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Acronyms

IPS Interacting Particle Systems
ODE Ordinary Differential Equation
SDE Stochastic Differential Equation
(U)GW tree (Unimodular) Galton-Watson Tree (Definitions
(SG)MRF (Semi-Global) Markov Random Field (Definition
MA Markov Approximation
PA Pairwise Approximation
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Notation: Graph Notation

Vi, Eg, Sg the respective vertex set, edge set and root of a
(rooted) graph H
|A| the cardinality of a set A.
€, (Q) the largest connected subgraph of G containing v
also called the connected component of G contain-
ing v. It is a rooted graph with v equipped as the
root.
da(u,v) graph distance: length of the shortest path from

utovin G

N, No(G), N, N3H(G)

u € Vg \ {v} such that dg(u,v) = 1 (respy.

dg(u,v) < )

NUa NU(G)a ngg(G)

u € Vg \ U such that dg(u,U) = 1 (respy.

da(u,U) < )

cly, cly, cly (G), cly (G)

{v} UN,, UUNy, {v} UN,(G) and U UNy(G)

Ag set of finite subsets of Vg
G[U] (unrooted) subgraph of G induced by U C Vg
745 {veVg:da(a,v) <n}

n




Bn(G)

Notation: Tree Notation

Ty := (V4 EY @)

The rooted d-regular tree

Vd {ve Ve dy,(@,v) <n}
vy (T the children of v in 7 {u € cl,(T) : dr(u, ) >
dr(v, @)}
Ty the parent of v in 7: u € cl,(T) s.t. d7(F,u) <
dr(2,v)
u < v a partial order on the vertices of a rooted tree. u
is descended from v.
£(T) (v €V eo(T) =0}

Notation: Spaces

All spaces are Polish unless otherwise stated

zZ Generic Polish space
S Generic countable space (assumed to be discrete)
N (2) Non-negative integer-valued locally finite mea-
sures on Z
P(Z) Probability measures on Z
X State space of the IPS
K, K respective sets of edge and vertex marks encoding
the parameters of the model
J set of allowable jumps of the IPS

D(I, Z), I is an interval in R

space of cadlag functions from I to Z equipped

with the J1 topology

D’ Dt, Dt— D(R-‘r’X)a D([Ovt]a‘){)a D([O7t)7X)
5, 515; 515— D(Ra X)v D((—OO,t],X), D((—OO,t),X)
4.[K,K] space of isomorphism classes of rooted graphs

with edge marks in K and vertex marks in K




space of marked, rooted graphs G with edge

marks in IC, vertex marks in X and Vg C N

%fl the discrete space of rooted graphs of radius 1
whose vertices lie in the countable, deterministic
set S.
54:,1 the space of rooted graphs of radius 1. This space
is not Polish.
411K, K] the subspace of ¥,[K, K| whose graph representa-

tives all have radius 1.

Notation: Miscellaneous

B(Z2) Borel o-algebra on Z
HZ the smallest, complete o-algebra containing o(Z)
HX if X is a DV-random element, then H is the small-
est filtration satisfying the usual conditions such

that X is H-adapted.
Disc; (x) If € D(I,X) for an interval I C R, then

Discy (x) is set of times s € I N (—o0, t] such that

Ax(t) # 0.

{tz(k), va(k), ju (k) }

jump characteristics of x (Definition [8.4)). The
subscript is omitted when x is clear from the con-

text.

Table 1: Glossary of Notation



Part 1

Introduction



CHAPTER 1

Introduction

An interacting particle system (IPS) is a class of mathematical models consisting of a collection of
stochastic processes (called particles) indexed by the vertices of a graph. Each particle takes values
in a countable state space and evolves according to a pure jump process whose transition kernels
depend upon the state of the particle and the state of its neighbors in the underlying graph.

One simple example of an interacting particle system is the contact process [47] (see Example
for a definition of the contact process within our framework). This is a highly stylized model of
the spread of infection through a population that is the topic of ongoing interest. In this model, the
underlying graph G represents the contact network, in which vertices represent people and edges
represent interactions by which an infection can spread. Then each infected particle recovers at
unit rate while susceptible particle are infected at a rate proportional to the number of infected
neighbors at any given time (here, the constant of proportionality is called the infection rate).

We represent IPS as solutions to a Poisson-driven stochastic differential equation (SDE). Our
framework covers standard IPS such as the contact process, voter model and Glauber dynamics for
the Ising model (and other Gibbs measures). In fact, our results are stated in a more general context
that accounts for heterogeneous models such as the contact process with individual recovery and
infection rates and non-Markovian processes such as the renewal contact process (see Section [3.2]).
Such models will be referred to as IPS for the remainder of the thesis. IPS generally arise as models

in a wide variety of fields including statistical physics [70], epidemiology [15], 511 [77, 1], neuroscience



[87], opinion dynamics [65] 83| 23], 49| 4], engineering and operations research [39] 22]. Indeed, the
field of interacting particle systems is enormous. See [65} [67, 12 55] for more information.

The challenge of working with IPS is that the complexity of the process increases exponentially
with the size of the graph. For example, the contact process on a rooted graph G = (V, E, &) is
a Markov process with a state space of size 2/VI. As a result, IPS on large graphs are often both
numerically and analytically intractable. For this reason, we are interested in limiting theorems of
IPS on (possibly random) sparse graph sequences. In particular, we assume that a sequence of finite,
sparse rooted graphs G,, := (Vy,, E,, &y), n € N, with increasing vertex sets can be approximated by
the infinite rooted graph G, and we let X, n € N, and X represent IPS on the respective graphs.
Then this thesis addresses the following four questions, which we will address for the remainder of

the thesis:
Question 1. Well-Posedness: is X even a well-defined quantity?

Question 2. Convergence: if the initial conditions converge and G, — G in some sense, then

when can we say that X¢» — XG?

Question 3. Hydrodynamic Limit: if

1
|Gl

7Cn = Z 5chn,

veVa,

then does 7" have a deterministic limit as n — oo, and if so, what is it?

Question 4. Autonomous Characterization of the Marginals: is there some autonomous

characterization of the behavior of a “typical” particle in the limiting IPS X©?

In Part [[T, we focus on questions 1-3. Answering Question 1 reduces to proving that the SDE
defining X© is well-posed. We answer Question 1 in the affirmative given certain conditions on
the transition kernels of the IPS (which we characterize using certain jump rate functions) and
the underlying graph. We show that this is not trivial by constructing a graph G and a simple
collection of jump rate functions such that the SDE defining X is not well-posed. We next show
that Question 2 holds (under weak conditions) with respect to the topology of local weak convergence
(first introduced by Benjamini and Schramm [9]). We also discuss two other modes of convergence

under which the result holds. One is a topology on a novel space %|] first introduced in [36]



(Chapters 2-5 of this thesis replicate and extend the results of this paper). The other is convergence
in probability in the local weak sense which was shown in [61, Lemma 2.7] to imply the following

hydrodynamic limit:
79 - Law(X, g ) in probability.

In Part [I[TT} we focus on Question 4. Note that the display above demonstrates why it is natural
to want to understand the marginal distribution of X at its root (which we take to be the “typical”
particle). However, it should be clear that this quantity is heavily dependent on the graph G itself,
which raises the question of on what graph G should we study LaW(Xg )? It is well known that the
majority of well-studied random graph models converge (up to appropriate scaling) locally weakly
to random trees, so a natural starting point is the infinite regular tree Ty. So that is the focus of
this thesis.

In a recent, innovative paper, Lacker et al. derived the local equation: a non-Markovian,
measure-dependent SDE depending only on its initial condition that characterizes the marginal
dynamics at the root and its neighbors of an interacting diffusion on a unimodular Galton-Watson
(UGW) tree (see Definition [60]. Before this, there wasn’t even a conjecture as to what such
a characterization might look like. We derive the local equation for IPS on the regular tree Ty
and prove that it describes the marginal dynamics of the IPS at the root and its neighbors. Our
characterization of the local equation holds for a more general class of “strongly symmetric” initial
conditions (see Definition compared to the i.i.d. initial conditions studied in [60], which has
key applications in the study of flows and stationary solutions to the local equation. This more gen-
eral result requires a number of new results discussed later in this introduction and in Section [6.2
We finish by constructing a Markovianized version of the local equation, presenting some results re-
garding stationary solutions to this Markov approximation and running some numerical simulations
comparing this new approximation to the more standard mean-field and pairwise approximations

(introduced in the next section).



1.1 The Mean Field Approximation

The classical approach to this problem applies in the Markov case when G,, is the complete graph of
n vertices (labeled 1 to n) and the IPS has exchangeable particles and is weakly interacting, meaning
that interactions between pairs of particles are of strength O(n~!). The assumption that the IPS
is weakly interacting often manifests as an assumption that the jump rate functions of X' only

Lsw 1§ x7(t—), where ¢ is the Dirac measure,

depend on X' (t—) and the empirical measure 7" :=

along with some Lipschitz-type bound on the jump rate functions (e.g. [21] [73] also see [8, [79]). It
should be noted that many interacting particle systems of interest are not weakly interacting, so
mean-field limits are taken by modifying the dynamics of such processes. See Section [7.1] for a more

detailed discussion.

1. Propagation of chaos: there exists a measure p such that for any k € N, Law (X7, ..., X}})
converges in some sense to ®§:1 . That is, any finite collection of particles is asympotically

independent as n — oo.
2. Law of large numbers: the empirical measure 7" converges in some sense to .

3. The limit measure pu: p can be described as the law of an integer-valued pure jump process
X whose transitions are described by the same jump rate functions as X' (for any v € V},)

but in which 7" is replaced by Law(X) = pu.

Formally speaking the idea behind the mean-field model is quite simple. When n is large, the
particles { X' },ev, are exchangeable and almost independent. It can be shown that the dependence
between particles is weak enough that 7" satisfies a law of large numbers limit. That is, when n is
large, 7" is approximately equal to the law of X7'. Thus, the interaction between a typical particle
X' and the empirical distribution 7" can be approximated by an interaction between X' and
Law(X7"). In the finite state case, 1 can be described as the solution to a non-linear ODE, which
is easily solved (see ) Therefore, the mean-field approximation, in which X' are assumed
to be independent with law pu, is heavily used due to its simplicity. For more information, see

173, 57, 241, 25, 85, (7]

Now consider the case in which G,, is no longer necessarily complete, and 7" is replaced by



the local empirical measures 7" := Wlﬂ > {uv}eE, Oxn(t—), U € Vp. There has been a burgeoning
interest in the question of under what conditions on G,, does the mean field limit, or some minor
variation thereof, still hold (e.g. [29, [74, [7, 27, [10]). Although work in this area is still ongoing,
it appears that as long as the sequence of graphs G,, n € N, is sufficiently dense, the mean field
limit still holds. To our knowledge, most work in this area is focused in the diffusion setting, and
we only know of one paper, [22], that looks at such limits for an IPS (specifically, the supermarket
model: a queuing model in queues with unit exponential service times are connected in a network;
jobs arrive at each queue according to a rate lambda Poisson process and enter the shortest of the
arrival queue and d — 1 randomly chosen neighboring queues).

Even if the mean-field approximation holds asymptotically as n — oo, the mean-field approxi-
mation is not always the best approximation to work with in practice [42]. For example, n may be
too small, the graph G, may be insufficiently dense, or interactions between neighboring particles
may not be sufficiently weak. As a result, neighboring particles may be strongly correlated which
would result in the mean-field approximation yielding poor results. One fairly standard refinement
of the mean-field approximation is the pairwise approximation. The pairwise approximation applies
the philosophy of the mean-field approximation, but to pairs of neighboring particles rather than
individual particles. The assumption of independence is replaced with the following assumption
of conditional independence: if {vy,vz,v3} forms a path in Gy, then for any ¢t € Ry, X7 (t) is
conditionally independent of X[ () given X' (t). Just as for the mean-field approximation, the
assumption of conditional independence can be used to derive a non-linear ODE that approximates
the distribution of a typical pair of neighboring particles of G,, (see ) Unlike the mean-field
approximation, the pairwise approximation takes pairwise correlations between neighboring parti-
cles into account. See [39} 140, [68] 52} 9T}, [84] for some examples of derivations and implementations

of the pairwise approximation for specific IPS.

1.2 The Sparse Graph Case

Now consider the case in which the (expected) average degree of G,, is uniformly bounded with
respect to n. In this case, the mean field approximation notably fails as interactions between

neighboring particles remain significant for arbitrarily large n. In fact, as we demonstrate within
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this thesis, the specific topology of the graph plays a large role in determining the distribution
of the resulting IPS, so limiting processes such as the mean-field approximation and the pairwise
approximation, which are indifferent to the topology of the graph sequence {G,, }nen, will generally
fail. This brings us back to the four questions stated in the beginning of the chapter. When the
graph is complete, questions 1 and 4 hold by well-posedness of the IPS on finite graphs (which is
easily proven) and by the well-posedness of the mean field limit (which is a classical result [73]).
Question 2 is addressed by propagation of chaos while Question 3 is a statement of the law of
large numbers result. Thus, all four questions are addressed. Even in the dense case, it can be
surmised that for sufficiently dense graphs, similar results hold. However, in the sparse case, the
natural limiting object of X% is X¢ where G,, — G in some sense. If G,, is an increasing sequence
of graphs, then X will be an infinite particle process. This is where the local equation becomes
useful. When G = Ty is the infinite d-regular tree, the local equation yields the d + 1-particle

G
process X Ay

1.2.1 Well-Posedness of IPS on Locally Finite Graphs

A key prerequisite to proving the convergence of X% — X is to first establish that X is a well-
defined quantity. Indeed, although several recent works studying IPS on random graphs provide
intuitive descriptions of the IPS, there appears to be no general result that rigorously establishes
well-posedness of even Markovian IPS on locally finite graphs of unbounded degree such as a
standard Galton Watson tree with a Poisson offspring distribution. While well-posedness of IPS
on finite graphs is standard under our assumptions, on infinite graphs the issue is more subtle
and well-posedness can in fact fail to hold even for simple Markovian IPS, as illustrated by the
simple example in Section Until recently, previous well-posedness results for IPS on infinite
graphs have been almost exclusively focused on graphs with uniformly bounded maximum degree.
For example, on lattices, an analytical proof of well-posedness of a large class of Feller IPS via
examination of their semigroups can be found in the seminal paper of Liggett [64] (see also [65]).
Another approach to well-posedness involves a standard Picard iteration argument applied to the
(jump) stochastic differential equation (SDE) representation of the IPS dynamics. This works when
the jump rates of any individual particle satisfy a strong Lipschitz property, that is, when the jump

rate functions of every particle are uniformly Lipschitz with respect to the state (or trajectory, in
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the non-Markovian setting) of each of the neighboring particles and the sum of the (single-neighbor)
Lipschitz coefficients associated with each particle are uniformly bounded (see also [30] for a slightly
weaker averaged version of this Lipschitz condition). However, for even standard Markovian IPS
such as the majority process or the contact process (see Example , the Lipschitz constant of
the jump rate function with respect to the states (or trajectories and marks) of each neighboring
particle does not decrease, but rather increases with the degree of the vertex of the particle, or at
best remains constant. In particular, strong Lipschitz continuity of the jump rates (in the sense
described above) fails on infinite (random) graphs that have unbounded maximum degree such
as Galton-Watson (GW) trees with Poisson offspring distribution. In Theorem we establish
strong well-posedness of a general class of possibly non-Markovian IPS on (almost surely) finitely
dissociable graphs, which includes the GW trees mentioned above. Lastly, there is a probabilistic
proof of well-posedness of IPS with nearest-neighbor interactions using percolation arguments can
be found in the classical work of Harris [46]. The latter argument is easily extended to locally
interacting IPS on translation invariant graphs, but crucially relies on the graph having uniformly
bounded maximum degree. To the best of our knowledge, the only work other than [36] that uses
percolation methods to prove well-posedness of a (jump) IPS on a graph with unbounded maximal
degree appears to be the recent work of Gantert and Schmidt [38], which establishes well-posedness
of the simple exclusion process on a GW tree whose offspring distribution has finite mean by
crucially exploiting the special structure of the exclusion process to reduce the problem to the
study of a standard bond percolation problem.

In this thesis, we present the well-posedness results and proofs of [36]. We prove strong well-
posedness under three sets of assumptions of increasing generality. At the highest layer of generality,
we introduce the notion of spatial localization of the IPS dynamics (see Definition [4.4)), which also
plays a key role in the proof of the hydrodynamic limit. Roughly speaking, an IPS with interaction
graph G is said to be spatially localized if the IPS dynamics on any finite subset U of the graph G
coincides with the marginal dynamics on U of the same IPS model on (the induced subgraph of G
on) a finite random subset that contains U. Leveraging strong well-posedness of the IPS on finite
graphs, we show that the IPS is strongly well-posed on any graph G that spatially localizes the
IPS SDE (see Proposition . At the next layer of generality, we introduce a notion of finitely

dissociable graphs which is defined in terms of a degree-dependent site percolation that is closely
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related to the percolation introduced in [46] (see Definition [4.15). Then, under mild conditions
on the jump rates, we show that the IPS SDE is spatially localized by any finitely dissociable
graph (see Proposition . The proof entails the analysis of so-called causal chains that capture
the propagation of influence of the dynamics at a vertex in the IPS. To get to the lowest layer
of generality, we show in Section that finitely dissociable graphs include all bounded degree
graphs (this is a classical percolation result), GW trees whose offspring distributions have finite first
moments and consequently, UGW trees whose offspring distributions have finite second moments.
Our result does not subsume that of [38], but is applicable to a wide class of possibly non-Markovian

models and does not rely on specific features of the IPS.

1.2.2 Graph Limits and Limits of IPS

A natural notion of convergence of graphs, first introduced by Benjamini and Schramm [9] and
formalized by Aldous and Steele [3] and Aldous and Lyons [2], is local convergence, which applies
to sequences of isomorphism classes of connected, rooted graphs. Formally speaking, the local
topology bases the distance between the isomorphism classes of two rooted graphs G; and Gy on
the size of the largest subgraphs of Hy C G1 and Hs C G5 containing the roots such that H; and
H, are isomorphic. Many common random graphs have well known and well understood local weak
limits (see Section. But more importantly, the local topology can be extended to isomorphism
classes of marked graphs (sometimes called networks).

One weakness of the local topology is its inability to account for hydrodynamic limits such as
the convergence of the empirical measure of a graphical model (e.g. [61, Proposition 7.7]). This is
because empirical quantities may be influenced by particles that are arbitrarily far from the root.
This concern can be alleviated by additionally establishing an asymptotic spatial correlation decay
property (also called the second moment method) [61], 69, 88, B6], in which case the graph sequence
can be said to converge in probability in the local weak sense (see Definition and Lemma
from which the convergence of (for example) the empirical measures of a sequence of graphical
models immediately follows (see [61, Lemma 2.7] and Lemma [2.4). Note that similar results can be
achieved through the use of concentration inequalities [75].

For more than a decade, it has been known that graphical models such as the Ising model

[69] and other factor models [31] respect the local topology. More recently, there has been some
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investigation into interactions between various interacting particle systems and the local topology
[49, [11], [71].

Of particular interest are two recent papers by Lacker et al. and Oliveira et al. regarding
the local convergence and hydrodynamic limits of trajectories interacting diffusions [61, [75]. The
paper by Oliveira et al. applies to interacting diffusions with (possibly heterogeneous) pairwise
interactions and with certain restrictions on the underlying graphs. The paper by Lacker et al. holds
for both interacting diffusions and discrete time processes on all graphs with symmetric interactions.
Both papers fundamentally rely on an analogue of the strong Lipschitz property described in the
previous section for interacting diffusions. As mentioned above, for jump processes, even simple
examples require weaker assumptions on the jump rates, and well-posedness need not hold for IPS
on all graphs. In addition, our framework also allows for heterogeneities, which are of relevance in
many applications, and the nature of correlation decay established is different (see the discussion
in Section for an elaboration of this point). Thus, several new tools are required for the
analysis in comparison with the diffusion setting. Finally, even though the class of IPS we focus on
already covers a large class of models (see the examples in Section , many auxiliary results are
established under still weaker assumptions so as to facilitate further extensions of the main results

to IPS described by more general Poisson-driven SDE, in particular those with simultaneous jumps

(see Remarks K.11} 5.12) and [5.13]).

There is one more problem with working with isomorphism classes. Often the underlying graph
of an IPS is merely a convenient means of encoding the interactions between various particles of
the IPS, in which case the isomorphism class of the marked graph representing the IPS is not
an object of interest. For example, if G = Ty, v is a non-root vertex of Ty and (G, 2"), n € N,
(G, z), is a collection of graphs with vertex marks in Z such that (G,z2") — (G, z) in ¥%,[{1}, Z],
then it is not necessarily true that 2! — 2. Thus, we need something more in order to establish
componentwise convergence IPS defined on common vertex sets. Furthermore, we later establish
that IPS with sufficiently heterogeneous dynamics may not even have well-defined isomorphism
classes (see Remark . And yet, we would like a way to investigate the convergence of even
such heterogeneous IPS. For this reason, we introduce a space of marked graphs that can also be
equipped with a Polish topology, but in which convergence is arguably more natural than in the

space of isomorphism classes. In addition, this space is highly compatible with the local topology
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which makes it easy to translate convergence results in this topology to analogous convergence
results in the local topology. This space was first defined in [36], but we include several new lemmas
describing properties of this space.

This thesis replicates and extends the results of [36], which establish local weak convergence
and convergence in probability in the local weak sense of IPS. We further extend these results by
reintroducing a space of marked graphs first introduced in [36] and proving that the trajectories of

IPS additionally converge in this new space.

1.2.3 Autonomous Characterization of the Dynamics

As mentioned at the beginning of the chapter, Lacker et al. recently derived local equations that
they use to autonomously characterize the marginal dynamics at the root and its neighbors of a
UGW tree [60], thereby satisfying Question 4. Assuming i.i.d. initial conditions, they proved that
the local equation is well-posed and that the solution to the local equation is equal in distribution
to the marginal at the root and its neighbors of an interacting diffusion defined on the UGW tree.

Here we explain the basic intuition behind this result. To keep the explanation simple, assume
that the graph G = Ty is the infinite path (or equivalently, the infinite cycle, the 1-dimensional
lattice or the regular 2-tree). Assume the vertex set V = Z, the edge set F = {{v,v+ 1} : v € Z}
and the root @ = 0. Let X represent an IPS taking values in X := {0,1}, and that for any v € Z

and ¢t > 0,
XUG(t) 1 — Xf(t) at rate F(X{Gv_l,wﬂ}(t)),

where 7 : X3 — R, is a measurable function. For a concrete example of such a function, imagine

that X is the contact process with infection rate A > 0 so that,

1 ifa; =1,
T(ag,12)) =
Aag + az)  otherwise.

So then how do we answer Question 4?7 As mentioned earlier, we provide an autonomous char-

acterization of Law<X?—1,o,1})- How do we do this?

Step 1. Projection: describe the dynamics of the particles at +1 in terms of X{G—l,o,l}‘
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Consider the particle at 1, X, of the contact process at time t. To understand the rate at
which particle 1 will be infected (assuming it is susceptible at time t), one must also understand
whether or not particles 0 and 2 are infected at time t. How can we remove this dependence on
particle 27 As we show in Section EI, we can simply average it out. That is, if (conditional on the
full history up to time ¢ of particles —1, 0 and 1) the probability that particle 2 is infected is given

by p € (0,1), then the rate at which X will get infected is simply given by,
pr(XG (8), XT'(1),1) + (1 — p)F(X§ (t), X' (), 0).

In general, the same principle applies. We can (up to certain regularity conditions) average out
the impact of the particle at 2 without changing the law of the process. This average is taken
with respect to the regular conditional probability Law(X§ [O,t)\X{G_1 0.1310,%)). Specifically, we

can replace t — F(X{(il,o,l}(t_)) (we use t— instead of ¢ for measurability reasons) by,

tes pl(t X9) =B [F(XG 1 0y (t-DIXE 1 1300,8)] s,

I analogously to give a characterization of the

without changing the law of X 1G . We may define p~
dynamics of Xgl that also depends only on X {G—l,o,l}'

Although this is a nice start, this introduces a problem. Once known, the functions p*! only
take X{G—I,O,l} as inputs and therefore provide a way to describe the dynamics of X{G—l,o,l} without

having to know X& for [v| > 1. However, to derive the functions p*! requires that we already know

LaW(X?72,71,0,1,2})’ which defeats the purpose of finding a characterization of LaW(X{(il,o,l})'

Step 2. Conditional Structure: to resolve this problem, we now examine the conditional struc-
ture of X©.

Again, let us restrict our consideration to the particle at 1. Then in step 1, we claimed that
we could average out the impact of XQG on X& by averaging it out with respect to the conditional

measure Law(XZ[0, t)\X{G_l 0 1}[0, t)). In fact, in Proposition we show that
Law(X5'[0,)|X{ 1 13[0,1)) = Law(X5[0, )| X (G 1[0, 1)) as..

In fact, we show that X¢ satisfies a certain second order Markov random field (MRF) structure

that later becomes relevant in proving that the local equation characterizes the marginals of IPS
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for all strongly symmetric (instead of i.i.d.) initial data.

Step 3. Redefining p': we can now write p!(¢,-) in terms of LauW(X?_1 0 1}[0, t)).
To do this, note that it suffices to understand the regular conditional probability Law (XS0, )| X {G—1,0,1} [0,1))
in terms of Lawv(X{G_1 0 1}[0, t)). Let X = X©[0,t) and fix any z in the support of X. Then we can

visually represent the regular conditional probability,

Law(X2| X {101} = T{-1,0,1});

r_9 r—_1 o il xTo

Above, the red node represents the law we are interested in while the blue nodes denote what we

as follows:

are conditioning on. Then by step 2, we do not have to condition on X_;:

@ @@
T_9 Tr_1 iy) T )

Thus,
Law (X2 X( 1,01} = T{-1,01)) = Law(X2|X{0,1} = (0,1})-

Next, it is easily proven that X is translation-invariant in the sense that Law(X, : v € Z) =

Law(X,—_1 : v € Z). Visually, this implies that we may shift the graph to the right:

Oa0n = =
N
T_9 xr_1 X0 X1 X2

Thus,
Law(Xa| X{_101) = 7{—1,01}) = Law(X1]|X(_10y = 2(0,1});
or

Law (X570, )| X {1 0.13[0,8) = 2_10,1y) = Law(X [0, )| X{ | ,[0,8) = z(0,13)-
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By defining p' as an average taken with respect to the regular conditional probability above, it is

possible to explicitly define p'(¢,-) in terms of LaW(X{G_LO’l}[O, t)).

Step 4. The Local Equation: we can now define the local equation.

Now consider a different IPS Y on the three particles {—1,0,1} whose dynamics at £1 are
described by 4*! and whose dynamics at 0 are described by t — 7(Y{~1,0,13(t—)). Suppose the
definition of 4v*! exactly matches the definition of p*! except that LaW(X{G_LOJ}) is replaced by
Law(Y'). Then Y can be described as the solution to a non-Markovian, law-dependent SDE called

the local equation.

Step 5. Characterization: why does the local equation capture Law (X {G—l,O,l})?

Let Z solve the local equation, except that ! are replaced by p*!. Then by steps 1 and 3, it
follows that Law(Z) = LaW(X{(il,o,l})' But then it follows from step 4 that v = p*! so Z is also a
solution to the local equation. Therefore, if the local equation is well-posed (so that Z is the unique

in law solution to the local equation), then the local equation fully characterizes Law (X {G—1,071})'

1.2.4 Additional Results

We finish by describing some additional results we were able to obtain.

Result 1. The IPS is a 2nd-order Markov random field (Proposition :

A Markov random field (MRF) is a conditional structure satisfied by certain graphs with random
vertex marks, and may be thought of as the generalization of a Markov chain to a process whose
components are indexed by the vertices of a graph. When the graph is infinite, an MRF may be
categorized as local or global (see [43] and Definition [6.5).

Although the use of Markov random fields to characterize diffusions (expressed as solutions
to SDEs) is a topic of broad interest (see [59] and the references therein), the only paper (to our
knowledge) that addresses the analogous result for general IPS is [37], the results of which are
stated (with lesser generality) in Section and proved in Sections and

Lacker et al. uses a Clifford-Hammersley based proof and some clever graph theory to establish
that interacting diffusions whose initial conditions form 2-local MRFs have 2-local MRF trajectories

on both finite and infinite time intervals [59]. They assume that all finite dimensional marginals
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of the initial conditions are absolutely continuous with respect to a product measure. However, as
observed in [59, Remark 3.6], this result is insufficient to establish the local equation. [60, Remark
3.16] states that MRF trajectories would need to be global. To deal with this, [60, Proposition
3.17] establishes specific conditional independence properties of the trajectories of the interacting
diffusion that hold when the initial conditions are i.i.d..

We introduce the concept of a semi-global Markov random field (SGMRF'), which generalizes
the notion of tree-indexed Markov chains [41, Chapter 12] (see Lemma [6.8]). It turns out that this
notion of Markov random field is sufficient to establish the local equation for non-i.i.d. initial data.
We then show that if the initial data forms a 2-SGMRF, then the trajectories of the IPS also form
a 2-SGMRF on both finite and infinite time intervals. Crucially, we do not require the initial data
(or any of its finite dimensional marginals) to be absolutely continuous with respect to any product
measure, which is a key requirement to study stationary solutions to the local equation.

There are two intermediate steps in this process which may be of independent interest. First,
we establish an infinite-dimensional change of measure theorem for IPS. We prove the theorem in
very general terms even allowing for IPS defined on non-locally finite graphs, with partial results
in the case that IPS is not well defined. Second, under the same conditions we establish a duality
between the IPS and a point process, which provides a way to lift standard results from point
process theory to the theory of IPS. The main challenge in both proofs when the underlying graph
is infinite is that the resulting point process will typically be explosive. It is therefore necessary to

first establish the respective results for finite graphs and then extend them to infinite graphs.

Result 2. A Tiling Proposition (Proposition :

Let H = ({-1,0,1},{{-1,0},{0,1}},0) € G = T2 be the path from —1 to 1 in G. The
tiling proposition follows from the observation that for any two random marked graphs (G, z!)
and (G, 2?) with marks in the Polish space Z forming an automorphism invariant, 2-SGMRF,
237170’1} & Z%—l,o,l} if and only if (G, z!) @ (G, 2%). Furthermore, there is a bijection between the
set of automorphism invariant, 2-SGMRF (with respect to G) probability measures n € P(Z%)
and the set of strongly symmetric (see Definition |6.11) probability measures in P(Z{-101}) (see
Proposition . This bijection is useful because strong symmetry is a very simple property of

probability measures to verify. Given any strongly symmetric probability measure 7, we denote by
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7 the tiled extension of n, that is, 77 is the unique automorphism invariant, 2-SGMRF measure such
that the marginal distribution of 7 at the vertices {—1,0,1} is 7.

To our knowledge, the tiling proposition is a novel result, and we provide a constructive proof
of the tiling proposition in Section [8:3] Thus, given any strongly symmetric probability measure
7, there exists a unique 2-SGMRF, has powerful applications to the analysis of the local equation.
The tiling proposition can be used to extract the law of the IPS given the law of the solution to the
local equation (Theorem . We also use the tiling proposition to extract information about how
the flows generated by the IPS and by the solution to the local equation interact and to understand
how the local equation behaves at stationarity.

Most importantly, the tiling proposition of provides a map between strongly symmetric solutions
to the local equation and IPS. This plays a pivotal role in our ability to extend the characterization
of the local equation from i.i.d. initial data to strongly symmetric initial data. We also show in
Theorem that the solution to the local equation for strongly symmetric initial data remains
strongly symmetric. This allows us to investigate properties of flows generated by the IPS X and
by the corresponding solution to the local equation. It also allows us to investigate limiting (in

time) solutions to the local equation as well as stationary solutions to the local equation.

Result 3. The Markov Local Equation:

The local equation is defined in terms of expectations conditioned on path space. In practice,
such conditional expectations are extremely difficult to compute directly. Therefore, we introduce a
Markov approximation of the local equation and derive its forward equation, which is a simple ODE.
We show that stationary solutions to this ODE capture the automorphism invariant, 2-SGMRF
(with respect to state space rather than path space) stationary distributions of Markovian IPS.
We present some simple numerical comparisons of the Markov approximation to the pairwise and
mean-field approximations.

To our knowledge, this is the first general investigation of stationary solutions to the local
equation, though [62] does analyze stationary solutions to the local equation for a specific class of
reversible interacting diffusions with 1-SGMRF stationary solutions (although they identify these
solutions as Gibbs measures satisfying the Markov property on trees, this is equivalent to the

1-SGMRF property by Remark .
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1.3 Outline of this Thesis

Part [[] generally deals with preliminary matters such as the introduction and notation in this
chapter. Chapter [2] discusses notions of graph convergence in greater detail. We discuss the local
topology, convergence in probability in the local weak sense and finally we define the novel space
4,[] (first introduced in [36]) and state its properties. In Chapter we define the model and provide
examples of IPS within our framework.

Part [[T] deals with questions of well-posedness and graph convergence. In Chapter [4, we inves-
tigate conditions under which the IPS X is well-defined (or equivalently, when the SDE defining
X6 is well-posed). We also construct a counterexample demonstrating that well-posedness can fail
even for IPS with bounded jump rates. In Chapter p| we state and prove all of our limit theorems.

Part focuses on the autonomous characterization of X¢ when G is the d-regular tree. In
Chapter [6], we state all of the results of Part [[T]| which we prove in Chapters[7]to[I0] Here we derive
the local equation, prove that it characterizes the marginal dynamics of X, study flow properties
and properties of stationary solutions to the local equation and finally we examine some numerical
results obtained from the Markov approximation to the local equation.

In Appendix |A] we prove all results from Chapter [2| relating to the space %A*H In Appendix
we prove the projection result (Proposition , which we informally discuss in step 1 of the
derivation of the local equation in the previous section. In Appendix [C] we state and prove a few
useful results about the properties of conditional independence and MRFs. Finally, in Appendix

we prove a series of minor miscellaneous results.

1.4 Notation and Conventions

Most of the notation we use in this thesis can be found in Table I} Given any two real numbers
a,b € R, a Ab=min{a,b} and a V b = max{a, b}.

Graph Notation: A graph G = (V, E) equipped with a distinguished vertex @ € V', denoted the
root, is called a rooted graph, and denoted by (G, &) := (V, E, @), although when the root is clear
from context, we will simply write G instead of (G, &). We may additionally use Vi, Eg and @ to

denote the respective vertex set, edge set and root of G. For U C V, we denote by G[U] the induced
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subgraph of G on U, that is, G[U] = (U, E[U]) where E[U] = EN{{z,y} :x,y € U}. Foru,v € V, a
path between u and v in G is defined to be a sequence of vertices I' = (u = vg, v1, ..., V-1, 0y = V)
such that for all i € {1,...,n}, {vi—1,v;} € E and v; # v; whenever i # j except possibly when
{i,7} = {n,0}, in which case the path is said to be a cycle. A graph is said to be acylic if it has
no cycles. The length of the path, denoted |T'|, is the number of edges in the path. We let dg(u, v)
denote the usual graph distance, which is the length of the shortest path between v and v in G,
where dg(u,v) = oo if no such path exists. If dg(u,v) < oo for all u,v € V, then G is said to
be connected. For any vertex v € V., €,(G) is the largest connected subgraph of G' containing v
equipped with v as its root. Given three disjoint subsets A, B, S C V, and a positive integer «,
S is said to a-separate A and B if any path between a vertex in A and a vertex in B contains a
consecutive sequence of a vertices in S. When G is a finite rooted graph, its radius is the maximal
distance from any vertex to the root. Then %A*J is the space of rooted graphs of radius 1.

Given an undirected graph G = (V, E) with vertex set V and edge set E, for U C V, let
Nu =Ny(G) :={v eV :dg(v,U) := min,ep dg(u,v) = 1} denote the neighbors of U in G and let
cly = cly(G) := U U Ny denote its closure. We also define the a-neighborhood N := NF(G) :=
{v € VAU :da(v,U) < a}. For any v € V, set Ny := Ny, cly = clyyy and N := NG, We
define Ag :={U C V : |U| < o0} to be the set of finite subsets of the vertices in G. Recall that the
degree of a vertex v is equal to |N,|, where for any set A, |A| denotes its cardinality. The graph
G is said to be locally finite if each of its vertices has finite degree. We always assume graphs are
simple (i.e., they do not have self-loops or multi-edges) and locally finite.

Let G; = (V;, E;),i = 1,2, be (unrooted) graphs. A mapping ¢ : V3 — V4 is said to be an
unrooted isomorphism from G to G if it is a bijection and e = {u,v} € FEj if and only if
o(e) = {p(u),p(v)} € Es. Given roots &; € V;,i = 1,2, ¢ is a rooted isomorphism from the rooted
graph (G1, @1) to the rooted graph (G, @») if, in addition, p(&1) = P2. Recall that when denoting
the rooted graph, we often omit the explicit dependence on the root. Given locally finite rooted
graphs G and Ga, I(G1,G2) denotes the collection of isomorphisms from G; to Ga. If I(G1,G2) is
non-empty, then G; and G are said to be isomorphic, which is denoted G; = (5. For any graph
G, an automorphism of G is an isomorphism ¢ € I(G,G). An emphunrooted automorphism is an
automorphism ¢ for which ¢(@ ) is not necessarily equal to @g.

A rooted tree is a connected, rooted acyclic graph 7 = (V, E, &). Any pair of vertices u,v € V
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has a unique path connecting them. A vertex v € V is said to be in the kth generation of T if
dr(@,v) = k. For v € V' \ {@&}, the parent of v, denoted 7, (7T ), is the unique neighbor u of v such
that dr (@, u) < d7 (@, v). We also set ¢,(T) := Ny(T) \ 7 (T) to be the children of v. We will write
7y and ¢, when 7 is clear from context. For any vertex set U C V', we will let e (T) = Uyer cu(T)
In addition, given v,w € V, w is said to be a descendant of v if there exists n € N and a path
(v =wup,u1,...,uy = w) in T such that for every i = 1,...,n, u; = ¢y, ,(T). The leaves of G are
given by the set L(G) := {v € V : ¢,(G) = 0}. We can define a partial order on the vertices in G

by setting u < v for u,v € V if u is descended from wv.

Path Space Notation: Given any countable index set U and Polish space Z, let ZU = {(2,)ver :
zy € Z for all v € U} denote the corresponding configuration space, equipped with the product
topology. For any z € ZV, 2y € ZV denotes the restriction of z to ZY, that is, 2y = (2u)vev.
Given two vertex sets V; and Vs, a map ¢ : Vi — Vi and configurations = € ZV1, y € 22, we write
Y = psx to mean y, = Ty-1(,) for all v € Va.

We consider IPS with a countable state space X', which we identify with a subset of the integers
Z equipped with the discrete topology. Given U C V and a (closed, half-open or open) interval
I C[0,00), let D(I, XY) denote the space of cadlag functions from I to XV. Given 0 < t < oo, and
I =10,t], [0,t), (—00,t] and (—o0,t), for conciseness denote D(I,XV) by DY, DY | ftU and 55_
respectively. Also, set DV := D([0, 00), XY) and D’ = D(R, XY) and omit the superscript U from
the notation when |U| = 1. If z € DY (respy. 5U) and v € U, then z,(t) denotes the value of the
vth component of x at time ¢t > 0 (respy. ¢t € R). For any t > 0, the restrictions of = to [0, ¢] and
[0,%) are respectively denoted by z[t] € DY and z[t) € DY . Also, set Ax(t) := z(t) — x(t—). For
0 < s < o0, an interval I C R, finite U C V and z € D(I,XY), define the set of jump times as

follows:
(1.4.1) Discs (z) :={s' € IN(0,8] : 2(s) # z(s'-)},

and for x € DY set Disc (x) := Use(0,00) Discs (). For t € [0, o], DY is equipped with the product J1
topology, under which DY is a Polish space [I3, Theorems 12.2 and 16.3]. Note that for {z,,} € DY,

xn — x if for every t ¢ Disc, (z) x,[t] — z[t]. Lastly, fix ¢ € Ry. Given any strictly increasing

locally Lipschitz function ¢ : [0,%) — [0, 00) with a locally Lipschitz inverse (e.g., ¥(s) := 7= — 1),

t—s



23

the bijection DY > x — x o1~ € DY induces the J1 topology on DY . This can be used to show
that DY is also Polish under the J1 topology. By a similar argument, D, D; and D;_ are all Polish

under the J1 topology as well.

Measure Notation: For any Polish space Z, let B(Z) be the Borel o-algebra on Z, and let P(Z)
be the Polish space of probability measures on (Z,B(Z)) equipped with the topology of weak
convergence [I3, Theorem 6.8]. Given U C V and n € P(Z"), let n[U] be the marginal distribution
of 7 restricted to ZY. Given any n € P(Z) and a Z-valued random element Z, we say Z ~ 7 if the
distribution of Z is given by n in which case we write Law(Z) := n. We write Y’ Y2ty and 7
have the same distribution, and write Y7 1L Y5 (respy. Y1 1L Y5|Y3) if Y7 and Y3 are independent
(respy. conditionally independent given Y3). For each k € N, let Zj, be a Polish space equipped with
the measure 7, € P(Z)). Then we will denote the product measure by ®renni. If n € P (D(R4, Z))
for some Polish space Z, then n, € P (D([0,t], Z)) and n;,— € P (D([0,t), Z)) denote the restrictions
of n to the respective Borel o-algebras B(D([0,t], Z)) and B(D([0,t), Z)). Given a graph G, a
ZVé_random variable Z and a measure Law(Z) = n € P(2'¢), p.n = Law(¢sZ). Then 7 is
automorphism invariant if and only if ¢,n = n for all automorphisms ¢ € I(G).

A filtration is said to satisfy the usual conditions if it is complete and right-continuous. Unless
otherwise stated, all filtrations are assumed to be augmented so as to satisfy the usual conditions.
Filtrations will typically be represented by the letters F,G and H, indexed by R, or [0,7] and
for each t € R, the corresponding o-algebras will be denoted by F3, G¢, H; respectively. Given a
filtration G := {G; }ser, , recall that a simple sufficient condition for a process Z to be G-predictable
is that t — Z; is almost surely left-continuous and G-adapted. Given two filtrations F and G, as
usual FV G := (F; V Gi)ier, denotes the smallest filtration containing both F and G. Given a
random element ¢, we use HS to denote the completion of the o-algebra generated by ¢ (with
respect to a probability measure that will be expressed explicitly if not clear from the context),
and for any cadlag stochastic process Z, we define H? := {H7 }ier . to be the smallest filtration
satisfying the usual conditions such that Z is adapted to H%. For all processes Z considered in this
paper, H? will be equal to the completion of the natural filtration of Z so that for all t € Ry,

HZ = H?Y, see the discussion in [28, page 357] for more details.
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Poisson Point Processes: Let Z be a Polish space equipped with its Borel o-algebra and a metric
dz that induces the Polish topology. On intervals I C R, and on countable spaces (which will be
assumed to have an implicit embedding in N), this will be the standard absolute difference metric
and on cadlag spaces it will be the J1 metric. Finally, if Z := [[;c; Z; for some finite index set
I C N with metrics dz,, ¢ € I, then we set dz(z,2') = > ;c;dz, (2, 2,). Let A (Z) be the space
of locally finite, nonnegative integer-valued measures, that is, for any p € A4 (Z) and A € B(Z2),
p(A) € NU{oo} and p(A) < oo for every A that is bounded with respect to dz. We equip .4 (Z)
with the weak-hash topology, which then makes it a Polish space [28, page 2 and Proposition
9.1.IV(iii)]. Also, note that the map .4 (Z) > p — p(A) is Borel-measurable for any A € B(Z). A
point process on Z is any .4 (Z)-random element.

Let 7 be any nonnegative, locally finite Borel measure on Z, that is, n(B) < oo for every
bounded set B € B(Z). A Poisson point process N on Z with intensity measure 7 is a point process
on Z such that for any disjoint A, B € B(Z), N(A) is Poisson distributed with expectation 7(A) and
N(A) 1L N(B). A point process P is said to be G-adapted if for every ¢ > 0 and A € B([0,¢] x Z),
P(A) is Gi-measurable. We let H denote the minimal filtration satisfying the usual conditions

such that P is HP-adapted. A Poisson point process N is said to be a G-Poisson process if it is

G-adapted and for every t > 0 and A € B((t,00) x Z), N(A) 1L G;.



CHAPTER 2

Local Convergence and a Space of Marked Graphs

2.1 Convergence of Isomorphism Classes of Graphs

This section presents a brief introduction to the space of isomorphism classes of marked graphs
and standard notions of convergence for isomorphism classes. In Section we start with some
basic definitions of the space of isomorphism classes, the local topology and local weak convergence.
In Section define the stronger notion of convergence: convergence in probability in the local
weak sense. For more detailed information, see the excellent lecture notes by Bordenave [17] and
book by Hofstad [88]. See also [61, Appendix A] which introduces two different metrics for the
space of isomorphism classes of vertex marked graphs as well as an alternative characterization of

convergence in probability in the local weak sense.

2.1.1 Local Weak Convergence

Let ¥, be the space of isomorphism classes of connected, locally finite, rooted graphs. Then for
any connected, locally finite rooted graph G, we let (G) € ¥, denote the isomorphism class of G,
namely (G) is the collection of connected locally finite rooted graphs isomorphic to G. Conversely,
we refer to G as a representative graph of (G). Clearly, if H = G then H € (G). For each m € N,

let By, (G) be the induced subgraph of G consisting of all vertices within (graph) distance m of the

25
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root. We equip %, with the topology of local convergence in which {(G,)}nen C % converges to
(G) € 9, if for every m € N, there exists n,, < oo such that B, (Gy) = Bn,(G) for all n > nyy,
Gn € (Gy) and G € (G).

Next, fix any two Polish spaces Z and Z that represent the edge and vertex mark spaces,
respectively, and consider a (not necessarily connected) marked rooted graph G = (V, E, @, 9, 9),
where (V, E, @) is a rooted graph, J € Z" and 9 € 2V. Such a graph is referred to as a [Z, Z]-graph.
When G is random, it is called a [Z, Z]-random graph. Let [G.] = (V, E, @) denote the marked
rooted graph G with its marks removed, and let [G] denote G with its root and marks removed.
For m € N, let B,,(G) be the induced marked rooted subgraph of G consisting of all vertices within
(graph) distance m of the root, equipped with the same marks and root. We slightly abuse notation
at times by allowing B;,(G) to also denote the set of vertices within graph distance m of the root.
We say the marked graphs G := (V, E,@,9,9) and G’ := (V', E/, .7, ¥') with edge and vertex
marks in Z and Z, respectively, are isomorphic, and write G = G’ if there exists an isomorphism
¢ € I([G4], [G]) such that I, = [,y and Do = 5;(6) forallv € Vand e € E. We let I(G, G’) denote
the set of isomorphisms between G' and G’, and let ¥.[Z, Z] denote the collection of isomorphism
classes of connected [Z, Z]-graphs. Once again, for any connected [Z, Z]-graph G, (G) € %.[Z, Z]
denotes the isomorphism class of G. Likewise, for any (H) € %[Z, Z], the [Z, Z]-graph H denotes
an arbitrary representative of (H). In a slight abuse of notation, when H is disconnected, we let
(H) := (63, (H)) denote the isomorphism class of the connected component of H containing the
root. This ensures that (H) is an element of ¥, for any locally finite [Z, Z]-graph. Also, given a
(possibly marked or rooted) graph G, we let Vi and Eg, respectively, denote the vertex and edge
sets of G. We also occasionally abuse notation by letting G denote its own vertex set.

We equip % [Z, Z] with the topology of local convergence, defined as follows.

Definition 2.1 (Local convergence). The sequence (G,) € %[Z, Z], n € N, is said to converge
locally to (G) € 4.[Z, Z] if for every sequence of representatives Gy, = (Vi, Ep, @, 0, 9"), n € N,
and G = (V,E,@,9,9), and for every m € N there exists n,, < oo and a sequence Onm €
I(Bim([G+]), Bn([Gnx]));n > nm,n € N, such that for every v € Vg (g,)) and e € Ep_ (a.))

n qn 3
o (v) ¥, and ﬁwn,m(e) — 9. as n — o0o.

We also let 4, 1[Z, Z] C %.[Z, Z] denote the (closed) space of isomorphism classes of graphs
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in %:71 with edge and vertex marks in Z and Z, respectively, equipped with the topology induced
by ¥%.[Z, Z]. Note that one can also view % = %, [{1},{1}] as a space of (isomorphism classes of)
marked graphs with trivial marks, that is, when both mark spaces are equal to the trivial Polish
space {1}, in which case the local convergence defined above coincides with the notion defined
earlier on ¥%,.

It is well known that ¥%.[Z, Z] and hence, 4. 1[Z, Z] and %, (equipped with the above local
topology), are Polish spaces (see [I7, Lemma 3.4]). If {(,, }nen C P(%[Z, Z]) converges in distribu-
tion to ¢, then we say that ¢, converges to ¢ locally weakly, and denote it by ¢, = . If (Gy) ~ ¢,
for every n € N and (G) ~ ¢, we may also write (G,,) = (G) to denote the local weak convergence of
(Gn) to (G). As mentioned in Section we assume all %, [Z, Z]-random elements are measurable

with respect to the Borel o-algebra defined in terms of the local topology.

2.1.2 Convergence in Probability in the Local Weak Sense

The local topology is not well suited towards understanding many global functionals of marked
graphs of interest. In this section we briefly introduce a few such functionals which are applied
concretely in Section The proofs of all lemmas in this section are deferred to Section
Given a Polish space Z’ and a finite, unrooted [Z, Z’]-graph G, define the (global) empirical
measure of the finite, (possibly disconnected) unrooted [Z, Z x Z']-graph (G, z) by
Gz .

s e |ng UGZVG
where 4, (-) is the Dirac delta measure concentrated at z,. Note that for (G, 2') = (G, z), 1%% =
7¢"% 30 the empirical measure is determined only by the isomorphism class (G, z) of (G, z). More
generally, consider the so-called neighborhood empirical distribution given by

*gz = \V | v§G5Bl (%s(G12)))
where %, (G, z) denotes the rooted [Z, Z x Z’]-graph obtained by restricting (G, z) to the connected
component of v in [G], equipped with v as its root. Note that ﬁ%’z is a P(%.,1)-valued random
element that describes the empirical distribution of the isomorphism class of a uniformly distributed

root in (G, z) and its neighborhood. On sparse graphs, neighboring particles are typically strongly



28

dependent. Due to this strong dependence between neighboring vertices, more complex empirical

quantities such as fg’z are also of interest (see also Example [3.15| for additional motivation).

In the context of this thesis, we are interested in functionals of IPS X, where for each v € Vg,
X, is the trajectory of a single particle. In Corollary we establish conditions under which a
sequence of IPS X™ expressed as isomorphism classes (G,,, X™) converge locally weakly to some IPS
(G, X) given that its initial data (G, &™) converges locally weakly to the initial data (G, &). How-

ever, we need more than local weak convergence to study the asymptotics of empirical quantities

such as 7% or fg’x. Theorem and Corollary of Section [5.2.2] show that under a slightly

stronger convergence condition on the initial data than that imposed in Corollary [5.5] these empir-
ical quantities do have a deterministic limit. A key ingredient of the proof is a certain asymptotic

correlation decay property, which is first stated in Section (see Theorem [5.6]).

Definition 2.2 (Convergence in probability in the local weak sense). Consider a sequence {G, }nen

of finite, (possibly disconnected) unrooted [Z, Z]-random graphs. Then G,, converges to a ¥%,[Z, Z]-
random element (G) in probability in the local weak sense if for every bounded, continuous mapping
[:%][Z,Z] - R and as n — oo,

(2.1.1) LS F(%(G)) = E[£({G))] in probability.
|VG"| veVa,

Remark 2.3. This definition is the one provided in [61, Definition 2.6]. It differs slightly from the
definition of “convergence locally in probability” provided by Hofstad in [88, Definition 2.12(b)],
which allows for the possibility that the expectation in is a conditional expectation. Hofstad
gives an example in which for each n, G, is an Erdés-Renyi graph with n vertices and parameter
A/n, where A is a random variable not depending on n. Then G,, converges locally in probability
to the Galton-Watson tree whose offspring distribution is Poisson with (random) mean A [88].
However, GG, does not converge in probability in the local weak sense to anything within our

framework. When the limit in (2.1.1)) is deterministic, the two definitions coincide.

Convergence in probability in the local weak sense of marked graphs is of a more global nature

than local weak convergence and can be used to establish hydrodynamic limits.

Lemma 2.4. If the unrooted [Z,Z x Z'|-random graphs (G, 2") converge to (G, z) in probability

in the local weak sense, then 1" — Law(zg) and WQ”’ZTL — Law({B1(G, 2))) in probability with
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respect to P(2') and P(9.1[Z,Z x Z']) respectively.

Lacker et al. showed that graphs converge in probability in the local weak sense if, formally
speaking, they converge locally weakly and they exhibit a certain correlation decay property [61,
Lemma 2.8]. A similar result can be found for unmarked graphs [88, Corollary 2.20(b)]. We make
use of the following slight extension of this result, which is similar to the statement of [36, Lemma

7.1].

Lemma 2.5. Consider a collection of finite, (possibly disconnected) unrooted [Z, Z]-random graphs
{Gnlnen and a 9.[Z, Z)-random element (G) defined on a common probability space such that
|G| — oo in probability. For each n € N, let @%, i = 1,2, be i.i.d. uniform vertices in Vg, . Then,
G, converges in probability in the local weak sense to (G) if and only if ((€z: (Gn)))i=1,2 converges
weakly to ((G*))i=1.2 in (9|2, Z])?, where {(G")}i=12 are i.i.d. copies of (G).

2.1.3 Examples of Convergence

In this section we provide several short examples of common graphs and their local weak limits.
Unless otherwise stated, each graph G, is unrooted and the root &, is chosen uniformly at random
from the vertices of G,,. We only discuss unmarked graphs here.

We begin with a few definitions.
Definition 2.6. A regular graph is a graph whose vertices all have degree d for some fixed d € N.
Definition 2.7. For any d > 1, the graph T, is the rooted regular tree with degree d.

Example 2.8. Let G,, = C,, be the cycle with n vertices. Then (G, @,) — (T2), which is the

infinite cycle or path, and GG, converges in probability in the local weak sense to Ts.

Example 2.9. Let (7,,d,) be the n-generation tree whose non-leaf vertices all have degree d > 1
and whose root is the unique vertex of distance n from all leaf vertices. Then (7, @,) — (Tq),
where Ty is the rooted, infinite d-regular tree. For d > 2, there exists a constant f; € (0, 1) such that
a uniformly chosen vertex of 7, will be a leaf node with probability greater than f; for every n € N,
therefore 7, does not converge to (Ty;) in probability in the local weak sense (see [61, Proposition

7.7] and [61, Theorem 6.4] for more details).
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We now describe the convergence of random graphs. We start with a simple graph model.

Definition 2.10. A random regular graph of degree d and with n vertices such that nd is even
(denoted RR;,(d)) is an unrooted graph chosen uniformly at random from the set of simple regular

graphs with n vertices and uniform degree d.

Example 2.11. If G,, are sampled from RRy,(d), then (65, (Gr)) = (T4) and G, converges in

probability in the local weak sense to (T4) [88, Theorem 2.18].

Definition 2.12. The Erdés-Reényi random graph with n vertices and edge probability p (denoted
ER,,(p)) is the random unrooted graph G of n vertices such that each pair of vertices forms an edge

independently with probability p.

The Erdés-Renyi graph is the first model in this section with a random limit. This limit is the

well-known Galton-Watson tree.

Definition 2.13. Let p € P(Ng) be a probability distribution. For any rooted tree 7 and v € Vi
recall that ¢, (7) is the set of children of v in 7. Then the Galton-Watson (GW) tree with offspring
distribution p (denoted GW(p)) is a random tree 7 with root @& such that for any n € Ny and

conditioned on By, (T), {|co(T)|}v:dy(v,)=n 18 an i.i.d. collection of random variables with law p.

Example 2.14. Let p, € [0,1] be a sequence of positive numbers such that 2= — p for some
p € Ry. If for each n € N, G, is sampled from ER,(p,) and T is sampled from GW(p), then
(€3, (Gr)) = (T) and G,, converges in probability in the local weak sense to (7) [88, Theorem

2.19].
Lastly, we introduce the configuration model.

Definition 2.15. The configuration with n vertices and degree distribution d = (do, dy, . .. ) € Ny°
(denoted CM,,(d)) is an unrooted graph G chosen uniformly at random from the set of graphs with

n vertices of which dj vertices have degree k for each k£ € Ng.

Note that for a graph with degree distribution d to exist, > ;cn, dx must be even. Even when
this is the case, there may not exist a simple graph with degree distribution d. Therefore config-

uration models are multigraphs with self-loops. Although we exclusively work with simple graphs,
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it is possible to encode multi-edges and self-loops via vertex and edge marks, so we assume a con-
figuration model is a random graph encoded in this way. See [88], Section 1.3.3 and Chapter 4] for
a detailed discussion of configuration models, including other methods of reducing G,, to a simple
graph and how these different methods impact the law of G,, and its limits.

The limit of the (multigraph) configuration model is described by a special type of GW tree.

Definition 2.16. For any probability distribution p € P(Ny), define

(k+Dp({k+1})
2 nen np({n})

Then a unimodular Galton-Watson (UGW) tree or size-biased GW tree with offspring distribution

(2.1.2) p{k}) = k€ No.

p (denoted UGW(p)) is a GW (p) tree except that the offspring distribution of the root is given by

p.

Example 2.17. For each n € N, let G, be a configuration model sampled from CM,,(d,,). Suppose
also that if D,, is a random variable representing the number of degrees of a vertex chosen uniformly
at random from G, then there exists a random variable D such that D,, = D and E [D,,] — E [D] <
oo. Let T be sampled from UGW (Law(D)). Then (G,,, @,) = (T) and G,, converges in probability

in the local weak sense to (7) [88, Theorem 4.1].

Remark 2.18. Preferential attachment graphs (for example, graphs generated by the Barabasi-
Albert model) are known to converge locally and in probability in the local weak sense to a class
of so-called “Polya point trees”. However, the construction of these graphs and the limit tree is

somewhat involved and therefore we omit it from this thesis. See [88, Chapter 5] for details.

2.2 A Space of Marked Graphs and its Properties

The results stated in this and the next section are fundamental to this thesis. However, all results
stated within the section are supplementary results intended to simplify the proofs of our main
results. As many of the proofs involved are technical, we relegate the proofs of all results within
this section to Appendix

For any Polish spaces Z and Z, consider the space

~

(2.2.1) 4.2, 2] :={|Z, Z]-graphs G s.t. Vg C N}.
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It should be noted that most marked graphs of interest in applications can easily be represented
as elements of %,. For example, finite random graphs such as Erdos-Renyi graphs (with n vertices)
are often described as graphs with vertex set Vi := {1,...,n} C N. Even spatial graphs (in which
vertices are placed on some domain within a Euclidean space) can be represented in this manner
by encoding the location of the vertex as a vertex mark.

The choice of setting Vg C N is somewhat arbitrary, and the arguments made in this thesis
would hold with minimal changes if N were replaced with any other discrete, countably infinite
space in . For example, [60] uses the Ulam-Harris-Neveu labeling scheme to identify the
vertex sets of infinite, locally finite trees with subsets of the countable set
(2.2.2) V:={g}u (U N”) :

neN
We specifically use N because N comes equipped with a notion of ordering and addition which we
make use of to more easily construct certain explicit isomorphisms between graphs in g:[z Z].
Such operations could be replicated on any discrete, countably infinite set S, but doing so would
complicate the construction of these isomorphisms.

It is now possible to discuss the topology of g, [Z, Z]. In the ensuing definition, use the following
standard notion of convergence of subsets of N. Given S,, C N,;n € N, and S C N, we write S, = S
if and only if

s=U N se=NUse

neNn/>n neNneN

Equivalently, S, — S if and only if for every k € S, there exist only finitely many n € N such that

k ¢ S, and for every k' ¢ S there exist only finitely n’ € N such that k' € S,,.

Definition 2.19. [36, Definition B.3] We equip the space %;[?, Z] with the following notion of

convergence: G,, — G in %,[Z, Z] if and only if
1. Timy, oV, =V
2. lim,, o, E, = E:

3. limy oo Ty = &5

=

- limnsoo 9, =9, for all e € E;
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5. limnooo ) =1, for allv e V.

veVn

6. for each v € V, limng‘?o max{u € cl,(G)} = max{u € cl,(G)}.

Remark 2.20. [30, Remark B.4] The least intuitive condition is perhaps condition 6 of Definition
but it is necessary for the topology on %, [Z, Z] to be compatible with the topology of %.[Z, Z]
(in the sense made precise in Proposition . This is best illustrated via an example of how
compatibility could fail without condition 6. Let Z = Z = {1} be trivial and suppose that V C
{2k : k € N}, @ := 2 and F is any set of distinct pairs of V' such that G = (V, E, @) is locally
finite. If for each n € N, G, is defined by @,, :=2, V,, :=V U{2n+1} and E,, := EU{{2,2n+1}},
then conditions 1-5 of Definition [2.19] are all satisfied, and only condition 6 fails. However, note

that G, 2 G,y 2 G for all n,n’ € N, so (G,,) = (G1) # (G) in %[ Z, Z].

Definition [2.19] can be tedious to verify. To aid with this, we provide a few simple lemmas that
can be used to simplify the processes of checking whether a sequence of graphs G,, € 54:[?, Z],
n € N converges to G € %A*[?, Z]. These lemmas should also illustrate that the topology of the

space 9,[Z, Z] is actually quite intuitive.

Lemma 2.21. Let Z' be another Polish space. If G,, — G in g}[z Z], then the marked graphs

(Gpn,2") = (G, 2) in @[ZZ x Z' if and only if for each v € Vg,

.
B, 2y = Zo.
UGVGn

By Lemma if we wish to show that a sequence of IPS (G,,X"), n € N, defined on
the graphs G, n € N converges to (G, X) given the fact that G,, — G, it suffices to prove
componentwise convergence of X™ to X . That is, a sequence of IPS defined on convergent underlying
graphs in %, [IC, K] converges in G, [, K x D] if and only if the dynamics at each individual particle

of the IPS converge.

Lemma 2.22. If conditions 1,2,3 and 6 of Definition hold for the sequence of graphs G, €
4.Z,Z], n € N and G € %,[Z, Z), then for all sufficiently large n, B ([Gnx]) = Bn([G+]). The

converse holds under the extra condition that Vg = {1,...,|Vg|} where {1,...,00} =N.

We finish with one slightly unintuitive lemma. It is easily seen that if (B, (Gn)) — (G) in

4.[Z, Z] for a given sequence of integers m,, — oo, then (G,) — (G). However, this is not quite
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true of convergence in %A*[?, Z]. Instead, we need the following slightly stronger condition.

Lemma 2.23. Suppose there exist two sequence my,, N, — oo such that B, (G,) — G and

Gul{l,... N} = G in %.[Z, Z]. Then G, — G in9.[Z, Z].

Remark 2.24. Some care needs to be taken with regard to the convergence of disconnected graphs
(Gn, @n) — (G, D). Even if G,, — G, {¢,(G,)} may fail to be a convergent sequence. For an
example, suppose Z = Z = {1} is trivial and @, = @ = 1 for all n € N. For each even n, let G,, be
the path {1,3,...,2n+1,2n,2n — 2,...,2} and for each odd n let G,, be the disjoint union of the
paths {1,3,...,2n 4+ 1} and {2,4,...,2n}. Then if G is the disjoint union of the paths {1,3,...}
and {2,4,...} rooted at 1, then G,, - G in 4, but %5, (Grn), n € N is not even a convergent

sequence in %A*
Lastly, the topology generated by convergence as in Definition is Polish.

Proposition 2.25. [36, Lemma B.5] The space 4,[Z, Z] is Polish.

2.3 The Relationship between 4,[Z, Z] and %.[Z, Z]

In this section we describe the relationship between the spaces %,[Z, Z] and %.[Z, Z]. We begin
by establishing the continuity of the map G +— (G) and the lower semicontinuity of its inverse
(in the sense of [5, Definition 1.4.2]). These continuity properties of G — (G) and its inverse
ensure that limit theorems in the space %,[Z, Z] and limit theorems in the space %, [Z, Z] are often
interchangeable in some sense. This is then used to prove a number of selection theorems with a
focus on interchanging the results of limit theorems in %,[Z, Z] and limit theorems in %[Z, Z].
We finish with a technical lemma that, in combination with Lemma [2.5] turns statements about
convergence in probability in the local weak sense to a statement about convergence in %A*[?, Z].
All proofs within this section are deferred to Appendix [A-2]

We start by showing that the map G — (G) is continuous and its set-valued inverse map

(G)— {G € D[Z,2]: G e (G)} is lower semicontinuous.

Proposition 2.26. If G,, — G in g:[z Z], then the isomorphism classes also converge locally,
that is, (Gn) — (G) in %[Z,Z]. Moreover, given the limit (G,) — (G) in %[Z,Z] and any
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representative G € (G) such that G € %Z[Z, Z], there exists a sequence of representatives G, € (Gy),
n €N, such that G, — G in 9.[Z, Z]. In other words, the correspondence %[Z, Z] 5 (G) — {G €

G.|Z,Z]: G € (G)} is lower semicontinuous in the sense of [, Definition 1.4.2].

Remark 2.27. Recall that g:[z Z] supports disconnected graphs and for any G € %A*[?, Z],
(G) = (6x(G)) € 9[Z,Z]. Thus, if G and H are connected and G, H € (G) then G = H, but
this is not necessarily true if either or both graphs are disconnected. It should be noted that the
set of connected graphs in S?A*[?, Z] is not closed. Let @, = 1 for all n and let G,, be the path
{1,3,...,2n+1,2n,2n—2,...,2}. Then G,, converges to G which is the disjoint union of the paths

{1,3,...} and {2,4,...} with g = 1.

So far we have only discussed deterministic graphs and isomorphism classes. However, we are
also interested in translating results about random graphs to results about random isomorphisms
and vice versa. If (G) is a random isomorphism class, then we need a way to ensure that it is
possible to describe a random graph G such that G is a.s. a representative of (G). Moreover, this

selection needs to be measurable in the following sense.

Definition 2.28. Given a %,[Z, Z]-random element (G) and a o-algebra F 2 o((G)), a %[Z, Z)-
random element G is said to be a F-measurable representative of (G) if G € (G) a.s. and G is

F-measurable. If F = o((G)), then G is said to be a measurable representative of (G).

This leads to the following measurable selection theorem, which is a consequence of the Kura-

towski and Ryll-Nardzewski measurable selection theorem which we state as Theorem

Theorem 2.29. Given a %.[Z, Z]-random element (G), there exists a connected measurable repre-

sentative G of (G). Moreover, for any sequence of 4.[Z, Z]-random elements (Gy,), n € N and (G),

there exists for each n € N a connected o((G)) V o((Gp))-measurable representative Gy, of (Gy)
such that if (Gp) — (G) a.s. in 9.[Z, Z], then Gy — G a.s. in 9|2, Z].

Lastly, although we do not establish an equivalent notion of convergence in probability in the
local weak sense for marked graphs (rather than isomorphism classes) in this thesis, we do introduce
the following corollary of Theorem [2:29] that complements Lemma [2.5 For this theorem, we intro-

duce the notion of a doubly-rooted graph, which is simply a (possibly marked) graph (G, @', &)



36

equipped with two (ordered) roots. An isomorphism between doubly rooted graphs (G;, @}, @?),

1 € 1,2, is simply an isomorphism ¢ : Vg, — Vi, such that go(@’f) = @’2“ for k =1,2.

Corollary 2.30. Fiz a probability space (2, F,P) supporting a collection of finite, (possibly dis-
connected) unrooted [Z, Z]-random graphs {Gy }nen whose vertex sets are subsets of N, and for
eachn € N let @, i = 1,2, be F-measurable vertices in Vg, such that dg, (@), @2) — co in prob-
ability. For each i, suppose that (€ (Grn)) converges a.s. to the F-measurable 9.[Z, Z]-random
element (G'). Then there exists an F-measurable sequence of doubly rooted [Z, Z]-random graphs
(G, DL, 32) =2 (G, 2L, 22), n €N, (G, &', &%), with vertices in N such that fori =1,2, (G, &%)
converges in probability to (G, @") in 9.[Z,Z] and €,i(G) is a measurable representative of (GY).

Furthermore, G consists of two connected components, and dg(S1, D2) = 00 a.s..

Remark 2.31. Note that a doubly rooted [Z, Z]-random graph (G, @', @?) with vertices in N is
F-measurable if (G, @) is a F-measurable %:[?, Z]-random element and @2 is a F-measurable

random variable in N.

Remark 2.32. In Section [5.3.2] Corollary [2.30] is used together with Lemma [2.5] to establish a
given correlation decay property for a sequence of IPS X" whose initial data converge in probability
in the local weak sense to the initial data of another IPS X. Lemma [2.5]is used again to show that
this correlation decay property combined with the local weak convergence of X" to X (which is

established in Corollary implies that X™ converges in probability in the local weak sense to X.

2.4 Proofs of Lemmas in Section [2.1.2

We start with a quick proof that convergence in probability in the local weak sense implies conver-

G,z

gence in probability of the empirical quantities 7~* and ﬁg’z

Proof of Lemma[24. 7¢*" — Law(zg) by [61, Lemma 2.7]. The proof of the second statement is
nearly identical. Let f: %, 1[Z,Z x 2] = R be a bounded, continuous function. Then by (2.1.1)),

[ snzos |

in probability. Since this holds for all bounded, continuous functions f, 775”’2 — Law((B1(G, 2)))

Z f((Gu(B1(Gn, 2")))) = E[f((B1(G, 2)))],

" veVa,

in probability. O
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We finish the section by establishing the alternate characterization of convergence in probability

in the local weak sense.

Proof of Lemma[2.5. Although [61, Lemma 2.8] is stated and proved for graphs and isomorphism
classes with vertex marks but no edge marks, the analogous result holds for graphs and isomorphism
classes with edge marks by the exact same argument. Therefore, since |G,,| — oo in probability, G,
converges to (G) in probability in the local weak sense if and only if for any bounded, continuous

functions f1, fa : %:[?, Z] - R,

(2.4.1) lim E[£1((6 (Ga)) 2% (Ga)))] = E AU E[2((G))

—~
=
—~

If ((€yi (Gn)))i=1,2 converges weakly to ((G'))i=12, then given that (G') = (G?) d (G) are

independent, (2.4.1)) holds by definition of weak convergence. Now suppose (2.4.1)) holds. Since
94.[Z, Z] is a metric space, the algebra of separable bounded functions on (%4,[Z, Z])? strongly

separates points and hence, is convergence determining [33, Theorem 3.4.5(b)]. Thus, (2.4.1)) implies

lim B [ (%1, (Gn)), (€2 (Gu)))| = E[F(GY), (GH)]

n—oo

for all bounded, continuous f : (%[Z, Z])> — R, which completes the proof. O



CHAPTER 3

Framework, Assumptions and Examples

3.1 The Model

Consider an IPS in which each particle takes values in a countable state space X', which is identified
with a subset of Z and equipped with the discrete topology. Let J C {i—j: 1,5 € X,i # j} denote
the set of allowable transitions or jumps of any particle, and assume J is finite. We equip J with
the counting measure # 7. For convenience, we denote #7({;j}) by #.7(j) for each j € J. Let K and
KC be two Polish spaces that specify static parameters of the model such as random environments
(see Example , histories before time zero for non-Markovian processes (see Example , or
heterogeneities and other graph attributes. Supposing that the underlying [K, K]-graph G of the
IPS specifying instantaneous interactions between particles is non-random, we may represent the
initial state of the process by a X'V¢-random element &. Then the model is specified by a family of
jump rate functions r := {TJG’U ‘R, x DY - R,,j€J,G al[K,K]-graph and v € Vi}, where D
is the space of cadlag functions from Ry to X'. In other words, we can define an IPS with jump
rates r and initial data given by the [, x X]-graph (G, &) to be a DVé-valued random element
X &€ such that for each v € Vg, t € Ry and j € J, the transition rate from X&¢(¢) to X$€(¢) + 5
is given by er’” (t, X&<). In Section below, we establish a standing assumption on the jump
rates that is held throughout the thesis. Then in Section we define the dynamics of the IPS
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in terms of an SDE and discuss various notions of solutions to the SDE.

3.1.1 A Standing Assumption on the Jump Rates

We now define a standing assumption on the set of jump rate functions. Let gll denote the set of

finite rooted graphs H = (Vi, By, @) of radius 1.

Standing Assumption. For every j € 7, there exists a family of measurable local jump rate

functions {Ff ‘R x DV x K2 x KKV — R+}H:( such that,

VH7EH7®H)€@,1

(1) for every H € gA*J, (9,9) € P« Vi (t,z) — ff(t, x,9,1) is predictable in the sense that

for every t > 0 and z,y € DVH,

x(s)=y(s) Vse[0,t) = Fl(ta,0,9)=r(ty,0,9);

(2) given any (possibly unrooted) [, K]-graph G = (V, E,9,9) or G = (V, E,&,9,9) and v € V,

(3.1.1) er’U(t, x) = ff” (t,zm,, (Ve)ecry, » (Vu)uevy, ), for every (t,z) € Ry X DY,

where H, := (G]cly],v) is the induced subgraph of G on the closure cl, of v, with v as root;

(3) If G'is a [K, K]-random graph in some probability space (Q, F,P), then for any H“-measurable
random vertex v in G, the map Q@ x J xRy XD 3 (w, j, t,z) — rf(w)’v(w) (t,r) is HY @ B(J x

R4 x D)-measurable.

Remark 3.1. Condition 3 of the standing assumption is a technical assumption that easily holds for
all applications of interest. In particular, it holds automatically if there exists a discrete, countably
infinite space S such that Vg C S almost surely. To see why, first note that fffl ={H € %A*,l : Vg C
S} is a countable space that is naturally equipped with the discrete topology. Thus, if Vi C S,
then the map w — Hy(w) = (G(w)[clyw)],v(w)) € 64:81 is a measurable map with a countable
image so (w,j,t,z) — rJ«G(w)’v(w)(t, x) = ZHG%A;?I ]I{H:Hv(w)}ff(t,x,@(w),ﬂ(w)) is measurable by

the measurability of the functions ff[ for each H € %:81 and j € J.

With a few exceptions, we also impose the following mild boundedness condition on the jump

rates of the IPS model throughout the thesis.
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Assumption 1. There exists a function C' : N x Ry — R, that is non-decreasing in each of its

arguments and such that for any [K, K]-graph G, v € Vg, j € J, x € D, T € R, and t € [0,T],
G7

ri(tx) < C(lcly(G), T).

For results in which the isomorphism class of the IPS is relevant, we introduce the following

additional symmetry assumption.

Assumption 2. Let {7]' : Ry x DV < P x Ve — R}y

=(Vir,En \B1)€%, 1 be the family of local

jump rate functions defined in the standing assumption. Then for every t > 0, H — Ff (t,- ) is
a class function in the sense that for any (z,9,1) € DV# x £« KVi | H € @71 with H & H, and

p e I(H,H),
(3.1.2) ff(t, z,9,9) = j{(t, O+, 050, i),

Remark 3.2. [36, Remark 3.2] As a consequence of the class function property of 7 specified in

G

Assumption [2| the jump rate function 7~ satisfies a similar class property. Given any isomorphic

graphs G,G’ € g:[f, K] and ¢ € I(G,G"), for any v € Vg, t € Ry and = € DVe,

(3.1.3) 0 (t,2) = r$ PO pua).

3.1.2 Dynamics and Notions of Solutions

Fix a family of jump rate functions r that satisfy the standing assumption introduced in the previous
section. Also fix a random possibly unrooted [K, K x X]-graph (G, €), henceforth referred to as the
initial data, which encodes both the random [K, K]-graph describing the interaction structure of the
IPS as well as the X-valued initial conditions encoded by £. Then the dynamics of the associated
IPS are described by the following SDE:

(B1y) XM =g+ [

(o,t}xR+ij]I{T§r.7G7U(S’XG’§)} NY(ds,dr,dj), veV,tel0,o00),

where N is the so-called driving noise, comprised of a collection of i.i.d Poisson point processes
described in Definition [3.3{ below. When (G, €) is deterministic, the driving noise N¢ = {NG}, ¢y
is simply a collection of i.i.d. adapted Poisson processes and reduces to a standard Poisson-

driven SDE. When (G, ¢) is random, analogous to what is done with initial conditions, it is more

natural to think of the driving Poisson processes as marks on the graphs and their measurability
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and adaptedness properties have to be described with some care, as spelled out in Definition [3.3]

Definition 3.3 (Driving Noise). [30, Definition 3.3] Given a complete, filtered probability space
(2, F,F,P) such that IF satisfies the usual conditions and a (possibly random) Fy-measurable [KC, K x
X]-graph (G, €), an F-driving noise (compatible with G) is a [K,K x A4 (R2 x J)]-random graph

(G,N%) that satisfies the following properties:

1. conditioned on Fy, N¢ = {Ng}uevg is a collection of i.i.d. Poisson processes on Ri x J with

intensity measure Leb? @ # 7, indexed by the vertex set Vg of G;

2. for any t > 0 and A € B((t,00) x Ry x J), the [K,K x Ng]-random graph (G, NY(A)) is

conditionally independent of F; given Fo;

3. for any Fp-measurable v € Vg, Nf
Section L4l

is an [F-adapted point process in the sense described in

With a slight abuse of notation, we often denote the driving noise (G, N%) just by N¢.

Remark 3.4. When V is a.s. a subset of a countable, deterministic set S, Definition [3.3| can be
simplified. Let N := {Nj }xes be a collection of i.i.d. F-Poisson processes on Ri x J with intensity

measure Leb? ® # 7. Let N := {N, },ev.. Then (G,N%) is F-driving noise compatible with G.

When (G, §) is random, analogous to what is done with initial conditions and the driving noise,
it is natural to also encode the trajectories of the IPS, or equivalently any solution to , as
additional marks on the random graph. This leads to the following definitions of weak and strong
solutions to the SDE (3.1.4)).

Given a filtered probability space (2, F,F,P) that supports a [KC, < x X x A (]R?F x J)]-random
graph (G,£,N%), define G; := o((G,£,N%(A)) : A € B([0,t] x Ry x J)) for t > 0, and define
HEENY t6 be the augmentation of the filtration G = {G;}ser, , that is, HEENY s the smallest
complete, right-continuous filtration such that HtG EN¢ D G, for every t > 0, and 7—[6; N contains
all sets N C A € F with P(A) = 0. When (G, ¢) is deterministic, we denote HEENY simply by

G

HN™,

Definition 3.5 (Weak and Strong Solutions). [36, Definition 3.4] Given (possibly random) initial

data (G, €), a weak solution to (3.1.4) is a tuple ((G, X%¢,N%), (Q, F,F,P)) such that



42

1. (2, F,F,P) is a complete, filtered probability space such that F satisfies the usual conditions;
2. (G,N%) is an F-driving noise compatible with G in the sense of Definition

3. (G, X%%) is a random [K,K x D]-graph with F-adapted vertex marks (i.e., for any Fo-
measurable v € Vg, X&€ is an F-adapted process) such that X%¢ satisfies (3.1.4) P-a.s..

Given a complete probability space (2, F,P) and an HG7€’NG—driVing noise (G,N%) compatible
with G in the sense of Definition a NYstrong solution (G, X%¢) is a [K, K x D]-random graph
such that ((G, X%¢ N, (Q, F, HG&NE, P)) is a weak solution to (3.1.4)).

Remark 3.6. [36, Remark 3.5] For conciseness, we often omit mention of the whole probability
space (Q, F,F,P) and simply refer to (F, N%) as a filtration-Poisson process pair, and say (G, X &%)
is a (F, N)-weak solution to if (G, X%¢ N%),(Q, F,F,P)) is a weak solution to (3.1.4). We
also say that (G, X%<) is a weak solution to ([3.1.4)) if there exists a filtration-Poisson process pair
(F,N%) such that (G, X%¢) is a (F, N%)-weak solution to (3.1.4). We would also like to emphasize
that if X and X’ are both (F,N)-weak solutions, then they are implicitly defined on the same

filtered probability space with the same driving noise.

Remark 3.7. [30, Section 3.3] Under Assumption , weak solutions to (3.1.4) can be described
by their isomorphism classes. Given (G, &) € %[K,K x X], let (G, ¢%), i = 1,2, be two different
connected representatives of (G, ¢) and fix some isomorphism ¢ € I((G1,£'), (Ga,£?)). Let (F,NG1)

be a filtration-Poisson process pair compatible with G; and let X¢1¢1 be a (F, NGl)—Weak solution

to (3.1.4) for the initial data (G1,&1). Define,
N@ = o, N and X% .=, X8,

Then (F,N©2) is a filtration-Poisson process pair compatible with G and by Remark and the

form of the SDE (3.1.4)), it follows that X&2<2 is a (IF, N&2)-weak solution to (3.1.4).

3.1.3 Notions of Well-Posedness

Given the definitions of weak and strong solutions in the previous section, the definitions of unique-
ness and well-posedness we employ are mostly standard, except for the notion of strong well-

posedness which requires pathwise uniqueness of solutions instead of just uniqueness in law.
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Definition 3.8 (Uniqueness notions). [36 Definition 3.6] The SDE (3.1.4)) is said to be unique in
law for the initial data (G, &) if given any other initial data (G, ¢’), possibly defined on a different

probability space, that satisfies (G’,¢’) @ (G,€), any weak solutions (G, X) and (G’, X’) to the

SDE for the respective initial data (G, ) and (G, €) satisfy (G, X) 2 (G, X'). The SDE (3.1.4)
is said to be pathwise unique for (G, &) if for any filtration-Poisson process pair (F,N¢) and any

two (F, N%)-weak solutions (G, X') and (G, X?) to (3.1.4), (G, X!) = (G, X?) as..
Solutions to the SDE (3.1.4) for the initial data (G, ¢) will typically be denoted by (G, X&£).

Definition 3.9 (Well-posedness). [36, Definition 3.7] We say that the SDE is well-posed
for the initial data (G, &) if there exists at least one weak solution to and the SDE (3.1.4)) is
unique in law for (G, §). We say the SDE is strongly well-posed for the initial data (G,¢) if
there exists at least one weak solution to and the SDE (3.1.4)) is pathwise unique for (G, ¢).

The next lemma establishes an intuitive alternative formulation of strong well-posedness for

random initial data. Its proof is deferred to Appendix

Lemma 3.10. [36, Lemma 3.8/ The SDE ({3.1.4)) is strongly well-posed for the random initial data

(G, &) if it is strongly well-posed for a.s. every realization of (G,§).
In addition, we show that a standard Yamada-Watanabe type result holds below.

Lemma 3.11. [36, Lemma 3.10] For the initial data (G,§), if the SDE (3.1.4) is strongly well-
posed, then it is also well-posed. Furthermore, (3.1.4) is strongly well-posed for (G, &) if and only
if the set of weak solutions to (3.1.4) for (G,&) is non-empty and coincides with the set of strong

solutions to (3.1.4)).

Proof. The lemma can be deduced by showing that pathwise uniqueness as defined in Definition
matches the definition of pathwise uniqueness in [58]. Then by [58, Theorem 3.14], strong well-
posedness is equivalent to all weak solutions being strong as desired. The same theorem also shows

that strong well-posedness implies well-posedness. O

Remark 3.12. [36, Remark 3.11] Definition and Lemma imply that under strong well-

posedness of the SDE, (G, X%€) is characterized by the initial data (G, ¢) and a compatible driving
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noise (G, N). Hence, a coupling of the initial data and driving noises of a sequence of IPS immedi-
ately yields a coupling of the respective solutions to (3.1.4)) (see Sections and 5.3.3)). It is worth

emphasizing that strong well-posedness is key to facilitating the construction of such couplings.

Remark 3.13. [36, Section 3.3] It is an immediate consequence of Remark that under As-
sumption 2 (strong) well-posedness of (3.1.4]) is a class property in the sense that for any two
[K,K x X]-graphs (G1,£Y) =2 (Ga,£2), (3.1.4)) is (strongly) well-posed for the initial data (Gq, &) if

and only if it is (strongly) well-posed for the initial data (Gg, £2).
Remarks and [3.7] motivate the following definition.

Definition 3.14 (Strong well-posedness for isomorphism classes). [36, Definition 3.9] If Assumption
holds, we say the SDE ({3.1.4]) is (strongly) well-posed for the (possibly random) initial data (G, &)
taking values in %,[K, K x X] if is (strongly) well-posed for (G, &) for all (possibly random)
connected [, K x X]-graphs (G, &) with (G, €) € (G, €) a.s.. Furthermore, we say that (G, X%¢) is a
strong (resp. weak) solution to for (G, &) if there exists a connected (random) representative
(G, €) that lies in (G, ¢) a.s. and a strong (resp. weak) solution (G, X%€) to for (G, &) such
that (G, X%¢) € (G, XF¢) as..

3.2 Motivating Examples

We now present illustrative examples of IPS that fall within our framework. We assume throughout
that these IPS are restricted to graphs whose vertex sets are contained in a deterministic, countable
and discrete set S so that condition 3 of the standing assumption holds (by Remark [3.1f). Under

this condition, all examples satisfy the standing assumption.

Example 3.15 (Finite-state Markovian IPS). [36, Example 4.8] Consider the graph G =

(V,E,2) (ie., K and K are trivial) and suppose that for every j € J, there exist functions Ff :

XVe 5 R H € 54:,1, such that the functions ffl,H = (Vu,En,2m) € {4;1, from the standing

assumption satisfy

(3.2.1) it a) =7 (2(t=)) V(t,x) € Ry x DA,
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If there exist non-decreasing constants {Cj }ren such that sup . yvy ]?j{ (z)] < Cjy for all j € J
and H € S?A*,l, then Assumptionholds with C(k,T) := C}. Moreover, Assumptionholds trivially
for all initial data because the mark spaces K = K = {1} are trivial, and the solution X< is a
homogeneous Markov process (and Feller when X is finite and G has bounded maximal degree [65),
Chapter I, Theorem 3.9]). Below we write out the jump rate functions of a variety of standard
Markovian IPS. The contact process and SIR model are described with parameter A > 0 and
Glauber dynamics for the Ising model has parameter § € R and no magnetic field with heat-bath

transition rates:

Glauber Dynamics (Ising) [70, Definition 2]:

9

o exp (~Bagy Yuens,,, au)
Py () = ——
exp (—Bagy, EUEN@H ay ) + exp ( Bag,, ZUENQH Qy

SIR Model [54, Appendix B]: 7 (a) := ]I{% :0})\ Z Qy, +]I{a® 1}
H H

UGN@H

I
=0
Voter Model [23] page 2]: 71 (a) := % Z Qs
’ @H‘ U€N®H

Contact Process [LT} page 248]: 71 (a) := H{a@ :0}>‘ Z Ay
H

775[1 (a) := H{%Hzl}.

The above equations hold for all a € XV# | where recall that X is the state space of the IPS.
The SIR model has state space X = {0,1,2}. In the contact process and voter model, X = {0,1}
while in the majority process and Glauber dynamics, X = {£1}.

It is easily verified that the models above all satisfy the standing assumption, Assumption
and Assumption [2| Note that the processes above have numerous variants that also satisfy these
assumptions. For example, the SIR model can be replaced by the SEIR model, the voter model by

the noisy voter model [44] and the contact process by the reversible contact process [80), page 218].

We now use the contact process introduced by Harris [47] to illustrate some interesting func-

tionals of epidemic models that can be estimated using the empirical measure and neighborhood
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empirical distribution of Section We show how framework can be used to describe simple
extensions of the contact process to the contact process in (possibly random) heterogeneous envi-

ronments and semi-Markovian IPS by once again using the contact process as an example.

Example 3.16 (Functionals of the Contact Process). Fix 0 < s <t < 00, k € N and consider
the following bounded, a.s. continuous functions f : DV# — R:

(3.2.2)
1

A =0, )= [apy (O S =y Dm0 S =Ty
uENg ueNg
Then if (G, X) is the trajectory of the contact process (assuming G and A are such that is
strongly well-posed), then [ f1m&X represents the proportion of the population that is infected at
time t; [ for@X represents the mean time spent infected during the interval [s,¢] by members of
the population; [ f;ﬁ%x represents the mean proportion of infected neighbors of each member of
the population at time ¢; [ f4fg’x represents the proportion of the population possessing at least

k infected neighbors. All of these functionals and more can be understood if we understand 7¢X

_G.X
n el
a d7r®

Example 3.17 (The Contact Process in a Heterogeneous Environment). [36, Example
4.9] Suppose each individual v has an associated recovery rate k, > 0 and the level of transmission
between two neighboring individuals v and v is proportional to Ky, ,, > 0. The model is then
described by the [K,K] := [[0, M], [0, M]]-graph G = (V, E, &, %, ) and, as before, X = {0,1},
J = {—1,1}, but now the standing assumption holds with #{(t,z,9,9) = 7 (x(t—),9,1), for
H = (Vy,Ey, o) € E?*J, where ?f XV P w KVE SR s given by
1 (2,0,9) = H{ZQHzo} Z Vg utzu  and i (2) = ﬁgHH{Zszl} for z € XVH,
uENg ¢ (H)

This model clearly satisfies Assumptions [1] and

Example 3.18 (Non-Markovian Contact Process). [36, Example 4.10] We now introduce a
class of non-Markovian contact processes that fall within our framework. (Such processes have
recently been considered on the lattice in [34] under the rubric of renewal contact processes.) As
before, let X = {0, 1} but now consider G = (V, E, &, {1}, k) € 94, [{1}, K], where K := D([-T,0], X)

for some fixed T' € [0, co]. The mark x represents initial data that encodes the history of the process
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from time —7 up to time 0. Let f; and fr be the probability density functions of two positive
continuous random variables that represent the respective times required for a particle to infect
another particle or to recover from infection, and let h; and hr be the respective hazard rates:
hi(t) = fr(t)/ [7° fi(s)ds and hg(t) = fr(t)/ [ fr(s) ds. In the Markov case, f; and fgr are both
exponential densities with respective means 1/ and 1. Also, recall that Ag(s) = g(s) — g(s—) for
any cadlag function g, and for any U C V and (9, zy) € (K x D)V where we define Az, (s) = 0 for
s € [~T,0] and AY,(s) = 0 for s > 0, consider the functional 77 : [T, 00) x (K x D)V — [T, o0)

given by
7(t, 9y, xy) = sup{s € (=T,t),v € U : Ady(s) # 0 or Azy(s) #0}, t>-T,(y,zy) € (KxD)Y,

where we apply the convention that if the above set is empty then the corresponding supremum
is —7T. For any U C V, and at any time ¢t > 0, when z is a realization of the actual process,
Tu(t, Yy, xy) represents the last time that a particle in U experienced an event (infection or cure),
and it takes the value —T if no such events have occurred prior to time ¢. Then, the jump rate

. _ —F .
functions 7, : Ry x DVI x K7 x KErm — R, are given by

F{{(t, :L',E, 19) = H{ng (tf):[)} Z h[((t — T(t, .%'{@H,u}, ﬁ{QH,u}))_)a

uENG o (H):
Ty (t—)=1

7 (2, 0,0) = g, (o1} PR((E = T(t 204, 5,)) ).

Then Assumption 2] automatically holds. If T < oo, then Assumption [I] holds, for example,
when the distributions have infinite support and the hazard rate functions are locally bounded,
Le., sup,epoglhr(s) + hr(s)] < coforallt € Ry. When T' = oo, Assumption |1| holds under the
more stringent conditions that the distributions have infinite support, the hazard rate functions
are uniformly bounded on R and limy_,o h7(t) and limy_, o hr(t) both exist. Again note that in

the Markov case, hy = A and hg = 1 are both constant.



Part 11

Well-Posedness and Limits of

Interacting Particle Systems
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CHAPTER 4

Locality and Well-Posedness

4.1 Well-Posedness Results

In the case of finite initial data, that is, when the initial data consists of a finite (possibly unrooted)
graph, Assumption [I] implies the rates are uniformly bounded and strong well-posedness is easily
established via a simple recursive construction. For completeness, this result is summarized in

Proposition [4.1] and its proof provided in Appendix

Proposition 4.1. [36, Proposition 4.1] Suppose Assumption |1| holds. Then the SDE (3.1.4]) is
strongly well-posed for all finite initial data, and all solutions to the SDE for finite initial data are

a.S. proper.

We now turn to the main case of infinite graphs, with possibly unbounded maximal degree.
On such graphs, since Assumption [I] allows the jump rates to grow with the degree of the vertex,
which is typical of most IPS of interest as the examples in Section demonstrate, jump rates
can be unbounded. In this case well-posedness of even Markovian SDEs of the form (3.3) is subtle,
and may in fact fail to hold. Indeed, in Section we construct a simple Markovian IPS satisfying
Assumption [1] that admits multiple strong solutions (with different laws) on certain graphs with

super-exponential growth. Nevertheless, the following main result of this section shows that strong
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well-posedness does hold for IPS on a large class of so-called a.s. finitely dissociable graphs, whose

precise definition is deferred to Section

Theorem 4.2. [36, Theorem 4.2] Suppose Assumption |1| holds and fiz an a.s. finitely dissociable

[K,K x X]-random graph (G,&) (as specified in Definition . Then the SDE (3.1.4) is strongly
well-posed for (G,§) in the sense of Definition .

As shown in Proposition Corollary and Proposition the class of a.s. finitely
dissociable graphs includes GW trees with offspring distributions that have finite first moment,
and hence, UGW trees whose offspring distributions have finite second moments, in addition to
graphs with bounded maximal degree. Thus, in particular, when applied to the contact process,
Theorem [£.2] provides rigorous justification that the contact process on GW trees, which was for
example studied in [71], 111 [78) [48], is well defined.

Theorem is a direct consequence of more general results established in Section which
are broad enough to cover applications for which Assumption [T may fail, but the conclusion of

Proposition nevertheless holds, that is, for which the following condition is satisfied.

Assumption . The family of jump rate functions r = {rJG’v, j € J,G al[K,K]-graph and v €
Vi } is such that the SDE (3.1.4)) is strongly well-posed for all finite initial data.

Under Assumption (and hence, under Assumption , Proposition establishes well-
posedness of the SDE for all initial data that “spatially localize” the SDE in the sense
of Definition Together with Proposition which shows that (under Assumption [1)) any
finitely dissociable graph spatially localizes the SDE, this proves Theorem 4.2}

Lastly, we show that under Assumption [2| (strong) well-posedness of for isomorphism

class initial data is equivalent to (strong) well-posedness for marked graph initial data.

Remark 4.3. Remark immediately implies that under Assumption [2| the (strong) well-
posedness of for (possibly random) isomorphism class initial data (G,&) is directly im-
plied by the (strong) well-posedness of for any (measurable) connected representative graph
(G,€) € (G,&). Therefore, most results in this section are stated for marked graphs rather than
isomorphism classes. However, they can be directly extended to the isomorphism class case if we

additionally assume that Assumption [2] holds.
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4.2 Spatial Localization and the Proof of Well-Posedness

Throughout this section we continue to assume, without explicit mention, that the standing as-
sumption holds. In Section we introduce the notions of spatial localization and consistent
spatial localization (see Definitions and and in Section show that the SDE (|3.1.4) is
strongly well-posed for any marked graph that “spatially localizes” the IPS. In Section we
define the class of finitely dissociable graphs and provide examples of graphs in this class. In Section

4.2.4] we show that sequences of such graphs consistently spatially localize the SDE (3.1.4)).

4.2.1 Spatial Localization and Consistent Spatial Localization

We now introduce the notion of spatial localization for a graph, which roughly speaking says that on
any finite time interval the marginal of the associated IPS dynamics on any finite (random) subset
U of the graph coincides with the marginal dynamics (on U) of an IPS on the induced (random)
subgraph of GG on a finite subset that contains U. When combined with Assumption this will
allow us in Section [£.2.2]to establish well-posedness for the class of graphs that spatially localize the
SDE (3.1.4]). The measurability and consistency properties required to state this property precisely
are carefully spelled out in the following definition. Recall the notion of filtration-Poisson process
pairs from Remark 3.6)and recall from Section[L.4]that A¢ := {U C Vi : |U| < co}. Now, supposing
that Assumption [1f| holds, we introduce the notion of spatial localization. In what follows, we will
deal with deterministic initial data (G, &), and recall the notion of a filtration-Poisson process pair
(F,N%) from Remark and its associated augmented filtration HN® = {H%\IG}QO introduced
prior to Definition Also recall from Section that given f € D and t > 0, f[t] represents the

truncated path that lies in D;.

Definition 4.4 (Spatial localization). [36], Definition 5.1] A connected, deterministic [KC, K]-graph
G is said to spatially localize the SDE (3.1.4) if for any filtration-Poisson process pair (F,N¢)
defined on (Q, F,F,P) and T € R, there exists a mapping Sr(-; G, N%) : Ag x Q — 2V¢ such that

for every U, U’ € Ag,

(4.2.1) {Sr(U;G,NC) C U} == {w e Q: Sp(U; G, N (w) C U} € FNY,
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(4.2.2) P(Sr(U; G,N%) € Ag) =1,
and the following properties hold:
1. for each O € Ag, S7(0;G,N%)(w) D O for every w € Q;

2. given any £ € N,& € X¢ and U,W C V such that U C By(G) C W, every (F,N%)-weak
solution X¢Wl&w to the SDE ([3.1.4) for the initial data (G[W], &y ) satisfies

By(G)£B,(c)

(4.2.3)  xgWHEwIT = X [T]  a.s. on the event {Sp(U; G,N) C B,(G)},

where XB¢(@)£8,(@ ig the unique Ngé(G)-strong solution to (3.1.4)) for (By(G),&p,(c))- In this case
Sr(+;G,NY) is said to be a localizing map for the SDE (3.1.4) on (G, N%).

Remark 4.5. [36, Remark 5.2] Note that Assumption || ensures that X Bi(@):£8,(@) in Definition
is well defined. Also, recall from Proposition that Assumption [1[| is implied by Assumption

[ but is strictly more general and may hold even when Assumption [I] fails.

Remark 4.6. In Definition [4.4] we may omit one or both of the last two arguments of Sp when

the graph and/or Poisson processes are clear from the context.

N N . . . = _ _H R
Given a fixed model (equivalently, a family of local jump rate functions ¥ = {7;"} HeGo jeg 3
specified in the standing assumption), we now introduce the concept of consistent spatial localization
of a sequence of graphs, which will be used in the proofs of local convergence and the hydrodynamic

limit in Sections [5.3] and [5.3.3] respectively.

Definition 4.7 (Consistent Spatial Localization). A sequence of connected, deterministic [KC, K]-
graphs {G), } en defined on some common probability space (€2, F,P) is said to consistently spa-
tially localize the SDE ([3.1.4)) if for every n € N and corresponding filtration-Poisson process pair
(F",N%») on (9, F,P), there exists a mapping Sy (-; G, N) : Ag, x Q — 2V that satisfies the

following properties:

1. for each n € N, Sp(-; G,,,NE) is a localizing map for the SDE (3.1.4) on (G, N®") in the

sense of Definition [£.4}
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2. for every n,n’, £ € N such that By([Gy «]) = Be([G «]), the following property holds: for each
set U C By(Gy),

Sr(U; Gn, NO) = Sp(U; G, N@) as. on the event {Sp(U; Gn, N) C By(G,)}NZ,
where 7 is the Hyp Y H¥G" measurable event given by

T :={By([Gp ], N') = By([Gp,.], N}

In this case {St(+; Gy, N9")} ey is said to be a consistent sequence of localizing maps for the SDE

on {(Gn, N) }ner.

Note that this definition is similar to the definition of consistent spatial localization from [36],
but with a few differences. Notably, we now set Z to be the event on which the truncations are equal
rather than isomorphic. This impacts the equality in the first display of property 2 of consistent
spatial localization. We will nevertheless continue to cite [36] for results which invoke consistent
spatial localization as the modifications needed to obtain our results from the results of [36] are
trivial.

In abstract, consistent spatial localization may not seem much more restrictive than spatial
localization. Indeed, if G, n € N each have distinct roots, then consistent spatial localization
is equivalent to the spatial localization of G,, for each n € N. However, if {G,,},en is a conver-
gent sequence of graphs in %A*[K, K], then by Lemma for any ¢ and sufficiently large n,n’,
By([Gn+]) = Bi([Gy +]) so condition 2 of Definition becomes relevant.

It is not hard to show that even under Assumption [2 consistent spatial localization is not a
property of isomorphism classes. However, even though consistent spatial localization is not a class
property, it is possible to define a notion of consistent spatial localization for isomorphism classes.

It should be noted that these definitions apply even when Assumption [2]is violated.

Definition 4.8. An isomorphism class (G) € %[/, K] is said to spatially localize the SDE ({3.1.4))
whenever each connected representative [KC, K]-graph G does the same. A sequence of isomorphism
classes {(Gp)}nen in %J[K,K] is said to consistently spatially localize the SDE (3.1.4) if every

sequence of connected representative graphs G,, € (Gy,),n € N, does the same.

In Proposition we show that any sequence of isomorphism classes that is a subset of the
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class of so-called finitely dissociative isomorphism classes (see Definition |4.15)) consistently spatially
localizes the SDE (3.1.4). Note that while spatial localization is a class property, the notion of a

localizing map given in Definition [4.4] applies to a given graph, and not its isomorphism class.

Remark 4.9. [306, Remark 5.6] Definitions and are abstract properties that easily extend to
a more general class of graph-indexed jump processes X € that satisfy a different Poisson-driven
SDE from , as long as Assumption still holds for that SDE. For instance, they could apply
to IPS such as the exclusion process in which particles may experience simultaneous jumps, where
it would be more natural to index N by the edges, rather than the vertices, of G, or processes

with both types of jumps.

4.2.2 Well-posedness on spatially localizing graphs

Proposition 4.10. [36, Proposition 5.7] Suppose that Assumption |1f| holds, and that (G,§) is a
connected [KC,KC x X]-random graph such that G a.s. spatially localizes the SDE (3.1.4]). Then the
SDE (3.1.4) is strongly well-posed for the initial data (G,§).

Proof. By Lemma it suffices to prove that is strongly well-posed for a.s. every realization
of (G, &). Therefore, for the remainder of the proof we assume without loss of generality that (G, &)
is a connected, deterministic [, K x X]-graph where G spatially localizes the SDE (3.1.4)).

We now explicitly construct a strong solution to the SDE for (G,€). Let N = {NG},ev,
be a collection of i.i.d. Poisson processes on R2 x 7 with intensity Leb?®@# . Let F := {F;} = HN¢
be the associated filtration (as defined prior to Definition [3.5)). It is clear from Definition that
(G,NY) is an F-driving noise. So by Remark (F,N%) is a filtration-Poisson process pair. Fix
T € Ry, and let Sp(-) := Sp(-;G,N%) be a corresponding localizing map, which exists due to
our assumption that G spatially localizes the SDE. For notational conciseness, let By, := B, (G)
for each m € N, and additionally fix £ and omit the dependence on & from the superscript, with
the understanding that the mark is always the restriction of £ to the corresponding graph in the
superscript. Furthermore, for any ¢ € N, recalling that by Assumptionthe SDE is strongly
well-posed for the finite data (By,&p,), we let X Bt denote the corresponding Nge—strong solution

to (3.1.4). By Definition for each m € N, there exists a random finite set O,, := Sp(B,,) such
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that for any ¢,¢' € N, ¢/ > ¢ > m, by (4.2.1]) and applying (4.2.3) with W = By and U = B,,,,

Xgi [T) = Xz“[T] on the event {O,, C By} € Fr.

[/
For m € N, we define the D?m-valued random element X" and the random integer M,, as follows:

(4.2.4) X™[T] = lim X4 [T] and M, == inf{¢ >m: Oy, C By}.

L—o0

Since ey Be = Vg and Oy, is a.s. finite, X™ is well defined on a set of full measure and M,, is a.s.
finite. Moreover, since X5 is F-adapted for every ¢ € N and F is complete, it follows that X™ (T)

is also F-adapted. The last two displays together then imply that a.s.,

(4.2.5) X™T] = lim X5 [T] = X5 [T.

{—00 m

Furthermore, clearly the sequence (X™[T])men is consistent: for any m’ > m, a.s.,

(4.2.6) X5, (1) = lim (X5 ), [T] = Jim X5 [T] = X™[T] = X3, [T],

m T oo
where the first and third equalities invoke (4.2.5)) and the remaining equalities hold trivially. Now,
for every v € Vg, there exists an integer m, € N such that v € B,,,, and the last display shows
that X [T] = X™[T] a.s. when m’ > m,,. Because Vg is countable and F is complete, we can

v

define the F-adapted D%-random element X [T] by setting

(4.2.7) X,[T] := lim X™[T]=X"™[T]), ve€ Ve,

m—r00

on the set of measure one where the latter limits exist, and setting X,[T] = &,,v € Vg, on the
complement.

To show that the X[T] thus constructed is a N“-strong solution to the SDE on [0,T7,
fix v € Viz and define m,, := max{m,, : u € cl,}. Then cl, C By, and from 7, it follows

that for £ € N,
(4.2.8) X, [T] = X3 ([T) = XBUT] on Ag(v):={0> Mgy, ).

cly

Since X B¢ is a Ngz—strong solution to the SDE ({3.1.4), we obtain a.s., for ¢t € [0,T7],

Xo(W)Ia,0) = X2 () La, )
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= ’U+/ ]I v N? ds,d?"’d' ]I -
(6 (O,t]xﬂhxj] {rérfwd’ (s,XBe)} ( ])) Ag(v)

By (3.1.1)) of the standing assumption and (4.2.8)), it follows that with H := G|[cl,],
G[B _ — _ _
r; [ []71)(57 XBZ) = Tf <S7 ng; (ﬁe)eGE}p (’iu)uedv) = 7”;—[ (s, Xa1, 5 (K/E)EEEHu (Ku)ueel,) = T]'GW(S; X),

for every j € J and s € Ry on the event Ay(v). Hence, we have

Xv(t)]IAg(v) = (fv + jH{rSTJG’U(s,X)} Nf(ds, dr, dj)) HAg(v)'

(0] xRy x T

Since My, is finite, taking the limit as £ — oo shows that a.s.,

Xv(t) =&+ G’U(S,X)} Ng(ds? dr, d])

(0,(] xRy x T jH{TSG‘
Thus, we have proved the existence of a N@-strong solution to on any interval [0, 7.

We now turn to the proof of pathwise uniqueness. Suppose that X and X' are any two (I, NG)—
weak solutions to the SDE for (G, &). Since G spatially localizes the SDE, for any £ > m € N,
and M, defined as in , invoking and applying , with W =V and U = By,
to both weak solutions X and )N(’, we obtain a.s. on the event {¢ > M,,} = {ST(U;G,NG) C
Bi(G)} € HYC,

Xp, [T = X5"D[1) = X}y, 17,

where recall from Definition that XP¢(©) is the unique Ngl (¢)-Strong solution to for the
initial data By(G,¢). Taking the limit as £ — oo and using the almost sure finiteness of M,,, it
follows that Xp [T] = Xp,,[T] a.s. for every m € N, which in turn shows that X[T] = X[T] a.s.
Since T is arbitrary for both existence and pathwise uniqueness, X[T], T' > 0, are consistent.
So there exists a.s. a unique pathwise extension X of the strong solution to all of [0,00). This

concludes the proof. O

Remark 4.11. Most of the proof of Proposition also extends to more general IPS. For in-
stance, if an IPS has simultaneous jumps, then the proof will hold given Assumption and spatial
localization (see Remark except for the verification that X := lim,, .o, X™ solves . In-
stead of the latter, one would have to prove that if X ¢ satisfies the SDE defining the new model

on the finite graph B,(G), and X™ is as defined in (4.2.5)), then the limit X = lim;, oo X also
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satisfies that SDE on the infinite graph G.

Remark 4.12. [36, Remark 5.8] Note that if G is a disconnected graph and if €(G) spatially

localizes the SDE (3.1.4), then Proposition implies that the SDE is strongly well-posed for

the initial data € (G, &). Then by the form of the equation (3.1.4]) and the standing assumption,
: G, SR G _ Cx(G,

for any weak solution X< to (3.1.4) for the initial data (G,¢), XV%)@(G) = X%(G¥) a5 where

X?%(G9) is the unique strong solution to (3.1.4) for the initial data €(G,&) and driven by the

same driving noise as X%,

4.2.3 Finitely Dissociable Graphs

Definition of Finitely Dissociable Graphs

We now introduce the class of finitely dissociable graphs, which are defined in terms of an inho-
mogeneous site percolation on the graph. Recall the definition of the measure space .4'(0,T] from

Section [[.4

Definition 4.13. [36, Definition 5.9] For any 0 < T' < oo, let (G, () be a (possibly disconnected)
({1}, 4(0,T]]-random graph. Fix 0 < t; < t < T, and set R, = Ry(t1,t2) := Ii¢, (4 to)>0y for
v € V. Then the percolated graph perc,, 4, (G, () is defined to be the (possibly disconnected and

random) subgraph of G induced by the vertex set {v € Vg : R, = 1}. When t; = 0, we write

perCtQ (G7 C) = perCO,tQ (G7 C)

In the percolation we will refer to vertices v € Vi with R, = 1 as active, and those with
R, = 0 as inactive. In our application of Definition the vertex marks ¢ of the graph G will be

realizations of (Poisson) point processes.

Definition 4.14. [36, Definition 5.10] Given 0 < A < T < oo, we say a [{1}, 47(0, T]]-graph (G, {)

A-dissociates if all connected components of percy (G, () are finite.

For any graph G, let (G,N%) be a driving noise in the sense of Definition Also, for T €

(0,00), let N&T = (N$T),cy,, be the collection of point processes on [0, 7] defined by

(4.2.9)  NYT(ty,t9] := NE ((t1,t2] x (0,C(|cly], T)] x J), for0<t; <ty <T < o0,v€ Vg,
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where C' is the function from Assumption |1} Note that the union of the events of N?T,v € Va,

almost surely contains the set of discontinuities of any weak solution X “¢[T7] of the SDE (3.1.4)).

Definition 4.15 (Finite dissociability). [36, Definition 5.11] A deterministic graph G is said to be
finitely dissociable if for any T € (0, 00), there exists A > 0 such that (G, N%T) A-dissociates a.s..
We call A a G-dissociation number. If G is a marked graph, we will say G is finitely dissociable if

and only if the corresponding unmarked graph [G] is finitely dissociable.

Remark 4.16. [36, Remark 5.12] In the percolated graph percy (G, N%T) described in Definition

[£.15] setting

(4.2.10) C(k,T) :=|J|C(k,T), VkeN,TeR,,

each vertex v is removed from G independently with a probability exp (—AC (lely|, T )), which is

decreasing in the degree of the vertex v.

Remark 4.17. [36, Remark 5.13] Finite dissociability is a “class property” in that it depends only
on the isomorphism class (G) € ¥, of the graph GG, and not on the particular representative or
choice of the driving noise. Indeed, if G; = Gg, are connected graphs, then for any fixed T' € (0, c0)
and Poisson processes N1 § = 1,2, constructed as in , it is easy to construct a coupling
(NGUT NG2T) of (NGUT N1 in which NGT W NGT for j = 1,2, such that (G, NGuT) =~

(Go,N%2T) as.. Hence, for A € [0,T],

perca (Gh, NGl’T) (i) percA(G1,NG1’T) o~ peI‘CA(GQ,ﬁGQ’T) (i) perca (Ga, NGQ’T),

with the equivalence holding a.s.. Since the finite dissociability of G; only depends on the prob-
ability that perca (G, N®T) has an infinite component for some A > 0, and the existence of an
infinite component is isomorphism invariant, this shows that the finite dissociability property is
also invariant with respect to graph isomorphisms. Thus, the statement “(G) € ¥, is (or is not)

finitely dissociable” is well defined.

Examples of Finitely Dissociable Graphs

We now show that the class of (almost surely) finitely dissociable graphs encompasses several

interesting classes of graphs of interest in applications, including lattices and regular, GW and
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UGW trees (see Definitions and [2.16)).

Proposition 4.18. [36, Proposition 5.15] If p € P(No) has a finite first moment, that is, Y .en kpr <

00, then the GW tree T := GW (p) is a.s. finitely dissociable.

Proof. Fix T < 0o, A € (0,T), and let T2 := perca(7,N7T) and R, = R} := ]I{NUT,T(O’A]>O}, vE
V, be as in Definition Recall that 72 is precisely the subgraph of 7~ induced by active vertices
in V. Also, recall that for v € Vya, %,(T?) denotes the connected component of 7 containing v,
with v as its root. With a small abuse of notation, we extend the definition of €,(72) to allv € V
by setting %,(7T%) to be the 1-vertex graph {v} for v € V' \ Vra. In addition, for v € V, let 7, and
7;A be the restrictions of 7 and T2, respectively, to the set containing v and its descendants in
T. By the self-similarity of the GW tree, for each v € V', Law (T, (Ry)wev) = Law(Ty, (Rw)wevy, ),
and hence, Law (75 |Ry = 1) = Law(7,2|R, = 1). For v € V, R, = 0 implies €,(T,>) consists of
a single isolated vertex. Hence, |€(7T2)| < oo a.s. if and only if |%,(T;2)| < oo a.s. for all v € V,
in which case all connected components of 72 must be a.s. finite. Thus, it suffices to prove that
|€5(T?)| < 00 as..

Since the percolation probability at a site or vertex depends on its degree via the dependence
on C(k,T) in ([£2.9), to bound the size of ¥x(T~), we couple €(T2) to a larger set obtained
from a simpler percolation that only removes vertices from the odd generations of 7. To this end,
for any rooted tree 7 and n € N, let L, (T) := {v € V : d7(&,v) = n} denote the set of vertices in
the nth generation. Define the half-percolated forest TA = hperca (7T, NT’T) to be the subgraph
of T induced by the vertex set {v € V : R, = 1 or d7(&,v) is even}. Then let 7A'®A = Cu(T)
be the subtree of 72 that contains the root (note that the root always belongs to '?A). Clearly,
|€5(T2)| < |’?®A] Thus, to prove the proposition it clearly suffices to show that for all sufficiently

small A > 0,

(4.2.11) lim E [|Lo,(72)]] = 0,

n—oo
since then P(|74| = o0) = P (‘LG('ﬁ?)‘ >0 for all n € N) <inf,en P (‘Lgn('i'@A)‘ > O) =0.
To prove (4.2.11)), choose n € Ny with Lgn(’?@A) # (), and fix v € Lgn(’?@A). Recall that for any

tree T and v € V, ¢,(T) denotes the collection of children of v in T and 7,(7) is the parent of v
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in 7 whenever v # @, and note that ¢,(72") = ¢,(T?) = {u € ¢,(T) : R, = 1}. Also, observe that

(4.2.12) c%(%@A)@A) = |J a8 ={wecT):ucec,(T)and R, =1},

UGC’U(?gA)
where the equality uses the fact that the half-percolation does not remove any vertices from even
generations of the tree. Now, for each w € Lo, (T) = Lon(T2), let Z 4 be the number of grand-

children of w in T2. Then, since v € Lgn('f'@A), ZAp is also the number of grandchildren of v in

’7A'®A and hence, by (4.2.12)),

(4.2.13)

ZA,v = (T)

CCU(?QA)('?@A)‘ = |e, 72 iso ({Cu(T)}uG{U}UCU(T)7 {RU}uGCU(T)) -measurable.

Furthermore, Lg9,(7) and Lgn('j\-QA) are both measurable with respect to H, :=
0(Bon(T), {Rw}weBs, 1 (7)) Let A € H, be an atomic event, that is, A = {B2,(T) =
T, {Ruw}weBon_1(7) = {TwlweBon_1(7)} for some k-generation tree T, with k& < 2n and some

(Tw)weBon_1(T) € 10, 1}520-1(T) Then, conditioned on A, the collection of random variables

({Cu (7-) }UE{U}UCU (T) ) {RU}UECU (T) ) vELop (T)

is equal in distribution to |La,(7)| independent copies of ({Cu(T)}ue{g}U%(T), {Ru}ue%(T))- To-
gether with (4.2.12)), this implies that yo = ya, := Law(Za »|A) does not depend on A or the
specific choice of v in L, (7). Moreover, conditioned on A, (4.2.12)) implies

d
Zpny = Z Ru]cu(’T)\(:) Z Rylcu(T)| = Za g

ueey(T) uecg(T)

Thus, conditioned on Hp, {ZA v }vero, (1) 18 equal in distribution to Lg,(7) i.i.d. copies of Za g.

Also, for v € Loy, (T), by the assumption that p has finite mean

0 2
= (Z k:,o(k)) < 0.
k=0

E[Zaw|Hn] =E[Zag] <E

> leu(T)]

UEC@(T)

Since Lgn(?@A) is H,-measurable and ya , = ya for all v € Lgn(?\’@A), a recursive calculation shows

Ef[Lon2(T)| =E| X ElZaulMal| =E[lLn(T3)|E [Zag] =E[Zag]"™"".

'L)GLQn(T@A)

Thus, to show (4.2.11]), it suffices to prove that for sufficiently small A > 0, E [Za & < 1. However,



61

note that for all A > 0, E [Z 4] < co. Furthermore, the definition of A-dissociation clearly implies
lima_,0 Za g = 0 a.s., so the Lebesgue dominated convergence theorem implies lima_,0E [Za o] =

0, which concludes the proof. O

In light of Definition this immediately implies the corresponding result for UGW trees
(see Definition [2.16]).

Corollary 4.19. [36, Corollary 5.16] If T ~ UGW(p), where p € P(Ng) has a finite second

moment, then T is a.s. finitely dissociable.

Proof. The fact that p has a finite second moment implies that p in Definition has a finite
first moment. Let 7, denote the descendant tree of T rooted at v. Then for each v # &, T, is a
GW (p)-tree, so by Proposition for sufficiently small A > 0, %, (percu (7o, N7»1)) is a.s. finite.
Since the A-percolated descendant tree of every non-root vertex is finite, it follows that 7 a.s.

A-dissociates. O

For completeness, we also show that graphs with bounded maximum degree (such as infinite

lattices) are also finitely dissociable.

Proposition 4.20. [36, Proposition 5.17] Let G = (V, E) be a graph with finite mazimum degree:

d* = sup,ey |Ny| < 0o. Then G is finitely dissociable.

Proof. Fix 0 < T < oo and A € (0,7]. Then by Definitions and each vertex in G is

inactive independently with probability
Py = €xXp (—AC_'(|CIU|, T)) > exp (—Aéd*+1,T) = DAT

where the inequality invokes (4.2.10) and the definition of d*. Therefore, the probability that
(G,N&T) A-dissociates is greater than or equal to the probability that G fails to percolate with
respect to a standard site percolation in which each vertex is independently removed with proba-
bility pa 7. For any T' < oo, lima_,opa,r = 1, but as is well known, the critical probability (i.e.,
the probability p. such that G fails to percolate a.s. when vertices are independently removed with
probability p > p.) is strictly less than 1 (see [45, Equation (0.3)]). Thus, for all T', there exists a
sufficiently small A such that (G, N%T) A-dissociates a.s. By Definition m, this shows that G is

finitely dissociable. O
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As demonstrated in Section [4.3] even Markovian IPS with very regular jump rate functions,

finite dissociability and well-posedness can fail on some graphs.

4.2.4 Consistent Spatial Localization on Finitely Dissociative Graph Sequences

The main result of this section is Proposition which states that sequences of finitely dissociable
graphs consistently spatially localize the SDE (3.1.4). A key challenge is to find an explicit and
consistent representation of the localizing map Sr(-; G, N©) on finitely dissociative graphs. To do

this, we start by introducing the notion of a causal chain. Fix G and let
(4.2.14) Eor i ={t€ (0,T]:NST({t}) =1}, weVgTeRy,
where N7 is defined as in ([#.2.9).

Definition 4.21 (Causal chains). [36] Definition 5.18] Given T" € (0, 00), an interval I := [ty, ta] C
[0, T] and vertices u,v € Vg, a (G, NT)-causal chain from v to u during I is a path T' := (v =
U, U1, - .., Uy = u) in G for some n € Ny such that if n # 0, there exists an increasing sequence
t1 =80 <81 <--- < s, <tgfor which s; € &, 7,7 =1,...,n. We write v ~, 4, u if there exists a
(G,N%T)_causal chain from v to u during I = [t1,ts], and for any U C Vi, we write v ~y, 4, U if

v~y 4, U for some u € U.
k)

Intuitively, causal chains describe long-range interactions over the graph that can develop over
an interval I, even though the instantaneous evolution of the state of a vertex is only influenced
by the states of neighboring vertices. Specifically, given a graph G, O € Ag and 0 < t; < t3 < o0,
define

(4.2.15) AZ L (0) i={v e Vg vy, OF and AL (0) == Agy, (0).

Then .A%h (O) represents the set of vertices in G that are “seen” by vertices in O through a causal

chain during some time interval [¢1, t2]. We now state the main result of this section.

Proposition 4.22. [36, Proposition 5.19] Suppose Assumption |1| holds, and suppose the deter-
ministic, (possibly disconnected) graph (G, @) is finitely dissociable. Then €x(G) spatially localizes
the SDE (3.1.4) in the sense of Definition for all v € V. Moreover, any sequence of con-

nected, deterministic finitely dissociable [KC, K]-graphs {Gy}nen consistently spatially localizes the
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SDE (B14).

We first show why the proposition directly implies Theorem and subsequently present its
proof, which proceeds by showing that the (random) map that takes O € Ag to the closure of

.Ag (O) for finitely dissociable graphs G defines a consistent family of localizing maps.

Proof of Theorem[].3 given Proposition [{.29: By Lemma [3.10] it suffices to prove the strong well-
posedness of under the additional condition that (G, ¢) is deterministic. Let N € NU {oo}
be the number of connected components of G and let {@;};«n+1 be a collection of vertices chosen
from each of the connected components of G.

Note that is strongly well-posed for the initial data (G, £) if and only if it is strongly well-
posed for the initial data €y, (G, &) for each ¢ < N 4 1. Fix any such i. Then given Assumption
Propositionand Deﬁnitionshow that ¢, (G) a.s. spatially localizes , and Proposition
shows that Assumption [1{| holds. Therefore, the theorem follows from Proposition O

Proof of Proposition [{.22: We start with the proof of the first statement of the proposition. Fix an
arbitrary finitely dissociable, deterministic [K, K]-graph G and let (F,N%) be a filtration-Poisson
process pair. If G is finitely dissociable, then so is 6x(G). As we only need to show that 65 (G)
spatially localizes the SDE , we may assume without loss of generality that G is a connected
graph, in which case we show that G spatially localizes the SDE (§3.1.4)). For each (not necessarily
finite) W C Vg, let XCIWIEw be an arbitrary (F, N§,)-weak solution to for (GIW],&w)
(assuming one exists, which is always the case when W is finite by Proposition . Let O € Ag,
and for T € Ry, set Sp(0; G,NC) := Arp(O) := AF(O), with the latter defined as in ([£2.15). Note
that by the definition of causal chains, for any U’ € Ag, {Ar(O) C U’} lies in H?G, and hence
S7(;G,N%) = Ar satisfies . Moreover, since u ~» 7 u for all u € O, Ar(O) 2 O, thus
verifying that Sp(-; G, N9) satisfies condition 1 of Definition To prove that finitely dissociable
graphs spatially localize , we argue below that it suffices to establish the following claims for

any T € (0,00):
Claim 1: If T is a G-dissociation number, then |A7(O)| < oo a.s. for every O € Ag.

Claim 2: If G is finitely dissociable, then |A7(O)| < oo a.s. for every O € Ag.
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Claim 3: Fix any £ € N and (not necessarily finite) W C Vi such that By(G) C W and a weak
solution XGWew exists. Then for each O € Agwy, Xge(G)’ng(@ [T] = XS[W]’SW [T] a.s. on

the event {A7r(O) C By(G)}.

Claim 2 shows that Sp(-; G, N©) satisfies when G is finitely dissociable. Suppose Claims 1-3
hold, and let W O By(G) be any (not necessarily finite) vertex set for which there exists a weak
solution XCWI€w to the SDE (3.1.4). Then clearly By(G[W]) = By(G) for O € Agw) and on the
event {By(G) 2 Ar(O)}, the (G[W], N%T)—causal chains ending at O at time T are the same as
the (G, N%T)-causal chains ending at O at time T, that is, Ag[W](O) = A%(0) = Ar(0). Thus,
we can apply Claim 3 twice (first directly and then when W is replaced with V') to conclude that

if there exists a weak solution X%¢ to the SDE ([3.1.4)), then

Xg[WL&W 7] = ng(G),ﬁBz(c) [T] = X(,G)’g[T] a.s. on {Ar(0) C By(G)}.

This implies that Sp(-; G, N©) satisfies (#.2.3)) and thus, condition 2 of Definition holds. Since
we have verified all properties of Definition [£.4] when G is dissociable, the first assertion of the
proposition follows.

We now turn to the proofs of the claims.

Proof of Claim 1. Fix O € Ag. Define G := percy(G,NT) as in Definition where the
point process N7 is given by ([#.2.9). If T' is a G-dissociation number, then each of the connected

components of G is a.s. finite, and N&7T (0, 7] = 0 for all w € N, where O := O U U, e o(G).

07
Since O is finite, O is a.s. finite. Now suppose u € O and v € Ap(u). Let (v = ug,uy, . .., up = 1)
be a (G, NG’T)—causal chain with respect to [0,7]. Then, for any ¢ = 1,...,n, u; must be ac-

tive, that is, Ni_’T (0,7] > 0. Thus, for each i = 1,...,n, u; € O, and so v € cla(G’). Hence,

A7(0) = Uyeo Ar(u) C cl5(G), which is a.s. finite since O is a.s. finite and G is locally finite.

Proof of Claim 2. Fix u € U and v € Ap(U). Because G is finitely dissociable, there must exist
a G-dissociation number A > 0. If A > T, the result follows from Claim 1. If A € (0,7), then

Claim 1 implies that a.s.,

(4.2.16) [AA(U)| < 0o for every U € Ag.
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To complete the proof, for every ¢ € [0,7 — A], we will show that if |A4;(U)| < oo a.s. for every
U € Ag, then we also have |A; 1A (O)| < 0o a.s. for every O € Ag.

To this end, fix t € [0,7— A], and suppose [A;(O)] < oo a.s. forall O € Ag. Fix O € Ag,u € O
and v € Ay (u). Then there exists a (G, NT)-causal chain I' = (v = ug, u1, ..., u, = u) during
the interval [0,¢ + AJ, with the corresponding sequence of times 0 = 59 < s1 < -++ < s, < t + A.
Let i, be the largest integer i € {0,...,n} such that s; < A. Then v € Aa(u;,). Further-

N _i+ = u) with times sj; = A and

more, by considering the path (uy = wi,,...,u; = wiri,,...,u
S = Sipi, 0 =1,...,n—1y, it follows that u;, ~>a 1A u. Thus, v € Ax(Aa+a(w)), which implies
A a(0) € AA(U), where U := Ap 144 (O). In view of , it suffices to show that U is a.s.
finite, but this holds because by time homogeneity of Poisson processes, U W A (O), which is a.s.

finite by assumption.

Proof of Claim 3. For notational conciseness, let H := G[W], where we recall that W is a
deterministic vertex set such that By(G) C W. Additionally, let H, := By(G), and note that
Hy = By(H). Fix O € Ay with |AH(O)| < o and note that AX(0) = A%L(O) = Ar(O) on the

event {Hy O A2 (0)}. To prove Claim 3, we need to show that
(4.2.17) X2 (1) = X551 T] as. on {Ap(0) C Vi, }.

Assume NIC,';,’T({T }) = 0, which holds a.s. because Ng,’T is a countable collection of homogeneous
Poisson processes. We prove this claim in a recursive fashion by iterating over events in the driving
noise N, and relating them to the dynamics of the SDE . For each v € W, let {t!,i € N}
be an enumeration of the (a.s. finite) set &, 7 from of events of N7 in [0, T}, arranged in
increasing order. Below, we use the conventions that max() = 0, inf ) = oo and [0) = {0}. Define

Up := O, 19 := T, choose an arbitrary vertex vg € O and for k € N, recursively define

(4.2.18) max{t{ : v € Up_1,t{ <11} if 731 >0,
b Tk 1=
0 lf Thk—1 = O7
(4.2.19) vEUp st NPT({me}) =1 if 7, > 0,
e vV 1=
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Up-1Ucl,, ifm >0,
(4.2.20) U =

Uk,1 if Tk = 0.
Also, set K :=inf{k € N : 7, = 0}. Note that the above construction is well defined even if K = oo,
the sequence {7y }ren is strictly decreasing, and the sequence {Uy}ren is non-decreasing, but with
possible repetitions (for example, if vy, lies in the interior of Uy_1).
The set Uk is specifically constructed so that Ux C A7 (O) and so that Xg AWIT] = X, ge’@ [T

on the event { Hy O Uk}, which immediately implies Claim 3. In fact, we will show that the recur-

sive construction (4.2.18))-(4.2.20)) is such that the following two claims are true.

Claim 3A: For every k € Ny, Up C Ap(O).
Claim 3B: For every k € Ny,

(4.2.21) XE () = X0 ) = XE T = X " [T] aus. on {Uy € Vi, }.

k k

We first show how Claim 3 follows from the auxiliary claims. On the event {A7(O) C Vg, },
) . . . G,T .
Claim 3A and (4.2.18) together show that {7j}ren \ {0} is contained in the events of Ny " (0,T7;

since Hy is finite, this implies K < 1+ ZUEVHZ N&T(0,T] < oo a.s.. By the definition of K,

(4.2.18) and (4.2.20) this implies that a.s. on the event {Ar(O) C Vg, }, 7x = 0, Ux = Upen, Uk

and (applying Claim 3A with k¥ = K) Ux C Ap(O) C Vi, € W. Together, these properties

H,fw HZv&HZ [

imply, Xi; >V (1K) = v = Xy, ‘I7K). Invoking Claim 3B with k = K, we see that a.s. on

Uk CVy,} D {Ar(O) C Vg, }, we have XHEw ) = XHZ’&I‘Z T). This proves Claim 3.
0 L o o

We first provide a rough idea of the proof of the auxiliary claims. When k£ =0, Up = O and it
is easy to see that claims 3A and 3B will hold trivially (due to the stipulation that O C Ar(O) and
the assumption that there is no jump at T'). If there is any jump in the driving processes Ng’T in
[0,T), then by the construction —, the most recent event before 79 = T that could
have influenced the value of the process X 6w at 7y occurs at 7 corresponding to a transition at
the vertex v1. The local nature of the dynamics implies that this transition is influenced by the
particles in cl,,, so that the trajectory of Xw up to time 7y is influenced by the trajectories of

the particles in O U cl,, = Uy U cl,, = Up before time 71. Any vertex u in Uy \ O belongs to Ny,
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and so (u,v;) forms a (G, N%T) causal chain, showing that U; C Ar(0). Claims 3A and 3B follow
by proceeding inductively in this manner, tracing backwards in time the (G, N&7)-causal chains

that end in O. We now provide fully rigorous proofs of the auxiliary claims.

Proof of Claim 3A. We prove the following assertion using induction: For any k € Ny and v € Uy,
v~ 1 O. This is obviously true in the case k = 0, in which case Uy = O and for any v € O,
v~ v € O by definition. Now suppose that for all v € Ug_1, v ~;, 7 O. Then because
Tkt1 < T, it follows that v ~ 7 O. There are now two cases to consider. In the first case,
Ur = Ug—1 in which case the conclusion v ~r, | 1 O for all v € Uy holds trivially. In the second
case, by and , Uk \ Uy—1 C N,,,, where vi, € Uj_1, and furthermore, 7, > 0 and
N%T({Tk}) = 1. Since vy, € Uj_1, the induction assumption implies there exists a (G, N&T)-causal
chain ' = (vg = ug,u1,...,u, € O) from v to O contained in the time interval [r,T] with
corresponding times 7, 1= 0y < 0; < --- < 6, < T. Then because Nva’T({Tk}) = 1, it follows that
(The1 =0 < Oy < --- < 6,) is a sequence of times such that for all : = 0,...,n, NiT({Gz}) =1,
and for any w € U \ Ugp_1, (w,vp,u1,...,u,) is a (G,N&T)-causal chain ending in ©. Thus,
w ~g o O for all w € Ug. By induction, we may conclude that for any k € Ng and v € Uy,
v ~g 1 O, which proves the assertion. Now, by Definition the assertion in turn implies
v ~o71 O. By , this implies that Uy C Ap(O) for all k € Ny, concluding the proof of claim
3A. O

Proof of Claim 3B. We will again use an argument by induction. First, note that the base case
k = 0 in (4.2.21]) is true because Uy = O, 19 = T and both Xg,éw and Xgé’gH‘ a.s. do not have
a jump at T because Ng’T({T}) = 0 a.s.. Now, suppose (4.2.21)) holds for k¥ = m — 1, for some

m € N. To show it holds for £k = m, we argue that it suffices to show that

(4.222) XU [r) = X0 = XA, ) = X0, 1) as. on {Un C Vi)

Indeed, Uy,—1 C Up, implies Uy,,—1 C Vp, on the event {U,, C Vy,}, and so (4.2.22)) and (4.2.21)),

with kK = m — 1, shows that (4.2.21)) holds for £k = m. Claim 3B then follows by induction.

To establish (4.2.22)), assume U,, C Vg, and ngw [Tm) = Xg:gHe [Tm). Since Up—1 C Up,

H,
this implies ngf_“i [Tm) = XU:ffz [Tm). Moreover, note from (4.2.18) that 7, is the largest

time prior to 7,,—1 that there is an event for any of the Poisson processes in U,,_1 and hence,
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Svetiy NGT (T, Tm—1) = 0. The form of the SDE (3.1.4) then implies that both X/ W

Hy, . .
and X ZEH’“’ are constant on (7, Tm—1). Thus, to establish (4.2.22)), it suffices to show that

1

H
Xgmgw(’]'m) = XU,ffHZ (Tm) a.s.. Now, by (4.2.18)-(4.2.19), vy, is the only vertex in U,,_1 such

1

that N7 ({r,,}) = 1. Thus,

Hyt Hy
(4.2.23) ngiwl\{m}(m):nglﬁfg\{vm}(Tm ) = XUH‘; ’f\f{vm}(m )= XUW‘; ’j\f{vm}( )5
HZ:SHZ

and so it only remains to show that Xw (7,,) = X, (Tm) a.s.. Since for m € N, cl,, (G) C Uy,

m

by (.2.20), and U,, C Vi, C W by assumption, cl,,, (Hy) = cl,,,(G) =: cly,,. Then the assumption

H H
X g fW [Tm) = X Ui’gH‘ [T ) implies X H §W [Tm) = X Clij’Z [Tm) a.s. The locality and predictability of
the jump rates stated in the standing assumption then imply that for j € J, denoting by (%, k)

the marks of G[cl,,,| we have

T,]H,vm (s,XH’EW) _ 7H[clvm](5 ngiw?E’ ,{) _ T‘]He’vm(s,XHz’éHf), s e [077.m]'

Due to the form of the SDE (| - this shows X/ fW( m) = XHMHZ( Tm), as desired. O

We now turn to the proof of the second assertion of the proposition. Let {G,,} be a sequence
of deterministic finitely dissociable [IC, K]-graphs, and for each n € N, let N be a driving noise
compatible with Gy,. Then define A7, ;, analogously to Ay, t,, but with G' and N¢ replaced by Gy,
and NC» _ respectively. By the first assertion of the proposition just established above, for each n, A%
is a localizing map of the SDE on (G, NG") It follows that Sp(-; G, NGn) := clan()(Gn)
is likewise a localizing map of the SDE on (G,,N®). Note that Sp(-; G, N&") satisfies
as a consequence of the fact that {AZ(U) C U’} lies in HN" for every U, U’ € Ag,. With
this choice of localizing maps Sy (+; G, N), clearly condition 1 of Definition holds.

It only remains to show that condition 2 of Definition is also satisfied. Fix n,n’,¢ € N such

that BZ([Gn’,*]) = Be([Gn,*]). Define the Fp-measurable event
T = {By([Go.], NO') = By([Gi,e], N,

and for notational conciseness, set W := Vg, (q,) = VB,_,(q,,)- Let U C W be any set. Then
it suffices to prove that on the event Z N {W 2 A%(U)} = Z N {By(Gy,) 2 Sr(U; Gy, N},
AR(U) = AZ/(U) aus

Let T' = (v = ug,u1,...,un € U) be a (G, NT)-causal chain up to time T" which we
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will refer to as a Gjp-causal chain for now. Let (0 =ty < t; < --- < t,, <T) be the corresponding
times associated with I'. By definition of A(U), I' C W on the event ZN{W 2 AL(U)}. Moreover,
([Gn s [WT], Ng[,") = ([Gp «[W]], Ng}” )), so I'is a path in G,,/. Furthermore, for every k € {1,...,m},
Ngj({tk}) =1, s0 Ngj’ {te}) = Ngj({tk}) = 1. It follows that T is also a (G, N®’)-causal chain
which we will refer to as a GG,,»-causal chain.

We now claim that any G, -causal chain I" is also a G),-causal chain. To see why this claim
holds, let IV = (v = wg,ul,...,u,, € U). By an identical argument to what we applied in the
previous paragraph, if IV C W, then I" is a G,-causal chain. We now argue by contradiction to
justify that this is the only possible case. Indeed, suppose there exists k € {0,1,...,m} such that
uj, ¢ W. Note that u),, € U C W, so k < m. Choose the maximal such k, which implies that
(Uyqs -5 up,) € W. Then because subpaths of causal chains are causal chains, .= (W), ..y uly,)
is also a G,y-causal chain. Furthermore, u} € Ny (G,), so on the event Z, Tisa path and a causal
chain in G,,. Moreover, T ¢ W which contradicts our assumption that A%(U) C W. This proves
the claim.

Because the causal chains in Gy, and G, that end in U coincide, it follows that A% (U) = A% (U)
on the event Z N {A%(U) C W}. Equivalently, Sp(U; G, N97) = Sp(U; G/, N)) on the event
{S7(U;G,,NE) C By(G,)} NZ. It follows that condition 2 of Definition also holds for the
sequence {Gp, }nen.

This proves the second assertion and hence, concludes the proof of the proposition. O

Corollary 4.23. Suppose Assumptions[1] and[g hold. Suppose the deterministic sequence of isomor-

phism classes {(Gn) }nen in %K, K] are finitely dissociable. Then {{(Gp)}nen consistently spatially
localizes the SDE (3.1.4)) in the sense of Definition [{.8

Proof. Let {Gp}nen be any sequence of connected [K,K]-graphs such that G, € (G,) for all
n € N. Then by Remark G, is finitely dissociable for each n € N. Then by Proposition
{Gy } nen consistently spatially localizes the SDE . Since this sequence was chosen arbitrarily,
{{Gp) }nen consistently spatially localizes the SDE (3.1.4)). dJ
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4.3 Counterexample: When the SDE is not Well-Posed

There are two ways the SDE can fail to be well-posed. Either there exist no solutions,
or there exist multiple solutions. To construct an IPS with no solutions, it is a simple matter of
constructing unbounded jump rate functions that increase fast enough that all stochastic processes
X for which holds a.s. with X%¢ := X explode (have infinitely many discontinuities on some
compact interval in R ) with positive probability. In this section, we show that well-posedness is
non-trivial even if we restrict ourselves to Markov processes with bounded jump rate functions by
constructing a graph and a collection of jump rate functions with respect to which the SDE (3.1.4))

has multiple strong solutions with different laws.

Proposition 4.24. [36, Proposition A.1] Let T be the tree such that for every k € N, all vertices v
in the kth generation of T have 4* children. Using the notation of Example suppose X = {0, 1},
J = {1} and for z € XV and v € V, let ?T[Cl“]’v(z) =1 if both z, = 0 and 3_,cp;, 2u > 0, and let
FT[CZ'”]’U(z) = 0 otherwise. Then the corresponding SDE has multiple strong solutions for the

indtial state & = X,(0) = 0,v € V' and these solutions also have different laws.
The proof of this proposition requires us to introduce the notion of infinite causal chains.

Definition 4.25 (Infinite causal chains). [36, Definition A.2] For any locally finite graph G,
T € (0,00) and associated Poisson processes N&7 defined as in (4.2.9)), an infinite (G, NT)-
causal chain ending at a vertex w is a path I' = (u = wg,u1,ug,...) such that for every n € N|

(U, U1, ..., u1,1p) is a (G, N&T)-causal chain (see Definition [4.21]).

To prove Proposition [£.24] we first show that the tree 7 has an infinite causal chain almost

surely.

Lemma 4.26. [306, Lemma A.3] Let T = (V, E, &) be the tree defined in Proposition and let
N7 be the corresponding driving noise. Fixz any T € (0,00) and a function C : N x Ry — Ry
that is non-decreasing in its arguments, and let NT-T be the associated Poisson processes defined

in ([£.2.9)). Then there exists an infinite (T,N7-T)-causal chain with probability 1.

Proof. Define the path I" := {@& := vg, v1, . .. } using the following recursive construction. For n > 1,

first check if there exists u € c,, (7) such that N7>T(277=2 277=1) > (. If this condition is satisfied,
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then set v,11 = u (if multiple children satisfy this then we choose one arbitrarily from amongst
them). If not, then we choose any child of v,, arbitrarily and set it to be vy 41.

Define U := {v;,i € I} C T, where T := {n € Ng : N]-T(27"~1,27") > 0}. We now claim that
U contains an infinite path a.s.. To see why, we prove the equivalent claim that U a.s. contains all
but finitely many vertices in I'. Let p,, := P(v,11 ¢ U). Note that C(k,T) > C := C(1,T) > 0 for

all k. Thus, for each u € U,

P (NUT,T(Q—n—172—n) _ 0) _ 6—2*"*15(\clu|,T) < 6—2*"*10'
The independence of the Poisson processes (N7 7),cy then implies that

T _ _9—n—1 4™ _on—1
= ]I ]p(NZ,T(znl?Q n):0)§(€2 c) _ 2l

uEcy, (T)
Because p,, decreases super-exponentially fast, > >2, p, < oo. By the Borel-Cantelli lemma, it
follows that with probability 1, all but finitely vertices in {v, }nen, are contained in U, thus prov-
ing the claim. Note that for any path TV = (upn,up—1,...,u9) € U where ug is closest to the
root, there exists a decreasing sequence of times {t;, € (27 (@7 (0,@)+k) 9=(d7(u0,@)+k)+1)1 gych that

NuTIéT({tk}) = 1. Thus, I" is a (7,N7"T)-causal chain, and we have shown that U contains an

infinite (7, N7T)-causal chain a.s.. O
We can now prove Proposition [£.24]

Proof of Proposition[4.24): Although there are infinitely many strong solutions for the initial state
¢ = 0, we explicitly construct two of them. First, the process X/ ¢(t) = 0 for all v € V and
t € Ry is clearly a strong solution to the SDE for the initial data (77,¢) with ] (¢, z) :=
FT[CZ’”](x(t—)), with 7 as given in the proposition.

Fix T' < co. Note that for each v € V', by , NZ—’T is a unit rate Poisson process. Then for
(v,t) € Vx(0,T), we say (v,t) has an infinite causal chain if there exists an infinite (7, N7>7)-causal

chain ending at v on the interval [0,¢]. Then for v € V and t € [0, T], define

_ 1 if (v,¢) has an infinite causal chain,
(4.3.1) XTE(t) =

0 otherwise.
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We claim this is also a solution to the same SDE. Fix any v € V and define

(4.3.2) Xo(t) := & + } N7 (ds,dr,dj), te€R,.

(0,4 xRy x.T H{TSTT’”(&)?U,)?I&T))
If (v,t) € V x Ry has no infinite causal chain, then by Definition for any s < t, either
NTT([s,t]) = N7 ([s,t] x (0,1] x {1}) = 0, or there does not exist a u € N,(7) for which (u, s)
has an infinite causal chain. It immediately follows that for every event 7 in N[’T in the interval
(0,t], T‘Z—’v(T, )A(U,Xx;f(ﬂ) = 0 so that X,(t) = X74(t) = 0. If (v,t) has an infinite causal chain,
then there exists a minimal event 7 < ¢ in N7 such that there exists a neighbor u of v for which
(u,7) has an infinite causal chain. By minimality of 7, (v, s) does not have an infinite causal chain
on the event {s < 7}, and hence, X,(7—) = 0 by the previous case. Thus, TT’U(T, X,, )?X—[f(ﬂ) =1,
s0 X,(7) = 1. It follows that X, () = X,(t).

Thus, )A(U = )N(Z— <. Because v and t were chosen arbitrarily, it follows that X T4 satisfies .

Finally, because (7, N7-T)-causal chains are HT’§7NT-adapted, X7 must also be HT75’NT—adapted

by (#.3.1). Thus, X7 is also a strong solution to (3.1.4), and by Lemma XTE £ XT€as., O



CHAPTER 5

Almost Sure Convergence, Weak Convergence and

Correlation Decay

5.1 Almost Sure Convergence of the Dynamics

We now address convergence in the space of mark graphs (in the sense of Definition and,
consequently, local weak convergence of processes. Given well-posedness, this is equivalent to es-
tablishing continuity of the graph G marked with the trajectory of the unique strong solution X &%
to the SDE with respect to the %A*[K, K x X]-valued initial data (G, ). This requires the fol-
lowing additional continuity assumption on the local jump rates with respect to the “environment”

marks, which holds trivially when the mark spaces K and K are discrete.

Assumption 3. Let (G,X%¢) = (V,E, 2,7, «k, X9¢) be a strong solution to (3.1.4) for the
4,[K,K x X]-initial data (G,€). Then a.s. for every (j,v) € J x Vg and Lebesgue-a.c. t € Ry,
(R, k) is a continuity point of the map:

K76 x KY6 5 (9,0) s Ve Be@000 xCE),

Remark 5.1. Under Assumption [2] Assumption [3] is a class property in the sense that it holds
for any measurable random graph (G',¢') := (V' E', &', 7, k. &) = (G,§) if and only if it holds

for (G,&). To see why, first note that we may assume without loss of generality that (G, &) and

73
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(G', &) are deterministic (Assumption |3|holds for (G, §) if and only if it holds for a.s. all realizations
of (G,€)). Fix any ¢ € I((G',£),(G,£)). Recall from the explanation above Definition that
for any strong solution (G, X" to for the initial data (G’,¢’), there exists a strong
solution (G, X%¢) to (3.1.4) (with the appropriately shifted driving noise) for the initial data

(G',€') such that ¢ € I((G, X%, (G, X% £")). Then by Remark for each (j,v) € J xV

(V7E7®757/l9) 7U
J

and Lebesgue-a.e. t € Ry, (9,9) 5 r (t, X9€) is a.s. continuous at (%, x) if and only if
(00, ) == (5/,19’) > rJ(-V/’El’@/’F’ﬁ/)’“&(U) (t, XG'&) = r](-V’E’QE’ﬁ)’U(t, XG4€) is a.s. continuous at
(,0") = (puF, pur) = (7, ).

Remark 5.2. Assumption (3] is a very mild assumption as it allows the jump rate function to
have a large number of discontinuities so long as the set of times at which the jump rate function
is discontinuous with respect to the initial data has Lebesgue measure 0. Markovian IPS of the
form trivially satisfy Assumption [3| as the jump rate functions ?f , H € 54:,1, j € J, do not
depend on initial data for ¢ > 0. The contact process in a heterogeneous environment of Example
likewise satisfies Assumption [3| as the dependence of 'FJH on ¥ and 9 is continuous. Even the

non-Markovian contact process of Example [3.18] will satisfy the assumption whenever h; and hp

are only discontinuous on a subset of Ry with positive Lebesgue measure.

It is worth noting that for the remaining results in this section, we only apply Assumption [3]
under conditions that also imply strong well-posedness of , in which case the strong solution
(G, X%%€) in the statement of the assumption is well defined.

For our main result, we show that a collection of IPS defined as random elements in g:[f, K x
D] will converge a.s. under certain conditions if they are defined as solutions to for a.s.
convergent initial data. Naturally, this is not generally true if different IPS are driven by different

Poisson processes. Therefore we introduce the following concept.

Definition 5.3. Let (G, X%€"), n € N be a sequence of %,[K, K x X]-valued IPS defined on the
same filtered probability space (2, F,F,P) and driven by the F-driving noise (G,,N%), n € N.
Then {(Gp, X%¢")},en is said to be communally driven if there exists an i.i.d. collection of F-

Poisson processes {Ng }ren such that for each n,k € N, Ny = NE" a.s. on the event {k € Vg, }.

Theorem 5.4. Suppose Assumption |1 holds, and {(Gpn,&")tnen U {(G, &)} is a sequence of a.s.
finitely dissociable @[K,IC x X]-random elements (in the sense of Definition defined in a
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common probability space such that (G,&) satisfies Assumption @ If (Gn,&") — (G,€) a.s. in
GIK, K x X] and {(Gn, X"V ben U {(G, X} is communally driven, then (Gn, XCn€") —
(G, XCG4) a.s. in %.[K,K x D.

Corollary follows from a more general version of this statement proved in Proposition [5.10
under weaker assumptions that only require Assumption |1}, a consistent spatial localization condi-
tion introduced in Section and a weaker finite convergence condition, Assumption [3[} in place
of Assumption [3| which is useful for several applications.

An immediate consequence of Theorem [5.4] is that the law of the trajectory of the IPS is

continuous in the local weak topology with respect to the law of the initial data of the IPS.

Corollary 5.5. [36, Theorem 4.3] Suppose Assumptions[d and[1] hold and {(Gy,&") }nen U{(G, &)}
is a sequence of a.s. finitely dissociable 9, [IC, K x X]-random elements (in the sense of Remark
such that (G, &) satisfies Assumption @ If (G, ™) = (G, €) in 9, [K, K x X], then (Gp, XG€") =
(G, XG8) in 9.[K,K x D].

5.2 Hydrodynamic Limit and Correlation Decay

5.2.1 An Annealed Correlation Decay Property

Recall the notion of convergence of probability in the local weak sense from Definition As
explained in the introduction and Section the neighboring particles of an IPS on a sparse
graph will generally be strongly correlated. In order to establish the hydrodynamic limit regardless,
we require the IPS to satisfy a correlation decay property. The following correlation decay property

holds for sequences of unrooted [K, K x X]-random graphs {(G,,£")}nen with finite vertex sets
{Vn}neN .

Theorem 5.6. [36, Theorem 4.5] Suppose Assumptions and@ hold, and let (G, &) be a [K, K x X]-
random element that satisfies Assumption [3 and is a.s. finitely dissociable in the sense of Re-

mark . Suppose there exists a sequence {(Gn,&") }nen of finite, (possibly disconnected) unrooted

[, K x X]-random graphs such that |V, | — oo in probability and (G, &™) converges in probabil-

ity in the local weak sense to (G,€). For each n € N, let of,, i = 1,2, be independent, uniformly

n’
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distributed vertices of Gy. Then for any bounded continuous functions f; : 4.[K,K x D] — R,

i=1,2,

(5.2.1) lim Cov <f1 ((%O;L(Gn,XGmﬁ”») o <<<€o%(Gn,XG"’5”)>>> =0,

n—0o0

where Cov represents the covariance functional and for each n € N, (G, X" is the strong

solution to (3.1.4) for the initial data (Gy,&").

When the jump rate functions of the SDE ([3.1.4)) are strongly Lipschitz continuous in the sense
described in the introduction, then arguments similar to those used for diffusions in [61, Lemma 5.2
can be applied to obtain stronger quantitative quenched (i.e., conditioned on the graph) bounds on
the decay of correlation of IPS that are uniform with respect to graphs, and only depend on the
cardinality of the sets of particles being compared and the graph distance between the sets. Under
Assumption [I} such a strong Lipschitz condition holds for Markov IPS on graphs with bounded
maximal degree, but fails to hold for many interesting IPS on graphs with unbounded maximal
degree. In such situations, one does not expect there to be a similar quenched correlation bound
that is uniform over all graphs (or even all finitely dissociable graphs), and thus the arguments we
use to prove Theorem are crucially different from those used in [6I]. Specifically, to establish
the annealed asymptotic correlation decay property , which is averaged over the randomness
of the initial data, we first use the fact that the initial data satisfies an analogous asymptotic
correlation decay property (due to the assumed convergence in probability in the local weak sense)
and then carefully construct an appropriate coupling and the stronger almost sure local convergence
result of Proposition [5.10| mentioned in Section to extend the correlation decay property to the

solution process.

5.2.2 Hydrodynamic Limits

The existence of the hydrodynamic limit follows as a simple consequence of well-posedness of the

limit, local convergence and asymptotic correlation decay.

Theorem 5.7. [36, Theorem 4.6] Suppose Assumptions cmd hold and the sequence of finite,

unrooted [IC,IC x X]-random graphs {(Gn,&") nen and the 4. [K,K x X]-random element (G, &)
satisfy the conditions of Theorem . Let (G, XE80) and (G, X)) be weak solutions to (3.1.4)
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for (G, &) and (G, €), respectively. Then the sequence {(G, X% ")} en converges in probability

in the local weak sense to (G, XE%).

Proof. First note that, given any driving noise, (G, X%¢) and (G,,, X¢¢"), n € N, are well defined

unique strong solutions to (3.1.4) by Theorem Propositionand Lemma For eachn € N,
let (ol,02) be two i.i.d. uniformly distributed vertices in G,. Then, by Theorem |5.6|and Corollary

nr-n

for any bounded, continuous functions fi, fo : %[K, K x D] — R,

2 2 2
lim E Hfi(<<50%(Gn,XGmf”)>)] = Iim J]E [£i((%, (G, X< ))| = TTE |£((G, X49))] .
=1 =1 =1

n—oo

That this implies the desired result follows from Lemma [2.5 O

We now show that Theorem [5.7] implies the convergence in probability of both the empirical

measure and the empirical neighborhood distribution to corresponding deterministic limits.

Corollary 5.8. [30, Corollary 4.7] Under the conditions of Theorem[5.7, the P(D)-valued random
empirical measure sequence {WG”’XG"'En tnen converges in probability to Law(Xg’g) € P(D), and

}neN

the P(%. 1[K, K x D])-valued random empirical neighborhood distribution sequence {fg”’XGn’g

converges in probability to Law({By(G, X%%))) € P(%.1[K,K x D]).

Proof. By Theorem the sequence {(G, X¢")},,cn converges in probability in the local weak
sense to (G, X¢). Then the result holds by Lemma for Z=K,Z=K, 2 =D, (Gp,2") =
(G, XY and (G, 2) = (G, X5, O

As was already observed in [61], Theorem 6.4 and Proposition 7.7] in the context of interacting
diffusions, the stronger convergence in probability in the local weak sense of the initial data is
in general necessary to obtain deterministic hydrodynamic limits that coincide with Law(Xg ’5)
because if one only has convergence in the local weak sense of the initial data as in Corollary
the hydrodynamic limit can fail to be deterministic, or fail to coincide with Law(Xg ’5) even when

deterministic.

5.3 Proofs

The proof of all of the results stated in this chapter (with the exception of Corollary are

located in this section. We begin in Section by stating and proving Proposition which
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is a restatement of Theorem [5.4 under weaker assumptions. Then we show that Proposition [5.10]
implies Theorem In Section [5.3.2] we use Theorem [5.4] to prove Corollary that is, we prove
that the law of the IPS is continuous with respect to local weak convergence. Finally, in Section

we prove correlation decay (Theorem [5.6]).

5.3.1 Proof of Almost Sure Convergence

In a broad sense, the proof of Theorem proceeds by using spatial locality to reduce our analysis
of the problem to the case in which all graphs are a.s. finite. Then through a careful analysis of
(3.1.4) (utilizing Assumption [1| to limit the number of events of the driving Poisson processes that
need to be considered and Assumption [3] to ensure that convergence of the initial data implies
convergence of the jump rate functions), we show that a.s. convergence of the initial data in the
space S%[K7 K x X] implies a.s. convergence of the trajectories of the IPS in %A*[K, K x D]. For this
reason, we can weaken the conditions needed for the theorem to hold by introducing the following
“finite convergence” condition on IPS defined on finite truncations of graphs (equipped with the
associated marks). It is applied to a family of jump rate functions r and a sequence of g, [K, K]-initial

data {(Gn, &™) Inen U{(G, &)} defined on a probability space (2, F,F,P).

Assumption . Assumption |1f| holds. Furthermore, if {X""}, ,en U {X™>®}cn is a com-
munally driven collection of IPS defined as strong solutions to (3.1.4)) for the respective initial
data {Bm(Gn,&") nmen U {Bm(G,€) bmen, then for each m € N and T' € Ry, there exists a

Fr-measurable random variable N,, := ij such that for every n € N,
(5.3.1) (B ([Gps]), X™M[T]) = (Bm([G+]), X™°[T]) a.s. on the event {n > N,,} NZ,
where Z = {By([Gns]:€") = Biu([Gu], )}

Note that Assumption [3|is similar in concept to [36, Assumption 2’]. We believe that the two
assumptions are equivalent, however we do not rigorously prove this as our use of Assumption
is merely intended to simplify the arguments of this chapter which are analogous to arguments
presented in [36, Sections 6-7].

The following lemma shows that the finite convergence property of Assumption [3[| holds under

our basic Assumptions [T and [3] together with consistent spatial localization. We defer the proof of
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Lemma 5.9. Fix a filtered probability space (Q, F,F,P) such that F satisfies the usual conditions.

Suppose the family of jump rate functions r satisfies Assumption and (G, §) satisfies Assumption

@. If the Fo-measurable sequence {Gy }nen U{G} of connected graphs in %,[K, K]-random elements

a.s. consistently spatially localizes the SDE (3.1.4), then Assumption@l holds.

The weaker Assumption [3[| has been introduced in place of Assumptions [1| and Assumption

with a view to future extensions of our results to more general IPS for which the latter assumptions

may not hold but the former assumptions and consistent spatial localization can nevertheless be es-

tablished. In the following proposition, let G,, = (Vy,, Ey, @pn, 5" k™), n € Nand G = (V, E, &, R, k).

Proposition 5.10. Suppose that Assumption [J| holds and that {6y, (Gp)}nen U {€5(G)} a.s.

(
consistently spatially localizes the SDE (3.1.4). Also, let {(Gn, X% )} en U {(G, XF9)} be a

collection of IPS communally driven by N. If (Gp, &™) — (G, €) a.s. in 4,[K,K x X], then

(5.3.2) Jim X7 = X4 as.,
’UEVn

for allv € Vig (. In particular, if G is connected, then (G, XGnt™) = (G, XGE) a.s. ing:[K,ICx

Dl.

We first show that Proposition implies Theorem then we prove the proposition.

Proof of Theorem [5.4 First suppose that G is connected. By Lemma [5.9) Assumptions [I] and [3]

imply Assumption The a.s. finite dissociability of the graphs Gy, n € N, G implies that €5, (G),

n € N, 65(G) = G consistently spatially localize the SDE (3.1.4)) by Proposition Then the

result follows from Proposition [5.10]

Now suppose that G is not connected. Then by Proposition

4.22

: Gn,§" —
for each v € Vi (), hng&: XGnt" =

X&€ as.. Now let v € V be any vertex that is not in the same connected component of G as @.

For each n € Nlet @), = v if v € V}, and @,, otherwise. Then because (G,,£") — (G, €) a.s., condi-

tions 1,2,4,5 and 6 of Definition are satisfied with regard to the convergence of (G, @},£&") to

(G, v,§). Condition 3 follows from condition 1 of Definition which states that v € V,, for all suf-

ficiently large n. Thus, @} — v a.s.. Thus, (G, @},£") = (G, v,£) a.s.. Because finite dissociability

does not depend on the choice of root, (G, @, E"), n € N, (G,v,§) are finitely dissociable. This
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implies that v (Gr), n € N, €,(G) consistently spatially localize the SDE (3.1.4)) by Proposition
Thus, by Lemma [5.10

lim XFm&" = x&°.
n—oo
vEV,

The limit above holds for all v € V', so by Lemma (G, XGnt") = (G, X9€) ass. as desired. [

Proof of Proposition[5.10. If G is connected, then Vés@ =V, so and the fact that
(G, &™) — (G,§) a.s. imply by Lemma that (G, X%¢") — (G, X%¢) a.s., which proves
the final assertion of the proposition. Therefore, it suffices to prove .

Let Ny := NU {c0} and let (G, &%) := (G, &), and (Goo, XF=£7) := (G, XF£) respectively.
Note that if P(X{n¢" — XG€|Fy) = 1 a.s. for each v € V, then we are done. Therefore, we may

assume without loss of generality that the initial data {(Gy,£") }nenufoo) 18 deterministic. For each

neN, let (G, ") = €y, (Gn, ) and let NCn = N‘C,;; . Recall from Remark [2.24] that (G, &™)

n

may fail to converge to (G',¢') in %K, K x X].

Due to Assumption (which holds by Assumption [3[]) and the assumption of consistent spatial
localization, there exists a consistent sequence of localizing maps {Sy(-; G%, N} en., for the
SDE on {(G!,,N)},en.., and by Proposition for each n € Ny, the SDE (3.1.4))
is strongly well-posed for (G’,,£"™). Thus, the N&n-strong solution (G7,, X&n&"") to for
the initial data (G),,£"™) is well-defined. Furthermore, this implies that for each n € N U oo and
any (F,N%)-weak solution X" to for the initial data (Gp,€") and any v € Vg,
XUG"’ETL = Xfi“g/’n a.s. (see Remark. Furthermore, if v € Vs, then there must exist an m € N
such that v € Vg, (@) = VB,,(¢)- Then by Lemma v € V() = VBu,) S Vo, for all

sufficiently large n. Thus, it suffices to prove that for each v € Vi,

. /1 ehn 1 ¢l
Aim Xf"’g :Xf < as..
vEV

n

For each n € N, let M,, be the maximal constant such that By, ([G}, .],§"™) = B, ([Gn], &™) =
B, ([G4),€) = B, ([GL],€). Note that because ([Gy4],€™) converges a.s. to ([G4],£™) in
%:[{1}, X], M,, — o0 as n — oo by Lemma and condition 5 of Definition m

Fix n';m, M € N such that m < M < M,,, which implies that By ([G},.]) = Bu([G.]).

Because the IPS are communally driven, for every n € N, m < M,, and v € Vp_ (a1, Ng " — NG

(%
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Thus, by an application of condition 2 of the consistent spatial localization property in Definition
with £ = M, n=o00,n’ =n' and U = B,,,(G’), and noting that then Z O {M < M/} = Q, we

see that
Sr(U; G'\N%) = Sp(U; G, N as. on {Sp(U; G',N%) C By (G}

Because Sp(U; G/, NG/) is a.s. finite, there must exist an Fp-measurable a.s. finite random variable

M,, such that Sp(U; G/,N¢") C Bgz (G') a.s.. Furthermore, by (4.2.3) this implies that

/ rn’
Bu(G)&y, (6 G e BM(Gn’)’gBM(G;L,)

xG¥ T = x, [T] and X" [T]=X, [T] a.s. on {M > M,,}.

By (5.3.1)) of Assumption [3[, there exists an a.s. finite, Fp-measurable random variable Nj; such

that

/

B (an/ )75,7n

Bu(G), jBM(G/) By (Gl )

Xy [T] = X, [T] a.s. on the event {n’ > Nys}.

The last two displays together show that a.s. on the event {M > M,,} N {n’ > Ny},

i
By (G )60
i ( ”/)’55M<G:l,)

B (G (o ) = X,

!
/ Im
G, €

XG4T = x T) = X, 7).

Applying the last display for each M satisfying m < M < M, and noting by condition 1 of
Definition that M, > m, it follows that

. G, ! o
Xg A7) = X, ¢ [T] a.s. on the event {M,, < My} N {n" > Ny; }.

Sending n’ — oo and noting that M,; — oo, M,, is a.s. finite and that U = VB.(c") = VBm(c )

for n’ such that m < M, it follows that for each v € B,,,(G"),

G, ' gt
im  Xo " [T] = XG €T as..
n'—o0
vEBm(G;,)

As this holds for arbitrary 7' > 0, m € N and therefore arbitrary v € Vi,

. G, e
nlliréo Xy = X, % as. forall v € Vg (@),
UEVG;/

which concludes the proof. O

We finish the section with a proof of Lemma [5.9
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Proof of Lemma[5.9: Write G = (V,E,@,R, k), Gp = (Va, Epy, @, B, k"), n € N, and set M :=
maxyecy dg(v, &). We first consider the case when {G,, },en and G are a.s. finite, connected graphs
and additionally assume that max,cy, dg, (v, @) < M for all n € N, and show that for any T" € R,

there exists an a.s. finite, Fp-measurable random variable N := WM,T such that,
(5.3.3) ([Gna], XGE"[1]) = (1GL], XO4[T]) as. on the event {n > N} N7Z,,

where Z,, := {Bp([Gns),€") = Bu([G4),€) and XM7 .= XGnt" n e N, and XM = XG&
are communally driven. To show (5.3.3)), fix 7" € R,. Because the IPS are communally driven,
N&» = NY for each n € N and v € V on the event Z,,. In terms of the function C from Assumption

define
€=Er={(v,t,r,5) €V x[0,T] x (0,C(|eLu(G)], T)] x T : NE ({(t,7,7)}) =1} .

Since || < oo a.s., we can a.s. order the elements {(vk,Tk,rk,jk)}l,il of € such that {74 }ren is
strictly increasing. Note that {7;}ren is the sequence of points in a time-homogeneous Poisson
process, which implies that each 7 is an absolutely continuous (Gamma distributed) non-negative
random variable. Thus, for any Borel set O C [0, 7] such that Leb(O) = 0, P(7; € O for any k) =
SR B(m € O,k < [E]) = 0. Let R = inf {|ry — ri" (74, X4€)| -k = 1,..., |€]}. By the pre-
dictability of the jump rate function rji’v’“, the random variables r;, and erk’vk (74, X&) are inde-

pendent and therefore ry # rﬁ’vk (Tk,XG’é) a.s. which implies that B > 0 a.s.. On the event fn

(noting that V,, = V), let

Ry, = sup { |5 (74, XO€) = rm (me, X6 ke =1, €]}

By Lemma (and the fact that G is a.s. finite), [Gy, «] = [G4] for all sufficiently large n a.s.. By
condition 5 of Definition € =&, a.s. for all v € V and sufficiently large n. Thus, {Z,}nen is a

sequence of events such that P(N,/>,Z,) — 1 so that lim,_, H{f ) =1 a.s.. By conditions 4 and

5 of Definition [2.19] it follows that for each v € V and e € F,

(5.3.4) lim L= (&%, k") = (Re, ky)  a.s..

n—soco In‘ €7V

Combining (5.3.4) with the absolute continuity of 7, and the fact that (G, €) satisfies Assumption
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[l we have for every k € N,

. L3 V7E7®’7n I’ v bl
lim & (Tk,X5f> [z = lim t Rl i) ok (Tk,XG’é) I = p&on (Tk,XG’é)

n—oo Jk n  n—oo Jk Ik

a.s. on the event {k < |€|}. Because |€| is a.s. finite, it follows that lim, . R, = 0 a.s.. Moreover,

the fact that R > 0 a.s. implies the existence of an a.s. finite random variable N such that,
R A
(5.3.5) R, < 5 on the event {n > N} NZ,.

We now argue that X%¢[T] = XG¢" [T] on the event {n > N} NZ, by making use of the fact
that for each n € N and v € V, X§¢ and X§"¢" are communally driven on the event Z,. Fix
n € N and note that by the SDE , XG€ and XE€" are both a.s. continuous on the random
set {t € [0,00) \ {7% }ren} NZ,. Furthermore, at time 7, the processes X&¢ and X&€" may either
remain constant or experience a jump of size ji at the vertex vg. It follows from the SDE (3.1.4)

that the processes will either simultaneously jump or both fail to jump if and only if

sgn <Tk; - T‘JCZ:UIC (Tka XG:E)) = sgn (Tk‘ _ Tﬁn,vk (Tk, XGn7§n)) 7

where sgn : R — R is the cadlag function given by sgn(a) = I4>0) —I{a<0}- Suppose that X8, =
XGn€" 7). Then, using the predictability of the jump rates (by the standing assumption) in the

first equality below, we have

1 r Gn’vk T KGn,én
sy T X

= sgn (Tk - rﬁ’v’“ (T, X8 + rﬁ’”’“(rk, XG8) — rji"’”’“ (Ths XG’f)) .

However, the last line of the above display is a.s. equal to sgn (rk — TJG’U’“ (g, X G.g )) on the event
{n > N} by (5.35). Thus, X“¢[ry] = X¢"[r;] a.s. on the event {n > N} N Z,. Tt follows
that X9¢[rpy1) = X9t [ty1) as. if |E] > k and XOE[T] = XCE"[T] ass. if |€] = k. Applying
induction, we see that X%4[T] = X€"[T] a.s. on the event {n > N} NZ,, and so follows
from the fact that [G, .] = [G.] on the event Z,.

To see why this implies Lemma in the general case of possibly infinite, disconnected graphs,

note that (5.3.3) implies that for any m € N and any sequence {Gj}nen, G we may replace
(Gmfn)vn € N by Bm(Gmfn)ﬂl € N, (G,f) by Bm(G,f), N by Nm and M by m in "



84

to get ((5.3.1). This concludes the proof of the lemma. O

5.3.2 Proof of Local Weak Convergence

We now show how Corollary follows from Theorem The proof uses a simple argument

involving the Skorokhod representation theorem and Theorem

Proof of Corollary[5.5 Set (Goo, &) := (G, ) and N, := N U {oo}. Since (Gp,£") = (G,§) in
4.[K, K x X], by the Skorokhod representation theorem there exists a (complete) probability space
(Q, F,P) that supports random elements (G,,,£") 9 (G, &™), n € Ny, such that (G,,&") —
<C~¥, §~> = <C~¥oo, £~°°> P-a.s.. Because Assumption [2| holds, Theorem and Remark imply that
(3.1.4) is strongly well-posed for all initial data in {(Gp, &™) }nen.. . By Theorem there exists
a sequence of connected, F-measurable representatives (én, E”), n € Ny, of the respective random
isomorphism classes (én, E”), n € Ngo, such that (C:’n, E") — (é, £~) = (éoo, §~°°) a.s. in S?:[K, KxX].
By Remark [£.17] these graphs are a.s. finitely dissociable. Lastly, suppose without loss of generality
that (€, F,P) supports a filtration F satisfying the usual conditions such that {(Gp,£")}nen., is
.fo and an i.i.d. sequence of F-Poisson processes N := {N, },en on Ri x J with intensity measure
Leb? @ # 7.

Let Xén’gn, n € N, be strong solutions to for the respective initial data (én,fn),
n € Ny, communally driven by N, noting that these quantities are all well defined by the strong
well-posedness of for (én, E”), n € Ny, by Theorem Because Assumptions 1| and |3| also
hold, the conditions of Theorem are satisfied, so (én,Xa’“g") — (CNJ,Xa’g) = (éoo,Xawvgoo)
a.s. in %A*[K,IC x D]. By Proposition Definition and Lemma this implies that the

= ~n d n
strong solutions (G, X&) @ (G, X&) 'n € N, to (3.1.4) for the respective initial data

(G, ™) @ (G, €™), n € N, converge locally a.s. to the strong solution (G, X(N;E) @ (G, XG8),

n € N, to (3.1.4)) for the initial data <C~¥,§~) @ (G, €). Thus, (G, X&) = (G, XF€) as desired. [

5.3.3 Proof of Asymptotic Correlation Decay

This section is devoted to the proof of Theorem Recall that for an unrooted [K,K]-graph
G and a vertex v € Vg, %,(G) is the connected component of G equipped with v as its root.

For the remainder of the section, we fix a sequence of finite, (possibly disconnected) unrooted
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[K, K x X]-random graphs (G,,&"), n € N, and a %[, K x X]-random element (¢(G,€)) (hence-
forth, denoted just (G,¢&)), all defined on a common complete probability space ((AZ,]? , I@) We
additionally assume that, by extending the probability space if necessary, (Q,]? , I@) also sup-

ports an i.i.d. pair of vertices (o0),02), each uniformly distributed on G, for all n € N. In-

ns On
voking the Skorokhod representation theorem, the first and main step of the proof assumes
joint local convergence of the initial data {(%,1(Gy,&")), (€o2 (Gn,§")) nen to the iid. pair
(GM, My (GR) £?))) and proves convergence in probability of the corresponding pairs of strong
solutions {(%1 (G, X)) (€2 (Groy XOE )} pen to (GO, XGVED) (G, xGP €7 for an

appropriate choice of driving processes. The coupling proof is a fairly simple consequence of Corol-

lary [2:30] This result then implies the correlation decay result.

Lemma 5.11. Fiz {(G,,,&") }nen and suppose that the vertices of Gy, n € N lie in N. Suppose also
that Assumption@ holds and that the collection of isomorphism classes {(€,; (Gn)), (GN}eniz1.2

a.s. consistently spatially localizes the SDE (3.1.4). In addition, assume that for each i =1,2,,

(5.3.6) (€

0.

(G, €M) = (G £y

and the tuple ({(%,: (Gn, &™) Inen, (GO @) satisfies Assumptionﬁl. Then it is possible to define a
filtered probability space (Q, F,F,P) supporting solutions (G, X" ), n € N, and (G, XG<i)’5(i)>,
i =1,2, to the SDE (3.1.4)) for the respective initial data (Gp,&"),n € N, and (G(i),f(i)% 1=1,2,

such that as n — oo,

(5.3.7) (G (G, X)) — (GO, XY i = 1,2, in probability.

Proof. Let L, = dg, (o.,02) and note that L, — oo in probability by [88, Corollary 2.21]. By
assumption, (% (Gn,&")) — (G0, £@)) as. for each i = 1,2. Thus, by Corollary for each
n € N, there exists a doubly rooted, F-measurable [K,K x X]-random graph (én,a}z,a’fw{") =
(G, o0k, 02, €™) with vertices in N and a doubly rooted, F-measurable [K,K x X]-random graph
(G, 0!, 0% &) with vertices in N such that for each i = 1,2, (én,a}'”@) converges in probability
in E?*[K,IC x X] to (G,0',&) and for each i = 1,2, €,:(G,€) is a F-measurable representative of
<G(i) , 5(1’)).

Extend the probability space (Q, F, ]IA”) to a complete filtered probability (€2, F,F,P) such that

F satisfies the usual conditions, any F-measurable random element is Fy-measurable in (Q,F,F P)
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and (9, F,F,P) supports a collection of i.i.d. F-Poisson processes N := {Nj},en on R2 x J with
intensity Leb? ® # 7. Note that by Corollary G is a disjoint union of the two connected graphs
¢, (G), i = 1,2, each of which spatially localizes the SDE . By Assumption and the spatial
localization assumption, Proposition implies that the SDE (3.1.4) is strongly well-posed for
all initial data in the collection of marked graphs {(én,fn), (G, &) }nen. Thus, for each n € N, let
(Gn, X éngn) and (G, X%%) be the unique strong solutions to communally driven by N in
the sense of Definition

For any subsequence {n;} C N, there must exist a further subsequence {ny,} C {n;} such that

for each i =1, 2,

(G, €)= (G0, X9) s,

n

Then applying Proposition once for each i = 1,2, it follows that for each v € U1 2Vis , () =
VGa

P
ngy €

G
lim X, = ng‘,ﬁ a.s..

By Lemma this implies that for each 1 =1, 2,

lim (G, ,0' X e ’5"1%) = (G, 0", X9 as.,

Nk, Yn.
{—00 ke ke

50 (Gp, 0%, X 6n,§n) — (G, 0%, X9€) in probability. Then by Proposition
" A sy Gng” ' ; (@) £0)
(G, (G X)) )iz1,2 = (G 01 X)) )izr2 = (G 0', X99) )iz 2 = (G, XGTET))isy o,

in probability in %,[K, K x D] noting that the first equality follows from Remark and the fact
that ((€5: (G, X Gnt™)));—1 o is well defined for each n € N is a consequence of Proposition [4.1|and
Remark [£.3] O

Remark 5.12. Note that the proof of Lemma does not make direct use of the form of (3.1.4))
but only relies on spatial localization of the SDE, Assumption [3[]and Proposition all of which

could potentially be verified for solutions X< of more general Poisson-driven SDEs.

Applying Lemmas and we now prove Theorem
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Proof of Theorem[5.0: Because (G, &™) converges in probability in the local weak sense to (G, ¢)

and |G| — oo in probability, Lemma implies that

(<(g0}z (Gn7 én»? <<go% (Gru fn)>) = (<G(1),§(1)>, <G(2)7§(2)>)’

where (GO @) i = 1,2, are iid. copies of (G,€). By the Skorokhod representation
theorem and Lemma [A.3] there exists a probability space supporting the random el-
ements {(G®, D)}, 1,2 @ {(GW ), _1 5, and finite, 4.[K,K x X]-random elements

{(ém@'uﬁ")}nem:m = {(Gn,Oi”ﬁn)}neN,i:m such that

(G (G, €M) — (GD €D) i =12, as..

(d)

@ = ( are a.s. finitely dissociable for ¢ = 1,2, and n € N. So

By assumption, Gn =2 G, and GO
by Assumption|l|and Proposmonu {& 3 Gn, 5") =) (G(i), gN(i))}neN,i:LQ consistently spatially
localizes the SDE (3.1.4] - Assumptions I 1| and |3 I imply by Lemma that Assumption [3[| holds for
each i. Thus, by Lemma [5.11] it is possible to construct a complete, filtered probability space
(Q, F,F,P) and a collection of F-driving noises {Nén, Ném}neN’i:l,Q such that for each n € N and

i =1, 2, the respective Na” and Na(i)—solutions Xa"’g” and Xé(i)’g(i) satisfy
(5;@(67“ XG5 (GW, XG(i)’f(i)> in probability as n — oo.

By the bounded convergence theorem, for any bounded, continuous function f : (4.[K, K x D])? —

R,

(5.3.8) lim E [f <<<%@(én,xén’5”)>)i_l 2)] —E [f (((é@,xé“’:g%)i_l 2)] .

By well-posedness of the SDE (3.1.4) on each of the graphs (G,,&"),n € N, and (G,¢),
which holds by Theorem it follows that for every n € N, ( Gn,XGmE )))‘_12 @
@ ’

(<(50;(GnaXG"’§n)>),_12 and (é(l),Xa(U’g(l)) @ (é(2)7X(~;(2>7§~(2>) = (G, X%%). Together with
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(5.3.8) and the independence of <(~}(1),Xé(1)75~(1)> and <(~}(2),X5(2)’g(2)>, for any bounded, continu-

ous functions fi, fo : %[K, K x D] — R, it follows that

limso0 B | f1((% (G XEE)) fo(65 (Gny XEnE")]
= limso B [£1((65, (G X9E))) (€5 (G, X))
=B [[1((GO, XEVE) f,((GO), x GO
=E [A((GW, xEVEN] B [H((GO, xFE))]
= E[A((G, X)) E[f((G, X))

This allows us to conclude the desired result:

1
n

lim Cov (fl(@”o

n—oo

(Gs XE ), fo(%0 (G, XEE"))) ) = 0,
O

Remark 5.13. [36, Remark 7.4] From the proof of Theorem it is not hard to see that in fact
the conclusion of Theorem holds under Assumption [3[| and the spatial localization property in

place of Assumptions [I] and [3| and the finite dissociability property respectively.
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The Local Equation
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CHAPTER 6

The Local Equation

In this chapter we state the local equation and several results pertaining to the local equation.
The proofs of all results in this chapter save for Lemma [6.3] are deferred to Chapters [J] to [8] More
specifically, results in Section [6.2.1| are proved in Appendix Section [6.2.2| results are proved in
Section [8] Section [6.3] results are proved in Chapter [9] results in Sections [6.4] and [6.5] are proved in
Section and finally the results in Section are proven in Section [10.2

In Part we study IPS on the infinite d-regular tree Ty := (V¢ E4, &%) for d > 2. For any
@ € U C V4 Ty[U] is assumed to be the rooted subtree of T4 induced by U. For each n € N, let

Vid:={veVe. dr,(2,v) <n},neN.

6.1 New Assumptions and Notation

Throughout Part we work exclusively with IPS on deterministic (possibly unrooted) graphs
G with trivial edge marks. For this reason, we make the following minor simplifications to the

notation:

1. we separate G from its vertex marks regarding G as an unmarked graph describing the

topology of the IPS while we regard the initial data to be a random vector & in KV¢;

2. we assume there exists a measurable mapping ¢ : X — X such that the initial state of the

90
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IPS £ is a.s. given by £¢ = (k&) for all v € Vg;

3. we remove the initial state from the superscript of the IPS, that is, we denote the IPS by X,

a random vector in the space DV¢:

4. we no longer consider jump rate functions to be indexed by the graph G, so we instead denote

the rate functions by a family of functions ¥ : Ry x (K x D)o veVg, jeT.

For ease, we also compile all of the major assumptions we hold throughout part [[TI| here. Some
of these assumptions are new, but most are assumptions from earlier portions of the paper restated

for our convenience.

Assumption 4. The unmarked (possibly rooted) graph G = (V, E, &) or G = (V, E) and family
of Borel-measurable rate functions {r}},ev,jes from Ry x (K x D)V to Ry, satisfy the following

five conditions:

(1) (locality) for each v € V and j € J, there exists a measurable function 77 : Ry x (K x D)l —

R, such that for any t € R, and (J,z) € (K x D)V,

T}} (ta 197 ‘/1:) = 7:;} (ta 19(‘/11)’ :Eclv);

(2) (predictability) for every ¢ € KV, (t,z) r7(t,9, x) is predictable in the sense that for every
t>0,veV and z,y € DY,
z(s)=y(s): s€0,t) = rjt,d,2)=rj{td,y);
(3) (boundedness) there exists a non-decreasing function C': R — R such that for any v € V,
Jj€J and t € Ry, ri(t,-,) < C(1);

(4) (regularity) for every j € J, v € V and (9,z) € (K x D)V, the function ¢ ri(t, 9, ) is

caglad (left continuous with right limits).

(5) (symmetry) for each j € J,t € Ry, (9,2) € (K x D)V, u,v € V and any unrooted automor-

phism ¢ : V' — V such that ¢(v) = u,
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ri(t, 0, x) = rit, o« (9, 2));

Remark 6.1. Note that condition |(1)| of Assumption 4] is simply condition (2) of the standing
assumption. Condition of Assumption |4 is condition (1) of the standing assumption. Because
G is a deterministic graph, the Borel measurability of each r} implies condition (3) of the standing
assumption. Condition of Assumption M| is simply Assumption |1| under the condition that the
deterministic graph G is of bounded maximal degree. Condition of Assumption [4] is implied
by Assumption 2, though Assumption [2] is more stringent as it pertains to isomorphisms between
different graphs. Finally, condition of Assumption (4] is a new assumption. It ensures that for
any cadlag, F-adapted DY¢-random element Z, any Fo-measurable X'Y¢-random element % and
any (j,v) € Ry x J x Vg, the non-negative process given by ¢ — r7(t, Z, k%) is F-predictable. This
condition is quite mild and it is satisfied by every example in Section [3.:2] under the extra condition

that Ay and hr in Example are cadlag functions.

Remark 6.2. Recall that Vi = cly(Ty). Under Assumption if G = Ty, then for each j € J, there
exists a measurable function 7; : R4 x (K x D)Vld — Ry so that for any unrooted automorphisms

¢ and ¢ : V% = V% such that ¢ 1(@) = (¢/)"}(@) and any (¢,9,z) € Ry x (K x D)V,

2@ (49, 2) = r(t, (9 — r(t, pL(0
r; (t,0,2) = (¢, pu( Vldaxvld)) =7j(t, . ( Vldvxvld))'

With our modified notation, (3.1.4)) becomes,

(6.1.1) XC(t) = ¢(s%) +

v

. ijH{TST;(S,mG,XG)} N,(ds,dr,dj), v e V,tel0,00).
’ +

For the remainder of Part we fix a filtered probability space (£2, F,F,P) and driving Poisson
processes N := (Ny),cy«. We denote by X & the corresponding weak solution to for the initial
data k¢ driven by N in (Q, F,F,P). By Lemma this is also a strong solution so we simply
call X¢ the solution to (for the initial data x“). We further define u% := Law(k®, X¢)
(note that by Lemma 1© is uniquely characterized by the graph G and the jump rate functions
{r7}). For any t € Ry, we write pé = Law(k®, XC[t]) and for t > 0, uf := Law(k®, X9[t)).
When G = Ty, the superscript is omitted.

Recall the definition of Disc (x) from Section We make use of the following fundamental
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result.

Lemma 6.3. Any weak solution X to (6.1.1)) s a.s. proper in the sense that for each u,v € V
and t € Ry, Disc; (XE) N Discy (Xf) =0 a.s.. Suppose conditions and of Assumption
hold. If G is a finitely dissociable graph, then the SDE (6.1.1)) is strongly well-posed. Finally, if

condition of Assumption || also holds and k© is automorphism invariant, then so is (/@G, XG).

Proof. To show that a weak solution X© is a.s. proper, note that for any two vertices u, v € V and
T < oo, Discr (Xf) NDiscy (Xf) # () only if there exists an s € [0, 7] such that N, ({s} xRy x J)
and N, ({s} x Ry x J) are both greater than 0, but this only happens with probability 0 by the
independence of N, and N, and the fact that both Poisson processes have non-atomic intensity
measures on Ri x J. Thus, X© is a.s. proper.

Because G is a subgraph of Ty, it is a bounded degree graph and therefore finitely dissociable
by Proposition By Remark conditions of Assumption 4| imply that the standing
assumption and Assumption [1| hold. So by Theorem is strongly well-posed.

Lastly, suppose now that condition |(5)| of Assumption |4| also holds and let ¢ : V' — V be any
automorphism of G. Suppose also that the initial data is automorphism invariant in the sense that

(d) (D)

K = puk = k. Then (K, N’) := ¢.(k,N) = (k,N). Thus, condition of Assumptionimplies

that

P X (1) = X1 (1)

G . .
= (K7 10, _|_/ I 1y Ny-1(,)(ds,dr, d
( o1 )) (0,t]><IRi+><jj {rgrf 1 )(t,nG,XG)} o1 )( )

G +/

(0,t] xRy x T jH{TST})(t"p* (5%, X))} +No(ds, dr, dj),

so by well-posedness of (6.1.1]), . (%, X%) @ (k%, X&) so the solution to (6.1.1]) is automorphism

invariant. O
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6.2 Semi-Global Markov Random Fields and Tiling

6.2.1 Markov Random Field Definitions

Markov random fields (MRF) generalize the concept of a Markov chains to graphical models, or
random vectors indexed by the nodes of a graph. We begin with a standard definition of an MRF

for finite graphs.

Definition 6.4. If G = (V, E) is a finite graph and Z is a Polish space, n € P(Z") is said to be
an MRF on ZV with respect to G if for any partition A, B, S of V such that S = NM4(G) and any

random element Z with Law(Z) =1, Z4 is conditionally independent of Zp given Zg, denoted
(6.2.1) Za L Z|Zs.
On infinite graphs, there are several different versions of the MRF property.

Definition 6.5. [37] Fix a locally finite graph G = (V, E), a Polish space Z and n € P(Z"). Then
7 is said to be a global MRF if for any Z with Law(Z) = n and any partition A, B, S of V such
that S = N4(G), holds. Moreover, 7 is said to be a local MRF if holds under the
condition that A s finite. Finally, we define a semi-global MRF (abbreviated SGMRF) to be a
measure 7 for which holds under the weaker condition that S is finite.

Remark 6.6. [37] Note that many sources that focus on graphical models on finite graphs assign
different meanings to local and global MRFs [63]. Our use of the term is more in keeping with the

terminology of texts focused on infinite graphs such as [43] and [41].

The derivation of the local equation involves making use of the fact that under certain con-
ditions, the trajectories of an IPS are second-order SGMRFs (2-SGMRFs), where higher order
SGMRFs are defined below.

Definition 6.7. [37] Fix « € N and n € P(Z"). Then 7 is said to be a global a-MRF if for any Z
with Law(Z) = n and any partition A, B, S of V such that S = N§(G), holds. Moreover, 7
is said to be a local a-MRF if holds under the condition that A is finite. Finally, we define
an a-SGMRF to be a measure 7 for which holds under the weaker condition that S is finite.
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In [60, Remark 3.16] it is noted that the local equations hold generally require automorphism-
invariance and a global 2-MRF property, however we show in this paper that the semi-global prop-
erty defined below is sufficient.

There is a second useful definition of a-SGMRF which we state below. We prove that these

definitions are, in fact, equivalent in Appendix

Lemma 6.8. [77] A measure n € P(ZV) is an a-SGMRF if and only if for every random element
Z such that Law(Z) = n, (6.2.1) holds for all finite, disjoint A, B,S CV such that S «a-separates
A and B.

Remark 6.9. [37] When G is a tree, it is shown in Appendix that 1 is an a-SGMRF if and
only if for any connected, finite U C V', n[U] is an a-MRF with respect to the graph G[U]. Thus,
when G is a tree, our definition of an a-SGMRF extends the definition of a “Markov chain on a
tree,” as stated in [92] Section 2] and [41, Chapter 12], to order aw > 1 Markov chains in the obvious

way.

Clearly, all global MRFs are SGMRFs, which in turn (since G is locally finite) are also local
MRFs, and all three concepts coincide on finite graphs. Furthermore, the SGMRF property is
strictly stronger than the local MRF property (see [41, Corollary 11.33]) and strictly weaker than
the global MRF property (see [43], Section 2]); also see [41, Example 8.24] as well as part B of the

bibliographical notes for Section 8.2 of [41] for further discussion of local and global MRFs.

6.2.2 Automorphism Invariant 2-SGMRFs

As briefly mentioned in the previous section, the reason we are interested in 2-SGMRFs is because
the trajectories of an IPS are typically automorphism invariant 2-SGMRFs as we show below and

prove in Section [8:1}

Proposition 6.10. Suppose Assumption holds. If u, € P(/Cvd) is an automorphism invariant,
2-SGMRF and p is the unique law of a weak solution to (6.1.1)) for initial data with law ., then

W, pi— and pg, t > 0 are automorphism invariant 2-SGMRF's.

Furthermore, it turns out that not only IPS, butall automorphism invariant 2-SGMRF graphical

models defined on the graph Ty can be characterized by their Vi%-marginals. Specifically, every
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automorphism invariant 2-SGMRF has a V{-marginal satisfying the following strong symmetry

property.

Definition 6.11. A measure 7 € P(Zvld) is said to be strongly symmetric if and only if 7 is

d
automorphism invariant with respect to Ty[V{?] and for any Z ~ n, Ziz1y @ Zn gy

Proposition 6.12. If7 € P(Zvd) is automorphism invariant and 2-SGMRF, then 7[V{] is strongly
symmetric. Conversely, if n € P(Zvld) is strongly symmetric, then there exists a unique automor-

phism invariant, 2-SGMRF 7 € P(Zvd) such that ﬁ[Vld] =1.
Definition 6.13. Given 7 in Proposition [6.12] we call 77 the tiled extension of 7.

The proof of Proposition [6.12] is deferred to Section [B.3] The proof is constructive, and the
explicit construction of the tiled extension of any strongly symmetric measure is given in Section

8.0.2)

6.3 The Local Equation

6.3.1 Motivation

We begin with our main result, which is the derivation of a local equation in the style of the
local equation of |60, Definition 3.5] for regular trees. Given an IPS X that solves for the
graph G = Ty, the local equation is a law-dependent, history dependent SDE that characterizes the
marginal law of led, where recall that V¢ = clg(Ty). For convenience, we introduce the labeling
Vld :={d,1,...,d}. The basic idea is to first use a filtering argument, then to exploit the fact that
(k, X) forms an automorphism invariant 2-SGMRF to derive a collection of measurable functions

v; : Ry x (K x D)@ — R, such that the solution Y to the equation,

(ko) + f(0,t]><R+xJjH{TS%‘(S»“{v,Q}’Y{”vg})} Nolds,drdy) - iEv € N,

(6.3.1) Yu(t) =
S(kg) + i1 Ny (ds, dr, dj if v =g,
(ko) + Jo.xry x5 T {TSTj(Sa“vld’Y)} o ’

—
=

satisfies (Iivld7Y) = (Kvld,XVId), where recall the definition of {r;};es from Remark Note

that (6.3.1)) is just a restatement of (6.1.1)) on the graph G = Ty[V{¢] where for v € Ny, ry is

replaced by ;. As one might expect, for Y and led to have the same distribution, ~;(t, 9, x)
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is, formally speaking, obtained by averaging le-(t,li,X ) conditioned on the (possibly null event)
{(/-fvld, X Vld) = (19V1d, ;led)}. Indeed, this can be established rigorously by applying standard filtering
results from point process theory. By utilizing the 2-SGMRF structure of (k, X) established in
Proposition and the automorphism-invariance of (k, X) it is possible to derive an autonomous
representation of the functions v;, j € J, using arguments which are broadly outlined in the
introduction. This also explains the dependence of v; on (kg g}, Yiv,z}) instead of (/fvld,led) in
. It should be noted that these arguments are broadly similar to the arguments applied in
the proof of [60, Theorem 3.12]. However, our approach includes several new contributions which

we discuss in Section [6.3.4]

6.3.2 Definition of the Local Equation

Recall that the filtered probability space (Q,F,F,P) and F-driving Poisson processes N :=
(Ny)yeya are assumed to be fixed. Further define the Fy-measurable, KVi'-random vector . Then

we define a (strong) solution to the local equation for the initial data & as follows.

Definition 6.14. A strong solution to the local equation for the initial data & is a tuple (Y,~)

such that,
(1) Yisa Dvld—valued, HE v HN C F-adapted process;

(2) v = {v;}jes is a family of Borel measurable functions v; : Ry x (K x D)? = R4, j € J,

satisfying conditions and of Assumption M| such that,

(6.3.2) Vi (t, R{@,l}a Y{@J}) =FE {rj (t, E, Y) ’E{QJ}, }/{Q,l}[t)} a.s.,
for every t € Ry;
(8) (Ru, Yo, Ny, eya and v satisty (6.3.).

We call Y a strong solution to the local equation whenever there exists a collection of functions
~ for which (Y, ) is a strong solution to the local equation. We denote the law of the strong solution

Y to the local equation by v. The local equation is said to be unique in law if for any two weak
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d
solutions, Y and Y”, to the local equation, Y’ @ Y’, and it is said to be pathwise unique if for any

two strong solutions (Y,~) and (Y’,4'), to the local equation, Y = Y” a.s..

Remark 6.15. It may be strange that we stipulated that (2, F,F,P) support N := {Ny} cya
before Definition [6.14] To understand why we may assume this without loss of generality, note that
by Definition any strong solution to the local equation given the filtered probability space
(Q, F,F,P) supporting the F-driving Poisson processes N := (Nv)vevld is also a strong solution to
the local equation with respect to any extended probability space (€, F',F/,P') for which N are
F’-Poisson processes. Setting (Q, F,F,P) = (Q', F/,F,P") we may assume without loss of generality

that (92, F,F,P) supports the F-Poisson processes N.

Remark 6.16. We choose to work with strong solutions to the local equation because, for standard
definitions of weak solution, all weak solutions to the local equation are strong when {rf},cya je s =
{ri}tveva jey satisfies Assumption {df with respect to the graph T;. A weak solution to the local
equation can be defined in the standard way by including the filtered probability space (2, F,F,P),
the driving Poisson processes IN and the initial data & as part of the solution and by only requiring
Y to be F-adapted instead of HE Y HN-adapted. Indeed, [60] works specifically with weak solutions
to the local equation for diffusions in this sense. However, it can be noted that for pure jump
processes, it is not necessary to define solutions in this way. To see why, note that for a fixed set
of functions -, is equivalent to where G = Ty[V{#] and with respect to the jump rate
functions,

R r-(s,'g,y) ifv=g,
(6.3.3) (s, 0,y) =4

v (s, 5{07@}, y{v’g}) otherwise.
If ~ satisfies condition of Definition then it is easily verified that the jump rate functions
{r;’v} defined above satisfy Assumption 4| with respect to G.

Furthermore, v are deterministic functions and so do not depend upon the choice of filtered
probability space (2, F,F,P) and N. Then by Lemmas and given any collection of driving
Poisson processes N and any filtered probability space (2, F,F,P), there exists a pathwise unique
weak solution Y to in the sense of Definition and Y is HF V HN-adapted. Therefore, for

any weak solution ((Q, F,F,P),~, (Ry, Y, Nv),uevld) to the local equation, (Y,7) is a strong solution
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to the local equation given the filtered probability space (£, F,F,P), the driving Poisson processes

N and for the initial data &.

As argued in Remark every weak solution to the local equation is also strong.
Therefore we will simply refer to Y as a solution to the local equation if there exist functions
v such that (Y,~) is a strong solution to the local equation. Note that because the functions
{vg}jej,s€R+ depend on v := Law(R, YY), the local equation is essentially a fixed point equation in
the following sense. Given a law v, one can use to define the functions . Then the solution
Y’ to given the filtered rate functions v will have law /. Then Y is a solution to the local

equation if and only if v = /.

6.3.3 Well-Posedness of the Local Equation

We now introduce our main result, which shows that for any strongly symmetric initial data, the
local equation has a pathwise unique strong solution, the solution is a marginal of a corresponding
IPS and the IPS itself is the tiled extension of the solution to the local equation. We prove this

theorem in Chapter [9

Theorem 6.17. Suppose Assumption holds. Let v, € P(leld) be a strongly symmetric probability
measure. Let p be the law of the solution to for the initial data kK ~ p, := U, where
Uy € P(de) is the tiled extension of v,.. Then there exists a pathwise unique strong solution to the
local equation with law v := u[Ve], and p is the tiled extension of v. Moreover, for everyt > 0, p—

is the tiled extension of vy_.

6.3.4 Discussion

The arguments outlined earlier in this section describing the proof of Theorem [6.17] above are, at
a high level, similar to the approach developed in [60]. However, there are four major distinctions
between the Theorem and the main result of [60] (Theorem 3.12) in the regular tree case
described in [60} Section 3.2.1]. First, our assumptions are minimal. We require bounded jump rate
functions that are cadlag in time and sufficiently predictable, but we do not require the jump rate

functions to satisfy any Lipschitz bounds or uniform continuity assumptions.
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Second, we work with the more general initial data both in the sense that the initial data
encompasses more information than simply the value of the process at time 0, and in the sense
that our results hold for all strongly symmetric initial data. This extends the results of [60] which
only proved the well-posedness of the local equation (for diffusions) for i.i.d. initial conditions
representing only the state of the process at time 0. In fact, our work goes beyond the extension
discussed in [60, Remark 3.16], as we merely require the initial data of the local equation to be
strongly symmetric, whereas [60, Remark 3.16] details extending the local equations to marginals
of automorphism invariant global 2-MRFs. It is very easy to verify whether or not a measure
vy € P(ICvld) is strongly symmetric, but not so simple to verify whether or not it is the marginal of
an automorphism invariant global 2-MRF. Furthermore, as a consequence of Proposition [6.12} the
class of strongly symmetric initial data is precisely the class of marginals of automorphism invariant
2-SGMRFs which is strictly larger than the class of initial data described in [60, Remark 3.16]. Our
exploration of the local equation for more general initial data allows us to begin a rigorous study of
flow properties and stationarity of the local equation. We explore this in greater depth in Sections
and

The third major difference is that we establish (under suitable conditions) the well-posedness
of the local equation is strong in the sense that, by taking the filtered probability space, driving
noise and initial data as given, there exists a unique solution to the local equation up to indistin-
guishability. This will prove useful for numerical applications of the local equation.

Lastly, the local equation of [60] applies to interacting diffusions, while ours is applied to
interacting particle systems. While the key ideas of the proof are analogous to the proof of [60),
Theorem 3.12], the specific arguments required to establish each intermediate result is more subtle.
For example, because we are working with stochastic processes with cadlag trajectories rather than
continuous trajectories, our approach requires that solutions to the local equation impose stronger
the regularity conditions on the set of functions {v;} (see condition of Definition than
those imposed on the analogous function 7 in [60, Definition 3.5]. The proof that Assumption (4| is
sufficient for the solution of the local equation to satisfy this regularity condition requires a careful,
caglad extension argument showing that the conditional expectation in can be extended to

a caglad process even on events of measure 0 (see Appendix .
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6.4 Local Flow

Theorem [6.17| provides a useful characterization of marginals of transient IPS. Here we discuss flow
properties of the local equation and how they relate to flow properties of solutions to (6.1.1)). Recall
that D is the space of X-valued, cadlag functions with domain R. For each t € R, define the shift

operator 6; : D — D by,

(04(2))(s) = z(t + s) for all z € D,s € R.

We will abuse notation slightly by letting {6;};er, denote the shift operator from pY - DY
for any U C V% and by letting it denote the pushforward operator. That is, for any U C V¢
and n € P(fU), if Z ~ n, then 0,72 ~ 6;n for all t € R. In this context, we say that for any
U C V% a measure n € P(@U) is stationary if n = 6;n for all t € R. Then we can define stationary
solutions as long as the jump rates are time-homogeneous in the following sense, where recall that

Do := D((—00,0], X):

s

Assumption 5. Let K := Dy. For each v € V¢,j € J, there exists a measurable function 7

—yd 7vd
Dy_ — R4 such that for each (t,z) e Ry x D"

77 (t, [0, 00), (—00,0]) = 7] ((0¢x)(—00,0)) .

In this context, it becomes useful to identify the spaces Dy x D with D. For any ¥ € Dy and

x € D, we will denote by [¢, ] € D by the function,

9(t) ift <O,
[, z](t) :=

z(t) ift>0.
If ¥ and x are in ff{ and DY respectively for some countable index set U, then we will define
[, 2] € D’ analogously. For any 7 = Law(ky, Xy) € P((Do x D)Y), we will likewise define
[n] := Law(|x, X]) € P(@U). We will say n € P(fg x DY) is stationary if and only if [n] is

stationary. Lastly, given n € P(@U), let n_ = 77’§U and n4 = 77|”DU be the negative and positive
0
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time marginals of 1 respectively.

Definition 6.18. Suppose Assumptions 4| and [5| hold. Then we say that a measure [u] € P(fvd)
is a two-sided solution to the SDE (6.1.1)) if [u]+ is the law of the strong solution to the SDE (/6.1.1))
for initial data with law [u]_. Likewise, a measure [v] € P(@Vld) is said to be a two-sided solution
to the local equation if [v]; is the law of the strong solution to the local equation for the initial

data with law [v]_. If [u] or [v] is stationary, then we say the measure is a stationary solution.
Lastly, we define a continuous flow.

Definition 6.19. A time-homogeneous, continuous flow on a Polish space Z is a collection of Borel

measurable maps ®,;: Z — Z, 0 < s <t < oo such that for any z € Z and s,t € R4,
1. (I)s,t(z) = ‘1)071:—5(2);
2. limy o Pot(2) = Poo(2) = 2;
3. for any 0 < 51 < 53 < 53 < 00, Py, 55(2) = Py 55 0 Py, 55 (2)-

We can immediately define a correspondence between flows defined by the local equation and

by the SDE (6.1.1).

. g2 —
Definition 6.20. For 0 < s <t < oo and pu, € P(D(‘)f ), let Wy (pe) == (6i—s[p])—, where [y] is
the unique two-sided solution to (6.1.1)) such that [u]— = p,. Likewise, for any strongly symmetric
__ya
v € P(D(‘)/l ) let Wy (vy) := (04—s[v])— where [v] is the unique two-sided solution the local equation

__\yd
such that [v]_ = v,. For v, € P(Dg ') not strongly continuous, let W, 4(vy) 1= .

Corollary 6.21. Suppose Assumptions |Z| and@ hold. Then both W and U are time-homogeneous,
_—yad
continuous flows, and for any strongly symmetric v, € P(DV1 ) with tiled extension U, and any 0 <

s <t < oo, Vs (Vy) is the tiled extension of W, (vy). This also implies that U1 (vy) = @S7t(ﬁﬁ)[V1d].
We defer the proof of this result to Section [I0.1}

__yd __y/d
Remark 6.22. In general, for 0 < s,¢ < 0o, we suspect that Wy : P(Dé/l ) — P(DXI ) may fail to

be continuous, in which case ¥ would not be continuous in the Feller sense.
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6.5 Stationary Solutions to the Local Equation and the SDE (6.1.1])

Theorem only addresses the relationship between transient solutions to and the local
equation. Here we discuss some simple corollaries that highlight the surprisingly complex relation-
ship between stationary solutions to the local equation and stationary IPS. This section details
preliminary work. We start with the following important observation. The 2-SGMRF property is
not preserved under weak limits. Because of this, it is very likely that there are examples of IPS
for which the local equation experiences a discontinuity at infinite time in which limiting distribu-
tions of the form limy_,, 0¢[v], where [v] is some strongly symmetric two-sided solution to the local
equation, may fail to be stationary even when the limit exists. Therefore, we begin with a simple

characterization of this broader class of stationary measures.

Definition 6.23. A stationary measure v € P(@Vld) is called a symmetric limiting solution to the
local equation if there exists a strongly symmetric two-sided solution [v] to the local equation such
that limy_, o 0;[v] = V. Likewise, a stationary measure fi € P(@Vd) is called a symmetric limiting
solution to the SDE if there exists an automorphism invariant, 2-SGMRF two-sided solution

[1] to (6.1.1)) such that limy oo O¢[u] = [i.

It should be immediately clear that all symmetric limiting solutions to the local equation are
strongly symmetric, and all symmetric limiting solutions to are automorphism invariant.
However, symmetric limiting solutions to may fail to be 2-SGMRFs as the 2-SGMRF con-
ditional structure is not necessarily preserved under weak convergence of measures. Thus, under
Assumptions |4 and [5], a symmetric limiting solution to is essentially any stationary solution
to for which there exists an automorphism invariant 2-SGMRF in the basin of attraction.

Corollary 6.24. Suppose Assumptions[f] and [J holds. Then for any symmetric limiting solution

to (6.1.1) 1, u[V] is a symmetric limiting solution to the local equation.

The proof of Corollary [6.24] is deferred to Section [10.1] Corollary [6.24] states that the limiting
solutions of the local equation describe the marginals of all stationary distributions of the IPS for
which there exists an automorphism invariant 2-SGMRF in the basin of attraction. However, it
should be noted that it is possible for multiple symmetric limiting solutions to to map to a

single symmetric limiting solution to the local equation.
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Looking at symmetric limiting solutions gives us a way to analyze the local equations and
retrieve some information about stationary solutions to (6.1.1])). However, there is no “reverse map-
ping”, so to speak, that definitively yields a stationary solution to (6.1.1)) given a symmetric limiting

solution to the local equation. Stationary solutions to the local equation do provide such a mapping.

Corollary 6.25. Under Assumptions [{] and [5, the tiled extension induces a bijection between

strongly symmetric stationary solutions to the local equation and automorphism invariant, 2-

SGMRF stationary solutions to (6.1.1)).

The proof of Corollary [6.25]is deferred to Section[10.1] Note that it is currently an open problem

under what conditions stationary solutions to (6.1.1]) have 2-SGMRF trajectories.

6.6 Markov Local Equation

Studying the local equations numerically is difficult, as the functions + are defined in terms of
conditional expectations where one conditions on the trajectory of the process. Such conditional
expectations are exceedingly difficult to compute numerically. In this section, we present a first ap-
proximation. The idea behind this approximation is simple: when computing the functions , simply
disregard the memory of the process. So instead of calculating E {rj (t, R, Y)|Riz1y5 Y{@J}[t)], sim-
ply compute E {'rj (t,R,Y) |Y{®71}(t—)] instead. We call this the Markov approximation. In Section
we present a brief numerical analysis of the Markov approximation for four different interacting par-
ticle systems. In this section, we introduce the Markov approximation and present one theoretical
result describing its efficacy.

Throughout the section, we assume that the IPS is time-homogeneous and Markov.

Assumption 6. For each j € J, there exists a function 7 : xv R such that for all (¢, 1/9\, y) €

Ry x (K x D)V,

Recall from the end of Section [3| that (Q,F,F,P) and N are assumed to be fixed. Let

=)

= (g(Ev))Uevld be the Fy-measurable XV'-valued random variable defined above Definition [6.14

(noting that under Assumption |§| we may assume without loss of generality that = X and
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¢ : K — K is the identity). Then the Markov local equation can be defined analogously to the local

equation:

Definition 6.26. A (strong) solution to the Markov local equation for the initial data & is a tuple

(Y, %) such that,
(1) Y is a Dvld—valued, HE v HN C F-adapted process;

(2) 7 := {F;}jes is a family of Borel measurable functions 7; : Ry x X2 — Ry such that

t— 7;(t, 5) is continuous for all j € J and ¥ € X2 and that,

(6.6.1) 3t Yig 1y (t=)) = E [F(Y (t=) Vg1 ()] as.
for every t € Ry ;

(3) (Ko, Y,, Nv)vevld and 7 satisfy

Fo Iy, & N, (ds, dr,dj)  if ,
(6.6.2) Y, (t) = (o) + Joaxm <7 I {r<3Vwzy(s-N} (ds,dr,dj) ifve Ny |

<(Fz) + 0w xg s (7o) Nolds,drodi) - ifv =0
We denote the law of a solution to the Markov local equation for ¥ by v. We say the solution

is pathwise unique if for any strong solutions (}71, A') and (172,72) to the Markov local equation,

Y1 and Y2 are indistinguishable.

Unlike the local equation, solutions to the Markov local equation can be described in terms
of solutions to its forward equation which is an ODE. For any U C V% a € XV and j € Z, let
Sy.j(a) € XU be defined by (Sy;(a))u = ay + jlpu—yy for u € U. Let p: Ry x XYi* = [0,1] be a
function solving the following initial value problem where the initial state is defined by the function

Do : v [0,1] satisfying > ,apo(a) = 1:
acX 1

Lp(t,a) = 3 (5(So.-s(@)plt, So (@) ~ 75 (@)p(t, @)

JjeJ
(6.6.3)
X et e 0) X e Ti0p(t0)
YN | e Pt Su-(a)) — — B2 p(t,0)

vENg jET 2 pex Vi p(t,0) 2 pex Vi p(t,b)

big,13=(av—j,ap) b{z,1}=0{v. o}
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(6.6.4)

p(0,a) = po(a).

In order for the above ODE to be well defined, we apply the convention that % = 0 above, and

for all a € XY, v € V& and j € J such that S —jla) ¢ xV ) we set p(t, Sy,—j(a)) :=0.

Proposition 6.27. Suppose Assumptions and@ hold, |X| < oo and po(a) > 0 for all a € XV
Then there exists a unique, continuously differentiable (in its first argument) solution p : Ry X
xve o 0,1] to (6.6.3), and there exists a pathwise unique solution (Y,%) to the Markov local

equation. Furthermore, for eacht € R, and a € X7, P(Y (t) = a) = p(t, a).

The proof of Proposition [6.27] is deferred to Section [I0.2] We do not yet have many theoretical
guarantees of how well the Markov local equation performs. However, we do identify one situation in
which the process described by the Markov local equation exactly matches the marginal distribution
of a stationary solution to the SDE (|6.1.1]).

First, note that under Assumptions and@, if [u] € P(fvd) is a stationary solution to ([6.1.1))
and X ~ [u], then [u] is completely characterized by Law(X(0)), so in the Markov case there is
no need to define stationary solutions as probability measures on path space. We will say that
7 € P(XV") a stationary solution to (6.1.1) if there exists a stationary solution (1] € P(fvd) to
such that for any X ~ [u], X(0) ~ 7w. Then we present the following result which we prove

in Section [10.21

Proposition 6.28. Suppose Assumptions[]] and[f hold. If there exists an automorphism invariant,
2-SGMRF stationary solution m € P(de) to (6.1.1)), then the unique solution p : R x xvi [0, 1]
to (6.6.3)) with respect to the initial condition po(a) = w({a} x XV a e XY s also stationary

(in the sense that p(t,a) does not depend on t).

Remark 6.29. Note that we do not in general expect the transient dynamics of solutions to the
Markov local equation to equal the dynamics of solutions to the local equation or the marginal
trajectory of the IPS even in the case that the stationary solutions of all three processes are the

same.



CHAPTER 7

Some Numerical Results

In this section we illustrate Proposition [6.2§] numerically for the Ising model with no external
magnetic field on Ty4. We then apply a number of standard approximation algorithms for to three
Markovian IPS: the SIR model on Ty, the voter model on T3 and the contact process on T, all of
which are defined in Section[3.2] In each case we investigate different functionals. For the SIR model,
we simply plot the probability that the root particle is susceptible and infected at each time. In
the voter model we investigate neighbor-neighbor correlations by plotting the number of neighbors
with which the root is in agreement with as time progresses. Lastly, in the contact process we test
how the various approximations perform at stationarity by using each approximation to estimate
the upper-invariant measure of the contact process. This also allows us to detect differences in how
well each approximation estimates the phase transition of the contact process.

In this context, we refer to solutions to the Markov local equation as the Markov approximation
(MA). Additionally, we show that while the trajectory of the MA is not the same as the trajectory
of the solution to the local equation, the MA still provides a reasonable approximation of the
trajectory of the IPS in the neighborhood of the root in many situations. To highlight this, we also
present comparisons to the mean field approximations (MFA) and pairwise approximations (PA)

of these processes both of which are explicitly defined below.

107
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7.1 The Approximations

In this section we describe the different approximations which we compare to the MA. We give
some intuition regarding how each can be derived and, in the case of the pairwise approximation,
state the specific ODEs we will be using for the specific models.

Consider the example of the SIR model. Then the standard MFA of the SIR model (though
this model predated the networked SIR model and so was not considered an MFA at the time [54])

is given by the solution to the following ODE:

dps
dt

dpy
dt

dpo
(7.1.1) o Apop1-

=D1

= A\pop1 — p1

Define v :=0; and let A: R x R x P({0,1,2}) — Ry satisfy,

Ala, j,m) = Iy (%1} + H{ao})‘/ﬂ{bl}n(db)> :

Then it is easily seen that A, satisfy [73, Assumptions (B1)-(B4)] (or rather the sufficient condi-
tions that Oelschlidger claims imply these assumptions). Then in the notation of that paper, B
is the infinitesimal generator describing the dynamics of the SIR model on the complete graph of
N vertices with infection rate %, and by [73, Theorem 2], the empirical measure of this process
converges weakly to the law of a process X such that P(X(t) = i) = p;(t) for each i = 0,1,2.
Therefore, the mean field approximation for the SIR model actually describes the limiting behavior
of an SIR model in which the infection rate A depends on the size of the graph G,,. This introduces
a problem. Given that we want to apply the MFA to the SIR model on the graph T4, what value of
A should we use? Consider the following heuristic. Let G, be the complete graph on n vertices and
suppose that at a given time t, In vertices are infected. Then in the scaled MF model, any suscep-
tible particle will be infected at rate I n% = IX. Now consider the SIR model on the regular tree
T4 with infection rate A and, formally speaking, suppose at time ¢, each particle is independently
infected with probability I. Then on average, we would expect a susceptible particle to be infected

at a rate of dI\, which is d times the average rate at which a particle is infected in the mean-field
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approximation. Therefore it makes sense to approximate the SIR model on T; with infection rate
A by its MFA with infection rate Ad. Indeed, this heuristic is a standard one in the application of
the MFA to contact processes on heterogeneous graphs [76].

More generally, we can derive this modified MFA using a process very similar to the derivation
of the MA. The basic idea is simple. When we derive the local equation, we first show that IPS has
an automorphism invariant law and satisfies the 2-SGMRF property on path space. The MA can
be seen as an approximation stemming from the assumption that at any given time ¢, Law (X (¢))
is also an automorphism invariant 2-SGMRF. For the MFA, we replace this assumption with the
assumption that X (t) = (X,(t)),eya is always i.i.d.. Let {XMF4Y _ 4 be an ii.d. collection of
cadlag processes on X such that for a given Poisson process N on Ri x J with intensity Leb? @ # 7,

independent of XMF4 o £ @, and X2F4(0),

XMEA ) = X MFA(0) +/ N(ds, dr, dj).

T,
(0,t]xR+xjj {TSTj(Xi‘lf;A)}
Note that XMF4 satisfies (6.1.1)) for v = @. Then the function pM 74 : R, x X — [0,1] defined by
pMEA(t a) = P(XMEFA(t) = a) for (t,a) € Ry x X satisfies the following initial value problem for

pyIFA X — [0,1] given by p)F4(a) = P(XAFA(0) = a):

(7.1.2) %pMFA(t,@ = Y 50 [ ptb) - S 50) [T pitb)

JET pep Vi veVd JET pexVit veVyd
bg=a—j bgy=a
(7.1.3) P70, a) = py"" ().

It is easily shown that is equivalent to the ODE derived in [76] for the contact process. For
the SIR model, the ODE above is equivalent to with A replaced by Ad. Lastly, for the linear
voter model, the above ODE simplifies to %pMF A = (. As these are standard results, we omit
rigorous justification of noting simply that such justification would follow along the same
lines as the proof of Proposition [6.2

The PA is a refinement of the MFA which takes pairwise correlations between neighboring par-
ticles into account. Let X 74 be the process representing the pair approximation. The idea behind
the pairwise approximation is to derive a forward equation ODE that describes at any given time ¢
the probability that the pair (XF4(t), XF4(t)) takes a given value for a typical edge {u,v} € E.

The approximating assumption made is that for any pair of edges {u, '} and {v,v'} composed
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of distinct vertices the random variables (XA(t), XFA(¢)) and (XFPA(t), XFA(t)) are indepen-
dent. Furthermore, given a path {u,v,w}, XI4(t) and XF4(t) are conditionally independent given
XPA(t). For the contact process, the full derivation is given in [68] with some small modifications.
First, as we are working with the regular tree T4, we do not need to consider heterogeneities in
the degree of the graph. Second, the pairwise approximation of [68] is computed with respect to
the scaled contact process used for the MFA, so we replace A by Ad in the computation. We note
that the SIR model has similar dynamics, to the contact process and therefore simply adapt the
pairwise ODE from [68] to the SIR process as described below. Note that a pairwise approximation
for the (non-Markovian) SIR model can be found in [84], however this model does not take network
topology into account and so we choose to work with the modified ODE from [68] for consistency.
Lastly, the pairwise approximation from the voter model that we use can be found in [91]. We write
out the ODEs below for each of the three processes setting p5A(t) = pfA(t) = P(Xﬁf‘v}(t) = (a,b))

for (a,b) € X% and a typical edge {u,v}. We start with the contact process pairwise approximation

from [68]:
d pg PA PA PglA (p&)A - p0P1A)
—poi = —Por (L+A)+pii” +Ad—1)
dt poit + it
d phi'pli PA
(7.1.4) —pbit = —2M(d — 1) [ 220 ) 4 2p
dt 00 p(])DlA +p§)A 01

Then the equation above determines p{ = 1 — p(J)DOA — 2p(1)31A. As mentioned earlier SIR model is
a straightforward modification of the above equation. We simply need to change the denominator
to reflect the existence of a 2 state and change all transitions from the 1 state to the 0 state into

transitions from the 1 state to the 2 state.

d PA, PA
Spit = —o(d—1) | 0
dt DPos +DPoi + Poo
pbA (ks — i) >
phs* + pbit + pi?

d
P01 = —poi (14 A) + A (d = 1) <

d pPApPA
—péng = Ad—1) (= o1 Po2 _|_p(1)31,4
dt P03

PA | PA
+Poi + Poo
PA, PA

d pa PA Po1 Poi PA
—pii = —2pf +2M(d—1) + 2Apo;
dat! ! pbst + pb + it
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(7.1.5) ﬁpPA _ _pPA +pPA +Ad—1) P&AP(])DQA
P12 12 11 pUPzA+P51A+PéDOA )

where pist = 1= (pg" +pit') — 2(p6" + pb3" + pis)-
Lastly we apply equation (5) of [91], where we note that p = 2pf* and we set pg = P(X54(0) =
0):

d 2pPA pPA
7.1.6 —phA = 2P0l gy (1 20 ) .

Again there is an alternative approach that can be taken to derive the pairwise approximation.
Suppose that the law of the process X4 at any given time is an automorphism invariant 1-SGMRF.
Then by repeating arguments analogous to those used to derive the Markov local equation and prove
Proposition one can derive the following coupled ODE for p4 : R, — [0,1], a € X%

d pa _
ghe =22 > 70

PA -1
ve{@,1}jeT bexclv (Ecex p(bv,c)(t))
big,13=5v,—j(a)

PA
H’U,EN'U pb{u,v} (t

. HUEN’U p{:fv (t)
(7.1.7) D D 1)) b
oo i s (Seer (1)

b{@’l}:a

It can be shown through direct computation that (7.1.7)) is equivalent to (7.1.4), (7.1.5) and
(7.1.6]), so we omit the full justification of (7.1.7)).

7.2 Numerics

Because equations ((6.6.3)) and ((7.1.7)) are unstable, we use the implicit Runge-Kutta method of the
Radau ITA family of order 5 (which is the default Radau method used by the solve_ivp method
in the Python’s SciPy library) to solve it. In all cases, our program took less than a second to

numerically solve all relevant ODEs.

A. Ferromagnetic Ising Model: All finite state extremal local MRFs on trees are SGMRFs
[92, Corollary 2], which means that given no magnetic field, there exists a unique Ising model that is
also a SGMRF at high temperatures. At low temperatures, there exist two automorphism invariant
extremal Ising models (given by positive and negative boundary conditions respectively) which

must also be SGMRFs. Thus, these both satisfy the conditions of Proposition [6.28 We ran the
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Root Magnetization of Homogeneous Ising Measures
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Figure 7.1: Root Magnetization of the Ising model for different values of 8 with different initializa-
tions. The phase transition matches the theoretical phase transition.

ODE solver for 2000 units of time starting with po(-) describing a product of probability measures
on {£1} placing respective weights of 0.1,0.5 and 0.9 on the set {1}. In Figure we plot the root
magnetization (expected value of the Ising model at the root at time 2000) for different values of
the inverse temperature, 8 varying from 0.1 to 0.5 with a step size of 0.02. This was all evaluated
on the tree T4 and this process captured the unique Ising model for 5 < ., where j. is the critical
inverse temperature. For § > . the Markov local equation captured the two SGMRFs generated
by positive and negative boundary conditions. It also captured the non-extremal Ising measure
generated with free boundary conditions. The vertical dashed line marks the known theoretical
value of B, := % log 331 = Jlog(2) [AI, Equation (12.28)]. Note that the results in Figure are

exact by Proposition [6.28]

B. SIR Model: We first simulate the SIR model with A = % on a cycle graph (Ty) with
N = 1001 nodes, where each node is initially infected or susceptible with probability 1/2 each, and
compare it against the MA, MFA and the PA. We consider 100 time steps averaged over 10000 sam-
ples. Error bars are 95% confidence intervals adjusted using the conservative Bonferroni correction
to account for multiple error bars. Figures and plot the evolution of the probability of a
node being susceptible or infected, respectively, as a function of time. As we can see, the outputs

of both the MA and PA are nearly indistinguishable from the simulation of the SIR model.
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Trajectories of Susceptible Nodes: SIR Model Trajectories of Infected Nodes: SIR Model
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(a) Trajectory of S probabilities. (b) Trajectory of I probabilities.

Figure 7.2: The evolution of an infection via SIR.

C. Voter model: Now consider the linear voter model (LVM) on Ts. On an infinite tree
it is known not to converge to consensus [65, Chapter V, Theorem 1.8]. In our simulation, we
approximate T3 by a tree with 9 generations below the root. We initialize the process with each
voter supporting position 1 independently with probability 0.3. We averaged the trajectory of 10°
independent simulations; errors are given by 95% confidence intervals adjusted using the Bonferroni
correction. As the figure shows, even the simple linear voter model exhibits some complex behavior
as time progresses. While the MFA is unable to capture any of this complexity, the PA does capture

the qualitative behavior of the process while the MA follows the simulation closely.

D. Contact Process: Finally, we test the stationary behavior of the Markov local equation
for the contact process which has a non-trivial stationary distribution that is not a 2-SGMRF. The
contact process is a simple model with interesting qualitative behavior. At a low infection rate A,
the disease converges to extinction, but for large A, it admits a non-trivial stationary distribution. In
particular, there exists a unique non-trivial automorphism invariant extremal stationary probability
measure of the supercritical contact process called the upper-invariant measure [65, Chapter VI,
Theorem 1.5].

We display the total variation distance between the upper-invariant measure predicted by direct
simulation and the upper-invariant measure predicted by each of the MA, the PA and the MFA.
All total variation distances are calculated on the distribution of the root and its neighbors in Ty

for varying A. The contact process upper invariant measure was computed on 1001 nodes initialized
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Figure 7.3: Agreement between neighbors of the voter model over time.

with all nodes infected. The boundary nodes were fixed at 1. We ran the simulation for 103 time
steps, and then estimated the upper invariant measure by the average time spent at each state over
the next 10 time steps. The error bars are 95% confidence intervals calculated taking into account
auto-correlations which we computed separately [32, Theorem 8.3.2]. Error bars are adjusted using
the Bonferroni correction.

As we can see, none of these approximations perform well. However, although the MA under-
estimates the critical point significantly, the PA and the MFA are significantly worse. The critical
point is known to lie between 1.539 and 1.942 [66] and it is believed to be approximately 1.6494
based on numerical approximations [72, page 360]. However, for \ significantly larger and smaller
than its critical value, the MA provides a moderately accurate approximation of the upper invariant

measure of the contact process.

D. Concluding Remarks. Above, we use the Ising model to illustrate how the Markov local
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Figure 7.4: Contact Process: TV distance between MA and simulation

equation can be used to compute phase transitions. In the remaining examples, the MFA performs
poorly, and while the PA performs better, it is still consistently outdone by the MA. The above re-
sults suggest that the MA is reasonably accurate for transient functionals of IPS, and is significantly
faster to implement than simulations. Figure [7.4] demonstrates that the MA can also approximate
stationary solutions well under certain conditions. Indeed, by Corollary the inaccuracy of the
MA near criticality stems from the difference between the MA and the solution to the local equa-
tion. Interesting directions of future work include understanding long-time behavior, developing
tractable numerical algorithms to the local equations, quantifying errors of approximations to the
local equations such as MA and more refined versions, and applications, involving more intensive

simulations, to a variety of IPS models.



CHAPTER 8

Proofs of Intermediate Results

8.1 A Proof that IPS are Automorphism-Invariant 2-SGMRFs

In this section, we prove Proposition which states that under certain conditions, the IPS is
an automorphism invariant 2-SGMRF. The fact that the IPS is automorphism invariant follows
directly from Lemma so it suffices to prove that the IPS forms a 2-SGMRF. A rough outline
of this proof is as follows. Fix G, &, and {r}},cv,jes as in the proposition, let X = {X,},ev be
a solution to the SDE (6.1.1)), and let x denote its law, and recall that p;— = Law(k, X[t)). Also,
assume that y, := Law(k) is a 2-SGMRF on K" with respect to G. For any ¢ > 0, our proof that
wi— is also a 2-SGMRF can be broken into three main steps. First, in Section we construct
a sequence of XV -valued “reference processes” X " n € N, with initial data x, such that for any

partition A, B, S of V for which S = N7 is finite, we have
(8.1.1) (4, XE[0)) AL (kB, XB[1))| (55, XE[)), t € (0,00)

for n sufficiently large (depending on S). Then in Section we compute the Radon-Nikodym
derivative of the law on path space of the IPS with respect to that of the corresponding reference
process Xn by first establishing a duality relation between IPS and point processes (see Proposition
and then leveraging results from point process theory. In particular, this yields an explicit

factorization of the Radon-Nikodym derivative, which is combined in Section with a result
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from [81] to prove that u;— is a 2-SGMRF with respect to G for all ¢ > 0. Finally, the result is

extended to the case t = 0o via a standard martingale argument akin to that used in [59), Section

3.2].

8.1.1 Reference Processes and their Conditional Independence Properties

For the remainder of the paper, we assume that X = Z. Note that this is without loss of generality
because the IPS X may be regarded as a process with state space Z" such that X, (t) € X almost
surely for all v € V' and ¢t € R. Given initial data x and recalling the definition of ¢ from Section
let W C V be any finite vertex set and define the jump rate functions

(8.1.2) AU = () v,

1 otherwise.

Then let X% be the almost surely unique solution to the SDE

(8.1.3) XV(t) = ¢(ko) + o t}xR+xjo{’”§;’?W(5’“’)?W)} N, (ds,dr,dj) for v €V,

which is strongly well-posed by Lemma Now, fix an arbitrary vertex @ € V', and define
Ve ={veV :dg(v,@) <n}, n € N.

We then construct an associated sequence of representative processes {)? "}nen as defined below.

Definition 8.1. For each n € N, let [i” := Law(x, X™) denote the joint distribution of the initial
data  and the solution X" := X"+ to the SDE (§8.1.3) with W = V&, Also, let i := Law(x)
denote the first marginal, and for ¢ > 0, let 7i” and /i’ denote the joint laws of (x, X"[t]) and

~

(k, X™[t)), respectively.

We now state the main result of this section, Proposition which shows that (k, X ™) has a

conditional structure that partially resembles a 2-SGMREF.

Proposition 8.2. [37] Suppose Assumptz'ons holds. Fizn > 2. Let A, B,S CV form a partition

of V such that S = N2 C V.% | and also suppose k4 I kp|rkg. Then for any t € (0,00),

(8.1.4) (4, XE[1) AL (rp, XB[E))|(ks, XE[E)).
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The proof of Proposition [8:2] given below, relies on the following abstract technical lemma,
which provides sufficient conditions under which conditional independence properties can be trans-

ferred from one collection of random elements to another.

Lemma 8.3. [%7] For eachi,j=1,...,3, let Zij be a random element taking values in some Polish

space Zl-j that satisfies the following properties:

1. {Z%}ic123 is a set of mutually independent random elements that is independent of

{Z}Yic103;
2. HZ CHZ CHAY fori=1,2,3, where 21V = (21, Z2).
Then
(8.1.5) ARINAIVA:
implies Z3 1L Z3|Z3.
Relegating the proof of the lemma to Appendix we now apply it to prove Proposition

Proof of Proposition[8.2: Fix a partition A, B,S C V satisfying the conditions of the proposition,
and for notational convenience, set D1 := A, Dy := B, D3 := 5. To prove Proposition it clearly
suffices to show that the conditions of Lemma are satisfied by Zil = KD, ZZ-2 = Np, and
73 = (RD“X& [t)), i = 1,2,3, since then Lemma implies that Z7 1L Z3|Z3, or equivalently,
(/{A,Xg[t)) i (/-@B,)A(g[t))|(/£5,)?g[t)), which is what we want to prove.

First, note that kp, 1 kp,|kp,; by assumption and so holds. Further, since D;, i =
1,2,3, are disjoint, {Np, }i=1,2,3 are mutually independent and, by assumption, also independent of
{kD, }i=1,2,3. Thus, condition 1 of Lemma also holds. It only remains to verify the measurability
condition stated in condition 2. The first inclusion HZ C HZ holds trivially for ¢ = 1,2,3. To
prove the second inclusion, note that X™ is the a.s. unique solution to the SDE with W = V¢
and so the locality assumption in condition of Assumption [4| and imply that its marginal

)?ﬁ on the set A solves the following SDE:

(k) + Ji0.4x(0,1]x7 INw(ds, dr, dj) ifveV&nA,

G(ky) + f(O,t}XR+XJjﬂ{rg?;(s,)?gv,nclv)}N”(ds’dr’ dj) ifve A\ VnG7
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where 77 is the function from condition of Assumption (4l We now claim that cl, C A for every
veE A\ VnG, and thus the SDE for the marginal X4 is autonomously defined. The claim
holds because A, B and S form a partition of V and for any v € A\ V¥, the fact that v € A and
the assumption on S imply cl, N B C Ny C N3(G) = S C V¥, whereas the fact that v ¢ V& |
implies cl, N V& | = 0.

We now show that the SDE (8.1.6]) is strongly well-posed. Fix any solution space (2, F,F,P)
supporting the driving Poisson processes N, and & A, and consider an extension (Q, F,F, IP’) of the
solution space that also supports i.i.d. Poisson processes NV\ 4 and Ky 4 such that N := (NU)UGV
is a collection of driving Poisson processes of (in the sense of Definition with W = V&,
Let Y4 and Z4 be two weak solutions to on the solution space (€2, F,F,P) with the same
initial data k4, and (by strong well-posedness of ) let X be the a.s. unique solution to ((8.1.3))

with W = VnG and initial data x. Then, as argued above, the processes

YA ifvec A 74 ifvec A

~ v ~ v

Y, = and Z,:= ;
X, ifv¢gA X, ifvé¢A
are both solutions to on (Q, F,F,P) with W = V,¢. Therefore X = Y = Z a.s., and so
in particular YA =Z4as.. Thus, is strongly well-posed which completes the proof of the
claim. By the strong well-posedness of , )A(Z is the a.s. unique solution to driven by
N4, and by Lemma (K A,)A(X[t)) must be ##4 Vv HNA-measurable. This proves the second
inclusion in condition 2 for the case i = 1.

The case i = 2 can be argued similarly. We first claim that N3(G) C S. Indeed, if the claim
were not true, then since A, B, S is a (disjoint) partition of V, it must be true that N3(G)NA # () or
equivalently, there must exist u € A and v € B such that dg(u,v) < 2. However, since S = N3(G)
by assumption, this implies v € N3(G) N B = S N B, which contradicts the fact that SN B = 0.
Given the claim, an identical argument as that used for ¢ = 1 shows that (kp, X’g [t)) is H"B \/HE B-
measurable, thus proving the second inclusion in condition 2 of Lemma [8:3] when ¢ = 2. The proof
for the case ¢ = 3 is much simpler. By with W = V.S, for each v € § € V¢, X is given
by the one-dimensional, H*s v HNs-adapted process t + ¢(ky) + f(o,t}x(o,uxijv(dSv dr,dj). This
shows that X’ﬁ is a measurable function of (k,,N,). Since this is true for each v € S, this proves

condition 2 of Lemma [8.3] also holds for ¢ = 3. This completes the verification of the conditions of
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Lemma [8:3] and thus proves the proposition. O

8.1.2 Change of Measure Results on Infinite Graphs

In this section, we state the form of the Radon-Nikodym derivative, du;—/dpij_ of the law of the
IPS X on the time interval [0,¢) and its initial data x with respect to that of the reference process
X™ in the same time interval and its initial data x on an event of iy -full measure. To state our
result we first introduce the notions of proper trajectories and their so-called jump characteristics.

Recall the definition of a proper process from Lemma [6.3

Definition 8.4. [37] Fix U C V finite, ¢t € (0,00), and let € DY be proper. Then the jump
characteristics of x are the elements {(tx(z), jr(x),ve(z))} C (0,00) x J x U, where {tx(z)} =
Disce () is an increasing sequence, and Az, () (tr (7)) = ji(v) for each k < [Discy () [+ 1. When

the trajectory x is clear from the context, we simply write {(¢x, ji, vi)} for {(tx(z), jx(z), v (z))}.

We now establish conditions under which the jump characteristics of a process exist.

Lemma 8.5. [J7] Suppose the jump rate functions {rj}vev,jes satisfy conditions and of
Assumption . For any finite W C V, let XV be any weak solution to the SDE (8.1.3) for the
initial data Kk and let X be any weak solution to (6.1.1) for the same initial data k. Then for any

finite U C V| the jump characteristics of X}V]V and Xy are almost surely well defined.

Proof. Note that X" is a weak solution to so we may write X = X" without loss of generality.
Thus, it suffices to prove that the jump characteristics of X g/ exist. This occurs precisely when X (V]V
is proper and its discontinuity times can be listed in increasing order. However, xXw (and therefore
X [I}V ) is a.s. proper by Lemma Furthermore, because U is finite, XV is discrete. Therefore,
|Disc ()A((‘}V> | < oo for every t € R, Thus, the jump characteristics {(tx(X}Y), jx(XeV), v (XY )}

are well defined because the elements of Discs, ()A( E/ ) can be ordered. O

Our next result is a general change of measure result that yields the Radon-Nikodym derivative
of y1;— with respect to ji}’ for t > 0 and W C V finite in terms of the jump characteristics of )A(VMV/ .
Lemma [8.5] ensures that this Radon-Nikodym derivative is a.s. well defined. We defer the proof of
the result to Section
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Proposition 8.6. [37] Let G be a deterministic (not necessarily locally finite) graph. Suppose the
jump rate functions {r}’}%uﬁj satisfy conditions and of Assumption . Let W C V be
any finite set and suppose that "V is the law of any weak solution XY to the SDE (8.1.3)) for the

initial data k. For any (t,j,v) € Ry x J x V, assume that

t A~
(8.1.7) / r;’(s,/i,XW) ds < o0 a.s..
0

Define G := H" Vv X" and the process

(8.1.8) [ 11 oE (e, K, X )] exp (— > /0 (5,1, XV — 1) ds) ,
G ]

0<t, <t

where {(ty, jr, )} are the jump characteristics of X}y, . Then LW = (LY )ier, is a.s. well defined
and it is a G-local martingale. If LY is also a G-martingale, then there exists a measure i €

P(K x D)V) such that Z#;ZV (5, XWt)) = LY for allt > 0 a.s., and there exists a weak solution X

to the SDE (6.1.1)) for the initial data r such that Law(k, X) =

Remark 8.7. [37] The conditions of Proposition are not sufficient to guarantee well-posedness
of (6.1.1) and (8.1.3). In the absence of well-posedness (and assuming L" is a G-Martingale), for

each probability measure i¥¥' describing the law of a weak solution to (8.1.3)), there exists a unique

measure i such that ZﬁtW (k, XW[t)) = LW for cach ¢t > 0, and i is the law of a weak solution to

6.1.1).

Remark 8.8. [37] By allowing the jump rate functions to violate condition |(1)| of Assumption
the graph structure G becomes irrelevant to Proposition 8.6} Thus, Proposition [8.6]is applicable to
solutions of a more general class of infinite-dimensional Poisson-driven SDEs not necessarily arising

as locally interacting processes with respect to some graph.

When G is finite and the IPS is Markov, this result is known (e.g. [19, Example 15.2.10]).
Even in the non-Markov case, the result follows by applying duality (discussed in Section [8.2.1)) to
characterize the IPS in terms of a point process and then applying any change of measure theorem
for point processes (e.g. [19, Theorem 15.2.7], |28, Proposition 14.4.II1] and [I8, VIII T10]), along
with a few simple bounding arguments to prove that the candidate Radon-Nikodym derivative is

indeed a martingale (rather than a local martingale). However, the case of infinite graphs is more
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subtle due to the possibility of explosions, and Proposition [8.9] in fact addresses the more general
case when the graph may not be locally finite, necessitating careful justification. The more general
setting is of interest for the study of analogous properties of IPS on random graphs. The proof of
Proposition [8.0] is given in Section [8.2.2] As a corollary, we now state the change of measure result

that we use to prove Proposition [6.10

Corollary 8.9. [37] Suppose Assumptz’on holds and that G is a graph of bounded maximal degree.
For anyn € N and t € (0, 00),

(8.1.9)

dﬁi_(/@, H 7‘ tk,m X”) exp | — Z / S/an) )ds a.s.,
dp (Jv) 0:£)

o<ty <t eTxVE

where {(t}, jit, vi) }k ts the set of jump characteristics of )A((}G in the sense of Definition .

Proof. Fix n € N, let d be the maximal degree of any vertex in G and recall Xn =XV, Applying
Proposition with W = VnG , the process L™ := LY+ in is a G-local martingale. We first
prove that it is in fact a G-martingale. Let {0;}sen be a localizing sequence for L™ and for each
¢ € N, let 7 := inf{t : |Disc, (ch) | > ¢} where the infimum of an empty set is taken to be
infinite. Note that 7 is a G-stopping time. Because Xn Ve is a.s. cadlag and X Vi is a discrete space,
X ”G can only have finitely many discontinuities in any finite time interval. Thus, limy_,., 77 = o
a.s., 80 {1y A Op}een is also a localizing sequence for L™. Recall the definition of C': N x Ry — R4
from condition of Assumption |4} Then for each t € R,

N
sup |Lipr,ng,| < |C(d+1,1))]
LeN

Disce ()?VGN exp (t|VGH;7|> <|C(d+1,1)] e <XVG>’ exXp (t’VGHJD :

~

V& .
" (+,k, X™) = 1 whenever (j,v) €

However, note that ’Disct (X‘ZLG)’ ~ Poiss(|V,¢||T|t) because ?;

J X VnG. This implies

Discy (2“ ) ‘
v

which shows that for each ¢ > 0, the sequence {L?/\Te A, }een is dominated by a random variable

E [sup |L?W94|] < exp (1V,7)|7) E [|o<d+ 1) <o,
LeN

with a finite first moment and is therefore uniformly integrable. By [56], Proposition 1.8], it follows
that L™ is a G-martingale and for any ¢t € Ry, E[L}] = 1.
Proposition then implies that the measure i € P((K xD)Y) defined by dji;_ /dif (1, X™) =

7 a.s. for all ¢ > 0 is the law of a weak solution X to (6.1.1) for the initial data x on the graph
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G. By Lemma the SDE (6.1.1)) is well-posed which implies that (, X) @ (k, X). This shows

dpe_ Jdpi (k, X™) = dfiy_ Jdfi?_(k, X™) = L a.s. for every ¢t > 0, as desired. O

8.1.3 Proof of Proposition [6.10

As mentioned earlier, the proof of the MRF properties on finite time intervals proceeds by trans-
fering the analogous conditional independence properties for the reference processes established in
Proposition to the original IPS. This makes use of a result from [81] paraphrased and slightly
modified in Lemma [R.10 below.

Lemma 8.10. [37/ Let ((NZ,]?) be a measurable space, let F; C F, i = 0,1,2, be sub-o-algebras,
and let Py and Py be two probability measures on ((2,.7?) such that P; < Py. Assume that Fi and
F are conditionally independent with respect to P given Fo. If in addition p, the Radon-Nikodym
derivative d[ﬁ’l/dﬁ’o with respect to \/?:1I~Fi; satisfies p = p1p2 almost surely for ]?Z Y ]?o—measumble
random variables p;, i = 1,2, then F1 and Fy are also conditionally independent with respect to P,

given Jt"o.

Proof. 1f the filtrations were required to be complete, then this result would follow from [81, Theo-
rem 3.6] under the stronger assumption that P, is equivalent to Iﬁ’o. However, as elaborated below,
the same argument used in [8I] also shows that the result holds under the weaker assumptions of a
not necessarily complete filtration and under absolute continuity P, < P (rather than equivalence).

Let Z be any bounded, Fi-measurable random variable. Then, applying [14, Proposition B.41],
the Iﬁ’o—conditional independence of fl and fg given ]?0 and the ﬁi—measurability of p;, 1 =1,2, we

have ﬁ’l—a.s.,
EF: 2170 v o] = = 2ol Fov 7 _ poEe Zp|Fo v T _ ER Zp1|Fo]
T (il FovE]  pER [p|FovF| BR[| R

Thus, EP1 [Z |.7-"0 Vv .7?2} is Fo-measurable and therefore Pj-a.s. equal to EP1 [Z \.7?0}, so F and Fy

are conditionally independent with respect to P, given Fo. O

Proof of Proposition[6.10: First note that for any ¢ > 0 p, 1 and ps— (if ¢ > 0) are all automorphism

invariant by Lemma [6.3]
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Fix n € N. By Lemma the SDEs and (the latter with W = V.&) which define
X and X " respectively, are both strongly well-posed. Suppose that A, B, S C V partition V with
|S| < oo and let n be sufficiently large so that S = N2 C V.. Then by assumption, we have
ka 1L kp|ks and so if we fix t > 0, it follows from Proposition that F1 := B((K x D;_)*)
is independent of Fy := B((K x D;_)P) given Fy := B((K x D,_)%) with respect to il . We

would like to apply Lemma [8.10 with (Q, F) = ((IC x Dy )V, B((K x Dt_)V))), Fi,i=0,1,2 as

just defined, Py = i = Law(r, X"[t)), P1 = p— = Law(s, X[t)), p = due— /di?_. To verify the
remaining conditions of the lemma, note that by Corollary P; < Py on B((K x D;_)V) with
Radon-Nikodym derivative dy;— /dfy = p.

We now verify the last remaining condition of Lemma which involves showing that the
Radon-Nikodym derivative p = du,—/du}_ factorizes in the right way. To this end, recall the
definition of {7} },ev jes from condition of Assumption {4 and for v € V, define g, : (K X
D;_ )@ & R, as follows:

gu(V, ) = H T () (20), U, x] exp ( Z/ 2(t, 9, x) )ds)
0<tp(zv)<t JjeT
if x is proper, and set g,(¢,x) = 0 (any arbitrary value would have sufficed) for any other z €
D;_. Noting that the jump characteristics Xn yo are a.s. well defined by Lemma and letting
{(t}, 78, vit) tren denote the associated jump characteristics, Corollaryand the locality property

of Assumption [4] imply

(8.1.10) d‘ij; (. X"10) = T v (ke X, 1)) as.

d
He— veV,E

This implies that Zt’ (K x D;—)V — Ry may be defined by < d (19 z) = [lyeve go(Pa,, Zal, )-
t n

Thus, for each (9, ) € (K x D;_)V, we can rewrite the Radon—leodym derivative as

(8.1.11) Zilg;_ (¥,2) = ( I (ﬁclv,xclv)) ( I 9 (ﬁdu,xdu)>.

veclaNV,G ueV,G\cly

Since N3(G) = S, the term in the first bracket on the right-hand side of (8.1.11]) depends only on
(KAuS, )Afﬁus[t)) and is thus B((K x D;_)AYS = F| v Fy-measurable while the term in the second

bracket depends only on (kpysg, )A(]"gus[t)) and is thus B((K x D;_)BY = Fo V Fo-measurable. This
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completes the verification of all the conditions of Lemma [8.10] which allows us to conclude that
(8.1.12) (ka, Xalt)) 1L (kB, XB[t))|(ks, Xs[t))-

Thus, we have shown that u;— is a 2-SGMRF with respect to G. Next, note that for any ¢t > 0,
X (t—) = X(t) almost surely. Thus, for any U C V, HvXvl) = ¢rvXull]l and by Lemma
(ka, Xalt)) A (kB, X5[t))|(rks, Xs[t)) implies that H*a-Xal) 1| HrB.XB)|HrsXs[D) which we have

just shown implies Hra-Xalll 1| 358 XBlt|3rs:Xslt] Applying Lemma once more yields,
(8.1.13) (ka, Xalt]) 1L (kB, XB[t])|(ks, Xs[t]).

So uy is also a 2-SGMREF.

We now extend this to the infinite time interval to show that the same is true for p. The
argument we use is similar to the one applied in the proof of [59, Theorem 2.4]. Fix an element a ¢ X.
For any x € D and t € Ry, we may embed the truncated function z[t) in D* := D(Ry, X U {a})
by setting z[t)(s) = a whenever s > t and z[t)(s) = z(s) when s < ¢t. Thus, z[t) — z as t — o
in D% Let A,B,S C V be a partition such that S = N3 is finite. For each U C V, define

fv : (K x D*)Y — R to be bounded and continuous. Then, as justified below the display, we have

E[fa(ka, Xa)fB(kB, XB)fs(ks, Xs)]

= lim lim E[fa(ka,Xa[s2))fB(kB, XB[s2))fs(ks, Xs[s1))]

S9—00 §1—00

= lim lim E[E[fa(ka, Xals2))|ks, Xs[s1)|E[fe(kp, XB[s2))|ks, Xs[s1)] fs(ks, Xs[s1))]

52—00 §1—>00

= lim E[E[fa(rka, Xa[s2))|ks, Xs|E[fB(kp, XB[s2))|ks, Xs] fs(ks, Xs)]

S2—>00

=E[E[fa(ka,Xa)|ks, Xs|E[fp(kB, XB)|ks, Xs] fs(ks, Xs)],

where the first equality uses the bounded convergence theorem and continuity of the func-
tions fa, B, fs, the second equality uses equation with ¢ = s, the third equality uses
o(ks,Xs) = Vser, 0(ks, Xs[s)), the Doob martingale convergence theorem, the continuity of fg
and the bounded convergence theorem, and the final equality holds due to the bounded conver-
gence theorem and the continuity of f4 and fp. This proves p is a 2-SGMRF with respect to G,
as desired. O
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8.2 Proof of the Radon-Nikodym Derivative Characterization

The goal of this section is to prove the change of measure result in Proposition[8.6] The proof, which

is given in Section relies on a key duality characterization of the IPS that is first established
in Section (see Proposition therein).

8.2.1 Dual Processes

We start in Section by introducing some standard notation related to point processes.

Point Processes

Fix a filtered probability space (€2, F,F,P) supporting a filtration G C F and a Polish space Z.
Recall from Section that 4 (Z) is the (Polish) space of locally finite, non-negative integer-
valued measures on Z. A point process P on Z is a random element taking values in .4 (Z). For
every bounded set B C Z, there exists a finite set of points {2}, C B such that P({z}) > 0
foralli=1,...,N, and P(B\ {z}Y,) = 0. These points are called events. A point process P on
Z is simple if sup,. z P({z}) € {0,1} almost surely. For Z := R, x Z, a point process P on Z is
referred to as a marked point process on R, with marks in Z. If P has events {(t;,p;)}Y, C Z,
then {p;}, are said to be the marks of P. If P([0,T] x Z) < o0 a.s. for all T € R, then P is said
to be non-explosive or locally finite. All point processes P that we consider will be simple in the
sense that sup,cp, P({t} x Z) € {0,1} almost surely. A marked point process P on Z is said to be
G-adapted if for every ¢t € Ry and A € B([0,t] x Z), P(A) is Gi-measurable. For any point process
Pon Z , H” is defined to be the minimal filtration satisfying the usual conditions such that P is
HP-adapted.

Suppose that Z is equipped with a non-negative, locally finite reference measure £. Then a
random function I' : Q x Ry x Z — R is said to be G-mark predictable if it is measurable with
respect to Z(G)®B(Z), where Z(G) is the predictable o-algebra generated by G [28| page 379]. As
an immediate consequence, it follows that ¢ — [, , I'(¢, z) £(dz) is G-predictable for all A € B(Z).
The G-intensity of P with respect to the measure £ is a G-mark predictable process I' such that for
each bounded A C Z, the process t — P([0,t] x A) — [

z

cA [y T(s,2) ds £(dz) is a G-local martingale
[28, Definitions 14.1.1,14.3.1].
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Duality

Recalling the Definition [8.4] of the jump characteristics {(¢x(z), jx(z),vk(x))} of any proper trajec-

tory x, we now define the notion of a dual to z.

Definition 8.11. [37] For any (not necessarily finite) U C V, and any proper € DY, the dual

of z is the simple marked point process p € A (R4 x J x U) with event times J, ¢y {tr(2y)} and

marks Uep{ (Jx(70), vi(z0)) }-

In what follows, #s denotes the counting measure on any countable set S.

Proposition 8.12. [37] Suppose that G = (V, E) is a deterministic (but not necessarily locally
finite) graph, and the jump rate functions {r}}vev,jeg satisfy (8.1.7) and conditz’ons and of
Assumption . Let X be any weak solution to the SDE (6.1.1)) for given initial data K on the solution
space (Q, F,F,P), and define G := H*VHX C F. Then for any deterministic (not necessarily finite)

subset U C V., the following properties are satisfied:

(a) The dual Py of Xy has a G-intensity on J x U with respect to the reference measure # 7xu

that is given explicitly by

(8.2.1) Ay(t,p) :=1i(t,r, X) for p=(j,v)eT xU, t>0.

(b) Let X be an a.s. proper XV -valued cadlig process and let % be a KV -valued random element,
both defined on a probability space (Q, F,P) and such that X,(0) = <(R,) for each v € V. Set
G :=HrV ]HI)?. If the dual of)? is a simple marked point process P with mark space J x U

and ((N}—predictable intensity A with respect to the reference measure # 7xu given by
(8.2.2) A(t,p) == r;(t,)N(,E) for p=(,v)eI xU, t>0,

then it is possible to extend the probability space (Q, F,P) to support a filtration G2G
satisfying the usual conditions and a collection of i.i.d. G-Poisson processes N = {NU}UeU

on R2 x J with intensity measure Leb? x #7 such that X satisfies

(8.2.3) Xo(t) = ¢(Ry) + (O,t}XR+XJJH{TST;(S’i’E)} N, (ds,dr,dj) for v e U.

Remark 8.13. [37] When G is finite, similar duality results are well known for countable state
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Markov chains (see [28, Example 10.3(a)]), and extensions to the general (non-Markovian) setting
considered here can also be easily deduced by applying Poisson embedding theorems such as |19,
Theorems 15.3.3 and 15.3.4] (which would require a few simple scaling arguments to account for the
slightly more restrictive assumptions [19] places on the driving Poisson processes, see the proof of
Proposition (a)). However, when G is infinite, a key challenge is that the dual point process (of
X and X ) can become explosive in the sense that it may have infinitely many events on any finite
interval, and so the results from [I9] cannot be directly applied. In this case, our proofs proceed
by first establishing duality for Xy, over all W C U such that W is finite and then extending the

results to the (possibly) infinite subset U.

Proof of Proposition[8.13:; Proof of (a): Define G := G VHNU. Let W C U be finite. Define the

point process N on (R% x J x W) by

N (44, 0)}) = N, ({ (t, \J\TWJ) }) L (trjv) €RE X T X W.

Since {N, },ew are i.i.d. F-Poisson processes and they are G-adapted (by definition), it follows
that they are also i.i.d. G-Poisson processes. Thus N" is also a G-Poisson process on Ri XTI xW.
Let Qw = #7xw/(|J||[W]) be the uniform distribution on J x W. For any A € B(R?) and
BC JxW,let A = {(t, W) (t,r) GZ} and define B, := {j € J : (j,v) € B} so that
B = Uyew By x {v}. For every A € B(R%),

.
S N x {j})] = LB @) u(B),

7W —
E|N"(AxB)| =E
[ } e Mg

which implies that N has intensity measure Leb? ® Q. Then note that for any A € B(R,)

and BC J x W,

PW(AXB):/

=W .
B2 x 7 X W H{SGA}H{(j7U)€B}H{r§|W||.7|r;.’(s,n,X)} N (ds, dr, dj, dv).

Since this form coincides with Equation (15.45) of [19], by [19, Theorem 15.3.3], Py has G-

intensity,
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J|Wrt(t, k, X
M50 = 1150 X)Que 5 00)) = T — s ),

Given that Pylr, xg7xw = Pw for every finite W C U, it follows that Py has G-intensity A

where for every (t,j,v) € Ry x J x U,

AU(tajav) = A{v}(ta.jv ’U) = 7’;(15, KZ,X)-

By condition of Assumption for each (j,v) € J xU, Ay (-, j,v) has a.s. caglad trajectories
and by condition of Assumption it is G-adapted. Thus, Ay is G-mark predictable (in the sense
defined in Section |8.2.1]) and hence, Ay is also the G-intensity of Py.

Proof of (b): The proof proceeds via an explicit construction of a Poisson embedding of P,
that is, an extension of the probability space supporting an i.i.d. collection of Poisson processes
N := {NU}UGU for which holds. Despite the explosive nature of P note that for every finite
W c U and T € (0,00), Discy ()~(W> must be a.s. finite (since Xy is cadlag and X is discrete).
Thus, ISW =P IR, x 7w, which is the dual of )?W, must be non-explosive. We may then use more
standard arguments to show that NU, v € W, (which may be viewed as a Poisson embedding of
ﬁw) are i.i.d. driving Poisson processes. Because this holds for all finite W C U, this implies that
Nv, v € U, are also i.i.d. driving Poisson processes. We finish by proving that X and N satisfy
(18.2.3]).

Our construction of {NU}UGU is based on a standard construction of Poisson embeddings of non-
explosive point processes that can be found in numerous texts that discuss Poisson embeddings (e.g.
see the proofs of [19, Theorem 15.3.4], [28] Proposition 14.7.1(b)] and [50, pages 469-478] as well as
the statement of [20), Lemma 4]). However, we were unable to find any accessible and rigorous proofs
that such constructions are, in fact, Poisson embeddings of marked point processes, so we include
the full proof here for completeness. Our proof that, for finite W C U, {Nv}vew is a collection of
i.i.d. Poisson processes closely follows the proof of [I9, Theorem 15.3.4] which is stated for marked
point processes but proven in the specific case of unmarked point processes.

Let N := {NU}UGU be a collection of i.i.d. Poisson processes independent of g}o with intensity
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measure Leb? @ #.. Additionally, define the collection of i.i.d. uniform [0, 1]-random variables
{R}}kenwev to be independent of Goo and N. Finally, for each v € U, let {(t},J;) }ken be the
collection of events in P(dt,dj, {v}) ordered so that {t}} is strictly increasing. In the event that
PRy x J x {v}) :== K < oo, we say that t! = oo for k > K. Note that {t}} is well defined as a
consequence of Lemma Thus, ﬁ( x J x {v}) must also have finitely many events in any finite

interval. Then we can define a point process N (which we will later show is a Poisson point process)

by,

N(Ax B) =Y Ny(4, x By)

velU
8.2.4 = / I; .. <~ Ny(ds,dr,dj) + I _ ,
( ) 1;] Ay x B, {r>rj(s,X,/£)} v( 5,ar ‘7) 1;]% {(tZ7RZT;‘}]’L€7(tZ’X’H)’j£>GAUXB”}

where A X B := Uyey Ay X By X {v}, and {A,}yey and {B,}yev are finite collections of Borel-
measurable subsets of ]R?F and J, respectively. In the event that t; = oo for some v € U and k € N,
{tv} x Ry N A, = 0 because A, € B(R%), so (8.2.4) is still well defined. Next, let P®/ be the point

process on Ry x [0,1] x J x U with events {(t}, R}, j},v) }renver and define

G.=GvHNvHEP?

Note that G satisfies the usual conditions. Fix any finite W C U and let Ny = N|R1 wTxw- Let
H:R% x J x W — Ry be a non-negative, left-continuous (in its first input), G-mark predictable

random function. Then note that the process (¢,r,j,v) — ]I{ t )?E)}H(t, r,j,v) is also G-mark

r>rY

J
predictable. Lastly, note that because Ny := {NU}DGW is independent of G, and {R}}o, it is also
a collection of i.i.d. G-Poisson processes with intensity measure Leb? ® # 7. Then by [19, Theorem

15.1.22], it follows that

E L%;/ /RiXJH{DT}’(S’XV:E)}H(S’T’j’v) N, (ds, dr, dj)‘|

(8.2.5) —E

/Ri X T XW ]I{T'>T’;-)(S,AS(V,’I;)}H(87 T, U) dS dT‘ #jXW(d], dv)] .

Let PV@’J = PR’J‘R+><[O,1]XJXW and note that PV@’J isa @—adapted non-explosive point process.
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Furthermore, because PV]?,‘,’J(-, 0,1],-,-) = Pw(-,-,-) and {R}}vev,jes are i.id. and independent of
Py with density 1, PV@’J has G-intensity ARt p, g, v) = i (t, X, k) with respect to the reference

measure Leb ® Leb|(g 1) ® #7xw. Then the definition of Pvf;"] and [19, Theorem 15.1.22] imply

E Z H(t%,R%T}jz(t%,X,E),]Z,U)
keNveW
=E / H(s,pr}’(s,f(,%),j,v) PRI (ds,dp, dj, dv)
/R4 x(0,1]x T xW
~E| [ H (s, pr§ (s, X, 7). 0)r3 (s, X ) ds dp . (d, o)
/R4 x(0,1]x T xW
8.2.6 =E / I v s~ H(s,7r,j,v)dsdr dj, dv) |,
( ) | /RZ x T xW {r<ryeXm)} ( J») #axw(d) )]

where the last equality uses the change of variables r = pr}’(s,)? ,k). When combined, ,
(8.2.5) and ({8.2.6]) together yield

E / H(s,r,j,v)ﬁw(ds,dr, dj, dv)
RixeW

=E L;V /Rixjﬂ{rw;(s,)?,ﬁ)}H(s’T’]’U)N(ds’dr’ dj)‘|

+E

Z Z H(tz,RzT;}( Z,ng)vjlgvv)]

veW keN

=FE l/Rﬁ_ijW]I{T>T;(S’)?’E)}H(S’ T, j,v) ds dr # 7w (dj, dv)]
+E l/R‘ixij H{TST;(S’X«’E)}H(s,r,j,v) dsdr #7xw(dj, dv)]
:E[/ H(S,T,j,’u)deT#wa(dj,dU)‘| :
R xJ xW

By [19, Theorem 15.1.22], since H is an arbitrary left-continuous, non-negative G-mark pre-
dictable function, Ny is a G-Poisson process on ]Ri x J x W with intensity measure Leb? QH#TxW-
Because we fixed W C U to be finite and arbitrary, it follows that N is a G-Poisson process
on R2 x J x U with intensity measure Leb? ® #7xu. For each v € V, let ﬁv(ds,dr, dj) =
ﬁ(ds, dr,dj,{v}). To complete the proof of the proposition, note that by , for every v € U

and t € Ry,
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X,(0) + T, . ~~Ny(ds,dr,dj) = X,(0) + U1
) (0,t]xR+ij {r<rysXm} ( ) (©) % I {

7 €(0,1]

20+ DT AX(s)

s€Disce (_S(vv)

Ryt (6, X ) <rj (8 ,)?,E)}

1
>

I
>

v(t)-

This proves (8.2.3) and completes the proof of the proposition.

8.2.2 Proof of Proposition |8.6

As alluded to earlier, the main difficulty in the proof of Proposition is that X and X" will
typically have explosive duals, and thus we cannot apply standard point process change of measure
theorems directly. However, the proof will exploit a classical change of measure result from [19],
which is reproduced in Appendix and relies on the notion of local characteristics of a marked

point process that we now define in the case that the mark space of the point process is finite.

Definition 8.14. [37] Fix a complete, filtered probability space (2,G,G,n) and let Nz be a G-
adapted marked point process on R} x Z for some finite space Z equipped with the counting
measure #z with G-intensity (t, z) — A(t, z). If there exist functions t — A\g(t) := >,z A(t, 2) and

U : R4 x Z — Ry such that for any t e Ry, >,z V(t,2) = 1 and

A(t,z) = Ng(t) U (¢, 2) for all (¢,2) e Ry x Z,
then we say that Nz admits the (1, G)-local characteristics (A, ¥).

Proof of Proposition[8.6: For simplicity of notation, we fix the finite set W, let X = XW 1= "W

and let L = L be the quantity from (8.1.8)) and for all t € Ry, 2 = (j,v) € J x V, define

1 ifveW,

T;(t,/-i,)?) if v W.
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By Lemma [8.5| the jump characteristics of Xw are a.s. well defined, so L is also well defined. Let
G =M~ \/HX From it follows that L is G- adapted and a.s. cadlag. Fix any n € N and finite
U C V such that W C U. Let P be the dual of X and PU = P]R+ijy be the dual of XU in the
sense of Definition Then by Proposition (a), Py has G-intensity /A\U(t, z) :=T7(t, z) for all
(t,z) € Ry x J x U. We define the space Z := J x U and the point process Ny := Py, where Py

admits the (f, @)—local characteristics

- - At
Au(t):= > 7(t,7) and Uyt 2) = 7;( ,2) forallt e Ry, z € J x U.
SETXU Au(t)

Also, define Ay and ¥y analogously, but with =(-,-) in place of 7(-,-). Then note that the dual
Py is locally finite because the jump characteristics of Xy exist and that the jump characteristics
{(tk, zi) := (tg, (Jr, vk)) }ken are precisely the events of Py. Let Ny = f’U, U= \TJU, Ag = XU,
0 := 0y and h := hy where 0y and hy are defined by

Au(t) Yegxu Tt ) Ay (t)
Ou(t) == = = = and  hy(t,{) ==+, t>0,2€ J xU.
Mo(t) TN+ ey Tt () %“(2
U

Then the quantity L(t) := L}" = L, from (8.1.8) satisfies (D.3.3)):

= ( H O(tn)h(tn, zn ) exp( Z/ —1)Ag(s)¥U(s, 2) ds).
tn€(0,t] 2ez (0t

Because 0(t)h(t,z) =1 for z € J x (U \ W), L does not depend upon the choice of U so long
as W C U. Then by the definitions above and (8.1.7)),

/OU )\U ds—/ Z (5,2')ds = Z / K)ds < 00 a.s..

eI xU (Jv)eTxU

Likewise, for any t € R,

r(t, z) _ 1

ST ohult2) Tyt = Y

2T XU e AU (t)
In summary, on the complete probability space (2, @, P), Pyisa locally finite point process on
R with marks in 7 x U that admits the (P, G)-local characteristics (A, ¥). Then 6 is non-negative

and @—predictable while hy is non-negative and G-mark predictable. Finally, we have shown that
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(D37), and all hold for Ny = Py, ¥ = Uy, A\, = Ay, § = 6y and h = hy. Thus,
the conditions of Theorem are satisfied, and so L is a G-local martingale. This proves the first
assertion of the proposition.

Next, suppose that L is also a G-martingale. Then E [L(t)] = E[L(0)] = 1 for all ¢ € Ry. Fix
a probability measure P on the space (Q,@), where G is the @-completion of G. For ¢t > 0, fix
P, .= P

and Py := ]TD\J(H)? and suppose that for each t > 0, dP,/dP; = L(t) a.s.. Define

o(r,X[t]) [t])

[i := Law(, X ) with respect to P. Because L(t) does not depend on the choice of U D W, neither

does P;. Fix t € R, and define Li: (K x D)V — Ry by,

exp( 3 /Ot "(s,9, ) 1)ds>,

(J)eET XW

Li(9, x) [ H 73k (e, 0, @)

0<t, <t

if the jump characteristics {(tg, v, jx)} of zw exist, and 0 otherwise. Then Ly(x, X[t]) = L(t)

P;-a.s., so for any A € B((K x Dy)V),

fin(A) = By((m. X) € A) = EF L)L nx)e)| = /A To(9, 2) fie(d0, dx).

-~

Thus, %(H,X[t]) = L(t) P-as.. Lastly, because X(¢t) = X(t—) P; (and therefore Py)-a.s

j%z: (5, X[t)) = %(Fg, X[t]) = L(t) = L(t—) a.s.. All that remains is to prove that i = Law(x, X)

for some weak solution X to (3.1.4).
It follows from Theorem that Py admits the (P, G)-local characteristics

Y / Tr T(t, Z)
At) = r(t, z and V(¢ z) = =——.
(t) Zle%:w (t,2) (t, z) 0

Thus, for (t,2) € Ry x J x U, Py has @—intensity,

~

KU(ta Z) = T(tv Z) = T;?(t, "<'7>X)7

for z = (j,v) € J xU with respect to P. However, since Py = ﬁ|R+ijU, and the above display

holds for all finite U O W, this implies that P has @-intensity,

-~

Alt,z) = r¥(t, w, X),

for z = (j,v) € J x V with respect to P.

Note that G is a deterministic graph with a countable vertex set, and the jump rate functions
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{r}} satisty conditionsandof Assumptionby assumption. Moreover, because X, (0) = ¢(#,)
P-a.s. for all v € V, and because Py < Py, the same must hold P-a.s.. Then by the above display,
under IF, the intensity of the dual P of X satisfies . Thus, Proposition (b) states that,
by extending the probability space if necessary, we may assume without loss of generality that
(Q,IF,IHP;) supports a filtration G O G satisfying the usual conditions and a collection of i.i.d. G-
driving Poisson processes N := {N, },ep such that X satisfies driven by N P-a.s. for the
initial data k. Thus, with respect to I?’, X is a weak solution to for the initial data x and

i = Law(k, X ). This concludes the proof of the proposition. O

8.3 Proof of the Tiling Proposition

We prove Proposition by decomposing the statement of the Proposition into four smaller
statements. First, in Section we directly show that any two automorphism invariant 2-SGMRF
probability measures whose V¥ marginals match must be equal and that the marginals of any
automorphism invariant 2-SGMRF must be strongly symmetric. Then in Section we provide
a direct construction of the tiled extension of a measure and prove that the tiled extension is well
defined when the measure is strongly symmetric. Then in Section [8:3.3] we show that the tiled
extension is automorphism invariant, and in Section we show that it is a 2-SGMRF. Then
Section [8.3.5] combines these elements into a complete proof of Proposition [6.12

In this section, we work with automorphisms of Ty and its subgraphs. Therefore, it is useful
to have a labeling scheme that helps clearly identify the vertices of Ty. To this end, we work with
the following canonical labeling scheme for the vertices of G, known as Ulam-Harris-Neveu labeling

(see [60, Section 2.1.2] and the references therein). We define the following labeling on V¢

Vd:z{@}u<{1,...,d}>< Ej{l,...,d—l}k>.
k=0

For each vertex v € V%, we denote the ith child of v by the word vi. If v = &, then vi = @i = i.
In addition, recall the partial order on V¢ in which for u,v € V%, u < v if u is descended from v.

That is, there exists a w € [J;2; N¥ such that u = vw.
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8.3.1 Uniqueness of the Marginal

We prove that the Vld—marginals of automorphism invariant 2-SGMRF measures are distinct and

strongly symmetric.

Lemma 8.15. Let 0,1/ € P(Zvd) be distinct automorphism invariant 2-SGMRFs. Then n[V{] is

strongly symmetric and n[Ve] # o' [VE].

Proof. Strong symmetry of n[V,?] holds by automorphism invariance. In particular, n[{@,1}] =
0.n[{@,1}] = n[{1, @}] for any automorphism ¢ : V¢ — V¢ that transposes & and 1.

To prove uniqueness, we argue by contradiction and assume that 7[Vi?] = 7/[V}?]. Then this may
be regarded as the base case of the inductive claim that n[V,¢ ;] = n/[V,4_] implies n[V,4] = o[V,
for all n > 1. To prove the inductive claim, fix any n > 1 and suppose that n[V,4_,] = o/[V.Z_,]. For
each v € L(V4 ) let f, : Z¢%(Ta) 5 R be a bounded measurable function and let {vi};jidl_l)w2 be
an enumeration of the vertices of £(V,¢ ;). Let Z ~ nand Z' ~ /. Then by the 2-SGMRF property,

it follows that for any disjoint Uy, Us C L(V,Z ),

Zeg, AL Zaag,| Zya .

Repeatedly applying the above display for U; = {v;} and Uy = Ufg;rll)nﬂ{vi}, E=1,...,d(d—

1)"~2 yields,

d(d—1)"—2 d(d—1)"=*
E [ H fvi(chvi) ZVﬁi_l =E [fvl (chul) ng_l] E H fvi(chw) ZVT‘li_1
=1 1=2
d(d—1)"—2
(8.3.1) = H E [fUi(ZClvi)‘Z{UiﬂTvi}} :
=1

Moreover, for any i let ¢; be an automorphism of T, that maps v; to @ and m,, to 1. Then it

must map ¢,, to {2,...,d}, so by automorphism invariance,

CY

Za, = Zyg = (B |foiZa)| Zwimnr] » Ztvima)) @ (E |£u:(Zv)

Z{@,l}] vZ{@:l}) :

Note that both equalities (in distribution) hold for Z’ as well. Then because Zya @ Z,4, there
1
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must exist for each ¢ a bounded, measurable function ; : zim b 5 R such that,

E [ for(Zat))| Zivim] = 0i(Z o, my) a5 and B [£0,(Z0,)| 20 my] = 0i(Z0rm,y) 25

Then the inductive assumption Zy.a X @ Z3ra
n— n—1

ch'lidlfl)nfz ¢i(Z~,{v¢,ﬂ’vi})' Together with (8.3.1) and the above display, this implies

d(d—1)"—2

implies that Hzil wi(Z{'Ui,ﬂ'ui}) =

!
d
Vn71

Z
Vit

d(d—1)"—2
]E [ fvi(ZCLUi)
i=1

(@ d(d—1)"—2
=K [ H f'Uz( élvi)
=1

Given that the set of functions f : Z£() — R such that ]E{f(Zﬁ(Vrgi))‘Zvd_l} =
E [f(ZZ(vg)”Z(/g_l] is a monotone class, it immediately follows that E {f(Zc(vg))‘ng_J =

E [f (Zew)
theorem [32, Theorem 5.2.2]. Thus, n[V4|V.4 ;] = #/[V.4|V.2 ], and by the inductive assumption,

Z"/d } for all bounded, measurable function f : ZEVD) SR by the monotone class
n—1

n[Vid ] = n'[Vid ] so V] = n/[V,9] as desired. Then by induction, it follows that 7 = 1’ which

contradicts the assumption that n and ' are distinct. O

8.3.2 The Tiling Construction

In this section we describe a tiling construction that, given a strongly symmetric n € P(Zvld),
outputs a measure 7 € P(Zvd) such that 7[V,?] = 1. We will also prove that the tiling construction
is well defined. In the next two sections we will show that the tiling construction always outputs
automorphism invariant 2-SGMRF measures.

Let y € P(ZYY') be strongly symmetric. Let V{ := {2,...,d} and Vg = {@, 1} so that n[V{|Vy] =

n(dzya,... ay|2{z,1})- Then define 7' :=n and for each n > 1 define,

(8.3.2) T (d2g) = (Sueca VIV (dze,m|2omy ) ) @ T (dzya -

We will show that this construction implies that 7*[V¢ ;] = 777!, and for Z"' ~ 7", the

collection of random elements (7&)) are mutually conditionally independent given 7?/‘1_1

vGE(ij_l)
and equal in distribution to Z for Z ~ .
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Definition 8.16. For any strongly symmetric n € P(Zvld), let 77 € P(Zvd) be the unique prob-

ability measure such that 7[V,9] = 7" for any n € N. Then 7 is said to be the tiled extension of

n.

Lemma 8.17. For any strongly symmetric n € P(Zvld), there exists a unique tiled extension 7 of

n in the sense of Definition [8.16

Proof. Note that if 7" is well defined and satisfies 7°[V,¢ ;] = 7"~! for all n > 1, then 7 is well
defined by the Kolmogorov extension theorem [86, Theorem 2.4.3] (noting that all Borel probability
measures are inner regular). Furthermore, 7' = 7 is clearly well defined, so it suffices to prove that
given any n > 1, if 7! is well defined, then there exists a unique measure 7" € P(Zvﬁi ) satisfying
. Furthermore, because the right-hand side of depends entirely on the measures 7" ~!
and 7, it suffices to prove that 7™ exists.

The probability measure 7" exists if and only if for each v € L(V,L ), n[V{IV{](-|2{p,r,}) 18
defined for 7" [{v, my }-a.8. z(y p} € 2{@1} Therefore, we simply need to show that 7" [{v, 7, }]
is absolutely continuous with respect to n[{@, 1}].

In fact, we claim that 7" '[{v, m,}] = n[{@, 1}]. If n = 2, then note that 7' [{v, 7, }] = n[{k, T}]
for some k € N. Then by the strong symmetry of 0, 7' [{v, 7, }] = n[{1, @}] = n[{>, 1}]. We prove
the claim by using the n = 2 case as a base case and making the inductive assumption that n > 3
and 7" 2[{v, m,}] = n[{@,1}] for all v € L(V,?,). For v € L(V4 ,) and i € {1,...,d}, by

and the inductive assumption,

ﬁnil[dv](dzclv) = 77[‘/1/“/8] (dzcv‘z{v,m}) ® ﬁn72[{v? Wv}](dz{v,m})
= n[Vl,‘Vb/](dsz ‘Z{v,m}}) ® 77[{®7 1}](dz{v,7ru})

= n(dza,).

Thus, 7" 1 [{vi,v}] = n[{@,1}] for any v € L(V,¢,) and i € {1,...,d}. By induction, this

implies the claim.
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8.3.3 Automorphism-Invariance of the Tiled Measure

In this section we establish the automorphism-invariance of the tiled measure. The proof of this

result (stated below) is deferred to the end of the section.

Lemma 8.18. The tiled extension 7 of 1 is automorphism invariant for any strongly symmetric

neP(E).

To prove this, we first show that there exists a small set of automorphisms that generate a
group that is dense in the group of unrooted automorphisms of Ty. It therefore suffices to prove
that the tiled measure is invariant with respect to these automorphisms, which we do by employing
an inductive argument on 77"*. To prove automorphism-invariance, we define the following specific

automorphisms of Ty.

Definition 8.19. For any o € S; where Sy is the symmetric group defined over {1,...,d}, define

the automorphism ¢ : V¢ — V¢ by,

%) if v =g,
7 (v) =
ok)u ifv=ku<ked{l,...,d}

Additionally define the inversion ¢! : V¢ — V¢ by

1 ifv=g,
o] ifv=1,

(k+1Du ifv=1lku<lforke{l,...,d—1},

(k—1)u ifv=~kuforke{2...,d}.
Lastly we write & := {¢!,¢7 : 0 € S4}.

We will show in the next lemma that the group generated by £ (henceforth denoted by (£)) is a
dense subgroup of the automorphism group of Ty (denoted Aut(T;)) with respect to the topology
of pointwise convergence, and therefore any probability measure that is invariant with respect to

automorphisms in £ is automorphism invariant.
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Lemma 8.20. Any n € P(Zvd) such that w.n =n for every ¢ € £ is automorphism invariant.

Proof. As mentioned in the preceding paragraph, we claim that (£) is dense in Aut(T4). We start
with a proof of the result given the claim. Note that any automorphism ¢ € (€) is expressible
as a finite composition of automorphisms in £, so w.n = n. Now consider any automorphism
? € Aut(T,). By the claim, there must exist a sequence of automorphisms ¢, € (£), n € N
converging pointwise to ®. Then for any Z ~ n, pp«Z — P, Z as n — oo and ¢, 1 = n for all
n € Nso p,Z ~n. Thus, p,n = n, which proves that n is automorphism invariant.

We now prove the claim. Let Aut.(Ty) be the group of rooted automorphisms of Ty. Then we

make two further claims:

(a) for any v € V%, there exists an automorphism ¢¥ € (£) such that ¢?(v) = &;

(b) (£) N Aut,(Ty) is dense in Aut,(Ty).

Suppose claims (a) and (b) hold. For any ¢ € Aut(Ty), let v € V¥ be such that p(v) = @.
Then by claim (a), there exists ¥ € (£) such that ¢¥(v) = @. Thus, po (¢¥) (@) = p(v) = @, so
o ()71 € Aut.(T,). By claim (b), there exists a sequence ¢, € (£),n € N converging pointwise
to po (¢¥)7L. Then ¢, o ¢V € (€) for every n and converges pointwise to ¢, so ¢ is in the closure
of (£). Conclude that (£) is dense in Aut(T;). Thus, claims (a) and (b) imply the claim we made

at the beginning of the proof.

Proof of (a): For k, k" € {1,...,d}, let (k, k") € Sq be the transposition that swaps k and £'. If v = &, then

let ¥ be the identity. For for any n € N and v = kiks ...k, € L(V,D),

PP(v) i= (p' o plnTIDy oo (ol o ) (v) = @

Proof of (b): For any permutation ¢’ € S;_1, define

1 if k=1,

ok—1)+1 ifke{2... k+1}
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Then o € Sy. Fix any v € V% and let o/ € Sy_; if v # & letting o be defined as above, and

let 0/ € S, if v = @. Define,

@ Ttegrewr vt
o =

o./

% otherwise.

The following facts can be directly verified in the case that v # &:

(a) for any w £ v, P*(w) < 1

(b) if w = v then ¥ (w) = &;

(c) if w ¢ v then (a) and (b) imply that ¢” o ¥ (w) = ¥ (w);
(d) if w # v then (c) implies that "7 (w) = w;

(e) if w =wviu < v for some i € N, then ¥ (w) = (i + 1)u;

(£) ¢7((i + Du) = (0'(i) + 1)u;

(2) if w = viu < v for some i € N, then (d) and (e) imply that /"7 (w) = vo’(i)u.

Combining the items above, it follows that

, w if w< v,
(8.3.3) Y7 (w) =
vo'(Du  if w=wviu <wv,i€{l,...,d},
where (8.3.3) holds trivially when v = @. Then (8.3.3) implies that the set

{¢“’U/}U6Vd\{@}70/esd_l U {W""}afesd is precisely the set of elementary automorphisms of
Aut,(Ty) defined in [I, page 3600] and by definition, these automorphisms are all elements of
(€). Thus, (£) N Aut,(Ty) is dense in Aut,(Ty) [I, page 3600].

As both (a) and (b) above hold, the claim is proven. O

We can now prove Lemma [8.18

Proof of Lemma[8.18:; By Lemma [8:20] it suffices to prove that ¢.77 = 7 for all p € £. Fix any

o € 54 and let ¢ = ¢?. Then by strong symmetry,
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O =i =0 =T

Suppose @, 7"t = 7"~ for some n > 1. Note that ¢,z = (2p-1(v) Jveva and 1" (dzya) =

N (d(2p-1(0))vevie) = M (d(p+2)). In the first equality below, we apply (8.3.2). Then we apply the

1

definition of . to substitute .z for z. In the third equality below, we use the fact that ¢~ induces

a bijection from L(V,4) to £(V,4) to reorder the product of the regular conditional probabilities to
remove ¢! from the indices of z (which is permissible by Fubini-Tonelli’s theorem). In the fourth

equality, we apply the inductive assumption. In the final equality, we again apply (8.3.2)).

et (d2g) = 0o (Byerva VIV 2oy |20m) ) @1 (dzya )
= (®uecwa yMVIIVdze ol o1 o (m})) T (A(Zp=1(0)hveva )
= (®yecva yVIIVE(dze,mp|2omy)) T (dipazya )
= (@yecva yVIVE @z, mp|2omy)) @ T (d2ya )
=1"(dzya).

Then by Definition [8.16] for every n € N,

SO Px1] = 1].

Now let ¢ = ¢!. This case is more involved because ¢(V,4) # V.4 so that for z € ZV .z ¢
ZV4. This implies that P(Z¢Vi)) 5 o # 7" € P(Z%) for all n € N. For each n € N,
let 7, == VU {v < 1:dy,(v,@) = n+ 1}. Then it is easily verified that ¢!'(7,) = T, and
cly, (T4) = Tp. Thus, it suffices to prove that for each n € N, ¢ 77" [T,—1] = 7"[Tn—1]. Note also

that ¢! = ¢. First, for n = 1, the result follows from the strong symmetry of .

a7 [Tol(demy) = punl{2, B(dz(g1y) = {2, B](dz(1.01) = nl{2, B](dz(g1y) = 7' [Tol(dz7)-
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For each m € N, define L™! := {v < 1: dy,(v,0) = m + 1} and L™? := L(V,4) N {v £ 1}.
Then note that £(7,,) = L™ U L™? and L£(V,4) = L™~L1 U L™2. Then by (noting that
To = VA \ D72 and that 172 = {u's e(Tg) € £(Vi) \ 712} = {o (Ta) 1 (£(VE) \
112) £0)),

7T (d=,) = /Z s (Boec VIV (e, mp|210.m,1) ) @ T (d2vg)
(8.3.4) = (@vern VI IVEl(dze, ()| 70,y ) @ T (d2v0),

for any n € N. Then applying Definition |8.16] the fact that £(V¢ ) = L» b2 U L" 21 is a
n—1

disjoint union and (8.3.4) (with n replaced by n — 1),

ﬁn(dzvﬁi) = (®v€5(vg_l)n[‘/il‘%] (dzCU(Td)|Z{U77rU})) ®ﬁn_1(dzvﬁi—1)
= (®uern12nVIV)(dze, (1) |70m))) © (@vermsanlVi V) dze, o |2om,y) © T (dzyg )
- (@veL"—mn[Vll“/O/](dzcv(Td)‘Z{Uﬂrv})> ®ﬁn[%_1](d2”7}—1)'

Applying (8.3.4), the above display and the fact that £(7,_1) = L b1 U L2 is a disjoint

union yields,

7 Tal(d2r,)
= (@verr VI |Vi)(dze, (1) | 2vm) ) © 1" (d2pg)
= (®verr1nViIVel(dze, ()| 202)) ) © (Suern—r2nVIVi)(d2eymp 2 0my) ) @ T [Taa)(dr, )

= (®vecmnViVil(dza,mp|20m)) © 1" [Taa)(der, ).

Now suppose that ¢, 7" [Th—1] = 7" [Tn—1] for some n € N. The remainder of the argument is
nearly identical to the argument that ¢¢7 = 77 though the justifications differ. In the first equality
below, we apply the above display. Then we apply the definition of ¢, to substitute ¢,z for z using
the fact that p = ¢! to slightly simplify the expression. In the third equality below, we use the
fact that ¢ induces a bijection from L£(7,) to itself to reorder the product of the regular conditional

probabilities to remove ¢ from the indices of z (which is permissible by Fubini-Tonelli’s theorem).
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In the fourth equality, we apply the inductive assumption. In the final equality, we again apply the

above display:

P T(do7,) = 0o (SuermynViIVE ey 1|2 om) ) @ T [ Taa](dT, )
= (®’U€£(7}L,1)n[vll|‘/0/](dzcy,(v)(’]l‘d)’Z{w(v)#’(ﬁv)})) N [Ta-11(d(2p(0) JveTn—1)
= (@vecm Vi Vil(zaymp | 20m) ) © 1" [Tra)(@(puzr, )
= (®vecmn Vi Vil(dzaymp|20m) ) © T [Taa)(der, )

= T,

It immediately follows by Definition that for each n € N,

puilTa] = 7 Tal = 7" Ta] = 7[Tal,

80 @47 = 7. This completes the proof. O

8.3.4 The Tiled Measure is a 2-SGMRF

By Remark to prove that the tiled measure is a 2-SGMRF, it is sufficient to show that its
connected, finite marginals are 2-MRFs. This is accomplished by making use of the properties of
conditional independence derived in [81] and summarized in Lemma Note that all of the results

of [81] are stated for complete filtrations. However, we may disregard this assumption by Lemma

Lemma 8.21. If n is strongly symmetric and 7] is the tiled extension of n, then 7 is a 2-SGMRF.

Proof of Lemma[8.21: We prove that 7 is a 2-SGMRF using an inductive method. Recall the al-
ternative definition of a 2-SGMRF from Lemma Let Z ~ 7 and let U C V¢ be finite and
connected. Suppose also that Vi C U and 7[U] is a 2-MRF. We claim that for any w such that
U’ := U U{w} is still connected, 7[U'] is also a 2-MRF. Because the subgraph Ty[V}?] has diameter
2, f[V{] is trivially a 2-MRF. Therefore, if the claim holds, then by induction, 7[U] is a 2-MRF for
any finite, connected U C V?. By Remark this implies that 7 is a 2-SGMRF. Thus, it suffices

to prove the claim.
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Fix any finite, connected U C V? and suppose that {[U] is a 2-MRF. Let v € U and k €
{1,...,d — 1} be such that w := vk ¢ U. Then U’ := U U {w} is also finite and connected. Let
A, B,C C U’ partition U’ such that C' doubly separates A and B in Ty4[U’]. Note that C N U also
doubly separates ANU and BN U in Ty[U].

Let O1 = {w} be the new vertex of U’. Let Oy = U \ W where W = {v, 7y, ¢,(T4[U])}. Then
W = N3, (T4[U’]). By Definition Zo, 1L Zo,|Zw. Note that W U Oy has diameter 2, so
because C doubly separates A and B, at least one of A or B must be a subset of Os. We assume

without loss of generality that B C Os. Define the following random elements:

A| B | C

01| Zy Z

o)) Zs | Zy 75

W | Zg Zq

Here the table indicates intersection. For example, Z; = Z ano,. Note that we let Zy := ) be

the empty vector. Because O is a singleton, either Z; or Zs is empty. This implies that
Zi ain 7{3,4,5}‘7{6,7} where i = 1, 2, is defined s.t. Zz = Ol.

Applying the above display and Lemma d) with G1 = 0(Z;), G2 = 0(Z(345), 93 = 0(Z(s7y),
Q4 = 0'(74) and 95 = 0’(7{375}) yields,

(8.3.5) Zi AL Z4|Z 35,67y where i = 1,2, is defined s.t. Z; = O.

Lastly, because Zy forms a 2-MRF (by assumption), Lemma implies that Z Afw} 1L Z|Zc

or,
(8.3.6) Zzey AL Z4|Z 57y

Case 1: Z; #10

Because O is a singleton, this implies Z5 = 0. Applying (8.3.5) with i = 1, (8.3.6) and
Lemma e) for G = 0(Z36y), G2 = 0(Z4), G3 = 0(Zy57y) and G4 = 0(Z1) implies,

Zsey AL Za|Zy5 1y,

or equivalently, Z4 Il Zp|Zc as desired.
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Case 2: Zy #0

This implies that Z; = (). Combining (8.3.6), (8.3.5) for i = 2 and Lemma (g) for G, =
0(Z4), G2 = 0(Z35), G3 = 0(Z5,7) and Gy = 0(Z2) yields,

Zsey AL Z4|Z 9573,
or equivalently, Z4 1 Zp|Zc as desired.

In both cases, Z4 1. Zp|Zc, so f[V'] is a 2-MRF, completing the proof of the claim and

therefore the lemma. O

8.3.5 Proof of Proposition |6.12

Proof of Proposition[6.13. First let 77 € P(Zvd) be any automorphism invariant 2-SGMRF. Then
by Lemma n := 7[V{] is strongly symmetric, proving the first assertion of the proposition. Fur-
thermore, by the same lemma, 7 is the unique automorphism invariant 2-SGMRF whose marginal is
given by 7 which proves uniqueness in the second assertion of the proposition. Next, let ' € P(Z Vld)
be strongly symmetric. Define 7/ € P(Zvd) to be the tiled extension of 7 in the sense of Definition
(which exists and is well defined by Lemma . Then by Lemma 7 is automorphism
invariant. By Lemma 77 is a 2-SGMRF. This proves existence in the second assertion of the

proposition completing the proof. ]



CHAPTER 9

Proof of Well-Posedness of the Local Equation

9.1 Projection Results

The first step required to prove the well-posedness of the local equation is to establish a basic
projection result. Simply put, we show Xy can be described by an SDE of the form of where
for each (j,v) € J x U, the jump rate function 7] is replaced by a sufficiently regular function
P70+ Ry x (K x D)V — R, such that t p;U](t, k&, X&) is a predictable, caglad modification
oft = E [r;(t, /iG,XG)\/fg,Xg[t)]. This SDE is semi-autonomous in the sense that the form of
the jump rate functions depends on x“, but the inputs to the jump rate functions depend only on
the particles in U. Lemma [9.1] establishes the projection SDE and states the regularity conditions

which it satisfies. Proposition states that the solution to the projection SDE has law u“[U] as

desired. The proofs of both results are deferred to Appendix [B]

Lemma 9.1. Suppose Assumptz’on holds and G = (V, E) is a (possibly improper) subgraph of T .
Then for any finite U CV and every v € U and j € J, there exists a measurable function pg[U] :
Ry x (K x D)V — Ry such that for all t € Ry, pt[U](t r§, X§) = B [r¥(t, 5, X)|x§, XF[1)]

a.s., and the SDE

(9.1.1) X, (t) =¢(k%) + N,(ds,dr,dj) veU,teRy,

T B
(0,t] xR+ x T J {rgp}’[U} (t,mg,XG)}

147
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has jump rate functions that satisfy conditions and of Assumptionfor the complete
graph on U, K.

Proposition 9.2. Suppose Assumption holds. Then the SDE (9.1.1)) is well-posed and possesses

a pathwise unique solution x¢ for the initial data lig. Furthermore, (/@g,X ~ uCU].

Remark 9.3. We highlight here that the pathwise uniqueness of Proposition [9.2] is defined in
the sense of Definition In other words, fix two different sets of jump rate functions {p}’v[U]}
and {p?’U[U |} satisfying the conditions placed on {p}[U]} in Lemma Then the solutions YG’i,
i =1,2, to (9.1.1)) with the respective jump rate functions {pj-’v[U]}, 1 = 1,2, for the initial data

mg and driven by the Poisson processes N are indistinguishable.

9.2 Proof of Existence

Lemma 9.4. Under the conditions of Theorem [6.17, there exists a strong solution Y to the local

equation for the initial data & such that Law(Y) = u[V{)].

Proof. Let p, := 7y be the tiled extension of v, := Law(k), and let K ~ u, so that & = Kyd.
By Proposition s is an automorphism invariant 2-SGMRF. Let (2, F,F,P) and N be the
filtered probability space and driving Poisson processes defined above Definition [6.14] Recall that

Vil := cly and let the functions {p;?[Vld] }jej’vevld be as defined in Lemma (9.1 with G = Ty. Let X

solve,

(9.2.1)  X,(t) = c(ky) + }Nv(ds,dr, d&j) for (t,v) € Ry x V.

41 o

(O,t}XR+X,_7 {T’Sp}) [Vld](tv"f’vldeVld)

Again note that by Lemma the jump rate functions of (9.2.1)) satisfy conditions
and of Assumption [4| with respect to the complete graph K V- Therefore, Lemma, W holds,
so X is well defined up to indistinguishability, F-adapted and a.s. proper. By Proposition

= (@D

73 L (ny0, Xy0) ~ Vi),

Let (k, X) be the solution to (6.1.1)) (where G = Ty). By Assumption T]Q(-) satisfies conditions

and of Assumption {4 Thus, for any (¢,9,x) € Ry x (K x D)Vd we may set
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p? VA, Vya, xvld) = r?(t, v, x) = rj(t, Vya, acvld).

We start by defining the functions v := {v;}e7. For each j € J, the function v; : R4 x (K x
D)@} — R, defined by

i (ta 19{1,@},1'{1,@}) = pjl [{@, 1}](75719{@,1}71'{@,1})3 (ta'ﬂvl') € Ry x (IC X D){QJ}

satisfies conditions and of Assumption {4 by Lemma Let ¢ : V¢ = V4 be any auto-

morphism such that p(@) = 1, ¢(1) = & and ? is the identity. By the automorphism invariance of
d

wy px(k, X) @ (k, X). Then for each (t,j) € Ry x J, we apply the following computation justified

below.

Y (s Kig1y Xqzay) = 7t ex (ke X11,0)))
= Pgl'[{gv LY, ox(Fizay X{z1}1))

Pt (5, X)) 0u (g1 X oy [0))]

=E [r}(
]E[r i (K, X)) IH{@1}7X{@1}[)}
=E|

T] t K/V(i de)|ﬁ'/{® 1}7X{® 1}[ )i| a.s..

The first two equalities above follow from the definitions of ¢ and ;. The third equality combines
the definition of p; '{@, 1}] with the observation that ¢, (x, X) = W (k, X), and the fourth equality
above follows from the observation that ¢~!(cl;) = Vi%. The final equality follows from Remark
and the fact that ¢ is its own inverse. The computation proves that if the solution Y to for
the initial data K satisfies (R,Y) @ (R, X), then v := {v;}je7 satisfies condition of Definition
614

Next, fix any (j,v) € J x Ng. Let ¢ : V¢ — V@ be any rooted automorphism such that

©’(v) = 1, p’(1) = v and (¢%)? is the identity. Again, by the automorphism-invariance of p,

—~
O..

oYk, X) 9 (k, X). Then note that for every t € Ry, we can make the following computation

(justified below):
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Vi (tv K{v,z}s X{v,@}) =7 (t7 SOZ:(H{L@}? X{l,@}))

= p} [{Qa 1}](t7 @Z(K{G,l}a X{@,l}))

The first three equalities above again apply the definitions of ¢,v; and pjl- [{@,1}] as well as
the automorphism-invariance of p (which holds by Lemma . The fourth equality makes use of
the fact that u,— = Law(¢Y(k, X[t))) is a 2-SGMRF by Proposition The fifth equality applies
condition of Assumption |4 and the final equality follows from the definition of pg[Vld].

The display above shows that ¥(-, ki, 5}, X{v,z)) and p}?[Vld](-, Kyd, led) are caglad modifica-

(d)

tions of one another and therefore indistinguishable. Since (K, X) = (Hvld, led), this implies that

V(s Riogys X fu,gy) and pf [V (t, %, X) are indistinguishable. It immediately follows that,

~ . . o . d
Xv(t) = g(/{v) + AQﬂXR+XJ]H{rép}}[vld](t’m’x)} Nv(ds,dr, dj) NS ‘/1 ,t € R+,

g(H’U) + f(oyt]XR+Xjj]I{T'S’}Ij(S,/I;{U’g},Y{vyg})} N’U(ds, d?“, dj) RS N@, t c RJ,_,
S(kg) + f(o,t]xR+xjjﬂ{rgrj(sﬁi)} Ng(ds,dr,dj) v=g,t € R,.

Thus, Y := X is the solution to (6.3.1)) for the initial data &, so (%,Y) ~ u[V{%]. By Remark

Y is HE V HN-adapted. Therefore conditions and of Definition are satisfied,

so Y is a strong solution to the local equation and Law(Y) = u[V{]. O

9.3 Proof of Uniqueness

Lemma 9.5. Suppose the conditions of Theorem[6.17 hold. Let Y be a strong solution to the local
equation for the initial data K driven by the Poisson processes N. Then it is the pathwise unique

strong solution in the sense that for any other strong solution Y’ to the local equation for the initial
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data R driven by N, Y =Y’ almost surely. Moreover, u is the tiled extension of Law(R,Y).

Proof Outline: We use a tiling argument to prove our result. Recall that for each n € N, V4 = {v €
Ve dr,(v,2) < n}and L(VI) = VI\ V4, is the collection of leaves in Ty4[V,9]. Given a strong
solution Y with law v to the local equation, we construct a sequence of measures 7" € P((K x D)Vrfl ),
n € N, analogously to 77" in . For each n € N, 7" is characterized in terms of its Radon-
Nikodym derivative with respect to ﬁ?f[v’ﬂ for each t > 0. Then using Kolmogorov’s extension
theorem, there exists a unique measure ¥ such that 7[V,4] = 7" for every n € N, and we find that

it is precisely the law of the solution to (6.1.1). By well-posedness (Lemma [6.3), it follows that

7 = p1 in which case v = 7! = D[V{] = u[V{]. Lastly, the pathwise uniqueness of the strong solution

follows from Remark [6.16] and Lemma [6.3] O
Proof of Theorem [6.17. Lemmas and together directly imply Theorem [6.17] O

Proof. Suppose that the local equation is unique in law and the law of its solution v is strongly
symmetric. Let (Y,v) and (Y’,7/) be two strong solutions to the local equation for the initial
data K. By Remark is equivalent to with jump rate functions that satisfy
Assumption 4l Then by Lemma for fixed functions -, has a unique (up to indistin-

guishability) solution Y, so if v = 4/, then Y = Y’ a.s.. Now suppose that v # +'. By unique-

ness in law, (F{z 1}, Y{z1}) @ (E{gyl},Y{'@J}). Then by condition |(2)| of Definition [6.14] for any

t € R+ and ] S j, ’}/;(t, E{@J},Yv{gvl}) =E |:Tj(t7 E7Y)‘g{®,l}7Y{Q,l}[t)} = ’Yj(t7g{®’1}’y{@71})
a.s.. Thus, condition of Definition implies that v;(-, R{z 1}, Yiz1}) and 7;(, Rig.1}, Yig,1})
are caglad modifications of one another, and are therefore indistinguishable. Combined with the

strong symmetry of v, this means that for every j € J, v € Ny and v-a.s. (5, y) € (K x D)Vld,

YtV ooy Viwoy) = VitV .gy Yjozy) for all t € Ry, Thus,

S(Ro) + S0,k x 7 T fr (s Vi) } No(ds drodj) - if v € Ng,t >0,

S(Ry) + f(o,t}xR+xjj]I{rgrj(s,E,Y)} N, (ds, dr, dj) ifv=g,t>0.

C(EU) + f(o,t}XR+XJj]I{TS’y;-(S,E{U,Q},Y{U’g})} NU(CZS7 dT’, d]) if v E N@, t Z 07

§(/K\/U) + f(O,t}XR+ xJ jﬂ{rgrj(s,/f$\7Y)} Nv(dsa dr, d]) ifv=a,t>0,

where the equalities hold a.s.. Thus, (Y,~') is also a solution to the local equation, so Y =Y a.s..
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For the remainder of the proof we establish the claim by proving that the solution to the local
equation is unique in law. Let ju, be the tiled extension of v, (so that u.[V{] = v, and pu, is an
automorphism invariant 2-SGMRF by Proposition and assume without loss of generality (by
extending the probability space if necessary) that (2, F,F,P) supports a k ~ pu, such that Kyd = K
and a collection of F-driving Poisson processes N := {N,}, 1« such that N = {Nv}vevld- Let (Y,7)
be the strong solution to the local equation with law v. For any connected subgraph G = (V, E, &)
of Ty, recall the definition of i€ := (k% X&) from Section where kK¢ = ky. Recall that
A% = Law(kC, X &) is well defined by Lemma Let v be a weak solution to the local equation.
Recall that the elements of V¥ are assigned a specific labeling: Vi = {@, 1,...,d}. Lastly, define
the respective measurable functions Y : Ry x (K x D)Vld — Ry and T: Ry x (K xD)IP1 5 R,

by

T(taﬁay) = ( H rjk(y@)(tk(yﬁ)aﬁay)) exXp (_ Z /Ot (Tj(877~97y) - 1) ds) )

tk(yz)€(0,t] JjeT

T(tvﬁ{gJ},y{@J}) 32( H ij(y@)(tk(yz)v19{@,1%1/{@,1}))

tk(yz)€(0,¢]
t
exp Z/O (%(S,ﬁ{@,1}7y{g,1})—1) ds |,
JjeTJ

for (t,9,y) € Ry x (K x D)Vld. Note that if (¢,y) € (K x D)Vd, then for any {u,v} € E and
any automorphism ¢ : V¢ — V9 such that ¢(u) = @ and ¢(v) = 1 (so that p(cl,) = V¢ and

o({u,v}) ={@,1}), we may write

Y(t Vet Yer) = L& o (Oyasvya))s - T D gueys Yiuwy) = Tt ox(Vzays Yz,13))-

Note that by Remark the specific choice of automorphism does not matter. By Remark

(6.3.1)) is equivalent to (6.1.1) and its jump rate functions satisfy Assumption {4| with respect
to graph G := G := Ty[V{] and the jump rate functions rl = {T‘j@}jej U {7 (vs ‘@)}vevld\{g}d-ej.
Define fi® := i’ where [i' was defined in Definition with respect to the jump rate functions r,ly

with G = G;. Then for any ¢t € R, it immediately follows from Proposition applied to (6.3.1])

that,
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th_ o ~ %
(9.3.1) yre =T(t—, Kvld,XG1> H Y (t—, H{v,g},X{Cif@}).
Hi— veL (V)

Recall that for each v € V4 \ {@&}, m, is the parent of v in T4. Now, for each n € N, define the

process,

(9.3.2) Lot)=| ] Yt ka,,X5") ( 11 T(t,m{vm},)?gfm})).

’UEVT?71 veL(V,E)
For each n € N, we use L, to define a measure 7", and we show that v = 7"[V{]. Let iC» :=

" [V.4], where fi" satisfies Definition [8.1| with respect to the jump rate functions {ri}veva jes and

the graph G = Ty. Note that in the n = 1 case this yields an equivalent definition of %! to the

definition given above.
Lemma 9.6. For everyn € N and t > 0, there exists a measure 7y € P((K x Dt_)vﬁl) such that,
dvi_

~Gpn
dpig”

= Ln(t)a

and forn > 1, 72 [V4 ] =771
Proof. Consider the following SDE:

Yé(t) = g(EQ) + N@(dsa dT, dj)u

i _
(0,t] xRy x T {TSVj(Sv“{(Z,I}’Yfg,l})}

(9.3.3) Y{(t) =s(R1) + N (ds, dr, dj).

(0,£] xRy x.J Jﬂ{réw(sﬁ{l,@}VY{’L@})}

Note that this SDE is of the form for G = Ty[{@, 1}] and its jump rate functions clearly
satisfy conditions and of Assumption 4] Furthermore, by condition of Definition its
jump rate functions also satisfy conditions andof Assumption Therefore, the jump rate
functions of the SDE above satisfy Assumption By conditionof Deﬁnition 7y, satisfies con-
ditionof Assumptionso that for any (¢,7) € Ry x T, v (t, Ry1,01, Y{1,01) 18 0(Fy1,01, Y, [))-

measurable. This implies that v;(t,k{1 g1, Y1,0y) = E [fyj(t,k{lﬁ},Y{L@})m{@,l},Y{@’l}[t)} a.s..
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Furthermore, v;(t, K{g 1}, Yig,1}) = E {rj(t,E,Y)|E{@’1},Y{@,1}[t)} a.s. by condition of Defini-

tion Thus, the jump rate functions in are equivalent to for G =G, U ={@,1},

p?[U] =7j,j €J and p}[U](t,{?\U,yU) = (¢, 5{1’®},y{17®}), je J for (t,g, y) €ER, x (Kx D)V

and satisfy conditions of Assumption 4l Then by Proposition for any t > 0 and for
it = 5% (g, 1),

dvi_[{@,1}] SG AR sa
(9.3.4) Dy (t) := W = T(t— k1,0p X o) Y= ip1y, X5 1))

Moreover, note that by (9.3.1) and ({ -, Li(t cf‘G Therefore,

Lit) _ dv (2. d}{@ 1)] \
D) ~ a2, d)l{e 1 e Ko

(9.3.5) Fi(t) =

where we apply the convention that % = 0. Fix n > 1. For each v € L(Vf_l), define the following

process:

F (t) L T(t_v K/Cly I chf:) HUGCU T(t_’ K/{’U,,'U}7 X{Ci::'v})
' T(t— Koy Xy D) ’

where by convention we let F,(t) = 0 under the same convention of § = 0. First note that

because )A(ffg = X% -1 and by (0.3.2),
n—1

(9-3.6) Lo(t)=Loa(t) [T Fo®).

veEL(VE )

Furthermore, because i = fi[V,9], the automorphism-invariance of fi (which follows from the fact

~ . . . . . . S d S
that [, = uk is automorphism invariant and by Lemma ) implies that (k1 , chl;:) ) (/ﬁjvld, X Gl).

S

X
Given that F,(t) is H v V H, 'Y -measurable, it immediately follows that F),(t) @ Fi(t). Lastly, by
Proposition i%" is a 2-SGMRF. Then for each v € £L(V,Z ,), applying the 2-SGMRF property,
the fact that F,(t) @ Fi(t) and (9.3.5)),

. . (d) o
E [Fv(t)]nvfl,X%_l[t)] — E[Fu(0) gy X0, 10] QB[R0 XE 0] = 1 as.

$Gn
By the 2-SGMRF property, the H"w vV H, el, -measurability of F,(t) for each v € L(V4 ;)
XG"
implies that {F,(t)},c L(ve ) are mutually conditionally independent given 7-[ " VH,_ Vi . This
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combined with (9.3.6)) and the display above yields,

B|Lu(®lnyg X5 1] =E|Lia®) [T Ay X5 0
UEE(VT‘LI)
— Lot J] E {Fv(t)mvg_l,f(% it

1

vEE(Vy‘fﬁl)
(9.3.7) = Lp_1(t) as..
v Vi—
We finish with a brief inductive argument. We have already shown that ;Q;l = jﬁGl = Li(t).
My~ My~
dﬁn__l -~
Suppose that —=g = Lu1(t). Then E[Ly(t)] = E B [La(®) kg, X2 )] ]| = E[Laa(t)] = 1,
so L,(t) is a Radon-Nikodym derivative. If we define 7} so that L, (t) = %, then (9.3.7)
t—
immediately implies that 7 [V, ;] = 7=, This completes the proof. O

We finish the proof by constructing an 7 such that 7[V,?] = 7" for every n € N. Note that we can
trivially define for each finite U C V¢ the measure 7[U] := 7"[U] for any n such that U C V¢, and
by Lemma this definition does not depend upon the choice of n. Thus, this family of measures
satisfies the Kolmogorov consistency conditions. Therefore, by the Kolmogorov extension theorem
(see [86, Theorem 2.4.3]), noting that each T[U] is Borel and therefore inner regular, there exists
a uniqe measure 7 € P((K x D)V") such that 7[V%] = 7" for each n € N. Consider the following

SDE.

N B . . N - d
X, (t) = <(ko) + (o,t}XR+xj]]l{rgj(s’”dv’de)} Ny (ds,dr,dj) if v e V.,

i < N, ) if d).
(0,t}><R+xJJ {r<v (o, my X {omoy } (ds, dr dj) it v € L(V,))

It is easily verifiable that this SDE is equivalent to (6.1.1)) with jump rate functions satisfy-
ing Assumption ] Then by Proposition for any ¢t > 0, the Radon-Nikodym derivative of

Law(fya, X"[t)) with respect to the law iS" is given by Ly (t), so 7" = Law(fyd, X"[t)). It follows

by Proposition [8.12(a) that the dual P?/d_l of Y?/d_l (defined in Definition [8.11) has 7"V v HX -

intensity,

Fn(t,j, U) = rj(tv Kclva?lu)a (tajav) € R-i- X J X Vrfl—l'
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Let (k,X) ~ 7. For any m € N, let FV#’L be the dual of Yv,gl; Note that for any n > m + 1,
(Fya, Xya, Pya) @ (Fya ,YY‘L/T% : ﬁ&z ), which immediately implies that the dual of X4 has Hvd v

v -intensity

T(t, j,v)|eva = ri(t ke, Xa,),  (44,0) €Ry x T x Vi,

Since this is true for all n sufficiently large, f|uev7g is also the H" Vv Hy—intensity of ﬁv;g . Thus,

the dual P of X has H* v HX-intensity,

T(t,§,v) = rj(t, ka,, Xa,), (t,5,0) € RE x T x VO

Then by Proposition b), by extending the probability space if necessary, there exists a
filtration G satisfying the usual conditions and a collection of i.i.d. G-driving Poisson processes

{Ny},cya such that,

X, (t) = ¢(ky) + ...} No(ds, dr, dj) for v € Vit >o.

il
(0,] xR+x T J {r<risima, Xay,)

Note by Remark that this is precisely (6.1.1), so by Lemma v = Law(k,X) =
Law(r, X) = p, so 7 = p. By definition of 7, v = p[V{¥] = u[V{]. By Proposition W is an
automorphism invariant 2-SGMRF, so by Proposition 1 is the tiled extension of v and v is

strongly symmetric. This completes the proof. O



CHAPTER 10

Proofs of Other Properties Relating to the Local

Equation

10.1 Proofs of Flow and Stationary Properties of the Local Equa-
tion

Recall that Corollary established the continuity of the continuity of both the local flow ¥ and
the flow generated by the IPS ¥ (see Definition [6.20)) and described the relation between the two

flows.

Proof of Corollary[6.21. By Theorem|[6.17] whenever v, is strongly symmetric there exists a unique
two-sided solution [v] to the local equation such that [v]- = v, and this solution is strongly
symmetric. Likewise, by Lemma for any p, there exists a unique two-sided solution [u] to
such that [u]- = pk. Thus, both ¥ and ¥ are well defined. By Theorem if v, is
strongly symmetric with tiled extension s, := 7, then [u] = [v] is the tiled extension of [v]. It
follows that for 0 < s <t < o0, the tiled extension of W ; (1) is the tiled extension of (6;—s[v])—. By
Proposition [t—s is an automorphism invariant, 2-SGMRF such that ut_s[Vld] = 14_g, SO it is
the tiled extension of v;_s. It immediately follows that Wg () = (0:—s[u])— is the tiled extension

of (6i—s[v])— = Vs (1) By definition of the tiled extension, it follows that W, (v,,) = @s,t(m)[vﬂ],

157
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so the final assertion of the corollary also holds.

The continuity of ¥ when v, is not strongly symmetric follows from continuity of the identity
function. When vy, is strongly symmetric, then continuity of ¥ follows from the fact that the shift
operator is continuous and that for Y ~ [v], there exists an a.s. positive random variable 7 > 0
such that Y[0,7) is constant whenever Y ~ [v]. Thus, (6;Y)(—o00,0] — Y (—00,0] almost surely in
@de as s \ 0. It follows that Wy 4(v,;) = (0s[V])— = v, as s \ 0. The continuity of ¥ follows the
same argument. For X ~ [u] and any v € V%, (0sX,)(—00,0] — X,(—00,0] as s \, 0. Therefore,
(05X)(—00,0] = X(—00,0] as s \ 0, 50 Wg s(1s) = (Os[pu]) = — pue as s \( 0.

Note that both ¥ and ¥ are time-homogeneous (candidate) flows by definition. All that remains
is to show that ¥ and V¥ satisfy the semi-group property. We start with ¥ and note that by time-
homogeneity, it suffices to prove that for any s,t > 0, W0 Vg, = Ug 44 Fix s > 0 and for each
v € V4 let (0sN,)(dt,dr,dj) :== N, (dt + s,dr,dj) noting that {0;N,}, ey« is an i.i.d. collection of
0sF := {F_s}-Poisson processes on RZ x J with intensity Leb? ® #7 and that 65X (—o0,0] is

__\yd
6, Fo-measurable. Then by Assumption |5 note that for any s’ > s, v € V%, j € J and z € D’ ,

1 (s', x[0, 00), (=00, 0]) = 7% ((Bg2(—00,0)) = 7§ (s" — 5,0,2[0, 00), Bs2(—00, 0]).

Then by the above display, for any v € V¢ and t > 0,

(0:X,)(t) = X(s+1t)
o . / -
—re /<S,s+t]xR+xjJH{TST;<scX[ovoo>7X<—oo701>} No(ds', dr, dj)

o . / -
= 0,X(0) + (07t]XR+XjjH{TSr}’(s’,@sX[O,oo),HsX(*oo,OD}’GSNU(dS ,dr; dj).

Thus, by Lemma p' := O4[p] is the unique two-sided solution to such that p = (0s[u])-.
It immediately follows that for any ¢ > 0, Wo 10U (k) = Yot ((0s[p])=) = Ostept])= = Vo st ()
Given that we have already shown ¥ is time-homogeneous, it follows that W is a time-homogeneous,
continuous flow. Now note that W trivially satisfies the semi-group property when applied to a
measure that is not strongly symmetric. Let v, € P(@gld) be strongly continuous. Fix 0 < 5,1 < oo.
Note that by the final assertion of the corollary, which we have already proven, W s(7,)[V/?] =
Wo.s(v) and its tiled extension is simply Wy (7). Below, in the first equality we apply the final

assertion of the corollary twice. Then we apply the argument described above that shows that
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W s(74)[V¥] = Wo5(7,). Then we use the fact that W satisfies the semi-group property and apply

the final assertion of the corollary one last time:
Vot 0 Wos(vi) = aO,t (@0,8 (ﬁn)[vld])[vld] = @O,t (@0,3 (yﬁ))[vld] = @O,SH (?n)[vld] = Wos+(V)-
Therefore, ¥ is also a time-homogeneous, continuous flow. ]

Now we prove Corollary which establishes that every symmetric limiting IPS has a

marginal that is a symmetric limiting solution to the local equation.

Proof of Corollary[6.24]. Let fi be a symmetric limiting solution to (6.1.1]), so that there exists an
automorphism invariant, 2-SGMRF two-sided solution to (6.1.1)) [] such that lim;_,, 6[p] = fz. By
Theorem [1][V{] is a two-sided solution to the local equation. Thus, lim; o 0[] [Vi?] = m[V{]

is a symmetric limiting solution to the local equation. O

Finally, we prove Corollary which established a bijection between stationary solutions to

the local equation and stationary, automorphism invariant 2-SGMRF IPS.

Proof of Corollary[6.25, Let [v] be any strongly symmetric stationary solution to the local equation.
Then v is the law of the solution to the local equation for initial data with law v,. By Theorem
this implies that 7 is the law of the solution to for initial data with law 7, where ¥
and 7, are the tiled extensions of v and v, respectively. For any ¢ > 0, let ' € P((D x fg)vld)
and 7' € P((D x Dy)"") be the unique measures such that [] = 6;[v] = [v] and [#'] = 6,[7]. Then
by Corollary [6.21], 7, = (6:[v])— = W¢(V,), which is the tiled extension of Wg(v,) = (6:[v])- =
([v])= = vi. Thus, ¥, = D,. Since this holds for all ¢ > 0, [7] must therefore be stationary, so [7] is
a stationary solution to (6.1.1]).

In the reverse direction, if (] is a stationary solution to (6.1.1)), then by Theorem [][V] is
a two-sided solution to the local equation. Moreover, [u][V{?] is stationary, and therefore a stationary

solution to the local equation. ]
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10.2 Forward Equation and Stationarity of the Markov Local

Equation

We prove Proposition in two steps. We first establish that is well-posed. Then we
construct a solution to the Markov local equation whose law is described by the unique solution to
(6.6.3).

We begin with a general extension of the Picard-Lindel6f theorem, the proof of which is deferred
to Appendix Fix n > 1. Let A, := {b € R} : 3" b; = 1} be the unit simplex in R", let
A9 :={be (0,1)": >, b; = 1} be the interior of A, (with respect to the plane containing A,)

and let 0AY := A, \ Ay be the corresponding boundary of the unit simplex.

Lemma 10.1. Fiz anyn > 1 and a € AS,. For each i,k € {1,...,n}, i # k, define the bounded,

continuously differentiable functions f;r : A, — Ry and g; : A}, — Ry. Then the initial value

problem
dl’i
pr > fin(@)zj — gi(x)w,
ki
(10.2.1) z(0) =a

has a unique continuously differentiable solution x : Ry — Ay whenever

n n
(10.2.2) > fie®)br = gi(b)b; =0
ik=1 i=1
ik
for allb e Aj.
Lemma 10.2. Suppose Assumptions cmdla hold, that |X| < oo and that po(a) > 0 for alla € Ve
Then there exists an s > 0 such that the initial value problem (6.6.3) has a unique, continuously

differentiable solution p: Ry x XVi' — (0,1).

Proof. Let n := ]XV1d| < ooandlet ¢ : {1,...,n} — XV be a bijection. Throughout the proof,
given the function p : I x Vi [0,1] for some open interval I C R, define ¢ : I — A, to be
the function given by ¢(t) = (p(t,¢(3)))’ . Furthermore let qo = (po(¢(3)))i~; € A2. Then it
immediately follows that p is a continuously differentiable solution to if and only if g is a

continuously differentiable solution to (10.2.1) where a = qo and for each i,k € {1,...,n} with
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ik,
7 (W (k)) if ¥(k) = Sg,—;(¢(i)) for some j € T,
pex 't mi®ey-10,)
fi,k(c) — %{:@,1}2(1#(1%*]71/)(1)@) - if QIZ)(]{;) — SU,*](,(b(’L)) for some v € N@,j c j’
berld v=1(p)
big13=(D)v—5,9(1)z)
0 if (k) # Sp,—;(1(i)) for all v € V&, j € T,
and
Z beX‘(/lj ?j(b)cw—l(b)
~ . b =9 () {v
gi(e) =Y | FH@) + > g’l} {2} - :
jeTJ ’UEN@ bEXVld 1/1_1(19)

biz.1y =Y () (v, 2}
for all ¢ € Ay. Then f; and g; are clearly continuously differentiable in A7 and bounded
from above by (d + 1)C where C := C(1), and where ¢t — C(t) is the constant function defined in
condition of Assumption 4 We now verify . Note that, with some justification provided
below, for each ¢ = 1,...,n,

YD > L=, ey frilc)e

jeT veNg k=1

) et T(0)ey-1(v)
=> > f:ﬂ{wo S0y — 2T “
L S e O=S > e Vi Cyp=1(b)
b{@,l}:(w(k)’uszdj(k)@)

X vt Tihey

_ . Lo biz,11=2() (v, 2} .
=2 > D Tw@=5, wm) > i

JET veENy k=1 beXVfl Cyp=1(b)
brz,13=% (1) {v,2}
>

eyt Til0)ey-ig
=23 52,13 =% (){v.0} o
2

JET vEN pex Vi Cy=1(b)
brz,13=% (1) {v,2}

= gi(c)ei — ¢ > T5(w(i).

JjeT

In the second equality above, we use the fact that (i) = S, _;(¢(k)), and in the third equality

we note that the term in the summand no longer depends on k. Furthermore,
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D Lip(i)=Sp s i rilc)e = ¢ Y 75(1(i),

jeJ JjeJ

so for each i € {1,...,n},

kaz Cz+gz )'L—O

k#i
Therefore,
n n
Z fir(c)er + Zgi(c)ci = 0.
i k=1 i=1
i#k
The result follows by Lemma [I0.1] O

Before proving Proposition we state one more technical lemma. Recall the definition of

Sy.,j(+) from Section The proof of this result is relegated to Appendix

Lemma 10.3. Suppose Assumption |4| holds and let G = (V, E) be a (possibly improper) subgraph
of Ty4. Suppose also that there exist uniformly bounded functions 7Y iRy x X SR, veV,jeT
so that for all (t,9,z) € Ry x (K x D)V,

ri(t 0, x) =7t wa,(t-)).
Then for any finite W CV, U CW,veU,je T, ac X, bexW, te R, and At > 0, if
cly, CW and a # by, then the solution X to (6.1.1) satisfies

P(XG(t+ At) = a| X (1) = b) = 3 D7 #(t+,ba, ) At (u—s, ) + O ((A0)?).
velU jeJ

We now prove Proposition [6.27]

Proof of Proposition[6.27. The first assertion of the Proposition holds by Lemma [10.2] Let p :

R4 x xvit o (0,1) be any continuous function such that Zaexvij p(t,a) =1 for all t € Ry and

p(0,-) = po(+). For each a € X1}t e R, and j € J, define
>

pepvi  Ti0P(E0)
- ~p(t) [~ b{z.1}=0(g,1}
(10.2.3) 3;(t,a) == E2~PE) ()| Ziy 13 = a] = —22 ,
! { ! ’ te.d) } Z beXVld p(ta b)

biz.1y=az,1}
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and note that for any a € X{@1} and j € 7, t + 7;(t, a) is continuous. Therefore, for any = € D&}

and j € J, t — 7;(t,xz(t—)) is caglad. Therefore, ¥ satisfies all parts of condition 2 of Definition

[6.6.2] except that it may fail to satisfy (6.6.1).
Now let Y solve (6.6.2) where 7 is defined in (10.2.3). The equation (6.6.2) is equivalent to

(6.1.1) on the graph G' = T4[V;{¥] and where the jump rate functions {'I";-}}vevld,je 7 are given by

r;-z = rj and 13 (t, Oy g}, To,z}) = Vi (t; T{o,g) (—)). Moreover, it is easily verified that {r}} satisfy

Assumption 4}, so by Lemma Y is uniquely defined up to indistinguishability and by Lemma

~ N ~
3.11} it is H*VH Vld-adapted. Therefore, (Y,7, Nvld) satisfies conditions 1 and 3 of Definition |6.26}

soY isa strong solution to the Markov local equation if and only if 7 satisfies (6.6.1]). Moreover,

if there exists a unique function 7 such that both (10.2.3) and (6.6.1)) are satisfied then Y is the

only strong solution to the Markov local equation up to indistinguishability, so the Markov local
equation is pathwise unique. Note that, unlike the case of the local equation, if Y is a solution to
the Markov local equation, then 7 is completely determined by Law(f/) via , so it suffices to
prove that Y is the unique solution to the Markov equation in law.

Define p/ : Ry x XYY" — [0,1] by p/(t,a) := P(Y(t) = a). Then for any ¢t € R, At > 0 and

a € led, by Lemmam

p(t+ At,a) —p'(t,a)

=Y S Pla=Y(t+At) = 8,;(Y(t) - PY(t+ At) = S, ;(Y(t)) = Syj(a)) + O ((At)2)

veVEijed
= 5 % (B + 80 = S, TOIT(0) = So (@) (1,515 (a)

UEVldjEJ

SRVt + A = Sy, (V)T () = a)p' (2, a)> +0((a0?)
= At Y (7(Sg,—(a)p'(t, Sg,—j(a) — T(a)p'(t, a))
jeT

+ At ZN > (35t (av = 5:00))P (£ So, (@) = 33t agugy)p (. 0) ) + O ((A)?) .
vENG JET

Substituting the value of 7; derived in (10.2.3)), dividing by At and taking a limit as At — 0 yields,

S (ta) = 3 (705 (@)p (1, 50,4(@) ~ Ty(a)p!(1,0)
JET
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(10.2.4)
Zb be?(vld A )Fj(b)p(tv b) Zb berld Fj<b)p(tv b)
ay=(av—7,a 1} =N,
DIDI B Ty P Se—i(@) - Rt e ()
vENg jeT beat Pt eVt P\b
big,13=(av—J,ag) b1} =0(v, 0}

Given the initial condition p/(0,a) = po(a), is a linear ODE whose coefficients vary
continuously in time, which therefore has a unique solution for any p defined on the entire interval
R4+ [6, Theorem 2.25].

Note that 7 satisfies both and if and only if for allt € R, j € J and a € X191}

X vt P 2 e Ti(0)p(t D)
~ biz,11=0(g,1} biz,13=0z,1}
’y(t7 a) = =
! Z berld p’(t, b) Z be)(vld p(t, b)
b{z,11=0{z,1} b{z.11=a{z.1}

However, if the above display holds, then ((10.2.4)) holds when p is replaced by p’. Given that (10.2.4))
and (6.6.3) are equivalent under the additional condition that p = p/, it follows that p’ must be
the unique solution to (6.6.3). That is, Y solves the Markov local equation if and only if p’ solves

(6.6.3), so we have shown that the solution Y is unique in law which completes the proof. O

To prove Proposition [6.28] we first derive a forward equation describing the dynamics of a
solution to (6.1.1) in the neighborhood of the root, then we apply the 2-SGMRF property and
translation invariance show that 7 must satisfy (6.6.3]).

Proof of Proposition[6.28: Let m be an automorphism invariant, 2-SGMRF stationary solution to
(6.1.1). Fix a probability space (2, F,F,P), driving Poisson processes N and an associated weak
solution X to (6.1.1]) for the initial condition X (0) ~ 7. By stationarity, Law(X (¢)) = = for all

t € R.. Define the function p : R, x XVi' by p(t,a) = P(led (t) =a) forallt e Ry and a € xve,

By Lemma [10.3] for any a,b € XYY such that a # b, ]P)(led (t) = a|XV1d(0) =b) = O(t?). This

implies that for every t € Ry and a € X Vld,

) = p(0.0) = 3 3 (P (X0) = o[ Xy00) = 505 (@) (0. )

vEVld JjeJ

— P (Xya(t) = sv,j(a)’XVId(o) = a) p(0, a)) +0 ()
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Dividing by ¢ and taking a limit as t — 0 yields,

Cp(0.0) = lim 3™ ST (Xya(t) = 0] Xy0(0) = Su5()) p(0, S (@)
UEVld JjeJ
(10.2.5) - lim % S 3B (Xyalt) = Sy (@) Xya(0) = @) p(0, ).
UEVldjEJ

Recall that by Lemma (with G = Tyq, W = Vil and U = V), for any v € V¢, j € J,

be XV and t > 0,

(10.2.6) P (Xya(t) = Su(Xya(0))] Xy0(0) = b) = 75(ba, )t + O (1)

To evaluate the terms in (|10.2.5)), we first apply (10.2.6)). For v € Vld, jeJanda € led, note
that cl, C Vi’. Then,

1 1
JP (Xya(t) = Suj(a)| Xye(0) = a) = S P (Xya(t) = Su,j(a)| Xy0(0) = b) P (Xy0(0) = b| Xy
bexVs
bvld:a
(10.2.7) ~ Zd 7 (bet, )P (X0 (0) = b’XVId(O) = a).
bexVa
bvld:a
When v = @, we can further simplify the above expression by noting that cl, = cly = V{, so
(10.2.8)
> 75(ba )P (Xyg(0) = b|Xya(0) = a) = F5(a) > P (Xyg(0) = b|Xya(0) = a) = 7(a),
bexVs bexVs
bvldza bvld:a

When v # @&, we apply the 2-SGMRF property, Assumption [6] and automorphism-invariance

of m with respect to an automorphism that maps v to @ and & to 1 to get,
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> 7ba)P (Xyg(0) =b[Xya(0) =a) = > FHBP(Xa,(0) = b[X(0) = a)
b XVQd bEXClU
b= b0} =%v,2}

d=0a ) )

1

= Y HOP(Xa,0) = b X[ (0) = ap )

bEXClU
biv, 6} = v, 5}

= > FHOP(X(0) = b X(1(0) = appy)

eVt
biz,1}=%v,z}
X v Ti0p(0,0)
b{z,1} =2}
(10.2.9) =@
2 pex Vi p(0.5)

b{z,1}=v,z}

By applying stationarity of m, and combining (10.2.5) with ((10.2.7)),(10.2.8) and (|10.2.9)), it
follows that p is a stationary solution to (6.6.3)) as desired. O
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APPENDIX A

Measurable Representatives of Graph Isomorphism

Classes

In this section, we establish several properties of the space &, [Z, Z] and the measurability of marked
graph representatives of random isomorphism classes, culminating in the proofs of Theorem [2.29]

All results are stated in Sections [2.2 and [2.3] and proven here.

A.1 Proofs of Results in Section [2.2

Let ® be an arbitrary point not lying in ZU Z, define the spaces Z¢, := ZU{®} and Z, := ZU{G},
and endow them with the corresponding Polish topologies from Z and Z, respectively, with ® being
an isolated point. Throughout the section, we often implicitly denote the components of (possibly
random) [Z, Z]-graphs by G := (V, E, @,9,9) and G, := (Vy, En, @, 0", 9").

We first begin with the proof that convergence in %A*[z, Z x 2'] is equivalent to componentwise

convergence when the underlying graph converge in %A*[?, Z].

Proof of Lemma[Z.21, Because G, — G in %/[Z, Z], the marked graphs (Gn,z"), n € N and
(G, z), satisfy conditions 1-4 and 6 of Definition Moreover the vertex marks of GG,, converge
componentwise to the vertex marks of G in the sense of condition 5 of Definition [2.19] Thus, by
condition 5 of Definition (Gn,2") = (G, 2) if and only if the display above holds. O
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Next, we show that truncations of the underlying graph converge in finite time if and only if

conditions 1,2,3 and 6 of Definition hold.

Proof of Lemma[2.23. For convenience of notation, let [n] := {1,...,n}. We start by proving the
first statement. Fix any m € N, and let M,, := max{v € B,,(G)}. Then conditions 1 and 2
of Definition imply that for sufficiently large n, V N [M,,] = V,, N [M,] and E N [M,,]? =
E, N [My,)?. Condition 3 implies that @&, = @ for n sufficiently large. Thus, the subgraphs of
B, (]G4]) and By, ([Gp,«]) induced by the set [M,,] exactly match for sufficiently large n. Then by
condition 6, max{cl,(G,)} = max{cl,(G,)} for all v € V N [M,,] and n sufficiently large. Because
B (G) C [M,,], these statements imply that all of the vertices in By,(Gy,) also fall inside [M,,],
and hence, By, ([G«]) = By ([Gp,«]) for all sufficiently large n.

Now suppose that V = {1,...,|V|} and By, ([Gr +]) = Bm([G+]) for all m € N and n sufficiently
large. Then for n sufficiently large, @, = @ which completes the verification of condition 3. For
any v € V, there must exist an m € N such that v € B, (G). Then for n sufficiently large,
Bm+1([Gnx]) = Bm+1(|Gx]), so v € V,, and cl,(G,) = cly(G) so max{u € cl,(Gy)} = max{u €
cly(Gp)} which completes the proof of condition 6. If £ € N\ V, then |V| < oo so there must
exist an M such that By/(G) = G. Then for n sufficiently large that Bysy1([Gn«]) = Bu+1([G4]),
Vo, =V so k ¢ V,,. Thus condition 1 holds. Likewise, for any e € E there must exist an m such that
e € Ep, (@) in which case e € Ep, (g,) for sufficiently large n. Suppose {k,k'} ¢ E. If either k ¢ V
or k' ¢ V then we are done as we’ve already verified condition 1. Otherwise there exists an m such
that k, k" € By,(G) so for sufficiently large n, e ¢ Ep, (o) = Ep,,(a,)- Thus, E, — E so condition
2 also holds. O

We now prove the final useful lemma for establishing convergence in %:[2, Z].

Proof of Lemma[2.23. Fix the sequences m,,N, — oo such that B, (G,) — G and
Gn[{1,...,N,}] — G. Then conditions 1-5 of Definition hold directly because
Gnl{1,...,N,}] — G. All that remains is to verify condition 6. However, for each v € V, there

must exist a n € N such that v € Vg (g so that cl,(G) € Vg, (g). Then because By, (Gn) — G,
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condition 6 of Definition [2.19] implies that,

Jdim max{u € cly(Gp)} = lim max{u € cly(Bm,(Gr))} = max{u € cl,(G)},

vEVR U€‘>/n
Mp>m

so condition 6 of Definition 2.19 holds as well. O

The next proof shows that g:[z Z] is Polish. Note that although this proof is long, the idea

of the proof is relatively simple. We define a Polish space R and construct an injective map v :

~

4.[Z, Z] — R such that the image of ¢ is a closed subspace of R. We then show that this map is
continuous and that its inverse is also continuous. This is enough to show that %:[?, Z] must also

be Polish.

_ N
Proof of Proposition [2.25. Define the Polish space R := (N X Za X (Z@)N) x N equipped with
the product topology, and consider the map v : %,[Z, Z] — R defined by (G) := ((x(G))ren, D),
where for each k € N, ¥(G) = (¢}, Y}, (El{k,kf})k/eN), with

max{clk(G)} ifkeV, , Y, ifkevV, _, @{k,k’} if {kﬁ, k/} SHIR
CL = 19k = ﬁ{k,k’} =
k otherwise, ®  otherwise, ® otherwise.

We then have the following observations:

(i) The map 1t is a bijection from %,[Z, Z] to R, where R is the subset of elements ¢ =

(¢} Vs, {El{k7k/}}k/eN)keN, @) in R that satisfy the following constraints:

(a) @ eV :={keN:9, # 0}

(b) for every k ¢ V¢, ¢}, = k;

(c) One has {k,k'} C V; for every {k,k'} € E¢ := UpenE¢(k), where E¢(k) := {{k,k'} C

N:k# K Ty # O

(d) for every k € N, ¢, = max[{k} U{k' € N: {k,k'} € E¢(k)}].
It is trivial to check that for every G € %[Z,Z], (@) must satisfy conditions (a)—(d)
above. Thus, the image of 52*[2 Z] under 1 is contained in R. On the other hand, note

that any ¢ = ((¢},, 9}, {Eﬁ{k,k/}}k'eN)keN, @) € R has a unique inverse under 1, described by
Y = Ge = (VC,EQ,@C,ﬁk(C),ﬁf{k’k,}(C)), where Vi and E; are respectively defined as
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in (a) and (c) above, @¢ = &, Vx(¢) = V), € Z for k € V;, and Uy 13 (C) = gf{k’k,} € Z for
{k,k'} € E¢. condition (c) also ensures that ¢ € R implies |E¢(k)| < oo for every k € Vi, and
so the resulting graph G is locally finite. Moreover, conditions (a) and (c) together ensure
that the edge and vertex marks lie in Z and Z, respectively, thus showing that G, is a [Z, Z]-
graph. Lastly, it is easy to see that for any G € %[Z, 2] and ¢ € R, ¥ o p~1(¢) = ¢ and
Y1 o1h(G) = G, thus proving 1 is a bijection between %,[Z, Z] and R.

R is a closed subset of R under componentwise convergence: suppose the sequence (" =
(™ 0" ATy e ren, @) € R,n € N, converges to ¢ = ((ch, 9, {Tp pry ren)ken: @)
pointwise. Then ¢ € R because R is Polish. To show ¢ € ﬁ, it suffices to show that ( satisfies
the constraints (a)—(d) in (i) above. To prove condition (a) we argue by contradiction. Suppose
U = ©. Then since @" — & it follows that there exists N < oo such that g" = @ for all
n > N. Since 29%” — ¥y and © is isolated, this implies that for all sufficiently large n,
19'” = 19® = ©, which implies &, & V¢» and thus contradicts the assumption that (" € R.
Thus, this proves that ¢ satisfies condition (a). Condition (c) can be established in an exactly
analogous fashion. Next, suppose k ¢ V. Then since ( satisfies (a) as shown above, ¥ = ®
and since © is isolated and ;" — ¥y, it follows that ¥} = ® for all sufficiently large n. In
turn, since (" € R this implies k € V¢» and hence that ck = k. Since c,C — ¢}, this implies
¢, = k and condition (b) follows for ¢. Finally, condition (d) for ¢, which implies each E¢(k),
k € N, is a finite set, can be deduced by similarly observing that c;c’n = ¢ and therefore
E¢n (k) = E¢(k) for all k € N and all sufficiently large n, and the fact that each (" satisfies

condition (d).

The map 1 is a homeomorphism from 52*[2 Z] to R: For each n € N, let G, =
(Vits By @, Uy Un) € 92, 2] and 9(Gr) = (" 07", {0 4y bwen)ken, @) € R. Then
we wish to show that G, — G = (V, E,@,9,9) in %,[Z, Z] if and only if ¢(G,,) — ¥(G) :=
(k> D {E/{k,kf}}k/eN)keN, ) in R.

(a) If G, — G, then lim, oo ¥(Gy) = ¥(G): for any k, k' € N, conditions 1 and
2 of Definition imply that if ¥ € V and {k,k'} € E, then k € V, and
{k,k'} € E, for n sufficiently large. Then for any k& € V, condition 6 implies that

limy, 00 6" — lim%g‘go max{cly(Gp)} = max{cly(G)} = ¢}, and for k ¢ V, k ¢ V,
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for n sufficiently large so lim,_, o c;C’” = k = ¢,. Conditions 4 and 5 imply that for

. n —-/,n 1 n qn o
ke Vand {k K} € B, limy oo (0}, Ugpy) = lim, o T eV, (O V) =
(O, Opopry) = (7%:52(1@,1@/})- If £ ¢ V, then k ¢ V,, for n sufficiently large and because
© is an isolated point, this implies that lim,, . 192" = © = V). By the same argument,

if {k,k'} ¢ E, then lim, El{/ik’} =0 = E/{l@k’}- Lastly, @™ — @ by condition 3 of
Definition [2.19] Thus, 1 (G,) — 1 (G), which establishes the continuity of .

(b) If ¥(G,) — ¥(G), then G,, — G: conditions 1 and 2 of Definition follow from the
convergence of ;" to ¥}, and the convergence of 5{{’27,{/} to gi{hk/} and the fact that
® is isolated in Zz and Zq. This directly implies that every vertex k € V and edge
{k,k'} € E is in V,, and E,, respectively for all sufficiently large n, and likewise every
non-vertex k € N\ V and non-edge {k,k'} € N\ E is not in V,, or E, respectively
for all sufficiently large n. Condition 3 follows from the convergence of @™ to @. To
prove condition 4, recall that we have already shown that any £ € V is in V,, for n
sufficiently large. Thus, limr];a;: Iy = limr]gg&: 9" = limy e ¥y = V) = Ug. The
proof of condition 5 is exactly analogous except we apply the fact that {k,k'} € FE
implies {k, k'} € E,, for n sufficiently large and then apply the convergence of E{’Z,k'} to
@:{k,k'}‘ Lastly, for each k € V', because c;;" = ¢}, for sufficiently large n, this implies that
E¢(k)n{c,+1,...} = 0 for n sufficiently large so ¢}, > max cl;(G). However, {k,c,,} € E
if and only if {k,c,} € E, for all n sufficiently large, and because {k,c;"} € E, and
;" = ¢, for n sufficiently large, this implies that {k,c}} € E so ¢}, = maxcl(G). Thus,

condition 6 holds.
Because v is a one-to-one map onto ﬁ, this proves the claim.

Since g:[?, Z] is homeomorphic to the closed subset R of the Polish space R, it is also Polish. [J

A.2 Proofs of Results in Section [2.3

We begin the section by proving that the topology on <, [Z, Z] is compatible with the local topology.
By compatible, we meant that the map %.[Z, Z] 3 G — (G) € %.[Z, Z] is continuous and its inverse

is lower semi-continuous in the sense of [, Definition 1.4.2].
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Proof of Proposition [2.26. We start by proving the first statement. By Lemma [2:22] conditions
1,2,3 and 6 of Definition imply that B,,([G«]) = Bm([Gn«]) for all m € N and sufficiently
large n, that is Ny, := min{n € N : B, ([Gy «]) = B ([G4]) for all n’ > n} is finite (where the
minimum of an empty set is taken to be co). For n > Ny, let ¢ m : Bpn(G) — B (Gy) be the

identity isomorphism. Then for each v € Vg (q) and e € Ep, (g), conditions 4 and 5 of Definition

2.19 imply limn—eo 97 ) = limnseo 07 = 1y, and limn—eo @Zn,m(e) = limn—oo ¥, = U.. By

n>Ny, $nm VeV, n>Nm, e€Ey,
Definition this proves that (Gr) — (G).
We now prove the second statement. For convenience of notation, let [n] := {1,...,n}. First

consider the case when the representative G € (G) is connected and has a vertex set that is canonical
in the sense that V = [|V|] = {1,...,|V]|}. It is easy to see that one can always choose connected

representatives G, = (V,, E! | @%,F’n,ﬁ””) of (G,), n € N, such that
(A.2.1) Vi =[VI]={1,...,]V]|} for n € N,

where we interpret {1,...,00} as N. By construction, each V! is also in canonical form. Then by
Definition for each m € Ny, there exist n,, < oo and a collection of isomorphisms ¢, €
I(Bin([G+]), Bn([G}, 4])), m € No,n > ny,, such that for each m € N, the inclusions v € B, (G)

and e € Eg_ () imply

(A2.2) Jim dz(0), (,0e) =0 and  lim dz(9 .0,)=0.
N>Nm N>Nm,

Hence, there exists a sequence of non-decreasing integers M,,,n € N, converging to infinity such that

for each n € N, the inclusions v € By, (G) and e € Ep,, () imply dz(l?:(;z o ¥y) < 27Mn and

v)’
d§(5;Z,Mn (e Ue) < 2=Mn when M,, > 0. Set ¢, := ¢,.u,, and for each n € N, define g, : N - N
by

on(v) if v e By, (G),
Pn(v) =

n

Wy,

otherwise,

where if v is the kth smallest element of N\ By, (G), then w} is the kth smallest element of

N\ By, (G),). Now for each n € N, define

G = (Vo By @0, 0", 0") 1= (@ (V). 2 (BL), 20 (), 2 10" 2 10
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By construction, for each n € N, V,, = V! = {1,...,|V,]}, just as in (A.2.1). Then by definition,
for each m € N and noting that (i) when m < M,, @,|p,.(@) = ¥n.M,|B,.(¢) (Which implies

ol B (Gn) = ng\/[n] B (Gy)) and (ii) M, increases to infinity, one has
(A.2.3) B ([Gnx]) = 90;}\4” (Bin([G7,..])) = Bin([G4]) for n sufficiently large.

Then by Lemma [2.22] conditions 1-3 and 6 of Definition 2.19) hold. Now for each v € V and e € E,
there must exist m € N such that v € B,,,(G) and e € Ep,_ (g). Then by the definition of M,, it

follows that

Jam do(03,0) = Jim do(0) (0 00) = lim 27 =0
. "N . —In — . M, _
lim dz(J;,0c) = lim dz(J, (), Je) = lim 2 Mn — 0,

Thus, conditions 4 and 5 of Definition also hold, proving that G,, — G in %:[?, Z].

Now consider the more general case in which G is an arbitrary connected representative of
(G) with no restriction on the vertex set. In this case, there exists a connected graph G’ :=
(VI E' & .U ,9') = G whose vertex set V' := Vi is in canonical form. Using the argument above,
construct the sequence {G,} whose vertex sets V, := Vg are in canonical form and such that

G — G in 9,[Z, Z]. Given any isomorphism ¢ € I(G',G), define

p(v) ifveVy,
Wy otherwise,

where if v is the kth smallest element of N\ V', then w, is the kth smallest element of N\ V. Then

© : N — N is a bijection, so for each n € N,

Gn = 2(Gh) = @(Ve), B(EL), (2h), 7.0, 7, 0"™),

is isomorphic to G}, and G,, — G.

We finish the proof of the second assertion by considering the case in which G may not be
connected. Let G}, := (V! E/, @;L,El’n,ﬁ””), n € N, be a collection of connected graphs such that
G, — ¢»(G) and let U = {v € V : dg(v, &) = oo}. For each n € N, let G = G[U \ V})] and let
Gy, be the disjoint union of the graphs G), and G/. Because G, — 6»(G) so that V,) — V' \ U and

VG% =U\ V,{, it follows that V,, := Vg, = VT; @) VG% = VT/L uu — ‘/(g@(g) U\ chg(g)) =V so
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condition 1 of Definition holds. Likewise, E,, := Eg, = E,UEgn:. By assumption, £}, — E¢_(q)
and Egr — Egy), so By = E;, UEgn — E @) YU Egu) = E. Thus condition 2 of Definition m
holds. Condition 3 of Definition holds because G, — € (G). To verify condition 6, suppose
v € Vig, () in which case v € V, for all sufficiently large n so that ling&f max{u € clg,(v)} =
hmﬁg‘ﬁ’? max{u € clg (v)} = max{u € cly (@ (v)} = max{u € clg(v)}. Now suppose v € U.
Then ; ¢ Vi, () so for sufficiently large n, v € Vgr. Furthermore, by definition of G!, for any
u € clg(v) and n sufficiently large that u € Vg, u € clgr(v) = clg, (v). Furthermore, if u ¢ clg(v)
and v € Vgr then by definition of G,, u ¢ clgy(v) = clg, (v). Thus, lim?}g&: max{u € clg, (v)} =
limyne—‘}g?{ max{u € clgr(v)} = max{u € clgp)(v)} = max{u € clg(v)}, so condition 6 holds.

Lastly, for any v € V' (respy. e € E) there are two cases to consider: first suppose that v € Vi ()

(respy. e € Ey, (). Then by the convergence of G}, to €(G) and condition 4 (respy. condition 5)

of Definition [2.19] limn—oo 97 = limn—oo 97 = 10, (respy. limn—oco ¥, = limn—oo ¥, = ;). For the
veEV, . ecEp eEE],

n

second case, suppose v € U (respy. e € Eg(r)). Then for sufficiently large n, 0} = 9, (respy. 90 =7,)
by definition of G. Thus, conditions 4 and 5 of Definition hold, so G,, — G and 6y, (G,) = G,

which implies G,, € (G,). Thus, the correspondence (G) — {G' € 9.[Z,Z] : G' € (G)} is lower

semicontinuous by [5, Definition 1.4.2]. O

We split the proof of Theorem [2.29] into multiple parts. We begin with a statement of the
Kuratowski and Ryll-Nardzewski measurable selection theorem which we use to prove the result.

The theorem makes use of the notion of a random closed set.

Definition A.1. Given a Polish space Z’ and a measurable space (€2, F), a mapping F :  —
clo(Z"), where clo(Z’) denotes the set of closed subsets of Z’, is said to be an F-random closed
subset of Z’ if it is weakly measurable in the following sense: for every open set U C Z’, the set

{w e Q:UNF(w) # 0} lies in F. Moreover, F is said to be non-empty if F'(w) # 0 for every w € Q.

Theorem A.2 (Kuratowski & Ryll-Nardzewski Measurable Selection Theorem). Suppose Z' is a
Polish space, (Q,F) is a measurable space and F : Q + clo(Z') is a non-empty F-random closed
subset of Z'. Then there exists an F-measurable function Z : Q — Z' such that Z(w) € F(w) for

all w e Q.

Proof. This is simply a restatement of |16, Theorem 6.9.3] in our notation, in particular with X, B

and VU in [I6] replaced by Z’, F and F, respectively. O



176

We now state and prove the first assertion of Theorem [2.29]

Lemma A.3. [36, Lemma B.7] Given any %.[Z, Z]-random element (G), there exists a connected

measurable representative G of (G).

Proof. For every (H) € 94.[Z, Z], define
(A.2.4) U, ((H)) :={H € 9,[Z,2]: H € (H)}.

Then the set W, ((H)) is non-empty since it contains H, and is also closed due to the continuity of
the map H — (H) established in Proposition Thus ¥, maps any isomorphism class in ¥%,[Z, Z]
to the closed set in clo(%[Z, Z]) composed of all graphs in %,[Z, Z] that lie in that isomorphism
class. Given the %,[Z, Z]-random element (G), it follows from [5, Proposition 1.4.4] that for every
open set U C %,[Z, Z|, the following set is open in %,[Z, Z]:
A = {(H) €42, 2] w.((H) U £ 0} = | (1)},
HeU

Since (G) is a %.[Z, Z]-random element, this implies that ¥, ((G)) is a non-empty o((G))-random
closed subset of %, [Z, Z] in the sense of Deﬁnition and the lemma follows on applying Theorem
with 2/ = %,[Z,Z], F = U,((G)) and F = ¢((G)) and by noting that if the resulting F-
measurable random graph G € U, ((G)) is disconnected, then €(G) € (G) is connected and it is

also F-measurable. O

Before proving the rest of Theorem we need to introduce a notion of a measurable random
isomorphism. We then show that measurable random isomorphisms between isomorphic a.s. finite

4,[Z, Z]-random elements always exist.

Remark A.4. [36, Remark B.8] For Wi, Wy C N, let M(W;, W3) be the space of mappings from
Wi to Wa, and define M := Uy, w,cny M(W1, Wa). Then any map f € M(Wy,W2) C M can be
embedded in NISI (equipped with the discrete product topology) via the bijective map

(A.2.5)

f(n) ifne Wy,
B(f) == (Bu(f))nen, where 3, (f) = for f € M(Wy, Wy).

0 otherwise.

We equip M with the topology induced by 3, that is, we define a subset U C M to be open if and
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only if B(U) C N} is open. With this definition, 3 is automatically a homeomorphism and M is a

Polish space.

Lemma A.5. [36, Lemma B.9] Fix a probability space (2, F,P) that supports a.s. finite, F-
measurable {4:[2, Z]-random elements Gy, i = 1,2, that satisfy P(G1 = G3) > 0. Then I(G1,G2)
is an F-random closed set. Furthermore, given any F-random closed subset A of M such that A

is a non-empty subset of I(G1,G2) on the event {G1 = Ga}, there exists an F-measurable map

© € M(V1,Va) such that p € A on the event {G1 = Ga}.

Proof. Given any F-random closed subset A of M such that A C I(G1,G2), consider the set-
valued mapping B(w) := M(V3,V3) if G1 2 G2 and B(w) := A otherwise. Note that by finiteness
of G; and G, B is also finite because B C M(V7, V3), and thus B(w) is closed for all w € €. Let
B ={B(f): f € B}, with 3 as in (A.2.5)), and note that B(w) is similarly finite and therefore closed
and non-empty for all w € . We claim that B(w) is weakly F-measurable. That is, for every open
U C N1§ , the set {BNU # 0} is F-measurable. If the claim holds, then B is a non-empty F-random
closed subset, so by Theorem with Z’ = N} and F' = B, there exists an F-measurable random
variable b such that b(w) € B(w) for every w € Q. The lemma follows on setting ¢ = 371(b).

To prove the claim, first note that the set {w : G1 = Ga} is F-measurable by assumption.
Moreover, fixing any open set U C N, note that {G; = G} N{BNU # 0} = {G1 = G2} N
{ANB71U) # 0}, and also that U’ := B~1(U) C M is open since 3 is continuous. Because A
is an F-random closed subset, this implies {G; = Go} N {BNU # (0} is F-measurable. Next,
observe that {G1 2 G2} N{BNU # 0} = {G1 # Go} N {M(V1,Vo) N 7HU) # 0} = {G1 &
Gao} N{M(V1,V2) N U’ # (}. However, note that

MV )NU £0t = ) {Viw) =Wi,i=1,2} 0 {U' N MW, W) # 0},
finite W1,W2CN
which is a countable union of F-measurable sets since U’ is open. Thus, {BNU # ()} is F-measurable

for every open U, and the claim follows. O
We may now prove Theorem [2.29

Proof of Theorem[2.29. Fix a probability space (92, F,P) supporting (G,), n € N and (G), and for
each n € N let F,, := 0((G)) V o({(G,,)). The first assertion holds by Lemma so let G be any
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connected measurable representative of (G). For each n € N, let G,, be a connected, F,,-measurable
representative of (G,). Then for any ¢ € M, define the following random variable:

W m () Y Vi) 220y 00) + Leery, o) T2 0e) i @ € Tam,
n,m\¥P) ‘=

o0 otherwise,
where In g := I(Bm([Gx]), Bm([Gny])). Let My, = argminge ygWn,m(p), where we define My,

to be empty if ¥y, (@) = oo for all ¢ € M. We first show that it suffices to prove the following claim:

Key claim: For each n,m € N, Mg’m is a JF,-random closed subset of M that is non-empty

on the event {I,,,, # 0}.

Deferring the proof of the claim, first note that given the claim, applying Lemma with
G1 = Bn([G4]), G2 = By ([Grs]) and A = MY

n.m, there exists a sequence of F,-measurable maps
k)

{@n.m}tnmen such that @,,,, € My for every n,m € N on the event {I,,m # 0}. Hence, by the
definition of MY

n,m?

the fact that ©,, ,,, € Inm and by Definition for any m € N (where the

minimum over an the empty set is assumed to be 00),

lim min W, (p) = lim ¥y, 1 (F,,,,) = 0.

n—00 o€l m n—00

For each n € N, consider the F,-measurable random variable M, = max{m € N : ¥, (%, ,,) <
27™} where the maximum of the empty set is assumed to be 0. Then the above display implies
that if (G,) — (G) a.s., then M,, — 00 a.s. as n — 0.

Now for each n € N, define the following F,,-measurable M-random element:
@;}Wn (v) ifve VB, (Gn)

Pn(v) =
Wy otherwise.

where if v is the kth smallest element of V,, \ VBMH(GTL)7 then w, is the kth smallest element of
{k € N: k> max{Vp, (q)}} Because @, , € I(Bum, ([G]), B, ([Gnxl))s Pn(v) € Vi, (@) if and

only if v € V,, (a,)- Thus, @, € M(V,,,N) is a injective map. Then we can define,

G;z = (V727E7,17@2175,7n>19,’n) = (@n(vn)aan(En%@n(@n)a@n,*gnvan,*ﬁn)
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It follows that G, = G,, with g,, € I(G,,G",) so G, € (G,,) and G,, is connected. Furthermore, by
the F,-measurability of 3, and G,,, G), is also F,-measurable. We now assume that (G,) — (G)
a.s. and show that G/, — G a.s. in g:[?, Z]. Because M,, — oo a.s., for every m € N, there exists a
F-measurable random variable N,, such that m < M,, a.s. on the event {n > N,,}. For m > 0, this
implies that B, ((G}, ,)) = Bm(Gx)) a.s. on the event {n > N,,}. Because N, is a.s. finite for every
m € N, this implies that conditions 1,2,3 and 6 of Definition hold a.s. by Lemma Lastly,
for any v € V and e € E and for any m such that v € Vp_(g) and e € Ep_ (q), if n > Np,, then
m < M,, so given that W, ,, is monotonically increasing in m, dz(9,",9,) = dz(ﬁ%n,Mn(v)’ﬁ”) <
Vo, (@ar,) < 27 Likewise, dg@le’n,ﬁe) = d§@gn,Mn(€)’Ee) < VoM, (Proaa,,) < 27™. Since m
can be arbitrarily large, this proves conditions 4 and 5 of the definition. Thus, by Definition [2.19]

G!, — G a.s., which concludes the proof of the theorem given the key claim.

We now turn to the proof of the key claim. Fix n,m € N. We first prove the following:
Sub-Claim 1: For each p € M, U, ,,(p) is F,-measurable.

Proof of Sub-Claim 1: Fix ¢ € M. Define A¢, := A,, 1 N A¥ ,, where

m,2)
Am1 = {(Hsz) € 9.2, 2): . di, (2,v) < m} :
Ap o = {(Hy, Hy) € G2, 2 p € 1(0(H), 0(H>)) }

with 0 : %:[2, Zl = 4, being the mapping that takes H = (VH7EH,@H,§H719H) € g:[?, Z] to
Vi, Egy,2H) € ff*, which is the rooted representative graph H with all marks removed. Then
consider the mapping 0%, : (4[Z, £])? — Ry U {oo} given by

Hoy Hl)

ZUEVHl dz(l?i%v)’ 19{){1) + ZGEEHI d}(gw(e)vge if (Hl, HQ) € A?

m?
@;%(Hl, HQ) =
00 otherwise.

Since ¥y, (@) = OF,(Bm(G), Bin(Gr)), to prove Sub-Claim 1, it suffices to show the following:

Sub-Claim 2: The map ©Y, is continuous.
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Proof of Sub-Claim 2: Fix ¢ € M(Wy,Ws) and m € N. If W, is infinite, ©F, = oo, and so
is trivially continuous. Next, suppose |Wj| < oo. Then, since 6§ and H — maxycy, du(J,v) are
continuous and {(Hi, Ha) € %Af : ¢ € I(Hyi, Ha)} is closed, it follows that A, and Afw are
closed, so A¢, is likewise closed. Let {(HT, H)}nen C %[Z,Z] C A% be any sequence that is
convergent in %,[Z, Z|, and let (H®, H5°) denote its limit. Then (H™®, HS®) € A%, since A?, is
closed. Moreover, by conditions 1 and 2 of Definition Vip = Vigee = Wi and Epp = Epe
for all sufficiently large n. Then the convergence of O% (H", Hy') to ©%,(H{°, H5°) is an immediate
consequence of the definition of ©f, and conditions 4 and 5 of Definition Lastly note that
the map 0 : (%.[Z,Z])2 — 92 defined by 62(Hy, Hy) := (8(Hy),0(Hy)) is continuous and that
A% = 05 (A7) where A” C %2 consists entirely of pairs of graphs with radius at most m. However,
it is easily verified by Definition that any finite graph is an isolated point in %A*, which implies

that A” . and therefore A?

b ¥ must also be open. Sub-Claim 2 then follows on noting that ©%, is

identically equal to infinity and thus trivially continuous on the closed set (A%, )°.

min

nom, always

Next, define \Ifﬂg = mingep Yi,m(p) where \IIE’;% = oo when I, ,,, = (). Then ¥

exists because I, p, is finite. Note that since | By, (G)| + |Bm(Gr)| < 00, it follows that

pmin min R4
T oe MW, Wa): nim ()
[W1|+|Wa|<oo

is a minimum over a countable collection of F,-measurable random variables. Sub-Claim 1 then

shows that \I/,r{“nr; is also F,-measurable. For any open U C M,

PEM(W1,W2)NU:
|[W1|+|W2|<oco

Since this is a countable union of F,,-measurable sets, the key claim follows from Definition O

We conclude the appendix with a proof of Corollary The proof is slightly involved and
involves the construction of several intermediate graphs. We’ll briefly summarize them here to make

the proof easier to follow. Fix any n € N and i € {1, 2}.

* (G, @) is the finite graph in the statement of the lemma such that (€ (Gn)) — (G").

o (G, 21) € (G, 2!) and (G, &%) € (G') are connected, measurable representative graphs
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such that (G4, &%) — G in 4,[Z, Z].

e (G,2¢) are (possibly disconnected) extensions of (G, &%) defined such that (G, 2!) =

(G, @) and such that G [{1,...,2n}] = GL[{1,...,2n}].

o Letting M, denote 1/3 of the distance between the roots @} and @2 in G, (adjusted so M, is
an integer), G, is an unrooted graph such that G,[U,] = G2[U,] where U,, is the collection of
vertices within distance M,, of @2 in G2, and G,[N\ U,] = GL[N\ U,]. Thus, G,, is identical

to G2 near @2 and it is identical to G1 everywhere else. Lastly, (Gn, L, 22) = (G,,, @}, @2).

For convenience, we will use the notation [n] = {1,...,n} in the following proof.

Proof of Corollary[2.30. Fix i € {1,2}. By Theorem there exists a sequence of connected,
Fn = o((GY, (G, @%) 1 i = 1,2) D o({(GY)) V 0((€zi (Gn)) : i = 1,2)-measurable representa-
tives (G5, 21) = (V,{’i,E;;i,é;,@l’i’n,f}”i’”) of (€yi (Gn)), such that (G}, @},) converges to the
connected, o({G?) : i = 1,2)-measurable (G!, &*) = (Vi,Ei,Qi,@i,ﬁi) € (GY as. in %A*[?, Z]. By
mapping the vertices v to 2v+1 —1 for ¢ = 1,2, we may assume without loss of generality that the
vertices of G:', n € N, and G are restricted to the even numbers while the vertices of G%2, n € N,
and G? are restricted to the odd numbers.

Note that for n € N, the graph G, may not be connected but G’ is connected, so it is
possible that (G%i, &%) 2 (G, @), and we need to do a little more work to extend (G%, &¢) to a
disconnected graph that is isomorphic to (G, @%). Recall from Lemma (where Gy = € (Gn),
Gy = (GF,2%) and A = I(Gy,Gs) is a.s. non-empty) that there exists for each n € N an F,,-
measurable isomorphism /' € T (Cgi (Gn), (G%i &t)). Construct the vertex set V! as follows. For
k < My, :=2nV (max{v € Vy'} +i—1), k € V; if and only if k € V,;". For k > M; n, k € Vg if
and only if £ — M; , = 2v +1i — 1 for a vertex v of G, that is not in the same connected component
as @!. Then V! consists purely of even vertices while V2 is restricted to odd vertices. Because G,
and G’ are finite graphs, it follows that ¢, : V;, — V! defined by
ol (v) ifve Ve G

P (v) ==
2v+1—14M,;, otherwise,

is an Fp,-measurable bijection. Let (G%, %) be the F,-measurable random element in %,[Z, Z]
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defined by,
(Gs @) = (Vs 0 (En), By 0300 039"

Then (G, 2%) = (G, @Y%), CK@;(G;) = (G4, %) and for any N € N and 2n > N (noting that
M;,, > N), the restriction of (G%, &%) to the vertices [N] is equal to the restriction of (G%¢, &)
to the same vertex set. Since (G4, @%) — (G', @) a.s., this implies that for any two sequences
of positive integers m,, N,, — oo such that N,, < 2n for all n € N, B, (Gi,2!) — (G &) and
(GL,Z)[[N,4]] = (Gi, %) a.s.. Thus, by Lemma (GL,31) = (Gi, @) as. in 4[Z, Z).

Let L, := dg, (@)L, 2?) and M, := EL”J, and note that L, and M, — oo in probability by
assumption. Recall that ) € I((Gn,@L), (GL,&L)) is Fy-measurable. Let V! 5 B2 = oL (22).
Then by definition, By, (GL,32) = B, (Gn, @2) = Bag, (G2, 32) for all n € N. Then applying
Lemma once more (with G = By, (GL,32), Go = B, (G2,32) and A = I(Gy,Gs)), there
exists an Fp,-measurable @, € I(Byy, (GL,32), B, (G2, 22)).

We can now construct the F,-measurable graphs C~?n, n € N, respectively. Define @, € M(V,},N)

by,

v if dg1 (v, B2) > M,

Pn(v) =

?,(v)  otherwise.

Then noting that V,} C {2k : k € N} while the image of %,, is contained in {2k — 1 : k € N}, it
follows that @, is an injection and that for v € By, (GL, B2), @n(v) € Bar, (G2, 22). Then define,

~ ~ ~ -~n

G = (Voo Bn 0, 0") o= (@n(Vi1), $u(BL), sl ", G ™).

Let {ny} be any subsequence of N. Then because M,, — oo in probability, there exists a subsequence

{nk,} on {ni} such that lim,_, Mnke = 00 a.s.. Then by construction, for each i = 1,2,

(A.2.6) lim By,

{—00 kg

(Gras @ry,) = fim Bug,, (G, s @n,,) = (G, 2) s in (2, Z].

Now let

G=G'UG*=(VIUVZ E'UE? ((0)ecrs 02)ecr2)s (0))vers (92)per2))-

Then for each i = 1,2, 6, (G) = (G',&") € (G") by construction. All that remains is to prove that
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(G, Ph,,) = (G, ') as. in 4[Z, Z].

To do that, fix any N > @'V @?2. Then a.s. for sufficiently large ¢, the following hold for i = 1,2:
L g, =2 <N;

2. My, > My where for every v € ViN[N], dg(v, @) < My;
3. BMN([(énke7é'7r;Lk4)*]) = By ([¢5:(G)4]).

For each ¢ € N, let Ny be defined such that the four (in)equalities hold for N = Ny and £ > ¢'.
If no such integer exists, then let Ny = —1. Note that for sufficiently large ¢, N, > —1. Fix any
¢ € N such that Ny > —1 and note that by definition of ¢,, n € N, and the fact that My, < Mnkl,

By, (énke’é%w) = BMNZ(Gi é%kz) Then properties 2 and 3 above imply that for every v €

nkla

Va,, NN, minidg,  (v,3,,) = mini do (v, 2%) < My,. Ths, (G, )[INd] = (G}, VG2, NI

and by property 1 above, @flke < Ny. Lastly, for each i, (G* éﬁlk[)[[Ng]] — (G, @%) a.s. by the

nkZ7

a.s. convergence of (Gﬁlke,@%w) to (G, @%). Noting that the unions below are disjoint, this implies

that,

Jim (G, @1, )[NG) = Jim (G2, .5, ) UGE, )[IN] = (G, 2) UG?) = (G, ).

L—o0
By the same argument, limgﬁw(énke , é%kg)[[NgH = (G, @?). Combining the above display with
(A.2.6) and Lemma [2.23 (énkz’é%kg) — (G, 2" as. in 9[Z,Z]. Thus, (Gn, %) = (G, ") in

probability for each i = 1,2, as desired. ]



APPENDIX B

The Regularity of Projected Processes

In this section we prove Lemma [9.1|and Proposition We first establish the existence of a caglad
modification of the process ¢t — E [T‘;(t,/{G,XG)’/{g,Xg[t)} by modifying a result by [82]. We
then apply a few technical arguments to complete the proof of Lemma [9.1] Proposition follows
immediately by Lemma [6.3] Proposition and some standard results from point process theory.
For simplicity, given two (possibly random) functions f,g : R — R, we say f is bounded by g if
FO] < |g(0)] for all ¢ € R;.

Lemma B.1. Let Z := {Z(t)}icr, be a real-valued stochastic process with caglad (left-continuous
with right limits) sample paths. Let G be any filtration satisfying the usual conditions defined on
the same probability space as Z. If there exists a non-decreasing function M : Ry — Ry such that
Z is bounded by M a.s. for allt € Ry, then Z = {Z(t)}icr, defined by Z(t) = E[Z(t)|Gi—] has a

caglad modification.

Proof. Let Z*+ be the stochastic process defined by Z*(t) = Z(t+) and define Z* by Z ' (t) :=
E [Z1(t)|Ge]. If M is constant, then Z™ is cadlag, bounded and G is an increasing filtration satisfying
the usual conditions, so the assumptions of [82, Theorem 6] hold. It follows that 7" has a cadlag
modification. Now suppose M is not bounded. Note that for each n € N, Z™* := {Z* (tAn) }er, is
bounded from above by M(n+) < oo, so Z"F .= {E [ZF(t A n)|G] }er, has cadlag modifications

N

for each n € N. However, for each t < n, 2" (t) = 7+(t). Thus, Z " still has a cadlag modification,

184
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which we call g7.

Note that the process g defined by g(t) := gt(t—) for all ¢t € Ry is caglad, and we will
show that it is, in fact, the caglad modification we are looking for. Fix ¢ > 0 and let {tx}ren be
any sequence of real numbers increasing to t. Because Z has caglad sample paths, it follows that
limy 00 Z(tr+) = Z(t) almost surely and {|Z(tx+)|}ren are bounded from above by M (t). Lastly,

note that \/jcy Gy, = G¢—. Then, by definition of g, g7 and by [26, Theorem 9.4.8],

g(t) = g*(t=) = lim g*(tx) = lim E[Z*(1)|Gi, | = E[Z()|0,-] = Z(1) as.
k—o0 k—o0
Because this holds for all ¢t > 0, g is a caglad modification of Z. O
We now prove Lemma

Proof of Lemma[9.]. Fix any (j,v) € J x U. Note that the (as yet undefined) process t
P;U(E, k%, X&) will be predictable with respect to the unaugmented filtration generated by &
and X g . Let’s call this filtration G and let G be the augmented filtration associated with G. Once
we have established the existence of p?[U], we can continue to work on filtrations satisfying the
usual conditions as pj[U] will also be G-predictable.

Let p(t) = 7j(t, k¥, X%) and note that p(t) is non-negative, a.s. caglad and bounded by
C, where C is the function defined in condition of Assumption For t > 0, let p(t) :=
E [p(t)@tf} =E {T}’(t, kG, X )| HEG v ’HtX_g . Then by Lemma p has a caglad modification.
This implies that p|,cq+, where Q7 is the set of non-negative rational numbers, has a unique caglad
extension to D(Ry, Ry ) a.s.. Note that, although G may fail to be complete, it is right-continuous
because t — (k% X (t)) is a.s. cadlag, piecewise constant and its points of discontinuity are iso-
lated points (see the discussion on page 357 of [28]). Thus, G is simply the completion of G so for

each t > 0, G;_ and G;_ only differ by sets of measure 0. Then, for t € Q. , define

A1) == E[p(t)|Ge] = p(t) as.

It follows that plg, = p|g, almost surely. Then there must exist a family of measurable functions

Dt (’C X Dt_)U — R+, t e Q+, such that
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oS, XG[t) = p(t) = p(t) for all t € Q4 aus..

Then we can define p: R x (K x D)V — R, by

(B.0.1) p(t,0,z) = lim}?f ps(0, x[s)).

s€Q4
Note that ¢t — p(t, /@5, Xg ) is G-adapted and a.s. caglad. To account for events of probability
0, we need a predictable method to determine when ¢ — p(¢, 9, z) will fail to be caglad or fail to
be bounded by C for some (9, ) € (K x D)V. To do this, we take advantage of the fact that XV
is a countable set so that the discontinuities of x must consist entirely of isolated points. For any
t € Ry and x € DY, define the look-forward process z!(s) := x(s) if s < t and z'(s) = z(t—)

otherwise. For any fixed 6 > 0, define

Z(t’ v, 33) = H{s»—>5(s,19,zt) is caglad and bounded by C on [0,t+6)} :

Fix any (9,z) € (K x D)V. We will first show that ¢ — z(t,9,z) is caglad. Then we will show
that z(-, s, X) is a modification of the constant function ¢ + 1. Fix any ¢ such that z(¢,9, ) = 1.
Then p(-, 9, z') must be bounded and caglad on [0, + §). Because z is cadlag on a discrete space,
there must exist an € such that x[t — ¢,t) is constant. For any t' € [t — €,t), note that ¥ = a2t so
p(-,9,2") is also well defined, bounded and caglad on [0, + &) C [0,¢ + §). Thus, z(t—,9,z) = 1.
Likewise, if z(¢,9,x) = 0, then there must exist an ¢ < e such that p(-,9, z') is either not bounded
by C or not caglad on the interval [0, (t — €) 4 8). Then for t' € [t — €, t), p(s,9,2") = p(s, 0, 2?) is
likewise not bounded by C' or not caglad on [0, 4 ¢), so z(t—, 9, z) = 0. Thus, z is left-continuous.

To prove the existence of right limits of z(-,1, z), define 2!*(s) := z(s) if s < t and z!*(s) :=
z(t) otherwise. If p(s,d,z') is bounded by C and caglad on [0,t + § + ¢) for some € > 0, then
2(t+,9,z) = 1 exists. If p(s, 9, 2'T) is either greater than C or not caglad on [0, + § + €) for every
€ > 0, then there must exist an s < ¢+ § such that either p(s—, 9, z'") # p(s, 9, 2'1), p(s+, 9, z!)
doesn’t exist or p(s,d,z'") > C(s). However, in all of these cases, it follows that for each t' > ¢

such that z is constant on [t, '), =" = 2!t so z(t',9,z) = 0, which implies that z(t+, 9, z) = 0.
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Lastly we show that for every ¢t € Ry, z(t,xk&, X§) = 1 almost surely. Fix any ¢t € Ry and
suppose there exists an A € B((K x D)V) such that for every (J,2) € A, z(t,9,z) = 0 and
P((k§, X5) € A) = u“[U](A) > 0. Then define A° as follows:

AS ={(0,z) € (KxD)Y :zt+06) = ()|t + ) for some (I,z') € A}.

Conditioned on {(x{f, X§) € A}, {(x5, XG) € A°} = {X§[t,t +0) = XF(t—)} C {N,([t,t +
§)% (0,C(t+6))x 7) = 0,0 € U}. Then u®[U](4%) = P((xf, X§) € A%)(x5, XG) € AuClU](4) >
e OITICEH0) L GUT](A) > 0, and for (9,z) € A%, p(-,0,z) is either unbounded by C or not caglad on
the interval [0, ¢+ §). Thus, with positive probability on the interval [0,¢+0), p(-, Iig, X g ) is either

unbounded by C or it is not caglad. This is a contradiction, so z(t, Iﬁ?g, Xg ) =1 a.s.. Thus,

p;lU(t, v, xu) = p(t, v, zv)z(t, du, 2v)

is caglad for all (¥, zp) € (K x D)V and p; U], k%, X&) is a modification of 5(¢) that is bounded
by C, and therefore satisfies conditions and of Assumption

Note that by and the display above it, for each (¢,9,z), (t,9,y) € Ry x (K x D)V such
that z(s) = y(s) for all s < ¢, p(t,d,x) = p(t,¥,y). Likewise, 2! = y', so z(t,9,z) = 2(¢,9,y)
as well. Therefore, pi[U](t,9,z) = pj[U](t,9,y) so condition of Assumption [4]is also satisfied.

Finally, condition holds trivially with respect to the graph Ky. This completes the proof. [

We prove Proposition by applying a projection lemma from [28] on point processes, by
repeatedly applying duality as described in Proposition [8.12] and by calling on the well-posedness
of the SDE.

Proof of Proposition[9.4 Let P® be the dual of X§. Then by Proposition [8.12(a), P% is a point

process on Ry x J x U with F-intensity,

A(t,j,v) == r;-’(t,/ﬁG,XG) for (t,5,v) € Ry x J x U.

Let G = H~° vHX". By Lemma t = A(t,j,v) == p§[U](t, k&, X§) is a caglad modification

oft » E [r}’(t, KG,XG)|I€(U;,X§[t)] for each (j,v) € J x U and py[U] is bounded by the function C
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defined in condition of Assumption 4| Then by [28, Lemma 14.3.111], A is a G-intensity of PC.
By Proposition [8.12|(b), the probability space (€2, F,P) can be expanded to include a filtration
G and a collection of i.i.d. G-Poisson processes N := (Ny)ver @ (Ny)veu such that for all (¢,v) €

R+XU,

(B.0.2) XC(t) = ¢(rS) + WG XG }N (ds, dr, dj) for v € U.

(0] xRy x T {T<” i
Moreover, by Lemmam7 9.1} the above equation is equivalent to on the complete graph with
vertices in U, Ky, satisfying conditions and of Assumption 4l Because U is finite,
the graph Ky is a graph of bounded maximal degree. Thus, by Lemma and Proposition
(B.0.2) is strongly well-posed. Since only differs from in the choice of driving Poisson
processes, it follows by well-posedness of the two equations that (k&, X' ) w (G, X§) ~ pudU).
Lastly, let { ,03-’” [Ul}vev,jeg, @ = 1,2, be two sets of jump rate functions satisfying the conditions
outlined in Lemma and let YG’i, i = 1,2, be the respective pathwise unique solutions to ((9.1.1))
with the jump rate functions {p;’U[U |}, @ = 1,2 and driven by the same Poisson processes N.
Fix any (j,v) € J x U. By Lemma p;’U[U](-,/@g,Xg) and p?’v[U]( k&, XG) are both caglad
modifications of t — E [r}’(t, kY, X9 |G, XG [t)} and are therefore indistinguishable. It immediately
follows that for u®[Ul-a.s. (9,2) € (K x D)Y, pjl-’U[U](t,ﬁ,x) = p?’U[U](t,ﬁ,a:) for every t € Ry.
(

) —G.2
)

However, as we’ve shown above, (RU,YGJ) = (ky, X ~ uCU], so

<G,1 G . .
X, (t) =<k, +/ I _ N, (ds,dr,dj), forve Ut >0,
O =)+ ez {r<at Witsm XN} ( i)

=¢(kY) + 7G’1)} N, (ds,dr,dj), a.s. for v e U,t > 0.

1l
(0] xRy x T J {répf’” [U](s,k0,X

Then by pathwise uniqueness, X% and X2 must be indistinguishable. O



APPENDIX C

Properties of Markov Random Fields and Conditional

Independence

C.1 Some Supplementary Properties of Conditional Indepen-

dence

The goal of this section is to prove Lemma from Section The proof relies on several
technical properties of conditional independence established in Lemmas and We start with
a basic measure-theoretic result, which establishes the equivalence of conditional expectations with

respect to any o-algebra G and its completion G.

Lemma C.1. [37] Let (2, F,P) be a complete probability space and let G C F be a sub-o-algebra

with P-completion G. Then, for any bounded, F-measurable random variable Z,
E[Z|0] = E |2[d] a.s.

Proof. By definition, E[Z|G] : © — R is a bounded, G-measurable function. Then by [53, Lemma
1.27], there exists a G-measurable function g :  — R such that g(w) = E[Z|G](w) a.s.. Then for

any A € G, A € G so that,
E [Iiayg] = E [IE [2]G]] = E 14 2],

189
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which implies that E[Z|G] = g = E[Z|G] a.s.. O

Lemma [C.I] immediately implies that conditional independence relations of o-algebras are

insensitive to completions.

Lemma C.2. [37] Let Z;, i = 1,2,3, be Polish spaces and suppose that (2, F,P) is a complete
probability space. For each v = 1,2,3, let Z; be a F-measurable, Z;-valued random element. Then

Z1 AL Z5|Z3 if and only if H? 1L HZ2|H?s.

Proof. Suppose that Z; 1L Z5|Z3 and let A € H?'. By [53, Lemma 1.27], there must exist a o(Z)-
measurable function f : Q — R such that f = H{Z} a.s.. Then the set A := f~1({1}) € 0(Z1) and

the symmetric difference of A and A is null. By repeated application of Lemma,
P(A[H723) = P(A[H729)) = P(A| Zppy) = P(A|Z3) = P(A|H?) = P(A|H).

Thus, H% 1L HZ2|H?%. Now suppose HZ1 1 H#2|HZ. Then for any A € 0(Z1) C H?', Lemma

implies,
P(A|Z(y3y) = P(A[H7 ) = P(A[H?) = P(A|Z3).
Thus, Z; 1L Z5|Z3, which completes the proof. O

Before proving Lemma [8.3] we state a number of facts about conditional independence proved

in [81].

Lemma C.3. [%7] Let G;, i € {1,...,6}, be six complete o-algebras defined on some common

measure space. Suppose also that Gi L Go|Gs. Then,
(a) Go L G1|Gs [81), Proposition 2.4(a),(b)];
(b) if G4 1L (Gs,Gs), then Gy 1L G5|Gg [81, Proposition 2.5(b)];
(¢) if Go WLV 1Gi, then Gi V Gy 1L Go|Gs [81), Proposition 3.2(d)];
(d) if Go = G4V G5, then Gy WL G4|G3 V G5 [81, Proposition 3.2(a)];
(e) if G4 WL G2|Gs V Gy, then G1 V Gy 1L Ga|Gs, also [81, Proposition 3.2(a)];

(f) if Ga € G1, then Gy 1L Go|Gs [81), Theorem 3.1];
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(9) if G1 1L G4|Ga V Gs, then Gy 1L Ga|Gs V Gy [81), Proposition 3.2(b)];

(h) if G4 C Gs and for every non-negative, Gi-measurable random variable Z, E[Z|Gs] is G4-

measurable, then Gy 1L Go|Gy [81, Theorem 3.3].

We may now prove Lemma (8.3

Proof of Lemma[8.3 For convenience, we will freely apply the symmetry of conditional indepen-

dence outlined in Lemma [C.3|(a) without reference. By Lemma condition 1 and (8.1.5) imply

that,
1. HZ , 1 =1,2,3, are mutually independent and independent of Vg’:lHZz‘l ;
2. 1A L HZ .
By condition 1’, HZE 1L \/13:1%23. Then applying Lemma (b), HZ 1L HZ32| V3, HZ:
Combining this with condition 2’, Lemma [C.3|g) implies that,
(C.1.1) HA 1L 1P| VI HE.

By condition 1°, #%: 1 HZ v H%, so by Lemma (b), HZ 1 HZi|HZ% . Thus, for any non-
negative, HZ1-measurable random variable Y, E [Y\Hzgl'z}} =E [Y|HZ§ } is HZ3-measurable by

condition 2 of the lemma. Together with (C.1.1), Lemma [C.3|(h) implies that
(C.1.2) HA 1L 1P M

Next, condition 1’ above implies that HZi 1L HZ v (\/?ZlHZil) D HZ v HZ% v HZ . Combined
with (C.1.2) and Lemma|C.3(c), this implies that %1 v HZ 1L 1% |#%i. By condition 1’ and the
fact that H%3 C \/22:1HZ§, HZ 1L (\/%ZIHZ}) v HE v HES Applying Lemma, (c) again yields,

(C.1.3) WAV HA L H v 1B HES

Finally, Apply Lemma (f) twice given ((C.1.3)). First apply the result with G; = HA v HE
= HZ noting that G4 C G; by condition 2 of the lemma to get HZ 1L HZ v HZ§|’HZ§. Then
apply the result with G, = HZ2 v HZ22, G4 = HZS noting once again that G4 C Gy by condition 2 of

the lemma. This implies that,

(C.1.4) W7 1L 1B M
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Then the result follows by Lemma [C.2] O

C.2 Supplementary Properties of SGMRFs

In this appendix we establish an equivalent characterization of a-SGMRFs (Lemma , then prove

that a-SGMRFs on trees generalize Markov chains on trees as explained in Remark [6.9]

Proof of Lemma[6.8. Throughout the proof, fix the probability measure € P(Z") and define the
random vector Z ~ 7. First, assume that Z4 1L Zp|Zg for all finite, disjoint A, B, S C V such that
S a-separates A and B in G. Then for any A’, B', S’ C V partitioning V' so that 5" := N§(G)
is finite and any finite A C A’ and B C B’, all paths from A to B must contain a consecutive
elements of N'§,(G), and so S’ a-separates A and B in G. Thus, Z4 I Zp|Zg/, and because A, B
are arbitrary finite subsets of A’ and B’ respectively, it follows that Z4 1l Zg/|Zs:, so 7 is also an
a-SGMREF.

In the other direction, now assume that 7 is an a-SGMRF and let A, B, S C V be finite, disjoint
vertex sets such that S a-separates A and B. Then we claim there exist A’, B’, S partitioning V'

such that
1. ACA", BC B and S 2 N%/(G);

2. Za AL Zisuprywe, @)1 2w, 6)-

If the claim holds, by Lemma (d) and applying Lemma twice, Za 1L Zpi|Zg. By
condition 1, this directly implies that Z4 1l Zp|Zc as desired, so it suffices to prove the claim.

We now prove the claim. Let A’ be the set of elements in V \ S that are not a-separated
from A in G. Let B = V' \ (SU A’). Then B C B’ because S a-separates A and B. Moreover,
by construction, S a-separates A’ and B’. Thus, N§,(G) C S which completes the verification
of condition 1. Then A’, (S U B) \ N§/(G) and N§,(G) partition V, and N§(G) C S is finite by
assumption. Thus, condition 2 holds because 7 is an a-SGMRF. That concludes the proof of the

claim and therefore the lemma. O

Proof of Remark[6.9 By uniqueness of paths in trees, note that for the finite, disjoint sets A, B, S C

V, S a-separates A and B in G if and only if it a-separates A and B in G[U] for every finite,
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connected U C V such that AU BUS C U. Then by Lemma this implies that 7 is an a-
SGMRF with respect to G if and only if n[U] is an n-MRF with respect to G[U] for all finite,
connected U C V. ]

C.2.1 Counterexamples: IPS that do not satisfy stronger MRF Properties

Example C.4. [37] There exists an IPS on a finite graph G = (V, E) with initial data kK = (Ky)vev

that are mutually independent, but whose trajectories do not form an MRF.

Let G = (V, E) be the path on three vertices with V' = {1,2,3} and E = {{1,2},{2,3}}. Let
K=X=1{0,1}, J = {1} and let ¢ be the identity mapping on K. Set X2(0) = k2 := 0 and let
(X1(0), X3(0)) = (K1, Kk3) be ii.d. Bernoulli(1/2) random variables. Thus, {&,}y=123 are mutually
independent.

Now consider the following (Markovian) jump rate functions, r{ : R, x DV — R,

= r:f =0 and r%(t, x) = Lty (0)5(0),22(t—)=0} -

This model satisfies Assumption [4] and the maximum degree of any vertex in G is 2. Also
X1(0) # X3(0) with probability 1/2 and Xo = 0 on the event {X;(0) = X3(0)}. Note that the
function f : D;— — R defined by f(y) = y(0) is bounded and measurable. Then it easily follows
that on the event {Xs(t—) = 1},

E[f(Xa[t)[X2[t)] =P (X1(0) = 1|X2[t)) = 1,
E[f(0[0))Xpyh] =P (X10) =1[Xpnlt) =1-Xs0).

Thus, Law(X1[t)| X(2,3;[t)) # Law(X1[t)|X2[t)), so the trajectories X[t) are not MRFs for any
t > 0.

Next we note that there exists a process X (t) = {X,(¢) }yev that may fail to be a local a-MRF

for any o € N and some ¢ > 0.

Example C.5. [37] There exists an IPS with SGMRF initial data and t € Ry such that Law(X (t))

fails to be even a local a-MRF' for any o € N.
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There is a substantial literature on the topic of dynamic transitions of IPS from Gibbs states to
non-Gibbs states which we borrow from to construct our counterexample. We consider an example
introduced in [89] and further analyzed in [90]. Let G be the infinite d-regular tree for some d > 2 and
let p, be the positive-boundary Ising model for an inverse temperature-magnetic field pair (3, h)
at which the Ising model experiences a phase transition. The exact structure of u, is described
in [41, Section 12.2]. In particular, it is a Gibbs measure with a Markovian specification, and
therefore it is a local MRF. Furthermore, as an extremal countable state MRF, it is also a Markov
chain on the tree [92, Corollary 2]. By Remark this implies that it is also an SGMRF and
therefore an a-SGMRF for every a € N. Now let p be the law of the IPS X that evolves according
to infinite temperature Glauber dynamics described in [89] with initial condition X (0) such that
Law(X (0)) = py. Then by [90, Theorem 3.9 and Remark 3.10], there exists an interval [t1,%2) C Ry
such that for all t € [t1,t2), Law(X (¢)) is non-Gibbsian. Because Law(X (¢)) is non-Gibbs it also

fails to be a local a-MRF for any a € N.



APPENDIX D

Other Minor Results

D.1 Well-Posedness for Finite Initial Data

Under Assumption (1} well-posedness of (3.1.4) is common knowledge when the initial data is finite,
but we establish it here for completeness. In this case, we also show that the trajectories also satisfy
the following additional regularity property. Recall the definition of the discontinuity set Disc; ()

given in (1.4.1). Recall the definition of a.s. proper trajectories from the statement of Lemma

Proof of Proposition [{.1] and trajectories being a.s. proper: Let (G,§) = (V,E,&,R, k,§) any a.s.

finite [IC, K x X]-random graph. By Lemma it suffices to prove that is strongly well-posed

for (G, &) with a.s. proper solutions under the additional assumption that (G, &) is deterministic.
Let (F,N%) be a filtration-Poisson process pair in the sense of Remark First note that for

any (F, N%)-weak solution (G, X) to (3.1.4), any distinct vertices u,v € V and any T > 0,
Discr (X,)NDiscr (X,) € {s € [0, 7] : NY ({5} x (0, Cr. 7] x T)NG ({5} x (0, Cr7]x T) = 1} = 0 as.,

by (3.1.4) and Assumption (1| where {Cj 1} is the family of constants from Assumption |1 and
k := max{|cly],|cly|}. Since this holds for all T, (G, X) is a.s. proper.

Next, fix a filtration-Poisson process pair (F, N). Define the finite collection,

&= {(Tnarnajnavn) € [OvT] X [OaCK,T] X j xV: N%({(Tnarna]n)}) = 1}?

195



196

K = max,ey |cly| and {Tn}fil is increasing. Note that {7,} is, in fact, strictly increasing. define

the DY -random element X[T] by,

& if0<t<m,
Xo(Tn) if 7, <t < Tpy1,n <€,
Xo(t) = 4 X, () if 7, <t <T,n=|E],
Xo(mh) if t =741, 01 > er_:il(tn+1, X),
Xo(mn) + Jny1 it =Tpg1, 1 > TjGn’:l(th, X).

Then note that for ¢t € [0,7], X(t) is clearly ”HtG’g’NG

-measurable so X is a N%-strong solution to
for (G,€) on the interval [0, T]. Furthermore, it is clear that any (F, N)-weak solution to
must satisfy the above display, so all (T, NG)—Weak solutions equal X on the interval [0, 7.
Because T is arbitrary, and for any 77 > T the corresponding solution X’ satisfies X'[T] = X|T]
a.s., it follows that there exists a N@-strong solution to and that solution is pathwise unique.

Therefore (3.1.4)) is strongly well-posed for (G, ). O

D.2 Characterization of Strong Well-Posedness on Random

Graphs

Proof of Lemma[3.10. The key issue here is to show that conditioning on the initial data does not
change the driving noise structure. Note that this is slightly non-standard as the driving noise is
indexed by the vertices of the graph and thus is not completely independent of the initial data.
Let (2, F,F,P) be a complete, filtered probability space that supports (G,¢) and a filtration-
Poisson process pair (F, N¢) such that (G, X) and (G,Y) are two (F, N%)-weak solutions of
for (G,&). To prove the lemma, it suffices to prove the following claim: for P-a.s. w € €, setting
(H, M) := (G(w), £(w)), there exists a filtration-Poisson process pair (F7, N) on some probability
space (Q, FH FH PH) and two (FH NH)-weak solutions (H,X*) and (H,YH) to for
(H, &) such that Law((G, X, Y, N%)|Fy)(w) = Law((H, X Y N)). Indeed, if the claim holds,
then a.s. strong well-posedness of for every realization of the random graph (G, ¢) implies
that P(X = Y|Fy)(w) = PH(XH = YH) =1 for P-a.s. w € Q. Hence P(X = Y) = 1, which proves
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strong well-posedness. This claim can be proved via direct verification of Definitions [3.3] and [3.5
We include the details for completion.

To prove the claim, let (H, XY Y7 Nf) be a random element with law
Law((G, X,Y,N%)|Fo)(w) and fix a complete, filtered probability space (Qf, FH FH PH)
that supports (H, X, Y NH) where F¥ is the minimal filtration satisfying the usual conditions
such that X Y and N¥ are all F-adapted in the sense that for any v € Vi, X2, V,# and N2
are all F-adapted (point) processes. Since by assumption N is a F-driving noise, condition 1 of
Definition immediately implies N is a collection of i.i.d. Poisson processes on Ri x J with
intensity Leb? ® 7, indexed by the vertices of H, and hence that (H,N*) is an HNH—driving noise.

Since holds a.s., for P-a.s. w € Q, (H, X)) and (H,Y*) are both graphs with random
cadlag marks that, together with (H, N, P(-|Fy)(w)-a.s. solve for (H,&M). Thus, (H, X)
and (H,Y*H) satisfy conditions 1 and 3 of Definition [P-a.s. with respect to the filtered prob-
ability space (QH, FH FH PH) (noting that any P(-|Fo)(w)-null event is also P7-null), and so it
suffices to prove that N is P-a.s. a collection of i.i.d. F¥-Poisson processes. To do this, we note
that condition 2 of Definition implies that for any ¢t > 0 and A € B((t,00) x Ry x J), the
random element (G,N%(A)) is conditionally independent of the F;-measurable random element
(G, X[t],Y[t],N{) given Fo, where N = NC|jg 4, x7. Thus, P-a.s., (H,N#(A)) is independent
of (H, XH[t],YH[t], N/T). Then using a standard approximation argument exploiting the fact that
Borel sigma algebras of subsets of Polish spaces are countably generated and that F¥ is complete, it
follows that P-a.s., N (A) is independent of F forallv € V7, t € Ry and A € B((t,00) xRy x 7).
Thus, {N},cy,, is P-a.s. a collection of F-Poisson processes. Therefore, N is P-a.s. an F¥-
driving noise in the sense of Definition so condition 2 of Definition [3.5] is also P-a.s. satisfied.

This concludes the proof of the claim. O

D.3 A Classical Change-of-Measure Result

For convenience we rephrase here the result of [19, Theorem 15.2.7] in the specific case that the
mark space is finite. Recall that the definition of local characteristics of a marked point process was

given in Definition [8:14}
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Theorem D.1. [19, Theorem 15.2.7] Fiz a probability space (Q, G,n') and let Nz be a simple and
locally finite point process on Ry with marks in Z. Suppose that Nz is G-adapted and admits the
(n',G)-local characteristics (Ag, ¥). Let {0(t)}+>0 be a non-negative G-predictable process and let

{h(t, 2) }+>0,2cz be a non-negative, G-mark predictable random function. Suppose that for allt > 0,

(D.3.1) / Ag(8)8(s)ds < o0 a.s.,
and
(D.3.2) thz )=1 a.s..
zEZ

If the events of Nz are given by the sequence {(ty, zn)}, then define

(D.3.3) ( H O(tn)h(tn, zn ) exp <

tn€(0,t]

Z /0 — 1) Ag(s)¥(s, 2) ds) )

zEZ

Then the following properties hold:

(a) {L(t)}ier, is a non-negative G-local martingale. Moreover, if E[L(t)] =1 for all t > 0, then

it is a G-martingale.

(b) IfE[L(T)] =1 for some T > 0 and if the measure n? is defined by

then under n?, Nz admits the (n?,G)-local characteristic (0Ag, h¥) on [0,T].

D.4 ODE Results

Proof of Lemma[10.1. Let A, = {b € RZ‘:I : S b; < 1} be the projection of the unit simplex
in R” to R"! obtained by removing the nth component of any vector in A,. Let ZO = {b €
(0,1)"1 : Y7 b; < 1} be the interior of A, and let DA, := A, \ A, be its boundary. For any

be Ay let b= (by,...,bh_1) € A, so that b = (b,1 — X721 b;) = (b,by). Define the function
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FiRy x A, — R by,

n—1 el
k¢{in} i=1 )

It immediately follows that f is bounded, continuously differentiable and any continuously differ-

entiable function z will satisfy (|10.2.1)) if and only if T satisfies the initial value problem

where ensures that % (>- i) = 0 so that z,(t) =1 — >, T;(¢t) for all ¢ > 0. Because
f is continuously differentiable in A2, it is also locally Lipschitz. Therefore, by [6, Theorem 1.43]
(which slightly extends the Picard-Lindel6f theorem), there exists an interval 0 € (s1,s2) C R and
a continuously differentiable function @ : (s1, s2) — ZZ such that for any interval 0 € Iz C R and
any continuously differentiable solution 7 : Iz — A, to (10.2.1), Iz C (s1, s2) and z(t) = P(t) for
all t € Iz. As we are only interested in solutions to that are well defined at non-negative
times, it suffices to prove that ss = oo, which we prove by contradiction.

Suppose that so < oo. Then by [6, Theorem 1.46], for each compact K C [0, sg] X Zz there
must exist an e > 0 such that (¢, 5(t)) ¢ K for each t > sy — €. In particular, let K’ C A, be any
compact set and let K = [0, s3] x K’. Then [6, Theorem 1.46] implies that there exists an € > 0
such that @(t) ¢ K’ whenever t > sg —e. For any § > 0, let K} = {b € A, : min{b;}}.; > 6} (where
recall that b; = b; for i < n and b, = 1 — Z?;ll b;) and note that K} is always compact. We claim
that limgs\ o inf{t > 0: @(t) ¢ K5} = oo. If the claim holds, then for sufficiently small ¢, it follows
that B(t) € Kj for all t € [0, s2]. This is a contradiction, so sy = co.

To prove the claim, fix any M € Ry such that maxg; py max{||fixll,[lg:ll} < M (M exists
because these functions are bounded and n < o0), where || - || denotes the uniform norm. Let
@ : (s1,82) — A2 be the function defined by ¢; = @, for i < n —1 and ¢, = 1 — 7' %;. Then
note that ¢ is a continuously differentiable solution to and for each t € [0, s2], B(t) € Kj
if and only if min{y;(t)} > 4. By boundedness of g;, non-negativity of ¢ and (10.2.1]), for each

ie{l,...,n}and t >0, p;i(t) > yi(t), where y; solves the initial value problem,

d .
ﬁ = _Myi7
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yl(O) = a;.

Then y;(t) = a;e M, so limgnginf{t > 0 : B(t) ¢ K}} = limgoinf{t > 0 : min; p;(t) > §} >

lims~ o inf{t > 0 : min; a;e”M! < §} = oo, which proves the claim.

Proof of Lemma[10.3. Let & denote the symmetric difference operator and define C' < oo such that

sup, ; [75]| < C, where [| - || is the uniform norm. Then note that,
{XG(t+ A1) = S, (XF )} @ {No (&8 + A8 x (0,7 ¢+, XE(#)] x {j}) =1}
C {Ny (1t + A8 x (0,7 (¢4, XC@®)] x {5}) > 1}
By the memoryless property,
P(N, (£t + At] x (0,7 (t+, XC(1))] x {5}) > 11X (t-))
= P(N, (£t + Af] x (0,7 (t+, XE(1)] x {5}) > 1)
= 0((an?).
It follows that

P (X5t + At) = S,y (Xu (1) X (1))

=P (N (8, ¢+ AF] x (0,7 (¢4, X9 (1)) x {7}) = 1|X{5(1)) + O ((At)?)

(t+, XS (0))A+ 0 ((An?).
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