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Abstract of “Applications of FEM with Macro-Elements: Discrete Elasticity Se-
quences and Convergence of Lagrange Elements for a Maxwell Eigenvalue Problem”,
by Sining Gong, Ph.D., Brown University, May 2023

In this thesis, we investigate two applications of finite element methods that employ
macro-elements: discrete elasticity sequences and convergence of Lagrange elements
for a Maxwell eigenvalue problem. We employ the combination of finite element

exterior calculus and spline theories as our primary tool.

Specifically, we prove that Worsey-Farin refinements inherit the shape regular-
ity of their parent triangulations, and due to the special structure of Worsey-Farin
refinements and the existence of smoother differential sequences, we investigate the
convergence of the Maxwell eigenvalue problem using quadratic or higher Lagrange
finite elements on Worsey-Farin splits. To this end, we construct two Fortin-like
operators to demonstrate uniform convergence of the corresponding source problem.

We provide numerical experiments to validate our theoretical results.

Moreover, we develop conforming finite element elasticity complexes on Worsey-
Farin splits in three dimensions. These complexes connect spaces for displacement,
strain, stress, and load through differential operators that represent deformation,
incompatibility, and divergence. We exhibit corresponding finite element spaces
on Worsey-Farin meshes and develop unisolvent degrees of freedom for these finite
elements. This also yields commuting (cochain) projections on smooth functions.
Notably, these spaces lack extrinsic supersmoothness at subsimplices of the mesh,
yet they yield the first (strongly) symmetric stress element with no vertex or edge
degrees of freedom in three dimensions. Lastly, we show that the lowest order stress
space uses only piecewise linear functions, which is the lowest feasible polynomial

degree for the stress space.
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CHAPTER ONE

Introduction



Finite Element Exterior Calculus (FEEC) [7,8,10] and splines theories [53] are two
important topics in scientific computing. One of the main interest within the spline
community is to build splines of various smoothness on some structured triangula-
tions. The spaces of those splines are called macro-elements and they inspire the work
in FEEC, making it possible to construct smoother piecewise polynomial spaces fit
into discrete de Rham sequences; [28,40,43,44,48]. In this thesis, we introduced some
new applications of finite element methods (FEM) with macro-elements, including
the convergence analysis for a Maxwell eigenvalue problem and the construction of

discrete elasticity elements with the combination of FEEC and splines theories.

Starting from the 1960s, the theory of univariate splines as well as multivariate
splines experienced significant growth and later, many engineers brought these results
into finite element methods [53]. Several interesting triangulations with splines de-
fined on them will be used through this thesis, including splines on three-dimensional
Alfeld splits [2] (or Clough—Tocher splits in two dimensions [31]), three-dimensional
Worsey-Farin splits [64] and two-dimensional Powell-Sabin splits [59]. They have
been extensively studied since those splits firstly came out; see for example [53].
In particular, throughout this thesis, we will be continuously working with three-
dimensional Worsey-Farin splits. In 1987, A.J. Worsey and G. Farin constructed
low-order C* splines on the composite triangulation which now bears their names.
Worsey-Farin splits have very special structure such that the interior faces of the
sub-tetrahedra derived by the Alfeld splits are coplanar to the corresponding in-
terior faces of the adjacent sub-tetrahedron; see Section 2.2.1.2 for more details.
Such special structure leads to lower-order polynomials and various macro-elements

without vertex degrees of freedom.



1.1 Shape regularity

The first topic covered in Chapter 3 is based on splines theories and will be ap-
plied to stability analysis in Chapter 4 in combination with FEEC. Specifically, we
aim to discuss the properties of various refinements introduced by the spline theory
community, particularly in the context of approximation and stability properties of
the corresponding discrete spaces. A critical geometric property for approximation

theory is the shape regularity of the underlying mesh.

Our focus is on the shape regularity of Worsey-Farin splits, as it is necessary to
ensure optimal-order and uniform interpolation estimates in [53, Theorem 18.15], [3,
Theorem 6.3], [61, Theorem 6.2], and [56, Theorem 8.14]. Additionally, stability
estimates of a finite element method defined on Worsey-Farin splits in [38] also
require regularity of the refined triangulation. In Chapter 4, the shape regularity of
Worsey-Farin splits is also crucial for achieving uniform bounds in the convergence

analysis of the Maxwell eigenvalue problem.

The references [53, Page 515], [3, Remark 14|, and [4, Page 54] explicitly suggest
that Worsey-Farin splits of a family of shape regular meshes remain shape regular.
However, to the best of our knowledge, a proof of this result has not yet been

published in the literature. In Chapter 3 of this thesis, we provide a proof to fill this

gap.

In [53, Lemma 4.20] and [52, Lemma 2.6], they provide a proof of the relationship
between the shape regularity constant of Powell-Sabin splits (see [59] and Section
2.2.1.1) and the parent triangulations. This is achieved by bounding the angles of

each macro triangle. For the three-dimensional analogue Worsey-Farin case, we focus



on the dihedral angles. In Chapter 3, we prove that these angles are bounded by
quantities that only depend on the shape regularity of the original mesh (refer to
Lemma 3.1.3). Using this result, we establish that the split points of each face F' in
the triangulation 7;wa are uniformly bounded away from OF' (refer to Lemma 3.1.4),

which leads to the proof of the shape regularity of Worsey-Farin refinements.

1.2 A Maxwell Eigenvalue Problem

Finite elements (see Section 2.2) have been a staple in scientific computing for over
half a century and continue to be widely used for many important simulations. The
simplest form of finite elements is the lowest order Lagrange finite elements (see
Section 2.5.1), where a domain is first triangulated using triangles or tetrahedra
(see Section 2.2.1), and piecewise linear globally continuous functions are used with
respect to the triangulation. These finite elements are utilized as basis functions and
applied to the PDE’s natural variational formulation, as demonstrated below in (1.2)
(for instance). However, for problems in electro-magnetism, these finite elements on
general triangulations are problematic, as they fail (as shown in Table 4.1) to provide
accurate solutions for the Maxwell eigenvalue problem on a domain 2. To be more

precise, consider the following problem: find u € H (curl, Q) such that
(curlu, curlv) = p?(u,v), Vo € H(curl,Q), (1.1)
where (-, ) is the L*(Q) inner product over Q and

H(curl, Q) = {v € [L*(Q)]® : curlv € [L*(Q)]? and v x n = 0 on 9Q}.



Accordingly, a canonical finite element method with respect to a given finite-

dimensional space %, C H(curl, Q) is to find u, € %,\{0} and 1, € R such that

(curl up, curlvy) = 0t (up,v), Yo, € %, (1.2)

This lead to the celebrated edge finite elements of Nédélec in 1980 [58]. There he took
a subset of piece-wise linear functions that were no longer globally continuous but
instead had only tangential continuity across the inter-element edges/faces. These

finite elements are also called Nédélec spaces; see Section 2.5.1.

Since the work of Nédélec there has been an explosion of methods that work
for Maxwell eigenvalue problems. But, the question remained: why don’t Lagrange
elements work? In fact, the survey paper by D. Boffi [17] discuss this question in de-
tail. He points out that an important requirement for the success of a finite element
space is that enough gradients are given, which contributes to accurately approxi-
mate the zero frequency by vanishing discrete eigenvalues. A common approach in
finite element theory that several researchers have taken is using Lagrange elements
and modifying the discrete variational form by adding penalization or regularization
terms; see [14,21,23,34-36]. On the other hand, although we mentioned that La-
grange elements on generic triangulations without modifying the variational form fail,
D. Boffi mentions in [17] that the performance of Lagrange elements is sensitive to
the mesh, and it was observed computationally on certain meshes that seem to work!
In particular, it was first observed by Wong and Cendes [63] that the use of linear
Lagrange finite element spaces defined on Powell-Sabin (see [59] and Section 2.2.1.1)
meshes in two dimensions and the use of quadratic Lagrange finite element spaces
on “consistent tetrahedral meshes” in three dimensions lead to accurate approxima-
tions. Although Wong and Cendes do not explicitly define “consistent tetrahedral

meshes”, it is reasonable to assume they are referring to the three-dimensional ana-



logue of Powell-Sabin triangulations, in particular, Worsey-Farin meshes [64] which

we recall in Section 2.2.1.2.

The theoretical justification of this remained elusive until recently where we give
the first analysis of three dimensions in Chapter 4 and the two-dimensional results
were carried out by my collaborators [20]. The key to our result is that the space of
Lagrange elements on Worsey-Farin splits fit nicely into a discrete de Rham sequence
(2.26a). The space E}n_l('ﬁlwf ) is the Lagrange space on Worsey-Farin splits and the
preceding space S (771“”0 ) is the C' spline space on Worsey-Farin splits used in the

spline community.

The work in Chapter 4 can be considered a continuation of paper [20], where we
consider Lagrange elements in three dimensions on Worsey-Farin triangulations on
a contractible, polyhedral domain. We mathematically justify the numerical experi-
ments of Wong and Cendes [63] and prove that the use of quadratic (or higher) La-
grange elements on Worsey-Farin splits lead to accurate approximations to Maxwell’s
eigenvalue problem. In order to establish the convergence of a finite element method
applied to a Maxwell eigenvalue problem, it is sufficient to prove the uniform con-
vergence of the corresponding source problems. This can be achieved by the con-
struction of Fortin-like operators; see Section 4.1. The present analysis in three
dimension is more involved than the two-dimensional analysis given in [20]. In par-
ticular, we need to develop two Fortin-like operators whereas in [20] only one was
needed. To do this, we exploit that Lagrange elements on Worsey-Farin splits also
fit into a discrete de Rham sequence [44]. Then, using the degrees of freedom given
in [44] we construct a Fortin-like operators for both curl and divergence operators.
In order to prove that these operators are bounded, we use certain embeddings
that hold on Lipshitz polyhedral domains; see Section 2.1.1. Note that instead of

using the well-established theory of finite element methods for the Maxwell eigen-



value problem (e.g., [10,17,47]), we define the projection on the semi-discrete space

]

YD) = {r € V' : curlt € 2,}, where ¥* := H(curl, Q) N H(div,Q); see
Chapter 4 for more details. Defining the projection on this smaller space allows us
the flexibility to prove the convergence of the Lagrange finite element methods on
Worsey-Farin splits. We also point out that the existence of bounded Fortin-type
operators is equivalent to the discrete compactness property [16], which is commonly

used in the convergence analysis of the Maxwell eigenvalue problem.

To the best of our knowledge, this seems to be the first work theoretically jus-
tifying convergence of Lagrange elements on simplicial meshes in three dimensions
without modifying the bilinear form. Parallel work by Hu et al. [48] also develop
finite elements on different splits with partially discontinuous elements while leaving
the bilinear forms unchanged. They demonstrate convergent results for Worsey-Farin

splits numerically but theoretical analysis has not been provided.

We provide numerical results confirming our theoretical findings. In particular,
we show that one must use at least quadratic Lagrange elements for Worsey Farin
splits to get convergence. That is, the use of linear Lagrange elements on Worsey-

Farin refinements does not yield convergent approximations.

1.3 Elasticity Complexes

Let Q is a bounded domain in R?, d = 2, 3, occupied by an elastic body. The isotropic,

homogeneous, linearly elasticity equations can be described as the following;:

o =2pe(u) + Atr(e(u))I in €, (1.3)



dive=f inQ, (1.4)

where the function v : © — R? is the displacement field, o : Q@ — R%? is the
stress tensor, and €(u) is the deformation operator (or strain tensor). We shall men-
tion here the vector f is the forces applied to the body and the constants p > 0
and A > 0 are called Lamé constants specifying the material properties [9]. There
are a lot of methods for elasticity problems and mixed formulations are one type
of methods particularly robust with respect to Lamé parameters, so we will focus
on them exclusively here. In order to create a stable finite element method using
mixed formulations, we need to construct two discrete spaces that satisfy the inf-
sup condition. Researchers have produced fruitful results for elasticity problems
since the 1960s. However, it wasn’t until 2002 that Arnold and Winther constructed
the first conforming mixed elasticity elements on two-dimensional general triangu-
lar meshes in their paper [13]. And later the first three-dimensional (3D) elasticity
elements were constructed in [1, 7], which inspired many other similar elements, as
mentioned in [49]. In particular, for the two-dimensional spaces in [13], they con-
structed an entire discrete elasticity sequence and showed how the last two spaces
there are relevant for discretizing the Hellinger-Reissner principle in elasticity. If
we could construct an exact discrete elasticity sequence with certain properties, in-
cluding bounded commuting operators, then the last two spaces in the sequence are
possible candidates for a stable finite element method to the elasticity equations.
Furthermore, the framework of the stability analysis in FEEC could potentially be
applied to the corresponding elasticity equations. However, the generalization of
two-dimensional work to three dimensional is not that trivial even if the work in [7]

laid the foundation.

Luckily, in 1970s, an algebraic technique called the Bernstein-Bernstein-Gelfand



(BGG) resolution came out [15] and later it was applied to derive a new differential
sequence from simpler sequences which in particular could be used to construct the
elasticity sequences from two de Rham sequences; see [11,24,37]. With BGG method,

we could have elasticity sequences with smooth function spaces.

0 v R S5 0°QV 5 0°®S 2, 0rogs WV, 0rgVy — 0.

(1.5)
Here, V=R3 M =R33 R = {a+bxz:a,bec R} denotes rigid displacements,
inc = curlo7 o curl with 7 denoting the transpose, curl and divergence operators
are applied row by row on matrix fields, S = sym(M), and £ = sym o grad denotes
the deformation operator (already introduced in the elasticity equations (1.3)). The
sequence (1.5) is exact on a three dimensional contractible domain. We assume
throughout that our domain 2 is contractible. In addition, with the BGG procedure
and de Rham sequences of Sobolev spaces H® = H*(Q2), the authors of [11] ex-
tended the elasticity sequence of smooth spaces to the following elasticity sequence

of Sobolev spaces:

R—S— H'@V —— H'@S 2% g3gs % H 1oV — 0.
(1.6)
However, one of the problems in constructing finite element sub-sequences of (1.6)
is the increase of four orders of smoothness from the last space (H*~*) to the first
space (H?®). A search for finite element sub-sequences of elasticity sequences with

different Sobolev spaces seemed to hold more promise [7].

It was not until 2020 that the first 3D discrete elasticity sub-complex was estab-

lished in [27]. They use a simple version of BGG method to construct a sequence of
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the following form:

R S, pyd =, gt ey 2 _div, 3

=

(1.7)

which is a discrete sub-sequence of

R —» H2@V — H(inc) —2» H(div,S) - 2@V —— 0.  (1.8)

Some previous work is summarized as follows. Note that they need extra smoothness

Table 1.1: Comparison of previous work in 3D elasticity sequences

Lowest order Vertex/edge Extra vertex
of U? DOFsin U?  smoothness
Alfeld splits [27] 2 required required
Generic meshes [206] 4 required required
Work in this thesis 1 not required not required

on the vertices, need vertex/edge DOFs for the stress spaces and require at least
either quadratics [27] or quartics [26] as the lowest polynomial order for the stress
spaces. In this thesis, we apply the methodology presented in [27] to construct a new
discrete elasticity sequence on Worsey-Farin splits [64]. One of the expected benefits
of using triangulations of macro-elements is the potential reduction of polynomial
degree and the potential escape from the unavoidability [7] of vertex degrees of
freedom in stress elements. We will see that Worsey-Farin splits offer structures
where these benefits can be reaped easier than on Alfeld splits. Unlike Afleld splits,
which divide each tetrahedron into four sub-tetrahedra, Worsey-Farin triangulations
split each tetrahedron into twelve sub-tetrahedra. Using the Worsey-Farin split, we
are able to reduce the polynomial degree and also eliminate vertex and edge DOF's of
stress elements. In particular, our approach results in stress spaces that are piece-wise
linear, which is the lowest possible polynomial degree. Furthermore, this approach

does not require vertex or edge DOFs for the stress spaces, making it the first 3D
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conforming symmetric stress element without vertex DOFs. This is comparable to

the 2D elasticity element without vertex DOF's constructed in [9,45, 50].

Although we have the framework in [27] to guide the construction of the discrete
sequence on Worsey-Farin splits, as we shall see, we face significant new difficulties
peculiar to Worsey-Farin splits. The most troublesome of these arises in the con-
struction of DOFs and corresponding commuting projections. Unlike Alfeld splits,
Worsey-Farin triangulations induce a Clough-Tocher split on each face of the original,
unrefined triangulation. As a result, discrete 2D elasticity sequences with respect
to Clough-Tocher splits play an essential role in our construction and proofs. These
2D sequences are more complicated than their analogues on Alfeld splits (where the
faces are not split). The resulting difficulties are most evident in the design of DOF's
for the space before the stress space (named U} later) in the sequence, as we shall

see in Lemma 6.2.9.

1.4 Organization of the dissertation

The rest of the dissertation is organized as follows: In Chapter 2, we introduce some
notations and fundamental results needed to understand the proceeding chapters,
including the construction of macro-elements on different splits, various inequalities
and definitions of differential operators. In Chapter 3, we prove the useful results
in spline theories: shape regularity of Worsey-Farin splits that will also be used in
the Chapter 4. In Chapter 4, we focus on a Maxwell eigenvalue problem and use
de-Rham sequences to prove the convergence of Lagrange elements on Worsey-Farin
splits for the problem. Rigrous proofs and numerical experiments are provided in this

chapter. Finally, we summarize the discrete elasticity sequences for two-dimensional
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case and use the BGG tool to construct sequences for three dimensional case, in
Chapter 5 and Chapter 6, respectively. Those sequences are provided with the local

spaces, degrees of freedom and global spaces.



CHAPTER TWwO

Notations and preliminaries
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In this chapter, we will introduce some basic notations and terminologies that will

apply to the remaining parts of thesis, unless specified.

2.1 Sobolev spaces

Let Q € R? be an open set and for simplicity, we only consider real-valued functions

on 2. Then for 1 < p < 0o, we define the Lebesque spaces as follows:
LP() := {u : [Jul| o) < oo}, (2.1)

where for 1 < p < o0,

lullzoey = ( / ()P )P,

and for p = oo,

||| oo () := ess sup {|u(z)| : z € Q}.

With weak derivative, we can define so-called Sobolev spaces for non-negative
integer k. Let v € L _(Q), the set of locally integrable functions over Q the Sobolev

loc

spaces is defined via

WHP(Q) = {u € L (@) : [[ullwna) < o0},

loc

where for 1 < p < o0,

lullzogey = ( / ()P do) V.

and for p = oo,

| wl| ooy == ess sup {|u(z)| : = € QF.
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In particular, we use the notation H*(Q) := Wk2(Q).
We also recall the definition of fractional-order Sobolev spaces and their accom-
panying (semi-) norm; see for example [42].

Definition 2.1.1. For 0 < s <1 and 1 < p < oo define

u(z) = u(y)lP

7 — gl dx dy < oo}.

WeP(Q) :={u € LP(Q) : /

QJQ

The accompanying semi-norm and norm on W#*P({2) are given respectively by

) ‘“ 1/p.
|U|Wsp : // |:E_y|d+sp d d ) /p’

lullwery = (leloi) + [ulfyen@) -

Finally, we use the notation H*(Q) := W**(Q).

We could extend the definition of fractional-order Sobolev norms in the case
Q = 0S5, where S is a simplex. We take the same definition as above, where we view

) as a d-dimensional manifold; see [42].

Throughout this thesis, we commonly use (- ) to denote the corresponding spaces

with vanishing traces; see the following two examples:

H(curl, Q) = {v € [L*(Q)]* : curlv € [L*(Q)]* and v x n = 0 on 9N}.

H(div, Q) == {v € [L*(Q)) : dive € [L*(Q)]* and v-n = 0 on IQ}.

Here, n is the exterior unit normal vector on 02 on 0f).
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To better describe the analysis later, we introduce the following space notation:

¥ :=H (curl, Q) N H(div, Q),
¥t =H (curl, Q) N H(div,Q),

Y™ =H(curl, Q) N H(div, Q).

2.1.1 Trace Theorems, Inverse inequalities and Embeddings

We will use the following basic Sobolev embedding result; see [42, Theorem 1.4.4.1].

We restrict ourselves to a simplex for simplicity.

Lemma 2.1.2. Let K be a d-dimensional simplex. Then,
lwllwea) < Cllwllwssx), 0<t<s<1, 1<p<q<oo, (2.2)

with s —d/p =t —d/q. The constant C > 0 depends on K.

We will also need a trace inequality; see [42, Theorem 1.5.1.2]

Lemma 2.1.3. Let K be a d-dimensional simplex. Let 0 < s —1/p < 1,0 < s < 1.
If we WsP(K), then

[wllws=10001) < Cllwllwerx)- (2.3)

Moreover, if v € Ws~YPP(QK) there exists w € W*P(K) such that w|sx = v and

lwllwerx) < Cllwllwe-smror (2.4

The constant C' > 0 depends on K.
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We will often require particular inverse estimates for polynomial spaces, which
follow from equivalence of norms on finite dimensional spaces; for more general in-

verse estimates consult, for example, [22; Section 1.6 and Section 4.5].

Lemma 2.1.4. Let K be a d-dimensional simplex. For any v € P,.(K) the following
bounds hold

[0l wrag) SChlg TPyl yeage) V1< pg<o0, 0<L<k<1, (2.5a)

V]| ror) <ChEP vl Loy V1 < p < oo, (2.5b)

where C' > 0 depends on the shape-reqularity of K, r, and d, but is independent of

hx. In addition, when p = oo and k = 0, (2.5a) still holds.

We also need the following two embeddings of vector-valued functions for € € R3.

The first embedding result is given in [6, Proposition 3.7].

Proposition 2.1.5. If Q is a Lipschitz polyhedron, there exists § € (0, %] and C >0

such that:

||U||H1/2+6(Q) S O(HU”LQ(Q) —+ ||CHI'1’U”L2(Q) —+ ||d1V’U||L2(Q)) V'U - /Vt U /7/71 (26)

Here, the constant § in (2.6) may differ for v € ¥* and v € ¥™. Thus, we
choose the smaller constant ¢ of these two embeddings. Next, we use a result given

in [10, Theorem 2.2] where we use that 2 is a contractible, Lipschitz polyhedron.

Lemma 2.1.6 ( Poincaré Inequality). There exists a positive constant C' such that

for allve vtuym,

]| 22(0) < C(||curlv|| 2oy + ||div vl z2))-
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2.2 Finite element methods

Finite element method is an important method using variation forms and finite
dimensional function spaces to approximate the solutions of different PDEs. To be

more precise, it could be defined as follows [22]:

Definition 2.2.1. Let

e T C R? be a bounded closed set with nonempty interior and piecewise smooth

boundary (the element domain),

e I/ be a finite-dimensional space of functions on 7" (the space of shape func-

tions) and

e N ={Ny,..., N} be a basis for V' (the set of nodal variables).

Then (T, V,N) is called a finite element.

Some additional definitions from [22] are also needed here.

Definition 2.2.2. Let (7, V,N) be a finite element. The basis {¢1, @2, ..., op} of V

satisfying N;(¢;) = ¢;; is called the nodal basis of V.

In particular, we need the following lemma to find N, the basis for V’. This is

also called unisolvence.

Definition 2.2.3. Let V' be a k-dimensional vector space and let { Ny, ..., N;} be a

subset of the dual space V’'. Then the following two statements are equivalent:

e {Ny,..., N} is a basis for V.
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e Given v € V with Nju=0fori=1,2,...,k, then v = 0.

2.2.1 Simplicial meshes

Throughout the thesis, we need to use simplicial triangulations of €2, a polygonal
subset of R? (or R?) as our mesh. To be more specific, let {7;} be family of shape-
regular and simplicial triangulations of Q in R? ( resp. R?) and each element T' € T,

is a triangle (resp. tetrahedron).

For a set of simplices S, we use A4(S) to denote the set of s-dimensional simplices
(s-simplices for short) in S. If S is a simplicial triangulation of a domain D with
boundary, then A!(S) denotes the subset of A,(S) that does not belong to the
boundary of the domain. If S is a simplex, then we use the convention A (S) =
A4({S}). For a non-negative integer r, we use P,(S) to denote the space of piecewise

polynomials of degree < r on S, and we define

Pr(S) = [ P(9).

Ses

Note that for any face F' € Ay(T) with T € T, F is a triangle and therefore,
any results work for F' (including splits and sequences) could be applied to T € Ty,

in two-dimensional case locally, same vice verse.

We also introduce the following definition for both two-dimensional mesh and

three-dimensional mesh:

Definition 2.2.4. We define the shape regularity constant ¢y of the triangulation
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ST F
Figure 2.1: The inscribed sphere of a tetrhedron.

Ty as
hr

Cp = max —,
T€Tn pr

where pr is the diameter of the inscribed sphere of T, which is the largest sphere

contained in 7" and hr := diam(7T).

In three dimensions, in order to investigate the properties of our mesh, some basic
definitions regarding the geometric properties of a tetrahedron need to be introduced;

see [53, Definition 16.1-16.2] for more details.

We call the center of the inscribed sphere St the incenter of T', denoted by zr, and
call the radius of St the inradius of 7', equal to pr/2. The sphere St intersects each
face F' of T" at a unique point, 27 . We note that zp p is the orthogonal projection
of the point zr to the plane that contains F' (i.e., the vector zr — 27 is normal to

F); see Figure 2.1.

The following two propositions are well-known results of tetrahedra. To be self-

contained we provide their proofs.
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Proposition 2.2.5. For a tetrahedron T', there holds

pr=0T1/( Y |FI).

FeAy(T)

Proof. Consider the refinement of T" obtained by connecting the incenter of T to its

vertices. The resulting four subtetrahedra fill the volume of T, and thus,
L pr
Ti= Y SIFE
FeAs (T)

which gives the result. [

Proposition 2.2.6. Given a tetrahedron T, let x be any vertex of T' and F, be the
face of T which is opposite to x. Let P, be the plane containing I, then for any

point a € int(T"), we have
dist(z, P,) > dist(a, Py). (2.7)

In particular,

dist(x, Py) > pr. (2.8)

Proof. Since the point a € int(7) and F is a face of T', a and F, form a tetrahedron
T' C T. Therefore,

1 1
5| Eoldist(e, Po) = |T] > |T'| = £ F|dist(a, P,),

which immediately gives (2.7). Let ¢ be the line containing zr and zrp,. Let ¢
intersect St at @ # zr p,. Then a € int(7T) and dist(a, P;) = |[a, 2r.r,]| = pr. Hence,
(2.8) follows from (2.7). |
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In the following parts, we introduce several important splits which will be used

in the remaining parts of the thesis.

2.2.1.1 Clough-Tocher splits and Powell-Sabin splits

We introduce two kinds of splits for triangles and the results for two dimensional
cases inspire the work in three dimensions. For a given triangle T', we split 7" to three
triangles with connecting a fixed interior point to three vertices of 7" and denote the
set of these three triangles by 7. The Clough-Tocher refinement of two dimensional

mesh 7, is denoted by T, (cf. [53, Section Chapter 4] and Figure 2.2a).

(a) The Clough-Tocher splits locally. (b) The Powell-Sabin splits.

Figure 2.2: Two kinds of refinement in 2D.
The Powell-Sabin refinement of 7y, denoted by 7,7°, is obtained by splitting each

T € T by the following two steps (cf. [53, Definition 4.18] and Figure 2.2b):

(a) Connect the incenter zr of 1" to its (three) vertices.

(b) Connect 27 and 27;, whenever the triangles T" and T}, share a common edge.
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(c) Connect the middle of each boundary edge to the incenter of the associated

triangle.

2.2.1.2 Alfeld splits and Worsey-Farin splits in three dimensions

The Alfeld refinement of 7j, denoted by 7,%, is obtained by picking an interior point
of any element T' € 7T}, and connect that point with the four vertices of T. We denote
the local mesh of the Alfeld-type refinement by 7%, which consists of four tetrahedra;

see Figure 2.3.

Figure 2.3: The Alfeld splits locally.

The Worsey-Farin refinement of 7, denoted by 77wa , is obtained by splitting each

T € Ty, by the following two steps (cf. [44, Section 2]):

(a) Connect the incenter zy of T to its (four) vertices.

(b) For each face F' of T choose my € int(F"). We then connect m, to the three

vertices of I’ and to the incenter zp.

Note that the first step is an Alfeld-type refinement of T" with respect to the incenter
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[27].

The choice of the point m; in the second step needs to follow specific rules: for
each interior face F' = Ty N Ty with Ty, Ty € Tp,, let mp = LN F where L = [z7,, 21,
the line segment connecting the incenters of T} and Ts; for a boundary face F' with
F=TnoQ with T € Ty, let m, be the barycenter of F'. The fact that such a mp

exists is established in [53, Lemma 16.24].

For T' € T, we denote by T/ the local Worsey-Farin mesh induced by the global

refinement 7, f, ie.,

™ ={KeT": KcT}.

For any face F' € Ay(T), the refinement 7',?”f induces a Clough-Tocher triangulation
of F" and the resulting set of three triangles with the common vertex m; is denoted

by F*. We then define
E(TyT) = {e € A{(F) - VF € AY(Ty)}

to be the set of all interior edges of the Clough-Tocher refinements in the global

mesh.

For a tetrahedron T" € 7T, and face F' € Ay(T), we denote by n, := nl|, the
outward unit normal of 9T restricted to F'. Consider the triangulation F'* of F
with three triangles labeled as Q;, i = 1,2,3. Let e = 0Q1 N Q2 and t. be the unit
vector tangent to e pointing away from m,. Then the jump of p € P,.(T*7) across e

is defined as

[[p]]e = (p|Q1 _p‘Qz)Sm

where s, = ny X t. is a unit vector orthogonal to t. and n,. In addition, let f be the
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internal face of 7%/ that has e as an edge. Now let n; be a unit-normal to f and set

ts = ny X t. to be a tangential unit vector on the internal face f.

Let 77 and Ty be two adjacent tetrahedra in 7, that share a face F', and let
Q;, i = 1,2,3 denote three triangles in the set F*. Let ¢ = dQ; N 0Q», and for a

piecewise smooth function defined on T} U Ts, we define

ee(p) - p|8T1ﬂQ1 - p|8TmQ2 +p|8TgﬁQ2 - p|8T2ﬂQ1a on €. (29)
Note that 0.(p) = 0 if and only if [p|7,]. = [p|r]e-

Similar to Definition 2.2.4, we define the shape constant ¢; of the triangulation
T
Remark 2.2.7. The Worsey-Farin split’s structure facilitates the construction of

smooth, low-order, and localized piecewise polynomials [44].

Fct

xl x3

(a) A representation of (b) The original triangulation (c) Worsey-Farin refinement
F and AL(Fe) (indi-
cated in blue).

Figure 2.4: The Worsey-Farin Splits
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2.3 The BGG Method

As discussed in the Introduction, our strategy to obtain an elasticity sequence in two
dimensions or three dimensions uses the framework in [11] and utilizes two auxiliary
de Rham sequences which is so-called BGG method. In particular, we will use a

simplified version of their results found in [27].

Suppose A;, B; are Banach spaces, r; : A; — A; 11, t; : B; — B;1, and s; : B; —

A;41 are bounded linear operators such that the following diagram commutes:

/ / / (2.10)

b Bg—)Bg

The following recipe for a derived sequence, borrowed from [27, Proposition 2.3],
guides the gathering of ingredients for our construction of the elasticity sequence on

Worsey-Farin splits.

Proposition 2.3.1. Suppose s : By — As is a bijection.

(a) If A; and B; are exact sequences and the diagram (2.10) commutes, then the

following is an exact sequence:

A Ty S osy “or b A
o Il tositen, o la) 1 As) (2.11)
BO B3
Ap 52 Az
Here the operators [rg so| : — Ay and : By — are defined,
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respectively, as

a S92 Sgb
[ro 20] = roa + zob, b=

b to taob

(b) For the surjectivity of the last map in (2.11), namely [i2], it is sufficient that

ro and ty are surjective, t; oty = 0, and sot; = ros7.

The proof of this proposition is also included in the Appendix B to be self-
contained. In addition, we share some candidates of those bounded linear operators

and their properties in the next section.

2.4 Differential identities involving matrix and

vector fields

We introduce the notation used in [27] and consider the three-dimensional mesh
Tn. Let F' € Aqo(T), and recall n, is the unit normal vector pointing out of 7.
Fix two tangent vectors t;,ts such that the ordered set (b1, by, b3) = (t1,t2,np) is
an orthonormal right-handed basis of R®. Any matrix field v : T — R3*3 can be
written as Zf’ i1 u;b;b; with scalar components u;; : T — R. Let ty, = nfun, and
trpu = Zle t'ut;. With s € R3, let

)

2
Upp = Z Uijtit;, Ups = Z(s/uti)t;, Ugp = Z(t;us)ti,. (2.12)

1,j=1 i=1 i=1

Equivalently, vy = QuQ, ups = s'u@, and usp = Qus, where P = n,n/, and

Q) = I — P. Next, for scalar-valued (component) functions ¢, w;, ¢; and w;;, we write
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the standard surface operators as

grad,¢ = (O, ¢)t1 + (01, 0)ta, rotp¢ = (Op, )t — (01, )12,
grad . (wit; + waty) = t1(grad,w)" + to(grad,ws)’,
rote(qut] + qoty) = t1(rotpqr)’ + ta(rotpge),
curlz(wity + woty) = Oy we — Oy wy, curlp upp = t] curlp(upy, ) + t curly(up,)’,

dive(wity + woty) = Oy, wy + Oy we, divptpe =t dive(upy ) + ty dive(up,)'.

All those standard surface operators are well-defined for functions with only tan-
gential components so we could abuse the notations for functions defined on any

two-dimensional element 7' € T},.

For a vector function v, denote vy = Qv = ny X (v X np). It is easy to see that

ny - curlv = curl vy, (grad v) z = grad vy,
(2.13)

ng X rotp¢ = grad, o, divvy = divpvg.
In addition, we have:

Definition 2.4.1. For a tangential vector function v on the face F' € Ay(T), write

2
v =Y v, with v; = v - t;. We define the orthogonal complement of v as
i=1

vt = X Ng = vVot1 — V1la.

Using this definition and the standard surface operators introduced above, it is

easy to see the following identities:

4

divyot = curl, o/, vt -t.=wv-s.. (2.14)
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We also define the space of rigid body displacements within R and R%:

R={a+bxz:a,becR% (2.15)

R2 = {at1 + btz + C((LE . tl)tz — (SL’ . tg)t1> L a, b, cE R} (216)

Definition 2.4.2. Set V=R3, V, = R? and M5, = R¥*F,

(a) The skew-symmetric operator skw : Mgy — My, and the symmetric operator

sym : My r — My, are defined as follows: for any M € My,
1 . 1 .
skW(M)zi(M—M); sym(M)zé(M—i—M).

Denote the range of skw and sym as K = skw(Mjxx) and Sy = sym(My«x),

respectively.

(b) Define the operator = : Mizx3 — Msy3 by ZM = M’ — tr(M)I, where I is the

3 x 3 identity matrix.

(c) The three-dimensional symmetric gradient and incompatibility operators are

given, respectively, by:

e =symgrad, inc = curl(curl)’.

(d) The operators mskw : V — K3 and vskw : M35 — V are given by

mskw | v, | = | s 0 —u | vskw := mskw ~! o skw.
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(e) The two-dimensional surface differential operators on a face F' are given by

er =symgrad,, airy, =rotp(rotp)’, incp := curlg(curlg)”.

(f) The two-dimensional skew operator defined on either a scalar or matrix-valued

function is defined, respectively, as

0 u U1 U2
skew u = ;. skew = U9y — Up2.

—u 0 U221 U2

(g) The transpose operator 7 is defined as: 7u = u'.

It is simple to see that = is invertible with 2~'M = M’ — Str(M)I. Furthermore,

there holds the following fundamental identities:

div = = 2vskw curl,
Zgrad = —curl mskw,
curl 27 curl mskw = —curl = '=grad = —curlgrad = 0,

2 vskw curl = teurl = divEE " curl = diveurl =0,

tr(curlsym) = 0, curl = 'curl sym = curl(curl sym)’ = incsym.

On a two-dimensional face F', there also holds

divy airy, = divyrot, 7 (rotz) = 0,
incy sym = incy, incpep = curly 7 curly grad, =0,

curl, skew = 7 grad,.

(2.17a)
(2.17D)
(2.17¢)
(2.17d)

(2.17e)

(2.18a)
(2.18b)

(2.18c)
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The following lemma states additional identities used throughout the paper. It
has been proven in [27, Lemma 5.7] and to be self-contained, we include this in the

appendix.

Lemma 2.4.3. For a sufficiently smooth matriz-valued function u,

s' (curlu) ny = curly(ups)’, for any s € R3, (2.19a)

[(curlu)'] = curly . (2.19Db)

If in addition u is symmetric, then

(inc u)py = InCp Upp, (2.19¢)
(incw)py = curly [(curlu)] (2.19d)
trpcurlu = — curly (up,)". (2.19¢)

For a sufficiently smooth vector-valued function v,

2(curle(v))' = grad curl v, (2.191)
2[(curle(v))'],, = grad, (curlv)p, (2.19¢)
curlv = np(curly vp) + rotz(v - ng) + np X Opv, (2.19h)

2[e(V)]nr = 2[e(v)pn] = grad,.(v - ng) + Oyvp, (2.191)

trp(rotpul) = curl pug. (2.19j)
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2.5 Exact sequences on simplicial meshes

2.5.1 Function spaces

We summarize all the Hilbert spaces and discrete spaces needed to define the discrete

sequences. All the notations can also be found in [43,44].

2.5.1.1 Two dimensional case

For any T € T}, in two dimensions (triangles), we define the following spaces by using

surface operators in Section 2.4:
H(,T) :={v e [LX(T)]*: 6v e LAT)}, H(6,T) := {v e H(5,T) : trv|sr = 0},

where ¢ is grad,. (or divy or curl,) and trv is v (resp. v-s, v-t) with s (or t) denotes

the outward unit normal (resp. the unit tangential) of 97"

Next, we define the Nédélec spaces (without and with boundary conditions) with

respect to the two-dimensional splits 7% (with choices within 7 or TP®):

Vaie o (T7) = {v € H(divp, T) 1 v|q € [P(T)]*,¥Q € T"},

Vit (T7) = Vil . (T") N H(div, T)

Vourt o (T7) == {v € H(cutly, T) : vlg € [P(T)]*,VQ € T"},
‘O/:ilrl,r (T*) = ‘/C}Jrl,r(T*) N [‘O[(CUI'IF, T)7

VA(T*) = {v e L*T) : v|g € P.(T),VQ € T*},
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VAT™) = VAT N LE(T),
the Lagrange spaces,

L(T*) := VA(T*) N H(grad,, T), LAT*) == LAT*) N H(grad,. T),
LH(T) = (LT LH(T) = [T,

L7(T7) = L(T), L2(T*) == LU(T*) N LY(T),
and finally the (smooth) piece-wise polynomial subspaces with additional continuity:

SUT*) = {v € LUT*) : grad, v e Ll (1)},
SUT*) = {v e LUT) : grad, v e L1 ,(T7)),
Sk (T%) = {0 € LA(T™) : divpw € L2 ,(T7)),
Sk (T%) = {v € LAT™) : divew € L2,(T7)),
St (T%) = {v € LA(T") : cwrlpw € L2, (7)),

SE o (T%) == {v e T : curlpv e 2 (T},

curl,r

RUT*) :={v € SUT*) : v|sr = 0}.
In addition, for Powell-Sabin splits, two intermediate spaces need to be introduced:

VA(TP) := {v € V2(T™),v is continuous at z., Ve € Ay (T)},

VAT™) = VAT™) 0 L3(T).



2.5.1.2 Three-dimensional case

The Nédélec spaces with respect to the local Worsey-Farin split 7%/ are given as

VT = [P(TY) P N H(cur, T),  VHT) := VHT") N H(curl, T),
VAT = [P(TYN PN H(div,T), V(T := V3TN H(div, T),

VAT) = PT™), VAT) = VAT N (D)
The Lagrange spaces on T%/ are defined by

L(T0) = PUT ) A HNT),  L(T™) = LUT™) A (T,

L, (T*7) = [LY(T)P, Ly(TT) = (LT,
and the discrete spaces with additional smoothness are

STy = {u € LY(T™Y) : gradv € L} (T},
ST = {u € LOAT™) : gradv € L', (T},
SHTYY = {u € LT : curlv € L} (T"1)},

SHT™ ) = {u € LY(T™) : curlv € L_ (T"")}.
We also define the intermediate spaces

VAT .= {v € VA(T"') : v x n is continuous on each F € Ay(T)},
VAT = {v e V2(T™) : v-n =0 on each F € Ay(T)},
V3T = {q € V3(T"7) : q is continuous on each F' € Ay(T)},

V3= V(TT) A L(T),

34
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and note that

STy C LT, SHT C L(T™T) c VT,

LA(T™T) € VI(T™T) < VA(TT), VX (TT) c VT,

with similar inclusions holding for the analogous spaces with boundary conditions.

2.5.2 Local discrete sequences with respect 2D splits

In this section, we state several local discrete de Rham sequences on Clough-Tocher
splits and Powell-Sabin splits with various levels of smoothness. These sequences
play an important role not only in the two-dimensional elasticity sequences, but
also in the analysis of the results related to Worsey-Farin splits. For any T € Ty,

(triangles), T* could be chosen within 7" or TP,

Theorem 2.5.1. Let r > 2. The following sequences are exact [12,41,43].

grad curl

R— LYT") — Vaa,o(T") — V2,(I") — 0, (2.200)
0 * gradp 1 * curlp 2 *

R — S?“ (T ) — Scurl,r—l<T ) — LT—Q(T ) — 07 (220b)
0 * gradp 1 * curlp 2 *

R — S(T%) — L,_,(T7) — V2,(T") — 0, (2.20¢)
" 0 * gradp . 1 * curlp o 2 *

0— Lr(T ) — ‘/Ycurl,r—l(T ) — ‘/7"—2(T ) — 07 (220d)
&0 * gradp 1 * curle o 2 *

0 — S(T") — Seu,(T7) — L (T") — 0. (2.20e)
&0 ct gradp 1 ct curlp 2 ct

0 — S;(T") — L._(T%) — VI, (T") — 0. (2.20f)
&0 pPs gradp 1 ps curle 2 ps

0— S)/(T™) — L. (T™) — V,(T%) — 0. (2.20g)

Theorem 2.5.1 has an alternate form that follows from a rotation of the coor-
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dinate axes, where the operators grad, and curlp are replaced by rotyp and divp,

respectively.

Corollary 2.5.2. Let r > 2. The following sequences are exact [12,41,43].

B — LT 5 Va0 D5 v, — o,
rotp divp
R — SS(T*) — Séiv,r—1<T*) — Lz—Q(T*> — 07
rot divp
R — SHT*) — L_y(T7) — V2,(T") — 0,
o rotp dive
O — L70"<T*) — leiv,'r—l(T*) — ‘/;"Q—Q(T*) — 07
o rotp dive
0— SHT*) — Sclliv,r—l(T*) — L2,(T") — 0.
o rotp divp
0 — SUT) — LI (T) — V2,(T) — 0.
o rotp divp
0 — SOTP) — Ll (T™) — V2,(T™) — 0.

2.5.3 Local discrete sequences on Worsey-Farin splits

(2.21a)
(2.21b)
(2.21c¢)
(2.21d)
(2.21e)

(2.21f)

(2.21g)

The next lemma summarizes the exactness properties of several (local) sequences

using these spaces. Its proof is found in [44, Theorem 3.1-3.2].

Lemma 2.5.3. The following sequences are exact for any r > 3.

R—) LO(wa) grad V (wa) curl V (Tu)f) div ‘/71373(wa) —>O,

div

0 — LO(Tery B2yt (pedy 2y 2 (pedy 2y (7l 0,

R S STy B2 1L (7efy 2y (el Y v el o,

grad div

0 — SO(TwFy B2 (1 (pofy 2y p2 ey &y 3 (el S 0.

R S SO(Twf) £ gt () 2l 12 pedy &y ey o,

(2.22a)

(2.22D)
(2.22¢)
(2.22d)

(2.22¢)
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0 — SO(T™Fy B2 g1 (pwfy el (2 (pefy &y P8 (pefy 50,0 (2.226)

r

The following lemma summarizes the degrees of freedom (dofs) for L} |, V2,

and V3 , firstly given in [44, Lemmas 5.4-5.6].

Lemma 2.5.4. Let r > 3.

(a) A function 7 € LL_[(T*7) is uniquely defined by the following conditions:

7(a) Va € Ao(T) (2.23a)
/T -k ds Vi € [Pr_s(e)]?, Ve € A(T), (2.23b)
/ﬂcurl T te]er ds Vi € P._s(e), Ve € AL(F)\{ep}, VF € Ay(T),

e (2.23¢)
/ [eurl 7-t..]eprds Vi € Pr_oler), YF € Ay(T), (2.23d)
/F(T ‘np)kdA Vi € RY_(FY), VF € Ay(T), (2.23e)
/F (curlp 7p)k dA Vi € V2, (F®), YF € Ay(T), (2.23f)
/F T - kdA Vi € grad, SO(F), VF € Ay(T), (2.23g)
/Tcurlr -kdx Vi € curl L1, (T™7), (2.23h)
/TT -kdz Vi € grad SO(T™). (2.231)

(b) A function p € V2,(T%F) is uniquely defined by the following conditions:

/[[p to]ok ds Vi € P,_s(e), Ve € AL(F)\{er}, YF € Ay(T),
(2.24a)

/ -t ]oorids Vi €Prsler), VF € Ao(T), (2.24b)
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/(p -np)kdA Vi € V2, (F), VF € Ay(T), (2.24¢)

F

/(divp)/i dx Vi e V2, (T"), (2.244d)
T

/p -kdx Vi € curl L1, (T7). (2.24e)
T

(c) A function v € V2 5(T%)) is uniquely defined by the following conditions:

vdx (2.25a)

/
/ v-rdr VK€ ‘0/7,3_3(wa). (2.25D)
T

2.5.4 Dimension counts

The dimensions of the spaces in Section 2.5.1 are summarized in Table 2.1 and 2.3.
These counts essentially from Lemma 2.5.3 and Theorem 2.5.1 and the rank-nullity

theorem; see [43,44,44] for details.

Table 2.1: Dimension counts of the canonical (two—dimensional) Nédélec, Lagrange,
and smooth spaces with respect to the Clough—Tocher split. Here, dim leiv,r (T%) =

dim Vi, (T) =: dim V! (1)
k= k=1 k=2

dim VHT®) | 53" +3r +2) 3(r+1)? Sr+1)(r+2)
dim VF(T) | 2(3r2 = 3r +2) 3r(r+1)  2(r+1)(r+2)—1
dim Lk (7<) B 4+3r+2)  3P+3r+2  1(3r*+3r+2)
dim Lk (Te) (32 =3r+2)  3r?—3r+2 Sp(r—1)
dim S¥(T) S(r*—r+2) 3r? +3 T(3r% 4+ 3r +2)
dim SF(T) 3(r* —5r 4+ 6) 3r2 —9r+6 Sp(r—1)
dim RE(T) | 3(r — 1)(r — 2) [55] — —

We need the dimensions of these spaces to compute the dimensions of elasticity

spaces derived later.
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Table 2.2: Dimension counts of the canonical (two—dimensional) Nédélec, Lagrange,
and smooth spaces with respect to the Powell-Sabin split. Here, dim Vg, .(T?) =

dim V4, (T7) = dim V1 (T%)
k=0 k=1 k=2

dim VF(T) | 3r° +3r+1 6(r + 1) 3(r+1)(r+2)
dim VF(TP) | 3r2=3r+3  6r2+6r+2 3(r+1)(r+2)—1
dim LF(TP) | 3r2+3r+1  2(3r? +3r+1) 3r? +3r+1
dim L¥(T%) | 3r2—3r+3  6r2—6r+6 3% — 3r 42
dim S*(TP) | 3(r2 —r+1) 6r% + 3 3r¥ 4+ 3r+1
dim SH(T%) | 3(r2 — 5r +6) 6(r —1)(r — 2) 3r(r—1)
dim VF(T®) — — 3(r+1)(r +2) — 4

2.5.5 Global de-Rham squences on different refinements

We present below the global exact de Rham sequences on Worsey-Farin splits which

are needed to construct elasticity sequences; for more details, see [44, Section 6:
0= SUT) 5 L) =5 92,(T) S5 VE(TY) =0, (2260)

0 — SUTM) E2% S (T!) < £2 (T 25 42 4(T) — 0, (2.26b)

where the spaces involved are defined as follows:

SUT) = {q € C'(Q) : qlr € SYT™), VT € Ta},

S (T = {v e [CQ): curlv € [C(P, v]p € SE_((TY)VT € Tr},
Ly (T) = {v e [CQP s vlr € £, (T), VT € T},
L2(Ty") = {w € [ : wlr € £]_,(T"), VT € Ta},

K2(T) = {w € H(div; Q) : wlp € V2o(T*), VT € Ty,

Oe(w-t) =0, Ve € E(T;")},

P24(Ta") = {p € LX(Q) : plr € VE4(TY), VT € Th, 6.(p) = 0, Ve € E(Ty)},
VST = Ps(T),
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Table 2.3: Dimension counts of the canonical Nédélec, Lagrange spaces and smoother
spaces on a WEF split. Here, the superscript + indicates the positive part of the
number.

k=0 k=1
VE(Tw) 2r+1)(r*+r+1) 2(r +1)(3r? + 67 + 4)
SRy | 2r = 1) —r +1) 2r +1)(3r2 + 1)
Lk(Twr) 2r+1)(r*+r+1) 32r +1)(r* +r+1)
LE(Twr) (2r —1)(r2 —r +1) 32r —1)(r2—r+1)
VE(T"T) —
Sk(TwT) 2r3 — 6r2 +10r — 2 3r(2r? — 3r +5)
SUTT) | 2r=2(r=3)(r=4)" (38(2r=3)(r—2)(r—3))"

k=2 k=3
VETY | 3(r+1)(r +2)(2r + 3) 2+ 1)(r +2)(r +3)
SR | 3(r 4+ 1) (r + 2)(2r + 1) 2% 4+ 12r% 4 22r + 11
Lk (TS 32r + 1)(r* +r+1) 2r+1)(r* +r+1)
LE(Tes) | 3(2r — 1)(r2 — 7 + 1) (r—1)(2r =7 +2)
VET) | 6r® 4+ 210 + 97 + 2 2r3 +12r2 + 10r + 3
Sk(Tw]) 6r° + 8r + 2 2r +1D)(r?+r+1)
SOUTeT) | (2(r —2)(3r% — 6r +4)) " (r—1)(2r2 —r +2)

and we recall 6,(-) is defined in (2.9).



CHAPTER THREE

Shape regularity of Worsey-Farin

Splits
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The goal of the chapter is to derive the shape regularity of three dimensional Worsey-
Farin splits. For the meshes used in the finite element methods, the shape regularity
of the underlying mesh is a critical geometric property for approximation theory. To
be more precise, as mentioned in the introduction, it is necessary to ensure optimal-
order and uniform interpolation estimates and to do the stability analysis of a finite
element method. For example, in Chapter 4, the shape regularity of Worsey-Farin
splits is needed for achieving uniform bounds in the convergence analysis of the

Maxwell eigenvalue problem.

It was conjectured in [53, Page 515], [3, Remark 14|, and [4, Page 54| that Worsey-
Farin splits of a family of shape regular meshes remain shape regular. However, to
the best of our knowledge, a proof of this result has not yet been published in
the literature. The goal of the chapter is to fill this gap and we prove that three
dimensional Worsey-Farin split inherit their parent triangulations’ shape regularity.

To be more precise, the following theorem will be proved:

Theorem 3.0.1. There exists a constant ¢; > 0 only depending on ¢y, the shape

reqularity constant of Ty, given in Definition 2.2.4 such that

K
max — < cj.
KeT"l PK

For an explicit formula of ¢y, see (3.8) and (3.5).

This chapter is organized as follows. In Section 3.1, we show the shape regularity
of Worsey-Farin splits is solely determined by the shape regularity of the parent mesh.
We first prove the dihedral angles are bounded by quantities that only depend on
the shape regularity of the original mesh (see Lemma 3.1.3 below). Using this result
we prove the crucial result that the split points of each face F' in the triangulation

is uniformly bounded away from OF’; see Lemma 3.1.4. From this result, the shape
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X
X5
2,0
o
Zie0
& PW,O,S My 34172034 X3
(a) Two adjacent elements of the mesh. (b) The common face

Figure 3.1: A representation of the Worsey-Farin splits.

regularity of Worsey-Farin refinements is then shown. In Section 3.2,we present some
numerical experiments to demonstrate the relationship between the shape regularity

of Worsey-Farin splits and the original mesh.

3.1 Analysis of the shape regularity of Worsey-

Farin splits

To prove Theorem 3.0.1, we need to consider two cases: interior and boundary faces
of T;,. The case of boundary faces is simpler, so we first focus on the interior faces.
For that case, it is sufficient to consider two adjacent elements of the mesh 7. To
this end, let 77,75 € T, be two tetrahedra that share a common face F,. We write
Ty = [x1, 29, 3, 24], To = [21, T3, 4, T5], so that the common face is Fy = [z, x3, T4].
We further set Fy = [x9, 23, 24], and let z; be the incenter of T}, i = 1,2 (see Figure
3.1a). For i = 1,2, we denote by z;( the orthogonal projections of z; onto the plane
containing the face Fj (see Figure 3.1b). Likewise the orthogonal projection of z;

onto the plane containing the face Fj is denoted by 211 (see Figure 3.2a). We denote
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the split point of the face Fy by my, i.e., mq is the intersection of the line [z, z5] and

Ey.

3.1.1 The position of split points and bounded dihedral an-

gles

The following proposition shows the relation between the split point mg and the

projections z;, ¢ = 1,2 of the incenter on the face Fy.

Proposition 3.1.1. The orthogonal projections z;o (i = 1,2) lie in the interior of

Fy, and the split point mg lies on the line segment [z1, 200]. Furthermore, we have

dist(myg, OFy) > rgir% dist (2,0, 0Fp).

Proof. The proof of [53, Lemma 16.24] shows that mg lies on the line segment

(21,0, 22,0] and that z; ¢ (i = 1,2) lie in the interior of Fj.

Let ¢;, i = 1,2, 3 denote the lines that contain the three edges of Fy. Because my
lies on the interior of the line segment [z, 20|, there exists a constant 6 € (0,1)
such that mo = 6z + (1 — 0)230. Then by constructing similar triangles, we have

dist Fy) = min dist ;
ist(mg, 0Fp) min dis (mo, £;)

— min (edist(zl,o,ei) +(1 _e)dist(zw,e,-))

1<i<3

> 0 min di ‘ B - A
>0 in dist(z1,0,4;) + (1 —0) Iin dist(z2,0, £;)

= 9diSt<2170, 8F0) + (1 — Q)dist(zzo, 8F0)

> mig dist (2,0, 0Fp).
=1,
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ZO ,OT
2
z
PT
2
’ Oe; /2
Vi IZi
(a) The projection of z; on face Fy and
F. (b) The plane through the incenter.

Figure 3.2: A representation of the dihedral angle.

The following lemma tells us that the dihedral angles of tetrahedra determine

the distance of z;0, i = 1,2 to 0Fy.

Lemma 3.1.2. Let T be a tetrahedron, and for each face F' € Ay(T), let zp g denote
the orthogonal projection of the incenter of T onto F. Let o, be the dihedral angle
of T with respect to e € Ay (T). We have

, , . pr |1+ cos(a.)
dist oF)> — . 3.1
PeAs(T) (o1 )_eenAli?T) 2 \/ 1 — cos(a) (3-1)

Proof. We prove the lemma using the labeling depicted in Figure 3.2. Let z be the
incenter of 7" and denote the four faces F; € Ay(T') for ¢ = 0,...,3. Let z; be the
orthogonal projection of z onto the plane containing F; and note that |[z, z;|| = pr/2.
We need to find a lower bound for dist(zy, 0F;) (¢ = 0,...,3) and without loss of
generality we consider the case ¢ = 0. To this end, let e;, = 0FyNOF;, i = 1,2,3 and

furthermore let ¢; be the line containing e;.

Let 7; be the plane determined by the points z, zy, and z; and let v; = ¢; N ;.
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The line ¢; is perpendicular to the plane ~;, and thus ¢; L [v;, z;] for j = 0,4¢. This

implies

dist(z;, ;) = |[zj,vi]], 7 =0,4, and o, = Lzgv;z; = Lzvizg + L20;%;.

Next, note the properties [z, z;] L [z;,v;] for j = 0,7 and |[2, z;]| = pr/2 imply
that the triangles [z,v;, 29| and [z,v;, ;] are congruent (see Figure 3.2b). Conse-

quently, Zzv;zg = Zzv;z; = ., /2 and so

dist (20, ) = |[20, v:]| = % - %T, /% (3.2)

Thus, we have

. L . pr |14 cos(ag,)
> ) = min 22, [ 2O .
dist(z, OFpy) > min, dist(zo, £;) min =4/ cos(a) (3.3)

It is well-known that shape regularity of a mesh leads to bounded dihedral angles.

To be self-contained, we present a proof here.

Lemma 3.1.3. Recall the shape regqularity constant cy of Ty, given in Definition 2.2.4.

Fiz T € Ty, and let e denote the dihedral angle of T with respect to e € Ay(T). We

| cos(ae)| < 4/1—¢;? Ve € A(T). (3.4)

then have

Proof. Write T' = [x1, z3, 3, 4], consider the edge e = [x3,z4], and let ¢ be the line
containing e; see Figure 3.3. Let A be the orthogonal projection of x; onto the plane

v containing the face [z9, x3, 24, and let B be the point on ¢ such that [z, B] L /.
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Figure 3.3: Computing dihedral angles.

Note that [z1,B] L ¢ and [x1, A] L ¢ implies [A, B] L ¢. Since |[z1, A]| > pr by

Proposition 2.2.6 and |[z1, B]| < hy, the dihedral angle of e satisfies

: |[.’L’1,A]| Pr -1
si(a,) = > — >c .
(@) = [z, By 2
Therefore, we have | cos(a,)| = /1 —sin®(a.) < /1 — ¢ |

Combining Proposition 3.1.1, Lemma 3.1.2 and Lemma 3.1.3, we have the fol-
lowing lemma which describes the position of split points. We also include the case

for boundary faces.

Lemma 3.1.4. Recall that mp is the split point of F' constructed by the Worsey-

Farin split. For any face F of Ty,

dist(mp,0F) > ¢y min hy,
TeTh
FeAy(T)

where

(3.5)

\/1—052'

2
co = min{cy, (3cg) '}, o= (200)_1\/—1 + =
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Proof. (i) F is an interior face. In this case F' € Ay(T') and F' € Ay(T") for some
T,T" € T,. Without loss of generality, we assume dist(zg g, 0F) > dist(zrp, OF).

Proposition 3.1.1 and Lemma 3.1.2 tell us that

dist(mp, 8F) Z diSt(ZT’F, 8F)

. pr |14 cos(a.
> min —y/—+—%= min —
eeA (1) 2 \[ 1 — Cos(a eEAl(T 1 — Cos oze)
2 : 2 2
If cos(a.) > 0, then T = 2, and if cos(ae) < 0, then e = Tieaw 2

H\/—— by Lemma 3.1.3. Consequently,

dist(mpg,0F) > min —\/ > cohr.
1 — cos ae)

ecA(T

(ii) F' is a boundary face. Without loss of generality assume that
dist(mp, OF) = dist(mp, £)

where F' = [x1,23,14], € = [x3,24], and £ is the line containing e. We further
adopt the notations in the proof of Lemma 3.1.3; see Figure 3.3. Because mp is the

barycenter of F', we have

1
]F| —dlst(mp,ﬁ)]e|

Moreover, clearly

1
|| = 5 lell[x1, B].

And therefore, since |[z1, B]| > |[z1, A]| > pr, (where we used (2.8) and the right
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triangle [z1, A, B]) we get

. 1 1
dist(mp, £) = §|[:c1, B]| > 3pT (3¢co)™ ho

3.1.2 Proof of Theorem 3.0.1

Now we are ready to use Lemma 3.1.4 to prove Theorem 3.0.1.

Proof of Theorem 3.0.1. Let K € 7;:”f, and let T € 7T, such that K € T%/. We
write T = [x1, X, T3, 4], and assume, without loss of generality, that e := [z, x5] is
an edge of both 7" and K. Let F' € Ay(T') such that the split point mpg is a vertex
of K. In particular, e € A{(F) and K = [z, o, mp, 27|, where z7 is the incenter of

T. We futher denote by ¢, the line containing the edge e.

We again adopt the notations in the proof of Lemma 3.1.3 and refer to Figure
3.3. Note that [z1, A] is normal to the plane « containing [z, 3, z4], in particular,
[z1, A] L [A,25]. Thus |e| = |[z1,22]| > |[z1,A]] > pr by (2.8). Now we have

hx < hr, pr < le| < hy and, by Lemma 3.1.4, the volume of K is

1 1
K] = 350 |[er, a0, m]| = Sprleldist(mee, 0
1 ) Co €2 C2 (3:6)
> — padist(mp, OF) > — p2 hi) 2 5 Tl
> ppPrdist(me, OF) = opr (i ) 2 opr > 12¢ "
FEAQ(T/)

Here we also used

min  hp > le| > pr.
T'€Th
FEAQ(T’)
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Additionally, each face of K is contained in a circle with radius hx /2, and thus we

have

ooFp< > %_wh; (3.7)

FeAs(K) FeAs(K)

Consequently, with Proposition 2.2.5, (3.6) and (3.7), we have

P = 6‘K| > Cgh%ﬂ > CQhK
S |F| T 2wcghi T 2wl

FeAs(K)
Thus, setting
2mey
C1 = s (38)
Co
we have Z—;{ < ¢;. Because K € 7'hwf was arbitrary, we conclude maxf hie < c. 1
KeT,”

3.2 Numerical experiment

The bound ¢ in (3.8) is not an optimal estimate and we use the following numerical
experiment to show this. We compute the shape regularity constants ¢y and ¢; for
the triangulation of a unit cube and its Worsey-Farin refinements (see Figure 2.4b
and Figure 2.4c) and see the relationship between them. To be more precise, we
firstly split the unit cube into multiple sub-cubes with size % X % X %, j=5,..14
and then we split each sub-cube into 6 tetrahedra which is the original mesh 7j.
After we get the the shape regularity constants ¢y and ¢; for 7, and its Worsey-Farin
refinements 7;“Jf , we want to know if we can find an « such that ¢y < C¢f, where C'

is a constant.

Note here for this specific example, the numerical approximation of « is 2. We

could see that there do exist some relationship between the shape regularity of a
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Co 51 0%
24.380 3802.276 -
46.984 15763.493 2.1677
92.228 64260.478 2.0835
182.732 259557.684 | 2.0417
9 | 363.749 | 1043367.702 | 2.0208
10 | 725.786 | 4183851.537 | 2.0104
11 | 1449.862 | 16756275.107 | 2.0052
12 | 2898.017 | 67066946.197 | 2.0026
13 | 5794.326 | 268351584.352 | 2.0013

o O Otf=—:

Table 3.1: The relationship between the shape regularity of a Worsey-Farin refine-
ment with its parent triangulation.

Worsey-Farin refinement with its parent triangulation even though our theoretical

result is not optimal.

3.3 Conclusion

We have settled a conjecture concerning the shape regularity of a Worsey-Farin
refinement of a parent triangulation. As described in the introduction, this is a crucial
bound to obtain approximation results for splines; see for example [53, Theorem
18.15]. However, based on initial numerical calculations, the constant ¢; in Theorem
3.0.1 that relates the shape regularity of the parent triangulation (i.e., ¢y) and its
Worsey-Farin refinement is most likely not sharp. In particular, the theorem suggest
that c¢; scales like ¢j which could be quite large even for a good quality parent
triangulation. We hope that this work leads to further investigations and sharper

estimates will emerge.
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As we mentioned in the introduction, it is well known that using Lagrange finite
elements to approximate Maxwell’s eigengvalue problem leads to erroneous approx-
imations on general triangulations (see for example [10, 17]) while Nédélec edge
elements give reliable approximations to this problem. However, Wong and Cen-
des [63] showed numerically Lagrange FEM give the correct approximations on cer-
tain meshes: Powell-Sabin meshes in two dimensions and Worsey-Farin meshes in

three dimensions.

The work here for three dimension is more involved than the two dimensional
analysis given in [20]. In particular, we need to develop two Fortin-like operators
whereas in [20] only one was needed. To do this, we exploit that Lagrange elements
on Worsey-Farin splits also fit into an a discrete de Rham sequence [44]. Then, using
the degrees of freedom given in [44] we construct a Fortin-like operators for both curl
and divergence operators and use certain embeddings to prove that these operators

are bounded.

This chapter is organized as follows. In the next section, we state the Maxwell
eigenvalue problem and its mixed formulation. We also introduce general primal
and mixed finite element methods for the eigenvalue problem and present a con-
vergence framework. Section 4.2 summarizes some exactness properties of finite
element spaces on such meshes, and constructs a Scott-Zhang-type interpolant. In
Section 4.3, we construct two Fortin-like operators and show the stability estimates
for those two operators. As a byproduct, in Section 4.4, we show convergence of La-
grange finite element methods for the Maxwell eigenvalue problem on Worsey-Farin
triangulations provided the polynomial degree is at least two. Finally, in Section
4.5, we present some numerical experiments illustrating that continuous piecewise
polynomials can be applied to three dimensional Maxwell eigenvalue problem after

Worsey-Farin refinement.
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4.1 The Maxwell’s eigenvalue problem, its dis-

cretization, and convergence framework

Throughout this chapter, let Q2 C R? be a contractible, Lipschitz polyhedral domain.
Recall the Maxwell’s eigenvalue problem (1.1) mentioned in the Introduction. When
n # 0, it is equivalent to a mixed formulation given by Boffi et al. [18]: find A € R\{0}

and 0 #£ p € ﬁ(divo, 0), 0 € ﬁ(curl, ) such that:

(o,7) + (p,curl7) =0 V7 € H(curl, Q),

(curlo, q) = —A(p, q) Vg € ﬁ(diVO> Q),

where
H(div’, Q) :={v € H(div,Q) : divo = 0}

We note that ﬁ(divo, Q) = curlﬁ(curl,Q), and also A = 1%, o0 = u and p = —%.

Similarly, an equivalent mixed formulation of the discrete problem (1.2) ( when

Ny, # 0) is given by: find A\, € R\{0} and 0 # p, € 2}, 0, € ¥}, such that:

(on, ) + (pn, curl,) =0 V1, € Y,
(4.2)

(curlon, gn) = —An(pn, qn) Van € 2,

where 2, := curl 7},. Analogous to the continuous setting, we have A\, = 77,%, oy = Uy,

__curluy

and py = "

We follow the classical theory (e.g., [17, Section 14]) and analyze the mixed finite
element method (4.2) by considering the corresponding source problem. Define the

solution operators A : [L2(Q)]* — H(curl, Q) and T : [L3(Q)]* — H(div°,Q) such
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that for given f € [L?(Q2)]3, there holds

(Af,7)+ (T f,curlT) =0 V7 € H(curl, Q), (43)
(cwlAf,q) = (f,q) Vg€ H(dn’,0) |

Likewise, the discrete solution operators Ay, : [L*(Q)]* — ¥, and T, : [L*(Q)]* — 2y,

are defined as

(Anf,m)+ (Thf,curlm,) =0 V1, € M,

(CU.I'I Ahf7 Qh) = (f7 Qh) VQh S o@h-

(4.4)

4.1.1 Convergence theory

It is well known that the convergence of the eigenvalues to the discrete problem (4.2)
converge to the exact eigenvalues (given in problem (4.1)) provided the source prob-
lem converges uniformly (see for example [17, Section 7]). In the next proposition,

the operator norm is defined as

T
)= sup 1T le (15)
feL2(Q)\{o} ”fHLQ(Q)

Proposition 4.1.1. Let T and T, be defined from (4.3) and (4.4), respectively, and
suppose that | T — Th|| — 0 as h — 0. Consider the problem (4.1) with the nonzero
eigenvalues 0 < X < X® < ... and the problem (4.2) with the nonzero eigenvalues

0< )\](11) < )\,(12) < .... Then, for any fixed i, limy_,o )\g) =\,

It will suffice to verify one assumption of our discrete spaces to guarantee ||T" —
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T;|| — 0. To describe this assumption, we introduce the space
VN D) ={r eV culT € 2} (4.6)

Assumption 4.1.2. We assume the existence of a projection I1y : ¥*(2),) — ¥,

such that

curlITy 7 = curlr Vr e VN 2y),

”Hy/’f — 7'” S CL)Q(h)(HT”H1/2+6(Q) + HCurlTHL2(Q)) VT € %t(gh)

Furthermore, we assume that the L2-orthogonal projection Pg : [L*(Q)]* — 2,

satisfies
|Pop — p||L2(Q) < CUl(h)”Curlp“LZ(Q) Vp € H(curl, Q)N ﬁ(divo, Q). (4.7)

Here, w; > 0 satisfies lim;,_,o+ w;(h) = 0 for : = 0, 1.

With this assumption we have the following result. We give the proof of this

result in the Appendix B; it is similar to the argument in [20].

Theorem 4.1.3. Suppose that (¥}, 2y) satisfy Assumption 4.1.2 and let T and T,

defined as in the equations (4.3) and (4.4), respectively. Then we have

IT = Th| < Clwo(h) +wi(h)). (4.8)

The following corollary is a consequence of the above theorem and Proposition

4.1.1.

Corollary 4.1.4. Consider the problem (4.1) with the nonzero eigenvalues 0 <
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2D <A@ < ... oand the problem (4.2) with the nonzero eigenvalues 0 < )\,(11) <

)\22) < ---. Suppose that (¥}, 2y) satisfy Assumption 4.1.2. Then, for any fized 1,

4.2 Finite element spaces on Worsey-Farin splits

The global sequence without boundary conditions (2.26a) is defined in Section 2.5.5.

We also consider the sequence with appropriate boundary conditions:

0 — SUTRIY B2 £t My, T VB (T - 0, (4.9)
where
£ =L (TP 0 Hewl, Q), ¥, = 2 ,(T*) N H(div, Q). (4.10)

Although the sequence (2.26a) is only considered in [44], the exactness of the sequence

with boundary conditions (4.9) holds by a simple counting argument.

4.2.1 Equivalence norms assumptions

We will use the dofs defined in (2.24) to build Fortin-like projections. Unfortunately,
the dofs are not preserved with a covariant Piola transform, as is the case for the
Nédélec elements [57]. Rather, our strategy to prove estimates of the projections is
to map a tetrahedra to a unit size tetrahedra via dilation. To this end, we define

scaled tetrahedra.

Definition 4.2.1. For a tetrahedron 7" € T, define its dilation and induced Worsey-
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Farin split

o ) 1
T=—Ti={—:2eT), T={—K:KeT"}. (4.11)
hr hr hr

Note the scaled tetrahedra 7" are of unit size, and T/ inherit the shape-regular

properties of 7%/, From now on, unless otherwise specified, we denote 9() = v(hr)

(z € T) where v is either a scalar function or vector-valued function.

As a first step, we note that Lemma 2.5.4 and equivalence of norms in finite

dimensional spaces immediately give the following lemma.

Lemma 4.2.2. Consider T € Ty,

(a) Let GE, i = 1,...,my be the functional given by dofs (2.23) on T, where my
is the dimension of L1_,(T"f). Then, there exists a constant B(T*/) > 0 such

that

mp,
9]l 2y < BE) D IGE@®)], Vo € Ll (T).
=1

(b) Let GN, i =1,...,my be the functional given by dofs (2.24) on T, where my
is the dimension of V2, (T"F). Then, there exists a constant 0(T"F) > 0 such
that

my,
[Bll 2y < 6T Y IGY @), W0 € V2 (T).
i=1

In the following, we make an assumption concerning the uniform bound of the

constants appearing in Lemma 4.2.2.

Assumption 4.2.3. There exists constants 6, 5 > 0 that depend only on the shape
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regularity of {7,} and polynomial order r such that

0(T") <0, VT €T,

BTy <8, VT €T

Remark 4.2.4. One common approach (see for example [62]) to verify this assumption
is to argue that the constants 6(7*/) and B(T%f) are continuous functions of the
vertices of T/, If so, since the vertices live on a compact set, such a result implies

the uniform bounds stated in Assumption 4.2.3.

4.2.2 The modified Scott-Zhang interpolants

The Fortin-like projections utilize Scott-Zhang-type interpolants onto piecewise lin-
ear polynomials that preserve zero tangential or normal boundary conditions. The
proof of the following lemma can be found in the appendix. To state the lemma we

denote the patch around 7"

W= J 1
T'€Th
TNT'#0
Lemma 4.2.5. Let 0 < § < L. There exists a projection I : [HY/*F(Q)]P —

L1(T) with the following bounds:

- -6 Ccur. Ccur.
hy 270l = I || gy + I | g1y < ClT vz oy vre [H'/*H(Q)
(4.12)
for all T € Tp,. Moreover, if 7 € [HY*(Q)]* N H(curl, Q) then I§'r € LY(T,) N
H(curl, Q).

There also exists a projection I8 : [HY/**0(Q)]3 — L2(Ty) with the following
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bounds:

h;l/%éHT—I#UTHm(T) + 1T ey < CNTllgaszes opry) V7 e [HY*H(Q)
(4.13)
for all T € Tp,. Moreover, if T € [HY?*°(Q)]3 N ﬁ(diVaQ); then Isz € LUTw) N

o

H(div, Q).

4.3 Construction of two Fortin-like projections

With all those preparation, in this section, we work on constructing projections that

conform to the framework given in Section 4.1. Firstly, let

HP (curl , Q) := {v € [LA(Q)] : curlv € ¥2,(T,"))} € H(curl, Q).

4.3.1 Definition of Fortin-like operators

The following operators are defined through the use of Lemma 2.5.4. We separate
those degrees of freedom into two parts with one part affecting commuting properties

and the second one not.

Definition 4.3.1. Define the operator II;, : HP(curl,Q) n [HY?H(Q)? —
Ei_l(ﬁwf) such that on each T € Tj,

/(HL’U “te)kds = /(v “te)kds Vk € Pr_3(e), Ve € A(T), (4.14a)
/[[curlHLv te]ek ds = /[[curlv “te]ek ds Vi € Pr_3(e), Ve € AL(F)\{er},

VF € Ay(T), (4.14D)
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/ [eurl I v - te,]eprds = / [curlv - te,eprds Vi € Pr_a(er), VF € Aq(T),
er €F

(4.14c¢)
/F(curlp (IIpv)p)kdA = /F(curlp vp)kdA Vi € V2 ,(F), VF € Ay(T),

(4.14d)
/Tcurl v kde = /Tcurlv -Kdx VK € curl Iii_l(wa), (4.14e)
(IILv)(a) =0 Va € Ao(T), (4.14f)
/(HLU X te) kds =0 VK € [Pr_s(e)]?, Ye € Ay(T),

(4.14g)

/ (ITpv - ng)kdA =0
F

/HL’UF-IidA:O
F

/HLv'ndx:O
T

Vi € RY_(F), VF € Ay(T),
(4.14h)

Vi € gradp SO (F°), VF € Ay(T),
(4.14i)

Vi € grad SO(T%). (4.14j)

Definition 4.3.2. The operator Iy : [H'/2*(Q)]* N H(div,Q) — #2,(T*7) is

defined such that, on each T' € T,

/[[HNp teerds =0

/[[HNp‘teF]]ands—O

er
/(HNp-nF)/ﬁdA—/(p-nF)/fdA
F F

/T(divHNp)/idx:/(divp)ndx

T

/HNp-Iidl‘:/p-lid:L‘
T T

Vi € Pr_s(e), Ve € AL(F)\{er}, VF € Aqy(T),

(4.15a)
Vi € Pr_a(er), VF € Aqo(T), (4.15b)
Vi € V2 o(FY), YF € Ao(T), (4.15¢)
Vi € V2 (1), (4.15d)
Vi € curl L (T%7). (4.15¢)

Definition 4.3.3. The operator Iy, : L2(2) — V3 ,(T%/) is defined such that, on
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each T € Ty,

/vadx:/vdq:, (4.16a)
T T

/(va)ﬁdx = / vedr Yk e V3 (T"). (4.16Db)
T T

We modify the operator II; to obtain an Fortin-like projection that inherits
the commuting properties of Il and approximation properties of the Scott-Zhang
interpolant I Z“”. To this end, we maintain the dofs that affect the commuting
properties and modify the rest parts with the Scott-Zhang interpolant I¢“" to find

some uniform bounds.

Definition 4.3.4. The operator ITy : HP(curl, Q) N [HY/*H(Q)]2 — £1 (T*) is
defined as
HV — Izurl + HL(]_ . I?Lurl)’

where 1 is the identity operator and IT, is defined in Definition 4.3.1.

The next two theorems state the commuting properties of Iy, and Iy and their
approximation properties in the L2-norm. The proof of these theorems are postponed

to Section 4.3.3.

Theorem 4.3.5. The operator Ty : HP (curl, Q) N [HYV2H(Q)P — L1 (T*7) de-
fined in Definition 4.3.4 satisfies

curl Ty7 = curl 7, V7 € HP (curl, Q) N [HY2H(Q))2. (4.17)
Moreover, under Assumption 4.2.3, the following bound holds:

||Hv7' — THLQ(Q) S C(h1/2+5HTHH1/2+5(Q) + h” CUI'ITHLQ(Q)), (418)
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for any T € HP(curl, Q) N [HY?+(Q)]3. Finally, if
7€ HP(curl, Q) N[HY?+(Q)]° N H(curl, Q),

then Iyt € L.

We also state the analogous result for ITy.

Theorem 4.3.6. The operator Ty : [HY/**(Q)]? N H(div, Q) — #2,(T,"7) defined

in Definition 4.3.1 satisfies
divIIyp = Oydivp  Vp € [HY?*Y(Q)]* N H(div, Q). (4.19)

Moreover, under Assumption 4.2.3, the following bound holds ¥p € [H**(Q)]* N

H(div,Q):

[[TInp — pHLZ(Q) < C(h1/2+6’|p|’[H1/2+5(Q)]3 + thinHLz(Q)),

Vp € [HY?P(Q)]* N H(div, Q). (4.20)

Finally, if p € [HY2(Q)]* 1 H(div, Q) then Typ € ¥,

4.3.2 Bounds after dilation

4.3.2.1 Some inequalities on scaled tetrahedra

We first give several inequalities on the scaled tetrahedra T from Definition 4.2.1.

The proofs of the next three results are shown in Appendix A.

Proposition 4.3.7. Under Definition 4.2.1, we have the following results:
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A

(i) There holds diam(T) = 1 < cops, where ¢o is the shape-reqularity constant
gwen in Definition 2.2.4.

(i1) div o = hydive and curl & = hyeurl v,

(i1i) There holds for 0 < s <1

—3/2—s; —3/2+s
o hy v

—3/2+s
Ho(D) S hy / v

H*(T) < |2AJ Hs(T) Yo € HS(T)

The next result establishes a trace inequality on T.

Lemma 4.3.8. For any 0 € H'/?*(T) (6 € (0, 31), we have 9|y € LP(OT) for

2 <p < 1%. In particular,
o]l oory < Cllolgaersy Vo € HYPH(T),

where C is a uniform constant for all T'.

The following lemma gives an inverse trace operator with estimate. Its proof
is given in [6, Lemma 4.7]; however, for completeness, we provide the proof with

additional details in the appendix.

Lemma 4.3.9. Let é € Ay(T), and let F' € Ay(T) be a face that has é as an edge.
Then, there exists an extension operator E : P,_g(é) — W(T) with 1 < q < 2 such
that (ER)|e = &, Eklyp e = 0 and Ef|gyp p = 0. Moreover, the following estimates

hold:

HE’%HWLQ(F) S CIH'I%HWl*l/‘LQ(é); (4.21&)

||E’%||W1,q(f) < Coll&llwi-1/a.0(); (4.21b)

where Cy, Cy > 0 are two constants uniform for all T.
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4.3.2.2 The estimates

The following two lemmas not only show that the operators II; and Il are well-
defined on their respective domains but also give local estimates on the tetrahedra

after dilating.

Lemma 4.3.10. Let II; be operator given in Definition 4.5.1 defined on T (4.11).

Under Assumption 4.2.3, there holds
HHLQA’HB(T) < C(chrl@”iz@) + H@HH1/2+5(T))> (4.22)

for all & € HY2H(T) with curl v € [P,_y(T%F)]* N H(div, T).

Proof. We bound the corresponding non-zero functionals appearing on the right-
hand side of Definition 4.3.1. We start with the the following estimates, which
follow from Holder’s inequality and inverse estimates (2.5b) that hold since curl 4 is

a piecewise polynomial.

|/[[aﬁ@ Aleivds| < Cllcurl o] o 7l p2e) Vi € L3(), Ve € Ay(T™),e € F
\f(curlpﬁp)/%dA| < Cllewrld|| oy |l oy Vi € L(F), VE € Ay(T),
F

| [ el < feurloll il Vi€ L

We now bound the remaining functionals coming from the right-hand side of
(4.14a) by adopting the technique developed in the proof of [6, Lemma 4.7]. Let
é e Al(T) and let F' € AQ(T) have é as an edge. We choose p such that 2 < p < 1275
in order to apply Lemma 4.3.8. Let & € P,_3(¢), and let Eix € W' (T) be as in

Lemma 4.3.9 (with ¢ = p’ < 2, the Hélder conjugate of p). Integration by parts and
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using Ekle = & and E&[yp , = 0 gives

A

/(@-f)/%ds:/(cTﬁ@)%(E%)dﬁ+/(@xﬁ)~(g1~/aTclER)dA.
é F

F

An additional integration by parts, using E#| of\P = 0, Holders inequality, estimate

(4.21b), an inverse estimate (2.5a) on T and the shape regularity of Twf gives

|/(&ﬁ@)-ﬁ(E@)dA| :\/&H@-g’r\mmdﬂ
F T
<Cllcurl o] o1& llyr-1/0 27 2

<Cllewrl o oy | Allwr-1/ o)-

Using Holder’s inequality, Lemma 4.3.8, and (4.21b) we obtain

| / (6 % 7) - (grad &) dA] < |6 % 2l o | ER oot

< C||@||H1/2+5(T)||’%||W1*1/P’1P'(é)'

Combining the above estimates and using Definition 4.3.1 with Assumption 4.2.3

yields the result (4.22). |

We now derive a similar estimate for ITy.

Lemma 4.3.11. Let Iy be the operator giwen in Definition 4.53.2 defined on T

(4.11). Under Assumption 4.2.3, there holds with a uniform constant C' for all T,

HﬂNﬁHm(T) < C(HdiVﬁHm(ﬂ + Hﬁ|lH1/2+5(T)) Vpe H1/2+5(T) N H(div, T) (4.23)

Proof. Using the estimate in Lemma 4.3.8, the Cauchy-Schwarz inequality, along
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with divp € L2(T), we obtain

‘/F(ﬁ'ﬁﬁ)/%d/i < CHﬁHHl/?Jr(;(T)||’%||L2(F) Vk € LQ(F)> VE € AQ(T)7

‘/T(diVﬁ)/%df < HdiVﬁ”LQ(T)”’%”LQ(T) Vk € L2(T)7

These estimates, combined with Lemma 2.5.4, Definition 4.3.2, and Assumption

4.2.3 yield
ITIND 2y < CUIAY DIl oy + 1N rarzes (7))
where C'is a uniform constant for all 7. [ |

4.3.3 Proofs of Theorems 4.3.5-4.3.6

In order to prove these theorems, we transfer the results for T back to T. We start

with the proof of Theorem 4.3.6.

Proof of Theorem 4.3.6. We first prove (4.19). Let p € [HY/**(Q)]* N H(div, Q) and
set p = (divIIyp — Hydivp) € V2 ,(T,°7). First, by (4.15¢), (4.16a) and Stokes

theorem, we have on each T' € Ty,

/pdx:/diV(HNp—p)dx:/ (IIyp —p) - ndA =0,
T T or

where we use that the constant functions are in P._o(F*) . Next, for any £ €
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V3 ,(T™7), we use (4.15d) and (4.16b) to obtain
/ pkdr = / div (ITyp — p)k dz = 0.
T T
Thus p = 0 by (2.25), and so (4.19) holds.

Next we prove the bound (4.20). For any T € Ty, with 7' defined in (4.11) and

p(z) = p(hr), Vi € T, it is easy to check that ﬁN\p = IIyp by Definition 4.3.2 and

Lemma 2.5.4. With Lemma 4.3.11 and Proposition 4.3.7, we have:

ITp 13y = HEITTNDI 2 ) = H TN

< ORIV DI gy + 1910, o
= Ch%‘(Hleﬁ” _'_ ‘p’H1/2+6(T + Hp”Lz T))

< C(h%Hdiva%Q(T) + h1T+25|p|H1/2+5(T) + ||pH%2(T))>

where the constant C' is independent of hArp.
Then by Lemma 4.2.5, (4.24) and the inverse estimate (2.5a) , we have

ITxp = pll72iry < 20Mnp — Iy plliz ) + 2010 — pllizmy
= 2N (I3 p — P32y + 200" P — Pl ()
< O (R div I3 pl| 72y + b3 lIdiv pll 7

h1+25 ‘ Idw

p—pP s+ 10— plliam)
H3+5(T)

< CU VI pllgaery + halIdiv pll oy + hr ™ llpl?, Ty

)

(w(T))

1428 || ydiv, (12 1426 211 d; 2
< O WPl yss gy + 07PN, s ) + PRIV Pl o)
C’( H%HPHZ%H(W(T» h%“diva%Q(T)).

Summing this result over all tetrahedra 7" € T}, gives (4.20).
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Finally, if p € [HY/2H(Q)]3 N H(div,Q), then it easily follows from (4.15¢) that

IInp - n =0 on 02, which implies IIyp € #,",. [ |

Next we turn our attention to Theorem 4.3.5. To this end, we first state and

prove an intermediate result for the operator Il;.

Lemma 4.3.12. Under Assumption 4.2.3, the operator Iy : HP(curl,Q) N

[HY2H(Q))? — L1 (T defined in Definition 4.3.1 satisfies
curl Tl 7 = curl 7 V7 € HP (curl, Q) N [HY?H(Q))2. (4.25)
Moreover, the following bound holds for any 7 € HP (curl, Q) N [HY?+(Q))?,
ITIL7| r2() < O(HTHL2(Q) + hl/2+6|7—‘H1/2+6(Q) + hl| CurlTHL2(Q)). (4.26)

Finally, if 7 € HP(curl,Q) N [HY2(Q)]3 N H (curl, Q) then 7 € L1,

Proof. We first prove (4.25). Set p = curl Il 7 — curl 7 € #2,(7,*/). Then by
directly using the definition of IT;, we see that p vanishes on the DOFs (2.24a)—

(2.24b),(2.24d)—(2.24¢), and
/(p np)RdA =0 Vi €VZ,(FY),
F

where we used the identity curlp 7 = curl 7 - np. Next, by Stokes Theorem

/p'anA:/curlF(HLT—T)FdA
F F

— Z)/(HLT—T)-tedS:O.

e€AL(F) V¢

Since the difference between V2 ,(F) and V2 ,(F<) is the space of the constant
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functions on F', we have
/(p~nF)/$dA:O Vi € V2 4 (F®),
F

and so p vanishes on all the DOF's (2.24). We thus conclude p = 0 by Lemma 2.5.4,

and therefore (4.25) is satisfied.

We now prove (4.26). For any T € Ty, with T defined in (4.11) and 7(&) =
T(hr), VI € T, it is easy to check that ﬁ;- =TI+ by Definition 4.3.1 and Lemma

2.5.4. With Lemma 4.3.10 and Proposition 4.3.7, for any T € T, we have:

Tl Zory = Wl TIL7 7o gy < CRR(lcunl 71, ) + 17112051
= Chiy(leurl 7|7, ) + 1717200y + 17170 /200 () (4.27)

< C(h%”CU‘TITH%Z(T) + HTHL2(T) + h%r’+26\T|H1/2+6(T))>

where the constant C' is independent of hy. Then summing up all the tetrahedra

gives the bound (4.26).

Finally, we will show that if 7 € HP(curl,Q) N [HY2(Q)]3 N H(curl, Q), then
II,7 € £' . Since T 7 € £ (T°7), we only need to show II,7 x n. = 0 on 9.
Note that 7 X np = 0 and curlT-n, =0 on F for all F' € Ay(Ty,) with F C 0. Let
F be a boundary face and let e € Ay (F'). Then for all k € P,_3(e), recalling Fx in

Lemma 4.3.9, we use integration by parts to get

/(HLT te)kds = /(7‘ te)k ds
= /(curlT) ‘Mg E/idA+/(T X ng) - grad ExdA = 0.
F

F

Therefore, because IT;7 vanishes at the vertices of F, (II.7 - t.)|c = 0 and hence

curly (I, 7)p € V2 ,(F<). By (4.14d) we get curlp (I1,7)p = 0. Using the exactness
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on Clough-Tocher splits (2.20f), we know (Il 7)p € grad, SO(F<') which after
applying (4.14i) shows (II;7)r = 0 on F. Since F' C 0f) was arbitrary, we conclude
that II,7 x n =0 on 0N and thus II,7 € £f_|. ]

We finish with the proof of Theorem 4.3.5.

Proof of Theorem /.3.5. The commuting property (4.17) easily follows from (4.25).
Indeed,

curl Ty 7 = cwrl(I5270r) + curl(TL (7 — I5'7))
= CU.I‘I(IZUHT) + curl(r — If;“"lr)

= curl 7.

Since I¢"'r € £t | if 7 € HP(curl, Q) N [HY*(Q)]* N H(curl, ), with Lemma
4.3.12, we have ITy7 € L!_,.

To prove (4.18) we use Lemma 4.2.5 and Lemma 4.3.12 to obtain

ITLy 7 = 7|20 < 57T = 7lli20) + 1T (L' = 7) [l 1200
< (I = 72 + BT T — 7l pevs g
+ || cwrl(I5'7) | 20y + bl curl 7| 12(a)
< ORI 7|l pjavagy + IV || 2() + bl curl 7| 20y )
< C (W27l sz + bl curl 7| 20y

(4.28)

where we used the inverse inequality (2.5a).

Finally, we will show that if 7 € HP(curl, Q) N [HY2+(Q)]> N H(curl, Q), then
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IIy7 € L£! . Similar to the proof for IT;, we only need to check the boundary
conditions. Since 7 x n = 0 on 99, by Lemma 4.2.5, I{*"'7 x n = 0 on 9Q and by

Lemma 4.3.12, II;7 x n = 0 on 0¥2. Therefore, HLIZWZT x n =0 on 0f) and thus,
IIy7m xn = IZ“”T xn+Il;7xn— HLIZUTZT xn=0 on Jf.

This gives ITy7 € L!_,. ]

4.4 Application to the Maxwell eigenvalue prob-

lem

In this section, we apply the convergence theory established in Section 4.1.1 and
the properties of the two Fortin-like projections to show that quadratic (or higher)
Lagrange finite element on Worsey-Farin meshes lead to convergent approximations

of the Maxwell eigenvalue problem (1.1). First, we require the following proposition.

Proposition 4.4.1. The domain Q) is contractible, then the sequence (2.26a) and

(4.9) are exact sequences. In particular,

curl £! | = W, :=ker(¥,,div).

This result follows from the Bogovskii operator in [32, Theorem 4.9] and the

projections IT, ITy; see Appendix A for the proof.
In Assumption 4.1.2, set ¥, = L. |, 2, = ¥, 5 and

VW, o) :={re V" curlTt € ¥, ,}.
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Then Theorems 4.3.5-4.3.6 lead to the following results:

Corollary 4.4.2. The projection Iy : ¥ (W, o) — L. | satisfies

curl ITy 7 = curl 7 Vr e Vi, ,),

anT — T||L2(Q) S C<h1/2+5|lTHH1/2+6(Q) + h” Cul"lT||L2(Q)) VT - ’7/t(\I/T_2).
Furthermore, the L?-orthogonal projection Py : [L*(2)]® — ¥, _, satisfies

IPup — pll 2y < CRY* P lcurlp|l 2y Vp € H(curl, Q) N H(div®, Q).

Proof. Let § € (0, %] be the constant in the embedding result of Proposition 2.1.5.

The results for the operator Il is then a direct consequence of Theorem 4.3.5 since

VU, ) C HP(curl, Q) N [HY*H(Q)]3.
Next, we prove the estimate for Pg. Since we have
H(curl, Q) N H(div®, Q) c [H>(Q))° N H(div,Q),

we use Theorem 4.3.6 to obtain divIIyp = Ilydivp = 0. Thus, IIyp € ¥, _,.

Consequently, we have the estimate for Py:

IPup — pllza) < ITnp — pllzz@) < ChY?F|pll/ers oy

< ChYPP([leurl pl| 2 + [[div pll2i)) = CAY#||curl pll 12 (),

where we used Proposition 2.1.5 and Lemma 2.1.6. [ |

Corollary 4.4.2 tells us (LL_;, ¥, _5) satisfy Assumption 4.1.2 and now with The-

orem 4.1.3, we have the final result.
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Corollary 4.4.3. Let ¥, = L!_| and 2y, = ¥, . Consider the problem (4.1) with
the nonzero eigenvalues 0 < A\ < X2 < . and the problem (4.2) with the nonzero

eigenvalues 0 < )\g) < )\22) < .... Then, for any fized i, limj,_,, Ag) =\,

4.5 Numerical experiments

In this section we provide numerical experiments which support our theoretical work.
All the computations were carried out using FEniCS [5]. We consider the domain {2 =
(0,7)3, so that the exact eigenvectors of problem (1.1) (with non-zero eigenvalues)

are of the following form:

a1 cos(kyz) sin(koy) sin(k32)
u= | aysin(k x) cos(kay) sin(ksz) | » ki € NU{0}, ki + ko + k3 > 2, (4.29)

a3 sin(kix) sin(kqy) cos(ks3z)

where the coefficient ay, as, a3 are determined by the divergence-free equation: aik;+
ask + asks = 0 and the non-zero eigenvalues are of the form n? = X\ = k% + k3 + k2.
We can compute the first few eigenvalues explicitly: 2 (with multiplicity 3), 3 (with

multiplicity 2), 5 (with multiplicity 6), 6 (with multiplicity 6).

We compute problem (1.2) using three different choices of ¥,: (i) linear and
quadratic Lagrange finite element on mesh without Worsey-Farin refinement, (ii)
linear Lagrange finite element space on Worsey-Farin meshes and (iii) quadratic

Lagrange finite element space on Worsey-Farin meshes.

Table 4.1 states the first 13 computed eigenvalues using linear and quadratic

elements on a mesh without Worsey-Farin refinement with A = 7/8. The numerics
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clearly indicate that the discrete eigenvalues are poor approximations with O(1)
errors. Likewise, numerical experiments using the linear Lagrange finite element
space on Worsey-Farin meshes lead to computed eigenvalues that are far from the

exact solution (cf. Table 4.2).

Finally, we report the computed eigenvalues of method (1.2) using quadratic La-
grange elements on Worsey-Farin meshes and report the first 13 non-zero eigenvalues
with A = 1/6 in Table 4.3. As expected from the theoretical results, this scenario
leads to accurate approximate eigenvalues. In addition the right column in Table 4.3
lists the errors of the first computed (non-zero) eigenvalue and indicates converges

with at least cubic rate.

The left table provides the result of first 13 non-zero eigenvalues with h = /6.
The right table provides the error and the rate of the first non-zero eigenvalue with

the mesh size from 7/5 to m/9 with computed rates.

1. Py and P, Lagrange finite element space on a mesh without Worsey-Farin
refinement In this case, both P, and P, Lagrange finite element space can not provide

satisfying results (Table 4.1) as expected.

Our theory also works for non-convex domains, and in the two-dimensional case,
numerical experiments presented in [19] show convergent eigenvalues for the L-shaped
domain with Powell-Sabin splits. In the three-dimensional case, we conducted pre-
liminary numerical experiments on the Fichera corner domain Q = (—1,1)3\[—1, 0]>.
We observe that the second and subsequent eigenvalues converge well, but due to
limited computational resources, with only the coarse mesh used, we cannot see
asymptotic convergence rates for the first eigenvalue. As the numerical results are

not inclusive, we do not present them here.
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W N — A i I\ — Ml
1 2.0610 6.10 x102 1 26699 6.67 x10"
2 2.0610 6.10 x1072 2 26766 6.77 x107!
3 20774 7.74 x1072 3 27369 7.34 x107!
4 20900 9.10 x107! 4 27510 2.49 x107!
5 2.0900 9.10 x10~! 5 27510 2.49 x107!
6 21506  2.85 6 27615 224
7 21506 285 7 27615 224
8 22698 273 8 27782 222
9 22698 273 0 27782 222
10 22910  2.71 10 2.7941 2.21
11 23304  2.67 11 2.8244  2.18
12 23514  3.65 12 2.8244  3.17
13 23514  3.65 13 2.8%55 3.1

Table 4.1: The case of linear (left) and quadratic (right) Lagrange finite element
space on a mesh without Worsey-Farin refinement, h = 7/8.

A X — il
2.6763 6.77 x10°!
2.6763 6.77 x107!
2.6775 6.78 x107!
2.6775 3.23 x107!
27112 2.89 x10~!
27825  2.22
27825  2.22
27860  2.21
2.8254 217
10 28878 211
11 29440  2.06
12 2.9440  3.56
13 2.9881 3.01

O O UL i W N | .

Ne)

Table 4.2: The case of linear Lagrange finite element space on a Worsey-Farin mesh,
h = 7 /10.
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i M A — A

1 2000121 1.21 x1072

2 2.000243 2.43 x10~*

3 2.000243 2.43 x1074

4 3.000741 7.41 x1074 ho AW =AY Rate
5 3.000741 7.41 x107* /5 1.95 x107*
6 5.001307 1.31 x1073 /6 1.21 x10™*  2.62
7 5.001307 1.31 x1073 T/7 7.40 x107° 3.19
8 5.001862 1.86 x1073 T/8 4.64 x107° 3.48
9 5.002382 2.38 x107* /9 3.03 x107° 3.62

10 5.002913 2.91 x1073
11 5.002913 2.91 x1073
12 6.001822 1.82 x1073
13 6.002854 2.85 x1073

Table 4.3: The case of P, finite element space with Worsey-Farin meshes

4.6 Conclusion

In this chapter, we studied and justified the convergence theory of the three-
dimensional Maxwell eigenvalue problem using Lagrange finite element spaces on
Worsey-Farin splits. Although we only focus on Worsey-Farin splits in this paper,
we provide a framework which may be applied to other finite element spaces if they
form an exact de Rham sequence (e.g., [25]) and there exists bounded commuting
projections. In particular, if such spaces satisfy Assumption 4.1.2, then the frame-
work presented here shows that they form a convergence finite element method for
the Maxwell eigenvalue problem. While there are many candidates of such spaces,
one would need to construct bounded commuting projections which is typically non-

trivial and done on a case-by-case basis.



CHAPTER FIVE

Elasticity Exact Sequences in 2D
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Elasticity sequences in two dimensions have been discussed widely by many re-
searchers; see [9,29]. To be self-contained and as an auxiliary chapter to our three-
dimensional results in Chapter 6, we do some modifications and summarize the
following two-dimensional results here. To be more precise, the results for Clough-
Tocher splits and Powell-Sabin splits defined in Section 2.2.1.1 will be covered in this

chapter.

Recall that Worsey-Farin splits induce face degrees of freedom on the Clough-
Tocher splits and they are also the natural three dimensional analog of Powell-Sabin
splits. Investigations on Clough-Tocher splits and Powell-Sabin splits will give us a
inspiration of the results on Worsey-Farin splits. The main results of this chapter
are very similar to the ones found [29] (with spaces slightly different) and can be
proved with the techniques there. However, to be self-contained, we provide the

main proofs.

In this chapter, T' € T}, is a triangle in a two-dimensional triangular mesh. Recall
that 7, and 7,7 denote the Clough-Tocher refinement and the Powell-Sabin refine-
ment of Ty, respectively. In addition, given a face F' € Ay(Ty) of the (unrefined)
triangulation 7, in three-dimensional spaces, F'* denotes its Clough-Tocher refine-
ment with respect to the split point mpg (arising from the Worsey-Farin refinement

of T,). The local results of T could be directly applied to F*t.
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5.1 Local discrete sequences

With T* denoting 7" or T%®, the elasticity sequences on Clough-Tocher splits and

Powell-Sabin splits utilize the following spaces:

Qe (T) = {v e LT @ Vy & curlov € Vi, (T7)}, (5.1a)
Quer (T7) = {sym(u) : u € Qfy.,(T*)}, (5.1b)
Qu(T") = {u € Vg, ,(T") ® V5 : skew(u) = 0}, (5.1c)
Qu(T") = {u € Li(T*) ® V3 : skew(u) = 0} C Q(T™), (5.1d)
QUT") == {u € VX(T*) 1 u L P(T)}, (5.1e)
D2 (T) = {u € VA(T)® Vy:u L Ry}, (5.1f)
D2 (T7) = {u € VA(T™) @ Vs : u L Ry} (5.1g)

The next theorem is the main result of the section, where exact local discrete

elasticity sequences are presented on two kinds of two-dimensional splits.

Theorem 5.1.1. Let r > 3. The following elasticity sequences are ezxact.

° ER o incp o
00— S0 (T @Ve —5 Qi (T7) 5 @2,  —» 0, (5.2a)
C 0 . airy 1 . divp 9 .
P(T) — S (T7) — Q, 5(T") — Vi, (T")®@Vy; — 0. (5.2b)
A0 [ rx alry p 31 * dive Y *
0 — S(T7) — Q, 5(T") —> rig77«73(T ) — 0. (5.2¢)

Note that when T* = T" | the sequence (5.2a) is exactly the sequence in [9, Page
13]. To prove Theorem 5.1.1, we require a few intermediate results. First, we state

a corollary of Theorem 2.5.1.
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Corollary 5.1.2. Let r > 2. The following sequence is exact.

grad i

0— gS(TCt) ® V2 — Qoilnc,rfl(TCt)
curlp 1
— V.

Curl,r—?(TCt) N (‘O/;ﬂ2—2(TCt) X VZ) — 0. (53&)
grad p

0 — SAT™) @ Vy — Qh,y(T™)

inc,r—1

curlp 1

— ‘/;url,r—Q(Tps) N (ﬁf—Q(TPS) ® VQ) — O (53b)

Proof. This directly follows from the exactness of the sequence (2.20f) and (2.20g).

|
Lemma 5.1.3. The following sequences are exact for r > 2:
1
Je
SO (T*)®@V,| |erad skeW] ) . v
Al O B T Q) @ v 2 v ) 2, |7
LO(T™) R
(5.4)
skew
R [C (L‘J‘- airy leF ‘/;2_1(T*)
E— SSH(T*) — V:iliv,rfl(T*)(gVQ , (5.5)
Vs V2,(T*) @V,
skew
o aityp dive Z2_o(T*)
SS+1<T*) — leiv,rfl(T*) ®Vy — (5.6)

Here, fFlu = [ xtu dz, fFl w= [ - u de. and

PN LRI
ZT‘—2 1—“>|< —

Vi), T0 =T
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Proof. Using (2.18¢) and the identity [ curl, u = [, 7u for any u € V;urlr (T,

we find that the following sequence commutes:

579+1<T*) ®Vy — B inc r(T*) ®Vy — o ‘/c}ul r— I(T*> i) Vs
/ e
° 0 « gradF 1 « curlF 2 * fF
LT(T ) ‘/curlr 1(T ) ‘/7“—2(T ) E— R?
Moreover, the transpose operator 7 from chrlr (T7) to chrlr 1(T™) is a bijection,

and the top and bottom sequences in (5.7) are exact by Corollary 5.1.2 and Theorem
2.5.1, respectively. Using the identity inc, = curly 7 curl, and Proposition 2.3.1, we

conclude that 5.4 is exact.

Likewise, using the identity div, 7 u = skew rot, u for any v € (L%(T*) ® V,) and

rot,z+ = 7, we find that the following sequence commutes:

R —S— 89, (%) — 25— LY(T") —2—— V2 (T7)

= = e (5.8)

V, 5 LT @ Vo =25 V(T @ Vo 25 V2 (T @ Vs,

The top and bottom sequences in (5.8) are exact by Corollary 2.5.2. We then find

that (5.5) is exact by Proposition 2.3.1, using the identity airy, = rotp7rotp.

For the case with boundary conditions, the proof is similar to the previous two

by constructing the following commuting diagrams:

S (T) —y L) — 5y 72,(77) — £ R
/ y (5.9)

divpe

LT @V, =25 Vi (T @V, =5 V2 (T @V, —— 0.
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Now we are ready to prove Theorem 5.1.1:

Proof. (i) Proof of (5.2a): from the definitions of the discrete spaces and operators,

we see that (5.2a) is a sequence, so we only need to show exactness.

Let v € Q2_,(T*). Then since v L Py(T), we have [, v =0 and fFlv = 0. By the
exactness of (5.4), there exists u € QL _ (T*) such that inc, u = v. But by (2.18b),

inc,r

we have inc. symu = inc, u = v. Thus we found a function w = symu € Ql’s (T%)

inc,r

such that inc, w = v.

Next, let u € Qllnf;r(T*) with inc, v = 0. Then u = sym(z) for some z € COQilnw(T*)
and incy z = 0 due to (2.18b). By exactness of (5.4), we have z = grad ,w—+skew s for
some w € gSH(T*)@VQ and s € L9(T*). Then u = sym(z) = e,(w) —sym(skew s) =

ep(w).

(i) Proof of (5.2b): again, it is easy to see that (5.2b) is a sequence, so we only

need to show exactness.

Let v € V2 3(T*)®V,. Then by the exactness of (5.5), we have u € Vi, . ,(T*)®

V, such that divy u = v and skew u = 0 and thus making u € Q}_,(T™*).

Next, let u € Q!_,(T*) with divy u = 0. Then again using (5.5) and skew u = 0,

there exists z € S°(T*) such that airy, z = w.

Finally, for any u € S°(T*) with airy,u = 0, we have u = w + a* - s for some

w € R, s € Vy, and = a point on 7. Therefore, u € Py (7).

(iii) Proof of (5.2¢): first of all, it is still easy to see that (5.2¢) is a sequence, so

we only need to show exactness.
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Let v € @figm%(T*) defined by (5.1f) and (5.1g). Then by the exactness of (5.6),
we have a u € \D/dliv’rfl(T*) ® Vy such that dive v = v. Furthermore, since v L Ry,

for any ¢ € R, we have

/(skew u)e dr = —/ cxt - (divyu) do = 0.
T

T

Therefore, skew u € Z2_,(T*) and by the exactness of (2.21f) and (2.21g), there exists
m € L1_,(T*) such that div,m = skew u. Let w = u — rot,(rm) € f/dliv,r—l(T*) ® Vs,
then

skew w = skew u — skew rot (7 'm) = skew u — div,m = 0.

5.2 Dimension counting

We summarize the dimension counts of the discrete elasticity spaces on the Clough-
Tocher split and Powell-Sabin split here. All these dimensions are computed with

Corollary 5.1.2, Theorem 5.1.1, Lemma 5.1.3, Table 2.1 and Table 2.2.

Table 5.1: Dimension counts of the elasticity spaces with respect to the Clough—
Tocher and the Powell-Sabin split.

Clough—Tocher Powell-Sabin
)L 6r>—12r+4 9> — 157 +6
QLs 2 —2r+3 9?2 —21r+9

v %2(37“2 +5r+2) Or2—3r—3

Lol 23t = 3r+2) —

2 r? +3r 3r? 4+ 9r +3
)2 3r24+9r+3  6r2+18r+3




CHAPTER SIX

Elasticity Exact Sequences on

Worsey-Farin Splits
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The discrete elasticity sequences in 3D can not only be used to design stable fi-
nite element methods with mixed formulation using the last two spaces in the se-
quence [7,13,51], but also be used to characterize the kernel of differential operators,
which will be used to design robust solvers and preconditioners in the framework
of kernel-capturing subspace correction methods [39,54]. However, as mentioned in
the introduction, it is not easy to construct the entire discrete elasticity sequences
in 3D. It was not until 2020 that the first 3D discrete elasticity sub-complex was
established in [27] with the Alfeld splits. And then, the case for generic meshes was

constructed in [26].

In this chapter, we work on the discrete elasticity sequences for the Worsey-Farin
splits in 3D with BGG method and provide the degrees of freedom of the involved

spaces. Compared with previous work, there will be three advantages:

e The lowest polynomial order required for stress space U? is linear polynomials

while quadratics [27] and quartics [25] needed.
e No vertex or edge degrees of freedom need for the stress space U2,

e No extra continuity for the vertices of the original mesh.

Although the work in [27] provides us with a lot of guidance for constructing the dis-
crete sequence on Worsey-Farin splits, there are significant new difficulties that arise.
The main challenge stems from the construction of face degrees of freedom. Unlike
Alfeld splits, Worsey-Farin triangulations induce a Clough-Tocher split on each face
of the original, unrefined triangulation. Therefore, the discrete two-dimensional elas-
ticity sequences developed in the previous chapter with respect to Clough-Tocher

splits will play an essential role here.



87

This chapter is organized as follows. In the next section, we present the con-
struction of the discrete elasticity sequence locally on Worsey-Farin splits with the
dimensions of each spaces involved. This leads to our main contribution in Section
6.2 where we present the degrees of freedom of the discrete spaces in the elasticity
sequence with commuting projections in Section 6.3. We finish this chapter with the
analogous global discrete elasticity sequence in Section 6.4 and state some conclu-

sions and future directions in Section 6.5.

6.1 The local discrete elasticity sequence in 3D

6.1.1 Elasticity sequence for stresses with weakly imposed

symmetry

In this section we will again apply Proposition 2.3.1 to the de-Rham sequences on
Worsey-Farin splits. This gives rise to a derived sequence useful for analyzing mixed
methods for elasticity with weakly imposed stress symmetry. From this intermediate
step, an elasticity sequence with strong symmetry will readily follow. We start with

the following definition and lemma.

Definition 6.1.1. Let p € Io_(l)(T wf/) be the unique continuous, piecewise linear poly-

nomial that vanishes on 07 and takes the value 1 at the incenter of T.

Lemma 6.1.2.

(a) The map = : L{(TY) @V — L2(T%) @V is a bijection.

(b) The following inclusions hold vskw (V2 ,(T*") @ V) Cc V2 ,(T*) @ V and
vskw (V2 ,(T*) @ V) C V3 ,(T*) @ V.
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(¢) The mappings vskw : V2 (T @V — V3 (T @V and vskw : V2 ,(T"/) &

V — V2 ,(T%) @V are both surjective.

Proof. Both (1) and (2) are trivial to verify and hence we only prove (3). Let v €
V3 ,(T%)®@V. By the exactness of (2.22¢), there exists a function z € L2_,(T*/)@V
such that divz = v. Since = is a bijection from L ,(T%/) @V to L2 ,(T*/)®V, we
have ¢ = 2712 € L! ,(T%) ® V. Thus, by setting w = curlq € V2 ,(T*) @ V we

obtain
2vskw(w) = 2vskw curl (¢) = 2vskw curl (27'2) = divE(E'2) = v,

where we used (2.17a). We conclude vskw : V2 ,(T*") @V — V32 ,(T*)®@ V is a

surjection.

We now prove the analogous result with boundary condition. Let v € V3 ,(T%/)®
V, and let M € Mj3,3 be a constant matrix such that [, 2vskwM = ﬁfTU. Then,
by taking @ = uM, we have @ € V2(T%) @V with Jp 2vskwi = [, v. Therefore, we
have v — 2 vskw(i) € V3_,(T™/) @V and the exactness of (2.22f) yields the existence
of z € L2 (T"/)®V, such that div z = v—2vskw(®). Let ¢ = =2~z € L1_(T*/ @V,

and from (2.22d), we have w := curl (¢) + @ € V2_,(T%) @ V. Finally, using (2.17a)
2vskw(w) = 2vskw curl (27'2) + 2vskw (1) = div 2 + 2vskw (@) = v.

This shows the surjectivity of vskw : V2 ,(T%F) @ V — V3_,(T*f) ® V, thus com-

pleting the proof. [ |

Using the sequences (2.22c¢)-(2.22f) and the two identities (2.17a)-(2.17b), we
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construct the following commuting diagrams:

SO (TvF) @ V 22 gYTwl) @V <Ly |2 (Twf) @ V -4, 13 (T ) g V — 0

SUT) @V S5 L1 (T™) @ V< V2 (T @ V-1 V3 (T™) @ V — 0
(6.1)

SO (T @V & g1 ery g v 2y 2 (7vf) @ v ¥ 18 (Tery o v Lo

SOT) @V £ [1 (T @ V <, cur, v2 LT @V -4, 73 (Tw/) @V —s 0
(6.2)

Note that the top sequence of (6.2) is slightly different from (2.22f), as the mean-
value constraint is not imposed on V, o(T*/) ® V. This is due to the surjective
property of the mapping vskw : (V2 (1) @ V) — V3 ,(T"/) @ V established in
Lemma 6.1.2.

Theorem 6.1.3. The following sequences are exact for any r > 3:

2vskw

div V3 (TN @V
VrQ—Q(wa) RV |: r—2( )

Vr373(wa) ® v

curl 2~ tcurl

SH Ty @V

|:SE+1(wa)®V:| [grad,—mskw ] ) (6.3)

So(Tvf V)

2vskw

[és?ﬂ(wa) ® V} st ~mslew]

o =—1. N div V3 wa RV
: sHreh oy emEan, e ) gy T2, |V TTIOY] gy
SUT™T @ V) ®V

Moreover, the last operator in (6.3) is surjective.

Proof. Lemma 6.1.2 tells us that = : LI (T%) @V — L2 (T%) ® V is a bijec-
tion. With the exactness of (2.22c)-(2.22f) for » > 3 and Proposition 2.3.1, we see
that these two sequences are exact. The surjectivity the last map is guaranteed by

Proposition 2.3.1 and Lemma 6.1.2. [ |
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6.1.2 Elasticity sequence with strong symmetry

Now we are ready to describe the local discrete elasticity sequence on Worsey-Farin
splits. The discrete elasticity sequences with strong symmetry are formed by the

following spaces:

Uppt(T?) = S (T @ V, UL (TH) = S0 (T @
Up(T"7) = {sym(u) : u € S;(T") @V},

UNT") = {sym(u) : w € SHT") @ V},

U2 (T = {u e V2 (T) @V : skwu = 0},

U2 (1) = {u e V2 ,(T") @V : skwu = 0},

US’,:,,(T“’f) = %«?Ls(wa) ®V, [0]1?73(wa) ={ue ti:’,(wa) ®V:u LR},

where we recall R, defined in (2.15), is the space of rigid body displacements.

Theorem 6.1.4. The following two sequences are discrete elasticity sequences and

are exact for r > 3:

R— U (T%) & UNTeT) 2% U2 (1) &5 U2 (1) -0, (6.5)

and

0— U (T%) S UNT™) 2% U2 (1) &5 U2 (T*) - 0. (6.6)

Proof. We first show that (6.5) is a sequence. In order to do this, it suffices to
show the operators map the space they are acting on into the subsequent space.
To this end, let u € U2, (T™7), then by (2.22e) we have grad (u) € SHT"/) @ V.
Hence, e(u) = symgrad (u) € UNT*/). Now let u € UYT™/) which implies that

u = sym(w) with w € S}T%/) ® V. Thus by (2.17c) we have curl Z lcurlu =



91

curl = teurlw € V2,(T%) @ V and skw(u) = 0 due to (2.17d). Therefore, there
holds curl Z~tcurl (u) € U2 ,(T*7). Finally, for any u € U2 ,(T%/) Cc V2,(T*")®V,

divu € V2 ,(T%) @ V.

Next, we prove exactness of the sequence (6.5). Let w € U3 4(T%/) and consider
(0,w) € [V2 (T )@V] x [V2 ,(T*/)®@V]. Due to the exactness of (6.3) in Theorem
6.1.3, there exists v € V2 ,(T%/) ® V such that divv = w and 2vskw(v) = 0. Thus,
ve U2, (TY).

Now let w € U2 ,(T%/) with divw = 0. Then by the exactness of (6.3), we have
the existence of v € SHT™/)®@V such that curl Z-lcurl v = w. Setting u = sym(v) €

UXT®T) yields incu = w by (2.17c).

Finally, let w € UNT®/) with incw = 0. Then w = sym(v) for some v €
SHT®) ® V and with (2.17¢), curlZ tcurlv = curlZtcurlw = 0. Due to the
exactness of (6.3), we could find (u,z) € [SY, (T") ® V] x [SY(T"/) @ V] such that

v = grad u — mskw (2). Therefore, e(u) = sym(v) = w.

We can prove that (6.6) is a sequence and it is exact very similar to above.
The main difference is the surjectivity of the last map which we prove now. Let
w e UP ,(T%F) € V3, ®V. Then by the exactness of (2.22d), there exists v €
V2, (T%F) @ V such that dive = w. For any ¢ € R? we have grad (¢ x z) = mskw ¢

and hence, using integration by parts

/2vskwv-c:/v:mskwc:/v:grad(cxx)
T T T
:—/divv-(cxx):—/w-(cxx):(),
T T

where the last equality uses the fact w L R. Therefore, vskwv € V3 ,(T*/) @ V and
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by the exactness of (2.22f), we have a m € L2_,(T™/)®V such that divm = 2vskw .
Let u = v — curl (E7'm) € V2 ,(T%) ® V and we see that 2vskw u = 2vskw v —

2vskw curl (E4m) = 0 by (2.17a). Hence, u € U2 ,(T%7) and divu = w. |

When r > 4, there holds R C U2 4(T%/), so it is clear that
U2 ,(T") =Ra U>_4(T") for r > 4. (6.7)

On the other hand, when r = 3, we need the following lemma for the calculation
of dimensions of U3_,(T"f). Let P, be the L2-orthogonal projection onto U3(T™/)
and let P,R := {P,u: u € R}. The proof of the following lemma is provided in the

appendix.

Lemma 6.1.5. [t holds,
Us(T!) = P,R® UH(T™), (6.8)

and dim P,R = dimR = 6.

Using the exactness of the sequences (6.5)—(6.6) along with Table 2.3, we calculate

the dimensions of the spaces in the next lemma.

Lemma 6.1.6. When r > 3, we have:

dim U?, (T*7) = 6r° + 12r + 12, dim U°,  (T"f) = 61* — 3612 + 661 — 36,
(6.9)

dim U (T%7) = 12r® — 9r® + 15r + 6, dim UNT™f) = 121° — 63r% + 87r — 18,
(6.10)
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dim U2 ,(T") = 12r® — 27r2 +15r,  dim U? ,(T") = 12r® — 451 4 33r + 12,
(6.11)

dim U? (7)) = 6r* — 18 +12r,  dim U?_4(T") = 6r° — 18r% + 12r — 6.
(6.12)

Proof. By Lemma 6.1.2 and the rank-nullity theorem, we have

dim U? ,(T"') = dim ker(V,2,(T"%) @ V, vskw)

=dimV2,(T*N @V —dimV? (T @V

= (6r —9r% +3r) x 3= 2r(r +1)(r — 1) x 3 = 12r® — 277% + 15r,
dim U2 ,(T"f) = dimker(V?_,(T") @ V, vskw)

= dimV? (T*) @V —dim V> _,(T*) @V

=(6(r—2)3+21(r —2)2+9(r —2)+2) x 3

—2((r—2)* +6(r—2)>+5(r—2)+2) x3
= 18r® — 45r% — 9r + 60 — (61° — 42r + 48)

= 1213 — 45r% + 33r + 12.

The dimensions of U°, (T%), U°,(T*f) and U3 ,(T*/) are computed similarly
using the dimensions of S, (T*/), SO, (T*f) and V3 ,(T*/). Also, using Lemma

6.1.5 when r = 3 or (6.7) when r > 4, we obtain
dim U2_4(T"/) = dim U?_4(T"7) — 6.

Using the exactness of the sequences (6.5) and (6.6) in Theorem 6.1.4, with the

rank-nullity theorem, we have

dim UH(T"F) = dim UP,  (T"F) + dim U2_(T*f) — dim U?_,(T"/) — dimR
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= 12r® — 9r® 4+ 157 + 6,
dim UHT®') = dim U°, , (T*') + dim U2 ,(T*') — dim U?_,(T")

= 12r3 — 63r% + 87r — 18.

6.1.3 An equivalent characterization of U}(T"/) and U}(T"/)

In order to find the local degrees of freedom of UM (TF) and U(T™1), we first provide

a characterization of these two spaces.

Theorem 6.1.7. We have the following equivalent definitions of UNT™/) and
UNT™]):

UNTY) = {u e HY(T;S) : u € P.(T";S), (curlu) € V! (T*) @V}, (6.13)
UNTY') = {u € H(T;S) : u € P(T";S), (curlu) € V. (T"H @V,  (6.14)

inc(u) € V2 ,(T") @ V}.

Proof. Let the right-hand side of (6.13) and (6.14) be denoted by M, and M, re-
spectively. If u € UHT®/), then u = sym(z) for some z € SH{T*/) ® V, so (2.17e),

(2.17b) and Definition 2.4.2 give
(curlu) = Z 'curlu = = 'curl z + grad vskw(z), (6.15)
from which we conclude (curlu)’ € V.1 ,(T%/) ® V. This proves the inclusion

UNT"y € M,. (6.16)



95

Similarly, if u € U}(T™7), then (6.15) for z € SH(T"f)®V, hence we have (curlu)’ €

f/rl_l(wa) ® V. Moreover, using (2.17c) and the exact sequence 2.22f, we obtain
inc(u) = curl 2 curl (u) = curl 2 'curl (2) € curl (Io_i_l(wa) ®V)cV,oV.

This proves

UNTety ¢ M,. (6.17)

We continue to prove the reverse inclusion of (6.13). For any m € M, let o =
curl (curlm)” which immediately implies that dive = 0. Moreover, by (2.17¢) 0 =
curl = tcurl (m) and by (2.17d) vskw(o) = 0. Hence, we have o € V2 ,(T*/)®@V, and
by the exact sequence (6.3) there exists w € SHT*/)®V such that curl = *curl (w) =
o. Therefore, w —m € VY(T") ® V with curl Z~'curl (w — m) = 0 and hence, by
the exact sequence (2.22a), there exists v € L%, (T"/) ® V such that gradv =

E-tcurl (w — m). Setting z = m + vskw(v) gives sym(z) = m and by (2.17b),
curl z = curlm + curl mskw v = curlm — Zgradv = curlw € L} (T%) @ V.

We conclude

M, C UNT""). (6.18)

The reverse inclusion to prove (6.14) follows similar arguments, using the exact

sequence (6.4) and (2.22b) in place of (6.3) and (2.22a), respectively. |
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6.2 Local degrees of freedom for the elasticity se-

quence on Worsey-Farin splits

In this section we present degrees of freedom for the discrete spaces arising in the
elasticity sequence. We first need to introduce some notation as follows. Recall that
T* is the set of four tetrahedra obtained by connecting the vertices of T with its
incenter. For each K € T, we denote the local Worsey-Farin splits of K as K%/,
ie.,

K ={SeT" .S CK}.

Then, similar to the discrete functions spaces on T%/ defined in Section 2.5.3, we

define spaces on K/ by taking their restriction:
LK) = {ulg ru e LT} SHEYT) o= {ulx : w € SHT)}.

Lemma 6.2.1. Let T € Ty, and let F € Ao(T). Ifp € LO(T™F) withp = 0 on F, then
grad p is continuous on F'. In particular, the normal derivative O,p is continuous on
F. In addition, if p € S°(T™F) with p = 0 on F, then gradp|, € S (F*)®V and

in particular, Op,p|lr € SY_;(F).

Proof. Let K € T such that F' € Ay(K). Then, since p vanishes on F', we have
that p = uq on K where ¢ € LY | (K™/) and p is the piecewise linear polynomial in
Definition 6.1.1. We write grad p = pgrad ¢ + ggrad p, and since p vanishes on F'

and grad p is constant on F', we have grad p is continuous on F'.

Furthermore, if p € SY(T%/), then p = uq on K where ¢ € S°_,(K%/) because

is a strictly positive polynomial on K. Hence by the same reasoning as the previous
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6.2.1 Dofs of U° space
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Lemma 6.2.2. A function u € UP(T"7), with r > 3, is fully determined by the

following DOFs:

0

a < Ao(T),
a € Ao(T),

Kk € [Pr_s(e)]®, Ve € Ai(T),
K € [Pr_s(e)]?, Ve e A(T),

k€[50, (F* )2 VF € Ao(T)

k€ grad, 8%, | (F*),VF € Ay(T)

k€ RUFM),VE € Ay(T)

Kk € [RUF)2VF € Ay(T)

S [779—&-1 (wa)>

12 (6.19a)
36 (6.19Db)
18(r — 2) (6.19¢)
36(r — 1) (6.19d)

1212 — 36r + 24
(6.19¢)

6r° — 187 + 12 (6.19f)

6r% — 18r + 12
(6.19g)
12r% — 36r + 24
(6.19h)
6(r—1)(r—2)(r —3),

(6.191)

where 5.F represents two normal derivatives to edge e and {nf,n; t.} forms an

edge-based orthonormal basis of R3.

e’ Ve
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Proof. The dimension of U?, (/) is 6r® + 12r + 12, which is equal to the sum of
the given DOF's.

Let u € U2 (T"7) such that it vanishes on the DOFs (6.19). On each edge
e € A(T), ule = 0 by (6.19a)-(6.19¢). Furthermore, gradu|. = 0 by (6.19b) and
(6.19d). Hence on any face F' € Ay(T'), we have uy € [§9+1(F“t )]2. Then with DOFs
(6.19¢), ur = 0 on F. Now with Lemma 6.2.1 applied to ur € S, (T%) ® Vs,
we have d,up € SX(F) ® V,. In addition, since graduy|sr = 0, it follows that

Oty € [RY(F)]? and with (6.19h), we have 9,u, = 0.

Using the identity (2.19i), we have 2[e(u)]z, = Opup+grad, (u-ny) = grad,(u-ng).
With w-ny € S, (F), we have in (6.19f), [¢(u)]#, = 0 and thus u-n, =0 on F.
Now similar to uy, with Lemma 6.2.1 applied to u-ny, we have 9, (u-ny) € R2(F)

and with (6.19g), we have 0, (u - ny) = 0.

Since ulsr = 0, all the tangential derivatives of u vanish. With 0, (u - nz) = 0
and J,ur = 0, we conclude that gradu|sgr = 0. Thus u € [O]BH(wa), and (6.191)

shows that « vanishes. [ |

6.2.2 Dofs of U' space

Before giving the DOFs of the space U! we need preliminary results to see the
continuity of the functions involved. In the following lemmas, we use the jump
operator [] and the set of internal edges of a split face AI(F") given in Section

2.2.1.2. The proofs of the next four results are found in the appendix.

Lemma 6.2.3. Let o € V2(T%) @V with skw(o) = 0. If n',af =0 on OT for some
(€ R?, then oy € Vg, (F) on each F € Ay(T).
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Lemma 6.2.4. Let w € V! [(T*") @ V such that w' € V2 (T @ V. If wp, =0

on some F' € Ay(T'), then we have

[tiwns]e = 0;  [sLwse]e =0, Ve € AL(F). (6.20)

On the other hand, if wg = 0 on F, then we have

[tiwns]e = 0;  [tiwngp]e =0, Ve € AI(F). (6.21)

Lemma 6.2.5. Let T be a tetrahedron, and let £, m be two tangent vectors to a face
F € Ay(T) such that £-m =0 and { x m = n,. Letu € LY(T*)®V for somer > 0.

If upe =0 on some F € Ay(T), then

[0 (curlu)m]. = —[grad, (up, - £) - £]., Ve € AI(F®), (6.22)

[0 (curlu){]. = —[grad, (up, - £) - m]., Ve € AI(F). (6.23)

On the other hand, if u,» =0 on F, then

[ (curlu)f]. = [(grad ) - m]., Ve € AI(F). (6.24)

Lemma 6.2.6. Suppose u € UN(T*) and w = (curlu)’ are such that up and wp,
vanish on a face F € Ay(T). Then wyr—grad,ut, is continuous on F. Furthermore,

if u=e(v) for some v € UL, (T"7), then the following identity holds:

W = [(curle(v))] e = grad,uz, + grad, (9,vy X ny). (6.25)

The following two identities are needed to proceed with our construction and the

proofs of these two lemmas are shown in [27, Lemma 5.8].
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Lemma 6.2.7. Let u be a sufficiently smooth matriz-valued function, and let ¢ be
a smooth scalar-valued function. Then there holds the following integration-by-parts

identity:

éﬁmwﬁ¢:L@%Mm@%ﬁé;wmmﬁ@k+A€M(mm@4 (6.26)

Consequently, if u € Q) (F) is symmetric and ¢ € Py(F), then [,(inc,u)d =

inc,r—1

0.

Lemma 6.2.8. Let u be a symmetric matriz-valued function with [(curlu)'|ppt|or =

0, ulgr = 0. Let ¢ € Ry be defined in (2.16). Then there holds

/F(inc W) pn - q=0. (6.27)

We now define a function space needed for the following lemma. Let Q:(F°") be
the subspace of QL(F) (cf. (5.1c)) that is L?(F)-orthogonal to QL(F°) (cf. (5.1d)).
We then have QL(F) = QX (F) @ QL(F*), and

dim QX (F) = dim Q}(F*) — dim QX(F**). (6.28)

Lemma 6.2.9. A function uw € UNT®), with r > 3, is fully determined by the

following DOFs:

u(a), a € Ao(T), 24 (6.29a)
/u: K, Kk € sym[P,_o(e)]**?, Ve € A(T), 36(r —1) (6.29b)
/@MMy&ﬁEWq@ﬁWG&@L 18r (6.29¢)

/(inc Wt K, KEQF,, YF € Ay(T), 12(r — 2) (6.29d)
F
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/ (e Wk, K € Q> H(F),YF € Ay(T) 6r° — 61 — 12 (6.29¢)

/ (inc w)pp - £, K € Vi, o(F)/Ro,VE € Ay(T) 1207 — 24r (6.29f)

/ Upp : K, k€ ep([S0 (FH)?),VF € Ay(T), 120 —3r+2)  (6.29g)
F

/ ([(curle) e — grad, (ub,)): &,

K € grad, [(RAYF™))?VE € Ao(T), 12(r* — 3r +2) (6.29h)

/F — k€ erad, ([S 1 (F))),VF € Ao(T), 6(r2—3r+2) (6.20i)
/Fum/i, k€ RUF™)VE € Ay(T), 6(r* — 3r +2) (6.29j)
/T inc(u): inc(k), xe UNT), 6r° — 27r? + 217 + 18
(6.29k)
/Te(u): £(k), ke U, (Tv7), 6(r — 1)(r — 2)(r — 3).
(6.291)

Proof. The dimension of U}(T%/) is 1213 — 9r% 4 15r + 6, which is equal to the sum

of the given DOFs. Suppose that all DOFs (6.29) vanish for a u € U}(T%).

Step 0: Using the DOFs (6.29a, 6.29b) and (6.29¢), we conclude

ule =0, (curlu)'t|. =0, for e € A¢(T). (6.30)

Step 1: We show incu € V2 ,(T%F) @ V.
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By (2.19b) and (6.30), we have
0 =n(curlu)t = (curlp ups)t on OF for each F' € Ay(T).

Since u is symmetric and continuous, by (2.19¢), we see that (incu),, = incg tpp
with wpe € Q1 (F) ¢ QL. (F°). Thus, the sequence (5.2a) in Theorem 5.1.1

inc,r inc,r

and the DOF's (6.29) yield

(incu),, =0  oneach F € Ay(T). (6.31)

Next, Lemma 6.2.3 (with £ = n, and o = incu) shows (incu)p, € Vi, _o(F").
Therefore using the DOF's (6.29f) and (6.27) in Lemma 6.2.8, we conclude (inc )z, =
0.

The identities (inc u),,, = 0 and (inc u)z, = 0 yield (incu)n, = 0. So, by Lemma
6.2.3 (with £ = t1,15), we see that (incu)p € Vi, o(F)®V,. In particular, since
(incu) g is symmetric, there holds (incu)pm € QL_o(F) (cf. (5.1c)). Thus by the
DOFs (6.29d) and the definition of Q+ ,(F") in Section 5.1, we have (incu)p, €
LY(F') ® V. Therefore, we conclude incu € V2 ,(T*/) @ V.

Step 2: We show (curlu) € V1, (T*/) @ V.
Using (6.31) and (2.19¢), we have 0 = (incu),, = incyup-. Thus by the exact
sequence (5.2a) in Theorem 5.1.1, there holds upr = €x(k) for some k € SO’EH(F“) ®
V3. We then conclude from the DOFs (6.29g) that um = 0 on each F' € Ay(F).

Furthermore by (2.19b), [(curlw)]p, = curlpug. = 0.
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Since (curlu) € V2, (T%) ® V by Theorem 6.1.7 and from (6.30)
[(curlw)'|ppte|e = (curlu)t.]. = 0, for all e € A(T),

we have [(curl u)']z € XO/C{lrLT_l(FCt )®@ Vs on F' € Ay(T). In addition, by the identity
(incu) gy, = curlg[(curlu)']z (cf. (2.19d)) and (incu)z, = 0 derived in Step 1, there
exists ¢ € LO(F®) ® V, such that grad,¢ = [(curlu)]m. With Lemma 6.2.6, we

further have ¢ — u, € [R(F*)]2. Therefore, using the DOFs (6.29h) we conclude

[(curlu)] e = grad,us,. (6.32)

Since with (2.19¢e), we have
—curly(up,) = trpcurlu = trp(curlu)’ = trp(curlu)’,.
With (6.32) and (2.14), we have
—curlp (upy) = trp(curlu),, = diveus, = curly(up, ),

and this implies that curlp(uz,) = 0. Since u,, € LL(Fet , the exact sequence
IS8

(2.20f) yields uz, € grad,([S,4+1(F°)]). Therefore by (6.291), we have uz, = 0. Now
with (6.32) and ., = 0, we have [(curlu)]m = 0 and so (curlu) € V2 (T") @ V.

Step 3: We show u € H'(T;S).
From Step 2, we already see that u = 0 and u, = 0, so we only need to show u,,, =

0. Since (curlu) € VL (T"/) @ V with curlu € V2 (T*) @ V and [(curl )] = 0
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on F'| then by (6.21), we have
[t (curlu)ng]. = 0, for all e € AL(F). (6.33)

We know that v € LL(T%/), up, = 0 and by (6.24) in Lemma 6.2.5 with ¢ = ¢,,
m = Se,

0 = [tL(curlu)ng]. = [0} (curlu)t.]. = [(gradpun,) - se]-

Therefore, we have u,,, € R2(F) and (6.29j) implies u,, = 0 on F. Thus u|gr = 0.

Step 4:
Using the second characterization of Theorem 6.1.7, u € U}(T™). Hence (6.29k)
implies incu = 0 on 7" and using the exactness of the sequence (6.6) and the DOF's

of (6.291), we see that u =0 on T |

6.2.3 Dofs of the U? and U? spaces

Lemma 6.2.10. A function u € U? o(T®)), with r > 3, is fully determined by the

following DOFs:

/ Upp: K, K€ Qr o, VE € Ay(T), 12(r — 2) (6.34a)
P

Unn K, K € V2 (F*)VF € Ay(T), 6r° — 67 (6.34Db)
Upp * K, k€ Vo o(F)VE € Ay(T), 129 — 24r 4 12 (6.34c)

divu-r,  we U (T, 6r° —18r2 +12r — 6 (6.34d)

S— 55—

u: kK, K € inc UNT™F), 6r° — 27r2 4 217 + 18. (6.34¢)
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Proof. The dimension of U2 ,(T%/) is 1213 — 27r% + 157, which is equal to the sum

of the given DOFs.

Let u € U2 ,(T%/) such that u vanishes on the DOFs (6.34). By DOFs (6.34b),
we have u,, = 0 on each F' € Ay(T). By Lemma 6.2.3 and DOFs (6.34¢), we have
Upr = 0 on each F € Ay(T). Then, u € V2, (T"/) ® V. With the definition of Q- ,
in Section 5.1 and (6.34a), we have u € VX(T*/) ® V and thus v € U2 ,(T%f). In
addition, since divu € div (U2 ,(T"f)) € U3 4(T"/), we have divu = 0 by DOFs
(6.34d). Using the exactness of (6.6), there exist x € UN(T™/) such that incr = u.

With DOFs (6.34e), we have u = 0, which is the desired result. |

Lemma 6.2.11. A function u € U2_5(T%)), with r > 3, is fully determined by the

following DOFs:

/ u- K, Kk €R, 6 (6.35a)
T

/ u- K, ke U_4(T™), 6r® — 18r? + 12r — 6. (6.35b)
T

Remark 6.2.12. Note that (6.35a) is equivalent to

/u~/<;, k € PR,
T

since by the definition of L2-projection, for any x € R,

/u-m:/u-PU/i, Yu € UP (T"7).
T T
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6.3 Commuting projections

In this section, we show that the degrees of freedom constructed in the previous

sections induce projections which satisfy commuting properties.

Theorem 6.3.1. Let r > 3. Let 1%, : C>(T) @ V. — UL, (T"F) be the projection
defined in Lemma 6.2.2, let It : C°(T) @ V — UL(T"') be the projection defined
in Lemma 6.2.9, let 12, : C®°(T) @ V — U? ,(T"7) be the projection defined in
Lemma 6.2.10, and let TI3_, : C=(T) @ V — U2_,(T"7) be the projection defined in

Lemma 6.2.10. Then the following commuting properties are satisfied.

e(IL), u) = e(uw), Vue C®(T)®V (6.36a)
inclllv =12 ,inco, YoeC®(T)®S (6.36Db)
divIl? ,w =11 ;divw, Yw e C®(T)®S (6.36¢)

Proof. (i) Proof of (6.36a): Given u € C*(T) ® V, let p = e(Il%, ju) — }e(u) €
UXT®/). To prove that (6.36a) holds, it suffices to show that p vanishes on the
DOFs (6.29) in Lemma 6.2.9. Since inc oe = 0, we have DOFs of (6.29d), (6.29),
(6.29f) and (6.29k) applied to p vanish. Next, with (6.19b), (6.19¢), (6.19f), (6.19g),
(6.191) applied to u, and with (6.29a), (6.29g), (6.29i), (6.29j), (6.291) applied to e(u),
each term respectively imply that (6.29a), (6.29g), (6.29i), (6.29j), (6.291) applied to
p vanish. By the identity (6.25) in Lemma 6.2.6, for any x € grad, [(RO(F)|?,VF €
Ay(T), we have:

[ Uteust o)~ gradd(4,)): = [ rad (0,012 0), = Bysr): =0,

F

where the last equality holds with (6.19h) applied to u. Thus, the DOFs (6.29h)
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applied to p vanish. It only remains to prove that the DOFs of (6.29b), (6.29¢)
applied to p vanish. To show this, we need to employ the edge-based orthonormal
basis {n], n_,t.} and write k € sym[P,_5(e)]*** as k = k1inS (nf) + k12 (nf (n,) +

ng (nF)) + ks (nFtL +te(nf)') + koong (ng ) + kas(ng (ng) +ng (nf)') + kastet, where

Rij S ,Pr_g(e). Then,

/e pik= / (1, yu) — Ie(u)] : k= / e(I, u—u) : i by (6.29b)

e

= /grad(HgHu—u) DK

e

= /grad (I u — u)t, - (K1and + Kaste) by (6.19d)
0 0 + : -

= [} qu—u)- Py (K13n, + Kaste) integration by parts

=0 by (6.19a) and (6.19c¢).

Thus the DOFs of (6.29b) applied to p vanish. Next, letting x € [P,_1(e)]?, we note

that

/(Curl p)te - K :/ [curle(I1Y, ju — u)]’te K by (6.29¢)

€ €

1
=5 / [grad curl(IT), u — w)]t. - & by (2.191)

e

1
= — 5 /Curl(]_[nglu — u) - Ok by (6.19&) and (6.19b)

€

where in the last step, we have integrated by parts, and put d;x = (grad )t.. The
curl in the integrand above can be decomposed into terms involving 9, (1% u — w)
and those involving d,+(IT),;u — u). The former terms can be integrated by parts
yet again, which after using (6.19a), (6.19b) and (6.19¢), vanish. The latter terms

also vanish by (6.19d), noting that J;x is of degree at most r — 2.

(ii) Proof of (6.36b): Given v € C®(T) ® S, let p = incllv — II2_,incv €
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U2 ,(T%f). To prove that (6.36b) holds, we need to show that p vanishes on the

DOFs (6.34) in Lemma 6.2.10. By using (6.34b) on incv, we have

/,onn/{ = /[inc (kv — v)]pnk, Vi € V2, (F). (6.37)

From (6.29¢), we have that the right-hand side of (6.37) vanishes for x €
V2, (F) /Py (F). With (6.26) of Lemma 6.2.7, we have for any x; € Pi(F),

/pnn/ﬁ = / (curlp(IT2v — ) )try + / (I} — ) ppt - (rotpk). (6.38)
F OF

oF

By (2.19b), curlp(ITlv — v)mpt k1 = [curl(ITv — v)]put k1 = curl(ITlv — v) @ kynt',
so the first term on the right-hand side of (6.38) vanishes by (6.29¢). The last term

in (6.38) also vanishes because

/ (ITlv — v) gt - (rotpky) = Q(ITrv — v)Qt - (rotpky)’
oF oF
= / (v — v)Qt - Q(rotpky)
oF

= / (H}ﬂ] — U) : Sym<Q(rOtF’fl)/t) =0,
oF

where we used (6.29b) in the last equality. Thus, the right-hand side of (6.38)
vanishes, and therefore the right-hand side of (6.37) vanishes, i.e., the DOF's (6.34b)

vanish for p.
Next using (6.34c) we have
/pnF ‘K= /[inc (v — 0)]pr - K, Vi € Vi ,_o(F). (6.39)
F F

The DOFs (6.29f) imply the right-hand side of (6.39) vanishes for all x €

Vivr_o(F)/Ry. Considering £ € Ry in (6.39), we may conduct a similar argu-
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ment as above, but now using (6.27) of Lemma 6.2.8, to conclude the right-hand

side of (6.39) vanishes. Thus, we conclude that (6.34c) vanishes for p.

In addition, note that (6.29d) and (6.34a) imply that the DOFs (6.34a) vanish
for p. Finally, the remaining DOFs of (6.34d) and (6.34¢) applied to p also vanish,
thus leading to (6.36b).

(iii) Proof of (6.36¢): Given w € C*®°(T) ® S, let p = divII? ,w — II3_,divw €
U3 ,(T*/). To prove that (6.36¢c) holds, we will show that p vanishes on the DOFs

(6.35) in Lemma 6.2.11. Using (6.34d) and (6.35b), we have for any & € U3_,(T"/),

/p-/i:/(divH?_Qw—divw)-ﬁ:/(divw—divw)-ﬁ:O.
T T T

For k € R, we find

/ prK= /(div 12 _,w—divw) - & by (6.35a)
T T
= /a (I2_yw — w)np - K
T
= [ vt~ [ =)
Fenq(T) "V OF OF

=0 by (6.34b) and (6.34c¢),

Thus, p = 0, and so the commuting property (6.36¢) is satisfied. [

6.4 Global sequences

In this section, we construct the discrete elasticity sequence globally by putting the

local spaces together. Recall that Q C R3 is a contractible polyhedral domain, and
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’7;“’f is the Worsey-Farin refinement of the mesh 7, on ). Global de-Rham sequences
on Worsey-Farin splits are shown in Section 2.5.5 and therefore, the global analogue

of Theorem 6.1.3 is now given.

Theorem 6.4.1. The following sequence is exact for any r > 3:

879+1(7—};wf) ®V [erad,—mskw ]

SUT™ © V) SHTM) @ v SE e,
r\’h ®

2vskw

div | |92 ,(T ) eV
V2 (TN oV —h 2T . (6.40)

VE3L(Ti eV

Moreover, the kernel of the first operator is isomorphic to R and the last operator

are surjective.

Proof. The result follows from the exactness of the sequences (2.26a)- (2.26b),

Proposition 2.3.1, and the exact same arguments in the proof of Theorem 6.1.3. W

The global spaces involved in the elasticity sequence, induced by the local spaces

in Section 6.1.2 are defined as follows:

U79+1<7;Uf) = S£+1(77wa) RV,
UNT) = {sym(u) s w € SHT") @V},
UZo(Ti) = {u € #2,(T") @ V i skwu = 0},

Th
U373(7_f:ﬂf) = %SL3(7;W) ® V.
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Theorem 6.4.2. We have the following equivalent definition of U}(’];wf)

UNT) = {u € HY(Q;S) wulp € UNT™), VT € T,

(curlu) € V2, (T,°) @ V. inc(u) € #2,(Ti) @ V).

Proof. This is proved similarly as the proof of Theorem 6.1.7 using Theorem 6.4.1

in place of Theorem 6.1.3. [

Then we have the global sequence summarized in the following theorem. Its proof

is the same as Theorem 6.1.4, with Theorem 6.4.1 in place of Theorem 6.1.3.

Theorem 6.4.3. The following sequence of global finite element spaces

0= RS UL (T) S UNT) 25 U2 (T) S5 UR (T — 0 (6.41)

T

1s a discrete elasticity sequence and is exact for r > 3.

6.5 Conclusions

This chapter constructed both local and global finite element elasticity sequences
with respect to three-dimensional Worsey-Farin splits. A notable feature of the
discrete spaces is the lack of extrinsic supersmoothess and accompanying DOF's at
vertices in the triangulation. For example, the H(div)-conforming space does not

involve vertex or edge DOF's and is therefore conducive for hybridization.

These results suggest that the last two pairs in the sequence (6.41) may be suitable

to construct mixed finite element methods for three-dimensional elasticity. However,
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due to the assumed regularity in Theorem 6.3.1, the result does not automatically
yield an inf-sup stable pair. In our future work, we plan to working on the pair
of spaces U2 ,(T,"") x U2 4(T;*!) and prove the inf-sup stability by modifying the
commuting projections. Since the last two spaces lack vertex or edge DOF's, we plan
to explore the potential of a hybridization finite element method, using linear and
constant functions. We also plan to conduct numerical experiments to evaluate the

performance of these methods.



CHAPTER SEVEN

Conclusion and Future Work
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In this thesis, we delve into numerical methods for partial differential equations on
three-dimensional Worsey-Farin splits using a combination of FEEC and spline the-
ories with smoother sequences and macro-elements. We prove a crucial conjecture
about the shape regularity of Worsey-Farin refinements, which is essential for obtain-
ing approximation results for splines. Utilizing the shape regularity result and FEEC
theories, we present a framework for the convergence theory of the three-dimensional
Maxwell eigenvalue problem using Lagrange finite element spaces on Worsey-Farin
splits. This framework can also be applied to other finite element spaces that satisfy
certain assumptions, with bounded commuting projections constructed case-by-case.
Furthermore, we use the BGG method to construct new discrete exact sequences im-
posed with strong symmetry, and provide the degrees of freedom of all the spaces
involved. Notably, the last two spaces used in the linear elasticity problems lack

vertex degrees of freedom.

Going forward, we have several interesting directions. Firstly, our current shape
regularity result is not optimal based on numerical results, indicating the need for
further investigations to obtain sharper estimates. Additionally, we plan to cover
accuracy analysis and apply our stability analysis framework to more complex prob-
lems such as magneto-hydrodynamics. Finally, we intend to conduct numerical ex-
periments on linear elasticity problems with the finite element spaces used in our

sequences and carry out corresponding numerical analysis.
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In this appendix, we covered some proofs of the theorems in Chapter 4.

A.1 Proof of Theorem 4.1.3

Before we prove Theorem 4.1.3 we will need a few lemmas.

Lemma A.1.1. With Assumption 4.1.2, there exists a positive constant C' such that

IAPGf — Afllrz@) + ITPof — Tfllra) < Cwr(h)Ifllza) V€ LA(9).

Proof. Let f € L*(Q) and set 0 = Af, u=Tf ) = APqf and w = TPqf. With f

and Pg f in (4.3), we see that

(0 =, 1)+ (u—w,curl7) =0 V7 € H(curl, Q),
(A1)

(cwrl (0 —¥),q) = (f —Pof.q)  Va e H(div’, Q).
Setting ¢ = w — u and 7 = 0 — 1 in the above equations gives ||c — ¢||%2(Q) =

(f —Pgf,w — u), and the above equations also tell us that curl (v — w) = o — 9.
Furthermore, u — w € H(curl, Q) N H(div®, Q) and there holds

—P
o —Y|lp2@) < sup M

peH (curl ) (div0 0) 1Curl @l 2y

Moreover, Assumption 4.1.2 gives us

(f =Pqf, 9) (f, ¢ —Pqg9)

sup e T = sup
$€ H(curl, Q)N H (div°,Q) [eurl | L2 (o) $e€ H(curl, Q)NH (div°,Q) [curl ¢[[ 2y

<wi(h) || fllz2 )
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Thus, we have shown

AP f — Afll2) < wi(h)||fllz2

On the other hand, since T(Pof — f) € H(curl, Q) N H(div®, ), we have by Lemma
2.1.5,

ITPof — Tf|i2) < Cllew (TBGf — T)]|12(0)

= Cl|APqf — Afllr2(@) < Cwi(h)| flr2(0)-

Since the domain € is contractible, then the set of harmonic forms is trivial and

we have (cf. [32, Theorem 4.9]):

Lemma A.1.2. Let Q be a bounded, contractible, Lipschitz domain in R3. Then
for all w € H(Aiv®,Q), there exists v € HL(Q) such that u = curlv and ]| 1) <

CHUHL?(Q)-

Lemma A.1.3. With Assumption 4.1.2, there exists a positive constant C' such that

for every p, € 2y, there exists 7, € ¥, such that curlT, = py and |73 12 <

Clipall2)-

Proof. By Lemma A.1.2, for every p, € 2, C ﬁ[(divO,Q), there exists 7 € H}(Q)
such that curl 7 = p;, and ||7|| g1 @) < C||pallz2(). Note that since 7 € ¥(2),), we

can set 1, = Iy 7. By Assumption 4.1.2, we have curl 7, = curl 7 = p;. Additionally,

7l z2(0) < Cl|7|lg2+sq) + llcurl 7l z2)) < Cllitlla@) < Clipallzz@)-



118

We are now in position to prove Theorem 4.1.3.

Proof of Theorem 4.1.5. Let f € L*(Q) and set 0 = Af, u = Tf,01, = Anf, up =
Tnf, v =APqf and w = TPqf. The first step is to estimate ¢ — 05,. We note that
curly) = Pof and curlw = . From this we have that ¢ € ¥*(2;), divy = 0 and
w € H(curl, Q)N H(div’, Q). Hence, by Assumption 1 we get curl (IL,¢) = curl ¢ =

Pqf. We can write the error equations

(ILyyp — op, ) + (Pow — up, curl ) = (Iy ) — ¢, 73,) V1, € Vh, (A.2a)

(curl (ITy ) — op),qn) =0 Yan € 2. (A.2b)
Setting 75, = IIy1Y — 0, and using the Cauchy-Schwarz inequality provides:

[TLy ) — onllz2@) < [Ty — Yllz2) < wolh)([Y ]| gr/2es) + [carl Y| re)). (A.3)

Next, with the embedding result in Proposition 2.1.5 and noting that divy = 0, we

obtain

191172450y < Clllewrl ]| L2 + [div | 22a)

< Clleurl |2 () = CllPofllz2@) < Cllfllz2@)-

(A4)

Thus, we have |[I1y9 — oy||2(q) < Cwo(h)| flr2). Lemma A.1.1 shows that

lo = Dllz2@) + lw = ull2@) < Cwr(W)|[ fllz2@), (A.5)
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and therefore, combining (A.3), (A.4), (A.5) we obtain

(A = Ap) fllzz@) = llo — onllz2 @)
<o =2 + llon — Iy || r200) + [Ty — Y| 20

< Clwo(h) +wi(M)I 20

By Lemma A.1.3, we know that there exists 7, € ¥}, such that curl 7, = Pow —uy,
and ||74]|2(0) £ C||Pow — up||r2()- Then using (A.2a) and the Cauchy-Schwarz

inequality, we have

|IPow — uh||%2(ﬂ) = (Pow — up, curlmy,) = —(¢ — op, )

< Cl|Pouw — up| 2@ l|1¥ — onll2()-
Furthermore, using the triangle inequality, and Assumption 1, we have

lw = unllz2(@) < Pow — unllz2@) + lw = Pouwl|r2()
< CllY = onll 2 + wi(h)||curl w12 (q)

< C(wo(h) +wi(M)| fll2) + wi(h)||curl w|| 2. (A.6)
We also have using Lemma 2.1.6,
[eurlwl|r20) = |¥]|r2) < Cllewrl Y[ r2) = CllPo fllr2 ) < Cllfllz2(0)
and therefore using this inequality with (A.6) and (A.5) we arrive at

(T = Tn)fllr2) = llu—unllr2@) < llu = wl[L29) + [[w — unllL2(q)

< Cwo(h) +wi(M) || £l 2()-
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A.2 Proof of Proposition 4.4.1 (Exact sequences)

Proof. In order to prove the sequence (2.26a) is an exact sequence, we only need to
prove grad &, = Ker (£,_y,curl), curl £,_; = Ker (M,_;,div) and divOt,_o =
20, _3.

(i) Vo € &,, grad v € C[Q]3, local exact sequence of (3.2b) in [44] gives that
grad &, C Ker (£,_j,curl). Vv € £, 4, local exact sequence of (3.2b) in [44]
also gives that there exists ¢r € S,(T%f) such that grad ¢r = v|r, so we can
find ¢ € C'(Q2) such that ¢|7 = ¢r and then ¢ € &,. Therefore, grad &, =
Ker (£,_1,curl).

(ii) Since divl,_, C div H(div,Q) = L*(Q), we have div)l,_» C 20, 3. On the
other hand, Vg € 20, 3 C L*(Q) = div H(div, ), by [32, Theorem 4.9], there exists
v € H'(Q) such that divv = ¢ and then we have ¢ = [Iyyq = Iy dive = divIIyo.
Therefore div,_, = 20, _3.

(iii)) We already have curl £, C Ker (9,_1,div). On the other hand, V7 €
Ker(M,_;,div) C H(div® Q), by [32, Theorem 4.9], there exists v € H'(Q) such
that curlv = 7 and then we have 7 = IIy7 = Ilycurlv = curlll v. Therefore,

curl £, 1 = Ker (9M,_;,div)

Next, we are ready to prove the exactness of (4.9). By direct checking the

boundary conditions, we can get the result. [ |
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A.3 Proof of Lemma 4.2.5

Before proving Lemma 4.2.5 let us develop some notations. Let {Fy,..., Fy} and
{v1,..., v} be the sets of edges and (corner) vertices, respectively, of the polyhedral
domain Q. For each E; there exists two faces of 9Q, f} and f7 that share £}, and we
denote their unit-normal vectors by n; for i =1,2. We let Tj be tangent to £ and

set T; = n; X Tj for i = 1,2. Note that T ; for + = 1,2, 3 are linearly independent.

Let V/ denote all the vertices of wa that are in the interior of E,;. Recall that
h h j

V), is the set of vertices of 7;“”c . We decompose them in the following form
Vi =V UV UV,

where V< = {vy,...,v,} are the corner points and VE = U,<;<)/V] are the vertices

lying on edges of Q. Finally, V? = V,\ (VS U VE).

For any z € VJ we choose Fi € Ay(T;*/) such that z is a vertex of F/ and F/ C f
for i = 1,2. We then set F? = F2. We also set T". = T; for i =1,2,3. If 2 € V&
then z is an end point of some F; and we define F? and T fori =1,2,3 in the same

way.

Proof of Lemma 4.2.5. First, we summarize the construction of the Scott-Zhang in-
terpolant in [60]. Let V, be the set of all the vertices of Tj,. For each z € Vy, let ¢,
be corresponding nodal basis of P{(7y), i.e., ¢, € Pf(Ty) satisfies ¢,(y) = 9, for all
y € V). For every z € V,,, we identify an arbitrary face F, of the mesh that contains

z with the only constraint that F, is a boundary face if z is a boundary vertex. Then
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there exists function v, € L*°(F,) such that
/FZ Y.y =0y, Yy € V. (A.7)
Furthermore, the function v satisfies the estimate:

12y < =7 (A.8)

|E%|

The Scott-Zhang interpolant I, is given by:

Lir(x) =) (| ¢.7)¢:(x). (A.9)

Construction of I{""': Similar to the construction in [20] for the two-dimensional
case, we modify the Scott-Zhang interpolant I, on edges and corner vertices of € to

preserve the vanishing tangential trace. We also let ¢! (for i = 1,2, 3) satsify:
Uidy =06y VY EWh, i=1,2,3 (A.10)
Fi

C
1

z

1| poo (riy < (A.11)

The modified Scott-Zhang interpolant I5*" is given as

gir(r) = 3 /F pr)pe@ + Y BTG () (A12)

zevg zEVquf

where
3

t = v . ll 2
IBZ(T) ;1 (Ti % Tz) . Tg /];‘ZZ(T z)¢z7

with C; = T? x T?,.Cy = —T! x T? and C3 = T x T?. Note that C; - T = 6.
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Construction of I%": If » € VE we define F! for i = 1,2,3 as above. Moreover,
we set nl = n} for i = 1,2 and n} = T?. On the other hand, if 2 € V¢ we let
Fi e Ao(T*7) for i = 1,2,3 be such that F? € 99 with each z being a vertex of F.

and such that each lies on a distinct plane. We then let n’ be unit normal vectors

to F'. We then define

I / br)e@+ S BlR)eu(a), (A.13)

zeV? zeVEUVE

where
3

nl x TL2 TL3 /(T ’ nzz)w,zzv
1 z

with Dy = n? x n3, Dy = —n! x n? and D3 = n! x n%. Note that D, - n = ;0.

=

Proof of estimates (4.12)—(4.13): We prove the estimates in four steps:

(ia) I§' - HY2H(Q) N H(curl, Q) — PS(T;) N H(ewl, Q): if 7 € HY2(Q) N
H(curl, ), then 7 x n|sq = 0, and so (7-T)(z) = 0 for any tangential vector T
at z € 9. Therefore, for every z € VEUVS, I7*"'7(z) = B.(7) = 0. On the
other hand, for every z € V?NdQ, we have If*"'7(2) xnp, = sz U, (Txng, ) =0,
where ng, is the outward normal vector of F, C 0€). These two identities yield

(IZWZT X n)laQ =0.

(ib) If™ © HY>9(Q) N H(div,Q) — P§(Ty) N H(div,Q): if 7 € HY>(Q) N
H(div,Q), then 7 - n|sq = 0. Suppose z € VE, then the definition of I%®
shows I§77(2)-nl = B%(7) -nl =0 for i = 1,2. On the other hand, if z € V¢
then I¥"r(z)-n! = B%(1)-n’ =0, i =1,2,3, and so in this case I{"7(z) = 0.

Finally, if z € V) N9, we have I}"7(2) - np, = [, 1.(7 - np.) = 0, where np,

is the outward normal vector of F, C Q. We conclude that (I$*"'7)-n|sq = 0.
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I and I are projections. We show that if 7 € P1(T,) N H(curl, Q) and
5 € P1(Th) N H(div,Q), then I{*"'1; = 7 and I 1, = 1. Since 7; € PS(T7)

(1 =1,2), we can write

Ti(x) = Y mi(y)dy(x).

ZEV

If 2 € V), I"'1y(2) = [ v = 3 1) [ by = 1i(2) by (A7), Sim-
) YyEVh

ilarly, Iy (2) = 7(z). However, if z € VEUV}? then I7*"'7,(2) = BL(n)

and I{"7,(2) = B"(ry). We have 8% (r) sz - Ty, = 7(2) - T for

1 = 1,2,3. Recalling these three tangential vectors are linearly independent,

we conclude I$""'7(2) = 1,(2).

Similarly, since 87 (72) = fFZ nil = 1(z) - nl, i = 1,2,3, we have

Iff”Tg (2) = 1o(2).

Stability estimate. By an inverse estimate (2.5a) we have
"l vvzescry < Chy M|y

We will use the following trace inequality (see [30, Proposition 3.1]; also follows

from (2.3), (2.5) and a scaling argument),

17l L2 my < C(h2NTl 220y + h1T+5|T|H%+5 TeThF. e A(T). (A.14)

(T))7

Since the number of edges and vertices of 02 is finite we have M, :=

max

-5 is finite. Using the L™ estimates of 9., (A.8), (A.11),
zeVE YV

1
(TiXTz) z
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(A.14) and the estimate ||@.||L2(r) < C’hgT/2 for z € T, we have

1L oy <) N8:llzeay Il e 17 e

ZEVS
2€T
3
+ My > el D Wil 7l )
zeVEUVY i=1

zeT

1/2+96
< O+ M) (Il 2y + 017 ps )

Therefore, we conclude

WP I8 g s oy | TS 2y

1/246
< O+ M) (17Nl r2ery + B> 1T i vo o)

(A.15)
On the other hand, by following the same process, we obtain
B N T sy I T2y (A.16)
< O+ M) (|7l 2y + hi 21| gnsees wiry):
(A.17)
where M,, ;= max L

(iv) Estimate (4.12): Let w = m fw(T) 7dx, so that by the Poincare inequality
(cf. [60, Section 4] and [33, Proposition 2.1])

1/246
17— w2y < Chal> T ap1/2vs oiry- (A.18)

Since w is a constant, there holds I{""‘w|; = w. Using the estimate (A.18)
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and the stability result (A.15), we obtain

1T — 7| 2y = [T (7 — w) = (1 — w)| 22y
1/24+6
< O+ M) (7 = wllr2ery + bl s qoery)

S C(l + Mt)h;/QJr&’T‘H1/2+5(W(T)).

Similarly, we have

‘IZUTZT’H1/2+5(T) = ‘I?Lu’l‘l<7_ — w)|H1/2+6(T)
—1/2—6
< O+ M) ha P |7 — wllz2goery + 17l mves i)

< C(l + Mt)|T’H1/2+§(w(T)).

These last two estimates complete the proof of (4.12). By the same process,
(but replacing the stability estimate (A.15) with (A.16)) we obtain the estimate

for I9™ (4.13).

A.4 Scaling Properties

In this section, we need to prove Proposition 4.3.7, Lemma 4.3.8, and Lemma 4.3.9.

A.4.1 Proof of Proposition 4.3.7

Proof. The proof of (i) follows from the definition of T and Definition 2.2.4. The

identities given in (ii) follow from the chain rule, and the scaling result in (iii) is a
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To prove those two lemmas, we transform T to the standard reference tetrahedron

T with unit size.

Definition A.4.1. Let T be the tetrahedron with vertices (0,0,0), (1,0,0), (0,1,0),

(0,0,1). For any tetrahedra T set ¢ : T — T to be an affine diffeomorphism with

for some B} € R3*3 and b; € R3.

Remark A.4.2. There holds (cf. [57, Page 80 and Lemma 5.10])

7

[det(By)| = = = 6T, Bl <hp =1, |B;'l| <07 <o

T

A.4.2 Proof of Lemma 4.3.8

We require an intermediate result to prove Lemma 4.3.8.

Proposition A.4.3. (Equivalence norms of Sobolev space)

A

(i) Yo € H*(T) with 0 < s < 1, we have

e

ey < 100 Ol ey < Cold ey

where Cy and Cy depends on ¢y (the shape reqularity of T, ) and s.

(A.19)
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(i1) For all k € W*9(é) with sq <1 and 0 < s < 1/2, we have
Csl|& 0 @pllweae) < [1E[lwsae),

where € = gb;(é), and C5 depends on ¢y, s and q.

(iii) For all iz € WP(T), we have
“/%”WLP(T) < Cyllk o ¢T||WLp(T)- (A.20)
Moreover, for any F € Ao(T),
[#llyaoey < Collf 0 dpllyroisy Vi € WHP(E), (A21)

where F = gb;l(ﬁ), and Cy and Cy depends on cq and p.

Proof. (i) This estimate follows from [46, Lemma 2.9] and Remark A.4.2.

(ii) Let K € W*4(é) and to ease notation, set K = & o ¢;. Recalling the definition

of W*4(¢é) and applying a change of variables, we have

| " di di €|2 (7) - d7 dj
qu |I— |1+sq y_ |B y |1+sq

> C|

KZ‘WG k

Because

1Al 0 = B ||| IZae) = CllEN Loz

we conclude ||&||wsaey > Cs||Rllwsae)

(iii) The proof of (A.20) and (A.21) follows the same arguments as (ii); we omit
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the details.

Now we are ready to prove Lemma 4.3.8.

Proof of Lemma 4.3.8. Let © € H'?*9(T) and set © = © o ¢;. Then o € HY/2H(T)

2

by Proposition A.4.3. Setting s = 0 — 1 + 3/p then we see that since p < =5

we

have s > 1/p. Hence by the trace inequality (2.3) we have

0] Leory < I0llws-1rmn@ry < CllOlwsne-

By our choice we have s —3/p = 1/2 + § — 3/2 and hence by the Sobolev inequality
(2.2)

10llwenry < ClOl paravs (.

A change of variables along with (A.19) then shows

0]l Loory < CllOlloor) < CllOllarzsry < ClOlgarzes iy

A.4.3 Proof of Lemma 4.3.9

We start with the same result for the reference element 7.

Lemma A.4.4. Let é € A((T) and F € Ay(T) be an edge and face of the reference

tetrahedron, respectively, such that € € Al(F). Then for 1 < q < 2, there exists
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E :P,_3(&) = WY (T) such that (ER)|: = &, (E/%)bﬁ\é =0, (ER')’BT\F =0 for all

R

€ P._s3(€), and the following estimates hold:

1ERl[wray < CllEllwr-1/a0),

IERlwracr) < CllEwi-1/200):

Proof. We first extend & € P,_3(6) € W'~1/49(¢) by zero to OF, denoted by &;.

With ¢ < 2 and the definition of W1=/%4(¢), we have

||“1||W1 1/9,4(9F) ||’iHWl 1/a.a(e +2//8F\e |x—y|‘1 dz

< +2||n||qme)// |~ i
AF\é

< [I%I[5 + Cll&l L@ < ClEI

Wl-1/aq(g) Wil=1/aq(g)’

where we used that [, [,z dy dz is finite for ¢ < 2 and (2.5a).

Jz—gle qu

We extend &; to F using (2.4) and denote the extension by &, € Wh4(F) with

the estimate:
[Rallwracry < CllEtllwr-1aaory < CllEIwi-1/0.0)- (A.22)

Similarly, we extend &, € WY(F) by zero to 0T, which we denote by &s. Set

s = 2/(2—q) then we see that using a Sobolev inequality [|Rzl| o7y < Cll&2ll (i)
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Using definition of W'=Y/%4(9T) and Hélder’s inequality, we have:

|Fa (%
IRl sty = IRl / /E)T\le—yl L dA()dA()

< |[R2|l?

wi-1/aq(F
1/s
© e (L] e 1AwAw)
< ||I%2||(‘Z/V1—1/q,q(F +C||I€2||qu (F) = < CHI€2HWLQ(F)’

where we used s’ = 2/¢q which implies (¢ + 1)s’ = (¢ + 1)% < 3 < 4 and hence the

double integral is finite.

Again we use (2.4) to lift &3 to 7" where we denote the lifting by Fik € Wh9(T)

and it has the estimate

|1E&lwr.azy < CliRsllwiovaagor) < Cleallwrae < ClElwi-iae)-

Furthermore, we have

1ER oy = NFalliros) < CllETwi-vaae)-

Using Lemma A.4.4 and Proposition A.4.3, we now prove Lemma 4.3.9.

Proof of Lemma 4.3.9. Let & € P,_3(é), and let & € P,_3(€) (with é = gzﬁ;l(é)) be

given as &k = i o ¢4. By (ii) of Proposition A.4.3 there holds

|&llwr-1/a.0e) = CsllFllwri-1/0.0()-
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By Lemma A.4.4, there exists £ : P,_3(é) — WH4(T) such that (E&)|; = & and
(ER)|gpe = 0, (ER)|yp 5 = 0. Let E : P,_g(e) — WHI(T) be defined by (Ef) =
(ER)ops. Then Eil; = i (ER)[pme =0, (ER)|pp = 0 and with (iii) of Proposition
A.4.3, we have

1B wace) < CHE’%HWM(F) < Cll&llwr-1/a.0) < Cllallwi-1/a.0(),

and

1E&llwracry < ClERI oy < CllEllwi-iaae < Cllalwi-iaae)-
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Additional details for Chapter 6
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In this appendix, we covered some proofs of the theorems in Chapter 6.

B.1 Proof of Proposition 2.3.1

Proof. The range of [rg so] is contained in the kernel of ¢; o s7* o 7} because for any

(U, ’U) € Ao X BO
tisy L (rou + sgv) = 18] ' risou = 18] tsitou = titgv = 0,

where we have used the given assumptions that the top and bottom sequences
in (2.10) are sequences and that the commutativity property, r1sp = $1to, holds.
For the reverse inclusion, if u € A; is in the kernel of t; o 51’1 o ry, then sflrlu
is in kert; = rangety, so there is a v € By such that sl_lrlu = tyv, i.e.,
0 = riu—sitov = riu—riSev using the commutativity property again. Hence, u— sqv
is in kerr; = rangerg, i.e., u = sqv + roug for some ug € Ay, thus showing that u is

in the range of [ro s¢] and completing the proof of range [ro so] = ker(t; o 57 o 7y).

We use the other commutativity property, 7951 = syt1, to prove range (t; o s;' o
r1) = ker [{2]. Consider a v, in the latter kernel, i.e., ssvo = 0 and tov, = 0. Since
ker(ty) = range (1), there is a v; € By such that vy = t1(v1), s0 0 = sovy = Sotyv; =
ros1v1. Since sjv; € ker(rg) = range (1), there is a u; € Ay such that s;v; = ryug,
ie., vy = sy'riuy. Thus vy = tyvy = 187w, ie., range (t; o 57 ory) D ker [72].

The reverse inclusion is easy.

To prove the final statement, consider a ug € Az and v3 € Bs. If t5 is surjective,
then there is a vy € By such that t,0, = v3. If 75 is also surjective, then we can find

a ug and Uy in Ag such that rous = uz and rotis = s905. It may now be easily verified
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that vy = t15] Uy + Uy — t15] "1y in By satisfies [ ]vy = [12]. [ |

B.2 Proof of Lemma 6.1.5

Proof. We first show that dim P,R = dimR = 6. This follows if we show that the
kernel of Py is empty. Let v € R and assume that P,v = 0. Then, by the definition
of P, and the fact that v is a linear function, we must have that v vanishes on
the barycenter of each K € T%/. This implies that v = 0 if there are three such
barycenters that are not collinear. To see that there are such barycenters, recall that
the barycenter of K € T%/ is the average of the four vertices of K. Hence the line
connecting barycenters of two adjacent K, € T%/ is parallel to the line connecting
the two vertices opposite to the common face F' = 0K, N 0K _. Thus taking, for
example, three subtetrahedra in T%/ with a face contained in a common F' € Ay(73),
we see that their barycenters cannot be collinear, since no three of their vertices are

collinear.

We now prove (6.8). Since dimR = 6 and by the definition of U3(T%7), we have
dim U2(T"7) > dim U3(T"/) — dim R = 36 — 6 = 30.

We use that

U (1) = Us(T"7) @ [U (1)),

and obtain dim[U3(T"/)]* < 6. However, one can easily show that P,R C

[U3(T®F)]+ which implies dim[U2(T/)]* = 6 and P,R = [U3(T"/)]*.
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B.3 Proof of Lemma 6.2.3

Proof. Fix F € Ay(T), and let e € AI(F) be an internal edge in the induced
Clough-Tocher split of F. Let f be the corresponding internal face of 7%/ with e
as an edge, and let ny is a unit-normal to f. We further set ¢, to be a unit tangent

vector to e and s, = np X t, to be a unit tangent vector of F' orthogonal to t..

Since ny-t. =0, we have ny = (ns-ng)np+(ng-s.)s.. Since o € VA(T* )@V, we
have ony is single-valued on e and hence, by symmetry of o, (/) - ny is single-valued
on e. Therefore, on e, with (of) -ny = nl,ol = 0, we have (of)-ns = (ny-s¢)(of) - s,
and so [0z - se]e = [(0f) - sc]e = 0 for any e € A{(F"). Therefore, o € Vi, (T)

on each F' € Ay(T). [

B.4 Proof of Lemma 6.2.4

Proof. Since w € V;',(T") @ V and w' € V2 | (T*/) ® V, then nw, wt. and wt,

are continuous cross e on I
[fw]e =0, [wt]e=0, [wt]e=0. (B.1)
Let s, = aqyny + Bits, np = asonys + Bots, and note aq # 0 and By # 0.
Since n’ wQ|or = 0, for any e € AL(F°),

= [[TLIFZUSG]]@ = ﬂ(aQn/f + 62t;)w(alnf + 51t8)]]e

= aqapnpwnge + aofi[nfwts]e + aiBatiwng]e + Bafi[tiwt ]
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= ay fofthwny]e.

Thus, we have

[tiwng]e = 0,

and therefore

[slws.]e = aF [[n’fwnf]]e + a1 [[n’fwts]]e + a1 By [thwny]e + Bi[tawt,]. = 0.

We have [t,wny]. = 0 since wg = 0 and
0 = [tLwse]e = [tLw(aing + Bits)]e = aatLwns]e + Siltiwts]e= oq [tLwny]e,
where we use (B.1). This implies that
[tiwng]. =0

since

[[t,ewnFﬂe = [[t/ew(a2nf + ﬁQts)]]e =0.

B.5 Proof of Lemma 6.2.5

Proof. Write { = aqt; +asts, m = ayts —asty, where tq, t5 are tangential basis defined
3

in Section 2.4. We also set t3 = ng, and write u = ) uijtit;-. We then have the
ig=1
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following identities for the components of curlu (s € {1,2,3}):

t(curlu)t; = Ohyusy — Oryuisa,
t'(curlu)ty = Oy ug) — Oy, Uss, (B.2)

t'(curlu)ty = Oy ugy — Oy, g1

We then compute

U (curlu)m = (arty + astz) (curlw)(asty — asty)
= (a1)*(Opyu11 — O, u13) — (a2)?(Opytunz — Opytigo)
+ ajag(Oiuz1 — Oy oz — Opun3 + Opytig2)
= O, ((a1)*ury + (a2)?uge + araz(ug1 + ur2)) (B.3)
— a1(ag0,u13 + a104u13) — az(ag0y, ugg + ag0,ug3)
= O, (('uppl) — a10pu13 — asOpuios

= Op(Cuppl) — O (tpy - £) = Op(Cuppl) — grad, (up, - £) - L.

Similarly, by using (B.2), we have

V' (curlu)l = (ayty + asts)(curlu)(arty + asts)
= (a1)? (O, u13 — Opyu1a) + (a2)?*(Dyyua1 — Oy, un3)
+ ayag (O, ug3 — Oiyting + Opyury — Oy Ui3)
= O (— (1)’ w12 + (a2)?uz1 + araz(ur; — uzs)) (B.4)
— a1(—a10,u13 + a20, u13) + az(ar 0k, uss — as0h, uss)
= —0y, (M'uppl) + a10,,u13 + a20,Us3

= —0p (M uppl) + O (Upy, - €) = —Op (M uppl) + grad, (upy - £) - m.
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Finally, again by using (B.2), we have

n’p(curlu)l = t5(curl u)(art; + asts)
= (a10p,u33 — a20y us3) + O, (agus; — arasz) (B.5)

= Omuss — Op(Upnp - m) = (gradpuss) - m — Oy (tupy - m).

Lemma 6.2.5 now follows from (B.3)—(B.5) and the first case in Lemma 6.2.1. W

B.6 Proof of Lemma 6.2.6

Proof. (i) Continuity: we show the continuity of wg» — grad,uz,. Recall the no-
tation from Section 2.2.1.2. Since w € V! |(T*/) @ V (by Theorem 6.1.7), for any
e € AI(F) we have [wgpt.]. = 0 due to Jwt.]. = 0. Consequently, because u is

continuous, we have

[(wer — grad,ui )t.]e = 0. (B.6)

Now to prove the continuity of wg — grad,u’, on F, it suffices to prove
[(wpr — grad,ui )s]. = 0 for all e € A(F). Using w' € V2 ,(T%) @ V and

wp, = 0, by Lemma 6.2.4 we have

[sLwpese]e = [sLwse]. = 0. (B.7)

Next we show that [s/grad,(ug,)s.]c = 0 and [t (wpe — uf,)sc]c = 0. Since

u €LY (T*)®@V and up = 0 on F, we have

[[S/egradF (uj:n>8€]]6 = [[gradF (ui:n ’ Se) ’ 56]]6

= [grad . (up, - te) - Se]e = —[t.(curlu)t.]. = 0, (B.8)
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where the second equality comes from (2.14) and the third equality uses (6.23) in
Lemma 6.2.5 with ¢ = t, and m = s.. Similarly by (6.22) in Lemma 6.2.5 with
(= 8., m= —t, and (2.14), we have [t grad,.(ui, )s.]. = [t.(curlu)'s.].. Therefore,

we have

[t (wee — gradpus, )se]e = [to[(curlu)’]mrse]e — [t (curlu)'s.]. = 0. (B.9)

Combining (B.6), (B.7), (B.8) and (B.9), we conclude that wy, — grad,uz, is con-

Fn

tinuous on F.

(ii) Proof of (6.25): With (2.19g), (2.19h) and (2.13), we have

2Wep = gradp(gradF(U ’ nF) X Np — (anvF) X nF)'

Then with (2.19i), (2.19j) and (2.14), we obtain

2gradFu,fF = 2gradF[(a(v))nF]L = grad,(grad, (v - ng) X np + (O,vp) X np).

Therefore, by computing the difference of the above two equations, we conclude

W — grad us, = grad,. (0,vr X np).
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