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CHAPTER ONE

Introduction



1.1 Data-Driven Mathematical Analysis

This work explores how to use data-driven methods in various settings, from con-
ducting traditional analysis in dynamical systems to exposing disparities in federal
sentencing. First, we use diffusion maps and equation-free modeling to conduct bifur-
cation analysis of an optimal velocity system. Second, we construct a new dataset of
federal criminal sentencing data that includes demographics on the judge and defen-
dant, critical case details, and sentencing outcomes. Next, we use optimal transport
for auditing automated systems. Finally, we use Gromov-Wasserstein optimal trans-
port to align single-cell multi-omics data. We give a brief introduction to each of

these projects below and discuss them in full detail in Chapters 2-7.

1.2 Enabling Equation-Free Modeling via Diffu-

sion Maps

Equation-free modeling aims at extracting low-dimensional macroscopic dynamics
from complex high-dimensional systems that govern the evolution of microscopic
states. This algorithm relies on lifting and restriction operators that map macro-
scopic states to microscopic states and vice versa Kevrekidis et al. (2003, 2004),
Kevrekidis and Samaey (2009). Combined with simulations of the microscopic state,
this algorithm can be used to apply Newton solvers to the implicitly defined low-
dimensional macroscopic system or solve it more efficiently using direct numerical
simulations. The key challenge is the construction of the lifting and restrictions

operators that usually require a priori insight into the underlying application.



In this paper, we design an application-independent algorithm that uses diffusion
maps to construct these operators from simulation data. Specifically, we use the
diffusion map to select the macroscopic variables used in equation-free modeling and
then define lifting and restriction operators through the diffusion map embedding.
To demonstrate this framework, we apply it to an optimal velocity traffic model of
cars driving around a ring road. We are able to conduct bifurcation analysis of traffic
jams entirely in the macroscopic variables under two settings. First, we factor out
translational symmetry due to the cars driving around the ring road and construct a
one-dimensional diffusion map embedding. Second, we keep the symmetry and also
solve for the periods of the traffic jam around the road. In both cases we are able to

accurately reproduce bifurcation diagrams.

1.3 Judicial System Transparency through Fed-

eral Archive Inferred Records

In the United States, the public has a constitutional right to access criminal trial
proceedings Ardia (2016). In practice, it can be difficult or impossible for the public
to exercise this right. Furthermore, accessing detailed case information after sen-
tencing can be nearly impossible. While sentencing disparity is an active area of
research, most results focus on aggregate biases in the system due to the lack of data
identifying judges. These works find biases in increased sentence length against male,
low-income, and Black individuals Mustard (2001), Rehavi and Starr (2014), Yang
(2015), Starr (2015). Additional studies use private databases to assess judge charac-
teristics such as political affiliation and their interactions with sentencing Schanzen-

bach and Tiller (2008), Yang (2014, 2015), Cohen and Yang (2019). Although some



judge-focused research exists, it all relies on private data agreements that prohibit
the naming of individual judges. Publicly released datasets such as those released
by the United States Sentencing Commission purposely omit the identity of the

sentencing judge Schanzenbach and Tiller (2008).

To make a connection between sentencing information and judge identity, we
present JUSTFAIR: Judicial System Transparency through Federal Archive Inferred
Records, a database of criminal sentencing decisions made in federal district courts.
We have compiled this data set from public sources, including the United States
Sentencing Commission, the Federal Judicial Center, the Public Access to Court
Electronic Records system, and Wikipedia. With nearly 600,000 records from
2001—2018, JUSTFAIR is the first large-scale, free, public database that links in-
formation about defendants and their demographic characteristics with information
about their federal crimes, their sentences, and, crucially, the identity of the sentenc-

ing judge.

Next, we use this database to analyze disparities in federal criminal sentencing.
Studying a subset of 380,000 criminal cases in federal district courts from 2006 to
2019, we replicate previous findings that aggregate, conditional racial disparities in
sentence lengths are significant. We further show that estimated racial disparities
in sentencing vary considerably across judges. Results suggest that judges assign
white defendants sentences that are conditionally 13% shorter than Black defen-
dants’ and 19% shorter than Hispanic defendants’, on average. A judge who is one
standard deviation above average in terms of estimated Black-white disparity gives
Black defendants sentences that are conditionally 39% longer than white defendants’,
compared to the average disparity of 13%. A judge who is one standard deviation
above average in terms of estimated Hispanic-white disparity gives Hispanic defen-

dants sentences that are conditionally 49% longer than white defendants’, compared



to the average disparity of 19%.

1.4 Optimal Transport

Finding the most efficient way to move something from one point to another is a
common problem. Optimal transport generalizes this concept to moving a group of
objects from one configuration to another. Specifically, it seeks a map that trans-
forms one probability distribution into another through the least amount of work
Peyré et al. (2019). With the development of fast solvers, optimal transport has
increasingly been used in applications in a broad range of fields, including compu-
tational biology and fairness Xue et al. (2020), Taskesen et al. (2020), Dwork et al.
(2012), Silvia et al. (2020), Feldman et al. (2015), Zehlike et al. (2020), Gordaliza
et al. (2019), Jiang et al. (2019), Feldman et al. (2015), Johndrow et al. (2019), Chi-
appa and Pacchiano (2021), Alvarez-Melis and Jaakkola (2018), Schiebinger et al.
(2019), Cang and Nie (2020), Yang et al. (2018), Yang and Uhler (2019). The field of
optimal transport is extremely active, with many variations and applications intro-
duced recently. In this work, we will focus on Kantorovich optimal transport, which
allows mass to be split during transport. Figure 1.1 shows an example transport

map between two distributions.

1.4.1 Auditing with Optimal Transport

Our first application of optimal transport uses it to audit automated decision-making
systems. To study discrimination in automated decision-making systems, we need

auditing tools that can detect and explain the structure of unfairness. Current
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Figure 1.1: Optimal transport seeks to transform one distribution into another
through the least amount of work. Shown are two distributions and the map to
transform them into each other found by optimal transport.

methods depend on rigid definitions of fairness that measure group-wise disparities
in performance Angwin et al. (2016), Buolamwini and Gebru (2018), Obermeyer
et al. (2019). While these audits can reveal some disparities, they cannot capture
every possible scenario such as intersections of identity and notions of fairness that
contradict each other Raji et al. (2020), Abebe et al. (2020). Furthermore, many

metrics are difficult to compute in practice Hu and Chen (2020).

To address these issues, we present an optimal transport-based approach to audit-
ing that offers an interpretable and quantifiable exploration of bias and its structure.
While many methods have used optimal transport to de-bias training data to train
classifiers, we propose a new auditing framework that compares a pair of outcome
distributions from classifiers to one another. By comparing the outcome distribu-
tions rather than the feature space, we can understand how individuals are treated
differently, even from different populations. This work uses the optimal transport

map to examine disparate treatment at the individual, subgroup, and group lev-



els. Our framework recovers well-known examples of algorithmic discrimination and

explores the structure of bias.

1.4.2 Single-Cell Multi-Omics Alignment Using Optimal

Transport

Our second use of optimal transport is aligning single-cell multi-omics datasets.
Multi-omics datasets describe a biological object from different modes to gain differ-
ent perspectives on it. Single-cell multi-omics datasets contain different molecular
views of a cell, such as DNA methylation and chromatin accessibility. Integrated
analysis of multi-omics data allows the study of how different molecular views in
the genome interact to regulate cellular processes; however, with a few exceptions,
applying multiple sequencing assays on the same single cell is not possible. Though
such data integration of single-cell measurements is critical for understanding cell de-
velopment and disease, the lack of correspondence between different measurements
makes such efforts challenging. Several unsupervised algorithms can align heteroge-
neous single-cell measurements in a shared space, enabling the creation of mappings
between single cells in separate data domains Liu et al. (2019), Cao et al. (2020,
2021). However, these algorithms require hyperparameter tuning for high-quality
alignments, which is difficult in an unsupervised setting without correspondence in-

formation for validation.

We present Single-Cell alignment using Optimal Transport (SCOT), an unsu-
pervised learning algorithm that uses Gromov Wasserstein-based optimal transport
to align single-cell multi-omics datasets. We compare the alignment performance of

SCOT with state-of-the-art algorithms on four simulated and two real-world datasets.



SCOT performs on par with state-of-the-art methods but is faster and requires tun-
ing fewer hyperparameters. Furthermore, we provide an algorithm for SCOT to
use Gromov Wasserstein distance to guide the parameter selection. Thus, unlike
previous methods, SCOT aligns well without using any orthogonal correspondence

information to pick the hyperparameters.

Our first iteration of SCOT performs alignment extremely well on balanced
datasets, meaning datasets where the proportions of cell types are similar across
modes. In particular, SCOT and other recent unsupervised algorithms have been pri-
marily benchmarked on co-assay experiments rather than the more common single-
cell experiments taken from separately sampled cell populations. Therefore, most
existing methods, including SCOT, perform subpar alignments on such datasets.
Thus, we also present an updated version of SCOT that uses unbalanced optimal
transport to handle disproportionate cell-type representation and differing sample
sizes across single-cell measurements. We show that our proposed method, SCOTv2,
consistently yields quality alignments on five real-world single-cell datasets with vary-
ing cell-type proportions and is computationally tractable. Additionally, we extend
SCOTv2 to integrate multiple (M > 2) single-cell measurements and present a self-
tuning heuristic process to select hyperparameters in the absence of any orthogonal

correspondence information.

1.5 Outline and Overview

The following chapters are mostly taken with minor edits and additions from the cited
paper at the head of each chapter. In Chapter 2, we propose a method for equation-

free modeling with diffusion maps and apply it to data generated from an optimal



velocity system to conduct bifurcation analysis. This work was a collaboration with
Dr. Bjorn Sandstede, Tracy Chin, Jacob Ruth, Clayton Sanford, and Dr. Paul
Carter and has been accepted for publication Chin et al. (2022). I helped develop
the theoretical framework, wrote most of the code, produced all of the simulations,
and wrote most of the paper. In Chapter 3, we describe how we web-scraped and
merged databases together to create a new federal criminal sentencing database,
JUSTFAIR. In Chapter 4, we conduct analyses on the JUSTFAIR dataset to show
that Black and Hispanic defendants receive at least double the sentence lengths of
white defendants. This work was done with Dr. Maria-Veronica Ciocanel, Dr. Chad
M. Topaz, Dr. Shilad Sen, Dr. Christian Michael Smith, Nicholas Goldrosen, and
Adam Hufstetler. The data paper is published in Ciocanel et al. (2020a), and the
analysis is a preprint Smith et al. (2021). I did most of the initial merging of the
databases as well as the updated database, helped write the paper, and contributed

to the theoretical analysis.

Chapter 5 considers another interrogation of social justice through data analysis
by using optimal transport to conduct audits on automated systems. This work was
done in collaboration with Kweku Kwegyir-Aggrey and Dr. Sarah M. Brown and is
a preprint Kwegyir-Aggrey et al. (2021). I developed the theoretical framework, ran
simulations, and wrote much of the paper. Chapter 6 proposes another use of optimal
transport, specifically Gromov-Wasserstein optimal transport, to integrate and align
single-cell multi-omics data. We call this method SCOT (Single Cell alignment using
Optimal Transport). In Chapter 7, we present an updated version of this algorithm
to deal with unbalanced datasets and more than two domains. This work was done
in collaboration with Pinar Demetci, Dr. Bjorn Sandstede, Dr. William Stafford
Noble, and Dr. Ritambhara Singh. The original method is published in Demetci

et al. (2021), and the second iteration has been accepted for publication Demetci
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et al. (2022). I developed the theoretical framework, ran simulations, and wrote
much of the paper. Finally, Chapter 8 discusses concluding remarks and possible

avenues for future work.



CHAPTER TWwO

Enabling Equation-Free Modeling

via Diffusion Maps
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This chapter is based on work presented in Chin et al. (2022).

2.1 Introduction

In many complex dynamical systems, low-dimensional macroscopic behavior emerges
from interactions at the high-dimensional microscopic level. For instance, traffic jams
are global macroscopic structures that emerge from the interactions of many indi-
vidual cars that move along a road: traffic jams can be captured meaningfully by a
single macroscopic quantity, namely the standard deviation of the distances between
consecutive cars from the mean (see below for further details). Mathematically,
these macroscopic structures live on low-dimensional invariant manifolds, and our
goal is to exploit their existence, and the accompanying reduction in effective dimen-
sion, when we conduct bifurcation analyses or carry out direct simulations. In most
cases, these invariant manifolds, or the reduced vector field that governs the evolu-
tion of the macroscopic variables that parametrize these manifolds, are not known.
Equation-free modeling, so named because the macroscopic system is not governed by
an explicit ordinary differential equation, estimates macroscopic behavior through a
multi-scale approach that exploits the connection between the macro and microlevels
Kevrekidis et al. (2004), Kevrekidis and Samaey (2009), Kevrekidis et al. (2003). All
equation-free methods depend on the following algorithm that attempts to describe

the macroscopic system implicitly Kevrekidis and Samaey (2009):

(1) lift: build the microstate from the macrostate using the lifting operator £;
(2) evolve: simulate the microstate for short bursts using the evolution ®;; and

(3) restrict: calculate the macrostate from the evolved microstate using the restric-
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tion operator R.

One of the biggest challenges in equation-free modeling is the selection of lifting and
restriction operators since the choice of macroscopic observables may not always be
obvious Marschler et al. (2014b). One way to pick relevant macroscopic variables is to
use a dimension-reduction technique such as diffusion maps. Diffusion maps embed
high dimensional data sets into low-dimensional Euclidean spaces. Unlike standard
linear methods such as principal component analysis, diffusion maps are able to
find useful low-dimensional parametrizations of the original data sets even when the
data lie on or near a nonlinear manifold Coifman and Lafon (2006), Coifman et al.
(2005), Lafon (2004). In this paper, we show that low-dimensional embeddings given
through diffusion maps can be used to identify macroscopic variables in equation-
free modeling and define lifting and restriction operators. We note though that
this approach will not necessarily provide a physical interpretation of the resulting

parametrization.

To illustrate our algorithm and demonstrate its effectiveness, we apply it to the
same traffic model Bando et al. (1995) to which traditional equation-free modeling
had been applied in earlier work Marschler et al. (2014a). In this model, N cars
drive around a ring road of length L. We assume that all drivers follow the same

deterministic behavior governed by

d’z, N dz,,
Tar T a

=V(zps1 —x,), =, € R/LZ, n=12,..N, (2.1.1)

where z,, is the position of the nth car, 7 reflects the inertia of cars (or, alternatively,

reaction times of drivers), and V' is the optimal velocity function defined by

V(d) = vo(tanh(d — h) + tanh(h)),
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Figure 2.1: Shown are the time evolution of the headway profile (left) and the
standard deviation from the mean headway (right) for a solution of (2.1.1) with
vo = 1 (all other parameters are as in Table 2.1). In the left panel, the initial state
(black) is compared with the final traveling-wave solution (red to blue): note that
the traffic jam corresponds to the region where the headways are small, so that the
car density is high. The right panel shows the time evolution of the deviation o of
the headways from the mean headway: the increase and eventual convergence of o
to a larger value indicates the emergence of a stable traffic jam.

where v9(1 + tanh(h)) is the maximal velocity and h determines the desired safety
distance between cars. In this model, each driver adjusts their acceleration to attain
an optimal velocity based on the distance Ax,, = x,,+1 — x, to the car in front, which
is also referred to as the headway. Two common traffic patterns can emerge as stable
solutions in this model, namely free-flow solutions, where cars are evenly spaced and
move with the same speed, and traveling-wave solutions, which correspond to traffic
jams Marschler et al. (2014a). To illustrate traffic jam solutions, it is convenient to
monitor the headways of cars: as indicated in Figure 2.1, localized traveling-wave

profiles correspond to traffic jams.

In Marschler et al. (2014a), equation-free methods were used to trace out the
bifurcation diagram for the existence and stability of traffic jam solutions as the

parameter vy varies. For this analysis, the standard deviation o of the headways,
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Figure 2.2: Overview of the time stepping scheme in the context of the traffic model
Marschler et al. (2014a). The macroscopic state oy is lifted to the microscopic
profile £(oy). The microsystem is then evolved for time t to the next microstate
®,(L(01)). Finally, this profile is restricted to find the evolution of the macroscopic
state o9 = R(P(L(01))).

defined by
R )
o=\ N1 Z (Az,, — (Azy,))",
n=1
was used as the macroscopic variable, where (Ax,) = ﬁ is the average headway.

Low standard deviations correspond to free-flow solutions, while large values of the
standard deviations correspond to traffic jams (see Figure 2.1). With o as the macro-
scopic variable, the lifting and restriction operators are easy to define in terms of o:
as illustrated in Figure 2.2, lifting is accomplished by changing the locations of cars
to match a given value of o, and restricting is achieved by calculating ¢ for a given
profile. Choosing o as the macroscopic variable requires knowledge of the underlying
structure of the traffic system. The standard deviation is a particularly good choice

of macroscopic variable since it is invariant under translation.

We will see that the proposed approach via diffusion maps will, when applied to
the same traffic model, generate a parametrization that recovers the standard devia-
tion as one of the macroscopic variables; in addition, it identifies the location of the

traveling wave as a second dimension in the parametrization. Using this new embed-
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ding as our macroscopic variables, we apply equation-free methods to reproduce the
bifurcation diagram in Marschler et al. (2014a), but we do so with restriction and
lifting operators that emerge automatically from our diffusion map analysis without
using prior knowledge of the system. In particular, we use the Nystrom extension for
our restriction operator, which gives estimates for new components of an eigenvector
of a matrix constructed from data Liu et al. (2014), Marschler et al. (2014a), Sonday
et al. (2009). We define a new lifting operator that creates microstates from linear
combinations of existing data points. We apply these techniques to trace out the

bifurcation diagram of traveling waves in the traffic system.

The remainder of this paper is organized as follows. In §2.2, we present an
overview of equation-free methodologies. Then, in §2.3, we introduce the concept
of diffusion maps and define diffusion map based operators to be used in equation-
free modeling. We then apply these techniques to conduct bifurcation analysis in a
traffic flow model in §2.4. Finally, in §2.5, we summarize our conclusions and give

an outlook of open problems.

2.2 Overview of equation-free modeling

The equation-free approach is appropriate when working with a dynamical system
of large dimension N > 1 that reflects a known microscopic evolution law with
N variables and an attracting, low-dimensional, transversely stable manifold of di-
mension D. The N-dimensional system is referred to as the microsystem, and the
D-dimensional manifold is the macrosystem. We assume that the system exhibits
a sufficiently prominent time-scale separation: more precisely, we assume that the

dynamics on the D-dimensional attracting manifold is slow compared to the fast
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Figure 2.3: Sketch showing the equation-free modeling approach applied to a slow-
fast system. An initial macrostate o is lifted to a point that may possibly not lie on
the slow manifold. Evolving this state for a short time will bring the profile close to
the manifold. The evolved microstate can then be restricted back to the macro level
or further evolved in time along the slow manifold.

transverse attraction towards this D-dimensional slow manifold Brunovsky (1996),
Jones (1995), Kuehn (2015). Once a system is known to be slow-fast, the goal is to

choose macro-level variables that parametrize the slow manifold as best as possible.

The process of equation-free modeling uses two operators: lifting and restriction.
The lifting operator £ : R” — RY maps a given macrostate to a corresponding
microstate. Ideally, the lifting operator maps onto the slow manifold, but this is not
easy to accomplish directly since the slow manifold may not be known. However,
exploiting both time-scale separation and the assumption that the slow manifold is
attracting, we only need to evolve the lifted microstate for a short time duration,
using the time evolution ®; : RV — R¥, to guarantee that the profile is close to
the slow manifold, and can then use the resulting microstate as the image of the
macrostate under lifting; see Figure 2.3 for an illustration. The additional short
time evolution is often referred to as the healing step. The restriction operator

R : RY — RP takes a microstate and maps it to a low-dimensional macrostate.
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Once the macrolevel parametrization is known, the restriction operator is usually
much easier to define. In the traffic model, for instance, the restriction operator is
defined to be the standard deviation of the headways of a microstate Marschler et al.
(2014a). For consistency, we require that R o L = Izp, where Igp is the identity map

for the macrolevel variables.

The equation-free framework has many benefits as an approach to study
macrolevel behavior. Once the operators are defined, traditional numerical analyses
of the macrosystem can be conducted without constantly simulating the microsystem
Kevrekidis and Samaey (2009). Since equilibria can exist in the macrostate without
existing in the microstate, equation-free methods can even carry out macro-level bi-
furcation analyses that would be impossible with only the microsystem Kevrekidis

and Samaey (2009), and we will demonstrate this in §2.4.

2.3 Lifting and restriction operators via diffusion

maps

We first review diffusion maps Coifman et al. (2005), Marschler et al. (2014b) and
then use this approach to construct lifting and restriction operators from a given data
set. The goal of diffusion maps is to embed a large data set in a high-dimensional
space R into a low-dimensional space RP with N > D so that the local geometry

of the data is preserved.
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2.3.1 Diffusion maps

Given a high-dimensional data set X = {X,, € RN | m = 1,..., M} of m observa-
tions, we first calculate the pairwise distances between the data points X,,,. Although
any metric can be used, we use the Euclidean norm to define d;; = ||.X; — X||. Next,
we define an affinity matrix D € RM*M guch that a smaller distance corresponds
to a high affinity and a larger distance corresponds to a small affinity. We use a

Gaussian kernel to construct D from the pairwise distances via

—d;; —1X; — X;1?
D;; = exp <_e2]> = exp <—H = il

where the parameter € should be chosen so that it reflects the spatial distance on
which we want to resolve geometric features of the data set. Choosing € too small
treats all data points as singletons; picking an e that is too large ignores the dif-
ferences between data points: either way, we lose all geometric information. In our

application in §2.4, we select
e = bmedian(d;;);>;

to be five times the median of the pairwise distances d;;, which yielded good results.
Other strategies for selecting e are discussed in Marschler et al. (2014b). We will
discuss at the end of this section how we can measure the effectiveness of a given

choice of € for reducing the dimension quantitatively.

Next, we convert the affinity matrix D into a Markov transition matrix M &€
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RM*M 1y normalizing each row via

D;;
Mij = M—J
2_ Din
m=1
For each fixed 0 < D < M and each choice of D eigenvalues Ay, ..., A\p with associ-

ated eigenvectors vy, ...,¥p € RM of the matrix M, we follow Erban et al. (2007),

Laing et al. (2006) and map the data set X into R” via

X (U1, pm) ERP. m=1,..., M, (2.3.1)

where 1y, denotes the m'™" element of the eigenvector 1, € RM for £ =1,...,D.

The final step is to select the finite set of eigenvectors to represent the data set.
A common choice is to choose the eigenvectors that belong to the D largest eigen-
values of M, where D is chosen, for instance, to indicate a gap in the eigenvalues.
This approach ignores the fact that not all eigenvectors add significantly new geo-
metric information. Hence, we instead follow the algorithm proposed in Dsilva et al.
(2015) to determine the dimension D and the eigenvectors that provide an optimal
embedding. The idea is to pick eigenvectors recursively and use local linear fits with
the previously selected set of eigenvectors to see whether the new eigenvector adds
sufficient information to be included. Assume that we selected the first j — 1 eigen-
vectors and set W,y = [V1m, ..., i 1m]T € RIT for m =1,..., M. Let ¢; be
the eigenvector of M with the largest eigenvalue that we have not considered yet.

We then compute the local fit parameters

P &
(m, Bjm) = argmin Zexp( 191, — 1l )(%,i— (a—l—ﬁT\I’j_1,i))2

j—1 €
a€R,BeRI itm
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where “local” refers to data points whose Gaussian distance is small, and the accom-

panying cross-validation error for the linear fit given by

M
7. M .
Zm:l w]%m

Note that small values of r; indicate that ; is locally well approximated by
P1,...,¥j_1, so that including ?; will not improve the embedding. We therefore
include only eigenvectors with large r; values in our diffusion-map embedding and
stop its recursive definition once the values of 7; stay close to zero. A good choice
of € will result in a steep transition of the sequence r; from values close to one to

values close to zero.

2.3.2 Lifting and restriction operators

In general, equation-free modeling requires the definition of lifting and restriction op-
erators that depend on the specific system we want to solve. Previous approaches rely
on in-depth understanding of the relationship between the microscopic and macro-
scopic states. Here, we provide an algorithm for the construction of lifting and
restriction operators that depends only on a given set of data points or observations

and on a given diffusion-map embedding.

Restriction. First, we describe how we construct the restriction operator based
on a given data set and the accompanying diffusion-map embedding. Assume X €
RN*M i5 an existing data set, and M € RM*M denotes the associated Markov
transition matrix with eigenvalues A\; and eigenvectors v; for j = 1,..., M. Assume

also that we picked an embedding dimension D and that we ordered the eigenvalues
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A; and eigenvectors v; so that the restriction operator R evaluated on a point X,, €

RY in the data set is defined by
R(Xm) == W1ms--- ¥pm) ERP, m=1,..., M, (2.3.2)

where 1)y, denotes the m™ component of 1),. We need to extend the definition of R
s0 that R(Xyew) is defined for each X,o € RY. One option is to add the new data
point X, to the existing data set and recalculate for the new (M + 1)-dimensional
data set, but this is cumbersome and very expensive. Instead, we follow Coifman
et al. (2008) and use the Nystrom extension to extend R to new data points. This
technique takes advantage of the fact that eigenvectors and eigenvalues are related

by M1, = Apiby or, equivalently,
| M
Vom = ~ ;Mm7j¢g7j, {m=1,..., M. (2.3.3)

The embedding for a new data point X, cannot be calculated directly from (2.3.3),
but we can modify this equation as follows to approximate the embedding. As in

§2.3.1, we define the Gaussian kernel

- Xnew - Xm 2
Dum — exp ( [ [ )

€2

and use this expression to define

M

1 D
wf,new = /\_ Z ]\/[ne#l/}f,m-
¢ =1 2-i=1 Drew,j

Following Liu et al. (2014), Marschler et al. (2014b), Sonday et al. (2009), we then

set

R(XHBW) = (wl,newy v 7wD71’16W> 5 (234)
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which extends the definition of the restriction operator R to include the new data

point X ew-

Lifting. Next, we focus on the lifting operator. Given a macrostate in ¢ € R?, we
need to define a lifted microstate X = £(¢) € RY so that R(X) = R(L(¢)) € R is
close to ¢. Our goal is to construct the lifting operators using only the given data set
in RY and the parametrization via diffusion maps. Earlier work Erban et al. (2007),
Laing et al. (2006), Sonday et al. (2009) approached this problem using simulated
annealing, but this approach is computationally expensive. Instead, we define a

lifting operator by solving an optimization problem.

To set up the algorithm, we choose an integer K with K > D + 1. Given the

data points X,, € RY with m =1,..., M, we define
Om = R(Xm) = Wiy pm) ERP, m=1,..., M.

Given a macrostate @rarget € RP, we first find the K macrostates Om, With k =

1,..., K that are closest to @rarget in RP. We then define the lifted state to be

K
£<¢target) = Z Clkak,
k=1

where the coefficient vector (ay,...,ax) € R¥ is determined as the solution to the

optimization problem

K
¢target - R (Z kamk>
k=1

K
subject to Zbk = 1} .

(a,...,ax):= argmin {
k=1
(2.3.5)

(b1,...,bx)€[0,1] K

Thus, we define the lifted microstate to be the element in the convex hull of the K

microstates whose restriction is closest to the specified targeted macrostate. Note
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Figure 2.4: Shown is a visualization of the lifting operator. We solve for a linear
combination of the K microstates corresponding to the K nearest macrostates such
that the linear combination restricts to @rarget-

that (2.3.5) will always have a solution since R is continuous and the domain is
compact. In general, (2.3.5) may have multiple solutions. In practice, choosing
larger values of K ensures that zero is achieved as a minimum and evolving solutions
forward will bring them close to the underlying attracting manifold: as discussed in
the next section, we did not encounter any difficulties with potential discontinuities

of the lifting operators during arclength continuation.

2.4 Case study: Traffic model

In this section, we will use the traffic model introduced in §2.1 to, first, demonstrate
the accuracy and efficiency of the lifting and restriction operators we defined in §2.3.2
and, second, use these operators to compute bifurcation diagrams using equation-free

modeling.
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2.4.1 Traffic model

We write the traffic model introduced in §2.1 as the first-order system

drn _
di/t : (2.4.1)
E:;[V(xnﬂ—xn)—yn], n=1...,N

with x,, € R/LZ, where the velocity function V(d) is given by
V(d) = vo(tanh(d — h) + tanh(h)). (2.4.2)

We note that (2.4.1) is posed on the 2N-dimensional space (R/LZ x R)?V, and we

denote the solution of (2.4.1) with initial condition P = (2, Yn)n=1,.. n evaluated at

time t by ®;(P). We record that (2.4.1) respects the action of the discrete symmetry

group Zy given by

(R/LZ x R)* — (R/LZ x R)* | (20, Yn)net, N > (T(nthmod s Yintt)modN e, ..
(2.4.3)

for [ € Zy, which corresponds to relabeling the cars consecutively. Throughout, we

will fix the parameters as in Table 2.1, and focus on the emergence of free-flow and

traffic-jam solutions as the parameter vy, which appears in the velocity function,

varies.

The free-flow solution of the microsystem (2.4.1) is defined by

xn(t):(n—l)%—kt‘/(%) mod I, yn@):v(%)? n=1. N

It captures traffic flows where all cars keep the same distance L/N from each other

and travel with the velocity dictated by the constant headway. Traffic jams are
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Table 2.1: Parameter descriptions and values

Parameter Description Value
N number of cars 30
L length of the road 60
7t inertia of the car 1.7
h desired safety distance between cars 2.4
Vg optimal velocity parameter Uniform([0.96, 1.1])
A amplitude of initial conditions in the dataset Uniform([0, 4.5])
tstop time evolved to create dataset Exp(mean=700, shift=200)
K number of points used for lifting 3(n=1)
8 (n=2)
Lskip healing evolution time 300
) time evolved for finite difference approximation 240
s continuation step size 0.0025 (m = 5,000)
0.01 (m = 1,000)
v integer multiple of period sought 7

captured by the traveling-wave ansatz

(2 (), yn(t)) = (ze(n — ct), yu(n — ct)), n=1,...,N,

where (z,(£), y.(§)) are N-periodic functions that describe the profile of the traveling
wave, and c is its speed. Substituting this ansatz into (2.4.1) shows that the N-

periodic profile (z.(£), y.(§)) and the wave speed ¢ need to satisfy the system

dx,
T (&) = y«(§)
0 X (2.4.4)

of delay differential equations. Note that the wave speed c is a variable that needs

to be solved for as part of (2.4.4).
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Figure 2.5: Shown is the zero set of the function F™ obtained by pseudo-arclength
continuation. The associated traveling-wave profiles are shown for selected points
(marked with black diamonds) on the bifurcation branch. Note that the scale on the
vertical axes of the insets varies to better illustrate the shape of the profiles. The
algorithm detects a fold point at (vg, o) ~ (0.97,0.25), where stability changes: blue
dots mark stable states, and green dots mark unstable states.
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Figure 2.6: Shown are the Floquet spectra of the linearization of the traffic system
(2.1.1) about a traveling-wave solution for the fold points for N = 30 and N = 60
(vo = 0.97,0.88 and h = 2.4,1.2, respectively). Note that the nonzero Floquet
exponents are much closer to zero for N = 60 than for N = 30, which indicates that
the slow-fast time-scale separation becomes less pronounced as N increases.
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2.4.2 Computing bifurcation diagrams using the microsys-

tem

First, we use pseudo-arclength continuation to compute and continue traveling waves,
and their wave speeds, as N-periodic solutions to (2.4.4) as the parameter vy is varied.
We will use the headways u(€) := (£ + 1) — z(&) instead of the positions z(§) as
variables. We will argue that N-periodic traveling waves correspond to regular roots

of the function

F¥. C*R/NZ)xR*> — C°(R/NZ) x R? (2.4.5)
¢ PTI(E) — (&) = V(u(€ + 1)) + V(u(¢)) +d
(u,c,d) — L— 27]::01 u(n)

Jo" (400, un(€) = ul©) ) de

for each fixed value of vy. The first component Fi¥ is the delay-differential equa-
tion (2.4.4) written as a function of the headways; the additional term d ac-
counts for the fact that the first component (with d = 0) has mass zero, so that
fON F¥(u, e, d)(€)dE = 0 for all (u, ¢, d). The second component of F™ ensures that
the headways add up to the length L of the ring road. Finally, the last compo-
nent is a phase condition that selects a unique profile amongst the family of spatial
translates of a given solution u,(§); during continuation, u, (&) is normally taken to
be the solution obtained at a previous continuation step. The following result gives

conditions that guarantee that the set of roots of F*V consists of regular zeros.

Theorem 2.4.1. Let

F: H*(SY) — L*(SY),

u—s () — () = V(u(z + 1)) — Viu(z)),
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and

G : H2(SY) — (SY),

Assume u* € H?*(S') satisfies F(u*) =0 and N(DF(u,)) = Rk with Gk # 0. Then,

the linearization of the map

F:H*(SY) xRxR— L*(S") xR x R,

(u, p, ¢) = (Fu+ p, Gu,/o (ul(s),u'(s))ds),

around the point (u*, u*, c*) is invertible.

Proof. Consider the linearization of F about (u*, u*, c¢*) given by

v F,(u*)v 4+ m(ul — 2crul,) + €1
Jilm| Gv
3 (uz,v)

To show J is invertible, it is sufficient to show that the kernel is trivial.

(%

Suppose w = | ¢ | satisfies Jw = 0. This implies that

1

F,(u")v+ m(u}, — 2cTul,) + &1 = 0.
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We claim that F,(u*)v +m(ul — 2cru’,) € R(F,(u*)) and {1 € R(F,(u*)) so that

F,(u*)v + m(u) — 2ctu},) =0,

€1 =0.

If we differentiate F' with respect to ¢ and evaluate at u*, then

0= —2cru’, — Arul,, +ul +cul, + V' (u(x+1)ui(z+ 1) — V' (u*(z))ul

= —2cru}, +u, + F,(u")u.

Thus,

F(u")u; = 2cTu), — u

x?

so (uf —2crul,) € R(F,(u*)) as claimed. Additionally, note that
R(F) C {u € H*S"): /On u(z)dr = 0} = (R1)*,
so &1 € R(F,(u*)) as claimed. Since
F,(u")v — mF,(u")u: = F,(u")v + m(u), — 2cTu},) = 0,
it follows that £ = 0 and v = au} — mu} for some a € R.

Next, consider Gv = 0. By the above argument and the assumption that Gu’ = 0,

we have that

0 = Gv = aGu, — mGu, = aGu,,.

We claim that Gu’ = 0. Define ¢(x) = Z;:& u*(x + 7) so that Gu* = ¢(0). Since

F(u*) =0, we have that I”(x) —'(x) = 0 for all z, which has the solution I(z) = k +
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e”(1(0) — k). We know that [ must be n-periodic, so it follows that I(z) = [(0) = Gu*.
Thus, I'(z) = 0 for all , which implies Gu} = I'(0) = 0 as desired.

Finally, consider the last component of Jw :

0= <U;,U>
= alluz|” = mug, ug)
=a ||U’x” )
so a = 0. Thus, we have that v = 0, and subsequently, w = 0. O

Theorem 2.4.2. Fiz vg. If F™(uy,cs,0) = 0, the null space of D, J}¥ (us, ¢y, 0)
is two-dimensional and spanned by u.,v € C*(R/NZ) with Z] “lo(n) # 0, and
D F7¥ (usy, ¢, 0) is not in the range of Dy F1¥ (uy, ., 0), then Dy cayF™ (us, ¢4, 0) has

a bounded inverse.

Proof. We give only a brief outline of the proof. The key observations are that
D,F}¥ is Fredholm of index zero and that elements in its range have mass zero.
Since v/, is contained in the null space of D,Fi¥, it is not difficult to show that the
null space is at least two-dimensional, and we assumed that its dimension is indeed
two and that the null space is spanned by u),v. Using this information and the
remaining assumptions, it is now straightforward to prove that the null space of the
full linearization Dy, cq)F1" (us, ¢x, 0) is trivial, which proves the theorem since this
operator is also Fredholm with index zero by the bordering lemma (see (Beyn, 1990,

Lemma 2.3)). O

Theorem 2.4.2 indicates that we can use arclength continuation with a secant

predictor and Newton’s method as corrector to compute branches of traveling waves
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by solving F™(u, ¢, d;vg) = 0, where F*™ depends on vy through the optimal velocity
function V(u) = V(u;v). We implemented this algorithm in Fourier space to take

advantage of spectral convergence.

The result of the numerical continuation is visualized in Figure 2.5 using the
standard deviation o of the headways u.(n) := z.(n+1)—z.(n). Figure 2.6 shows the
Floquet spectra of the linearization of the microscale system about sample traveling
waves for N = 30 and N = 60. In both cases, A\ = 0 is an eigenvalue of multiplicity
two. We observe that the gap between the nonzero Floquet exponents and the
eigenvalues at the origin is much smaller for N = 60 than for N = 30. In fact, the
gap will shrink to zero as N goes to infinity due to the presence of a conservation
law in the continuum limit and, in particular, the slow-fast time-scale separation will
become less prominent as NV increases. For this reason, we focus on the case N = 30

in the remainder of this paper.

2.4.3 Constructing embeddings using diffusion maps

Our goal is to use diffusion maps to construct an embedding of the essential dynamics
of the microsystem (2.4.1) into a low-dimensional space and identify macroscopic

variables that parametrize the reduced dynamics.

Construction of the data set. We construct the data set X to which we apply
the diffusion-map approach as follows. We generate m = 5000 initial conditions of

the form
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Figure 2.7: Shown are the data points generated for the diffusion map.

Figure 2.8: Plotted are the values of the restriction operator R(X,,) = 91, against
the standard deviation o evaluated at the data points X,, for m = 1,..., M. Since
there is a positive linear relationship between the diffusion map embedding and
standard deviation of each data point, the two represent the same feature.

and draw values for the coefficient A € [0,4.5] and the parameter vy, € [0.96,1.1]
randomly using the uniform distribution on these intervals. Each corresponding
trajectory of (2.4.1) is evolved using an ODE solver until a stopping time ¢, is
reached that is drawn from a shifted exponential curve with mean 700 and shift 200.
The collection of the M end states of the headways in RY defines the data set X.
We emphasize that we do not include information about the velocities in our data
set. By varying the parameters and the time captured, our data set X is comprised
of varying wave shapes as well as some free-flow profiles. Figure 2.7 shows that this

sampling results in good coverage of the space encapsulating the bifurcation diagram.

Reduction to one dimension: factoring out the discrete symmetry. First,

we explicitly factor out the discrete symmetry (2.4.3) present in the model (2.4.1).
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Figure 2.9: Shown are the local linear fit coefficients r; as functions of the index k
for the diffusion maps for D = 1 (left panel) and D = 2 (right panel).

We accomplish this by shifting the indices in each profile in our data set using the
symmetry (2.4.3) so that the maximum headway max(z,41 — @5 )n=1..n inside the
profile is achieved at n = 10. If all solutions converge to, or at least resemble,
traveling waves, factoring out the discrete symmetry effectively factors out the one-
dimensional phase of all traveling waves and should therefore reduce the effective
dimension of the embedding by one. Applying the diffusion-map approach outlined
in §2.3.1 to the set Xyign of aligned elements in RY, we indeed find that we can take
D =1 as the embedding dimension so that the resulting restriction operator (2.3.2)
maps the aligned data set Xz, into R (Figure 2.9). Figure 2.8 shows that the
embedding parametrizes the data set using essentially the standard deviation of the
headways. In particular, the diffusion-map approach proposed here automatically

generates the parametrization introduced previously in Marschler et al. (2014a) based

on a priori knowledge of the dynamics.

Reduction to two dimensions. Next, we apply the diffusion-map approach from
§2.3.1 directly to the original data set X without any alignment or other adjustments.
In this case, we can take D = 2 as the embedding dimension, and the resulting

restriction operator (2.3.2) therefore maps the data set X into R? (Figure 2.9).
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Figure 2.10: Shown is the image of the data set X under the diffusion-map embedding
into R? where the colors indicate the standard deviation (left panel) and the wave
peak position (right panel) of the pre-images X,, € X.

Figure 2.10 shows that the planar embedding parametrizes the data set through
polar coordinates where the radial direction corresponds to the standard deviation

of headways and the angular direction captures the location of the peak of solutions

along the circular ring road.

Reducing the number of data points to M = 1000. To see if we can produce
the same results with fewer data points, we also reduce the original diffusion map
from M = 5000 to M = 1000. We use the 5000 point diffusion map to inform the
down-sampling of the data. For the one-dimensional case, we sort the embedding to
be numerically ascending, uniformly sample the M = 1000 data points correspond-
ing to those embeddings, and then recompute the diffusion map on those points.
Since the two-dimensional diffusion map resembles a disc, we covert the embedding
to polar coordinates, uniformly sample 2000 points radially, and then further uni-
formly sample m = 1000 points with respect to the angular component. Finally,
we recompute the diffusion map using the data points corresponding to the sampled

embeddings. Figure 2.7 shows that this down-sampling approach preserves the dis-
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Figure 2.11: To test the accuracy of the restriction operator defined via the Nystrom
extension, we visualize the differences R(X,,) — Rx\{x,,}(Xm) (see main text for
their definitions). Left panel: For D = 1, we plot the one-dimensional coordinates of
R(Xp) and R\ (x,,}(Xm) against each other as m varies and indicate the logarithm
of the relative error of their difference using colors. Right panel: For D = 2, we plot
the images R(X,,) as m varies and visualize the logarithm of the relative error of
their difference using colors.

tribution of o values in the dataset. We also observe the same relationship with o

and the location of the maximum headways in the embeddings.

2.4.4 Lifting and restriction operators

We now test the accuracy of the lifting and restriction operators that we defined in

§2.3.2 based on the diffusion-map embedding constructed in §2.4.3.

First, we test the accuracy of the restriction operator defined via the Nystrom
extension. For each fixed element X, € RY of our data set X (or Xajgn), we first
calculate the image R(X,,) of X, under the restriction operator (2.3.2). Separately,
we compute the restriction operator Rx\(x,,; by applying the algorithm outlined in
§2.3.2 to the data set X \ {X,,}, obtained from X by removing the element X,,, and
apply this restriction operator to the removed element X, to obtain Rx\; Xm}(Xm)

via the Nystrém extension (2.3.4). The norm of difference R(X,,) — Rx\(x,3(Xm)
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Figure 2.12: Shown are the norms of the difference Izxp — R o L evaluated on the
image R(Xalign) for D =1 (left panel) and on R(X) for D = 2 (right panel).

measures the accuracy of our approach, and Figure 2.11 shows that the magnitude
of the difference of these two images for both one- and two-dimensional embeddings
is less than 107°. For D = 1, the average relative error is about 0.26%, while it is
about 1.38% for D = 2. Plotting the errors as function of the reduced macrosystem,
we see that the error is smallest in the center of domain; see Figure 2.11. Since the
Nystrom extension essentially takes a linear combination of the existing points, this

observation is not unexpected.

Next, the theoretical approach to equation-free modeling assumes that R o £ =
Igp is the identity in the macrovariables in R”. To test this property, we calculate

the sup-norm of the map

Igp —RoL: RY)CRP —RP, ¢+ ¢—R(L(G))

for Y = X, X,iign and plot the results in Figure 2.12 separately for the aligned and
the original data sets. In the lifting operator, we set the number of interpolating
points to K =3 for D =1 and K = 8 for D = 2. We observe very little difference in

accuracy based on the value of K but chose these values as they show the greatest
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Figure 2.13: Shown is the bifurcation diagram in ¢ coordinates computed for the mi-
crosystem directly, the one-dimensional, two-dimensional, full, and reduced diffusion
maps.

accuracy. For D = 1, the average relative error is less than 0.27%. For D = 2,
this error increases to 1.63%. We observe the least accuracy near the embeddings

corresponding to low values of o, likely due to the fact that these traffic jam solutions

are unstable and thus have more variation in sampled profiles.

2.4.5 Computing bifurcation diagrams using the macrosys-

tem

In the preceding sections, we presented a data-driven approach to constructing lifting
and restriction operators based on embeddings derived from diffusion maps and
validated this approximation. In this section, we use an equation-free modeling
approach based on these operators to compute the bifurcation diagram of traveling-

wave solutions of (2.4.1) in the reduced n-dimensional embedding space separately

for D=1and D = 2.

One-dimensional reduction: continuing fixed points. First, we focus on the

lifting and restriction operators constructed from the aligned data set X,jgn, where
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Figure 2.14: Shown is a comparison of the bifurcation diagram computed using
the equation-free approach for the reduced system with D = 1 associated with the
aligned data set and the diagram computed using pseudo-arclength continuation for
the microsystem. Left: M = 5,000 points, Right: M = 1,000 points

we explicitly factored out the discrete symmetry. As shown above, the restriction
operator maps into R, and the parametrization of the macrosystem corresponds
to the standard deviation of the headways. Since the phase is effectively factored

out, we focus on computing and continuing equilibria of the macrosystem defined

implicitly using an equation-free model.

We denote by ®.(P;wg) the solution of the microsystem (2.4.1) with parame-
ter value vy that belongs to the initial condition P = (2, yn)n=1,.n € RY. The

equation-free macrosystem is then defined by the finite-difference quotient

R (®tskip+5(£(¢); UO)) -R ((I)tskip (£(¢>7 UO))
5 )

d¢ _ _
E - F(¢a UO) T

where ¢ € R denotes the macrovariable, and the time steps tqp, 0 > 0 are chose to
obtain time-scale separation in the dynamics. We then compute and continue roots
of the function F'(¢,vy) using pseudo-arclength continuation with a secant predictor

of step size s and a Newton corrector in the space (¢,vy) € R.

The results are shown in o coordinates in Figure 2.13 and the diffusion map co-

ordinates Figure 2.14 for both the full diffusion map and the reduced diffusion map.
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Figure 2.15: Shown is a comparison of the bifurcation diagram of periodic orbits
computed using the equation-free approach for the reduced system with D = 2
associated with the data set X and the diagram computed using pseudo-arclength
continuation for the microsystem. The left and right panel show projections into
(vo,r) and (T, 1), respectively.

Both bifurcation diagrams resemble the diagram computed previously in Marschler
et al. (2014a) and the diagram in Figure 2.5 computed using continuation in the mi-
crosystem. We notice that the reduced diffusion map is more robust to continuation
parameter choices, and we hypothesize that this difference results from the artificial
alignment of the profiles in the one-dimensional diffusion map. In the M = 5,000
diffusion map, aligning the data introduces noise around each value of ¢ since there
will be many profiles originating from different positions to potentially lift. Down-

sampling the diffusion map to M = 1,000 reduces some of that noise, thus resulting

in a more robust method.

Two-dimensional reduction: continuing periodic orbits. Next, we focus on
the lifting and restriction operators constructed from the original data set X, which

results in a two-dimensional macrosystem given by

d¢ _ _
% - F(Qb, UO) T

R (P, +5(L(0);00)) = R (Pry, (L£(6);00))
5 ,

(2.4.6)



41

where ¢ € R? again denotes the, now two-dimensional, macrovariable. Traveling
waves of the microsystem (2.4.1) correspond to periodic orbits of the planar system
(2.4.6). We denote by ®,(¢;v,) the solution operator of the macrosystem (2.4.6)
and define the one-dimensional Poincare section R¢pg for a nonzero vector ¢pg € R?
in the macrosystem. Periodic orbits with period T of (2.4.6) can then be found as

solutions of the system F(r, T, vy) = 0 given by
F: R — R2; (r, T, vp) — Ci)tskip('ﬂbps;vo) - ‘i)tskip+uT(7’¢Ps;Uo)-

We solve this system for (r, T, vy) using again pseudo-arclength continuation with a
secant predictor and a Newton corrector. Since the periods are roughly 7" ~ 34.5,
we choose to evolve for v = 7 periods to match 6 = 240 ~ vT used in the one-

dimensional system.

The results are illustrated in o coordinates in Figure 2.13 and in diffusion map
coordinates in Figure 2.15. The full diffusion map diagram is computed accurately in
(r, T, vo)-space and deviates from the diagram obtained from the microsystem only
slightly near the fold point. The reduced diffusion map diagram shown in Figure 2.16
is less accurate, particularly on the stable branch. In this case, downsampling the

data likely left gaps in the (r, T, vg) space of interest, leading to less accurate results.

2.5 Conclusions

We considered large-dimensional dynamical systems, referred to as the microsys-
tem, with a slow-fast time-scale separation. Equation-free modeling attempts to

reduce the dynamics of the microsystem to an implicitly defined, lower-dimensional
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Figure 2.16: Shown is a comparison of the bifurcation diagram of periodic orbits com-
puted using the equation-free approach for the reduced system with D = 2 associated
with the reduced data set X and the diagram computed using pseudo-arclength con-
tinuation for the microsystem. The left and right panel show projections into (vg, )
and (T, r), respectively.

macrosystem that captures the dynamics on the slow manifold of the microsystem
corresponding to the slow time scale. The macrosystem can then be used, for in-
stance, to carry out direct numerical simulations with larger step sizes compared to
simulations of the microsystem or to compute and continue stationary solutions or
periodic orbits of the macrosystem that may correspond to more complex patterns in
the microscopic variables. In previous applications, the macroscopic variables were
identified based on insights into the microsystem: for instance, in the context of

traffic-flow models, it makes sense to use the standard deviation from the free-flow

solution to capture traffic-jam solutions.

For this paper, our goal was to develop an application-independent approach
to equation-free modelling that does not rely on being able to make an explicit
ansatz for the macroscopic variables. We focused on a data-driven approach and
used diffusion maps to embed the data set into a lower-dimensional space, identify
macroscopic variables that parametrize the low-dimensional space, and construct
lifting an restriction operators that connect the micro- and macroscopic systems.
Our case study demonstrated that these operators can be used to continue traffic-

flow patterns as steady states or as periodic orbits in the macroscopic system.
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It would be interesting to see whether this approach can be used to compute
and continue more complex patterns that cannot be characterized directly in the
microsystem: examples are patches of turbulent fluid surrounded by laminar flow,
for instance, or other spatially chaotic structures whose overall shape that may be

parametrized by appropriate macroscopic variables.

In our application, we found that the most important aspect was appropriately
sampling data to build the diffusion map so that all regions of interest in phase space
are well-covered. Another avenue for future research is to find a better method for
identifying the underlying data set, for instance by finding better sampling techniques

for the initial data and the stopping times.



CHAPTER THREE

JUSTFAIR
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This chapter is based on work presented in Ciocanel et al. (2020a).

3.1 Introduction

In the United States, the public’s right to access court proceedings and court records
is frequently debated and litigated Ardia (2016). However, with respect specifically
to criminal trials, the public’s right of access is unambiguous. A 7-1 majority of
the Supreme Court affirmed this right in the case Richmond Newspapers, Inc. wv.
Virginia, 448 U.S. 555 (1980). The opinion of the plurality held that “the First
Amendment guarantees of speech and press, standing alone, prohibit government
from summarily closing courtroom doors.” Federal court proceedings may be closed
in special cases involving classified information, trade secrets, ongoing investigations,

or other complications. By default, however, most proceedings are open Adminis-

trative Office of the U.S. Courts (2020b), Fenner and Koley (1981).

While members of the public have the right to attend criminal trials, they are not
necessarily well-positioned to exercise this right. Any individual could in principle
choose to attend a federal criminal court proceeding and observe the defendant, the
judge, the crimes allegedly committed, the evidence provided, the verdict, and, if
applicable, the sentence given. However, no individual can attend the hundreds
of thousands of proceedings that take place in federal courts every year. Stated
differently, the public does not have access to high quality, large-scale information
about the federal criminal justice system, and therefore, much of what happens in
criminal courts remains opaque. The opacity of the federal criminal court system
impedes the public in a number of ways, including in its ability to assess sentencing

equity. As we explain later, while federal sentencing guidelines that recommend
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appropriate penalties exist, they are not binding. Judges have broad discretion in

their choice of sentences.

Sentencing disparity is an active area of research in legal scholarship. One stream
of this research investigates associations between the severity of sentences and demo-
graphic characteristics of defendants. A study of over 77,000 federal offenders finds,
after controlling for numerous factors, that judges give longer sentences to individ-
uals who are Black, male, or low-income as compared to members of other racial,
gender, and income groups Mustard (2001). More recent work confirms sentenc-
ing gaps biased against men and Black individuals Rehavi and Starr (2014), Yang
(2015), Starr (2015). For example, Rehavi and Starr construct a multi-agency-based
dataset that focuses on offender and offense information. Their data includes almost
37,000 cases of black and white male US citizens who were arrested for violent, prop-
erty /fraud, weapons, and public order offenses and referred to federal prosecutors
for potential prosecution between fiscal years 2006 and 2008. This dataset provides
very detailed demographic and arrest/prosecution information for the offenders, but
is not linked to judge identity or information. A second stream of research focuses
not on characteristics of defendants, but rather, on those of judges Schanzenbach
and Tiller (2008), Yang (2014, 2015), Cohen and Yang (2019). For instance, Co-
hen and Yang (2019) dissects the role of political affiliation in federal criminal cases
and finds that as compared to Democratic-appointed judges, Republican-appointed

judges give longer sentences to defendants who are Black or male.

While this second, judge-focused stream of research does examine associations
between judge demographics and sentencing disparities, it does not shed light on
the sentencing decisions of individual judges. As the authors of Schanzenbach and
Tiller (2008) explain, “The unavailability of judge data is one of the most frustrat-

ing aspects of the study of federal sentencing and has significantly impeded scholarly
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evaluation.” The U.S. government does publish certain data sets related to federal
criminal sentencing, available from the United States Sentencing Commission. How-
ever, as Schanzenbach and Tiller (2008) also notes, “the Commission has refused to

identify the sentencing judge in the data.”

Despite the U.S. government’s decision not to identify sentencing judges, studies
like Schanzenbach and Tiller (2008), Yang (2014, 2015), Cohen and Yang (2019)
have been possible because the investigators have assembled their own databases
to identify judges. The painstaking work of Schanzenbach and Tiller (2008) manu-
ally assembles a database of 2,265 records using information from the United States
Sentencing Commission and the Public Access to Court Electronic Records System.
However, while the data set does link individual judges with sentencing decisions, no
individual judges are discussed in Schanzenbach and Tiller (2008), nor is the data
set publicly accessible. The studies in Yang (2014, 2015), Cohen and Yang (2019)
are much larger scale, involving hundreds of thousands of sentencing decisions, each
linked to information about the sentencing judge. To build these databases, the au-
thors combine data from government databases with data from a proprietary source,
the Transactional Records Access Clearinghouse (TRAC), which provides informa-
tion about judges’ sentencing habits obtained via Freedom of Information Act re-
quests. This dataset consisted of almost 547,000 cases linking federal sentencing data
with judge information for defendants sentenced between 1999 and 2015 Cohen and
Yang (2019). To connect between defendant and crime characteristics and sentencing
judge information, the authors matched records in these databases based on “dis-
trict court, sentencing year, sentencing month, sentence length in months, probation
length in months, amount of total monetary fines, whether the case ended by trial
or plea agreement, and whether the case resulted in a life sentence” Cohen and Yang

(2019). However, TRAC’s assembled data is proprietary and is governed by a data
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usage agreement Transactional Records Access Clearninghouse (2002). Presumably
for these reasons, the data sets used in Yang (2014, 2015), Cohen and Yang (2019),
which incorporate information from TRAC, are not public, and these manuscripts

do not disclose information about the sentencing decisions of individual judges.

In summary, the public has a constitutional right to observe criminal proceed-
ings, and in principle could tabulate the sentencing decisions of every federal judge.
However, due to practical constraints, individuals cannot exercise this right on a
large scale. The U.S. government publishes data about criminal sentencing, but
this data does not identify the judge associated with any particular sentencing data.
Past legal scholarship has linked sentencing decisions with individual judges, but the

proprietary data source used prohibits the identification of these judges.

To remedy this situation, we present JUSTFAIR: Judicial System Transparency
through Federal Archive Inferred Records, a database of criminal sentencing decisions
made in federal district courts. We have compiled this data set from public sources
including the United States Sentencing Commission, the Federal Judicial Center,
the Public Access to Court Electronic Records system, and Wikipedia. With nearly
600,000 records from 2001 - 2018, JUSTFAIR is the first large-scale, free, public
database that links information about defendants and their demographic character-
istics with information about their federal crimes, their sentences, and crucially, the
sentencing judges. Our publicly-available database extends the one in Cohen and
Yang (2019) to fiscal years 2002-2018 and uses similar variables (district court, sen-
tencing date, prison sentence length, probation length, fine amount, offense codes,

etc.) to match records in the appropriate public sources.

The rest of this paper is organized as follows. In Legal Background, we provide a

layperson’s overview of the federal court system and a brief history of federal criminal
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sentencing. In Data Sources and Preprocessing, we describe in detail our procedures
for acquiring data from four sources and for preparing that data for merging. In Data
Consolidation, we explain how we merge United States Sentencing Commission data
first with Federal Judicial Center data to obtain court docket numbers, then with
the Public Access to Court Electronic Records system to obtain the initials of the
sentencing judge for each case, and finally, with information from Wikipedia (as well
as from the Federal Judicial Center) to obtain the full name of each judge. Finally,

we conclude with a brief summary of JUSTFAIR and some directions for future work.

3.2 Legal Background

3.2.1 Structure of the Federal Judicial System

For a layperson’s review of the federal court system, see, e.g., Administrative Of-
fice of the U.S. Courts (2016). In our work, our primary concern is the principal
federal trial court system, which comprises 94 district courts. Each U.S. state has
one or more federal district courts. For instance, Alaska has one district, whereas
California, New York, and Texas each have four districts. Additionally, the Dis-
trict of Columbia and Puerto Rico each have one district court. Altogether, the
U.S. states, District of Columbia, and Puerto Rico account for 91 of the 94 afore-
mentioned courts. The remaining three courts are associated with the territories
of Guam, the Northern Mariana Islands, and the U.S. Virgin Islands. While these
three territorial courts are established in a different part of the Constitution than
the 91 districts, they have similar jurisdiction, and so it is common to refer to them
as district courts. Nonetheless, there are some differences between these territorial

courts and the other district courts. Excluding the three territorial courts, each
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district also has a specialized bankruptcy court. Additionally, there are two special
courts that have nationwide jurisdiction, namely the U.S. Court of Federal Claims

and the U.S. Court of International Trade.

Decisions made by judges in the 94 district courts can be appealed. Each district
court belongs to one of twelve circuits, and each circuit has an appeals court. A
thirteenth circuit, the Federal Circuit, hears appeals for certain special types of
cases. The Supreme Court sits above the federal circuit courts of appeals. While the
U.S. Constitution and federal laws mandate special types of cases that the Supreme
Court must hear, much of the Supreme Court’s case load is chosen by the court
itself, whenever at least four justices agree to hear a case. One important role of the
court is to resolve situations where two or more circuit courts of appeals issue legal

rulings that are in conflict.

Excluding judges on the three territorial courts, federal district judges are chosen
as specified in Article IIT of the Constitution. That is to say, they are appointed by
the president of the United States and must be confirmed by a vote of the Senate.
These Article 11T judgeships are lifetime appointments. Once judges are confirmed,
they cannot be removed from office except through impeachment by the House of
Representatives followed by conviction in the Senate. Judges in the three territorial
courts are not governed by Article III of the Constitution, and thus do not have

lifetime appointments.

Federal district courts also have magistrate judges. A district magistrate judge
is chosen not by the president, nor by Congress, but rather, by a majority vote of
the federal judges in the district. Magistrate appointments last for eight years and
are renewable. The specific duties of magistrate judges are not prescribed by federal

law. Each district court has the authority to delegate to its magistrates “additional
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duties as are not inconsistent with the Constitution and laws of the United States”

Administrative Office of the United States Courts (2010).

3.2.2 Federal Criminal Sentencing

For an overview of federal sentencing, see United States Sentencing Commission
(2018). Prior to 1987, federal district judges had the discretion to impose, nearly
without restriction, the criminal sentences they deemed appropriate. Put concretely,
two individuals with similar criminal histories who were convicted of committing
similar crimes under similar circumstances could receive vastly different sentences

depending on the outlook of the presiding judge.

However, in 1984, Congress passed the Sentencing Reform Act as part of a larger
piece of legislation, the Comprehensive Crime Control Act. The Sentencing Reform
Act established the U.S. Sentencing Commission which, in 1987, formally adopted
federal sentencing guidelines in order to mitigate sentencing disparities. These guide-
lines set uniform sentencing policies for felonies and for the most serious class (Class
A) of misdemeanors. The guidelines are a detailed set of instructions for algorith-
mically calculating the appropriate range of a sentence. The algorithm accounts for

the type of crime, aggravating and mitigating factors, criminal history, and more.

These sentencing guidelines were originally interpreted as mandatory. However,
in United States v. Booker, 543 U.S. 220 (1985), the Supreme Court ruled that
these sentencing guidelines cannot be mandatory and must be considered merely as
advisory. Today, federal district court judges are required to calculate the sentence
recommended by the guidelines, but they can still issue a different sentence that they

deem appropriate, subject to mandatory minimum sentences when applicable.
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Generally speaking, magistrate judges do not impose criminal sentences. The
primary conditions under which a magistrate judge might impose a criminal sentence
are when the conviction is for a Class A misdemeanor and the defendant waives their

right to be sentenced by a federal district judge.

3.3 Data Sources and Preprocessing

3.3.1 Overview of Data Sources

One of our primary goals is to facilitate study of the criminal sentencing decisions
of individual federal district judges. JUSTFAIR includes information about federal

criminal cases including;:

demographic characteristics of the sentenced individual,
e sections of the law relevant to the conviction,
e factors influencing the recommended sentence,

e components of the sentence, including (potentially) a fine, probation, and

prison time,
e sentencing date,
e federal district of the court, and

e name, time period of service, appointing president of the sentencing judge, as

well as other background information.



53

To assemble JUSTFAIR, we consolidate data from five sources:

the United States Sentencing Commission Database,

the Federal Judicial Center Integrated Database,

the Public Access to Court Electronic Records system,

Wikipedia, and

the Federal Judicial Center Biographical Directory of Article III Federal

Judges.

Fig 3.1 illustrates the data pipeline used to create JUSTFAIR. First, we obtain
detailed information about criminal cases and sentences (pink section of figure) from
the United States Sentencing Commission database. This database includes de-
mographic information about convicted individuals and detailed information about
sentences given. However, while this database provides the sentencing date and fed-
eral judicial district of the case, it does not identify the sentencing judge. To obtain
information about the sentencing judge requires a case docket number. We obtain
these case docket numbers from the Federal Judicial Center Integrated Database and
merge them with the United States Sentencing Commission database (pink section
of figure). Then, from the Public Access to Court Electronic Records system, we
retrieve the initials of the sentencing judge associated with each docket number (blue
section of figure). In order to map judge initials to an identified judge, we retrieve
judge names from two different sources (green section of figure). From Wikipedia,
we scrape the names of current and former federal district judges and extract their
initials. We also use the Federal Judicial Center Biographical Directory of Article
IIT Federal Judges as an alternative means to obtain the names of current judges as

well as their demographic, education, and nomination information. In the following
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subsections, we describe our five data sources in greater detail, and we explain the
procedures we use to preprocess the data and merge it to create the JUSTFAIR

database.

3.3.2 United States Sentencing Commission

The United States Sentencing Commission (USSC) is an independent agency of the
federal judicial system created by Congress via the Sentencing Reform Act of 1984.
USSC’s mission includes the directive “to collect, analyze, research, and distribute
a broad array of information on federal crime and sentencing issues, serving as an
information resource for Congress, the executive branch, the courts, criminal justice
practitioners, the academic community, and the public” United States Sentencing
Commission (2011). In service of this mission, USSC maintains publicly accessible
data sets, including files which provide information about sentences given to individ-
uals in federal district courts. We refer to these as individual offender files (IOFs) to
distinguish from other public files that tabulate information on corporate offenders
United States Sentencing Commission (2019). USSC provides a detailed description

of IOF contents in their code book United States Sentencing Commission (2020).

Seventeen IOFs are available, one each for the fiscal years 2002 - 2018 (inclu-
sive). These files come in .dat format, and range in size from 1.19 gigabytes to 4.07
gigabytes, with a median size of 2.02 gigabytes. In total, the IOFs comprise 35.08
gigabytes. We convert these files to .csv format for convenience. Each file has tens
of thousands of records (rows), ranging from approximately 64,000 to approximately
86,000 with a median of approximately 73,000. Each file also has thousands or tens
of thousands of variables (columns). The differing numbers of variables from file to

file are due to changes in sentencing policies and record keeping over time, as detailed
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Figure 3.1: JUSTFAIR data pipeline. We combine information from the United
States Sentencing Commission (USSC), the Federal Judicial Center (FJC), the Public
Access to Court Electronic Records System (PACER) and Wikipedia in order to
create our database, Judicial System Transparency through Federal Archive Inferred
Records (JUSTFAIR). With nearly 600,000 federal district court records from 2001 -
2018, JUSTFAIR is the first large-scale, free, public database that links information
about criminal defendants and their demographic characteristics with information
about their federal crimes, their sentences, and crucially, the sentencing judges.
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in Kitchens (2019a,b), Kyckelhahn (2019), Syckes (2020), Reedt et al. (2013). As we

will explain momentarily, a majority of these columns are mostly empty.

To make the data set amenable to study by the public, we reduce it to a more
tractable size. First, we construct the set of column names in each IOF and we
intersect these sets (ignoring case, which is inconsistent across years). There are
2,384 variable names that are shared across all 17 files. Additionally, there are
16 variables that we retain for possible downstream analysis: SENTDATE, SENTMON,
SENTYR, SENTTOTO, BOOKER2, BOOKER3, BOOKERCD, BOOKPOST, DEFCONSL, OFFTYPE2,
OFFTYPESB, and NWSTAT1 - NWSTAT5. We eliminate all other variables. We then
examine the amount of data present in the retained variables. Many of these columns
consist primarily of missing data. We retain variables that have at least 25% of data
present, a cutoff chosen by inspection of the histogram of the percentage of data
present in each column (not shown). After eliminating the mostly-empty columns
from each file, we again intersect variable names across all IOFs. In the previous two
steps, however, we force inclusion of the 16 variables enumerated above. Altogether,
we identify 163 columns to retain. We reduce all IOFs to these shared columns and
concatenate the 17 files. The result is a 0.5 gigabyte .csv file with 1,265,688 records
and 163 variables. In our data set, we retain the variable USSCID which is a unique
identifier in the USSC database. Because we retain this identifier, any user wishing
to recover variables we eliminated from the raw IOF's can do so in a straightforward

manner.

We make several modifications to our USSC data. First, we reconcile a change
in the coding of sentencing dates. For the years 2001 - 2003, the month and year
when each sentence was given are coded in one variable called SENTDATE. From 2004
onwards, the month and year are stored separately in variables SENTMON and SENTYR.

We extract the months and years from SENTDATE in the 2001 - 2003 data to have a
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consistent format for dates.

Second, we create modified versions of the variable SENTTOT. This variable stores
the total prison sentence given in months. Because of this choice of units, the
values of SENTTOT are not necessarily integers. Later, we merge our USSC data with
data from the Federal Judicial Center Integrated Database by matching on several
variables, including sentence length. However, in the latter database, all values
of prison sentence length are integers. Therefore, to facilitate merging, we create
variables roundSENTTOT and floorSENTTOT, where the former rounds SENTTOT to

the nearest integer and the latter truncates any fractional portion of SENTTOT.

Third, we reconcile SENTTOT with another variable, TOTPRISN (total months of
imprisonment, not including time served). TOTPRISN may take on a number of
special values, including 9996, and 9998, which correspond to life imprisonment and
the death penalty, respectively. We carry these values over to SENTTOT to retain

information about these penalties.

Fourth, we clean SENTTOT for certain records. In particular, we note 157,484
records for which SENTTOT has missing data but a closely related variable, SENTTOTO
has the value of zero. According to the USSC data codebook United States Sen-
tencing Commission (2020), SENTTOT codes zero-length sentences as missing, while
SENTTOTO does not. Because Kitchens (2019b) recommends using the variable
SENTTOT for analysis, but because we need information about zero-length sentences,
we recode SENTTOT as zero for the 157,484 aforementioned records. We also create a

new variable, SENTTOTFLAG, which flags the records that have been recoded.

Fifth, we create modified versions of the variables NWSTAT1 - NWSTAT5. These

variables record each portion of the U.S. legal code under which a defendant has
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been convicted. These codes include, potentially, the relevant title, section, and
subsection of the U.S. legal code. For instance, one code in the data set is 181956A1,
which refers to a subsection of U.S. Code Title 18, Section 1956 on money laundering.
We truncate the NWSTAT codes to include only the title and section information so
that, for example, 181956A1 becomes 181956. We refer to our truncated variables
as USSCcodel - USSCcodeb, and these will validate matching with other data sources

downstream.

Finally, we set any empty fields in the database to NA (short for “not available”)
to represent missing data. After the preprocessing steps described above, our final

USSC data set has 1,265,688 records and 171 variables.

3.3.3 Federal Judicial Center Integrated Database

The Federal Judicial Center (FJC) is an agency of the U.S. federal judicial system,
established in 1967 with a tripartite mission that includes “research and study of
the operation of the courts.” To this end, the FJC maintains and provides public
access to an Integrated Database Federal Judicial Center (2020) consisting of seven
files with information on civil cases, criminal cases, appeals cases, and bankruptcy
cases. The criminal cases are spread across two files, the second of which covers the
time period from 1996 to present. We download this data, which FJC provides as
a 2.7 gigabyte tab-delimited text file Federal Judicial Center (2019). The raw file
comprises 4,783,129 records and 144 variables. FJC provides a detailed description

of file contents in their code book Federal Judicial Center (2016).

We make several modifications to the FJC data that we download. First, we

create new variables for sentencing date. The raw variable SENTDATE encodes the
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day, month, and year of sentencing. From it, we extract two new variables, SENTMON
and SENTYR, which store the month and year separately for commensurability with

USSC data downstream.

Second, because USSC data begins in calendar year 2001, we restrict our FJC
data to this same time period. This restriction drastically reduces the number of
records. In fact, the raw FJC file not only includes data from prior to 2001, but it
includes over three million records whose sentencing dates are listed as January 1,
1900. We exclude these records. By retaining FJC records with sentencing dates in

2001 or later, we reduce the data set to 1,455,947 records.

Third, we address issues with the coding of the federal judicial district for each
record as stored in the variable DISTRICT. The coding of judicial districts in FJCIDB
differs from that in USSC for eight districts, namely the Middle District of Florida,
the Southern District of Florida, the Northern District of Georgia, the Middle District
of Georgia, the Southern District of Georgia, the Eastern District of Louisiana, the
Middle District of Louisiana, and the District of Alaska. In the FJC Integrated
Database, these are coded as 3A, 3C, 3E, 3G, 3J, 3L, 3N, and 7-, respectively.
We replace these codes with the numbers 30 - 35, 96, and 95, respectively, to be
commensurate with the DISTRICT variable in USSC. Additionally, values of -8 signify

missing information, and we replace these with NA.

Fourth, we recode the sentencing variable PRISTOT, an integer specifying the total
prison sentence given in months. While most values are positive integers, the data
also contains certain special negative values. Values of -1 signify imprisonment of
less than one month and values of -2 signify that no prison sentence was imposed.
We replace these values with zeros for commensurability with USSC data. Values of

-3 represent sealed sentences, and we replace them with NA since it is not possible
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to know the sentence. Values of -4 and -5 represent life imprisonment and the death
penalty, respectively. We replace these values with 9996 and 9998 to match the
USSC database. There are also 38,375 records with PRISTOT equal to -8, signifying
missing data. For these records, we examine the variables PRISTIM1 - PRISTIM5
which give the amount of prison time to which a defendant was sentenced for up to
five sections of the U.S. criminal code. For all 38,375 records, the value of PRISTIM1
is zero, and the values of PRISTIM2 - PRISTIM5 are either -8 (signifying missing data)
or zero. In summary, the PRISTIM variables for these records do not indicate any
prison sentence, and so we set the value of PRISTOT to be zero for them. We also

create a new variable, PRISTOTFLAG, which flags the records that have been recoded.

Fifth, we recode the sentencing variable PROBTOT, which specifies the number of
months of probation given with a sentence. We perform this recoding in a manner
very similar to that used above for PRISTOT. Values of -1 represent probation of less
than one month and we replace these with zeros for commensurability with the USSC
data. Values of -8 represent missing data, of which there are 353,000 occurrences.
For these records, we examine the variables PROBMON1 - PROBMON5 which give the
amount of probation time to which a defendant was sentenced for up to five sections
of the U.S. criminal code. For all 353,000 records, the value of PROBMON1 is zero, and
the values of PROBMON2 - PROBMON5 are either -8 (signifying missing data) or zero.
In summary, the PROBMON variables for these records do not indicate any probation
time, and so we set the value of PROBTOT to be zero for them. We also create a new

variable, PROBTOTFLAG, which flags the records that have been recoded.

Sixth, we create ten new variables, FJDcodel - FJDcodel0, which are modified
versions of the variables FTITLE1 - FTITLES and TTITLE1 - TTITLE5. The first
five variables record portions of the U.S. code under which a case was filed, and

the latter five record portions of the U.S. code under which a case was disposed.
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For commensurability with the USSCcodel - USSCcodeb variables we created in our
preprocessed USSC database, we eliminate punctuation from these strings and reduce

them to include only the title and section of the U.S. code.

Finally, we set any empty fields in the database to NA to represent missing data.
After the preprocessing steps described above, our FJC data set contains 1,455,947

records and 158 variables.

3.3.4 PACER and Juriscraper

Public Access to Court Electronic Records (PACER) is the records access service
of the United States federal courts. This database was established in 1988 and
was made publicly accessible online beginning in 2001 Johnson (2009). For each
court case it contains, PACER includes a breadth of information ranging from a
roster of involved parties, to chronologies of the judicial process, to scanned court
documents, to, potentially, judicial opinions issued. PACER content for each district
court is maintained by that court on its own website. However, there is a centralized
PACER Web portal Administrative Office of the U.S. Courts (2020a) with a search
feature that connects to individual court sites. Currently, access to PACER records

is for-fee at the rate of $0.10 per page of information accessed.

Our queries to PACER require us to have a case docket code. Constructing this
code requires the variable CASLGKY, which originates in the FJC data. CASLGKY is a

15 character string of the form “CCDDOYYSSSSSTTR” where:

e Characters CC are digits specifying the federal judicial circuit of the court

where the case occurred.
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e Characters DD are digits or letters specifying the federal judicial district.

e Character O is a digit or letter indicating which office within the judicial district

handled the case.
e Characters YY are the last two digits of the year in which the case was filed.

e Characters SSSSS represent the five-digit sequence number of the case (essen-

tially, an ID number assigned to the case by each court).

e Characters TT are either “CR” or “MJ,” specifying, respectively, a criminal

case handled by a federal district judge or one handled by a magistrate judge.

e Character R is the one-digit reopen sequence number indicating whether the
record corresponds to an original court proceeding or the re-opening of a pre-

vious proceeding.

From CASLGKY we construct a federal docket number. Each docket number has
the form “O:YY-CR-SSSSS” where the characters O, YY, and SSSSS are as defined
above, and “CR” indicates that we are searching only for cases handled by district
judges. We use our docket number and the DISTRICT variable to query Juriscraper,
a tool of the FreeLaw Project Free Law Project (2020). Juriscraper provides an API

to retrieve metadata from district court websites.

A Juriscraper query on a docket number returns a case title. This case title
begins with a version of the docket number, followed by information. The version of
the docket number that is returned may include additional letters that we did not
submit as part of our search query. For the vast majority of districts, these are the
initials of the judge (we discuss exceptions later). For example, we use Juriscraper to

query the docket number 2:01-CR-00071 to the District of Maine. This is a criminal
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case from the second court within the district, filed in 2001, having sequence number
00071. The query returns PACER’s full case title, which is “2:01-cr-00071-DBH USA
v. BLAKE (closed 01/03/2002).” The appended letters “DBH” are the initials of
a judge within the district, in this case, Hon. David Brock Hornby. Some PACER
case titles include two sets of initials, for example, “1:00-cr-00425-RWR-AK.” We
store the first set of initials in the variable pacer first_inits. If the second set of

initials is present, we store it in variable pacer_second_inits.

In cases that have multiple defendants, a single Juriscraper query may return
more than one result. In fact, we submit 744,401 queries to Juriscraper (see Merging
Federal Judicial Center Integrated Database), and these queries return 3,394,237

results with 645,457 unique values of CASLGKY.

3.3.5 Wikipedia

To obtain information about federal district judges, we scrape Wikipedia. We begin
with Wikipedia’s page containing a master list of U.S. district courts Wikipedia
contributors (2020), and from it, we retrieve the link to each individual court’s
Wikipedia page. These individual court pages each contain tables with information
about the judges currently and formerly on the court. We scrape these tables,
retaining information such as judge name, lifespan, years active, and link to the

Wikipedia page for the judge (if available).

Eventually, we will use information about judges’ initials from PACER records
in order to infer the full name of the judge. To enable this inference, we must extract
judge initials from our scraped Wikipedia data. Before performing this extraction,

we clean the scraped judge names. First, we remove strings in judge names that
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do not contribute to the judge’s initials. These strings include Roman numerals “I”
through “V” as well as “Jr.,” “Sr.,” and footnotes or numbers such as “[1]” that
were present in some scraped records. Second, we deal with apostrophes in names,
based on a manual investigation of judge initials within PACER. For instance, in
PACER, Hon. Beverly Reid O’Connell has initials “BRO.” Thus, we eliminate all
apostrophes from our Wikipedia names. Third, we deal with hyphens in names, also
based on manual investigation. For instance, Hon. Martin Leach-Cross Feldman
has initials “MLCFE” in PACER. Thus, we replace hyphens in Wikipedia names with
spaces. Fourth, we remove parenthetical nicknames appearing for some judges, such
as Hon. Wilhelmina Marie (Mimi) Wright. Fifth and last, we manually edit a
small number of entries. Specifically, we encode Hons. James Arnold von der Heit,
John W. deGravelles, and Frederick van Pelt Brian as “JAH,” “JWG,” and “FPB,”
respectively. With these data cleaning procedures complete, we extract initials from
each judge’s name simply by breaking each name into space-separated tokens and

retaining their first letters. We record these initials in the variable judge_inits.

Some judges have a middle name listed on their individual Wikipedia page, but
not in the table on their district’s Wikipedia page. For example, Hon. Abdul Karim
Kallon’s name is given simply as Abdul Kallon in the table on the Wikipedia page
for the Northern District of Alabama. To account for these cases, we access all
available individual district judge Wikipedia pages (linked from the tables in the
courts” Wikipedia pages) and scrape each judge’s full name. We extract initials
from these names in a manner similar to that used above. This second version of
a judge’s initials could be identical to the first version, could be a more complete
version that incorporates additional middle names, or could be “N” for Null if that
judge does not have an individual Wikipedia page (we record this in the variable

judge_inits_full).
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Finally, we add to our data set the federal judicial district in which each judge
serves or served. There are in fact two numbering schemes for judicial district used
in the USSC data, namely, the variables DISTRICT and CIRCDIST; see United States
Sentencing Commission (2020). We add both codes to each judge record in our
Wikipedia data set. In total, our scraped Wikipedia data comprises 3,140 former
and current district judges, but after filtering the data for judges who were active

from 2001 to present, 1,639 judges remain.

Federal Judicial Center Biographical Directory of Article III

Federal Judges

An alternative source for information on federal district judges is a database main-
tained by FJC Federal Judicial Center (2013). This database, called the Biographical
Directory of Article III Federal Judges, provides a publicly-available .csv file where
each row is the record for an individual judge. The record includes information
about the judge’s demographics, federal judicial service, education, professional ca-

reer, confirmation process, and more Federal Judicial Center (2013).

For consistency with the databases described above, we extract the CourtName
field for each judge and convert it to the CIRCDIST numbering scheme for these
judicial districts. Because a small number of judges serve for two districts in their
state, we duplicate the rows for these judges and record the corresponding CIRCDIST
for each entry. We also add variables for the overall starting and ending years of
service of each judge, based on information recorded in the CommissionDate and
TerminationDate fields in this data set. Finally, since the LastName, MiddleName,

and FirstName are separate in this data set, we extract the initials from each name
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and concatenate them into an Initials field.

This data set of judges consists of 3,799 former and current district judges. After
filtering the data for judges active after 2001, 1,634 judge entries remain. A difference
between this FJC data set and the Wikipedia judges data set described above is
that the FJC judge data set does not include judges from the three territorial courts
since they are not governed by Article III of the Constitution. In addition, both the
Wikipedia and the FJC judge data sets each contain entries of several judges (not
included in the other data set) who have not yet been commissioned and will begin
service in 2020. These judges will not appear in our final data set since our USSC

data is restricted to fiscal years 2002-2018.

3.4 Data consolidation

3.4.1 Merging Federal Judicial Center Integrated Database

Each record in the USSC database has a unique identifier stored in the variable
USSCIDN. However, this identifier is not used in the F.JC Integrated Database. There-
fore, to link information, we use an approach established in Yang (2014, 2015), Cohen
and Yang (2019). We perform a data merge on critical variables that are shared be-
tween these two data sets, namely federal judicial district, month of sentencing, year
of sentencing, prison sentence given, fine given, and probation given. Within our pre-
processed USSC data, this information is stored in the variables DISTRICT, SENTMON,
SENTYR, SENTTOT, FINE, and PROBATN, respectively. Within our preprocessed FJC

data, it is stored in SENTMON, SENTYR, DISTRICT, PRISTOT, FINETOT, and PROBTQOT.



67

Records that have values of NA for any of these variables cannot be matched,
and so we drop them from our data sets. These deletions reduce the USSC data from
1,265,688 records to 1,245,827 records, and they reduce the FJC data from 1,455,947

records to 1,452,288 records.

We then carry out a basic merge of the two data sets across the aforementioned
six core variables, retaining only unique matches. That is to say, for each record in
the USSC data, we check if there is exactly one record in the FJC data that has
the same federal district, sentencing month and year, and prison, fine, and probation
penalties. If a match is made, we merge the records. As an additional step to validate
the matching, we require that for any merged record, at least one of the values of
USSCcodel - USSCcodeb must be included in the values of FJDcodel - FJDcodelO.
That is to say, we check that the two data sets have at least some overlap in how
they report the parts of the U.S. code relevant to the court case. After carrying out
these steps, we successfully merge 658,891 records, leaving 586,936 USSC records

unmatched.

Recall that in the USSC data, the prison sentence variable SENTTOT is real-valued
while in the FJC data, the prison sentence variable is integer-valued. Therefore,
for the remaining unmatched records in USSC, we repeat the merging steps de-
scribed above, but using the variable roundSENTTOT rather than SENTTOT in the
USSC data. This procedure produces an additional 145,237 matches for a total of

804,128 matches, leaving 441,699 USSC records unmatched.

We repeat the merging procedure yet again, but using the variable £10orSENTTOT
rather than SENTTOT. This procedure produces an additional 56,092 matches for a
total of 860,220 matched USSC records. There remain 385,607 USSC records that

we are unable to match.
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3.4.2 Merging PACER

Having merged USSC and FJC data, we now integrate judge’s initials from PACER
to each case record. To understand how we perform this merge, it is important to re-
member two facts. First, the variable CASLGKY in our merged USSC/FJC carries, for
our purposes, the same information as the pairing of district and docket number that
we use to query PACER. In the discussion below, we explain our merging procedure
using CASLGKY. Second, the basic units of data in USSC/FJC and in our PACER
data are different. In USSC/FJC, each record describes the sentencing outcomes
for an individual. However, criminal cases may contain more than one defendant,
meaning that CASLGKY need not be unique within our USSC/FJC data. In fact, we
find 86,251 values of CASLGKY that are not unique. The most frequently appearing
one occurs 89 times, indicating a criminal case that had 89 different defendants (as
verified through inspection of the defendant number variable, DEFNO). Equally, as
mentioned before, searching for a particular case in PACER may return multiple

records due to multiple defendants.

Thus, we merge the USSC/FJC data with PACER data in the following manner.
First, we select a record from the USSC/FJC data. We search our PACER results for
every record with the same value of CASLGKY. If we find that these PACER records
all have the same judge initials, we assign these initials not just to the record we
selected, but to any other record in our USSC/FJC data that shares the same value
of CASLGKY. In other words, when there are multiple defendants, we are only able
to assign judge initials to USSC/FJC records when all defendants are sentenced by
the same judge. Otherwise, we are not able to assign judge initials, as there is no
reliable to way to map a particular defendant in USSC/FJC to a particular defendant
in PACER.
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Our merging procedure produces the following results. We begin with the 860,220
records in our USSC/FJC data, which comprise 697,555 unique values of CASLGKY.
In our 3,394,237 PACER records, there are 645,457 distinct values of CASLGKY. Of
these, 524,393 are unique, and as a result, give us unique judge initials. An additional
106,436 values of CASLGKY appear more than one time in our PACER data but still
have unique judge initials. Overall, when we merge our USSC/FJC data with our
PACER data, we are able to assign initials to 809,405 of the 860,220 records in the

former.

3.4.3 Merging Wikipedia

Our next merging step involves matching the judges’ full names to their initials for
each defendant case in the USSC/FJC/PACER data set. Recall that our scraped
Wikipedia data includes each judge’s district and two versions of the judges’ inferred
initials: one from the district table and another from their individual Wikipedia page,
if available. Therefore, we merge the full names to initials by district. In particular,
we use the variable CIRCDIST from USSC United States Sentencing Commission

(2020), which we have also added to the Wikipedia judges data set.

There are two primary cases to consider: first we match judges with initials that
are unique within their district, and second, we match judges with initials that are
not. Since our data set covers criminal cases after 2001, we identify only 15 duplicated
judge initials out of 1,639 judge initials-district pairs. In addition, we also take into
account the fact that Juriscraper queries return two sets of judge initials in the
PACER full case title in 187,799 cases of our 809,405 records. For instance, the case
title “1:00-cr-00425-RWR-AK USA V. Hill et all (closed 04/26/2002)” gives initials

“RWR” and “AK” for federal judges (and potentially magistrates) assigned to this
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case. Before proceeding with the two merging stages accounting for each case, we
separate the USSC/FJC/PACER data set into cases where judge initials correspond
to unique judge initials in a district (comprising the vast majority of cases), and

cases where they correspond to duplicated judge initials in a district.

In the first merging stage, we include only unique judge initials-district combi-
nations from the Wikipedia data set. We first merge USSC/FJC/PACER data with
the judges data based on the variables CIRCDIST and the first set of judge initials
from PACER. This merge uses the variable judge_inits in the Wikipedia data set
and yields 552,878 matches. We repeat the same merging process for the remaining
unmatched cases but instead use the second form of the initials from the Wikipedia
data set, judge_inits_full. This second merge yields an additional 47,629 matches.
We then repeat the above steps for the remaining unmatched cases but instead use
variables CIRCDIST and the second set of judge initials from PACER. As before,
we first use the variable judge_inits in the Wikipedia data set, which yields 262
additional matches. We then use the variable judge_inits_full in the Wikipedia

data set, which yields an additional 19 matches.

In the second merging stage, we separately match each duplicate judge initials-
district combination in our Wikipedia data set with the USSC/FJC/PACER data
set. Since there are two judges corresponding to one district-judge initials pair,
we determine factors that allow us to distinguish between cases assigned to either
of the judges. These factors include judge activity periods that do not intersect,
availability of data only for one of the judges’ activity periods, and judges that have
only served from 2019 on, a period which is not included in our data. In several
duplicate cases, one of the judges has an additional middle name (provided in their
individual Wikipedia page and stored in judge_inits_full), so we verify that they
already were matched to USSC/FJC/PACER cases in the first merging stage. We
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then assign the remaining criminal cases associated with this judge initial-district
combination to the second judge. There are several exceptions we encounter when
dealing with these duplicate judge initials-district combinations. For instance, one
of these combinations does not appear in our USSC/FJC/PACER data set. There is
also one duplicate combination where we could find no distinguishing factor: there
are two judges with initials “CAB” in the Southern District of California, Hons.
Cathy Ann Bencivengo and Cynthia Ann Bashant, with largely overlapping activity
periods. There is also a duplicate combination where we are only able to assign
cases to each of the judges outside the intersection of their activity periods. Finally,
we find an additional duplicate judge initials-district pair when considering the full

judge initials from Wikipedia individual pages.

Overall, there are 600,788 matches of the USSC/FJC/PACER data set with
judges from Wikipedia based on unique judge initials-district pairs and 6,985 addi-
tional matches from the duplicate judge initials-district combinations. By analyzing
the cases that were not matched to judges in this merge, we identify eight districts
for which none of the cases have matches to judges from our Wikipedia data set. In
six of these districts (the Southern District of West Virginia, the Southern District
of Texas, the District of the Northern Mariana Islands, the District of Guam, the
Northern District of Illinois, and the Middle District of Tennessee), no judge initials
are reported in PACER, making the connection to the judges’ identities impossi-
ble. In the Eastern District of North Carolina, almost 45% of the cases report only
one letter for judge initials and therefore cannot be matched. The majority of the
remaining cases have letter combinations that do not correspond to existing judge
names. We thus conclude that the letters in this district’s docket numbers may
correspond to other notes about the criminal case. Similarly, very few matches are

possible for the Northern District of Texas, where almost 96% of the cases report
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only one letter for judge initials, and in the Western District of Oklahoma, where
almost 83% of the cases report only one letter for judge initials. Finally, in the Dis-
trict of New Hampshire, we find that the judge initials reported in PACER do not
include the judges’ middle initials. We address this issue by removing the middle
initials from variable judge_inits_full and are able to match an additional 2,685

cases, corresponding to 99.2% of this district’s cases in our data set.

We complete an additional validation step by checking whether variable SENTYR
in this final merged data set is within the assigned judges’ activity period. We find
that 589,433 of the cases satisfy this requirement, and we accept these as the product

of this stage of our work.

3.4.4 Merging Federal Judicial Center Biographical Data

Rather than using Wikipedia to map judge initials to names, an alternative approach
is to use information from the FJC biographical database. This approach has the
advantage that the resulting data set contains additional information about federal
judges. At the same time, a disadvantage is that judges from the three U.S. territories
are excluded because they are not Article III judges. In addition, this data set only
includes one set of judge initials. As in the case of merging with the Wikipedia data
set, we also use the district variable CIRCDIST from USSC to merge the judge full

names to their initials.

We restrict the data set to judges active after 2001 and identify 13 duplicates
out of 1,634 judge initials-district pairs. These duplicate pairs are a subset of the 15
duplicate pairs we identified in the Wikipedia data set. As in the previous section,

we consider separately judges whose initials are unique within their district and those
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whose initials are not.

In the first merging stage we include only unique judge initials-district combina-
tions from the FJC judge data set. We merge USSC/FJC/PACER data with the
judges data based on the variables CIRCDIST and the first set of judge initials from
PACER, which yields 584,000 matches. We then repeat this merge for the remain-
ing unmatched cases but instead use variables CIRCDIST and the second set of judge

initials from PACER. This process yields 241 additional matches.

In the second merging stage, we separately match each duplicate judge initials-
district combination in our FJC judge data set with the USSC/FJC/PACER data
set, restricted to cases where judge initials are duplicated in a district. Since the
duplicate judge initials-district combinations in this data set are a subset of the
ones identified in the Wikipedia data set, we use the same factors described in the

previous section to distinguish between cases assigned to either judge.

Overall, we find 584,241 matches of the USSC/FJC/PACER data set with judges
from the FJC biographical data based on unique judge initials-district pairs, and
6,196 additional matches from the duplicate judge initials-district combinations. As
in the previous section, we treat matches for the District of New Hampshire sepa-
rately, since judge initials reported in PACER do not include middle name initials.
By removing the middle initials from variable Initials in the FJC judge data set,

we are again able to match an additional 2,685 cases to judges in this district.

To validate the combined matched data set, we check whether variable SENTYR
is within the corresponding judges’ activity period. We find that 573,171 of the
cases satisfy this requirement, and therefore these cases are the final product of this

merging step.
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3.4.5 Finalizing JUSTFAIR

We combine the results of the previous two merging steps to provide a final data
set that links cases and defendant information to judge information from both the
Wikipedia district court pages and the FJC biographical data. In comparing the
matching of each USSC/FJC/PACER defendant case to judges’ full names and
characteristics using Wikipedia versus FJC judge data, we find only 12 discrep-
ancies. These discrepancies all come from cases where PACER records contain two
sets of initials; see PACER and Juriscraper. For example, a case in the Eastern
District of Michigan is assigned initials “AC-LJM” in PACER. The first set of judge
initials, “AC,” corresponds to Hon. Avern Cohn (as recorded in Wikipedia). In the
FJC biographical data, this judge is recorded as Avern Levin Cohn, and therefore
the merge cannot be done using the “AC” initials stored in pacer first_inits.
Instead, this case gets merged to Laurie Jill Michelson. Since pacer first inits
is more likely to correspond to the federal judge assigned to the case, we removed
8 cases from the data set merged with Wikipedia and 4 cases from the data set
merged with FJC, which correspond to merges using the second set of judge initials,

pacer_second_inits.

Of the 589,433 cases matched with judges from Wikipedia, 22,683 cases are not
matched to any judge in FJC. These cases correspond to 45 judges, 3 of whom serve
on the District Court of the Virgin Islands. These three judges cannot be found in
the FJC data, which only lists Article III federal judges. For the remaining 42 judges,
the initials extracted from Wikipedia are consistent with how these judge initials are
recorded in PACER; however the initials extracted from FJC for those judges are
not. This inconsistency can occur because of a missing middle name, additional

middle name, different writing of the last name, or similar issues. For example, a
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federal judge in the Eastern District of Pennsylvania is recorded in Wikipedia as
Hon. Franklin Van Antwerpen, whereas in the FJC biographical data their name is
recorded as Franklin Stuart Van Antwerpen. Similarly, of the 573,171 cases matched
with judges from FJC, 6,425 cases are not matched to judges in Wikipedia. All
these judges have slight differences in initials as compared to the same judges in the

Wikipedia data set.

We assemble the final data set so that each row provides the case, sentenc-
ing, and defendant information, as well as judge information extracted from both
Wikipedia and from the FJC biographical data (when available). This combined
data set contains 595,850 cases and 557 variables. We add a final variable (column)
called DataSource to this data set, which takes the value 1 if the case is matched
with both judge data sources, value 2 if the case is matched with the Wikipedia court
page judge source only, and value 3 if the case is matched with the FJC biographical

data judge source only.

3.5 Data Quality and Validation

As described in previous sections, in the creation of our JUSTFAIR data set, we
take several measures to ensure data quality. When merging the USSC and FJD
databases, we validate merged records by checking for common offense codes. When
assigning names of judges to sentencing records based on initials, we use two inde-
pendent sources. And finally, we require that the date of sentencing for a case fell

within the time period during which the inferred judge was active.

We now perform a validation procedure on our data in order to estimate accuracy.
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We measure the accuracy of judge inferences using bulk data available from the
FreeLaw CourtListener project Free Law Project (2020). CourtListener provides free,
archived access to the text of 3.6 million judicial opinions collected from PACER. To
create our validation set, we randomly sample CourtListener records for which the
docket number includes the string “CR,” suggesting a criminal case, and for which
there is an identified judge in the record. After using a small number of records to
iteratively fine-tune our validation process and data pipeline, we randomly select 400
records to use as a validation set. In the discussion below, it is important to note
that judicial opinions are typically not directly associated with criminal sentencing
proceedings. Instead, judicial opinions are associated with procedural issues that
occur during the case, such as whether certain evidence is admissible. Thus, an
underlying assumption of our judge identification procedure (which we will see is
occasionally violated) is that the judge involved in a proceeding is the same as the

sentencing judge.

To validate based on a CourtListener record, we first search our scraped PACER
results for a record with a matching district and approximately matching case title.
If we obtain such a match, we can infer a CASLGKY identifier which then allows us
to locate the case in JUSTFAIR. However, there are many reasons that a sampled
CourtListener record might not be found in JUSTFAIR. It is possible that the in-
formation about the case could not be unambiguously matched during one of our
merging steps, and hence is not included in our final data. Alternatively, the record
sampled from CourtListener might in fact not be a criminal case despite the appear-
ance of the string “CR” in its docket number. Or, despite the proceeding being a
criminal matter, we may not be able to locate a sentencing associated with it. Fi-
nally, the CourtListener record might be related to a sentencing that is outside the

time period of our study.
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For the CourtListener records for which we can locate a related record in JUST-
FAIR, we check whether the CourtListener judge for the procedural opinion matches
the JUSTFAIR judge for the criminal case associated with the procedural opinion.
If there is a match, we accept our JUSTFAIR record as correct. If there is not a
match, we attempt to use alternative methods including PACER searches and news
searches to see if the JUSTFAIR judge might nonetheless be correct. For instance, a
minor procedural matter in a criminal case might be handled by a magistrate judge
who would be listed in the CourtListener record, and yet the sentencing decision

would be made by a full-fledged district judge.

We sample 400 records from CourtListener. Of these, 243 do not appear in
JUSTFAIR for the reasons mentioned above. For the 157 CourtListener validation
cases that do appear in JUSTFAIR, JUSTFAIR has the correct judge for 154 of

them. Our three incorrect cases merit some discussion.

One of our incorrect inferences pertains to United States v. Christy from the
District of New Mexico. The sampled record is an opinion for a procedural matter
related to suppression of evidence in a child pornography and sexual exploitation
trial. The opinion was authored by Hon. James O. Browning, and a search of the
news indicates that he was, in fact, the sentencing judge. In JUSTFAIR, we have
listed the judge as Hon. James Aubrey Parker. Parker was indeed involved with this
criminal case, but only in post-conviction proceedings that occurred several years

after sentencing. Thus, our inference is incorrect.

A second incorrect inference is for United States v. Rajaratnam, a high-profile
securities fraud case from the Southern District of New York. The sampled record
is an opinion from a post-conviction proceeding in which the defendant moved for

acquittal on procedural grounds. The opinion was authored by Hon. Richard J.
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Holwell, and a news search confirms that Holwell was the sentencing judge. However,
in JUSTFAIR, we have listed the judge as Hon. Loretta A. Preska, who was involved
with the case only in post-conviction proceedings some years later. This is an error

similar to the one discussed above for the Christy case.

Finally, our third incorrect inference is for United States v. Council, a firearm
possession case from the Eastern District of Virginia. The judge listed in CourtLis-
tener is Hon. James R. Spencer, who, indeed, was the sentencing judge. JUSTFAIR,
however, infers the judge to be Hon. Henry E. Hudson. As with the previous two

incorrect cases, Hudson became involved with the case several years after sentencing.

In summary, we sample 400 cases from CourtListener and find 157 of them in
JUSTFAIR. Of these 157, we correctly infer the sentencing judge for 154 of them.
The three incorrect cases (which we have manually corrected in our data) all corre-
spond to situations where a judge other than the sentencing judge became involved
in proceedings post-sentencing. Overall, our measured case-to-judge accuracy rate
is 98.1%. A standard statistical calculation yields that a 95% confidence interval for
the accuracy rate within the entire JUSTFAIR data set is 94.5% to 99.6%.

3.6 Conclusion

With nearly 600,000 records, JUSTFAIR is the first large scale, free, public database
that links information about defendants and their demographic characteristics with
information about their federal crimes, their sentences, and crucially, the identity of
the sentencing judge. We have inferred the sentencing records in JUSTFAIR by using

data from the United States Sentencing Commission, the Federal Judicial Center,
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the Public Access to Court Electronic Records system, and Wikipedia. We have
performed manual data checks to validate our inferences of sentencing judge, and we

estimate 98% accuracy within our data set.

We remind the reader of some limitations of our data. First, merging information
from the United States Sentencing Commission and the Federal Judicial Center
requires matching the federal judicial district and sentencing date of a case and the
prison time, probation, and monetary fine imposed on the defendant. This matching
is possible, then, only when the aforementioned combination of variables is unique.
Second, our judge identification procedure depends on strings of letters obtained
from querying PACER. If those letters are not available, or if they do not represent
judge initials, we cannot infer a judge. As discussed previously, the result is that
JUSTFAIR does not contain cases from the Southern District of West Virginia, the
Southern District of Texas, the Northern District of Illinois, the Middle District
of Tennessee, the Eastern District of North Carolina, the District of the Northern
Mariana Islands, and the District of Guam, and contains limited results for the

Northern District of Texas and the Western District of Oklahoma.

The United States Constitution guarantees the public’s right to access criminal
court proceedings. At present, the judicial branch releases criminal case data in
a manner that obfuscates the identity of sentencing judges. Perhaps ironically, our
two primary data sources, the United States Sentencing Commission and the Federal
Judicial Center, are physically co-located in the Thurgood Marshall Federal Judi-
ciary Building in Washington, D.C. Before JUSTFAIR, the information necessary to
identify sentencing judges lived behind a paywall and was therefore inaccessible to
many people. We have made the JUSTFAIR data set public Ciocanel et al. (2020a)
and we have created an interactive online visualizer for exploration of the data Cart

(2020). By doing so, we hope to correct the inequity of access to information about
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sentencing judges.

While the government has chosen to release case data piecemeal, the JUSTFAIR
project demonstrates that it is possible to put the pieces back together. Given this
capability, we encourage the government simply to release full data with identified
judges. Doing so would provide the public with a more complete and accurate data

set than JUSTFAIR, resulting in increased transparency.

Beyond providing insight into our federal criminal justice system, JUSTFAIR
enables a more granular examination of federal sentencing disparities than has pre-
viously been possible. Moving forward, we anticipate analyzing district level and
individual judge level data to assess the presence or absence of sentencing dispari-

ties, especially along racial lines.
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This chapter is based on work presented in Smith et al. (2021).

4.1 Introduction

Existing research shows that the U.S. criminal justice system is rife with racial in-
equality and suggests that part of this inequality operates at the sentencing stage
(Commission, 2018). Average racial disparities are substantial for criminal sentenc-
ing, with federal judges giving Black and Hispanic defendants harsher sentences than
similar white defendants. These disparities are especially apparent among men: ac-
cording to the U.S. Sentencing Commission, federal judges give white men sentences
19% and 5% shorter, respectively, than the sentences they give Black and Hispanic

men who commit similar crimes.

Still, average racial disparities do not express the variability in judges’ racially
disparate sentencing patterns. Presumably, the conditional difference in sentences

across racial groups is not the same for every judge.

We answer four primary questions about federal criminal cases: (1) What is
the average disparity between the sentences of observationally equivalent Black and
white defendants? (2) What is the average disparity between the sentences of obser-
vationally equivalent Hispanic and white defendants? (3) How much do conditional
Black-white sentencing disparities vary across judges? (4) How much do conditional

Hispanic-white sentencing disparities vary across judges?
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4.1.1 Literature on Aggregate Disparities

Racial disparities are a common and well-researched issue in the sentencing practices
of U.S. federal courts. Most research on aggregate disparities in federal sentencing
has focused on the disparity between Black and white defendants. What research
does exist on other groups finds that Asian American defendants are sentenced sim-
ilarly to white defendants (Johnson and Betsinger, 2009). Due to unique federal
jurisdiction in Indian Country, Native American defendants face much harsher sen-
tences for crimes prosecuted federally than defendants of other races who commit
them elsewhere and who would only face state prosecution (Droske, 2008). On the
whole, though, Native American defendants do not receive harsher sentences than
other defendants in the federal courts (Ulmer and Bradley, 2018). Young Native
men, though, receive the harshest sentences of almost any group (Franklin, 2013).
Black defendants consistently receive harsher sentences than white defendants (Feld-
meyer and Ulmer, 2011, Mustard, 2001, Rachlinski and Wistrich, 2017). Young Black
men, in particular, are sentenced most harshly (Doerner and Demuth, 2010). Yang
(2015) finds that Black-white disparities in sentencing increased after United States
v. Booker, in which the Supreme Court held the U.S. Sentencing Guidelines to be
advisory rather than mandatory. However, others find that no such increase oc-
curred (Starr, 2013). While scholars debate whether Booker increased Black-white
disparities in sentencing, there is little debate on whether such disparities have ex-
isted both before and after the decision. These disparities also show up in state

sentencing (Abrams et al., 2012) and state bail decisions (Arnold et al., 2018).

The literature on Hispanic-white sentencing disparities is more variable. Young
Hispanic men do receive particularly harsh sentences (Doerner and Demuth, 2010).

Still, some argue that the Hispanic-white sentencing disparity is caused by the
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harsher sentences imposed on noncitizens since Hispanic defendents are dispropor-

tionatly noncitizens (Light, 2014, Light et al., 2014).

4.1.2 Literature on Interjudge Differences in Disparities

In addition to aggregate disparities, this paper addresses differences across federal
judges in their sentencing disparities based on race. The literature on interjudge dif-
ferences in racial disparities is much sparser than the literature on aggregate racial
disparities. Some relevant evidence exists among judges at a lower level. Namely,
judges in the Circuit Court of Cook County: in terms of interjudge differences in
racial disparities, Abrams et al. (2012) find that Cook County judges differ substan-
tially vis-a-vis incarceration rates but not vis-a-vis sentence lengths. The field also
knows how much judges differ in terms of overall sentencing severity. Both Scott
(2010) and Yang (2014) find that interjudge differences in overall sentencing severity

are wide and that the differences have generally grown Post- Booker.

4.2 Methods

4.2.1 Data

4.2.1.1 Source

We analyze the JUSTFAIR (Judicial System Transparency through Federal Archive
Inferred Records) database of criminal sentencing decisions in federal courts (Cio-

canel et al., 2020b). JUSTFAIR is compiled from five public sources, includes almost
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600,000 records from fiscal years 2001-2018, and links information about defendants,
their federal crimes, their sentences, and the sentencing judges as summarized in
Section 3.4. Crucially to the current work, JUSTFAIR also includes the sections
of the law relevant to the conviction and factors influencing the recommended sen-
tence. Because JUSTFAIR is a new database, we describe its limitations in detail in

Appendix A.

We have extended the JUSTFAIR data pipeline to include the available 2018-
2019 fiscal year federal sentencing data, which is updated yearly in the USSC datafile
for individual offenders and quarterly in the FJC Integrated Database. Our merg-
ing of offender, sentence, and judge information proceeded largely as described in
Section 3.4 and by Ciocanel et al. (2020b). Several USSC variables denoting the
total prison sentence, the coding of the offense type, and the post-Booker reporting
categories changed in the USSC database. Therefore we adjust the data process-
ing approach of Ciocanel et al. (2020b) to remain consistent with the variables in
JUSTFAIR. This process extends the dataset we use in this study by over 30,000

cases.

In our analysis, we include cases only from 2006 and later. We are principally
concerned with racial disparities observed after the Booker decision, and so cases
before 2006 lie outside of our target population. We further exclude immigration
cases because of the unique use of fast-track sentencing in these cases and the ex-
treme concentration of these cases in several southwestern district courts (Hartley
and Tillyer, 2012). We also do not consider cases for which we cannot infer the sen-
tence length. Specifically, in the JUSTFAIR database, there are about 13,000 cases
that resulted in a sentence length of zero according to the continuous sentence total
variable but resulted in prison time according to the categorical variable of impris-

onment type. These two features contradict each other, so we consider the 13,000
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cases to be missing the outcome. Therefore, we remove these cases from the analysis.
After these pre-processing steps, the analytic sample represents about 380,000 cases
corresponding to 1116 judges. The median number of cases per judge is 263 (u =
358.7, 0 = 389.6).

4.2.1.2 Measures

The outcome of interest is the length of the sentence assigned to the defendant. We
cap the sentence length at 470 months because life sentences are generally coded as
470 months. We log-transform the outcome because its distribution has a positive
skew. Because the log of zero is undefined, we add one to every sentence before
log-transforming so that no incarceration outcomes (zero-month “sentences”) have
a defined value in our estimation. It is challenging to address zero-month sentences
in analyses where sentence length is the dependent variable, and there is no perfect
solution to the issue. Adding one to all sentences is a common approach (Fischman
and Schanzenbach, 2012, Light, 2021, Rehavi and Starr, 2014, Yang, 2015). This
approach appreciates that no incarceration outcomes are real outcomes that can con-
tribute to racial disparities while also appreciating that a no incarceration outcome
entails less incarceration time than any other sentence. Nevertheless, we acknowl-
edge that this approach masks nuance in the difference between a no incarceration
outcome and a one-month sentence. (Bushway and Piehl, 2001). Accordingly, we
interpret the results in terms of percentage changes rather than in terms of linear

changes in months of prison time.

The case-level characteristic of principal interest is the defendant’s race and eth-
nicity, which we measure with‘ Hispanic,” ‘Non-Hispanic Black’ (henceforth ‘Black’),

‘Non-Hispanic White’ (hereafter ‘white’), and ‘Other Race/Ethnicity.” We collapse
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the groups in this way because, unfortunately, the sample sizes of the various groups
in the final category are not large enough for us to perform statistically informative
cross-judge analyses. Using these definitions of race and ethnicity, the median judge
imposed sentences in 41 cases with Hispanic defendants (u = 97.3, 0 = 210.6) and

in 69 cases with Black defendants (u = 114.1, o = 137.7).

We include an extensive set of control variables:

e the guideline minimum sentence, with any statutory minimum sentences taken

into account,
e the defendant’s criminal history points,

e crime type, namely ‘violent crime,” ‘drug-related crime,” ‘embezzlement, fraud,

theft,” or ‘other,’
e whether the case was settled by plea agreement or trial,
e sentencing year, and

e defendant demographics, namely sex, age, U.S. citizenship status, and educa-

tional attainment.

The most important of these control variables is the guideline minimum sentence,
which is standardized based on factors like the severity of the crime. Thus, at least
in a theoretical world with no racial disparities, we would expect roughly equal
sentences imposed on two defendants from different racial groups but who have the

same guideline minimum sentence.

While the defendant’s demographics are extralegal factors that judges ought not

to consider in their sentencing, we nevertheless control for these demographics be-
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cause they may capture variation in relevant legal factors. For example, if a judge
hears cases where many Hispanic defendants have a unique situation not captured
by observed legal variables, and if this unique situation is also associated with edu-
cational attainment, then controlling for educational attainment accounts for some

variation due to the unobserved prevalence of this situation.

4.2.2 Analytic Strategy

4.2.2.1 Empirical Model

We estimate a hierarchical linear model of log-transformed sentence lengths where
cases (Level 1) are nested within federal judges (Level 2). In particular, we estimate

the following model:

(Level 1) log(Yijk) = ﬁoj + BIOOXij + ﬁleij + €ij (4.2.1)
(Level 2, Intercepts) So; = ~Yo00 + Co; (4.2.2)
(Level 2, Slopes)  B1jk = 6100k + Tk (4.2.3)

where Y, is the length of the sentence corresponding to case 7 by judge j for a
defendant of race k, By; is the intercept for cases heard by judge j, Xj; is a vector

of defendant control characteristics corresponding to case ¢ by judge j, Bi00 is a
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vector of slopes between control characteristics and log transformed sentence length,
C;; is a vector of racial group binary indicators, (ij is a vector of random slopes
between logged sentence length and each racial group indicator among cases heard
by judge j, €; is an idiosyncratic error term, -y is the overall intercept, (p; is the
deviation of the intercept for cases heard by judge j from the overall intercept, 51
is the random slope corresponding to racial group k represented in [Bqjk, d100x is the
overall slope between log transformed sentence length and racial group indicator k,
and 7 is the deviation of the slope for cases heard by judge j from the overall slope
corresponding to racial group k. Our model assumes that €;;, (oj, and 1 each are

normally distributed with mean zero.

We are primarily interested in the values of 7;;, for each judge. For example,
if k = Black and the reference category is white defendants, the value of 11 piack
answers the following question: how much greater is the Black-white sentencing
disparity when judge j hears cases compared to when the average judge hears cases,
controlling for defendant and case characteristics? This value does not necessarily
reflect directly unfair treatment based on race. One reason for this is that a judge
may hear cases in which Black and white defendants are unbalanced with respect to
unobserved legal characteristics, even above and beyond observed control variables.
The general approach of conditioning on observed factors is nevertheless common in
research on racial sentencing inequalities (Feldmeyer and Ulmer, 2011, Light, 2021),
in part because cases do not seem to be randomly assigned to judges even within
districts. Regarding variability in 11 piecr values, we note that, because our model
estimation shrinks random slopes and intercepts for judges with a small number
of cases, such judges do not cause random slopes and intercepts to appear unduly

variable.

The model includes judge random effects instead of judge fixed effects because the
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former accommodate random slopes, which are the primary parameters of interest
in this study. We forgo a hybrid model because it is less parsimonious and does
not influence the estimated random slopes (Schunck, 2013), our primary interest.
The model excludes district fixed effects because judges’ racial disparities should be
evaluated based on all other judges’ disparities, rather than just those in the same
district. Still, we estimated an alternative model with district fixed effects, and the
results did not differ in any substantial way'. Thus, even if the two specification
options were equally compelling theoretically, our preferred specification is more

parsimonious and does not affect the main results.

4.2.3 Limitations of the JUSTFAIR dataset

In Ciocanel et al. (2020b), we detail several measures we took to ensure the quality
of the JUSTFAIR database. We validated merged records by checking for additional
common variables such as offense codes in the original datasets, used two indepen-
dent sources to identify judge names from judge initials, and excluded records where
sentencing dates fall outside the judges’ activity periods. In addition, we carried
out a manual data validation procedure for randomly sampled cases from the as-
sembled dataset (Ciocanel et al., 2020b). The validation set confirms the accuracy
of the merging procedure: very few cases violate the assumption that the judge in-
volved in a proceeding is the same as the sentencing judge. Nevertheless, while we
corrected these cases in the validation set, there could be rare additional instances
where a judge other than the sentencing judge became involved in proceedings post-

sentencing, leading to an incorrect inference in the database.

LAll estimates of interest—average conditional racial disparities and interjudge standard devi-
ations in conditional racial disparities—differed by less than 0.01. See the online supplementary
materials for the corresponding code.
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While JUSTFAIR is, to our knowledge, the largest publicly-available database of
federal sentences currently available, it nevertheless remains an incomplete database
of the cases sentenced in 2001-2018 (extended in this work to 2019) due to issues
of data quality and merging challenges. For example, when merging USSC and
FJC sentence and defendant information, JUSTFAIR only retains cases with unique
matching. Similarly, when retrieving sentencing judge initials from PACER, criminal
cases may include more than one defendant; however, JUSTFAIR only keeps records
where all defendants with the same court docket number are associated with the
same judge. JUSTFAIR also cannot include information on sealed federal cases.
Other factors that prevent JUSTFAIR from being complete include the inability to
distinguish between judges who have the same initials and district and the full or
partial lack of judge initials in certain districts or records. In particular, due to such
data quality issues, JUSTFAIR contains no sentencing data from the Eastern District
of North Carolina, the Southern District of West Virginia, the Southern District of
Texas, the Middle District of Tennessee, the Northern District of Illinois, the District
of Guam, and the District of the Northern Mariana Islands. The database also
includes limited sentencing data (less than 33% of the starting USSC cases) from
the Northern District of Texas, the Southern District of California, the District of
Oregon, the District of New Mexico, the Western District of Oklahoma, and the

Northern District of Florida.

Non-random assignment of cases to judges presents another limitation, not just
in the case of the JUSTFAIR database but rather whenever federal judge effects are
of interest. The Administrative Office of the US Courts claims that “The majority of
courts use some variation of a random drawing” (Administrative Office of the United
States Courts, 2020). This statement means that, “to assure equitable distribution

of caseloads and avoid judge shopping” (Administrative Office of the United States
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Courts, 2020), the district courts have a rotation plan for cases assigned to judges.
However, the US Courts Office also mentions that special expertise and geography
are also considered in case assignments. Previous studies have exploited the random
assignment of cases to judges in their analyses of sentencing equity (Anderson et al.,
1999, Abrams et al., 2012, Cohen and Yang, 2019). Establishing random assignment
has been considered key for these studies. Doing so ensures that each judge receives
a similar combination of cases and defendants in terms of observable characteristics

so that unobservable characteristics can also be assumed to be similar across judges.

For instance, Abrams et al. (2012) analyze racial sentencing disparities in felony
cases from Cook County, lllinois. To verify random assignment, they use a Monte
Carlo simulation methodology for felony data from 1995 to 2001. Specifically, they
construct a randomly assigned dataset across characteristics such as defendant race,
age, gender, and crime category and use it to establish random assignment for their
dataset (Abrams et al., 2012). Similarly, the study of the proprietary federal sen-
tence dataset in Cohen and Yang (2019) relies on the assumption that cases are
randomly assigned to judges in the same district court, focusing on observed case
and defendant characteristics across Republican-appointed vs Democrat-appointed
judges. Motivated by whether the political affiliation of a judge’s appointing presi-
dent influences racial and gender gaps in sentencing decisions, the authors use a joint
F-test to test whether there are significant differences in defendant characteristics
by judge political affiliation as well as by judge tenure and gender. Conditioning on
sentencing year and district court fixed effects, they find that cases are randomly

assigned to sentencing judges from each political affiliation (Cohen and Yang, 2019).

Our setting is different from these studies, given that we are 1) analyzing the
large, publicly-available JUSTFAIR dataset of federal sentences from 2001-2018 (Cio-

canel et al., 2020b) and 2) interested in whether the cases in this dataset are assigned
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randomly to individual judges within each district (rather than to judges with dif-
ferent characteristics). We find that when testing for random assignment using an
F-test method similar to Cohen and Yang (2019) or using a Monte Carlo simula-
tion method similar to Abrams et al. (2012), nearly every district shows evidence
of nonrandom judge assignment. Specifically, almost every district shows statisti-
cally significant between-judge differences in at least one case characteristic, such
as defendant race, defendant sex, and offense type. Due to nonrandom assignment,
some unknown component of between-judge variability in conditional racial dispari-
ties arises from differences in unobserved factors that should reasonably influence the
sentence. Observed covariates probably make this component much smaller than it
would be otherwise, but we cannot know how substantial it remains after including

these covariates.

4.3 Results

4.3.1 Aggregate Disparities

Conditional on observed case and defendant characteristics, judges assign white de-
fendants sentences about 13% shorter than Black defendants’ and 19% shorter than
Hispanic defendants’, on average. In contrast, defendants in other racial groups re-
ceive sentences about 10% conditionally shorter than white defendants’ sentences,
on average (Table 4.1). Given the tiny standard errors and p-values of all these

estimates, sampling error is a weak candidate for explaining these patterns.

Our aggregate results align with previous studies, though they perhaps point

to even more aggregate disparities than found in earlier timespans with different
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Table 4.1: The average estimated racial disparities in logged sentence length. Each
percent change in the first column represents what percent greater/lesser the condi-
tional average sentence length is for defendants from the corresponding racial group,
relative to white defendants. This quantity comes from the following formula, where
0100k represents the estimated coefficient corresponding to racial group k, as shown
in the ”Estimate” column: Percent Change = 100 x (e®00r — 1).

% Change Estimate Std. Error p-value

Intercept 2.32 0.02 <2 x 10716
Black 12.77 0.12 0.01 <2 x 10716
Hispanic 19.15 0.18 0.01 <2 x 10716
Other Race -10.28 -0.11 0.02 5.82 x 10711

sampling mechanisms. In an investigation of a 2000-2002 pre- Booker USSC dataset,
Feldmeyer and Ulmer (2011) find that, after controlling for a considerable set of
legal and extralegal factors, Black defendant sentences are 6% longer and Hispanic
defendant sentences are 1% longer on average than white sentences. In an analysis
of a 2006-2008 multi-agency-based dataset, Rehavi and Starr (2014) similarly find
that, in the aggregate, Black defendants receive sentences that are 9% longer than
those of similarly situated white defendants who commit the same crimes. Finally,
using a federal sentencing dataset similar to ours but covering cases from 2000 to
2010, Yang (2015) finds that Black offenders receive 1.9 months longer sentences,
and Hispanic offenders over 1.9 months longer sentences than those of similar white

offenders post-Booker.

4.3.2 Interjudge Variability in Disparities

How much do judges vary in their estimated racial disparities in sentencing? The
estimates in the previous section show only the average extent of estimated racial
disparities. We turn now to a discussion of how much judges are spread around

this average. Table 4.2 shows that the spread is considerable for each racial group,
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with random slope standard deviations ranging from 0.21 to 0.31 log-transformed
years. The random intercepts, estimating judges’ sentencing severity against white
defendants, also vary to a similar extent.

Table 4.2: Dispersion of random effects. Random intercepts—(y; in Equa-
tion (4.2.2)—represent judges’ estimated sentencing severity toward white defen-
dants. Random slopes—;;, in Equation (4.2.3)—represent judges’ estimated racial
disparities compared to the average judge’s estimated racial disparities.

Std. Dev.
Random Intercepts 0.35
Random Black Slopes 0.21

Random Hispanic Slopes 0.23
Random Other Race Slopes 0.31

Because interpreting the foregoing standard deviations is challenging given the
log-transformed dependent variable, we present a more intuitive account of the in-
terjudge variability in Table 4.3. As noted before, the average judge assigns Black
defendants sentences conditionally 13% longer than white defendants’. However,
a judge one standard deviation above average in terms of estimated Black-white
disparity gives Black defendants sentences conditionally 39% longer than white de-
fendants’. Furthermore, a judge two standard deviations above average assigns Black
defendants sentences that are conditionally 71% longer than white defendants’. Sim-
ilarly, the average judge assigns Hispanic defendants sentences that are conditionally
19% longer than white defendants’. A judge one standard deviation above average
in terms of estimated Hispanic-white disparity assigns Hispanic defendants sentences
49% longer than white defendants’. Finally, a judge two standard deviations above
average assigns Hispanic defendants sentences conditionally 87% longer than white

defendants’.

To test whether the variance in random slopes is significantly different from
zero, we conduct a likelihood ratio test that compares our model to a model that

excludes random slopes but is otherwise identical. The p-value resulting from this
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Table 4.3: The percent change in sentence length conditionally associated with the
defendant being in different racial groups relative to being white by the average judge
(column 1), by a judge one standard deviation above average (column 2), and by
a judge two standard deviations above average (column 3), in terms of estimated
racial disparities.

% Change (Avg.) % Change (1 SD) % Change (2 SD)

Black 12.77 38.94 71.20
Hispanic 19.15 49.35 87.20
Other Race -10.28 22.05 66.05

test is less than 2.2 x 10716, suggesting conditional racial disparities in sentencing do
vary across judges. The Bayesian Information Criterion for the model with random
slopes is 1,209,679, compared to a much less favorable value of 1,211,157 for the
model without random slopes. In short, if all judges’ conditional racial disparities

were the same, the foregoing values would be surprising.

4.4 Conclusion

Using the JUSTFAIR database of district court criminal sentences, we computed a
hierarchical linear model of log-transformed sentence length with cases nested within
federal judges. We controlled for recommended sentence, crime type, presence of a
plea agreement, sentencing year, defendant demographics, and more. Our model
calculated that the percentage by which judges’ sentences given to Black and His-
panic defendants are conditionally greater than the sentences judges given to white

defendants.

Our findings suggest that average racial disparities are sizeable and that judges
vary nontrivially in terms of how racially disparate their sentencing patterns are.

For Black-white disparities, Black defendants on average receive 13% longer sen-
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tences than observationally equivalent white defendants receive, and a judge one
standard deviation above average in Black-white disparities gives 39% longer sen-
tences to Black defendants. For Hispanic-white disparities, Hispanic defendants on
average receive 19% longer sentences than observationally equivalent white defen-
dants receive, and a judge one standard deviation above average in Hispanic-white
disparities gives 49% longer sentences to Hispanic defendants. The online supple-
mentary materials for this paper include a replication package with the data and

code we used for these findings.

We emphasize some words of caution in interpreting our results. First, because
cases are not randomly assigned to judges, we cannot know to what extent unob-
served factors that systematically differ across judges drive the interjudge differences
we find. A second limitation is our inability to observe every case or even every dis-
trict. Like most social science datasets, the JUSTFAIR database contains a sample
rather than the population. Thus, one cannot know what determines whether a case
in the sampling frame is missing. If sample inclusion is unrelated to our measures of
interest, then lacking the entire population leaves our estimates more susceptible to
random sampling error than they would be otherwise. If sample inclusion is related
to our measures of interest, then lacking the full population leaves our estimates
more susceptible to systematic and random sampling errors than otherwise. In light
of these limitations, our results should be seen as imperfect approximations for the

degree of aggregate racial disparities and the interjudge variation therein.

Future research might extend analyses to state courts. While our work has ex-
amined criminal sentencing in federal district courts, we know that most sentencing
in the United States occurs in state courts. To understand interjudge variability in
race-based sentencing disparities, we must gather and analyze data from all 50 state

court systems, as well as districts, territories, and other possessions. This task will
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be challenging given that each of these systems has its own sentencing frameworks,
data-keeping practices, and levels of transparency. Still, it will be worthwhile to help

move the justice system towards greater equity.



CHAPTER FIVE

Everything is Relative: Auditing

with Optimal Transport
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This chapter is based on work presented in Kwegyir-Aggrey et al. (2021).

5.1 Introduction

Public attention on algorithmic discrimination has shifted research attention from
simply learning accurate models to training models that meet a broader set of social
and technical demands. This attention shift has created a new practice of algorith-
mic auditing: careful examination of algorithms’ performance with respect to social
rather than traditional computational metrics. The most well-known algorithmic
audits compute standard performance metrics (e.g., true positive rate, false negative
rate) for different protected groups to reveal group-wise disparities in performance
Angwin et al. (2016), Buolamwini and Gebru (2018), Obermeyer et al. (2019). As
auditing has become more prevalent, many questions have arisen regarding ways to
make these audits more informative and transparent Raji and Buolamwini (2019),

Wilson et al. (2021), Burrell (2016).

In response to these audits, scholars have attempted to develop algorithms that
learn fair classifiers Hardt et al. (2016), Calders et al. (2009), Zafar et al. (2017).
These efforts have operated under the assumption that if an algorithm is provably
fair according to some statistical fairness guarantee, it will behave fairly in practice.
In numerous cases, however, this assumption has been highly contested Corbett-
Davies and Goel (2018), Hoffmann (2019). Issues surrounding the practicality of
these guarantees Lohaus et al. (2020), Hu and Chen (2020), their ability to safeguard
various identities and their intersections Morina et al. (2019), and their efficacy in
representing fairness and equity based in broader historical contexts Hanna et al.

(2019) has generally left practitioners unsatisfied with these approaches, leaving them



101

in search of alternate methodologies to evaluate the performance of their automated-

decision making tools.

Auditing algorithms has revealed not only the problems with the individual sys-
tems but also with the metrics used Raji et al. (2020). We consider auditing to be
an inquisitive process that requires more than computing bias metrics; a successful
audit must also provide insight regarding the structure of disparities. This insight
may illuminate problems (to act as a formalizer per Abebe et al. (2020)), give the
designers an appropriate path to select an intervention, or allow for the declaration

of clear guidelines around the limits of its use.

Here, we introduce optimal transport on the output of a classifier as an auditing
tool. In supervised learning settings, several works have proposed using optimal
transport to de-bias training data to compute fairer classifiers downstream Silvia
et al. (2020), Zehlike et al. (2020), Gordaliza et al. (2019), Jiang et al. (2019), Feldman
et al. (2015), Johndrow et al. (2019), Chiappa and Pacchiano (2021). We present a
new use: an auditing framework that can conduct audits at the individual, subgroup,
and group levels while also investigating the structure of bias exhibited by some
classifier. We show that flexibility within optimal transport techniques makes them
well suited for real-world audit problems, where the needs of each auditor may vary

greatly, and versatility is a crucial design goal.

Contributions. This work tackles several critical challenges in current algo-
rithmic auditing research. Primarily, we develop a tool that goes beyond simply
certifying if a classifier is fair or not by also discerning how it is unfair. Specifically,
we define a new approach to the study of algorithmic bias that uses the Wasserstein
distance between output distributions and its transport map to investigate dispar-

ities at the individual, subgroup, and group levels. Our audits recover disparities



102

previously found in the COMPAS and German credit datasets and offer explorations
of their structure. We claim that our framework is sufficiently adaptable to perform
audits in the context of any supervised learning system. Furthermore, it can inter-
face with human stakeholders to better inform their understanding of algorithmic
discrimination than current practices based on rigid and conflicting fairness defini-

tions based on classical performance metrics.

5.2 Background

Our audit seeks to understand if and under what circumstances a classifier produces
unfair outcomes. Current practices require that a practitioner choose a fairness
definition well suited to the problem domain. In many cases, however, the goals of a
sociotechnical intervention may be difficult to distill to singular or even multiple fair
definitions Hoffmann (2019), Selbst et al. (2019). Instead of fixing a fairness notion,
in our framework, we allow the auditor to supply an example set of outcomes deemed
to be fair, which we refer to as a fair reference. Determining how a classifier differs
from the fair reference reduces the problem of comparing the behavior of the fair
reference to that of the classifier being audited. In Section 5.4, we take this reference

to be a dataset or classifier.

Preliminaries. Allow X C R¥ to be some domain and Y to be a set of potential
decisions. To begin, we consider the binary classification case where Y = {0, 1} and
Y = 1 denotes the positive decision. Allow f : X — [0,1] to be a function the
denotes a model’s belief that an individual z € X will achieve the positive outcome,
or rather Pr(Y = 1|X = z). Allow d(z) to be a decision rule to create prediction

Y, typically through some threshold € [0, 1] where d(z) = 1 Fla)>r
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5.2.1 Moving Beyond Thresholds to Comparing Distribu-

tions

Commonly evoked fairness notions, such as Demographic Parity and Equalized Odds,
evaluate model behavior in the binary decision space rather than studying the model
scores before thresholding. Comparing model beliefs before applying a decision func-
tion can reveal more detailed information regarding the structure of the function’s
predictions. Furthermore, by conducting analysis in the outcome space rather than
the input space, we can more easily study differences in classification probabilities
since it is difficult to find a good similarity metric for individuals in the feature
spaceDwork et al. (2012), Ilvento (2019). However, differences in model beliefs can
anchor our analysis of potentially disparate representations for different groups in
the feature space. This hypothesis is closely related to the idea of distribution
matching Quadrianto and Sharmanska (2017), Quadrianto et al. (2009), where the
distribution of classifier output is evaluated with respect to some target distribution.
Next, allow g : X — [0,1] to reflect the beliefs of a target reference. We write F
and G to be the random variables corresponding to the distribution over risk scores
output by functions f,g respectively Then, we can view the distributions of model
beliefs as probability measures p; and p,, where for some score a € [0, 1] we have

pr(a) = Pr(F = a).

The choice in fair reference is crucial, as it allows the practitioner to examine
fairness along some group/subgroup lines or at the individual level. Several existing
works demonstrate how to construct hypothetical fair distributions Jung et al. (2019),
Agarwal et al. (2018), Wang et al. (2019). In Example 5.2.1, Blue College could
hope to admit a representative cohort with specified levels of representation. This

comparative setup allows for a more flexible understanding of the context of the
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application. Furthermore, we can analyze the score-generating process by comparing

outcome distributions rather than the final decisions alone.

Example 5.2.1. Consider the fictitious Blue College who want to audit their ad-
missions data to see if they meet their goal of creating representative cohorts. Blue
College has records of the scores f(x) they have assigned to applicants z € X and de-
mographic information. Similarly, they have a proposed scoring function ¢(-), which
meets their admissions goals. Since Blue wants to admit representative cohorts, not
all student groups must be admitted with the same frequency, which means an audit
must provide more than average group performance measures. Blue College com-
putes their observed and intended outcome distributions over admission scores jiy
and p4, and uses our Wasserstein framework to observe how these distributions differ
and if the college is meeting its goals. Later, we will show how the optimal transport
map, a key component in computing the Wasserstein distance, can also show the

college where exactly their current practice differs from the intended policy.

5.2.2 Optimal Transport

To measure the difference between sets of outcomes, we use optimal transport, which
seeks the most cost-effective way to transform one probability distribution into an-
other Peyré et al. (2019). The Kantorovich optimal transport problem seeks to find
a minimal cost mapping between two probability distributions Peyré et al. (2019).
Referring back to the problem of moving a sand pile to fill in a hole, Kantorovich
optimal transport allows us to split the mass of a grain of sand instead of moving
the whole grain; therefore, the mappings need not be 1—1. For probability measures

w and v defined on metric spaces X' and X2, respectively, this optimal transport
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problem finds a minimal coupling 7 that attains

min / c(xt, 2*)dn (2t 2?), (5.2.1)
m€ll(v,p) J y2 5 x1

where ¢(z,y) is a cost function and II(p, v) is the set of couplings of u and v given

by

H(p,v) = {7 € P(X' x X% : 71(A x X?) = u(A) VA C X',

(X' x B) =v(B) VB C X%}. (5.2.2)

Intuitively, the cost function says how many resources it will take to move z; to
%, and the coupling entry m;; assigns a probability 7(z}, 7) that 2} should be moved
to x? When the spaces of interest are the same metric space with set M, distance d,
and cost function c(z,y) = d(x, y)?, the optimal transport distance (Equation 5.2.1)
is equivalent to the p—th Wasserstein distance:

Wp(u,y):< inf /MXMd(a;,y)pdw(x,y));. (5.2.3)

mell(p,v)

The Wasserstein distance measures the distances between probability distributions

on a metric space and is commonly used in machine learning applications.

Given observed data z1,23,...z}, € R* and 2%,23,...22 € R% we define the

marginals as discrete empirical distributions:
n;
P = préwj for j =1,2,
i=1

where ¢, is the Dirac measure. Then, the cost function is given as a matrix C' €
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Rmxm2 eg Cj; = ||z} — 22|, and the set of couplings are the matrices
(p',p?) = {T € RY*™ : Ty, = p', 71, = p*}. (5.2.4)

The discrete coupling I’ relates measures p' and p?: Each row of I'; tells us how
to split the mass of data point x! onto the points IJQ for j = 1,...,n9, and the
condition I'l,,, = p! requires that the sum of each row I'; equals p}, the probability
of sample z}. The discrete optimal transport finds a coupling that minimizes the

cost of moving samples through the linear program:

min (I, C). (5.2.5)

rell(p!,p?)

Although this problem can be solved with minimum cost flow solvers, it is usually
regularized with entropy for more efficient optimization and empirically better results
Cuturi (2013). Entropy diffuses the optimal coupling, meaning that more masses will
be split. Thus, the numerical optimal transport problem is

min (I',C) —eH(T), (5.2.6)

rell(pt,p?)

where € > 0 and H(I") is the Shannon entropy defined as

ni n2

H(T) =) > Tylogly;.

i=1 j=1

Equation 5.2.6 is a strictly convex optimization problem, and for some unknown
vectors u € R™ and v € R", the solution has the form I'* = diag(u)Kdiag(v),

with K = exp (—%), element-wise. This solution can be obtained efficiently via
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Sinkhorn’s algorithm, which iteratively computes

uw+pt @ Kvand v+ p?> o KTu, (5.2.7)

where @ denotes element-wise division. This derivation immediately follows from

solving the corresponding dual problem for Equation 5.2.6 Peyré et al. (2019).

5.2.2.0.1 Why Wasserstein? We choose the Wasserstein distance over diver-
gence measures such as Kullback—Leibler, Jensen—Shannon, or F-Divergence since it
can detect geometric differences and yield an optimal coupling or transport plan be-
tween the distributions. We leverage this transport map to understand the structure
of observed biases better and offer actionable suggestions to reduce bias in automated
systems. Furthermore, we can compute the Wasserstein distance between distribu-
tions that are not defined over the same supports, meaning that we can compare
models across two seemingly disparate groups of observations through their out-
comes. We refer the reader to Arjovsky et al. (2017) for a more thorough treatment

of this discussion.

5.2.2.0.2 Previous Applications of Optimal Transport in Fairness. Other
works have proposed the Wasserstein metric to design fair statistical tests on the in-
dividual Xue et al. (2020) or group level Taskesen et al. (2020) but only use the
transport map to detect if a classifier is robust to changes in a protected attribute.
Dwork et al. (2012) and Feldman et al. (2015) motivate the use of the Earth Mover’s
distance, a particular case of the Wasserstein distance, to study algorithmic bias
and fairness in the feature space. Since the reception of these efforts, there have
been many other works Silvia et al. (2020), Zehlike et al. (2020), Gordaliza et al.

(2019), Jiang et al. (2019), Feldman et al. (2015), Johndrow et al. (2019), Chiappa
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and Pacchiano (2021) which also use optimal transport to study fairness, primar-
ily by attempting to compute bias-neutral feature representations for downstream

classification.

Our work is distinct in two key ways. Primarily, we use optimal transport maps
for auditing and studying bias in classification instead of attempting to compute a
fair classifier. Our technique is most similar to Black et al. (2020), which uses an
optimal transport map to determine if a classifier is sensitive to changes in protected
attributes. This style of audit is also explored in Taskesen et al. (2020), Xue et al.
(2020), where both works use optimal transport to measure changes in classification
under perturbation to input features. Second, we compute the Wasserstein distance
on outcomes rather than features, and we use the transport map to audit a classifier
with respect to a fair reference, which we show offers detailed analysis regarding

other aspects of a classifier’s bias that are not exposed by these other methods.

Motivating Audits in the Outcome Space. Since finding a suitable dis-
tance function in the feature space has proven to be a challenging task Dwork et al.
(2012), Tlvento (2019), we conduct our analysis in the outcome space rather than the
feature space. To this end, we rely on the universality of classification probabilities
in the outcome space, which can be interpreted very similarly between classification
problems (i.e., P(Y = 1]-) is a standard choice). Additionally, we note that the per-
formance of the empirical Wasserstein estimator decays rapidly as the dimensionality
of the data in the computation increases Peyré et al. (2019). Since classification out-
comes are almost always lower dimensional than their respective feature space, our
method also enjoys improved convergence properties compared to techniques that

compute the Wasserstein distance over features.
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5.2.3 Parity-Based Fairness

Below we review standard definitions of group fairness that we will use as points of
comparison. First, we introduce demographic parity, which requires that predictions

have equal accuracy regardless of protected attribute status.

Definition 5.2.2 (Demographic Parity). A classifier is fair under demographic par-
ity if the classifier’s predictions are independent from the sensitive attribute Calders

et al. (2009):

Ep[h(X)|S = 1] = Ep[a(X)|S = 0]. (5.2.8)

Note that this is simply a statement of equality and does not reveal the quantity of
observed deviation from a fair ideal, should such a deviation exist and the condition

remain unsatisfied.

Chouldechova (2016) demonstrated that satisfying demographic parity requires
each protected group to have the same distribution of features. Most data distri-
butions violate this condition, and in that case, enforcing demographic parity can
harm classifier performance Zafar et al. (2017), Lohaus et al. (2020), Hu and Chen
(2020). To avoid this performance loss, difference of demographic parity (DDP) Wu

et al. (2019) relaxes the strict independence assumption:

DDP(f) := Ep[h(X)|S = 1] — Ep[h(X)|S = 0],

and fairness is enforced by minimizing this difference.

Although DPP can increase the number of tractable outcomes, it suffers from
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many of the same pitfalls as demographic parity. Namely, it relies on binary protected
groups, offers no quantification of unfairness !, and does not provide additional

information regarding the structure of observed unfairness.

There are other statistical fairness notions exist to address some of the short-
comings of demographic parity. For example, equal opportunity Hardt et al. (2016)

achieves fairness by equalizing the per-group true positive rates of a classifier.

Definition 5.2.3 (Equal Opportunity). A classifier is fair under equal opportunity
if its predictions have the same true positive rates across sensitive attribute mem-

bership:

Ep[h(X)|Y = 1,8 = 1] = Ep[h(X)[Y = 1,8 = 0].

Although equal opportunity differs from demographic parity in that it can be
enforced despite differences in group conditioned feature distributions, the two ex-
pressions share many of the same limitations, such as the inability to examine the
structure of unfairness. We refer the reader to Corbett-Davies and Goel (2018) for

a complete analysis of parity-based fairness definitions.

5.2.4 Individual Fairness

Individual fairness Dwork et al. (2012) is summarized by the intuition that “similar
individuals should be treated similarly.” Although this definition is semantically
appealing, choosing a reasonable similarity metric is often task-specific, thus render-

ing this notion of fairness untenable across domains Chouldechova and Roth (2018).

In Section 5.4.1 we discuss disparate impact, which quantifies a lack of demographic parity
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Furthermore, there are many instances, such as Example 5.2.1, where fairness may
require treating dissimilar individuals similarly, which is not captured by this defi-

nition.

5.3 Method

This section revisits our preliminaries, introduces our optimal transport-based frame-
work, and explains how we conduct our audits. Our domain X C R remains un-
changed, however now we allow ) to be any set of outcomes with finite cardinally,
not only the binary set. We also introduce the notation of a policy, which maps
features to some higher dimensional probability vector of model beliefs, rather than

the univariate beliefs proposed in section 5.2.

Definition 5.3.1 (Policy). A policy F : & — O(Y) is a mapping from the feature

space to the space of outcome distributions.

This notion of a policy allows for our framework to support multi-class classifica-
tion problems where model beliefs are defined over more than one class. The output
of the policy function is a classification vector defined over the |)|-dimensional stan-
dard simplex. We also assume there exists a distribution D over the set Z2 = X x ),

which takes on values (z,y) ~ D.

5.3.1 Comparative Audits

Denote the distribution on outcomes generated by observing a policy F' on the space

X by p%. Given policies F; and F, on subsets A C X! and B C X2, we use the
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Wasserstein distance to measure the differences in outcomes they produce:

Wl ). (5:3.1)

We can compare many possible scenarios with this setup, including a desired outcome
to a ground truth. By setting A and B to be the same population, we measure the
impact of different policies. Alternatively, we can take F; and J» to be the same
policy to study its effects on different populations. In a fairness audit, one policy will
represent a decision-making system being audited, and the other will be a reference
that has been deemed fair. In the context of Example 5.2.1, the populations are the
real applicants and synthetic applicants, and the policies are the historical admissions
scores and the desired outcomes. The optimal coupling maps each student’s outcome
onto the nearest outcomes in ideal reference. Figure 5.1 gives an overview of this

process.

In practice, we do not have access to the true distributions of the outcomes, so,
we approximate the outcome distributions with uniform distributions as is standard

in computational optimal transport Peyré et al. (2019) and compute Wg(mél, mZ):

1 & 1 &
m, = n 25]-'1(%) and m7, = . Z5f2(bj)- (5.3.2)
=1 j=1

In the above distributions, the outcomes are generated by applying the policies to
data A = {a;};2; ~ A and B = {b;};2, ~ B. In this case, the cost matrix is
computed by:

Cij = 1 F1as) = Fa (i)l - (5.3.3)

We implement this method with the Python Optimal Transport toolbox (https:

//pot.readthedocs.io/en/stable/).


https://pot.readthedocs.io/en/stable/
https://pot.readthedocs.io/en/stable/
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Figure 5.1: We apply our method to audit the admissions outcomes with the ideal
representative outcomes as a reference to generate a transport map in the form of
a coupling matrix. The red and blue colors in the coupling matrix show how mass
should be mapped from real data groups to reference data groups. Each entry m;; is
the probability that outcome i from the real dataset should be mapped to outcome
j in the synthetic dataset. We exploit the coupling matrix to explore the nature of
bias in the admissions policy across groups. By tracing which groups in the reference
dataset mass from one group in the real dataset are mapped to, we can understand
which groups achieve their ideal outcomes.

This computation reveals the magnitude of difference between the outcomes from
policies F; and JF5, and the optimal coupling 7 associated with the Wasserstein
distance is a transport plan describing how to split the mass of outcomes from F;
onto outcomes from Fy to produce similar behavior. In Example 5.2.1, the entries
of the normalized row nim; describe how to split the mass of student a;’s outcome
Fi(a;) onto the outcomes of the reference students {Fy(b;)}72,. Since the outcome
vectors result from applying policies to individuals in the datasets, we can also trace

the policy mappings and interpret the transport map between groups in the two sets.

Discrete Outcomes and Total Variation. In many cases, the auditor
may only have access to discrete decisions instead of complete model beliefs. In

this case, Equation 5.3.1 reduces to the Total Variation distance. More for-
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mally, the Total Variation between two measure §(u,v) can be written $6(u,v) =
infrer(u,) E@y)or La=y Villani (2008). We note Total Variation has previously been
utilized as a statistical metric for both individual and group fairness works Gordaliza
et al. (2019), Dwork et al. (2012). We highlight the distance as a special case of our

framework, though it is less expressive than the Wasserstein distance.

5.3.2 Analysis Through the Coupling

Computing the Wasserstein distance between two sets of outcome distributions re-
sults in a coupling that maps the outcomes in one domain into outcomes in the other.
Recall that an outcome results from applying a policy to an individual. We can trace
back these outcomes to the individuals to which they correspond, therefore allowing
us to also interpret the coupling as a mapping between individuals. Explicitly, each
outcome Fi(a) corresponds to some individual a. Thus, we can think of the coupling
as function that maps individuals in A to individuals in B based on the similarity
of their outcomes. In this way, we can examine how policies treat people differently
in feature space. By first mapping individuals to one another by the similarities of
their outcome, we can then try to account for what differences in the feature space

are responsible for this similarity.

We introduce the distance function d on the feature space as a parameter to
evaluate relevant dimensions of the feature space to the current audit. This metric is
not required to capture an absolute, bias-free distance between individuals because
we use it to explore, not evaluate, similar to Xue et al. (2020), and we advocate
considering several distances to explore possible relations in feature space fully. We
assume that differences in the feature space and accompanying choices in metric are

flawed and are likely responsible for disparate classification outcomes. Our method
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probes how individuals with seemingly different representations can have similar
classifications. Specifically, we use the outcome space as a similarity oracle that

grounds our analysis of problems in the feature space.

First, we examine differences between individuals. Allow I'(a,7) to be the set of

all individuals that a € A is mapped to under the coupling 7:

['(a,m)={be€ B:7(a,b) > 0}. (5.3.4)

Suppose we can quantify how different individuals are with some distance on the
feature space d : X x X — R. Then, using this set we can define a notion of

individual comparative bias.

We then interpret the coupling weights as the magnitude of outcome similarity.
Note that the Kantorvich formulation of optimal transport allows mass splitting, so
an individual can be mapped to multiple people. We then measure how different
individuals are to their mapped counterparts, weighting this measurement by the

similarity of their outcomes as computed by the coupling.

Definition 5.3.2 (Individual Audit Score). The bias an individual a experiences

across policies is measured by the expectation:

U (@) = Eyoranyd(a, b)). (5.3.5)

This measurement assigns a high audit score to an individual with a similar
outcome under the audit policy to an individual under the fair reference who has a
large distance under d. Ideally all individuals are mapped to their current outcome in

the fair reference, such that 7(a, b) = 1 iff @ = b and therefore d(a,b) = 0. Conversely,
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this score is high when two individuals have similar outcomes when compared across
policies but are very different under the chosen metric. For Example 5.2.1, if we
take d to be the distance in GPAs, a high individual bias for a student with a top
GPA would indicate that this student is treated as a student with a lower GPA in

the reference set, which could indicate discrimination.

We can aggregate this individual audit score over subgroups and groups. Consider
a partitioning of the input space X’ into discrete groups G = (G, G, ...G,,) where
G; C X such that X = |J,_, G;. These groups can be arbitrarily defined and need
not correspond to the normative notion of protected attribute group or intersectional
subgroups. We say that the bias experienced by some group is then a sum of the

individual bias terms for members of that group.

Definition 5.3.3 (Group Audit Score). The bias (comparatively) experienced across

policies for a group G is measured by:

Ux(G) = ux(g). (5.3.6)

geG

This measurement is large when many individuals in a group have high individual
audit scores, meaning they have similar outcomes to individuals dissimilar to them
under the choice in d. Under our analysis, if a group audit score is high, we can infer
the classifier is likely performing poorly on that group. Next, we look to compare
these group-level scores to see how the bias experienced by one group may be related
to the classification outcomes of another. We make this clearer with the following

remark.

Remark. We also can compare groups directly rather than across the whole popu-

lation. If for all 7,5 < |G| all groups are disjoint G; N G; = () then the group bias
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measurement, can be additively decomposed as

Ux(Gi) = > U, (G;)
J<Ig|
where each UG],(GZ-) is the amount of bias measured in group G; that is the result of

comparison with individuals in group Gj.

This remark highlights how our comparative framework allows us to quantify and
break down group-wise biases into some salient components. Namely, through this
decomposition, we see how group-level biases interact with one another, extrapolat-

ing this information to investigate the object under audit better.

5.3.3 Conducting Audits with this Flexible Framework

Our auditing framework is purposefully open-ended for applicability in a variety of
settings. While we apply the methodology to existing datasets in this work, we
anticipate it could be applied as either an internal or external audit. For an internal
audit, the designers of the algorithm could define a reference distribution and then
compare against the outcomes produced on a testing set as in Example 5.2.1. In
Section 5.4.2, we demonstrate how to audit the shortcomings of a classifier with
access to a ground truth for comparison, and in Section 5.4.4, we show how to
audit the underlying differences between populations that were assigned different

classifications.
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5.3.4 Computing Individual and Group Bias

Our definitions of individual and group bias assume that we can measure the entire
population X'. In practice, we have data A = {a;};2, ~ A and B = {b;};2, ~ B,

which requires slight changes for computations.

Definition 5.3.4 (Individual Bias). The bias an individual a from group A experi-

ences in comparison to group B across policies is measured by the expectation:

up(a) = Z d(a,b)m(a,b). (5.3.7)

bel(a,)

We need to alter the definition of group bias to account for the fact that we can

only compare an individual a € G C A to their counterparts in B.

Definition 5.3.5 (Group Bias). The bias (comparatively) experienced across poli-

cies for a group G within population A when compared to population B is measured

by:

Us(ANG) = > us(g). (5.3.8)

geEANG

Finally, if we decompose the datasets A and B into disjoint groups A =
{A1,As,... A} and B = {By, By, ..., By}, then the group bias measurement in

population A relative to population B can be additively decomposed as

Us(Ai) = Up,(4)

j<m

where Up,(4;) is the amount of bias measured in group A; within population A that

is the result of comparison with individuals in group B; within population B. We
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make use of this framework to compare how individuals in the COMPAS dataset
are mapped across race and criminal history-based groups in Section 5.4.2 and how
individuals in the German credit data are mapped across age and sex-based groups

in Section 5.4.4.

In the case that an individual a in group A is very different from everyone in
group B, the individual bias in Definition 5.3.2 will be high regardless of who a
is mapped to. Thus, to detect such outliers, we can normalize the individual bias
by the individual’s own worst-case-scenario, i.e. when they have all of their mass
mapped to the individual who is farthest from them:

n Z;lil ﬂ-(av bj)d(av b])

mMaX;=1:n, d(a, bj)

up(a) = (5.3.9)

This new normalized individual bias can then be used to differentiate between cases
when an individual experiences extreme bias or merely has no equivalent comparison

in feature space.

5.4 Experimental Results

This section demonstrates the flexibility of our optimal transport framework by au-
diting simulated data and the COMPAS and German credit datasets. We ran all

experiments on personal laptops.
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5.4.1 Wasserstein Distance Detects Bias when Disparate

Impact Fails

To motivate the Wasserstein distance for fairness evaluation, consider the fictitious
Blue College, who are looking to audit their admissions data for bias. Blue’s ap-
plicants come from two secondary schools: expensive private School A and public
School B. Blue College would like to check that their admissions policy is not biased
with respect to an applicant’s secondary school. Looking at previous admissions
data, Blue College observes that they accept 25% of students from either school

with the following pattern:

1. All students in School A have the same probability of being accepted: P(Y =
11X =2)=P(Y =1) = 0.25.

2. Students in School B with GPAs in the top 25% of GPAs in their class are
accepted (P(Y = 1|X = x) = 1), and students in School B with GPAs in the
bottom 75% of their class are rejected (P(Y = 1|X = z) = 0).

Blue evaluates their decisions with the disparate impact criteria, which provides

a measure of demographic parity.
Definition 5.4.1 (Disparate Impact (80% Rule)). A model is said to admit disparate

impact if:

P(Y = 1|School = B)
P(Y = 1|School = A)

<7 =08 (5.4.1)

Blue college accepts 25% of the applicants from both schools, which implies

that P(Y=1|School=A) _

P(Y=1[5chool=E) 1, and so the model does not admit disparate impact and is
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Figure 5.2: Under disparate impact, all rules converge to a fair policy despite struc-
tural inequity in the admissions policy. In contrast, the Wasserstein distance recovers
the inequities at all rule levels.

considered fair with respect to this fairness definition. More generally, if P(Y =
1|School = B) < P(Y = 1|School = A) then 7 = 1 implies this is the fairest possible
outcome. Clearly, this model is not fair as it puts the bottom 75% of students
from School B at a disadvantage, while also offering an advantage to the top 25% of

students at school B.

We simulate several years of admissions according to this fictitious model with
A and B as the students in the two schools, and Fi, and F; as the two described
admissions patterns. In addition to the 25% rule described above, we also evaluate a
10% and 50% rule. A rule with a lower percentage indicates that Blue College accepts
fewer students from both schools, and the 0% rule indicates that no student from
A or B is accepted. In Figure 5.2, we plot the Wasserstein distance and disparate

impact score as aggregated over the years.

According to disparate impact, for any given year, Blue College may appear fair
or unfair. Still, the aggregate admissions data seems fair over time, despite obvious
bias in the admissions process. Conversely, the Wasserstein distance reveals a fixed

amount of bias over time and shows that the observed bias decreases as the rule tends
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towards zero. As the decision rule approaches the trivially fair scenario where Blue
College rejects all individuals from both schools, the Wasserstein distance decreases,

indicating that the outcomes generated by the policies are moving closer together.

5.4.2 Recovering Racial Discrimination in Recidivism Risk

Scores

We use the COMPAS Larson et al. (2016a) dataset to show that the optimal coupling
can be used to asses the subgroup accuracy of a classifier. COMPAS is a commercial
tool used to predict the recidivism risk of individuals awaiting trial. The COMPAS
dataset contains data compiled by Propublica Larson et al. (2016b) on 6172 people
scored by the COMPAS algorithm in Broward County, Florida from 2013-2014. Each
person has a predicted recidivism score and a binary flag to indicate whether or not
they recidivated. There are 3,175 Black defendants, 2,103 white defendants, and
2,809 defendants who recidivated within two years in this sample. It contains nine
features: two-year recidivism, number of priors, age above 45, age below 25, female,
misdemeanor, ethnicity, and predicted recidivism probability. We one-hot encode

the categorical variables and normalize the features before fitting our models.

To audit the COMPAS tool for racial bias, Propublica Larson et al. (2016b)
collected COMPAS scores, prior arrest records, and two-year re-arrest records in
Broward County, Florida. The accompanying report found that the COMPAS tool
assigned Black defendants risk scores that were disproportionately higher than those
given to their white counterparts, even after controlling for criminal history. As a
result, Black defendants who did not recidivate were often misclassified as “high-

risk.” In contrast, for white defendants, the opposite was true: those who did get
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re-arrested were often mistakenly assessed as “low-risk.”

We take A = B to be the individuals in the COMPAS dataset and audit the
COMPAS predictions (thresholded at 5) with respect to the observed outcomes (two
years after initial arrest). This audit considers that COMPAS would be fair if it had
high accuracy. For both the observed and predicted cases, we compute a logistic
regression model, which takes as input relevant criminal history information and
actual and predicted recidivism labels as targets. We used the following features
to emulate the COMPAS algorithm: sex, age, race, felony counts, misdemeanor
count, and prior offenses. We use these logistic models to estimate the likelihood
an individual recidivates under the two scenarios, denoted yél and péz, respectively,
where F; denotes the true and F, the predicted recidivism policies. By computing
Wg(uél, u}‘z) we obtain the optimal coupling, which we then use to observe the

differences between policies.

Using the criminal history information, we compute the individual and group
audit scores. First, we observe that the group audit score for Black defendants
who are considered high-risk is 5.88% higher than the Black defendants who were
considered low-risk. However, for white defendants, we observe a 4.92% decrease
in audit scores; the audit scores of white individuals considered low-risk are higher
than that of white individuals deemed high-risk. This finding suggests that Black
individuals who are considered high-risk and white individuals who are considered
low-risk are more likely to attain similar predicted outcomes to an individual who
is dissimilar to them in feature space, which is consistent with Propublica’s obser-
vations. Black individuals who are considered high-risk often have similar criminal
histories to white individuals considered low-risk and vice versa.Figure 5.3A shows
the group-wise decomposition of audit scores. 43.8% of the outcomes attained by

low-risk white individuals are similar to outcomes predicted for high-risk Black in-
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dividuals, and 48.3% of high-risk Black individuals are mapped to low-risk white

individuals.

5.4.3 Using a Fair Intervention as a Reference

In the above example, we compared the ground truth outcomes to the predicted
COMPAS outcomes. Suppose that the creators of COMPAS wanted to see if they
could make the predictions fairer. Then, they could test another classifier against
the ground truth. To this end, we train a logistic classifier with an equal opportunity
constraint based on Zafar et al. (2017) to make the predicted outcomes fairer. The
fair classifier increases the true positive rates at test time for the Black and white
groups by 10%. Furthermore, in Figure 5.3B, we can see that more of the subgroups

are mapped to themselves.

For the positive-predicted group, which we documented initially as discriminatory
against mainly Black defendants, we see a decrease in unfairness from the original
to the equal opportunity outcome distribution. Moreover, when we decompose the
source of remaining audit scores, a larger share of individuals are mapped to de-
fendants in their same predicted risk class. This observed decrease in unfairness
suggests that the fair classifier produces outcome distributions less dependent on

race than the original COMPAS predictions.



Variable Group

Savings Actionable
Credit history Actionable
Other installments Actionable
Co-applicant or guarantor Actionable
Number liable individuals ~ Actionable
Unemployed Actionable
Property owned Actionable
Number existing credits Actionable
Installment rate Actionable
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Non-actionable
Non-actionable
Non-actionable

Credit amount
Credit duration
Credit purpose

Telephone Non-actionable
Sex Immutable
Age Immuatble
Foreign national Immutable
Years at job Immutable
Skilled employee Immutalbe
Permanent resident since  Immutable

Table 5.1: Actionable, non-actionable, and immutable features in the German credit
dataset.

5.4.4 Exploring the Structure of Bias in the German credit

dataset

The German credit dataset Hofmann (2000) contains 1000 instances with 26 features
each of loan applications at a bank. It includes applicant profiles as well as their
classification as a bad (n; = 300) or good (ng = 700) credit risk. We one-hot encode
categorical variables and then z-score normalize all features before fitting our logistic

regression model.

Table 5.1 describes how we classified features as actionable, non-actionable, and

immutable as inspired by Chen et al. (2020).

To explore localization of bias with optimal transport, we use the German credit
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dataset Hofmann (2000), which contains loan applications at a bank and their clas-
sification as good or bad credit risks and is commonly used for algorithmic recourse
investigations Gupta et al. (2019), Karimi et al. (2020b), Chen et al. (2020), Rawal
and Lakkaraju (2020). We train a logistic regression classifier F on the features
without the sensitive attributes (age and gender) to produce outcome probabilities
for each individual. In this case, there is no fair reference. Instead, we seek to
understand the difference between those classified as bad applicants, A, and those
classified as good, B, under policy F. Figure 5.3C shows that this map recovers age
and gender discrimination that has previously been found, namely that the policy
favors older and male applicants. In particular 69.85% of men aged [18,25), 66% of
women aged [18,25), and 63.21% of women aged [25,76) labeled as bad credit are

disproportionately mapped to men aged [25,76) labeled as good credit.

To understand these disparities, we audit the German credit dataset using multi-
ple distances in the feature space, drawing inspiration from the algorithmic recourse
problem, which asks what actionable changes an individual can take to change their
classification Karimi et al. (2020a). By exploring this question, we can understand
whether an algorithm is discriminating based on actionable (and mutable), non-
actionable (but mutable), or immutable (and non-actionable) traits (see Table 5.1 in
the appendix for the full breakdown). For each type, we can compute the individual
audit scores (Equation 5.3.5) while restricting the distance computation to features
of that type. In Figure 5.5, we plot the distribution of the individual audit scores

for each type of feature when split by age and sex for those in the bad credit class.

Men aged [25,76) with a bad credit classification have the highest actionable
audit scores, suggesting that this group’s actionable features are the furthest from
those with a good credit classification. Consistently, women aged [18,25) with a

bad credit classification have the lowest actionable audit scores even though they
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receive far fewer good credit ratings. Since the actionable features, credit history,
for example, are considered fair to use, this difference reinforces the claim that the
policy discriminates along age and gender. For both non-actionable and immutable
features, the differences in individual audit scores are more substantial across sex
than across age. This result suggests that this classification algorithm disadvantages

women for attributes that they cannot change.

For each individual a classified as bad credit, we can compute I'(a, 7), the group
of people with good credit that they were mapped to under the optimal coupling
7. The product n ZbEF(a,ﬂ) 7(a, b)b projects individual a onto their counterparts in
group B. Using this product, we can interpolate an individual’s actionable features

with those they were mapped to with weight o through

(1 — @)@actionable + N1 Z (@, b)bactionable- (5.4.2)
beTl (a,m)

We can then reapply policy F to an individual from the bad credit group with
their original immutable and non-actionable features and interpolated actionable
features to see how their classification changes in response to these actions. Figure 5.4
shows how the probability of being classified as having good credit increases with «,
implying that making actionable changes to these features can affect outcomes. As «
increases, the distributions shift from centering around low probabilities of receiving
a good credit label to more uniform probabilities of receiving a good credit label,
implying that changing these actionable features will improve an applicant’s odds of

success.

We can also examine changes in the actionable features of those who were reclas-
sified to understand which features were the most important (see Figure 5.6 in the

appendix). Previous studies tend to focus on recourse accuracy (how many people
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were successfully reclassified as a result of actions taken) rather than which features
were deemed most important, so we cannot compare our results directly. Our results
suggest that having a critical account or credit at other banks and not having a
guarantor or co-applicant most positively affect classification, and having no credits
or credit repaid duly most negatively affect classification. A savings account has a
significant impact on classification; no savings account or more than 100 DM in a
savings account impacts classification positively, and having less than 100 DM affects

classification negatively.

For each individual labeled as having bad credit, we interpolate their actionable
features with the actionable features of those they were mapped to (Equation 5.4.2).
Then, we reclassify these individuals. In Figure 5.6, we present the percentage of
individuals reclassified as having good credit and record the average change for each

actionable feature for varying values of a.

5.5 Discussion

We have presented an optimal transport-based framework for auditing decision-
making algorithms to explore bias at various levels and according to flexible notions
of fairness through a reference. We leverage the coupling matrix to study the struc-
ture of outcome disparities in the feature space. Through the COMPAS example, we
have demonstrated that optimal transport can evaluate the accuracy of a classifier on
populations and subgroups. Furthermore, the transport map elucidates structures
of bias and allows us to quantify it. In studying the German credit dataset, we have
shown that optimal transport can audit automated decisions after they are made

through investigating aspects of the feature space.
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Individual fairness Dwork et al. (2012) is often criticized due to its reliance on
the existence of similarity metrics on features Chouldechova and Roth (2018). While
our audit scores also rely on a distance in feature space, we can examine bias directly
through the coupling matrix. Furthermore, similar to Xue et al. (2020), we treat
the distance as a hyperparameter and advocate considering several to fully explore
possible relations in feature space as well as leave room for customization of the audit
goals. We envision this framework applied in various contexts, from internal audits
of proposed plans to external audits. While this method allows a bad-faith audit by
defining a dishonest reference, it is more robust to gaming by algorithm designers

because it is not a single metric.

The constraint that all mass from one distribution must be transported onto the
other limits standard optimal transport. In the context of fairness, this limitation
means that outliers and unevenly represented subgroups may not be mapped to
their appropriate counterparts. To address this, we could modify our framework
to use unbalanced or partial optimal transport. Additionally, computing transport
maps between large datasets can be computationally intensive. To address this
issue, we could use entropically regularized optimal transport for auditing larger
datasets. Future work will focus on addressing these limitations and formalizing the

mathematical theory and its connections to definitions of fairness.
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to low-risk Black defendants compared to ground-truth recidivism. By comparing
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by the Equal Opportunity classifier. C. The transport map recovers previously found
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with good credit.
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This chapter is based on work presented in Demetci et al. (2021).

6.1 Introduction

Single-cell measurements provide a fine-grained view of the heterogeneous landscape
of cells in a sample, revealing distinct subpopulations and their developmental and
regulatory trajectories across time. The availability of single-cell measurements that
capture various properties of the genome, such as gene expression, chromatin acces-
sibility, DNA methylation, histone modifications, and chromatin 3D conformation,
has increased the need for data integration methods capable of combining disparate

data types.

Despite the importance of this task, the heterogeneity among single cells presents
unique challenges. Due to technical limitations, it is hard to obtain multiple types
of measurements from the same individual cells. As a result, many single-cell multi-
omics datasets have distinct measurements from different sets of cells. While certain
methods combine different experiments from a single modality (like RNA sequenc-
ing) for correcting batch effects Amodio and Krishnaswamy (2018), Welch et al.
(2019, 2017), Stuart et al. (2019), Barkas et al. (2019), integrating data from multi-
ple modalities (like RNA and ATAC sequencing) further complicates the task. For
example, when we measure different properties of a cell, we cannot a priori identify
correspondences between features in the two domains. Accordingly, integrating two
or more single-cell data modalities requires methods that rely on neither common
cells nor features across the data types. This aspect prevents the application of some
existing single-cell alignment methods to unsupervised settings because they require

some correspondence information Amodio and Krishnaswamy (2018), Welch et al.
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(2019, 2017), Stuart et al. (2019), Barkas et al. (2019). For example, Seurat Stuart
et al. (2019) requires correspondence information in the form of cells from similar
biological state that are shared across the two datasets (known as “anchor points”).
Cao et al. Cao et al. (2020) have shown that such methods cannot perform good

alignments under unsupervised settings.

Multiple approaches have tried to align datasets in an entirely unsupervised fash-
ion. One of the earliest attempts, the joint Laplacian manifold alignment (JLMA)
algorithm, constructs eigenvector projections based on k-nearest neighbor graph
Laplacians of the data Wang and Mahadevan (2009). The generalized unsupervised
manifold alignment (GUMA) Cui et al. (2014) algorithm seeks a 1-1 correspondence
between two datasets based on a local geometry matching term. Liu et al. Liu et al.
(2019) showed that these methods do not perform well on the single-cell alignment
task and proposed an alignment algorithm based on the maximum mean discrepancy
(MMD) measure, called MMD-MA. Another method, UnionCom Cao et al. (2020),
extends GUMA to perform unsupervised topological alignment and makes it more
suitable for single-cell multi-omics integration. While MMD-MA aims to match the
global distributions of the datasets in a shared latent space, UnionCom emphasizes
learning both local and global alignments between the two distributions. Neither
method requires any correspondence information, either among samples or features,
to perform an alignment. The respective papers demonstrate state-of-the-art per-
formance on simulated and real datasets. Although these results are encouraging,
MMD-MA and UnionCom require that the user specify three and four hyperparame-
ters, respectively. Selecting these hyperparameter values can be a barrier to adopting

tools in an unsupervised setting with no validation data.

In this paper, we propose an unsupervised alignment method based on optimal

transport. Optimal transport finds the most cost-effective way to move data points
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Figure 6.1: Schematic of SCOT alignment of single-cell multi-omics data.
A population of cells is aliquoted for different single-cell sequencing assays. SCOT
constructs k-NN graphs based on sample-wise correlations and finds a probabilistic
coupling between the samples of each domain that minimizes the distance between
the two intra-domain graph distance matrices. Barycentric projection projects one
domain onto another based on this coupling matrix.

from one domain to another. One way to think about it is as the problem of moving
a pile of sand to fill in a hole through the least amount of work. An emerging number
of applications, including several in biology, are using optimal transport to learn a
mapping between data distributions Alvarez-Melis and Jaakkola (2018), Schiebinger
et al. (2019), Cang and Nie (2020), Yang et al. (2018), Yang and Uhler (2019).
Schiebinger et al. Schiebinger et al. (2019) use it to study temporal changes in gene
expression by using regularized unbalanced optimal transport to compute expression
differences between time points . SpaOTsc Cang and Nie (2020) maps cells with high
ligand expression onto cells with high receptor expression to recover cell signaling
relationships in spatially resolved single-cell RNA-seq datasets. ImageAEOT Yang
et al. (2018) maps single-cell images to a common latent space through an autoen-
coder and then uses optimal transport to track cell trajectories. In related work,
the same authors use autoencoders and optimal transport to learn transport maps
among multiple domains Yang and Uhler (2019). However, the application of their
method to single-cell datasets requires some form of supervision, like class labels, to

be used during transport.

The classic optimal transport problem requires datasets in the same metric
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space. Mémoli et al. Mémoli (2011) generalized optimal transport to the Gromov-
Wasserstein distance, which compares metric spaces directly instead of comparing
samples across spaces and makes optimal transport suitable for multi-modal align-
ment. In natural language processing, Alvarez et al. Alvarez-Melis and Jaakkola
(2018) used this approach to measure similarities between pairs of words across lan-
guages to compute the similarity between languages. As far as we are aware, the
only biological application of Gromov-Wasserstein optimal transport comes from
Nitzan et al. (2019), which uses it to reconstruct the spatial organization of cells

from transcriptional profiles.

We present Single-Cell alignment using Optimal Transport (SCOT), an unsu-
pervised algorithm that uses Gromov-Wasserstein-based optimal transport to align
single-cell multi-omics datasets (presented schematically in Figure 6.1). Like Union-
Com, SCOT aims to preserve local geometry when aligning single-cell data. SCOT
achieves this by constructing a k-nearest neighbor (k—NN) graph for each dataset.
SCOT then finds a probabilistic coupling between the samples of each dataset that
minimizes the distance between the graph distance matrices produced from the k-NN
graph. Finally, it uses the coupling matrix to project one single-cell dataset onto
another through barycentric projection, thus aligning them. Unlike MMD-MA and
UnionCom, SCOT requires tuning only two hyperparameters and is robust to the
choice of one. We compare the alignment performance of SCOT with MMD-MA
and UnionCom on four simulated and two real-world datasets. We show that SCOT
aligns datasets as well as the state-of-the-art methods and scales well with increas-
ing numbers of samples. Moreover, we demonstrate that, the Gromov-Wasserstein
distance can guide SCOT’s hyperparameter tuning in a fully unsupervised setting
when no orthogonal alignment information is available. Thus, unlike other methods,

SCOT provides a heuristic for hyperparameter selection without validation data.
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Our source code and scripts for replicating the results are available at https:
//github.com/rsinghlab/SCOT. Documentation and tutorial for using SCOT is

available at https://rsinghlab.github.io/SCOT.

6.2 Methods

SCOT uses Gromov-Wasserstein optimal transport, which preserves local geometry
when moving data points form one domain to another. The output of this transport
problem is a matrix of probabilities that represent how likely it is that data points
from one modality correspond to data points in the other. In the next section, we
introduce optimal transport followed by its extension to the Gromov-Wasserstein
distance. Finally, we present the details of our SCOT algorithm. We present the
case for two datasets: X' = (x},2},..., 2} ) from X' and X? = (af,23,...,22)
from X2. The datasets have n; and ns points, respectively. We do not require any
correspondence information or assume that there is any ground truth correspondence,

but we do assume there is some underlying shared structure so that the datasets can

be meaningfully aligned.

6.2.1 Gromov-Wasserstein distance

Classic optimal transport, introduced in Section 5.2.2; requires defining a cost func-
tion across domains, which can be difficult to implement when the domains are in
different metric spaces. Gromov-Wasserstein distance extends optimal transport by
comparing distances between samples rather than directly comparing the samples

themselves Alvarez-Melis and Jaakkola (2018). We assume that we have metric


https://github.com/rsinghlab/SCOT
https://github.com/rsinghlab/SCOT
https://rsinghlab.github.io/SCOT
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measure spaces (X1, dy, ) and (X2, dy, v), where d; and d, are distances on X' and
X2, respectively Mémoli (2011). Instead of defining a cost function between spaces,
Gromov-Wasserstein uses the difference between pairwise distances. Given a cost

function L : R x R — R, the Gromov-Wasserstein distance between p and v is

defined by

GW (p,v) := min / / L(dy(z}, j) do(z, 27))dm (], xi)dw(m}, ).
mell(uw) J x1xx2 J x1x a2

(6.2.1)
In contrast to basic optimal transport (Equation 5.2.1), Gromov-Wasserstein (Equa-
tion 6.2.1) optimal transport considers the effect of transporting pairs of points rather
than single points. Intuitively, L(dy(x}, 23), dy(x}, 27)) captures how transporting x;
to zj and z} to 7 would distort the original distances between z} and 2} and between
z? and x7. This change ensures that the optimal transport plan 7 will preserve some
local geometry. In the case of L(z,y) = Lo(z,y) = (x — y)?, Gromov-Wasserstein

is a distance on the space of metric measure spaces Mémoli (2011).

For the discrete case, we compute pairwise distance matrices D' and D? and
the fourth order tensor L € R™>*™>*"2X"2 where L, = L(D}., D2) The discrete

Gromov-Wasserstein problem is

GW (p*, p*) min Znglengkl (6.2.2)

 Teri(pl,
(p*,p?) TR

The summation can also be expressed as the inner product (L(D', D*)®T,T'). Equa-
tion 6.2.2 is now both non-linear and non-convex and involves operations on a fourth-
order tensor, including the O(n?n3) operation tensor product L(D', D?) @ T for a
naive implementation. Peyré et al. show that for some choices of loss function this

product can be computed in O(niny + nin3) cost Peyré et al. (2016). In particular,
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for the case L = Lo, the inner product can be computed by

L(D',D*) &T = (D")*p'L,, + L, (p*)" (D*)*)" — D'T(D*)". (6.2.3)

As in the classic optimal transport case, the coupling matrix can be efficiently com-
puted for an entropically regularized optimization problem:

GW.(p',p?) = FE%%EPQ) (L(D', D*)@T,T) — eH(T). (6.2.4)

Larger values of € lead to an easier optimization problem but also a denser coupling
matrix, meaning that solutions will indicate significant correspondences between
more data points. Smaller values of € lead to sparser solutions, meaning that the
coupling matrix is more likely to find the correct one-to-one correspondences for
datasets where there are one-to-one correspondences. However, it also yields a harder

(more non-convex) optimization problem Alvarez-Melis and Jaakkola (2018).

Peyré et al. Peyré et al. (2016) propose using a projected gradient descent ap-
proach for optimization, where both the projection and the gradient are taken with
respect to Kullback-Leibler divergence. These projections are computed via Sinkhorn

iterations. Algorithm 1 in presents the algorithm for L = L.

6.2.2 Single-Cell alignment using Optimal Transport (SCOT)

Our method, SCOT, works as follows - first, we compute the pairwise distances on

our data in a way similar to Nitzan et al. (2019). To do this, we use the correlations
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Algorithm 1: SCOT Alignment with Gromov-Wasserstein OT

Inputs: Datasets X', X2. Regularization coefficient e. Number of
neighbors k.
// Compute graph distances Dy, Ds; Set
p' + Uniform(X'),p? < Uniform(X?);
Dy < DLy, + 1,,p*(D})";
while not converged do
Dr < Dy, —2D,I'DT;
// Compute cost matrix
u < 1,, K + exp{—Dr/e}; // Perform Sinkhorn iterations
while not converged do
| u+pt o Kv, vep?o Ky
end
[' + diag(u) Kdiag(v);
end
Return: n,I'X?

between data points

(x —2)(y - 7)
=T, Ity =9l

N%wzl—m (6.2.5)

within each dataset to construct £-NN connectivity graphs. We find that connectivity
graphs, which connect nodes with binary edges, empirically perform better than
weighted edges, potentially because connectivity graphs can denoise the data. Next,
we compute the shortest path distance on the graph between each pair of nodes
via Dijkstra’s algorithm. We set the distance of any unconnected nodes to be the
maximum finite distance in the graph and normalize the matrix by dividing the
elements by this maximum distance. If £ is the number of samples, then the k-NN
graph is the complete graph, so the corresponding distance matrix is a matrix of
all ones.In this case, the distance matrix does not provide information about the
local geometry, so we recommend keeping k small relative to the number of samples
to avoid this scenario. We find that our approach is robust to the choice of k

(Supplementary Figure 7.6B).
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Since we do not know the true distribution of the original datasets, we follow
Alvarez-Melis and Jaakkola (2018) and set x4 and v to be the uniform distributions
on the data points. Then, we solve for the optimal coupling I' which minimizes
Equation 6.2.4. To implement this method, we use the Python Optimal Transport

toolbox (https://pot.readthedocs.io/en/stable/) Flamary and Courty (2017).

One of the advantages of using optimal transport is the probabilistic interpreta-

tion of the resulting coupling matrix I', where the entries of the normalized row ;%FZ-

1

are the probabilities that the fixed data point z; corresponds to each x? However,
to use the evaluation metrics previously used in the field and to visualize alignment,
we need to project the two datasets into the same space. The Procrustes approach
proposed in Alvarez-Melis and Jaakkola (2018) does not generalize to datasets with
different feature and sample dimensions, so we use a barycentric projection:

1
D;

> Tyal. (6.2.6)
J=1

(-

6.2.3 Alternative Unsupervised Alignment Procedure

In the description of SCOT, the number k for nearest neighbors and the entropy
weight € are hyperparameters. One way to set these hyperparameters for optimal
alignment is to use some orthogonal correspondence information to select the best
alignment either directly Cao et al. (2020), Liu et al. (2019) or by performing cross-
validation Singh et al. (2020). This selection strategy is problematic for truly un-
supervised setting, where no correspondence information is available a priori upon
sequencing separate cell cultures. As a solution, we provide an alternative procedure
to learn reasonable alignments based on tracking the Gromov-Wasserstein distance

(Equation 6.2.2). This procedure is based on our observation that the Gromov-


https://pot.readthedocs.io/en/stable/
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Wasserstein distance serves as a proxy for measuring alignment quality (Supplemen-
tary Figure 7.6A). In this procedure, we alternate between optimizing ¢ and k to
minimize the Gromov-Wasserstein distance between the domains (Algorithm 2). Al-
though the lowest Gromov-Wasserstein distance is not always the best alignment, it

consistently appears to be one of the better alignments.

Algorithm 2: Unsupervised hyperparameter search procedure
Input: Datasets X', X?2.
n < min(ny, ny), ki < min(0.2n, 50)
€1 ¢ argmin ¢ ;g3 19-2) SCOT(X, X? ki, €) // Fix ky and vary e
// Fix € and vary k
if n > 250 then
| Ky ¢ argmingc g 190 SCOT (X', X2, K, 1)
end
else
| Ky < argmingc g 5,000 SCOT(X', X2 K, 1)
end
// Do a more refined search around ky and €
Fbest, €pest < arg minke[k2—5,k2+5], €€[10-0-25¢;,100-25¢1] SCOT(X1X2, k, E)
Return: Ky, €pest

6.3 Experimental Setup

6.3.1 Simulated datasets

We follow Liu et al. Liu et al. (2019) and benchmark SCOT on three different sim-
ulations!. All three simulations contain two domains with 300 samples that have
been non-linearly projected to 1000- and 2000-dimensional feature spaces, respec-
tively. The three simulations are a bifurcation, a Swiss roll, and a circular frustum
(Appendix Figure 7.2) with points belonging to three different groups. The first

simulation is a bifurcated tree in two-dimensional space, simulating a branching

lhttps://noble.gs.washington.edu/proj/mmd-ma/


https://noble.gs.washington.edu/proj/mmd-ma/
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structure one might observe in cell differentiation. The second simulation maps the
branching structure onto a Swiss roll in three-dimensional space through a non-linear
projection. The third simulation is a circular frustum in three-dimensional space,
which simulates the cell cycle superimposed on a linear differentiation process (Sup-
plementary Figure 7.2). In addition to these three previously existing simulations,
we use Splatter Zappia et al. (2017) to create simulated single-cell RNA sequencing
count data, which we call synthetic RNA-seq. We generate 5000 cells with 1000
genes from three cell groups and reduce the count matrix to the five genes with the
highest variances. This count matrix is mapped into two new domains with dimen-
sions p; = 50 and ps = 500 by multiplying it with two randomly generated matrices,

resulting in data with dimensions 5000 x 50 and 5000 x 500.

All four datasets were simulated with 1—1 sample-wise correspondences, which
are solely used for evaluating model performance. Since each domain is projected to
a different dimension, there is no feature-wise correspondence. In all simulations, we

Z-score normalize the features before alignment as in Liu et al. (2019).

6.3.2 Single-cell multi-omics datasets

We use two sets of single-cell multi-omics data to demonstrate SCOT’s performance
on real datasets. Both datasets are generated by co-assays; thus, we have known
cell-level correspondence information for benchmarking. The first dataset is gener-
ated using the scGEM assay Cheow et al. (2016), which simultaneously profiles gene
expression and DNA methylation. The dataset (Sequence Read Archive accession
SRP077853) is derived from human somatic cell samples undergoing conversion to
induced pluripotent stem cells (iPSCs) and show a continuous trajectory (Appendix

Figure 7.4). This dataset was also used by Cao et al. Cao et al. (2020) to demon-
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strate the performance of their UnionCom algorithm. We pre-process the data as
described in the original publications Cheow et al. (2016), Cao et al. (2020), resulting
in data with dimensions 177 x 34 for the gene expression data and 177 x 27 for the

chromatin accessibility data.

The second dataset is generated by the SNAREseq assay Chen et al. (2019),
which links chromatin accessibility with gene expression. The data (Gene Expression
Omnibus accession GSE126074) is derived from a mixture of human cell lines: BJ,
H1, K562, and GM12878 and show distinct cell type clusters (Appendix Figure 7.4).
We pre-process the datasets following Chen et al. Chen et al. (2019). The resulting
data matrices are of size 1047 x 19 for ATAC-seq and 1047 x 10 for RNA-seq. We

unit normalize all real datasets as done in Singh et al. (2020).

6.3.3 Evaluation metrics

We compare SCOT with the two state-of-the-art unsupervised single-cell alignment
methods MMD-MA Liu et al. (2019) and UnionCom Cao et al. (2020). None of these
methods use any correspondence information for aligning the datasets. However, all
datasets have 1-1 sample-level correspondence information, which we use to quantify
the alignment performance through the “fraction of samples closer than the true
match” (FOSCTTM) metric introduced by Liu et al. Liu et al. (2019). For each
domain, we compute the Euclidean distances between a fixed sample point and all
the data points in the other domain. Next, we use these distances to compute the
fraction of samples that are closer to the fixed sample than its true match. Finally,
we average these values for all the samples in both domains. For perfect alignment,
all samples would be closest to their true match, yielding an average FOSCTTM of

zero. Therefore, a lower average FOSCTTM corresponds to a better alignment.
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Figure 6.2: Aligning simulated datasets. Each column presents a different simu-
lation. Top: our alignment colored by domain (plotted in 2D using PCA). Middle:
our alignment colored by group. Bottom: sorted “fraction of samples closer than
the true match” (FOSCTTM) for MMD-MA, UnionCom, and SCOT to visualize
the distribution across samples with the average FOSCTTM values in the legend.

Since all the datasets have group-specific (simulations) or cell-type-specific (real
experiments) labels, we also adopt the metric used by Cao et al. Cao et al. (2020)
called “label transfer accuracy” to assess the quality of the cell label assignment.
This metric measures the ability to correctly transfer sample labels from one domain
to another based on their neighborhood in the aligned domain. As described in Cao
et al. (2020), we train a k-nearest neighbor classifier (for k& = 5, default parameter
used in Cao et al. (2020)) on one of the domains and predict the sample labels in the
other domain. The label transfer accuracy is the proportion of correctly predicted
labels, so it ranges from 0 to 1, and higher values indicate good performance. We

apply this metric to alignments selected by the FOSCTTM measure.
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6.3.4 Hyperparameter tuning

We run each method over a grid of hyperparameters and select the setting that
yields the lowest average FOSCTTM. For SCOT, the grid covers the regular-
ization weight ¢ € {0.0001,0.0005,0.001,0.005,...,0.1} and number of neighbors
k € {10,15,20,...100, %nm} We observe empirically that going above %n for k

does not yield any improvement in alignment.

We pick the hyperparameters for MMD-MA and UnionCom based on the default
values and recommended ranges. MMD-MA has three hyperparameters: weights
A, A2 € {1073,107%,107°,1075, 1077} for the terms in the optimization problem and
the dimensionality p € {4,5,6,16,32,64} of the embedding space. UnionCom re-
quires the user to specify four hyperparameters: the number k., € {40,100} of max-
imum number of neighbors in the graph,the dimensionality p € {4, 5,6, 16, 32,64} of
the embedding space, the trade-off parameter § € {0.1, 1, 10, 15,20} for the embed-
ding, and a regularization coefficient p € {0,5,10,15,20}. We select the embedding
dimension p € {16, 32,64} around the default value of 32 set by UnionCom but also
add p € {4,5,6} to match the recommended values for MMD-MA. We keep the hy-
perparameter search space size approximately consistent across the three methods.
For each dataset, we present alignment and runtime results for the best perform-
ing hyperparameters. Considering that MMD-MA and UnionCom both have more
hyperparameters to tune, we later approximately doubled the search space by choos-
ing intermediary values but did not observe any significant improvement in their

alignment quality (up to three significant figures).

Furthermore, we consider the scenario where correspondence information is un-
available to pick the optimal hyperparameters. For SCOT, we apply the alterna-

tive unsupervised alignment procedure (Algorithm 2 in Appendix) to align all the
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Figure 6.3: Aligning real world single-cell sequencing dataset. FEach row
presents a different real-word single-cell sequencing dataset. Left: our alignment
colored based by domain (plotted in 2D using PCA). Middle: our alignment col-
ored by cell-type. Right: sorted “fraction of samples closer than the true match”
(FOSCTTM) for MMD-MA, UnionCom, and SCOT order to visualize the distribu-
tion across samples with the average FOSCTTM values in the legend.

datasets. Since MMD-MA and UnionCom do not provide a hyperparameter selec-
tion strategy, we rely on the default hyperparameters; we use UnionCom’s provided
default parameters of k,,,, = 40,p = 32, p = 10, and § = 1, and the center values of
MMD-MA’s recommended range: p =5, \; = 107°, and A\ = 10~°. We also present

the alignment results for all three methods in this fully unsupervised setting.

6.4 Results

6.4.1 SCOT successfully aligns the simulated datasets

We first compare SCOT’s performance with MMD-MA and UnionCom for the four

simulation datasets. In this experiment, we select the best performing hyperparam-
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eters for each method using the tuning process described in the previous section. In
Figure 6.2, we sort and plot the FOSCTTM score for each sample for the simulations
from Liu et al. (2019), as well as the synthetic RNA-seq count data from Splatter
Zappia et al. (2017). Overall, we observe that SCOT consistently achieves one of the
lowest average FOSCTTM scores, thereby demonstrating its ability to recover the
correct correspondences. We also report the label transfer accuracy results (Table
6.1) when the first domain is used to train a classifier to predict the labels in the sec-
ond domain. We observe that SCOT consistently yields high label transfer accuracy

scores, indicating that samples are correctly mapped to their assigned groups.

6.4.2 SCOT gives state-of-the-art single-cell multi-omics

alignment

Next, we apply our method to real single-cell sequencing data. Overall, SCOT gives
the lowest average FOSCTTM measure in comparison to MMD-MA and UnionCom
(Figure 6.3, last column) and recovers accurate 1-1 correspondences in single-cell
datasets. For the scGEM data, we report label transfer accuracy using the DNA
methylation domain for predicting the cell-type labels in the gene expression domain.
For the SNARE-seq dataset, we use the gene expression domain for predicting cell

labels in the chromatin accessibility domain. SCOT yields the best label transfer

Sim. 1 Sim. 2 Sim. 3 Syn. scGEM SNARE

RNA- seq
seq
SCOT 0.950 0.977 0.957  0.998 0.593 0.982

MMD-MA 0.890 0.913 0.947 0.706 0.588 0.942
UnionCom 0.960 0.986  0.613 0.997 0.582 0.423

Table 6.1:  Alignment performance by label transfer accuracy (kK = 5) with the
classifier trained on the first domain of each dataset.
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accuracy result on both datasets (Table 6.1).

While MMD-MA and UnionCom project both datasets to a shared low-
dimensional space, SCOT projects one dataset onto the other. We project SCOT
in both directions for all datasets, but we do not observe a significant difference in

performance between the two directions.

6.4.3 Unsupervised hyperparameter tuning aligns well

We compare the alignment performances in Table 6.2 given by SCOT’s alternative
tuning procedure guided by the Gromov-Wasserstein distance against MMA-MA’s
and UnionCom’s default parameters. SCOT returns nearly the same alignments for
simulated data and only marginally worse alignments for real data. In contrast,
MMD-MA and UnionCom fail to align some of the simulated and all real datasets
with the default parameter values. In particular, MMD-MA and UnionCom perform
very badly on the simulation 3, scGEM, and SNAREseq datasets, and MMD-MA
performs worse than its optimal alignment on the synthetic RNA-Seq dataset. There-
fore, the proposed procedure could guide a user to an alignment close to the optimal

result when no orthogonal information is available for hyperparameter tuning.

Sim. 1 Sim. 2 Sim. 3 Syn. scGEM SNARE
RNA- seq
seq
SCOT (GW) 0.088  0.025 0.009 0.001 0.209 0.218
MMD-MA 0.125 0.023  0.739 0.384 0.437 0.473
UnionCom 0.091 0.028 0.684 0.028 0.691 0.510

Table 6.2: Alignment performance by FOSCTTM scores for SCOT chosen by lowest
Gromov-Wasserstein distance, default MMD-MA, and default UnionCom for simu-
lated and real datasets.
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6.4.4 SCOT computationally scales well

We compare SCOT’s running times with 8000

2 7000 ® UnionCom (GPU) 2
the baseline methods for the best per- § eoo{ ©MMD-MA(GPU)

8 so00{ ®SCOT(CPU)
forming hyperparameters on the synthetic g o0 .

= 3000

c .
RNA-seq dataset by varying the number of & 200 o e

1000 et @
. P -

cells. We run CPU Computatlons on an In- 0 0o 1000 2000 3000 4000 5000

Number of Samples (Cells in each domain)

tel Xeon e5-2670 with 16GB memory and

Figure 6.4: Runtime comparisons
GPU computations on a single NVIDIA  with growing sample size
GTX 1080ti with VRAM of 11GB. SCOT’s running time scales similarly to that
of MMD-MA | even though SCOT runs on a CPU and MMD-MA runs on a GPU
(Figure 6.4). Both methods scale better than the GPU-based UnionCom implemen-

tation.

6.5 Discussion

We have demonstrated that SCOT, which uses Gromov Wasserstein optimal trans-
port for unsupervised single-cell multi-omics data integration, yields alignments on
par with the state-of-the-art methods, UnionCom and MMD-MA, and has advan-
tages over them when no orthogonal information exists for hyperparameter tuning.
Our formulation of a coupling matrix based on matching graph distances is some-
what similar to UnionCom’s initial step; however, UnionCom only matches sample-
to-sample distances, while Gromov-Wasserstein distance considers the cost of moving
pairs of points, enabling our method to better preserve local geometry. Addition-
ally, SCOT performs global alignment of the marginal distributions, which is similar

to how MMD-MA uses the MMD term to ensure that the two distributions agree
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globally in the latent space. We hypothesize that these properties result in SCOT’s
state-of-the-art performance. Furthermore, SCOT’s optimization runs in less time
and with fewer hyperparameters, and the Gromov-Wasserstein distance can guide
the user to choose an alignment when no validation information exists. Therefore,
unlike other methods, SCOT easily yields high quality alignments in the realistic

fully unsupervised setting.

While barycentric projection provides a way to visualize the alignment, it assumes
that cells in one dataset should be mapped to the convex hull of the other dataset.
Future work will develop unbalanced optimal transport, which would take care of
outliers as well as under- or over-represented groups. There are also other ways to use
the coupling matrix to infer alignment such as using it with other dimension reduction
methods like t-SNE (as in UnionCom) to align the manifolds while embedding them
both into a new space. Alternatively, depending on the application, a projection may
not be required; it may be sufficient to have probabilities relating the samples to one
another. Future work will develop effective ways to utilize the coupling matrix and

extend our framework to handle more than two alignments at a time.



CHAPTER SEVEN

Integration of Datasets with
Cell-Type Representation

Disparities
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This chapter is based on work presented in Demetci et al. (2022).

7.1 Introduction

The ability to measure multiple aspects of the single-cell offers the opportunity to
gain critical biological insights about cell development and diseases. However, many
existing single-cell sequencing technologies cannot be simultaneously applied to the
same cell, resulting in multi-omics datasets sampled from distinct cell populations.
While these measurements can be analyzed separately, integrating them prior to
analysis can help explain how different molecular views interact and regulate cellular
functions. Unfortunately, single-cell assays that measure different molecular aspects
in separately sampled cell populations lack direct sample—sample and feature—feature
correspondences across these measurements. This lack of correspondences makes it
hard to use integration methods that require some shared information to perform
single-cell alignment Cao et al. (2020). Therefore, unsupervised single-cell multi-

omics data alignment methods are crucial for integrative single-cell data analysis.

Several unsupervised methods Liu et al. (2019), Cao et al. (2020), Dou et al.
(2020), Stuart et al. (2019), including our previous work, SCOT Demetci et al.
(2021), have shown state-of-the-art performance for integrating different single-cell
measurement domains. Since these methods were mainly evaluated on real-world
co-assay datasets (with 1-1 correspondence between cells across domains), our un-
derstanding of their performance on datasets obtained from experiments that are not
co-assays is limited. Such experiments perform separate sampling to measure distinct
genomic features, like gene expression and 3D chromatin conformation. Therefore,

their datasets can consist of varying proportions of cell-types across different mea-
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surements, creating cell-type imbalance and lacking 1-1 cell correspondences. We
hypothesize that alignment methods that perform well on co-assay datasets may not
effectively handle the differences in cell-type proportions of the commonly available
non-co-assay datasets. Indeed, a recent method, Pamona Cao et al. (2021), ex-
tended our SCOT framework and used partial Gromov-Wasserstein (GW) optimal
transport to allow for missing or underrepresented cell-types in one domain when
performing alignment. The paper showed that current integration methods Demetci
et al. (2021), Liu et al. (2019), Cao et al. (2020), Stuart et al. (2019) tend to perform

worse under such settings.

We present SCOTV2, a novel extension of SCOT that can effectively align both
co-assay and non-co-assay datasets using a single framework. It uses unbalanced
GW optimal transport to align datasets with disproportionate cell-types while only
introducing one additional hyperparameter. This unbalanced framework relaxes the
constraint that each point must be mapped with its original mass during the op-
timal transport. Specifically, an underrepresented cell-type in one domain can be
transported with more mass to match the proportion of that cell-type in the other
domain and vice-versa. The SCOTv2 framework is summarized in Figure 7.1. We
demonstrate that SCOTv2 aligns datasets with imbalance in cell-type representa-
tions better than state-of-the-art baselines and computationally scales as well as the
fastest methods. Furthermore, we extend SCOTv2 to integrate single-cell datasets
with more than two measurements, making it a multi-omics alignment tool. We
perform alignments of five real-world single-cell datasets, with both simulated and
natural cell-type imbalance as well as two and more than two domains (M > 2),
demonstrating SCOTv2’s applicability across a wide range of scenarios. Finally,
similar to the previous version, we present a self-tuning heuristic process to select

hyperparameters for SCOTv2 without any corresponding information like cell-type
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Figure 7.1: Overview of SCOTv2 on scNMT-seq dataset Clark et al. (2018),
which contains unbalanced cell-type representation across three domains - RNA ex-
pression, chromatin accessibility, and DNA methylation. SCOTv2 selects an anchor
domain (denoted with *) and aligns other measurements to it. First, it computes
intra-domain distances matrices D™ for m = 1,2,3, which are used to solve for
correspondence matrices between the anchor and other domains. The circle sizes in
the matrices depict the magnitude of the correspondence probabilities or how much
mass to transport. Unbalanced GW relaxes the mass conservation constraint, so the
transport map does not need to move each point with its original mass. Finally, it
either co-embeds the domains into a common space or uses barycentric projections
to project them onto the anchor domain.

annotations or matching cells or features in truly unsupervised settings.

7.2 Method

Here, we reintroduce the SCOT formulation to account for unbalanced datasets and
integrate M domains (or single-cell measurements) X™ = (27", 2%, ...a7 ) € R

for m =1,... M with n,, data points (or cells) each.
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7.2.1 Unbalanced Optimal Transport of SCOTv2

In Section 6.2.1, we introduced Gromov-Wasserstein optimal transport as the basis
for SCOT. Our proposed improvement to align datasets with different numbers of
samples or proportions of cell-types is to instead use unbalanced optimal transport,
which adds divergence terms to allow for mass variations in the marginals Liero et al.
(2018), Séjourné et al. (2021). We follow Séjourné et al Séjourné et al. (2021), and

use the Kullback-Leibler divergence ,

KL(olo) = 3ot o (207, (72,1

q(x

to measure the difference between the marginals of the coupling I' and the input

marginals p* and p?. Thus, we solve the unbalanced GW problem:

GWep(p',p*) = min (L(D', D*) @ T, T') = eH(I') + pKL(T'n, |[p") + pKL(T 1, [[7),
i (7.2.2)

where p > 0 is a hyperparameter that controls the marginal relaxation. When p

is large, the marginals of I should be close to p' and p*, and when p is small, the

marginals of I' may differ more, allowing each point to transport with more or less

mass than it originally had. See Algorithm 3 for implementation details.

7.2.2 Extending SCOTv2 for Multi-Domain Alignment

To align more than two datasets (M > 2), we use one domain as an anchor to align
the other domains. The anchor should be the domain with the clearest biological
structures, for example, a dataset with the best-defined cell-type clusters. We pro-

pose selecting the anchor via the kNN graph used to compute D™. For every node
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Algorithm 3: Pseudocode for Unbalanced GW Optimal Transport
(UGWOT)

Input: Marginal probabilities p* and p?, intra-domain distance matrices D*
and D?, relaxation coefficient p, regularization coefficient e

Initialize the coupling matrix: I' = 7 = p! ® p?

while I' not converged do

I'<

F(mobss) < Zi,j Fi,j € F(mass)ea ﬁ — F(mass)p

// Compute cost C:

'« T1,,, I'?« 71,

A «— (D1)02F1, B « (D2)02F2

D+ D'I'D? 1 ;

E< ey log (prl_p%> Lij+p (Zl log (g—l) I} + 3 log (ﬁ) F?)

C+—~ A+B—-2D+FE

// Perform Sinkhorn iterations

while (u,v) not converged do

u+ —zlog [Zm exp(v; — Cjj) /€ + log p2]
v —#5log [Zi,j exp(u; — Cij) /€ + 10&’;1?1}
// Update: m;; <= exp [u; +v; — Cyj] plp?

| // Rescale: T <= /T (mass)/ T(mass) ™
Return: I’

2™ in the graph, we calculate the average of the k neighboring node values N (z1").
Next, we measure the difference between this average and the true value of the node.
This difference reflects how well the averaged neighborhood represents the given
node. We then average these differences across the graph and select the domain with
the lowest averaged difference as the anchor. Intuitively, we select the anchor whose
kNN graph best reflects its dataset. Suppose X' is the anchor dataset. Then, for

m=2,3,...,N, we compute the coupling matrix I according to Equation 6.2.4.

To have all of the datasets aligned in the same domain, we can either use barycen-
tric projection to project each X™ for m = 2,3,..., M onto X' or find a shared
embedding space as described in Section 7.2.3. In the first iteration of SCOT, we

used a barycentric projection to align and project one dataset onto the other. Due
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to the marginal relaxation, we now search for a non-negative n; x n,, dimensional
matrix I" instead of T" € TI(p!, p™). Because of this change, the adjusted barycentric

projection is:

ni m .1
m Zj:l L
(2

7.2.3 Embedding with the Coupling Matrix

Other methods such as MMD-MA and UnionCom align datasets by embedding them
into a common latent space of dimension p < min,,—; s d,,,. Here d,,, represents the
original dimension size of measurement (or domain) m. Embedding the datasets in
a new space often leads to a better alignment as it introduces the additional benefits
of dimension reduction, allowing more meaningful structures in the datasets such as
cell-types to be more prevalent. Due to these benefits, we also enable the embedding
option through a modification of the t-SNE method proposed by UnionCom Cao
et al. (2020). The full details of t-SNE can be found in Van der Maaten and Hinton
(2008).

For each domain m, we compute P™, an n,, X n,, cell-to-cell transition matrix;
each entry Pj’”ﬁ is the conditional probability that a data point 27" would pick 27" as

its neighbor when chosen according a Gaussian distribution centered at x":

M Y eap(— |2 — ap|[2/207)

The bandwidth o; is chosen according to the density of the data points through a

binary search for the value of o; that achieves the user-supplied perplexity value.
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P™ is computed by averaging PZ.’E. and Pj’ﬁ to give more weight to outlier points:

Py + P
pro= Wk (7.2.5)

K 21,

Then, to jointly embed all domains through the anchor domain X!, the opti-

mization problem is:

M M
: m m/ 1 ym (pm\T||2
i, SKLPMQT) + 53K - X I (720
where X™ is the lower dimensional embedding of X™, P™ is defined as in Equa-
tion 7.2.4, and I'™ is the coupling matrix from solving Equation 7.2.2 for m =
1,2,..., M, X™. The probability matrix Q™ is computed through a Student-t dis-

tribution with one degree of freedom:

(1 + ||l — 23]

m' J

T e T+ (e — )

(7.2.7)

The intuition behind the term KL(P™||Q™) is very similar to that of GW; if two
points have a high transition probability in the original space, then they should also
have a high transition probability in the latent space. The term || X" — X™ (I'")T||2
measures how well aligned the new embeddings X' and X™ are according to the
prescribed coupling matrix I'™. Finally, 8 > 0 controls the trade-off between pre-
serving the original geometry with the KL term and enforcing the alignment found
with GW. We solve this optimization problem using gradient descent from Union-
Com with a default latent space dimension size p = 3 Cao et al. (2020). The overall

SCOTv2 method is presented as Algorithm 4.
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Algorithm 4: Pseudocode for SCOTv2 Algorithm

Input: Datasets X!, ..., X number of neighbors in nearest neighbor
graphs k, entropic regularization coefficient ¢, mass conservation relaxation
coefficient p.

form=1,...,M do

// Initialize marginal probabilities: p™ <— Uniform(X™);

//Construct G™, a k—NN graph based on pairwise correlations

// Compute intra-domain distance matrix D™ on G™ with Dijsktra’s
algorithm.

// Compute a “neighborbood correlation” score, ¢™:

4
m 1 nm 1 m m
"M==y > corr(ay i)

end

// Select an anchor domain X"*: m* = argmax,,_; _,,c"

form=1,...,M (m#m*)do

// Compute pairwise coupling matrices between the anchor domain X™*
and all other domains:

Im GWap(pm’pm*)

if Barycentric projection then

ni
2 2o D™
y n1

AN N
nd

Ise
// Find shared embedding

XV XM
: M m m/ mx’ m' (T'm
iy et 3y KLIP™Q™) 4 B2, [[X™ = X7 (T™)T[

m=1

® O

end
end
Return: Aligned datasets, X' ... XM

7.2.4 Heuristic process for self-tuning hyperparameters

SCOTv2 has three hyperparameters: (1) k for the number of neighbors to consider

in nearest neighbor graphs, (2) the weight of the entropic regularization term, €, and

(3) the coefficient of the mass relaxation constraint, p. The barycentric projection

of one domain onto another does not require any hyperparameters. However, jointly

embedding the domains in a latent space requires selecting the dimension p.

Ideally, orthogonal correspondence information such as 1-1 correspondences and



161

cell-type labels can guide hyperparameter tuning as validation. However, such in-
formation is hard to obtain in most cases. First, no validation data on cell-to-cell
correspondences exists for non-co-assay datasets. Second, it is challenging to in-
fer cell-types for certain sequencing domains such as 3D chromatin conformation.

Lastly, the cell-type annotations may not always agree across single-cell domains.

We provide a heuristic to self-tune hyperparameters in the completely unsuper-
vised setting. We first choose a k for the neighborhood graphs that yields a high
average correlation value between the neighborhood predicted values and measured
genomic values of the graph nodes. This step is the same as the one used to select
the anchor domain for multi-omics alignment in Section 7.2.2. Next, we choose €
and p values that minimize the Gromov-Wasserstein distance between the aligned

datasets. Algorithm 5 gives the details of this procedure.

Algorithm 5: Unsupervised hyperparameter search procedure

Input: Datasets X!, ..., XM,
// Find k for each domain
form=1,...,M do

1 m 1
kM= argmax =3 > corr(af, af)
ke{10,20,...,150} e N (2]
// Use k™ to compute D™
end

// Use the GW distance to pick p and e
form=2,...,M do

| €, p" =argmin, , GW ,(1,,,1,,,)
end
Return: £™ ™, p™.
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7.3 Experimental Setup

7.3.1 Datasets

We evaluate SCOTv2 on single-cell datasets with disproportionate cell-types using
two schemes. (1) We subsample different cell-types in co-assay datasets to simulate
cell-type representation disparities between sequencing modalities. (2) We select
real-world separately sequenced single-cell multi-omics datasets, which lack 1-1 cell
correspondences and have different cell-type proportions across modalities due to
the sampling procedure. Additionally, we present results on the original co-assay
datasets with 1-1 cell correspondence to demonstrate the flexibility of SCOTv2 across

balanced and unbalanced single-cell datasets.
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Figure 7.2: Visualization of original simulation data before alignment by
MDS projections, as displayed in Liu et al. (2019). Data was generated by Liu et
al Liu et al. (2019) and retrieved from https://noble.gs.washington.edu/proj/
mmd-ma/.
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7.3.1.1 Co-assay single-cell datasets with 1-1 cell correspondence

We use three co-assay datasets to validate our model, sequenced by SNARE-seq,
scGEM, and scNMT technologies. SNARE-seq is a two-modality sequencing tech-
nology that simultaneously captures the chromatin accessibility and transcriptional
profiles of cells Chen et al. (2019). This dataset contains a total of 1047 cells from four
cell lines: BJ (human fibroblast cells), H1 (human embryonic cells), K562 (human
erythroleukemia cells), and GM12878 (human lymphoblastoid cells) (Gene Expres-
sion Omnibus access code: GSE126074). We follow the same data preprocessing
steps outlined by Chen et al. Chen et al. (2019). The scGEM technology is a three-
modality sequencing technology that profiles the genetic sequence, gene expression,
and DNA methylation states in the same cell Cheow et al. (2016). The dataset we
use is derived from human somatic cell samples undergoing conversion to induced
pluripotent stem cells (Sequence Read Archive accession code SRP077853) Cheow
et al. (2016). We access the preprocessed data provided by Welch et al. Welch et al.
(2017), which only contains the gene expression and DNA methylation modalities
1. The dataset sequenced by scNMT-seq method Argelaguet et al. (2019) contains
three modalities of genomic data: gene expression, DNA methylation, and chromatin
accessibility, from mouse gastrulation samples, going through the Carnegie stages of
vertebrate development (Gene Expression Omnibus access code: GSE109262). We
access the preprocessed data through the scripts? provided by the authors. While the
SNARE-seq and scGEM datasets contain the same number of cells across measure-
ments, scNMT-seq modalities contain different cell-type proportions after prepro-
cessing due to varying noise levels in measurements. Supplementary Table 7.1 lists

the number of cells belonging to different cell-types in each domain for sceNMT-seq

IPreprocessed data for the scGEM dataset accessed here: https://github.com/jw156605/
MATCHER

2Preprocessing scripts for the scNMT-seq data accessed here: https://github.com/PMBio/
scNMT-seq/


https://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE126074
https://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE126074
https://www.ncbi.nlm.nih.gov/sra/?term=SRP077853
https://www.ncbi.nlm.nih.gov/geo/query/acc.cgi?acc=GSE109262
https://github.com/jw156605/MATCHER
https://github.com/jw156605/MATCHER
https://github.com/PMBio/scNMT-seq/
https://github.com/PMBio/scNMT-seq/
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Figure 7.3: SNAREseq and scGEM datasets prior to alignment for all three simula-
tion scenarios.

7.3.1.2 Single-cell datasets with simulated cell-type imbalance.

To test alignment performance sensitivity to different levels and types of cell-type
proportion disparities across modalities, we generate simulation datasets by subsam-
pling SNARE-seq and scGEM co-sequencing datasets in two ways. (1) We remove
a cell-type from one modality. (2) We reduce the proportion of a cell-type in one
modality by subsampling it at 50% and another cell-type in the other modality by
subsampling it at 75%. We simulate this setting to test how the alignment meth-
ods will behave when multiple cell-types have disproportionate representation at
different levels (for example, half or quarter percentage of cell-types missing) across

modalities.

For these cases, we uniformly pick at random which cell-type to subsample or re-
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Figure 7.4: Original synthetic RN A-seq and real world single-cell data visualized
before alignment by PCA projections. The synthetic RNA dataset is genrated using
Splatter Zappia et al. (2017), and scGEM and SNARE-eq come from Cheow et al. (2016)
Chen et al. (2019), respectively.

move. Specifically, for scGEM in simulation case (1), we remove “d16T+" cells in the
DNA methylation domain while retaining the original gene expression domain, and
remove the “d24T+"” cells in the gene expression domain while retaining the original
DNA methylation domain. For the SNARE-seq dataset, we remove “GM” cells in
the gene expression domain and “K562” in the chromatin accessibility domain. In
simulation case (2), we subsample the “d8” cluster of the scGEM dataset at 75% in
the gene expression modality and the “d16T+" cluster at 50% in the DNA methy-
lation modality. For SNARE-seq, we subsample the “H1” cluster at 75% and the

“K562” cluster at 50% in the gene expression and chromatin accessibility domains,

respectively.

7.3.1.3 Single-cell datasets without 1—1 correspondences

We also align non-co-assay datasets, containing separately sequenced single-cell -omic

measurements. Bonora et al. generated the first dataset we use, “sciOmics” Bonora
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et al. (2021). This dataset consists of sciRNA-seq, sciATAC-seq, and sciHiC mea-
surements, capturing gene expression, chromatin accessibility, and 3D chromosomal
conformation profiles of mouse embryonic stem cells undergoing differentiation. The
measurements were taken at five stages: days 0, 3, 7, 11, and as fully differentiated
neural progenitor cells (NPCs). The second non-co-assay dataset, “MEC,” con-
tains gene expression and chromatin accessibility measurements taken using the 10X
Chromium scRNA-seq and scATAC-seq technologies on mouse mammary epithelial
cells (MEC). Since each modality consists of separately sampled cell populations,
these contain disparate cell-type proportions across modalities. Table 7.1 lists the

number of cells belonging to different cell-types in each domain for sciOmics and

MEC datasets.

Modality 1 Modality 2 Modality 3
(Gene Expression)  (Chromatin ~ (DNA Methyl. or
Accessibility)  Chrom. Conform.)
scNMT n =579 n = 647 n =725
E4.5 76 (12.73%) 63 (9.73%) 65 (8.96%)
E5.5 104 (17.42%) 89 (13.76%) 91 (12.55%)
6.5 146 (24.46%) 220 (34%) 278 (38.34%)
E7.5 271 (45.39%) 175 (42.5%) 201 (40.14%)
sciOmics n = 1058 n = 1296 n = 2154
Day0 180 (46.22%) 164 (12.65%) 987 (45.82%)
Day3 127 (12%) 702 (54.17%) 435 (20.19%)
Day7 78 (7.37%) 77 (5.94%) 243 (11.28%)
Dayl1 145 (13.71%) 175 (13.5%) 164 (7.61%)
NPC 219 (20.7%) 178 (13.73%) 325 (15.09%)
MEC n = 26273 n = 21262
Basal 11138 (42.39%) 13353 (62.8%)
L-Sec (Prog) 7683 (20.24%) 3343 (15.72%)
L-HR 3439 (13.09%) 2624 (12.34%) NA
L-Sec (Mat) 2869 (10.92%) 1165 (5.48%)
L-Sec (Prolif) 758 (2.89%) 7 (0.033%)
Stroma 386 (1.47%) 770 (3.62%)

Table 7.1: Number of cells per (and percentages of) cell-type across different modali-
ties in the scNMT-seq, sciOmics, and MEC datasets after quality control procedures
and the non-coassay datasets.
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Figure 7.5: Alignment results for simulations and balanced co-assay
datasets. A visualizes the barycentric projection alignment on SNARE-seq and
scGEM for the full co-assay datasets, simulations with a missing cell-type in the
epigenomic domain, and subsampled cell-types in both domains. B compares the
alignment performance of SCOTv2 to the benchmarks through LTA. For SCOTvs,
Pamona, and UnionCom, we report results on both embedding into a shared space
(solid bars) and the barycentric projection (dotted bars).

7.3.2 Evaluation metrics and baseline methods

Although most of the datasets lack 1-1 cell correspondences, we can evaluate align-
ment using cell-type labels through label transfer accuracy (LTA) as in Cao et al.
(2021, 2020), Demetci et al. (2021). This metric assesses the clustering of cell-types
after alignment by training a kNN classifier on a training set (50% of the aligned

data) and then evaluates its predictive accuracy on a test dataset (the other 50%
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of the aligned data). Higher values correspond to better alignments, indicating that
cells that belong to the same cell-type are aligned close together after integration.
We benchmark our method against the current unsupervised single-cell multi-omic
alignment methods, Pamona Cao et al. (2021), UnionCom Cao et al. (2020), MMD-
MA Singh et al. (2020), bindSC Dou et al. (2020), Seuratv4 Stuart et al. (2019),
and the previous version of SCOT, which performs alignment without the KL term
Demetci et al. (2021). Pamona Cao et al. (2021), as previously discussed, uses
partial Gromov-Wasserstein (GW) optimal transport to align single-cell datasets.
UnionCom Cao et al. (2020) performs unsupervised topological alignment through a
two-step procedure that first finds a correspondence between the domains, consider-
ing both global and local geometries with a hyperparameter to control the trade-off
between them, and then embeds them in a new shared space. MMD-MA Singh et al.
(2020) uses the maximum mean discrepancy (MMD) measure to align and embed
two datasets in a new space. BindSC Dou et al. (2020) requires the users to bring
input datasets to the gene expression feature space by constructing a gene activ-
ity score matrix for the epigenomic domains, then finds a correspondence matrix
between samples through bi-order canonical correspondence analysis (bi-CCA), and
jointly embeds the domains into a new space. Finally, Seuratv4 Stuart et al. (2019)
also requires gene activity score matrices for epigenomic domains and then identifies
correspondence anchors via CCA. Based on these anchors, it imputes one genomic

domain based from the other domain and co-embeds them into a shared space using

UMAP.

Since bindSC and Seurat v4 require the creation of gene activity score matrices
for epigenomic datasets, they might be more difficult to use with certain sequencing
domains. For instance, gene activity scoring is challenging for 3D chromosomal

conformation. Of all the selected baselines, only Pamona and UnionCom can align
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more than two domains, so we only use them as baselines for experiments with
multiple domains (M > 2).For each benchmark, we define a hyperparameter grid of
similar granularity and perform extensive tuning (see Figure 7.6). We report the
alignment results with the best performing hyperparameter combinations in Section

7.4.1.

7.3.3 Hyperparameter Tuning Procedure Details

For each alignment method, we define a grid of hyperparameters and choose the
best performing combination for each experiment. If methods share similar hyper-
parameters in their formulation, we keep the range defined for these consistent across
all algorithms. Examples for such hyperparameters are dimensionality of the latent
space, p, for the algorithms that commonly embed datasets; entropic regularization
constant, €, for methods that employ optimal transport; number of neighbors, k, for
methods that model single-cell datasets with nearest neighbor graphs. Otherwise,
we refer to the publication and the code repository for each method to choose a

hyperparameter range.

For Pamona, we tune four hyperparameters: k& € {20,30,...,150}, the number
of neighbors in the cell neighborhood graphs, € € {5e —4,3e — 4,1e — 4, 7e — 3, 5e —
3,...,le—2}, the entropic regularization coefficient for the optimal transport formu-
lation, A € {0.1,0.5, 1,5, 10}, the coefficient for the trade-off between aligning corre-
sponding cells and preserving local geometries, and lastly, p € {3,4, 5, 10, 30, 32}, the
output dimension for embedding . We choose the ranges for € and k to be consistent
with the corresponding hyperparameters in SCOT and SCOTv2 algorithms and the
ranges for the embedding dimensions to be consistent with the recommended values

in MMD-MA and UnionCom embeddings.
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For UnionCom, we tune the trade-off parameter g € {0.1, 1,5, 10, 15,20} and the
regularization coefficient p € {0,0.1,1,5,10, 15,20} based on the ranges reported by
Cao et al. in the publication Cao et al. (2020). We additionally tune the maximum
neighborhood size permitted in the neighborhood graphs, k... € {40,100, 150}, as
well as the embedding dimensionality p € {3,4,5,10,30,32}. The sweep range for
hyperparameter k,,,. is smaller than the other hyperparameters because UnionCom
automatically starts from & = 2 and goes up to k... to find the lowest k that
returns a connected graph to use in the algorithm. Therefore, more refined search is

not needed.

For MMD-MA, we choose the weights A; and Ay € {le — 2,5e — 3, 1le — 3, 5¢e —
4,...,1e — 9}. This range includes the hyperparameter range suggested by Singh
et al (A1, Ay € {le —3,1e —4,1e — 5,1e — 6,1e — 7}) but extends it further to
increase the granularity for the sake of more fair comparison against methods that
require a higher number of hyperparameters to test, such as Pamona and UnionCom.

Similarly to other methods, we also select the embedding dimensionality from p €

{3,4,5,10,30, 32}.

For bindSC, we choose the couple coefficient that assigns weight to the initial gene
activity matrix o € {0,0.1,0.2,...0.9} and the couple coefficient that assigns weight
factor to multi-objective function A € {0.1,0.2,...,0.9}. Additionally, we choose the

number of canonical vectors for the embdedding space K € {3,4,5, 10, 30, 32}.

Lastly, for Seurat v4, we tune the number of neighbors to consider when
finding anchors, & € {5,10, 15,20}, dimensions of the final co-embedding space,
p € {3,4,5,10, 30,32} and the choice of the reference and anchor domains when

finding anchors.
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Figure 7.6: A.Gromov-Wasserstein distance vs alignment quality for ¢ €
[le —4,1e — 1] and k = min(50,0.2n,). Alignment quality is shown by average FOS-
CTTM values on the x-axis. On the y-axis, we plot Gromov-Wasserstein distance
between the aligned domains (log scale). B. Average FOSCTTM (indicated by
color) with different hyperparameter combinations for SNAREseq data (a
representative example). Alignment is mostly robust to the choice of k. Black box
indicates the best performing hyperparameter setting(k = 50, ¢ = 5e — 4 for mean
FOSCTTM of 0.149).

7.4 Results

7.4.1 SCOTvVv2 consistently yields high-quality alignments

We first present the alignment results for real-world co-assay datasets with simulated
cell-type imbalance. Figure 7.5 (A) visualizes the barycentric projection alignments
performed by SCOTv2 plotted as 2D PCA for SNARE-seq and scGEM datasets,
respectively. We use barycentric projection for visualization purposes for the ease of
comparison with the original domains, plotted in Supplementary Figure 7.3. Here,
we integrate datasets under three different settings described in the previous section:
(1) Balanced datasets (or “full datasets” with no subsampling), (2) Missing cell-type
in the epigenomic domains, and (3) Subsampled cells in both domains (one cell-
type at 50% in the epigenomic domains and another cell-type at 75% in the gene
expression domains). We include alignment results on the full datasets with 1-1

sample correspondences to ensure that SCOTv2 performs well for balanced cases as
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well.

Qualitatively, we see that SCOTv2 preserves the cell-type annotations after align-
ment for all three settings. In Figure 7.5 (B), we report the quantitative performance
of SCOTv2 and all the other state-of-the-art baselines using the Label Transfer Accu-
racy (LTA) scores. MMD-MA, UnionCom, Seurat, and bindSC fail to reliably align
datasets with disproportionate cell-type representation across modalities. While Pa-
mona tends to yield high-quality alignments for cases with cell-type disproportion, it
fails to perform well on the SNARE-seq balanced dataset as well as its subsampling
simulation. We additionally apply Pamona to randomly downsampled co-assays
(Figure 7.8). We show that while Pamona’s partial optimal transport framework
handles cell-type disproportion better than the balanced optimal transport formula-
tion (demonstrated by SCOT), SCOTv2 still shows an advantage in all SNARE-seq

simulations (~ 20% increase in LTA), as well as the smaller downsampling schemes

(~ 10%).

Among all methods tested, SCOTv2 consistently gives more high-quality align-
ments across different scenarios of cell-type representation. It also demonstrates a
~ 22% average increase in LTA over the previous version of the algorithm (SCOT)
when comparing the barycentric projection results and ~ 27% for the embedding
results. Supplementary Figure 7.8 presents similar results (SCOTv2 attains an
LTA of 0.786 followed by Pamona at 0.62 on SNAREseq and 0.542 followed by
Pamona at 0.538 on scGEM) for missing cell-types in the other (gene expression)
domain, suggesting that our choice of domain with missing cell-type does not affect
the performance comparison results. UnionCom, Pamona, and SCOTv2 allow us to
perform both barycentric projections and embed the single-cell domains in a lower-
dimensional space. Overall, we observe that embedding yields higher LTA values

than barycentric projection. Since the barycentric projection projects one domain
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A. Alignment by SCOTv2 (Barycentric Projection)
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B. Performance Benchmarking (Label Transfer Accuracy)
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Figure 7.7: Alignment results for multi-modal (M > 2) and separately se-
quenced datasets. A visualizes the alignment of scNMT-seq, sciOmics, and MEC.
All datasets have unequal sample sizes and cell-type proportions across domains. B
benchmarks alignment performance through LTA. As in Figure 7.5, we report re-
sults both by embedding (solid bars) and barycentric projection (dotted bars) for the
methods that allow for both. For scNMT-seq and sciOmics, which are three-modal
datasets, we only demonstrate results for SCOTv2, Pamona, and UnionCom, which
can handle more than two modalities.

onto another, the separation of the domain being projected onto (or anchor domain)
limits the clustering separation after alignment. In contrast, the embedding utilizes
t-SNE to enhance cell-type separation, allowing for better-separated clusters after

alignment.

Next, we report the alignment performance of SCOTv2 on single-cell datasets
with disparities in cell-type representation due to sampling during experiments. We
include scNMT, a co-assay with varying levels of cells across domains due to quality
control procedures, along with sciOmics and MEC for this experiment. Note that
scNMT and sciOmics have three different modalities, and hence, we can only report
the baselines for methods that can align datasets with M > 2. Figure 7.7(A)
presents the qualitative alignment results for SCOTv2 with PCA. SCOTv2 performs

well on all three datasets, including the ones with three modalities. The L'TA scores in
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SNARE SNARE SNARE scGEM scGEM

(full (missing (subsam- (full (missing
dataset) cell-type)  pled) dataset) cell-type)
SCOTv2 0.826 0.653 0.751 0.509 0.521
SCOT 0.852 0.572 0.588 0.423 0.323
Pamona 0.554 0.423 0.419 0.385 0.414
MMD-MA 0.523 0.407 0.431 0.360 0.296
UnionCom 0.411 0.406 0.422 0.332 0.315
bindSC 0.713 0.584 0.475 0.387 0.254
Seurat 0.428 0.517 0.503 0.408 0.377
scGEM scNMT sciOmics MEC
(subsam-
pled)
SCOTv2 0.415 0.727 0.537 0.584
SCOT 0.314 N/A N/A 0.466
Pamona 0.308 0.588 0.329 0.417
MMD-MA 0.287 N/A N/A 0.233
UnionCom 0.276 0.474 0.306 0.349
bindSC 0.262 N/A N/A 0.412
Seurat 0.329 N/A N/A 0.387

Table 7.2: Alignment performance benchmarking in the fully unsupervised
setting. We run SCOTv2 and SCOT using their heuristics to approximately self-
tune hyperparameters. We use default parameters for other methods due to a lack
of similar procedures for unsupervised self-tuning.

Figure 7.7(B) demonstrate that SCOTv2 consistently yields the best alignments on
the three real-world datasets. These results highlight its ability to reliably integrate
separately sampled with disproportionate cell-type representation and multiple (M >

2) modalities simultaneously.
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A. Visalization of Alignment by SCOTv2 via Barycentric Projection
(Missing Cell Type in Gene Expression)
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Figure 7.8: Alignment results on simulations with co-assay datasets. Panel
A visualizes the alignment results by SCOTv2, using barycentric projection, on
co-assay datasets SNARE-seq and scGEM when a cell-type is missing in the gene
expression domain. Panel B quantifies the alignment quality in this experiment
with label transfer accuracy and compares to baseline methods. Panel C plots the
average label transfer accuracy results obtained from SCOTv2, SCOT, and Pamona
algorithms when aligning randomly downsampled datasets. These experiments are
repeated five times and the standard deviation is shown with error bars.

7.4.2 Hyperparameter self-tuning aligns well

The benchmarking results above present the alignment performance of each algo-
rithm at its best hyperparameter setting; however, users may not have 1—1 corre-
spondences to validate alignments, for the purpose of hyperparameter selection, in
real-world applications. While users may have access to cell-type labels, inferring
cell-types is highly difficult in specific modalities of single-cell sequencing, such as

3D chromatin conformation. Additionally, different sequencing modalities might dis-
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agree on cell-type clustering (as is often the case with scRNA-seq and scATAC-seq
datasets). In these situations, users might not have sufficient validation data for

tuning hyperparameters.

We design a heuristic process (described in Section 7.2.4), as done previously for
SCOT, that allows SCOTV2 to select hyperparameters in a completely unsupervised
manner. Other alignment methods do not provide an unsupervised hyperparameter
tuning procedure. Therefore, without validation data, a user would have to use the
default parameters. In Table 7.2, we compare alignment performance for our heuris-
tic against the default parameters of other methods. While our heuristic does not
always yield the optimal hyperparameter combination, it does give more favorable
results over the default settings of the other methods. Thus, we recommend using it

in cases that lack orthogonal information for hyperparameter tuning.

7.4.3 SCOTv2 scales well with increasing number of samples

We compare the runtime of SCOTv2 with the top performing methods: Pamona,
MMD-MA, UnionCom, and the previous version of SCOT by subsampling various
numbers of cells from the MEC dataset. MMD-MA, UnionCom, and SCOTv2 have
GPU versions, while Pamona and SCOT only have CPU versions. We run MMD-
MA and UnionCom on a single NVIDIA GTX 1080ti GPU with VRAM of 11GB
and Pamona and SCOT on Intel Xeon e5-2670 CPU with 16GB memory. We also
run SCOTv2 on the same CPU to give comparable results to Pamona’s runtimes.
Figure 7.9 depicts that SCOT, MMD-MA, Pamona, and SCOTv2 show similar

computational scaling.
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Figure 7.9: Runtimes for SCOTv2, SCOT, Pamona, UnionCom, and MMD-MA as

the number of samples increases.

7.5 Discussion

We present SCOTv2, an improved unsupervised alignment algorithm for multi-omics
single-cell alignment. It extends the alignment capabilities of SCOT to datasets with
cell-type representation disproportions across different sequencing measurements. It
also performs alignment for single-cell datasets with more than two measurements
(M > 2). Experiments on real-world subsampled co-assay datasets and separately
sampled and sequenced single-cell datasets demonstrate that SCOTvV2 reliably yields
high-quality alignments for a wide range of cell-type disproportions without com-
promising its computational scalability. Furthermore, SCOTv2’s flexible marginal
constraints enable it to consistently give good alignments results for both balanced
and unbalanced single-cell datasets. In addition to effectively handling cell-type
imbalances and multi-omics alignment, SCOTv2 can self-tune its hyperparameters

making it applicable in complete unsupervised settings. Therefore, SCOTv2 offers
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a convenient way to align multiple single-cell measurements without requiring any

orthogonal correspondence information.

In this second iteration of SCOT, we have utilized the coupling matrix in a new
way to find a latent embedding space. While this dimension reduction improves cell-
type separation, using the coupling matrix directly may offer even more insights into
interactions between the aligned domains. Future work will consider how to use the
probabilities in the coupling matrix directly for downstream analysis like improved
clustering and pseudo-time inference. Though SCOTv2 has runtimes that scale with
other methods, it requires O(n?) memory storage for the distance matrices, which
may be an issue for especially large datasets. One way to address this limitation
would be to develop a procedure to align a representative subset of each domain
that can be extended to the entire dataset. Therefore, we will explore this direction

to further improve the scalability of SCOTv2.



CHAPTER EIGHT

Conclusion
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8.1 Summary of Contributions

In this thesis, we have presented various data-driven projects with applications from
dynamical systems to computational biology. Below, we briefly summarize these

contributions.

8.1.1 Enabling Equation-Free Modeling via Diffusion Maps

We have presented a new framework for conducting unsupervised equation-free mod-
eling on high-dimensional dynamical systems with a slow-fast time-scale separation.
Equation-free modeling reduces the dynamics of the high-dimensional, or microsys-
tem, to a low-dimensional representation called the macrosystem. Lifting and re-
striction operators allow the user to conduct numerical analysis in the macrosystem.
However, finding the macrosystem representation and defining lifting and restriction
operators is a challenging task. Here, we introduce an application-independent way

to use diffusion maps to find the macrosystem and define the operators.

This data-driven approach applies diffusion maps to simulations of the mi-
crosystem to define a low-dimensional representation. Additionally, we describe an
application-independent restriction operator based on the Nystrom method and a
lifting operator defined through an optimization problem. We apply these tools
to an optimal velocity traffic system on a ring road. We can compute traffic jam

patterns as both steady states and periodic orbits through the macrosystem.
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8.1.2 JUSTFAIR

We have presented JUSTFAIR, the first large-scale, public database linking federal
criminal sentencing information with both the defendant demographics and sentenc-
ing judge identity. JUSTFAIR contains nearly 600,000 records, merged using data
from the United States Sentencing Commission, the Federal Judicial Center, the
Public Access to Court Electronic Records system, and Wikipedia. We manually
validated that the information in the dataset is correct with an estimated 99% accu-
racy. While the original dataset contains cases from 2002-2018, we have also repeated

this merging process for 2019 data.

We then used the JUSTFAIR database with a hierarchical linear model to ana-
lyze racial disparities in sentencing among judges. Our model uses log-transformed
sentence length with cases nested within federal judges and districts and controls for
many factors, including recommended sentence, crime type, and presence of a plea
agreement. We find that judges sentence Black and Hispanic defendants for consid-
erably longer than white defendants. Specifically, Black and Hispanic defendants on

average receive 13% and 19% longer sentences than white defendants, respectfully.

Though we are confident that our results demonstrate considerable sentencing
disparity, we present these results with some caution. First, the JUSTFAIR dataset
is a sample of all federal sentencing rather than the population. Though we have
no reason to believe that cases are systematically missing, this sample may not
represent the entire population well. In this case, our results would be imperfect
approximations of the actual disparity. Second, our analysis could not prove that
cases were randomly assigned to judges in the majority of districts. Thus, some
judges may see more of a particular type of case that we cannot control for. As a

result, they could appear to be more or less biased than they truly are. Thus, while
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we advise caution while interpreting our results, especially for individual judges.

8.1.3 Auditing with Optimal Transport

As automated decision-making systems become more common, it is even more im-
perative that we develop thorough audits to interrogate them. Singular notions of
fairness that may not apply in every situation limit current methods. We present a
flexible auditing framework through optimal transport. In particular, our approach
compares outcomes distributions to detect disparities between different populations.
By allowing the user to define a reference population, our auditing technique can
adapt to various scenarios and definitions of fairness. Furthermore, we use the cou-
pling matrix with measures of distance between features to investigate how people

are treated.

We have applied this framework to a simulated dataset and two real datasets.
We show that the Wasserstein distance can capture bias when other fairness metrics
fail through a simulation of school admissions. Next, we offer that the COMPAS
dataset unfairly treats Black people as significantly more likely to recidivate than
similar white people. Specifically, the algorithm treats Black people with no priors
like white people with priors. Finally, we audit the German credit dataset to use
the coupling matrix to explore the feature space associated with outcomes. Through
all of these examples, we have demonstrated the broad applicability of our optimal

transport framework.
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8.1.4 SCOT

Integration of single-cell data offers critical insights into interactions between differ-
ent molecular views of the cell. Though important, multi-omics alignment is a chal-
lenging task due to a lack of correspondence information between modalities. We
have presented Single Cell alignment using Optimal Transport (SCOT), a Gromov-
Wasserstein-based method for integrating multi-omics datasets. In our first iteration
of SCOT, we showed that we could align both simulated and real-world datasets and
state-of-the-art methods with fewer hyperparameters. Additionally, SCOT compu-
tationally scales well as sample size increases. Finally, we introduce an unsupervised
hyperparameter tuning method that uses Gromov-Wasserstein distance as a proxy

for alignment quality.

While SCOT performed on par with other alignment methods and was easier to
use, it shared a common drawback with other techniques: we benchmarked it on
balanced datasets with 1-1 correspondences. Real-world datasets often contain cell-
type imbalances across modalities, so we introduced SCOTv2 to handle this case.
SCOTv2 uses unbalanced Gromov-Wasserstein, which relaxes the conservation of
mass constraint in standard optimal transport. Additionally, SCOTv2 can manage
more than two domains and embed the aligned datasets into a new space. We
demonstrate that SCOTv2 retains its alignment quality on balanced datasets while

outperforming other methods on unbalanced datasets.

8.2 Future Directions

In this section, we discuss possible future directions for all of these projects.
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8.2.1 Enabling Equation-Free Modeling via Diffusion Maps

We can either extend our equation-free modeling methodology or apply it in new
areas. The trickiest part of using this diffusion-map-based approach is sampling the
microsystem representatively. Ensuring that we sample points from the entire region
of interest is challenging without extensive prior system knowledge. Since all of the
macrosystem analysis relies on accurately representing the microsystem, this process
is critical. Developing methodologies to ensure coverage of larger areas of phase

space would drastically improve using this framework.

While we presented a novel way to conduct bifurcation analysis of periodic orbits
using diffusion maps and equation-free modeling, it would be interesting to see if this
approach could be applied to more complex patterns. In this case, the translational
symmetry of the traffic jams was easy for us to pick up on, but diffusion maps could
better parametrize other spatially chaotic structures. There are many other high-
dimensional systems where we cannot characterize a macrovariable directly where
it would be interesting to apply this framework. For example, diffusion maps could

detect patches of turbulent fluid surrounded by laminar flow.

8.2.2 JUSTFAIR

There are two main future directions for work with the JUSTFAIR dataset: im-
proving the data itself and conducting further analysis. First, the dataset is not
representative of all federal criminal cases in the United States. Of the original
1,265,688 records in the USSC dataset, we managed to merge 595,850 (or 47.1%)
cases with their corresponding judge information. Finding better data sources to

integrate with and improving the merging pipeline could improve this match rate
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dramatically. While we added 2019 data to the original dataset covering 2002-2018,
there will always be more recent data to add to the JUSTFAIR dataset. Thus, one
additional point of future work includes automating the merging process to proceed

annually.

The quality of data included in the JUSTFAIR dataset severely limited our anal-
yses. Our original goal included naming the most disparate federal judges, but we
did not feel confident enough to share this information due to the missing cases.
While improving the data quality could improve this setback, we could also work
on better ways to control for missing data. With more precise controls of cases, we

could better interrogate interjudge variations.

Finally, JUSTFAIR only includes cases about federal criminal sentencing. Since
state courts hear most criminal trials, scraping data from state courts offers even
more insight into criminal sentencing in the United States. Unfortunately, each
state has its own sentencing framework, record-keeping practice, and level of infor-
mation availability, so grabbing state-level records will be a challenging endeavor.
Nevertheless, making such data available and analyzing it is worthwhile to improve

the equity of the justice system.

8.2.3 Auditing with Optimal Transport

We can improve our proposed optimal transport-based auditing framework in many
ways. First, we can formalize our notions of auditing in the context of other fairness
metrics. For example, individual fairness depends on the earth mover’s distance,
which is a special case of optimal transport. Future work can develop mathematical

theory to connect the two concepts more clearly. Second, we use the 2-Wasserstein



186

distance to audit, which may be computationally intractable for large datasets. In-
stead, we could take advantage of entropic regularization. Furthermore, we use
balanced optimal transport, which requires that all mass must be mapped from one
distribution onto another. To relax this constraint, we could use partial optimal

transport or unbalanced optimal transport, as in SCOTv2.

8.2.4 SCOT

Between our two iterations of SCOT, we have introduced an unsupervised single-
cell multi-omics alignment method that can handle both balanced and unbalanced
cell-type representations. In both versions, we use the coupling matrix for either
projecting or embedding the datasets. However, this use of the coupling matrix does
not take full advantage of its probabilistic nature. Future work will consider using
the coupling matrix directly for downstream analysis, such as improved clustering or
pseudo-time inference. Furthermore, the coupling matrix is limited to the existing
samples in each domain, so it cannot generalize to new points. Another improvement

would be to learn a map between the domains to allow adding new samples.

While we have demonstrated SCOTv2’s applicability to datasets with up to
10,000 samples, single-cell datasets are growing larger as technologies improve. Large
memory storage for the distance matrices limits SCOT, so future work could develop
techniques to align representative subsets of each domain. Rather than aligning the
full datasets, we could work on smaller pieces and then generalize. This approach,
combined with the future direction of learning a map between the domains, would
allow SCOT to scale better. The main challenge in this improvement would be to

take representative samples for each mode.
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