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Abstract of ”Large-Deviation Theory Approach to Systems with Orientational Order:

Results for Two and Three Dimensional Liquid Crystals”, by Eleftherios Mainas, Ph.D.,

Brown University, August 2023

Problems like describing the extent of order in isotropic liquid crystals, the extend

of magnetization in magnetic systems and finding polymer end-to-end distances, can be

described in terms of the probability distributions of collective molecular orientations.

However, standard statistical mechanical methods for evaluating these distributions fail

when large fluctuations become important, as they do close to the isotropic/nematic

transition. Moreover, it is even difficult to extract quantitative details on large fluctuation

behavior from simulations because of numerical noise. Using large-deviation theory, we

described an approach to computing expressions for these probability distributions that

can make use of simulation information to accurately compute even the large fluctuation

limit of these distributions. Large-deviation theory can be shown to connect the applied

field/orientational-order parameter equation of state to the desired probability distribution.

The key is to think about the limiting extremes of the system’s response to an applied

field. When the field is weak, the central-limit theorem applies, but in the presence of a

strong field, individual rotors feel a mean-field from the rest of the system. We show that

simple Pade’ interpolation between these limits generates a form for the equation of state

that leads to a way of generating accurate orientational probability distributions from

simulation.
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CHAPTER 1

Introduction

1.1 Liquid crystals and the Isotropic/Nematic phase

transition

Nature is much more diverse and interesting than the simple trichotomy ”gas-liquid-

solid” that is presented in high school chemistry. For example, there is a plethora of

intermediate states of matter that lie between the perfect solid crystal and the isotropic

liquid [23, Chapter 1]. These states of matter are given the, perhaps peculiar, name

”liquid crystals”, since they flow like ordinary liquids but have optical properties similar

to crystals. Many anisotropic organic molecules (See figure 1.1), minerals and even viruses

that possess anisotropic shapes (in the sense that they are not spherical) have the ability

to form liquid crystals states of matter [50, Chapter 1].

Figure 1.1: N-(p-methoxybenzylidene)-p-butylaniline (MBBA) forms the nematic liquid
crystal phase. It was synthesized in 1969 [34] and is nematic from 20o to 47o at atmospheric
pressure. Figure is taken from [23, p. 3].
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Figure 1.2: Figure is taken from [14].

In figure 1.2 we can see a variety of phases that one would stumble upon heating a

perfect solid crystal of ellipsoidal molecules. There are the so-called smectic phases, where

there is long orientational order and at the same time, the molecules form layers (long

translational order between center-of-masses of the molecules). Then there is the nematic

phase where there is only long orientational order, and finally the isotropic liquid with no

translational or orientational order. In this study we shall focus on the isotropic phase

and the nematic phase and we shall investigate how a system of perfect disorder behaves

as it approaches the neighboring nematic phase.

A vast number of experiments has been conducted in order to study the pre-transitional

behavior of isotropic liquid crystals close to the isotropic/nematic coexistence line (See

for example [43], [42], [57], [44], [58], [53], [54], [8], [56], [55]). It has been experimentally

observed that there is a very slow orientational relaxation next to the I/N transition in the

isotropic phase. This slow relaxation is attributed to the formation of nematic droplets

inside the isotropic phase [56] which are known as pseudo-nematic domains and have

a correlation length ξ that is very large. The Landau-De Gennes theory [12] gives the
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temperature dependence of ξ,

ξ(T ) = ξ0

(
T ∗

T − T ∗

)1/2

(1.1)

where ξ0 is a molecular scale and T ∗ is the critical temperature that is actually bellow the

isotropic/nematic transition temperature TNI so the system never gets to T ∗ because it

transitions to the nematic phase first. A cartoon picture of the domains can be seen in

figure 1.3.

Figure 1.3: In the middle we can see the formation of domains, right before the system
transitions to the nematic phase.

Locally the system has nematic ordering (pseudo-nematic domains) but globally the

orientations of the domains cancel each other out giving macroscopically isotropic order.

1.2 Orientational order parameter

We describe the transition between phases with different orientational symmetry via

an orientational order parameter. This way we can differentiate between an isotropic and

a nematic phase. The order parameter of choice needs to mark a clear difference between

a probability distribution along ±n̂ and some other random macroscopic direction. The

two pieces of information needed to specify nematic ordering is the extend of ordering and

the director and can be defined simultaneously in terms of a real, symmetric and traceless
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second-rank tensor Q [12],

Q =
1

N

N∑
j=1

1

D − 1
(D Ω̂jΩ̂j − 1) (1.2)

with N the number of molecules, D the dimensionality of the system and 1 the unit

matrix. The object Ω̂jΩ̂j is called a dyadic product and is used in order to build the

second-rank tensor Q from the molecular orientations. For two vectors â = (ax, ay) and

b̂ = (bx, by) the dyadic product is defined as,

(âb̂)µν = aµbν , âb̂ =

axbx axby

aybx ayby

 (1.3)

The molecular orientation vector Ω̂j is the unit vector that goes through the long axis

of the anisotropic molecule (See figure 1.4),

Figure 1.4: Definition of the angle θ for a system of anisotropic molecules. The image is
taken from [2]

We define the angle θj of some molecule as,

cos θj = Ω̂j · ẑ (1.4)
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where ẑ is some arbitrary macroscopic axis. The definition of the angle θj does not depend

on the choice of the axis. In other words if we rotate all the orientations Ω̂j around some

arbitrary angle, the tensor Q will not be affected. In a simulation we usually choose ẑ to

be some edge of the simulation box. The definition of Q in equation 1.2 is very useful for

computer simulations and we can sum up all the important properties of the tensor,

Q = QT (1.5)

TrQ =
1

N

N∑
j

(D Tr(Ω̂jΩ̂j)− Tr(1)) =
1

N

N∑
j

(D(1)−D) = 0 (1.6)

Property 1.5 guarantees that the tensor can always be written in a diagonal form while

property 1.6 ensures that the average order will be zero for a macroscopically isotropic

phase (We used Tr(âb̂) = Tr(â·b̂)). The definition ofQ is suitable for computer simulations

of liquid crystal models (See for example [41] and [18]) because the director n̂ is not

known beforehand. Also, it is important to mention that Q measures the orientational

ordering of the entire system of N molecules; it is a global measure and is defined for

each configuration of a computer simulation. Direct diagonalization of the tensor for each

configuration gives us the (instantaneous) largest eigenvalue s (the scalar order parameter)

with the corresponding eigenvector n̂,

Qn̂ = sn̂ (1.7)

s =
1

N

N∑
j=1

D
(
Ω̂j · n̂

)2
− 1

D − 1
=

1

N

N∑
j=1

D cos2 θj − 1

D − 1
, 0 ≤ s ≤ 1 (1.8)

It is convenient to use s because it is a scalar quantity and we can utilize it to quantify

the extend of nematic order in some liquid crystal simulation. For a perfectly isotropic

system the average value ⟨cos2 θj⟩ = D−1 and ⟨s⟩ = 0. For a perfectly ordered system

we have ⟨cos2 θj⟩ = 1 and ⟨s⟩ = 1. A macroscopic sample of liquid crystal molecules

in the isotropic phase will obviously have zero order ⟨s⟩ = 0 (as will ⟨Q⟩ = 0) and
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the probability distribution p(s) will be a delta function (as will P (Q)). In computer

simulations however, we study finite systems and p(s) is not trivial anymore. We expect

the probability distribution to fluctuate and these fluctuations are exactly what we wish

to study. More specifically we will look at the N dependence of p(s) in the isotropic phase

close to the I/N transition.

1.3 Probability distribution fluctuations

The fundamental distinction between thermodynamic variables is extensive-intensive

[7, Chapter 2]. Extensive variables depend on the number of molecules N of the system

and intensive variables do not. The nematic order parameter NQ is an extensive property

and its probability distribution will also depend on the size of the system. For a finite

sample of isotropic liquid crystal molecules there is a non-trivial probability distribution

(We start from the probability density of the tensor and in later chapters we will show

the connection with p(s)),

P (Q),

∫
P (Q)dQ = 1 (1.9)

that fluctuates. It is precisely these fluctuations that we wish to study as they contain

important molecular information. Especially in computer ”experiments” we are able to

simulate small numbers of molecules efficiently and calculate P (Q) for different N values.

This way, we can numerically probe the fluctuations of the highly non-trivial P (Q) in

order to quantify nematic order inside an intrinsically isotropic medium.

The study of fluctuations can be traced back to Einstein [17] where he studied thermal

fluctuations in the context of Brownian motion. In the context of liquid crystals, we may

express the probability of observing a fluctuation as a function of the excess free energy

of domain formation ∆F (Q) = F (Q)− F0,

P (Q) ∼ exp (−β∆F (Q)) (1.10)
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where β = 1/(kBT ) and F0 a constant. In the vicinity of the critical point ∆F (Q) becomes

flat and the probability of observing high Q fluctuations increases. Before we proceed to

the Landau-de Gennes answer for ∆F (Q) we need mention some important mathematical

facts about ∆F (Q).

The free energy ∆F (Q) will not depend on the choice of the axis and so it will only be

a function of the so-called ”absolute rotational invariants (ARI’s)” of the tensor Q [25].

These objects are invariant with respect to similarity transformations R,

Q → RTQR (1.11)

and are thus functions of

Tr((RTQR)n) = Tr(Qn), n = 1, 2, 3... (1.12)

However, all traces of power n can be expressed as polynomials of the first three [29, p.

194], which means that for D = 3 the only ARI’s are,

Tr(Q2), T r(Q3) (1.13)

In the case of D = 2 the only ARI is Tr(Q2). The traditional approach to F (Q) has to

do with the Landau-De Gennes theory of the isotropic/nematic phase transition. It is a

phenomenological picture that assumes an analytic F (Q). For three-dimensional liquid

crystals the theory [12] is based on a power series expansion of the free energy in powers

of the traces,

F (Q) = F0 +
1

2
A(T ) Tr(Q2) +B(T )

1

3
Tr(Q3) + C(T )

1

4
Tr(Q2)2 + ... (1.14)

where there is no external field term and Tr(Q) = 0 from the definition of Q (See property

in 1.6). For small values of Tr(Q2) and when Tr(Q2) >> Tr(Q3) (this makes sense as
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Tr(Q3) corresponds to fluctuations perpendicular to the director and they are small as

we will see in the discussion section) the conventional Landau approach to the isotropic

phase predicts,

F (Q) ≈ F0 +
1

2
A(T )Tr(Q2) (1.15)

P (Q) ∼ exp

(
−1

2
βA(T ) Tr(Q2)

)
(1.16)

a gaussian profile of the probability distribution [12]. However, this is precisely the

approach that we do not wish to take since when the system is in the pre-transitional

region, fluctuations are large and the power series in equation 1.14 is inadequate. The

goal of this thesis is to go beyond the gaussian probability distribution and capture the

divergence of the free energy. Firstly, we will show how this gaussian picture can be

derived rigorously from random matrix theory methods and that it is a consequence

of the central-limit theorem in statistics. Then, we will go beyond the central-limit

theory with the help of large-deviation theory [60]; a solid mathematical framework that

systematically studies random variables with strong fluctuations. Right at the point where

the Landau-De Gennes picture fails and the fluctuations grow, we will use large-deviation

theory to accurately calculate P (Q) (and p(s)).

1.4 The Gay-Berne model - Phase diagram in two-

and three dimensions

In molecular dynamics simulations we wish to reproduce the characteristics of molecules

that form isotropic and nematic liquid crystal phases. As we already have discussed, these

are organic molecules with ellipsoidal shapes and short-range non-bonded interactions.

To capture simultaneously the steric effects and the non-bonded interactions that are

non-Coulombic in nature we use the Gay-Berne [22] potential, a generalization of the

more common Lennard-Jones potential. The Gay-Berne potential energy U∗ = U/ϵ0 is a
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function of the distance between the two center-of-masses r∗ = r/σ0, r = |̂r| as well as

the orientations Ω̂i, Ω̂j of the interacting molecules,

U∗ = 4ϵνϵ′µ

[(
1

r∗ − σ + 1

)12

−
(

1

r∗ − σ + 1

)6
]

(1.17)

ϵ =

[
1− χ2

(
Ω̂i · Ω̂j

)2]− 1
2

(1.18)

ϵ′ = 1− χ′

2


(
r̂ · Ω̂i + r̂ · Ω̂j

)2
1 + χ′

(
Ω̂i · Ω̂j

) +

(
r̂ · Ω̂i − r̂ · Ω̂j

)2
1− χ′

(
Ω̂i · Ω̂j

)
 (1.19)

σ = 1− χ

2


(
r̂ · Ω̂i + r̂ · Ω̂j

)2
1 + χ

(
Ω̂i · Ω̂j

) +

(
r̂ · Ω̂i − r̂ · Ω̂j

)2
1− χ

(
Ω̂i · Ω̂j

)


− 1
2

(1.20)

where χ and χ′ are the anisotropy parameters and are defined as,

χ =

(
σ∥/σ⊥

)2 − 1(
σ∥/σ⊥

)2
+ 1

(1.21)

χ′ =
(ϵss/ϵee)

1/µ − 1

(ϵss/ϵee)
1/µ + 1

(1.22)

We use standard Gay-Berne parameters [13] that have been extensively used in liquid

crystal studies,

ϵss
ϵee

= 5, ϵss =
5

3
ϵ0,

σ∥
σ⊥

= 3, σ∥ = 3σ0, µ = 2, ν = 1 (1.23)

where the quantity ϵss/ϵee is the ratio of the depth of the potential well when two molecules

are placed side-to-side to that when two molecules are placed end-to-end and the quantity

σ∥/σ⊥ is the ratio of the major axis of the Gay-Berne molecule to the minor axis. In

figure 1.5 we show the potential energy as a function of the intermolecular distance.
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Figure 1.5: The two extreme limits of the Gay-Berne potential. When the two interacting
molecules approach side-to-side (blue curve) and end-to-end (red curve). When they
approach side-to-side they can get 3 times as close and it is 5 times more energetically
favorable as compared to the end-to-end approach.

In the case of spherical symmetry χ = 0 and χ′ = 0 we recover the standard Lennard-Jones

curve,

U∗ = 4

[(
1

r∗

)12

−
(

1

r∗

)6
]

(1.24)

where of course there is no nematic phase. Nematic order rises due to the anisotropic

shapes of the molecules [14] as it was shown early on for molecules with σ∥/σ⊥ >> 1 by

Onsager [49]. In standard terminology [6] the Gay-Berne model we will use is,

GB(σ∥/σ⊥, ϵss/ϵee, µ, ν) = GB(3, 5, 2, 1) (1.25)

While that model is not unique we will use it throughout this study because the 2D [36]
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and 3D [13] phase diagrams of that model have been extensively studied and mapped out.

The phase-diagram (See figure 1.7) is given in terms of the reduced temperature

T ∗ = (kBT )/ϵ0 and the reduced density ρ∗ = ρσD
0 , two- dimensions D = 2 (grey-blue

region in figure) and three-dimensions D = 3 (white and red regions in figure) respectively.

In this study the control parameter driving the system to different regions of the phase

diagram, is the density ρ∗ and the temperature will be set equal to T ∗ = 1 (dotted line

in figure) for all simulations. The three-dimensional conditions that correspond to the

deep-isotropic/nematic/pre-transitional isotropic have been worked out in previous work

[63]. The deep isotropic density is ρ∗ = 0.280, the pre-transitional is ρ∗ = 0.300 and

the pre-transitional extremely close to the nematic phase is ρ∗ = 0.304. These three

conditions can be seen as red dots in figure 1.7. All these different thermodynamic

conditions will be used in order to evaluate the accuracy of different approached to the

probability distribution of the nematic order parameter in finite isotropic systems. For

two-dimensional (D = 2 systems, we performed our own analysis (see figure 1.6) and

calculated ⟨s⟩ for different densities in order to find which one is a good candidate for to

the deep-isotropic and which one works as a pre-transitional. We found that for N = 800,

⟨s⟩ changes significantly around ρ∗ ≈ 0.30 which is consistent with other D = 2 studies

(See [36], [37] and [6]). This is also consistent with figure 1.7 where the nematic phase in

D = 2 (blue region) stabilizes for smaller ρ∗ compared to D = 3 (red region).
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Figure 1.6: The average order parameter versus the density. Each cross consists of 105

configurations of the GB(3, 5, 2, 1) produced via Molecular Dynamics simulation with
T ∗ = 1 and N = 800 in two dimensions D = 2.

The density ρ∗ = 0.230 was chosen as the deep-isotropic density with weak fluctuations

and the density ρ∗ = 0.285 was chosen as the pre-transitional isotropic density with strong

fluctuations. These conditions can be seen as blue x’s in figure 1.7.
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Figure 1.7: A superposition of the phase diagrams in three- and two-dimensions. The
three-dimensional isotropic phase is the white region and the nematic is the red. The
two-dimensional isotropic is the grey and the nematic is the blue. The dotted line
corresponds to T ∗ = 1 which is the temperature used for all the simulations in the
thesis. The three red circles correspond to the three different density conditions we used
for the three-dimensional systems (ρ∗ = 0.280, ρ∗ = 0.300 and ρ∗ = 0.304). The two
blue x’s correspond to the two different densities (ρ∗ = 0.230 and ρ∗ = 0.285) used in
two-dimensional simulations. Original figure is taken from [6].

1.5 A note on the two-dimensional GB(3, 5, 2, 1)

model

The true nature of the phase transition in two-dimensions is slightly more convoluted.

In fact, it would be probably wiser to use the word quasi-nematic instead of nematic.

There is evidence [37] that in two-dimensions, because of the Mermin-Wagner theorem

[46], thermal fluctuations destabilize long-range order and for large enough systems the
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nematic phase will eventually vanish. It has been found that the transition is of the

Kosterlitz-Thouless type between an isotropic phase where orientational correlations decay

exponentially and a quasi-nematic phase where the correlations decay as a power law.

The underlying mechanism that drives the transition is the binding and unbinding of

disclinations [37]. Nevertheless, in our study we cannot tell the difference between nematic

and quasi-nematic because we work with small systems who still show significant nematic

order (See figure 1.6) and we shall keep using the word ”nematic” for two-dimensions

as well. Moreover it is impossible to distinguish between different underlying geometries

(like the topological defects) with the order parameter we are using. The tensor Q is a

global measure of the orientational order and not a local measure as it contains molecular

information but it does not contain spatial information.
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CHAPTER 2

Statistical mechanical lessons from

the random flight problem in 3D

The problem of a random flight dates back to the beginning of the 20th century [16]

and is a useful platform to introduce all the fundamental ideas that will be used in the

thesis. As the name suggests, a random flight consist of a sequence of uncorrelated steps

of unit length with orientations Ω̂j in three-dimensional (D = 3) space. An interesting

question that one can ask is the following: What is the probability density of the sum of

all the steps; the end-to-end distance? In other words, how likely is the random flight to

return to the origin or stray off completely after an x number of steps? We can answer

this question exactly and also showcase possible approximations as the number of steps

N gets larger. Exactly solvable models like the random flight can provide insight and

guidance in order to tackle the more complicated case of interacting Gay-Berne molecules.
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2.1 Random flight in three dimensions

Imagine that we have a sequence of N steps of length d. The unit orientation of each

step l is defined as,

Ω̂l =


cosϕl sin θl

sinϕl sin θl

cos θl

 , l = 1, ..., N (2.1)

and the angles ϕ and θ are measured with respect to some arbitrary macroscopic axis.

cos θl = Ω̂l · ẑ (2.2)

The axis ẑ can point anywhere in space. The natural way of characterising how much the

flight has progressed since its initiation is by measuring the distance between the tail of

Ω̂1 and the head of Ω̂N vectors. This is called the end-to-end distance and it is simply the

sum of all the steps with length d,

R = d
N∑
l=1

Ω̂l, R = |R| =
√
R2

1 +R2
2 +R3

3 (2.3)

For N → ∞ we expect ⟨R⟩ = 0 but when we have a finite N we expect a non-vanishing

average and P (R) to fluctuate. Equivalently we can define a scalar reduced end-to-end

distance r that is intensive,

r =
|R|

|R|max

=
R

Nd
(2.4)

and goes from ⟨r⟩ = 0 (steps in random directions) to ⟨r⟩ = 1 when all the steps are in

the same direction. What is the typical size of a random flight that consists of a finite

number of steps? Before we even begin our analysis we can look at the root-mean-square
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or r in a similar manner to s in liquid crystals and examine the limiting cases,

√
⟨r2⟩ =

√√√√ 1

N2

N∑
l,l′=1

⟨Ω̂l · Ω̂′
l⟩ =


1/
√
N, random steps

1, fully extended

These two limiting behaviors will provide valuable insight into the formulation approxima-

tions to the probability distribution as we will see later on.

2.2 Exact probability distribution

We wish to calculate P (R) and for this simple model the exact answer can be given in

terms of integrals. By using the delta function representation of the probability,

P (R) =

〈
δ(R− d

N∑
l=1

Ω̂l)

〉
(2.5)

where

⟨f(θ, ϕ)⟩ =
∫ 2π

0

∫ π

0
f(θ, ϕ) sin θdθdϕ∫ 2π

0

∫ π

0
sin θdθdϕ

(2.6)

The Fourier representation of the delta function yields,

P (R) =
1

(2π)3

∫
dkeik·RψN(k) (2.7)

ψN(k) =

(
sin (kd)

(kd)

)N

(2.8)

where ψ(k) is the characteristic function of a single step and can be written as an N

product because the steps are uncorrelated. This is the reason why the random flight

problem is easy. Moreover, ψ(k) is a spherically symmetric function as it only depends on

the magnitude of the imaginary field k. It is straightforward to see that the exact answer
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is the following integral,

P (R) =
1

2π2R

∫ ∞

0

k sin (kR)ψN(k)dk (2.9)

This answer dates back to Lord Rayleigh [20]. It is a cumbersome integral answer that is

not very useful for numerical calculations. However, we are interested in exploring the

limiting behaviors of P (R) as N gets larger.

2.3 Central-limit theorem, small fluctuations around

the origin

For very small chains P (R) might be useful but as we go to larger N values the integral

is difficult to compute. Thus, very early on, various large-N approximations were of great

importance for practical calculations. The central-limit theorem is the easiest one to use

and it holds for very small fluctuations of the flight around its origin. This corresponds to

very small values of k and allows for the use of simple Taylor series. The gaussian density

is a result of expanding ψ(k) up to a second power of the field k and then taking the limit

as N → ∞,

ψN(k)
k→0
≈
(
1− d2k2

6

)N

(2.10)

lim
N→∞

ψN(k) = lim
N→∞

(
1− d2k2

6

)N

= exp

(
−N d2k2

6

)
(2.11)

and by integrating with the low-field characteristic function we get the expected gaussian

density

P (R) ∼ exp

(
−N 3

2
r2
)
, r → 0 (2.12)

This makes sense because if we wait long enough it will probably be found where we left

it. This is very intuitive and is a result of the central-limit theorem in statistics.

It is very interesting to think of the random flight as extremely simple model of a non-
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interacting polymer of N links and draw numerous parallels with the polymer literature.

Imagine that each step is a stiff link where at the two ends of the link lies some atom.

Atoms do not interact and the polymer each link is free to rotate in space. The variable

r represents the size of the polymer in the same way that it worked for the size of the

random flight. With that picture in mind we can now re-examine the density and notice

that it has the form,

P (R) ∼ exp [−NI(r)] (2.13)

where

I(r) =
3

2
r2 (2.14)

being the elastic free energy for small deformations. Furthermore, this elastic free energy

is related to the entropic force of the ideal chain [51]. For small deformations the entropic

force τ is the gradient of the free energy with respect to R,

τ(R) =
∂I(r)

∂r

∂r

∂R
=

3kBT

N2d2
R (2.15)

and for the entire chain we recover the well-known expression for the total force T (R) on

the chain,

T (R) = Nτ(R) =
3kBT

Nd2
R (2.16)

where 3kBT
Nd2

is called the entropic spring constant (See [51, p. 72] and the form of 2.15 is

reminiscent of Hooke’s law for ideal chains; A linear relation between the applied force

per step τ and the extension R of the chain.

The relation between τ and R is known in classical thermodynamics as an equation

of state and it relates the extensive order parameter R of the problem to the conjugate

intensive force variable τ . For small fluctuations is takes a linear form and we will see

that this will be the case for all of the systems considered in this thesis. Moreover, we do

work reversibly in the system by applying an external force quasi-statically. This way the
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system remains in equilibrium and the reversible work we do is equal to the difference

in free energy. This is the reversible work theorem [7, Chapter 4-5] from classical

thermodynamics and is at the heart of this thesis. The reversible work theorem is written

as,

I(r) = β∆f(r) = −wrev =

∫ B

A

τ(r′)dr′ (2.17)

where β∆f(r) = βf(r) − βf0 is the difference in free energy between states A and B.

The constant βf0 can be ignored as it does not affect the calculations and the integral is

written as I(r) =
∫ r

0
τ(r′)dr′. The probability density is related to the free energy in the

usual manner,

P (R) ∼ exp (−Nβf(r)) = exp

[
−N

∫ r

0

3r′dr′
]

(2.18)

We will derive all of this results in the context of large-deviation theory and we will use

them extensively in order to create approximations to probability distributions that are

too complicated to be derived analytically. Finally we test whether our expression recovers

the correct result for
√

⟨r2⟩. We can multiply equation 2.12 with the surface element of a

three-dimensional sphere in order to get the spherical probability distribution,

P (r) ∼ r2 exp

(
−3N

2
r2
)

(2.19)

and verify that the second moment is correct,

√
⟨r2⟩ = 1√

N
(2.20)

We see that for very small deformations r and large number of steps N the the random

flight will be anticipated to be found at the origin. In the language of ideal chains that

means that we apply a very weak entropic force to the polymer and it extends very little.
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2.4 Complete alignment limit

What happens when the extension of the polymer is large? Or in the case of the

random flight how could we describe the probability of the flight to be found very far from

the origin? This statistical fluctuation might be rare and thus very hard to compute in a

computer simulation. However, extreme value statistics provides a very rigorous method of

studying these large fluctuations:: the saddle point approximation. The gaussian density

was derived because we assumed that fluctuations in k (and thus in r) are small but when

this is not true the gaussian is very inaccurate and the so called ”non-gaussian” density

was developed by Kuhn [35]. By looking at the application of a large field and the almost

complete alignment of the chain segments Kuhn worked out a closed form approximation

to the integral. We briefly sketch the proof (we follow Yamakawa [62]) by firstly noting

the even symmetry of the integrand in equation 2.9. We may set ξ = kd and rewrite the

exact answer as,

P (R) =
1

4iπ2d2R

∫ +∞

−∞
ξ exp [Nf(ξ)]dξ (2.21)

f(ξ) = irξ + ln

(
sin ξ

ξ

)
, r =

R

Nd
(2.22)

This a typical case of evaluating an integral via the saddle point approximation. The

saddle point ξ0 is given by,

f ′(ξ0) = 0 (2.23)

and can be shown to be on the imaginary axis ξ0 = iτ where τ is a positive and real

number (that corresponds to a real force in reduced units like equation 2.15) and it satisfies

the following equation,

r(τ) = L(τ), with L(τ) := coth τ − 1

τ
(2.24)

L(τ) is called the Langevin function and is commonly encountered in polymeric and

magnetic studies. The above equation is again a relation between a real applied force
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τ and the corresponding chain extension r; an equation of state and in the context of

saddle point approximation it is a path where the saddle point lies on. Expanding f(ξ) as

a power series in the vicinity of ξ0 and computing the integral yields,

P (R) ∼ exp

[
−N

(
rL−1(r)− ln

sinhL−1(r)

L−1(r)

)]
= exp

[
−N

∫ r

0

L−1(r′)dr′
]

(2.25)

where

τ(r) = L−1(r) (2.26)

is the inverse of the Langevin function. This is the non-gaussian density and has been

useful in free energy calculations of extended polymers (See for example [47]) as well as in

the study of magnets [38]. It is a more general relation than equation 2.15 and we recover

Hooke’s law by taking the small r limit of the cothx function in equation 2.24,

L(τ) = −1

τ
+

(
1

τ
+
τ

3
+O(τ 3)

)
=
τ

3
+O(τ 3), τ → 0 (2.27)

by inverting the equation we recover the known result for weak entropic forces,

τ(r) = 3r, r → 0 (2.28)

That shows how the saddle point approximation actually includes the central-limit theory

approximation. We will bring all these different approaches under the same theory in the

next chapter with the use of large-deviation theory.

The advantage of the non-gaussian density lies on the fact that it is applicable for any

r not just for small values of r. Even when the random flight is found extremely far from

the origin or the individual links of the chain are fully extended equation 2.24 still holds.

Let us remind ourselves that the fact that we have an exact expression for the equation of

state lies in the simplicity of the model. For strongly interacting systems contemplated in

the thesis we will not have access to an exact expression but we will be able to calculate
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the extreme limits exactly. We already saw the weak force limit and by taking the large

argument limit cothx we can work out the complete alignment limit,

L(τ) = 1− 1

τ
+O(1), τ → ∞ (2.29)

and in terms of τ(r),

τ(r) =
1

1− r
+O(1), r → 1 (2.30)

where now there is pole at r = 1 where the force diverges. Saddle point approximation

provides the two extreme limits (equations 2.28 and 2.30) and the strong force limit is

usually found in the literature of rubber-like materials where they can deform largely

and it is desirable to calculate the free energy of deformation [33] via the reversible

work theorem. Interestingly, even in the case of random flights and stiff chains where

the equation of state is known, the inverse Langevin function is inconvenient. Simple

numerical approximations are being used [33] in order to calculate the force-extension

relation and the two extreme limits are used. The polynomial nature of both limits,

τ(r) =


3r +O(r3), r → 0

1
1−r

+O(1), r → 1

(2.31)

suggests the simple Pade-interpolation; A ratio between polynomial functions of r. There

is no unique Pade interpolation and numerous answers have been worked out in the

literature [11]. We need the Pade function to go to the linear limit for small values and to

capture the pole at r = 1 when the force is large. At the same time it needs to fulfill the

correct symmetry of the equation of state. We saw that the integral of the force is the

free energy and I(R) is a function that cannot depend whether we choose R or −R. That

means that the free energy will be a function of even powers of the extension and the

derivative of it (force) will be a function of odd powers in r. One example that satisfies
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all these conditions up to 3rd power of r is the popular Cohen function [11],

τ(r) = r
3− r2

1− r2
, Pade[3/2] (2.32)

This Pade[3/2] is of course not unique. We can also go to higher powers (it will be useful

for the molecular theory we will develop) and develop a Pade[5/2],

τ(r) =
6r − 3r3 + r5

2(1− r2)
, Pade[5/2] (2.33)

The reader can verify that both functions go to the correct limits by looking at the two

Pade approximations together with the two extremes in the following figure

Figure 2.1: The cyan line is the weak force limit (equation 2.28) and the black dashed
line is equation 2.30. The blue line is equation 2.33 and the red dotted line is equation
2.32. For weak deformations, both approximations are good and for large deformations
the Pade[5/2] is slightly more accurate.

From the reversible work theorem we can work out the free energy per step (or link in
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the polymer) for the Pade[5/2]

I(R) = − ln (1− r2) +
1

2
r2 − 1

8
r4 (2.34)

and verify that it has the correct even symmetry. Furthermore we see that the pole at

r = 1 is captured as a logarithmic divergence in the free energy. The corresponding

probability density of the reduced deformation is,

P (r) ∼ r2
(
1− r2

)N
exp

(
−N

2
r2
)
exp

(
−N

8
r4
)
, for Pade[5/2] (2.35)

This interpolated probability density is fully aware of both the weak-force gaussian limit

and the strong-alignment non-gaussian limit. In a computer simulation of a random

flight we expect this density to capture sudden and rare fluctuations of the deformation

while the gaussian cannot. In this extremely simple example we demonstrated the entire

skeleton of the theory that will be developed in the case of liquid crystals. Close to the

isotropic/nematic phase transition, the probability distribution p(s) has strong fluctuations

and it will be important to go beyond the small-field limit of the central-limit theory.
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CHAPTER 3

Large-deviation theory

Large-deviation theory is a very general mathematical framework that has been applied

mostly to non-equilibrium problems. The theory has found many applications to glassy

systems [10], where the dynamical-activity fluctuations [32] are approximated via large-

deviation methods. In the context of dynamical phase transitions, the goal is to describe

domain formation in kinetically frustrated spin models such as the FA model [19], [48],

the East model [31] but also in atomistic models of glass formers [28]. In equilibrium

problems, the probability distribution of some macroscopic variable is usually studied at

the central-limit theory level [40, Chapter XII]. This is accurate only when the fluctuations

are trivial and breaks down when we approach criticality (The usefulness of the probability

distribution fluctuations was recognized by Nigel Goldenfeld in the 60s [24, Chapter

2.9]). One interesting application to equilibrium problems refers to the calculation of

the so-called ”isometric fluctuations” in systems with broken discrete and continuous

symmetry (See for example [38], [39], [61], [21] and [27]). For an exhaustive review of the

applications of large-deviation theory see [60].

Large-deviation theory comes from the saddle point approximation that we briefly saw

in the previous chapter and can be used in order to formulate a thermodynamic framework

that studies strong fluctuations. As we unfold the theory, we will stumble upon classical
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thermodynamic ideas like the reversible work theorem and the equation of state. We will

use these results in order to study the N-dependence of the probability distribution.

3.1 The large-deviation principle

We are interested in extensive order parameters A that are sums of N random vectors

xj where j = {1, ..., N}.

A = Na =
N∑
j=1

xj (3.1)

In the previous chapter we studied the probability distribution of A, and showed that

either central-limit theory approximations or saddle-point approximations give answers of

the form,

lim
N→∞

P (A) ∼ exp [−NI (a)],
∫
P (A)dA = 1 (3.2)

where I is some positive function that plays the role of free energy per molecule. It turns

out that this result is quite general for extensive quantities. The statistical theory that

systematically studies scaling laws of that form is called large-deviation theory [60]. The

main idea is that as N grows larger, the logarithm of the probability distribution will

converge to some positive function, the rate function. This is known as the large-deviation

principle,

I(a) = lim
N→∞

(
− 1

N
lnP (A)

)
(3.3)

and we say that P (a) satisfies a large-deviation principle with rate function I(a). The

theory provides an entire structure to study probability distributions of variables that

are of great interest to thermodynamics. Examples are the magnetization, end-to-end

distances in polymers, liquid crystal nematic order and countless other. In the context of

thermodynamics the function I(a) corresponds to the Helmholtz free energy (difference)

per particle,

I(a) = β
∆F (a)

N
(3.4)
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Getting an expression for the rate function is of primary interest to this study. It includes

all the fluctuations of the distribution no matter how strong they are making it more

general than the central-limit theorem. If we wish to understand strongly-fluctuating

nematic order inside a finite and isotropic medium, developing a method for the full

characterization of I(a) is crucial.

3.2 Gaertner-Ellis theorem and classical thermody-

namics

The main tool that will be used in order to calculate the rate function is the Gaertner-

Ellis theorem (or more precisely its vector version called Sanov’s theorem). According to

the theorem, we change the focus from the rate function to the (cumulant) generating

function of P (A),

exp (Nλ(b)) =
〈
eb·A

〉
(3.5)

⇔ λ(b) = lim
N→∞

1

N
ln
〈
eb·A

〉
(3.6)

where now λ(b) is a function of the intensive field variable b that is conjugate to A. In

classical thermodynamic language this is the Gibbs free energy per particle and is the

Legendre transform of the Helmholtz free energy per particle. The variable b can be

thought as an external field that we apply to the system in order to get A to a specific

value. In terms of magnetization this could be an external magnetic field that interacts

with the all the magnetic moments in the system. Also, in the context of large-deviation

theory we make use of the moment-generating function which is a function of a real field as

opposed to chapter two where we used the characteristic function that uses an imaginary

field variable. The function λ(b) is easier to calculate for many problems and that is

why we turned our focus to λ(b) instead of directly calculating I(a). The Gaertner-Ellis

theorem states that the two functions are connected via a Legendre transform (or more
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generally Legendre-Fenchel),

I(a) = b · a− λ(b) (3.7)

where b is the value that maximizes the rate function and is therefore the solution to

∇ [b · a− λ(b)] = 0 (3.8)

⇔ a = ∇λ(b) (3.9)

Equation 3.9 gives a relation between the force we apply to the system and the conjugate

order parameter; it is the multivariate equation of state. Inserting 3.9 into equation 3.7

and re-writing λ as a line integral over the vector field b,

I(a) = b(a) · a−
∫
C

∇λ(b) · db (3.10)

⇔ I(a) =

∫
C

b(a) · da (3.11)

where we used integration by parts and C is some path in thermodynamic state space.

What he have here is the equality between the free energy and the work done to the

system by some force b along some path C. By definition this is the work done to the

system and the free energy is only equal to the work done to the system only when we

integrate along the reversible path C = Crev,

I(a) = Wrev(a) (3.12)

This is the maximum (or reversible) work theorem [7, p. 103]. From classical thermody-

namics we know that for a system in contact with a thermal reservoir, the work delivered

by a reversible process is going to be equal to the change in the Helmholtz free energy

[7, p. 159]. When we say reversible path we mean that the transformation process along

C happens so slowly that the system remains at equilibrium at all times (quasi-static
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process, [7, p. 97]).

It is interesting how all these classical results can be expressed in terms of large-deviation

theory language. Large-deviation theory however establishes a clear thermodynamic route

of evaluating probability distributions of extensive properties. It allows us to establish a

clear connection between the equation of state / the reversible work and the probability

distribution. To sum up the discussion into one equation,

lim
N→∞

P (Na) ∼ exp

[
−N

∫
Crev

b(a) · da
]

(3.13)

where the probability density is given in terms of a path integral. Although equation

3.13 looks complicated, it will be greatly simplified when dealing with isotropic systems.

It is the most important result of this thesis and will be used in order to study the N

dependence of the fluctuations of P (Na).

3.3 Spherical symmetry of the free energies

In practical calculations the tensor/vector notation will simplify drastically and only

scalars will be needed. This is because for all the time-independent applications in this

thesis, the free energy per particle λ(b) is spherically symmetric and only depends on the

modulus b = |b|,

λ(b) = λ(b) (3.14)

Similarly I(a) will only be a function of the modulus a = |a| and it is not hard to see

that the multivariate equation of state in equation 3.9 will simplify to,

a =
∂λ(b)

∂b
(3.15)
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where a = |a|. This makes sense since we can choose the order parameter a to point the

direction of the field that we apply to the system,

b = b b̂, a =
∂λ(b)

∂b
b̂

where b̂ is the direction of the field. This argument will be valid for all the applications of

large-deviation theory in this study and will only need to be modified when we consider

time-dependent probability distributions with weak-fluctuations in chapter 8. Now, we

can drastically simplify our notation since in practice we do not need to deal with

vectors/tensors. The Gaertner-Ellis theorem can be written simply as,

I(a) = ba− λ(b), a =
∂λ(b)

∂b
(3.16)

The two free energies share the same relation as the Gibbs free energy and the Helmholtz

free energy F(x) = xs + G(s) (with x=dG/ds) where G(s) is a function of the intensive

pressure variable and F(x) is a function of the conjugate extensive volume variable (See

figure 3.1).

As we saw previously, equation 3.16 is equivalent to the reversible work theorem

from classical thermodynamics (See also [9, Chapter 7.3]).The reversible work theorem

can be seen via integration by parts or graphically via the Legendre transformation. In

the second case it can be seen as a direct consequence of the Legendre duality between

I(a) and λ(b). The transformation of I(a) is shown in figure 3.1 if we identify F(x) as

I(a) and G(s) as λ(b). The slope of I(a) is,

∂I(a)

∂a
=
I(a) + λ(b)

a
(3.17)
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Figure 3.1: The function F that depends on variable x and the Legendre transform G
that is a function of the slope. The figure is taken from [64].

inserting the Legendre relation,

∂I(a)

∂a
=
ab(a)− λ(b) + λ(b)

a
= b(a) (3.18)

or equivalently,

I(a) =

∫ a

0

b(a′)da′ (3.19)

where b(a) is the (scalar) equation of state, relating the intensive variable (force) with

the extensive variable (order parameter). This is the (scalar) reversible work theorem,

just like the one we encountered when calculating the elastic free energy of an ideal chain.

In chemical systems with non-trivial potential energy interactions, it is almost impossible

to know the exact b(a). However it is possible to calculate its extreme limits analytically

(Figure 3.2).
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Figure 3.2: Large-deviation theory connects the system’s responses to an external field
with the probability distribution. The picture shows headless vectors (liquid crystal
molecules) and random flights under extreme field limits.

The thermodynamic integral 3.19 suggests a route of calculating free energies just like we

saw in the context of random flights; Analytical evaluation of the limits of the equation

of state via direct evaluation of the moment generating function, followed by Pade’

interpolation between the two limits. Lastly, integration of the interpolated expression for

the equation of state b(a′) provides the free energy as a function of the order parameter.

This is exactly what we will do in the case of strongly interacting liquid crystals where

only the limits of the equation of state are known: The weak-field limit that corresponds

to the central-limit theorem and the strong-field limit that corresponds to the mean field

answer.

3.4 Weak-fluctuations / Central-limit theory

When the fluctuations of P (Na) are small we can think in terms of a weak applied

field b that is coupled to the order parameter a of the system. The cumulant generating

function λ(b) can be expanded as a Taylor series in that limit,

Nλ(b) = ln ⟨exp (Na · b)⟩ = Nb · ⟨a⟩+ 1

2
N2b · ⟨δaδa⟩ · b+ ... (3.20)
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where δa = a− ⟨a⟩. Further manipulation leads to,

Nλ(b) = N

N∑
j=1

⟨xj · b⟩+
1

2
Nb · X · b+ ... (3.21)

where X is the susceptibility tensor that is construed by the fluctuation vectors,

X =

〈
1

N

N∑
j,k

δxjδxk

〉
(3.22)

When the fluctuations (cumulants) are small we can truncate the power series and only

keep the first two terms. Furthermore, for isotropic systems (like the ones we are concerned

with in this study), the first term will be identically equal to zero,

⟨xj⟩ = 0 (3.23)

and the susceptibility matrix simplifies,

X = χ1, χ =

〈
1

N

N∑
j,k=1

xj · xk

〉
(3.24)

where χ is the two-body susceptibility and 1 is the unit tensor. It applies even when

interactions are very strong and we can extract this quantity from numerical simulation.

The cumulant generating function at the central-limit theory level takes the usual parabolic

form,

λ(b) ≈ χ

2
b2, b→ 0 (3.25)

and the equation of state the usual linear form,

a =
∂λ(b)

∂b
= χb (3.26)

⇔ b =
1

χ
a (3.27)
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Via the thermodynamic integration

I(a) =

∫ a′

0

b(a′) =
a2

2χ
(3.28)

P (A) ∼ exp

[
−N

2χ
a2
]

(3.29)

we restore the anticipated gaussian density. The central-limit theorem is exact at the limit

of weak fluctuations. Lastly, we recover the anticipated result for the second moment of

the order parameter a,

⟨a2⟩ = χ

N
⇔
√
⟨a2⟩ =

√
χ

N
(3.30)

3.5 The central idea of the thesis / Mean-field form

of the large-fluctuation limit

In this study we are looking at systems with orientational order and the order parameter

A is the sum of all orientations xj that is a vector function that depends on the unit

orientations,

A = Na =
N∑
j=1

xj, xj = xj(Ω̂j) (3.31)

In general xj does not coincide with Ω̂j because of the symmetry of the interactions in the

system but for simplicity we will refer to xj as the orientations of the molecules. Anisotropic

molecules have also center of mass translational coordinates rj. The hamiltonian of the

system in the presence of an external field b is,

H = K +
∑
i,j

Uij(rij, Ω̂i, Ω̂j)−A · b (3.32)

where K is the kinetic energy and rij = ri − rj. The potential energy term could be

the Gay-Berne potential we saw in chapter 1 and is in general a function of both the

orientations and the inter-molecular distances. This potential energy term consists of
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one-body interactions, two-body interactions and so on and in general it produces very

complicated correlations between the molecules. However, in the limit of a very large

external field b the third term in 3.32 will dominate and the orientations of the molecules

will be independent from each other. The field will overcome all the inter-molecular

correlations and the only orientation-dependent term that will contribute in the potential

energy will be the one-body term; the independent-molecule term. In other words, a single

molecule will be independent from the rest but it will still feel their presence through an

effective mean field. This observation is the foundation of the entire thesis as it provides

a relatively simple way of calculating the large-fluctuation limit of P (A) analytically.

In the limit of a strong field b we can approximate H with some effective mean field

hamiltonian Hmf ,

H ≈ Hmf = K +
∑
i,j

Vij(rij)−A · b−A · ϵ (3.33)

where Vij only depends on the distances and ϵ is the vector mean field. The cumulant

generating function is defined as

exp (Nλ(b)) =

∫
dΩ exp (A · (b+ ϵ))∫

dΩ exp (A · ϵ)
(3.34)

where the integration spans over all the orientations dΩ =
∏N

j=1 dΩ̂j and the inverse

temperature β = 1
kBT

has been absorbed into the modulus of the vector fields. Taking the

fields to be b = b b̂, ϵ = ϵ b̂ and remembering the definition for A,

exp (Nλ(b)) =

∫ ∏N
j=1 dΩ̂j exp

(
(b+ ϵ)

N∑
j=1

xj · b̂

)
∫ ∏N

j=1 dΩ̂j exp

(
ϵ

N∑
j=1

xj · b̂

) (3.35)

which is a product of N independent integrals because the molecules are independent from
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each other at the mean field level of approximation. This allows us to drastically simplify

the calculation for λ(b)

λ(b) = ln

∫
dΩ̂j exp

(
(b+ ϵ) xj · b̂

)
∫
dΩ̂j exp

(
ϵ xj · b̂

) (3.36)

and in terms of the single molecule probability density ρ(Ω̂j) defined as

ρ(Ω̂j) =
exp

(
ϵ xj · b̂

)
∫
dΩ̂j exp

(
ϵ xj · b̂

) (3.37)

equation 3.36 can be written in the exceptionally simple form

λ(b) = ln ⟨exp (xj · b)⟩ρ(Ω̂j)
(3.38)

We can take the direction of b to point along any laboratory axis and express the answer

in terms of standard analytical functions that are going to be problem-specific. Expression

3.38 for λ(b) has only been applied to mean field treatments of orientationally ordered

phases and has never been used as the large fluctuation limit of isotropic systems close

to criticality. In order to capture fluctuations we can look at both limits and analytically

evaluate them,

λ(b) =


χ
2
b2, b→ 0 central-limit theory

ln ⟨exp (xj · b)⟩ρ(Ω̂j)
, b→ ∞ mean-field theory

(3.39)

and the equation of state in these two extremes is given by a = ∂λ(b)
∂b

. It is hard to compute

λ(b) for intermediate values of b but we can use interpolation techniques instead. However,

it is not possible to get a simple interpolation applied directly to the cumulant function.

Instead applying Pade interpolation to the equation of state produces very simple answers

that capture both the weak and the strong-fluctuation limit. Large-deviation theory
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provides us with the tools we need in order to connect the equation of state with P (A)

and we will do just that in order to study the N-dependence of the fluctuations in a

variety of systems. In the next three chapters we will see how this plays out in specific

applications to liquid crystals, magnetization and polymer end-to-end distances; problems

with order parameters that are defined as sums of individual orientations.
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CHAPTER 4

Large-deviation theory perspective

on the nematic order of

two-dimensional isotropic liquid

crystals

4.1 The set up of the problem

We get the two-dimensional order parameter tensor by setting D = 2 in the definition

1.2,

Q =
N∑
j=1

1

N
(2 Ω̂jΩ̂j − 1) =

 Q1 Q2

Q2 −Q1

 (4.1)

Q1 = Qxx =
1

N

N∑
j=1

cos 2θj, Q2 = Qxy =
1

N

N∑
j=1

sin 2θj (4.2)

cos θ = Ω̂j · x̂ (4.3)
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where x̂ is a macroscopic axis rather than the unknown director. The low dimensionality

of the problem allows us to write the elements Q1, Q2 of the tensor as the components of

a two-dimensional pseudo-vector,

QT = (Q1, Q2) (4.4)

Q =
1

N

N∑
j=1

qj, qT
j = (cos 2θj, sin 2θj) (4.5)

It is not a real vector in the sense that rotation of the axis does not transform the

components of the vector in the way one would expect from Cartesian coordinates.

The problem of calculating P (Q) is identical to the calculation of P (Q). Because of

the zero trace property of Q, the tensor has two eigenvalues s and λ2 but the second

eigenvalue λ2 is given by (s+ λ2 = 0 ⇔ λ2 = −s). That means that the only independent

variable is s and it coincides with the modulus of the pseudo-vector Q = |Q|. This simple

scalar quantity s = Q is actually our order parameter. We can see that by expressing Q

in its eigenvector basis,

Q =

 s 0

0 −s

 , s =
√
Q2

1 +Q2
2 = |Q| = Q (4.6)

Tr(Q2) = 2(Q2
1 +Q2

2) = 2s2 = 2Q2 (4.7)

Equation 4.7 shows that the definition of the vector-order parameter Q is consistent with

the rotational invariance of the problem. The probability distribution and the free energy

can only depend on the absolute rotational invariant Tr(Q2) which is proportional to Q2

making the use of the vector Q equivalent.

The probability distribution of the vector Q is related to p(s) via a factor that
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corresponds to the perimeter of a circle with radius s = Q,

p(s) = 2πsP (Q)Q=|Q|=s (4.8)

This is very convenient since large-deviation theory can be applied to the probability

distribution of P (Q) by using the extensive NQ and the intensive conjugate field h as

ingredients. We start by approximating P (Q) via a large-deviation principle (equation

3.3),

P (Q) ∼ exp (−NI(Q)) (4.9)

where I(Q) is the rate function (free energy per liquid crystal molecule) and will be

determined via the Gaertner Ellis theorem from equation 3.7,

I(Q) = h ·Q− λ(h), Q = ∇λ(h) (4.10)

λ(h) = lim
N→∞

1

N
ln
〈
eNh·Q〉 (4.11)

The relation between the intensive field and the extensive order parameter defines the

liquid crystal equation of state. The Legendre transform of the rate function I(Q) is

the cumulant generating function λ(h). Integration by parts as we saw in equation 3.11

recovers the reversible work theorem,

I(Q) =

∫ Q

0

h(Q′) · dQ′ (4.12)

The combination of the large-deviation principle in equation 4.9 and the above expression

establish a direct connection between the equation of state and P (Q).

Liquid crystal molecules interact via the Gay-Berne potential discussed in chapter 1.

Inter-molecular correlations are strong and complicated making the calculation of the

exact λ(h) notoriously hard. However, as we saw in previous chapters, it is possible to

exactly calculate its extreme limits: The strong- correlations/weak-fluctuation limit where
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the central-limit-theorem is used and the weak-correlations/strong-fluctuation limit where

the answer is the mean-field. We will be able to calculate its extreme limits exactly and

use them in order to get an approximation to the liquid crystal equation of state for the

entire range of Q values.

4.2 The strong correlation/weak fluctuation limit:

Central-limit theory

We can set aside the limit of N for notational simplicity and write λ(h) as

Nλ(h) = ln ⟨exp (NQ · h)⟩ (4.13)

keeping in mind that this will be progressively more accurate as we go to larger systems.

For weak fluctuations and arbitrary strong correlations we may expand λ(h) as a series of

cumulants (as long as we are not in the immediate vicinity of a critical point),

Nλ(h) = Nh · ⟨Q⟩+ 1

2
N2h · ⟨δQδQ⟩ · h+ ...

= Nh ·
N∑
j=1

⟨qj⟩+
N2

2
h · ⟨

N∑
j,k=1

δqjδqk⟩ · h+ ...
(4.14)

where δqj = qj − ⟨qj⟩ is the molecular fluctuation vector. We can choose the field to

point along any macroscopic direction in space so we can choose the most convenient; We

can define all the angles θj with respect to the axis of the field cos θj = Ω̂ · ĥ and carry

out the calculations of the averages that appear in the expansion. Since we are in the

isotropic phase the only quantities that survive averaging are the ones that involve angle

differences. The rest are all zero

⟨cos 2θj⟩ = ⟨sin 2θj⟩ = ⟨cos 2(θj + θk)⟩ = ⟨sin 2(θj + θk)⟩ = 0 (4.15)
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That means that first term will be identically zero

⟨qj⟩ = 0 (4.16)

and we write λ(h) to second order,

λ(h) =
1

2N

〈
N∑
j,k

(ĥ · qj)(ĥ · qk)

〉
+O(h4)

=
h2

2N

1

2

〈
N∑
j,k

qj · qk

〉
+O(h4)

=
h2

4N

〈
N∑
j,k

cos 2θj cos 2θk

〉
+O(h4), ĥ = x̂

=
h2

4N

〈
N∑
j,k

sin 2θj sin 2θk

〉
+O(h4), ĥ = ŷ

=
h2

4N

〈
N∑
j,k

cos 2(θj − θk)

〉
+O(h4)

=
χ

4
h2 +O(h4)

(4.17)

where χ is the two-fold/two-body susceptibility

χ = N
〈
s2
〉
=

〈
1

N

N∑
j,k=1

cos 2(θj − θk)

〉
(4.18)

If there are no correlations between the molecules only j = k terms would contribute

to the sum and the susceptibility would be χ = 1. It is of course the case that λ(h)

only depends on the modulus of the field and not on its direction. Consequently the

vector-order parameter is also pointing in the direction ĥ of the field h and we can see

that by differentiating the spherically symmetric cumulant function. The vector-equation
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of state reads,

Q = ∇λ(h), ∇a =
∂

∂ha

= ∇λ(h), h = |h| =
√
h21 + h22

=
∂λ(h)

∂h
ĥ

(4.19)

Q(h) =
∂λ(h)

∂h
=
χ

2
h+O(h3) ⇔ h(Q) =

2

χ
Q+O(Q3) (4.20)

which means that the vector-equation of state in equation 4.10 simplifies to a scalar

one and the determination of the rate function boils down to a simple, one-dimensional

reversible work integral

I(Q) =
∂λ(h)

∂h
ĥ · hĥ− λ(h)

= h
∂λ(h)

∂h
− λ(h)

=

∫ Q

0

h(Q′)dQ′

(4.21)

At the central limit theory level of analysis the expression for h(Q) is given by equation

4.20 and the rate function and the probability distribution are

I(Q) =
Q2

χ
(4.22)

P (Q) ∼ exp (−NI(Q)) = exp

(
−N
χ
Q2

)
(4.23)

In terms of the largest eigenvalue s = Q of the second rank tensor Q the probability

distribution p(s) is given by equation 4.8,

p(s) ∼ s exp

(
−N
χ
s2
)

(4.24)

This is the central-limit theory answer for the probability distribution of the order

parameter s of two-dimensional isotropic liquid crystals and of course it is a gaussian

distribution (technically it is a Maxwellian because of the Jacobian prefactor). With

molecular dynamics simulation we can calculate the exact answer for p(s) for Gay-Berne
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molecules. From the simulated p(s) we can also calculate χ where χ = N⟨s2⟩. If the

liquid crystal molecules do not interact then χ = 1 and

p(s) ∼ s exp
(
−Ns2

)
(4.25)

which corresponds to liquid crystals in the gas phase where the distances between the

molecules are extremely large (ideal gas).

4.3 The weak correlation/strong fluctuation limit:

Mean-field theory

As we saw in chapter 3, when h is large, molecules are independent from each other

only interacting with each other via a mean field ϵ. The cumulant function in that limit

goes exactly to the mean field answer (see equation 3.38) and it is easy to calculate because

we are free to choose ĥ to point along any direction. In this case we may say that ĥ is

parallel to the x-axis,

λ(h) = ln ⟨exp (qj · h)⟩ρ(Ω̂j)

= ln

∫
dΩ̂j exp

(
(h+ ϵ) qj · ĥ

)
∫
dΩ̂j exp

(
ϵ qj · ĥ

) , qj · ĥ = cos 2θj

= ln

∫ 2π

0
dθj exp ((h+ ϵ) cos 2θj)∫ 2π

0
dθj exp (ϵ cos 2θj)

= ln
I0(h+ ϵ)

I0(ϵ)

(4.26)

where I0(z) =
1

2π

∫ 2π

0

dθ exp (z cos 2θ) (4.27)
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is the zeroth order modified Bessel function of the first kind. The denominator does

not affect the thermodynamic formalism and it will eventually be absorbed into the

normalization constant of p(s). That means that we can ignore it and by setting h+ ϵ = z

we end up with the exceptionally simple expression for the cumulant generator,

λ(h) = ln I0(z), z = h+ ϵ (4.28)

This limit of λ(h) captures the spontaneous anisotropy that forms in isotropic liquid

crystal systems and will be used in order to incorporate the large fluctuations of p(s) into

our formalism. The mean-field limit has extensively been used as a simple model of the

nematic phase but has never been used in order to quantify anisotropic deviations in the

isotropic phase. As we saw in equation 4.19 the order parameter points in the direction of

the field,

Q =
∂λ(z)

∂h

∂h

∂z
ĥ =

I1(z)

I0(z)
ĥ (4.29)

with I1(z) the modified Bessel function of first order. The modulus of the vector Q defines

the scalar equation of state

Q =
I1(z)

I0(z)
(4.30)

that saturates at Q = 1. Taking the large argument of Bessel functions,

Q =
1− 3

8z
− 15

128z2
+O(z−3)

1 + 1
8z

+ 9
128z2

+O(z−3)
= 1− 1

2z
− 1

8z2
+O(z−3) (4.31)

Reverting the series yields

z =
1

2(1−Q)
+

1

4
+O(1−Q) (4.32)

and replacing the value for the field h we get,

h(Q) =
1

2(1−Q)
+ η +O(1−Q) (4.33)
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where η = 1
4
− ϵ is the orientational coefficient that we will calculate from a simulation

just like the susceptibility χ in the weak-field regime. This divergent term will capture

the large fluctuations in the expression for p(s).

4.4 Pade interpolation and a new expression for the

free energy

The two limiting behaviors of the equation of state are given by equation 4.20 and

equation 4.33

h(Q) =



2
χ
Q+O(Q3), Q→ 0

1
2(1−Q)

+ η +O (1−Q) , Q→ 1

(4.34)

Interestingly, there are no even powers in the equation of state and this has to do with

symmetry. This is true because λ(h) cannot depend on inversion of the field λ(h) = λ(−h)

and so it only involves even powers of h which means that its derivative will only involve

odd powers. The weak field limit of Q(h) is linear to the field and in the limit of strong

fields the order parameter Q is the ratio between I1(z) (odd) and I0(z) (even) making

it odd overall. Applying the method of Pade interpolation between the linear response

regime and the pole at Q→ 1 gives a full expression for the equation of state. A minimal

Pade interpolant that has the correct symmetry and reproduces the proper limits is the

Pade[5/2]

h(Q) =
2

χ

Q+ AQ3 +BQ5

1−Q2
(4.35)

A = −2 +
χ

2

(
η +

9

4

)
, B = 1− χ

2

(
η +

5

4

)
(4.36)

The reader can verify that this simple ratio of polynomials indeed gives the correct limits.

Also the denominator is even and reproduces the pole at Q = 1 while the numerator is

odd giving the correct symmetry overall. The constants A and B are functions of the
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microscopic correlation parameters χ and η that we will calculate numerically from a

computer simulation. The probability distribution p(s) can now be evaluated analytically

from the reversible work theorem in equation 4.21,

I(Q) =
δ

2
Q2 − B

2χ
Q4 − 1

2
ln (1−Q2) (4.37)

P (Q) ∼
(
1−Q2

)N
2 exp

{
−N

[(
δ

2

)
Q2 −

(
1 + δ

4

)
BQ4

]}
(4.38)

p(s) ∼ s
(
1− s2

)N
2 exp

{
−N

[(
δ

2

)
s2 −

(
1 + δ

4

)
Bs4

]}
(4.39)

δ =
2

χ
− 1, −1 ≤ δ ≤ 1 (4.40)

Notice how the independent limit shows up as probability in the power of N and how

there is a new term correcting for the mean field effect. This new probability distribution

(equation 4.39) will be proven to be a very powerful tool in analysing large fluctuations.

The free energy per liquid crystal molecule we derived with our method (equation 4.37)

might seem unfamiliar but in the limit of very small Q we get the familiar Landau-De

Gennes expression,

I(Q) =
a

2
Q2 +

b

4
Q4 + ... a =

2

χ
and b =

5

4
− δ + η (4.41)

where the constants a and b are positive and depend on the thermodynamic conditions.

This novel approach provides a molecular explanation of the constants. As the system

approaches criticality, the fluctuations grow and the free energy starts to feel a logarithmic

singularity.

4.5 Similarities with 2D magnetism in the XY model

The problem of characterizing the probability density of nematic order is very closely

related to that of magnetism in 2D. Liquid crystal molecules with up and down symmetry
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are represented as headless vectors and magnetic moments on a lattice are represented as

typical vectors. The probability distribution of the total magnetization and the probability

distribution of total nematic order P (Q) share the same cumulant generator and as we

will see can be described by the same Pade[5/2] equation of state.

Figure 4.1: On the left we can see magnetic moments lying on lattice sites. On the rights
we can see the orientation vectors of anisotropic liquid crystal molecules with up-down
symmetry.

Let us imagine a two-dimensional square lattice (See left part of figure 4.1) with a

magnetic moment sj placed on each lattice site j,

sTj = (cos θj, sin θj),
(
qT
j = (cos 2θj, sin 2θj)

)
(4.42)

for k-fold order xT
j = (cos kθj, sin kθj) (4.43)

The difference between one-fold (k=1) orientational order (magnetic moments sj) and

two-fold (k=2) orientational order (qj) will not make a difference in our analysis as we

will see later on. Only neighboring spins interact and the spins are able to rotate around

(instead of just up and down like the Ising model). The simplest magnetic Hamiltonian

we can use is the XY-model Hamiltonian defined as,

H = −J
N∑
j,k

cos (θj − θk) (4.44)

Depending on the relative orientation of the neighboring magnetic moments the interaction

energy varies continuously form -1 to 1, where parallel spins contribute +1 to the sum
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and vertical neighbohrs contribute 0. Anti-parallel neighboring spins contribute −1. The

magnetization is defined as,

MT =
1

N

N∑
j=1

sTj = (M1,M2) (4.45)

M1 =
1

N

N∑
j=1

sjx =
1

N

N∑
j=1

cos θj, M2 =
1

N

N∑
j=1

sjy =
1

N

N∑
j=1

sin θj (4.46)

µ = |M| =
√
M2

1 +M2
2 (4.47)

The scalar magnetic order parameter µ simplifies to,

µ =
1

N

√√√√ N∑
j,k=1

cos (θj − θk) (4.48)

and goes from µ = 0 (complete isotropy) to µ = 1 (perfect alignment of spins sj). We

wish to describe the probability density P (M) in terms of our large-deviation theory,

P (M) ∼ e−NI(M),

∫
P (M)dM = 1 (4.49)

P (µ) = 2πµP (M) (4.50)

This probability density has been studied before (See for example [3] and [5]) but the

large deviations of a strongly interacting system have not been captured. The 2D XY

magnet shows a continuous Kosterlitz-Thouless type transition between a high-temperature

paramagnetic phase and a low temperature quasi-long range ordered phase. The critical

point is located at 1/(βcJ) ≈ 0.8935 [30]. There is a finite (not infinite) correlation

length that grows as we approach the critical point in the paramagnetic phase similarly to

liquid crystals in the isotropic phase close to the isotropic/nematic transition. Although

the underlying mechanism has to do with binding-unbinding of vortices [30] instead of

disclinations (as is the case for liquid crystals [36]) we expect a non-gaussian profile in the
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density P (M) as we approach 1/(βcJ).

For very weak fluctuations we expect the cumulant expansion to be dominated by the

second order term. We start from the definition of λ(h) (h is a magnetic field conjugate

to the total magnetic moment M),

eNλ(h) =
〈
eNM·h〉 (4.51)

and expand as a power series,

λ(h) ≈ N

2
h · ⟨δMδM⟩ · h+ ... =

χ1

4
h2 +O(h4), h→ 0 (4.52)

δM = M− ⟨M⟩ (4.53)

Identical answer as in equation 4.17 but with a different susceptibility. Here we have χ1

which is the one-fold/two-body magnetic susceptibility

χ1 =

〈
1

N

N∑
j,k=1

cos (θj − θk)

〉
= N

〈
µ2
〉

(4.54)

for k-fold order χk =

〈
1

N

N∑
j,k=1

cos k(θj − θk)

〉
(4.55)

Because the magnetic free energy per particle cannot possibly depend on inversion

symmetry of the field,

λ(h) = λ(−h) (4.56)

the odd terms need to be identically zero. Notice how we get the same result as in the

case of liquid crystals. The truncation of λ(h) up to second order is exactly true for weak

fluctuations regardless of the strength of the correlations between the magnetic moments.
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The equation of state now connects the magnetization with the external magnetic field,

M = ∇λ(h) = ∂λ(h)

∂h
ĥ, µ =

∂λ(h)

∂h
=
χ1

2
h (4.57)

The equation of state between the intensive magnetic field h and the extensive magneti-

zation µ is the same as in the case of liquid crystals (equation 4.19) but with different

susceptibility.

The large-field limit is the independent-mean field cumulant function which astonish-

ingly is exactly the same as the mean-field answer for liquid-crystals (equation 4.26),

λ(h) = ln ⟨exp (sj · h)⟩ρ(ŝj), sj · h = h cos θj (4.58)

where we chose the field h to be parallel to the x axis so that we can easily evaluate the

integral in terms of Bessel functions. The answer is the same (we ignore the constant

term) and involves the mean-field ϵ,

λ(h) = ln I0(z), z = h+ ϵ (4.59)

In fact this is true for any type of k-fold orientational order. The independent k-rotor

limit requires the evaluation of ,

λ(h) = ln

[
1

2π

∫ 2π

0

exp (z cos kθ)dθ

]
= ln I0(z), ∀k ∈ {1, 2, 3, ...} (4.60)

where I0(z) is the zeroth order modified Bessel function. The corresponding equation of

state that connects the magnetic field with the magnetization is,

µ =
∂λ(z)

∂z
=
I1(z)

I0(z)
(4.61)

The same answer as in the case of 2D liquid crystals. In the large field limit the equation

52



of state,

µ = 1− 1

2z
− 1

8z2
+ ..., h→ ∞ (4.62)

Similarly to liquid crystals we have the following limits,

h(µ) =



2
χ1
µ+O(µ3), µ→ 0

1
2(1−µ)

+ η +O (1− µ) , µ→ 1

(4.63)

but with χ1 in the weak-field limit and η = 1
4
− ϵ in the strong-field limit. The magnetic

equation of state only depends on odd powers of µ and a minimal Pade[5/2] that simulta-

neously respects the symmetry and correctly reproduces the two limits is (as in equation

4.35),

h(µ) =
2

χ1

µ+ A1µ
3 +B1µ

5

1− µ2
(4.64)

A1 = −2 +
χ1

2

(
η +

9

4

)
, B1 = 1− χ1

2

(
η +

5

4

)
(4.65)

The Gaertner-Ellis theorem dictates that,

I(M) = M · h− ∂λ(h)

∂h
, M =

∂λ(h)

∂h
ĥ (4.66)

⇔ I(M) = µh− ∂λ(h)

∂h
, µ =

∂λ(h)

∂h
(4.67)

which reduces via integration by parts to the reversible work theorem for the magnetization

free energy per spin,

I(M) =

∫ µ

0

h(µ′)dµ′ (4.68)

Applying the theorem to the Pade equation of state gives us,

I(M) =
δ1
2
µ2 − B1

2χ1

µ4 − 1

2
ln (1− µ2) (4.69)
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δ1 =
2

χ1

− 1, −1 ≤ δ1 ≤ 1 (4.70)

The corresponding probability density of M is

P (M) ∼
(
1− µ2

)N
2 exp

{
−N

[(
δ1
2

)
µ2 −

(
1 + δ1

4

)
B1µ

4

]}
(4.71)

P (µ) ∼ µ2
(
1− µ2

)N
2 exp

{
−N

[(
δ1
2

)
µ2 −

(
1 + δ1

4

)
B1µ

4

]}
(4.72)

This expression for the probability distribution of magnetism in 2D is identical to the

probability distribution of nematic order (equation 4.38). In the results chapter we will

show how this equation compares with the gaussian density of the magnetization,

P (M) ∼ exp

(
−N

χ1

µ2

)
(4.73)

P (µ) ∼ µ2 exp

(
−N

χ1

µ2

)
(4.74)

For temperatures close to the critical point, the gaussian density is inaccurate and it is

necessary to use equation 4.71 instead.
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CHAPTER 5

Large-deviation theory perspective

on three-dimensional polymer

end-to-end distances

5.1 Large deviations theory set-up of the problem

Before we proceed to three-dimensional liquid crystals, we will discuss an easier three-

dimensional problem: end-to-end distance of an interacting chain of stiff bonds. In chapter

2 we studied the random-flight/ideal chain model where there are no correlations between

the bond vectors Ω̂l and the potential energy between atoms (if we have N bonds that

means that we have N+1 atoms) in the idealized polymer was zero. Now, we will study

the case where there are arbitrary interactions between the atoms in the chain.

The vector-order parameter of the system is the end-to-end distance as in the random

flight case,

Nr = R =
N∑
l=1

Ω̂l, R = |R| (5.1)

where N identical and rigid links of unit length are strongly interacting with each other.
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We will derive an expression for the interacting chain from large-deviation theory starting

from the intensive/extensive relation between an externally applied field h and the end-

to-end distance R. More specifically we define the scaled cumulant generating function

via the relation,

eNλ(h) =
〈
eh·R

〉
(5.2)

where the brackets imply averaging over all possible orientations in three-dimensional

space. In the limit of large number of polymer links N, large-deviation theory suggests

that,

P (R) ∼ exp (−NI(r)) (5.3)

I(r) = h · r− λ(h), r = ∇hλ(h) (5.4)

Both free energies per bond are spherically symmetric as they will end up being independent

from ĥ, λ(h) = λ(h). The two free energies are Legendre transforms of each other (equation

5.4) which implies that they also share that same spherical symmetry. This observation

will drastically simplify our calculations as we only need to be concerned with h = |h|

and not ĥ. Consequently the vector-order parameter r points in the direction of the field,

r = ∇hλ(h)

=
∂λ(h)

∂h
ĥ

= r ĥ, r = |r| = ∂λ(h)

∂h

(5.5)

and the rate function I(r) in equation 5.4 can be written as

I(r) = hr − λ(h), r =
∂λ(h)

∂h
(5.6)

Differentiating both sides with respect to r we get

∂I(r)

∂r
= r

∂h

∂r
+ h− ∂λ(h)

∂h

∂h

∂r
= h(r) (5.7)
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and we recover the reversible work theorem,

I(r) =

∫ r

0

h(r′)dr′ (5.8)

The free energy is equal to the work required to extend the polymer in some reversible

manner. The relation h(r) can be obtained by reverting r = ∂λ(r)
∂r

and defines a polymer

equation of state. Of course we do not know λ(h) because it is impossible to solve equation

5.2 analytically for complicated polymer Hamiltonians. Nevertheless the extreme limits of

λ(h) as we saw in other applications can be evaluated. When the correlations between

the bonds are strong and the applied force is weak, we can use central-limit theorem

statistics. In that limit we will recover the linear relation between force and response;

Hooke’s law. When the correlations between the bonds are weak and the applied force is

strong, λ(h) goes to the mean field answer. The non-linearity of the independent bond

limit will capture the strong fluctuations of P (R).

5.2 Central-limit theory of the interacting polymer

In the weak h limit we may write the generating function as a power series (assuming

that we are not close to a critical point and the free energy is an analytic function),

exp (Nλ(h)) = ⟨exp (F )⟩ = exp

(
⟨F ⟩+ 1

2
⟨(δF )2⟩+ ...

)
(5.9)

F = R · h =
N∑
l=1

Ω̂l · h (5.10)

Since we are in the isotropic phase the first term averages to zero and because we apply a

very weak field, the second term will be dominating over higher order terms. By truncating

the series we have,

λ(h) =
h2

2N

N∑
l,l′

ĥ ·
〈
Ω̂lΩ̂l′

〉
· ĥ+O(h4) (5.11)
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The next term in series is going to be proportional to h4 and not h3 because all the odd

terms are zero. This is a result of the inversion symmetry of the problem since it does not

matter whether we define the end-to-end distance vector as R or −R. The choice of the

first atom in the polymer as first and the last atom as last is abstract and thermodynamic

potentials do not depend on it.

The second rank tensor in equation 5.11 simplifies because of isotropic symmetry. More

specifically, the element µ, ν of the tensor is

〈
(Ω̂l)µ(Ω̂l′)ν

〉
=

1

3

〈
Ω̂l · Ω̂l′

〉
δµ,ν (5.12)

The non-diagonal elements will average to zero and the free energy simplifies to,

λ(h) =
χ

6
h2 +O(h4), h→ 0 (5.13)

χ =

〈
1

N

N∑
l,l′=1

Ω̂l · Ω̂′
l

〉
(5.14)

The corresponding scalar-equation of state is given by equation 5.7,

h(r) =
∂λ(h)

∂h
=

3

χ
r +O(r3), r → 0 (5.15)

As anticipated we recovered the linear strain-stress relation known as Hooke’s law (It

differs from the random-flight/weak-field answer by a factor of 1
χ
) The elastic free energy

will be given be direct integration of the equation of state (equation 5.8),

I(r) =

∫ r

0

[
3

χ
r′ +O(r′3)

]
dr′ =

3

2χ
r2 +O(r4) (5.16)

and the corresponding probability density is given the large-deviation principle in equation

5.3

P (R) ∼ exp

[
−3N

2χ
r2
]

(5.17)
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We can calculate the corresponding Maxwell density by multiplying with the surface of a

three-dimensional sphere

P (r) ∼ r2 exp

[
−3N

2χ
r2
]

(5.18)

This expression for P (r) correctly gives the anticipated scaling for ⟨r2⟩ (We take N → ∞

in order to extend the upper limit of integration from 1 to ∞),

⟨r2⟩ =
∫∞
0
r4 exp [−ar2]∫∞

0
r2 exp [−ar2]

, a =
3N

2χ

=
Γ(5

2
)

Γ(3
2
)

1

a
, Γ(z) =

∫ ∞

0

tz−1e−tdt

=
3

2

2χ

3N

=
χ

N

(5.19)

In the limit of no interactions between the atoms in the polymer, the bond-susceptibility in

definition 5.14 becomes χ = 1 since only l = l′ terms will contribute to the sum and we get

the random-flight gaussian density 2.12 with the corresponding scaling
√

⟨r2⟩ = 1/
√
N .

Lastly, we see from 5.17 that χ = N⟨r2⟩ which suggests a route to calculating χ numerically

from a simulated P (r).

5.3 The strong-field limit

The central-limit theory answer in equation 5.18 is only accurate when the polymer end-

to-end distance stays very small on average. One wonders how the probability distribution

would change, if the bonds spent a significant amount of time being aligned. High values

of end-to-end distance map to very strong applied forces and as we saw in chapter 3, the

cumulant generator goes to the mean-field answer,

λ(h) = ln ⟨exp (h · Ω̂j)⟩ρ(Ω̂l)
, h→ ∞ (5.20)
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where ρ(Ω̂l) is the anisotropic single-bond probability distribution

ρ(Ω̂l) =
exp (ϵ · Ω̂l)∫
dΩ̂l exp (ϵ · Ω̂l)

(5.21)

and ϵ is the mean field that a single bond feels. In that limit the field h is very strong

and can be chosen to point along the ẑ direction where we can solve the integral exactly.

The mean field ϵ also points in that same direction acting as a screening effect,

(h+ ϵ) · Ω̂ = z cos θl, z = h+ ϵ (5.22)

We can calculate 5.20 exactly

λ(h) = ln ⟨exp (z cos θl)⟩ = ln

(
sinh z

z

)
(5.23)

Notice how this is the real-field version of the single molecule generating function ψ(k) we

derived in equation 2.8 for the random flight. Assuming that the bonds have unit length

d = 1 we can say z = −ik and get ψ(k),

λ(z) = ln

(
sinh z

z

)
= ln

(
sinh (−ik)

−ik

)
= ln

(
sin k

k

)
= lnψ(k) (5.24)

The strong-field (z → ∞) implies that the equation of state (equation 5.7),

r =
∂λ(h)

∂h

∂h

∂z
= L(z) (5.25)

and for large arguments the Langevin function L(z) (equation 2.24) takes the simple form

L(z) = coth z − 1

z
→ 1− 1

z
+O(1) (5.26)

because lim
z→∞

coth z = 1 (5.27)
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where the next correction in the coth(z) expansion is exponentially small. Putting back

the h variable,

r(h) = 1− 1

h+ ϵ
+O(1) (5.28)

and inverting the equation of state we end up with,

h(r) =
1

1− r
− ϵ+O(1− r), r → 1 (5.29)

The strong-field limit of the equation of state provides the non-linearity that will capture

the fluctuations of P (r). The pole at r = 1 is a result of the saturation that happens

when we apply stronger and stronger forces to the polymers; the bonds will align more

and more and the end-to-end distance will approach 1 asymptotically. As we saw in other

applications the simplicity of 5.29 will allow a simple Pade interpolation that gives us

access to intermediate values of h.

5.4 Pade’ interpolation between weak- and strong-

field limits

Along the same lines with the liquid crystal case and the magnetization of the XY

model, we use the variable η = −ϵ for the constant correction at the large field limit. The

two limits now read,

h(r) =



3
χ
r +O(r3), r → 0

1
(1−r)

+ η +O(1− r), r → 1

(5.30)
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The simplest Pade interpolant that respects the pole at r = 1, has an odd symmetry and

successfully goes to the limits in equation 5.30 is,

h(r) =
3

χ

r + Ar3 +Br5

1− r2
(5.31)

A+B + 1 =
2χ

3
(5.32)

3B

4χ
=

1

4
(δ + η − 1

2
), δ =

3

χ
− 2 (5.33)

where δ is the polymer correlation index that goes from -2 (completely correlated) to 1

(completely uncorrelated). The denominator in equation 5.31 is even and at the same

time diverges as r → 1 while the numerator is odd and has just enough terms in order to

include the constant term η from the ordered limit. Equation 5.31 goes to the random

flight Pade[5/2] we calculated in chapter 2 by setting δ = 1 and η = 0 (equation 2.33)

Application of the reversible work theorem in equation 5.8 gives us the elastic free

energy,

I(r) =

∫ r

0

3

χ

r′ + Ar′3 +Br′5

1− r′2
dr′ =

δ

2
r2 − 3B

4χ
r4 − ln (1− r2) (5.34)

and finally the probability density is,

P (R) ∼ (1− r2)N exp

(
−N δ

2
r2
)
exp

(
N
3B

4χ
r4
)

(5.35)

and the probability distribution of the reduced end-to-end distance is

P (r) ∼ r2(1− r2)N exp

(
−N δ

2
r2
)
exp

(
N
3B

4χ
r4
)

(5.36)

For very small end-to-end distances 5.36 goes to the gaussian probability density 5.18 and

thus it is a generalization of it,

P (r) ∼ r2 exp

(
−N 3

2χ
r2
)

(5.37)
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Equation 5.36 is the final large-deviation theory answer for an interacting polymer.

It includes two parameters δ and η that physically correspond to the two-body bond

correlations and the mean-field interactions between the bonds. We can calculate these

two parameters numerically from a computer simulation of P (r). While χ is taken from

the second moment of some simulated P (r), we could use information from the first

moment ⟨r⟩ in order to specify η. This way we have an efficient algorithm of calculating

very small probabilities in the tail of the distribution by taking information from the first

two moments.
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CHAPTER 6

Large-deviation theory perspective

on the nematic order of

three-dimensional isotropic liquid

crystals

6.1 Large-deviation theory order parameter

For three-dimensions, we set D = 3 in the definition for the tensor in equation 1.2 and

get the 3 by 3 symmetric and traceless matrix

Q =
1

N

N∑
j=1

qj =


Q1 Q4 Q5

Q4 Q2 Q6

Q5 Q6 Q3

 (6.1)

Tr(Q) = Q1 +Q2 +Q3 = 0 ⇔ (Q1 +Q2)
2 = Q2

3 (6.2)
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Assuming that the biaxial fluctuations (they correspond to Tr(Q3)) are small, the only

rotational invariant of the tensor is Tr(Q2). The probability distribution P (Q) will

only depend on Tr(Q2) which is equivalent to saying that the probability distribution

is spherically symmetric and will only depend on the modulus of the large-deviation

theory vector-order parameter. So which vector should we choose? The simplest idea is

to use the five independent elements of the matrix directly as ingredients for the vector

QT = (Q1, Q2, Q3, Q4, Q5, Q6) just as we did in the case of two-dimensional liquid crystals

(See definition 4.4). It is straightforward to see that this is not consistent with our

large-deviation theory formalism because the modulus of Q is not proportional to Tr(Q2),

Q2 = Q2
1 +Q2

2 +Q2
3 +Q2

4 +Q2
5 +Q2

6

= Q2
1 +Q2

2 + (Q1 +Q2)
2 +Q2

4 +Q2
5 +Q2

6

= 2(Q2
1 +Q2 +Q1Q2) +Q2

4 +Q2
5 +Q2

6

̸∼ 2(Q2
1 +Q2

2 +Q1Q2 +Q2
4 +Q2

5 +Q2
6) = Tr(Q2)

(6.3)

It turns out that the elements Qα, (α = {1, 2, 4, 5, 6}) can be written in terms of complex

l = 2 spherical harmonics,

Y2,m =
1

N

N∑
j=1

y2,m(Ω̂j), m = −2, ...2 (6.4)

or perhaps more conveniently in terms of their real counterparts (also known as tesseral

harmonics [4]),

R2,m =
1

N

N∑
j=1

r2,m(Ω̂j), m = −2, ...2 (6.5)

where we made the distinction between N-body quantities that refer to the entire system

and molecular quantities that refer to single molecule j. The Cartesian elements of the
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tensor can be written as

Qα =

(
1

N

N∑
j=1

qj(Ω̂j)

)
α

=

(
1

N

N∑
j=1

3

2
Ω̂jΩ̂j −

1

2
1

)
α

(6.6)

with Q1 = Qxx, Q2 = Qyy, Q3 = Qzz, Q4 = Qxy, Q5 = Qxz, Q6 = Qyz. We drop the l part

of the harmonic functions for notational clarity,

R2 =
1√
2
(Y2 + Y−2) =

√
5

12π
(Q1 −Q2) (6.7)

R1 =
1√
2
(Y−1 − Y1) =

√
5

3π
Q5 (6.8)

R0 = Y0 =

√
5

4π
Q3 = −

√
5

4π
(Q1 +Q2) (6.9)

R−1 =
i√
2
(Y1 + Y−1) =

√
5

3π
Q6 (6.10)

R−2 =
i√
2
(Y−2 − Y2) =

√
5

3π
Q4 (6.11)

Equations 6.7-6.11 are true for the corresponding molecular quantities qj(Ω̂j), ym(Ω̂j)

and rm(Ω̂j) as well. It is not hard to see now that the modulus of a 5 dimensional vector

that consists of either the 5 N-body complex spherical harmonics or the 5 N-body real

spherical harmonics is proportional to Tr(Q2). However we shall use Rm(Ω̂j) because the

complex functions lead to technical difficulties and inconsistencies with our theory later

on. This happens because the 5 elements of the tensor are real functions and so the more

natural basis of the problem is Rm(Ω̂j) instead of Ym(Ω̂j). We define the large-deviation

theory vector as

R = {Rm;m = −2, ..., 2}, R2 = R ·R (6.12)

Rm =
1

N

N∑
j=1

rm(Ω̂j), m = {−2, ..., 2} (6.13)
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where the modulus R is a function of Tr(Q2),

R2 = R2
−2 +R2

−1 +R2
0 +R2

1 +R2
2

=
5

3π
(Q2

4 +Q2
5 +Q2

6) +
5

4π

[
1

3
(Q1 −Q2)

2 + (Q1 +Q2)
2

]
=

5

6π

[
2(Q2

4 +Q2
5 +Q2

6) +
1

2
(Q1 −Q2)

2 +
3

2
(Q1 +Q2)

2

]
=

5

6π

[
2(Q2

4 +Q2
5 +Q2

6 +Q2
1 +Q2

2 +Q1Q2)
]

=
5

6π
Tr(Q2)

(6.14)

The vector R together with a 5-dimensional vector field h will be the suitable large-

deviation order parameter/conjugate field pair with a dot product,

h ·R =
2∑

m=−2

hmRm (6.15)

The goal is to calculate the probability distribution of R via a large-deviation principle,

P (R) ∼ exp (−NI(R)),

∫
P (R)dR = 1 (6.16)

where I(R) is the free energy per liquid crystal molecule and is can be calculated from

the Gaernter Ellis theorem (as the Legendre transform of the cumulant generator),

I(R) = h ·R− λ(h), R = ∇hλ(h) (6.17)

exp (Nλ(h)) = ⟨exp (Nh ·R)⟩ =

〈
exp

(
N∑
j=1

2∑
m=−2

hmrm(Ω̂j)

)〉
(6.18)

Because of spherical symmetry and assuming that biaxial fluctuations are small compared

to the fluctuations with respect to the director n̂, the two molecular free energies I(R)

and λ(h) are only functions of the modulus of R and h respectively. Having that in mind,
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the vector-equation of state 6.17 can be simplified,

R = ∇hλ(h)

= ∇hλ(h)

=

[
∂λ(h)

∂h−2

,
∂λ(h)

∂h−1

,
∂λ(h)

∂h0
,
∂λ(h)

∂h1
,
∂λ(h)

∂h2

]T
=
∂λ(h)

∂h

[
∂h

∂h−2

,
∂h

∂h−1

,
∂h

∂h0
,
∂h

∂h1
,
∂h

∂h2

]T
=
∂λ(h)

∂h

[
h−2

h
,
h−1

h
,
h0
h
,
h1
h
,
h2
h

]T
=
∂λ(h)

∂h
ĥ

= Rĥ, R =
∂λ(h)

∂h

(6.19)

which of course means that the order parameter points in the direction of the field ĥ.

Putting the resulting expression for the vector-order parameter 6.19 into the expression

for I(R) (6.17)

I(R) = h · ∇R− λ(h)

= h
∂λ(h)

∂h
− λ(h)

= hR−
∫ h

0

R(h′)dh′

=

∫ R

0

h(R′)dR′

(6.20)

where in the last line we used integration by parts and recovered the reversible work

theorem as expected. The integration happens over h(R) which will be the scalar equation

of state that we will base our theory on. As in other applications in this thesis it will be

possible to calculate exactly the limits of h(R) and use Pade interpolation between the

two extreme behaviors.

Before we go ahead and calculate the two limits, we need one more piece of information

to complete the theory. Let us remind ourselves that what we really need is the probability

distribution of the largest eigenvalue p(s). In two-dimensional liquid crystals, we were
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lucky and the eigenvalue was just the modulus of the large-deviation vector but in three-

dimensions we have P (R) which is the probability distribution of the three eigenvalues of

Q. The connection can be established via the methods of random-matrix theory [63].

It is important to uderstand the two types of transformations that took place. First we

transformed from the elements of the tensor Q to the large-deviation vector R and then

we need to transform to the largest eigenvalue (s ≥ λ2 ≥ λ3) of the matrix. The Jacobian

of the first transformation J1 is a constant (and thus we ignore it) and the second Jacobian

is J2 = (s− λ2)(s− λ3)(λ2 − λ3), called the Vandermonde determinant in the language of

random-matrix theory. Therefore, the connection between P (R) and p(s) is given by,

p(s) ∼
∫ s

−∞
dλ2

∫ λ2

−∞
dλ3δ(s+ λ2 + λ3)(s− λ2)(s− λ3)(λ2 − λ3)P (R) (6.21)

We will use large-deviation theory to calculate P (R) and random-matrix theory to calculate

p(s) as a cute combination of different statistical mechanical approaches.

6.2 Weak-field limit of the generating function 3D

liquid crystals

The strong-correlation/weak-fluctuation limit has been worked out before via random-

matrix theory methods by Zhao and Stratt [63]. We will derive the same answer with our

theory starting from the usual series expansion of the cumulant generator 6.18,

exp (Nλ(h)) = ⟨exp (F )⟩ = exp

(
⟨F ⟩+ 1

2
⟨(δF )2⟩+ ...

)
(6.22)

F = NR · h =
N∑
j=1

2∑
m=−2

hmrm(Ω̂j) (6.23)

When the system is isotropic, tesseral harmonics average in the same way that regular

spherical harmonics average. The first term is identically zero and so the cumulant
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generator is

λ(h) =
1

2N

N∑
j,k=1

2∑
m,m′=−2

hm

〈
rm(Ω̂j)rm′(Ω̂k)

〉
hm′ +O(h3) (6.24)

Furthermore in the isotropic system the field components are all equal h2m = h2/5 and

because the tesseral harmonic form a complete set, the only terms that will survive

averaging in equation 6.24 will be the m = m′ terms,

λ(h) =
h2

10N

N∑
j,k=1

2∑
m=−2

〈
rm(Ω̂j)rm(Ω̂k)

〉
+O(h3) (6.25)

We can finish off the weak field limit of the cumulant generator with the assistance of the

the tesseral harmonic addition theorem,

2∑
m=−2

rm(Ω̂j)rm(Ω̂k) =
5

4π
P2(Ω̂j · Ω̂k) (6.26)

which leads to

λ(h) =
h2

8π

〈
1

N

N∑
j,k=1

P2(Ω̂j · Ω̂k)

〉
+O(h3) =

χ

8π
h2 +O(h3) (6.27)

where χ is the susceptibility. The modulus of the order parameter (equation 6.19) in that

limit reads,

R =
∂λ(h)

∂h
=

χ

4π
h+O(h2) ⇔ h(R) =

4π

χ
R +O(R2) (6.28)

and from the reversible work theorem 6.20

I(R) =

∫ R

0

h(R′)dR′ =

∫ R

0

[
4π

χ
R′ +O(R′2)

]
dR′ =

2π

χ
R2 +O(R3) (6.29)
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Now, we can solve with respect to Tr(Q2) from the definition in 6.14 and get an expression

for I(R) as a function of the three eigenvalues s ≥ λ2 ≥ λ3 of the tensor Q,

I(s, λ2) =
5

3χ
Tr(Q2) =

5

3χ
(s2 + λ22 + λ23) (6.30)

λ23 = (s+ λ2)
2 (6.31)

And the corresponding probability distribution for the largest eigenvalues s predicted by

the large deviation formalism at the weak field level is,

P (s, λ2) ∼ δ(s+ λ2 + λ3) exp

(
−5N

3χ
(s2 + λ22 + λ23)

)
(6.32)

which can be written in tensor Q notation simply as,

P (Q) ∼ δ(Tr(Q) exp

(
−5N

3χ
Tr(Q2)

)
(6.33)

This is exactly the anticipated gaussian distribution that is derived via random-matrix

theory arguments by Zhao and Stratt [63]. We can integrate expression 6.32 with respect

to the two smaller eigenvalues (See equation 6.21) in order to calculate p(s),

p(s) =

√
6a

π

[
exp (−6as2) + exp

(
−3

2
as2
)(

9

2
as2 − 1

)]
, a =

5N

3χ
(6.34)

and for χ = 1 (uncorrelated liquid crystal molecules) we get the exact answer for a random

flight of three-dimensional headless vectors derived almost two decades ago by Doerr,

Herman, Mathur and Taylor [15].

Large-deviation theory is capable of reproducing well-known random-matrix theory

results in the limit of weak fluctuations but strong correlations. The goal is to go

beyond the weak field approach and incorporate the opposite limit in our theory. We

will do just that in the next chapter where the system goes to the mean-field answer for
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three-dimensional nematics.

6.3 Strong-field limit/Mean-field theory of nematics

In the presence of a strong field, three-dimensional liquid crystal molecules are indepen-

dent from each other and their orientations are coupled with the field. The inter-molecular

correlations coarse grain and a single molecule’s orientation only interacts with a mean-

field ϵ = βU0 that is parallel to the externally applied field h. U0 is a constant energy on

the order of the average correlation energy. In that limit, the direction of the field can

be chosen to be solely along the ẑ axis and so the only component of the field that is

non-zero is h = h0ẑ and the only contribution to the sum in the cumulant generator is r0.

The single-molecule generator is simply,

λ(h) = ln

〈
exp

(
2∑

m=−2

hmrm(Ω̂j)

)〉
ρ(Ω̂j)

= ln
〈
exp (hr0(Ω̂l))

〉
ρ(Ω̂l)

(6.35)

ρ(Ω̂j) =
exp

(
ϵr0(Ω̂j)

)
∫
dΩ̂l exp

(
ϵr0(Ω̂j)

) (6.36)

From the definition in 6.9,

hr0(Ω̂j) = h

√
5

4π
q3(Ω̂j) = h

√
5

4π
P2(cos θj) (6.37)

where P2(x) =
1
2
(3x2 − 1) is the second Legendre polynomial. Consequently we need to

evaluate the following integral,

λ(h) = ln

〈
exp

(
(h+ ϵ)

√
5

4π
P2(cos θ)

)〉
(6.38)
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We can work out the integral exactly but before we do so we introduce the re-scaling

parameters

r =

√
4π

5
R, γ =

√
5

4π
(h+ ϵ) =

√
5

4π
h+ ϵ′ = H + ϵ′ (6.39)

where γ will be used to evaluate the integral and H will be used to simplify the notation

during the Pade interpolation,

rH = Rh (6.40)

The integral can be evaluated in terms of Dawson’s function F (t) = e−t2
∫ t

0
ex

2
dx,

λ(γ) = ln ⟨exp (γP2(cos θ))⟩

= lnF (t)− ln t+
2

3
t2, t2 =

3γ

2

(6.41)

With the re-scaled quantities we may say that the scalar equation of state 6.19 transforms

to the equivalent form,

r =
∂λ(γ)

∂γ

=
∂λ(γ)

∂t

∂t2

∂γ

∂t

∂t2

=
3

4

1

t

(
1

F (t)
− 2t− 1

t
+

4

3
t

)
, F ′(t) = 1− 2tF (t)

=
3

4

(
1

tF (t)
− 1

t2
− 2

3

)
→ 3

4

(
2− 2

t2
− 1

t4
+O(t−6)− 2

3

)
, F (t)

t→∞−→ 1

2t
+O(t−3)

= 1− 3

2

1

t2
− 3

4

1

t4
+O(t−6)

(6.42)

and in the asymptotic limit the equation of state gives the exceptionally simple answer,

r = 1− 1

γ
− 1

3γ2
+O

(
1

γ3

)
, γ → ∞ (6.43)
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It is simpler to apply Pade interpolation in the reverted series,

γ(r) =
1

1− r
+

1

3
+O(1− r), r → 1 (6.44)

H(r) =
1

1− r
+ η +O(1− r), r → 1 (6.45)

where η = 1
3
− ϵ′ is the constant coefficient that entails the mean-field intermolecular

correlations at the asymptotic limit.

6.4 Pade interpolation of the 3D liquid crystalline

equation of state

The two limiting extremes of H(r) are given by central-limit theory 6.28 and mean-field

theory 6.45

H(r) =



5
χ
r +O(r2), r → 0

1
1−r

+ η +O(1− r), r → 1

(6.46)

As we saw in other systems, the simplest and most appropriate technique is Pade in-

terpolation between the two limits. However there is difference here compared to other

applications; There is no h ⇔ −h symmetry and so both even and odd powers are

included in the equation of state. The simplest Pade that goes to the correct limits is

now a Pade[3/1] instead of a Pade[5/2] that we used for two-dimensional liquid crystals

and polymers,

H(r) =
5

χ

r + Ar2 +Br3

1− r
(6.47)

A = −2−
(χ
5

)
[−η − 3] (6.48)
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B = 1 +
(χ
5

)
[−η − 2] (6.49)

It can be easily verified that this minimal Pade gives the correct weak- and strong-field

limits. We can apply the reversible work theorem directly to the variable H(r) instead of

h(R) since Hr = Rh,

I(r) =

∫ R

0

h(R′)dR′ =

∫ r

0

H(r′)dr′ (6.50)

r =

√
4π

5
R (6.51)

Direct integration of 6.47 yields a new free energy per molecule,

I(r) = − ln (1− r)− r − 1

2

(
1− 5

χ

)
r2 − 1

3

(
5

χ
− η − 2

)
r3 (6.52)

where now there is a logarithmic term that captured the fluctuations. This rate function

gives us the probability distribution P (r) ∼ exp (−NI(r)) and r =
√

2
3
(s2 + λ22 + λ23).

Via random-matrix theory we can establish the connection between P (r) and the desired

p(s). Direct application of 6.21 with the rate function given by 6.52 gives us the final

answer,

p(s) ∼
∫ s

−∞
dλ2

∫ λ2

−∞
dλ3δ(s+ λ2 + λ3)(s− λ2)(s− λ3)(λ2 − λ3) exp (−NI(r)) (6.53)

where we can only solve the integral numerically. The expression for p(s) is more general

than 6.34 and the two will be compared in the results chapter.

Finally we can make the connection with the Landau free energy. The weak-field limit

is,

I(Q) = r +
r2

2
− r − 1

2

(
1− 5

χ

)
r2 − 1

3

(
η − 7

3
+

5

χ

)
r3 + ...

=

(
5

χ

)
r2 − 1

3

(
η − 7

3
+

5

χ

)
r3 + ...

=
2

3

(
5

χ

)
Tr(Q2)−

(
2

3

)3/2(
η

3
− 7

9
+

5

3χ

)[
Tr(Q2)

]3/2
+ ...

(6.54)
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is similar to the Landau form for the free energy per liquid crystal molecule,

I(Q) =
1

2
aTr(Q2) +

1

3
bTr(Q3) + ... (6.55)

We are able to give a molecular explanation of the phenomenological coefficients in the

Landau form. Moreover it is interesting to notice that there is no Tr(Q3) in our equation

but this will not be important as biaxial fluctuations are small. We expect that no

information is missing from the theory since for very small fluctuations vertical to the

director [25] one may say,

Tr(Q2)3 = 6Tr(Q3)2 (6.56)

which means that information contained in Tr(Q3) are given by powers of Tr(Q2).

Finally we see that the probability distribution P (Q) takes the anticipated random-

matrix theory from for very small fluctuations,

P (Q) ∼ exp

(
−5N

3χ
Tr(Q2)

)
(6.57)

The value of this thesis is the calculation of a more general function of Tr(Q2) not just a

gaussian distribution. When the system goes close to the I/N transition, the probability

distribution deviates from gaussianity and the free energy starts to feel a logarithmic

singularity which is a result of rapid domain growth.
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CHAPTER 7

Results

7.1 Results for the 2D XY model

We wish to demonstrate the usefulness of our approach to classical two-dimensional

magnetization. The 2D XY model is defined by the Hamiltonian in 4.44 and shows a

Kosterlitz-Thouless transition between a high temperature isotropic phase (paramagnetic)

and a low temperature (quasi-ferromagnetic) ordered phase. In complete analogy with

nematic order in isotropic liquid crystals we want to simulate a system that is close to the

critical point βCJ ≈ 1.13 [30] in order to see the non-gaussian profile of the fluctuations.

In figures 7.1 and 7.2 we can see the comparison between central-limit theory (”CLT”

it refers to equation 4.74), large-deviation theory (”LDT” it refers to equation 4.72)

and Monte Carlo simulation (”Simulation”). A small square lattice of 28 × 28 spins

was simulated using the Metropolis algorithm (See Appendix A). The reason why we

chose such a small system was to emphasize the difference between our theory and the

traditional central-limit theory. Of course one needs to perform more simulations with

larger systems in order to demonstrate the faster convergence that large-deviation theory

offers. Nevertheless the improved accuracy that our theory provides at calculating high µ

configurations is clear even for such a tiny lattice.
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We plot the effective free energy per spin (− 1
N
lnP (µ), with µ defined in 4.47) in

order to visualize larger fluctuations with small probabilities easier. On figure 7.1 we

study thermodynamic conditions that correspond to very high temperatures (βJ = 0.01).

This is the paramagnetic region where single vortices dominate and ruin any type of

spontaneous magnetization. The fluctuations of P (µ) are small and both CLT and LDT

are very accurate. In fact one may not be able to distinguish between the two curves.

Figure 7.1: The effective rate functions as a function of the order parameter µ for a 2D
XY system that consists of N = 784 spins deep in the paramagnetic phase where the
temperature is really high compared to the ferromagnetic coupling constant J . The dotted
line corresponds to a Monte Carlo simulation (Metropolis algorithm) (107 configurations);
The blue dashed line corresponds to the 2D Central-limit Theory (CLT) approximation;
The black solid line corresponds to the 2D Large-deviation Theory (LDT) approach. A
very small difference is visible between CLT and LDT for µ > 0.12.
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Figure 7.2: The effective rate functions as a function of the order parameter µ for a 2D
XY system that consists of N = 784 spins in pre-critical paramagnetic conditions under
a much lower temperature (βJ = 0.9). The dotted line corresponds to a Monte Carlo
simulation (Metropolis algorithm) (107 configurations); The blue dashed line corresponds
to the 2D Central-limit Theory (CLT) approximation; The black solid line corresponds to
the 2D Large-deviation Theory (LDT) approach.

In figure 7.2 we show the fluctuations of a low temperature simulation that corresponds

to a 28 × 28 XY lattice (same size as high temperature simulation). The temperature

of the simulation (βJ = 0.9) was chosen to be close to the critical point where vortices

will bind and substantial correlations between the spins have formed. Close to the critical

point, we can see the non-gaussian profile of the fluctuations; CLT is very inaccurate for

values of the magnetization µ > 0.5 as opposed to LDT. Although both of the approaches

do well for small deviations around ⟨µ⟩, LDT is more accurate for larger deviations as

expected.
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Values of µ that are close to the mean correspond to macrostates that are easy to

sample. The system visits those configurations multiple times and we get a very accurate

estimate of their probabilities. Large deviations however, appear less frequently throughout

the Monte Carlo simulation and the sampling of the right tail is poor. By using the

LDT approach outlined in chapter 4 we may use information based on ⟨µ⟩ and ⟨µ2⟩ in

order to predict poorly sampled macrostates. The first moment is used to calculate η in

the equation for LDT (4.72) and the second moment is used to calculate the two-body

magnetic susceptibility χ = N⟨µ2⟩ in the equation for CLT 4.74 and the equation for

LDT (4.72). Lastly, imagine an application where we are interested in some probability

P (µ > 0.6). CLT will be a very inaccurate estimate and the simulation won’t sample the

rare macrostates with µ > 0.6. Or at least it might take a lot of computational power.

Instead we can use LDT at a very good approximation by simply taking information from

easy-to-sample macrostates close to ⟨µ⟩.

This results section on magnets does not present any kind of finite size scaling analysis.

An exhaustive analysis was only performed for two- and three-dimensional Gay-Berne

molecules. It simply demonstrates that the Pade probability distribution derived in

chapter 4.4 is useful for analyzing magnetization fluctuations close to criticality. The

N = 784 system seems to be small and future studies would require larger spin systems.

Nevertheless the point is hopefully clear and more rigorous analysis will be presented

later on for liquid crystals. Finally it is important to mention that the global probability

distribution P (µ) is unaware of the underlying geometry; making it impossible to study

vortices. Perhaps the connection between our theory and topological fluctuations might

be an interesting pursue.
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7.2 Results for two- and three-dimensional isotropic

liquid crystals

An exhaustive study of Gay-Berne molecules in two and three dimensions under macro-

scopically isotropic conditions was performed. We used Molecular Dynamics simulations

(See Appendix A for details) in order to calculate the probability distribution of the

order parameter p(s) and study the finite-size dependence of the probabilities. The order

parameter is defined as the largest eigenvalue of the tensor Q. The sweet spot range of

N values (N=128, 242, 450 and 800 for 2D and N=256, 500, 864, 1372 and 2048 for 3D)

that was chosen in this study, is able to emphasize the fluctuations due to the proximity

to the nematic phase and depict the failure of traditional central-limit approaches.

The simplest system we can test our theory on, is the ideal-gas model. Uncorrelated

liquid crystal molecules in 2D and 3D are easy to simulate and demonstrate effectively

how both central-limit theory and large-deviations theory predict the N-dependence of the

probability distribution. We are studying non-interacting liquid crystals which means that

the inter-molecular correlations will be turned off. For the 2D comparison we use equation

4.25 as the CLT (Central-limit theory) and equation 4.39 with δ = 1 and η = 0 as the

LDT (Large-deviation theory answer). For the 3D comparison we use equation 6.34 with

χ = 1 for the CLT (Central-limit theory) result and expression 6.53 with χ = 1 and η = 0

as the LDT (Large-deviation theory) answer. The uncorrelated probability distributions

do not exhibit large fluctuations and the convergence to the simulated answer is extremely

fast. In figures 7.3 and 7.4 we can see that even for the smallest systems (N=128 and

N=256 for 2D and 3D respectively), both CLT and LDT have converged because there

are no correlations that could potentially lead to large order parameter fluctuations.
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Figure 7.3: Probability distribution of the orientational order parameter s for non-
interacting (uncorrelated) molecules in 2D, demonstrating the dependence on the size of the
system, N. The dotted line corresponds to a computer simulation over 106 configurations;
The dashed line corresponds to the Central-limit Theory (CLT) approximation and the
solid line corresponds to the Large-deviation Theory (LDT) probability distribution
generated from the 2D ideal-gas Pade’ equation of state. The CLT and the LDT lines are
indistinguishable on that scale shown here.
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Figure 7.4: Probability distribution of the orientational order parameter s for non-
interacting (uncorrelated) molecules in 3D, demonstrating the dependence on the size of
the system, N. The dotted line corresponds to a computer simulation of 106 configurations;
The dashed line corresponds to the Central-limit Theory (CLT) approximation and the
solid line corresponds to the Large-deviation Theory (LDT) probability distribution
generated from the 3D ideal-gas Pade’ equation of state. The CLT and the LDT lines are
indistinguishable on the scale of the graph.

7.2.1 Correlated Gay-Berne Molecules/Deep Isotropic Phase

The next step involves the simulation of interacting liquid crystal molecules far from

criticality (Deep isotropic phase). For two-dimensional liquid crystals equation 4.24 is used

as the central-limit theory answer and the susceptibility χ is calculated from the simulated

answer since equation 4.18 (χ = N⟨s2⟩) is true. For the two-dimensional large-deviation
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theory answer we use equation 4.39 where again χ is taken from the second moment of

the simulated p(s) and η is taken from the first moment of the simulated p(s). This is the

simplest way to determine the mean-field orientational correlation coefficient η although

it is not unique. The scaling of 4.24, 4.39 and simulated p(s) can be seen in figure 7.5.

Both CLT and LDT predict the scaling of the simulated p(s) accurately. We are far from

the critical point and the fluctuations are weak, making CLT exact.

In the case of three-dimensional liquid crystals we remind the reader that CLT (central-

limit theory) refers to the random-matrix theory results derived by [15] and [63]. The

connection was extensively discussed in chapter 6. As CLT we use equation 6.34 and we

calculated χ numerically from the simulation. As LDT we use equation 6.53 where χ was

also determined numerically and η was taken from the first moment ⟨s⟩ of the simulated

p(s). As can be seen in figures and 7.6 the lines between the CLT and LDT are identical

(or almost identical for the 3D case). Both LDT and CLT predict the N-dependence of

the simulated probability distributions under these conditions.
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Figure 7.5: Probability distribution of the orientational order parameter s in 2D. The
dotted line represents the Molecular Dynamics simulation (3 × 106 configurations) of
2D Gay-Berne molecules under deep isotropic conditions (ρ∗ = 0.230 and T ∗ = 1); The
dashed line is the 2D Central-limit Theory (CLT) approximation with information taken
from the deep isotropic simulation; Finally the solid line is the 2D Large-deviation Theory
(LDT) answer with information extracted from the same simulation. The CLT and the
LDT lines are indistinguishable on the scale of the graph.
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Figure 7.6: Probability distribution of the orientational order parameter s in 3D. The
dotted line represents the Molecular Dynamics simulation (3× 106 configurations) of 3D
Gay-Berne molecules at deep isotropic conditions (ρ∗ = 0.280 and T ∗ = 1); The dashed
line is the 3D Central-limit Theory (CLT) approximation with information taken from the
deep isotropic simulation; Finally the solid line is the 3D Large-deviation Theory (LDT)
answer with information extracted from the same simulation. The difference between
CLT and LDT can now be seen on that scale. Moreover it can be seen that for small N,
LDT does slightly better than CLT at the tails of the distribution.

In that region of the phase diagram, the number of correlated molecules is a negligible

fraction of the total number of molecules in the simulation. It is important that we

increase the density and get close to the nematic phase so that correlations really start to

impact the fluctuation profile.
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7.2.2 Correlated Gay-Berne Molecules/Pre-transitional Isotropic

Phase

In two-dimensions, a suitable pre-transitional density was found to be ρ∗ = 0.285.

Under these conditions, the system feels the presence of the critical point that lies on the

other side of the Isotropic/Nematic transition line. The correlation length is long and

the size of the fluctuations is comparable to the size of the simulated system. It can be

seen in figure 7.7 panel (a) how the central limit theorem now converges more slowly to

the simulation answer in comparison to our large-deviation theory (panel (b)). For the

smallest system (N=242) the improvement is more obvious but even if we go to the larger

systems where the CLT does seemingly well, it actually fails to reproduce the large-s

tails of the simulated p(s). In order to visualize the large-s tails of the distribution and

compare the performance of CLT and LDT we will need compare the logarithms of the

probabilities, or the so-called effective rate functions per molecule.

87



Figure 7.7: (a) The dotted line is the 2D Molecular Dynamics simulation (107 configu-
rations) of 2D Gay-Berne molecules in pre-transitional isotropic conditions (ρ∗ = 0.285,
T ∗ = 1). The dashed line is the 2D Central-limit Theory (CLT) approximation with
information taken from the same pre-transitional isotropic simulation; (b) The dotted line
is the 2D Molecular Dynamics simulation of 2D Gay-Berne molecules in pre-transitional
isotropic conditions (ρ∗ = 0.285, T ∗ = 1); The solid line is the 2D Large-deviation Theory
(LDT) answer with information extracted from the same simulation.

By plotting the effective rate functions for only the largest system in 2D (N=800)

(figure 7.8), we can easily see that after roughly s=0.4 the CLT starts to diverge from the

simulated answer while LDT is significantly more accurate. The crucial point is that, we

have used information from well-sampled configurations (just as described in section 7.2.1)
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in order to predict atypically large values of s that lie in the tail. The reason why the

2D version is so powerful lies in the very nature of the fluctuations. In lower dimensions,

fluctuations are larger and form much easier than higher dimensions. That is why the

tails of the simulated distribution reflect fluctuations that sense the extreme order limit

s=1, the very limit we have analytically added to our theory and the very limit that CLT

is unaware of.

Figure 7.8: The effective rate functions as a function of the order parameter s for a
2D system that consists of N = 800 molecules in pre-transitional isotropic conditions
(ρ∗ = 0.285, T ∗ = 1). The dotted line corresponds to a Molecular Dynamics simulation
(107 configurations) of 2D Gay-Berne molecules; The blue dashed line corresponds to the
2D Central-limit Theory (CLT) approximation with information taken from the simulation;
The black solid line corresponds to the 2D Large-deviation Theory (LDT) approach with
information taken from the same simulation.

In 3D the situation is much more challenging and interesting. We can immediately

see from finite analysis at the pre-transitional density of ρ∗ = 0.300 (figure 7.9) that CLT

converges slower than LDT and the situation at the tails (figure 7.11) follows the same

logic as in 2D with only a crucial difference. In 3D the system does not form very highly

ordered states with significant probabilities which means that we are noticeably far from

s=1. Even so, echoes from the perfectly ordered limit can be seen at the large-s tails of
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the distributions by comparing the effective rate functions (subfigure a in figure 7.11).

Via the LDT approach we can now compute the tails of the distributions accurately.

Figure 7.9: (a) The dotted line is the 3D Molecular Dynamics simulation (1.5 × 107

configurations) of 3D Gay-Berne molecules in pre-transitional isotropic conditions (ρ∗ =
0.300, T ∗ = 1). The dashed line is the 3D Central-limit Theory (CLT) approximation with
information taken from the same pre-transitional isotropic simulation; (b) The dotted line
is the 3D Molecular Dynamics simulation of 3D Gay-Berne molecules in pre-transitional
isotropic conditions (ρ∗ = 0.300, T ∗ = 1); The solid line is the 3D Large-deviation Theory
(LDT) answer with information extracted from the same simulation.

It is enlightening to proceed to even higher densities and see the breakdown of all these

approaches. By increasing the density a bit more (ρ∗ = 0.304), finite size scaling (see

figure 7.10) shows how both CLT and LDT converge very slowly to the simulated answer.
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It is still true that LDT captures the large-s tails more accurately than CLT (subfigure

b in figure 7.11). While under these thermodynamic conditions the fluctuations are too

large to be well captured by any theory, we can still see the improvement our approach

offers as opposed to traditional central-limit approximations.

Figure 7.10: (a) The dotted line is the 3D Molecular Dynamics simulation (1.5 × 107

configurations) of 3D Gay-Berne molecules in pre-transitional isotropic conditions ex-
tremely close to the nematic phase (ρ∗ = 0.304, T ∗ = 1). The dashed line is the 3D
Central-limit Theory (CLT) approximation with information taken from the same extreme
pre-transitional isotropic simulation; (b) The dotted line is the 3D Molecular Dynamics
simulation of 3D Gay-Berne molecules in pre-transitional isotropic conditions (ρ∗ = 0.304,
T ∗ = 1); The solid line is the 3D Large-deviation Theory (LDT) answer with information
extracted from the same simulation. LDT describes the tails better than CLT as it
includes the perfect order limit s = 1.
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Figure 7.11: The effective rate functions as a function of the order parameter s for a 3D
system that consists of N = 2048 molecules in (a) pre-transitional isotropic conditions
(ρ∗ = 0.300, T ∗ = 1) and (b) pre-transitional isotropic conditions extremely close to
the nematic phase (ρ∗ = 0.304, T ∗ = 1). For both (a) and (b) sub-figures, the dotted
line corresponds to a Molecular Dynamics simulation (1.5 × 107 configurations) of 3D
Gay-Berne molecules; The blue dashed line corresponds to the 3D Central-limit Theory
(CLT) approximation with information taken from the simulation; The black solid line
corresponds to the 3D Large-deviation Theory (LDT) approach with information taken
from the same simulation.
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CHAPTER 8

Time-dependent large-deviation

theory at the weak-fluctuation limit:

Three-dimensional isotropic liquid

crystals

When the fluctuations are weak, we can generalize our theory and calculate a joint

probability distribution of two different times τ = 0 and τ = t. We will have two order

parameters whose elements are,

Qµν(0) =
3

2N

N∑
j=1

qjµν(0), qjµν(0) = Ω̂j
µν(0)Ω̂

j
µν(0)−

δµν
3

(8.1)

Qµν(t) =
3

2N

N∑
j=1

qjµν(t), qjµν(t) = Ω̂j
µν(t)Ω̂

j
µν(t)−

δµν
3

(8.2)

With a joint probability distribution approximated by a large-deviation principle,

P (Q(0),Q(t)) ∼ exp (−N(I(Q(0),Q(t))) (8.3)
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∫ ∫
dQ(0)dQ(t)P (Q(0),Q(t)) = 1 (8.4)

As we saw in chapter 6, the rate function depends on the large-deviation vector made up

of the five tesseral harmonics {Rm;m = −2, ..., 2}. We can follow the same logic even for

a two-time problem and say that the total rate function will take the following general

form,

I(R(0),R(t)) = I(R(0)) + I(R(t)) + J(R(0) ·R(t)) (8.5)

The third term makes all the difference. There will be overlap between the two order

parameters for finite times, and that overlap will be go to zero at t→ ∞,

lim
t→∞

J(R(0) ·R(t)) = 0 (8.6)

That means that the joint rate function will break into the sum of two independent rate

functions,

lim
t→∞

I(R(0),R(t)) = I(R(0)) + I(R(t)) (8.7)

and the joint probability distribution will be a sum of two identical densities,

P (R(0),R(t)) ∼ exp (−NI(R(0))) exp (−NI(R(t))) (8.8)

Similarly, the generating function will be a function of the large-deviation field at two

different times,

G(h(0),h(t)) = ⟨exp (h(0) ·R(0) + h(t) ·R(t))⟩ (8.9)

and the scaled cumulant generating function will split into sums in the same way that the

rate function did,

λ(h(0),h(t)) = λ(h(0)) + λ(h(t)) + ζ(h(0) · h(t)) (8.10)

lim
t→∞

λ(h(0),h(t)) = λ(h(0)) + λ(h(t)) (8.11)
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At sufficiently long times we expect the terms that involve overlap between two order

parameters or overlap between fields at two different times to vanish and recover sums

and/or products of independent events.

8.1 Time-dependent scaled cumulant generating func-

tion

As a natural extension from a one-time field to a two-time field we define the 10-

dimensional 10-dimensional vector x whose first 5 elements correspond to the field at

τ = 0, {hm(0);m = −2, ...2} and the rest of the five elements are the components of the

field at time τ = t, {hm(t);m = −2, ...2},

x = {xa; a = 1, ..., 10}, x2 =
10∑
a=1

x2a (8.12)

The conjugate order parameter y is also a 10-dimensional vector and is defined in a similar

fashion,

y = {ya; a = 1, ..., 10}, y2 =
10∑
a=1

y2a (8.13)

where the first 5 elements correspond to the five tesseral harmonics at times τ = 0

{Rm(0);m = −2, ...2} and the rest of the five elements correspond tesseral harmonics

at times τ = t, {Rm(t);m = −2, ...2}. When the fluctuations at both times are small,

we can calculate the cumulant generator exactly. The answer has been worked out via

random-matrix theory methods [63] but we can also derive it with our large-deviation

theory. The cumulant generator is defined as

exp (Nλ(x)) = ⟨exp (F )⟩ = exp

(
⟨F ⟩+ 1

2
⟨(δF )2⟩+ ...

)
(8.14)

F = Ny · x =
N∑
j=1

2∑
m=−2

(
rm(Ω̂j(0))hm(0) + rm(Ω̂j(t))hm(t)

)
(8.15)
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When the system is isotropic the tesseral harmonic functions average to zero as we saw in

chapter 6 and all the one-body averages will be identically zero. Up to second order, the

cumulant generator is,

λ(x) =
1

2N

N∑
j,k=1

2∑
m,m′=−2

hm(0)
〈
rm(Ω̂j(0))rm′(Ω̂k(0))

〉
hm′(0)

+
1

2N

N∑
j,k=1

2∑
m,m′=−2

hm(t)
〈
rm(Ω̂j(t))rm′(Ω̂k(t))

〉
hm′(t)

+
1

N

N∑
j,k=1

2∑
m,m′=−2

hm(0)
〈
rm(Ω̂j(0))rm′(Ω̂k(t))

〉
hm′(t) + ...

(8.16)

The tesseral harmonics are orthogonal to each other so only the terms with m=m’ will

survive averaging. Also, the isotropic system the field components are all equal h2m(0) =

h2(0)/5, h2m(t) = h2(t)/5 and hm(0)hm(t) = h(0)h(t)/5. With these two arguments we

can simplify the expression and we get,

λ(x) =
h2(0)

10N

N∑
j,k=1

2∑
m=−2

〈
rm(Ω̂j(0))rm(Ω̂k(0))

〉
+
h2(t)

10N

N∑
j,k=1

2∑
m=−2

〈
rm(Ω̂j(t))rm(Ω̂k(t))

〉
+

2h(0) · h(t)
10N

N∑
j,k=1

2∑
m=−2

〈
rm(Ω̂j(0))rm(Ω̂k(t))

〉
+ ...

(8.17)

where

h2(0) =
2∑

m=−2

h2m(0), h2(t) =
2∑

m=−2

h2m(t), h(0) · h(t) =
2∑

m=−2

hm(0)hm(t) (8.18)

The last part of the calculation involves the tesseral harmonic addition theorem we used

in chapter 6. The theorem states that

2∑
m=−2

rm(Ω̂j(t1))rm(Ω̂k(t2)) =
5

4π
P2(Ω̂j(t1) · Ω̂k(t2)) (8.19)
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which leads to

λ(x) =
h2(0)

8π

〈
1

N

N∑
j,k=1

P2(Ω̂j(0) · Ω̂k(0))

〉

+
h2(t)

8π

〈
1

N

N∑
j,k=1

P2(Ω̂j(t) · Ω̂k(t))

〉

+
2h(0) · h(t)

8π

〈
1

N

N∑
j,k=1

P2(Ω̂j(0) · Ω̂k(t))

〉
+ ...

(8.20)

and we can apply it to all three terms in the cumulant generator including the cross term

with the dot product. By defining the one-time and two-time susceptibilities

χ =

〈
1

N

N∑
j,k=1

P2(Ω̂j(t1) · Ω̂k(t1))

〉
, χ(t) =

〈
1

N

N∑
j,k=1

P2(Ω̂j(t1) · Ω̂k(t2))

〉
(8.21)

the scaled cumulant generating function can be written simply as,

λ(x) =
χ

8π

(
h2(0) + h2(t) + 2C(t)h(0) · h(t)

)
(8.22)

C(t) =
χ(t)

χ
, lim

t→∞
C(t) = 0 (8.23)

This is exactly the answer that was derived via random-matrix theory in [63]. We showed

that our framework is capable of reproducing the same result. Furthermore we see that

the term (in equation 8.10) that depends on the dot product is,

ζ(h(0) · h(t)) = C(t)
χ

4π
h(0) · h(t) (8.24)

For large times we expect that term to vanish as the two order parameters will be

independent from each other,

lim
t→∞

λ(x) =
χ

8π
h2(0) +

χ

8π
h2(t) = λ(h(0)) + λ(h(t)) (8.25)
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Finally in the large-deviation theory language we can write the cumulant generator in

terms of the vector x in a very succinct way,

λ(x) =
χ

8π
xTMx (8.26)

where M is a 10× 10 coupling matrix (given in Appendix B, equation B.22) that goes to

the 10× 10 unit matrix 1 for very long times as the fields uncouple,

lim
t→∞

M = 1 (8.27)

λ(x) =
χ

8π
x2, t→ ∞ (8.28)

It is quite incredible how we can manipulate the cumulant generating function into this

extremely simple form. Perhaps one may wonder how far our theory can be stretched.

Surprisingly, crucial results and assumptions that we made in the time-independent scenario

carry over to time-dependent weak fluctuations albeit with different order parameter and

conjugate field.

8.2 Gaertner-Ellis theorem and vector equation of

state

The goal is to calculate the rate function I(y) which is the Legendre transform of the

cumulant generator λ(x). The Gaernter Ellis provides a route of calculating I(y) and

without loss of generality we can say

I(y) = x · y − λ(x), y = ∇xλ(x)

= x · y −
∫ x

0

y(x′) · dx′

=

∫ y

0

x(y′) · dy′

(8.29)
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where once again we used integration by parts and obtained a reversible work theorem for

I(y) in terms of a vector equation of state x(y). The reversible work theorem does not

simplify in a straightforward manner to a one-dimensional integral as in time-independent

problems. We will get back to this point later.

Is is interesting that the usual results of our theory generalize to time-dependent

problems relatively straightforward.

When the fluctuations are weak for both times, we can calculate the rate function

exactly. This can be seen from the vector-equation of state defined in 8.29

y = ∇λ(x) = χ

4π
Mx (8.30)

⇔ x =
4π

χ
M−1y (8.31)

where M−1 is the inverse (given in Appendix B, equation B.29) of the coupling matrix M

MM−1 = 1 (8.32)

lim
t→∞

M = lim
t→∞

M−1 = 1 (8.33)

This is the time-dependent analogue of the field being linear to the order parameter.

Substituting the expression for x from equation 8.31 into equation 8.26 we get

I(y) =
4π

χ
yTM−1y − λ(x(y)) =

2π

χ
yTM−1y (8.34)

This can be written in terms of the two 5-dimensional large-deviation vectors which are

made out of tesseral harmonics,

I(y) =
2π

χ
∆(t)

(
R2(0) +R2(t)− 2C(t)R(0) ·R(t)

)
(8.35)
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∆(t) =
1

1− C2(t)
(8.36)

lim
t→∞

∆(t) = 1 (8.37)

The long-time behavior simplifies,

lim
t→∞

I(y) =
2π

χ
y2 =

2π

χ
R2(0) +

2π

χ
R2(t) = I(R(0)) + I(R(t)) (8.38)

Moreover we can express I(y) as a function of the traces of the matrices Q(0) and Q(t),

Tr(Q2(0)) =
6π

5
R2(0) (8.39)

Tr(Q2(t)) =
6π

5
R2(t) (8.40)

Tr(Q(0)Q(t)) =
6π

5
R(0) ·R(t) (8.41)

where the term Q(0)Q(t) means matrix multiplication between the tensor order parameter

at times τ = 0 and the tensor order parameter at times τ = t. Inserting the expressions

for the traces into the expression for the rate function in 8.35 we get,

I(y) =
5

3χ
∆(t)

(
Tr(Q2(0)) + Tr(Q2(t))− 2C(t)Tr(Q(0)Q(t))

)
(8.42)

P (y) ∼ exp (−NI(y)) (8.43)

This expression has been derived in [63] via random-matrix theory methods. In the limit

of large times the third term goes to zero and we get

P (y) = P (Q(0))P (Q(t)) (8.44)

which means that the probabilities are independent.
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8.3 Scalar equation of state and reversible work the-

orem

In time independent problems we were able to make a few natural assumptions about

the free energy functions as well as the vector equation of state. We were able to

choose the order parameter to point parallel to the external field h. Combined with

the spherical symmetry of the free energy functions we wrote the rate function as a

thermodynamic integral over the scalar equation of state. A natural question rises here:

Can we make similar assumptions for the time-dependent problem? The answer is no but

there is nevertheless an elegant simplification we can make, at least for the case of weak

fluctuations.

Firstly, we observe that for weak fluctuations,

λ(x) = λ(
√
xTMx), I(y) = I(

√
yTM−1y) (8.45)

which means that the natural scalar quantities of the problem are,

α ≡
√
xTMx (8.46)

lim
t→∞

α = x (8.47)

β ≡
√

yTM−1y (8.48)

lim
t→∞

β = y (8.49)

We may assume that the free energy functions of the weak-fluctuation limit are spherically

symmetric in the sense that they depend only on the scalar quantities α and β respectively.

The two-time scaled cumulant generating function is,

λ(α) ≈ χ

8π
xTMx =

χ

8π
α2 (8.50)
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lim
t→∞

λ(α) =
χ

8π
x2 (8.51)

and the rate function,

I(β) ≈ 2π

χ
yTM−1y =

2π

χ
β2 (8.52)

lim
t→∞

I(β) =
2π

χ
y2 (8.53)

with the corresponding large time limits. With the new definitions we can show that it is

possible to convert the vector equation of state

y = ∇xλ(x) (8.54)

into a scalar one by using the newly defined quantities (α and β),

β =
∂λ(α)

∂α
(8.55)

Keep in mind that this is not the same as

y =
∂λ(x)

∂x
(8.56)

since 8.56 holds true only for very long times,

lim
t→∞

[
β =

∂λ(α)

∂α

]
→ y =

∂λ(x)

∂x
(8.57)

The scalar equation of state 8.55 can be derived in the following manner. Starting from

the spherical symmetry of λ(α) we have,

y = ∇xλ(α) (8.58)
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from the definition in 8.46 we can see that,

y =
1

α

∂λ

∂α
Mx (8.59)

or equivalently,

x = α
1
∂λ
∂α

M−1y (8.60)

By taking the dot product of 8.59 with x on both sides and equation 8.60 with y we get

the following two equations,

x · y = α
∂λ

∂α
(8.61)

y · x = α
1
∂λ
∂α

β2 (8.62)

Which of course are equal,

x · y = y · x (8.63)

⇔ β =
∂λ(α)

∂α
, Q.E.D. (8.64)

In terms of the scalars, the Gaernter-Ellis theorem may be re-written as,

I(y) = αβ − λ(α), β =
∂λ(α)

∂α
(8.65)

which means that it can be written as a reversible work type of integral over the the

equation of state just as we did in the time-independent case,

I(y) =

∫ β

0

α(β′)dβ′ (8.66)

Which is a generalization of the scalar reversible work theorem but for a joint rate function.

As in the case of the equation of state 8.57

lim
t→∞

[∫ β

0

α(β′)dβ′ =

∫ y

0

x(y′)dy′
]

(8.67)
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Finally we can verify that equation 8.66 is true in the weak fluctuation limit. The inverse

of the equation of state is,

β =
∂λ

∂α
=

χ

4π
α (8.68)

or α =
4π

χ
β (8.69)

providing the correct rate function,

I(β) =

∫ β

0

α(β′)dβ′ =

∫ β

0

4π

χ
β′dβ′ =

2π

χ
β2 (8.70)

It is impressive that the theory of large-deviations gives a very simple answer for the

joint-probability distributions in the limit of weak fluctuations. When time-dependence is

considered, the large-deviation theory vector y does not point parallel to x. Instead we

have,

y ∥ Mx (8.71)

This result is exactly true for weak fluctuations and it led to a reversible work theorem

expression albeit with an unusual form,

I(y) =

∫ β

0

α(β′)dβ′, β =
∂λ(x)

∂α
(8.72)

α ≡
√
xTMx (8.73)

β ≡
√

yTM−1y (8.74)

In other words, we have articulated in very succinct mathematics the case of two-time

probability distributions with gaussian fluctuations. However, the focus of this study

is to go beyond weak fluctuations and analytically include strong fluctuations in the

picture. This thesis has reached its chronological limit and any investigation of the

strongly-fluctuating limit and the possible application of Pade interpolation remains an

open question.
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CHAPTER 9

Concluding remarks

In this thesis we have developed a novel theory for the calculation of rare configurations

in finite disordered systems. Many physical problems require the calculation of the

probability distribution of an orientational order parameter. However, standard techniques

like the central-limit theorem suffice when the fluctuations are weak but fail in the vicinity

of a critical point. There, the fluctuations of the orientational order parameter are large

and their direct simulation is subject to numerical noise and poor sampling. According to

large-deviation theory, we are able to move our attention to the thermodynamic integration

of the equation of state of the system. Analytical evaluation of the exact limits of the

equation of state, and direct interpolation between them provides us with a new way of

evaluating the probability distribution. In the low field limit, the correlations are strong

but the fluctuations are easy to simulate while in the strong field limit the opposite is

true. We exploited the analytical simplicity of the strong field limit in order to calculate

it based on configurations that are easy to sample. The re-direction of rare-configuration

calculation to some easily obtained computational information is the core of the theory.

Large-deviation theory directed us into thinking in terms of a conjugate field but in

practice we never applied such a field to any of our simulations. For all the applications

that were presented in the thesis, the equation of state was evaluated analytically via
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Pade’ interpolation. Would it be the same if we could simulate directly the equation of

state by applying an external field to our system? For liquid crystals, it would not be the

same for two reasons. Firstly, the application of strong alignment fields might take us to

regions in the phase diagram that we do not wish to go. The system might transition to

the solid phase instead of the pre-transitional isotropic phase that we want. Secondly, the

very existence of domains and long correlation lengths implies that numerical evaluation

of the equation of state will be noisy and the resulting rate function inaccurate. The case

described in this thesis is possibly a rare occasion where analytical manipulations are

actually easier than direct numerical computations.

Moreover, it is important to comment on our approach to three-dimensional liquid

crystals. The absolute invariants of the problem according to random matrix theory are,

Tr(Q2) and Tr(Q3)

since higher order traces are functions of these two objects. In our theory however we

assumed that the probability distribution will be a function of just Tr(Q2),

P (Q) ∼ f(Tr(Q2))

ignoring the effects coming from the other invariant. This assumption is exactly true

for two-dimensional systems but it is not for the three-dimensional case. The second

invariant Tr(Q3) represents the fluctuations perpendicular to the director and are usually

found to be small, making our assumption justified. More specifically we see in Appendix

A that, ⟨Tr(Q2)⟩ is approximately two orders of magnitude bigger than ⟨Tr(Q3)⟩ for a

typical pre-transitional simulation. The probability distribution P (Q) will be dominated

by Tr(Q2) and our assumption is reasonable. We do not expect crucial information to be

missing from our theory.

Lastly, an interesting lesson that we ought to take from this study is the following:

106



The two-dimensional liquid crystal case is surprisingly easier than the three-dimensional

counterpart. One might have expected the opposite because of the low-dimensionality

topological complications (disclinations) and the inherently strong fluctuation profile

of two-dimensions. It was shown that the underlying geometry is not pertinent to the

discussion of the global probability distribution. Furthermore, the large deviations in

two-dimensional liquid crystals brought the system closer to the perfect order limit, the

very limit we implemented analytically.
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Appendix A: Simulation details

Monte Carlo simulation of the 2D XY model

Monte Carlo simulations have been used extensively to study the XY model in two-

dimensions since the 1970s [59]. The XY model (or planar rotor) is the simplest model to

exhibit a Kosterlitz-Thouless continuous transition between a paramagnetic phase and

quasi-ferromagnetic phase. In this study we used the standard Metropolis Monte Carlo

(MC) algorithm under canonical conditions (NAT - constant number of spins N , constant

area A and constant temperature T ). We used a square lattice of dimensions 28× 28 and

each of the N = 282 = 784 spins lies on a site of the lattice. Periodic boundary conditions

were employed which means that the spins lie on the surface of a torus. See figure 9.1 for

a pictorial representation of the lattice we simulated.

Figure 9.1: A typical configuration of the 2DXY lattice simulation. The figure is taken
from [52]
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Working similarly to 2D liquid crystals, we simulate the crystal under different temper-

atures in order to understand the fluctuation profile of P (µ). The conditions are specified

via the dimensionless constant (”temperature”),

βJ =
J

kBT
(9.1)

which is the ratio between the ferromagnetic coupling constant J and the thermal energy

kBT . As βJ → 0 the spins are disordered and when βJ → βCJ the system approaches

the Kosterlitz-Thouless transition and order grows.

Parameter Value
Number of spins N = 784
Dimensionality D = 2
Temperature βJ = 0.01

Relaxation MC moves 105

Data collection MC moves 107

Table 9.1: Monte Carlo simulation of the 2DXY model under high-temperature conditions.
We relaxed the system sufficiently and then proceeded to data collection where for every
10 Monte Carlo moves, we calculated µ.

Parameter Value
Number of spins N = 784
Dimensionality D = 2
Temperature βJ = 0.9

Relaxation MC moves 106

Data collection MC moves 108

Table 9.2: Monte Carlo simulation of the 2DXY model under low-temperature conditions.
The system is close to the critical point βCJ ≈ 1.13 ([30]). After enough relaxation we
started calculating µ every 10 moves.

In tables 9.1 and 9.2 the exact conditions and parameters for the two simulations are

shown. The high-temperature paramagnetic phase is useful because it shows us that in

that limit the fluctuations are gaussian; truncating the cumulant generating function is

exact in that limit. Interestingly, when we cool the system down to a temperature that is

very close to criticality, correlations between the spins are important and the fluctuations
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are intrinsically non-gaussian. The approach we developed can be used to describe the

probability distribution of the magnetization when fluctuations dominate and central-limit

theory fails.

Molecular dynamics simulation of the Gay-Berne liquid

We performed standard Molecular Dynamics simulations where Newton’s classical

equations of motion are propagated numerically in time. All the quantities in the

simulation are expressed in terms of the fundamental energy ϵ0 scale, length scale σ0

and time scale τ0. The simulations are performed using microcanonical conditions with

tetragonal and cubic periodic boundary conditions for 2D and 3D systems respectively.

We follow similar initialization and relaxation protocols that are described in previous

work [63]. Via Molecular Dynamics simulations we generate equilibrium ensembles of

liquid crystal configurations that are used in order to calculate the elements of the tensor

Q. For each configuration we diagonalize the tensor and get the largest eigenvalue s (order

parameter). Before we unfold the exact simulation protocol we remind the reader about

reduced temperature and density units,

T ∗ =
kBT

ϵ0
, ρ∗ = ρσ2

0 (2D) and ρ∗ = ρσ3
0 (3D) (9.2)

and the time-step of the simulation is,

δt = 0.001τ0, τ0 =

√
mσ2

0

ϵ0
(9.3)

Initialization

For the initialization of the simulation we set the center-of-mass positions of the

Gay-Berne molecules in the sites of square (2D) and cubic (3D) lattices respectively. The

initial density is very low ρ∗ = 0.05 so that we make sure that there are no overlaps
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between molecules. The initial orientations of all the molecules were initialized using the

structure described by Allen and Tildesley [1, p. 169]. The initial velocities and angular

velocities were selected from the Maxwell-Boltzmann distribution. Moreover, we made

use of square and cubic periodic boundary conditions for two- and three-dimensional

simulations respectively. We used the velocity Verlet algorithm [1, Chapter 3] for the

propagation of the equations of motion.

Relaxation and data collection

In order to equilibrate the 2D and the 3D systems we run the following protocol:

1. Melting: We sample the initial velocities and angular velocities from a high-

temperature (T ∗ = 5.00) distribution, and allow the system to relax for 25τ0. This

step is used in order to melt the initial crystal.

2. Compression: We compress the system by increasing the density in small steps.

(ρ∗new = ρ∗old + ∆ρ∗) Every 0.1τ0 we increase the density, until the final density

is reached. During this time, we rescale the velocities and angular velocities to

T ∗ = 3.00 so that the system’s temperature will not increase in an uncontrollable

manner upon compression. The compression steps for the 2D systems are,

∆ρ∗242 = 0.002 (9.4)

∆ρ∗450 = 0.002 (9.5)

∆ρ∗800 = 0.001 (9.6)

and for the 3D systems the optimal values were found to be

∆ρ∗256 = 0.002 (9.7)

∆ρ∗500 = 0.002 (9.8)
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∆ρ∗864 = 0.001 (9.9)

∆ρ∗1372 = 0.001 (9.10)

∆ρ∗2048 = 0.0005 (9.11)

3. Cooling: We rescale the velocities and angular velocities every 1τ0 in small tem-

perature increments T ∗
new = T ∗

old − 0.1 until the desired temperature (T ∗ = 1 for

all simulations in this study) is reached. We continue to rescale the velocities and

angular velocities to the desired temperature for another 20τ0 and then we allow

the system to relax for 60τ0. We repeat the cycle of rescaling and equilibrating one

more time.

4. Relaxation: Allow the system to relax for 200τ0. We run a significant amount of

steps before data collection to make sure the system is sufficiently relaxed.

5. Data collection: After the system has finished equilibrating, configurations are

sampled every 0.01τ0 (corresponds to 10 time steps). We propagate the system for

enough steps so that we can get decent sampling of rare deviations. We use different

amount of averaging for different systems and the exact number is mentioned in the

caption of each figure.

We can visualize each step of the simulation by plotting the total, translational kinetic,

rotational kinetic and potential energy per particle. In figure 9.2 we see the different

energies as the simulation time progresses.
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Figure 9.2: The total, translational, rotational and potential energy per particle for a
three-dimensional simulation of N = 2048 Gay-Berne molecules under pre-transitional
isotropic conditions ρ∗ = 0.30 and T ∗ = 1.

In figure 9.2 we show the total, rotational, translational and potential energy during

melting-compression-cooling and relaxation. Indeed our system’s energy has relaxed and

at the same time we can verify that equipartition of energy holds. This can be used as a

diagnostic tool of the simulation. In terms of simulation units, each degree of freedom

contributes on average 1/2. The rotational degrees of freedom are 2 (in three-dimensions),

so the average rotational energy is 1 and the translational energy is 3/2 since there are

3 degrees of freedom for translation (again, in three-dimensions). The means with the

standard deviations of the means for the different energies in the simulation shown in
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figure 9.2 are (up to 3 decimal places),

⟨Etotal/(Nϵ0)⟩ = −0.488± 0.000 (9.12)

⟨Etranslational/(Nϵ0)⟩ = 1.486± 0.021 (9.13)

⟨Erotational/(Nϵ0)⟩ = 0.991± 0.019 (9.14)

⟨Epotential/(Nϵ0)⟩ = −2.964± 0.021 (9.15)

which verifies that the equipartition theorem and the conservation of energy are true.

After reaching equilibrium we proceed to the data collection where a plethora of

configurations is produced and for each configuration we calculate the elements of the

tensor Q and we diagonalize it in order to calculate the three eigenvalues s, λ2 and λ3

(s ≥ λ2 ≥ λ3). For the diagonalization we use Eigen library’s Francis QR algorithm [26]

and the instantaneous eigenvalues are shown in figure 9.3.
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Figure 9.3: The three instantaneous eigenvalues of the tensor Q for a three-dimensional
simulation of N = 2048 Gay-Berne molecules under pre-transitional isotropic conditions
ρ∗ = 0.30 and T ∗ = 1. This is the data collection process of the same simulation shown in
figure 9.2.

with,

⟨s⟩ = 0.077± 0.028 (9.16)

⟨λ2⟩ = −0.011± 0.019 (9.17)

⟨λ3⟩ = −⟨s⟩ − ⟨λ2⟩ (9.18)

The largest eigenvalue s is our order parameter, the second largest eigenvalue is λ2 and

the third eigenvalue is λ3. Another useful calculation involves the absolute rotational

invariants of the tensor Q. These are defined in terms of the eigenvalues,

Tr(Q2) = s2 + λ22 + λ23 (9.19)
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Tr(Q3) = s3 + λ32 + λ33 (9.20)

and can be evaluated for each configuration. It is useful to see the relative magnitude of

the two traces and for the system shown in figure 9.3 we can calculate that

⟨Tr(Q2)⟩
⟨Tr(Q3)⟩

∼ O(102) (9.21)

which means that Tr(Q2) is two orders of magnitude bigger than Tr(Q3) on average and

it will dominate the probability distribution of P (Q) for three-dimensional liquid crystals.
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Appendix B: Definition of M and

calculation of M−1

When discussing time-dependent weak fluctuations we derived the expression for the

cumulant generator in equation 8.26. The expression involves the 10 by 10 matrix M

defined as,

M =



1 0 0 0 0 C(t) 0 0 0 0

0 1 0 0 0 0 C(t) 0 0 0

0 0 1 0 0 0 0 C(t) 0 0

0 0 0 1 0 0 0 0 C(t) 0

0 0 0 0 1 0 0 0 0 C(t)

C(t) 0 0 0 0 1 0 0 0 0

0 C(t) 0 0 0 0 1 0 0 0

0 0 C(t) 0 0 0 0 1 0 0

0 0 0 C(t) 0 0 0 0 1 0

0 0 0 0 C(t) 0 0 0 0 1



(B.22)

or in terms of elements

Mij = δij + C(t)δi,α, α = mod 10(j + 5) (B.23)
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The matrix M might be high dimensional and cumbersome to handle but in reality it

can be very simply written as a 2 by 2 block matrix

M =

 1 C(t)1

C(t)1 1

 (B.24)

where 1 is the 5 by 5 unit matrix. The rate function 8.34 is expressed in terms of the

inverse of M. We can do the inversion of M by using the block inversion formula [45],

A B

C D


−1

=

A−1 +A−1BS−1CA−1 −A−1BS−1

−S−1CA−1 S−1

 (B.25)

where S is called the Schur complement of A and is defined as,

S = D − CA−1B (B.26)

In our case we have the following 5 by 5 matrices A = 1, B = C(t)1, C = 1, D = C(t)1.

Applying B.25 to B.24 we get,

M−1 = ∆(t)

 1 −C(t)1

−C(t)1 1

 (B.27)

∆(t) =
1

1− C2(t)
(B.28)
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which means that 1
∆(t)

M−1 is

M−1

∆(t)
=



1 0 0 0 0 −C(t) 0 0 0 0

0 1 0 0 0 0 −C(t) 0 0 0

0 0 1 0 0 0 0 −C(t) 0 0

0 0 0 1 0 0 0 0 −C(t) 0

0 0 0 0 1 0 0 0 0 −C(t)

−C(t) 0 0 0 0 1 0 0 0 0

0 −C(t) 0 0 0 0 1 0 0 0

0 0 −C(t) 0 0 0 0 1 0 0

0 0 0 −C(t) 0 0 0 0 1 0

0 0 0 0 −C(t) 0 0 0 0 1


(B.29)

and in terms of elements

M−1
ij = ∆(t) [δij − C(t)δi,α] , α = mod 10(j + 5) (B.30)
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