ P2n+3(K), ∀K ∈ T n,σ, q is C0 at all noncorner vertices}

such that

‖u− r‖2
L2(Ω) ≤ C

{ ∑
K∈Ln

h
2(1−δ)
K ‖u‖2

H2,1
δ (Ω)

+
n−1∑
i=0

∑
K∈Li

h
2(1−δ)
K

λ2si(n− si)!
(n+ si)!

‖u‖2

H
si+2,1

δ (Ω)

}

for 0 < si < n where C and λ are positive constants independent of n, si, and u.
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5.7 Numerical Examples

In this section, we present numerical computations highlighting the convergence

properties of the method on two typical test cases: Moffatt eddies in a wedge-shaped

domain and parabolic inflow and outflow on a T-shaped domain.

5.7.1 Moffatt Eddies

The first example, due to Moffatt [82], is a common benchmark for higher order

method as it contains features on many scales. We take the domain Ω to be the

wedge with a fixed mesh shown in Figure 5.3a and prescribe a parabolic flow profile

on the top part of the boundary and no flow on the remainder of the boundary:

u(x, 0) =

1− x2

0

 , −1 ≤ x ≤ 1, and u = 0 on Γ \ (−1, 1)× {0}.

The solution contains an infinite cascade of eddies, each about 400 times weaker

than the previous one. Moreover, the pressure also has an infinite cascade of singular-

ities, starting at (±1, 0). The blowup of the pressure combined with the exponentially

decreasing strength of the eddies makes this problem challenging for many numerical

methods. We use a purely spectral method, that is, we only increase the polynomial

degree k and do not refine the mesh. The convergence of the method is displayed
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Figure 5.3: (a) 18 element computational mesh and (b) zoom on red box

in Figure 5.4 for k = 4, . . . , 10. The total error is given by
√
e2
u + e2

p, where eu is

the H1(Ω) velocity error and ep is the L2(Ω) pressure error, and was computed by

comparing to a high order reference solution. As predicted by Theorem 5.2.2, the

method convergence at an algebraic rate due to the limited regularity of the solution.

Our results for k = 13 are displayed in Figure 5.5. We see a good resolution of the

streamlines and pressure profile using only 18 elements despite there being no mesh

grading near the singularities. On zooming in on Figure 5.6, we see that the bot-

tom two elements completely resolve one eddy and nearly resolve two more eddies.

Furthermore, the pressure profile exhibits the expected blow-up of the pressure at

the corner vertices. Overall, the method completely resolves four eddies and mostly

resolves a fifth, equivalent to a 1013 range of scales, while also nicely capturing the

pressure profile.
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Figure 5.4: Convergence of numerical solution to the Moffatt eddy problem for k =
4, . . . , 10.

5.7.2 T-shape Domain

The next example is a combination of the forward- and backward-facing step bench-

mark problems considered in [4]. We take the domain Ω to be the T-shaped domain

with an example meshes in Figure 5.7, zero body force f ≡ 0, parabolic flow profile

on the leftmost and rightmost boundaries of the domain, no flow on the remainder

of the boundary:

u

(
±3

2
, y

)
=

y(1− y)

0

 , 0 ≤ y ≤ 1, and u = 0 on Γ \
{
±3

2

}
× (0, 1).

Since the boundary data is polynomial, the solution (u, p) belongs to the count-

ably normed spaces in Section 5.2.2 despite having limited (unweighted) Sobolev

regularity due to the re-entrant corners. We expect that the finite element approxi-
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(a) (b)

Figure 5.5: Numerical solution for k = 13: (a) Streamlines with |u| background color
and (b) pressure p.

mation converges exponentially fast in terms of the total number of degrees of free-

dom (5.2.5) on a properly graded sequence of meshes. The first mesh in Figure 5.7a

consists of one layer of elements around the re-entrant corner and the bottom most

corners with σ = 0.08. We then refine the mesh by successively adding layers of

elements such that the inner most layer of elements has a diameter proportional to

σn, where n is the number of refinements. For example, the mesh corresponding to

n = 3 is shown in Figures 5.7b and 5.7c.

Figure 5.8 shows the total error of the method on the sequence of meshes de-

scribed above for polynomial degrees k = 4, . . . , 10. The total error is computed in

the same manner as for the Moffatt eddy example. The plots confirm two properties

of the method. One, on each fixed mesh, the error decays algebraically (for k suffi-

ciently large) due to the limited Sobolev regularity. Two, the envelope of the curves

demonstrates that the method is converging exponentially fast according to (5.2.5),
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Figure 5.6: Numerical solution for k = 13, zoom on bottom eddies: (a) Streamlines
with |u| background color and (b) pressure p.

exhibited by a linear error curve in Figure 5.8b.

Besides convergence of the method, we are also interested in its ability to (visu-

ally) resolve two distinctive features of this problem: the pressure blows up at the

re-entrant corners, and two infinite cascade of small eddies form on the bottom cor-

ners of the domain. We first examine the pressure blow-up. Because the pressure is

singular at the re-entrant corners, the numerical solution will never be able to fully

resolve it. However, increasing the polynomial order k and further refining the mesh

mitigates the pollution of the error. Figure 5.9 displays numerical solution for (k, n)

= (4, 1), (6, 2), (8, 3), (10, 4). As the polynomial degree increases and the mesh is

further refined, the magnitude of the numerical oscillations away from the corner de-

crease, the jump across elements decreases (despite no continuity across edges being

explicitly enforced by the method), and the spike at the corner is more localized. The

magnitude of the spikes also grows as k and n increase – the magnitude of the spikes
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Figure 5.7: Geometrically graded meshes: (a) mesh with n = 1 layer of elements,
(b) mesh with n = 3 layers of elements, and (c) zoom on re-entrant corner of mesh
with n = 3 layers of elements.

is about 330 for (k, n) = (10, 4), even though the z-axis limits are capped at z = ±15

for visualization. For these reasons, we focus our attention on the (k, n) = (10, 4)

solution shown in Figure 5.10. The streamlines near the re-entrant corner exhibit

good resolution and the oscillations in the pressure profile are localized to the few

elements around the re-entrant corners. The eddies in the bottom corner of the do-

mains are also resolved to machine precision, as shown in Figure 5.11. Overall, the

method is able to limit the pollution of the pressure singularity and resolve the small

scale eddies with only a few refinements despite the total error of the method being

of the order 10−3.
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Figure 5.8: Error of the method on various geometric meshes for k = 4, . . . , 10: (a)
Log-log plot and (b) semi-log plot.

5.8 Proof of Lemma 5.4.1

By Lemma 3.7.1, there exists Fk ∈ Pk+1(I) such that

Fk(−1) = Fk(1) = F ′k(1) = 0, F ′k(−1) = 1, and ‖Fk‖L2(I) ≤ Ck−3,

where I = (−1, 1) and C is independent of k. By interpolation, and the inverse es-

timate ‖F ′k‖L2(I) ≤ Ck2‖Fk‖L2(I) [25, Corollary 3.4], we obtain the following H
1/2
00 (I)

bound for Fk:

‖Fk‖H1/2
00 (I)

≤ C‖Fk‖1/2

L2(I)‖Fk‖
1/2

H1(I) ≤ Ck‖Fk‖L2(I) ≤ Ck−2. (5.8.1)
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(a) (k, n) = (4, 1) approximation (b) (k, n) = (6, 2) approximation

(c) (k, n) = (8, 3) approximation (d) (k, n) = (10, 4) approximation

Figure 5.9: Pressure approximations near re-entrant corner.

Define the function f ∈ L2(∂T̂ ), where T̂ is the reference element in Figure 4.5b, by

f 1(s) = 0, f 2(s) = −|γ|2
4
Fk

(
1− 2s

|γ2|

)
t̂2, f 3(s) = −|γ3|

4
Fk

(
2s

|γ3|
− 1

)
t̂3,

where f i = f |γi and s is the arc length parametrization of γi oriented as in Fig-

ure 4.5b, 1 ≤ i ≤ 3. Since f is continuous at the vertices âj, 1 ≤ j ≤ 3, [13,

Theorem 7.4] (applied component-wise) asserts the existence of a v ∈ Pk+1(T̂ ) such
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Figure 5.10: Numerical solution for (k, n) = (10, 4): (a) Pressure and (b) streamlines
with |u| background color.

that

v|∂T̂ = f and ‖v‖H1(T̂ ) ≤ C‖f‖H1/2(∂T̂ )

with C independent of k. Using that f i ∈H
1/2
00 (γi) and (5.8.1), we have

‖f‖H1/2(∂T̂ ) ≤ C
3∑
i=1

‖f i‖H1/2
00 (γi)

≤ C‖Fk‖H1/2
00 (I)

≤ Ck−2.

Define Ψ̂1 := div v. Using the identity

div v = (t̂i+1 · n̂i+2)−1
[
∂ti+1

v · n̂i+2 − ∂ti+2
v · n̂i+1

]
, 1 ≤ i ≤ 3,
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Figure 5.11: Streamlines with |u| background color for the (k, n) = (10, 4) solution:
(a-b) corner zooms 1-2 and (c-d) corner zooms 3-4 with mesh overlay.

gives

Ψ̂1(â1) = (t̂2 · n̂3)−1 [f ′2(|γ2|) · n̂3 − f ′3(0) · n̂2] =
t̂2 · n̂3 + t̂3 · n̂2

2t̂2 · n̂3

F ′k(−1) = 1,

and similarly, Ψ̂(âj) = 0, j = 2, 3. By the divergence theorem,

∫
T̂

Ψ̂1(x) dx =

∫
∂T̂

v · n̂ dS = 0.
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Moreover, ‖Ψ̂1‖L2(T̂ ) ≤ C‖v‖H1(T̂ ) ≤ Ck−2. Thus Ψ̂1 satisfies (5.4.1) in the case K

is the reference triangle T̂ and a = â1.

We extend the construction to a general triangle K and any vertex as follows. Let

K ∈ T , i ∈ {1, 2, 3}, and FK : T̂ → K be the affine mapping such that FK(T̂ ) = K

and FK(â1) = a. Define Ψa ∈ Pk(K) by Ψa = Ψ̂1 ◦ F−1
K . Then, Ψa(b) = δab,

∀b ∈ VK ,
∫
K

Ψ dx = 0, and

‖Ψa‖L2(K) ≤ ChK‖Ψ̂1‖L2(T̂ ) ≤ ChKk
−2,

which completes the proof.
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6.1 Introduction

This chapter is the final part in a series discussing a mass conserving, high order,

mixed finite element method for Stokes flow on a simply connected polygon Ω with

boundary Γ = ∂Ω (4.1.2). Problem (4.1.2) is again approximated a using mixed,

high order, finite element scheme on a mesh T as follows: Find (uhk, phk) ∈ V 0×Q0

such that

a(uhk,v) + b(v, phk) = (f ,v) ∀v ∈ V 0, (6.1.1a)

b(uhk, q) = 0 ∀q ∈ Q0, (6.1.1b)

where the finite element spaces are chosen for k ≥ 4 as in the previous two chapters

(4.2.16):

V := {v ∈ C0(Ω) : v|K ∈ Pk(K) ∀K ∈ T , v is C1 at noncorner vertices},

Q := {q ∈ L2(Ω) : q|K ∈ Pk−1(K) ∀K ∈ T , q is C0 at noncorner vertices},

V0 := V ∩H1
0 (Ω), V 0 = V0 × V0, and Q0 = Q ∩ L2

0(Ω). The local degrees of freedom

of the spaces V and Q are illustrated in Figure 4.4.

In Part I Chapter 4, it was shown that these elements are uniformly inf-sup

stable in the mesh size h and polynomial order k if the mesh T is corner-split which,

roughly speaking, means that every element K ∈ T has at most one edge lying on

the domain boundary Γ; for a precise definition, see Section 4.2.2.
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Theorem 6.1.1 (Theorem 4.3.1 and Corollary 4.3.2). If the mesh T is corner-split,

then for every q ∈ Q0, there exists v ∈ V 0 such that div v = q and

‖v‖H1(Ω) ≤ β−1‖q‖L2(Ω),

where 0 < β < 1 is independent of k and h. Thus, the spaces V 0×Q0 are uniformly

inf-sup stable:

inf
0 6=q∈Q0

sup
06=v∈V 0

b(v, q)

‖v‖H1(Ω)‖q‖L2(Ω)

≥ β. (6.1.2)

Strictly speaking, Corollary 4.3.2 shows that β depends on the mesh-dependent

quantity ξ(T ) defined in (4.3.2), but is nevertheless bounded independently of the

mesh size h and polynomial degree k. Moreover, the finite element solution uhk

will be pointwise divergence free (see e.g. Section 4.1). In Chapter 5, it was shown

that these elements have optimal approximation properties in both the mesh size

h and the polynomial order k. On locally quasi-uniform meshes, the finite element

solution to (6.1.1) converges at the optimal algebraic rate to the solution to (4.1.2)

by Theorem 5.2.1. Moreover, if the data f belongs to a particular countably normed

space, then the finite element method with properly geometrically graded meshes

converges exponentially fast as both the mesh is refined and the polynomial degree

is increased Corollary 5.2.5. The spaces V 0 × Q0 are currently the only known

triangular finite element spaces that are uniformly inf-sup stable in h and k, give

pointwise divergence free velocities, and posses optimal approximation properties.



217

In the current chapter, we turn to issues relating to the practical application of

the method. In particular, we give explicit bases for the spaces V and Q that result

in an efficient preconditioner for the solution of the resulting linear system for (6.1.1),

which may be used in conjunction with an iterative solver for indefinite systems, such

as MINRES [89]. The preconditioner consists of a standard static condensation,

or elimination of the interior degrees of freedom, along with an Additive Schwarz

Method (ASM) preconditioner [103, 111] for the resulting Schur complement system

associated with the interface degrees of freedom. Thanks to a judicious choice of

basis, the condition number grow at most as log3 k as k is increased, and is uniform

in the mesh size.

The current work finds inspiration in the early works of [32, 69, 102, 114] for h-

version methods, [9, 109] for hp-version finite element methods, and [70, 78, 90, 91]

for spectral element methods, each of which developed block diagonal and/or block

triangular preconditioners in terms of existing preconditioners for second order ellip-

tic problems. Unfortunately, these types of approaches do not readily extend to the

mixed finite element scheme (6.1.1) owing to the additional smoothness requirements

imposed at element vertices for both the velocity and pressure spaces. Our treatment

of these degrees of freedom is similar to the treatment of the second order deriva-

tive degrees of freedom in preconditioning the stiffness matrix for H2(Ω)-conforming

methods in Chapter 3 and the treatment of the vertex degrees of freedom in precon-

ditioning the mass matrix for H1(Ω) problems [6, 7].
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6.2 General Form of a Block-Diagonal Precondi-

tioner

By fixing bases for the spaces V 0 and Q, we may express u ∈ V 0 and p ∈ Q as

u = ~uTE
~ΦE + ~uTI

~ΦI and p = ~pTe
~ψe + ~pTι

~ψι,

for suitable ~uE, ~uI , ~pe, ~pι, where ~ΦE is the vector of exterior velocity basis functions

(vertex and edge functions), ~ΦI the vector of interior velocity basis functions, ~ψe

the vector of exterior pressure basis functions, and ~ψι the vector of interior pressure

basis functions. Here, the exterior pressure functions consist of vertex functions and

a function corresponding to the average value over each element. The variational

problem (6.1.1) in matrix form then reads



AEE BEe AEI BEι

BeE 0 BeI 0

AIE BIe AII BIι

BιE 0 BιI 0





~uE

~pe

~uI

~pι


=



~fE

~0

~fI

~0


. (6.2.1)

The matrix appearing in (6.2.1) is symmetric but indefinite, owing to the zero sub-

blocks. The pressure variable in problem (6.1.1) is unique up to a constant, meaning

that the matrix in (6.2.1) has a one-dimensional null space. Nevertheless, the sys-

tem (6.2.1) is consistent since the components of the load vector corresponding to

pressure basis functions vanish identically and, a fortiori, are orthogonal to constant
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pressure modes. Consequently, the system (6.2.1) is uniquely solvable up to the ad-

dition of a constant in the pressure thanks to the inf-sup condition (6.1.2) and the

uniform ellipticity of a(·, ·).

The conditioning of the matrix, in common with standard hp-finite elements,

degenerates rapidly with both the mesh size h and the polynomial order k of the

elements. Indeed, almost every practical choice of basis function results in a rapid

deterioration of the condition number k, even for symmetric, positive definite systems

[5, 88]. We seek a preconditioner for the symmetric, indefinite system (6.2.1) which

controls the growth of the conditioning in both h and k.

The first step towards preconditioning is to eliminate, or statically condense, the

interior degrees of freedom to arrive at the Schur complement system

S

~uE
~pe

 =

~f ∗E
~g∗e

 :=

~fE
~0

−
AEI BEι

BeI 0


AII BIι

BιI 0


−1 ~fI

~0

 , (6.2.2)

where

S =

Ã B̃
T

B̃ 0

 =

AEE BEe

BeE 0

−
AEI BEι

BeI 0


AII BIι

BιI 0


−1 AIE BIe

BιE 0


(6.2.3)

and we have used the fact (see Lemma 6.5.1) that the (2, 2) block of Schur comple-

ment matrix S reduces to the zero matrix. The inverse of the matrix appearing in
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(6.2.2) and (6.2.3) is well-defined by Theorem 6.3.3. After the degrees of freedom on

the element interfaces are in hand, the interior degrees of freedom can be recovered

by back substitution using the relation

~uI
~pι

 =

AII BIι

BιI 0


−1

~fI
~0

−
AIE BIe

BιE 0


~uE
~pe


 .

The element interface degrees of freedom are obtained by solving the Schur comple-

ment system (6.2.2). The matrix S defined in (6.2.3) is symmetric and indefinite,

and inherits the one dimensional null space from the full system matrix (6.2.1), again

corresponding to the constant pressure mode. Similarly, the right hand side in (6.2.2)

inherits the consistency of the load vector meaning that (6.2.2) is uniquely solvable

up to a constant pressure mode. The indefiniteness of the problem coupled with the

presence of a low dimensional null space suggests using a MINRES iterative solver

[89] in conjunction with a suitable preconditioner.

We seek a block diagonal matrix of the form

P =

Ā 0

0 ν−1M̄

 (6.2.4)

to precondition S, where Ā and M̄ are symmetric positive definite matrices. The

convergence of the MINRES algorithm with preconditioner P−1 depends on the loca-

tion of the nonzero eigenvalues of P−1S [48, Remark 4.13 and §4.2.4]. In particular,
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let δ, ∆, θ, and Θ be nonnegative constants such that

δ ≤ ~uTEÃ~uE

~uTEĀ~uE
≤ ∆ ∀u ∈ V 0 and θ ≤ ~qTe B̃Ã

−1
B̃
T
~qe

ν−1~qTe M̄~qe
≤ Θ ∀q ∈ Q0.

Then, by [48, Theorem 4.7 and eq. (4.37)], the eigenvalues of P−1S lie in the set

[
−Θ,

1

2

(
δ −
√
δ2 + 4δθ

)]
∪ {0} ∪

[
δ,

1

2

(
∆ +

√
∆2 + 4∆Θ

)]
. (6.2.5)

In order to use variational techniques like Additive Schwarz Methods to construct

Ā and M̄ , we must first identify the appropriate variational setting of the Schur

complement system (6.2.2). In particular, the Schur complement is posed over the

subspaces spanned by the external degrees of freedom of V 0 × Q, which are rather

non-standard owing to the additional continuity imposed at noncorner vertices. Sec-

tion 6.3 gives a precise characterization of these spaces including new results showing

that they form a discrete exact sequence property (Theorem 6.3.5) and that they, like

the spaces V 0 ×Q0, are uniformly inf-sup stable in both h and k (Theorem 6.3.7).

Section 6.4 defines the Stokes extension operator and its relation to the subspace

splittings. Section 6.5 uses the results of the previous two sections to relate the matrix

form of the Schur complement system to a variational problem. In Section 6.6, we

present an explicit set of basis functions on the reference element for the spaces

V and Q and then detail how these are used in the construction of the global basis

functions. We develop the additive Schwarz theory and construct the matrices Ā and

M̄ in Section 6.7, which is then applied to three numerical examples demonstrating
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in Section 6.8. Section 6.9 contains technical lemmas related to the additive Schwarz

theory.

6.3 Subspace Splittings, Exact Sequences, and

Stability

A key property of the mixed finite element pair V 0 × Q0 is the exactness of the

sequence Theorem 4.2.6 and [50, §3.2]:

0
⊂−−−−→ Σ0

curl−−−−−→ V 0
div−−−−→ Q0 −−−→ 0, (6.3.1)

where we recall that curl = (∂y,−∂x)T and Σ0 is the space of H2(Ω)-conforming

piecewise polynomials given by

Σ0 = {φ ∈ C1(Ω̄) : φ|K ∈ Pk+1(K) ∀K ∈ T , φ is C2 at noncorner vertices} ∩H2
0 (Ω).

The exact sequence property (6.3.1) was used in Theorem 5.2.2 to obtain optimal

error estimates for the velocity that were independent of the pressure error. In the

remainder of this section, we seek exact sequences analogous to (6.3.1) that respect

the separation of interior and exterior degrees of freedom. Such sequences will be

used to both identify the variational problem associated with the Schur complement

system (6.2.2) and prove its uniform stability.
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6.3.1 Interior Subspaces

We first examine the subspaces associated with the interior degrees of freedom given

by

ΣI = {φ ∈ Σ0 : φ|∂K = ∂nφ|∂K = 0 ∀K ∈ T },

V I = {v ∈ V 0 : v|∂K = 0 ∀K ∈ T },

QI =

{
q ∈ Q0 :

∫
K

q dx = 0, q|K(a) = 0 ∀a ∈ VK , ∀K ∈ T
}
,

which, in turn, may be decomposed into contributions from individual elements:

ΣI =
⊕
K∈T

ΣI(K), V I =
⊕
K∈T

V I(K), and QI =
⊕
K∈T

QI(K), (6.3.2)

where

ΣI(K) := Pk+1(K) ∩H2
0 (K),

V I(K) := Pk(K) ∩H1
0(K),

QI(K) :=
{
q ∈ Pk−1(K) ∩ L2

0(K) : q(a) = 0, ∀a ∈ VK
}
.

Here, we follow the usual conventions whereby the above definitions are understood

to mean that the functions are defined globally but supported on the single element

K. Both the element-level interior spaces and the corresponding interior spaces on

a mesh form exact sequences:



224

Theorem 6.3.1. The following sequences are exact:

0
⊂−−−−→ ΣI(K)

curl−−−−−→ V I(K)
div−−−−→ QI(K) −−−→ 0 ∀K ∈ T , (6.3.3)

and

0
⊂−−−−→ ΣI

curl−−−−−→ V I
div−−−−→ QI −−−→ 0. (6.3.4)

Proof. In view of curlH2
0 (K) ⊂H1

0(K), we have the relations curl ΣI(K) ⊂ V I(K),

curl ΣI(K) ⊆ ker div, and by Theorem 4.3.4, divV I(K) = QI(K). Here, we consider

div as a linear operator V I(K) → QI(K). Moreover, for φ ∈ ΣI(K), curlφ ≡ 0

if and only if φ ≡ 0 and so dim curl ΣI(K) = dim ΣI(K). The dimension counts

dim ΣI(K) = k2−7k+12
2

, dimV I(K) = k2 − 3k + 2, and dimQI(K) = k2+k−8
2

reveal

that dim ΣI(K) + dimQI(K) − dimV I(K) = 0. By the rank-nullity theorem, we

have

dimV I(K) = dim Im div + dim ker div ≥ dimQI(K) + dim ΣI(K) = dimV I(K).

and so ker div = curl ΣI(K). Thus, the element-level sequence (6.3.3) is exact. The

exactness of the global spaces (6.3.4) may be proved along similar lines using the

exactness of the element level sequence (6.3.3).

The inclusions curl ΣI(K) ⊂ V I(K) and curl ΣI ⊂ V I give a useful decomposi-

tion of the interior spaces in terms of the curl operator:
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Corollary 6.3.2. The spaces V I(K) and V I admit the following decompositions:

V I(K) = curl ΣI(K)⊕ {v ∈ Pk(K) ∩H1
0(K), a(v, curlφ) = 0 ∀φ ∈ ΣI(K)}

and

V I = curl ΣI ⊕ {v ∈ V 0 : v|∂K = 0 ∀K ∈ T , a(v, curlφ) = 0 ∀φ ∈ ΣI}. (6.3.5)

The next result concerns the stability of the interior mixed finite element pair

V I ×QI .

Theorem 6.3.3. Let K ∈ T and let β be the discrete inf-sup constant appearing in

(6.1.2). If q ∈ QI(K), then there exists v ∈ V I(K) such that div v = q and

h−1
K ‖v‖L2(K) + |v|H1(K) ≤ β−1‖q‖L2(K). (6.3.6)

Consequently, (i) the spaces V I ×QI are uniformly inf-sup stable:

inf
06=q∈QI

sup
0 6=v∈V I

b(v, q)

|v|H1(Ω)‖q‖L2(Ω)

≥ β, (6.3.7)

and (ii) the matrix

AII BIι

BιI 0

 is invertible, and hence the Schur complement S

appearing in (6.2.2) is well-defined by the formula (6.2.3).

Proof. Let q ∈ QI(K). Then, Theorem 4.3.4 gives the existence of v ∈ V I(K) with
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div v = q satisfying the estimate (6.3.6).

Now let q ∈ QI be decomposed as in (6.3.2) so that q =
∑

K∈T qK with qK ∈

QI(K). By the first statement in the theorem, there exists vK ∈ V I(K) with

div vK = −qK satisfying (6.3.6). Hence, v :=
∑

K∈T vK satisfies div v = −q and

|v|2H1(Ω) =
∑
K∈T

|vK |2H1(Ω) ≤ β−2
∑
K∈T

‖qK‖2
L2(Ω) = β−2‖q‖2

L2(Ω),

from which (6.3.7) immediately follows. (ii) follows at once thanks to the ellipticity

of a(·, ·) and the inf-sup condition (6.3.7).

6.3.2 Boundary Subspaces

The subspaces Σ̃E, Ṽ E, and Q̃E are defined as follows

Σ̃E := {φ ∈ Σ0 : a(curlφ, curlψ) = 0 ∀ψ ∈ ΣI} (6.3.8a)

Ṽ E := {v ∈ V 0 : div v ∈ Q̃E, a(v, curlψ) = 0 ∀ψ ∈ ΣI} (6.3.8b)

Q̃E := {q ∈ Q0 : (q, r) = 0 ∀r ∈ QI}, (6.3.8c)

and correspond to degrees of freedom on the element boundaries. More precisely, we

have:
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Theorem 6.3.4. The following decompositions hold:

Σ0 = ΣI ⊕ Σ̃E, V 0 = V I ⊕ Ṽ E, and Q0 = QI ⊕ Q̃E. (6.3.9)

Proof. The decompositions of Σ0 and Q0 follow immediately using the orthogonality

conditions in the definition of the spaces (6.3.8a) and (6.3.8c). The decomposition

of the velocity space V 0 is more involved. We first use the exact sequence (6.3.1) to

write:

V 0 = curl Σ0 ⊕ (curl Σ0)⊥, (6.3.10)

where (curl Σ0)⊥ := {u ∈ V 0 : a(u, curlψ) = 0 ∀ψ ∈ Σ0}. Now, let v ∈ V 0 be

given. By the decomposition (6.3.10) and the decomposition of Σ0 in (6.3.9), there

exists φI ∈ ΣI , φ̃E ∈ Σ̃E, and v⊥ ∈ (curl Σ0)⊥ such that v = curl(φI+ φ̃E)+v⊥. We

decompose the divergence analogously: div v = qI + q̃E with qI ∈ QI and q̃E ∈ Q̃E.

Thanks to the exact sequence (6.3.4) and the decomposition (6.3.5), there exists

w ∈ V I such that divw = qI and w ∈ {v ∈ V I : a(v, curlψ) = 0 ∀ψ ∈ ΣI}. Then,

vI := curlφI +w satisfies vI ∈ V I and div vI = qI . Consequently, ṽE := v − vI =

curl φ̃E + v⊥ −w satisfies div ṽE = div(v − vI) = q̃E ∈ Q̃E and

a(ṽE, curlψ) = a(curl φ̃E, curlψ) + a(v⊥, curlψ) + a(w, curlψ) = 0 ∀ψ ∈ ΣI

by construction. Thus, ṽE ∈ Ṽ E, which completes the proof.
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Theorem 6.3.4 means that the decompositions in the columns of the following

complex (6.3.11) are valid. The next result shows that the rows form exact sequences:

Theorem 6.3.5. Each row of the following complex is an exact sequence

0
⊂−−−−→ Σ0

curl−−−−−→ V 0
div−−−−→ Q0 −−−→ 0 (6.3.11a)

q q q

0
⊂−−−−→ ΣI

curl−−−−−→ V I
div−−−−→ QI −−−→ 0 (6.3.11b)

⊕ ⊕ ⊕

0
⊂−−−−→ Σ̃E

curl−−−−−→ Ṽ E
div−−−−→ Q̃E −−−→ 0 (6.3.11c)

where the exterior spaces Σ̃E, Ṽ E, and Q̃E are given by (6.3.8).

Proof. Theorem 4.2.6 gives the exactness of (6.3.11a) while Theorem 6.3.1 gives the

exactness of (6.3.11b). Moreover, the decomposition (6.3.9) and the exactness the

sequences (6.3.11a) and (6.3.11b) imply that dim Σ̃E + dim Q̃E − dim Ṽ E = 0. Since

curl Σ̃E ⊂ Ṽ E and div Ṽ E ⊆ Q̃E, we conclude that the sequence (6.3.11c) is exact

using analogous arguments to those used in Theorem 6.3.1.

The exactness of the final row in (6.3.11) gives the following analogue of Corol-

lary 6.3.2 for the exterior velocity space:
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Corollary 6.3.6. The exterior velocity space Ṽ E admits the following decomposition:

Ṽ E = curl Σ̃E ⊕ {v ∈ V 0 : div v ∈ Q̃E, a(v, curlφ) = 0 ∀φ ∈ Σ0}.

Theorems 6.1.1 and 6.3.3 show that the mixed finite element pairs appearing in

the first two rows of (6.3.11) are uniformly inf-sup stable. The next result shows

that the boundary spaces are also stable with the same inf-sup constant as for the

full velocity and pressure spaces :

Theorem 6.3.7. Let β be the discrete inf-sup constant defined in (6.1.2). If q ∈ Q̃E,

then there exists v ∈ Ṽ E such that div v = q and

|v|H1(Ω) ≤ β−1‖q‖L2(Ω). (6.3.12)

Consequently, the spaces Ṽ E × Q̃E are uniformly inf-sup stable:

inf
06=q∈Q̃E

sup
0 6=v∈Ṽ E

b(v, q)

|v|H1(Ω)‖q‖L2(Ω)

≥ β. (6.3.13)

Proof. Let q ∈ Q̃E be given. By Theorem 6.1.1, there exists w ∈ V 0 such that

divw = q and ‖w‖H1(Ω) ≤ β−1‖q‖L2(Ω), where β is independent of h and k. Accord-

ing to Theorem 6.3.4 and (6.3.8b), there exist functions wI ∈ V I , w̃E ∈ Ṽ E such

that w = wI +w̃E. QI 3 divwI = div(w−w̃E) ∈ Q̃E since divw = q ∈ Q̃E, and so

divwI = 0. By the exact sequence property (6.3.4), wI = curlφI for some φ ∈ ΣI ,

and thus w = curlφI + w̃E. Note that this decomposition of w is a(·, ·) orthogonal
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by definition: a(curlφI , w̃E) = 0 and

|w|2H1(Ω) =
[
a(curlφI , curlφI) + a(w̃E, w̃E)

]
= | curlφI |2H1(Ω) + |w̃E|2H1(Ω).

Define v := w̃E. Then, div v = div w̃E = div(w̃E + curlφI) = divw = q, and

|v|H1(Ω) ≤ |w|H1(Ω) ≤ β−1‖q‖L2(Ω). (6.3.12) and (6.3.13) follow at once.

6.4 Stokes Extension Operator

Let V := V ×V denote the discrete velocity space in the absence of essential bound-

ary conditions and Q⊥I be the orthogonal complement of QI in Q with the corre-

sponding projection Π̃ : Q→ Q⊥I ,

(Π̃q, r) = (q, r) ∀r ∈ Q⊥I := {q ∈ Q : (q, r) = 0 ∀r ∈ QI}. (6.4.1)

It is worthwhile noting that (6.4.1) means that Q̃E = Q⊥I ∩L2
0(Ω), so that the space

Q⊥I corresponds to boundary degrees of freedom. Let K ∈ T . Then, thanks to stan-

dard Babuška-Brezzi theory (see e.g. [55, p. 59 Theorem 4.1]) and Theorem 6.3.3,
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there exist uS,K ∈ Pk(K) and pS,K ∈ Pk−1(K) satisfying

aK(uS,K ,v) + bK(v, pS,K) = 0 ∀v ∈ V I(K), (6.4.2a)

bK(uS,K , q) = 0 ∀q ∈ QI(K), (6.4.2b)

uS,K = u on ∂K, (6.4.2c)

pS,K(a) = p|K(a) ∀a ∈ VK , (6.4.2d)∫
K

pS,K dx =

∫
K

p dx, (6.4.2e)

where aK(·, ·) and bK(·, ·) denote the restrictions of the bilinear forms to element K.

We define the Stokes extension map V × Q 3 (u, p) 7→ E (u, p) =: (uS, pS) by the

rule uS = uS,K and pS = pS,K on each element K ∈ T .

The first result deals with the Stokes extension of a given velocity field paired a

zero pressure:

Theorem 6.4.1. Let ΠV : V → V , ΠQ : V → Q be defined by the rule

V 3 u 7→ (ΠV u,ΠQu) := E (u, 0). (6.4.3)

Then, ΠQu ∈ QI and

‖ΠV u‖H1(K) + ν−1‖ΠQu‖L2(K) ≤ C‖u‖H1/2(∂K) ∀K ∈ T , (6.4.4)

where C is independent of hK, k, ν, and u. In particular, if u ∈ Ṽ E, then ΠV u = u.
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Moreover, the following equivalence of semi-norms holds:

C−1|u|H1/2(∂K) ≤ |ΠV u|H1(K) ≤ Cβ−1|u|H1/2(∂K) ∀K ∈ T , (6.4.5)

where C ≥ 1 is independent of k, hK, β, ν, and u.

Proof. Let K ∈ T and u ∈ V be given. Conditions (6.4.2d) and (6.4.2e) imply that

ΠQu ∈ QI . Let c = |∂K|−1
∫
∂K
u dS. Thanks to [13, Theorem 7.4] and a standard

scaling argument, there exists w̃ ∈ Pk(K) such that w̃|∂K = (u− c)|∂K and

h−1
K ‖w̃‖L2(K) + |w̃|H1(K) ≤ C

(
h
−1/2
K ‖u− c‖L2(∂K) + |u|H1/2(∂K)

)
,

with C independent of hK , k, and u. The polynomial w := w̃ + c satisfies w|∂K =

u|∂K . Moreover, by Poincaré’s inequality, h
−1/2
K ‖u − c‖L2(∂K) ≤ C|u|H1/2(∂K), and

so

‖w‖H1(K) ≤ ‖w̃‖L2(K) + Ch
1/2
K ‖u‖L2(∂K) + |w̃|H1(K) ≤ C‖u‖H1/2(∂K). (6.4.6)

Choosing v = ΠV u|K −w ∈ V I(K) in (6.4.2a) gives

aK(ΠV u,ΠV u) = aK(ΠV u,w) + bK(ΠV u−w,ΠQu).

By (6.4.2b), bK(ΠV u,ΠQu) = 0 since ΠQu|K ∈ QI(K), and so, by Cauchy-Schwarz



233

inequality, there holds

|ΠV u|2H1(K) ≤
(
|ΠV u|H1(K) +

√
2ν−1‖ΠQu‖L2(K)

)
|w|H1(K). (6.4.7)

Moreover, there exists v ∈ V I(K) satisfying div v = ΠQu|K and (6.3.6) by Theo-

rem 6.3.3. Consequently,

β‖ΠQu‖L2(K) ≤
bK(v,ΠQu)

|v|H1(K)

=
aK(ΠV u,v)

|v|H1(K)

≤ ν|ΠV u|H1(K) (6.4.8)

thanks to (6.4.2a) and the Cauchy-Schwarz inequality. Collecting results, we obtain

|ΠV u|H1(K) ≤ (1 +
√

2β−1)|w|H1(K) ≤ C‖u‖H1/2(∂K)

and

‖ΠQu‖L2(K) ≤ νβ−1|ΠV u|H1(K) ≤ Cν‖u‖H1/2(∂K),

where C is independent of hK , k, ν, and u. Combining the estimate

h−1
K ‖ΠV u‖L2(K) ≤ C

(
|ΠV u|H1(K) + |∂K|−1

∣∣∣∣∫
∂K

ΠV u dS

∣∣∣∣) ,
which follows from [49, Example B.64] and a standard scaling argument, and the
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Cauchy-Schwarz inequality then gives

‖ΠV u‖L2(K) ≤ C
(
hK |ΠV u|H1(K) + h

1/2
K ‖ΠV u‖L2(∂K)

)
≤ C

(
|ΠV u|H1(K) + ‖u‖L2(∂K)

)
≤ C‖u‖H1/2(∂K).

Now let u ∈ Ṽ E. Then, div ΠV u ∈ Q̃E by (6.4.2b) and w := u−ΠV u ∈ V I by

(6.4.2c). Moreover, divw ∈ QI ∩ Q̃E since divu, div ΠV u ∈ Q̃E. Thus, divw = 0

and w = curlφ with φ ∈ ΣI by the exact sequence property (6.3.4). For any ψ ∈ ΣI ,

there holds

a(curlφ, curlψ) = a(u, curlψ)− a(ΠV u, curlψ) = 0

by the definition of Ṽ E and choosing v = curlψ for ψ ∈ ΣI in (6.4.2a). Since

a(curl ·, curl ·) is coercive on ΣI , φ ≡ 0, and u = ΠV u.

The equivalence (6.4.5) is proved by arguing as in [32, Theorem 4.1].

The next result complements Theorem 6.4.1:

Theorem 6.4.2. For p ∈ Q, E (0, p) = (0, Π̃p) where Π̃ is defined in (6.4.1), and

‖Π̃p‖L2(K) ≤ ‖p‖L2(K). (6.4.9)
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In particular, if p ∈ Q⊥I , then E (0, p) = (0, p).

Proof. Let p ∈ Q and consider the Stokes extension (ũ, p̃) := E (0, p). Since Q =

QI ⊕ Q⊥I , the pressure p̃ may be written in the form p̃ = pI + Π̃p. In particular,

pI ∈ QI satisfies

bK(v, pI) = bK(v, p̃)− bK(v, Π̃p) = bK(v, p̃) ∀v ∈ V I(K), ∀K ∈ T ,

where we used the fact that bK(v, Π̃p) = 0 since divV I(K) = QI(K) ⊥ Q⊥I . Hence,

aK(ũ,v) + bK(v, pI) = 0 ∀v ∈ V I(K),

bK(ũ, q) = 0 ∀q ∈ QI(K).

Equation (6.4.4) then gives (ũ, pI) = E (0, 0); or, equally well, ũ = 0 and p̃ = Π̃p.

The estimate (6.4.9) immediately follows since Π̃ is a projection. If p ∈ Q⊥I , then

E (0, p) = (0, Π̃p) = (0, p).

Combining Theorems 6.4.1 and 6.4.2 leads to the following result:

Corollary 6.4.3. The Stokes extension operator E (·, ·) is linear and continuous: For

K ∈ T , there holds

‖E (u, p)‖H1(K)×L2(K) ≤ C max{1, ν}‖u‖H1/2(∂K) + ‖Π̃p‖L2(K) ∀(u, p) ∈ V ×Q,

(6.4.10)
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where C is independent of hK, k, and ν. Moreover, ker E = V I ×QI and E (u, p) =

(ΠV u,ΠQu+ Π̃p).

Proof. The linearity of E (·, ·) is immediate from the definition (6.4.2), and (6.4.10)

then follows from (6.4.4) and Theorem 6.4.2 using the triangle inequality. A simple

consequence of (6.4.2c) to (6.4.2e) is that ker E ⊆ V I ×QI . Moreover, (6.4.10) gives

that V I ×QI ⊆ ker E . Thus, ker E = V I ×QI .

6.5 Variational Form of the Schur Complement

System

The results of the previous two sections are used to study the Schur complement

system (6.2.2). The first result relates the Schur complement matrix S to the discrete

Stokes extension map:

Lemma 6.5.1. For all (u, p), (v, q) ∈ V 0 ×Q, the Stokes extension satisfies

a(uS,vS) + b(vS, pS) + b(uS, qS) =

~vE
~qe


T

S

~uE
~pe

 (6.5.1)



237

where S =

Ã B̃
T

B̃ C̃

. Consequently, the following identities hold:

~uTEÃ~vE = a(ΠV u,ΠV v) ∀u,v ∈ V 0, (6.5.2a)

~pTe B̃~uE = b(ΠV u, Π̃p) ∀p ∈ Q, u ∈ V 0, (6.5.2b)

C̃ = 0 and ~g∗e = ~0, (6.5.2c)

where ΠV is defined in (6.4.3), Π̃ is defined in (6.4.1), and ~g∗e is defined in (6.2.2).

Proof. Let (u, p) ∈ V 0×Q. The Stokes extension (uS, pS) = E(u, p) may be written

as uS = ~ΦT
E~uE + ~ΦT

I ~u
∗
I and pS = ~ψTe ~pe + ~ψTι ~p

∗
ι so that u = ~ΦT

E~uE + ~ΦT
I ~uI and

p = ~ψTe ~pe + ~ψTι ~pι for suitable ~uE, ~uI , ~pe, and ~pι. Thanks to (6.4.2a) and (6.4.2b), ~u∗I

and ~p∗ι are given by

~u∗I
~p∗ι

 = −

AII BIι

BιI 0


−1 AIE BIe

BιE 0


~uE
~pe

 . (6.5.3)
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Analogous relations hold replacing (u, p) by (v, q) ∈ V 0 ×Q. Now,

a(uS,vS) + b(vS, pS) + b(uS, qS)

=



~vE

~qe

~v∗I

~q∗ι



T 

AEE BEe AEI BEι

BeE 0 BeI 0

AIE BIe AII BIι

BιE 0 BιI 0





~uE

~pe

~u∗I

~p∗ι


,

and then using (6.5.3), we obtain (6.5.1). Identities (6.5.2) are then obtained from

(6.5.1) as follows:

(a) Choose p = q = 0. Then, (ΠV u,ΠQu), (ΠV v,ΠQv) ∈ V × QI by Theo-

rem 6.4.1, so b(ΠV v,ΠQu) + b(ΠV u,ΠQv) = 0 by (6.4.2b); (6.5.2a) follows.

(b) Choose p = 0 and v = 0. By Theorem 6.4.2, E (0, q) = (0, Π̃q), and (6.5.2b)

follows.

(c) Choose u = v = 0. By Theorem 6.4.2, E (0, p) = (0, Π̃p), E (0, q) = (0, Π̃q),

and so ~qTe C̃~pe = 0 for all p, q ∈ Q. Thus, C̃ = 0. Furthermore, for u ∈ V 0

satisfying (6.1.1), there holds

~qTe ~g
∗
e = ~qTe B̃~uE = b(ΠV u, Π̃q) = −b(u−ΠV u, Π̃q) ∀q ∈ Q

by (6.1.1b). Since u|∂K = ΠV u|∂K for all K ∈ T , div(u−ΠV u) ∈ divV I =

QI ⊥ Q⊥I , and so b(u−ΠV u, q̃) = 0, which completes (6.5.2c).
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The main result of this section relates the Schur complement problem (6.2.2) to

a Stokes problem posed on the boundary spaces Ṽ E × Q̃E:

Theorem 6.5.2. The Schur complement system (6.2.2), is equivalent to the following

variational problem: Find (u, p) ∈ Ṽ E × Q̃E such that

a(u,v) + b(v, p) = (f ,v) ∀v ∈ Ṽ E, (6.5.4a)

b(u, q) = 0 ∀q ∈ Q̃E. (6.5.4b)

Moreover, the nonzero eigenvalues of the generalized eigenvalue problem B̃Ã
−1
B̃
T
~qe

= λν−1M̃~qe are contained in the interval [β2, 1], where M̃ is the matrix associated

with the L2(Ω)-inner product on Q⊥I and β is the inf-sup constant in (6.1.2). In

particular, the nonzero eigenvalues λ are uniformly bounded away from zero in h and

k.

Proof. Let (u, p), (v, q) ∈ Ṽ E × Q⊥I . Substituting the identities in Theorems 6.4.1

and 6.4.2 into (6.5.2) gives

~vE
~qe


T

S

~uE
~pe

 = ~vTEÃ~u
T
E + ~qTe B̃~uE + ~vEB̃

T
~pe

= a(ΠV u,ΠV v) + b(ΠV v, Π̃p) + b(ΠV u, Π̃q)

= a(u,v) + b(v, p) + b(u, q).

(6.5.4) now follows from (6.5.2c) on noting that Q̃E = Q⊥I ∩L2
0(Ω). Arguing as in [48,
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Theorem 3.22], the eigenvalue bound follows from the inf-sup condition (6.3.13).

6.6 Basis Functions

We first define a basis {φi} for the space of scalar-valued functions V . The basis is

constructed so that the exclusion of particular functions gives a basis for V0 = V ∩

H1
0 (Ω), which simplifies both the enforcement of homogeneous boundary conditions

and the implementation of the preconditioner. A basis {Φi} for the velocity space

V 0 = V0 × V0 is then obtained using functions of the form φjê1 and φjê2, where

ê1 = [1, 0]T and ê2 = [0, 1]T . For the pressure space, we only give a basis for Q since

the space Q0 is not used in the actual implementation.

6.6.1 Basis Functions on a Reference Triangle

We begin by defining basis functions for the pressure and velocity spaces on the

reference triangle T̂ shown in Figure 4.5b.
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6.6.1.1 Pressure Basis Functions

Let {Bk
α}α∈I denote the Bernstein polynomials [71]:

Bk
α =

k!

α1!α2!α3!
λα1

1 λ
α2
2 λ

α3
3 , (6.6.1)

where I = {α ∈ Z3
+ : |α| = k} and {λi, 1 ≤ i ≤ 3}, are the barycentric coordinates

on the reference triangle T̂ . The set {Bk
α}α∈I forms a basis for Pk(T̂ ) [71]. Each

Bernstein polynomial Bk
α can be identified with the domain point xα = α1

k
â1 +

α2

k
â2 + α3

k
â3 on the reference triangle. Let I0 = {α ∈ I : αi < k} denote the subset

corresponding to interior (non-vertex) points. Fix any β ∈ I0; since all the Bernstein

polynomials (6.6.1) share the same average value, the set {Bk
α−Bk

β}α∈I\{β} is a basis

for Pk(T̂ ) ∩ L2
0(T̂ ). This set can be partitioned into:

(i) Vertex functions:

ψ̂i := Bk
kei
−Bk

β, 1 ≤ i ≤ 3,

satisfying
∫
T̂
ψ̂idx = 0 and ψ̂i(âj) = δij for 1 ≤ i, j ≤ 3. Here, ei ∈ Z3

+ is given by

(ei)j = δij, 1 ≤ i, j ≤ 3.

(ii) Interior functions:

ψ̂ι,α := Bk
α −Bk

β, α ∈ I0 \ {β}
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satisfying
∫
T̂
ψ̂ι,αdx = 0 and ψ̂ι,α(âi) = 0, 1 ≤ i ≤ 3.

In order to obtain a basis for Pk(T̂ ), we supplement this set with one additional

function:

(iii) Average value function

ψ̂T̂ := 1−
3∑
i=1

ψ̂i. (6.6.2)

satisfying |T̂ |−1
∫
T̂
ψ̂T̂dx = 1 and ψ̂T̂ (ai) = 0, 1 ≤ i ≤ 3.

In summary, there are 3 vertex functions, one average value function and 1
2
(k +

1)(k + 2) − 4 interior functions which total 1
2
(k + 1)(k + 2) = dimPk(T̂ ), and form

a basis for the pressure space Q = Pk(T̂ ) on the reference element.

6.6.1.2 Velocity Basis Functions

The construction of the basis functions for the velocity space V is more complicated

owing to the higher continuity requirement. In particular, the basis functions {φ̂βi },

β ∈ Z2
+, |β| = 1, i ∈ {1, 2, 3}, associated with the derivative degrees of freedom at the

vertices should satisfy Dαφ̂βi (âj) = δαβδij, α ∈ Z2
+, |α| = 1, j ∈ {1, 2, 3}. In order to

construct these functions, we begin by considering the vector valued function given
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by

~J1 :=
λ2

1

P
(3,3)
k−3 (−1)

λ2P
(3,3)
k−3 (λ2 − λ1)

λ3P
(3,3)
k−3 (λ3 − λ1)

 , (6.6.3)

where P
(3,3)
l is the Jacobi polynomial of degree l [108]. The first component of ~J1

vanishes on edge γ̂2 and the gradient at â1 is given by [1 0]T , while the second

component vanishes on edge γ̂3 and has gradient [0 1]T at â1. The factor λ2
1 means

that both components of ~J1 and their gradients vanish on the edge γ̂1. In summary,

since x = λ2 and y = λ3, we have

~J1(âi) = ~0 and

 ∂
∂x

∂
∂y

 ~JT1 (âi) =

 ∂
∂λ2

∂
∂λ3

 ~JT1 (âi) = δi1

1 0

0 1

 . (6.6.4)

Defining ~J2 and ~J3 by cyclic permutations of the indices, we conclude that ~J2 and ~J3

vanish at the vertices and that, for i ∈ {1, 2, 3},

 ∂
∂λ3

∂
∂λ1

 ~JT2 (âi) = δi2

1 0

0 1

 and

 ∂
∂λ1

∂
∂λ2

 ~JT3 (âi) = δi3

1 0

0 1

 . (6.6.5)

Substituting the identities

 ∂
∂λ3

∂
∂λ1

 =

−1 1

−1 0


 ∂
∂x

∂
∂y

 and

 ∂
∂λ1

∂
∂λ2

 =

0 −1

1 −1


 ∂
∂x

∂
∂y


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in (6.6.5) and rearranging gives

 ∂
∂x

∂
∂y



−1 −1

1 0

 ~J2


T

(âi) = δi2

1 0

0 1

 , (6.6.6)

 ∂
∂x

∂
∂y



 0 1

−1 −1

 ~J3


T

(âi) = δi3

1 0

0 1

 . (6.6.7)

Armed with (6.6.4), (6.6.6) and (6.6.7), we define the basis functions for the velocity

space as follows:

(i) C0 vertex functions:

φ̂i = λ2
i (3− 2λi), 1 ≤ i ≤ 3,

satisfying φ̂i(âj) = δij, ∇ φ̂i(âj) = 0, and φ̂i|γ̂i = 0 for 1 ≤ i, j ≤ 3.

(ii) C1 vertex functions

φ̂(1,0)
1

φ̂
(0,1)
1

 =

1 0

0 1

 ~J1,

φ̂(1,0)
2

φ̂
(0,1)
2

 =

−1 −1

1 0

 ~J2, and

φ̂(1,0)
3

φ̂
(0,1)
3

 =

 0 1

−1 −1

 ~J3

which, thanks to (6.6.4), (6.6.6) and (6.6.7), satisfy Dβφ̂αi (âj) = δαβδij and φ̂i|γ̂i = 0

for 1 ≤ i, j ≤ 3, |α| = 1, |β| ≤ 1.

(iii) Edge functions: Let γ̂ be the edge connecting vertices âi and âj; then the basis
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functions associated with the edge are defined by

φ̂γ̂,l = λ2
iλ

2
jrl(λj − λi), 1 ≤ l ≤ k − 3

where {rl} is any basis for Pk−4((−1, 1)). These functions satisfy Dαφ̂γ̂,l(âm) = 0 for

|α| ≤ 1, 1 ≤ m ≤ 3, and φ̂γ̂,l|γ̂′ = δγ̂γ̂′ for γ̂′ ∈ ET̂ .

(iv) Interior functions: The basis functions associated with the element interior are

defined by

φ̂I,l = λ1λ2λ3sl, 1 ≤ l ≤ k2 − 3k + 2

2
,

where {sl} is any basis for Pk−3(T̂ ). These functions satisfy φ̂I,l|∂T̂ = 0 and∇ φ̂I,l(âm)

= 0 for 1 ≤ m ≤ 3.

It is easily seen that the above functions are linearly independent. Furthermore,

there are 3 functions per vertex, dimPk−4((−1, 1)) = k − 3 functions per edge, and

dimPk−3(T̂ ) = 1
2
(k − 2)(k − 1) interior functions which total 1

2
(k + 1)(k + 2) =

dimPk(T̂ ). Hence, the above functions also form a basis for Pk(T̂ ).
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6.6.2 Basis Functions on a Mesh

We now define the global basis functions for the spacesQ and V . The lower continuity

requirements imposed at corner vertices VC means that extra care must be taken

when defining the global basis functions associated with VC .

6.6.2.1 Pressure Basis Functions

The pressure space Q requires C0 continuity at all vertices except at corner vertices,

where the functions are allowed to be discontinuous. This means that each element

has its own degree of freedom at vertices a ∈ VC , whilst at the remaining vertices

a ∈ V \ VC , all elements share a single degree of freedom at the common vertex

as shown in Figure 6.1a. Consequently, any given vertex a ∈ V is associated with

either (a) a single basis function supported on the patch Ta if a ∈ V \ VC , or (b) a

collection of basis functions, each of which is supported on a single element K ∈ Ta

if a ∈ VC . The set of supports of the pressure functions associated with a vertex

a ∈ V is defined by

Ωa =


{Ta} a ∈ VC

{K ∈ Ta} a ∈ V \ VC .

That is, the cardinality of these sets is |Ωa| = 1 for noncorner vertices (since there

is only one vertex basis function associated to a) whilst |Ωa| ≥ 2 for corner vertices,
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Corner dof
Noncorner dof

(a)

Functional dof
Derivative dof

(b)

Figure 6.1: (a) The global pressure vertex degrees of freedom and (b) the global
velocity vertex degrees of freedom on a mesh of an example domain. Observe that in
(a) there are multiple pressure vertex degrees of freedom at corner vertices but only a
single degree of freedom at interior vertices and at noncorner boundary vertices and
in (b) there are three or more derivative degrees of freedom at corner vertices (red),
two derivative degrees of freedom aligned with the domain boundary at noncorner
boundary vertices (green), and two derivative degrees of freedom aligned with the
coordinate axes at interior vertices (blue).

thanks to the assumption that the mesh is corner-split into at least two elements.

The corresponding global vertex functions {ψωa : a ∈ V , ω ∈ Ωa} are defined to

be pull-backs in the usual way: For each element K ∈ T , let FK : T̂ → K be an

arbitrary, but fixed, invertible affine transformation. Then,

ψωa =


ψ̂i ◦ F−1

K on K ⊆ ω,

0 otherwise,

and ψK =


ψ̂T̂ ◦ F

−1
K on K,

0 otherwise,

(6.6.8)

where i is the index such that âi = F−1
K (a).

The average value functions and interior functions are simpler. Each element

K ∈ T has a single function ψK , corresponding to the average value over K, defined

by (6.6.8). Similarly, each element K ∈ T has k
2
(k + 1) − 4 interior functions also
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defined to be pull-backs. Thus, there are a total of O(|V| + |T |k2) global pressure

basis functions.

6.6.2.2 Velocity Basis Functions

The velocity space V imposes C1 continuity at all vertices except at corner vertices,

where only C0-continuity is required to ensure V ⊂ H1(Ω). This means that at corner

vertices a ∈ VC , each element K ∈ Ta has two degrees of freedom for the gradient

corresponding to the two tangential derivatives corresponding to the two edges of K

that meet at a. To enforce continuity between two neighboring elements in Ta, the

tangential derivative corresponding to the common edge must be shared between the

two elements. In other words, each corner vertex a ∈ VC has one derivative degree of

freedom for each edge γ ∈ Ea. For the remaining noncorner vertices a ∈ V \ VC , all

elements in Ta share two degrees of freedom at the common vertex, corresponding to

any two linearly independent directional derivatives as in Figure 6.1b. Consequently,

a given vertex a ∈ V is associated with either (a) two basis functions supported on

the patch Ta if a ∈ V \ VC , or (b) a collection of basis functions, each of which

is associated to an edge γ ∈ Ea and supported on the pair of elements sharing the

common edge γ if a ∈ VC .

The set of unit vectors defining the directional derivative degrees of freedom at
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a vertex a ∈ V are chosen as follows:

Da =


{ê1, ê2} a ∈ VI ,

{t̂, n̂} a ∈ VB,

{t̂γ : γ ∈ Ea} a ∈ VC ,

(6.6.9)

where t̂ and n̂ are the unit tangent and normal vectors at a noncorner boundary

vertex a ∈ VB and t̂γ denotes a unit tangent vector on an edge γ ∈ E as illustrated

in Figure 6.1b. For a given vertex a ∈ V and unit vector µ̂ ∈ Da, the global basis

function φµ̂a has support

suppφµ̂a =


{K ∈ Ta : ∃γ ∈ EK with t̂γ = ±µ̂} a ∈ VC ,

Ta a ∈ V \ VC .

The global C1 vertex functions come in pairs as follows: Given a noncorner vertex

a ∈ VI ∪ VB, let µ̂1, µ̂2 be unit vectors such that Da = {µ̂1, µ̂2} as in (6.6.9), and

define the basis functions by

φµ̂1
a

φ
µ̂2
a

 =

[
µ̂1 µ̂2

]−1

DF T
K

φ̂(1,0)
i ◦ F−1

K

φ̂
(0,1)
i ◦ F−1

K

 on K ∈ Ta, (6.6.10)

where i is the index such that âi = F−1
K (a) and DFK is the Jacobian matrix. The

above construction ensures that the basis functions are C1 continuous at the vertex a:

i.e. µ̂i ·∇φ
µ̂j
a (a) = δij. The case of a corner vertex a ∈ VC is more complicated since,
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as mentioned above, each edge γ ∈ Ea contributes one independent basis function at

the vertex, also defined by the expression (6.6.10), which is supported on the edge

patch {K ∈ Ta : γ ∈ EK}. The unit vectors µ̂1, µ̂2 in (6.6.10) associated with such

an element K ∈ Ta are taken to be the pair of unit tangent vectors on the two edges

of K having an endpoint at a. This means that the basis functions φ
µ̂1
a and φ

µ̂2
a are

the only C1 vertex functions supported on K.

The remaining C0 vertex functions, edge functions, and interior functions are

again defined to be pull-backs of the corresponding functions on the reference element

in the usual way: i.e. φa = φ̂i ◦ F−1
K on K ∈ Ta and φa = 0 otherwise, where i is

the index such that âi = F−1
K (a). Similarly, there are k − 3 edge functions per edge

γ ∈ E , supported on the patch of elements containing that edge {K ∈ T : γ ∈ EK},

and there are 1
2
(k − 1)(k − 2) interior functions per element K ∈ T . Overall, there

are a total of O(|V|+ |E|k + |T |k2) global velocity basis functions.

6.6.2.3 Velocity Basis Functions with Homogeneous Boundary Condi-
tions

The above construction gives a basis for V in the absence of essential boundary

conditions. If nonhomogeneous essential boundary conditions are imposed, then the

values of the following basis functions will be constrained by the boundary data:

• the C0 vertex function φa, a ∈ V \ VI at each vertex on the domain boundary;
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• the C1 vertex function at each noncorner boundary vertex corresponding to

the tangential derivative degree of freedom, i.e. φt̂a for a ∈ VB;

• the pair of C1 vertex functions at each corner boundary vertex corresponding

to the tangential derivatives along the domain boundary edges: φ
t̂γ
a , φ

t̂γ′
a for

a ∈ VC where γ, γ′ ∈ Ea ∩ Γ; and

• all k − 3 edge functions for each edge on the domain boundary.

If homogeneous essential boundary conditions are imposed, then a basis for V0 =

V ∩H1
0 (Ω) is obtained by taking the following functions:

• the C0 vertex function at each interior vertex, i.e. φa, a ∈ VI ;

• the following C1 vertex functions: φµ̂a , a ∈ V , µ̂ ∈ D̊a where

D̊a =


{ê1, ê2} a ∈ VI ,

{n̂} a ∈ VB,

{t̂γ : γ ∈ Ea ∩ EI} a ∈ VC .

(6.6.11)

• all k − 3 edge functions on each interior edge; and

• all interior functions on each element.

Condition (6.6.11) means that we keep both C1 vertex functions for each interior

vertex, the C1 vertex function associated with the outward normal of Γ for each
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noncorner boundary vertex, and each C1 vertex function corresponding to an interior

edge unit tangent vector at corner vertices.

6.7 Constructing the Preconditioner Using Addi-

tive Schwarz Theory

In Section 6.2, we constructed the stiffness matrix for the Stokes problem (6.2.1)

using bases for the spaces V 0 and Q and performed static condensation to arrive at

the Schur complement system (6.2.2). In Section 6.5, it was shown that the algebraic

Schur complement system (6.2.2) was related to the mixed finite element problem

(6.5.4) posed on the spaces Ṽ E × Q̃E. The alert reader will have noticed a slight

discrepancy in the treatment of the average pressure mode over the domain Ω: in

Sections 6.2 and 6.6.2, the average pressure modes were included in the discretization

(and it was pointed out that these modes span the kernel of the Schur complement)

whereas in Section 6.5, the pressure space Q̃E = Q⊥I ∩L2
0(Ω) was used, which factors

out the singular mode. In order to construct a preconditioner in the form (6.2.4),

we formulate an Additive Schwarz Method (ASM) over the spaces Ṽ E ×Q⊥I rather

than the seemingly more natural choice Ṽ E × Q̃E suggested by Theorem 6.5.2.
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6.7.1 Pressure ASM

We decompose the pressure space Q⊥I as follows:

Q⊥I =
⊕
a∈V
ω∈Ωa

Q̃a,ω ⊕
⊕
K∈T

Q̃K , (6.7.1)

where:

(i) the vertex spaces

Q̃a,ω := span{ψ̃ωa}, a ∈ V , ω ∈ Ωa, with ψ̃ωa := Π̃ψωa

are equipped with the inner product

ma,ω(p, q) := |ω|k−4p(a)q(a) ∀p, q ∈ Q̃a,ω.

(ii) the element average spaces

Q̃K := span{ψ̃K}, K ∈ T , with ψ̃K := Π̃ψK

are equipped with the inner product

mK(p, q) :=
1

|K|

(∫
K

p dx

)(∫
K

q dx

)
∀p, q ∈ Q̃K .



254

Applying the projection Π̃ to the formulae for ψK (6.6.2) and (6.6.8) gives

ψ̃K =


1−

∑
a∈VK

Ωa3ω⊇K

ψ̃ωa on K,

0 otherwise,

where the functions ψ̃ωa are defined in (i) and we use the fact that Π̃ preserves

constants.

The direct sum decomposition (6.7.1) means that any q ∈ Q⊥I may be uniquely

expressed in the form

q =
∑
a∈V
ω∈Ωa

qa,ω +
∑
K∈T

qK ,

where

qa,ω = q|ω(a)ψ̃ωa , a ∈ V , ω ∈ Ωa, and qK =

(
1

|K|

∫
K

q dx

)
ψ̃K , K ∈ T .

The action of the associated ASM preconditioner on a residual g ∈ L2(Ω) is given

by the solution p ∈ Q⊥I of the variational problem m̄(p, q) = (g, q) ∀q ∈ Q⊥I , where

m̄(p, q) :=
∑
a∈V
ω∈Ωa

ma,ω(pa,ω, qa,ω) +
∑
K∈T

mK(pK , qK). (6.7.2)
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The bilinear form m̄(·, ·) gives rise to a matrix preconditioner M̄ for the pressure

space defined by

~pTe M̄~qe = m̄(Π̃p, Π̃q) ∀p, q ∈ Q. (6.7.3)

6.7.2 Velocity ASM

We decompose the velocity space Ṽ E as follows:

Ṽ E = Ṽ c ⊕
⊕
a∈V
µ̂∈D̊a

Ṽ a,µ̂ ⊕
⊕
γ∈EI

Ṽ γ, (6.7.4)

where:

(i) the global C0 vertex space

Ṽ c := span{ΠV (φaê1), ΠV (φaê2) : a ∈ VI},

(ii) the C1 vertex spaces

Ṽ a,µ̂ := span{ΠV (φµ̂a ê1), ΠV (φµ̂a ê2)}, a ∈ V , µ̂ ∈ D̊a,
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(iii) the edge spaces

Ṽ γ := span{ΠV (φγ,jê1),ΠV (φγ,jê2) : 1 ≤ j ≤ k − 3}, γ ∈ EI .

Each of the velocity subspaces is equipped with the inner product a(·, ·) restricted

to the appropriate space. The direct sum decomposition (6.7.4) means that any

u ∈ Ṽ E may be uniquely expressed in the form

u = uc +
∑
a∈V
µ̂∈D̊a

ua,µ̂ +
∑
γ∈EI

uγ, (6.7.5)

where

uc =
∑
a∈VI

2∑
i=1

(u · êi)(a)ΠV (φaêi),

ua,µ̂ =
2∑
i=1

∂µ̂(u|Kµ̂ · êi)(a)ΠV (φµ̂a êi), a ∈ V , µ̂ ∈ D̊a, Kµ̂ ⊆ suppφµ̂a ,

and for each γ ∈ EI ,

uγ =


u− uc −

∑
a∈V
µ̂∈D̊a

ua,µ̂ on γ,

0 on the remaining edges in E .



257

The action of the associated ASM preconditioner on a residual f ∈ L2(Ω) is given

by the solution u ∈ Ṽ E of the variational problem ā(u,v) = (f ,v) ∀v ∈ Ṽ E, where

ā(u,v) = a(uc,vc) +
∑
a∈V
µ̂∈D̊a

a(ua,µ̂,va,µ̂) +
∑
γ∈EI

a(uγ,vγ). (6.7.6)

The bilinear form ā(·, ·) gives rise to a matrix preconditioner Ā for the velocity space

defined by

~uTEĀ~vE := ā(ΠV u,ΠV v) ∀u,v ∈ V 0. (6.7.7)

6.7.3 The Preconditioner and Main Result

Theorem 6.7.1. Let P be defined as in (6.2.4) with Ā given by (6.7.7) and M̄ given

by (6.7.3), and let ~rn denote the residual on the n-th iteration of MINRES with the

preconditioner P−1. Then,

‖~r2n‖P−1 ≤ 2

(√
σ − 1√
σ + 1

)n
‖~r0‖P−1 , (6.7.8)

where ‖~r‖2
P−1 := ~rTP−1~r and

√
σ ≤ C(1 + log3 k) with C independent of k and h.

Proof. Thanks to Theorem 6.9.1 and the matrix correspondences (6.7.3) and (6.7.7),
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there holds

[
C2β

−2(1 + log3 k)
]−1

Ā ≤ Ã ≤ C2Ā and C−1
1 M̄ ≤ M̃ ≤ C1M̄ ,

where M̃ is the pressure mass matrix for the space Q⊥I and A ≤ B means that

B − A is positive semidefinite. Additionally, the inf-sup condition for the spaces

Ṽ E × Q̃E (6.3.13) and the boundedness of the bilinear form b(·, ·) can be expressed

in matrix form using (6.5.2b) and the same arguments in [48, Theorem 3.22] to arrive

at

β2 ≤ ~qTe B̃Ã
−1
B̃
T
~qe

ν−1~qTe M̃~qe
≤ 1 ∀Q̃E 3 q = ~qTe

~ψe,

where β is the discrete inf-sup constant in (6.1.2). Thus, (6.2.5) holds with δ =

β2[C2(1 + log3 k)]−1, ∆ = C2, θ = β2C−1
1 , and Θ = C1. Equation (6.7.8) now follows

from applying [48, Theorem 4.14] and using the fact that the inf-sup constant β is

bounded below uniformly in k and h gives (6.7.8).

Theorem 6.7.1 shows that the performance of the preconditioner deteriorates at

most as log3 k as the polynomial order is increased, but remains bounded as the mesh

is refined provided the shape regularity assumption (3.2.3) is satisfied.
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6.7.4 Implementation and Cost Analysis of the Precondi-
tioner

To aid in the implementation and cost analysis of computing the actions of Ā
−1

and

M̄
−1

, we assume, for convenience, the interface degrees of freedom are ordered as

follows:

(i) velocity C0 vertex degrees of freedom,

(ii) velocity C1 vertex degrees of freedom,

(iii) velocity edge degrees of freedom, grouped according to edge,

(iv) pressure vertex degrees of freedom, and

(v) pressure average value degrees of freedom.

This ordering induces a block structure in the matrix Ã in which the diagonal sub-

blocks are: Ãc, corresponding to the global interaction among all the global C0 vertex

functions; Ãa,µ̂, the block-diagonal entry corresponding to the C1 vertex functions

{φµ̂a ê1, φ
µ̂
a ê2}; and Ãγ corresponding to the interactions among the edge functions

associated to γ. The load vectors can be similarly split into subvectors corresponding

to the same groupings of degrees of freedom. The block diagonal structure of P is

then exploited to compute the action of P−1 on a pair of vectors ~f , ~g efficiently or

in parallel, as described in Algorithm 4. In particular, the matrix Ā given by (6.7.7)

is block diagonal and the matrix M̄ given by (6.7.3) is diagonal.
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Algorithm 4 Action of Preconditioner

Require: Ã, ~f , ~g
1: function
2: ~uc = Ã

−1

c
~fc . O(|V|2) velocity C0 vertex function solve

3: for a ∈ V , µ̂ ∈ D̊a, do . O(|V|) velocity C1 vertex function solve

4: ua,µ̂ = Ã
−1

a,µ̂
~fa,µ̂

5: end for
6: for γ ∈ EI do . O(|E|k2) velocity edge solve

7: ~uγ = Ã
−1

γ
~fγ

8: end for
9: for a ∈ V , ω ∈ Ωa do . O(|V|) pressure C0 vertex function solve

10: pa,ω = ν|ω|−1k4ga,ω
11: end for
12: for K ∈ T do . O(|T |) pressure average value solve
13: pK = ν|K|−1gK
14: end for
15: return ~uc, (~ua,µ̂)a,µ̂, (~uγ)γ, (pa,ω)a,ω, (pK)K . Return degrees of freedom
16: end function

The cost of computing the action of P−1 using Algorithm 4 comprises of two

parts: one-time setup costs and recurring costs associated with each application of

Algorithm 4. The setup cost is dominated by eliminating the interior degrees of free-

dom on each element, which takes O(|T |k6) operations needed for the subassembly

of the Schur complement. The matrices Ãc, Ãa,µ̂, a ∈ V , µ̂ ∈ D̊a, and Ãγ, γ ∈ E ,

need only be factored once at a cost of O(|V|3 + |E|k3) operations, giving an overall

setup cost of O(|T |k6 + |V|3 + |E|k3).

We now turn to the cost associated with each application of Algorithm 4. Line

2 of Algorithm 4 entails the solution of the linear system Ãc involving all of the C0

vertex functions which, thanks to the prefactorisation of Ãc, costs O(|V|2) operations
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per solve. Lines 3-5 require the solution of a 2× 2 matrix on the velocity C1 vertex

functions for each vertex a ∈ V and derivative degree of freedom µ̂ ∈ D̊a at a

cost of O(|V|) operations. Lines 6-8 entail a block diagonal solve over each of the

edges which, again thanks to the prefactorisation of Ãγ, γ ∈ E , can be applied

using O(|E|k2) operations. Lines 9-11 require O(|V|) operations and lines 12-14

require O(|T |) operations by analogous arguments. In summary, the overall cost per

application of Algorithm 4 is O(|V|2 + |E|k2 + |T |).

The nonoverlapping domain decomposition method for hp-discretizations of the

Stokes problem in [9] has a comparable cost. When the subdomains coincide with

mesh elements, the preconditioner in [9] consists of static condensation of the interior

degrees of freedom, a global vertex solve, decoupled edge solves, and a constant

pressure mode solve at a cost of O(|T |k6 + |V|3 + |E|k3) operations for setup and

O(|V|2 + |E|k2 + |T |) operations per application. In the case of spectral methods,

other preconditioners for the velocity space, such as the wire basket preconditioners

and Neumann-Neumann preconditioners described in the 3D setting in [90, 91], also

require static condensation of the interior degrees of freedom, a global coarse solve,

decoupled edge solves, and a constant pressure mode solve. The global coarse space

consists of O(1) degrees of freedom per element, while the other spaces are analogous

to the ones used in [9]. Thus, the overall cost of these preconditioners is at least

O(|T |k6 + |T |3 + |E|k3) operations for setup and at least O(|E|k2 + |T |2) operations

per application. For quasi-uniform meshes, O(|V|) and O(|T |) are of the same order,

so the cost of the preconditioners in [9, 90, 91] and the one in Algorithm 4 have similar
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setup and application costs. However, these methods are not directly comparable

to the present one as they use quadrilateral meshes and different underlying finite

element spaces which do not satisfy an exact sequence property and, in the case of the

Qk×Qk−2 elements, are not uniformly inf-sup stable. More generally, a cost/benefit

analysis of different solution methods for both the full discrete Stokes equations

(6.2.1), like the one in [47] for low order h-version finite element discretizations, and

the Schur complement system (6.2.2) is an active area of research.

It appears that the O(|V|3) cost to factor the matrix Ãc is high in relation to h-

version preconditioners. However, we are focused on the scaling of the preconditioner

with respect to the polynomial degree. In line with previous works [13, 90, 91], we

assume that |V| is fixed or that |T |k6 + |E|k3 � |V|3, which means that the cost of

eliminating the interior degrees of freedom on each element and the cost of factoring

the edge systems dominate the setup cost. In this setting, the O(|V|3) cost is thus

negligible.

6.8 Numerical Examples

We illustrate the performance of the preconditioner described in Section 6.7 in three

numerical examples. For all examples, we take the viscosity ν = 1.
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6.8.1 Moffatt Eddies

In the first example, we revisit the Moffatt problem [82] considered in Section 5.7.1,

in which the domain Ω is the wedge with a prescribed parabolic flow profile on the

top part of the boundary and no flow on the remainder of the boundary:

u(x, 0) =

1− x2

0

 , −1 ≤ x ≤ 1, and u = 0 on Γ \ (−1, 1)× {0}.

The problem is approximated using a pure p-version finite element scheme on the

fixed mesh shown in Figure 6.2a. The results in Section 5.7.1 show that the k = 13

solution resolves four to five eddies, equivalent to a 1013 range of scales.

Let λ±min and λ±max denote the extremal eigenvalues of P−1S so that

σ(P−1S) ⊆ [−λ−max,−λ−min] ∪ {0} ∪ [λ+
min, λ

+
max]. (6.8.1)

According to Theorem 6.7.1, λ±max ≤ C and λ±min ≥ C(1 + log3 k)−1 with constant

C independent of k and h. Figure 6.2b displays the actual values of the extreme

eigenvalues. In agreement with theory, λ±max is uniformly bounded in k and λ+
min ≥

C(1 + log3 k)−1. However, λ−min appears to remain uniformly bounded in k, which

would mean that, in practice, the contraction factor in Theorem 6.7.1 is pessimistic.

The residual history for k ∈ {4, 7, 10, 13} for the preconditioned MINRES solver are

displayed in Figure 6.2c. The starting vector is taken to be ~x+~ε, where ~x is the true
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solution of the Schur complement system (6.2.2) and ~ε is a random perturbation with

entries uniformly distributed in (−1, 1). Here, and in the remaining examples, the

relative residual is given by
√

(~rTP−1~r)/(~rT0 P
−1~r0), where ~r0 is the initial residual

vector, and MINRES is terminated when the relative residual is smaller than 10−8. It

is observed that, as the polynomial order is raised, the iteration counts grow modestly

consistent with the results in Theorem 6.7.1.
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Figure 6.2: (a) 18 element mesh, (b) extremal eigenvalues of P−1S, and (c) MINRES
convergence history with k ∈ {4, 7, 10, 13}, stopping tolerance 10−8 for a sequence of
random initial iterates for Moffatt eddies problem. 1/λ+

min grows as log3 k while the
other extreme eigenvalues remain bounded as the polynomial degree k is increased.

6.8.2 T-shaped Domain

In the next example, we consider the T-shaped domain example [4] where f ≡ 0

and boundary conditions are parabolic flow profile on the leftmost and rightmost
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boundaries of the domain and no flow on the remainder of the boundary:

u

(
±3

2
, y

)
=

y(1− y)

0

 , 0 ≤ y ≤ 1, and u = 0 on Γ \
{
±3

2

}
× (0, 1).

The sequence of meshes is shown in Figure 6.3, in which the elements are geomet-

rically graded and which were shown to give exponential convergence of the finite

element solution in Section 5.7.2. The mesh in Figure 6.3a consists of one layer of

elements around the re-entrant corner and the most bottom corners, with a grading

factor of σ = 0.08. We then refine the mesh by successively adding layers of elements

such that the innermost layer of elements has a diameter proportional to σn, where

n is the number of refinements. For example, the mesh corresponding to three levels

is shown in Figures 6.3b and 6.3c. Observe that, once a mesh contains two or more

layers, the shape regularity constant κ (3.2.3) changes from 0.1695 to 0.0829 due to

the presence of “needle” elements near the corners, but remains constant on further

refinement. In particular, several estimates in the analysis depend on κ, and thus we

would expect the performance of the preconditioner to be worse for n ≥ 2 than for

n = 1.

As with the previous example, the extremal eigenvalues (6.8.1), displayed in Fig-

ure 6.4, remain bounded independently of the number of levels of geometric refine-

ment, whilst 1/λ+
min increases by a factor of roughly 10 after one level of refinement

due to the change in shape regularity mentioned above. This value is an order of

magnitude greater than the value of 1/λ+
min observed for the Moffatt (κ = 0.1508)
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example and accounts for the increase of the resulting iteration counts observed in

the residual histories for k ∈ {4, 7, 10, 13} in Figure 6.5. Thus, as one might ex-

pect, the preconditioner P−1 is less effective on meshes containing high aspect ratio

elements owing to the fact that the inf-sup constants and inequalities employed in

Section 6.9 all depend on the shape regularity constant appearing in (3.2.3). Never-

theless, similar to the behavior observed in the previous example, for each fixed n,

the iteration counts grow modestly in k. For each fixed k, the iteration counts are

bounded in n, and remain virtually unchanged for n ≥ 3.
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Figure 6.3: (a) Mesh with n = 1 layer of elements, (b) Mesh with n = 3 layers of
elements, and (c) Zoom on re-entrant corner of mesh with n = 3 layers of elements.

6.8.3 Uniformly Refined Square

The final example illustrates the behavior of the method on uniformly refined meshes

in the case where the domain Ω is the unit square (0, 1)2 with the data f and
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Figure 6.4: Extremal eigenvalues of P−1S for the T-shape problem with (a) n = 1,
(b) n = 2, and (c) n = 3 layers of geometrically graded elements at the corners. All
of the extreme eigenvalues are uniformly bounded in n for each fixed k. In addition,
the introduction of small-angle “needle” elements for n ≥ 2 greatly increases 1/λ+

min.

boundary conditions chosen so that the true solution is given by

u(x, y) =

− cos(πx) sin(πy)

sin(πx) cos(πy)

 and p(x, y) = cos(πx) cos(πy).

The initial mesh is shown in Figure 6.6a which is progressively refined uniformly by

subdividing each triangle into four congruent subtriangles, and we fix the polynomial

degree to be k = 10.

According to Theorem 6.7.1, the extremal eigenvalues can be bounded indepen-

dently of the number of times the mesh is refined. The numerical results displayed in

Figure 6.6b confirm that the extremal eigenvalues remain virtually unchanged after

two levels of refinement. The corresponding residual history for the preconditioned

MINRES solver with stopping tolerance 10−8 are displayed in Figure 6.6c. Although
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(a) (b) (c)

Figure 6.5: MINRES convergence history with k ∈ {4, 7, 10, 13}, stopping tolerance
10−8 for a sequence of random initial iterates for the T-shape problem with (a) n = 1,
(b) n = 2, and (c) n = 3 layers of geometrically graded elements at the corners.

the iteration counts initially increase as the mesh is refined, the numbers of iteration

counts approach an asymptotic limit. Interestingly, the iteration counts appear to

require four levels of refinement to reach a steady state compared with the extremal

eigenvalues which require just three levels of refinement.

6.9 Technical Lemmas

In this section, we establish a spectral equivalence of the ASM preconditioners given

in Section 6.7 to the inner products appearing in the Stokes equations. The main

result is the following theorem, which is an immediate consequence of Lemmas 6.9.4

to 6.9.6 and 6.9.9 proved later in this section:

Theorem 6.9.1. There exists positive constants C1 and C2, independent of k and
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Figure 6.6: (a) Initial mesh, (b) extremal eigenvalues of P−1S, and (c) MINRES
convergence history with n ∈ {0, . . . , 4} levels of mesh refinement, k = 10, and
stopping tolerance 10−8 for a sequence of random initial iterates for uniformly refined
square problem. The extreme eigenvalues remain bounded as the mesh is refined.

h, such that

C−1
1 (p, p) ≤ m̄(p, p) ≤ C1(p, p) ∀p ∈ Q⊥I , (6.9.1)

and

C−1
2 a(u,u) ≤ ā(u,u) ≤ C2β

−2(1 + log3 k)a(u,u) ∀u ∈ Ṽ E, (6.9.2)

where m̄(·, ·) is defined in (6.7.2), ā(·, ·) is defined in (6.7.6), and β is the inf-sup

constant defined in (6.1.2).
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6.9.1 Pressure ASM

We begin with the pressure ASM. The first lemma establishes a key estimate for the

norm of the pressure vertex functions:

Lemma 6.9.2. The pressure vertex functions ψ̃ωa , a ∈ V, ω ∈ Ωa, satisfy

‖ψ̃ωa‖L2(K) ≤ ChKk
−2 ∀K ∈ T , (6.9.3)

with C independent of k, hK, and a.

Proof. Let a ∈ V , ω ∈ Ωa. Define the function χ ∈ Q by the rule χ = χK on

each element K ∈ T where χK is chosen as in Lemma 5.4.1. In particular, χK ∈

Pk−1(K)∩L2
0(K) satisfies (i) χK ≡ 0 if K * ω, (ii) χK(b) = δab for b ∈ VK , and (iii)

‖χK‖L2(K) ≤ ChKk
−2 with C independent of hK , k, and a. By (6.4.2d), (6.4.2e),

and Theorem 6.4.2, ψ̃a = Π̃χ, and ‖ψ̃ωa‖L2(K) ≤ ‖χ‖L2(K) ≤ ChKk
−2, ∀K ∈ T .

We now show that the inner products on the subspaces are coercive:

Lemma 6.9.3. There exists a positive constant C independent of k and h such that

(p, p) ≤ Cma,ω(p, p) ∀p ∈ Q̃a,ω, ∀a ∈ V , ∀ω ∈ Ωa,

(p, p) ≤ CmK(p, p) ∀p ∈ Q̃K , ∀K ∈ T .

Proof. Let p ∈ Q̃a,ω, a ∈ V , ω ∈ Ωa. Then, p = p(a)ψ̃ωa , and by (6.9.3) and shape
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regularity (3.2.3), there holds

(p, p) ≤ C
∑

K∈T :K⊆ω

h2
Kk
−4|p(a)|2 ≤ C|ω|k−4 = ma,ω(p, p).

Now let p ∈ QK , K ∈ T . Then, p = (|K|−1
∫
K
p dx)ψ̃K and since ψ̃ωa ∈ L2

0(K),

∫
K

ψ̃2
K dx =

∫
K

1 +

∑
a∈VK
ω⊇K

ψ̃ωa


2 dx ≤ |K|+ Ch2

Kk
−4 ≤ C|K|.

Thus, (p, p) ≤ CmK(p, p).

We are now able to establish the left-hand side of the equivalence (6.9.1):

Lemma 6.9.4. There exists a constant C independent of k and h such that

(p, p) ≤ Cm̄(p, p) ∀p ∈ Q⊥I . (6.9.4)

Proof. Let p ∈ Q⊥I . By Cauchy-Schwarz, there holds

(p, p)K ≤ 4

∑
a∈VK
ω⊇K

(pa,ω, pa,ω)K + (pK , pK)K


where (p, q)K :=

∫
K
pq dx. (6.9.4) now follows from Lemma 6.9.3 and summing over

the elements.
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The right-hand side of the equivalence (6.9.1) is covered by the next result:

Lemma 6.9.5. There exists a positive constant C independent of k and h such that

m̄(p, p) ≤ C(p, p) ∀p ∈ Q⊥I . (6.9.5)

Proof. By [6, Lemma 6.1], there holds

|p|K(a)|2k−4 = |(p|K ◦ FK)(â)|2k−4 ≤ C‖p ◦ FK‖2
L2(T̂ )

≤ Ch2
K‖p‖2

L2(K)

with â = F−1
K (a), and by shape regularity,

ma,ω(pa,ω, pa,ω) = |ω|k−4|p|ω(a)|2 ≤ C
∑

K∈T :K⊆ω

‖p‖2
L2(K).

Summing over a ∈ V , ω ∈ Ωa and again using shape regularity to bound the overlap

|{ω : ∃a ∈ V : K ⊆ ω ∈ Ωa}| gives

∑
a∈V
ω∈Ωa

ma,ω(pa,ω, pa,ω) ≤ C
∑
a∈V
ω∈Ωa

∑
K∈T :K⊆ω

‖p‖2
L2(K) ≤ C‖p‖2

L2(Ω).

To bound the remaining mK(·, ·) terms, we use Cauchy-Schwarz:

∑
K∈T

mK(pK , pK) =
∑
K∈T

1

|K|

(∫
K

p dx

)2

≤ C
∑
K∈T

‖p‖2
L2(K) ≤ C‖p‖2

L2(Ω),

which completes the proof of (6.9.5).
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6.9.2 Velocity ASM

We now turn to the velocity space, and start by extending the decomposition (6.7.5)

as follows. For u ∈ Ṽ E, we define uγ ≡ 0 for γ ∈ E \ EI and ua,µ̂ ≡ 0 for a ∈ V ,

µ̂ ∈ Da \ D̊a. Since the inner product on each of the subspace was taken to be a(·, ·),

we immediately obtain the left-hand side of the equivalence (6.9.2):

Lemma 6.9.6. For all u ∈ Ṽ E, there holds

a(u,u) ≤ 10ā(u,u). (6.9.6)

Proof. First recall that there are exactly 2 directional derivative degrees of freedom

per velocity component per vertex on any given element, i.e. for K ∈ T , |{µ̂ : K ⊆

suppφµ̂a}| = 2. By Cauchy-Schwarz, there holds

|u|2H1(K) ≤ 10

|uc|2H1(K) +
∑
a∈VK

µ̂:K∈suppφµ̂a

|ua,µ̂|2H1(K) +
∑
γ∈EK

|uγ|2H1(K)

 ∀K ∈ T .

Equation (6.9.6) now follows by summing over the elements and multiplying by ν.

To prove the right-hand side of (6.9.2), we need to establish some properties of

the velocity vertex functions:
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Lemma 6.9.7. The C0 velocity vertex functions satisfy the following: For K ∈ T ,

R2 3 c =
∑
a∈VK

2∑
i=1

(c · êi)ΠV (φaêi) on K (6.9.7)

and

‖ΠV (φaêi) ◦ FK‖H1(T̂ ) ≤ C ∀a ∈ V , i = 1, 2, (6.9.8)

where C depends only on the shape regularity parameter.

Moreover, the C1 velocity vertex functions satisfy

‖ΠV (φµ̂a êi) ◦ FK‖H1(T̂ ) ≤ C‖DFK‖L∞(T̂ )k
−2 ∀a ∈ V , ∀µ̂ ∈ Da, i = 1, 2,

(6.9.9)

where C depends only on the shape regularity parameter.

Proof. Let K ∈ T . A simple computation reveals that 1 = (λ1 + λ2 + λ3)3 =∑
a∈VK φa + 6λ1λ2λ3 on K, where {λi : 1 ≤ i ≤ 3} are the barycentric coordinates

on K, and hence, for any c ∈ R2,

c =
∑
a∈V

2∑
i=1

(c · êi)(φaêi) + 6c
∑
K∈T

λ1λ2λ3︸ ︷︷ ︸
∈V I

.

Applying ΠV to both sides of this identity and noting that Theorem 6.4.1 gives
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ΠV : V I → {0}, we obtain

ΠV c =
∑
a∈V

2∑
i=1

(c · êi)ΠV (φaêi).

Finally, Theorem 6.4.1 implies that E (c, 0) = (c, 0) and (6.9.7) follows at once.

Now let K ∈ T and i ∈ {1, 2}. Clearly (6.9.8) holds if a /∈ VK since φaêi = 0.

Otherwise, if a ∈ VK , we apply a scaling argument in conjunction with (6.4.4) to

arrive at

1

|K|2
‖ΠV (φaêi)‖2

L2(K) + |ΠV (φaêi)|2H1(K) ≤ C

{
|φa|2H1/2(∂K) +

1

|∂K|
‖φa‖2

L2(∂K)

}
,

where C is a positive constant independent of k and hK . Thus,

‖ΠV (φaêi) ◦ FK‖H1(T̂ ) ≤ C‖φ̂j‖H1/2(∂T̂ ) ≤ C‖φ̂j‖H1(T̂ ) ≤ C,

where j is the index such hat âj = F−1
K (a). For K ⊆ suppφµ̂a , we argue similarly

and use (6.6.10) to obtain

‖ΠV (φµ̂a êi) ◦ FK‖H1(T̂ ) ≤ C

∥∥∥∥∥
[
µ̂ ξ̂

]−1
∥∥∥∥∥ ‖DFK‖L∞(T̂ )

∥∥∥∥∥∥∥
φ̂(1,0)

j

φ̂
(0,1)
j


∥∥∥∥∥∥∥
H1/2(∂T̂ )

,

where µ̂ 6= ξ̂ ∈ Da is chosen such that suppφξa ⊇ K, j is the index such that

âj = F−1
K (a), and ‖ · ‖ is any matrix norm. By the definition of Da (6.6.9) and
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shape regularity,

∥∥∥∥∥
[
µ̂ ξ̂

]−1
∥∥∥∥∥ is uniformly bounded by a constant depending only

on κ (3.2.3). Since φ̂
(1,0)
j (â) = φ̂

(0,1)
j (â) = 0 for â ∈ VT̂ by the construction (6.6.3),

there holds

‖ΠV (φµ̂a êi) ◦ FK‖H1(T̂ ) ≤ C‖DFK‖L∞(T̂ )‖J‖H1/2
00 (I)

where I = (−1, 1) and

J(t) =
1

P
(3,3)
k−3 (−1)

(
1 + t

2

)(
1− t

2

)2

P
(3,3)
k−3 (t).

Thanks to Lemma 3.7.1, ‖J‖L2(I) ≤ Ck−3 with C independent of k. Using interpola-

tion, and the inverse estimate ‖J ′‖L2(I) ≤ Ck2‖J‖L2(I) [25, Corollary 3.4], we obtain

‖J‖
H

1/2
00 (I)

≤ C‖J‖1/2

L2(I)‖J‖
1/2

H1(I) ≤ Ck−2, which completes the proof of (6.9.9).

We now use the properties of the vertex functions to prove element-wise stability

of the subspace decomposition (6.7.5):

Lemma 6.9.8. For u ∈ Ṽ E and K ∈ T , there holds

|uc|2H1(K) +
∑
a∈VK

µ̂:K∈suppφµ̂a

|ua,µ̂|2H1(K) +
∑
γ∈EK

|uγ|2H1(K) ≤ Cβ−2(1 + log3 k)|u|2H1(K),

(6.9.10)

where C is independent of k, hK, and u.
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Proof. Let u ∈ Ṽ E and K ∈ T . For any c ∈ R2, we have the decomposition

u− c = uc −
∑
a∈VK

2∑
i=1

(c · êi)ΠV (φaêi) +
∑
a∈VK

µ̂:K∈suppφµ̂a

ua,µ̂ +
∑
γ∈EK

uγ on K

thanks to (6.9.7). Thus,

û− c = ûc −
∑
a∈VK

2∑
i=1

(c · êi)ΠV (φaêi) ◦ FK +
∑
a∈VK

µ̂:K∈suppφµ̂a

ûa,µ̂ +
∑
γ∈EK

ûγ on T̂ ,

where û = u ◦ FK , ûc = uc ◦ FK , etc. We first bound the energy of ûc. Since

ûc =
∑
a∈VK

2∑
i=1

(u(a) · êi)ΠV (φaêi) ◦ FK =
∑
â∈VT̂

2∑
i=1

(û(â) · êi)ΠV (φaêi) ◦ FK on T̂ ,

where a = FK(â), we use [13, Corollary 6.3] and (6.9.8) to obtain

‖ûc − c‖2
H1(T̂ )

≤
∑
â∈VT̂

|û(â)− c|2
2∑
i=1

‖ΠV (φaêi) ◦ FK‖2
H1(T̂ )

≤ C(1 + log k)‖û− c‖2
H1(T̂ )

. (6.9.11)

We now bound the vertex derivative contribution. For a ∈ VK , we note that

∂µ̂(u · êi)(a) = µ̂TDF−TK ∇(u · êi ◦ FK)(â), i = 1, 2, where â = F−1
K (a). Applying
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[6, Lemma 6.1] to ∇(u ◦ FK), and using (6.9.9) and shape regularity gives

‖ûa,µ̂‖2
H1(T̂ )

≤ C‖DF−TK ‖2
L∞(K) · ‖DFK‖2

L∞(T̂ )
· | ∇ û(â)|2k−4 ≤ C|û|2

H1(T̂ )
.

(6.9.12)

Now, we define

u# := (u− c)− (uc − c)−
∑
a∈VK

µ̂:K∈suppφµ̂a

ua,µ̂ on K.

Then, Dαu#(a) = 0 for a ∈ VK , |α| ≤ 1, and thanks to (6.9.11) and (6.9.12),

û# := u# ◦ FK may be estimated as follows:

‖û#‖2
H1(T̂ )

≤ C(1 + log k)‖û− c‖2
H1(T̂ )

(6.9.13)

Let γ ∈ EK . Equation (6.4.5), shape regularity (3.2.3), and the trace theorem give

|ûγ|H1(T̂ ) ≤ Cβ−1|uγ|H1/2(∂K) ≤ Cβ−1|ûγ|H1/2(∂T̂ ) ≤ Cβ−1‖û#‖
H

1/2
00 (γ̂)

, (6.9.14)

where γ̂ = F−1
K (γ). Thanks to [13, Theorem 6.5] and the trace theorem, we have the

estimate

‖û#‖
H

1/2
00 (γ̂)

≤ C(1 + log k)‖û#‖H1/2(γ̂) ≤ C(1 + log k)‖û#‖H1(T̂ ). (6.9.15)
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Using (6.9.13) to (6.9.15) gives

|ûγ|2H1(T̂ )
≤ Cβ−2(1 + log2 k)‖û#‖2

H1(T̂ )
≤ Cβ−2(1 + log3 k)‖û− c‖2

H1(T̂ )
, (6.9.16)

Combining (6.9.11), (6.9.12) and (6.9.16) leads to

|ûc|2H1(T̂ )
+

∑
a∈VK

µ̂:K∈suppφµ̂a

|ûa,µ̂|2H1(T̂ )
+
∑
γ∈EK

|ûγ|2H1(T̂ )
≤ Cβ−2(1 + log3 k)‖û− c‖2

H1(T̂ )
,

where we used that |ûc|H1(T̂ ) = |ûc − c|H1(T̂ ). Taking the infimum over all c ∈ R2

and applying the quotient norm equivalence [86, Theorem 7.2] gives

|ûc|2H1(T̂ )
+

∑
a∈VK

µ̂:K∈suppφµ̂a

|ûa,µ̂|2H1(T̂ )
+
∑
γ∈EK

|ûγ|2H1(T̂ )
≤ Cβ−2(1 + log3 k)|û|2

H1(T̂ )
.

Equation (6.9.10) now follows from shape regularity (3.2.3).

Summing (6.9.10) over the elements and multiplying by ν lead to the following:

Lemma 6.9.9. There exists a constant C independent of k, h, and ν such that

ā(u,u) ≤ Cβ−2(1 + log3 k)a(u,u) ∀u ∈ Ṽ E. (6.9.17)
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6.10 Extension to Variable Viscosity

The method and analysis readily extends to viscosities varying in space, provided

that ν is a bounded measurable function satisfying

0 < νmin < ν(x) < νmax <∞ ∀x ∈ Ω.

In this case, the bilinear form a(·, ·), which we recall is given by

a(u,v) =

∫
Ω

ν(x)∇u(x) : ∇v(x) dx,

is symmetric, bounded, and coercive on V 0, so the discrete problem (6.1.1) is well-

defined and has a unique solution. We outline the modifications to the preconditioner

and analysis for the variable viscosity case.

Let ν̄−1 := (ν−1
max + ν−1

min)/2. We now seek a block diagonal matrix of the form

P =

Ā 0

0 ν̄−1M̄

 (6.10.1)

to precondition the Schur complement matrix S (6.2.3). Note that the only difference

between (6.2.4) and the current block diagonal matrix is that ν−1 has been replaced

by ν̄−1. In particular, the factor ν in lines 10 and 13 of Algorithm 4 is replaced by
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ν̄. The nonnegative constants δ, ∆, θ, and Θ are defined analogously as above:

δ ≤ ~uTEÃ~uE

~uTEĀ~uE
≤ ∆ ∀u ∈ V 0 and θ ≤ ~qTe B̃Ã

−1
B̃
T
~qe

ν̄−1~qTe M̄~qe
≤ Θ ∀q ∈ Q0.

(6.10.2)

Then, exactly the same arguments as in the proof of of [48, Theorem 4.7] show that

eigenvalues of P−1S satisfy (6.2.5).

The tilde spaces Σ̃E, Ṽ E and Q̃E are defined as in (6.3.8). All of the results of

Section 6.3 hold without modification. The first difference is Theorem 6.4.1, which

now reads as follows:

Theorem 6.10.1. For all u ∈ V and K ∈ Th, there holds

‖ΠV u‖H1(K) + ν−1
max‖ΠQu‖L2(K) ≤ C

(
νmax
νmin

)
‖u‖H1/2(∂K), (6.10.3)

where C is independent of hK, k, νmin, νmax, and u. In particular, if u ∈ Ṽ E, then

ΠV u = u. Moreover, the following equivalence of semi-norms holds:

C−1|u|H1/2(∂K) ≤ |ΠV u|H1(K) ≤ Cβ−1

(
νmax
νmin

)
|u|H1/2(∂K) ∀K ∈ T , (6.10.4)

where C ≥ 1 is independent of k, hK, β, νmin, νmax, and u.
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Proof Sketch. The two key differences are that (6.4.7) now reads

νmin|ΠV u|2H1(K) ≤
(
νmax|ΠV u|H1(K) +

√
2‖ΠQu‖L2(K)

)
|w|H1(K)

and (6.4.7) now reads

β‖ΠQu‖L2(K) ≤
bK(v,ΠQu)

|v|H1(K)

=
aK(ΠV u,v)

|v|H1(K)

≤ νmax|ΠV u|H1(K).

The remainder of the proof follows similar lines.

Lemma 6.5.1 remains valid while the only modification to Theorem 6.5.2 is that

the the nonzero eigenvalues of the generalized eigenvalue problem B̃Ã
−1
B̃
T
~qe =

λM̃~qe are contained in the interval [ν−1
maxβ

2, ν−1
min]. The definition of the ASMs is

identical to the ones in Section 6.7. All of the results in Section 6.9.1 also remain

valid, as does Lemma 6.9.6.

The next major change is that Theorem 6.10.1 impacts Lemma 6.9.7 by adding a

factor of (νmax/νmin) to (6.9.8) and (6.9.9), which, in turn, means that (6.9.10) holds

with an additional factor of (νmax/νmin)2. Collecting these results and applying the

equivalences ν−1
maxa(u,u) ≤ (∇u,∇u) ≤ ν−1

mina(u,u) leads to

ā(u,u) ≤ Cβ−2

(
νmax
νmin

)3

(1 + log3 k)a(u,u).
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As a result,

β2

(
νmin
νmax

)3 [
C2(1 + log3 k)

]−1
Ā ≤ Ã ≤ C2Ā and C−1

1 M̄ ≤ M̃ ≤ C1M̄ .

Let Ã1 be the stiffness matrix corresponding to the bilinear form (∇ ·,∇ ·) on Ṽ 0.

Then, the inf-sup condition (6.3.13) reads

β2 ≤ ~qTe B̃Ã
−1

1 B̃
T
~qe

~qTe M̃~qe
≤ 1 ∀Q̃E 3 q = ~qTe

~ψe.

Using the equivalences νminÃ1 ≤ Ã ≤ νmaxÃ1 and νmin ≤ ν̄ ≤ νmax, we obtain

β2

(
νmin
νmax

)
≤ ~qTe B̃Ã

−1
B̃
T
~qe

ν̄−1~qTe M̃~qe
≤
(
νmax
νmin

)
∀Q̃E 3 q = ~qTe

~ψe.

As a result, (6.2.5) holds with δ = β2(νmin/νmax)
3[C2(1 + log3 k)]−1, ∆ = C2,

θ = C−1
1 β2(νmin/νmax), and Θ = C1(νmax/νmin), and so we may argue as in the proof

of Theorem 6.7.1 to conclude that the bound for
√
σ in Theorem 6.7.1 now reads

C(νmax/νmin)4(1 + log3 k).

6.11 Summary and Future Work

This chapter completes the discussion of a uniformly stable, pointwise mass con-

serving, high order mixed FEM for 2D Stokes flow. In Chapter 4, we showed that
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the finite element spaces Σ, V , and Q, which have extra smoothness at noncorner

vertices, satisfy an exact sequence property and that the pair V × Q is uniformly

inf-sup stable in both the mesh size h and polynomial degree k. We also showed how

the finite element spaces can be modified to accommodate homogeneous Dirichlet

conditions while maintaining an exact sequence property and uniform stability. In

Chapter 5, we established optimal approximation properties of the spaces Σ0 and Q0,

which led to optimal algebraic rates of convergence of the FEM with locally quasi-

uniform meshes and exponential convergence rates of the FEM with geometrically

graded meshes. Finally, in Chapter 6, we discussed implementation aspects of the

method and provided a block diagonal preconditioner that controls the location of

the eigenvalues of the preconditioned system in a reasonable way.

6.11.1 Generalizations

Taken as a whole, Chapters 4 to 6 are the first works to address the theory and

implementation of the mixed method (6.1.1) in the context of high order methods.

As such, there are many directions for future work related to this method. We

generalized in [8] the stability results to the standard Scott-Vogelius elements, which

are already implemented in standard finite element codes. Another direction is to

improve the preconditioner presented in the current chapter by using overlapping

subspace decompositions for the velocity space. Standard results such as [95] do not

apply directly owing to the extra smoothness of V 0 but offer a promising starting
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point. Additionally, other solution methods for the saddle point system (6.2.2) and

preconditioners for those methods may be more efficient.

The most pressing generalizations of the current method are to nonlinear flows

like Navier-Stokes and to 3D flows. Linearizations of nonlinear flows often introduce

terms of the form (w · ∇u,v) and (u,v) corresponding to convection and time

discretization, respectively. The theoretical framework for preconditioning the latter

term in the context of high order methods has recently received attention [6, 7],

which may provide insight into the theory for the convective term. 3D flows also

offer theoretical and computational complexities. While [85] proposes FEM spaces

that satisfy an exact sequence property in 3D and that are uniformly stable with

respect to the mesh size, the stability and approximation properties with respect to

the polynomial degree and implementation aspects are underdeveloped. Additionally,

the spaces in [85] have even more smoothness than the 2D counterparts presented

here; e.g., the velocity space is C2 at element vertices and the pressure space is C1

at element vertices. Handling such smoothness complicates the analysis and requires

generalizing the techniques developed here.

6.11.2 Comparison with Splitting Methods

One popular and computationally efficient way of solving the unsteady incompress-

ible Navier-Stokes equations is high order splitting methods (see e.g. [67, §8.3]).
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At each time step, the velocity and pressure for the next time step are computed

through a sequence of three steps, two of which involve solving an elliptic system.

Typically, high order/spectral elements are used for the spatial discretization and

existing preconditioners for the methods are used to efficiently invert the elliptic

systems. Certain splitting methods do not require discrete inf-sup stability for nu-

merical stability or accuracy, and the resulting velocity field is pointwise divergence

free.

For the (steady) Stokes or steady Navier-Stokes equations, splitting methods may

be used with pseudo time stepping to find the steady-state solution. However, this

technique inherently requires multiple time steps and thus multiple elliptic solves.

Meanwhile, for the Stokes equations, the mixed method presented above only requires

solving one saddle point system, for which we provided an effective preconditioner.

In its current form and with additional work on improving the velocity subblock

preconditioner to be uniform in the polynomial degree, solving the Stokes system will

be computationally cheaper than the multiple elliptic solves in the splitting method.

Thus, the mixed method stands to offer an attractive alternative with the same

pointwise divergence free property and similar convergence properties, but better

computational efficiency. For steady Navier-Stokes, additional work is required to

properly precondition the linearizations resulting from Newton’s method. Recent

results in this direction for lower order elements [51] suggest that an augmented

Lagrangian approach can be used to construct a solver that is robust in the Reynolds

number. If this can be done, a proper comparison of directly solving the nonlinear
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equations with the mixed method and pseudo time stepping with a splitting method

warrants further investigation.

For unsteady Stokes and Navier-Stokes, the comparison currently favors splitting

methods due to the lack of existing research on preconditioners for the unsteady

Stokes problem using the above mixed method. Once such preconditioners are con-

structed, the mixed method can be used in conjunction with an implicit/explicit

(IMEX) scheme, such as the stiffly stable schemes in [67, §8.3.2] or more recently de-

veloped variable time-stepping schemes [40]. In these IMEX schemes, the nonlinear

terms are treated explicitly and the remaining terms are treated implicitly. At each

time step, the mixed method requires only one Stokes-like solve, compared to the

two elliptic solves required by the splitting method. Whether the Stokes-like solve

can be made more efficient than two elliptic solves is an interesting future direction.

6.11.3 Applications to Parametric PDEs

Neural networks (NNs) that solve nonlinear PDEs have recently received much at-

tention (see e.g. [93, 76]). The generalization power of NNs, speed of forward prop-

agation, and automatic differentiation make NNs very attractive for fast evaluation

of the solution to linear or nonlinear PDEs with parameters. However, training

these networks requires a vast amount of data comprising of the accurate solution

to the PDE for a wide range of problem parameters, boundary conditions, initial
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data, domains, etc. In this context, high order methods are an attractive choice for

generating this training data. In particular, we want to construct high order meth-

ods that have optimal convergence properties across the range of parameters and to

construct preconditioners for these methods whose performance does not deteriorate

as the parameters are changed. To illustrate this idea, we look at two simple ex-

amples. First, consider the Moffatt eddy problem in Section 5.7.1, where now the

problem is parameterized by the apex angle of the wedge. By mapping the mesh

for the particular wedge in Figure 5.3a, we can obtain a mesh for any other apex

angle less than π. The convergence of the mixed method and the performance of

preconditioner are unaffected by changes in the apex angle (so long as the angle

does not approach 0). For the second example, we consider planar linear elasticity,

which is parameterized by the Young’s modulus E and Poisson ratio ν. Using similar

techniques as in Chapter 4, we show in [8] that high order continuous finite elements

give optimal convergence rates of the displacements and stresses for all physically

relevant choices of the parameters. The construction of a preconditioner that is also

effective for all parameter values is ongoing work.
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[14] I. Babuška and B. Q. Guo, The h− p version of the finite element method
for domains with curved boundaries, SIAM J. Numer. Anal., 25 (1988), pp. 837–
861.
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[42] L. Demcowicz and I. Babuška, p interpolation error estimates for edge
finite elements of variable order in two dimensions, SIAM J. Numer. Anal., 41
(2003), pp. 1195–1208.

[43] L. Demcowicz, J. Kurtz, D. Pardo, M. Paszynski, W. Rachowicz,
and A. Zdunek, Computing with hp-Adaptive Finite Elements. Vol 2. Fron-
tiers: Three Dimensional Elliptic and Maxwell Problems with Applications,
Chapman & Hall/CRC Appl. Math. Nonlinear Sci. Ser., Chapman & Hal-
l/CRC, Boca Raton, FL, 2008.

[44] L. Demkowicz, J. Gopalakrishnan, and J. Schöberl, Polynomial ex-
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