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Abstract of “High Order Numerical Methods for Hyperbolic Equations: Bound-
preserving and Riemann Invariant Based System Solvers”, by Ziyao Xu, Ph.D.,
Brown University, May 2023

This dissertation consists of three topics on bound-preserving discontinuous Galerkin
(DG) methods for time-dependent and stationary hyperbolic equations, and efficient
finite difference weighted essentially non-oscillatory (WENQO) schemes for hyperbolic

systems.

In Chapter 2, we propose third order bound-preserving DG schemes for scalar
conservation laws and the Euler equations based on the Lax-Wendroff time discretiza-
tion. We first establish the maximum-principle-satisfying DG scheme for scalar con-
servation laws in one dimension. The scheme develops the idea from the direct
discontinuous Galerkin (DDG) method for heat equations to discretize high order
spatial derivatives resulting from the Lax-Wendroff procedure. When it extends
to multi-dimensions, we avoid the appearance of mixed derivatives in the numeri-
cal schemes based on carefully designed expansions of high order derivatives. The
positivity-preserving schemes for the Euler equations are constructed in a similar

manner.

In Chapter 3, we follow the work of Yuan et al. (2016) [90] and Ling et al.
(2018) [46] to investigate the positivity-preserving DG methods for stationary hy-
perbolic equations. High order conservative positivity-preserving DG methods for
variable coefficient and nonlinear stationary hyperbolic equations in one dimension,
and constant coefficient stationary hyperbolic equations in two and three dimensions
are constructed, via suitable quadratures. In Chapter 4, we continue the study in
Chapter 3 and clarify a more appropriate definition of mass conservation, rather than
preserving cell averages, for stationary hyperbolic equations. The genuinely conser-

vative high-order positivity-preserving DG methods based on the new definition are



constructed, which are able to preserve the positivity of more general types of equa-
tions with much simpler implementations and easier proofs for the Lax-Wendroff
theorem. Novel conservative positivity-preserving limiters are designed to accommo-

date for the new definition of conservation.

In Chapter 5, we investigate local characteristic decomposition free WENO schemes
for a special class of hyperbolic systems endowed with a coordinate system of Rie-
mann invariants. We apply the WENO procedure to the coordinate system of Rie-
mann invariants instead of the local characteristic variables to save the expensive
computational cost on local characteristic decomposition but meanwhile, maintain
the essentially non-oscillatory performance. The efficiency and good performance
of our method are demonstrated by extensive numerical tests, which indicate the
coordinate system of Riemann invariants is a good alternative to local characteristic

variables for the WENO procedure with higher efficiency.
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CHAPTER ONE

Introduction



Hyperbolic conservation/balance laws are fundamental tools to investigate the phe-
nomena of flow and transport. When numerically solving hyperbolic equations, high
order accurate numerical methods are preferred due to their vast advantages in ef-
ficiency and fidelity. However, many high order methods suffer from strong oscil-
lations near discontinuities of solutions, which is the so-called Gibbs phenomenon.
Some important physical quantities may be out of their physical range due to spu-
rious oscillations, e.g. density or pressure of fluid becomes negative if the density or
pressure is low near shocks. Once these happen, not only physically the quantities
are no longer meaningful, but numerically the hyperbolicity of differential equations
is also changed, which often leads to the NaN outputs and simulation failure. To
reduce the spurious oscillations, many remarkable robust algorithms and stabiliz-
ing techniques were developed, e.g. artificial viscosity methods [79], total variation
diminishing (TVD) [31, 32] and total variation bounded (TVB) [69] schemes, essen-
tially non-oscillatory (ENO) [33] and weighted essentially non-oscillatory (WENO)
[48, 35] schemes, and discontinuous Galerkin (DG) [62, 40] methods with various of

limiters, etc.

The discontinuous Galerkin method, first proposed by Reed and Hill in [62] for
the neutron transport equation on triangular meshes, is a class of finite element meth-
ods with discontinuous function space of test and trial functions. It was developed
into the Runge-Kutta discontinuous Galerkin (RKDG) methods by Cockburn et al.
in a series of work [17, 16, 14, 13, 18] to solve nonlinear hyperbolic problems. Since
then, the DG methods have been widely used in numerical simulation for hyperbolic
equations, due to their advantages in high order accuracy, flexibility in complex ge-
ometry, and easiness to be parallelized. Limiters such as the total variation bounded
(TVB) limiter [18] are usually applied after each Runge-Kutta stage to stabilize the

solution.



Due to the lack of provable bound-preserving property, common DG methods
designed for general purpose are not enough in some extreme cases, e.g. very high
Mach jets in astrophysics, point blast problems, and vacuum near shocks in compress-
ible gas dynamics. The simulation may blow up if no ad hoc positivity correction is
made to avoid possible negative density or pressure. Bound-preserving methods, also
referred to as the maximum-principle preserving methods in some contexts, are nu-
merical methods that are carefully designed to ensure the physical quantities strictly
fall into their physical bounds during the entire simulation. If the upper bound of
a physical quantity is infinity, the methods are called positivity-preserving. In 2010,
the genuinely high order bound-preserving DG methods were constructed by Zhang
and Shu in [93, 94]. The basic idea of the Zhang-Shu framework is to take the test
function in the DG scheme to be 1 in each cell to yield an equation satisfied by the
cell average of the target variable, and prove the desired boundedness of the cell
average under the certain choice of numerical fluxes and suitable CFL conditions.
Then a scaling limiter that does not affect the accuracy and cell average can be used

to modify the variable to obtain physically relevant bounds for the entire solution.

In order to gain high order accuracy, the bound-preserving schemes also need
to combine with temporal discretization whose order is consistent with the order
of spatial discretization. Almost all temporal discretizations in the existing bound-
preserving methods is based on the method of lines, which treats the spatially dis-
cretized equations as ODE systems and uses appropriate time marching approaches
to evolve in time. In particular, the strong stability preserving (SSP) Runge-Kutta
or multi-step methods, which are convex combinations of Euler-forward time dis-
cretization, are primary time marching approaches used in bound-preserving DG
methods for time-dependent hyperbolic problems. In this dissertation, we study the

bound-preserving DG methods based on the Lax-Wendroff time discretization, which



haven’t been studied adequately before. The Lax-Wendroft discontinuous Galerkin
(LWDG) methods [58, 30] first take the Taylor expansion of the solution in time to
gain high order temporal accuracy. Then, the methods utilize PDE itself to replace
the temporal derivatives in the expansion with spacial derivatives, followed by spatial
discretization by the DG methods. Therefore, the LWDG is a high order single-stage
method, with more compact stencils in each time step. The main challenge of the
bound-preserving technique for LWDG is the appearance of high order derivatives
and mixed derivatives in high dimensions due to the Lax-Wendroff procedure, which
is not commonly encountered when dealing with first order hyperbolic equations or
convection-diffusion equations with the method of lines. To resolve the problem,
the bound-preserving DDG [11] flux will play a key role in the construction of the

numerical schemes.

Besides the LWDG for time-dependent problems, we also study the positivity-
preserving DG for stationary hyperbolic equations in this dissertation. The station-
ary hyperbolic equations could appear in flow and transport problems at steady-state,
the stationary radiative transfer equations (RTE) discretized by the discrete-ordinate
method (DOM), or the implicit time discretization/space-time DG methods for time-
dependent hyperbolic equations. A distinct difference between the DG methods for
the stationary and time-dependent hyperbolic equations is the marching direction of
the computation. For time-dependent problems, the DG methods march in time, so
the cell averages of solution at the current time stage depend on the cell averages in
previous stages, thereby the bounds of cell averages are easier to be ensured, provided
the bounds are satisfied by the solutions at previous times. However, in stationary
problems, the sweeping direction of the computation follows the wind direction of
the flux in space. Therefore, the cell average of the solution on a target cell depends

only on the inflow fluxes and the source term, which gives rise to new challenges to



the bound-preserving technique. Such a feature makes the proof of the positivity of
cell averages very complicated even for the simple equation u, + yu = s(x), see [46].
As shown in the studies in Chapter 3 and [46], for more complex equations or higher
dimensions, the positivity of cell averages obtained by unmodulated DG methods
generally fails! Some complicated non-conservative positivity-preserving limiters are
proposed in [90, 91] to address such an issue. In this dissertation, we shall propose
new techniques and methodologies to preserve the positivity of the solution without

hurting the conservation property of DG schemes.

Besides DG, the ENO and WENO methods are also prevalent numerical methods
for hyperbolic conservation laws. The ENO methods, first developed by Harten et
al. [33], use an adaptive strategy to choose the smoothest stencil among several can-
didates to reconstruct the solution from its cell averages, hence the methods yield
essentially non-oscillatory approximation near shocks. The original ENO scheme
was based on the framework of finite volume methods with Lax-Wendroff time dis-
cretization. Later on, Shu and Osher proposed the finite difference framework in
[73] by ENO interpolation for nodal values of solutions and high order approxima-
tion for spatial derivatives of fluxes, which saves considerable computational cost in
multi-dimensions. Their subsequent work in [74] developed a simpler finite difference
framework based on the Shu-Osher lemma to approximate the fluxes at cell interfaces
by standard reconstruction procedure for fluxes at cell centers. The WENO methods
[48, 35] were developed upon ENO, with the idea of using a convex combination of
all candidate stencils rather than only one stencil in the original ENO scheme to
gain higher order of accuracy. The WENO procedure can be used in the framework

of finite volume or finite difference methods like the ENO.

The high order ENO/WENO finite volume/difference methods have to be used

in cooperation with the local characteristic decomposition, when solving hyperbolic



systems of conservation laws, as the reconstruction/interpolation on conservative
variables typically produces much worse numerical fidelity near shocks compared with
the characteristic variables, especially when shocks of different characteristic fields
interact. However, the local characteristic decomposition is computationally costly
since the eigendecomposition is needed on each interface of cells. In this dissertation,
we look for alternative variables for the WENO procedure, such that the expansive
computation of local characteristic decomposition is exempted, meanwhile the non-
oscillatory fashion of the WENO schemes is not affected. An ideal candidate is the
coordinate system of Riemann invariants, which only admits one major discontinuity
in each component when shocks of different characteristic fields appear in Riemann
problems. Due to the nonlinear algebraic relation between the Riemann invariants
and conservative variables, we establish our local characteristic free scheme within

the finite difference framework of [73].

The rest of the dissertation is organized as follows. In Chapter 2, we study the
bound-preserving LWDG methods for scalar conservation laws and the Euler equa-
tions. In Chapter 3, we construct positivity-preserving DG methods for stationary
hyperbolic balance laws with nonnegative source terms and initial conditions, via a
suitable quadrature rule. We further study this topic in Chapter 4, where a more
appropriate notion of mass conservation for stationary hyperbolic equations is clari-
fied and the corresponding conservative limiters are given. In Chapter 5, we propose
an efficient local characteristic decomposition free finite difference WENO method
for a particular class of hyperbolic conservation systems. Finally, we summarize the

dissertation with some conclusions in Chapter 6.

To avoid confusion, we remark that we define and use notations locally in each

chapter. Some notations may have different meanings in different chapters.



CHAPTER TWwO

Bound-preserving Lax-Wendroft
discontinuous (Galerkin methods
for time-dependent hyperbolic

equations



2.1 Introduction

Hyperbolic conservation laws are basic tools to characterize the phenomena of flow
and transport, e.g. the Burgers’ equation for traffic flow and the Buckley-Leverett
equation for two phase flow as the scalar cases, and the Euler equations for com-
pressible gas dynamics and shallow water equations for water with shallow depth as

the system cases.

The scalar conservation laws are known to satisfy the maximum-principle, e.g.

for the one dimensional scalar equation

u+ f(u), =0, zeR, t>0, (2.1)

with initial condition

u(z,0) = up(x), z€R,

the entropy solution satisfies m < u(x,t) < M,Vx € R, t > 0, where m = min,cg uo(x)
and M = max,cg up(z). Same results also hold for periodic boundary conditions,

bounded domain with compactly supported solution, and higher dimensions.

Similarly, the positivity of certain important physical quantities are satisfied by

some hyperbolic systems, e.g. for the Euler equations

w+fw), =0, zecRt>0 (2.2)



where
p m
u=1| m |, flu)=| pu2+p |,
E (E+p)u
with

1
m=pu, E= Equ +pe, p=(y—1)pe,

in which p is the density of fluid, m is the momentum, u is the velocity, F is the
total energy, p is the pressure, e is the specific internal energy, and v > 1 is the ratio
of specific heats, it is well-known that the physical solution u € G for all t > 0 if it

holds at t = 0, where G is the admissible set of solutions defined as

G={u:p>0,p(u)>0}. (2.3)

Rigorously preserving these physical bounds of solutions is of great importance
for the robustness of numerical algorithms, in that once the quantities were out of
their physical range, the hyperbolicity of equations is lost, which often leads to the
simulation failure. There have been intensive studies on the maximum-principle-
satisfying and positivity-preserving numerical methods for hyperbolic conservation
laws. In 2010, the genuinely maximum-principle satisfying high-order discontinuous
Galerkin (DG) and finite volume methods for scalar conservation laws were proposed
by Zhang and Shu in [93]. The algorithm is composed of two steps under the DG
framework. The first step is to prove desired physical bounds for the cell averages of
numerical solutions are automatically satisfied by the unmodulated high order DG
scheme with appropriate CFL conditions and numerical fluxes. Then a scaling lim-
iter, which does not destroy accuracy and mass conservation, are adopted to modify

the solution such that the physical bounds satisfied by cell averages are extended
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to the entire solution. Based on this simple and general framework, the high or-
der maximum-principle-satisfying and positivity-preserving numerical schemes have
been rapidly developed for different problems ever since, for instance, the Euler
equations [94, 95, 80|, the Navier-Stokes equations [92], the shallow water equations
[82, 81, 45], convection diffusion equations [96, 42, 11|, and hyperbolic equations
involving d—singularities [97, 89], etc. For convenience, we call both maximum-
principle-satisfying and positivity-preserving techniques the bound-preserving meth-

ods.

It should be noted that, in order to gain high order accuracy, the bound-preserving
schemes also need to combine with temporal discretization whose order is consistent
with the order of spatial discretization. Almost all time discretizations in the afore-
mentioned bound-preserving methods are based on the method of lines, which treats
the spatially discretized equation as ODE systems and use appropriate time marching
approaches to evolve in time. In particular, the strong stability preserving Runge-
Kutta (SSP-RK) methods or the SSP multi-step methods [25, 27, 70] are preferable
because they are convex combinations of forward Euler time discretization, which
greatly simplifies the proof of the bound-preserving since all analysis only need to be
carried out on a single forward Euler time step. Besides the explicit methods, there

are also studies on backward Euler time discretization [55, 46].

As an alternative to method of lines, the Lax-Wendroff methods are also widely
used in the computation of time-dependent partial differential equations, for instance,
the combination of Lax-Wendroff type time discretization with DG (LWDG) methods
[58, 57, 30] or with the WENO schemes [60, 56], the two-stage fourth-order methods
[53, 43], the arbitrary high order derivative Riemann problem (ADER) approach [77,
23, 22|, and its variant based on the Galerkin space-time predictor [20, 7, 21}, etc. The

Lax-Wendroff methods utilizes the information of the partial differential equations
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to replace temporal derivatives by spatial derivatives in the Taylor expansion of the
solution in time. Therefore, the Lax-Wendroff methods are one-stage, explicit, high

order methods, and only need the stabilizing scaling limiters once per time step.

Regarding to the situation that there are very limited researches on bound-
preserving techniques for Lax-Wendroff schemes, we study the LWDG to construct
third order maximum-principle-satisfying and positivity-preserving LWDG schemes
for scalar conservation laws and the Euler equations in one and two space dimensions.
Different to the previous works [50, 66] on positivity-preserving Lax-Wendroff type
methods, our algorithm does not rely on the flux limiter that needs to combine low
order positivity-preserving flux and high order flux together, hence the high order

accuracy of our approach is easier to guarantee.

The construction of our numerical schemes is based on the third order Taylor
expansion of solution in time
2 t3

At A
u(z, ") = u(z, t") + Atug(z, ") + TUtt(a:, t") + ?um(x, t") + O(AtY), (2.4)

where At = t"*! — ", Due to the Lax-wendroff procedure, there will be many
spatial derivatives to replace the original time derivatives in (2.4), especially for
the system case in high dimensions. In this chapter, we adopt the discontinuous
Galerkin methods for the spatial discretization of the derivatives. In 1973, Reed
and Hill [62] proposed the first discontinuous Galerkin method to solve the steady
linear transport problem. It was developed into Runge-Kutta discontinuous galerkin
methods (RKDG) by Cockburn et al. in a series papers [17, 16, 14, 13, 18] to
solve nonlinear hyperbolic conservation laws. Limiters such as the total variation
bounded (TVB) limiter [18] are usually applied to stabilize the solution near shocks

after each Runge-Kutta stage. Discontinuous Galerkin methods have been widely
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used in computational fluid dynamics due to their advantages in high order accuracy,
flexibility in complex geometry and easiness to be parallelized, and is one of the most

common choices in developing bound-preserving schemes.

In our work, we develop the idea of bound-preserving direct discontinuous Galerkin
(DDG) method from [11] to resolve the difficulty caused by high order spatial
derivatives produced by the Lax-Wendroff procedure. When it extends to multi-
dimensions, we avoid the appearance of mixed derivatives in our numerical schemes
based on carefully designed expansions of high order temporal derivatives in the
Lax-Wendroft procedure, which is the key for the success of bound-preserving in
high dimensions. We only demonstrate the treatments in two dimensions but the

technique can be generalized into three dimensions directly.

It is worth mentioning that, the tedious CFL conditions to be derived for bound-
preserving in the chapter is not explicitly used in the implementation. But rather,
they are used as a theoretical guarantee. In practice, one can use standard CFL
conditions in computation, and rewind the computation back to the beginning of
the step with halved time step-size when the cell averages exceeds their desired
bounds at that step. The theoretical results in the chapter guarantee that one only
needs to halve the step-size finite number of times. Moreover, since the LWDG is
an explicit single stage method, the temporal derivatives of the solution only need
to be computed once per time step, which makes the cost of rewinding computation

very cheap.

The rest of the chapter is organized as follows. In Section 2.2, we first introduce
the notations to be used throughout the chapter, and then construct the maximum-
principle-satisfying LWDG methods for scalar conservation laws in one and two space

dimensions. In Section 2.3, we establish the positivity-preserving LWDG schemes
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for the Euler equations in one and two dimensional spaces. The scaling limiters are
introduced in Section 2.4 to ensure the boundedness and stability of the numerical
solution. In Section 2.5, we give extensive numerical examples to demonstrate the
effectiveness of our algorithm. We end up with some concluding remarks in Section
2.6. The discussion in the above sections are based on uniform meshes. In the
Appendix A.3, we give illustrations on how to extend the algorithms to nonuniform

meshes and take the one dimensional scalar conservation law as an example.

2.2 Maximum-principle-preserving for scalar con-

servation laws

In this section, we study the maximum-principle-satisfying LWDG methods for scalar
conservation laws. Based on the framework of [93], we only need to put our effort on
attaining the maximum-principle for cell averages of the solution, i.e. m < @"™! <
M, provided m < u™ < M, where the superscripts n and n + 1 denote the time level
t" and t"!, respectively. The slope limiters introduced in Section 2.4 will make up

the gap between the maximum-principles of 4"+ and u"*!.

For simplicity, we only discuss the one and two dimensional problems with peri-
odic boundary conditions on uniform meshes, but the results can be directly extended
to three space dimensions and non-periodic cases. However, the extension from uni-
form meshes to nonuniform meshes is not trivial, which will be demonstrated in the

Appendix A.3 with one dimensional space as an example.

We first introduce the notations to be used throughout the chapter, then con-

struct and prove the maximum-principle-satisfying LWDG schemes.
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2.2.1 Notations

In the one dimensional space, we assume the domain = [a,b] is discretized by

a =z < w3 < ---zyy1 = b, and denote by I; = [xj_%,xﬂ%] the cells on Q

1
2

for 5 = 1,2,...N. Moreover, we denote the length and center of the cell I; by
Ax

J = Tl T T and x; = % <:1cj_% + xj+%>, respectively, and let u; = u(z;)
Similarly, in the two dimensional space, we assume € = [a, b] X [¢, d] is discretized
byazx% <ws <os <y :bandc:y% <ys < <Yyt = d in the x and
y directions, respectively. We denote by K, ; = I; x J; = [%—%7%+%] X [yj_%,yj+%]
thecellsin Qfori=1,...,N,,j=1,..., Ny, and by Az;Ay; = (xH% —wif%)(y]gr§ —
yj_%), (zi,y;) = (%(%‘—% +xi+%), %(yj_% +yj+%)) the area and center of the cell K ;,

respectively, and let w; ; = u(x;, y;).

We only consider the uniform meshes in this section and the next section to
simplify the discussion, i.e. Az; = Az and Ay; = Ay, for i = 1,...,N,,j =

1,..., Ny. The case of nonuniform meshes will be discussed in the appendices.

The finite element spaces in the DG schemes are taken as V = {v € L* : v|, €
P(I;), j=1,2,...,Nyand W = {v € L* s v|g,, € Q*(K;;), i =1,...,N,,j =
1,...,N,} in one and two dimensional spaces, respectively, where P?(I) is the space
of quadratic polynomials on interval I and Q*(K) is the tensor product space of

quadratic polynomials on rectangle K.

Due to discontinuities, functions in the schemes may have double values on cell in-

terfaces. In one space dimension, we denote by v, ; and v;.L+ the left and right limits

its 3
. . +
of v at Tl respectively, i.e. Vi1 = v(:z:jJr% +0). Moreover, we denote the average

. 1(, - + + -
and jumpofvatz.. 1 by{v}..1 =2 (v v’ and [v],, 1 =0 | —v] respec-
Jump it3 v { }J"‘% 2 \j+s + i+3 [ ]J+§ LT Vs TSP
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tively. Similarly, in two space dimensions, we denote the left /right and lower/upper
limits of v on vertical and horizontal cell interfaces by v(xjir 1Y) = (T, 10, y) and
2
v(z, yj‘il) =v(z,y; 41 +0), respectively. The averages and jumps of v on vertical and
2
1

horizontal cell interfaces are defined as {v}(xH%,y) =3 (v(.%;r%,y) + v(a:;r%,y)),

W)z 1,9) = vl 1 y) — vl y) and {o}(@,y;00) = 3 (v(w, Y1) +olz, y;%)),

2

[v](, y; +%) = v(z, yjtrl)—v(:c, Y, ), respectively. For simplicity, these notations will
2

i+l
2

be abbreviated as v¥, {v} and [v] when the cell interface is clear from the context.

We denote the L? inner product on cell I; in one space dimension as

and on Kj;; in two space dimensions as

Tivs Y5+
(u,v)k,, :/ / u(z,y)v(z,y)dxdy,
Yieg Vi
for u,v € L*(Q).

We use the Gauss-Lobatto quadrature of 2/V, — 1 points to evaluate integrals
in one dimensional cells, where N, is taken such that the third order accuracy is
attained in the scheme, e.g. N, = 3. We denote the quadrature points on I; as
{Z,,v =1,...,2N, — 1}, and let {w,,v = 1,...,2N, — 1} be the corresponding
quadrature weights satisfying Zfﬁ‘fl wy = 1. In particular, 7, = fﬂjf%aqu = T,
and Ton, 1 = Tji1. We denote @7 = u(Z,), for y =1,...,2N, — 1. The quadrature

rule adopted in two dimensional cells follows from tensor product and we denote

WP = u(@g,9,), for 8,7 =1,...,2N, — 1, on the cell K ;.
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2.2.2 Scalar conservation laws in one dimension

Consider the scalar conservation law (2.1). Direct computation gives the expressions

of uy, uy and wuyy as follows:

up = —f(w)q, (2.5)
Ut = ((f/)zux)x (26)
Uy = — (3f”(f/)2u;2c + (f,)guxm)z (27>

Based on the expansions (2.5), (2.6) and (2.7), the third order maximum-principle-
satisfying LWDG scheme of (2.1) at time level t" is to find u"™ € V| s.t. V€ € V|

the equation
n+1 AtQ 2
+ %(3f”(f’)2ui + (F) e, €)1, — AtFy 160, + AtF; a€l

(2.8)

holds for j = 1,2,..., N, where the superscript n denoting time level t" on the right

hand side is omitted.

In the scheme (2.8), Fj 11 is the numerical flux at 2;,1 defined as

~

. At?
Fj+ — Lf% __{f/Q}‘H_i ac?flG'f' : {Sf/Qf”ui‘f’f/Suxm}j—f—%? (29)

1
2

where

= by = Sley, o= max]f(w)] (2.10)
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is the Lax-Friedriches flux as used in [93], and

700G _ 3 [u]jJr%
ity PO Ay

+ {ux}j+% +B1Ax[uxx]j+, (211)

2
is the bound-preserving direct discontinuous Galerkin (DDG) flux [47, 11], with Sy, 51
satisfying

1 1 3
- - ——4 2.12
8<51<4, ﬁ0>2 61 ( )

The following lemmas are useful in the proofs of maximum-principle-satisfying

and positivity-preserving in this section and the next section.

Lemma 2.2.1. Foru € V, the DDG flux [L;fff defined in (2.11) can be expanded
2

on uniform meshes as

=R 1 1 3 _
a0 - <(§ 4By + (2 8B+ (o + 5 — 48,

1
i=3

(2.13)

b (= 3400, + Q= 88w+ (g + 480

Proof. Since the mesh is uniform and wu is piecewise quadratic, it follows from direct

calculations. N

Lemma 2.2.2. Ifu eV andm <u < M, then

5(M —m)

du, 5
’é < T Vel (2.14)
J

Proof. We first consider v € P?([—1,1]) with —£ < v < £, The Lagrange interpo-

lation gives

v(r) =v(=1)L_1(r) + v(0)Lo(r) + v(1)L1(r), r€[-1,1], (2.15)
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where L_y(r) = 3r(r — 1), Lo(r) = —(r + 1)(r — 1), Ly (r) = 37(r 4+ 1).

Therefore, [v/(r)] < Jo(=1)| - |L_y ()| + [o(0)] - |Z(r)] + [o(1)] - |L5 ()] < £ x & +

Bx2+4%x3 =38 vre[-1,1]. Then (2.14) follows from changing of variables and
the chain rule.

]

We now state our main result for the LWDG scheme (2.8).

Theorem 2.2.3. Given m < u™ < M, the cell averages ﬂ?“,j =1,...,N of the
solution of scheme (2.8) are bounded between m and M under the CFL condition
(2.16).

A <min{q,q,.--,4G}, (2.16)

_ At o _ 4B1—5
where A = X0, 1 = 335 @2 =

286 Bo—32+4p1

- =
5(M—m)Ma+2M; 43 20(M —m)Ma+3 My’ 94 15(M —m)Ma+ 3 My’
1/2 oi/2
(;) w

s =

Wi 96 = Sngoaisyzs and My = maxmcucar [f'(0)], Mz = maxmeucnr [f(u)]-

Proof. Take the test function £ = 1 on I; and zero anywhere else in the scheme (2.8)

and denote A\ = %, we obtain the equation satisfied by cell average of u™*! on cell

I

VR

a"tl =1

P =) = A+ A =T

D=

(2.17)

where

1 n LF fLF
1= (uj —2AfIT, + 2>\fj_%> , (2.18)
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and
L a1
=2 > @
v=1
At 2~ 2T \q.DDPG At
_)\(_T(f/ L )iy

2 1"— /2+ 1"+ 2+ 13— 13+ +
(3f J+1f J+1UIJ+1 +3f7; f 1Ugjil +f Jts um +3 +f 3+1um1+§))

At - . At?
“(‘ﬁf’%—ﬂ’?* )i x?ﬂG TR

(3]0/2]7,]6// '7%%2” i +3f/2+ ,f/H_ i;r i +f/3 1umx-77 + f/3‘+ 1ume ))

Note that the cell average u7 is split equally in I and II just for the ease of written,
rather than to obtain an optimal CFL condition, which is the same case for all other

proofs in this chapter.

Since I has exactly the same form as in [93], we have %m <I< %M , under the
condition A < ¢; based on the conclusion therein. One can refer to [93] for more

details.

As for II, it can be expanded as follows:

Nq 1 2N, —2
g a0 + - g WNIRESS zut o, + ZoUj_1 + z3u L zut
i=3 3 i=3
2 N (2.19)

+ z5uj + zﬁu 1 + z7u 1 + 28U + 29U i

where

2
o=y (8- e a0 - )

29 = —f’zj 1 ((2 —8p1) — 4Atf”_ 1Up 1 — —f’;_) + — f’QJT
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=28 ((ﬁo - S4B + Ay, %f’}_;)

(Bo — g +451)
2
24 _%@1 - )\_fIQj_ %(50 - g +4p1)

f/QJ'r 1 ((50 - g +4/1) + 3Atf”j_1 ;L — —f ]_)

_/2""
—|—4f _

1
2

>\2 / ]' "— / 1
-/ Y ((451 - 5) HAL e 1 f ) B Zf2j+%(451 B 5)

1A 92— )\2 / " 8A /
Z5 Iinq - —f 234%(2 - 851) 4 th% ((2 851) 4AtLf ;r_%uw;r,% + ?fj_;)
B 8\ A2
- _f/2 ((2 - 861) - 4Atf/j+%umj+% 3 —f ]+2> - Zf/QJr (2 861)
1, Ao 1
<6 =§W2Nq—1 - —f/2 '7%(451 - 5)
A2 1 4\
. 1 f/2.+7% ((461 . _) Atf//+ E m;_ % o _f/;’1>
)‘2 /2 3 N
, 3
- —f2+ (B — 5 +451)
)\2 o 3 , 3 ” 4\ ,
o= (B — S4B + f2+ ((ﬁo =5 HAB) +3AL T T —
)\2 / / 1" /
=1 e1(2-86) + — f2+ <(2 — 861) — 4Atf"] 1“:(:;;1 + _f;_-‘rl)

. A
s -+ 2 (@ D s, - )

It is not difficult to verify that
g Nl 2N, —2
—wa Z Wy+2z1+20+- -+ 2=

'y Ng+1

Moreover, we claim that z1, 29, ..., 29 > 0 under the CFL conditions (2.16). In fact,
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the following estimates can be made under the CFL conditions,

A2 1 4N \?
A2 8A N

2 zzfaj 1 ((2 —8831) — 20A\(M — m) M, — EMl) + T f’2+ 1(2-841) >0,
A2 3

Z3 sz j—% (50 - 5 + 451) — 15/\<M m M2 - —M1

A2 3
+ I (B = 5 +4B) 20,

1. A2 3
24 Z§w1 - ZMlz(ﬂo 5t 461)

A2 3 4N
- ZMIQ ((ﬁo - 5 + 461) + 15)\(M - m)M2 + ?Ml)

A2 1 4N A2 1
=2t (48 = 5+ SN —m)te + 50, ) ZM12<451 SR
10X . A2 .

A2 8A A2
— ZM2 ((2 —881) + 20A\(M — m)M, + 3 Ml) -7 —M}(2-883)>0
1 A2 1 A2 1 4\

26 >— CL)QNq 1 — M12(4ﬁ1 — ) — —M2 (461 — —> + 5)\(M )Mz + — Ml
2 4 4 2 3
A2 3 4\ A2 3
— ZM2 ((50 - 5 + 451) + 15)\(M m)M2 + 3 M1> - ZMlZ(ﬁO - 5 + 451)
>0,
A2 3
27 2— 1 / ]+1(50— §+4/31)

, 3 A\
+ —f 2;;; <(50 - 5 + 4/81) — 15/\(M — m)Mg — §M1> Z 0,

>‘2 /2 /2+ 8A

zp%f/z— 4p - 1y 2 f’?+ ((451—§>—5A<M—m>Mz—%M1)20-

Therefore, II is one half of a convex combination of values of u™ at different quadra-

ture points, which implies %m <II < %M since we assume m < u" < M.

Since ﬂ?“ =1 + II, we finish the proof by summing up the inequalities of I and
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IT. [l

Remark 2.2.1. The CFL condition in Theorem 2.2.3 is not sharp, because we split
the cell average u} equally into I and 11 for the convenience of the proof. The same
case applies to all later theorems. In order to get a sharp CFL condition, one has to

analyze/estimate u™*

or "t as a whole, which makes the proof extremely tedious.
But even if we did so, the task of finding optimal By and 5y to obtain an exact upper
bound of the CFL number would still be very difficult if not impossible, since the CFL
condition also depends on the lower and upper bounds of the solution, the mazimum

norms of the first and second derivatives of the flux function, and the quadrature

rule, etc.

However, we can get an intuition about the CFL constraints in the LWDG by
analyzing the equation u; + u, = 0. In this case, the Lax-Friedrichs flur becomes
the upwind flux, and the upper bound on the time step constraints can be computed
exactly. Calculation shows that, using the 5-point Gauss-Lobatto quadrature, the
CFL number of the LWDG is % = 0.049917, with the optimal parameters [y =
0.999978, B; = 0.133326. In comparison, under the same quadrature rule, the CFL
numbers of the mazimum-principle-satisfying DG schemes [93] are % = 0.05 and

2L = 0.016666, for the SSP-RK3 method (three stages) and SSP3 multi-step method

(single-stage), respectively.

2.2.3 Scalar conservation laws in two dimensions

Consider the scalar conservation law in two space dimensions

w + f(u), + g(u), = 0. (2.20)
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Direct computation gives the expressions of uy, usy, uy as follows:
w = —f(u), — g(u)y, (2.21)

un = (f*us), + (f'g'uy), + (f'g'w), + (97%uy), . (2.22)

Ugpy = (3f/2f// 2 + 6f/g/g//u2 + 3gl2f// 2 + f/3um$ + 3f/g/2uyy) (2 23)

(6f/g/f//u2 +3f12 /lu _|_3ng /,U2+3f,29/um;—|-g uyy)

Note that there are different ways to expand uy,, among which we choose the

one that avoids the appearance of mixed derivatives in the numerical scheme.

Based on the expansions (2.21), (2.22) and (2.23), the third order maximum-
principle-preserving LWDG scheme of (2.20) at time level t" is to find "™ € W,

s.t. Y& € W, the equation

(un—Haf)Km :(u7 £>K1] + At(f(u>’ gm)KH + At(g(u)’gy)Ki,j
A 2 A 2
- Tt(faux + f/g/uy7 £Z>Ki,j - Tt(f/g/ur + glzu?ﬁ éy)Ki,]’

3f/2fl/ 2 + 6f/g/g//u2 4 39/2f// 2 + f/3uxm + 3f/g/2uyy7 é—m)Kl J

& >
(67

A
7 // 2 + 3]['/2 " 2 + 3g/2 " 2 + 3f/2g/u$x _'_ g uyy’ éy)Klj
J+2 A ijr% A +
— At Fipy €l y)dy + At Fioay 8@, y)dy
vi_1 vi_1 2
H—2 xz+% ~ +
— At J+1 &(x, Yt )da:—i—At wag f(x,yjil)d:c
z;_1 T 1 2
(2.24)
holdsfori =1,...,N,,5 =1,..., N,. In the scheme, FZJr j and G”Jrl are numerical
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fluxes defined as

r _ 7 1 A A1
i+ = F it F i3 Gi,j+f Gw+§ + Gi,j+1’
where
FO o {f/z} ~ DDG A_t2{3f/2f// 2 + f/3 } (2 25)
Z-‘rva H‘ ] z""27]u271"" ] 6 Uy Uy H‘%’j’ '
al :_lal[u] 1——{f /U } 1 -
i+1.j 9 wlMits,j 2 g Uy +3,7
A2 (2.26)
+ T{Gf/g/g//uQ _|_3g/2f//u2 ‘|'3f/ IQUyy}H-%,ja
~0 ~LF 12 ~ DDG 2 3
G i+t = Jijel T {9 b J+3 Yyl + {39, "u + g uyy}i»ﬂ%’ (2.27)
= ekl — T
i+ 9yl Hijts 9 9 Uarijri
A2 (2.28)

+ —{6‘]“’g’J‘?”u2 + 3f%g"u? + 3f’2g’um}iyj+%,
in which the Lax-Friedrichs fluxes and DDG fluxes are defined the same way as before,
and o, o, are positive viscosity constants that can be taken as 0.05 max, | f'(u)| and
0.05 max, |¢’(u)| for instance.  In fact, any constants strictly positive should be
enough for positivity-preserving, which just makes difference on the CFL numbers

and the dissipation effect.

We now state the main result for the LWDG scheme (2.24).

Theorem 2.2.4. Given m < u™ < M, the cell averages uljl, 1 =1,...,N,,7 =
1,..., N, of the solution of scheme (2.24) are bounded between m and M under the

CFL condition (2.29):

)\:v S min{@l, Qg}, )‘y S HliIl{QQ, Q4}, (229)
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where A, = £L, )\, = At , and the definitions of Q1, Q2, @3, Q4 are given in Appendix
A.1.1.

The proof is very similar to that of the one dimensional case, except that the

expansions are much more tedious, which results in much more complicated CFL

conditions.

Proof. Take the test function £ = 1 on K;; and zero anywhere else in the scheme

(2.24) and denote by A, = &L, A, = ﬁ—;, we obtain

u it =T+ I+ 11+ 1V,

where

1 1 Yirl 1 Yird .
[=-u' — A\p—— F Ay 4+ Ao F° ., d
4u27] Ay /y‘J% 1 y+ Ay /y‘]% z—%d y?
1, 1 yj+§
II = ZUZ’J — )\l«A—y /y 1 éﬂdy + A A / 1 1_7’]
i3 i3
]. ]_ i+ 2 0
= ja, Aym/ GO+ ), —/ Gy du

1
2

_ 1771 1 ity 1 1 it A1
IV_ZU’] )\yA_x/x 1 GIJ_‘_;d.QT—F)\yA—x/z 1 GJ_1d.2?

m\»—‘

=2

It suffices to shown +m < I,II < 1M under the CFL condition (2.29), due to the

symmetry in z and y directions.



It is clear that I can be decomposed in the form of convex combination

2Nq—1

L3 o

where
2N,—1

j{: g™ = ANFY s (1, B) +ANED ) (@

Notice that [, has exactly the same structure as (2.17). Therefore, I € [

D=

26

m,%M],

under the CFL condition (2.16) for one dimensional scalar case with A replaced by

A\, ie. A\ < Q).

As for the term II, it can be expanded as follows,

| 2Nam2 2Ny 2N, 2
S DI SETREES ST >
a=2 f=1 B=Ng+1
Nyl 2Ny —2

+ Z —Wga u(x yg) + Z gw/galu(a::r%,g)ﬂ)

f=Ng+1

+ zlu(yciil,y;r 1) 2w, ys) + zsu(r v 1)+ zqu(z

2 2 2 2 2

i

+ zsu(x] 1, y;) + zeu(z
=3 +2

+ zou(z Ty ) + ZlOU( 7y]+ )+ Znu(%trl, yj) + ziou(x]
2 2 2
Ng—1 2Nq -2
+ ) Wpziz,pul(@y, 1, p) + > Wpz13,5u(T ;15 Yp)
B=2 B=Ng+1
2N, —2
+ Z @52147516(1';%73)5) + Z wﬁzl&,@u(x:;%?gﬂ):
= B=Ng+1

where the expressions of 2y, ..., 21443 are given in Appendix A.1.2.

Y ) (e Lyl )+ s
2 2

—x%aiu(x;%, 9s)

(2.30)
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It can be verified that the following equality holds,

qu—Q 2N,—1 Nq—l 2N, —2 Ny— 1 2N, —2
" Z Z Waws + Z —(JJgOé + Z —LLJ5OZ + Z —W5CV + Z —CU5CY
a= B=Ng+1 B=Ng+1
+2z1+ 20+ 23+ 24+ 25+ 26 + 27+ 28 + 29 + 210 + 211 + 212
Ny—1 2N, —2 Ny—1 2N, —2
+ Z wgz13,8 + Z wgz13,8 + Z wgz14,8 + Z w148 =
B=Ng+1 B=Ng+1

Moreover, all 2’s are nonnegative under the CFL condition (2.29). The detailed

estimates can be found in Appendix A.1.2

To sum up, II can be written as one fourth of a convex combination of point
values of u" under the CFL condition (2.29), which implies %m <II < %M since

m < u" < M. The similar arguments apply to III and IV

Since u”Jrl =1+ 1T+ 111+ 1V, we finish the proof by summing up the inequalities
of I, II, IIT and IV. O]

2.3 Positivity-preserving for the Euler equations

2.3.1 The Euler equations in one dimension

Consider the Euler equations (2.2). Direct computation gives the expressions of

Pt pre and pyyy as follows:

pr = —(pu)e, (2.31)

Pit = ((:Ouz)x + ’?(pe)x)x ) (2'32>
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Pt = — (uﬂ?ﬂﬁ(qu) + 2u$(pu2)$ + u(pu2>:m
(2.33)

e (p€) + A3+ V)t (pe)s + 3Au(pe)sa),

where 4 = v — 1. Moreover,

1 2 3
my = Aa}? My — Aa:? Myt — Ax’
and
1 2 3
Et - Ba:a Ett = va Ettt = B;pa

where A!, A%, A3, B, B?, B3 are shorthand notations introduced for convenience of
later discussion. For the full expressions of my, my, My, and Ei, By, Fyy, see Ap-

pendix A.2.1.

The positivity-preserving LWDG scheme of (2.2) for p at time level " is to find

P eV, s.t. VE € V, the equation

A 2
(07,601, =(0. €)1, + Al &)1, — S -((puP)a + 3 (pe)es &),
3
B0 ) + 2 + )z -

FYVuaz(pe) + V(3 + 7)ta(pe)s + 3Yu(pe)as, &),

s Aot
_Atﬁ’j.+%§j+% —i—AtF-_%fj_%?

holds for 5 = 1,2,..., N. In the scheme, Fj+% is the numerical flux of p at Tji1
defined as
By =1, = S @), — S A0,y
t2
+ T{um(mﬂ) + 2u, (I(qu))x +u (I(pu2))$w}j+% , (235)

+ ATtQ{&ww(pe) +AB + 7 )us (Z(pe)), + 37u (Z(pe)),.,} 41
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where

. 1
f;f% = {pu}j-i-% P

saleliss, a=ll(jul + o), (2.36)

is the Lax-Friedriches flux used in the positivity-preserving for the Euler equations
in [94], ¢ = | /2 is the sound speed, (I(qu))ijr% and (I(pe))ijr% are the DDG
fluxes defined in (2.11), with u replaced by Z(pu?) and Z(pe), respectively, where
7 is the quadratic interpolation operator with interpolation points at x;r_l, xj, and
2

1 on Ij, in order to get the similar expansions of the DDG flux as in (2.13).

2

The variables m and E are discretized by the standard discontinuous Galerkin

method with the first order flux terms adopting the Lax-Friedriches flux and high-

order flux terms adopting the average flux, i.e.

(mn+17€>]j :(m7§)lj - At<A17€x)Ij

+ At{Al}jJr% + Atalm]; s

— At{Al}j_% — Ata[m]j_% (2.37)
At? At? B At?

- (A + A G - A
At3 At3 At3

T WG+ T A - AT

1
2

(E", &)1, =(E, &)1, — At(BY, &)1,

+AHB'} 1+ AtalB]

- At{Bl}j_% — Ata[E]; s (2.38)
At? At? _ At?

- 5 (B &)+ (B - 5 (B8,
At3 At3 At3

T (B8 + = (B, - T Bl

1
2

We now state the result for the positivity-preserving of ﬁ?“.

Theorem 2.3.1. Given u™ € G, the cell averages ﬁ?“,j =1,...,N of the solution
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of scheme (2.34) are nonnegative under the CFL condition (2.39):

>\ S min{q17 Q27 oo ;Q11}7 (239>

- & - 6(Bo—32+481) o 3(2—861) -

where 41 = Squftalln ©@ = Sellumllot6halluclla ATl 93 = T@aliucloet il U =

3(4p1—3) ! w1 2 1 Ng )2 o 6(481—3)
Aalfuzlloo+2lulle’ B = 2Mullc \Bo—2+861 ) » 96 = 2l \ 20860 ) * 7 = B Aalluslloo+12lulloc’

. 3(2—861) _ 6(Bo—3+4p1) _ @ 2
98 = 3@ty Aelfuallot12ullc’ 19 = 8 uza oo 33+ Aallua oo+ 120ulloo * 910 = \ B3(Bo—2+881) el | *
1

J— U:)Nq :
1 =\ &5e=86)= ) -

Proof. Take £ =1 on I; and zero on other cells in the scheme (2.34), we obtain

pitt =T+ 11+ 111, (2.40)

where

T= (7 = 201, + 2217, )

N | —

—l—% {uxz(pUZ) + 2u, (I(pu2))$ +u (I(pu2))m}j+é>
+ A (—%(I@\?));_Df

F () 4 20, (T?), 40 (T) ), )

J=3
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1 < At  ——— DDG

L= 37" = 3 =5A(Z(0e))

+A?t2 {vuaa(pe) + (3 + 7)us (Z(pe)), + 3Fu <I(pe))”}j+%)

—— DDG

2 (=50,

B G (0) + 303 + 1) (T(pe)), + 35 (T(pe)). ), )

1
2

Since I has exactly the same form as in [94], [ > 0 is guaranteed under the

condition A < ¢; from the conclusion therein. Now we expand II as follows,

Nq 1 2N,—2
Z wyp? + " Z wyp” + le st Rpjtzp, 0 F Z4P;r_;
’y Nq+1 2 2 2
T Z7p L1 T 2P T 200 s
where
1 At _ A v \?
=¥ (g g+ g+ ) ()
2At _ 20
Z9 :>\2 (_(2 — 8&1) — T (ux)‘yi% — ?U _;) (U/]_l)
3 At? At A 2
_\2 ([ = _ = - = - - - -
= (2(50 5+ 48) + o5 (sl y + 5wl 5 (u —§>> (1)
1, 5 (1 1 At _ A
24 —Zwl —A (5(451 - 5) + 6 (Ux)JJrl + guﬁé
1 3 At? + At Aoy L o\2
+ §(ﬁ0 ) =+ 451) BED)) (Um)j_; + o (Ux) _1 = g (Uﬁ%) <U],%)
1. 5 (1 2At _ 2. _
25 —Zqu —A (5(2 - 851) - T (u-’b)]-kf - _)‘UjJr%
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26 23@21\@—1 —\? <%(ﬁo - ; +4p1) + %(451 - %) + %tj\ ()1
#5 g+ ly +5 ()~ ) ()
= (3= 3480 = 28 way + 5 )y - 5 (0,)) (40,
= (5280 = 220 @l + ) ()
R T Y

We claim that 21, 22, ..., 29 > 0 under the CFL condition A < min{¢s, g3, ..., ¢s}-

In fact, we have the following estimates

0
1 2At 2\
22 (5280 = 2l = 2l ) (w-00* 20,

1 1 At A 2
>N\ (248, — =) — - = ( N >
z1 2 A (2(451 5) ||tz [oo BHUHOO) Uj_%) >0,

1 3 At? At A 2
9 _
z3 >\ (5(50 3 +45;1) — 12)\Hu:mv”oo 9 [t ||oo — §Hu|’00> (uj,%> > 0,

1 2At 2\

1 At?
>_" _ 2 _ _ _ . — 2 >
2 20— A (2% 24861) + Ty tsalloe + 5 telloo + 3||unoo)nu||oo_o,

1, 4At 4
2o 20w, =2 (22890 + 2 sl + Al )l 2 0,

4
1. 1 At? 2At 2
2o 201 = % (500 = 24 890) 4 T el + 25 Nl + SVl ) . 2 0,
1 3 At? At A 2
2 v = _ = _ - +
o1 20 (50— 4480 = Tl = sl = Sl ) (i7,)” 2 0
1 2At 2\
20 (522890 = 2l — ZVlulle ) (520 2 0,

1 1 At A 2
2 —
20 20 (3481 - 5) = Gl = lulle) (u5,5) 2 0,
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Similarly, we can expand III as

Ny—1 2N, —2
SV | ~ s _
I =- Z Wy P’ + — Z Oy P + 21007 s + 211pj—1 + 2120, 1+ 213p7 4
4 4 J 2 J 2 J 2
=2 y=Ng+1 (2.41)
+ 21405 + Z15Pj_+% + Zusp?lé + z17pj41 + ZlSp]-_+%:
and 219, . .., 213 > 0 under the condition A < min{qz, gs, qo, ¢10, ¢11}. The expressions
and estimates of zyg,..., 215 are similar to those of zq,..., 29, thus are given in

Appendix A.1.3.

By the same arguments as in the scalar cases, we have II, III > 0, provided the
positivity of p™. Since ﬁ?“ = [+ 11+ III, we finish the proof by collecting the results
for I, IT and III. O]

The remaining task is to preserve the positivity of internal energy of cell averages

of the solution, i.e. e(ﬁ?“) > 0. We have the results as follows.

Theorem 2.3.2. Given u" € G, the specific internal energy of the cell averages

e(@*),j=1,...,N of scheme (2.34), (2.37) and (2.38) are nonnegative under the

CFL condition (2.42):

A tht min { (PJ;%)Q (P;;%)Q } (2.42)
= 2 _ . _ ) + ) .
202(y —1) Cj+% Cj+%
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where
o= (0o 1 Az|f! 2~ A
= (( ot (I + Quaal i) + 207, (1721 + Quaelf2, 1)

F ST (17,4 @l 2y 1) (172, + @uaal 72, )

. 2
+§QIF <|fj+%| + Q1A$|fj2+%|>
P 8 »

+(2[m, 1|+ : 2)<|fj2+é|+Qle|fj2+é|>>
and

A:U
Gy == (<2E+1+p ) (178 + @uaal i) + 208, (17 4+ Quaal 2, 1)

FQ 2T (1781 + @uaal £ 1) (1721 + uaal 72,
1 Az / -~ y 2
+§Q1? <|f]<2+%| + QlAl‘|fj2+%|>

p+
et |+ 2 (172 1I+Q1Ax|f21|>>

Proof. Take £ = 1 on I; and zero anywhere else in the scheme (2.34),(2.37) and

(2.38), we can obtain the following vector equation satisfied by the cell average of

<l

A D) (f”l + A1+ AP +1) +A (f}f% + A, 1+ AP

).

where f1F, — 1 (f(ujjr%) +f(uf,,) —a (u;% - u;+%)> ca = ||(Ju] + ©)||, is the

N
N
=

standard Lax-Friedriches flux, which is the leading term in the total flux con-

[un

structed in the LWDG scheme (2.34)-(2.38), £ 4+ (f]1+1,f]2+1,f3 ;) and fj+% =

(f* ., f2..,f3 )) are the remaining second and third order terms contained in the
Jt+g Y itg ity

flux of (2.35), (2.37) and (2.38), in which the abbreviated terms can be found in

Appendix A.2.1, respectively.
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Similar to [94], we have the decomposition

2N, —2

! = Z o + @y (1 - Z_?) Wiy G (1 - wjvj—l) 2
+ %)\ (uﬁ; N éf(u]+2) N % <~j+% " Atv“é))
%)\ (u;-; B $f<u;r+§) - % (fﬁ% * Atvﬁé))
+ %A (u_—é - éf(u_—é) * % Byt Atv]_é»
+ %A (“f—; * é““f—;) * % Byt M“))

Since w, > 0,y = 1,...,2N, — 1 and (1 — g—i),(l— —_ ) > 0 from the CFL

condition (2.39), by convexity of G, it suffices to show

provided u;;l € (. For simplicity, we omit the superscripts and subscripts in the
2

following proof.

Using the equality p*e = pE — im?, one can calculate that

e <u + éf(u) , At <f + Atf))

«

_ pp 2 '7—12 At =1 1 U u
_m ((aiu) Ty c)i;(f +Atf)<(1ia)Eiap>

At - , At? ST < At? .
£ 20 AP (0 )+ SR+ MY+ AP — L 2T (P 4 Ay
F o s (1 Bm s L)

(6] [0 (6]

v+1

>_0FL 2o
_2042(7—1)p A
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where

¢ =20 (224 p) (171 + Qudal 1) +20 (17 + Qixe )

22 (1714 @uaal P) (17 + Qusal 1)
1

A . N2
+30== (1721 + Quael 7))

+2m| +2) (1721 + Quaal ) )

Under the CFL condition (2.42), we can get the positivity of p*e, which finishes the

proof. ]

Collecting the above two theorems, we reach our final result.

Theorem 2.3.3. Given u™ € G, we have ﬁ;‘“ €G,j=1,...,N for scheme (2.34),

(2.37) and (2.38), under the CFL conditions (2.39) and (2.42).

2.3.2 The Euler equations in two dimensions

Consider the Euler equations in two space dimensions

w, + f(u), +g(u), =0, (2.43)
where
p pu pv
2
m pu” +p puv
u= , f(u) = , glu) = :
n puv pv: +p

E (E+pu (E+p)v
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with

1 1
m=pu, n=pv, E=gpu’+opv’+pe, p=(y=1)pe,

in which u and v are velocities in x and y directions, respectively, and m and n are

momentums in x and y directions, respectively.

Direct computation gives the expressions of p;, p;; and pyyy as follows:

pr = —(pu)s — (pv)y, (2.44)
pu = ((pu?)s +3(pe)s), + 2 (puv),, + ((pv*)y +4(pe)y),, (2.45)

pitt = = (Uaa(pu?) + 2y (pu®)o + u(pu®) sy
i vtze(pe) + (Y3 +Vue +5%0,) (pe)s + 3Fulpe)a)
— (vyy(p®) + 20, (pv?),, + v(pv?)y,
+irv(pe) + (F(3 + 7y +57us)(pe)y + 35v(pe)yy),
— ((V@evm 4+ A(y + 3)epvy + 6vu? 4 12uu,v,
+3yve . + 3u U,y + 6UVUL, — ‘y2uyex) p)y
(2.46)
— ((69ve, +4(v + 3)ev, + 6u(uv, + 2vu,) — 5 uye) px)y
— ((3(5e + u2)v)pm)y
— ((vieuyy + (v + 3)eyuy + 6uv] + 120u,v,
+3yue,, + SUzuyy + 6uvvy, — 'Ay%xey) p)x
— ((G’Ayuey + Y(v + 3)euy, + 6v(vu, + 2uv,) — ‘yQUIe) py)x
— ((33¢ + v*)u) pyy),

where 4 = v — 1. Note that there are a lot of ways to expand p;, among which
we choose the one that avoids the appearance of mixed derivatives in the LWDG

scheme.
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I\/lOreOVer,
_ 1 2 _ 3 4 _ b 6
mt—BI—i—By, mtt—Bz—FBy, mttt—BI—i—By,

nt:C;—l—CZ, ntt:C;Z’—l—C;, nttt:CS—l-Cs,

and

E,=D.+D. FEy=D:+D, Ey=D)+D;,

where B!, B2, B3, B* B, BS C',C?,C3,C*, C%, C° D', D? D3, D* D> DS, are short-
hand notations introduced for convenience of later discussion. For the full expressions

of my, Mg, Myrs, Mty Mg, Ngs,and By, By, By, see Appendix A.2.2.

The positivity-preserving LWDG of p at time level " is to find p"*!t € W, s.t.

V¢ € W, the equation

(pn-i-l’ g)Kz‘,j :(p7 g)Ki,j + At(ﬂ“a Sx)Ki,j + At(ﬂ“? gy)Ki,j

A, X
- 7((pu )m + 7(p6>w + (puv)y’ &t)Kw
At?
= = ((p07)y +3(pe)y + (puv)e, & ).,
Yied - Yisd .
ot [T Ry ety s [ R el oy
vi_1 vi_1 2
i+3 Tith n
— At GWJF% f(x,y+1)dx—|—At G”_% §(x,yj_%)dx
I17% I,L',%

(2.47)
holds for ¢« = 1,2,...,N,,j = 1,2,...,N,. Fi+%,j and C;'i’ﬂ% are numerical fluxes
defined as

E. ..=F", +F! (2.48)

1 . .
7’+§7-7 7’+%J Z+%7.]’
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and
A A 1
Gi,j-f—% G’L J+s + Gl g+ (249)
where
po 1, At DDG At  ——— DDG

i+3. {PU}H%J - ?%[P]i%,j 9 (I(PU ))xiJr%,j - 77(1(,03))95“%,3'
At?
+ —{um(pUQ) + 2u, (I(qu))x tu (I(puZ))m}H%,j )

At2 . .
+ {371 (pe) + (1B + 7ue +370y) (Z(pe)), + 350 (Z(pe))yu}ivs 4
(2.50)
- 1 At At?
il—i-%,j = —iai[p]l 1 — 7{pyuv + p(uyv + uvy)} + = [Alp+ A%, + APp,,)
1 At ——— DDG At ,——— DDG
Gy =ltigiy = 500llises — 5 @)y, 0 — SOy,
A 2

{Uyy(PU )+ 2vy (I(PUQ))y +v (I(pvQ))yy}er% ’
A . . . .
+ T{wvyy@e) + (3B + vy + 7ur) (Z(pe)), + 370 (Z(pe)),, bijss
(2.51)
At At?
= —ja [p]i,j+% - 7{pxuv + p(U’Ux + UZ’U)} + ? {A4p + A5pw + A6pzm}

in which a2 = ||(Ju| + )], a2

v = l(Jo] + |, 0z, > 0, and

Yyeuy, + (v + 3)eyuy, + 6uv + 120u,v, + 3jue,, + 3v°u,, + 6uvv,, — '}QUIey)

69ue, + A(v + 3)euy + 6v(vuy + 2uv,) — Y v e)

YUz + (77 + 3) v, + 6vu + 12uu,v, + 3Yve, + UV + 6UVUL, — &Quyex)

=
=
= (3(5e + v*)u)
=
=

69ve, + (7 + 3)ev, + 6u(uv, + 2vu,) — Y uye)

A% =(3(Fe + u*)v)
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The variables m, n and E are discretized by the standard discontinuous Galerkin
method with the first order flux terms adopting the Lax-Friedriches flux, in which
the viscosity constant o, = o + a;, for the vertical cell interfaces and oy, = oy + a,
for the horizontal cell interfaces, and high-order flux terms adopting the average flux,

1.e.

(mn+17€)Ki,j :(m 6) g At(Blagx) i At(B275y)Ki,j

At? A 2
- %(Bf’) £ ; (B.6)x,
3 3
- %(B%)K” (B,

(®) o 1+ Shsy 4 S

( )
o / (18 + el + 5148% + 25057 ) etor
+At/wi+12 ({ 2} + aym +—{B4} A%2{196}) o,y )da
— At /:f ({BQ} + ay[m] + —{B4} + g2{36}> E(ay; ) )de
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(nn+1’§)Ki,j :(n 5) - At(cd 535) - At(CQ é.y)
- A—’52<c3 &, — A—t2<c4 &),
Ag (€ &), - A—%6 &),
¥ At/ H(ten+adi+ 510+ 50 elor, i
- A / (e adal+ FHEN+ FHCY) ety
rar [ ({ ) 4yl + 2HCy + 2 {cﬁ}) &y, )do
_At/;j% <{02}+% +—{C4} A%{CG]) §(,y;_ 1 )dw
(2.53)
and
(En+17§)Ki,j :(E 6) ii At(Dlvgx) i At<D27€y)K¢,j
SR 6k, — (DM ),
At At? 3
v [ <{D1} +alE]+ 7{D% + 5D ) a0y
- [T (0 adm = GHDY + D) €ty
war [T (1005 oy lB)+ GO + S0 €lo s
—an [T alEl+ S0 S DY) o s
(2.54)

Similar to the one di

of p"! as follows.

mensional Euler equations, we have the results for positivity
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Theorem 2.3.4. Given u" € G, the cell averages pﬁjl,i =1,....,N,,j=1,...,N,

of the solution of scheme (2.47) are nonnegative under the CFL condition (2.55): y
A <min{Q1, Qs}, Ay <min{Q, Q4} (2.55)
where the definitions of Q1,...,Q4 are given in Appendix A.1.J.
Proof. Take £ =1 in K, ; and zero on other cells in (2.47), we obtain
et =T+ 1+ II+1V, (2.56)

where

1, 1 i3 ~o ity 2o
I Z ij )‘IA /; F;_i_%de—i_ )\:L“A Z_ld‘dlyu
J*% y]*%
Motz oyt /””Fl dy + \ /y”%Fl d
4:07;,3' wAy - il ;Y N ; i—1 ;Y
)

It suffices to show I,II > 0 under the CFL condition (2.55), due to the symmetry

in the x and y directions.

One can observe that I can be decomposed in the form of convex combination

2Ng—1

1 .
I: Z ; (,L)AYHW,
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where
2N, —1

H = Z D3 — 4>\xFi°+%7( 10 0y) + 4N Y s (@1 0),

1
2

Notice that H., has the same structure as (2.40). Thus / > 0 provided A\, < Q;. We
omit the proof since it is almost the same with that of the one dimensional Euler

equations.

As for I, we have the expansion as follows.

| 2Nam22N, 1
_— ~ ~ /\(175
- v
a=2 p=1

+ap(e ) + 2Ty y) + 2sp( 1Y)

+ap(@yyl )+ (el ) ey y)
+Z7P(37Z_;y 1) +asp(a i+l 15 Yj) + zop(a Ty Yy )
2 2
+Z10p($;:_%,y;__%)+211p( 1,yg)+2’12,0( Z+1,y_+;)
Ny—1 2N,—2 (2.57)
+ Y Oz pple; “1:9p) + Y @pmapp(r; 1 0s)
£=2 B= Nq+1
Ng—1 2N, —
+ Z @ﬁzlwﬂ( uyﬂ Z Wpz14,8p(T 1,3/5)
B=2 B=Ng+1
Ny—1 2N, —2
+ Y dpzsep(e i1 Ys) + > Wsz15,8P(%; 15 Ys)
B=2 B=N,+1
Ny—1 2N, —2
+ Zwﬂzlﬁﬁp( z' 17yﬂ Z wﬁzlﬁﬁp i 17y,3)
p=2 B=Ng+1

The expressions of zq,...

, 216,35 and their estimates can be found in Appendix

A.1.5. The conclusion is that all coefficients of point values of p" appearing in (2.57)
are nonnegative under the CFL condition (2.55), which implies the nonnegativity of

II. Similar arguments also apply to III and IV.
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Since p"Jrl = [+ 11411141V, we finish the proof of positivity of p?“ by summing
up the inequalities of I, I, IIT and IV. O

It remains to show the positivity of specific internal energy of cell averages.

Similar to Theorem 2.3.2, we have the result as follows.

Theorem 2.3.5. Given u” € G, the specific internal energy of the cell averages
e(ﬁ?jl),z’ =1,2,...N,,j =1,2,..., N, of scheme (2.47),(2.52) ,(2.53) and (2.54)
are nonnegative under the CFL condition (2.58).

AL S AY
o+l ICHER RS JCARR )
C(x;réagﬁ) C(I:Zr%,ﬂg)
P(Zasy;,1)° PEary), 1)

y+1 ' { A A }

P
Yy — . N — ) N F

(2.58)

where the definitions of the constants are given in Appendiz A.1.6.

Proof. By taking £ =1 on K;; and zero anywhere else in (2.47), (2.52), (2.53) and

(2.54), we have the decomposition of @}'}" in z and y directions:

't =1+11

where

1—n 1 xi+% A IH_% ~
1I = §ui,j_)‘yﬂ GZJ+1d:E+)\yAI G’j_ldﬁ

~ L A AL
where F,__ 1 f+F2, —i—Atf —|—At2f2Jr b G’J+1 = gJFJr1 —|—Atg”+1 + At? g”Jrf

are the total fluxes of LWDG defined before, fL S F+1 are Lax-Friedriches fluxes,
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fH%’j, gi%% and tv"H%’j, gi 1 are the second and third order terms in the total flux.

By symmetry and concaveness of the internal energy pe, it suffices to show pe(I) >

0. We can decompose the term I as

1 2Ng—12N4—1 2N,—1 N, —1
1= DD Ga@pu™ =N D Pz 1,0 + A > GpF (1, 1)
=1 pg=1 B=1 =1
1 2Ng—1
:é Z (DBH57
B=1

where Hy = S22V g u*f—2)\, (f']Lf% + Atfﬁ% + AthjJr%) +2X; (f'}fl + Atf,

a=1
2

Following the same lines as the proof of Theorem (2.3.2), we can show pe(Hp) >

0, which implies pe(I) > 0 O

Collecting the above two theorems, we reach our final result.

Theorem 2.3.6. Given u" € G, we have 6! € G,i=1,... Ny, j=1,..., N, for
the schemes (2.47), (2.52), (2.53) and (2.54), under the CFL conditions (2.55) and
(2.58).

Remark 2.3.1. To this end, we would like to comment on the CFL conditions
obtained in this chapter. These conditions are mot optimal for bound-preserving
since the splitting of cell averages in the proofs are just for the ease of writing and
the bounds may not be sharp in some of the estimates. Moreover, the expressions of
the CFL conditions are too tedious to be coded up in practice. Therefore, we actually
take the CFL conditions of the bound-preserving Euler forward DG schemes derived
in [93, 94] as the initial guess in practice, since the Euler forward methods are the
first order approximation of the LWDG in our work. Once the initial step size is not

small enough to obtain boundedness of the cell averages, we rewind the computation
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back to the beginning of the time step with a halved step-size of time. The value of
the theoretical proofs in this chapter is that we can be guaranteed to obtain bound-

preserving cell averages with finitely many halvings of the time step-size.

We also want to note that, for simplicity, we take the viscosity parameter in the
Lax-Friedrichs flux to be global in all proofs. However, the local Lax-Friedrichs flux
can be used in the bound-preserving technique as well. In practice, the global Lax-
Friedrichs flux is more dissipative, thus it may preserve the bounds of target variables

more easily, but may result in a more smeared solution.

2.4 Scaling limiters

In the Sections 2.2 and 2.3, we have constructed the maximum-principle-satisfying
and positivity-preserving LWDG schemes for hyperbolic equations of scalar and sys-
tem cases. The cell averages of the target variables fall into their physical bounds
under appropriate CFL conditions, provided these bounds are satisfied by the entire
solution at the previous time level. To close the cycle of the algorithm, it remains
to use appropriate scaling limiters to achieve the bound-preserving for the entire

solution.

We adopt the following maximum-principle-satisfying limiter for scalar conser-
vation laws. Given v € V with m < u; < M,j = 1,2,..., N, define the modified

solution u € V as follows:

M —u;, U, —
uj(x) = 0; (u;(x) — uy) + ay, Hj:min{L uj Yy m}7

— ) —
Mj—u]' uj—mj

M; = maxu;(z), m;=minu;(z), j=1,2,...,N.
CEEI]' IEI]'
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It is clear that the modified solution @;(z) € [m,M],j =1,..., N and it preserves
the cell average. Moreover, it was proved in [92] that such a limiter does not destroy
the order of convergence, i.e. |lu — @l = O(Ax*1), where k is the order of
polynomial space V', which is 2 in this chapter. In practice, one usually take the
max and min in the definition of M; and m; only over the quadrature points, i.e.
M; = maxi<y<on,—1%;(L4), m; = minj<y<on,—1 u;(Z,), as we only need to control
the values at quadrature points. Such a treatment does not affect the accuracy
and cell average of the modified solution, as indicated in [93], and we shall use this

definition in the numerical section.

For the solution u = (p,m, E)Y € V x V x V of the Euler equations with

u;, €G,j=1,2,...,N, we adopt the following limiting process which is introduced

in [94] and modified in [80].

First, enforce the positivity of the density function p by,

~ ~ " 1 ﬁ
() = 0° (pi(x) — 5;) + i 99:mm{1,_ — - }
p;(x) J (ps(x) = i) + p; J pPj — MINj<y<aN,—1 p(2+)

j=1,2,...,N.

Then let G; = (p;, m;, E;)T and define

pe(1;) } |

u:(z) =05 (a;(x) —u,;) +u;, He-:min{l, - . —
(2) =05 (05{2) = 0y) + 05, 65 pe(u;) — miny<y<on, 1 pe(l; ()

It follows from the concaveness of the function pe(u) that u;(z,) € G,y =
1,2,...,2N; — 1, and also it does not destroy accuracy of the solution, see the

detailed proof in [94] and [80].



48

The above limiters are demonstrated based on one space dimension but can be
directly extended to multi-dimensions. In implementation, to enhance the stability
of algorithms, we can set a threshold e = 107! and let @; = u; if M — u4; < € or
u; —m < e for scalar conservation law, and 4; = u; if p; < € or pe(u;) < € for the

Euler equations.

2.5 Numerical tests

In this section, we demonstrate the accuracy and effectiveness of the third order
maximum-principle-satisfying and positivity-preserving LWDG schemes by ample
numerical tests. The tests are presented from scalar to systems and from one space
dimension to two space dimensions with an order of increasing complexity. Most of

them can be found in [93, 94, 92, 80].

We have tried both global Lax-Friedrichs and local Lax-Friedrichs fluxes in sim-
ulations. The plots of their solutions are very close. However, the accuracy and
order of convergence of the global one may be not as good as the local one for some
nonlinear problems when the order of DG polynomial space is even, see [15], which is
our case. We demonstrate this phenomenon in the tests for Burgers’ equation. For
all other tests, we only present the results computed using the local Lax-Friedrichs

flux to save space. In all the tests, we take the parameters 5y = 1,5, = % in the

DDG fluxes.

As mentioned in Remark 3.1, we take the initial guess of CFL numbers in our tests
the same as the bound-preserving Euler forward DG schemes [93, 94], and rewind

the computation back to the beginning of the time step with a halved step-size of
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time if the cell average of solutions exceed their bounds. We report the number of
times that the rewinding happens, together with the total number of time steps in
each test. As we will see, the actual CFL conditions of LWDG are almost the same

with that of the bound-preserving Euler forward DG schemes in most cases.

2.5.1 Scalar conservation laws

Example 2.5.1. We solve the linear equation u, +u, = 0 in the domain Q = [—1, 1]

with periodic boundary conditions.

To test the accuracy, we take the smooth initial condition ug(x) = sin(nz) and

the terminal time T = 1.

To show the effect of maximum-principle-preserving, we adopt the discontinuous

initial condition

and take the terminal time T = 100.

The errors and order of convergence of the problem with the smooth initial con-
dition are given in Table 2.1, from which the third order accuracy can be clearly

observed.

The results of the problem with the discontinuous initial condition is shown in
Figure 2.1, where a comparison with the exact solution and the result of the unlimited
LWDG solution are given. The effect of maximum-principle-preserving is obvious by

COmMparison.



No rewinding of computation happens in this test.

N | L' error | order | L™ error | order
20 | 2.06E-04 — 5.09E-04 —
40 | 2.48E-05 | 3.05 | 6.38E-05 | 3.00
80 | 3.08E-06 | 3.01 | 7.97E-06 | 3.00
160 | 3.85E-07 | 3.00 | 9.97E-07 | 3.00
320 | 4.81E-08 | 3.00 | 1.25E-07 | 3.00
640 | 6.01E-09 | 3.00 | 1.56E-08 | 3.00

Table 2.1: Results of Example 2.5.1 with smooth initial condition

(a) with limiter

Figure 2.1: Results of Example 2.5.1 for discontinuous initial condition. N = 160.
Solid line: exact solution; Squares: numerical solution (cell averages).

Example 2.5.2. We solve the Burgers’ equation u; + (“2—2>

Q = [0, 27] with initial condition u(z) = 3+sin(x) and periodic boundary conditions.

(b) without limiter

= 0 in the domain

The solution is smooth up to t = 1, when shock appears.

and order of convergence at T = 0.3 in Table 2.2 for both the local Lax-Friedrichs
flux and global Laz-Friedrichs flux, which shows third order accuracy, and plot the

comparison of the numerical solution based on the local Lax-Friedrichs flux with the

exact solution at T' = 2.0 in Figure 2.2.

No rewinding of computation happens in this test.

We list the errors
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Local Lax—Friedrichs Flux Global Lax—Friedrichs Flux
N || L! error | order | L*™ error | order || L' error | order | L™ error | order
20 || 9.05E-04 1.40E-03 1.05E-03 1.46E-03

40 || 1.13E-04 | 3.00 | 2.35E-04 | 2.58 || 1.53E-04 | 2.77 | 2.81E-04 | 2.38
80 || 1.37E-05 | 3.05 | 3.23E-05 | 2.87 || 2.24E-05 | 2.78 | 4.60E-05 | 2.61
160 || 1.66E-06 | 3.04 | 4.23E-06 | 2.93 || 3.23E-06 | 2.79 | 7.20E-06 | 2.68
320 || 2.04E-07 | 3.03 | 5.38E-07 | 2.98 || 4.59E-07 | 2.82 | 1.09E-06 | 2.72
640 || 2.52E-08 | 3.02 | 6.78E-08 | 2.99 || 6.43E-08 | 2.84 | 1.66E-07 | 2.72

Table 2.2: Results of Example 2.5.2 at T'= 0.3

Figure 2.2: Results of Example 2.5.2 at T' = 2.0. N = 160. Solid line: exact solution;
Squares: numerical solution (cell averages).
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Example 2.5.3. We solve the two dimensional linear equation u, + u, +uy = 0 in

the domain Q = [—1,1] x [—1, 1] with periodic boundary conditions.

To show the accuracy, we take the smooth initial condition uy(z,y) = sin(m(x+y))

and the terminal time T = 1.

To test the effect of maximum-principle-preserving, we adopt a discontinuous
initial condition

1, z, E—%,%Q
B U

—1, elsewhere,

and take the terminal time T = 100.

The errors and order of convergence for the smooth initial condition are given in

Table 2.3, from which the third order accuracy can be observed.

The results of the problem with the discontinuous initial condition is shown in
Figure 2.3, where a comparison with the exact solution and the result of the unlimited
LWDG solution are given, from which we can see the mazximum-principle-preserving

limiter works effectively.

No rewinding of computation happens in this test.

N, x N, | L' error | order | L™ error | order
20 x 20 7.49E-04 — 1.11E-03 —
40 x 40 | 7.99E-05 | 3.23 | 1.29E-04 | 3.11
80 x 80 | 9.71E-06 | 3.04 | 1.61E-05 | 3.00
160 x 160 | 1.21E-06 | 3.01 | 2.01E-06 | 3.00
320 x 320 | 1.51E-07 | 3.00 | 2.51E-07 | 3.00
640 x 640 | 1.89E-08 | 3.00 | 3.14E-08 | 3.00

Table 2.3: Results of Example 2.5.3 with smooth initial condition

Example 2.5.4. We solve the two dimensional Burgers’ equation u; + (“2—2> +
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4o .

(a) with limiter (b) without limiter

Figure 2.3: Results of Example 2.5.3 with discontinuous initial condition cut along
the diagonal (z = y) of 2. N, = 160, N, = 160. Solid line: exact solution; Squares:
numerical solution (cell averages).

2

(%) = 0 in the domain Q = [0,27] x [0, 27] with the initial condition ug(x,y) =
y

% +sin(z + y) and periodic boundary conditions.

The solution is smooth up tot = 0.5, when shock appears. We list the errors and
order of convergence for both the local Lax-Friedrichs fluz and global Lax-Friedrichs
flux, at T = 0.2 under the L* and L™ norms in Table 2.4, and plot the comparison of
the numerical solution based on the local Laz-Friedrichs flux with the exact solution

at T = 1.0 along the diagonal of Q) in Figure 2.4.

No rewinding of computation happens in this test.

Local Lax—Friedrichs Flux Global Lax—Friedrichs Flux
N, x N, L' error | order | L* error | order || L' error | order | L> error | order
20 x 20 1.06E-02 — 5.33E-03 — 1.15E-02 — 5.38E-03 —
40 x 40 1.33E-03 | 2.99 | 7.67E-04 | 2.80 || 1.63E-03 | 2.82 | 8.54E-04 | 2.66
80 x 80 1.67E-04 | 3.00 | 1.12E-04 | 2.77 | 2.43E-04 | 2.75 | 1.42E-04 | 2.59
160 x 160 || 2.09E-05 | 3.00 | 1.52E-05 | 2.89 || 3.61E-05 | 2.75 | 2.30E-05 | 2.62
320 x 320 || 2.59E-06 | 3.01 | 1.95E-06 | 2.97 || 5.26E-06 | 2.78 | 3.47E-06 | 2.73
640 x 640 || 3.20E-07 | 3.01 | 2.45E-07 | 2.99 || 7.46E-07 | 2.82 | 4.99E-07 | 2.80

Table 2.4: Results of Example 2.5.4 at T'= 0.2
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Figure 2.4: Results of Example 2.5.4 cut along the diagonal (x = y) of Q at T' = 1.0.
N, = 160, N, = 160. Solid line: exact solution; Squares: numerical solution (cell
averages).

2.5.2 The Euler equations

Example 2.5.5. We solve the one dimensional problem in the domain Q = [0, 27]

with the initial condition

po(z) =1+0.999sin(x), wuo(z) =1, po(z)=1

and pertodic boundary conditions. The ratio of specific heat is v = 1.4.

The exact solution of the problem is

plx,t) =1+0.999sin(x — t), wu(x,t)=1, p(z,t)=1. (2.59)

This is a low density problem with the minimum density 0.001. The positivity of
density is preserved during simulation and the third order convergence of density at

time T =1 is shown in Table 2.5.
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No rewinding of computation happens in this test.

N | L' error | order | L™ error | order
20 | 1.13E-03 — 8.60E-04 —
40 | 1.40E-04 | 3.01 | 1.07E-04 | 3.01
80 | 1.72E-05 | 3.02 | 1.34E-05 | 3.00
160 | 2.14E-06 | 3.01 | 1.65E-06 | 3.02
320 | 2.67E-07 | 3.00 | 2.04E-07 | 3.01
640 | 3.33E-08 | 3.00 | 2.55E-08 | 3.01

Table 2.5: Results of Example 2.5.5 at T =1

Example 2.5.6. We solve the one dimensional problem of blast waves in the domain

Q = [0, 1] with initial condition

(

(1,0,10%)  0<z<0.1,
(Po,u0,Po) = § (1,0,1072) 0.1 <z <0.9

(1,0,10%), 09<z<1

\

and reflective boundary condition. The ratio of specific heat is v = 1.4.

We plot the density of numerical solutions at T = 0.38 for N = 200, N = 400,
and compare them with the reference solution, which is computed by the WENO-5
scheme on a very fine mesh with 16,000 cells, in Figure 2.5. Since the positivity-
preserving limiter only works when the density or pressure is close to zero and no
other limiters are used to stabilize shocks in this test, we can observe some oscillations

in the figures.

In the test for N = 200, there are 8 times of rewinding of computation, among
a total number of 6,535 time steps. In the test for N = 400, there are 15 times of

rewinding of computation, among a total number of 13,061 time steps.
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(a) N = 200 (b) N = 400

Figure 2.5: Results of Example 2.5.6 at T" = 0.038. Solid line: reference solution;
Squares: numerical solution (cell averages).

Example 2.5.7. We solve two extreme Riemann problems in one space dimension.
The first one is a double rarefaction problem in the domain Q = [—1, 1] with initial

condition

(7,-1,0.2), =<0

(P to, o) =
(7,1,0.2), x>0.
The second one is the Leblanc shock tube problem in the domain 2 = [—10, 10] with
initial condition
(2,0,10%), =x<0
(Pos to, o) =

(1073,0,1), z > 0.

We take the ratio of specific heat v = 1.4 for both cases. In the first test example,
vacuum (zero density) will be generated around the origin in the exact solution. For
both problems, simulation will blow up without the positivity-preserving limiter in the

tests.

We plot the density of numerical solution of the double rarefaction problem at
T = 0.6 on N = 200 and N = 400 meshes, and compare them with the reference

solution, which is obtained from the exact Riemann solver [18], in Figure 2.6. The
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density of the numerical solution of the Leblanc shock tube problem at T = 0.0001
on N =800 and N = 1,600 meshes, together with the eract solution from the exact
Riemann solver, are shown in Figure 2.7, where the y-axis uses log scales. From
the figures, we can see that the positivity of density and pressure in both cases are

preserved, and the numerical solutions agree with the exact solution well.

No rewinding of computation happens in this test.

Example 2.5.8. We solve the one dimensional Sedov point-blast wave problem [67]
in the domain Q = [—2, 2] with the initial condition
3200000 |1 < %

po=1 uy=0, Ey= fe

10712, otherwise.

The ratio of specific heat is v = 1.4.

This example simulates the point-blast in air, which produces very low density
after shock. The simulation will blow up without the positivity-preserving limiter
due to the very low density in the exact solution. We plot the simulation results of
density, pressure and velocity on N = 201 and N = 401 meshes at T = 0.001 in
Figure 2.8.

In the test for N = 201, there is only once of rewinding of computation, among
a total number of 7,377 time steps. In the test for N = 401, there is only once of

rewinding of computation, among a total number of 18,661 time steps.

Example 2.5.9. We solve the two dimensional problem in the domain [0, 27> with

the initial condition

po(z,y) =1+0.999sin(z +vy), uy=vy=py=
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(c) Pressure (d) Pressure

(e) Velocity (f) Velocity

Figure 2.6: Results of Example 2.5.7, the double rarefaction problem, at 7' = 0.6.
Solid line: reference solution; Squares: numerical solution (cell averages). Left:
N = 200; Right: N = 400.
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(a) Density, log scale (b) Density, log scale
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Figure 2.7: Results of Example 2.5.7, Leblanc shock tube problem, at 7" = 0.0001.
Solid line: reference solution; Squares: numerical solution (cell averages). Left:
N = 800; Right: N = 1,600.
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Figure 2.8: Results of Example 2.5.8 at T" = 0.001. Solid line: reference solution;
Squares: numerical solution (cell averages). Left: N = 201; Right: N = 401.
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and periodic boundary conditions. The ratio of specific heat is v = 1.4.

The exact solution of the problem is

p(z,y,t) =1+0.999sin(z +y — 2t), wu(z,y,t)=v(z,y,t)=plxyt) =1

This is a low density problem with the minimum density 0.001. The positivity of
density is preserved during simulation and the third order convergence of density at

time T = 0.1 is shown in Table 2.6.

No rewinding of computation happens in this test.

N, x N, L' error | order | L™ error | order
20 x 20 | 8.64E-03 — 1.23E-03 -
40 x 40 | 1.37E-03 | 2.65 | 2.12E-04 | 2.53
80 x 80 | 1.79E-04 | 2.94 | 2.71E-05 | 2.97
160 x 160 | 2.23E-05 | 3.00 | 3.33E-06 | 3.03

320 x 320 | 2.75E-06 | 3.02 | 4.12E-07 | 3.02

Table 2.6: Results of Example 2.5.9 at T'= 0.1

Example 2.5.10. We solve the two dimensional Sedov point-blast wave problem [67]
in the domain Q@ = [0,1.1] x [0, 1.1] with the initial condition
Reay (y) €[0,A2] x [0, Ay]

AzAy
po=1 uw=v=0, FEy=

10712, otherwise,

and the left and bottom boundary the reflective boundary, and other boundaries the

outflow boundary. The ratio of specific heat is v = 1.4.

We plot the density on 0 and its profile cut along the diagonal of Q at T =1
on the N, = 160, N, = 160 mesh, see Figure 2.9. The simulation blows up if the

positivity-preserving limiter is not used in the test.
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In this test, there are 605 times of rewinding of computation, among a total

number of 344,226 time steps.
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(a) Density in (b) Cut of density along diagonal (z = y)
of Q

Figure 2.9: Results of Example 2.5.10 at 7' = 1. Solid line: reference solution;
Squares: numerical solution (cell averages).

Example 2.5.11. Consider the two-dimensional double Mach reflection problem
with a Mach 10 shock in the domain 2 = [0,4] x [0, 1], with the initial condition

(8, %g’ —3.116.5), y> V3(x — &) (post-shock)

(pOJU’O?UO?pO) =
(1.4,0,0,1), y <V3(x—1) (pre-shock).

The left boundary is the inflow boundary, the right boundary is the outflow boundary,
{0 <z < &,y =0} on the bottom is the boundary with post-shock condition, {3 <
x < 4,y = 0} on the bottom is the reflective boundary, and the condition on top
boundary follows the motion of the shock. We show the results at T = 0.2 on the
N, =960, N, = 240 mesh in Figure 2.10. The results are comparable with the results
in [92].

No rewinding of computation happens in this test.

Example 2.5.12. We solve the two dimensional problem of shock passing a backward

facing corner in the domain Q = [1,13] x [0,11] U [0,1] x [6,11], with the initial
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(a) Density on [0, 3] x [0, 1]

(b) 30 equally spaced contour lines from 1.394 to 23.083 for density
Figure 2.10: Results of Example 2.5.11 at 7" = 0.2 on N, = 960, N, = 240 mesh.
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condition

(Psy Us, Vs, D), @ < 0.5  (post-shock)
(p07u0a007p0) - ,
(1.4,0,0,1), x> 0.5 (pre-shock)

where (pu, Uy, Vs, Px)= (7.041132906907898, 4.07794695481336, 0, 30.05945) are taken
such that the shock is right-moving with Mach number 5.09. The boundary {x =
0,6 <y < 11} is the inflow boundary, {0 < x < 1,y =6} and {x = 1,0 < y < 6}
are reflexive boundaries, {x = 13,0 <y < 11} and {1 <z < 13,y = 0} are outflow
boundaries, and the boundary condition on {0 <z < 13,y = 11} follows the motion

of the shock.

The density and pressure at T = 2.3 with Az = Ay = 3—12 are presented in Figure

2.11. The results are comparable with the results in [92, 94]

No rewinding of computation happens in this test.

Example 2.5.13. Consider the two-dimensional astrophysical jets problems with
very high Mach number. We set the domain Q = [0,0.5] x [0,0.25] with initial
condition po(x,y) = 0.5,up(x,y) = vo(z,y) = 0,po(x,y) = 0.4127. The boundary
conditions of the right and top are outflow; the bottom boundary is reflexive; the
left boundary is inflow with (p,u,v,p) = (5,800,0,0.4127) if 0 < y < 0.05, which
corresponds to a jet flow of Mach number 2000, while (p,u,v,p) = (0.5,0,0,0.4127)

otherwise. The ratio of specific heat is v =5/3.

A combination of the total variation bounded limiter [18] and the flux limiter
[98] are used before applying the positivity-preserving limiter in each time stage to
reduce the spurious oscillations where the density and pressure are far above zero.

We would like to note that, the positivity of density and pressure are preserved during
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(a) Density in Q b) 20 equally spaced contour lines from
0.066227 to 7.0668 for density

(c) Pressure in Q d) 40 equally spaced contour lines from
0.091 to 37 for pressure

Figure 2.11: Results of Example 2.5.12 at T" = 2.3.
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simulation if only the positivity-preserving limiter is used, however, the simulation
blows up very soon without the positivity-preserving limiter. We compute the solution
on N, x N, = 320 x 160 grid, and show the density and pressure at T =5 x 107* in
Figure 2.12.

In this test, there are 1,968,558 times of rewinding of computation, resulting in
a total number of 356,643 time steps. The unusually small CFL number is caused
by the TV B limiter adopted, without which there is no rewinding of computation
and the CFL number is almost 10 times larger, but the result is oscillatory, though
the positivity is preserved. Since the scope of this chapter is on positivity-preserving

algorithms, we do not further study more compatible slope limiters for this example
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Figure 2.12: Results of Example 2.5.13 at T'=5 x 1074,

2.6 Concluding remarks

In this chapter, we have proposed the third order maximum-principle-satisfying and

positivity-preserving discontinuous Galerkin methods for scalar conservation laws
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and the Euler equations, respectively, based on the Lax-Wendroff time discretization.
The approach here is specified for DG methods with the use of DDG discretization for
the second temporal derivative terms. The main contribution of the work is to prove
rigorously that, under suitable CFL conditions, the cell average of the unmodulated
LWDG scheme at the next time step is bounded, provided the solution stay in the
desired bounds at the current time step. The scaling limiters, which were proved not
to affect the high order accuracy and mass conservation, can then be used to enforce
the bounds for the whole solution at the next time step, hence closing the loop of

the bound-preserving LWDG algorithm.

Several possible extensions could be made in future works. For instance, it is
of great importance to extend the algorithm to schemes with accuracy higher than
third order. It is also meaningful to extend the algorithm from structured grids to
unstructured meshes for geometry flexibility. The 3D case of the algorithm will also

be studied in the future.



CHAPTER THREE

Positivity-preserving discontinuous
Galerkin methods for stationary

hyperbolic equations
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3.1 Introduction

In this chapter, we are interested in numerical methods for stationary hyperbolic
equations. In the one dimensional space, we consider the variable coefficient and

nonlinear stationary hyperbolic equations

(a(x)u), + I = f(z), ze€Q=]0,1], (3.1)

where a(z) does not change sign and, without loss of generality a(z) > 0, and

(a(uw)u), + A u = f(z), ze€Q=]0,1], (3.2)

where a(u) does not change sign and, without loss of generality a(u) > 0. Here
A > 0 is a constant. In two and three dimensional spaces, we consider the constant

coefficient stationary hyperbolic equations

auy + bu, + M= f(r,y), (z,y) € Q=][0,1? (3.3)

and

auz_’_buy—i_cuz_’_)‘u:f(xay)z)u (C(Z,y,Z) SRUES [Oa 1]37 (34)

respectively, where A > 0 is a constant and, without loss of generality, we assume

a,b,c> 0.

The stationary hyperbolic equations (3.1)-(3.4) have wide applications in steady-
state transport problems. Moreover, the equations form the building block of the
linear radiative transfer equation (RTE), which is an integro-differential equation

that describes the distribution of radiative intensity in a medium, based on the
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discrete-ordinate method (DOM) [24, 37| and iterative procedure on the source terms,

see [90, 46] for more details.

The discontinuous Galerkin (DG) method is one of the most popular numerical
methods to solve hyperbolic equations, for its advantages in obtaining high order
accuracy, flexibility for complex geometry and easiness to be parallelized. In 1973,
Reed and Hill [62] proposed the first DG scheme to solve the linear steady-state
RTE for neutron transport problems. It was later developed into Runge-Kutta dis-
continuous Galerkin (RKDG) methods by Cockburn et al. in a series of papers
[17, 16, 14, 13, 18] to solve time-dependent hyperbolic equations such as the Burgers
equation, Euler equations, and shallow water equations, etc. In this chapter, we will

adopt the classic DG method to solve the stationary hyperbolic equations.

For stationary hyperbolic equations, it is well-known that their physical solutions
satisfy the positivity-preserving property, i.e. the solutions are nonnegative, provided
the corresponding boundary conditions and source terms are nonnegative. When de-
signing numerical methods, one naturally wants to maintain the positivity-preserving
property on the numerical solution, since negative values are not only physically un-
acceptable, but also may cause severe robustness issues in the simulations, especially

when coupled with other physical systems.

There have been intensive studies on positivity-preserving DG methods. In 2010,
the genuinely maximum-principle-satisfying DG method was proposed by Zhang et
al. in [93] for time-dependent scalar hyperbolic equations. The method is called
positivity-preserving when the lower bound in the maximum-principle is zero, which
is the case in our problems. The general framework of the positivity-preserving
method is composed of two parts. The first part is to obtain the solution at the next

time step with nonnegative cell averages from the original, unlimited DG scheme,
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probably under certain step-size conditions. Once the cell averages of solution are
guaranteed nonnegative, the scaling limiter in [93], which maintains the high or-
der accuracy and mass conservation, is applied to modify the solution such that
the entire solution becomes nonnegative. Based on this simple but powerful frame-
work, positivity-preserving and maximum-principle-satisfying DG methods for time-
dependent problems have been rapidly developed later, e.g. for the Euler equations
[94, 95], Navier-Stokes equations [92, 44], shallow water equations[82, 81], convection-
diffusion equations [96, 83], and compressible miscible displacements [29], among

others.

In 2016, Yuan et al. [90] proposed a high order positivity-preserving DG method
for constant coefficient stationary hyperbolic equations. Taking the one dimensional
case as an example, their algorithm is as follows: Firstly, they proved a fundamental
result that the numerical solution u(z) solved from the unmodulated DG method
satisfies max{tg,ux(x.)} > 0 on every cell K of the mesh, where uy is the cell
average on K, and z, is the right end point (the downwind point) of K. They then
modify the solution ug(x) on cell K based on the principle that, if ax > 0, the

conservative scaling limiter [93]

. - . _ o Ug
g () =0 (ux(x) — uk) + ux, where 0 mln{ﬂK mp—nt 1} (3.5)

is applied, otherwise a non-conservative rotational limiter [90] centered at x. is used.
Their algorithm can maintain positivity without affecting high order accuracy, how-
ever, since the cell average g can be changed by the rotation, the algorithm is
not conservative in general, which is also true when the algorithm is extended to
two-dimensional rectangular [90] or triangular [91] meshes. In 2018, Ling et al. [46]
improved the result by rigorously proving that the solution of the unmodulated DG

method in one dimension actually satisfies ug > 0 for all K. Therefore the scaling
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limiter (3.5) can always be used, which yields a high order conservative positivity-
preserving DG method. In their work, a special test function ¢ that recovers cell
averages Uy from the left hand side of the DG scheme was proved to be nonnegative,
which implies ux > 0 since the source term and boundary terms on the right hand
side of the DG scheme are both nonnegative, see more details in [46]. Unfortunately,
direct extension to two dimensions fails due to the fact that such test function &
is no longer nonnegative over the cell in rectangular meshes, even for second order
DG method with P! or Q! spaces. Instead, the authors obtained a second order
positivity-preserving conservative scheme on rectangular meshes by augmenting the
P! finite element space, but the extension of this approach to higher space dimensions

or to higher order schemes was not carried out in [46] and is highly nontrivial.

In this chapter, we further investigate high order conservative positivity-preserving
DG method for stationary hyperbolic equations. We put our effort on proving the
positivity of cell averages of the scheme so that the conservative scaling limiter (3.5)
can be applied directly to maintain high order accuracy and positivity. The main
difficulty is that the unmodulated DG method fails in positivity-preserving for cell
averages in all the equations we consider in this chapter, which will be illustrated
by concrete examples in later sections. To resolve this difficulty, we modify the
original DG method by adopting appropriate quadrature rules to replace the exact
integrals in the schemes, which is a common practice in the implementation of DG
schemes, not only because the exact integral is often difficult to obtain, but also for
the purpose of achieving specific properties, e.g. maximum-principle-satisfying [93]
or entropy stability [10]. The quadrature rules adopted in the schemes are easy to
implement and can be directly extended to high dimensions. More importantly, we
will show that the cell averages of the DG schemes with such quadrature rules are

positive, by proving the positivity of the test function that recovers the cell average
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from the left hand side of the schemes.

The rest of the chapter is organized as follows. In Section 3.2, we propose the
conservative positivity-preserving method in the one dimensional space by intro-
ducing the desired quadrature rules in the DG formulation, which do not evaluate
the integrals in the DG scheme exactly. We give an example to explain why such
quadratures are necessary, and rigorously prove the positivity-preserving property of
our method. In Section 3.3, we propose the positivity-preserving DG methods for
two and three space dimensions, based on direct extensions from the 1D algorithm.
We detail the implementation of the positivity-preserving scaling limiter (3.5) and
summarize the complete positivity-preserving algorithm in Section 3.4. The good
performance of the schemes are demonstrated by ample numerical experiments in
Section 3.5. Due to the inaccurate quadrature, the order of convergence is subopti-
mal in two and three space dimensions, but we observe optimal convergence in all

one dimensional tests. Finally, we end in Section 3.6 with concluding remarks.

3.2 Numerical algorithm in one space dimension

In this section, we construct high order conservative positivity-preserving DG meth-
ods for stationary hyperbolic equations (3.1) and (3.2) in the one dimensional space.
The schemes can be arbitrarily high order for the case of (3.1) with A = 0, but for
the other cases we are only able to prove the positivity-preserving property for P!

and P? (second and third order) DG schemes.
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3.2.1 Notations

We take the partition 0 = z1 <3 <+ <ayy,1 =1lon = [0,1], and denote

the j-th cell by [; = [xj_%, xj+%], with the cell size Azj = ;1 —x;_1 and the cell

i3

center x; = %(ajj_% —|—a:j+%) forj=1,2,...,N.
The finite element space of P*-DG scheme is defined as
ViE={ve L*([0,1]) : v|;, € PX(I;),j =1,2,...,N}, (3.6)

where P*(I) is the polynomial space of order no greater than k on I. For v € V}¥,

- 1 ., 1 —
we define the cell average v; = A ijajlt»’ v(z)dx on I;. Moreover, we denote by Vil
+ . . . . +
and Vil the left and right limits of v at Tipt respectively, i.e. Vi1 = v(xﬂ% +0).

For the purpose of positivity-preserving, we adopt the Gauss-Legendre quadra-
ture rule of k points to evaluate volume integrals in the P*-DG scheme, and denote
this quadrature by flj v(z)de = Ax; 35 Gav(#a), where {#q,a = 1,...,k} are the
quadrature points on [; and {W,, @ = 1,..., k} are the quadrature weights satisfying

S e =1

3.2.2 Variable coefficient stationary hyperbolic equation in

one space dimension

Consider the variable coefficient stationary hyperbolic equation (3.1) with f(z) >0
in Q. As mentioned before, without loss of generality we assume a(z) > 0 and
the corresponding boundary condition u(0) = uy > 0. The case a(z) < 0 with

the boundary condition u(1) = wy > 0 can be obtained by the change of variable
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r=1-—uzx.

Firstly, we give an example to show that the original DG scheme with exact inte-
grals may produce negative cell averages, even when the upwind boundary condition
and the source term are both positive. The original P*-DG scheme of the equation

(3.1) is to seek u € V¥, s.t. Yw € V¥,

U . U}
J—

_/ (a(z)uw, — /\uw)dx—l—a(xﬁ%)uf w , =a(x;

I;

. /fwdx (3.7)

for j = 1,2,..., N, where we let u; = ug. We adopt the P1-DG scheme and take

2

a(r) = 1+ 2, A=0and uy > 0. It is easy to check that &(z) = —SPAn

1
2

6+8Az1+2Az7
—Axl(gim ; is the unique function in P'(I,) such that — [} a(x)v&,dr + a(:lcs)v3 f; =
v for all v € V!, and §(x%) = —WM < 0. By taking the test function

w = & (where we extend w = 0 outside [;) in the scheme, we can construct f(z) >0
that takes large values around z3 such that @, = a(O)uoé’(:v%) + J;, f€dx < 0. One
can check that if we adopt P?, P3, P4, P>-DG schemes and take a(z) = 1+2?, a(z) =
1+ 23 a(x) = 1+ 2% a(z) = 1 + 25, respectively, negative cell averages may also

appear following the same lines, see the details in Appendix B.2.

However, we are going to show that the positivity-preserving property can be
achieved simply by replacing the exact integrals in the scheme by the Gauss-Legendre
quadratures of k points. The positivity-preserving P*-DG scheme of (3.1) is to seek

u € VF st Yw e VF,

l\’)\»—t

—f (a(z)uw, — Auw) dm+a(xj+%)u.’ w , =a(z;

I;

wh ,+ ][fwda: (3.8)
J—3
forj=1,2,...,N.

Cockburn et al. have proved in [13] that a sufficient condition for the quadra-
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ture in P*-DG scheme to attain optimal convergence is to have algebraic degree of
accuracy 2k. Though this condition is not satisfied by the quadrature in (3.8), we

observe optimal order of convergence in all one dimensional tests.

Based on the framework of [93], we only need to put our effort on proving the
positivity of cell averages of the scheme (3.8), then the scaling limiter (3.5) can be
used to achieve positivity of the entire solution without losing mass conservation
and accuracy. Same as in [46], it suffices to prove the positivity of the test function
¢ € V¥ that recovers the cell average of the solution from the left hand side of the

scheme (3.8).

We assume that a(z) € C*(I;),j = 1,2,..., N, in the P*-DG scheme to make
sense of some norms to be used. We first consider the case A = 0 and give the main

result as follows.

Lemma 3.2.1. Define {(z) = &= [F7+3 Ll dt for x € I;, where L|-| is the La-
Az, Jx J

grange interpolation operator at the Gauss- Legendr@ points {i,}* then & s the

a=1’

unique function in P¥(I;) that satisfies

Moreover, for k=1, >0 on I;; for k> 2, £ >0 on I; if the mesh size satisfies

el

(25)!
Bllla(@) e 15 (55) Haeer

Proof. By definition, £ € P*(I;), & (z) = ——E[L](x), and &, = 0. Therefore,

a(t)



7

it follows from direct computation that, Vv € P*(I;),

k X . R 1.,
= ; waa(xa)v(xa)ﬁ[m]@a) +0
= Zd}av(i’a> = 17]7

where the last equality holds because the k-point Gauss-Legendre quadrature is exact

for integrals of polynomials of order at most k.

As for the uniqueness, we consider the corresponding homogeneous linear prob-

lem: Find n € P*(1}), s.t.

—][ a(x)on.dr + a(ijr%)vjjr n..=0 Vve PH(I5).
I

J

If we take v as the k + 1 Lagrange basis at &, 2o, ... ,ﬁk,xﬁ%, the above linear

problem is converted to the system of linear equations

Since 1, € P*71(I;), we have 1, = 0 from the uniqueness of Lagrange interpolation,
which implies 7 = 0 since 7(z;, 1) = 0. Therefore, the function satisfying (3.9) is

unique in P*(I;).

To show the positivity of £, it suffices to prove its integrand L[ﬁ] > 0 on Ij.
When £ = 1, this is clear because the Lagrange interpolant L’[a%:)] = @ is a

constant. When k > 2, we need the error formula[6] of the Lagrange polynomial for
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g(x) € C*(I;) interpolating at &1, ..., &,

_ 9M(¢(2))

o (z —21)(x — 22) - (x — Tu),

where ((x) € I; is generally unknown. Moreover, let us recall that the standard k-th
order Legendre polynomial satisfies |P(r)| < 1 for r € [—1, 1], and has the explicit

formula

Pi(r) = 2562(’;?)'2 (r = F1)(r = 2) - (r — ),

where 71,79, ..., 7 are the roots of the k-th order Legendre polynomial. The prop-

erties of the Legendre polynomials imply |%(a: —&)(x — To) - (x — 3| = (A(‘;"Jk);k'

p [ TEa )
k Az /2

E[ﬁ] on I; as follows,

Nk
Aé;c))!k!. Therefore, we have the lower bound estimates for

< (

1 1 & (1 1
ﬁ[%](x) - a(z)  da* (a(:c)) K

a=¢
S C) L R
~ la(@)||ze ;) (2k)! Tdxk \ a(x) Leo (1)

(x — 1) (x — T9) -+ - (. — Zy)

ZO, Vl’ejj,

®
under the condition Az; < ( (2k)! T ) on the mesh size. O
Lo (1)

K@)l oo ) |12 (55
Remark 3.2.1. The condition (3.10) is drawn from the requirement that the La-

grange interpolation ,C[ﬁ] being nonnegative on I;. Since we have assumed the

smoothness of a(x), which implies $ s smooth and lower bounded away from zero,

the mesh size condition should not be severe. Indeed, since we merely need the in-
tegration f;”% L’[ﬁ]dt > 0,z € Ij, to guarantee the positivity of &, the actual

condition needed on the mesh size may be even more relaxed.

Based on the lemma above, if we assume the inflow condition u; > 0, we can

1
2
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immediately obtain the positivity of u; by taking the test function w = £ (extend
¢ = 0 outside I;) in the scheme (3.8) and using the fact that the source term f and
coefficient a(z) are positive. We can therefore obtain the result for the positivity-

preserving property of the scheme (3.8) with A = 0 as follows.

Theorem 3.2.2. For the variable coefficient stationary hyperbolic equation (3.1)
with A = 0, if the source term and inflow conditions from upstream cells (including
the inflow condition on the first cell) are positive, then the cell averages of the scheme

(3.8) are positive, under the mesh size condition in Lemma 3.2.1.

We then consider the case A > 0 and give the main result as follows.
Lemma 3.2.3. Define the functions

Z(ijr% — )

&) = Az;(2a(21) + MAz;)’

JIGIJ',

and

6(1 — ) (5\(1: —x, 1) +a(d) + a(j:2)>

1
2

&) = Az (12a(@1)a(is) + 3Ax;M(a(E1) + a(Z2)) + Az3A2)’ "

where A = \ + %}‘z@)), for P'-DG and P?-DG schemes, respectively, then &

and & are the unique functions in P*(1;) that satisfies

—f (a(x)v€y — M) dr + a(xj+$)vj_+;€j_+l =7v;, Yo e PHI), (3.11)

I;

for k=1 and k = 2, respectively.

Moreover, & > 0 on I;; & > 0 on I; if X > pj(a), or otherwise Ax; <



80

2minger; a(x)

@O where p;(-) is the one-sided Lipschitz seminorm [5] defined as

p;j(v) = sup (M> , where zy = max(0, z).
x,yeljx#y r—y +

Proof. 1t is easy to check by solving the linear equation/system that & (x) and & (z)

are the unique solutions of the linear problem (3.11) for £ = 1 and k£ = 2, respectively.
It is also clear that & (x) > 0 on I;, since a(x), A > 0 by assumption.

)

As for k = 2, the positivity of & () is always the same to its factor A\(z —z

M\»—‘

v+ +

Jj—

a(21) + a(#). Note that A\ = ) — 2@)=al2) > \ p;(a), thereby \(z — z;

T1—T9 )
a(z1) + a(Z2) > a(z1) + a(z2) > 0if A > pj(a), or )\(ac — xj,;) + a(Z1) + a(z2)
>

a(z1) + a(z2) — (pj(a) — AN)Az; > 0 if A < p;j(a). Both cases indicate that & (x)

Jj—

IO‘H

0 o

j.

Following the same arguments as before, we can immediately get the positivity
of @; if we assume the positivity of the inflow condition and the source term. We
can therefore obtain the result for the positivity-preserving property of the scheme

(3.8) with A > 0 (in fact it also applies to the case of A = 0) as follows.

Theorem 3.2.4. For the variable coefficient stationary hyperbolic equation (3.1)
with A > 0, if the source term and the inflow conditions from upstream cells (includ-
ing the inflow condition on the first cell) are positive, then the cell averages of the

scheme (3.8) are positive, under the conditions in Lemma 3.2.5.

Remark 3.2.2. We are only able to prove the positivity-preserving property for Pk-
DG methods with k =1 and k = 2 here. For the cases k > 3, the positivity of test

function & satisfying (3.11) is too complicated to be analyzed generally. However,
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we have investigated these cases for some special a(x) and the results are promising,

which are shown in Appendiz B.2.

3.2.3 Nonlinear stationary hyperbolic equation in one space

dimension

Consider the nonlinear stationary hyperbolic equation (3.2) with f > 0 in . We

assume a(u) > ¢ > 0, % > 0 for all u, and the boundary condition u(0) > 0.

Formally, we still have the same positivity-preserving results as in the variable

coefficient case if we adopt the scheme: seek u € V¥, s.t. Vw € V¥,

|
Wl
<

—f (a(u)uvw, — Auw) dm+a(uj_+l)u;+ Wi =a(u. )u. yw’ +f fwdz, (3.12)
I 2 2 I

1
) 2
J J

for 7 = 1,2,..., N, since a(u) in the scheme can be regarded as a(u(z)) in the
variable coefficient case. However, because u(x) is unknown, the mesh size conditions
established before for positivity-preserving is unavailable for £ > 2. To resolve this
difficulty, we give a P2-DG scheme which is positivity-preserving on arbitrary meshes:

seek u € V2, s.t. Yw € V2,

_ _ - e - ot
]{‘ (a(u)uw, — Auw) dx + a(uj+%)uj+%wj L= a(uj_%)uj_%wj_% + g fwdzx,
J J
(3.13)
for j=1,2,..., N, where flj denotes the Simpson’s quadrature rule.

We give the main result for the P2-DG scheme (3.13) as follows.
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Lemma 3.2.5. Let u(z) be the solution of the scheme (3.13) and define the function

6z, — ) (M = 2,1) + a(ul@n) + a(u(@))

5 €T) = = = N N 3 T G [',
(@) Az; (12a(u(ir))a(u(is)) + 3Az;A(a(u(ir)) + a(u(z))) + Az2A?) !
(3.14)
where A = \ + \/g(a(u(jz);a(u(i?))), then & € P*(1;) satisfies
—fl. (a(u)v€, — M) dx + a(uj._+%)vj._+%§]._+% =1v;, Yve P (L). (3.15)
Moreover, £ > 0 at the points {xj_%,xj,xﬂ%}.
Proof. 1t can be verified by direct computations similar to the proofs before. O

Following the same arguments as in the variable coefficient case, we immediately
get the positivity of @;, if we assume the positivity of inflow condition and source
term. Though the expression of £ in (3.14) contains the unknown solution u, it is
not a problem since we actually do not use ¢ in the implementation of the positivity-
preserving algorithm. We can therefore obtain the result for the positivity-preserving

property of the schemes (3.12) for £k = 1 and (3.13) for k = 2 as follows.

Theorem 3.2.6. For the nonlinear stationary hyperbolic equation (3.2), if the source
term and inflow conditions from upstream cells (including the inflow condition on
the first cell) are positive, then the cell averages of the schemes (3.12) for k =1 and

(3.13) for k = 2 are positive on arbitrary meshes.
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3.3 Numerical algorithm in two and three space

dimensions

In this section, we construct high order conservative positivity-preserving DG schemes
for constant coefficient stationary hyperbolic equations (3.3) and (3.4) in two and
three dimensions, respectively. The schemes are direct extensions from the algo-
rithm in one space dimension. We are only able to give rigorous proofs of positivity-
preserving for limited cases but numerical computation shows strong evidence that
the schemes are positivity-preserving for Q*-DG for arbitrary &k in two dimensions,

and for odd £k =1,3,5,7,... in three dimensions.

3.3.1 Notations

We take the partition 0 = rr < wy <o <y 1= 1, 0 = yr <ys < -0 <
Yny 4l = 1, and 0 = 21 < zg < <zy 1= 1 in the z, y and z directions,

respectively, and define the mesh sizes Aw; = z,,1 — 2, 1,0 = 1,..., N, Ay; =

1
1 -1,
2 =3

ijr%—yjf%,j =1,...,Ny,and Az = zl+%—217%,l =1,...,N,, with cell centers x; =

%(:pi_%—i—xiJr%),i: L...,N,, y; :%(yj_1 +yj+%),j:1,...,Ny, and z; = %(Zz 1+

2
zl+%),l =1,...,N,. Moreover, we denote by K;; = [xi_%,xi%] X [yj_%,yﬂ%},i =
1,...,N.,j7 =1,...,N, the cells in the two dimensional domain = [0,1]?, and
Kz‘,j,l = [xi_%,l’w_%] X [yj_%,yﬁ%] X [Zl—%’zl—i-%]vi = 1,...,Nz,j = 1,...,Ny,l =

1,..., N, the cells in the three dimensional domain Q2 = [0, 1.
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The finite element spaces of the Q*-DG scheme are defined as

ViF={ve L*([0,1%) : v

Ky €EQ"(Kiy),i=1,...,Nyj=1,...,N,},  (3.16)
and

ViE={ve L*(0,1*) :v

ki €QM(Kijn),i=1,...,Nyj=1,...,N,l=1,...,N.},
(3.17)
in two and three dimensional domains, respectively, where Q*(K) is the tensor prod-
uct polynomial space of order no greater than k on the cell K. For v € V¥, we
denote the cell average by v; ; on K, ;, and ; j; on K; ;. In two space dimensions,
we define the left /right and lower /upper limits of v on the vertical and horizontal cell
interfaces by v(xjjr%,y) = v(xH% +0,y) and v(z, yji%) = v(z, Yl +0), respectively.

In three space dimensions, the limits on cell interfaces are defined similarly.

We let {7, 0o Ye_, and {74, ©a }EE) be the Gauss-Legendre quadrature rules with
k and k + 1 quadrature points on [—1, 1], respectively. As in the previous section,
we use the notation £ to denote the approximate integration via the k-point Gauss-
Legendre quadrature. If not otherwise stated, the usual integral notation | stands
for the exact integral, which can be evaluated by the k& + 1 point Gauss-Legendre
quadrature in the Q*-DG scheme for the constant coefficient problems. Finally, we

denote by {f;i(x),i = 1,...,k} the Lagrange interpolation basis at {7, }*_, with
li(To) = 0i.a, and by £;(z) the derivative of ¢;(z).
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3.3.2 Constant coefficient stationary hyperbolic equation in

two space dimensions

Consider the constant coefficients stationary hyperbolic equation (3.3) with f(x,y) >
0 in €. As mentioned before, without loss of generality, we may assume a,b > 0,
because the other cases can be obtained by the change of variables 2’ = 1 — x
and/or y' = 1 —y. The corresponding boundary conditions are given by u(0,y) =

91(y), u(x,0) = ga(x), where g1, g5 > 0.

Firstly, we would like to remark that the original DG methods are not positivity-
preserving for the cell averages in general, even for the P-DG or Q-DG schemes.

One can refer to the counterexamples constructed in [46].
The positivity-preserving Q*-DG scheme of (3.3) is to seek u € V¥ s.t. Yw € VF,
TlorYiL
_][ 2][ aE (auw, + buw, — Auw) drdy
Yieg Y-y
Yitd _ _
o[ty oty

3 2 (3.18)
Y 2 2 T

j7
Tird [Y5+]
4 f f fwdrdy,
Tig Yi-g

fori =1,...,Ny,5 =1,...,N,. If L1 = 0, we let u(x_,,y) = gi(y), similarly
2

<
+
N
T
Nl
S
£
—~
8
+
[NIE
g
8
o
=
5]

Nl
S
|
Nl

if y;_1 =0, we let uw(z,y. 1) = g2(x). The quadrature adopted in (3.18) does not

satisfy the condition for optimal convergence established in [13], which results in

sub-optimal convergence as we will show in the numerical tests.

Without loss of generality, we only consider scheme (3.18) on the reference cell
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K =[-11] x[-1,1], as any cell K;; = [z, 1, @;,.1] X [y;_1,y;,1] can be transferred
to K by changing of coordinates which only rescales a, b, \, f without altering their

signs. We give the main result as follows.

Lemma 3.3.1. Define {(z,y;a,b,\) = (1 — 2)(1 — y)n(z,y;a,b,\) for (z,y) €
[—1,1)%, where n(x,y;a,b,\) = Zijzl nij(a, b, \);(2)l;(y), and {n;;(a,b, ) ?,j:l 18

the solution of the linear system

k
D (@ (1= Fa) (1 = #5)li(Fa)bs,; — (1 — 75)00:65.,)
i,j=1
. o . (3.19)
+ b ((1 — T‘a)(l — rﬁ)ﬁj(rﬁ)éa,i — (1 — ra)aa,iéﬁ,j)
1
—>\(]_ - 7204)(]_ - 72/3)50471'(55,]') Nij = —Z, O,/,B = 1, 2, ce ,k’,

then &(x,y;a,b,\) € Q%([—1,1]?) satisfies

1

1 1 1
—][ ][ (avé€, + bv§, — Mvf) dxdy + / av(1,y)&(1, y)dy + / buv(z,1)é(x, 1)dx
—1J-1 _

1 -1
1 1 1

= - vdxdy,
4 /_1 /_1

(3.20)
for any v € Q%([—1,1]?).

Moreover, for k = 1,2, we have &(z,y;a,b,\) > 0 on [—1,1]%; for k = 3, we can
show &(To,Tp;a,0,0) > 0, a, B = 1,2,3 and {(—1,74;0a,b,0),&(Fe, —1;a,b,0) > 0,
a=1,234.

Proof. By definition of £(x,y), we can compute that &, (z,y) = (1—z)(1—y) Zf,j:l i
C@) () = (L) 2255 migi () (y) and & (@, y) = (L—) (1—y) 220, mijla ()¢ (y) —
(1—2x) Zf,j:l n:;¢i(x)¢;(y), thereby it can be checked that {n;;}¥._; is the solution

i,j=1
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of the linear system (3.19) if and only if £ satisfies

o o o 1
aly(Ta,7g) + bEy(Ta, 7g) — A(Pa, Tp) = T a,f=1,2,... k.

Moreover, we have £(1,y) = &(z,1) = 0 from the definition. Therefore, it follows

from direct computation that

1

1 1 1
—f /I (av€y + bvg, — M\f) dxdy + / av(1l,9)¢(1,y)dy + / bu(z, 1)é(z, 1)dx
—1J-1 —

1 -1
k

= —4 ) Ga@pv(Fa, 75) (a€e(Fas ) + DEy (Fas P5) — AE(Fas 75)) + 0+ 0
a,B=1

k
= 3 sl //vdwd% Vo € QH(—1, 1),

where the last equality follows from the fact that the tensor product of k-point

Gauss-Legendre quadrature is accurate for v € Q*([—1, 1]?).
It remains to show the positivity of &, or equivalently 7.

When k = 1, by solving the linear equation (3.19), we have n(z,y;a,b,\) =

1

Tarory = -

When k£ = 2, by solving the linear system (3.19), we have n(x,y;a,b,\) =
C1(6a® + 15a2b + 15ab® + 6b% + 9a* X + 17ab\ + 90>\ + 5ar? + 5bA% + A3 + 3a’bx +
9ab*x + 6%z + 3a*\x + 9abdx + I?\x + 3a\’x + 5bA x + N3z + 6ady + 9a’by +
3ab*y + 9a®\y + 9aby + 362 \y + 5a?y + 3bX\2y + N3y + 9a’bay + 9ab’xy + 3a®Axy +
abzy + 30*A\zy + 3ar zy + 3bA%zy + N3xy), where C = %(3@2 + 3ab + 3b* + 3a +
30\ + A3 (3a® + 6ab + 3b* + 3aX + 30X + A\?) > 0. Since n € Q'([-1,1]?) and
n(=1,—1) = C71(12a%b + 12ab* + 8ab)) > 0, n(—1,1) = C71(12a® + 12a*b + 12a* ) +
8abA +4aX?) > 0, (1, —1) = C71(12ab® + 120 4 8abA + 12b°A +4bA?) > 0, n(1,1) =



88

C1(12a3 + 36ab + 36ab? + 1203 + 24a> X + 44ab\ + 240* X + 16a)? + 16DA% +4)3) > 0,

we have n(x,y;a,b,\) > 0 for (z,y) € [-1,1]%

Now we consider the case k = 3 with A = 0. Firstly, we note that from the defini-
tion, §(z, y;a,b, A) = C¢(x,y; Ca, Cb,CA) and n(z, y; a, b, A) = Cn(z,y; Ca, Cb, CA),

VC' > 0. Therefore it suffices to investigate the case a = 1,b > 0 since &(x, y; a,b,0) =

_ P

L—llé(x,y; 1, %, 0). By solving the linear system (3.19), we get 1;;(1,b,0) ORCY A

1,2,3, where P;;(b) and Q(b) are polynomials defined as:

Py (b) =2(5(5 — V/15) + 5(17 — 4V/15)b + (195 — 31V15)b? + (240 — 38/15)b°
+ (195 — 31V15)b* + 5(17 — 4V/15)6° + 5(—5 + V15)b9)

Pyia(b) =20 + (95 + 3v/15)b + 1800° + 14(15 — v/15)b* + (195 — 29v/15)b?
+25(5 — V15)b° 4+ 10(5 — V15)S

Pys(b) =2(5(5 + V/15) + 5(8 + V15)b + (45 + V/15)b° + 306° + (45 — V/15)b*
+5(8 = VI5)0° + 5(5 — V15)b9)

Pa1(b) =10(5 — V15) + 25(5 — V/15)b + (195 — 29v/15)b% + 14(15 — v/15)b°
+ 1806" + (95 + 3v/15)b° + 200°

Pyy(b) =20 + 95b + 198b% + 2495* + 198b* + 95b° + 200°

Pa3(b) =10(5 + V15) + 25(5 + V15)b + (195 4 29v/15)6> + 14(15 + v/15)b°
+ 180b" + (95 — 3v/15)b° + 200°

P31 (b) =2(5(5 — V/15) + 5(8 — V15)b + (45 — V/15)b? 4 30b° + (45 + V/15)b*
+5(8 4+ V15)6° + 5(5 + V15)1°)

Py (b) =20 + (95 — 3V15)b + 1806 + 14(15 + V15)6° + (195 4 29v/15)b*
+25(5 + V15)b° + 10(5 + V15)b°

Pss(b) =2(5(5 + V/15) + 5(17 4 4V/15)b + (195 4 31V15)b? + (240 + 38v/15)0°

+ (195 + 31V15)b* 4+ 5(17 + 4V15)6° + 5(5 + V15)b°)
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Q(b) = 16(1 + b)(5 + 15b + 27b* + 31b° + 27b" + 15b° + 5b°)

One can observe that all coefficients in the above polynomials are positive. Therefore,

we have n(fq, 7g;a,0,0) = 1n(f,,7s1,2,0) = %F)Z‘?’(ﬁb—%;) > 0, for a, 8 = 1,2, 3.

. 3 S L Py (b)i(x)¢5(y)
Further more, since n(x,y;1,b,0) = 37, m;;(1,b,0)l:(2);(y) = === é(b) Rl

the values of 7 at the quadrature points {(—1,7,),a = 1,2,3,4} and {(7o, —1),a =

1,2,3,4} are also rational functions of b. By direct computation, one can check
that the coefficients of these rational functions are all positive, which implies the
positivity of n(x,y; a, b, 0) at these points. We omit the details of computation since

it is straightforward but lengthy. O

P;;(b)
Q) ’

P;;(b) and Q(b) are polynomials, i,j = 1,2,...,k, for general k. However, Mathe-

Remark 3.3.1. By the Cramer’s rule, we always have n;;(1,b,0) = where
matica is unable to afford the symbolic calculation for k > 3. We sample some values
of b and solve the corresponding values of P; ;(b) and Q(b) numerically. By interpo-
lation, we recover the expressions of P ;j(b) and Q(b), and find that all coefficients
of them are nonnegative for k = 4. Unfortunately, even numerical computation are

difficult for the case k > 5.

Based on the lemma above, if we assume the positivity of the inflow conditions
u(x;%,y) and u(z, yji%), we can prove the positivity of «; ; by taking the test func-
tion w = £ (extend £ = 0 outside K ;) in the scheme (3.18) and using the fact that
the source term f and coefficients a,b are positive. We can therefore obtain the

result for the positivity-preserving property of the scheme (3.18) as follows.

Theorem 3.3.2. For the constant coefficient stationary hyperbolic equation (3.3),
if the source term and inflow conditions from upstream cells (including the inflow
conditions on inflow boundary cells) are positive, then the cell averages of the scheme

(3.18) are positive for the Q', Q*-DG schemes with X > 0, and Q*-DG scheme with
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Though we are not able to give rigorous proofs for the positivity-preserving prop-
erty of the scheme (3.18) with £ = 3,A > 0 or & > 3,\ > 0 due to the difficulty
of symbolically solving the large linear system (3.19), we can still investigate these

cases numerically.

For any given values of a,b, A\, we can always solve for {nij}ﬁjzl numerically
from the linear system (3.19) to obtain the values of 1 at the quadrature points
{(Fa, 78) }e g1, {(—=1,70) M and {(7,, —1)}*! used on the right hand side of (3.18).

The scheme is positivity-preserving if 7 is positive at all these quadrature points.
Moreover, we can take advantage of the relationship n(z, y; a, b, \) = Cn(x, y; Ca, Cb, CN),
VC' > 0, to reduce the computation. If A > max{a,b}, we use n(z,y;a,b,\) =
%77(95, vi 5 %, 1); otherwise we assume a > max{b, \} without loss of generality and

b A

use 7(x,y;a,b,\) = én(w, y;1,2,2). Therefore, we only need to numerically investi-

gate the positivity of 7 in the two cases 0 < a,b<1,A=1landa=1,0<0b, A< 1.

We define
nl(k) = O%’I(},lbrél 1§13[1§12+1{77(_17 Tas; G, b7 1)7 77<7’a7 _17 a, b7 1)}7

ne(k) = min  min {n(—1,74;1,b,\),n(Ta,—1;1,b,\)},

0<bA<1 1<a<k+1

ns(k) = oin lglg’lﬂngkn(m,m; a,b, 1),

k)= i i o, T35 1,0, A
774( ) OSInb,l)\IéllgIg,lﬁngkn(Ta’rﬁ) » Uy )7

and equally space 1000 x 1000 points of (a,b) or (b,A) on [0,1] x [0,1] to ap-
proximate ming<,p<1 and ming<, <1, and give the approximate values 7;(k),7 =
1,2,3,4 in Table 3.1 and Table 3.2 for odd and even k, respectively. From the

tables, we can observe that the minimum value of 1 at the quadrature points is
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zero (machine epsilon) on boundaries when k is even, and strictly positive in all

other cases. Moreover, we visualize a particular case A = 0, and plot h¥(b)
min1§a§k+1{n(_lu fa; ]-7 b7 0)7 U(fa, _]-7 17 ba O)}, hlg(b) - minlﬁaﬂfk n(fav fjﬁ? 17 bv 0) for

b € [0,1] in the Figure 3.1, from which we can observe the same pattern as shown in

the tables.
k 3 5 7 9 11 13
m | 4.75E-02 | 4.59E-02 | 4.65E-02 | 4.73E-02 | 4.80E-02 | 4.86E-02
7o | 4.75E-02 | 4.59E-02 | 4.65E-02 | 4.73E-02 | 4.80E-02 | 4.86E-02
N3 | 5.67E-02 | 5.17E-02 | 5.01E-02 | 4.93E-02 | 4.90E-02 | 4.88E-02
N4 | 5.67E-02 | 5.17E-02 | 5.01E-02 | 4.93E-02 | 4.90E-02 | 4.88E-02
k 15 17 19 - - -
m | 4.91E-02 | 4.93E-02 | 4.92E-02 - - -
7o | 4.91E-02 | 4.93E-02 | 4.92E-02 - - -
73 | 4.86E-02 | 4.85E-02 | 4.85E-02 - - -
N4 | 4.86E-02 | 4.85E-02 | 4.85E-02 - - -
Table 3.1: 7j;(k),i = 1,2,3,4 with odd k
k 4 6 8 10 12 14
m | -1.11E-15 | -1.78E-15 | -2.66E-15 | -4.44E-15 | -5.33E-15 | -3.02E-14
Mo | -2.22E-16 | -2.78E-16 | -3.89E-16 | -2.36E-16 | -4.72E-16 | -1.05E-15
N3 | 5.98E-02 | 5.64E-02 | 5.51E-02 | 5.44E-02 | 5.40E-02 | 5.37TE-02
Na | D.98E-02 | 5.64E-02 | 5.51E-02 | 5.44E-02 | 5.40E-02 | 5.37E-02
k 16 18 20 - - -
m | -2.84E-14 | -5.68E-14 | -3.20E-14 - - -
M | -7.77E-16 | -1.16E-15 | -7.22E-16 - - -
N3 | 5.33E-02 | 5.29E-02 | 5.27E-02 - - -
N4 | 5.33E-02 | 5.29E-02 | 5.27E-02 - - -
Table 3.2: 7;(k),i =1,2,3,4 with even k




(c) h (D), k is odd (d) h5(b), k is even

Figure 3.1: h}(b) and h%(b) for different k, 1000 points equally spaced on [0, 1]

92
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3.3.3 Constant coefficient stationary hyperbolic equation in

three space dimensions

Consider the constant coefficient stationary hyperbolic equation (3.4) with f(z,y, z) >
0 in Q. Without loss of generality, we assume a,b,¢ > 0. The corresponding
boundary conditions are given by u(0,y,2) = ¢1(y, 2),u(z,0,2z) = go(z,2) and

u(,y,0) = gs3(x,y), where g1, ga, g3 > 0.

The positivity-preserving Q*-DG scheme of (3.4) is to seek u € V¥, where k is
odd, s.t. Yw € V}F

Tirh o [Yird _ _
+ cu(x,y,zlJr%)w(x,y, zl+%)dxdy
T, y

LE s (3.21)
Yits [F+d '
=/ / au(z, 1y, 2)w(r] 1y, 2)dydz
vy oy 2 2
+ bu(x,y,_l,z)w(x,y,_l,z)dxdz
zy Jay J=3 J=3
il (Yl
+/ 2/j 2cu(x,y,zl__l)w(ac,y, z;r_l)dxdy
z,_1 Jy,_ 1 2 2
2 2
i+l (Yl [Pl
—1—][ 2][ ’ 2][ * fwdzdydz,
w1 Jy 1 Sy
2 2 2

fori=1,...,Ny,j=1,....,N,,l =1,...,N.. Ifxi_% =0, we let u(z_,,y,2) =
2

g1(y, z), similarly, if iy = 0 or 71 = 0, we let u(z,y.

J__l,z) = go(z,2) or
2

u(x,y,zl__ 1) = gs(x,y), respectively. The sub-optimal convergence is observed in
2
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numerical experiments due to the inaccurate quadrature rule adopted in the scheme.

Without loss of generality, we only consider the scheme (3.21) on the reference
cell K = [—1,1]3, as any cell K j; can be transferred to K by changing of coordinates
with only rescales a, b, c, A\, f without altering their signs. We give the main results

as follows.

Lemma 3.3.3. Define {(z,y,2;a,b,¢,\) = (1 —2)(1 —y)(1 — 2)n(x,y, z;a,b, ¢, ),

where T/(I7 Y, z;a, bv ¢, A) - Z?,j,l:l nijl(aﬂ b7 ¢, A)gz (x)fj(y)él(z)7 and {nijl(a’ b7 G, )‘)}ﬁj,lzl

is the solution of the linear system

D (a((l = 7o) (1 = 7g) (1 = #)€(2a)05,5650 — (1= F5) (1 = 7)60,i05,0+.1)

ijl=1

+ 0 ((1=7a)(1 = 75)(1 = 74)0(25)00i0y0 — (1 = o) (1 = 74)d0,i05,05.1)
+ (1= 7o) (1= 73)(1 = 7)1 (25)00,i0p,; — (1 — 7o) (1 = 75)00,i06,i65.1)

=M1 = 7a)(1 = 75)(1 = 7)0a,i05,50~.1) Niji

1
=—= =1,2,...k
87 aaﬁu’y )< ) Yy

(3.22)

then &(x,y, z;a,b,¢c,\) € QF([—1,1]) satisfies

_fl fl ][1 (av€, + bvgy, + cvl, — M€) dxdydz
11

+ /11 /11 av(l,y, 2)¢(1,y, z)dydz + /11 /11 bu(z,1,2)E(x, 1, z)dxdz (3.23)

1 1 1 1 1 1
+/ / cv(z,y, 1)é(z,y, 1)drdy = —/ / / vdzrdy,
-1J-1 8J1J1)a

for any v € Q%([—1,1).

Moreover, for k =1, we have &(x,y, z;a,b,¢,\) > 0 for (z,y) € [—1,1]3.

Proof. By definition of £(x,y, z), we can compute that &, (z,y,2) = (1—z)(1—y)(1—
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2) Sl (@) G ) a(z) — (1= y) (1 = 2) X8 oy miala(@) ()(2), & (2, y,2) =
(1—2)(1=y)(1=2) 327, iy migels () () (2) = (1=) (1=2) 327 1oy migels ()5 () (2),
and & (,y,2) = (1 —2)(1 = y)(1 = 2) 37 oy min Li(2)6()0(2) — (1 — 2)(1 -
Y) 3ok mitli ()5 (y)(z), thereby it is easy to check that {n;;}¥,,_; is the so-

lution of the linear system (3.22) if and only if ¢ satisfies

. . . . 1
aéuac(ronTB7T7)+b§y(raaTﬂar’y)_’_cgz(ronrﬁvr’y)_/\g(raarﬁar’y) = _ga aaﬁv’y = ]-a 27 cee

Moreover, £(1,y,2) = &(x,1,2) = £(x,y,1) = 0 from the definition. Therefore, it
follows from direct computation that (3.23) holds. When k = 1, we can solve £ from
(3.22) to obtain &(, ¥, 2) = guppren (L — ) (1 —y)(1 —2) > 0 in [-1,1]* O

Based on the above lemma, we can obtain the result for the positivity-preserving

property of the scheme (3.21) as follows.

Theorem 3.3.4. For the constant coefficient stationary hyperbolic equation (3.4),
if the source term and inflow conditions from upstream cells (including the inflow
conditions on inflow boundary cells) are positive, then the cell averages of the scheme

(3.21) are positive for the Q'-DG scheme.

We are of course not satisfied with only Q'-DG positivity-preserving scheme,
which has first order convergence rate by numerical experiments. Similar to the
two dimensional case, we numerically investigate the positivity of n(z,y, z) at the
quadrature points used on the right hand side of (3.21) for larger k. It suffices to
consider two cases: 0 < a,b,c < 1,A=1and a =1,0 < b,c,\ <1 because of the
property &(x,y, z;a,b,¢,\) = C&(x,y, z; Ca,Cb,Cc,CN),YC > 0 and the symmetry

in x,y, z directions.
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We define
nl(k) - OSI({,IZ}ESI lgo%glk—l—l{lr](_l,TQ’ rg; a, b7 ¢, 1)77](Ta7 _17 rg; a, b7 C, 1)7
n(faafﬁ)_]-;aa b7 C)l)}7
772(k) = Ugg,lcl,g\lgl lgo%glk—l—l{n(_l’ro“ g, 17 b7 C, )\),T](T’a, _17 rg; ]-7 ba C, )\)a
’)’](720”7?'6,—1;1,17, C, )\)}7
773(k) - Ograr,lbl,rclgl 1§g1ﬂlg§kn(raarﬁar’y; a, b7 c, 1)7
ny(k) = min min  19(7n, 7g,7; 1,0, ¢, \)

0<b,e,A<1 1<, By <k

and equally space 100 x 100 x 100 points for k£ = 2,3,4, 30 x 30 x 30 points for
k = 5,6,...,10, of (a,b,c) or (b,c,\) on [0,1]* to approximate ming<,p.<1 and
ming<p . r<1. We give the approximate values 7;(k),7 = 1,2, 3,4 in Table 3.3. From
the table, we can observe that the minimum value of 1 at quadrature points is
negative on boundaries when £ is even, and strictly positive in all other cases, which

suggest that we should use odd k for the purpose of positivity-preserving.

k 2 3 4 ) 6 7
| -4.44E-16 | 1.04E-02 | -4.00E-15 | 9.75E-03 | -1.60E-14 | 1.00E-02
N2 | -3.97E-06 | 1.04E-02 | -1.63E-03 | 9.75E-03 | -6.15E-03 | 1.00E-02
N3 | 2.61E-02 | 1.39E-02 | 1.61E-02 | 1.20E-02 | 1.43E-02 | 1.14E-02
Ny | 2.61E-02 | 1.39E-02 | 1.61E-02 | 1.20E-02 | 1.43E-02 | 1.14E-02
k 8 9 10 - - -
m | -1.70E-03 | 1.04E-02 | -6.05E-03 - - -
72 | -1.25E-02 | 1.04E-02 | -2.01E-02 - - -
73 | 1.38E-02 | 1.18E-02 | 1.36E-02 - - -
Ny | 1.38E-02 | 1.18E-02 | 1.36E-02 - - -

Table 3.3: 7;(k),1=1,2,3,4
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3.4 Implementation of the algorithms

In this section, we summarize the results obtained in the previous sections and

illustrate the implementation of the positivity-preserving algorithms.

Firstly, we introduce a robust version of the positivity-preserving limiter (3.5)
used in practice. We set a small threshold € > 0, e.g. € = 107!, and denote by S the
set of points where we want to preserve the positivity of function values. The set S
must include the quadrature points used on the inflow boundaries in the schemes for
the purpose of positivity-preserving. To be more precise, S must include the point
;41 on I; in one space dimension, the points {(z, 1, Jo) Yo {(Z4, Yjs1) Mon K
in two space dimensions, and the points {(xH%,gjOl, Zs) ];:%1:1, {(:i'a,yj+%, Zp) 221:1,
{(Za, Y5, Zz+%)}l;%1:1 on Kj;,; in three space dimensions, where Z, = x; + %Axﬁa,
Yo = Yj + %ijfa, Za =2+ %Azlfa, a=1,2,...,k+1 are the (k+ 1)-point Gauss-
Legendre quadrature points in different directions. On a cell K with the cell average

ug > 0, if ux < €, we take the modified solution @ (x) = uk, otherwise, we take

the modified solution as

’L_LK—G

Uk (x) = 0 (ug(x) — ug) + g, where § = min{— 1}, (3.24)

. )
Ux — Mingeg U (X)

where x denotes the coordinates in one, two or three space dimensions.

In one dimensional space, we compute the solution u; on cell I; based on the
solution @,y with @;_1(x) > 0,z € S. Once u; is obtained from the scheme with
u; > 0, we apply the above limiter to obtain a modified solution @;, which will be

used in the computation on the next cell.
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Similarly, in two dimensional space, we compute the solution wu;; on cell K ;
based on the solution @;_ ;, @; j—1 with @;_1 j(z,y), 4 j—1(x,y) > 0, (x,y) € S. Once
u;; is obtained, we apply the above limiter to obtain the modified solution  ;,
which will be used in later computations. In three dimensional space, we com-
pute the solution w; j; on cell K; ;; based on the solution @;_1 j;, %; j—17, U; ;-1 with
i1 (@, Y, 2), Ui j—10(x, Y, 2), Ui ji—1(z,y,2) >0, (x,y,2) € S. Once u; j; is obtained,
we apply the above limiter to obtain the modified solution ; j; and use it in the later

computations.

We would like to remark that, under certain mesh size conditions, the positivity
of the solution at the interfaces mj_+ L j =1,2,...,N in one dimensional space is
automatically maintained even without the positivity-preserving limiter, i.e. u;+§ >
0,7 =1,2,...,N provided f,ug > 0. This fact allows us to apply the positivity-

preserving limiter simultaneously for all cells after the DG solution has been obtained

for all cells. The detailed theorem and its proof are given in Appendix B.1.

3.5 Numerical tests

In this section, we perform numerical experiments to show the good performance of
the positivity-preserving methods established in the previous sections. Many of the
examples are taken from [90, 46, 91]. We take the set S in the positivity-preserving
limiter of the Section 3.4 as the union of the necessary points introduced therein
and 100 equally spaced points on 1D cells, or 50 x 50 equally spaced points on 2D
cells, or 20 x 20 x 20 equally spaced points on 3D cells. If not otherwise stated, we
use uniform meshes with mesh sizes satisfying the conditions of positivity-preserving

established in the previous sections.
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Example 3.5.1. We solve the equation (3.1) with a(z) = m,)\ = 0 and

f(x) = 2% on the domain Q = [0,1]. The boundary condition is given by u(0) = 0

and the ezact solution is u(z) = 22° + & sin(4mz)z.

We compute the solution based
on the positivity-preserving scheme (3.8) and give the errors, order of convergence,
and data about positivity in Tables 3.4 and 3.5 for the cases without and with the
limiter, respectively. From the tables, we can see that the orders of convergence are

optimal, and the negative values of the solution of the scheme without limiter are

eliminated by the positivity-preserving limiter.

k- N L'error order L% error order minuy
1 20 1.78E-03 - 2.89E-02 - -8.71E-06
40 4.41E-04 201 7.27E-03 1.99 -5.96E-07
80 1.10E-04 2.00 1.83E-03 1.99 -3.81E-08
160 2.75E-05 2.00 4.57E-04 2.00 -2.39E-09
320 6.88E-06 2.00 1.14E-04 2.00 -1.50E-10
2 20 8.34E-05 - 1.53E-03 - -3.46E-06
40 1.06E-05 298 2.10E-04 2.86 -4.17E-07
80 1.32E-06 3.01 2.91E-05 2.85 -5.24E-08
160 1.64E-07 3.00 3.81E-06 2.93 -6.63E-09
320 2.05E-08 3.00 4.86E-07 2.97 -8.38E-10
3 20 4.42E-06 - 1.15E-04 - -9.64E-07
40 2.76E-07 4.00 7.31E-06 3.98 -7.63E-08
80 1.72E-08 4.01 4.57E-07 4.00 -5.03E-09
160 1.07E-09 4.00 2.86E-08 4.00 -3.18E-10
320 6.70E-11 4.00 1.79E-09 4.00 -2.00E-11
4 20 1.36E-07 - 3.41E-06 - -6.96E-08
40 4.23E-09 5.01 1.09E-07 4.97 -1.14E-09
80 1.34E-10 4.98 3.39E-09 5.00 -1.80E-11
160 4.17E-12 5.00 1.06E-10 5.00 -2.81E-13
320 1.30E-13 5.00 3.32E-12 5.00 -4.40E-15

Table 3.4: Results of Example 3.5.1 without limiter

Example 3.5.2. We solve the equation (3.1) with a(x) = 1, A\ = 6000 and f(z) =

A (3 cos*(x) + €) — 5 cos®(z) sin(x) on the domain Q = [0,7]. We take e = 107 such

that the source term is nonnegative. The boundary condition is given by u(0) = %—l—e

and the exact solution is u(x) = §cos*(x) +e. This ezample has been tested in



N L'error order L* error order Limited cells (%)
20 1.78E-03 - 2.89E-02 - 5.00
40 4.41E-04 2.01 7.27E-03 1.99 2.50
80 1.10E-04 2.00 1.83E-03 1.99 1.25
160 2.75E-05 2.00 4.57E-04 2.00 0.63
320 6.88E-06 2.00 1.14E-04 2.00 0.31
20 8.41E-05 - 1.52E-03 - 5.00
40 1.07E-05 2.97 2.10E-04 2.85 2.50
80 1.34E-06 3.00 2.92E-05 2.85 1.25
160 1.67E-07 3.00 3.82E-06 2.93 0.63
320 2.09E-08 3.00 4.88E-07 2.97 0.31
20  5.45E-06 - 1.13E-04 - 5.00
40  3.84E-07 3.83 T7.17E-06 3.98 2.50
80 2.52E-08 3.93 4.46E-07 4.01 1.25
160 1.61E-09 3.97 2.79E-08 4.00 0.63
320 1.02E-10 3.99 1.74E-09 4.00 0.31
20  2.35E-07 - 3.50E-06 - 5.00
40 5H81E-09 5.33 1.10E-07 4.99 2.50
80 1.54E-10 5.23 3.42E-09 5.01 1.25
160 4.44E-12  5.12 1.07E-10  5.00 0.63
320 147E-13 492 3.34E-12  5.00 0.31

Table 3.5: Results of Example 3.5.1 with limiter

100
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[46] with a rigorously proved high order conservative positivity-preserving method.

However, since the inaccurate integral is adopted in our scheme, the results of our

algorithm will be different. We collect the numerical errors, orders of convergence,

and data about positivity in Tables 3.6 and 3.7 for the schemes (3.8) without and

with the limiter, respectively, from which we can observe the optimal convergence,

and the negative values of the solution being eliminated by the positivity-preserving

limiter.

k- N L'error order L*> error order min up,

1 20 2.14E-03 - 2.64E-03 - -1.33E-03
40 4.66E-04 220 6.76E-04 1.96 -2.90E-04
80 7.94E-05 2.55 1.70E-04 2.00 -4.34E-05
160 1.15E-05 2.78 4.21E-05 2.01 -1.41E-06
320 2.41E-06 2.26 1.04E-05 2.02 -1.20E-10
640 5.94E-07 2.02 2.51E-06 2.05 -1.66E-11

2 20 3.40E-04 - 4.59E-04 - -2.68E-04
40 6.79E-05 2.32 1.04E-04 2.15 -4.43E-05
80 1.00E-05 2.76 1.86E-05 2.48 -8.12E-08
160 1.25E-06 3.00 2.12E-06 3.13 -3.03E-07
320 9.42E-08 3.72 1.55E-07 3.78 -8.65E-09
640 6.07E-09 3.96 9.80E-09 3.98 -1.52E-10

Table 3.6: Results of Example 3.5.2 without limiter

k- N L'error order L™ error order Limited cells (%)

1 20 1.20E-03 - 2.64E-03 10.00
40 297E-04 2.02 6.76E-04 1.96 5.00
80 6.99E-05 2.17 1.70E-04 2.00 2.50
160 1.14E-05 2.53 4.21E-05 2.01 1.25
320 241E-06 224 1.04E-05 2.02 0.31
640 5.94E-07 2.02 2.51E-06 2.05 0.16

2 20 241E-04 - 4.59E-04 - 15.00
40 5.56E-05 2.11 1.04E-04 2.15 7.50
80 9.98E-06 2.48 1.86E-05 2.48 2.50
160 1.24E-06 3.01 2.12E-06 3.13 1.88
320 9.41E-08 3.72 1.55E-07 3.78 0.94
640 6.07E-09 3.95 9.80E-09 3.98 0.31

Table 3.7: Results of Example 3.5.2 with limiter



102

Example 3.5.3. We solve the equation (3.1) with a(x) = 1+ x,\ = 10000 and
fl@) = (A +1) (5 cos*(z) + €) — (1 +x) (5 cos®(z) sin(x)) on the domain Q = [0, 27].
We take € = 2 x 107 such that the source term is nonnegative. The boundary
condition is given by u(0) = § + € and the ezact solution is u(x) = § cos*(z) +e. We
compute the solution using the scheme (3.8) and give the numerical errors, orders
of convergence, and data about positivity in Tables 3.8 and 3.9 for the case without
and with the limiter, respectively. From the tables, we can see that the orders of

convergence are optimal, and that negative values appear without limiter and the

positivity is maintained under the modification of the limiter.

k- N L'error order L™ error order minuy,
1 20 8.35E-03 - 1.07E-02 - -3.03E-03
40 1.76E-03 2.25 2.83E-03 1.93 -5.01E-04
80 4.10E-04 2.10 7.02E-04 2.01 -1.10E-04
160 9.38E-05 2.13 1.73E-04 2.02 -1.60E-05
320 2.15E-05 2.13 4.28E-05 2.02 -4.49E-07
640 5.19E-06 2.05 1.05E-05 2.02 -3.21E-10
2 20 1.62E-03 - 1.26E-03 - -4.51E-04
40 3.73E-04 2.11 2.89E-04 2.12 -1.03E-04
80 7.96E-05 2.23 7.02E-05 2.04 -1.62E-05
160 1.29E-05 2.62 1.32E-05 2.41 -1.19E-06
320 1.35E-06 3.26 1.85E-06 2.83 -1.45E-07
640 1.03E-07 3.71 1.66E-07 3.48 -3.78E-09

Table 3.8: Results of Example 3.5.3 without limiter

Example 3.5.4. We solve the equation (3.2) with a(u) = u?*+0.01,\ =5 and f(z) =
—8sin(z) cos™(x) (3(cos®(x) + €)® + 0.01) + X (cos®(x) + €) on the domain Q = [0, 7).
We take e = 107 such that the source term is nonnegative. The boundary condition
is given by u(0) = 1 + € and the ezact solution is u(x) = cos®(z) + €. We give the
errors, orders of convergence, and data about positivity in Tables 3.10 and 3.11 for
the scheme (3.12) with k = 1 and scheme (3.13) with k = 2 in the case without and
with the limiter, respectively, with the same conclusion about accuracy and positivity-

preserving as before.



k- N L'error order L™ error order Limited cells (%)
1 20 6.44E-03 - 1.07E-02 - 10.00
40 1.53E-03 2.08 2.83E-03 1.93 5.00
80 3.75E-04 2.03 7.02E-04 2.01 3.75
160 9.12E-05 2.04 1.73E-04 2.02 1.88
320 2.15E-05 2.09 4.28E-05 2.02 0.94
640 5.19E-06 2.05 1.05E-05 2.02 0.31
2 20 1.44E-03 - 1.37E-03 - 20.00
40 3.36E-04 2.10 3.25E-04 2.07 10.00
80 7.62E-05 2.14 7.37E-05 2.14 6.25
160 1.29E-05 2.56 1.32E-05 2.49 3.13
320 1.35E-06 3.26 1.85E-06 2.83 1.56
640 1.03E-07 3.71 1.66E-07 3.48 0.78
Table 3.9: Results of Example 3.5.3 with limiter
k- N L'error order L> error order min up,
1 20 1.20E-01 - 1.28E-01 - -1.17E-01
40 8.11E-03 3.89 1.86E-02 2.78 -2.97E-03
80 1.55E-03 2.39 4.39E-03 2.08 -2.03E-07
160 3.87E-04 2.01 1.09E-03 2.02 -1.04E-13
320 9.66E-05 2.00 2.71E-04 2.00 8.96E-15
640 2.41E-05 2.00 6.76E-05 2.00 9.86E-15
2 20 8.56E-02 - 1.76E-01 - -7.20E-02
40 1.16E-02 2.88 4.47E-02 1.98 -1.44E-02
80 9.28E-04 3.65 4.78E-03 3.22 -9.60E-05
160 8.20E-05 3.50 4.31E-04 3.47 -4.44E-09
320 8.27E-06 3.31 4.41E-05 3.29 -7.82E-14
640 9.25E-07 3.16 4.89E-06 3.17 9.98E-15

Table 3.10: Results of Example 3.5.4 without limiter
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k' N L'error order L* error order Limited cells (%)

1 20 3.85E-02 - 1.28E-01 - 15.00
40 T7.02E-03 246 1.86E-02 2.78 12.50
80 1.55E-03 2.18 4.39E-03 2.08 3.75
160 3.87E-04 2.01 1.09E-03 2.02 1.25
320 9.66E-05 2.00 2.71E-04 2.00 0.00
640 2.41E-05 2.00 6.76E-05 2.00 0.00

2 20 1.89E-02 - 7.65E-02 - 50.00
40 6.35E-03 1.58 4.26E-02 0.85 37.50
80 9.15E-04 2.80 4.78E-03 3.15 18.75
160 8.20E-05 3.48 4.31E-04 3.47 6.25
320 8.27E-06 3.31 4.41E-05 3.29 1.25
640 9.25E-07 3.16 4.89E-06 3.17 0.00

Table 3.11: Results of Example 3.5.4 with limiter

Example 3.5.5. We solve the equation (3.3) with a = 0.7,b = 0.3, A = 1.0 and
f = 0 on the domain Q@ = [0,1] x [0,1]. The boundary conditions are given by
u(z,0) =0 for 0 < x <1 and u(0,y) = sin®(wy) for 0 <y < 1. It is easy to check

that the exact solution of the problem is

Q|

07 Yy < =X
u(z,y) =

Q|
&

sinf(n(y — La))e iy >

We compute the solution based on the scheme (3.18) with k = 1,2,3,4,5. The errors,
orders of convergence and data about positivity are given in Tables 3.12 and 3.13 for
the cases without and with positivity-preserving limiter, respectively, from which the
sub-optimal convergence can be observed. Moreover, we plot the results of the scheme
with the limiter for k =1,2,3,4 on the 40 x 40 mesh in Figure 3.2, in which we put

white dots on those cells where negative values appear before the limiting process.

Example 3.5.6. We solve the equation (3.3) with a = 0.6,b = 0.4,A = 0 and

f =0 on the domain Q = [0,1]%. The boundary condition is given by u(x,0) =1 for



L' error

kN, x N, order L error order minuy,
1 10x10 1.87E-02 - 2.96E-01 - -1.01E-01
20 x 20 6.04E-03 1.63 1.08E-01 1.46 -6.43E-03
40 x 40  2.45E-03 1.30 4.80E-02 1.16 -2.42E-04
80 x 80  1.14E-03 1.11 236E-02 1.02 -4.50E-06
160 x 160 5.56E-04 1.03 1.18E-02 1.00 -7.34E-08
320 x 320 2.77E-04 1.01 5.89E-03 0.99 -1.16E-09
2 10x10 1.70E-03 - 3.97E-02 - -8.78E-03
20 x 20  3.77E-04 217 1.27E-02 1.65 -2.37TE-03
40 x 40  9.11E-05 2.05 3.48E-03 1.86 -1.70E-04
80 x 80  2.27E-05 201 9.17E-04 1.93 -2.53E-06
160 x 160 5.68E-06 2.00 2.35E-04 1.97 -1.14E-07
320 x 320 1.42E-06 2.00 5.95E-05 1.98 -2.89E-09
3 10x10 1.45E-04 - 4.56E-03 - -6.59E-04
20 x 20 1.49E-05 3.29 4.76E-04 3.26 -4.35E-05
40 x 40 1.70E-06 3.13 6.13E-05 2.96 -7.75E-07
80 x 80  2.06E-07 3.04 T7.78E-06 2.98 -1.22E-08
160 x 160 2.56E-08 3.01 9.80E-07 2.99 -1.92E-10
320 x 320 3.19E-09 3.00 1.23E-07 2.99 -3.01E-12
4 10x10 1.23E-05 - 4.28E-04 - -7.15E-05
20 x 20 6.95E-07 4.14 3.63E-05 3.56 -2.49E-06
40 x 40  4.13E-08 4.07 2.55E-06 3.83 -4.55E-08
80 x 80  2.53E-09 4.03 1.68E-07 3.93 -7.49E-10
160 x 160 1.57E-10 4.01 1.07E-08 3.97 -1.19E-11
320 x 320 9.77E-12  4.00 6.77E-10 3.99 -1.87E-13
Table 3.12: Results of Example 3.5.5 without limiter

105



k N,xN, L'error order L* error order Limited cells (%)
1 10x10 1.98E-02 - 3.17E-01 - 36.00
20 x 20 6.13E-03 1.69 1.08E-01 1.56 21.25
40 x 40  2.45E-03 1.32 4.80E-02 1.16 14.69
80 x 80  1.14E-03 1.11 2.36E-02 1.02 2.27
160 x 160 5.56E-04 1.03 1.18E-02 1.00 1.21
320 x 320 2.77E-04 1.01 5.89E-03 0.99 0.23
2 10x10  2.34E-03 - 3.92E-02 - 49.00
20 x 20  391E-04 258 1.27E-02 1.63 37.25
40 x 40  9.12E-05 2.10 3.48E-03 1.86 25.50
80 x 80  2.27E-05 2.01 9.17E-04 1.93 13.34
160 x 160 5.68E-06 2.00 2.35E-04 1.97 6.25
320 x 320 1.42E-06 2.00 5.95E-05 1.98 3.43
3 10x10  2.69E-04 - 5.18E-03 - 27.00
20 x 20 1.80E-05 3.90 5.01E-04 3.37 13.25
40 x 40  1.72E-06 3.39 6.13E-05 3.03 5.81
80 x 80  2.06E-07 3.06 7.78E-06 2.98 3.97
160 x 160 2.56E-08 3.01 9.80E-07 2.99 2.95
320 x 320 3.19E-09 3.00 1.23E-07 2.99 2.45
4 10x10  3.29E-05 - 8.94E-04 - 29.00
20 x 20 1.01E-06 5.03 3.81E-05 4.55 14.00
40 x 40  4.37E-08 4.53 2.55E-06 3.90 9.31
80 x 80  2.55E-09 4.10 1.68E-07 3.93 4.20
160 x 160 1.57E-10 4.02 1.07E-08 3.97 2.28
320 x 320 9.77E-12  4.01 6.77E-10 3.99 1.67

Table 3.13: Results of Example 3.5.5 with limiter
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Figure 3.2: Solutions of Example 3.5.5 with limiter
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0<z<1andu(0,y) =0 for 0 <y < 1. The exact solution of the problem is

1, y< gas
u(z,y) =

0, y>2>x

Q|

This problem can be interpreted as a two-dimensional radiative transfer model in
transparent medium, see [46]. We plot the contours of the numerical solution solved
from the scheme (3.18) with positivity-preserving limiter for k = 1,2,3,4 on 40 x 40
rectangular mesh in Figure 3.3, where white dots are drawn on the cells with negative
values appearing before the limiting process. Moreover, we cut the profile of the
solutions along the line x = 0.5, and compare them with the exact solution and the
numerical solution solved without limiter in Figure 3.4, from which we can clearly
see that the scheme without limiter produces negative values while the positivity of

the solution is maintained with the limiter.

Example 3.5.7. We solve the equation (3.3) with a = 0.6,b = 0.4,A = 1 and
f =0 on the domain Q = [0,1]2. The boundary condition is given by u(z,0) =1 for

0<z<1andu(0,y) =0 for 0 <y < 1. The exact solution of the problem is

e’%y, y < gac
u(z,y) =
0, y =

Qo

T

The problem can be viewed as a two-dimensional radiative transfer model in purely
absorbing medium, see [6]. We plot the contour of the numerical solution solved
from the scheme (3.18) with positivity-preserving limiter for k =1,2,3,4 on 40 x 40
rectangular mesh in Figure 3.5, where white dots are drawn on the cells with negative
values appearing before the limiting process. Moreover, we cut the profile of the
solution along the line x = 0.5, and compare them with the exact solutions and the

numerical solutions solved without limiter in Figure 3.6, from which we can see the
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Figure 3.3: Solutions of Example 3.5.6 with limiter
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positivity of solution is attained under the positivity-preserving limiter.

(c) k=3 (d) k=4

Figure 3.5: Solutions of Example 3.5.7 with limiter

Example 3.5.8. We consider the time-dependent linear problem u; + u, = 0 on

the domain Q2 = [0,2] with boundary condition u(0) = 0 and discontinuous initial
condition
L, €z
uo(x) =

0, otherwise.

The solution of the problem is u(xz,t) = uo(z —t). We use the space-time DG
approach that treats the time as an extra dimension, and solve the problem based
on the scheme (3.3). The mesh is 80 x 40 on the space-time domain 2 x [0,T].
We plot the numerical solutions at t = 1 and compare it with the exact solution

and the solution solved without limiter in Figure 3.7. From the figures, we can see
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Figure 3.6: Solutions of Example 3.5.7 cut along z = 0.5
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the solutions have negative values without the positivity-preserving limiter, while the

positivity is maintained after the limiting process.

(c) k=3 (d) k=4

Figure 3.7: Solutions of Example 3.5.8 at T'=1

Example 3.5.9. We consider the time-dependent linear problem u,+aug,+bu,+Au =

with a = 0.7,b = 0.3, A\ = 0.5 on the domain Q = [0,1]2. The initial condition is
f

sin®(r(y — 2x))e 2,y > g,

M The boundary

The ezact solution of the problem is u(x,y,t) = uo(x — at,y — bt)e”
conditions are given according to the exact solution on the inflow boundaries. We
use the space-time DG approach that treats the time as an extra dimension, and

solve the problem based on the scheme (3.4) on the space-time domain Q@ x T with
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T = 0.5. The errors, orders of convergence and data about positivity on the whole

space-time domain 2 x [0, T] are given in Tables 3.1/ and 3.15 for the cases without

and with limiter, respectively, from which we can observe sub-optimal convergence

and the positivity of solution being maintained by the positivity-preserving limiter.

k- Ny x N, x N, L' error order L error order  minuy
1 10 x 10 x 5 1.17E-02 - 8.74E-01 - -4.52E-01
20 x 20 x 10 4.80E-03 1.29 3.61E-01 1.27 -8.95E-02
40 x 40 x 20 2.27E-03 1.08 1.87E-01 0.95 -7.47E-03
80 x 80 x 40 1.12E-03 1.02 9.51E-02 0.98 -2.51E-04
160 x 160 x 80 5.55E-04 1.01 4.80E-02 0.99 -2.10E-05
320 x 320 x 160 2.77E-04 1.00 2.41E-02 0.99 -3.49E-06
3 10 x 10 x 5 1.19E-04 - 1.55E-02 - -2.63E-03
20 x 20 x 10 1.29E-05 3.20 1.82E-03 3.09 -1.40E-04
40 x 40 x 20 1.52E-06 3.09 2.27E-04 3.00 -2.63E-06
80 x 80 x 40 1.86E-07 3.03 2.89E-05 2.98 -4.65E-08
160 x 160 x 80  2.31E-08 3.01 3.66E-06 2.98 -7.58E-10
320 x 320 x 160 2.89E-09 3.00 4.61E-07 2.99 -3.68E-11
) 10 x 10 x 5 8.73E-07 - 1.43E-04 - -5.46E-05
20 x 20 x 10 247E-08 5.14 3.7T1E-06 5.27 -5.46E-07
40 x 40 x 20 7.35E-10 5.07 1.14E-07 5.02 -1.11E-08
80 x 80 x 40 2.25E-11 5.03 3.63E-09 4.98 -2.02E-10
160 x 160 x 80 7.01E-13 5.01 1.15E-10 4.98 -3.37E-12
320 x 320 x 160 2.20E-14 499 3.62E-12 499 -5.44E-14

Table 3.14: Results of Example 3.5.9 without limiter

3.6 Concluding remarks

In this chapter, we have constructed the high order conservative positivity-preserving

DG method for stationary hyperbolic equations, via suitable quadrature rules in the

DG framework.

In one space dimension, we propose the conservative positivity-preserving scheme

with arbitrary high order for the variable coefficient equation (3.1) with A = 0, and
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k N, x N, L' error order L* error order Limited cells (%)
1 10 x 10 x 5 1.28E-02 - 7.43E-01 - 78.20
20 x 20 x 10 5.11E-03 1.33 4.81E-01 0.63 58.20
40 x 40 x 20 2.29E-03 1.16 1.87E-01 1.36 40.61
80 x 80 x 40 1.12E-03  1.03 9.51E-02 0.98 29.66
160 x 160 x 80  5.55E-04 1.01 4.80E-02 0.99 21.89
320 x 320 x 160 2.77E-04 1.00 2.41E-02 0.99 17.11
3 10 x 10 x 5 8.84E-04 - 1.02E-01 - 48.40
20 x 20 x 10 5.36E-05 4.04 1.85E-02 2.46 34.55
40 x 40 x 20 2.18E-06 4.62 8.90E-04 4.38 25.93
80 x 80 x 40 1.92E-07 3.51 289E-05 4.94 22.40
160 x 160 x 80  2.32E-08 3.05 3.66E-06 2.98 19.09
320 x 320 x 160 2.89E-09 3.01 4.61E-07 2.99 16.19
5 10 x 10 x 5 3.35E-04 - 9.43E-02 - 42.40
20 x 20 x 10 3.02E-05 347 3.03E-02 1.64 33.68
40 x 40 x 20 1.01E-06 4.90 1.55E-03 4.29 27.34
80 x 80 x 40 1.28E-08 6.30 3.83E-05 5.34 22.33
160 x 160 x 80  1.24E-10 6.69 6.96E-07 5.78 18.93
320 x 320 x 160 1.40E-12 6.47 1.15E-08 5.92 16.36

Table 3.15: Results of Example 3.5.9 with limiter

second and third orders for the variable coefficient equation (3.1) with A > 0 and
nonlinear equation (3.2) with A > 0, which is a vast extension of the previous works

in [46, 90] since only constant coefficient equations were addressed therein.

We also propose the conservative positivity-preserving scheme for constant coef-
ficient equations with arbitrary high order in two space dimensions, and arbitrary
odd order in three space dimensions, which improves the existing results in [46, 90]
that are either non-conservative with high order accuracy or conservative with sec-
ond order accuracy. We only give rigorous proofs for limited cases but the results of

numerical experiments in Section 3.3 for general cases are very promising.

Finally, we would like to mention that, even though we have not discussed it
in this chapter, one important application of the positivity-preserving schemes for

stationary hyperbolic equations is to radiative transfer equations. One can refer to
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[46, 90, 91] for details.



CHAPTER FoOUR

On the conservation property of
positivity-preserving discontinuous
Galerkin methods for stationary

hyperbolic equations
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4.1 Introduction

The hyperbolic balance laws are important tools to investigate the phenomenon of

flow and transport. In one space dimension, the scalar hyperbolic balance law is
typically written in the form of

ur + f(u), = s, (4.1)

where u is the balanced quantity, f is the flux function, and s is the source term.

In particular, if s = 0, the equation is called a hyperbolic conservation law and wu is
the conserved quantity.

Integrated over the spatial interval [zq, 23], the hyperbolic equation (4.1) is trans-
formed to the conservative formulation satisfied by the average of u on [z1, x3]
du 1

iy (f(z2) = f(1))

where Ax = x9 — 21, u(t)

§= fff s(z,t)dx.

Drawn from the formulation (4.2), numerous numerical schemes have been de-

signed for the hyperbolic equation (4.1) in the conservative form

di; 1 [, i
T a Uy = fg) =5 (43)
under the partition [; = [xjfé,xﬂ%],j = 0,£1,£2,..., for space, where Az; =
57Ty i

41 are numerical fluxes at .1, 4; and 5; are cell averages of the
2 JE3
numerical solution and the source term on I;, respectively.
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Conservation is of great importance for numerical methods for hyperbolic equa-
tions, as it is not only a numerical analogy of the theoretical property of hyperbolic
balance laws, but more importantly also the Lax-Wendroff theorem [39], which can

be briefly stated as follows,

Theorem 4.1.1. Consider a sequence of grids with grid sizes Ax;, At; converging to
zero as | — 00, and a sequence of numerical solutions Uj(x,t),l = 1,2, ... computed
from a consistent and conservative scheme for a hyperbolic equation on these grids.
If Uy converges boundedly a.e. to a function u as | — oo, then u is a weak solution

of the hyperbolic equation.

Roughly speaking, conservative schemes guarantee correct shock speed deter-
mined by the Rankine-Hugoniot jump condition thanks to the mass conservation.
To make it clear, we sum the equation (4.3) over the cells I;, I;44, ..., I;1, to obtain

the equation
d [Fi+r+d R R it ]

which enforces the correct speed of the shock (if there is a shock in the interval

[xjfé,xﬂ”%]) since the total mass f;ﬁl”*% udx depends on the shock location. On
)

the other hand, non-conservative schemes could produce shocks with totally wrong
speed and converge to a spurious solution. A well-known example [41] is the Burgers’
equation in the non-conservative form u;+uu, = 0 discretized by a natural upwinding

u"

finite difference scheme u n_ Atyn (u” )

n+1l __ At .
g = Uy T AUy Uy

) with the initial condition ug-) =
1(j < 0), where 1(-) is the indicator function. It’s easy to check that u' = uf, ¥n for
the scheme, which is wrong as the physical solution u(x,t) with the initial condition
up(z) = 1(z < 0) is u(z,t) = uo(x — 3t). For deeper discussions about conservative

schemes and their significance for time-dependent hyperbolic equations, one can refer
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to Chapter 12 in the monograph [41].

The discontinuous Galerkin (DG) method is one of the most popular numerical
methods solving hyperbolic equations for its advantages in geometric flexibility, local
mass conservation, easiness of parallelization and high order accuracy. The DG
method was first proposed in 1973 by Reed et al. [62] to compute the stationary
linear transport equation, and first analyzed by Lesaint et al. [40] in 1974. It was
later developed into the Runge-Kutta discontinuous Galerkin (RKDG) method in a
series of papers by Cockburn et al. [17, 16, 14, 13, 18] for time-dependent nonlinear
hyperbolic problems. The classic DG scheme for the hyperbolic equation (4.1) is to
find w € V, such that

ijrl ijrl a:],+1
2 2 N 2
/ utvd:v—/ flu )vxd:c+f+1v — fj_%zﬁr :/ svdx, Yv eV,
:L'j_l T. 1 2 . 1
2 ) )

(4.5)
for all 7, where V is a piecewise polynomial space and Ujjr = lim_,o+ v( 1 +e)
2
denote the right and left limits of v at z;, 1. Taking v =1 on I; and zero anywhere
2

else in (4.5), we recover the conservative formulation (4.3) satisfied by cell averages.

Therefore, the unmodulated DG scheme is conservative for hyperbolic equations.

However, conservation is not the only issue we need to consider for numerical
schemes. It is well-known that the scalar hyperbolic conservation laws satisfy the
maximum-principle, e.g. its physical solution satisfies m < u(z,t) < M,Vz € Rt >
0, where m = mingeg u(x,0) and M = max,cg u(x,0). These results hold also for
periodic boundary condition and for compactly supported solutions, as well as in
higher dimensions. If m = 0, the property is also called positivity-preserving. For
the hyperbolic balance law (4.1) with s > 0, the solution is positivity-preserving,
provided the initial condition and inflow boundary conditions are nonnegative. It is

important to keep the positivity /maximum-principle, besides mass conservation, in
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numerical schemes, otherwise the numerical solution is not only physically unaccept-
able, but also may cause severe robustness issues due to the change of hyperbolicity,

or when coupled with other physical systems.

There have been intensive studies on positivity-preserving and maximum-principle-
satisfying methods. The genuinely high order maximum-principle-satisfying DG
method was proposed in 2010 by Zhang et al. [93] for scalar hyperbolic equations,
and is rapidly developed for different problems ever since, e.g. for the Euler equa-
tions [94, 95], Navier-Stokes equations [92], shallow water equations [82], convection-
diffusion equations [96, 11], and fluid flow in porous media [29, 12, 83, 28], among

others.

The framework of the positivity-preserving DG methods is composed of two parts.
The first part is problem-dependent, which is to obtain the solution with provable
nonnegative cell averages, probably under certain mesh-size conditions, from the un-
modulated DG scheme. Once the cell averages are guaranteed nonnegative, a scaling
limiter, which preserves cell averages and does not destroy the original accuracy of
the solution [93], [92], is employed such that the entire solution is modified into non-
negative. It is of great importance for the scaling limiter to preserve cell averages
for time-dependent problems. We explain the significance of this principle by an ex-
ample of the positivity-preserving DG method for (4.1) based on the forward Euler
or backward Euler time discretization. The equation satisfied by the cell average of

the solution on I; is given as follows

—nt+l =

u] U;L 1 <Am rm >_7m 46
At VA T ) =8 (4.6)

where n denotes the time level t" and m is taken as n or n+1 in the forward-Euler or

backward-Euler time discretization, respectively. We denote the modified solution by
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4 to distinguish it from the unmodulated solution u. Since 'ﬁ? = u; and ﬁ?“ = ﬂ}”l

from the property of the limiter, we have the same equation satisfied by the modified

solution:

u”

1 /- .
J J m m _=m
AT as U a) = (47)

J

an+1 =

Thus the Lax-Wendroff theorem and a discrete analogy of (4.4) are satisfied by the
modified solution @ as well, which guarantees the numerical solution (if it converges)
converging to a weak solution with the correct shock speed. This is why preserving
cell averages is desired in positivity-preserving/maximum-principle satisfying limiters

for time-dependent hyperbolic equations.

Besides time-dependent problems, the stationary hyperbolic equations have also
attracted the attention of many researchers. The stationary hyperbolic equations
have wide applications in steady-state flow and transport problems. Moreover, they
are building blocks of the discrete-ordinate method (DOM) for radiative trans-
fer equations (RTE), see [24, 37]. They are also encountered in implicit time-
discretization for time-dependent hyperbolic problems. Similar to the time-dependent
problems, the physical solutions of stationary hyperbolic equations are also positivity-
preserving, provided the inflow boundary conditions and source terms are nonnega-
tive. There is a series of works on the positivity-preserving DG methods for station-
ary hyperbolic equations to enhance the stability of numerical algorithms. In 2016,
Yuan et al. [90] proposed a rotational limiter based non-conservative positivity-
preserving algorithm for constant coefficients stationary hyperbolic equations in one
and two space dimensions on structured meshes. Later on, the algorithm is extended
to triangular meshes in two space dimensions by Zhang et al. [91] based on a rota-
tional limiter defined on triangles, which is still non-conservative. In 2018, Ling et
al. [46] improved the results in [90] in one dimensional space by proving the posi-

tivity of cell averages of the unmodulated DG scheme, which results in a high order
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conservative positivity-preserving DG method by adopting the scaling limiter [93]
from time-dependent problems. However, the unmodulated scheme fails to preserve
the positivity of cell averages in two space dimensions [46], thus only a second order
conservative positivity-preserving scheme was proposed therein by an augmentation
of the DG function space. The above works only focus on equations with constant
coefficients, and higher than second order conservative methods are unavailable in
two and three space dimensions. In Chapter 3, we developed high order conservative
positivity-preserving algorithms for linear variable coefficient and nonlinear station-
ary hyperbolic equations in one dimension, and constant coefficients equations in

two and three dimensions in [86].

Here, we would like to note that, the notion of conservation in the aforementioned
works for stationary hyperbolic equations are different from the notion to be clarified
in this chapter. The previous notion of conservation in positivity-preserving limiters,
coming directly from time-dependent problems to preserve the cell average, is not

very suitable for stationary problems.

To show this, we consider the stationary equation

f(u)e + Au = s(x), (4.8)

where f(u) is a smooth flux function with unchanged wind direction: f'(u) > 0, Vu,
and A, s(x) > 0 are nonnegative coefficient and source, respectively. The equation
(4.8) could come from the backward Euler discretization of the time-dependent prob-
lem (4.1), with the correspondence u = u™, A = &; and s(z) = 5u" *(z) + s(z,t").
The linear stationary hyperbolic equations, with the main applications in RTE
(90, 46, 91], will also be discussed in later sections. Throughout the chapter, we

always assume the wind direction of flux in hyperbolic equations does not change,
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for both nonlinear equations and linear ones, and always use the upwind flux in the

DG schemes.

The unmodulated DG scheme with the upwind flux for the equation (4.8) is to

find u € V, such that

/w% Auvdr— /xj+5 flwvadatfug, oy, —flu vl = /m svdz, Vv € V.
. . (4.9)
In the implementation, because of the upwind mechanism of the equation and
scheme, we sweep the computation from the left to the right cells, i.e. we obtain the
solution u;_; on I;_; before computing u; on I;, and then solve u;;; on I;;;, and so
forth. Same as the time-dependent cases, by taking v = 1 on I; and zeros on other
cells, we obtain the conservation equation satisfied by the cell averages as follows

) + Az;s;,

J

ADaju; + flug, ) = flu_

NI

where the right hand side is known when solving u;. In the positivity-preserving
algorithms, the limiter has been used for u;_; on the upstream cell I;_; when com-
puting u;, to provide a physically relevant inflow flux, thus the actual conservation
equation satisfied by the cell average on I; is

) +Al'j§j, (410)

J

AA%@+fm;Q:f@:

NI

. %) denotes the value of the modified solution on I;_; evaluated

If the limiter is “conservative” in the sense of preserving cell averages, i.e. u; = u;,
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then from (4.10) we have the following equation satisfied by the cell average

Nzt + f(i5, ) = fi ) + Dags;+ (Fa,,) = fu,) 0 (411)
Summing the above equations over cells [}, I, ..., I, yields
Tjtrtd Titr+l s
JTrTTY L ~_ ~_ JTrTTY ~_ _
)\/m 1 udx+f(uj+r+%)—f(uj_é)+/m 1 sdx—l—Z(f(uH%)—f(uH;))
i—3 i—3 =]

£ F(E )+ / %“”% sdz.

i

o=
D=

(4.12)

We shall give concrete examples in the numerical section to show that the limiter
preserving cell averages for stationary hyperbolic equations could produce solutions
with wrong total mass/ shock location, even for the simplest hyperbolic equation

u; + u, = 0 discretized implicitly in time.

On the other hand, if we define the local mass in stationary hyperbolic equations
as the sum of the cell average and the outflow flux, and develop limiters such that

the modified solution u preserves the local mass on /; in the sense that
Mz, + g, y) = M + flug,,), (4.13)
then we have the local conservation formulation

)\A.Tj’l:ﬁj + f<a;+l) = f(?li ) + Al'jgj, (414)

i~

and the global conservation formulation

+ / 2 sda, (4.15)
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satisfied by the modified solution .

Moreover, we can easily prove the Lax-Wendroff theorem for the modified solution
@. Indeed, V¢ € C*(R), we can multiply ¢(x;) on both sides of the equation (4.14),
sum the resulting equations over all cells, and use the summation by parts, to obtain

A Z Az ji;p(x;) + Z fla; 1) (o(wj-1) — o(x5)) = Z Ax;5;¢(x;).  (4.16)

1
2
We can rewrite the equation in the integration form as

)1(zj1 <z < xj)dx

(4.17)

by the Taylor expansion of ¢(x), where z; = 3(z; 1 + ijr%), Az = max; Az,

1
1
and r(x) is the remainder of the Taylor expansion, which is uniformly bounded and
compactly supported for any partition with Ax < 1. If the modified solution
converges to a function u almost everywhere with uniformly bounded total variation

as the mesh size refines to zero, then applying the dominated convergence theorem

(DCT) for (4.17), we yield

- /: () ppdr + A/_OO upds = /_OO spdz, (4.18)

o0 o0

which is the definition of the weak solution of (4.8).

To this end, we would like to give a remark on the definition (4.13) for conservative
limiters. Indeed, it is quite reasonable to preserve the sum of the cell average and

outflow fluxes in limiters, as any decrease in cell average caused by limiters should
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be remedied to the mass on the downstream cells via increasing the outflow fluxes

in the current cell, and vise versa.

As we will see in later sections, based on this novel definition of conservation, the
positivity-preserving DG methods for stationary hyperbolic equations are straight-
forward and their implementations are simple. We only discuss the linear stationary
hyperbolic equations in one and two space dimensions, and nonlinear stationary
equations in one dimension to save space, but the method can be directly extended
to higher dimensions with various meshes and a class of nonlinear hyperbolic systems
with eigenvalues being of the same sign. As important applications, the algorithms
developed in this chapter can be used in the positivity-preserving algorithm for radia-
tive transfer equations and implicit time discretization for time-dependent hyperbolic

problems, see the numerical section and refer to [46] for more details.

The rest of the chapter is organized as follows. In Section 4.2, we establish the
positivity-preserving discontinuous Galerkin method for stationary linear hyperbolic
equations in one space dimension and construct the conservative limiters with rig-
orous proofs for the accuracy. We extend the method and limiters to rectangular
meshes and triangular meshes in two dimensions in Section 4.3 and Section 4.4, re-
spectively. The positivity-preserving technique for stationary nonlinear hyperbolic
equations is studied in Section 4.5, which is focused on one dimension to save space
but the method can be extended to higher dimensions directly as in the linear case.
In Section 4.6, we give ample numerical tests to demonstrate the accuracy and effec-
tiveness of our positivity-preserving methods for stationary equations as well as the
applications in implicit time discretization for time-dependent problems. Finally, we

end up with some concluding remarks in Section 4.7.
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4.2 Linear stationary hyperbolic equations in one

dimension

In this section, we study the high order conservative positivity-preserving discontin-

uous Galerkin method for the linear stationary hyperbolic equation
(a(x)u)y + I =s(x), xe€Q=(0,1), (4.19)

with 0 < a, < a(z) < a* for some positive constants a., a*, and A, s(z) > 0. We
assign the inflow boundary condition u(0) = uy > 0 for the equation. The other case
a(x) < 0 with boundary condition u(1) = uy > 0 can be transformed to this case by
the change of variable 2/ = 1 — x in (4.19), thus we omit the discussion. We assume
A is constant for simplicity, as we are mainly concerned with the applications of the
model in the discrete-ordinate method (DOM) for radiative transfer equations (RTE)
and implicit time-discretization for time-dependent hyperbolic problems, where \ is
constant for both cases. However, there is not essential difficulty to extend the

positivity-preserving technique to the variable case A(z) > 0.

We adopt the partition 0 = 1 <wg < < Tyyl = 1 for €2 and denote the
J-thcell by I; = [13]'7%7%4%] with the length Az; = Tjpl — T 1, forj=1,2,...,N.

The function space V of the P*-DG scheme is defined as
V={velL*Q):v|;, € P*(;),j=12,...,N},

where P*(1;) denotes the space of polynomials of order no greater than k on the cell

I;. We define the cell average of v € V on I; as v; = A%cj f;ﬁf v(x)dx, and its left
. .. . + o
and right limits at the interface 1L A UL = v(r; 1 + 0). Moreover, we denote
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by v; = v|f, forv eV, j=1,2,..., N, for convenience.

The positivity-preserving P*-DG scheme of the equation (4.19) is to find u € V/,

such that

Ti+d g - Ti+3 J
-/ a(x)uvydr + a(xj+%)uj+%vj+% + ) Auvdx
2 2 (4.20)
L Ti+d % ’
Ja, v, + svdr, Vv e P¥(1;)
2 T

for 7 =1,2,..., N, where we define ug = ug. We would like to emphasize that, the
calculation of u; is based on the modified solution on the upstream cells, thus we
use ;1 on the right hand side of the scheme (4.20). Once u; is solved from the
scheme, we employ the positivity-preserving limiter to be introduced later to obtain

the modified solution u;, and use it in the calculation of u;;, and so forth.

Assume the quadrature rules adopted in the scheme (4.20) is accurate for integrals
of k-th order polynomials. Taking the test function v = 1 on I; in the scheme (4.20),
we obtain the following equation satisfied by the local mass

Az, + a(mj+%)u; L = a(xj_%)ﬂj__% + Ax;sj, (4.21)

For convenience, we define LHS(w;) = AAx;w,; + a(a:H%)w;r%, for w; € P*(I;),
to be the amount of local mass of w; on I;. Since u; > 0on the right hand
side of (4.21), we have LHS(u;) > 0. The conservative limiter should satisfy
LHS(u;) = LHS(uj), where u; and @; are the unmodulated and modified solu-

tions on [;, respectively.

There are two types of limiters to be developed throughout the chapter, where
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the type-1 limiter requires the DG scheme to use the Gauss-Radau quadrature
rule of k + 1 points for numerical integration and only guarantees the positivity of
modified solution at the Gauss-Radau points (in other parts, it can be negative),
while the type-2 limiter does not. We denote the Gauss-Radau points on [; by
To,ao=1,2,... k+ 1 with 24, = Tjit, and the corresponding weights by w,,a =

1,2,..., k+1with ¥ ¢, = 1.

[0}

The type-1 limiter for u; is defined as follows:

k+1

() = 0;05(x), a(0) = Y u (Fa)la(2), (4.22)

where 2zt = max{z,0} is the positive part of a real number z, ¢,(x) is the Lagrange

basis at the Gauss-Radau points {#g}5] with (o(Z5) = a3, and 6; = % €
J

[0,1]. Note that the integral in LHS(-) is evaluated by the Gauss-Radau quadrature,
thus 0 < LHS(u;) < LHS(4;). In the case LHS(u;) = LHS(u;) = 0, we take

_ LHS(uj)+e

¢; = 1. In practice, this case can be avoided by taking ¢; = THS(G) e where € is a
J

very small positive number, e.g. ¢ = 1071°,

It is clear that the limiter (4.22) is conservative in the sense that LHS(u;) =

LHS(u;), and @; > 0 at the Gauss-Radau points {2,}1]. More importantly, we

a=1
have the result of accuracy for the limiter as follows:
Lemma 4.2.1. Consider the solution u; of the scheme (4.20) with accuracy O(A:vf“).
If X =0, the error introduced by the limiter (4.22) is ||t; — uj||po(r;) = O(Ax?“).
If X > 0, the error introduced by the limiter (4.22) is ||t; — u;|L~(1,) = O(Azh), but

the error is optimal at the downstream point, i.e. |u

= = k+1
il uj+é|—O(Ax- ).

J
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Proof. We can decompose the error as

€E=U; —U; = (Uj — Uj) -+ (Uj — 7:6]) = e + é9. (423)

For e; = u; — 14, we have the estimate

lex(z)] = [a;(x) —u;(z)]

k41 k+1

= D uf (@a)lal) = > uy(Ea)l
a=1 a=1
k+1

=) uj (8 (4.24)
a=1
k+1

< .

- 2—31 [a()] 1<I£l§1§+1 uj (Ta)

< A - O(Azh) = O(ALET), Vo e I,

where 2z~ = —min{z,0} denotes the negative part of a real number z and A, =

maXger, Zf;ll o ()] is the Lebesgue constant. Note that u; (2,) = O(Ax?“), a =

1,...,k+1, since the exact solution is nonnegative. Therefore ||e1||zo(1;) = O(Aa:?“).

For ey, we have ey = u; — 4; = (1 — 6;)0;. If A =0, we have e; = 0 since §; = 1,

which follows from the observation that u u 1 =U,, >0 dueto (4.20), (4.21). If
2 2

A > 0, we have the estimate for ey(x) as follows,

sl = (1= 8 i@l = (1= Ty )t = =L iy o)
- Nz (i — ;) + alw;, 1) (ﬂj}; — uj;%)

2 Uiz
AAzji; + alz; ]_Jr% (@)

)i

)\Aa:j||€1||Loo(I +a(

i, 6@

1
2
)||61||L°° I;)
1 a
2 5

MAz;i; + a(x;,

(4.25)
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In particular, at the Gauss-Radau points, we have the following estimates from

(4.25),

le2(p)] < Al )\Za::i] QHelHLw(I)“j(xﬁ)
_ ABzjllenllza, +a( lllelle=ay
AAz; Z i waﬁj (o)
AAzjller||ze ) +alz;)llen]|eqy) .
- AAL;Wgt; () 45{2s)

< (o' + =2 ) llerllz=er)
- B A Az J

=O0(Azh), for f=1,2,... k+1,

(4.26)

thus,

k+1 k+1

es(z)| = ea(Zo)lo ()] < Eax-max es(Zq,
o) A3 o < 3 o)l g il

<Ay O(Axf) = O(Ax?), Vo € I,
e. leallimay = O(ATh).

In particular, at the downstream point z;, 1, it follows from (4.25) that

MAzjllex|poeqry) + alzi)llenllzeqy) .
ea(iz1) i
)‘A%E 1wau](xa) a<$]+%) 2
AAzjlex]| ) -
~— i L
)\A%Z lwauj(:ca)—i—a( +%)uj+% Jit+3
(e pllenlliey) N 128)

NP 1
)\Ax]zlczﬂlwa 0;(%q) + alx ]+1) i+ it3

a(xj+%)||€1||L°°(1j) .
Uj_’_%

<Afj||€1||L°°(Ij) o
-1 ~—
its a(azﬂ%)uﬁ%

T AxiwpU,
J¥k+1 ]+%

< (1 +aphy) ez, = O(Azf ™).
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Gathering all results above and using the triangle inequalities, we finish the proof of

Lemma 4.2.1. OJ

We would like to note that, the error estimates in Lemma 4.2.1 is sharp and the
result cannot be improved by any conservative limiters, which can be illustrated by

a concrete example given as follows.

Example 4.2.1. We assume X\ > 0. Consider the numerical approximation u;(x) =

_ _ k+1 : ezact _ _ R
T 1 —x — Axi™ of the exact solution uj (x) = Tjp1 — @ on the cell I; =

[xjfé,xj%]. The modified solution u; of any conservative limiters should satisfy

Mz +alz,, )T, = Mz +alz,, )u” .. Sinceu” , = —Ax" and T , >
3t + ol J+§) i+s it + a J+§) it+3 it J j+5 =

= a(z; 1) / _ a(z; 1) 1 _ &
0, we have ;—1; = —z 2 (uﬁé — uj+%> > an (0= (—Azl*h)) = a(w; 1) A" Ax,

which implies that u; is at most k-th order accurate.

The type-1 limiter only preserves the positivity of modified solutions at the Gauss-
Radau points and we must use the Gauss-Radau quadrature to evaluate integrals
in the scheme (4.20), which may not be satisfactory in some applications. We now
introduce the type-2 limiter, which is positivity-preserving on the whole cell or at

any desired points, and exempts the requirement on quadrature rules.

The type-2 limiter is defined as follows,

ﬂ](x) = gjfl/j(.f), ?AL](I') = U,J(I> + €5, (429)
where €; = —min{min,egu;(z),0}, S C I; is the set of points where we want to
preserve the positivity of the solution, and 6; = égggzﬁ ; € [0,1].

It is clear that the limiter (4.29) is conservative in the sense that LHS(a;) =

LHS(uj;) and 4; > 0 on S. More importantly, we have the accuracy result for the
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limiter as follows:

k+1
i)

Lemma 4.2.2. Consider the solution u; of the scheme (4.20) with accuracy O(Ax
If X = 0, the error introduced by the limiter (4.29) is ||t; — uj||p~(r;) = O(Ax;).
If X > 0, the error introduced by the limiter (4.29) is [|i; — u;l|L~(r,) = O(AzE).
Nevertheless, at the downstream point, the errors in both cases are optimal, 1.e.

—uT | = O(AzhY).

U
| ]“F% J+3 J

Proof. For simplicity, we assume S = I;. We have the same decomposition e =

~ A

u; — u; = (u; — ;) + (4 — @) = e + ey for the error as (4.23).

It is clear that |[ey||re(r;) = [|u; — Ujl|per;) = €5 = O(A:c?“) by the definitions.
For ey, we have ey = 1 — u; = (1 — 0;)u;. If A = 0, we have [|es|[z(r;) = (1 —
0|l Lo (1) = O(Axy), since [|t]|per,y) = O(Axy) if 0; < 1. If X > 0, we have
the estimates for e, exactly the same as (4.25), (4.26), (4.27), and end up with the

result ||ez]|p(r;) = O(Azk).

At the downstream point x the estimate for ey is exactly the same as (4.28),

i3

thereby |€2(Ij+%)| = O(Az"),

J

Gathering all results above and using the triangle inequalities, we finish the proof

of Lemma 4.2.2. O

The estimates in Lemma (4.2.2) is sharp, i.e. it could happen that ||a; —

uj||peo(r;) = O(Axz;) if A =0, which can be illustrated by the following example.

Example 4.2.2. We assume A = 0. Consider the exact solution u$™ on I; with

ug U (ig) = Ay for 1< o < k=1 and uFH(iq) = 0 for a = kk+ 1, and its

numerical approzimation u; = 3.1 u§™ N (2o )l (x) — Ax?“ﬁk(x). It is clear that
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u; is flattened to u; = 0 by the limiter (4.29), which is only of the accuracy O(Ax).

Remark 4.2.1. The above discussions are based on the assumption that A is a con-
stant. However, in the backward Fuler discretization for time-dependent problems, A
15 of the order ﬁ, as demonstrated in the introduction. If we take the common CFL
condition At < Az in this case, the accuracy of both the type-1 and type-2 limiters is

optimal, which s clear from the estimates in the proofs. The same conclusion applies

to later sections.

Since the accuracy of both type-1 and type-2 limiters is optimal at the down-
stream points of cells, the possible non-optimal errors introduced by the limiters do
not propagate to downstream cells, which makes the limited positivity-preserving
DG solution having the optimal order of accuracy in the sense of downstream points

of cells.

Collecting the Lemma 4.2.1 and 4.2.2, we attain the following theorem for the

positivity-preserving DG method of the equation (4.19).

Theorem 4.2.3. For the linear stationary hyperbolic equation (4.19), if the source
term and inflow boundary condition are nonnegative, then the solution of the scheme
(4.20) modified by the limiter (4.22) or (4.29) is nonnegative, with the local accuracy

established in Lemma 4.2.1 and 4.2.2, respectively.
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4.3 Linear stationary hyperbolic equations in two

dimensions on rectangular meshes

In this section, we study the high order conservative positivity-preserving discontin-
uous Galerkin method in two space dimensions on rectangular meshes for the linear

stationary hyperbolic equation
(a(z,y)u)s + (b, y)u)y + du = s(z,y), (2,y) € 2= (0,1)% (4.30)

with 0 < a, < a(z,y) < a* and 0 < b, < b(x,y) < b* for some positive constants
Ay, a*, by, b, and A, s(x,y) > 0. We assign the inflow boundary conditions u(z,0) =
g1(x) > 0 and u(0,y) = g2(y) > 0 for the equation. The cases a(z,y) < 0 and/or
b(x,y) < 0 can be transformed to this case by the change of variables 2’ = 1 — x

and/or y = 1 — y, thus we omit the discussion.

We partition the domain €2 by 0 < rr < wy << Ty 1= 1 and 0 <
yr <ys < ... <Yyl = 1 in x and y directions, respectively, and denote by
K,j=1xJ;= [:UF%, xH%] X [y];%,yﬁ%] the cells in Q with the area |K; ;| = Ax; Ay,
where Ax; = Ty —xi_%,ij = Y1 Y1, i=1,2,...N;,5=1,2,...,N,. More-
over, we assume the meshes are regular in the refinement, i.e. max; ;{Aw;, Ay;} <
pmin; ;{Az;, Ay;} for some constant p that is independent of mesh sizes, and denote

by h = min; ;{Ax;, Ay;}. The function space V of the Q*-DG scheme is defined as

V={vel*2):v

Ky, € QMK ), i=1,2,... N, j=1,2,...,N,},

where Q*(K') denotes the space of tensor products of polynomials of order no greater

than k on the cell K.
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Similar to the one space dimension, we define the cell average of v € V on Kj;
as Vjj = x—x- Ay f ”2 f ”2 v(z,y)dzdy, and its left /right and lower /upper limits on
i18Yj
the vertical and horlzontal cell interfaces by v(x i+l’y) = lim. o+ v(x; L1 ke y) and
2

v(z, yjjr%) = lim_,o+ v(x, Yiry £ €), respectively. Moreover, we denote by v; ; = v

Kij

forveV,i=1,2,... N,j=12,..., N,

y-

The positivity-preserving Q*-DG scheme of the equation (4.30) on rectangular

meshes is to find v € V, such that

_ / o / " (auvy + buvy, — Auv) dedy
@ y

Yl B

+/ " au(x T YT, Y dy+/ Y@y, )de
)

wy ) ) (4.31)

=/ at(z; ., y)v(e; dy+/ U(r,y; o Jv(x,y 1 )de
Yy

il [Yi+d
+/ / svdxdy, Vv € Qk(Kw)
x y

for i = 1,2,...,N,,j = 1,2,...,N,, where we define u(:c,yg) = Z(¢1) (z) and
u(x;, y) = Z(g2) (y) on the inflow boundaries, with Z denoting the polynomial in-
terpolation at the quadrature points on cell interfaces. In the computation, we solve
u;; on cell K;; based on the modified solutions #,;_;; and @; ;1 on upstream cells.
Once u; ; is obtained, we employ the positivity-preserving limiters to get the modified

solution 4, ; and use it in the computations on the downstream cells.

Taking the test function v = 1 on K;; in the scheme (4.31), we obtain the
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following equation satisfied by the local mass

1

Y1 Tl
AAZ; Ay;; ; +/ = au(z 1,y)dy—|—/ i bu(z,y., ,)dx
Y_1 T Tl 7tz
yj+% :EH_% (432)
:/ (Ml( i 1) )dy+/ b?l(.%',yj__l>dl’+A$szJ§zJ
Yi-4 Fiog
We define LHS(w; ;) = AAz;Ay,w; j + f ”2 aw( y)dy + f ”2 bw(x YL )d

for w; ; € QF (K;;), to be the amount of local mass of w; j on Ki,j. Moreover, we
define LHS®(w; ;) = fyi”z aw(z, 1Y )dy + f 3 2 bw(z,y )dx for the total outflow
flux. Since @;_1 j, U; ;-1 22 0 on the right hand Slde of (4.32), we have LHS(u; ;) > 0.
In particular, if A = 0, then LHS®(u; ;) = LHS(u; ;) > 0.

Similar to the one dimensional case, there are two types of limiters, in which the
type-1 limiter depends on the Gauss-Radau quadrature while the type-2 limiter does

not.
The type-1 limiter for u; ; is defined as follows:

aij(x7y) = 92 '/&i,j(may>7 ai,j(xay) = a?,j($7y> + 67,1] Az](z y)

i (x,y) ZZu] Za, ) la(2)ls(y), (4.33)

a=1 p=1
k k+1
z y) - Z u:j(iaa y]-__i_%)ga(x)gk—&-l (y> + Z u::](xl__i_%?Z)ﬁ)gk—&-l(x)gﬁ(y)a
a=1 p=1

where {#,}**} and {yg}k+1 are the Gauss-Radau points on the intervals [z;_ 1Ty 1]

and [y, 1Yy 1], respectively, with 41 = 2,1 and g1 = y;,1, we abuse no-
2 2

tations to denote by £,(z) and £4(y) the Lagrange basis at {,}*T] and {@5}2111,

. LHS u Uj
respectively, 6}, = max{w 0} € [0,1], 67, = éggg 3) € [0,1], u ”(a: y) =

ZZ:l Ui,j(fmyjl%)ga(x)%rl( y) + Zﬂ 1“171("”;%,@5) o1 (2)Cs(y). In particular, if
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b(ub JUN
LHSX })]; and sz = 1. Wedenote ug ;(v,y) = 22:1 22:1 Ui j(Za, Up)

_ 1 _
A =0, wehavet; ; = LHS (!

lo(x)ls(y) for the convenience of later discussion.

We have the accuracy results for the conservative positivity-preserving limiter

(4.33) as follows:

Lemma 4.3.1. Consider the solution u; ; of the scheme (4.31) with accuracy O(h**1).
If X =0, the error introduced by the limiter (4.33) is ||t ; — wij|| Lk, ) = O(R**).
If X > 0, the error introduced by the limiter (4.33) is ||t;; — u; |k, ) = O(RY),
but the error is optimal on the downstream edges, i.e. ||i;; — Ui’jHLOO(]i+%UJj+%) =

O(h**1), where IH% and Jj+% denote the right and upper edges of K; ;, respectively.

Proof. We decompose the error as
e=u; — Uij = (Uij — Uij) + (Ui ; — Ui j) = €1+ ey, (4.34)
and

Using similar arguments as in (4.24), it is easy to prove that ||ey1||r(k, ;) = O(h**1)

and HGLQHLw(K

) = O(hF1). As for ey 3 = (1 —6};) 4 ;, we consider two cases.

Case I: 0} ; = 0. We have LHS"(u};) <0, i.e.
k1 k1

Ay; Y @palTy, 9p)uiy (271,98) + Ay D Gab(Far yjp 1 )iy (Fa, Yir) <0,
B=1 a=1



140

thus
k+1 k+1
ij Z @Ba<xi+%7 g,@)uz_j (x;r%a gﬁ) + sz Z djab<i‘aa ijr%)u:j (i'aa y]_Jr%) <
p=1 a=1
k+1 k+1
ij Z @ﬁa(xzdr%? gﬂ)uijj (x;r%v gﬁ) + Axi Z wab<§7aa yj+%)u;j (i'aa yjjr%)?
p=1 a=1

which implies

k41 k+1
ngu” 1,y5 —|—Zwa u;; :ca,y )
a=1
pmax{a by k+1 k41 .
) + Watl Ia, - O h .
- mln{a*,b} ngu” +3 o) ; " Uir ) ( )

By the definition of 4}
O(hk+1).

b, we have |[60 ||k, ;) = O(R**1), therefore ||eys||L=(k, ) =
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LHS®(u} ;)

Case II: 0] ; > 0. We have LHS"(u?;) > 0 and 0} ; = = L@ Lherefore,

|€1,3]
_ 1 \[sb
=(1— ei,j)’ui,j
LS, )

LHS”(@,’L?J) b
k+1 k41 —1
(Ay] Zwﬁa’ 7,+17y,3 ( 7y6)+A$ZZwa maayj-i— ) f](xomy )) X
a=1

k+1
(ij Zwﬁa Tip 1Y ( b, (x;r%??)/i) —Ug,j@;r%,?)ﬁ))

k+1
"‘szzwa xaaijr )( 0y (xaay )_ub (xaay ))) ’ ’a?,j

a=1

<ij ZB 1w6a( Tiyl 1, 9s) + Az Za 1 Wa (‘rCY?ijrl)) e 2]l ;) @t
Ay] Zﬁ 1("'}/3&( 7,+ 7yﬁ) 13( H_lﬁyﬂ)_l_Alea 1(’2}04 (Ia’y]—i- ) gj($avy ) "

(4.36)
In particular, ey 3(Z+,,8y,) = 0 for 41,72 = 1,2,...k, since 47 ; = 0 at these points
by definition. Moreover, for v =1,2,...,k+ 1, we have the following estimates from
(4.36),
|€1,3(5UZ~_+;7 g'y)l
<ij Zﬂ | wea(z Tipl 1, Js) + Az Za 1 Wab(Za, yj+l>> llexallze (s, ) b s
U, ( 7,+1 ) y’}’)

Ay]Zﬁ 1w5a( + >y5) z]( Z+1ayﬁ)+Ale +1(2)04 (l’a,y]+ ) f]($avy 2) "
(Byja” + Awib”) [lers||r=(riy) X
- Ui,j(xlgry%)
~ Ayja, Zﬁ 1“’6“13( H%ayﬂ) 2
Sp(a Tb*)

*w'y

(4.37)

and similarly, |eq 3(Z, ?/j_+1>| =O(h**1), v =1,2,..., k+ 1. Therefore, following the
2
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similar argument as (4.27), we have ||ey 3|[~(k, ) = AR - O(RFT) = O(hFH).

To sum up, we have ||el||L°°(K¢,j) S ||61,1||L°°(K¢,j)+||€172||L°°(Ki,j)+||€1,3 |L°°(K¢,j)

O(hk+1).

~

We now estimate e, as follows. If A = 0, then 67, = 1, thus e; = (1—67,)a;; = 0.

If A >0, we have

|62<:L’, y)|
LHS(UZJ) N LHS(’LAL%] — U@j) R
— (1~ Tl )| = =85 )
k+1 k+1
= (AA%’A%’ DY Galp (1 (2ar §5) — wij(Ea, 5))
a=1 =1
k+1
+ Ay; Y Gsal(wii1,9s) (ﬂi,j(ﬂﬁ;%,@ﬁ) — Ui (!E[%??)ﬁ))
B=1
k+1
+A$z ;:1 @ab<i’0¢a y]-{-%) (az,j (iaa y]__i_%) - ui,j(‘%aa yJ_"F;))) X
k+1 k+1 k+1
(AAxiij D> Galpl;(Fa, 95) + Ay; Y Gpalwiys, §5)iig (x4, 9p)
a=1 =1 5=1 2
k+1 -1
+Ax; Z@ab(fcuyj+;)ai,j(£f7a,yj+é)> iy (2, y))
a=1
k+1 k+1
< (AAz; Ay; + a* Ay + b Azy) - ||ea] |, - (/\Axiij DY apiij(a, Ga)
a=1 =1
k+1 k+1 —1
+a. Ay, Z Wl (x;r%, Us) + DA Z Walli (T, yjl;)) iy (2, y)|

(4.38)

In particular, at the Gauss-Radau points, we have the following estimates from
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(4.38),
‘62('7?’7173}72”
< (AAz Ay; + a*Ay; + b Axy) [|ed|| Lok, ;) X
k+1 k1 -1
(AAxiij D) alplj(ia, @@) i j (4, D)
a=1p=1 (4.39)
<)\p2h2 + a*ph + b*th !
€ o (K
= ARG, @, HILE (Keg)
2. 1.1, P+ VP 1)
=\|\p W, W + (& 00 (K; 4
(wamton + 52020 el
=0(h"), for v,y =1,2,..., k+1,
therefore, following the similar argument as (4.27), we have ||ea|[r~(k,,) = A -
O(h*) = O(h*).
In particular, on the downstream edge I, 1, it follows from (4.38) that
|€2(xi+%7g’7)|
S ()\A:vayJ + (I*ij + b*Al’z) ||€1||L00(Ki7j) X
kt1 -1
(a*ij >, el j(T7, 1 ﬂﬁ)) ACRICEN )
p=1 (4.40)

< (ANAz; Ay + a*Ay; + b Axy) - |ler]| ek, ) X

-1
(a*AZ/j@vﬁi,j (@51 Zﬁv)) Ui (15 0n)
<)\p2h +a'p+bp

AW~

_ k+1
HelHLw(Ki,j) - O<h )7

fory=1,2,...,k+1. Similarly, on the downstream edge J;, 1, we have lea (2, yj+%)| =

O(h¥+1) for v = 1,2,...,k+1. Following the same lines as in (4.27), we have the es-

timate ||62||L°°(I.+lUJ. 1) = AkO(hk+1) = O(hk+1> ThUS ||ﬂi7j—ui,j||Loo(1v 1UJ. 1) =
ity ity ity ity

O(h¥+1) by the triangle inequality.
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Gathering all results above, we finish the proof of Lemma 4.3.1. m

The type-2 limiter is defined as follows,

Ui j(7,y) = O 50 5(7,y), (2, y) = ui (2, y) + €, (4.41)
where ¢, ; = —min{min, y)esu; ;(x,y),0}, S C K;; is the set of points where we
want to preserve the positivity of solutions, and 6; ; = igggzlj ; € [0, 1].

We have the accuracy result for the conservative positivity-preserving limiter as

follows:

Lemma 4.3.2. Consider the solution u; ; of the scheme (4.31) with accuracy O(h**1).
If X = 0, the error introduced by the limiter (4.41) is |[t;; — wijl|r~x, ) = O(h).
If A > 0, the error introduced by the limiter (4.41) is ||t;; — u; ||k, ) = O(R).
Nevertheless, on the downstream edges, the errors in both cases are optimal, i.e.

||1~Li7j — ui7j||L°°(Ii+%UJ].+%) = O(hk+1)

Proof. For simplicity, we assume S = K,;. Same as (4.34), we decompose the
error as e = U;; — Uiy = (Wij — Uij) + (Uij — U;j) = e; + ep. It is clear that

le1] = €5 = O(RF™). Consider e = (1 —0,;) ;5. If X = 0, we have ||ea|| 1k, )
(1 — Hi,j) ||ai,j||L°°(K¢,j) = O(h), since ||ai7j||L°°(Ki,j) = O(h) if 07;7]‘ <1. IfA> 0, we
have the same estimates for ey as (4.38) and (4.39). The estimates for ey on the

downstream edges are exactly the same as (4.40) for both the cases A = 0 and A > 0.

Collecting all results above, we finish the proof of Lemma 4.3.2. O]

Since the accuracy of both type-1 and type-2 limiters is optimal on the down-

stream edges, we do not need to worry about the pollution of the non-optimal errors
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introduced by the limiters to the downstream cells. Thus we have the following

theorem for the positivity-preserving DG method of the equation (4.30).

Theorem 4.3.3. For the linear stationary hyperbolic equation (4.30), if the source
term and inflow boundary conditions are nonnegative, then the solution of the scheme
(4.31) modified by the limiter (4.33) or (4.41) is nonnegative, with the local accuracy

established in Lemmas 4.3.1 and 4.53.2, respectively.

Remark 4.3.1. In particular, in the space-time DG discretization for the equation
of the form u; + (a(z)u), = s(x,t), the accuracy of the solution at the terminal time

1s optimal, as the terminal time is indeed an outflow boundary.

4.4 Linear stationary hyperbolic equations in two

dimensions on triangular meshes

In this section, we study the high order conservative positivity-preserving discontin-
uous Galerkin method in two space dimensions on triangular meshes for the linear

stationary hyperbolic equation (4.30) with nonnegative source term and the inflow

boundary condition u|pm(z,y) = g(z,y) > 0, where I'™ C 9 is the inflow boundary.
We still assume A > 0 in (4.30) but a(z,y) and b(x,y) are not necessarily positive

(or negative).

Consider a regular triangulation €, of Q which satisfies diam(K) < ph,VK € Q
for some p > 1 independent of the refinement, where diam(K) is the diameter of
an element K, h = mingeq, hx and hg is the radius of the largest ball inscribed in
K. For any triangle element K € Q, we denote by |K| the area of K, and €%, i =

1,2,3 the three edges of K, with length ¢}, unit outer normal ny = (nl g, n x)"
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and neighboring cells K;, i = 1,2,3. We assume that the coefficients a(z,y) and
b(z,y) in (4.30) satisfy ¢, < |a(z,y)nl x +b(z,y)nl | < VK € Qy,(2,y) €
Q,i=1,2,3, for some positive constants c,, ¢*. This assumption was adopted in the
optimal order error estimate for the DG method in [64], as the optimal accuracy is
unavailable for general meshes [54]. The assumption can be satisfied, for instance,
by the conditions on the coefficients a(x,y), b(x,y) in Section 4.3, together with the
triangulation obtained by splitting each cell therein from the skew diagonal of cells,
see Figure 4.1 for an illustration. The function space V of the P*-DG scheme is
defined as
V={veL*):v|x € P"K)VK € W},

where P*¥(K) denotes the space of polynomials of order no greater than & on the
element K. We define the cell average of v € V on K as g = ﬁ [ [ v(z, y)dzdy,

and denote by v = v|g for v € V.

To save space, we only discuss the case that ek is the upstream edge and €%, €3

are the downstream edges, as the discussion of the case of two upstream edges and

one downstream edge is almost the same with the first case.

The positivity-preserving P*-DG scheme of the equation (4.30) on triangular

meshes is to find u € V', such that

- // (auv, + buvy, — Auv) dedy
K

+ /2 (anivK + bniK) ugvds + /3 (cmiK + bn;j’K) ugvds (4.42)
eK eK

= —/ (any g + bny x) G, vds + // svdxdy, Vv € P*(K),
el K

for K € Q, where we define i, |1 = Z (g) if e}y C '™, with Z denoting the polyno-

mial interpolation at the quadrature points on cell interfaces. In the computation,
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we solve ug on cell K based on the modified solution on upstream cells. Once ug is
obtained, we employ the positivity-preserving limiter to obtain the modified solution

U, and use it in the computation on the downstream cells.

If we take v = 1 on K in the scheme (4.42), the following equation satisfied by

the local mass can be obtained

)\\K\uK—i—/ (an? x + bn? k) ude+/ (and i 4 bn &) ukds

62 63

K x (4.43)
= —/ (anj g + bn) i) g, ds + | K|5k.

1
€K

We define LHS(wg) = A\K|w;<+f6§< (an? g +bn2 i) des—l—fe?< (and x4 bnd i) wids,
for wy € Pk(K), to be the amount of local mass of wx on K. Since g, > 0 and

an, g +bny i < 0 on the upstream edge in (4.43), we have the LHS(ug) > 0.

Due to the lack of suitable quadrature rules, we do not have the type-1 limiter

available. The type-2 limiter is defined as follows,

where ex = — min{ming ,ecsux(x,y),0}, S C K is the set of points where we want

LES(u) ¢ [0, 1],

to preserve the positivity of solutions, and 0x = THS (i)

We have the accuracy result for the conservative positivity-preserving limiter as

follows:

Lemma 4.4.1. Consider the solution ux of the scheme (4.42) with accuracy O(h*1).
If X =0, the error introduced by the limiter (4.44) is ||ux — uk||rox) = O(h). If
A > 0, the error introduced by the limiter (4.44) is |lix — uk||r=x) = O(h*).

Nevertheless, on the downstream edges, the errors in both cases are optimal, i.e.
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ik — urlpoo(ez ues ) = O(R*).
Proof. For simplicity, we assume S = K. We decompose the error as
e=ug —Uxg = (ug — ) + (U — Ug) = €1 + €9 (4.45)
It is clear that ||e1]|p=(x) = ex = O(h*T).

For ey, we have e; = g — g = (1 — Og)ug. If A = 0, we have ||ea||r~x) =
(1 = Ok)||tk||Lex)y = O(h), since ||ug||rex)y = O(h) if 0k < 1. If A > 0, we have

the estimate for e, as follows,

|ea]

- N LHS(UK) N LHS(’ZAJ,K—UK>A
=1 = Ot = (1 LHS(&K)) K= T LHS(ux)

-1
— (A\K|ﬁK+/Q (an? g + bn? ) "des—l—/3 (anl i + bn; x) ade> X

€K €K

) (4.46)
(A\K| (@ — uK) + / (an? g 4 bnl k) (g — ug) ds
2

€K

+/63 (and g +bn) i) (g — ug) ds> Uk

K
(K| + ¢+ 60 lellimero
MK |l + el + el s
K K K K

)
where 0.; = - [, vgds, forveV,i=1,23.
eK KK eK ) ) =

By the equivalence of norms in the finite-dimensional space P*(K) and the

. C Cl
rescaling argument, we have [[v]|z(x) < F5l[v[|21 ) and [[o]]peo e ) < i

|U||L1(ei )
K

Yo € P¥(K),i=1,2,3, for some positive constants Cj, and Cj, depending only on k.



Therefore,

< ()\’K’ + C*K%( + C*K%) HelHLoo(K) HaKULOO(K)

|lea|[Loex) < MK P
(AIK| 4 2¢"ph) H€1HL°°(K)C
~ k
ALK
2c*p 1
<Ck |1 — -
<G (1+ 223 el

where we have used the fact that 4x > 0. Moreover, we have

K|+ G + 05 [lea ]| oo iy ]| oees,)

e Lo (ez) <

b3 Uea,
< (Ap?h% + 2¢*ph) ||ex || oo x0) c
ch
= C;QMH@HLW(K)
= O(**),

and, similarly, ||ea]|ze (s ) = O(hk+1).
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(4.47)

(4.48)

Gathering all results above and using triangle inequalities, we finish the proof of

Lemma 4.4.1.

]

Since the accuracy of the limiter (4.44) is optimal on the downstream edges, we

have the following theorem for the positivity-preserving DG method of the equation

(4.30).

Theorem 4.4.2. For the linear stationary hyperbolic equation (4.30), if the source

term and inflow boundary condition are nonnegative, then the solution of the scheme

(4.42) modified by the limiter (4.44) is nonnegative, with the local accuracy established

m Lemma 4.4.1.
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4.5 Nonlinear stationary hyperbolic equations in

one dimension

In this section, we study the high order conservative positivity-preserving discontin-

uous Galerkin method for the nonlinear stationary hyperbolic equation
fu)y +Au=s(z), ze€Q=(0,1), (4.49)

where 0 < f'(u) < a*,Vu, and A, s(x) > 0. We assign the inflow boundary condi-
tion u(0) = uy > 0 for the equation. We would like to note that, the assumption
on invariant sign of f’(u) for all u is essential, otherwise the stationary hyperbolic
equation may need boundary conditions from both sides for the problem to be well-

posed, see [38, 63] for instance. This condition is also necessary for the limiters to

be well-defined.

We adopt the partition for 2 and the function space V exactly the same as in

Section 4.2, as well as the notations if not otherwise stated.

The positivity-preserving P*-DG scheme of the equation (4.49) is to find u € V,

such that

Titd _ _ T+l
- [ e gt o+ [ s
i . e (4.50)
o " it+% i
= f(uj,l)vj,; + svdr, Vv e P"(l;),
2 2 T

<
|
N

for j = 1,2,..., N, where we define u ug. Note that the upstream cells adopt

N

the modified solution in the scheme.
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If we take the test function v = 1 on [; in the scheme (4.50), the following
equation satisfied by the local mass is obtained,

Mzju; + f(u 1) = f(a_,)+ Ax;s;. (4.51)

1
J=3

Same as the linear case, we define LHS(w;) = AAx;w; + f(wjjr ), for w; € P*(I;),

1
2

to be the amount of local mass of w; on I;. A notable difference is that, we no longer

have LHS(u;) > 0.

The type-1 limiter for u; is defined as follows,

k+1
i5(w) = Oyis(w), dy(x) = Y uf (Ea)la(@), (4.52)

where 6; € [0, 1] is taken such that the local mass is conservative, i.e. LHS(4;) =
LHS(uj). Same as before, the type-1 limiter must be used in cooperation with the

Gauss-Radau quadrature.

If A >0, 0; € [0,1] is uniquely determined. To see this, we define h(f) =
LHS(0u;) — LHS(uj). It is clear that h(0) = f(0) — f(ﬂji%) — Azx;s; < 0,
h(1) = Az, YEH oty (Ta) +f((ur, 1) ") = F(us,4) > 0, and H'(0) > 0 for 6 € [0, 1].
Therefore, the existence and uniqueness of 6; is guaranteed by the mean value the-
orem and monotonicity of h(f). If A = 0, we always take 6; = 1, since ujjr% > 0,

which implies LHS(a;) = f(u;rl ) = LHS(uj). Moreover, we have the accuracy
2

result of the limiter as follows:

Lemma 4.5.1. Consider the solution u; of the scheme (4.50) with accuracy O(Am?“).
If X =0, the error introduced by the limiter (4.52) is |[t; — wj||p,) = O(Ax?“).
If X > 0, the error introduced by the limiter (4.52) is ||t; — u;|L~(1;) = O(Az}), but

the error is optimal at the downstream point, i.e. |ﬂ;+; - u;+l| = O(AZ‘?+1>.
2 2



152

Proof. From 0;A\Az;i; + f(ejaj;%) = NAz;u; + f(ujjr%), we have the expression of

8; as follows,
AAz;u; + f/(cj+%)uj_+

B )\Al'j'l?l,j + f/(CjJr )'LAL‘;r

N|=

0; : (4.53)

N
N

where ¢; 11 € [uj+%’u;+§] satisfies the Lagrange mean value theorem f (quj;%) —

f(u;r%) = f’(cj+%)(«9jﬂj_+% —u;r%). Then the estimates are almost the same to those

in the proof of Lemma 4.2.1, except that a(xj+%) is replaced by f’(cj+%). O

The type-2 limiter for u; is defined as follows,
uj(x) = Oyi;(x),  d5(x) = ui(x) + €5, (4.54)

where €; = —min{min,egu;(x),0}, S C I; is the set of points where we want
to preserve the positivity of solutions, and #; € [0, 1] is uniquely determined by

We have the accuracy result for the limiter as follows,

Lemma 4.5.2. Consider the solution u; of the scheme (4.50) with accuracy O(Azi™).
If X = 0, the error introduced by the limiter (4.54) is ||t; — uj||p~(r;) = O(Ax;).
If X > 0, the error introduced by the limiter (4.54) is ||i; — w;||poer,) = O(Azh).
Nevertheless, at the downstream point, the errors in both cases are optimal, 1.e.

a7, —u | = O(AxkTY).

| j+% Jt+3 J

Proof. We have the same expression of 6; as in (4.53). Therefore the estimates are
almost the same with those in the proof of Lemma 4.2.2, except that a(z; +%) is

replaced by f/(cj+%). O

Since the accuracy of both type-1 and type-2 limiters is optimal at the down-
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stream point of cells, the assumption on the optimal accuracy of the unmodulated
DG solution is appropriate. Collecting the Lemma 4.5.1 and 4.5.2, we attain the

following theorem for the positivity-preserving DG method for the equation (4.49).

Theorem 4.5.3. For the nonlinear stationary hyperbolic equation (4.49), if the
source term and inflow boundary condition are nonnegative, then the solution of
the scheme (4.50) modified by the limiters (4.52) or (4.54) is nonnegative, with the

local accuracy established in Lemma 4.5.1 and 4.5.2, respectively.

4.6 Numerical tests

In this section, we show the accuracy and effectiveness of the conservative positivity-
preserving DG methods established in previous sections for stationary hyperbolic
equations and time-dependent problems with implicit time discretization by ample
numerical tests. Most of the tests are taken from [46, 86, 91]. For simplicity, the
triangular meshes adopted in the two dimensional tests are obtained by splitting
the rectangular grids by the skew diagonals of every cells, see Figure 4.1 for an
illustration of a 6 x 6 mesh. To save space, we only present the results of the type-2
limiters, as those of the type-1 limiters are almost the same (even thought the type-1

limiter is formally more accurate than the type-2).

We would like to note that, though the sub-optimal error estimates of the limiters
are sharp by artificial examples in 4.2.1 and 4.2.2, in numerical tests we have not

observed any degeneracy of orders of accuracy.

Example 4.6.1. (Comparison of the conservation property for different

limiters)
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Figure 4.1: A typical triangular mesh in the tests

We solve the simple hyperbolic equation u; +u, = 0 with implicit time discretiza-
tion by a variety of positivity-preserving schemes, and compare the results of different
positivity-preserving limiters. We first compute the solutions using the scaling lim-
iter [93] that preserves cell averages. Then, we replace the scaling limiter in these
algorithms by our conservative limiter that preserves the sum of cell average and out-
flow fluzes. Since the only difference is in the use of limiters, it would be convincing
that our notion of conservation is more appropriate if the results of the conservative

limiters are better than those of the scaling limiter.
The initial and boundary condition are given below

1, 0<z<1
u(z,0) = , xeQ; u(0,t)=0, tel0,T].

0, otherwise

We first compute the equation on the domain 2 = [0,5], with backward Euler
time discretization, CFL number ﬁ—i = 0.01 and spatial partition N = 500, to the
terminal time T = 2, based on the positivity-preserving P?>-DG scheme proposed in

[86] for one dimensional linear equations. We plot the cell averages of the numerical
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solutions at the terminal time for the cases with no limiter, with the scaling limiter
and with the conservative limiter, and compare them with the exact solution. The
results are shown in Figure 4.2, from which we can clearly observe a wrong shock
location with the use of the scaling limiter. The total mass of the exact solution at
the terminal time is [, u(x, T)dx = 1. In the numerical solutions, the total mass has
changed 3.10 x 10712, 2.94 x 10712 and 1.54 x 107! for the cases with no limiter, with

the conservative limiter and with the scaling limiter, respectively.

(a) No limiter (b) With limiter

Figure 4.2: Comparison of results for different limiters in the scheme of [86]

We then compute the equation on the space-time boz 2 x [0,T] by the space-time
DG discretization, based on the positivity-preserving R'-DG scheme proposed in [}6]
for two dimensional linear equations. We take two space-time bozxes 2 = [0,50], 77 =
40 and 2y = [0,100],T> = 90, on the uniform meshes N! x N} = 500 x 400 and
N2 x N = 1000 x 900, respectively. We plot the cell averages of the numerical
solutions at the terminal times for the cases with no limiter, with the conservative
limiter and with the scaling limiter, and compare them with the exact solution. The
results are shown in the Figure 4.3, from which we can clearly observe the loss of
mass with the use of the scaling limiter. In the numerical solutions, the total mass
in the domain has changed 4.97 x 10714, 4.77 x 10~* and 8.59 x 1072 at T} for

the cases with no limiter, with the conservative limiter and with the scaling limiter,
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respectively, and 1.01 x 10713, 1.11 x 107 and 1.47 x 107! at Ty for the cases with

no limiter, with the conservative limiter and with the scaling limiter, respectively.

(c) To = 90, no limiter (d) Tz = 90, with limiter

Figure 4.3: Comparison of results for different limiters in the scheme of [46]

Finally, we compute the equation by the space-time DG based on the Q* and Q?
schemes (4.31). Note that these two schemes are not positivity-preserving for cell
averages in general, namely, there is no theoretical guarantee that the cell averages
always remain nonnegative with the use of the scaling limiter. However, by trial and
error, we find a setting that keeps the cell averages nonnegative during simulation,
with the use of positivity-preserving scaling limiter. We take the space-time box
Q2 =10,30],T = 25 on the uniform mesh N, x Ny = 300 x 250. We plot the cell
averages of the numerical solutions at the terminal time for the cases with no limiter,

with the conservative limiter and with the scaling limiter, and compare them with the
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exact solution. The results are shown in Figure 4.4, from which we can clearly observe
the loss of mass with the use of the scaling limiter. The total mass in the domain
have changed 8.48 x 10714, 8.53 x 107! and 1.88 x 107! in the Q*-DG scheme for
the cases with no limiter, with the conservative limiter and with the scaling limaiter,
respectively, and 1.87 x 10713, 1.88 x 1071 and 7.78 x 1072 in the Q*-DG scheme for
the cases with no limiter, with the conservative limiter and with the scaling limiter,

respectively.

L L L L ) L L L L L )
24 245 25 255 26 265 27 24 245 25 255 26 265 27

24 24‘ 5 2‘5 25‘ 5 2‘6 2(; 5 2‘7 24 24‘ 5 2‘5 2; 5 2‘6 26{5 2‘7
(¢) @3-DG, no limiter (d) @3-DG, with limiter

Figure 4.4: Comparison of results for different limiters in the scheme (4.31)

Example 4.6.2. A linear stationary hyperbolic equation in one dimension

We solve the equation (4.19) with a(z) =1, A = 6000 and s(z) = X (& cos*(z) + €)—

3 cos®(x)sin(z) on the domain Q = [0, 7], where e = 107 is taken such that the

source term is nonnegative. The boundary condition of the problem is u(0) = % + €
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and the ezact solution is u(x) = 5 cos*(x) + €.

We compute the equation using the P*-DG scheme (4.20) with k = 1,2,3,4. The
errors, orders of convergence and data about positivity are given in Table 4.1, in
which the category name LC (%) stands for the percentage of limited cells in the
mesh. We can observe from the table that the negative values of the original scheme

are eliminated by the limiter and the order of accuracy remains optimal.

no Limiter with Limiter
N LY error  order L™ error order min uy, LY error  order L™ error order LC (%)
1 20 | 4.62E-04 - 9.00E-04 - -4.67E-05 4.63E-04 9.00E-04 - 20.00

40 1.16E-04 1.99 2.28E-04 1.98 -3.34E-06 1.16E-04  2.00 2.28E-04 1.98 10.00
80 2.90E-05 2.00 5.83E-05 1.97  -2.19E-07 2.90E-05 2.00 5.83E-05 1.97 5.00
160 | 7.26E-06  2.00 1.50E-05 1.96 -1.43E-08 7.26E-06  2.00 1.50E-05 1.96 2.50
320 | 1.82E-06  2.00 3.90E-06 1.94  -9.54E-10 1.82E-06  2.00 3.90E-06 1.94 1.25

2 20 2.04E-05 - 3.88E-05 - -2.30E-06  2.05E-05 - 3.88E-05 - 10.00
40 2.54E-06  3.01 4.84E-06 3.00 -1.49E-07 2.54E-06  3.01 4.84E-06 3.00 5.00
80 3.19E-07  2.99 5.98E-07 3.02  -9.58E-09 3.19E-07  2.99 5.98E-07 3.02 2.50
160 | 4.01E-08  2.99 7.33E-08 3.03 -6.28E-10 4.01E-08  2.99 7.33E-08 3.03 1.25
320 | 5.09E-09  2.98 8.86E-09 3.05 -4.25E-11 5.09E-09  2.98 8.86E-09 3.05 0.63

3 20 7.72E-07 - 1.57E-06 - -9.43E-07  9.58E-07 - 4.24E-06 - 10.00
40 4.79E-08  4.01 1.03E-07 3.93 -6.21E-08 5.38E-08  4.16 2.76E-07 3.94 5.00
80 3.01E-09  3.99 6.74E-09 3.93 -4.05E-09 3.19E-09 4.07 1.73E-08 4.00 2.50
160 | 1.89E-10  4.00 4.48E-10 391  -2.69E-10 1.94E-10 4.04 1.06E-09 4.02 1.25
320 | 1.19E-11 3.98 3.06E-11 3.87 -1.83E-11 1.21E-11 4.00 6.46E-11 4.04 0.63

4 20 2.44E-08 - 4.80E-08 - -1.12E-08  2.71E-08 - 4.80E-08 - 10.00
40 7.60E-10 5.01 1.47E-09 5.03 -1.83E-10 7.81E-10 5.12 1.47E-09 5.03 5.00
80 2.39E-11 4.99 4.45E-11 5.04 -3.02E-12 241E-11 5.02 4.45E-11 5.04 2.50
160 | 7.57E-13  4.98 1.32E-12 5.07 -4.17E-14 7.58E-13  4.99 1.32E-12 5.07 1.25
320 | 2.43E-14  4.96 3.97E-14 5.06 9.10E-15 2.43E-14  4.96 3.97E-14 5.06 0.00

Table 4.1: Results of Example 4.6.2

Example 4.6.3. A nonlinear stationary hyperbolic equation in one di-

mension

We solve the equation (4.49) with f(u) = u® + 0.0lu, X = 5 and s(x) =
—8sin(z) cos™(x) (3(cos®(x) + €)® + 0.01) + X (cos®(x) + €) on the domain Q = [0, 7],
where € = 1071* is taken such that the source term is nonnegative. The boundary

condition of the problem is u(0) = 1+ € and the exact solution is u(x) = cos®(z) + €.

We compute the equation using the P*-DG scheme (4.50) with k = 1,2,3,4.

The errors, orders of convergence and data about positivity are given in the Table
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4.2. Same to the linear case, we can observe that the negative values of the original

scheme are eliminated by the limiter and the order of accuracy remains optimal.

no Limiter with Limiter
k N LT error  order L* error order min up, LT error order L>® error order LC (%)
1 20 7.45E-03 - 3.02E-02 - -1.49E-04  7.45E-03 - 3.02E-02 - 30.00

40 1.91E-03 1.96 7.97E-03 1.92  -8.48E-07 1.91E-03 1.96 7.97E-03 1.92 17.50
80 | 4.91E-04 1.96 2.03E-03 1.97  -6.90E-09 4.91E-04 1.96 2.03E-03 1.97 8.75
160 | 1.26E-04 1.96 5.11E-04 1.99  -5.30E-11  1.26E-04 1.96 5.11E-04 1.99 3.13
320 | 3.22E-05 1.97 1.28E-04 2.00 -3.36E-13  3.22E-05 1.97 1.28E-04 2.00 0.63

2 20 4.57E-04 - 2.12E-03 - -1.27E-06  4.57E-04 - 2.12E-03 - 20.00
40 5.72E-05 3.00 2.62E-04 3.01  -1.18E-08 5.72E-05 3.00 2.62E-04 3.01 10.00
80 7.22E-06 2.98 3.20E-05 3.03 -7.14E-11 7.22E-06 2.98 3.20E-05 3.03 5.00
160 | 9.17E-07  2.98 3.96E-06 3.01 -2.48E-13  9.17E-07  2.98 3.96E-06 3.01 1.88
320 | 1.16E-07  2.98 4.92E-07 3.01 9.44E-15  1.16E-07  2.98 4.92E-07 3.01 0.00

3 20 2.30E-05 - 1.19E-04 - -9.63E-07  2.30E-05 - 1.19E-04 - 20.00
40 1.44E-06  3.99 7.83E-06 3.93 -5.10E-09 1.44E-06  3.99 7.83E-06 3.93 10.00
80 9.24E-08  3.97 4.95E-07 3.98  -242E-11 9.24E-08  3.97 4.95E-07 3.98 5.00
160 | 5.86E-09  3.98 3.11E-08 3.99 -1.07E-13 5.86E-09  3.98 3.11E-08 3.99 0.63
320 | 3.71E-10  3.98 1.94E-09 4.00 9.43E-15  3.71E-10  3.98 1.94E-09 4.00 0.00

4 20 1.05E-06 - 6.46E-06 - -6.21E-09  1.05E-06 - 6.46E-06 - 10.00
40 3.31E-08  4.98 1.88E-07 5.10 -3.05E-11 3.31E-08  4.98 1.88E-07 5.10 5.00
80 1.05E-09  4.97 5.80E-09 5.02 -8.17E-14 1.05E-09  4.97 5.80E-09 5.02 2.50
160 | 3.35E-11 4.98 1.79E-10 5.02 9.65E-15  3.35E-11 4.98 1.79E-10 5.02 0.00
320 | 1.06E-12  4.98 5.54E-12 5.01 1.00E-14  1.06E-12  4.98 5.54E-12 5.01 0.00

Table 4.2: Results of Example 4.6.3

Example 4.6.4. A nonlinear time-dependent hyperbolic equation in one

dimension with backward Euler time discretization

We solve the equation (4.1) with backward Euler time discretization, and take

flu) = “?3, s(x) = 0. The initial and boundary condition of the equation are given

1, z<1
u(x,0) = , xeQ; wu(0,t)=1, tel0,T],

0, otherwise

where = [0,3] and T = 2.5.

We compute the equation using the P*-DG scheme (4.50) with k = 1,2,3,4, CFL
number % = 0.5 and spatial partition N = 150. We zoom in the pre-shock zone and
draw the cell averages of the numerical solutions in this area in Figure 4.5, with a

comparison with the exact solution and the results without limiter. From the figures,



160

we can observe that the negative cell averages of the original numerical scheme are

eliminated by the limaiter.

(c) P3-DG

1.8 1.9 2 2.1 22

(d) P4DG

Figure 4.5: Results of Example 4.6.4

Example 4.6.5. Linear stationary hyperbolic equations in two dimensions

with smooth solutions

We solve the equation (4.30) with constant coefficients a(x,y) = a = 0.7,b(z,y) =

b = 0.3 and s(z,y) = 0 in the domain Q = [0,1] x [0,1]. The inflow boundary

conditions are u(z,0) = 0,0 < x < 1 and u(0,y) = sin®(7y),0 <y < 1. The exact

solution of the problem is
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We take A\ = 1, which corresponds to the purely absorbing medium in RTE, and

A = 0, which corresponds to the transparent medium in RTE, in the tests.

We compute the equations using the Q¥-DG scheme (4.31) on rectangular meshes,
and the P*-DG scheme (4.42) on triangular meshes. The errors, orders of conver-
gence and data about positivity are given in the Table 4.3 - Table 4.6, from which

we can observe that the positivity and optimal accuracy are both attained by the

algorithms.
no Limiter with Limiter
k' Nz X Ny LY error order L™ error order min up, LY error order L% error order LC (%)
1 20 x 20 1.43E-03 - 2.66E-02 - -3.07E-04  1.42E-03 - 2.66E-02 - 35.00
40 x 40 3.38E-04  2.08 6.94E-03 1.94 -2.06E-05 3.38E-04  2.07 6.94E-03 1.94 29.25
80 x 80 8.21E-05  2.04 1.76E-03 1.98 -1.03E-06 8.21E-05 2.04 1.76E-03 1.98 25.98
160 x 160 | 2.03E-05  2.02 4.42E-04 1.99 -4.61E-08 2.03E-05 2.02 4.42E-04 1.99 24.05
320 x 320 | 5.04E-06  2.01 1.11E-04 2.00 -1.99E-09 5.04E-06 2.01 1.11E-04 2.00 22.95
2 20 x 20 6.32E-05 - 1.26E-03 - -1.59E-06  6.32E-05 - 1.26E-03 - 14.50
40 x 40 7.79E-06  3.02 1.63E-04 296 -2.73E-08 7.79E-06  3.02 1.63E-04 2.96 13.13
80 x 80 9.71E-07  3.01 2.07E-05 2.98 -4.36E-10 9.71E-07  3.01 2.07E-05 2.98 12.58
160 x 160 | 1.21E-07  3.00 2.60E-06 299 -6.86E-12 1.21E-07  3.00 2.60E-06 2.99 12.23
320 x 320 | 1.51E-08  3.00 3.26E-07 3.00 -1.15E-13 1.51E-08  3.00 3.26E-07 3.00 12.06
3 20 x 20 2.77E-06 - 6.61E-05 - -3.64E-07  2.78E-06 - 6.61E-05 - 18.50
40 x 40 1.72E-07  4.01 4.35E-06 3.92 -7.14E-09 1.72E-07  4.01 4.35E-06 3.92 16.56
80 x 80 1.07E-08  4.00 2.76E-07 3.98 -1.21E-10 1.07E-08  4.00 2.76E-07 3.98 15.55
160 x 160 | 6.71E-10  4.00 1.73E-08 3.99 -1.94E-12 6.71E-10  4.00 1.73E-08 3.99 15.20
320 x 320 | 4.19E-11  4.00 1.08E-09 4.00 -3.06E-14 4.19E-11  4.00 1.08E-09 4.00 14.98
4 20 x 20 1.08E-07 - 2.56E-06 - -2.03E-08  1.09E-07 - 2.56E-06 - 19.50
40 x 40 3.37E-09  5.01 8.33E-08 4.94 -345E-10 3.38E-09 5.01 8.33E-08 4.94 17.94
80 x 80 1.056E-10  5.00 2.62E-09 499 -5.55E-12 1.05E-10  5.00 2.62E-09 4.99 17.31
160 x 160 | 3.29E-12  5.00 8.19E-11 5.00 -9.54E-14 3.29E-12  5.00 8.19E-11 5.00 16.75
320 x 320 | 1.07E-13  4.94 2.57TE-12 5.00 -2.15E-15 1.07E-13  4.94 2.57TE-12 5.00 16.53

Table 4.3: Results of Example 4.6.5 on rectangular meshes with A =1

Example 4.6.6. Linear stationary hyperbolic equations in two dimensions

with discontinuous solutions

We solve the equation (4.30) with constant coefficients a(x,y) = a = 0.7,b(z,y) =
b=0.3,s(z,y) = 0 in the domain Q = [0,1] x [0,1]. The inflow boundary conditions
are u(z,0) = 0,0 < z <1 and u(0,y) = 1,0 < y < 1. The ezact solution of the

problem s

NS
Vv
Q|
&
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no Limiter

with Limiter

Ny x N, | LT error order L* error order min up, LT error  order L error order LC (%)
20 x 20 1.92E-03 - 2.37E-02 - -2.89E-03  1.89E-03 - 2.37E-02 - 22.13
40 x 40 4.40E-04 2.13 6.85E-03 1.79 -1.32E-04  4.40E-04 2.10 6.85E-03 1.79 17.22
80 x 80 1.05E-04 2.07 1.81E-03 1.92 -5.02E-06  1.05E-04 2.07 1.81E-03 1.92 14.23
160 x 160 | 2.57E-05  2.03 4.67E-04 1.96 -1.88E-07 2.57E-05  2.03 4.67E-04 1.96 12.62
320 x 320 | 6.38E-06  2.01 1.18E-04 1.98 -7.32E-09 6.38E-06  2.01 1.18E-04 1.98 11.77
20 x 20 9.43E-05 - 1.92E-03 - -2.44E-05  9.47E-05 - 1.92E-03 - 10.38
40 x 40 1.14E-05  3.05 2.62E-04  2.87 -4.59E-07 1.14E-05 3.05 2.62E-04 2.87 8.28
80 x 80 1.42E-06  3.01 3.45E-05 292  -7.72E-09 1.42E-06  3.01 3.45E-05 2.92 7.74
160 x 160 | 1.77E-07  3.00 4.39E-06 297 -1.23E-10 1.77E-07  3.00 4.39E-06 2.97 7.42
320 x 320 | 2.21E-08  3.00 5.54E-07 2,99 -1.95E-12 2.21E-08  3.00 5.54E-07 2.99 7.34
20 x 20 5.87E-06 - 1.04E-04 - -1.03E-05  6.77E-06 - 1.04E-04 - 14.75
40 x 40 3.70E-07  3.99 7.30E-06 3.83 -2.32E-07 3.78E-07  4.16 7.30E-06 3.83 11.94
80 x 80 2.31E-08  4.00 4.85E-07 391  -4.05E-09 2.32E-08  4.03 4.85E-07  3.91 10.50
160 x 160 | 1.44E-09  4.00 3.13E-08 3.96 -6.52E-11 1.44E-09  4.00 3.13E-08 3.96 9.86
320 x 320 | 9.02E-11 4.00 1.98E-09 3.98 -1.03E-12  9.02E-11 4.00 1.98E-09 3.98 9.43
20 x 20 3.16E-07 - 5.85E-06 - -5.81E-07  3.32E-07 - 5.85E-06 - 9.75
40 x 40 9.83E-09  5.01 2.05E-07  4.83 -1.08E-08 9.97E-09  5.06 2.05E-07  4.83 8.75
80 x 80 3.03E-10 5.02 6.72E-09 4.93 -1.89E-10  3.04E-10 5.03 6.72E-09 4.93 8.59
160 x 160 | 9.41E-12 5.01 2.21E-10 4.93 -3.08E-12 9.41E-12 5.01 2.21E-10 4.93 8.36
320 x 320 | 3.06E-13  4.94 7.25E-12 4.93 -4.90E-14 3.06E-13  4.95 7.25E-12 4.93 8.31
Table 4.4: Results of Example 4.6.5 on triangular meshes with A =1
no Limiter with Limiter
Nz X Ny LY error order L™ error order min uy, LY error order L error order LC (%)
20 x 20 2.66E-03 - 2.81E-02 - -1.12E-03  2.64E-03 - 2.81E-02 - 35.00
40 x 40 6.10E-04  2.12 7.23E-03 1.96  -8.44E-05 6.10E-04 2.11 7.23E-03 1.96 29.25
80 x 80 1.46E-04 2.06 1.82E-03 1.99 -4.12E-06  1.46E-04 2.06 1.82E-03 1.99 25.97
160 x 160 | 3.59E-05  2.03 4.56E-04 2.00 -1.87E-07 3.59E-05  2.03 4.56E-04 2.00 24.05
320 x 320 | 8.89E-06 2.01 1.14E-04 2.00 -8.21E-09  8.89E-06 2.01 1.14E-04 2.00 22.95
20 x 20 1.14E-04 - 1.32E-03 - -1.65E-06 1.14E-04 - 1.32E-03 - 14.50
40 x 40 1.40E-05  3.03 1.67E-04 2.98 -2.78E-08 1.40E-05 3.03 1.67E-04 2.98 13.19
80 x 80 1.74E-06 3.01 2.09E-05 3.00 -4.39E-10  1.74E-06 3.01 2.09E-05 3.00 12.56
160 x 160 | 2.17E-07 3.00 2.61E-06 3.00 -1.32E-11  2.17E-07 3.00 2.61E-06 3.00 12.21
320 x 320 | 2.71E-08 3.00 3.27E-07 3.00 -4.61E-13  2.71E-08 3.00 3.27E-07 3.00 12.07
20 x 20 4.96E-06 - 7.10E-05 - -4.14E-07  4.97E-06 - 7.10E-05 - 19.25
40 x 40 3.08E-07  4.01 4.48E-06 3.98 -7.61E-09 3.08E-07 4.01 4.48E-06 3.98 16.69
80 x 80 1.92E-08  4.00 2.81E-07  4.00 -1.24E-10 1.92E-08  4.00 2.81E-07  4.00 15.53
160 x 160 | 1.20E-09  4.00 1.76E-08 4.00 -3.10E-12 1.20E-09  4.00 1.76E-08 4.00 15.21
320 x 320 | 7.50E-11  4.00 1.10E-09 4.00 -8.31E-14 7.50E-11  4.00 1.10E-09 4.00 15.01
20 x 20 1.94E-07 - 2.68E-06 - -2.70E-08  1.95E-07 - 2.68E-06 - 19.25
40 x 40 6.04E-09  5.01 8.42E-08 499 -5.42E-10 6.05E-09  5.01 8.42E-08 4.99 17.88
80 x 80 1.88E-10  5.00 2.63E-09 5.00 -1.18E-11 1.88E-10  5.00 2.63E-09 5.00 17.30
160 x 160 | 5.88E-12  5.00 8.24E-11 5.00 -2.73E-13 5.88E-12  5.00 8.24E-11 5.00 16.74
320 x 320 | 1.92E-13 4.93 2.78E-12 4.89 -6.56E-15 1.92E-13 4.93 2.80E-12 4.88 16.48

Table 4.5: Results of Example 4.6.5

on rectangular meshes with A =0
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no Limiter

with Limiter

k' Ny xN, | Ll error order L* error order min up, LT error  order L error order LC (%)
1 20 x 20 3.67E-03 - 2.70E-02 - -5.59E-03  3.58E-03 - 2.70E-02 - 22.38
40 x 40 8.02E-04 2.19 7.41E-03 1.87 -4.09E-04 8.02E-04 2.16 7.41E-03 1.87 17.22
80 x 80 1.86E-04 2.11 1.91E-03 1.96 -1.85E-05 1.87E-04 2.10 1.91E-03 1.96 14.21
160 x 160 | 4.52E-05 2.04 4.80E-04 1.99 -7.38E-07  4.52E-05 2.04 4.80E-04 1.99 12.61
320 x 320 | 1.12E-05 2.02 1.20E-04 2.00 -2.94E-08 1.12E-05 2.02 1.20E-04 2.00 11.77
2 20 x 20 1.68E-04 - 2.05E-03 - -2.81E-05 1.69E-04 - 2.05E-03 - 11.63
40 x 40 2.02E-05 3.05 2.64E-04 2.96 -4.80E-07  2.02E-05 3.06 2.64E-04 2.96 9.25
80 x 80 2.50E-06 3.02 3.32E-05 2.99 -7.89E-09  2.50E-06 3.02 3.32E-05 2.99 8.54
160 x 160 | 3.12E-07 3.00 4.16E-06 3.00 -1.25E-10  3.12E-07 3.00 4.16E-06 3.00 8.27
320 x 320 | 3.89E-08 3.00 5.21E-07 3.00 -1.96E-12  3.89E-08 3.00 5.21E-07 3.00 8.18
3 20 x 20 1.02E-05 - 1.14E-04 - -1.22E-05 1.19E-05 - 1.14E-04 - 15.38
40 x 40 6.43E-07 3.99 7.90E-06 3.85 -2.52E-07  6.58E-07 4.17 7.90E-06 3.85 12.50
80 x 80 4.02E-08 4.00 5.10E-07 3.95 -4.20E-09  4.03E-08 4.03 5.10E-07 3.95 11.00
160 x 160 | 2.51E-09 4.00 3.21E-08 3.99 -6.67E-11  2.51E-09 4.00 3.21E-08 3.99 10.34
320 x 320 | 1.57E-10 4.00 2.01E-09 4.00 -1.05E-12  1.57E-10 4.00 2.01E-09 4.00 9.87
4 20 x 20 5.55E-07 - 6.22E-06 - -6.07E-07  5.85E-07 - 6.22E-06 - 10.13
40 x 40 1.71E-08 5.02 2.16E-07 4.85 -1.19E-08 1.73E-08 5.08 2.16E-07 4.85 9.34
80 x 80 5.26E-10 5.02 6.96E-09 4.96 -1.99E-10  5.28E-10 5.04 6.96E-09 4.96 8.84
160 x 160 | 1.63E-11 5.01 2.20E-10 4.98 -3.16E-12  1.63E-11 5.01 2.20E-10 4.98 8.48
320 x 320 | 5.36E-13 4.93 7.06E-12 4.96 -4.96E-14  5.36E-13 4.93 7.06E-12 4.96 8.32

Table 4.6: Results of Example 4.6.5 on triangular meshes with A = 0

We test the cases of A = 1 and A = 0, which correspond to the purely absorbing

medium and transparent medium in RTE, respectively.

The solutions are computed by the Q%-DG scheme (4.31) on rectangular meshes,

and by the P*-DG scheme (4.42) on triangular meshes, with the spatial partition

Ny x Ny, =100 x 100. We draw the contours of the solutions on rectangular meshes

in Figures 4.6 and 4.8 for the cases A =1 and A = 0, respectively. The contours of

the solutions on triangular meshes are given in Figures 4.10 and 4.12 for the cases

A =1 and X\ = 0, respectively. Moreover, we slice the solutions along y = 0.25 and

plot the averages of the solution along the line in Figures 4.7, 4.9, 4.11 and 4.13.

From the figures, we can observe that the negative averages of the solution in the

original scheme are eliminated by the positivity-preserving technique.
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(c) k=3 (d) k=4

Figure 4.6: Solutions of Example 4.6.6 on rectangular meshes with A =1
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Figure 4.7: Solutions of Example 4.6.6 on rectangular meshes with A = 1, cut along
y=0.25
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() k=3 (d) k=4

Figure 4.8: Solutions of Example 4.6.6 on rectangular meshes with A = 0
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Figure 4.9: Solutions of Example 4.6.6 on rectangular meshes with A = 0, cut along

y=0.25
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Figure 4.10: Solutions of Example 4.6.6 on triangular meshes with A =1
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Figure 4.11: Solutions of Example 4.6.6 on triangular meshes with A = 1, cut along
y=0.25
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Figure 4.12: Solutions of Example 4.6.6 on triangular meshes with A = 0



171

121
exact solution . exact solution
nolimiter S o nolimiter
, A o with imiter , Jmﬂ. o with limiter
] a
E] o
a .
08 o 08 o
3 o
o
o
06 M 06
04 ; 04
o R
a
02 & 02 o
8
: s
%
0 & ot B
V'

0 01 02 03 04 05 06 07 08 09 1 0 0.1 02 03 04 05 06 07 08 09 1
121 121
oxact soluion xact soluion
. o nolimiter . o nolimiter
) Lo o with imiter , o o with limiter
e )
a
o E
08t 08
o
06 06
04 04
r =]
02} r 02
B
N B
0 L ommmmmm————— of L
4 s
02 . . . . . . . . . . 02 . . . . . . . . . .
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
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4.7 Concluding remarks

In this chapter, we have constructed high order conservative positivity-preserving
discontinuous Galerkin methods for various stationary hyperbolic equations in one
and two space dimensions, based on a novel definition of conservation for station-
ary equations. Two types of conservative positivity-preserving limiters are intro-
duced, where the type-1 limiter relies on particular Gauss-Radau quadratures for
the schemes while the type-2 limiter does not. The errors introduced by the limiters
are of optimal order on downstream edges, thus the limiter does not pollute the
original high order accuracy on downstream cells. Moreover, for time-dependent hy-
perbolic problems with implicit time discretization, the errors introduced by limiters

are always optimal.

The positivity-preserving technique proposed in this chapter is easy to implement,
simple to prove for the positivity, and applicable for general types of stationary

hyperbolic equations, compared with the previous work.



CHAPTER FIVE

Local characteristic decomposition
free finite difference WENO

schemes
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5.1 Introduction

It has long been recognized that, the solutions of nonlinear hyperbolic equations
can develop discontinuities (shocks) in finite time, even if the initial condition is
smooth. Such a phenomenon greatly challenges the robustness of high order nu-
merical methods, as spurious oscillations typically appear near shocks in numerical
approximations (the Gibbs phenomenon), and may blow/mess up the simulation in
later times. There have been numerous high order numerical methods developed to
address this issue, among which the essentially non-oscillatory (ENO)/weighted es-
sentially non-oscillatory (WENQO) schemes have gained great success and have been

widely used in applications.

The ENO methods, first developed by Harten et al. [33], use adaptive strategy
to choose the smoothest stencil among several candidates to reconstruct the solution
from its cell averages, hence the methods yield essentially non-oscillatory approxi-
mation near shocks. The original ENO scheme was based on the framework of finite
volume methods, where the numerical fluxes at cell interfaces are obtained through
reconstructed solution. Later, Shu and Osher proposed the finite difference ENO
scheme in [73] based on ENO interpolation for nodal values and high order finite
difference approximation for spatial derivatives of fluxes, which saves considerable
computational cost in multi-dimensions, as the derivatives can be approximated di-
mension by dimension in finite difference schemes. Their subsequent work in [74]
developed a simpler finite difference ENO scheme based on the Shu-Osher lemma
to approximate the fluxes at cell interfaces by standard reconstruction for fluxes at
grid points. The WENO methods were developed upon ENO, with the idea of using
a convex combination of all candidate stencils rather than only one stencil in the

original ENO scheme. In the pioneer work of WENO schemes, Liu et al. [48] used
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linear weights to combine the candidate stencils in r-th order ENO schemes to yield
(r + 1)-th order of accuracy. It was later improved by Jiang and Shu [35] to achieve
(2r — 1)-th order of accuracy on the same stencils, by adopting nonlinear weights
based on smoothness indicators designed for optimal accuracy in smooth regions and
essentially non-oscillatory fashion near discontinuities. Thereafter, intensive modi-
fications and improvements of the WENO procedure have been developed, e.g. the
mapped WENO [34], WENO-Z [4, 9], modified WENO to handle negative weights
[68], multi-resolution WENO [99], Hermite WENO [61], among other variants. Both
finite volume [33] and finite difference [73, 74] frameworks for ENO can be used with
the above WENO procedures. In our work, we use the classic WENO-JS procedure
[35], as it is most widely used and relatively simple to code. For more details about
the history and development of ENO and WENO methods, one can refer to the

surveys [71, 72].

The ENO/WENO methods perform very well for scalar conservation laws as they
achieve uniformly high order accuracy in smooth regions and resolve shocks sharply
with essentially non-oscillatory quality. However, when dealing with hyperbolic sys-
tems, the component-wise ENO/WENO procedure often produces oscillatory results
near shocks, especially when waves corresponding to different characteristic fields in-
teract, such as in Riemann problems. The primary approach to resolve this problem
is to apply the ENO/WENO procedure to the local characteristic fields of the system
obtained by local characteristic decomposition for the conserved variables/fluxes, and
transform the results back to the conserved variables/fluxes afterwards. Below, we
briefly review how the WENO methods for hyperbolic systems are used in cooper-
ation with the local characteristic decomposition. For the ease of comparison with
the algorithm to be developed in this chapter, we demonstrate it as per example of

the alternative formulation of finite difference WENO scheme developed in [36] from
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(73], which will be introduced with more details in Section 5.3.

We consider the hyperbolic system of m (m > 1) components
u; + f(u), =0, (5.1)

in one space dimension, where u = (uy,...,u,) € R™ are the conserved variables
and f(u) = (fi(u),..., fim(u)) € R™ are the fluxes. Now and henceforth, we use

bold face font to denote vectors or matrices.

Consider uniform grids with the grid point x; = jAz centering in the cell I; =
[acj_%,xj%] = [(j — Az, (j + 3)Az],Vj € Z. The semi-discrete (2 — 1)-th order

alternative formulation of finite difference WENO scheme for (5.1) is formulated as

de 1 - -
Tt ar (B —f) =0 (5:2)

+

! -++) is the nu-
J+%’ )

where u; is the approximation to u(zj,t), fjJr% = f'(uj;l,u
2

merical flux, whose definition and arguments omitted for brevity will be detailed

in later sections, and uj,irl are approximations to u(z,, 1 ,t) from interpolants on
2

I; and I;1;. We denote the WENO interpolation for a scalar-valued grid func-

= weno(vj_y41, - - ., Vjtr—1), whose implementation

tion v at Tj 1 on I; by v

N

will be detailed in Section 5.3. The WENO interpolation for v;il follows from
2

mirror symmetry, i.e. v’

1= weno(Vjsr—1,...,Vj—r+1). We shall abuse the nota-

NI

tion to also let it denote the component-wise WENO interpolation for vectors, e.g.

V. =weno(V,_,41,. .., Vjir_1)-

The flowchart of the alternative formulation of finite difference WENO algorithm
(5.2) with local characteristic decomposition, based on the nodal values {uf};cz at

time level t", is given as follows, where the superscript n is omitted for brevity and
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the computation is carried out for all 5 € Z:

1. Approximate the solution at Tji1 by the arithmetic mean W1 = % (u; + ujt1),

or the Roe’s average [65] satistfying f(u;;) — f(u;) = %(uﬁé) (Wjp1 — uy), if

it is available.

. o . . Of . -1
2. Perform the eigendecomposition on the Jacobian matrix: £- (uj+%) = Rj+%Aj+%Rj+%,
where A 1 and R, 1 are the diagonal matrix containing all eigenvalues and
J+3 J+3
the eigenmatrix consist of a complete set of eigenvectors as its columns, re-

spectively, of the Jacobian matrix.

3. Calculate the local characteristic variables: v; = R]_j ;u;, on the stencils ¢ =
2

jg—r+1,...,7+r.

4. Perform the WENO interpolation for the local characteristic variables to obtain

- _ +
Vo= weno(Vj_y41, ..., Vjir—1) and V= Weno(Vjip, ..., Vj_ria).
2 2

5. Transform the local characteristic variables back to the conserved variables:

+ +
u , =R, 1v’
J+3 Itz i+

NI

6. Calculate the numerical fluxes fj 11 to evolve the scheme (5.2) in time.

As we can see, the steps 1, 2, 3 and 5 are extra costs due to the local characteristic
decomposition. In particular, there are 2r matrix-vector multiplications at every
cell interface 11 at the step 3, which is responsible for most of the floating point

operations.

There have been some attempts on avoiding or reducing the costs on local charac-
teristic decomposition in numerical schemes, meanwhile maintaining the essentially

non-oscillatory performance, but only limited successes were achieved. In [35], Jiang



178

and Shu computed the weights in WENO from entropy and pressure instead of the
characteristic variables for Euler systems, to reduce part of the operations in local
characteristic decomposition. In [98], Zheng et al. argued that at the contact dis-
continuity on interface of two-medium flow, direct WENO interpolation for primary
variables is better than component-wise interpolation for conserved variables, but
local characteristic decomposition was still applied therein to the primitive variables
to get more satisfactory results. Low order central schemes [52, 49] can be used
without local characteristic decomposition. However, the local characteristic decom-
position is still necessary to control spurious oscillations when orders of the schemes

are high [59].

In this chapter, we propose an efficient implementation of finite difference WENO
schemes that is local characteristic decomposition free, for a special class of hyper-
bolic systems endowed with a coordinate system of Riemann invariants. Exam-
ples of such systems include all two-component hyperbolic systems and some multi-
component systems to be introduced in Section 5.2. The key idea of the method is to
apply the WENO procedure to the nodal values of the coordinate system of Riemann
invariants, which are (one-to-one) nonlinear algebraic functions of the conserved vari-
ables, and transform the interpolated values back to the conserved variables in the
calculation of fluxes. The improvement in efficiency is due to the fact that, the
characteristic decomposition for the WENO procedure is calculated locally, namely
the conserved variables/fluxes at every node need to be projected onto local charac-
teristic fields by different inverse eigenmatrices at different cell interfaces, while the
Riemann invariants have definite algebraic relation with the conserved variables thus
only need to be calculated once per node. A comparison of floating point operations
in these two methods are shown in Appendix C.1. The good non-oscillatory per-

formance of such treatment is justified by both theoretical properties of hyperbolic
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systems and numerical tests.

Due to the nonlinearity of the algebraic relation between Riemann invariants
and conserved variables/fluxes, we cannot use any reconstruction based numerical
schemes like the finite volume WENO or the traditional Shu-Osher lemma based
finite difference WENO, as we cannot directly transfer the cell averages between Rie-
mann invariants and conserved variables/fluxes. On the other hand, the transform
between nodal values is straightforward, thus we adopt the alternative formulation
of finite difference WENO scheme [36], which is based on WENO interpolation for
nodal values. Its implementation will be demonstrated in Section 5.3. For detailed
introduction and comparison with the traditional finite difference WENO for the

alternative formulation, one can refer to [36].

The rest of the chapter is organized as follows. In Section 5.2, we review the
definition of Riemann invariants and their important properties, and give examples
of hyperbolic systems endowed with a coordinate system of Riemann invariants. In
Section 5.3, we give a detailed description for our algorithm. We use numerical tests
in Section 5.4 to demonstrate the efficiency and good performance of our methods.

Finally, we end up with some concluding remarks in Section 5.5.

5.2 Riemann invariants

In this section, we review the definition and important properties of Riemann invari-

ants of hyperbolic system of conservation laws.

We consider the hyperbolic system (5.1), with u = (uy, ..., u,)" the conserved

variables taking values in an open set ¢ C R™, and f(u) = (fi(u),..., fn(u))’ a
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smooth flux function on &. From hyperbolicity, the Jacobian matrix % has a com-
plete set of eigenvectors ri(u), ra(u),. .., r,(u) corresponding to the real eigenvalues

Ar(u) < A(u) < ... < Ay(u), forallu e 0.

The Riemann invariants of the hyperbolic system (5.1) is defined as follows [75]:

Definition 5.2.1. An i-Riemann invariant (1 < i < m) of the hyperbolic system
(5.1) is a scalar-valued function w(u) on O, such that Vw(u) - r;(u) = 0, Yu €
O, where r;(u) is an eigenvector of the Jacobian matriz % corresponding to the

eigenvalue \;(u).

Riemann invariants are closely related to the Riemann problem, which is a

Cauchy problem of the hyperbolic system (5.1) with the initial condition

u(z,0) = , (5.3)

where u; and u, are constant states. It is well-known that the solution u(z,t) of
the Riemann problem typically develops from the initial discontinuity at the origin
into m + 1 constant states in sector regions separated by the i-shock, contact or
rarefaction wave, for ¢+ = 1,2,...,m, which is a characterization of the fundamental
behavior of solutions of hyperbolic systems involving discontinuities. An important

property of Riemann invariants across waves is stated as follows [75]:

Theorem 5.2.2. The change of an i-Riemann invariant w of the hyperbolic system
(5.1) across an i-shock wave is of third order in €, i.e. |w(w) —w(u,)| = O(e?),
where u; and u, are the states on the left and right sides of the i-shock, respectively,
and € = |N\;(w) — \i(u,)| is a measure of the strength of the i-shock. In addition, the

1-Riemann invariant is unchanged across an i-rarefaction or contact wave.
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Roughly speaking, the i-Riemann invariant is unchanged or almost unchanged
across an -wave, consult Figure 5.1, where h, hu are the conserved variables, and
wy, wy are the 1 and 2-Riemann invariants, respectively, in a Riemann problem of

the shallow water equations (5.5).

(a) Water depth h (b) Discharge hu

(c) 1-Riemann invariant w; =(d) 2-Riemann invariant wy =

u — 2+/gh U+ 2+/gh

Figure 5.1: Conserved variables and Riemann invariants in a Riemann problem of
the shallow water equations

The WENO interpolation/reconstruction procedure performs very well if there
is only one discontinuity in the stencil. However, the results turn out to be less
satisfactory when there are multiple shocks in the stencil. The property of Riemann
invariants in Theorem 5.2.2 gives us a hint to perform the WENO procedure on
the 1, 2-Riemann invariants of hyperbolic systems when m = 2, as there is only one
major discontinuity in each Riemann invariant in Riemann problems. We shall show
in numerical section that such a treatment yields very satisfactory non-oscillatory

results.
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A direct extension of the above approach to hyperbolic systems with m > 3 is to
perform the WENO procedure on m variables, each of which only admits one major
jump in stencils. An ideal choice is the coordinate system of Riemann invariants,

which is defined as follows [19]:

Definition 5.2.3. The system (5.1) is endowed with a coordinate system of Riemann
invariants if there exist m scalar-valued functions wi(u), wy(u), ..., wy(w) on O such

that,

le(ll) : I'j(ll) = (51'7]', l,j = 172, o,

where § is the Kronecker delta, r;(u) is an eigenvector of the Jacobian matriz g—lfl cor-
responding to the eigenvalue Aj(u),1 < j < m. The variables (wy(u), wa(u), ..., wy(u))

are called a coordinate system of Riemann invariants of (5.1).

To this end, we give some examples of hyperbolic systems of conservation laws

endowed with a coordinate system of Riemann invariants.

Example 5.2.1. The linear hyperbolic system

u; + Au, =0, (5.4)

where A = RAR™! for some diagonal matriz A and eigenmatriz R, has a coordinate
system of Riemann invariants (wy,wa, ..., wy,) with w;(u) = Lu,1 < i < m, where

1; is the i-th row of R™1.

Example 5.2.2. The shallow water equations in one dimension

h hu
+ =0 (5.5)
hu hu?® + $gh?

t T

where h is the water height, u is the velocity of the fluid, and g is the gravitational
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constant, is endowed with a coordinate system of Riemann invariants (wy,wy) =

(u+ 2v/gh,u — 2y/gh).

The shallow water equations in two dimensions

h hu hv
hu | + | hu®+ gh? + huw =0, (5.6)
hv . huwv hv? + %gh2

where u and v are velocities of the fluid in x and y directions, respectively, has
coordinate systems of Riemann invariants (wy,wy,w3) = (u — 23/gh,v,u + 2v/gh)
and (wy, we,w3) = (v — 2v/gh,u,v + 2+/gh) in x and y directions, respectively, in
the sense that the states of fluid are constant in the other direction (in this case,
the system is of the form of one dimensional equations, which is known as the split

multi-dimensional problem).

Example 5.2.3. The hyperbolic system of electrophoresis of m components

B + s (i—u) —0, i=1,2,....m, (5.7)

where ¢; < cg < -+ < ¢, are positive constants, is endowed with a coordinate system

of Riemann invariants (wy, wa, ..., wy,), where w; € (¢;, ¢iy1) is the solution of the

m uj
J=1 cj—w

=0, fori=1,2,....m—1, and w,, = > -, L.

j:1 Cj

equation Y |

This system models the separation of ionized chemical compounds in solution
driven by an electric filed, where ¢; and u; denote the electrophoretic mobility and
concentration of the i-th component, respectively, see [2] for more details about its

physical backgrounds.

Example 5.2.4. The hyperbolic system of planar electromagnetic waves in nonlinear
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1sotropic dielectrics

Bl . \I’/Tg’l‘) D2
B2 ‘11/757') Dl
+ , =0, (5.8)
D]_ ‘IJT‘T’) B2
D, ~ B,
t T

where B = (By, By)T is the magnetic induction, D = (D1, Dy) is the electric dis-

placement, V(r) is the electromagnetic energy, and r = \/B} + B3 + D} + D3, is
endowed with a coordinate system of Riemann invariants (wy, ws, w3, wy).

If we define a,b,p,q by pe’® = \/ié (By + Dy —i(By — Dy)) and ge® = \%(—BQ +
Dy +i(By + Dy)), then wy = a,ws = b, and w3, wy are the 1,2-Riemann invariants

of the smaller hyperbolic system

v(r)
p b
+ v =0, 7r=+p>+¢. (5.9)
‘o — g

5.3 The algorithms

In this section, we overview the WENO-JS interpolation, and establish our algo-
rithms in the framework of alternative formulation of finite difference WENO scheme
in one and two space dimensions. We shall assume the grids are uniform and, for

simplicity, only consider periodic boundaries.
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5.3.1 Overview of the WENO-JS interpolation

The (21 — 1)-th order WENO-JS interpolation for a scalar-valued grid function v is

described as follows.

First, we define the small stencils Sy = {;_r4,...,Tj—14%} to calculate the
(r — 1)-th order polynomial interpolant p®(z) of v on I;, for k = 1,2,...,7, and
the big stencil Sy = Uj,_; Sk = {zj—r41, ..., Tj4r—1} to calculate the (21 — 2)-th order

polynomial interpolant p®)(z) of v on I, such that

k
p( )(ajj—r—&-k-‘rm—l) = Vj—rtkt+m-1, M= L2

for k=1,2,...,r, and

POTj i) = Vjpim, m=1,2,...,2r — 1,
so that we yield
—(k
U]+<2> = p™(a,, Za Vjcrikimot = 0(T;,1) + O(AT7), k=1,2,...,7,
m=1
(5.10)
and
”fﬁ) =" Z’W 1) +O(Az* ), (5.11)

where {7;}}_, are the so-called optimal linear weights with v, > 0, for k =1,2,...,r

8] and Y, _, v =1, and {al¥ brak—1 are constant coefficients.

Then, we introduce the nonlinear weights {wy }}._,, which is designed in the prin-

ciple that, in smooth regions wy, is close to 74 to achieve optimal accuracy while,
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if containing discontinuities, wy, is close to zero to minimize the contribution of the

stencil containing discontinuities in WENO interpolation:

= =k = — k=12 (5.12)

T ~ k )
Zm:l Wm (5’6 + 6)2

where € is a small positive number, e.g. € = 1079, to avoid the case of linear weights
being divided by zero, and {fx}},_, are the smoothness indicators of the polynomial

interpolant p*) () on I;:

r dg 2
Br=>_ Az / (wp(k)(x)) da. (5.13)
I;

(=1

2

Finally, the WENO-JS interpolation v is calculated by
- _ —(k)
Vil = ;wkvﬂé . (5.14)
=1

For instance, in the fifth order (r = 3) WENO-JS interpolation, we have

) 3 5 15
Uj—i—% = gvj_g — Zvj_l + gvj,
~»__1 .3 .3
’Uj-i-% = 81)]_1 4’0] 8U]+1,
3 3 3 1

LU= QUi U — QU4
ity 87 4 g

and
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and
13 1
61 = E(Uj_g — QUj_l -+ Uj)2 —+ Z(Uj_Q — 4Uj_1 + 3Uj)2,
13 1
B = 5 (vj—1 = 2u; + vj11)° + 71— vj11)?,
13

By =

1
15 (5 = 2051+ vi4)* + (30 — dvj + )"

For expressions of smoothness indicators in higher order WENO-JS interpolations,

one can refer to [3].

5.3.2 The algorithm in one dimension

For the domain [z,, 3], we take the uniform partition x, = ro < 21 < ... < xy = Ty,

and denote Arx = z; —x;_1, v,_1 = %(a:j_l—i-xj), for j = 1,2,...,N. In the

1
J=32
finite difference WENO scheme, we seek u; to approximate u(z;,t), and u;,t+ , to

2
approximate the solution at 1 from I; and I;;4, respectively. For the ease of

writing, we shall use subscript indices exceeding the domain in the cyclic sense.

The semi-discrete (2r — 1)-th order alternative formulation of finite difference
WENO scheme for the hyperbolic system (5.1) in one dimensions is given by (5.2),

in which we define

r—1
R an
_ — + 2m
fj+% = h(uj+%, uH%) + E 1a2mAa: (8x2mf)j+1 , (5.15)
m= 5

where h(-,-) is the numerical flux based on exact or approximate Riemann solvers,

e.g. the Godunov flux, the Lax-Friedrichs flux, or the HLLC-type fluxes, among

31 _
9676807 48 =

others, and the coefficients ay = —2—14,a4 = ?7607016 =

127 i —
1548288007 10 —
73

—3E03seisge; - - - are obtained through Taylor expansion to approximate the spacial
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derivative of flux with high accuracy, see [73].

Following the practice in [60, 36], we calculate u* , in h(u>_,,u’ ;) by WENO
J+§ J+§ J"ri

interpolation, while use simple central difference to approximate the spatial deriva-

tives of f in the remaining terms to save computational costs, as these terms contain

at least Az? in the coefficients, which is expected to contribute much less oscilla-

tions. To attain enough accuracy, we use the stencil {x;_,1,...,2j,..., 24, } in the

. . . 2m
central difference approximation for < aaa: e | > L
JT3

For instance, in the fifth order finite difference WENO, we use

0? 1 5 13 17 17 13 5
(@f) A (‘@f” T g T aal T oyt gt Zsfj+3) |
JT3

d 1 (1 3 3 1
(@f) " A (af“ Tab it T ahety ) -
it+3

If the hyperbolic system (5.1) is endowed with a coordinate system of Riemann
invariants w with the one-to-one algebraic relation w = w(u) and u = u(w) to the
conserved variables u, the (2r—1)-th order alternative formulation of finite difference
WENO scheme based on the nodal values {u?}j\[:l at time level t" is given as follows,
where the superscript n is omitted for simplicity and computation is carried out for

all j =1,2,...,N:

1. Calculate the coordinate system of Riemann invariants w; = w (u;).

2. Perform the WENO interpolation introduced in Section 5.3.1 on {w;};_, to ob-

tain w__, = weno(w;_,41,..., Wjr—1) and w

= Weno(w; e W .
j+i J+% ( Jj+rs )y YW T+2)

3. Transform the results back to the conserved variables by uj:L ,=1u (WjE )

2 J+%

4. Calculate the numerical fluxes f'j 41 to evolve the scheme (5.2) in time.



189

To this end, we would like to introduce the time-marching approach used the

algorithm. For the ODE system,

u; = L(u), (5.16)

which is obtained from the semi-discrete finite difference scheme, we adopt the 4-th

order 5 stage strong stability preserving Runge-Kutta (SSPRK(4,5)) method [76],

u) = u" +0.39175222700392A¢L(u"),
u® = 0.44437049406734u™ + 0.55562950593266u') 4 0.36841059262959A¢L(u'V),
u® = 0.62010185138540u™ + 0.37989814861460u'® + 0.25189177424738AtL(u'?),
u® = 0.17807995410773u™ + 0.82192004589227u® + 0.54497475021237AtL(u®®),
u™t = 0.00683325884039u™ + 0.51723167208978u® 4 0.12759831133288u®
+ 0.34833675773694u® 4 0.08460416338212AtL(u®)

+ 0.22600748319395AtL(u®),

where u” and u™*!

are solutions at the time level " and t"*!, respectively, and
At =" — 1" We refer to [25] and [26] for more details about the strong stability
preserving (SSP), also called the total variation diminishing (TVD), Runge-Kutta

or multi-step time discretization approaches.

In the numerical section, we shall use WENO schemes with spatial accuracy
higher than fourth order (the temporal accuracy), as in applications it is usually the

spatial accuracy that restricts the resolution of simulations.
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5.3.3 The algorithm in two dimensions

For the two dimensional domain [z4, %] X [ya, ys], we take the uniform partition
To =29 <21 < -+~ <zxy=xpand y, = yo < y1 < -+ < yy = Y in z and
y directions, respectively, and denote by Ax = x; — x;_1, Tl = %(xi_l + x;) for
1=1,2,..., N, andAyEyj—yj_l,yj_% = %(yj_l—I—yj) forj=1,2,..., M. We seek
u;; to approximate u(x;,y;,t), and ui%’j and uii’j% to approximate u(:cH%,yj,t)

and u(z;, y;, 1, t), respectively, from different sides, in the finite difference WENO

schemes.

The semi-discrete (2r — 1)-th order alternative formulation of finite difference

WENO scheme for the hyperbolic system
u; + f(u), +g(u), =0, (5.17)

in two dimensions is formulated as

dum 1 . e 1 o 5
e ae Gt )+ 5 (Buey —8y) =0 Gag)

fori=1,2,...,N,7=1,2,..., M, where the fluxes are defined the same way as in

one dimensional case, thanks to the advantage of finite difference schemes.

If the z-split problem of (5.17) is endowed with a coordinate system of Riemann
invariants w and the y-split problem of (5.17) is endowed with a coordinate system
of Riemann invariants v, the algorithm based on the nodal values {uyj}fifﬂ:l at
time level ¢" is given as follows, where the superscript n is omitted for brevity and

computation is carried out for all . =1,2,...,N,7=1,2,..., M:
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1. Calculate the coordinate systems of Riemann invariants w;; = w (u; ;) and

Vi,j =V (ui,j).

: o : : N,M
2. Perform the WENO interpolation introduced in Section 5.3.1 on {w; ;};2);_;
N,M . — +

and {v;;};21_, to obtain w_, . = wWeno(wWi_,41j,..., Witp_14), W, ; . =

»J 7'+21.7 7‘+27.7
(Witr 4 ), and vo, = (Vi 1), VI =
WENo(Witrj, -, Wimpt2), and v 1 = Weno(Vijri1,..., Vijyr—1), V, 1 =

It 5 5,J+35

Weno (Vi jir, - - -, Vij—ri2)-

3. Calculate u=, . =u (W?‘L ) and u* 1 =u <vjE >

+

i+, i+, ij+ ij+s

4. Calculate the numerical fluxes f;, 1 ; and g, ;,1 to evolve the scheme (5.18) in
27 > 2

time.

We adopt the same time marching approach in the algorithm as in the one space

dimension.

5.4 Numerical tests

In this section, we study the accuracy, efficiency and essentially non-oscillatory
performance of the algorithm established in the previous sections, and compare
them with those of the component-wise and local characteristic decomposition based
WENO methods. For convenience, the component-wise WENO), local characteristic
decomposition based WENO and Riemann invariants based WENO methods shall
be abbreviated to CW-WENO, LCD-WENO and RI-WENO, respectively. We adopt
the Lax-Friedrichs flux as the lowest order term in the flux (5.15). The numerical
tests are carried out for examples given in Section 5.2, except for the first one, as

the RI-WENO and LCD-WENO are exactly the same for linear hyperbolic systems.
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Example 5.4.1. (Accuracy and efficiency)

In this example, we compare the accuracy and efficiency of RI-WENQO with those
of the CW-WENO and LCD-WENO for the one dimensional shallow water equations
(5.5).

It is easy to verify that, if v(z,t) is a classic solution of the inviscid Burgers’
equation vy + (%)w =0, then h(z,t) = 5v*(z,t) and u(x,t) = 2v(x,t) are solutions
of the shallow water equations with the gravitational constant g = }1, thus we let
v(x,0) = %sin(m) + 1 to determine the corresponding initial conditions of h and u.
We set the the domain Q = [0,2n] and enforce the periodic boundary condition in
the tests. The CFL conditions are taken as At = ﬁAx%% in accuracy tests and

max

At = go—Ax in efficiency tests, where Apay = || (Jul + v/gh) ||, and the terminal

time is T = 0.1.

The errors and orders of convergence of CW-WENO, RI-WENO and LCD-
WENO for h are given in Table 5.1, from which we can clearly observe that RI-
WENO has the same orders of convergence as those of CW-WENO.

Moreover, we compare the CPU times of CW-WENO, RI-WENO and LCD-
WENO on different grids for different orders. The code is run on Oscar[1] with
1 core and 8 GB memory, and we count the CPU times by taking the average of 1000
trials of the complete computation. The results are given in Table 5.2, from which we
can see that RI-WENQO has roughly the same efficiency as CW-WENQO while reduces

considerable computational costs from LCD-WENO.

Example 5.4.2. (Shallow water equations in one dimension)

In this test, we compare the essentially non-oscillatory performance of RI-WENQO



method CW-WENO RI-WENO LCD-WENO
r N L' error order L' error order L' error order
3 20 5.08E-04 - 1.07E-04 - 1.29E-03 -
40 1.53E-05 5.06 3.12E-06 5.10 9.23E-05 3.80
80 4.12E-07 5.22 9.18E-08 5.08 6.03E-06 3.94
160 1.16E-08 5.16 2.79E-09 5.04 3.64E-07 4.05
200 3.71E-09 5.09 9.28E-10 4.93 1.23E-07 4.87
4 10 4.09E-03 - 8.43E-04 - 4.53E-03 -
20 7.82E-05 5.71 6.90E-06 6.93 2.88E-04 3.98
40 7.66E-07 6.67 6.42E-08 6.75 1.78E-05 4.01
60 5.81E-08 6.36 5.61E-09 6.01 3.63E-06 3.92
5 10 1.75E-03 - 3.42E-04 - 2.12E-03 -
20 8.11E-06 7.76 8.91E-07 858 3.89E-05 5.77
30 1.87E-07 9.30 2.04E-08 9.32 3.26E-06 6.12
40 1.41E-08 9.00 1.28E-09 9.62 3.65E-07 7.61
6 12 2.11E-04 - 3.86E-05 - 2.84E-04 -
20 1.93E-06 9.20 2.68E-07 9.73 9.25E-06 6.70
30 1.89E-08 11.40 2.92E-09 11.15 4.76E-07 7.32
40 9.34E-10 10.46 1.09E-10 11.41 3.81E-08 8.78

Table 5.1: Accuracy of h of different WENO methods in Example 5.4.1

method CW-WENO RI-WENO  LCD-WENO

r N CPU time (s) CPU time (s) CPU time (s)
3 50 1.58E-03 1.74E-03 3.55E-03
100 6.22E-03 6.52E-03 1.44E-02
150 9.94E-03 1.07E-02 2.77E-02
200 1.72E-02 1.84E-02 4.87E-02
4 50 2.78E-03 2.97E-03 5.27E-03
100 1.08E-02 1.13E-02 2.11E-02
150 2.03E-02 2.10E-02 4.35E-02
200 3.35E-02 3.69E-02 6.76E-02
5 50 3.78E-03 3.95E-03 6.50E-03
100 1.47E-02 1.52E-02 2.60E-02
150 2.88E-02 2.96E-02 5.42E-02
200 4.65E-02 5.18E-02 8.38E-02
6 50 4.84E-03 5.01E-03 7.94E-03
100 1.90E-02 1.95E-02 3.18E-02
150 3.81E-02 3.88E-02 6.71E-02
200 6.57E-02 6.76E-02 1.03E-01

Table 5.2: CPU times of different WENO methods in Example 5.4.1

193
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with that of CW-WENO and LCD-WENQO for the shallow water equations (5.5) in

one dimension.

We first solve a Riemann problem with g = 10 and the initial condition

0.125, <0
h(z,0) = , u(x,0)=0,

1.000, >0

on the domain = [=5,5] with the partition N = 200. The plots of h of different
methods at 'T' =1 are compared in Figure 5.2, where the reference solution are given

by the exact Riemann solver.

We then solve a periodic boundary problem with g = 1 and the initial condition

20, O0<zxz<10
h(z,0) = , u(z,0)=0,

1.5, 10<x <20

on the domain Q = [0,20] with the partition N = 200. The plots of h of differ-
ent methods at T' = 20 are compared in Figure 5.3, where the reference solution is

obtained from the fifth order LCD-WENQO on a grid containing 10000 cells.

By comparison, we observe the essentially non-oscillatory effect of RI-WENO 1is
much better than CW-WENQO, and similar to LCD-WENO.

Example 5.4.3. (Shallow water equations in two dimensions)

In this test, we compare the essentially non-oscillatory performance of RI-WENO
with that of CW-WENO and LCD-WENQO for the shallow water equations (5.6) in

two dimensions.
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Figure 5.2: Solution h of different WENO methods for the Riemann problem in
Example 5.4.2.
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(a) CW-WENO, r =3 (b) RIFWENO, r = 3 (¢c) LCD-WENO, r =3

(d) CW-WENO, r = 4 (e) RI-WENO, r = 4 (f) LCD-WENO, r = 4

(g) CW-WENO, r =5 (h) R-WENO, r =5 (i) LCD-WENO, r = 5

(j) CW-WENO, r = 6 (k) REWENO, r = 6 (1) LCD-WENO, r = 6

Figure 5.3: Solution h of different WENO methods for the periodic boundary prob-
lem in Example 5.4.2.



We solve a periodic boundary problem with g =1 and the initial condition

(

2.5,

2.0,
h(z,y,0) =

0.5,

1.5,

\

0<z<10,0 <y <10
0<x<10,10 <y <20
10<2<20,0<y <10

10<2<20,10 <y <20

on the domain Q = [0,20]* with N = M = 200.

?

u(z,y,0) =v(z,y,0) =0,

197

The contours of h of different methods at T' =5 are shown in Figure 5.4, from

which we can observe oscillations in the fourth quadrant in CW-WENO are elimi-

nated by RI-WENO and LCD-WENQO. Moreover, we plot the cut of h along y = 10

for different methods, and compare them with the reference solution obtained from

the fifth order LCD-WENQO on a 1000 x 1000 grid in Figure 5.5, from which we can

see the mon-oscillatory fashion of RI-WENO.

Example 5.4.4. (Equations of electrophoresis)

In this test, we compare the essentially non-oscillatory performance of RI-WENO

with that of CW-WENO and LCD-WENO for the electrophoresis equations (5.7).

We solve the three-component periodic boundary problem with the electrophoretic

mobilities ¢y = 2,co = 4,c3 = 5, and the initial condition

1

Y

ul(x70) =
0.01,

O<z<3

§<x<27r

,UQ(I‘,O) -

on the domain Q = [0, 27] with N = 200.

L

001, 0<z<?

7U3(I70) = 17

?’7”<:13<27T
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(a) CW-WENO, r =3

) CW-WENO, r =5

a
20
26
24
22
2
5 I
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f 14
2 12
o '

)

(j) CW-WENO, r = 6 (k) RLWENO, r = 6 (1) LCD-WENO, r = 6

Figure 5.4: Contours of h of difference WENO methods in Example 5.4.3.



199

(a) CW-WENO, r = 3 (b) REWENO, r = 3 (¢) LCD-WENO, r = 3

(d) CW-WENO, r = 4 (e) REWENO, r = 4 (f) LCD-WENO, r =4

(g) CW-WENO, r =5 (h) RI-WENO, r = 5 (i) LCD-WENO, r = 5

(j) CW-WENO, r = 6 (k) RLWENO, r = 6 (1) LCD-WENO, r = 6

Figure 5.5: Cut of h along y = 10 of difference WENO methods in Example 5.4.3.
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The plots of uy of different methods at T = 0.5 are compared in Figure 5.6, where
the reference solution is obtained from the fifth order LCD-WENO on a grid con-
taining 10000 cells. The results of RI-WENO apparently have much less oscillation
compared with those of CW-WENQO and similar fashion with LCD-WENO.

(a) CW-WENO, r = 3 (b) REWENO, r = 3 (¢) LCD-WENO, r = 3

(d) CW-WENO, r = 4 (e) RI-WENO, r = 4 (f) LCD-WENO, r = 4

(g) CW-WENO, r =5 (h) REWENO, r =5 (i) LCD-WENO, r = 5

(j) CW-WENO, r = 6 (k) RLWENO, r = 6 (1) LCD-WENO, r = 6

Figure 5.6: Solution u; of different WENO methods in Example 5.4.4.

Example 5.4.5. (Equations of planar electromagnetic wave)
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In this test, we compare the essentially non-oscillatory performance of RI-WENO
with that of CW-WENQO and LCD-WENO for the planar electromagnetic wave equa-
tions (5.8). One can check that, if the electromagnetic energy satisfies w =r® for
some a > 0, the 1, 2-Riemann invariants of the smaller hyperbolic system in FExample
5.2.4 have the expressions w3(p, q) = p—qG '(log %) and wy(p, q) = p+qG~*(log %),

where G(+) is defined in the Appendixz C.2.
We solve the periodic boundary problem with o = 2 and the initial condition

1, O<z<?2
Bl<ZL’,O) = s BQ(.’I),O) = D1<ZIZ',0) = DQ(Z’,O) = 1,

0, 2<x<4

on the domain Q = [0, 4] with N = 400.

The plots of Dy of different methods at T = 0.3 are compared in Figure 5.7, where
the reference solution is obtained from the fifth order LCD-WENO on a grid con-
taining 10000 cells. From the comparison, we can see that RI-WENQO has excellent

essentially non-oscillatory performance.

5.5 Concluding remarks

In this chapter, we establish a local characteristic decomposition free WENO method
for hyperbolic system of conservation laws endowed with a coordinate system of
Riemann invariants. We apply the WENO procedure to the coordinate system of
Riemann invariants instead of the local characteristic fields of the hyperbolic sys-
tem, thereby the efficiency is improved significantly. Due to the nonlinear algebraic

relation of Riemann invariants and conserved variables/fluxes, we have to adopt the



(a) CW-WENO, r = 3

(d) CW-WENO, r = 4

(g) CW-WENO, r =5

(j) CW-WENO, r = 6
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) ;
m/
oo/

(b) REWENO, r = 3 (¢) LCD-WENO, r = 3

(e) REWENO, r = 4 (f) LCD-WENO, r =4

(h) R-WENO, r =5 (i) LCD-WENO, r =5

(k) REWENO, r = 6 (1) LCD-WENO, r = 6

Figure 5.7: Solution D; of different WENO methods in Example 5.4.5.
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interpolation based alternative formulation of finite difference WENO method. Nu-
merical tests show that the Riemann invariants based WENO method has optimal
order of convergence and roughly the same efficiency as that of the components-
wise WENO, but its essentially non-oscillatory fashion is similar to that of local

characteristic decomposition based WENO.



CHAPTER SIX

Conclusion
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This dissertation is based on the work in [87, 86, 85, 84|, with the main con-
tributions on designing third order bound-preserving Lax-Wendroff discontinuous
Galerkin methods for scalar conservation laws and the Euler equations, establishing
positivity-preserving discontinuous Galerkin methods for stationary hyperbolic bal-
ance laws, and proposing an efficient (local characteristic decomposition free) finite
difference weighted essentially non-oscillatory scheme for the systems of hyperbolic

conservation laws endowed with a coordinate system of Riemann invariants.

In the first topic of this dissertation, we have designed third order maximum-
principle-satisfying DG methods for scalar conservation laws and positivity-preserving
DG methods for the Euler equations based on the Lax-Wendroff temporal discretiza-
tion, within the Zhang—Shu bound-preserving framework [93, 94]. For the first order
spatial derivatives in the equations, we adopt the classic Lax-Friedrichs flux used
in the bound-preserving work[93, 94], so that the proofs of the bound-preserving of
this part can be omitted. The main difficulty of the bound-preserving Lax-Wendroff
DG methods is the appearance of high order derivatives and mixed derivatives (in
high dimensions) resulting from the Lax-Wendroff procedure. We adopt the bound-
preserving DDG flux in [11] and the average fluxes to discretize the second and third
order derivatives, respectively, such that the high order part is also bound-preserving.
As for the mixed derivatives, by carefully designed expansions of high order temporal
derivatives, we avoid their appearance in our numerical schemes, which is the key to
the success of bound-preserving in high dimensions. Finally, we prove that, under
suitable CFL conditions, the cell average of the LWDG scheme at the next time step
is bounded, provided the solution stays in the desired bounds at the current time
step. The scaling limiters, which were proved not to affect the high order accuracy
and mass conservation of solutions, can then be used to enforce the bounds for the

whole solution at the next time step, hence closing the loop of the bound-preserving
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LWDG algorithm.

For stationary hyperbolic equations, it is known that their physical solutions are
nonnegative, provided the corresponding boundary conditions and source terms are
nonnegative. In the second topic, we establish the positivity-preserving DG meth-
ods for this kind of equation. We first follow the studies of Yuan et al. (2016) [90]
and Ling et al. (2018) [46] in the Zhang—Shu bound-preserving framework [93], to
rigorously preserve the positivity of cell averages of the designed DG scheme so that
the conservative scaling limiter can be used to attain positivity without affecting
accuracy. Via suitable quadrature rules in the DG formulation, we have successfully
constructed the positivity-preserving scheme with the accuracy of arbitrarily high
order for the variable coefficient equation (3.1) with A = 0, and second and third
orders for the variable coefficient equation (3.1) with A > 0 and the nonlinear equa-
tion (3.2) with A > 0, in one space dimension. Moreover, we have proposed the
positivity-preserving scheme for constant coefficient equations with arbitrarily high
order accuracy in two space dimensions and arbitrary odd order accuracy in three
space dimensions. In a further study of this topic, we clarify a more appropriate
definition of mass conservation for stationary hyperbolic equations. Instead of pre-
serving the cell averages as we did in the previous work, we preserve the sum of the
cell average and outflow fluxes in each cell. Novel conservative positivity-preserving
limiters are proposed to accommodate the new definition of conservation, and their
accuracy is investigated. The genuinely conservative high order positivity-preserving
DG methods are established based on this definition. The new methods are able to
preserve the positivity of more general types of equations with much simpler imple-
mentations and easier proofs for accuracy and the Lax-Wendroff theorem, compared

with the previous methods.

In the last topic, we propose a local characteristic decomposition free finite dif-
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ference WENO scheme for a particular class of systems of hyperbolic conservation
laws, including the shallow water equations, equations of electrophoresis, and the
planar electromagnetic waves in isotropic dielectrics, etc. As observed from numer-
ical practices, e.g. [51, 59|, the reconstruction performed on conservative variables
is worse than the reconstruction on characteristic variables for the shock capturing
fidelity of numerical methods for hyperbolic systems. Due to this reason, the local
characteristic decomposition technique is widely used in the computation of com-
pressible fluid dynamics, though it is computationally expensive. The main goal
of our work is to find an alternative to the characteristic variables in the WENO
reconstruction/interpolation procedure to avoid the expensive computational cost
spent on local characteristic decomposition. As analyzed per the example of Rie-
mann problems, the coordinate system of Riemann invariants admits only one major
discontinuity in each component, thus it is expected to provide good shock captur-
ing fidelity when WENO procedure is applied to it. We have verified this conjecture
through extensive numerical experiments. By comparison, the Riemann invariants
based WENO method has roughly the same efficiency as that of the components-wise
WENO, which saves roughly half of the simulation time from the local characteristic
decomposition based WENO scheme, but its essentially non-oscillatory fashion is

similar to that of the local characteristic decomposition based WENO.
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A.1 Skipped details of CFL conditions and proofs
of bound-preserving for the scalar conserva-

tion law and Euler equations

A.1.1 Constants in the CFL condition (2.29)

Denote

le = maX,,<u<yr | f'(u)],

Mgf = maX,<u<ny | [ (w)],

M} = max,,<u<um |9'(1)],

MY = maxp<u<nr |¢" (u)],

then the constants )7 and )y in the CFL condition (2.29) are defined as:

Q1 = min{q], g5, ..., g3}, where

qi = ﬁ min, w.,
1_1 413

© = T5—m +im]
1 1 2-8pB1

4 = 420(M—m)MJ{+3M]’
1_ 1 Bo—3+4p1

94 = 1 15(M —m)MJ +4 M{’
1_1 &

%=1 M{ (Bo—1+4B1)1/2"

.1/2
O,

U = 407 (624p1)172

Q2 = min{q¢?, 43, ..., q2}, where

—
—_

_ 1 . A
T = gy My Wy,

@2 =1 4B1—3

2 7 45(M-m)ME+4M7’
q2 _ 1 2-8p1

37 420(M—m)M§+5 MY’
q2 _ 1 Bo—3+4p1

47 415(M—m)M§+3 M’

.1/2

2 __ 1 Wi

U = 47— 1ap) 72
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.1/2
N,

2 1 "Ng
96 = 127 (6-2451)172

Define

¢ = MM + Qy(10(M — m) M MIMS + 5(M — m) MM + 207 M9?),
eo = M MY+ Qu(10(M — m)M{ MIMS + 5(M — m)M{* Mg + 207 M),
then @3 and @4 in (2.29) are defined as:

Q3 = mln{Q%v qga Q§7 Qi’}y where

3 _ wi

il 201 ak+4Q2cr ?
3 (Z)uIJNq

9 = 20N, 0z +4Q2c1’

1

3 _ d)lay
q3 - 2¢o
- 1
q3 _ YN¢™y
4 2¢co

Q4 = mln{‘]%v qgv Q§7 qg}v where

2

4 _ w3
gl 25-7101@1,+4Q1 c2’
4 LZ)uZJNq
= 20N, a5 +H4Quc”’
A1
4 _ wioy
q3 - 2¢1
4 o U:JNqOé;
4s = 2c1

A.1.2 Coefficients in the expansion (2.30)

For convenience, we introduce the constants

d} =2L' (7)), dJ=2Ly(7,), di=2L,(#), =12 .. ,2N,—1,

where L_y, Ly, Ly are the Lagrange basis in (2.15) and {7,y =1,...,2N, — 1} are
the Gauss-Lobatto points on [—1,1]. It is clear that |d]| < 4, for ¢ = 1,2,3,vy =

1,2,...,2N, — 1.



The coefficients z1, ..., z14 3 in the expansion (2.30) are defined as follows.

] 2N,—1
~ 1 ~
21 =My <§w10¢x + Ay E wg X

B=1

1 At A
(——f’g’df + 35 (6199w, + 39” f"uy)d) + My f'g ’2) (1 ya))

4
] 2N,—1
2o =Ny ( quozm—f—/\ Z wg X
B=1
1//B At SN/ 12 el 153 ! 12 — ~
—1[9dy + 5 (699 uy + 397 uy)dy — 27, 9" ) (271, 98)
1 2N,—1
Z23 :)\x (5(2]2]\[(110(; + )\y Z (:Jﬁx
B=1
1//ﬁ At ! 12 ¢ B /2 - ~
—1 95 + 5619 uy + 397 f uy)ds + A fg” ) (21, 8)
] 2N,—1
Z4 :ZA%__Axwla +)\ A Z (A)BX
B=1
1 R
(_Zf/g/dﬁ (6f/g/g//uy + 3gl2f//uy)d5 + )\yf/ /2) (.l’j__%,yﬂ)
] ] 2N,—1
2 =010N, = SAaBN,0p + Aa)y > @
B=1
1 .
(_Zf/g/dﬁ (6f'g'g"uy + 3g/2f//uy)d,3 2)\yf/ /2) (:L’::%, yg)
] ] 2N,—1
% =7 D WaN,—1 — 5%@21\@—104; + Az Ay ; wg X
1 N
(_Zf/g/dﬁ (6f/g/g//uy + 39/2f//uy)dﬂ + )‘yf/ /2) (l’;—_%,y/g)
2N,—1
27 = 10.)2Nq 1 — —)\xwla +)\ )\ Z W5X

B=1

1.
4
1 At - .
(4f/g/d,f _ E(Gf'g’g"uy + 3gl2f”uy)df yf/ /2) ($i+%’ y,B)

212
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1 1 2N, —1
2 =N, Ban, -1 — SAeDN, 0 + Ay ; (g X
1//B At /i 12 el B ! 12 - ~
19— 5 (6199 uy + 397 [Muy)dy +2X, f'9" ) (271, 9s)
1 1 2N,—1
29 ZZ@QNq—lfszNq—l - 5)\90@2Nq—105; + A2y Z wg X
p=1
1 At .
<Zf/g/d§ _ E(6]43/g/g//uy + 39/2f//uy)d,3 A f/ /2) ($i+%,y5)
1 2N, —1
210 :)\3: (5(1)1@; + )‘y Z C:)BX
ps=1

1 A
<4f/g/ B (6f/g/g//uy + 3g/2f”uy)df yf/ /2) (l‘:r%, yg))

2N,—1
211 :>\a: ( CUN ax+)\ Z wﬁx
<Zf/g/dg _ E(6f/g/g//uy + 3g/2fﬂuy>dﬁ + 2/\yf/ /2) (:L‘;:_é,ﬂg))
] 2N,—1
Z12 :)\x (5@2]\@1@315 + )\y Z L:JBX

B=1

1 At N
<—f’g’d§ . E(6f/g/g//uy + 3g/2f//uy)d§ yf/ /2) (xiké’yﬁ)) ,

4
1 ~ )\33 1
213,8 :ZWQNq—l - 70%
1. Ao 1
214’5 :Z—Lwl — 7042

Moreover, we have the following lower bound estimates for zi,..., 2145 under the
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CFL condition (2.29).

21 > A, <%d}1ai — Ay X

(M{Mf + Qo(10(M — m) M MIMZ + 5(M — m)MI*MJ) + QQleMlg2>> >0
2o >N, <%6JN(104316 — Ay X

(M{Mf 4 Qo(10(M — m) M MIMZ + 5(M — m)MI* M) + 2Q2M{M192)) >0

1.
23 >\ <§W2Nq104i — Ay X

(M M7 + Qa(10(M — ) M MY M + 5(M — m)M{* M) + Qo M{ M) ) > 0

1., 1. .
Z4 Zzwf - QAzwla; — AQax
(M ME + Qo (10(M — m) M MEMS -+ 5(M — m)MP* M) + QaM{ M) = 0
1 1
25 22010N, = 5 AN, 0 — Ae@aX
4N T G AN
(ML + Qu(10001 = ) M{MEME + 5001 = m)MEAR]) + 2020 M) 0
1

Al - 1
26 ZZWIWZNq—l — 5)\xw2Nq—1% — AeQ2 %

(M{Mf + Qo(10(M — m)M{ MIMS + 5(M — m) M M) + QQM{MfQ) >0
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1. . 1, .
27 ZZW1W2NQ—1 - 5)\93@0104915 — AeQ2 ¥

(M 0+ Qa10(M — ) M{ MYME + 5(M — m) MIM]) + QuM{ M) 2 0

28 ZZqud&Nq—l — 5)\x@Nq04915 — AeQ2 X
(M{Mf + Q2(10(M — m) M MIME + 5(M — m)M?* M) + 2Q2M{M192) > ()
1., 1

29 E_WQN -1 _)\:cCD?N _104310 - >\$Q2X
42N 2 !
(M M + Qo(10(M — m) MY MIMS + 5(M — m)MP M) + QaM{ M{*) > 0
1
210 2> Ay (5@1%13 — Ay X
(leMf + Qo(10(M — m)M{ MIMS + 5(M — m)M?* M) + Q2M{Mf’2>) >0
1
211 >Ny (g@Nqai — Ay X
(leMlg + Qo(10(M — m) M MIME + 5(M — m)M?* M) + 2Q2M1fM192)> >0
1

- 1
212 >Ny (észq—wéw — Ay X

(M M+ Qu(10(M — m)M{ MM -+ 5(0 — m)MEAL]) + QoM M) ) > 0

and 2138, 2148 > 0, V}.
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A.1.3 Coefficients in the expansion (2.41)

The coefficients of the expansion (2.41) are

210 :)\2 (

bo |2

(451 = )+ B+ )y + X0 )

i Iy A
= (%(2_8@ - G )y~ 2 ) e
a2 (Y - A, - 4 At - e ) e
=¥ (200 = 3 +450 + e+ ) N
1. 3 At _
A3 = W1~ \? (%(451 - ) (50 -5t 4p1) + 57(3 +7) (us); i
At?

S
M\H

N——
Ntk
=

+ 2ty + Ao
o /Y (Uan) 1+ 47(3+7)(u$)j_%+huj+ M

1. ) t.
214 =—WN, — 22 (2(2 —801) + %(2 —801) — —9(B+1) (ux)jt%

4 2 3
At
~ 3B+ ) () — 2V, + 2907, )¢
1. ; 3 ; 1. A
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At LAt . . o\ -
B8 () + 255 + ) (), — Mu, + mﬁ;) .
j 3 At? At
216 =\ (%(6 =5 48 - 5 (ta) ;1 + - 1B +7) (ta)jy 1 — My > €l

3 At .
217 =\2 (% (2—-3881) — ?7(3 +7) (u ) I 2)‘7“;;9 €j+1

) At _
218 =A? (% 451__ 12 Y3 +7) (u ) —/\’yu %> €42
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Under the condition A < min{qr, s, g9, q10, q11 }, We have the estimates as follows

210 >A\? (

. At A
2 2N (%(2 = 801) = 5 VG + )llualloo — 2M||U!|oo> ¢j-1 20,

N [ 2>

2

1 At
(461 = ) = T3 + Dl = Killulla ) - 2 0,

A3+ 7)o loe — M||u||oo) -, >0

N[

A At? t
212 2 (5(50 —=—+ 51) - _'7'7““&:1:“00 e

12X

z13 2

1
4
5 Af? At
(B0 — 24850 + Tl + 4G+ llucllo + 20l )l 2 0,

1. R 2At .
s 2qow, — ¥ (302 880 + 25556 4 Dl + ¥l ) el 2 0,
L. 2
215 24_1 ON,—1 — A”X
A At? At X
(3060 - 24 880 + T lnallos+ 536 + Dl + 20l ) el 2 0,
o (A 3 At? At ot
10 20 (30— 3 +481) = Tyrillulle = FAG+ Dl — Ml ) £, 2 0
A At | .
w1 20 (22 - 880 = 4G+ sl ~ 2l ) €01 2 0,
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20 (205 - ) - A6+ Dl ~ Mlulle ) 5, 2 0

A.1.4 Constants in the CFL condition (2.55)

Q, = min{qi,q3,...,qi,}, where

1 l 6(ﬁ0*%+4:81)
qs = 4 Ax2?||uzz||oo +H6AT||Uug || oo +4|[u]|oo ?
1_1 3(2—8p1)
93 = 1 1Al [ual[Hull0)
1_1__ 36hi—y)
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1

1 _ 1 w1 2
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1 1 WNg
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31145 1so)
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A.1.5 Coefficients in the expansion (2.57)

The coefficients z1, ..., z16 3 in the expansion (2.57) are defined as follows.
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Under the CFL condition (2.55), we have the following estimates.
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A.1.6 Constants in the CFL condition (2.58)

The constants appearing in the CFL condition (2.58) are defined as follows
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A.2 Derivatives in the Euler equations

To simplify the derivation and coding, we need to compute a lot of intermediate vari-
ables before finally obtaining my, my, myy, (and ng, ny, ny in 2D), and Ey, By, Ey
to be used in the Lax-Wendroff procedure. The expressions of the intermediate and

target variables are given as follows.

A.2.1 One dimensional space
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Myt = (’YEtt 43 Vm U + _mutt +(3— ’Y)mtut)
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A.2.2 Two dimensional space
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A.3 Maximum-principle-satisfying LWDG schemes
for scalar conservation laws in one dimension

on nonuniform meshes

We have discussed the bound-preserving LWDG schemes on uniform meshes in Sec-
tions 2.2 and 2.3. In this appendix, we show how to extend the technique to nonuni-
form meshes. For simplicity, we only consider the scalar conservation law in one space
dimension, but the same methodology can be adopted to construct bound-preserving

schemes for the Euler equations and multi-dimensional spaces.
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We first introduce a direct extension of the maximum-principle-satisfying LWDG

from uniform meshes, which is simple and efficient but has constraints on mesh sizes,

: 1
1.€. 5 <

Azjqa

o < 2,Vj. Another way of extension is based on the composite Gauss-
J

Lobatto rule, as used in [11], which removes the constraints on meshes but is less
efficient. In practice, we recommend to combine both in the way that the composite
Gauss-Lobatto rule is only used on the cells where it is necessary, i.e. the cells that

AijLl

violate % < 2.

A.3.1 A direct extension of the maximum-principle-satisfying

LWDG scheme from uniform meshes

We define the DDG flux on nonuniform meshes as

R [u]j 11
Gt = 50,J+2A - +{ Uatjpt + B 1 A5 1 [Uea]ji (A1)

where Az;,1 = min{Az;, Ar;y,} and 50,j+%751,j+%7j = 1,2,..., N are penalty

M

parameters satisfying (A.2) for the purpose of maximum-principle-preserving.

1 Al'] A.’L’jJrl 1 . A$] Al’j+1 .
il <B,..1<= Y
3 max ij+% ) AZU]_,’_% } 617]4-% 4 mln{A ]+% ) Aﬂj’]_i_% }7 Js
2 (A.2)
TR ot SPR e IS i SUPPN 1M 3}, v
0.d+s 2 Az, Lity Ar? 72 Awjy Lits

J ]-‘r].

Note that to make sense of (A.2), the nonuniform meshes must have a mild

change in mesh size, i.e. 3 < X'—gl < 2,Vj.

Similar to (2.13), we have the expansion of the DDG flux on nonuniform meshes.

Lemma A.3.1. For u € V, the DDG fluzx @ijf defined in (A.1) can be expanded
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on nonuniform meshes as

gy =( S 4517]-%ij+%)”+ L+ (= 2 3BT u;
3 2Az; Aa:? j—% N ijz

+ (—20’”; oo 461”%%*5 u,
Tiyl 2Ax; ij j+i
gt o3 BB
Amﬂ% 20z Ax?, j+3

y 2 851,j+%A$j+%)u'+l + (- 1 N 40y j 1 Awj s -

Az Ax?_H J 2Ax 44 ij?_H j+3

(A.3)

The proof follows from direct computation and the fact that w is piecewise

quadratic.

We now state the main result.

Theorem A.3.2. Given m < u" < M and the DDG fluz (A.1) with parameters
(A.2), the cell averages ﬂ?“,j = 1,2,..., N of the solution of scheme (2.8) are

bounded between m and M under the CFL condition (A.4):

At S min{qh q2, ... 76110}7 (A4)

1

_1Ag, _1lAg,
Brjr i A1 38 Bt 1A 1~ 3R+

) 4 4
— 9 mins AT ge — mins — min.
where g1 = 53 min; Az, ¢o = min,;{ ST Mo TE }, g3 = min;{ SO Vs

= min~{2ij_8ﬁ1’”%Ax“% } = min; QijH_Sﬁl’j*%Axﬁ%}
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Arj 3 27543
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. Boj+l 57 BRI RS vy A
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1
3
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3(5017% Az 1 _§+4613 1AL )+3(461,J+% Az 2)
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=

1 2quAl‘J
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Proof. We have exactly the same results as in (2.17), (2.18), and (2.19), except that

the coefficients in (2.19) are now
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It can be verified that

1 Ng—1 2Ng—2 1
22 bty 2 Gtatat. ta=g
=2 Y=Ng+1
and
A2 Az, 1Az; 1 Ag; At Az
2 i B i -
21 szf, j—1 ((451,]'_; A2 ) - éijjl) - 5(M o m)Mzij 1 A$j]1
2 B _ _
Ay BT A fP1(48 DAY 1 An
3 1A$?_1 4 j*% Lj—% Ax?—l 2ACL’J’_1 -
A2 Az, Az._1Ax; At Ax;
2 I
a2 5 <(2ij31 ~ 8 T AR . )~ 200 - m)MQA%‘ 1 A%‘Jl
— ]— - -
8\; Az} A ot Az; ij_%Aa:]
B R R b S RV S
> 2 1 J ] —
z3 = 4 f J—3 <(ﬁ0]_;AJ}‘7_é QA{L‘j_l +4/81] 3 Angl )
At Az 4N Ad?
—15(M — m)M. = My
( m) Arj Az 3 0A ?—1)
2
A 3 Az Az 1Ax;
J pr2t J J I3
1 1 - = 4 1 >0
+ 4f -3 (B Az 20z RRES Arj_) )20
1 )\2 Al‘ 3 Am _1
> — L M? 1 = ppu——
Z4 2w1 4 M1 (ﬁoj §ij_% 92 61,]75 Al’j )
A2 Az; 3 ATy Sy
i ((/6’()]-2 Au; "2 PR, ) B mm)Ma 4 M,
J—3 J
22 Ar.. .1 1 4\,
J 2 It J
— M (“5 W+ g, T ) T OM —m)Mes + SRy
)\2 Ax. 1
J ar2 Jts
2 Mi(46, AL, 520,
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3
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j—f—l AI] ) Z 07
Ax. 1 1
j—i
(461,3'75 Al’jQ - 5)

2 A 3 Ax;,

— Mt e B Y ' SURIETVS Y My
4 1 ((50,]+2 ij—i-l 2 + ﬁl,j+§ A]?] )+ ( m) 2Aj +
\2 Ar 3 Ax;

— = 4B, — 12 >0
1 1(50,]+§ A$j+2 5 + 51,]+§ Az, ) =0,

sz/2_ (ﬁ Axﬂ o § Ax] 45 . Ax]AxJJFI

47 a+\P0g+ Ax 2Axj 4 Lits ijz-H
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A2 Ax;
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under the CFL condition (A.4).
Since II can be written as a half of a convex combination of point values of u", we

still have $m < IT < £ M as before, which implies . < @' < M,j=1,2,...,N O

A.3.2 A maximum-principle-satisfying scheme on arbitrary

nonuniform meshes

To construct the maximum-principle-satisfying scheme on arbitrary nonuniform meshes,

we shall first introduce the composite quadrature rule to be used. Define Ax; 4=

1o <1 _ ~2 1 ~3 _

3 min{Ax;, Az;1 } and denote by @ = w(w;_1—Ax; 1), 05 = u(w;_1—3Ax; 1), 05 =
1 ~4 ~5 _ =6 _

u(a:jfé + QA:cjfé),uj = u(:z:jfé + Aq:jf%),uj = u(:cﬂ% Axﬂ%),uj = u(a:j+%

1 ST 1 =8

QA:UJ»JF%),uj = u(xﬁ% + QijJr%),uj = u(xﬁ% + Az %) for the cell I;.

We adopt the composite Gauss-Lobatto rule as follows: The interval I; is divided

into three subintervals, i.e. I; = [z; 1, 2; 1+Ax; 1]U[z; 1+Az; 1@ — Ay ]
2 2 2

1
=37

[xj+% — A:pﬁé,xﬁ%], and each subinterval is assigned with the 2Nq — 1 Gauss-

Lobatto quadrature rule, which results in the quadrature points {#, 7}, ... ,ié Nq_5}
and quadrature weights {&7,w), . .. ,(Dé qu5} on the interval I; as follows,
¢
:Ej_%—l—(“"“H)A 1 a=1,2,...,2N,
T, = T+ Az + (:va 2Nq+2+1> (ij — Az - Axﬂ%) a=2N,,...,4N, — 3,
| %5+ — Az 1+ <I°‘ 4Nq+4+1)ij+% a=4N,—2,...,6
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and
(Amj 1
2~ —
Az, Wa a=1,2...,2N,—2
ij_l ij 1 Az],+1
2 ° _ —2 _ 2 ~ — _
Am]- w2N‘1_1 + 1 Amj AZE]‘ CL)]_ X = 2Nq 1’
~j ij_l Axﬂ_l .
Wy = 1-— Aac]-2 — ijQ Wa—2N,+2 o = 2Nq, R ,4Nq — 4,
Ax. 1 Ax . 1 Az, 1
o i—3 Ji+3 ~ j+5 A o o
(1 Az, Az, ) WaN, -1+ R W = 4N, — 3,
ATl
20 —
A—Mwa_4Nq+4 a = 4Nq —2,...,6Nq —5,

respectively, where {Z,,a = 1,2,...,2N, — 1} and {0y, = 1,2,...,2N, — 1} are

the Gauss-Lobatto points on [—1, 1] and weights satisfying S22 &, = 1.

We redefine the DDG flux on nonuniform meshes:

_ [ul;+
x?_PQG = fo ]+2 +{ 96}]+1 + 51A$ [uim?]jJr%? (A5)
Ly 2

where [y, 1 are penalty parameters satisfying % < B < }1,60 > % —4By,5 =

1,2,..., N as in the uniform meshes.

Similarly, we have the expansion of DDG fluxes for u € V.

_ppg L 1 ~5 6 3 -
Ugjy 1 _ij+% (5 —4B)u’ + (861 — 2)a° + (—fo + 5 451)UJ+1

H— 3+ 400, + (28900 + (45— i)

and

R 1 1 5 5 3 _
UI?P;G ij ((5 - 451)U1 + (861 — 2)U2 + (=B + 5 451)%-,%

1
2

(o — 3+ 4B + (2~ 8B)E + (41 %)a‘l)
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The main result is as follows,

Theorem A.3.3. Given m < u" < M and the DDG flurz (A.5), the cell averages

vttt =1,2,...

; , N of the solution of scheme (2.8) are bounded between m and M

under the CFL condition (A.6).

At S min{qh q2, ... 7Q7}’ (AG)
where Az oy min; Az, 1 = 286, min; Az, 1
G = 33p 3 2= sir—myn T S50 B8 T so—myp S an, TN B4
50_54‘4/31 2

- (2 \? i
min; Az, 1, g5 = <3M12(ﬂo—%+4 1)> min; ATy,

@

U4 = T5(M=m)Mo+ 201,
1

B 2, 7. _ Jion '
6 = <3M12(2—8B1)> min Ay, 1, g = <3M12(461—%) min; Az, 1

N

Proof. We have exactly the same results as in (2.17) and (2.18), but now II is ex-

panded differently:

L Mo 2N~ | amd 5Ng—5 6Ng—5
E w%ﬂ—i—— E wJuV—l— g w%ﬂ—i—— E oﬂu”—i—— g uﬂu”
'y Ng+1 'y 2Ny 'y =4Ng—2 'y S5Ng—

~1 ~9 _
+ a1l + 2l + 2u_y 2 j + 25t + zgu?

1
2

N

~8
+ z7u + zSU + 29u 41 + 210u 11 + 211u + z12u”,
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where
“ Z%Aitéflzﬂ_—% (Wl N %) AL gty %Ait;f/j_—l)
Tar s )
% :%%f@; , ((2 860 AL e, A?jéf’;;)
o Ai:f”f_;@ - 85)
2z :%%f 1 ((ﬁo — g +4p51) + 3Atf" Lo 1+ %Aff% f’j‘_;)
P SIS R )
24 —%{ - %Aff—; f25-1(Bo = 2 5 T40)
_ %%f ]+ : ((50 3 +46;) + 3Atf”+ ;% — %Aff% f’j_;)
=gk~ Y a8
B %Afjéf&j : <(2_851) ALty gAféf’j—Q
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1 NoOAE L, 1 4 At
w5 T A <<451 T A ey 3R, 'J*%)
Jt3 Jt3
)\] At /2+
_ 2 4
1 Aa:j+%f 1(461 — )
1Aj )\j AN 92— "n— - 8 At =
%8 =5WsN,—4 T 4 Ar . f j+3 (2 —8f1) —4ALf jrileil = 3AL. 1 fj+%
Jt3 Jt3
A At
~ T 28
i+s3
1Aj )\j At 92— 3 "— — 4 At /=
o= 2 WoN,—5 T 4 Az, f its (Bo - 2 +4p) + 34t i+3 754 i gijJrlfﬂ_%
2
A At 3
“Une! - 2t
T3
/\j At 2+ 3 n+ 4 At 1+
T Ay, B A e m s
ey Aa:ﬁ%f J+%( 861)
/\j At 2+ n+ 8 At 1=+
D Re,, ) b\ B8 AT R A
2
/\j At 2+ 1 "+ 4 At +
* ZAIjJrlf ey | W= g) ALy gAlefﬁ%
4 2
One can verify that
Nq 1 2Ny —2 4Nq 5Ng— 6N —
DILIED DTS WEREE DTS o
7 Ng+1 7 2Nq 7 4Ng—2 7 5Ng—

+Zl+22+2’3+Z4+Z5+26+Z7+28+Zg+210+211+212:5,
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and

Ao At _ 1 At 4 At
21 2 J f/2~ ((451 — —) — 5(M — m)M2 . - = . M1>
2

— _1
4 Aa:j;% 73 2 A:UF% BAxﬁ
N OAL 1
7 1(48; — =) >
+ 4 ij_%f ]—5( ﬂl 2) - 07
)\] At 19— At 8 At
— 2 — —20(M — M- - = M
Zg 2 1 Aa:j"f j—1 ( 851) 0( m) 2A9€j,; 3A37j,; 1
2 2 2
)‘] At ot
-~ — >
4 Al'j_%f ]—%(2 851) Oa
)\j At 19— 3 At 4 At
2 ZZ—A%,;“’C -3 | (Bo =5 +461) = 15(M —m)M; Ao gijilMl
2 2 2
)\j At o+ 3
2 , _ =z >
4 Afcj_%f -3 (o =5 +45) 20,
1. XN At 3
>0 2 2 _Z
Z4 _2W1 1 ij_% M3 (Bo 5 +461)
)\j At 3 At 4 At
-2 M? — =~ 44 15(M — m) M- - M, | >
4 AQ:J;% ! <<5O 2 * ﬁl) + 5< m) ZA:UJ;% + 3A:Ij'j7% 1) o O’
1 . A At
>0 22 209 _
& _QWNQ 4 ij_% Mi(2 = 85)
)\j At At 8 At
-2 M2 (2 - 20(M — m) M. - M, | >
N 1 <( 831) + 20( m) Zij,l 34z, 1) 0,
2 2 2
1. A At 1
Z6 Z§W§Nq_1 - Z]ij—é M12(451 - 5)
)\j At 1 At 4 At
-2 M? | (48, — =) + 5(M — m) M- - M, | >0
4 A.%]f% ! <( Bl 2)+ ( m) Qijfé +3A:Cj7% 1) =

w A At 1 At 4 At
St A M2 | (46, — =) + 5(M — m)M. 5 M
71 Z5WiN,—s 1 (( A 2) +5( m) 2ij+% * 3Az; 1 '

NoOAE 1

4= —_ >
4 Aw. ;Ml(wl 2)—0’

j+3
1 . A At At 8 At
>0 _ M2 _ M — M. e
23 _2W5Nq74 1 ij+% 1 ((2 851) + 20( m) ZA%% + 3A$j+% M1>

NoOAE

A M2(2 — 83,) >
4 Az 12— 86) 20,



1. N At 3 At 4 At
>l -2 M — = +4 15(M — m) M. = M
29 —2w6Nq75 1 Axﬂ% 1 ((ﬁo 5 +4051) + 15( m) N + 3 AL, ) 1

J+3
N At 3
. M?(Bo — = +4pB1) >0,

B ZAJZH_% ! 2
A At 3
210 ZZJ A$j+; I i+l (Bo — 3 +4051)
2
A At oy 3 At 4 At
& L — 24 48) —15(M — m)M _Z M| >
+ 1 ij+%f jt+i (Bo 5 +451) 5( m) 2ij+% 3ij+% 1] >0,
A At
21 ZZ]A$]-+; fZip1(2=8p1)
2
A At ey At 8 At
— 1 2—8 —20(M — M. — = M| >0
1 ij%f itz ( 51) ( m) 2ij+% 3ij+§ 1] 2Y,
A At _ 1
>J 12” _ -

NoOAL 1 At 4 A

& o[ 48— 2) = (M = m) My — = My ) >0

T a Ar, e (W) T AWM mmMe e = g M) =0
2 2 2

under the CFL condition (A.6).

Therefore, we have m < ﬂ?“ < M,5=1,2,...,N following the same arguments

as before. u

A.3.3 Numerical tests on nonuniform meshes

We demonstrate the accuracy and effectiveness of the maximum-principle-satisfying

algorithm established in Section A.3.1 and Section A.3.2 on nonuniform meshes.

Example A.3.1. We solve the linear equation u;+u, = 0 in the domain Q = [—1, 1]

with periodic boundary conditions and discontinuous initial condition
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and take the terminal time T = 100 to show the effect of the maximum-principle-

PTESETVINg.

2

We solve the Burgers’ equation u; + (%) = 0 in the domain ) = [0, 27| with
initial condition uo(z) = 5 + sin(z) and periodic boundary conditions, and take the

terminal time T = 0.3 to show the accuracy.

For the algorithm established in Section A.3.1, we generate the nonuniform
meshes by adding uniformly distributed perturbation within [—0.1Az,0.1Az] on
the inner nodes of the uniform mesh. For the algorithm established in Section A.3.2,
we generate the nonuniform meshes by adding uniformly distributed perturbation

within [—0.3Az, 0.3Az] on the inner nodes of the uniform mesh.

The results are given in Table A.1 and Figure A.1, from which we can observe

the third order accuracy and maximum-principle-preserving effect.

Algorithm A.3.1 Algorithm A.3.2
N | L' error | order | L™ error | order | L! error | order | L™ error | order
20 | 9.33E-04 - 1.50E-03 - 1.19E-03 2.37E-03 -

40 | 1.15E-04 | 3.02 | 2.38E-04 | 2.65 | 1.44E-04 | 3.05 | 3.61E-04 | 2.72
80 | 1.41E-05 | 3.03 | 4.09E-05 | 2.54 | 1.90E-05 | 2.92 | 8.56E-05 | 2.08
160 | 1.73E-06 | 3.03 | 5.56E-06 | 2.88 | 2.01E-06 | 3.24 | 9.33E-06 | 3.20
320 | 2.11E-07 | 3.03 | 8.14E-07 | 2.77 | 2.72E-07 | 2.89 | 1.69E-06 | 2.46
640 | 2.59E-08 | 3.03 | 1.04E-07 | 2.96 | 3.23E-08 | 3.07 | 1.93E-07 | 3.13

Table A.1: Results of Example A.3.1, Burgers’ equation at 7' = 0.3



(a) Algorithm A.3.1 with limiter

15

1
o i ‘
o

(c) Algorithm A.3.2 with limiter

151

(d) Algorithm A.3.2 without limiter
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Figure A.1: Results of Example A.3.1 with discontinuous initial condition at T" =
100. N = 160. Solid line: exact solution; Squares: numerical solution (cell averages).
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B.1 The positivity of solution at downwind points

in one space dimension

In this appendix, we prove that the solutions of schemes proposed in Section 3.2 are
nonnegative at downwind points under certain mesh size conditions, provided the

positivity of the boundary condition and source term.

Theorem B.1.1. For the problem (3.1) with a(xz) > 0 and f,u(0) > 0, the solution

of the scheme (3.8) satisfies U1 >0,j=12,...,N, fork=1,2,3,... if A\ =0,
2

and for k = 1,2 if NAz; < 2mingey, a(z),j =1,2,..., N.

Proof. If A = 0, we take the test function w = 1 in the scheme (3.8) to yield the

equations

a(avj%)u;l = a(:r;jf%)uf +]€ fdx,5=1,2,... N,

2 J=
J

[NIES

satisfied by the solution. Since a(x) > 0, f(z) > 0 on £, and u; = u(0) > 0, by

D=

induction, we have Ui >0,7=1,2,...,N.
2

If A >0 and k = 1, it is easy to check that the test function &(x) = ——— —

2X\(z,, 1 —x)

i+ 1 .

2a(xj)—AAx;
for allv € P(I;). Moreover, f(:z:jJr%) = @ > (0 and f(xj_%) = a(xj+1§(§i(rj)+§\A$j) >
2 2

0 if AAz; < 2mingey, a(z), which implies that {(z) > 0 on I;. Therefore, by taking
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the test function w = £ (extends to zero outside I;) in the scheme (3.8), we have

- _ - e
wp = aley)u &+ f redr, (B.2)

which implies uj;l >0ifu. , > 0. Since u; = u(0) > 0, by induction, we have

1
2 J=3

N

u;r% >0forj=1,2,...,N.

If A > 0 and k£ = 2, one can check that £(z) = & Li(x) + &La(x) + E3Ls(x)
satisfies the equation (B.1) for all v € P?*([;), where Li(z), La(x), L3(x) are the

Lagrange basis at {il,f2,$j+%} with Li(21) = 1, Lo(29) = 1,L3(xj+%) =1, and

2v/3a(21)(2v3a(32) — AAxy)

G = a(ijr%) (12a(21)a(Z2) + 3a(21)AAz; + 3a(d2) AAz; + )\QAxg) ’
£ = 2v/3a(#2)(2v/3a (@) + AAz;)

 a(wyy) (120(E1)a(is) + 3a(i)AAz; + 3a(i2) Az, + A\2Ax?)’
s =

a(wy, 1)

Moreover, if AAz; < 2minger; a(z), we have §(21) = & > 0,£(22) = § > 0 and

£ ) = 12a(&1)a(ts) — 3a(d1)AAz; — 3a(Za) NAz; + N2 Ax? -0

YT a(ay,s) (12a(@0)a(@2) + 3a(@)AAT 1 3a(@)MAz; + AALE) T
Therefore, follow the same lines as in the case K = 1, we obtain uj_+ , > 0 for
j=12,...,N. m

Almost the same arguments can be used to prove a similar theorem for the scheme
(3.12) with £ = 1 and scheme (3.13) with & = 2, except that the positivity of £ at
the midpoint need to be checked due to the quadrature rules adopted on the right

hand side the schemes. The theorem is stated as follows and the proof is omitted.

Theorem B.1.2. For the problem (3.2) with a(u) > ¢ > 0, and f,u(0),\ > 0, the
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solutions of the scheme (3.12) with k = 1 and scheme (3.13) with k = 2 satisfy

w20, =12, N if Maz; <2¢,j=1,2,...,N.
2

Remark B.1.1. For the time-dependent linear problem u, + (a(x)u), = 0, the back-
ward Euler time discretization approach yields the stationary equations (a(x)u™), +
At~ = At tn =1,2, ..., %. Therefore, the backward Fuler discontinuous

At

Galerkin scheme (3.8) is positivity-preserving under the CFL condition mingey, a(x) <o~
J

> 5, V3, if the positivity-preserving limiter is not applied until the computation of u
1s completed at the time level n. This result can be viewed as an extension of the the-
oretical result of positivity-preserving backward Fuler discontinuous Galerkin method

for uy +u, = 0 analyzed in [55].

B.2 Investigation of the schemes (3.7) and (3.8) for

some special a(x)

The unmodulated P*-DG schemes (3.7) for the equation (3.1) could result in
negative cell averages in the solution for some special a(z). For instance, one can
take a(z) =1+ z,a(z) =1+ 2% a(z) =1+ 23, a(x) = 1 + 2%, a(x) = 1 + 2° in the

unmodulated P!, P2, P3, P* P>-DG schemes, respectively, for some particular \.
More precisely, for the test function & € P*([0, h]), s.t.
h 1 rh
- / (alw)ote — M€) di + a(h)o(h)e(h) = 5 / vdz, Wo € PE(0,R]),
0 0

where a(z) = 1+ 2%, k =1,2,3,4,5, £(h) is strictly negative for sufficiently small h,

though limy,_,o&(hz) =1 — 2 >0 for z € [0, 1].
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One can check that, if A = 0:

e For k=1, lim;,_, # = —%.
e For k=2, lim;,_, % = —%.
e For k=3, lim;,_, 52—2) = —ﬁ.
e For k=4, lim;,_, i(L—ff) = —%.
e For k=5, limy,_, 5}5—?) = —ﬁ.

One can also check that, if A = %:

For k =1, lim;,_, % = —%.

e For k=2, lim;,_, 5;(1_2) = _ﬁ'
e For k=3, limy,_, 5;(1—2) = _%‘
o For k=4, limyo S = — 38
e For k=5, limy,_, 5;(1—}51) = _96374%'

Therefore, we can construct proper source term f(x) > 0 with large values around

x = h, such that the average of the solution on the cell [0, ] is negative.

However, using the positivity-preserving scheme defined in (3.8), the above prob-

lems are resolved. One can check that, for the test function & € P*([0, h]), s.t.

h h
—fo (a(z)v€, — &) dz 4+ a(h)v(h)E(h) = E/o vdr, Vv € P*([0,h]),

where a(x) = 1+ 2%, k = 1,2,3,4,5, we still have limj,_,o&(hx) = 1 — 2 but now

¢(h) =0 in all those cases.
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C.1 A comparison of operations in LCD-WENO
and RI-WENO for one dimensional shallow

water equations

We analyze and compare the floating point operations in the local characteristic
decomposition based WENO (LCD-WENO) and Riemann invariants based WENO
(RI-WENO) algorithms for one dimensional shallow water equations in Table C.1.

From comparison, it is clear that, RI-WENO exempts the computations at steps 1

steps LCD-WENO RI-WENO
1 } }
1 u= 5(1,1]  Uj), None
or Roe’s average.
1 1
= = 2
9 R(u) [u ~ ok u+ \/ﬁ} , wy = u + 2v/gh,
1 4 _u 1
R(u)=|] 2 2. wy = u — 2v/gh.
2 2Jgh _2Jgh
3 vi=R 1w, i=j—-r+1,....5+7. None
4 V., =wWeno(Vj_pii,.. ., Vijgr—1), | W. 1 = Weno(Wj_,q1,..., Wjtr_1),
Jta JT3
vl | =weno(Vjir, ..., Vi_ri2), wl | =weno(Wjir,...,Wj_ri2)
Jt3 Jt3
+ _ + + _ +
) uj+% = Rvj+% uj+% =u <Wj+é>
f(u + o - + o
6 f(uj+§’uj+%’ ) f(uj+%,uj+%7 )

Table C.1: Comparison of operations in LCD-WENO and RI-WENO algorithms
for one dimensional shallow water equations

and 3, saves computational costs at step 2, and has exactly the same costs at steps
4, 5 and 6. (At step 5, both algorithms use 4 multiplications and two additions, due

to the relation h = ¢ (w; — w2)2 U = %(Uh +wy), hu = h * u, where ¢ = ﬁ-)
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C.2 The definition of G(-) and computation of G~1(-)

in Example 5.4.5

Let
g(u) = L w0,
(L 2 ot = (32) o (32) w4 sitget
then
6w = [ty
= m (—alog 16 + (8 + 4a) log u + 4o log(1 + ug) + 2alog (%)

—a? —da —4+ (a? —da—Du* + (2+ a)t
a2—4a—4+(—a2—4a—4)u2+(2+a)t>
—a? +4a+4+ (& +da+ ) + (2+a)t
a2+4a+4+(—a2+4a+4)u2+(2+a)t>)’

(ot 2)1og

Hat2)1og

where t = \/a?(u? — 1)2 + (4a + 4)(u® + 1)2.

Note that G(u) is a log-like monotone increasing concave function with (;f—;;) ul <

(u)

90— — 1, Tim, e 2% = 1, thus one

g(u) < u™t for u € (0,00), and lim, ,o+ 52%—
(3555 )u

can compute G~!(log é) by solving u from the equation G(u) + loggq = 0 based on

the Newton iteration.
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